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-y L _ :
A semlgroup S together w1th a Hausdorff topology T whlch

.

. makes mu1t1p11cat1on separately contlnuous is called a semltopologlcal

‘a.

:semlgroup If F -1s a rlght translatlon 1nvar1ant subspace of con-
t1nuous bounded complex-valued functlons on S then a rlght 1nvar1ant_
‘mean on F 1s a pos1t1ve element of norm 1 1n the dual F* of F

'whlch is also 1nvar1ant w1th respect to r1ght translatlon of elements

~in F In thlS the51s we fxamlne condltions for and consequences of

.

{1ant means on- certa1n spec1a1 subspaces of'

_contlnuous bounded functions

the exxstence of rlght 1nv

" The. f1rst half of the the51s is concerned w1th a number of

geometrlc propertles wh1ch stem from the ex1stence of r1ght 1nvar1ant

v'means. In partlcular, we: prove a genera11zatlon of a Hahn- Banach type
exten51on theorem due to Sllverman and - g1ve a new proof of a geometrlch
. ] .

property of G11cksberg we exh1b1t a: number of condltlons equ1va1ent
.to the exlstence‘of rlght 1nvar1ant means and apply these resu%ts to
the representatlon of groups.?

The second half of the thesis. demqnstrates the 1mportance of
the structure of r1ght ideals of a semlgroup in determ1n1ng whether
certain functlon spaces will admlt r1ght 1nvar1ant means. We also

look at rlght thlck subsets .and, using a result of Mitchell's estab-

lish a condition under‘whlch a semigroup-will contain a right ideal

which iS'also a group. _ e
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., CHAPTER 1 I

(INTRODUCTION . =

- A semigroup s together with a Hausdorff topology T 1§.cgiiéd'
a semitopological semigroup 1f for each t e S the maps s b ts andir
o sl+ st are continuous.l Leﬁ F be a norm. closed conJugate closed
' linear subspace of continuous, bounded complex valued functions on S

dwhich contains the constant functions., A positive element of‘norm one

in the dual F*“of F is called a me:gu":lF. 1f F is invariant

under right translation by . elements R ond if u is a mean on F,

then u is called a right 1nvar1ant if'it is also invariant with

‘-respect to right’ translation. In this the51s, we 1nvest1gate some of
the properties of semitopological semigroups with function spaces thatJ;
admit right invariant means: | -

“ The second chapter.contains a summary of the more ihpbrtant'
definitions and notation used throughout the thesis.- A numbervofvwell
known results are stated w1thout proof e

We begin the th1rd chapger w1th a generalization of a result of

-

SiIVerman [31, p. 235} relating invariant means and certain Hahn-

Banach extension properties. ‘These results are then applied to fepf,_-d
. b ' N - . . 2 3 )

resentations of locally compact:groups.
| | The remaindef of the chapter,is deyoted to characteriZations of?i},f
semitopQIOgicalvsemigroups with function spaces which adnit‘multinlifl

. . . . . . >
cative right invariant means and an interesting geometric'propert§lof:
Clicksbefg'[lq,vprhgg]. N | L o
In‘therfourth chapter we examine;the‘inuoftant role,played'hj i

* -~

right ideals in determining whether certain function'spaces will admit

U



o ' -

'Nfight‘invatidhtemeans. “We also look at’ rlght th1ck subsets and use a

'result of MItchell (Lemma 4 3. 3) to demonstrate a cond1t1on under

a,

wh1ch a semlgroup w1th a f1n1te rlght th1ck subset w111 also contaln"
.a rlght 1dea1 wh1ch 1s a group |
v

The last sect1on of . each chapter cons1sts of. examples whlch

~111ustrate concepts developed earller. "~;

L\



CHAPTER 2

. PRELIMINARIES

2.1 Def1n1t10ns and Notatlon _ ' ;xj . '_'» .A at ;&ﬁ; '
Let S be a semlgroup w1th a Hausdorff topology f Mu1t1p11-
cation -in S 1s sa1d to be 3eparately contznuous [resp gozntly
conttnuous] 1f the maps sl+ ts and s H st are contlnuous for each .
te S [resp the map (; t) H-st is cont1nuous] A semlgroup S
| - with separately [resp Jo1nt1y] contlnuous mult1p1cat1on is called a.
_semztopologzoal [resp tapologtcal] sengroup If»,T4‘1s dlscrete,'J
then S 1s called a dzscrete semm&%oup ‘ | o
: CB(S) w111 ‘denote the Banach space of alllbounded contlnuous
complex valued functxons on S. In ‘the caeegthat S_ is dlscrete, ;
CB(S) is denoted.by L (S) ”; SR *_'f7' .;' |
For each s € S we deflne the r%ght [resp Zeft] tranelatzon

operator, [resp. L ] on CB(s)

;

"cRs.f-).cn’)‘-é\fcts)” {resp.’ (L f)ct) f(stn
- The.eet OR(f)v= (R f'bsve‘S} iresp" Onf’= {Lsf; s e.Si] -iSfcatieHa |
the rtght [resp Zej%] orbtt of £f. _  S
| A linear subspace F < CB(S) is ﬁigh£ [resp. Zeft].invariqnt
if Op(f) ¢ F [resp 0 (f) < F] for each f € F F 'is invariant ©
if it 1s both left and rlght 1nvar1ant . : |

If F- is a norm closed, conJugate closed linear subspace“of>}
CB(S) wh1ch contalns the constant funct1ons then a mean on F w111v

be any element u of the dual F* of F for whiéh u(xs) = 1 ||u”

"where XA is the character1st1c funct1on of A for A < S. The“set

~

:\f") . " ' 3 “ '. - . ( .
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Qf:ﬁli;meahs-ons F s denoted by M(F)

7-£ach 'S €8 1nduces.e mean p ‘on F def1ned by ‘

P (f) f(s) for each £ cE

4
- A finite mean‘is a mean u -of_the'fdfhmf;b e
. "" ; n . -y .. . S n .
» n'=;'f a.p where s, € S, a, >0 and ° ~Z a, = 1.
‘ . its, RS S A | T |
=] i - M . - . i=1

REMARK 2}1;1 1M(FI 1363 convex weak—* compact subset of the un1t*

ball of F*. An app11cat10n of the Hahn-Banach theorem shows that the :

‘set of finite means is weak-* dense in M(F) (see [5])

'

DEFINITION 2 1 2. Let F be r1ght [resp left] 1nvar1ant " A mean

W on F 1s rcght [resp Zef%] cnvarzant if u(f) u(R f) [resp.’

u(f) u(L f)] for each s € S. If in adaitlon f 1s a subalgebra,

then a mean u ‘on F is called multzpltcattve if- u(fg) = u(f)u(g)

d

fbr each £, gekF. . P o ﬂ'"' “;”v.%iQf;;f.fﬁ 8

” 4 :

;REM&RK 2;1.3; Let S be a semitopolbgical semigroup:andf F-:ehfight‘r

>

»

: 1nvar1ant norm closed conJugate closed subspace of CB(S) wh1ch

contalns the cqnstants, Let .

H={h EF; h e Z (fkb.Rs fk): fk € F; -Sk-"f €__‘ S}. - o
- o k=1 k. R v
A well known cr1ter10n of D1xm1er states that 3F has a rlght aT.fg

1nvar1ant mean 1f‘and only if sup{Reh(s),s € S} > 0 for each h e H
. \ . .

(see [16, p 231]) ‘ ,_‘ o BERY
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‘ result

| 2 2 Subspaces of CB(S) j Q?ﬁf o

In thlS sectxon we 1ntroduce the 1mportant subspaces of CB(S)

e

‘which w1lL 'be dealt with throughout thls thes1s In add1t10n ‘we w111 T

, H'present .somé of'the elementary propert1es of the spaces of almost

4.

per1od1c and weakly almost perlodlc funotlons on S For deta1ls of .

' proofs, we refer the reader to Burkel's excellent survey [3]

DEFINITION 2'2 1. A functlon fe CB(S) is“saidhto be'aZmoét«periodic? .
- [resp. weakly almoat pertodic] if 0 (f) is relatlvely compact in the
, 'norm [resp weak] topology of CB(S) Denote the class of . almost

@.per10d1c [resp Weakly almost per1od1c] funct1ons by AP(S) [resp.

WAP(§‘! N

A function ‘f.e CB(S) is sa1d to be rmght unofbnnly contznuous

‘[resp. weakly rtght unszrmly conttnuous] 1f the map\ s +rR f lsfﬂ

cont1nuous into the norm’ [resp weak] topology of CB(S), for each"

<

.8 ¢ S;' Denote the claSS of all rlght unlformly cont1nuous [resp

v
N o

'weakly rlght unlformly cont1nuous] functlons on S by RUC(S) [resp.

.

'WRUC(S)] L ‘ |
As is well known, AP(S), WAP(S) RUC(S), and WRUC(S) are . .0 -
"r1ght 1nvar1ant norm closed conJugaﬂe closed subalgebras of CB(S)

| whlch contaln the constant funct1ons Furthermore, AP(S) cVWAP(S) c"'”'

XN

'°'*‘WRUC(S) and Ap(s) < RUC(S) 3 WRUC(S) (see [2, Pp- 125])

,'T“ [8], deLeuuw and G11cksberg estab11shed the fOllOWlng

e

v

‘ THEOREM 2 2.2 [deLeuuw’and Gl1cksberg] Let’iS' be .a semitopologiCal

sem1group pnd’ f € CB(S) Then

et ¥
I B A ., i 2



o i)”fo oﬁiﬁis:tompact,'OR(f) 'is ‘weakly, compact.

¥

e

I3

* compact.

.:charactetization of “AP(S) canibe‘deduéed;' ' L

' ii) I1f S iS'QACQmpact topologicai semigroup then QR(f) is’norm ,j

C .

As a consequence of the;above theorem we see- that if S is a

‘i compéct topolog1ca1 semlgroup, thenA AP(S) WAP(S) CB(S)

3

REMARK 2.2}3 Let B(AP(S)) [resp BtWAP(S))] denote the space of alL-

PLE

cont1nuous 11near operators on’ AP(S) [resp WAP(S)] It is we11

known‘that the closure, [resp. s ]“of {Rs; SJEwS} in

B(AP(S)) [resp B(WAP(S)] with respect to the strong [tesph weak]
'-operator topology is a compact topolog1ca1 [resp sem1topoldg1cal]

semlgroup Sa [resp :Sw] 1s called the almost pertodtc.[resp

weakly aZmost pertodtc] campacttj%catton of 'S (see [SY P- 4])." With

the aid ofwMazpr ] theorem and the ex15tence;of S-,‘the followlng}'

- ‘

THEOREMlz 2.4. Let f € CB(S) Then the'following‘afe‘equivaleht:
(i) fe AP(S) ' |

'(ii)‘ 0L(f) is relétfveiy compact in the norm topology of CB(S).

(111) The convex hull COO-(f),eof;"OR(f) is relatiVEiy compact in

= the norm topology of CB(S).

(1v) coOL(f) is relatlvely oompact in the norm topology of 'CB(S).

EOrt'WAP(S) -we have . -

PR

' THEOREM'Z.Z.S. Let f'e CE(S); Then the‘foIlowing-arefequiVaLenti

(i) £ . WAP(S). .

| (ii) OL(f).-is relatively compact ipfthe.weakvtpﬁology7of -Cﬁ{S).-»

-




.(iii) COOR(f) 1s relatlvely compact in the weak topology of CB(S)
“(iv) co0 (f) ns relat1ve1y compact‘rn—the weak topology of CB(S)

Y':(Vj'>11m lim f(s €. ) = l1m,11m f(s t ) whenever {s '}, {t_} dare -
v 'n m hxw m - n- no

sequences in § such\that all of the limits exist.

REMARK 2.2.6. The equivalence of (i) and (v). in theorem 2.2.5 was'

estaolished'by Grothendieck in [14]. = |
Invf{Sg];nvon?Neonenn:estaolished}the existence of a nnioue

- right invariant_nean_on' AP(G) _for any semitopological'semigroup G

which 4is algebraicelly a group. Using his fixed.ﬁbint theoreﬁ%L

RylleNardzewski: [28] showed that if G is a group and a semitopolog-

ical semigroup, then”,WAP{G) also has a unique right inVarignt mean.

kEMARK 2.2. 7 fhere \are many proofs. of Ryll Nardzewsk1 s fixed point
theorem. The original proof using the Martingale Convergence Theorem,‘
and a geometric proof of Namioka and Apslund (see,[13 pp. 97-99]) are
both Qell knonn We, w1sh to refef the reader to an 1nterest1ng proof
of Hansel and Troa111c [15] whlch utlllzes Hahn's theorem and a- recent
aproof given by Namioka: {25] | o

We close th1s sectlon by stating a useful theorem of Gran1erer

and Lau [12 p. 252]. We w111 need‘the following definitions.
. ' . - } . ‘.' a .
L DEFINITIO&AZ.é.Bt A rlght [resp. left] invarient,,norm’closed,

: : ) : o
"conJugate closed subspace °F of CB(S) which contains the constant
functions is called right [resp. Zef%] tntrbﬁgrted if, for each

:u'ejMEF)'ﬁand f e F, the function tT;(f), defined by

'('ruf)'(s)i p(R;f) [resp. ‘(Tilf) (s) s,-._.u(Lsf)],l_



‘/\,

TR T

is in F. F is imtroverted if it is both left and right introverted. .
THEOREM 2.2.9 [Granieifer'a'nd Lau]. Let S .be a semitopological semi-
.groub 'ﬁnd let F be an introverted subspace of  CB(S). Let .
u = Z ‘aips‘ be a” finite mean. Define & (f) = z -a'iLs £ for, _eac‘_h'
i=1 7§ - . i=1 Si :

f e F. I1f F' has a right invariant mean, then for any f e F, -

_{6(£); » is a right invariant mean on F} = {c; cX_ e pointwise
. ""i:lpsulfé of {g,u(lf); u. is a finite mean}}.

2.3 'éiamglés 3
EXAMPLE 2.3.1. rLet R denote the ad-ditive grbup of real numbers
with the usual _topolog‘yv, Then R‘ is a topologi;al semigroup. *

A si}xbset_i A "of R ;'is relaﬁi;)ely dense i’,f there exists 5n
‘T 0 sﬁch that évery‘ interyal of llength r mééts A. Bohr defined
a fu'nci:tion‘ f e CB(R)_ to be almost periodic if for éach e >0

there exists a relatively dense subset E(e)- of R such that

0w - £00fl < ¢ jfor eleh pe B

The equivalence of Bohr's definition of AP(R) with that of

definition 2,.2.1,was shown by Bochner (see [1,p. 7]). It was in the

spirit of Bochner's result that Eberlein first introduced the space

WAP(S) inA'{g]u

W0

Qgchner's famous Approvximatj,or_x‘ffh.eoren.\ (see [1]) showed

“that AP(R) is in fact the closure in the norm topology of the set

n it _ . !
{P(t); P(t) = ] e Iy of trigonometric polynomials.
- j=1 , ‘



The right invariant mean ¢ on WAP(R) is given by

8 (6) = lim [
| Sha

f(t)dt for each f ‘¢ WAP(R) . - = - “1
For further details‘oﬁl-AP(R) and WAP(R) wg_refér‘thewreader to

- [1].

EXAMPLE 2.3.2. Let S = {A,B}  with discrete topology. Define "o .

on,ASf by
1) A° A=A°B=A 2)“BeB=BeA=B .

' Byhiheorem 2.2(2-'AP(S)'= WAP(S) = lm(S).i Consider the function
£= Xy Then (L) (A) = (I,H(B) = 1 while (Lyf)(A) = () (B) = 0.
Thergfore, AP(S) does not;héVe a ‘left invariant mean. Howevef,.for

each 0 < « <1 the mean .¢;.'defined by

%(f)': af(A) + (1-;;)’,f(ai) for each f e 2_(S)

- is a right invariant méan»on L_(S).

EXAMPLE 2.3.3. Let S be aidiscrete sémigroup. Let x be a left
zero of S, that is xy = x//forveach‘ y € S. Then Py is a ' °

- right invariant mean' on £_(S). Furthermore, Py is multiplicative.

EXAMPLE 2.3;4Q Lef G be the free group‘with two generators and with
the discrete topology. Then £_(G) does not have a right invariantv
"medn (see [16,'p.'236]), whk@e WAP(&) does have a right invariant

mean.

)

If S =G u.{z} is fhe,pne point compactificatioh of G with



Xz = zx = z. for each ‘x-gks, then\és 'is a compact semitobdloéicélk
§emigrou§‘with'a dénse‘subgqup: G‘ for which _CB(Si "has aimﬁltip1i_
) cative’right invariant mean while CB(G) . does ﬁot have a fight in-
variant mean. o ' , RN

Contrast this with a result of-Hoffman anh'Mésert' [17], which
states thaf if S 'ig a ;opological~semigr6up with a dense subgroup. G,

- " .
then S is algebraically a group.

~



*  CHAPTER 3
HAHN-BANACH EXTENSIONS AND
* PROPERTIES-OF RIGHT INVARIANT MEANS

3.1 Introduction N

In this chapﬁgr we examine some,of the éohsequencgs of the
éiiStence of right invariant means’on‘subspaces of CB(S).

We begiﬁ‘with a generalization of a thebrem of Silverman's [31,
p. 235] dealing with the extgnsion‘of translatiop invariaﬁt»lineép '
functionals, and‘then apply the résult'td ceftain represeﬁtation of
”locélly compact groups. |

In SedtionIS.S, we‘givc a charaéferization of those grﬁups G.
for which- AP(G) and WAP(G) admit multiplicative righfﬁinvariant
1.ﬁeans, as the class of groﬁps for whiéh ,AP(G)'.consists of conétant
functions only. N |

- In Section 3.4, we preséﬁt a néﬁ prodf of an iﬁﬁeresting

geometric property of Glicksberg Pstessed.by semitopoiogicél‘semi-
K groups forlﬁhich CB(S) has a right invarianf mean, We also mention
é; apaldg of Glicksberg's.feéult for WAP(S). o -
The final section consists of examplgs illﬁstrating concepts

developed earlier in the chapter. : . 1

3.2 Hahn-Banach Extension Properties

DEFINITION 3.2.1. Let S be a semitopological semigroup. A
representation of S 1is a hombmorphism p of S onto a semigroup

{Ts; s € S} of linear operators on a vector space X. We will denote

15 R
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a repre;entation p by.iFs imagefset ‘ffs; s € S}. R
A reprgsen;atioh '(T;; é e.S} of S on”a topdlog%cai Vgg;o? .
spacea‘x is said-to be méakly.qontinuous if the map s +:Tsx is
continuous,iﬁto.thg weak topology of X, for each x e‘X. ;
A r;presentation {TS; s.e.S} of S on a Hilbert space CH

is said to be unitary if the operator Ts iS'dnitary for each s € S.

. IDEFINITiONFS,Z,Z{ Let S be a semitopologiéal semigroup and let F
be an invariant, nofm closed, cbnjugite élosed_subspate}gf CB(S)

which contains the constant functions.

S is said to have the Ist Hahn-Banaéh Extension Property
(HBEP1), with respect to F if given any represéntation '{Ts; s € S}
of S as a semigrohp-of linear'operafors,bn a vector space X, a semi-

norm p on X, a linear subspace Y of .X and a linear functi?nal

¢ on Y which satisfies (i) .to (v) below

W) T Y fof each s € S
T ' . : A . .
(ii)*'p(Tgx},f;p(x) . for gach 5 € S, x. e X
(ii1) [e(y)| < py)  for each y e Y

(iv), ¢(£;yjd='¢cy)‘ f@r QachA‘s €S, yeY

) ¢ hasfag extension to a linear functional ¢ on- X isucﬁ that -
[w(x) | :_p(xf and the function wx: S 4,¢ '.dcfinea bil v, (5) =\¢(f;*)
'~is in F for each k e X, ' _ c R
| then ¢ must have an extensién to a linear fﬁnctional ¢ on

X with

(a) |#(x)| < p(x) for each x e X.




-

(b)‘_¢(TSX) ?:¢(X) for each s €S, x ¢ X.

S is said to have the 2nd‘Hahn-Bdndch'ExtensiOn Property .
(HBEP2),. with respect to F if given any repreéentatioh {Ts;'s e S},
"of S as a semigroup‘of linear operators on a normed linear space . X,

a closed subspace Y of X Pand ¢ e Y* satisfying (i) to (iv) g

. below
» . N . .v, . . fﬁ é) v . P
',@)lh}”i) . for each s €'S
-r(ii) ZTS(Y) cy ifqr each s € S,'y;e Y

.3

(iid) ¢(Tsy) = ¢(y)_ for each seS, yeY
o S ' . Lo | ~
~(iv) ¢ 'has an extension, 'y ¢ X* - with ' ||¢||=||¢] such Epat the

.function.'wi € F for each x € X.

then ¢ must have an extension ¢ e X* guéh that-l
@) el = Hell
(b) Q(Tsx) = §(x) for each s € S, x € X.

In [31], Silverman showed that a discrete semigroup S  will

Et‘td?;zm(S)a if and only.if"n;(S)

possess the (HBEP1) with respe
admits a,tight invariant mean. The nexf';heorem is a generali;ation

of Silverman‘s result.

THEOREM 3.2.3. Let S be a sémitopological'semigroup and léi.-F"be
an invariant,‘norm ciosed,.conjugate closed subspace of CB(S) ‘which

contains the constant functions. Thén the following are equivalent:

(i) S has thg (HBEP1) with respect to F.

(ii) S has the (HBEP2) with respect to F,

13 -



(iii) F has a right invariant mean.

PROOF. ' S : e
(i) implies (ii) o , <)
| Let {Ts; S € S}: be‘a féﬁ;ésen;atioﬁ gf S as a semigroup of

“'linear operators on a normed linear space’ X such that‘||TS|L§;1 for

eacﬂ s €S. Let Y, ¢ and v be as in the definition of (HBEPZ); 

Define the'sem}ﬁorm_vp én, X by p(x)= Tell 1l géince ”%s” <1,

p(Tsx)'f;p(X), for each s € S, x ¢ X; Cleérly, {¢(y)| :ﬁp(yj for

each y €'Y, while [|¢]] = ||¢]| implies fﬁat |¢(x)| g_p(k) for'éach

X € X.' Therefore, thé conditions of the (HBEP1) ;Arg.s;tésfied for

:,xhe'réptesentation {T; s e S}. |

Sincé"s has the (HBEP1) wifh respect to .F,¢ ﬁhas an
extension ¢ on X such that |o(x}| < p(x) and Q(Tsx)'='0(x) for

.ea;h; s €S, xeX. But thén ]¢(x)|ji Hellllx[|, and since ;¢' extends

¢, ”¢}lv= Woll. 1t follows that S has the (HBEP2) with résbect»

. tow F.
(ii) implies (iii)
Sﬁppose that S has the (HBEP2) with respect to F. Let
X=F, Y= {axs; a € €} and let {Rs; s € S} be the right regular
- .representation of S on F. Define the linear functional ¢ on Y

by - | . - o
¢(uxs) = a for each a € C
Let ¢ be the linear functional defined on F by

y(f) = f(so), for each f e F

{
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- where s is any fixed element of S.- Then y. extends ¢ to F.

Observe that for each 't_e S, £ e F we have:

3

ve(t) = bR f) = R f(s ) = f(s of) = L £(t)
] )

But F is left‘invariant;jso 'wf.e F. It is clear tht the-
conditions (i) to (iv) of the (HBEPZ) have been sat1sf1ed
Therefore, ¢ has an exten51on to a 11near functlonal ¢ € F* such
that |[je]l = ¢l = Jd . and ‘¢(Rsf} = Q(f) for each. 's ¢ S, f e F.-

Furthermore, since ¢ extends ¢;’¢(xé) = 1 and ¢.,i$]§;right,in_

.variant mean on F.

(40) implies 1) ) R
Let‘.u‘ be a right.invariant‘mean'on IF.' Let f{Ts; s € S} be

a representatlon of S as a sem1groupsof linear operators on a vector

space X. Let Y be a subspace o? X, p- a seminorm on X ¢ and w

linedr funct1onals on Y: and X respectlvely such that cond1t1ons

() 'tof'(v) of the (HBEP1) are satisfied. Define ¢ on X. by

0 (x) = uly,) fQ;JQACh_ X e X.

_We first show that - ¢ is linear

axegy T Sy * By by the

linearity of y and of each Ts' Therefore,

Let x, y ¢ X, a, B € E then w

DlaxeBy) = ulhyy,q) = ou(h) * BuCy) £ ad(x) + B0(y)

”

‘and ¢ is linear. ' ' 3 !

Note that wy(s) = ¢(Isy) = ¢(y) for each yeY, s €8S “since

- AT



£

Y is an extension of_the',{Ts; s € S}-invariant linear functional ¢.

"That is wy = ¢(y)fjxs for each y e Y.”'Since' @ is a mean, N

]

00D = ub) = WX = 6() for eack ¥ & Y,

so0 ¢ 1is an extegSion ¢

' y \
Observe that
. [

WTsf(t) f ¥(T (T X)) = ¢(Tt§¥) = ¢ (ts) = stng)
for each s, €S, x e X. .It'folibﬁs iﬁép

CO(Tx) = "@'Tsx) = uRW) = u(y,) = o(x)

- for-each- s € S, x € X. - . - -
Since u is a mean, |u(¢x)|§_SUp:L¢i(s)|. From this we see

. - SeS
that

120l = futl <sup v, ()] = sup [w(TX)| < sup p(Tx) < p(x)
: s€S . seS _ seS .

for each x ¢ X. "Therefore, S has tﬁé‘ (HBEP1) with respect to ' F.

- REMARK 3.2.4. In the -proof tha(\zte .(HBEPZ) implies the existenge -
of a right invariaht mean, we defined W':byﬂ w(ﬁ) z f(so)’ for séme
fixed s, €S. If s héé'éh identity e, and we let Asé,= e, then

wf-= f and fhe assumption that vF be left invariant may be dropped.

- REMARK 3.2.5. Let {TS; s e S} bea répreseh;ation of a semitopolog-
ical semigfoup S as.a semigroup of linear gpefators on. a normed

linear space X such that |]TSH <M for each s € S. If we replace



condition r(a)i in the definition of the,‘(HBEPZ)..with
-'ca') o llell < wlel,

“then S will have thls extensron properry with respect to F whenever
F has a r1ght 1nvar1&nt mean.

The next lemma, originally‘s;eted for‘commntgtive semigroups,
was . first proved by Eberleln in [9]. A simple proof can be.foond in

[3p36]

LEMMA 3.2.6; Let S be a semitopological semigroup:and let {T ;
s € S} be a weakly continuous representation of § . as a u@i{ormly
bounded semigroup of linear operators on a Banach space x If for
some x e X the set’ Ox_= {Tsx; s € S} i;;relatively ¢ompact [resp.
V.qeek1y'f¢13t@ye1y'oompact], then the funotioo £ defined by
‘fxts).e ¢(Tsx) for eech s‘e Sl

. LY o

is in- AP(S) [resp. WAP(S)]f'for each ¢ e X+

.

- DEFINITION 3.2.7. A topologlcal semlgroup G which is algebraically

a group is called a. topolagtcal group 1f the map x b x =1 is continu- -

9#5! A ZocaZZy compact group is a topologlcal group w1th a locally

. '_-.

v.compact topology

THEOREM 3.2.8. 'Let G be a‘localiy compectegrodo‘and let ng; g € G}
be a weakly continuous representatlon of G as a group of linear
operators on a Banach space X such that ||T H <1 for, each g €G.
Suppose that 0 = (T x; g € G} -is relat1ve1y weakly compact for each

X e X. Let Y be a closed‘subspace of X, invariant under ng;ge G},

Lk N
o . . \
. . AY
¢

.v‘17‘ .



and "¢ € Y* be such that ¢(T y) ¢(y) for each ‘g &G,y eY.
Then ¢ has an extenslon ® € X+ §uch'that ”¢I| |[¢ﬂ
¢(Tgx) = éti). for each g « G, xe X

PROOF. Recall Sincé G is.a locally compact group, WAP(G) has a-"

Al et

cr1ght1nvar1ant mean By Theorem 3 2 .3, g has the (HBEPZ) :with 5'5;.;
;’respect to WAP(G) | . |
" By the usual Hahn Banach theorem, 6 has an exten51on w € X*
with |ly|| = [l¢]|. Since o  is. relatlvely Weakly compact v, is |
" in WAP(G) fOr eachv x”evx (Lemma 3.2. 6). *tondltxon (iv) of the o
(HBBPZ) is sat15f1ed and the result. follows 1mmed1ate&y - .
COROLLARY 3.2.9. ‘Let G be a locallyicompact group and let
{Tg; g € G} bé‘a;weakly_continuous reptesentation‘of G on a
: - o o : -
> . : : . (
reflexive Banach space X such that ||T <1 for each ge G. Let .= «

Y be a closed subspace of . X 1nvar;ont under {Tg; g e Gl and .
¢ ¢ Y* be such' that ¢(Tgy) = ¢(y). for each g efgﬁ y € Y. Then ¢
has an extension "¢ ¢ X* with H¢|| ”¢|| and - Q(T x) = ¢(x) for

. I
each ge G, x € X.

Q‘\

PROOF. "If X - 1s reflex1ve, then the unit ball -of X is weakly com- L
poct. Therefore 0 ’ {T X; g ‘e G} is relat;vely weakly compact for -

each x ¢ X. Now apply Theorem,3.2.8ﬁiv

REMARK 3.2.10. Lé;glG be a locoily compact grouP'and' {Tc; g eAG} be .
a. weakly- contlnuous representat1on of G on a Banach. space - X Soch
. that ||Tg” 5_1 fbr each g € G and {T ; g€ G} has a nonfzefo :

fixed point y, then the function ¢(ay) = olfy|| is a continuous
' T P : S



1nvar1ant rlnear funct1ona1 on the 1 dlmen51ona1 subspace L

{ay, o e cl. Theorem 3 2. 8 implies that ¢ has an extension”

L 33 Xf',such-that lel] = H¢|| I and Q(T X) = ¢(x) for each geG,"
X € X. Therefore the ex1stence of a non- zero f1xed po1nt 1mp11es the

Vexlstence of ‘a non-zero {Tg; g € G} 1nvar1ant 11near functional on X

In the_case whéere X is a’ H11bert space and "fﬁg; g € G} is
a Weakly contlnuous unltary representatlon on X, then the converse of
the above ‘remark holds Indeed, 1f ¢ -;s a non-zero contlnuous

! .
{_g;‘g e'G}—lnvarlant linear -functional on X.'then there exists a

ﬁon-zero ‘'z e X such that ¢(x) = <x z> <U x,z> = ¢(U x) for each '

)

g € G X e.x ' Ifn z is not a f1ked p01nt of {U ; g € G}, then for

.-some gl, g2 € G g Z # U Z.: But then there exists y €X ‘such
1l 2~ ' Ry o o ”
'that <y, Yy 2> # <y,Ug z> ,l:lowever,: this would imply that
1 2 o o ‘ o
¢(U“ y) =<U’ y;;>='<y,U 2> # <'y,U" z’>“=,<U'ly,‘z>= ¢(U'%y)' which
&1 B0 81 R B . &

is. impossible since* K is {Ug, 8. e G}-lnvar1ant It follows that

—

z "is a fixed p01nt of {U ; g € G}

~ . ,/’

3.3 Mulfiplicative Right Invarlant Means and Groups |
R Let G be a locally compact group In [12], Gréhierer ehd"
Lau proved that if G ‘1s nonﬁtr1V1a1, then ‘RUC(Cj does hothhave a:
'.multiplicetive right invarisnt meep. Intthis section we»cheracteriie
these‘éroups G ‘for.which“‘WﬁP(G) 'admits»afmultiplicetivebright‘
" invariant uean. , - |

0ur*main lemma can be fouhd as a remark in |2, p..164]. The
’proof below was. suggested by A T. Lau. It is. mueh shorter than our p

| or1g1nal proof

19 -
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'Pkbﬁﬁ If G 1s non«tr1v1a1 then since-the continuous characters SR

..I.'

o LEMMA 3 3 1 Let G be a group and a sem1topolog1ca1 sem1group.

¢ .‘,

Then AP(G) has a mu1t1p11cat1ve rlght 1nvarlant mean, if and only

if AP(G) consists of constant functions only. .

,.PRQQF. If. AP(G) cpnsists onlynnf cantant’fnnctiqn;,dghen.
TR AP(G)* deﬁfned by. u(axs) = fof'each. a € €, is clearly a
. multiplicative right invariant mean on’ AP(G)
| Conversely, 1f AP(G) has a mu1t1p11cat1ve r1ght invariant
mean - and ;f £ € AP(G), then by a résult of Granlerer and Lau [121,_.

there exists a net {g.} in- G such that L f » cX . for some
“a” acA iy gy 5
¢ € €, in the pointwise topology on CB(G). Since the left orbit

‘of Afv is rei;fEVely compéct,b Lg f - CXS’ in thennormftbpology‘of
. , : . ®a . ) R
“ CB{S). Hence, for each ¢ > 0. thergﬂexists Gy € A such that if

a > then Ll

db,
If(gat)-cl <e for each t e G.

I3
A

But since G 1is a group
“|£(t) - c|] <€ for each t e G.

Since € > 0 was,arbitrary,.ftt)'= c for each t e G.

COROLLARY 3.3.2. Let G ~be a locally connact-abelian group.

If G is'hon-triviél;‘then AP(G) does not have 2 multipticntiyeg~-; FENTE

- ,- LT TR e e -

right invariant mean.

. ’.’.7. ::.:.-_».;.*‘ b I e R ) -tq, %y - e e B AT e . L TR, O

L A R
. S e ek e T Tl R R 'S I R i

.*'{w— - ~separate pﬁlnts, gnd are contalned 1n AP(G), AP(G) must contaln non-.

o

constant functlons By Lemma 3 3 1 AP(G) \?°e§_n0t’h§vQ.a-«-- ‘

3
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multiplicative right invariant mean.

: REMARK'S 3.3. A locally compact group G is cailed.minimally almost

P e oI eme bW

pertodtc if AP(G) cons1sts only of constant functions. In [4] Chou, .

Otilizing the Iwasawa decomposition (see [SOT), established the %ninimal

" .almost periodicity of the‘grOUp SL(2,R).
| A well known result of Segal and von Neumann [29 .p. 515] states
that any non- compact simple Lie group is m1n1ma11y almost periodic.
vy locally compact group' G is called maximally almost periodic
if the finite dimensiomal irredocibleirepfeécncécione oé VC separate
points.‘ If G is_a nonétriviel maximélly elmoef periodic groop; then |

"by ‘Lemma 3.3.1,'AP(G) does not have a moitiplicative right invariant:

mean. Every locally compact abelian group is maximally almost periodic,!

sd the aboVe remark ‘generalizes COrollaryr3 3.2. For details about the
class of maximally almost periodic groups we refer the reader to an
excellent survey by Palmer [26] on the classes of locally compact

groups.

'COROLLARY 3.3.4. Let G be a non-trivial locally compact group which"

is contimuously isomorphic to a subgroup of a compact group.  Then
AP(G) does rot have a multip{icatiye_right‘invariant mean.

o . e e - . .
J S T TP - e a w - - o~ g - ) 3

'PROOF. "Every locally compact group G wh1ch 15 continubusTy 1somorph1c

w

- to a subgroup of a compact group is maximally almost perlodlc (see

a " AT °

[26 “p 692])

> The. next lepma :which. is. due to Burckel {3, p. 30], w111 .be used

f’ﬁ,tQ prQVb our .main’ reésult.

e

et - R oMb o ooy Saa oy -
. . L A} . M

ki) 3

LEMYA 3.3.5. Let. -G be a group and a semitopological semigroup. Let

AN
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AP(G) consists only of constant functions.

Wb(G) = {f e WAP(G): u(|£]) =0} where u is the unique right in-
variant mean on WAP(G). Then WAP(G) = AP(G) @ wO(G) is a direct

Sum'decompdsitionbpf ~WAP(G).

THEOREM 3.3.6. Let G be a group and a sem1topolog1ca1 semlgroup

Then WAP(G) has a mult1p11cat1ve rlght invariant mean if and only if

e ' y ‘ .
PROOF. 1If WAP(G) has a multlpllcatlve rlght invariant mean y, then
the restriction of u to AP(G) is a mult1p11cat1ve r1ght invariant

mean on AP(G). By Lemma 3.3.1, AP(G) consists only of constant

functions.

Conversely, assume that AP(G) = {dXG; ae E}, Let u be the

unique right invariant mean on VWAP( J. Let WAP(G) = AP(G) e W_(G)
‘ . S -0

be the direct'sum'deCémpoéitioﬁ of WAP(é}ﬁ induced by wu. Let
f € WAP(G). Then f = oXg
Let f, g ¢ WAP(G).‘ If f = alXG + h1 and g = aZXG + h2
(élaz)XG + a2h1-+Aa1h2 + hth' By

+ h ‘where h e Wy(G) and wu(f) =

it

h _ - th
where hl' hZ’E WO(G),_then fg

1
Since . u is right .invariant, WAP(G) hgsfp.mpltipligative.tight‘in—

the linearity of u, u(fg) = a,a, = u(Hu(g), so u is multiplicative.

variant -mean. - '- - - T . i

jbﬁéiﬂiigdﬂh3.3{7.‘_Let'_x';bc ainon—empty:tbpoiogical‘épaCe A rtght

, actioﬂ“ofjé7§émiggougd‘§?§on X, is a map, (x s)i* xs, from XXS into

X, such that x(st) = (xs)t for each X € X, s, teS. !
. e | L A . | |
A r1ght action.on a vector space X is said to be affine if for

each s e S the map x H xs  1is affine.

Let S be a semitopological semigroup and let X be a compact

22
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Hausdorff spacef A right action of S on X is called equicontinuous
if giveﬁ U,‘the.uniqde uniformity de;ermining the topology of X (see
[19,'p; 197]), y € X and U € U, then there exists V e U. such that .
(xs,ys) € u for each s ¢ S, (x,y) éAV;

In [20], Lau established the following result:

LEMMA 3.3.8 [Lau]. Let S be a semitopological'semigroup. If a right
action of S Qﬁ a compact Hausdorff space X is both .separately con-
tinuous and equicontinuous, then the'functibn"Tyf(s) = f(ys) 1is in

AP(S) for each f ¢ CB(S), y € X.

THEOREM 3.3.9 [Lau]. AP(S) has a multiplicative right invariant mean
if and only if every separately continuous and equicontinuous right

action of 'S on a compact Hausdorff space has‘aAfixed point, x e X.
For groups Lau's results have an interesting application.

THEQREM.3.3.IO." Let 'G be a group and a semitopological semigroup;

. : , .
Then :WAP(G) ‘has a multiplicative right invariant mean if and only if
every s;parateyy”cbntiﬁuous and equicontinuous right action of G on
a compact Hausdorff space ‘X is such that xs = xe for each s ¢ S,

x € X, where e denotes the identity element of G.

PROOF. Suppose that -every -separately continuous. and equicontinuous
right action of G on a compact Hausdorff space X 1is such that

xs = xe for each. s € G, x ¢ X. Let Xg € X. Then Xge 1s a fixed

point for G. By Theorem 3.3.9, .AP(G) . has a multiplicative right
invariant mean. LByZTﬁeorem 3.3.7 and Lemma 3.3.1, WAP(G) also has a

/

multiplicative right invariant mean. ' 6»445;*
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ConversTiy, assume that WAP(G). has a multiplicative right

invariant‘mean. Then by Theorem 3.3.7, AP(G) »consists‘of.constantv

functions only. ﬁ.
Suppose that a rightiaction of G on a compact Hausdorff space : «
X, iévboth'separately continuoue and equicontiﬁubus. Assdme aise that

# xéz for some gi,'g2 € G, x € X. Since CB(X) Separatee points,
there exists f ¢ CB(X) such that f(xg ) # f(xgz) " However, -by ‘

" Lemma 3.3.8, Txf is a non-constant function in AP(G). Since this is

impossible, it follows.that xg = xe ‘for each g € G, x e X.

COROLLARY 3.3.11. Let G be a group,and.a semitopolegical §emigroup.
Suppose thdt AP(G) has a multiplicative riéht invariant mean. Let
fze WAP(C). Then right ; anslatron is equicontinuous with respect to
the weak topology on the closure of coGR(f) 1f and only 1f fis a‘
constant function. ! ‘

5 'Granierer, in (12], gave a characterization of the class of
discretelsemigroups for which - (5) admits a multiplicative left in-
variant mean in terms of a certain multiplicative exten51on property
We now present a generalization of the right analog’ of Granierer s

result for subalgebras of CB(S), where S 'is a semitopological semi-

group.

DEFINITION 3.3.12. Let S be a semitopological semigroup and let F
be a norm ciosed coﬁjugate closed, invariant subalgebra of CB(S)
which contains the constant functions. S is said to have the
Multiplicative Extemsion Property, (MEP), with respect to :F if,
given any representation. {Ts;.s € S}V'of S as a semiéroup of

7

: p o
continuous algebra homomorphisms from a Banach algebra B into B,
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a norm closed subalgebra A I°f B} and "¢ € A* ~a muLtllecatlve
linear functional satisfying: |
(i) T,(A) e A for-each. s ¢ S

L (ii) ¢(Tsy)_-{ ¢(§¢) 'f_br’each seS,yeA
(iii) ¢ has an extens1on to a mu1t1p11cat1ve “linear - funct;onal

¥ e B* such that |]¢[[ “wl] and the functlon w (s) wasx)w*is

in F fqr‘each X € B. 1"' S - ' 51"""'"' SRR

Then ¢ must have an exten51on to- a. multlpllcatlve llnear

funct10na1 b e B* such that

(@ el = flell | T
(b) ¢(TSX) = ¢(x). for7eééﬂz‘§ é"S,'X € Sf"ﬂ{f~”- Lol

THEOREM 3.3.13. Let S be a semitopologicél Sémigroup'and let ‘F be ,.
a norm closéd,’conjugate closed, inyariant subalgebra of CB(S) whiéh
contains the constant funttiqhs. Then S has the (M.E.P.) with

: g .
respect to F if and only if F has a multiplicative right invériant

mearn.

REMARK 3.3.14. A.straight forward modification of the proof of
Theorem 2.2.3 establishes Theorem 3.3.13. This proof, we believe, is
.more‘elementary than Granierer's proof in that it does not fely on any

fixed point theoremfor any result on homomorphisms of semigroups.

COROLLARY 3.3.15» Let {Tg; g e G} be a weakly’continuous fepresentf
ation of a minimally almost periodic group G as a group of contlnuous
‘algebra homomorphlsms of .a Bagach algebra B .onto ‘B, lsuch that

"T’“ < 1. for, each 8 € G and Oy = {Tgx, 8 € G} LS relat1vely weakly

,.q,

e e LTS N c e
B I R L



géhpééttfbrieach_fg € G,'y evA.- Let A be a norm closed subélgebra
of B for wh1ch T (A) € A for each g e G. Let b € A* bq a multi-
'ﬁﬂ pllcatlve linear functlonal such that ¢(T y) ¢(y) for eich' g e.G,
y € Y ‘ If ¢ has a multiplicative exten51on wlg‘B*Q.with Ifwll =
H¢|I ‘then ¢ has a mu1t1p11cat1ve _extension Y B; for which "

@

”¢|I ”¢|{ and ¢(T x) = 0(x) for each g ¢ G X é X.

PROOF Sinéev G .ié rrnlmally almost perlodlc WAP(GJ".has a mglti;
- | Pllcat1ve rlght invariant mean.. Berheorem 3.3.13"G haS the
- -A(M;Eipg)-withfrespStt to WAP(G) O¥ is relatlvely weakly compact
.for each x € X, so, by Lemma 3.2.6 the function wx is in WAP(G).
- q,aﬂ,Tbemcondltlons of. the éM-ﬁ P ) are SatISfled and.- Theorpm 3. 3 13

“insures the desired _extension.. . o j*..?~."9:'3 ',_'

P - e A Se .

544 A- Geometrlc Prqperty of Gl1cksberg

In thls section we give a new proof of a geometric property
associated with those semigroups S for which CB(S) has a right
invariant mean. The theorem was first proved by .Glicksberg in {10].

A second proof using Mitchell's fixed péint'phedrgm'was-givenbe
Granierer (see [11, p. §9]). | o

-

THEOREM 3.4.1. vLety S be a semitopélogical semrgroup and let ‘u be
a right invariant mean on CB(S). Let {TS; s € S} "be a continuous
representation of S as a semlgroup of linear operators on a normed
linear space X, such that ||T ” <1 “for each 5 €S. If x ¢ X is
such that d(0,c00,) = sup{|| z” )z e'coo-} =a >0, then theré
erists ¢ € X* w1th ||¢|| 1 ¢(x) = a, and ¢(T y) ¢(y) for each

26
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PROOF. Suppose that d(0, coOx) =a > 0. By the Hahn-Banach thebrem,

there exists y ¢ X* ,suchythat lell'=1 and |u(2)] :Ja

zZ € co0 .
X

for each

‘For each y € X, define wy: S > E by w (s) .w(Téy). Then

wy € CB(S). Define ¢(y) =.M(Q&) for each y € Y. ¢ i

'inVariéht‘uﬁder {T ;s e S Since.‘lluﬂﬂé 1 and -”TSI|§_1‘ for each

seS, ”¢|[< Hw”- 1. Howeyer,'lw(r)lvi_a 'for each z e
uois a mean |¢(z)1 ;a' for each z e co0 . Therefore
. for some 20 € co0, - We may assume that ¢(zo) = a, Sin

invariant, ¢(x) = ‘a.. o I

o ?COROLLARY 3. 4 2. [Gllcksberg] Let S be a semltopologlc

ﬁ-and let {T ;'S € S} ‘bé a“continuous representat1on of

s linear and

coO . Since .
ez | =
ce ¢ is

aI semlgroup

S as ‘a- seml—,'-‘

group of 11near operators on a normed linear space X such that

f e e e e

' lT ” < 1 for each_;e_e S. Ldt K = span{y - Tsy; y:e'x};

(span (A)

| denotes-the linear span 6f A). If CB(S) _hae a right invariant mean”

then d(x,K) =1d(0,c00x) for each x ¢ X.

PROOF. If d(O,coO*) = 0, then since coO <K - x, d(x,
d(O,coOx)'> 0, then let ¢ be as in Theorem S 4 1. If:

¢(z) = 0 and |[|x-z]| 3_|¢(x—z)| |¢(x)| = d(O ¢00; )

K) =0. If

Z € K, then

Corollary 3.4.2 can be modified to include those semitopological

S/

semigroups for which WAP(S) has a right invariant mean.

THEOREM 3.4.3. Let S be a semitopological semigroup.
{Ts; s € S} be'a weakly continuous representation of S

"of linear operators on a normed space X such that IIT | <

'S

- Let

as'a semigroup

< 1 for each

S € S. Suppose that 0x is relat1ve1y weakly compact for each x e X

27



If WAP(S) . has a right invariant;meap, then;,d(o;coO*) ='d(x,K) for

each' x e X, whére K = span {y-Tsy;_y ex, s‘}~$};' -

L PROOF' The functlon Y, .in the proof . of Tﬁeorem 3 4.1. w111 be

weakly almost per1od1c under the- aboVe condztlons (Lemma 3 2 6).

" Applying the right invariant mean to wx; the proof carrleSjchrOugh =
,ae Eefdrel RUI
-~ €OROLLARY 3;4.5. Let G be a’ group and a sem1topolog1ca1 semlgroup

Let .{Tg, g€ G} be a weakly cont1nuous representatxon of . G, as a-

! Vf?'group -of - 11near»qperators on a reflex1ve Banach spaqe ~X such“fhat’

'1|Tg” <1 for each g € G. Then for every ‘X € x d(O <00 ) = d(i,KL

where " ‘K = span (g rgy, y € X, g € G}.

B T L - .

COROLLARY 3.4.6. Let G be a locally compact group and let

-{Ug;‘g € G} be a weakly contifiuous, unlitary represenﬁation of G a$ 

a group of linear operators on a Hirbertvspace ‘H. Then d(O,coOx)

d(x,K) for each x ¢ H. : - -
3. s Examples =~ . R o o

R O

<r>" . -

R

.,
kRS

'_jWe_lllusxrate some of the results of the chapter w1th the " ;tm

"ﬁfollow1ng examples SRR u' B ; e ‘fé*”'if""b‘

EXAMPLE 3.5:1. Let G =,{I,T,T2aT§},,where T is the linear

operator on R; which rotates a point through 90°+ about the z-axis.

Let x = -(1,0,1). Then o = ((1,0,1), (0,1,1), (-1,0,1),
(0,-1,1)} and co0 is the diamond, with 51des of length /2,
centered at (0,0,1) and paralrél to the X,y- plane ‘Note, )

d(O,coOx}= 1.
e
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Define - ¢ evR3v by ‘¢(y) = Xq for. each y'=7(Xi;x2,x3)be Rzr

Then ¢(xi = |l¢|| and for each yre X, k ='0,1,2,3; ¢(Tky) = ¢(Y)f

If G is glven the dlscrete topology then WAP(G).- [ (G) and  since

[ S ~ " ——r

- G..is-a: group, i (G) has a rlght invariant mean. o B
In general, 1f S: 1s a sem1topolog1ca1 semlgroup for wh1ch |
CB(S) has a rlght 1nvarlant mean'and 1f {% j s e S} is a- represenf-
atlon of é as a semigroup of 11near operators on a- normed linear
space X such that (s) = ¢(T x) 1is in CB(S) for each ¢ e X*
X e X, theh there ex1sts h non- zero llnear functaonal ¢ € X*r for‘
which _ O (T y) = ¢(y) for each Ay X, s e S if and only if 4

-“d(O,coO ) > 0 for some " x e X. Furthermore, if d(O,coOx).>,0,
then we may assume that ¢(x) = x|} .. S e

- ThlSaremark follows 1mmed1ately from the proof of Theorem 3.4.3

A ‘similar result holds when CB(S) is replaced by WA?(S)‘ and"

;conditions analogous to those of Theorem 3.4.3 are imposed.

EXAMPLE 3.5.2. Let G = SL(2,R) w1th the usual’ t0pology "Recall

AP(G) consists of constant fuhctlons only : Let {U ; g € G} be any ’

o - -

contlnuous, unltary representatlon of G as a group of 11near
. Vo .

4,

operators on a,Hllbert—spaCe H eta K be a compact subset of - H ”i

wh1ch 1s 1nvarrant under (U é € G}.‘*'e "I "be the identity of G.

Ui(x) for each g .e Gy x ¢ X.
iy SR

Then, by Theorem 3;3f10,—Ug(x)

. , ¢ s
EXAMPLE 3.5.3. Let . G be a group of un1formly bounded 11near ‘

y ~

“operators act1ng on the rlght on Rk . Suppose that'for each non-zero
x € Rk , there exists’ T ¢ G. such that T* £ x. vThe.clqsure of.

k
90() is a compact, convex subset of R whlch is 1nvarlant under

A
L

the action of G. ‘Since G is a group, AP(G) has a r1ght 1nvar1ant

-
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PEN

medn. Avresult of Lau in

[20]

po1nt in the closure of coO

v
/
/

shows that. G musf have a fixed ‘

(see Théorem 4.2.3). Therefore,. 03

......

- which’ must be - the'flxed po1nt, is in the conVex hull of 0 o In fact

1f G maps any gOmpact convex SUbset K ofr.R. onto K, then .

w

s

K "and - 0 is the’unlque fixed point of _G in K.

30
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CHAPTER 4

INVARIANT MEANS AND IDEALS

3

4,1 Introduction

A right ideal I, of a semigroup S, ié a subset of S for

which IS cI. In this chapfer, we examine the role played by right

~ ideals in determining whether or not a subspace of CB(S) will admit

PR

‘a right invariant mean.

4w

.We begin with a summary of a nnmber'of important fixed point

theorems in the theory of'invariant means (Theorem 4.2.3). We use

these fikedepbint theorems. to show that if F is one of CB, WRUC, RUC,

WAP or AP, and if I is a right ideal of a-semitopological semi-

group S, then ~F(S) has a right invariant mean wheneVerxdF(I) has

. B
1:..»--“*" R

.establlshlng a series of partlal converses to this result © In pargl-

1

cular, in Theorem 4.2. 6 we show that CB(S) has a right 1nvarinat -

mean if and only 1f CB(I) also has a rlght 1nvar1ant mean.

faw . .- In*Section’ 3 we 1nvest1gate 1mp11cat10ns of the ex1si?ncegqf L

right thick subsets of a semlgroup. S. Lemma 4 3. 4-demonstrates~-ﬁ

e

condltlons unQZr wh1ch a sem1topolog1ca1<§em1group w111 contain a

f1n1te 1dea1 wh1ch is also a group This result is used tajestabllsh

- a class of semitopological semlgroups 'S for_wh1ch the existence of

‘a right invariant mean on AP(S) is equivalent to the existence of a

'right invariant mean on"lm(S).

The, fourth section deals mainly wiéﬁ the existence of invariant
means when S is a directed union of 1ts subsem1groups The resurts-

of this section are very’much dependent on the cr1ter1on of Dixmier

- -0
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‘(see‘Remark 2:1;3).‘
The'fiholbseCtion cohtaihs examples'illustrating'the concepts
developod earlier in the chapter.'.Examp1é|4;S}f shows that the
structure of finite ideals has a greaf deal to do with the existence
of invariant means. In fact, every sem1topolog1ca1 sem1group $ can
be imbedded in a. sem;topologlcal semigroup st wh1ch contalns at most
a

two elements more than S and CB(S') has a left invariardt mean

while AP(S') does not have a rlght invariant mean.

4.2 Fixed Points and Ideals

DEFfﬁITION 4.2.1. A subsemlgroup I of -a semigroup S is called a -
right [resp Zef%] zdeal of S if xs € I [resp. ’sx e'i] for each

s €S, xel. I is an ideal if it is both a left and right ideal.
If s is a. sem1topolog1ca1 semlgroup and I is a-right ideal

- of .S, then throughout this chapter we w111 con51der' to be a semi-

:topolog1ca1 semigroup WIth the subspace topology from S.

h

Lo

R . ) .
: 'DEFINITION'4 2.2. Let S be¢“a sem1topolog1ca1 semigroup whlch acts -

on the rg}ht on a compact, convex subset K of a locally convex )

space X. The action of § on K is said to‘be sltghtly eontinuous

~

_if the mao s > ys is continuous from S into K for some y € K.
.The actlon is called Jointly continuous if, the map (x s) +.xs is
continuous from K xS into K. ° P

Let -E(S,K) denote the closure in the product space kK of
the Set:{ns; S € Sf, where tx)w = xs for each x e K, s € S. h.The
action of S on K 1is said to be quasz-equtcontznubus if eachsele-

ment of ‘E(S,K) is contlnuous ' K S s
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" "The next theorem is a summary of a number of 1mportant Fixéd o

p01nt ‘theorems needed later ) A ' - "."-L‘”f sz‘yﬁ.e'-; :LwQZ
e oo

THEOREM 4.2.3. Let S.be a semitopological semigroup. ‘Then .

(i). [6 and.fj‘ CB(S) has a right invariant mean If and only 1f |
| .every sl1ght1y contlnuous affine rlght actlon of S .on a compact

’ convex subset K of a locally convex space x has a fixed p01nt

(ii) [24] WRUC(S) has a right 1nvar1ant mean 1f and only if every
separately contlnuous affine rlght actlon of S on a compact convex
subset K of a locally convex ‘space x has a f1xed po1nt

(111) {24] RUC(S) has a rlght invariant mean if and only 1f every
Jo1nt1y continuous affine r1ght actlon of . S on a’ compact conveéx
subset K- of a locally convex space X has a- flxed point.

(1v) [21] WAP(S) has a right 1nvar1ant mean 1f'and only if evesy
‘ separately contlnuous and quasi- equ1cont1nuous rlght action of S on

a compact convex subset of a locally convex space X has a|fixed

point. ' o R o BN
(v) ([20] AP(S) hasva'tight invariant mean if ‘and only if every
: o . o o L

separately continuous and equicontinuous affine right actior of S on

a compact'convex subset K of a locally'convex space- X has a fixed

point.

ty

-

As a conSequence of the f1xed goint theorems we have the

f0110w1ng result

THEOREM 4.2.4. Let S be a semitopological semigroup and let I be

a right ideal of S. Then

(i) If ~CB(I). has a right invariant mean then CB(S) has a right




'rlght 1nvar1ant mean.

invariant mean. {'~ et

s, ’ ‘ - ’ -

>

'tii) If WRUC(F h§§ afright nnWariant meam-then WRUC(S) has a,’ .

R R 3

.
’ e

C(iii) If RUC(I) ‘has a right invariant mean then  RUG(S) ~has a ~

right invariant mean.

-~ N ~

(iv) If' WAP(I) has a right 1nvar1ant mean then WAP(S) “has a

ey . Y e

rlght invariant m&an” L TR

T,
Fary

o /
N .’ i . . '

By

PROOF.

(1) Let the right aétion of S on the cémpact, convéx subset K
of a locally convex space X be both affine and. slight1¥ continuou;.
The right action of I on K, obtained by restrlcting the action of
S to I, isvéiso affine dnd slightly continuous. If CB(I) has a

right invariant mean then by Théorem 4.2.3. (1), tﬁe action of I on -

‘K " has a fixedipoint x. € K.

0
Fix t . ] .. - . . - .
} 0 € I. Then xot0 Xy» since x, 1is a f1x§d5p01nt.
Let' s € S. Sipce I is a right ideal, tys € I. Therefore xOs =
(x to)s = xotﬁés) = Xg» and X, isa fixed point for the action of.

.S. By .Theorem 4.2.3 (i), CB(S) has a right 1nvar1ant mean.

Straight forward modifications of the above argument will
establish cases (ii); (iii) and (v). -
(iv) " Suppose that the affine fight action of S on a COmpact,
convex subset K of a locally conJ?} space X 1is both separately
continuous and quasi-equicentinuous. If we consider the restriction

of the action of S to I, then E(I,K) ¢ E(S,K) E.KK. However, each

o) If AP(I) has d right anariant meanﬁthegy AP(SL‘ hgﬁw@ right ., .. ..
» 3» .

. 1nvar1ant meam, -

3
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-

. element of . E(I,K) . must-also. be'contlnuous The restrlctlon of the

- [ s e e e
T e e Nt = . - he

acthn to. I is both separately contlnuous and qu351 equ1cont1nuous

’

- The result follows as before.

0, g P . . "o

REMARK 4.25. For discrete semigroupé the converse of Theorem 4.2.4

for 2 - .is well known (see [23]). For general semitopological semi-

_groups, it is not known whether the converses of the results in

Theorem 4.2.4 are valid. We ‘will show that in some instances these

Jdodndegd hold. ..l L Ll Lo

THEOREM 4.2.6. Let S be a semitopological semigroup and let I be

a right’ ideal of §. Then CB(S) has a right invariant mean if‘and

only ifu_CB(I) has a righf-invariant mean.

PROOF. If _CB(Ij has a right invariant_mgan, fhen CB(S)A also has
a right invariant mean, by Theorem 4.2.4 (). ' ] ‘ -
. _Fonygrsely, assume that CB(S) has a right invériant mean.
Theh fot‘e;ch"s €ﬁ§%¥€hgffﬁnction fR defined by (R (1) = f(ts)
for.each t e I f e CB(F), is a bounded I'inear operator on CB(I)
Let S act on the weak-« compact, convex set K of means on CB(I),
by wus = RZ(u) for each "1 ¢ K.
Let ty € I. Let {sa}‘ be a net in S which converges to

$g € S. Then 1;m(R;up/to)(f) = lém f(tys,) = £(tysy) = (Rsopt )(£),
0

for each f ¢ CB(S). Therefore, the action of S on K is slightly
continuous and by Theorem 2.4 (i), the action of S has a fixed ﬁdint

u € K. However, R;u_='u for each t e I, so u is a right invariant

mean 'R _CB(I).’

'DEFINITION 4.2.7. An element e ¢ S ‘is called a right identity for



S if te': ¢ for each t € S. A net {e } in S 'is called an ,
o o aeA

approximate right identity for S, if 1lim te =t for each t ¢ S.

Q@ CTT——
THEOREM 4.2.8. Let S be a semltopologxcal semigroup and let 1 be
a right ideal of 's. Suppose that {ea} is an approximate right

identity for 1I.

(1) AP(S) has a right invariaht mean if and only if AP(I)' has a

right invariant mean.

- J
w

(ii)" W&P(éf 'ﬁ;;';‘¥igﬁt iﬂv;ri;nt mean ifvand only if WAP(I) has
a right invariant mean.
PROOF:

(i) 1If AP(I). has a fight‘ihvariant mean, theﬁ Theorem 4.2.4 (v)
implies that AP(S). also has a right‘invariant mean.

- Conversgly, assume that AP(S) has a right invariant mean.
Define (R_£)(t) = f£(ts) for each f e AP(I), t ¢ I,'and s e S.
Since R; is linear and norm decreasing, it follows that R f e AP(I).
Henc;, RS is an operator on AP(I) into AP(I). ~Following an idea
of Lau in [20 Theorem 3. 2], we define for each f € AP(I) ‘the ‘

vpseudonorm ¢ on AP(I)* by -
(4] = supl[¢(R.D)],[e(£)]; ¢t € 1},

Since {ea} is an approximate right identity Re sf converges in
o ,
norm to Rsf for each f ¢ AP(I1), s ¢ S.
Hence
(4] = supl[e R )], [¢(£) |35 « s).

Let Q = {qf;f € AP(I)}. On the weak-# compact, convex set K



o
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of means onv AP(I), the weak—* topology agrees with the topology of

unlform convergence on totally bounded subsets of AP(I) Therefore

[P S . e W

;'Q determlpes the ueak ~%, topology on - K:~o- R ““‘“7"

_Let S act on K by wus = R;ﬂ for each u e K, s € S. The

action of S on K is affine and Q-non-expansive. . Therefore, it is ™~

. equicontinuous with respect to the weak-x topology on K.

’

Now’suppose {s_} is'a net in 'S which converges'to s € S.
Y ©a - a .9 . »~_a«~.o @ . °"’P~"’"' a-';.
e e 0T

‘ f“$henm llm{Ilm R~ . ﬁ(t)) f(vs) =‘1im(i1m R’* f)(t) " for each t eI

a Y
It follows that RS f converges in norm to R f for each f ¢ AP(I)
o .o«
Therefore, the action of S on K is also separately contlnuous By '

Theorem 4 2. 3 (v), the action of S has a f1xed point uoe K, whlch s
is a right invariant mean on AP(I).

(ii) If WAP(I) has a right invariant meén,,then, by Theorem 4.2.4

(iv), WAP(S) also has a right invariant mean.
\ e .

A$sume'that' WAP(S) = has a right invariant mean.
Define Rf(t) = £(ts) for each "f ¢ WAP(I), t € I, s € S.
Since OR(f) is relatively weakly compact, Rsf is the weak limit of

i,
Reasf for'each f ¢ WAP(I). Therefore,' Rs is a bounded linear
opefatornon WAP(I). Similarly, if {SY} is a net in'ds‘ which
converges to s e S,«ghen ,Rsaf converges to Rsf in?the weak
topology of vCB(I), for each f ¢ WAP(I).

Let T be the topology on WAP(I)* determined by the %omily
of.pseodonorms Q= {qfi f € WAP(I)}, where each K is‘defiﬁeo as in
‘part (i). By the Mackey-Arens Theorem, the dual of WAP(I)* with
respect to the topology T is WAP(I). |

The right linear action of S on the set K, of meané on
WAP(I),cdefined by wus = Rgy is both separately'continuous and quasi-.

.
-
A



> §

equicontinuous with respect to the topology 7. But, since K- is
- convex ahd:]}cbmpact3:the-action mdst,;by Theofeﬁ:4;2}3e[ﬁy);.hayefe;frf.;f
‘a fixed point ¢ K. It follows that u 1is a right invariant mean = =

“on WAP(I).

THEOREM 4.2.9. Let S be a éemitobqlogicai:semigfoup.and'iep I be

a righ; ideal of S. Let e be a right-identity for 1I. ~Then

- “ - o o B o DR - -~ “@ o ow .o ) e ’ PY
; - - I4 - - P

l'orﬁul

(ij‘ WRUC(S) has a rlght 1nvar1ant mean if and only if” WRUC(IT ha§ s
a right invariant ‘mean.

(11) RUC(S) has a rlght 1nvar1ant mean 1f and only 1f RUC(I) has

- Lo
-

a rlght 1nvar1ant mean.

" PROOF.

RN

(i) -If. WRUC(I) has a.right invariant mean, then by Theorem 4.2.4 =

L ame a

’(ii), WRUC(S) also has . a right'invariant‘mean.y‘;F' .
Assume that WRUC(S) has a right invariant mean. Define

(R £)(€) "£(fs) “fof éach £'c WRUC(I)) t & I' 5« S. Since R;,.is .
continuous when :CB(I) is given the pointwise topology, Rs. is an

operator from WRUC(I) into WRUC(I) (see (2, p 101])
o . & q/_, . t
Let S act on.the weak-» compact, convex set K of means on

WRUC(I) by wus =;R;u for each n e K, s e S Let {sd} be a net ;
in S which converges to s. Let f ¢ WRUC(I) and u e K. Then
11m(R* u)(f) lim u(R f) = lim(R f) = (R f)= u(R f)==(R*u)(f).

Sa
Hence the right affine action of .S on K 1s separately contlnuous By

Theorem 4.2.3 (ii), the action of S on K ~has a flxede01nt M.

4

Then y is a right invariant mean on WRUC(I).

(ii) If RUC(I) has a right invariant mean, ‘then by Theorem 4.2.4
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Tirl), RUC(S) also has a rlght 1nvar1ant ‘mear .

T e .

Assume that RUC(I) has a rlght 1nvarlant mean iR; ﬂ;definedifi;}w

Aby (R f)(t) f(ts), is a bounded llnear operator from RUC(I) 1nto 4’

'RUC(I) To see th1s observe that if '{td} is a net in I‘ wh1ch

converges to ‘t‘ then t‘s' converges to ts. and hence‘ l&m Rt (Rsf) =
St

'1gm(R9 f) = (R f) = R (R f) Jin thevnorm topology of CB(S);
L Re8

.Let s act ‘on the weak-. compact, convex. set K of means on’

"_RUC{I) by .us 2 Ry for each WeK seS. Let pek ses and .

“ -
g <x .

let {ua}, {s } be nets such’that u - (T “in the® weak-** topoiogy e ee s

and S, * S- Let f ¢ RUC(S). Since e 1is a right identity for I

- we have

[ R u ) (E)-- (REuX(E)]

0 <1i ' S
- ¥,a s.'a . e

= i ) Y

< lin l.(ua_(l}ﬂszfRs B+ (&)

< lim lleYf-Rsf_ll 1m0 R D

a

,%%mJIReSYf-Resf” * 1&ml(ua'U)(Rsf)l

I
=%
4

Therefore the action of §. on - K is jointly continuous and affine.

. o > ‘
By Theorem 4.2.3 (iii), the action has a fixed point p e K which is

a right inoariant'mean on - RUC(S).

It'is well known-that for a locally cdmpact group G, CB(G)

.has .a right ingariént mean iﬁnand only if- RUC(G) has a right in-

ES

e

- .

COROLLARY 4.2:10. Let S "be a semitopological semigroup and Iet .G .

variant meap (see [13, Théofem 2.2.1]. This gives .us the following
corollary to Theorem 4.2.9

- . ’
. ] -
e - - . ) ! k

- .
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be a locally compact group and a r1ght 1dea1 of S Then *CB(S) hagf

a r1ght 1nvar1anf mean 1f and only 1f RUC(S) has a rlght-lnyarlan; :

LV

PROOF.' Ifl” n ‘15 a right 1nvariant mean en.‘CB(S); then theA .
restr1ct1on of u to RUC(S) is a right invariant mean on RUC(S)e

- If RUC(S) has a right'ihveriant @een, then Theorem 4.2.9
. implies that the locally cempact group G. is.such that.vRﬁC(G)"haé
lbe.fgﬁht;iﬂvéfiaﬁt"mean also. ‘The previous femark _states that .if " »
RUC(G) has a right’ 1nvar1ant’mean then sg must CB(G) 'HoweVer,‘for‘-

the right ideal G, CB(G) has a rlght 1nvarlant‘mean 1mp11es ‘that - CB(S)

has a right 1nvar1ant mean (Theorem 4.2, 6)

" THEOREM 4.2.11. Let § bé-&isemitbboiogical semigroup and let I be
a finite right ideal of S. Then AP(S) has a right invariant ‘mean
if and only if L_(S) has a\right‘invariént mean.

PROOF. the'restfiction of any right invariant mean iy on L_(S) to
AP(S) 1is a right invariant meaﬁ on AP(S)f o

Conye;§ely,'suppose that AP(S) hasﬁa‘right iﬁvariaﬁf mean.
Let K <2 _(I)* be the set of meansven 2 _(1). Since 1 is finite,
L (I)* is finite dimeﬁéional apd the weak-+ and norm topologies
agree o . R . -

Let S act on ;he norm compact, convex set K by' us‘= R;u'fo;
each u € K, s e;S. The action of S on K is affine and separately
contiﬁuous with.respeét to the norm topology on K. By Theorem 4.2.3
(v), and the assumption that AP(S) has a right invariant-mean, then

action of S has a fixed point € K. Thus -

Yo Yo

variant mean on - 2_(I). (Apply Theorem 4.2.9) .

‘is a right in-
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,:l éOROLLAhy'4;?71? = Let"S "he’a semltopoiogfhal semlgroup and let I

L T T S ARy
e e

be a flnlte r1gh1~1dea1~of"s Then” the fbllbWIng 8re equ1va1ent

; . - B T L N
L m hele e . en
P . ; B

(1) .AP(I) has a right invariant mean for some right ideal I ‘of

S,

(ii) £,(I) has a right invariant mean for any right ideal: I of

-

S. o

PROOF. The proof is a straight forward appllcatlon of Theorems 4.2.11 -

and 4.2.6.

P ..
E

REMARK 4.2.13. Let G be any group‘and let. I be any finite semi- - =
group for which £ (I) does not have a right invariant mean.
Corollary 4.2.12 implies that there does not exlst any semlgroup S

-

for wh1ch G and I are both right 1deals T “ e

4.3 Invariant Means and Right Thick Subsets

The purpose of this sectlon is to establlsh the equivalence of
‘the ex1stence of.a right invariant mean on. 2 _(S) with the existence
of a right invariant mean on WAP(S) for a class of semitopdlogical

semigroups which may not contain finite right ideals.

DEFINITION 4.3.1. A subset F of a semigroup S is said to be right
thick in S if for any f1n1te subset A of S there exists an

element X ¢ § such that = {xa; a € A} < F. v

REMARK 4.3.2. The above definition is due to M1tche11 (see [23]) Is
is clear that any right ideal of S must also be rlght thick.  In

addltlon, if S 1is a semigroup for which zm(S) has a left invariant

41
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f.mean then 1t is not d1ff1cult to show that any left 1dea1 of S is

- -
a2
- . a

g Tlght thlck 1n S (see [23 p 257])

. We w;ll need nhe f0110w1ng genera11zat10n of a result of
Mltchell {23, p. 257]
LEMMA 4.3.3 [Mitchell]. Let S‘"be.é'geﬁitopological semigroup. Let
F be a right introverted, norm clesed, conjdgateAcidséd subspace of
CB(S) which contains the constants. Suppose that‘ F has a right

invariant mean n. If F is a right thick subset of S, then there

is a right invariant mean u on F such that: u(XF) =1,

-

N

‘PROOﬁ.~ Siﬁce' F is-right thi¢k there exists a muItipliéatiVe mean

v on 2 (S) such that v(RSXF) = 1 for each s ¢ S.

“For each . f ¢ F, define vf(s) = \)(Rsf),_._.~ Since- F- is right
introverted% Ve € F. Let $(f) = u(vf). Then ¢ 1is a.right in-

variant mean on F and ¢(XF) =1 : o ) -

LEMMA 4.3.4. Let S be a semitopolbgical semigroup. .Let F be a.
right introverted, normyclbsedﬁ»conjugaté closed §ﬁbsbace of CB(S)
' which contains AP(S). Suppose that F has a right invariant mean.

>

If S contalns a flnlte right thick"subset F Such that X € F,

$

then S contains a right 1dealA G whlch is a group.

PROOF. F is right thick, so by Lemma 4.3.3, there exists‘a right
invariant mean u on F. such that u(XF) = 1. Since F 1is finite

there exists a ¢ F such that u(X{a}) > 0.

Let n ¢ N be such that nu(X{a}) >_1! Suppose that the set

.,asn}. Then u(x

aS’ contains n’ distinct elements {asl, {as })
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MR X

> nu(X

s
hd

as;)) 2 ¥ (Xgpy) implies. that u(X, ‘(a)) >

| uasléé,.;asn})h
thch is impossible. herefore aS..isla'finité‘right ideal"of S.
Let & €S be such that the cardinality of 't is minimal.
-Let G = tS§. Since thelcéfdinality 9f tSs isvminimai, G is left
cancellative. (Thaf is, if  Xy’ = xz;.x;L};!i'é.G; then y = z).
. Aé(sj has a right invariant mean implies that the finite fight ideal
G is'such that AP(C) has a right inva{i;nt ﬁgaﬁ (Corollary 3.2.12).
Howevef{ for é finite semigroup G, AP(G) = L_(G).

CA f1n1te, left canceLlatlve semlgroup for whlch L has a

. right 1nvar1an€ mean, muSt be a group (see [27, pp. 1078, 1079]).

fHEOREM 4.3.5. Let S be a semltopologlcal semlgroup Let F be a
finite, right thlck subset of S such.that. X; € WAP(S). Then &_(S)
has a right invariant mean if and only if WAP(S) has a right in-
variant mean. | |

-PROOF. If WAP(S) has a rightvinvariant mean, then Lemma 4.3.4
implies that S conta%ns a group G whic; is also a right ideal;

G is a finite group so 2_(G) Eas a right invariant mean. By

‘Theorem 4.2.6, zm(S) also haé a right invariant mean.

REMARK 4.3.6. It is not known whether there exists a semitopological
semigroup S for which AP(S) - has a right invariant mean byt WAP(S)

does not.

.

14

A topological semigroup S, with a finite right thick subset F
for which XP € WAP(S), AP(S) has a right invariant mean but CB(S)

does not, would provide such an. example.



.4.4. Directed Utions of -Semigroups =~ " e ; S

DEFINfTION,4.4,1. Let {Sa} be a family‘of semigroups. A semigroup
S is said to be a directed union of the'family'-{sd} if 'Sa is a

subsemigroup of S, for each o e A, S = agA'Su’ and for each a,

B e A there exists y e A such that S ¢S and S c S .
_ , a Y B Y

LEMMA 4.4.2. Let S be a semitopological semigroup which is the
directed union of a‘family"{Sa}u‘A of ;ﬁbseﬁigroups of S.. Let.
each S; hgve the subspace topology inherited from S. Let F be a-
. right invariant, normiglosed, conjugate closed subspace of CB(S);
For each’ a ¢ A, lgt fa denotg phe sgbgpace‘of‘ CB(Sa)V consi;ting
of Fhe’ré;£ri;tions of each element of‘ F. to ‘T&.”’If' Fa "has a .
righf invariant mean for each a ¢ A, fﬁeﬁ F has a right invariant

mean. \

PROOF. The result follows immediately from Dixmier's criterion.
LEMMA 4.4.3. Let S be a semitopological semigroup and let T be a
sdbspmigroup of S with the subspace topoiogy. L?t 'F _be one of
CB(S), WRUC(S), RUC(S), WAP(S) or AP(S). Then if f e F, the
restriction f, of f to T is in CB(T), WRUC(T), RUC(T), WAP(T),

T
or AP(T) respectively. s

The proof of this lemma is straight forward and will be omitted.

THEOREM 4.4.4. Let S be a semitopological semigroup which is the

directed union of a family L§a}a€A,’of semigroups. Then

(i) 1£- CB(Sa) has a right invariant mean for each a ¢ A, then

Yo

44



CB(S) has a right invariant mean.

45

(ii) If WRUC(S ) Haé'a‘right ;nyariaqt—mean forigacﬁ a»e.A,:thgn i
WRUC(S) has a right iﬁvariant mean. |
kiii) If RUC(Sa) 'haé a right invariant mean fof.each a € A, then
RUC(S) has a right,iAVariant mean.

(iy) If WAP(Sa) ‘hhs a2 right invariant mean for each a“e A, thén
WAP(é} has a right invariant méan.

(v) - If AP(SG) has afrigh;'invaf?ant mean for each a ¢ A, then

AP(S) hag a right invariant mean.

PROOF. Apply Lemma's.4.4.2 #d 4.4.3.

4.5 Examples

o The first example illustrates the important role played by

finite right idesgs in determining the existence of right invariant
means. ‘ o
) .

EXAMPLE 4.5.1. Let (S,-) be any semitopological semigroup and .let

S' = S u {A,B}. Define a multiplication "o" on §' by

(i) set = st foreach s, te S

(ii)  seA

w
oo

Aes = A, seB = Bos

B
>

(1ii) AoB = BoB = B, B°A = AcA

‘It is easy to check that the multipliéation on S is és;ociativé
and'henée that S is a semigroup;

Let B be a basis.for the topqlogy ofj 5. Let B"ﬁ B-u {A}
u{B} be a_basi§ for a topology T' Qpl St. Then. (S',°) 'toéether
with T' is a semi;opologiﬁal,semigroup with S as a subsemigroub.

—



_Let I ={A,B). Then I is an ideal of (S',o). Also, 2_(I)

has a left invariant mean but not a right.invariant mean.. Theorems

v

4.2.6 and 4.2.13, imply that CB(S'). has a left invariant mean while

AP(S') does not have a right invariant mean. We have, in fact, shown

the following:
Any semitopological semigroup S is such that there exist a

;emitopologicaivsemigroqp S' patisfying

(i) S ¢ S', S' contains at. most 2 elements.more than S.

(ii) CB(S') 'has a left invariant(mean but AP(S') does not have a‘

right invariant mean.

EXAMPIE 4.5.2. An element s in a semigroup § is ;alled'a-Zef%
Izerf nf S if st =s for each t, s ¢ S. -

Ter S.= Y x>T” be'é semitopological semigfoup such that " Y
;nd T are ;emigroups, and Y contains a left zero 2y0. fhen;AfOr'
each (y,t) ¢S, and {yd}X’r, (yo,s)(y,t) =(y0y,st)€= (yo,st) Thus
{yol x-T 1is a right ideal of~'S. if WAP(T) -[resp. AP(T)] has a
right invariant mean, then so does WAP (S) [resp. AP(S)] (Tbeqrem
4.2.3). | ' | | S

A semigroup+ S of the form S = Y 3 G wherg G is a group

and Y consists of left zeros only, 1s cal}ed a Le group. From .

the above remark it follows that if § ,igﬁaffagg ip and a semi-
topological sémigroup, tﬁen WAP (S) has a rlght'}nvégﬁant mean. If

S is a compact left group, fhen CB(S) has a right 1nyar1ant mean.”
. o .

EXAMPLE 4.5.3. Let- S be a compact semitopological semigroup and

let "e" be a,primit}Ve idempotent of S <(see [2, p. 31]). Thén

X
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]

“has a right invariant mean.

“

%

Se is a left group and a left ideal of S. Therefofe" WAP(Se) has

a r1ght invariant mean * Thus every compact sem1topologlcal semlgroupa

R

_has a left 1deal :I for which WAP(I) has a right 1nVar1ant mean

even if WAP(S)'-does not.,

EXAMPLE 4.5.4. A semigroup S is calied periodic if the shbsemigrbupd

generated by each element of S is finite. A rlght cancellatlve per1-

odic semlgroup 1s ‘a left group (see [22 pp 239, 245])

P

Let 'S be a rlght cancellat1ve sem1topolog1ca1 §em1group Let

i .
T be a perlodlc subsemlgroup of S.  Then ;WAP(T) has a rlght_ipf

variant mean. Furthermore, if T is a right ideal of S then WAP(S)

»

W

EXAMPLE 4.5. 5 Let S = {A B} with multlpllcatlon defined as 1n

Example 4. S 1. Then the 1 d1mensiona1 space F con51st1ng of constént

%
functions onlj, is max1ma1 in the set of subspaces of L_(S) -which do-
d

not contain. P(S) .zm(S).' The set S 1s f1n1te, rlght thick in 8§,

and. X e F.” However the space F has a rlght 1nvar1ant mean wh11e

S does no%’contaln any rlght ideal which is a group ThlS shows that_l

the condition . AP(S) < F, can not be dropped in the statement of

Lemma 4.3.4.

5

EXAMPLE 4{5;6. The condition, in’Lemma 4.3.4. that F be f1n1te can

not be om1tted Let S =.{1;2 .} w1th usual addltlon and the

dlscrete topology “Since " § 1s commutatlve, N (S) has .a rlght in- .

~var1ant ‘mean (see 16, p 231]) However_ S is’ raght thlck in 1tse1f ,

but. - S does not contaln any r1ght 1deal Wthh is a group

EXAMPLEr4.SL7. Let ‘So é_{AiB}' with muitiplication as:défined,iﬁ'
) Lo ) . o ] v i R
s Do - : o

|

oot
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s . . .,
example A,S;IQ Let G0 be the freé group with two generators.. |
Le?l G be anf'gréupu‘ Since AP(Sb)» does not have a right
inyériant mgép,»Corollaryvd.é112 imﬁliésvthat no'Semitopological §emi-
group can' contain both _,G and SO~ h'as right ideals. _ o
Let S be any finite semigroué lw(GO) - does not the a right ~
invariant;mean, while Apﬁco) does. Corolgg;y 4.2.12 %gg;n“implies,,
that no semitopoldgical'sémigioup‘éXispé for which. S and wG0 are

"both right ideals. L -
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