Model Predictive and Nonlinear Control of
Transport-Reaction Process Systems

by

Qingqging Xu

A thesis submitted in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

n

Process Control

Department of Chemical and Material Engineering

University of Alberta

©Qingqing Xu, 2017



Abstract

Distributed parameter systems (DPS) are models of fundamental conservation laws
in industrial processes, such as chemical, petroleum, metallurgical and solar thermal
energy processes. The major drawback of DPS models is that they take form of
partial differential equations (PDEs) containing higher order derivatives in space and
time. The complexity of PDEs models lies in spatial approximation arriving to a
finite dimensional model representation amenable for subsequent controller, observer
and/or monitoring device design. This thesis provides foundation of systematic mod-
elling framework for linear DPS which uses a finite and low dimensional setting for
controller /observer /estimator design without application of any spatial approxima-
tion or order reduction. First, we develop a linear model predictive controller design
for a class of linear DPS account for a constrained optimization based problem. The
discrete model of a linear DPS is obtained by using energy preserving Cayley-Tustin
transformation. We present our results applied to the DPS emerging from chemical
transport-reaction processes and solar boreal thermal energy processes. Second, we
address the servo controller design for a class of DPS described by coupled hyperbolic
PDE and ODE. The simple and easily realizable servo control algorithm is applied

to the solar thermal system with borehole seasonal storage in a real commercial com-
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munity. Finally, we propose the nonlinear controller design for a class of distributed
parameter system described by nonlinear hyperbolic PDEs. The nonlinear control
methodology is an extension of single-step formulation of full state feedback con-
trol design which lies in the fact that both feedback control and stabilization design
objectives given as target stable dynamics are accomplished in one step. The perfor-
mance of controllers is assessed by numerical simulation with application on different

distributed parameter systems.
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Chapter 1

Introduction

1.1 Motivation

In a real world engineering control applications, the states, inputs and outputs of
a mathematical model of a system depend on both temporal and spatial variables.
These systems have parameters distributed in space and therefore they are named
distributed parameter systems (DPS). On the contrary, systems which do not have
distributed parameter nature are lumped parameter systems (LPS) and system vari-
ables do not depend on spatial parameters, see [1].

Many industrial processes, such as chemical, petroleum, metallurgical and solar
thermal energy processes, belong to the class of DPS. In particular, an interesting
subset of continuous DPS processes in chemical and solar thermal energy engineering
is presented by the heat transport models. The above industrial processes are often
described by a mathematical model, which consists of partial differential equations
(PDEs), boundary conditions (BCs), as well as possible constraints on input, state

and/or output.



In order to classify the above models, we look into the mathematical classifications
of PDEs. Equations involving partial derivatives of a function of two or more inde-
pendent variables are PDEs. The order of the highest derivative is the order of the
equation. Because the properties of DPS depend strongly on the type of equations,
the classification of linear, second-order PDE is by the equation of the following form:

ou J*u 0%u 0%u ou Ou
yril a(xay)@ + 5(%@% +7($7y)a—yg = f(z,y,u, £ 8_y) (1.1)

An equation of the above form is said to be: parabolic PDE, if 5% — 4oy = 0; elliptic
PDE, if 5% — 4a~y < 0; hyperbolic PDE, if 5% — 4a~y > 0.

In particular, the axial dispersion chemical reactor is described by parabolic PDE
which is augmented with either Dirichlet or Neumann boundary conditions. Moreover,
the plug flow reactor is modelled by hyperbolic PDEs. On the other hand, the solar
thermal energy process contains coupled partial differential equations and ordinary
differential equations (ODEs).

Advanced technology needs motivate control of physical and chemical DPS pro-
cesses of fluid flows, temperature distribution and material structures. Advanced pro-
cess control, monitoring and decision making in the context of DPS usually require
information on all states variables. In particular, the advanced control realization is
usually constrained by natural limits on the actuator power and/or the available posi-
tion where actuation can take place (in domain or boundary of the system). Moreover,
in the DPS setting, the knowledge of the system state variables is limited by the time
delay in obtaining the measurements, the number of available sensors and the noise
corrupting the data. This problem occurs in LPS, but is even more acute in DPS.

The objective of this thesis is to explore advanced controller design to improve

the chemical transport-reaction and solar thermal energy processes operations. In



particular, the above PDEs models will be basis for the regulator (controller /observer)
synthesis. One of regulator design methodologies to be explored in this thesis is
model predictive control (MPC). MPC is an algorithm for optimal control synthesis
in which the control action is obtained by solving a finite horizon open-loop optimal
control problem at each sampling instant, see [2]. The optimization algorithm yields
a sequence of optimal control moves and the fist move is applied to the process, see
3], [4]. The MPC in DPS setting has to account for distributed parameter nature for
optimal process performance characteristics, for naturally present constraints and/or
limitations on available measurements.

Another regulator design to be explored is the servo controller design for a class
of DPS described by coupled hyperbolic PDE and ODE. Servo controller design is a
well-know strategy that computes the required input which asymptotically attenuates
error between the output and a reference trajectory or set point to zero.

Another interesting research direction is to explore nonlinear controller design for
the DPS described by nonlinear PDEs. The nonlinear control methodology is an
extension of single-step formulation of full state feedback control design. With a si-
multaneous implementation of a nonlinear coordinate transformation and a nonlinear
state feedback law, both feedback control and stabilization design objectives given as

target stable dynamics are accomplished in one step.

1.2 Literature Review

The controller design and state estimation of DPS are more complex than in the
LPS. The presence of spatial variables imposes limitations to the controller design.

For example, in some cases, boundary conditions are used as inputs and outputs. In



order to illustrate details, this section will review process models of DPS and ad-
vanced control methods of these processes. For controller design and state estimation
of DPS, in general, there are two approaches taken, see [5], [6]:

(1) Early lumping: in which DPS is first discretized into an approximate LPS model
consisting of a set of ODEs. Then, LPS control theory for controller design and state
estimation is applied directly to DPS. However, one disadvantage of this approach is
that conditions for controllability and stabilizability depend on the method of lump-
ing and the location of discretization points.

(2) Late lumping: in which DPS control theory is applied first to DPS and approxi-
mation method is applied at the final stage. It takes full advantages of the available
distributed parameter control theory and analyzes the full PDEs model for control-
lability and stabilizability. Once the design is accomplished, some type of finite
dimensional approximation in the controller realization is performed.

The design procedure of early lumping and late lumping is shown in Fig.1.1.

Distributed

parameter

system(DPS)
Lumping of DPS Applicatipn of
to approximate DPS theory for
lumped parameter controller design
system(LPS)
Application of LPS Lumping of controller
control theory for and system equations
controller design for numerical solution

Control system
implementation

Fig. 1.1: Design procedure via early lumping and late lumping

Since distributed parameter systems are modelled by partial differential equations,



the evolution of states of a PDE is described in an infinite-dimensional space setting.
A number of researchers have explored many problems related to control of a system
described by PDE, such as dynamic optimization, output feedback controller design,
nonlinear and robust control, see [7], [8].

The traditional approach for control of some PDE systems utilizes spatial dis-
cretization techniques to obtain systems of ODEs, which are subsequently utilized
as the foundation of the finite-dimensional controllers design, see [9], [10]. This ap-
proach has a significant drawback since the number of states which must be preserved
to obtain a system of ODEs, might be quite large, which leads to a high dimensional
controller realization and complex controller design.

Optimal control is a problem of determining inputs to a dynamical system that
optimize a specified performance while satisfying any constraints on the motion of the
system. The theory of necessary conditions for optimal control problems is solution
of multipoint boundary value problems, see [11], [12]. For such problems, shooting
techniques have been established as efficient and reliable methods providing highly
accurate solutions, see [13]. However, the shooting methods have a severe drawback:
these methods need a rather precise initial guess of the optimal state, control and
adjoint variables and require a detailed knowledge of the structure of the optimal
solution.

Model predictive control refers to a class of control algorithms that compute an
input profile by utilizing a linear process model to optimize an open loop quadratic
objective function subject to constraints over a future time horizon, see [14]. In real-
ity, actuators and sensors have their limits due to physical properties, or the system
state is required not to be in excess of specified limit values. Motivated by this con-

sideration, model predictive controller for distributed parameter system is developed.



Various development of MPC have been explored by Dubljevic, Christofides, Alonso
and Armaou within the framework of distributed [15] and boundary applied actuation
[16], and predictive output and full state feedback control [17].

In order to utilize model predictive control, the discrete version of the overall
system is required. Traditional numerical time discretization approaches, such as
Euler, Runge-Kutta, etc. have the disadvantage that the accuracy of the approxi-
mate discrete time system rapidly deteriorates as the sampling period increases [18].
The Cayley-Tustin time discretization methodology preserves the intrinsic energy and
dynamical characteristics of distributed parameter systems [19, 20]. Along the line
of Cayley-Tustin transformation, the PDEs system is kept without any type of spa-
tial approximation and/or model reduction, see [21, 22, 23]. The issues arising from
analytic transformation of continuous to discrete distributed parameter setting are
addressed by providing guidance for appropriate choice of discretization parameters.

The discrete representation of distributed parameter systems obtained by the ap-
plication of Cayley-Tustin transformation provides an insight into frequency analysis
and controller design. The servo problem is a discrete controller which can be easily
realized and implemented in practice. Servo controller design is a well-know strategy
that computes the required input which asymptotically attenuates error between the
output and a reference trajectory or set point to zero [24, 25]. One of the advantages
of a servo controller is that it can account for disturbances which may affect the
process.

The controller synthesis for nonlinear DPS which is given in an infinite dimensional
setting is rather rare and difficult both in terms of design and/or implementation.
Within the linear DPS, the extensions of state feedback regulation, optimal control,

internal model control and backstepping are successfully realized [26, 27, 28, 29, 30,



31, 32, 33, 34]. However, only small number of nonlinear finite dimensional control
design methodologies were extended to nonlinear DPS [35, 36, 37]. Motivated by
Luenberger’s early ideas on a single-step design approach for pole placement, the
development of single-step controller design that achieves simultaneously the feedback

linearization and desired pole placement is pursued for nonlinear DPS.

1.3 Semigroup Theory

The abstract formulation of linear infinite-dimensional system is described by the

following state space system:

(¢ t) = Az(C 1), 2(6,0) = 20 (1.2)

the state z((,t) € H, where H is a real Hilbert space.
A Cy-semigroup is an operator-valued function 7 (¢) from R* to (H) that satisfies
the following properties [38]:
(L) T(t+7)=T@)T (1) for t,7 > 0;
(2) T(0) = I;
(3) |IT(t)z0 — 20| = 0 as t — 0" Vzo € H.
The operator A : D(A) C H — H is a generator of a Cy-semigroup on H and one

can obtain:
2(¢,t) =T ()20 (1.3)

Let us consider an example that a metal bar of length one is heated along its



length according to:

0z(¢,t)  9%2((,1)

ot - 8<2 ’ Z(C7O) = 20 (14)
0z(0,t) 0= 0z(1,1)
o T A

z((,t) represents the temperature at position ¢ at timet, zo the initial temperature

profile. We define the operators A on H as:

dz
with D( ) ={z € Ly(0,1)] z, dC are absolutely continuous, dCQ € Ly(0,1) and dz(o)
It is readily verified that A has the eigenvalues )\, = —n?r?,n > 0, and that

the corresponding eigenvectors ¢,(() = v2cos(nn¢) for n > 1, ¢y = 1, form and

orthonormal basis for Ls(0,1). A is the Riesz-spectral operator given by
Az = Z —n’1? < 2, ¢p > ¢, 2 € D(A) (1.6)
n=0

where D(A) = {z € Ly(0,1)| Y07 nirt| < 2, ¢, > |? < o0}

A is the infinitesimal generator of the following Cy-semigroup:
T(t)zo =< 20,1 > + Z 2e" ™t < 24, cos(nmC) > cos(nwC) (1.7)
n=1

Another example is the first-order hyperbolic PDE in the following form:

0z(¢,t) _ 02(¢.1) _
T 2(¢,0) = 2 (1.8)

8



2(0,t) =0

the following Cy-semigroup on Ly(0,1) can be obtained:

- —t<1
T(t)zo = wlemt oS (1.9)
0 (—t>1

1.4 Thesis Outline and Contributions

This thesis is organized as follows:

In Chapter 2, a systematic linear model predictive control algorithm for linear
distributed parameter systems emerging from chemical engineering industry is de-
veloped. We consider the systems varying from the convection dominated plug flow
reactor models described by hyperbolic PDEs to the diffusion dominated axial disper-
sion reactor models described by parabolic PDEs. The discrete state space setting is
developed by applying Cayley-Tustin time discretization without spatial discretiza-
tion and model reduction. The issues of optimality and constrained stabilization
are addressed within the controller design setting leading to the finite constrained
quadratic regulator problem, which is easily realized and is no more computationally
intensive than the existing algorithms.

In Chapter 3, the modelling of a complex solar boreal thermal storage system
which is inspired by a real Drake Landing Solar Commercial Community is devel-
oped. The overall system is obtained from a coupled finite and infinite dimensional
subsystems of solar power plant process, heat exchanger process, borehole energy stor-
age process, hot tank process and district heating loop process. The discrete coupled

PDEs and ODEs system is obtained by applying Cayley-Tustin time discretization



with the same sampling time. We address the problem of controlling a solar thermal
storage system with the purpose of achieving a desired thermal comfort level and
energy savings. As the energy output from the solar thermal plant with borehole
seasonal storage varies, the control system maintains the thermal comfort by using a
servo controller. A simple and easily realizable servo control algorithm is designed to
regulate the system operating at desired thermal comfort level despite disturbances
from the solar thermal plant system, the borehole geo-thermal energy storage system
and/or the district heating loop system.

In Chapter 4, we consider the same discrete solar boreal thermal storage system
developed in Chapter 3. The novel model predictive control addresses a house heat
regulation by constrained optimization problem with the manipulation constraints,
and accounts for possible unstable system dynamics and disturbances arising from
solar and geothermal radiations. The realistic output regulation is considered by the
inclusion of an observer which constructs finite and infinite dimensional states. The
proposed model development and control regulation can successfully account for the
long range variability in environmental and/or economic conditions associated with
the overall operational costs of the large scale solar energy community.

In Chapter 5, the thesis proposes an extension of single-step formulation of full
state feedback control design to the class of distributed parameter system described
by nonlinear hyperbolic PDEs. We consider an exothermic plug-flow reactor system
which is described by first-order hyperbolic PDE and a damped wave equation which
takes the form of second-order hyperbolic PDE. The methodology lies in the fact
that both feedback control and stabilization design objectives given as target stable
dynamics are accomplished in one step under a simultaneous implementation of a

nonlinear coordinate transformation and a nonlinear state feedback law. The mathe-
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matical formulation of the problem is realized via a system of first-order quasi-linear
singular PDEs. By using Lyapunov’s auxiliary theorem for singular PDEs, the neces-
sary and sufficient conditions for solvability are utilized. The solution to the singular
PDEs is locally analytic, which enables development of a PDE series solution.
Chapter 6 summarizes the main results of this thesis and discusses future research

directions.
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Chapter 2

Linear Model Predictive Control

for Transport-Reaction Processes

2.1 Introduction

Modelling of a transport process is the most important issue in the process analysis
and control design of transport processes. It is currently addressed by phenomeno-
logical modelling arising from first-principles, experimental studies and/or with the
help of the system identification theory. In many industries including chemical, petro-
chemical and pharmaceutical plants, model-based control has been very successful.
In majority of them, the underlying plant model is low dimensional and linear. In
general, mathematical models of many industrial relevant transport processes are ob-
tained from conservation laws, such as mass, momentum and/or energy, and take
forms represented by nonlinear partial differential equations (PDEs). The salient fea-
ture of these models is temporal and spatial dependence that captures the change

in shape and material properties, and can be associated with well known physical
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phenomena of the phase change, generation or/and consumption of chemical species
by chemical reaction mechanisms, heat and mass transfer phenomena.

Chemical process control of lumped parameter systems is a well established and
documented field of the process control. One of the most prominent achievements
in the broad area of process control is development of model predictive control for
lumped parameter systems [39, 40, 2, 41, 42, 43]. This refers to a class of control
algorithms which compute a control variable by utilizing a plant process model to
optimize a linear or quadratic open-loop performance objective subject to constraints
over a future time horizon. The computed control variable profile over the horizon
is utilized by applying only the first move and this process is repeated at each time
interval in a repetitive manner. In the case of linear models [2], linear predictive
control utilizes a linear state space or transfer function models obtained by the first
principles, or obtained by the pulse and/or step response of the controlled plant. The
great feature of linear model predictive control is that constrained and multivariable
processes can be addressed with emphasis on a robust algorithm realization that can
be implemented on-line.

Along the line of developed control areas, the control of linear distributed pa-
rameter systems is a mature control field [5, 44, 38, 45, 46]. The intrinsic feature of
distributed parameter systems is that the models take the form in an infinite dimen-
sional space setting which leads into infinite dimensional controller designs that are
not implementable and realizable in practice. In other words, control designers are
forced to apply some type of approximations in order to arrive at some finite dimen-
sional model setting that can be consequently explored within a finite dimensional
control design setting. Along this line of work, there are several contributions, for

example, the seminal work of Harmon Ray [5] laid foundation for spectral treatment
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for a class of distributed parameter systems, Ray and Seinfeld explored the design
of nonlinear distributed state estimators using stochastic methods [47]. Other no-
table works addressed the issue of identification and multivarable predictive control
applied to distributed parameter systems [48, 49]. More recently, Ng and Dublje-
vic considered the time-varying optimal control problem [50] and boundary control
formulation [51] for the crystal growth model regulation with time-varying domain
characteristic represented by the PDE as an abstract evolution equation on an infinite-
dimensional function space with a non-autonomous parabolic operator which gener-
ates a two-parameter semigroup. Despite the aforementioned developments and a
myriad of work on unconstrained stabilization, the issue of a low order constrained
optimal /suboptimal controller design remained elusive.

In the last decade, there were several attempts to address control of distributed
parameter systems within an input and/or state constrained optimal control setting.
In the case of transport systems modelled by the first order hyperbolic systems, there
were several works on dynamical analysis and control of hyperbolic PDEs systems,
and in particular, the work of Aksikas et. all. on linear quadratic control application
to a fixed-bed reactor [52] and optimal linear quadratic feedback controller design to
hyperbolic distributed parameter systems [53]. Other contributions considered model
predictive control applied to hyperbolic systems [54, 55]. In the same vein, the opti-
mal and model predictive control realizations are extended to Riesz spectral systems
(parabolic, and higher order dissipative PDEs) with a separable eigenspectrum of
the underlying dissipative spectral operator with successful realization of algorithms
that account for the input and PDE state constraints [56, 15, 57, 58, 59]. There are
also other extensions in the area of nonlinear model predictive control [60] in which

a combination of on-line model reduction and successive linearizations is applied. In
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all aforementioned control design realizations, some type of appropriate approxima-
tion is applied to a continuous model to arrive to a discrete model, which is used for
the controller design. It will be clear in subsequent sections, that one can treat the
linear distributed parameter system intact and design a controller without any model
approximation.

In this chapter, we provide development of an optimal constrained finite dimen-
sional controller for linear transport-reaction systems with input and PDE state/output
constraints which capture majority of linear transport-reaction chemical process sys-
tems of interest. The prominent feature of the proposed controller design is that no
spatial discretization is required. The linear transport-reaction system is completely
captured with the proposed transformations from a continuous to a discrete state
space setting without consideration of spatial discretization and/or any other type of
spatial approximation of the process model plant. The Cayley-Tustin time discretiza-
tion transformation is applied to the parabolic PDE system and hyperbolic PDE
system to preserve the infinite-dimensional nature of the distributed parameter sys-
tem [19]. Along the line of Cayley-Tustin transformation, the time discretization lies
in the fact that conservative characteristics of the system are preserved [20, 22, 23].
The issues arising from analytic transformation of continuous to discrete distributed
parameter setting are addressed by providing guidance for appropriate choice of dis-
cretization parameters. An important resolvent operator for discretization realization
of parabolic and hyperbolic PDE system is obtained. The underlying analytic form of
a discrete model is utilized in the design of the model predictive controller which ad-
dresses the input and PDE state/output constraints satisfaction and stabilization by
finite dimensional convex quadratic problem realization. The representative examples

of the novel algorithm design applied to hyperbolic and parabolic transport-reaction
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systems are discussed from the stability and optimality point of view.

This chapter is organized as follows. In Section 2.2, the Cayley-Tustin time dis-
cretization for distributed parameter systems is introduced. Further, the discrete-time
model representations for the hyperbolic and parabolic PDE system are provided. In
Section 2.3, the model predictive controller is designed and the issues related to
stability, input and state constraints satisfaction are addressed. In Section 2.4, we
demonstrate the features of the model predictive control algorithm built in the pre-

vious section through the simulation studies.

2.2 Time Discretization for Linear PDE

The linear infinite-dimensional system is described by the following state space sys-

tem:

2(¢,t) = Az((,t) + Bu(t), 2(¢,0) = 2 (2.1)
y(t) = Cz(C,t) + Du(t)

where the following assumptions hold: the state z((,t) € H, where H is a real Hilbert
space endowed with the inner product < -, - >; the input u(¢) € U and the output
y(t) € Y, where U and Y are real Hilbert spaces; the operator A : D(A) C H — H
is a generator of a Cy-semigroup on H and has a Yoshida extension operator A_; (to
accommodate for boundary or point actuation) [61]; B, C' and D are linear operators
associated with the actuation and output measurement or direct feed forward element,
ie, Be L(UH),Ce L(H,Y)and D € L(U,Y). In particular, the operator A is a
linear spatial operator associated with the hyperbolic or parabolic transport reaction

system.
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Taking a type of Crank-Nicolson time discretization scheme and given a time
discretization parameter h > 0, in the system engineering theory known as Tustin

time discretization is given by [62]:

z(jh)

(G=Dh) _ 420N +22((j —h) + Bu(jh), 2(0) =z (2:2)

2(jh) + 2(( = Dh)

—2(
h
“ 2

y(jh) ~

+ Du(jh)

h . . .
Let u; /v/h be the approximation of u(jh), the convergence of Y; h/\/htoy(jh)ash — 0
under rather general assumptions, the above set of equations yields the discrete time

dynamics:

=2 (2.3)

After some basic manipulation, the discrete system takes the following form:

2(C, k) = Agz(C k — 1) + Bau(k), 2(¢,0) = 2 (2.4)
y(k) = Caz(C, k — 1) + Dqu(k)

where 6 = 2/h, Ay, By, Cy and D, are discrete time linear system operators, given

by

oo | Ad Bu|_ (60— A0+ Al V206 —A,]'B 25)
Cy Dy V20015 — A G(9)

where G(6) denotes the transfer function of the system evaluated at ¢ and is defined as
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G(6) = Cl6—A_1]7'B+D. A continuous system with strictly proper transfer function
has physical realization and does not have the feedthrough operator D (e.g. D = 0).
However, the corresponding discrete representation for the linear transport reaction
systems poses the feedthrough operator Dy = G(0) [19]. This continuous and dis-
crete infinite dimensional system representations discrepancy is nullified in the limit
of h — 0, which implies that discrete system given by Eq.2.4 becomes a continuous
counterpart in the limit given by Eq.2.1. Moreover, it is important to notice that
if the transfer function of the continuous system Eq.2.1 G(0) is strictly proper, then
the limit of G(§) at infinity exists and is 0, [63] which ensures the well posedness of
the system. An important notion is that all physically realizable dynamical systems
usually do not contain feedthrough operator which represents instantaneous transfer
of signal from the input to the output. The mapping between the continuous system
(A, B,C, D) to S discrete infinite dimensional systems is referred as the Cayley-Tustin
discretization method. Another important property of this discretization method is
that the discretization does not change the nature of the transformed system. Namely,
the classical application of the forward in time Fuler discretization may potentially
transform a stable continuous system into an unstable discrete system, while the
backward in time Euler discretization may transform an unstable system into a dis-
crete, stable one [64]. Finally, if the Cayley-Tustin discretization method is applied
to a linear conservative continuous time system, then the resulting discrete system
is conservative in the discrete time sense. This transformation preserves the energy
equality among the continuous and the discrete model, in other words, it is simplectic
or Hamiltonian preserving. The Cayley-Tustin discretization method applied is also
a symmetric method, which means that the formula in Eq.2.2 is left unaltered after

exchanging z; <> z;_1 and h <> —h [65].
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Remark 1: The Cayley-Tustin discretization method maps the generator A of the
continuous time system to its cogenerator Ay of the corresponding discrete time sys-
tem. The operator Ay can be also expressed as Ag = [6—A] 7o+ A] = —1+26[6—A] L,
with I being the identity operator.

Proof: One can easily show:

() =10 A0+ Al() (2.6)
5+ A
=5-At
2
=1+ 510
= [T+ 28[0 — A]7']()

In addition to the transformation of a distributed parameter system from con-
tinuous to discrete representation, important technical difficulties associated with
point and/or boundary actuation and observation in the continuous system repre-
sentation are remediated with construction of bounded operators associated with
(A4, By, Cq, Dg). The Cayley-Tustin transform maps the unbounded operators A, B
and C' of the continuous time system into the bounded operators in the discrete-time
counterpart, which brings technical advantages, since the generic properties, such
as stability, controllability and observability are the same for both representations.
In addition, one can extend the formalism of the above section to the analysis of
parametric variations on the solution of Eq.2.1. This indeed goes well with the no-
tions of dynamic simulators, so called ”time-steppers” in [66, 67, 68] used to perform

fixed-point and path following computations.
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2.2.1 Linear Hyperbolic Scalar System

In this section, we are interested in the construction of a discrete model for the
convection dominated system, such as the plug flow reactor model [5]. In general,
one can apply a spatial discretization and/or use method of characteristic to obtain
an approximate linear model suitable for the controller design. However, here we
consider the Cayley-Tustin approach by applying a transformation which completely
captures the nature of linear infinite-dimensional systems dynamics and translates a
1st order hyperbolic PDE from a continuous to a discrete state space setting.

Let us consider the model of transport-reaction system given by Eq.2.1, which
is the linear infinite-dimensional system model on the Hilbert space Lo(0,1), with
the spatial linear operator A = —va% + 9¥(¢) defined on its domain D(A) = {z €
Ly(0,1)|z is absolutely continuous Z—z € Ly(0,1),2(0) = 0}. The output is taken
as the state at the exit of the reactor, that is at ( = L, and it is obtained by the
operator C(f(()) = fOL f(Q)o(¢ — L)d¢ = f(L) and we assume that the continuous
model does not contain a feedthrough term, that is D = 0. The discretized hyper-
bolic PDE system is obtained by the Cayley-Tustin transformation presented in the
previous section by Eq.2.4 where the operators Ay, By, Cyq and Dy are calculated by
Eq.2.5. From Remark 1, one can notice that the realization of the operators in Eq.2.5
depends on the resolvent R(d, A) of the operator A.

The resolvent operator for the scalar hyperbolic system can be obtained by utiliz-
ing the Laplace transform. Finding a Laplace transform is one of essential ingredients
of obtaining the Cayley-Tustin transform. Under the zero-input condition, the fol-

lowing hyperbolic PDE system arising from Eq.2.1 is considered:

¢ t) = A(Q)z(¢, 1), 2(¢,0) = 2 (2.7)
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The operator A arises as a model of tubular reactors with a linearized spatial reaction
term (that is ¢(¢)), which models a large number of convection dominated transport
processes.

The resolvent operator R(s, A) = [s] — A]~! of the operator A(() is obtained by

applying the Laplace transform and expressed as follows:

R(s, A)2(¢,0) = [s] — A]7'(") (2.8)
¢
- [ / 1(.)6—3,fo"<w<¢)—sf)d¢dn]ei J§ @ (¢)—sI)de
0 v

Proof: One can directly obtain the above expression by taking the Laplace trans-

form of Eq.2.7, and integrating the expression in space, which is given as z((,s) =

[sT — A]7'2(¢,0) = R(s, A)z(¢,0).

0z(¢,s) 1

1
5 = ;(@[)(() —s0)z(¢, s) + ;z((, 0) (2.9)

By solving the above ODE, one obtains:

¢
2(C,8) = z<o,s>eif§<¢‘s”d¢'+*[b/n L, 0)e+ Bw=sDitoqy] o Sw=shte (2.10)
0 v

With the boundary condition z(0,s) = 0, the resolvent operator of the operator A
applied on the state z(¢,0) can be expressed as:

R(s, A)2(¢,0) = [sI — A 7'2(¢,0) (2.11)
¢
— [ / lz(n70)e—%fo"(w—sf)d¢dn o Jo W—sD)dg
o U
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With the system resolvent operator described in the previous section, one can
directly obtain the discrete time operators in Eq.2.4. The convenient form to express

the operator Ay is in the following form:

Ag() == A0+ Al() (2.12)

¢
= _(.)+25[/ 1(.)675f0"<w76>d¢d,7}€%fé(w76)d¢
o U

One can easily obtain the derivation of the A, operator as below:

Agz(Ck—1)=[6— A7 + Az(¢ k= 1) (2.13)
=6 — A]—l[—v%lz_m + (v 4+ 0)z(¢, k —1)]
A e R O S A Bt

¢
[ / l[_vw]eifé’(w)wdﬂei J§ (p—6)dg
o UV on

+[/OC %[(@D +8)z(n, k — 1)]@—%f0’7<¢—5)d¢dn} o Iy (=0)do

— [/OC ey fo"(w—5)d¢dz(n’ k— 1)] on Js (W—0)do

+[/0< %[(w +8)z(n, k — 1)]ef%f57<w76)d¢dn} s J§ (=0)do

_ [ e W= 1)’2 _ /OC (K — 1)d[6—%f0"<w—6>d¢]] b J§ (=0)ds

+[/OC %[(@/} +8)z(n, k — 1)]6—%f5’<w—6)d¢dn} or Jo (W=8)de

= | - e HEOT(C k — 1) 4 2(0) - / C (0 = 8)( e — 1) B ROy 0o

Cl 1 (N, 1 (S
[ [ 10+ 9zl k- 1))t B 0egg) e 100
0
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¢ 1 o )
= _Z<C7 k— 1) + 25[[/ ;Z(?’], k — 1)6_5 Jo (¢_5)d¢d,’7} ev fé(lﬂ—d)dqﬁ]
0

= [T +26[6 — A Y2(¢, k— 1)

In the above derivation, one can extend the class of systems considered with having
velocity as spatial function v(¢), and accordingly all above expressions can be easily
rewritten to account for it.

Similarly, one can directly obtain the expression for the discrete operator B;. The
operator B in a continuous system can represent point or boundary actuation, or it
can represent in-domain actuation. Hence, for B(() describing an in-domain operator

B((), one can obtain the expression of B, in the following form:

By =V25[6 — A]7'B(¢) (2.14)
¢ - )
= \/2(5[/ %B(n)e—v IN (¢—6)d¢dn}€; S (h—8)d¢
0

In the case of a point or boundary realized actuation, the input operator B is given
as B(¢) = 0(¢ — (o), with {y being a point position where the actuation is applied.

Therefore, one obtains the expression of By in the following form:

Oa O§C<CD
B, =

V2 G<(¢<L

v ?

For example for boundary actuation at (; = 0, one obtains B; = \/1)2766% Js W=8)ds  For
boundary actuation at (5 = L, one obtains By = @(5 (C—L).
Similarly, one can directly obtain the expression of discrete operators Cy and D.

In particular, C' can be point and/or boundary observation, or the output can be
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considered in some region. When C' is a boundary operator at ( = L, the operator

C; is obtained as follows:

Ca() = V20C[5— A '() (2.15)
= \/2_5[/L l(.)e—%fo”(w—é)wdn}e% Jo (—3)de

The operator D, is a straight forward representation of the transfer function of the

system parameterized by the parameter ¢.

Dy =C[6—-A"'B+D (2.16)
L
1 "
o |:/ ;Be_% fo (¢—5)d¢d77] e% fOL("p_é)Ckz)
0

One can notice that in the discrete state space representation, the operators (Ag4, By, Cy,
D,) are parameterized by the term § which contains the discretization time so that
one can relate known spatial and temporal discretization numerical techniques and
numerical outcomes associated with them with the Cayley-Tustin discrete state space
realization. In particular, it is known that for the first order hyperbolic system, tem-
poral and spatial discretization of the simple % + cg—z = 0 transport problem leads
to Courant-Friedrichs-Lewy stability conditions. Namely, for many explicit finite dif-
ference schemes for hyperbolic systems in one space dimension, the claim is that for
numerical stability it is necessary that ‘CALC‘ < 1. In other words, this condition
can be interpreted as % > |c| that the numerical speed of propagation must be
greater than or equal to the speed of initial data propagation. Hence, if the numer-
ical scheme cannot propagate the initial data at least as fast as the solution of the

differential equation, then the solution of the scheme cannot converge to the solution

of the partial differential equation. Since the numerical scheme given by Eqs.2.4-2.5 is
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unconditionally stable, the numerical integration accuracy in Eqs.2.12-2.14-2.15-2.16
and the choice of § needs to be selected adequately. In general, one must carefully
choose a reasonable value of Aic in order to obtain an accurate enough solution, since
the accuracy of the solution can be heavily impacted with arbitrary ALC‘

Remark 2: In the case of the application of spatial discretization methods and
subsequent temporal discretization which is not a Cayley-Tustin, if there is no feed
forward operator D, the discretized approximation system will generate realization

(fid, By, Cy, 0), without a feedthrough term. Contrary to this case, the Cayley-Tustin

discretization generates Dy term as a direct transfer function parameterized ¢ term.

Adjoint Operator

In the subsequent section, the construction of the model predictive controller requires
finding adjoint operators of (A4, Bq, Cy, Dyg), that is (A%, BS, C, D5). Therefore, the

adjoint operator A} of the generator Ay is defined by the equation:
<O, ATV >=< AdP, V" > (2.17)

where ® and U* are arbitrary spatial functions on the domain L, (0, 1).
The expression of the adjoint operator A} of the discrete operator A, is given in
the following form:
o

* 1 1 S—
A(e) = () + 20] /C (e B gy o=} I (2.18)

One can construct A} of a hyperbolic PDE system as follows:

L ¢ - )
< Adq)’ \I]* >= / [ - (I)(C> + 25[/ 1@(7])675 fO (¢*5)d¢>dn} ev fo<("/’*5)d¢:| \Ij*(c)dc
0 0

(%
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L ¢ L 1
/ —o(Q)v*(¢)d¢ + 25/ ch) vl (¢—6)d¢dn> (et f0<(¢—5)d¢dc
0 0

(Y

L ¢
/ — ()W (¢)d¢ 426 / / 1 Yo~ Jo V=0T g (et S5 W=0)48) g i
0

/0 —P(O) d<+25/ /WL

L L
= / —®()T*(¢)d¢ + 25/ E\P*(C)eiff(w5)d¢dg>c1>(n)eifo"(¢5>d¢dn
0 v

B0 (e 1D d

CI»—t

Interchanging the ¢ and 7, one obtains:

< Agd,U* >
L L Ll 1 1<

— [~ ©dc+ 25 [ ([ et By p(opet v
0 0 ¢

L L

— [ [-v@+2] [ Jwmet Bemeage o] oo
0 ¢ v

=< ¢, A0 >

Similarly, one can obtain the expression of the adjoint operator C of the discrete

operator C, as below:

ca B[ Lo g

o U

The construction of C for a hyperbolic PDE system is as follows:

L L
< Cy®, U~ >:/ \/% / 1<I>( Yo o (V=08 g Jo (w_d)d(b] U (¢)dc
— V3 i o / / § O (¢)dd

_ 5€Ufo (p— 5d¢/ / o (Y—0)de p* (¢)dCdn
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L L
95 Jo =0)de / [ / 1 (g)dg] (n )67% J’(wfé)zwdn
— /35t i w—b)ds / / L0 ()] @ (C)e s o g

:/ [m—(s[/ () 0 e -0 ()

0 0
=< O, CHv" >

The adjoint operators B and D} are self-adjoint: B = By and D}, = Dj.

2.2.2 Linear Parabolic System

In this section, we apply the Cayley-Tustin time discretization to the diffusion dom-
inated model of an axial dispersion reactor described by the parabolic PDE with the
Dirichlet, Neumann or Robin boundary condition [5].

Let us consider a diffusion dominated transport-reaction system which leads to
the linear infinite-dimensional system model given by Eq.2.1 with the operator A

defined on Hilbert space H = Ly(0,1). In particular,

2(¢,t) = Az((,t) + Bu(t), 2(¢,0) = 2 (2.20)
y(t) = Cz(C,t) + Du(t)

A(Q) = g—; + 11 is the linear operator defined on its domain D(A) = {z € Ly(0,1)|

z is absolutely continuous, % € L(0,1), 2 dCQ € Ly(0,1),% is constant,

) dC
Dirichlet boundary conditions : z(0) = 0 = z(1), Neumann boundary conditions :

d’z(co) =0= dz(cl),Danckwerts boundary conditions : Z( ) — Pez(0), & dc = 0}. The
output is the state of the PDE at a point within the domeun7 for example at ¢ = (
and is obtained by the operator C'(f fo d(¢ — Co)d¢ = f(¢p) and D = 0.
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The discretization of a parabolic PDE system described in Eq.2.4 is obtained by
the Cayley-Tustin transformation presented in the previous section with the oper-
ators Ay, By, Cyq and D, calculated by Eq.2.5. In order to realize discrete system
representation for parabolic PDE, let us consider the parabolic PDE system in the

following form:

(¢ 1) = A(Q)z(¢, 1) (2.21)

The realization of the discrete operator A, is constructed by substitution of the s
parameter with the ¢ in the resolvent operator in the expression for A; in Eq.2.5.
One needs to address if any constraints are arising as a result of freely choosing any
discretization time 6 = % In particular, only one constraint is that the discretization
time does not coincide with the eigenvalues of the operator A, the § ¢ o(A), where
o(A) is the point spectrum of the spatial operator A.

Therefore, one may easily apply Laplace transform to the parabolic system de-

scribed in Eq.2.21:

022(¢, s)

SZ(C? S) o Z(Ca 0) = 8—4-2 + @DZ(C} S) (222)
which leads to:
2
P = 10269 (6.0 (2.29
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Further, one can obtain the following system:

o | +(¢.9 0 1| 0
Y = + 2.24
o3 B PR | e ) I

) _ 2(¢, s) _ [ 0 _

which leads to Z((, s) = ) , A= and B = ;
[ 5 ] | 5-9 0 [z(@‘))]
02(Cs) _

& AZ((,s)+ B (2.25)

We can obtain the solution of the above ODE:

- ¢
7Z(¢,8) =e*Z(0, s)—l—/ e~ Bdp (2.26)
0

Since A is a constant matrix, one can calculate e* with the Laplace inverse transform

el = L7V [5] — A7}

(2.27)

i cosh(y/s — t) ﬁsmh(ﬂﬂ
Vs — sinh(y/s — t) cosh(y/s — t)

which leads to the solution of Eq.2.26 as:

(s) | cosh(VE=0C)  lgsinh(v5=T¢0) | [ =(0,5)
2:(c) Vs Tsinh(\5=UC)  cosh(y/s () 2:02)
N /0< ! 2, 0)sinh[y/s = B(C )] ] N

¢ ¢
(2.28)
—z(n,0)cosh[v/s — (¢ —n)]
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Finally, we obtains:

= cosh(+/s — 2(0, s 1 sinh(+/s — 02(0, 5)
¢
- [ =t psimhl /5 =0~

The above expression is obtained as a solution to 2((, s) = [s] — A]7'2((,0), by the
application of the Laplace transform to the parabolic system described in Eq.2.21
for the case when s — ¢ > 0. However, it can be demonstrated that the similar and
well posed expression will be obtained if s — 1 < 0. Assuming that, s — ¢ < 0,
one obtains /s — 1 = i\/{h — s, here i* = —1. We can obtain sinh(y/s — () =
sinh(iv/{ — s¢) = isin(yv/1 — s¢) and cosh(y/s — ¥¢) = cosh(i/{ — sC) = cos(v/{ — sC).

Then, the state becomes:

2(¢,s) = cos(\/1—s0)z(0,s) + \/%sm(\/w - sC)aZg)C’ s) (2.30)

¢
_ / J_ (1, 0)sin /% = s(¢ — )l

In the following section, without loss of generality we consider the case when the
following s — ¢ > 0 holds. As expected in the case of parabolic PDEs, different
boundary conditions will lead to different expressions for the resolvent of operator A

and associated cogenerator Ag.

Dirichlet Boundary Conditions

When Dirichlet boundary conditions are applied, z(0,s) = 0 = z(1, s), one can utilize

Eq.2.28 -2.29, and 8z 0 ©s) — Smh fo 0)sinh[v/s — ¥(1 — n)]dn. The resolvent
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of the operator A is given as:

R(s,A)z(¢,0) = [sI — A]'2(¢,0) (2.31)

_ L sinh(Vs — ¥() lz sin s — -
- T / (n, 0)sinh[\/s — B(1 — n)]dn

¢
_ /0 sl— wz(n, 0)sinh[y/s — (¢ —n)ldn

Neumann Boundary Conditions

When Neumann boundary conditions are applied, %2:5) =0 = %1(’5) and from

Eq.2.28 -2.29, one obtains z(0,s) = ﬁsinh(h) fol z(n,0)coshlv/s — (1 — n)]dn.

The resolvent of operator A is:

R(s,A)z(¢,0) = [sI — A]7'2(¢,0) (2.32)
B 1 cosh(v/s —¢) [* , cos 5 _ _
T, #n O/ 5= 0 =

¢
_/0 51_ =201, 0)sinhly/s = 0(C = m)dn

Danckwerts Boundary Conditions

Another important set of boundary conditions is arising from the description of an
axial dispersion reactor [5]: 2/(0,t) = P.z(0,t), 2'(1,t) = 0, with P, being a Peclet

number. One obtains:

82(815 s) = /s — psinh(\/s — 1)z(0, s) + cosh(y/s — 1#)82(305 ) (2.33)

_/o z(n,0)cosh[\/s — (1 —n)]dn =0
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so that 2/(0,s) = P.z(0, s), we obtain:

Jo #(n,0)cosh[y/s = (1 —n)]dy
s — wsinh(\/ — 1) + P.cosh(v/s — )
Z/(O S) _ De fO COSh V ¢(1 - U)]dn

’ Vs — wsmh(\/ — ) + P.cosh(y/s — 1)

(2.34)

finally resolvent can be easily defined.

Discrete Time Operators and Its Adjoint Operators
Dirichlet Boundary Condition

With the system resolvent operator described in Eq.2.31, one can directly obtain the

discrete time operators Ay, By, Cy and Dy of a parabolic system presented in Eq.2.5:

Ag() = [-1+25[0 — A7Y() (2.35)

B 1 sinh(v/E—9C¢) [, . .

¢ 1 .
- [ = 0sinh(VE=0(c = wan]

By= V25[0—-A,]'B (2.36)

_ 1 sinh(v/§—9¢) [* i - B
- VB = smh<m>/03 Mo = ot =mldy

/ = Dainhly/§ = 3¢ )lan]

Ca() = V26015 — AI'() (2.37)
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B 1 sinh(vV6—9G) 1. Y —

¢o 1 ‘
- ﬁ(')smh[v 6 — (G — n)]dn}
Dy= Cl6—A'B+D (2.38)

_ 1 sinh(v§—4¢) [* sinhi/5 —o(1 —
o

-/ \/_Bsmh[\/(S — (G0 —n)]dn

The expression of an adjoint operator A} of a discrete operator A, is in the fol-

lowing form:

A= -0+ 25[ 51_ 7 Smgn;f(_ ;M_LJ) 3 /0 ()sinh(\/d — ¥m)dn

/ = (snhlE =0 - Q)Jdn) (2.39)

One can obtain the construction of A} for a parabolic PDE system with the Dirichlet

boundary conditions as follows:

L sinh(/0 — L
< Ayg®, 0t >=/0 [—@(g)wa(\/al_ﬁsmz((\/%g/o ®(n)sinh[\/6 — (L — )]dy

_/OC = @(n)smh[ﬂ(c—n)]dn)}ﬁl*(odc

v
B L_ . Lok 1 sinh(\/6 — C) , — B
= [ —ow@acrs [ [T ot B () (Qsinh /5= (L~ 1)}

L ¢ . ‘
25 / / —== 2OV (Osinh[5 = (¢ ~ )l

_ L_ * Lok 1 S’th( C) * sin — -
= [ a0 ©acrn [ [ v ©sint [T (L~ mldedy
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L L . .
=7 /n = )V (sinh[y/5 = (¢ ~ )l

Interchanging the ¢ and 7 leads to:

< Ag®, 0" >

_ L_ * L L 1 SZnh( 5—¢"7> * sin. _ _
= [T a0 @ac s [ [T I B S w (sinnl /= UL - Oldnc

L L
2 / / L o) w () sinh[v/5 — (0 — O)ldndC
0 ¢

Vi—19

_ . 1 sinh[\d—o(L—-0)] (L . ..
_/O [—‘If (C)+25< 5= sinh(vo — 0L) /0 U*(n)sinh(\/6 — ¢m)dn

L o\
. /C TV (sinhly/5 =00 — Q) | 2()c

=< o, AU" >

The adjoint operator B} is self-adjoint: B = By.

For other boundary conditions, one can easily find discrete operators and adjoint
cogenerators which take the similar form as the one calculated in the case of Dirichlet
boundary conditions. When the boundary condition is a Neumann Boundary Condi-
tion, with the system resolvent operator described in Eq.2.32, one can directly obtain

the discrete time operators Ay, By, Cy and D, of the parabolic system:

Aa() = [=1+20[0 = A7Y() (2.40)

¢ 1 .
_/0 ﬁ(-)sznh[\/5 — (¢ — W)]dﬁ}
B, = \/2_(5[(5 —A4]'B (241)
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B 1 cosh(v/§ — (¢
N \/2_(5[\/m sinh(+/d — 1)

_/0C 51_¢Bsinh[\/5—¢(C—77)]d77]

>/0 Beosh[v/d — (1 —n)]dn

Calt)  =V26C[0 — A]7Y() (2.42)

B 1 cosh(+v/& —0¢) [*
= V38 o T [ Ceosh (/5= 01~ )y

(-)sinhl/5 = (G = n)ldn]

o 1
o V-0
Dy =Cl6—A"'B+D (2.43)

1 cosh(v/§ — ¢

= ) 1 cos - -
_\/m smh( 5_w) /OB h[ 0 ¢(1 U)]dn

o 1 .
_/0 == Bsinhly/3 —$(Go = m)ldn

The expression of an adjoint operator A} of a discrete operator A, is in the fol-

lowing form:

436 = =) + 28 [ o= O [ gcont(/T= Ty

1 1 ‘
- || = sinhlVE = = Ol (2.44)

The adjoint operator B} is self-adjoint: B = By.
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2.3 Model Predictive Control for Linear PDE

The linear discrete-time model dynamics developed in Eq.2.4 is utilized in the for-
mulation of the model predictive control for linear transport-reaction systems. The
regulator is based on the similar formulation emerging from the finite dimensional
systems theory. In particular, there are similarities among constrained optimal con-
troller design formulations for finite and infinite dimensional systems. The important
differences in the controller synthesis are associated with the issue how the stable
and unstable infinite dimensional systems are treated and this will be discussed in
detail in the context of linear transport-reaction model equations. Along the line of
similarities, the well known formulation of the quadratic form optimization functional
on the infinite horizon is used for both infinite and finite dimensional systems. That
is, minimization of the following open-loop objective functional is given in the form
of inner products. Here, at a given sampling time k, the objective function with

constraints is given as:

m]ivnz <y(C, k+7|k), Qu(¢, k + jlk) > + < u(k 4+ j + 1|k), Ru(k + j + 1|k) >
u =0
(2.45)

sit. z2(C k4 jlk) = Agz(¢ k+ 7 — 1|k) + Bau(k + jlk)
umin S U(k +j’]€) S ymaes

ymn < y(Ck + jlk) < ymer
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where () is a positive semidefinite spatial operator associated with the output (state
of PDE) and R is a positive definite spatial operator. The y(k+j|k) and u(k+j+1|k)
represent the output and input variables at the future time k 4 j given the current

time k. The vectors Y and U are given as follows:

T
V= | yCh+1k) (G h+2Mk) y(CE+3lE) - y(Ck+ N —1[k) |
U

|k 10R) (k4 20R) (k4 3lE) - u(k;+N—1|k:)]T

The infinite horizon open-loop objective function in Eq.2.45 can be cast as the
finite horizon open-loop objective function with an assumption that the input is zero
beyond the control horizon, that is u(k+ N|k) = 0, and with inclusion of the terminal

penalty term:

N—-1
min - J= Y <y(Ck+ilk), QuC k+jlk) >+ < ulk+j+ 1[k), Ru(k + j + 1|k) >
u =0

+ < 2(¢k+ N —1]k),Qz(¢, k + N — 1]k) > (2.46)

Without the loss of generality and with the assumption of observability, the output
terminal penalty term is replaced with the corresponding state penalty operator term.
The issue of how to determine the terminal state penalty term, the operator Q,
depends on the nature of the underlying transport-reaction linear model (that is
a parabolic or a hyperbolic PDE system), and whether the system is a stable or
unstable one. In general and in similar way as it is done for stable finite dimensional
systems, the spatial operator @ for the stable PDE model is defined as the infinite
sum Q = >0, AXCHQC, Al Therefore, the operator @ can be calculated from the
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solution of the following operator discrete Lyapunov function:
AQA; — Q = —C3QC, (2.47)

The straightforward algebraic manipulation of the objective function presented in

Eq.2.46 results in the following finite dimensional quadratic optimization problem:

min J= U <I,H>U-+2U" <I,Pz(¢ klk) >

U
+ < 2(C, klk), Q=(C, klk) > + < y(C, klk), Qy(C, klk) > (2.48)

where H and P are computed as below:

D%QDg4 + B;QB4 + R B;C%5QD4 + B A5QBy s BRARNT3CEQDg + BRALN T2QBy
D;QC4Bg + B5QA4Bg D;QDg + BiQBg + R co BiAsNTi03QDg + ByALN T3QB,
H=
| D5QCaAY 3By +B5QAY 2By  DiQC.AY *By+ ByQAY 3By - D%QDg4 + B;QBg + R
D5QCy + B5QA,
D};QC4 Ay + B5QA2
p=
| piacaay 4 miaay

The objective function given in Eq.2.48 is subjected to the following constraints:

gmin <y < gmer (2.49)
Y™min < SU 4+ T2(¢, k|k) < Y™
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One obtains:

[ Umaa:
-1 _Umin
U<
S Y™ T (C, k|k)
-5 Y4 T, kR)
where
Dy 0 0 - 0 Cq
CyBy D, 0 e 0 CyAy
S = OdAdBd CdBd Dd s 0 T = CdA?l
OdAilV_3Bd CdAilV_4Bd CdAilV_E)Bd - Dy CdAéV_Z

In the above case, the constraint is at the output which is taken as the state at ( = L.
One can also have the constraint at any point within domain at ¢ = (p. As a result,
the matrix S and T will change by using different discrete operators Cy and Dj.

A standard formulation of the quadratic programming problem in Eq.2.48 with
constraints leads to the finite dimensional quadratic programming problem with lin-
ear constraints that can be easily evaluated. This leads to the well known formulation
of the model predictive controller design emerging from the finite dimensional theory,
that if the system is optimizable then the system is stabilizable with satisfaction of

input and state constraints, which is guaranteed under no disturbance conditions.

Remark 3: When the regulator is based on the state, the minimization of the
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following open-loop objective function is considered:

N-1
min  J= Y <z(Ck+lk), Q¢ k+ jlk) > + < ulk+j + 1[k), Ru(k + j + 1[k) >
u =0

+<2((,k+ N —1lk),Qz(¢,k+ N — 1|k) > (2.50)

the terminal state penalty operator becomes Q = S oo ANQAL and can be calculated

from the solution of the following discrete Lyapunov function:

A;QA—Q =—Q (2.51)

The operators H, P, S and T are given as follows:

BjQBa+ R BjAjQBs  BjA7QBa -+ BjA7 QB
o B:QA4B, BiQBs+ R BjA3QB; -+ BiAN QB
B:QAY'B; BiQAY 2B, B;QAY B, - Bi:QBs+ R
BiQAy By 0 e 0 Ay
B:QA? AyB B 0 A2
BiQAY AV B, AV By -+ By AY

2.3.1 Model predictive control for hyperbolic PDE
Discrete Lyapunov Function

The realization of the model predictive controller given in quadratic program Eq.2.48

contains the term @ which is obtained as solution of Eq.2.47 or Eq.2.51. The discrete
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Lyapunov function V (k) of the hyperbolic or parabolic PDE system is defined as

below:

V) =< (0.0 Qx(6.F) >= [T (C.BQ=c.kydC (2.52)

Straightforward algebraic manipulation of the above discrete Lyapunov function be-
tween instances V' (k) and V(k + 1) results in the following expression of a discrete

Lyapunov equation:

< Z(ga k)v [ Z(ZQAd - Q]Z(Cv k) >=—< Z(ga k)’ C;ch'z(C: k) > (253)

It is known that Ay is the infinitesimal cogenerator of the stable A operator that
generates a stable Cy-semigroup 7 (¢) on the Hilbert space H. Therefore, the corre-
sponding power generator in a discrete setting T' is power stable if and only if there
exists a positive operator Q € L,(0,1) such that the expression in Eq.2.53 for Lya-

punov function holds. In other words, the solution Q) satisfies the following equation:
1QAL — Q = —C3QC, (2.54)

However, one can notice that the operator ) needs to operate on some function which
is also true for the operators Ay and Cy and a solution for Q in Eq.2.54 can not be
directly determined by calculation. The way to calculate the operator @ is to link
the solution of the discrete and continuous Lyapunov equation for the hyperbolic and

parabolic linear transport-reaction PDEs. In particular, it can be demonstrated that

the unique solution of the continuous Lyapunov equation is directly related to the
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discrete one. One can find a unique solution @ of the continuous Lyapunov equation:
A*Q+ QA= —-C*QC (2.55)

and it can be shown that @ is also the solution to the discrete Lyapunov equation
described in Eq.2.54.
One can demonstrate that if the continuous Lyapunov equation A*Q + QA =

—C*QC holds, by simple algebraic manipulation one can obtain:

AQA—Q = V2[5 — A]T[A'Q + QAIV20[5 — A
= —V28[6 — A]TH[C*QCIV20[5 — A]!
= —[V25C[5 — A" Q[V25C[6 — A1)
= —C3QC

Therefore, by multiplying a spatial function X ({) € Ly(0,1) on both sides of the

continuous Lyapunov equation described in Eq.2.55 one obtains:

A*QX + QAX = —C*QCX

0QX o 9X .
[v aC +szX]—I—Q[—v8—C+¢X]——C’ QCX
X 9Q . ) SR

Finally, one can obtain the solution of the continuous Lyapunov equation by obtaining

the analytic solution for the operator ) in the case of a hyperbolic PDE in the
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following equation:

8@
"o
Q € D(A")

“CX + 200X = —C*QCX (2.56)

In the case when the full state feedback is considered, which implies that the
output operator C' is a constant, for example C' = 1, then C* = C which implies
that one can remove the arbitrary test function X (¢) on both sides in Eq.2.56. On
the other hand, if C' measurement is applied to boundary or point observation, for
example at the exit of the reactor in the case of a hyperbolic PDE system, that is

fo d(¢ — L)d¢ = f(L), then C* is a spatial operator C*(f(¢)) =
fo d776 ¢ — L) that operates on the arbitrary function X (().
Remark 4: In the case of a scalar hyperbolic PDE, it can be shown that the form of
a linear hyperbolic PDE given in this chapter is always stable one, and the issue of
calculating the @ for an unstable PDE system can arise only in the case of a parabolic

PDE.

Simulation Results of Model Predictive Controller design and application

to scalar hyperbolic PDE

In simulation, we choose the output of the tubular reactor to represent the output
operator, that is C( f fo d(¢—L)d¢ = f(L), a uniform state weight function
in the Lyapunov function is chosen as Q(¢) = 5, and the arbitrary function X (¢) = 1.
By application of the following condition Q) € D(A*), the integration is obtained
by integrating Eq.2.56 from Q(¢ = L) = 0 to ¢ = 0, see Fig.2.1. To demonstrate

successful application of the model predictive controller, the discretization time h =
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0 0.2 0.4 0.6 0.8 1
¢

Fig. 2.1: Function Q({) obtained as solution of Eq.2.56.

0.02

0.02
<3
=-0.04
0.06
0.08
-0.1 - . .
0.5 1 1.5 2
k

Fig. 2.2: Input profile model predictive control law Eq.2.46-Eq.2.49 constructed on
the basis of a discrete time hyperbolic PDE system Eq.2.4 with input and output
constraints (solid line); input constraints are given by (dash-dot line).

0.05 is chosen, which implies that the § = 40, and d{ = 0.01 is chosen for numerical

integration. The model system parameters are chosen as v = 1, ¥ = 0.5, with constant
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spatial function B = 2, ) = 5 and R = 10. The initial condition is zg = 1 — cos(27()
and MPC horizon is 15. The constraints for the input and output/state are given as

—0.08 < u(k) < 0.01 and —0.1 < y(k) < 0.7.

0.8

~ — — Open-loop
N E A Bt

-0.2
0

Fig. 2.3: Comparison between the profile of a closed-loop system under the implemen-
tation of the model predictive control law Eq.2.46-Eq.2.49 constructed on the discrete
time hyperbolic PDE system Eq.2.4 with input and output constraints (solid line) and
the profile of an open-loop system (dashed line); output constraints (dash-dot line).

The controller performance can be evaluated in Fig.2.3-2.4, and the corresponding
control input is given in Fig.2.2. Fig.2.3 provides a comparison of outputs y(k)
evolution with and without MPC control applied. The state z((, k) with MPC is

shown in Fig.2.4.
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z(¢.k)

Fig. 2.4: State profile evolution under the applied model predictive control law
Eq.2.46-Eq.2.49 constructed on the basis of the discrete time hyperbolic PDE sys-
tem Eq.2.4 with input and output constraints.

2.3.2 Model predictive control for parabolic PDE

Discrete Lyapunov Function

In the previous section it has been demonstrated how one can calculate the terminal
penalty operator @ in the case of a hyperbolic system. However, when it comes
to parabolic systems the calculation of @ can not be completed in analytic sense.
It can be shown that the solution of a discrete Lyapunov equation A%QA; — Q =
—C%QCy can be obtained by solving a continuous Lyapunov equation A*Q + QA =
—C*QC'. The continuous Lyapunov equation of parabolic PDE system is consider in

the following inner product form [38]:

< AZl,QZQ >+ < Qzl,AZQ >=— < (Cz,QCz > (257)
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where 21, zo € D(A). Let us take z; = ¢, and 21 = ¢,,,, where ¢; represent normalized
eigenfunctions of the parabolic linear operator A. Defining the operator Qp, =<

On, Qd,, >, one can obtain:

< A, Qb > + < Qby, Ady, >= — < Cy, QC b, > (2.58)

With A¢,, = \,¢,, the above equation becomes:

then,
< C60QCn >
Qun = - = L (2.60)

Finally, one can obtain the operator () as a solution of continuous Lyapunov

equation by calculating the following equation:

Q() = Z Z Qnm < Om > On (2.61)

n=0 m=0
Zon < Ch, QCh,y, >
D B e I
n=0 m=0 n + m
If the operator C is a constant spatial function, then Q,,,, = — C2<onQbm> Gince

An+Am
— — 2 .
< On, Qb >= O, when n # m, Qpym = 0, thus, Q,, = —C<¢;+f¢">, the expression

for the operator () simplifies to:

= % < ¢, Qb
R e T (2.62)

n=0
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Stability

The definition of a positive definite operator is that if the inner product < ¥(¢), Q¥(¢) >

is nonnegative, the operator Q is a positive definite operator. Here, it can be shown

that the operator () in Eq.2.62 is a positive definite operator. Let us consider:

1
< (), QY(C) >= / SO (2.63)
1 00 CZ
= [ oI~ < vt o) > onlle
n=0 "
o~ C? <0, Q0 > '
=3 R vt > / B(0)dn(C)dC]
> 02 ns n
=3 OO ) bul) > < 0(Q), 6a(C) >
n=0 "
00 2
:Z—C = QZ”A’Q% Z < g >
n=0 "

Since Q(() is a nonnegative spatial function, then < ¢,, Q¢, >= fol Q(C)P2(¢)dC is
nonnegative. And the eigenvalues of the stable operator A are negative A, < 0, thus,
the above inner product is nonnegative which implies that the operator @ is a positive
operator.

If the system is unstable with nonnegative eigenvalues \,, > 0, Q is not a positive
definite operator. In order to address the unstable parabolic PDE, one needs to
identify the unstable modes of the continuous linear PDE. The issue to address is
that the unstable modes are associated with nonnegative eigenvalues \,. Therefore,
in order to guarantee stabilization, one needs to employ the stability constraints in
the optimization problem cast as equality constraints. Therefore, if optimization is

feasible, the controller will achieve stabilization by cancelling the unstable modes.
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The corresponding condition is given with the following inner product:

where ¢, are the eigenfunctions associated with the nonnegative eigenvalues.
The above equation leads to the following equality constraint expressed as stabi-

lization of unstable modes at the end of the horizon with the feasible input:

< AY7'By, ¢y > < AY7Bydu> - < By ¢u> _ (2.65)

=—< AéVZ(C,O),gZﬁu >

Eq.2.65 needs to be integrated in the constrained convex optimization problem given

by Eqgs.2.50-2.51.

Simulation of model predictive controller design and application to scalar

parabolic PDE
Dirichlet Boundary Condition

We consider the case of the Dirichlet boundary condition z(0) = 0 = z(1), and
linear operator A = 5?_422 + ¢, with ¥ being constant. The operator A has eigenvalues
A\, = —n?7w? 4 1) which determine stability of the system and associated eigenvectors
¢n(2) = V2sin(nrz), n > 1. In the case when ¢ < 72, which implies that the A < 0,
the parabolic system with the Dirichlet boundary condition is stable, see Fig.2.5. The

application of the model predictive controller leads to the faster convergence to the
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z(¢,k)

Fig. 2.5: Evolution of the state profile of an open-loop parabolic PDE system Eq.2.4
with Dirichlet boundary conditions.

z(¢.k)

Fig. 2.6: Evolution of the state profile when the model predictive control law Eq.2.50
is applied with the Dirichlet boundary condition and input and state constraints.

stable steady state with satisfaction of the input and state constraints, see Fig.2.6-2.7-

2.8. In simulation, the system parameters are ¢ = 5, while the actuation distribution
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function is given as B=0(0< (<04 & 06 < (< 1)and B=1 (04 < { < 0.6),
Q =5 and R = 0.01. Initial condition is zg = —(¢ — 0.5)? + 0.5%, and h = 0.05, with
MPC horizon 5. The value of the terminal penalty is calculated by accounting for 5
eigenmodes, that is n = m = 5. The constraints on the input and the state are given

as —0.16 < u(k) <0 and 0 < 2(0.5,k) < 0.3.

0.05
OF — = e )
]
-0.05
<
5
0.1}
0.15
0.2 L L L L L
0 0.05 0.1 0.15 0.2 0.25 0.3

k

Fig. 2.7: Input profile evolution under the model predictive control law Eq.2.50 ap-
plied with the Dirichlet boundary condition, input and state constraints. (solid line);
input constraints (dash-dot line).

Neumann Boundary Condition

The Neumann boundary condition ag_(go) =0= ag_(<1)7 with the linear operator A =
g—; + 1) is considered. The operator A has eigenvalues A\, = —n?72 +1, n > 0
and eigenvectors ¢,(2) = v2cos(nwz), n > 1, ¢o(z) = 1. When ¢ > 0, \g > 0,
the parabolic system with Neumann Boundary Condition is unstable, see Fig.2.9.

The application of MPC control law leads to simultaneous stabilization, input and

stat /output constraints satisfaction providing that optimization is feasible, see 2.10-
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Fig. 2.8: Comparison among profiles of the closed-loop system under the implemen-
tation of the model predictive control law Eq.2.50 constructed as a discrete time
parabolic PDE system in Eq.2.4 with the Dirichlet boundary condition and input
and state constraints (solid line) and open-loop system profile (dashed line); state
constraints (dash-dot line).

2.11-2.12. In simulation studies, the system parameters are v = 2, B = 0 (0 <
(<04&06<(<1l)and B=1(04<¢<06),Q=5and R=0.0l. The
initial condition is zg = —(¢ — 0.5)? + 0.5%, h = 0.01 and the MPC horizon is 5. The
value of the terminal penalty is calculated by accounting for 10 eigenmodes, that is
n = m = 10. Since, the case of unstable PDE is considered, the first eigenmode is
used in the stabilizing condition given by Eq.2.65. The constraints for the input and
the state are —3 < u(k) <1 and —0.05 < z(0.5,k) < 0.3.

It can be noticed that the model predictive control law for the infinite dimensional
system achieves the input and state constraints satisfaction since the state evolution is
exactly at the state constraint, see Fig.2.11. This confirms the previous findings in [56,

15] in which the model predictive control was realized on the basis of an approximate
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0 0.05 0.1 0.15 0.2
K

Fig. 2.11: Input evolution profile under the model predictive control law Eq.2.50
constructed using discrete time parabolic PDE system Eq.2.4 with the Neumann
boundary condition and input and state constraints (solid line); input constraints
(dash-dot line).

model obtained by the Galerkin method with the PDE state constraints considered
and realized as slack variables in the model predictive control law. Contrary to any
previous published case where a linear PDE model is approximated with some type
of the spatial discretization, the proposed model predictive control law for single
scalar transport equation leads to an easy realizable constrained control algorithm
formulation which is not more complex than one when algorithms are dealing with

the scalar finite dimensional models.

2.4 Summary

In summary, finite dimensional and computationally realizable model predictive con-
trol algorithms are developed in this chapter for a class of linear transport-reaction

systems with consideration of input and state constraints arising in the context of a
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Fig. 2.12: The comparison between profiles of closed-loop system under the imple-
mentation of the model predictive control law Eq.2.50 constructed using discrete time
parabolic PDE system Eq.2.4 with the Neumann boundary condition and input and
state constraints (solid line) and profile of open-loop system (dashed line); state con-
straints (dash-dot line).

plug flow reactor and/or an axial dispersion reactor model. The dimensionless mod-
els described by hyperbolic PDE and/or parabolic PDE are explored and an exact
time discretization algorithm is applied by introducing the Cayley-Tustin transform.
The proposed discretization exactly maps from a continuous to a discrete infinite
dimensional counterpart of the hyperbolic or parabolic PDE, and also preserves sta-
bility, controllability and observability properties of the system. The model predictive
control formulation is developed in the inner product setting to account for the spa-
tial nature of the problem, and various discrete models of hyperbolic PDE and/or
parabolic PDE with different boundary conditions (Dirichlet, Neumann and Robin)
are developed and used in the construction of the performance objective function,
input and state constraints. Finally, the model predictive control laws are applied

and if optimization is feasible, the controllers achieve the control objectives which are
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demonstrated via simulation studies. An important issue of stabilization in the case
of linear unstable systems is addressed by the application of the terminal penalty
condition. The following framework can be easily extended to the systems of lin-
ear parabolic and/or hyperbolic problems, and to the class of second order hyper-
bolic systems that model wave propagation phenomena, or more complex models of
Kuramoto-Sivashinsky, Ginzburg Landau equations with boundary or/and in domain

actuation or observation.
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Chapter 3

Modelling and Control of Solar
Thermal System with Borehole

Seasonal Storage

3.1 Introduction

The modelling and control of the solar thermal system with borehole seasonal storage
is motivated by the need for accurate modelling and analysis of the state of the art
community development of the Drake Landing Solar Community (DLSC) in Okotoks,
Alberta, Canada [69]. The DLSC contains 52 energy-efficient houses with an inno-
vative heating system which includes a solar thermal power plant, borehole thermal
energy storage system (BTES), short term thermal storage system (STTS) and a
district heating loop system. Solar thermal energy is collected through roof mounted
plate collectors. A heat transfer fluid containing a high concentration of glycol is used

to collect solar energy. The energy collected by the glycol loop is transferred to STTS
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by a heat exchanger, see Fig.3.1. Depending on the season and energy requirements,
the energy from the STTS can be distributed to the district heating loop or stored
in the BTES. The BTES uses a grid of boreholes with single u-tube heat exchangers
(70, 71]. Finally, the collected energy is sent to the district heating loop system to

heat the energy efficient homes.

Il 1l

Borehole thermal energy storage (BTES)

Short-term thermal
storage (STTS)

glycol HX-1
loop

-

fB L3131

§ &
:Illar-c hersrmal Natural gas bollers District heating loop

Fig. 3.1: Diagram of the solar thermal system with borehole seasonal storage.

A major step towards the completion of the control system is the development
of a process model using detailed energy balances. The solar thermal plant system
concentrates solar radiation using mirrors or lenses to heat a fluid [72]. The dynamic
model of the solar thermal energy system is of distributed nature. However, the
changes of solar radiation on warm sunny or cold cloudy days affect the dynamics
of the solar thermal system. Due to this solar radiation variability, many advanced
control techniques have been applied to the solar thermal energy system to account

for possible problems caused by the solar radiation under variable solar energy supply
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(73, 74, 75, 76].

The energy collected by a solar thermal plant system is sent to the STTS through
heat exchanger. The dynamics of the heat exchanger system is distributed in nature
and is modelled by the transport thermal distributed parameter system [77]. The
energy from the solar thermal system is transferred to the heat exchanger system
through the boundary and the counter-current flows exchange the energy, therefore,
the boundary controlled system realization is considered in the modelling of the heat
exchanger system.

The BTES uses a grid of boreholes with U-tube heat exchangers to preserve energy
as a long-term storage device in the overall system. To fulfill energy requirements in
different seasons, the BTES saves energy during the summer months by transferring
available thermal energy to the ground and provides energy from the ground during
the heating season. The energy balance and dynamics of the BTES is modelled as
a transport thermal distributed parameter system [78, 79]. In particular, when it
comes to the BTES, environmental temperature fluctuations make a possible sources
of disturbances to the BTES system and may affect the time evolution of the model.

In the STTS, water-filled storage tanks act as a thermal buffer between the solar
thermal plant system and the district heating loop system [70]. During the summer
months, the hot tank utilizes thermal energy from the solar plant. When the tem-
perature of the hot tank rises above the set-point, thermal energy from the hot tank
is transferred to the BTES system. During the heating season, the hot tank charges
thermal energy from both the solar plant and the BTES. Finally, the collected energy
of the STTS is sent to a district heating loop system.

In order to heat the energy efficient homes in the district heating loop system,

a backup gas boiler is provided to insure that heat is available to each and every
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home at all times. One important performance specification is to heat homes to
the prespecified temperature (which may fluctuate with seasonal changes in tempera-
ture), and therefore a controller for the natural gas boiler system is designed to track
the desired temperature set-point. The temperature regulation of the solar thermal
system with borehole seasonal storage is characterized by many uncertainties, such
as environmental changes, occupancy status changes, and changes in the operating
conditions of equipment in the building. Therefore, control systems play an impor-
tant role in maintaining the performance of the systems in the presence of possible
uncertainties and disturbances. The ultimate performance goal is that the proposed
controller maintains the temperature at a desired set point and keeps the integrity of
the energy demands in the district heating loop system.

Servo controller design is a well-know strategy that computes the required input
which asymptotically attenuates error between the output and a reference trajectory
or set point to zero [24, 25]. One of the advantages of a servo controller is that it can
account, for disturbances which may affect the process. We propose a servo control
system design for the solar thermal system regulation with borehole seasonal storage,
which takes into account measurable disturbances, such as changes in ambient tem-
perature and disturbance predictions, such as weather forecast that may potentially
assist in the prediction of the availability of the different energy sources.

From the literature review, most of the modelling of subsystems, such as solar
thermal energy system [72], heat exchanger system [77], and BTES system [78, 79|
are continuous and distributed in nature. In this chapter, in order to realize ac-
curate modelling of the subsystems and to design a practical and usable controller,
discrete models of the subsystems and a discrete controller design are developed.

We utilize Cayley-Tustin time discretization which preserves the infinite-dimensional
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nature of the distributed parameter system [19]. This transformation preserves the
energy equality among the continuous and discrete model which provides a discrete
model for controller design and frequency analysis. Other model reduction technique,
such as explicit Euler discretization may potentially transfer the stable continuous
system into unstable discrete system or require small time steps for approximation.
This proposed discretization transforms the system from a continuous to a discrete
state space setting without spatial discretization and/or any other type of spatial
approximation of the distributed parameter system. In this chapter, according to
the energy balance conservation laws, the processes in solar thermal system with
borehole seasonal storage are modelled using ordinary differential equations (ODEs),
hyperbolic partial differential equations (PDEs) or coupled PDEs-ODEs equations.
In particular, by application of Cayley-Tustin time discretization we maintain the
low dimensionality of the overall discrete model. The discrete representation of cou-
pled partial and ordinary differential equations does not include any high order plant
representation, which is contrary to the previous proposed methods [5]. In addition,
a discrete infinite-dimensional representation of the system realized in this chapter
provides an insight into frequency response of the subsystems and that of the overall
plant. This is of importance, since all well known frequency analysis methods and
controller synthesis can be easily applied, and one can obtain appropriate engineering
insight into plant operation. Finally, the controller designed for the servo problem is
a discrete controller which can be easily realized and implemented in practice.

The chapter is organized as follows: section 3.2 introduces the Cayley-Tustin time
discretization. In section 3.3, we address the model of the solar thermal system with
borehole seasonal storage and discretize the subsystems of the overall plant. Section

3.4 provides the servo controller design and the analysis of the system frequency
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response. Finally, we demonstrate the performance of the servo control formulations

built in previous section through simulation studies.

3.2 Time Discretization for Linear System

According to the energy balance, the processes in the solar thermal system with
borehole seasonal storage can be modelled by ordinary differential equations (ODEs),
hyperbolic partial differential equations (PDEs) and/or coupled PDEs-ODEs equa-
tions. In other words, the overall system contains internally coupled linear finite
and infinite dimensional systems, see Fig.3.2. The Cayley-Tustin time discretization
method is applied to obtain a discrete model version which provides an insight into

the subsystem’s performance and overall dynamical behaviour of the system.

3.2.1 Time Discretization for Linear Infinite-dimensional Sys-

tem

In this section, we introduce the time discretization called the Cayley-Tustin transfor-
mation of continuous time systems to discrete time systems [19]. The linear infinite-

dimensional system is described by the following state space sy-stem:

((,t) = Ax((,t) + Bu(t), z(¢,0) = xo (3.1)
y(t) = Cx(C,t) + Duft)

where the following assumptions hold: the state x((,t) € H ® R", H is a real Hilbert
space with inner product < -, - > and R" is a real space, where n accounts for the

states associated with the lumped parameter system. This state-space representation
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accounts for coupled infinite and finite dimensional systems. The input u(t) € U
and the output y(t) € Y, where U and Y are real Hilbert spaces; operator A :
D(A) C H — H is the generator of a Cy-semigroup on H and has a Yosida extension
operator A_1; B, C and D are linear operators associated with actuation and output
measurement or a direct feed forward element, i.e., B € L(U,H), C € L(H,Y) and
D e L(U,Y).

Given the time discretization parameter h > 0, the Tustin time discretization is

given by [62]:
2(jh) — fE(j —Dh) () +x2((j —Dh) Bu(jh), 2(0) = o
y(jh) =~ Al 332((] — Du(jh) (3.2)

Let u?/\/ﬁ be the approximation of u(jh) and y;l/\/ﬁ be the approximation of y(jh),

the above set of equations yields the discrete time dynamics:

al — ot o + o ul
j i=l _ pl i=l g li ) _ 3.3
R VA (33
ygl ah + m?_l ul

After some basic manipulation, the discrete system takes the following form:

z((, k) = Agx(C, k — 1) + Bau(k), z(¢,0) =z (3.4)
y(k) = Cax((, k — 1) + Dgu(k)

where § = 2/h, A4, By, Cy and D, are discrete time linear system operators, given
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A4 By [0 — A7 0+ Al V206 —A]'B
= (3.5)
Cy Dy V20C[6 — A G(0)

where G(0) denotes the transfer function of the system from input to the output and
it is defined as G(0) = C[6 — A_1]"'B+ D.
In the most general case, Eq.3.1 can be extended by introducing the affine distur-

bance input, which leads to the following form:

(C,t) = Ax((,t) + Bu(t) + Ed(t), x(¢,0) = xo (3.6)
y(t) = Cx(¢,t) + Du(t) + Fd(t)

where £ € L(R",H) and F' € L(R",Y) are linear operators. The corresponding
discrete operators are Ey = v/26[0 — A_j|"'F and F; = C[0 — A_y|"'E + F.

Remark 1: Discrete operator Ay can be expressed as Ag = [ — A]71[d + A] =
—I+26[6 — A]™!, here I is the identity operator.

Proof: In order to demonstrate the results in Remark 1, one can show that:

= [T+ 266 — A]7]()

Remark 2: The Cayley-Tustin transform maps infinite-dimensional system from

continuous time to discrete time without spatial approximation. The novelty of using

64



Cayley-Tustin time discretization is that this implicit method can be applied freely
with larger time steps for time integration compared to the explicit methods, such as
explicit Euler and/or Runge-Kutta method.

In the next section, we apply the Cayley-Tustin discretization described above to

the solar thermal system with borehole seasonal storage.

3.3 Model Formulation and Time Discretization

3.3.1 Overview of Solar Thermal System with Borehole Sea-

sonal Storage

The solar thermal system with borehole seasonal storage modelled in this chapter uses
the solar thermal system, heat exchanger, BTES system, STTS system, natural gas
system and the district heating loop system, see Fiig.3.2. The thermal energy transfers
from the solar thermal system to the STTS system through a heat exchanger. The
BTES system stores thermal energy to the STTS system directly. Then, the STTS
system provides thermal energy to district the heating loop system. Finally, the inlet
to the district heating loop system is maintained at a reference temperature through
the control of the natural gas system.

In this chapter, the solar thermal system and the BTES system are described
by coupled PDEs-ODEs equations. The contraflow heat exchanger is modelled by
a series of first order hyperbolic PDES with consideration of boundary inputs. The
STTS system and the natural gas system are represented by ODE equations. In this
section, we introduce the modelling of these subsystems and discretize the subsystems

with the Cayley-Tustin method described above.
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Fig. 3.2: Diagram of the solar thermal system with borehole seasonal storage: so-
lar collector system (solar); borehole thermal energy storage system (BTES); heat
exchanger system (HX); hot tank system (HT); cold tank system (CT); natural gas
system (Gas); district heating loop system (District).

Remark 3: The system modelling in this chapter does not consider irreversible
processes in thermal dynamic system representation. The time discretization of the
closed-loop system has no modelling error associated with spatial domain discretiza-

tion since Cayley-Tustin transformation preserves system energy.

3.3.2 Solar Thermal Energy System

The solar thermal energy system uses a plate collector to focus solar radiation onto
the absorber pipe [72]. The energy balance of the flow in the solar collector is given

as follows:

aTso ar aT‘so ar
pglengsolara—tl = _CpglFsolara—Cl + hppA (TA - Tsolar) (37)

and the energy balance of the absorber is:

dT’
pACpASAd_tA = hppA (Tsolar—in - TA) + Qsolarw (38)
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The description of the system variables is shown in Table.3.1.

One can apply appropriate non-dimensional transformation of Eq.3.7-3.8, so that

the following states x; = %, Ty = TAT I and input u, = % are obtained.
T T T

Here T, is the reference temperature and (), is the reference heat flux. The parameters

hppa PA Qrw
of the system are o = —Lsolar_ = L = fwpa_ 4nq = —r
y 1 pglseolar7 /Bl pglengsolar ’ /3 ﬂAC ASA P)/]_ pACpASATT‘

Therefore, the solar collector system can be described by the following coupled PDE
and ODE system:

0 0

% = —q az_l + 51(.1'2 — ZL’l) (39)
d

% = Bo(T1in — T2) + N1

y1(t) = x1(L, 1)

By considering steady state conditions, one can obtain the following linear system

by applying x1((,t) = 155(C) + Z1(C, 1), 22((,t) = T2ss(¢) + T2(¢, ), and wy(t) =
Uss + Uy (t):

o8 __ 05

8t = _a18_c + 61(572 — {i‘l), Zi’lm == i‘l(O,t) (310)
dz N - -
d_tQ = [o(Z1in — T2) + Ml

h(t) = &1 (L, 1)

and we assume x1(0,t) operates around steady state, thus Z;, = #1(0,t) = 0.
The discrete system can be obtained by using the time discretization method

described in Eq.3.4-3.5. According to Eq.3.4, the resolvent of the system is calculated
:i‘l (C7 t)

by using Laplace transform and the following representation: X;((,t) = ,
(1)
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o)
—on 2 — 0
Uity = (), A= | T O g and €y = | ¢ 0 |, here

0 —P M
the operator C[f(()] = fOL f(C)6(¢ — L)d¢ = f(L). Thus, the solar collector system

can be expressed as:

Xi(t) = A X (8) + Bl (1) (3.11)
Yi(t) = C1Xa(t)

From Eq.3.11, one can obtain the Laplace transformation with the mild assumption

that ; = 1 (in general even a;(¢) can be considered):

Sjl(Ca S) - jl(gao) = _%5“9)

s5T(s) — T2(0) = —Ba¥2(s)

+ B1[T2(s) — 71(¢, 5)] (3.12)

Solving the above set of equations, the resolvent of the operator A; is expressed as:

Ru R X1(¢,0) (3.13)

R21 RQQ

R(S,Al) = [SI — Al]_le(C,O) =

where Ry — fof (-)eld (s+81)dé e J5 (s+81)ds

Ry = ng : fOC (+)eld (s+81)d e~ Js(s+80d8 Ro — 0 and Ryy = ﬁ-
Finally, the discrete system can be expressed as:
Xi(k) = AuXq1(k — 1)+ BaUi(k) (3.14)

Yi(k) = Can X1 (k — 1) + Doy Uy (k)
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here, the discrete operators Agi, Bgi, Cq1 and Dy are given directly as follows:

An-11 Aa-
Adl(') = [_I_|_ 25[5 o Al]il](') _ dl—-11 dl1—12 ()
Ag—21 Adi-22

where Agi_11 = —(+) +20 [ (+)eli @+ dne=Jy (+onds,
7 S
Adl—12 — 62_?_%12 foc(.)€f0](5+ﬂ1)d¢dne_ fo (5+51)d¢, Adl—21 — O, and Ad1—22 =

—(-) 4+ <2(+), while the discrete input operator is:
042

Bdl—l
Bd172

Bdl - \/%[5 - Al]_lBl -

where By _1 = @1 f(f yreJo B0 o= JoG+80d9 and By = %%. The output

operator,
Cai(r) = \/%01[5 - Al]_1<') =| Cai-1 Car-2 ()

where Cy1_1 = V29 fOL(-)efon(‘”ﬁl)d‘ﬁdne* Jy @+B1)ds

and Cy_s = \f?ﬁil fOL(-)efon(“Bl)d‘bdne_ foL(5+ﬁl)d¢, while the feedthrough operator is:

L

n L

Ddl = Cl [(5 — Al]_lBl — 5 flﬂ / ’Ylefo (5+51)d¢dne fO (6+B1)de
2 Jo

3.3.3 Borehole Thermal Energy Storage System

The borehole thermal energy storage system uses a grid of boreholes with U-tube

heat exchangers [79]. The energy balance of the flow in the U-tube heat exchanger is
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Table 3.1: Parameters of the solar system used to model Eq.3.7-3.8.

Variable  Unit Description
Tsorar K Flow temperature out of solar system
Ty K Temperature of the absorber
Fioorar kg/s Flow rate of the solar system
Chgi J/kgK Heat capacity of glycol in the solar system
Cpa J/kgK Pipe heat capacity
Q solar W/m? Solar system heat flux
w m Solar collector width
Pal kg/m? Density of hot glycol flow
PA kg/m? Density of pipe
Ssolar m? Area of glycol flow
hy W/m*K  Convective heat transfer coefficient for
the pipe
DA m Absorber pipe perimeter
given as:
aT‘boreholﬁ aT‘borehole
pHgOOpHQOSboreholeT - _OpHgOFboreholea—C + hpr (TW - Tborehole)
(3.15)
The energy balance of the pipe wall is:
dTy
pWCpWSWT = hpr(Tboreholefin - TW) + Qboreholew (316>
the description of the system variables is shown in Table.3.2.
We consider the following change of variables with states x3 = T‘W%T’E_T", Ty =
—TWT:T’“, and input uy = —Qb(’é&rh"’e. The system parameters are ag = —pr borchale — b3 =
hwpw ___hwpw _ Qrw . . . .
P130CpH205borehote” By = P and vy = o Conr s T By applying linearization

around the steady state of interest, the BTES system is described by the following
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Table 3.2: Parameters of the borehole thermal energy storage system used to model
Eq.3.15-3.16

Variable  Unit Description

Thorehole K Flow temperature out of borehole system

Tw K Temperature of the pipe wall

Fyorehole kg/s Flow rate of the borehole system

Cpr,0 J/kgK Heat capacity of water in the borehole system

Cow J/kgK Heat capacity of the pipe wall

Qporehole w/ m? Collected Energy of the borehole system

w m Width of the borehole system

PH,0 kg/m? Density of hot water flow

oW kg/m? Density of pipe wall

Sborehole m? Area of water flow

P W/m?K  Convective heat transfer coefficient for the
pipe wall

Pw m Pipe wall perimeter

coupled PDE and ODE:

0T 0T . . .
% = —agaig + /33(954 - 5133), T3in = -T3(07 t) (3-17)
dZy

o Ba(Z3in — Ta) + Y2ls

9a(t) = Z3(L,1)

and we assume that z3(0,t) operates around the steady state of interest, thus Zs;, =

~ . . i'?)(Cat) ~
73(0,t) = 0. By considering X((,t) = , Us(t) = 1s(2),
| Tu(t)
—axd — 0
Ay = o bs by , By = and Cy = [C 0 }, here operator
0 — B4 | V2
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Clf(Q)] = fOL f(€)o(¢ — L)d¢ = f(L). Finally, the BTES system can be expressed as:

Xo(t) = A2 Xs(t) + BaUa(2) (3.18)
Ya(t) = C2Xs(t)

and discrete system can be expressed as:

Xo(k) = AgeXo(k — 1) + BaUs (k) (3.19)
Yé(k?) e Cd2X2(k - 1) + DdQUQ(k’)

The model of BTES system is similar to the model of the solar collector system,
thus, the expression of a discrete BTES system is similar to the solar thermal energy

system with different parameters.

3.3.4 System of Heat Exchanger

The heat exchanger in the solar thermal system is a counter-current heat exchanger
which is modelled by a set of coupled first-order hyperbolic partial differential equa-
tions [77]. Despite the non-linearity of the controlled system, an explicit charac-
terization of the equilibrium profiles can be given. As a consequence, the linearized
system around an equilibrium profile is obtained as a linear infinite dimensional time-
invariant system.

According to the heat exchange balance, we obtain the following differential equa-

tions for the heat exchanger HX-1:

IMTrx-11(¢, 1) _ Frux_—110Tgx-11(¢,t) Kk
ot PglS1 aC Cpglpglsl

Thx-11(¢,t) — Tux-12(¢, )] (3.20)
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Thx-12(C, 1) _ ~ Fux-12 OMTrx-12(C, 1) n kl
ot PH2052

Cszoszosz

the description of the system variables is shown in Table.3.3.

Table 3.3: Parameters of heat exchanger HX-1 used to model Eq.3.20

Trx-11(¢,t) — Tux-12(¢, t)]

Variable Unit Description

Tux-11(¢,t) Temperature of hot flow in the HX-1
system

Trx-12(¢, 1) K Temperature of cold flow in the HX-1
system

Tyx-11(L,t) = K Temperature of hot flow into the HX-1

Tsolarin SyStem

Tux-11(0,t) = Tsoer K Temperature of hot flow out of the
HX-1 system

Tyx-12(L,1) = K Temperature of cold flow out of the

Tar—1 HX-1 system

Trx-12(0,1) = K Temperature of cold flow into the HX-

Tor—1 1 system

Fux_11 = Faolar kg/s Flow rate of hot flow into the HX-1
system

Fryx_1o = Fyx_1 kg/s Flow rate of cold flow into the HX-1

system

k W/m?K Exchange coefficient
=27y m Contact circumference of the ex-
changer

sp =m(rf —r3),r > m? Area of hot flow

)

Sy = T3 m? Area of cold flow

The change of variables leads to the states given as x5 = THX‘TT*TT and xg =

THXfTiTTT input uz = % and parameters F; = FH%;”, s = p -, , Bs = pgmgm
g = pH e and (g = W The linearized heat exchanger system is described
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by the following hyperbolic PDEs:

ajf’(C?t) o aj‘f)((?ﬂ ~ ~

—ar = P pr — BlEs(G ) — 3e(C )] (3.21)
aj’G(C? t) _ 8‘%6<C7 t) =, = ~ deSS(C)
o —066113(75)8—C + B6[75(C, 1) — T6(C, 1)) — atia(?) dc

U6(t) = 2z6(L,t) + Bs(L)Z6(0,1)

It is important to note that the linearized system around an equilibrium point is
governed by the above equations with u3(t) replaced by wugss.

The heat exchanger transfers the energy from the solar system to the hot tank
system, the flow into the state x5 is the flow out of the solar system which enters the
heat exchanger at ( = L, thus, Z5(L,t) = Z1(L, t), see Fig.3.2. The flow into the heat
exchanger state xg at ( = 0 is the flow out of the cold tank system. Since the cold
tank is at the reference temperature, one can obtain Z¢(0,t) = 0.

Since the heat exchanger system is potentially exposed to boundary disturbances,
the boundary conditions need to be adequately considered in this coupled hyperbolic
PDEs system. In the ensuing section, we accurately account for boundary influence
and transfer the boundary applied disturbance to the in-domain disturbance.

The standard methodology to accurately account for transfer of boundary ac-
tuation to in-domain is to apply state transformation. Let Z5((,t) = 25(¢,t) +
Bs5(¢)Z5(L,t), then z5(L,t) = 0, Bs(L) = 1, Z6((,t) = 2z6((,t) + Bs(()T6(0, ), then
26(0,t) = 0, Bg(0) = 1. With the assumptions asF; = 1, agugss = 1, 73 = org 228s5(Q)

ac
the above system becomes:
0z(C. 1) _ 925(C, 0 (L,
Z5é§ 2 - 258% J- Pslz5(C, 1) — 26(¢, 1)) — B5(C)$ (3.22)

74



+[8Ba%@ B Bs(OVs (L) + B Bol(Q)s(0,1)

826(C7t) o 8ZG(C,t) 8i%(0,t)
o o T Bolzs(C,1) = 26(C. 1)) = Bo(Q) =5~
—[aBaﬁg(o + BsBs(0)]76(0, 1) + B Bs(¢)ds(L, t) — 3tia(t)

With the assumption 838;4(0 — B5B5(¢) = 0 and 83%4(4) + BsBs(¢) = 0, one can obtain

the analytic expressions of B;(¢) and Bg(¢). Finally, the extended system can be

expressed as follows:

25(C, 1) ] | 8%—55 Bs 0 B5Bs(C) 1] 25(C, 1) ]
ﬁ 26(C, 1) _ Be _a% — B BeB5(C) 0 26(C, t)
Ot | #5(L.t) 0 0 0 0 #5(L,1)
76(0,1) | 0 0 0 0 76(0,1) |
-Bs5(¢) O 0
+ 0 =50 [%(L’t) ] | T ase (3.23)
1 0 76(0, 1) 0
0 1 0
Z5<C7t) |
~ ZG(<7t>
6(l) = C Bg(L
0=[0 c o ByD)] o
£6<07t> i

where Z5(L,t) = ai%(f’t), 76(0,1) = 2209 and the operator C[f(¢)] = fOL f(Q)(¢ —

L)d¢ = f(L).
T
We define extended state to be Zz = | 25((,t) z(¢,t) ¥s5(L,t) 26(0,1) ] ;
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then, the above system can be expressed as:

Zs(t) = A.sZ5(t) + B.sUs(t) + E.3Gs(t) (3.24)
Y?)(t) = CZ3Z3(t>

By applying Laplace transform with the boundary conditions z5(1, s) = 0 and 24(0, s) =

0, the resolvent of the operator A.3 can be expressed as follows:

Rll R12 R13 R14

RQ RQZ R23 R24
R(s, Aus) = [sI — A 1 Z5(C,0) = | ~ Z5(C,0)  (3.25)
0 0 Ry 0

0 0 0 Ry

where

~ e"cosh(b()
)

Ri1 —
1 e*cosh(b

WCginh(b¢) (1
i Zzasj:;l(((?)o /0 [ea(l_n)cosh(bu —n)) + cea(l_”)sinh(b(l —n)](-)dn

¢
= [ e eoshbc m) + et Dsinh(b(C ~ )} ()

0
R e%cosh(bC) + ce® sinh( b(
2= etcosh(b) + cetsinh(b

/ B a1~ Msinh(b(1 — n))(-)dn

¢

_/ %ea@_”)smh(b(c—W))(')dn
0

%‘Seacsinh(bC)

etcosh(b) + cetsinh

¢
_ / %ea« M sinh(b(C — n))(-)dn

0

1
Roy = o) /0 (@M cosh(b(1 — 1)) + ce® D sinh(b(1 —1))](-)dn

“‘:smh (bC)

= 65 e0(1=n)
Bz = e“cosh(b) + cetsinh(b / sinh(b(1 —n))(-)dn

¢
+ / (€2~ cosh(b(¢ — n)) — ce®CD sinh(b(C — )] (-)dn

0
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Ri3 =

e*cosh(bC) + ce* sinh(b() / 55 gata-a)
0

e®cosh(b) + ce®sinh(b) b sinh(b(1 — 77))5635(77)§(')d77

¢
- [ SR sinn (¢ — ) Ba() (Y

“cosh(b Csinh(bC) [ 1
by [ et eosh(b(1 = 1)+ ceDsin(b(1 )} Bo(n) ()

¢
- / €€ eosh(b(¢ —n)) + e sinh(b(C — )85 Bs(n) (Vi

0

Ry =

56 e sinh(b¢)
e“cosh(b) + cetsinh(b

¢
+ [ e aosh(b(¢ = 1) = et sinh(b(C — )] BoB(n) ()

Bs 6 9 sinh (bC)
e“cosh(b) + ce®sinh

¢
- [ S sinh(o(c = )85 Bt O

Rz =

/ Bs =M sinh(b(1 — 1)) Bs Bs(n )1()d77

Roy =

1
G | €0 eosh(b(1 = )+ e simh(b(1 = 1))} 0 1) ()

b
Rs3 = é(')
Ry = %(')

with o = £, = JOSR0 42 (5, 4 o) and ¢ = 2,

The discrete system is expressed as:

Zs(k) = AgsZa(k — 1) + BusgUs(k) + BanaGa(k) (3.26)
Ys(k) = Cuos Za(k — 1) + DassUs(k) + FosGs (k)

The discrete operators in the above equation are Ag.3(-) = [—1 + 26[0 — A.3]7Y(+),
de3 = m[é_Az?)]ile& Csz(') = \/2_5023[6_ AZS]il(')a dz3 — z?)[(S AZ3] 237
Edz3 = \/%[5 - AZ3]_1E23 and Fdz3 = 023[6 - Az?)]_lEzB-

The original states are obtained by the following transform:
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=

(L

5(C, k) (¢, k) Bs ()5 (L,
(0,

= +

5(L, k)
Z6(C, k) 26(C, k) Bg(C)6 (0,

)

3.3.5 Short Term Thermal Storage System
Hot Tank System

The mass balance and energy balance of the hot tank system is modelled by the

following equations [5]:

dhpr

Anr T Frar—1+ Far—o — Frur_3 (3.27)
dhuarTar
pH2onH20AHTT = pi,0Cp0[Frx—1Tur—1 + Fur—2Tur—2 — Fur—sTur)

where Fyr_1 and Fyr_s are flow rates from the heat exchanger system and the BTES
system. Fyr_3 is flow rate out of the hot tank and Fyr_3 = K%h ur. The description

of the system variables is shown in Table.3.4.

The following change of variables is considered, states x7 = h}f—T and xg = T’“%—T_Tr,
and inputs uy = FHFTT —L us = FHFI; =2 and ug = FHT??’ Disturbances xgj,1 = THT}—:_T”
and xgjno = THT%—TT’", and parameter 5; = hTF —, the hot tank system is described
by the following ODEs:

% = Br(ug + us — ug) (3.28)
d[z7(zs + 1)]

7 = Br(ua(xging + 1) + us(zsin2 + 1) — ug(zs + 1))

ys(t) = ws(t)

One can obtain the linearized system, x7(t) = @755+ T7(t), x5(t) = wsss+Ts(t), ug(t) =

Ugss + Ug(t), us(t) = usss + Us(t) and ug(t) = K%m(t) = K%(xhs + Z7(t)). The Taylor
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expansion around steady state yields x7(xg+1) 2 Tr7gs(Tgss + 1) + T755Ts + (T8ss + 1) T7

and ug(zs + 1) = K%m(xg + 1), so the system becomes:

dZ-(t . N 1 .

C;t( ) _ Beliia(t) + din(t) — Em(t)] (3.29)
dZg(t . -

;( ) = B7 [(xSinlss - x855)”4(t) + <x8in235 - $855)U5(t)

t L7ss
- - 1 .
FUgs5T8in1 + UsssLgin2 — ?Mssll?s(t)]
1

Us(t) = Ts(t)

The flows which come into the hot tank are from the heat exchanger system

and the borehole thermal energy storage system, see Fig.3.2, thus, we have the

conditions: Zgj1 = Ze(L,t) and Tgjo = Z3(L,t). With the representations of
(1) iy (t) Tsini () O
X4(C7t) = 5 ) U4(t) = 5 ’ G4 = B ) A4 - K 3 )
l’g(t) U5<t> Igmg(t) 0 _K_71
0 0
B4: 57 57 ,E4: andC’4:[0 1},the
B7(x8in1ss—Tsss)  Pr(T8in2ss—T8ss) u u
T7ss TTss 4ss 5ss
hot tank system is expressed as:
Xy(t) = AgXu(t) + BaUy(t) + EsGy(t) (3.30)
Yi(t) = CaXa(?)
and the discrete system can be expressed as:
Xy(k) = AuuXa(k — 1) + BuUs(k) + EqaGy(k) (3.31)

Yi(k) = CuXy(k — 1) + DgsUy(k) + FuuGy(k)
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here Ay =

odFm[o

By =20

1
o+

0

671’/435

Bz Bz

0 5
FEN:i2 5+4L
By = V20 K1 !
20 1 ? dd %(181'711_%855) ?Zs(x&hﬂ_xSss)
Bz B B
5+ R ] 6+K—71 5+71
D zizq (®8in1—T8ss) mizq (8in2—T8ss)
y Hd4 — ot P o+ B )
_ K K
0
B7u4ss ﬁ7u7ss
and Fyy = .
Bruzss ’ d4 [ res(BHRE)  orss(0+ 5L

s (H5E)  wrss(6+1-

Table 3.4: Parameters of hot tank system used to model Eq.3.27.

Variable Unit  Description

hgr m Height of flow in the hot tank

Tror_1 = K Temperature of hot flow from the HX-1

Tyx_12(L, 1) system

Tr7r—9 = Thorehole K Temperature of hot flow from the borehole
system

Tar = Tyoiterin K Temperature of hot flow to the natural gas
boiler system

Fyr_1 = Fyx_4 kg/s  Flow rate of hot flow from the HX-1 sys-
tem

Frar_o = Fyorenole kg/s  Flow rate of hot flow from the borehole
system

Fur_3 = Fioiter kg/s  Flow rate of hot flow to the natural gas
boiler system

Apr m? Hot tank area

Cold Tank System

In Fig.3.2, the flow coming into the cold tank Fep_q is from the district heating
loop system. The flows out of the cold tank are linked to the solar thermal system
and the BTES system, which are For_9 and Feop_3. Here, we assume that the flow

temperature out of the cold tank is at reference environment temperature, which is
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Ter—o =Ter—3 = Ter = T,.. Thus, the disturbances to the solar thermal system and
the BTES system are considered as zero. In simulations studies, we do not model the

cold tank system.

3.3.6 Natural Gas Boiler System

The energy balance of the flow in the natural gas boiler system is given as follows:

dTboiler o

pHQOOpHQO‘/;JOilCTT — pHgOFboiler (Tboilerin - Tboiler) + Qboilersboiler (332)

The description of the system variables is shown in Table.3.5.

Table 3.5: Parameters of the natural gas boiler system used to model Eq.3.32.

Variable  Unit Description
Thoiter K Temperature of flow out of the boiler
system
Froiter kg/s Boiler system flow rate
Vioiter m3 Boiler system flow volum
Qvoiter w/ m? Boiler system collected energy
Shoiler m? Boiler system area
Let us consider the following change of variables: state xq(t) = QW“T)J, input
— Qboiler — Fboile'r — Qboilersboile'I‘QT 1mM-
ug(t) = =bgiler and parameters Sy = Py o and v = P T The lin

earized natural gas system is described by the following ODE:

d“%;ft) = Bo(Zoin — Zo(t)) + Ysiis(t) (3.33)
gg(t) = i’g t

here, the flow into the natural gas boiler system is the flow out of the hot tank system,
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thus (Z’gm = Ig.

The discrete gas boiler system can be expressed as:

(%9(]{) == Ad5ii'9(k - 1) + Bd5ﬁ6(k) + Edg,i'gm(k) (334)

Yo(k) = CasTo(k — 1) + Dgsti(k) + FasTomn (k)

— — Vv V23
here Ags = 5+ﬂ — L Bss = \gjﬂ%’ Cas = 6+2669’ Das = (Slﬁ’ Las = 5+6599 and
Fo.— Bo
d5 = 56"

3.3.7 District Heating Loop System

The district heating loop system is modelled as a hyperbolic PDE system with the

heat sink Qgjstrict:

aT’district 6Tdistrict

pHQOOpHgOSdistrictT — _CpHgOFdistricta—C - Qdistrictw (335)

The description of the system variables is shown in Table.3.6.

Table 3.6: Parameters of district heating loop system used to model Eq.3.35.

Variable  Unit Description

Tistrict K Temperature of flow out of the district
system

Flistrict kg/s Flow rate of the district system

Qdistrict W/m? Heat flux of the district system

Sdistrict m? Area of water flow

w m District system width

The dimensionless system is obtained by considering the following change of vari-

ables: state z19 = w, input uy = %7 and parameters q;, = —Ldistrict _
T T

PH5OSdistrict
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wQr

PH OCpH OSdistrictIr "
2 2

and v; = By applying linearization, the district heating loop sys-

tem becomes:

0Z19 0Z19

ot 07¢
Y10(t) = T10(L, 1)

— Y7z (3.36)

The flow into the district heating loop system is the flow out of the natural gas
boiler system, thus, Z19(0,t) = Zo(t). With the consideration of boundary distur-
bance, let j10(<7t> = Zl()(C,t) + Blo(g)i’lo(o,t), then 210(0,75) = 0, BIQ(O) = 1. With

the assumption ayy = 1, the above system becomes:

9z10(¢, ) _ C0z10(G0t) B (Oaflo(oat) ~ 0By(Q)
ot aC 10 ot ¢

gl()(t) = Zlo(L, t) -+ Blo(L)i‘m(O, t) (337)

Z10(0,t) — vtz

With the assumption aBé—‘é(o = 0, one can obtain the constant function Byo(¢) = 1.

The extension of the system can be expressed as follows:

_9 _ _
L R T e I I B SV Wl Bt RS
Ot | 7,0(0,) 0 0| | &10(0,¢) 1 0
~ ZlO(C7t)
t)=1| C B(L 3.38
() = | ¢ Bu(L) | o (3.38)

where Z19(0,t) = 8ilg§0’t) and the operator C[f(()] = fOL f(Q)o(¢C — L)yd¢ = f(L).
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Applying the Laplace transform to the above system, one obtains:

z210(C, s R 0 z10(C, 0
w0(Gs) | _ | Bu 10(¢; 0) (3.39)
T10(0, 5) 0 Ry 710(0,0)
where Ry = foc(-)efon s dne J5 349 and Rgy = HO!
The discrete system can be expressed as:
Zs(k) = Agz6Z6(k — 1) + BaoeUs(k) + Eq.6Ge(k) (3.40)

Ys(k) = Ca6Z6(k — 1) + Daz6Us (k) + Fa6Go(k)

The discrete operators Ag.e, Ba.s, Caz6, Dazs, Fa.6 and Fy.¢ can be directly ob-
tained. The original state can be obtained by the transform: Z10(¢, k) = 210(¢, k) +
Bio(€)Z10(0, k).

In this section, the discrete state space settings of the solar thermal system, BTES
system, heat exchanger system, STTS system, natural gas boiler system and the
district heating loop system are obtained. In the next section, we design a controller
which maintains the temperature at desired set point, while still fulfilling the energy

demands of the district heating loop.

3.4 Controller Design and System Analysis

Since large disturbances from the solar thermal plant system, borehole thermal energy
storage system or the district heating loop system greatly impact system operation,
the control system plays an important role in maintaining the system’s performance.

In this section, we propose a servo controller design which successfully rejects unde-
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sired disturbances and tracks a reference trajectory or a set point.

One of the important analysis tools of the controlled system performance is given
by the frequency analysis. The core of the frequency analysis is the frequency re-
sponse of the system. In particular, we obtain frequency responses of the subsystems
described in the previous section. The frequency response of the subsystems and units
provides an insight into operational and performance capabilities, and also provides

information on disturbance influence on the overall system’s performance.

3.4.1 Servo Control for Linear Discrete System

The performance of the servo controller design requirement is to maintain desired
temperature of the flow supplied to the district heating loop system and reject dis-
turbances simultaneously. In this chapter, we consider that the system operates
during the heating season. If the solar thermal system and the BTES can not provide
enough thermal energy, a backup natural gas boiler system is provided to ensure the
necessary supply of thermal energy. Therefore, the control strategy of the solar ther-
mal system with borehole seasonal storage is realized by the servo controller design

for the natural gas system, see Fig.3.3.

uy(z)

Bs

Vi 4+, (@ uy(z) y(2)
C(2) E; Gp(2)

Fig. 3.3: Block diagram of the closed-loop system for the controller design of the
natural gas system.
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In this section, we design a servo controller for the discrete natural gas system.
According to Eq.3.34, the transfer function of the discrete system can be expressed

as follows:

(3.41)

Fig. 3.4: Diagram of the pole placement of the controller design

Here, we assume that disturbances from different systems (solar thermal system,
heat exchanger system, BTES and hot tank system) are harmonic function which
model various sources with different frequencies. The servo control problem design is
to track step reference trajectory and reject harmonic disturbances with the frequen-
cies wy and wy. Therefore, the transfer function of the controller contains the family
of poles of functions chosen to be tracked and rejected as disturbance signals, such

that:

Qo+ oz + az? + as2® + agzt + a2’

(z —1)(22 — 2cos(wih)z 4+ 1)(22 — 2 cos(wah)z + 1)

C(z) = (3.42)

here the parameters ag, aq, as, as, oy and as are determined to stabilize the following
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characteristic equation:

m(z) = (2 —1)(2% —2cos(wih)z + 1)(2% — 2cos(wah)z + 1)((z + By)z — (2 — o))

(g + a1z + a2? + az32® + g2t + a52°) (6(2 + 1)) (3.43)

In the ensuing section, we apply a pole placement regulator design for the closed-
loop system. The basic idea of the pole placement regulation is that the controller
design is realized such that all poles of the closed-loop system are placed at prescribed
desired values. Eq.3.43 provides enough design freedom to achieve a pole placement
regulation as desired. In particular, for a discrete system, the poles are assigned
within the unit circle to guarantee the closed-loop system’s stability, see Fig.3.4.

Remark 4: When it comes to the realization of a discrete controller, one needs to
be careful in designing digital discrete state space realization of elements formulated
in the Cayley-Tustin discretization framework. In particular, the appropriate care
is required for application of the algorithm to the nominal discrete plant in the real

time control setting.

3.4.2 System Analysis based on Frequency Response

The frequency response is based on the fact that a linear system can be completely
characterized by its steady-state response to harmonic signals [80, 81]. Therefore, we
can extend these results to discrete infinite and coupled infinite and finite dimensional
systems. Based on frequency response, performance requirements can be expressed
and in addition the evaluation of the effects of noise in the system can be achieved. In
this section, we will explore frequency responses of the discrete subsystems described

above.

87



—— Continuous
— — Discrete(dt=0.1)

. '\ !
100 - —-— Discrete(dt=0.05) N WW/YWW‘

Magnitude (dB)

270 S R | R | P .
10" 10° 10’ 102
Frequency (rad/s)

Fig. 3.5: Bode plot for the continuous solar thermal system (solid line), discrete solar
thermal system by Cayley-Tustin discretization with dt = 0.1 (dash line) and discrete
solar thermal system by Cayley-Tustin discretization with dt = 0.05 (dash-dot line).
Vertical solid lines indicate the Nyquist frequencies.

First, let us consider the frequency response of the solar thermal energy system.
The continuous transfer function of the solar thermal energy system is obtained from

Laplace transform as follows:

Yi(s) i

Gi(s) = = 1 — els+h) 3.44
O =06 T G A B | 40
The variables z and s are related as z = e**' when the system is mapped

from continuous time domain to discrete time domain. Using Cayley-Tustin time

discretization, the difference approximation corresponds to the series expansion of
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At
SAL 1+s5

AT which yields the following expression:
2

Z =€

2 z—1
§ = —
Atz+1

(3.45)

here At is the sampling period. The discrete transfer function is obtained by replacing
s in G1(s) by the above equation.

The frequency response of the above solar thermal system is plotted in Bode dia-
gram, see Fig.3.5. In this Bode diagram, a comparison between continuous (solid line)
and discrete frequency responses (dash line or dash-dot line) with different sampling
times is given. The Nyquist frequency for two different discretization sampling times
are given as wy1 = 34.14rad/s(At = 0.1) and wye = 62.83rad/s(At = 0.05). From
the figures, it can be seen that the magnitude curves are very close for frequencies
that are much smaller than the Nyquist frequency and the phase curves coincide.
This is in agreement with physical plant features that high frequency signals will be
attenuated in the solar thermal plant system. It is obvious that as the sampling time
decreases, the magnitude curve is closer to the magnitude curve of the continuous
system. In addition, if one would consider to apply an output feedback control real-
ization by placing a local gain based controller, the gain margin of the solar thermal
system is 35dB.

The frequency response of the BTES system is similar in nature to the frequency
response of the solar thermal system with different parameters. The continuous trans-

fer function of the BTES is given as follows:

Gols) = 205) _ SkE [1 — elo+8a)] (3.46)

Uas(s) (s +Bs)(s + fa)

The Bode plot of BTES system is given in Fig.3.6-3.7.
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For the heat exchanger system, the continuous transfer function relates output

Z¢(L,t) to the input &5(L,t), and is given as follows:

i’ﬁ(L, 8) 2B6 smh(b)

(3.47)

where b = \/ M + 52+ (B85 + Bs)s. One can directly obtain the discrete transfer
function and frequency response based on the above continuous transfer function of
the system. The Bode plot is also given in Fig.3.6-3.7.

The inlet flows into the hot tank are from the heat exchanger system and the
BTES system. The continuous transfer function from the heat exchanger system
Tgin1(t) to 74(t) is obtained as follows:

Gals) = ya(s) _  Pruass (3.48)

Tgin1(8)  wrgs(s + %)

Similarly, the continuous transfer function from Zg;,2(t) in the BTES system to 44(t)

is obtained as follows:

Gel) = xg4<28(>s) T iluiss&) (349
in Tss Ry
The discrete transfer functions and frequency responses are directly obtained based
on the above continuous transfer functions of the system. The Bode plots of G4 and
(4o are given in Fig.3.6-3.7.
For the natural gas system, the open loop system discrete transfer function is
described in Eq.3.41 and the discrete transfer function of the controller is described

in Eq.3.42. Thus, the discrete transfer function of the close loop system from Zg;, (k)
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Fig. 3.6: Magnitudes of Bode diagrams for the discrete BTES system in Eq.3.46 (G2),
heat exchanger system in Eq.3.47 (G3), hot tank system in Eq.3.48-3.49 (G41 and
(GG42) and natural gas system in Eq.3.50 (G5). The y-axis on the left hand side is for
G2, G3, G41 and G42 and the y-axis on the right hand side is for G5. The sampling
period is At = 0.1.
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Fig. 3.7: Phases of Bode diagrams for the discrete BTES system in Eq.3.46 (G2),
heat exchanger system in Eq.3.47 (G3), hot tank system in Eq.3.48-3.49 (G41 and
(GG42) and natural gas system in Eq.3.50 (G5). The y-axis on the left hand side is for
G2, G3, G41 and G42 and the y-axis on the right hand side is for G5. The sampling
period is At = 0.1.

to gs(k) is expressed as follows:

G5(Z) _ g5<z) /Bng(Z)

Toin(2) T 1+ Y6Gp(2)C(2) (3.50)
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The discrete frequency response is obtained from the above discrete close-loop system.
The Bode plot is given in Fig.3.6-3.7.
Finally, the transfer function of the district heating loop system from Z4(0,t) to

Us(t) is obtained as follows:

Ge(s) = o (s) =e°

=508 (3.51)

This district heating loop system is a pure time delay system. The magnitude of the
system is 0 and the phase of the system is —.

The frequency response of the above subsystems are plotted in Bode diagram, see
Fig.3.6 and Fig.3.7. The sampling period is At = 0.1. In the natural gas system, we
assume the disturbances are with frequencies of w; = 0.3142 and wy = 0.2199. These

frequencies can be reflected in the Bode diagram of the transfer function Gs.

3.5 Simulation Results

In this section, we demonstrate the implementation of the servo control system to
improve the overall efficiency of the system. The dynamic model of the collection-
storage-district heating loop system is simulated according to the energy balance
models developed in the previous section. With plant model available, a servo problem
is set up to compute the control input that maintains the energy demand constant and
rejects disturbances, with guaranteed asymptotic stabilization despite uncertainties
present within the system.

In the next, we introduce two simulation scenarios. First, the servo control prob-
lem rejects disturbances arising in the solar thermal system. In the second scenario,

the disturbances are arising from operating conditions of the district heating loop
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system and the BTES system.
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Fig. 3.8: Simulation of the solar thermal system profile given by the implementation
of the discrete system in Eq.3.14. The parameters of the system are a; = 1, 51 = 0.3,
fs = 0.4 and 71 = 0.4. The input @4(¢) is the periodic harmonic function containing
two frequencies wy; = 0.3142 and w, = 0.4084.

3.5.1 Cloudy Day: Disturbances from the Solar Thermal

System

We consider a scenario when a cloudy day with larger variations of available solar
energy, the solar thermal system undergoes disturbance in the power output. Due to
the weather changes and according to the weather forecast, the possible disturbances
to the solar thermal system with the borehole seasonal storage can be considered
as periodic harmonic disturbances with different frequencies. The control goal is to
maintain the temperature of hot flow to the district heating loop system at desired

set point and to reject two disturbances described above. The simulation results show
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4 days (96 hours) operation of the solar thermal system with d{ = 0.01 and dt = 0.1,

see Fig.3.8-3.12. The initial conditions of all states are zeros.

S ut(k) and y1(k)

L Dyl Day2 N Dys Day4

0 10 2 30 40 50 60 70 80 90 100
Time [Hour]

Fig. 3.9: Output profile of simulation of the solar thermal system given by the imple-
mentation of discrete system in Eq.3.14.

The solar thermal system is simulated as exposed to periodic harmonic distur-
bances given by two frequencies w; = 0.3142 and wy = 0.4084 , see Fig.3.8 and
Fig.3.9, where the input and output of the solar thermal system are given. Fig.3.11
shows the simulation result of the heat exchanger’s two states. The natural gas system
with servo control is given in Fig.3.10. The desired poles of the designed controller are
o(Acr) = {0.65,0.65, —0.75, —0.75, —0.55,0.85}. It can be seen that the system can
track the step reference vy, = 1 and reject periodic harmonic disturbances with differ-
ent frequencies. The designed controller has good performance since it can achieve
tracking the step reference in less than 5 hours. However, one can easily reconfigure
the controller and have faster tracking by placing o(Ac¢y) closer to the center within

the unit circle. Finally, Fig.3.12 shows the simulation result of the district heating
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Time [Hour]

Fig. 3.10: Simulation of the natural gas system profile given by the implementation
of the discrete system in Eq.3.34. The parameters of the system are Sy = 1 and
76 = 1.5. The input 4g(¢) is obtained by the servo controller in Eq.3.42.

loop system. From the simulation result, it is obvious that the district heating loop

system is driven by the input from the natural gas system.

3.5.2 Disturbances from Operating Conditions of the Dis-
trict Heating Loop System

When the operating conditions of the district heating loop system are affected by
the environment changes, the heating loop system undergoes disturbance in power
output. When the BTES system undergoes disturbance from the perturbations of
the environmental temperature, these two disturbances will influence the solar ther-
mal system with borehole seasonal storage. In this scenario, the control goal of the
controller design is similar as the previous scenario. Therefore, the controller rejects

disturbances in the district heating loop system and the BTES system and maintains
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Fig. 3.11: Simulation of the evolution of the heat exchanger system profile given by
the implementation of the discrete system in Eq.3.26. The parameters of the system
are a5l = 1, aguzss = 1, 5 = 0.15, Bg = 0.1. The input is a constant function

() = 0.
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Fig. 3.12: Simulation of the district heating loop system profile given by the im-
plementation of the discrete system in Eq.3.40. The parameters of the system are
ajo = 1 and 77 = 1. The input is a constant function a7 (t) = 0.

the required flow temperature into the homes in the district heating loop system. The
simulation results are shown in Fig.3.13-3.17. The initial conditions of all states are
Zeros.

The BTES system is simulated with harmonic disturbance in the frequency of
wy = 0.2199, see Fig.3.13. Fig.3.14 gives the input and output of the BTES system.
Here, the harmonic disturbance with the frequency of wy = 0.3142 is also considered
as in-domain input to the heating loop system, see Fig.3.16. The natural gas system
with servo control is shown in Fig.3.15. The desired poles of the designed controller
are 0(Acr) = {0.5,0.5,—0.8, —0.8,—0.7,0.6}. As it can be seen from the simulation
result, the designed controller has good tracking and rejecting performance. Finally,
Fig.3.17 shows the simulation result of the district heating loop system. This second

scenario study shows that the designed controller has the ability to reject any linear
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Fig. 3.13: Simulation of the BTES system profile given by the implementation of
the discrete system in Eq.3.19. The parameters of the system are a3 = 1, 53 = 0.3,
By = 0.5 and 75 = 0.2. The input uy(t) is the periodic harmonic function with

frequency w; = 0.2199.

combination of signals with known frequencies. In addition, the designed controller

is easily realized in practice to address a wide range of disturbances.

3.6 Conclusion

In this chapter, we provided a model of the state-of-the-art in the solar thermal
system with borehole seasonal storage mathematically modelled by ordinary differen-
tial equations (ODEs), hyperbolic partial differential equation (PDEs) and coupled
PDEs-ODEs according to the energy balance. Then, the discrete systems of these
integrated systems are obtained by the application of the Cayley-Tustin time dis-

cretization method. We developed a simple servo controller design for the solar ther-
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Fig. 3.14: Output profile of simulation of the BTES system given by the implemen-
tation of the discrete system in Eq.3.19.
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Fig. 3.15: Simulation of the natural gas system profile given by the implementation
of the discrete system in Eq.3.34. The parameters of the system are gy = 1 and
v6 = 1.5. The input ug(t) is obtained by the servo controller in Eq.3.42.
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Fig. 3.16: Simulation of the district heating loop system profile given by the im-
plementation of the discrete system in Eq.3.40. The parameters of the system are
aj9 = 1 and v7 = 1. The input @7(¢) is the periodic harmonic function with frequency
wy = 0.3142, which is 7 (t) = 0.6e° sin(wat).

mal system which takes into account measurements of the disturbances. The control
system manipulates the natural gas energy into the system in order to track a step ref-
erence for fulfilling the demands of space heating in the district heating loop system.
The simulation results of different scenarios show that, the discrete servo controller
tracks step reference and rejects harmonic disturbances with different frequencies.
More advanced control and optimization schemes can be pursued in order to lever-
age the thermal energy storage. It is recommended that optimal control schemes are
developed to help the solar thermal system with borehole seasonal storage to operate

more efficiently.
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Fig. 3.17: Output profile of simulation of the district heating loop system given by
the implementation of the discrete system in Eq.3.40.
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Chapter 4

Model Predictive Control of Solar
Thermal System with Borehole

Seasonal Storage

4.1 Introduction

The development and utilization of the solar thermal system with borehole seasonal
storage for a commercial community is one of the most promising topics in the re-
newable energy field. A typical commercial community is the Drake Landing Solar
Community (DLSC) in Okotoks, Alberta, Canada which has successfully integrated
the solar thermal system with borehole seasonal storage and supplied efficient renew-
able energy to its district heating system [69]. The energy efficiency of existing houses
in a commercial community can be improved through temperature operation control
of the complex solar boreal thermal storage system.

The temperature regulation of the solar thermal system with borehole seasonal
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storage is characterized by many uncertainties, such as environmental changes, oc-
cupancy status changes, and changes in the operating conditions of equipment in
the houses. The ultimate performance goal is that the proposed controller stabilizes
the temperature around steady state and keeps the integrity of economic demands
in the district heating loop system. Conventional solar thermal system control with
borehole seasonal storage uses control action to maintain temperature around steady
state [76, 73, 74]. However, this control strategy does not always result in optimal
performance. In literature, different optimization-based control strategies have been
used to improve the energy efficiency of a solar thermal system. Some examples
include the hierarchical control strategy presented in [82], the supervisory optimal
control strategy described in [75], and the model predictive control (MPC) strategy
presented in [83].

Model predictive control is a strategy that explicitly uses a model of the process
to compute the required manipulation that will minimize the energy cost [2]. One of
the advantages of model predictive control is that input/state/output constraints can
be taken explicitly in the computation of control law. We propose a model predictive
control design for the solar thermal system with borehole seasonal storage, which will
take into account measurements of the input disturbances, such as changes in ambient
temperature, and disturbances predictions, such as weather forecasts, which can assist
in the prediction of the availability of different energy sources. The Luenberger output
observer is considered to observe a real complex spatial solar boreal thermal system.
In addition, constraints can be enforced as limits on the actuators, manipulated and
controlled variables (e.g. upper and lower limits of the temperature, supply flow rate
limits, and energy sources limits).

The overall system includes a solar thermal energy system, borehole thermal en-
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ergy storage system (BTES), short term thermal storage system (STTS) and a district
heating loop system, see Fig.4.1. The solar thermal energy system collects solar ther-
mal energy through plate collectors mounted on the roof of the houses and transfers
the energy to the STTS by a heat exchanger [72, 77]. Then, the collected energy is
sent from the STTS to the district heating loop system to heat the 52 energy-efficient
houses. During the summer months, the borehole thermal storage system stores the
energy from the STTS to heat the ground and cool the storage tanks. During the
heating season, the BTES collects geothermal energy to send to the STTS by a grid
of boreholes with single U-tube heat exchangers [70]. If the stored water temper-
ature is insufficient to meet the current heating load, the natural gas boiler in the
district heating loop system is provided as a backup to ensure heating of each houses.
The system operation which fulfills the heat energy requirement of each house leads
the turn on and/or turn off operating modes of the natural gas boiler. The heat
fluctuations due to on and off operation is caused by the burning of natural gas,
making the natural gas boiler system operation possibly as unstable fluctuations and
chattering around desired temperature requirement. Therefore, the model predictive
controller for the district heating loop system is designed to ensure the system opti-
mal and stable working performance at desired steady state with the consideration
of constraints.

According to the energy balance conservation laws, the solar thermal system with
borehole seasonal storage is modelled using a combination of ordinary differential
equations (ODEs), hyperbolic partial differential equations (PDEs) and/or coupled
PDEs-ODEs. Initially, the thermal energy is transferred from the solar thermal sys-
tem to the STTS system through a heat exchanger. The solar thermal system is
described by coupled PDE-ODE and the counterflow heat exchanger is modelled by a
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Fig. 4.1: Diagram of the solar thermal system with borehole seasonal storage.

series of first order hyperbolic PDEs. The energy from the solar thermal power plant
is transferred to the heat exchanger through the boundary, therefore, the boundary
controlled system realization is considered in the modelling of the heat exchanger
system. The BTES system is described by a coupled PDE-ODE and stores thermal
energy to the STTS system directly. Then, the STTS system, which is represented
by ODEs, provides thermal energy to the district heating loop system, which is rep-
resented by coupled a PDE-ODE.

In this chapter, in order to utilize model predictive control, the discrete version of
the overall system is required. Traditional numerical time discretization approaches,
such as Euler, Runge-Kutta, etc. have the disadvantage that the accuracy of the ap-
proximate discrete time system rapidly deteriorates as the sampling period increases
[18]. This chapter explores an adequate discretization method in order to preserve

the intrinsic energy and dynamical characteristics of the coupled PDEs-ODEs system,
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which is realized by the Cayley-Tustin time discretization transformation [19]. The
novelty of the Cayley-Tustin time discretization transformation provides that both
PDEs and/or ODEs systems are discretized with the same sampling time, in addition,
the PDEs system is kept without any type of model reduction, see [21].

The novel model predictive controller developed in this chapter is designed by
construction of a finite dimensional constrained optimization problem accounting for
input disturbance rejection. In addition, a realistic discrete output observer which
constructs finite and infinite states is considered without spatial discretization and
state reduction. The solution to this discrete output observer is realized by solving
discrete Lyapunov equation which is related to the corresponding continuous Lya-
punov equation.

The chapter is organized as follows: section 4.2 addresses the model of the solar
thermal system with borehole seasonal storage. In section 4.3, the discrete version of
the overall system is obtained by using Cayley-Tustin time discretization. Section 4.4
introduces model predictive controller design for a coupled PDEs-ODEs system with
the consideration of an output observer. Finally, we demonstrate the performance of
the model predictive control built in previous sections through simulation studies in

section 4.5.

4.2 Model Formulation of Solar Thermal System
with Borehole Seasonal Storage

The overall solar thermal system with borehole seasonal storage contains solar thermal
system, BTES system, STTS system and district heating loop system, see Fig.4.2.

The first principle modelling of the overall system is in more details addressed in [84].

106



Hence, we consider only important subsections of the overall model in this section.
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Fig. 4.2: Diagram of the solar thermal system with borehole seasonal storage: so-
lar thermal system (Solar); borehole thermal energy storage system (BTES); heat
exchanger system (HX); hot tank system (HT); cold tank system (CT); natural gas
system (GAS); district heating loop system (District).

4.2.1 Model of Solar Thermal System

Solar energy is collected during the year by solar collectors which use mirrors or lenses
to heat a fluid. The energy balance of the flow and the absorber in the solar power
plant which uses a plate collector to focus solar radiation onto the absorber pipe is

given as follows [72, 77):

aT‘solar aTSOlaT’
pglegZSsolarT — _CpglFsolarTC + hppA (TA - Tsolar) (41>
dT’
pACpASAd_tA = hppA(Tsolarfin - TA) + Qsolarwsolar
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where Tyoiar—in = Tsolar(¢ = 0). The variables of solar power plant system are shown
in Table.4.1. One can apply appropriate non-dimensional transformation on Eq.4.1
with the following definition of states z1((,t) = T'”“T—:_T* and x»(t) = TAT—_TTT, and input

uy(t) = % Here, T, and @), are the reference temperature and the reference heat

— Fso ar J— hpp — hpp
flux. The parameters of the system are oy = m, b1 = m, By = PACP:SA
and v, = %. Therefore, the solar power plant system can be described by the
following coupled PDE-ODE:

8$1(C7t) axl(g7t)
—_— = - — t) — t 4.2
T T Bilza(t) — 21(¢, 1)] (4.2)
dxso(t
20— lrrnlt) — 2206 + 0 (0)

Table 4.1: Parameters of the solar system used to model Eq.4.1.

Variable Unit Description

Teolar K Temperature of glycol flow

Ty K Temperature of absorber

Q solar W/m? Heat flux in solar system

Fopiar kg/s Flow rate of glycol flow

Chgi J/kgK  Heat capacity of glycol flow

Cpa J/kgK  Heat capacity of absorber

hy W/m*K Convective heat transfer coefficient of ab-
sorber

Pl kg/m3  Density of glycol flow

pA kg/m?  Density of absorber

Ssolar m? Area of glycol flow

Sa m? Area of absorber

Waolar m Solar collector width

Pa m Absorber pipe perimeter

With the consideration of steady state conditions z1((,t) = z15(¢) + Z1((, 1),
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To(t) = Toss + To(t), and ui(t) = uiss + U1(t), the coupled PDE-ODE in Eq.4.2

becomes:

07.1(¢,t) 0z1(¢, 1) . N
BT T + Bi[Z2(t) — 21(¢, )] (4.3)
ds(t)

T BolZ1in(t) — To(t)] 4+ 1t (t)

with Z1;,(t) = #1(0,t) = 0 and Z1(¢,0) = 1(¢), where the variables ¢ € [0,[] and

t > 0 denote the space and time domains.

4.2.2 Model of Heat Exchanger System

The heat exchanger HX-1 in the solar thermal system is a counter-current heat ex-
changer which is modelled by a set of coupled first-order hyperbolic PDEs [77]. De-
spite the non-linearity of the controlled system, an explicit characterization of the
equilibrium profiles can be given. As a consequence, the linearized system around an
equilibrium profile is obtained as a linear infinite dimensional time-invariant system

given as below:

OTgx-—11  Fux—110Tux-11 Kl
= — Trx_11—Tox_ 4.4
T Pt ac Opglpglsl[ rx—11 — THx—-12] (4.4)
OTyx-12 Frx_120Tgx_12 kl
—_— = — —’- T — _T —
ot pH,052  OC OpHQOIOH2082[ x-11 = Tx]

where THX—II(L t) = Tsolar(l7 t) and THX_12<O, t) = TCT-
The description of the variables in heat exchanger system is shown in Table.4.2.

The change of variables leads to the states given as x3((,t) = THX‘TT*TT and z4((,t) =

Tax—12=Tr _ Fux_12 _ Fuax_u _ _F _
T TR mput Ug(t) = TR > and parameters F1 = TR > a3 = ,Ogl_;l’ 63 =

M__ oy = 1t and By = =—*——. The linearized heat exchanger system
CpgiPgis1 PH50S2 CpHoy0PHY082
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Table 4.2: Parameters of the heat exchanger HX-1 used to model Eq.4.4.

Variable Unit Description

Tux-11(¢,1) K Temperature of hot flow

Trx-12(¢, 1) K Temperature of cold flow

Fux_11 = Faoar kg/s Flow rate of hot flow

Fryx_10 = Fyx_1 kg/s Flow rate of cold flow

Comy0 J/kgK Heat capacity of water flow

PHz0 kg/m?® Density of water flow

k W/m?K Heat exchange coefficient

l =27y m Contact circumference of heat ex-
changer

sy =n(ri—r3)ry > m? Area of hot flow

2

Sy = T3 m? Area of cold flow

with the steady state conditions z3((,t) = x3s5(C) + Z3((, 1), x4((,t) = x455(C) +
Z4(C, 1), and ug(t) = uass + Ua(t) is described by the following hyperbolic PDEs:

Ox3(C,t) 013(C, 1) . .

ot Oé:aFl—8C — Bs[T3(C,t) — T4(C, 1)) (4.5)
8534((, t) . 3@((, t) - ~ ~ dx4ss(<>
BT —044102(75)—6% + Bal@3(¢,t) — Ta(C, t)] — catia(t) dC

It is important to note that the linearized system around an equilibrium point is
governed by the above equations with uy(t) replaced by wugss.

The heat exchanger system is potentially exposed to boundary disturbances, and
therefore boundary conditions need to be adequately considered in this coupled hy-
perbolic PDEs system. The flow which enters the heat exchanger is the flow out of
the solar power plant at ¢ = [ of the state z3((, t), thus, Z3(l,t) = Z1(l,t), see Fig.4.2.
The flow into the heat exchanger state x4((,t) at ¢ = 0 is the flow out of the cold

tank system, which is at the reference temperature, then, z4(0,¢) = 0.
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The standard methodology to accurately account for transfer of boundary ac-
tuation to in-domain is to apply state transformation [85]. Let Z3((,t) = 23((,t) +
Bys(Q)@3(l,t), then z3(1,t) = 0, Byps(l) = 1, and 24((, t) = 24(C, t)+ Bpa(€)Z4(0,¢), then
24(0,t) = 0, Bpy(0) = 1. With the assumptions agF) = 1, aqugss = 1, 72 = a4‘m4§—2(0,

the above PDEs system in Eq.4.5 becomes:

azS(Cv t) - 823(C7 t) aj?p(l? t)

ot - 3( - B?) [23(C7 t) - Z4(Ca t)] - Bb3(<) ot (46)
HEPE — 6B () + Bu )30,
824(<, t) _ (924(C, t) (95:4(0, t)

+ Bal2s(C, 1) = 24(C )] = Bra(C)

o ¢ ot

4M§©+ﬂ£MMme+&&Mﬁﬂﬁ—%%W

The functions By3(¢) and By (() can be calculated by taking that an(Q —B3By3(¢) =
0 and 83‘74 ) B4Bps(¢) = 0, which simplifies the system of Eq.4.6.

4.2.3 Model of Borehole Energy Storage System

The borehole thermal energy storage system uses a grid of boreholes with U-tube heat
exchangers [78, 79]. The energy balance of the flow in the U-tube heat exchanger and

the energy balance of the pipe wall are given as:

0T, ore oT; ore
pHQOCpHgOSboreL = _CPHQOFbOTE abc + hpr(TW Tbore) (47)

ot
dT
pWCpWSWd_;:V = hpr(Tbore—in - TW) + Qb@rew

where Tyore—in = Tbore(C = O)
Table.4.3 gives the description of the variables in BTES system. We consider
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Table 4.3: Parameters of the borehole thermal energy storage system used to model
Eq.4.7.

Variable Unit Description

Thore K Temperature of water flow

Tw K Temperature of pipe wall

Qbvore W/m?  Collected Energy in borehole system

Fyore kg/s Flow rate of water flow

Cow J/kgK  Heat capacity of pipe wall

Py W/m?K Convective heat transfer coefficient of

pipe wall

Pw kg/m?  Density of pipe wall

Shore m? Area of water flow

w m Borehole system width

Pw m Pipe wall perimeter
the following change of variables with states x5((,t) = Tb"%:T’“, zg(t) = TWT—:TT, and
input ug(t) = Q&—”: The system parameters are as = ij bore — Bs = %OZ:%,
Be = ﬁwlg"% and y3 = %. By applying linearization around the steady

state of interest with the assumptions x5((,t) = x555(() +25(C, t), x6(t) = xss +To(1),
and us(t) = usss+us(t), the BTES system is described by the following coupled PDE-
ODE:

8*%5(C7t) a58'7~:5<€7t)

ot ac

djc;t(t) = B6(Tsin(t) — Z6(t)) + vsts(?)

+ Bs(Te(t) — 75(¢, 1)) (4.8)

Similar to the solar power plant system, we assume that that x5(0,¢) operates around

the steady state of interest, thus Zs;,(t) = 5(0,¢) = 0.
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4.2.4 Model of Short Term Thermal Storage System

The short term thermal storage system utilizes the hot tank and cold tank to transfer
the thermal energy obtained from the solar thermal system and the borehole energy
storage system to the district heating subsystem, see Fig.4.2.

The mass balance and energy balance of the hot tank system is modelled by the

following ODEs [5]:

dh
Anr dIZT = Fur1 + Fars — Fur (4.9)
dhgrTar
pHgOCpHQOAHTT = p,0Cpm0[Fux1Tur + FareTure — FarTur)]

where Fypy and Fyro are flow rates from the heat exchanger system and the BTES
system. Fpyr is flow rate out of the hot tank and Fyr = K%hHT. The variable

description of the hot tank system is shown in Table.4.4.

Table 4.4: Parameters of the hot tank system used to model Eq.4.9.

Variable Unit Description

hygr m Flow height in hot tank

Tur K Temperature of flow out of hot tank
Fyr kg/s Flow rate out of hot tank

Agr m? Hot tank area

Ty K Temperature of flow into hot tank

THro K Temperature of flow into hot tank

Farm kg/s Flow rate into hot tank
Fyro kg/s Flow rate into hot tank

The following change of variables are considered in hot tank system: states x7(t) =

huar _ Tyr-Tr. ; _ Fum _ Furo _ Fur.
HEoand xg(t) = L= inputs uy(t) = L us(t) = 2 and ue(t) = £
. _ Tyri-T, _ Tyro-Ty. _ _F

disturbances zg;,1(t) = ~HZ="x and Tgiuo(t) = SHIZ=r; parameter Br = AT One
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obtains the model of hot tank system as below:

dla7(t)(zs(t) + 1)

—ug(t)(zs(t) + 1)]

With the Taylor expansion around steady state in the following expressions x7(t) =
Trgs + T7(t), 18(t) = Tgss + Tg(t), Ua(t) = Uges + Ua(t), us(t) = usss + Us(t), us(t) =
%1337(25) == %1(1'755 + 577@))7 .1'7(.238 + 1) =~ x?ss<x853 + 1) + w?ssjﬁ8 + (xSSS + 1)577 and

ug(rs+1) = K%aw(xg + 1), the linearized model of hot tank system is given as below:

d+(t) 1

) a0 + ilt) — - 210) (a1)
dZg(t . -
;t( ) = 57 [<x8inlss - .’17835)’&4(t) + <x8in235 - x8ss)u5(t)
L1ss
N N 1 N
FU4ssT8in1 + UsssT8in2 — ?1’7%%8(?5)]
1

The flows which come into the hot tank are from the heat exchanger system
and the BTES system, see Fig.4.2. Therefore, we have the conditions for Eq.4.6 as
Tgin1 (t) = T4(l,t) and Tgima(t) = T5(1, 1).

The cold tank system plays an important role in the solar boreal thermal storage
system due to the fact that the cold tank flow temperature is assumed to be at
reference environment temperature. In Fig.4.2, the flow coming into the cold tank
For is from the district heating loop system. The flows out of the cold tank are
linked to the solar thermal system and the BTES system at reference environment

temperature, which are Fopy = T, and Fopre = T,. Therefore, the disturbances to
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the solar thermal system and the BTES system are considered as zero.

4.2.5 Model of District Heating Loop System

The district heating loop system is consist of coupled natural gas boiler model and
district heating model. The energy balance of the flow in the natural gas boiler model
is given as follows:

dThoir
pH2OCPH20VE)OiZE7‘% = pHgOFboiler (Tboiler—in - Tboiler) + Qboilersboiler (412)

The district heating model is a hyperbolic PDE system with the heat sink Q) g;srict as
below:

aTdistM’ct aTdistm’ct
szOCpHQOSdistrictT = _CpHQOFdistricta—C - Qdistrictwdistrict (4 13)

The variable description of the district heating model is shown in Table.4.5. The
district heating loop system described in Eq.4.12-4.13 has coupled hyperbolic PDE
and ODE connected through the boundary of hyperbolic PDE, which is Ty;sriee (0, 1) =
Thoiter (t)-

The dimensionless system is obtained by considering the following change of vari-

ables: states xo(t) = —Tbo“,;:_T* and x19((,t) = —Tdistai:t_Tr; inputs uz(t) = —ngrl” and

o . T o . T )
ug(t) = %; disturbance wg;,(t) = M”TT”T; parameters 39 = mj?%’ Yr =

QboilerSboiler@r — Fyistrict d — QrWistrict
19 — ana g = .
PH,0CpHyOSdistrict Tr

pHQOCpHQO‘/bo'LlerTT ’ PHoOSdistrict
linearization with the conditions xg(t) = xgoss + To(t), x10((,t) = x10s5(C) + T10((, 1),

By applying system

ur(t) = urss + Ur(t), us(t) = usss + Us(t) and o, (t) = Toinss + Toin(t), the district
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Table 4.5: Parameters of the district heating loop model used to model Eq.4.12 and

Eq.4.13.

Variable  Unit Description

Thoiter K Temperature of flow in boiler

Troiter—in K Temperature of flow into boiler

Qvoiler W/m? Energy collected by boiler

Froiter kg/s Flow rate of water flow in boiler

Vioiter m? Flow volume in boiler

Sboiler m? Boiler area

Tiistrict K Temperature of flow in district sys-
tem

Quaistrict W/m? Heat flux of district system

Fiisirict kg/s Flow rate of water flow in district
system

Sdistrict m? District system area

Weistrict m District system width

heating loop system is described by the following coupled PDE-ODE:

U7(t) Xo(t)

d:%;f(t) = Bo(Zgin(t) — To(t)) + vrlir(t)
0-?5100(15@75) _ _amaﬁflg(g-/t) — s ()

g5(t) - Zi'lo(l, t)

¥s(t) ‘

ODE PDE

(4.14)

Fig. 4.3: Scheme of coupled ODE and hyperbolic PDE system connected through

boundary.

The the flow into the natural gas boiler model equals the flow out of the hot tank

system, such that Zg;,(t) = Zs(t). The natural gas boiler model and the district heat-
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ing model is connected by the boundary condition Z1¢(0,t) = Z9(t), see Fig.4.3. With
the consideration of boundary disturbance, let Z10((,t) = 210(C,t) + Bp10(¢)Z10(0, 1),
then 210(0,t) = 0, Bpo(0) = 1. We assume a;p = 1, and the above district heating

loop system in Eq.4.14 becomes:

dio(t)

T Bo(Toin(t) — To(t)) + yrir(t) (4.15)
82106(5, 0 —821g(§7t) — Bi10(C)[BoToin(t) + vtz (2)]
(220 _ By Q) ufaalt) — 1)

Us(t) = 210(1, 1) + Bpio(1)Z(?)

The function By1p(¢) can be calculated from the assumption 83!’8;2(0 — By10(€) P = 0.

The coupled PDE-ODE system in Eq.4.15 is decoupled by this assumption.
4.3 Discrete Model of Solar Boreal Thermal Sys-

tem

According to the energy balance, the modelling of the solar thermal system with
borehole seasonal storage contains internally coupled PDEs-ODEs, see Fig.4.2. The
Cayley-Tustin time discretization method is applied to obtain a discrete model version
which provides an insight into the subsystem’s performance and overall dynamical

behaviour of the system [19].

117



4.3.1 Infinite Dimensional System Representation

The linear first-order hyperbolic PDE system is described by the following state space

system:

(¢, t) = Az((,t) + Bu(t), x(¢,0) = xg (4.16)
y(t) = Ca(C, 1)

where the variables ¢ € [0, 1] and ¢ > 0 denote the space and time domains; the state
z((,t) € X and X is a Hilbert space L»[0,1]; the input u(t) € U and the output
y(t) € Y, where U and Y are Hilbert spaces; the operator A is linear operator defined
in the domain: D(A) = {z € X : z({) is a.c. j—gg € X and z(0) = 0}; the input
operator B = b(() - I, where I is identity operator; the output operator is given by
Cz(¢,t) = z(l,t), where [ = 1 is the boundary point of the state x((,t), see [85].

The output in infinite dimensional system is a point observation or point mea-
surement, so let us induce the space X;. The operator A generates an exponentially
stable strongly continuous semigroup 74 on the space X [52]. The space X; is in
the domain D(A) with the norm ||z||; = |[(AM — A)z||, where A € p(A) and p(A)
is the resolvent set [86]. Since this norm is equivalent to the graph norm of A, the
restriction of Ty on X, is a semigroup on X7, which is isomorphic to the original one.
Then, we denote the restriction of T4 on X; by the same symbol T}y, which is the
restriction of A to X. Denoting this restriction also by A, we have A € L(X, X).
This technical extension allows us to treat boundary and/or point actuation or/and
point measurements.

The input operator B is bounded B € L(U,X) and the output operator C' €

L(X1,Y) is an admissible observation operator for the semigroup 74 [87, 88]. Then,
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the system in Eq.4.16 is regular and can be defined as follows:

(¢, t) = Ax((,t) + Bu(t), =((,0) =g (4.17)
y(t) - CAx(C7t)

where Cy € L(X,Y) is A-extension of the operator C' defined by:

Car = lim CAXMN —A) 'z, zeX (4.18)

A——+o00

where A € p(A) and p(A) is the resolvent set.

Now, we can see that the system in Eq.4.17 has well defined the state space X,
the input space U and the output space Y. For any initial state o € X and for any
u(t) € Lo([0,00),U), Eq.4.17 has unique solutions x((,¢) and y(t) such that =((,t) is
continuous on X and y(t) € Ly([0,00),Y).

4.3.2 Model Formulation of the System

With the physical models of solar thermal system, BTES system, STTS system and
district heating loop system described in the previous section, the model formulation
of the overall system is presented in this section.

The following representations are defined according to the solar power plant model
described i Bq43: Xu(C.1) = [ 54(C,6) 2a(t) | - D1(0) = ma(t). Gr(0) = Fran(0),

o)
—Q 5 — 0
18C 51 Bl 7 Bl _ and El _

0 — s M B2
Similarly, for the heat exchanger model in Eq.4.6, we have the following expres-

sions:  X5((,t) = [23(§,t) 2(C 1) E3(l,t) T4(0,1) }T’ Ua(t) = ia(t), Gat) =

A =
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2 — Bs By 0 B3 B (¢) 0
P
[ 5alt)  O5a(0) ],AQ _ P —5¢ — P B4By3(() 0 By —2
ot ot 0 0 0 0 0
0 0 0 0 0
—By3(C) 0
0 -B
and Fy = u(C)
1 0
0 1

Let us define the following expressions from BTES system in Eq.4.8 as X3(¢,t) =
T . - —o5% —Bs  Ps
[fs(éat) To(t) ] , Us(t) = as(t), Gs(t) = Tsin(t), Az = % ,
0 —B
0 0
By = and F3 =
3 Be
For the hot tank system described by Eq.4.11, we have the representations of

T T
states and inputs as X(t) = [ Tr(t) Zs(t) ] , Ug(t) = [ ig(t) as(t) | -
T _% 0
Gy(t) = [ Tgin1(t) Tsina2(t) } , Ay = ;
0 -5
- Kl
0 0
By = o B and Fy =
67@8“;173:5_:6885) /37(x8i7;273:5_1,858) Ugss Usss

The representations in district heating loop system in Eq.4.15 are defined as
T T
Xs(Gt) = [ @o(t) 20(Ct) |+ Uslt) = [ nlt) as(t) |+ Galt) = Tom(®), Ya(t) =
_ —PBy 0 V7 0 By
?J5(t), AS = P ) B5 = ; E5 = and
0 —% —Buovr —%s —By1059
C’5 = [ Bblg(l) CA :|

The model of overall solar boreal thermal energy system is given with the state
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z((,t) = [ X1(¢,t) Xo(C,t) Xs(¢,t) Xu(t) Xs5(¢,t) }T, the input
’I,L(t) = |: Ul(t) Ug(t) Ug(t) U4(t) U5(t) :|T, the disturbance

g(t) = [ Gi(t) Go(t) Gs(t) Gu(t) Gs(t) }T and the output y(t) = Y5(¢) in the

following form:

(¢, t) = Ax((,t) + Bu(t) + Eg(t), 2(¢,0) =z (4.19)
y(t) = Ca(C, 1)

A, 0 0 0 O By 0 0 0 O
0 A, 0 0 O 0 B, 0 0 O
where A= 0 0 A4 0 0 |, B=|0 0 By 0 0 [,
0 0 0 Ay O 0 0 0 By O
I 0O 0 0 O A5_ I 0 0 0 O B5_
(B, 0 0 0 o0
0 Ey 0O 0 O
E=]10 0 Ey 0 0 |andC=]0 00 0 Cjs

0 0 0 Ey O

0O 0 0 0 E5
This state-space representation accounts for coupled infinite and finite dimensional

systems. The state z((,t) € X @ R", X is a real Hilbert space and R" is a real space,
where n accounts for the states associated with the lumped parameter system. The
input u(t) € U, the disturbance g(t) € G and the output y(¢) € Y, where U, G
and Y are real Hilbert spaces. The operator A € L(X;, X) generates semigroup T4
on X; B e L(U,X) and E € L(G,X) are operators associated with actuation and

disturbance; C' € L(X,Y) is linear output measurement operator.
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4.3.3 System Time Discretization

In the next subsection, we apply the Cayley-Tustin transformation on the above
coupled PDEs-ODEs system, which maps the system from a continuous time to a
discrete time space setting and preserves all energy properties of the system without
spatial model reduction. With the sampling time At, the discrete time version of the

system in Eq.4.19 takes the following form:

2(C, k) = Agx(C, k — 1) + Bau(k) + Eqag(k), 2(¢,0) = g (4.20)
y(k) = Cax (¢, k — 1) + Dau(k) + Fag(k)

where Ay, By, C4, Dy, E4; and Fy are discrete time operators, given by A; =
[0+ AJ[6 — A" = =T +26[6 — A]™Y, By = V20[6 — A]"'B, Cy = vV20C[§ — A],
Dy =C[6 —A"'B+ D, E; = V20[6 — A|7'E and F; = C[§ — A|"'E + F. The
parameter is § = 2/At.
Remark 1: It is known that for many explicit finite difference schemes for hyperbolic
PDEs in one space dimension, temporal and spatial discretization of the system leads
to the Courant-Friedrichs-Lewy stability condition, which is 2—5 > |v|. The advan-
tage of the implicit scheme of the Cayley-Tustin transformation given by Eq.4.20 is
that the transformation is unconditionally stable. In addition, the implicit scheme
preserves the distributed nature of the hyperbolic PDEs system without spatial ap-
proximation. Therefore, the Cayley-Tustin discretization needs the choice of § to
be selected adequately for both PDEs and ODEs in the solar boreal thermal system
described in Eq.4.19.

The discrete operators in Eq.4.20 can be obtained with the consideration of re-

solvent operator by replacing s with . The resolvent of the linear operator A of the
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overall solar boreal thermal system in Eq.4.19 is defined as below:
R(s,A) = [s] — A]™* (4.21)

and it can be obtained from Laplace transform applied on the continuous system
described in Eq.4.19. Since the subsystems in the overall solar boreal thermal system
in Eq.4.19 are decoupled and connected through boundaries, the resolvent of the

operator A in Eq.4.19 is expressed as below by applying Laplace transform:

(R0 0 0 0]
0 R, 0 0 0
R(s,A)=[sI—A'=| 0 0 Ry 0 0 (4.22)
0 0 0 R, 0
0 0 0 0 R |

where the resolvent operators Ry, Ry, R3, R4 and Ry are related to operators Ay, As,
A37 A4 and A5.

The resolvent of the operator A; in can be expressed as follows:

Ri1 Rio
Ri(s, Ar)(-) = [s] = Ay] (1) = () (4.23)
R21 Rao

where

¢
Ry = / (-)eo (+50d6 g o= Js (s+B1)do
0

B /C n S
Ry = Nedo (s4B0)d¢ g o= [5 (s+51)dd
12 s 52 ) ( ) n
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1

Ry =
s

The resolvent of the operator A; can be expressed as follows:

Riy Ri2 Rz Ry
Ry1 Ry Rz Ro
Ry(s, Ag)(-) = [s] — Ao]7'(-) = () (4.24)
R31 Ry Rsz Ra

Ry Ry Ryz Ry

€% cosh(b¢
e*cosh(b

¢
= [ coshbc  m) + et Dsinh(b(C ~ )} ()

0
e%cosh(b() + ce® sinh( b(
etcosh(b) + cetsinh(b

_ / * B3 o) in(b(C — ) (Ve
o b

B—b‘leacsinh(bg)
etcosh(b) + cetsinh

Ry =

al o; h(b 1
i ZZasj:lT;l(l(?)o /0 [ea(l_n)cosh(b(l —n)) + cea(l_”)sinh(b(l —n))](-)dn

)
)

Ris — / B3 o) gimh(b(1 — ) (-

1
Ro1 = o) /0 (2= cosh(b(1 — 1)) + ce® D sinh(b(1 —1)))(-)dn

¢
_ / %ea« M sinh(b(C — n))(-)dn

0
“Csmh (bC)
e“cosh(b) + ce?sinh(b

Ras = / B3 -0 gimh(b(1 — n)) ()

¢
+ / €D cosh(b(C — 1)) — S sink(b(C —n))()dn
0

e%cosh(bC) + ce® sinh( b(
etcosh(b) + cetsinh(b

¢
- / %e““‘“smhw(c — ))BaBus ()~ (i
0 s

e cosh(bC) + ce®sinh(b¢) (! a(1—n) i) 0
evcosh(b) + ce?sinh(b) /0 [P cosh(b(1 —n)) + ce® " sinh(b(1 — 77))]533174(77)?6177

Ri3 =

/ 63 ea(1= 77)smh( (1—m))B1By3(n )1( -)dn

Ry =
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¢
- /0 €*Ceosh(b(¢ ~ ) + e sinh(b(¢ — m)BsBualn) - (Vn

54 e sinh(b¢)
e“cosh(b) + ce?sinh(b

¢
+ [ e eoshb(c =) = cetSDsinh (¢ — 1)) Ba(n) SV

Bs L6 sinh(b()
eacosh(b) + cesinh

¢
- [ R sinh (¢~ m)BaBatn) ()

Ro3 =

/ B3 a1- “Msinh(b(1 — n))BaBys(n )1()d77

Ros =

1
75 | 17 cosh(b(1 =) + e sinh((1 = 1)) Bua(n) SV

b
R33 = %(')
Ry = é(')

with a = B b= G0 2 4 (8, 4 f)s and ¢ = 2ot

The resolvent of the operator As in can be expressed as follows:

Ry R
Rs(s, A3)() = [s] — As](-) = () (4.25)
Ro1 R

where

¢
R11 = / ()ef(;’](5+ﬁ5)d¢dne_ fOC(S+ﬂ5)d¢
0

¢
R12 f— ﬁ5 / (.)ef()n(5+ﬁ5)d¢dn€7 f04(8+ﬁ5)d¢

s+ Be
Ry =0
1
Roo =
22 S+/86
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The resolvent of the operator A4 in can be expressed as follows:

Ry(s, Ag)() = [s — Ag] () = () (4.26)

where

Rs(s, As)(-) = [s] — As] (") = () (4.27)

where

4.4 Model Predictive Control for Linear System

The formulation of the model predictive control is developed for the unstable discrete
coupled PDE-ODE inspired by district heating loop system accounting for input
disturbance rejection and constraints. The constrained optimal controller design for
coupled finite-dimensional and infinite-dimensional system is based on the similar
formulation emerging from the finite-dimensional system theory. In addition, since

the MPC is using the system state z((,t), one needs to design observer in order to
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reconstruct the state. Therefore, the Luenberger boundary applied output observer

is considered in this section to reconstruct the state of plant system.

4.4.1 Input Disturbance Rejection

The continuous district heating loop system described in Eq.4.15 is a coupled hyper-
bolic PDE-ODE system. Let us rewrite Eq.4.15 as below:

dﬁ’:;ft) = —PoTo(t) + Y[tz (t) + %fgm(t)] (4.28)
32108(57 t) _ _821%(5, t) — Byio(Q)y7[ur(t) + %;Z-gm(t)] — siig(t)

ng,(t) = Zlo(l, t) + Bblo(l)fg(t)

The input 4g(t) in district system is thermal energy disturbance from houses and we
consider it as ug(t) = 0 in this work.

The variables in the district heating loop system become X5((,t) =

T — B9 0
[ jQ(t) ZlO(Ca t) ’ U5(t) = ﬁ'7(t)v G5(t) = :Z'Qin(t)a Y},(t) = gB(t)v A5 = 6

d
0 =%
Bs = n and Cs = [ Byio(l) Cyp |- By defining the parameter g, = %
—Bpio77

and the input with disturbance Us(t) = Us(t) + 8,G5(t), the representation of the

district heating loop system is in the following form:

X5(¢,t) = AsX5(¢,t) + BsUs(t) (4.29)
Y5(t) = Cs X5(C, t)

The discrete version of the above coupled hyperbolic PDE-ODE system is obtained

127



by applying Cayley-Tustin discretization as follows:

X5(C, k) = A X5(¢, k — 1) + BasUs (k) (4.30)
Y5(k) = Cys X5(C, k — 1) + DgsUs (k)

The model predictive controller design in the following section will be applied on the
above discrete coupled hyperbolic PDE-ODE system with the consideration of input

disturbance rejection.

4.4.2 Model Predictive Control for Unstable Coupled PDE-
ODE System

For model predictive control, the regulator is based on the minimization of the fol-

lowing open-loop objective function at sampling time k [2]:

min S <Gk +lk), Qu(C.k + jlk) > + < a(k + j + 1|k), Ru(k + j + 1|k) > |
u =0
s.t. x(C, k4 jlk) = Aax(C, k + j — 1|k) + Baa(k + j|k) (4.31)

ﬂmin S ?j(k—Fj’]f) S ﬂmax

xmin < $(C,k+]|k) < Lmor

where () is positive semidefinite penalty spatial operator and R is positive definite
penalty spatial operator, z(k + j|k) and @(k + j + 1|k) represent the state variable
and input variable with disturbance at future time k£ + j predicted at current time k.

The infinite horizon open-loop objective function in Eq.4.31 can be expressed as

the finite horizon open-loop objective function with @(k+N+1|k) = 0 in the following
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form:

N—-1
min J = [ < (¢ k+jlk),Qu(¢ k+jlk) >+ < a(k+j+1|k), Ru(k + j + 1]k) > |
u =0
+ < z(¢,k+ N|k),Qz(¢, k + N|k) > (4.32)
s.t. (¢, k+ jlk) = Agx((, k + j — 1|k) + Bau(k + j|k)

ﬂmin S ﬂ(k’—f—jw{?) S gmee

xmin S x((,k+j|k:) S meT

where the state penalty term @ is defined as the infinite sum Q = > ;o A5QA}. The
calculation of terminal state penalty term  for unstable system is presented in [2].

Since the input variable contains disturbance term g¢(k) in the form of u(k) =
u(k)+Bug(k), the finite horizon open-loop objective function in Eq.4.32 can be rewrit-

ten as follows:

P

min J=> [ <z k+jlk),Qu(C k+ jlk) > (4.33)

~—~ o

+ < Eu kg +10k) + Bug(k + j + k)], Rlu(k + j + 1) + Bug(k + j + 1|k)] > |
+ < z(C, k4 N|k), Qz(¢, k + N|k) >

s.t. (¢, k + jlk) = Agz(C, k + 5 — 1]k) + Balu(k + j|k) 4 Bug(k + j|k)]
a™" = Bug(k + jlk) < u(k+ jlk) < @™ — Bug(k + j[k)

xmin S x(C,k+j|k) S maT

Since the hyperbolic PDE system is stable, if the ODE system is stable, the
coupled PDE-ODE system is a stable one. Otherwise, the unstable ODE system leads
the coupled PDE-ODE system to be an unstable one. To deal with this instability of
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coupled PDE-ODE system, the finite horizon open-loop objective function described
in Eq.4.33 is subject to the following equality constraint on the unstable state z*(k)

at time k + N:

A 2"(k+ NJk) =0 (4.34)

where A} denotes the discrete unstable operator associated with unstable subspace.

By denoting the vectors of state X, input U and disturbance G as follows:

X:[a:(g,k—i—l]k) z(C, k+2lk) - x(C,kJrNVf)r
U:[u(k;+1|k) u(k +2lk) --- U(k‘+N|k‘)]T
G=[ g1k glht2lt) o glb+ N |

the objective function presented in Eq.4.33 results in the following program by straight-

forward algebraic manipulation:

J=U"<I,H>U+2U"[ < I, Pz(( klk) >+ < I,RB.,G > |

mUin
+ < 2(C kk), Qu(C k|k) > + < B.G, RB.G > (4.35)
I gmes _ 6,G ]
—I —Umn 4+ 3,G
s.t. S |U< | Xmer —Tu(C klk) — SB.G
-9 —Xmin 4+ Ta(C, klk) + SB.G
S I —Tx*(k|k) — SB.G
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where

B;QBd + R B§AZ}QBd o BéAzN_lQBd
H— B;QAdBd B:;QBd +R .- B;Aszzc—)Bd
BiQAY'B, BiQAN-?B, ... BiQBs+R
BiQA, By 0 B N
BiQA; AqB By, - 0 r
P - dC? d ’ S - d‘ ‘ .d 9 T - ,d 9
B;QAQV Ailv_le AéV_QBd .- By Aév
S=| AY-'By ARy .. BH’ TZ[A?(;N}.

The inner products < I, H >, < I, Px((,k|k) > and < I, R3,G > in Eq.4.35 are
real numbers, thus the optimization problem described in Eq.4.35 is a standard finite
dimensional quadratic optimization problem. If feasible, then system stabilization is

guaranteed and constraints and optimality are satisfied.

4.4.3 Luenberger Observer Design

In order to reconstruct the state and utilize in MPC controller design, we consider
observer design. In particular, the coupled hyperbolic PDE-ODE system described

in the following form is considered:

(¢, t) = Ax((,t) + Bu(t), x(¢,0) = xg (4.36)
y(t) = Ca(C, 1)
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A, O
where the operators A = and C = [ c, C, ] with C,, = Cj. The input
0 A,

variable contains disturbance term, u(k) = u(k) + Bug(k).

The Luenberger state observer is presented by the following equations:

2(C,t) = AZ((,t) + Bu(t) + Lo[y(t) — 9(1)],  #(C.0) =2  (4.37)
j(t) = C(C, 1)

L,
where the gain L, = " |. The state estimation error €(¢,t) = z(¢,t) — 2(¢, t)

L02
satisfies the following equation:

E(Ca t) = [A - LOC]E(Q t) (438)

The design problem of the above state observer is to compute the observer gain L,
such that the state estimation error system described in Eq.4.38 is a stable one. The
solution of the observer gain L, in Eq.4.37 can be obtained by solving the following

Lyapunov equation:
< Az, Qor > + < ,Q,Ax >= — < Cz,N,Cx > € D(A) (4.39)

where A= A—L,C,C=1,Q,is nonnegative self-adjoint operator and N, is positive

definite operator. The following theorem describes a general approach finding the

observer gain L, in Eq.4.37 [89].

A, O )
Lo a])s

0 A,

exponentially detectable. If there exist the nonnegative self-adjoint operators ¢); and

Theorem 1: Under the assumption that the pair (
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(> that solve the following constrained operator Riccati equations:

Ao + Q1 A, = 2Q1C5C,Q1 + N1y =0 (4.40)
ApQ2 + QoA — 2Q2C,CpQ2 + Noz = 0
—201C,CpQo+ Ni2 =0

where Np; is positive matrix and Ny is positive definite operator, and Ni, satisfies

Niw Nig | . . .
Nig = 20Q1C;C,Q2 such that N, = is positive definite. Then, L, =
Niy Nao
L, C
= @ is the observer gain.
Lo2 Q2C;

Remark 2: The Luenberger observer gain designed for continuous coupled PDE-
ODE system is related to the corresponding discrete system, see [21]. The unique
solution @), to the continuous Lyapunov equation in Eq.4.39 is also the solution to

the discrete Lyapunov equation in the following form:
<2, [AQoAy — Qolx >= — < 2, [C5N,Cylr >  x € D(AY) (4.41)

where Ad =A; — L;C,; and éd = \/%6[5 — /Nld]_l.

4.5 Simulation Results

In this section, we demonstrate the implementation of the model predictive control to
stabilize the subsystem at steady state and reject input disturbance, see Fig.4.4. The
optimal controller is designed to satisfy input constraint and achieve the requirement

of minimizing energy cost to improve the efficiency of the system. The output observer
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is considered in the controller design to observer the real physical plant system.

> Output
Plant P >
Disturbance Input
—_—
Required
Output Manipulation
—T— Observer MPC
Input ]

Fig. 4.4: Scheme of model predictive control for solar thermal system with borehole
seasonal storage.

1.4

0 10 20 30 40
k

Fig. 4.5: Simulation of the solar radiation ;(¢) in 48 hours.

We consider a scenario when the system is operating during the heating season,
such that both solar power plant and geothermal system provide thermal energy to

the district heating loop system. However, the solar power plant undergoes distur-
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Fig. 4.6: Simulation of the solar thermal system profile given by the discrete system

in Eq.4.3. The parameters of the system are oy

0.4.

0.4 and v =

we consider the disturbance

]-7 51 = 037 62

monic disturbance, see Fig.4.5. In simulation of 2 days solar radiation, we consider

bance due to larger variations of the weather. According to the weather forecast, the
possible disturbance to the solar thermal system can be considered as periodic har-

day 1 as a sunny day and day 2 as a cloudy day. Similarly,

The input () is the periodic harmonic function.

from borehole thermal system as uniform disturbance with reasonable assumption.

These fluctuations cause a large burden on the rest of the energy system, therefore,

the control goal is to maintain the temperature of hot flow to the district heating

loop system at steady state and to reject two input disturbances described above.
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0.

Fig. 4.7: Simulation of the heat exchanger system given by the discrete system in

Eq.4.6. The parameters of the system are azF}

The input o(t)



In the overall system, the inputs U;(¢) and Us(t) are the solar and geothermal ra-
diations, which are transferred to district heating loop system as input disturbances.
We consider the flow rate in heat exchanger system and hot tank system operate at
steady state, which implies that the inputs Us(t) and Uy(t) are zero in this modelling.
For the control of district heating loop system, the input @7(¢) in Us(t) is the manip-
ulation obtained from the application of model predictive control and the input ug(t)

in Us(t) is the district radiation which is considered as zero here.

06+
2 0.4+ \%\\\
2024 \i\\%\\\\\\\\\i\\\\\\\\\\\\iii\\\\\\\\\\\\ 1
0 §§§§§§\\\\\\\\ 05
10 0 0
; ¢

Fig. 4.8: Simulation of the BTES system given by the discrete system in Eq.4.8. The
parameters of the system are a5 =1, 85 = 0.3, B = 0.5 and 3 = 0.2. The input is a
constant function us(t) = 1.

The disturbances in the solar thermal system G(t) and the BTES system G3(t)
are from the cold tank system and they are assumed as zero in this chapter. The
disturbances Gs(t) in the heat exchanger system, G4(t) in the hot tank system, and
G5(t) in the district heating loop system are transferred from the solar thermal system

and the BTES system due to solar and geothermal radiations. Therefore, the model

137



0.35

0.3+ 8

0.25

5 0.15} ]
0.1} ]

0.05

0 10 20 30 40
k

Fig. 4.9: Simulation of the hot tank system given by the discrete system in Eq.4.11.
The parameters of the system are §; = 0.8 and K; = 0.5. The inputs a4 (t) = us(t) =
0.

predictive controller for the district heating loop system is designed to reject input
disturbance G5(t) caused by solar and geothermal radiations.

The changes of solar radiation on warm sunny or cold cloudy days affect the
dynamics of the solar thermal system, see Fig.4.6. The energy can be quickly and
effectively retrieved from the heat exchanger and supplied to the houses without losing
too much energy to the environment, see Fig.4.7. When space heating is required,
energy from the STTS heats the district heating loop system. If there is insufficient
energy in the STTS to meet the anticipated heating requirement, heat is transferred
from the BTES into the STTS to meet the requirement. Fig.4.8 and Fig.4.9 show
simulation results of the BTES system and the hot tank system, separately. If the
stored water temperature is insufficient to meet the current heating load, natural

gas boilers raise the temperature of the district loop as required. Fig.4.10-Fig.4.12
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give the simulation of the model predictive control proposed in Eq.4.35 applied on the
district heating loop system described in Eq.4.15. In simulation, the initial conditions
of all states are zeros and d¢ = 0.01 and dt = 0.1.

The manipulation of natural gas fired boilers in the turn on and off modes leads
to the possibly instability of district heating looping system. From the simulation
result given in Fig.4.10, it can be seen that the model predictive control stabilizes
the unstable coupled PDE-ODE system presented in Eq.4.15. Solar and geothermal
radiations are transferred to the district heating loop system as input disturbance
through the hot tank system, see Fig.4.9. The model predictive controller proposed
in this chapter rejects this input disturbance with good performance.

Fig.4.11 shows the input manipulation obtained from MPC, which is the solution

10
to the constrained optimization problem with the parameters ) = , R =

0 1
0.001, and horizon N = 3. From Fig.4.11a, it can be seen that the input satisfies the

input constraints, which are upper and lower limitations of realistic manipulations
in the natural gas fired boilers system. In other words, this controller prevents the
excessiveness of inputs which may cause damage to equipment or shutdown of system.
Fig.4.11b gives the simulation result of input with disturbance and it shows that the
range of input constraints changes respect to the time.

Fig.4.12 gives simulate output of the solar boreal thermal system in 3 case studies.
In case study 1, Fig.4.12a shows the output of the district heating loop system without
the consideration of observer. The output profile indicates that the controller works

well to keep the district heating loop system operate at desired steady state.
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(a) State Zq(k)

(b) State i’lo(C, k)

Fig. 4.10: Simulation of the district heating loop system given by the discrete system
in Eq.4.15 under the implementation of model predictive control described in Eq.4.35.
The parameters of the system are 9 = —0.5, 77 = 2.5 and ayp = 1. The input
tg(t) = 0 and the input u;(¢) is calculated from the model predictive controller
design.
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Fig. 4.11: Simulation of the input profile with disturbance @ (k) and the input profile
u(k) in the district heating loop system given by the discrete system in Eq.4.15 under
the implementation of model predictive control described in Eq.4.35.
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(a) System output y(k)
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(¢) System output y(k) with noise and observer out-
put §(k)

Fig. 4.12: Comparison of the system output profile y(k) (solid line) and the ob-
server output profile §(k) (dashed line) in the district heating loop system given by
the discrete system in Eq.4.15 under the implementation of model predictive control
described in Eq.4.35 with the consideration of Luenberger observer in Eq.4.37.
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However, case study 1 suits the case that the states of the district heating loop
system are measurable. Due to the limitation of measurement in realistic system,
the output observer is designed to reconstruct the states of the district heating loop
system as case study 2, see Fig.4.4. Fig.4.12b gives the comparison of the system
output y(k) (solid line) and the observer output (k) (dashed line). In simulation, we
assume Nyj; = Noy = 1, by solving Riccati equation in Eq.4.40, we obtain Q; = 2.0328
and QQ2(¢) as a spatial function. Nijs = 0.4926 satisfies the condition that N, =

Nip Nig

Ni; Na
Ly =@Q1CF =1.2314and Ly, = @Q2C; = 0.2000. The profiles indicate that the output

is positive definite. According to Theorem 1, we have observer gain

observer has good performance, such that the model predictive controller designed in
this case study can be applied in realistic system with the output measurement.

In the realistic district heating loop system, the noise from the operation environ-
ment can also affect the control manipulation. Therefore, we give the simulation of
case study 3, such that a measurement noise is considered for the system output. In
Fig.4.12c¢, the output y(k) is simulated with measurement noise which is modelled as
white noise with zero mean and standard variance as ¢ = 0.05, and it can be seen
that the model predictive controller has good control performance to let the district
heating loop system operate at desired steady state.

From the above 3 case studies, it indicates that the implementation of the model
predictive control on the solar boreal thermal system can stabilize the district heating
loop system at steady state and reject input disturbance from solar and /or geothermal
system. The optimal controller is designed to satisfy the input constraints, which pre-
vents damage to equipment or shutdown of system. In addition, the output boundary
observer has good performance to reconstruct the states of the district heating loop

system such that MPC is applicable in real physical plant system. The constrained

143



optimal controller developed in this section minimizes the energy cost to improve the

efficiency of the system.

4.6 Conclusion

In this chapter, we provide a mathematical model of the solar thermal system with
borehole seasonal storage which is a coupled finite and infinite dimensional space set-
ting. The discrete system is obtained by applying the Cayley-Tustin time discretiza-
tion on coupled a PDEs-ODEs system modelled according to the energy balance. We
develop a model predictive controller design for the solar boreal thermal system which
takes into account the measurements of the input disturbances and the consideration
of the output observer. The control system regulates the natural gas energy into the
system in order to fulfil the demands of space heating in the district heating loop
system. The simulation results show that, the model predictive controller with an
output observer has good performance to stabilize the unstable coupled PDE-ODE
system and rejects input disturbances. This optimal control scheme with the con-
sideration of input constraints is developed to help the solar thermal system with

borehole seasonal storage to operate more efficiently.
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Chapter 5

Single-step Full State Feedback
Control Design for Nonlinear

Hyperbolic PDEs

5.1 Introduction

The most desirable feedback control design for finite dimensional nonlinear system is
based on the system’s feedback linearization and subsequent pole placement appli-
cation by the full state feedback control structure [90, 91, 92]. This exact feedback
linearization with pole placement is realized by the two-step procedure. The first step,
the implementation of nonlinear coordinate transformation to transform the original
nonlinear system to a linear and controllable one, and subsequent second step, the
employment of pole placement techniques with desired “target” closed-loop eigenval-
ues for the transformed linear system.

Although intuitive and straightforward, the two-step approach has drawbacks that
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the nonlinear coordinate transformation, which is based on very restrictive conditions,
is hardly met by any relevant physical system of higher order [90, 91]. Motivated by
Luenberger’s early ideas on a single-step design approach for pole placement, the de-
velopment of single-step controller design that achieves simultaneously the feedback
linearization and desired pole placement has been accomplished by Kazantzis and
Kravaris [93, 94]. In particular, the design method successfully solves the system
of singular first-order quasi-linear partial differential equations (PDEs) by applying
Lyapunov’s auxiliary theorem, and yields the nonlinear locally invertible coordinate
transformation that accompanies pole placement design.

Contrary to the abundance of results considering controller design methods for
nonlinear finite dimensional system, the controller synthesis for nonlinear distributed
parameter system (DPS) which is given in an infinite dimensional setting is rather
rare and difficult both in terms of design and/or implementation. Within the linear
infinite dimensional setting, the extensions of full state feedback, output feedback
regulation, optimal control, internal model control, and backstepping are successfully
realized [26, 27, 28, 29, 30, 31, 32, 33, 34]. However, only small number of nonlinear
finite dimensional control design methodologies were extended to nonlinear infinite
dimensional systems [35], and only some results of associated Lyapunov based meth-
ods have been explored in the infinite dimensional setting [36, 37]. Consequently, an
extension of finite dimensional design methods to DPS in infinite dimensional setting
is pursued as possible extension of finite dimensional controller design by intuitive
single-step method which achieves simultaneously state coordinate transformation
and pole placement.

In this chapter, we seek a novel extension of a single-step design method that

achieves simultaneous coordinate transformation and closed-loop desired target dy-
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namics assignment for the broad class of first-order nonlinear hyperbolic PDEs sys-
tems and second-order hyperbolic PDEs systems. Firstly, a scalar hyperbolic PDE
system which describes the dynamics of a tubular reactor is explored to develop
a solution of the associated system of first-order quasi-linear PDE. Specifically, we
consider the class of transport-reaction systems described by the first-order hyper-
bolic PDEs, which are physical relevant models of industrial exothermic plug-flow
reactors. In practice, reactor design and operation often involve a trade-off between
conflicting costs and in particular conversion and energy costs. For industrially im-
portant exothermic plug-flow reactors, the aim is to maximize reactant conversion,
while minimizing side products and compression power. In contrast to optimizing
a finite number of parameters, the optimal solution for conflicting conversion and
energy costs is derived from optimal heat exchanger temperature, which has been
accomplished by Smets, Dochain and Van Impe [95, 96]. The optimal solution with
respect to a defined cost function is the steady state of the temperature and reactant
concentration in an exothermic plug-flow reactor. However, the optimal temperature
and reactant concentration profiles of interest are unstable steady-states. Therefore,
we utilize the single-step full state feedback control design with a nonlinear coordinate
transformation that achieves desired stabilization of the closed-loop system dynamics.

In addition to the physically interesting and appealing exothermic plug-flow reac-
tors, we also consider the second example of the single-step full state feedback control
design realization in the case of second-order hyperbolic PDE system which describes
damped wave equation. The second-order hyperbolic PDE can be reduced to the
first-order hyperbolic PDEs by state transformation. Similarly, linear and quadratic
full state feedback control laws are proposed and utilized by single-step linearization

and simultaneous coordinate transformation to the target system. The appealing
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of single-step coordinate transformation is that all eigenvalues of the damped wave
equation are shifted from unstable complex plain to the stable one. In some sense,
this transformation mimics the ”backstepping” approach which assigns target PDE
behaviour through the transformation.

The chapter is organized as follows. In section 5.2, the extension of single-step
design for the class of first-order nonlinear hyperbolic PDEs system is introduced. In
section 5.3, we explore the solution of the associated system of first-order quasi-linear
PDE by using scalar hyperbolic PDE system. In section 5.4, we explore the single-
step full state feedback control by applying the design methodology to two systems

and we demonstrate the method through simulation studies.

5.2 Preliminaries

We extend the single-step controller design of feedback linearization with desired
stable target system assignment applied to a certain class of distributed parameter
systems. In particular, we are interested in the class of the transport-reaction system
described by the first-order nonlinear hyperbolic PDEs. We consider the general

system representation which is described by the following form:

G () = —0 50+ 16,0 + glalc. lult) (5.)

$(O,t) = o, ZL’(C,O) = :Z'O

where the state ((,t) € H", H is a real Hilbert space, ¢ € [0, L] and ¢ € [0, oo] denote
the spatial and time coordinates; the input u(t) € U; f[z((,t)], g[z((,t)] are nonlinear
spatial vector fields on R™; v is diagonal matrix. We assume that there is a well defined

spatial equilibrium state [x((), uss] such that —Uag—zs(C) + fless(Q)] 4+ g[zss(Q)]uss =0
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holds, which can be obtained as spatially uniform steady state z, in the case of the
scalar conservative law or as a set of spatially nonuniform steady state profiles for the
system of first-order hyperbolic PDEs.

To apply the extension of the full state feedback linearization design from the
finite dimensional state space geometric control theory to the hyperbolic PDE class of
distributed parameter setting, we seek a nonlinear coordinate transformation z((,t) =
wlz((, t)] defined in the neighborhood of the steady state x4 and application of static
state feedback control law u(t) = —Kz((,t), with Kw[z((,t)] being defined on input
space U. By applying the nonlinear coordinate transformation through the static full
state feedback control law, the closed-loop system admits the behaviour of “target”
stable distributed parameter system, so that Eq.5.1 is transformed to the following

form:

0z

0z N 1o
E(Cat) = AZ(C>t> = _Ua_c(ga t) + O—Z(Cat)> Z(Ca O) =w To (52)

where A is a stable linear operator which contains features of the spatial operator
identical to the one given by Eq.5.1.

The extension of Luenberger’s single-step design is a combination of a simulta-
neous locally invertible nonlinear coordinate transformation z((,t) = w[z((,t)] by
means of a linear static state feedback u(t) = —Kz((,t) induces desired “target”

closed-loop dynamics. In other words,

S (G) = —0 G0+ a6 + glalC. lult) (59
MO B2y - 502+ oQ)2(CH

= 70—
2(¢t)=wl(¢,t)] Ot ¢
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in the core of the design procedure is to identify locally invertible nonlinear trans-
formation which achieves target behaviour of desired closed-loop system through the

application of Lyapunov Auxiliary theory.

5.3 Scalar Hyperbolic PDE System

A typical conservative system found in the process control is governed by the following

scalar hyperbolic equation:

0 0
a—f + ua—"z = ae® — Bz —u), z(0,t)=0 (5.4)
which represents common tubular reactor realization with simplified chemical ki-

netics. The above expression confirms the existence of spatially uniform nontrivial

steady-state. The form e” is for the temperature dependence result when the usual

E/T E/Ty eE(T—TO)/Tg

Arrhenuius form kge™ is approximated by kgpe™ through a Taylor
series expansion of E /T about a reference temperature T [97], and the scaling leads
the state to be bounded as ||z((,t)|| < 1.

The design method implies to propose a nonlinear transformation
2wy, wa, -y x) = S wi(Q)at(¢,t) = WX (matrices W = [w; wy ---] and
X =[x 22 ---]7), such that the transformed target system admits stable desired

dynamics given by the following form:

0z(w;, ) _0z(wj, x)
= — 5.5
ot UTh¢ (5:5)
where i = 1,2,---. Then, one can obtain an associated system of first-order quasi-
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linear PDE with full state feedback u = —Kz(w;, x) given as below:

P02 1 e i — i, @) = o220

5 [ o (5.6)

Remark 1: Under the reasonable assumption that the control input does not
change the velocity term associated with the spatial derivative, we have v = v in
the scalar case. Although, the velocity term v can be a spatial function v(¢), in this
analysis, we consider that velocity term v is a constant.

We now present the so-called Lyapunov’s Auxiliary Theorem that can be employed
to guarantee the existence and uniqueness of solution to the first-order quasi-linear

PDE in Eq.5.6.

5.3.1 Lyapunov’s Auxiliary Theorem for Scalar System

Consider the following system of first-order quasi-linear partial differential equation,

see [98]:

P (2, w) = (a, w) (5.7)
w(0) =0
with
¢(0,0) =0
¥(0,0) =0
s
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where w € R is the unknown solution of Eq.5.7 and ¢(z,w) : R x R — R, ¥(z,w) :
R x R — R are analytic functions. The above system of first-order quasi-linear PDE
admits a unique analytic solution w(z) in a neighborhood of z° = 0 with az(;_io) = 0.
Theorem 1: The system of first-order quasi-linear singular PDE of the form in
Eq.5.6 with initial condition z(z = 0) = 0 admits a unique locally invertible analytic

solution z = S(x) in a neighborhood of the equilibrium point z° = 0.

Proof: With the assumptions that ae® — Bz = f(z) = 2 2@, L& @ a2y 4

1 oz 21 9a?
%%ﬁ%N +--=Fr+ f(x) and z(w;,x) = wix + 2 = wix + W X, here, we denote
matrices W = [wo w3 ---Jand X = [22 2® -.-]7, so the first-order quasi-linear

PDE in Eq.5.6 becomes:

s + a[gx ]][—UZ—Z 4 Fr+ f(z) — BK (wnz + WX)] (5.8)
B or ow1(Q) 8[WX]8_$ oW X] @
——lea—c—v o T — v 3C_U< oW o

From the Eq.5.8, w;(¢) has to satisfy the following equation:

w1 (€)
¢

w F — w fKw, = —v (5.9)

and the unknown function z = WX in the following first-order system of quasi-linear

PDE:

Go(r,2) = ¥(z,2) (5.10)
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where

¢(x,2) = (F — BEW)z + f(x) — BKZ

Y(a,2) = —v < L8 O > W f(z) + WPKZ

Note that:
$(0,0) =0
¥(0,0) =0
a(0,0)

Theorem 1 guarantees the existence and uniqueness of an analytic solution Z of
the system with 8'2—560) = 0. Given an initial condition w;(¢ = 0) # 0, the ordinary
differential equation Eq.5.9 has a unique solution [98]. We may conclude that the
associated first-order system of quasi-linear PDE in Eq.5.6 admits a unique analytic

solution in a neighborhood 2° = 0.

5.3.2 Analytical Solution of Quasi-linear PDE

The proof of existence and uniqueness of solution to the first-order quasi-linear PDE
can also be obtained by finding analytical solution of Eq.5.6, and is demonstrated
below.

Let us rewrite Eq.5.6 in the following form:

IWX], oz 0w X]
o [—v—+ JX — BEWX]| = —v o

3 (5.11)
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of*(x) . ]
! Ox2 :

| =

here, J = [%af (z) By straightforward algebraic manipulation, one

or

N

can obtain:

OWX]9x  AWX] _OWX)or _OIWX] oW

—— JX — BKWX — —
Ur ac T ap X T OEWX] = e TS Yo ae
(5.12)
After cancelling the term —v%g—fg on both hand sides, we have:
~ oW X] ow
W, X JX — BKWX]| = — — 5.13

here, X =[1 2z 3z2° --- NzN' ...T.
The solution of Eq.5.12 becomes a set of equations in the following summation
form:

w2 = BKw} — D, (5.14)

T 2
v% = [30Kw; — 2_6250)]7“2 — ;881;(2 )wl

_3wN N 1 ONtITif(a)
v =K Z =1 WWN1-; — Zi:l Zwi(]\u_l_i)! Dz N+1—1

The ordinary differential equation of w;(() yields the following Bernoulli equation:

dun

¢ = POwit+a(Qur (5.15)
here p(¢) = iagx and ¢q(¢) = lﬁK. The function w;(¢) is a solution of the
Bernoulli equation in Eq.5.15 if the function y(¢) = W is solution of the linear
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differential equation as below:

dy _

T —p(Q)y — q(¢) (5.16)

Given the constants (y € [0,1] and yg € R, the above linear differential equation is
the initial value problem with y({y) = yo and has the unique solution y(¢) on the
domain [0, 1].

The ordinary differential equations of ws((), w3(¢), -+ ,wy((), -+ yield the well-
posed initial value problem. Let us take ws(() as an example which yields the following

equation:

dUJQ

ra a(Q)wz + b(C) (5.17)

here a(¢) = 2[36Kw; — 2‘9](;—5”)] and b(¢) = —%azj;(f) wy. wi(C) is the known function

obtained from Eq.5.15. Given the continuous functions a(¢) and b(¢), and constants

(o € ]0,1] and yo € R, the initial value problem yielded as below:

j—g = a(Qy +b(0), 9(G) = w0 (5.18)

has the unique solution y(¢) on the domain [0, 1], given by the following expression:

¢
y(¢) = e [Yo +/§ eiA(s)b(s)ds] (5.19)

where the function A(¢) = | Cf) a(s)ds is a particular primitive of function a(().
Since w9 (() in Eq.5.17 has unique solution, the subsequent

w3(C), w4(C), - ,wy(C),- - are recursive functions and also have unique solutions.
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Next, we show that the sum Y ;o w;({)z*({,t) converges to an analytic function.
Theorem 2: The solution of initial value problem obtained in Eq.5.18 is bounded.
Proof: ||A(Q)|| = cho s)ds|| < f( l|a(s)||ds < A, T for all ¢ € [0,1], where

A, = max||A(Q)|| for all ¢ € [0,1] and T = 1 — 0 = 1. One can obtain ¢4 <

MOl < A for all ¢ € [0,1]. Then, || [5 e ACb(s)ds|| <[5 [|le=A@)][||b(s)||ds <

e B, for all ¢ € [0,1], where B,, = max||b(¢)||. Finally, ||y(Q)|| = [|e*®[yo +

S5 A n(s)dslll < 1A Olllyort [ e Ab(s)ds] < et (yortetn B, or all ¢ € [0,1].
Theorem 2 guarantees that wi((), ws(C), - ,wn((),- -+ are bounded solutions.

We assume that in domain ¢ € [0,1], wy = maz||w;(¢)|| for ¢« = 1,2,---. Then,

one can obtain || Y50 w;(Q)z (¢, 1)|| < wa|| Do, 2 (¢, t)]] for all ¢ € [0,1]. Since

|z(¢,t)]] <1, the sum Y2, w;(¢)x*(¢, ) converges to an analytic function.

In the next design realization, we consider the stable target system given in Eq.5.5

with a design parameter ¢ in the following form:

—8'2(;0;’96) = _@_@z(zaué,x) + oz(w;, ) (5.20)

The analytical solution of w;(¢) in Eq.5.15 is expressed as below with design param-

eter o:

o 2lo—20=)(c-1)

wi(C) = G (5.21)
[%ei[a 6= 4 ]

The simulation of w;({) obtained above is given in Fig.5.1. Fig.5.1 also shows the

simulation of analytical solutions of ws(¢), w3(¢) and wy(¢) with design parameter o.

3f(
ox

We also consider the case when o = , and the analytical solution of wy(¢) in
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Eq.5.15 is expressed as below:

(5.22)

S
s
—~~
~
SN—

Il
—
sy

wi(l) Tk(C - 1)

Similarly, the numerical simulation of analytical solutions of w;(¢), w2(¢), ws(¢) and

wy4(¢) are given in Fig.5.2.

0.01
—wi
I T w2
0.008 —-
--w4 g
<
o5 0.006 i
o i
T ;
= 0.004 i
= i
i
0.002 i
ih
.*':::';:'
0 - . R
0 0.2 0.4 0.6 0.8 1

¢
Fig. 5.1: Transform operator w; in Eq.5.14 with 0 = —1, for i = 1,2, 3,4.

5.4 Problem Formulation for the Class of Distributed
Parameter Systems

Motivated by the design procedure described above, we extend the single-step coordi-
nate transformation and stabilization of scalar hyperbolic PDE to the class of system

of hyperbolic PDEs; see Eq.5.1. For the class of system of hyperbolic PDEs, we apply
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Fig. 5.2: Transform operator w; in Eq.5.14 with o = a];f), fori=1,2,3,4.

the single-step state feedback control design procedure described in the above section.
In particular, one may seek for the simplest spatial linear coordinate transformation

given by:

2l (6, )] = W(Q)z(¢, 1) (5.23)

where W(() is a spatial matrix. Eq.5.1 becomes the following expression with coor-

dinate transformation:

0 ox ~

E [W(C)z] ~Uac +o(Q)x + f(z) + (O (=KW (()x) (5.24)
0

=y W (Q)z] + o(C) [W(()z]
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which yields linear term in x((,t). So that the following equation is obtained:

(—Wov+ UW)g_Z + U%—VCV:E + Wox — oWz — WbH(()KWzx =0 (5.25)

Remark 2: The velocity term in the target system yields © = WoW ! under
the reasonable assumption that the control input does not change the velocity term
associated with the spatial derivative.

The above equation becomes the equation in W (¢). The solution to the following

equation provides the spatial transformation function W (():

v%—‘? +Wo(C) — a(OW — WH(O)KW =0, W(0)#0 (5.26)

For higher order approximation of the nonlinear coordinate transformation:

2(2(C, 1) = W(Q)x (¢, t) + P(O)z*(¢, t) (5.27)

we account for the approximation of the nonlinear vector field given by the term
r _ 9f(®)
flx) =257

ear transformation is required to be done to enlarge the region of stabilizing nonlinear

+..2%. In other words, the expansion of higher order terms of the nonlin-

coordinate transformation and control law.

5.4.1 First-Order Hyperbolic PDEs

Let us consider the case of nonlinear exothermic plug-flow reactor which takes the
following hyperbolic PDEs form [99]:
or o AH _E 4h

B VA e R T = (T =T (5.28)
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with initial conditions and boundary conditions:

t=0, T(0) =T, C(0)=C,
C - 0, T(O,t) — To, C(O,t) — CO

where ¢ € [0, L] and t € [0, 00|, the temperature in the reactor 7'((, t) and the reactant
concentration C'((,t) are state variables, and the heat exchanger temperature T,,((, t)
is input variable.

After some basic manipulation and transformation of the system, the above set of

equations is transformed to dimensionless form by defining state and input variables

as 1y = L=tin gy = Yin=C gnd o = Lo=Tin and process parameters as o = kge &/ i
Tin Cin Tin )
__ _4h _ AH Cin _ _FE N ..
= 2h § = _AHCin = = nditions and boundar
p PCyd? oy T and v = z7—. We assume initial co y

conditions as Ty, = 340(K), C;, = 0.02(mol - L™1), Ty = 340(K) and Cy = 0.02(mol -

L7, so that the system becomes:

61’1 E)xl

B = Ve o0l = m)e™ T — G+ Bu (5.29)
3x2 8$2

_ 1 — vy /1421
2t v_(?C + af T)e

with initial conditions and boundary conditions:

xl(C? 0) = 07 fﬂg(C, 0) =0
21(0,) =0, 22(0,2) =0
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where process parameters are v = 0.1(m - s7'), @ = 0.0581, 8 = 0.2, § = 0.25,
v = 16.6607.
In steady state, the above partial deferential equations of the system reduce to

ordinary differential equations:

d ss

ZIC = OZ(S(]. — x285)67I153/1+$1ss - Bxlss + 6“887 ‘TlSS(O) =0 <530)
d s

flz = Oé(]. — xQSs)evxus/l—Hﬂus, IQSS(O) =0

The optimal control of the system at steady state is to find control w*(¢) which causes
the system to follow an admissible trajectory z*(¢) while minimizing performance

criterion:

min = ()] + [ gl (©)C (531

Here, we consider a cost criterion of the following type:

min - J = (1 - A)(1—2y(L)) + %/0 23(¢)d¢ (5.32)

where A is the trade-off coefficient between terminal and integral costs, and K is a
user-defined weighting factor to bring the two costs in the same order of magnitude.
The terminal cost part is a measure for the process efficiency, while the integral cost

part accounts for the total heat loss.
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Fig. 5.3: Optimal profiles of maximum-minimum profile (dashed line) vs. maximum-
singular-minimum profile (solid line) with A = 0.7 and K = 250,000 in Eq.5.32.
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According to the Minimum Principle of Pontryagin, the optimal heat exchanger
profile u*(¢) can be maximum-minimum profile or maximum-singular-minimum pro-
file, which is shown in Fig.5.3a. The temperature in the reactor and the reac-
tant concentration profiles with respect to the optimal heat exchanger profiles of
maximum-minimum profile as well as maximum-singular-minimum profile are illus-
trated in Fig.5.3b and Fig.5.3c.

This optimal steady state of interest obtained above is an unstable steady state.
To make the system operate at the optimal steady state of interest, we apply single-
step full state feedback control design to stabilize the system at the optimal steady

state of interest. The second-order Taylor expansion of Eq.5.29 is given as follows:

88}5 _ ;F n Jll(C) JlQ(C) %.1 (533)
% aig? Jo1 (C) J22(C) x2
L Ho (O + Haa(Q)irEs + § Has ()3 0

where T =z — vy, and 4 = U — Ug,.
The controller synthesis goal is to apply the state feedback control law o =

—Kz[Z(¢, t)] and nonlinear transformation z[z((, )] = W(C)Z(¢, t) + P(()Z2(¢, t) si-

|

multaneously, which yields the following expression:

u=—-K=z (5.34)
w11 (C)Z1 + w12(0)Z2 + Pii(Q)a7 + Pia(¢) %122 + Pis(C)T

P
2
wa1 (C)@1 + waz(Q) T2 + Par(C)T + Paa(Q)T1d2 + Po3()@3
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With control, we achieve desired closed-loop target dynamics as below:

%itl _ %—? n 011(@ 012(0 21

; : (5.35)
ﬁ aiCQ 0'21(<) UQZ(C) <2

where ¥ = WoW ! is identity matrix when v is identity matrix. In the simulation
studies, we choose K = [8 4.5] and 0 = [—0.25 — 0.1;0.075 — 0.45].

The linear control law synthesis considers only the first-order Taylor expansion of
the system dynamics and is obtained by determining the numerical solution of the
transformation w(¢). In particular, with © = v, the function w({) is obtained by

calculating the following differential equation:

dw(¢)
d¢

]|

= ow(() = w(C)J +w(()BKw(C) (5.36)

with initial condition w(1) being design parameter. The function w;;(¢), fori,j = 1,2

in Eq.5.36 is obtained by calculating the following differential equations:

vdw;ll((o = (o1 — Ju)wn — Jawiz + orowa + BEKwiy + SKywiiws (5.37)
wa;lz(C) = (011 — Jo)wiy — Jipwiy + 010wy + BK wwia + BKowiwey
vdwfilg(o = (022 — Ji)wn — Jawas + omwn + BK1wnwa + BKawy,
vdwjlz(o = (092 — Jaz)way — Jigway + 091w + BE w1 wre + BEywawa:

In the simulation studies, we choose w(1) = [0.08 0.03;0.005 0.01], which leads to
the following expression of w((), see Fig.5.4. In particular, for the initial conditions

given as x; = %14 + 0.05¢¢ and x5 = 9, — 0.1¢¢, the linear controller is able to
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stabilize the state around spatially uniform unstable steady state, see Fig.5.5.
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0 0.2 0.4 0.6 0.8 1
¢

Fig. 5.4: Linear transform operator w;;(¢)(¢,j = 1,2) in Eq.5.36 for first-order hyper-
bolic PDEs described in Eq.5.29.

The quadratic control synthesis, which contains the second-order terms of the
system, is obtained by determining the numerical solution of the transformation w(()
and P(¢). In particular, the function w(({) takes the form in the Eq.5.36 and the
function P(() is obtained with initial condition P(1). The function P;(¢), for i =

1,2;5 = 1,2,3 is obtained by calculating the following differential equations:
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Fig. 5.5: State profiles of linear single-step full state feedback control apply on first-
order hyperbolic PDEs described in Eq.5.29 with transform operator w;;(¢) (4,5 = 1, 2)
in Eq.5.36.
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UdPn(C)

1
=011 P11+ 012P — (§H11 — BK Py — BK3Poy)wyy (5.38)

d¢
1
—Q(Jn - ﬁKle - 5K2w21)P11 - §H21w12 — Jo1Prio
dP;
v ;ZC(O = 011 P12 + 012 Po2 + I'izwawan

—(H12 - 5K1P12 - BKQPQQ)MH - 2(J12 - ﬁKlwm - ﬂKﬂUQQ)Pn
—(Jn - 5K1w11 - 5K2w21)P12 — Hopwyg — JooPro — 2n]211D13

vdpzlz(o =011 P13+ 0123 — (%Hl?) — BK Pz — 5K2P23)w11
—(J12 - 5K1w12 - 5K2w22)P12 - %H23w12 — 2J9Pi3
vdpfllc(o = 091 P11 + 002 Py — (%HH — BK1 Py — BK3Por)way
—2(J11 — fEK wyy — BKoway ) Pay — %H21w22 — Jo1 P
Udpflz(o = 091 P12 + 022 Pag + Tazwaiwor

—(H12 - 5K1P12 - 5K2P22)w21 - 2(J12 - 5K1w12 - 5K2w22)P21
—(Jn - 5K1w11 - BK21U21)P22 — Hooway — Jag Pog — 2.J91 Pog

dP. 1
v Z:Z.(g) _ 0.21P13 + 0-22P23 —_ (§H13 — ﬁK1P13 — ,8K2P23)U)21

1
—(J12 - 5K1w12 - BKQWQQ)PQQ - §H237~U22 — 2J29 P53

In the simulation studies, we choose P(1) = [0.01;0.01; 0.02; 0.03; 0.01; 0.02], which

leads to the following expression of P((), see Fig.5.6. The local quadratic nature of

the control law that stabilizes nonlinear plant is recognized in the case of initial

conditions from which the reactor exit undergoes large excursion from the nominal

operating point. For the same initial conditions in linear control simulation studies
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T, = T1ss + 0.05¢¢ and xy = 9s, — 0.1¢¢, the quadratic controller is also able to

stabilize the state around spatially uniform unstable steady state, see Fig.5.7.

2.5

1.5}

1,2,3)

=1,2jj

0.5}

()

-0.5
0

Fig. 5.6: Nonlinear transform operator P;;(()(i = 1,2;j = 1,2,3) in Eq.5.34 for
first-order hyperbolic PDEs described in Eq.5.29.

As demonstrated clearly in Fig.5.5 and Fig.5.7, the first-order hyperbolic PDEs
can be stabilized around desired steady state by applying single-step controller of
linear control or quadratic control. However, by comparing the norms of the state
||z({,t)|| with the application of linear control law and quadratic control law, see
Fig.5.8, it can be seen that the state norm with quadratic control is smaller than
the state norm with linear control. From the simulation results, it shows that the
performance of the quadratic control is better than that of the linear control. This
illustrates that the single-step controller design with second-order Taylor expansion
of the system’s dynamics has a good control performance to stabilize the first-order

nonlinear hyperbolic PDEs around desired steady state.
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Fig. 5.7: State profiles of nonlinear single-step full state feedback control apply on
first-order hyperbolic PDEs described in Eq.5.29 with transform operator P;;({)(i =
1,2;j = 1,2,3) in Eq.5.34.
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Fig. 5.8: State norms comparison of linear (dashed line) and nonlinear (solid line)
single-step full state feedback control apply on first-order hyperbolic PDEs described
in Eq.5.29.
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5.4.2 Second-Order Hyperbolic PDE

In this section, we consider the damped wave equation which takes the following form

given as second-order hyperbolic PDE:

GG =550 + S (5:39)
with initial condition and boundary condition:
56,0 = h0): FH(C0) = 61(0 (5.40)
6(0,8) = 0, g—?(l,t) 0

where ¢ € [0, L] and ¢ € [0, o0].
ctr/c2+4va;

Remark 3: The eigenvalues of the damped wave equation are \; = 5 ,

where a; = —(@W){i = 0,1,2,---. According to the eigenvalues, when ¢ > 0,
the system is unstable; when ¢ < 0, there is additional condition to determine the
stability of the system, and we will not go into details here. The physical model to
consider is motivated by the sucker-rod system which is described by the 1-D damped
wave equation with ¢ < 0 in the following form:

0%¢ 2070 99

GGt =v a—@(c,t) +eg (Gt) (5.41)

where v = /144Fg./p is the sound velocity in the rod material, ft/s; ¢ is the
damping coefficient; ¢((,t) is the displacement of the rod. The application of single-
step simultaneous transformation and full state feedback should ensure desired rate

convergence to the steady state.
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In the next controller realization, we consider an unstable damped wave equation

with a = 2 in the following form:

8% 8%

9¢
12 (Ca ) agg + a_

=72 (G 1) (€, 1) + Pult) (5.42)

with initial conditions and boundary conditions:

8(C,0) = 0(0), ff(c 0) = 1(0) (5.43)
¢(0,t) =0, g?(l t)=0

By defining the state variables as % (C t) = vy(¢,t) and 22 (C t) = vo((, t), the system
reduces to the system of first-order hyperbolic PDEs:

v 0 1 v a 0 v
. L I I R LT
ot |y, 1 0|9 | 00 || v 0
Devoting A = , it can be shown that the matrix A can be transformed as
1
follows: )
A=QAQ™ (5.45)
1 0 1 1 0.5 0.5
where A = . Q= and Q7! =
0 -1 1 -1 0.5 —0.5

Multiplying the Eq.5.44 on the left by Q~!, the system transfer to a diagonal
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decoupled system of first-order hyperbolic PDEs:

x 1 0 x 0.5a 0.5« x
L e L ! (5.46)
ot | o, 0 —1 19| 2, 050 0.5a T
0.5
p u(t
0.55

T T
where |: T1 To :| = Q_l [ V1 Vg :| .
In the single-step controller design, the desired stable closed-loop target dynamics

is in the following form:

0 | «1 U1 V12 0 | n 011 012 21 (5.47)

ot I I NP
z9 V21 V22 C z9 021 022 29

The function w(¢) of linear transformation z[x((,t)] = w({)x((,t) is obtained with
v = wow~ ! as the solution of the following differential equation:

0O O — su(c) — w(e)] + wlC)BK(C) (5.48)

Let us assume the simplest set of deign parameter given as diagonal matrix

o1 0 . . . ~ .
here. With linear transformation & = w~!z, the desired stable closed-

0 o2
loop target in Eq.5.47 becomes:

T 1 0 T T

o _ 52 . 71(¢) 72(¢) 1 (5.49)
t z 0 -1 ¢ T Y21(€)  722(Q) T

where 711(() = W22011W11 — W12022W21, 712(0 = W22011W12 — W12022W22, 721(() =
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—Wa1011W11 + Wi1022Wo; and 722(() = —W21011W12 + W11022W22.
Similarly, with linear transformation v = (, the above system is expressed in
the following form:

o [ & ) 01| 9| N p11(C)  p12(C) & (5.50)

ot Do 10 8_{’ Vg p21(¢)  p22(C) (B

where p11(¢) = 0.5(711 + Y21 + Y12 + Y22), p12(¢) = 0.5(711 + Y21 — Y12 — Y22), p21(C) =
0-5(711 — Y21 + V12 — 722) and 022<C) = 0-5(711 — Y21 — Y12 + 722)-

The corresponding second-order hyperbolic PDE of the desired stable closed-loop
target in Eq.5.47 is given as below:

P9, 9% 90
W(gv t) - a_Cg(ga t) + O‘E(C? t) (551)

where &(¢) = p11(¢) — %ﬂ(}g(o'

In linear control synthesis for second-order hyperbolic system, the function w;;(¢),

fori,7 = 1,2, in Eq.5.48 is obtained by calculating the following differential equations:

_ _ d d
V11 V12 w;{(() wz(o _ Y11 o (5 52)
L d d '
V21 V22 wzz(C) w;z(o Yo1 o
where v is in the following form:
W11Wao + W1oW
By = 11W22 12Wa1 (5‘53)
W11W22 — W12W21
_ —2wi W12
V12 =
W11W22 — W12W21
_ 2w W2
V21 =

W11W22 — W12W21
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—W21W12 — W11W22

Voo =
W11W22 — W12W21

and 1) takes the following form:

Y1 = Jnwi + Jawig — (51K1w%1 + Bo K jwiiwig + B1Kswawyy (5.54)
+B2Kowa1w12) — (01111 + J1211121)

P12 = Jipwiy + Jaswiz — (BiEK1wiswiy + Bo K wiy 4+ B1EKwaswyy
+B2Kowppwia) — (011w12 + 012Wa2)

Vo1 = Juwar + Jarwan — (BiKiwiiway + BeKiwiiwas + S1K w3,
+B2Kpwa1wz) — (0211011 + 022w21)

Yoz = JioWay + Japway — (B1EK wiowsr + BoK1wioway + B1Kwa0wsy

+B2Kw3,y) — (Go1w12 + 0a2twa9)

In linear control simulation studies, with 8 = 1.3, K = [15 10], 0 = [-3 0;0 — 3]
and w(l) = [0.5 0.4;0.1 0.2], the numerical result of w(¢) is shown in Fig.5.9.
Fig.5.10 gives the numerical result of @&(¢), which yields the condition |&(¢)| < |42 |
for i = 0,1,2,---. This condition leads to the eigenvalues A\; < 0 (i = 0,1,2,---),
which implies that the target system is a stable one, see Fig.5.10, showing that &(¢) is
negative in [0, 1]. From the result of simulation studies, it can be seen that the single-
step state feedback control shifts the eigenvalues of unstable system on the right hand
side of complex plain to the left hand side, see Fig.5.11. Here, the stable eigenvalues
obtained by single-step full state feedback control law in Fig.5.11 are simulated with
minimum &(¢). The state of second-order hyperbolic PDE system is stabilized around
steady state with the initial conditions given as 7, = w14 + €‘cos(2n¢) and 2y =

Toss + 1.2e8sin(27(), see Fig.5.12.
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Fig. 5.9: Linear transform operator w;;(¢)(i,j = 1,2) in Eq.5.48 for second-order
hyperbolic PDE described in Eq.5.39.
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Fig. 5.10: Parameter &(() of second-order hyperbolic PDE in Eq.5.51 with the appli-
cation of single-step full state feedback control.
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Fig. 5.11: The transformation of unstable eigenvalues on the right hand side of com-
plex plain (o) to the left hand side (x) by applying single-step full state feedback
control to second-order hyperbolic PDE in Eq.5.51.
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In quadratic control synthesis for second-order hyperbolic system, the function

P;(C), for i = 1,2;7 = 1,2,3 is obtained by calculating the following differential

equations:
- P P dP
T Do i i <l I TR TR P (5.55)
_ _ dP. dP: dP. ’
V21 V22 ZIC(O ZQC(O ZSC(O Ga1 P22 Po3

where v takes the same form in Eq.5.53 and ¢ is in the following form:

o1 = —o1Pi1 — o12Po1 + 2J11 Py + 2J21 Pra + Hiywiy + Hagwse (5.56)
—2(Kywiy + Kowa )(B1 P11 + B2Pr2) — (Brwir + Bowiz) (K1 Py + Ko Pop)

¢12 = —011 Py — 012 P + J1o Py + (J11 + Joz) Pria + Jo1 Pi3 + Higwyy + Hapwio
—(Kywig + Kowao) (1 Pr1 + B2 Pr2)

—(Kywiy + Kowa)(B1Pr2 + B2 Pr3) — (Brwin + Bawiz) (K1 Pra + KaPas)

P13 = —o11 P13 — 012 P03 + 2J12P1a + 2J02 P13 + Hizwii + Hazwio

—2(Kywig + Kowsp)(B1Pra + B2P13) — (Brwin + Pawia) (K1 Pris + Ko Pag)

Go1 = —021 P11 — 022 Poy + 2J11 Poy + 2J21 Pog + Hiyway + Hojwa

—2(Kywiy + Kowor ) (B1Po1 + B2Paz) — (Brwar + Bawan) (K1 Py + Ko Poy)

P22 = —091P1g — 092 Pop + J12Po1 + (Jn + J22)P22 + Jo1 Poz + Higwar + Hagwar
— (K wig + Kowan) (1 Por + BoPa2)

—(Kywiy + Kowa)(B1Pag + BaPas) — (Brwan + Bowaa) (K1 Pra + Ko Pa)

Po3 = —091 P13 — 092 Pa3 + 2J12Pag + 222 Po3 + Hizwar + Hazwa

—2(K wig + Kowas) (1 Pag + BaPaz) — (Brwar + Pawae) (K1 Pis + Ko Pas)
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In quadratic control law realization, function w(() is given in Fig.5.9 and function
P(() is simulated with initial condition P(1) = [0.00005;0.00005;0.00007;0.00008;
0.00005; 0.00007], see Fig.5.13. The simulation result of single-step control law with
nonlinear coordinate transformation is given in Fig.5.14.

Fig.5.15 illustrates that the single-step controller design with nonlinear expansion
of the system has a good control performance for stabilizing the second-order hyper-
bolic PDE around desired steady state by comparing the state norms ||¢((,t)|| with

the application of linear control law and quadratic control law.
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Fig. 5.13: Nonlinear transform operator P;;(¢)(¢ = 1,2;j = 1,2,3) for second-order
hyperbolic PDE described in Eq.5.39.
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5.5 Conclusions

In conclusion, this chapter explores an extension of the single-step Luenberger type
of feedback linearization with pole placement formulation to the class of system of
nonlinear hyperbolic PDEs. In particular, single-step full state feedback controller is
designed in this chapter for the nonlinear first-order hyperbolic PDEs system of the
exothermic plug-flow reactor and the damped second-order hyperbolic PDE system.
Simultaneous state coordinate transformation and full state feedback are realized
to achieve desired pre-specified stabilization of unstable hyperbolic PDEs system.
Two controller law realizations, linear and quadratic control, are developed and they
can successfully stabilize the unstable nonlinear first-order hyperbolic PDEs system
and unstable second-order hyperbolic PDE system. From the numerical simulation
results, it can be seen that the quadratic controller has a good control performance
for stabilizing various types of nonlinear or systems of hyperbolic PDEs at desired

steady state.
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

In this thesis, model predictive control and nonlinear control are presented for dis-
tributed parameter systems. Furthermore, their performances are illustrated by hy-
perbolic PDE system, parabolic PDE system, coupled hyperbolic PDE and ODE
system emerging from chemical transport-reaction process and solar thermal energy
process.

Specifically, Chapter 2 provides foundation of systematic modelling framework for
a linear DPS which uses a finite and low dimensional setting for the model predictive
controller design without application of any spatial approximation or order reduc-
tion. The discrete DPS is developed by Cayley-Tustin time discretization with the
application of Laplace transform applying on the continuous DPS. In this chapter,
we consider the systems varying from the convection dominated plug flow reactor
models described by hyperbolic PDEs to the diffusion dominated axial dispersion re-
actor models described by parabolic PDEs. The model predictive control algorithms
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for hyperbolic PDEs and parabolic PDEs are quadratic regulator problems with the
consideration of manipulated input and process state constraints.

In addition, Chapter 4 addresses the low order model predictive controller design
for a coupled hyperbolic PDE and ODE system of a solar boreal thermal energy
process. The model predictive control algorithm addresses a constrained optimization
problem with the manipulation constraints, and accounts for possible unstable system
dynamics and disturbances arising from solar and geothermal radiations. The realistic
output regulation is considered by the inclusion of an observer which constructs finite
and infinite dimensional states.

Along the line of controller design for DPS, Chapter 3 addresses a simple and eas-
ily realizable servo control algorithm for a coupled hyperbolic PDE and ODE system
which models a complex solar thermal system with borehole seasonal storage in a
real commercial community. The overall discrete system is obtained from subsystems
modelling of solar power plant process, heat exchanger, borehole energy storage pro-
cess, hot tank and district heating loop process. The servo controller is designed to
regulate the system operating at desired thermal comfort level despite disturbances
from the solar thermal plant system, the borehole geo-thermal energy storage system
and/or the district heating loop system.

Finally, Chapter 5 proposes an extension of single-step formulation of full state
feedback control design to the class of distributed parameter system described by
nonlinear hyperbolic PDEs. The methodology lies in the fact that both feedback
control and stabilization design objectives given as target stable dynamics are accom-
plished in one step under a simultaneous implementation of a nonlinear coordinate
transformation and a nonlinear state feedback law. The mathematical formulation

of the problem is realized via a system of first-order quasi-linear singular PDEs. By
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using Lyapunov’s auxiliary theorem for singular PDEs, the necessary and sufficient
conditions for solvability are utilized. The solution to the singular PDEs is locally

analytic, which enables development of a PDE series solution.

6.2 Future Work

This thesis developed model predictive control and nonlinear control for distributed
parameter systems which are modelled from chemical transport-reaction process and
solar thermal energy process. There remain many open questions regarding this
subject and a number of them are briefly mentioned here.

In addition to chemical transport-reaction process and solar thermal energy pro-
cess which are described by the classes of hyperbolic PDE system, parabolic PDE
system, coupled hyperbolic PDE and ODE system, the wave equation system and
beam equation system which account for a large class of distributed parameter sys-
tems can be addressed in future. Furthermore, the model predictive control can be
applied to the port-Hamiltonian distributed parameter systems, such as undamped
wave equation system and heat exchanger system.

Another possibility is development of advanced control algorithms such as explicit
model predictive control and/or economic model predictive control for distributed
parameter systems, with emphasize on the different slight variations in realization of
constrained finite dimensional controllers.

Another promising area is the design of observer and/or estimation strategies such
as Kalman filter and/or moving horizon estimation for linear distributed parameter

systems.
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