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Dedication

To my mother, and two sisters,

those who do not need to know anything about spectral
sequences.



Abstract

This thesis has two parts. In the first part we start from an arbitrary
exact couple of R-modules and describe completely how the E* terms
of the associated spectral sequence relate to adjacent filtration stages of
the universal (co-)augmenting objects of the exact couple. This advances

earlier work, notably that of Boardman [3].

In the second part we use these insights to develop a framework which
permits spectral sequence methods to gain information about suitably

transfinitely filtered objects.

We offer several applications of this method:

1. We use Serre’s idea of working relative to a class of modules while
passing through the pages of the spectral sequence associated to an
exact couple and we spell out conditions under which the filtration
stages of countably or transfinitely filtered modules stay within such

a class.

2. We extend Zeeman’s comparison technique of spectral sequences to

apply to a map between countably or transfinitely filtered modules.

3. Finally, we develop a general setting of reverse engineering informa-
tion about finite pages in a spectral sequence from information about

the universally filtered objects of the underlying exact couple.
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Chapter 1

Introduction

“A spectral sequence is an algebraic gadget like an exact sequence, but more
complicated.” I

Adams

Please be advised that, to reduce the complexity that Adams has men-
tioned, we will use colorful diagrams throughout this thesis, in particular,
in the appendix Diagrams. If you print this thesis in black ink, you are
strongly recommended to look at the diagrams in the PDF file to enjoy
clarity provided by colors.

In appropriate settings spectral sequences help compute homology groups,
cohomology groups, or homotopy groups of groups or topological spaces
which are filtered by an ascending or a descending sequence of subgroups.
Someone who wants to learn how to use spectral sequences faces a certain
entrance hurdle of complexity that needs to be overcome.

We try to lower this hurdle here by first discussing components en-
countered in spectral sequences in isolation. Once these components are
understood, it is easier to understand their mutually complementary roles.
This enables us to extend the conventional theory of spectral sequences
for objects with a finite, N- or Z-indexed filtration to a theory of spectral
sequences for objects which have a filtration parametrized by an arbitrary
limit ordinal.

e Spectral Sequences and Exact Couples. Spectral sequence methods
are potentially relevant when one deals with a filtered module

"'ng—lngng+lg"'gH7 (11>
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where the F},’s are submodules of an R-module H; throughout the whole
thesis the rings we choose are all commutative and unitary. Assume in-
ductively, we have information about F,, and we want to extend this in-
formation to £, and ultimately up the tower of inclusions to H. In the
following short exact sequence

Fp+1
F,’

Fp>—>Fp+1 —»

F,
if 2L is known then information about F,+1 is provided within the con-
P
text of the extension problem in Homological Algebra, where possible can-
didates for F},;; are studied. Thus we have two distinct tasks here:

Fpia

1. the task to determine , and

p

2. the task to infer properties of Fj,1; from information about F, and
Fp

E

p

One of the main purposes of a spectral sequence is to provide information
p

about adjacent filtration quotients
p—1

A spectral sequence is similar to a “book”. Each page in the book
is an endomorphism d of a (Z x Z)-bigraded R-module which satisfies
d? = 0. This turns each page in the book into a Z-indexed family of chain
complexes and flipping through pages is accomplished by taking homology.
The pages in a spectral sequence determine a “limit page”, which is again
a bigraded R-module not equipped with an endomorphism d. The entries
in this page are called the E*°-terms of the spectral sequence.

In the second chapter, the definition and basic mechanics of a spectral
sequence are discussed in isolation. However, the ultimate purpose of a
spectral sequence is not yet visible from this isolated perspective.

A prominent approach to spectral sequences is based upon an inter-
locking system of long exact sequences, called an “exact couple”, which
was defined by Massey, in [22] and [23], and is outlined in the figure below;
each subdiagram of the shape of same colored arrows forms a long exact
sequence and the blue and red colored long exact sequences interlock at
the green dots. However, the remaining pairs of neighboring long exact
sequences interlock at the appropriate black dots.
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) o [} O °
) O ° O )
° <o [ <o [

We will see three important objects obtained from an exact couple:

1. a Z-graded R-module, called the universal augmentation L,, which
is the colimit of the vertical e-columns,

2. a Z-graded R-module, called the universal coaugmentation L*, which
is the limit of the vertical e-columns, and

3. the first page of a spectral sequence, which are shown by ¢ in the
following figure.

Ln+1 r Ln—l
) <o ° <& L]
) <o ) O [}
[} o [ ] fos [

Ln+1 Ln Ln— 1
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These L, and L* are the objects of interest and we use spectral se-
quences to compute them. For every n € Z, by universality of augmenta-
tion and coaugmentation, for each e there is a canonical morphism

o — L, (1.2)

and
L"— e (1.3)

and hence we can

- filter L, by the images of the morphisms (1.2), and

- filter L* by the kernels of the morphisms (1.3).

In [22] and [23], Massey introduces a recursive method to distill a spec-
tral sequence from an exact couple. Hence, the limit page of the spectral
sequence can be obtained from the corresponding exact couple. Therefore,
we have

e the filtration of L,,
e the filtration of L*, and

e FE>-page of the induced spectral sequence.
The question is
Question 1. Is there any relationship between E*°, L, and L*?

To answer this question, Peschke [26] matches the filtrations of L, and
L* with the induced spectral sequence; i.e., he connects the £°° to the quo-
tient of adjacent filtration stages of L, and L*, which he denotes by e_ _
and €7, respectively. As a result, he uses the E*°-terms of the spectral
sequence to inductively carry some information through the filtration of L,
and L* as we explained in the previous page. Boardman, [3], provides the
relationship between e_ _ and E*. Peschke [26], carried the discussion of
exact couples, their associated spectral sequences and associated filtered
objects a crucial step further. He shows that that there is a relationship
between e_ _, e~ and E* simultaneously. This phenomenon is explained
in the second chapter as the E°°-Distribution Theorem. Boardman and
many others who work with spectral sequences are very interested in con-
vergence issues. That is, they are interested in getting these three objects
very close to each other. So the second question arises:
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Question 2. What are the necessary and sufficient conditions to have
E* isomorphic to e_ _ or €~ ? Is il possible to have both at the same
time?

The answer to this question is an immediate consequence of the E>°-
Distribution Theorem, which is not presented in Boardman’s work.

The next question is:

Question 3. What happens if one of e_ _ or €~ wvanishes? How 1is the
non-zero one related to E>?

The E*°-Distribution Theorem explains precisely what happens if one
of these quotients vanishes and how the relationship between the non-zero
one and E* is improved. Boardman explains this situation by introducing
a new type of convergence that he calls conditional convergence.

In fact, to answer the questions above, the E°°-Distribution Theorem
provides a diagram of where morphisms of the same color form an exact
sequence

B__
!
€_ _ ES?_ A__ €

’ ’ Y

where A and B are modules which will be defined later in the second
chapter.

We will show that this theorem covers all known convergence types
stated in [3]. Moreover, it also enables us to distill information from spec-
tral sequences which fail to converge in any traditional sense of the word.
At the end, we will compare Peschke’s method which leads to the E>°-
Distribution Theorem with the approach that Boardman has taken.

e Matching Convenient Exact Couples to a Tower of Modules.
The idea of the inductive argument in this chapter is originally stated in
[26]. Climbing up the filtration stages in (1.1) by induction is enabled if
we are able to anchor the induction at some ordinal; i.e., if F},, is known
for some py € Z. Such an anchor does not exist in general. But in many
practical examples it does. See examples in sections 3.2.2 and 3.2.4. For
simplicity, we assume py = 1. Therefore, the filtration (1.1) looks like the
following filtration indexed over w, the least infinite ordinal:

RCRC- CFCFuC - CF =H. (L.4)
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In the following exact couple, the filtration of the universal augmentation
is of the form (1.4)

0 0 0

0 0 0 0 0

0 0 0 o °

. <o 0 <o .

° <o 0 <o °

[ < o o °
Ln+1 Ln L'nfl

We will call it an originally vanishing exact couple. In the third chapter,
for such exact couple and the filtration of its universal augmentation L.,
we start from the known step 0 and we assume we have information about
F,. To obtain information about £}, we look at the following short exact
sequence
Fpi

F,

We will see in the third chapter that there is a very close relationship

Fp>—>Fp+1 —»

Zptl

between the quotients and the E*-terms of the spectral sequence

induced by an originally vanishing exact couple. In fact, we have

Fp+1 ~ EOO

E

p

Now, if we have the desired information about the E°-terms, it can be

F
P+1 and hence we have the information about

inherited to the quotients

p
Fyi1, up to extension.
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This originally vanishing exact couple is a special case of an exact couple
in which, instead of a zero range, we have isomorphisms in the blue range
in the diagram above. We will call it an originally stable exact couple. The
dual situations are called eventually vanishing and eventually stable exact
couples.

Now, the following question arises
is this approach applicable to transfinitely filtered modules?

The answer is “Yes”. Constructions associated to the homotopical (co-
)localization lead exactly to settings of the kind we have just described:
See Appendix B. In fact, the entire project was originally motivated by
this observation. We will generalize to the case that H is transfinitely
filtered over an arbitrary limit ordinal A

FACFRC - CFRCFuC - CFCF,C Ch=H (15

We try to obtain information about F)\ through transfinite induction. For
an arbitrary ordinal n < A\, when trying to take the inductive step from
“information about Fj, for all 8 <n” to “information about F}”, we face
one of the following two situations:

Situation 1: n is a non-limit ordinal and, hence, has a predecessor. In
this case, we make the following elementary but crucial observation:

1 has at most finitely many predecessors.

The foundation of the approach taken here is based on this technical
observation. Therefore, there exist a limit ordinal 7y and a positive
integer r such that n = ng + r. Our method applies in cases that we
are lucky to have an exact couple matched to the w-length segment
of the filtration

Fnoan0+1g"'ano+rflgF770+Tg"'gF770+w' (16)

That is, we assume there is an originally vanishing exact couple such
that I, 1. plays the role of its augmentation. This is, indeed, part
of the strategy which motivated the entire approach. It is also the
reason why w-indexed filtrations play a key role in the development
here. Now we can use the same method we used in the w-indexed
scenario to pass from F, ., to 1 = F),.
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Situation 2: 7 is a limit ordinal. The inductive step from filtration
stages indexed by ordinals less than 7 to the filtration stage n is
outside of the scope of the spectral sequence machine developed here.
What we have here is a morphism p,, : colimg., Hg — H, and hence
an inclusion colimg., F »— F,. We will make the passage from
colimg.,, Fj3 to I}, possible by putting assumptions on p,.

For an alternative spectral sequence based approach to countably trans-
finitely filtered objects see [18].

e Classes of Modules Compatible with Spectral Sequences and
Transfinite Induction. In the fourth chapter, we extend the idea of
Serre in [29] working modulo a class of modules. As an application of
the inductive argument explained above, we will introduce a collection of
closure properties which, when satisfied by any class of modules, ensures
that the filtration stages of countably or transfinitely filtered modules stay
within this class; i.e., these closure properties are “tailor-made” for the
inductive argument above. For example, for a class C of modules with
some closure properties

if the homology groups of all cofibers of a transfinite tower of cofibrations
are in C, then the homology groups of the colimit of the tower will be also

in C.

It turns out that this collection, even with fewer closure properties,
is also “tailor-made” for the mechanics of every spectral sequence in the
sense that

if the entries of some page of an arbitrary spectral sequence are in this
class then all entries of the successive pages will be in the class, even the
entries of the limit page.

e Comparison Theorems Modulo a Class of Modules. As the sec-
ond application of the inductive argument above, for a morphism of two
spectral sequences, in the fifth chapter we consider a variety of situations
in which a choice of hypotheses about the effect of this morphism at the
E>-page leads to conclusions about the effect of this morphism at the
universal (co-)augmenting objects. For example, we will prove that if we
have a morphism between two arbitrary exact couples such that

1. the morphisms between the E*°-terms, and
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2. the morphisms between the intersection of the filtrations of the uni-
versal augmentations

are C-monomorphisms, then the morphism between the universal augmen-
tations is a C-monomorphism.

Then, given a morphism of two transfinitely filtered modules, we use
the inductive argument above to carry some hypotheses about the effect of
this morphism through the filtration stages to the effect of the morphism
of the filtered modules.

All morphisms we work with in this chapter are morphisms with tamed
kernels and /or cokernels; i.e., they are morphisms that their kernels and /or
cokernels belong to a class C of modules with some closure properties.
So a C-monomorphism (C-epimorphism) is a homomorphism whose kernel
(cokernel) belongs to the class C. A C-isomorphism is a homomrphism
that is both C-monomorphism and C-epimorphism. Note that if C is the
trivial class consisting of only zero, then all these notions coincide with the
standard notions of monomorphism, epimorphism and isomorphism. The
idea of all proofs in this chapter are also originated from Peschke [26].

e Reverse Engineering in Spectral Sequences. Under some circum-
stances, it is possible to flip through the finite pages of a spectral sequence
backward. That is, we can start with some information about the universal
augmentation or coaugmentation of an exact couple and obtain informa-
tion about some page of the induced spectral sequence. In chapter six,
we see two scenarios that this reverse engineering phenomenon happens.
The idea of the first scenario comes from the second scenario which was
developed by Peschke [26]:

1. In the first scenario, we pick a class of modules with some closure
properties and we assume in the r-th page of the following spectral
sequence

q

n ¢ ¢ ¢
1 ¢ ¢ ¢
0 ¢ ¢ ¢
0 1 n p
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e the red entries are in C,
e if a blue entry is in C then all entries above it are also in C, and

e the universal augmentation is in C.

Then, we conclude that all entries of the r-th page also belong to C.

2. In the second scenario, we pick two such spectral sequences and as-
sume the following

e the corresponding red entries are C-isomorphic,

e if a blue entry in one spectral sequence is C-isomorphic to the
corresponding blue entry of another, then all corresponding en-
tries above them are also C-isomorphic, and

e the universal augmentations are C-isomorphic.

Then we conclude that all entries of the r-th page of the spectral
sequences are C-isomorphic.

Note that Zeeman’s comparison theorem is a special case: It assumes
that the entries in the second page of the spectral sequence satisfy
the following short exact sequence

Ez,o ® Eg’q — Eiq —» Tor(Ez_LO, an).

p

History. Spectral sequences were invented in 1946 by Jean Leray [21] to
compute the (co-)homology of a graded chain complex. In 1947, Koszul [20]
stated the definitions made by Leray in a more abstract term and in 1951,
Serre [28] offered an important application of spectral sequences by pro-
viding the properties of the spectral (co-)homology sequence of a fibration.
Using this spectral sequence, he could show that a simply-connected space
has finitely generated homotopy groups iff it has finitely generated homol-
ogy groups. As a result, the homotopy groups of a sphere are finitely gen-
erated; before this result, it was only known that these homotopy groups
were countable. In 1952 and 1953, Massey, [22] and [23], introduced exact
couples as a source of spectral sequences and the development of a gen-
eral theory of spectral sequences. See [25] for a more detailed history of
spectral sequences.

Later, more complicated spectral sequences of interest appeared and
the old finiteness conditions which were imposed to guarantee convergence
were replaced by some limit conditions; look at [8]. In 1999, Boardman
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published his paper [3], which had been in circulation for many years before
publication, in which he describes the major players corresponded to an ex-
act couple and the induced spectral sequence and, to some extent, clarifies
the relationship between them. His paper has been a standard reference
on convergence. Peschke [26] in his (unpublished) lecture notes improved
upon the relationship between these major players and presented it in a
single picture, which he called it E*°-distribution diagram. This picture
can describe all convergence types that exist in the literature and provide
much more information.

Then series of successive spectral sequences arose and the need for a
single structure capable of managing them was felt. Po Hu [18] introduced
a generalization of spectral sequences called transfinite spectral sequences
and also a good source of them, transfinite exact couples. As a result, under
some conditions, we have a spectral sequence with transfinitely many pages
and transfinitely long differentials. This is done for countable ordinals.
Here, instead, we take a different approach and we consider a transfinitely
filtered module such that the filtration stages are suitably related to the
spectral sequence methods. We do not define any new type of spectral
sequences or any differentials of new length. We also do not restrict the
indexing ordinal to be countable.



Chapter 2

Spectral Sequences and Exact
Couples

2.1 Introduction

In this chapter, we review the definition of a “spectral sequence” and de-
velop its structural properties. We introduce the pages of a spectral se-
quence and, in particular, its infinity page, E°.

An outstanding source of spectral sequences is an interlocking system
of long exact sequences, called an “exact couple”, which is outlined in the
figure below; each subdiagram of the shape of same colored arrows forms a
long exact sequence of bigraded R-modules and each arrow has a bidegree
a, b or c. Here we pick a = (—1,1), b =(0,0) and ¢ = (0, —1) which are
the bidegrees in a homology spectral sequence.

D(p,q) E(P#I) D(Pﬂ*l) E(z),q*l) - D(P,q*2) -

E(pfl,q) - D(pflﬁqfl) -

b
A D(p71,q+1) - E(prqH) —— D(p-1,9)

T D(pf2,q+2) - E(pr,qH) - D(pr,qH) - E(p727q+1> —Dp2,g) —"--

Every exact couple delivers three important objects:

12
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1. a Z-graded R-module L., where L, = colim, D, ), called the
universal augmentation,

2. a Z-graded R-module L*, where L" = lim, D, 44, called the uni-
versal coaugmentation, and

3. the first page of a spectral sequence, which are shown by E, .

" L 1 Ln72

D

E(P#I*l) - D(p,q72) -

(p,q) E(p‘,q) D(pwqfl)

T D(p717q+1) P E(p71¢q+1) —— Dp-1,9)

E(pfl,q) - D(P*LQ*U -

T D(pr,q+2) - E(p*Q,quZ) - D(prqH) - E<p72,q+1) — Dy

q) =

Ln Lnfl Ln72

For every n € 7Z, by universality of augmentation and coaugmentation,
for each Dy, 4 there is a canonical morphism

D(pyq) — Ln (2.1)

and
L — D(Pﬂ) (2.2)

and hence we can

- filter L, by the images of the morphisms (2.1), and

- filter L* by the kernels of the morphisms (2.2).

Then we show how to distill a spectral sequence from an exact couple
and, in particular, how to distill the E*°-page of the induced spectral se-
quence. Much of this review is necessarily standard material covered in
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[3], [22] and [23]. However, in the end we carry the discussion of exact cou-
ples, their associated spectral sequences and associated filtered objects a
significant step further. In the E*°-Distribution Theorem, Peschke [26], in
his (unpublished) lecture notes, shows that £ is related to the filtrations
of L, and L* simultaneously and we describe this relationship completely
for all spectral sequences, and without any assumptions. In most appli-
cations, one is interested in either the universally augmenting object L.
and its image filtration or the universally coaugmenting object L* and its
kernel filtration, not both at the same time. In this situation one hopes
to gain information about the quotient of adjacent filtration stages from
E*°, and this information is strongest if these quotients and E°°-terms are
isomorphic. The question whether or not this happens is the “convergence
question” for a spectral sequence.

In [3], Boardman presents the relationship between E*-terms of a spec-
tral sequence and the quotients of the adjacent filtration stages of L., which
we denote by €, ,. Peschke [26] provides a relationship between E*°-terms
of a spectral sequence and the quotients of adjacent filtration stages of L*,
which we denote by €741, In the E°°-Distribution Theorem both of these
relationships are offered. In this theorem, we see that we have the following
diagram, where morphisms of the same color form an exact sequence and
¢t and j are homomorphisms defined by the corresponding exact couple

lim" ker(i” )

(p+r,q—T—1)
f
ZOO
oo (p.9)
) Rl S im(jlzq 3 e,a=1)
P

This provides a complete answer to the first question we mentioned in the
first chapter. To answer the second question, we will provide necessary
and sufficient conditions for

L €pg = Eé’o

5g) (convergence to L,), and

2. E®

(7,q) > ¢(pa-1) (convergence to L*),

as follows:
Z&itz)

vanishes.
im(j (p,q) )

L €pq = ER if and only if
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ZOO
(p,9) .1 "
———— — lim" ker(d{,., ., 1)
im(Jjip.q)) (p+r,g—r—1)

vanish.

In particular, if only the map f vanishes then we obtain the following short
exact sequence
€(pg) E(O;q) —y Pa—1)

This is the closest possible non-trivial relationship between these three
objects which is not in the scope of what Boardman has provided. To
complete the answer to the second question, we will show that £ can be
isomorphic to only one of €, or €P9 because by the E>®-Distribution
Theorem we can see easily that

o it B )= €pq) then e®a=1) = (), and

o if an) = (P9=1) then €(pg) = 0.

So E* is uniquely distributed over either €, 4) or ePa=1),

Then to provide the answer to the third question we will see what hap-
pens if €(, 4) or €4=1) vanishes and, in particular, the fact that vanishing of
one of these quotients is the motivation behind the definition of conditional
convergence in [3].

We will also show that this result implies all known convergence results.
For example, in Boardman’s terminology:

ZOO
1. Vanishing of - (? 2)

means weak convergence to L.
im(jp,qg)

2. Vanishing of f and €(, 1) means weak (and strong) convergence to
L*.

We will also extend this theorem to the case that an exact couple has an
arbitrary augmentation and coaugmentation and explain the relationships
between these augmentation and coaugmentation and the E*°-terms of the
induced spectral sequence.

We will finally compare our method with Boardman’s and state the
limitations which result from the absence of the E°*°-Distribution Theorem
and the gains which result from its availability.
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All results and proofs in this chapter are part of what Peschke [26] has
developed in [26].

2.2 Spectral Sequences

2.2.1 Definition of a Spectral Sequence

Definition 2.2.1. A (Z x Z)—bigraded R-module is given by a family of
R-modules (Ag,q)|(p,q) € Z X 7).

Definition 2.2.2. A morphism f : A — B of (Z X 7Z)-graded R-modules of
bidegree (1, v) = is given by a family of R-module maps (fip.q) : Apg) —
Bptugrr) | (,0) € ZXZ) = (fpg) : Apg) = Bpao+u | (p,q) € Z X Z).

Definition 2.2.3. A spectral sequence is given by

1. a family {E7, | 0 <19 <71,(p,q) € Z X L} of bigraded R-modules,
where 1o s a fized integer, and

2. a sequence of endomorphisms d" : E]

(p:9)
(r,vr) € ZXL; te., dy, 0 B, o — B
hold

— B (p.)+ur of bidegree u, =

(psq)+u s SUCh that the following

(a) dfp,q) © dzp,q)fur =0, and

(b) Er+1 _ ker(d?{l’:‘])) ]
(#0) im(d(nq)*ur)

We show each E7

(ng) PY & point with coordinates (p,q) in the plane.
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Elp g,

d?Pﬂ)

(p—1,9) Ezp,q)

T
(p,q)—ur

Terminology 2.2.4. For a fixed r, the bigraded objects E{ i, form the
r-th page of the spectral sequence and the bigraded morphism d" is called
the differential of the r-th page of the spectral sequence.

Definition 2.2.5. A spectral sequence is called

1. first quadrant if E(lp’q) =0 forp<0orqg<o,
2. second quadrant sz g =0 forp >0 orq<0,
3. third quadrant if E(lm) =0 forp>0orq>0,

4. fourth quadrant f E(lpg) =0 forp<0orq>0.

2.2.2 Limit Page of a Spectral Sequence

We define a sequence of modules in each position (p, q) of the form

7”0 1 r r r ro—1 70
0C B, € By, CU Bl SN 24y S S 20,0 S S Zig € By
Zipa)
p,q ')
and then define Ef = B, where Z3) =, Z(,, and BY , =
p,q

U. B, - We proceed by induction on r:

and B! = 0.

ro—1 T
e Define 7/ = E’° ()

e — T (pa)
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e Suppose inductively for o < r we have defined

ro—1 r r ro—1 __ T
0=DBpy S CBpg S Zpg S E 7 Eg

(pg) = (re) — T(pa)
Zk
satisfying E(k;ql) = B(:’q) ,for k<.
(p,a)
e Since Ez";rql) is a quotient of Z(p, 0 there is an epimorphism Toa)
r r+1
Z ra) E(m)
Z{p,q)
- iT(Tp,q) »
r+1 d(pyq)—ur“ Er+1 qu) r+1
(P,q)—ur41 (p,a) (p.@)+urg1”
Now define

BytY = () ()

(pq) = V(o (p,q)—uri1

and
Zr = € )_1(ker(d’(";;))).

(pg) *— V' (p9)

r

By passing from r-th page to the (r + 1)-th page we collapse By, ,

to zero and hence

r _ r —1 r—+1 r—+1 r
B(p,q) - (T(p,q)) (0) cB cZ < Z(m)'

(p.a) (r,9)
Therefore,
Z(ptzl) _ <T&77q))_1(ker(d7(n;;)>>
Boa (o)™ (mdigy )
r41
Now, consider T, q)| : Z(T;;l) —» B(Tp 9 The homomorphism
(p,9)
NE Z&r;) T(Tp,q)‘((T(pvq)rl(ker(d?(n;;)))) _ kef(d@iﬂ
PO Bl Tl () MGy, ))) il )
is a surjection. If 7/ (2+B(T;ql)) =0, then 7/, ,(2) € im(dz’;f;)_uTH)

7q)|
and hence z € (T{p’q))’l(im(dg;)fwﬂ)) = Bg;ql); Le., 7,0 is an
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injection and hence

(77, ) " (ker(diih))  ker(dpt))

(p,q)
 \_1/: 1 = 1 :
(") (im(dy gy, ) imldi )
Therefore,
r—+1
r+2 _ T (pq)
(pa) — pgr+i-
(p,q)

Definition 2.2.6. A spectral sequence collapses on page v if "% =0 for
all k> 0.

Proposition 2.2.7. If (E",d") collapses on page r, then
B — B+l — ... Btk B and " = 7l — ... — grtk _ goo
and hence
B =F+t == .= Fth_F® V>0,
Lemma 2.2.8. The E*-term of a spectral sequence can be represented as

1. a colimit via

Z° Z° Z°
Em)%colim{ o) “ad (m)_».__}

(p,q T ro+1 r
Bpa B B

(»,9)

2. a limit via

Zro grotl 77
B, = lim{g(i;(n . B((I;Q) PR Bipoﬂ) ...\

(»,9) (p,q) (p,q)

Proof. 1. We have the following diagram of short exact sequences
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7700
ro—1 [ee) (»,9)
B(z? q) Z(P,Q) Bro— 1
(p,9)

YA
r—1 [ee) (,9)
B(@q) Z(I%Q) Br—l
(p.9)

7/
Br Zoo (p,q)

(,a) (p.9) T

i B (p,a)

It is a well-known fact that the colimit functor on morphisms of
diagrams over directed towers is exact; see Appendix A. Therefore,
we obtain the following short exact sequence

ZOO
o0 oo : ( ’ )
B(m): > Z(p,q) > COhmT{ :) ! }
(p,q)

ZOO
and hence EZ o= colim, {#} .

(p,q)

2. We have the following diagram of short exact sequences

B y——= 7,

B g— Z(ri,q) -

ro—1

ro—1 Z(:KI)

(p.9) <
(p.a)

Bl y——=72
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It is a well-known fact that the limit functor on morphisms of dia-
grams over directed towers is left-exact; see Appendix A. Therefore,
we obtain the following exact sequence

zZ7 z7
oo 0o . (p.q) -1 poo 1700 a1 (p,9)
B(p,q) Z(P«z) lim,. {Biq } hmrB(nq) hmTZ(p,q) lim,. { o';q } ’
(p.q) (p.q)

where lim!

is the first derived functor of the limit functor; see Ap-
pendix A. Since lim' of a constant diagram is zero we have limiB(O;’ 0=

0. Therefore, we obtain the following short exact sequence

Z'I‘
o0 o : ( ’ )
B(p«z) Z(IMI) lim, { Boz;q }

(p,q)

and hence

2.2.3 Morphisms of Spectral Sequences

Definition 2.2.9. A morphism of bidegree m € 7 & 7Z of one spectral
sequence (E"(1),d"(1)) to another one (E"(2),d"(2)) is a family of mor-
phisms (f7: E"(1) — E"(2) | r > 1¢) of bidegree m of bigraded R-modules
satisfying:

1. each f" commutes with the differentials in the r-th page; i.e., fTod" =
d" o f", and

2. f"induces 1 in homology; i.e., fr = H(f7).

Lemma 2.2.10. A morphism of spectral sequences (f" : E"(1) — E"(2) | r >
ro) of bidegree m induces a morphism

feEX(1) —» E*(2)
which is also of bidegree m.

Proof. For each (p,q) we build inductively the commutative diagram of
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solid arrows

B(I“J)(l) B(M)(l)>—>Z(pQ)(1>>—>Z(pq)(1) (2.3)

T l

(p,q

where all vertical arrows are restrictions of f{; 2"

e For r = ry — 1 the vertical map on the left is zero and the one on the
right is f,,.

e Suppose the diagram is established for r — 1 > ro — 1. Look at the

diagram below

1m(dp . s (1)

/

/B Zip (1) (1) £
B(prq) Z(Tm)()/l—» ker(dzpyq) 1)) fr im(dy_, ... (2))
l ol l rl /
1 r—1 -
B Z(p_’q)(Q) E(p’q)(Q)

/ ! / /
B(TINI / Z(pq)( )—»kcr(dm) 2))

We show that f) (Z, (1)) € Z, ,(2): Take

f(p q)< ) € f(;,q)(Z(p,q)(l))'

Then
2 € Z{y (1) = (7, (1) 7 (ker(df, o (1)));
ie., dif (1)(7], ,(D(x)) = 0. Now

(»,
i )T o (2 (2 (@) = di, o (2)(f( (T o (D (@)
= fp (D) G (D (@)

Therefore, f{;q) (x) € (T(TM)(2))‘1(ker(d7(";q1)(2))) = Z{p,q)@)'

To see that f (B, (1)) € By, ,y(2) consider the diagram below
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r—1 r
Z(]’vQ)(l) E(p,q)(:l)
/ fro| '
B(P:Q)<1) Hn(d;:wfur,qfuT(l)) fr
|
fr'o‘ Z(rp_’ql)(Q) E(p,q)(2)
v / | /
BE’%Q)( ) lm(d;—ur,q—u,«(2))
We know that f7| : im(d,_, ,, (1)) — im(d;_, ., (2)). Thus

fr(Br(1)) € By, ,(2). The dotted arrows f"| : Bfy (1) = By (2)
and f| 2 25 — Z,(2) in diagram (2.3) follow from purely set
theoretic considerations. Thus f* is given by the universal property

of cokernel:

B?;q)(l) Z(C;iq)(” E(iitz)(l)

T -
v
Bfﬁq) (2) Z(O;Q)(m an)@)'

]

Corollary 2.2.11. Given a morphism (f" : E"(1) — E"(2) | r > 19)
of spectral sequences, suppose that f" is an isomorphism of bigraded R-
modules for some r > 1. Then

feEX(1) —» E*(2)
1$ also an isomorphism.

Proof. Using the diagram below we show inductively that

o f"tk*1 g an isomorphism of bigraded objects, for each k > 0,

e f induces isomorphisms.
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im(d,*, 40, (1))

(p.q) g Ertk(1)
r—1 r—1 (p.a) -tk
B(M)(l) B(P-Q)(l) " m
B +k—1<1) Zr+lc(1)/ . frrk .
g(;z) o Bi:’;”f) 0 Ker(df7)(1)) (7 g-0,(2))
v pq
:‘ & fro| “ 215 /
r+k—1 r—1
B P.q) (2) Z(M) (2) E(T+k) (2)
Py r—1 !
B, (2 Bl (2) e
/ v
B7'+k—l (2) Z7'+k (2)
[(X0) (p.9) ker(d™+¥(2
) —_— er( (pq)( )
B(m)(Q) B(p_q)(Q) ’
Indeed,

T Am(dn (1)) = im(d" " (2))

P—Hr,q—Vr P—Hr,q—Vr

is one-to-one, being the restriction of an isomorphism. It is onto because
2 3
the diagram commutes. The isomorphisms = and, subsequently =, come

from the 5-lemma. In particular, f"***! is an isomorphism. It remains to
verify the isomorphism

BrJrk (1) Br+k (2)

(p,9) (p,q)
r—1 - r—1 :
By B (2)
We have the commutative diagram
r+k—1 r+k
B(p#]) (1) B(Pﬂ)(l) im(dH—k (1))
r—1 r—1 P—Hr,q—Vr
B(p,q) (1) B(p,q) (1)
r+k—1 r+k
B(ZMI) (2) B(P,Q)(2) im(errk (2))
r—1 r—1 P—Ur,q—Vr :
B(p,q) (2) B(p,q) (2)

The arrow on the right is an isomorphism as we have just seen. The
arrow on the left is an isomorphism by induction hypothesis. The arrow
in the middle is an isomorphism by the 5-lemma. Therefore, f induces

isomorphisms
Zr—i—k (1) Zr-‘rk: (2)

(p,q) =~ (,q)
r—1 — r—1
B(p,q) (1) B(p,q) (2)
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and
Bib() o Brbe)
Boo) By
This yields isomorphisms
Zip ) o ZapW/BiaV) = 252/ Bip(@)
By o) By, (/B (1) B, 2)/Bp,,2)
~ Z”k( )/Brpql)@) L (2)
502/ By 2) B, 2)

[]

Lemma 2.2.12. Suppose a morphism f : E(1) — E(2) of spectral se-
quences induces the diagram below

Er 1 d?(dpyll)*ur(l) Er 1 dz‘P#I)(l) Er 1

(p.g)—b, (1) == E{, (1) ) ur (1)
f(zuq)wi f(TPvQ)\Lg f(P#l)+“r
B ) 5 Bon @) ——5 Eiparra (D)

Then f(rpfl E(T;ql)(l) — E(T;;)(Q) is an isomorphism.

Proof. We have the two commutative diagrams

id T d’(rP,Q)*Ur(l)
ker(d(pﬁq)—ur (1)) E(pvq)—ur (1) E&q) (1)
f(rp,q)*uT Hn(drpq) (1)) f(rp,q) =
|
o
f(prq)| ‘
r r | r
ker(d(m)_w(l)) E(th) ur(2) ar 2) | E(Fv‘])(2>
(PJI)—UT'( ) |
\ v‘
lm(drp (p,g)—u (2>>

(2.4)
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and

dZPJZ)(l) : Id
(p.g (imq)(1> ———im(d q)<1)> (2.5)

(
|
f(Tp,rI)‘ ‘ f(Tp,Q) lg T
\

ker(d(p’q)@)) E&”p7q)(2) —»% NG im(d€p7q)(2)).

ker(dp, (1)) E7

In (2.4), the vertical dashed arrow is a monomorphism because f(,  is
an isomorphism and an epimorphism because f(’”p 4)—b, is an epimorphism.
Therefore,

Fpp |+ 1y ), (1)) = im(d, ), (2))
is an isomorphism. In (2.5), the vertical dashed arrow is a monomorphism
by isomorphicity of f(rp’ 9 and an epimorphism by five-lemma.Therefore,

f{p’q)| s ker(df, )(1)) — ker(d] )(2))

(p.q (p.q

is an isomorphism. Thus we obtain the commutative diagram below

m(df,, ), (1) == ker(d, (1)) — E[ 71 (1)

(p,q) (p:9)
f(rp,q)llE f{zxq)'lg lf(rptzl)
1m(d7" (2)) e ker(dr (2)) —_— ErJrl (2)

(p,g)—ur (p,9) (p,9)

By five-lemma, we see that 7"} is an isomorphism as well.

(p,q)

2.3 Exact Couples: Source of Spectral Se-
quences

Many times a spectral sequence arises from a family of long exact sequences
of R-modules which are intertwined in a particular way. The sequences to-
gether with their intertwinement form a new type of structured object,
called an ezact couple, which was introduced by Massey in [22] and [23].
However, in the previous section, spectral sequences were considered in
their standalone nature. From now on, we will specialize to spectral se-
quences that arise from an exact couple. We will see that from an exact
couples we obtain the following:
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1. Two Z-graded R-modules L, and L*:
(a) L,., is filtered by

S Fpg-a € Flpg) € Foora & C Lpig:
(b) LP* s filtered by

. C Fpa)—a C ) C Fpa)+a C...C Ipta

Here a is a bidegree which is determined by the exact couple.

2. A spectral sequence (E",d"): The E°°-terms of this induced spec-
tral sequence are related to the quotients of adjacent stages of the
filtrations L, and L* as is shown in the following diagram:

Fipg - F(p.g)+atbte
Flpg)-a — E(p7q)+b = Apg)+p — F(p.a)+b+c

where a, b and c are certain bidegrees that are determined by the
spectral sequence and A, 4 4p is an R-module obtained from the
exact couple.

In the E*°-Distribution Theorem 2.3.13 on page 35 we will see how these
information combine and produce a diagram that looks like a bird; the left
and right wings carry the filtration stages of L, and L*, respectively, and
the body shows how the quotients of adjacent filtration stages of L, and
L* are related to the E*°-terms of the corresponding spectral sequence.
Later in this chapter, we will compare this theorem with what Boardman
has offered in [3].

2.3.1 Definition of an Exact Couple

Definition 2.3.1. An exact couple consists of bigraded R-modules D' and
EY with the following R-modules homomorphisms

Z%m) : D(lp’q) — D(lp’q)Jra, of bidegree a € Z & Z,
j(lm) ; D(lp’q) — E(lp’qu, of bidegree b € Z @ Z,
k(lpyq) ; E(lm) — D(lm)%, of bidegree c € Z & 7,

such that j' o', k' o j1 and i* o k' are zero homomorphisms. We require
(b+c)-a#0.
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It turns out that in most examples (b + c¢) -a = £1. An exact couple
may be displayed as in the following diagram: here the sequence of blue
colored terms and arrows is long exact

Dl 1 1

1
(p.0) —(r—T)a—c wa) ——1a — Epg)——1atb = Dipg) —r—tyatbre = Eipg) —(r—1at2bte

1 1 1 1 1
E(pﬁq) —a—c D(p,q) —a E(p,q) —atb D(nq) —atb+tc E(p,q) —a+2b+c
l%P-,q) —a
1 1 jgp,q) 1 kgp,q) +b 1 1
E(p.q) —c D(p,q) E(p,q) +b D(p,q) +bte E(p«,q) +2b+c
1 1 1 1 1
E(pA,q) +a—c D(p,q) +a E(p,q) +a+b D(p,q) +a+b+c E(p,q) +a+2b+tc
E! _ . D! _ . FE! . D! I
(pa) +(r—1a-c (p.q) +(r—1)a (p,q) +(r—1)a+b (p,q) +(r—1)at+b+c (p,q) +(r—1)a+2b+c

2.3.2 Distilling a Spectral Sequence from an Exact
Couple

The following theorem is proved by Massey in [23] for a spectral sequence
of bidegreesa = (—1,1), b = (0,0) and ¢ = (1,0). Here we state and prove
it for the general bidegrees. It shows the process of distilling a spectral
sequence from an exact couple.

Theorem 2.3.2. [26] Associated to an exact couple there is a spectral
sequence with

T

(k(lp,qu)i1 im(l(p,q)+b+cfra)

E(;qlﬂ-b - 1 T
7 J(v.q) (ker(z(p’q) )
If we show (l{;(11)7(1)4_lt,)_1 (00, ) e ra) VY 20y g 40 then the differential on

the r-th page is determined by the commutative diagram
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T —sl r—1 —1.7.1
Zr 1 A(p,q>+b'_](p,q)+b+cf(f*l)ao(l(pyq>+b+c) ok(p,q)er Zr 1
(p,q)+b (p,q)+2b+c—(r—1)a
T T
E(p,q)+b ar E(p,q)+2b+cf(f‘*1)a
(p,a)+b
-1 1
here if = (DL o pr o fave L hosene
WIETE Y(pq) - (pa) — Ppa)ta (pa)+ra/ -

Proof. Let us show j (ker( )) by B(p g)+b- We proceed by induction
on r:

e Put

70 — R0 ._

Z(P#Z)-i-b T E(p,q)+b and B(p,q)—i—b = 0.
Then d' = Al is a differential on E' because k' o j' = 0. Further, Z' and
B! are as claimed.

e Suppose r > 1 and for 0 < s <r, F* d* and A® satisfy the claim.

Zr

+b
e We show that £"! = &
(p q)+b

Z(Tp.,q)er (k(lpq +b) llm(lf ,q)+b+c— 1'a)

R -1
B(7>,(1)+b J( ,q) ker(i pq)> "
[1 q)+b k(p 7)+b im( Yp, q)+b+c—ra)

N (
7(pq> (ll 0" kel(z )+ (—1)a)
N ( (kf‘r@p Yibte(r1ya) T, 0 b ra))

(pq )+b Kipays p) ! Z(Pq)+b+c+(7‘l
. ](lpq) ( M) (km(lpq)ﬂ Da )mlm(L(p;)»
= Z(Tpt;ﬂbm( gib) i Pq +b+C+(T Da (ker(ZEP;HbJrcf(r )Jrker( (pg)+brre—(r—1)a))
(pq) o(i (P;))il(im(l”(lpq +(1 la c))
B Z7pql+b (lp.g)+bre—tr—1a © (7 pt))+b+c (—1a i yen) ) e (kel(qu bie_(r1)a))
_ ](m) (i(rp;)) to ]‘(pq)+(r 1)a C(k(pq)Jr(T 1)a— o)™ un(z( ))
- Zipyin N Gl ibre 12 © (g ibre—-na) " © Klpgrin) " (Blogrerab r-na

1 e R 1 T—1
Jip,a) © (Z(p,q)) 077]1(1{.(,”(, 1)a— C(Zp 2)+(r—1)a— c)

T r—1
(A(MHb) qu +2btc—(r—1)a B(pq)+b

r—1
AL+ r-1a—eZpgyrr-ta-c)/ Blpgy b

_ ker(dy, ;) ,1,)
‘“}5% O +r—Da—c)
E (p,q)+b

e About d"™!: We first show that d"™! is a homomorphism. To this end,
we need to show that A’(";;Hb( (pa)ib) © B( O)+2btc—ra -
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r+1 r
AG (B(p7q)+b)

_ il : —17.1 >
(p,q)+b - 7(11) q)+b+c— Ta((z_7(4p7q)+b+cfra) k(p q)+b(B(p7q)+b))

j(p (1)+b+c Ta((ﬂ(ﬁp q)+b+c Ta) 1(k(1p q)+b (-7(1;),(]) (ker( (p q )))))
J(;, otbre—ral(f{pgrbicra) (0))
ker (i} ))

<

jﬁp q)+b+c— ra(
= Bp,q)+2b+c ra’
So d" ! is a bigraded homomorphism and it is related to A" as required.

Y(p.q)+bte—ra

It remains to check that d"*! is a differential. Thus we need to show
that

r+1 'r+1 7T D,
Alpab © Bpg—ctraZpa)-cira) € Blpgyiob-c—ra
Indeed,
r+1 r+1 7T -1 17.1 - 1
A(pq +b A(pq C+ra(Z(p,q)—C+Ta) < ](117 q)+b+c— Ta( "(p,g)+b+e— 7a) lk(pvq)+b](pq (D(pq)
:J(p q)+b+c— ra(L(pq)+b+c ra

r
(p,q)+2b—c—ra*

2.3.3 Morphism of Exact Couples

Definition 2.3.3. A morphism of bidegree m € 7Z & Z from one exact

couple {D(p o), E(lp,q)(l)}(p,q)erZ to another {D(lm)(Q), E(lp,q)@)}(p,q)erz
is a family of morphisms

{01960 | Foa: DoV = Dy 9 * Bly(1) = Ely (@) |
satisfying:

(P,q)EZXZL

1. f(p,q)+a © Z%p,q)<1> = Z%p,q)—}—m(Q) © f(Pa‘])7
2. 9(p.g)+b © ](1p,q)<]') - j(lp,q)+m(2) © f(p,q)7

3. fpa)+e © k;(lp7q (1) = klpq +m(2) © 9(p,q)-

Proposition 2.3.4. A morphism between exact couples induces a mor-
phism between the induced spectral sequences.

Proof. Note that, by Theorem 2.3.2 on page 28 and the proof of Lemma

2.2.10 on page 21, for every r > ro, we obtain a morphism g(,,q)| : Z, (1) —
2y +m(2) and. hence a morphism g7, v+ EY, (1) = E(, 1 (2). There-
fore, the following relations hold:

L fpq+al o Z%p,q)“) = i%p,q)+m<2) ° fwal;

2' g(p’Q)+b’ ° j(lp,q)(l) = j(lp,q)+m(2) o f(p»(I) ’
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3. f(PvQ)+C| © k(lpg)( ) = k (p,q) +m(2) ° g(p,q)"

We need to check the following:

e god' (1) =d"(2)og": By Theorem 2.3.2 on page 28, we are done if
We PLOVE g(pq)—(r-Datbre| © Al ) (1) = Af, 41 m(2) © g(p’q)l

Y(p.a)—(r—Datbic| © A pq)( ) g(p 0)—(r—a+brcl Oj(p @)—(r— 1)a+c(1) o (i pq)+c(1)) °© kll )( )
= 7([) q)—(r—1 a+c+m(2) f(P q} (r—1 a+c| ° (Z(p q)+c(1)) k(}) q) ( )
1 —(r— 1)a+c+m(2) ° ( 7(“p ({)+c+m(2)) ° qu +C| ° kp,q ( )

- j( ,q)—(r— 1)a+c+m(2) ( (p q)+c+m( )) © k (p,q) +m( ) o g(P:Q)‘
pq)+m( )o 9(p.9) |

o gt = H(gr); From the .homomorphism Yo By = Ef, 4y 1m(2)
we obtain a homomorphism H. (g7, ) « H.(E7, (1)) = Ho(E], ;) 1 (2))-
From the proof of the Theorem 2.3.2 on page 28, we know that
2, )( ) = ker( (pq)( ) and B(pq)( ) = 1m(d’“ q)+(r—1)a— o(1)), for t =
1,2. Therefore, the homomorphism gzﬂ) E&qu)(l) — E&qu) m(2) s
the same as H.(g{, ).

2.3.4 (Co-)Augmented Exact Couples

Now that we know how to distill a spectral sequence from an exact couple,
we focus on the two objects of interest L, and L* that we have talked
about in the introduction to this thesis.

Note 2.3.5. For a = (ay, as), if we define a := (—ag, a;) and look at a and
a as vectors then their dot product is a-a = —ajas + asa; = 0. Note that
going up/down in a D'-column in an exact couple is by subtracting/adding
a to the bidegree of the D!-terms. The way a is defined guarantees that
D{,,) and D(, , are in the same D'-column if and only if (u,v)-a = (p, ¢)-a
So if we pick a D!'-column, then for every D(lm) in it, (p,q) - a is a fixed
integer, say n. We call this column the n-th D'-column of the exact couple.
The D*!-column on the right of the n-th D'-column is reached by adding
b + ¢ to every (p,q). Therefore, the D'-column to the right of the n-th
D'-column is the (n + o)-th column where o = (b + ¢) - a. This is the
reason in Definition 2.3.1 on page 27 we required o # 0.
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Definition 2.3.6. An augmentation of an ezxact couple is a morphism
D}, — X, of the form

-1
v —a
(p,q) Dl

1 1
= Dhga (v \/w — =X,
Qw,a)

where this is the n-th D'-column of the exact couple and X, is an R-
module and Qpqg—a = Q(p,q) © i%w)_a.

Definition 2.3.7. A coaugmentation of an exact couple is a morphism
X* — DL, of the form

-1
2
(p,2) Dl

" 1 1
X — . =D — =D (p.q)+a

(p,g)—a (p.q) T

Q(p,q)

where this is the n-th D'-column of the exact couple and X™ is an R-

module and QP2 =it o Q).

Remark 2.3.8. An exact couple always has a wuniversal augmentation
given by

1
¢ —a
(p,a) D1

1 1
= Dpga () \/Mmm > —z L,
Ip,0)

where n = (p,q) - a and L,, = colim(y).a=n D}w.

An exact couple always also has a universal coaugmentation given by

1
(2
n e . D! 1 (»a) M1 ...
L \—Dw Dipg) (p.a)+a
1(P:2)

where n = (p,¢) - a and L™ := lim(y y).a=n D,

Therefore, if we take X, as an arbitrary augmentation and X* as an
arbitrary coaugmentation we have the following diagram.
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p" pn+a
X" > [n Xn+0 > Ln+0
: [(pa)—ra [(p.a)—ratbic
Q(Pﬂ)*ra . Q@) —ratb+te
AV S
1 1 1 1 1
E(p,q) —ra—c D(p,q) —ra E(p,q) —ra+b D(p,q) —ra+b+c E(p,q) —ra+2b+c
1 1 1 1 J 1
Etpq)~r—va—e = Dipg) ~r-11a = Ep.0) ~r—vyatb — Do) ~r—vjatbre = Epg)—r—1)as2bre
7
A{nq) +b
v M il v
1 1 J 1 1 1
E(m) —a—c (p.a) —a E(m) —a+b D(m) —a+b+c E(p«,q) —a+2b+c
. -1
"p.a) *al “(p,q) —at+btc
Bl D! .7(1p,,1) Bl k(l,,,q) ®_pl I
(p,q) —c (p,q) (p.g) +b (p,q) +b+c (p,q) +2b+c
N ! 7N ! N
1 1 — 1
Wiy |21 | Y0 +6=Ll) +b
1 1 Y 1 1 1
[ E D; E
(p.q) +a—c (p.q) +a (p.q) +a+b (p.q) +a+b+c (p.q) +a+2b+c
Blp,q) ~(r—Da—c
E! W — . E! o _ . E!
(p.q) +(r—1)a—c (p,q) +(r—1)a (p,@) +(r—1)at+b (p,@) +(r—1)at+b+c (p,@) +(r—1)a+2b+tc

il
(p,a) +(r—1)a

1 1 1 1 1
E(p,q) +ra—c D(p,q) +ra E(M) +ra+b D(M) +ratb+c E(m) +ra+2b+c
I Q(p,g)+ra I Q(p.g)+ratbte
(pa)+ra (p,q)+ratb+c
A A A EN
Ln o > Xn Ln+a Pt > X7L+o

We can filter these augmentations and coaugmentations as follows.

Definition 2.3.9. The image filtration of L,, is the sequence of modules

0C - CPpg)-a C Ppg S Ppg+a S - C Ly

determined by
Dpg) = iM(L(pg) : D(lp,q) = L),

where (p,q) -a =n.

Each pair of adjacent terms in this image filtration gives a short exact
sequence
Pp.a)

Pp.g)—a = D) —> :
¢(p7q)—a
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Definition 2.3.10. The kernel filtration of L™ is the sequence of modules
0C ... C P02 C gd C plpatac...C "

determined by
P9 = ker(I®9 . L™ — D, ),
wher (p,q) -a =n. so that
Each pair of adjacent terms in this kernel filtration gives a short exact

sequence

¢(p,q)—a — ¢(p7q) —

Definition 2.3.11. The image filtration of im(p,,) is the sequence of mod-
ules
0C - C Fpg-aC Fpg S Fpg+a S+ S imlpn)

determined by
F(p,q) - im(Q(P7Q) : D(lp,CI) - Xn)’

where (p,q) -a=n.

Each pair of adjacent terms in this image filtration gives a short exact
sequence
Fpa)
Flpg)-a

Definition 2.3.12. The kernel filtration of X™ s the sequence of modules

Fpg-a— Fipg =~

0C...C pro-ac pa Cc plata c...c x»

determined by
FPO = ker(Q®D : X — D(lp,q)%

where (p,q) -a=n.

Each pair of adjacent terms in this kernel filtration gives a short exact
sequence
FP.a)

(p,g)—a (p,9)
F = Y = o

2.3.5 FE°-Distribution Theorem

In Lemma 5.6 in [3], Boardman connects the quotient of the adjacent im-
age filtration stages of the universal augmentation L, to the E°°-term.
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Peschke [26], in the E*°-Distribution Theorem, states the simultaneous
relation between the quotient of adjacent image filtration stages of the
universal augmentation, £*°-term and the quotient of adjacent kernel fil-
tration stages of the universal coaugmentation. He does so for an arbitrary
spectral sequence, without any assumptions. This theorem plays a pivotal
role in the theory of exact couple based spectral sequences and the entire
thesis.

We state the E*°-Distribution Theorem here and postpone the proof
until the last section of this chapter. As we promised, it provides the
answer to the following question from chapter 1 on page 4.

Theorem 2.3.13. (E*-Distribution Theorem [26/) For an ezact cou-
ple the following hold:

1. The differential on E” has bidegree b+ ¢ — (r — 1)a.

2. In the image filtration of L,, a pair of adjacent filtration terms fits
into the 4-term exact sequence

Z(Oo )+b Z( )+b
Dp.g)—a Pw.a) E?q)+b : pﬂ - y J
' \ / ' Hn(](p,q)) ker(k (ps q)+b)
€(p.a)

where €., q) = Coker(Gpq)—a — Dp.g))-

3. In the kernel filtration of L™, a pair of adjacent filtration terms fits
into the 6-term exact sequence

ZOO
, (p,9)+b
q)+b+c . . ) b
plrathe glrarees \\ iI[l(j(lp,q)> hm er(i (1q)+b+c ra)
E(p’q)+/ lim?! ker( Y, q)+b+c 76)

i

hle&uqH—b
where ¢ Coker(¢ Pa) ¢(p,q)+a)‘

4. For (u,v)’s where (u,v)-a = n, we have colimy, ) ¢un = Ly, and
lim ) @u fit into the following 6-term exact sequence
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ker(L” — Ln) — [ —— hIn(u,fu) ¢u,v - hm%u,v) ker(Lm;)

|

hm D1

i

lm,, ) Guw

where I, : Di,v — L,

5. For (u,v)’s where (u,v)-a = n, we have lim, ) ¢"" = 0 = hm(w P
and colim, ) ¢" = ker(L™ — Ly,).

All of the assertions above are natural with respect to morphisms of exact
couples.

We can summarize the Theorem 2.3.13 in the following diagram where
sequences of the same color are exact: See [26].

nr ¢(1;{11)7ra hmvl‘Z(Tp,q)er n (b p,q:b+c ra
lim} ker (i7" i q)+b+c )
v
Dpg)—a lim! ker (i’ ) tbtora) Q(p-,q)f—bﬂ
D) €(pa) o+ Zi ePaFhre «—— gpathieta
' Y im(j (@, q))
/ o0 ZE):‘I)+b+a 92
Dp.g)+a €(p,g)+a E(pqubJra epa)tbteta <« ¢(Pv4)+b+c+ a
- (7 g)a) o
v v
U, ¢waytra U, protbretra
L, ker(L""" = Lyio)

E*°-Distribution Diagram
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In analogy with the anatomy of a butterfly or a bird we refer
e to the image filtration stages of L, and their quotients as the “left
wing”,

e to the kernel filtration stages of L™ and their quotients as the “right
wing”, and
[oe]
e to the E*®-terms, the ————’s and the lim!-terms as the “body”

m( )

of the E*°-Distribution Diagram.

Remark 2.3.14. On the one hand, the monomorphism

€(pq) E(Opiq)er

shows that EE’;q) +p Measures the contribution of Dlp g o the image filtra-
tion of L,. On the other hand, the epimorphism

EE)O J+b Z(O.Z;Q)-Fb

s + . . )

pq m(j (1p,q))

. . Z E);,q)er (p,q)+b-+c

in presence of the monomorphism ﬁ — ¢ePa , puts an upper
1 (p,q)

limit on the contribution of D(lp’q) +breta U0 the kernel filtration of Lt

where 0 = (b+c¢) - a.

For example, assume we have an exact couple whose D'-columns are

originally stable; i.e., for sufficiently large r we have D(lp —ra = D(lp O)—(r+s)a>

for every s > 1. Then lim} ker(i” _) vanishes and hence we have the fol-
lowing short exact sequence

€(pq) EEﬁqu — PO TbEe

The following example shows how little it takes for an exact couple to
make the E*-term distribute itself non-trivially over e_ _ and e .

Example 2.3.15. Assume we have a short exact sequence
A— B —»C

and the following exact couple
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R

1R

1%

Il

Let us denote the position of B, the only nonzero E'-term, by (p, ¢+b).
So we have the following

1.

For 7 > 0, we have ¢, 4)+ra = A and zero otherwise. Hence €(, 4 = A
and for every nonzero s € Z, € 4)+sa vanishes.

. For » > 0, we have ¢p®@-ratbte — (' and zero otherwise. Hence

ePa)tbte — O and for every nonzero s € Z, ePatsatbte yanighes.

. The spectral sequence collapses on the first page, so E° =B.

(p,q)+b

. . 1 -
Since lim, ker (s,
act sequence

g)—ratbt .) vanishes, we have the following short ex-

00 (p,a)+b+c
€(pq) E(p,q)+b € )

that is,
A— B — C.

Even in a spectral sequence with only one nonzero F-term, E°° can be
distributed non-trivially over both quotients of adjacent filtration stages.

We can generalize Theorem 2.3.13 to the case of an arbitrary (co-
Jaugmentation. The proof will be similar.

Proposition 2.3.16. [26] For an augmented and coaugmented exact cou-
ple the following hold.
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1. There is a filtration of X,, given by
Flpg = im(Qp,q) : D(lp#l) = Xa).

Adjacent filtration terms are related by the following diagram of exact

sequences
F(p,q)—a F(p,q) 5(M)
Pn| Pnl
¢(p7q)—a - - ¢(p,q) /(P»Q)
\E L e
Q)+ . .
e lm(](lp,q))
ker(p,|) = ker(py|) coker(u(p,q))

U(p,q)

where 6(,.q) = coker(Fip g)—a ™ Flp,q))-
2. There is a filtration of X" given by

Fpa+bte _ ker(@(p,q)+b+c e D(lp,q) ibic)-

Adjacent filtration terms are related by the following diagram of exact

sequences

ker(pn+0|) [ ker(anra')

[(p.a)+bte [(pg)t+atbte §(P:a)+bte

.y o

@(p-,q)+b+c -— ¢(p1q)+a+b+c ¢(P.g)+btc

ZO()
(p.9)+b il :
lim, kerdf ,
ker(k(lprqu) (p.g)—ra+tb+tc
n+o n+o . im L i1

coker(p"* |)V>—>(p>q)+b+ccoker(p sd)] coker(V(p,q)+b+c) lim, ker zE;q)ferbﬂ

limiZ(Tp’q)er

3. U, Fipgy4ra = im(pn : L, = X,) and (), Fip,q)+ra fit into the exact
lim™-sequences
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lim,. ker(Q(p,qu) s [N — ﬂr F(p,q)+ra — limi ker(Q(,,7q>+,,.a) — hmiD(lp,qH»ra

i

hmi Flp.g)+ra-

4. We have

ﬂ F(p,q)+ra+b+c — ker(pn-‘ra : Xn-l—a N Ln-l—a)

T

and
| JFrotratbre — ker(X™7 — L,,1,).

Moreover, all of the exact sequences in the assertions above are natural
with respect to morphisms of (co-)augmented exact couples.

We can summarize this theorem and the E°°-Distribution Theorem in
n-+o

the diagram on the first fold-out diagram in Appendix D, where p; 77 :
X" - Lyioand I LYo — L.

n+o

2.4 Outcomes of the E°°-Distribution The-
orem

The E*°-Distribution Theorem shows that there are three major players
corresponding to every spectral sequence: e_ _, e~ and £, and it shows
the relationship between them. In this section, we provide necessary and
sufficient conditions to obtain e_ _ = E* or E* = ¢, and we see that
it is impossible to have both at the same time. Then we will see when we
obtain the closest possible relationship between these three; i.e., we will see
a necessary and sufficient condition for availability of the following short
exact sequence

€ - — EX —»e.
We will also see what happens if e _ = 0 or e~ = 0. Therefore, the
Questions 2 and 3 stated on page 5 in the first chapter are answered.
Remember the following question from chapter 1 on page 5:

Question 2. What are the necessary and sufficient conditions to have E>
isomorphic to e_ _ or e~ ¢ Is it possible to have both at the same time?
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Here is the answer to the first part which is a result of the E°-
Distribution Theorem:

ZOO
if and only if M =0, i.e., if

Proposition 2.4.1. €, , = E° ,
(p,q) m(](lp,q))

(p,q)+b

and only if Z(O;,q)er - im(j(lm)).

Definition 2.4.2. Given an exact couple, we say that the induced spectral
sequence s convergent to its universal augmentation if e _ = E*°.

When the spectral sequence converges to L,, the E*-Distribution Di-
agram turns into the following diagram:

ﬂ'r ‘b(zgq)fra

¢(Tq) €(p.q) — E(O;q)er
qb(zz,qm)Jra €pa)ta — EE ibia
v
U'r Q(Py(1)+ra
L,

<« Convergence to Augmentation e_ _ = E> »

Remark 2.4.3. This is what Boardman calls weak convergence to L. If
also lim, ¢ g)—ra = [, @(p.q)—ra = 0 he calls it convergence to L, and if
lim, ¢p.q)—ra = lim}nqﬁ(p’q)_ra = 0 he calls it strong convergence to L,. See

[3].
We also have the following special case:

Corollary 2.4.4. If L7 = 0, then any of the following conditions implies
that in the induced spectral sequence we have €, 4) = E(O;’q)er:

e’} o -1
L Z8 e = (g q),
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2. im(D, y iprera = Dipgyinie) Nim(k(, ,11,) = 0 for some r >0 (in

the literature it is called the Mittag-Leffler condition, see [24]),

3. D =0 for some r > 0 sufficiently large,

1
(p,q)+b+c—ra

4. hmi ker(i?p,q)+b+c7ra) = 0.

Proposition 2.4.5. E¥ . = ePOOre i and only if €, and the map
ZOO
(p,9)+b

— — lim} ker(i7 ) vanish.
im(j (1p,<J)>

(p,g)+b+c—ra

Definition 2.4.6. Given an exact couple, we say that the induced spectral

~ _—,—

sequence is convergent to its universal coaugmentation if E> = e,

When the spectral sequence converges toL*, the E*°-Distribution Dia-
gram turns into the following diagram:

0
imtzr £ (p.g — 7
hInTZ(p,qH»b mr @(Pa 1):b+c a
lim, ker(i{ ) .)
.1 . v
lim, ker(z{p,q)+b+c_ra) ppa)tbe

0

Zipa)+b
EG, b = - p..q+ = (p.a)+btc = p(Pa)+btcta
(pa)+ lm(](lp,q)) € ‘
E?C ) = Z(Ocp‘quJra (p,q)+b+c+a ¢(pq)+b+c+28
,q)+b+a ‘ 1 e, S ()
P‘I lm(‘](p.q)-*-a) ~
v
U ¢(P‘Q)+b+c+ra
Ln+a
« Convergence to Coaugmentation £*° = e~ p

Remark 2.4.7. This is what Boardman calls (weak) convergence to L*.

See [3].
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We also have the following special case:

Corollary 2.4.8. Suppose L, = 0. Then any of the following conditions

implies that ¢Pa)+Pte = ER b

1. lim, ker (i, =0,

+b+cfra)

— D! are onto.

1
2. all D T

(p,q)+b+c—ra

The answer to the second part of Question 2 is “No”, because:

ZOO
- if (g = E?;qu the % = 0 and hence e®9+P+¢ yanighes,
p.a
and
_if B> o~ ((pa)tbte thon EX o % ~ (Pg)tbte gnd
(p,9)+b — (p,9)+b — 1m(j(1 )) -
P.a

hence €(pq) vanishes.

Remark 2.4.9. The map

ZOO
(p,9)+b i b ¥

—— — lim, ker(l b c—ra)

: (J(lp,q)) (p,q)+b+

vanishes if and only if

Z?I;Q)"Fb ~ 6(p,q)+b+c
im(j (1p,q))

and, equivalently, if and only if we have the following short exact sequence

a)+b+
€(pq) EE);,q)er — ePa)ibre,
This is the closest possible relationship between the E°°-terms of a spectral
sequence and the quotients of the adjacent filtration stages of the univer-
sal augmentation and coaugmentation of the corresponding exact couple.
Therefore, E* distributes itself uniquely over either €, or e®9+P.

Definition 2.4.10. Given an exact couple, the induced spectral sequence is
called purely distributed over the universal augmentation and coaugmen-
tation if we have the following short exact sequence for every (p,q) € Z X7

€(pq) EE);:,q)-i-b — ePa)ibEe,
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Now we consider the third question we stated in the first chapter on
page 5:

Question 3. What happens if e_ _ or €~ vanishes?
Here is the answer:

Proposition 2.4.11. [f P9tP+e — ( then E>-Distribution Diagram has
no right wing:

, o
N, Ypa)—ra her(’pqub

|

R ERP
lim, ker (L(p,quﬂira)

O(pg)—a lim? ker(i(’p’qﬂbﬂfm)

ZOO
, 0o (p.9)+b
1) €(p. E :
P(p.q) (P.9) (p,q)+b il’ll(](lp_q))
Z(ocqu)+b+a

J(p,q)+a

Ly,

Ur (/’(p-qua

Proposition 2.4.12. If ¢y, = 0, then the E°°-Distribution Diagram has
no left wing:
limiZ&)’qu (), pPo+bre—ra —
ol )

.
lim, ker (i, .,

lim! ker (i, ) tbte

+b+c—ra)

Lo v
B = P+ (p.g)+b+e p(p.a)+bteta
Q)+b — : -0
s lm(j(lp-,q)) ‘
ZOO
E?:.q)erJra =~ (p,9)+b+a () tbicta « @(p‘q)+b+<:+2a

im(j(lp_’q)_w)

UT ¢(pa)+tbtetra

Ln+z7
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Definition 2.4.13. Given an exact couple, the induced spectral sequence
15 called

1. augmentation concentrated if e~ =0, and

2. coaugmentation concentrated if e — = 0.

The following corollary is an immediate outcome of the £°°-Distribution
Theorem and Remark 2.4.9 on page 43.

Corollary 2.4.14. Given an exact couple, if the induced spectral sequence
18 convergent to the augmentation or coaugmentation, then it is augmen-
tation or coaugmentation concentrated, respectively. That is,

1 ife. = E>* thene =0, and
2. if EX_= ¢ thene _ =0.

oo

The converse holds if and only if the map ﬁ — lim} ker(i" _) is
im(j_ - ’

zero (e.g., lim, ker(i” _) =0).

2.5 FE*-Distribution Theorem vs Boardman
Approach

In this section, we compare Boardman’s approach in [3] and our approach
that led to the E*°-Distribution Theorem. We will see that Boardman’s
method enabled him to realize that there are three major playerse_ _, e~
and E* related to any spectral sequence. He successfully describes the
relationship between two of them; i.e., he shows that there is a monomor-
phism from e_ _ to £°°. However, supported by the E°°-Distribution The-
orem, here we can also provide the relationship between ¢~ and E*°.
Then we will see that his emphasis on providing necessary and sufficient
conditions for what he calls strong convergence keeps one away from the
fundamental fact that in convergence of any type what matters most is the
isomorphism between e_ _ or e~ and E°°, not requiring the limit and/or
lim! of the filtrations to vanish.

We will see that he is also aware that if one of e_ _ or e~ vanishes
then there is a good chance to relate the non-zero quotient to E* and it
gives him the motivation to define the notion of conditional convergence.

We consider the following issues:
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1. Relationship between e_ _, e~ and E°.
2. When do we have e_ _ = E* or e '~ = F>7
3. What happensif e._ =0ore™ =07

4. Boardman’s tools (RE> and W) vs our tool (lim' ker(i)).

2.5.1 Relationship between e¢_ _, ¢~ and E~

Boardman offers Lemma 5.6 that provides a monomorphism e_ _ »— E*°.
Here, using the E°°-Distribution Theorem, we can also describe the rela-
tionship between ¢~ and E*°. The E*°-Distribution Theorem offers the
following relationship between the monomorphism e__ — E*, E* and
€7

o1 T
lim, ker (2, ) 1 bcra)

|

ZOO
€(p,q) >—>E(p,q)+b iméjjil )) ¢(P.9)+b+c
P.q

\/ The first advantage of the E*-Distribution Theorem is providing a
relationship between €~ and E°.

2.5.2 When do we have e _ = [ or ¢ '~ = E*7?

Boardman is mostly interested in conditions that guarantee convergence
of different types. He defines four types of convergence

1. weak convergence,
2. convergence,
3. strong convergence, and

4. conditional convergence.

See Definition 5.2 and 5.10 in [3]. In the first three types, the main role is
played by the isomorphisms £ = e_ _ or £* = ¢~ 7. The other condi-
tions (e.g., vanishing of limit and/or lim! of the filtrations) in the definition
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of convergence or strong convergence are only for extra comfort; look at
Definition 2.1, Proposition 2.2, the explanation after Theorem 2.6 and
Definition 5.2 in [3]. For example, as we have seen in the E*°-Distribution
Theorem, the limit and lim! of the kernel filtration of the universal coaug-
mentation always vanish. So, with Boardman’s terminology, being weakly
convergent, convergent or strongly convergent to the universal coaugmen-
tation are all the same concepts. We will talk about the fourth type of
convergence in the next part.

To provide necessary and sufficient conditions to guarantee e_ _ = E*
or €~ = E* he introduces an object RE°°, which in our notation is
lim,lﬂZ(p o)+ See section 5 in [3]. However, he often obtains more than just
an isomorphism. Look at Theorems 6.1 and 7.4 in [3].

But, what are the necessary and sufficient conditions to have only

€. _XE® ore T X EX?

)

The answer to Question 2 in the previous section, Corollary 2.4.4 on
page 41 and Corollary 2.4.8 on page 43 provide the necessary and sufficient
conditions. Therefore,

\/ The second advantage of the E*°-Distribution Theorem is providing
necessary and sufficient conditions for e_ _ = E* or e 7 = E*.

2.5.3 What happens if e._=0or e =07

By defining the notion of conditional convergence, Boardman uses the fact
that if L, or L* vanishes then the quotients e_ _ or e~ vanish, respectively,
and then he can relate the E*-terms to the non-zero quotients; look at the
proof of Theorems 7.2, 7.3 and 7.4 and also the statements of Theorems
8.10 and 8.13 in [3]. Vanishing of lim* of the D'-columns in the definition
of conditionally convergence is only because of his policy to always mention
both limit and lim! for every sequence; look at page 63 in [3].

To describe how to relate the E*°-terms isomorphically to the non-zero
quotients e_ _ or €7, he introduces another object W, that he calls an
“obstruction group”. Look at Lemma 8.5 in [3]. But, again, he obtains
“sufficient” but “not necessary” conditions for existence of such isomor-
phism. Look at Theorems 8.2, 8.10 and 8.13 in [3].

Again the same question arises:

~J

What are the necessary and sufficient conditions to have only e_ _ =
E>* when e~ =0 ore ™ =2 E* whene__ =07?
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Proposition 2.4.11 on page 44, Proposition 2.4.12 on page 44 and Re-
mark 2.4.9 on page 43 provide the necessary and sufficient conditions.

2.5.4 RE, and W vs lim'ker(i)

Boardman introduces two objects RE, and W and uses them as some
sort of “obstructions” against the pleasant convergence. The object that
we introduce and work with is lim ker(i” _); look at the E*-Distribution
Theorem 2.3.13, part 3. Vanishing of lim, {ker(i" _)} provides a sufficient
condition for the closest possible relationship between the quotient of ad-
jacent kernel filtration stages of L™, quotient of adjacent image filtration
stages of L, and the E*-terms; i.e., we have the following short exact
sequence

€(p.g) E&f,q)—&-b — elpatbie

and hence the spectral sequence is purely distributed over the universal
augmentation and coaugmentation; recall the Definition 2.4.10 on page
43. Whereas, vanishing of RE,, or W, or even both of them, does not
imply any immediate relationship between e_ _, e~ and £*°. See Lemma
5.9, Theorem 8.10, Lemma 8.11 and Theorem 8.13 in [3].

We should mention that RE., and lim' ker(7) are very similar:

1. Remember that RE, is lim! Z" _. By the E*-Distribution Theorem,
part 3, they both appear in a 6-term exact sequence.

2. If in an exact couple, for sufficiently large r we have D(lp O—ra =
D(lp o)~ (r+s)a> for every s > 1, then lim!ker(i) vanishes. Compare

this with Section 6 in [3] where RE,, also vanishes for these types
of exact couples. For an exact couple that the D'-columns turn into
isomorphisms or vanish as we go down, neither lim! ker(7) nor RE,,
necessarily vanish. Compare this with Section 7 in [3]. At this point,
we do not know if there are examples where one vanishes and the
other does not.

Therefore, the close connection between lim' ker(7) and the quotients
e and €~ turns lim! ker(7) into a more efficient tool than RE,, and W.

\/ The third advantage of the E*°-Distribution Theorem is providing an
immediate relationship between e, e~ and E> when lim" ker(7)
vanishes.
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It also shows the following:

Corollary 2.5.1. E* can be isomorphic to only one of e_ _ or e ™.

2.6 Proof of the E*°-Distribution Theorem

Before providing the proof of the E*-Distribution Theorem from [26], we
state a few preliminary results first.

Definition 2.6.1. For a fired n € Z and any r € N, define

g(rpyfI) = iz‘p,q)fralim(Q(qu)—ra).

X" = [
o) —ra
' Q 7(pa)—ra
AV
. 1
’ D(pvq)—fa
Qra) . "
"(p.q)—ra
“
1
D(p,q) '
Note that
-7 . 1 1
Ypg)—ra D(p,q)fra - D(p,q)

and hence g, ., is defined from im(Q®9=7) to im(Q™), because Upg)—ra

QPa-ra = QP9 Also, 9ipq) 18 surjective, because for QP9I () € im(QP),
we have

T Q@) = QU (a).

For any y € ker(gy, ), we have y € ker(ig, ) = im(k(, o ): be-

cause ker(g(lm)) - ker(i%m)_a).
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1 1 1
a E(qu)*Qa*C D(qu)*Qa E(p,q) —2a+b o
1
Y(p.q)—2a
Klo.a) Itpa)
1 p,q)—a—c 1 p,q)—a 1
.. _ .
E(p,q)fafc D(p,tJ)fa E(p,q)*aer -
-1
“p.g)—a
.. . El Dl El ..
(p,g)—c (p,9) (p,@)+b
Therefore, for some 7 € E(lp o)—a_c We have

k(lpﬂ)—a—c@) =Y

We are trying to show that ker(g(ln q)) is isomorphic to the quotient of adja-

cent kernel filtration stages of X™ and also it is mapped monomorphically

(p,g)—a—c

ker(k(lpyq)_a_c) '

Lemma 2.6.2. For every r € N\ {0}, we have

mto

Yy e im(g(p,q) —a) .

Proof. The statement holds for » = 1, since g(lp g)—a 18 surjective. Now
assume that y € im(g&)_ql)fa). So for some y"~! € im(Q®9"2) we have
g&)’;)_a(yr_l) = y. Since g(lp, g)—ra 1S surjective, there is an element y" €

im(Q®@~(r+1)2) guch that g(lpvq)_ra(yr) = y"~L. Therefore, by commutativ-
ity we have

r r T r—1 r—1 .
g(p,q)7a<y ) = g(p,q)—a ° g(p,q)fra(y ) = g(p,q)_a(y ) =Y

Le., y € im(g( ). O

p,q)—a
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1

(p)): WE have

Corollary 2.6.3. For every y € ker(g

Y€ (k(p,q)—a—c)_l(hln im(g(p,q)—a)) g Z(o;,q)—a—c'

o

A
Lemma 2.6.4. The function ¢ : ker(g(lw)) — k(l?l& defined by
er (K g)-a-c)

p(y) = [9] = § + ker(kj g —a—c)
1s @ monomorphism of R-modules.
Proof. e © is well-defined: If y = z € ker(g(lp,q)), then ¢(y) = [9],
p(2) = [2] and
k(lp,q)fafc(g> =y=z= k(p,q)fafc<2)'
So g~z € ker(k(, ) o o)i 1€ 9(y) = ¢(2).

e © is a homomorphism: Let y,z € ker(g(lm)) and t € R. We should
show that

p(y) +tp(z) = ply +t2).
We have ¢(y) = [9], ¢(2) = [4] and ¢(y + tz) = [y +tz]. So we
should show that

~

9]+ t[2] = [y + t2]

or equivalently,

Jg+ti—y+ize ker(k‘(lp,q)_a_c).

We have
k(lp,q)fafc(g +1tz - Y + tZ) = k(lp,q)fafc(y) + k(lp,q)fafc(t’%) - k(lp,q)fafc(?ﬂ_iz)

= k(lp,q)—a—c@) + tk(lp&)—a—c(’%) - k(lp,q)—a—c(y + tz)
=y+iz— (y+tz)
=0.

So g +12—y+tz€ker(ki,, o )

e © is a monomorphism: Take y € ker ¢. So for some

:g € (k(lp,q)—a—c)_l(hfn im(g(p,q)—a))
we have 0 = ¢(y) = [g]. Therefore, g € ker(k(lp’q)_a_c). So there is

w E D(II;";)_a_b_c such that j(lp )—a_b_c(W) = J. But by exactness we
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have

0= (k(lp,q)—a—c © j(lp,q)—a—b—c)(w) = k(lp,q)—a—c (?)) =Y.

Therefore, ¢ is a monomorphism.
O

Proposition 2.6.5. There is a short exact sequence FP9-2a . F@a) _,
ker(g(lpyq) ).

Proof. Define
(I FPo ker(g(lpﬁq))

by ¢ = QPD72| . Let x € FP9, Then QP972(z) € im(QP9~2). By
commutativity, we have

Iy (QPD2(2)) = QP (z) = 0;

ie., QPI-a(r) ker(g(lp’q)). Also, z € ker(y) iff QP9=2(z) = 0; i.e.,
ker(¢y) = FPa-a,

Take y € ker(g(lp’q)). Then there is some 2 € X" such that QP9~3(z) =
y. By commutativity, we have

Q(p,q) (I’) = g(lp,q) (Q(RQ)ia(x)) = g(lp,q) (y> = OJ

ie, r € FP9_ Since ¢(z) = QP?~2(x) =y, we then obtain the desired
epimorphism. O

Corollary 2.6.6. For any (p,q) € Z X 7Z,

FP.a) Z°

~ ker(gt _“g-a—c
Fg-a er(g(pth)) — ker(k(lp’q)fafc)

Remark 2.6.7. Note that those elements of the D!-terms of a D!-column
that are in the images of all Q»9~"®s are the only elements that are

involved in building lim, D(lp’ g)—ra’ The inclusion maps im(Q®®-"a) C
D

(1p g)—ra induce a monomorphism

lim im(QP9~"2) — lim D(lp,q)—ra'

1
(pg)—ra’

we have QP9~"3(z,) = x, and hence z, € im(Q®?~"2). Since for any s >

This is actually an isomorphism, since for any thread (x,,) € lim, D
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0 we have i(, . (%r) = Ty, we get (z,,) € lim, im(Q®9~72). Therefore,
li;n im(QP9)ra) o 1i¥n D(lp’q)_m,

Lemma 2.6.8. We have the following triangle of isomorphisms

m(zf ‘o, ‘1)> = ker(k:lp ) +b)
. r+1 r
lm(l(p,Q)—a) B(p q)+b
1
Diyq)
ker(iznq)) + im(i%pﬁq)—a)
Proof. We have
ker(k(p q)+b) _ im(](lp q))
r -1 r—1 1
By qy+b Tipa) © ()™ (< (’§<pq et(r—1)a))
im j
j(lp,q) (i ', ‘1)) (ker(z (P,q)+(r— )a))
_ lm(j (p, q))
j(l (ker(ig ‘o, q)))
lm(] (P q)>
1m( (p.q) ‘kez z(p q)))
(p,q)
~ ker(j (11)41))
ker(ifm)) + ker(j (lp,q)>
ker(j (1p,Q)>
1
(p,q)

im(if,q)—a)

ker(if ( o)t mn(z1 )

(p.9)—
im(ig, o)
~ (p ’1)
N ker(izm)) T im(i%m)*a)

Also
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im(Z(p,QQ _ im(i&w))

im(@'a;)_a) im(ifm)

1
© Z(zmz)—a)
1

(p:9)
o ker(if,, ;)
ker(ﬂ(np,q)) + im(igp,q)—a)

ker(ﬂ("p’q))
1

~ Dipg) |
ker(izp,q)) - im(i%p,q)—a)

o4

O

Lemma 2.6.9. If f: A — B and g : B — C are two R—module homo-

morphisms, then

ker(g o f) ~ i or
Teer(f) (f) Nker(g).

Proof. The vertical arrow on the right in the following diagram is an iso-

morphism

ker(g o f)
Ker(f)

ker(f)}——ker(go f)

ker(f}—= £ (ker(g)) —= im(f) (1 kex(g).

O
Lemma 2.6.10. We have the following triangle of isomorphisms
741 r
ker(l(p,q)-l—b-‘rc—ra) = Z(p:Q)JFb
- 1
ker(z p,q)+b+cfra) ker(k(?v‘l)-‘rb)

1%

o

ker(z’%MHbJrc) N im(ifp’quJrcfra)

Proof. By lemma 2.6.9 we have
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ker(i/ ! )

(p,q)+b+c—ra ~ 1 .
ker(i’(" Vbt - ker(z(p,q)+b+c) M im(
D.q c—ra

e
Z(p,q)+b+c—ra)

) N im(i] )

+b (p,g)+b+c—ra
.

1 —1
~ <k(P7Q)+b <lm Z(p7q)+b+0—ra

N ker(k(lp,q)er)
1 —1/,r—1 . -1
(k(p,q)—l-b) (Il(p,q) +b-+c— (T— l)a (1m(2(p,q) +b+C—7‘a) ) )

L ker(k(lp,q)er)

— r— -1
(k’(lp,q)+b) 1(2 p,q)+b+c7(r71)a(ker(j(p,q)+b+cf(r71)a)))

ker(k(lp,q)er)

_ 1
= im(kg,

Z(Tp,q)er

ker(k(lp’qu) .

We are finally ready to prove the E°°-Distribution Theorem 2.3.13.
Proof. (Theorem 2.5.13)

1. Remember that d" is defined in Theorem 2.3.2 on page 28 to be a

morphism
T

dq(np,q) : E(p,q) — E(p,Q)erJrcf(rfl)a'
Therefore, it is of bidegree b + ¢ — (r — 1)a.

2. We have the following short exact sequence of diagrams of towers

(i, o) o

im(if )

e e (p.9)

{1m(1(;f1)7a)}rez — {lm(l(p,q))}rez - {T—erlq)} :
reZ

Using lemma 2.6.8 we can write it as

o (a y ker (k] +b)
{lm(zzn;;)*a)}rez — {lm(zzp,q))}rel - {% .
(p,q)+b
r€Z

This diagram of short exact sequences is directed. Therefore, the
colimit functor preserves exactness and so we obtain

ker (k! )+b)

(p,q
B(p,q)+b

]
colim, im(if,

)—a) 7 colim, im(i(, ;) — colim,
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because the colimit functor is exact. Note that

colim, im(if, ;) : D(p 0~ D(p Dtra) = M(Qpg) D(lp,q) — Lp) = Opg)

P,q)

and

1 1 1
colim, ker(k;(p q)+b) _ ker(k(pq +b) _ ker(kpq +b)‘

B(Tp,q)+b colim, B(p,q)+b B&? q)+b

So we obtain the short exact sequence

ker(k b)
Pp.q)—a = Dp.g) = R.o—pq)+ (2.6)
(p.9)+b
ker (k! )
(p,)+b L
and hence €gq) = B.O—p)ib. Since ker(k, ,11,) = 1m(j(1p,q)) C
7q
Z@j o+b We have the following short exact sequence
im(j(IILQ)) ZE);Q)+b ZEX) )+b (2 7)
By Blgw  ker(kl )
But 700
0o () +b
(p,g)+b — BoI;q (2.8)
(p,9)+b

So we can combine (2.6), (2.7) and (2.8) in the following exact se-
quence
ZOO

N (p.a)+b
P02 D(pa) B kor(k!

\\ / (pa)+b)

€(p.a)

3. By lemma 2.6.10, we have the following short exact sequence of dia-
grams of inverse towers

ZT‘
(p,q)+b
{ker( pq)+b+c—ra)}T€Z — {ker (;_q)—i-b—&-c ra)}TEZ 5 { —_\PTb )
ker(k( )
pa)+b) ) 7

If we take inverse limit, by Theorem A.0.7 in Appendix A, we obtain
the following exact sequence
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Z7
. o . sr4-1 3 (P +b
lim, ker (ify, o) by ra) = lim, ker (i, 0 o) fimn, ker(k(, o)1)
Psq)+
lim! ker(i/ ) ——= lim, ker (if,, ) lim, oo
r (p,q)+b+c—ra r (p.g)+bte—ra "ker(k(, ) 4p)
p.q

where lim' is the first derived functor of the inverse limit functor.

- . Pl 1
Note that for Upg)+bte—ra ° D(p’qH_bJrc_Ta — D(]mq)erJrC we have

lim, kef(ifp,q)+b+cfm) = ker(Q(p,q)+b+c . [nto D(lp,q)+b+c)
— ¢(p,q)+b+c
and . 0o
2ot Zoasn
T ker(k(lp,q)-i-b) ker(k(lp,q)er)

Therefore, the initial segment of the lim-sequence turns into

ZOO
c c+a (p,9)+b SN T
¢(p,q)+b+ — ¢(P’Q)+b+ e P2 s lim) ker(i c—ra)-
ker(k(lp7q)+b) b

Therefore, part 3 follows.

4. If we take the inverse limit of the short exact sequence of towers

{ker(Iu,v)}(u,v)-é:n — {Diﬂ;}(u,v)-é:n - {qbu,v}(u,v)-é:n
we obtain the mentioned exact sequence.

5. If we take inverse limits of the short exact sequence of towers

{(éuyv}(u,v)ﬁ:n — L" — {im(Quyv>}(u,v)~é:n
we obtain the exact sequence

i U= L Hm im(Q™) = limi, ) azn ™"

Now by Remark 2.6.7 we have L™ = lim, ,).a=n im(Q"") and hence

lim  ¢"" = lim(, )4, ®"" = 0.
(u,v)-a=n (uv) (b

That colim(y,y).a=n Fup = Ly is immediate from the construction of
L,,. Now if we apply the colimit functor to the following short exact
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sequence of directed diagrams
{0 }wwyamn — L™ = {im(Q"") }u,v)-a=n
we have the short exact sequence
colimy v).amn @ — L" — colim(y,y).a=n im(Q"")
that implies

colimuy.azn ¢’ = () " =ker(L" = Ly,).

(u,v)-a=n



Chapter 3

Matching Convenient Exact
Couples to Towers of Modules

3.1 Introduction

We now turn to applications of the machinery of exact couples and spec-
tral sequences. So consider an R-module H, filtered by an ascending or
descending sequence of submodules:

"'ngflngngJrlg"'gH’ (31)

where p € Z. Here is an outline of the procedure, taken from [26], by
which we hope to use spectral sequence methods to gain information about
adjacent filtration steps and, eventually, about H itself:

1. we assume, inductively, some information about F},,

2. we assume an exact couple is matched to this filtration; i.e., we as-
sume (3.1) is the filtration of an augmentation or coaugmentation of
an exact couple,

3. we use the relationship between the E°°-terms of the spectral se-

F,
quence and -2 +1, explained in the E°°-Distribution Theorem, to
p
.. . Fp+1
obtain information about N
p

29
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4. and then using the following short exact sequence

Fpa
FP

Fp — Fp+1 —»
we carry the information to F,1;, up to extension.

This inductive argument for climbing up the filtration stages of (3.1) is
enabled when the filtration has a starting step which is known; i.e., when
the filtration is of the form

"':Fpo :Fpo ngoH ngo+2 C ng—l ngng—&-l c---CH
(3.2)
and we have information about F,,. In this case, the filtration is indexed
over w, the least infinite ordinal. Let us focus on the filtration of type

o=0=FKCcFHC---CF,1CF,CF,,C---CH (3.3)

which is a special case of (3.2). In the second section of this chapter,
we introduce an exact couple with the property that the filtration of its
universal augmentation is of the form (3.3). This exact couple looks like
the following diagram. Here, we are assuming that H = L,.

| ! |

Ln+1 Ln Ln—l
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Many familiar spectral sequences can be induced from this type of exact
couples; e.g., Serre spectral sequence, Grothendieck spectral sequence.

We will call it an originally vanishing exact couple and will see that
we have a close connection between the E*°-terms of the induced spectral
sequence and the quotient of adjacent filtration stages of (3.3); i.e., we have

. . P T : .
an isomorphism —2— —s E> . Even if H is an arbitrary augmentation

p
of an originally vanishing exact couple, we can still argue similarly and
obtain information about colim, F},. In this case, we have an epimorphism
F
;—H « E> . We will make the passage from colim, F}, to H possible by
providing sufficient conditions that are available by arguments not based
on spectral sequences or exact couples.

An originally vanishing exact couple is a special case of an exact couple
called originally stable in which the D!'-columns turn into isomorphisms
as we go up. Look at the following diagram.

Ln+1 Ln Ln—l
D__ 0 D__ E__ D__
D__ 0 D__ E__ D__
D__ E__ D__ E__ D__
D__ E__ D__ E__ D__
D__ E__ D__ E__ D__
Ln+1 Ln Ln—l

Such an exact couple allows us to draw conclusions stated above about
a filtration of the form (3.2). Here, again, H could be an arbitrary aug-
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mentation or coaugmentation.

Then, we introduce an exact couple with the property that the filtration
of its (co-)augmentation has the following descending form

H=FD2F2--2F 1 DF,DF . (3.4)

We refer to these exact couples as convenient exact couples.

In the third section of this chapter, we generalize this method in [26]
to the case where we have bigraded R-modules with ascending filtrations
indexed over an arbitrary limit ordinal \. We consider a transfinite tower
of bigraded R-modules indexed over a limit ordinal A

H —-Hy—-—H,—-H4 = —H,—-H4 — - — Hy=H,
(3.5)
the image filtration of H)

0CF1§"'§Fp§Fp+1Q"'QFnQFnHQ'“QFA:HA (3,6)
and the kernel filtration of H;
OcF'Cc...CFPCPFrtlCc...CF"CF""'C...C FACH,. (3.7)

Let us focus on the filtration (3.6). We use transfinite induction to obtain
information about F\. Given a property P, when trying to take the in-
ductive step from “ordinals less than n satisfy property P” to “ordinal n
satisfies property P”, we face one of the following two situations:

Situation 1: 7 is a non-limit ordinal and, hence, has at most finitely
many predecessors. Therefore, there exist a limit ordinal 7y and a
positive integer r such that n = 1y + r. We assume a convenient
exact couple is matched to the w-length segment of the filtration

FTIOano+1g"'ano+r71gFnoJrT‘g”'gFﬂoer' (38)

That is, we assume there is an originally vanishing or stable exact
couple such that H, plays the role of its augmentation. Now we can
use the same method we used in the w-indexed scenario to pass from
Fooir—1 t0 Fypyr = F’Z'

Situation 2: 7 is a limit ordinal. Here we have a morphism p, :
colimg., Hs — H, and hence an inclusion colimg, Fg — F;. We
will make the passage from colimg., F to F), possible by putting
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assumptions on coker(py).

Look at Remark 3.3.4 on page 81 for more explanation and the proof of
Proposition 5.8.1 on page 141 or Corollary 5.8.3 on page 143 for an example
of such argument.

At the end, we explain the same inductive argument for a descending
filtration indexed over an arbitrary limit ordinal.

We need to be more specific about the type of “information” we would
like to carry through the filtration stages. Here is one example: Let C be
a class of R-modules with the following properties:

1. C is closed under isomorphism; i.e., if A = B then A € C if and only
if BeC,

2. C is closed under subobject; i.e., if A— B and B € C, then A € C,
3. C is closed under quotient; i.e., if B — C and B € C, then C € C,

4. C is closed under extension; i.e., if in a short exact sequence A —
B — C we have A € C and C € C, then B € C,

5. C is closed under colimit of A-length directed towers; i.e., if {4, },<x
is a directed tower of R-modules in which A, € C for every n < A,
then colim, ) A, € C.

We are interested in “staying in C” as we climb up the filtration (3.6).
This is a generalization of the idea of Serre, [29], which will be explained
in Chapter 4.

To see another example, assume we have a morphism of filtered ob-
jects, where the filtrations are over a potentially transfinite limit ordinal
A. In other words, assume we have two filtered objects H(1) and H(2) with
potentially transfinite filtrations

(1) € --- CE(1) - CF(1) C Fya(l) ©--- € F(1) = H(1)
and
Fy(2) C--CF(2) C--- CF(2) C Fypya(2) €--- C FA(2) = H(2)

for an arbitrary limit ordinal A, such that for every n < A, there is a mor-
phism from F, (1) to F,(2) and for every n < A, the morphism from F, (1)
to F,(2) has certain properties; e.g., it is an (epi-, mono-)isomorphism, its
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(co-)kernel has a certain property, etc. We are interested in carrying this
type of information also to the morphism from H(1) to H(2). This leads
to the “comparison theorems” that will be covered in Chapter 5.

3.2 Convenient Exact Couples

In this section, we investigate the properties of special exact couples with
the property that their (universal) augmentation and coaugmentation are
induction-friendly; i.e., there is a starting point for the ascending or de-
scending filtrations of their (universal) augmentation and coaugmentation.

3.2.1 Originally Stable or Vanishing Exact Couples

An originally stable exact couple is an exact couple in which every D!-
column consists of isomorphisms from the universal coaugmentation down
until some D!-term. An originally vanishing exact couple is an originally
stable exact couple with 0 universal coaugmentation.

Definition 3.2.1. e An originally stable exact couple is an exact cou-
ple (D}, El,) in which for every n € Z there exists some (u,v) €

*,% 0

7 X 7, where (u,v) - a = n, such that

- D}

u,v—ta

Vi>0 ¢

u,v—ta

1
Du,v

1

is an isomorphism. In this situation, we say that D, , ., is in the

originally stable range of the n-th D*-column.

e An originally vanishing exact couple is an ezact couple (D} ,, E},)
in which for every n € Z there exists some (u,v) € Z X Z, where
(u,v) -a=n, such that

\V/ t Z 0 DtlL,vfta: 0.
There is a list of examples at the end of this section.

Remark 3.2.2. For an originally stable exact couple the following hold:

1. In the stable scenario depicted below, the E'-term vanishes:
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1
Du,v+(t—1)a
1 1 1
Du,v+ta Eu,v+b+ta Du,v+b+c+ta

1
Du,v+b+c+(t+1)a

1
(p,q)

the universal coaugmentation in degree n, is isomorphic to D(lp 9 and
hence the kernel filtration of ker(L™ — L,,) is of the form

2. Assume the n-th D'-column stabilizes from D up. Therefore, L™,

0 C gppatac...C gratra c yrotir+ha ... C ker(L" — Ly).
The universal augmentation L, has image filtration

=g S Ppag)ta S S Ppg)tra S Ppg)+(rrna C© 1 C L.

Since every D!-column stabilizes, we have
lim, ker(i” _) = 0.

Therefore, in an originally stable exact couple, the three major play-
ers e_ _, € »~ and E* form a short exact sequence

€__— B = e

i.e., the E°°-Distribution Diagram turns into



3.2 Convenient Exact Couples 66

ﬂr O(p.g)—ra

pPa)+bte

E

Dpq) — €(pg) = 0

[FRARES ePa)tbte «———— p(pa)tbteta

o0
Dlpg)ra ——= Ema)+a EY ) ibra = ¢pa)tbreta < p(pa)+bret2a

¢(p,q)ﬂr71>a —= ) t(r—a ——= B o 1)a — (Pa)tbret(r—l)a «—— o) thretra

EDO

(p.q)+btra — eP@)tbtetra <« pPOFTbret(rD)a

¢(p, )+ra = €(p,g)+ra

Ur ¢(p-/1)+ra Ur ¢<p’q)+b+c+ra

L, ker(L"" — Lpyo)

E*-Distribution Diagram of an Originally Stable Exact Couple

Note that, in general, £°° may be non purely distributed over kernel
and image filtration stages of the universal (co-)augmentations of the
exact couple: See Remark 2.4.9 on page 43 and Definition 2.4.10 on
page 43.

. For every originally vanishing exact couple, we always have e~ =0
and hence e = E*. Therefore, every originally vanishing ex-
act couple converges to its universal augmentation. If the n-th D-
column vanishes from D(lm)_a up, the E*°-Distribution Diagram
looks like the following diagram:
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ﬂr D(pgy—ra =0
D) €(p.q) = El b
@(P )+a Epa)+a - E(Oczz,q)+b+a

(ﬁb(paq)-(-(r—l)a ——€pa+ir-Na — B pio1)a

Ppg)+ra————= €(pa)+ra B3 o ibra

U r cb(y,q) +ra

Ln

E*-Distribution Diagram of an Originally Vanishing Exact Couple

3.2.2 Examples

Example 3.2.3. (Tower of Cofibers) Assume, for » > 1, X, and F,
are path connected topological spaces and consider the following tower of
cofibers

Xq Xo X3 X Xrt1
Fl F2 F3 F’r’ Fr+1

where every F, — X, is a map with homotopy cofiber X, .; and X :=
hocolim, X,. We can extend it to get

X, X — X, =X, > Xy = X, ——> X, 1
R A ]
{pt} {pt} Fy Fy F3 E, Fo

For any choice of a (generalized) additive homology theory h, where
h,({pt}) = 0 for ¢ < 0, each cofibration F, — X, — X, induces a long
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exact sequence of homology groups
e = hk<Fr) — hk(XT) — hk(Xr-i-l) — hk—l(Fr) —

If we put
D (lp,q) = hp4e(X,) and E(lp,q) = hy14(F7)

then we obtain an originally stable exact couple with homomorphisms of
bidegrees a = (—1,1), b = (0, —1) and ¢ = (0,0) and also 0 = (b+c¢)-a =
(0,—1) - (=1, —1) = 1. The differential on page r is of bidegree

b+c—(r—1a=(0,-1)—(r—-1)(-11)=(r—-1,-r).

Since additive homology theories commute with directed colimits, therefore
we have colim, h,(X,) = h.(X): See [31].

IR

o

0 b1 (X7) ———=0———hi(Xy) 0
c——hp 1 (F1) —=hp 1 (Xy) ——— 0 ——— (X)) 0
e D (F2) —= by (Xo) —2 g (F) —E= g (X) 0

ol (F3) — Dy (X3) —— Dy (F) —= hp (X)) —=hypq (Fy) —— -

hyi1 (X) hy (X)
Exact Couple of a Tower of Cofibers
Example 3.2.4. (Tower of Cofibrations) Assume, for » > 0, X, and

F, are path connected topological spaces and consider the following tower
of cofibrations

Xo X1 X X, Xrt1

L L

Fy Fy F, Fr
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where F,.,; is the cofiber of the cofibration X, — X,.;. Since the tower
consists of cofibrations we have X := hocolim, X,. We can extend this
tower to get

{Pt} {Pt} Xo X, Xy T X, X1

R T O

{pt} {pt} Fy Fy J28 F, Foi

For any choice of a (generalized) homology theory h, where h,({pt}) =0
for ¢ < 0, each cofibration X, — X,,; — F,,; induces a long exact
sequence of homology groups

e hk<Xr) — hk(Xr-‘rl) — hk:(Fr+1) — hk—l(Xr> —

If we put
D(lp,q) = hp-l—q(Xq) ) E(lp,q) = hp+q(Fq)

then we obtain an originally vanishing exact couple with homomorphisms
of bidegrees a = (—1,1), b = (0,0) and ¢ = (0,—1) and also 0 = (b +c¢) -
a=(0,—1)-(—1,—1) = 1. The differential on page r is of bidegree

b+c—(r—la=(r—1,-r).

By part 3 of Remark 3.2.2 on page 64, this spectral sequence is convergent
to h,(X).



3.2 Convenient Exact Couples 70

sy (Fy) (l) 0 0 0 0
ey (F) h,ﬂ(lxo) = hi(Fo) 0 0 0
ey () hk(tl) L hg(Fy) —E s by (Xo) — = by 1 (F) 0
c by (F) hki@) by (F) b1 (X1) ——= by (F) by (Xo) ——

o D1 (Fy) —— hp(Xy1) ——=p (Fyo1) ——=hy 1 (Xyo2) —— hy1 (Fyz) ——=hyo(Xy3) — -~

| | |

sy (Fop) hy.(X) hy(F7) b1 (Xgo1) —= by (Fymy) — g (Xyp) — - --
| | |
| | |

hy(X) hy—1(X) hy_2(X)

Exact Couple of a Tower of Cofibrations

This example can be generalized by taking F,..; as the homotopy cofiber
of an arbitrary map X, — X,.;.

Example 3.2.5. (Leray-Serre Spectral Sequence) Look at [31] for the
terminology: Let h, be an additive homology theory satisfying the weak
homotopy equivalence axiom and m : £ — B be a homotopy fibration,
with fiber F', such that the action of m (B, by) on h.(F) is trivial for all
by € B and B is a 0-connected CW-complex with skeleta BP. If we define
E(lm) =h,.,(E?, EP"") and D(lp’q) = h,,(E?),
where EP = 7~1(BP), then we obtain an originally vanishing exact couple,
shown below, with bidegrees a = (1,—1), b = (0,0) and ¢ = (—1,0).
Also, the differential in the r-th page of the induced spectral sequence is
of bidegree

btc—(r—Da=(-10)—(r—1)(1,~1) = (—r,r — 1).

We also have E(QM) = H,(B;h,(F)): See [31], p. 350. By part 3 of Remark
3.2.2 on page 64, this spectral sequence is convergent to h,(F).
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Ty (EY E) hy(E°) —=— L (E°, ) (j) 0
oo ——hy (E* EY) hy(E") hy (B, E°) by (B°) —— by (B9, ) t
oy (E?, E?) hy(E2) —> by (E2, B —*— by, (B") by (B, EY) hy(E) = -

|
|

|

by (B?) ——hy (B, E97") ——hy (B9 ——> by (B9 B97%) ——>hy o (B97?) —— - -

l l |

e g (B2 B s By (BT —— By (B9 BY) —— by (B7) —— by (B9, B9 > (B9 — -

| | |
| y |

hi(E) (E) hy—s(E)

sl (BT B9)

Exact Couple Inducing Leray-Serre Spectral Sequence

Example 3.2.6. (Atiyah-Hirzebruch-Whitehead Spectral Sequence)
If, in the previous example, we take m = id : X — X, where X is a 0-
connected CW-complex, and h, is an additive homology theory, then we
obtain the Atiyah-Hirzebruch-Whitehead spectral sequence induced by the
originally vanishing exact couple in which

El g = hp(XP, XP71) and Dy, = hyiq(XP),

(p,9)

where X? is the p-skeleton of X. We also have E? H,(X;h,(pt)).

() —
Again, by part 3 of Remark 3.2.2 on page 64, this spectral sequence is

convergent to h,(X).



3.2 Convenient Exact Couples 72

s hiya (X0,0)

x%

s g (X XO0) > g (X0) — By (X0, 0)

o

e e (X2 XY —— hk(%(l) — e hy(XY, XO0) £ hki@(o) e By (X0, 0) S
e B (X3, X2) —— By (X2) — hy (X%, XY) — g (X)) — hy (X, XO0) —= By (X0) —=
| | |
| | l
hi(X) By (X) hy_a(X)

Exact Couple Inducing Atiyah-Hirzebruch-Whitehead Spectral Sequence

3.2.3 Eventually Stable or Vanishing Exact Couples

An eventually stable exact couple is an exact couple in which every D*-

column consists of isomorphisms from some D'-term down to the universal

augmentation. An eventually vanishing exact couple is an eventually stable

exact couple that stabilizes at 0.

Definition 3.2.7. 1. An eventually stable exact couple (D},, E},) is

an exact couple in which for every n € 7 there exists some (u,v) €
7 X Z, where (u,v) -a = n, such that
V>0 d D)y — Dy
is an isomorphism. We say that D, ., is in the eventually stable
range of the n-th D'-column.

2. An eventually vanishing exact couple is an exact couple (D;*, Ei*)
in which for every n € Z there exists some (u,v) € Z X Z, where
(u,v) -a=n, such that

V>0 D),a=0.

u,v+ta

There is a list of examples at the end of this section.

Remark 3.2.8. For an eventually stable exact couple the following hold:
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1. In the stable scenario depicted below, the E'-term vanishes:

1
Du,v+(t71)a
1 1 1
Du,v+ta Eu,v—i—b—i—ta Du,v—l—b-ﬁ-c—l—ta
1 1
Du,v+(t+1)a Du7v+b+c+(t+1)a

2. Assume the n-th D'-column stabilizes from D(1p7 9 down. Then L,,
1

the universal augmentation in degree n, is isomorphic to D(p .
hence the image filtration of L,, is of the form

ﬂr(/)(pA,q)fTa c.--C (/)(pA,q)f('rJﬁl)a - qb(p,q)f'ra c.--C qb(p,q)an C (/)(1)7(])78 c (b(p,q) =L,.
The kernel filtration of ker(L"™ — L,,) is of the form

0C - Coppa-rtha C gra-ra C ... C ¢Pa-2a C pra-a C ¢P9) = ker(L" — L,).

) and

As we have mentioned at the introduction to this chapter, we are
interested in carrying some information through the filtration stages
and to enable this induction we need a known starting point. Here,
for both objects L, and L*, the first steps of the filtrations are the
filtered objects themselves! So we cannot think of them as the first
known steps. However, if we “turn the table” we can start from the
known step 1, as it is explained in the diagram on page 196, where
we assume that the (n + o)-th D'-column, the column on the right
of the n-th D'-column, stabilizes at D(1p7q)+sa+b+c; i.e., it stabilizes s
steps lower or higher than the n-th D!-column depending on s being
positive or negative, respectively.

3. For every eventually vanishing exact couple, we have e _ = 0 and
hence it is coaugmentation concentrated: See Definition 2.4.13 on
page 45. It converges to its universal coaugmentation if and only if
[+ E>_ — lim, ker(i". _) vanishes. The E°-Distribution Diagram
turns into the diagram on page 197.

3.2.4 Examples

Example 3.2.9. (Tower of Fibers) Assume, for r > 0, X, and F, are
path connected topological spaces with Abelian fundamental groups and
consider the following tower of fibers
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X1 XQ X3 T Xn Xn+1
Fy Fy F3 F, Foia

where each X,, — F,, is a homotopy fibration with fiber X, ;. We can
extend it to get a long tower of fibers

X4 X() X1 X2 X’{ o Xn X’n+1
{pt} {pt} F Fy F3 T F, Foa

Every fibration in the tower yields the following long exact sequence of
homotopy groups

s = T (F) = mp(Xg) = (X)) = m(Br) — -

These exact sequences give rise to an eventually stable exact couple and
hence a homotopy spectral sequence where

Dzl;,q = Tpiq(Xy) and E(lp,q) = Tptq(FG)

with bidegrees a = (1,—1), b =(0,0), c = (—2,1),and 0 = (b+c)-a =
(—2,1) - (1,1) = —1.

|

T 7rp+!1(Xr1) - 7rp+!1(Fr1) - 7rp+q*1(Xq+1) - 7r11+r1*1(Fq+1) T Tptq—2 (Xq+2) -

s |

T 7TTI+fI(Xfl*1> e 7Tp+q(FII*1) — 7Tp+r171(Xq> - 7‘—p+qfl(Fq) T Tptq—2 (Xq+1) -

Also, the differential in the r-th page is of bidegree

b+c—(r—la=(-2,1)—(r—1)(1,-1)=(—r—1,r).
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Note that the induced spectral sequence is not necessarily convergent.

Example 3.2.10. (Tower of Homotopy Fibrations) Let

{pt}:Xo X1 X X, Xppr=<=—""
Fl F2 Fn FnJrl

be a tower of homotopy fibrations of path-connected spaces with Abelian
fundamental groups, where every X,, ;1 — X,, is a fibration with fiber F;, .
In the literature, there are a few spectral sequences corresponded to this
tower. We mention three of them here.

1. (Adams-like Spectral Sequence of a Tower of Fibrations) If
we let

D(lm) = m,(X,) and E(IM) = m,(F,)

we will obtain an eventually vanishing exact couple, shown in the
following diagram, and the induced spectral sequence with bidegrees
a=(0,—1),b=(-1,1) and c = (0,0).

lim,, 7, (X,) lim,, 7,1 (X,) lim,, 7p—2(X,)

| 4 4
i i i

mp(Xg) Tp—1 (Fyi1) == Tpo1 (Xg1) ——= Mpoa(Fisa) ——= mp—o(Xgp2) ——

l

c e My (Xyot) =1 ()

Xg) ——mpa(Fyp1) ——> mpa(Xgp1) — -+

|
|

mp(X1) Tp1(F2) Tp-1(X2) Tp-2(F) ”p—?l(X‘d)*’
0 1 (F1) mp1(X1) Tp—o(F5) Tpa(Xo) ———---
l l
0 0 0 Tp-2(F1) Tp—2(X1) —
l l
0 0 0 0 0
| | |

Also, the differential in the r-th page is of bidegree

btc—(r—Da=(—1,1)— (r—1)(0,~1) = (~1,7).
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2. (Bousfield-Friedlander Spectral Sequence.) If we let
Dzly,q = 7rp+q(Xq) and E(lp,q) = 7rp+q<Fq)

we will obtain an eventually vanishing exact couple, shown in the
following diagram, and the induced spectral sequence defined in [5]
with bidegrees a = (1,—1), b = (=2,1) and ¢ = (0,0). Also, the
differential in the r-th page is of bidegree

b+c—(r—la=(-2,1)—(r—1)(1,-1)=(—r—1,r).

lim, 7, (X,) limg 7,1 (Xy) lim, 7, —2(X,)

% | |
| | |

ﬂrz(Xq) anl(FqH) — anl(XqH) — 7TVL72(FL1+2) — ﬂ'nf‘Z(Xqﬂ) —

l | |

Tn1(Xy) ——= Mo (Fyi1) —> Tp-a(Xgp1) —=

|
|

n—1 (XQ)

|
|

T (X1) Tn1(Fp) m Tn—a(F3) T2 (X5) ——
l l
0 Tn—1(F1) Tn—1(X1) Tn—2(F3) 7T71,72(X2) —
| |
0 0 0 Tn—a(F1) Tna(X1) —
| |
0 0 0 0 0
| | |

3. (Bousfield-Kan Spectral Sequence) If we let
Dy =my_p(X,) and E§p’q) = Mg—p(£p)

we will obtain an eventually vanishing exact couple, shown in the
following diagram, and the induced spectral sequence defined in [6]
with bidegrees a = (—1,—1), b = (1,0) and ¢ = (0,0). Also, the
differential in the r-th page is of bidegree

b+c—(r—1a=(1,0)—(r—1)(-1,-1)=(r,r—1).
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lim,, 7, (X},) lim,, 7,1 (X,) lim,, m,—2(X,)
| | |
| l l
T (Xp) M1 (Fp1) —= M1 (Xps1) —= Tpoa(Fpya) — = Moo (Xpi2) —— -

|

Tn-1(Xp) = Tna(Fpy1) — T a(Xp1) —— -

|
|

-
-

S Wvl(prl) - anl(Fp)

- =

— TFn(Xl) 7Tn—1(Fz) 7Tn—1(X2) 7Tn—2(F3) 7Tn—2(X3) =
l l
0 Tn-1(F1) Tn-1(X1) Tn—a(Fy) Tnoa(Xg) —— - -
| |
0 0 0 Tn—a(FY) Ta(X)) ——
l |
0 0 0 0 0
| | |

See [6] or [12] for more properties of the last two spectral sequences.

It is well-known ([9]) that there is a short exact sequence

k
lim! 71 (X)) = (X)) —2 lim,, 7,(X,)

where X is the homotopy inverse limit of the tower. So, in all three exam-
ples corresponding to the tower of fibrations, lim,, m,(X,,) is the universal
coaugmentation and m,(X) is a coaugmentation of the exact couples. By
part 3 of Remark 3.2.8 on page 72, they are all coaugmentation concen-
trated.

Example 3.2.11. (Grothendieck Spectral Sequence) Given two ad-

ditive functors A -%» B -2 D, where A, B and D are Abelian categories
with enough injectives or projectives, the Grothendieck spectral sequence
expresses the derived functors of GF' in terms of the derived fuctors of G
and of F'. For the definitions of Abelian category, additive functor, enough
injective-projective and derived functors look at [27].

Here we assume that A and B are categories of S-modules and R-
modules, for two commutative unitary rings S and R and let F': B — Ab
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be an additive functor of either variance. We denote the left and right
derived functors of F' by LF and RF', respectively.

e Anobject B in B is called right F-acyclic if (RPF)B = {0}, for every
p=1L

e An object C'in B is called left F'-acyclic if (L,F)C = {0}, for every
p =1

For example, if ' = hompg(A, —), then every injective R-module E is right
F-acyclic because Ext}, (A, E) = {0}, for every p > 1. Also, if F = A®g—,
then every projective R-module P is left F-acyclic, because Torf (A, P) =
{0}, for every p > 1. Every flat R-module is also left F-acyclic.

There are four Grothendieck spectral sequences, depending on the vari-
ances of the functors involved. Here are two types of functor compositions
that have corresponding spectral sequences induced by originally vanishing
and eventually stable exact couples:

1. Let A -5 B X5 Ab be covariant additive functors. Assume that
F' is right exact and that GP is left F-acyclic for every projective
P in A. Then, for every object A in A, there is a first quadrant
(homology) spectral sequence with

E, = (LyF)(LyG)A = Lo (FG)A.

P,q)

This spectral sequence is functorial in A.

2. Let A -<5 B -2 Abbe additive contravariant functors. Assume that

F' is left exact and that GP is right F-acyclic for every projective

P in A. Then, for every object A in A, there is a first quadrant
(homology) spectral sequence with

2

B

pq

) = (RPF)(RIG)A = L,(FG)A.
This spectral sequence is functorial in A.

The following are two types of functor compositions that the corre-
sponding spectral sequences are induced by originally stable and eventually
vanishing exact couples:

3. Let A - B -2 Ab be covariant additive functors. Assume that F
is left exact and that GFE is right F-acyclic for every injective object
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E in A. Then, for every object A in A, there is a third quadrant
(cohomology) spectral sequence with

EP? = (RPF)(RIG)A = R"(FG)A.
This spectral sequence is functorial in A.

4. Let A -%5 B X5 Ab be additive functors. Assume that F is con-
travariant left exact, G is covariant, and GP is right F-acyclic for
every projective P in A. Then, for every object A in A, there is a
third quadrant (cohomology) spectral sequence with

EPY) = (RPF)(L,G)A = R"(FG)A.

This spectral sequence is functorial in A.

3.3 Matching Originally Stable or Vanish-
ing Exact Couples to a Tower

In this section, we present the structural background required for carrying
information through the ascending filtration stages of the first and last
term of a (potentially transfinite) directed tower of bigraded modules. To
avoid duplication, we do not distinguish the special case that the tower of
modules is indexed over w, the least infinite ordinal, and work with towers
that are indexed over an arbitrary limit ordinal.

3.3.1 Matching Originally Stable Exact Couples to a
Tower

Assume we have a directed tower of bigraded modules

H —-Hy—--—H,—-H,yy =+---—H,—-H41 —---—=Hy=H
(3.9)
where A is a limit ordinal. For every n < A, we define F, = im(@Q, : H,, —
H,) to obtain the ascending transfinite image filtration of Hy

Flg"'ngngJrlg"'ananJrlg"'gF)\:H)\ (310)

and define F" = ker(Q" : H;y — H,) to obtain the ascending transfinite
kernel filtration of H;
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F'C...CFPC.---CF"CF™ C...C F*=ker(H; — Hy) CH,.
(3.11)

Definition 3.3.1. We match originally stable exact couples to the tower
(3.9) if for every limit ordinal ny < X, there is an originally stable exact
couple EC(no) (with nonzero stable range) and homomorphisms o and 3,
as depicted in the diagram on page 198, such that

. Ay, v+ra Qn E
o F,ir(n)= 1m(D}L,U+Ta i H,\1r(n) or Hy(n)), and
n Q'qurr Bu,erra 1
o F™M T(”) = ker(Hl(n) H77()+T‘(n) Du,erra) ’

where Hy(n), F*(n) and F.(n) are the n-th degree of Hy, F* and F, re-
spectively, and (u,v)-a =mn. The homomorphisms o and B are called the
matching homomorphisms.

Remark 3.3.2. By Definition 3.3.1 on page 80, we look at H, (in fact,
Fo+w) as a far augmentation of £EC(ny) and we consider the following w-
length filtration segment of H)

FnoanoJrlg"'ano+r§Fno+r+1g"'anoer‘

Similarly, we look at Hy (in fact, F"°**) as a far coaugmentation of EC(n)
and we consider the following w-length filtration segment of H;

Fo C protl .. protr ¢ protr+l o0 C piotw.

Note that £C(ny) has its own universal augmentation and coaugmentation.
By Remark 3.2.2 on page 64, for every r > 0, we have the short exact
sequence

€uvtra—b—c>—> chfv+rafc — wvtra

Therefore, by the E°°-Distribution Theorem we have

41 (1) Fotr+(n) (3.12)
Ey4r-1(n) Fnotr(n)
€u,v+ra—b—c>——> E;ffu—&-ra—c —_— eu,v—i-ra_
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For every limit ordinal 9 < A, the universal property of colimit provides
a homomorphism p,, : colimg.,, Hz — H,,.

Definition 3.3.3. The homomorphism py, is called the clutching homo-
morphism and H,, is called the clutching term.

These filtrations and the information provided by the originally stable
exact couples can be combined in the diagram on page 199, where ar-
rows of the same color represent exactness. We postpone the proof of the
ingredients of the mentioned diagram to the end of this section.

Remark 3.3.4. Remember that, as we explained in the introduction to
this chapter, we are ultimately interested in carrying some information
through the filtration stages of H; or H) and we use transfinite induction
as our tool. For example, if we want to carry some information through the
filtration stages of H,, we assume for an ordinal n < A\ we have information
about Fj’s, where 5 < 1, and we consider the following two situations:

Situation 1: 7 is a non-limit ordinal and hence it has finitely many
predecessors. So for a limit ordinal 7y, and a positive integer r we
have 1 = 1y + r and hence F,, = F}, 4. In the following short exact
sequence
F,
Fpir 1 Fp e — ﬂ)
F, no+r—1
by induction assumption, we have information about F, ;,_1 and
using the diagram (3.12) we try to obtain information about —=2"—

no+r—1
from the information we can assume about the E*°-terms of the

intermediate exact couple £C(ny). Look at the diagram on page
199. Therefore, information about F, , = F, is provided, up to
extension.

Situation 2: 7 is a limit ordinal. Our method works only for those
types of information about Fj’s that can be carried to colimg, Fj.
Therefore, in the following short exact sequence

E

U
colimg, Fjs

colimg., I F,

we have information about colimg., F3. Then, we obtain information
F,
n

- by putting assumptions on coker(p,). Look at
colimg., Fj

about
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the diagram on page 199. Therefore, the information about F, is
provided, up to extension.

Look at the proof of Proposition 4.3.2 on page 100, Proposition 4.5.2
on page 109 and Section 5.8 for examples of such argument.

Example 3.3.5. (Transfinite Tower of Cofibers) Let

X1 Xo X3 e Xn Xn+1 Xn+2
2 F F F, Fyp Fpio

be a tower of cofibers indexed over a limit ordinal A where each F; —
X, is a cofibration with cofiber X, ., and all spaces involved are path-
connected. We assume that for every limit ordinal 79 < A we have X,) =
hocolimg«,, Xg. For every limit ordinal 7y < A, the following w-length
segment of the tower of cofibers

Xno - Xno+1 - X770+2 - T Xno—i-r - = Anpotr+l >

I . ]

F’lo F770+1 FT]0+2 U F770+7“ Fno+r+1

defines an originally stable exact couple and hence induces a homology
spectral sequence as stated in Example 3.2.3 on page 67. Therefore, we
obtain transfinite towers of homology groups of cofibers that are shown
in blue in the diagram on page 200. As a result, the matching homomor-
phisms « and [ in Definition 3.3.1 on page 80 are isomorphisms. Note
that, for every integer n we have the following

Pno (n> : COhmﬁ<no hn(Xﬁ) i) hN(COhmﬁQ?o Xﬁ) = hn(Xno)'

Therefore, the clutching homomorphisms are also isomorphisms.

3.3.2 Matching Originally Vanishing Exact Couples
to a Tower

In this section, we match originally vanishing exact couples to the tower
(3.9) on page 79, with a minor modification of what we have provided in
the last section.
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Definition 3.3.6. We match originally vanishing exact couples to the
tower (3.9) if for every limit ordinal ng < A, there is an originally vanishing
exact couple EC(ng) and a homomorphism «, as depicted in the diagram
on page 201, such that

Qn0+T

F770+T (TL) = im(Dl o Hn0+7"<n)

w,v+ra

Hi(n))

where Hy(n) and F.(n) are the n-th degree of H, and F., respectively, and
(u,v)-a =mn. The homomorphism « is called the matching homomorphism.

Remark 3.3.7. By Definition 3.3.6, we look at H) (in fact F}, +,) as a far
augmentation of £C(ny) and we consider the following w-length filtration
segment of H)

anang—i—lg"'an0+ran0+r+1g"'anO—i—w-

Unlike the case we matched originally stable exact couples to the tower
(3.9), H; does not play the role of a non-trivial coaugmentation of EC(ny),
because any homomorphism from a coaugmentation to the D!-terms of
EC(my) must factor through the universal coaugmentation of EC(np), which
is zero.

Remember that by part 3 of Remark 3.2.2 on page 64, the spectral
sequence induced by the intermediate originally vanishing exact couple
EC(np) is convergent to its universal augmentation. Therefore, by the E>°-
Distribution Theorem we have the following diagram

F770 +r (n)

F,

1 (1) (3.13)

~

= o0
Cuvtra Eu,erbJrra :

These filtrations and the information provided by the originally vanishing
exact couples can be combined in the diagram on page 202, where arrows
of the same color represent exactness.

We can modify the argument given in Remark 3.3.4 on page 81 when we
match originally vanishing exact couples to a tower. Look at the proof of
Proposition 5.8.1 on page 141 or Corolarry 5.8.3 on page 143 for examples
of such argument.
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Example 3.3.8. (Transfinite Tower of Cofibrations) Let

X, X5 X3 e X, X1 X2
F F3 * Fya Fyi2

be a tower of cofibrations indexed over a limit ordinal A\ where each X, —
Xp41 is a cofibration with cofiber F 11 and all spaces involved are path-
conneced. We assume that for every limit ordinal 179 < A, we have

hocolimg.,, X3 = X,,.

For every limit ordinal ny < A, the following w-length segment of the tower
of cofibrations

Xﬁo - Xn0+1 e Xﬂ0+7“ XT]0+?"+1 -
Fno—i—l Fno+r Fno+r+1

defines an originally vanishing exact couple and hence induces a homol-
ogy spectral sequence as stated in Example 3.2.4 on page 68. Therefore,
we obtain transfinite towers of homology groups of cofibrations that are
shown in blue in the diagram on page 203. As a result, the matching ho-
momorphism « in Definition 3.3.6 on page 83 is isomorphism. Note that,
for every integer n we have the following

Py (n) : colimpy, 1y (X 5) — hy, (hocolimgp, X5) = hy(X,,).

Therefore, the clutching homomorphisms are also isomorphisms. Look at
Appendix B for an important example of a transfinite tower of cofibrations.

3.3.3 Proof of the Ingredients of the Diagram on
Page 199

Let 9 < A be a limit ordinal

Eﬂo = Colim5<n0 Fg

and
F™ = colimg.,, F”.
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Fo (n
Eﬂo (n

~—

ker(py, (n)) =——

~—

Note that for the homomorphism @™ (n) : Hi(n) — colimg,, Hg(n)
we have I (n) = ker(Q™(n)).

Fmo (n)

Lemma 3.3.9. E"O(n)

F'mo (n)
E’r]() (n> — ker(pﬁo (n)) .

= im(Q™ (n))Nker(p,,(n)). In particular, we have

P ke (m) o @) Lo
Eno(n) ker(gng(n)) - (Q ( ))ﬂk (pno( )) O

12

Proof.

Corollary 3.3.10. F(n) = F™(n) if and only if im(Q™ (n))Nker(py,(n)) =
(0. In particular, if the clutching homomorphisms are monomorphisms,
then F = F'0,

Fno (n)
£, (n)

~— coker(py,(n)) -

emma Py () o~ Hyp ()
bemma 33115 ) = ket (@ () + im (o (1)

. In particular,

coker(py, () —

Proof. We have

(1) im(Q, (1))
E,y(n)  im(Qn(n) © pyy (n))

12

12
z
=]

—
=
3
=

Note that

coker n)) = Hy, (1) . H,,(n) ~ F,,(n)
ker(pp,(n)) im(py,(n))  ker(Qy,(n)) +im(py,(n)) — F, (n)
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]

Corollary 3.3.12. F, (n) = F,,(n) if and only if Hy,(n) = ker(Qy,(n)) +
im(py,(n)). In particular, if the clutching structures are epimorphisms,
then F,, = colimg.,, Fp.

3.4 Matching Eventually Stable or Vanish-
ing Exact Couples to a Tower

In this section, we consider a transfinite inverse tower of bigraded modules
and the descending filtration of its first and last term. Again, we match
convenient exact couples to this tower. Since the limit functor on inverse
towers is not exact, the situation here is much more complicated than the
one in Section (3.3.1) and Section (3.3.2). In particular, dualizing the
development in those two sections does not handle the situation here. So
we explain everything in details.

3.4.1 Matching Eventually Stable Exact Couples to
a Tower

Assume we have an inverse tower of bigraded modules
H=H"— ... oH™ o H" - ... 5 H"' S 0P — ... 5 H' (3.14)

where A is a limit ordinal. For every n < A, we define F;, = im(@, : H" —
H') to obtain the descending transfinite image filtration of H*

H=FR2FR2---2F,2---2F,D2F, 2 - 2F (3.15)

and we define F7 = ker(Q" : H* — H") to obtain the descending transfinite
kernel filtration of H*

H* Dker(H* = H)=F'D...DFPD...D "D "' D ... D F\
(3.16)

Definition 3.4.1. We match eventually stable exact couples to the tower
(3.14) if for every limit ordinal ny < A, there is an eventually stable exact
couple EC(no) (with nonzero stable range) and homomorphisms o and 3,
as depicted in the diagram on page 204, such that
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Qno+’f

o Fir(n) =im(D), . —F o Hotr(p) H'(n)), and
no+r u,vt+ra
o FW(n) = ker(HA(n) — = """ (n) — brera)

where H*(n), F*(n) and F.(n) are the n-th degree of H*, F* and F, re-
spectively, and (u,v) -a =mn. The homomorphisms « and B are called the
matching homomorphisms.

Remark 3.4.2. By Definition 3.4.1, we look at H' (in fact F,) as a far
augmentation of £C(ny) and we consider the following w-length filtration
segment of H'

FnoQFnO—i-l2"'2Fn0+r2Fno+r+12"'2Fno+w‘

Similarly, we look at H* (in fact F") as a far coaugmentation of £C(n)
and we consider the following w-length filtration segment of H*

FooD Fn0+1 D...D F7I0+7" D) F770+7"+1 D...D F7I0+w‘

Note that £C(ny) has its own universal augmentation and coaugmentation.
By part 2 of Remark 3.2.8 on page 72, for every r > 0, we have the following
diagram, where, as usual, arrows of the same color form exact sequences

Fipirl) lim! ker(i! ) Fetrin + o)
Fno+r+1(n) i u,v—ra+b+c Fo+r(p + O')
€ E> ZS’OU+b_Ta u,v—ra+b-+c
u,v—ra u,v+b—ra lm(jl ) € .

u,v—ra
(3.17)

For every limit ordinal 79 < A, the universal property of colimit provides
a homomorphism p™ : H™® — limg.,, H”.

Definition 3.4.3. The homomorphism p™ s called the clutching homo-
morphism and H™ s called the clutching term.

These filtrations and the information provided by the eventually stable
exact couples can be combined in the diagram on page 205, where arrows
of the same color represent exactness.
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Remark 3.4.4. We can modify the discussion in Remark 3.4.4 on page
88 for eventually stable exact couples matched to inverse towers. However,
we need a “twist” here: Assume, for example, we are interested in carrying
some information through the filtration stages of H'. For an ordinal n < \,

instead of assuming some information about Fjy’s, for every 8 < n, we
1

assume information about —’s. Look at the diagram on page 205. Again,

B
we consider two situations:

e Situation 1: 7 is a non-limit ordinal and hence it has finitely many

predecessors. So for a limit ordinal 7y, and a positive integer r we
1 1

have 7 = 1y 4+ r and hence — = . In the following short exact
F n E no+r
sequence
Foor H' H'
F770+T Fno-i-r F770+7“—1
1
by induction assumption, we have information about and us-
no+r—1
no+r—1

ing the diagram (3.17) we try to obtain information about
no+r
from the information we can assume about the F°°-terms of the iln—

termediate exact couple EC(ny). Therefore, information about
no+r
is provided, up to extension.

e Situation 2: 7 is a limit ordinal. Our method works only for those
1 1

types of information about ?’s that can be carried to limg.,, o
B B

Therefore, in the following short exact sequence from the diagram
on page 205

limg,, Fy H' : H' g
F, E limg,, E&’ — 11m5<nF5

1
we have information about limg.,, o Then, we obtain information
B

li F,
about % by putting assumptions on coker(p”). Look at the

n
1

diagram on page 205. Then, we try to obtain information about T

n
up to extension. Sometimes we have to put some assumptions on
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limé@Fﬁ too.

Look at the proof of Proposition 4.6.3 on page 112, Proposition 4.4.3
on page 104 and Section 5.7 for examples of such argument.

Example 3.4.5. (Transfinite Tower of Fibers) Let

X Xo Xn Xn+1
Fy Fy F, Fy

be a tower of fibers indexed over a limit ordinal A where each X, — F,
is a homotopy fibration with fiber X, ; and all spaces involved are path-
connected with Abelian fundamental groups. We assume that for every
limit ordinal 7y < A, holimg.,, Xg = X,,;. For every limit ordinal 7y < A,
the following w-length stage of the tower of fibers

Xno I Xno+1 I Xno+2 -~ = Xno+r =~ Apotr+l = "

b L

F770 F770+1 Fno+2 U F770+?“ Fno+7”+1

defines an eventually stable exact couple and hence induces a homotopy
spectral sequence as stated in Example 3.2.9 on page 73. Therefore, we
obtain transfinite towers of homotopy groups of cofibers that are shown
in blue in the diagram on page 206. As a result, the matching homomor-
phisms « and [ in Definition 3.4.1 on page 86 are isomorphisms. Note
that, for every integer n, p™(n) : m,(X,,) — élg% mn,(Xp) is the clutching

homomorphism.

3.4.2 Proof of the Ingredients of the Diagram on
Page 205

Let ny < A be a limit ordinal.

limgy, F3(n)
Fo(n)

coker(p™(n)) :
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limgy, F(n) lim g <y, H”(n)
bomma S48 TR k@) + mipmim) "
Quo(n) : ﬁlim H?(n) — H'(n).
<70
In particular, coker(p™(n)) — W
0
Proof. We have
limgy, F5(n) ~ i_m(Qno (n))
Fpy(n) im(Qp, (n) o p™ (n))
limg.,,, H” (n)
L ke(@u)
ker(Qyy(n)) +im(p™(n))
ker(Qyy (1))
N limg,, H’(n)
~ ker(Qyy(n)) +im(pm(n))
Note that
coker(gm iy — e B () limgey Ho(n)  Timgey, Fa(n)
K = S ) ke () + mlon() | Fy )

[]

Corollary 3.4.7. limg,, Fs(n) = F,(n) if and only if limgy, H?(n) =
ker(Q,,(n)) +1im(p™(n)). In particular, if the clutching homomorphisms
are epimorphisms, then F, = limg.,, Fp.

hmﬁ<n0 F,B H' H! .1
l. —_—= l F :
Fno F770 HNB<nq FB g '8
li F F
Lemma 3.4.8. fimg <y Fs(n) = limg,, M
F770 (TL) Fno (n)

Proof. 1f we take the inverse limit of the short exact sequence of towers

F770<n) — {Fﬁ(n>}ﬁ<no - {5;2?3) },3

we obtain

(n) — lim Fgz(n) — lim Fyln)

F, :
B<no B<no Fy(n)

10
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because liméqo F,,(n) =0. O

Lemma 3.4.9. We have the exact sequence

lilnﬂ<no ! ﬁ(n) H' (n) . H' (n> -1
lin ——~ — = lim F .
Fno (n) ) (n) 1M g<p, Fb(n) 1 B<no 5(”)

Proof. 1f we take inverse limits of the short exact sequence of towers

(i, = 7t~ {0,

we are done by the previous lemma. Note that

1 1 F
lim Fg(n) = lim 5(n) :
B<no B<no Fy(n)
[
1im,3 F’B
% — ker(p™) :

limg <y, FP (n)
Fmo (n)
limge,, F2(n)
Fmo (TL)

Lemma 3.4.10. = im(Q™(n))Nker(p™(n)). In particular,

— ker(p™(n)).

we have a monomorphism

Proof. In the following diagram with short exact rows the vertical arrow
on the right is an isomorphism

ker(p™(n) 0 Q™ (n))
ker(Qm(n))

r

ker(Q™ () ——> (Q™ (n)~" (kex(p™ (n))) —= Im(Q™ (n)) M ker(p™ (n))

ker(Q™ (n)) = ker(p™ (n) o Q™ (n))

and we have ker(Q™(n)) = F™(n) and ker(p™ (n)oQ™(n)) = limg,, F*(n).
Therefore,

limgy, F¥(n) _ ker(p™(n) o Q™ (n))
F(n) ker(Q ()

I

m(Q™(n)) Nker(p™(n)).
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Corollary 3.4.11. limg.,, F?(n) = F™(n) if and only if im(Q™(n)) N
ker(p™(n)) = 0. In particular, if the clutching structures are monomor-
phisms (i.e., ker(p™(n)) = 0), then limg,, F*(n) = F™(n).

limge,, F%(n) ker(H*(n) — H'(n)) . ker(H*(n) — H'(n))
Fmo(n) Fmo(n)

lim}kno FB(n) *

limsey, FP(n) o FP(n)

Lemma 3.4.12. =00 oo 2 limjoy, oo 5

Proof. Take inverse limits of the short exact sequence

FP(n
Fno(n) — {Fﬁ(n)}ﬁom - {FUO((TL)) }ﬁ< |

Lemma 3.4.13. We have the exact sequence

limg,, F#(n) ker(Hn) — H(n)) lim ker(H*(n) — H'(n))
Fm(n) Fm(n) g FA(n)

1im}5’<770 Fﬂ(n)

Proof. 1f we take inverse limits of the short exact sequence of towers

{ FA(n) } - ker(H*(n) — H'(n)) i {ker(H’\(n) — Hl(n))}
Fon) J 5o, Fmo(n) FA(n) B<no

we are done by the previous lemma. Note that

1 1 FB
lim F°(n) 2 lim (n) .
B<no p<no | Fo(n)

[]

3.4.3 Matching Eventually Vanishing Exact Couples
to a Tower

In this section, we match eventually vanishing exact couples to the tower
(3.14), with a minor modification of what we have provided in the last
section.

Definition 3.4.14. We match eventually vanishing exact couples to the
tower (3.14) if for every limit ordinal ny < X, there is an eventually vanish-
ing exact couple EC(ny) and homomorphism [3, as depicted in the diagram
on page 207, such that
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Q’UO“FT ﬁu,v«&»'r‘a D]_

u,v+ra) )

o Ft7(n) = ker(H*(n) H* " (n)
where H*(n) and F*(n) are the n-th degree of H* and F*, respectively, and
(u,v)-a =n. The homomorphism 3 is called the matching homomorphism.

Remark 3.4.15. By Definition 3.4.14, we look at H* (in fact F0) as a far
coaugmentation of EC(ny) and we consider the w-length filtration segment
of H*

Fo D Frotl D..-D ot D Frotr+l D...D Frotw.

Unlike the case we matched eventually stable exact couples to the tower
(3.14), here H' does not play the role of a non-trivial augmentation of
EC(mo), because any homomorphism from the D'-terms of £C(no) to an
augmentation must factor through the universal augmentation of EC (1),
which is zero.

We know that an eventually vanishing exact couple is coaugmenta-
tion concentrated: See Remark 3.2.8 on page 72. Therefore, by the F°-
Distribution Theorem, we have

u,v—ra Fn0+(r_1) (n)
F770+T (n)

00
Eu,v—c—ra < < €

These filtrations and the information provided by the eventually vanishing
exact couples can be combined in the diagram on page 208, where arrows
of the same color represent exactness.

Look at the proof of Proposition 5.7.1 on page 134 and Proposition
5.7.3 on page 137 for examples of the argument given in Remark 3.4.4 on
page 88, modified to the case we match eventually vanishing exact couples
to a tower.

Example 3.4.16. (Transfinite Tower of Fibrations) Let

X, X, X, Xyt Xppg <
Fy Fy e {pt} Fpn Fiia

be a tower of homotopy fibrations indexed over a limit ordinal A where
each X, 11 — X, is a fibration with fiber F} 1, and all spaces involved are
path-connected with Abelian fundamental groups. Let X := holim, )X,
be the homotopy inverse limit of X,’s. We assume that for every limit
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ordinal 1y < A, holimg.,,, Xz = X,,. For every limit ordinal 7y < A, the

following w-length stage of the tower of fibrations

Xno I Xno+1 I X770+2 -~ = Xno+T ~ Apotr+l =

I ]

F770+1 Fno+2 U F770+?“ Fn0+7”+1

defines an eventually vanishing exact couple and hence induces a homo-
topy spectral sequence as stated in Example 3.2.10 on page 75. There-
fore, we have transfinite towers of homotopy groups of fibrations that are
shown in blue in the diagram on page 209, where we have picked Bousfield-
Friedlander spectral sequence. As a result, the matching homomorphism
in Definition 3.4.14 on page 92 is isomorphism. Note that, for every integer
n, p(n) : 1, (X)) — limgey, m,(X3) is the clutching homomorphism.

It is well-known ([9]) that if A is an arbitrary limit ordinal, then for
every n € N the following sequence that is exact on the first and second
positions

. AMn) .
lim, i (X)) == m (X) 5 iy 7, (X))
exists if for all limit ordinals 1y < A and integers k > 2, limé <o Tn+k (Xp) =

0. If, in addition, we have limé@oﬁn“(){ﬁ) = 0, then p*(n) is an epimor-
phism and hence we obtain a short exact sequence

. An) ..
i, 71 (X)) —— 7 (X) P timy ey o (X)) -

In this case, the clutching homomorphisms are epimorphisms.



Chapter 4

Class of Modules Compatible
with Spectral Sequences and
Transfinite Induction

4.1 Introduction

The contribution of Serre to homotopy theory is very well-known. One of
the wonderful notions that he has used is the notion of a class of Abelian
groups as a generalization of 0: A class of Abelian groups is a non-empty
collection of Abelian groups that is closed under isomorphism, sub-object,
quotient, extension, Tor, tensor and homology with integer coefficients:
See [29]. By the Universal Coefficient Theorem, for a fibration £ — B,
with fiber F', the second page of the Serre spectral sequence is of the form
E(2p,q) = H,(B; Hy(F)) = Hp(B) ® Hq(F) D T0r<Hp—1(B) ® Hq(F))‘
See Example 4.3.6 on page 101. This class is “tailor-made” for the Serre
spectral sequence in the sense that while we flip through the pages of
the Serre spectral sequence, we stay in a given class. He used this class
beautifully to show that if the integral homology groups of any two of
E, B and F belong to a given class of Abelian groups, so do the integral
homology groups of the third. As an immediate application, he could show
that the homotopy groups of a sphere are finitely generated : See [29].

Hu [19] defines a class of Abelian groups to be a non-empty collection
of Abelian groups that is closed under isomorphism, sub-object, quotient
and extension and shows that if an E-term of the Serre spectral sequence

95
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belongs to this class then the F-terms in the successive pages also belong
to this class, even the E*-term: See [19], p. 301. That is, he offers a more
general class that is “tailor-made” for the Serre spectral sequence, in the
sense mentioned above.

In this chapter, we start from a different platform and we consider
matching convenient exact couples to a (potentially transfinite) tower of
bigraded R-modules. For example, assume we have the following ascending
filtration of H

FoCRC- CFCFyCCFCF,C---CFR=H. (41)
Here, we are interested in “staying in a class C of modules” as we climb
up the filtration (4.1) by transfinite induction. The idea comes from the
discussions with Peschke and the ideas behind the inductive arguments in
[26]. We define C to be a non-empty collection of modules that is closed
under isomorphism, sub-object, quotient, extension and colimit of directed
towers and we show that if convenient exact couples are matched to the
filtration (4.1), as we have explained in Section 3.3 and Section 3.4, then
this class is “tailor-made” for the mechanics of transfinite induction; i.e.,
if one filtration stage of (4.1) is in C, with some extra assumptions, so are
all other filtration stages, in particular, H itself. When trying to take the
inductive step from “Fj € C, for every 8 < n” to “F, € C”, we face one of
the following two situations:

Situation 1: 7 is a non-limit ordinal and hence it has at most finitely
many predecessors. So there exists a limit ordinal 7y and a positive
integer r such that n = 7y + r. Since we have assumed that we have
matched a convenient exact couple to the w-length filtration segment

Fnoano-Hg"'ano+T—1ano—Frg"'ano—Fw’

we can use the relationship between the E°°-terms of the correspond-
F
ing spectral sequence and ?77 to take the inductive step from Fj to
B
F,.
Situation 2: 7 is a limit ordinal. The inductive step from colimg,, F

to F), can be taken by putting assumptions on the clutching homo-
morphisms.

It turns out that even if we drop the last two conditions from the list
of the closure properties of a class, that is, if we have a class C of modules
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closed under isomorphism, sub-object and quotient, then C is “tailor-made”
for the mechanics of every spectral sequence; i.e.,

e if in an arbitrary spectral sequence, Ei, ) isin C then, for every
r<s<oo, Efpvq) also belongs to C.

This is a generalization of the idea of Serre [29] that works for every spectral
sequence. We will explain this case in the first section of this chapter.

In the second and third sections, we consider the task of “staying in a
class of modules” as we climb up the w-length filtration of the universal
augmentation and coaugmentation of our convenient exact couples. For
example, we show that

o if the E>®-terms of an originally (eventually) vanishing exact couple
belong to a class of modules with some closure properties, then the
universal augmentation (coaugmentation) also belong to that class.

In the third and fourth sections, we generalize this task of “staying in a
class of modules” to the case that we have a module which is transfinitely
filtered by a tower of modules where we can match convenient exact couples
to it. Using the inductive argument explained above, we will show, for
example,

e in a transfinite tower of cofibrations, if the homology groups of the
cofibers are in C, then so are the homology groups of the homotopy colimit
of the tower.

4.2 Compatibility with Spectral Sequences

In [29], Serre considered the spectral sequence associated to a fibration,
named after him as Serre spectral sequence, and showed that if E(p’q) is in
a class of Abelian groups - closed under sub-object, quotient, extension,
Tor, tensor and homology with integer coefficients - then EE"+ql) also belongs
to this class; see Example 3.2.5 on page 70 and Example 4.3.6 on page 101.
In other words, he showed that this class of Abelian groups is compatible
with the mechanics of the spectral sequence associated to a fibration.

We flip through the pages of a spectral sequence by taking homology;
i.e., we find the kernel of the d", the differential on page r, that leaves
the position (p,q) and then we find its quotient modulo the image of the
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d" that enters the position (p,q). In fact, every E(;ql) is a “sub-quotient”

of E(Tp 0 This is our motivation for the next definition. Throughout this
chapter we assume that R is a commutative unitary ring.

Definition 4.2.1. A class of R-modules is a collection C of R-modules
containing the trivial module that is closed under:

1. isomorphisms; i.e., if A= B then A € C if and only if B € C,
2. sub-objects; i.e., if A— B and B € C, then A € C,

3. quotients; i.e., if B — C and B € C, then C € C.

The following proposition shows that C can pass through pages of any
spectral sequence, even to the limit page. Serre [29] and Hu [19] proved this
proposition only for the Serre spectral sequence and with more hypotheses
on C.

Proposition 4.2.2. Let (E",d" | r > r9) be a spectral sequence. If for
every (p,q) € Z x Z there is some r € N such that E(p o € C, then for
every r < s < oo we have Equ) eC.

Proof. Take r < s < co. Since we have E(p o € C, then, using the notation
in section 2.2.2 in Chapter 1, the inclusion

s—1 r—1
Z(M) . Z(p Q) _ ( :
r—1 r—1 p,q
B(pvq) B(p q)
s—1
shows that B(’" ql € C. From the following epimorphism
(p,q)
s—1 s—1
L
BT Hr—1 Bs Hs—1 (p,q)
(pq) (,9)

we obtain ES ) € C.

Let s = o0. Smce we have E( o € C, then, using the notation in section
2.2.2 in Chapter 1, the inclusion

o0 r—1
2w Zoa) _ por
B?"—l B~ 1 = Hpa)

(p,9) (p,q)
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ZOO
shows that % € C. From the following epimorphism

(p,q)
Z(O;q) . Z(CEQ) _ E(oo :
r—1 e’} p,q
B(M) B(p,q)
we obtain E&iq) e C. ]

In the applications of class theory, the objects in a class C are usually
to be neglected in a certain sense, [19]. The following definition is classical
for class of Abelian groups that is closed under isomorphism, subobject,
quotient and extension: See [19] or [30]. Here we state it for a class of
R-modules.

Definition 4.2.3. Let C be a given class of R-modules and f : A — B be
a homomorphism. Then f is said to be

1. a C-monomorphism if ker(f) € C,
2. a C-epimorphism if coker(f) € C and

3. a C-isomorphism if it is both C-monomorphism and C-epimorphism.

If in this definition C is {0}, then these notions coincide with the cor-
responding classical notions.

Here is a rather trivial example:

Example 4.2.4. Let f: A — B be a module homomorphism and C be a
class of modules.

1. If A€, then f is a C-monomorphism.
2. If B €C, then f is a C-epimorphism.
3. If A, B €C, then f is a C-isomorphism.

4.3 Compatibility with Originally Stable or
Vanishing Exact Couples
In this section, we consider the spectral sequence induced by an originally

stable or vanishing exact couple and we show that with a few more as-
sumptions on a class C of modules, not only do we stay in C when we flip
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through the pages of the spectral sequence, but we can also show that the
universal augmentation and coaugmentation of the exact couple are also

in C.

Definition 4.3.1. 1. An w-cocomplete class of R-modules is a class
C of R-modules that is closed under the colimit of w-length directed
towers of R-modules; i.e., if { Ap }nen is a directed tower of R-modules
such that for every n € N we have A, € C, then colim, A, € C.

2. A class C of R-modules is closed under extensions when in a short
exact sequence A — B — C, if A,C € C then B € C.

Look at the E°°-Distribution Theorem 2.3.13 on page 35 for notations.

Proposition 4.3.2. Let C be an w-cocomplete class of R-modules that is
closed under extensions and assume the E>-terms of the spectral sequence
induced by an originally stable exact couple are in C. Then, for every
n e 7,

1. if Ns@pg)+sa € C then L, € C, where (p,q) -a=n, and
2. ker(L™ — L,) € C.

Proof. Let D, be the lowest stable term of the n-th D'-column.
1. We show that for every s € N, we have ¢, y4sa € C:

e For s = 0 we know that Ns@y y4sa = ¢uo. Therefore, ¢, , € C.

e Assume ¢, 4 (s—1)a € C. By the following diagram from Remark 3.2.2

on page 65
Pu,v+
¢u,v+(571)aH ¢u,v+sa o
¢u,v+ s—1)a
E’S?erbJrsa
00 . . ¢u,v+sa . . .
Ey i bisa € C implies ————— € C and by induction assumption
' Cbu,'qu(sfl)a

we obtain ¢y ,4sa € C.

Since L,, = colimg ¢y, y4+sa € C, we are done.

2. We show that for every s > 1, we have ¢“v*52 € C:
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e For s = 1 we know that N,¢p“*™52 = ¢“¥ = (. Therefore, by the
following diagram from part 2 of Remark 3.2.2 on page 65

E;fv+b
b +
0= gbuva (bu,v-i-a . ¢uv a
(bu,v
u,v+a
By, 1y € C implies o — purta c C.

e Assume ¢»Ut(=1a ¢ ¢ By the following diagram from part 2 of
Remark 3.2.2 on page 65

00
Eu,v—i—b-‘,—sa

i

(bu,v—&—sa

4 (s—1 u,v+sa
¢uv (s—1a. S (b ¢u,v+(571)a

u,v+sa

By ibisa € C implies

we obtain ¢“vtsa ¢ C.

m € C and by induction assumption

Since ker(L™ — L,,) = colimg ¢**"* € C, we are done.

]

Corollary 4.3.3. Let C be an w-cocomplete class of R-modules closed un-
der extensions and the E*°-terms of the spectral sequence induced by an
originally vanishing exact couple be in C. Then L, € C.

Corollary 4.3.4. Let C be a class of R-modules closed under extensions
and the E>-terms of the spectral sequence induced by an originally van-
ishing and eventually stable exact couple be in C. Then L, € C.

Example 4.3.5. Let C be an w-cocomplete class of Abelian groups closed
under extensions. In a tower of cofibrations, if the homology groups of the
cofibers are in C, then the homology groups of the colimit of the tower are
also in C: See Example 3.2.4 on page 68.

Example 4.3.6. In the setting of Example 3.2.5 on page 70, for a fibration
E — B with fiber F', where B is a finite CW-complex, the Leray-Serre spec-
tral sequence is induced by an originally vanishing and eventually stable
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exact couple. For such a fibration, Serre picked a class of Abelian groups Cs
that, in addition to closure under isomorphism, sub-object, quotient and
extension, is also closed under tensor product, Tor and integral homology;
i.e., for every A, B € Cs, A® B, Tor(A, B) and H,(A;Z) are in Cs. We call
this class of Abelian groups a Serre class. The Universal Coefficient The-
orem ensures that if for every (p,q) € N x N, we have H,(B),H,(F) € Cs,
then E(Qp’q) € Cs, because

E(2p,q) = H,(B; Hy(F)) = Hy(B) ® Hy(F) @ Tor(H,—1(B), Hy(F)).

In [29], Serre showed that if, for every (p,q) € N x N, we have H,(B) and
H,(F) € Cs, then H,(F) is also in Cs.

Here, if we take C to be only a class of Abelian groups that is closed
under isomorphism, sub-object, quotient and extension and not neces-
sarily closed under tensor, Tor and integral homology, and also E(2p7 N
H,(B;H,(F)) € C for every p,q € N, then by Corollary 4.3.4, H.(E) € C.
Closure under tensor, Tor and integral homology are dictated only because
of the special description of the second page of the Leray-Serre spectral se-
quence.

Example 4.3.7. In the setting of the Grothendieck spectral sequence in
Example 3.2.11 on page 77, let C be a class of Abelian groups closed under

extensions and A -<5 B £ Ab be covariant additive functors. Assume
that F' is right exact and that GP is left F-acyclic for every projective
object P in A. By Corollary 4.3.4 on page 101, if for every p,q € Z and
A € A we have (L,F)(L,G)A € C, then for every n € N, L, (FG)A € C.

As a special case, if FF'= A ®pr —, then every projective R-module P is
left F-acyclic because Tor[ (A, P) = {0}, for every p > 1. So we have the
following

e (Change of Basis) Let f: R — S be a ring homomorphism. Then
there is a spectral sequence

EP9 = Tor (Tor (A, S), B) = Torl,,

(A, B)
for every S-module A and R-module B.

By Corollary 4.3.4, if for every (p,q) € Z X Z and every S-module A and
R-module B, we have Tor? (Tor}/(A, S), B) € C, then Tor), (A, B) € C.

p+q

Corollary 4.3.8. Let C be a class of R-modules closed under extensions
and { D} Ei*} be an originally vanishing and eventually stable exact cou-

*,%k )
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ple. If for every (p,q) € Z X Z there is some r < oo such that Ei, o € C,
then

1. the dashed arrow

t
Lnf - >'Elu,v—&—b
L, = 001
. -1 u,v+b
Hn(zu,v—a)

1

u,v

is a C-monomorphism for any 2 < t, where D, , is a stable term and

(u,v)-a=n.

2. Ly — Ej ,, is a C-isomorphism for large enough s, where D, is a
stable term and (u,v) -a =n.

Proof. First remember from Remark 3.2.2 on page 64 that every eventu-
ally vanishing exact couple converges to its universal augmentation. By
Corollary 4.3.4 on page 101, we know that L, € C. Since L, = D}w we
also have a morphism

Ly,

_ ~ J00 t
-1 ) = Cup = Eu +b Eu,v+b

L
n im(q v

u,v—a
for every 2 < t; the inclusion is given by the fact that the exact couple is
downward stable.

1. It follows from Example 4.2.4 on page 99.

2. Let r be the integer that Ej .4, € C. Then, by Proposition 4.2.2 on
page 98, for every s that r < s < oo, we have £ ., € C. By part 1
and Example 4.2.4 on page 99 we are done.

]

Example 4.3.9. Let C be a class of Abelian groups closed under exten-
sions.

1. In the setting of the Leray-Serre spectral sequence in Example 3.2.5
on page 70, for a fibration £ — B with fiber F' and finite CW-
complex B, if for every (p,q) we have H,(B;H,(F)) € C, then
H,,(E) = H,i(B) is a C-isomorphism. If C is a Serre class Cs



4.4 Compatibility with Eventually Stable or Vanishing Exact Couples 104

then we can restate the last sentence as: if for every (p,q), H,(B)
and H,(F') are in Cg, then H,, ,(F) — Hp;4(B) is a Cs-isomorphism:
See Example 4.3.6 on page 101.

2. In the setting of the Atiyah-Hirzebruch-Whitehead spectral sequence
in Example 3.2.6 on page 71, for a finite CW-complex X, if for every
(p,q) we have H,(X;hy(pt)) € C, then hy,(X) = Hyo(X; ho(pt))
is a C-isomorphism. Note that the finiteness of X guarantees that
the corresponding exact couple is eventually stable. If C is a Serre
class Cs then we can restate the last sentence as: if for every (p,q),
H,(X) and hy(pt) are in Cs, then hy,.o(X) — Hy (X ho(pt)) is a
Cs-isomorphism: See Example 4.3.6 on page 101.

4.4 Compatibility with Eventually Stable or
Vanishing Exact Couples

In this section, we consider the spectral sequence induced by an eventually
stable or vanishing exact couple and we prove the analogous results we had
in the previous section for these exact couples too.

Definition 4.4.1. An w-complete class of R-modules is a class of R-
modules C that is also closed under the limit of w-length inverse towers
of R-modules; i.e., if {A,}nen s an inverse tower of R-modules such that
for every n € N we have A,, € C, then lim,, A, € C.

Remark 4.4.2. The cardinality of the product of w-indexed towers of ob-
jects is bounded above by N;: See Theorem 3.8 in [17]. So an w-complete
class of modules closed under extension is not bigger than the class con-
taining all limits of towers indexed by a category whose objects are of
cardinality Nj.

Look at the E*°-Distribution Theorem 2.3.13 on page 35 for notations.

Proposition 4.4.3. Let C be an w-complete class of R-modules that is
closed under extensions and assume the E>-terms of the spectral sequence
induced by an eventually stable exact couple are in C. Then, for every
neus

1. if limg ¢(p.g)4sa € C, where (p,q) -a =mn, then L, € C.
2. ker(L™ — L,) € C.
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Proof. Let D! » be the highest stable term of the n-th D'-column.

(u’

L,
1. We show that for every s > 1, we have gb— e C:
(u,v)—sa

e Since L, = ¢(y,), for s = 1 using the following diagram

¢(u,fu) =) Ly
¢(u,j)a ¢(u,v)7a

Egj,v)er

E(O;L),v)+b € C implies o eC.
e Assume 5 i € C. By the following part of the diagram on
(u,w)—(s—1)a
page 196
¢(u,v)—(s—1)a Ln Ln
(b(u,v —sa ¢(u,’u)—sa ¢(u,’u)—(s—1)a
Eé)qiv)+bfsa
EX € Cimplies 229=6=02 ¢ ¢ 40 by inducti ti
(10)+b—sa plies ) on and by induction assumption
L, ’
we obtain ——— € C.
(u,v)—sa
Therefore, we have limy, ———— € C.
(u,v)—sa

If we take the inverse limit of the short exact sequence of towers

Ly,
{¢(u,v)fsa}521 — Ln —» {—}
(b(u,v)—sa 521

we obtain the following exact sequence
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lims Qs(u,v)fsa Ln hms

Ly
\ Qs(u,v)fsa

Ln

lim, Qs(u,v)fsa

- hm; ¢(u,u) —sa-

L
Since limy ———— € C, we obtain L

Qb(u,v)—sa lim, gb(u,v)—sa
tion of this part, we have lim, ¢, .)—sa € C. Therefore, we obtain L,, € C.

ker(L" — L)

€ C. Using the assump-

2. We show that for every s > 1, we have P ecC:
ker(L™ — L, v
e Let s = 1. We know that er((bu — ) = q;fva' By the E*°-

Distribution Theorem, we have

Ziuw)—a—c ker(L"™ — L,)
(w0) _
iIn(j(lu,'u)fafbfc) ¢u,v7a

E(o;,v)—a—c -

oo
(u,v)—a—c

Since E° € C, we obtain -

") —a— € C and hence
(ww)ae 1In(j(lu,v)—a—b—c)

ker(L™ — Ly,)

eC.
(bu,vfa
ker(L™ — L, ) )
e Assume % € C. By the following part of the diagram on
page 196
> Z(Os,v)f(s+1)a7c ¢u,v—sa ker(L" — Ln)

(uw)—(s+1)a—c iln(j(lu,v)—(erl)afbfc) ¢u,v—(s+l)a ¢u,v7(s+1)a

ker(L" — L)
¢71,,7)7sa

ZOO

€ C implies - (wv)~(s+1)ae € C and hence we
lm(j(u,v)f(erl)afbfc)

ker(L™ — Ly,,)

¢u,v7(s+l)a

E(Os,v)—(s—i-l)a—c

¢u,v—sa

¢u,v7(s+l)a

have € C. By induction hypothesis, eC.

ker(L™ — Ly,)
¢u,vfsa

Since ker(L" — L) = lim, , we obtain ker(L™ — L,,) € C.

]
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Corollary 4.4.4. Let C be an w-complete class of R-modules closed un-
der extensions and the E>-terms of the spectral sequence induced by an
eventually vanishing exact couple be in C. Then L* € C.

Corollary 4.4.5. Let C be a class of R-modules closed under extensions
and the E*-terms of the spectral sequence induced by an eventually van-
ishing and originally stable exact couple be in C. Then L* € C.

Example 4.4.6. Let C be an w-complete class of Abelian groups closed
under extensions. In a tower of fibrations as in Example 3.2.10 on page
75, if for every k € N the k-th homotopy groups of the fibers are in C then
lim,, 7 (X,,) € C. By the following short exact sequence from [9]

lim} 711 (X,) — me(lim X,) — lim . (X,)

if lim!m41(X,,) < in < CC, then 7 (lim,, X,,) is also in C.

Example 4.4.7. In the setting of the Grothendieck spectral sequence in
Example 3.2.11 on page 77, let C be a class of Abelian groups closed under

extensions and A -Z5 B -5 Ab be covariant additive functors. Assume
that F' is left exact and that GFE is right F-acyclic for every injective
object E in A. By Corollary 4.4.5, if for every p,q € Z and A € A we have
(RPF)(RIG)A € C, then for every n € N, R"(FG)A € C.

As a special case, if ' = hompg(A, —), then every injective R-module £
is right F-acyclic because Ext} (A, E) = {0}, for every p > 1. So we have
the following

e (Change of Basis) Let f : R — S be a ring homomorphism. Then
there is a spectral sequence

EPY = Exth (A, Ext%(S, B)) = Ext? (A, B)
for every S-module A and R-module B.

By Corollary 4.4.5 on page 107, if for every (p,q) € Z x Z and every
S-module A and R-module B, we have Extl(A,Ext%(S, B)) € C, then
Ext} (A, B) € C.

Corollary 4.4.8. Let C be a class of R-modules closed under extensions
and also (Dij*, Ei*) be an eventually vanishing and originally stable exact
couple. If for every (p,q) € Z X7 there is some r < 0o such that E(p,q) eC,
then
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1. Eéu,v)fc — L" is a C-epimorphism for every 2 < t, where D(lw) I8
the stable term and (u,v)-a = n.

2. Efypy—c > LM isa C-isomorphism for large enough s, where D(1

a stable term and (u,v) - a = n.

u,v) s

Proof. First remember from Remark 3.2.8 on page 72 and Remark 3.2.2 on
page 64 that every eventually vanishing and originally stable exact couple
converges to its universal coaugmentation. By Corollary 4.4.5 on page 107,
we know that L™ € C. Since L™ = D! ) we also have a morphism

(u,v

Efu,’u)—c - E?;,v)—c S = ker(l%u,’u)) — D(lu,v)
for every 2 < t. The rest of the proof is similar to the proof of Corollary
4.3.8 on page 102. O

Example 4.4.9. Let C be a class of Abelian groups and f: R — S be a
ring homomorphism. If for every (p, q) € Z x Z and every S-module A and
R-module B, we have Ext(A, Ext%(S, B)) € C, then, by Example 4.4.7
on page 107, homg(A, Ext%(S, B)) — Exth (A, B) is a C-isomorphism.

4.5 Compatibility with Matching Originally
Stable or Vanishing ECs

In this section, we generalize the task of “staying in a class of R-modules”
to the case that we have an ascending filtration of the first and last term
of a tower of bigraded R-modules, indexed over an arbitrary limit ordinal,
where we can match originally stable or vanishing exact couples to this
tower. We need the following definition.

Definition 4.5.1. An ordinal-cocomplete class of R-modules is a class
C of R-modules that is also closed under the colimit of directed towers of
R-modules; i.e., for any limit ordinal A, if { Ay, },<x is a directed tower of R-
modules such that for every n < X\ we have A, € C, then colim, .\ A, € C.

Assume we can match originally stable exact couples to the directed
tower of bigraded modules

H —-Hy—-—H,—-Hpy—-—H,—H 41— —Hy=H,
(4.2)
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where A is a limit ordinal: See Definition 3.3.1 on page 80. Also, look at
Remark 3.3.2 on page 80.

Proposition 4.5.2. Let C be an ordinal-cocomplete class of R-modules
closed under extensions. If

1. the E*-terms of all intermediate spectral sequences, induced by the
originally stable exact couples, are in C, and

2. for every limit ordinal ny < X, coker(p,,) € C,
then Hy € C.

Proof. Fix n € N. We show that for every n < X\ we have F,(n) € C:

For an arbitrary n < A, assume Fg(n) € C, for every f < n, and
consider the following two situations:

e 7 is a non-limit ordinal: Therefore, n has an immediate predecessor;
i.e., for some 5 < n we have n = f+1. Let D(lw) be the lowest stable
D'-term of the n-th D!-column of the intermediate originally stable
exact couple corresponding to the limit ordinal 7y. Using the diagram

on page 199, we can see that EE’j}v)Jrraer € C implies €(y)1ra € C and

F,
hence M € C. By the following short exact sequence
Fjs(n)

Fs(n) — Fy(n) —

and the induction assumption Fs(n) € C, we conclude F,(n) € C.

e 1) is a limit ordinal: By induction assumption colimg., F(n) € C.
Fy(n)

the dia-
COliIIlB<77 Fg(n) on ¢

From the epimorphism coker(p,,(n)) —

Fy(n)

C. F the short
colim5<n FB (n) € rom e shor

gram on page 199 we obtain
exact sequence

£y (n)

colimg, F(n) — Fy(n) — colimg., Fg(n)’
U

and colimg., Fs(n) € C we see that F,(n) € C.
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Therefore, for every n < X\ we have F,(n) € C. In particular, Hy(n) =
F)\ (n) eC. ]

Look at Definition 3.3.6 on page 83.

Corollary 4.5.3. Assume we can match originally vanishing exact couples
to the direct tower (4.2) and let C be an ordinal-cocomplete class of R-
modules closed under extensions. If

1. the E*°-terms of all intermediate spectral sequences, induced by the
originally vanishing exact couples, are in C, and

2. for every limit ordinal ng < X, coker(p,,) € C,
then Hy € C.

Look at Definition 3.3.6 on page 83 and Remark 3.3.7 on page 83.

Proposition 4.5.4. Assume we can match originally stable exact couples
to the directed tower (4.2) and let C be an ordinal-cocomplete class of R-
modules closed under extensions. If

1. the E*°-terms of all intermediate spectral sequences, induced by the
originally stable exact couples, are in C, and

2. for every limit ordinal ny < X, ker(p,,) € C,

then ker(H; — H,) € C.

Proof. Fix n € N. We show that for every n < \ we have F"(n) € C:

For an arbitrary n < A, assume F”(n) € C, for every 8 < 7, and
consider the following two situations:

e 7 is a non-limit ordinal: Therefore, 17 has an immediate predecessor;
i.e., for some 8 < n we have n = f+1. Let D(lu,y) be the lowest stable
D'-term of the n-th D!-column of the intermediate originally stable
exact couple corresponding to the limit ordinal ny. Using the diagram

on page 199, we can see that EE’;U) +ra_c € C implies ¢“** € C and

F'(n) :
hence € C. By the following short exact sequence
FP(n)
F(n)
B n

and the induction assumption F*(n) € C, we conclude F"(n) € C.



4.6 Compatibility with Matching Eventually Stable or Vanishing ECs 111

e 7 is a limit ordinal: By induction assumption colimg, F”(n) € C.
F(n)
colimg., F'#(n)
F(n)

colimg, F'#(n)

From the monomorphism — ker(p,,(n)) on the di-

agram on page 199 we obtain € C. From the short

exact sequence

£1(n)
colimg,, FA(n)’

colimg, F*(n) — F"(n) —»

and colimg., F'?(n) € C we see that F"(n) € C.

Therefore, for every n < A we have F"(n) € C. In particular, ker(H;(n) —
Hy(n)) = F*(n) € C. O

Corollary 4.5.5. Assume we can match originally vanishing exact couples
to the directed tower (4.2) and let C be an ordinal-cocomplete class of R-
modules closed under extensions. If

1. the E*®-terms of all intermediate spectral sequences, induced by the
originally vanishing exact couples, are in C, and

2. for every limit ordinal ny < X, ker(p,,) € C,

then ker(H; — Hy) € C.

Example 4.5.6. Look at the Example 3.3.8 on page 84 and let C be
an ordinal-cocomplete class of Abelian groups closed under extensions.
In a transfinite tower of cofibrations indexed over a limit ordinal A, if
the homology groups of the cofibers are in C, then the homology groups
of the colimit of the tower are also in C; note that here the clutching
homomorphisms are isomorphisms. In particular, for a connected space
X and a given cofibration f : A — B of CW-complexes, we obtain a
transfinite tower of cofibrations, indexed over a limit ordinal A, that yields
the homotopy localization of X, LyX. If the homology groups of the
cofibers of this tower are in a class C, then the homology groups of L;X
are in C: See Appendix B.

4.6 Compatibility with Matching Eventually
Stable or Vanishing ECs

In this section, we generalize the task of “staying in a class of R-modules”
to the case that we have a descending filtration of a tower of bigraded



4.6 Compatibility with Matching Eventually Stable or Vanishing ECs 112

R-modules, indexed over an arbitrary limit ordinal, where we can match
eventually stable or vanishing exact couples to it. We need the following
definition.

Definition 4.6.1. An ordinal-complete class of R-modules is a class of
R-modules C that is also closed under the limit of inverse towers of R-
modules; i.e., for any limit ordinal X, if {A,}n<x is an inverse tower of
R-modules such that for every n < X\ we have A, € C, then lim, . A, € C.

Remark 4.6.2. The cardinality of the product of A-indexed towers of
objects is bounded above by N1, where cardinality of A is Ni: See The-
orem 3.8 in [17]. So an ordinal-complete class closed under extension is
not bigger than the class containing all limits of towers indexed by a cat-
egory whose objects are of cardinality N1, when we pick an ordinal of
cardinality Nj.

Assume we can match eventually stable exact couples to the inverse
tower of bigraded modules

H=H"—. ... oH"™ oH" — ... s H"' - H — ... 5 H'| (4.3)

where A is a limit ordinal: See Definition 3.4.1 on page 86. Also, look at
Remark 3.4.2 on page 87.

Proposition 4.6.3. Consider an ordinal-complete class C of R-modules
closed under extensions. If

1. the E*°-terms of all intermediate spectral sequences, induced by the
eventually stable exact couple, are in C,

2. for every limit ordinal ny < A, coker(p™) € C, and

3. ].imn<)\ Fn E C,

then H' € C.

Proof. Fix n € N. We show that for every n < A we have

For an arbitrary n < A, assume € C, for every § < n, and

Fs(n)

consider the following two situations:
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e 1) is a non-limit ordinal: Therefore,  has an immediate predecessor;
i.e., for some f < 1 we haven = f+1. Let D1 ) be the highest stable
D'-term of the n-th D'-column of the mtermedlate eventually stable
exact couple corresponding to the limit ordinal 7y. Using the diagram
on page 205, we can see that E , € C implies €(y,4)—ra € C and

Fs(n)
Fn(n)

(u,v)—ra+

hence € C. By the following short exact sequence

H' (n) H'(n)
€ C, we conclude eC.
F(n) Fy(n)

and the induction assumption

e 1 is a limit ordinal: Look at the following part of the diagram on
Iy (n)

€ C. The following part of the diagram on page

page 205. The epimorphism coker(p™(n)) — shows

1im5<n Fg(n)
that —Fn(n)
205
limg, Fg(n) H'(n) b Hin)
Fy(n) Fy(n) < Fy(n)
15”) C

n)

1

and limge, —— Foln) € C show that 3

H'(n) H'(n)

€ C, in particular, eC.
Fy(n) Fy(n)
Since F)(n) C lim, <y F,(n), we have Fy(n) € C. From the following short

exact sequence

Therefore, for every n < A we have

H'(n)
F)\(n)

Fy(n) — H'(n) -

we conclude that H'(n) € C.

Look at Definition 3.4.14 on page 92.

Corollary 4.6.4. Assume we can match eventually vanishing exact couples
to the inverse tower (4.3) and let C be an ordinal-complete class of R-
modules closed under extensions. If
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1. the E*°-terms of all intermediate spectral sequences, induced by the
eventually vanishing exact couple, are in C,

2. for every limit ordinal ny < X, coker(p™) € C, and

3. ].1m77<)\ Fn E C,
then H' € C.

Look at Definition 3.4.1 on page 86 and Remark 3.4.2 on page 87.

Proposition 4.6.5. Assume we can match eventually stable exact couples
to the inverse tower (4.3) and let C be an ordinal-complete class of R-
modules closed under extensions. If

1. the E*°-terms of all intermediate spectral sequences, induced by the
eventually stable exact couples, are in C, and

2. for every limit ordinal ny < A, ker(p™) € C, and

then ker(H* — H') € C.

Proof. Fix n € N. We show that for every n < A we have

ker(H*(n) — H'(n))

Fon) eC:

ker(H*(n) — H'(n))
FA(n)
B < n, and consider the following two situations:

€ C, for every

For an arbitrary n < A, assume

e 7 is a non-limit ordinal: Therefore, n has an immediate predecessor;
i.e., for some f < n we have n = 4+ 1. Let D(lu,v) be the lowest
nonzero D'-term of the n-th D'-column of the intermediate eventu-
ally stable exact couple corresponding to the limit ordinal ny. Using
the following part of the diagram on page 205

0 Ef,v)frafc Fﬁ(n)
(u,v)—ra—c - 5] gwvra
7 lm(j(u,v)—ra—b—c) F”(n)
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ZOO
from Eéfv)frafc € C we conclude that - éu’v)_m_c € C and
7 lm(](u,v)frafbfc)

hence ¢“*~™ € C. Therefore,

Fin) € C. By the following short

exact sequence

FP(n) - ker(H*(n) — H'(n)) . ker(H*(n) — H'(n))

F(n) F(n) FA(n)

ker(H*(n) — H'(n))
FB(n)

and the induction assumption € C, we conclude

ker(H*(n) — H'(n))

that Fin)

eC.

e 7 is a limit ordinal: Look at the diagram on page 205. By induc-
ker (H H'
er(f(n) = H (n)) € C. The

tion assumption, we have limg.,

FP(n)
li F?
monomorphism uni;g—()(n) — ker(p™(n)) shows that we must
n
li F?
have 1m5F<g—()(n) € C. The following part of the diagram on page
n
205
limg, F*(n) ker(H*(n) — H'(n)) , ker(H*(n) — H'(n))
F(n) Fi(n) HRg<n FA(n)
ker (H* H'
shows that er(f(n) = H (n)) eC.
Fn(n)
ker(H* H'
Therefore, for every n < A we have er(f(n) = H (n)) € C and, in

F(n)
ker(H*(n) — H'

er( (]Zi(n) (n)) € C. Since lim,7<A Fﬂ(n) € C and F’\(n) C
lim, <\ F, we have F*(n) € C. From the following short exact sequence

particular,

ker(H*(n) — H'(n))
FA(n)

F*(n) — ker(H*(n) — H*(n)) —

we obtain ker(H*(n) — H'(n)) € C.

Look at Definition 3.4.14 on page 92.
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Proposition 4.6.6. Assume we can match eventually vanishing exact cou-
ples to the inverse tower (4.3) and let C be an ordinal-complete class of
R-modules closed under extensions. If

1. the E*°-terms of all intermediate spectral sequences, induced by the
eventually vanishing exact couples, are in C, and

2. for every limit ordinal ny < \, ker(p™) € C, and

3. lim,, F" € C,

then ker(H* — H') € C.

Example 4.6.7. Look at Example 3.4.16 on page 93 and let C be an
ordinal-complete class of Abelian groups closed under extensions. In a
transfinite tower of fibrations, if for every n € N, every integer k£ > 1 and
every limit ordinal ny < A, we have

) limé<n07rn+k(X5) =0, and

e the n-th homotopy groups of the fibers are in C,

then Proposition 4.6.6 on page 116 shows that lim,.) 7,(X,) is in C. If
lim}7 \Tnt1(X5) is in C, by the following short exact sequence from [9]

hm717</\7Tn+1 (Xy) — T (X) — }713,% Tn(X7),

where X is the homotopy inverse limit of the tower of fibrations, we see
that m,(X) is in C.



Chapter 5

Comparison Theorems
Modulo a Class of Modules

5.1 Introduction

In the third chapter, we explained that when we deal with a module filtered
over a limit ordinal, in lucky cases, we can use transfinite induction and
spectral sequence methods to carry some information through the filtration
stages. In the previous chapter, we carried the property of “being in a
class of modules” through the filtration stages of a filtered module as an
example.

In this chapter, we give another example in which we assume we have
two filtered objects H(1) and H(2) with (potentially) transfinite filtrations
Fo(1) €+ S F(1) © - CFy(1) © Fyya(l) S -+ € FA(1) = H(1)

and

Fo2) € - CF(2) € - CF(2) C Fpa(2) € --- © FA(2) = H(2)

such that for every n < A, there is a morphism from F, (1) to F;(2) and for
every 17 < A, the morphism from F, (1) to F},(2) has certain properties. We
are interested in carrying this property also to the morphism from H(1)
to H(2). To this end, we use the convenient intermediate exact couples
matched to these filtrations. The idea of all of the proofs are coming from
the proofs in [26].

We state all our results modulo a class of modules closed under exten-

117
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sions. We will use the following generalized 5-Lemma whose proof can be
found in Appendix C. It is also stated for a class of Abelian groups in [19]
and [30].

Lemma 5.1.1. (5-Lemma mod C) Let C be a class of modules closed
under extensions and consider a commutative diagram with exact rows

1 f2 f3 fa

A Ay A Ay As
hll Ml hsl ml hf,l
Bl g1 32 92 BS 93 B4 g4 B5'

1. If hy and hy are C-monomorphisms and hy is a C-epimorphism, then
hs is a C-monomorphism.

2. If hy and hy are C-epimorphisms and hs is a C-monomorphism, then
hs is C-epimorphism.

3. If hy, hs, hy and hs are C-isomorphisms, then so is hg.

Proof. See Appendix C. O

5.2 Comparing Arbitrary Spectral Sequences

Let C be an w-complete class of modules. Look at the E°°-Distribution
Theorem 2.3.13 on page 35 for the notations.

Proposition 5.2.1. Let ¢ : EC(1) — EC(2) be a morphism of exact couples
such that

1. o> : B> (1) —» B> _(2), and
2. ¢| :lim, ¢, (1) — lim, ¢,.(2)

are C-monomorphisms. Then the induced homomorphism @ : L.(1) —
L.(2) is a C-monomorphism.

Proof. Fix n € Z and ¢(,.), where (u,v) -a = n. The first condition
and the E*°-Distribution Theorem imply that for every r € N, the dashed
arrow in the following diagram is a C-monomorphism
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oo (1) Lp(()iv)*C*Ta [

(u,v)—c—ra (u,v)—c—ra<2)

ker(ofy ) cra) = E

- ]' OZ/U —Cc—Tra u,v)—r 2
ker(gp‘(’iv)fcfm) uw)-ra(1) __ Pluw)—e- 7|7 _ Plu,)—ra(2) '
(b(u,'u)—(r—l-l)a(l) ¢(u,v)—(r+1)a(2)
(5.1)
u,v 1 u,v 2 .
Claim 1. For every r > 1, f7 : gb(—)() — —¢(’)( ) 15 a C-

¢(uﬂf)—7’a(1) ¢(u,v)—ra<2)

monomorphism.

Proof. We proceed by induction on r. For » = 1 the claim holds by the
following diagram and hypothesis 1

Pluw)—c o
keI.((poo ) — Eaiv)—c(l) ) E(u,v)—c<2)

(u,v)—c

l ) (b(u,l)(l) F1=ef el ¢(u,v)(2)

ker(o7 ) )
(:v) ¢(u7v)7a(1) Cb(u,v)—a(Q)

Assume the claim holds for r. Using diagram (5.1), in the following dia-
gram

Pluw)—ra(1) Dluw) (1) Duw) (1)
¢(u,v)*(r+1)a(1) ¢(u,v)f(r+1)a(1) ¢(u,v)—ra(1)
S"(’E,m_c_rall(&b f”“l frllnd. Hyp.
¢(u,v)fra(2) ¢(u7fu) (2) ¢(u,v) (2)
Pluv)—(r+1)a(2) Plu)—(r+1)a(2) Pluw)—ra(2)

induction hypothesis and 5-Lemma mod C imply that f"*! is also a C-
monomorphism. ¢

u,v sal u,v sa 2 .
Claim 2. For every s > 1, f, : M — M s a C-

d)(u,v)(l) ¢(u,v)(2)
monomorphism.
Proof. The proof is exactly the same as the proof of Claim 1. ¢

If we take the direct limit of the following tower of C-monomorphisms
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¢(u,v)+a(1) f1 ¢(u,v)+a(2)
Plup (1) Plu)(2)

¢(u,v)+sa(1) fs ¢(u,1))+sa(2)
Dy (1) Dlu) (2)

Auw)+(s+)al(l) firr Ouo)+(s+1)al2)
¢(u, )(1) ¢(u, )(2)

we obtain

L,(1) La(2)
Pluw) (1) 7 Dluw) (2)

with kernel colim; ker(fs) € C and hence it is a C-monomorphism. If we
take the inverse limit of the following tower of C-monomorphisms

| |

¢(“7U)*Ta(1) gb(u,v)fra(Q)

i i

Ln(l) =t Ln(2)
¢(u,u)_(r_1)a(1) ¢(u,v)—(r—1)a(2)

o
| |

L,(1) It L,(2)
¢(u,v) (1) gb(u,v) (2)
we obtain
TR 271 O N G PN 211 ©)

—_— m-——
r ¢(u,v)—ra(1> r ¢(u,v)—ra(2)
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with ker(f) = lim, ker(f") € C and hence a C-monomorphism. By 5-
Lemma mod C in Appendix C, in the following diagram

: . L,(1)
hmr Qb u,v —ra(l) Ln 1 hmr hmiﬁb wo)—ra 1
(w.0) (1) S ralD) (u)—ra(1)
@nl | C-mono Pn C—monolf l
10 Gy ra(2) = Ly (2) — lim, —22 i 6. ra(2)
) n ¢(u,v)—ra(2> rP(uv)—ra
©®p 18 a C-monomorphism. O

Here, we used the immediate relationship between the quotient of ad-
jacent filtration stages of the universal augmentation and the E*°-term.
Since the quotient of adjacent filtration stages of the universal coaugmen-
tation is not closely related to the E°°-term, we cannot say anything in
general about a comparison theorem for universal coaugmentations. But,
for the rest of this chapter we focus on special cases where these two are
closely related.

5.3 Comparing Convergent Spectral Se-
quences

We consider two cases of convergence to the universal augmentation and
the universal coaugmentation. Look at Definition 2.4.2 on page 41 and
definition 2.4.6 on page 42.

5.3.1 Comparing Spectral Sequences Convergent to
the Universal Augmentation

Let C be an w-complete class of modules closed under extensions. Look at
the E*°-Distribution Theorem 2.3.13 on page 35 for the notations.

Proposition 5.3.1. Let ¢ : EC(1) — EC(2) be a morphism of exact couples
such that the induced spectral sequences are convergent to their universal
augmentations and

1. 9*_ B> (1) = E>_(2) are C-epimorphisms, and
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2. lim, ¢, (1) — lim, ¢,.(2) are C-epimorphisms, and
3. lim}¢,(1) — lim}¢,(2) is a C-monomorphism.
Then the induced homomorphism ¢ : L.(1) — L.(2) is a C-epimorphism.

Proof. Fix n € Z and ¢(,.), where (u,v) -a = n. The first condition
and 5-Lemma mod C imply that for every r € Z, the dashed arrow in the

following diagram is a C-epimorphism

oo g0(()271)) ra+b S 00
E(u,v)+ra+b(1) A E(u,v)+ra+b(2> - COker(SO(u,v)—H‘a—l—b)
]- O’Z v ra u,v T
Qb(uw)—f—ra( ) L “i( )+ jlll . ¢( )+ 3(2) COker(SD?iv)JrraerD )
¢(u,v)+(r—1)a(1> (b(u,v)—l-(r—l)a(z)

(5.2)
Pluw (1) . Pluw)(2)

———"— s a C-

Claim 1. For every r > 1, f7 :
N ¢(u,v)—ra(1) ¢(u,v)—Ta<2)

epimorphism.
Proof. We proceed by induction on r. For » = 1 the claim holds by the
following diagram and hypothesis 1

o0 (p?:i:v) b oo oo
E(u,v)+b<1) . E(u,v)+b(2) - COker(SO(u,v)—&—b)

] oy

u 1 Fl=eG . uw) (2
Plugw) (1) Plantnl P (2) COker(QO?Z,u)-&-b)
¢(u,v)7a<1) ¢(u,v)fa(2)
Assume the claim holds for r. Using diagram (5.2), in the following dia-
gram
¢(u,v)—ra(1) ¢(u,v)(1) ¢(u,v)(]—>
¢(u,v)—(r+1)a(1) (b(u,v)—(r—l—l)a(l) (b(u,v)—ra(l)
%’v)cmll(a% fr“l frllnd. Hyp.

P(uw)—ra(2) Pluw)(2) Plu)(2)
¢(u,v)f(r+1)a(2) ¢(u,v)f(r+1)a(2) qb(u,v)fra(Q)
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induction assumption and 5-Lemma mod C imply that f"*! is also a C-
epimorphism. ¢

b)) b ()

Claim 2. For every s > 1, f, : is a C-
epimorphism.
Proof. The proof is exactly the same as the proof of Claim 1. ¢

If we take the direct limit of C-epimorphisms

¢(u,v)+sa(1) fs ¢(u,v)+sa(2>}
{ ¢(u,v)(1) - ¢(UKU)(2) seN

over s, we obtain

La(1) La(2)
Pluw) (1) 7 Dluw)(2)

with cokernel colimg coker(fs;) € C and hence it is C-epimorphism. If we
take the inverse limit of the C-epimorphisms

L,(1) g La(2) }
{Qb(u,v)ra(l) 7 qb(u,v)*Ta(Q) re7

L,(1 L,(2
lim - 1, I
r ¢(u,v)—ra(1) T ¢(u,v)—ra(2)

with coker(f) a sub-object of lim, coker(f") € C and hence coker(f) € C;
i.e., f is a C-epimorphism. By 5-Lemma mod C, in the following diagram

over r, we obtain

. : Ln(1)
hm?“ ¢ u,v —T’a(l) LTL 1 hm?" hm71~¢ u,v)—ra 1
(u,v) (1) ¢(u,v)—ra(1> (u,v) (1)
@n| | C-epi @n C—epilf lCmono
Ly (2)
hmr ¢ u,v —ra(2) Ln 2 hmr 11m71~¢ ww)—ral2
(uv) (2) ¢(u,v)—ra(2> (uv) (2)
©n is a C-epimorphism. m

Corollary 5.3.2. Let ¢ : C(1) — C(2) be a morphism of exact couples
such that the induced spectral sequences are convergent to their universal
augmentations and
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1. E*_(1) —» E*_(2),
2. lim, ¢,(1) — lim, ¢,.(2), and

3. lim} ¢, (1) — lim,}é,(2)

are C-isomorphisms. Then their universal augmentations are C-isomorphic.

5.3.2 Comparing Spectral Sequences Convergent to
the Universal Coaugmentation

Let C be an w-complete class of modules closed under extensions.

Proposition 5.3.3. Let ¢ : C(1) — C(2) be a morphism of exact couples
such that the induced spectral sequences are convergent to their universal
coaugmentations and E*_(1) — E>_(2) is C-(mono-,epi-Jisomorphism.
Then the induced homomorphism ¢ : L*(1) — L*(2) is a C-(mono-, epi-
Jisomorphism.

Proof. The proof is similar to the proof of Proposition 5.3.1 on page 121.
]

5.4 Comparing Concentrated Spectral Se-
quences

We consider two cases of the universal augmentation and the universal
coaugmentation concentration. Look at Definition 2.4.13 on page 45.

5.4.1 Comparing Universal Augmentation Concen-
trated Spectral Sequences

Let C be an w-complete class of modules closed under extensions. Look at
the E°°-Distribution Theorem 2.3.13 on page 35 for the notations.

Proposition 5.4.1. Let ¢ : EC(1) — EC(2) be a morphism of exact cou-
ples such that the induced spectral sequences are universal augmentation
concentrated and, for every (p,q) € Z X Z, the following hold:

1. (p(();q) : E?;q

(1) = Ef (2) and

(g



5.4 Comparing Concentrated Spectral Sequences 125

2. ¢| :lim, ¢, (1) — lim, ¢,.(2) are C-epimorphisms,

and
5 Plpg) limi{ker(ifmﬂb%_ra(1))} — limi{ker(izp’q)+b+0_ra(2))} and
4. @| : lim}¢.(1) — lim!¢,(2) are C-monomorphisms.

Then the induced homomorphism @ : L.(1) — L.(2) is a C-epimorphism.

Proof. Fix n € Z and ¢, q), where (p,q) - a = n. By the E*-Distribution
Theorem on page 35, in the following diagram, go’(p q)| is a C-monomorphism

. . Clpa) 1. .
ker(go’(m)) N hm}n{ker(z(p’qu%_ra(1))} P hmi{ker(z(p’quJrc_m(Z))}

ZEE‘I)'Fb(l) S0,(1741)‘ priq)-&-b(Q)
(i, (1) (i, )

ker((lp(p,q) )

Conditions 1 and 2 and 5-Lemma mod C imply that, for every s € Z,
the dashed arrow in the following diagram of exact sequences is a C-
epimorphism

(b(u,v)—i-sa(l) E>® b (1) Z(o.pi‘I)+b(1)
¢(u,'u)+(sfl)a(1) () sat im(j(lpv‘I) (1))
\
| C—epi lC—mono
\
¢(u7v)+sa(2) Jois b(z) Z((D.I;yq)—kb(z) ‘
Dlu)+(s—1)a(1) woyteat im(j, ) (2))

The rest of the proof is similar to the proof of Proposition 5.2.1 on page
118. ]

Corollary 5.4.2. Let ¢ : EC(1) — EC(2) be a morphism of exact couples
such that the induced spectral sequences are universal augmentation con-
centrated and, for every (p,q) € Z X Z, the following homomorphisms are
C-isomorphisms:

1. E®

(p.q

2. lim, ¢,(1) — lim, ¢,.(2),

(1) = EF ) (2)

(g
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3. Ty {ker(if, e ya(1))} = limp{ker(if, oo 1a(2))}, and

4. lim!¢,(1) — lim}¢,(2).

Then their universal augmentations are C-isomorphic.

5.4.2 Comparing Universal Coaugmentation Concen-
trated Spectral Sequences

Let C be an w-complete and w-cocomplete class of modules closed under
extensions. Look at the E*°-Distribution Theorem 2.3.13 on page 35 for
the notations.

Proposition 5.4.3. Let ¢ : EC(1) — EC(2) be a morphism of exact cou-
ples such that the induced spectral sequences are universal coaugmentation
concentrated and E>_(1) — E>=_(2) is a C-monomorphism. Then the
induced homomorphism @ : L*(1) — L*(2) is a C-monomorphism.

Proof. For i = 1,2, let {¢"(i)},ez be the kernel filtration of L*(i). In the
proof of Proposition 5.2.1 on page 118, if we replace ¢, ) by #™9 and the
last diagram by the following diagram

the proof is similar. O]

Proposition 5.4.4. Let p : EC(1) — EC(2) be a morphism of exact cou-
ples such that the induced spectral sequences are universal coaugmentation
concentrated and, for every (p,q) € Z X Z, the following hold:

1op B (1) = B

(p,q) (p’q)(Z) is a C-epimorphism, and

2. the morphism
gp,(p,q) : hm:'{ker(i?p,q)+b+cfra(1>>} - hm}"{ker(f(qp,q)erJrcfra(Q))}

is a C-monomorphism.
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Then the induced homomorphism ¢ : L*(1) — L*(2) is a C-epimorphism.

Proof. Fix n € Z and ¢, 4, where (p,q) - a = n. By the diagram on page
45, conditions 1 and 2 and 5-Lemma mod C, for every s € 7Z, the dashed
arrow in the following diagram of exact sequences is a C-epimorphism

w,v+(s+1)a+b+c o) . o
¢ ¢)u,v+5a+b+c(1)1 E(u,v)+sa+b(1) - hm}"{ker(z(u,v)-i—b-i-c—ra(1))}
I
| C—epi C—mono
\i
w,v+(s+1)a+b+c 00 . o
¢ ¢u,v+sa+b+c(1§2) E(u,v)+sa+b(2) - = hm71“{ker(l(u,v)+b+c—ra(2)>}'
(5.3)
) - ¢u,v+ra+b+c(1) ¢u,v+ra+b+c(2) .
Claim 1. For everyr > 1, f" : ribre(]) — rihre() s a

C-epimorphism.

Proof. We proceed by induction on r. For » = 1 the claim holds by the
following diagram and hypothesis 1

Pl .
ker(gpﬁv)%) E(C’iva(l) e E(u,v)+b (2)
l u,v-i—alb—&-c fl=p>® | u,v—l—a—i—L-{—c
ker(w(u,v)er) ¢ (1) ey ¢ (2)

¢u,v+b+0(1) ¢u,v+b+0(2) ’

Assume the claim holds for r. Using diagram (5.3), in the following dia-
gram

¢u,v+7'a+b+c(1) ¢u,v+(r+1)a+b+c(1) ¢u,v+(r+1)a+b+c (1)
¢u,v+b+c(1) ¢u,v+b+c(1) ¢u,v+ra+b+c(1)
%"?i,vmﬁb\llnd Hyp. f"“l fri(5.3)
¢u,v+ra+b+c (2) ¢u,v+(r+1)a+b+c (2) ¢u,v+(r+1)a+b+c (2)
puvtbte(2) @uvtbte(2) P(uv)+ratbie(2)

induction hypothesis and 5-Lemma mod C imply that f"*! is also a C-
epimorphism. ¢
¢u,v+b+c(1) ¢u,v+b+c(2)

Claim 2. For every s > 1, fs : Jri—satbre( 1] — Jui—satbre(2) is a

C-epimorphism.

Proof. The proof is exactly the same as the proof of Claim 1. ¢
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If we take the direct limit of the following tower of C-epimorphisms

¢u,v+a+b+c(1) f ¢u,v+a+b+c(2)
¢u,v+b+c(1) ¢u,v+b+c(2)

¢u,v+sa+b+c(1) £ ¢u,v+sa+b+c(2)
¢u,fu+b+c(1) ¢u,v+b+c(2>

| |

¢u,v+(s+l)a+b+c(1) Fort ¢u,v+(s+l)a+b+c(2>

(bu,v—ﬁ-lj&—c(l) ¢u,v+li+c(2)
we obtain
LnJro'(l) Ln+o’(2)

¢u,v+b+c(1) ¢u,v+b+c(2)

with cokernel colim; coker(f;) € C and hence it is a C-epimorphism. If we
take the inverse limit of the following tower of C-epimorphisms

LTLJrU'(l) pret Ln+o(2)
¢u,v7(r+1)a+b+c(1) ¢u,v7(r+1)a+b+c(2)
LnJrU(l) i Ln+o—(2)
¢u,ufra+b+c(1) ¢u,v7ra+b+c(2)
Ln+o(1) fl Ln+o(2)

¢u,v+b+c(1) ¢u,v+b+c(2)
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we obtain Lo (1) ()
) n+o r ) n+o
h,{n ¢u,vfra+b+c(1) — llql:n ¢u,vfra+b+c<2)

with coker(f) = lim, coker(f") € C and hence a C-epimorphism. By the
following diagram

o D
L * (1) hmr ¢u,v—’ra+b+c<1)

Pn l C-epi l f

e D)
L * (2) hmr ¢u,v—’ra+b+c<2)

©Pn is a C-epimorphism. =

Corollary 5.4.5. Let ¢ : EC(1) — EC(2) be a morphism of exact couples
such that the induced spectral sequences are universal coaugmentation con-
centrated and, for every (p,q) € Z X 7, the following homomorphisms are
C-isomorphisms:

19> Ef (1) = E

(,9)

2. hm'il“{ker(in,q)erJrcfra(l))} — hm}“{ker<i7(qp,q)+b+cfra(2))}'

(2), and

Then their universal coaugmentations are C-isomorphic

5.5 Comparing Originally Stable or Vanish-
ing Exact Couples

5.5.1 Comparing Originally Stable Exact Couples

Let C be an w-cocomplete class of modules closed under extensions.

Proposition 5.5.1. Let ¢ : EC(1) — EC(2) be a morphism of originally
stable eract couples and E*_(1) — E>_(2) is a C-epimorphism. Then
the induced homomorphism ker(L""7(1) — L,.,(1)) — ker(L"*7(2) —
L,5(2)) is a C-epimorphism.

Proof. Fix n € Z and let D(lu’v) +btc 18 In the originally stable range of the

n + o-th D'-column, where (u,v +b +¢)-a = n + o. For simplicity, we
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take D(, . p . to be the lowest D'-term of the mentioned column. The
first condition and 5-Lemma mod C imply that for every r € Z, the dashed

arrow in the following diagram is a C-epimorphism

o
So(u,v)+ra+b

E(os,v)—i-ra—i-b(l) (os,v)+ra+b<2) - COker(gpc()Z,v)—i-ra—i-b)
u,v+(r+1l)at+bte (| (p(o'i,v)i»ra«kb' w,v+(r+1)atb+tc 2 L
¢ ¢u,v+ra+b+c(1§ ) 77777777 > 2 ¢u,v+ra+b+c(2§ ) COker(SO?Z,U)-i-Ta—‘rb ) :
(5.4)

Claim 1. For every s > 1, f . guvhsatbre(])  guvtsatbie(9) g ¢
C-epimorphism.

Proof. We proceed by induction on s. For s = 1 the claim holds by the
following diagram and hypothesis 1
(1) <'0?5,v)+b

E(Os,v)er

| i

¢u,v+a+b+c(1) fl:Lp?Z,v)Jraqu' ¢u,v+a+b+c(2)
¢u,v+b+c(1) ¢u,v+b+c(2)

Egj”va(Q) — COker(SO?S,va)

coker(4fy, ) 4p)-

Note that by part 2 of Remark 3.2.2 on page 64, ¢“vTPe(j) = 0, for
i = 1,2. Assume the claim holds for s. Using diagram (5.4), in the
following diagram

b b ¢u,v+(s+1)a+b+c(1)
¢u,v+sa+ +c<1): 5 ¢u,v+(s+1)a+ +c(1) -

¢u,v+sa+b+c ( 1 )

f* | Ind. Hyp. fe+l l(5.4)

u,v+sa c wot(s+1)a c ¢u,v+(s+1)a+b+c(2)
L () pa—C LR S )

¢u,v+sa+b+c(2)
induction assumption and 5-Lemma mod C imply that f**! is also a C-
epimorphism. ¢

If we take the direct limit of C-epimorphisms

{¢u,v+sa+b+c (1) L ¢u,v+sa+b+c(2) }SEN
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over s, we obtain the following C-epimorphism
colim, ¢V Ta¥bFe(1) s colim, gV TatPre(2),

We are done by the following diagram:

keI"(Ln'HT(l) — Ln+o(1)) = colim, ¢u,v+sa+b+c(1)

@n l lC—epi

keI‘(Ln—HT(Q) N Ln+a(2)) i_ COhms ¢u,v+sa+b+c(2)_

[]

5.5.2 Comparing Originally Vanishing Exact Couples

Let C be an w-complete class of modules closed under extensions. From
Remark 3.2.2 on page 64, we know that every originally vanishing exact
couple is convergent to it universal augmentation. Therefore, the results
in section 5.3.1 on “Comparing Spectral Sequences Convergent to the Uni-
versal Augmentations” can be stated about the spectral sequences induced
by originally vanishing exact couples as the following corollary shows.

Corollary 5.5.2. Let ¢ : EC(1) — EC(2) be a morphism of originally
vanishing ezact couples and, for every (p,q) € Z x Z, Ef; (1) = E (2)
is a C-(mono-,epi-Jisomorphism. Then L.(1) — L.(2) is C-(mono-,epi-

Jisomorphism.

Compare this with Theorem 5.3. in [3] where Boardman says “No new
comparison theorem is needed for such spectral sequences, because Theorem
5.8 1s entirely satisfactory:

Theorem.5.3. [3] Suppose given a morphism f of spectral sequences,
with components f, : (D;,(1),El (1)) — (D;.(2),E},(2)), where [the
induced spectral sequence of] (D; (1), E! (1)) converges strongly to G(1)
and (D} ,(2), E! ,(2)) converges to G(2) (not necessarily strongly), together
with a compatible morphism f . G(1) — G(2) of filtered target groups.
If fm o BP(1) — EY.(2) is an isomorphism for some m < oo, then
f:G(1) = G(2) is an isomorphism of filtered groups.”

Example 5.5.3. In the setting of Example 3.2.4 on page 68, if we have
two towers of cofibrations and the corresponding exact couples are EC(1)
and £C(2) and if for every (p,q) € Z X Z, ¢f, , « EF (1) = Ef (2)
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is an C-(mono-, epi-)isomorphism, then, for every n € Z, the induced
homomorphism

P b (X(1)) = ha(X(2))

is an C-(mono-,epi-)isomorphism.

5.6 Comparing Eventually Stable or Van-
ishing Exact Couples

5.6.1 Comparing Eventually Stable Exact Couples

Let C be an w-complete class of modules closed under extensions.

Proposition 5.6.1. Let ¢ : EC(1) — EC(2) be a morphism of eventually
stable exact couples and, for every (p,q) € Z x 7Z, the following hold:

L. 80?;7(]) : Ezﬁq)(l) — Eéﬁq)@) and
2. ¢| :lim, ¢,.(1) — lim, ¢,.(2) are C-epimorphisms, and
3 Pl lim}«{ker(ifp’qu“#a(1))} — hmi{ker(z'gp,q)+b+c%(2))} and

4. @| :lim! ¢, (1) — lim}¢,.(2) are C-monomorphisms.
Then the induced homomorphism ¢ : L.(1) — L.(2) is a C-epimorphism.

Proof. The proof is similar to the proof of Proposition 5.4.1 on page 124.
O

Proposition 5.6.2. Let ¢ : EC(1) — EC(2) be a morphism of eventually
stable exact couples and, for every (p,q) € Z X Z,

L. 90?5@) : Ezﬁq)(l) — Ezﬁq)@)’

2. ¢| : lim, ¢,(1) — lim, ¢,.(2),

3. cp’(nq) : limi{ker(ifmﬂb%#a(1))} — limi{ker(i€p7q)+b+c4a(2))}, and
4. @| : liml¢.(1) — lim} ¢,(2)

are C-isomorphisms. Then their universal augmentations are C-isomorphic.
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Again, since the E*°-terms and the quotients of adjacent kernel filtra-
tions of the universal coaugmentation are not closely related we can not
provide any comparison between universal coaugmentations of two even-
tually stable exact couples in general. Look at the diagram on page 196.

5.6.2 Comparing Eventually Vanishing Exact Cou-
ples

From Remark 3.2.8 on page 72, we know that the spectral sequence induced
by an eventually vanishing exact couple is coaugmentation concentrated.
Therefore, the results in section 5.4.2 on “Comparing Coaugmentation
Concentrated Spectral Sequences” can be stated about the spectral se-
quences induced by eventually vanishing exact couples.

Example 5.6.3. Look at Example 3.2.10 on page 75. Let C be an w-
complete class of Abelian groups closed under extensions and assume we
have two towers of fibrations {X, (1), F},(1) }ren and {X,,(2), F(2) }nen,
with X (1) and X (2) the (homotopy) inverse limit of them, a morphism be-
tween these two towers and the induced morphism between the correspond-
ing eventually vanishing exact couples. Assume, for every (p,q) € Z X Z,
the following homomorphism are C-isomorphisms

1. E°

(g

2. lim! 1 (X, (1)) — lim! w11 (X,,(2)), and

(1) = EF ) (2),

(g

3. Timy ker(if, o p v e pa(1) = limy ker(if, e a(2)):

Then the homotopy groups of X (1) and X (2) are C-isomorphic.
Compare it with the “Mapping Lemma” in [6], p.261, or [12], p.325:
o Suppose f:{X,(1)} = {X,.(2)} is a map of towers of pointed fibrations
and suppose there is a (finite) N > 1 such that
fo: ERU(1) - EF7(2)

is an isomorphism for all (p,q). If EPP(1) = 0 for all p, then the map
lim,, X, (1) — lim,, X,,(2) is a weak equivalence of connected spaces.
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5.7 Comparing Towers with Matched Even-
tually Vanishing Exact Couples

Let A be a limit ordinal and C be an ordinal-complete class of modules
closed under extensions. Also, assume we have inverse towers of bigraded
modules

H:H)\_>”'_>HT]+1_>HT]_>...—>Hp—)---—>H1 (55)

and
H=0">. .. >0 S50 ... 50 —... 5 H" (5.6)

Look at Definition 3.4.14 on page 92, Remark 3.4.15 on page 93 and the
diagram on page 208.

Lemma 5.7.1. Let ¢ be a morphism from the tower (5.5) to the tower
(5.6) where we can match eventually vanishing exact couples to them such
that

1. the E*°-terms of all intermediate spectral sequences, induced by the
originally vanishing exact couples, are C-monomorphic, and

2. ¢ :ker(p™(1)) — ker(p™(2)), for every limit ordinal ng < A, and
8. lim,cy F7(1) — lim,<) FA(2)

are C-monomorphisms. Then ker(H* — H') — ker(H)‘ — Hl) is a C-
monomorphism.

Proof. Fixn € Z and let n = ny+r for a limit ordinal 7y and a non-negative
integer r. Then, the first condition and Remark 3.4.15 on page 93 imply
that the dashed arrow in the following diagram is a C-monomorphism

00 g0?’2,1}) —c—ra EOO
(u,v)—c—ra (u,v)—c—ra

ker(gp(’z,v)_c_ra) N—— )

(5.7)

Fn0+11(n) sO(OZ:Z())—c—r.al| F?]o+i1(
>

ker(pe \ o o )— ——— 2 —m
((lp(u,v)—c—ra‘) Fotr (n) F’70+7"(n)

where D(, , is the lowest nonzero D'-term of the n-th D'-column of the
eventually vanishing exact couple corresponding to the limit ordinal 7.
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A 1 D 1
Claim. For everyn < A, ker(H (;“7)7(:) H (n)) = ker(H (;7)7(:)1{ (n)) s

a C-monomorphism.

Proof. We proceed by induction. Let the claim hold for all

ker(H(n) = H'(n)) ker(H(n) — H'(n))
FA(n) FA(n) ’

where $ < 7, and consider the following two situations:

e 7 is a non-limit ordinal: Therefore, n has an immediate predecessor;
i.e., there is an ordinal 8 such that n = g+ 1. By the 5-Lemma mod
C and the diagram on page 208 the dashed arrow in the following
diagram is a C-monomorphism

FA(n) ker(H*(n) — H'(n)) ker(H*(n) — H'(n))
Fn(n) Fn(n) FF(n)
(5.7)lC7mono \L Cfmonollnd. Hypo.
FP(n) ker(H*(n) — H'(n)) ker(H*(n) — H'(n))
Fi(n) Fi(n) Fom)

e 7 is a limit ordinal: By induction hypothesis, for every 5 < n, there
exists a C-monomorphism

ker(HN(n) — H'(n)) s ker(H'(n) — H'(n))
iy F)

If we take the inverse limit of these C-monomorphisms, we obtain a
C-monomorphism

po ker( ) = H'(n) pr ker(HA(?) — H'(n))
B<n FB(n) B<n FB(n)

By condition 2 and the following piece of the diagram on page 208

ker(p"(n)) ——"—ker(p"(n))

limg, F°(n) f limgf?7 FA(n)
Fn(n) Fn(n)

we see that f7 is a C-monomorphism. By the 5-Lemma mod C, the
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dashed arrow in the following diagram is a C-monomorphism

hmﬁ(ij (n) ker(H*(;z (;) H'(n)) lim, ., ker(H’\(;g (:) H'(n)) limd_., P#(n)
i -
)DL ) S8 g
o
Therefore, for every n < A, ker(HAéZ)(%Hl(”)) — ker(HAl(g;)(:Hl(")) is a C-
monomorphism. In particular, ker(Hk}ﬁ)(:)Hl(")) — ker(ﬁkg)(z)ﬁl(")) is a C-

monomorphism.

Using condition 3 and the following diagram

FMn)>——=lim, ., F"(n)

| lc_mono

FA(n) = lim, <\ F"(n)

F*n) — F*n) is a C-monomorphism. By the 5-Lemma mod C, the
dashed arrow in the following diagram is a C-monomorphism

ker(H*(n) — H'(n))

F>(n)>——=ker(H*(n) — H'(n)) —

C—mono

We will use the following lemma in the proof of the next proposition.
Look at Remark 3.4.15 on page 93 for notations.

Lemma 5.7.2. Assume we can match eventually vanishing exact couples
to the towers in (5.5) and, for every limit ordinal ny < X\, the composite

no+w 10 +w
Q Hno +w p

B limg .y, H?

1s an epimorphism. If D(lu v 18 the lowest mnonzero D'-term of the n-th

D'-column of the eventually vanishing ezact couple corresponding to 1,
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then for every r € N
Fno—l—r—l(n)

Fnotr(n)

~ u,v—ra

Fno—l—r—l(n) -
and hence W — B ) rac:
Proof. Note that the homomorphism p*¥(n) o Q% (n) is defined from
H*(n) to limg,, H?(n). By E>-Comparison Theorem we have the follow-
ing diagram with exact rows and columns

Fn0+1”*1(n)
ki hwvTray o  _uyv-ra
R ‘ Frot7(n)
coker(p (1) 0 QW ()]) = gD LEEEEEL oty
hu,v—ra l
+w n)o “+w n
coker(p™+¥ (1) o QM0F(n)]) <—— gub—ra P10 (n)oQMOF (n)| Frokr ()

If pot¥(n) o Q™ (n) is an epimorphism, then coker(h**~"®) = 0 and we
are done.

]

Proposition 5.7.3. Let ¢ be a morphism from the tower (5.5) to the tower
(5.6) where we can match eventually vanishing exact couples to them such
that for every limit ordinal

1. the E*°-terms of all intermediate spectral sequences, induced by the
originally vanishing exact couples, are C-isomorphic, and

2. for every limit ordinal ny < A, lim}ﬁ@0 FP - limé<77O FP is a C-
isomorphism and p™ and p"° are isomorphisms,

3. for every limit ordinal ng < X, Q™% and Q™ are epimorphisms,
and

4. limyey F7 — lim, <y F" is a C-isomorphism.

Then ker(H* — H') and ker(H’\ — H") are C-isomorphic.
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Proof. Fix n € Z and assume that n = ny +r < A, for a limit ordinal
Mo < A and a non-negative integer r. Then, the first two conditions,
Remark 3.4.15 on page 93 and 5-Lemma mod C imply that the dashed
arrow in the following diagram is a C-isomorphism

Frotr (n) 0 1w
F”0+’"(n) (u,v)—c—ra = hmr ker(z(u,v)fra) (58)
I
[ C—iso C—iso
_ Y
F770+7‘71 (n) 1,100 . hml ker(gr,no )
F”‘)""T(n) (uw)—c—ra T (u,v)—ra

where D(, , is the lowest nonzero D'-term of the n-th D'-column of the
eventually vanishing exact couple corresponding to the limit ordinal 7.
ker(H(n) — H'(n)) | ker(H(n) — H'(n)) |

Claim. For everyn < A, Fn) Foln) is

a C-isomorphism.

Proof. We proceed by induction. Let the claim hold for all

ker(H'(n) = H'(n)) ker(H'(n) — H'(n))
FP(n) FA(n) ’

where § < 7, and consider the following situations:

e 7 is a non-limit ordinal: Therefore, n has an immediate predecessor;
i.e., there is an ordinal 3 such that n = f+ 1. By the 5-Lemma mod
C and the diagram on page 208 the dashed arrow in the following
diagram is a C-isomorphism

FP(n) ker(H*(n) — H'(n)) ker(H*(n) — H'(n))
Fn(n) F"‘(n) FB(n)

(5.8)i v‘ llnd. Hypo.
FP(n) ker(H*(n) — H'(n)) ker(H(n) — H'(n))
Fr(n) F(n) F?3(n) '

e 7 is a limit ordinal: In this case, by induction hypothesis there is a
C-isomorphism

ker(H (n) — H'(n)) so ker(H"(n) — H'(n))
Fb(n) 7 F5(n)
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for every 8 < n. If we take the inverse limit of these C-isomorphisms,
we get a C-isomorphism

o ker(H () 5 HU(n) o ker(H'(n) — H'(n))
b<n FA(n) B<n FA(n) '

By condition 2 and the following piece of the diagram on page 208

limgo, FP(n) _ limge, FP(n)

Fotn) i)

By the 5-Lemma mod C, the dashed arrow in the following part of
the diagram on page 208 is a C-isomorphism

ker(H*(n) — H'(n)) ker(H*(n) — H'(n))
FB(n)

limgc, lim};qFﬁ(n)

Cfisolf’7 C—iso

ker(H*(n) — H'(n))

_ —lim}_ FP(n).
Fﬂ(n) B<n ( )

= - lim5<n

H (n)—H (n)) ker(H* (n)—H'(n)) -
() — Fi(n) is a C-

ker(H* (n)—H (n)) N ker (Y (n)—H' (n))

FX(n) FX(n)

Therefore, for every n < A, e

is a C-

monomorphism. In particular,
monomorphism.

Using condition 4 and the following diagram

F(n) ——=lim, -\ F"(n)

e

FMn) —— lim, -, F(n)

F*(n) — F*(n) is a C-isomorphism. By the 5-Lemma mod C, the dashed
arrow in the following diagram is a C-isomorphism

F () —= ker(HA(n) — H'(n)) — 2 () = H ()

C—iso
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]

Example 5.7.4. Look at Example 3.4.16 on page 93 and assume we have
two transfinite towers of fibrations {X, (i), F;,(i)},<x, for ¢ = 1,2 and a
morphism from one tower to another and C be an ordinal-complete class
of Abelian groups closed under extensions. Then we have the following:

1. If

(a) in every intermediate eventually vanishing exact couple the mor-
phism E* (1) — £ _(2) is a C-monomorphism, and

(b) for every n € N and every limit ordinal 7y < A,
limj T (X5(1)) = limg ) 7 (X5(2)) = 0,

then 7, (X (1)) — m.(X(2)) is a C-monomorphism.
2. Assume in every intermediate eventually vanishing exact couple

(a) E* (1) = E>_(2) is a C-isomorphism, and
(b) Timy ker(if, ) o (1)) = lim; ker(if, ,y,,(2)) =0,

and for every n € N, i = 1,2 and every limit ordinal ny < A
(c) liméqOFﬁ(l) — liméqOFﬂ(Q) is a C-isomorphism,
(d) m(X (7)) = mp(Xyp4w0 (7)) is an epimorphism, and
(a) liméqown(){ﬁ(i)) = 0.

Then 7,(X (1)) and m,(X(2)) are C-isomorphic.

5.8 Comparing Towers with Matched Orig-
inally Vanishing Exact Couples

Let A be a limit ordinal and C be an ordinal-complete class of modules
closed under extensions. Also, assume we have directed towers of bigraded
modules

Hl_>"'_>Hp_>"’_>H77_>H77+1_>"'_>H>‘:H (59)

and

H —»-+—H,—-—H,—-H., — - — H =H (5.10)
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Look at Definition 3.3.6 on page 83, Remark 3.3.7 on page 83 and the
diagram on page 202.

Proposition 5.8.1. Let ¢ be a morphism from the tower (5.9) to the
tower (5.10) where we can match originally vanishing exact couples to
these towers such that

1. the E*°-terms of all intermediate spectral sequences, induced by the
originally vanishing exact couples, are C-epimorphic, and

2. @ : coker(p,, (1)) — coker(p,,(2)), for every limit ordinal ny < A,
1s a C-epimorphism.

Then H(1) — H(2) is a C-epimorphism.

Proof. Fix n € Z and assume 1 = 1y + r for a limit ordinal 79 and a non-
negative integer r. Then, the first condition and Remark 3.3.7 on page 83
imply that the dashed arrow in the following diagram is a C-epimorphism

9] ‘P(()Z,v)+ra+b 7,100 9]
E(u,v)Jrraer E(u7y)+ra+b - COker(@(u,v)—i—ra—i—b) (511)
0,70 —
Fo4r(1) fo(ﬁ@ﬁatbL _ fotr () coker(¢(y ) rasnl)
F770+T*1 (n) FT]o-H“—l (n) 7

where D, is the highest nonzero D'-term of the n-th D'-column of the
originally vanishing exact couple corresponding to the limit ordinal 7.

Claim. For everyn < \, F,(n) — F,(n) is a C-epimorphism.

Proof. We proceed by induction. Assume the claim holds for all F, 3(n) —
Fs(n), where 8 < n, and consider the following two situations:

e 7 is a non-limit ordinal: Therefore, n has an immediate predecessor;
i.e.; there is an ordinal  such that n = g+ 1. By Five-Lemma mod
C and the diagram on page 202 the dashed arrow in the following
diagram is a C-epimorphism

Fs(n) £,

Ind. Hypo. |C—epi
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e 7 is a limit ordinal: In this case, by induction hypothesis, for every

f < m, there is a C-epimorphism Fj(n) ELN Fs(n). If we take the
direct limit of these C-epimorphisms, we obtain a C-epimorphism

colimg,, Fg(n) LN colimg, Fs(n).
By condition 2 and the following piece of the diagram on page 202

coker(p, (n)) ———"—— coker(p, (n))

| |

Fy(n) Fn Fn(nl
colimg.,, Fig(n) colimg, F3(n)

we see that fn is a C-epimorphism. By Five-Lemma mod C, the
dashed arrow in the following diagram is a C-epimorphism

| £y (n)

1 F -~ s F .
colimg,, 5(”) ”Fn) colimg<n Fﬁ(n)
|
ﬁ/ C-epi ‘ Cept \L f"
|

) Y F,(n)
1' F — F . n ’
colimg, 5(”) "<n) colimg.,, Fj3 (n)

O

Therefore, for every n < A, F(n) — F,(n) is a C-epimorphism, in
particular, Hy(n) — Hy(n) is a C-epimorphism.

]

We will use the following lemma in the proof of the next proposition.
Look at Remark 3.3.7 on page 83 for notations.

Lemma 5.8.2. Assume we can match originally vanishing exact couples
to the tower in (5.9) and, for every limit ordinal ny < X\, the composite

Qno +w

Hnoer — H)\

. Png+w
C011m5<n0 Jw Hﬁ

is a monomorphism. If D(lw) is the highest nonzero D'-term of the n-th
DY-column of the originally vanishing exact couple corresponding to no,
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then for every r € N

Fir(®) o o
Fptra(m) 007

Proof. The proof is similar to the proof of Lemma 5.7.2 on page 136 and
a result of part 1 of Proposition 2.3.16 on page 38 applied to the diagram
(3.13) on page 83. Wl

Corollary 5.8.3. Let ¢ be a morphism from the tower (5.9) to the tower
(5.10) where we can match originally vanishing exact couples to them such
that

1. the E>-terms of all intermediate spectral sequences, induced by the
originally vanishing exact couples, are C-isomorphic, and

2. for every limit ordinal ng < X, Qp+w and Quy+., are monomorphisms,
and

3. for every limit ordinal ng < A, py, and py,, are isomorphisms.
Then H and H are C-isomorphic.

Proof. Fix n € Z and assume n = 1y + r for a limit ordinal n and a non-
negative integer r. Then, the first condition, Lemma 5.8.2 on page 142
and Remark 3.3.7 on page 83 imply that the dashed arrow in the following
diagram is a C-isomorphism

00 ¢?E,v)+ra+b 7700
E(um)-‘r?“a-f—b E(u,v)+ra+b (5 12)

] ]

F’?OJFT (n) CP(OZ:Z())JrTaijL _Fn0+7« (77/)

Figir—1 (n) Fno+r71(n)

where D(IM) is the highest nonzero D!'-term of the n-th D!-column of the
originally vanishing exact couple corresponding to the limit ordinal 7.

Claim. For everyn <\, F,(n) — F,(n) is a C-isomorphism.

Proof. We proceed by induction. Let the claim hold for all F5(n) — Fs(n),
where 3 < 7, and consider the following two situations:

e 7 is a non-limit ordinal: Therefore, n has an immediate predecessor;
i.e., there is an ordinal 8 such that n = g 4+ 1. By the 5-Lemma



5.8 Comparing Towers with Matched Originally Vanishing Exact Couples144

mod C and the diagram on page 202 the arrow in the middle in the
following diagram is a C-epimorphism

Fy(n) Ey(n) e
Ind. Hypo.lCiso l C—isol(5.12)
Fin) ) ol

e 7 is a limit ordinal: In this case, by induction hypothesis there is

a C-isomorphism Fp(n) J, Fs(n), for every 8 < n. If we take the
direct limit of these C-isomorphisms, we obtain a C-isomorphism

colimg,, Fs(n) EiN colimg, Fs(n).

By condition 2 and the diagram on page 202 we have

Fy(n) o~ Fn(nz _
colim5<,7 Flg (n) COliIIllg<77 Fg (TL)

Therefore,
F,(n) = colimg., Fs(n) I colimg, Fs(n) = F,(n).

is a C-isomorphism. ©

Therefore, for every n < A, F,(n) — F,(n) is a C-isomorphism, in
particular, Hy — H, is a C-isomorphism. O

Example 5.8.4. Look at Example 3.3.8 on page 84 and assume we have
two transfinite towers of cofibrations {X,,(7), F;,(¢) },<x, for i = 1,2. Let ¢
be a morphism from one tower to another and C be an ordinal-cocomplete
class of Abelian groups closed under extensions. Then we have the follow-

ing:

e If in every intermediate originally vanishing exact couple, £ (1) —
E*_(2) is a C-epimorphism, then the induced morphism H., (X (1)) —
H,(X(2)) is a C-epimorphism.

o [f
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— in every intermediate originally vanishing exact couple, £ (1)
and £>_(2) are C-isomorphic, and

— for every limit ordinal ny < A and ¢ = 1,2, the morphism
Qnotw(?) - Ho( Xy 10 (7)) = Ho(X(4)) is a monomorphism,

then H,(X (1)) and H.(X(2)) are C-isomorphic.



Chapter 6

Reverse Engineering

6.1 Introduction

In the last two chapters, we explained examples of carrying a property
from some page of a spectral sequence to the limit page and, ultimately, to
the universal augmentation or coaugmentation of the corresponding exact
couple. In this chapter, we go backward; i.e., we carry a property from the
universal augmentation or coaugmentation of an exact couple to the limit
page and, ultimately, to one of the pages of the induced spectral sequence.
We do so for some spectral sequences that collapse at some page.

In this chapter, we see two scenarios where this reverse engineering
technique can be applied. In both scenarios, we deal with spectral se-
quences induced by “super convenient” exact couples; i.e., exact couples
that are either originally vanishing and eventually stable or eventually van-
ishing and originally stable. Let us consider, for example, a first quadrant
spectral sequence induced by an originally vanishing and eventually stable
exact couple. From the third chapter, we know that this spectral sequence
is convergent to its universal augmentation. We then pick a class C of
modules that is closed under extensions and we look at the r-th page of

the spectral sequence
q

n Et”J’,n E’l’“n e E:zn
1 £G4 ETq s Enq
0 Eg Elr,O c E;,o
0 1 n P

146
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with the following properties:

e the red entries are in C,
e if a blue entry is in C then all entries above it are also in C, and

e the universal augmentation is in C.

In the first scenario, we conclude that all entries of this page also belong
to C. In fact, the idea of the first scenario comes from the second scenario
which is developed by Peschke [26].

In the second scenario, we compare two such spectral sequences back-
ward; i.e., we pick two such spectral sequences and assume the following

e the corresponding red entries are C-isomorphic,

e if a blue entry in one spectral sequence is C-isomorphic to the corre-
sponding blue entry of another, then all corresponding entries above
them are also C-isomorphic, and

e the universal augmentations are C-isomorphic.

Then we conclude that all entries of these pages of the spectral sequences
are C-isomorphic. This scenario is developed in Peschke [26]. Here we
just state it modulo C. We will see that Zeeman’s comparison theorem
is a special case of these comparison theorems. At the end, we will see
a few examples that are not compatible with the structure of Zeeman’s
comparison theorem.

It should be mentioned that the results of this chapter are stated and
proved for spectral sequences of bidegrees (—r,r—1) and (r, —r+1), which
cover many examples in the literature. However, there is a brief section
which supplies the interested reader with a list of the tools we have used
in the proofs, revised for arbitrary bidegrees, and he/she can use them
to adjust the proofs for the spectral sequences induced by the mentioned
“super convenient” exact couples with arbitrary bidegrees.

6.2 Reverse Engineering Using a Class of
Modules

In this section, we cover the first scenario; i.e., we choose a class C of mod-
ules closed under extensions and start from the universal augmentation or
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coaugmentation of a first quadrant spectral sequence. Our goal is to show
that, under some assumptions, if the universal augmentation or coaugmen-
tation is in C then all entries of some page of the spectral sequence and
hence subsequent pages belong to C.

6.2.1 Reverse Engineering for Originally Vanishing
Eventually Stable Exact Couples

Let {D} ., E},} be an originally vanishing and eventually stable exact cou-
ple that induces a first quadrant spectral sequence with differentials of
bidegree (—r,7 — 1) on page r and C be a class of modules that is closed
under extensions. From Remark 3.2.2 on page 64 and the diagram on
page 66 we know that this spectral sequence is convergent to its universal
augmentation.

Proposition 6.2.1. Let C be a class of modules closed under extensions
and assume, for some ro > 1,

1. L, € C for everyn € N,
2. By, € C for every ¢ > 0, and

5. whenever B, € C, then Eg) € C for every ¢ > 0.

Then, for every p,q > 0 and every r > 1o, we have E(p o € C.

Proof. Look at the E*°-Distribution Diagram on page 36. For every (p, q) €
Z x Z, where (p,q) -a = n, we have ¢, € C, because ¢, 4 € L. There-

¢(p7q) e C and since M o EE’;’ ) we have E( 0 € C.

¢p—17q+1 ¢p—1,q+1
In view of property 3, we only need to show that for every p > 0 we
have E% € C. We induct on p.

fore,

p = 0: It holds by property 2.

: Assume inductively that £;7 € C for every 0 < k < p. Therefore,
by property 3 and Proposition 4.2.2 on page 98, for every r > ry and
every ¢ > 0 we have Ep, € C.

e p+ 1. We show that E}5,, € C: Note that we have the following
tower of monomorphisms

00 _ p+2 ro+1 T0
Ep+1,0 = Ep+1,0 — Ep+1 0 Ep+1,0
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and we know that E}7,, € C. Assume inductively that £}, ,, € C
and look at the following figure, where the entries in C are in red. In
the following exact sequence

r—1

d
r . r—1 r—1 p+1,0 r—1
By 1o = ker(dyiy o) — By — ker(dy=, 0, )

ker(d) =),y ,_1) is in C because it is included in E;:ﬁle’r_l.

page 1-1 page r

p+1,

p—r+1

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
r—1 JEr
EP+1»() p+1,0

Since p —r 41 < p by induction assumption we have E;j 411 €C.

This implies that E;H,o € C. Therefore, inductively E %, ; € C.

By property 3 and Proposition 4.2.2 on page 98, for every r > rq and every

q > 0 we have E , € C. This completes the proof. O

Example 6.2.2. Let C be a class of Abelian groups closed under exten-
sions.

1. In the setting of the Leray-Serre spectral sequence in Example 3.2.5
on page 70, let £ — B be a fibration with fiber F' and h = H, an
ordinary homology theory. If

(a) H,(F) € C for every n € N, and
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(b) H,(F) € C for every ¢ € N, and
(c¢) whenever H,(B;Hy(F)) € C, then H,(B;H,(F)) € C for every
qeN,
then H,(B; H,(F)) € C, for every p,q € N.

2. In the setting of the Atiyah-Hirzebruch-Whitehead spectral sequence
in Example 3.2.6 on page 71, if X is a finite CW-complex and
(a) h,(X) € C for every n € N, and
(b) hy(pt) € C for every ¢ > 0, and
(c¢) whenever H,(X;ho(pt)) € C, then H,(X;h,(pt)) € C, for every
q=0,
then H,(X;h,(pt)) € C for every p,q > 0.

3. Let f: R — S be a ring homomorphism and look at Example 3.2.11
on page 77. If FF = A®pg —, then every projective R-module P is left
F-acyclic, because Torl (A, P) = {0}, for every p > 1. Assume for
every S-module A and R-module B

(a) Torf(A, B) € C, for every n € N, and
(b) Torf(A, S)®g B € C, for every ¢ > 0, and
(c) whenever Tor) (A ®g S, B) € C, then Tory (Tory(A,S), B) € C
for every ¢ > 0.
S (TR
Then Tor), (Tor, (A, S), B) € C for every p,q > 0.

Corollary 6.2.3. Let C be a class of modules closed under extensions and
tensor product. If, for some ry >0,

1. L, €C, and
2. By, € C for every ¢ >0, and

3. E°

(p,q)

~ T0 T0
- Ep,O ® EO,qf

then E7

() € C, for every p,q > 0 and every r > ry.

Example 6.2.4. Let C be a class of Abelian groups closed under extensions
and tensor product.
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1. In the setting of the Leray-Serre spectral sequence in Example 3.2.5
on page 70, let £ — B be a fibration with fiber I’ where H,(B) is
torsion-free and h = H, an ordinary homology theory. If for every
n > 0 we have H,(E),H,(F) € C, then for every p,q > 0 we have
H,(B;H,(F)) € C. This is because by the Universal Coefficient The-
orem, condition ¢) in the first part of Example 6.2.2 on page 149
holds.

2. In the setting of the Atiyah-Hirzebruch-Whitehead spectral sequence
in Example 3.2.6 on page 71, for a finite CW-complex X and a ho-
mology theory h,, if H.(X) is torsion-free and h, (X), h,(pt) € C for
every n > 0, then H,(X;h,(pt)) € C for every p,q > 0.

In the following proposition we consider the “dual” of Proposition 6.2.1
on page 148.

Proposition 6.2.5. Let C be a class of modules closed under extensions
and assume, for some ro > 1,

1. L, € C for everyn € N, and
2. BE)%€C forp>0, and

3. whenever Eq, € C, then Ef) € C forp > 0.

Then E&‘j 2 € C for every p,q > 0 and every r > ry.

Proof. Note that for every (p,q) € Z x Z, where (p,q) -a = n, we

have ¢, 4 € C, because ¢, 4 C L,. Therefore, ﬁﬂ € C and since
p—1,g+1

Pv.0) ~ E(o;q)
¢p—1,q+1 ’
In view of property 3, we only need to show that for every ¢ > 0 we
have £, € C. We induct on ¢:

we have EE’;q) eC.

q = 0: It holds by property 2.

: Assume inductively that £, € C for every 0 < k < g. Therefore,
by property 3 and PI‘OpOSlthH 4.2.2 on page 98, for every r > ry and
every p > 0 we have £, € C.
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e ¢+ 1: We show that £, € C: Note that we have the following
tower of epimorphisms

E°

0,g+1 7 Erotl .. BIY L BT — B

0,q+1 7 0.g+1 0,g+1 = F0,g+1
and we know that Eg;,; € C. Assume inductively that £ ., € C.
Look at the following exact sequence

r—1

d
r—1 r—l,g—r+3 r—1 r
Er—l,q—r+3 EO,q—i—l EO,Q-H

and the following picture, where entries in C are in red.

q+1 qg+1

r—1
q E(),q+1

qg—r+3

page r-1 page 1T

Since ¢ —r 43 < ¢ by induction assumption we have E,':ll,q,,, 3 €C.
This implies that Ej}, € C.

Therefore, ¢, € C and hence, by property 3 and Proposition 4.2.2 on
page 98, for every r > ry and every p > 0 we have E(p o+1 € C. This
completes the proof of the proposition. O

Example 6.2.6. 1. In the setting of the Leray-Serre spectral sequence
in Example 3.2.5 on page 70, let £ — B be a fibration with fiber F'
and h = H, an ordinary homology theory. If



6.2 Reverse Engineering Using a Class of Modules 153

(a) H,(F) € C for every n € N, and
(b) H,(B;Ho(F)) € C for every p € N, and
(c) whenever H,(F') € C, then H,(B; H,(F)) € C for every p € N,

then H,(B; H,(F)) € C, for every p,q € N.

2. Let f: R — S be a ring homomorphism and look at Example 3.2.11
on page 77. Assume for every S-module A and R-module B

(a) Tor’(A, B) € C, for every n € N, and
(b) Torg(A ®gr S, B) € C, for every p > 0, and

(¢) whenever Tor)(A,S) ®s B € C, then Torg(Torf(A, S),B) eC
for every p > 0.

Then Torg(Torf(A, S), B) € C for every p,q > 0.

Corollary 6.2.7. Let C be a class of modules that is closed under exten-
stons and tensor product and for some rg > 1

1. L, € C for everyn € N, and
2. BE)%€C forp >0, and

3. E°

~ 0 T0
(pa) — EZLO ® EO,q'

Then E&Sq) € C for every p,q > 0 and every r > 7.

Example 6.2.8. Let C be a class of Abelian groups closed under extensions
and tensor product. In the setting of the Leray-Serre spectral sequence
in Example 3.2.5 on page 70, let £ — B be a fibration with fiber F
where H,(B) is torsion-free and h = H, an ordinary homology theory. If
H,(F),H,(B;Ho(F)) € C for every n > 0, then H,(B;H,(F)) € C, for
every p,q > 0.

6.2.2 Reverse Engineering for Eventually Vanishing
Originally Stable Exact Couples

Let {Di’*, Ei*} be an eventually vanishing and originally stable exact cou-
ples that induces a first quadrant spectral sequence with differentials of
bidegree (r,—r + 1) on page r and C be a class of modules closed under
extensions. The proof of the following propositions is the “mirror image”

of the proof of the propositions in the previous section.
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Proposition 6.2.9. Assume, for some ro > 1,

1. L™ € C for everyn € N, and
2. BE)%€C forp>0, and

3. whenever Eg, € C, then E&iq) e C forp>0.

Then E&g 0 € C for every p,q > 0 and every r > 1.

Proposition 6.2.10. Assume, for some ro > 1,

1. L™ € C for every n € N, and
2. By, € C for every q > 0, and

3. whenever B, € C, then E{;}’,q) € C for every q > 0.

Then E&‘j 0 € C for every p,q > 0 and every r > rg.

Example 6.2.11. Let f : R — S be a ring homomorphism and look at
Example 3.2.11 on page 77. Assume C is a class of modules closed under
extensions and look at the Example 4.4.7 on page 107.

e Assume for every S-module A and R-module B

1. Extj(A, B) € C for every n € N, and
2. Extl(A,hompg(S, B)) € C for p > 0, and
3. whenever homg(A, Ext%(S, B)) € C, then Extl (A4, Ext%(S, B)) €
C for p > 0.
Then Ext(A, Ext%(S, B)) € C for every p,q > 0.

e Assume for every S-module A and R-module B

1. Exty(A, B) € C for every n € N, and

2. homg(A, Ext%(S, B)) € C for ¢ > 0, and

3. whenever Ext% (A, hompg(S, B)) € C, then Extl (A, Ext%(S, B)) €
C for ¢ > 0.

Then Extlq(A, Ext%(S, B)) € C for every p,q > 0.
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6.3 Reverse Engineering for Comparison The-
orems

Here we explain the second scenario that we talked about in the introduc-
tion to this chapter, presented in [26], and we furnish reverse engineer-
ing results via comparison of spectral sequences. More precisely, suppose

(f,p) = (C(1),L.(1)) — (C(2),L«(2)) is a morphism of universally aug-
mented exact couples. Assume ¢ : L,(1) — L,(2) is an isomorphism.

Under which circumstances is f : EZ (1) — EZ ,(2) an isomorphism?

We can state a more general question: Let C be a class of modules
closed under extensions.

Under which circumstances is f : EZ (1) = E7,(2) a C-isomorphism?

6.3.1 Reverse Comparison Theorems for Originally
Vanishing Eventually Stable Exact Couples

Fori=1,2,let {D; (i), E; (i)} be an originally vanishing and eventually
stable exact couples that induces a first quadrant spectral sequence with
differentials of bidegree (—r,7 — 1) on page r and C be a class of modules
closed under extensions.

Proposition 6.3.1. [26] Let (f,¢) : (€(1), L.(1)) — (€(2), L.(2)) be a
morphism of universally augmented first quadrant exact couples with dif-

ferentials d" (i) : Ey, (i) = Ej_, .. _1(2) satisfying the following hypothe-
ses:

1. ¢ : L,(1) = L«(2) is a C-isomorphism;

2. foq: Eg,(1) = E§(2) is a C-isomorphism for ¢ > 0;

3. Whenever foo : E} (1) = E7(2) is a C-isomorphism, then fe.q :

E(an)(l) — E(2P7q)(2) is also a C-isomorphism for ¢ > 0.

Then
fwa) E(2p,q)(1> — E?p,q)(2>

15 a C-isomorphism for all p,q > 0.
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Proof. We induct on p.

e p=0: Clatm. The homomorphism
Joo t Ego(1) = Ego(2) (6.1)
1s a C-isomorphism for all r > 0 and
Jeaw t B p(1) = Epy 1(2) (6.2)

1s a C-epimorphism for allr > 2 and 0 < k < 1.

Proof (Claim). (6.1) follows from 2 and the fact that E§, = Ej, for
all 7 > 2. To see (6.2), remember that

Eg’l =By, r>3

and
Ef’o - E{"(), r Z 2

and consider the commutative diagram with exact rows below

ker(fo,1) ker(p) ——ker(fi,)

~

Eg,1(1> P fi,0

~. |

E4(2)

(1) EYo(1)

Eg(1)
fo

E51(2)

Ly(2)

coker(fo1) coker(p) — coker(f1)

Since coker(¢) € C then coker(fip) € C. Note that since fy; is a C-
isomorphism we already know that coker(fy;) € C. We can summarize
this part in the following picture.
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page r page r
1 C—epi 1
Eg.(1) EG4(2)
0 0
T C—iso
Ego(1)

C—epi

e p: Assume inductively that

1. f,iq : E,aq(l) — E,aq(Q) is a C-isomorphism for 0 < k < p and ¢ > 0.

2. fi,+ Bpy(1) — Ep(2) is a C-isomorphism for 0 < k +1 < p and
r > 2.

30 fhpr1k: E;7p+1_k(1) —» E£7p+1_k(2) is a C-epimorphism for 0 < k <
p+1andr > 2.

We can summarize these three conditions in the following picture, where
red entries are C isomorphic and the morphisms between the blue entries
are C-epimorphisms.

page 2 page 2

* X Kk X
* X Kk ¥

C—iso

EE
I
* Xk ¥ ¥
* ¥k X ¥
R S
EE N
R
* Kk ¥ ¥
* Kk X ¥
S S
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page r page r

p+1 p+1

C—epi

* K K X X X X
* XK K X X X X

C—iso

EE S S
* K X X ¥
EE S R S

* Kk X KX ¥ X
* K X X ¥
* X X ¥

e p+1: We need to show that 1, 2 and 3 hold with p replaced by p+ 1.
The argument is locally trivial and globally complicated, involving nested
and simultaneous induction arguments. We proceed through the following
steps:

Step 1 feoiiw @ ERn k(1) — ERS,., 1 (2) is a C-isomorphism for
0<k<p+1

Step 2 f10(1) EI’;HO(l) — EJ,14(2) is a C-isomorphism for 7 > 2.
This implies that f2,, : E>, (1) — EZ,, (2) is a C-isomorphism for
q > 0, using 3.

Step 3 fro g By (1) = EpL .y (2) is a C-isomorphism for 0 <
[<p+1andr>2.

Step 4 f;+17,\,>\+1 : E;Hf,\,/\ﬂ(l) - E;Jrl )\/\+1(2) is a C-epimorphism
for 0 < A<p+1landr>2.

Step 5 flio0: E)00(1) = EJ.5(2) is a C-epimorphism for » > 2.

Step 1 Proof: We have the commutative filtration diagram for H, (1)
and Hp+1 (2)

ker(f50.1) =—=ker(@pp+1) e ker(@p,1) ker(p)
Efpin (1) =—=Fopi(1) Fp (1) Lp1(1)
T6p+1 P0,p+1 Pp,1 @
B 1(2) =——=Fo,+1(2) = Fpa(2)——— Ly (2)

coker (f5%,,1) == coker (@ 11) — - - - — coker(@, ;) — coker(¢p).
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Since ker(p) € C then ker(f55,,) € C and ker(¢y p11-1) € C, for every
0<k<p+1;ie., every @ip+1—k is a C-monomorphism.

Part 3 of the induction assumption shows that coker(fg5, , ;) € C, for
every 0 < k < p+ 1. Therefore, coker(pg,+1) € C. Assume inductively
that coker(@g 1) € C. The diagram of short exact sequences below

ker(Pr pt1-k) ker(@kﬁ-l,p—k) - ker(fko;l,p—k)

Fepr1-x(1) Fr1p-1(1) Bty pi(1)
Prpt+1—k Pkt1,p—k TeS1 p—k
Fk,p+1fk(2) Fk+1,pfk(2) Elﬁl,pfk@)

COker(@k,pH—k) — COker(@kH,p—k) — COkeT(f;?infk)

has the following consequences:

e coker(@gi1,-k) € C. This shows inductively that every @y 11 1S a
C-epimorphism and hence a C-isomorphism.

e Using the Snake Lemma we see that ker(fg°,, ,) € C, for every
0<k<p+1.

Therefore, [0, ; is a C-isomorphism, for every 0 <k <p+ 1.

Step 2 Proof: We have the following tower of inclusions for ¢ = 1,2

S 00i) = Egﬁ,o(i) — E;ﬂ,o(i) o E;ifas(z) o E§+1,o-

From step 1 we know that
Egﬁ,o(l) =Ey710(1) = E510(2) = E;I%,O(Q)
is a C-isomorphism. Let assume inductively that
By (1) = BT (2)

is a C-isomorphism. We have the commutative diagram with exact rows
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Er+2—s(1) ET+27(3+1)(1) ker(dr+2—(s+1)(1)) Frt2-s (1)

p+1,0 p+1,0 D—1+8,r—5 p—r+s,r—s
I
r+2—s r+2—s
fpilxo \L ‘ \L fpi—r-ks,r—sl
\
r4+2—s r+2—(s+1) r+2—(s+1) r+2—s
EP+170 (2) Ep—‘rl,O (2) ker(dp—r—‘,—s,r—s (2)) Ep—T—I—S,’I‘—S(Q)

The three solid vertical arrows are C-isomorphisms by induction hypothe-
sis. Note that ker(d;tilgf:_lg (4)) is in a position where (p—r+s)+(r—s) = p

and hence it satisfies the induction hypothesis. By C-5-Lemma the dashed
arrow is also a C-isomorphism.

Step 3 Proof: The claim holds for [ = 0 by step 2. Suppose inductively
that

pr1an(1) = Ep g 3, (2)

are C-isomorphisms for 0 < A <[ and r > 2. To prove the claim for [ + 1
we distinguish two cases.

Case 1. 2 <r <1+ 2: We induct on r. By induction assumption 1 we
know that
Ezfl,Hl(l) — Ezfl,l+1(2)

is a C-isomorphism. Suppose that

Ep—l,l+1(1) — E5—17l+1(2)

p

is a C-isomorphism for 2 < p < r <[+ 2. To see that

E;tll,l+1(1) — E;J—rzl,l+1(2)

is a C-isomorphism as well, we use the commutative diagram with exact
rows below

ker(f;_“r -1+1—(7-—1)) ker(ftl,Hl) — ker( gjl{l+1)
dy_, 41— (r—1)
E;—1+7-,z+1—(7»_1)(1) — ker(d;_z,zﬂ(l))*»E;fl{l+1(1)
Lt 1—(r—1) C—iso f;—l,l+1 f;irzl,lﬂ
dy_, 41— (r—1)
E;—I+T,l+l—(r—1)(2) - ker(d;—l,l+1(2))*»E;jl%H»l(Q)
coker(fy 14111y coker(fr_; ) —= coker(f;fl,lﬂ)

The vertical arrow in the middle is a C-isomorphism because it is on the
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r-th page and it satisfies the induction hypothesis. So the vertical arrow

on the right is a C-epimorphism. If we can prove that f;_Hr 1—(r—1) 18 &

C-epimorphism then by C-5-Lemma we get ker( f;flll 41) €C.
Therefore, the vertical arrow on the right is a C-isomorphism once we

have shown the step 4. We restate the step 4 here.

Step 4: I Ep 5, (1) = By 5 A(2) is a C-isomorphism for 0 < A <1
and r > 2, then

Ep o) = By yaa(2)

is a C-epimorphism for 0 < A < p+ 1 and

2 <r<max{2,l —\} + 1.

Step 4 Proof: For r = 2 it follows from step 2. Now suppose step 4
holds for 2 < r <[ — XA+ 1. To establish step 4 consider the commutative
diagram with exact rows below

d£+1—A,A+1(1)ker(
_— =

ker(d;+1—>\,,\+1(1)) — E;+1—>\,,\+1(1) “{;Ta+1—,\—r,>\+r(1)) — E;ﬁ—x—r,ﬂr(l)

l C—epil lC—iso lC—iso
d

r Is b1 > (2) (s T
ker(dp+l—)\,/\+l(2)) - Ep+l—)\,/\+1(2) A ker(dp+1—)\—r,)\+r(2)) - Epiif)\fr.,)\ﬁ»r(Q)

The two vertical arrows on the right are C-isomorphisms by induction
hypothesis 2 and Step 2. The second vertical arrow from the left is C-
epimorphism by induction hypothesis. Consequently the vertical arrow on
the left is C-epimorphism, implying the induction step. Thus Step 4 holds
and Case 1 of Step 3 follows.

Case 2. r > 1+ 3: From step 1 we have the isomorphism

;+1—z,1(1) = ;j-l—l,l(l) — ;3—1-[,1(2) = E;+1—z,l(2)

for r > [ + 3 sufficiently large. But so long as s > [ + 3 we have the
commutative diagram with exact row below

; . a5, ,(D) . .
Epﬂ—z,z(l) [ Ez}+171,z(1) s ker(dp+lflfs,l+(s—1)(1)) —> Epﬁ_l_s,z+(3_1)(1)

I
C—epil | lcfiso i(lfiso
\l

s s d; —1,1(2) s s
Ez}ﬁfl,l(z) S Ep+1—l,l(2) R ker(dp+1—z—s,z+(s—1>(2)) — Epﬁ,l,SH(sfl) (2)

Again the two vertical arrow on the right are C-isomorphims by induc-
tion hypothesis 2. So the dashed arrow is a C-epimorphis which proves
Case 2.
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Thus the proof of step 3 is complete and the argument of step 4 shows

fg,p+1—k : Eg,p—kl—k(l) - El:,p—‘rl—k:(2)

is a C-epimorphism for 1 < k£ <p+ 1.

Step 5 Proof: We begin by observing that since ¢ is a C-epimorphism,
then f)75 is a C-epimorphism in the commutative diagram below

ker(p) ——— ker( ;iZ,O)

Lyio(1) E2,0(1) BV (1)
%] f;j_Q,O
Ly2(2) Ep3o0(2) == EVI5(2)

coker () — coker(f%5,)

where g > 0. Assume inductively that
3-) 3-A
Egiz,o (1) — Egiz,o (2)

is a C-epimorphism for 0 < A <[ < p+ 1 and consider the commutative
diagram with exact row below

qp+3—(+1) (1)

3—1 3—(1 3—(1 3—1
B () ——= B U (1) ————ker (a5 TV (1) —= BN (D)

|
fp+37l | p+3—1
p+2,0 Lp+1-1
\

By @) B 0) - ke @ (2) —= BEL)
The two vertical arrow on the right are C-isomorphisms by step 3 and
induction hypothesis 2. The vertical arrow on the left is C-epimorphism
by hypothesis of the current induction. Therefore, the dashed vertical
arrow is a C-epimorphism. This completes the proof of the step 5 and the

proof of the proposition. O

Corollary 6.3.2. Zeeman’s comparison theorem follows from Proposition
6.3.1.

Proof. Here C = {0}. Zeeman assumed that the entries in the second page
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of the spectral sequence satisfy the following short exact sequence
E} @ B, — B, — Tor(E2_, o, Ef ).
See [33]. O

Example 6.3.3. Let C be a class of Abelian groups closed under exten-
sions. In the setting of the Leray-Serre spectral sequence in Example 3.2.5
on page 70, let E(i) — B(i) be a fibration with fiber F(i), for i = 1,2,
with h = H, an ordinary homology theory. Also assume that there is a
map from the first fibration to the second one that induces a morphism of
the induced exact couples. If

1. H,(E(1)) — H,(E(2)) is a C-isomorphism for every n € N, and
2. Hy(F(1)) — H,(F(2)) is a C-isomorphism for every ¢ € N, and
3. whenever

Hy(B(1); Ho(F(1))) — Hy(B(2); Ho(F(2)))

is a C-isomorphism then H,(B(1); H,(F(1))) — H,(B(2); H,(F(2)))
is a C-isomorphism, for every ¢ > 0,

then
H,(B(1); Hy(F(1))) = Hy(B(2); He(F(2)))

is a C-isomorphism for all p,q > 0.

Proposition 6.3.4. [26] Let (f,¢) : (€(1), L.(1)) — (€(2), L.(2)) be a
morphism of universally augmented first quadrant exact couples with dif-

ferentials d" (i) : E(p’q)(i) — By o 1(i) satisfying the following hypothe-
ses:

1. ¢ : L,(1) = L.(2) is a C-isomorphism;

2. [ Ero(1) = E24(2) is a C-isomorphism, for p > 0;

3. Whenever f§,: Eg (1) = E§ (2) is a C-isomorphism, then
f(2p,q) : E(2P7Q)(1> - E(2p,q)(2)

is also a C-isomorphism for p > 0.
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Then
f(QLDH) : E(Qp,q)ﬂ) — E(2p,q)(2>

is a C-isomorphism for all p,q > 0.

Proof. We apply induction on g:
g=0:. By 2 we know that f;o is a C-isomorphism for p > 0.
¢: Assume inductively that fg’y is a C-isomorphism for p > 0and 0 < v < g¢.

q+1: To complete the induction, we need to show that f(2p o1 18 a C-
isomorphism for all p > 0. In view of 3, it suffices to show that f&q 41 isa
C-isomorphism. Our argument involves several steps.

Claim. On the r-th page, for all (u,v) that are under the line passing

through (1, q) with slope —L, if [}, is a C-isomorphism then f/_. .,
,rm b b

and [, ,—r41 are also C-isomorphisms.

That is, in the following picture, if the red entries are C-isomorphic
then the blue ones are also C-isomorphic.

page r page r
\ \
\ \
7| e(1,9) 7| e(1,9)
\ \
\ \
\
\ C—iso
’ \
\
X
’ \\ C—iso

C—iso

r—1
lines with slopes — ——
r

Proof (Claim). Note that such (u,v) satisfies

—1
0<v<gq and I/Sq—(,u—l)r )
r

We apply induction on 7r:
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e The claim holds for r = 2.

e Now suppose inductively that it holds for r > 2. Then f;, is a
C-isomorphism whenever
r—1

0<v<qgand v<qg—(u—1) )
r

o If (po, 1) satisfies vy < ¢ and vy < g — (o — 1)%, then using
r
T r—1
>
r+1 r

we have

r—1
vo < q—(po—1) _—

Thus l’;ﬁo is a C-isomorphism. But also

(M,I/) = (MO - (T+1)>VO+T)
satisfies

v+ Sq—(ﬂo—l)r——i‘?"

T r
—g— (- (r+1) = 1)—— —(r+1)——
4= (o= (r+1) )T—qL—l )t
—q— (o — (r+1)—1)——.
0 (o~ (r+1) = 1) =
So f;:_l(r ) ot 1S @ C-isomorphism. Similarly,

(M7V) = (:u0+(r+1)77/0_r)

satisfies
.
Vg — T Sq_(ﬂo—l)r+1_r . )
:q—(ﬂo+(7’+1)—1)m+(r+1)r+—1—r
Zq—(ﬂo+(7’+1)—1)m

implying that f;;&r +1.0—r 18 a C-isomorphism as well. This completes

the induction and hence the proof of the claim. ¢
Step 1

L. f}, is a C-isomorphism for all v > 2 whenever p+v < q+1 and
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v <gq.

2. fiio1y 18 a C-isomorphism for 0 <l <qand2<r<q+2-1
Step 1 Proof:

1. f u+v <qg+1, then

r—1
r

v<gt+l-p=q—(p—-1)<qg—(p—1)
for all » > 2. So this case holds by applying the Claim repeatedly.
2. If (u,v)=(q+2—101)and 2 <r <q+2—1, then
v =q+2—u
q—%M—U+1_2

r 2
—g—(p—1)—= —(p—1)—— +1.
q— (pn )r_1 (1 )T_1+

Thus the Claim is applicable in the (r — 1)-th page so long as
2
—(M—l)mﬂLl < 0;
ie,r—1<2(u—1). But we know that
1<r—1<q+1—-10 and p—1=q+1-101>0.
We know that
r—1<q¢+1-1<2(q+1-10)=2(u—1),
implying that f}, is a C-isomorphism.

Step 2. foo1 15 a C-isomorphism.

Step 2 Proof: ¢ induces the morphism of filtrations for L, (1) and L,41(2)
displayed below

Frgn()=——F (1) = Fp g1 (1) - —— F 11 0(1) == Lg11(1)

| | [ e

Frgn(2)——=F14(2)—— = Frgn1(2)—— - Fi10(2) —=Lgn(2).

From Step 1 we know that f27, ;; is a C-isomorphism whenever 0 <
[ < q. Knowing that ¢,y is a C-isomorphism, let 0 < [ < ¢ + 1 and
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suppose inductively that

o+ Fopi-an(1) = Fipi-an(2)

is a C-isomorphism for 0 < A <[. The diagram of short exact sequences

Fyp (D) —— Fp(1) —= E%, (1)

l lc Je-io

Fyii41(2)—— Fyp1y(2) —=E5, ,(2)

shows that ¢| : Fy_j;+1(1) = Fy—141(2) is a C-isomorphism as well. Setting
[ = q gives the C-isomorphism

a+1l
Fogp1(1) 225 Fy i1 (2)

\L C—iso l

Egizﬂ(l) ﬁ E(C)),oq+1(2)

which proves Step 2.
Step 3. f&qﬂ 1s a C-isomorphism.
Step 3 Proof. From Step 2 we know that fg;il = fGg+1 18 a C-isomorphism.

We will inductively work our way down to fozyq 41~ Part of the induction is
to show that f7 , ;,; is a C-isomorphism for 0 <! < gand r >q+2—1.

Part 1. F%o 4 and pgia| @ Fyp11(1) = Fyy11(2) are C-isomorphisms.

Part 1 Proof. The morphism of short exact sequences below

Fq+1,1(1) — Hq+2(1) - Egizo(l)

<pq+2|l Cisol lfﬁzo

Fq+1,1(2) - Hq+2(2) - Eﬁ2,0(2)

shows that f7,, is a C-epimorphism. The commutative diagram with
exact rows below

0 3 2 det3(1) 2 00
Eq+2,o(1) — Egiz,o(l) — Egizo(l) - Eg,—;-i-l(l) - E07q+1(1)
f;iz,ol fgi;ol lC—iso \Lfg;il lc—iso

0o 3 2 2 00
Eq+270(2> _ EgIQ,o(Q) — E;’iz,o(Q)dq+2(;)ES,ZH(?) - Eo,q+1(2)
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. . 2 . . .
shows that f77, ( is also a C-monomorphism. Thus ngqr 11 is a C-isomorphism.

Moreover,
Pora| t Fyr1(1) = Fup12(2)
is a C-isomorphism.

Part 2 Suppose inductively that for 0 <[ — 1 < ¢ we have

1. f&ﬁ?‘ is a C-isomorphism, for 0 < A <[ —1,
2. @gro| t Fyra—x(1) = Fi0-1(2) is a C-isomorphism for 0 < A <,

3. (a) fora-rttra—t(r—1) is a C-isomorphism for all » > 2, 0 < X < [
and t > 0,

(b) ;"+27/\+tr7kt(r71) is a C-isomorphism for all » > 2 and ¢ > 1.

We complete the induction through the following items:
(A) Forp>q+3—1, f/' 5, is a C-epimorphism.

Proof. f%5_;; is C-epimorphism because of the morphism of short exact
sequences

Fr—iim (1) Fy (1) —= E%, (1) . (6.3)

i lC—iso lfqoi2l,l

Foproi041(2)—— Fyyp1(2) —= E25 5 1,(2)

Next, for s > 0 we have the commutative diagram with exact rows

dr37le (1)

ker(d 271 (1) ——= BT(1) B —= By (64)

) g+3—1+s g+3—l+s+1
l C*Z“’Ol lfq+2—l,l Jat2—i1

3—l+s 3—l+s 3—1 3—l+s+1
ker(d227(2)) = BEENQ) o BN (2) = ELTTT)

From induction hypothesis 3.(b) we know that the second vertical arrow

from the left is a C-isomorphism. Knowing that f7, ;; is a C-epimorphism,

q+3—l4s+1

assume inductively that fi/5" is C-epimorphism. It follows that the

q
: q+3—Il+s - . .
morphism f_ /5,7 is C-epimorphism for s > 0. ¢

(B) For p > q+3—1, f/5, is a C-isomorphism and gﬁ;’ is a

C-isomorphism.
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Proof. Consider the commutative diagram with exact rows below

dq4r2*l (1)
2-1 2-1 +2-1,0 2-1 3—1
ker(dgiz_z,z(l))> 7 EZI2—1,1(1) : > Eg,_;—f—l (1) i E(()J,—g-i—l (1)

l C—isol \Lfg;ill \Lc—iso

2—1 2—1 2—1 31
ker(dZiQ—l,l(Q))> = E;]IZ—l,l@) dqii_ﬁl@f ES,ZH (2) —= Eg:;+1 (2)
q —ly
(6.5)
_ _ ast _ _
ker(d27!(1)) —— B4 (1) ————>ker(d T3}, (1) —= B ,(1) (6.6)

i C—isoi l lfgij:lll

2—1 2—1 -1 -1
ker(dgiz_z@)) - E§i2—l,1(2) W ker(d?ﬂ}il (2)) — Eg;i (2)

From (6.5) we see that the second vertical arrow from the right in (6.6)
is a C-monomorphism. Chasing (6.6) shows that it is also C-epimorphism.

Consequently, fjj_r;:lll is a C-isomorphism. Feed this information into (6.5)

to see that fg;;i]l is a C-isomorphism. Feed this information into (6.4) to
see that f5+2_” is a C-isomorphism whenever p > ¢+ 3 —1[. ©

(C) @l Fyr1-1141(1) = Fyr1-1141(2) is a C-isomorphism.

Proof. Wwe know that f[f "9y is a C-isomorphism whenever p > ¢+3—
[. Thus f2¢, ;; is a C-isomorphism. Using (6.3) we see that Fy1-5541(1) —
Fii1-1141(2) is a C-isomorphism. ©

In part (B), we took the induction step for 1, Part 2. In part (C'), we
took the induction step for 2, Part 2. It remains to take the induction step
for 3, Part 2:

e (a): It only remains to show that f;’ 2Lt —t(r—1) is a C-isomorphism

for all £ > 0. Combining Step 1 and part (A), we see that f7,, ;, is
a C-isomorphism for all » > 2. This settles the case t = 0. The case
t > 1 is hypothesis (b).
e (b): We need to show that f;+2—(l+1)+tr,l+1—t(r—1) is a C-isomorphism
for all » > 2 and ¢ > 1. The case r = 2 follows because fiy is a
C-isomorphism for all v > ¢. If » > 3, we have
(g+2—=(1+1)+trl+1—t(r—1)) =(@+2—-[(I+1)+t]+t(r—1),l+1+t]—t(r—2))
s (p,v).
Now t > 1. So [(l +1) —t] < ¢g. Thus induction hypotheses (a)
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and (b), together with the completed induction step (a) show that
the Claim is applicable to ;;1. Thus f], is a C-isomorphism as
required. ©

]

Example 6.3.5. Let C be a class of Abelian groups closed under exten-
sions.

1. In the setting of the Leray-Serre spectral sequence in Example 3.2.5
on page 70, let E(i) — B(i) be a fibration with fiber F(), fori = 1,2,
and h = H, an ordinary homology theory. Also assume that there
is a map from the first fibration to the second one that induces a
morphism of the induced exact couples. If

(a) H,(E(1)) — H,(E(2)) is a C-isomorphism for every n € N, and

(b) Hy(B(1); Ho(F(1))) — H,(X(2); Ho(£(2))) is a C-isomorphism
for every p € N, and

(¢) whenever H,(F (1)) — H,(F(2)) is a C-isomorphism then

Hy(B(1); Hy(F(1))) = Hp(B(2); Hy(F(2)))
is a C-isomorphism, for every p > 0,

then
H,(B(1); Hy(F(1))) — H,y(B(2); He(F(2)))

is a C-isomorphism for all p,q > 0.

2. In the setting of the Atiyah-Hirzebruch-Whitehead spectral sequence
in Example 3.2.6 on page 71, if X is a finite CW-complex and

(a) h,(X(1)) = h,(X(2)) is a C-isomorphism for every n € N, and

(b) Hy(X(1);ho(1)(pt)) — Hy(X(2);ho(2)(pt)) is a C-isomorphism
for every p € N, and

(c¢) whenever h,(1)(pt) — hy(2)(pt) is a C-isomorphism, then

Hp (X (1);he(1)(pt)) — Hp(X(2);hy(2)(pt))
is a C-isomorphism, for every ¢ > 0,

then
H, (X (1);he(1)(pt)) — Hyp(X(2); hy(2)(p1))

is a C-isomorphism for every p,q > 0.
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6.3.2 Reverse Comparison Theorems for Eventually
Vanishing Originally Stable Exact Couples

The proof of the following propositions is the “mirror image” of the proof
of the propositions in the previous section.

Proposition 6.3.6. [26] Let (f,¢) : (€(1),L*(1)) — (&€(2),L*(2)) be a
morphism of universally coaugmented first quadrant exact couples with dif-

ferentials d" (i) : Ep, (i) = Epy g iq(2) satisfying the following hypothe-
ses:

1. ¢ L*(1) — L*(2) is a C-isomorphism;
2. foq: E5,(1) = E§,(2) is a C-isomorphism for ¢ > 0;

3. Whenever foo : E} (1) = E7(2) is a C-isomorphism, then fgq :

E(2p7q)(1) — E(Qp7q)(2) is also a C-isomorphism for q > 0.

Then
foa E(on,q)(1> - E(2p7q)(2>
is a C-isomorphism for all p,q > 0.

Proposition 6.3.7. [26] Let (f,¢) : (€(1),L*(1)) — (&(2),L*(2)) be a
morphism of universally coaugmented first quadrant exact couples with dif-

ferentials d'(i) : Ep, (1) = B, .1(i) satisfying the following hypothe-
ses:

1. ¢ H(1) — H(2) is a C-isomorphism;
2. [} E2o(1) = E24(2) is a C-isomorphism for p > 0;
3. Whenever fg, : Eg (1) = E§ ,(2) is a C-isomorphism, then f(2

pa)
EZ, (1) — E, 1(2) is also a C-isomorphism for p > 0.

Then
f(2p,q) : E(2p,tz)(1> — E(21>7q)(2>
15 a C-isomorphism for all p,q > 0.

6.4 (Generalization to Arbitrary Bidegrees

We can generalize the previous sections to exact couples with arbitrary
bidegrees a, b and c. To this end, we state the general form of the tools
we have used so far.
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e Let {D],,E}.} be an originally vanishing and eventually stable exact
couple.

1. 1t D}, , is the highest nonzero term of the n-th D*'-column then there
is a tower of epimorphisms

2
E(u,v)—c

- E?u,v)—c I E(S

u,v)—c

- EE);’U)_C’

for some s € N. Also, for every 3 < r < s, we have the following
exact sequence

a1
1 (u,v)—b—2c+(r—2)a 1 r
ker(d —b—2c+(r— 2)3) E(u v)—b—2c+(r—2)a E(u,v)—c — E(u,v)fc‘

2. If D1 (pg) 18 the highest stable term of the n-th D!-column, there is a
tower of monomorphisms

Eg,

p,q)+b

_ t 3 2
= LEpgrn = B gib = Epg)rb

for some t € N. Also, for every 3 < r < ¢, we have the following
exact sequence

d'rfl

r r—1 p,q)+b r—1
E(p,q)-i—b —_ E(p,q)+b — ker(d

(p,q)+2b+c—(r72)a) - E(p Q) +2btc—(r—2)a

Pp.0)  ~ oo
3. We also have e & E’(pyq)er.

4. To apply the induction, we need to find the highest stable term of
the n-th D'-column, say D(1 . We start from an E-term in position
p,q + b that is equal to the E°° term in that position and apply
induction on k to carry the information through a tower of inclusions
to E-terms in positions p,q — ka + b.

To see how the results of last sections look, here is Proposition 6.2.1 on
page 148 for general bidegrees:

Proposition 6.4.1. Let {D},, E} .} be an originally vanishing and even-
tually stable exact couple. Assume, for some rg > 1,

1. L, € C for everyn € N, and

2. E(Tg o € C, where E(lp’q) runs through all nonzero leftmost E-terms,
and
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3. if D} 1s the highest stable term of the n-th D-column, then

(u,v)+sa
whenever E(g D)tsath € C, we have E'° € C, for every

u~+p,v+q+sa+b—c
p:q.

Then E°, € C for every r = rq.

o Let {D}‘,*, Ei*} be an eventually vanishing and originally stable exact
couple.

1. Let D(lu v) be the lowest nonzero term of the n-th D!-column. Then
there is a tower of monomorphisms

0 S 3 2
Etuw+b = Blupyrb 7= 0 Elugyab = Eluw)tb
for some s € N.

2. Let D(lp’ o be the lowest stable term of the n-th D'-column, there is

a tower of monomorphisms

E? — B —»—»EEt

(p.g)—c (p.g)—c pa)—c Eéﬁq)*c
for some t € N.

3. Since the exact couple is upward stable we have limi{ker(ifn g—ra)} =
0 and hence the exact sequence

QS(P:Q) o0 . 1 -r
¢(p’q)_a w E(p’q)iaic —> llm,r{ker(l(pyq)fra)}
(p.9)
implies that ——— = E°

(b(p,q)fa - “(p,g)—a—c’

4. To apply the induction, we need to find the lowest stable term of the
n-th D'-column, say D, start from an E-term in position p,q—c
and apply induction on k to carry the information through a tower

of inclusions to E-terms in positions p,q + ka — c.

6.5 Zeeman-Unfriendly Examples

Zeeman’s comparison theorem is applicable to those spectral sequences
where the entries on the second page have a specific form; i.e., H,(—; Hi(—)).
But, for example, if we consider the spectral sequence of the total complex
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of a double complex, then Zeeman’s comparison theorem is not applicable
anymore.

In the following three sections, we offer examples of spectral sequences
where their second pages are Zeeman-unfriendly, that is, they are not of
the form H,(—; H,(—)), and we can apply the results of this chapter.

6.5.1 Total Complex

Look at [27] for terminologies. Let A be a bicomplex. If A, ) = 0 forp <0
or ¢ < 0 (first quadrant bicomplex), then there is a spectral sequence

E} o = Hy(Hy(A,_,d:_),d") = H(H A) = H, Tot(A).

(p,9) T Up—
For a class C of modules closed under extensions we have the following
o If

1. H, Tot(A) € C for every n € N, and

2. HS(HZ A) € C, for every ¢ > 0, and

3. whenever H!'(H{j A) € C, then H!(H! A) € C, for every ¢ > 0,
then HZ(H; A) € C, for every p,q > 0.

o If f: A— B is a morphism of first quadrant bicomplexes and

1. H,, Tot(A) — H, Tot(B) is a C-isomorphism for every n € N,
and

2. Hj(H. A) — H{(H! B) is a C-isomorphism, for every ¢ > 0, and
3. whenever HZ (Hy A) — HZ (Hg B) is a C-isomorphism, then
h (ryv h (1yv
Hy (Hy A) — H,(H; B)
is a C-isomorphism, for every ¢ > 0,

h v h v . . .
then Hj(Hy A) — H,(H; B) is a C-isomorphism, for every p,q > 0.

Similarly, we can state the rest of the results of this chapter for the
spectral sequence of the total complex of A.
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6.5.2 Grothendieck Spectral Sequence

All four Grothendieck spectral sequences are Zeeman-unfriendly. We just
mention one of them here.

Let A - B X5 D be covariant additive functors, where A, B and
D are Abelian categories with enough projectives. Assume that F' is right
exact and that GP is left F-acyclic for every projective P in A. Then, by
part 1 in Example 3.2.11 on page 77, for every homomorphism f: A — B
in A, there are first quadrant (homology) spectral sequences with

(L,F)(L,G)A = L,(FG)A
and
(L,F)(L,G)B = L,(FG)B.

Now we have the following:

e Let C be a class of modules closed under extensions and

1. L,(FG)A — L,(FG)B is a C-isomorphism, for every n > 0,
and

2. (LoF)(L,G)A — (LoF)(L,G)B is a C-isomorphism for every
qg >0, and

3. whenever (L,F)(LyG)A — (L,F)(LyG)B is a C-isomorphism,
then

(LpF)(LgG)A = (LpF)(LeG) B

is a C-isomoprhism, for every ¢ > 0.

Then (L,F)(L,G)A — (L,F)(L,G)B is a C-isomorphism, for every
p:q = 0.

6.5.3 Bousfield-Friedlander

For the terminologies look at [12] and [5].
Theorem [Bousfield-Friedlander]. Let X be a bisimplicial set satisfying

the m.-Kan condition, and let x € Xo be a base vertex (whose degeneracies
are taken as the basepoints of the sets X, ,.) Then there is a first quadrant
spectral sequence

E(2 T(7(X)) = mprg(diagX).

pa) — 'p\Tlq
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The term EE’M) s a set forp+q =20, a group for p+q =1 and an Abelian
group for p+q = 2.

r

() is an Abelian

If we are lucky and for p+¢g=0and p+q=1, F
group then we have the following

e Let C be a class of modules closed under extensions and X be a
bisimplicial set satisfying the m,-Kan condition, and

1. m,(diagX) € C for every n € N, and
2. m(myX) e C for ¢ >0, and

3. whenever /(7§ X) € C, then 7)'(7X) € C for ¢ > 0.

Then W}’,}(W}]’X) € C for every p,q > 0 and every r > 7.

e Let C be a class of modules closed under extensions and f: X — Y
be a morphism of bisimplicial sets where both sets satisfy the 7,-Kan
condition, and

1. mp(diagX) — m,(diagY’) is a C-isomorphism for every n € N,
and

2. m(myX) — 7w (7)Y") be a C-isomorphism for ¢ > 0, and

3. whenever 7/ (7§X) — 7l(7jY) is a C-isomorphism, then the

morphism 7!(70 X) — 7/'(7)Y) is a C-isomorphism for ¢ > 0.

Then 7!(72 X) — 7/:(72Y') is a C-isomorphism for every p,q > 0 and
every r > rg.



Chapter 7

Future Projects

The ideas and the questions presented in this chapter are the outcome of
hours of discussions with Dr. Peschke.

7.1 An Abelian Subcategory of Exact Cou-
ples

As Massey has mentioned in [22], p. 369, exact couples and the morphisms
between them form a category, which we show it here by £C.

Proposition 7.1.1. £C is an additive category.
Proof. See [15], p. 260. O

Unfortunately, kernel and cokernel of morphisms in £C need not exist
and hence £C does not form an Abelian category, as the following example
shows:

Example 7.1.2. Assume we have a morphism between two short exact
sequences of modules F': SES(1) — SES(2), where, as usual, arrows of
the same color represent exactness

SES(1) : A B C
| | |
F: f gl hl
\ \s \4 \4
SES(2) : A B —= (.

177
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By the Snake Lemma, the kernel of this morphism is not necessarily a
short exact sequence; the wavy arrow is not necessarily an epimorphism

ker(F ker( f)>——ker(g) ~~ ker(h
§ ) § ) Y( ) Y( )
\ \ | \
v v v v
SES(1) : A B C
\ \ \
F: £ gl hl
v v v v
SES(2) : A’ B’ C.

Therefore, if we look at the two short exact sequences above as parts of
two exact couples, as shown below, then not every arbitrary nontrivial
morphism between these two exact couples has kernel.

VP4 Vv A

Not an Exact Couple Exact Couple Exact Couple

That is, not every morphism in £C has kernel.

However, if we can find a “large enough” subcategory of £C that is
Abelian, then we can define the notion of “exactness” for the morphisms
of exact couples in that subcategory and, as a result, we can talk about
“the short and hence long exact sequence of exact couples” and “the short
and hence long exact sequence of their induced spectral sequences”. In
particular, the comparison theorems we stated in the fifth chapter become
special cases of more general theorems.

First we try to define the notion of an exzact morphism of exact couples:

Definition 7.1.3. A morphism of exact couples is called exact if its image
1s an exact couple.
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Lemma 7.1.4. A morphism of exact couples is exact if and only if its
kernel is ezxact.

Proof. Consider the following segment of a ladder of long exact sequences
of modules

A—t-p-t.c
bl
PNy

and consider the following diagram where the middle row is exact

co— kerff) —ker(g) —>kerfh) — (7.1)
A B—"—C
. QLf i ig i ih
s ——im(f) im(g) im(h) —---.

Note that by exactness of the middle row, we know that the composite
of the dashed arrows in the middle of the following diagram is zero. By
applying the Snake Lemma on the dashed morphisms between the following
two vertical short exact sequences and some diagram chasing

i

ker(f) ker(g) d ker(h)

7 ~
’e ~N
\ _ N
e N
N

im zﬁ im(7j])

7 im (7{ g A*im ( J/ h
im(f) : im(g) s im(h)

\ e o /
im(z”§ im(j")
we can show that in (7.1), the first row is exact if and only if the third row
is exact.

Using this observation, we see that the kernel of a morphism between
two exact couples forms an exact couple if and only if its image forms an
exact couple. O
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Corollary 7.1.5. A morphism of exact couples is exact if and only if its
cokernel is exact.

Proof. The image of a morphism from the first exact couple to the second
one is the kernel of the morphism from the second exact couple onto the

cokernel of the original morphism. So we are done by the previous lemma.
O

Now, for every two exact couples EC(1) and EC(2) in EC, we can
define the subset of homge(EC(1), EC(2)) consisting of exact morphisms
from EC(1) to EC(2), and show it by homgx(EC(1), EC(2)). Since the
zero morphism is exact, the set homgx (EC(1), EC(2)) is nonempty. The
question is

Do exact couples with morphism sets hompgx(—, —) form an Abelian
subcategory of EC?

The following questions also arise, where some of them can be answered
regardless of the answer to the question above,

o What is the effect of an exact morphism on the E*-distribution di-
agrams?

e How can we define the short exact sequence of exact couples and the
induced spectral sequences?

e How we can compare two short exact sequences of exact couples and
the induced spectral sequences?

7.2 Multiplicative Pairing of Spectral Se-
quences
As a generalization of the already existing notion of multiplication on a

spectral sequence, e.g., cup product in cohomology spectral sequences, we
can “pair” two spectral sequences into another spectral sequence.

Definition 7.2.1. A multiplicative pairing of two spectral sequences (E"™(1)
,d"(1)) and (E"(2),d"(2)) in (E",d") is a family of morphisms

'ufp,q);(u,v) : E(Tp,q)(l) ® Efu,v)(2) - E{p+u,q+v)



7.2 Multiplicative Pairing of Spectral Sequences 181

forr >k >0, such that for x @y € Ef, (1) ® E, ,(2), we have

d'(p(x@y)) = p'(d1)(z@y) + (1) (z @ d'(2)(y)).

Now, the following questions arise:
o What is the interaction between the differentials and pages of these
three spectral sequences?

o What is the relationship between the E°°-distribution diagrams of
these spectral sequences?

e What is the interaction with the notion of exact morphism in the

previous section?
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Appendix A

Colimit and Limit

Colimit. Let C be a category, J a small category, X € Obj(C) and ¢ :
J — C a functor. The family of morphisms u; : ¢(j) = X, j € Obj(J),
are called cone over X or cone from ¢ to X, if the triangles

)

ST
~

X

©(4)

commute for all u: 7 — 7" in J. Let
cone(p, X) := {all cones from ¢ to X},

then cone(yp, X) is a proper set as J is small.

Definition A.0.2. A colimit for ¢ is given by

e an object L = colim ¢ in C and

e a cone X\ in cone(p, L)

with the following property: for every cone u from @ to an arbitrary element

187



X in C where the following diagram commutes

©(J)
x
o(u) L X
Ay
©(J")

there exists a unique function g : L — X such that u; = go \; and
uj = go\j for every j,j' € Obj(J).

The proof of the following theorems can be found in standard literatures
on homological algebra, for example see [27].

Theorem A.0.3. Let J be an arbitrary small category and ¢ be a functor
from J to the category of R-modules, for an arbitrary ring R. Then colim ¢
ex1sts.

Theorem A.0.4. If the set of objects of a small category J is directly
ordered, then colimy s an exact functor; i.e., if a,  and v are three
functors from J to a category C such that for every j € J we have a short
exact sequence

a(j) — B(j) = ()

then we get a short exact sequence
colimje 7 av = colimje 7 f — colimjec 7 7.
Limit. Let C be a category, J a small category, X € Obj(C) and ¢ : J —

C a functor. The family of morphisms v; : X — ¢(j), 7 € Obj(J) are
called cone from X to o if the triangles

v) .
? 05"
X

commute for all v:j — j in J. Let

©(J)

cone(X, ¢) := { cones from X to ¢ },

then cone( X, ¢) is a set as J is small. cone(—, ¢) is a contravariant functor.
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Definition A.0.5. A limit for ¢ is given by

e an object Z =limy in C and

e a cone p in cone(Z, p)

with the following property: for every cone u from an arbitrary element X
in C to @ where the following diagram commutes

v(J)
'Uj/
X Z
'Uj/\
e(j')
there ewists a unique function g : X — Z such that v; = p; o g and

vy = pyog, for every j,j' € J.

The proof of the following theorems can be found in standard literatures
on homological algebra, for example see [27].

Theorem A.0.6. Let J be an arbitrary small category and ¢ a functor
from J to the category of R-modules, for an arbitrary ring R. Then lim ¢
exists.

Theorem A.0.7. If the set of objects of a small category J is inversely
ordered, limy is a left-exact functor; i.e., if a, B and v are three functors
from a small category J to a category C such that for every j € J we have
a short exact sequence

a(j) — B() = ()
then we get an exact sequence

1

1
lima — lim 3 — limvy — hm a— hm £ — lim 7.
JjeTJ JjeJ JjeTJ eJ JjeJ JjeTJ

Note that lim" is defined as follows: Let & : [ljcrali) = I1cr a(y) be
defined by a(z;) = (z; — a(u)(z;41)), for w: j+1 — j. Then 1ir2a(j) =
je

1
ker(a) and lim «(j) = coker(a).

jeTJ
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Appendix B

Homotopy Localization

We borrow the following from [11] and [16]: Let X be a CW-complex and
f A — B be a cofibration between two CW-complexes. We say that X
is f-local if f induces a weak homotopy equivalence

fX: BX 5 AX

where BX and AX are given compact-open-K-topology. Let A be a limit
ordinal whose cardinality is greater than that of [0,1] x (AU B). Define
L°X := X and assume that L"X is given, where 7 is an ordinal less than
the limit ordinal \. Define L"™ X := L'L"X, where L' X is the homotopy

pushout in the following diagram

1
Ax XB tha Bx XP
|
[ Ix f*
1x f* :
|
\V *
Al Ax XA BxxB  JHIT A
Ax X = A x | axxs B X Bx X
!
fx1 )
ev 2
!
\%
X~ e ~L'X

and ev is the evaluation map. If 7 is a limit ordinal, define L"X :=
colimg,, L’X. We define the homotopy localization of X to be the homo-
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topy colimit of the following transfinite tower
X=L"X->L'X - ... o L'X 5 L"™X — ...

and we show it by L;X. We have the following facts

1. Ly is a homotopy functor and for every CW-complex X, L;X is
f-local.

2. For every ordinal n < A, L"X — L7 X is a cofibration. Therefore,
we can define L; X as the colimit of the tower of cofibrations above.

3. If the map ¢ : X — Y is a weak homotopy equivalence, then so is
Lj(p).

4. If X is f-local, then X — L'X is a weak homotopy equivalence and
thus so is X — L"7X, for every n < A. For such X we have a weak
homotopy equivalence X — LyX.
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Appendix C

5-Lemma Modulo a Class of
Modules

The following is an exercise in [19] where C is a class of Abelian groups:
See [19] for Hu’s definition of a class of Abelina groups. Here, we prove it
when C is a class of modules closed under extensions.

Lemma C.0.8. (5-Lemma mod C) Consider a commutative diagram
with exact rows

A, fi A, f2 A, I3 A, fa As
HI\L Hzl Hsl H4l Hsl
By g1 By g2 Bs g3 By ga Bs.

1. IfHy and Hy are C-monomorphisms and Hy is a C-epimorphism, then
Hs is a C-monomorphism.

2. IfHy and Hy are C-epimorphisms and Hy is a C-monomorphism, then
Hs is C-epimorphism.

3. If Hy, Ho, Hy and Hs are C-isomorphisms, then so is Hs.
Proof. 1. Since fs(ker(Hs)) C ker Hy and ker(Hy) € C, then f5(ker(Hs))
€ C. Then if we show f3|xer(iy) by 43, we have the following short

exact sequence

ker (i3) = ker(Hj) —2= im (i3
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and im(i3) € C. If we show that ker(iz) € C, then ker(H3) € C and
Hj is a C-monomorphism:

Since ker(iz) C ker(fgz and ker(f3) = im(f2), then for some Ay C A,
we have a surjection Ay — ker(i3). Since

92(Ha(Az)) = Hy(fo(Az)) = Ha(ker(i3)) = {0}.

So Hy(Ay) C ker(ga). Since ker(gs) = im(gy), then for some By C By
we have a surjection By — Hy(Ay). There is an injection
)

Bl + 1m(H1 Bl
im(H;) 1m(H1)
By +im(H
and since - = coker(H;) € C we have Lﬂl(ﬂ € C and
_ im(H;) im(H;)
since _ _
Bl —+ 1m(H1) ~ Bl
th b € C. We have the followi
en ————— € C. We have the following cases:
By N im(H;) 5

(a) By Nnim(H;) = 0: In this case, B; € C and hence Hy(A4,) € C.
Since ker(A; — Hy(Az)) C ker(Hy) and ker(Hy) € C, then
ker(A; — Hy(Az)) and hence Ay are in C. Therefore, by the
surjection Ay — ker(i3) we have ker(is) € C.

(b) By Nnim(H;) # 0: In this case, for some A; C A; we have a
surjection A; — B; Nim(H;). We also know that fi(A)) C
ker(fs). So we have an epimorphism Ay + f1(A;) — ker(i3) and
hence an epimorphism

A + fi(A) :
—————= —» ker(i3). C.1
A (is) (C.1)

We have
Hy(fi(A1)) = g1(Hi (A1) = g1 (By Nim(Hy)) C Hy(Ay).
Therefore, Hy( Ay + f1(A;)) = Ha(Ay). There is an epimorphism

_ B, Y Q(Bl)
By +im(H;)  ¢g(B; +im(H,))
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: B, Q(Bl) .
andhsmce B1+1—m(Hl) € C, we have o(Br + im(H,)) € C. Since
_ 9(By) _ HQ(Ag)
9(Bi+im(Hi))  Ha(fi(A1))

H,(A,) .
we also have m € C. In the following diagram
ﬂIker i (I‘ll) (fi(A1)
(Ay + f1(A 1i Nker(Hy) — Ay + i"’ 1(Ay) HQlAQ)
(AQ + fl(A )) N ker( ) 1212 + f}(Al) H2( _%)
f1(Ar) Mker(H,) fi(Aq) Ha(f1(A1))

(Ay + f1(A})) Nker(Hy)
fi(A) N ker(Hg)

Ay + f1(A)
f1(Ay)

fore, by epimorphism (C.1) we have ker(i3) € C and we are done.

since ker(Hy) € C, then € C and hence

the last row of the diagram shows that € C. There-

2. It can be proved similarly.

3. It follows from parts 1 and 2.
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Appendix

Diagrams

: Fipg)-a
I pal_7
Ppg)-a
ker(pn|) i T.q! )
on y
Up.a) Dy.a) > )= B 1

knr(p,,’\ ) ———— coker(u,q))

U: Flpgytra

im(pn)

U1 Opa)+ra

L,

il o
lim, Z(M)?h

R
lim, ker (1(P.q)+b+c,,a)

T SR
i ke (i, ) 1 o) coker(p™])
///
-
o -
Zia) v P s
o e P
im(j, )

(.0k01-<1;(17.41)+h+c) - coker(p™+7|)

§(pg)+bte <«——

ker(p"*°)

0 (), Fratbrera

|

(p,q)+b+c—
mlopv) c—ra

Flpa)+bie

P
HPa)tbie

Fpa)tbteta

Pl
p(Pa)tbreta

U Fpa)tbretra
N

ker(p;15)

,q)+b- £
U: HPa)tbtetra

ker(I'79)

to

Generalized E*°-Distribution Diagram
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L,<~———<1im, ¢(p4)—ra

|

L

lim, —
D(p,g)—ra

Ly,
O(p.q)—(wz)a

L
——=1im, ¢gq)—ra

Ln Ppa)-ra .

s ot
hth(pAq)?erb

P RS |
lim, k“(7'(p,q)+b+c—(r+t)a)

R
lim, ker (]'Ep.q)+b+c—(r+t)a)

|

ker(L""" — Lpiy)

ker(L™7 — Lyiq)
@(p,q)—ra+b+c

|

lim,.

Ker(L™” = Lyso)
Hpa)—(rDatbie

< < E(pq)—raﬁ»b

Opg)~(r+1)a Dp.a)-(r+1)a

L Pwa)-(r-1a

—— 5 (r—natb

Op.a)-ra

Z(xp_q) rath HP0-(r-Datbie ker(L"™7 — Lyts)
im(]'(lpwq)?m) @pa)-ratbie Hpa)—ratbrc

Z(zx:q)*(r* Da+b

(D(p.q)—(y —2)a+b+c

ker(L™7 = Lnio)

() (r-1)a)

@Pa)—(r—la+b+e

(j)(p.q)— (r—1)a+b+c

|

ker(L"" = Lny,)
O‘(p,q)ﬂs— lat+b+c

ker(L" = Lnyo)
¢(p,q)+sa+b+c

i

0

E*-Distribution Diagram of an Eventually Stable Exact Couple
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L?’l
L’I’L

. 1 t :
lim, Z lim,. —qS(Pv‘J)—Ta

t~(p,q)—ra—c

lim; kelr(i'éJrl

p,q)—(r—i—t)a) E

LTL
-1 -t
lim, ker(z(m),(r H)a) W

|

o f Qg(p,q)—(r—l)a g
(p,q)—ra—c (b(p,q)—ra ¢(P7Q)_7'a

|

pPa)=(r=2)a 5
¢(p,q)—(r—1)a ¢(p,q)—(r—1)a

B g -(r-1ae~—"

¢(p,q)*a

L’/’L
¢(p,q)

E*-Distribution Diagram of an Eventually Vanishing Exact Couple
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colimg,, Hz(n)

1
Ay,v) e D(uﬁﬂ)
1
Hyy i (0) Dhuwren -
e N
1
HnnJrT(n) @) ira D(u,v)+ra

P

colim, H, 4, (n)

Ano+w

Matching Originally Stable Exact Couples to a Directed Tower
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Fu(nlf o)
Fs(n—o

|
|

colimgey, Fs(n — o)

F(n—0)

Fy(n—o)

Fiiryfn —0)

colimg,, Fg(n — o)

Fir(n —0)

~— coker(py,(n —0))

€(uw)+ra—b—c

Fyir(p —0)

|

colimy <\ Fy(n — o)

Foir-1(n — o)

F\(n—o)

F\(n—o0)

Hy(n—o0)

colim, < F,(n — o)

~—— coker(pr(n — o))

E(sz.w-) tra—c

F W

FBI
T,l)
|

colimgy, Fﬁ(n)

Fo(n)
ker(p,,(n)) =—<——"—""5— F™o(n
(Pro(n)) colimpg,, Fo(n) ()
F77(v+7 (n)
Pt (p
GLL.L"FVR F,](‘+T(,(I)) F770 +rt l(n)
colim, <, F'(n)
()

F\(n)

ke ) — <
er(pa(n)) colim, -y F7(n) H

ker(H;(n) — Hy(n))

E*-Distribution Diagram Corresponding to Matching Originally Stable
Exact Couples to a Directed Tower
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: hy, 1 (X70)
by, (Xp) :
: h,1(Xp)
colimg <y, hn(X) :
colimgey, hy—1(X5)
D Pig (1)
l g (n=1) l
0 Q(Xnu) 0 \ by (Xnu>
b1 (Fg) by (Xy,) 0 b1 (X,)
s hy 1 (Fypi1) by (Xpp41) b1 (Fy,) by 1 (Xip)
s ———hy 1 (F2) h,, (X42) hyo1(Foe1) b1 (Xpt1)
s hp 1 (Fpyir) by (X ) byt (Fgira1) by (Xigar—1)
h,, (hocolim, X, +,) hy,—1 (hocolim, Xy, 4,)
prgre(m pogtw(n=T
i (Xpgtw) b1 (X eo)
h,, (hocolim, <\ X)) hy,—1 (hocolim, 5 Xy)

Transfinite Tower of Cofibers
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colimgey,, Hz(n)

Png (n)

/

Hy, (n) : Dy

\w_>/< (u0) -
1 \
Hn0+l (77) Q) ta D(u,'u)+3

Hyp (1) Dlueyira

Q(u,v)+ra

| |

colim, H, 4, (n)

Mg +w

Prg+w (n)

Matching Originally Vanishing Exact Couples to a Directed Tower
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F() ’fl)

Fg n)
colimgy, Fz(n)
Fy ()
Fu(n) n coker(py, (n))
U F,.(n) o
Fyer1(n)
Fopir(n)
Foyir(n ot = Eozjv ra
10+ ( ) Fnu+r—1(n) (u,v)+ra+b
Fopiri1(n)
F T n no+/’+1 EO’IT'U T a
no+r1 () Fpr e () (wo)+(rDath
colim, <y F;,(n)
F(n)
Fi(n) colimy, <y F;,(n) coker(px(n))
Hy(n)

E*-Distribution Diagram Corresponding to Matching Originally
Vanishing Exact Couples to a Directed Tower
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colimge,, by, (X5)

colimgy, hy,—1(Xp)

P (n)

3

: Pug(n—1) :
| l
B (Fyy) 0 0 0
| N
By (Fpp1) by (X,) = by, (£y) 0
| N
Dy (Fipp+2) by, (X+1) by (Fyo+1) by 1 (X,)
| |
b1 (Fyo+3) by, (Xipy+2) by (Fiygt2) by 1 (Xoo1)
| |
| |
oy (Fpirg) b (Xpgr) Do (Fgir) b3 (X 1)
l

|

h,, (hocolim, X 1,)

by (Xog0)

by, (Xo)

h,, (hocolim, .\ X))

hy,—1 (hocolim, X4y

Transfinite Tower of Cofibrations
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Matching Eventually Stable Exact Couples to an Inverse Tower
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H'(n) lim,, <, F,(n)

o) k(o)
)
lim, oy I; E:)} > lim}_, Fy (n)
"
H'(n) Fyoir(n)

<~ €(up)-ra E|

ker(pM(n + )

timng Ker(if, ) ya i)

uy—rathic

lim, oy F'(n + o) ker(HNn + o) — H'(n + 0))

FM\n+o) FAn+o)

ker(HNn + o) — H'(n + 0))

1 .
lim}_, F"(n + o) lim, it o)

Fw-1(n 4 o) ker(H(n + 0) = H'(n + 0))

Fptra(n) Fryeri1(n)

H'(n)

Fyer(n)

H'(n) limg., Fs(n)

Fyy(n) Fi(n) coker{p™(m))
H'(n) . N
limgey, o) ——slim_, Fs(n)

Fy(n

H(n)
Fo(n)

> () ()= B

—latbic

ker(p™ (n + 7))

Fmtr(n + o) Fmotr(n + o)

Fo+2(n 4 g) ker(HN(n + o) — H'(n + 0))

Fwo+r=1(n + o) P+ o)

limge,, FP(n + o) ker(H (n + o) — H'(n + o))

Fw(n+o) Fmw(n+o)

ker(H (n+0) = H'(n+ 7))
Ffn+o)

L
lim}_,, F(n + 0) =——limj_,,

ker(H(n + 0) = H'(n + 0))
Fi(n+o)

ker(HN(n + o) — H'(n + 0))
Fo(n+0)

E>-Distribution Diagram Corresponding to Matching Eventually Stable
Exact Couples to an Inverse Tower
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limy,e ) 7, (X)) limy, ey mn—1 (X))

@ @
| |

lim, 7, (Xpo4r) lim, 7,1 (X 4r)

@ 4
XL |

Wn(Fnr)Jrr)

71'71(F7]0+T_1) Wﬂ—l(Fﬂo-FT)

ﬂn( T/u) Wn(Fnu) 7Tn—l( no+1) 7‘—71—1(Fnu+1)
] |

7rn<Xno) - 0 777"*1(‘)(7]0) WII*I(FUO)
gl gl

7Tn<XT/0) 0 ﬂ-nfl(XWo) 0
~L %

hIIl@<nO W,L(Xﬁ) 210 (n—1)

hrﬂ5<ﬂu Tn—1 (Xﬁ)

|
Trn(Xﬁ)
l l

: Tn-1(X3)
l |
W'rL(Xl) :
l

7Tn—1(X1)

Transfinite Tower of Fibers

206

7r71*1(XU0+7‘+1) - anl(FnoJrrJrl) —



Matching Eventually Vanishing Exact Couples to an Inverse Tower
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lim, <\ F"(n) ker(H*(n) — H'(n))

ker () o o
ker(H* H'
lim}KAF"(n) lim,, <5 er( <;r>1(:) ()
T
lim, ker(if,, ) )
- ) Frotr=1(p) ker(H*(n) — H'(n))
B ran cuo—ra
v Frmotr(n) Fotr(n)
o o (et)n Fotr=2(p) ker(H*(n) — H'(n))
(wp)=~r-t)a-b e Frmotr=1(n) Frmotr=1(n)
) limg.,, £ (n) ker(H*(n) — H'(n))
ker(p™(n)) <——< Fmo(n) Fo(n)

|

ker(H*(n) — H'(n))
F(n)

.1 3 .
hlnsj<TIUF‘ (n) hm3<1]0

ker(H*(n) — H'(n))
FO(n)
|

E*°-Distribution Diagram Corresponding to Matching Eventually
Vanishing Exact Couples to an Inverse Tower
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limy, ey 7, (X)) limye ) mn—1 (X))

lim, 7, (Xpo4r) lim, 7,1 (X 4r)

| @
| |

T 7rn(Xno+r) — ﬂn—l(an+r+l) - 7Tn—l<Xno+r+l) — ﬂn—Q(E70+r+2) —

|

w T (Xpgr—1) —— M1 (Fygir)
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0 0 0 Tin—2(Fy)
| |

hIIlﬂ<nO Tn (Xﬂ )
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|
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limg ey, mn—1(Xp)

|
Trn(X3>
l |

: Tn-1(X35)
l |
’/T,L(Xl)
l

Tn—1 (Xl)

Transfinite Tower of Fibrations
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