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Abstract

In modern industrial processes, the measurement and storage of thousands of corre-
lated process variables have become commonplace. Dimensionality reduction tech-
niques are often employed to extract underlying informative patterns called features
by discarding redundant information. Slow feature analysis is one such technique that
focuses on extracting slowly varying patterns. A probabilistic extension was proposed
to address data corruption caused by measurement noise. However, industrial process
data is fraught with additional complexities, including periodic patterns from plant-
wide oscillations, non-stationarity due to aging equipment, non-linearities, skewed
noise distribution etc. The estimated parameter error will be large when a conven-
tional probabilistic slow feature model is applied to complex industrial data. Hence,
this thesis focuses on enhancing the probabilistic slow feature model to accommodate
various industrial complexities.

Oscillatory behavior commonly arises in measured data as a result of poor con-
troller tuning, stiction, and external oscillatory disturbances. Identifying and ana-
lyzing these oscillatory patterns is vital for monitoring control loops and diagnosing
faults. Unfortunately, the presence of significant measurement noise prevents the
conventional slow feature analysis from effectively extracting these patterns due to
limitations in the model structure. Therefore, the primary contribution of this the-
sis is to develop an enhanced slow feature model that overcomes this limitation by
relaxing the diagonal structure of the state-transition matrix and incorporating a
block-diagonal matrix structure to accommodate complex poles. As a result, the

enhanced slow feature analysis is called complex slow feature analysis in this thesis.
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Further, the drift-type non-stationary characteristics in measured variables also pose
significant challenges for conventional slow feature extraction methods as the corre-
sponding slow features are assumed stationary. Consequently, the second contribution
of this thesis is to address this issue by introducing an additional latent variable that
compensates for the drift-type non-stationary behaviour, thereby ensuring the sta-
tionarity of the extracted slow features. Due to the inherent non-linearity observed
in complex industrial processes, we enhance the second contribution by incorporating
an extended gated recurrent neural network architecture.

Process data commonly suffer from measurement issues like outliers and asym-
metric noise distributions, impacting the quality and performance of extracted slow
features. Our fourth contribution proposes a robust complex slow feature model that
assumes a skewed t-distribution for measurement noise, rather than a Gaussian distri-
bution. Model parameters are jointly estimated using the expectation-maximization
algorithm. Additionally, high-dimensional datasets often stem from a low-dimensional
latent space, and not all latent features influence all measured variables. Hence, it
is crucial to ensure that only a subset of latent variables influences each measured
variable. To address this, our fifth contribution introduces a novel model that au-
tomatically determines the optimal latent space dimension by employing a Laplace
distribution to model the emission matrix, resulting in a sparse model. The conven-
tional black-box nature of the slow feature model and its numerous extensions may
lead to inconsistent or unacceptable results at the physical boundaries. Therefore,
the final contribution integrates process knowledge into the probabilistic slow feature
model to extract features that adhere to physical laws/limits.

The efficiency of all contributions is demonstrated through simulations and in-
dustrial /experimental case studies in which they are compared to state-of-the-art

methods. This comparison yields conclusive evidence of their effectiveness.
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Chapter 1

Introduction

In recent years, the study of data-driven modeling [2-4] has experienced a surge in
popularity, primarily driven by the abundance of historical data that has been made
accessible through the utilization of cutting-edge measurement techniques and ad-
vanced data storage technologies. Industrial operational tasks, such as predictive
modelling [5], fault diagnosis [6-8], quality monitoring, plant-wide oscillation detec-
tion [9-12], causality analysis [13-16], are greatly simplified. Within this vast sea of
data, there exist significant interconnections among the various measured variables.
Consequently, the resultant input-output models derived from such data often find
themselves afflicted with a common pitfall known as over-fitting [17-20].

To counteract this issue and enhance the quality of process modeling, it has be-
come commonplace to employ dimensionality reduction techniques [21-23] as a pre-
liminary step. This strategic approach aims to eliminate redundant information while
simultaneously extracting the most informative variables, aptly referred to as features,
embedded within the data. By effectively reducing the dimensionality, subsequent
modeling efforts between these extracted features and the desired outputs become
notably less computationally burdensome. This reduction in computational complex-
ity is primarily owed to the fact that the extracted features possess a comparatively
lower dimensionality.

Given the tangible benefits of dimensionality reduction through feature extraction,
it is no surprise that this methodology has garnered significant attention and intrigue
from many scientific disciplines. Notably, domains such as econometrics [24, 25],

health sciences [26-28|, and process industry [29-33| have all recognized the poten-



tial and utility of feature extraction in their respective fields of study. As a result,
researchers and practitioners alike have invested considerable effort into exploring
and exploiting the power of feature extraction techniques to comprehend, model, and
optimize complex systems across diverse domains. Some of the most popular linear
latent variable models are Principal Component Analysis (PCA) [34,35], Slow Feature
Analysis (SFA) [36], Partial Least Squares (PLS) [37-39], Independent Component
Analysis (ICA) [40].

1. PCA is a technique that identifies a linear combination of the original variables
that explains the maximum amount of variance. The resulting principal com-
ponents provide a lower-dimensional representation of the data while preserving

the most important information.

2. SFA, on the other hand, focuses on extracting the slowest varying feature from
the input data. By identifying features that change slowly over time, SFA aims

to capture the underlying dynamics and temporal relationships within the data.

3. PLS is a method that aims to identify a feature that exhibits maximum covari-
ance between the input and output variables. It seeks to establish a predictive
relationship between the two sets of variables by finding a latent variable that

maximizes the covariance between them.

4. ICA, in contrast, aims to find features that exhibit maximum statistical in-
dependence. It assumes that the observed data is a linear combination of
independent source signals and aims to estimate these sources by solving an

optimization problem.

These models all employ different optimization criteria to project the high-dimensional
data onto a lower-dimensional space. By extracting meaningful features from the
data, they provide insights into the underlying structure, relationships, dynamics,
and predictive capabilities of the variables under consideration. This thesis exam-
ines a specific latent variable model called slow feature analysis. In chemical process
industries, slow variations in measured industrial data offer valuable insights into
underlying patterns and relationships, aiding in the comprehension, control, and en-

hancement of chemical processes. SFA focuses on capturing these slower variations,
2



which typically represent significant process information, while faster variations typi-
cally indicate transient events, disturbances, or noise. SFA’s relevance in the chemical

process industries is highlighted below.

1. Process Monitoring [41-46]: In process industries, it is crucial to monitor various
process variables to ensure optimal performance, safety, and quality. SFA can
be used to identify and extract slowly varying features from process data, which
may correspond to important underlying dynamics or trends. By monitoring
these features, process operators can detect deviations, anomalies, or gradual
changes in the process behavior, enabling them to take timely corrective actions

and prevent potential issues.

2. Process Understanding and Control [47]: SFA can provide valuable insights
into the underlying dynamics and behavior of chemical processes. This under-
standing can be utilized to develop advanced control strategies, improve process

design, or optimize control parameter settings.

3. Fault Diagnosis [48,49]: When a process exhibits unexpected behavior or mal-
functions, it is essential to diagnose the root cause accurately and quickly. The
extracted slow features can reveal dependencies and interactions that may not
be apparent in the original dataset. This can support the identification of spe-
cific variables or combinations of variables that contribute to process faults or

deviations.

4. Applications to sustainable and recycling processes: SFA is applied successfully
to detect icing faults in wind turbine blades, which can be subtle and evolve over
time [50]. Further, an enhanced kernel slow feature approach is utilized to detect
and identify faults in a nonlinear Air Handling Unit system [51]. Recycling
facilities often deal with diverse materials, including different types of plastics,
metals, paper, and glass. SFA could be employed to extract slow features from
sensor data collected during the sorting process. These slow features could
represent distinctive patterns or characteristics, making it possible to classify

and sort recyclables more efficiently.



5. Data Visualization and Interpretation [52,53]: Visualizing high-dimensional
data is challenging, and interpreting complex patterns can be even more diffi-
cult. SFA can aid in data visualization by reducing the dimensionality while pre-
serving relevant slow variations. By mapping the data onto a lower-dimensional
space, SFA can provide visual representations that facilitate data interpretation,
exploration, and communication among stakeholders in the chemical process in-

dustries.

1.1 Deterministic Slow Feature Analysis (DSFA):

Given an input sequence X = [ml Ty ... X N] , T € RP, the optimization problem
shown in (1.1)-(1.5) can be solved to obtain slow features in the order of increasing

velocities.

Vi, (s sV =0

where <S,(j)2> = = ch\;z(sg) - 5521)2 denotes the squared average velocity, W &
RP*™ indicates the projection matrix and (-) stands for the average over data samples.
N, m, and p denote the number of sampling points, latent features and observed
variables, respectively. Equation (1.3) - (1.4) are applied to each slow feature to avoid
trivial solutions, whereas (1.5) ensures zero correlation among the extracted features.
The solution to the optimization problem can be readily obtained by performing

singular value decomposition (SVD) twice, as shown in the following steps.

e Whitening: It is a transformation that converts a group of random variables
into a new set of random variables, ensuring that their covariance becomes the

identity matrix.

Zj = Q(Ek (16)
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where () represents whitening matrix that is defined as follows.
Q=AzVT

Here A and V' are obtained by performing SVD on the input data covariance

matrix, as shown below.
(xrx}) = VAVT
Therefore, the slow feature equation (1.2) can be written as

sp=Wha, =WTQ 'z, = Pz, (1.7)
(spsi) = PT(zp2; )P = PTP (1.8)
e The objective of the slow feature analysis can be rewritten as
mmi/n <5,(;) ) mgn Pl {557\ P

st (spsp) =1 st PTP=1

The solution to this optimization problem can be obtained by performing SVD

on the covariance matrix (Z;2]).

However, this two-step solution can be avoided by just solving the generalized eigen-

value problem, as shown in 1.9.
AW = BWQ (1.9)

where A = (Zxix”), B = (zrzl), and Q is a diagonal matrix whose diagonal entries

represent the optimal velocities of each slow feature. Both solutions are equivalent.

1.2 Does Dynamic PCA achieve the same result
as SFA?

Consider the following latent variable from dynamic PCA



T T
bk = Do Tk + Dp Ti—1
N~ ——
te tp

So the resultant latent variable has two components. One is the static component "¢.”
and the other is the dynamic component "¢,”. The objective of PCA is to maximize

the variance of the latent variable. So

max 1}ty max  (t.+1t,)" (t. +1,) max tt.+ 1t t, + 2t t,
p E p > p
st. plp=1 st. plp=1 st. plp=1

T T T T T T
MAX P, TRT) Pe Py Th1 Th1Pp + 2Pe TkTh1Pp
CHPYp

st. plpe+pip, =1

Therefore, PCA finds the latent variable ¢; such that it maximizes the
e Variance of the static contribution t..
e Variance of the dynamic contribution ¢,.
e Correlation between static and dynamic contributions.

However, SFA extracts latent variable s, = ¢’ x;, with a different objective as shown

below.
min (s, — sp_1)" (5% — Sp_1) min  2(1 — s} sp_1) max ¢ zpri_.C
& ; (& ; C
st. spsp=1 st. sisp=1 st. dapric=1

Note: The prediction of the DPCA latent variable t; is made utilizing x; and past
values xj_; rather than its own previous values t;_;. Consequently, latent variable
dimension reduction in terms of dynamics may not be enforced by the DPCA model.
In general, the dynamics are diffused across all PCs. Conversely, SFA explicitly
maximizes the auto-correlation of the latent variable. Therefore, the dimensionality

reduction and feature ranking according to the dynamics are accomplished by SFA.

1.3 Probabilistic Slow Feature Analysis (PSFA):

DSFA is a method that aims to extract slowly varying features from a given dataset.

However, DSFA assumes that the underlying factors causing the data variations are

6



deterministic, which may not always hold true in real-world scenarios. The proba-

bilistic formulation [54,55] is presented in (1.10) - (1.11).

S = A.Sk,1 +wg; Wi~ N(O, Q) (110)
T :C’sk —{—’Uk; Vi NN(O, R) (111)

where A € R™*™ (C € RP*™, @ € R™™ and R € RP*P are the state-transition
matrix, the emission matrix, the state-noise covariance matrix, and the measurement
noise covariance matrix, respectively. In the above framework, s; is a weighted func-
tion of s;_; and an independent noise w;, that is drawn from Gaussian distribution.
The probabilistic formulation achieves an enhanced temporal description for sequen-
tial process data since it imparts dynamics to the hidden features. Here m and p
refer to number of slow features and the number of input variables, respectively. Sev-
eral constraints are employed directly from deterministic slow feature analysis, as

discussed below.

e The problem of interest is to obtain the slow features which are uncorrelated,
and hence (A, Q) imbibe diagonal structures. Therefore, this formulation is

limited to system with only real poles.

e The slow features are assumed to be stationary, i.e., the state covariance matrix
is independent of the time k. Also, the covariance matrix of latent variables is

forced to be an identity in accordance with (1.4).

e Applying covariance on both sides of Eq. (1.10) to obtain a specific form of

discrete algebraic Lyapunov equation,
AAT+Q =1, (1.12)

where I,,, represents m dimensional Identity matrix. Since A and () are diagonal,

Eq. (1.12) reduces to:
a?+q =1 (1.13)

where a; and ¢; are the i"* diagonal entries of A and @ respectively.



e For the positive definite requirement of the process noise covariance matrix Q,
all the diagonal entries must be greater than zero (¢; > 0). Using Eq. (1.13),

the bound constraint for a; can be defined as shown in (1.14).
a; € (-1 1) (1.14)

Eq. (1.14) can also be obtained by applying discrete state-space systems sta-
bility condition on the state-transition matrix. It is further restricted to (0 1)

to avoid switching every sample.

e The measurement noise covariance matrix R is assumed to be diagonal.

The probabilistic graphical model is shown in Fig. 1.1. The advantages of PSFA are

summarized below.

Figure 1.1: Probabilistic Graphical Model for Expectation Maximization based PSFA

e Handling uncertainty: PSFA accounts for uncertainty in the input data, as
shown in (1.11). In many real-world scenarios, observations or measurements
can be affected by noise or other factors, leading to uncertainties in the data.
PSFA models this uncertainty explicitly through probabilistic distributions, al-

lowing for more robust and reliable analysis.

e Capturing latent variables: PSFA provides an explicit dynamic equation
(1.10) that represents the evolution of latent variables that might be hidden

within the data. These latent variables can be viewed as the underlying factors
8



or hidden causes that influence the observed data. By incorporating probabilis-
tic modeling, PSFA can capture the uncertainty associated with these latent

variables, leading to a more comprehensive understanding of the data.

e Flexibility in modeling complex relationships: PSFA provides a flexible
framework for modeling complex relationships between variables. The proba-
bilistic approach allows for capturing non-linear and higher-order dependencies
that might exist in the data. This flexibility enables more accurate modeling of

real-world phenomena.

e Robustness to outliers [56]: The probabilistic framework of PSFA allows a
comprehensive way to estimate models robust to outliers or anomalies in the
data. Outliers can significantly impact the performance of deterministic SFA,
as they strive to minimize a specific objective function. In contrast, PSFA can
effectively handle outliers by modeling them as low-probability events, thereby

reducing their influence on the overall analysis.

e Uncertainty quantification: PSFA provides a means to quantify and express
uncertainty in the derived features. This is particularly valuable in applications
where uncertainty estimation is crucial, such as decision-making under uncer-
tainty or in safety-critical systems. By explicitly modeling uncertainty, PSFA
offers a principled approach to assess the reliability and confidence in the ex-

tracted slow features.

1.4 Motivation example:

In this section, three latent variables are generated using cosine functions with varying
frequencies. Three observed variables are then obtained by combining the latent
variables linearly. Through the application of DSFA, we can uniquely determine
the underlying latent variables, each characterized by a distinct frequency, as shown
in Fig.1.2. However, even the slightest measurement noise (SNR= 50) significantly
impairs the efficiency of DSFA, as shown in Fig.1.3. To address this issue, PSFA can
be used to significantly decouple the noise and the extracted features, as illustrated

in the Fig. 1.4.
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Figure 1.4: PSFA features extracted from noisy input data (SNR= 30)

10



While PSFA provides better separation, its effectiveness diminishes with decreas-
ing SNR. The following (Fig. 1.5) features were extracted using PSFA from input
data corrupted with measurement noise (SNR= 10). Interestingly, PSFA fails to
extract the underlying cosine signals, which serves as a key motivation for the first

contribution in this thesis.

Extracted probabilistic slow features
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Figure 1.5: PSFA features extracted from noisy input data (SNR= 10)

1.5 Thesis Outline

The thesis begins by providing an introduction to latent variable models and proba-
bilistic approaches. Following this background, the subsequent chapters are organized
as follows.

Chapter 2 begins with an introduction to latent variable models and probabilistic
approaches. The first section focuses on probability distributions, which will be used
in subsequent chapters. We then present the maximum likelihood framework for pa-
rameter estimation. Furthermore, the solution methodology to approximate posterior
distributions is explored through the variational inference framework. Additionally,
we present the importance sampling methodology as an alternative for approximating
the expectations of random variables whose priors are non-conjugate. The chapter
concludes by presenting a state estimation algorithm called Kalman filter.

Chapter 3 focuses on addressing a significant limitation of the probabilistic slow
feature analysis that has been discussed in the previous section. Specifically, PSFA

encounters difficulties in extracting the underlying slow oscillating features when the
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signal-to-noise ratio is low. Given that oscillatory behavior is commonly observed in
process data due to factors like inadequate control loop tuning and external distur-
bances (e.g., diurnal temperature variation), the extraction of these slow oscillatory
patterns becomes crucial. Consequently, this chapter is dedicated to developing a
technique for an effective extraction of such oscillating patterns from noisy data.

In process industries, it is common for the measured variables to exhibit non-
stationary characteristics alongside oscillations. These non-stationary characteristics
arise from the changing operating conditions, as well as equipment degradation and
fouling. Dealing with such variations presents a significant challenge for conventional
slow feature methods. To address this challenge, we introduce a probabilistic drift-
type non-stationary oscillating slow feature model in Chapter 4. This model is capable
of separating the oscillating patterns and non-stationary variations present in the
measured data. Moreover, we recognize that not all observed variables have the
same level of uncertainty, and therefore, we independently model the measurement
noise for each variable. To incorporate prior information and obtain corresponding
posterior distributions, we estimate the proposed model using a variational Bayesian
framework. This framework allows us to account for uncertainties and leverage prior
knowledge effectively.

Chapter 5 focuses on two key challenges in the process industries. First, quality-
related variables are difficult to measure using sensors due to physical and financial
limitations. As a result, they are less frequently available compared to other variables,
often requiring time-consuming laboratory analysis. Second, process data displays
non-linearity due to factors such as complex reaction kinetics, phase transitions, and
mass/heat transfer limitations. To tackle these challenges, we propose a novel neural
network architecture with gated recurrent units under a variational inference frame-
work. The effectiveness of this approach is assessed on both simulated and industrial
datasets.

The previous contributions made in this thesis have been based on an assumption
that the measurement noise follows a Gaussian distribution, which allows for a closed-
form solution. However, when dealing with industrial process data, it is common to
encounter measurement problems like outliers and skewed noise. If these issues are not

explicitly addressed, they can significantly hinder the performance of the extracted
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features. Chapter 6 addresses this by considering a Skewed ¢-distribution for the
measurement noise in the complex slow feature model. The parameters of the model
are jointly estimated using the expectation-maximization algorithm.

Chapter 7 introduces a novel approach to probabilistic latent variable models
that address two crucial factors: the choice of the number of latent variables and the
accuracy of the noise model for complex data. The model employs a Laplace distri-
bution to automatically determine the dimensionality of the latent space, resulting in
a sparse model. The hierarchical representation of these distributions enables feasible
solutions for the latent variables and model parameters. Unlike Chapter 6, the pa-
rameters are treated as latent variables and their posterior distributions are estimated
using variational Bayesian inference.

Chapter 8 of this thesis introduces the final contribution of this thesis, which
focuses on integrating physics principles into the probabilistic slow feature model.
Industrial processes have physical constraints, such as energy requirements, equip-
ment limitations, conservation laws, symmetry properties, specific functional forms
of relationships, and safety considerations. Previous enhancements proposed in the
thesis may result in physically inconsistent or unacceptable results due to the black-
box nature of the slow feature model. Although the Bayesian framework allows for the
incorporation of expert information through prior distributions, the resulting model
may still not align with known physics principles. In response, Chapter 8 proposes
a methodology that incorporates two types of physical constraints (linear algebraic
equality and inequality constraints) into the probabilistic slow feature model. The
model parameters are estimated using the expectation-maximization approach.

The thesis concludes with Chapter 9, which serves as the final chapter. In this
chapter, the conclusions derived from the different models and algorithms developed
throughout the thesis are summarized. Additionally, the potential areas for future

work are outlined.
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Chapter 2

Mathematical Background

This chapter aims to provide a thorough analysis and exploration of the fundamental
concepts, ideas, and methodologies that will serve as the foundation for forthcoming
chapters. These aspects are aimed to equip readers with the necessary knowledge
and tools to effectively engage with the subsequent contributions in a meaningful and

insightful manner.

2.1 Probabilistic modelling with unknown param-
eters

Modeling a random variable using a probability distribution with a non-random un-
known parameter is a common approach in statistical analysis [57-59]. In this type of
modeling, the random variable is assumed to follow a specific probability distribution,
but one or more parameters of that distribution are treated as non-random or deter-
ministic unknowns. These parameters are fixed values that need to be estimated from
the available data. Throughout the thesis, various probability distributions have been
utilized for different purposes. These distributions have been chosen based on their
appropriateness for specific scenarios and the characteristics of the random variables
under investigation. Each chosen probability distribution provides a mathematical
representation of the random variable, where the non-random unknown parameter(s)
play a critical role. The following section provides descriptions of several probability
distributions that have been employed for diverse purposes in the different contribu-

tions of this thesis.
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2.1.1 Gaussian Distribution

The Gaussian distribution, also known as the normal distribution, is a fundamental
probability distribution commonly used in statistical analysis and modeling. It is
characterized by its bell-shaped curve, with the mean as its center and the standard
deviation determining its spread. In many real-world phenomena, such as measure-
ment errors or natural variations, the Gaussian distribution often provides a good
approximation. It is widely utilized due to its mathematical tractability and several
important properties. The Gaussian distribution is fully defined by two parameters:
the mean () and the standard deviation (o). The mean represents the central ten-
dency of the distribution, while the standard deviation measures the dispersion or
variability of the data points around the mean. The probability density function
(PDF) of a Gaussian distribution is given by (2.1):
1

T) = T, 0) = 67%(7

(2.1)

samples

Figure 2.1: PDF's of a Gaussian distribution

15



As shown in Fig. 2.1, a higher value of p moves the distribution to the right,
while a lower value of p shifts it to the left. Increasing the standard deviation o
makes the distribution wider and flatter, resulting in a broader curve with a lower
peak. Conversely, decreasing ¢ makes the distribution narrower and taller, with a
higher peak. We now present the derivation to calculate the expected value and the

variance of a Gaussian distributed random variable.

e Expected value of z:

E(z) = (z) = /_ e (2)da (2.2)

2
er v)dx

\/ 27r02

_22 T— W
= az—l— e 2dz | where z = = dr =odz
0 V2T

o [~ 2 w0 2
= — 2dz—|——/ 2dz =
\/271'/00 V2 55 s

Since the integrand of the first integral is an odd function, its integral over a

symmetric interval is zero. The second term relies on the property that the

integral of the normal distribution evaluates to 1 i.e.,

/ f(z d:c—\/m e% g da:‘zl (2.3)
e Variance of z:
Var(z) = E(z?) — E(z)” (2.4)
_ /Z x?\/%e—é( =) da — i
= \/% _Z(az +pu)e” Tdz — i <Where z= ; P — dr= Udz>

o u o [ 2 2uoc [
= 2dz—i— 2dz—|——/ Tdy — p?
\V 21 —00 \/ / o0 a

To evaluate the integral, we substltute — with «

=0 \/»/ 2o dy = — o2 \/>/ —e_az dz
\/7doz dz Us1ng (2.3)) = o*



2.1.2 Gamma Distribution

The Gamma distribution is a probability distribution that is used to model continu-
ous, positive-valued random variables. It is characterized by two parameters: shape

() and rate parameter (). The PDF of the Gamma distribution is given by (2.5).

zﬁx;a,ﬁ)==rfz)wa‘le‘ﬁw (2.5)

where I" represents the gamma function. Higher values of « result in a more peaked
and less-skewed distribution, while lower values lead to a right-skewed distribution.
Lower values of  lead to a faster decay of the distribution, and vice versa, as shown

in Fig. 2.2.
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Figure 2.2: PDFs of a Gamma distribution

The important moments of the Gamma distribution can be derived using (2.2) -

(2.4), but for brevity, the final equations are presented below.

(67

(@ZE (2.6)
Var(z) = % (2.7)
(Inz) = (a) —In(B) (2.8)

where 1) is the digamma function.



2.1.3 Beta Distribution

The Beta distribution is a continuous probability distribution defined on the interval
[O 1}. It is characterized by two shape parameters, typically denoted as alpha («)
and beta (/3), which determine the shape and behavior of the distribution. The PDF
of the Beta distribution is given by (2.9).

(1 — )Pt

p(x; o, B) = B, )

(2.9)

where B(a, ) = % The combination of o and [ determines the shape, skew-
ness, and location of the peak (mode) of the Beta distribution curve, as shown in Fig.
2.3. When « = 3, the distribution is symmetric around its center. As the values of
a and g differ, the distribution becomes skewed. Further, larger values of o and (8

result in a narrower and more concentrated distribution, indicating less variability.
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Figure 2.3: PDF's of a Beta distribution

The mean and variance of the Beta distribution are shown below.

(x) = (2.10)

Var(z) = YRS (2.11)
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2.1.4 Laplace Distribution

The Laplace distribution, also known as the double-exponential distribution, is char-
acterized by its symmetric bell-shaped curve with heavy tails, similar to the normal
distribution. However, unlike the normal distribution, the Laplace distribution has
a sharper peak and a more rapid decay in the tails, making it suitable for modeling
data with abrupt changes or outliers. The PDF of the Laplace distribution is given
by (2.12)

p(w; p, b) = — exp (—@) (2.12)

where p is the location parameter (representing the center of the distribution), and b
is the scale parameter (controlling the spread or width of the distribution). Shifting
the location parameter horizontally moves the center of the distribution. The scale
parameter controls the spread of the distribution, as shown in Fig. 2.4. In the
context of this thesis, the Laplace distribution is used to encourage sparse solutions.
Sparsity refers to the property where a significant portion of the elements in a signal

or parameter vector are exactly zero or very close to zero.
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Figure 2.4: PDF's of a Laplace distribution
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2.1.5 Truncated Gaussian Distribution

The truncated Gaussian distribution is a probability distribution that is derived from
the Gaussian (normal) distribution but with the restriction that values outside a
certain range are excluded or "truncated.” This truncation is typically imposed to
reflect real-world constraints or limitations in the data or application. The PDF of

the truncated Gaussian distribution is given by (2.13).

p(z; p,0,a,b) = % v (b?TM)<_%\I;)(a_;&) (2.13)

where ®(§) = \/LTF exp (—%) is the PDF of the standard normal distribution and

U(z) =1 (1 + erf (\%)) is its cumulative distribution function. Here p and o are
the mean and standard deviation of the underlying Gaussian distribution, a and b
are the lower and upper bounds. The behavior of the truncated distribution within

[0 1} for different values of the p and o is shown in Fig. 2.5.
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Figure 2.5: PDFs of a truncated Gaussian distribution

The mean and the variance of the truncated normal distribution can be calculated

as follows:

(2.14)



where o = “=£ and 8 = “£.
g ag

2.1.6 Skew Normal Distribution

The skew normal distribution is a probability distribution that extends the normal
distribution by introducing a skewness parameter. It is commonly used to model

asymmetric data in various fields. The PDF of the skew normal distribution is given

by (2.16).
o) = 20 (T4 v (3 (224)) (2.16)

where &, w, and X affect the location, scale and shape of the distribution. When A = 0,

the distribution reduces to the normal distribution. Positive values of o correspond
to right-skewed distributions, while negative values indicate left-skewness, as shown

in Fig. 2.6.
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Figure 2.6: PDF's of a skew normal distribution
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2.1.7 Skewed t-distribution

The Skewed-t distribution is a statistical distribution that combines the properties of
the Student’s ¢-distribution with skewness. It is commonly used in statistical mod-
eling and data analysis to account for skewness and heavy tails in the data. The
probability density function of the Skewed-¢ distribution is defined by four param-
eters: degrees of freedom (v), skewness (), location (i), and scale (o). Similar to
the t-distribution, the degrees of freedom parameter governs the tail behavior of the
distribution. Higher values of v result in thinner tails, approaching a normal distri-
bution, while lower values lead to heavier tails, as shown in Fig.2.7. The remaining
parameters u, o, and A serve the same purpose as discussed in the previous subsec-
tions. The PDF of the skewed t-distribution is not included due to its complexity
and will not be used in this thesis. However, we can utilize the established result that
a skewed t-distribution can be expressed as a Gaussian scale mixture, as explained in

Chapter 6.
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Figure 2.7: PDF's of a skewed t¢-distribution

22



2.2 Maximum likelihood Estimation

The maximum likelihood estimation (MLE) [57,60] method is a widely used statisti-
cal technique for estimating the parameters of a probability distribution. It provides
a rigorous framework for making inferences about unknown parameters based on ob-
served data. The fundamental idea behind the MLE method is to find the set of
parameter values that maximize the likelihood function, which quantifies the prob-
ability of observing the given data under different parameter settings. Intuitively,
the MLE seeks to find the most likely values of the parameters that explain the ob-
served data in the best possible way. By maximizing the likelihood function, we are
effectively finding the parameter values that make the observed data most probable.

To formalize the MLE method, let’s consider a parametric probability distribu-
tion with unknown parameters. Let 6 represent the vector of parameters, and let
X = (1’1,1‘2, e :BN) be a set of N independent and identically distributed (i.i.d.)
observations from this distribution. The likelihood function L(6|X) represents the
probability of observing the data X under the parameter values #. For a continuous
distribution, it is defined as the product of the probability density function evaluated
at each observation:

N

LOIX) =[] f(an;0)

n=1
where p(x,;60) is the PDF of the distribution. The maximum likelihood estimation

problem can be formulated as follows:
0" = Argmeax L(0]X)
where 6* represents the estimated parameter values that maximize the likelihood.

To simplify the optimization problem, it is common to take the logarithm of the

likelihood function, resulting in the log-likelihood:

1(01X) =InL(]X) = > Inp(z,;6)

The log-likelihood function has the same maximum as the likelihood function, but it

simplifies the calculations and avoids numerical underflow issues when dealing with
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small probabilities. The estimation problem can be further enhanced by introducing
constraints on the parameter space. This is particularly relevant when dealing with
bounded parameters or when prior knowledge about the parameters is available. In
such cases, the maximum likelihood estimation problem becomes a constrained opti-
mization problem [61-63], and additional techniques, such as Lagrange multipliers or

numerical optimization algorithms, may be required.

2.3 Probabilistic modelling with a latent variable

Traditionally, probabilistic models have focused on estimating unknown parameters
to capture the underlying structure of the measured data. However, in numerous real-
world applications, the measured data is influenced by factors that are not directly
observable. These hidden factors, or latent variables, play a crucial role in shaping
the observed data distribution. The integration of latent variables [64] provides a

flexible framework, as discussed below.

e Capturing complex relationships: Probabilistic modeling with latent vari-
ables [65-67] enables us to capture intricate relationships between observed vari-
ables and hidden factors. These hidden variables act as abstract representations
that encode important but unobserved information. Latent variable modelling
provides a flexible framework to model various types of dependencies, including
nonlinear relationships, hierarchical structures, and context-specific patterns,
leading to a more accurate and comprehensive understanding of the underlying

processes.

e Dealing with uncertainties [68—70]: In many real-world scenarios, uncer-
tainties are inherent and unavoidable. Probabilistic modeling with latent vari-
ables allows us to explicitly model and quantify uncertainties in our data. By
incorporating uncertainty measures, such as probability distributions, we can
make robust predictions and perform reliable inferences. This ability to handle
uncertainties is particularly valuable in applications such as decision-making,

risk assessment, and anomaly detection.

e Enhanced interpretability [71]: Probabilistic modeling with latent variables
24



can enhance the interpretability of our models. By explicitly representing hid-
den factors, we gain insights into the driving forces behind the observed data.
Latent variables can be interpreted as meaningful features or attributes that

contribute to the generation or organization of the observed data.

e Learning from incomplete data [72—75]: In many real-world scenarios,
data may be incomplete or have missing values. Probabilistic modeling with
latent variables offers a principled approach for handling such incomplete data.
The latent variables act as a bridge, connecting the observed variables with the
missing information. Through probabilistic inference, we can infer the values of

missing data points.

To formalize the problem, let’s consider a set of observed variables denoted by x and a
set of latent variables denoted by z. Given an observed value x* of a random variable

x, in a Bayesian approach [76], there are two goals, as discussed below.

e The first aim of a Bayesian approach is to evaluate the logarithm of the marginal
likelihood (also called log model evidence) of the observed data, denoted by
Inp(x). The model or hypothesis with a higher logarithm of the marginal prob-
ability is considered to be more likely or more supported by the data.

p(z) = /p(m,z)dz (2.17)

e The subsequent crucial objective is to determine the conditional distribution
p(z|z) of a latent variable. This conditional distribution is known as the pos-
terior distribution. It combines our prior beliefs about z with the information
provided by x*. The posterior distribution is derived using Bayes’ theorem, as
shown in (2.18).

p(z]2)p(2)

e (2.18)

p(z|z) =

Due to the presence of numerous unobserved variables in a model, the integration of
the right-hand side of (2.17) can be analytically challenging or even impossible. In
order to fulfill the dual objectives of a Bayesian approach, Variational Bayes (VB)

offers an alternative by substituting the integration problem with an optimization
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problem. The forthcoming section will elaborate on the intricacies and mechanics of

this substitution.

2.4 Mean-field variational Inference

Variational Bayesian inference [77-79] is a powerful computational technique used
to approximate the posterior distribution of latent variables and the log marginal
likelihood of observed data in Bayesian models. In essence, the primary objective
of variational Bayesian inference is to discover an approximate distribution ¢(z) that
closely resembles the true posterior distribution p(z|x). The extent of this closeness
is evaluated using the Kullback-Leibler (KL) divergence [80], as illustrated in the

following expression.

min KL (q(2)]|p(z]z))

q(2)

(2.19)
s.t. /q(z)dz =1

The KL-divergence term is defined as

KL G lpelo) = [ oo (L) a (2.20)

p(z|z)
It can be understood as a non-symmetric measure of the difference between two
probability distributions. It is important to note that the KL-divergence is always
greater than or equal to zero. It equals zero only when ¢(z) and p(z|z) are identical,
indicating perfect similarity. The KL-divergence term can be simplified as shown

below.

— Inp(x) - F(q(2)) (2.21)

where F'(q(z)) is called the variational free energy. The non-negativity of KL-divergence

implies that the variational free energy is always less than or equal to the log model
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evidence. Hence, variational free energy is also referred to as evidence lower bound

(ELBO).
KL (q(2)||p(z]2)) = 0 = F(g(2)) < Inp(a) (2.22)

Since the log model evidence is a fixed quantity, solving the maximization problem

shown in (2.23) instead has two outcomes.
¢(2) = Argmax  F (¢(2))
(2.23)
s.t. /q(z)dz =1

e First, the lower bound on the log model evidence becomes tighter, improving

the approximation of the variational free energy to the log model evidence.

e The KL-divergence between the true posterior and its variational approximation

decreases, enhancing the similarity between the ¢(z) and p(z|x).

Given the absence of a closed-form solution for the true posterior, as previously
elaborated in Sec. 2.3, a restricted family of distributions ¢(z) is considered instead.
The member of this family, for which the KL divergence is minimized, is sought. The
mean-field approximation is a popular choice to restrict the family of distributions.
It assumes that the approximate posteriors of each latent variable 2 V1 < i < p are

independent. Therefore,

q(z9) = q(z)q(2) (2.24)

=5

S

q(z) = [ [ az") = a(z1")

J=1

.S
Al

where g(z(™) refers to the joint distribution of hidden variables except 2. Further,

the evidence lower bound can be decomposed as shown below.

Flg) = / 4(2)In (p;”é’zf)) i (2.25)

= [ =gl (e, st a0
_ /q(z(i))q(z(w’)) In (q(z(i))q(z(w‘))) dz® 1~

= [ e[ [ a0 a0
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:/ q(z(i)) l/ q(Z(Ni))1np(;(;,z)dz(~i)dz(~i) —In q<Z(i))} dz® 1 ¢
Z(i) z(~i>

where c is a constant independent of ¢(z(?). The Lagrange function is constructed,

as shown in (2.27), to solve the constrained optimization in (2.23).
L@%=/ ﬂfﬁ(mw@w»me—hw@@D+C+A(/QW@MW”—Q
2@
(2.27)
= / q(z®) (<lnp(as, 2)) g~y — In q(zD) + )\) dz 4 c— )\
2
As L(q(z)) is functional, the maximum is obtained by finding functions for which the

functional derivative is equal to zero. Say L(q) = [ f(z,q(z), ¢ (x))dz, then L(q) has

a stationary value if the Euler-Lagrange differential equation is satisfied

or 4 [ory _
Jq _dx{aq’}_

Hence
0 , :
W {q(z(l)) ((lnp(:z:, 2)) g(zt~0) — In q(z(l)) + )\)} =0
(Inp(z, 2))yeimny — 1 —Ing(z?) + A =0
Inq(29) = (In p(z, 2)) g(zt~y + Inexp{A — 1} (2.28)
q(2") ocexp ((In p(a]2", 20)) o) p(21) (2.29)

The equation shown in (2.29) serves as a fundamental tool that is widely employed
in deriving numerous posterior distributions in subsequent academic contributions.

The variational inference algorithm is summarized in Fig. 2.8.

Note: Variational Bayesian inference can be closely related to the widely recognized
Expectation-Maximization (EM) algorithm [81,82], particularly under specific con-

ditions, as elucidated in the following discussion. Assuming the model involves both
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Inp(z)

For any

q(l)(z) = q(l)(z(i))q(l)(z(~i))

F(gW(2) KL (¢ (2)|p(2l2))

Maximize F(q(z(i))’ q® (z(Ni)))

w.r.t. g(z?) Vi

F(g® (=0, 20-9)) KL (¢ (2)||p(#l2))

Maximize F(q(27), 4 (=)

w.r.t. g(z?) Vi

Repeat till convergence

(g (29, 2-0)) KL (¢9)()]lp(2I2))

Figure 2.8: Variational Inference algorithm. The sum of F(g(z)) and
KL(q(2)||p(z]x)) is always a constant with respect to ¢(2). The variational free
energy F(qV)(z)) increases with each iteration j until convergence is achieved
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latent variables and unknown parameters 6, the equation in (2.21) can be reformu-

lated as shown below:

Inp(x;0) = KL (q(2)||p(2|2)) + F(q(2),0) = F(q(2),0) < Inp(z;0)  (2.30)
Consequently, the optimization problem to be addressed can be expressed as (2.31).

max - F(q(2),0) (2.31)

However, solving this optimization problem analytically for both ¢(z) and 6 simulta-
neously proves to be infeasible due to its complexity. Thus, the complex problem is
decomposed, and an iterative stepwise analytical solution is pursued until convergence
by fixing one entity while optimizing the other. The two steps of the expectation-

maximization algorithm are elaborated on in the subsequent discussion.

e E-step: Given #°'Y, the first step involves maximizing the variational free energy
with respect to the approximate distribution ¢(z). The specific problem of

interest is expressed below.

Argmax F (q(z),0°%)
a(z)

Assuming that the posterior is perfectly tractable, the free energy is maximized

when the approximate posterior is equal to the true posterior.
q"(2) = p(2]; 0°'%) (2.32)
e M-step: Once ¢*(z) is determined, the second objective is to maximize the

free energy with respect to the parameter #. The corresponding mathematical

problem of interest is presented below.

Arg max F (¢°(2),6°)

From (2.25),

0= [ven ( xfz)e))dz

/q VIn p(a, 9)dz+/q*(z) Ing*(2)dz



= (Inp(x, 2;0))gz) + ¢

where ¢ represents a constant independent of #. Consequently, the optimization

problem can be reformulated as follows:

QHGW

= Argmax  (Inp(z, 2;0))¢(2) (2.33)

2.5 Importance Sampling

Conjugate priors possess the crucial property of yielding posterior distributions that
belong to the same parametric family as the prior distribution. This property facil-
itates analytical tractability and simplifies the variational inference process, as the
optimal variational approximation can be derived in closed form. However, a funda-
mental challenge arises when we encounter scenarios where the use of non-conjugate
priors is either desirable or inevitable. The explicit knowledge of the normalizing
constant is often intractable for non-conjugate priors. In many applications, the prin-
cipal reason for estimating the posterior distribution is to evaluate the expected value

of some function f(z) under the probability distribution p(z), as shown in (2.34).

(f(2)) = / F(2)p(2)dz (2.34)

We assume that evaluating such expectations exactly through analytical tech-
niques is intractable. To address this, sampling methods are employed to obtain a set
of independent samples, z(l)(where [ = 1,..., L), drawn from the distribution p(z).

This enables the approximation of the expectation (11.1) through a finite sum.”

ll

F=2 3 F0) (2.35)

where L denotes the number of drawn samples and f is the basic Monte Carlo es-
timator of (f(z)). Suppose we seek to sample from a challenging distribution p(z),
which is difficult to directly sample from, under the assumption that the knowledge

of p(z) is limited to p(z) with an unknown normalizing constant Z,,.

1

pe) = i(2) (2360

p
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where p(z) can readily be evaluated. By leveraging an easy-to-sample/proposal distri-
bution ¢(z), which can be chosen independently, the importance sampling [78] frame-
work enables the estimation of the statistical quantities of interest. The expected

value of the function f(z) can be computed as shown below.

F=3 fem)i (2.37)

=1

where

D ond iy = VD)

Sy q(=(1))
Here ¢(z(1)) is defined similarly to (2.36). The samples z(I) VI € {1,2,...L} are

Wy =

(2.38)

now drawn from the easier distribution ¢(z), and the introduced bias from wrong
distribution sampling is corrected by w;. The support distribution ¢(z) is chosen in
such a way that it should not be negligible or zero in regions where p(z) may hold

significant values. The benefit of importance sampling is illustrated in the Fig. 2.9.

2.6 Kalman Filtering and Smoothing
Consider a general multivariate state-space model as shown below.

zp = Azj_1 +wi; wi ~N(0,Q) (2.39)
x, =Csp +vy; v ~N(0,R) (2.40)

where A € R™™ (C € RP*™ Q € R™™ and R € RP*P are the state-transition
matrix, the emission matrix, the state-noise covariance matrix, and the measurement
noise covariance matrix, respectively. Here z, € R™ ! and z, € RP*! represent
the state and the measurement, respectively. State estimation refers to the process
of inferring the hidden states of a dynamic system based on noisy and incomplete
measurements. The Kalman filter [83] and smoother [84-86] have demonstrated re-
markable success in addressing these challenges and have become essential tools in
various scientific and engineering domains. The motivation behind these techniques
stems from their unique ability to fuse incoming measurements with prior knowledge

of system dynamics, resulting in optimal state estimation. By recursively updating
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Figure 2.9: Importance sampling demonstration: Assuming the computation
and sampling of p(z) are challenging, the alternative distribution ¢(z) serves as a
surrogate for estimating the expected value of the function f(z). An effective ¢(z)
should have sample points concentrated in regions where p(z) f(z) exhibits high values.
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state estimates, these methods provide an efficient means to handle real-time and
online estimation problems.

The process disturbance w;, € R™*! and the measurement noise v, € RP*! are
assumed to follow Gaussian distribution. Therefore, the state transition and the

emission probabilities are defined as shown in (2.41)-(2.42).

p(Zk’Zkfl) = N(Zk; Azk,l.Q) (241)
p(@rlzr) = N(zw; Czi, R) (2.42)

The initial-state z; is assumed to follow Gaussian distribution with user-chosen mean

o and covariance X i.e.,
p(z1) = N (21; o, Zo) (2.43)

Lemma 1 [78,87]: Given a marginal Gaussian distribution for z and a conditional

Gaussian distribution for  given z in the form

p(z) = N(z;p, %) (2.44)
p(z|z) = N(z;Cz + b, R) (2.45)
The following equation holds
p(x) = N(z;Cp +b,CXCT + R) (2.46)
plalz) = N(zip+ K(z — (Cu+b)), (1 - KO)X) (2.47)
where
K =0T (CxC" + R)™! (2.48)

2.6.1 Kalman Filtering

The objective is to infer the probability distribution of the state z; given the values

of all observed variables upto zy, i.e., p(2x|®1.1) Yk € [1 N]
1. For k =1, the goal is to find p(z;|z;).

p(z1]z1) o< p(x1|21) p(21) [Bayes’ theorem]
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< N(z1; Cz1, R) N (215 po, Xo)
O(N(zl;p'zﬂmv EZ1\$1) [USiIlg (247)]

where
K, = %,CT(C2eCT + R) ™ (2.49)
Pz = Bo + K1 (21 — Apo) (2.50)
221|1‘1 == (I - KIC)EO (251)

2. Prediction: For k # 1, the goal for predictive step is to find p(zx|z1.6-1).
p(zkyxlzkfl) = N(zk§ Kzl g1 Ezk‘mlzkfl)
XX /p(zk|zk_1,mlzk_l)p(zk_l\xlzk_l)dzk_l[Law of total pI‘Ob&bﬂity]
o< /p(zk|zk_1)p(zk_1|x1:k_1)dzk_1 [Markov assumption]

X /N(zk’Azkl? Q)N(zkfl;uzk—llmlzk—17sz—lktlzk—l))dzk*l
=N (zk; Auzk—l‘zl:k—l’ AzzkfﬂzlzkflAT + Q) (USing (2'46>>

Therefore,

luzk|m1:k—1 = Aﬂ'zk—l‘mlzkfl (2'52)
b = A22k71|z1:k71AT +Q (2-53)

2k|T1:k—1
3. Correction: For k # 1, the goal for predictive step is to find p(zy|Z1.x)

p(zk|®1s) < p(2k|2k, ®1.0-1) p(2k|T1.6—1) [Bayes’ theorem]
x p(xg|zx) p(2k|®1-1) [Markov assumption]
X N(zklc‘zkv R) N(Zk; Hzplzyp 1> Ezk|3’1:k—l>

= N(Zk; Bz lzy.p s sz\-’ﬁ;k)

where
Kk = Ezk\%:kﬂcT(szkleLkﬂCT + R)il (2'54>
e N T Kk(xk - Cl"l'zk|z1:k71) (2'55)
Ezklzlzk = (I - ch)zzklznkq (2'56)
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2.6.2 Kalman Smoothing

The objective is to infer the probability distribution of the state z; given the values

of all observed variables upto zy, i.e., p(zx|Z1.n)

1. For k = N, the goal is to find p(2y|z1.x), which was previously computed during
the final stage of Kalman filtering.

p(zN’xliN) = N(ZN; Hzyley.n ZZN|9131:N> (2'57)
2. Smoothing: For k # N, the goal for smoothing step is to find p(z|Z1.x).

p(zk|$1:N) :N('zk;“zkh}l;]\m 23k|$1:N>
x /p(zk:|zk:+1axl:N)p(zk+1|m1:N)dzk+1

[Law of total probability]

X /p(zk‘zk+1ax1:N)N(zk+l;Il'zk+1|$1;N7 sz+1|$1:N)dzk+l (258)
Now the first term is further simplified as follows

P(2k|Zk+1, Z1.8) X D(2k11|2k, T1.6—1) P(2k|Z1.v) [Bayes’ theorem]
X p(2k+1|2k) p(2k|T1.6) [Markov assumption]
o N (2k41]Azk, Q) N (215 Baylzr 4r Daplons)
= N (215 Baylors T (Zh11 — Ao, ), (1= TA) Sz 0,,) (2.59)
[Using (2.47)]

where

Jp = ZZk\w1;kAT(AEzk|z1:kAT + Q)71 = Ezk\m;kATE;klﬂh;l:k (2'6())
Substituting (2.59) - (2.60) into (2.58) and using (2.46) yields

Hzplz.n = Hzplzgs + Jk(ﬂzk+1l$1:1\7 - Al*l’zk\m:k) (261>

sz|f'31:N = Ezklz‘hk + Jk<zzk+1|$1:N - sz+1|f'31;k)’]g (2'62>

The Python code presented below [2.1] is provided for research purposes, enabling

the computation of the predicted, corrected, and smoothed state.
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import pandas as pd
import numpy as np

from scipy.linalg import cholesky
from collections import OrderedDict

from numpy.linalg import inv

def kalman_filter_(x, A, Q,
>’’’ Implements Kalman Filter:
Inputs:
1) Noisy measurements

2) State-transition matrix:
3) State-noise covariance matrix:

6) Initial state mean

C,

R, mu_O,

x (p * N)

7) Initial state covariance:
8) Kalman Smoother: Optional
Outputs: A dictionary with

1) Predicted state
2) Corrected state
3) Smoothed state’’’

p, N = x.shape

if A.shape[0] != N:

A = np.repeat (A[None, , :1, N,
if Q.shape[0] != N:

Q = np.repeat(Q[None, :, :]1, N,
if C.shape[0] != N:

C = np.repeat (C[None, , 1, N,
if R.shape[0] != N:

R = np.repeat (R[None, , 1, N,
m = A.shape[1]
# Initialization
K = np.zeros((N, m, p))
zhat_pred, zhat_crt = np.zeros ((m,

#

Sigma_O,

A (N(optional) * m * m)

smoother=False) :

Q (NCoptional) * m * m)
4) Emission matrix: C (N(optional) * p * m)
5) Measurement-noise covariance matrix:
mu_0 (m * 1)

Sigma_0 (m * m)

axis=0)

axis=0)

axis=0)

axis=0)

R (N(optional)

N)), np.zeros((m, N))
P_pred, P_crt = np.zeros((N, m, m)),

np.zeros ((N, m, m))

K[0]=Sigma_0 @C[0].T @inv(C[0] @Sigma_0 @C[0].T +R[0])
zhat_crt[:, [0]] = mu_O0 + K[0] @ (x[:, [0]]

- C[0] @ mu_0)

P_crt[0] = (np.eye(m) - K[0] @ C[0]) @ Sigma_O
P_pred[0] = A[0] @ P_crt[0] @ A[0].T + Q[o]

for t in range(l, N):
# Prediction

zhat_pred[:, t] = A[t] @ zhat_crtl[:,

-t_

1]

P_pred[t] = A[t] @ P_crt[t-1] @ A[t].T + Q[t]

# Correction

K[t]=P_pred[t]@C[t].T@inv(C[t]@P_pred[t]@C[t].T+R[t])
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zhat_crt[:, tl=zhat_pred[:, tl+K[tl@(x[:, t]-C[t]@zhat_pred

:, t])
P_crt[t] = (np.eye(m) - K[t] @ C[t]) @ P_pred[t]
kf = OrderedDict ()
kf [’predict_state’], kf[’correct_state’] = zhat_pred,zhat_crt

if smoother:
zhat_smooth = np.copy(zhat_crt)
P_smooth = np.copy(P_crt)
Jhat = np.ones_like(P_crt)

for t in range(N - 2, -1, -1):
Jhat[t] = P_crt[t]J@A[t+1].T @ inv(P_pred[t+1])

zhat_smooth[:, t] =zhat_crt[:, t]l]+Jhat[t]@(zhat_smooth
[:,t+1] - zhat_pred[:,t+1])

P_smooth[t] = P_crt[t] + Jhat[t] @ (P_smooth[t+1] -
P_pred[t+1]) @ Jhat[t].T

kf [’smooth_state’] = zhat_smooth

return kf

Listing 2.1: Kalman filter and smoother Python code
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Chapter 3

Complex Probabilistic Slow
Feature Extraction with
Applications in Process Data
Analytics *

Today, in modern industrial processes, thousands of correlated process variables are
measured and stored. Dimension reduction techniques are often employed to con-
struct informative features by discarding redundant information. Slow feature anal-
ysis is one such technique that extracts the slowly varying patterns from measured
data. Oscillatory behavior is prevalent in process data due to inadequate control loop
tuning and external disturbances such as diurnal temperature variation. Extracting
these oscillatory patterns is vital in applications such as control loop monitoring, fault
diagnosis. Slow feature analysis may not extract oscillating patterns when the signal
to noise ratio is low in process data. This chapter proposes the complex probabilistic
formulation that extracts slow oscillatory features. We also present the Expectation-
Maximization algorithm to obtain the optimal parameter estimates. Finally, three
case studies are presented to illustrate the efficacy of the proposed formulation in soft

sensing and fault detection applications.

*This chapter has been published as: V. K. Puli, R. Raveendran, and B. Huang, in ”Com-
plex probabilistic slow feature extraction with applications in process data analytics, Computers €
Chemical Engineering, 154, 107456.
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3.1 Introduction

Data-driven models have gained enormous momentum due to the availability of a
vast amount of historical data obtained with advanced measurement and data stor-
age technologies. Significant correlations exist among the measured variables, and
thus the resulting input-output model often suffers from over-fitting. Therefore, di-
mensionality reduction techniques are often used as a pre-processing step in process
modelling to remove redundant information and extract informative variables called
features present in the data. The subsequent modelling between the features and
outputs is less computationally expensive as the extracted features are comparatively
of a lower dimension. Hence, feature extraction or latent variable modelling [88, 89
has attracted considerable attention from various scientific disciplines such as econo-
metrics, statistics, neuro-sciences, and industrial process modelling.

The most popular linear latent variable models include principal component anal-
ysis (PCA) [34,35,90], partial least squares (PLS) [37-39], independent component
analysis [40], slow feature analysis (SFA) [36] and canonical correlation analysis [91],
each projecting the higher dimensional data onto a lower-dimensional space based on
some optimization criteria. The probabilistic versions [54,55,92-94] have been devel-
oped to enhance the model interpretation and handle various complexities posed by
the real-world dataset. In addition, they work as generative models to obtain new
data samples from the given probability distribution and provide more insights into
the model characteristics.

Under healthy operating conditions, temporally related common variations govern
the process variables due to the dynamic nature of the plant. Those variations are
considered more important because of large process inertia, whereas quick changes
are attributed to noise or/and fault. SFA can derive such temporally related repre-
sentations; specifically, it extracts the slowly varying patterns from a set of correlated
variables. The probabilistic slow feature analysis (PSFA) [54] assumes a naive Gaus-
sian distribution for the observed variables, and hence, it fails to explain process data
with outliers adequately. Therefore, robust models [56,95] were proposed to deal with
data contaminated with outliers. Quality-relevant models [96-98] were proposed to

extract latent features from the information carried by both input and output vari-
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ables. Naturally, with probabilistic extensions, Bayesian versions can be obtained,
as shown in [77,99-101], by integrating prior process knowledge with historical data.
A non-stationary model [102,103] was presented to deal with the non-stationary dy-
namic data as probabilistic slow feature model can only extract stationary features.
Despite the advantages, the PSFA model has shortcomings that have not been
addressed previously in the literature. PSFA may extract slow oscillating features
only when the observed variables are error-free or with a high signal-to-noise ratio,
which is not the case in practice. Oscillations typically arise in process control loops
due to external periodical disturbances, inadequate controller tuning, and control
valve stiction. Faults in one process variable can propagate to various plant sections,
causing plant-wide oscillations. Plant-wide oscillations result in multiple problems,
such as higher energy consumption, low-quality product, and increased waste. The
identification of oscillations using data visualization is impractical due to the pres-
ence of various frequency segments coupled with measurement noise. Hence, the
issue of plant-wide oscillations diagnosis has been studied extensively using the non-
linearity tests [104], spectral envelope methods [10,105], and process topology-based
methods [11,13,14,106-109]. In this chapter, we propose the complex probabilistic
slow feature analysis (CPSFA) model to extract oscillating features in the presence of
noise. Further, we present a detailed methodology to identify the possible source(s) of
plant-wide oscillations. This chapter also demonstrates a simulation study that shows
the efficacy of extracted oscillating features in soft-sensor applications [110-113].
The remainder of this chapter is organized as follows. Section 3.2.1 presents an
overview of probabilistic SFA and discusses its advantages. In section 3.3.1, a novel
methodology to extract slow features with complex roots is introduced. Parameter
estimation procedure using the Expectation-Maximization algorithm and two effective
initialization strategies are presented in Section 3.3.2. In section 3.4, we illustrate
the applications of the proposed modelling algorithm using a simulational and two
industrial datasets obtained from the SACAC repository. In section 3.5, we present

the concluding remarks.
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3.2 Preliminaries

SFA, an unsupervised machine learning approach proposed by [36], extracts the slowly
varying lower-dimensional features from data. The linear feature extraction methods

available in the literature assume the model given in Eq. (3.1).
S=w"X; (3.1)

where S € RN and X € R™" are ¢ dimensional hidden features and m dimensional
observed variables with NV data samples, respectively. W € R™*9 is the weight matrix
that maps observed variables to the slow features. The feature extraction models
mainly differ in the optimization objective function. For example, PCA maximizes
the feature variability, whereas SFA minimizes the feature velocity. Section 1.1 details

its mathematical formulation, along with the associated optimization problem.

3.2.1 Probabilistic Slow Feature Analysis

In this section, we review the related studies of slow feature analysis using the prob-
abilistic approach [54,55]. The probabilistic formulation is presented in Egs. (3.2) -
(3.3).

s(k) = As(k — 1)+ w(k); w(k) ~N(0,Q) (3.2)
x(k) = Cs(k) +v(k); v(k) ~N(0,R) (3.3)
Several constraints are employed directly from traditional slow feature analysis, as

discussed in Sec. 1.3. Given the observed data X = {x(k) € R™,1 < k < N}, the
complete data joint distribution [78] is shown in Eq. (3.4).

N N
p(XlzN7 SI:N|A7 07 R) = Hp(xk|sk7 07 R) Hp(ski|sk—1a A)p(sl) (34)
k=1 k=2
where
p(sklse_1, A) = N(Asy_1, [, — AAT)Vk € (2,...,N) (3.5)
p(Xk|Sk,O,R) :N(CSk,R) Vk € (1,2,3,...,N) (36)

The initial states are considered to follow a standard Gaussian distribution and the

conditional distributions of latent and observed variables are shown in the Eq. (3.5)
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and Eq. (3.6), respectively. The maximum likelihood estimation can be employed to

obtain the optimal parameter estimates 6 £ {A, C, R}, as shown in Eq. (3.7).
0" = Arg nglng(X); where pp(X) = ;pg(X, S) (3.7)

It is difficult to maximize Eq.(3.7) and obtain an analytical expression for the optimal
parameters because of the presence of hidden variables. Expectation-Maximization
(EM) algorithm addresses this by iteratively improving parameter estimates using

the observed data.

3.3 Complex Probabilistic Slow Feature Analysis

The main limitation of the current probabilistic slow feature analysis formulation lies
with the state transition matrix structure. For the slow features to be independent,
it is assumed to be diagonal, and hence, the current formulation is restricted to the
systems with only real poles. We propose a novel formulation to remove this limitation

and encode possible oscillating features naturally, as shown in the Egs. (3.8) - (3.9).
(k)] | A° 0 s(k—1) we(k)|
[sr(k;)] - l 0 A ] [sr(k ~1)| T wrr) (3:8)

x(k) = Cs(k) + v(k); (3.9)
where
_ W) Q0 Y, .
wi = [mi < (0] 9 5 ) v~ aom
Unlike the diagonal state-transition matrix in classical formulation, we employ a
block diagonal matrix that accommodates complex eigenvalues along with the real
ones. Each block may either possess a single real pole or a pair of complex poles.

Further, we consider a specific (weak symmetric) structure for each 2 x 2 block in A

without loss of generality, as shown in Eq. (3.10).

Ac_bmdiagﬂo‘ﬂl gl} {O‘g §Q]}
P Mg qe

A" =diag{\, ..., \s. };
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where ¢, and ¢, refer to the number of real and conjugate pairs of complex poles,
respectively. The state-noise covariance matrix is defined as shown in Egs. (3.11) -

(3.12) to conform an identity state covariance matrix.

. 1—a?— B2 0
C: ¢ ¢ N C = J J N
Q° = blkdiag {Q5,. .., Q. }; QS ; —azog i B

Q" = diag{l — \},...,1— )\gr}; R = diag{ri,r2, ..., Tm}; (3.12)

The slow features, at k" instant, produced using the complex pair of eigenvalues and
real eigenvalues are denoted using s°(k) and s"(k), respectively. The corresponding

state-noise sequences are indicated by we(k) and w"(k), respectively.

qr

where s7' (k) and s§?(k) represent the two hidden slow oscillating features produced
by using the conjugate pair of complex eigenvalues «; +43; and o; —if3;, respectively.
The two slow-feature sequences sj' (k) and s7* (k) differ in two ways. First, the actual
signal varies because of state-noise, and the state-noise variance determines the extent
to which they differ. The second difference is the temporal difference, meaning that
the two sequences share the same power spectral density but different phase angle.
Further, wj' (k) and wj?(k) represent the two state-noise variables drawn from the
Gaussian distribution with mean zero and variance 1 — a? — BJZ. The hidden slow
feature, denoted by sj(k), is generated with the help of real pole \; and the state-

noise variable wj (k). The slowness measure, velocity of the obtained complex features,

can be derived and calculated using Eq. (3.13).
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v(sit) = ((s5 (k) — 57 (k — 1))

J

{
= (((aj = 1)s§ (k = 1) + By (k — 1) + wj (k) )
(

= (o — 1)%(s5 (k — 1)")i + BH(s3 (k — 1)%)5 + (w5 (k)*) (3.13)
= (0= 1"+ 87+ (1= af = )
=2(1 - ay)

From the Eq. (3.13), it can be seen that for any slow feature, whether derived from
either real or complex pole, the velocity depends on the eigenvalue’s real part. A large
«; implies strong correlation between s;(k) and s;(k —1) and the Eq. (3.13) confirms
that s;(k) will have slower variations with a lower velocity. Since the proposed slow
feature model is general in the sense that it can capture oscillatory dynamics and
is equivalent to a state-space model with specific constraints to accommodate the
slowness preference, it can be used for control design with an inclination towards
controlling slow dynamics. In summary, the unknown parameters to be estimated are
the state-transition matrix elements {(ay, 5;); 1 < j < ¢}, {\; 1 <1< ¢}, emission

matrix C' € R™*? and the measurement noise variances {r;; 1 <i < m}.

3.3.1 Parameter estimation using the EM algorithm

In this section, we derive the EM solution using (2.32)- (2.33) to obtain the optimal
parameter values of the proposed model. We obtain the Eq. (3.14) by applying the
logarithm operator on both sides of the Eq. (3.4).

N

N
log p(X,S|A,C, R) =log p(s1) + Zlog p(Sk|sk—1, A) + Zlog p(Xk|sk, C, R)
k=2 k=1
(3.14)

where

q 1
log p(s1) = —§log 2m — 53{51;

_ gV 1)
2

N

N-1
> " log plsklsi-1, A) log 2w — ( 5 )log 11, — AAT|
k=2

N
1
> <§(sk — Asp1)" (I, — AAT) (s, — Askl)) ;
k=2
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N N
> "log p(xkls. C, R) = —mTIOg 2m — S log ||

: _ Z ( xi — Csp)" R (x5 — Csk>) ;

Here | | and log denote the determinant of matrix and the logarithmic operator,
respectively. The expression Q(6,607!) is obtained by taking the conditional expec-
tation with respect to the observed data on both sides of Eq. (3.14). Here 67!
denote the parameter estimates in the previous ( — 1) iteration. Further, Q(6,671)
is differentiated with respect to € and then equated to zero to obtain the update
expressions for each parameter. Taking the derivative of (Q—function with respect to

A and equating it to zero yields Eq. (3.15).
Ci A} 4+ A+ e\ + ey =0 (3.15)
where
¢, = —(N —1);

c, =Y Exgr {s](k)sj(k — 1)}
c, = (N =1) =Y Exgir {s](k)s](k)} = > Ex g {s](k — 1)s(k — 1)}

N
=Y Bxgir {s](k)s(k — 1)}
k=2

Taking the derivative of ()—function with respect to o;; and equating it to zero yields

Eq. (3.16).

aj, 08 + aj,0 + aj,05 + aj, =0 (3.16)
where
aj, = —2(N —1);

_ZEW, {55 (R)sSH (k — 1) 4 s@(k)sP(k— 1)}

aj, = 2(N — 1)(1 - g7~ +25"12Exgn1{3 (k—1) — 55 (k — 1)s?(k) }
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N
=) Ex g {85 (k)s5 (k) + 57 (k)s$ (k)
+s

12
jo = ajz(l - ﬁgn )

k=13 (k—1) +s7(k—1)

J

s (k= 1)};

Taking the derivative of ()—function with respect to ; and equating it to zero yields

Eq. (3.17).

bj, 35 + b, 87 + b, B + bj, =0 (3.17)

bj3 = _2(N - 1);

bjy = Y Ex gt {5 (k)s?(k — 1) — 55 (k — 1)s? (k) } ;
k=2
bj, = 2(N —1)(1 — o) + 2] ZEXGn s (k — 1)+ 52 (k)s2(k — 1)}

- ZEW {5 () (k) + 52 (R)s2 (k) + 5 (k — 1)s (k — 1)

+532(k—1)s?(k—1)};

J

bjo = bj2<1 - 0/']2)

J

Therefore, the estimates {\/, a;?, 5;7} at current iteration 7 can be calculated as the
real root of the cubic Eqs (3.15) - (3.17) such that the magnitude of the eigenvalues
lies within the (0 1) range. The extracted eigenvalues always satisfy this condition
due to the constraint presented by Eq. (1.12), given a stationary observed data.
Similarly, by setting the partial derivatives of @)—function to zero with respect to C
and {r;; 1 < i < m}, the update expressions can be obtained using Eqgs. (3.18) -
(3.19) [78].

N N -1
" = ZEXWA {xks;‘f}] ZEX,M% {sksf}] (3.18)
k=1 k=1
n 1 - 2 2 n
r, = NZE)(,gn—l {[El(k)} —_C ZEXGW 1{Skxz( )}
k=1



N
IR .
+NC"(Z,:)§ Exgn-1 {sksi, } C"(i,:)" (3.19)
k=1

The update equations derived earlier are functions of parameters of the posterior
distribution p(S|X, 67 !). The Kalman filter and Kalman smoother algorithms are
employed to infer the expectations of p(S|X,077!) and the same is summarized in
Algorithm 3.1 and 3.2, respectively. The expectations of the posterior distribution
p(S]X, 07 1) can be evaluated using Eq. (3.20) - (3.22) [78]. Eq. (3.23) can be used

for monitoring the convergence of EM algorithm.

Exon-1 {sk} = fix (3.20)
Ex gn-1 {Sksz_l} = Vk(];?_l + ﬂkﬂgq (3.21)
Exgont {sks } = Vi + fufip (3.22)
N
log p(X|07) = "log N(CApr_1,CP1C" + R) (3.23)
k=1

Algorithm 3.1 Kalman Filter
Input: X and {A,C, R} at iteration (n — 1)
,u1:K1X1 Vi:Iq—Klo K1:CT(00T+R)71 fork:2,3,...,N do
Pk—l = A(Vk_l—]q)AT+]q K = A,uk_l‘f'Kk(Xk—OA,uk_l) Vk = (]q_KkC)Pk—l
K, = Pk_lCT(CPk_lCT + R)il
end
Output: py, Vi, BVE € {1,2,... N}

Algorithm 3.2 Kalman Smoother
Input: juy, Vi, PVk € {1,2,..., N}, and A at iteration (n — 1)
,&N:,UN VN:VN fOI‘]{:N—l,N—Q,...,ldO

| = ViAT(P) Y i = e+ Tl — Apn) Vi = Vi + Jo(Vips — Po)JYE
end
Output: i, ViVk € {1,2,...,N}
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3.3.2 Initialization strategy

The EM algorithm is susceptible to locally optimal solutions without appropriate
initial parameter guesses. Further, it takes several iterations to reach the desired
tolerance of the parameters with each random initialization, and each iteration of
the algorithm is computationally expensive. Therefore, two different strategies are

devised to construct efficient initial guesses as discussed below.

3.3.2.1 Using Linear slow feature analysis

The first initial parameter guess construction is based on the deterministic solu-
tion. [54] have shown that the deterministic solution is equivalent to the maximum-
likelihood estimation solution in the limiting case. Hence, the deterministic solution
has been used to construct initial guesses for the EM algorithm in [55]. We establish a
similar relationship between the deterministic version and the proposed formulation.
Given m input variables, the deterministic formulation, shown in Eqgs. (1.1) - (1.5),

can be solved to obtain a maximum of m slow features that satisfy Eq. (3.24).
X=w-1ts (3.24)

where each row of S is a slow feature with increasing velocity. Eq. (3.24) can be

decomposed for any ¢ (< m), as shown in Eq. (3.25).
X=W; TS + W5 TS i1im (3.25)

where W, T and W, T denote the first ¢ columns and the last (m — ¢) columns of
W~T respectively, Sy, and S, 1., denote the first ¢ rows and the last (m — ¢) rows
of S, respectively. Since Eq. (3.3) and Eq. (3.25) are equivalent in the limiting case,
the initial guesses for the emission matrix and measurement noise covariance matrix

can be established as follows,
Co=WT: Ry = diag(Wy " Wyh)
The averaged velocity of each of the slow features in S., can be computed using the

Eqn. (3.26).

o(Si) = ﬁ SO(S:(k) — Silk — 1))? (3.26)

k=2
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Hence, the initial guess vector that represents the diagonal entries (or the real part
of eigenvalues) of the state transition matrix can be estimated using Eq. (3.13) as

follows,

U(Squ)
2

From Eq. (3.13), we can also infer that the slow feature’s velocity depends only on

a():l—

the eigenvalue’s real part. Hence, the velocity of the two slow features produced
by a conjugate pair of eigenvalues is equivalent as they share the same real part.
Conversely, we assume if the velocities of two slow features are equal, then their
corresponding eigenvalues may be a complex conjugate pair. Given two deterministic
slow features s; and s, with corresponding real part guesses «; and a4 such that
(a; — ajy1) < €, the initial guess for the imaginary part §; can be estimated using
Eq. (3.17) with deterministic slow features replacing conditional expectations in the

coefficient expressions i.e.,

k=2
N
by, =2(N=1)(1—a3) = (s )+ 8j1(k)sji1(k) — s;(k — 1)s;(k — 1)
k=2
N N
— sk = Dsja(k — 1)) + 205 Y si(k)s;(k — 1) + 205 Y sj01(k)sjea(k — 1)
=2 h—2

bjo = bj2<1 - 052')

J

3.3.2.2 Using Subspace Identification

State-space identification methods like MOESP (Multivariable Output-Error State-
Space), N4SID (N4 System Identification), and CVA (Canonical Variate Analysis) are
classical techniques used in system identification to estimate linear dynamic models
from input-output data. They aim to estimate the state-space representation of the
system (as shown in Eqs. (3.27) - (3.28)), which includes state variables 2y, input-

output relationships, and noise characteristics.

2(k) = Fz(k — 1)+ d(k); d(k) ~ N(0, P) (3.27)
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x(k) = Hz(k) + v(k); v(k) ~N(0,R) (3.28)

The key differences between subspace identification and the identification of the
PSFA model using iterative algorithms like expectation-maximization or variational

Bayesian inference are outlined below:

e The estimated state-transition matrix F' and process noise covariance matrix P
are non-diagonal. Additionally, F' and P are treated as independent parameters,
causing the state covariance matrix not to be equal to the identity matrix,

thereby violating the basic requirements of slow features.

e While subspace identification methods possess an analytical solution, the han-
dling of complexities in industrial process data, such as outliers and skewed

noise, may not be facilitated.

e Additionally, the incorporation of process knowledge pertaining to the involved
parameters into subspace identification methods may not be easily accom-

plished.

Nevertheless, intelligent initial guess parameters can be constructed, potentially
leading to early convergence and/or higher likelihood. The procedure is summarized

below.

e CVA implemented to obtain the unconstrained model, as shown in Eqgs. (3.27)

- (3.28).

e Since the state-transition matrix is block-diagonal in the proposed model, we
use similarity transformation matrix G to achieve the same. The G matrix is

constructed with the help of eigenvectors of F' matrix.

G- [wel - ikl G - g, ]

where g7¢ and gé-m are the real and imaginary parts of the eigenvector corre-
sponding to j™ complex conjugate eigenvalue pair of F' and g, is the eigenvector

of I"" real eigenvalue of F.
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e Since the latent states follow unit variance constraint in the proposed formula-

tion, the parameters v;, d; are optimized such that:

diag(AAf + Qo) = T

e The mathematical procedure is summarized below.
Gz(k) = FGz(k — 1) + d(k);

x(k) = HGz(k) + v(k);
— 2(k) =G 'FGz2(k—1)+ G 'd(k); w(k) ~ N(0,Qo);

Ao (k)
(k) = HGa(k) + 9(k): 9(k) ~ N(0, Ro):
Co

where z(k) = Gz(k) and Qy = G'PG™T

e Now with {Ag, Cy, Ro} as initial guesses for { A, C, R}, the iteration is performed

until convergence.

3.4 Simulation and Applications

In this section, three case studies are presented to showcase the performance of com-

plex probabilistic slow feature analysis formulation given noisy data.

3.4.1 Simulation

In this subsection, we present a simulation study to illustrate the efficacy of the
proposed formulation in soft sensing applications. A total of six hidden oscillating
sequences h*(k) € R®*! were generated using a general state-space model with the

state-transition and the noise covariance matrices shown below,

0.8 0.16 0.14 0.2 0.6 0.3 ]
—-06 05 03 08 07 —=09
—-0.13 0.13 06 0.7 03 —04

A=1 _015 05 —07 046 01 05 |
—03 —05 04 —0.6 018 059
| 013 —04 08 —03 —059 0.8 |
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where Dg, ¢ is a randomly drawn matrix from the standard uniform distribution. The
observation dataset is generated with the help of an emission matrix CY,, 4 drawn from
the standard uniform distribution and Gaussian measurement noise, such that the the
ratio of true response variance to the noise variance is 0.1. Low signal-to-noise ratio
often results in poor prediction performance, thereby restricting the models’” end use.
A regression vector m* = [0.56 0.19 0.69 0.34 0.42 O.QO]T was used to generate

a sequence of quality variable y* from the latent features using Eq. (3.29).
y (k) = h*(k) 'm* + e*(k) (3.29)

Therefore, the generated dataset consisted of 12 variables and one quality variable
with 5000 data samples. The observed variables with their corresponding velocities
(v) and Pearson correlation coefficients (p) against the quality variable are shown in
the Fig. 3.1. It can be inferred that the observed variables have low correlations with
the quality variable since the measured variables are fast varying, whereas the quality
variable is relatively slow.

Figure 3.2 shows the extracted slow features using deterministic formulation along
with their corresponding power spectral densities (PSD). We infer that the overall
signal power is shared by multiple frequency components from the PSD plots. Hence,
the deterministic features lack the oscillatory nature required to explain the quality
variable. The extracted complex slow features along with their corresponding PSDs
and estimated eigenvalues (A) are shown in the Fig. 3.3. The state transition matrix
order was assumed to be the number of measured variables. The proposed formula-
tion extracts some useful features that are highly correlated with the quality variable
without resort to output knowledge. Besides, oscillatory behaviour is perceived effec-
tively since fewer frequency components share the overall power in each of the first
six slow features. A linear regression model was built between the quality variable
and four highly correlated slow features as shown in Eq. (3.30). The order (d) was
chosen to be four since the additional slow feature did not result in lower root mean

square error (RMSE) on the test data.

y*(k) = sra(k)" b+ e(k) (3-30)
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Figure 3.1: Normalized dataset with 12 variables (Only 300 data points are shown
for better visualization)
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Figure 3.2: Extracted deterministic slow features
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Figure 3.3: Extracted slow oscillating features

The performance of the proposed formulation was compared with the other linear
latent variable models, using lagged observations, that are widely used in the litera-
ture. We choose dynamic ordinary least squares (OLS), PSFA, dynamic PCA [114],
dynamic SFA, and dynamic PLS [115]. The stacking order of lagged measurements
is assumed to be one since the hidden variables in CPSFA evolves according to the
first-order autoregressive model. The latent features were chosen based on the cor-
relation criteria in each of the above models, and the number of latent features was
fixed to be four for comparison purposes. The performance parameters RMSE and p
between the measured and the predicted quality variable are shown in Fig. 3.4. The
significant difference in the two indices for CPSFA compared to other latent variable

methods demonstrates its improved predictive abilities.

3.4.2 Industrial Case Study-1

In this section, we use the hydrogen reformer unitwide oscillatory data obtained from
the South-East Asian refinery for the case study. A flow diagram of the process is
shown in Fig. 3.5. The light hydrocarbons react with high-temperature (700°C' —
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Figure 3.4: Performance comparison (four highly correlated features are chosen in
each method)
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1000°C) steam in the presence of a nickel catalyst under (3 — 25) bar pressure in the
reformer to produce hydrogen and carbon oxides. Finally, the hydrogen is separated
from the mixture stream as product flow {11} using the Pressure Swing Adsorption
(PSA) unit. The residual H, is fed back to the reformer as the off-gas flow {34} to
maximize Hy recovery.

The industrial dataset’ [116,117] includes the data of 25 controller loops. In total,
67 variables that include twenty-five controller output variables (OP), twenty-five
process variables (PV), twelve indicator variables (IV), and 5 set-point (SP) variables
were used for the following study. Remaining set-point variables were neglected as
they were constant during the chosen time range. Further, the dataset is divided into
a training set with 1000 data samples and cross-validation set with 441 data samples
to compute the optimal model order.

The proposed formulation was applied to the training dataset with a pre-chosen
order varying from one to ten. The optimal model order was chosen based on the log-
likelihood value of the cross-validation data. Fig. 3.6 shows the cross-validation data
likelihood for various model orders. For the current case study, the optimal order
was chosen to be six as there was no significant improvement in the log-likelihood
value with an additional feature. Finally, the extracted slow features with their
corresponding PSDs are shown in Fig. 3.7.

The hidden features are interpreted as the causal variables that drive the observed
variables. Since there were oscillations in the observed data, and the CPSFA captures
the oscillating behaviour, the extracted feature(s) may contain the oscillatory root
cause(s). The oscillatory source(s) among the extracted slow features is chosen based
on the frequency band. The frequency band is defined as the set of frequency com-
ponents that contribute to the overall signal power. The oscillatory slow feature with
faster frequency components may be considered as a more critical oscillatory source.
Low-velocity oscillating features are relatively less-problematic since they comprise
low-frequency components. The larger imaginary part of the eigenvalue conforms
to the oscillatory behaviour, and a smaller real part corresponds to faster frequency
components. Therefore, a metric called oscillation index (w) is defined as the loga-

rithm of ratio of absolute values of eigenvalue’s imaginary to the real part, as shown

tAvailable online at https://sacac.org.za/resources/
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Figure 3.6: Cross validation data log-likelihood value vs. model order

in Eq. (3.31). The oscillation index is computed for each slow feature, and the slow

feature with the highest w is considered as the primary hidden source.

B

2Ivie{12,..q} (3.31)

w; = log

The fifth slow feature in Fig. 3.7, which offers a higher w, was chosen to be the
primary hidden source of the plant-wide oscillations. Further, a frequency match
(F 2, 5) is defined in Eq. (3.32) as the correlation between the magnitude of the
variables in the frequency domain. It is a measure of the amount of common frequency
content between two variables. The normalized frequency match, as shown in the Eq.
(3.33), was computed between the chosen hidden oscillatory source and each measured
variable.

0.5
Fos = / xi(F)IIsC)Idf Vi € {1,2,...,m)

-0.5

(3.32)

N
~ 2 Palflistil fo=-05+ .

in,s

29

’Fﬂﬂi,s




0.6
411,=0.007, A,=0.997+0.001i

~ 0.4}

PSD

0.2r

0 200 400 600 800 1000 1200 1
time fin Hz
v,=0-007,7X,=0.997-0.00Ti 0.6F '
5 04t
Y] (m]
(2] ()]
Q- 0.2}
_5 , ) ) ) ) O
0 200 400 600 800 1000 1200 1072

time fin Hz

PSD3

0 200 400 600 800 1000 1200

41V4=0.015, 1,=0.993+0.003i 06t |
L

0 0.2

2 0 =

; 1072
time fin Hz
. 0.6
u4=0.015, )\4=0.99 -0.003i
Dv 0.4r1
wn
o o2f
0
0 200 400 600 800 1000 1200 102
time fin Hz
- 0.4
4 z/5=0.156, A5=0.922+0.322|
2 0
" ol | 2} 0.2r
2
0
0 200 400 600 800 1000 1200 102
time fin Hz
5 0.4
4 z/6=0.156, >\6=0.922-0.32 i
2 (e}
° ol ! 9) 0.2r
I | o
2
- O e M A
0 200 400 600 800 1000 1200 102
time fin Hz

Figure 3.7: Extracted oscillatory slow features
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where x;(f) and s(f) are the " observed variable and the chosen hidden source,
respectively. The variable with the highest frequency match is the possible root cause
of oscillations among the observed variables. This method essentially provides a
priority order set of a possible sources of oscillations. The summary of the proposed
methodology to detect the root cause of the plant-wide oscillations using CPSFA is
shown in Table 3.1. The algorithm is primarily designed for offline data analysis.
If online application is desired, a moving window approach may be applied and the

steps shown in Table 3.1 can be applied to the data within the window.

Table 3.1: Plant-wide oscillations source detection algorithm

1. Import the plant-wide oscillations dataset.

2. Form a time-series matrix X with PV, SP, OP, and IV variables.
3. Perform data standardization.

4. Extract oscillating features using CPSFA.

5. Compute oscillation index w; V j € {1,2, ..., ¢}. The oscillatory feature
with highest w is chosen to be the primary hidden source.

6. Calculate normalized frequency match |F,, | V i € {1,2,...,m} be-
tween the primary hidden source and the observed variables.

7. Obtain the priority order checklist of observed variables for possible
root cause of plant-wide oscillations.

The normalized frequency match of various observed variables is shown in Fig. 3.8.
We observed that seven variables have a high normalized frequency match with the
selected oscillating slow feature. Further, five {2,3,10,13,24} of them were process
variables, and two {20,34} were indicator variables. Tag 20 indicates the methane
composition in the reformer output, and Tag 34 represents the off-gas flow into the
reformer. It was observed that the normalized frequency match of the five process
variables was higher than their corresponding controller output variables. It means
that the corresponding controllers were successful to an extent in mitigating the oscil-
lations, and hence, the possibility of control valve stiction was ruled out. Therefore,

the source of oscillations in the five process variables were either the two indicator vari-
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Figure 3.8: Frequency match of 67 input variables with the chosen oscillating feature

ables or faulty hardware sensors that measured the corresponding process variables.
Hence, the priority order checklist for the current industrial case study is as follows.
The two indicator variables must be inspected first, followed by the corresponding
hardware sensors of the five process variables. The analysis in [118] conforms that

the off-gas flow was indeed the origin of plant-wide disturbances.

3.4.3 Industrial Case Study-2

In this section, we adopt the Australian refinery process data* provided by [119]
to illustrate the ability of the proposed method to detect the source of plant-wide
oscillations given noisy data where the oscillations are not apparent, unlike the first
industrial case study. Figure 3.9 shows the distillation process under consideration,
a separation unit that contains five control loops, namely temperature (T'C1), steam
flow (FC1), an analyzer (AC1), upstream (PC1) and downstream pressure (PC2)
control loops.

The setpoints are constant during the chosen time range; hence, we used only the

process variable and controller output data of all control loops for the current analysis.

fAvailable online at https://sacac.org.za/resources/
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Figure 3.9: Australian refinery separation unit [1]

A measurement noise with a signal-to-noise ratio of 0.2 was added to showcase the
ability of the proposed algorithm in the presence of noise. The observed data with
and without measurement noise is shown in the right and left column of Fig. 3.10.
Further, the dataset is divided into a training set with 700 data samples and cross-
validation set with 200 data samples to compute the optimal model order.

The same idea discussed earlier was applied to the two datasets (noise-less and
noisy) to obtain the optimal model order. The cross-validation noise-less and noisy
data log-likelihood values reached the maximum for the CPSFA model with ten and
six slow features, respectively. The normalized frequency match of various variables
against the primary hidden source given noiseless and noisy data is shown in the
left and right column of Fig. 3.11, respectively. We observed that the FC1 related
variables have the highest normalized frequency match in both the cases, and hence,
the flow controller loop was most likely to be the primary source of plant-wide oscil-
lations. The slow oscillating feature with the next highest w was assumed to be the
second hidden source of the disturbance as there were more oscillating features, un-
like the first case study. The frequency match corresponding to the second oscillating
hidden source given noiseless and noisy data is shown in the left and right column of
Fig. 3.12, respectively. From Fig. 3.12, it is concluded that a secondary disturbance
was observed in PC1 and PC2 based on the metrics obtained using noise-less data
(as shown in the left subfigure). However, the same observation was not identified

using the noisy data (see the right subfigure). It was identified in [1] that the steam
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flow loop contains a faulty orifice flow meter, which was the root cause of the primary
disturbance. Thus the proposed analysis can be performed effectively to detect and

diagnose the primary source of plant-wide oscillations.

3.5 Conclusion

This chapter discusses the primary shortcoming of the classical probabilistic slow fea-
ture analysis. The diagonality premise of the state-transition matrix is postulated
to obtain uncorrelated hidden features, and hence, in principle, it cannot be used
to extract slow oscillating features. We propose a novel data-driven model that can
extract slow features with oscillating patterns. The state-transition matrix is aug-
mented to include a pair of complex eigenvalues that provide the oscillating nature,
and hence, it can no longer be a diagonal matrix. The strength of the proposed al-
gorithm was shown using three case studies. The first one was the simulational case
study that depicts the efficiency of proposed formulation over other latent variable
models in soft sensing applications. Two industrial case studies were shown, one with
high-dimensional dataset and the other with increased noise dataset, which uses the
complex probabilistic slow feature analysis to detect and diagnose the oscillating fault.
The potential problems for further study include the possible extensions to handle
traditional industrial dataset complexities such as outliers, missing data, non-linear

characteristics.
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Chapter 4

Variational Bayesian Approach to
Nonstationary and Oscillatory
Slow Feature Analysis With
Applications in Soft Sensing and
Process Monitoring *

Extraction of underlying patterns from measured variables is central to various data-
driven control applications, such as soft-sensor modelling, statistical process monitor-
ing, fault detection and diagnosis. More often than not, the observed variables display
non-stationary characteristics and oscillations due to the changes in operating con-
ditions and problems in controller tuning. Such variations pose a great challenge to
conventional feature extraction methods. Hence, we present a probabilistic drift-type
non-stationary oscillating slow feature model that can separate oscillating patterns
and non-stationary variations from measured data. Further, the measurement noise
of each variable is independently modelled to account for the fact that not all the
observed variables have the same level of uncertainty. Finally, the feature extractor
parameters are estimated under a variational Bayesian framework to incorporate the
prior information and obtain corresponding posterior distributions. The proposed
methodology is applied to solve a fouling monitoring problem for an industrial oil

production process.

*This chapter has been published as: V. K. Puli and B. Huang, ”Variational Bayesian
Approach to Nonstationary and Oscillatory Slow Feature Analysis With Applications in Soft
Sensing and Process Monitoring,” in IEEE Transactions on Control Systems Technology, doi:
10.1109/TCST.2023.3240980.
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4.1 Introduction

Although reliable, the first principle-based approaches for complex industrial pro-
cesses are seldom available and are time-consuming for domain experts to derive
even if they are available. Due to superior instrumentation and sensor technolo-
gies, a massive amount of process data are already available. Therefore, process
history-based data-driven strategies are favourably employed for diverse applications.
Operational tasks, such as predictive modelling [5], fault diagnosis [6-8], quality mon-
itoring, plant-wide oscillation detection [9-12], causality analysis [13-16], are greatly
simplified by utilizing machine learning and deep neural network techniques. Al-
though data-driven approaches do not require a pre-determined model, they suffer
from several other issues. Primarily, the presence of highly correlated variables may
result in an input-output model that often suffers from ill condition. Furthermore, the
temporal relationships, non-linearity, and the underlying patterns in the data reduce
the efficacy of the machine learning algorithms if not accounted for explicitly.

Latent variable models [88,89,120,121] are often employed in process modelling to
overcome some of the issues mentioned earlier. Essentially, these techniques extract
features from the raw data with statistical preferences. They are used for information
compression as the dimension of the extracted features is typically lower than that
of the original data. The most celebrated latent variable models include principal
component analysis (PCA) [34, 35, 90], partial least squares [38,39, 122], indepen-
dent component analysis [40], slow feature analysis (SFA) [36], dynamic inner PCA
(DiPCA) [123], and dynamic inner canonical correlation analysis (DiCCA) [124,125].
Further, the probabilistic versions [54,55,92-94| have been developed to address mul-
tiple complexities posed by the real-world dataset, such as uncertainties, outliers, and
missing values.

Understanding the dynamic behaviour of the process is essential for equipment
design, quality control and shutdown-startup procedure. SFA [36] is an unsupervised
learning technique that can extract temporally related patterns. It has been success-
fully applied in statistical process monitoring [43,45,95], predictive modelling [126]
and unit-wide fault detection [127] applications. Chao et. al [55] presented the
probabilistic version of the slow feature model (PSFA) and provided the methodolog-
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ical details to estimate its parameters. The traditional PSFA was further extended
to handle the outliers [56] and output time-varying time delays [128]. A few other
works [96-98] were developed to incorporate the quality relevant information in slow
feature extraction. The complex slow feature probabilistic model [129] was recently
proposed to extract the slow oscillating patterns from noisy measured data where the
oscillations are not apparent.

Due to aging equipment and feedstock changes, the chemical process data often
exhibit non-stationary behaviour. A time series is said to have non-stationary be-
haviour if its statistical properties, more importantly, the mean and variance vary
with time. The non-stationary patterns in a time series may be manifested due to
the presence of unit roots, drifts, deterministic trends, and structural breaks [130].
Application of traditional PSFA, where the non-stationary behaviour is not mod-
elled explicitly, will result in parameters with huge variances. Therefore, Zhao et
al. [102] introduced a hybrid approach that combines deterministic SFA with cointe-
gration analysis to extract features from non-stationary data. Further, Scott et. al
(NSPSFA) [131] has developed a unit root-based slow feature framework to extract
non-stationary features in a probabilistic framework.

Most of the extensions discussed so far assume the unknowns are non-random with-
out any prior knowledge and hence employ the Expectation-Maximization algorithm
to obtain point estimates. On the other hand, the Bayesian framework facilitates
the incorporation of process knowledge and modelling preference in the form of prior
distributions. Therefore Bayesian model identification is popular in machine learn-
ing [77], signal processing [132] and the engineering domain lately. In the Bayesian
approach, the joint distribution over observed variables y and unobserved variables v

can be written as follows

p(y,v) = plylv)p(v)

Given an observed value y* of y, the Bayesian inference involves the computation
of posterior distribution p(rv|ly = y*). Unlike classical parameter learning, this is
the primary advantage where v is a non-random quantity. A further advantage is the
computation of log model evidence log p(y) that serves as a metric to compare various

models. Variational Bayesian inference (VBI) [133-136] framework was introduced
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to avoid the integral intractability that is inevitable in the presence of unobserved
variables. VBI approaches were used to model causal relations [137], estimate time-
varying time delays [138, 139], monitor multi-modal processes [140], identify models
[141, 142] and develop soft sensors [143-145]. The variational Bayesian version of
PSFA (VBPSFA) [99] was developed to model the uncertainties in the parameters
of the slow feature model effectively. A transfer learning-based slow feature analysis
technique was recently proposed using variational Bayesian learning [146] to transport
information for performance enhancement.

However, the VBPSFA [99] model has several shortcomings that have not been
approached earlier in the literature. It may not extract slow oscillating features due
to the diagonal limitation on the state-transition matrix. The complex probabilistic
slow feature analysis (CPSFA) was recently proposed [129] to address the related issue
using the expectation-maximization (EM) framework, where the model parameters
are treated as non-random quantities. Further, the estimated variance of the unob-
served variables can be massive when VBPSFA is applied to non-stationary data since
the non-stationary behaviour is not represented explicitly. Finally, a single entity was
used to account for all the observed variables’ noise variance, but each observed vari-
able can have a different level of uncertainty. Therefore, we propose a novel technique
called variational Bayesian complex probabilistic slow feature analysis (VBCPSFA)

that can deal with the aforementioned issues. The contributions of the chapter are:

e A novel model is proposed to separate the drift-type non-stationary patterns

and oscillating features naturally from the observed data.

e Each observed variable’s noise is modelled independently to account for different

levels of uncertainty.

e A truncated Gaussian distribution is employed to model the state-transition
parameters to restrict the magnitude of the complex eigenvalue within the unit

circle.

e The analytical expressions for the posterior distributions of all the unobserved
variables are derived and presented using the variational Bayesian inference

framework.
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The remainder of this chapter proceeds as follows. Section 4.2 summarizes the
essential ideas from the literature. Specifically, Sections 4.2.1, 4.2.2 and 4.2.3 discuss
PSFA, CPSFA and VBPSFA | respectively. In Section 4.3, the proposed model is pre-
sented. It includes the mathematical formulation and prior distribution information,
followed by parameter learning using variational inference. Section 4.4 demonstrates
the efficiency of the proposed modelling algorithm using a numerical simulation and
an industrial application to the once-through steam generator industrial facility. This
chapter ends with closure remarks in Section 4.5. The list of notations and their cor-

responding descriptions are shown in Table 4.1.

4.2 Revisit

Wiskott and Sejnowski [36] coined the term ”slow feature analysis”, which can extract
the slowly varying features from observed data. The probabilistic versions [54,55] of
slow feature analysis have been developed in recent years, and they are more flexible

in dealing with real-world data.

4.2.1 Probabilistic Slow Feature Analysis

PSFA is an extension of SFA using a probabilistic framework [147]. It constitutes
a linear Gaussian state-space model to describe the feature dynamics in the latent

space explicitly. The PSFA formulation [55] can be presented using (4.1) - (4.2).

sp = Asp_1 +wy;  wi ~ N(0,Q) (4.1)
yi = Osp +vp; v ~N(0,T7Y) (4.2)

where A € R™™ C € RP*™ @ € R™™ and I' € RP*P denote the state-transition
matrix, the emission matrix, the state-noise covariance matrix, and the measurement
noise precision matrix, respectively. A and @) are assumed to be diagonal to obtain
uncorrelated slow features. The state variance is considered to be unity to obtain
stationary slow features and avoid a trivial solution. This leads to (4.3), where a; and

¢; are the i diagonal entries of A and Q respectively.

a;+q =1 (4.3)
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Equation (4.4) restricts the diagonal entries of matrix A to ensure stability.

a; € (0 1) (4.4)

Table 4.1: List of Notations

Symbol Description Symbol Description Symbol Description

k Time instant. R Set of real numbers. 1, Identity matrix of size p.

S Slow feature vector at &' instant. ’wk Slow feature noise vector at k" instant. m Number of features.

Y Measured vector at k'™ instant. Vg Measurement-noise vector at k" instant. P Number of measured variables.

A Slow feature transition matrix. Q Slow feature noise covariance matrix. C Matrix mapping from s, to y;.

v Unobserved random variables set. Vs Subset of v. 12 Complimentary set i.e., v - v,.

i it" diagonal entry of matrix Q. a A’s eigenvalues real part vector. b A’s eigenvalues imaginary part vector.
hy Non-stationary feature vector. w? Non-stationary feature noise vector Y3 Stationary observed vector.
i Non-stationary observed vector. o Diagonal drift matrix. [4 Diagonal vector of ©.

D Matrix mapping from s, to y*. E Matrix mapping from hy, to y*. my No. of oscillating slow features

p1 No. of stationary measured variables D2 No. of non-stationary measured variables my No. of non-stationary features

A Non-stationary feature r Stationary measurement A Non-stationary measurement

noise precision matrix. noise precision matrix. noise precision matrix.

8 Diagonal vector of A. ¥ Diagonal vector of I'. A Diagonal vector of A.

Mq Mean of a;’s prior distribution. my Mean of b;’s prior distribution. 6y Mean of 8’s prior distribution.

Vg Variance of @;’s prior distribution. vp Variance of b;’s prior distribution. o Covariance of @’s prior distribution.
¢ i column vector of CT. d; i column vector of DT. e; i™™ column vector of E7.
m,, Mean of ¢;’s prior distribution. mg, Mean of d;’s prior distribution. m,, Mean of e;’s prior distribution.

Ve, Covariance of ¢;’s prior distribution. Va, Covariance of d;’s prior distribution. Ve, Covariance of e;’s prior distribution.
ag 0;’s prior distribution shape parameter. y Ai's prior distribution shape parameter. oy 7i’s prior distribution shape parameter.
Bs &;’s prior distribution rate parameter. B Ai’s prior distribution rate parameter. By ~;'s prior distribution rate parameter.
x, Slow features with eigenvalues a + ib 2 Slow features with eigenvalues a — ib e.n = [stnihin]

T Set of hyper-parameters. E Expected value N No. of data points

4.2.2 Complex Probabilistic Slow Feature Analysis

The probabilistic slow feature analysis formulation assumes that the state-transition
matrix is diagonal; hence, the PSFA cannot extract the oscillating patterns. Hence,
Puli et. al [129] proposed the complex probabilistic slow feature analysis to accom-
modate complex poles and encode oscillating features naturally. The CPSFA can
be formulated using (4.1) - (4.2), but A is assumed to be block diagonal matrix to

accommodate complex eigenvalues, as shown in (4.5).

A = blkdiag ; (4.5)

1 b1 a% b
—by a7 [~bn a

SERE

The state-noise covariance matrix adjusts to the structure, as shown in (4.6), due to

the constraint given by (4.3).

The slow feature s, exhibits oscillating characteristics due to the presence of com-
plex eigenvalues in the state-transition matrix. Finally, the optimal point parameter

estimates were obtained readily using the EM algorithm in an iterative manner.
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4.2.3 VBI for parameter learning

EM framework can only provide point parameter estimates and cannot incorporate
prior process knowledge as it is a purely data-driven approach. On the other hand,
Bayesian methods can integrate process information using prior distributions and
compute posterior distributions. The calculation of posterior distributions and log
model evidence is computationally expensive and often intractable due to unobserved
random variables. Therefore, a statistical framework called Variational Bayesian In-
ference [77,79,148] was proposed to overcome such issues. The log model evidence

can be decomposed as the sum of variational free energy and KL divergence using

(4.7).

logp(y) = F(q(v)) + KL(¢(¥)||p(v|y)) (4.7)
= v)lo p(y.v) v v)lo M v
- [« ”g( /() ) w [ ”g<p<u|y>) !

where ¢(v), p(v|y) and p(v,y) denote the variational distribution over unobserved ran-

dom vector v, true posterior distribution and the generative model, respectively. The
variational free energy, also called the lower bound, is maximized with respect to pro-
posal distributions, iteratively. Further, the mean-field approximation is introduced

to reduce the complexity of the solution, as shown in (4.8).

qv) < q(vs)q(vs) (4.8)

where v, denotes a subset of unobserved variables and v\, indicates its complimentary
set. Finally, the optimal variational distribution can be obtained using variational

calculus as shown in (4.9).

log q(vs) o< (log p(Y,V))qw.,) (4.9)

Readers are referred to Section 2.4 for a detailed explanation. The Bayesian versions
of PSFA models can be obtained, as shown in [99,100]. The preference for slowness has
been implemented by assuming Beta prior distribution for A. The prior distributions
of the emission matrix and the noise precision variable are assumed to be Gaussian

and Gamma, respectively.

A= dia'g(ala ag, . .. 7a7TL>; p(al) = Beta(aaa /6(1)
73



C=fer e o )" ple) =N(0,807)

I'=9I,;  p(y) = Gamma(ay, 5,) (4.10)

4.3 VBCPSFA for non-stationary process

Although CPSFA may be used to extract slow oscillating features, the EM-based
approach has its limitations, as mentioned in subsection 4.2.3. Further, the CPSFA
formulation forces the variance of hidden features to unity, and hence, it may only
extract stationary features. Therefore, we propose a novel approach called variational
Bayesian complex probabilistic slow feature analysis to address these shortcomings.
More specifically, it can derive both non-stationary features and slow oscillating fea-

tures from the data with independent noise modelling.

4.3.1 Mathematical Formulation

The non-stationary behaviour is modelled using the random-walk with drift type
hidden feature. In contrast to the pure random walk model [131], a random walk with
a drift [149] contains a deterministic trend, resulting from the variable ©. Therefore,
a constant mean and constant variance is not maintained in the data. Since the
eigenvalues of the non-stationary feature state-transition matrix do not lie strictly

within the unit circle, this segment can be used to model slow and indefinitely growing

signals. The VBCPSFA can be formulated using (4.11) - (4.12).

{Zﬂ B {j(é)1 [:j {Zij i {g} [1] + {Z%} ; (4.11)
Bﬂ - LG) g] {Zﬂ T+ (4.12)
where
] (o[ ));
v ~ N (0, [F; AQID :
Let

a=|a; as ... aml}T; b:[bl by ... bml]T



O = diag(8); 6=1[0, 6, Oms] " ;
A =diag8); §=1[0 0 ... O] ;
A=diag); A=[M A o A
[=diag(y); v=[n %2 - W) ;

where s, € R™*! y¢ € RP1*! and y7¥ € RP2*! denote the oscillating slow feature,
stationary, and non-stationary observed variable, respectively. The drift-type non-
stationary behaviour is captured by h;, € R™2*!. Further, A € R™>™ @ ¢ Rm2xm2
{C e Rr*™m D e RP2*™ and E € RP2*™2} represent block diagonal state-transition
matrix, diagonal drift matrix and block-wise emission matrices, respectively. The
precision matrices of non-stationary state variable noise, observed stationary variable
noise, and observed non-stationary variable noise are denoted by A € R™2*™2 A €
RPr*P1 and T' € RP2*P2 | regpectively. Unlike a single random variable in (4.10), the
precision matrices are proposed to be diagonal to accommodate different uncertainty

levels for different variables.

4.3.2 Prior distribution information

Now we introduce prior distributions of various random variables using either mod-

elling preference or conjugate distribution properties, as shown below.

1. A truncated Gaussian prior distribution between 0 and 1 is utilized similar

to [146] for the real part of eigenvalue, as shown in (4.13).

2

pla) = Hp(ai|0 <a;<1) (4.13)

=1

where

p(a;|0 < a; < 1) = TN (mg,v,,0,1)

o ()
Vi (1) v ()
‘I>(£)=\/12—7Te><p <—%>



where m, and v, denote the mean and variance parameters of the prior distri-

bution, respectively.

. A truncated Gaussian prior distribution is proposed for the imaginary part of
the eigenvalue between 0 and v/1 — a? to ensure the norm of the eigenvalue is

smaller than one, as shown in (4.14).

p(b) = f[p(bi]O <b < /1-a2) (4.14)

where

p(bl|0 <b; < A/ 1— CL?)

= TN(mb,vb, O, 1— a?)

b;—m,
1 ® (“7)
\/U_b\IJ \/l—a?—mb _ —my
N N

where m; and v, denote the mean and variance parameters of the prior distri-

bution, respectively.

. A Gaussian prior distribution is assumed for the drift random variable 8 to

facilitate the learning process as shown in (4.15).

(|;f;|)_m:2 exp (—%(0 —00)" Vo (0 - 00)> (4.15)

where 6, € R™*! and V € R™*™2 denote the mean and variance of the prior

distribution, respectively.

. We assume Gamma distribution for the precision variable § as shown in (4.16)

since 9 is always greater than zero.
mo
p(6) =[] p(6:) (4.16)
i=1

where

Bs™

p(az) = Gamma(C“éa 55) = F(Oé(;)
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where o and (5 indicate the shape and rate parameters of the prior distribution,

respectively.

. We assume Gaussian distribution owing to conjugate distributional properties
for the emission matrix C' that relates the stationary observed variables and

slow oscillating features as shown in (4.17).

p(C) =] te) (4.17)

where

and ¢; € R™>*1 m, € R™>*! and V,, € R™>*™ denote the it" row vector of C,

mean and covariance parameters of the prior distribution, respectively.

. We consider a normal distribution for the emission matrix D that relates the

non-stationary observed variables and slow oscillating features as shown in

(4.18).

p(D) = ][ rldy) (4.18)

where

where d; € R™*! m, € R™*! and V, € R™*™ denote the it" row vector of

D, mean and covariance parameters of the prior distribution, respectively.

. A Gaussian distribution is considered due to modelling preference for the emis-

sion matrix F that associates the non-stationary observed variables with the
7



random-walk drift features as shown in (4.19).

P2

p(E) = [ ples) (4.19)

where

where e; € R™2*1 m,, € R™2*! and V,, € R™2*™2 denote the i'" row vector of

FE, mean and covariance parameters of the prior distribution, respectively.

. We assume Gamma distribution for the precision matrices A,y to facilitate the

parameter learning, as shown in (4.20).

=100 plv) =10 (4.20)
where

B Las—1 .
o) AT exp(=Aify)

p(o5) = Gamma(a ) = ool ™ exp(—i)
Y

p(\i) = Gamma(ay, 8)) =

where oy, and By, 8, indicate the shape and rate parameters of the prior

distribution, respectively.

. The conditional distributions of the hidden and observed variables are shown

in (4.21) considering Gaussian distribution properties.

p(sk|sk_1,a,b) = N(Asy,_1, I,,, — AAT)
p(hglhi_1,0,6) = N(hy_1 +0, A7) (4.21)
Pilsk: O, ) = N(Csi, A7)
p(Y:|sy, by, D, E,y) = N(Dsy, + Ehy, T™1)
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Figure 4.1: Probabilistic graphical model of VBCPSFA

The graphical depiction of VBCPSFA is shown in Fig. 4.1. Finally, the set of user-
chosen prior parameters, unobserved random variables and observed variables are in-
dicated by 7 € {mq, va,my, 5,00, Vo, a5, Bs, M, Ve, My, Vi, me,, Ve, By, oy, By}
v € {si.n,hi1n,a,0,0,0,C, D, E X\ v}, and Y € {y.n, ¥y}, respectively. The ob-
served variables, unobserved random variables and variational prior parameters are
denoted by shaded circle, white circle and text without circle, respectively. Here zy,
and z; represent the slow oscillating features corresponding to complex eigenvalues
a+1b and a — b, respectively. The joint distribution over the observable and the un-
observable variables is formulated to derive the update expressions for the parameters

governing the variational distributions, as shown in (4.22).

1ng(Y7 S7 H? a7 b7 07 67 C? ‘D7 E7 A?’Y)
= ].Og p(y1N7 h’l:N? 81N|a7 b7 07 67 C? ‘D7 E7 A?’Y) + 10g p(a7 b? 07 67 C? ‘D7 E7 A?’Y);

N N
= log p(s1) + logp(h1) + Y _log p(sk|se-1,a,b) + > _log p(hx|hy_1,0,6)

k=2 k=2
N N =
+> logp(yilsk, C;A) + D log p(yi°[sk, bi, D, E,v) + Y log p(ailma,, va,)
k=1 k=1 =1
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my

p1

2 m2
+ ) log p(bilas, ma,,v,) + Y log p(dilas, Bs) +log p(B]8o, Vo) + > _ log p(eilme,, V)
=1 =1 =1
p2 P2 P2

p1
+Y log p(dilma,, Va,)+ > _logpleilme,, Vo, )+ log p(Ailas, B3)+ _ log p(vilas, By);

i=1 i=1 i=1 i=1

(4.22)

4.3.3 Proposal distributions

Equation (4.9) is applied for each unobserved variable v, and the variational parame-
ter update equations are presented below. Further, the functional expectations of an
unobserved variable are computed and subsequently used in updating other variable
parameters. Here (-); stands for the statistical expectation of a random variable and
N denotes the number of data samples. Note: The iteration number 7 is omitted for

all the random variables in this subsection for ease of notation.

1. The proposal distribution of the latent variables e;.y = [81.n; h1.v] can be writ-

ten as shown in (4.23).

log g(er:n) o<(log p(Y1:v, V) g, )
x(log p(e1.n|y1:n, V\elﬁN»‘I(V\el;N) (4.23)

However, the expected value of the function log p(e1.n|y1:n, Ve,.n ) OVer the vari-
ational distribution g(1Ae,., ) is generally not equal to the function with averaged

parameters as shown below.

<logp(elzN‘y1:N7 V\e1:N)>q(l/\e1;N) 7é 1ng(el:N|y1:N7 <V\61;N>q(l/\eltN))

We implement the mean and fluctuation decomposition theorem discussed by
David Barber [150] to infer the variational distribution ¢(e;.) using the classi-
cal Kalman-Rauch-Tung-Striebel smoothing algorithm. Specifically, the expec-
tations viz. (e]l), (efel”), and (e]_,e]") are computed. Readers are referred

to [99,146, 150] for more details.

2. The proposal distribution of € is Gaussian whose hyper-parameters are derived

as

V)= {Vo b (AN - 1)}
80



my =V <<A> Z<hk> —(4A) Z<hk—1> + %_190)

k=2 k=2

3. The derived proposal distribution of ¢; is Gamma:

= as+ S
5 =550 (%) + i) + )
_Zgﬁghi 1) = Z<hl hi—1)(0i) + Bs
k=2 k=2

4. The derived proposal distribution of ¢; is Gaussian:

N —1
Vel = {‘/Cil + () Z<5k3£>}
=1
N .
m, =V <<)\z’> > (sup + chlmci>

k=1

5. The derived proposal distribution of d; is Gaussian:

V) = {vdil + (7) Z<sks{>}

6. The derived proposal distribution of e; is Gaussian:
N -1
‘/e? = { e Z hkh }
3 ~ (1) 5
m{, =V <<%>Z<hk> Ui+ Ve tme, — 205 ) (s ><di)>

7. The derived proposal distribution of \; is Gamma:

L/ _
Qy, =a) + 7

B =6+ 5 = Do (e ) + 5 Dt (el i)



. The derived proposal distribution of v; is Gamma:

_ N
Oé%_ 047 + ?
1= B SR — S ) (k) — D i (e h)
+ % > tr ((did] ) (sisp)) + % > tr ((ee] ) (hichl)) + > tr ((di)(e]) (husi))

9. The proposal distribution of a;, b; up to a proportionality constant is shown in
(4.24). Since the priors are chosen on the constraint that the resultant eigen-
value is within the unit circle, it is not conjugate to the Gaussian likelihood.
Hence, the posterior distribution does not belong to any known families, and
therefore, the update expressions of the posterior distribution parameters can-

not be derived analytically.

C](Gubi) X Q(Gi,bi)

where
1 2—2 ali 1b2—2 bz \/1_ 2 —
log ¢(ai, b;) = ) G 7 MaGi | - % 7 L0 log {erf( % mb)

Va 2 Up 2Ub

N P2 i\2
—My o 9 1 ()" + (2)°)

—erf — (N —-1)log|l —a? —b7| — =
er ( 2Ub)} ( )Og‘ a/z l| 2; 1_@@2_[)22

1 a+b2 (x z xx’ + zr 2t
__Z( k1)2k1 ta Z ELEg—1 k§1>
2 — 1—a —b; 1—a b;

%22 1 22% 1)
4.24
1—a?-0? ( )

—i—bz‘

The principal reason for writing the posterior distribution is to compute the dis-

tributional parameters and thus evaluate the functional expectations of the random

variables. Hence, we employ the numerical sampling technique to obtain samples

vt 2, .. vl independently from the target distribution ¢(v) and approximate the

I

expectation of some function f(v) asymptotically as shown in (4.25)

Eyu{f(v)} = /f(y) q(v)dv~ f = %Zf(yl) (4.25)



where L denotes the number of drawn samples and f is the basic Monte Carlo esti-
mator of By {f(v)}. Since the target distribution given by (4.24) is complex, it is
impractical to sample directly from it. Therefore, biased importance sampling [99]

can be applied to approximate the functional expectations directly using (4.26).

F=3 rehyiwh (4.26)

=1

X:LLZ% and w(V') = gg"g. The samples v' V1 € {1,2,...L} are
j=1 WV v

drawn from an easier distribution g(v), and the introduced bias is corrected by .

where (/') =

The support distribution g(v) is chosen to be the truncated Gaussian distribution for
simplicity. The functional expectations of the transition variables required to update
the parameters of other random variables are shown in (4.27).
2, 12
a+b a b 1
f(a/’ b) 6 ) ) Y Y
l—a2—-0"1—-a®?-0"1—-a?—-0b*"1—a®—-0?

a2, a,b%,b, log {\1/ (%) . (7%”)}} (4.27)

log |1 —a® — b?|,

4.4 Simulation and Applications

In this section, the effectiveness of the proposed modelling algorithm in predictive
modelling is investigated with the help of a simulation and an industrial case study.
The prior parameters are selected based on the cross-validation data performance and

preference for slow oscillations, as shown below:

e The mean and covariance are chosen to be zero vector and identity matrix for

all the unobserved random variables whose prior is a Gaussian distribution.

e The shape and rate parameters are chosen to be 0.5 and unity for all the unob-

served random variables with a Gamma distribution prior.

e The truncated Gaussian distribution prior parameters {m,v} of the random
variables a and b are selected to be {0.5,0.04} and {0.7,0.025}, respectively,

thus inducing a modelling preference for oscillations.
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4.4.1 Numerical case study

It is shown in [129] that the velocity of the generated oscillating feature is dependent
on the real part of the eigenvalue. Therefore, the block diagonal state-transition ma-

trix shown in (4.28) is utilized to generate oscillating patterns with different velocities.

0.96 0.211’[0.65 0.75” (4.28)

A =blkdm~"{{-o.21 0.96| " [—0.75 0.65

Further, 0%, |, CY. 4, D3, 4, E3. 5 are randomly drawn matrices from the standard Gaus-
sian distribution. 8%, is drawn from a standard uniform distribution to obtain pos-
itive values. The precision matrices A}, ,,I'5, ., are chosen so that the ratio of the
variance of noise-free observed variables to the noise is equal to three to produce
noisy observed variables. Finally, eight measured variables are generated with the
help of six hidden features and corresponding parameters using (4.11)-(4.12). A
quality variable q is produced, as shown in (4.29), with the help of the stationary

oscillating features s*, a regression vector m* and an additive noise e*.
_ooxT % * 4.29
Q. =8, m* +e; (4.29)

where m* ~ N(0,1). The observation data and their corresponding Pearson cor-
relation coefficients (p) against the quality variable are shown in the Fig. 4.2. The
generated dataset with 2000 data samples is divided into training and cross-validation
sets. The hyper-parameters of the prior distributions are chosen with a preference for
slowness and oscillating patterns. The extracted features using the VBCPSFA are
shown in the Fig. 4.3. The optimal order, i.e., four stationary and two non-stationary
features, in this case, is obtained based on the value of log model evidence log p(y)
computed using the cross-validation data. The higher correlation coefficients indicate
that the features possess superior prediction abilities.

Finally, we compare the proposed methodology with other linear unsupervised
state-of-the-art models available in the literature for soft-sensing applications. The
original data are used for all the dynamic models such as SFA, DiPCA, DiCCA,
PSFA, NSPSFA, VBPSFA, CPSFA, and VBCPSFA. In contrast, the data are stacked
with the time-delayed copies up to order two for static models like OLS and PCA,
so the comparison is fair. The latent dimensions for the PCA, SFA, DiPCA, and
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DiCCA are chosen based on the predictability of extracted features against the quality
variable. On the other hand, the log-likelihood is utilized for the remaining iteration-
based models. The performance metrics RMSE and p between the measured and the
predicted quality variable, along with the latent dimension and CPU time, are shown
in Table 4.2. We observe that the VBCPSFA features, followed by CPSFA, result in
lower RMSE due to explicit modelling of the oscillations. The computation time is
relatively higher since the parameters in the proposed algorithm are obtained in an
iterative manner. Further, a Monte-Carlo simulation is performed in each iteration
to compute the expectations of a and b, as shown in (4.25)-(4.27). It is observed that
a higher dimensional process data mainly increases the dimension of C, D, E, A, T.
Since the exact update expressions for all those parameters are explicitly available,

an increase in the dimension does not incur additional computation time.

Table 4.2: Performance comparison

H Method | latent dimension ‘ p ‘ RMSE ‘ CPU time (s) H

OLS 13 0.51 2.3 0.012
PCA 10 0.56 | 2.01 0.028
SFA 8 0.68 1.8 0.062
DiPCA ) 0.66 1.4 0.1
DiCCA 6 0.71 1.6 0.08
PSFA 11 0.55 | 2.16 13.12
VBPSFA 10 0.76 1.2 28.78
NSPSFA 8 0.71 1.5 13.16
CPSFA 8 0.82 | 0.99 14.69
VBCPSFA 6 0.94 0.8 21.05

4.4.2 Industrial case study

Steam-assisted gravity drainage is a process where steam is pumped into the sub-
surface oil reservoir through a steam injection well to reduce the viscosity of the
bitumen. The low-viscous bitumen and the condensed steam emulsion then flows
downwards due to gravity and are subsequently pumped to the surface through the
production well. Further, the emulsion is treated to produce boiler feed water (BFW)

for new steam generation. Although several water treatment methods are being used
86



in series, the boiler feed water still contains impurities, such as oil, grease, silica
and sulphates, responsible for fouling in steam generators. The fouling material is
physically removed by a process called pigging, during which the unit must shutdown.
A temporary shutdown is associated with multiple problems that oil companies are
trying to avoid. Therefore, developing a model that can extract the fouling pattern
is extremely important to plan the pigging events.

The development of monitoring techniques [151] is challenging since fouling de-
pends on the equipment type, feed temperature and impurities. A popular method is
to monitor the pressure difference between the inlet and outlet. However, it may not
be reliable because of noise. Further, several other factors may affect the pressure
difference other than fouling. Different fouling mechanisms [152,153] were developed
depending upon the assumptions on fouling deposit and removal rate. The saw-
tooth trend is a fouling mechanism that assumes an overall increasing trend with
a periodic decrease due to the shedding of fouling deposits after reaching a thresh-
old amount. Therefore, the start of high-amplitude oscillations marks the threshold
phase. The increasing trend can be attributed to the fouling amount since the fouling
material builds up over a period of time. This section presents an industrial applica-
tion that leverages the proposed methodology’s ability to separate oscillations from

non-stationary behaviour.

Table 4.3: OTSG process variables

BFW Temperature (C) Steam temperature (C)
BFW Pressure (Kpa) Steam pressure (Kpa)
BFW flowrate (%)) Field differential pressure (Kpa)
Oil and grease (ppm) Fuel gas flow rate (%)

This study considers eight variables (listed in Table 4.3) from a once-through steam
generator [154] for fouling buildup monitoring. Two pigging events were performed
in May 2015 and August 2016, respectively. Hence, the process monitoring methods
are expected to raise continuous alarms before those two events. We calculate False
Alarm Rates (FAR) to compare the ability of different models in fouling monitoring.
FAR is the fraction of the number of alarms raised during the first 90% operating time
between two consecutive pigging events. A total of 4060 data points, spanning four
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consecutive years, are used for the current study. The pressure difference evolution
between the inlet and the outlet is shown in the Fig. 4.4. We observe that the plot

is quite noisy.

Pressure difference
T

2 T T

Pigging event 2

6 I I I I I I
Jan 2014 Jul 2014 Jan 2015 Jul 2015 Jan 2016 Jul 2016 Jan 2017 Jul 2017

Figure 4.4: Pressure difference (For the proprietary reason, all data have been nor-
malized)

Two statistics [131,155], namely Hotelling 77 and squared prediction error (SPE),

are constructed to detect the operating condition changes, as shown below.
T = sp S, 'sk; SPE, =y S, yr (4.30)

where y, = Cs, + y;., C' is the emission matrix, s is the latent vector and yj, is the
residual vector. The latent and the residual vector covariance matrices are denoted
by s and X, respectively. The proposed formulation is applied and compared with
other extensive process monitoring techniques like NSPSFA and CPSFA.

The T? and SPE statistics constructed with the help of NSPSFA, CPSFA and
VBCPSFA features are shown in Fig. 4.5, Fig. 4.6 and Fig. 4.7, respectively. The
statistics follow a chi-square distribution to set the control limits. Table 4.4 indicates
the performance comparison between different methods based on false alarm rates.
Although NSPSFA-SPE statistic indicates that most of the observations match the
NSPSFA model output, NSPSFA is prone to false alarms due to its inability to ex-

tract oscillatory patterns. The CPSFA-T? statistic produced relatively fewer false
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alarms. Still, the model is ineffective as it cannot separate drift-type non-stationary
patterns from oscillatory behaviour. Finally, the VBCPSFA-SPE statistic demon-
strates that the proposed model accommodates most of the observations. Further,
the VBCPSFA-T? statistic continuously exceeds the 95% confidence limit around
three regions, i.e., April 2015, July 2016 and February 2017. Since the VBCPSFA-T?
statistic is constructed with the help of oscillating features, the three regions can
be attributed to high-amplitude oscillations. The extracted drift-type non-stationary
feature is shown in the bottom subplot of the Fig. 4.7. We observe two sudden drops
in its evolution, supported by two performed cleaning events in May 2015 and Au-
gust 2016. Thus, the proposed methodology can correctly extract fouling patterns
and help schedule the cleaning events. A block-diagonal state-transition matrix is
a more general representation to which other structures may be converted through
a similarity transformation. The extracted model using the proposed methodology
possesses this structure automatically. Nevertheless, some mismatch may still exist
since any feature extraction is an approximate representation of the actual process
to capture the main dynamics of the process. We observe that the efficiency of the
proposed model is better than the other existing models due to its ability to separate

oscillatory patterns from non-stationary variables.

Table 4.4: False Alarm Rates

H Method | Pigging Event 1 | Pigging Event 2 H

NSPSFA 0.41 0.53
CPSFA 0.46 0.59
VBCPSFA 0.10 0.05

4.5 Conclusion

This chapter develops a VB approach to extract slow oscillating and non-stationary
hidden features. A random walk with drift-type property is utilized to model the
non-stationary behaviour. Further, the measurement noise of each variable is inde-
pendently modelled to handle dissimilarities in the uncertainty. An efficient algorithm

is derived to estimate the distributions of underlying parameters using VBI. The pri-
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mary advantage is that the proposed algorithm fuses the prior information with the
observed data and thus naturally accounts for the uncertainty in the parameters.
Two case studies are demonstrated to verify the proposed algorithm’s efficacy in soft-
sensor and fouling monitoring applications. The proposed algorithm can be extended
to handle processes with varying operating conditions and non-linearities by assuming
locally linear models. Further, heavy tail distributions like Student’s t or Laplace can

be considered for the measurement noise to construct robust models for outliers.
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20

0 )
Jan 2014 Jul2014 Jan2015 Jul2015 Jan2016 Jul2016 Jan2017 Jul2017

SPE statistic with 95% confidence limit

1000 T T T T @ T

800 [ 1
600 - I 1
400 [ 1
200 [ 1

0
Jan 2014 Jul2014 Jan2015 Jul2015 Jan2016 Jul2016 Jan2017 Jul2017

Figure 4.5: T? and SPE statistics using NSPSFA features
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Figure 4.6: T? and SPE statistics using CPSFA features
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Figure 4.7: T? and SPE statistics using VBCPSFA features

91



Chapter 5

Nonlinear Slow Feature Analysis
for Oscillating Characteristics
under Deep Encoder-Decoder
Framework *

Slow feature analysis aims to linearly transform measured data into uncorrelated sig-
nals that vary from slow to fast. While earlier extensions successfully extracted slow
features from nonlinear sequential data, they lacked a modeling preference for non-
stationary and oscillating features due to constraints on the prior distribution. To
address this limitation, a semi-supervised encoder-decoder architecture is proposed in
this chapter, integrating a statistical preference for such characteristics. This regular-
ization is achieved by introducing a first-order autoregressive Gaussian prior within
a regular variational auto-encoder framework, as opposed to the standard Gaussian
distribution. The evidence lower bound associated with the proposed model is de-
rived within the variational Bayesian inference framework, and the model parameters
are estimated iteratively. The effectiveness of the proposed approach is evaluated on

both simulated and real industrial processes.

*This chapter has been submitted as: V. K. Puli and B. Huang, ”Nonlinear Slow Feature Anal-
ysis for Oscillating Characteristics under Deep Encoder-Decoder Framework,” in IEEE Transactions
on Industrial Informatics, 2023
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5.1 Introduction

Process industries usually involve quality-related/target variables that are often dif-
ficult to measure using sensors due to physical, monetary and safety constraints.
Therefore, data-based models are constructed to predict the target variables based
on easy-to-measure/input variables [137,144,156,157]. The prediction performance is
affected by the high dimensionality, noise and spatiotemporal correlations of the raw
data. To address this, dimensionality reduction techniques are commonly applied as
a pre-processing step to uncover meaningful patterns, known as features, from the
measured variables.

The literature offers a range of extraction techniques tailored to the specific charac-
teristics of the extracted features. Among these techniques are dynamic inner princi-
pal component analysis [123], dynamic inner canonical correlation analysis [124], and
slow feature analysis (SFA) [36], which aim to extract intrinsic dynamic properties
in a reduced dimensional subspace. SFA, in particular, focuses on extracting slowly
varying patterns from the time-series data. However, it lacks a proper representation
of the underlying dynamics. To address this limitation, probabilistic SFA [54,55,158]
has been proposed. This approach employs a first-order autoregressive model to cap-
ture feature evolution and models the noise using probability distributions, providing
better handling of outliers [56]. Additionally, various extensions, both determinis-
tic [97], and probabilistic [98], have been proposed to extract quality-relevant slow
features. More recently, complex probabilistic slow feature analysis [129] has been
introduced to explicitly model oscillatory patterns in the feature space. Further-
more, a variational Bayesian approach [49] has been presented to separate drift-type
non-stationary behavior and slow oscillating features.

Encoder-decoder networks [159-163] have achieved superior performance in learn-
ing representation from nonlinear data. These frameworks consist of two main com-
ponents: an encoder that processes the input data and encodes it into a latent vector
representation and a decoder that takes this latent vector and generates the desired
output. Kingma et al. [164,165] introduced a regularization approach by constrain-
ing the posterior distribution towards a pre-chosen prior distribution, typically a

standard Gaussian. This regularization ensures that the latent variables’ distribu-
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tion aligns with the prior knowledge, allowing for more meaningful representations.
However, this traditional regularization approach is limited to static latent variables,
where the data dynamics are not considered explicitly.

Several interesting extensions [166—168] have been proposed to approximate the
posterior of the dynamic latent variables using recurrent neural networks. Jiang et
al. [169], in particular, considered the probabilistic slow feature analysis model [55]
as a prior distribution for the latent variables, thus facilitating the modelling prefer-
ence. Although the proposed methodology can extract slow features from nonlinear
sequential data, it has several shortcomings. The generative model may not ade-
quately separate oscillating slow features from drift-type non-stationary data due to
the restricted structure of the prior distribution. Furthermore, the authors assumed
that the approximate posterior distribution of the latent variable at the current time
step s, depends only on its previous time step s,_; and the current observation yy,
which is a major deviation from the exact posterior’s variable dependency structure
(details are provided in section 5.3.2). Given the assumption in [169] that s; depends
solely on s;_; and yy, utilizing a gated recurrent unit (GRU) to model the mean of
the posterior distribution may not offer a significant advantage, as GRUs are more
advantageous for handling long-term dependencies. Finally, the proposed framework
only considers a generative model for the target variable containing missing values
without any inference model for their imputation, while in this work, we consider the
imputation of missing target variables. We propose a novel learning algorithm called
oscillating slow feature inference network (OSFIN) to deal with the aforementioned

issues. The contributions of the chapter are summarized below:

e A novel learning algorithm is proposed, where the posterior distribution is in-
fluenced by a statistical preference for separating slow oscillating characteristics

from drift-type non-stationary data.

e Parameter sharing is introduced to constrain the magnitude of complex eigen-

values within the unit circle.

e The structure of the posterior, given the target and input variables, is derived,
and the inference model is designed to have a noncausal form, resulting in a

smoothing effect.
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e An additional inference model is proposed to impute missing target variables.
The evidence lower bound corresponding to the proposed model is derived

within the framework of variational Bayesian inference.

The remainder of this chapter is organized as follows: In Section 5.2, several
probabilistic slow feature extensions from the literature are introduced. Section 5.3
presents the proposed architecture, which includes the data generating model 5.3.1,
the inference structure 5.3.2, and the derivation of the evidence lower bound 5.3.3.
The efficiency of the proposed learning algorithm is evaluated in Section 5.4 using
both a numerical and an industrial dataset obtained from the residue hydro-conversion

industrial facility. Finally, the conclusions are summarized in Section 5.5.

5.2 Background

Probabilistic slow feature analysis (PSFA) [55,158] is a powerful framework used for
learning slow and meaningful representations from high-dimensional data. Unlike con-
ventional Slow Feature Analysis [36], which focuses on deterministic transformations,
PSFA introduces a probabilistic approach to capture uncertainty in the learned repre-
sentations. By incorporating probabilistic models, PSFA can effectively handle com-
plex and noisy data, making it well-suited for real-world applications. In PSFA, the
time-series dataset is represented as a sequence of observations: Y = {y1,¥2, - ,yn},
where y; denotes the observation at time k, and N is the total number of time steps.
The learning process aims to derive a set of latent variables S = {s;, 82, -+ , sy} that
capture the slow and meaningful underlying dynamics of the data. The PSFA model

can be summarized using (5.1) - (5.2).

p(slsk-1) = N (sk; As—1,Q) (5.1)
p(yrlsk) = N (2x; Vsi, T71) (5.2)

where A € R™*™ and ) € R™*™ denote the feature-transition matrix and the feature-
noise covariance matrix, respectively. The Gaussian distribution is represented by N,
and m indicates the latent-space dimension. The prior distribution of the slow features

p(sk) is assumed to be standard Gaussian for all k, which facilitates the imposition
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of zero-mean and unit-variance constraints. This assumption leads to the constraint

presented in (5.3) due to the feature-transition equation.
I=AA" +Q (5.3)

Several extensions are summarized below depending upon the characteristics of A

and measurement noise vy,.

e PSFA assumes A and @) to be diagonal to obtain uncorrelated slow features.
Therefore, equation (5.3) boils down to (5.4), where a; and g; are the i*" diagonal

entries of A and @) respectively.
a;+q =1 (5.4)

Finally, a; is restricted to (O 1) to ensure stability and avoid switching every

single sample.

e In the context of state-transition matrices, the accommodation of complex poles
and extraction of oscillating patterns are limited in PSFA due to its diagonal
nature. However, a solution to this limitation has been proposed by Complex
PSFA [129], which introduces a block-diagonal structure for the matrix. This
modification allows CPSFA to accommodate complex eigenvalues and naturally

encode oscillating features, as demonstrated in (5.5).

aq b1
b a 0 0
A= 0 0 (5.5)
am bm
0 0 —bm am
L 2 2

At first glance, it may be inferred that the decorrelation constraint is violated
by this structure. However, the two features produced by each block primarily

differ in the phase angle while sharing the same power spectral density.

e The traditional PSFA is characterized by the restriction of a; within the unit

circle, resulting in the incorporation of solely stationary characteristics into the
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extracted features. To address this limitation and accommodate drift-type non-
stationary behavior, the variational Bayesian complex probabilistic slow feature
analysis is proposed by Puli et al. [49]. The proposed model, depicted in equa-
tions (5.6) to (5.7), incorporates a random walk with a drift-type mechanism to

separate the corresponding non-stationary characteristics.

leﬂ N [gl ISJ [fszl;j] + Lgo d] + [52’51 : (5.6)
Bﬂ B [1]2 193} [ZZ] + Uk (5.7)

where

w; I, —AAT 0 .
] = (o [ AL])
-1

v ~ N <0, {FO A(LD ;

where s, € R™>! hy € R™>! gyi € RP<*! and yp* € RP*! denote the
oscillating slow feature, drift-type non-stationary feature, stationary, and non-
stationary observed variable, respectively. Further, A € R™s*™s 9, € R™nsx1,
{V1 € Rp=xms )y € RPs>™sand V3 € RPr*"ns} represent block diagonal
feature-transition matrix, diagonal drift matrix and block-wise emission ma-
trices, respectively. The precision matrices A € R™ns*™Mns = A\ € RPs*Ps and
[’ € RPrs*Prs gre defined accordingly. In contrast to other models, consideration
is given to model uncertainty by treating parameters as non-random entities.
Consequently, the posterior distributions are obtained using the variational in-

ference algorithm.

In most state-of-the-art PSFA models, a linear mapping between the observed
and latent variables is assumed, which may result in insufficient representation
capabilities when dealing with data from nonlinear processes. To address this
limitation, a deep Bayesian extension of probabilistic slow feature analysis was
proposed by Jiang et al. [169]. Essentially it is a variational autoencoder frame-
work whose prior distribution over the latent space is inherited from PSFA, as
defined in (5.1). The calculation of the true posterior distribution pg(si.n|y1.n)

is often difficult due to the presence of an intractable normalizing constant. To
97



address this, an inference network gy4(s1.5|y1.v) is introduced to approximate

the true posterior distribution, as demonstrated in (5.8).

o (Sk|Sk—1,Yr) = N (sk; o (Sk—1,Yr), 05 (Sk-1,Ys)) (5.8)

where mean p, and the standard deviation 035 VEke{l,2--- N} are modelled
using a GRU and feed-forward neural networks, respectively. However, it should
be noted that the use of a GRU may not be advantageous since the mean

function p, exhibits only short-term dependencies, i.e., 851 and y.

5.3 Proposed Methodology

In this chapter, a novel deep network architecture is proposed in which the prior
assumption over the latent space is inherited from VBCPSFA [49] to prioritize the
separation of oscillating and drift-type non-stationary features from nonlinear sequen-

tial data.

5.3.1 Data Generating Model

The generative model of the OSFIN is represented by (5.9), where the input, tar-
get, and latent variables are denoted as follows: Y = [y1y2 ... yn),¥r € RP,
T=1[tity ... tn],tx € R" and Z = [z1 25 ... 2n], 2x € R™, respectively. The target
variable is challenging to measure online and is less frequently available compared to
the input variables, as it requires time-consuming laboratory analysis. Consequently,
the time series is divided into two parts: [1 : N| = {N,, N,,}, representing labelled
and unlabelled time stamps, respectively. The latent variable z; is formed by combin-
ing the oscillatory slow feature (s; € R™¢) and the drift-type non-stationary feature

(hk € Rmh)

po(Y1.N, tin) = /pe(yLN,tl:N,Zl;N)le:N (5.9)
where
N
Po(1.n, tin, 21.8) = p(21) Hp@(yk|zk)p9(tk|zk)p0(zk’zk—l)
k=2
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The latent space is organized by soft constraining the approximate posterior distri-
butions returned by the encoder to a pre-chosen prior distribution [49], as shown

below.

e For k=1,
p(z1) = N(0, In)

[Z:‘ﬂ ) (5.10)

p(Sk‘Sk—ﬂ = ./\/(Ask_l,l — AAT)
p(hylhi—1) = N(hj_1 + 64, A7)

e For2< k<N,

p(zklzi-1) = p q,sli]

where

where A is assumed to follow the structure given in (5.5). The real and imaginary
parts of the eigenvalues of A are combined into two vectors for brevity, as illustrated

below.

T T
a:[al as ... a%} ; b:[bl bg mes]
The condition shown in (5.11) must be satisfied for the positive definiteness of the

covariance matrix I — AAT.
[-AAT >0 = 1—al - b >0Vi (5.11)

The hard constrained optimization resulting from this condition poses a challenge
for iterative algorithms such as gradient descent techniques. Consequently, a re-
parameterization method is utilized to reformulate the original constrained optimiza-
tion problem into an unconstrained form. This involves re-parameterizing the original
parameters {a,b} as {0,,6,} in a manner that the condition in (5.11) is always satis-
fied.
1
* T Tt exp(-6.)

vexp(—20,) + 2exp(—0,)
(1 + exp(—6,))(1 + exp(—6y))
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where —oco0 < 0,,0, < co. The precision matrix A is assumed as diagonal with its
diagonal vector denoted by 8. Subsequently, § is constrained to the set of positive

real numbers using a Softplus function.
0 = log(1 + exp(fs)) where — 0o < 85 < o0

The input and the target variables’ likelihood functions are assumed to follow a

Gaussian distribution, as shown below.

po, rlzw) = N (pe, (21), D{oj, (21)}) (5.12)
po, (tilzi) = N (o, (21), D{og, (21)}) (5.13)

where D{-} represents a diagonal matrix. The non-linear functions, pgy,agy and
ugt,agt, associated with input zj, are implemented by feed-forward neural networks
parametrized by 6, and 6,, respectively. These functions are referred to as decoder
blocks within the variational auto-encoder framework. The data-generating process
is described by the probabilistic graphical model depicted in Fig. 5.1, where shaded
green, yellow, and cyan circles represent the input, target, and latent variables, re-

spectively.

5.3.2 Inference Network

The posterior distribution of the latent variable can be expanded using the Bayes’

rule, as shown in (5.14).

N

po(z1:8|Y1:N, t1N) = H Do(Zk|Z1:6—1,Y1.8, t1:N) (5.14)
k=1

Consider four disjoint sets of nodes Sy = {z1.6-2,Y1.k—2, t1x—2}, Sp = {zk-1}, S¢ =
{yr_1,tr_1}, and Sp = {z}. The directed acyclic graph corresponding to the defined
sets is shown in Fig. 5.2.

The joint distribution of Sx,S¢,Sp given Sg can be written as shown below.

. p(SA7 SB; 807 SD)
p(SA7SC7SD’SB) — p(SB>

_ p(Sp|Se)p(Sc|S)p(Sp[Sa)p(Sa)
p(Ss)
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Figure 5.1: Oscillating slow feature generative model
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()

Figure 5.2: Directed acyclic graph
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_ P(SplISB)p(Sc|Sp)p(SalSk)p(S#)

%

= p(Sp|SB)p(Sc|Sr)p(SalSr)

The equality of the joint distribution with the product of individual distributions
given Sp establishes the conditional independence of nodes Sy, S¢, and Sp. As a

result, the structure of the posterior distribution in (5.14) simplifies to (5.15).

N
Do (21:N|y1:N> tl:N) = H Do (Zk |Zk—17 Yi:N, tk:N) (5-15)
k=1

The previous latent variable z;_; and the future input y.n and target ¢;.y variables
solely determine the posterior distribution of z;. Despite its simplification, the exact
posterior distribution remains intractable, necessitating an approximation through an
inference network gy, (-).

N

9. (Z1N|Y1:N t1N) = H 9o, (Zk|Zk—1,Yr:N  te:N)
k=1

The approximate posterior at time k is assumed to be Gaussian distribution, as shown

below.

. (Zk 211, Yv ) = N (235 B (21, Yren B ), D03 (21, Yrv Ben) }) - (5.16)

where pg4, and 0?52 are non-linear functions parameterized by feed-forward neural
networks with parameters ¢, and inputs {zy_1,Yx.n,tk.n}. In this work, unlike the
existing deep Bayesian model for PSFA [169] discussed in (5.8), the simplified func-
tional form that solely considers z;_; and yj is not assumed. Instead, an inference
model is considered with a similar structure of variable dependencies in the exact
posterior [167], as illustrated in (5.16). Further, a backward gated recurrent unit
(BGRU) [167] is utilized for its need to incorporate the summary of all future input
and target variables at each time step, as shown in (5.17)-(5.20) [170].

qr = oc(Wyyr + UyCri1) (5.17)
i = o(Woyy + Urers1) (5.18)
¢, = tanh(Woyg + Ue(ry © €ry1)) (5.19)
cr=(1—qr) ®cri1 +qr © G (5.20)
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where o(-) and tanh(-) refer to the sigmoid and the hyperbolic tangent functions, re-
spectively. The set of adaptable parameters, denoted by ¢. = {W,, U,, W,.,U,, W, U},
represents the first BGRU. Another BGRU, representing the second hidden variable
d;, with parameters ¢4, is utilized to summarize future target variables information.
To handle unavailable future target information, the masking method is applied to
exclude corresponding missing time steps during implementation. The mean, pg_,
and variance, ‘7352’ of the latent variable, zj, are determined by combining the two
hidden variables, {ex,d}, with the previously inferred latent variable, z;_;. The two
hidden variables and the inferred latent variables are denoted by shaded red diamonds
and cyan circles, respectively. Finally, the approximate posterior distribution of the

latent variable ¥V k € [1 N| is summarized below.

dg. (z1|y1v, tin) = N (21 Ko, (c1,dy), D{Uiz (c1,d1)})

Go. (2Kl Zk-1, €k, di) = N (23 pog. (261, €k, di), D{07_(21-1, ¢k, di)})

5.3.3 Variational Lower Bound Maximization

The formulation of the objective function to estimate the optimal parameters is pre-
sented in this subsection. A dynamic semi-supervised method is proposed, which
follows two different cases based on the static equivalent [171]. In the first case, when
the target variable is observed with the input, only z is considered the latent variable
(Fig. 5.4). In the second case, when the target variable is missing, both the target
variable ¢ and z are treated as latent variables (Fig. 5.5). The subsequent discussion
covers the posterior inference in both cases. (Note: Observed variables are denoted

by green nodes and latent variables by blue nodes.)

5.3.3.1 {y,t} are observed, and z is unobserved

The objective is to minimize the KL divergence between the approximate posterior

¢»(2|y,t) and the true posterior py(z|y,t), as shown in (5.21).

KL(ao(el0)ln(e1.0) = [ ao(el 1o (24504 ) as 521)
_ o (1) (2
= /q¢(z|y,t)l g( 0(2) ) dz+/q¢(z|y,t)l g <p9(y,t|z)> dz
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Figure 5.3: Inference network
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Figure 5.4: Model for the first case Figure 5.5: Model for the second case

= 10gp9<y)t) - L(9,¢) (yat)

where pg(y,t) denotes the model evidence when {y,t} are observed, and L ¢ (y,t)
represents the evidence lower bound. The non-negativity property of the KL diver-
gence ensures that L4 (y,t) < logpe(y,t). As the true posterior distribution is
unknown, it is difficult to minimize the original objective function (5.21). Instead,

the simplified lower bound L 4)(y,t) in (5.22) is maximized.

Loy ¥:t) = Eangyay [logpo (yl2) +logpo (t]2)] — KL (g4(2[y,2)[Ips(2)) (5:22)

Substituting the previously defined distributions into (5.22), we obtain a directly

implementable final lower bound. The first term in (5.22) can be approximated as

By zlyeti) 108 Do, (Yi|21)] ~ Zlog/\f Yi; o, (21), D{og (21)}) (5.23)

where the samples 2}, ~ ¢4(2;|yr,tx) V1 < r < R, and R refers to the number of
Monte-Carlo samples. Similarly, the second term in (5.22) can be obtained as shown

n (5.24).

Bz arlyn i) 108 o, (B |25)] Z log N (tr: o, (23), D{o, (21)}) (5.24)

Finally, the third term can be simplified as shown in (5.25).

KL(Qd)(leN‘yl:Na tl:N) ‘ ‘p9<z1:N>)

= KL(gs (21 |y1:v, t1:n)[po(21)) + D KL(gg(2kl20—1, Yren, b ) Po(2r|20-1))  (5.25)
KEN,
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The KL divergence between the approximate posterior distribution and the prior
distribution in (5.25) provides a modelling preference towards the extraction of drift-
type non-stationary and oscillating slow features. Further, the KL divergence between

two normal distributions can be simplified using (5.26).

1
KL (1, B[ (2, 2) = 5 log (:Ej ST 5]

+ (o — 1) 55 (e — 1) — m) (5.26)
where Tr[-] refers to the trace of the matrix. Finally, the simplified form of the

objective function in (5.22) is obtained by substituting the terms (5.23)-(5.25), as

shown below.

—Lio.o) v ten) = fi(0) + gren (6, 0) (5.27)

where

0) = 55 2 | log PP (o, (00} + oz 2Dl 1)
(0~ o, (20) D03, () (e — o, (1)

+ (b — po,(23))" {0, (21)} " (b — p1a, (23))

G (6,6) = 5 llog (oayy ) + 7l - aam) "Dy

+ (lu’sk - Askfl) (I - AAT)il(:u'Sk - Askfl) — M
—log (|A[|D{e}, }) + Tr [AD{a7, }]

+ (mn, — b1 — 9d)TA(lthk —hg_1 —64) — M
such that

fo = o, (YN, t1n); 00 = 05 (Y1, tin);

Mo = o, (Zk—1, YN, by ) = {#sk} ;
Hh,,

2
2 2 o .
2 a¢z(zk—17yk:N7tk:N) = |:0.;2jk:| y
k

g
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5.3.3.2 y is observed, and {t,z} are unobserved

The missing target variable is treated as a latent variable and inferred through the
regressor network g4(tly). The KL divergence between the approximate posterior

¢ (t, z|y) and the true posterior py(t, 2|y) is given by (5.28).

KL(qs (¢, 2[y)]lpe (¢, 2[y))

_ / 0s(t, 2|y) log (pq—jgzg;) dt dz (5.28)
— /%(t’ zly) log (%) dt dz + /q¢(t, zly) log (p:(),:;(’?:,)z)) dt dz
= logpo(y) — Mp,¢)(y)

where log pp(y) denotes the log model evidence when the target variable is not ob-

served, and its lower bound M 4)(y) can be expanded as follows.

Mi9.6)(Y) = Et,2)~qs (t,2ly) 108 D0 (Wlt, 2)] — KL (q4(t, 2|y)||po(t, 2))
= Etgytly) [Lio,) (¥ ) — 10g g4 (tly)] (5.29)

Therefore, the overall objective function to maximize for the entire dataset is shown

in (5.30).

F(0,6) = Y Ligg)Wn-ten) + > Mg (yrn) +a Y logge(telyr)  (5.30)

k€N, kENm k€N,

It should be noted that the regressor term is introduced with hyperparameter a to

enable the distribution gy, (tx|yx) to learn from the labelled dataset [171,172].

o, (tlyr) = N (21 po, (yr), D{03, (y&)}) (5.31)

The expression for My 4(ys) is straightforward as it is a function of L ) (yx, tx) and
the regression network gy, (tx|yx). The set of the inference network parameters is
denoted by ¢ = {¢,, P, P4, 0.}. The parameters of the generative model are repre-
sented by 0 = {0,,0,,0,4,05,0,,0;}. The optimal parameter estimates {8,@} can be
obtained by minimizing the objective function defined in (5.30). The overall archi-
tecture of the proposed encoder-decoder network is depicted in Fig. 5.6. Finally,
a mask metric, denoted as e;.y, is defined based on the availability of the target

variable. The problem of vanishing gradients due to the length of the data N being
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typically long is encountered in recurrent neural networks, which are trained using
the backpropagation-through-time algorithm. To address this, we construct a dataset
[yk Yerl - ka_l] V:1< k< N-—I[+1 comprising overlapping time steps. Each
sample in the dataset consists of a single time series with [ time steps. Algorithm 5.1

provides an overview of the learning methodology.

Algorithm 5.1 OSFIN learning methodology

Input: yi.n, t1.n.
Hyper-parameters: mg, m,s, R and [
Inference parameters: @,., @., o4, ¢
Generative parameters: 6,,0,,04,65,0,.0,
Construct the mask metric ey

while notConverged() do

F(0,9) =0;
for k=1,2,--- ,N—[1+1do
N=k+1-1;

if e, is False then

| F(0,¢) = F(0,9) + M4 (y.x)
else

| F(0,0) = F(0,0) + Loy Ypw trw) + alog gy (telyr)
end

end

loss = —5=—F(0,¢) Compute 2 (loss), é%(loss) Update (6, ¢)
end

Output: 6, ¢

5.4 Simulation and Industrial Application

5.4.1 Simulation Case Study

In this subsection, the simulated dataset is utilized to test the proposed methodology.
Two oscillating features are generated via eigenvalues 0.7457 £0.6482¢ in (5.6). Addi-
tionally, the drift-parameter §; and variance ! are drawn from a standard uniform
distribution to create a drift-type non-stationary feature. Four observed variables and
a target variable are subsequently formed by non-linearly transforming the generated

features, as shown in Fig. 5.7.

t[1] = z[1] tanh z[1] + 2[2] 4+ 0.01(2[1] + 2[2])* + z[1]z[2]
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Figure 5.6: Overall proposed variational autoencoder architecture

SRRSO
z[2] — 2 tanh z[3]

+0.6 2[2]?

y[2]

T T+exp{—042[1]}

y[3] = 5 exp {—0.12[1]* — 0.12[2)*}

yl4] =5 log (1+ (22[1] - 2[3])?)

Finally, the observed variables are corrupted with additive Gaussian noise with a

signal-to-noise ratio of ten. The original dataset is divided into training, validation

and testing datasets with 1500, 750 and 750 samples, respectively.

The network

is trained using the training dataset, while the validation dataset is employed to

determine the hyperparameters. The optimal latent dimensions (m, and m,;) are

computed based on the validation data, where the loss function values at convergence

for each pair of mg and m,,s are plotted as shown in Fig. 5.8. It is observed that the

training data loss function continued to decrease due to network overfitting, whereas

the validation data loss provides a clearer insight into the optimal dimension pair.

The minimum validation data loss occurs at (ms = 2,m,s = 1), indicating it as
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Figure 5.7: Four observed variables and one target variable. Only 1000 data points
are shown to visualize the oscillatory patterns
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the optimal latent dimension pair. This process can be similarly repeated for other
hyperparameters.

The performance of the proposed method on the test data is compared with the
other state-of-the-art techniques, including a regular quality-relevant slow feature
analysis (QRSFA) [98], GRU-based auto-encoder (GRU-AE), variational Bayesian
complex PSFA (VBCPSFA) [49], and variable-wise deep Bayesian PSFA (VW-DBPSFA)
[169]. Table 5.1 presents the latent variable dimension, observed variables reconstruc-
tion root mean square error (R-RMSE), target variable prediction root mean square
error (P-RMSE), and the correlation between the prediction and the actual target
variable (p) of different methods for two scenarios. We observe an increase in P-RMSE
of 35.6%, 37.7%, 56.71%, 22.22% and 18.75% for the QRSFA, GRU-AE, VBCPSFA,
VW-DBPSFA, and OSFIN models, respectively. VBCPSFA performs poorly due to
its inability to model non-linear relations. Although GRU-AE and VW-DBPSFA
perform better than VBCPSFA, the performance indices in Table 5.1 indicate that
the proposed OSFIN model performs better due to the explicit representation of the

oscillating patterns using a complex slow feature model prior.

Table 5.1: Performance comparison on simulated dataset

‘ Method ‘ dim(z) ‘ R-RMSE | P-RMSE ‘ p ‘
No missing label
QRSFA 7 0.95 0.73 0.69
GRU-AE 6 0.72 0.53 0.81
VBCPSFA 6 0.89 0.67 0.77
VW-DBPSFA 4 0.68 0.45 0.87
OSFIN 3 0.54 0.32 0.94
30% missing labels
QRSFA 7 1.22 0.99 0.47
GRU-AE 7 0.94 0.73 0.73
VBCPSFA 8 1.14 1.05 0.51
VW-DBPSFA 7 0.87 0.59 0.79
OSFIN 5 0.63 0.35 0.88
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5.4.2 Industrial Case Study

In this subsection, the efficiency of the proposed modelling algorithm is tested using
a Residue Hydroconversion industrial facility dataset. The residue of the vacuum dis-
tillation unit usually consists of long-chain hydrocarbons with higher boiling points.
These hydrocarbons are less flammable and must be converted into higher-value hy-
drocarbons. The Residue Hydroconversion process is a pivotal operation in petroleum
refining for such an upgradation. The process involves three essential steps: Stabi-
lizer, Depropanizer and Amine absorber, as shown in Fig. Fig. 5.9. In the stabilizer
unit, where initial distillation occurs, volatile components are separated from the
heavy feedstock. The separated vapor then advances to the depropanizer unit to fur-
ther fractionate the vapor, primarily focusing on isolating propane and other heavier
components from the desired product stream. The final stage of the process involves
the amine absorber, where any remaining traces of undesirable components, such as
hydrogen sulphide and other acidic gases, are removed through selective absorption.

Given the high temperature associated with the bottoms section and the relative
rarity of level sensors capable of withstanding such extreme conditions, the prediction
of the depropanizer’s bottoms level emerges as a focal point in this analytical study.
This prediction aids operators in preventing damage to trays and pumps while effi-
ciently managing downstream separation processes. This investigation encompasses
ten variables across 1438 samples, partitioned into training, validation, and testing
sets, comprising 1100, 150, and 188 samples, respectively. All the variables are nor-
malized for proprietary reasons. The activation function employed in all hidden layers
is the hyperbolic tangent form.

The oscillating slow features (Fig. 5.10) are extracted using the proposed method-
ology, and the trained generative model py(tx|2x) is utilized for predicting the bottoms
level. The yellow dashed curve in Fig. 5.11 represents the predictive pattern on the
test-dataset. It is observed that the predictive pattern closely follows the reference
(black solid curve), and this observation is further reinforced by the best performance
index of 0.321 P-RMSE, surpassing the performance of other state-of-the-art methods.
The performance of the proposed model under multiple missing label scenarios is also

analyzed, as depicted in Table 5.2. The explicit modeling preference for oscillatory
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Figure 5.9: Residue Hydroconversion with Integrated Amine Absorber Unit
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and drift-type non-stationary features enables the proposed model to achieve signif-
icantly improved performance, even when dealing with missing labels. For instance,
under a 50% missing label scenario, the proposed model exhibits a P-RMSE of 0.371,
whereas the next best model shows a P-RMSE of 0.724, representing an improvement
of 95.14%. The results clearly demonstrate the efficacy of the proposed methodology
in capturing oscillating slow features and utilizing them for accurate predictions of
the bottoms level. Moreover, its robustness under missing label scenarios showcases
the model’s ability to handle real-world data with incomplete information, making it

a promising approach for various practical applications.

Table 5.2: P-RMSE comparison on industrial dataset

?:f)ffﬁ;f GRU-NN | VBPSFA | VW-DBPSFA | OSFIN
0 0.832 0.975 0.623 0.321
10 0.851 0.901 0.691 0.345
25 0.812 0.951 0.675 0.338
40 0.887 0.997 0.715 0.355
50 0.815 1.121 0.724 0.371

5.5 Conclusion

A new deep learning algorithm with a preference for modeling non-stationary and
oscillatory representations is presented in this work. Parameter sharing during back-
propagation is utilized to impose a hard constraint on the magnitude of the complex
eigenvalue within the unit circle. The structure of the true posterior distribution,
given the target and input variables, is employed for the inference model. The latent
variable is inferred based on past and future observations according to this poste-
rior structure. Accordingly, a Gaussian regression network is introduced naturally to
estimate missing target variables from observed variables. The results are validated
through simulation and an industrial case study. The superior performance of the
proposed model compared to state-of-the-art methods highlights its potential as a

valuable tool in the field of predictive modeling and time-series analysis.
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Chapter 6

Robust Complex Probabilistic Slow
Feature Analysis in the Presence of
Skewed Measurement Noise *

Complex slow feature analysis is a feature extraction technique that extracts slow
oscillating patterns from the measured data. The measurement noise is usually as-
sumed to follow a Gaussian distribution to obtain a closed-form solution. However,
industrial process data is often characterized by measurement issues such as outliers,
including asymmetric measurement noise. Such issues reduce the performance of the
extracted features if not accounted for explicitly. Therefore, this chapter proposes a
novel robust complex slow feature model to tackle the mentioned issues. In partic-
ular, this work considers a Skewed t-distribution for the measurement noise of the
complex slow feature model. The parameters of the Skewed t-distribution, especially
the degree of freedom and the shape parameters, account for the outliers and the
asymmetric nature of the measurement noise. The parameters of the proposed model
are jointly estimated using the expectation-maximization algorithm. The efficiency

of the approach is demonstrated using simulated and industrial data.

6.1 Introduction

Slow feature analysis (SFA) is an unsupervised latent variable (LV) extraction method

that extracts temporally correlated or slow features from a time-series dataset [173].

*This chapter has been published as: V. K. Puli, R. Chiplunkar and B. Huang, "Robust
Complex Probabilistic Slow Feature Analysis in the Presence of Skewed Measurement Noise,” IFAC-
PapersOnLine, 56(2), 10947-10952, 2023
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This modelling technique is especially suited for data obtained from process systems
with slowly varying dynamics. Thus, SFA has found increasing applications, such as
soft sensing and fault detection, in recent times [174].

Although effective for slow processes, the deterministic nature of SFA makes it
incapable of handling data complexities such as non-linearity, outliers, missing data,
and asymmetric noise. Probabilistic slow feature analysis (PSFA) is the stochastic
extension of the SFA that is capable of handling many such issues since the measure-
ments and LVs are modelled as random variables [175]. The PSFA model is a linear
hidden Markov model (HMM) with a unique structure for the evolution of the LVs,
which ensures slowness during the feature extraction. The PSFA model thus has been
used in a variety of applications such as soft sensing [55], process monitoring [176],
and gross error detection [177]. The HMM formulation of PSFA also allows for more
flexibility in a model to tailor it to various scenarios. Hence, various extensions of the
PSFA model have been proposed in the literature, such as the robust PSFA model
fan2018identification to address the issue of measurement outliers, PSFA with the
additional random-walk model [49,178] for non-stationary processes, and non-linear
PSFA [179,180].

The complex probabilistic slow feature analysis (CPSFA) [129] model is recently
proposed to extract slow LVs with oscillatory patterns. Oscillations are common in
many industrial datasets caused by valve stiction, aggressive control tuning, and ex-
ternal oscillatory disturbances [181]. Hence, models for such systems need to consider
the oscillatory behaviour explicitly. Given data with a low noise, a deterministic SFA
is generally suited to extract oscillatory LVs as oscillating signals exhibit temporal
correlations. However, a probabilistic version of the SFA needs to be considered in
the presence of significant noise. The vanilla PSFA model structure does not account
for the oscillatory behaviour explicitly. Thus, the CPSFA model is more apt for such
a scenario as it contains complex poles in the transition matrix that represents the
dynamics of the slow features.

The performance of any machine learning model depends on how well it represents
the underlying patterns and complexities of the real-world data. Industrial datasets
are usually characterized by measurement outliers. Moreover, the sensory measure-

ments of variables such as pressure and flow rate are often corrupted by skewed
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noise [182]. The basic version of PSFA (and CPSFA) assumes a Gaussian measure-
ment noise, which fails to account for these complexities because of the thin tails and
symmetric nature of the Gaussian density function. This inaccurate description of the
measurement noise makes the estimated parameters unreliable and manifests outliers
with asymmetry in the extracted features. Such a manifestation is not desirable be-
cause the extracted features, rather than measured variables, are often used to predict
the target variable that is usually free of complexities. Therefore, this work proposes
a novel approach to address the case where oscillatory datasets have the measure-
ment issues mentioned earlier. In this approach, a Skewed t¢-distribution, which has
both asymmetry and fat-tails, is used to represent the noise in the measured data.
However, estimating the distribution of features with a Skewed ¢-noise leads to in-
tractability. The Skewed t-distribution can be considered as a Gaussian scale mixture
(GSM) distribution and thus can be represented in a hierarchical form [183,184]. This
hierarchical representation allows one to obtain a closed-form analytical expression
of the features and model parameters. The effectiveness of the proposed approach
is demonstrated through two case studies: a simulated and an industrial case study.

The main contributions of this chapter are as follows:

1. Extracting the oscillatory LVs from data corrupted by both outliers and asym-

metric measurement noise under the complex PSFA framework.

2. Utilizing the hierarchical representation of the Skewed t¢-distribution to repre-
sent the complex measurement noise. A detailed derivation of the expressions for
the oscillatory LVs and model parameters is provided through the expectation-

maximization (EM) and variational Bayesian inference (VBI) framework.

The remainder of the chapter is organized as follows. Section 2 revisits the probabilis-
tic SFA. The proposed model and the detailed derivation of the LVs and parameters
are given in section 3. The results from the case studies are presented in section 4.

Section 5 summarizes the obtained results.
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6.2 Revisit of SFA

This section summarizes the relevant literature and highlights the limitations of ex-

isting methods.

6.2.1 Probabilistic Slow Feature Analysis (PSFA)

Shang et al. [55] proposed the probabilistic slow feature analysis to explicitly rep-
resent the dynamics (and hence slowness) in the feature space with a probabilistic

description, as shown in (6.1) - (6.2).

Sk = Ask_l +wg; wg ~ /\/'(wk, 0, I — AAT) (61)
T = C’sk + Vg, Vg~ N('Uk; 0, R) (62)

where s, € R™*! and x;, € RP*! denote the slow feature and the observation, respec-
tively. The state-transition and the emission matrices are denoted by A € R™*™ and
C € RP*™ respectively. Further, the feature noise w; and the measurement noise vy,
are assumed to follow Gaussian distribution with mean 0 and covariance (I, — AAT)
and R, respectively. Here I, represents an identity matrix of size m. Finally, m and p
represent the dimension of the feature and the measurement space, respectively. The
authors proposed Expectation-Maximization based algorithm to estimate the model

parameters in an iterative manner.

6.2.2 Robust Probabilistic Slow Feature Analysis (RPSFA)

Fan et al. [56] proposed robust probabilistic slow feature analysis to deal with the data
contaminated by outliers. The author used Student’s t-distribution denoted by St to
describe the measurement noise as it has fat tails to accommodate for the outliers, as

shown in (6.1) and (6.3).
T, = Csk + Vi, Vg~ St('vk; O, R, V) (63)

Since the feature estimation requires a Kalman filter, which is only optimal when
the model is linear, and both the feature and measurement noises are described by a

normal distribution, the estimation problem is therefore recast as shown in (6.4) and
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v v
M~ G( A > 5) (6.5)

where
St(vy; 0, R,v) = / N (vi; 0, R/\p) G( i g7 g) dAg
0

The Student’s t-distribution can be viewed as an infinite mixture of Gaussian distri-
butions with an introduction of an additional LV . that follows the Gamma distri-
bution G. However, the authors approximate solutions by using a weighted gain in
the Kalman filter equations to provide heavier weights to normal observations than to
outliers. Further, Student’s t-distribution is not appropriate to cope with data that

has a noise skewed towards one side, as shown in [185], [184] and [183].

6.2.3 Complex Probabilistic Slow Feature Analysis (CPSFA)

The probabilistic slow feature model assumes a diagonal structure in the state transi-
tion matrix of feature space to obtain uncorrelated features. Therefore, the oscillating
patterns cannot be extracted since a diagonal matrix cannot accommodate complex
poles. Hence, the complex probabilistic slow feature analysis as proposed by [129]

can extract slow features with oscillating patterns, as shown in the (6.6) and (6.7).
sk = Asp_ +wi; wip ~ N(wy;0,Q) (6.6)
x, =Cs, + Vi, Vg~ N(’Uk; 0, R) (67)

A = blkdiag { [_“él Zﬂ [_“bm Z}Z} } :
2 2

where

I3

Essentially, the author relaxed the diagonal assumption of the state-transition matrix
and assumed a block diagonal structure to accommodate complex poles. In particular,
the structure shown in (6.3) was chosen to satisfy the constraint that ensures the
extracted features are uncorrelated. Although CPSFA can extract slow features with
oscillating patterns, it is not robust to outliers and cannot deal with asymmetric

noise.
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6.3 Robust CPSFA for outliers and asymmetric
noise

6.3.1 Proposed methodology

Nurminen et al. [185] introduced the Skewed ¢-distribution 87, which is robust to
outliers and can describe skewed noise distribution, and presented an algorithm to
estimate the states for a general state-space model with known parameters. In this
section, we propose an extension to the CPSFA model but with unknown parameters
in the Skewed t-distribution and derive an algorithm that can jointly estimate both

the hidden variables and unknown parameters. The proposed formulation is shown

n (6.8)-(6.9).

52:i+1 _ [ _az)l Zzl} “+1+wzz+1’ (6.8)
w};”le\/’(ﬁ),(l—a?—bf)lg); i=27—1;V1< S%
p
z, =08, +vg; v~ HST(%;M, Rii, Nii, v;) (6.9)

i=1
where the location parameter of the Skewed t-distribution is represented by p;. Fur-
ther, the diagonal entries of the scale and the shape matrix are denoted by R;; and
Ay, respectively. The i** entry of the degrees of freedom vector is represented by
v;. We employ the Gaussian scale mixture representation to obtain the closed-form

solution, as shown in (6.10)-(6.12).

’Uk|’ll,k, Ak NN(’Uk;[l, + A’U,k, AkilR) (610)
p
Ay ~G Ak, gg i 2 2 (6.12)
where
ST(’Uk,O R A I/

/ / N (vg; o+ Aug, Ay )N—&-(uk;ﬁ,Akil)g(AkQg,g>duk dAy,

where NV, denotes a multivariate truncated Gaussian distribution with closed positive
orthant as support. The observed variables, LVs and parameters are denoted by
X :=x1.n, Z = {s1.n,u1.n, A1.n}, and 0 := {a,b,C, pu, R, A v}, respectively.
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6.3.2 Parameter Estimation

Given the observed variables, the parameters are estimated with the help of the
Expectation-Maximization algorithm in an iterative manner. The joint log-likelihood
p(X, Z|0) of the proposed model is shown below.

N

log p(X, Z|0) = logp(s1) + > _ log p(sk|sk—1; )+
k=2

> llog p(@k|sk, ur, Ax; 0) + log p(uk|Ax; 0) + log p(Ay; 0)] ;

N
k=1

where

m 1
log p(s1) = —Elog 2m — 53{31;

m

log p(sk|sk—1;0) = —%logQW - Zlog 11— a? — b2

=1

1
— §(Sk — Ask_l)T(Im — AAT)_l(Sk — Ask_l);
1 p Ru
log p(x |8k, ur, Ag; 0) = —glog27r 3 Zlog NG
i=1 k

1 p i 4 ‘
— 5 E RI:Z (.Z';q — CZSk — Wi — Azuk)Q;
=1

1< o
log p(ug|Ay) = —glog 2 + 5 Z [logA}j — uj, Aﬂ :
=1

log p(Axlv) = Zp: [% log% —logI’ (%) + (% — 1) log Al — %A}j :

1=

Here C* and A’ denote the i*" rows of C' and A, respectively. Further, the Q-function

is defined as follows.

QO10"") = Ezep(z1x:0n-1) {log p(X, Z;0)}
= (logp(X, Z;0))

where 077! refers to the parameters from previous iteration n — 1. Finally, the update
expressions for each parameter can be obtained by equating the derivative of the

Q-function, with respect to each parameter, to zero.
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6.3.3 Update expressions:
The update expression for a; can be derived as shown in [129].
i, a3 + agal + o a; + agy =0 (6.13)
where
a, = —2(N —1);

N

- i i1 i\

i, = E (spsh_1+ sy sty
P

N
_ 2 i i1 i it
;= —a (1= b%) + 2b; E <sk3k_1 — Sp_15,
k=2

N

i il il G L 1N L
- E <Sksk + S, Sk T Sp_1Sp_1 T Sk—lsk:—1>7
=2
= (1 — b-2)'
azo - azg( (] b

Similarly, the equation for b; is shown in (6.14).

Bisb7 + Binb7 + Biybi + Big = 0 (6.14)
where
ﬁis - _2(N - 1);
N
Biy = > (sisih — siasih);
k=2

N
B = —Pin(1 = @) +2a; Z <5§€5271 + SZHSZtll
k=2

N
N Z (sksp, s s shosion s s )
=2
Bio = Bin(1 — a;%);

The estimates a; and b;, {i = 25 — 1;V1 < j < Z}, for the current iteration can
be obtained by solving the cubic equations shown in (6.13) and (6.14). Similarly by
setting the partial derivatives of Q—function to zero with respect to C, u, R%, A%
and v; V1 < i < p, the update expressions can be obtained as shown in (6.15) - (6.19).

N

C = Z(zk —p— Aluy)) <s£>] [Z <sks;‘f>] (6.15)

k=1 =1
125



N .. . . .
Abi(pt — (O — A?
2 k=1 (AY)

N
R = LS (Ao~ Oy — - A ) (617)
k=1

Adi — Zgﬂ <A?(x§c — C's), — Nz)U@

— (6.18)
S (M)
V; 1% N .
log 2 — v (5) + ; [(log A} — (AT)] +1 =0 (6.19)

where 1 is a digamma function. The update expressions in (6.13) - (6.18) involve
terms that require the expectations of coupled terms, such as s;,u; and Ay, with
respect to the joint posterior p(sg,ur, Ax|T1.n;0), which is not analytically tractable.
Therefore, we use the variational Bayesian inference algorithm to approximate the

joint posterior.
p(SkH Uy, Ak|.’l71N, 0) ~ Q(sk|m1Na 0)q<’u‘k|m1Na 0)q<Ak|$1N, 0)

Since conjugate priors are chosen for the LVs, as shown in (6.10)-(6.12), the posterior

distributions belong to the same family as shown in (6.20) - (6.22).
q(sklw1n; 0) = N (8 Sk, Pein) (6.20)
where

Pyp-1 = APy 1 AT + I, — AAT
K, = Pyp—1C" (CPyp—1C" + (M) 'R) ™!
Sk = ASp_1jp—1 + Ky(xp — CAsp_1jpo—1 — p — Aluy))
Py = (Im — K,C) Py

The smoothing is applied using the following equations

Jp = P ATP,

lc+1|k
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SkN = Skk + Jk(Skr1n — ASkk)

Pyn = Pui + Je(Pesiy — Pesap) Iy

q(uk|T11; ) = N (ui; g, Uywv) (6.21)
where

e =Zp — Cspn — 1
K,=AATA+R)™!
UpN = Kyex,

Upy = (I, — K, A) (M)~

The following expressions are computed V1 < ¢ < p to estimate the mean and

covariance of uy.

i 2
i = 1 exp _ YN L
Ve | 20k

1 —u
wp = 3 1+ erf | — ;
\/ Uz?uv
i i 1 Xl .
ii ii ukIN X i i2
X =Un |1 - “ 1—w (1—wi> %
Uk|N k k
Vi Vi + ¢}
oloni) =6 (a7 41,25 (6.22)

where
¢k = Ril(ﬁkéz—i‘CPHNCT) + (ARilA + [) (uku{) — R 1A<’U.k> — AR™ ek<uk>

Finally, the expectations that are required to compute the parameter update expres-

sions are shown below.

(8k) = Sk|N; <3k3]:§_1> = Pk|NJg_1 + 3k|N3£_1|N;

127



(k8% ) = Puje + sy (W) = vi (wpy ) = Si;

Ay = —;
< g vi + ¢y
i v; v + v
<logAk> =1 (5 + 1) — log <T¢k)

In the proposed methodology, explicit update equations are presented for each of
the involved parameters. So the computational load is similar to other EM-based

probabilistic models.

6.4 Case studies

This section demonstrates the effectiveness of the proposed algorithm using a simu-
lated and an industrial data set for soft-sensor applications. In both the case studies,
the measurement noise follows a skewed ¢-distribution with location parameter p* = 0,
shape parameter A* = 2 for positive skewness, degree of freedom parameter v* =5

for outliers, and a scale parameter R* such that the signal-to-noise ratio is 0.2.

6.4.1 Simulation case study

We generated four slow oscillating features using (6.8) by using the state transition
matrix shown in (6.23). A target variable y is generated using these features with
the help of a linear model whose coefficients are drawn from a standard Gaussian
distribution and additive Gaussian noise.

049 0.8 0 0

. | —0.86 049 0 0 | v T
A" = 0 0 068 0.7 P Q=1 - AAT (6.23)

0 0 0.7 0.68

We considered an emission matrix C* drawn randomly from a standard Gaussian
distribution to construct six measured variables, as shown in Fig. 6.1. The mea-
sured variables are positively skewed with outliers. A total of 2000 data samples are
generated for the analysis.

The data are divided into training (1000 samples), validation (500 samples),
and testing sets (500 samples) to train the model, select the hyper-parameters, and
compare the performance. LVs are extracted using the proposed methodology and

other state-of-the-art feature extraction methods, such as SFA, dynamic partial least
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Figure 6.1: Six observed variables and one target variable (Only 300 data points are
shown for better visualization)

squares (DPLS) kaspar1993dynamic, RPSFA, and CPSFA. Finally, regression models
are built between the target training data and the extracted LVs from each feature
extraction method. The scatter plot between the noise-free target variable and the
predictions based on various feature extraction methods is shown in Fig. 6.2. It is
observed that the predictions based on the RCPSFA features are closer to the 45° line,
indicating a better prediction. Table 6.1 shows the performance indices, namely the
root mean square error (RMSE) and the coefficient of determination (R?), calculated
with the help of predicted and the actual target testing dataset. It is observed that
the proposed method results in the highest R? due to the explicit representation of

the oscillations and the consideration of data complexities.

Table 6.1: Performance comparison on simulated dataset

Method | SFA | DPLS | RPSFA | CPSFA | RCPSFA
RMSE | 0.94 | 0.88 0.75 0.71 0.56
R? 0.38 | 043 0.55 0.60 0.77
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Figure 6.2: Scatter plot of the simulated case study

6.4.2 Industrial case study

The depropanizer bottoms level is essential to the design of the operating conditions
in subsequent downstream cracking processes. However, a level sensor that can sus-
tain extreme bottoms temperature involves expensive installation and maintenance
costs. Therefore, we develop a soft sensor for the depropanizer bottoms level using
the dataset obtained from a residue hydro-conversion unit. The eighteen measured
variables are artificially corrupted with an additive Skewed ¢-distribution noise to
demonstrate the efficacy of the proposed algorithm. The measured and the target
variables are shown in their normalized form in Fig. 6.4 for proprietary reasons. The
dataset is partitioned into training, validation, and testing sets with 800, 160, and
480 samples, respectively.

We performed a similar analysis as discussed in the simulation case study. The
proposed algorithm is iterated until the Q-function, computed using the validation
data, no longer improves. The extracted slow oscillating features using the proposed
methodology are shown in Fig. 6.3. The extracted LVs are used to build a predictive
model for the target variable. The predictions and the performance indices con-

structed using the predictions obtained from various feature extraction methods on
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the test dataset are shown in Fig. 6.5 and Table 6.2 respectively. It is shown that the
proposed model exhibits better performance than the other slow feature extraction

methods when the observed variables contain outliers with skewed noise.
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Figure 6.3: Extracted features using the RCPSFA model in the industrial case study

Table 6.2: Performance comparison on the industrial dataset

Method | SFA | DPLS | RPSFA | CPSFA | RCPSFA
RMSE | 0.99 | 1.13 0.88 0.75 0.61
R? 043 | 0.36 0.48 0.55 0.66

6.5 Conclusion

This chapter proposes a novel feature extraction model that extracts slow oscillating
features from data that is corrupted with additive noise characterized by outliers and
asymmetric distributions. Using the expectation-maximization algorithm, we have
derived explicit update equations for the involved parameters, especially the skewed-
t distribution parameters. The effectiveness of the proposed algorithm is verified
using a simulation and an industrial case study. The future work is to extend the
solution to the case where both the measured and the target variables are corrupted

with Skewed t-noise.
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Figure 6.5: Prediction on test data in the industrial case study
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Chapter 7

Sparse Robust Dynamic Feature
Extraction using Bayesian
Inference *

Data sets of large-scale industrial processes are often high-dimensional and are char-
acterized by outliers. Probabilistic latent variable models are effective for modeling
such data complexities. However, the performance of such models is influenced by
the number of latent variables and the adequacy of the noise model that describes
the data complexities, such as outliers and skewness. This chapter presents a proba-
bilistic slow feature model that considers these two issues simultaneously. The latent
space dimensionality is automatically obtained by modeling the emission matrix with
a Laplace distribution, resulting in a sparse model. Further, the measurement noise
is modeled with a skewed-t distribution to account for the outliers and asymmetry of
the noise. The hierarchical representation of these two distributions is considered to
obtain tractable solutions for the distributions of the latent variables and the model
parameters. The resulting model is estimated through variational Bayesian inference.

This chapter is a further extension of Chapter 6.

7.1 Introduction

Data-based modeling has been increasingly preferred to model complex processes for

industrial applications, such as soft sensing, process monitoring and prognosis. A few

*This chapter has been published as: V. K. Puli, R. Chiplunkar and B. Huang, ”Sparse
Robust Dynamic Feature Extraction using Bayesian Inference,” in IEEE Transactions on Industrial
Electronics, 2023
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of the main challenges of industrial datasets are measurement-related issues, such as
collinearity, outliers, missing data, and asymmetric noise. Probabilistic latent variable
modeling is an effective tool to handle such issues [186]. This is a flexible framework
that allows one to represent a variety of aspects of a dataset based on the choice of
model structure and assumed distributions [187].

Often, high-dimensional datasets are generated from a very low-dimensional la-
tent space. Further, not all latent features affect all the input variables. Therefore,
extracting the correct number of latent variables corresponding to each input variable
is crucial. It can be achieved by a sparse representation of the emission matrix using
an L1 regularizer. A natural extension to probabilistic sparse latent models [188]
was introduced by assuming a generalized hyperbolic prior to the emission matrix.
As a particular case, Guan et al. [189] proposed the sparse probabilistic principal
component analysis model by incorporating a Laplace prior. Laplace distribution, as
such, does not yield tractable posterior estimates. However, the Laplace distribution
can be expressed as a Gaussian scale mixture distribution, resulting in an analytical
expression for the posteriors. The sparse principal component analysis model has not
been well explored for industrial process applications, and the research in this field is
limited [190].

Another important aspect of industrial datasets is the asymmetric nature of mea-
surement noise along with outliers. This is a common occurrence in many fields, such
as target-tracking and robotics [184]. In process industries, the measurement noise
of variables in the ranges of their limiting values will be skewed (e.g., the liquid level
close to zero). For such cases, an asymmetric and heavy-tailed distribution such as the
skewed-¢ distribution is the ideal choice to model the measurement noise [185,191].
Various skewed-t distribution-based filtering schemes have been proposed in recent
years, such as the normal-skew mixture distribution-based filtering [192], skewed-t
mixture distribution-based filtering [193], and robust filtering with skewed-t noise for
state transition model mismatch [194]. It must be noted that using the skewed-t dis-
tribution as such also leads to intractability issues for the state estimation procedure.
Hence, the hierarchical representation of the skewed-t distribution is adopted, which
uses the fact that the skewed-t distribution can also be expressed as a Gaussian scale

mixture distribution [184].
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In this work, these two aspects are implemented in a dynamic latent variable
model. In particular, the probabilistic slow feature analysis (PSFA) is selected as the
latent variable model. The PSFA model is an extension of the slow feature analysis
(SFA) method, which is an unsupervised learning method that projects the input data
onto a latent space such that the latent variables are characterized by slow variations
[173]. The main rationale behind the technique is that although the input data
might have faster variations, the primary underlying phenomena are characterized
by temporally slowly changing sources. This technique is thus relevant to many
industrial processes that have slower dynamics and thus is increasingly being used in
process industries [174,195,196]. The PSFA model is a linear dynamic model that
explicitly characterizes the slowness of a process through a constrained state transition
model [55]. The PSFA model has been demonstrated to be effective for applications,
such as soft sensing [55], and process monitoring [176]. Numerous extensions to the
basic PSFA model have been explored to account for various aspects of data, such as
oscillatory behavior [129], measurement outliers [56], and multi-modality [197].

In PSFA, the slowest latent variables are usually selected for modeling because
they are regarded to be capable of presenting the primary dynamics of the pro-
cess. Their dimensionality is generally determined based on a trial-and-error proce-
dure [49,99]. This procedure assumes that the order of importance is strictly based
on velocities, which may not be always accurate. A more efficient way is to be able
to select the latent variables that generate the input data automatically. This work
proposes a method to achieve it by having a sparse representation of the emission ma-
trix. This is achieved by considering the emission matrix rows as Laplace-distributed
random vectors. The method is also designed to be robust to asymmetric noise and
outliers by using a skewed-t distribution to model the measurement noise. Although
the issue of such a noise in the PSFA model is considered in a recent work [198],
it assumes the parameters as deterministic entities. The proposed approach has
model parameters modeled by random variables to account for model uncertainties
and include prior knowledge. The proposed model is estimated using the variational
Bayesian inference approach [77,199]. Finally, the efficiency of the proposed algorithm
is evaluated using two soft-sensor case studies: a numerical and an experimental case

study. The main contributions of the chapter are as follows.
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1. Automatic selection of the slow features relevant to the input-output data

through a sparse representation of the PSFA model.

2. Robust PSFA model in the presence of asymmetric measurement noise and

outliers.

3. Estimation of the posterior distribution of the model random variables using

both the input-output data for soft-sensor applications.

The remainder of the chapter is organized as follows. The background and the research
gap are presented in section II. The proposed model formulation is presented in section
ITI. The detailed derivation of the posterior distributions of the latent variables and
parameters is given in section I'V. Section V presents the results from the case studies

and section VI outlines the conclusions.

7.2 Background and shortcomings

The PSFA model [55] was proposed to extract slowly varying dynamics from the input
data with a probabilistic interpretation, as shown in (7.1) - (7.2).

S = ASk_l + Wy, Wy~ ./\/'(wk, O, I — AAT) (71)
Zp = Czsk + Vi Vg~ N(’Uk; 0, ’yillp) (72)

where s, € R™*! and z;, € RP*! denote the slow feature and the input observation,
respectively. Further, wy and v, represent the process and measurement noise, respec-
tively. The point estimates of the parameters were determined using the Expectation-
Maximization algorithm. Further, an extension to this work that estimates the pos-
terior distribution of the parameters has been proposed [99]. Essentially, the prior

information of the parameters A, C',, and v was introduced as shown below.

A= diag{ala e 7am}; p<A) = HBeta’(ai|aa7 6a>;
=1

p
Co=[er e - &) p(Co) = [[N(eil0. AgY):

i=1

R = ry_llp; p(7> - g(’”aw ﬂ7>;
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A Beta distribution was selected for a; V1 < i < m to pass the prior information in
which the magnitude is within the unit circle. Further, the prior distributions of the
parameters C, and v were assumed to be Gaussian A/ and Gamma G, respectively,
owing to conjugate distributional properties. Although the method proposed in [99]
was successful in extracting slow features, as discussed in the introduction, it has

three primary shortcomings.

e Typically, the optimal number of slow features m is not known a priori. There-
fore, it is usually assumed to be the number of input variables p. However, such

a practice may result in the extraction of some irrelevant features.

e A Gaussian distribution is symmetric around its mean and possesses short tails.
Hence, it does not accommodate common industrial complexities like outliers

and skewed noise.

e Soft sensing is one of the important applications of the extracted features. How-
ever, the proposed slow feature model [99] does not consider the output infor-

mation for the estimation of the posterior distributions.

Recently, an algorithm called robust complex probabilistic slow feature analysis [198]
has been proposed to deal with the second shortcoming. Essentially, a skewed t¢-
distribution ST (vx|0, R, A,v) was considered for the measurement noise. Here R,
A, and v represent the scale, shape and degree of freedom parameters, respectively.
However, the algorithm assumes the parameters as non-random quantities, and hence,
the prior knowledge of these parameters cannot be integrated. Therefore, in the next
section, a new slow feature algorithm is proposed that can extract slowly varying
patterns from the input-output data corrupted with outliers and skewed noise, and

automatically select relevant features.

7.3 Mathematical Formulation

In this section, we propose a robust sparse probabilistic slow feature model that can
extract slowly varying patterns using input-output data in the presence of noise with
outliers and skewness, as shown in (7.3) - (7.4).

s, = Asp_1 +wy;, wy ~ /\/'('wk, 0,1— AAT) (73)
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Table 7.1: Prior distribution information

S.10. Variable Prior/likelihood Hyper parameters
1 A p(A) =TI, Beta(a;| o, Ba) g, Pa
2 c p(CIH) = [T}, N(ei0, diag(h:)) -
3 H p(H) =TT, T, Exp(h]|)) A
4 R p(R) =[II_, 6" (R"|ag, Br) ar, Br
5 A p(diag(A)) = N(diag(A)|pa, Xa) pa, Xa
6 v p(v) =1II- G(vilaw, B) aw, By
7 uy, plurAw) = Ny (s 0, A -
8 Ay p(Axlv) =TI G(AV1%, %) -
9 81 p(s1) = N(51|0,1,,)
10 Sk p(sklsp_1, A) = N (sp|Asy_1, 1, — AAT)
11 z, p(xr|8k, wp, A, O, R, A) = N (x4 |Cs + Aug, A, R) —
p
Ty = Csp, +vi; v ~ [ [ ST (w0, Ris, Aig, i) (7.4)
=1

where the augmented data x; and the emission matrix C' is defined as follows.

2k Cz
w=lls o=l

Here 2, and y;. represent input and output vectors with their corresponding emission
matrices C, and C,, respectively. Since the non-Gaussian representation of the mea-
surement noise hinders the regular usage of the Kalman state estimation algorithm,

we employ the hierarchical representation [183,185,200], as shown in (7.5) - (7.7).

p('vk]uk,Ak) :N(’l)k;AUk,Ak_lR) (75)
pluglAr) =N (ug; 0, A7) (7.6)

p . .
pine = IT9 (-5 %) o
where

ST(”k; 07 R7A7 V)
= / N(’Uk;;A’U,k,Ak_lR) N+(Uk;6>,Ak_1)g(Ak;g,g) duk dAk
0 0
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where NV, denotes a multivariate truncated Gaussian distribution with closed positive

orthant as support.

Probability Density Function

0.5

7| === | aplace
e (Gaussian

Figure 7.1: Laplace vs. Gaussian distribution

Since the number of extracted slow features is assumed to be p, it is essential to
obtain a sparse emission matrix, and thus, extract only relevant features. Introducing
the L; norm to the objective function is one of the popular ways to achieve sparsity.
In a probabilistic formulation, an L; norm can be indirectly incorporated in the
objection function by assuming a Laplace prior to each of the entries of the emission
matrix [188,189]. It is observed that the probability of obtaining a value closer
to zero is very high compared to the Gaussian distribution with the same mean
and the standard deviation, as shown in Fig. 7.1. Since the Laplace prior is not
conjugate for the Gaussian likelihood, we again employ a hierarchical representation
[201]. Essentially, the Laplace distribution can be written as a combination of a
Gaussian and an Exponential distribution with the introduction of an additional

variable b/, as shown in (7.8) - (7.9).
pleilhi) =N (c;; 0, diag(h,)) (7.8)

p(h]) ZieXp {—%ﬂ} (7.9)
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where

Figure 7.2: Probabilistic graphical model of Robust Sparse PSFA

Due to modelling preference, the likelihood and prior distributions of various other
variables are introduced in Table 7.1. The hierarchical probabilistic graphical model
corresponding to the (7.3)-(7.9) is shown in the Fig. 7.2. The hyperparameters 6 €
{Qa, Ba, N\, R, Bry fia, 0a, @y, B, } and latent variables d € {A, C, H, R, A, v, A1.n, u1.n,
s1.v} are denoted by the yellow circle, and text without the circle, respectively. Fi-
nally, the complete data likelihood is computed to obtain the posterior distributions

of all the latent variables.

N

N
log p(X, d|f) = Zlogp(xﬂ(], Sk, A ug, Ay, R) +logp(sy) + Zlogp(sk|sk_1, A)
k=1 k=2

N N m p
+ > log plug|Ax) + > log p(Axlv) + D logp(a;) + Y log pleilhi)

k=1 k=1 =1 =1

+ZZlogp (h)) +Zlogp R™) 4 log p(diag(A +Zlogp vi);

i=1 j=1 i=1
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7.4 Posterior Distributions

Variational Inference can be used to obtain the expression for the approximate pos-

terior distribution ¢(ds) of any latent variable d, € d as

log q(ds) X <1ng(X> d|9)>q(d )

where d; denotes its complementary set. The approximate posterior distribution of

various latent variables is derived as shown below.

1. q(e;) = N(eil{ci), X¢;) where
N/ A !
Y, = (<diag(hi)1> + Z <R];-3k3£>> ;
Cl ET Z <Au Au z)8k> ’

2. The distribution of hf belongs to an exponential family, as shown below.

: 1 ()2 K
hl) x —e —_— - =
q(h}) v Xp{ STER

i

3. q(diag(A)) = N (diag(A)|pa, ¥a)

N —1
ZA:{E P (uf R Ay } ;

k=1

1
- A
2A<§ (uf R Az, — Csp)) + X4 M)

k=1

4. q(R") = G (R"|apii, Brii)

N
O pii =R + 5;

Brs =Br + 5 ZA“( )+ tr (el (sist)) +

(A% — 229 (eTs)) + 2(cTspAlul) — 2@“(&%@) :
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5. The posterior distribution of a; upto some normalizing constant is given by

N

G(a;) = exp {Z<logp(83;|82_1, ai)>}p(ail% Ba)

k=2
Since the Beta distribution is not conjugate to the Gaussian likelihood, the
posterior distribution does not belong to a known family. Hence, the impor-
tance sampling is performed to calculate the expectations with respect to the
distribution ¢(a;), as shown below.

L

(f)y = flab)ir(a) (7.10)

=1

b = gf)(—ai)l and w(al) = @ Here f(a;) is some function of «;
' i1 w(ay) ’ g(a;)

whose expectations are of primary interest. The samples al V1 € {1,2,... L}

where w(a

are drawn from an easier distribution g(a;), for example, p(a;|ay, 5,), and the

introduced bias is corrected by w. Therefore

exp { S0 log p(sf (1, ) }

w(a;) = —
Siyexp { Do llogp(sls 1, ah) }
where
N N
iy (i N -1 1 QG a;
> (logp(sy|sy, af)) = ——5—log(1 —af) — 5 (Z@;&le,im) T
k=2 k=2 @
al a 1 (& 1
(i) (i i i) (i
+ (Z<Sk)sl(€)1>) 1_—%2 3 (Z(s,(g)s,%) 1-a?
k=2 k=2
6. The derived proposal distribution for v; up to some normalizing constant is
given by
N
q(vi) = exp {Zﬂogp(/\?ilvi)) } p(vilay, By)
k=1

Since it does not belong to any known distribution, we again use important
sampling, as shown below, where samples v} V[ € {1,2,... L} are drawn from

the distribution p(v;|a,, 5,).

l

. {2 o (A1) }

Sryexp { S log p(Af ) §
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where
N

. VN Ul ol Ul N Ul N
1 Av)) = ——1log— — NlogI' [ = - -1 log A, — = A
Z(ogp( wlvi) 5 log og (2>+(2 );og k 2; k

k=1

. The derived proposal distribution ¢(s;.5) of slow features

log Q(SI:N) X <1ng<$1:N731:N7u1:N,AI:N7A707 R, A)>
X <10gp(81:N|m1:N7 Ui:.N, Al:N; A7 CJ R7 A)>
Q( logp(sl:N’$1:N7 <u1:N>7 <A1:N>7 <A>7 <C>7 <R>7 <A>>

To infer the distribution ¢(s;.5) using the classical Kalman filter algorithm, we

define the following:

zy — (A)(ug)
Ty = Oy Vk=1,2,---N;
- Om
. (@) . (C)
Ch,=|U4Vk=1,2--N—-1and Cy = |Opxm| ;
U Ux

Ry, = diag [(A; V(RN Ly, L] 5 A= (A);
with U4 and US defined by the Cholesky decompositions of (AT (I,,,—AAT)"1A)—
(ATY((1,, — AAT) 1) (A) and (CTR™1ALC) — (CTY(RTA.){(C), respectively. Fi-

nally, the following equation is obtained from the unified inference theorem [150]

q(81:8) = D(S1.N[T1N, (1‘1% <C~'>1:N, (R)1:n)

N
= HN(Sk;5k|N> Pk|N)

k=1
where
Py = APy 1 AT + I, — AAT
K, = Pup1OF (CiPyyper CF + Ry,) ™!
Sklk = Ask—1|k—1 + K, (2 — éklesk—uk—l)
Py = (In = K;Cy) P

The smoothing is applied using the following equations

Je = PkaATPk_Jrluk
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SkN = Skik + Jk(Skr1 v — ASkk)

Pyn = Pui + Je(Pesiy — Pesap) Iy

8. q(uk\ml;k; 9) = ./\/'+(uk;uk‘N, Uk|N) where

& =T — (C)spn
K, = (A)((ATA) + (R ™)™
UkN = Kex

Uk|N - (Ip - Ku<A>)<Ak>_l

The following expressions are computed V1 < i < p to estimate the mean and

covariance of uy.

wp == |1+ erf _kw ;
2Uf
0 (X
Tk = Ugn T Uk|N (1 _kwi) ;
k

7 ; ; 2
. .. u 3 3 .
i = Uity |1 [ 2 ( Xk )—( X > A%

/U]izl'N 1—wi 1—wi

9. q(Alljzry:0) =G (A;;;‘; n, ”igd’?) where

(bk = <R71(6k65 + CPk|NCT) + (ARilA + I)’U,k’lllg — RflAukeg — ARfleku@

Finally, the expectations that are required to compute the parameter update expres-

sions are shown below.




(Sk) = Sk
<sks£,1> = PyynJi—1 + SKINS_1 N
<sk3£> = Py + Sk|N3£\N;
(ug) = vi;
(wpuy, ) = S;
> ,

(logA})) =9 (% + 1) — log (Vi —;(bk) ;

Given a hyperparameter set, the proposed algorithm is run iteratively until the con-
vergence of the variational free energy is achieved. The variational free energy is

defined as follows.

L(q(d)) = (log p(X, d|0)) ) — (log q(d)) q(a)

Different initial hyperparameter guess results in a different variational free energy
at the end of iterations. Therefore, the hyperparameters are selected based on the
validation data’s variational free energy with a preference for slowness and sparsity.
Further, we assume that outputs are not available during the online implementation,
and hence, only input information is being used to evaluate the states of the Kalman
filter [98]. In particular, only C. is utilized to calculate the Kalman gain K, slow
feature sy, and the covariance matrix Py;. Even though the output information is
not used during the state computation, the dimension of sy does not alter. It is
to be noted that the Kalman filter is used to reconstruct only the input data in the
online implementation. Since the dimension of retained states (slow features) is much
lower than the dimension of the input due to sparsity constraint, the observability is

not a problem.

7.5 Soft Sensor Case Studies

This section demonstrates the efficiency of the proposed robust sparse probabilistic
slow feature model using a simulated and experimental data set for soft-sensor applica-

tions with hyperparameters {«,, fa, A, ag, Or, pia, 2a, o, 5, = {5,1,0.005, 3,0.5,0,
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1,50, 1}. The measurement noise is drawn from a skewed ¢-distribution with A = 2,

v =7, and a scale parameter R such that the signal-to-noise ratio is 1.

7.5.1 Simulation case study

The state-transition matrix for this constructed simulation is chosen to be A =
diag[0.99,0.75]. Two slow features and four observed variables with 1500 data sam-
ples (800, 200 and 500 for training, validation and testing, respectively) are generated
using (7.3)-(7.4). The fourth observed variable serves as an output, whereas the re-
maining three are used as inputs. We do not make any differentiation between these
variables during the training phase. Due to the assumption that the output is not
available during testing, only the inputs and the input emission matrix C', are used to
construct the Kalman gain and, thus, the slow features. The emission matrix C' used
for this study is shown in (7.11). Finally, a skewed ¢-measurement noise is added
to the observed variables. The simulated input-output variables are shown in the

Fig. 7.3.

0.54 0.32
1.83 —1.31

C = 0 —043 | (7.11)
0.86 0

Latent variables are extracted using the proposed methodology and other state-
of-the-art feature extraction methods, such as variational Bayesian probabilistic slow
feature analysis (VBPSFA) [99], dynamic partial least squares (DPLS), slow feature
analysis (SFA) [173], robust PSFA [56], and least squares. The estimated emission
matrices using the VBPSFA and the proposed methodology are shown in the Fig. 7.4,
and Fig. 7.5, respectively. It is observed that the estimated emission matrix using
the proposed method is sparse and thus, it can be inferred that the effective number
of latent variables required for the reconstruction of the input variables is two. Fur-
ther, only one feature is required for the prediction of the output variable since the
second element of the last row is statistically zero. Table 7.2 shows the performance
indices, namely the root mean square error (RMSE) and the concordance correlation

coefficient (p.), calculated with the help of predicted and the actual output testing
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Figure 7.3: Three input variables and one output variable

dataset. It is observed that the proposed method results in the lowest RMSE due to

the explicit representation of the outliers and skewness.

Table 7.2: Performance comparison on the simulation dataset

Method RSPSFA | VBPSFA | DPLS | SFA | RPSFA | OLS
RMSE 0.34 0.68 086 | 0.88 | 0.52 | 0.90
e 0.83 0.53 046 | 0.42 | 0.60 | 0.41
Computational | o 10.12 0.02 | 0.01| 11.60 | 0.01
time (in sec.)

7.5.2 Experimental case study

In this subsection, the efficiency of the proposed method is further validated using

the data generated from a pilot-scale hybrid tank system. Three cylindrical tanks are

connected in series through six valves, and water can be pumped into the left and the

right tanks separately using two pumps, as shown in Fig. 7.9. Three exit valves are

situated at the bottom of each of the tanks. The water level in the middle tank is the
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Figure 7.4: Estimated C using VBPSFA. It is observed that all the entries are statis-
tically significant; therefore, they are coloured dark blue.
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Figure 7.5: Estimated C' using RSPSFA. All the entries that are statistically close to
zero are coloured light blue.
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Figure 7.6: Input-Output variables of the experimental case study
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Figure 7.7: Estimated C using VBPSFA.

150



left level | 04717 -0.1344 | -0.05568 0 0 0 0 0 0
right level | 0.1484 | 0.02974 | 0.1269 0 0 0 0 0 0
left flowrate | -0.06308 | -0.1818 | 0.03079 0 0 0 0 0 0
c
Ke] )
@ right flowrate | -0.08693 | -0.187 | 0.05704 0 0 0 0 0 0
[0}
£
© -
o left pump speed | 0.004893 | -0.1568 | 0.001507 0 0 0 0 0 0
(0]
>
@
& right pump speed | -0.02367 | -0.03465 | 0.1088 0 0 0 0 0 0
(©]
left flow OP | 0.001407 | -0.8185 | 0.02074 0 0 0 0 0 0
right flow OP | -0.05827 | -0.05528 | 0.2367 0 0 0 0 0 0
middle level | 0.8258 | 0.01823 |-5.686e-16 0 0 0 0 0 0
s 5@ s® 5@ s® 5 s s® 5@

Latent dimension

Figure 7.8: Estimated C using RSPSFA.

interest in the current experimental case study. We consider a total of eight inputs:
left and right tank level, left and right flow rate, left and right pump speed, and left
and right flow controller output. Readers are referred to [56] for further details of
the experimental setup. The measured and the target variables are shown in their
normalized form in Fig. 7.6. The dataset is partitioned into training, validation, and

testing sets with 800, 200, and 500 samples, respectively.

Table 7.3: Performance comparison on the experimental dataset

Method | RSPSFA | VBSFA | DPLS | SFA | RPSFA | OLS
RMSE 0.23 0.32 0.39 | 0.48 0.30 0.42
Pe 0.90 0.76 0.73 | 0.65 0.79 0.70
R? 0.77 0.60 0.37 | 0.08 0.67 0.27

We perform a similar analysis as discussed in the simulation case study. The
proposed algorithm is iterated until the Q-function, computed using the validation
data, no longer improves. It is difficult to interpret the importance of the extracted
features using the estimated emission matrix obtained from the VBPSFA method,
as shown in Fig. 7.7. However, it is observed that only three features are needed to

sufficiently account for all the input-output variables, as shown in Fig. 7.8. Several
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performance indices are constructed utilizing the predictions obtained from different
feature extraction methods on the test dataset, and their results are shown in Table
7.3. It is observed that the proposed method has resulted in higher R? compared
to the other models due to the efficient modelling of the emission matrix and the
measurement noise. Fig. 7.10 indicates the plot between the noise-free output variable
and the predictions based on three latent variable models. It is observed that the
predictions based on the RSPSFA features are closer to the 45° line, indicating a
better prediction.

Apart from the increased accuracy, the proposed algorithm also has advantages
in terms of physical interpretability. It can be observed from Fig. 7.8 that the most
dominant latent variable in the level of the middle tank is sV, which is also the
dominant latent variable in the levels of the left and right tanks. Thus, it can be
inferred that these two variables are most related to the level in the middle tank.
This corroborates with the process knowledge as evident in Fig. 7.9, where it can
be seen that the water level in the middle tank is most influenced by the levels in
the right and left tanks. Additionally, it can be observed that s is predominantly
observed in the variables to the left side of the middle tank and s in the variables
to the right side of the middle tank. Although this rule is broken for the flow rate,
one may conclude that s and s primarily represent the variations observed in the
left and right-hand side variables of the experimental setup. Such an interpretation

is not possible for the emission matrix of the VBPSFA model (Fig. 7.7)

7.6 Conclusion

This chapter introduces a new feature extraction model that extracts only the essential
slow features from data corrupted with outliers and skewed noise. A Laplace and
skewed t-distribution are introduced for the emission matrix and measurement noise
to achieve a robust sparse slow feature model. Further, the posterior distributions
of all the latent variables are derived under the variational inference framework. We
deduce that the proposed algorithm performs better than the state-of-the-art models,
especially when the noise is skewed with outliers, as supported by the simulation

and experimental case study results. Since the proposed method results in a sparse
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representation of the latent space that generates the data, the latent variables can be
helpful for process monitoring applications. The limitation of the proposed algorithm
is that it requires a slightly higher training computation time than the other state-
of-the-art methods, as shown in Table 7.2. However, the online implementation does
not require much time since the Kalman gain and, thus, prediction is computed
using standard filtering equations. The proposed model can be further extended to
accommodate multi-modal process data, where the operating conditions change over

a period of time.
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Chapter 8

Physics-Informed Probabilistic
Slow Feature Analysis *

This chapter presents a novel approach called the physics-informed slow feature anal-
ysis. Slow feature analysis, a probabilistic method, is employed to extract slowly
varying latent patterns from high-dimensional measured data. The extracted slow
features have proven effective in industrial applications such as soft sensing and pro-
cess monitoring. However, industrial processes come with various physical constraints
that must be taken into account, such as energy requirements, equipment limitations,
and safety considerations. The conventional black-box nature of the slow feature
model often leads to physically inconsistent or unacceptable results. To address this
issue, we propose integrating physics principles into the probabilistic slow feature
model, ensuring that the extracted features adhere to physics laws. Our formula-
tion incorporates two types of physical constraints: linear algebraic equality and
inequality constraints. The model parameters are estimated using the expectation-
maximization approach. Through an experimental case study, we demonstrate the
effectiveness of our methodology, showcasing the advantages of incorporating physics
in feature extraction. These advantages include improved interpretability, reduced

data dimensionality, and enhanced generalization performance.

*This chapter has been submitted as: V. K. Puli, R. Chiplunkar and B. Huang, ”Physics-
Informed Probabilistic Slow Feature Analysis”, in Automatica, 2023
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8.1 Introduction

In recent years, there has been a growing prominence in the use of data-based mod-
eling to represent dynamic systems. This trend has been driven by a confluence of
multiple factors, including enhanced data storage and handling capabilities, the emer-
gence of sophisticated data analytics tools, and ambitious manufacturing goals [202].
Although data analytics has been maturing over the years, developing dynamic mod-
els that yield reliable long-term predictions remains a challenging problem. This
challenge arises due to issues such as sensory errors and the lack of comprehensive
dynamic information in historical data. To overcome these challenges, researchers
have turned to mechanistic models, which are built on a deep understanding of the
underlying physics of the processes. Integrating these models with observed data
can lead to enhanced models, a concept commonly referred to as ”physics-informed
machine learning” [203]. As a result, this approach has garnered significant inter-
est and application in diverse fields, such as climatology [204], fluid mechanics [205],
power-systems [206], and process systems engineering [207]. Although there is sub-
stantial research in the domain of physics-informed neural networks, the fusion of
physics-based knowledge with other data analysis methods remains relatively unex-
plored territory.

Latent variable models [186] are a powerful class of statistical tools that enable the
analysis of complex data by capturing underlying structures and relationships among
observed variables. Among these models, Principal Component Analysis (PCA) [34]
stands out as a widely-used technique for dimensionality reduction and feature ex-
traction. However, in dynamic systems with temporal dependencies, traditional PCA
may not fully capture the evolving patterns. This limitation has led to the devel-
opment of Dynamic Latent Variable Models (DLVM) [208-210], which encompass a
range of methods tailored to model time-varying data. One prominent approach in
this domain is Slow Feature Analysis (SFA) [173], which focuses on detecting and
characterizing slow variations in dynamic systems. SFA has shown promise in various
domains, particularly in process industries [174] where slow dynamics are prevalent.

SFA is designed to extract latent variables called "slow features” by minimizing

their velocity [173]. These slow features are utilized in modeling, as they capture
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significant variations observed in systems primarily driven by slower changes. SFA has
been widely adopted in applications such as soft sensing and process monitoring [174].
Probabilistic Slow Feature Analysis (PSFA), an alternative interpretation of SFA,
assumes the latent variables to be dynamic random variables [54,55]. The probabilistic
nature of PSFA equips it with enhanced capabilities in handling noise, missing data,
and model uncertainties. Beyond basic PSFA versions, various extensions have been
proposed to address specific aspects of the data. For instance, Fan et al. introduced
a robust PSFA framework to handle measurement outliers [56], while Ma and Huang
extended the PSFA model to incorporate model uncertainties [99]. Furthermore,
Puli et al. proposed the complex PSFA model tailored for datasets characterized
by oscillations [129]. Recent literature has presented numerous other variants of the
PSFA model that consider aspects like nonstationary data [49], multimodal processes
[197], sparsity of the latent space [211], and irregular sampling rates [212].

The importance of physics information in enhancing the reliability of data-based
models has been highlighted previously. However, existing research on physics-informed
latent variable modeling has been confined to static models [213,214] and has not ex-
plored dynamic latent variable models. To bridge this gap, this study introduces a
novel approach that integrates physics knowledge with data in a DLVM framework,
specifically using the PSFA model due to its suitability for process systems modeling.
The incorporation of physics information occurs through linear equality and inequality
constraints. Equality constraints arise from physical realities or equilibrium relations
among variables (e.g., constant sum of concentrations or steady-state mass/energy
balance equations). Inequality constraints, on the other hand, define the physical
limits or safety-related constraints for variables. To account for the probabilistic na-
ture of PSFA, this study proposes formulating these constraints in a probabilistic
manner. Both constraints are expressed similarly to the emission equation of the
PSFA model, with the key difference lying in the choice of distributions. Specifi-
cally, a Gaussian distribution is utilized to represent the uncertainty in the equality
constraints, while a truncated Gaussian distribution is employed for the inequality
constraints. The model estimation is performed using the expectation-maximization
(EM) algorithm [215]. The effectiveness of the proposed framework is demonstrated

through a case study involving a pilot-scale hybrid tank system. The results show
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that the incorporation of physics information leads to physically consistent predic-

tions. The main contributions of this chapter can be outlined as follows:

1. PSFA model is utilized to incorporate the physical constraints of the system in

a probabilistic fashion, encompassing both equality and inequality aspects.

2. The model estimation procedure is subsequently elaborated upon, with a thor-

ough derivation provided using the EM algorithm.

The chapter is structured as follows: In Section 8.2, the SFA and PSFA methods
are introduced. Section 8.3 presents the physics-informed PSFA method proposed
in this study. Subsequently, Section 8.4 discusses the results obtained from the case

study, while the conclusions are summarized in Section 8.5.

8.2 Literature

Given an input sequence X = [.'1:1 Ty ... xﬂ , & € RP the optimization problem
shown in (8.1)-(8.5) can be solved to obtain slow features in the order of increasing

velocities.

min (307 (8.1)
st s, =Wl (8.2)
(s1)) =0 (8.3)

(s%) =1 (8.4)

Vi g (s s) =0 (8.5)

where (.él(f)2> = 7%12[:2(51(? - s,(jll)z denotes the squared average velocity, W &
RP*™ indicates the projection matrix and (-) stands for the average over data samples.
Equation (8.3) - (8.4) are applied to each slow feature to avoid trivial solutions,
whereas (8.5) ensures zero correlation among the extracted features.

Three observed variables are depicted in Fig. 8.1, originating from two cosines
with varying frequencies and a third variable representing a brief, high-frequency
cosine signal. By employing DSFA, we can accurately identify the latent variables

associated with different frequencies, as illustrated in Fig. 8.3. In contrast to PCA,
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which captures the latent variable with the highest variability (Fig. 8.2), SFA can
effectively isolate and eliminate the impact of the short-lived disturbance on other

latent variables.

Observed Data

0 200 400 600 800 1000
time

Figure 8.1: Measured variables

However, SFA assumes that the underlying factors causing the data variations are
deterministic, which may not always hold true in real-world scenarios. Therefore, the

probabilistic formulation [54,55] is introduced, as shown in (8.6) - (8.7).

S = Ask_l +wg; Wi~ N(O, F) (86)
T, = C’sk + Vi U~ N(O, R) (87)

where A € R™™ (C € RP*™ T' € R™™ and R € RP*P are the state-transition
matrix, the emission matrix, the state-noise covariance matrix, and the measurement
noise covariance matrix, respectively. Assumptions (8.8)-(8.10) were made regarding

the parameters involved to ensure that, in the limiting case, the solution of proba-
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0.251
> 0.00
~0.251

(3)
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Figure 8.2: Princpal components
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Figure 8.3: Slow features
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bilistic slow feature analysis converges to its deterministic counterpart.

A = diag(ay, as, -+ ,an) (8.8)
I'= diag(Vh Y2, 77771) (89)
vi=1l—a; VI<i<m (8.10)

The expectation-maximization algorithm is employed to estimate the distribution
of slow features and associated parameters solely from measured data. However,
heavy reliance on measured data may render decision-making unreliable and unreal-
istic, especially when the data length is small or contains faulty regions. To address
this issue, we propose a novel algorithm that incorporates process knowledge, enabling

intelligent and reliable decision-making, as demonstrated in section 8.3.

8.3 Physics-informed slow feature model

In this section, it is assumed that the observed variables adhere to the physics laws,

manifesting in the form of two constraints as described below.

1. The first constraint is expressed as a linear equality relation among the non-

mean-centered observed variables without the loss of generality.
M (ar:k + if) =b

= b— MCs, — Mz =0

where Z is the mean of the observed data. Uncertainty is introduced to account

for the reliability of expert information, as shown in (8.11).
b— MCsp — Mz =uy; up ~N(0,Q) (8.11)

Here, the confidence associated with the physics-based formulation is denoted
as (), while the discrepancy between the linear expert physics and the actual

reality is represented as uy.

2. The second form of physics manifests as a linear inequality relation among the

observed variables.

Nz +z)< f
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= f—NCs,— Nz >0

Similarly, the reliability of this inequality information can be modelled as shown

in (8.12).
f—NCSk—NIZ‘ZGk (8.12)

Due to the fact that e; > 0 is greater than zero, a simple Gaussian distribution
assumption is inadequate in this case. A distribution that has positive support
may be utilized instead. Specifically, a skew-normal distribution is selected due
to its ability to be expressed as a Gaussian scale mixture, effectively resolving

state estimation concerns with a non-Gaussian distribution.

Thus, by combining all the relevant information, the physics-informed slow feature

model is presented below.

S = Ask_l + Wg; (813)

Ty C 0 Vi
b| = |MC|s+ |M|z+ |u; (8.14)

f NC N ex

where
Wy, NN(wk;O,[—AAT); Vi N./\/(’Uk;o,R); (815)
p

Uk NN(Uk;O, Q)7 € ~ HSN(C;C,[JJZ,O'Z,(L) (816)

i=1
Here the location, scale, and shape of the skew-normal distribution are represented
by p;, o; and d;, respectively. The use of the skew-normal distribution complicates
the filtering process due to the assumption made by the Kalman filter that measure-
ment noise follows a Gaussian distribution. While it is possible to derive analytical
expressions for the filtering and smoothing of skew-normal state space models, they
are computationally infeasible to implement [216,217].

To address this challenge, a hierarchical representation of the skew-normal distri-
bution can be employed. Assuming that variable y follows a skew-normal distribution,
it can be expressed as a linear combination of a Gaussian distribution e and a trun-

cated Gaussian distributed variable z, as shown in (8.17). This is similar to the form
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given in [218] with an additional scaling factor o. This approach allows for more

effective handling of the skew-normal distribution within the filtering process.

y=00z+ 04/ (1—0?)e (8.17)

where 2 ~ N, (1, 1) and e ~ N(0,1). Therefore,
p) = [ o) s
:=Awmmamadz
= /OOON(y;U5Z,U2(1 — )Ny (3, 1) dz

= [T N sz 0t1 - ) = {>__5;Z(: - .
1

= m/o N (y;062,0%(1 = 0%)) N (251, 1) dz

Given the marginal Gaussian distribution for z and a conditional Gaussian distribu-

tion for y given z,
p(z) = N(z;m,v)
pylz) = N(y;az + b, c)

the marginal distribution of y and the conditional distribution of z given y are deter-

mined by using Bayes’ theorem [219].

p(y) = N(y; am + b, a*v + c)

p(zly) = N(z;m + k(y — am — b), (1 — ka)v) where k = a%imjl— -
Hence
R T oS o Z,MU(1—5Q)+5?J ) b
mw—wmé.ww,w,)N<, S 5Qd
_ Nly;o0m,0%) (%o po(l=8)+0y o
A [N (T )
_ N (yiodp,0?) [ po(l—0%) +dy
o(1) g/ (1 —42)

The overall distribution is a product of a normal distribution multiplied by a CDF of

a normal distribution. For § — 1,

. po (1 —6%) + dy 1 y>0
lim ¢ =
01 o/ (1 —462) 0 y<0
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Thus, we can obtain a skew-normal distribution with only positive support in the

limiting case as 0 — 1, as shown in Fig. 8.4.

=0, o=1
0.8 . . —F . . .
6=0
07 5208 ||
6 =0.9999

051 4

p(y)

03r 4

0.1 r 4

samples

Figure 8.4: Density functions as 6 — 1

Note: This formulation of constraints shares similarities with the concept of
chance constraints as discussed in the literature on chance-constrained optimization

[220]. In general, a linear chance constraint is represented as follows:
P[Nzp <= f]>=1—c¢ (8.18)

In this equation, the parameter € represents the probability to which the constraint
is allowed to deviate from its desired condition. Notably, a resemblance emerges
between the proposed approach and the chance constraints framework. In the pro-
posed framework, Any value of § that deviates from its limiting case introduces a
finite probability less than zero, thus permitting the constraint to be violated with a
probability equivalent to the area under the probability density function below zero

(shaded red region in Fig. 8.5). While (8.18) specifies that Nx must be less than f,
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defining the constraint using a skew-normal distribution allows for the selection of the
mode’s position, resulting in a more adaptable framework for constraint definition,

as shown in Fig. 8.5.
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Figure 8.5: Locations of the distribution modes for various pu

Finally, the physics-informed slow feature model can be written as follows.

S = ASk,1 + wyg; (819)
b|=|MC|s.+ |M|Z+wvy; (8.20)
f NC N
where
0 R 0 0
Vi ~ N 0 ) 0 Q 0
o0 z 0 0 diag(c?® (1—46?))

where z,gi) ~ N, (z,(:);ui, 1), R = diag(ry,72,- -+ ,7p) and @ = diag(q1,q2, -, qn,)-
Here ® represents element-wise multiplication. Additionally, the description of the

various entities involved can be described as follows.
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e Measured Variables: z, ¢ RP*! V1 <k < T
e Latent Variables: s, € R™*! z, € Rm2*!

e Parameters (0):

AeRm™m | C e RP™ | M € Rm*P

N € R™*P | Re RP*P | () € Rm*™

MERngxl 0'6Rn2><1 6€Rn2><1

e Physics information: b ¢ R f ¢ R2x!

where m represents the latent variable dimension, p represents the observed variable

dimension, and n; and ny represent the number of equality and inequality constraints,

respectively. The sample size is denoted by 7. Finally, the complete data-likelihood

can be expressed as follows.

T

-
logp(X, S, Z|0) =logp(s1) + Y _logp(sklsi—1; A) + Y _log p(xi|si; C, R)
k=2 k=1

T T T »p
k=1

k=1 k=1 =1

The individual terms can be expanded as follows

m 1
logp(s1) = —Elog 2m — 53{31;

m

m 1 & 1 st —a;st |)?
log p(sk|sk—1, A) = —510g27r 3 Zlog 1 —af| - 52 %;
i=1

i=1 g

1 1
log p(xy|sk; C, R) = —g log 2m — 3 log |R| — 5(-’% — Csi)"R™ 'z — Csy);

n 1
log p(blsi: C. M, Q) = - log 2m — - log Q)|

- %(b — MCs, — Mz)"Q 7' (b — MCs), — MZ);
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log p(f|sk, zr; N, C,0.,0) ———Zlog|a 1—52|

n _ 0
_ @loggﬂ _ 122: (fi —n;prs;;—n;fra;— 0i0i2, )2;
2 2 — o (1 —67)
N9 1 =
log p(zxlu) = == log 27 — 5 > () — i) Zlogcb 1);
i=1

where ¢ is the cumulative distribution function of standard normal distribution. All
the matrices have been defined with suitable dimensions in the following manner for

the purpose of facilitating representation.

T
C=let e -+ ¢ ;
The parameters are estimated using the expectation-maximization algorithm. Essen-
tially, the update equations are obtained by taking the derivative of (log p(X, S, Z|6))
with respect to # and setting it equal to zero.
J(0)

9 logp(X, S, Z|6))
00

-0 (8.21)

where (.) represents the expectation operator with respect to the joint posterior dis-
tribution p(S, Z| X;0°'9), and 0°' denotes the parameters from the previous iteration.
However, it is to be noted that the true joint posterior distribution does not have a

closed-form solution.

1. With respect to a;

T T
—(T = Da} + <Z <8282_1>) a; + ((T —1)— Z <s}'€2 + 32_12>> a;

2. With respect to r;

.
1 )2
o= (o + el (sish)es — 2¢] (si)a)
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3. With respect to )

)
1
6= 3 0+ mI Cloysl)CTm, + ml 2 m,
k=1

—2m; C(sy)b; — 2m; Tb; + 2m; C(s;)T m;)
4. With respect to C'
T -1
MT lM e e T
o (R e +Z (1_52>>

T T
(1S el = st im) Yo+ 3°

T i )> _ nT;—l Z_lT -1
; o "z‘(s;;F)) <;(ské‘f)>

5. The derivation of the update equation for M;; is more complicated that will
now be presented in a concise and coherent manner. We will utilize the chain
rule, which will allow us to break down the derivation into manageable steps.

From Matrix Cookbook [221]:

0J0) _ 1y | (270) T oM
OM;; oM OM;;
First,
8. (6) T u
(9—M 2ZQilM<(CSk +fi’)<03k +E)T> — QZQilb(C%Sk) + E)T
k=1 k=1
Therefore,
0J(6) _
oI, =0 =

T T
> T [{(Csp+2)(Csi+2)") M'Q ™' Ty] =D Tr [(Clsy) + )b Q" ;]

where J;; is the single-entry matrix, 1 at (4, j) and zero elsewhere. The following

two properties are used repeatedly for further simplifications.
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(BCD);i=B,.CD.; (8.23)
where B;. and D.; represent the j* row and i column of matrices B and D,
respectively. Therefore
Tr[((Csy +2)(Csi +2)") MTQ ™ T4
= (((Csp+z)(sp CT +z” )>MTQ_1)ji
—<Osk+x L (stoT vy MTQ!

=((c] sk +7;) (s, C" + ") >mQu1

(c]sk+ ;) | s Z(Cz M) + Z(fl Md)) > Qi'
=1 =1

/\

p
- < cl'si+2;) | > (sher+Z) M+ (sf¢; + T;) My > Q!

=1

p
< cisp+ ;) Z(sgcl + 7)) My > o

1]
+ ((¢] sk + 7;) (si.¢; + ;) ) Mi;Q;;' (8.24)
Similarly
Tr [(C<Sk> + 57) bTQ—IJij] — (C?<Sk> 4 ij) sz;ll (825)

Finally, the explicit equation for M;; is presented below after combining all the
terms and simplifying it further.

ST <(cg’sk + ;) (bi — 3% (sTe + fl)Mil> >

1]
T — —
> i1 <(C§'psk + xj)(s}gcj + x])>

. With respect to N;;

Term; — Terms

ST (e (sk) + 75)(sTe + )

where
T .
Term; = Z(c (sk) +7;)(fi — 0,51<z,(;)))
k=1
T D
Term, = Z <(cjrsk + Z;) Z(sfcl + xl)> Ny
k=1 =1

1
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7. With respect to o;

0 _1§: L ((f = nl Cs —nlE — 0,52)?)
2 o?(1 = 3?)

0 [T &
Do <§ Zlog ‘Uf(l — 53)}) =0
¢ i=1

T .
Z ((Z;(j)> — Mi) - WT\/%exp {—%Mf} =0

k=1
The solution to the above equation is obtained using a numerical solver because

an explicit equation for p; is not obtained.

9. Since the true joint posterior is not tractable, a mean-field approximation is

assumed as follows.
p (S, Z|X;6°) ~ q (S]X;6°) ¢ (2] X;6°)

The approximate posterior ¢ (z,(:)]X ;0°1d> can be calculated using the varia-

tional Bayesian inference, as shown below.
logg (=4”1X;6°") o (logp(X. S, ZI6™), (5x.0m)

A\ 2

= = )2
9 o2(1—0?) oG = )

Upon simplification, the following result is obtained.
a (201X:07%) = Ve (20, (1 69))

where

0i
f) = (fi =ni Clsx) —n{T)— + pi(1 - 67)
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10. Similarly, the posterior distribution g (sk|X ;901(1) can be obtained as shown

below.
lOg q (Sk‘Xy GOld) XX <10gp(X, 87 Z|601d)>q(Z|X;9°ld)

A typical state estimation problem is represented by this scenario, where the
mean and covariance of an approximate posterior distribution, which follows a
Gaussian distribution, are estimated using the widely recognized equations of

the Kalman filter and smoother. The equations [222] are avoided for brevity.
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Figure 8.6: A Schematic of Hybrid Tank Pilot Plant

8.4 Experimental Validation

The efficiency of the proposed physics-informed probabilistic slow feature model is
demonstrated in this section through the utilization of a pilot-scale experimental

dataset for soft-sensor applications.
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Apparatus: The Hybrid Tank Pilot Plant’s schematic, depicted in Fig. 8.6,
consists of three equally sized transparent tanks installed at the same level. The
middle tank connects to both the right and left tanks through three connections at
different levels. Each tank is equipped with a discharge pipe at the bottom, which
empties into a reservoir on the lower level. Furthermore, overflow discharge pipes are
installed within each tank. The pumps enable water flow into either the left or right
tank, and various valves can be opened or closed, allowing for multiple flow paths,
including into the middle tank. The flow rates are measured using flow sensors, while
the levels of all three tanks are monitored using differential pressure (DP) sensors.
Table 8.1 presents the description of various variables used in the subsequent case

study.

Table 8.1: Process Variables description

H S.10. \ Variable \ Symbol H
1 Left tank level z®
2 Right tank level ()
3 Left flow-rate in z®)
4 Right flow-rate in @
5 Left pump speed z®)
6 Right pump speed ()
7 Left flow-rate out z(
8 | Intermediate flow-rate | z®
9 Middle tank level z®)

Process Design: The process has been designed to demonstrate the efficiency
of the proposed algorithm. The equality constraint 2® = z(¥ + z® is achieved by
maintaining the level in the left tank at the red solid line (set point) indicated in
Fig. 5.1 using a PID controller. This equality information is integrated through the

utilization of the M matrix, which is presented below.
M=[0 NaN 1 0 0 0 NaN —1 0]; b=0

Importantly, it should be noted that the knowledge at hand is only partial, and any
missing information is denoted by NalN, reflecting a more realistic representation
of the scenario. The proposed algorithm exhibits a distinct advantage in accurately
estimating the missing physics using (8.26). Simultaneously, a pseudo-random bi-

nary input sequence is utilized for the right pump speed z(® to enable fluctuations
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in the level of the middle tank between the top and middle connections. This de-
liberate design allows the middle tank level to influence the intermediate flow rate
2®) | prompting the PID controller to adjust 2® and maintain the left tank level z()
at the specified set point. The collected dataset has been corrupted with additive
Gaussian distributed noise. The focus of the current experimental case study is on
the water level in the middle tank. It is essential for the middle tank level to remain
below 25 units, as indicated by expert knowledge. To demonstrate the effectiveness of
the proposed methodology, two regions of interest in the target variable, representing
continuous sensory failures beyond the physical limit, are intentionally created, as
illustrated in Fig. 8.7. The incorporation of expert information is achieved using the

N matrix, as provided below.
N=[00000000O01]; f=25

The original dataset is divided into three distinct sets, with 1700 samples allocated
for model training, 1000 samples for testing, and 300 samples for validation.

The algorithm proposed in equations (1)-(10) is iterated until the objective func-
tion J(6) converges. The latent variable dimension is selected to maximize the corre-
sponding J(#). A comparison with state-of-the-art methods is conducted to demon-
strate the superiority of the proposed algorithm. Notably, the predictions of the
proposed model remain strictly within the specified threshold, unlike other models
that do not integrate expert information. Fig. 8.8 depicts the extracted slow features
that adhere to the equality constraint, while the corresponding recovered physics is

presented below.
M=1[0 0013 1000 -8130 -1 0];

The estimated missing values of M are found to be closer to the true values, show-
casing the effectiveness of the proposed algorithm. The proposed algorithm is com-
pared with several competing algorithms, including ordinary least squares (OLS),
PLS [122], SFR [223], and PSFA [55]. Results show that predictions based on the PI-
PSFA features more closely align with the underlying truth (represented by a black
curve), demonstrating superior predictive capability. Moreover, these predictions
remain within the physical limit (indicated by the red line), highlighting the physics-

informed model as superior to other approaches. Performance indices in Table 8.2,
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such as root mean square error (RMSE) and concordance correlation coefficient (p.),
are calculated using the test dataset predictions from each model. The proposed
method achieves a significantly lower RMSE compared to other models, attributed

to the integration of process knowledge.

Table 8.2: Performance metrics comparison

Method | OLS | PLS | SFR | PSFA | PI-PSFA
RMSE | 0.635 | 0.607 | 0.619 | 0.485 0.254
Pe 0.671 | 0.667 | 0.676 | 0.783 0.874

Model: PLS, p_ = 0.67, RMSE = 0.61

Model: SFR, p = 0.67, RMSE = 0.62
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Figure 8.8: Time trend comparison

8.5 Conclusion

The current state of probabilistic feature extraction methods relies solely on data-
based approaches. This chapter aims to enhance the reliability and consistency of
inferences by introducing a novel probabilistic slow feature model that incorporates

process knowledge. The model considers two types of process knowledge: linear static
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equality and linear static inequality relationships among the observed variables. By
efficiently utilizing the available data, the proposed algorithm can estimate missing
physics information effectively. This chapter provides the derivation and presentation
of updated equations for all relevant parameters. To demonstrate its efficacy, the
proposed model is applied to an experimental pilot plant case study. Furthermore, this
model can be extended to incorporate other forms of expert information encompassing

non-linearity and dynamics.
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Chapter 9

Conclusions and Recommendations
for Future Work

This chapter presents the conclusions drawn from our investigation of slow feature
analysis. Moreover, based on the insights gained, we offer recommendations for future
work in this domain. These suggestions aim to further advance the understanding of

PSFA and explore its untapped potential.

9.1 Concluding Remarks

The central theme of this thesis has focused on probabilistic slow feature analysis, a
technique employed for low-velocity feature extraction from a given set of measured
variables that represent a specific process. Nevertheless, the existing framework may
not fully address broader industrial challenges, including plant-wide oscillations, non-
stationarities, non-linearities, strict physical limits, and skewed noise. This thesis
approaches each challenge individually in separate chapters, presenting novel and
intriguing models of PSFA tailored to effectively address these specific issues. The
efficiency of each modified model is thoroughly assessed through real case studies,

enabling a thorough evaluation of their practical applicability and performance.

1. Chapter 3 presents the first contribution of this thesis, which addresses the lim-
itation of PSFA in extracting oscillatory features from noisy data due to the
diagonality assumption of the state-transition matrix for uncorrelated features.
This assumption makes it challenging to handle complex poles, which are re-
quired for such feature extraction. To overcome this, a block-diagonal structure
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is proposed to accommodate complex poles effectively. An iterative algorithm
is developed, leveraging the expectation maximization framework, to simulta-
neously estimate the states and parameters. Moreover, initial guesses for all
involved parameters are provided using the deterministic SFA framework. The
proposed model has been applied to identify the source of plant-wide oscilla-

tions.

2. In process data analysis, drift represents a significant non-stationary character-
istic wherein the statistical properties of the data evolve over time. Factors such
as machinery and equipment wear, accumulation of contaminants, and calibra-
tion drift contribute to the manifestation of non-stationary behaviors in process
variables. However, the existing PSFA method assumes that the underlying
patterns are solely slow features, characterized by a constant mean of 0 and
variance of 1. Chapter 4 addresses the limitations of PSFA when dealing with
drift-type non-stationary data. To effectively segregate the underlying trends,
we propose the incorporation of an additional latent variable equation based on
a drift-type random walk model. Moreover, we account for model uncertainty
by introducing priors on the model parameters and subsequently derived their
posterior distributions using the variational Bayesian framework. The effec-
tiveness of the proposed model is demonstrated in its successful application to

monitor fouling, which also exhibits non-stationary characteristics.

3. The constrained linear state-space model, PSFA, examined in prior chapters,
lacks the ability to represent non-linear processes. To address this limitation,
we turn our attention to this problem in Chapter 5, where we tackle the issue
of non-linearity by incorporating neural networks. Specifically, we develop a
novel neural network architecture capable of extracting slow oscillating patterns
from non-linear data. This architecture utilizes a gated recurrent unit, which
facilitates the flow of information across different time steps. By employing this
approach, we enhance the model’s capacity to capture dynamics in the nonlinear

data.

4. In regular PSFA, the Gaussian distribution is commonly adopted to model the
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measurement noise due to its compatibility with the standard Kalman filter for
state estimation. Nevertheless, the limitations of this assumption arise when
dealing with broader applications characterized by the presence of outliers and
skewed values in the measurement noise. To address this concern, in Chap-
ter 6, we propose the adoption of a skewed-t distribution as an alternative
approach. However, this change introduces challenges in the state estimation
process. To mitigate these challenges, we opt for the implementation of a Gaus-
sian scale mixture representation of the skewed t-distribution. By employing
this approach, the measurement noise continues to follow the form of Gaus-
sian distribution, albeit with varying mean and covariance, accommodating the

complexities associated with the presence of outliers and skewed values.

. Chapter 6 introduces an advanced PSFA model capable of addressing asym-
metric noise. Nevertheless, this model still exhibits two main drawbacks. First,
it considers the model parameters as fixed unknown entities, thus rendering it
incapable of handling model uncertainty. Additionally, the latent variable di-
mension is taken as the hyper-parameter, which is to be tuned. To deal with
these issues in Chapter 7, each parameter is assigned its own prior distribution.
As new data is acquired, the model updates its beliefs regarding these param-
eters using Bayes’ theorem, which combines prior knowledge with the observed
data’s likelihood to obtain posterior probability distributions. Specifically, the
emission matrix is assumed to follow a Laplace distribution, allowing for a sparse

representation and automatic determination of the optimal latent dimension.

. The physics-informed slow feature model, introduced in Chapter 8, enables the
integration of expert information in a probabilistic manner. This chapter focuses
on two types of physics laws: linear equality and inequality constraints. Unlike
the data-based regular PSFA model, the integration of physics allows for more
reliable inferences, particularly in cases of limited data length and calibration
drifts beyond the physical limits. The efficacy of the proposed methodology is
demonstrated through pilot plant hybrid tank experimental data.
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9.2

1.

Future Scope

Physics-Informed Dynamic and Non-linear Constraints: An extension
of probabilistic slow feature analysis is considered, where the incorporation of
physics-informed dynamic and non-linear constraints is explored. By extend-
ing the existing method to handle more complex and realistic physics laws, the
model’s applicability can be broadened to encompass a wider range of real-
world problems. This entails formulating the slow feature model to be adap-
tive to dynamic changes and capable of accounting for non-linear relationships
among variables. The implementation involves integrating expert knowledge
of the underlying physics and their corresponding temporal dynamics into the
probabilistic framework. The inclusion of dynamic and non-linear constraints
can significantly enhance the interpretability and predictive capabilities of the

model.

. Gaussian Process Regression for the Emission Equation as a Non-

parametric Approach: Another extension involves leveraging Gaussian pro-
cess regression as a non-parametric approach for modeling the emission equation
within the probabilistic slow feature analysis framework. This extension is mo-
tivated by the need to address scenarios where traditional parametric models
may be inadequate to capture the underlying complexity of the data. By adopt-
ing Gaussian process regression, the emission equation gains the flexibility to
adapt to different data distributions and non-linear relationships, inherently
accommodating uncertainty in the modeling process. The application of a non-
parametric approach also offers the advantage of capturing complex patterns
and correlations present in the data, thereby enabling the extraction of more

informative slow features.

PSFA for Transfer Learning: Develop adaptive probabilistic weights for the
transfer of slow features from the source to the target domain. These weights can
dynamically adjust based on the similarity between domains or the confidence
in the transfer process, allowing for more accurate and efficient knowledge trans-

fer. One can further generalize this extension to support multi-source transfer
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learning, where information is transferred from multiple source domains to a
single target domain. This can be valuable in scenarios where multiple related

domains can collectively improve the target domain’s performance.

. Slow feature-based reward shaping: Reward shaping is a technique used
in reinforcement learning to modify the reward signal to encourage desirable
behavior. Slow features can be used to shape the reward signal by providing
a more stable and informative representation of the state of the environment.

This can help the agent learn more efficiently and robustly.
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