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Abstract

In this thesis we study higher-dimensional rotating black holes. Such black
holes are widely discussed in string theory and brane-world models at present.
We demonstrate that even the most general known Kerr-NUT-(A)dS spacetime,
describing the general rotating higher-dimensional asymptotically (anti) de Sit-
ter black hole with NUT parameters, is in many aspects similar to its four-
dimensional counterpart. Namely, we show that it admits a fundamental hid-
den symmetry associated with the principal conformal Killing—Yano tensor. Such
a tensor generates towers of hidden and explicit symmetries. The tower of
Killing tensors is responsible for the existence of irreducible, quadratic in mo-
menta, conserved integrals of geodesic motion. These integrals, together with
the integrals corresponding to the tower of explicit symmetries, make geodesic
equations in the Kerr-NUT-(A)dS spacetime completely integrable. We further
demonstrate that in this spacetime the Hamilton—Jacobi, Klein-Gordon, and sta-
tionary string equations allow complete separation of variables and the problem
of finding parallel-propagated frames reduces to the set of the first order ordi-
nary differential equations. Moreover, we show that the Kerr-NUT-(A)dS space-
time is the most general Einstein space which possesses all these properties. We
also explicitly derive the most general (off-shell) canonical metric admitting the
principal conformal Killing—Yano tensor and demonstrate that such a metric is
necessarily of the special algebraic type D of the higher-dimensional algebraic
classification. The results presented in this thesis describe the new and com-
plete picture of the relationship of hidden symmetries and rotating black holes

in higher dimensions.



Preface

When in 1963 Kerr discovered an astrophysically relevant but relatively com-
plicated metric describing the gravitational field of a rotating black hole, it seemed
that no analytical predictions were possible even for the simplest particle geodesic
motion. However, a ‘miracle’ happened, and it turned out that not only the
geodesic motion can be analytically solved, but also the equations describing
various perturbations of this background can be ‘drastically” simplified. This
opened a way for studying astrophysical processes, such as the plasma accre-
tion around black holes, the radiation produced by infalling matter, the origin
of jets, the production and propagation of waves produced in the vicinity of
black holes, and it even led to estimates of the gravitational wave production in
star collisions and galaxy merges. It also facilitated the study of more theoretical
problems, such as the problem of stability of the Kerr solution, the calculation of
the quasinormal modes, or the study of the Hawking radiation. A hidden sym-
metry responsible for this miracle can be mathematically described by a simple
antisymmetric object, called the Killing—Yano tensor.

Recently, higher-dimensional rotating black hole spacetimes have become of
high interest due to various developments in gravity and high energy physics.
One of the reasons is the popularity of the scenarios with large extra dimen-
sions. In these so-called brane world models, our Universe is represented by a
four-dimensional brane floating in the higher-dimensional bulk space—where
only gravity can propagate. One of the main predictions of these models is the
possibility to produce higher-dimensional mini black holes in particle colliders.
Such black holes may provide a window into higher dimensions as well as into
non-perturbative gravitational physics which may already appear on the TeV
scale. Naturally, one wants to study the properties of these black holes which
are the higher-dimensional generalizations of the Kerr geometry.

Another motivation for studying higher-dimensional black hole spacetimes
comes from string theory. When quantizing a string action, a conformal anomaly
appears unless the spacetime dimension is D = 26 for bosonic strings or D = 10
for superstrings. Black holes in string theory are widely discussed in connec-
tion with the problem of microscopical explanation of the black hole entropy.
The study of black holes in an anti-de Sitter background can improve the un-
derstanding of the AdS/CFT correspondence. For this reason, it is useful to un-
derstand the particle and field propagation in these backgrounds. For example,
recently the structure of the black hole singularity was probed using geodesics
and correlators on the dual CFT on the boundary.

This thesis is devoted to the study of hidden symmetries of higher-
dimensional rotating black holes (with spherical horizon topology). We shall



demonstrate that, despite their complexity, the higher-dimensional rotating black
holes admit a similar hidden symmetry as their four-dimensional ‘cousins’. In
consequence, these black holes possess the following properties: the geodesic
motion in these backgrounds is completely integrable, the Hamilton-Jacobi,
Klein-Gordon, and Dirac equations allow the separation of variables, the met-
ric element is of the algebraic type D, it allows a generalized Kerr-Schild form,
and it is uniquely determined by the presence of the hidden symmetry. In this
context, four dimensions are not exceptional, and four-dimensional miraculous
properties of rotating black holes are, in some sense, even more miraculous in
higher dimensions.

In Part I of the thesis we focus on hidden symmetries. The next chapter
introduces the concept of hidden symmetries and outline their importance for
understanding the properties of four-dimensional rotating black holes. It also
overviews higher-dimensional black hole spacetimes and recapitulates the re-
sults on hidden symmetries which laid the groundwork for new developments
described in this thesis. The basic definitions and properties of the Killing and
Killing-Yano tensors, the objects responsible for hidden symmetries, are sum-
marized in Chapter 2.

In Chapter 3, we introduce the central notion of this thesis, the notion of the
principal conformal Killing—Yano (PCKY) tensor. We demonstrate how, based on a
simple property of this object, one can generate a whole tower of Killing-Yano
tensors and a corresponding tower of rank-2 Killing tensors. We also discuss
another, in some sense more physical, method for generating various Killing
tensors. This method is based on the construction of integrals of motion for
geodesic motion which are of higher order in geodesic momenta and therefore
associated with the corresponding Killing tensors. Finally, we demonstrate that
the PCKY tensor also generates a tower of Killing vector fields. One of these
Killing vectors plays an exceptional role and we reserve for it the notion primary.

In Part II, applying the previous results, we study the remarkable proper-
ties of higher-dimensional rotating black holes. In Chapter 4, we demonstrate
that the general Kerr-NUT—(A)dS spacetime, describing the higher-dimensional
arbitrarily rotating black hole with NUT parameters and the cosmological con-
stant, possesses the PCKY tensor. Moreover, this tensor determines uniquely
preferred (canonical) coordinates for this metric and hence its canonical form.
This form is especially useful for the subsequent calculations. We also learn that
it is possible to consider a broader class of the (off-shell) metrics which possess
the (same) PCKY tensor. It will be shown later, that this class describes the most
general metric element admitting the PCKY tensor. We call it the canonical metric
element.

In Chapter 5, we demonstrate the complete integrability of geodesic motion in
the canonical background. Namely, we prove that the constants of geodesic mo-



tion corresponding to the extended tower of Killing tensors and the constants of
geodesic motion corresponding to the tower of Killing vectors are all function-
ally independent and that they all mutually Poisson commute of one another.
The latter property is closely related to the fact that the corresponding Killing
tensors and/or Killing vectors Schouten—-Njjenhuis commute. We use the op-
portunity to briefly review the theory of the Schouten-Nijenhuis brackets and
to remind that with respect to these brackets Killing tensors form a Lie algebra.

The separability of the Hamilton—Jacobi and Klein—-Gordon equations in the
background of the canonical metric is demonstrated in Chapter 6. Such a sep-
arability provides an independent proof of complete integrability of geodesic
motion. It also allows to study the contribution of scalar field to the Hawk-
ing evaporation of these black holes. Several related results, directly connected
with these developments, are mentioned. Namely, we recapitulate the theory
of the separability structures and describe a recent achievement on the symme-
try operators which underly the separability of the Hamilton—Jacobi and Klein—
Gordon equations. Some open questions, primarily connected with the sepa-
rability problem for higher spin equations in this background, are also briefly
discussed.

In Chapter 7, we address the question of uniqueness and generality of these
developments. This leads us to the study of metric elements admitting the
PCKY tensor. In particular, we demonstrate the following two important re-
sults: First, we establish that the Kerr-NUT-AdS spacetime is the most general
solution of the vacuum Einstein equations with the cosmological constant which
possesses the PCKY tensor. Second, without imposing the Einstein equations,
we explicitly derive the most general metric admitting such a tensor and show
that it coincides with the canonical metric element. These results naturally gen-
eralize the results obtained earlier in four dimensions.

Part III of the thesis is devoted to further developments connected with the
PCKY tensor. In Chapter 8, we demonstrate the separability of the Nambu-
Goto equations for a stationary string in the background of the canonical space-
time. Such a string is generated by a 1-parameter family of Killing trajectories
and the problem of finding its configuration reduces to a problem of finding a
geodesic line in a (one dimension lower) effective background. The resulting
integrability of this geodesic problem is connected with the existence of hidden
symmetries which are inherited from the black hole background. More gener-
ally, we introduce the concept of £-branes, that is more dimensional objects with
the worldvolume aligned along the set of Killing vector fields, and discuss their
integrability in the Kerr-NUT-(A)dS spacetime.

In Chapter 9, we study the equations describing the parallel transport of
orthonormal frames along timelike geodesics in the spacetime admitting the
PCKY tensor. It is demonstrated how, in the presence of this tensor, these equa-



tions can be reduced to a set of the first order ordinary differential equations.
Concrete examples of parallel-propagated frames in D = 3, 4, 5 canonical space-
times are constructed and it is shown that the obtained set of equations can be
solved by the separation of variables. In the last chapter we summarize the over-
all picture of the obtained results, link these results to the related achievements,
and discuss possible future directions.

To keep the main text concise and fluent, we have moved the complemen-
tary material of various character to the appendices. In Appendix A some four-
dimensional aspects of hidden symmetries are discussed. The first section plays
the role of an introduction for newcomers to the problematic of hidden symme-
tries. On a simple four-dimensional example we describe the main ideas of the,
much more complicated, higher-dimensional theory. In the second section we
study hidden symmetries of the Plebariski~Demiariski class of solutions. Some
physically important subcases are discussed in more detail. An account of his-
torical developments leading to the discovery of the PCKY tensor in the general
Kerr-NUT-(A)dS spacetimes is recorded in Appendix B. Miscellaneous results
are gathered in Appendix C.

The results presented in this doctoral thesis were obtained during the course
of the author’s Ph.D. program at the University of Alberta between years 2005
and 2008. The thesis is based on the following published papers in peer re-
viewed journals: [Frolov & Kubiziidk, 2007], [Kubiziidk & Frolov, 2007], [Page
et al., 2007], [Frolov et al., 2007], [Krtous et al., 2007a], [Krtous et al., 2007b], [Ku-
biznidk & Krtous, 2007], [Kubiziidk & Frolov, 2008], [Frolov & Kubiziik, 2008],
[Connell et al., 2008b], [Krtous et al., 2008b].

Notations and conventions

Throughout the thesis, we use a mixture of invariant, tensorial, and matrix nota-
tions. The tensors are typed in boldface and their components (with due indices)
in normal letters. We consider a D-dimensional manifold M equipped with a
metric g. Except Chapter 9 and the appendices the metric is symbolically of the
Euclidean signature; it is related to the physical metric by a simple Wick rotation
(see Chapter 4). The coordinate indices are denoted by the Latin letters from the
beginning of the alphabet, a,b,c,...,=1,..., D; we use the Einstein summation
convention for them. These indices may be also understood as abstract, in the
sense of [Wald, 1984]. A dot above tensors denotes the differentiation along the
vector field; T' = V,.T = u*V,T. In Chapter 7, we use the symbol ~ to distin-
guish an operator from the corresponding 2-form. For example, having a 2-form
F with the (abstract) indices Fy, F' denotes the operator F'%,. Where it cannot
lead to confusion, a dot between tensors indicates contraction, e.g., a - b = a°b,.
Similarly, k- h - v denotes a vector with components A%, h®, v°. The symbols dz*?,



8.4, denote the coordinate 1-form, vector, associated with the coordinate z°. In
several place we also use matrix notations. Matrices are typed in normal letters
and the standard matrix notations are used for them. For example, having a
rank-2 tensor A, the symbol A stands for the matrix of its components A%, AT
denotes the transposed matrix, and TrA stands for its trace.

The central object of the thesis is a principal conformal Killing—Yano tensor, that
is a non-degenerate, closed, conformal Killing-Yano 2-form. We reserve for it
an abbreviation PCKY and (except Chapter 8) the symbol h. The associated pri-
mary (Killing) vector is denoted by &; £° = 1/(D — 1)V4h%. The (orthonormal)
Darboux bases of 1-forms and vectors determined by the PCKY tensor are called
the canonical bases and denoted by {w} and {e} (see Chapter 3). To distinguish
the basis indices from the coordinate indices we use " . For example, u® denotes
the basis components of the velocity u. The same symbol is also used to de-
note (differential) operators, for example, é = 1£%V,. Further conventions are
introduced later in the text (see, e.g., Chapter 2).
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Hidden Symmetries



Chapter 1

Introduction

1.1 Symmetries

In modern theoretical physics one can hardly overestimate the role of sym-
metries. They comprise the most fundamental laws of nature, they allow us
to classify solutions, in their presence complicated physical problems become
tractable. The value of symmetries is especially high in nonlinear theories, such
as general relativity.

In curved spacetime continuous symmetries (isometries) are generated by
Killing vector fields. Such symmetries have clear geometrical meaning. Let us
assume that in a given manifold we have a 1-parameter family of diffeomor-
phisms generated by a vector field £. Such a vector field determines the drag-
ging of tensors by the diffeomorphism transformation. If a tensor field T is in-
variant with respect to this dragging, that is, its Lie derivative along £ vanishes,
LT = 0, we have a symmetry. A vector field which generates transforma-
tions preserving the metric is called a Killing vector field, and the corresponding
diffeomorphism-—an isometry. According to the first Noether theorem continu-
ous symmetries of the theory imply the existence of conserved quantities. For a
covariant theory in an external gravitational field for each of the Killing vectors
there exists a conserved quantity. For example, for a particle geodesic motion
this conserved quantity is a projection of the particle momentum on the Killing
vector.

Besides isometries the spacetime may also possess hidden symmetries, gener-
ated by either symmetric or antisymmetric tensor fields. Such symmetries are
not directly related to the metric invariance under diffeomorphisms. They rep-
resent the genuine symmetries of the phase space rather than the configuration
space. For example, the symmetric Killing tensors give rise to the conserved
quantities of higher order in particle momenta, and underline the separability
of the scalar field equations. Less known but even more fundamental are the an-
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tisymmetric Killing-Yano tensors which are related to the separability of field
equations with spin, the existence of ‘quantum’ symmetry operators, and the
presence of conserved charges.

1.2 Miraculous properties of the Kerr geometry

To illustrate the role of hidden symmetries in general relativity let us recapit-
ulate the “miraculous” properties [Chandrasekhar, 1983] of the Kerr geometry.
This astrophysical important solution was obtained in 1963 by Kerr [Kerr, 1963].
The metric is stationary and axially symmetric; it possesses two Killing vectors,
0. and 8, generating the time translation and the rotation. The Kerr solution is
of the special algebraic type D of Petrov’s classification [Petrov, 1954], [Petrov,
1969], it belongs to the special class of solutions which can be presented in the
Kerr-Schild form [Kerr & Schild, 1965], [Kerr & Schild, 1969], [Debney et al.,
1969],

Jab = Nap + 2Holy . (1.1)

Here, 17 is a flat metric and [ is a null vector, in both metrics g and n.!

Although the Killing vector fields 8; and 9, are not enough to provide a
sufficient number of integrals of motion? in 1968 Carter [Carter, 1968a], [Carter,
1968b] demonstrated that both—the Hamilton-Jacobi and scalar field equations—
can be separated. This proved, apart from other things, that there exists an
additional integral of motion, ‘mysterious’ Carter’s constant, which makes the
particle geodesic motion completely integrable. In 1970, Walker and Penrose
[Walker & Penrose, 1970] pointed out that Carter’s constant is quadratic in par-
ticle momenta and its existence is directly connected with the symmetric Killing
tensor [Stackel, 1895]

Kay= Ky, VK =0. (1.2)

During the several following years it was discovered that it is not only the
Klein-Gordon equation which allows the separation of variables in the Kerr
geometry. In 1972, Teukolsky decoupled the equations for electromagnetic and
gravitational perturbations, and separated variables in the resulting master equa-

!If the ansatz (1.1) is inserted into the Einstein equations, one effectively reduces the problem
to a linear one (see, e.g., [Glirses & Giirsey, 1975]). This gives a powerful tool for the study of spe-
cial solutions of the Einstein equations. This method works in higher dimensions as well. For ex-
ample, the Kerr-Schild ansatz was used by Myers and Perry to obtain their higher-dimensional
black hole solutions [Myers & Perry, 1986].

2For example, for a particle motion these isometries generate the conserved energy and az-
imuthal component of the angular momentum, which, together with the conservation of p?,
gives only three integrals of motion. For separability of the Hamilton-Jacobi equation in the
Kerr spacetime the fourth integral of motion is required.
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tions [Teukolsky, 1972]. One year later the massless neutrino equation by Teukol-
sky and Unruh [Teukolsky, 1973], [Unruh, 1973], and in 1976 the massive Dirac
equation by Chandrasekhar and Page [Chandrasekhar, 1976], [Page, 1976] were
separated.

Meanwhile a new breakthrough was achieved in the field of hidden symme-
tries when in 1973 Penrose and Floyd [Penrose, 1973], [Floyd, 1973] discovered
that the Killing tensor for the Kerr metric can be written in the form

Kab = facfbc ) (13)
where the antisymmetric tensor f is the Killing-Yano (KY) tensor [Yano, 1952]
fab = fla),  Viefap =0. (14)

A Killing-Yano tensor is in many aspects more fundamental than a Killing ten-
sor. In particular, having a Killing-Yano tensor one can always construct the
corresponding Killing tensor using Eq. (1.3). On the other hand, not every
Killing tensor can be decomposed in terms of a Killing—Yano tensor (for neces-
sary conditions see [Collinson, 1976], [Ferrando & Saez, 2002]).

Many of the remarkable properties of the Kerr spacetime are consequences of
the existence of the Killing-Yano tensor. In particular, in 1974 Collinson demon-
strated that the integrability conditions for a non-degenerate Killing-Yano ten-
sor imply that the spacetime is necessary of the Petrov type D [Collinson, 1974].3
In 1975, Hughston and Sommers showed that in the Kerr geometry the Killing-
Yano tensor f generates both of its isometries [Hughston & Sommers, 1973].
Namely, the Killing vectors 8, and 8y, can be written as follows:

fa = _;_;Vb(*f)ba — (at)a7 ,r]a = — Gi)é'b — (&b)b . (15)

This means that, in fact, all the symmetries necessary for complete integrability
of geodesic motion in the Kerr spacetime are ‘derivable’ from the existence of a
single Killing—Yano tensor.

In 1977, Carter demonstrated [Carter, 1977] that given an isometry £ and/or
a Killing tensor K one can construct the operators

~

£=iV,, K =V,K?*V,, (1.6)

3 All the vacuum type D solutions were obtained by Kinnersley [Kinnersley, 1969]. Demiariski
and Francaviglia showed that in the absence of acceleration these solutions admit Killing and
Killing-Yano tensors [Demianski & Francaviglia, 1980]. A general (off-shell) metric element
admitting a Killing—-Yano tensor in four dimensions was obtained by Dietz and Riidiger [Dietz
& Riidiger, 1981], [Dietz & Riidiger, 1982], see also [Taxiarchis, 1985].
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which commute with the scalar Laplacian?

[D,é] =0= [D,f(] . O= Vg%V, (1.7)

Moreover, in the Kerr geometry these operators commute also between them-
selves and provide therefore good ‘quantum’ numbers for scalar fields. In 1979
Carter and McLenaghan found that an operator

~

. a 1 c
f = Y57 fabvb -y 7b7 vcfab (18)
6

commutes with the Dirac operator 7*V, [Carter & McLenaghan, 1979]. This
gives a new quantum number for the spinor wavefunction and explains why
separation of the Dirac equation can be achieved. Similar symmetry opera-
tors for other equations with spin, including electromagnetic and gravitational
perturbations, were constructed later [Kamran & McLenaghan, 1984], [Kamran,
1985], [del Castillo, 1988], [Kalnins & Miller, 1989],[Kalnins et al., 1996].

In 1983, Marck solved equations for the parallel transport of an orthonormal
frame along geodesics in the Kerr spacetime [Marck, 1983b], [Marck, 1983a] and
used this result for the study of tidal forces. For this construction he used a
simple fact that the vector

L,= fabpb7 Lapa =0, (19)

is parallel-propagated along a geodesic p.
In 1987, Carter [Carter, 1987] pointed out that the Killing—Yano tensor itself
is derivable from a 1-form b,
f = *db. (1.10)

We call such a form b a (KY) potential. It satisfies the Maxwell equations and can
be interpreted as a 4-potential of an electromagnetic field with the source current
proportional to the primary Killing vector field 8, , cf. Eq. (1.5). In 1989, Frolov
et al. [Frolov et al., 1989], [Carter & Frolov, 1989], [Carter et al., 1991], separated
equations for an equilibrium configuration of a cosmic string near the Kerr black
hole. In 1993, Gibbons et al. demonstrated that due to the presence of Killing—
Yano tensor the classical spinning particles in this background possess enhanced
worldline supersymmetry [Gibbons et al., 1993]. Conserved quantities in the

4In fact, the operator K defined by (1.6) commutes with O provided that the background
metric satisfies the vacuum Einstein or source-free Einstein-Maxwell equations. In more general
spacetimes, however, a quantum anomaly proportional to a contraction of K with the Ricci
tensor may appear. Such anomaly is not present if an additional condition (1.3) is satisfied
[Cariglia, 2004].
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Kerr geometry generated by f were discussed in 2006 by Jezierski and Lukasik
[Jezierski & Lukasik, 2006].

To conclude this section we mention that many of the above statements and
results, which we have formulated for the Kerr geometry, are in fact more gen-
eral. Their validity can be extended to more general spacetimes, or even to an ar-
bitrary number of spacetime dimensions. For example, the whole Carter’s class
of solutions [Carter, 1968c], [Carter, 1968b] (see also [Debever, 1971], [Plebariski,
1975]) admits a KY tensor and possesses many of the discussed properties (see
Appendix A). General results on Killing—Yano tensors and algebraic proper-
ties were gathered by Hall [Hall, 1987]. A relationship among the existence
of Killing tensors and separability structures for the Hamilton—Jacobi equation
in an arbitrary number of spacetime dimensions was discussed in [Woodhouse,
1975], [Benenti & Francaviglia, 1979], [Kalnins & Miller, 1981] (see also Section
6.3.1). We refer to Appendix A for further details on hidden symmetries in 4D.

1.3 Higher-dimensional black holes

Higher-dimensional black hole solutions have been studied for a long time. Al-
ready in 1963, Tangherlini [Tangherlini, 1963] obtained a higher-dimensional
generalization of the Schwarzschild metric [Schwarzschild, 1916]. The charged
version of the Tangherlini metric was found in 1986 by Myers and Perry [Myers
& Perry, 1986]. In the same paper a general vacuum rotating black hole in higher
dimensions was obtained. This solution, often called the Myers—Perry (MP)
metric, generalizes the four-dimensional Kerr solution.’ Main new feature of the
MP metrics in D dimensions is that, instead of one rotation parameter, they have
m = [(D — 1)/2] rotation parameters, corresponding to m independent 2-planes
of rotation. Later, in 1998, Hawking, Hunter, and Taylor-Robinson [Hawking
et al., 1999] found a 5D generalization of the 4D rotating black hole in asymptot-
ically (anti) de Sitter space (Kerr-(A)dS metric [Carter, 1968b]). In 2004 Gibbons,
L, Page, and Pope [Gibbons et al., 2004], [Gibbons et al., 2005] discovered the
general Kerr-(A)dS metrics in arbitrary number of dimensions. After several
attempts to include NUT [Newman et al., 1963] parameters [Chong et al., 2005],

5To be more precise, it is well known that physics of higher-dimensional black holes can
be substantially different, and much richer, than in four dimensions. Whereas in four dimen-
sions only the black holes with spherical horizon topology are allowed, it is expected that non-
spherical horizon topologies are a generic feature of higher-dimensional gravity. Besides the
class of rotating black holes solutions with spherical horizon, such as the Myers—~Perry metrics
and their generalizations, there exist other rotating ‘black objects’, for example black rings and
their generalizations. In this thesis we concentrate only on the class of rotating black holes with
spherical horizon topology. Such black holes can be considered as natural higher-dimensional
generalizations of the Kerr metric.
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[Chen et al., 2007], in 2006 Chen, Lii, and Pope [Chen et al., 2006a] found a gen-
eral Kerr-NUT-(A)dS solution of the Einstein equations for all D. These metrics
were obtained in special coordinates which are the natural higher-dimensional
generalization of the Carter’s 4D canonical coordinates [Carter, 1968b], [Debever,
1971], [Plebariski, 1975]. So far, they remain the most general black-hole-type so-
lutions of the Einstein equations with the cosmological constant (and spherical
horizon topology) which are known analytically.® For a recent extended review
on higher-dimensional black holes see, e.g., [Emparan & Reall, 2008].

In connection with these black holes the following natural questions arise:
To what extent are the remarkable properties described for the four-dimensional
black holes innate to four dimensions? Do some of them transfer to higher di-
mensions as well? And in particular, do some of the higher-dimensional black
holes possess hidden symmetries?

1.4 Hidden symmetries in higher dimensions

The hidden symmetries of higher-dimensional rotating black holes were first
discovered for the 5D Myers—Perry metrics [Frolov & Stojkovi¢, 2003b] ,[Frolov
& Stojkovi¢, 2003a]. It was demonstrated that both, the Hamilton-Jacobi and
scalar field equations, allow the separation of variables and the corresponding
Killing tensor was obtained. Later it was shown that 5D results can be extended
to an arbitrary number of dimensions, provided that rotation parameters of the
MP metric can be divided into two classes, and within each of the classes these
parameters are equal of one another [Vasudevan et al., 2005a]. Similar results
were found in the presence of the cosmological constant and NUT parame-
ters [Lopez-Ortega, 2003}, [Vasudevan et al., 2005b], [Kunduri & Lucietti, 2005],
[Vasudevan & Stevens, 2005], [Vasudevan, 2006a], [Chen et al., 2006b], [Davis,
2006], [Vasudevan, 2006b]. It was also demonstrated that a stationary string
configuration in the 5D Myers—Perry spacetime is completely integrable [Frolov
& Stevens, 2004].

®Besides the brane-world scenarios, these black holes find their applications for the
ADS/CFT correspondence. In the BPS limit the odd-dimensional metrics lead to the Sasaki-
Einstein metrics [Hashimoto et al.,, 2004], [Cvetic et al., 2005b], [Cvetic et al., 2005a} whereas
the even-dimensional metrics lead to the Calabi-Yau spaces [Oota & Yasui, 2006}, [Lii & Pope,
2007]. There have been also several attempts to generalize these solutions. For example, to
find a similar solution of the Einstein-Maxwell equations either in an analytical form [Aliev &
Frolov, 2004], [Aliev, 2006a], [Aliev, 2006b],[Aliev, 2007], [Kunz et al., 2006b], [Chen & Lii, 2008],
[Krtous, 2007] or numerically [Kunz et al., 2005],[Kunz et al., 2006a],[Kunz et al., 2007], [Brihaye
& Delsate, 20071, [Kleihaus et al., 2008]. See also [Charmousis & Gregory, 2004], [Podolsky &
Ortaggio, 2006], [Pravda et al., 2007],[Ortaggio et al., 2008], or [Houri et al., 2008c], [Li1 et al.,
2008a}.
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Were these results the most general possible? Or, were there somewhere hid-
den other symmetries which would allow a further progress? In particular, do
the higher-dimensional rotating black holes admit the fundamental symmetry
of a Killing-Yano tensor? These were the questions which stimulated further
research.

The outcome of this research can be briefly summarized as follows:” Even
the most general known higher-dimensional Kerr-NUT-(A)dS black holes pos-
sess many of the remarkable properties of their four-dimensional ‘cousins’ .
Namely, the geodesic motion in these backgrounds is completely integrable,
the Hamilton-Jacobi, Klein—-Gordon, Dirac, and stationary string equations are
completely separable. The metrics are of the type D of higher-dimensional al-
gebraic classification and allow a generalized Kerr-Schild form. Many of these
properties follow directly from the existence of a fundamental hidden symme-
try associated with the principal conformal Killing—Yano (PCKY) tensor.

The PCKY tensor was first discovered for the Myers—Perry metrics [Frolov
& Kubiziidk, 2007], and soon after that for the completely general Kerr-NUT-
(A)dS spacetimes [Kubiziidk & Frolov, 2007]. Starting with this tensor, one can
generate the whole tower of hidden symmetries [Krtous et al., 2007b] which are
responsible for complete integrability of geodesic motion in these spacetimes
[Page et al., 2007], [Krtous et al., 2007a]. Such an integrability was independently
proved by separating the Hamilton-Jacobi equation [Frolov et al., 2007]. Due to
the presence of hidden symmetries, also the Klein—Gordon [Frolov et al., 2007]
and Dirac [Oota & Yasui, 2008] equations allow the separation of variables in
these backgrounds. Recently, extending the work of [Houri et al., 2007], [Houri
et al., 2008a], the uniqueness of these results was demonstrated [Krtous et al.,
2008b]. In particular, it was proved that, similar to the 4D case, the most general
Einstein space admitting the PCKY tensor is the Kerr-NUT-(A)dS spacetime.
Meanwhile, it was shown that the Kerr-NUT-(A)dS spacetime is of the algebraic
type D of higher-dimensional algebraic classification [Hamamoto et al., 2007]
and that it allows a generalized Kerr-Schild form [Chen & Lii, 2008]. By relaxing
some of the requirements imposed on the PCKY tensor more general spacetimes
were recently discovered [Houri et al., 2008c], [Houri et al., 2008b]. Directly
related to the PCKY tensor is also a proved complete integrability of a stationary
string configuration in the vicinity of the Kerr-NUT-(A)dS black hole [Kubizidk
& Frolov, 2008] and the possibility of constructing a parallel propagated frame in
such a background [Connell et al., 2008b]. (For other related works see Chapter
10.)

7Let us emphasize that not all of the results were obtained by the author of this thesis and /or
his collaborators. What we summarize here is the overall progress which has been recently
achieved in this direction.



Chapter 2

Killing-Yano and Killing tensors

In this chapter we review the basic objects responsible for symmetries of the
spacetime and briefly discuss their properties. In particular, we introduce the
Killing and Killing—Yano tensors, and their conformal generalizations. We also
exploit the opportunity to establish some notations used later in the text.

2.1 Definitions

Killing vectors

Let us consider a D-dimensional spacetime with a metric g. A spacetime pos-
sesses an isometry generated by the Killing vector field £ if this vector obeys the
Killing equation

Vs = 0. (2.1)

For a geodesic motion of a particle in such a curved spacetime the quantity p®&,,
where p is the momentum of the particle, remains constant along the particle’s
trajectory. Similarly, for a null geodesic, p*{, is conserved provided that § is a
conformal Killing vector obeying the equation

Viabs) = EGap, € =D71V,e0. 2.2)

An equivalent defining equation for the conformal Killing vector is

Vaé.b = v[aé'b] + gabg- (23)
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That is, the conformal Killing vector is an object, the covariant derivative of
which splits into the ‘exterior’ and ‘divergence’ parts.! When the first term van-
ishes the conformal Killing vector is closed. The vanishing of the second term
means that we are dealing with the Killing vector. In the case when both parts
are zero we have a covariantly constant (Killing) vector.

There exist two natural (symmetric and antisymmetric) generalizations of
a (conformal) Killing vector. (For a ‘hybrid’ proposal, see, e.g., [Collinson &
Howarth, 2000].)

Killing tensors

A symmetric (rank-p) conformal Killing tensor [Walker & Penrose, 1970] Q obeys
the equations

Qalag...ap = Q(alaz...ap) ) v(anla2...ap) = g(baléaz...ap) . (24)

As in the case of a conformal Killing vector, the tensor Q is determined by trac-
ing both sides of Eq. (2.4). In particular, a rank-2 conformal Killing tensor obeys
the equations

= ~ 1
v(ach) = g(ach) ) Qa = D—““ (2Vcha + Vanc) . (25)

+2
If Q vanishes, the tensor Q is called a Killing tensor [Stackel, 1895] and it is
usually denoted by K. So we have

Kawg...ap = K(alaz...ap) ) v(b}:{amz...ap) =0. (26)

Obviously, the metric is a (trivial) rank-2 Killing tensor. In the presence of the
Killing tensor K the conserved quantity for a geodesic motion is

K = Kajaz..a,0"'p™ ... D% . 2.7)

For null geodesics this quantity is conserved not only for a Killing tensor, but
also for a conformal Killing tensor. Let us finally mention that a symmetrized
tensor product of Killing vectors is a (reducible) Killing tensor. More generally,
we call the Killing tensor reducible if it is a linear combination of the products of
Killing tensors of a lower rank.

1For a general vector an additional term, the ‘harmonic’ part, is present. It is the lack of this
term what makes conformal Killing vectors ‘special’.
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Killing-Yano tensors

The conformal Killing—Yano (CKY) tensors were first proposed in 1968 by Kashi-
wada and Tachibana [Kashiwada, 1968], [Tachibana, 1969] as a.generalization
of the Killing-Yano (KY) tensors introduced by Yano in 1952 [Yano, 1952].

One of the simplest approaches to the CKY tensors is based on a natural gen-
eralization of the definition (2.3) of conformal Killing vectors. The CKY tensor k
of rank-p is a p-form the covariant derivative of which has vanishing harmonic
part, that is it splits into the exterior and divergence parts as follows:

Vakiy. b, = Viaksy. 5,) + P Gappikg..5.] » (2.8)
. 1 .
kby..n, = m Veky. b, - (2.9)

[The tensor k, (2.9), is determined by tracing both sides of the first equation.]
The defining equation (2.8) is invariant under the Hodge duality; the exterior
part transforms into the divergence part and vice versa. This implies that the
dual xk is a CKY tensor whenever k is a CKY tensor (see also the next section).

Three special subclasses of CKY tensors are of particular interest: (a) Killing—
Yano tensors with zero divergence part in (2.8) (b) closed CKY tensors with van-
ishing exterior part in (2.8) and (c) covariantly constant (KY) tensors with both
parts vanishing. The subclasses (a) and (b) transform into each other under the
Hodge duality. ‘

In particular, a rank-2 CKY tensor k obeys the equations

1
Vakpe = V[ak/'bc] + 2ga[b€c] ) Ea = ri vckca . (210)
The vector &, defined by the last equation, is called primary. It satisfies [Tachibana,
1969] (see also Appendix C.2)

1 c
V(agb) = ch(akb) . (211)

Thus, in an Einstein space, that is when R, = Agg, £ is the Killing vector.

An alternative (equivalent) definition of a rank-p CKY tensor naturally gen-
eralizes the definition (2.2) [Tachibana, 1969], [Jezierski, 1997], [Cariglia, 2004].
It reads

Vakby)by..b, = gabjsz...b,, -(-1) g[bz(afﬂbl)...b,,] , (2.12)

where k (obtained again by tracing procedure) is given by (2.9).
Let us finally mention two additional important properties of KY tensors.
Having a KY tensor f:
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1. The tensor

Lasas..ap-1 = fara..a,P™ (2.13)
is parallel-propagated along the geodesic p.
2. The object
K= b5 foonean s (214)

is an associated Killing tensor. Here ¢, is an arbitrary constant, which is
often taken to be one. For a different convenient choice see Section 3.2.

Similarly, for a rank-2 CKY tensor k the object
Qab = kacks® , (2.15)

is an associated conformal Killing tensor.

Let us also mention that the exterior product of Killing vectors does not gen-
erally produce a KY tensor.2 However, in Section 3.2.1 we shall prove the impor-
tant fact that the exterior product of two closed CKY tensors is again a closed
CKY tensor. :

2.2 CKY tensors as differential forms

The CKY tensors are forms and operations with them are greatly simplified if
one uses the ‘invariant’ language of differential forms. In this section we es-
tablish some of these notations. We also recast the CKY equation (2.8) into this
language and prove its invariance under the Hodge duality.

If a, and 3, are p- and ¢-forms, respectively, the external derivative d of their
exterior (wedge) product A obeys a relation

d(ap AB,) = day A B, + (—1)Pa, AdB,. (2.16)
For an arbitrary form o we denote

Amo—
amM=aAN...Na. (2.17)

total of m factors

A Hodge dual xa, of a p-form o, is a (D — p)-form defined as

1
(*ap)a1~~~aD-—p - H ablmbpeby..bpal...a,D_p ) (218)

2 A trivial example when this works is , for example, the case of maximally symmetric space-
times (see also Footnote 1 in Appendix A).



CHAPTER 2. KILLING-YANO AND KILLING TENSORS 13

where e, ..o, is a totally antisymmetric tensor. The co-derivative § is defined as
follows:

_ det(g)
= (=1 = (—1\p(D-p) _2\F/
day = (—1Pep*d*ay,, €, =(—1) Tdet(g)] (2.19)

One also has **a, = €,

If {e;} is a basis of vectors, then the dual basis of 1-forms {w?} is defined by
the relations w?(e;) = 2. We denote g,; = g(es, €;) and by g™ the inverse ma-
trix. The operations with the indices enumerating the basic vectors and forms
are performed by using these matrices. In particular, e® = g?e;, and so on. We
denote a covariant derivative along the vector e; by V;; V; = V,,. One has

d=w*AV;, d=-€e*1V;. (2.20)

In tensor notations the ‘hook” operator (inner derivative) along a vector X, ap-
plied to a p-form o, , X 1 vy, corresponds to a contraction

(X—] ap)a'2~~~ap = X" (ap)a1az...ap . (221)
It satisfies the properties
e’ 1(ap ABy) = (e Joy) A By + (-1)Pa, A (€0 8,), (2.22)

eJw, =D, wih(e?la,)=pa,. (2.23)

For a given vector X one defines X’ as a corresponding 1-form with the
components (X°), = g,X°. In particular, one has (e;)’ = g,;w’ An inverse to b
operation is denoted by §. Namely if «x is a 1-form then o denotes a vector with
components (a”)“ = g%y, We refer to [Sternberg, S., 1964], [Kress, 1997] where
these and many other useful relations can be found.

The definition (2.8) of the (rank-p) CKY tensor k reads [Benn et al., 1997],
[Benn & Charlton, 1997], [Kress, 1997]:

‘ 1 1
Vxk=——X_1dk— ———X"Adk. 2.24
X p+1 D—-p+1 224)
Here, the first term on the right-hand-side denotes the exterior part, the second
term denotes the divergence part, and X is an arbitrary vector.

Using the relation
X ixw = *(w/\Xb), (2.25)

it is easy to show that under the Hodge duality the exterior part transforms into
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the divergence part and vice versa. Indeed, we find
#(Xdk) = —X"ANS8(xk), —»(X"ASk)=X_1d(xk), (2.26)
where we have used the definition (2.19). In particular, (2.24) implies

1 1
g lX_l d(xk) —

Vx(xk) = 1Xb AN8(xk), p.=D-p. (227)

D—-p.+
That is, the Hodge dual *k of a CKY tensor k is again a CKY tensor. Moreover,
the Hodge dual of a closed CKY tensor is a KY tensor and vice versa.

For a (rank-p) closed CKY tensor h, characterized by vanishing of the exte-
rior part, dh = 0, there exists locally a (KY) potential b, which is a (p — 1)-form,
such that
h=db. (2.28)

The Hodge dual of such a tensor h,,
f ==+h=xdb, (2.29)

is a Killing—Yano tensor (6 f = 0).
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Chapter 3

Principal conformal Killing—Yano
tensor and towers of hidden
symmetries

In this chapter we introduce a notion of a principal conformal Killing—Yano (PCKY)
tensor—the central object of this thesis. Starting with the PCKY tensor and the
metric in any D-dimensional spacetime we show how to generate a tower of
n —1 = [D/2] — 1 Killing—Yano tensors, of rank D — 2j forall1 < j <n—1, and
an extended tower of n rank-2 Killing tensors, giving n quadratic in momenta
constants of geodesic motion that are in involution. We also discuss another,
more physical, method for generating Killing tensors and outline a construction
of D — n vectors which turn out to be the independent commuting Killing vec-
tors. Based on these results, we shall prove in Part II many of the remarkable
properties of higher-dimensional rotating black hole spacetimes. This chapter
is based on [Page et al., 2007], [Krtous et al., 2007b], [Krtous et al., 2007a], and
[Frolov & Kubiziiak, 2008].

3.1 Principal conformal Killing—Yano tensor

3.1.1 Definition

In what follows we consider a D-dimensional spacetime M?, equipped with
the metric
g = gupda®dz®. (3.1)

To treat both cases of even and odd dimensions simultaneously we denote

D=2n+c¢, (3.2)
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where ¢ = 0 and ¢ = 1 for even and odd number of dimensions, respectively.
Definition ([Krtous et al., 2007b]). A principal conformal Killing—Yano tensor h
is a closed non-degenerate CKY 2-form, h = } hay dz® A da®, obeying the following
equation:
Vxh=X"A¢€, (3.3)

where X is an arbitrary vector field.

The condition of non-degeneracy means that the skew symmetric matrix hg,
has the (matrix) rank 2n and that the eigenvalues of h are functionally indepen-
dent in some spacetime domain. So, we exclude the possibility that h possesses
the constant eigenvalues, and in particular, that it is covariantly constant; £ # 0.
The equation (3.3) implies

dh=0, ¢ = —Ef_jah. (3.4)

In particular, this means that there exists a 1-form (KY) potential b such that
h=db. (3.5)

The dual tensor
f ==*h (3.6)

is a principal Killing~Yano tensor [(D — 2)-form]. In tensor notations the defini-
tion (3.3) of the PCKY tensor h reads

1

5 1thdb. (3.7)

Vehay = 2gc[a£b]a é.b =

3.1.2 Canonical basis and canonical coordinates

Let us consider an eigenvalue problem for a conformal Killing tensor Q associ-
ated with h [cf. Eq. (2.15)],

Qab = hachy” . (3.8)
It is easy to show that in the Euclidean domain its eigenvalues z?,
2t = %%, 3.9)

are real and non-negative. Using a modified Gram-Schmidt procedure it is pos-
sible to show that there exists such an orthonormal basis in which the operator
h has the following structure:

diag(0,...,0,Aq,..., Ap), (3.10)
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where A; are matrices of the form

0 —CCifi
A = ( sl ) , (3.11)

and I; are unit matrices. We call such a basis an orthonormal Darboux basis (see
also Section 9.2). Its elements are unit eigenvectors of the problem (3.9).

For a non-degenerate 2-form h the number of zeros in the Darboux decom-
position (3.10) coincides with €. Since all the eigenvalues z in (3.9) are differ-
ent (we denote them z,, 4 = 1,...,n), the matrices A; are 2-dimensional. We
denote the vectors of the Darboux basis by e; and é; = ey, where p =
1,...,n, and enumerate them so that the orthonormal vectors e; and é; span
a 2-dimensional plane of eigenvectors of (3.9) with the same eigenvalue z,. In
an odd-dimensional spacetime we also have an additional basis vector e; (the
eigenvector of (3.9) with 2 = 0). We further denote by w” and &* = w™# (and
w0 if £ = 1) the dual basis of 1-forms. The metric g and the PCKY tensor h in
this basis take the form

n

g = Sapwiu? = Z(wﬂwﬁ + @POM) + ewdw? (3.12)
pn=1
n ~
ho= ) zwh Aol (3.13)
n=1

In what follows we shall refer to bases {w} and {e} as the cononical bases of
1-forms and vectors associated with the PCKY tensor. These bases are fixed
uniquely by the PCKY tensor up to a 2D rotation in each of the (KY) 2-planes
wh A OF, :

Since the ‘eigenvalues’ z,, are functionally independent in some spacetime
domain, we may use them as ‘natural’ coordinates. In fact, we shall demon-
strate in Chapter 7 that these n coordinates can be ‘upgraded’ by adding n 4 ¢
new coordinates 1);, determined completely by the PCKY tensor. Therefore,
the PCKY tensor ‘determines’ in D dimensions D preferred coordinates. We
call such preferred coordinates (x,, ;) the canonical coordinates. The most gen-
eral (off-shell) canonical metric element admitting the PCKY tensor is derived in
Chapter 7. When it is written in the canonical coordinates, many of the coef-
ficients of rotation vanish. We call the corresponding (special) canonical basis,
the principal canonical basis. Such a basis is fixed uniquely; the freedom of 2D
rotations was already exploited. (For more details see Chapter 7.)

To summarize, the PCKY tensor determines uniquely the class of canonical
spacetimes, together with the preferred canonical coordinates and the preferred
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principal canonical basis, in which these spacetimes take a ‘simple form’.

3.2 Towers of hidden symmetries

In this section we present a simple way how, from a single PCKY tensor, one can
generate the whole towers of hidden symmetries. Our approach is based on the
lemma of the following subsection. We also derive an explicit form of the tower
of Killing tensors in the canonical basis.

3.2.1 Important property of closed CKY tensors

Lemma ([Krtous et al., 2007b]). Let kY and k® be two closed CKY tensors. Then
their exterior product k = k™ A k@ is also a closed CKY tensor.

We shall prove this lemma in two steps. The fact that k is closed is trivial,
it follows from Eq. (2.16). Let us first show that for a p-form «, obeying the
equation

Vxa,=X"Av,_, (3.14)

one has
1

Yp-1= ’_D__“‘“""p+ 1 604,,.
Indeed, using Egs. (2.20), and relations (2.22), (2.23), we find

(3.15)

—da, = €*1Vza, =€l (ws A Yp-1)

= (eéJ w&)’yp__l — Wy AN (e&_J 7])—1) - (D - p + 1)7p—1 .

The second step in the proof of the lemma is to show that if o, and 3, are
two closed CKY tensors then

Vx(ap ABy) = X" AYppe-s - (3.16)
Really, one has

Vx(ap/\ﬂq) = anp /\,Bq -+ a,, A Vxﬁq

1 1
= — m(Xb/\ 6ap) /\,Bq — map/\ (Xb/\ (S,Bq)
:XbA7p+q—1’

(3.17)
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where ,
1 (—1)»

7p+q"1:_D—p+15ap/\ﬁq_D——q+1

Combining (3.17) with (3.15) we arrive at the statement of the lemma. ©

a, N63,.

3.2.2 Towers of hidden symmetries

According to the lemma of the previous subsection, the PCKY tensor generates
a set (tower) of new closed CKY tensors

G = pN —
hV' =h AA...ANh. (3.18)

total of j factors

hY is a (2j)-form, and in particular A = h. Since h is non-degenerate, one has
a set of n non-vanishing closed CKY tensors. In an even dimensional spacetime
h™ is proportional to the totally antisymmetric tensor, whereas it is dual to a
Killing vector in odd dimensions. In both cases such a CKY tensor is trivial
and can be excluded from the tower of hidden symmetries. Therefore we take
J =1,...,n— 1. The CKY tensors (3.18) can be generated from the potentials
b9 [cf. Eq. (2.28)]
b =bARNTD RY =dp) . (3.19)
Each (27)-form k") determines a (D — 27)-form of the Killing-Yano tensor [cf.
Eq. (2.29)]
f9 = «h), (3.20)

In their turn, these tensors give rise to the Killing tensors K @

) = 1 ) (7) €1.-Cp—2j1
Kab - (D — 2j — 1)!(]!)2f Ja01...CD_2j_1f b 7 . (3.21)

A choice of the coefficient in the definition (3.21) is adjusted to the canonical
basis (see the next subsection). It is also convenient to include the metric g,
which is a trivial Killing tensor, as an element K ©) of the tower of the Killing
tensors. The total number of irreducible elements of this extended tower is n.

3.2.3 Explicit form of Killing tensors

Let us now explicitly evaluate the Killing tensors (3.21) in the canonical basis.
Using identities

U IIIDE b ren = THD = )G G (3.22)
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(r+1)oyspr . oo = agoir .. o) —rog ol o, (3.23)
we can rewrite (3.21) as

i)a (2] + 1)‘ layaib a;b;
K(j) b= W 6[bh’ R O J]h’lllbz"'h
_ (2.7)' (5ah[a1b1 hajbj]h h 'ha[bl hajbj]h h
= (2]']'!)2 ( b e larby« - - Mazb;) — 2] e blby- - - ajbj])
= AWge — ga, (3.24)

a;b;]

Here we have introduced

; 29! B
A% = é?}'))?h[albl' " hanJ]h[albl' - hag;) s
r(i)a, — 2](2])' a a;b;
K(J) b= Wh [bl...h ’bg]hb[bl...hajbj] .

In the canonical basis, using (3.12) and (3.13), we find

A9 =13 @, 3, W ADT A AW AGDT (3.25)
V< <V5

KV = 3 @A (Wil + Ghat), (3.26)
p=1

N 2 2 N 2 2

AW = Z z, .. Aff) = Z Tyy - Ty (3.27)

V1< <Yy V1<;<Vj
ViFH

From the obvious fact that quantities (3.27) obey, AY) = AP + :UZAH—I), we
obtain the following form of the Killing tensors in the canonical basis:

KO =Y" AD(whwh + &™) + e ADWOWP . (3.28)
p=1

Let us finally mention that it was shown in [Houri et al., 2008a] that K¢, =
Q. KU=Ye,. Here Q is the conformal Killing tensor introduced in Section 3.1.2.
Eq. (3.24) therefore gives the following recursive relation for K“:

KW =AWg_Q -KU-D KO=g, (3.29)
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3.3 Other method for generating Killing tensors

In this section we describe, in some sense a more physical method, how to gen-
erate from the PCKY tensor various towers of Killing tensors. This method is
based on the fact that Killing tensors are in one to one correspondence with con-
served quantities for a geodesic motion which are of higher order in geodesic
momenta [Walker & Penrose, 1970]. In particular, we extract these constants
as invariants of the parallel-transported 2-form F—obtained as a projection of
the PCKY tensor to a subspace orthogonal to the velocity of a geodesic motion
[Page et al., 2007]. Depending on how these invariants are extracted one ob-
tains different (related) sets of constants of motion and corresponding towers of
Killing tensors. For example, the traces of powers of the operator F? lead to the
set of Killing tensors of increasing rank [Page et al., 2007]. The advantage of this
approach is that one can generate constants of geodesic motion with the help of
generating functions. This gives a powerful tool how to study properties of these
constants, such as their independence or Poisson commutativity (see Chapter
5). In particular, we introduce two generating functions: the first one generates
constants given by the traces of powers of the operator F?, the second one leads
to the earlier described tower of Killing-tensors [Krtous et al., 2007b].

3.3.1 2-form F

Let v be a geodesic affine parametrized by 7, u* = dz*/dr be its ‘velocity’ tan-
gent vector, and w = u%u, be its norm. We denote the covariant derivative of a
tensor T along 7 by

T=v,T=uV,T. (3.30)

In particular 4 = 0. Let us now consider the following 2-form F [Page et al.,
2007]:
F=ui(uAh)=wh—-u’As, s=u_lh. (3.31)

From the construction, such a form is automatically parallel-transported along
v. Indeed, we have

Vo' AR) =’ AV h=u" AU AE =0. (3.32)

So, already u’ A h o« u_ f is parallel-transported [cf. Eq. (2.13)], and the last
contraction with u in (3.31) is just to obtain a 2-form with which it is easier
to work. Since F' is parallel-propagated along v, any object constructed from
F and the metric g is also parallel-propagated. In particular, this is true for
the invariants constructed from F, such as its eigenvalues. These are therefore
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constants of motion.!
Let us notice that F can be also written as

Fa = wPthPg . (3.33)

Here, P? = 6% — wlubu, is the projector to the (D — 1)-dimensional subspace V
orthogonal to the 1-dimensional space U generated by u. Py, = gop—w  ugup can
be also understood as a metric in V induced by its embedding into the tangent
space T; T' = U @ V . This means that F has a clear geometrical meaning: it is
the projection of the PCKY tensor h along the tangent vector u of geodesic y. Fgp and
F%, = g*°Fy can be considered as a 2-form and an operator, respectively, either
in the subspace V or in the complete tangent space T'. Since F%,u’ = 0, the vector
u € T is an eigenvector of F with a zero eigenvalue. One also immediately has

Fop = wPChea P = wPlufq PE = 0, (3.34)

where we used the defining equation (3.7).

3.3.2 Killing tensors of increasing rank

One of the convenient ways [Page et al., 2007] how to extract the invariants of F'
is to consider the traces of powers of the operator F2:

C; = wiTr[(—F?)]. (3.35)

(The traces of odd powers of F are zero, because of the antisymmetry of F'.)

In what follows we shall use matrix notation in which F is the antisymmetric
matrix with orthonormal components F% , H is the antisymmetric matrix with
components h?;, Q = —H? is the symmetric matrix with components Q%; =
—h8:h%;, W is the symmetric matrix with components uu;, w = Te(W) = ufug,
P = I —pis the projection onto the hyperplane V orthogonal to the velocity, and
p = W/w. These matrices have the properties that P? = P and WH¥ W = 0
for all nonnegative integers j. The component Eq. (3.33) becomes the matrix
equation

F = wPHP (3.36)

whose square is the symmetric matrix F? = w? P(H P)%. So, we get the constants
of motion . .
C; = (—w) Te[(HP)¥]. (3.37)

The trace of the matrix product can be viewed diagrammatically as a loop formed

! Actually, from the fact that F is parallel-transported along v one can obtain slightly more,
see Chapter 9.
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by joined vertices (each with two ‘legs’) corresponding to matrices in the prod-
uct. In our case the loop is formed by alternating H and P vertices. Substituting
P = I — p we get a sum over all possible loops in which P is replaced either
by I or by —p. In the case of the identity I the corresponding vertex is effec-
tively eliminated, in the case of one dimensional projector p the loop splits into
disconnected pieces. Namely, we can use identity

Tre(H*p H"p - - - H*p) = Te(H"p) Tr(H"p) - - - Tr (H*p) . (3.38)

The trace in (3.37) thus leads to

Te[(HP)¥] = Tr(HY) +Z > (-)eNg HTr (Hkp) . (3.39)
- k1lff}f+k<clff2y

The sum over c is the sum over number of ‘splits’ of the loop, the mdlces k;
are the ‘lengths’ of the splitted pieces, and the combinatorial factor N7, gives
a number of ways in which the loop of the length 2; can be split to ¢ pieces
of lengths ki, ..., k.. From the antisymmetry of H it follows that traces of odd
powers of H (optlonally multiplied by a pro]ector) are zero. Setting k; = 2[; and
introducing () as earlier we have

J c
Ci=wTr(Q)+> > (12N, v [[Te(Q"%), (3.40)
c=1 13<~<le i=1
Lt Ale=j

where we have used N ,, = 2N/ , which follows from the definition of N's.
Let us define the following quantities:

w; = wTr(Qp) = Te(Q'W) = QU usu? . (3.41)

Here, fo,',) denote covariant components that form the tensor Q') corresponding
to the j-th power of the matrix Q. We also denote Q) = Tr(Q’). For example,

QW =Qc, Qu = Qu, QP =02Q, Q) = QQuy Q¥ = QIQ;Q¢, and Q) =
Q.LQ2Q - Then we finally obtain

j c
Cy=w' QY = 2jw w423 30 (-1 N ' [Jwe. G42)
=2 <<l i=1
it tle=g
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We can easily see that the C;’s have the form
Cj = Kay..a9u™ ... U™, (3.43)

where K, . q,;, formed from combinations of the metric g, Tr(Q’), and the

ijg’s for i < j, are Killing tensors [Walker & Penrose, 1970] in the sense of
Eq. (2.6).
In particular, we get the first four constants of motion

¢ = w@W — 2wy,

Cy = w?Q® — dww, + 2wk,

Cs = w3QW — 6wiws + 6w wiwy — 2w?

Cy = w4Q(4) — 8wiwy + 4w2w§ + 8w?wiws — 8w w%wQ + 2wi1 . (3.44)

Comparing with (3.43) we obtain the corresponding tower of (reducible) Killing
tensors of increasing rank:
Ko = gaQ® —2Q%,
Kabed = G(ab9ed)@? 4g(achd) + 2Q(1)
Kabedef = G(abGeddes)@® — 69(abgchef) + Gg(abQ(l)Q(Z) Q&Q(DQ(U
Kabedefgh = G(abFeadefIony QY — 8g(abgcdgengh) + 4g(abgch Qgh)
+ 8gga@Y Q%) — 80w Q@Y QY Q%) + 200 QR QL . (345)

To write an explicit form of the constants of motion or the Killing tensors
obtained we can use the canonical basis. There we have

n
QY = Q%) wiwb = Z 2% (Whwh + DAGRY (3.46)
u=1
and also
n ) n )
Q(]) =9 Z Z-ZJ , wj = Z xiﬂ (ui + ai) , (3.47)
p=1 =1

where u; denotes the basis components of the velocity

n
w = Z(uﬂwﬁ + ﬂﬁ(:)ﬂ) +¢ U()wﬁ . (3.48)

n=1
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3.3.3 Generating functions

Although formula (3.42) gives the constants of motion explicitly, the presence of
combinatoric factors makes calculations difficult in practice. In this subsection
we introduce generating functions [Krtou$ et al., 2007b] which allow to, aside
from other things, write down a more useful formula how to evaluate these
constants,

We introduce the generating function W (),

W (B) = det(I + /Bu™'F) . (3.49)

Due to the antisymmetry of F' and properties of the determinant, W (3) can be
rewritten as a function of 3 instead of /5, and in terms of H and P instead of
F,

W(8) = det/?(I — fw™2F?) = det(I — /BHP) . (3.50)

Because it is constructed only in terms of covariantly conserved quantities F'
and w, the generating function is conserved along v, and the same is true for its
derivatives with respect to 3. We can thus define constants of motion «; as the
coefficients in the S-expansion of W (g3):

W(g) = % Sk (351)
j=0

It turns out that all terms with j > n are zero. To evaluate the observables «;,
we can split W() in the following way:

W (6) = Wo(8) Z(8) , (3.52)

where
Wo(B) = det(I — /BH) = det'*(I + Q) ,
2(8) :det(I+I\/\—/_H ) [Z(\/_H) } =

= Y TH@P =T + Q) 7] =

Tr(Hp)5’

Ms

(3.53)

1l
o

J

(— 1) w; 8 .

Mg

1
w

I
=}

J

Here we have used the fact that the matrix in the determinant in the expression
for ¥(B) differs from I only in the one-dimensional subspace U given by u. The
generating function W(3) thus splits into a part Wy (3) independent of u and a
part () linear in p. Such generating function therefore leads to the tower of
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2nd-rank Killing tensors; these will be described in the next section.
Let us now consider a different generating function Z(g),

Z(B) =logW(P) . (3.54)
Using the relation
log [det( — 4)] = = 3"~ Te(ar), (3.55)
n=1
we find

Z(8) = log Wo(8) + log %(6) = log|det (1— /B HP)]
= ‘izijTrKHP)”]ﬁf y e ). = C’ﬁ]

J=1 2]

(3.56)

Constants Cj, given by (3.42), therefore correspond to terms proportional to
[ in the power expansion of Z(f3). The first term of (3.42) is obtained from
log Wy(8), and the sum over all possible splittings of the loop corresponds to the
B term of log £(B8). Clearly, the j-th derivative of log ©(3) (evaluated at 8 = 0)
contains the sum over all possible products of I-th derivatives $()(0) which are
proportional to w; defined in (3.41). The factors N/ , can thus be obtained by
the explicit computation of the derivatives of the generating function log £(3):

Cj=wQY — (( ))Idﬁﬂ lOg 1+Z kwkﬁk] ~ (3.57)
£=0

With the help of this formula and a software for algebraic manipulation one can
easily generate constants of motion Cj.

The relation between W () and Z () implies that constants C; and constants
r; [introduced in (3.51)] are related as follows:

2wy !
C; = R [log(w + Z nkﬂk)Lzo- (3.58)

k=1

So, C;’s are polynomial combinations of x;’s and w with constant coefficients.
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In particular, we get

Cy = 2r1,

Cy = —dwky+ 2&% ,

C; = 6w?ks — 6wrike + 2/4%’ ,

Cy = —8wky+ 8w’kyrs + 4w’k2 — Swrlky + 255 . (3.59)

3.3.4 Rank-2 Killing tensors

Using the canonical basis, let us now explicitly evaluate the 2nd-rank Killing
tensors generated by function W (3). We again introduce the quantities

AP = N g2 a2, AD = S x, ...zl (3.60)
v1< <y Vi< <y
ViFp

Then, with the help of relations (3.46) and (3.47), we find

Wo(B) = det'*(I + 6Q) = H(l + Bal) = ZAWJ (3.61)
%(B) = %Zhl)jwm" = E(eué + Z( 1) Z(u +a3) ) (3.62)
j=0 Jj=0

The original generating function (3.52) reads

W(8) = %i(i(_n%u—nwl)ﬁj _1 Z[EA(J)u n ZA(a) 7‘1[22)]/8]' _

=0 =0 =0 p=1
(3.63)
Comparing Eq. (3.63) with Eq. (3.51), we can identify n + € conserved quantities
k; (constants of geodesic motion, j =0,...,n+¢€— 1),
J n
Ky = (1) AV = eADuZ + 3~ AD (uf + @) (3.64)
=0 u=1

which are quadratic in velocities. They are generated [Walker & Penrose, 1970]
by the 2nd-rank Killing tensors K/)

= KQub, VK =0, (3.65)



CHAPTER 3. PRINCIPAL CONFORMAL KILLING-YANO TENSOR 28

where

J n L
KO =3"(-1))AU9QW = 3~ AP (WP + &Faf) + eAVW’W’ . (3.66)
=0 u=1

The Killing tensor K™ is present only in an odd number of spacetime dimen-
sions and it is reducible. Similar to Section 3.2.2 we exclude it from the set. The
remaining tensors (3.66) coincide with those of the extended tower introduced
in Section 3.2.2.

The first expression for K @ in (3.66) can be easily derived from the recursive
relation (3.29) [Houri et al., 2008a]. It immediately implies that

K9 . g0 = g0 . g® (3.67)

and therefore K )’s have common eigenvectors (see also Section 6.3.1).

We shall prove in Chapter 5, that observables «; are in involution, that is, they
mutually Poisson commute:
v {Kn,;, /ﬁ)j} =0. (368)

This is equivalent to vanishing of the Schouten—Nijenhuis (SN) brackets [Schouten,
1940], [Schouten, 1954], [Nijenhuis, 1955] for the corresponding Killing tensors
(see Section 5.5):

K(j)

be™ “Ye(a

[K(j)’K(l)] veKIEZ)) _ K(l)

e(a

VeKD) =0. (3.69)

Once (3.68) is proved for x;’s, the relation (3.58) shows that also observables
C; are in involution, and vice versa. An independent proof of mutual Poisson
commutativity of observables «; was later demonstrated in [Houri et al., 2008a],
using the method of generating functions.

3.4 Tower of Killing vectors

In the previous two sections we have seen that the PCKY tensor determines
the whole set of hidden symmetries. In this section we demonstrate that it also
naturally generates n + ¢ vectors € (k) (k=0,...,n— 1+ ¢) which turn out to be
the independent commuting Killing vector fields [Krtous et al., 2007b], [Krtous
et al., 2008b].
The primary (Killing) vector £© = ¢ is defined by (3.4),
1

0) _
V=g= Do 1thdb. (3.70)
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The secondary (Killing) vectors £€9) = ) (j = 1,...,n — 1) can be constructed as
gWe = n(j)a = K(j)abfb. (3.71)

In odd dimensions the last Killing vector is given by the n-th Killing-Yano ten-
sor (see Section 3.2.2) ‘
e = (3.72)

The proof that all these vectors are the mutually commuting Killing fields
which also (Schauten-Nijenhuis) commute with the Killing tensors constructed
in Section 3.3.4,

[E(i),K(j)] =0, [g(i),s(j)] =0, (3.73)

is demonstrated in Chapter 7.2

Historically, this fact was first proved [Houri et al., 2008a] under the additional conditions

The first condition requires that £ is a Killing vector. [This condition is trivially satisfied in any
Einstein space, cf. Eq. (2.11).] It is easy to see, that from the second condition it follows that also
n\)’s are the Killing vectors. Indeed, from (3.3) we have V¢h = 0. Using (3.74), we find

£:KV =0, VKU =0, (3.75)

and therefore ‘ 1 ' _
Vi = 3LeKe — VeKS = 0. (3.76)

It is shown in Chapter 7 that both conditions (3.74) follow from the existence of the PCKY tensor.
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Part 11

Remarkable Properties of
Higher-Dimensional Rotating Black
Holes



31

Chapter 4

PCKY tensor in the Kerr-NUT-(A)dS
spacetimes

In this chapter, based on [Kubiziidk & Frolov, 2007], we demonstrate that the
general Kerr—-NUT-(A)dS spacetime, describing the higher-dimensional arbi-
trarily rotating black hole with NUT parameters and the cosmological constant,
possesses the PCKY tensor. We write the Kerr~-NUT—-(A)dS metric in canoni-
cal coordinates, completely determined by the PCKY tensor. In this (canonical)
form, the metric can be considered as a natural higher-dimensional generaliza-
tion of the Carter’s canonical form for the 4D Kerr-NUT-(A)dS solution. The
invariant (geometrical) definition of canonical coordinates makes the canonical
form convenient for calculations. For example, it is these coordinates in which
the Hamilton—Jacobi equation separates (see Chapter 6). We also introduce, a
more general, (off-shell) canonical metric and its principal canonical basis.

4,1 Overview of the Kerr-NUT-(A)dS metrics

The most general known higher-dimensional (D > 2) solution describing ro-
tating black holes with NUT parameters in an asymptotically (Anti) de Sitter
spacetime (Kerr-NUT-(A)dS metric) was found by Chen, Lii, and Pope [Chen
et al., 2006a). We write it in the following symmetric (analytically continued)

form: )

g= Z[ “—i—Qu(S:A’dsz) A()(ZA \dy,). 1)
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Here, functions A9, AY) are given by (3.60), and

Qu=2%, U.=[le2 -, @2

Metric functions X, are functions of z, only, and for the Kerr-NUT-(A)dS solu-
tion take the form

n
X =Yl = e+ = 43)
k=¢ L

Time is denoted by 1), azimuthal coordinatesby ¢;, j =1,.... m=D -n -1,
x, is an analytical continuation of the Boyer-Lindquist type radial coordinate,
and z,, p=1,...,n— 1, stand for latitude coordinates.! The parameter c, is
proportional to the cosmological constant [Hamamoto et al., 2007]

Ry = (—=1)"(D — 1)cp g (4.4)

and the remaining constants c;, ¢ > 0, and b, are related to rotation parameters,
mass, and NUT parameters. One of these constants may be eliminated due to
the scaling symmetry. The metric therefore constitutes the (D —1—&)-parametric
Einstein space (see [Chen et al., 2006a] for more details). The limit of flat space-
time is recovered when ¢, = 0 and all of the parameters b, are zero (equal of one
another) in the even (odd) dimensional case.

The Kerr-NUT-(A)dS spacetime (4.1)—(4.3) may be understood as a higher-
dimensional generalization of the four-dimensional Kerr-NUT-(A)dS solution
obtained by Carter [Carter, 1968c], [Carter, 1968b]. Moreover, the coordinates
(@4, ¥;) used in the metric are the higher-dimensional analogue of the canonical
coordinates [Carter, 1968b], [Carter, 1968c], [Debever, 1971], [Plebanski, 1975].
As discussed in the next section, they have a well defined geometrical meaning.
More generally, it is possible to consider a broader class of metrics (4.1) where
X,'s are arbitrary functions of one variable; X,, = X,(x,). To stress that such
metrics do not necessarily satisfy the Einstein equations we call them off-shell
metrics. It will be shown in Chapter 7, that the most general metric element
admitting the PCKY tensor, the canonical metric element, coincides with the off-
shell spacetime (4.1). Therefore, from now on we refer to the off-shell spacetime
(4.1), without imposing (4.3), as to the canonical metric. The canonical metric is
of the special algebraic type D [Hamamoto et al., 2007] of the higher-dimensional

1Similar to the 4D case (see Appendix A.1.3), the signature of the symmetric form of the met-
ric depends on the domain of z,’s and signs of X,’s. The physical Kerr-NUT-(A)dS spacetime
is recovered when standard radial coordinate r = —iz,, and new parameter M = (—i)1teb,,
are introduced, that is, by a simple Wick rotation. See also Section 9.4.1.
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algebraic classification [Milson et al., 2005], [Coley et al., 2004], [Coley, 2008]. Let
us finally remark that formulas (4.1)-(4.3) are applicable also in D = 3 where
one recovers the 2-parametric BTZ black hole [Banados et al., 1992].

In what follows we shall also use the orthonormal form of the metric

g = Spwiw® = Z(wﬂw[‘ + &) + ewlu (4.5)
p=1

X dz i n—1 ‘ . —c n .
wh = 5 @t =/QuY ADdy;, W=/ A(n)ZAmdwj. (4.6)
V%u 7=0 J=0

The inverse metric reads

m

g~ 2[@(%)2 g (= 0u) | - @), 62

p=1 k=0

or, in the orthonormal form

n

g ! = §%ee; = z:(eﬂe;4 + €,€5) + ceyep, (4.8)

1 & : 3]
e = VQ,0,,, 61 =—— (=22)"179,,, €5 = —22—. (49
i Qu L i \/@—“Uu ;( JL‘M) Vj 0 \/—C—A(T) ( )
The inverse relations to (4.9) are

By, = —e Z\/ Q. ADE; +eAY A()eo', By, =V —<AMey. (4.10)

The determinant of the metric g reads

g=det(g) = (~cA™M)°U?, U=det[AV] = [] (& -<7). (4.11)

Hp=1
u<v

In the last expression, Aff), given by (3.60), is understood as the n x n matrix.
Some algebraic identities regarding these functions or other properties of the
canonical metric are gathered in Appendix C.4.
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4.2 Principal conformal Killing—Yano tensor

The general canonical metric (4.1) described in the previous section, and in par-
ticular the Kerr-NUT-(A)dS spacetime (4.1)-(4.3), possesses a PCKY tensor [Ku-
biziidk & Frolov, 2007].2 The corresponding 1-form (KY) potential b reads

n—1
b= % > Ay, (4.12)
j=0

The PCKY tensor, h = db, takes the following forms:

n

n—1 n-1
h= % S dAGHI A dy; = % S[da2a Y a0dy;| = i nwh AP (413)
=0 =0 =1

p=1

The last expression shows that the basis {w}, introduced in (4.6), is a canonical
basis associated with the PCKY tensor h (see Section 3.1.2). In fact, this canon-
ical basis has an additional nice property that many of the Ricci coefficients of
rotation vanish [Hamamoto et al., 2007], [Krtous$ et al., 2008b]; it is a principal
canonical basis (see also Chapter 7).

Having a PCKY tensor and its canonical basis, we may employ the machin-
ery of Chapter 3. In particular, we obtain the following extended tower of the
2nd-rank irreducible Killing tensors (j = 0,...,n — 1):

K9 =" AD(whwh + &Pat) + e AW, (4.14)
pu=1

The Killing fields (3.70)-(3.72) become (i = 1,...,n — 1)
6(0) = a% ) g(i) = 3¢i ) S(n) = 3% . (4.15)

This means that coordinates (z,,;) are canonical coordinates. All of them are
completely determined by the PCKY tensor: ‘essential’ coordinates z, are con-
nected with its eigenvalues (see Section 3.1.2), Killing coordinates ¢; ( = 0, ..., m)
are defined by the tower of Killing vectors generated from this tensor. It is this
invariant definition of coordinates what makes the form (4.1) of the canoni-
cal metric so convenient for calculations. For example, we shall see in Chap-
ter 6 that these coordinates are the normal separable coordinates for which the

2In fact, the PCKY tensor in higher dimensions was first discovered for the Myers-Perry met-
rics [Frolov & Kubiziidk, 2007], and only after that for the general Kerr-NUT-(A)dS spacetimes.
For an account of these historical developments we refer the reader to Appendix B.
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Hamilton-Jacobi and Klein—-Gordon equations allow the separation of variables.
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Chapter 5

Complete integrability of geodesic
motion

In this chapter we demonstrate that in the canonical spacetime (4.1), the n con-
stants of geodesic motion corresponding to the extended tower of Killing ten-
sors and the D — n constants of geodesic motion corresponding to the tower
of Killing vectors are functionally independent of one another, making a total
of D independent constants of motion in all dimensions D. The Poisson brack-
ets of all pairs of these D constants are zero, so, the geodesic motion in these
spacetimes is completely integrable [Page et al., 2007], [Krtous et al., 2007a].

5.1 Constants of motion

In the previous chapter we have seen that the (off-shell) canonical spacetime
(4.1) admits the PCKY tensor h, (4.13), which in its turn generates the extended
tower of n Killing tensors K @) (4.14), and the tower of D — n Killing vectors
8y, (4.15). Together, these objects give D constants of geodesic motion,!

\I/kzé'(zf)ua:u-a’lpk7 K =K({l)bu“ub=u-K(j) ‘U, (5.2)

Here, we have denoted the momentum of the geodesic motion u, u® = dz®/dr,
and we understand all mentioned quantities as observables (i.e. functions) on
the phase space I' = T*M. (For a review of the canonical mechanics on the

Instead of constants x; , one can consider a different set of n constants corresponding to
various invariants of the form F, (3.31). For example, we may consider [cf. Eq. (3.37)]

Co=w=kKy=u"u, éj ETr[(HIS)Qj] =(——w)jCj, P=wP=wl-W. 5.1)

In Section 5.4, we shall use this choice to prove the Poisson commutativity of x;’s.
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phase space I see, e.g., Appendix of [Krtou$ ef al., 2007a].)
Let us now explicitly evaluate constants (5.2) in the orthonormal basis (4.5).
There we have .
'U,b = Z(uﬂwﬂ + ﬁﬁ@ﬁ) +e Uéwﬁ . (53)
pu=1

Using (4.10) and (3.64) we find
ZV WAR G, e AR | A( suy, Vo= V-cAMuy,  (54)
E( 1) AU-Dy, = ZA@ u}+@2) +eAVuZ (5.5)

These formulas may be easily inverted using relation (4.10) and identities

n—l n— n (k) (k)

u) A6 — g Ap _ A
R ALTI Y L 9
=0 p=1"H"H

proved in Appendix C.4. The result is given by formula (5.7) below.

5.2 Complete integrability

Definition. A motion in M is completely integrable if there exist D functionally
independent integrals of motion which are in involution, that is, they mutually
Poisson commute of one another [Arnol’d, 1989], [Kozlov, V. V., 1983].

Proposition. The geodesic motion in the canonical spacetime (4.1) is completely
integrable. The geodesic momentum w can be written in the form (5.3), where the basis
components (expressed in terms of integrals of motion V, and «;) are:

T vz oo LWy Y [AD
““_(XMUM)1/2(XV w?) N A et (5.7)

Constants o, = +1 are independent of one another, and

V= (el Ty, Wu=D (<2, k= ~=. (5.8)
=0

In order to prove this proposition, we need to establish the functional indepen-
dence and Poisson commutativity of integrals of motion x; and . This is done
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in the following two sections.
The coordinate components of the velocity are

@ C AR U R =Zn:—————-("x‘2‘)n_l—kw e (59)
" lUI T TUX, T A -

To obtain these expressions we have used (4.6), and the explicit form of the
inverse metric (4.7). Using formula (C.48) proved in Appendix C.5 we can sym-
bolically integrate equations for 1y :

(k)
wk Z/ U”Slgn fp, dwp, f(k) = Wl‘(_m2 n—l-k __ E_\Il_n . (5,10)

w/XV W2

Similarly, we can express the affine parameter 7 as [cf. Eq. (C.52)]

ousign(U,)(—z2)"dz,
= . 511
T Z/ ,/—““X V.- W? G110

5.3 Independence of constants of motion

In this section we want to demonstrate that quantities x; and ¥, are indepen-
dent at a generic point of the phase space I' = T*M. This means that their gradi-
ents on the phase space are linearly independent. To prove that it is sufficient to
show that these gradients are independent in the vertical direction of the cotan-
gent bundle T*M, i.e, that the derivatives of these quantities with respect to
the momentum u, are linearly independent. To achieve this we will study the
wedge product of the ‘vertical” derivatives. We denote the vertical derivative by
8. For observable f, 8f = 8f/8u denotes a vector field on the manifold M?P,
with components 0 f/0u,.
Let us, instead of «; consider the equivalent set of observables

2% = (—1YKj=w; +.... (5.12)

Here we have used the first relation (5.5). ‘Dots’ denote terms which contain wy,
with k£ < j. We are interested in the quantity?

J=0Rg AN NOKp g NOUgA---NOY,, . (6.13)

2The wedge product is, strictly speaking, defined for (antisymmetric) forms. However, we
can easily define the wedge product also for the vectors or lower the vector indices with the
help of the metric to get forms.
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Due to (5.2), (5.12), and the definition of w;, (3.41), we have
OV; =08y, O0f;=Q -u+..., (5.14)

where ‘dots’ denote linear combinations of Q% - u withk < j; Q' - u represents
the vector with components Q% Q% - .- Qz'u%. From the antisymmetry of the
wedge product it follows that

J:u/\(Q-u)/\---/\(Q”‘l~u)/\6¢0/\---/\8¢m. (5.15)
Let us now use the explicit form of Q7 [cf. Eq. (3.46)]
Q = Z zie; wh + Z vHiE, . (5.16)
pu=1

The second term acts on the subspace of vectors spanned on 8y,. Thus, thanks
to the term Oy, A - - A 9y,, in the wedge product, this part can be ignored in
(5.15). Moreover, taking into account that e; w” = 8, dz, , and v* = dz,, - u, the
substitution of (5.16) into (5.15) leads to

J=ul U U Oy A ANByy AByg Ao NByp,, (5.17)
where
E signo 227t ... g2 = H (z i —z?) . (5.18)
permutations wr=l.n
cofl...n u<v’

In a generic point of the phase space we have u* # 0 and «?, # z? (for u # v)
and therefore J # 0 there. Thus we have shown that the constants of motion
are independent.

5.4 Poisson brackets

Finally, we need to show that observables «; and ¥; Poisson commute. The
Poisson bracket of two functions on the phase space I' can be written as

{A,B}=VA-8B-8A VB, (5.19)

where V F represents an arbitrary (torsion-free) covariant derivative which ig-
nores the dependence of F' on the momentum u, and 9B is the derivative of B
with respect to the momentum u. VF and 9F is a 1-form and a vector field on
the spacetime MP, respectively; the dot indicates a contraction between them.
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Naturally, we use the covariant derivative V generated by the metric connec-
tion on MP.
Clearly, the commutation of any observable with the Hamiltonian
1 1 1

of the geodesic motion is equivalent to the conservation of the observable. So
we have

{K)o, K)j} =0, {K,o, \I/J} =0. (521)

The Poisson bracket between observables ¥; = u - 8y, reduces to the Lie bracket
of the Killing vector fields 9y, , which vanishes because 8y, are coordinate vec-
tor fields:

{\Ili, \I/]} = 8¢j . (Vawl) U - 81/,1, . (V8¢]) U= [6%., 81/,1] cu=0. (522)

The Poisson bracket of x; with the observable ¥; = 8y, - u, associated with the
isometry 8y, , leads to the Lie derivative along this isometry,

{ri, U3} = By, - Vi — Bk - VBy, -u = £awj(K&g)uaub = £awj/~ci =0. (523)

Here, the ‘generalized’ Lie derivative £, 15 ignores the dependence of k; on the
momentum u. It vanishes because 8y, are Killing vectors and Killing tensors
K respect the symmetry of the spacetime.

Finally, it remains to evaluate the brackets {x;, x;}. We shall do it in two
steps: first, we prove that an equivalent set of observables C;, given by (5.1),
Poisson commute and, second, by relating these constants to x; we obtain the
desired result. So, let us consider the observables C;. Using the cyclic property
of the trace, the derivative of C’ in the spacetime d1rect1on is

V.C; = 25 Tt[(V.H)P(HP) ] . (5.24)

Here, V,H is the matrix of components V,h?, of the covariant derivative Vh.
Substituting for VR, from Eq. (3.7) and using the antisymmetry of h, we obtain

D—1 ~ pao 1.b Pa1 b a a2; b
D1Y,C) = &y Dbty Py W3, Poai- —gea%P pbes-1

B Porgho
a2 -1* e bz] 1 agj—1 - a1t pg

- 2§a015§fh*’1a113§; Ry, PR (5.25)
For the derivative with respect to the momentum u we get

£0°C; = u (W, PER%, PR . PET ¥y )+ PE A%, PR . PR k¥, u®
(5.26)
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Substituting (5.25) and (5.26) into (5.19) for {C;, C;} and using P¢u® = 0, we find
16” {C“ C } — §a0Pa0hb1a1 ) PZ;; llhbzz PCZ] lthJCQJ c2j

—&, POORD, . PR lh"2ﬂ-c . PCZ‘ Yhdai 40 = 0. (5.27)
0+ by 1 baj 1 1 2 U

We thus proved that constants C; mutually Poisson commute. The same is, of
course, true for constants C;, (3. 37), which differ from C’ only by rescaling (5.1).
The generating function Z(g), (3.54), is given by power series in 3 with coeffi-
cients given (up to constant factors) by constants C;, cf. Eq. (3.56). Therefore
this function, and similarly W () = exp Z(8), Poisson commute with x¢ and ¥},
as well as with itself for different choices of 3:

{28, 2(B)} =0, {W(B),W(B)}=0. (5.28)

This means, that also quantities «; generated from W (§) mutually Poisson com-
mute. Therefore all the constants of motion are in involution and the geodesic
motion is completely integrable.

5.5 Lie algebra of Killing tensors

Let us use the opportunity to remind here that Killing tensors, as proper sym-
mefry objects, form an appropriate Lie algebra. This will give us another point
of view on the above calculations.

We start with an observation that the Poisson commutativity of constants
corresponding to the isometries is equivalent to the vanishing of the Lie brack-
ets of these isometries [cf. Eq. (5.22)]. Similarly, the Poisson bracket of a quantity
corresponding to the Killing tensor and a quantity associated with the isometry
leads to the Lie bracket of the Killing tensor along the isometry [cf. Eq. (5.23)].
More generally, it is well known that Killing tensors form a Lie subalgebra of a
Lie algebra of all totally symmetric contravariant tensor fields on the manifold
with respect to the symmetric Schouten—Nijenhuis (SN) brackets [Schouten, 1940],
[Schouten, 1954], [Nijenhuis, 1955]. The vanishing of these brackets is equiv-
alent to the Poisson commutativity of the corresponding constants of geodesic
motion (see, e.g., [Benenti & Francaviglia, 1980]). In particular, we have the
following equations: :

be __ e be e(a be
(Ko, Eo)lan = Koy Ve — Ky VK =0, (5.29)

[awj’K(i)]SN = Lo K(z) 0. (5.30)

Taking the metric g as one of the Killing tensors in (5.29), we obtain the Killing
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tensor equation (2.6). [Such an equation simply states that an observable corre-
sponding to the Killing tensor commutes with the Hamiltonian (5.20), and there-
fore constitutes a constant of geodesic motion.] Using the Schouten—-Nijenhuis
brackets and the method of generating functions, an independent proof of the
Poisson commutativity of constants x; and ¥, generated by a PCKY tensor
obeying (3.74) was recently demonstrated [Houri ef al., 2008a].

Finally, we would like to mention that an interesting question whether also
Killing-Yano tensors form a closed Lie algebra was recently addressed in [Kas-
tor et al., 2007]. It is well known that forms on the manifold form a (graded) Lie
algebra with respect to the antisymmetric Schouten—Nijenhuis (aSN) brackets. For
a p-form a and a g-form 3 these are defined as

[a, B]?S.I.\.Iap+q—1 =p ab[al...ap_l Vbﬁap...ap+q_1] + (_1)pqq ,Bb[al...aq_l vbaaq...ap+q_1] .
(5.31)
The definition is connection independent; covariant derivatives may be replaced
with partial derivatives. When one of the forms is a vector, the bracket reduces
to the Lie derivative.

One might expect that if Killing—Yano tensors are associated with symme-
tries in some ‘appropriately generalized’ sense they would form a closed subal-
gebra with respect to these brackets. The (aSN) bracket of a Killing vector and a
rank-2 Killing-Yano tensor is indeed a rank-2 Killing-Yano tensor [Kastor et al.,
2007]. Unfortunately, for two Killing—Yano tensors this is not, except the special
case of a constant curvature spacetime, generally true [Kastor et al., 2007]. The
KY tensor (as well as the PCKY tensor) in the Kerr spacetime are the counter ex-
amples. The geometrical meaning of the Killing—Yano symmetry therefore still
remains veiled.
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Chapter 6

Separation of variables

In this chapter, based on [Frolov et al., 2007], we demonstrate the separability
of the Hamilton-Jacobi and Klein-Gordon equations in the canonical spacetime
(4.1). Such a separability provides an independent proof of complete integrabil-
ity of geodesic motion. We also review some related results and briefly discuss
an open problem of separability of equations with spin.

6.1 Hamilton-Jacobi equation

The Hamilton-Jacobi equation for geodesic motion on a manifold with metric g
has the form 59

e ab —
oy T 9" 05 BS =0. 6.1)

Here ) denotes an ‘external’ time which turns out to be an affine parameter of
the corresponding geodesic motion. We want to demonstrate that in the back-
ground (4.1) the classical action S allows an additive separation of variables

S=—wA+> Syl + > Vs, (6.2)
p=1 k=0

with functions S, (z,) of a single argument z,, .
Substituting (6.2) into the Hamilton-Jacobi equation (6.1) and using the form
(4.7) of the inverse metric, we obtain

(XS 1 w— 2 w2
;[ l[*j”u X (;::(_xi)n—mpj> |-e—tr-w=0.  ©3)

Here, S}, denotes the derivative of function S, with respect to its single argu-
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ment z,. Using identities (proved in Appendix C.4)

n

e ()t 1 &1
LT T L 4

and the definition of W, (5.8), we can rewrite the last equation in the form

"\ F,
ZU—“=0, (6.5)
p=1 ~#

where F), are functions of z,, only:

w2 U2
F,= TZ + X587 — w(—a?)"t - =% (6.6)
. M

Applying Lemma 2 of Appendix C.4, we realize that the general solution of (6.5)
is

n—1
Fu=) ry(=al) 7, (6.7)
=1
where &; are arbitrary constants. Denoting by
\112
Ko=w, kKp=-——2, (6.8)

c

and using the definition of V,, (5.8), we combine (6.6) and (6.7) to obtain equa-
tions for SL ,

w2 v
2 _ M _#
SM = Xﬁ + Xu, (6.9)

which can be solved by quadratures. Thus we have shown that the Hamilton—
Jacobi equation (6.1) in the off-shell gravitational background (4.1) can be solved
by the classical action S in the separated form (6.2), with S, satisfying (6.9). The
separated solution contains D arbitrary constants. Namely, it contains m 4 1 =
D — n constants ¥; (j = 0,...,m) and n constants kx (k =0,...,n — 1).

The gradient of S gives the momentum p, = 8,5. Substituting our expres-
sion for S we obtain p, in terms of the constants «; and ¥;:

Wi, Vi

pi=Y;, p.=

These relations can be inverted. Clearly, ¥, = p; are constants linear in the
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momentum generated by Killing vectors 8y,. The constants k; are quadratic

in momenta. They are connected with n (irreducible) Killing tensors K*,
(k=0,...,n—1),
ke = K30, VKS) =0. (6.11)
One can easily find the explicit form of K by inverting (6.6). Let us multiply
itby Aﬂc) /U,, sum over p, and use identities (see Appendix C.4)
n yntg

(—a?,
2 A

u=1

n /4(k) Ak
(k) — 5J b _
AW =g, Z—:l Ry, = A (6.12)

which are valid for 5,k = 0,...,n — 1. Then we obtain

_ - Aftk) = 2\n—1—j 2 (k) 2 eA®) 2
K(k)—; 1: XMUM(E. O:(—a:u) 84,) +APQU8:,) | ~Z5(84,), (613)
— J:
which are Killing tensors (4.14), written in the coordinate basis.

6.2 Klein-Gordon equation

The behavior of a massive scalar field ® in the gravitational background g is
governed by the Klein—-Gordon equation

00 = —— 0,(/[9l9"0,2) — 2@. (6.14)

Vdl

In an Einstein space, this equation remains valid for the non-minimal coupling
case as well. (The term £R is constant and can be included into the definition of
2
p*.)
Now, we demonstrate that the Klein-Gordon equation (6.14) in the canonical
background (4.1) allows a multiplicative separation of variables

® =[] Rulan) [[ % (6.15)
pu=1 Jj=0

This equation has the following explicit form:

(6.16)

u=1 J=1
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Here, we have used the quasi-diagonal property of the inverse metric g*, (4.7),
and the fact that 9y, are Killing vectors. We further notice that [cf. Eq. (4.11)]

n
ViglcUP*, P =], (6.17)
p=1

” I/

where means equality up to a constant factor [which can be ignored in
Eq. (6.16)]. Using identities (6.4) and the obvious fact that 9,,(U/U,) = 0, we
realize that (6.16) is equivalent to

O (P X,0; @) 1 Ji1- 2 ¢ n—
U[ P (Z( Z)" ) a7 W (TR =0,
p=1 b
(6.18)
Employing the ansatz (6.15), we have
RI RI/
0@ =10;®, 0,P= R—“q), Ro= R“CI), (6.19)
w o
and the Klein-Gordon equation (6.18) takes the form
%—‘- ®=0, : (6.20)
p=1 "H#
where G, is function of z, only,
R R/ X W2 6\112
X e l / __M e °n 2( 2 n—l_ 21
G = “R, +R (X :1;#) X“—}—cxi (=) 621)

As earlier, the prime means the derivative of functions R, and X, with respect
to their single argument z,,, and we have used the definition (5.8) for W,. Em-

ploying again Lemma 2 of Appendix C.4, we realize that the general solution of
(6.20) is

Gu==)_ri(=2)"7, (6:22)
where K; are arbitrary constants.

Therefore, we have demonstrated that the Klein-Gordon equation (6.14) in
the background (4.1) allows a multiplicative separation of variables (6.15), where
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functions R, (xz,) satisfy the ordinary second order differential equations

2

X W
(XuFy) + 2R, + (V- X—Z)R“ =0. (6:23)

Here, functions V), and W, are defined in (5.8). They contain

2

Ko = —p2, Knp= ——l-I}—cﬁ , (6.24)
and arbitrary separation constants ¥; (j = 0,...,m)and x; (k = 1,...,n — 1).
These constants are related to the constants obtained by the separation of the
Hamilton—Jacobi equation by the geometric optics approximation. This connection
is briefly discussed in the next section.

It should be emphasized that in the symmetric form of the metric (4.1) all
equations (6.23) ‘look the same’. However, in order to use the proved separa-
bility for concrete calculations in the physical Kerr-NUT-(A)dS spacetime one
needs to specify metric functions X, to have the form (4.3) and perform a Wick
rotation to the ‘physical space’ (see Footnote 1 in Chapter 4, and also Section
9.4.1). Such a transformation ‘spoils’ the symmetry between essential coordi-
nates but the separability property remains. The equation for R,, then plays the
role of an equation for propagating radial modes, whereas the other equations
(with imposed regularity conditions) represent the eigenvalue problems. For a
discussion of special sub-cases of these equations see, e.g, [Berti et al., 2006] and
reference therein.

6.3 Understanding connections

To obtain a more complete picture about the above described separability, let
us in this section review two closely related results. Namely, we review the
theory of separability structures, and briefly describe a recent result [Sergyeyev
& Krtous, 2008] on symmetry operators for the Klein-Gordon equation in the
canonical background.

6.3.1 Separability structures

The separation of variables for the Hamilton-Jacobi equation in any number of
spacetime dimensions allows a geometric characterization described by the the-
ory of separability structures, see, e.g., [Benenti & Francaviglia, 1979], [Benenti &
Francaviglia, 1980], [Demianski & Francaviglia, 1980], [Kalnins & Miller, 1981].
Let us briefly recall the main results of this theory.
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Separability structures are classes of separable charts for which the Hamilton—
Jacobi equation allows an additive separation of variables. For each separabil-
ity structure there exists such a family of separable coordinates which admits
a maximal number of, let us say r, ignorable coordinates. Each system in this
family is called a normal separable system of coordinates. The corresponding sep-
arability structure is denoted by ¢,. Its existence is governed by the following
central theorem:

Theorem. A manifold (M7, g) admits a é,-separability structure if and only
if it admits r commuting Killing vectors X ) (k =0, ...,r—1) and D —r Killing
tensors K ) (@ =0,...,D — r — 1), all of them independent, which satisfy:

(i) in the Lie algebra of Killing tensors with Schouten—Nijenhuis brackets the
commutation relations

(K Kol ge = Ky VeKg) — Kigy VK5 =0, (6.25)

ab a
(X, K))gw = LxpKioy =0, (6.26)
(ii) the Killing tensors K,y have in common D — r eigenvectors X (,) such that
(X, X)) =0, [X@,Xml=0, g(X@),Xw)=0. (6.27)

Let us mention two implications of this theory (we refer to the original publi-
cations for more details).

(1) The existence of separability structure implies complete integrability of geodesic
motion. Indeed, the requirement of independence means that r linear in mo-
menta constants of motion ¢y associated with Killing vectors X 4y and (D —r)
quadratic in momenta constants of motion c(,) corresponding to Killing ten-
sors K, are functionally independent. Moreover, equations (6.25), (6.26), are
equivalent to (see also Section 5.5)

{cpcm} =0, {cwca} =0, (6.28)

which, together with {c(), ¢y} = 0 (following from the commutativity of Killing
vectors), implies that all these D constants are in involution and hence the mo-
tion is completely integrable. In particular, this means that the proved sepa-
rability of the Hamilton-Jacobi equation establishes an independent proof of
complete integrability of geodesic motion, demonstrated in Chapter 5.

(2) D vectors { X (), X 1)} form a natural basis {9, } associated with normal
separable coordinates z*. This allows to write down the canonical metric element
of the ‘separable’ spacetime, e.g., [Benenti & Francaviglia, 1980]. The authors
of [Houri et al., 2008a], [Houri et al., 2007] used this fact to prove that the exis-
tence of a PCKY tensor, obeying the assumptions (3.74), restricts the metric of
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the spacetime to the canonical form (4.1). Their proof consists of showing that
the tower of Killing tensors K U) together with the tower of Killing vectors ¢®
generated by a PCKY tensor (see Chapter 3) obey all the requirements of the
above theorem. Hence, the Hamilton—Jacobi equation in a spacetime admitting
this tensor is separable. The corresponding canonical element turns out to be
the off-shell spacetime (4.1). In Chapter 7, we show that (4.1) follows from the
existence of a PCKY tensor directly, without referring to the theory of separabil-
ity structures, and even without imposing conditions (3.74).

Let us finally mention another theorem which relates the (additive) separa-
bility of the Hamilton-Jacobi equation with the (multiplicative) separability of
the Klein—Gordon equation (see, e.g., [Benenti & Francaviglia, 1979]).
Theorem. The Klein—Gordon equation allows a multiplicative separation of
variables if and only if the manifold (M?, g) possesses a separability structure
in which the vectors X (,) are eigenvectors of the Ricci tensor.

Corollary. If the manifold is an Einstein space, the Hamilton—Jacobi equation is
separable if and only if the same holds for the Klein-Gordon equation.

This corollary explains why, after separating the Hamilton-Jacobi equation,
we were able to separate also the Klein-Gordon equation. Another explanation
is in the following subsection.

6.3.2 Symmetry operators

After the Hamilton-Jacobi and Klein—-Gordon equations in the canonical back-
ground were separated [Frolov et al., 2007], it turned out that one can construct
symmetry operators for these equations [Sergyeyev & Krtous, 2008], which in-
variantly characterize such a separability. Following closely the latter paper, let
us recapitulate this connection.

Following the ‘first quantization rule’, p, — —ia'V,, where « is some scaling
constant, one can consider the operator counterparts of the conserved quantities
(5.2). So, one can introduce the operators [cf. Egs. (1.6)]

£y = —ia€®™a9,, k=0,...,m, (6.29)
Ky = __9‘_2__@ (x/lgl@%c%) j=0,...,n—1, (6.30)
’ V1] ’

It was proved in [Sergyeyev & Krtous$, 2008] that all these operators mutually
commute in the canonical background (4.1). This means that there exist joint
eigenfunctions, modes ®, specified by the eigenvalues ¥, and «;, so that

En® =10, Ko =r;0. (6.31)
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In the background (4.1) these equations allow a separated solution

n

m .
¢ = [ Ru(zy) [J e, (6.32)
k=0

p=1

provided that functions R,(x,) obey the ordinary differential equations [Ser-
gyeyev & Krtous, 2008]

X W}
2 A 2700 pf AN —
o*(X,R.) +¢ca LR+ (v e JRu=0. (6.33)
In particular, since K, © = —a0, modes ® (6.32) are solutions of the Klein—

Gordon equation
(0?04 ko) ® =0, (6.34)

and {é(k), K(;)} form a complete set of commuting symmetry operators for this
equation (see, e.g., [Miller, 1977], [Fushchich & Nikitin, 1994] and references
therein).

The constants of separation for the Klein-Gordon equation are related to the
constants obtained for the Hamilton-Jacobi equation. Writing the solution of
Egs. (6.31) in the form ‘

o= Aexp(ls) , (6.35)
(674
one obtains in the geometric optics approximation, o — 0, a new set of equations
£090aS = Ui,  K(}0.50,8 = k;. (6.36)

One can easily recognize the Hamilton-Jacobi equation (6.1) and, upon identi-
fying 8,5 with p,, the separation constants (6.10) and (6.11). Moreover, substi-
tuting R, = exp(£S,) into (6.32) yields an additive separation ansatz (6.2), and
in geometric optics approximation Eq. (6.33) gives directly Eq. (6.9).

6.4 Discussion

In this chapter we have demonstrated the separability of the Hamilton-Jacobi
and the scalar field equations in the general canonical spacetime (4.1). This
allows one to study the particle and light propagation in completely general
higher-dimensional rotating black hole spacetimes, or to calculate the contribu-
tion of a scalar field to the bulk Hawking radiation of these black holes.

These results are very promising and might suggest that also the equations
with spin can be in this background decoupled and separated. In fact, the sepa-
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rability of the massive Dirac equation was already demonstrated [Oota & Yasui,
2008]. We expect that, similar to the 4-dimensional case [Carter & McLenaghan,
1979], [Kamran & McLenaghan, 1984], in higher dimensions also the separabil-
ity of the Dirac equation can be characterized by the corresponding symmetry
operators. These operators are well known [Benn & Charlton, 1997], [Cariglia,
2004].

An important open question is a separability problem for the electromag-
netic and the gravitational perturbations in higher-dimensional black hole space-
times. A certain progress in this direction was achieved recently (see, e.g., [Ko-
dama & Ishibashi, 2003], [Kunduri ef al., 2006], [Murata & Soda, 2008a]). These
results are very important for the study of the stability of such black holes and
different aspect of the Hawking radiation produced by them. Another impor-
tant direction of research is to study the quasinormal modes in higher dimen-
sions. The results obtained in these directions so far restricts mainly to non-
rotating (or not generally rotating) black holes (see, e.g., [Ida et al., 2003], [Car-
doso et al., 2003a], [Cardoso et al., 2003b], [Cardoso et al., 2003c¢], [Cardoso et al.,
2004], [Konoplya, 2003a], [Konoplya, 2003b], [Cardoso et al., 2004], [Cardoso
et al., 2006], [Zhidenko, 2006], [Kanti et al., 2006], [Lopez-Ortega, 2006b], [Lopez-
Ortega, 2006a], [Lopez-Ortega, 2007], [Konoplya & Zhidenko, 2007], [Lopez-
Ortega, 2008], [Kodama, 2008], [Kodama, 2007], [Casals et al., 2008], [Murata &
Soda, 2008b], and references therein).

At a first glance it seems that to attack these problems in full generality, for
example in the way of Teukolsky [Teukolsky, 1972], [Teukolsky, 1973], may not
be possible. On the other hand, it might be useful to study the invariant struc-
tures determined by the PCKY tensor. For example, in 4D the method of the
Debye potentials [Benn et al., 1997] allows one to decouple the electromagnetic
perturbations. Unfortunately, this method seems to lie heavily on the self du-
ality property of electromagnetic fields in four dimensions. Another starting
point could be to search for the analogues of the 4-dimensional symmetry op-
erators (see, e.g., [Kamran, 1985], [Kalnins et al., 1986], [Kalnins & Miller, 1989],
[Kalnins & Williams, 1990], [Kalnins et al., 1992], [Kalnins et al., 1996]) which
invariantly characterize the separability of field equations with spin in the Kerr
background.

It is an important open question to ask whether the existing symmetry con-
nected with the towers of hidden symmetries generated by the PCKY tensor is
enough to enable the decoupling and separation of the higher spin fields equa-
tions.
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Chapter 7

Canonical metric and
Kerr-NUT-(A)dS uniqueness

In previous chapters we have seen that the general off-shell metric element (4.1)
admits the PCKY tensor h, (4.13), from which complete integrability of geodesic
motion and separability of the Hamilton-Jacobi and Klein—-Gordon equations
can be derived. In this chapter we want to address the question of uniqueness
and generality of these results. This leads us to the study of metric elements
admitting a PCKY tensor. In particular, we demonstrate the following two im-
portant results: First, we establish that the Kerr-NUT-AdS spacetime (4.1)-(4.3)
is the most general solution of the vacuum Einstein equations with the cosmo-
logical constant which possesses the PCKY tensor. Second, without imposing
the Einstein equations, we explicitly derive the canonical form of the metric ad-
mitting such a tensor and show that it coincides with the off-shell metric (4.1).
These results naturally generalize the results obtained earlier in four dimen-
sions. This chapter is based on [Krtous et al., 2008b].

7.1 Uniqueness of the Kerr-NUT-(A)dS spacetime

In this section we prove that the most general solution of the Einstein equations
with the cosmological constant which admits a PCKY tensor is the Kerr-NUT-
(A)dS spacetime (4.1)~(4.3). Instead of giving a formally organized proof we
shall deduce this statement from filling two missing pieces in the mosaic of al-
ready known facts. Namely, it was demonstrated in [Houri ef al., 2008a], [Houri
et al., 2007] that the Kerr-NUT-(A)dS spacetime is the only Einstein space admit-
ting the PCKY tensor obeying the additional restrictions

£§h = 0, £§g =0. (71)
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Here we prove that both these conditions already follow from the existence of
the PCKY tensor, together with the restriction on a vacuum solution of the Ein-
stein equations with the cosmological constant.

7.1.1 Condition on the PCKY tensor

In this subsection we concentrate on the first condition in (7.1). At first we con-
sider the case of an even dimension, D = 2n, and then briefly discuss what hap-
pens in the odd-dimensional case. Besides the canonical basis (Section 3.1.2), it
is convenient to introduce also a basis of complex null eigenvectors, {m;, m;},
defined by the relations?

> ~

h-m;=—iz,m;, h-m;=iz,m;. (7.2)

Here, h is the operator with components h?% , bar denotes the complex conjuga-
tion, and z,’s describe the eigenvalues of h [cf. Eq. (3.13)].> The complex null
vectors satisfy the normalization

mﬁ-m,;:mﬂ-m,gzo, mﬁ-m,;:d,w. (73)
They are connected with the canonical vectors {e;, €} as follows:

1 , _ 1 . .
my = E(en +ien), "My = E(eﬁ —ies). (74)

Let us further denote D; = V,,, and D = V. Using the PCKY Eq. (3.3) one
has
(Dﬂh) My — (m,; . é') mﬂ‘. (75)

Applying Dj to (7.2) and using (7.5) one obtains
(FL + ’i.’fC,,(i) . D,;m,; + i(DﬁiL‘,,) m; + (m,; . 6) m; =0. (7.6)

By taking a scalar product of (7.6) with m;, using antisymmetry of h and Eq. (7.2)
again, the first term cancels out. Considering two cases when v = u and when
v # p one gets

Dﬂx,, =0 forv 7'5 M, D/:Ll'” = img . S (77)

The eigenvectors of the PCKY tensor play a special role. One can prove that they coincide
with the principal null directions (see Appendix C.1).

21n this chapter we do not have a fixed background; we are constructing the metric. It is
therefore necessary to distinguish various positions of indices. In particular, we denote by h a
PCKY 2-form, whereas by h a PCKY operator A%,
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Let us define functions @, in terms of magnitudes of complex quantities D;z,, :
1 .
Q“ = 2|D,193M|2, DlaCBM = EVQ# e, (78)

As mentioned in Section 3.1.2, the canonical basis is not fixed by Egs. (3.12)
and (3.13) uniquely. There remains a freedom of a rotation in each KY 2-plane,
wh A @, which in terms of the null basis (7.4) reads m; — exp(ip,)m;. We
uniquely fix the canonical basis by setting the phase factor o = w/2. Then, we
have

Dag, = é N (7.9)
Using (7.7) and (7.9) we find

£:%Zm(mg+mﬂ)zz\/@éﬂ. (7.10)
u n

Egs. (7.7) and (7.9) also give us that the gradient dz, of the eigenvalue z, is
proportional to w?,

dz, = /Q,w". (7.11)
A simple calculation employing Egs. (3.12), (7.10) and (7.11) shows that

N 1
E.h:—Zxﬂ‘/Quw”:d(—gzxi‘). (7.12)
o W
With the help of the fact that this 1-form is exact and using the closeness of h
we immediately obtain the desired relation
£Leh=€-dh+d(€-h)=0. (7.13)

In an odd-dimensional case, equipped with the extra direction e, we have
besides (7.2) also an additional equation

h-e;=0. (7.14)

Let us denote Dy = V., and apply this operator on (7.2). Proceeding analo-
gously to the derivation of (7.7) we obtain

Dyz, =0, (7.15)
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and therefore Eq. (7.11) still holds. Moreover, denoting by

C

we obtain the expression for £, valid in any dimension D,

£E= E VQués+ey/— A(n) (7.17)

Using (7.14), we finally find that Egs. (7.12) and (7.13) remain unchanged.

7.1.2 Killing vector condition

The second condition in Eq. (7.1), which states that £ is a Killing vector, is
automatically satisfied in any Einstein space. Indeed, it was demonstrated in
[Tachibana, 1969] (see also Appendix C.2) that

1
Viaty = 55 Bnahy)” - (7.18)

For spaces obeying the vacuum Einstein equations with the cosmological con-
stant we have the Ricci tensor proportional to the metric and thanks to the anti-
symmetry of h we immediately get V(&) = 0, thatis £,g = 0.

Thus, when the vacuum Einstein equations with the cosmological constant
are imposed both conditions (7.1) are valid and using the results of [Houri et al.,
2008a], [Houri et al., 2007] one can derive that the metric has to be the Kerr-NUT-
(A)dS spacetime (4.1)—(4.3).

7.2 Canonical metric element

In this section we explicitly construct the canonical metric admitting the PCKY
tensor. Namely, we show that the most general metric element admitting this
tensor is the off-shell metric (4.1). Our demonstration extends the result of
[Houri et al., 2008a], [Houri et al., 2007] where it was proved provided the addi-
tional conditions (7.1) and with the help of the theory of separability structures
(see Section 6.3.1). Let us emphasize that, contrary to the previous section, we
work off-shell, that is without imposing the Einstein equations.

It might seem that an obvious path to follow is to prove that (yet off-shell)
both conditions (7.1) can still be derived from the very existence of the PCKY
tensor and then use the result of [Houri et al., 2008a], [Houri et al., 2007]. In
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fact, going through the proof of the previous section, we realize that the first
condition is indeed satisfied off-shell. However, it is not a straightforward task
to prove the second condition (7.1) without imposing the Einstein equations.
Therefore, instead we proceed in a different way. We explicitly demonstrate
that besides n natural coordinates® z,, associated with the eigenvalues of h,
it is possible to introduce n + ¢ additional coordinates 1, associated with the
tower of vectors generated from h, (3.70)—(3.72), so that the metric and the PCKY
tensor take the form (4.1) and (4.13), respectively. Here we sketch only main
steps of the derivation and for simplicity restrict to an even dimension D = 2n.
Technical details of this construction, including the odd-dimensional case, are
in preparation [Krtous et al., 2008a].

First, taking all projections of equation (7.6), we collect a partial information
about the Ricci coefficients. For example, we obtain that only those Ricci coeffi-
cients with at least two indices equal are nonvanishing. Next, using £ - dz, =0
we can calculate the Lie derivative of e in terms of function g, ,

6 =¢-dlin(v3)]. 719)

Using duality relations and action of the PCKY tensor we find
£een=quen+ Y EL&;, Le€n=—q.é;, (7.20)
v

where E;, are yet unspecified. Expressing these Lie derivatives using covari-
ant derivatives gives an additional information about the Ricci coefficients and
determines E), in terms of the Ricci coefficients and derivatives of Q. It also

guarantees that é; - dQ,, = 0 for y # v and ¢, = &; - d1/Q,.. These facts allow us
to calculate the Lie brackets among all the vectors e, &; of the canonical basis.
They do not commute, with the exception: [é;, €;] = 0.

Now, we introduce a new basis {€,, &}, p=1,...,n,k=0,...,n—1,

\/——:Eé_; eﬂ y Ek = Z A/gc)\/a—#éﬂ y (721)

with AP given by (3.60). The meaning of the basis vectors € is elucidated by
observing that they coincide with the vector fields £ ), (3.70)~(3.71), generated
from the PCKY tensor.

€, =

3Let us remind that it is a part of the definition of the PCKY tensor that its eigenvalues z, are
functionally independent in some spacetime domain. This means that z,’s are non-constant,
independent, scalar functions with different values at a generic point of the manifold and one
can use them as natural coordinates.
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Using the known Ricci coefficients and the Jacobi identity we can prove that
vectors of this frame do commute,

[GH? E,,] = [GM, gk] = [Ek,gl] =0. (722)

Moreover, for the dual frame

A _ (_xZ)n—l——k .
e = wh=dz,, &= E___ b 7.23
V@ Ty, € ZUM 5@ (7.23)

u
we show

de* =0, dé*=0. (7.24)
Both conditions (7.22) and (7.24) ensure that additionally toz,, p = 1,...,n,itis

possible to introduce coordinates 1, K =0,...,n — 1, such that
€, =0, €=20y, e =dz,, & =di. (7.25)

Taking into account the inverse of Egs. (7.23) we get

R 1 . n—1
wh = NP dz,, & =/Q,) AP dy, (7.26)
H k=0

which coincides with the basis 1-forms of the orthonormal form of the met-
ric (4.6), with unspecified metric functions @,. However, in the process, we
also learn that metric functions @, must take the form (4.2), particularly that
g, =0 and E; = 0. This finishes the proof of our main result: we have con-
structed a coordinate system in which the canonical metric element admitting
the PCKY tensor takes the off-shell form (4.1). Let us emphasize that this result
was achieved without imposing the Einstein equations, starting only from the
quantities determined by the PCKY tensor. As a corollary of this construction,
we have established that all the vectors &, are Killing vectors.

Let us finally mention, that very recently the authors of [Houri et al., 2008¢],
[Houri et al., 2008b] were able to construct the most general metric element
admitting a closed CKY 2-form. Such a 2-form, besides the functionally in-
dependent eigenvalues, may also admit the constant eigenvalues.* The key
observation for the construction is the fact that Eq. (3.3) for a closed CKY 2-
form forbids the possibility of degenerate non-constant eigenvalues, that is, the
Darboux subspaces corresponding to the non-constant eigenvalues are always

4This, in particular, incorporates the case of a covariantly constant PCKY tensor, that is a
PCKY tensor for which the primary vector £ vanishes. Such a tensor possesses only the constant
eigenvalues.
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2-dimensional. This means, that with respect to the functionally independent
eigenvalues the metric ‘behaves’ as the canonical spacetime for the PCKY ten-
sor, and one has to find only the ‘trivial’ part, corresponding to the constant
eigenvalues. The resulting canonical element turns out to be the ‘generalized
Kerr-NUT-(A)dS spacetime’ [Houri et al., 2008c], [Houri et al., 2008b], or more
precisely, the Kaluza-Klein metric on the bundle over Kéhler manifold whose
fibres are canonical metric elements described above. These results complete
the classification of all spacetimes admitting a closed CKY 2-form.
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Chapter 8

Stationary strings and branes

In this chapter we demonstrate complete integrability of the Nambu-Goto equa-
tions for a stationary string in the canonical spacetime (4.1). The stationary
string in D dimensions is generated by a 1-parameter family of Killing trajec-
tories and the problem of finding a string configuration reduces to a problem
of finding a geodesic line in an effective (D ~ 1)-dimensional space. Resulting
integrability of this geodesic problem is connected with the existence of hidden
symmetries which are inherited from the black hole background. More gener-
ally, in a spacetime with p mutually commuting Killing vectors it is possible to
introduce a concept of a {-brane, that is a p-brane with the worldvolume gen-
erated by these fields and a 1-dimensional curve. We discuss conditions of the
integrability of such £-branes in the Kerr-NUT-(A)dS spacetime (4.1)—(4.3). This
chapter is based on [Kubiztidk & Frolov, 2008].

8.1 Introduction

There are several reasons why the problem of interaction of strings and branes
with black holes attracted interest recently. Fundamental strings and branes are
basic objects in string theory [Polchinski, 1998], and black holes (as well as other
black objects) form an important class of solutions of the low-energy effective
action in this theory (see, e.g., [Ortin, 2004]). On the other hand, cosmic strings
and domain walls are topological defects which can be naturally created during
phase transitions in the early Universe (see, e.g., [Vilenkin & Shellard, 1994],
[Polchinski, 2004], [Davis & Kibble, 2005]). Their interaction with astrophysical
black holes may result in interesting observational effects. In both cases we are
dealing with a problem when the interacting objects are non-local and relativis-
tic. An important example is an interaction of a bulk black hole with a brane
representing our world in the brane world models (see, e.g., [Emparan et al.,
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2000}, [Frolov et al., 2003], [Frolov et al., 2004a], [Frolov et al., 2004b], [Rodrigo,
2006], [Majumdar & Mukherjee, 2005]). A stationary test brane interacting with
a bulk black hole can be used as a toy model for the study of (Euclidean) topol-
ogy change transitions [Frolov, 2006]. This model demonstrates interesting scal-
ing and self-similarity properties during such phase transitions, similar to the
Choptuik critical collapse [Choptuik, 1993] and merger black hole transitions
[Kol, 2006], [Asnin et al., 2006]. These models may also have far going interest-
ing consequences for the study of phase transitions in quantum chromodynam-
ics (see, e.g., [Mateos et al., 2006], [Kobayashi et al., 2007], [Albash et al., 2008],
[Hoyos-Badajoz et al., 2007]).

Even in an idealized case, when one neglects the effects connected with the
thickness of the strings and branes and their tension, this problem is quite com-
plicated. The reason is evident: the Dirac-Nambu—Goto action for these objects
in an external gravitational field is very nonlinear. In a general case numer-
ical calculations are required (see, e.g., [Snajdr et al., 2002], [Snajdr & Frolov,
2003], [Dubath et al., 2007]). When the effects of thickness and tension are taken
into account these numerical calculations become even more involved (see, e.g.,
[Morisawa et al., 2000], [Morisawa et al., 2003], [Flachi & Tanaka, 2005], [Flachi
et al., 2006}, [Flachi & Tanaka, 2007]).

Study of stationary configurations of strings and branes in a background of
a stationary black hole is simpler problem which in several cases allows com-
plete solution. One of the examples is a stationary string in the Kerr spacetime.
It was shown [Frolov et al., 1989] that the Hamilton-Jacobi equation for such
a string allows a complete separation of variables. It was also demonstrated
[Carter & Frolov, 1989], [Carter et al., 1991] that this property is directly con-
nected with the hidden symmetry of the Kerr metric generated by the Killing
tensor [Walker & Penrose, 1970] discovered by Carter in 1968 [Carter, 1968b].
More recently, Carters’s method was applied to 5-dimensional rotating black
holes and the Killing tensor was found in these spacetimes [Frolov & Stojkovi¢,
2003b], [Frolov & Stojkovi¢, 2003a]. This result was used to show that the equa-
tions for a stationary string in the 5-dimensional Myers-Perry metric are com-
pletely integrable [Frolov & Stevens, 2004].

Here we demonstrate that this result allows a generalization to higher di-
mensional rotating black holes in an arbitrary number of spacetime dimensions.
Namely, we show that a stationary string configuration is completely integrable
in the canonical spacetime (4.1). We use the fact that after performing a dimen-
sional reduction along the Killing trajectories, the stationary string equation in
a D-dimensional stationary spacetime can be reduced to a geodesic equation
in a (D — 1)-dimensional space with a metric conformal to the reduced met-
ric. The separability of the Hamilton-Jacobi equation in this effective metric
follows from the separability of the Hamilton—Jacobi equation in the original D-
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dimensional canonical spacetime proved in Chapter 6 and a special property of
the primary (timelike) Killing vector.

There is a natural generalization of the concept of a stationary string in the
case when there exist several mutually commuting Killing vectors. If p is a
number of these fields one may consider a (p + 1)-hypersurface generated by
the Killing vectors passing through a 1-dimensional line. We call a §-brane an
extended object, a p-brane, with the worldvolume associated with this hyper-
surface. We discuss integrability conditions for £-branes in the Kerr-NUT-(A)dS
spacetime (4.1)—(4.3) and give some examples of integrable systems.

8.2 Stationary strings

Consider a string in a stationary D-dimensional spacetime MP. Let z° (a =
0,...,D — 1) be coordinates in it and

ds? = gudz®da® (8.1)

be its metric. We denote by £* the corresponding Killing vector which is timelike
at least in some domain of MP. We call the string stationary if £* is tangent to the
2-dimensional worldsheet 3 of the string in this domain. In other words, the
surface X is generated by a 1-parameter family of the Killing trajectories (the
integral lines of £2).

A general formalism for studying a stationary spacetime based on its foli-
ation by Killing trajectories was developed by Geroch [Geroch, 1971]. In this
approach, one considers a set S of the Killing trajectories as a quotient space
and introduce the structure of the differential Riemannian manifold on it. The
projector hqy, onto S is related to the metric g4 as follows:

Gob = hab + Eagb/éz . (82)

In this formalism, a stationary string is uniquely determined by a curve in S.
The equation for this curve follows from the Nambu—Goto action

I=-u [ dchl”. (8.3)

Here 1 is the string tension. As it enters the Nambu-Goto action as a common
factor, its value is not important and one can always put 4 = 1. The string
worldsheet can be parametrized by 2% = z%(¢4), where (# are coordinates on
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L¢, (A =0,1). We denote by y4p the induced metric on Z;

YaB = %% Gab » (84)
and by v its determinant.

Let Killing time parameter be ¢, so that £%9, = 9, and let y* be coordinates
which are constant along the Killing trajectories (coordinates in S). Then, the
non-vanishing components of the projection operator hg; are h;; (reduced met-
ric) and the metric (8.1)-(8.2) takes the form

ds? = —F(dt + Ady’)? + hydy'dy? (8.5)
F = gy=-8&E, Ai=0gu/gu. (8.6)
From (8.2) it also follows that in these coordinates h¥ = g¥.

We choose ¢° = t and denote ¢* = o. Then the string configuration is deter-
mined by y* = y*(0). The induced metric is

dy? = yapdCd¢® = —F(dt 4+ Ado)* + di?, (8.7)
where py i dd
2 nao?. A A W

di? = hdo®, A=A, h=h———, (8.8)

and it has the following determinant
v = det(yap) = —Fh. (8.9)
So, the Nambu~Goto action is
I = —AtE, (8.10)
E = ﬂ/\/ﬁdzzp/da Fh, YW (8.11)

“do do

In a static spacetime the equation (8.11) has a very simple meaning: The energy
density of a string is proportional to its proper length dl multiplied by the red-
shift factor v/F.

The problem of a stationary string configuration therefore reduces to that of
a geodesic in the (D — 1)-dimensional effective background

dH? = Hydy'dy’ = Fhydy'dy’ . (8.12)

In order to solve this geodesic problem we shall use the Hamilton-Jacobi
method. That is, we shall attempt for the additive separation of the Hamilton-
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Jacobi equation

g—i + HY 8,5 0;5 =0, (8.13)

where H" is the inverse of the effective metric (8.12) with the components given
by
FHY = p¥ = gV, (8.14)

If the Hamilton-Jacobi equation can be separated, the effective geodesic motion
and hence also the stationary string configuration are completely integrable,
(see Section 6.3.1).

8.3 Stationary strings in canonical spacetime

In this section we prove complete integrability of a stationary string configura-
tion in the canonical spacetime (4.1). As explained earlier, in such a spacetime
the primary Killing vector § = 8, plays a special role. This vector is (after the
analytical continuation to the physical domain) timelike in the black hole exte-
rior. It is also the one most ‘directly connected’ with the PCKY tensor.! We call
a string stationary if it is tangent to the primary Killing vector. For such string
one has the following form of the effective metric:

. e 1 [ e 2 €
FHY9,8; = ;[Quwm% g (Lm0 | - (0w,

= Ec
F = Z;Qu— o (8.15)
w=

The expression is similar to (4.7), with the only difference that in the sum over
k the term k = 0 is omitted. This corresponds to the natural projection given by
(8.14).

In the background of the metric H;; the Hamilton-Jacobi equation (8.13) al-
lows the additive separation of variables

n m
S=wo+ Y Su(z,)+ Y Lith (8.16)
p=1 k=1

!Let us remark here that the asymmetry among the primary Killing vector 8y, and the sec-
ondary Killing vectors 8, can be also viewed as arising from the requirement that, in addition
to the Hamilton—Jacobi, also the Klein—Gordon equation is separable (see, e.g., [Carter & Frolov,
1989] and references therein).
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with functions S,(x,) of a single argument z,,. Substituting (8.16) into (8.13) we
obtain

n 1 m L ) sLi ~
Fu + ;[Qusf o (;(_:pg) kp) | - = =0, (8.17)

where S," denotes the derivative of function S, with respect to its single argu-
ment z,. Using the explicit form of F' and algebraic identity

1 i 1 (8.18)
A z2U,’ '

w=1

we can rewrite the last equation in the form

3 _g_u _o, (8.19)
pu=1 ~H

where G, are functions of z,, only:

m 2 9
G = X, (S? +w) + Xi (>o(=ay*n,) —e Lnjetwe. (8.20)
B k=1 Lu

Applying Lemma 2 of Appendix C.4, we write the general solution of (8.19) as
Gu=) c(—z2)™*, (8.21)

where ¢y, are arbitrary constants. So, we have obtained the equations for SL,

2 = [Soer oyt BN (S gyt -,

Xu p B k=1
(8.22)
which can be solved by quadratures.

This completes the demonstration that in the canonical background (4.1) the
reduced (D — 1)-dimensional geodesic problem (8.11) allows the separation of
the Hamilton—Jacobi equation (8.13) and therefore the stationary string configu-
ration is completely integrable.
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8.4 Inherited hidden symmetries

The resulting complete integrability of the stationary string configuration in the
canonical spacetime (4.1) is connected with the existence of hidden symmetries
of the (D — 1)-dimensional effective metric H;;. Namely, there exist (n — 1)
irreducible Killing tensors C3y , (k = 1,...,n — 1), which give the constants of
motion -

e = Clypwi, DmCY =0, (8:23)

and allow the separation of the Hamilton—Jacobi equation (8.13) in the back-
ground H;;. In the last formula p; = 9,5 are the ‘momenta of geodesic motion’
and D; denotes the covariant derivative with respect to Hj;.

Similar to Chapter 6, one can easily find the explicit form of C(zi) by inverting

(8.20). Let us multiply it by AP /U, ., sum over , and use identities (6.12). Then
we obtain

cAR)

ij
C ok

k) = (%)K(k) —FpH?, Fg= ZQHA;(»IC) —¢€
=1

(8.24)

Here WK 8«) are natural projections of the Killing tensors (6.13) for the D-dimensional
canonical spacetime,

(o) 8,0, = . (k) (k) - n—l—l 2 gAK) 2
(k) j_Z[A QP«( mu Q/AU2 (Z 8¢t>] A(”)( dm)

p=1 =1
(8.25)
Similar to (8.15), the direction 8y, is projected out. Therefore, one can say that
the hidden symmetries of the (D — 1)-dimensional effective metric H;; are ‘in-
herited” from the hidden symmetries of ggp.

A nontrivial property which follows from the separability of the Hamilton—
Jacobi equation (see Chapter 6) is that the constants ¢, mutually Poisson com-
mute, or equivalently, the Schouten-Nijenhuis brackets, in the background H;;,
of the corresponding Killing tensors vanish:

[Cay, Con] 77"= Coi DaClyY = Ci DACly) = 0. (8.26)

Let us also mention that the objects (V0K (ch) are the Killing tensors for the re-
duced metric h;; and obey

[0 gy, B0)E ] T = 0. (8.27)

These results can be easily obtained by separating the Hamilton-Jacobi equation
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in the background of the reduced metric 4;;. We expect them to be more general.
(For a discussion and necessary conditions regarding the projection of a single
Killing tensor see [Carter & Frolov, 1989].) -

We have seen that the existence of the Killing tensors C(3, for the metric Hj; is
the property inherited from the canonical metric g,;. As we have learned in Part
II, the latter possesses even more fundamental symmetry—connected with the
PCKY tensor from which all the Killing tensors (6.13) are derivable. A natural
question arises whether H;; also ‘inherits” any Killing—Yano tensor. In a general
case the answer is negative. The necessary conditions for a Killing tensor in 4D
to be the ‘square’ of a Killing—Yano tensor were given by Collinson [Collinson,
1976] (see also [Ferrando & Saez, 2002]). One can easily check that they are not
satisfied and hence the 4D metric H;; does not admit any Killing—Yano tensor.
In higher dimensions we can exclude the existence of a PCKY tensor. Indeed, as
demonstrated in Chapter 7, the higher-dimensional metric element admitting
the PCKY tensor is the canonical spacetime (4.1), i.e., the spacetime different
from H,;.

8.5 &-branes

In the above consideration we have focused on stationary strings, that is strings
generated by a 1-parameter family of timelike Killing trajectories. There are two
natural ways how one may try to generalize this construction. First, one may
consider other Killing vector fields, and/or second, in the case when there exist
more than one Killing vector, one may consider hypersurfaces formed by the
set of Killing trajectories passing through the same 1-dimensional curve. Let us
discuss these generalizations in more detail.

For simplicity we assume that the spacetime M allows p mutually commut-
ing Killing vectors which we denote by §ny (M,N =1,...,p). The Frobenius
theorem implies that for each point of the spacetime M? there exists (at least lo-
cally) a submanifold of dimension p generated by the Killing vectors £,y pass-
ing through this point. In other words, the set { = {£(,)} defines a foliation of
MP. Similar to what was done in the Geroch formalism for one Killing vector
field, one can define a quotient space S of M P determined by the action of the
isometry group generated by £. This generalization of the Geroch’s formalism
was developed in [Mansouri & Witten, 1984]. The metric g4 of the spacetime
MP can be written as

p
Gab = Rab + Zab,  hatliary =0, Eab = Z aMNE v - (8.28)
M,N=1 ,
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Here o™V is the (p x p) matrix which is inverse to the (p x p) matrix apy =
Enyabiny: aMVanx = ). A tensor hg is a projection operator onto S.
Let us denote by y* (D — p) coordinates which are constant along the Killing

surfaces generated by the set £, and by ¢ the Killing parameters defined by
the conditions

(00 = Oym . (8.29)
The metric gq in these coordinates (z?) = (y?, ™) takes the form
] ) p
ds® = hydy'dy’ + Y ™V (Eunada®) (Epda®) . (8.30)
M,N=1

In these coordinates we also have

aun = Eunabiny = Evym = N - (8.31)

A natural generalization of stationary strings ¥, are (p + 1)-dimensional ob-
jects ¥ which are formed by a 1-parameter family of Killing surfaces. We call
them ¢-branes. In (y*,9™)-coordinates the equation of ¢ is y* = y*(0). For this
parametrization coordinates on X7 are ) =@M, 0)(A,B=1,...,p+1). The
induced metric on the £-brane takes the form

14 p
A7 = 1apd¢Pd¢P = (htu)do®+2do Yy Eunedd™ + > anwdp™dyp™. (8.32)

M=1 M,N=1
Here we have defined
_, dytdy _ . dy _ v
h= hijd_U% y f(M)a = f(M)z'd—U y U= M;_l GMNE(M)af(N)o . (8~33)

In order to derive (8.32) we used (8.31).
The metric 45 can be considered as a block matrix of the form

( or ) (834)

where A is a 1-dimensional matrix and D is a matrix (p x p). If |Z| is a determi-
nant of a matrix Z, then one has the following relation for the determinant of a
block matrix (see, e.g., [Gantmacher, 1959])

l A B

o b ’ = |D||A— BD™'(|. (8.35)
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Using this equation one obtains

h+u &ane

7= det(’yAB) - §(N)a aGMN

=hF, (8.36)

where .
f{ = det(aMN) = det(&é‘M)E(N)a) (837)

is the Gram determinant for the set { = {§())} of the Killing vectors.
The Dirac-Nambu-Goto action for a (p + 1)-dimensional brane is

I=u [ @ey/Pl, (8.38)

where 7 is the determinant of the induced metric on the brane 4. For a é-brane
this action reduces to the following expression?

I=—uVE, d?=hdo?, V:/d%N, Sz/w/}'gdl. (8.41)

Thus after the dimensional reduction the problem of finding a configuration of
a &-brane reduces to a problem of solving a geodesic equation in the reduced
(D — p)-dimensional space with the metric

dH? = Hydy'dy’ = Fehydy'dy’ . (8.42)

If the original metric g,, admits a Killing tensor K then, since h¥ = g, the
natural projection {}K is a Killing tensor for the metric h;;. However, the full
effective metric H;; does not inherit this symmetry unless the ‘red-shift’ factor
Fr is of the special ‘separable form’. Only then, the Hamilton-Jacobi equation
(8.13) for the geodesic motion in the metric (8.42) allows complete separation of
variables.

?In our derivation we have focused on a 1-dimensional line in S generating ¢-branes. The
same construction remains valid for, let us say, g-dimensional hyperspace in S in the case of a
(p + ¢)-dimensional brane. Then, denoting coordinates on the worldvolume of such brane by

€4 = @¥M,0%), (e, 8 =1,...,q), and repeating the same steps one would obtain
dy® dy?
Y = dot(hap)Fe = hFe, hap = hijTos 205, (839)

I

—uVE, E= /\/fgdv, dv=Vhd%o. (8.40)
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8.6 ¢-branes in Kerr-NUT-AdS spacetime

8.6.1 Separability condition

Let us discuss now the problem of integrability of {-branes in the Kerr-NUT-
(A)dS background (4.1)-(4.3). There we have m + 1 Killing fields 8y, , k¥ =
0,...,m, and we may choose any arbitrary subset of them as the set £. In gen-
eral, however, the corresponding red-shift factor F; will not be of the separable
form.

More specifically, one requires that the red-shift factor can be written as

Fo=) 0 Lol “((]x“) , (8.43)
u=1 H

with f, functions of z,, only, in order to allow the separation of variables for the
Hamilton-Jacobi equation in the effective background H;;. The corresponding
Killing tensors (k = 1,...,n — 1) would be then

{5}0(12) = ngc) — fuHY, (8.44)

where K 7, are due natural projections of the ‘primordial’ Killing tensors (6.13),
with directions from the set £ projected out, and

n A(k)
fw=) Jutbi” ot (8.45)
p=1 TH

In the case of a stationary string, i.e., for £ = {8y, }, the red-shift factor (8.15),
the norm of the primary Killing field 8y, possesses the property (8.43), with
fu=X,—¢ (8.46)

C
2 ’
and the integrability proved in Section 8.3 is justified.

8.6.2 (-branes in 4D

In 4D a stationary string is the only nontrivial example of a {-brane for which (in
these coordinates) integrability can be proved. Indeed, as discussed in [Carter &
Frolov, 1989] only in the exceptionally symmetric case of the de Sitter space itself
one can obtain the integrability of the axially symmetric ¢-string with & = {9y, }.

The last possibility of a {-brane in 4D Kerr-NUT-(A)dS spacetime is the ax-
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ially symmetric stationary domain wall, £ = {8y,, 8y, }. Let us consider this
important example in more detail. The action takes the form

dy dyd
I = —pDhoApiE, €= / da\/Hij%—c-iy;, (8.47)

where the effective 2-dimensional metric is

Co dz?  dz?
dH? = Hydy'dy’ = F¢ (@Tl + @f) . (8.48)

The red-shift factor reads

Ju
= (8.49)

Fr = ’ oo Jpotr
n

Gpopr  Fnvn

2
p=1

where
Ju= wZXu(Xl + Xa). (8.50)

Evidently, f, becomes function of z, only in the case when all parameters in
metric functions X, (4.3), but ¢y, vanish. Only in that trivial case the Hamilton—
Jacobi equation for the axially symmetric stationary domain wall in 4D can be
separated.

8.6.3 ¢-branes in 5D

In 5D the situation is more interesting. There we can prove integrability of the
axisymmetric &-string, £ = {8y, }, under the condition that parameter ¢; = 0.
Indeed, then the red-shift factor takes the separable form (8.43) with

fi(zy) = 2b2x‘f +- cx% , Ja(ze) = lea:g + cx% . (8.51)

Also, the axially symmetric stationary {-brane, §{ = {8y,, 0y, } is completely
integrable in the case of a vacuum (c; = 0) 5D spacetime (4.1)—(4.3) with ¢c; = 0.
In that case,

f1 (xl) = 4b1b2$% + 20b1 y f2($2) = 4b1b2x% -+ 20b2 . (852)

In both cases the nontrivial Killing tensor responsible for the integrability is
given by (8.44).

However restrictive and unlikely to be generally satisfied the condition (8.43)
seems, the above examples illustrate the special cases where complete integra-
bility of £-branes can be analytically proved. We postpone the discussion of the
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existence of other nontrivial examples elsewhere.

8.7 Summary

We have studied integrability of the Nambu-Goto equations for a stationary
string configuration near a higher-dimensional rotating black hole. In a general
stationary spacetime this problem reduces to finding a geodesic in the effec-
tive (D — 1)-dimensional background H;;. In the canonical spacetime (4.1) the
geodesic equation can be integrated by a separation of variables of the corre-
sponding Hamilton-Jacobi equation. This separability is a consequence of the
fact that H;; inherits some of the hidden symmetries of the black hole. Namely,
it inherits (n — 1) irreducible mutually commuting Killing tensors which corre-
spond to natural projections of the Killing tensors present in g,. In a general
case there are no Killing-Yano tensors generating these Killing tensors.

The problem of integrating the equations for {-branes is more complicated.
We have given some examples where these equations are completely integrable,
but in the general case complete integrability is not possible. It would be inter-
esting to find other, physically interesting, examples of completely integrable
&-branes in higher dimensional black hole spacetimes. It is also interesting to
study cases where there exist non-complete but non-trivial sets of (quadratic in
momenta) integrals of motion for {-branes related to the hidden symmetries of
the black hole background.
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Chapter 9

Parallel transport of frames

In this chapter, based on [Connell et al., 2008b], we obtain and study the equa-
tions describing the parallel transport of orthonormal frames along timelike
geodesics in a spacetime admitting the PCKY tensor h. We demonstrate that
the operator F', obtained by a projection of h to a subspace orthogonal to the
velocity, has in a generic case eigenspaces of dimension not greater than 2. Each
of these eigenspaces is independently parallel-propagated. This allows one to
reduce the parallel transport equations to a set of the first order ordinary differ-
ential equations for the angles of rotation in the 2D eigenspaces. Examples of
D = 3,4,5 canonical spacetimes, (4.1), are considered and it is shown that the
obtained first order equations can be solved by a separation of variables. This
chapter is based on [Connell et al., 2008b].

9.1 Introduction

One of the remarkable properties of the 4D Kerr metric, discovered by Marck
in 1983, is that the equations of parallel transport can be integrated [Marck,
1983b], [Marck, 1983a]. Even more generally, a parallel-propagated frame along
a geodesic can be constructed explicitly in any 4D spacetime admitting the rank-
2 Killing—Yano tensor [Kamran & Marck, 1986]. The purpose of the present
chapter is to extend these results to the case of a spacetime with an arbitrary
number of dimensions admitting the PCKY tensor h. It was demonstrated in
Chapter 7 that such a spacetime is necessary described by the canonical metric
(4.1), and in Chapter 5 that the particle geodesic motion is there completely
integrable.

Solving the parallel transport equations in curved spacetime is useful for
many physical problems. In the case of timelike geodesics it can be used for
studying the behavior of extended objects moving in the Kerr and more gen-
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eral geometries. In particular, it facilitated the study of tidal forces acting on
a moving body, for example a star, in the background of a massive black hole
(see, e.g., [Luminet & Marck, 1985], [Laguna et al., 1993], [Frolov et al., 1994],
[Diener et al., 1997], [Shibata, 1996], [Ishii et al., 2005]). Even more useful is
to solve the parallel transport along null geodesics. For example, in geomet-
ric optics approximation linearly polarized photons and gravitons propagate
along null geodesics while the corresponding polarization vectors are parallel-
transported along the worldline [Misner ef al., 1973]. This property was used to
study the scattering of a polarized radiation by black holes (see, e.g., [Stark &
Connors, 1977], [Connors & Stark, 1977], [Connors et al., 1980] and references
therein). The parallel-propagated frames are very convenient for investigat-
ing the form and shape of a thin ‘pencil of light’ propagating in an external
gravitational field. In the derivation of the equations for optical scalars such
parallel propagating frames play an important technical role (see, e.g., [Pirani,
1965], [Frolov, 1977]). Another problem where such frames are useful is the, so
called, peeling-off property of the gravitational radiation in an asymptotically
flat spacetime (see, e.g., [Krtou$ & Podolsky, 2004] and references therein). In
quantum physics the parallel transport of frames is an important technical ele-
ment of the point splitting method which is used for calculation of renormalized
values of local observables in a curved spacetime (such as vacuum expectation
values of currents, stress-energy tensor, etc.). Solving of the parallel transport
equations is especially useful when fields with spin are considered (see, e.g.,
[Christensen, 1978]).

Here, we describe how to construct a parallel-propagated frame along time-
like (spacelike) geodesics. The case of null geodesics requires an additional con-
sideration and is under preparation [Connell ef al., 2008a]. Let us outline the
main idea of our construction. Any 2-form determines what is called a Darboux
basis, that is a basis in which it has a simple standard form. We have already en-
countered the Darboux basis of h which we called a canonical basis (see Section
3.1.2). Since h is non-degenerate its Darboux subspaces are two-dimensional.!
This means that the ‘local’ Darboux basis, defined in the tangent space of any
spacetime point, is determined up to 2D rotations in the Darboux subspaces.
The union of local Darboux bases of h forms a global canonical basis in the
tangent bundle of the spacetime manifold. In the case of the canonical metric
(4.1), there exists a special global canonical basis in which the Ricci rotation co-
efficients are simplified; the principal canonical basis. This basis is completely
determined by the PCKY tensor (see Chapter 7).

Consider now a timelike geodesic describing the motion of a particle with
velocity u. We focus our attention on the 2-form F', (3.31), obtained as a pro-

!'In an odd number of spacetime dimensions there exists an additional one-dimensional zero-
eigenvalue Darboux subspace of h.
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jection of the PCKY tensor h to a subspace orthogonal to the velocity u. F
has its own Darboux basis, which we call comoving. For any chosen geodesic
the comoving basis is determined along its trajectory. We have seen in Section
3.3.1 that F is parallel-transported along the geodesic. In particular, this means
that its eigenvalues and its Darboux subspaces, which we call the eigenspaces
of F, are parallel-transported. We shall show that for generic geodesics the
eigenspaces of F' are at most 2-dimensional. In fact, the eigenspaces with non-
zero eigenvalues are 2-dimensional, and the zero-value eigenspace is 1-dimensional
for an odd number of spacetime dimensions and 2-dimensional for even. So,
the comoving basis is defined up to rotations in each of the 2D eigenspaces. The
parallel-propagated basis is a special comoving basis. It can be found by solving a
set of the first order ordinary differential equations for the angles of rotation in
the 2D eigenspaces.

For special geodesic trajectories the 2-form F' may become degenerate, that
is at least one of its eigenspaces will have more than 2 dimensions. We shall
demonstrate that the eigenspaces with non-vanishing eigenvalues in such a
degenerate case may be 4-dimensional. In the odd number of spacetime di-
mensions one may also have a 3-dimensional eigenspace with a zero eigen-
value. Nevertheless, in these degenerate cases one can also obtain the parallel-
transported basis by (now rather more complicated) time dependent rotations
of the comoving basis.

9.2 Comoving basis

- In this section, we shall construct a comoving basis, that is a Darboux basis of
the operator F, and briefly describe its properties.

9.2.1 ' Operator F for timelike geodesics

Let v be a timelike geodesic affine parameterized by 7, and u* = dz®/dr be its
unit tangent vector (velocity), with the norm w = u - u = —1. Then the parallel-
transported 2-form F' can be written as [cf. Eq. (3.31)]

F=h+u'As, s=u_lh. (9.1)

This form is obtained by a projection of the PCKY tensor h to a subspace or-
thogonal to the velocity u [cf. Eq. (3.33)]. Consequently, u is an eigenvector of
the operator F' with a zero eigenvalue.

Ata chosen point of the spacetime the tangent space T splits into a 1-dimensional
space U generated by u, and a (D — 1)-dimensional subspace V' orthogonal to
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u;

T=UaV. 9.2)

Fyp and F%, can be considered as a 2-form and an operator, respectively, either
in the subspace V or in the complete tangent space T'.

9.2.2 Comoving basis

We demonstrate now that there exists such an orthonormal basis in V' in which
the operator F has the (matrix) form (see, e.g., [Prasolov, 1994])

diag(0,...,0,Aq,...,A,), 9.3)

where A, are matrices of the form

— 0 Audy
A, = ( YA > , 9.4)

and I, are unit matrices.

The operator F maps a linear space V into itself. If (v, w) = Pyv®uw® is a
scalar product in V, then an adjoint operator F'* defined by the relation
(v, Fw) = (Ftv,w) (9.5)

obeys the relation F* = —F, and F*F = —F? is a positive self-adjoint operator.
Its spectrum is
Spec(—F?) = {0,A},..., A2}. (9.6)

We choose A, to be non-negative and order them so that
O=X <A <...< ). 9.7)

(If —F? does not have a zero eigenvalue, the first term ) in (9.6) is omitted.)
The spectrum of F' is

Spec(F) = {0,iA1, —iAq, ..., 10p, —iAp} . 9.8)
Consider a non-zero \,. We denote
VE =Ker(F xi)\), g, =dim(V}). 9.9)

Thus the eigenvalues and the eigenspaces of F' are well defined but they are not
real. In order to obtain Darboux form (9.3) it is sufficient to consider a full space
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V.., which is a pair of eigenspaces for complex conjugate eigenvalues
Ve=V5+V;, dim(V,)=2g,. (9.10)

Using a modified version of the Gram-Schmidt process one can construct a real
orthonormal basis in V,,

{]n,;, l’ﬁﬂ cen ,q”'nﬂ, q“'ﬁp,} , 9.11)
which has the property (see, e.g., [Prasolov, 1994])
Fing, = -\, ,, Ff,=\"m,. (9.12)

Obviously, the space V,, is the eigenspace of F? and the vectors (9.11) form the
complete set of orthonormal eigenvectors? of F? corresponding to —A2:

Flv=-Xwv, veV,. (9.14)

If A = 0 and the corresponding subspace V; has ¢y dimensions, we denote an
orthonormal basis in V; by '
{"mg, ..., %ns}. (9.15)
The subspaces V,, are mutually orthogonal and their direct sum forms the space
V:
V=WeVe. ol 9.16)

We further denote by

{lcov AR >q0<0} ] {]S.ﬂ) 16’2 . 7q,5ﬂ) q“é-'/l} b (9‘17)

bases of forms dual to the constructed orthonormal vector bases (9.15), (9.11).
These forms give bases in the cotangent spaces V and V7. We combine the bases
(9.15), (9.11), and (9.17) with u = 0, .. ., p to obtain a complete orthonormal basis
of vectors (forms) in the space V' (V*). The duality conditions read

SHCng) = §CTE) = 845, &) = S Cnp) =0, (918)
Here, for a given 41 = 0,...,p index s takes the values s = 1,.. ., g,. It is evident

2One can also introduce the complex eigenvectors of F:

. 1, in , o
Jn‘f = E(Jnﬂ +in,), F]n?f = :i:z)\lﬂn?f ) (9.13)

which form the bases in Vf [cf. Egs. (7.2), (7.4)]. However, we shall not do so here and consider
the real basis of V,,, (9.11), instead.
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from the orthonormality of the constructed basis that we also have
Cna) =&, () =4£" (M'="ns, (& =%;. (9.19)

In this basis the antisymmetric operator F, (9.1), takes the form (9.3).

For briefness in what follows we shall use the following terminology. We
call V,, an eigenspace of F' corresponding to its eigenvalue )\,. We call the basis
{n} ({s}), in which the operator F takes the Darboux form (9.3), an orthonormal
Darboux basis, or simply the Darboux basis.?

If we consider F' as an operator in the complete tangent space T, the cor-
responding orthonormal Darboux basis is enlarged by adding the vector u to
it. In this enlarged basis the operator F' has the same form (9.3), with the only
difference that now the total number of zeros is not ¢q, but ¢y + 1. To remind
that the constructed basis depends on the velocity u of a particle and u is one
of its elements we call this basis comoving. The characteristic property of the
comoving frame is that all spatial components of the velocity vanish.

Although so far our construction was local (we considered a chosen space-
time point), one can naturally extend the comoving basis along the whole geodesic
trajectory. In a general case, however, the constructed comoving frame is not
parallel-propagated. The parallel-propagated frame can be obtained by per-
forming additional rotations in each of the parallel-propagated eigenspaces of
F. The equations for the corresponding rotation angles will be derived in the
next section. Before we do that we demonstrate that due to the fact that the
PCKY tensor h is non-degenerate the structure of the eigenspaces of F', and
hence the comoving basis, significantly simplifies.

%In a symplectic vector space with a non-degenerate 2-form w the Darboux basis is defined
as a basis in which w takes the (matrix) form

( _OI é ) , (9.20)

where I is the unit matrix. When the symplectic space possesses also a positive definite scalar
product, in general it is impossible to find a basis in which the metric takes the standard diag-
onal form and simultaneously transform w into (9.20). However, one can put w into the form
similar to (9.3). This is why we call the above described modification of the Darboux basis an
orthonormal Darboux basis.
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9.2.3 Eigenspaces of F'

In the comoving frame constructed above the 2-form F reads

p 'M
F=> 0O reh. (9.21)
u=1 j=1

We shall also use the following notation
S(F) = {0+ 2@ A} (9.22)

to encode the complete information about the eigenvalues of F' and the di-
mensionality of the corresponding subspaces. The extra zero eigenvalue cor-
responds to the 1-dimensional subspace U spanned by u. One also has

p
D=2n+e=1+q+2k, k=) gq. (9.23)
p=1

Structure of 1

Let us now exploit the condition that h is non-degenerate, that is, its (matrix) rank

is 2n. Then one has ¢
1, ore =0,
q°~{00r2, fore=1. 9-24)

Let us prove this assertion. From the definition (9.1) of F we find
hN™ = PN _ PN A b A s, (9.25)

where we have used the property of the exterior product (2.16). It is obvious
from (9.21) that the (matrix) rank of F is 2k, that is F**+1) = 0. So, using (9.25)
we have h**2 = (. It means that for a non-degenerate (matrix rank 2n) h we
have k + 2 > n + 1. Employing (9.23) this is equivalent to g¢o < 1 + € which,
together with the fact that gy has to be even for D odd and vice versa, proves
(9.24).

Let us now consider a nontrivial V5, thatis Vo withgo = 14¢,n — 1 = k. The
vectors spanning it can be found as the eigenvectors of the operator F? with zero
eigenvalue, not belonging to U. There is, however, a more direct way which was
already used by Marck in 4D. Let us consider a Killing-Yano (2 + ¢)-form [cf.
Eq. (3.20)]

f = *h"* | (9.26)
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and use it to define a (1 + ¢)-form
z=uJf. (9.27)

Using relation (2.25) and Eq. (9.25) one obtains

z=u_ x h™ = (A A u’) = x(F Au’). (9.28)
Employing (9.21) we have
X X ) P
F¥=Bg' NG A AP, Bk, (9.29)
u=1

This means that z spans V§'. In an even number of spacetime dimensions the
space Vg is 1-dimensional and ¢° = z/|z|. Hence, using (9.19), ns = z!/|z| spans
Vo. In the odd number of spacetime dimensions

z = const 1§6 A gcﬁ . (9.30)

Hence, the 2-form z determines the orthonormal basis {'ny, %y} in Vo up to a
2D rotation.

Let us finally consider the odd-dimensional case in more detail. Expanding
the characteristic equation for the operator F one has

0 =det(F — M) = a(u) + b(u)\> + ... (9.31)

The condition that ¢ = 2 implies that a(u) = det(F) = 0. This imposes a
constraint on u. It means that gy = 2 is a degenerate case which happens only for
special trajectories u. For a generic (not special) u one has trivial V; with ¢ = 0.

Eigenspaces V),

Using the requirement that the eigenvalues of a PCKY tensor h are functionally
independent, or in other words, that in a generic point of the manifold the Dar-
boux subspaces of h have no more than 2 dimensions, it is possible to show (see
Appendix C.7) that the dimensionalities of the eigenspaces of F' with non-zero
eigenvalues obey the inequalities ¢, < 2. The case of ¢, = 2 is possible only in a
degenerate case when the vector u obeys a special condition.
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9.3 Equations of parallel transport

In this section we describe how to obtain the parallel-transported basis from the
comoving basis constructed above. The crucial fact for the construction is that
the 2-form F is parallel-transported along u (see Section 3.3.1)

F=V,F=0. (9.32)

This means that any object constructed from F' and the metric g is also parallel-
transported. In particular, this is true for the operator F? and its eigenvalues
— A2, We have used this property in Section 3.3 to construct the tower of Killing
tensors which, in their turn, imply complete integrability of particle geodesic
motion (see Chapter 5). Here, we go a little bit further. Namely, we prove
that Darboux subspaces of F, the eigenspaces V,,, are independently parallel-
transported, that is

veV, forVveV,. (9.33)
Indeed, using (9.14), we find
F* = V(F2) =V, (-A20) = —A24, (9.34)
which proves (9.33).4

This means, that the parallel-propagated basis can be obtained from the co-
moving basis by time dependent rotations in the eigenspaces of F. We denote
the corresponding matrix of rotations by O(7). Similar to F' it has the following
structure

O = diag(0;, 01, ...,05) . (9.35)

For A, > 0, O, are 2q,, x 2g, orthogonal matrices. Let {*p;, ,} be a parallel-
propagated basis in the eigenspace V), and {*n;, ¥} be the ‘original’ comoving

basis. Then .
P\ _x~ns [T
( B, ) = 32/210,1 S < S'ﬁ,; . (9.36)

Here, for fixed values {f, s, s'}, O;% are 2 x 2 matrices. Differentiating (9.36)
along the geodesic and using the fact that {%p,, P, } are parallel-propagated one

“Let us emphasize that the dimension of an eigenspace of F is also constant along ~. For
generic geodesics the eigenspaces of F with non-zero eigenvalues are always 2-dimensional,
while the subspace with zero eigenvalue (U @ V;) has 2 — ¢ dimensions. There might also
exist a zero measure set of special geodesics for which either an eigenspace of F with non-zero
eigenvalue has not 2 but 4 dimensions or (in the odd dimensional case) the eigenspace of F' with
zero eigenvalue has 3 dimensions. (See previous section.)
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gets
Zoﬂs, () ;OM, <~> . (9.37)

This gives the followmg set of the first order differential equations for O, %,

0,% = Z 0,%/ N, % (9.38)
=1
where . e
= ( (fua, " ) (T ,,’j"“) ) (9.39)
e (snﬂ’s”u) ("uv )

For generic geodesics the parallel transport equations are greatly simplified. In
this case each of the eigenspaces V,, is two-dimensional. The equations (9.36)
take the form

D = cosfBuny —sin By, Py = sinfun; + cos G (9.40)

It is easy to check that Egs. (9.38) reduce to the folloWing first order equations
Bp, = ('ﬁﬂ, ’I’Lﬂ) = —(n,;, ’FL,}) . (941)

If at the initial point 7 = 0 bases {p} and {n} coincide, the initial conditions for
Egs. (9.41) are
Bu(r =0)=0. (9.42)

For Ao = 0, Og is a o x gp matrix. In even number of spacetime dimensions,
g0 = 1, and V} is spanned by ny which is already parallel-propagated. There-
fore we have Oy = 1. For odd number of spacetime dimensions, O; is present
only in the degenerate case, o = 2, that is when V} is spanned by {ng, s}
The parallel-propagated vectors {'py, s} are then given by the analogue of the
equations (9.40)—(9.42).

9.4 Parallel transport in Kerr-NUT-(A)dS spacetimes

In this section we shall concretize the above procedure for the particular form
of the canonical spacetime (4.1). As it is somewhat unnatural to construct a
parallel-propagated frame in the unphysical (Wick rotated) space, we use the
opportunity to recast these metrics into the physical signature.
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9.4.1 Kerr-NUT-(A)dS spacetimes

In the physical signature, the Kerr-NUT-(A)dS spacetime (4.1)—(4.3) can be writ-
ten as

n—1
g= Z(wﬂwﬂ+ PP + WPt — OO+ £ Wi, (9.43)
pu=1
where the basis 1-forms are (u =1,...,n — 1)

R dr - dz . — w— ;
w" = = wh = L ) Wt = A(])dwj !
V@n NP V4w ;
n—1 n—1
o= VTS A, P =TS A, e
j:O j=0

Notice that we enumerate the basis {w} so that &" is (the only one) timelike
1-form. Here, quantities A,(f), AD) Qu, U, are defined exactly as before with the

only difference that we now understand z2 = —r?, and
- EcC ~ ec
Xo==) e(=r")'=2Mr'*+ 5, Xy =) awf-2Wum+— . (9.45)
k=¢ k=e w

Time is denoted by ), azimuthal coordinates by ;, j = 1,...,m, r is the Boyer-
Lindquist type radial coordinate, and z,, 4 = 1,...,n — 1, stand for latitude co-
ordinates. Again, it is possible to consider a broader class of the off-shell metrics
(9.43) where X, (r), X,,(x,), are arbitrary functions.

The PCKY tensor reads [cf. Eq. (4.13)]

n—1
h = Z z,wh A O — rw A Q™. (9.46)
p=1

Obviously, the basis {w} remains a principal canonical basis. The second-rank
irreducible Killing tensors are [cf. Eq. (4.14)]

n—1
K9 =3" A (whwf + &Poh) + AD(Whw® — &"0M+ eAVwfwf.  (947)
p=1
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The velocity of a (timelike) geodesic reads

uw = Z(uﬂwﬂ + @@P) + e uew, (9.48)
p=1

where [cf. Egs. (5.7), (5.8)]

o Tn 2 1/2 ) 2 1/2
Un = (XU)I/?(W XV) Up = (XU)1/2(XV W)
_— Wy . sign(U,)W, . v,
Up — (XnUn)l/2 3 ’U,p, - (X“Uu)]_/z 3 Ue = ,__CA(TL) . (9-49)
The constants o, = &1 (4 = 1,. .., n) are independent of one another, and
. 2(n—1—j) . 2\yn—1-j vl
N TS Y ST e
j= 5=0 ‘
m | m | (9.50)
Wi, EZ 21900y, WNEZ(—xZ)"_l_’\Ilj .
7=0 =0

The constant x denotes the normalization of the velocity, which for a timelike
geodesic is kg = —1.

We shall construct a parallel-propagated frame for geodesic motion in three
steps. At first we use the freedom of local rotations in the 2D Darboux spaces of
h to introduce the velocity adapted canonical basis in which n components of the
velocity vanish. As the second step, by studying the eigenvalue problem for the
operator F? we find a transformation connecting the velocity adapted basis to
a comoving basis. And finally, we derive the equations for the rotation angles
in the eigenspaces of F' which transform the obtained comoving basis into the
parallel-propagated one.

9.4.2 Velocity adapted canonical basis

To construct the velocity adapted canonical basis we perform the boost transfor-
mation in the {&", w"} 2-plane and the rotation transformations in each of the
{&*, wh}, b < n, 2-planes:

0" = cosh ,,®" + sinha,w”, 0" = sinh a,@" + cosh a,w™, ©9.51)

6" = cosa,@" +sinaw”, of = —sina,o +cosawt, o
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For arbitrary angles a,, (1 = 1, ..., n) this transformation preserves the form of
the metric and of the PCKY tensor:

n—1

g=> (0"0"+5"6")+0"0"~5"6"+ e o°0f,
p=1
- (9.52)
h= Zmuof‘/\é“——mn/\én.
u=1
Let us define
IV, V,
T = — 4112 — 2 = —4 [ 2 Ts = /112 2 _  [ZB
Vg = —/Uf —ui = T Up =4/03 +ug = U, (9.53)
Then, specifying the values of o, to be
cosha,, = i’l, sinh o, = —1f—ﬁ, cos a, = @, sina,, = @, (9.54)
Vs Vs (4 (7
one obtains the following form of the velocity:
W= ;6" + eugo. (9.55)

p=1

It means that after this transformation the velocity vector u has only (n + ¢)
non-vanishing components. This simplifies considerably the construction of the
comoving and the parallel-propagated bases. Notice also that the boost in the
{&", w"} 2-plane is function of r only and the rotation in each {&*, w"} 2-plane
is function of z,, only. The components of the velocity in the adapted basis {o}
depend on constants «; only; constants ¥; and o, are absorbed in the definition
of the new frame.

9.4.3 Parallel-propagated frame

At this point we have constructed the velocity adapted basis {o}. Such a basis is
still canonical [h and g take the form (9.52)]; in this basis the particle’s velocity
takes the significantl;r simplified form (9.55). The next step is to solve the eigen-
value problem for F** and find the comoving basis. We further consider only the
case of generic geodesics.® For such geodesics the operator F? possesses twice

5A degenerate case which requires a special consideration arises when initially different el-
ements of S(F), (9.22), coincide of one another. It happens for special values of integrals of
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degenerate non-zero eigenvalues. The nontrivial eigenspace V; is present only
in even dimensions, where it is spanned by a properly normalized z*. Therefore
the problem of finding the parallel-propagated frame in the off-shell spacetimes
(9.43)—(9.44) reduces to finding the eigenvectors {n;, ;} spanning the 2-plane
eigenspaces V), and subsequent 2D rotations (9.40)-(9.42) in these spaces.

In our setup it is somewhat more natural to construct, instead of the vector
basis {p}, the parallel-propagated basis of forms {m}. In the generic case it
consists of

{u’, z, ! ,7r1,...,7r",7'i‘"}. (9.56)

(The element z is present only in even dimensions.) If {¢*,&*} are comoving
basis forms spanning V7, then [cf. Egs. (9.40)-(9.42)]
wh=chcosB, — Psinf,, 7 =chsing, +Fcosp,, (9.57)
where . o L
B, = (" ¢* =—(cM ¢, Bur=0)=0. (9.58)

The rotation angles §3,, as given by (9.58), are functlons of r and z,. In the
case when £, can be brought into the form

n=1 ()
()
+y Tt

v=1

F(r)

(9.59)

the problem (9.58) is separable and the particular solution is given by (see Ap-
pendix C.5)

Pu =

o fr(z“) dr ”Z“: /a,,51gn U )f,S”)da;u (9.60)

VWE = X,V VXV, — W2
9.5 Examples

We shall now illustrate the above described formalism by considering D =
3,4, 5 off-shell spacetimes (9.43). We take the normalization of the velocity —1
and normalize other vectors of the parallel-transported frame to +1. In the
derivation of the equations for 3, we used the Maple program.

motion characterizing the geodesic trajectories. The larger is the number of spacetime dimen-
sions the larger is the number of different degenerate cases. Some of them will be discussed in
the next section.
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9.5.1 3D spacetime: BTZ black holes
Generic case

As the first example we consider the case when D = 3, that is when the metric
(9.43) describes a BTZ black hole [Banados et al., 1992]. We first discuss the
generic case, go = 0, and then briefly mention what happens for the degenerate
geodesics with gg = 2. Since in three dimensions n = 1 we drop everywhere
index p.

So, we have the metric

g = -0 + ww + Wit (9.61)
where
- dr : c c
@ =VXdyy, W= @ =%(d¢o— rdyr), X =cr®-2M+ . (9.62)

The parameter c; is proportional to the cosmological constant and parameters
M and ¢ > 0 are related to mass and rotation parameter.
The PCKY tensor and the Killing tensor are

h=—rwA®, K=-rlwiwt. (9.63)

The geodesic velocity reads

W o= U@ + uw + uewt (9.64)
w w2 v
1]:—\/___—)—(, u=ao T—V, ng—‘\/_—clr, (965)
7, 02

In the velocity adapted frame {6, 0, 0}, given by (9.51), we have

w = 96+ u0f, v=-VV, (9.67)

F = rusoA (U()é -+ 1~)O€) . (9.68)
We find 0|
— M @ 171

S(F) = {0, A=}, A R (9.69)

The zero eigenvalue corresponds to the space U* spanned by u’. In the non-

degenerate case, that is when ¥, # 0, the eigenspace Vj is trivial. The orthonor-
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mal forms spanning V¥ are

=0, &=ub+vot. (9.70)
Using (9.58) one finds
5 C _Cc— \1/0‘111
ﬂ_r2+>\2’ C= Je (9.71)

The parallel-transported forms {7, 7} are given by (9.57), where

aC’dr
9.72
b / 2+ \2) VW2 =XV’ ( )

Degenerate case

Let us now consider special geodesic trajectories with ¥; = 0 for which gy = 2.
For such trajectories one has

Yo w2
I=—, u=0\/—=—1, us=0. 9.73
x X ©.73)
In the adapted basis the velocity is u* = —& . Operators F and F? become trivial.

The space V' is spanned by {1§6, ;gﬁ}, where
=0, £0=-0. (9.74)
Similar to (9.57) and (9.58) parallel-transported forms can be written as follows:

m = 'cosfB~x"sinB, 7 =1x"sinfB+ £ coss,

b= 8)=(s"%5", Blr=0)=0. 9.75)
Using these equations we find 3 = v/c/r* and hence
4= o+/cdr 9.76)

P =X

Notice that this relation can be obtained from (9.72) by taking the limit ¥; — 0.

To conclude, the parallel-propagated orthonormal frame around a BTZ black
hole is {u’,m, 7}. This frame remains parallel-propagated also off-shell, when
X given by (9.62) becomes an arbitrary function of r.
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9.5.2 4D spacetime: Carter’s family of solutions

Let us now consider the case of D = 4. We have

g= ~&?@? + wl? + olo! + wiew! , 9.77)

5 Xq 5 U.
@ = —U—;(dwo—kxfdt/zl), w2=\/fzdr,

ol = ,/Xl(dz/)o—r dipy), wl= ,/%dxl.
1

Here, U, = —U; = z2+71?, and we shall not be specifying functions X;(z1), Xa(r)
at this point.
The PCKY tensor and the Killing tensor are:

where

(9.78)

I

h =zl Ad! —rw?AG?, (9.79)

K = 22(0w-&%0?) - @'+ wlwd). (9.80)

The components of the velocity are

(9.81)
. -W
= ,uy= VX —we,
“NEURD T X Vo T
where
We=r’Ug+ Ty, Vo=r’—rk, 9.82)

W1=~x%‘110+\111, ‘/12.73%-{—/’\‘,1.

The constants of geodesic motion ¥y and ¥ are associated with isometries and
k1 < 0 corresponds to the Killing tensor (9.80). In the velocity adapted frame

{65, o2, 61, oi} given by (9.51) we have

w = U50 2y vlo \/ \/ (9.83)

F = (rvlo + 217050 HA (vlo + vzo (9.84)

We find
S(F) = {0(2)’ )‘(2)} ’ A= V—R1. (985)
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The first zero eigenvalue corresponds to U*, while the second one corresponds
to the eigenspace V{, spanned by 1-form z (9.27). When normalized z reads

z = A" (=21550° + riz01) . (9.86)

The orthonormal forms spanning V' are:

C=58+ 50, &=\ (ri;0+ z1050). (9.87)
Using (9.58) one finds
5 _. C N fa _ C _ C
e o T Mg P e 08

where C = )\()\2\110 — \Ill). Therefore, 8 allows a separation of variables and can

be written as
i 5 :/ o9 fodr o1 fidxy

WE— XV, J XV - W2

where functions fi, f,, are defined in (9.88). The parallel-transported forms
{m, 7} are given by (9.57).

To summarize, the parallel-propagated orthonormal frame in the spacetime
(9.77)-(9.78) is {u’, z,m,&}. This parallel-propagated basis is constructed for
arbitrary functions X;(z1), X2(r), and in particular for the Carter’s class of solu-
tions [Carter, 1968¢], [Carter, 1968b]—describing among others a rotating charged
black hole in the cosmological background (see Appendix A). So, we have re-
derived the results obtained earlier in [Marck, 1983b], [Kamran & Marck, 1986].

(9.89)

9.5.3 5D Kerr-NUT-(A)dS spacetime
Generic case

As the last example we consider the 5D canonical spacetime. Similar to the 3D
case we shall first obtain the parallel-propagated frame for generic geodesics
and then briefly discuss what happens for the special trajectories characterized
by g0 = 2, or g1 = 2. The metric reads

g= —?? + wl? + @lo + wle! + Wi , (9.90)
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\/ d1/10+331d1/’1 ,w = \/‘”’d
:,/-)-(i dio — r2dify), W' = ,/ % das, (9.91)
1

wé——i} d¢0+( ~7")d¢1—$17‘ d¢2] )

where

and U, = —U; = z? + r2. The PCKY tensor and the Killing tensor for this metric
are

h = swlAe! —rw? Ad?, (9.92)
K = (-0 + whw? + w'ed) = 1@ + wio! + wiwd).  (9.93)

The components of the velocity are

~ W2 09
; = , uy = W2 — X3Va,
~ ——Wl a1 \II2
Uy = , U= XiVi —WE, wue=— , (994
LT TR T URmY T et O
where
v w2
Wi=—2iU+ 0 — —, Vi=al+k+—3,
1 “h (9.95)
0 02
Wz“’r‘\Ilo—i‘\Ill-l- 2, ‘/2—7' _N1+W

In the velocity adapted frame {0} given by (9.51) we have

’u,b=’525§+’5151+11@0€, 172=—”—‘-U/—2-, Vg = H%. (9.96)
2 1

The 2-form F' and the 2-form z are
F = (T‘ﬁioé + xlﬁgoi) N (’171(3é + ’l~)§5i)
+ru:0® A (U50° + ugéﬁ) + zyuz0! A (#70° - ugéi) ) (9.97)
z = oA (rﬁioi - xlﬁéoé) + ug(xloi A& + 1ol A 51) . (9.98)

One has \ \
S(F) = {0®, X Ay, (9.99)
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— 2
A = /_m;-d’ Ny = /__/-612d’ d= /m%—4%~ (9.100)

The zero eigenvalue corresponds to U*. The eigenspace V}* is spanned by

xlFr(/\Q) 6@ + Tle()‘Q) ~1 é)

where

i
= Ny(-
¢ :( N1 Jm 2 Te
&g = N1<FT()\2)FZI()\1)O§+01). (9.101)

Here N; and N, stand for normalizations,

N = VTof Uz +12Fy (0o)? — 22Fr(0a)?,
M o= 1/V/1+ F, (MR, (9.102)

and we have introduced

_ nueVV _rue/—W;
)= o vE For(N = 53 (9.103)
which are functions of r, z;, respectively. Using (9.58) we find
b = cw _1
(@ -ADE+A) U W
@ c® Uy Uy — N0y T4 — A2
o= _ 7 W — VoW1 — AW 3 104
Wergop ey @8 e O

This means that #; can be separated as follows:

(1) 1)
b= [ [ s (9.105)
W - XV, ) XiVi- W2
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The parallel-propagated forms {7, 71} are given by rotation (9.57). Similarly
one finds that

xlFr()\l) ~3 T‘FEI (Al) =1 é
o’ + o +o),
VU2 VU2 )

Ny = VUo/\JUs +72Fu (0)? — 52F, ()2,
& = My(ROWE, ()0 + '),
Ny = 1/4/1+ E,,(0)2F,(\)?, (9.106)

span the eigenspace V. Using (9.58) we have

(2f =) (2 +N) U Uy’
@ c® W) — A2 Wg — cA?
(2):__2___ (2) @ _ Y2¥1 5¥aVg — cAY 7
CEmog R e O F Aiv/e - 0107)

The parallel-propagated forms {n?, frﬁ} are given by rotation (9.57), where

(2) (2)
5= [ = (9.10)

VWE - XV, )XV —WE

Degenerate case

In D = 5 two different degenerate cases are possible. One can have either a 2-
dimensional V; (g0 = 2) which happens for the special geodesics characterized
by ¥, = 0, or a 4-dimensional V), (¢; = 2) which happens when k% = 4¥%/c. The
latter case is more complicated and the general formulas (9.36)—(9.39) have to be
used. We shall not do this here and rather concentrate on the first degeneracy
which has an interesting consequence.

So, we consider the special geodesics characterized by ¥, = 0. It can be
checked by direct calculations that in this case the results can be obtained by
taking the limit ¥, — 0 of previous formulas. In particular, one has u; = 0,
and functions Wy, Wy, V1, V3, are the same as in (9.82). The velocity u and the
2-form F become effectively 4-dimensional—equal to (9.83) and (9.84), respec-
tively. The 2-form z (9.98) reduces to

z=0°A (rij0! — 21750%) (9.109)
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and
S(F)={0® X2}, X==r;. (9.110)

The eigenspace V;* is spread by {0, £}, where
1§6 = oé’ 2§ﬁ E= )\"l(rﬁioi — xl’f}éoﬁ) . (9111)

[Notice that <0 is identical to the normalized 4-dimensional 1-form z given by
(9.86).] The angle of rotation in the {’, £} 2-plane obeys the equation

] c (1)
/Bl = —_— = —-]-'—— +

—252 W _ _C(l) W _ c®
x2r2 Ui U, ‘bt z? 7 L

—, cW=)\/e. (9.112)

Thus ; is given by (9.105) with functions fl(l), f2(1), defined in (9.112). The
eigenspace V' is spread by

=6+ 50, &= (rigo® + ziiz00), (9.113)

which is identical to the 4D case. Thus the rotation angle f; coincides with g
given by (9.89).

Summary of 5D

To summarize, we have demonstrated that also in D = 5 Kerr-NUT-(A)dS
spacetime the rotation angles in 2D eigenspaces can be separated and the parallel-
transported frame {7} explicitly constructed. This result is again valid off-shell,
that is for arbitrary functions X(r), X1(z1).

The special degenerate case characterized by ¥y = 0 has the following inter-
esting feature. The zero-value eigenspace is spanned by the 4-dimensional u’,
by the 4-dimensional 1-form z, and of. The structure of Vi’ is identical to the
4D case and the equation of parallel transport in this plane is identical to the
equation in 4D. Therefore this 5D degenerate problem effectively reduces to the
generic 4D problem plus the rotation in the 2D {z, 0¢} plane.

This indicates that a similar reduction might be valid also in higher dimen-
sions. Namely, one may expect that the degenerate odd-dimensional problem,
U, = 0, effectively reduces to the problem in a spacetime of one dimension
lower plus the rotation in the 2D {z, 0f} plane. If this is so, one can use this
odd-dimensional degenerate case to generate the solution for the generic (one
dimension lower) even-dimensional problem.
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9.6 Conclusions

In this chapter we have described the construction of a parallel-transported
frame in a spacetime admitting the PCKY tensor h. This tensor determines a
canonical (Darboux) basis at each point of the spacetime. The geodesic mo-
tion of a particle in such a space can be characterized by the components of
its velocity u with respect to this basis. For a moving particle it is also natu-
ral to introduce a comoving basis, which is just a Darboux basis of F', where
F is a projection of h along the velocity u. Since F is parallel-propagated
along wu, its eigenvalues are constant along the geodesic and its eigenspaces
are parallel-propagated. We have demonstrated that for a generic motion the
parallel-propagated basis can be obtained from the comoving basis by simple
two-dimensional rotations in the 2D eigenspaces of F'.

To illustrate the general theory we have considered the parallel transport
in the Kerr-NUT-(A)dS spacetimes. Namely, we have newly constructed the
parallel-propagated frames in three and five dimensions and re-derived the re-
sults [Marck, 1983b], [Kamran & Marck, 1986] in 4D. One of the interesting fea-
tures of the 4D construction, observed already by Marck, is that the equation for
the rotation angle allows a separation of variables. Remarkably, we have shown
that also in five dimensions equations for the rotation angles can be solved by a
separation of variables. Moreover, the 4D result can be understood as a special
degenerate case of the 5D construction. Is this a general property valid in the
Kerr-NUT-(A)dS spacetime in any number of dimensions? What underlines the
separability of the rotation angles? These are interesting open questions.

The present analysis was restricted to the problem of parallel transport along
timelike geodesics. The generalization to the case of spatial geodesics is straight-
forward. The case of null geodesics requires additional consideration and is un-
der preparation [Connell et al., 2008a]. To conclude this chapter we would like
to mention that the above described possibility of solving the parallel transport
equations in the Kerr-NUT-(A)dS spacetime is one more evidence of the mirac-
ulous properties of these metrics connected with their hidden symmetries.
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Chapter 10

Summary of results

In this thesis we have described recent developments of the theory of higher-
dimensional black holes. We focused mainly on the problem of hidden symme-
tries and separation of variables. (For more general discussion of the modern
status of the theory of higher-dimensional black holes see, e.g., a recent review
[Emparan & Reall, 2008].) By studying the hidden symmetries we have demon-
strated that higher-dimensional black holes are in many aspects similar to their
four-dimensional counterparts.

Explicit spacetime symmetries are represented by Killing vectors. Hidden
symmetries are related to generalizations of this concept. One of the most im-
portant of these generalizations is the hidden symmetry encoded in the prin-
cipal conformal Killing-Yano tensor. We have demonstrated that the Myers-
Perry metric, describing the higher-dimensional general rotating black hole, as
well as its generalization, the Kerr-NUT-(A)dS metric which includes the NUT
parameters and the cosmological constant, admit such a tensor.

The PCKY tensor generates towers of hidden and explicit symmetries. The
tower of Killing tensors is responsible for the existence of irreducible, quadratic
in momenta, conserved integrals of geodesic motion. These integrals, together
with the integrals corresponding to the tower of explicit symmetries, make
geodesic equations in the Kerr-NUT-(A)dS spacetime completely integrable. We
have further demonstrated that the Hamilton—Jacobi and Klein-Gordon equa-
tions allow complete separation of variables in this spacetime. The separability
of the Dirac equation was proved in [Oota & Yasui, 2008]. We have also shown
that the Nambu-Goto equations for a stationary test string in the Kerr-NUT-
(A)dS background can be completely separated, and that the problem of find-
ing parallel-propagated frames in these backgrounds reduces to the set of the
first order ordinary differential equations. It was also demonstrated [Chen &
Lii, 2008] that the Kerr-NUT-(A)dS solution can be presented in the generalized
Kerr-Schild form and that it belongs to the class of spacetimes of the special
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algebraic type D [Hamamoto et al., 2007], [Pravda et al., 2007] of the higher-
dimensional algebraic classification. All these remarkable properties make higher-
dimensional black hole solutions very similar to the 4D black holes.

To complete this analogy we have addressed the question of generality and
uniqueness of these developments. Namely, we have studied the most general
metric elements admitting the PCKY tensor—with and without imposing the
Einstein equations. The result can be summarized by the following theorem:
Theorem. The most general spacetime admitting the PCKY tensor is the canonical
metric (4.1). It possesses the following properties:

1. It is of the algebraic type D.

2. It allows a separation of variables for the Hamilton—]acobi, Klein—Gordon, Dirac,
and stationary string equations.

3. The geodesic motion in such a spacetime is completely integrable. The problem
of finding parallel-propagated frames reduces to the set of the first order ordinary
differential equations.

4. When the Einstein equations with the cosmological constant are imposed the
canonical metric becomes the Kerr-NUT-(A)dS spacetime (4.1)-(4.3).

This theorem naturally generalizes the results obtained earlier in four di-
mensions (see Appendix A).

Our work motivates further developments in this field. For example, the
proved separability of the scalar field equations has led to the construction
of the corresponding symmetry operators [Sergyeyev & Krtous, 2008]. It also
opens the possibility that the equations with spin can be decoupled and sep-
arated. As described above, the separation of the Dirac equation was already
demonstrated [Oota & Yasui, 2008]. An important open question is a separabil-
ity problem for the electromagnetic and gravitational perturbations in higher-
dimensional black hole spacetimes. Such a separability would provide us the
important tools for studying the stability, quasinormal modes, and different as-
pects of the Hawking radiation of higher-dimensional black holes. A certain
progress in this direction was already achieved (see, e.g., [Kodama & Ishibashi,
2003], [Kunduri et al., 2006], [Murata & Soda, 2008a]). However, most of the
results obtained in these directions so far (see also references in Chapter 6) as-
sumed some additional restrictions on the parameters characterizing black hole
solutions. This reminds a situation for the Klein-Gordon and Dirac equations
before the general results on their separability were proved.

The similarity of higher-dimensional black holes with their four-dimensional
cousins also inspires the search for new higher-dimensional solutions. For ex-
ample, by relaxing some of the conditions on the PCKY tensor the authors of
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[Houri et al., 2008c], [Houri et al., 2008b] were able to find ‘generalized Kerr-
NUT-(A)dS spacetimes’. Similarly, by generalizing our (unsuccessful) proce-
dure of rescaling the Kerr-NUT-(A)dS metric [Kubiziidk & Krtous, 2007] (see
also Appendix C.6), new five-dimensional black hole solutions were recently
obtained [Li et al., 2008a], [Lti et al., 2008b].

The curvature of the Kerr-NUT-(A)dS spacetime and its algebraic type were
studied in [Hamamoto et al., 2007]. The relationship between the existence of the
PCKY tensor and the uniqueness of this spacetime was first addressed in [Houri
et al., 2007], [Houri et al., 2008a]. Other recent papers which deal with hid-
den symmetries or the subjects addressed in this thesis are, for example, [Acik
et al., 2008b], [Acik et al., 2008c], [Acik et al., 2008a], [Ahmedov & Aliev, 2008],
[Connell & Frolov, 2008], [Gooding & Frolov, 2008], [Hackmann & Lammerzahl,
2008], [Hioki & Miyamoto, 2008], [Kagramanova et al., 2008], [Papadopoulos,
2008], [Wu, 2008a], [Wu, 2008b].

The results presented in this thesis can be used for studying the particle and
light propagation in higher-dimensional rotating black hole spacetimes. They
allow us to calculate the contribution of the scalar and Dirac fields to the bulk
Hawking radiation, without any restrictions on black hole parameters. The im-
portant open questions are: Is it possible to decouple the higher spin mass-
less field equations in the background of the general Kerr-NUT-(A)dS metric?
And do they allow separation of variables? Recent result on the separability
of the massive Dirac equation is quite promising. Separability of the higher
spin equations, and especially the equations for the gravitational perturbations,
would provide one with powerful tools, important, for example, for studying
the stability of higher-dimensional black hole solutions. One might hope that
it will not take too long before this and other interesting open questions con-
nected with the existence of hidden symmetries in higher-dimensional black
hole spacetimes will find their answers.
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Appendix A

On hidden symmetries in 4D

In this appendix we discuss some aspects of hidden symmetries in 4D. The first
section plays the role of an introduction for newcomers to the field where, on
the well known 4D case, we illustrate the main ideas of the more complicated
higher-dimensional theory developed in Parts I and II of this thesis. In the sec-
ond section, based on [Kubiziidk & Krtous, 2007], we discuss hidden symme-
tries for the Plebariski-Demiariski family of type D solutions.

A.1 Introduction for newcomers

The key object of the theory in higher dimensions is a principal conformal Killing—
Yano (PCKY) tensor. We start discussing this object and its properties in a 4D
flat spacetime and demonstrate how it generates other objects (Killing—Yano
and Killing tensors) responsible for hidden symmetries. Then we show how
this PCKY tensor allows one easily to ‘generate’ the 4D Kerr-NUT-(A)dS metric
starting from the flat one—written in the canonical coordinates determined by this
tensor. Finally, we discuss the separation of variables in the 4D Kerr-NUT-(A)dS
spacetime in the canonical coordinates.

A.1.1 Principal conformal Killing-Yano tensor
Consider a 4D flat spacetime with the metric
dS? = gpdX°dX? = —dT? + dX? +dY? + dZ*2. (A1)

The PCKY tensor h is a (non-degenerate) rank-2 closed conformal Killing—-Yano
tensor. Therefore, there exists a 1-form potential b, so that h = db. Let us
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consider the following ansatz:

b= -;- [-R*dT + a(YdX — XdY)], R*=X?4Y?+2%. (A.2)
Our choice of this special form for the potential b will become clear later, when
it will be shown that this is a flat spacetime limit of the potential for the PCKY
tensor in the Kerr-NUT-(A)dS spacetime. For a moment we just mention that the
form (A.2) of the potential b singles out time coordinate T, a two-dimensional
(X,Y) plane in space, and contains an arbitrary constant a.
It can be easily shown that

h=db=dT' N (XdX +YdY + ZdZ) + adY NdX (A.3)

is a closed conformal Killing—Yano tensor [cf. also (B.31), for the higher-dimensional
case]. It means that its dual 2-form f = xh is the Killing—Yano (KY) tensor.!

f=XdZNdY +ZdY NdX +YdX NdZ + adZ NdT . (A.5)

Let us put, for a moment, a = 0. Then the KY tensor fy has only spatial
components fi; , and the Killing tensor Ky = focf5¢, (1.3), reads

Kyj=R%;~X'X7= ) &ni€wir Emi = eriX?. (A.6)
k=X,Y,Z

Here £, ; are the spatial rotational Killing vectors. Therefore, the Killing tensor
K can be written as a sum of products of Killing vectors, and thus it is reducible.
Parallel-propagated vector L, = f wp®, (1.9), with the nontrivial components

Li = fup® = e Xp" = €y 2, (A7)
'In D dimensions the maximum number of (linear independent) Killing-Yano tensors of a
given rank-p is
D D (D +1)!
Ny = = A4
=(3)+(2) - .

This reflects the fact that, similar to Killing vectors, Killing—Yano tensors are completely deter-
mined by the values of their components and the values of their (completely antisymmetric) first
derivatives at a given point. Flat space has the maximum number of independent Killing-Yano
tensors of each rank. Any KY tensor there can be written as a linear combination of ‘trans-
lational” KY tensors (which are a simple wedge product of translational Killing vectors) and
‘rotational” KY tensors (which are a wedge product of translations with a spacetime rotation,
completely antisymmetrized) [Kastor & Traschen, 2004]. In particular case of D = 4 we have 10
rank-2 KY tensors (6 translational and 4 rotational).
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has the meaning of the conserved angular momentum.? The conserved quantity
K = Kap®p",
Kla=0)= Y L}=1I? (A.8)
k=X,Y,Z

is the square of the total angular momentum.
For a # 0 the conserved quantity

K = L*+2aELy + a*(E? — p%) (A9)

is also reducible. Here E = —pr and p; are the conserved energy and the mo-
mentum in the Z-direction, respectively.

A.1.2 ‘Derivation’ of the 4D Kerr-NUT-(A)dS metric

Consider a general case with a # 0. We first introduce the ellipsoidal coordi-
nates®

X =+vVr2+a?sinfcos¢p, Y =+r2+a?sinfsing, Z =rcosh, (A.10)

and rewrite the metric, the potential, the PCKY tensor, and the KY tensor as

2
dS* = — dT? + (r* + a®) sin’0d¢? + (r* + a® cos® 6) (Tzd_,_Laz + do?),

b= % [—(7“2 + a?sin®0)dT — asin®4(r? + a2)d¢] , (A.11)
h = —rdr A (dT + asin®0d¢) — asin 6 cos8df A [adT + (r* + a®)dg]
f =acosfdr A (dT + asin®0dg) — rsin6df A [adT + (r* + a*)d¢] .
Second, we introduce the new coordinates
y=acosl, t=T+ap, ¢=-—¢/a, (A.12)
in which the metric takes the ‘algebraic’ form

A (dt+ y2dy)? Ay (dt — ridi)? N (r? + y?)dr? N (r? + y?)dy?

ds? = —
r2 4 12 r2 412 A, A,

. (A13)

2In general, for a simple spacelike (fqs f* > 0) Killing—Yano tensor f, there exists a close
analogy between the angular momentum of classical mechanics and the vector L* = febpy
[Dietz & Riidiger, 1981].

%In this step, we associate constant ¢ with ‘rotation’ parameter.
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where
Ay =r*+ad?, A,=ad>—y%. (A14)

The hidden symmetries are

b= % [(y2 —r? - a2)dt — 'rQyZdw] ,

h =ydy A (dt — r2dy) — rdr A (dt + y*dy) , (A.15)
f =rdy A (dt — r’dy) + ydr A (dt + y2dyp) .

In the potential b the term proportional to a? is constant and may be omitted.
We remind that (A.13)-(A.14) is just a metric of the flat space written in special
coordinates.

Let us consider now the metric (A.13) without imposing conditions (A.14)
on functions A, and A, , but assuming that they are functions of r and y, re-
spectively. Remarkably, we realize that the objects b, h, and f (A.15) are again
the potential, the PCKY tensor, and the KY tensor. We call (A.13) with arbitrary
Ar(r)and Ay(y) , a canonical (off-shell) metric. It possesses the hidden symmetries
(A.15).

In particular, let us impose the vacuum Einstein equations with the cosmo-
logical constant

Rab = —3)\gab . (A16)
These equations are satisfied provided that
d?A,  dPA,
. = 12A(r? + ¢?). 1

The most general solution of this equation is
A= (P + a1+ M) —2Mr, A, =(a® - ¢*)(1 - ) +2Ny.  (A.18)

In other words, a simple replacement of functions (A.14) by more general poly-
nomials (A.18) generates a non-trivial solution of the Einstein equations from
a flat one. This solution is the Kerr-NUT-(A)dS metric written in the canonical
form (see, e.g., [Chen et al., 2006a]). It obeys the Einstein equations with the cos-
mological constant, cf. Eq. (A.16). M stands for mass, and parameters a and N
are connected with rotation and NUT parameter [Griffiths & Podolsky, 2006b].

Let us remark here that the canonical metric (A.13) is the most general metric
element admitting the (non-degenerate) PCKY tensor [Dietz & Rudiger, 1981], [Tax-
iarchis, 1985]. The derivation above therefore establishes that the most general
Einstein space admitting the PCKY tensor is the Kerr-NUT-(A)dS spacetime (A.13),
(A.18). We also remark that even a more general family of solutions—the Carter’s
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spacetime (described in the next section) can be written in the form (A.13).

In the Kerr-NUT-(A)dS spacetime neither the square of the total angular mo-
mentum, E2, nor the projection of the momentum on the Z-axis, pz, which enter
(A.9) have well defined meaning. However, the quadratic in momentum quan-
tity, K abyy .y, is well defined and conserved. In the absence of the cosmological
constant and NUT parameter, that is for the Kerr black hole, this quantity can
be presented in the form (A.9) in the asymptotic region, where the spacetime
is practically flat. The angular momentum and other quantities which enter
(A.9) must be then understood as the corresponding asymptotically conserved
quantities. Since the energy E and the angular momentum along the axis of
symmetry Lz are conserved exactly in any stationary axisymmetric spacetime
they can be excluded from (A.9) and the asymptotically conserved quantity can
be written as follows [Rosquist et al., 2007]:

Q=L%+13% —adpy. (A.19)

For a scattering of particles in the Kerr metric, the presence of an exact integral of
motion connected with the Carter’s constant implies that the quantity @) calcu-
lated for the incoming from infinity particle must be the same as () calculated at
infinity for the outgoing particle. An interesting question is the following: sup-
pose that such a conservation law is established for any scattering of particles
by a localized object, can one conclude that the metric of this object possesses a
hidden symmetry?

A.1.3 Symmetric form of the metric

Let us perform the ‘Wick’ rotation in radial coordinate r. This transforms the
metric (A.13), (A.18) and its hidden symmetries into a symmetric form [Chen
et al., 2006a]. After the transformation

r=tx, M=1iN,, N=N,, (A.20)

the metric and the KY objects are

Ag(dt+y2dy)? A (dt+2%d)? (22 —y2)dz? (v —2?)dy?

2= . A21

ds PR + o + A + A, ,(A.21)

A, = (a2 - 28 (1 - A2 + 2Nz, Ay = (a® — y*)(1 = M\y?) + 2Ny, (A22)
b— %[(aﬁ +y)dt + a%yPdy |, | (A23)
h = ydy A (dt + 2*dy)) + xdx A (dt + y2dy), (A.24)

f = zdy A (dt + 2%dy) + ydz A (dt + y*dy) . (A.25)
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These forms of the Kerr-NUT-(A)dS spacetime and of the KY potential allow the
natural generalizations to higher dimensions [Chen et al., 2006a}, [Kubiziidk &
Frolov, 2007], which are used throughout the thesis.*

A.1.4 PCKY tensor and canonical coordinates

We demonstrate now that coordinates (¢, z,y, ) used in (A.21)-(A.25) have a
deep invariant meaning. We start in a flat spacetime (A.1). Let us define

Q% = —h*he, %= Q% — qd%, (A.26)
then one has
- aY —aX 0
. —aY a®*-X?’-q -YX -ZX
A% o X _YX  a?-Yl—q -2ZY (A.27)
0 % —ZY  -Z2—g

The condition det(A) = 0 which determines the eigenvalues ¢ of the operator Q
is equivalent to the following equation:®

¢+ (RP—d®)g—-a*Z?=0. (A.29)

Hence, the eigenvalues of Q) are

o = %[aQ ~ R+ /(R?— a2 + 4a2Z2] . (A.30)
Simple calculations using (A.10), (A.12), and (A.20), give
gy = a’cos’0=y?, q_=-—1r’=2. (A.31)

Thus the coordinates = and y in (A.21) are uniquely determined as the eigenval-
ues of the operator Q constructed from the PCKY tensor h. Let us show now

“It is obvious from the derivation that this symmetric form of the metric and of its hidden
symmetries is an analytical continuation of the real physical quantities (A.13), (A.15), (A.18).
The signature of the metric for this continuation depends on the domain of coordinates z and
y and signs of A, and A,. For example, for z? > y? and A, > 0, A, < 0 it is of the Euclidean
signature. The transition to the physical space is given by (A.20).

5The tensor @ is the conformal Killing tensor. 1t is related to K as

1 1
Kop = Qap — Egachc ) Qap = Kap ~ 'D‘—__—‘i gabI{cc' (A.28)
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that the same tensor h uniquely determines the coordinates ¢ and . The primary
Killing vector § and the the secondary Killing vector 7 are [cf. Egs. (1.5)]

1
£ = gvchm = (0r)*, (A32)
1t = —K*% = a*(dr)" + a¥ (8x)° — aX (3y)" . (A33)
In coordinates (A.12) one has
§=0:, m=20y. (A.34)

This means that the coordinates ¢ and v are the affine parameters along the
primary and secondary Killing vectors £ and 7, determined by the tensor h.

It can be checked that the same is true for (the symmetric form of) the canon-
ical metric (A.21) with the PCKY tensor h given by (A.24). This underlines
the exceptional role of the PCKY tensor. Remarkably, the existence of a similar
object in higher dimensions generates the higher-dimensional Kerr-NUT-(A)dS
spacetime and determines its canonical coordinates, in a way exactly analogous
to four dimensions (see Chapter 7).

A.1.5 Separation of variables

The last subject we would like to discuss in this brief review of properties of

the 4D Kerr-NUT-(A)dS metric is the separation of variables for the Hamilton-

Jacobi and Klein—-Gordon equations. More generally, we consider these equa-

tions in the off-shell spacetime (A.21), with A,(z) and A,(y) arbitrary functions.
Let us first discuss the Klein-Gordon equation

0@ — p?® =0. (A.35)

The separation of variables of equation (A.35) in canonical coordinates (7, z, y, ¥)
means that ¢ can be decomposed into modes

® = T X (2)Y (y) . (A.36)

Indeed, substituting this expression in the Klein-Gordon equation (A.35) one

obtains ) )
(DX + VX =0, V,=n+ p2a? — E“’"A"—m) , (A.37)

(ey® —m)?
A,

Here, the prime stands for the derivative of function with respect to its single ar-

AYY+V,Y =0, Vy=r+p’y’ — (A.38)
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gument. The separation constants ¢ and m are connected with the symmetries
generated by the Killing vectors £ = 9, and n = 8. An additional separa-
tion constant « is connected with the hidden symmetry generated by the Killing
tensor K. It should be emphasized, that in order to use the proved separabil-
ity for concrete calculations in the physical Kerr-NUT-(A)dS spacetime (A.13),
(A.18), one needs to specify functions A, and A, to have the form (A.22) and
perform the Wick transformation inverse to (A.20). This transformation ‘spoils’
the symmetry between the essential coordinates but the separability property
remains. In coordinates r and y in the ‘physical’ sector equations (A.37) and
(A.38) play different roles. Eq. (A.38) with imposed regularity conditions serves
as an eigenvalue problem which determines the spectrum of «x. Eq. (A.37)is a
radial equation for propagating modes.
Similarly, the Hamilton-Jacobi equation for geodesic motion

S + g%8,58,5 = 0 (A.39)

in the background (A.21) allows a separation of variables and S can be written
in the form
S = 12X +er +mi + Sp(z) + Sy(y) - (A.40)
The functions S, and S, obey the equations
v
' N2 Y
(8'y)" = A, (A.41)

Ve

1 N2 __ %
(Sw) _Aw,

The separability of the Hamilton-Jacobi and Klein-Gordon equations demon
strated above is directly connected with the existence of the Killing tensor and
the corresponding symmetry operator [Carter, 1977] (see also Section 6.3.2). Let
us mention that a similar intrinsic characterization of the separation constants
(connected with the PCKY tensor) can be found in the case of the Dirac equa-
tion [Carter & McLenaghan, 1979], [Kamran & McLenaghan, 1984], as well as
in the case of the massless equations with spin [Kamran, 1985], [Kalnins et al.,
1986], [Kalnins & Miller, 1989], [Kalnins & Williams, 1990], [Kalnins et al., 1992],
[Kalnins et al., 1996]. For example, one of the very convenient ways how to
prove that the Maxwell equations in the background (A.21) decouples and sep-
arate is the method of the Debye potentials, directly based on the existence of
the CKY tensor [Benn et al., 1997].
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A.2 CKY tensors for the Plebanski-Demianski class
of solutions

In this section, based on [Kubiznidk & Krtous, 2007], we present explicit expres-
sions for the conformal Killing—Yano tensors for the Plebariski-Demiariski fam-
ily of type D solutions. Some physically important special cases are discussed
in more detail. In particular, it is demonstrated how the conformal Killing—Yano
tensor becomes the Killing-Yano tensor for the solutions without acceleration.

A.2.1 Plebafiski-Demiariski metric

The important family of type D spacetimes in four dimensions, including the
black-hole spacetimes like the Kerr metric, the metrics describing the acceler-
ating sources as the C-metric, or the non-expanding Kundt's class type D so-
lutions, can be represented by the general seven-parameter metric discovered
by Plebariski and Demiariski [Plebariski & Demiariski, 1976] (cf. also [Debever,
1971]). Recently, Griffiths and Podolsky [Griffiths & Podolsky, 2005], [Grif-
fiths & Podolsky, 2006b], [Griffiths & Podolsky, 2006a], [Podolsky & Griffiths,
2006], [Griffiths & Podolsky, 2007], put this metric into a new form which en-
ables a better physical interpretation of parameters and simplifies a procedure
how to derive all special cases. Among subclasses of this solution let us men-
tion the six-parameter family of metrics without acceleration derived and stud-
ied already by Carter [Carter, 1968c], [Carter, 1968b] and later by Plebarnski
[Plebariski, 1975].

It turns out that the elegant form of the Plebariski-Demiariski metric not
only yields new solutions in 4D (see, e.g., [Klemm et al., 1998], [Alonso-Alberca
et al., 2000]), but also inspires for its generalizations into higher dimensions. For
example, Chen, Lii, and Pope [Chen et al., 2006a] were able to cast the Einstein
space subclass of Carter’s non-accelerating solutions into higher dimensions—
thus constructing the general Kerr-NUT—(A)dS metrics in all dimensions. These
are discussed in the main text. Recently, even more general solutions in 5D [Lii
et al., 2008a}], [Li et al., 2008b], directly inspired by the Plebanski-Demianski
metric, were obtained (see also Appendix C.6).

One of the most remarkable properties of the Carter’s subclass of non-
accelerating solutions, which is also inherited by its higher dimensional gener-
alization (see Chapter 4), is the existence of hidden symmetries associated with
the Killing—Yano tensor [Penrose, 1973], [Carter, 1987]. In four dimensions the
integrability conditions for the existence of a non-degenerate Killing-Yano ten-
sor restricts the Petrov type of spacetime to type D (see, e.g., [Collinson, 1974],
[Dietz & Riidiger, 1981]). Demiarniski and Francaviglia [Demianski & Francav-
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iglia, 1980] demonstrated that from the known type D solutions only spacetimes
without acceleration of sources actually admit this tensor. The purpose of this
section is to show that the general Plebariski-Demiariski metric admits the con-
formal generalization of the Killing—Yano tensor. We also explicitly demonstrate
how in the absence of acceleration this tensor becomes the known Killing-Yano
tensor of the Carter’s metric. The explicit expressions for this tensor for the
physically important cases are presented.
The original form of the Plebanski-Demianski metric [Plebariski & Demiariski,

1976] is given by

2.3 \2 27\2 .2 .2 2, .2
Q(dr — p*do) +P(d7'+r do) +r +p dp2+'r +p dr?

292[_
g % + p? r? +p? P Q

] . (A42)

This metric obeys the Einstein-Maxwell equations with the electric and mag-
netic charges e and g and the cosmological constant A provided that functions
P = P(p) and Q = Q(r) take the particular form

Q= k—|—62+g2—2mr+6r2——2nr3—(k+A/3)7‘4 ,

A.43
P = k+2np—ep®+2mp® — (k+e*+g°+A/3)p*, ( )
the conformal factor is
Ol=1—pr, (A44)
and the vector potential reads
1 2 2
= g [er (d’r—p da) + gp(dr+r da)] . (A.45)

The general Plebariski-Demiariski metric (A.42) admits the CKY tensor [Ku-
biznidk & Krtous, 2007]

k= 0°|pdr A (dr - pdo) +rdp A (dT + 'rzda)] . (A.46)
Using the Maple program, one can easily verify that Egs. (2.10),
1
Vakye = v[akbC] + 2ga[b£0] y &a= § Veka (A47)

are satisfied. An independent proof is given at the end of this appendix. The
Hodge dual, h = %k, is also a CKY tensor. It reads

h=0° [r dr A (p*do — dr) + pdp A (r*do + d’l')] , (A.48)
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which is equivalent to
h=Q%db, (A.49)

where

b= % [(@® — r*)dr + p*rPdo] . (A.50)

It is interesting to mention that k and h are CKY tensors for the metric (A.42),
with an arbitrary conformal factor Q and arbitrary functions P(p), Q(r), i.e.,
irrespectively of the fact whether the metric (A.42) solves the Einstein equations
or not. We shall return to this remark later. We shall also see that in the absence
of acceleration of sources, k becomes the KY tensor and h becomes the closed
CKY tensor.

For Q given by (A.44) and arbitrary functions P(p) and Q(r) both isometries
of the spacetime follow from the existence of h and k as follows [cf. Egs. (A.32),
(A.33)]:

1 1
€(h) = “:o)'dh = 67- s €(k) = —gék = 80- . (A.51)
The conformal Killing tensor, (2.15), associated with k reads

4[Qp2(dr—p2da)2 N Pr?(dr+r3do)? N r2+p?

ridp® — _r2+p2
2 +p? 2 + p? P

Quy =

p2dr2] .
(A.52)
It inherits the ‘universality’ of k, i.e., it is a conformal Killing tensor of the metric
(A.42) with an arbitrary ), and arbitrary Q(r) and P(p). In the absence of accel-
eration Q;, becomes a Killing tensor which generates the Carter’s constant for

a geodesic motion [Carter, 1968a]. The conformal Killing tensor associated with
his

2(dr —n? 2 Pp? 2 2 2 2 2 2
4[627" ( 27+p2d0) L EP (fifi?‘zda) L ;p P~ P Tszz] _
r’+p r’+p

(A.53)

Q=

Both tensors are related as

Qun=Qu+ PP -r)g. (A.54)

Following [Griffiths & Podolsky, 2006b] one can easily perform the transfor-
mations of coordinates and parameters to obtain the complete family of type D
spacetimes and the corresponding particular forms of CKY tensors. In the next
two sections we consider two special cases. First, we deal with the generalized
black holes and, second, we demonstrate what happens when the acceleration
of sources is removed.
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A.2.2 Generalized black holes

Following [Griffiths & Podolsky, 2006b], let us introduce two new continuous
parameters « (the acceleration) and w (the ‘twist’) by the rescaling

p—>\/@,r—>\/—r a——>\/>a 7-—>\/— (A.55)

and relabel the other parameters as

3/2 3/2 a a a .
m—>(—) m,n—»(—) n,e——e, g——g, €6 —e, k—a’k.
w w w w
(A.56)
Then the metric and the vector potential take the form

g = [—Q(dT_wPQdG)z Pludrtrido)® | r*+u’p® o, rrwtp” ar?]

T2 4 wip? T2 + wip? P Q
1 2
A = R [e’r (dr—wp?do) + gp (wdr+7 da)] ) (A.57)
with
Ol =1-apr, (A.58) .
9 9 2an 9, A
Q = Wk+e+g'=2mrter’——ri~(a’k+7)r" (A.59)
= k+27np—ep2+2amp3— [a2(w2k+e +¢%) +uw? %]p‘l . (A.60)

The CKY tensors are (up to trivial constant factors)
073k = wpdr A (dr—wp?do) +rdp A (wdr+rido) , (A.61)
and, h = Q® db, with Q2 given in (A.58), and

b= %[(w2p2 — r?)dr + wp’rido] . (A.62)

Let’s consider two special cases. First, we relabel w = a, perform an addi-
tional coordinate transformation

p—cosl, 7T—oT—0ap, T— —0, (A.63)

and set

A
E=1, e:l—az(a2+62+g2)—§a2, n=—aam. (A.64)
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(One parameter—NUT charge—was set to zero and the scaling freedom was
used to eliminate the other two.) We have obtained a six-parameter solution
which describes the accelerating rotating charged black hole with the cosmo-
logical constant:

=Q? “‘9' - in? 2 é 2 E _ 2 2 2 é ) 2
g = 0*{-X[dr — asin’ddg] + g+ Fladr - (* +a)dg]"+ 7 sin0dd b,
(A.65)
where
Ot =1-arcosf, A=r’+a’cos’l,
Q = (+e2+g*—2mr+r)(1—a?r?) — %(a2+r2)r2 ’
P _ 2 2, 2, o, APY
sn2g ! 2O‘m0059+[0‘ (a”+e"+g7)+— ]cos 0. (A.66)

In the brackets in (A.65) we can easily recognize the familiar form of the Kerr
solution. The conformal factor and the modification of metric functions cor-
respond to the acceleration and the cosmological constant. The CKY tensor k
takes the form

Q7%k = acosOdrA [dr—asin®0d¢| — rsin0db A [adr—(r’+d*) d¢] , (A.67)

where (2is given in (A.66). Except the conformal factor we recovered the Killing-
Yano tensor for the Kerr metric derived by Penrose and Floyd [Penrose, 1973],
[Floyd, 1973].
The second interesting example is obtained if instead of (A.63) and (A.64) we
perform
!+ acosf (I +a)?
— — T -

¢, o— —% b, (A.68)

set the acceleration to zero, o = 0, and adjust
A, 2 Al , 2 2 2 2 72
ezl—g(a + 61%), n=l+-§(a —4l%), wk=(1-0IFA)(a*=1°). (A.69)

Then we have a non-accelerated rotating charged black hole with NUT param-
eter and the cosmological constant:
A
g=- Q [dr — (asin® 0 + 41 Sin2€) d¢]2 + — dr?
1% VRN Q (A.70)
il — [,2 2 L 2 2
+ A{ad’r [+ (a+1) ]d¢} + 5 sin®9 df?,
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where

P 4A A
prwe i 1+?alcosﬁ+ gaQCOSQH, A=r*+(l+acosh)?,

Q = a2—12+62+g2—2mr+r2—%[3(a2—l2) 2+ (a2+652)r2+r4] L (A71)

The CKY tensor k becomes the KY tensor (see also the next subsection) and
takes the form

6
k = (I+acosf)drA [dr — (asin®0 + 4l sin2§) )

—rsinddé A {adT — [P+ (a+ 1) d¢} . (A.72)
The dual CKY tensor becomes closed, h = db, with
b= 2| [(-+acos6) 17 [adr—(I+afdg] - r*(i+acosb)dg} . (A73)

In particular, in vacuum (e = g = A = 0) we recover the KY tensor for the Kerr
metric (I = 0), respectively for the NUT solution (¢ = 0) studied recently in
[Jezierski & Lukasik, 2006], respectively [Jezierski & Lukasik, 2007].

A.2.3 Carter’s metric

Let us take the Plebariski-Demiariski metric in the form (A.57) and set the ac-
celeration to zero, & = 0, and w = 1. Then the conformal factor becomes (2 = 1
and we recover the Carter’s family of non-accelerating solutions [Carter, 1968c],
[Carter, 1968b] in the form used in [Plebarski, 1975]:

. 2,9.\2 2.7.\2 2, .2 2, .2
Q(dr — p*do) P(dr + r*do) +r +p dp2+r +p ar?

A74
r2 + p? r2 4+ p? P Q ( )

g=—
where

A
Q=k+e+g°>—2mr+e?——rt,
A 3 (A.75)
P=k+2np—ep? — §p4 ;
and the vector potential is given by (A.45). Notice that (A.74) coincides with the
canonical form (A.13) discussed in the previous section.



APPENDIX A. ON HIDDEN SYMMETRIES IN 4D 133

We also get
k = pdr A (dr — p*do) +rdp A (dT +rdo) , (A.76)
which is the Killing-Yano tensor given by Carter [Carter, 1987]. Its dual, ‘
h=xk=4db, (A.77)

with b given by (A.50), becomes the closed CKY tensor. These are the hidden
symmetries for the canonical metric [independent of the particular form of P(p)
and Q(r)]. The conformal Killing tensor (A.52) becomes the Killing tensor

QpP*(dr — p*do)?  Pri(dr +r2do)? 12 +p* ,

po2_7”2+p2 2
T2+p2 r2—|—p2 P

p2dr? .

(A.78)
Both isometries of spacetime may be derived from the existence of k, but in a
different manner than before. We have £,y = 9, whereas §, = 0 since k isnow
a KY tensor. Nevertheless, the second isometry is given by [cf. Eq. (A.33)]

K =

(05)* = K¢, gg’h) . (A.79)

Let us observe that the full Plebatiski-Demianski metric with acceleration is
related to the (non-accelerating) Carter’s metric only by a conformal rescaling
and a modification of metric functions P(p) and @Q(r).® It allows us to use the
theorem (see, e.g., [Tachibana, 1969], [Jezierski & Lukasik, 2006]) which states
that whenever k is a CKY tensor for the metric g then Q3k is a CKY tensor for
the conformally rescaled metric Q2g. This would justify the transition from the
known KY tensor (A.76) to the CKY tensor (A.46), up to the fact, that in the tran-
sition from (A.42) to (A.74) we also need to change metric functions P(p) and
Q(r). Fortunately, as mentioned above, the ‘universality’ of k, i.e., the property
that (A.76) remains KY tensor for the metric (A.74) with arbitrary function P(p)
and Q(r), can be demonstrated. Indeed, the only nontrivial components of the
covariant derivative Vk, namely

vpkar - vrk;zocr = Vokrp = T2 +p2 3 (ASO)

are completely independent of the form of Q(r) and P(p). Therefore one can
start with the metric g (A.74), with the KY tensor k (A.76), and with arbitrary
functions P(p) and Q(r) so that, after performing the conformal scaling g —
22g we obtain the metric (A.42). The theorem ensures that 23k is the universal

6One might hope that such a transition could work also in higher dimensions. For the
demonstration that it is not so, see Appendix C.6.
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CKY tensor for the new metric, and in particular for the Plebariski-Demiariski
solution, where 2 is given by (A.44) and functions P(p) and Q(r) by (A.43).
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Appendix B

PCKY tensor in the Myers—Perry
spacetimes

Historically, the PCKY tensor in higher-dimensional black hole spacetimes was
first discovered [Frolov & Kubiz1idk, 2007] for the Myers—Perry metrics [Myers
& Perry, 1986], and its existence was verified with the help of the Maple pro-
gram up to D < 8. A little bit later, an (unpublished) analytical calculation,
using the Kerr-Schild form of the Myers—Perry metrics, proved its existence in
an arbitrary number of spacetime dimensions. Soon after that, the PCKY tensor
was discovered for the Gibbons-Lii-Page-Pope [Gibbons et al., 2004], [Gibbons
et al., 2005] Kerr-(A)dS metrics (unpublished), and finally [Kubizndk & Frolov,
2007] for the general Kerr-NUT-(A)dS spacetimes [Chen et al., 2006a]. In this ap-
pendix we give a brief account of these historical developments and present the
sketch of the (unpublished) proof justifying the existence of the PCKY tensor in
the Myers—Perry spacetimes.

B.1 Myers—Perry metrics and their symmetries

The Myers—Perry (MP) metrics [Myers & Perry, 1986] are the most general known
vacuum solutions for the higher-dimensional rotating black holes. These solu-
tions allow the Kerr-Schild form [Myers & Perry, 1986], they are of the type D of
the higher-dimensional algebraic classification [Milson et al., 2005], [Coley et al.,
2004], [Coley, 2008]. The metrics have slightly different form for the odd and
even number of spacetime dimensions D. We can write them compactly as

Udr? 2M “ 2 N, o 0
+—(dt—|—2ai,u?d¢i) +Z(r2+af)(u2d¢?+duf)+e7"2d1/ ,

_ 2
9=-d'+yon T :
=1 =1
(B.1)
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where

ver?[[e?+ad), U=v(E-) "‘“%2) (B.2)

i=1 i=1
Here m = [(D — 1)/2], where [A] means the integer part of A. We define ¢ to
be 1 for D even and 0 for odd. (This is different from the Kerr-NUT-(A)dS ¢;

e = 1 —¢.) The coordinates y; are not independent. They obey the following
constraint:

dw+eat=1. (B.3)
i=1

The MP metrics possess the PCKY tensor [Frolov & Kubiziidk, 2007], and the,
derivable from it, towers of hidden symmetries and tower of Killing vectors.
The latter is related to the obvious m+1 isometries, 8;, 84, ,i = 1, ..., m, present
in the spacetime (see, e.g., Eq. (B.8) below). The KY potential b for the MP metric
(B.1) reads [Frolov & Kubiznak, 2007]

[7‘ +Za dt—i—Zaz,ul r® o+ a?)dgy) (B.4)

i=1

The corresponding PCKY tensor h is

h=) apiduiA [aidt + (r? + a?)d@-] +rdra(dt+ ) apidg).  (BS)

i=1 i=1

Here and later on in similar formulas the summation over ¢ is taken from 1 to m
for both—even and odd number of spacetime dimensions D; the coordinates y;
are independent when D is even whereas they obey the constraint (B.3) when
D is odd.

Historically, the existence of the PCKY tensor was discovered with the help
of the Maple Program. At the time of discovery it was known that the 5D MP
metric possesses the Killing tensor and allows the separation of variables for the
Hamilton-Jacobi and scalar field equations [Frolov & Stojkovi¢, 2003b], [Frolov
& Stojkovi¢, 2003a]. It was also known that such a separation is possible in
higher dimensions, provided that the rotation parameters a; are divided into
two classes, and within each of the classes they are equal of one another [Va-
sudevan et al., 2005a]. One of the motivations to search for the hidden symmetry
associated with Killing—Yano tensors was the task to solve the parallel transport
of orthonormal frames. (This task was finally accomplished three years later,
see Chapter 9.)

We further remark that, by the time of the discovery of the PCKY tensor
(B.5) it was completely unknown that such a tensor allows one to generate other
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hidden symmetries or Killing vectors, except those of the dual Killing—Yano
tensor f = xh,

1
Josap_s = (*h)m-.-auwz = '2' €a1...ap :dhcd» (B6)

the associated Killing tensor

1 a1...ap-3 [ 1 C
Kab = (D—-—-—B)‘ faa1 .‘.aD—afb P = hachb - 5 gabhcdh d7 (B7)

and the corresponding two Killing vectors,

a 1 ca _ C
£ —D_lvch v Ma = Kokt (B.8)
Specifically, the explicit expressions for f in four and five dimensions, and the
following (‘computer-empirical’) formulas:

m—1+e

- _ 1
K®8,8, = Z[af(uf—n g 1+afu§8?+ﬁ a{.] + 3 8% —222-¢¢—C¢, (BY)
Z i=1

i=1

m m m—1+e

E€=0,, n=) alt-(, (=Y ady, Z= Y wd,, (B10)
i=1 i=1 i=1

were known. These expressions were verified with the help of the Maple pro-
gram up to D = 8. In 4D, the expression for f coincided with the KY tensor
discovered by Penrose and Floyd [Penrose, 1973], [Floyd, 1973], and the Killing
tensor (B.9) reduced to the Killing tensor obtained in [Carter, 1968a], [Walker
& Penrose, 1970]. In D = 5, the Killing tensor (B.9) gave the Killing tensor ob-
tained in [Frolov & Stojkovi¢, 2003b], [Frolov & Stojkovi¢, 2003a], after the (con-
stant) term £¢ + (£ was omitted. All these ‘computer-empirical’ results were
put onto the solid ground by the (never published) analytical proof proving the
existence of the PCKY tensor in an arbitrary number of spacetime dimensions
(see Appendix B.3).

Soon after this proof was finished, the PCKY tensor for the general Kerr-
NUT-(A)dS spacetimes was discovered [Kubizidk & Frolov, 2007]. Let us in the
next section briefly mention the pre-stage of this development. The main im-
pulse was the discovery of the PCKY tensor for the Kerr-(A)dS black holes, to-
gether with the transformation of this object into its ‘universal” canonical form.
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B.2 Kerr-(A)dS black holes and their symmetries

A generalization of the MP metric which includes the cosmological constant,
the Kerr-(A)dS solution in all dimensions, was obtained in 2004 by Gibbons, Lii,
Page, and Pope [Gibbons et al., 2004], [Gibbons et al., 2005]. The metric obeys
the Einstein equations

Ray = (D = D)\ gas (B.11)

Similar to the MP metric, the solution allows the Kerr-Schild form and it is of
the algebraic type D. In the ‘generalized” Boyer-Lindquist coordinates it takes
the form

2M a~/ﬂdq§- 2 ’I“2 + a-
2 2 11 % ) 2 2
g = —-W(1 = Ar)dt —}——(Wdt—k;l——————l )\3) +§ ———( 2d¢? + du?)

2 2

lj(ir2 )\ m T + . )
a2
+V —2M + W(l — )\7-2) (Z 1+ )\aQ b pidu; + er le/) +er‘dv®, (B.12)

where

m m
— H, 2 — =201 _ 3.2 2, .2
W = ;=1 1+)\a?+eu , V=r41 Ar)l:[(r +a3i),

1% " a2yl
U= o (T a) (B.13)

Here, we use the same notations and constraint (B.3) as for the MP metrics.
The Kerr-(A)dS spacetime possesses the PCKY tensor, derivable from the KY
potential

2 r?
+a; + a
{[T+E a,u,zl— —1—+—)\'—]dt+g azuz1+)\2 ¢¢} (814)
The PCKY tensor, h = db, reads

h= i it AN [aidt TR (dqﬁz )\aldt)] +rdrA [dt n Z asp2(dgi — )\a,dt)]

= i=1
' (B.15)
This formula was explicitly verified, using the Maple program, for D < 7. More-
over, when the cosmological constant A is set to zero the KY potential (B.14)
reduces to that of the Myers—Perry metric (B.4).
The crucial impulse for the discovery of the PCKY tensor in the general Kerr-
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NUT-(A)dS spacetimes (4.1), presented in the main text, was the following ob-
servation. In D = 4, the metric (B.12) describes the Kerr black hole in the (A)dS
background. Such a black hole possesses only one rotation parameter which,
as usual, we denote by a. We also put ;1 = sinf, ¢; = ¢, and perform the
additional linear transformation of ¢ and ¢:

dt —dt, d¢— —aldt— (1+ \a?)do. (B.16)

Then one recovers the ‘standard’ form of the Kerr-(A)dS metric. Up to a constant
factor, one also has

f =rsin8dfA[adt + (r* + a®)d¢] — acosfdrA[dt + asin®0dg)] (B.17)

which is the KY tensor discovered by Penrose and Floyd [Penrose, 1973], [Floyd,
1973] for the Kerr metric. In this form, however, it holds also for the nontrivial
A. Moreover, further transformation

t—1—ad’, ¢—ac, cosf— —p/a, (B.18)
brings the metric and the KY tensor into their canonical forms (A.13) and (A.15)
described in Appendix A. In particular, we have

f = rdpA(dr + r*do) + pdr A(dT — p*do) . (B.19)

In this form f is completely ‘universal’; it neither depends on A nor on a. In
fact, it is the KY tensor for the general Carter’s solution described in Appendix
A.2.3. This inspired the author of this thesis to search for a convenient coor-
dinate transformation which would transform the known higher-dimensional
PCKY tensor (B.5) or (B.15) into its “universal’ form. This is how the PCKY ten-
sor (4.13) for the Kerr-NUT-(A)dS metric (4.1) was discovered.

B.3 PCKY tensor in the MP spacetime: the proof

In this section we prove that the tensor h, given by (B.5), is indeed the PCKY
tensor for the MP metric (B.1). Namely, we prove that it obeys the closed CKY
equations (3.7). We proceed in two steps. First, we transform the metric and h
into the Kerr-Schild coordinates. Second, following [Myers & Perry, 1986], we
introduce the convenient orthonormal basis in which the verification of (3.7) is,
although elaborate, rather straightforward.
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B.3.1 Kerr-Schild form

Let us start with the transformation

2M \% a;
dt =dr — ————d ;= dy; d
Ty WiEdet oy e

dr, (B.20)

which transforms the metric element (B.1) into the ‘Edington-like” form. We
further introduce the Kerr-Schild coordinates

ai ‘ o
T = piy/r2+a? cos(ip; —arctan —Ti) , Ui = piy/r2+-a?sin(p;—arctan =), z = evr.
r

(B.21)
Here, index ¢ = 1,...,m, and the last coordinate z is introduced only in an even
number of spacetime dimensions. The inverse transformation reads
2. .2 , .
= f; j;‘Z:z . O = arctan%3 + arctan—% , €= ; . (B.22)
These relations imply
ridz; +yidy; (22 + yH)rdr xdy; — y;dx; azdr
sy = S LN - B.23
R (R A
The constraint (B.3) reads!
a4yl 2P
i=1 &
Differentiating this expression we find
rIT; rY; €z
Oy,7 = 12) — B.25
;T F(T2 +a12) ) Vi F( 2 +az2) ) 2T r ’ ( )
U m a?(aj? -+ y?) m 332 + y,z ,2:2
F===1- st Sl ML 4 Ay ek SR 2 Z_. B.26
Vv ; (r2 + a?)? r z=Zl (12 + a2)? Tz (B.26)
Therefore,
T " rdr; + y:dy; z2dz
_fz r2 4 a? +6FT' (8.27)

!The ‘Boyer-Lindquist’ form (B.1) of the MP metric is in the original paper [Myers & Perry,
1986] derived from the Kerr—Schild ansatz (B.28). We are now going backwards. In the original
derivation the constraint (B.3) is understood as a defining equation for the coordinate r. It also
expresses the fact that the vector &, (B.30), is null.
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Using these relations we find that the metric takes the ‘Kerr-Schild’ form

g =n+ hkk, (B.28)
where
i 2M
= —dr? dz? + diy? h=— B.29
1= —drte st van), h=Tr (B.29)
k= dr Z r(zdz; + yidy¢)2+ aiz(x,-dyi — ydx;) 4 ezdz . (B.30)
e r“ + a; T

The PCKY tensor (B.5) reads

h= Z [(a:id:ci + y,dy;) Ndr + aid:ri/\dyi] + ezdzAdr . (B.31)

i=1

The last expression is particularly useful for obtaining the flat space limit of this
tensor [cf. Eq. (A.3)].

B.3.2 Basis forms

So far, we have covered both cases of the odd(even)-dimensional spacetime si-
multaneously. It is now natural to split the subsequent calculations. Here, we
concentrate on the even-dimensional case (the proof in an odd number of di-
mensions is slightly modified but analogous).

Let us introduce the basis of 1-forms E¢ = e.dz,

EY = du+ Afda® + %Azdv, E'=dv—-HE", E* =ds* + Afdv,(B.32)
dv = E°'+ HE*, du=E"+ %Azdv — AFE* | da* = EF — Afdv, (B.33)
in which the (even-dimensional) metric (B.28) takes the form
g=—2E“E" + E*E*. (B.34)
Here, we have defined o* = (21,y7) , A* = (¢B',¢C?) , E* = (E., E}),

ozt —ayt

B _ Yy et V2r M
T or24a?

——— H .
r2+a? ’ =7z 2U¢2

i

11

(B.35)

Indices 4, j run over 1,...,m, whereas indices &, , o through 1, ..., 2m; due Ein-
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stein summation conventions are used. Also, a;, = a;, = a; whenever i, = i,.
Using the fact that

r—=z

1 1 q2 c A q2x2+y.2
—A? = ZARF = 2 (B'B' + 00 = =L = =+v2g¢—1, (B36
2 2 2( +OC) 2r24+a? r+z V2g—1, (B36)
Cla; = z; —TB*, B'a;=7rC'—vy;, (B.37)
2 .2
X = xkAkzqrxi+yi =32 — 2 = \B(r - 2), (B.38)

r2+a? 7
we find

duhdu = —E*AE® — dv A AYE* |
adzAdy; = o, ELAE, + dv A (¢z"EF — rA'EY)
P dzb A(dutdv) = XE*ANEY +2"EX A(EY — AEY) +duA (X A'E' —V2¢a'EY .

fl

Plugging these expressions into (B.31), we find the following form of the PCKY
tensor in the chosen basis:

z* k kig cli Al k !
h=rE*AE"+ —E*AE" + (a;6"*§"% — ——=—)E°AE". B.39

Let us conclude this subsection with introducing the dual basis operators
D, = €e!d,,

D

D, = BU—A’“&C-%% A%9,, A=D,=8,+HD, §* =D, =8,— A%,

8 = A—HD, 9,=D+ %Azau + ARSk 9, = 6F + AFD,. (B.40)

B.3.3 Connection coefficients for the MP metric

The connection coefficients I'g;. (antisymmetric in the first two indices) are ob-
tained from relations

dE° = -1 D% E°AE, Top=

2 (Dcab + Dbac - Dabc) . (B41)

|~

When calculating these coefficients, we shall use the fact that the exterior deriva-
tive d can be expressed as

d= E"A + E'D + E'¢*. (B.42)
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Calculations are aided by the fact (proved in the next subsection) that
DAF =0. (B.43)
So we find

dE* = dA*ANE* = ~AA*E*ANE* + §AFE'NEF
dE’ = DHE“AE® + (HAA* — §*H)E*AEY — HS'A*E'NE*
dE' = AA'E*AE® + *A'E*A\E® + HS*A'E*NE* . (B.44)

I

Comparing with (B.41) we identify
ve = AAF DY = -~F% DU = _DH, DY, =0"H — HAAF,
DY, = HF* D' =-AA, DY =-6*A', D' =—HA', (B45)
where we introduced
Fe = glak _ skal — —FR — |, (B.46)
This leads to the following coefficients:

I"Uvu - _DH7 F’Uku:HAAk—(skH, kal—_——H(SkAl, uku:_AAky

Fukl = _5I‘Ak7 Fuuu = DH7 Pkuu - HAAk - 6kH, Fkul = —HékAl ,
Tk = —AAF, T = _slA¥, I, = —HFy. (B.47)

B.3.4 Covariant derivatives of the PCKY tensor
In order to verify the closed CKY equation (3.7),

1

5 1thdb, (B.48)

Vehay = 2gc[a§b], & =

we need to calculate the covariant derivatives of h,

hab;c - -Dchab - Fdachdb - dechad y (B49)
where [cf. Eq. (B.39)]
Buw =7, hgy = L iy = _ 2 oAl 4 gt stliy (B.50)
uv ? u \/i ? \/’2- (3

The most lengthy parts of the calculation (the details of which we moved to the
next subsection) are summarized by the following lemmas:
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Lemma 1 (‘Orthogonality relations’).

a) 7r6'A* — hopd'A° = q6F b)) rdFA — hyd°Al = gt (B.51)
Lemma 2. 1
AAF — b AAY = ——AF B.52
r Ik \/5 ( )
Lemma 3.

Summing a) and b) in (B.51), we immediately get
hioF'0 = 2¢6% — 2r6MAR) | By Fpo = 0. (B.54)

We also need the following relations:
Ahy + 2 aaal =g Dhyy =0, %y + 2 gleglolgl — 2 5ol g (B.55)

which follow from previous identities.
Applying all these lemmas and identities, we find that the only nontrivial
covariant derivatives of h are

1 1 1

Py = —= = qH, hyo = —q, hpy :__Ak> hw:(SIk H;
; /2 q ; q ku;v /2 ku; ! (\/§ qH)
2 1
Pt o = ___50[!Ak]’ iy _u:_Ak’ Py = 5kt B.56
kl; 7 k; 7 kol = 4 (B.56)
Specifically, we find
& = ——1—5h= (L — H)Eu—i—qE” — —1—A’°Ek. (B.57)
D-1 V2 V2

It is now straightforward to verify that Eq. (B.48) holds. ©

B.3.5 Proofs of lemmas

In this subsection we gather the proofs of the above statements. Let us denote
ck = 1/(r? + a?). For example, the constraint (B.24), and the definition of F,

(B.26), are

2 2

z z
Ckxi + ol 1, F=1- @ixici = 7"237ici + 2 (B.58)
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We also find

2
cyatAy = qraicl = g(F — %—) == kAl alzyApch = qraizich . (B.59)
T T q
Let us first prove the relation (B.43). Using Eqgs. (B.25), (B.36), (B.37), and
(B.59), we find

1 z regzfAF (V2q—-1)z2
Dr = Oyr—A*Or4+=A?0,r = — K + = —q,
©2 V2Fr F V2Fr I
Dz = q—+2, Dgq=0, DzF=-4*%  De. = 2rqcs . (B.60)

Therefore one has [and similarly for D(¢C"*) = 0]
D(¢BY) = ¢D(B") = ¢* [—xici —re; Bt + a;c;Ct + 2rc2(ra’ — aiyi)] =0, (B.61)
where (B.37) and the definition of B® were used. @

Proof of Lemma 1. Let us decompose hy,; into its constant part hi, and the
‘rest’

hy = iLkl + Bkl , iLkl = 2a¢(5i””[k5”i7’ , Fbkl = -—% :C[kAl] . (B.62)
We first notice that [see (B.36)]

1 1 A2 1 1k Lk 1 1 l

= = = =——A B.

504 V2dlg, ot =6"%, &z 74 (B.63)

chAk = X — Al = V28| hopd'A® = —AFSlr + 2kélq. (B.64)

Furthermore, using (B.37), we find

hok0'A° = hiy0'A™ + hy 'A% = §'(¢Bia;)dF — &'(qC a;)6"*
= 5l(qui — qyi)éiy’c — 6l(qxi — qui)éi””k
= ARSlr — zFolq + ro'Ak — go'. (B.65)

Combining (B.65) with (B.64) completes the proof of (B.51) a).
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To prove (B.51) b), we successively find

k Al 2Al zq 26t q zxle q2Al 22
! :T—“'”—‘i’—i—,él~q ’ 1- B.66
' F o rF ! \/_7"2 frF 2r ( Fr 2) (B.66)
2 \/_zc qzc 2r2cyc qzc
skAl — akat( L _ gz 1 Ak ko %Cl Akt _9FC
(21" 27“3F+ F )+ v <\/§7~F F ) VorF
+alzt S 4 §Hgroy + 2qaici6ho My (B.67)

Moreover, using identities (B.59), we find

A qz* z
F- 5/

+ -5
AL e ztAR rcl:ckAl g zih

Vi 2 VR B

z
'f’Ak — hklAl = Ak(r + Z) — q?l'k s rxkck — hkliElCl

azcy(r8ieksliv — pyogteloghivy — — + alc 8tk

(B.68)

Using these relations one can express, réf4! — hy,6°A!, in terms of ‘independent’
coefficients A*4!, A'z*, A¥zt, 2'c, 6% Finally, using

q,2¢ 1
5 + = o = B (B.69)
and the definition of ¢ one can verify that each term, but ¢é*, vanishes which
completes the proof of (B.51) b). Q@
Proof of Lemma 2. Let us decompose hy; as in (B.62). Then we find
1 1
§AA2 =v2Aq, Az*=—A*H, Az= NG + H(qg—?), (B.70)
" AAR = Vo(Ar+qH) -1, hpAA = a*Aq— A Ar — qHA"+% . (B.71)
With the help of (B.37) we find
hy DAY = —zFAgq+ A*Ar + gHA* + rAAF . (B.72)

Combination of (B.71) and (B.72), gives (B.52). Q@
Proof of Lemma 3. This proof is the most difficult part of the whole calcula-
tion. We sketch only the main steps. Using (B.52) and (B.70), we find

1 1
Py = 2rHAA* — v6*H — — z*DH + hyy6'H + —H<'F* . B.73
ku; T \/i kl \/5 ( )
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Our task is now to show that this expression is equal to zero. First of all, using
the following identities:

2
s, _ T =2 a2 g X £
zor = 7 , Ad%r=n TF,scéq— o (1+TF)’
islak _ T~ 2 & k X (7 _
o A" = =2 goto + A Vg + (5 —2v2ra)] (B.74)
we find
1 ztt AR V2qzake, qz  Xrey
gtk ZEOA ek, VARG k az ‘ _
757 = r 4 (q+TF - ) (B.75)
Next, from (B.25) it follows that
2 k
k_ ak(_ qz® 2v/22rcy, z*cp\/22q
2 AA _A( 1+ 2 - )+ . (B.76)
Contracting (B.67), we find
= N. 2a), Apc?
§'AY = 2gr (Z ¢+ %) , Ny=dlzics = E’%—ﬂ. (B.77)
i=1

So we have

q m
DF = —2¢rN;, DlgV=2-2
grNs, DlgV = - qrE c

i=1

) =-DIg(FV) = —% + 2¢gr (g ci+ %) , (B.78)

DH 1(M

H H \2¢?FV

and therefore, using (B.77), we get

z* DH % /,., ¢
SH " E(M _ ;) . (B.79)
Similarly, we obtain
k k k m
g g? = q‘;‘ + ﬂj‘j‘s N %Z(ZTQZQ ~1), (B.80)
g=1
*F = —2a22FcE + 4ré6*rNs ,
SFH o o 2aizkc  qAF ok V2zq 2r*N;  ré'Al
T - ) - St -t e (1R - - ).
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Finally, using (B.68), and
k F—1 2 N. k

ré*r — hydlr = fl_\%_ , razztct —hyatale! = Ak( 7 a,;ck) qr\/%a: , (B.81)

one has
1, ey 4k [ 20%Ck V2 vl 4 §tal
Combining the results (B.75), (B.76), (B.79), and (B.82), we find that
k
P e = L o F% 4 or A AR — @ b i(wS’“H —hydH)=0. © (B.83)

V2 V2 H H
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Appendix C

Miscellaneous results

In this appendix we gather various results concerning the PCKY tensor and
other related topics. Namely, we prove that the eigenvectors of the PCKY tensor
coincide with the principal null directions, we review the algebraic integrability
conditions for the existence of a CKY 2-form and relate them with the algebraic
type of the spacetime, we review some algebraic identities used throughout the
text and comment on the separability of the first order differential equations in
Kerr-NUT-(A)dS spacetimes, we outline the unsuccessful attempt to generalize
these metrics to the Plebariski-Demiariski solution in higher dimensions, and
finally briefly comment on the degeneracy of the eigenvalues of the operator F’
used in Chapter 9.

C.1 Principal null directions as eigenvectors of the
PCKY tensor

Lemma. Eigenvectors of the PCKY tensor h coincide with the ‘principal null direc-
tions’. That is, the solution of the eigenvalue problem

Ioh=\, (C.1)

is a geodesic WAND (Weyl aligned null direction,).
Proof: Contracting (C.1) with I immediately implies that ! is null. To prove
that it is geodesic let us introduce the complex null Darboux basis for h,

h=A'AT +> vmd A, (C.2)
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with the only non-vanishing scalar products
(la n) =-1, (mi7 ml) =1. (CS)

Let us denote by 7' = V,T', and in particular z = [. Using the PCKY equation
(3.3) and (C.1) we find

Viloh) =z1h=1(12€) =)2"+ \l.
Re-arranging the last equation we get
zah=V(A+11€)+ 22" (C4)

On the left-hand-side we plug the expression (C.2) for h, and contract both sides
with n, to obtain

ni(zah)=An,z)=An,z) - (A+12§).

From here it follows that A = —1_J §. Plugging this expression into (C.4) we find
that z 1 h = \z". Comparing with (C.1) we conclude that

z = Vll - Oéll. (C5)

This means that [ is a (non-affine parametrized) null geodesic. One can restore
the affine parametrization by performing a proper boost in {I,n} 2-plane, so
that afterwards .

Vil =0. (C.6)

Similarly, one can consider null geodesics in other directions, such as

m,;_ h = ~1/imib

= demi = Q;m; . (C.7)
It remains to prove that I is WAND. The most simple way to show this, is to use
the explicit form of the eigenvector I in the most general spacetime admitting
the PCKY tensor (see Chapter 7), and refer to the paper [Hamamoto et al., 2007]
where it was shown that such a vector is WAND. ©

C.2 Integrability conditions for a CKY 2-form
In this section, following closely [Tachibana, 1969], we repeat the derivation of

the integrability conditions for the existence of a CKY 2-form k, (2.10), written
as the algebraic relations between components of k.; and the curvature tensor.
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We use the conventions of [Wald, 1984]. For example, we have

(vavb"vbva) kcd = Rabceked+Rab;kcea (CS)
Ree=R, = R,P=R® (C.9)

abe abe »

and the following definition of the Weyl tensor Cgcq:

2 2
Raped = Cabed + o3 (GajcRap — gb[cRd]a) - CENGED) Rgaegap. (C.10)
The defining equation for a CKY 2-form reads
1
V(cka)b = gcaéb_f(cga)b: fb = D — 1vdkdb> (Cll)
or equivalently
Vikea = Vpkea) + 295(clq - (C.12)

What conditions follow from these equations? Differentiating Eq. (C.11) and
shuffling the indices we have

Va(Vkaga) = GocPad — Pa@Io)d (C.13)
Vo(Vieked) = acPod — Po(adeyd > (C.14)
Ve(Viaktya) = abPed — Pe(aTb)d - (C.15)

Here and later we use the abbreviations

Pab = vagb ’ Sab = Pab + Pha Aab = Pab — Pba -

Calculating (C.13)+(C.14)—(C.15), and using the Bianchi identity Ry =0, we
obtain

2vavbkcd = kebRacj+kecRba;+keaRbcde - gcdSab + gbdAca + gadAcb
+ 2 (kedRcbae +gbcpad +gacpbd - gabpcd) (C16)

Similarly, we have

2V Vekay = kecRadl;z+kedRcabe+keaRcdbe - gdbsac + gchda + gabAdc

+ 2(kebRyeq +9edPabt JadPeh — JacPdb) (C.17)
2VoVikee = keqRypd tkeyRypétkeaRys — gbeSad + JdcAva + JacAvd

+ 2(kecRygq + gavPact JabPdc— JaaPoe) - (C18)
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From here it follows that
Vo (Vipkea) = VaViked — 20a1a9cp - (C.19)
Adding equations (C.16), (C.17), and (C.18), and using equation (C.19), we have

2vavbkcd = kedRcbae + kedec:j +kecRbd2 + chbpad
- 2gdbpac + gacAbd +gabAdc + gadAcb .

Subtracting (C.16) from this equation we get
keaRbC; + k’eb]%ad(ci + kecRdag + kedRcb; +gdbSac+gachb - gabSdc - gcdSab =0. (CZO)

Contracting indices a and b in this equation and using k°*( Ragce + Racae) = 0, we
have

2ke@RS + (D — 2)Sge + 8590 = 0. (C.21)
Contracting the last equation once more we obtain S? = 0. So we get!
%SZ = Vaf* =0, %Sdc = Ve = ﬁRe(ck‘d)"’ : (C.22)
Denoting by
Tyew = Ry + 'E%begC]a7 (C.23)

and plugging (C.22) into (C.20) we finally obtain the following algebraic condi-
tions for the existence of a rank-2 CKY tensor kg:

(Tbcde‘s(]: + Toue ‘51{ + Tyos 0 + ch;"éff Ykse =0. (C.24)

C.3 On algebraic type and CKY tensors

Let us briefly comment on the relationship of the algebraic type of the space-
time and the existence of a CKY 2-form. It was proved by Collinson [Collinson,
1974], that the vacuum spacetime admitting a non-degenerate Killing—Yano 2-
form is necessary of the algebraic type D. Here we outline the proof that the
same remains true for the existence a non-degenerate CKY 2-form. This proof
can be easily extended to higher dimensions [Coley et al., 2008].

Our starting point are the algebraic relations between the components of &,

In an Einstein space, that is when Re. & gec, the last equation implies that £* is a Killing
vector.
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and the curvature tensor (C.24). In a particular case of vacuum, we have
(Coud 0] + Casiy + Cuas 01 + Cani'83 ) ige = 0, (C.25)

where Cycq denotes the Weyl tensor—related to the Riemann tensor by (C.10).
In an arbitrary number of dimensions we have the following canonical forms of
2-forms (see, e.g., [Milson, 2004]):

D/21-1
kap = dongly + Y Agmiarmif (C.26)
p=1
(D-3)/2]
ko = donamy '+ Y Apmirmt (C.27)
p=1
(D-3)/2
ke = )\o(n[amﬁ"l-i—l[amﬁ"l)+Z)\pm[25mglp+l. (C.28)
p=1

Here, n has boost weight 1, I has boost weight -1, and the remaining spacelike
forms are of boost weight 0.

To prove that the existence of CKY 2-form kg in a vacuum implies that the
spacetime is of the algebraic type D, it is sufficient to prove that the algebraic
relations (C.25) with these canonical forms eliminate all, but the boost weight
zero, components of the Weyl tensor.

C.3.1 Non-degenerate CKY in four dimensions

In 4D, the non-degenerate 2-form takes the canonical form

kay = Aonfaly + Almfamgl . (C.29)
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Denoting by F(a, b, ¢, d) the left-hand-side of (C.25), we successively find

F(1,1,2,2) = 2XChi212 —2X\Ci213 =0,
F(1,1,2,3) = —A\Ci13=0,
F(0,0,2,2) = —2XCo22 — 2X1Co203 =0,
F(0,0,2,3) = —X\;Cpsos =0,
F(0,1,3,1) = XoCous+ MConz =0,
F(1,2,3,2) = XoCizs — MCizs =0,
F(0,0,1,2) = —XCoio2 — A1Co103 =0,
F(0,2,3,2) = —XoCo23 — ACos3 =0,
Coo1z = Coaz, Coziz = —Cons. (C.30)

This implies that only the following components of the Weyl:
Coto1, Coizs, Cosiz, Caszs, (C.31)

and the components obtainable from them by symmetries of this tensor may be
present in the spacetime admitting a CKY tensor (C.29). All of them are of boost
zero and hence the spacetime is necessary of the algebraic type D.

C.4 Some algebraic identities

Throughout the thesis we use various algebraic identities. Most of them are
directly related to the canonical form of the PCKY tensor or the canonical form
of the Kerr-NUT-(A)dS spacetime. In this section we make a short overview of
such identities.

The following functions are used throughout the text:

n n T
— 2 2 (k) . 2 2 (ky _ 2 2
UM—H(JJV—%), A = E x, ...w,, AV = Ty oo Ty
v=1 Vi V=1 V1, V=1
vER V1 <o <Uk,y ViFElL v <. <V

(C.32)

These functions appear in the definition of the canonical metric (4.1), they ap-
pear in the expressions for the PCKY tensor (4.13), or the expressions for the

Killing tensors (4.14). One can easily generate A®), A{") with the help of [Krtou
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et al., 2007b], [Oota & Yasui, 2008]

[[¢t—22) = A0 — AWt 4o (—1)m Al (C.33)

v=1
n

[[t-22) = 4Dt — ADe=2 4o 4 (—1)m ALY (C.34)
v
One might also introduce quantity U, [Frolov et al., 2007], [Kubiziidk & Frolov,
2007]

n

U = det [Al(f)] = H (xz AR (C.35)
=1
pu<v

which is simply related to the determinant of the canonical metric [cf. Eq. (4.11)]
g = det(ga) = (—CA("))E U2, (C.36)

In the first expression (C.35), Aff) ( =0,...,n—1),is understood as the n x n
matrix.
Lemma 1 ([Frolov et al., 2007]). The n x n matrix Bf;, = (—a2)"** /U, is an inverse

i (k) —
of AP, That is,

n—1 —. n n—1-k

(—562) 1% , (_$2) 1.
> :———(“7—145’“) =8, :——[“J—Aﬂ) =4t . (C.37)
k=0 H pu=1 “

In particular, we obtain the following important identities:

n _ p23yn—1
S (=)™ :”Uﬂ) —1, (C.38a)
p=1 H
n_ g2k
> £ =0 for k=0,...,n-2, (C.38b)
— Uy
p=1
n
1 1
= (C.38¢)
; 22U, A®
n A&k) A(k)
22U :W for kZO,...,’I’L—l, (C38d)
p=1 THTH

The first two relations follow immediately from (C.37) (set ! = 0 in the latter
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expression). (C.38¢) follows from (C.38a) by substituting =, — 1/z,. (C.38d)

can be verified using (C.38¢), (C.37), and the fact that A% = A®) _ xﬁA,(f—l).
The following lemma plays the central role for the separability in the canon-

ical spacetimes:

Lemma 2. The most general solution of the equation

En: fulzy) v[(]f”v) —0 (C.39)
v=1 v
is given by
n—1
fol@) =) Ci(=al)" 1, (C.40)

j=1
where C; are arbitrary constants.

This lemma was already used in [Hamamoto et al., 2007], [Frolov et al., 2007]. Its
proper proof can be found in [Krtous$, 2007]. We finally mention the identity

0,

Ty

U
[ T } ~0, (C.41)
(used in the separation of the Klein-Gordon equation) which obviously follows

from the definition of U and U,. Many more useful relations can be found, for
example, in [Krtous, 2007].

C.5 Integrability of some functions in Kerr-NUT-(A)dS
spacetimes through separation of variables

In the main text we have encountered several situations where we have to solve
an ordinary differential equation (or the set of equations, j = 1,...,1)

Fy = Gj(w). (C42)

Here the dot denotes the derivative with respect to an affine parameter and the
right-hand-side is in general complicated function of z,’s (or possibly r in the
Lorentzian case). Such equations were, for example, obtained for the compo-
nents v;, (5.9), of the geodesic velocity in Chapter 5, or for the rotation angles
B, in Chapter 9. It turns out that some of these equations may be ‘symbolically’
integrated as they allow an additive separation of variables. Let us probe this
possibility in more detail. The separability means, that we seek the solution in
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the form .
Fy=Y F"). (C43)

Using the first relation (5.9), one finds

LR " o,sign(U,) (F) /X, V, = W2
szz(pj( >)¢V:Z en(Uy) (F;”) . (C.44)
v=1

v=1 UV
Prime denotes the derivative with respect to a single argument. For each v the
numerator of the last expression is function of z, only. If F} given by (C.42) can
be brought into the form

n o)
Fy= Zl Ji U(:s") , (C.45)

the problem is separable. By comparing (C.44) with (C.45) we arrive at
n (u) (

Zy) Y , .
=0, 0" = o,sign(U,) (FMY VXV, W2 - f. (C46)

v=1
The general solution of (C.46) is (see Lemma 2 of the previous section)

n—1

g =3 W (~a?)nik, (CA7)
k=1

However, what we need is a particular solution. For such a solution, we may

choose all the constants Cj(k) = 0. (In fact, a different choice of Cj(k) leads only to
a different additive constant for F}.) So we have

oysign(U,) f( Vdz,
& Z/ X, W (©49)

The situation in the Lorentzian case is exactly analogous. If the right-hand-
side of (C.42) can be brought into the form

" )
_ 4 ( +Zf (x”, (C.49)
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the separated solution reads

(r) n—1 »)
onf; dr oysign(U,) f; dm,,
F; E C.50

/\/ W2 — X, V, / VXV, — W2 ( )

As a particular example let us consider the affine parameter itself. Due to
the identity (C.38a),

LD
R (c51)
p=1
we find that 2yre1g
ousign(U,)(—z2)" dz,
= . D2
"o Z/ Neo V W2 (€52)

C.6 Higher-dimensional Plebariski-Demianski?

As we have mentioned in Chapter 4, the form (4.1) of the higher-dimensional
Kerr-NUT-(A)dS spacetime can be considered as a ‘natural’ higher-dimensional
generalization of the Carter’s canonical form (A.74) of the 4D Kerr-NUT-(A)dS
spacetime. In four dimensions, it is well known how even more general solu-
tions can be ‘generated” from the canonical form. The electromagnetic charge
is added by a simple change of metric functions @) and P, the accelerated class
of solutions is obtained by a conformal rescaling of the canonical element. All
these classes are uniformly described by the Plebariski-Demiariski class of solu-
tions, see Appendix A.2.

This inspires the search for more general higher-dimensional solutions. It is
natural to ask, whether it is not possible to generalize the higher-dimensional
Kerr-NUT-(A)dS spacetimes in a way exactly analogous to the 4D case. The
problem of charging these solutions was addressed in [Krtous, 2007]. It turned
out that such a procedure is not sufficiently general? Here we demonstrate
that also the attempt to ‘accelerate’ Kerr-NUT-(A)dS spacetime in a way anal-
ogous to 4D, i.e., by a conformal rescaling (cf. Appendix A.2), generally fails
[Kubiznak & Krtous, 2007].

We consider the metric

g=0g, (C.53)

2The higher-dimensional ‘Kerr~Newman solution’ is still analytically unknown. We conjec-
ture that such a solution may not be of the algebraic type D. If this is so, its form might be quite
different from the form of the Myers-Perry metric. The similarity of these solutions in four
dimensions stems from the special properties of electromagnetism in 4D.
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where g is a canonical metric (4.1) and Q? is an unknown conformal factor. We
ask the question, whether it is possible to adjust {2 and metric functions X, (z,)
so that the scaled metric § satisfy the vacuum Einstein equations. Due to the
same argument which we used in four dimensions (see Appendix A.2.3) such a
metric would possess a conformal Killing-Yano tensor h = Q3h.

The Ricci tensor Ric of the rescaled metric § is related to the Ricci tensor of
the unscaled metric g by a well known expression (see, e.g., appendix in [Wald,
1984]), which can be written as

Ric = Ric + (D - 2)QV V™ +g[Qv?a - (D - 1)Q2(Va)’| . (C54)

Here, the ‘square’ of 1-forms is defined using the inverse unscaled metric g~
We require Ric = — ) § with ) proportional to the cosmological constant. The
Ricci tensor Ric thus must be diagonal in the frame {w}. The conditions on
off-diagonal terms give equations for the conformal factor 2.

In a generic odd dimension these conditions are too strong—they admit
only a constant conformal factor 2. In even dimensions the conditions on off-
diagonal terms lead to equations

2, Q7 Q7

0l = 0= C.55
R T a2 — a2 1l —a? (C55)

It gives the conformal factor depending on two constants c and a,
Ol=ctax...zp, (C.56)

which is obviously a generalization of the four-dimensional factor (A.44) (with
c=1and a = iq).

Unfortunately, the conditions for diagonal terms of the Ricci tensor are in
even dimensions D > 4 rather restrictive. Analyzing first the condition for the
scalar curvature and then checking all diagonal terms one finds that either®

Ol=z...30, Xy=bal '+ (C.57)
k=0
with A = (D ~ 1) ¢, or

Ol=14az..23, Xy=) czr, (C.58)
k=0

3The trivial global scaling was eliminated by setting a = 1in (C.57) and ¢ = 1 in (C.58).
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with A = (D — 1)[(=1)""'c, + a’co] . The first case is not a new solution: the
substitution . _
x,, = 1/3_3/1‘ y ¢j = 'an-—l—j y XN = —;TH-IX“’ (C59)

transforms the rescaled metric g back to the form (4.1) in ‘barred’ coordinates. In
the second case metric functions X, depend on a smaller number of parameters
and one has to expect that the metric describes only a subclass of the ‘accel-
erated black hole solutions’. It is actually the trivial subclass—it was shown
in [Hamamoto et al., 2007] that the metric (4.1) with X, given by (C.58) repre-
sents the maximally symmetric spacetime; therefore the scaled metric g, being
the Einstein space conformally related to the maximally symmetric spacetime,
must describe also the maximally symmetric spacetime. In analogy with the
four-dimensional case we expect that the metric (C.53) with metric functions
(C.58) describes the Minkowski or (anti-)de Sitter space in some kind of ‘rotat-
ing accelerated’ coordinates. Such an interpretation, however, requires a further
detailed study.*

The form of the Plebariski-Demiariski metric motivates the construction of
new solutions in higher dimensions. Its non-accelerated subclass, the Carter’s
metric, has been already generalized into higher dimensions by Chen, Lii, and
Pope [Chen et al., 2006a]. However, it seems that further generalizations, al-
though almost obvious at a first sight, cannot be easily obtained. For example,
the attempts to ‘naturally’ charge these solutions failed so far (see, e.g., [Krtous,
2007], [Chen & Lii, 2008]). Here we have demonstrated that also the general-
ization to accelerated solutions is not straightforward. In particular, we have
shown that the direct analogue of the Plebaniski-Demiariski family of solutions
(with acceleration) cannot be in higher dimensions obtained in a manner sim-
ilar to the four-dimensional case, that is, by a conformal scaling of the Chen-
Li—Pope metric, possibly with the ‘natural’ change of metric functions. The
question about the existence of the C-metric in higher dimensions therefore still
remains open.

“We have to conclude that a non-trivial generalization of the Plebanski-Demiariski metric
into a generic higher dimension cannot be found by a conformal rescaling (C.53) of the canonical
element (4.1). However, recently it was demonstrated that a nontrivial generalization of the 5D
MP metric can be obtained with the help of two scaling factors [Lii et al., 2008a]. The solution
contains three independent and one adjustable parameter. It is obtained by gluing the rescaled
4D canonical metric with a (differently rescaled) part corresponding to the fifth dimension. This
solution also gives rise to anew charged black hole of 5D minimal supergravity [Lii et al., 2008b].
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C.7 Remarks on the degeneracy of eigenvalues of F

In this section we comment on the degeneracy of the eigenvalues of the 2-form
F used in Chapter 9.° Namely, we prove that due to that fact that the PCKY ten-
sor h is by definition non-degenerate, the corresponding 2-form F, (9.1), pos-
sesses (go + 1)-times degenerate zero eigenvalue, where g; = 1 in even number
of spacetime dimensions and gy = 0, 2 for generic, special trajectories in an odd
number of spacetime dimensions. Moreover, the multiplicity of non-zero eigen-
values is governed by g, < 2, and the equality occurs only for special geodesic
trajectories. »
Consider a non-degenerate h, then

A(N) = det(h% — A6 = (=))¢ ﬁw + i), (C.60)
k=1

where all v, are different. Let us re-calculate this determinant in terms of F' and
compare the results. For this calculation we use the Darboux basis of F' and

corresponding matrix form of the objects. In particular, we have the expression
(9.3) for F, and

s=(54,51,---5p), S5="55,---,95), su=("sp, Sa,,%s5,%5), (C.61)

for the 1-form s defined in (9.1). Using (9.1), (9.3), and (C.61), one can rewrite
(C.60) as

A(N)= det(F“b~u“sb+s“ub—)\5g)=‘ é g ‘ , (C.62)
where A = —)\, B = —s, C = —sT, and E is the (D — 1)-dimensional matrix of
the form

=M, AT
E = diag(-\,.,Z,...,72), “Z:( “ W). C.63
g( q0 ) —)‘MI# _>‘IM ( )

Here I, is a unit g X go matrix, and we use X T to denote a matrix transposed
to X. It is easy to check that

E7' = diag(-\",,%Z27%,...,PZ27Y),
77 = QT Qu= (PN, de(2) = Q. (CoY)

5As this appendix directly relates to Chapter 9, we consider the case of the Lorentzian signa-
ture and F for timelike geodesics, that is, F' given by (9.1). Also other notations are the same as
in Chapter 9.
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One has the following relation for the determinant of a block matrix (see, e.g.,
[Gantmacher, 1959])
‘ A B

_ - -1
e E‘—A|E|, A=|A-BE'C|. (C.65)

Using (C.63) and (C.64), one finds

D
det(E) = (-N)°[[Q#, A=-)—sE's" (C.66)

pu=1

Combining all these relations one obtains

AQ) = (—A)%"lﬁqu [Az(l —Zﬁ) - sg] , (C.67)

Let us now compare (C.60) and (C.67). First of all, let us compare the powers
of (—A). For s? # 0 we have match for ¢y — 1 = ¢, whereas the case s? = 0 may
happen only in odd dimensions and one must have go = 0 [cf. (9.24)]. Another
result of the comparison is that g, < 2. Really, if g, > 2, then at least 2 roots
of A()) in (C.67) coincide. This contradicts the assumption previously stated,
since for a non-degenerate operator h the characteristic polynomial has only
single roots A* = —v. The case when g, = 2 is degenerate. It is valid only for a
special value of the velocity u. Really, in this case one of the eigenvalues, say v,
of h coincides with one of the eigenvalues of F' so that one has det(F' — v, I) = 0.
The latter is an equation restricting the value of u.



