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Abstract 

In this thesis we study higher-dimensional rotating black holes. Such black 

holes are widely discussed in string theory and brane-world models at present. 

We demonstrate that even the most general known Kerr-NUT-(A)dS spacetime, 

describing the general rotating higher-dimensional asymptotically (anti) de Sit

ter black hole with NUT parameters, is in many aspects similar to its four-

dimensional counterpart. Namely we show that it admits a fundamental hid

den symmetry associated with the principal conformal Killing-Yano tensor. Such 

a tensor generates towers of hidden and explicit symmetries. The tower of 

Killing tensors is responsible for the existence of irreducible, quadratic in mo

menta, conserved integrals of geodesic motion. These integrals, together with 

the integrals corresponding to the tower of explicit symmetries, make geodesic 

equations in the Kerr-NUT-(A)dS spacetime completely integrable. We further 

demonstrate that in this spacetime the Hamilton-Jacobi, Klein-Gordon, and sta

tionary string equations allow complete separation of variables and the problem 

of finding parallel-propagated frames reduces to the set of the first order ordi

nary differential equations. Moreover, we show that the Kerr-NUT-(A)dS space-

time is the most general Einstein space which possesses all these properties. We 

also explicitly derive the most general (off-shell) canonical metric admitting the 

principal conformal Killing-Yano tensor and demonstrate that such a metric is 

necessarily of the special algebraic type D of the higher-dimensional algebraic 

classification. The results presented in this thesis describe the new and com

plete picture of the relationship of hidden symmetries and rotating black holes 

in higher dimensions. 



Preface 

When in 1963 Kerr discovered an astrophysically relevant but relatively com
plicated metric describing the gravitational field of a rotating black hole, it seemed 
that no analytical predictions were possible even for the simplest particle geodesic 
motion. However, a 'miracle' happened, and it turned out that not only the 
geodesic motion can be analytically solved, but also the equations describing 
various perturbations of this background can be 'drastically' simplified. This 
opened a way for studying astrophysical processes, such as the plasma accre
tion around black holes, the radiation produced by infalling matter, the origin 
of jets, the production and propagation of waves produced in the vicinity of 
black holes, and it even led to estimates of the gravitational wave production in 
star collisions and galaxy merges. It also facilitated the study of more theoretical 
problems, such as the problem of stability of the Kerr solution, the calculation of 
the quasinormal modes, or the study of the Hawking radiation. A hidden sym
metry responsible for this miracle can be mathematically described by a simple 
antisymmetric object, called the Killing-Yano tensor. 

Recently, higher-dimensional rotating black hole spacetimes have become of 
high interest due to various developments in gravity and high energy physics. 
One of the reasons is the popularity of the scenarios with large extra dimen
sions. In these so-called brane world models, our Universe is represented by a 
four-dimensional brane floating in the higher-dimensional bulk space—where 
only gravity can propagate. One of the main predictions of these models is the 
possibility to produce higher-dimensional mini black holes in particle colliders. 
Such black holes may provide a window into higher dimensions as well as into 
non-perturbative gravitational physics which may already appear on the TeV 
scale. Naturally, one wants to study the properties of these black holes which 
are the higher-dimensional generalizations of the Kerr geometry. 

Another motivation for studying higher-dimensional black hole spacetimes 
comes from string theory. When quantizing a string action, a conformal anomaly 
appears unless the spacetime dimension is D = 26 for bosonic strings or D = 10 
for superstrings. Black holes in string theory are widely discussed in connec
tion with the problem of microscopical explanation of the black hole entropy. 
The study of black holes in an anti-de Sitter background can improve the un
derstanding of the AdS/CFT correspondence. For this reason, it is useful to un
derstand the particle and field propagation in these backgrounds. For example, 
recently the structure of the black hole singularity was probed using geodesies 
and correlators on the dual CFT on the boundary. 

This thesis is devoted to the study of hidden symmetries of higher-
dimensional rotating black holes (with spherical horizon topology). We shall 



demonstrate that, despite their complexity, the higher-dimensional rotating black 
holes admit a similar hidden symmetry as their four-dimensional 'cousins'. In 
consequence, these black holes possess the following properties: the geodesic 
motion in these backgrounds is completely integrable, the Hamilton-Jacobi, 
Klein-Gordon, and Dirac equations allow the separation of variables, the met
ric element is of the algebraic type D, it allows a generalized Kerr-Schild form, 
and it is uniquely determined by the presence of the hidden symmetry. In this 
context, four dimensions are not exceptional, and four-dimensional miraculous 
properties of rotating black holes are, in some sense, even more miraculous in 
higher dimensions. 

In Part I of the thesis we focus on hidden symmetries. The next chapter 
introduces the concept of hidden symmetries and outline their importance for 
understanding the properties of four-dimensional rotating black holes. It also 
overviews higher-dimensional black hole spacetimes and recapitulates the re
sults on hidden symmetries which laid the groundwork for new developments 
described in this thesis. The basic definitions and properties of the Killing and 
Killing-Yano tensors, the objects responsible for hidden symmetries, are sum
marized in Chapter 2. 

In Chapter 3, we introduce the central notion of this thesis, the notion of the 
principal conformal Killing-Yano (PCKY) tensor. We demonstrate how, based on a 
simple property of this object, one can generate a whole tower of Killing-Yano 
tensors and a corresponding tower of rank-2 Killing tensors. We also discuss 
another, in some sense more physical, method for generating various Killing 
tensors. This method is based on the construction of integrals of motion for 
geodesic motion which are of higher order in geodesic momenta and therefore 
associated with the corresponding Killing tensors. Finally, we demonstrate that 
the PCKY tensor also generates a tower of Killing vector fields. One of these 
Killing vectors plays an exceptional role and we reserve for it the notion primary. 

In Part II, applying the previous results, we study the remarkable proper
ties of higher-dimensional rotating black holes. In Chapter 4, we demonstrate 
that the general Kerr-NUT-(A)dS spacetime, describing the higher-dimensional 
arbitrarily rotating black hole with NUT parameters and the cosmological con
stant, possesses the PCKY tensor. Moreover, this tensor determines uniquely 
preferred (canonical) coordinates for this metric and hence its canonical form. 
This form is especially useful for the subsequent calculations. We also learn that 
it is possible to consider a broader class of the (off-shell) metrics which possess 
the (same) PCKY tensor. It will be shown later, that this class describes the most 
general metric element admitting the PCKY tensor. We call it the canonical metric 
element. 

In Chapter 5, we demonstrate the complete integrability of geodesic motion in 
the canonical background. Namely, we prove that the constants of geodesic mo-



tion corresponding to the extended tower of Killing tensors and the constants of 
geodesic motion corresponding to the tower of Killing vectors are all function
ally independent and that they all mutually Poisson commute of one another. 
The latter property is closely related to the fact that the corresponding Killing 
tensors and/or Killing vectors Schouten-Nijenhuis commute. We use the op
portunity to briefly review the theory of the Schouten-Nijenhuis brackets and 
to remind that with respect to these brackets Killing tensors form a Lie algebra. 

The separability of the Hamilton-Jacobi and Klein-Gordon equations in the 
background of the canonical metric is demonstrated in Chapter 6. Such a sep
arability provides an independent proof of complete integrability of geodesic 
motion. It also allows to study the contribution of scalar field to the Hawk
ing evaporation of these black holes. Several related results, directly connected 
with these developments, are mentioned. Namely, we recapitulate the theory 
of the separability structures and describe a recent achievement on the symme
try operators which underly the separability of the Hamilton-Jacobi and Klein-
Gordon equations. Some open questions, primarily connected with the sepa
rability problem for higher spin equations in this background, are also briefly 
discussed. 

In Chapter 7, we address the question of uniqueness and generality of these 
developments. This leads us to the study of metric elements admitting the 
PCKY tensor. In particular, we demonstrate the following two important re
sults: First, we establish that the Kerr-NUT-AdS spacetime is the most general 
solution of the vacuum Einstein equations with the cosmological constant which 
possesses the PCKY tensor. Second, without imposing the Einstein equations, 
we explicitly derive the most general metric admitting such a tensor and show 
that it coincides with the canonical metric element. These results naturally gen
eralize the results obtained earlier in four dimensions. 

Part III of the thesis is devoted to further developments connected with the 
PCKY tensor. In Chapter 8, we demonstrate the separability of the Nambu-
Goto equations for a stationary string in the background of the canonical space-
time. Such a string is generated by a 1-parameter family of Killing trajectories 
and the problem of finding its configuration reduces to a problem of finding a 
geodesic line in a (one dimension lower) effective background. The resulting 
integrability of this geodesic problem is connected with the existence of hidden 
symmetries which are inherited from the black hole background. More gener
ally, we introduce the concept of £-branes, that is more dimensional objects with 
the worldvolume aligned along the set of Killing vector fields, and discuss their 
integrability in the Kerr-NUT-(A)dS spacetime. 

In Chapter 9, we study the equations describing the parallel transport of 
orthonormal frames along timelike geodesies in the spacetime admitting the 
PCKY tensor. It is demonstrated how, in the presence of this tensor, these equa-



tions can be reduced to a set of the first order ordinary differential equations. 
Concrete examples of parallel-propagated frames in D = 3,4,5 canonical space-
times are constructed and it is shown that the obtained set of equations can be 
solved by the separation of variables. In the last chapter we summarize the over
all picture of the obtained results, link these results to the related achievements, 
and discuss possible future directions. 

To keep the main text concise and fluent, we have moved the complemen
tary material of various character to the appendices. In Appendix A some four-
dimensional aspects of hidden symmetries are discussed. The first section plays 
the role of an introduction for newcomers to the problematic of hidden symme
tries. On a simple four-dimensional example we describe the main ideas of the, 
much more complicated, higher-dimensional theory. In the second section we 
study hidden symmetries of the Plebariski-Demianski class of solutions. Some 
physically important subcases are discussed in more detail. An account of his
torical developments leading to the discovery of the PCKY tensor in the general 
Kerr-NUT-(A)dS spacetimes is recorded in Appendix B. Miscellaneous results 
are gathered in Appendix C. 

The results presented in this doctoral thesis were obtained during the course 
of the author's Ph.D. program at the University of Alberta between years 2005 
and 2008. The thesis is based on the following published papers in peer re
viewed journals: [Frolov & Kubiznak, 2007], [KubizMk & Frolov, 2007], [Page 
et at, 2007], [Frolov et al, 2007], [Krtou§ et al, 2007a], [Krtous et al, 2007b], [Ku
biznak & KrtouS, 2007], [Kubiznak & Frolov, 2008], [Frolov & Kubiznak, 2008], 
[Connell et al, 2008b], [KrtouS et al, 2008b]. 

Notations and conventions 

Throughout the thesis, we use a mixture of invariant, tensorial, and matrix nota
tions. The tensors are typed in boldface and their components (with due indices) 
in normal letters. We consider a J9-dimensional manifold MD equipped with a 
metric g. Except Chapter 9 and the appendices the metric is symbolically of the 
Euclidean signature; it is related to the physical metric by a simple Wick rotation 
(see Chapter 4). The coordinate indices are denoted by the Latin letters from the 
beginning of the alphabet, a, b, c,..., = 1, . . . , D; we use the Einstein summation 
convention for them. These indices may be also understood as abstract, in the 
sense of [Wald, 1984]. A dot above tensors denotes the differentiation along the 
vector field; T = VUT = uaVaT. In Chapter 7, we use the symbol " to distin
guish an operator from the corresponding 2-form. For example, having a 2-form 
F with the (abstract) indices Fab, F denotes the operator Fab- Where it cannot 
lead to confusion, a dot between tensors indicates contraction, e.g., a • b = acbc. 
Similarly, hh-v denotes a vector with components hab hb

c v
c. The symbols dxa, 



8xa, denote the coordinate 1-form, vector, associated with the coordinate xa. In 
several place we also use matrix notations. Matrices are typed in normal letters 
and the standard matrix notations are used for them. For example, having a 
rank-2 tensor A, the symbol A stands for the matrix of its components A\, AT 

denotes the transposed matrix, and TrA stands for its trace. 
The central object of the thesis is a principal conformal Killing-Yano tensor, that 

is a non-degenerate, closed, conformal Killing-Yano 2-form. We reserve for it 
an abbreviation PCKY and (except Chapter 8) the symbol h. The associated pri
mary (Killing) vector is denoted by £; £6 = 1/(D — l)Vah

ab. The (orthonormal) 
Darboux bases of 1-forms and vectors determined by the PCKY tensor are called 
the canonical bases and denoted by {a;} and {e} (see Chapter 3). To distinguish 
the basis indices from the coordinate indices we useA . For example, ua denotes 
the basis components of the velocity u. The same symbol is also used to de
note (differential) operators, for example, £ = i£aVa. Further conventions are 
introduced later in the text (see, e.g., Chapter 2). 
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Chapter 1 

Introduction 

1.1 Symmetries 
In modern theoretical physics one can hardly overestimate the role of sym
metries. They comprise the most fundamental laws of nature, they allow us 
to classify solutions, in their presence complicated physical problems become 
tractable. The value of symmetries is especially high in nonlinear theories, such 
as general relativity. 

In curved spacetime continuous symmetries (isometries) are generated by 
Killing vector fields. Such symmetries have clear geometrical meaning. Let us 
assume that in a given manifold we have a 1-parameter family of diffeomor-
phisms generated by a vector field £. Such a vector field determines the drag
ging of tensors by the diffeomorphism transformation. If a tensor field T is in
variant with respect to this dragging, that is, its Lie derivative along £ vanishes, 
L(F — 0, we have a symmetry. A vector field which generates transforma
tions preserving the metric is called a Killing vector field, and the corresponding 
diffeomorphism—an isometry. According to the first Noether theorem continu
ous symmetries of the theory imply the existence of conserved quantities. For a 
covariant theory in an external gravitational field for each of the Killing vectors 
there exists a conserved quantity. For example, for a particle geodesic motion 
this conserved quantity is a projection of the particle momentum on the Killing 
vector. 

Besides isometries the spacetime may also possess hidden symmetries, gener
ated by either symmetric or antisymmetric tensor fields. Such symmetries are 
not directly related to the metric invariance under diffeomorphisms. They rep
resent the genuine symmetries of the phase space rather than the configuration 
space. For example, the symmetric Killing tensors give rise to the conserved 
quantities of higher order in particle momenta, and underline the separability 
of the scalar field equations. Less known but even more fundamental are the an-
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tisymmetric Killing-Yano tensors which are related to the separability of field 
equations with spin, the existence of 'quantum' symmetry operators, and the 
presence of conserved charges. 

1.2 Miraculous properties of the Kerr geometry 

To illustrate the role of hidden symmetries in general relativity let us recapit
ulate the "miraculous" properties [Chandrasekhar, 1983] of the Kerr geometry. 
This astrophysical important solution was obtained in 1963 by Kerr [Kerr, 1963]. 
The metric is stationary and axially symmetric; it possesses two Killing vectors, 
dt and 8$, generating the time translation and the rotation. The Kerr solution is 
of the special algebraic type D of Petrov's classification [Petrov, 1954], [Petrov, 
1969], it belongs to the special class of solutions which can be presented in the 
Kerr-Schild form [Kerr & Schild, 1965], [Kerr & Schild, 1969], [Debney et ah, 
1969], 

gab = Vab + 2Hlalb. (1.1) 

Here, r\ is a flat metric and I is a null vector, in both metrics g and 77.1 

Although the Killing vector fields dt and d^ are not enough to provide a 
sufficient number of integrals of motion2 in 1968 Carter [Carter, 1968a], [Carter, 
1968b] demonstrated that both—the Hamilton-Jacobi and scalar field equations— 
can be separated. This proved, apart from other things, that there exists an 
additional integral of motion, 'mysterious' Carter's constant, which makes the 
particle geodesic motion completely integrable. In 1970, Walker and Penrose 
[Walker & Penrose, 1970] pointed out that Carter's constant is quadratic in par
ticle momenta and its existence is directly connected with the symmetric Killing 
tensor [Stackel, 1895] 

Kab = K{ab), V{cKab) = 0. (1.2) 

During the several following years it was discovered that it is not only the 
Klein-Gordon equation which allows the separation of variables in the Kerr 
geometry. In 1972, Teukolsky decoupled the equations for electromagnetic and 
gravitational perturbations, and separated variables in the resulting master equa-

1 If the ansatz (1.1) is inserted into the Einstein equations, one effectively reduces the problem 
to a linear one (see, e.g., [Gurses & Giirsey, 1975]). This gives a powerful tool for the study of spe
cial solutions of the Einstein equations. This method works in higher dimensions as well. For ex
ample, the Kerr-Schild ansatz was used by Myers and Perry to obtain their higher-dimensional 
black hole solutions [Myers & Perry, 1986]. 

2For example, for a particle motion these isometries generate the conserved energy and az-
imuthal component of the angular momentum, which, together with the conservation of p2, 
gives only three integrals of motion. For separability of the Hamilton-Jacobi equation in the 
Kerr spacetime the fourth integral of motion is required. 
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tions [Teukolsky, 1972]. One year later the massless neutrino equation by Teukol-
sky and Unruh [Teukolsky, 1973], [Unruh, 1973], and in 1976 the massive Dirac 
equation by Chandrasekhar and Page [Chandrasekhar, 1976], [Page, 1976] were 
separated. 

Meanwhile a new breakthrough was achieved in the field of hidden symme
tries when in 1973 Penrose and Floyd [Penrose, 1973], [Floyd, 1973] discovered 
that the Killing tensor for the Kerr metric can be written in the form 

Kab = facfbC , (1-3) 

where the antisymmetric tensor / is the Killing-Yano (KY) tensor [Yano, 1952] 

fab = f[ab] j V(c/a)6 = 0 . (1.4) 

A Killing-Yano tensor is in many aspects more fundamental than a Killing ten
sor. In particular, having a Killing-Yano tensor one can always construct the 
corresponding Killing tensor using Eq. (1.3). On the other hand, not every 
Killing tensor can be decomposed in terms of a Killing-Yano tensor (for neces
sary conditions see [Collinson, 1976], [Ferrando & Saez, 2002]). 

Many of the remarkable properties of the Kerr spacetime are consequences of 
the existence of the Killing-Yano tensor. In particular, in 1974 Collinson demon
strated that the integrability conditions for a non-degenerate Killing-Yano ten
sor imply that the spacetime is necessary of the Petrov type D [Collinson, 1974] .3 

In 1975, Hughston and Sommers showed that in the Kerr geometry the Killing-
Yano tensor / generates both of its isometries [Hughston & Sommers, 1973]. 
Namely, the Killing vectors dt and &</,, can be written as follows: 

? = lvb(*f)»« = (dty, rj
a = -K%Zb = (d<i>)b. (1.5) 

This means that, in fact, all the symmetries necessary for complete integrability 
of geodesic motion in the Kerr spacetime are 'derivable' from the existence of a 
single Killing-Yano tensor. 

In 1977, Carter demonstrated [Carter, 1977] that given an isometry £ and/or 
a Killing tensor K one can construct the operators 

| = i£aVfl) K = VaK
abVh, (1.6) 

3 All the vacuum type D solutions were obtained by Kinnersley [Kinnersley, 1969]. Demianski 
and Francaviglia showed that in the absence of acceleration these solutions admit Killing and 
Killing-Yano tensors [Demianski & Francaviglia, 1980]. A general (off-shell) metric element 
admitting a Killing-Yano tensor in four dimensions was obtained by Dietz and Rtidiger [Dietz 
& Rtidiger, 1981], [Dietz & Rtidiger, 1982], see also [Taxiarchis, 1985]. 
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which commute with the scalar Laplacian4 

°,e 0 D,K , D = Va<TV6. (1.7) 

Moreover, in the Kerr geometry these operators commute also between them
selves and provide therefore good 'quantum' numbers for scalar fields. In 1979 
Carter and McLenaghan found that an operator 

/ = i7 5 7
a (/a

6Vb - i 7
67cVc/a6) (1.8) 

commutes with the Dirac operator 7°Va [Carter & McLenaghan, 1979]. This 
gives a new quantum number for the spinor wavefunction and explains why 
separation of the Dirac equation can be achieved. Similar symmetry opera
tors for other equations with spin, including electromagnetic and gravitational 
perturbations, were constructed later [Kamran & McLenaghan, 1984], [Kamran, 
1985], [del Castillo, 1988], [Kalnins & Miller, 1989],[Kalnins et al, 1996]. 

In 1983, Marck solved equations for the parallel transport of an orthonormal 
frame along geodesies in the Kerr spacetime [Marck, 1983b], [Marck, 1983a] and 
used this result for the study of tidal forces. For this construction he used a 
simple fact that the vector 

L a = fabP
b, L a P

a = 0, (1.9) 

is parallel-propagated along a geodesic p. 
In 1987, Carter [Carter, 1987] pointed out that the Killing-Yano tensor itself 

is derivable from a 1-form b, 
f = *db. (1.10) 

We call such a form b a (KY) potential. It satisfies the Maxwell equations and can 
be interpreted as a 4-potential of an electromagnetic field with the source current 
proportional to the primary Killing vector field dt, cf. Eq. (1.5). In 1989, Frolov 
et al. [Frolov et al, 1989], [Carter & Frolov, 1989], [Carter et al, 1991], separated 
equations for an equilibrium configuration of a cosmic string near the Kerr black 
hole. In 1993, Gibbons et al. demonstrated that due to the presence of Killing-
Yano tensor the classical spinning particles in this background possess enhanced 
worldline supersymmetry [Gibbons et al, 1993]. Conserved quantities in the 

4In fact, the operator K defined by (1.6) commutes with • provided that the background 
metric satisfies the vacuum Einstein or source-free Einstein-Maxwell equations. In more general 
spacetimes, however, a quantum anomaly proportional to a contraction of K with the Ricci 
tensor may appear. Such anomaly is not present if an additional condition (1.3) is satisfied 
[Cariglia, 2004]. 
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Kerr geometry generated by / were discussed in 2006 by Jezierski and tukasik 
[Jezierski & Lukasik, 2006]. 

To conclude this section we mention that many of the above statements and 
results, which we have formulated for the Kerr geometry, are in fact more gen
eral. Their validity can be extended to more general spacetimes, or even to an ar
bitrary number of spacetime dimensions. For example, the whole Carter's class 
of solutions [Carter, 1968c], [Carter, 1968b] (see also [Debever, 1971], [Plebanski, 
1975]) admits a KY tensor and possesses many of the discussed properties (see 
Appendix A). General results on Killing-Yano tensors and algebraic proper
ties were gathered by Hall [Hall, 1987]. A relationship among the existence 
of Killing tensors and separability structures for the Hamilton-Jacobi equation 
in an arbitrary number of spacetime dimensions was discussed in [Woodhouse, 
1975], [Benenti & Francaviglia, 1979], [Kalnins & Miller, 1981] (see also Section 
6.3.1). We refer to Appendix A for further details on hidden symmetries in 4D. 

1.3 Higher-dimensional black holes 

Higher-dimensional black hole solutions have been studied for a long time. Al
ready in 1963, Tangherlini [Tangherlini, 1963] obtained a higher-dimensional 
generalization of the Schwarzschild metric [Schwarzschild, 1916]. The charged 
version of the Tangherlini metric was found in 1986 by Myers and Perry [Myers 
& Perry, 1986]. In the same paper a general vacuum rotating black hole in higher 
dimensions was obtained. This solution, often called the Myers-Perry (MP) 
metric, generalizes the four-dimensional Kerr solution.5 Main new feature of the 
MP metrics in D dimensions is that, instead of one rotation parameter, they have 
m = [(D — l)/2] rotation parameters, corresponding to m independent 2-planes 
of rotation. Later, in 1998, Hawking, Hunter, and Taylor-Robinson [Hawking 
et al, 1999] found a 5D generalization of the 4D rotating black hole in asymptot
ically (anti) de Sitter space (Kerr-(A)dS metric [Carter, 1968b]). In 2004 Gibbons, 
Lu, Page, and Pope [Gibbons et al, 2004], [Gibbons et al, 2005] discovered the 
general Kerr-(A)dS metrics in arbitrary number of dimensions. After several 
attempts to include NUT [Newman et al, 1963] parameters [Chong et al, 2005], 

5To be more precise, it is well known that physics of higher-dimensional black holes can 
be substantially different, and much richer, than in four dimensions. Whereas in four dimen
sions only the black holes with spherical horizon topology are allowed, it is expected that non-
spherical horizon topologies are a generic feature of higher-dimensional gravity. Besides the 
class of rotating black holes solutions with spherical horizon, such as the Myers-Perry metrics 
and their generalizations, there exist other rotating 'black objects', for example black rings and 
their generalizations. In this thesis we concentrate only on the class of rotating black holes with 
spherical horizon topology. Such black holes can be considered as natural higher-dimensional 
generalizations of the Kerr metric. 
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[Chen et al, 2007], in 2006 Chen, Lii, and Pope [Chen et al, 2006a] found a gen
eral Kerr-NUT-(A)dS solution of the Einstein equations for all D. These metrics 
were obtained in special coordinates which are the natural higher-dimensional 
generalization of the Carter's 4D canonical coordinates [Carter, 1968b], [Debever, 
1971], [Plebanski, 1975]. So far, they remain the most general black-hole-type so
lutions of the Einstein equations with the cosmological constant (and spherical 
horizon topology) which are known analytically.6 For a recent extended review 
on higher-dimensional black holes see, e.g., [Emparan & Reall, 2008]. 

In connection with these black holes the following natural questions arise: 
To what extent are the remarkable properties described for the four-dimensional 
black holes innate to four dimensions? Do some of them transfer to higher di
mensions as well? And in particular, do some of the higher-dimensional black 
holes possess hidden symmetries? 

1.4 Hidden symmetries in higher dimensions 

The hidden symmetries of higher-dimensional rotating black holes were first 
discovered for the 5D Myers-Perry metrics [Frolov & Stojkovic, 2003b] ,[Frolov 
& Stojkovic, 2003a], It was demonstrated that both, the Hamilton-Jacobi and 
scalar field equations, allow the separation of variables and the corresponding 
Killing tensor was obtained. Later it was shown that 5D results can be extended 
to an arbitrary number of dimensions, provided that rotation parameters of the 
MP metric can be divided into two classes, and within each of the classes these 
parameters are equal of one another [Vasudevan et al., 2005a]. Similar results 
were found in the presence of the cosmological constant and NUT parame
ters [Lopez-Ortega, 2003], [Vasudevan et al, 2005b], [Kunduri & Lucietti, 2005], 
[Vasudevan & Stevens, 2005], [Vasudevan, 2006a], [Chen et al, 2006b], [Davis, 
2006], [Vasudevan, 2006b]. It was also demonstrated that a stationary string 
configuration in the 5D Myers-Perry spacetime is completely integrable [Frolov 
& Stevens, 2004]. 

6Besides the brane-world scenarios, these black holes find their applications for the 
ADS/CFT correspondence. In the BPS limit the odd-dimensional metrics lead to the Sasaki-
Einstein metrics [Hashimoto et al, 2004], [Cvetic et al, 2005b], [Cvetic et al, 2005a] whereas 
the even-dimensional metrics lead to the Calabi-Yau spaces [Oota & Yasui, 2006], [Lti & Pope, 
2007]. There have been also several attempts to generalize these solutions. For example, to 
find a similar solution of the Einstein-Maxwell equations either in an analytical form [Aliev & 
Frolov, 2004], [Aliev, 2006a], [Aliev, 2006b],[Aliev, 2007], [Kunz et al, 2006b], [Chen & Lii, 2008], 
[Krtous, 2007] or numerically [Kunz et al, 2005],[Kunz et al, 2006a],[Kunz et al, 2007], [Brihaye 
& Delsate, 2007], [Kleihaus et al, 2008]. See also [Charmousis & Gregory, 2004], [Podolsky & 
Ortaggio, 2006], [Pravda et al, 2007],[Ortaggio et al, 2008], or [Houri et al, 2008c], [Lii et al, 
2008a]. 
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Were these results the most general possible? Or, were there somewhere hid
den other symmetries which would allow a further progress? In particular, do 
the higher-dimensional rotating black holes admit the fundamental symmetry 
of a Killing-Yano tensor? These were the questions which stimulated further 
research. 

The outcome of this research can be briefly summarized as follows:7 Even 
the most general known higher-dimensional Kerr-NUT-(A)dS black holes pos
sess many of the remarkable properties of their four-dimensional 'cousins' . 
Namely, the geodesic motion in these backgrounds is completely integrable, 
the Hamilton-Jacobi, Klein-Gordon, Dirac, and stationary string equations are 
completely separable. The metrics are of the type D of higher-dimensional al
gebraic classification and allow a generalized Kerr-Schild form. Many of these 
properties follow directly from the existence of a fundamental hidden symme
try associated with the principal conformal Killing-Yano (PCKY) tensor. 

The PCKY tensor was first discovered for the Myers-Perry metrics [Frolov 
& Kubiznak, 2007], and soon after that for the completely general Kerr-NUT-
(A)dS spacetimes [Kubiznak & Frolov, 2007]. Starting with this tensor, one can 
generate the whole tower of hidden symmetries [KrtouS et at, 2007b] which are 
responsible for complete integrability of geodesic motion in these spacetimes 
[Page et ah, 2007], [Krtous et al., 2007a]. Such an integrability was independently 
proved by separating the Hamilton-Jacobi equation [Frolov et al, 2007]. Due to 
the presence of hidden symmetries, also the Klein-Gordon [Frolov et al, 2007] 
and Dirac [Oota & Yasui, 2008] equations allow the separation of variables in 
these backgrounds. Recently, extending the work of [Houri et al, 2007], [Houri 
et al, 2008a], the uniqueness of these results was demonstrated [Krtous et al, 
2008b]. In particular, it was proved that, similar to the 4D case, the most general 
Einstein space admitting the PCKY tensor is the Kerr-NUT-(A)dS spacetime. 
Meanwhile, it was shown that the Kerr-NUT-(A)dS spacetime is of the algebraic 
type D of higher-dimensional algebraic classification [Hamamoto et al, 2007] 
and that it allows a generalized Kerr-Schild form [Chen & Lu, 2008]. By relaxing 
some of the requirements imposed on the PCKY tensor more general spacetimes 
were recently discovered [Houri et al, 2008c], [Houri et al, 2008b]. Directly 
related to the PCKY tensor is also a proved complete integrability of a stationary 
string configuration in the vicinity of the Kerr-NUT-(A)dS black hole [Kubiznak 
& Frolov, 2008] and the possibility of constructing a parallel propagated frame in 
such a background [Connell et al, 2008b]. (For other related works see Chapter 
10.) 

7Let us emphasize that not all of the results were obtained by the author of this thesis and/or 
his collaborators. What we summarize here is the overall progress which has been recently 
achieved in this direction. 



9 

Chapter 2 

Killing-Yano and Killing tensors 

In this chapter we review the basic objects responsible for symmetries of the 
spacetime and briefly discuss their properties. In particular, we introduce the 
Killing and Killing-Yano tensors, and their conformal generalizations. We also 
exploit the opportunity to establish some notations used later in the text. 

2.1 Definitions 

Killing vectors 

Let us consider a D-dimensional spacetime with a metric g. A spacetime pos
sesses an isometry generated by the Killing vector field £ if this vector obeys the 
Killing equation 

V ( a 6 ) = 0 . (2.1) 

For a geodesic motion of a particle in such a curved spacetime the quantity pa£a, 
where p is the momentum of the particle, remains constant along the particle's 
trajectory. Similarly, for a null geodesic, pa£a is conserved provided that £ is a 
conformal Killing vector obeying the equation 

V ( a 4 ) = ^ a 6 , i=D-1Vb£
b. (2.2) 

An equivalent defining equation for the conformal Killing vector is 

V 0 & = V[a£6] + gab£. (2.3) 
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That is, the conformal Killing vector is an object, the covariant derivative of 
which splits into the 'exterior' and 'divergence' parts.1 When the first term van
ishes the conformal Killing vector is closed. The vanishing of the second term 
means that we are dealing with the Killing vector. In the case when both parts 
are zero we have a covariantly constant (Killing) vector. 

There exist two natural (symmetric and antisymmetric) generalizations of 
a (conformal) Killing vector. (For a 'hybrid' proposal, see, e.g., [Collinson & 
Howarth, 2000].) 

Killing tensors 

A symmetric (rank-p) conformal Killing tensor [Walker & Penrose, 1970] Q obeys 
the equations 

Qi (2.4) 

As in the case of a conformal Killing vector, the tensor Q is determined by trac
ing both sides of Eq. (2.4). In particular, a rank-2 conformal Killing tensor obeys 
the equations 

V(0Q6c) = 9{abQc) , Qa = - ^ ( 2 V c Q c
a + VaQ

c
c). (2.5) 

If Q vanishes, the tensor Q is called a Killing tensor [Stackel, 1895] and it is 
usually denoted by K. So we have 

**-a\a2..,ap
 = "(0102...Op) 1 V (6-^0102.-.ap) = " • K*"*3) 

Obviously, the metric is a (trivial) rank-2 Killing tensor. In the presence of the 
Killing tensor K the conserved quantity for a geodesic motion is 

K = Kaia2...apP
aipa>...pa*. (2.7) 

For null geodesies this quantity is conserved not only for a Killing tensor, but 
also for a conformal Killing tensor. Let us finally mention that a symmetrized 
tensor product of Killing vectors is a (reducible) Killing tensor. More generally, 
we call the Killing tensor reducible if it is a linear combination of the products of 
Killing tensors of a lower rank. 

1For a general vector an additional term, the 'harmonic' part, is present. It is the lack of this 
term what makes conformal Killing vectors 'special'. 
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Killing-Yano tensors 

The conformal Killing-Yano (CKY) tensors were first proposed in 1968 by Kashi-
wada and Tachibana [Kashiwada, 1968], [Tachibana, 1969] as a generalization 
of the Killing-Yano (KY) tensors introduced by Yano in 1952 [Yano, 1952]. 

One of the simplest approaches to the CKY tensors is based on a natural gen
eralization of the definition (2.3) of conformal Killing vectors. The CKY tensor k 
of rank-p is a p-iorm the covariant derivative of which has vanishing harmonic 
part, that is it splits into the exterior and divergence parts as follows: 

V0fcbi...6p = ^/[ahi...bp]+P9a[b1kb2...bp], (2.8) 

k2...bp = -=; —rVck%2...bp. (2.9) 
U — p + 1 

[The tensor k, (2.9), is determined by tracing both sides of the first equation.] 
The defining equation (2.8) is invariant under the Hodge duality; the exterior 
part transforms into the divergence part and vice versa. This implies that the 
dual *fc is a CKY tensor whenever k is a CKY tensor (see also the next section). 

Three special subclasses of CKY tensors are of particular interest: (a) Killing-
Yano tensors with zero divergence part in (2.8) (b) closed CKY tensors with van
ishing exterior part in (2.8) and (c) covariantly constant (KY) tensors with both 
parts vanishing. The subclasses (a) and (b) transform into each other under the 
Hodge duality. 

In particular, a rank-2 CKY tensor k obeys the equations 

Vafc6c = V[akbc] + 2 ga[b£c] , £a = — - Vck
c
a . (2.10) 

The vector £, defined by the last equation, is called primary. It satisfies [Tachibana, 
1969] (see also Appendix C.2) 

V(a6,) = - ^ i ? c ( a V - (2-H) 

Thus, in an Einstein space, that is when Rab = Agab, £ is the Killing vector. 
An alternative (equivalent) definition of a rank-p CKY tensor naturally gen

eralizes the definition (2.2) [Tachibana, 1969], [Jezierski, 1997], [Cariglia, 2004]. 
It reads 

V(aA;fel)62...fcp = gabxh2...bp - (p - 1) g^iahx)...^], (2.12) 

where k (obtained again by tracing procedure) is given by (2.9). 
Let us finally mention two additional important properties of KY tensors. 

Having a KY tensor / : 
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1. The tensor 

is parallel-propagated along the geodesic p. 

2. The object 
K r. - Cp f f a2'"ap (2 U) 
•''•06 — / .J \ i Jaa,2-.apJb K^-^-^Z 

is an associated Killing tensor. Here cp is an arbitrary constant, which is 
often taken to be one. For a different convenient choice see Section 3.2. 

Similarly, for a rank-2 CKY tensor k the object 

Qab = KM , (2.15) 

is an associated conformal Killing tensor. 
Let us also mention that the exterior product of Killing vectors does not gen

erally produce a KY tensor.2 However, in Section 3.2.1 we shall prove the impor
tant fact that the exterior product of two closed CKY tensors is again a closed 
CKY tensor. 

2.2 CKY tensors as differential forms 

The CKY tensors are forms and operations with them are greatly simplified if 
one uses the 'invariant' language of differential forms. In this section we es
tablish some of these notations. We also recast the CKY equation (2.8) into this 
language and prove its invariance under the Hodge duality. 

If ap and j3q are p- and <j-forms, respectively, the external derivative d of their 
exterior (wedge) product A obeys a relation 

d(ap A f3q) = dctp A pq + (-l)pap A df3q . (2.16) 

For an arbitrary form a we denote 

aAm = aA..^sa. (2.17) 
V 

total of m factors 

A Hodge dual *ap of a p-form ap is a (D — p)-form defined as 

1_ 

P~\ 
( * a p ) a i . . . a D _ p = - f O l l - V v i - a D - P . ( 2 - 1 8 ) 

2A trivial example when this works is , for example, the case of maximally symmetric space-
times (see also Footnote 1 in Appendix A). 
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where e0l.„0D is a totally antisymmetric tensor. The co-derivative 5 is defined as 
follows: 

<5a, = ( - l ) % * d * a p , £p = ( _ l ^ - P ) ^ ^ M ^ . (2.19) 

One also has **ctp = epap. 
If {ea} is a basis of vectors, then the dual basis of 1-forms {u>a} is defined by 

the relations <*>a(eg) = 5%. We denote ghi = g(ea, eg) and by gab the inverse ma
trix. The operations with the indices enumerating the basic vectors and forms 
are performed by using these matrices. In particular, e" = ghhey and so on. We 
denote a covariant derivative along the vector e~a by Va; Va = Vea. One has 

d = u;a A Va , 6 = - e a J Va . (2.20) 

In tensor notations the 'hook' operator (inner derivative) along a vector X, ap
plied to a p-form ap, X j ap, corresponds to a contraction 

{X J ap)a2...ap = X a i (ap)aia2...ap . (2.21) 

It satisfies the properties 

ea J K A Pq) = (ea J ap) A /3g + (-l)"a„ A (ea j /3fl), (2.22) 

eaJu>a = D, w a A ( e s J a p ) = p a p . (2.23) 

For a given vector X one defines Xb as a corresponding 1-form with the 
components (Xb)0 = gabXb. In particular, one has (ea)1" = ^aS^6- •^n Averse to b 
operation is denoted by (t- Namely if a is a 1-form then a" denotes a vector with 
components (a")0 = gaha.b- We refer to [Sternberg, S., 1964], [Kress, 1997] where 
these and many other useful relations can be found. 

The definition (2.8) of the (rank-p) CKY tensor k reads [Benn et at, 1997], 
[Benn & Charlton, 1997], [Kress, 1997]: 

Vxk = -^—rX jdk- —— -X b A Sk . (2.24) 
p+1 D—p+1 

Here, the first term on the right-hand-side denotes the exterior part, the second 
term denotes the divergence part, and X is an arbitrary vector. 

Using the relation 
I J * « = * ( W M 1 ) , (2.25) 

it is easy to show that under the Hodge duality the exterior part transforms into 
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the divergence part and vice versa. Indeed, we find 

*(Xjdk) = -Xb A5(*k), - *(X* A 5k) = X J d(*k), (2.26) 

where we have used the definition (2.19). In particular, (2.24) implies 

Vx(*fc) = — L - Xjd(*k)-—-— -X b A <5(*fc), p* = D-p. (2.27) 
p* + 1 D - p* + 1 

That is, the Hodge dual *k of a CKY tensor k is again a CKY tensor. Moreover, 
the Hodge dual of a closed CKY tensor is a KY tensor and vice versa. 

For a (rank-p) closed CKY tensor h, characterized by vanishing of the exte
rior part, dh = 0, there exists locally a (KY) potential b, which is a (p — l)-form, 
such that 

h = db. (2.28) 

The Hodge dual of such a tensor h, 

/ = */i = *db, (2.29) 

is a Killing-Yano tensor (<5/ = 0). 
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Chapter 3 

Principal conf ormal Killing-Yano 
tensor and towers of hidden 
symmetries 

In this chapter we introduce a notion of a principal conf ormal Killing-Yano (PCKY) 
tensor—the central object of this thesis. Starting with the PCKY tensor and the 
metric in any D-dimensional spacetime we show how to generate a tower of 
n — 1 — [D/2] — 1 Killing-Yano tensors, of rank D — 2j for all 1 < j < n — 1, and 
an extended tower of n rank-2 Killing tensors, giving n quadratic in momenta 
constants of geodesic motion that are in involution. We also discuss another, 
more physical, method for generating Killing tensors and outline a construction 
of D — n vectors which turn out to be the independent commuting Killing vec
tors. Based on these results, we shall prove in Part II many of the remarkable 
properties of higher-dimensional rotating black hole spacetimes. This chapter 
is based on [Page et ah, 2007], [Krtous et al, 2007b], [Krtous et al., 2007a], and 
[Frolov & Kubiznak, 2008]. 

3.1 Principal conformal Killing-Yano tensor 

3.1.1 Definition 

In what follows we consider a D-dimensional spacetime MD, equipped with 
the metric 

g = gabdxadxb. (3.1) 

To treat both cases of even and odd dimensions simultaneously we denote 

D = 2n + e, (3.2) 
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where e = 0 and e = 1 for even and odd number of dimensions, respectively. 
Definition ([Krtoug et ah, 2007b]). A principal conformal Killing-Yano tensor h 

is a closed non-degenerate CKY 2-form, h = \ habdxa A dxb, obeying the following 
equation: 

Vxh = X>Ae, (3.3) 

where X is an arbitrary vector field. 
The condition of non-degeneracy means that the skew symmetric matrix /iab 

has the (matrix) rank 2n and that the eigenvalues of h are functionally indepen
dent in some spacetime domain. So, we exclude the possibility that h possesses 
the constant eigenvalues, and in particular, that it is covariantly constant; £ =fi 0. 
The equation (3.3) implies 

dh = 0, t^-^L^Sh. (3.4) 

In particular, this means that there exists a 1-form (KY) potential b such that 

h = db. (3.5) 

The dual tensor 
/ = *h (3.6) 

is a principal Killing-Yano tensor [(D — 2)-form]. In tensor notations the defini
tion (3.3) of the PCKY tensor h reads 

Vchab = 25c[a6], & = -£fZi*dh
d
h. (3.7) 

3.1.2 Canonical basis and canonical coordinates 

Let us consider an eigenvalue problem for a conformal Killing tensor Q associ
ated with h [cf. Eq. (2.15)], 

Qab = hachb
c. (3.8) 

It is easy to show that in the Euclidean domain its eigenvalues x2, 

Q\vb = x V , (3.9) 

are real and non-negative. Using a modified Gram-Schmidt procedure it is pos
sible to show that there exists such an orthonormal basis in which the operator 
h has the following structure: 

diag(0,. . . ,0,A1 , . . . ,Ap), (3.10) 
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where A» are matrices of the form 

A< = ( "u ~t) • P-») 

and Ii are unit matrices. We call such a basis an orthonormal Darboux basis (see 
also Section 9.2). Its elements are unit eigenvectors of the problem (3.9). 

For a non-degenerate 2-form h the number of zeros in the Darboux decom
position (3.10) coincides with e. Since all the eigenvalues x in (3.9) are differ
ent (we denote them x^, \x — 1, . . . , n), the matrices A* are 2-dimensional. We 
denote the vectors of the Darboux basis by e^ and e^ = e ^ , where /x = 
1, . . . , n, and enumerate them so that the orthonormal vectors e^ and ep, span 
a 2-dimensional plane of eigenvectors of (3.9) with the same eigenvalue x^. In 
an odd-dimensional spacetime we also have an additional basis vector eg (the 
eigenvector of (3.9) with x = 0). We further denote by u^ and & = u»ft+'i (and 
OJ° if e = 1) the dual basis of 1-forms. The metric g and the PCKY tensor h in 
this basis take the form 

n 

g = 5abu;&J = ^ ( o A ^ + £Au>A) + ^ 6 w 6 , (3.12) 

n 

h = ^ x ^ Mb* . (3.13) 

In what follows we shall refer to bases {u>} and {e} as the canonical bases of 
1-forms and vectors associated with the PCKY tensor. These bases are fixed 
uniquely by the PCKY tensor up to a 2D rotation in each of the (KY) 2-planes 

Since the 'eigenvalues' x^ are functionally independent in some spacetime 
domain, we may use them as 'natural' coordinates. In fact, we shall demon
strate in Chapter 7 that these n coordinates can be 'upgraded' by adding n + s 
new coordinates ipir determined completely by the PCKY tensor. Therefore, 
the PCKY tensor 'determines' in D dimensions D preferred coordinates. We 
call such preferred coordinates (x^, ipi) the canonical coordinates. The most gen
eral (off-shell) canonical metric element admitting the PCKY tensor is derived in 
Chapter 7. When it is written in the canonical coordinates, many of the coef
ficients of rotation vanish. We call the corresponding (special) canonical basis, 
the principal canonical basis. Such a basis is fixed uniquely; the freedom of 2D 
rotations was already exploited. (For more details see Chapter 7.) 

To summarize, the PCKY tensor determines uniquely the class of canonical 
spacetimes, together with the preferred canonical coordinates and the preferred 
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principal canonical basis, in which these spacetimes take a 'simple form'. 

3.2 Towers of hidden symmetries 

In this section we present a simple way how, from a single PCKY tensor, one can 
generate the whole towers of hidden symmetries. Our approach is based on the 
lemma of the following subsection. We also derive an explicit form of the tower 
of Killing tensors in the canonical basis. 

3.2.1 Important property of closed CKY tensors 

Lemma ([Krtous et ah, 2007b]). Let fe(1) and fc(2) be two closed CKY tensors. Then 
their exterior product k = k^ A fc® is also a closed CKY tensor. 

We shall prove this lemma in two steps. The fact that k is closed is trivial, 
it follows from Eq. (2.16). Let us first show that for a p-form OLP obeying the 
equation 

V x a p = X b A 7 p - i , (3.14) 

one has 

lfP-1 = ~D-p+lSap- ( 3 ' 1 5 ) 

Indeed, using Eqs. (2.20), and relations (2.22), (2.23), we find 

-Sap = ea J VaOCp = ea J (ws A 7 ^ ) 

= (ea J wa)7p_i - w a A (ea J 7 ^ ) = {D-p+ iy1p_1. 

The second step in the proof of the lemma is to show that if ap and (3q are 
two closed CKY tensors then 

Vx(ap A (3q) = XbA lp+q_x. (3.16) 

Really, one has 

Vx(ap A pq) = VxaP A /3, + <xp A Vxf3q 

= X A 7p+ 9 - i > 
(3.17) 
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where 
(~l)p 

D-p+1 """q D-q + 1' 

Combining (3.17) with (3.15) we arrive at the statement of the lemma. 9? 

7p+8-i = ~ n n i i H A # ? _ Tr^rrTapA5/3?' 

3.2.2 Towers of h idden symmetries 

According to the lemma of the previous subsection, the PCKY tensor generates 
a set (tower) of new closed CKY tensors 

h(j) = hN = ftA Afr . (3.i8) 

total of j factors 

/ i ^ is a (2j)-form, and in particular /i(1) = h. Since /i is non-degenerate, one has 
a set of n non-vanishing closed CKY tensors. In an even dimensional spacetime 
h^ is proportional to the totally antisymmetric tensor, whereas it is dual to a 
Killing vector in odd dimensions. In both cases such a CKY tensor is trivial 
and can be excluded from the tower of hidden symmetries. Therefore we take 
j — l,,..,n—l. The CKY tensors (3.18) can be generated from the potentials 
6W) [cf. Eq. (2.28)] 

b{j) EE 6 A hA(j-1], hU) = dbU). (3.19) 

Each (2j)-form h^ determines a (D — 2j)-form of the Killing-Yano tensor [cf. 
Eq. (2.29)] 

fU) = *fc(j). (3.20) 

In their turn, these tensors give rise to the Killing tensors K^ 

ISU) — t f(J) fU) C1-CD-2J-1 C3,T\\ 
b ~ (D — 2j — l)Hjl)2 aci-cD-2j-iJ b • w-L-lJ 

A choice of the coefficient in the definition (3.21) is adjusted to the canonical 
basis (see the next subsection). It is also convenient to include the metric g, 
which is a trivial Killing tensor, as an element K^> of the tower of the Killing 
tensors. The total number of irreducible elements of this extended tower is n. 

3.2.3 Explicit form of Kil l ing tensors 

Let us now explicitly evaluate the Killing tensors (3.21) in the canonical basis. 
Using identities 

eai-arCr+1-CDebl...brcr+1..,D = r\(D - r)\6[£ ... <£] , (3.22) 
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(r + 1) 8%8% . . . £> = %S$ ... £ " - r ̂ [ j . . . S# , (3.23) 

we can rewrite (3.21) as 

(2J'j!)2 I6 " aih''' ajbj] 

= J j ^ j j (^h[aib1-. • ha^h[aibl... hajbj] - 2j ha^... ha^hb[bl... hajbj]) 

= A{j)5l-k{j)a
b. (3.24) 

Here we have introduced 

A{i)^-^h^...h^h[aibl...hajb]], 

kU)ab^ 2j^ha{bl---haibj]h^---h^-
In the canonical basis, using (3.12) and (3.13), we find 

h® 

KU) 

AU) 

= j \ ] T x*i • • • x^ujl>l A a)*1 A • • • A u*i A Gi*1 . 

= ^xlA^iuW + ZW), 
u—1 

V"** 2 2 A(J) V~^ 2 2 
— / j XV\ • • • Xl/j > AIX ~~ / j XV\ • • • XVj > 

Vl< — <Vj Vl<---<Vj 

(3.25) 

(3.26) 

(3.27) 

From the obvious fact that quantities (3.27) obey, A® = A$ + x2^ 1}, we 
obtain the following form of the Killing tensors in the canonical basis: 

71 

K® = Y^ Af (uW + uW) + eA^uW . (3.28) 

Let us finally mention that it was shown in [Houri et ah, 2008a] that K^a
b = 

Qa
cK^~^c

b. Here Q is the conformal Killing tensor introduced in Section 3.1.2. 
Eq. (3.24) therefore gives the following recursive relation for K^\ 

jjfO) = Aij)g - Q • K{j~l), Ki0) = g . (3.29) 
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3.3 Other method for generating Killing tensors 

In this section we describe, in some sense a more physical method, how to gen
erate from the PCKY tensor various towers of Killing tensors. This method is 
based on the fact that Killing tensors are in one to one correspondence with con
served quantities for a geodesic motion which are of higher order in geodesic 
momenta [Walker & Penrose, 1970]. In particular, we extract these constants 
as invariants of the parallel-transported 2-form F—obtained as a projection of 
the PCKY tensor to a subspace orthogonal to the velocity of a geodesic motion 
[Page et ah, 2007]. Depending on how these invariants are extracted one ob
tains different (related) sets of constants of motion and corresponding towers of 
Killing tensors. For example, the traces of powers of the operator F2 lead to the 
set of Killing tensors of increasing rank [Page et ah, 2007]. The advantage of this 
approach is that one can generate constants of geodesic motion with the help of 
generating functions. This gives a powerful tool how to study properties of these 
constants, such as their independence or Poisson commutativity (see Chapter 
5). In particular, we introduce two generating functions: the first one generates 
constants given by the traces of powers of the operator F2, the second one leads 
to the earlier described tower of Killing-tensors [Krtoug et ah, 2007b]. 

3.3.1 2-form F 

Let 7 be a geodesic affine parametrized by r, ua = dxa/dr be its 'velocity' tan
gent vector, and w = uaua be its norm. We denote the covariant derivative of a 
tensor T along 7 by 

f = VUT = uaVaT. (3.30) 

In particular u — 0. Let us now consider the following 2-form F [Page et ah, 
2007]: 

F = uj(ub Ah) = wh-u^As, S E U J / I . (3.31) 

From the construction, such a form is automatically parallel-transported along 
7. Indeed, we have 

Vu(ub A h) = ub A Vuh = ub A ub A £b = 0 . (3.32) 

So, already uh A h oc u j f is parallel-transported [cf. Eq. (2.13)], and the last 
contraction with u in (3.31) is just to obtain a 2-form with which it is easier 
to work. Since F is parallel-propagated along 7, any object constructed from 
F and the metric g is also parallel-propagated. In particular, this is true for 
the invariants constructed from F, such as its eigenvalues. These are therefore 
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constants of motion.1 > 
Let us notice that JF can be also written as 

Fab = wPc
ahcdPt . (3.33) 

Here, Pb = 5b
a — w~1vl>ua is the projector to the (D — 1)-dimensional subspace V 

orthogonal to the 1-dimensional space U generated by u. Pab = gab—w~luaub can 
be also understood as a metric in V induced by its embedding into the tangent 
space T;T = U 0 V . This means that F has a clear geometrical meaning: it is 
the projection of the PCKY tensor h along the tangent vector u of geodesic 7. Fab and 
Fa

b = gacFcb can be considered as a 2-form and an operator, respectively, either 
in the subspace V or in the complete tangent space T. Since Fa

bu
b = 0, the vector 

u £ T is an eigenvector of F with a zero eigenvalue. One also immediately has 

F^ = wP'XdPt = wPZu^Pg = 0 , (3.34) 

where we used the defining equation (3.7). 

3.3.2 Killing tensors of increasing rank 

One of the convenient ways [Page et ah, 2007] how to extract the invariants of F 
is to consider the traces of powers of the operator F2: 

Cj = w-jTr[(-Fy). (3.35) 

(The traces of odd powers of F are zero, because of the antisymmetry of F.) 
In what follows we shall use matrix notation in which F is the antisymmetric 

matrix with orthonormal components F&^, H is the antisymmetric matrix with 
components hh~hlQ = —H2 is the symmetric matrix with components Q&~b = 
—h&ch6

b, W is the symmetric matrix with components uaug, w = Ti(W) = u£Uc, 
P = I—pis the projection onto the hyperplane V orthogonal to the velocity, and 
p = W/w. These matrices have the properties that P2 = P and WH2i+lW = 0 
for all nonnegative integers j . The component Eq. (3.33) becomes the matrix 
equation 

F = wPHP (3.36) 

whose square is the symmetric matrix F2 = w2P(HP)2. So, we get the constants 
of motion 

Cj = (-w)jTi[(HP)2j}. (3.37) 

The trace of the matrix product can be viewed diagrammatically as a loop formed 
1 Actually, from the fact that F is parallel-transported along 7 one can obtain slightly more, 

see Chapter 9. 
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by joined vertices (each with two 'legs') corresponding to matrices in the prod
uct. In our case the loop is formed by alternating H and P vertices. Substituting 
P = I — p we get a sum over all possible loops in which P is replaced either 
by / or by —p. In the case of the identity / the corresponding vertex is effec
tively eliminated, in the case of one dimensional projector p the loop splits into 
disconnected pieces. Namely, we can use identity 

TV (Hkip Hk2p • • • Hk°p) = TV ( # > ) TV (Hk%p) • • • TV (Hk«p) . (3.38) 

The trace in (3.37) thus leads to 

Tr[(HP)*] = Tr(F^) + £ £ (-l)cN2
klkj f[Tr(H^) • (3.39) 

c—\ k\<---<kc i=\ 
ki+-+kc=2j 

The sum over c is the sum over number of 'splits' of the loop, the indices &< 
are the 'lengths' of the splitted pieces, and the combinatorial factor N^ kc gives 
a number of ways in which the loop of the length 2j can be split to c pieces 
of lengths k\,... ,kc. From the antisymmetry of H it follows that traces of odd 
powers of H (optionally multiplied by a projector) are zero. Setting ki = 2lt and 
introducing Q as earlier we have 

Ct = w*Tt(Q*) + J2 £ ( - l ) c 2 Nidy f[ Tr(<fy) , (3.40) 
c=l h<---<lc t = l 

h+-+lc=j 

where we have used N%f 2l = 2Nf lc which follows from the definition of N's. 
Let us define the following quantities: 

Wj = wTi(Qjp) = Tr(Q*W) = Q{£uaub. (3.41) 

Here, Q~2 denote covariant components that form the tensor Q '̂) corresponding 
to the j-th. power of the matrix Q. We also denote Q^ = Tr(Qj). For example, 

<5(1) = QS, Q{2 = Q*. Q{2) = Qc
dQL Q$ = Qa

cQcb, Q(3) = Qc
dQiQe

c, and Q% = 
QaQfQdb- Then we finally obtain 

c 

C. = vPQU) - 2jwJ-l
Wj + 2J2 £ ("l) c < . . * y ~ C E[ wh • (3-42) 

c=2 h<-<lc i = l 
h + -+lc=j 
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We can easily see that the C/s have the form 

Cj = Kai...a2ju
aK..uav, (3.43) 

where Kai...a2j, formed from combinations of the metric gab, Tr(QJ), and the 
Qal's for i < j , are Killing tensors [Walker & Penrose, 1970] in the sense of 
Eq. (2.6). 

In particular, we get the first four constants of motion 

d = wQ{1) - 2wi , 
C2 = w2Q{-2) -4ww2 + 2w\ , 
C3 — IU3<5 — %W2W?, + §WW\W2 — 2w\ , 

CA = w4Q{4) - 8wiw4 + Aw2wl + 8w2wiW3 - 8w w\w2 + 2w\ . (3.44) 

Comparing with (3.43) we obtain the corresponding tower of (reducible) Killing 
tensors of increasing rank: 

K^ = gabQ
{1) - 2Q$ , 

Kabcd = giabgcd)Q{2) - MabQ% + 2 Q S M 1 ! , 

Kabcdef = g(abgcdgef)Q{3) ~ Qg(ab9cdQff) + ^9{abQ{cdQ{ef) ~ ^ ( M M / ) > 

Kabcdefgh = g(abgCdgefggh)QW ~ 8g(ab9cdgefQgh) + 4g(ab9cdQefQgh) 

+ 8g(abgcdQ^Q(
g% - &g{abQ{£Q{3Q9% + 2Q$Q$Q(3Q<$) • (3.45) 

To write an explicit form of the constants of motion or the Killing tensors 
obtained we can use the canonical basis. There we have 

n 

Q(j) = Q$waw8 = J2 xlJ(u^ + &W), (3.46) 

and also 
n n 

where u& denotes the basis components of the velocity 

uv 
= J2 («AwA + ^ ) + e «6^6 • (3-48) 
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3.3.3 Generating functions 

Although formula (3.42) gives the constants of motion explicitly, the presence of 
combinatoric factors makes calculations difficult in practice. In this subsection 
we introduce generating functions [Krtous" et ah, 2007b] which allow to, aside 
from other things, write down a more useful formula how to evaluate these 
constants. 

We introduce the generating function W(/3), 

W((3) = det(J + yfpw-'t-F) . (3.49) 

Due to the antisymmetry of F and properties of the determinant, W(/3) can be 
rewritten as a function of f3 instead of yffi, and in terms of H and P instead of 
F, 

W(0) = det1/2 (/ - (3w-2F2) = det (/ - ^/J3 HP) . (3.50) 

Because it is constructed only in terms of covariantly conserved quantities F 
and w, the generating function is conserved along 7, and the same is true for its 
derivatives with respect to f3. We can thus define constants of motion Kj as the 
coefficients in the /^-expansion of W(/3): 

1 °° 
W{p) = -Y,KjP- (3-51) 

w j=o 

It turns out that all terms with j > n are zero. To evaluate the observables Kj, 
we can split W(/3) in the following way: 

W(p) = Wo(/3) E(/3) , (3.52) 

where 

W0(P) = det (I - y/0H) = det1/2(/ + (3Q) , 

m=d<i+7^mp)=Hp^y?}=t^Pw {353) 
CX) 1 °° 

= 53(-l)J'Tr(Q^)^' = Tr [(/ + /JQ)"1?] = - ^ ( - 1 ) ^ , ^ ' . 
w 

j=0 j-0 
Here we have used the fact that the matrix in the determinant in the expression 
for £(/3) differs from / only in the one-dimensional subspace U given by u. The 
generating function W(/3) thus splits into a part W0(/3) independent of u and a 
part E(/?) linear in p. Such generating function therefore leads to the tower of 
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2nd-rank Killing tensors; these will be described in the next section. 
Let us now consider a different generating function Z(0), 

Using the relation 

Z((3) = \ogW(0). 

log |det(l - A)] = - J2 ~ Tr(^") 
n=\ n 

(3.54) 

(3.55) 

we find 

Z(ft = log Wb(/9) + logS(/?) = log|det (i-yf^HP) 
oo 

E ^[(HP)2iW = E 4 ^ ^ 
(3.56) 

i = i 
2j ^ 

Constants Cj, given by (3.42), therefore correspond to terms proportional to 
ft in the power expansion of Z((3). The first term of (3.42) is obtained from 
log WQ((3), and the sum over all possible splittings of the loop corresponds to the 
ft term of log £(/?). Clearly, the j-th derivative of log E(/?) (evaluated at (3 — 0) 
contains the sum over all possible products of Z-th derivatives E^(0) which are 
proportional to wt defined in (3.41). The factors NJ ; can thus be obtained by 
the explicit computation of the derivatives of the generating function log £(/?): 

c> wQ (j-i)\dft MI+EC-O*) 
k=\ 

(3.57) 
/3=0 

With the help of this formula and a software for algebraic manipulation one can 
easily generate constants of motion Cj. 

The relation between W(f3) and Z(ft) implies that constants Cj and constants 
Kj [introduced in (3.51)] are related as follows: 

C, 
2(-w)j d? 
\j-\)\dft 

\og(w + Y^nkft) 
fc=i 

(3.58) 
/3=0 

So, C/s are polynomial combinations of K/S and w with constant coefficients. 
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In particular, we get 

d = 2«1} 

C2 = —4WK2 + 2K\ , 

C3 = 6lV2K3 — 6WK1K2 + 2K\ , 

C4 = -8W3K4 + %W2KIKZ + 4w2K2 - 8WKIK2 + 2K\ • (3.59) 

3.3.4 Rank-2 Killing tensors 

Using the canonical basis, let us now explicitly evaluate the 2nd-rank Killing 
tensors generated by function W(0). We again introduce the quantities 

A ^ = Yl <••• < > Af = E <••• <• • (3-6°) 

Then, with the help of relations (3.46) and (3.47), we find 

n n 

W0(J3) = det1'2(I+ PQ)=]J(1 +(3x1) = J2A{j)(3j , (3.61) 
/*=i 3=0 

00 n 

P • 

i=o j=o / J=I 

The original generating function (3.52) reads 

-. n j 1 ™ n 

^ ) = ̂ E(E(-1)'^-S'8' = ^EH0)-6 + E4J')K+^)" 
i = 0 /=0 i = 0 / i=l 

(3.63) 
Comparing Eq. (3.63) with Eq. (3.51), we can identify n + e conserved quantities 
Kj (constants of geodesic motion, j = Q,...,n + e — 1), 

Kt = J > l ) < ^ - % = e^ti j + £ A f (uj + fij) , (3.64) 

which are quadratic in velocities. They are generated [Walker & Penrose, 1970] 
by the 2nd-rank Killing tensors K^ 

Kj = K$uaub , V ( o t fg = 0 , (3.65) 
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where 

j n 

K{j) = J2{-l)lA{j-l)Q{l) = J^ A^iuW + £AwA) + d ( i ) u V . (3.66) 
1=0 M=l 

The Killing tensor K^ is present only in an odd number of spacetime dimen
sions and it is reducible. Similar to Section 3.2.2 we exclude it from the set. The 
remaining tensors (3.66) coincide with those of the extended tower introduced 
in Section 3.2.2. 

The first expression for K^ in (3.66) can be easily derived from the recursive 
relation (3.29) [Houri et ah, 2008a]. It immediately implies that 

K0) . KU) = K(j) . K(i) t (3.67) 

and therefore K^'s have common eigenvectors (see also Section 6.3.1). 
We shall prove in Chapter 5, that observables Kj are in involution, that is, they 

mutually Poisson commute: 
{ni,Kj} = 0. (3.68) 

This is equivalent to vanishing of the Schouten-Nijenhuis (SN) brackets [Schouten, 
1940], [Schouten, 1954], [Nijenhuis, 1955] for the corresponding Killing tensors 
(see Section 5.5): 

[KU),K%b = KftVK® - Kl Vtfg = 0 . (3.69) 

Once (3.68) is proved for K/S, the relation (3.58) shows that also observables 
Cj are in involution, and vice versa. An independent proof of mutual Poisson 
commutativity of observables «,- was later demonstrated in [Houri et ah, 2008a], 
using the method of generating functions. 

3.4 Tower of Kil l ing vectors 

In the previous two sections we have seen that the PCKY tensor determines 
the whole set of hidden symmetries. In this section we demonstrate that it also 
naturally generates n + e vectors ^k> (k = 0, . . . , n — 1 + e) which turn out to be 
the independent commuting Killing vector fields [Krtou§ et ah, 2007b], [Krtou§ 
et ah, 2008b]. 

The primary (Killing) vector £ ^ = £ is defined by (3.4), 
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The secondary (Killing) vectors £ '̂) = ^0') (j = l , . . . , n — 1) can be constructed as 

^ B = ^ ) ° = ^ . (3.71) 

In odd dimensions the last Killing vector is given by the n-th Killing-Yano ten
sor (see Section 3.2.2) 

£(n) = j(n) _ ( 3 J 2 ) 

The proof that all these vectors are the mutually commuting Killing fields 
which also (Schauten-Nijenhuis) commute with the Killing tensors constructed 
in Section 3.3.4, 

[£(i), K&] = 0, [£«, &)] = o, (3.73) 

is demonstrated in Chapter 7.2 

2Historically, this fact was first proved [Houri et al., 2008a] under the additional conditions 

£& = 0, £sh = 0. (3.74) 

The first condition requires that £ is a Killing vector. [This condition is trivially satisfied in any 
Einstein space, cf. Eq. (2.11).] It is easy to see, that from the second condition it follows that also 
•qW's are the Killing vectors. Indeed, from (3.3) we have V f̂r. = 0. Using (3.74), we find 

£(KW = 0, Vt:KU) = 0, (3.75) 

and therefore 
V( ,4 f = \£(K$ - V<K™ = 0. (3.76) 

It is shown in Chapter 7 that both conditions (3.74) follow from the existence of the PCKY tensor. 
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Holes 
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Chapter 4 

PCKY tensor in the Kerr-NUT-(A)dS 
spacetimes 

In this chapter, based on [KubizMk & Frolov, 2007], we demonstrate that the 
general Kerr-NUT-(A)dS spacetime, describing the higher-dimensional arbi
trarily rotating black hole with NUT parameters and the cosmological constant, 
possesses the PCKY tensor. We write the Kerr-NUT-(A)dS metric in canoni
cal coordinates, completely determined by the PCKY tensor. In this (canonical) 
form, the metric can be considered as a natural higher-dimensional generaliza
tion of the Carter's canonical form for the 4D Kerr-NUT-(A)dS solution. The 
invariant (geometrical) definition of canonical coordinates makes the canonical 
form convenient for calculations. For example, it is these coordinates in which 
the Hamilton-Jacobi equation separates (see Chapter 6). We also introduce, a 
more general, (off-shell) canonical metric and its principal canonical basis. 

4.1 Overview of the Kerr-NUT-(A)dS metrics 

The most general known higher-dimensional (D > 2) solution describing ro
tating black holes with NUT parameters in an asymptotically (Anti) de Sitter 
spacetime (Kerr-NUT-(A)dS metric) was found by Chen, Lii, and Pope [Chen 
et at, 2006a]. We write it in the following symmetric (analytically continued) 
form: 

n 

u=l 

d4 
n - l 

+ QM(£4/WJ) 
.7=0 

EC 

fcO 

(4.1) 
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Here, functions A^\ Aj[' are given by (3.60), and 

Q* = ¥> U, = f[(xl-xl). (4.2) 

Metric functions X^ are functions of x^ only, and for the Kerr-NUT-(A)dS solu
tion take the form 

n 

fc=£
 x ^ 

Time is denoted by ip0/ azimuthal coordinates by ipj, j = 1, . . . , m = D — n — 1, 
xn is an analytical continuation of the Boyer-Lindquist type radial coordinate, 
and Xp, \x = 1, . . . , n — 1, stand for latitude coordinates.1 The parameter cn is 
proportional to the cosmological constant [Hamamoto et ah, 2007] 

/ U = ( - i r C D - l ) c n < u , (4.4) 

and the remaining constants ck, c > 0, and b^ are related to rotation parameters, 
mass, and NUT parameters. One of these constants may be eliminated due to 
the scaling symmetry. The metric therefore constitutes the (D—1—e)-parametric 
Einstein space (see [Chen et ah, 2006a] for more details). The limit of flat space-
time is recovered when c„ = 0 and all of the parameters 6M are zero (equal of one 
another) in the even (odd) dimensional case. 

The Kerr-NUT-(A)dS spacetime (4.1)-(4.3) may be understood as a higher-
dimensional generalization of the four-dimensional Kerr-NUT-(A)dS solution 
obtained by Carter [Carter, 1968c], [Carter, 1968b]. Moreover, the coordinates 
(x^, ipj) used in the metric are the higher-dimensional analogue of the canonical 
coordinates [Carter, 1968b], [Carter, 1968c], [Debever, 1971], [Plebanski, 1975]. 
As discussed in the next section, they have a well defined geometrical meaning. 
More generally, it is possible to consider a broader class of metrics (4.1) where 
X/s are arbitrary functions of one variable; X^ = XM(xM). To stress that such 
metrics do not necessarily satisfy the Einstein equations we call them off-shell 
metrics. It will be shown in Chapter 7, that the most general metric element 
admitting the PCKY tensor, the canonical metric element, coincides with the off-
shell spacetime (4.1). Therefore, from now on we refer to the off-shell spacetime 
(4.1), without imposing (4.3), as to the canonical metric. The canonical metric is 
of the special algebraic type D [Hamamoto et at, 2007] of the higher-dimensional 

Similar to the 4D case (see Appendix A.1.3), the signature of the symmetric form of the met
ric depends on the domain of x^'s and signs of X^'s. The physical Kerr-NUT-(A)dS spacetime 
is recovered when standard radial coordinate r = — ixn, and new parameter M = (—i)1+ebn, 
are introduced, that is, by a simple Wick rotation. See also Section 9.4.1. 
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algebraic classification [Milson et at, 2005], [Coley et at, 2004], [Coley, 2008]. Let 
us finally remark that formulas (4.1)-(4.3) are applicable also in D — 3 where 
one recovers the 2-parametric BTZ black hole [Banados et ah, 1992]. 

In what follows we shall also use the orthonormal form of the metric 

g = 8abuj&J = ^ ( U A J * + &&) + eJub , (4.5) 
M=l 

, n - 1 I n 

U*=°%L, u» = V ^ E ^ i , -6 = J-=l Y.AU)d^ • (4-6) 

The inverse metric reads 
n .. m „ 

9'1 = E [^(O.J2 + Qjp ( E ( - 4 ) " ^ ^ ) ] - ^ J (^n ) 2 , (4-7) 

or, in the orthonormal form 

g 1 = 5abe&ei = E( eA eA + hh) + £e6e6» 

^A y/*cn&X)i i -̂A 

The inverse relations to (4.9) are 

1 m a Ipn 

V-cAW 

(4.8) 

(4.9) 

£=, 0^=Ev^4%+^ ( J )vQ^ e6< ^n=V^4Weo. (4.10) 
'Q 

The determinant of the metric g reads 

g = de%) = {-cA^Y U\ U = det [A«] = f[ (xj - z2,) . (4.11) 

In the last expression, ^4^, given by (3.60), is understood as the n x n matrix. 
Some algebraic identities regarding these functions or other properties of the 
canonical metric are gathered in Appendix C.4. 
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4.2 Principal conformal Killing-Yano tensor 
The general canonical metric (4.1) described in the previous section, and in par
ticular the Kerr-NUT-(A)dS spacetime (4.1)-(4.3), possesses a PCKY tensor [Ku-
biznak & Frolov, 2007].2 The corresponding 1-form (KY) potential b reads 

1 n—1 

i = 5E#1)*i- < 4 1 2 > 

The PCKY tensor, h = db, takes the following forms: 

1 n—1 - n n—1 n 

/»= 2 EdAU+x) A d^ = 2 £ [dx*A 5Z 4;,)t%] = E ^ A ^ • ( 4 - 1 3 ) 
j=0 n=l j=0 n=l 

The last expression shows that the basis {u>}, introduced in (4.6), is a canonical 
basis associated with the PCKY tensor h (see Section 3.1.2). In fact, this canon
ical basis has an additional nice property that many of the Ricci coefficients of 
rotation vanish [Hamamoto et at, 2007], [Krtous et< ah, 2008b]; it is a principal 
canonical basis (see also Chapter 7). 

Having a PCKY tensor and its canonical basis, we may employ the machin
ery of Chapter 3. In particular, we obtain the following extended tower of the 
2nd-rank irreducible Killing tensors (J = 0, . . . , n — 1): 

n 

K{i) = Y^ Af (u^u/ + wAwA) + eA^uW . (4.14) 

The Killing fields (3.70)-(3.72) become (i = 1, . . . , n - 1) 

This means that coordinates (xM, ipj) are canonical coordinates. All of them are 
completely determined by the PCKY tensor: 'essential' coordinates x^ are con
nected with its eigenvalues (see Section 3.1.2), Killing coordinates ipj (j = 0, . . . , m) 
axe defined by the tower of Killing vectors generated from this tensor. It is this 
invariant definition of coordinates what makes the form (4.1) of the canoni
cal metric so convenient for calculations. For example, we shall see in Chap
ter 6 that these coordinates are the normal separable coordinates for which the 

2In fact, the PCKY tensor in higher dimensions was first discovered for the Myers-Perry met
rics [Frolov & Kubiznak, 2007], and only after that for the general Kerr-NUT-(A)dS spacetimes. 
For an account of these historical developments we refer the reader to Appendix B. 
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Hamilton-Jacobi and Klein-Gordon equations allow the separation of variables. 
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Chapter 5 

Complete integrability of geodesic 
motion 

In this chapter we demonstrate that in the canonical spacetime (4.1), the n con
stants of geodesic motion corresponding to the extended tower of Killing ten
sors and the D — n constants of geodesic motion corresponding to the tower 
of Killing vectors are functionally independent of one another, making a total 
of D independent constants of motion in all dimensions D. The Poisson brack
ets of all pairs of these D constants are zero, so, the geodesic motion in these 
spacetimes is completely integrable [Page et ah, 2007], [Krtous- et ah, 2007a]. 

5.1 Constants of motion 

In the previous chapter we have seen that the (off-shell) canonical spacetime 
(4.1) admits the PCKY tensor h, (4.13), which in its turn generates the extended 
tower of n Killing tensors K^\ (4.14), and the tower of D — n Killing vectors 
d^k, (4.15). Together, these objects give D constants of geodesic motion,1 

*fc = dfc)«° = " • fy*, "j = K{j)
ahu

auh = u • K® • u. (5.2) 

Here, we have denoted the momentum of the geodesic motion u, ua = dxa/dr, 
and we understand all mentioned quantities as observables (i.e. functions) on 
the phase space T = T*M. (For a review of the canonical mechanics on the 

1 Instead of constants Kj, one can consider a different set of n constants corresponding to 
various invariants of the form F, (3.31). For example, we may consider [cf. Eq. (3.37)] 

Co s w = K0 = u • u , Cj = TV [{HP)2j} = {-w)jCj , P = wP = wI-W. (5.1) 

In Section 5.4, we shall use this choice to prove the Poisson commutativity of n/s. 
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phase space T see, e.g., Appendix of [Krtous et al., 2007a].) 
Let us now explicitly evaluate constants (5.2) in the orthonormal basis (4.5). 

There we have 
n 

ub = ^2 (u^ + H^) + e u6oj° . (5.3) 

Using (4.10) and (3.64) we find 

*fe = J^VQ~Ak)^ + eA^J-^ ub , *„ = V-cAWu6 , (5.4) 
, AM 

«i = J2(-l)lA^Wl = f; 4 ° (uj + fij) + e^u? . (5.5) 
(=0 / i=l 

These formulas may be easily inverted using relation (4.10) and identities 

j=o Uv n=i xt*uv A 

proved in Appendix C.4. The result is given by formula (5.7) below. 

5.2 Complete integrability 

Definition. A motion in MD is completely integrable if there exist D functionally 
independent integrals of motion which are in involution, that is, they mutually 
Poisson commute of one another [Arnol'd, 1989], [Kozlov, V. V., 1983]. 

Proposition. The geodesic motion in the canonical spacetime (4.1) is completely 
integrable. The geodesic momentum u can be written in the form (5.3), where the basis 
components (expressed in terms of integrals of motion ̂ k and /%) are: 

Constants aM = ±1 are independent of one another, and 

m m ^ 2 

^ = D - 4 ^ « w^^2(-xir-x-k%, Kn = —f. (5.8) 
3=0 fe=0 

In order to prove this proposition, we need to establish the functional indepen
dence and Poisson commutativity of integrals of motion Kj and $k. This is done 
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in the following two sections. 
The coordinate components of the velocity are 

To obtain these expressions we have used (4.6), and the explicit form of the 
inverse metric (4.7). Using formula (C.48) proved in Appendix C.5 we can sym
bolically integrate equations for ipk: 

Similarly, we can express the affine parameter r as [cf. Eq. (C.52)] 

a ^ s i g n ^ X - a ^ ) " - 1 ^ lii n 

H=1J y/xM ~ Wl 
(5.11) 

5.3 Independence of constants of motion 

In this section we want to demonstrate that quantities Kj and ^fj, are indepen
dent at a generic point of the phase space T = T*M. This means that their gradi
ents on the phase space are linearly independent. To prove that it is sufficient to 
show that these gradients are independent in the vertical direction of the cotan
gent bundle T*M, i.e., that the derivatives of these quantities with respect to 
the momentum u, are linearly independent. To achieve this we will study the 
wedge product of the 'vertical' derivatives. We denote the vertical derivative by 
d. For observable / , df = df/du denotes a vector field on the manifold MD, 
with components df/dua. 

Let us, instead of Kj consider the equivalent set of observables 

2Rj = ( - iy« j = Wj + . . . . (5.12) 

Here we have used the first relation (5.5). 'Dots' denote terms which contain wk 

with k < j . We are interested in the quantity2 

J = 8K0 A • • • A dkn-i A d^o A • • • A d^m . (5.13) 
2The wedge product is, strictly speaking, defined for (antisymmetric) forms. However, we 

can easily define the wedge product also for the vectors or lower the vector indices with the 
help of the metric to get forms. 
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Due to (5.2), (5.12), and the definition of Wj, (3.41), we have 

a* j = d^ , dKj = Qj-u + ... , (5.14) 

where 'dots' denote linear combinations of Qk • u with k < j ; Ql • u represents 
the vector with components Q^Qal •'' Qa^u^. From the antisymmetry of the 
wedge product it follows that 

J = u A (Q • u) A • • • A (Q"-1 • u) A d^ A • • • A d^ . (5.15) 

Let us now use the explicit form of Qj [cf. Eq. (3.46)] 

n n 

QJ = J ] ^ e A ̂  + ^ xJ>eA d>A . (5.16) 

The second term acts on the subspace of vectors spanned on d^. Thus, thanks 
to the term d^0 A • • • A d^m in the wedge product, this part can be ignored in 
(5.15). Moreover, taking into account that e^ u^ = dx^dx^ , and «M = dx^ • u, the 
substitution of (5.16) into (5.15) leads to 

J = u1.. . u n Udxi A • • • A dXn A d^ A • • • A d^D^ , (5.17) 

where 

u = Y, ^ a x*ai • • • <°n = n (*£ - ^ ) • (5- is) 
permutations ti,v=\...n 

a of 1 . . . n M<"' 

In a generic point of the phase space we have n** ^ 0 and x£ ̂  x\ (for n^v) 
and therefore J ^ O there. Thus we have shown that the constants of motion 
are independent. 

5.4 Poisson brackets 

Finally, we need to show that observables Kj and ^j Poisson commute. The 
Poisson bracket of two functions on the phase space T can be written as 

{A, B} = VA-dB-dA-VB , (5.19) 

where V F represents an arbitrary (torsion-free) covariant derivative which ig
nores the dependence of F on the momentum u, and dB is the derivative of B 
with respect to the momentum u. "VF and OF is a 1-form and a vector field on 
the spacetime MD, respectively; the dot indicates a contraction between them. 
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Naturally, we use the covariant derivative V generated by the metric connec
tion on MD. 

Clearly, the commutation of any observable with the Hamiltonian 

H = 2W = 2U ' U = 2K° ^5*2°^ 

of the geodesic motion is equivalent to the conservation of the observable. So 
we have 

{K0, KJ} = 0 , {K0, ¥,•} = 0 . (5.21) 

The Poisson bracket between observables ^j = u • d^)j reduces to the Lie bracket 
of the Killing vector fields d^ , which vanishes because d^ are coordinate vec
tor fields: 

{%, *,-} = d^ • (Vd^) -u-d^- (Vd^) • u = [d^, d^} • u = 0. (5.22) 

The Poisson bracket of re* with the observable * j = d^ • u , associated with the 
isometry d^ , leads to the Lie derivative along this isometry, 

{«,, ^ } = d^ • VKi - dKi • Vd^ • u = £d^K^))uaub = £d^.Ki = 0 . (5.23) 

Here, the 'generalized' Lie derivative £Q^ KJ ignores the dependence of Kjon the 
momentum u. It vanishes because d^ are Killing vectors and Killing tensors 
K"W respect the symmetry of the spacetime. 

Finally, it remains to evaluate the brackets {/%, Kj}. We shall do it in two 
steps: first, we prove that an equivalent set of observables Cj, given by (5.1), 
Poisson commute and, second, by relating these constants to «_,• we obtain the 
desired result. So, let us consider the observables Cj. Using the cyclic property 
of the trace, the derivative of Cj in the spacetime direction is 

VaCj = 2jTr[(VaH)P(HP)2j-1] . (5.24) 

Here, V a # is the matrix of components Va/i
b

c of the covariant derivative V/i. 
Substituting for Va/i

6
c from Eq. (3.7) and using the antisymmetry of h, we obtain 

•P-l V7 fi — £ po-ouh poi \Mi-i Pa2j-i n paV hb2i-i hbl Palfbo 
-2j"VeUj — C,aorblli a i r b 2 . . . l l a2j-i

re yea2j
r 62j-i a2,--i • • • '* ai-fft0 <s 

= 2 6 0 P £ / i \ 1 P £ • • • h^lv-iFy-1 • (5-25) 

For the derivative with respect to the momentum u we get 

j-cfCj = iS(h\P%h\P% . ..P^h^^+h^Plh^Pl . ..P^h\2ju^ . 
(5.26) 

file:///Mi-i
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Substituting (5.25) and (5.26) into (5.19) for {Ct, Cj} and using P%ub = 0, we find 

U&> A> = unih\x... PZ^^-\ ... Pzihd\^ 
-UP%h\x... P^Z\h^-\ ... P%-lhd»<CMue» = 0. (5.27) 

We thus proved that constants Cj mutually Poisson commute. The same is, of 
course, true for constants Cj, (3.37), which differ from Cj only by rescaling (5.1). 
The generating function Z(/3), (3.54), is given by power series in f3 with coeffi
cients given (up to constant factors) by constants Cj, cf. Eq. (3.56). Therefore 
this function, and similarly W(/3) = exp Z(/3), Poisson commute with K0 and tyj, 
as well as with itself for different choices of /3: 

{Ztf^Zifo)} = 0 , {W(/3i),W(/32)} = 0 . (5.28) 

This means, that also quantities Kj generated from W((3) mutually Poisson com
mute. Therefore all the constants of motion are in involution and the geodesic 
motion is completely integrable. 

5.5 Lie algebra of Killing tensors 

Let us use the opportunity to remind here that Killing tensors, as proper sym
metry objects, form an appropriate Lie algebra. This will give us another point 
of view on the above calculations. 

We start with an observation that the Poisson commutativity of constants 
corresponding to the isometries is equivalent to the vanishing of the Lie brack
ets of these isometries [cf. Eq. (5.22)]. Similarly, the Poisson bracket of a quantity 
corresponding to the Killing tensor and a quantity associated with the isometry 
leads to the Lie bracket of the Killing tensor along the isometry [cf. Eq. (5.23)]. 
More generally, it is well known that Killing tensors form a Lie subalgebra of a 
Lie algebra of all totally symmetric contravariant tensor fields on the manifold 
with respect to the symmetric Schouten-Nijenhuis (SN) brackets [Schouten, 1940], 
[Schouten, 1954], [Nijenhuis, 1955]. The vanishing of these brackets is equiv
alent to the Poisson commutativity of the corresponding constants of geodesic 
motion (see, e.g., [Benenti & Francaviglia, 1980]). In particular, we have the 
following equations: 

[K{i), KU)] % == K$ Vetfg - < }
a VeK\l = 0 , (5.29) 

[d^,K{i)]fN = C^K^ = 0. (5.30) 

Taking the metric g as one of the Killing tensors in (5.29), we obtain the Killing 
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tensor equation (2.6). [Such an equation simply states that an observable corre
sponding to the Killing tensor commutes with the Hamiltonian (5.20), and there
fore constitutes a constant of geodesic motion.] Using the Schouten-Nijenhuis 
brackets and the method of generating functions, an independent proof of the 
Poisson commutativity of constants «,• and $k generated by a PCKY tensor 
obeying (3.74) was recently demonstrated [Houri et al, 2008a]. 

Finally, we would like to mention that an interesting question whether also 
Killing-Yano tensors form a closed Lie algebra was recently addressed in [Kas-
tor et al, 2007]. It is well known that forms on the manifold form a (graded) Lie 
algebra with respect to the antisymmetric Schouten-Nijenhuis (aSN) brackets. For 
a p-form a and a q-iorm (3 these are defined as 

[<*> iC'sN^""1 = pab[ai-ap-1Vbp
ap-a''+,1-l] + (-l)wg/36[«i-«?-ivhaa?-ap+«-11. 

(5.31) 
The definition is connection independent; covariant derivatives may be replaced 
with partial derivatives. When one of the forms is a vector, the bracket reduces 
to the Lie derivative. 

One might expect that if Killing-Yano tensors are associated with symme
tries in some 'appropriately generalized' sense they would form a closed subal-
gebra with respect to these brackets. The (aSN) bracket of a Killing vector and a 
rank-2 Killing-Yano tensor is indeed a rank-2 Killing-Yano tensor [Kastor et al, 
2007]. Unfortunately, for two Killing-Yano tensors this is not, except the special 
case of a constant curvature spacetime, generally true [Kastor et al, 2007]. The 
KY tensor (as well as the PCKY tensor) in the Kerr spacetime are the counter ex
amples. The geometrical meaning of the Killing-Yano symmetry therefore still 
remains veiled. 
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Chapter 6 

Separation of variables 

In this chapter, based on [Frolov et ah, 2007], we demonstrate the separability 
of the Hamilton-Jacobi and Klein-Gordon equations in the canonical spacetime 
(4.1). Such a separability provides an independent proof of complete integrabil-
ity of geodesic motion. We also review some related results and briefly discuss 
an open problem of separability of equations with spin. 

6.1 Hamilton-Jacobi equation 

The Hamilton-Jacobi equation for geodesic motion on a manifold with metric g 
has the form 

— + g^daSdbS = 0. (6.1) 

Here A denotes an 'external' time which turns out to be an affine parameter of 
the corresponding geodesic motion. We want to demonstrate that in the back
ground (4.1) the classical action S allows an additive separation of variables 

n m 

S^-wX + ^S^xJ + ̂ ^k^k, (6.2) 
/ i=l fc=0 

with functions S^x^) of a single argument x^ . 
Substituting (6.2) into the Hamilton-Jacobi equation (6.1) and using the form 

(4.7) of the inverse metric, we obtain 

n^t+Mn-*^^\-«s&-«-°- (6-3> 

Here, S' denotes the derivative of function S^ with respect to its single argu-
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merit xM. Using identities (proved in Appendix C.4) 

" f_x2\n-l j " 1 1=S"^' ^=S^' (6,4) 

and the definition of W^, (5.8), we can rewrite the last equation in the form 

_ t f . 

where i7^ are functions of x^ only: 

W 2 i&2 

F, = - i t + X ^ 2 - t ^ - s j ) " - 1 - e ^ . (6.6) X, car 

Applying Lemma 2 of Appendix C.4, we realize that the general solution of (6.5) 
is 

n - l 

where Kj are arbitrary constants. Denoting by 

KQ = W, Kn = , (6.8) 
c 

and using the definition of V^, (5.8), we combine (6.6) and (6.7) to obtain equa
tions for S' , 

W2 V 

which can be solved by quadratures. Thus we have shown that the Hamilton-
Jacobi equation (6.1) in the off-shell gravitational background (4.1) can be solved 
by the classical action S in the separated form (6.2), with S^ satisfying (6.9). The 
separated solution contains D arbitrary constants. Namely, it contains m + 1 = 
D — n constants ^j (j = 0, . . . , m) and n constants nk (k = 0 , . . . , n — 1). 

The gradient of S gives the momentum pa = daS. Substituting our expres
sion for S we obtain pa in terms of the constants Kk and \^: 

W2 V 

These relations can be inverted. Clearly, tyj — pj are constants linear in the 
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momentum generated by Killing vectors d^. The constants Kk are quadratic 
in momenta. They are connected with n (irreducible) Killing tensors K^, 
(fc = 0 , . . . , n - l ) , 

Kk = K^papb, V ( e*2; = 0. (6.11) 

One can easily find the explicit form of K?K by inverting (6.6). Let us multiply 

sum over \x, and use identities (see Appendix C.4) 

n ( '_T2\n-W n A(k) 

r2TT 

A^ 
AW 

(6.12) 

which are valid for j , k — 0 , . . . , n — 1. Then we obtain 

*<*> = E ^ ( p - ^ r ^ l + f w ' -^y(a^)2' (6-13) 
u=1l

X»U» -j=0 

which are Killing tensors (4.14), written in the coordinate basis. 

6.2 Klein-Gordon equation 

The behavior of a massive scalar field $ in the gravitational background g is 
governed by the Klein-Gordon equation 

D $ WM5 a b <96$)= . / /$ . (6.14) 

In an Einstein space, this equation remains valid for the non-minimal coupling 
case as well. (The term £R is constant and can be included into the definition of 

Now, we demonstrate that the Klein-Gordon equation (6.14) in the canonical 
background (4.1) allows a multiplicative separation of variables 

*=n^(*,)iieW'*-
M=l 3=0 

This equation has the following explicit form: 

Iff! v a * \ , V\£\_(sr^ 

(6.15) 

n=\ 
E < a,lJwO- <v̂  ^ (-^r-1- .̂) * 

(6.16) 
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Here, we have used the quasi-diagonal property of the inverse metric gah, (4.7), 
and the fact that d^ are Killing vectors. We further notice that [cf. Eq. (4.11)] 

n 

where "<x" means equality up to a constant factor [which can be ignored in 
Eq. (6.16)]. Using identities (6.4) and the obvious fact that dXll(U/U,j) = 0, we 
realize that (6.16) is equivalent to 

±1\ME1W. +^_<T-,-%^ T £ S V (_4 r .» 

Employing the ansatz (6.15), we have 

= 0. 

(6.18) 

^ * = i* i$, a ^ = ^ $ , %$ = ?£$, (6.19) 
ti^ tip 

and the Klein-Gordon equation (6.18) takes the form 

£ ^ $ = 0, (6.20) 

where G^ is function of x^ only, 

^ ^ ^ ^ - ^ S r ^ " " ' (6-21) 
As earlier, the prime means the derivative of functions R^ and X^ with respect 
to their single argument x^,, and we have used the definition (5.8) for W^. Em
ploying again Lemma 2 of Appendix C.4, we realize that the general solution of 
(6.20) is 

n - l 

G* = - $ > , ( - * ; ) B - 1 - i , <6-22) 

where «̂ - are arbitrary constants. 
Therefore, we have demonstrated that the Klein-Gordon equation (6.14) in 

the background (4.1) allows a multiplicative separation of variables (6.15), where 
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functions -RM(a;M) satisfy the ordinary second order differential equations 

{X^)' + s ^ +(v,-^-)R, = 0. (6.23) 

Here, functions V^ and W^ are defined in (5.8). They contain 

«o = V , «« = - — , (6-24) 
c 

and arbitrary separation constants ^j (j = 0, . . . , m) and nk (k = 1, . . . , n — 1). 
These constants are related to the constants obtained by the separation of the 
Hamilton-Jacobi equation by the geometric optics approximation. This connection 
is briefly discussed in the next section. 

It should be emphasized that in the symmetric form of the metric (4.1) all 
equations (6.23) 'look the same'. However, in order to use the proved separa
bility for concrete calculations in the physical Kerr-NUT-(A)dS spacetime one 
needs to specify metric functions XM to have the form (4.3) and perform a Wick 
rotation to the 'physical space' (see Footnote 1 in Chapter 4, and also Section 
9.4.1). Such a transformation 'spoils' the symmetry between essential coordi
nates but the separability property remains. The equation for Rn then plays the 
role of an equation for propagating radial modes, whereas the other equations 
(with imposed regularity conditions) represent the eigenvalue problems. For a 
discussion of special sub-cases of these equations see, e.g, [Berti et ah, 2006] and 
reference therein. 

6.3 Understanding connections 

To obtain a more complete picture about the above described separability, let 
us in this section review two closely related results. Namely, we review the 
theory of separability structures, and briefly describe a recent result [Sergyeyev 
& Krtous, 2008] on symmetry operators for the Klein-Gordon equation in the 
canonical background. 

6.3.1 Separability structures 

The separation of variables for the Hamilton-Jacobi equation in any number of 
spacetime dimensions allows a geometric characterization described by the the
ory of separability structures, see, e.g., [Benenti & Francaviglia, 1979], [Benenti & 
Francaviglia, 1980], [Demianski & Francaviglia, 1980], [Kalnins & Miller, 1981]. 
Let us briefly recall the main results of this theory. 
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Separability structures are classes of separable charts for which the Hamilton-
Jacobi equation allows an additive separation of variables. For each separabil
ity structure there exists such a family of separable coordinates which admits 
a maximal number of, let us say r, ignorable coordinates. Each system in this 
family is called a normal separable system of coordinates. The corresponding sep
arability structure is denoted by 5r. Its existence is governed by the following 
central theorem: 

Theorem. A manifold (MD,g) admits a ^-separability structure if and only 
if it admits r commuting Killing vectors X(k) (k = 0, . . . , r — 1) and D — r Killing 
tensors K(a) (a = 0, . . . , D — r — 1), all of them independent, which satisfy: 
(i) in the Lie algebra of Killing tensors with Schouten-Nijenhuis brackets the 
commutation relations 

[K{a), Km] Z - < ) V e K $ - K<« V e t f $ = 0 , (6.25) 

[X{k),Km]a
SN = £X(k)K$) = 0, (6.26) 

(ii) the Killing tensors i^(a) have in common D — r eigenvectors X^ such that 

[X(a),X(/3)] = 0, [X(a),X(k)] = 0, g(X(a),X(k)) = Q. (6.27) 

Let us mention two implications of this theory (we refer to the original publi
cations for more details). 

(1) The existence of separability structure implies complete integrability of geodesic 
motion. Indeed, the requirement of independence means that r linear in mo
menta constants of motion c^) associated with Killing vectors X^k) and (D — r) 
quadratic in momenta constants of motion C(a) corresponding to Killing ten
sors K(a) are functionally independent. Moreover, equations (6.25), (6.26), are 
equivalent to (see also Section 5.5) 

{c(a)>c03)l = 0 , {c(fc),C(a)} = 0, (6.28) 

which, together with (c(fe), c^ } = 0 (following from the commutativity of Killing 
vectors), implies that all these D constants are in involution and hence the mo
tion is completely integrable. In particular, this means that the proved sepa
rability of the Hamilton-Jacobi equation establishes an independent proof of 
complete integrability of geodesic motion, demonstrated in Chapter 5. 

(2) D vectors {X(a),X^)} form a natural basis {dx} associated with normal 
separable coordinates xa. This allows to write down the canonical metric element 
of the 'separable' spacetime, e.g., [Benenti & Francaviglia, 1980]. The authors 
of [Houri et al., 2008a], [Houri et ah, 2007] used this fact to prove that the exis
tence of a PCKY tensor, obeying the assumptions (3.74), restricts the metric of 
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the spacetime to the canonical form (4.1). Their proof consists of showing that 
the tower of Killing tensors K^ together with the tower of Killing vectors £ ^ 
generated by a PCKY tensor (see Chapter 3) obey all the requirements of the 
above theorem. Hence, the Hamilton-Jacobi equation in a spacetime admitting 
this tensor is separable. The corresponding canonical element turns out to be 
the off-shell spacetime (4.1). In Chapter 7, we show that (4.1) follows from the 
existence of a PCKY tensor directly without referring to the theory of separabil
ity structures, and even without imposing conditions (3.74). 

Let us finally mention another theorem which relates the (additive) separa
bility of the Hamilton-Jacobi equation with the (multiplicative) separability of 
the Klein-Gordon equation (see, e.g., [Benenti & Francaviglia, 1979]). 
Theorem. The Klein-Gordon equation allows a multiplicative separation of 
variables if and only if the manifold (MD,g) possesses a separability structure 
in which the vectors X(a) are eigenvectors of the Ricci tensor. 
Corollary. If the manifold is an Einstein space, the Hamilton-Jacobi equation is 
separable if and only if the same holds for the Klein-Gordon equation. 

This corollary explains why, after separating the Hamilton-Jacobi equation, 
we were able to separate also the Klein-Gordon equation. Another explanation 
is in the following subsection. 

6.3.2 Symmetry operators 

After the Hamilton-Jacobi and Klein-Gordon equations in the canonical back
ground were separated [Frolov et al., 2007], it turned out that one can construct 
symmetry operators for these equations [Sergyeyev & Krtou§, 2008], which in-
variantly characterize such a separability. Following closely the latter paper, let 
us recapitulate this connection. 

Following the 'first quantization rule', pa —> — iaVa, where a is some scaling 
constant, one can consider the operator counterparts of the conserved quantities 
(5.2). So, one can introduce the operators [cf. Eqs. (1.6)] 

l(fc) = -ioc^ada, k = 0,...,m, (6.29) 
2 

KU) = -^=da(^\K^dh), j = 0,...,n-l. (6.30) 
V \9\ 

It was proved in [Sergyeyev & KrtouS, 2008] that all these operators mutually 
commute in the canonical background (4.1). This means that there exist joint 
eigenfunctions, modes <&, specified by the eigenvalues ^ and Kj, so that 

|(fc)$ = #fe<& , # 0 ) $ = Kj<f>. (6.31) 
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In the background (4.1) these equations allow a separated solution 

n m 

$ = l[R^xll)l[e^*, (6.32) 
n-i fc=o 

provided that functions R^x^) obey the ordinary differential equations [Ser-
gyeyev & Krtous, 2008] 

a2(X.R'J + e a 2 ^ + (v, - _ * ) R , = 0 . (6.33) 
Xfj, ^ A ^ / 

In particular, since AT(0) = — a2D , modes $ (6.32) are solutions of the Klein-
Gordon equation 

(a2n + Ko)$ = 0, (6.34) 

and {£(&), #o)} form a complete set of commuting symmetry operators for this 
equation (see, e.g., [Miller, 1977], [Fushchich & Nikitin, 1994] and references 
therein). 

The constants of separation for the Klein-Gordon equation are related to the 
constants obtained for the Hamilton-Jacobi equation. Writing the solution of 
Eqs. (6.31) in the form 

& = Aexp(-S), (6.35) 

one obtains in the geometric optics approximation, a —• 0, a new set of equations 

tfk)daS = *k, KftdaSdbS = Kj . (6.36) 

One can easily recognize the Hamilton-Jacobi equation (6.1) and, upon identi
fying daS with pa/ the separation constants (6.10) and (6.11). Moreover, substi
tuting R^ = exp^Sfj) into (6.32) yields an additive separation ansatz (6.2), and 
in geometric optics approximation Eq. (6.33) gives directly Eq. (6.9). 

6.4 Discussion 

In this chapter we have demonstrated the separability of the Hamilton-Jacobi 
and the scalar field equations in the general canonical spacetime (4.1). This 
allows one to study the particle and light propagation in completely general 
higher-dimensional rotating black hole spacetimes, or to calculate the contribu
tion of a scalar field to the bulk Hawking radiation of these black holes. 

These results are very promising and might suggest that also the equations 
with spin can be in this background decoupled and separated. In fact, the sepa-
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rability of the massive Dirac equation was already demonstrated [Oota & Yasui, 
2008]. We expect that, similar to the 4-dimensional case [Carter & McLenaghan, 
1979], [Kamran & McLenaghan, 1984], in higher dimensions also the separabil
ity of the Dirac equation can be characterized by the corresponding symmetry 
operators. These operators are well known [Benn & Charlton, 1997], [Cariglia, 
2004]. 

An important open question is a separability problem for the electromag
netic and the gravitational perturbations in higher-dimensional black hole space-
times. A certain progress in this direction was achieved recently (see, e.g., [Ko-
dama & Ishibashi, 2003], [Kunduri et al, 2006], [Murata & Soda, 2008a]). These 
results are very important for the study of the stability of such black holes and 
different aspect of the Hawking radiation produced by them. Another impor
tant direction of research is to study the quasinormal modes in higher dimen
sions. The results obtained in these directions so far restricts mainly to non-
rotating (or not generally rotating) black holes (see, e.g., [Ida et al, 2003], [Car
doso et al, 2003a], [Cardoso et al, 2003b], [Cardoso et al, 2003c], [Cardoso et al, 
2004], [Konoplya, 2003a], [Konoplya, 2003b], [Cardoso et al, 2004], [Cardoso 
et al, 2006], [Zhidenko, 2006], [Kanti et al, 2006], [Lopez-Ortega, 2006b], [Lopez-
Ortega, 2006a], [Lopez-Ortega, 2007], [Konoplya & Zhidenko, 2007], [Lopez-
Ortega, 2008], [Kodama, 2008], [Kodama, 2007], [Casals et al, 2008], [Murata & 
Soda, 2008b], and references therein). 

At a first glance it seems that to attack these problems in full generality, for 
example in the way of Teukolsky [Teukolsky, 1972], [Teukolsky, 1973], may not 
be possible. On the other hand, it might be useful to study the invariant struc
tures determined by the PCKY tensor. For example, in 4D the method of the 
Debye potentials [Benn et al, 1997] allows one to decouple the electromagnetic 
perturbations. Unfortunately, this method seems to lie heavily on the self du
ality property of electromagnetic fields in four dimensions. Another starting 
point could be to search for the analogues of the 4-dimensional symmetry op
erators (see, e.g., [Kamran, 1985], [Kalnins et al, 1986], [Kalnins & Miller, 1989], 
[Kalnins & Williams, 1990], [Kalnins et al, 1992], [Kalnins et al, 1996]) which 
invariantly characterize the separability of field equations with spin in the Kerr 
background. 

It is an important open question to ask whether the existing symmetry con
nected with the towers of hidden symmetries generated by the PCKY tensor is 
enough to enable the decoupling and separation of the higher spin fields equa
tions. 
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Chapter 7 

Canonical metric and 
Kerr-NUT-(A)dS uniqueness 

In previous chapters we have seen that the general off-shell metric element (4.1) 
admits the PCKY tensor h, (4.13), from which complete integrability of geodesic 
motion and separability of the Hamilton-Jacobi and Klein-Gordon equations 
can be derived. In this chapter we want to address the question of uniqueness 
and generality of these results. This leads us to the study of metric elements 
admitting a PCKY tensor. In particular, we demonstrate the following two im
portant results: First, we establish that the Kerr-NUT-AdS spacetime (4.1)-(4.3) 
is the most general solution of the vacuum Einstein equations with the cosmo-
logical constant which possesses the PCKY tensor. Second, without imposing 
the Einstein equations, we explicitly derive the canonical form of the metric ad
mitting such a tensor and show that it coincides with the off-shell metric (4.1). 
These results naturally generalize the results obtained earlier in four dimen
sions. This chapter is based on [KrtouS et ah, 2008b]. 

7.1 Uniqueness of the Kerr-NUT-(A)dS spacetime 

In this section we prove that the most general solution of the Einstein equations 
with the cosmological constant which admits a PCKY tensor is the Kerr-NUT-
(A)dS spacetime (4.1)-(4.3). Instead of giving a formally organized proof we 
shall deduce this statement from filling two missing pieces in the mosaic of al
ready known facts. Namely, it was demonstrated in [Houri et ah, 2008a], [Houri 
et al., 2007] that the Kerr-NUT-(A)dS spacetime is the only Einstein space admit
ting the PCKY tensor obeying the additional restrictions 

£^h = 0, £^g = 0. (7.1) 
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Here we prove that both these conditions already follow from the existence of 
the PCKY tensor, together with the restriction on a vacuum solution of the Ein
stein equations with the cosmological constant. 

7.1.1 Condition on the PCKY tensor 

In this subsection we concentrate on the first condition in (7.1). At first we con
sider the case of an even dimension, D = 2n, and then briefly discuss what hap
pens in the odd-dimensional case. Besides the canonical basis (Section 3.1.2), it 
is convenient to introduce also a basis of complex null eigenvectors, {mp, mp}, 
defined by the relations1 

h • mp = -ix^mp, hfhp = ix^rhp. (7.2) 

Here, h is the operator with components hab, bar denotes the complex conjuga
tion, and x^'s describe the eigenvalues of h [cf. Eq. (3.13)].2 The complex null 
vectors satisfy the normalization 

mp • mp = rhp • fhp - 0, mp, • fhp = <̂ „ . (7.3) 

They are connected with the canonical vectors {ep, e.p} as follows: 

mp = -j=(ep + iep), mp = —Aep- iep). (7.4) 

Let us further denote Dp = VTOM and Dp = V ^ . Using the PCKY Eq. (3.3) one 
has 

(Dph) • mp = (m0 • £) mA . (7.5) 

Applying Dp to (7.2) and using (7.5) one obtains 

(h + ixv5) • Dpmp + i{Dpxu) mp + (mp -£)mp = 0. (7.6) 

By taking a scalar product of (7.6) with mp, using antisymmetry of h and Eq. (7.2) 
again, the first term cancels out. Considering two cases when v — /J, and when 
v ^ \i one gets 

Dpxv = 0 for v ^ /i, Dpx^ = imp • £ . (7.7) 
lrThe eigenvectors of the PCKY tensor play a special role. One can prove that they coincide 

with the principal null directions (see Appendix C.l). 
2In this chapter we do not have a fixed background; we are constructing the metric. It is 

therefore necessary to distinguish various positions of indices. In particular, we denote by h a 
PCKY 2-form, whereas by h a PCKY operator ha

b. 
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Let us define functions Q^ in terms of magnitudes of complex quantities D^x^: 

1 
QM = 2\D^\2 , Dpp = - ^ y/Q? e'<* . (7.8) 

As mentioned in Section 3.1.2, the canonical basis is not fixed by Eqs. (3.12) 
and (3.13) uniquely. There remains a freedom of a rotation in each KY 2-plane, 
u>M A «M, which in terms of the null basis (7.4) reads rrtp, —> exptyip^mp,. We 
uniquely fix the canonical basis by setting the phase factor a = ir/2. Then, we 
have 

DfiX^-^y/Q;. (7.9) 

Using (7.7) and (7.9) we find 

V2 

Eqs. (7.7) and (7.9) also give us that the gradient dx^ of the eigenvalue x^ is 
proportional to uA 

d^ = y/^U^ . (7.11) 

A simple calculation employing Eqs. (3.12), (7.10) and (7.11) shows that 

With the help of the fact that this 1-form is exact and using the closeness of h 
we immediately obtain the desired relation 

£th = t-dh + d(£-h) = 0. (7.13) 

In an odd-dimensional case, equipped with the extra direction eg, we have 
besides (7.2) also an additional equation 

h • eg = 0. (7.14) 

Let us denote Dg = Ve., and apply this operator on (7.2). Proceeding analo
gously to the derivation of (7.7) we obtain 

Dtxv = 0, (7.15) 
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and therefore Eq. (7.11) still holds. Moreover, denoting by 

e » - « s / - ^ ' <7-16> 

we obtain the expression for £, valid in any dimension D, 

^ E ^ + e \ r 5 6 6 • (7-17) 

Using (7.14), we finally find that Eqs. (7.12) and (7.13) remain unchanged. 

7.1.2 Killing vector condition 

The second condition in Eq. (7.1), which states that £ is a Killing vector, is 
automatically satisfied in any Einstein space. Indeed, it was demonstrated in 
[Tachibana, 1969] (see also Appendix C.2) that 

V(.&) = ^ ^ , V ' (7-18) 

For spaces obeying the vacuum Einstein equations with the cosmological con
stant we have the Ricci tensor proportional to the metric and thanks to the anti
symmetry of h we immediately get V(a£h) = 0, that is £$g = 0. 

Thus, when the vacuum Einstein equations with the cosmological constant 
are imposed both conditions (7.1) are valid and using the results of [Houri et ah, 
2008a], [Houri et ah, 2007] one can derive that the metric has to be the Kerr-NUT-
(A)dS spacetime (4.1)-(4.3). 

7.2 Canonical metric element 

In this section we explicitly construct the canonical metric admitting the PCKY 
tensor. Namely, we show that the most general metric element admitting this 
tensor is the off-shell metric (4.1). Our demonstration extends the result of 
[Houri et ah, 2008a], [Houri et ah, 2007] where it was proved provided the addi
tional conditions (7.1) and with the help of the theory of separability structures 
(see Section 6.3.1). Let us emphasize that, contrary to the previous section, we 
work off-shell, that is without imposing the Einstein equations. 

It might seem that an obvious path to follow is to prove that (yet off-shell) 
both conditions (7.1) can still be derived from the very existence of the PCKY 
tensor and then use the result of [Houri et ah, 2008a], [Houri et ah, 2007]. In 
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fact, going through the proof of the previous section, we realize that the first 
condition is indeed satisfied off-shell. However, it is not a straightforward task 
to prove the second condition (7.1) without imposing the Einstein equations. 
Therefore, instead we proceed in a different way. We explicitly demonstrate 
that besides n natural coordinates3 x^, associated with the eigenvalues of h, 
it is possible to introduce n + e additional coordinates ipk, associated with the 
tower of vectors generated from h, (3.70)-(3.72), so that the metric and the PCKY 
tensor take the form (4.1) and (4.13), respectively. Here we sketch only main 
steps of the derivation and for simplicity restrict to an even dimension D = In. 
Technical details of this construction, including the odd-dimensional case, are 
in preparation [KrtouS et al, 2008a]. 

First, taking all projections of equation (7.6), we collect a partial information 
about the Ricci coefficients. For example, we obtain that only those Ricci coeffi
cients with at least two indices equal are nonvanishing. Next, using £ • dx^ = 0 
we can calculate the Lie derivative of ep in terms of function q^, 

qil = ^-d[ln(^0;)], (7.19) 

Using duality relations and action of the PCKY tensor we find 

Ae£ = %H + Y1E^C" £^ = ~^gA , (7.20) 

where Ev are yet unspecified. Expressing these Lie derivatives using covari-
ant derivatives gives an additional information about the Ricci coefficients and 
determines E£ in terms of the Ricci coefficients and derivatives of Q^. It also 
guarantees that e$ • dQ^ = 0 for /J, ^ v and q^ = ep • d^fQ^,. These facts allow us 
to calculate the Lie brackets among all the vectors ep,, ep, of the canonical basis. 
They do not commute, with the exception: [ep,, ep} = 0. 

Now, we introduce a new basis {eM, e^}, fj, = 1, . . . , n, k = 0, . . . , n — 1, 

€/1 = - i = e / l , ek = J2APVQ~»e*, (7-21) 
V ^ yu 

with Afj,' given by (3.60). The meaning of the basis vectors ik is elucidated by 
observing that they coincide with the vector fields £(fe), (3.70)-(3.71), generated 
from the PCKY tensor. 

3Let us remind that it is a part of the definition of the PCKY tensor that its eigenvalues x^ are 
functionally independent in some spacetime domain. This means that x^'s are non-constant, 
independent, scalar functions with different values at a generic point of the manifold and one 
can use them as natural coordinates. 
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Using the known Ricci coefficients and the Jacobi identity we can prove that 
vectors of this frame do commute, 

[e/i, c ] = [«*, h] = [efc, cj] = 0. (7.22) 

Moreover, for the dual frame 

e ^ ^ u ^ d x , , efc = ^ ( ~ ^ } " u)* (7.23) 

we show 
de" = 0, defc = 0. (7.24) 

Both conditions (7.22) and (7.24) ensure that additionally to x^, \x — 1, . . . , n, it is 
possible to introduce coordinates V /̂ k — 0, . . . , n — 1, such that 

eM = ^ „ > lk = 9^k, eM = dx„ , efc = dipk . (7.25) 

Taking into account the inverse of Eqs. (7.23) we get 

n - l 

^ ^ . 4 * ) d ^ , (7.26) 
., 71—1 

which coincides with the basis 1-forms of the orthonormal form of the met
ric (4.6), with unspecified metric functions QM. However, in the process, we 
also learn that metric functions QM must take the form (4.2), particularly that 
gM = 0 and E^ — 0. This finishes the proof of our main result: we have con
structed a coordinate system in which the canonical metric element admitting 
the PCKY tensor takes the off-shell form (4.1). Let us emphasize that this result 
was achieved without imposing the Einstein equations, starting only from the 
quantities determined by the PCKY tensor. As a corollary of this construction, 
we have established that all the vectors £(fe) are Killing vectors. 

Let us finally mention, that very recently the authors of [Houri et ah, 2008c], 
[Houri et ah, 2008b] were able to construct the most general metric element 
admitting a closed CKY 2-form. Such a 2-form, besides the functionally in
dependent eigenvalues, may also admit the constant eigenvalues.4 The key 
observation for the construction is the fact that Eq. (3.3) for a closed CKY 2-
form forbids the possibility of degenerate non-constant eigenvalues, that is, the 
Darboux subspaces corresponding to the non-constant eigenvalues are always 

4This, in particular, incorporates the case of a covariantly constant PCKY tensor, that is a 
PCKY tensor for which the primary vector £ vanishes. Such a tensor possesses only the constant 
eigenvalues. 
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2-dimensional. This means, that with respect to the functionally independent 
eigenvalues the metric 'behaves' as the canonical spacetime for the PCKY ten
sor, and one has to find only the 'trivial' part, corresponding to the constant 
eigenvalues. The resulting canonical element turns out to be the 'generalized 
Kerr-NUT-(A)dS spacetime' [Houri et ah, 2008c], [Houri et al, 2008b], or more 
precisely, the Kaluza-Klein metric on the bundle over Kahler manifold whose 
fibres are canonical metric elements described above. These results complete 
the classification of all spacetimes admitting a closed CKY 2-form. 
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Part III 

Further Developments 
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Chapter 8 

Stationary strings and branes 

In this chapter we demonstrate complete integrability of the Nambu-Goto equa
tions for a stationary string in the canonical spacetime (4.1). The stationary 
string in D dimensions is generated by a 1-parameter family of Killing trajec
tories and the problem of finding a string configuration reduces to a problem 
of finding a geodesic line in an effective (D — 1)-dimensional space. Resulting 
integrability of this geodesic problem is connected with the existence of hidden 
symmetries which are inherited from the black hole background. More gener
ally in a spacetime with p mutually commuting Killing vectors it is possible to 
introduce a concept of a £-brane, that is a p-brane with the worldvolume gen
erated by these fields and a 1-dimensional curve. We discuss conditions of the 
integrability of such £-branes in the Kerr-NUT-(A)dS spacetime (4.1)-(4.3). This 
chapter is based on [Kubiznak & Frolov, 2008]. 

8.1 Introduction 

There are several reasons why the problem of interaction of strings and branes 
with black holes attracted interest recently. Fundamental strings and branes are 
basic objects in string theory [Polchinski, 1998], and black holes (as well as other 
black objects) form an important class of solutions of the low-energy effective 
action in this theory (see, e.g., [Ortin, 2004]). On the other hand, cosmic strings 
and domain walls are topological defects which can be naturally created during 
phase transitions in the early Universe (see, e.g., [Vilenkin & Shellard, 1994], 
[Polchinski, 2004], [Davis & Kibble, 2005]). Their interaction with astrophysical 
black holes may result in interesting observational effects. In both cases we are 
dealing with a problem when the interacting objects are non-local and relativis-
tic. An important example is an interaction of a bulk black hole with a brane 
representing our world in the brane world models (see, e.g., [Emparan et ah, 
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2000], [Frolov et al, 2003], [Frolov et al, 2004a], [Frolov et al, 2004b], [Rodrigo, 
2006], [Majumdar & Mukherjee, 2005]). A stationary test brane interacting with 
a bulk black hole can be used as a toy model for the study of (Euclidean) topol
ogy change transitions [Frolov, 2006]. This model demonstrates interesting scal
ing and self-similarity properties during such phase transitions, similar to the 
Choptuik critical collapse [Choptuik, 1993] and merger black hole transitions 
[Kol, 2006], [Asnin et al, 2006]. These models may also have far going interest
ing consequences for the study of phase transitions in quantum chromodynam-
ics (see, e.g., [Mateos et al, 2006], [Kobayashi et al, 2007], [Albash et al, 2008], 
[Hoyos-Badajoz et al, 2007]). 

Even in an idealized case, when one neglects the effects connected with the 
thickness of the strings and branes and their tension, this problem is quite com
plicated. The reason is evident: the Dirac-Nambu-Goto action for these objects 
in an external gravitational field is very nonlinear. In a general case numer
ical calculations are required (see, e.g., [Snajdr et al, 2002], [Snajdr & Frolov, 
2003], [Dubath et al, 2007]). When the effects of thickness and tension are taken 
into account these numerical calculations become even more involved (see, e.g., 
[Morisawa et al, 2000], [Morisawa et al, 2003], [Flachi & Tanaka, 2005], [Flachi 
et al, 2006], [Flachi & Tanaka, 2007]). 

Study of stationary configurations of strings and branes in a background of 
a stationary black hole is simpler problem which in several cases allows com
plete solution. One of the examples is a stationary string in the Kerr spacetime. 
It was shown [Frolov et al, 1989] that the Hamilton-Jacobi equation for such 
a string allows a complete separation of variables. It was also demonstrated 
[Carter & Frolov, 1989], [Carter et al, 1991] that this property is directly con
nected with the hidden symmetry of the Kerr metric generated by the Killing 
tensor [Walker & Penrose, 1970] discovered by Carter in 1968 [Carter, 1968b]. 
More recently, Carters's method was applied to 5-dimensional rotating black 
holes and the Killing tensor was found in these spacetimes [Frolov & Stojkovic, 
2003b], [Frolov & Stojkovic, 2003a]. This result was used to show that the equa
tions for a stationary string in the 5-dimensional Myers-Perry metric are com
pletely integrable [Frolov & Stevens, 2004]. 

Here we demonstrate that this result allows a generalization to higher di
mensional rotating black holes in an arbitrary number of spacetime dimensions. 
Namely, we show that a stationary string configuration is completely integrable 
in the canonical spacetime (4.1). We use the fact that after performing a dimen
sional reduction along the Killing trajectories, the stationary string equation in 
a D-dimensional stationary spacetime can be reduced to a geodesic equation 
in a (D — 1)-dimensional space with a metric conformal to the reduced met
ric. The separability of the Hamilton-Jacobi equation in this effective metric 
follows from the separability of the Hamilton-Jacobi equation in the original D-
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dimensional canonical spacetime proved in Chapter 6 and a special property of 
the primary (timelike) Killing vector. 

There is a natural generalization of the concept of a stationary string in the 
case when there exist several mutually commuting Killing vectors. If p is a 
number of these fields one may consider a (p + l)-hypersurface generated by 
the Killing vectors passing through a 1-dimensional line. We call a £-brane an 
extended object, a p-brane, with the worldvolume associated with this hyper-
surface. We discuss integrability conditions for £-branes in the Kerr-NUT-(A)dS 
spacetime (4.1)-(4.3) and give some examples of integrable systems. 

8.2 Stationary strings 

Consider a string in a stationary D-dimensional spacetime MD. Let xa (a = 
0, . . . , D — 1) be coordinates in it and 

ds2 = gabdxadxb (8.1) 

be its metric. We denote by £a the corresponding Killing vector which is timelike 
at least in some domain of MD. We call the string stationary if £a is tangent to the 
2-dimensional worldsheet S^ of the string in this domain. In other words, the 
surface E^ is generated by a 1-parameter family of the Killing trajectories (the 
integral lines of £a). 

A general formalism for studying a stationary spacetime based on its foli
ation by Killing trajectories was developed by Geroch [Geroch, 1971]. In this 
approach, one considers a set S of the Killing trajectories as a quotient space 
and introduce the structure of the differential Riemannian manifold on it. The 
projector hab onto S is related to the metric gab as follows: 

9ab = hab + Ub/Z2 • (8.2) 

In this formalism, a stationary string is uniquely determined by a curve in S. 
The equation for this curve follows from the Nambu-Goto action 

/ = - / . | d 2 C | 7 | 1 / 2 . (83) 

Here JJ, is the string tension. As it enters the Nambu-Goto action as a common 
factor, its value is not important and one can always put \i — 1. The string 
worldsheet can be parametrized by xa = xa((A), where CA a re coordinates on 
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E^, (A — 0,1). We denote by ^AB the induced metric on S^ 

dxa dxa 

WW lAB = ^rj^7B9ab, (8-4) 

and by 7 its determinant. 
Let Killing time parameter be t, so that £ada — dt, and let y% be coordinates 

which are constant along the Killing trajectories (coordinates in S). Then, the 
non-vanishing components of the projection operator /iab are hy (reduced met
ric) and the metric (8.1)-(8.2) takes the form 

ds2 = -Fidt + Aidytf + hijdtfdy*, (8.5) 

F = g« = -Ua , A = gu/gu • (8.6) 

From (8.2) it also follows that in these coordinates hij — g{K 
We choose (° — t and denote C1 — a. Then the string configuration is deter

mined by yi — y\ff). The induced metric is 

<fy2 = lABd(Ad(B = -F(dt + Ada)2 + dl2 , 

where 

dl2 = hda2, A = AM, h^h^^f, 
da da da 

and it has the following determinant 

7 = det(7AS) = -Fh. 

So, the Nambu-Goto action is 

/ = -AtE, 

E =,JVFdl = Jda^Fhij
d£d£. 

(8.7) 

(8.8) 

(8.9) 

(8.10) 

(8.11) 

In a static spacetime the equation (8.11) has a very simple meaning: The energy 
density of a string is proportional to its proper length dl multiplied by the red-
shift factor y/F. 

The problem of a stationary string configuration therefore reduces to that of 
a geodesic in the (D — 1)-dimensional effective background 

dH2 = Hijdyidyj = Fhijdyidyj. (8.12) 

In order to solve this geodesic problem we shall use the Hamilton-Jacobi 
method. That is, we shall attempt for the additive separation of the Hamilton-
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Jacobi equation 

^ + Hij diS djS = 0 , (8.13) 

where Hij is the inverse of the effective metric (8.12) with the components given 
by 

FHij = hij = gij_ (8-14) 

If the Hamilton-Jacobi equation can be separated, the effective geodesic motion 
and hence also the stationary string configuration are completely integrable, 
(see Section 6.3.1). 

8.3 Stationary strings in canonical spacetime 

In this section we prove complete integrability of a stationary string configura
tion in the canonical spacetime (4.1). As explained earlier, in such a spacetime 
the primary Killing vector £ = d^0 plays a special role. This vector is (after the 
analytical continuation to the physical domain) timelike in the black hole exte
rior. It is also the one most 'directly connected' with the PCKY tensor.1 We call 
a string stationary if it is tangent to the primary Killing vector. For such string 
one has the following form of the effective metric: 

n 

A t = l 

The expression is similar to (4.7), with the only difference that in the sum over 
k the term k = 0 is omitted. This corresponds to the natural projection given by 
(8.14). 

In the background of the metric H^ the Hamilton-Jacobi equation (8.13) al
lows the additive separation of variables 

n m 

/x=l k=\ 

xLet us remark here that the asymmetry among the primary Killing vector d^,0 and the sec
ondary Killing vectors d^t can be also viewed as arising from the requirement that, in addition 
to the Hamilton-Jacobi, also the Klein-Gordon equation is separable (see, e.g., [Carter & Frolov, 
1989] and references therein). 
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with functions S^x^) of a single argument x^. Substituting (8.16) into (8.13) we 
obtain 

^ + g [0,8? + ^ (B-^)"-%) ]"£(& = 0, (8-17) 

where S / denotes the derivative of function 5M with respect to its single argu
ment Xp. Using the explicit form of F and algebraic identity 

AM = E ^27/-> (8-18) 

we can rewrite the last equation in the form 

n ^ 

1 uf 

where G^ are functions of x^ only: 

G, - *, W+-) + ^ (E(-^)"""^)2 -£ ^ p • (8-2°) 

Applying Lemma 2 of Appendix C.4, we write the general solution of (8.19) as 

n - l 

c^E^-^r1"*. (8-21) 
fe=i 

where ĉ  are arbitrary constants. So, we have obtained the equations for S', 

5? - T [E <* (-*-1-4 + « ^ r ^ - £ (£(-*»-"**»)" 
L " fc=l "*/* 

\2 
— iu . 

** fc=i 

(8.22) 
which can be solved by quadratures. 

This completes the demonstration that in the canonical background (4.1) the 
reduced (D — 1)-dimensional geodesic problem (8.11) allows the separation of 
the Hamilton-Jacobi equation (8.13) and therefore the stationary string configu
ration is completely integrable. 
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8.4 Inherited hidden symmetries 

The resulting complete integrability of the stationary string configuration in the 
canonical spacetime (4.1) is connected with the existence of hidden symmetries 
of the (D — 1)-dimensional effective metric Hy. Namely, there exist (n — 1) 
irreducible Killing tensors ClL , (k = l , . . . , n - 1), which give the constants of 
motion 

ck = Cli)PiPJ, D{mC% = 0, (8.23) 

and allow the separation of the Hamilton-Jacobi equation (8.13) in the back
ground Hij. In the last formula pt — dtS are the 'momenta of geodesic motion' 
and Di denotes the covariant derivative with respect to Hy. 

Similar to Chapter 6, one can easily find the explicit form of Cl,L by inverting 

(8.20). Let us multiply it by A^ /U^, sum over \i, and use identities (6.12). Then 
we obtain 

" rA{k) 

Cii) =
 mKl-F{k)H\ F{k)^J2QAk)-c^(nT- (8-24) 

Here ^K^ are natural projections of the Killing tensors (6.13) for the Z>dimensional 
canonical spacetime, 

(8.25) 
Similar to (8.15), the direction d^0 is projected out. Therefore, one can say that 
the hidden symmetries of the (D — l)-dimensional effective metric H^ are 'in
herited' from the hidden symmetries of gab-

A nontrivial property which follows from the separability of the Hamilton-
Jacobi equation (see Chapter 6) is that the constants ck mutually Poisson com
mute, or equivalently, the Schouten-Nijenhuis brackets, in the background H^, 
of the corresponding Killing tensors vanish: 

[C(k),C(/)]|
m= C*DnC$ - C*DnC$ = 0. (8.26) 

Let us also mention that the objects ' * ^ are the Killing tensors for the re
duced metric h^ and obey 

[^K{k),^K{l)yh
Jm = 0 . (8.27) 

These results can be easily obtained by separating the Hamilton-Jacobi equation 
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in the background of the reduced metric hij. We expect them to be more general. 
(For a discussion and necessary conditions regarding the projection of a single 
Killing tensor see [Carter & Frolov, 1989].) 

We have seen that the existence of the Killing tensors ClL for the metric H^ is 
the property inherited from the canonical metric gab- As we have learned in Part 
II, the latter possesses even more fundamental symmetry—connected with the 
PCKY tensor from which all the Killing tensors (6.13) are derivable. A natural 
question arises whether H^ also 'inherits' any Killing-Yano tensor. In a general 
case the answer is negative. The necessary conditions for a Killing tensor in 4D 
to be the 'square' of a Killing-Yano tensor were given by Collinson [Collinson, 
1976] (see also [Ferrando & Saez, 2002]). One can easily check that they are not 
satisfied and hence the 4D metric Hy does not admit any Killing-Yano tensor. 
In higher dimensions we can exclude the existence of a PCKY tensor. Indeed, as 
demonstrated in Chapter 7, the higher-dimensional metric element admitting 
the PCKY tensor is the canonical spacetime (4.1), i.e., the spacetime different 
from H^. 

8.5 £-branes 

In the above consideration we have focused on stationary strings, that is strings 
generated by a 1-parameter family of timelike Killing trajectories. There are two 
natural ways how one may try to generalize this construction. First, one may 
consider other Killing vector fields, and/or second, in the case when there exist 
more than one Killing vector, one may consider hypersurfaces formed by the 
set of Killing trajectories passing through the same 1-dimensional curve. Let us 
discuss these generalizations in more detail. 

For simplicity we assume that the spacetime MD allows p mutually commut
ing Killing vectors which we denote by £?Mx, (M, N = 1,... ,p). The Frobenius 
theorem implies that for each point of the spacetime MD there exists (at least lo
cally) a submanifold of dimension p generated by the Killing vectors £?MN pass
ing through this point. In other words, the set £ = {£(M)} defines a foliation of 
MD. Similar to what was done in the Geroch formalism for one Killing vector 
field, one can define a quotient space S of MD determined by the action of the 
isometry group generated by £. This generalization of the Geroch's formalism 
was developed in [Mansouri & Witten, 1984]. The metric gab of the spacetime 
MD can be written as 

v 
9ab = hab + Safc , /&a&f (M) = ^ ' ^ab — 2 _ / Q £(M)a£(JV)b • ( 8 . 2 8 ) 

M,N=1 
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Here aMN is the (p x p) matrix which is inverse to the (p x p) matrix OMJV = 
€(M)a€?N)' aMNaNK = 8$. A tensor hab is a projection operator onto S. 

Let us denote by y1 (D — p) coordinates which are constant along the Killing 
surfaces generated by the set £, and by i>M the Killing parameters defined by 
the conditions 

^{M)da = d^M . (8.29) 

The metric gab in these coordinates (xa) = (y\ ipM) takes the form 

p 

ds2 = hydyW + Yl aMN(^M)adxa) (^N)bdxb). (8.30) 
M,N=\ 

In these coordinates we also have 

O-MN = £(M)a£(V) = £(N)M = £(M)iV • (8.31) 

A natural generalization of stationary strings E^ are (p + l)-dimensional ob
jects E | which are formed by a 1-parameter family of Killing surfaces. We call 
them £-branes. In (?/, ̂ -^-coordinates the equation of E | is yi = y^a). For this 
parametrization coordinates on E? are ((A) — (tpM, a) (A, B = 1,.. . ,p + 1). The 
induced metric on the £-brane takes the form 

p p 

di2 = lABdCAd(B = (h + u)da2 + 2daJ2 £ (M)<T# M + J ] a M J V # M # J V . (8.32) 

M = l M,N=1 

Here we have defined 

dyi dyi _ dyl _ -A MN 
h = hij — -j—, Z(M)<T = S(M)i-j—, u— l_j a s(M)o-?(jv)<7 • (p.d>3) 

M,N=\ 

In order to derive (8.32) we used (8.31). 
The metric ^AB can be considered as a block matrix of the form 

A B 
C D 

(8.34) 

where A is a 1-dimensional matrix and D is a matrix (p x p). If \Z\ is a determi
nant of a matrix Z, then one has the following relation for the determinant of a 
block matrix (see, e.g., [Gantmacher, 1959]) 

A B 
C D 

\D\\A-BD~lC\. (8.35) 
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€(N)a aMN 
= hF(, (8.36) 

Using this equation one obtains 

7 = det(7AB) = 

where 
F( = det(aMJV) = det(£(

a
M)£(iV)a) (8.37) 

is the Gram determinant for the set £ = {£(M)} of the Killing vectors. 
The Dirac-Nambu-Goto action for a (p + 1)-dimensional brane is 

-^ /^ + 1 Cv^, (8-38) 

where 7 is the determinant of the induced metric on the brane 743- For a £-brane 
this action reduces to the following expression2 

I=-fiVS, dl2 = hda2, V=fdp^N, £ = f y^dl. (8.41) 

Thus after the dimensional reduction the problem of finding a configuration of 
a £-brane reduces to a problem of solving a geodesic equation in the reduced 
(D — p)-dimensional space with the metric 

dEl = Hijdtfdtf = ^hijdy'dy3. (8.42) 

If the original metric gab admits a Killing tensor Kab then, since h^ = gij, the 
natural projection ^Kij is a Killing tensor for the metric /iy. However, the full 
effective metric Hij does not inherit this symmetry unless the 'red-shift' factor 
J7^ is of the special 'separable form'. Only then, the Hamilton-Jacobi equation 
(8.13) for the geodesic motion in the metric (8.42) allows complete separation of 
variables. 

2In our derivation we have focused on a 1-dimensional line in S generating f-branes. The 
same construction remains valid for, let us say, g-dimensional hyperspace in S in the case of a 
(p + g)-dimensional brane. Then, denoting coordinates on the worldvolume of such brane by 
(04) = bPM, &a), {OL,P—1,..., q), and repeating the same steps one would obtain 

7 = det(ftQ/3)F€ = hF( , h«0 = hiJ^^> (8-39) 

/ = -fj,V£, £ = js/Fldv, dv = \Zhdqa. (8.40) 
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8.6 £-branes in Kerr-NUT-AdS spacetime 

8.6.1 Separability condition 

Let us discuss now the problem of integrability of £-branes in the Kerr-NUT-
(A)dS background (4.1)-(4.3). There we have m + 1 Killing fields d^k, k = 
0, . . . , m, and we may choose any arbitrary subset of them as the set £. In gen
eral, however, the corresponding red-shift factor ^ will not be of the separable 
form. 

More specifically, one requires that the red-shift factor can be written as 

with fn functions of x^ only, in order to allow the separation of variables for the 
Hamilton-Jacobi equation in the effective background Hy. The corresponding 
Killing tensors (k — 1, . . . , n — 1) would be then 

tt}Cg) = {iK) ~ hk)Hij , (8.44) 

where ^ i C ^ are due natural projections of the 'primordial' Killing tensors (6.13), 
with directions from the set £ projected out, and 

n , Ak) 

/<*> = £ i r - - <8-45) 
In the case of a stationary string, i.e., for £ = {d^Q}, the red-shift factor (8.15), 

the norm of the primary Killing field d^0, possesses the property (8.43), with 

/ ^ X ^ - e - l , (8.46) 
xn 

and the integrability proved in Section 8.3 is justified. 

8.6.2 £-branes in 4D 

In 4D a stationary string is the only nontrivial example of a £-brane for which (in 
these coordinates) integrability can be proved. Indeed, as discussed in [Carter & 
Frolov, 1989] only in the exceptionally symmetric case of the de Sitter space itself 
one can obtain the integrability of the axially symmetric ^-string with f — {d^ }. 

The last possibility of a £-brane in 4D Kerr-NUT-(A)dS spacetime is the ax-
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ially symmetric stationary domain wall, £ = {d^0, d^}. Let us consider this 
important example in more detail. The action takes the form 

J = -A*A^0A^i£, S = fd°yHiJ^£%> (8-47) 

where the effective 2-dimensional metric is 

dH2 = HtjdyW = ^ ( M + MS) . (8 .48) 

The red-shift factor reads 

where 

= £??•' (8-49) 

U = xlXli(X1 + X2). (8.50) 

Evidently, /^ becomes function of x^ only in the case when all parameters in 
metric functions X^, (4.3), but c0, vanish. Only in that trivial case the Hamilton-
Jacobi equation for the axially symmetric stationary domain wall in 4D can be 
separated. 

8.6.3 £-branes in 5D 

In 5D the situation is more interesting. There we can prove integrability of the 
axisymmetric ^-string, £ = {d^}, under the condition that parameter c\ = 0. 
Indeed, then the red-shift factor takes the separable form (8.43) with 

f1{x1) = 2b2x\ + cx\, f2{x2) = 2blX\ + cx\. (8.51) 

Also, the axially symmetric stationary £-brane, £ = {d^0, d^} is completely 
integrable in the case of a vacuum (c2 = 0) 5D spacetime (4.1)-(4.3) with c\ — 0. 
In that case, 

f1{x1) = Ab1b2xj + 2cb1, f2{x2) = 4hb2xl + 2cb2 . (8.52) 

In both cases the nontrivial Killing tensor responsible for the integrability is 
given by (8.44). 

However restrictive and unlikely to be generally satisfied the condition (8.43) 
seems, the above examples illustrate the special cases where complete integra
bility of £-branes can be analytically proved. We postpone the discussion of the 
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existence of other nontrivial examples elsewhere. 

8.7 Summary 

We have studied integrability of the Nambu-Goto equations for a stationary 
string configuration near a higher-dimensional rotating black hole. In a general 
stationary spacetime this problem reduces to finding a geodesic in the effec
tive (D — 1)-dimensional background Hij. In the canonical spacetime (4.1) the 
geodesic equation can be integrated by a separation of variables of the corre
sponding Hamilton-Jacobi equation. This separability is a consequence of the 
fact that H^ inherits some of the hidden symmetries of the black hole. Namely, 
it inherits (n — 1) irreducible mutually commuting Killing tensors which corre
spond to natural projections of the Killing tensors present in gab. In a general 
case there are no Killing-Yano tensors generating these Killing tensors. 

The problem of integrating the equations for £-branes is more complicated. 
We have given some examples where these equations are completely integrable, 
but in the general case complete integrability is not possible. It would be inter
esting to find other, physically interesting, examples of completely integrable 
£-branes in higher dimensional black hole spacetimes. It is also interesting to 
study cases where there exist non-complete but non-trivial sets of (quadratic in 
momenta) integrals of motion for £-branes related to the hidden symmetries of 
the black hole background. 
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Chapter 9 

Parallel transport of frames 

In this chapter, based on [Connell et ah, 2008b], we obtain and study the equa
tions describing the parallel transport of orthonormal frames along timelike 
geodesies in a spacetime admitting the PCKY tensor h. We demonstrate that 
the operator F, obtained by a projection of h to a subspace orthogonal to the 
velocity, has in a generic case eigenspaces of dimension not greater than 2. Each 
of these eigenspaces is independently parallel-propagated. This allows one to 
reduce the parallel transport equations to a set of the first order ordinary differ
ential equations for the angles of rotation in the 2D eigenspaces. Examples of 
D = 3,4,5 canonical spacetimes, (4.1), are considered and it is shown that the 
obtained first order equations can be solved by a separation of variables. This 
chapter is based on [Connell et ah, 2008b]. 

9.1 Introduction 

One of the remarkable properties of the 4D Kerr metric, discovered by Marck 
in 1983, is that the equations of parallel transport can be integrated [Marck, 
1983b], [Marck, 1983a]. Even more generally, a parallel-propagated frame along 
a geodesic can be constructed explicitly in any 4D spacetime admitting the rank-
2 Killing-Yano tensor [Kamran & Marck, 1986]. The purpose of the present 
chapter is to extend these results to the case of a spacetime with an arbitrary 
number of dimensions admitting the PCKY tensor h. It was demonstrated in 
Chapter 7 that such a spacetime is necessary described by the canonical metric 
(4.1), and in Chapter 5 that the particle geodesic motion is there completely 
integrable. 

Solving the parallel transport equations in curved spacetime is useful for 
many physical problems. In the case of timelike geodesies it can be used for 
studying the behavior of extended objects moving in the Kerr and more gen-



CHAPTER 9. PARALLEL TRANSPORT OF FRAMES 74 

eral geometries. In particular, it facilitated the study of tidal forces acting on 
a moving body, for example a star, in the background of a massive black hole 
(see, e.g., [Luminet & Marck, 1985], [Laguna et al, 1993], [Frolov et al, 1994], 
[Diener et al, 1997], [Shibata, 1996], [Ishii et al, 2005]). Even more useful is 
to solve the parallel transport along null geodesies. For example, in geomet
ric optics approximation linearly polarized photons and gravitons propagate 
along null geodesies while the corresponding polarization vectors are parallel-
transported along the worldline [Misner et al, 1973]. This property was used to 
study the scattering of a polarized radiation by black holes (see, e.g., [Stark & 
Connors, 1977], [Connors & Stark, 1977], [Connors et al, 1980] and references 
therein). The parallel-propagated frames are very convenient for investigat
ing the form and shape of a thin 'pencil of light' propagating in an external 
gravitational field. In the derivation of the equations for optical scalars such 
parallel propagating frames play an important technical role (see, e.g., [Pirani, 
1965], [Frolov, 1977]). Another problem where such frames are useful is the, so 
called, peeling-off property of the gravitational radiation in an asymptotically 
flat spacetime (see, e.g., [Krtous & Podolsky, 2004] and references therein). In 
quantum physics the parallel transport of frames is an important technical ele
ment of the point splitting method which is used for calculation of renormalized 
values of local observables in a curved spacetime (such as vacuum expectation 
values of currents, stress-energy tensor, etc.). Solving of the parallel transport 
equations is especially useful when fields with spin are considered (see, e.g., 
[Christensen, 1978]). 

Here, we describe how to construct a parallel-propagated frame along time
like (spacelike) geodesies. The case of null geodesies requires an additional con
sideration and is under preparation [Connell et al, 2008a]. Let us outline the 
main idea of our construction. Any 2-form determines what is called a Darboux 
basis, that is a basis in which it has a simple standard form. We have already en
countered the Darboux basis of h which we called a canonical basis (see Section 
3.1.2). Since h is non-degenerate its Darboux subspaces are two-dimensional.1 

This means that the 'local' Darboux basis, defined in the tangent space of any 
spacetime point, is determined up to 2D rotations in the Darboux subspaces. 
The union of local Darboux bases of h forms a global canonical basis in the 
tangent bundle of the spacetime manifold. In the case of the canonical metric 
(4.1), there exists a special global canonical basis in which the Ricci rotation co
efficients are simplified; the principal canonical basis. This basis is completely 
determined by the PCKY tensor (see Chapter 7). 

Consider now a timelike geodesic describing the motion of a particle with 
velocity u. We focus our attention on the 2-form F, (3.31), obtained as a pro-

*In an odd number of spacetime dimensions there exists an additional one-dimensional zero-
eigenvalue Darboux subspace of h. 
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jection of the PCKY tensor h to a subspace orthogonal to the velocity u. F 
has its own Darboux basis, which we call comoving. For any chosen geodesic 
the comoving basis is determined along its trajectory. We have seen in Section 
3.3.1 that F is parallel-transported along the geodesic. In particular, this means 
that its eigenvalues and its Darboux subspaces, which we call the eigenspaces 
of F, are parallel-transported. We shall show that for generic geodesies the 
eigenspaces of F are at most 2-dimensional. In fact, the eigenspaces with non
zero eigenvalues are 2-dimensional, and the zero-value eigenspace is 1-dimensional 
for an odd number of spacetime dimensions and 2-dimensional for even. So, 
the comoving basis is defined up to rotations in each of the 2D eigenspaces. The 
parallel-propagated basis is a special comoving basis. It can be found by solving a 
set of the first order ordinary differential equations for the angles of rotation in 
the 2D eigenspaces. 

For special geodesic trajectories the 2-form F may become degenerate, that 
is at least one of its eigenspaces will have more than 2 dimensions. We shall 
demonstrate that the eigenspaces with non-vanishing eigenvalues in such a 
degenerate case may be 4-dimensional. In the odd number of spacetime di
mensions one may also have a 3-dimensional eigenspace with a zero eigen
value. Nevertheless, in these degenerate cases one can also obtain the parallel-
transported basis by (now rather more complicated) time dependent rotations 
of the comoving basis. 

9.2 Comoving basis 

In this section, we shall construct a comoving basis, that is a Darboux basis of 
the operator F, and briefly describe its properties. 

9.2.1 Operator F for timelike geodesies 

Let 7 be a timelike geodesic affine parameterized by r, and ua = dxa/dr be its 
unit tangent vector (velocity), with the norm w = u • u = — 1. Then the parallel-
transported 2-form F can be written as [cf. Eq. (3.31)] 

F = /i + w l A s , s = ujh. (9.1) 

This form is obtained by a projection of the PCKY tensor h to a subspace or
thogonal to the velocity u [cf. Eq. (3.33)]. Consequently, u is an eigenvector of 
the operator F with a zero eigenvalue. 

At a chosen point of the spacetime the tangent space T splits into a 1-dimensional 
space U generated by u, and a (D — 1)-dimensional subspace V orthogonal to 
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u; 
T=U®V. (9.2) 

Fab and Fab can be considered as a 2-form and an operator, respectively, either 
in the subspace V or in the complete tangent space T. 

9.2.2 Comoving basis 

We demonstrate now that there exists such an orthonormal basis in V in which 
the operator F has the (matrix) form (see, e.g., [Prasolov, 1994]) 

diag(0,. . . ,0,Ai,. . . ,Ap) ) (9.3) 

where A^ are matrices of the form 

and 1^ are unit matrices. 
The operator F maps a linear space V into itself. If (v,w) = Pat,v

awb is a 
scalar product in V, then an adjoint operator F+ defined by the relation 

(v,Fw) = (F+v,w) (9.5) 

obeys the relation F+ = —F, and F+F = — F2 is a positive self-adjoint operator. 
Its spectrum is 

Spec(-F2) = {O,A?,...,A0. (9.6) 

We choose Â  to be non-negative and order them so that 

0 = A0 < Ai < .. . < Ap . (9.7) 

(If — F2 does not have a zero eigenvalue, the first term Ao in (9.6) is omitted.) 
The spectrum of F is 

Spec(F) = {O.iAi, - iAi , . . . ,i\p, -i\p} . (9.8) 

Consider a non-zero AM. We denote 

V± = Ker(F±i\fiI), q, = dim(V?). (9.9) 

Thus the eigenvalues and the eigenspaces of F are well defined but they are not 
real. In order to obtain Darboux form (9.3) it is sufficient to consider a full space 
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V^, which is a pair of eigenspaces for complex conjugate eigenvalues 

V» = V; + V-, dim(V,) = 2q,. (9.10) 

Using a modified version of the Gram-Schmidt process one can construct a real 
orthonormal basis in V^ 

{ ^ . ^ . . . . S . ^ } , (9.11) 

which has the property (see, e.g., [Prasolov, 1994]) 

F \ = -AM
 jnfi , Fjn^ = Xjn^ . (9.12) 

Obviously, the space V̂  is the eigenspace of F 2 and the vectors (9.11) form the 
complete set of orthonormal eigenvectors2 of F2 corresponding to —A2: 

F2v = -\lv, « e ^ . (9.14) 

If A = 0 and the corresponding subspace Vo has go dimensions, we denote an 
orthonormal basis in Vo by 

{\i0,...,«*i0}. (9.15) 

The subspaces V̂  are mutually orthogonal and their direct sum forms the space 
V: 

v = v0 © Vi ©. . . e vp. (9.16) 
We further denote by 

{S 6 , . . . ,«£ 6}, { 1 ^ , 1 ^ . . . , ^ , ^ } , (9.17) 

bases of forms dual to the constructed orthonormal vector bases (9.15), (9.11). 
These forms give bases in the cotangent spaces V0* and V*. We combine the bases 
(9.15), (9.11), and (9.17) with fj, = 0,. . . ,p to obtain a complete orthonormal basis 
of vectors (forms) in the space V (V*). The duality conditions read 

£*(%>) = #(%>) = 6»,6? , £>(%>) = ^ ( V ) = 0 • (918) 

Here, for a given fj, — 0,...,p index s takes the values s = 1, . . . , q^. It is evident 
2One can also introduce the complex eigenvectors of F: 

%± = - L ( % A ± z % A ) , F % ± = ± i A > ± , (9.13) 

which form the bases in V^ [cf. Eqs. (7.2), (7.4)]. However, we shall not do so here and consider 
the real basis of V^, (9.11), instead. 
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from the orthonormality of the constructed basis that we also have 

( W ^ . (%A)' = ̂ > UA)*=V> (^)8 = %- (9-19) 

In this basis the antisymmetric operator F, (9.1), takes the form (9.3). 
For briefness in what follows we shall use the following terminology. We 

call Vfj, an eigenspace of F corresponding to its eigenvalue Ap. We call the basis 
{n} ({<;}), in which the operator F takes the Darboux form (9.3), an orthonormal 
Darboux basis, or simply the Darboux basis.3 

If we consider F as an operator in the complete tangent space T, the cor
responding orthonormal Darboux basis is enlarged by adding the vector u to 
it. In this enlarged basis the operator F has the same form (9.3), with the only 
difference that now the total number of zeros is not q0, but q0 + 1. To remind 
that the constructed basis depends on the velocity u of a particle and u is one 
of its elements we call this basis comoving. The characteristic property of the 
comoving frame is that all spatial components of the velocity vanish. 

Although so far our construction was local (we considered a chosen space-
time point), one can naturally extend the comoving basis along the whole geodesic 
trajectory. In a general case, however, the constructed comoving frame is not 
parallel-propagated. The parallel-propagated frame can be obtained by per
forming additional rotations in each of the parallel-propagated eigenspaces of 
F. The equations for the corresponding rotation angles will be derived in the 
next section. Before we do that we demonstrate that due to the fact that the 
PCKY tensor h is non-degenerate the structure of the eigenspaces of F, and 
hence the comoving basis, significantly simplifies. 

3In a symplectic vector space with a non-degenerate 2-form u> the Darboux basis is defined 
as a basis in which u> takes the (matrix) form 

(_°, J ) • 
where / is the unit matrix. When the symplectic space possesses also a positive definite scalar 
product, in general it is impossible to find a basis in which the metric takes the standard diag
onal form and simultaneously transform w into (9.20). However, one can put w into the form 
similar to (9.3). This is why we call the above described modification of the Darboux basis an 
orthonormal Darboux basis. 
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9.2.3 Eigenspaces of F 

In the comoving frame constructed above the 2-form F reads 

v in 

We shall also use the following notation 

S(F) = {0(90+1), A? 0 , . . . , A ^ } (9.22) 

to encode the complete information about the eigenvalues of F and the di
mensionality of the corresponding subspaces. The extra zero eigenvalue cor
responds to the 1-dimensional subspace U spanned by u. One also has 

v 
D = 2n + e = 1 + q0 + 2k , k = Y^%- (9.23) 

Structure of Vo 

Let us now exploit the condition that h is non-degenerate, that is, its (matrix) rank 
is 2n. Then one has 

f 1, fore = 0, ,nnA\ 
* = { o a r 2 , f o r e = i : (9"24> 

Let us prove this assertion. From the definition (9.1) of F we find 

hAm = FAm - mF^m-l) A ub A a , (9.25) 

where we have used the property of the exterior product (2.16). It is obvious 
from (9.21) that the (matrix) rank of F is 2k, that is FA(fc+1) = 0. So, using (9.25) 
we have hA{k+2) = 0. It means that for a non-degenerate (matrix rank 2ra) h we 
have k + 2 > n + 1. Employing (9.23) this is equivalent to qQ < 1 + e which, 
together with the fact that q0 has to be even for D odd and vice versa, proves 
(9.24). 

Let us now consider a nontrivial Vo, that is Vo with q0 = 1 + e, n — 1 = k. The 
vectors spanning it can be found as the eigenvectors of the operator F2 with zero 
eigenvalue, not belonging to U. There is, however, a more direct way which was 
already used by Marck in 4D. Let us consider a Killing-Yano (2 + e)-form [cf. 
Eq. (3.20)] 

/ = *frAfe , (9.26) 
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and use it to define a (1 4- e)-form 

z = ujf. (9.27) 

Using relation (2.25) and Eq. (9.25) one obtains 

z = u J * hAk = *(hAk A u*) = *(FAk A uh). (9.28) 

Employing (9.21) we have 

p 

F ^ B ^ A ^ A . - . A ^ , B = kl]\XI?. (9.29) 

This means that z spans VQ. In an even number of spacetime dimensions the 
space VQ is 1-dimensional and?0 = z/\z\. Hence, using (9.19),n§ = z*/\z\ spans 
VQ. In the odd number of spacetime dimensions 

z = const i<f° A 2?° . (9.30) 

Hence, the 2-form z determines the orthonormal basis {Vig, ^g} in V̂  up to a 
2D rotation. 

Let us finally consider the odd-dimensional case in more detail. Expanding 
the characteristic equation for the operator F one has 

0 = det(F - XI) = a(u) + b(u)\2 + ... (9.31) 

The condition that q0 = 2 implies that a(u) = det(F) = 0. This imposes a 
constraint on u. It means that q0 = 2 is a degenerate case which happens only for 
special trajectories it. For a generic (not special) u one has trivial V0 with g0 = 0. 

Eigenspaces V^ 

Using the requirement that the eigenvalues of a PCKY tensor h are functionally 
independent, or in other words, that in a generic point of the manifold the Dar-
boux subspaces of h have no more than 2 dimensions, it is possible to show (see 
Appendix C.7) that the dimensionalities of the eigenspaces of F with non-zero 
eigenvalues obey the inequalities q^ < 2. The case of q^ — 2 is possible only in a 
degenerate case when the vector u obeys a special condition. 



CHAPTER 9. PARALLEL TRANSPORT OF FRAMES 81 

9.3 Equations of parallel transport 
In this section we describe how to obtain the parallel-transported basis from the 
comoving basis constructed above. The crucial fact for the construction is that 
the 2-form F is parallel-transported along u (see Section 3.3.1) 

F = VUF = 0. (9.32) 

This means that any object constructed from F and the metric g is also parallel-
transported. In particular, this is true for the operator F2 and its eigenvalues 
—Â . We have used this property in Section 3.3 to construct the tower of Killing 
tensors which, in their turn, imply complete integrability of particle geodesic 
motion (see Chapter 5). Here, we go a little bit further. Namely, we prove 
that Darboux subspaces of F, the eigenspaces V ,̂ are independently parallel-
transported, that is 

veVp forVveV^. (9.33) 

Indeed, using (9.14), we find 

F2v = Vu(F
2v) = V„(-Ajv) = - A j * , (9.34) 

which proves (9.33).4 

This means, that the parallel-propagated basis can be obtained from the co-
moving basis by time dependent rotations in the eigenspaces of F. We denote 
the corresponding matrix of rotations by 0{r). Similar to F it has the following 
structure 

0 = diag(O e ,O i , . . . ,0#) . (9.35) 

For Xfj, > 0, Op, are 2qli x 2qtl orthogonal matrices. Let {"p^, ^ } be a parallel-
propagated basis in the eigenspace V^ and {*ri/i, %#} be the 'original' comoving 
basis. Then 

Here, for fixed values {/}, s, s'}, 0^s
s, are 2 x 2 matrices. Differentiating (9.36) 

along the geodesic and using the fact that {^ , ^ } are parallel-propagated one 

4Let us emphasize that the dimension of an eigenspace of F is also constant along 7. For 
generic geodesies the eigenspaces of F with non-zero eigenvalues are always 2-dimensional, 
while the subspace with zero eigenvalue (U © VQ) has 2 — e dimensions. There might also 
exist a zero measure set of special geodesies for which either an eigenspace of F with non-zero 
eigenvalue has not 2 but 4 dimensions or (in the odd dimensional case) the eigenspace of F with 
zero eigenvalue has 3 dimensions. (See previous section.) 
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gets 

This gives the following set of the first order differential equations for 0^s
a, 

in 

0/»V = " E 0 A^/iy . (9-38) 
s"=l 

where 
N s" _( {sn»,s"nji) (*nA /nA) \ 

For generic geodesies the parallel transport equations are greatly simplified. In 
this case each of the eigenspaces V^ is two-dimensional. The equations (9.36) 
take the form 

pA = cos Pfjip. - sin /3MnA , pA = sin /?^nA + cos /3MnA . (9.40) 

It is easy to check that Eqs. (9.38) reduce to the following first order equations 

A. = (fifi, nA) = -(nA , nA) . (9.41) 

If at the initial point T — 0 bases {p} and {n} coincide, the initial conditions for 
Eqs. (9.41) are 

&(r = 0 ) = 0 . (9.42) 

For Ao = 0, OQ is a qQ x g0 matrix. In even number of spacetime dimensions, 
go = 1, and Vo is spanned by ng which is already parallel-propagated. There
fore we have OQ = 1. For odd number of spacetime dimensions, Og is present 
only in the degenerate case, q0 = 2, that is when V0 is spanned by { V I Q , 2 ^ } . 
The parallel-propagated vectors {V01 ^0} a r e m e n given by the analogue of the 
equations (9.40)-(9.42). 

9.4 Parallel transport in Kerr-NUT-(A)dS spacetimes 

In this section we shall concretize the above procedure for the particular form 
of the canonical spacetime (4.1). As it is somewhat unnatural to construct a 
parallel-propagated frame in the unphysical (Wick rotated) space, we use the 
opportunity to recast these metrics into the physical signature. 
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9.4.1 Kerr-NUT-(A)dS spacetimes 

In the physical signature, the Kerr-NUT-(A)dS spacetime (4.1)-(4.3) can be writ
ten as 

n - l 

g = J ^ ( o A > + wAwA) + u>ftu>ft - w V + £ w V , (9.43) 

where the basis 1-forms are ( / / = ! , . . . , n — 1) 

f~̂ — n 
,ft - J L . ,.,A _ _ ^ L 

ktfn y y / i 
J » 

n—1 n—1 

a* = Vo~n J2 A^>d^, & = V Q ~ ^ 4 J ' ) f % • (9-44) 
j = 0 j=Q 

Notice that we enumerate the basis {a;} so that u>™ is (the only one) timelike 
1-form. Here, quantities A^',A^\ Q^, U^ are defined exactly as before with the 
only difference that we now understand x\ = —r2, and 

Xn = - ^ c , ( - r 2 ) f c - 2 M r 1 - £ + ^ , X, = E < * a ? - 2 V B l " ' + f • <9-45> 
k=e k=s /* 

Time is denoted by ip0, azimuthal coordinates by tpj, j — 1, . . . , m, r is the Boyer-
Lindquist type radial coordinate, and x^, // = 1,. . . , n — 1, stand for latitude co
ordinates. Again, it is possible to consider a broader class of the off-shell metrics 
(9.43) where Xn(r), X^x^), are arbitrary functions. 

The PCKY tensor reads [cf. Eq. (4.13)] 

n - l 

h = Y l x ^ A u>A - rJ1 A wA . (9.46) 

Obviously, the basis {w} remains a principal canonical basis. The second-rank 
irreducible Killing tensors are [cf. Eq. (4.14)] 

n - l 

KU) = Y2 A?("^ + &*&) + An](w"w" - &* «*) + e AW) w e V. (9.47) 
/ 4 = 1 
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The velocity of a (timelike) geodesic reads 

n 
u* = H ( ^ A + ^A^) + e W , (9.48) 

where [cf. Eqs. (5.7), (5.8)] 

«T5 12 (W2-XV)/ u~ = -H (XV-W2) 

" " (xnt/n)V2 > u» - (XM^ ' Ue - V=Z4M' (y,4y; 

The constants <7M = ±1 (/i = 1, . . . , n) are independent of one another, and 

™ ^ 2 

K=-jy^-s-, ^B-^r1-^ 
i=° i=° C (9.50) 

J'=0 j = 0 

The constant «o denotes the normalization of the velocity, which for a timelike 
geodesic is KQ = — 1. 

We shall construct a parallel-propagated frame for geodesic motion in three 
steps. At first we use the freedom of local rotations in the 2D Darboux spaces of 
h to introduce the velocity adapted canonical basis in which n components of the 
velocity vanish. As the second step, by studying the eigenvalue problem for the 
operator F2 we find a transformation connecting the velocity adapted basis to 
a comoving basis. And finally, we derive the equations for the rotation angles 
in the eigenspaces of F which transform the obtained comoving basis into the 
parallel-propagated one. 

9.4.2 Velocity adapted canonical basis 

To construct the velocity adapted canonical basis we perform the boost transfor
mation in the {£>", ojn} 2-plane and the rotation transformations in each of the 
{u^, (JO^}, /J, < n, 2-planes: 

on = cosh anCJn + sinh anu)n , on = sinh an(b
n + cosh a„u>™ , 

(9.51) 
oM = cos aMu>M + sin a ^ , o^ = — sin a/iw't + cos a^a^ , o£ = u>£. 
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For arbitrary angles aM (/x = 1, . . . , n) this transformation preserves the form of 
the metric and of the PCKY tensor: 

7 1 - 1 

g = ^ ( o V + d A d A ) + o " < / - o " o " + e o V 
n=l 
T l - 1 

h = Y^XX A 5A - r°h A 5" • 
11=1 

(9.52) 

Let us define 

v^-^Jul-ul^-^, vt = Ji$ + q = J^. (9.53) 

Then, specifying the values of aM to be 

cosh an = •—•, sinh a„ = T - , cos a„ = — , sin aM = -^ , (9.54) 
^n Vh Vp, ^ Vp 

one obtains the following form of the velocity: 

n 

ub = 5^ii/i5
A + eugol. (9.55) 

M=I 

It means that after this transformation the velocity vector u has only (n + e) 
non-vanishing components. This simplifies considerably the construction of the 
comoving and the parallel-propagated bases. Notice also that the boost in the 
{u)n, u>n} 2-plane is function of r only and the rotation in each {<D'i, a/1} 2-plane 
is function of x^ only. The components of the velocity in the adapted basis {o} 
depend on constants Kj only; constants ̂  and a^ are absorbed in the definition 
of the new frame. 

9.4.3 Parallel-propagated frame 

At this point we have constructed the velocity adapted basis {o}. Such a basis is 
still canonical [h and g take the form (9.52)]; in this basis the particle's velocity 
takes the significantly simplified form (9.55). The next step is to solve the eigen
value problem for F and find the comoving basis. We further consider only the 
case of generic geodesies.5 For such geodesies the operator F2 possesses twice 

5A degenerate case which requires a special consideration arises when initially different el
ements of S(F), (9.22), coincide of one another. It happens for special values of integrals of 
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degenerate non-zero eigenvalues. The nontrivial eigenspace V0 is present only 
in even dimensions, where it is spanned by a properly normalized zK Therefore 
the problem of finding the parallel-propagated frame in the off-shell spacetimes 
(9.43)-(9.44) reduces to finding the eigenvectors {np,, h/x} spanning the 2-plane 
eigenspaces V^ and subsequent 2D rotations (9.40)-(9.42) in these spaces. 

In our setup it is somewhat more natural to construct, instead of the vector 
basis {p}, the parallel-propagated basis of forms {7r}. In the generic case it 
consists of 

{u\z,n\Tt\...,**,**}. (9.56) 

(The element z is present only in even dimensions.) If {s^ ,^} are comoving 
basis forms spanning V*, then [cf. Eqs. (9.40)-(9.42)] 

^ = <? cos #, - ^ sin Pp , irii = ̂  sin #, + e cos Pn , (9.57) 

where 
4 = (<fA,0 = -(^,<fM), /3„(r = 0) = 0. (9.58) 

The rotation angles / j ^ , as given by (9.58), are functions of r and a;M. In the 
case when /?M can be brought into the form 

/i = 4 ^ + E^7r^> (9-59) 
Un v=.\ Uu 

the problem (9.58) is separable and the particular solution is given by (see Ap
pendix C.5) 

a f (TnfrPdr ^ fa„sign(Uu) f^ dxv 

^-JVwZ-xnvn
 + hJ V^vT^W • ( 60) 

9.5 Examples 

We shall now illustrate the above described formalism by considering D = 
3,4,5 off-shell spacetimes (9.43). We take the normalization of the velocity - 1 
and normalize other vectors of the parallel-transported frame to +1. In the 
derivation of the equations for /3^ we used the Maple program. 

motion characterizing the geodesic trajectories. The larger is the number of spacetime dimen
sions the larger is the number of different degenerate cases. Some of them will be discussed in 
the next section. 
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9.5.1 3D spacetime: BTZ black holes 

Generic case 

As the first example we consider the case when D = 3, that is when the metric 
(9.43) describes a BTZ black hole [Banados et ah, 1992]. We first discuss the 
generic case, go = 0, and then briefly mention what happens for the degenerate 
geodesies with q0 — 2. Since in three dimensions n — 1 we drop everywhere 
index /x. 

So, we have the metric 

g = — £>u> + wo; + OJC<JJ£ , (9.61) 

where 

. (TV \ / C C 

u = y/Xdt(;0, CJ = ^ = , ^ = ^ ( ^ 0 - r2d^), X = Clr
2 - 2M + -^ . (9.62) 

X r r 

The parameter cx is proportional to the cosmological constant and parameters 
M and c > 0 are related to mass and rotation parameter. 

The PCKY tensor and the Killing tensor are 

h = - r w Aw, K = - r W . (9.63) 

The geodesic velocity reads 

ub = UOJ + UUJ + uzuje, (9.64) 

*"' = T u = ^—-V, Ut = ~^r> (9>65) 

W = *o + ^ - , V = l + -±. (9.66) 

In the velocity adapted frame {o, o, oe}, given by (9.51), we have 

uh = vo + uzo', v = -y/V, (9.67) 
F = ru^o A {UQ5 + vo*). (9.68) 

We find 

S(F) = {0«,A(2>}, A = ^ i . (9.69) 

The zero eigenvalue corresponds to the space U* spanned by u^. In the non-
degenerate case, that is when ^ ^ 0, the eigenspace VJ is trivial. The orthonor-
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mal forms spanning V£ are 

q = o , £ = itgO + VOl . (9.70) 

Using (9.58) one finds 

4 - * C ^ . (9.71) 

The parallel-transported forms {7r, 7r} are given by (9.57), where 

/3 = f aCfr . (9.72) 

J {r2 + \2)y/W2 - XV V ' 

Degenerate case 

Let us now consider special geodesic trajectories with \&i = 0 for which q0 = 2. 
For such trajectories one has 

** = -/=> U = (T\/Y~1'
 u' = 0- (9,73) 

In the adapted basis the velocity is u° = — 6. Operators .F and F2 become trivial. 
The space VQ is spanned by {&0, £0}, where 

$6 = o, * 5 = -o£". (9.74) 

Similar to (9.57) and (9.58) parallel-transported forms can be written as follows: 

TX — £° cos P — £° sin (3, TV = jc0 sin /3 + 2?° cos f3, 

$ = (*6, i O = - (** , «*), 0(T = 0) = 0. (9.75) 

Using these equations we find /? = ^/c/r2 and hence 

p=[^=. (9.76) 

Notice that this relation can be obtained from (9.72) by taking the limit ^i —> 0. 
To conclude, the parallel-propagated orthonormal frame around a BTZ black 

hole is {ul>, 7r, 7r}. This frame remains parallel-propagated also off-shell, when 
X given by (9.62) becomes an arbitrary function of r. 
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9.5.2 4D spacetime: Carter's family of solutions 

Let us now consider the case of D = 4. We have 

where 

-Q>2Cb2 + J1 J1 + G}xGix + u/u;1, 

V U2 V ^ - 2 

Cj1 = \ -^-(dipo - ^dtpi), u1 = \—^dx1 

V U\ V -&i 

(9.77) 

(9.78) 

Here, U2 — —U\ — x\+r2, and we shallnot be specifying functions Xi(x\),X2(r) 
at this point. 

The PCKY tensor and the Killing tensor are: 

h = x\(jjl A w 1 - ru>2 A Q>2 , (9.79) 

(9.80) 

The components of the velocity are 

W2 
U?, 

\JX2U2 

-Wx 

Ui> = 
02 

Ul 

w2 - x2v2, 

XiVx - W? 
(9.81) 

where 

W2 = rHQ + ^1, V2 = r2-Ki, 
Wi= - x\^0 + * i , Vi = x\ + ACI . 

(9.82) 

The constants of geodesic motion ^ 0 and vl̂ i are associated with isometries and 
«i < 0 corresponds to the Killing tensor (9.80). In the velocity adapted frame 
{o2, o2, o1^1} given by (9.51) we have 

L 9 1 v2 _ m 

F = (rujo2 + x\v2o
l) A (^o2 + v^o1). 

We find 
S(F) = {0V\\<®}, A = v / = ^ 

(9.83) 

(9.84) 

(9.85) 
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The first zero eigenvalue corresponds to U*, while the second one corresponds 
to the eigenspace VQ, spanned by 1-form z (9.27). When normalized z reads 

z = \-l(-Xlv2o
2 + rvio1). (9.86) 

The orthonormal forms spanning V£ are: 

S = vid2 + v$ol, <f = X^irvio2 + x1vio
1). (9.87) 

Using (9.58) one finds 

^ = (a;2-A2)(r2 + A2) = U[ +Th' h = " ^ A 2 ' h = HTA 2 ' ( 9 - 8 8 ) 

where C = A(A2^0 — *i) • Therefore, (3 allows a separation of variables and can 
be written as 

J ^wl - x2v2 J y/x1v1 - w? 
where functions / i , /2, are defined in (9.88). The parallel-transported forms 
{IT, -ft} are given by (9.57). 

To summarize, the parallel-propagated orthonormal frame in the spacetime 
(9.77)-(9.78) is {ub,z,7r,7r}. This parallel-propagated basis is constructed for 
arbitrary functions Xj(xi), ^ ( r ) , and in particular for the Carter's class of solu
tions [Carter, 1968c], [Carter, 1968b]—describing among others a rotating charged 
black hole in the cosmological background (see Appendix A). So, we have re-
derived the results obtained earlier in [Marck, 1983b], [Kamran & Marck, 1986]. 

9.5.3 5D Kerr-NUT-(A)dS spacetime 

Generic case 

As the last example we consider the 5D canonical spacetime. Similar to the 3D 
case we shall first obtain the parallel-propagated frame for generic geodesies 
and then briefly discuss what happens for the special trajectories characterized 
by q0 — 2, or q\ = 2. The metric reads 

g = -ur<Ir + urur + u^w1 + u / a / + u/u/ , (9.90) 
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where 

I V 
u>2 = J —-(di/jQ + xfd^ i ) , a;2 

V t/2 
d r . 

a,1 = M(d*Po - r 2 d ^ ) , a;1 = M dxt, (9.91) 
V U\ V ^ i 

w* = V^ [<ty0 + (x2 - r2)dVi - x\r2d^\ , 

and f/2 = — Ui = x2 + r2. The PCKY tensor and the Killing tensor for this metric 
are 

h = xx<jjl A w 1 - ru2 A u>2 , (9.92) 

K = i J ( - « V + u V + w V ) - ^ ( u ^ 1 + w ' u 1 + w V ) . (9.93) 

The components of the velocity are 

Wo 
UP, = 

Ui 
-Wx 

U0 — 
0"2 

us VxJJ~i 

v ^ X 2 F 2 ; 

X ^ i - ^ 2 , Ui = 
* 9 

rvcict 

where 

Wi X2*o + *1 - -4 , Vi = X\ + Ki + — | , 

\Lr \T/2 

cr* 

In the velocity adapted frame {o} given by (9.51) we have 

ub = Vr,52+ Vi514- «eOe, Wo = — 

The 2-form F and the 2-form z are 

2 ^ " V f/l u. ' x 

F = (n5j02 + Xi-Dgo1) A (vjo2 + v$ol) 

+rit£02 A (^2°* + Ue02) + XiUeO1 A (#iO e — UeO1) , 

z = oe A (rujo1 — x i ^ o 2 ) + ug(a;i02 A o2 + ro1 A o 1 ) . 

One has 
S(F) = {0<1>>Aa)

>A?,}> 

(9.94) 

(9.95) 

(9.96) 

(9.97) 

(9.98) 

(9.99) 
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where 

AI = A/ — , A2 = . ^ , , = ^ . (9.100) 

The zero eigenvalue corresponds to U*. The eigenspace V£ is spanned by 

Sli ?r(A 2) -2 , ^ x x ( A 2 ) - l 
M 

( • 

•o' + vu2 vu2 

? = ^ ( ^ ( A ^ i ^ A ^ + o 1 ) . 

Here iVx and Ni stand for normalizations, 

o1 + oe") 

(9.101) 

iVi = Vu~i/^U2 + r2FI1(A2)2 - ^Fr(A2)2 

M = 1 / v ^ T ^ A ^ U A ^ , 

and we have introduced 

o;f u | + A2 r2u? — A2 

(9.102) 

(9.103) 

which are functions of r, x\, respectively. Using (9.58) we find 

A = 
C (D ^ D /a(D 

+ (a;2-A2)(r2 + A2) U, U2 

J l — „2 \ 2 ' J2 "2 - A2 

C(1)
 ( 1 ) _ tt2*i - Afo2fr0 - cA2 

r2 + A2' ° - A2^5 
(9.104) 

This means that j3\ can be separated as follows: 

A = ^/wf-x2v2 J ^/XxVx - W{ 
(9.105) 
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The parallel-propagated forms {TT1, IT1} are given by rotation (9.57). Similarly 
one finds that 

2 = W^i) J + ^JM) 5i + Q A 

N2 = VU~2/\IUi + r^F^X.y - x?Fr(A1)2 , 

^ = iV2(Fr(A1)F:Cl(A2)o
2 + o i ) , 

iV2 = 1 / V
/ T T ^ ( A ^ F K A ^ , (9.106) 

span the eigenspace V2*. Using (9.58) we have 

C ( 2 ) /x(2) ^(2) 

P2 (^ -Al) ( r2 + Ai) t/i f/2 ' 

h
 = ~ ^ A | ' / 2 =^TAI'C = x^Tc • (9-107) 

The parallel-propagated forms {7r2, fr2} are given by rotation (9.57), where 

# 
J ^W% - X2V2 J y/XM - W? 

Degenerate case 

In D — 5 two different degenerate cases are possible. One can have either a 2-
dimensional Vo (qo — 2) which happens for the special geodesies characterized 
by *2 = 0, or a 4-dimensional V\ (qi = 2) which happens when K\ = %$\jc. The 
latter case is more complicated and the general formulas (9.36)-(9.39) have to be 
used. We shall not do this here and rather concentrate on the first degeneracy 
which has an interesting consequence. 

So, we consider the special geodesies characterized by ^ 2 = 0. It can be 
checked by direct calculations that in this case the results can be obtained by 
taking the limit \&2 —> 0 of previous formulas. In particular, one has ui = 0, 
and functions W\, W2, V\, V2, are the same as in (9.82). The velocity u and the 
2-form F become effectively 4-dimensional—equal to (9.83) and (9.84), respec
tively. The 2-form z (9.98) reduces to 

z = oiA {rvio1 - xxv^), (9.109) 
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and 
S(F) = {0(3>, A<2)} , A = y/^l. (9.110) 

The eigenspace V0* is spread by {£°, 2S0}, where 

£6 = o£, ^ = \-\rvlo
l-x1v^). (9.111) 

[Notice that 2?0 is identical to the normalized 4-dimensional 1-form z given by 
(9.86).] The angle of rotation in the {g°,2?0} 2-plane obeys the equation 

A = 5c5 = £ - + ̂ . / i ^ - ^ . f ^ . ^ ^ V c . (9.112) 

Thus 0! is given by (9.105) with functions f^J^, defined in (9.112). The 
eigenspace V£ is spread by 

(j = {jjo2 + v$ol, q = A-^rtjo2 + x ^ o 1 ) , (9.113) 

which is identical to the 4D case. Thus the rotation angle (32 coincides with j3 
given by (9.89). 

Summary of 5D 

To summarize, we have demonstrated that also in D = 5 Kerr-NUT-(A)dS 
spacetime the rotation angles in 2D eigenspaces can be separated and the parallel-
transported frame {n} explicitly constructed. This result is again valid off-shell, 
that is for arbitrary functions X2(r), Xi(a^i). 

The special degenerate case characterized by \P2 = 0 has the following inter
esting feature. The zero-value eigenspace is spanned by the 4-dimensional u\ 
by the 4-dimensional 1-form z, and o6. The structure of VA* is identical to the 
4D case and the equation of parallel transport in this plane is identical to the 
equation in 4D. Therefore this 5D degenerate problem effectively reduces to the 
generic 4D problem plus the rotation in the 2D {z, oe} plane. 

This indicates that a similar reduction might be valid also in higher dimen
sions. Namely, one may expect that the degenerate odd-dimensional problem, 
tyn = 0, effectively reduces to the problem in a spacetime of one dimension 
lower plus the rotation in the 2D {z, oe} plane. If this is so, one can use this 
odd-dimensional degenerate case to generate the solution for the generic (one 
dimension lower) even-dimensional problem. 
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9.6 Conclusions 
In this chapter we have described the construction of a parallel-transported 
frame in a spacetime admitting the PCKY tensor h. This tensor determines a 
canonical (Darboux) basis at each point of the spacetime. The geodesic mo
tion of a particle in such a space can be characterized by the components of 
its velocity u with respect to this basis. For a moving particle it is also natu
ral to introduce a comoving basis, which is just a Darboux basis of F, where 
F is a projection of h along the velocity u. Since F is parallel-propagated 
along u, its eigenvalues are constant along the geodesic and its eigenspaces 
are parallel-propagated. We have demonstrated that for a generic motion the 
parallel-propagated basis can be obtained from the comoving basis by simple 
two-dimensional rotations in the 2D eigenspaces of F. 

To illustrate the general theory we have considered the parallel transport 
in the Kerr-NUT-(A)dS spacetimes. Namely, we have newly constructed the 
parallel-propagated frames in three and five dimensions and re-derived the re
sults [Marck, 1983b], [Kamran & Marck, 1986] in 4D. One of the interesting fea
tures of the 4D construction, observed already by Marck, is that the equation for 
the rotation angle allows a separation of variables. Remarkably, we have shown 
that also in five dimensions equations for the rotation angles can be solved by a 
separation of variables. Moreover, the 4D result can be understood as a special 
degenerate case of the 5D construction. Is this a general property valid in the 
Kerr-NUT-(A)dS spacetime in any number of dimensions? What underlines the 
separability of the rotation angles? These are interesting open questions. 

The present analysis was restricted to the problem of parallel transport along 
timelike geodesies. The generalization to the case of spatial geodesies is straight
forward. The case of null geodesies requires additional consideration and is un
der preparation [Connell et ah, 2008a]. To conclude this chapter we would like 
to mention that the above described possibility of solving the parallel transport 
equations in the Kerr-NUT-(A)dS spacetime is one more evidence of the mirac
ulous properties of these metrics connected with their hidden symmetries. 
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Chapter 10 

Summary of results 

In this thesis we have described recent developments of the theory of higher-
dimensional black holes. We focused mainly on the problem of hidden symme
tries and separation of variables. (For more general discussion of the modern 
status of the theory of higher-dimensional black holes see, e.g., a recent review 
[Emparan & Reall, 2008].) By studying the hidden symmetries we have demon
strated that higher-dimensional black holes are in many aspects similar to their 
four-dimensional counterparts. 

Explicit spacetime symmetries are represented by Killing vectors. Hidden 
symmetries are related to generalizations of this concept. One of the most im
portant of these generalizations is the hidden symmetry encoded in the prin
cipal conformal Killing-Yano tensor. We have demonstrated that the Myers-
Perry metric, describing the higher-dimensional general rotating black hole, as 
well as its generalization, the Kerr-NUT-(A)dS metric which includes the NUT 
parameters and the cosmological constant, admit such a tensor. 

The PCKY tensor generates towers of hidden and explicit symmetries. The 
tower of Killing tensors is responsible for the existence of irreducible, quadratic 
in momenta, conserved integrals of geodesic motion. These integrals, together 
with the integrals corresponding to the tower of explicit symmetries, make 
geodesic equations in the Kerr-NUT-(A)dS spacetime completely integrable. We 
have further demonstrated that the Hamilton-Jacobi and Klein-Gordon equa
tions allow complete separation of variables in this spacetime. The separability 
of the Dirac equation was proved in [Oota & Yasui, 2008]. We have also shown 
that the Nambu-Goto equations for a stationary test string in the Kerr-NUT-
(A)dS background can be completely separated, and that the problem of find
ing parallel-propagated frames in these backgrounds reduces to the set of the 
first order ordinary differential equations. It was also demonstrated [Chen & 
Lxi, 2008] that the Kerr-NUT-(A)dS solution can be presented in the generalized 
Kerr-Schild form and that it belongs to the class of spacetimes of the special 
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algebraic type D [Hamamoto et at, 2007], [Pravda et ah, 2007] of the higher-
dimensional algebraic classification. All these remarkable properties make higher-
dimensional black hole solutions very similar to the 4D black holes. 

To complete this analogy we have addressed the question of generality and 
uniqueness of these developments. Namely we have studied the most general 
metric elements admitting the PCKY tensor—with and without imposing the 
Einstein equations. The result can be summarized by the following theorem: 
Theorem. The most general spacetime admitting the PCKY tensor is the canonical 
metric (4.1). It possesses the following properties: 

1. It is of the algebraic type D. 

2. It allows a separation of variables for the Hamilton-Jacobi, Klein-Gordon, Dirac, 
and stationary string equations. 

3. The geodesic motion in such a spacetime is completely integrable. The problem 
of finding parallel-propagated frames reduces to the set of the first order ordinary 
differential equations. 

4. When the Einstein equations with the cosmological constant are imposed the 
canonical metric becomes the Kerr-NUT-(A)dS spacetime (4.1)-(4.3). 

This theorem naturally generalizes the results obtained earlier in four di
mensions (see Appendix A). 

Our work motivates further developments in this field. For example, the 
proved separability of the scalar field equations has led to the construction 
of the corresponding symmetry operators [Sergyeyev & Krtous, 2008]. It also 
opens the possibility that the equations with spin can be decoupled and sep
arated. As described above, the separation of the Dirac equation was already 
demonstrated [Oota & Yasui, 2008]. An important open question is a separabil
ity problem for the electromagnetic and gravitational perturbations in higher-
dimensional black hole spacetimes. Such a separability would provide us the 
important tools for studying the stability, quasinormal modes, and different as
pects of the Hawking radiation of higher-dimensional black holes. A certain 
progress in this direction was already achieved (see, e.g., [Kodama & Ishibashi, 
2003], [Kunduri et al., 2006], [Murata & Soda, 2008a]). However, most of the 
results obtained in these directions so far (see also references in Chapter 6) as
sumed some additional restrictions on the parameters characterizing black hole 
solutions. This reminds a situation for the Klein-Gordon and Dirac equations 
before the general results on their separability were proved. 

The similarity of higher-dimensional black holes with their four-dimensional 
cousins also inspires the search for new higher-dimensional solutions. For ex
ample, by relaxing some of the conditions on the PCKY tensor the authors of 
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[Houri et ah, 2008c], [Houri et ah, 2008b] were able to find 'generalized Kerr-
NUT-(A)dS spacetimes'. Similarly, by generalizing our (unsuccessful) proce
dure of rescaling the Kerr-NUT-(A)dS metric [Kubiznak & KrtouS, 2007] (see 
also Appendix C.6), new five-dimensional black hole solutions were recently 
obtained [Lii et ah, 2008a], [Lii et ah, 2008b]. 

The curvature of the Kerr-NUT-(A)dS spacetime and its algebraic type were 
studied in [Hamamoto et ah, 2007]. The relationship between the existence of the 
PCKY tensor and the uniqueness of this spacetime was first addressed in [Houri 
et ah, 2007], [Houri et ah, 2008a]. Other recent papers which deal with hid
den symmetries or the subjects addressed in this thesis are, for example, [Acik 
et ah, 2008b], [Acik et ah, 2008c], [Acik et ah, 2008a], [Ahmedov & Aliev, 2008], 
[Connell & Frolov, 2008], [Gooding & Frolov, 2008], [Hackmann & Lammerzahl, 
2008], [Hioki & Miyamoto, 2008], [Kagramanova et ah, 2008], [Papadopoulos, 
2008], [Wu, 2008a], [Wu, 2008b]. 

The results presented in this thesis can be used for studying the particle and 
light propagation in higher-dimensional rotating black hole spacetimes. They 
allow us to calculate the contribution of the scalar and Dirac fields to the bulk 
Hawking radiation, without any restrictions on black hole parameters. The im
portant open questions are: Is it possible to decouple the higher spin mass-
less field equations in the background of the general Kerr-NUT-(A)dS metric? 
And do they allow separation of variables? Recent result on the separability 
of the massive Dirac equation is quite promising. Separability of the higher 
spin equations, and especially the equations for the gravitational perturbations, 
would provide one with powerful tools, important, for example, for studying 
the stability of higher-dimensional black hole solutions. One might hope that 
it will not take too long before this and other interesting open questions con
nected with the existence of hidden symmetries in higher-dimensional black 
hole spacetimes will find their answers. 
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Appendix A 

On hidden symmetries in 4D 

In this appendix we discuss some aspects of hidden symmetries in 4D. The first 
section plays the role of an introduction for newcomers to the field where, on 
the well known 4D case, we illustrate the main ideas of the more complicated 
higher-dimensional theory developed in Parts I and II of this thesis. In the sec
ond section, based on [Kubiznak & KrtouS, 2007], we discuss hidden symme
tries for the Plebahski-Demiahski family of type D solutions. 

A.l Introduction for newcomers 

The key object of the theory in higher dimensions is a principal conformal Killing-
Yano (PCKY) tensor. We start discussing this object and its properties in a 4D 
flat spacetime and demonstrate how it generates other objects (Killing-Yano 
and Killing tensors) responsible for hidden symmetries. Then we show how 
this PCKY tensor allows one easily to 'generate' the 4D Kerr-NUT-(A)dS metric 
starting from the flat one—written in the canonical coordinates determined by this 
tensor. Finally, we discuss the separation of variables in the 4D Kerr-NUT-(A)dS 
spacetime in the canonical coordinates. 

A.l.l Principal conformal Killing-Yano tensor 

Consider a 4D flat spacetime with the metric 

dS2 = r)abdXadXb = -dT2 + dX2 + dY2 + dZ2 . (A.l) 

The PCKY tensor h is a (non-degenerate) rank-2 closed conformal Killing-Yano 
tensor. Therefore, there exists a 1-form potential b, so that h — db. Let us 
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consider the following ansatz: 

b = \ [-R2dT + a(YdX - XdY)] , R2 = X2 + Y2 + Z2 . (A.2) 

Our choice of this special form for the potential b will become clear later, when 
it will be shown that this is a flat spacetime limit of the potential for the PCKY 
tensor in the Kerr-NUT-(A)dS spacetime. For a moment we just mention that the 
form (A.2) of the potential b singles out time coordinate T, a two-dimensional 
(X, Y) plane in space, and contains an arbitrary constant a. 

It can be easily shown that 

h = db = dTA (XdX + YdY + ZdZ) + adY A dX (A.3) 

is a closed conformal Killing-Yano tensor [cf. also (B.31), for the higher-dimensional 
case]. It means that its dual 2-form / = *h is the Killing-Yano (KY) tensor.1 

/ = XdZ AdY + ZdY f\dX + YdX AdZ + adZ A dT. (A.5) 

Let us put, for a moment, a = 0. Then the KY tensor /„& has only spatial 
components fik , and the Killing tensor Kab = facfb

c, (1-3), reads 

Kij = R25ij - XlXj = 2^, £(k)i€(k)j, £(k)i = ekjiXj • (A.6) 
k=X,Y,Z 

Here £(*.) t are the spatial rotational Killing vectors. Therefore, the Killing tensor 
K can be written as a sum of products of Killing vectors, and thus it is reducible. 
Parallel-propagated vector La = fabPb, (1-9), with the nontrivial components 

Li = fikp
k = eijkX

jpk = £{k) iP
k , (A.7) 

1In D dimensions the maximum number of (linear independent) Killing-Yano tensors of a 
given rank-p is 

N*={p)+{p+l) =(D-p)\(p+l)\- {AA) 

This reflects the fact that, similar to Killing vectors, Killing-Yano tensors are completely deter
mined by the values of their components and the values of their (completely antisymmetric) first 
derivatives at a given point. Flat space has the maximum number of independent Killing-Yano 
tensors of each rank. Any KY tensor there can be written as a linear combination of 'trans-
lational' KY tensors (which are a simple wedge product of translational Killing vectors) and 
'rotational' KY tensors (which are a wedge product of translations with a spacetime rotation, 
completely antisymmetrized) [Kastor & Traschen, 2004]. In particular case of D — 4 we have 10 
rank-2 KY tensors (6 translational and 4 rotational). 
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has the meaning of the conserved angular momentum.2 The conserved quantity 
K = Kabp

apb, 
K(a = 0)= Y, L2

k = L\ (A.8) 
k=X,Y,Z 

is the square of the total angular momentum. 
For fl/0 the conserved quantity 

K = L2 + 2aELz + a2(E2-p2
z) (A.9) 

is also reducible. Here E — —pT and pz are the conserved energy and the mo
mentum in the ^-direction, respectively. 

A.1.2 'Derivation' of the 4D Kerr-NUT-(A)dS metric 

Consider a general case with a ^ 0. We first introduce the ellipsoidal coordi
nates3 

X — \Jr2 + a2 sin 6 cos eft, Y = VV2 + a2 sin 8 sin (j), Z = rcos8, (A.10) 

and rewrite the metric, the potential, the PCKY tensor, and the KY tensor as 

dr2 

dS2 = -dT2 + (r2 + a2) s i n W + (r2 + a2 cos2 6) (-^-^ + d82) , 
r* + az 

b = - [-(r2 + a2sin20)dT - asin20(r2 + a2)d(f\ , (Al l ) 

h= -rdrA(dT + a sin26>#) - a sin 9 cos 8d8 A [adT + (r2 + a2)d(f\ , 

f = a cos Odr A (dT + a sin 26dcf>) -rsmOdO A [adT + (r2 + a2)d<£\ . 

Second, we introduce the new coordinates 

y = acos6>, t = T + acp, ip = -<j>/a, (A12) 

in which the metric takes the 'algebraic' form 

ds2 Ar(dt + y2d^)2
 | Ay(dt - r 2 # ) 2

 [ (r2 + y2)dr2
 | (r2 + y2)rfy2 ^ 

r2 + y2 r2 + y2 Ar Av 

2In general, for a simple spacelike (fabfab > 0) Killing-Yano tensor / , there exists a close 
analogy between the angular momentum of classical mechanics and the vector La = fabPb 
[Dietz & Rudiger, 1981]. 

3In this step, we associate constant a with 'rotation' parameter. 
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where 
Ar = r2 + a2, Ay = a2 -y2. (A.14) 

The hidden symmetries are 

b = \[(y2-r2~a2)dt-r2y2d^}, 

h=ydy/\ (dt - r2dip) - rdr A (dt + y2d-ip), (A.15) 
/ = rdy A (dt - r2dtp) + ydr A (dt + y2dip). 

In the potential b the term proportional to a2 is constant and may be omitted. 
We remind that (A.13)-(A.14) is just a metric of the flat space written in special 
coordinates. 

Let us consider now the metric (A.13) without imposing conditions (A.14) 
on functions Ar and Ay , but assuming that they are functions of r and y, re
spectively. Remarkably we realize that the objects b, h, and / (A.15) are again 
the potential, the PCKY tensor, and the KY tensor. We call (A.13) with arbitrary 
Ar(r) and Ay(y), a canonical (off-shell) metric. It possesses the hidden symmetries 
(A.15). 

In particular, let us impose the vacuum Einstein equations with the cosmo-
logical constant 

Rab = -3\gab. (A.16) 

These equations are satisfied provided that 

^ + ^ 1 2 V + / ) . (A.17) 

The most general solution of this equation is 

Ar = (r2 + a2)(l + Ar2) - 2Mr , A, = (a2 - y2)(l - Ay2) + 2Ny. (A.18) 

In other words, a simple replacement of functions (A.14) by more general poly
nomials (A.18) generates a non-trivial solution of the Einstein equations from 
a flat one. This solution is the Kerr-NUT-(A)dS metric written in the canonical 
form (see, e.g., [Chen et ah, 2006a]). It obeys the Einstein equations with the cos-
mological constant, cf. Eq. (A.16). M stands for mass, and parameters a and JV 
are connected with rotation and NUT parameter [Griffiths & Podolsky, 2006b]. 

Let us remark here that the canonical metric (A.13) is the most general metric 
element admitting the (non-degenerate) PCKY tensor [Dietz & Riidiger, 1981], [Tax-
iarchis, 1985]. The derivation above therefore establishes that the most general 
Einstein space admitting the PCKY tensor is the Kerr-NUT-(A)dS spacetime (A.13), 
(A.18). We also remark that even a more general family of solutions-the Carter's 
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spacetime (described in the next section) can be written in the form (A.13). 
In the Kerr-NUT-(A)dS spacetime neither the square of the total angular mo

mentum, L2, nor the projection of the momentum on the Z-axis, pz, which enter 
(A.9) have well defined meaning. However, the quadratic in momentum quan
tity, Kabpapb, is well defined and conserved. In the absence of the cosmological 
constant and NUT parameter, that is for the Kerr black hole, this quantity can 
be presented in the form (A.9) in the asymptotic region, where the spacetime 
is practically flat. The angular momentum and other quantities which enter 
(A.9) must be then understood as the corresponding asymptotically conserved 
quantities. Since the energy E and the angular momentum along the axis of 
symmetry Lz are conserved exactly in any stationary axisymmetric spacetime 
they can be excluded from (A.9) and the asymptotically conserved quantity can 
be written as follows [Rosquist et ah, 2007]: 

Q = L2
X + L 2

Y - a 2 p 2
z . (A.19) 

For a scattering of particles in the Kerr metric, the presence of an exact integral of 
motion connected with the Carter's constant implies that the quantity Q calcu
lated for the incoming from infinity particle must be the same as Q calculated at 
infinity for the outgoing particle. An interesting question is the following: sup
pose that such a conservation law is established for any scattering of particles 
by a localized object, can one conclude that the metric of this object possesses a 
hidden symmetry? 

A.1.3 Symmetric form of the metric 

Let us perform the 'Wick' rotation in radial coordinate r. This transforms the 
metric (A.13), (A.18) and its hidden symmetries into a symmetric form [Chen 
et ah, 2006a]. After the transformation 

r = ix, M = iNx, N = Ny, (A.20) 

the metric and the KY objects are 

ds* = Ax(dt+y2di/j)2
 + Ay(dt+x2diP)2

 + (x2-y2)dx2
 + (y2-x2)dy2 

x2 -y2 y2 - x2 Ax Ay 

Ax = (a2 - x2)(l - Ax2) + 2Nxx, Ay = (a2 - y2)(l - Xy2) + 2Nyy, (A.22) 

b = ±[(x2 + y2)dt + x2y2dil>], (A.23) 

h = ydy A (dt + x2dip) + xdx A (dt + y2dijj), (A.24) 
/ = xdy A (dt + x2dijj) + ydx A (dt + y2dip). (A.25) 
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These forms of the Kerr-NUT-(A)dS spacetime and of the KY potential allow the 
natural generalizations to higher dimensions [Chen et ah, 2006a], [Kubiznak & 
Frolov, 2007], which are used throughout the thesis.4 

A.1.4 PCKY tensor and canonical coordinates 

We demonstrate now that coordinates (t, x, y, ip) used in (A.21)-(A.25) have a 
deep invariant meaning. We start in a flat spacetime (A.l). Let us define 

(A.26) 

one has 

/ 

Aa
fc-

I 

Q% = —hachcb, 

-R2-q aY 
-aY a2-X2-q 
aX -YX 

0 -ZX 

Aa
b = Qa

b-q6a
b, 

-aX 0 
-YX -ZX 

a2-Y2-q -ZY 
-ZY -Z2 -

\ 

(A.27) 

The condition det(A) = 0 which determines the eigenvalues q of the operator Q 
is equivalent to the following equation:5 

q2 + (R2 

Hence, the eigenvalues of Q are 

1 

a2)q -a2Z2 = 0. 

q± = R2 ± ^{R? - a2)2 + 4a2Z2 

Simple calculations using (A.10), (A.12), and (A.20), give 

2 2/1 2 
q+ = a cos V — y , 

2 2 

g_ = — r = x . 

(A.29) 

(A.30) 

(A.31) 

Thus the coordinates x and y in (A.21) are uniquely determined as the eigenval
ues of the operator Q constructed from the PCKY tensor h. Let us show now 

4It is obvious from the derivation that this symmetric form of the metric and of its hidden 
symmetries is an analytical continuation of the real physical quantities (A.13), (A.15), (A.18). 
The signature of the metric for this continuation depends on the domain of coordinates x and 
y and signs of Ax and Ay, For example, for x2 > y2 and Ax > 0, Ay < 0 it is of the Euclidean 
signature. The transition to the physical space is given by (A.20). 

5The tensor Q is the conformal Killing tensor. It is related to K as 

Kab = Qa •^9abQ°{ Qab = Kab ' 
D-2 

9abKC
( (A.28) 
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that the same tensor h uniquely determines the coordinates t and tjj. The primary 
Killing vector £ and the the secondary Killing vector rj are [cf. Eqs. (1.5)] 

£a = \Vchca = {dT)\ (A.32) 

rja = -Ka% = a2{dT)a + aY{dx)
a - aX(dy)a • (A.33) 

In coordinates (A. 12) one has 

£ = dt, ^ = 8^,. (A.34) 

This means that the coordinates t and ip a r e the affine parameters along the 
primary and secondary Killing vectors £ and rj, determined by the tensor h. 

It can be checked that the same is true for (the symmetric form of) the canon
ical metric (A.21) with the PCKY tensor h given by (A.24). This underlines 
the exceptional role of the PCKY tensor. Remarkably, the existence of a similar 
object in higher dimensions generates the higher-dimensional Kerr-NUT-(A)dS 
spacetime and determines its canonical coordinates, in a way exactly analogous 
to four dimensions (see Chapter 7). 

A.1.5 Separation of variables 

The last subject we would like to discuss in this brief review of properties of 
the 4D Kerr-NUT-(A)dS metric is the separation of variables for the Hamilton-
Jacobi and Klein-Gordon equations. More generally, we consider these equa
tions in the off-shell spacetime (A.21), with Ax(x) and A„(y) arbitrary functions. 

Let us first discuss the Klein-Gordon equation 

• $ - ^ 2$ = o. (A.35) 

The separation of variables of equation (A.35) in canonical coordinates (r,x,y,tp) 
means that $ can be decomposed into modes 

$ = ei£T+im^X(x)Y(y). (A.36) 

Indeed, substituting this expression in the Klein-Gordon equation (A.35) one 
obtains 

(AxX'Y + VxX = 0, Vx = K + ^x2-{£x2~m)2 , (A.37) 

(AyY')' + VyY = 0, Vy = K + Sy2-i£y2~m)2 . (A.38) 
l\y 

Here, the prime stands for the derivative of function with respect to its single ar-
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gument. The separation constants e and m are connected with the symmetries 
generated by the Killing vectors £ = dt and rj = d^. An additional separa
tion constant K is connected with the hidden symmetry generated by the Killing 
tensor K. It should be emphasized, that in order to use the proved separabil
ity for concrete calculations in the physical Kerr-NUT-(A)dS spacetime (A.13), 
(A. 18), one needs to specify functions Ax and Ay to have the form (A.22) and 
perform the Wick transformation inverse to (A.20). This transformation 'spoils' 
the symmetry between the essential coordinates but the separability property 
remains. In coordinates r and y in the 'physical' sector equations (A.37) and 
(A.38) play different roles. Eq. (A.38) with imposed regularity conditions serves 
as an eigenvalue problem which determines the spectrum of n. Eq. (A.37) is a 
radial equation for propagating modes. 

Similarly, the Hamilton-Jacobi equation for geodesic motion 

dxS + gabdaSdbS = 0 (A.39) 

in the background (A.21) allows a separation of variables and S can be written 
in the form 

S = n2X + eT + mip + Sx(x) + Sy(y). (A.40) 

The functions Sx and Sy obey the equations 

(S'xf = %-, (S'y)
2 = %-. (A.41) 

The separability of the Hamilton-Jacobi and Klein-Gordon equations demon
strated above is directly connected with the existence of the Killing tensor and 
the corresponding symmetry operator [Carter, 1977] (see also Section 6.3.2). Let 
us mention that a similar intrinsic characterization of the separation constants 
(connected with the PCKY tensor) can be found in the case of the Dirac equa
tion [Carter & McLenaghan, 1979], [Kamran & McLenaghan, 1984], as well as 
in the case of the massless equations with spin [Kamran, 1985], [Kalnins et al., 
1986], [Kalnins & Miller, 1989], [Kalnins & Williams, 1990], [Kalnins et al, 1992], 
[Kalnins et at., 1996]. For example, one of the very convenient ways how to 
prove that the Maxwell equations in the background (A.21) decouples and sep
arate is the method of the Debye potentials, directly based on the existence of 
the CKY tensor [Benn et al, 1997]. 
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A.2 CKY tensors for the Plebanski-Demianski class 
of solutions 

In this section, based on [Kubiznak & KrtouS, 2007], we present explicit expres
sions for the conformal Killing-Yano tensors for the Plebanski-Demianski fam
ily of type D solutions. Some physically important special cases are discussed 
in more detail. In particular, it is demonstrated how the conformal Killing-Yano 
tensor becomes the Killing-Yano tensor for the solutions without acceleration. 

A.2.1 Plebanski-Demianski metric 

The important family of type D spacetimes in four dimensions, including the 
black-hole spacetimes like the Kerr metric, the metrics describing the acceler
ating sources as the C-metric, or the non-expanding Kundt's class type D so
lutions, can be represented by the general seven-parameter metric discovered 
by Plebahski and Demiahski [Plebahski & Demiahski, 1976] (cf. also [Debever, 
1971]). Recently, Griffiths and Podolsky [Griffiths & Podolsky, 2005], [Grif
fiths & Podolsky, 2006b], [Griffiths & Podolsky, 2006a], [Podolsky & Griffiths, 
2006], [Griffiths & Podolsky, 2007], put this metric into a new form which en
ables a better physical interpretation of parameters and simplifies a procedure 
how to derive all special cases. Among subclasses of this solution let us men
tion the six-parameter family of metrics without acceleration derived and stud
ied already by Carter [Carter, 1968c], [Carter, 1968b] and later by Plebahski 
[Plebahski, 1975]. 

It turns out that the elegant form of the Plebanski-Demianski metric not 
only yields new solutions in 4D (see, e.g., [Klemm et al, 1998], [Alonso-Alberca 
et al, 2000]), but also inspires for its generalizations into higher dimensions. For 
example, Chen, Lii, and Pope [Chen et al, 2006a] were able to cast the Einstein 
space subclass of Carter's non-accelerating solutions into higher dimensions— 
thus constructing the general Kerr-NUT-(A)dS metrics in all dimensions. These 
are discussed in the main text. Recently, even more general solutions in 5D [Lii 
et al, 2008a], [Lii et al, 2008b], directly inspired by the Plebanski-Demianski 
metric, were obtained (see also Appendix C.6). 

One of the most remarkable properties of the Carter's subclass of non-
accelerating solutions, which is also inherited by its higher dimensional gener
alization (see Chapter 4), is the existence of hidden symmetries associated with 
the Killing-Yano tensor [Penrose, 1973], [Carter, 1987]. In four dimensions the 
integrability conditions for the existence of a non-degenerate Killing-Yano ten
sor restricts the Petrov type of spacetime to type D (see, e.g., [Collinson, 1974], 
[Dietz & Riidiger, 1981]). Demiahski and Francaviglia [Demianski & Francav-
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iglia, 1980] demonstrated that from the known type D solutions only spacetimes 
without acceleration of sources actually admit this tensor. The purpose of this 
section is to show that the general Plebanski-Demiahski metric admits the con-
formal generalization of the Killing-Yano tensor. We also explicitly demonstrate 
how in the absence of acceleration this tensor becomes the known Killing-Yano 
tensor of the Carter's metric. The explicit expressions for this tensor for the 
physically important cases are presented. 

The original form of the Plebanski-Demiahski metric [Plebahski & Demiahski, 
1976] is given by 

g = tf 
Q(dr - p2da)2 P(dr + r2da)2 r2+p2

 2 r2 + p 

r2 +p2 r2 + p2 dp' + 
Q 

•dr2 (A.42) 

This metric obeys the Einstein-Maxwell equations with the electric and mag
netic charges e and g and the cosmological constant A provided that functions 
P = P(p) and Q = Q(r) take the particular form 

Q = k+e2+g2 -2mr+er2 -2nr3 - (k+A/3)r4 

P = k+2np-ep2+2rnp3-(k+e2+g2+A/3)p4, 

the conformal factor is 

and the vector potential reads 

1 

(T1 = l - pr , 

r2+p2 l 
er [dr—p2 do) + gp [dr+r2 da) 

(A.43) 

(A.44) 

(A.45) 

The general Plebahski-Demianski metric (A.42) admits the CKY tensor [Ku-
bizfiak & KrtouS, 2007] 

k = Q,3 pdr A (dr — p2da) +rdp A (dr + r2da) 

Using the Maple program, one can easily verify that Eqs. (2.10), 

Vahc = V[aA;6c] + 2ga\b£c] , £a = - Vck
c
a 

(A.46) 

(A.47) 

are satisfied. An independent proof is given at the end of this appendix. The 
Hodge dual, h — *k, is also a CKY tensor. It reads 

h = Q3 r dr A (p2da — dr) +pdp/\ [r2da + dr) (A.48) 
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which is equivalent to 
h = tt3db, (A.49) 

where 
6 = 1 [{p2 - r2)dr + p2r2da] . (A.50) 

It is interesting to mention that k and h axe CKY tensors for the metric (A.42), 
with an arbitrary conformal factor Q and arbitrary functions P(p), Q(r), i.e., 
irrespectively of the fact whether the metric (A.42) solves the Einstein equations 
or not. We shall return to this remark later. We shall also see that in the absence 
of acceleration of sources, k becomes the KY tensor and h becomes the closed 
CKY tensor. 

For fi given by (A.44) and arbitrary functions P(p) and Q(r) both isometries 
of the spacetime follow from the existence of h and k as follows [cf. Eqs. (A.32), 
(A.33)]: 

Zw = -l6h = dT, £(fc) =-Itffc = 0 , . (A.51) 

The conformal Killing tensor, (2.15), associated with k reads 

Q(k) — Q 
Qp2(dT-p2da)2 Pr2(dr+r2da)2 r2+p2

 9 , , r2+p2 , , 9 H —z-,—5—— H 7-— r dp -pr— p drz 

r2 -\-p2 r2 +p2 P Q 
(A.52) 

It inherits the 'universality' of k, i.e., it is a conformal Killing tensor of the metric 
(A.42) with an arbitrary fi, and arbitrary Q(r) and P(p). In the absence of accel
eration Q(fc) becomes a Killing tensor which generates the Carter's constant for 
a geodesic motion [Carter, 1968a]. The conformal Killing tensor associated with 
his 

Q{h) = n 
Qr2(dT-p2da)2 Pp2(dr+r2da)2 r2+p2

 2 , , r2+p2
 2 7 , 

H -^ 5—— ̂  — p dp* —— r'dr* 
r2 + p2 r2 + p2 P Q 

(A.53) 
Both tensors are related as 

Q{h) = Q{k) + tf(p2-r2)g. (A.54) 

Following [Griffiths & Podolsky, 2006b] one can easily perform the transfor
mations of coordinates and parameters to obtain the complete family of type D 
spacetimes and the corresponding particular forms of CKY tensors. In the next 
two sections we consider two special cases. First, we deal with the generalized 
black holes and, second, we demonstrate what happens when the acceleration 
of sources is removed. 
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A.2.2 Generalized black holes 

Following [Griffiths & Podolsk^, 2006b], let us introduce two new continuous 
parameters a (the acceleration) and u> (the 'twist') by the rescaling 

P atop, r 
a I to IUJ 

(A.55) 

and relabel the other parameters as 

m 
' a \ 3 / 2 a\3 /2 a a a , <ll 

n , e —> — e , g —> — g , e —> — e , A; —> a K . 
/ w w w 

(A.56) 

/ay/* (a 
- ) m , n - > ( -

Then the metric and the vector potential take the form 

g = n2 Q(dr-u;p2da)2 P(udT+r2da)2 r2+u2p2 , , r2+uj2p2 , ," 

r2 + ou2p2 
rz + ujlp 2^2 P Q 

r^+u^p 2«2 
er (dr—up2 da) + gp (udr+r2 da) 

with 

Or1 = 1 — apr 

Q = L02k+e2+g2-2mr+er2--^r:i-(a2k-\—)r4 , 
W v 6' 

P = k+—p-ep2+2amp3- a2(u2k+e2+g2)+u}2— 
to i 3 P ' 

The CKY tensors are (up to trivial constant factors) 

Q,~3k = copdr A {dr—up2da) +rdpA (ujdT+r2da) , 

and, h = Q3 db, with fi given in (A.58), and 

b = - [(u2p2 - r2)dr + up2r2d<r] . 

(A.57) 

(A.58) 

(A.59) 

(A.60) 

(A.61) 

(A.62) 
Let's consider two special cases. First, we relabel u> = a, perform an addi

tional coordinate transformation 

and set 

p —• cos 6, T —> T — acf), a 

A 

-0, 

fc = 1, e = 1 - a2(a2 + e2 + #2) - —a2, n = -aam. 
o 

(A.63) 

(A.64) 
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(One parameter—NUT charge—was set to zero and the scaling freedom was 
used to eliminate the other two.) We have obtained a six-parameter solution 
which describes the accelerating rotating charged black hole with the cosmo-
logical constant: 

9 = n2{~ A tdT ~ a s i n 2 ^ l 2 + § d r ' + f iadT ~ (r2 + a2)d(t>]2+ J sm29d02} , 
(A.65) 

where 

CT1 = 1 - ax cos d , A = r2 + a2 cos2 6 , 
Q = (a2 + e 2 + 5 2 _ 2 m r + r 2 ) ( 1 _ a 2 r 2 ) _A ( a 2 + r 2 ) r 2 ) 

a2(a2+e2+g2) + ̂ ] cos2 9 . (A.66) 
siirfl 

1—2am cos 9+ 

In the brackets in (A.65) we can easily recognize the familiar form of the Kerr 
solution. The conformal factor and the modification of metric functions cor
respond to the acceleration and the cosmological constant. The CKY tensor k 
takes the form 

Q~3k = a cos 9drA [dr — a sin2 9 dcfj — rsin9d9 A [adr — (r2+a2) d<f\ , (A.67) 

where 0 is given in (A.66). Except the conformal factor we recovered the Killing-
Yano tensor for the Kerr metric derived by Penrose and Floyd [Penrose, 1973], 
[Floyd, 1973]. 

The second interesting example is obtained if instead of (A. 63) and (A. 64) we 
perform 

l + acos9 (l + a)2, LU 
p _> 5 T -*T- - — (j), a -> 0 , (A.68) 

to a a 
set the acceleration to zero, a = 0, and adjust 

e = l - ^ ( a 2 + 6Z2), n = Z + ^ ( a 2 - 4 Z 2 ) , u2k = (1 - Z2A)(a2 - I2). (A.69) 

Then we have a non-accelerated rotating charged black hole with NUT param
eter and the cosmological constant: 

g = -9L[dT-(a sin2 9 + 4/ sin2^) d</>]2 + ^ d~2 

P ( . r o , . .„-, , , 1 2 A + -Udr- [r2 + {a + lf]d(t^ + -sin29d92 , 

r 
(A.70) 
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where 

= 1 + —-aZcos6>+-a2cos2<9 , A = r2 + (I + acosfl)2 

sin^ 3 3 
, 2 _ ; 2 , „2 , „1 o ™ „ i J* A 

Q = a2-l2U2+g2-2mr+r2-j[S(a2-l2)l2 + (a2+6l2)r2+r^ . (A.71) 

The CKY tensor k becomes the KY tensor (see also the next subsection) and 
takes the form 

a 
k = (I + a cos 9) dr A [dr - (a sin2 0 + 4Z sin2-) d<£\ 

Li 

-r sin 0 d6 A jadr - [r2 + (a + Z)2] # } • (A.72) 

The dual CKY tensor becomes closed, h = db, with 

b=^U(l+acos0)2-r2] [adT-{l+a)2dcf\ - r2 {l+a cos 9)2d<f>\ . (A.73) 

In particular, in vacuum (e = g = A = 0) we recover the KY tensor for the Kerr 
metric (I = 0), respectively for the NUT solution (a = 0) studied recently in 
[Jezierski & Lukasik, 2006], respectively [Jezierski & Lukasik, 2007]. 

A.2.3 Carter's metric 

Let us take the Plebariski-Demiahski metric in the form (A.57) and set the ac
celeration to zero, a = 0, and UJ = 1. Then the conformal factor becomes Q = 1 
and we recover the Carter's family of non-accelerating solutions [Carter, 1968c], 
[Carter, 1968b] in the form used in [Plebahski, 1975]: 

Q(dr - p2da)2 P(dr + r2da)2 r2 + p2
 2 r2 + p2 

r2 + p2 r2 + p2 P Q g = _^~, y~», + J V » ' - T ' - ; +'_ZJL_dp^ + L^LJLdri , (A.74) 

where 

Q = k + e2 + g2 - 2mr + er2 - - r 4 

o 
P = k + Inp - ep2 - —p4 , 

o 

(A.75) 

and the vector potential is given by (A.45). Notice that (A.74) coincides with the 
canonical form (A.13) discussed in the previous section. 
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We also get 

k=pdr A (dr -p2da) + r dp A (dr + r2da) , (A.76) 

which is the Killing-Yano tensor given by Carter [Carter, 1987]. Its dual, 

h = *k = db, (A.77) 

with b given by (A.50), becomes the closed CKY tensor. These are the hidden 
symmetries for the canonical metric [independent of the particular form of P(p) 
and Q(r)]. The conformal Killing tensor (A.52) becomes the Killing tensor 

„ Qp2{dr -p2daf Pr2(dr + r2da)2 r2+p2
 2 l 2 r2+p2

 2 l 2 

K = —— + —— + — — r dp j — p dr . 
rz + pz rz + pz P Q 

(A.78) 
Both isometries of spacetime may be derived from the existence of k, but in a 
different manner than before. We have £^) = ®T whereas £(fe) = 0 since k is now 
a KY tensor. Nevertheless, the second isometry is given by [cf. Eq. (A.33)] 

(da)
a = K%$h) . (A.79) 

Let us observe that the full Plebanski-Demianski metric with acceleration is 
related to the (non-accelerating) Carter's metric only by a conformal rescaling 
and a modification of metric functions P(p) and Q(r).6 It allows us to use the 
theorem (see, e.g., [Tachibana, 1969], [Jezierski & Lukasik, 2006]) which states 
that whenever k is a CKY tensor for the metric g then fl3k is a CKY tensor for 
the conformally rescaled metric Q,2g. This would justify the transition from the 
known KY tensor (A.76) to the CKY tensor (A.46), up to the fact, that in the tran
sition from (A.42) to (A.74) we also need to change metric functions P(p) and 
Q(r). Fortunately, as mentioned above, the 'universality' of k, i.e., the property 
that (A.76) remains KY tensor for the metric (A.74) with arbitrary function P(p) 
and Q(r), can be demonstrated. Indeed, the only nontrivial components of the 
covariant derivative Vfc, namely 

Vpfc„ = Vrkpa = Vfffcrp = V2 + p2 , (A.80) 

are completely independent of the form of Q(r) and P(p). Therefore one can 
start with the metric g (A.74), with the KY tensor k (A.76), and with arbitrary 
functions P(p) and Q(r) so that, after performing the conformal scaling g —> 
Q,2g we obtain the metric (A.42). The theorem ensures that Q3k is the universal 

6One might hope that such a transition could work also in higher dimensions. For the 
demonstration that it is not so, see Appendix C.6. 
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CKY tensor for the new metric, and in particular for the Plebanski-Demianski 
solution, where ti is given by (A.44) and functions P(p) and Q{r) by (A.43). 
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Appendix B 

PCKY tensor in the Myers-Perry 
spacetimes 

Historically, the PCKY tensor in higher-dimensional black hole spacetimes was 
first discovered [Frolov & Kubiznak, 2007] for the Myers-Perry metrics [Myers 
& Perry, 1986], and its existence was verified with the help of the Maple pro
gram up to D < 8. A little bit later, an (unpublished) analytical calculation, 
using the Kerr-Schild form of the Myers-Perry metrics, proved its existence in 
an arbitrary number of spacetime dimensions. Soon after that, the PCKY tensor 
was discovered for the Gibbons-Lu-Page-Pope [Gibbons et al, 2004], [Gibbons 
et al, 2005] Kerr-(A)dS metrics (unpublished), and finally [Kubiznak & Frolov, 
2007] for the general Kerr-NUT-(A)dS spacetimes [Chen et al, 2006a]. In this ap
pendix we give a brief account of these historical developments and present the 
sketch of the (unpublished) proof justifying the existence of the PCKY tensor in 
the Myers-Perry spacetimes. 

B.l Myers-Perry metrics and their symmetries 

The Myers-Perry (MP) metrics [Myers & Perry, 1986] are the most general known 
vacuum solutions for the higher-dimensional rotating black holes. These solu
tions allow the Kerr-Schild form [Myers & Perry, 1986], they are of the type D of 
the higher-dimensional algebraic classification [Milson et al, 2005], [Coley et al, 
2004], [Coley, 2008]. The metrics have slightly different form for the odd and 
even number of spacetime dimensions D. We can write them compactly as 

(B.l) 
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where 
2,,2 

V = T*-*Y[(r> + a}), tfSv(i-£-£"). (B.2) 

Here m = [(D — l)/2], where [vl] means the integer part of A. We define e to 
be 1 for D even and 0 for odd. (This is different from the Kerr-NUT-(A)dS e; 
e = 1 — e.) The coordinates /^ are not independent. They obey the following 
constraint: 

m 

i = l 

The MP metrics possess the PCKY tensor [Frolov & Kubiznak, 2007], and the, 
derivable from it, towers of hidden symmetries and tower of Killing vectors. 
The latter is related to the obvious m+1 isometries, dt, 8^,1 = 1,..., m, present 
in the spacetime (see, e.g., Eq. (B.8) below). The KY potential b for the MP metric 
(B.l) reads [Frolov & Kubiznak, 2007] 

H (r2 + £a*tf)dt + £aitf(r
2 + a?)d&l . (B.4) 

t = i 

The corresponding PCKY tensor h is 

m m 

h = ^2 aiVidVif\ aidt + (r2 + a2)d</>j + rdr A (dt + ^ airfdfa) . (B.5) 
i = l i = l 

Here and later on in similar formulas the summation over i is taken from 1 to m 
for both—even and odd number of spacetime dimensions D; the coordinates /^ 
are independent when D is even whereas they obey the constraint (B.3) when 
D is odd. 

Historically, the existence of the PCKY tensor was discovered with the help 
of the Maple Program. At the time of discovery it was known that the 5D MP 
metric possesses the Killing tensor and allows the separation of variables for the 
Hamilton-Jacobi and scalar field equations [Frolov & Stojkovi£, 2003b], [Frolov 
& Stojkovic, 2003a]. It was also known that such a separation is possible in 
higher dimensions, provided that the rotation parameters a* are divided into 
two classes, and within each of the classes they are equal of one another [Va-
sudevan et ah, 2005a]. One of the motivations to search for the hidden symmetry 
associated with Killing-Yano tensors was the task to solve the parallel transport 
of orthonormal frames. (This task was finally accomplished three years later, 
see Chapter 9.) 

We further remark that, by the time of the discovery of the PCKY tensor 
(B.5) it was completely unknown that such a tensor allows one to generate other 
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hidden symmetries or Killing vectors, except those of the dual Killing-Yano 
tensor / — *h, 

1 
2 

jai...aD-2 ~• \*h)ai ...aD-2 ~~ o e o i . . . o D _ 2 "cd > (B-6) 

J- » 1 1 . . . a r > _ Q . , c _ L LCcZ 

the associated Killing tensor 

-^ab = ,-Q __ q\, /aoi ...ap-afb * D ~ 3 = ^a(A° ~ » 9abhcdh° , (B.7) 

and the corresponding two Killing vectors, 

r - ^ j V ^ , r?a = Kace
c. (B.8) 

Specifically, the explicit expressions for / in four and five dimensions, and the 
following ('computer-empirical') formulas: 

m 1 m—1+e 

i ^ 6 ^ = J2 k (^ - l ) g-l+aMd^-2 d2A + J2 dl-2ZZ-ZZ-tt , (B.9) 

m m m—1+e 

£ = 04, i7 = 2° i€ -C, C = 5 > 0 * , Z=J2^, (B.10) 
j = l i = l i = l 

were known. These expressions were verified with the help of the Maple pro
gram up to D = 8. In 4D, the expression for / coincided with the KY tensor 
discovered by Penrose and Floyd [Penrose, 1973], [Floyd, 1973], and the Killing 
tensor (B.9) reduced to the Killing tensor obtained in [Carter, 1968a], [Walker 
& Penrose, 1970]. In D = 5, the Killing tensor (B.9) gave the Killing tensor ob
tained in [Frolov & Stojkovic, 2003b], [Frolov & Stojkovic, 2003a], after the (con
stant) term £C + ££ was omitted. All these 'computer-empirical' results were 
put onto the solid ground by the (never published) analytical proof proving the 
existence of the PCKY tensor in an arbitrary number of spacetime dimensions 
(see Appendix B.3). 

Soon after this proof was finished, the PCKY tensor for the general Kerr-
NUT-(A)dS spacetimes was discovered [Kubiznak & Frolov, 2007]. Let us in the 
next section briefly mention the pre-stage of this development. The main im
pulse was the discovery of the PCKY tensor for the Kerr-(A)dS black holes, to
gether with the transformation of this object into its 'universal' canonical form. 
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B.2 Kerr-(A)dS black holes and their symmetries 

A generalization of the MP metric which includes the cosmological constant, 
the Kerr-(A)dS solution in all dimensions, was obtained in 2004 by Gibbons, Lii, 
Page, and Pope [Gibbons et a\., 2004], [Gibbons et al, 2005]. The metric obeys 
the Einstein equations 

Rab = (D-l)Xgab. (B.ll) 

Similar to the MP metric, the solution allows the Kerr-Schild form and it is of 
the algebraic type D. In the 'generalized' Boyer-Lindquist coordinates it takes 
the form 

i = l i i = l i 

Udr2 m 2 , 2 

rz + az 

V-2M 
+ W{1 - Ar2) ( g TT^j ^ + tr2vdv) + ^ ' (B-12) 

where 

m 2 

=i 
1 + Aa2 + ev2 , V = re~2(l - Ar2) f[(r2 + a2), 

i = l 

[/ = 
V 

1-Ar2 

m 9 9 

1=1 l 

(B.13) 

Here, we use the same notations and constraint (B.3) as for the MP metrics. 
The Kerr-(A)dS spacetime possesses the PCKY tensor, derivable from the KY 
potential 

1 r2 + a2 

r2
 + $ > 2 M 2 ( 1 - A I T ^ ) J d t + ^ a ^ 2

I 
i = l l i = l 

r* + af 
+ Aa; 

•d(/>j (B.14) 

The PCKY tensor, h — db, reads 

t = i 

r2 + a2 

a,/iid/LtjA Ojdi + r-^ (d(f>i — Aojdi) + rdrA dt + \ , °i/̂ i (d<&— Aa4d!t) 
i = i 

1 + Aa2 

' i = i 

(B.15) 
This formula was explicitly verified, using the Maple program, for D < 7. More
over, when the cosmological constant A is set to zero the KY potential (B.14) 
reduces to that of the Myers-Perry metric (B.4). 

The crucial impulse for the discovery of the PCKY tensor in the general Kerr-
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NUT-(A)dS spacetimes (4.1), presented in the main text, was the following ob
servation. In D — 4, the metric (B.12) describes the Kerr black hole in the (A)dS 
background. Such a black hole possesses only one rotation parameter which, 
as usual, we denote by a. We also put \x\ = sin 9, <f>\ — <j>, and perform the 
additional linear transformation of cf> and t: 

dt^dt, dcp^ -aXdt - (1 + \a2)d<f>. (B.16) 

Then one recovers the 'standard' form of the Kerr-(A)dS metric. Up to a constant 
factor, one also has 

/ = r sin 6d0 A [adt + (r2 + a2)d(f\ - a cos Bdr A [dt + a sm26d(f\ , (B.17) 

which is the KY tensor discovered by Penrose and Floyd [Penrose, 1973], [Floyd, 
1973] for the Kerr metric. In this form, however, it holds also for the nontrivial 
A. Moreover, further transformation 

t —> r — a2a , (j) —• aa , cos 8 —> — p/a , (B.18) 

brings the metric and the KY tensor into their canonical forms (A.13) and (A.15) 
described in Appendix A. In particular, we have 

/ = rdpA(dr + r2da) +pdrh{dr - p2da). (B.19) 

In this form / is completely 'universal'; it neither depends on A nor on a. In 
fact, it is the KY tensor for the general Carter's solution described in Appendix 
A.2.3. This inspired the author of this thesis to search for a convenient coor
dinate transformation which would transform the known higher-dimensional 
PCKY tensor (B.5) or (B.15) into its 'universal' form. This is how the PCKY ten
sor (4.13) for the Kerr-NUT-(A)dS metric (4.1) was discovered. 

B.3 PCKY tensor in the MP spacetime: the proof 

In this section we prove that the tensor h, given by (B.5), is indeed the PCKY 
tensor for the MP metric (B.l). Namely, we prove that it obeys the closed CKY 
equations (3.7). We proceed in two steps. First, we transform the metric and h 
into the Kerr-Schild coordinates. Second, following [Myers & Perry, 1986], we 
introduce the convenient orthonormal basis in which the verification of (3.7) is, 
although elaborate, rather straightforward. 
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B.3.1 Kerr-Schild form 

Let us start with the transformation 

2M V a,i , A 
dt = a,T dr , a<bj = a<p,- H =• dr , (B.20) 

V-2M v * V - 2M r2 + a2 ' 

which transforms the metric element (B.l) into the 'Edington-like' form. We 
further introduce the Kerr-Schild coordinates 

Xi = iiiJr2-\-a2cos{ipi — arctan —) , y^ = / ^ y r 2 +a? sin (</?—arctan—) , z = evr. 

(B.21) 
Here, index i = 1 , . . . , m, and the last coordinate z is introduced only in an even 
number of spacetime dimensions. The inverse transformation reads 

o *b A I' jjA Cbjl U'l & sr\ rs r\ \ 

Vt = ~i 9 > <Pi — arctan V arctan — , ev — - . (B.22) 

r1 + af v Xi r 

These relations imply 

Xidxi + yidyi {x2 + y2)rdr x{dy{ - y^Xi atdr 

^ = - 7 M ^ {r
2 + a2)2 ' d(Pi= x2 + y2 - ^ T ( B - 2 3 ) 

The constraint (B.3) reads1 

m 2 i_ 2 2 

E ^ + « ? = !• <*»> 

1=1 ' 

Differentiating this expression we find 

o rxi o ^2/i 

^ = F(r2 + a2) ' yiT = F(r2 + a2) ' 
TT m II 1 i 9\ m 

F = ^ = 1 _ V a^Xi + ffl = r2 V 
1=1 v * ' 1=1 

A + vl ! c^
2 

(r2 + a2)2 r2 ' 

(B.25) 

(B.26) 

Therefore, 
r ^ XidZi + yidyi zdz 

dr = — } j - — g — + € ^ r - - (B-27) 
F ^—' r2 + af Fr 

lrThe 'Boyer-Lindquist' form (B.l) of the MP metric is in the original paper [Myers & Perry, 
1986] derived from the Kerr-Schild ansatz (B.28). We are now going backwards. In the original 
derivation the constraint (B.3) is understood as a defining equation for the coordinate r. It also 
expresses the fact that the vector k, (B.30), is null. 
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Using these relations we find that the metric takes the 'Kerr-SchilcT form 

g = rj + hkk, (B.28) 

where 

v = -dr2 + J^idx* + dyf), h=—, (B.29) 
i = l 

, , , v ^ r(xidxi + VidVi) + ai{xidVi - Vidxi) zdz 
k = dr + > '- ^ 1- e . (B.30) 

z—' r* + 07 r 
»=i l 

The PCKY tensor (B.5) reads 
m 

fa. — ^[(ccjdxj + yidyi)/\dT + a-idxiAdyi] + ezdzAdr . (B.31) 
»=i 

The last expression is particularly useful for obtaining the flat space limit of this 
tensor [cf. Eq. (A.3)]. 

B.3.2 Basis forms 

So far, we have covered both cases of the odd(even)-dimensional spacetime si
multaneously. It is now natural to split the subsequent calculations. Here, we 
concentrate on the even-dimensional case (the proof in an odd number of di
mensions is slightly modified but analogous). 

Let us introduce the basis of 1-forms Ea = e^dx^, 

Eu = du + Akdxk + -A2dv, Ev = dv - HEU, Ek = dxk + Akdv, (B.32) 

dv = Ev + HEU , du = Eu + \A26V - AkEk , dxk = Ek - Akdv , (B.33) 

in which the (even-dimensional) metric (B.28) takes the form 

g = -2E{uEv) + EkEk . (B.34) 

Here, we have defined xk = (x\ yj), Ak = (qB\ qCj), Ek = (££, Ej
y), 

rxi - aiy
i
 4 _ ryi + aix

i _ \/2r _ M 
r* + a% ' = r2 + af ' 9 = 7T~z ' = 2Uq'2 

Indices i, j run over 1, . . . , m, whereas indices k,l,o through 1, . . . , 2m; due Ein-
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stein summation conventions are used. Also, aix — aiy — at whenever ix — iy. 
Using the fact that 

\ A 2 = ]-AkAk = ^-(BiBi + C'C) = ^r%^% = "—^ = y/2q-l, (B.36) 
2 2 2 2 H + af r + z 
CTcn = Xi - rBi, Blai = rC* - yt, (B.37) 

X = xkAk = qr%^% = Ur2- z2) = V2(r - z), (B.38) 
rl + af r 

we find 

dvAdu = -EUAEV - dv A Afe£fc , 
aidxiAdyi = aiElAEl + dv A (gccfe£fe - rAfc£fe), 

Plugging these expressions into (B.31), we find the following form of the PCKY 
tensor in the chosen basis: 

rpK spKAl 

h = rEuAEv + -j=EkAEu + (ai6
ki*5u* j=-)Ek AEl. (B.39) 

V2 v2 
Let us conclude this subsection with introducing the dual basis operators 

D = Dv = dv-A
kdk+^A2du, A = DU = du+HD, 5k = Dk = dk-A

kdu, 

du = A - HD, dv = D + l A28u + Ak5k, dk = 5k + Akdu . (B.40) 

B.3.3 Connection coefficients for the MP metric 

The connection coefficients rabc (antisymmetric in the first two indices) are ob
tained from relations 

dEa = _ 1 ^ EbA Ec j rQfec = 1 ( ^ + j ^ ^ _ Dabc) ( B _ 4 1 ) 

When calculating these coefficients, we shall use the fact that the exterior deriva
tive d can be expressed as 

d = EUA + EVD + El6l. (B.42) 
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Calculations are aided by the fact (proved in the next subsection) that 

DAk = 0. (B.43) 

So we find 

dEu = dAkAEk = -AAkEkAEu + 8lAkElAEk, 
dEv = DHEUAEV + (HAAk - 5kH)Ek AEU - H5lAkElAEk , 
dEl = AAlEuAEv + 5kAlEkAEv + HSkAlEkAEu. (B.44) 

Comparing with (B.41) we identify 

D\u = AAk, D\ = -Flk, D\V = -DH, D\u = 8kH - HAAk, 
D\ = HFlk, Dl

uv = -AA1, D\v = -5kAl, Dl
ku = -H6kAl, (B.45) 

where we introduced 

Fik _ 5iAk _ SkAi = _Fki = Fik _ (B 4 6) 

This leads to the following coefficients: 

Tv
vu = -DH, rku = HAAk-5kH, rkl = -H5kAl, T\u = -AAk, 

Tu
kl = -SlAk, TU

UU = DH, Tk
uu = HAAk-6kH, Tk

ul = -H6kAl, 

Tk
vu = -AAk, Tk

vl = -5lAk, Tl
ku = -HFlk . (B.47) 

B.3.4 Covariant derivatives of the PCKY tensor 

In order to verify the closed CKY equation (3.7), 

Vc/ia6 = 2gc[a^b], & = jy—^dh
d
b, (B.48) 

we need to calculate the covariant derivatives of h, 

hab- c = Dchab - F^/itf - Td
bchad, (B.49) 

where [cf. Eq. (B.39)] 

huv = r, hku = ~xk, hkl = -^=x^ + 2ai5
i*lk8*v. (B.50) 

The most lengthy parts of the calculation (the details of which we moved to the 
next subsection) are summarized by the following lemmas: 
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Lemma 1 ('Orthogonality relations'). 

a) r5lAk - hokS
lA° = q5kl, b) rSkAl - hko6°Al = qSkl. (B.51) 

Lemma 2. 
rAAk - hlkAAl = —X-=Ak . (B.52) 

Lemma 3. 
hku]U = 0 . (B.53) 

Summing a) and b) in (B.51), we immediately get 

hk0F
l° = 2q5kl - 2r^l4fc>, h[mFl]o = 0 . (B.54) 

We also need the following relations: 

Ahkl + -j=x^AA{i = 0, Dhkl = 0, 50hkl + -j=xH\0W = -j=80llAQ, (B.55) 

which follow from previous identities. 
Applying all these lemmas and identities, we find that the only nontrivial 

covariant derivatives of h are 

1 1 1 

hi-o = J = 6°W , hvhtU = -j= Ak , hkv]l = q5kl. (B.56) 

Specifically, we find 

£b = -p— 6h={-^=- 9 # ) Eu + qEv-^= AkEk . (B.57) 

It is now straightforward to verify that Eq. (B.48) holds. 9? 

B.3.5 Proofs of lemmas 

In this subsection we gather the proofs of the above statements. Let us denote 
cfc = l/(r2 + a|). For example, the constraint (B.24), and the definition of F, 
(B.26), are 

2 2 

°k4 + ^2==1> F = l - al44 = r*xl4 + ^ . (B.58) 



APPENDIX B. PCKY TENSOR IN MYERS-PERKY SPACETIMES 145 

We also find 

„2 2 9 ckx
kAk = qrx2

kc\ = -{F - —) = - ckA
2
k , a2

kxkAkc
2
k = qra2

kxkc] 2„..„3 
k 

(B.59) 

Let us first prove the relation (B.43). Using Eqs. (B.25), (B.36), (B.37), and 
(B.59), we find 

^ n .br, 1 „on z rckx
kAk (V2q-l)z 

Dr = dvr-Akdkr+-A2dur = •= —- V ^-~L—I— 
2 V2Fr F V2Fr 

-Q, 

Dz = q-V2, Dq = 0, Dxk = -Ak, Dck = 2rqc\ . (B.60) 

Therefore one has [and similarly for D(qCl) — 0] 

DiqB*) = qD^) = q2[-x'cj - rci& + a^C + 2rc2
i(rxi - a ^ ) ] = 0, (B.61) 

where (B.37) and the definition of B{ were used. 9 
Proof of Lemma 1. Let us decompose hki into its constant part hi and the 

'rest' 

hid = hi + hi, hi = 2ai8
i'[k6l]i* , hi = —y= x[kAl]. 

We first notice that [see (B.36)] 

\ 8lA2 = V2 8lq , 6lxk = 6lk, 8lz = - -±=Al, 
2 A/2 

xkSiAk = six _Ai = ^/26ir s hokS
lA° = -Ak5lr + xk5lq. 

Furthermore, using (B.37), we find 

hok6
lA° = hixk5

lA* + hiyk$A* = S^gB^S^ - 6l(qCiai)S
i*k 

= S^qrC - qyi)5^k - 8l(qXi - qrB*)^ 
= Ak5lr-xk5lq + r5lAk-q8lk. 

(B.62) 

(B.63) 

(B.64) 

(B.65) 

Combining (B.65) with (B.64) completes the proof of (B.51) a). 
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To prove (B.51) b), we successively find 

; rxlci zAl , q2Al zq25lr q2zxlci q2Al . z2 , 

SkAl = AW (±-£= + ^P) + AW (J™ - *^5L) - AV-P-
\2r 2r 3 F F J \^rF F J y^rF 

+xlxk
<E*2h. + Sklqrck + 2qaiciS

i'H^ . (B.67) 
r 

Moreover, using identities (B.59), we find 

fl 7" 7 A (IT 7 
rAk - hktA

l = Ak(r + z) - —xk , rxkck - hkix
lci = + - ^ ( F - -?), 

r rq V2r r2 

aiCi(r^[k5^ - hk06^*) = - ^ + ^ = £ + ^ ^ - ^ + a2
Cl5

lk . 

(B.68) 

Using these relations one can express, r8kAl — hko5°Al, in terms of 'independent' 
coefficients AkAl,Alxk, Akxl, xlxk,Slk. Finally, using 

and the definition of q one can verify that each term, but qSlk, vanishes which 
completes the proof of (B.51) b). 9 

Proof of Lemma 2. Let us decompose hki as in (B.62). Then we find 

^-AA2 = V2Aq, Axk = -AkH, Az=-^ + H(q-V2), (B.70) 
2 \/2 

xkAAk = V2(Ar+qH)-l, hlkAAl = xkAq-AkAr - qHAk + ̂  . (B.71) 
v 2 

With the help of (B.37) we find 

hlkAAl = -xkAq + AkAr + qHAk + rAAk . (B.72) 

Combination of (B.71) and (B.72), gives (B.52). <? 
Proof of Lemma 3. This proof is the most difficult part of the whole calcula

tion. We sketch only the main steps. Using (B.52) and (B.70), we find 

hku. u = 2rHAAk - r8kH -~xkDH + hkl5
lH + -±=HxlFlk . (B.73) 

\/2 \/2 
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Our task is now to show that this expression is equal to zero. First of all, using 
the following identities: 

Id T ~ Z Aid UZ Id TX 

xl6lr = ——- , Al5lr = n , xl6lq = 1— 
F ' rF' 2r 

(1 + £)-
xi5iA* =

 r"qxkCk + Ak\^2q + ^.^_2V2rck) 
2 F V 

(B.74) 

we find 

1 
xipik = — 

y/2 y/2 
_ skr = _^zxk°k 

F 
+ A>{q + %-^). (B.75, 

Next, from (B.25) it follows that 

2rAAk = Ak(-q + ^ 

Contracting (B.67), we find 

2 2\[2zrck\ xkckV2zq 

0 F 
(B.76) 

(B.77) 
1 = 1 

So we have 

m 

DF = -2qrN3, D\gV = --2qrJ2ci, 
i = l 

DH 

H 
i = l 

and therefore, using (B.77), we get 

x DH x 

V2 H V2 J2\ r) 
(B.79) 

Similarly, we obtain 

.., o qAk y/2zqSkr 
5k\gq2 = 1^- + ^—^2 

5kF = -2alxkcl + 4:r5krN-

5kH 

5k 

, 6>%V = 1 1 ( 2 ^ 5 : ^ - 1 ) , (B.80) 
i = l 

3 , 

i f 
-<jfcig(aW) = 2Q^fcc* _ «d! + £!:fi _ ^ £ £ _ ^ _ ?**). 

F r r \ r F a J ' 
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Finally, using (B.68), and 

r * * r - / * A = ^ , rala*4-hUaW^ = A ^ ^ + ̂ ) + ^ - , (B.81) 

one has 

i K « - W S ) = * ( ^ - f ) + * ' ( ^ - ™ ) . (B.82) 

Combining the results (B.75), (B.76), (B.79), and (B.82), we find that 

1 rk DH 1 

^ ; U = - ^ x ^ f c + 2 r A ^ f c - - = - r - - ( r ^ - ^ F ) = 0. 9 (B.83) 
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Appendix C 

Miscellaneous results 

In this appendix we gather various results concerning the PCKY tensor and 
other related topics. Namely, we prove that the eigenvectors of the PCKY tensor 
coincide with the principal null directions, we review the algebraic integrability 
conditions for the existence of a CKY 2-form and relate them with the algebraic 
type of the spacetime, we review some algebraic identities used throughout the 
text and comment on the separability of the first order differential equations in 
Kerr-NUT-(A)dS spacetimes, we outline the unsuccessful attempt to generalize 
these metrics to the Plebahski-Demiahski solution in higher dimensions, and 
finally briefly comment on the degeneracy of the eigenvalues of the operator F 
used in Chapter 9. 

C.l Principal null directions as eigenvectors of the 
PCKY tensor 

Lemma. Eigenvectors of the PCKY tensor h coincide with the 'principal null direc
tions'. That is, the solution of the eigenvalue problem 

lJh = \lb, (C.l) 

is a geodesic WAND (Weyl aligned null direction). 
Proof: Contracting (C.l) with I immediately implies that I is null. To prove 

that it is geodesic let us introduce the complex null Darboux basis for h, 

h = A t A nb + J2 vimi A W > (C 2) 
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with the only non-vanishing scalar products 

(I, n) = - 1 , (mi, mf) = 1. (C.3) 

Let us denote by T = V;T, and in particular z = I. Using the PCKY equation 
(3.3) and (C.l) we find 

Vj(l J h) = zjh- t{U 0 = Azb + XI*. 

Re-arranging the last equation we get 

zjh = lb(\ + lj£)+\z1'. (C.4) 

On the left-hand-side we plug the expression (C.2) for h, and contract both sides 
with n, to obtain 

roj (z J h) = X(n, z) = X(n, z) — (A + I j £) . 

From here it follows that A = — IJ £. Plugging this expression into (C.4) we find 
that zjh = Xzb. Comparing with (C.l) we conclude that 

z = Vji - atl. (C.5) 

This means that I is a (non-affine parametrized) null geodesic. One can restore 
the affine parametrization by performing a proper boost in {I, n} 2-plane, so 
that afterwards 

W = 0. (C.6) 

Similarly one can consider null geodesies in other directions, such as 

rriiJh= -virrii => Vm.mi^aimi. (C.7) 

It remains to prove that I is WAND. The most simple way to show this, is to use 
the explicit form of the eigenvector I in the most general spacetime admitting 
the PCKY tensor (see Chapter 7), and refer to the paper [Hamamoto et ah, 2007] 
where it was shown that such a vector is WAND. "s? 

C.2 Integrability conditions for a CKY 2-form 

In this section, following closely [Tachibana, 1969], we repeat the derivation of 
the integrability conditions for the existence of a CKY 2-form fc, (2.10), written 
as the algebraic relations between components of kcd and the curvature tensor. 
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We use the conventions of [Wald, 1984]. For example, we have 

(V„Vb-VbVa)/ccd = Rabc
eked+RaJkce, (C.8) 

Rac = Rca = Rabc = R abc, (C9) 

and the following definition of the Weyl tensor Cabcd: 

Rabcd = Cabd + {ga[cRd]b — 9b\cRd]a) ~ ( ry _ -i\( rj _ n\ R9a[c9d]b • ( C I O ) 

The defining equation for a CKY 2-form reads 

V(A) b = gcaib-i{c9a)b , 6 = D _ ^dkd
b , (C.ll) 

or equivalently 
VbA;cd = V[bkcd] + 2g(,[c^ . (C.12) 

What conditions follow from these equations? Differentiating Eq. (C.ll) and 
shuffling the indices we have 

V a ( V ( 6 & c ) d ) = gbcPad ~ Pa(b9c)d , (C.13) 

V b ( V ( a / c c ) d ) = 9acPbd - Pb(a9c)d , (C14) 

Vc(V(aA;fc)d) = 9abPcd - Pc(a9b)d • (C.15) 

Here and later we use the abbreviations 

Pab = Va£fe , 5afc = pah + Pfco , ^-ab = Pah ~ Pba • 

Calculating (C.13)+(C14)—(C.15), and using the Bianchi identity R<abS — 0 , we 
obtain 

2VaVbA;cd = kebRacd+kecRba^+keaRbcd
e — gcdSab + gbdAca + 9adACb 

+ 2(kedRcb^+gbcpad+gacpbd-gabpcd) (C.16) 

Similarly, we have 

2VaVckdb = kecRadb+kedRcab
e+keaRcdb

e — gdbSac + gcbAda + gabAdc 

+ 2(kebRdca
s+gcdpab+gadpcb-gacpdb) , (C.17) 

2VaVd&{,c = kedRabc +kebRdal+keaRdb£ — gbcSad + gdcAba + gacAbd 

+ 2(kecRbda
s + gdbpac + gabpdc-gadPbc) • (C.18) 
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From here it follows that 

VQ(V[b&cd]) = VaV6A;cd - 2pa[dgc]b. (C.19) 

Adding equations (C.16), (C.17), and (C.18), and using equation (C.19), we have 

2VaVb/ccd = kedRcb^ + kebRd^+kecRbd^+2gcbpad 

— 2gdbpac+9aCAbd+gabAdc+gadAcb. 

Subtracting (C.16) from this equation we get 

keaJ^hcd ~^ kebRad(,-\- kecHdab-\- kedKcba + gdhbac-\-gac&db~~~9ab&dc~ gcdSab = 0. (C.20) 

Contracting indices a and b in this equation and using kea(Radce + Racde) = 0, we 
have 

2ke(dR$ + (D- 2)5dc + Sa
a9cd = 0. (C.21) 

Contracting the last equation once more we obtain <S" = 0. So we get1 

^ = Voe° = 0, \sdc = V^c) = ^-^Re(ckd)
e. (C.22) 

Denoting by 
Tbca = Rbca + D _2

R[b3c]a , (C.23) 

and plugging (C.22) into (C.20) we finally obtain the following algebraic condi
tions for the existence of a rank-2 CKY tensor kab: 

{TbJ5{ + Tad:6[ + TdJ5{ + T^) kfe = 0. (C.24) 

C.3 On algebraic type and CKY tensors 

Let us briefly comment on the relationship of the algebraic type of the space-
time and the existence of a CKY 2-form. It was proved by Collinson [Collinson, 
1974], that the vacuum spacetime admitting a non-degenerate Killing-Yano 2-
form is necessary of the algebraic type D. Here we outline the proof that the 
same remains true for the existence a non-degenerate CKY 2-form. This proof 
can be easily extended to higher dimensions [Coley et al, 2008]. 

Our starting point are the algebraic relations between the components of kab 

JIn an Einstein space, that is when Rec oc gec, the last equation implies that £a is a Killing 
vector. 
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and the curvature tensor (C.24). In a particular case of vacuum, we have 

(CbJ5{ + Ca/A + CdM + Ccb:S
f
d) kfe = 0, (C.25) 

where Cabci denotes the Weyl tensor—related to the Riemann tensor by (CIO). 
In an arbitrary number of dimensions we have the following canonical forms of 
2-forms (see, e.g., [Milson, 2004]): 

[D/2]- l 

Kb = A0n[aZ6] + ^2 Apm^m^+1, (C.26) 

[(I>-3)/2] 

kab = XoTHam*-1 + ] T \ m l m T l ' ( C 2 7 ) 

(D-3) /2 

kab = Ao(n [amJ-1+i [am5 ,-1)+J]Apmf>Jp+1. (C.28) 
P = i 

Here, n has boost weight 1,1 has boost weight -1, and the remaining spacelike 
forms are of boost weight 0. 

To prove that the existence of CKY 2-form kab in a vacuum implies that the 
spacetime is of the algebraic type D, it is sufficient to prove that the algebraic 
relations (C.25) with these canonical forms eliminate all, but the boost weight 
zero, components of the Weyl tensor. 

C.3.1 Non-degenerate CKY in four d imens ions 

In 4D, the non-degenerate 2-form takes the canonical form 

Kb = A0n[aZ6] + Ximfam
3
b]. (C.29) 
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Denoting by F(a, b, c, d) the left-hand-side of (C.25), we successively find 

F ( l , l , 2 , 2 ) = 2A0C1212-2A1C1213 = 0, 

F ( l , l , 2 , 3 ) = -AiCi3i3 = 0, 

F{0,0,2,2) = —2A0C0202 — 2A1C0203 = 0, 

F(0,0,2,3) = -A1C0303 = 0, 

F(0,1,3,1) = A0C0113 + AiCona = 0 , 

F( l ,2 ,3 ,2) = A0C1223 — A1C1323 = 0, 

F(0,0,1,2) = —A0C0102 _ A1C0103 = 0, 

F(0,2,3,2) = —A0C0223 — A1C0323 — 0, 

CQ212 = 0)313 , C()312 = — Co213 • (C.30) 

This implies that only the following components of the Weyl: 

C0101, C0123 , C0313 , C2323 , (C.31) 

and the components obtainable from them by symmetries of this tensor may be 
present in the spacetime admitting a CKY tensor (C.29). All of them are of boost 
zero and hence the spacetime is necessary of the algebraic type D. 

C.4 Some algebraic identities 

Throughout the thesis we use various algebraic identities. Most of them are 
directly related to the canonical form of the PCKY tensor or the canonical form 
of the Kerr-NUT-(A)dS spacetime. In this section we make a short overview of 
such identities. 

The following functions are used throughout the text: 

Up — ]_ ]_(.£„ ^p,), A ^ — 2_^ xvi • • • xuk, A — 2_j xv\ • • •x 

V=\ V\ Vk = l !/l,...,I/fc = l 
V^li VX<...<Vk,Vi^ll Vl<...<Vk 

(C.32) 

These functions appear in the definition of the canonical metric (4.1), they ap
pear in the expressions for the PCKY tensor (4.13), or the expressions for the 
Killing tensors (4.14). One can easily generate A^k\ Ay with the help of [Krtous 
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et at, 2007b], [Oota & Yasui, 2008] 

n 

JJ(*-^) = A^e-A^r^ + '-' + i-l^A^, (C.33) 
v=l 

Y[(t-xl) = Afkn-1-A£hn-2 + --- + (-l)n-1A(
i?-1K (C.34) 

One might also introduce quantity U, [Frolov et at, 2007], [Kubiznak & Frolov, 
2007] 

U = det [A?] = ft (xj - xl) , (C.35) 

/J.<v 

which is simply related to the determinant of the canonical metric [cf. Eq. (4.11)] 

g = det(gab) = {-cAM)£U2. (C.36) 

In the first expression (C.35), Af1 (j = 0, . . . , n — 1), is understood as the n x n 
matrix. 
Lemma 1 ([Frolov et al., 2007]). The nxn matrix BJL = {—x2

l)'"
r~l~~k/UIJ, is an inverse 

ofA^\ That is, 

n-l ( 2\n-\-k « (_„2\n-l-k 

^L^_ i 4(*) = ^> ^ L ^ _ A ( | ) = 6 i . (C.37) 

In particular, we obtain the following important identities: 

n / 2\ra-l 

/ i = l 'M 

™ a;2fe 

J ^ - ^ = 0 for /c = 0 , . . . , n - 2 , (C.38b) 

n 1 1 

E T 7 T = 7W f o r k = 0,...,n-l, (C.38d) 

The first two relations follow immediately from (C.37) (set / = 0 in the latter 
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expression). (C.38c) follows from (C.38a) by substituting x^ —• l/x^. (C.38d) 
can be verified using (C.38c), (C.37), and the fact that A^ = A™ - a$A{,fc_1). 

The following lemma plays the central role for the separability in the canon
ical spacetimes: 
Lemma 2. The most general solution of the equation 

£ Hr1 = 0 (C-39) 

is given by 

, = i ^ 

n - 1 

fl/(xu) = J2Cj(-xl)n-l-j, (C40) 

where Cj are arbitrary constants. 
This lemma was already used in [Hamamoto et al., 2007], [Frolov et al.f 2007]. Its 
proper proof can be found in [Krtous, 2007]. We finally mention the identity 

dx 
U_ 

= 0 , (C.41) 

(used in the separation of the Klein-Gordon equation) which obviously follows 
from the definition of U and C/M. Many more useful relations can be found, for 
example, in [Krtous, 2007]. 

C.5 Integrability of some functions in Kerr-NUT-(A)dS 
spacetimes through separation of variables 

In the main text we have encountered several situations where we have to solve 
an ordinary differential equation (or the set of equations, j = l,...,l) 

F^G^x,). {CAT) 

Here the dot denotes the derivative with respect to an affine parameter and the 
right-hand-side is in general complicated function of x^'s (or possibly r in the 
Lorentzian case). Such equations were, for example, obtained for the compo
nents if>j, (5.9), of the geodesic velocity in Chapter 5, or for the rotation angles 
Pn in Chapter 9. It turns out that some of these equations may be 'symbolically' 
integrated as they allow an additive separation of variables. Let us probe this 
possibility in more detail. The separability means, that we seek the solution in 
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the form 
n 

Using the first relation (5.9), one finds 

^ = E*fW (C 4 3) 

*, = tm'** = t ^^M^^EIl. (C.44) 
V* 

Prime denotes the derivative with respect to a single argument. For each u the 
numerator of the last expression is function of xv only. If Fj given by (C.42) can 
be brought into the form 

p.^J-pl, (C.45) 
, = 1 ^ 

the problem is separable. By comparing (C.44) with (C.45) we arrive at 

£ f * l ^ = 0> 9y = a^gn{Uv){F^)'^XvVu - W* - / f . (C.46) 
, = 1 ^ 

The general solution of (C.46) is (see Lemma 2 of the previous section) 

n - l 

9f)=Y.cf)^xiyl~k- (C 4 7) 
fc=i 

However, what we need is a particular solution. For such a solution, we may 
choose all the constants CJ = 0. (In fact, a different choice of CJ leads only to 
a different additive constant for Fj.) So we have 

y/XvV„-Wd 
Fj = J2[ UT^:J\T . (CAS) 

The situation in the Lorentzian case is exactly analogous. If the right-hand-
side of (C.42) can be brought into the form 

^ = ̂ ) + g£W | (C49) 
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the separated solution reads 

~ [ ;^r)dr , g / ^ ^ ) / r ^ (C50) 
J y/w*-xnvn friJ ^/xuvu -wi 

As a particular example let us consider the affine parameter itself. Due to 
the identity (C.38a), 

1 = E7T» /M = Hsjr1 , (C51) 

we find that 

u=l J 

^-^ . crusign([/,,) (—£?,)" 1da;„ 
r = V / M S , A J 4 = ^ . (C.52) 

C.6 Higher-dimensional Plebanski-Demianski? 

As we have mentioned in Chapter 4, the form (4.1) of the higher-dimensional 
Kerr-NUT-(A)dS spacetime can be considered as a 'natural' higher-dimensional 
generalization of the Carter's canonical form (A.74) of the 4D Kerr-NUT-(A)dS 
spacetime. In four dimensions, it is well known how even more general solu
tions can be 'generated' from the canonical form. The electromagnetic charge 
is added by a simple change of metric functions Q and P, the accelerated class 
of solutions is obtained by a conformal rescaling of the canonical element. All 
these classes are uniformly described by the Plebanski-Demianski class of solu
tions, see Appendix A.2. 

This inspires the search for more general higher-dimensional solutions. It is 
natural to ask, whether it is not possible to generalize the higher-dimensional 
Kerr-NUT-(A)dS spacetimes in a way exactly analogous to the 4D case. The 
problem of charging these solutions was addressed in [Krtous, 2007]. It turned 
out that such a procedure is not sufficiently general.2 Here we demonstrate 
that also the attempt to 'accelerate' Kerr-NUT-(A)dS spacetime in a way anal
ogous to 4D, i.e., by a conformal rescaling (cf. Appendix A.2), generally fails 
[Kubiznak & Krtous, 2007]. 

We consider the metric 
g = n2g , (C.53) 

2The higher-dimensional 'Kerr-Newman solution' is still analytically unknown. We conjec
ture that such a solution may not be of the algebraic type D. If this is so, its form might be quite 
different from the form of the Myers-Perry metric. The similarity of these solutions in four 
dimensions stems from the special properties of electromagnetism in 4D. 
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where g is a canonical metric (4.1) and Q? is an unknown conformal factor. We 
ask the question, whether it is possible to adjust Q, and metric functions X^x^) 
so that the scaled metric g satisfy the vacuum Einstein equations. Due to the 
same argument which we used in four dimensions (see Appendix A.2.3) such a 
metric would possess a conformal Killing-Yano tensor h = Q,3h. 

The Ricci tensor Ric of the rescaled metric g is related to the Ricci tensor of 
the unsealed metric g by a well known expression (see, e.g., appendix in [Wald, 
1984]), which can be written as 

Ric = Ric + (D- ^ f iVVlT 1 + g fov2^1 - (D - l ^ V f T 1 ) 2 ] . (C.54) 

Here, the 'square' of 1-forms is defined using the inverse unsealed metric g~x. 
We require Ric = — Xg with A proportional to the cosmological constant. The 
Ricci tensor Ric thus must be diagonal in the frame {a;}. The conditions on 
off-diagonal terms give equations for the conformal factor O. 

In a generic odd dimension these conditions are too strong—they admit 
only a constant conformal factor Q. In even dimensions the conditions on off-
diagonal terms lead to equations 

(-) —1 %V ^ ' ,ji . -£|4 * " ,1/ n -Eft » ' ,H . -Ev ^" ,V f(~i CC\ 
" ,fiu — ~7) 5" H T. 5" , U — -T, ' ^ H 5 ~~F; • y^.oo) 

0 / „ JJ^ O,^ O/j, J / j , JJ^ Jj^ O/y 

It gives the conformal factor depending on two constants c and a, 

fir1 = c + a x\... xn , (C.56) 

which is obviously a generalization of the four-dimensional factor (A.44) (with 
c = 1 and a = ia). 

Unfortunately, the conditions for diagonal terms of the Ricci tensor are in 
even dimensions D > 4 rather restrictive. Analyzing first the condition for the 
scalar curvature and then checking all diagonal terms one finds that either3 

VTl = Xl...x2, X^b^x^ + J^Ckxf, (C.57) 
fc=0 

with A = (D — 1) c0, or 

n 

tT1 = l + ax1...x2, Xv = y£,Cktft, (C58) 
fc=0 

3The trivial global scaling was eliminated by setting a = 1 in (C.57) and c = 1 in (C.58). 
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with A = (D - 1) [(-l)n - 1c„ + a2c0] . The first case is not a new solution: the 
substitution 

x, = l/Xfi, Vi = $n-i-i, X^x-^X,, (C.59) 

transforms the rescaled metric g back to the form (4.1) in 'barred' coordinates. In 
the second case metric functions X^ depend on a smaller number of parameters 
and one has to expect that the metric describes only a subclass of the 'accel
erated black hole solutions'. It is actually the trivial subclass—it was shown 
in [Hamamoto et at, 2007] that the metric (4.1) with X^ given by (C.58) repre
sents the maximally symmetric spacetime; therefore the scaled metric g, being 
the Einstein space conformally related to the maximally symmetric spacetime, 
must describe also the maximally symmetric spacetime. In analogy with the 
four-dimensional case we expect that the metric (C.53) with metric functions 
(C.58) describes the Minkowski or (anti-)de Sitter space in some kind of 'rotat
ing accelerated' coordinates. Such an interpretation, however, requires a further 
detailed study.4 

The form of the Plebanski-Demianski metric motivates the construction of 
new solutions in higher dimensions. Its non-accelerated subclass, the Carter's 
metric, has been already generalized into higher dimensions by Chen, Lii, and 
Pope [Chen et at, 2006a]. However, it seems that further generalizations, al
though almost obvious at a first sight, cannot be easily obtained. For example, 
the attempts to 'naturally' charge these solutions failed so far (see, e.g., [KrtouS, 
2007], [Chen & Lii, 2008]). Here we have demonstrated that also the general
ization to accelerated solutions is not straightforward. In particular, we have 
shown that the direct analogue of the Plebanski-Demianski family of solutions 
(with acceleration) cannot be in higher dimensions obtained in a manner sim
ilar to the four-dimensional case, that is, by a conformal scaling of the Chen-
Lu-Pope metric, possibly with the 'natural' change of metric functions. The 
question about the existence of the C-metric in higher dimensions therefore still 
remains open. 

4We have to conclude that a non-trivial generalization of the Plebanski-Demianski metric 
into a generic higher dimension cannot be found by a conformal rescaling (C.53) of the canonical 
element (4.1). However, recently it was demonstrated that a nontrivial generalization of the 5D 
MP metric can be obtained with the help of two scaling factors [Lii et al, 2008a]. The solution 
contains three independent and one adjustable parameter. It is obtained by gluing the rescaled 
4D canonical metric with a (differently rescaled) part corresponding to the fifth dimension. This 
solution also gives rise to a new charged black hole of 5D minimal supergravity [Lti et al, 2008b]. 
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C.7 Remarks on the degeneracy of eigenvalues of F 
In this section we comment on the degeneracy of the eigenvalues of the 2-form 
F used in Chapter 9.5 Namely, we prove that due to that fact that the PCKY ten
sor h is by definition non-degenerate, the corresponding 2-form F, (9.1), pos
sesses (g0 + 1)-times degenerate zero eigenvalue, where <?o = 1 in even number 
of spacetime dimensions and q0 = 0,2 for generic, special trajectories in an odd 
number of spacetime dimensions. Moreover, the multiplicity of non-zero eigen
values is governed by gM < 2, and the equality occurs only for special geodesic 
trajectories. 

Consider a non-degenerate h, then 

n 

A(A) = d e t ^ - X5a
b) = (-\y H(\2 + ul), (C.60) 

fc=i 

where all v\. are different. Let us re-calculate this determinant in terms of F and 
compare the results. For this calculation we use the Darboux basis of F and 
corresponding matrix form of the objects. In particular, we have the expression 
(9.3) for F, and 

S = \SQ, S J , . . . Sp) , Sg = \ SQ, . . . , SQ) , Sp, = [ Sfr, Sfi, . . . , Sp,, S/x) , (L,.t>lJ 

for the 1-form s defined in (9.1). Using (9.1), (9.3), and (C.61), one can rewrite 
(C.60) as 

A(\)=det{Fa
b-u

asb+saub-\5%)= A B 

C E (C.62) 

where A = —A, B — —s, C = —sT, and E is the (D — l)-dimensional matrix of 
the form 

E = diag(-XIqo,%...,pZ), »Z = ( ZxX -il, ) • (C,63) 

Here Iqo is a unit q0 x q0 matrix, and we use XT to denote a matrix transposed 
to X. It is easy to check that 

E-1 = d i a g t - A - 1 / ^ - 1 , . . . , ^ - 1 ) , 
»Z-X = Q-x »ZT , Q, = (A2 + A2), det(^) = QJ*. (C.64) 

5 As this appendix directly relates to Chapter 9, we consider the case of the Lorentzian signa
ture and -F for timelike geodesies, that is, F given by (9.1). Also other notations are the same as 
in Chapter 9. 
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One has the following relation for the determinant of a block matrix (see, e.g., 
[Gantmacher, 1959]) 

A 
C 

B 
E 

= A\E\, A = \A - BE~lC\ 

Using (C.63) and (C.64), one finds 

(C.65) 

det(£) = (-A)90JJ Q<jf , A=-X- sE'h1 

Combining all these relations one obtains 

A(A) = (-A)""1 J ] OJST 

90 9M 

= I X «i 

/ p s2 \ 

i = i i = l 

(C.66) 

(C.67) 

Let us now compare (C.60) and (C.67). First of all, let us compare the powers 
of (—A). For s? ^ 0 we have match for go — 1 = £/ whereas the case s? = 0 may 
happen only in odd dimensions and one must have qo — 0 [cf. (9.24)]. Another 
result of the comparison is that <?M < 2. Really, if gM > 2, then at least 2 roots 
of A (A) in (C.67) coincide. This contradicts the assumption previously stated, 
since for a non-degenerate operator h the characteristic polynomial has only 
single roots A2 = —v\. The case when q^ = 2 is degenerate. It is valid only for a 
special value of the velocity u. Really, in this case one of the eigenvalues, say Vk, 
of h coincides with one of the eigenvalues of F so that one has det(F — vkI) = 0. 
The latter is an equation restricting the value of u. 


