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L s e }a N S "__ SEREEE T

A general treatment df non—harmonlc V1brat10na1 dynamlcs

Vlln an 1solated hydrogen b'nd 1s presented baSed On an

.,',;

tA

lfadzabatzc mode separatlon of hydrogenlc motlons from those

(J

of the heav1er partlcles.

The valldlﬁy of the Stepanov (adlabatlc) approx1matlon

¢ is examnned by lncludlng correct non—adlabatlc coupllngs and
tsolv1ng the resultant co4pled elgenvalue problem for a model

system (HF2—) 1n whlch tfe coupllngs are expected to have a

L

c maxlmum 1ntr1n$1c streng;h. Convergence is, demonstrated by

1nclud1ng up to thrgg&co'pled protonlc states._ Comparlson |

»

’wa1th exact results thus,obtalned shows that the adlabatlc

approxlmatlon glves tran51tlon frequenc1es w1th1n l%, and

A“A.'. ..

“iylnfrared relatlveflnten51t1es to about 10% = 1n cases where

the coupled protonlc levels are not de enerate. Cases of

a 5 i

degeneracr,sﬁof proton levels,g an be accommodated in the

but employaa model fqrm w1th COrrect dlss001atlon propertles.

The close agreement of computed and observed transrtlon Lf el

frequenc1es, and IR relatlve 1nten51t1es, leads to a conV1nc—‘_‘7"'

1ng a551gnment (1n the adlabatlc mode descrlptlon) for

nearly all tran51t10ns 1n the~b1f1uor1de spectrum (e g. in '

df KHF (s)),:on the ba31s of an 1solated 1on model.?;\
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CHAPTER ONE

N . !
I-

I
INTRODUCTION

A. ﬁurpose.

~ The hydrogen bond has been the subject of much
experlmemtal and theoretlcal 1nvest1gat10n. ThlS has

been summarlzed in three volumes ed;ted by:Schuster,

'Zundel, and Sandorfy,1 in several other texts,z-e\and in

many review articles (surveyed to 1977 by Kollman ). Y

\

The presence of a hydrogen bond (A—H..B) is strongly

,1nd1cated by the behav1our, in the 1nfrared (IR) Sspectrum -

., of the band -associated w1th the stretchlng mode,v(A—H).
'Upon hydrogen bondlng, thlS band is lowered in frequency
‘and greatly broadened Wlth many well defined peaks.8
a&d1t10n, the frequenc1es (v vé'}-of-the.deformation
‘modes are progressively 1ncreased with ingreasing hydrogen

bond (H bond}y strength, .and the band are also generally'

'8

broad and structured.‘ It 1s now w1dely accepted that

2

thlS broadening.and structure is largely due to strong

anharmonlc coupllng between the A..B symmetrlc stretchlng

5

mdde’(vl), éhe asymmetrlc A-H v1brat10n (v ), and the
bdeformatlon modes (v Vo ). v-In general ‘the potentlal )
is a. non—separable function of the four v1bratlonal
coordinates, - and dannot be made separable by any llnear B

~

, transformatlon.;

hd .
(O

.o



EARI However, since the frequency of the heavy partlcle

-

3

v1Brat10n (vl) is 1nvar1ably much less than the frequencxes
assoc1ated with the llght protonnc motlons{ an adzabatzc
mode separatlon was suggested by: Stepanov.9 In the
Stepanov approx1matlon, as 1n the Born—Oppenhelmerlo’ll

separation of nuclear from electronic motions, a set of.

"protonic" elgenstates is deflned for each conflguratlon

" @f the heavy nucleiﬁ(A...B). Thése states dependfpara—v

".metrlcally upon the "heavy particle” coordinate,"and

each protonlc elgenvalue deflnes an effectlve potential

curve for the heavy particle v1bratlon (v ;/:Eihe curves

'may be quite different for each protonic state, so that

much of the breadth and complex1ty of the spectrum may
12 13

be attrlbuted to Franck Condon progress1ons in the

vy mode, as was p01nted out by Sheppard

This thesis presents a general theoretical treatment
of the vibrational dynamics of an‘isolated H-bond, using

adlabatlc protonlc states as the bas15 for a representa—

.tlon of the . exact v1brat10na1 wavefunctions. 1In thls

representation (discussed in Chapter Two) there results
4 )
a set of coupled second order llnear dlfferentlal equatlons

R

in the heavy partlcle coordlnate, the solutlons to Wthh

define the total vibrational eigenstates of the:system.
The Stepanov approximation is a “"zero order" description
in this'representation:‘”the non-adiabatic coupling

between "the adiabatic states is taken to be.negligible. -



Itjis necessary tO'distinguish“betﬁeen’non?adiabatic
coupllng and the "anharmonlc coupllng which arises |
‘because the H- bond potentlal functlon 1s non—separable
The latter is not negligible, and produces a strong
dependence in the protonic potential curves on the heavy
particle coordinate, and a rec1procally strong dependence

in the Vl dynamlcs on the protonlc guantum state. These

effects may be accurately descrlbed in the Stepanov N

approximation if the non—adlabatlc coupllngs are negligible. A
Thls work examines the effects of non- adlabatlc
coupllngs on the valldlty of the Stepanov approx1mat10n. ’
Calculations have been performed for a phy51cally reallstlc
'vmodel system in whlch these coupllngs are zntranswcally
asustrong as they are ever %1kely to be in a hydrogen
~bond. The conclusion is that for most purposes-the non-
adiabatic coupiings:are indeed.fntrinsically negligible.
The emphasis on intrinsic strength is made for the
fol;owing“reason * in cases.where the adfabatdc states
are degenerete, or néerly SO, even very weak.noneadiabaticrz
coupllngs may cause the states to be strongly mixed. The'
correspondlng strong v1bron1c coupllng effects are well
known in the Born-Oppenheimer separation(e.g. the Jahnj
Teller effect). In‘hydrogen bonds, the accidental
degeneracy, or near degenetacy, of the protonlc levels .‘.;J

ﬂ'2v 'and 'v3' would be such a case; the strong coupllng

("Fermi resonance“l4) arising in this 31tuatlonihas been



L

discussed by WltkOWSkl and W03c1k.15 In this thes1s the

effects of non—adlabatlc coupllngs are- examlned for cases
where the coupled proton;c levels are not degenerate.

The‘non—adfabatic couplings_have a coordinate system
ldependenceh fIn:the usual System‘appropriate to a molecular
I(H—bonded) situation, they hayehan'undesirable-property;\
they do not vanish as the H—bond'dissociates.- This defect
has been corrected by applylng the non-linear coordlnate
transformatlon technlque of Thorson and Delos16 (Chapter
Two,.section D3).. A degree’ of approxlmatlon is 1ntroduced,
but the domlnant effects ‘of extendlng a calculatlon
beyond the Stepanov descgiptzon are retalned.

The‘system used‘to examlneﬁnon-adlahat;c;couplinq
effects is a realistic model for the (v3, vl) stretching
‘dynamlcs 1n the strongly hydrogen—bonded bifluoride ion
(HF —). Calculatlons were carrled out uslng a model

potentlal surfgée based entlrely on, ab 1nttzo calculatlons..

ThlS model 1s descrlbed in Chapter Three.'

~ v

%t is also necessary ‘to establish techn1Ques for the
accurate numerlcal solutlons of (a) the Schroedlnger
.equatlon descrlblng essentlally proton motlon at a fixed /C
heavy nuclear conflguratlon (yleldlng "v1bratlonal Born—’
Oppenhelmer“ states, Chapter Four), and (b) the set of
coupled equatlons ‘(Chapter Flve) Technlques whlch are

appllcable to a linear symmetric system (A—H...A) are

“.descrlbed. Thls lS not\a restrlctlon 1mposed by the



]

”,fgénéféi?bﬁeofy,ibut;iﬁiaéésfafibﬁ-aﬁéféétffeagétiquin5"”
‘computatlon tlme._ | | tdu i

For HFZ—‘ the calculated ‘IR and Raman transitlon ‘
frequenc1es, and.IR relatlve 1nten51t1es, allow as51gnments R
of 11nes 1n the experlmental spectrum of crystalllne Ké;Z-
to quantum states deflned W1th1n the Stepanov descrlptlon
(Chapter Slx) - This crystal spectrum can be well underfkihy
’stood“u51ng tqe 1solated ion model ” '

‘ The‘theoretlcal calculatlon shows, qulte 1ndependently
of the experlmental agreemgnt, that w1th an adtabatwc'
separatton (Stepanov descrlptlon) the~uSefu1 concept of gi‘
mede exc1tatlons may be retalned, whlle accurately 1nclud—
1ng the effects of a non—separable, strongly anharmonlc
lnteractlon. However, many of the predlctlons of a
Simple harmonzc mode descrlptlon must be abandoned
overtone frequenc1es are not 1nteger multlples of funda-
mentals, the frequency of the heavy partlcle mode (v )
;depends strongly on ‘the protonlc state, and 1nten51t1es
may dlffer greatly from those predlcted u31ng a harmonlc
bas1s, yet the common 1dea is that each level can be
a551gned dlstlnct quantum numbers for each of a collectlon
‘of separate modes.’ A 51mple,‘yet general plcture of. the
vfbratlonal dynamlcs of an 1solated hydrogen bond thus R

_emerges. - - . ) o -

~ -



’ﬂ_progress can be made by 1gnor1ng them.

M used in v1brat%pna1 calculatlons to date.;’The usual :

?procedure 1s.“,

'-(A—H..B) may be expressed 1n terms of four v1bratlonal

B.‘Preyiousrvibrational Caiculations;

L. General Formulatlon.ffﬁf.f3-
~Jano$chekl7 has rev1ewed the methods whlch have been

L4

»(a)*centre of mass motion is- extracted and 1gnored-'“'””

‘(b’-the Born;0ppenhe1mer separatlon of nucl\ar and

| 'electronlc motlons is assumed to be Valld ‘.-\V

s(cf?v1bratlon-rotatlon 1nteract10ns are 1gnored
(d)vthe equlllbrlum conflguratlon is taken to be

)

llneaf.,

At thlS point the 1nternal motlon of the three nucle11_

S

_coordlnates whlch correspond, 'in the harmonlc approx1ma—

tion,. to‘"proton stretchlng" and “A...B stretchlng modes,
and the degenerate:“bendlng modes"-. A further approx1ma—
tlon is then 1ntroduced:,.
(e)fbending andhstretchingjmodes are assumedito be
separable.‘ S Lo e

18 ' :

Coulson and Robertson haye pﬁinted out that{rsince

accurate experlmental frequencies for the bendlng mo es

are not generally avallable, 1t is of 1ntere§¥ to seé what
=,§,”~
e ..",:' ._

-\ R

In the absence of ‘an. accurate four-dlmens10na1
potential. functlon, some approximate separatlon of bendlng

and stretchlng is~c1ear1y necessary.



e
X .

«separate potentlals are then both take
dependent on R.: It follows that the adrabatlc curves

"heavy nuc;ear4motlon are dependent upon\both bendlng and

'iipotentlal functlon for v2 1s much weaker than that forr

| the approach taken here for the spec1f1c study of the

';m‘lng to the stretchlng'modes (vl,Fva), w1tH assoc1ated

In Chapter Two 1t 1s assumed th t the bendlng and f
stretchlng motlons of the\proton are approx1mate1y separ-

able at any flxed heavy nuclear separ'tlon (R) _ The— o

to be parametrlcally

c

stretchlng "v1brat10nal Born—OppenhelmerJ elgenstates of

r'the proton. Any Ferml resonances between bendlng and

‘,stretchlng modes of the- protonlsl \j;be treated by

1ntroduc1ng their 1nteract10n as a perturbatlon w1th1n
the manlfold of near—degenerate proton states.

- There is evmdence19 that the R-dependence of. the

N a4 .

3, Wthh 1mp11es that an approxrmate treatment 1gnoring . L

’bendlng 1nteract10ns may yleld useful results.f Thls is

Hblfluorlde ion. .

The maln focus of attentlon, in past calculatlons

and in’ thlS the51s, is then upon the two stretchlng o

coordlnates, and the non—separable two—dlmen51onal potentlal

) surface whlch descrlbes thelr 1nteract10n.'-

If a palr (ql, q3) of generallzed Jacobl coordlnatesn“'

» ﬁ Lt
(dlscussed 1n detall 1n Chapter Two) 1s used (correspond‘l,“‘

‘Ow

e Al e A Ein L
reduced masses (ml, m )), the v1bratlona1 Schroedlnger‘
. ° R LY fos ',. - -
equatlon contalns no cross terms ‘An the klnetlc energy g

RS L e e i Lo . o

- . e .



, vthe main subject of recent v1brat10nal calculatlons.

. operator:. ..

_calculatlod or from emplrlcal data, or both has been

. nd-dyl-are normalized Hermite éolyn@mi-algs’i-,; T

.-{:,:ﬂ?:n;./zmlw;/aql SO/t ¢ v aye) .E}‘”_‘qs-'ql" N
U r\ v Co ‘; T A(L.1)

A

The solutlon of (l l), w1th V(q3,ql) from ab znztzo'

17

i - ~

| The methods whlch have been used fall 1nto two classes~

(a) "dlrect“,solutlons of the twofdlmen51ona1 equaf

tion‘by expansion'in-produots‘of'harmonic ,
.

osc1llator functions, R S A

(b) adlabatlc representatlons.-

.9 P
-

A brlef dlscu551on of these methods follows.
B - ‘C ) . . . .

,25 Dlrect Two Dlmen51onal Solutlons.

An elgenfunctlon w (q3,ql), whlch satlsfles (1 l)

‘v.

”under approprlate boundary condltlons,'may be expressed

ﬁas a llnear comblnatlon of blnary products of harmonlc

’

: osc1llator (ho) functlons 1n ql and q3

. w=e

Wy (q3:q1 Z c, "'X i (ag) "X, (ql)

where“‘

. - P 2 2. e o .
CXplay) = Bying) texp(-0u5n g ), (k= lor3) (1.3)

s eae
4 P
. .-\.‘":;'_

The coefflca.ents {C£

B e

L ‘ba51s 51ze N by applloatlon of the variatlonal prlnciple.,

el

Ty




Dlagonallzatlon of the resultlng NxN matrlx ylelds upper'
/bpunds on the flrst N elgenvalues. The exponents (nl, n )

' may 1ﬁ1t1ally be flxed u31ng elther the tran51t10n

20 21

and Slngh and Wood ),

or the curvature at the minimuam of the potentlal surface
22, 23

frequencles vl and v3 (as Ibers,

i

-(as Janoschek et Z ), or they may be treated as

rfurther varlatlonal parameters (as Alml¢f24 . In principle,
the values for {nk} are not cr1t1cal because the functlons
'{X.(qk); i = 1,'2, .%.®} are" g%mplete in qk space, but
é jud1c10us ch01ce w1ll speed the convergence of (1.2).
The problems of convergence and 1nterpretatlon‘are
'the maln dlfflcultles with this approach to the solutlon
of (l 1) B -
Wlthout exceptlon, those who have applled thls

matrlx expan51on" method have used a polynomlal form

“for the representatlon of the potentlalﬁsurface:

. _—

V(q3lql) = s ak2q1q3 (1.4) *

‘.The;coeffiCients.{a } are then: obtalned elther from

experimentalfdata,gQ,ZI

znztzo data po:.nts.-zz'-"24

.«

or by least-squares f1t to ab

v'The'number of'terms;used 1n
(l 4) varles greatly-i the rorm of Iber's20 is limited to'\"
four (with, anharmonlc coupllng arising- only through a
- term in qlq3), whereas Alml¢f ;lncluded’elght terms;'

The polynomlal representatlon for the potentlal o e T
iy RN

functlon 1s used w1th good reason‘ matrlx elements {H J}

RE
S
i,
"



’arlslng in. the secular equatlons, are readlly calculated
Unfortunately, it has een found necessary to use large

Aba51s sets 1n order to ensure convergence for- the lower

4o

.elgenvalues- Slngh and WOOle requlred N = 144, ®and
Alm1¢f had N = 160 .
Janoschek et al. 22, 23 hav% used non—orthogonal ba51s
sets for double—mlnlmum surfaces (w1th the ho functlons
locallzed at the mlnlma-b a two cantre expan51on), in
‘order to provide more. rapld convergence (N =-32). ThlS
1ntroduces overlap 1ntegrals {S } into -the secular
bequatlons, and consequently the p0551b1l1ty of over-
completeness for the hlgher elgenstates (as N 1ncreases,

N

The' guestion of convergence to an accurate elgen—

',value is partlcularly dlsturblng W1th a polynomlal

'representatlon for ‘the potentlal surface. The surface
glven by (l 4) may be acCurate in the reglon of the ‘
'.equlllbrlum conflguratlon (where ab znztto or emplrlcal
data have been used to- deflne the coeff1c1ents), buq!as-'
‘ the hydrogen bond dlssoc1ates the representatlon 1nev1t-
ably becomes very. poor. | |

In addltlon, hav1ng achleved convergence wﬂthcmany

v,-ho products, 1t may become dlfflcult to 1nterpret the

. \ <
'assoc1ated elgenfunctlons in a conceptually useful manner.

»

Prev1ous v1bratlona1 calculations for the blfluorlde

20 24 have used this approach (and w1ll he-further

or’ as the mlnlma coalesce, the matrlx S becomes 31ngular)u



1.

discussed in Chapter‘Three.g Other.systems-which have -
\v . N I

'been 1nvestlgated u51ng thls two-dlmen51onal treatment

are H502+, 22 2? and H c1“'323;ﬂ”

3772 e TR
- The work of Slngh and Wood21 is of partleular Co

relevance to thlS thes1s, as they have made a quantltatlve

*estlmatlon of the valldlty of the Stepanov approx1matlon
h)

for the lower lylng levelswof a model H-bonded system.
’ . \ B

Their four term polynomlal representatlon of the potentlal

B ]

- ~and a barrier he{ght 4x5000“cm

;Q‘~u€1ng these curves as potentlal surfaces for my )

: functlon (Ibers form ) was chosen to approx1mate the
symmetrlc double mlnlmum functlon approprlate to O H..O

systems. Coeff1c1ents a ' and a (equatlon (l 4)) [
10’ 201 4

were fixed”by requlrlng_vl<: 175 cm l,'V3': 3000 cm ;,-
_l, while the anharmonic“

:coupllng parameter alz_was related to an equlllbrlum

‘?

conflguratlon; Thelr results show very close agreemené : L

(w1th1n 1% for the. lower levels) between elgenvalues

-~

calculated‘by the twofdlmen51onal matrlxuexpanslon method,

and the correspondiné Stepanov approkimationvvalues

(whlch they obtalned by flrst solv1ng the one- dlmen51onal

Schroedlnger equatlon (ho baSlS ‘in q3) for m3, at flxed | f;?v*f”‘d
q1 values, yleldlng protonlc elgenvalue curves, -and then
SOlVlng the one-dlmen51onal equatlons Uuaba5151n qlll"'
Wlth thlS mode} they have conv1nc1ngly shown that e
the Stepanov approx1mat10n 1s¢very good for H- bonds of

e

weak to medlum strength, 1nvolv1ng for example, oxngn



‘;v Jacobl coordlnates Wlth assoc1ated relatlvely heavY and,

>55 and nltrogen, but they have not”quantltatlvely 1nvest1gated

Q

;:and pJ is the momentum operator,g-lha/BqJ _j;é“i;Bfgﬁffi7ff.'.

e Recall that q1 and q3 are a palr of generalrzed

the energy levels for ‘a strong bond such as the blfluorlde 7N'.‘

‘ % - o
' In a later paper26 Slngh and Wood have studled the:-

Stepanov approx1matlon for the blfluorrdfflon, but only .'L‘kf:ﬁ,

dlstance uponvdeuteratlon.?q 28 30 Agaln”usrng a fourlfvff
term polynomlal representatlon (w1th the cqeff1c1ents of

Ibers and Delaplane,%z emplrlcally estlmated for HF —) *f'.. o o
for the-@otentlal functlon: they found that a Stepanov | ‘
calculatlon accurately reproduces the 1sotope contractlon,

and have suggested that the lowekJenergy states are .

therefqre well approx1mated..

3 Adlabatlc Representatlons-lj

The Hamlltonlan of (1 l) may be wrltten.ﬁkjﬁf7g

H(@ygy) = (py/2m s sy

| h(q3q1) - a.er

llght reduced masses (ml‘and m3) nespectavely.: There

are three p0531b1e ch01ces‘for this palr (descrlbed 1n

B



'[ﬁlconflguratlon (A-H....B,_A—H—B, A....H—B) There is anvﬁq

'“:Chapter Two),'each of whlch is: apprOPrLate for a. partlcular

/ 4

:;fﬁ’lmportant sxgnlflcance to thls chplce 3wh1ch w1ll be

’"7mdlscussed in detall 1n Chapter"Tw0° “in chnectlon Wlth

b7ithe asymptotlc behav1our of the non—adlabatlc coupllng

b

terms.; For any cholce, howeVer,‘the adlabatlc representa-..'ﬂg_ge"

'tlon employs elgenfunctlons of the “protonlc“ Hamlltonlan 1
'h(q3,ql) (calculated atiany flxed value %f ql) ‘as ba51s
' states for an expan51on of the total wavefunctlon-“

: .
LA

l7iw1th respect;to ql) The equatlons whlch result»rn the,

:"adlabatlc approxlmatlon are then Very s1mple--7"

. \-\\, R
\. {\\ﬂ' |
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'*Vf;Equatlonl(l 10) descrlbes the motloh of a mass m

» l;'
' on«a proton-state-dependent potent1a1 curve Ugl(l glves

rthe state of exc1tatlon of the proton) For each protonxc

curve there are a55001ated elgenvalues {E 'j' 0 l,

j'Z; .5.}, and s0 the adtabatzc separatzon has:retalned the
, concept of a mode descrzpttOn total elgenstates may

FARA SRS ﬁ Lo

':be 1abe11ed by a double 1ndex.¢[3,l> o Changes 1n 2 (for

;ffflxed j) refer to excltiﬁlon of th:,fArH stret@hlng mode"-ﬁ‘
(v3), and changes in j (for flxed l) refer to exc1tat10n
ﬂqf the "A..B mode" (v ) Of course, these are not
ex01tat10ns of any "pure mode" in the sense of a harmonlc
'separatlon, but it is a useful concept Because of a
}”shlft 1n the mlnlma‘and form of the exc1ted state curves :f%:*
({U }, a Franck Condon effect 1s‘expected- the comb;natron?lx
bands "mv3 :'"nvl" w111 have 51gn1f1cant/;z

The adlabatlc descrlptlon has been exten51vely

.employed by Marechal Wlt%owskl, and numerous co—
- l
15, 31 45

'“‘fworkers.__ o As they were concerned W1th asymmetrlc

"ﬁH—bonds of weak to medlum stren th* they have treated the

15;potent1a1 functlon in the follow1ng emp1r1Ca1 manner.”;”

ﬁfjth”lprotog motlon is assumed to be harmonlc, but w1th'

d'ifforce constant and equlllbrlum positlon parametrlcally '

: fArdependent upon the A...B separatlon. They rlte.'

.

.

, (where q'is to be identified with a;, 0 with.q;,-and (m,m)

pr ks e TNC s
tensities. = . v ’

Vi@ = e md @) lea, @)% s 1/m e ? T @an



'with (m3,ml); w and Q are protonic and heavy particle
frequeneies re§pective1y)\

By expanding w(Q) ‘and qO(Q) about the equilibriumA‘
Qalue Qo; in'powers of Q, and retaining only linear
terms, they have related the pr1nc1pal anharmonlc coupling.

to the parameter (dw/dQ) Q0" By a quantita @ _examination

"of the pqtent;al surfaces of Reid46"(which are Based on

thevempirical potential - function ofiLippincott and _

Schroeder,47

a

for O-H...O systems) they concluded that

. (dqo/dQ)Q0 and higher terms are of much less importance.

i

In their model the ground state protonic curve UO(Q)

is harmonic:

Up(Q ~ const. + 1/2:MR°(0-9))% ', " (1.12)

>

whereas tife curve for the first excited state of the
proton is verticglly;displaced and linearly distorted:

bad
-

AUl(Q) = Ug(@) + r + b ‘ | (1.13)

15

where r is the "vertical excitation energy"~~ (essentially

v3),.and b is related to (dw/dQ)Q ~In practice~b{i8'

A

altered to glve a. good spectral fit (it is an emp1r1ca1

parameter in thelr theory).

®

Wlthin thls model, they have est:.mated33

the effect

of mon~ad1abatlc coupllng ag a. perturbatlon of harmonlc

(e .,) PO

<.

Vv I

»

o

to be.abodt“l/BOO of the proton quantum energy, hw(Qb),

- vol Sy

< g

;";ﬁ vfﬁnctlons in Q space. They flnd the perturbatlon energyt,f.~v'“:1

S Y]

S

g



and‘consequently discard the non—adiabatic coupling terms.
Assuming; then, the validity of the Stepanov approx-

lmatlon within an 1solated H- bond ‘and 1ntrodu01ng

. ~emppirical forms for the surfaces {U } their’ work then'

explores. couplings between identical A-H..B uhits, (e.g.;,.
in;carboxy}ic'aCidvdimers33ﬁ which have degenerate
Stepanov eigenStates in ‘zero order.

Slmllar adlabatlc/harmonlc models have been used to
study 1nteract10ns between many bonds (e.g., in the
1att1ce), and have been rev1ewed by Hofacker, Marechal

48 , \ *
and Ratner. L. : T N

A similar approach is also‘teken by Sokolov and
Savel'ev,49 who have,shown that the main characteristics
of the H-bond spectra of asymmetric (A-H..B) and symmetric
(A-H..R) sysuems;Méy be understood withdn the adiabatic.“
aﬁproximation. They have also estimated the adiabatic

coupling effects as a perturbation within the adiabatic/

harmonic model, and have concluded théﬁ'éﬁeﬁffér’thé¢' -

strongly bonded blfluerlde 1on,w the effects gre small for

ey -
o s -» N - e .

e e
2

the low energy states.u A

Coulson and Robertsonsq‘have’assumed the validity -

of the adlabatlc approx1matlon in_ thelr detalled study

of MeOHX (X = Cl F) systems. Thelr‘potentlal function.

- model is very simple, consisting of the sum of either a

.

gquadratic or a Morse function in the X-H bond length

"1they*consider'both.cases),,and a Morse function, in the

o

16.
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! The functlonal form oﬁ~J1ang and Anderson

T

O-H distance. Even with such a simple function, for

' which the anharmonicity of the X-H stretching mode is

unaffected by'H—bond formation, the potential is non-

separable in an appropriate Jacobi coordinate system,

and gives riee to suhstantial combination band intensities.
R'obertsonSl extended the calculation to include a | |
potential term explicitly dependent upon both X-H and

O-H dlstances (effectively allow1ng the potentlal for

the X-H mode to be X-0 dependent), but he stlll calculated
line p051thnsvand relatlve intensities within the
adiabatic approximation.

Finally, Anderson.and;Lippincott,52 and Jiang and

Anderson>3~>° (using modified Lippincott-and Schroeder?’

forms for the potential).have numerically calculated the

‘protonic eigenvalue curves for several systems. They

.estimatéd1wverticalftfanéiticé/freqdencies" het%een‘these' S e e

Kl -

curves, but have not dlscussed non- adlabatrc COUpllngsr Ce

N r 8 = L . '
53 for the Wooe P -~ P

potentlal 1n HF2~, has been adapted ‘in this thesis’ to

give a reasonable flt to the ab znztzo data p01nts of

Alml¢f w and w111 be discussed ‘in detall in Chapter Three
, Ev1dently the adlabatlc separatlon of heavy nuclear

and prdtonic motions is w1dely accepted in the llterature, L

: waeVer,‘none @ e n .
of these studies in the'adlabatIC'representatlon have

™~

"*eipIiCitlyjinvéétigated;the?form*of the non-adiabatic



.

|

Ca ) . .

- couplings, or have included them iﬁ any extension of a

calculation beyondithe Stepanov,épproxiﬁationl

-18.
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CHAPTER TWO

GENERAL THEORY

1

A. Vibrational Coordinates.

1. Centre,of Mass Motion.

For a system of’ N- partlcles of total mass M, upon
whlch no external forces act, the motlon of the centre

of mass (CM) .is separable from the relat1Ve motlons of

. . the partlcles, and is just the free translatlon of a

7Tpart1cle of mass M In the~follow1ng’treatment this
motion has been extractedaand ignored (in a crystal
'env1ronment (e 9., KHF,) this degree of freedom is

assoc1ated with” lattlce modes) , The lnternal motlon of

.

-‘ythe system is then descrlbed using N 1 relatbve vectors.

<

vw2 Jacob1 Relatlve Coordlnates.
| The use of N generallzed Jacobl vectors, one of
whlch is the vector p051t10n of the CM, leads to a dlagona&
kinetic energy operator (contalnlng no cross terms). .A
ﬁdetalled account 1s glven by Blokhlntsev.ss-}For'three
partlcles (nlne degrees of freedom), a Jacobi system

\ -

consists of 3 emternal coordlnates (defining the position

of CM), and 6 znternaz coordlnates (two relative vectors).

~ One internal vector connects any chosen pair of the ~5i7:&‘;.3¢4

_ partlcles, and the- other glves the. p051t10n of the thlrd

partlcle from the centre of mass of the: chosen palr.‘
.

r

19



_ R e S
.The’ deflnltlon of a Jacobl system does not specmfy )
any preferred palr, and the three dlfferent Sets are ' f7v-5

each approprlate 1n a dlfferent phy51ca1 conflguratlon

(sectlon D2 of thlS Chaptern}

3. Separation of VibratiOnﬁandaRotation.,‘

Under the assumption that thelvibratfon_of a molecular
,,sf%tem does not-significantly‘alter the‘equilibriun inert£a1' R
axes and moments (i.e., the‘moleoniar framebistessentially'
rlgld) the approx1mate separatlon of rotatlon and vibra-

‘tion is well establlshed§>’ If the H- bond 1s not 1solated

_the rotational'degrees of freedom may appear as lattlce
modesu(e.g., in the bifluoride salts), or as "rocklng

modes" (e.g. 1n the gas phase ether—HCl systems58 60)
Interactlons with such modes w1ll not be con51dered here.»

[\

It w1ll be assumed that the H-bpnd has a Ztnear equlllbrlum

cOnflguratlon, -and the free rotatfon of the 1nert1al axis
'w1ll be removed and 1gnored. This)axis then deflnes the
reference frame for the four (3N=5) v1bratlonal coordlnates

_ Using Jacobi coordinates*R-and T (Figure 2.1)

A

- approprlate to the: "molecular“vconflguratlon, the vibra-

'

tional Schroedlnger equatlon ls- - . \ \

=m?/2u0% /08 -’ /2m>i7’ 2 3 vt R B E R 20 R 2 E

-~

" where u is a'ﬁheavy partlcle" reduced_mass:f“‘";““*’”*“wﬂfﬁf

S, oS 4
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" MOLECULAR VIBRATIONAL COORDINATES ™ =~ .

" CMN




- | 22,
) '*and.mxisﬂtheu@molecuiar?‘protonireduéed'mass:~"'
; 'f?nf.MH(MA;+j¥B)/MTQ”j“?l<13' T “-(2'3J€f-.*”*
.;MA:“ B,GM are the atomlc maSSes,‘and MT 1s thelr sum . )
The saiutlon of (2 l), w1th approprlate boundary
condltlons, ylelds v1bratlonal elgenvalues {E } and S B
ORI 40.‘:"_1r" N "s. "‘ - L . R . ’ \
fg;*"““"‘corresponding elgEnfunctlons {w (r R)}. ;3-;{gfirttgang;uzipf;ie}iga;-

4 “Harmonlc and Adlabatlc Mode Descriptlons.l

t

One may strlctly refer to lsolated v1brat10nal modes fhff?i S

bow e

'Lfonly if the potentlal surface V(r R) is a separable func—"fV”“f"'

tion of- the four coordlnates. In such a case there would
be two stretchlng modes (symmetrlc and asymmetrlc), and
'thtwo bending modes (degenerate for an 1solated llnear \f‘
1bond) 1 These modes mlght be harmonlc 1n a flrst appro ima—vttf°

»tlon.t

The H—bond potentlal 1s certalnly non-separable, b
1f an adtabatzc separatlon 1s showp to be p0551ble, then
a mode descrlptlon may nevertheless be retalned (as’

dlscussed 1n Chapter One, sectlon B3) ';f.gf.,.‘_ Vo ,g'ﬂ_‘f

B. AdiabatichepreSentation,‘

b ‘3

np'l w's

;any;functlon of r,‘deflned at

. -
we o “ .o 2> > e e




S 23
“.,set. Wlth ‘the assumptlon of contlnulty ‘in R, for each A
'-Vmember of {¢ }, the wavefunctlon w (r R) may be wrltten-" ('
wjxr,n)s:~2ffj,<§)‘gntr,n). L ¢ 2L 08
L LN : o .. o '
: In the adlabatlc representatlon, the complete set
-”1{¢£} is chosen. to be the set of emgenfunctlons ‘of the”f“fﬁ'{;ll;
o 'Hamlltonlan for the reduced mass m (1 e.,-essentlally
;‘-:.(. CT eV g, ,*’
. protonlc vibfatlonal Born-Oppenhelmer states).y.w
h(r R)¢ (x; R) .U, (R)¢ (zs R) - S . (2.5a)
_where . .., .. / ;;AuiuMA ‘ ST e
h(EiR) f<n2/2m)vr2:+ VER . . (2.5m)

" In eﬁuatlons (2. 5), ‘the - seml-colon 1nd1cates that R

is treated as a flxed parameter.; At any~R the functlons

:“

‘{¢ } are elgenfunctlons of an Hermltlan operator in- r,

and therefore form a complete set in r, w1th correspondlng

eigenvalues {Uz}.

2. Coupled Equatlons.;

U81ng the expan51on 2. 4), with {¢l} deflned by (2. 5),-

A
the Schroedlnger equatlon (2 l) g1ves~
’ . /./ o X

Z{ 2 /zu)a /aR + [u (R) ~Ej ]}f (ki¢,(5;xy =0 . 2.6

For any operator A, the bracket notation shall be

: deflned_by,”""'”'"' 7 o ,;
e .-w SRS : R




P

:so that (2. 6).become8°:5f57:"@;nin“:‘:fffn

a — > .
- P R - - S : Lt e
ST e 2
oo . . . - - O L e 2 o ~ - N ST
“ e e e et Lo 3 - f . 0w P ) 3 R - - . =

- oL Coy . o o B Aoy, e e : N N

ot - . : : e,
. A o .

f_<kfI'A|9J'>_s.f‘¢-‘;(§‘;RiA¢9j’(“r‘f;1i§dE----,» R ¢ 1)

‘-

<

X{ (n /2g)[<k|8 /aR |£>f (R) + f;£XR)6 . s)

- +2<k|3/8R|2>f 2(R)] A+ [U (R) -E. ]sz(R)ékl} =0

A coupllng matrlx P(R) 1s now deflned ‘w1th elements.‘”

' whlch leads to the 1dent1ty

o P “ - " : |

-5;n2<k132/33 12> = —ihPizv(R)l+‘Ig?KR)]¥l" ; (2.10)

/ and (2.8) may be written:t o q;

Sar =

iR k% .

L Q; : S L TY 11)
L + (Zl/h)sz 2 ] F [U -E ]sz kﬂ} iﬂq‘

CTrn2 o vt ypr ef. = (L/A2) (B2 vE.o + ET -
et 6, - Anh @y, ¢ 5

«'Thié"takeS'the 51mple-mat;ix'fo:m;f

‘{il/Zu)t-ihjd/d§’£ +73(R)12=+‘tg(R)4Eng}§j(Rih=agvs (2.12)

e

f (R) 1s a column vector w1th components {sz}

I 1s the unlt matrlx,'and U(R) is dlagonal w1th elements

-

WL

61

‘ In pr1n01ple, an exact solutlon to. the v1bratlonal

'5'?elgenvalue problem may‘be obtalned by solv1ng the two sets

LR S . N . . “

.

‘ These coupled equatlons were orlglnally derlved, for'flﬂjfl

a general adlabatlc representatlon, by Born and Huang..yH L

3
K
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t of eqdhtlons,\(Z 5) and(2 12), w1th suff1c1ent terms 1n v_fu,,

h.the expansmon (2 4) ;;t'_,ﬁ;w':i S S “'3 ) L

S - S~

3. Stepanov Approximation.

. The matrlx equatlon (2 12), resultlng from the o o i

‘1abat1c representatlon, shows that negllglble coqpllng A
.%uations ,(g ~ 0)'lead to the Born—Oppenhelmer separa—
tion of fast-and slow relative motions. The motion of

' the "slow" heavy reduced mass p is then determined by

one of the protonic energyjcurves-{Uz(R)jﬂthrough-the-
uncoupied‘differentialﬂequation: ' ' .. ‘ , /
‘{—(’hzl 2u)a?/aR? + U, (R) =B, }f. | (R)' o eam

e PR - - . L

set e These equatlons (one for each elgenstate Of the

proton.4‘21= 0, 1.2, »...) pmov1de the basis for the

Stepanov approx1matlon (cf..equatlon (l 10))

. v B

In thls case the total elgenfunctlons have a 51ngle ’

Lowe

product fqrm; -,J ) ,...L~5->“*‘”

wjz(r,R) = sz(R)-ﬂﬂ(g;R).'. . , -t -7(2;14X

‘(onevterm in expans1on (2. 4)); and together.w1thle1gen-
values {E }, may be 1ndexed by'“z", to 1nd£6ate the |
iprotonlc state w1th whlch they are assoc1ated._i-

A descrlptlon 1nvok1ng exc1tatlon of the "ptotonlc :‘;'hif<?;;fn;i

’i‘modesu-vj and’ Vz (for whlch 1 changes), and the-"A...B

stretchlng mode 1Ipr whxch J changes) may be retalned

-

Yoy o
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and thelr strong 1nteractionhnilllbe’indicatedfb?”Shifts:'

\

. 1n the mlnlma and "force constants" of the curves: {U 1.

“”The 1nten51t1es of “comblnatlon bands (e g., Vs i\vl)

7

a

pr1nc1ple.uf"_hf . B . & .Hn:ji,}:w_ ”;_3r

The valldlty of the Stepanov approx1mat10n is a major
concern of this the51s.-

If the coupling between one or more degenerate,or'
nearly degenerate levels is not zero, then.the,Stepanov“
approx1matlon breaks down, and the wavefunctlon must be

. Fepresented"by aniexpansron (2 4Lw wlth the sum. lncludLng‘

PERAFRANE _-'.l«\;u

- all the (near )degenerate states. ~An- 1mportant case .is.

e

tnaép0551ble near—degeneracy of the stretchlng funda- o

S mental (v3) and the bendrng overtone (2u2) Thls case 'f;;]'

-

f'd;"’has been dlscussed by WltkOWSkl and4wojc1k.l5 o
Thls p0551b1e degeneracy representS‘a_"spec1al case
(V'ln the Stepanov approx;matlon, and does not occur 1n‘the ﬁ’ff'
dHF2~ system con51dered here as a test problem for the
"normal“ Valldlty of the approx1mat10n. * T
‘Z.C:'Seﬁarationfofvﬁendingfand7StretchingjPotentials;;
1. Approx1matlons.5.fif;ff:f?]f]lbiﬁ Yf'f,kfg“‘

’5“'4' In attempting a solutlon of (2. 5)"1.

e (hz/Zm)V B V(r R)}¢2(r R) :_.;u‘l (‘R);cp;ﬁ;.,(f:?;_ii)ﬁ;'_. s

T
. . '

' -the_folloWing approx1mate separatlon of the potentlal-

B R A P N S S I SR

:;*ruﬁmay be srgnlflcant, as predlcted by tTe Franck Condon w,i“f\_;r .

e e

nnnnnn




‘will be made
”whéréfthéiz“cso:dihaté'6f'?_is'defihed:to'be collinear
with R. o r_‘

't:For an 1solated 11near H—bond, the potentlal energy
wili'not be dependent on the.. cyllndrlcal polar angle.¢

(cylindrical_symmetry),'and (2. 15) may be written:
VER) = V(R A VIR (2.16a)

It may be further assumed that Vp'ls approx1mately »

'fharmonlc,‘but"With an R-dependent force con‘tant, glVlng

v R) ~.V\(z R) + 1/2 K (R)p 'o7;75_*cilf;_7r | (2 16bl_
Wlth (2 16bJ the Schroedlnger eénatlon 1s.separable
“in cyllndrlcal podar coordlnates.' The detalls are glven
by Paullng and wllson.62~ J~_f’v'A ; - . f?.
The bendlng motlon has»been reduced to that of d .
two—dlmenslonaL Lsotroplc osc1llator 1n the x,y (p ¢)
plane.‘ i;‘ Vo k i.Afh- ) 3; B - ,y\r,v f : o o
[If it 1s observed (v2 # vz') that env1ronmental
Jeffects'llft the degeneracy of the bendlng modes (remov1n§
‘tlthe cyllndrlcal symmetry), Vﬁy ‘can- be approx1mately |
:"separated as the sum: of(harmonlc functlons w1th dlfferent

‘tforce constants (VXY:~_1/2 K (R)x “+ 1/2 K (R)y ), and

o




: ?the development whlch follows lS ea31ly modlfled]

An elgenstate of (2 5) must now be spe01f1ed by

three quantum numbers._ 2 n, m.;‘pnvelgenfunctlon“rs.

¢£nm(r R) “ba g (Z3 R)B (p{R)eim¢;(2n)fl/2 :
' o RO ‘

' :with-eigenvalue

U n (R) = ~a£ (R) + bn(R) ~ f ‘ FEEE
fWhere : li'hd'a' AR | P |
S | SO

- {, b, (R) (n+l)h[k'(R)/m11/2

: . S . Lo . /: P
The elgenvalues {b } are 6n+l) fold degenerate,

correspondlng to. the‘p0531b1e values of m:

B 0 YRR+ FRUNNA L (n even)
PR »iﬁ;{\- . (n odd)
e )Jﬁ‘......’ T N

(Note that in. (2 19) m 1s the reduced mass, equatlon
(2 3)

No confu51on can arlse from thls dual use of ‘m; '

AR

1t%;s always clear from the context).

- The {B } Satlsfy.

E;{(eﬁgyzmpté?/ab?l+,x;/g)a/apg-_g%/é?1;+¢1/;¢ijg;§?ygi“*‘

o= qn(R)Bf*c, L

D and are related to the Laguerre polynomlals.szwp‘\

. '.,,\*.‘v

- om0, 1, 2,:..) (2.19) .

28l
(2.17)

. q2as

©(2.20) -
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. The "stretching. mode!” ?igénfunctions {all,obey the !

_ equation

CGenama?/en? v v Rey = a R, (2.22)

'
HE.

‘where VZ(Z;R) is so far unspecified.

u2.vCouplings.

Consider the effect of (2:17) on the coupledfequations'

(2.12). The expansion (2.4) becomes:

¥y (x/R) =‘£ ) fj’lnm(R)¢2nm(z,p,¢;R) , (2.23)
"n'm

and an element of the matrix P (equation (2.9)) 'is:

~ih<2'n'm'| 3/3R[2nm> = -inam.ﬁ{sn.n'f_a£3a/aaqldz

t 8oy é B d/3RB sodp}  (2.24) .

\
., )
Since, hdwever, the two integrals df (2.24) wvanish

for 2' = 2, and n' = n, respectively, the only non-zero

matrix elements are:

-ih<2'nm|3/8R|enm> = -in / o,,3/9Ra dz (2.25a) -
\ i - 00
and
—ih<£n'm|3/aRl£nm>= -ih é QﬂmB/BRBnmpdp (2.25b)

’

That is: vibrational Borh—oppenhe;mer states of

different "stretching" quantumﬁnumber % are coupled (2.25a) , .

LA

and states of¥different "bending',-ghantum_ pumber -n are E
| PO S . g
- - L e . 59 c- N oo k W W i
3 v S ] . . ,‘A‘“
, o a. .'. . . N
: * R g
\ b .l




e

'V,'..' oy

vibration wavenumber is certainly much less

~ coupled (2 25b), but states of different % and n are not

3 e

coupled

: Thls is not, howevgr, the sdme Es*saylng that “the -

9

bendlng aﬁa stretchlng modes do not interact.

An interaction arises because an element UQ (R), of

the dlagonal matrix U of equatlon (2.12), is now a sum

of independent contributions from both proton stretch
B . .

30.

and bend eigenvalues (through equation‘(2.18)), al(R) + bﬁ(R);

In the Stepanov approzimation, Franck—Condon pro-
gressions V3 + "jvl" and Vv, +""jvl" may both appear, and
the spaczng in each progre531on will be dependent on both
2 and n. A "stretching" transition from a curve Ul to

UZ'n is therefore dependent on the form of bn(R), and

‘similarly "bending” transitions from U, to U, , depend

n
on aR(R)'

It. has been observed (a review is given by Hadzi
and Bratoslg) that in a series cf hydrogen bonded systems
with varying bond .lengths, the frequencies of the deform-

ation modes increase with increasing bond strength

(decreasing R), but "that the increase of the deformation

nl9 than the

decrease in wavenhmber for the stretching vibration.

'That 1s, K (R) changes much more slowly with R than'does

bV (z;R); ﬁepce {b (R)} are more slowly varylng than

{al(R)}, and thevcoupllngs (2.25b) are likely to be

weaker than those given by (2.25a).



., ‘'obtained with the following procedure:

motion the total wavefunctions have the form:

31.

An accurate solutien'for the vibrational dynamics of
an isolated hydrogen bond is nherefere expected to be
(%) assdme the separation of bending and stretching
potentials as in (2.16); |
S (ii) calculate'bending eigenstates'in the Stepanov
approx1matlon (retalnlng R~ dependence of Kp,
and hence b (R));
(iii) solve the (z,R) dynamics with inclusion of
non-adiabatic cdup%ing‘ﬁerms, in order to
St "egtimate’ the validity of the Stepanov approxima—‘
. . )
vtion;'
{iv) for isolated cases of bending/stretching near-

degeneracy, allow for strong coupllng15

by
inclusion of any non-separable part of V(F,R).
This is essentially the treatment which has been
applied to the HFZ- system, except that dependence of the
(z,R) motion on the bending quantum number n is ignored.
Inclusion of this weak dependence merely redefines tne

\
potentlal curves for heavy partlcle motlon, and does not

‘ 1nfluence the estimation of the valldlty of the Stepanov

appr031matlpn;(w;th which this calculatlon is mainly

-

concerned)y. - . S o - ’ ' )

3.vEguatibns for Stretching Motion.

With the Stepandv approximation for the bending
S |

r
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ime

(nm) > . _ . (n) ] |
‘Pj (r,R) = ¢. . (z,R)Bnm(p.3)e o ©(2.26)

j
‘and '(2.1) may be reduced to a two-dimensional equatién’ For
(n) . | - . .

by e ﬁ |

o =mZ2m0%0R? = m2/2m)02/322 + v, (z,R)

- g (n) ) _45
L + b_(R) Ej }wj =0 (2.27)

The effect of bn(R).is to redefine the he%vy‘partible
potential curves. The index n is suppressed (Qésuﬁihg
bn(R) ~ conéﬁantAin the région Qf equilibrium COnfiéufa—
tion) in,the4following development of the equations Whiéh
have been solved for the HF

2~ systemi

It is then of interest to solve the vibrational .
dynamics of the HFZ-'system, considering motion only in
the (z,R) coordinates. The two-dimensional Schroedinger

equation is:

-?/2002/08% - (n%/2m)8%/32 + V(z,R) =B, }o; (2,R) = 0

(2.28)
The adiabatic representation\EESEMBses
b (2R = g»fjl(R)azgé?hj o ' 229
whgre {al} satisfy
{—(h2/2m)82/az2 +.V(z;R)}a2szR) ='Ul(102;a2 .f ‘ (2.305

and in this approximation UZ(R)'z aQ(R).“

a o ®



foen oty

ntlon of (2 29)_ into (2, 28) are agaln thosi shgwn,;n. "'; -

- gol.“ e A
q‘x,“vw--a‘]:& ‘4”“’9 5 @t WM

equatlon (f 12), but the elements of the matrlx P are now

just given by (Z.ZSa),

3

Borg.

1t

-0
The procedure for the solUtion)pf the broblem now
appears to be straightforwardE

(i) deflne a potentlal V(z R), G ﬂ:i
C (il) solve equatlon (2. 30) for protonic elgenvalues
{u, (R)} and elgenfunctlon§ {a (z; R)}

}

(iii) calculate coupling matrlx-elementszin,z

¥
=1

using (2.31);

(iv)'solve'the‘conpled‘eénaticns (2.12) for vihta?
tional eigenvalues {E }, w1th enough terms in
exganslon (2.29) to ensure convergence

Unfortunately, any attempt to carry the calculation

"beyond Stepanov” encountersian immediate dlfflculty°
the matrhx elements P .Q(R) do not vanigh as R + o, This
behaviour does not result from any,approx1matlon in the |

potential functlon or the computatlon- 1t 1s 1nherent in

the usual adlabatlc representatlon, and it is the

'representatmon which must be modlfled

~ >

The coupled equations whlch result from the substltu-

33.

o
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In the adiabatic representation described in sections
B.-and C, the total wavefunctron Y (z,R) is expanded in
"7?Vterms of “vibrational Born- Oppenhelmer (BO)}" functions -

defined on surfaces of consta?t R. On each surface the

e o a-

BO functlons are complete in z space, but the resultant .

°'47-. s T,
(\ ! d .

34,

-

TN

‘coupleduequatlons (1n,R¢space) have undesirablewproperties;

o

'u-The ‘most s1gn1f1cant defect - from the p01nt of v1ew of:
this the51s, is that the matrlx P does not vanlsh

asymptotlcally ' A T

 The expansion (2‘29) is formally correct and £Qé
'a,coupled equatlons_(Z 12) are mathematlcally exact.
s
JHowever, though formally true, thls fact is ot.of‘
¢pract1cal use. Problems arise because 1nd16§dual terms
in (2. 29) do not correspond in a- one- to -one way with
exact e;genstates of the dissociated systems Aith B,
and A + H-B. This point has been discussed in detail by
Thorson and Delos. ®s84 |
The magnitudes of the coupling matrix elements .
‘{Pz'z} depend, through'equation (2.31), upon the rate'ot
; change of the states {a } w1th R (holding z flxed) Nowh‘.
the elgenfunctldﬁs {a }, belng generated by the Hamiltonian
for the reduced mass m, must asymptotlcally (R - wig

approach vxbratlonal elgenfunctlons of thé dlatomlcs AH
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S

s

éand HB (apart from small reduced mass- errors, of order'i
: _(m/u), in both- energles and wavefunctlons) : For the

;symmetrlccaSGLA—H-A, the asymptotlcally degenerate (g,u)

AT <.

PR .-
w o« o b e
. J 0.

'states are- merely llnear combrnatrons oi the deqenerate ;V

palr of diatomic states. In e1ther case, the functlons

are constant in form, since the potentlal is . assumed to

ftake the dlSSOClated form: - - - .. .

it ’r: R 3> © ) . . ) ) ' g -
__V(z,%)ff—f;{4> VA(ZA) +fVB(zB) + VAB(R) . '. , (2.32)

Az and z, are deflned ‘in' figure 2. 2) ¢

A B
Asymptotlcally,_a state oy merely translates with

““respect to CMN (deflned in flgure 2. 1)' from Wh1Ch z is:

measured, and the partlal derlvatlve of thls functlon w1th

respect to R, keeplng z flxed is obv1ously not z€ero, but

" a constant,, Slmple dlsplacement of states w1thout
distortion cannot glve physrcally real~coupl;ng. There

is, therefore, no physical_?aSis for coupling between

S

o7

asymptotic states in any réasonable-representation.of

'the problem.

« In the adlabatlcbrepresentatlon the .elements {Pl Z(R)}
approach constant values, the magnltudes of whlch (relatlve
to thelr maxima) are not at all negllglgge (see flgures
4.3 to 4 8 for examples of {Pl 2(R)} calculated using ‘a
reallstlc potent1a1 for H&--) o

Thls phenomenon (and other -defects, e. g.., non-vanlshind
velocity dependent couplings between gkand u states of

]



. Flgure 2 2

Jacobl Coordlnates for a Llnear Bond
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(2.2a) 'Molecular Configuration'.

- u =M MB/(M +MB); m

3&-«---cu<un

Y

~ (2.2b) 'A Configuration'.-

Ha

(2.2¢)
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A CMA H
gt
LA

M +M. )MB/MT

,RA

'B Configuration’.
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HD+ l6 63 65) is well knowhdln atomlc COlllSlOn theory (a .
) detalled dlscu5510n is glven by Thorson and Delos16 64)
and is. the result of translatlon w1thout deformatlon of
‘the'wavefunctions‘(this'translatlonal-orlgln is demonstrated f‘
exp11c1tly for the HF,- system 1anhapter Four, section
c3). The phenomenon does not appear to have been dis-’
cussed in the 11terature in the context of the hydrogen'
bond. . | -

Thorson‘and '\Delos-l6 have shown that a better representa-
tlon may be constructed if the‘basls functlonsware.deflned !
'on surfaces of a constant coordlnate £, related to z and
R by a non-linear transformatlon (orlglnally suggested by

;Mlttleman66_68). E is chosen to be essentlally a "heavy
partlcle coordlnate", whlch is unlquely spec1f1ed by the-
proton p051tlon. In the dlSSOClated 51tuatlons AH or HB,
lt reduces to the approprlate heavy partlcle Jacob1
Acoordlnate (to be described below).

In the Thorson- Delosle\(TD) formulatlon, a wave-

‘ functlon w (z,£) now satlsfles the transformed form of
the Schroedlnger equatlon (2 28)., and may be expanded in oo
a series of the same form“as (2.29), with & replac1ng R,
51nce the set of BO states is’ complete for any parameter
€ = R. .The set of ;oeff1c1ents {fjl(ﬁ)} now satlsfy a
dlfferent set of coupled dlfferentlal equatlons (not

(2.12)), and‘it.is_the purpose of thls sectlon to exhlblt

these equations.

°
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In order to understand the motlvatlon for the ‘TD

.choice of‘transformatlon, it 1s necessary to examine the

.three sets of Jaoobi.coordinates and their relationships.

2. Coordlnates. B

Flgure 2.2 shows the three p0551ble sets of Jacobl

“

“Coordlnates for a‘llnear hydrogen bond, and their

associated reduced masses. o . oo

It will also be convenient to use the position (zg)

of H from'the‘geometriofoentre-(CC) of the heavy nuclei

A,B (shown in'figure 2.2a). .z  is related to z and R by:

g9
2y =z - 1/2-AR , . ‘ (2.33)
where :
N= (M, MB)/(M M) ;0 <A<l L (2.33)
,I' ‘ h a - v
A is called the "mass asymmetry parameter Without
loss of generality-it has been assumed ' M

A—-B

Using any one of these sets of coordinates, the
. ’ ’ A

~ kinetic energy operator contains no cross terms:

T = -(m2/21)92/0R% - (n%/2m)82/02%  (2.35a)

2

-m%/2u3%/8r, % - w/ampaZez 2, 0 (2.35D)

where,.in‘(é.33b),‘J mayﬁbe A di_B.

50,
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Now the4defects”ef‘the'uhmeaified aaiabatic
representatlon ooriginate in the fact that asymptotlcally
the AH or HB subsystems are merely translatlng with

" respect to the other atom (B or A resPectlvely). This

"free particle motion" is appropriately described using

~either RAvor”RB} depending on the position of H, which

h : . &
is specified by the value of z. That is, the transla-
tional motlon assoc1ated w1th a dissociated’ dlatomlc JH
is properly descrlbed in the RJ system,-not the R system K
(thls is the concept expressed by TD,16 p. 152).

A transformation is therefore required which gives'
~(z,RJ) asymptotically, and eSsentially (z,Rs in the
"molecular" region. | ‘ | | v

Using coordinates (ziRJ), ths\kinetic'energy operator
is, however, no ldnger diagonal:

n? 32 CEgmm, a0 o n2 52 (2.36)

T:-; . -— M ® -—

- . 2 ) .2!.
2uJ aR T m (M +MH) BRJ ‘Bz 2m oz
Where f is a dev1ce introduced for convenlence.64 It is
' deflned by:
-1 J = A’
fJ = : . | (2.37)
+1  ; J = B.

(2.36) is derived from the relationships:

T Mo+ 1/2-(1-£ )M, £ , .

R, = L IH g TH (2.38)

Mgt My Mgty



The transformations to z& arétgiven by:
zp=z-1/2:00+ £R

It is well khoWnsg 1707

that by u51ng mass . scaZed

- 40, .

(2.39)

coordinates, the motion of two masses in three-dlmen51onal

f

space may be expressed as that'of a 51ngle;part1cle of

unit“mass on_a six-dimensional surface. For the linear

. coordinates used.here, the relationships (2.38), (2.39)

may_be ekpreSééd asﬁratations (6rthdgonal.tranéformatiohs)

'in @ two-dimensional space. Thus with mass Séaled

coordinates: =~ “t"H”  e
iz mY? . ;R oz wY%r
iz mp? oz Rp= w3k,
_ quatidns‘(2.38)-to (2.50) give:
EJ " [cos oy '='7sintoJ zZ" ;
Ry o sin o5 | cos 0 ) "3
where
tan o; = 1/2: (1 + £ )(m/u)l/z'
12 e
= f (M-H/MT)(M '/M W@ r e
cos o= (m /m)l/2 |
o 1/2
= tug/w [(M + 1/2(1 £, A)MH)/(M +MH)1

(z,AGa)

(2.40b)

(2.41)_

(2.42a)



sin oy = 1/2(A + fj)(ﬁJ/p)l/z .

1/2

= £ (uJ/m) [M /(M + MH)] ST -""(é;ééé)>

(2 41) represents two. p0551b1e rotat10n5°~ the
'molecularh coordlnates (Z, R) may be transformed into -
'elther the"A c@hflguratlon' set (zA,R ), or"the "B con-
. flguratlon ~set (zB,R ) In partlcular, the second llne‘
of (2. 41) suggests the deflnltlon of an ‘angle 0o (z; R) with
,the property that it becomes either OA Qr‘cB (dependlng
on the value of 'z) at large ‘R, for. then a. "heavy partlcle
coordlnate"bg(z;R) pay beiconstructed Whlch asymptotlcaIIY‘

becomes the desired coordinate Ry-

“. 3. The‘NonéLinear Transformation.-
The precedlng dlscu551on is lntended to prOV1de an "

N
1n31ght 1nto the ch01ce by T016 oﬁwthe;follow1ng non-

linear transformatlon.

£ =R cos 0 (z;R) +*E.sin o(ziR) . - o (2.43) °

. -
i

. The: requlred boundary condltlons on o are met by use

!
a

_,of a swztchzng functzon f(z R) (1ntroduced by Schnelderman

and Russek ), which is deflned only through its asymptotlc

. -

propert1es~"

@

* Lim [f(z R 1 = fA T S (2.44ay

~e

(R A =, flnlte)
N

':l"h :



Lim [£(z;R)] = +1'=§fé ot (2.44b)

(R = w. 4

B flnlte)

c(z 7 R) . 'is now deflned by analogy with (2 42a):

tan o(z;R) = 1/2 (£(z:R) ¥ A](m/u)l/z o (2.45)

)
E is uniquely spec1§1ed at all R, by the local proton

»p031t10nr' In partlcular, at large R,vwhen the proton is

'travelllng w1th nucleus J, E becomes the approprlate

\
~

coordlnatevRJ " For the symmetrlc system (A 0) HF .~

2
 the sw1tch1ng functron shall be chosen (Chapter 4, sectlon :

‘-BS) to vanlsh in the small R reglon. g then reduces to

R. If the unscaled coordlnate g is deflned by:
-, SR S (2.46)

LS

B [. E .
1t can be- seen: that E becomes R 1n the caSe f 0, A= 0.
U51ng (2 43) and- (2 45), an: expan51on for the

unscaled coordlnate, (in powers of (m/u), gives:

£ =R+ (m/i)S(2:R) 0N E C(2.47)
oy . . - ) ‘ ~ ' | :vv“'-a \.\ -j
. -where . . v Z,.] L
- - | R -
. 8(z;R) ="1/2[£(z;R)+X]z - [£f(z;R)+A]“'R/8 (2.48)
‘ ’ o - ' L ST ) .

S4z:R) is.only cdnstrained‘byrits'asymptotic_behavieur,‘
and since f2 1 1n that reglon, (2.48) may be written in
a more convenlent form: e '

' . o o S - .'; ) ‘
. S(ziR) = 1/2[£(z;R) + Azg - (1-3H)R
(24 is defined in equation (2.33)).

A : )
. ‘/

42
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Two préblems‘remain. Firstly, the Hamiltohian{must
be traﬁsformed.to the variébles (i,&)paand then new CT
coupled équations must be deri&edufor ;ﬁe E—dépendehf
coefficients of a’BO~basisi(defined on surfaces ef fixed

N A .
£) expansion for y(z,£). A e

16

Thorson and Delas obfaided<thé'tragsformed

4
Hamiltonian, retaihing terms to'orde; (m/u), and have
éhownfﬁhat their form gives correct?asymptotic'kinetic

energy opefatorsv(equation (2.36)), within errors of

order (m/u)z. .k

4. Modified Coupled Equations.

The. coupled equations, which feéult from the applica-
tion of. the transformed Hamiltonian to a wavefunction
eXpandea in the BO basis:

’wj(z;&)‘: % Eypllag(z:8) ‘ - (2.50)

are shown by TD to be:

'{(2u)_l[-in(d/d£) + g(a>.+,§(a>12 + U IE (E)

1 2

+ {h(E)-(2m) " (E)}f (€£) + (2u)° (h/u)gca)(—ihd/da>2§j(s)

= Eyf(£) (2.51)

The functlons {a } of- equatlon (2. 50), and the

o~

_elements {U } of the matrix U of equation. (2 51), satlsfv

equation (2.30) w;th the replacement R =& belng understood..
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Now, in the finalucoupied Qifferential eéuatipns
(2.51), fhe symbol '’ iéfqerélyiéﬁdummy variabie}iand
“shall be replaced by the mo;é'féﬁiiiér 'R', in oider to
clarify a comparison with the_qnmodified equations (2.12).
Evidently thefe“are additional1ﬁerms arising ffom the
mat%ices A, A, and D. With the 'R' notation, these have

the following definitions:

»

Ay, (R) = (im/h) U, (R) - U_(R)] < i]s|n? P v(2552)
D, (R) = 1/4fgz|f2—1|n> ; A (2.53)
By (R) = <2|V[z;R-(/u)S1-V(z;R) |n> ; . (2.54)

TDls’»64 have shown that the dominant mddification to
“the coupled equations is in the replacement of the matrix
g‘by (P +-§)iin the-'mogentum-operator‘.. The .smaller
terms are: ‘ | |

(1) {A(R)—(Zu)_lﬁz(R)}Ej(R); giving reduced mass

corrections to the pfoton binding energies

(<o m |

(ii) (2u)‘1(m/u)g(R)(-ind/dR)zgj(R), the diagonal
elements of which give a short range correction
(~(AZu)E) to the 'heévy pafticle;‘kinetic.enerQy |
(D vanishes as R increases); the off-diagonal

elementé give couplings which -are an order of

magnitude smaller than the (P+A) terms.



45.

\

Neglectiﬁg the smaller Ferms, the coupled equatiqns

!
to be solved are:

v

{20 7T [(-ihd/aR) + B(R) + A(R)]Z + U(R)IE{(R) = EE,(R).

”

(2.55)
To repeat, terms neglectea in arriving at (2.55) are:
(a) of order (m/u)% and higher, in the transformed
| Hamiltonian}16'64
(b) muchrless'significant in the resulting coupled
equations than the non-adiabatic coupling (E&é).
Higher order terms could, in principle, be retained,
but the solution of (2.55) for a specifié hydrogen bonded
system is expecfed to give an accurate indicati;n of the
effeéts of non-adiabatic coupling on vibfational line
pésifions and iﬂiensitigs.' If these effects were large,
a highéi dider,éalculation may be justified, but fortthe
case:of the strongly hYdrogen bonded system HFZ— (Chapters‘
three to six) they are not.
The purpose of the TD t;ansformation is to produce
equations in which the principal couplings vanish _ \/{/
asymptdtically. It will now be shown that the term (P+A)

satisfies this requirement.

5. Asymptotic Cancellation of P and A.

Asymptotically, the vibrational BO states {az(z;R)}

are functions only of Zg, and not exp1icit1y oﬁ R. Thus:

oo,
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& .
R + o ‘
oy ~J aQ(zJ)

~

- (2.56)

where z 5 (z,R) is given by (2 39).
Now consider the general transformatlon (z,R) ~+ (zJ,R)
k<_j;) . gz (z,R),R) =,(_fi) +-(;E§) : (iii) , (2.57)
\3R / o , , .BR 2 9z / ¢ 3R /

[t
’

%

and _ C

) L 3g 27 | |

(_) .g(ZJ,R)= “. ) . . ( ) I‘ . . (2'58)
Noz R - B?J R ) Qz R ‘

where g is an arbitrary (well behaved) function. .

\

Thus, [ 3 ‘ R > | 3 :
_ _(“f‘) et +x)< ) o (2.59)
‘3R z azJ R :
and..
( 3) o« RIT° (-ji-) " (2.60)
\— - o . : .
9z /p n —~ 9z 5 no o ‘ S
_ , R ' .
~ -

The P matrix, defined. by (2.31), becomes:

Por = -in<z|(a/aR)z|n>

lL.€., o p

K

R © . . A'< - ' .
Pin o * L/20M(EgAN) 2] (270250 0> (2.61)
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;?Also, the A matrix, equation (2.52), has elements:

A

tn (im/h)<l|éln}'(U2—Un)

(im/n)€¢| (h,8]|n> , , o (2.62)
where h(z;R) is the protonic Hamiltonian of "(2.30).

2

‘ o 5 3S\.. 7 9\ 3 L
Thus, ' [h,S] = -h /2m{2'.<—4~) -(——) + <——§> } (2.63)
' . | . . . ‘ 92z R 0z R, aZ R
g P
and from (2.48):
S ~ 1/2(f 40Nz - l/8(fj+kf2R' -, O (2.64)
L 2.,..2 N
giving 0°S8/9z° = 0 , and. 23S/%z = 1/2;;}+A)
(2.62) then yields:
R’-.,‘* m‘ -~. . ' . .
Akn T~ ~-1/2 ;n(fJf3)<z[(a/azJ)Rln> . (2.65)

The feéuiiéd résult is shown by (2.61) and (2.65):
. R » - o ' )
Pon T Ben ~ 0. ' | - (2.66)

E. Summary.

\ .
To a good approximation, vibratidnal eigenvalues \K
| {Ej} and eigenvéctdfé {gj} satisfy (2,55), which may be X
written in real form as: ' _ . \\~
‘ . o , v S \
C-ef2am Ha/anpe®i? + URI-EIIE (R = 0 (2.67)

where C is the real matrix defined by:

v

G e, A L e
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For a symmetric system (A = 0),'15%n (defined in
generallby (2.52)) takes the simple form:

Pdd

A, (R) = (im/n) (U, - U )<2|0.5£(z;R)-z|n> " (2.69)

P,, is defined by (2.31), and the efgenstates {U,;

o, } satisgﬁﬁ(z 30). ' TN

The switching functlon f(z R) has not yet been defined
It -is not uniquely specified by the theory. providing it
meets the boundary conditions,(2.44)\it may be chosen
arbitrarily, and the coupling matrix C will have correct
asymptotlc behav1our. The choice of a switching function
for the HFZ— system is Q1scussed in Chapter 4, section B5
In this case the function is chosen to vanish for R values
'at-which the potential V(z,R)vhaé‘a siﬂgle‘minimum'(i.e.,
in the "mdlecular"‘region, for which-appropriate ceer-
diﬁates’are Z‘and Ri, and to become essentiaily a "etep
function" (in 2z space) as the barrier to protonic motior
becomes significant. | |

Therprocedure faf the solution of the vibrational
problem which was outlined in‘sectien c3 (page 33) may
aow be adopted, with the foilowinq‘modifications: in.
item (iii) the ihtegrals {Cl'l} defined by equation (2.68)
‘are‘required; and An item'(iv)‘the eOupled equations
(2.67) are to be ﬁglVed. | .

The remainiﬁg-chaéters of this thesis describe a

solution of this systeg of equatidns for the case of the
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Q
‘isdiatéd bifluoride ion, fof whichva_réasonAble potentialV
fubction‘(cﬁapter Thfee)‘has been qonstruéted from purely
- ab ihitio data in the "molecular" region, and empiricai
data‘in ﬁﬁé dissociatéd situation (F + HF). That the
solution is convergent is demonstfated by'inpreasing_thé

_ : 3 - . .
- number of vibrational BO states in the expansion (2.50).

.



CHAPTER THREE ' ’ S

BIFLUORIDE ION POTENTIAL FUNCTION

A. Ab initio and emplrlcal results.

Early (1957~ 62) 1nvest1gatlons of the electronlc
72 73 ]

.,

Vstructure ‘of the blfluorlde ion 1nclude valence bond
and SCF74-?6 (Slater baeis) estimates of the total energy
for‘a fixed.F—F distance-(2‘26 R), but no attempt was
made to calculate the H-bond energy. McLean and
'Yoshimine77 performed'SCF (Slater basie) calculations

for 21 geometrles of HF2—, and found that ‘the minimum
energy occured Wlth the‘H atom: at the centre ‘of an F F b'zgg
.,h0nd_of length 2.25-A. Thexlalso djh not ‘estimate the
hydrocen.bond eneréy.

24,78,79 Gaussian basis) have

Later SCF calculations
shown good agreement in the general'form‘of the bifluoride
ion potential surface- the minimum energy occurs for a

linear conflguratlon, w1th the proton at the centre of

L
the F-F bond, and 1nterfluor1ne dlstance 2. 25 2. 285 A

(experimental values for salts of-HF - are 2. 26-2 29 R) 28,80-83
At this F- F dlstance, the potentlal functlon for the proton
'1s a falrly flat-bottomed, single mlnlmum well (in good .
agreement w1th the assessment by Ibersz0 of the diffraction

- and spectroscoplc data, Wllllams ‘and Schneemeyer84 have,

'fgehowever, found - that ln p—toluldlnlum blfluorlde the proton

is. asymmetrlcally placed, w1th F—H d;stances of 1. 025 A
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’ . o .@e o 2 »i‘:";._g\'\_\' . O - .
- and l 235 A, but have attributedﬁﬁhis to the asymmetry of

the crystal env1ronment) As the‘F -F. distance 1ncreases,

a barrler grows at the center ofj; and a symmetrlc

YRS 2 A S
fdouble mlnlmum potentlal is formed" %ﬁyagggen bond energy

1
s

A=

'estlmates range from 40 to 52 kcal/mole QQpﬁiguration',“';u{-

/ R & 3 : &

interaction has not been included in any of.these calcula-

tions.

. . ca

At the time of writing, there have been no entirely:

reliable experimental estimates of ‘the hydrogen- bond n
4 L - I P . .
- energy. In order to obtain the enthalpy change for the

gas phase reaction:

LT

HF (g) + F~ ——HF,- (g) (AH))

an estimate of the‘lattiCe energy for the sdlt (MHF,) has
been required (Tuck®® has reviewed the situation to 1967).

-Wadd"ington86 calculated U(MHF2)‘(M,= K, Rb,_Cs),

assuming -a solid composed of ionic sphefes, and concluded

AHl = -58 5 kcal/mole. Harrell and McDanJ.el87 determined
the enthalpy»cf reaction for:
_(CH§)4NF(s) f,hF(g) —————)—(CH3)4§HF2(S) (AHZ)'

They found AH, = —37 kcal/mole, and assumed the change in
lattlce energy would be small, concluding AHl = AHZ + 2
kcal/mole. '

D;xon et a2.88 then repeated lattice energy calcula-

tions for a series of ,metal salts‘(M = ﬂi@Na,Kbe,CS) and -
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A
\

found an average AHy = 60 2 kcal/mole. Neckel et al. 89(

did a 51m11a& calculation. (M = K, Rb Cs), but used the

wavefunction of Clementi and McLean75 to calculate'the

.quadrupole moment, and found AHI‘: 55 kcal/mole.

?he "experimental"” bond energy estimates for HFZ_
g . . . R )

* are thus about as theoretical as those obtained direetly

from ab initio calculation, and have about che same range
of values (37-60 vs; 40-52 kcalqymole).

| The general descriptionﬁof the two-dimensional
potential surface which has emerged from the ab initio
calchlationS'is, however, intuitrvely very satisfactory:
for a ggheral bond A-H... A, at large A-A dlstanﬁe, the

proton may be v1suallzed as sitting in either of two

'1dent1cal Morse like curves; th1s is a double mlnlmum

potential, the barrier height being the dissociation +

e

Enéféy De, for the diatomic A—H. As'the two A nuclei

approach, the barrier helght must decrease to zero (al-L

Ay

though, of course, the minimum energy does not necessarlly.

occur ‘-when there is no barrler), for at. very small A-A .
dlstance, a barrier to protonlc motlon is physically
1ncopce1vable. |

Iberszo'proposed an empirical form for the potential

function governing the stretching motions of the bifluoride

ion. In his polynomial representation, the coupling of

the two modes (Ql for symmetric, Q3 for asymmetric, normal

coordinates) is included through a term dQngz

\

52.
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G L 3 Ly 2
1iV‘Ql’Q3) = an + bQ3 +fCQ3~+ d0103 . (3.1)
, R ‘ 3
Ibers obtained solutions to the Schroedinger equation

i&%th this potential, by using an expansion of products of

harmonic oscillator functions (Chapter One, section B2);

)

the four parameters (a,b,c,d) were varied to give agree-

ment with the following four experimental Values: vy
(symmetric stretch, 600 cm-}); V3 (asymmetric stetch,

1450 cm_l)j a value assigned to the second overtone, 3vg

(5090 cm 1); and an estimation of the contraction A, in

- the equilibrium F-F distance upon deuteration (0.0024 A).

A computational error in the first estimation of these
& A
'force. constants' was later corrected by Ibers and

Delaplane.27

78 and Nobleand_Kortzeborn79

Kollman and Allen, have

attempted to fit their ab initio data polnts, and those

of McLean and Yoshrmlne,77

to the form of Ibers. The
resultant force conétants are qu1te.d1351m11ar. Noble and
Kor* zeborn have obtained coefficients for a hlgher order (
polynomial representatlon (including Q1 and Ql), and have“
compared these coefficients with those obtained using the

a4

data of McLean and Yoshlnlne. Again the agreement is

very poor, and the correspondence between coefficients:

of dlfferent polynomial representations is even’worse.\
Janoschekl7 a3 summarized the situation: fthe'

potentia%§parameters for different analytical represenfatiooe

]

[
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of an energy surface are only of, llttle 1mportance...
furthermore the same analytlcal representatlons are unable
to be compared. .. only the calculated frequehc1es are

able to yield a global judgement for the accuracy of the

representatLOn. R

4

Alml¢f2“ has performed a calculatlon of the. potentlal

surf&ée and the’ assoc1ated vibrational levels. His ‘
_ &

MoO- -LCAO-SCF. (Gau851an basis) calculatlon is the most‘

54.

[

exten51ve of those discussed, involving 27 llnear.geometriee

of the bifluoride ion.. Again, a p lynomial representation

for the vibrational _potential surf Cegwas used;»and'the

coeff1c1ents were obtalned by leas —squares fit of his

ab initio points. The minimum of his surface occurs”at
am‘F-F distance of 2;246’%, in a single minimum region.
The vibrational problem was also s Ived'by expanding the
wavefunction in products of linear ho'functions; and
convergence to +5 cm-l was obtalned}w1th 160 products (')

The frequenc1es reported by Almlgf are in good agreement

‘with experimental data. For the 1 er energy tran51t10ns,

at’ least, the polynomlal representation appears to be a
£
reasonable potentlal surface. No calculatlongofirelative

1nten51t1es,was performed. [ RO

Vﬁor»the purpose of the lcu ationydeecribed in thislﬂ

. thesis, all poly"mial representations of _the function

V(z‘R) have ;ferlous fundamental defect they take

,,account of dﬁ%soc1atlon in the coordlnate R Eurthermore,
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-

= beyond a falrly small reglon of R (1n which they are,Aln .
various. ways, constralned to be reasonable representatlons),
.they may exhlblt w1ldly non-physical behav1our (polynomlal
osc1llatlons), for whlch the v1bratlonal Born—Oppenhelmer
elgenvalues, and matrlx elements {(1/h)P (R)}, w1ll be

completely unrellable.i

2

(Y

An analytlc form for-the potentlal functlon of a

i

general hydrogen bond, 1nvolv1ng the,superp051tlon of

Morse llke curves, was proposed’ by 21pp1ncott and

'Schroeder,47 and modified by 1ater orkers.46’52*55'fThis

model is purely emplrlcal requlrlng 1nformatlon from
experiment, and/or ab initio calculatlon, Ain order to

'establlsh the values of several parameters for a partlcular

.:*‘

».bond It does, however, have%the essentlal characterlstlcs
of reasonable form in the dlssoc1atlon llmlt, and decreas-

lng barrier. helght 1n the 1nteractlon reglon. The fOrm
A o ﬁﬁ N
(but not the parameters) of% agy and Anderson,53 for this

representatlonAbf the H- bond potentlal functlon,,has been

'adopted for the calculatlon descrlbedrhereln. ‘.

B. An‘AsymptotiCally Reasdnablefﬂbrﬁ;

'~ 7".

| 1. The Polynomlal Form of Alml¢f.%4f

Before dlscu551ng the flnal form for the potentlal

used in this study, 1t is, necessary to descrlbe the

polynom1a1 obtalned by Alml¢f and 1ts characterlstlcs,

because the free parameters 1n the Jlang and’ Anderson form
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_ S o] _ o _
have beeﬂ’fixed-using‘thishab;initio-dataa' T i" ?
| Flgure 3. l shows the relatlonshlps between the '
coordlnates used by Alml¢f (Ql,Q ), Jlang and Anderson
(s t), and thlS'work (z,R). ,)7“ R R h
~ Alml¢f's polynomlal is a more“genéralAform of. that
of ‘both Ibe’,’rs20 (equatlon (3 1)), and Noble and
Kort;eborn;79 .It is:
V(Qy,09,) = mZ € Qle - - 3.2)

(Note that here Q2 is used in place of Q3 -for the

~ -

asymmetrlc coordlnate)

The paper by Alml¢f contalns several errors: in hié
deflnltlon of Q2, the factor of 1/2 is mlsglng (see
flgure 3. 1), ln 'flgure l' of Alml¢f's paper, both axes
-are lncorrectly 1abe11ed (this is a contour dlagram for
the potential surface, the axis labelled 'Ql(a .. )'; should
be 'Ql + R. (A)', and the other, labelled 'Qz(a u )'
should be '2Q2 (A) ). ‘ These errors have been resolved by

il

prlvate communlcatlon w1th Dr Alml¢f

O - 10

It is convenient to express V(Ql,Qz)yin»a.form‘whichhfd”

JemphasizeS‘the non-separable part. The full expansiorn is:

o kai,Qé) = Qiiézo + C3le). - - v,n,’. | 'l3;3)
* Qz{(c +C12°1+Ca2°i)+Q§X¢o4+C14Ql{+Q§-cbgl

"N§§tde;ining§ o T tflﬁtaibiTJvﬂi ‘
,.‘de = 0, = RR ?;ﬁz'= Qéih 2 g} ; ;v | ,”_f'_:*(3,4)
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Figure 3.1 -
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Coordinates for the Linear Bifluoride,Ion
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- I Centre.of Mass of F F,.
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The subscript et is, used to denote 'equilibrium

values', that is, values for the coo:dinates at the

minimum of the potential surface.

3 Thus:
R. =
e
: _ e
Sefr te =-1.123 A
Ze = 0.0

Almlgf coordinates:

Q,

Jiang and Anderson coordinates:

s(z,R) =<R/2 + z

t(z/R) = R/2 = 2

(s-t)/2 = z.

~

2.246 A (4.244 a.u.) .

¢

Q) = RR, = (s-s.) + thte)

57.
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(3.3) may be written:

V(Q,2) = V5(R) + V}(z,R) . (3.5)
with:
PR = 0?(c, + o) (3.62)
2 - 20 30 : -
VR - as® 4 N a
1(z/R) = Az" + B(Q)z" + C(Q)z" (3.6b)
. o - - - e
and: ' ' ' o \\
WA = Coc 3
B(Q) = CQ4 + Cl4-Q (3.7)
.C(Q) =C,, + C .Q ¥ C,.0° °
‘ T 702 12 22 S A
Clearly; V?(z,R) is symmetric in the z coordinate,
at any R. It is the variation‘in the coefficients of
this sixth degree polynomiai which causes the gfowth of.
‘ o
a barrier as R increases.' The partlal derlvatlve, . QJ

BVA/BR, w111 Influence the form of the matrix elements

(i/me (R} /
" Figures 3.2 to 3. 4 show the functlons V%(R), and
'VA(z R) over a range ef values of R.'
In the region R = 3. 8 to 5. 2 a. u.; where Alm1¢f has
ab iﬁitio data points,'the.polynomials V%,Aand V? have
reasonable physical beﬁavibur} _Be?ond'R = 5.2 a.u. the

‘cubic' behaviour of V5 is evident in figure 3.2, and the

i s T R e A BT S A
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FIGURE 3.2°

VRMR) x 103 (au) 'vs  Rlau)
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FIGURE 3.3 ‘

VA(zZ,R) x103(au) at R=4toSay
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FIGURE 34

Vl(z;R) X 103( a.u.) at R=586, 58 au.
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oscillations of the six _degree polynomial V?, heeome
apparent in figure 3.4. |

To summarlze, the Alml¢f ‘Polynomial representatlon
is phy51cally reasonable in a small reglon of R, about
the equlllbrlum p051tlon (R = 4, 244 a.u. ), bnt has
unacceptable asymptotlc (dlssoc1atlon in R) character.
That Alml¢f's caloulated v1bratlonal frequencies are
accurate, for ‘lower energies (within 5% of experimental

values), is taken to indicate that the surface is a good

representation in this reégton.

27 _The Jiang and Anderson>3 Form.

Llpplncoti and Schroeder90 91 have shown that the
.v1brat10nal potential function for a dlatomlc molecule

(AB) is well represented by the Morse—like form;'

Vip(r) = De(l-exp(-nAr?/2r)) (3.8)

.

where r is the internuclear disstance, Ar = r-r, is the
disglacement frem equilibrium (VAB(re) = 0), and n is
obtained'from-the curvature at To (empirically, u51ng the
force constant kAB from ‘the IR fundamental n ='kAB're/De).
Attempts were made46 47, 5? to Simulate the potential
function for a linear H- bond A-H..A, by superp051t10n of
forms (3.8), together &1th terms 1ntended to 1nclude ’
eféctrostatlc attraction (-Cz(Re/R) ) » and Van der Waals

repulsion (C,exp(-bR)). Thus the Lippincott and Schroeder47
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(LS) form for thé H-bond potential isg:

- (1 o _. -bR _ _ m

Vs T DL - y(s) - y(t) + cle G R/RT aly)
where:

5\ . 2 '

Yy (a) = eXp(-n(u— w) /2u) (3.10)
g
Ui = equlllbrlum bond length for free dlatomlc A=H.
(s =t _ = 0. 917 A for HF)
e e

n | =TkHA'uew/D'

(Kyp = 9.655 mdyn. A°L, p = 51,300 cm™ L, "
disébCiétion energy53 for H-F bond) 'gfﬁ
. LF'}. l it
R, = equilibrium H-bond T¥ngth.
> - L
(Re = 2.246 A, from Almlgf, has been used)

Cl’ C2,-b and m must also be fixed empirically.5'

In attempting to fit the b initio data of Kollman
and Allen,78 and Alml¢f Jlang and Anderson53 have - ,
found the form (3.9) to be 1nsuff1c1ently flex1ble, and

have 1ntroduced an addltlonal repu151ve term g- y(s) y(t):

Via(z/R) = D(l-y(s)—y(t)+gy(s)y(;)+cle‘bR - C2(Re/R)m)

*

(3.11)
There are now five undetermined Earamgters; -Ci,;CZ, g,
b, and m. N
Cyr and C, may be fixed from the follow1ng equilibrium -

condltlons. N . e

v A(O,Re)

Ve = hydrogen bond energy ' - (3. 12a)

] ( 51 kcal/mole,)from Almlgf, was used)
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and;
V.. | _ v o ‘ .
LA 5\ = ¥ ga . = 0 . (3.12Db)
o8 Se’ te ot Se'te ' o
\ )
\
.. ) z
‘giving: ‘
Cy = (Ve/D-1-y(s,) (g-y (s )-2)-y"' (s,) (9Y (sg)=1)/b) / (m/bR ~1)
' ' (3.13)
c, = ePRe(me_ /R +y' (s.) (g-y (s )-1))/b (3.14)
1 , 2’ Ve e e : - )

Thus, given the parameters m, g, and b, the eqﬁilibrium
‘conditions (3.12) have been used to determine the coef-

ficients C;, and C

1’ 2 o . |
Jiang and. Anderson have assigned values (m = 6,
g = 0.64, b = 3.2009 A1) by flttlng the form (3.11) to

ab initio data,78.24 and‘"observed 1nfrared frequency"

In thzs study, ‘the 3urface of~ AZmZﬁf aZone has been’
used to defzne the parameters: .' : N
First, the parameter g is flxed using VA(z R) (e 

(3. 6b), and flgure 3.3). For comparison, Vl(z,R) is qeflned'

by:

using (3.11) this becomes :
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v (z,R), = D(g(y(s)y(£)£y® (E))+2y (E)-y (s)-y (E))  (3.17)
where, =
£EsOR) = EOR =R2Z (3.18)

'Hence,lvl(z,R) is'anly dependent oh g (not on m or
‘b) . With a value g = 0. 55, equatlon (3 17) has been found
to give curves whlch are in good agreement w1th those of"
figure 3.3, in the-region R = 3.8-4.8 a.u. ) .

Now V (R) is also deflned to be conSLStent.w1th the

Alml¢f functlon (eigatlon (3. 6a), and flgure 3. 2) VA(R)
V2(R) = V (0 R) - VJA(O7Re)‘ | . T ‘(3.1?)

so that Vz(R ) = 0.

- The complete potent1al surface is now:

V(z,R) = V,(R) + V (z,R) (3.20a)

-

i.e.,

V(z,R) =.VJA(Z}R)€;-VJA(Q,Ré)_ ‘;' \m‘:' , (3f20h)1~:ff 

(3'20b)»simp1y.éefines'the potentiai to be iero'at
the equlllbrlum p081t10n for. the blfluorlde ion’ (as -
Alml¢f), rather than at an equlllbr;um conflguratlon for '
the dlssoc1ated fragments, F- + HF, or FH + F- (as Jlang

and Anderson)
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' :Having fixed g,’theffunction V-(z,R) isAfixed, and
the v1bratlonal Born-Oppenheimer elgenvalues {e (R)} may
be calculated by the method of Chapter four. %he curves
{U (R)} may then be constructed (U (R) = €y (R) + V (R))

for a given pair of the parameteré'm and b.. The values

of these parameters were varled (only integer- values of

m were considered) until the curves {UQ(R)} agreed closely‘
with those calculated usingathe Almlgf surface in the
‘physically reaSonabIe region, R = 3.8-5.2 a.u. 1In this

. o_ ’ ) )
- way, the values m = 4, b = 2.35 A l, have been assigned.

3. Summary.

A’pOtential function V(z,R) has been defined (equations

(3.10), (3.11) &nd (3Q202)) using the representation of

Jiang and Anderson, >3

yith parameters:

m= 4

b = 2.35 AT
g = 0.55.

1

\ This‘representation~gives'a potential surface which
matches that. of the polynom{QI‘;orm of Alml¢f24'very'well

in the reglon 3. 8 5. 2 a.u., and in addltlon glves good-
behaviour as R + @, I I ‘ : .
’ It should be noted, however, that at smaZZ R the
'funétlon'VJAj1§_dom1nated by -the attractive te;m —CZ(Re/R)m

Thus,
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and the H—bond,coilépses. ‘The Jiaﬁg and'éhaerson repfesenta—
tion breaks 60wn at’small-R. This does not, however,

present any dlfflculty 1n practlce, because the matrlx
wfelements {(1/h)P (R)}, and curves {U (R)} may be numerlcally
'-extrapolated without dlfflculty for R < 3 8 a. u., . in a
manner which avoids this false behav19urv(Chapter 5,

section G) .| |

(N

k
4
4
1
]
K
1
El




CHAPTER FOUR.

R VIBRATIONAL BORN-OPPENHEIMER STATES

A. General Eigenvalue Condltlon.

This chapter describes a method for the numerlcal
solutlon of the elgenvalue problem (at fixed R) posed by
equatlon (2.30), with V(z;R) = V (z R) + V2(R), and

(R) = g,(R) +V, (R), as descrlbed ln Chapter 3.
For an arbltrary energy e, there exlst solutions to

. the dlfferentlal equatlon:
o . |

{3%/32% + (2m/n2)[etvingn)]ia(z;R)‘=f0r'. (4.1)

r
Unless € is an elgenvalue, however, a{z;R) will not -
be everywhere 'regular', that 15& w1ll not satlsfy the

boundary conditions:

+oo
a(z;R) _z__—:-.—:——) 0

| B /
N An elgenfunctlon al(z R) 1s everywhere contenuous,
obeys (4.2), and satlsfles (4.1), for which the correspond—
ing energy is an elgenvalue € (R) . R is here considered
to be a fixed parameter (1nd1cated by the seml—colon),
Hyand s the quantum states {ay} of the reduced mass m are
'lessentlally v1bratlona1 Born-Oppenhelmer states of the
\proton. a 'v |

The JWKB92 apprexlmatlon guarantees that, in. classlcallyV
forbldden reglons of z ¥ far from the turnlng p01nts, the

*

';‘;1”‘
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form of o (z;R) for anyafbltra’yf;nergy €, is:

o (z;R) ‘(4ﬁaa)'
whereﬂc is an arbitraryyCo 'y‘ _'y

E(Z;R) =

There‘is, thereforeyloae solutlon whlch is exponentlally
grow1ng and one which lS EXponentlally decrea51ng in a’
dlrectlon away from. elther turnlng p01nt Grow;ng solutiqaé '
are clearly forbldden by (4. .2) . |

At any p01nt in z space, zi, a soiution to (4.1) is

unqugly def;ned by the valuesf

and o' = a'(z,;R). | e T

- vazg 1s in the rlght asymptotlc reglon (RAR. Z+4o) ,

and af 1s any arbltrary value, then the derlvatlve_is'

K »

'related to this by (4. 3) @sﬁr"(kyﬁv/

Slmllarly, 1n the left asymptot}c reglon (LAR. z+-m)

/ g R R
LY CL . | : o '
In obtalnlng (4 5) from (4 3), the JWKB cr1ter10n92
| 32 I << Ipl i _ N, .(.4:_?.)‘ s

(4.3p) - . -
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" has been usedtf ; _ " . ' . .'f; : |
The different signs in (z.say-and (4}$bj'ensure'the

correct asymptotic exponential decay7of'the solution.

| Solutlonsnto (; 1) may theh be accurately numerlcally
propagated from elther of the 901nts z? or 'z R~towards
the left and- right turnlng p01nts respectlvely . }n‘fact,'
the 1n1tral values a331gned to al_and<nf are qulte'.~
unimportant (prov1d1ng'they are not bothlzerol becapse.
any nOn—zero pair of numbers may be considered to be.a
linear comblnatlon of: the two solutlon forms. '?ropagation -
‘towards the turnlng p01nts eﬁsures the decay of the

unacceptable form, and the process is self purlfylng.

- Thus, 1f solutlons ol and dR are generated regular

L _1n LAR and RAR respectlvely, they may be accurately

'propagated to a sultable matchlng point zm‘ Zn must“be

chosen in the classically allowed reglon, because a solu-

'tlon which 1s regular in one: reglon cannot be propagated

v ’

1nto the other cla551cally forbldden reglon w1thout the

- -

unde51rable exponentlal growth occurrlng

) The condltlon that € be an elgenvalue is clearly
that the two solutlons, generated from LAR and RAR be,
1dent1cal for then, and only then, 1s the functlon »
regular on - to +w ‘Thus,cfunctlons and derlvatrves};-a‘:

must match at z -

The eigenvalue condition is:



e

aa™ + ba = 0 " : o

v ' T . - ' ’ ';\ .
and ac® +bpa® =0 . ' L (4.7)
‘That is, the constants a and b mu@% exist, which . '

requires:

o oR | | -

- ' = 0 v ' (4.8)

: : , 7

k Thls 1s the well known property ?f the Wronskian of
two llnearly dependent solutlons to a second order llnear
dlfferentlal equatlon- the W%qnsklan vanlshes at any
jp01nt.93 R f‘:.'. o D

If the functlon W(e) 1s deflned

. o R o | , |
W(g)-= aLdR -iaRaL_- : : , ) . (4.9) ¥

i

the eigenvalue condition becomes:

W(Sz) = 0 ‘ o s o~ 2 .f S F. ) (4;10)
_at B ; R d' IR v ' e
- W(e) is to be-:calculated at the matching point Z -
> Y ) i . . : - J .
These ,concepts will be extended, inlchapterﬂs, for °

- thedCaeeeqf N”qoupledegecdnd ordep-di%fereﬁtiallequations.
_(B). Symmetric Potential: - -~ - -
e A D

l 1. Constralnts. jﬁf, fy S

Vl(z R) has been def;ned such that-f”-‘;,”,i-;'e'Qxftf




v by (4 12)
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" and
. % )
vV, (z;R) = Vl(—a;R) . . : (4.11)
_ | .
This leads to the eigenfunction conditions:
Even parity: 4 ,
| 'alﬁlo;R) =0 \ .l
aQ(O;R) = C (2 =0,2,4...) ‘ : (4.12a)
0dd parity: |
a, (O;R) =0 \ . ' _{
© e '(0sR) = 4 (4= 1,3,5...) . wawy
c and d are arbitrary initial values (eventually fixed
by normalization). ,
2. ﬁumerical Method: . |
| The condltlons (4.12) lead to a great reduction of .
numérlcal computatlon, partlcularly for cases in which" . i
(z-RT has a 51ngle minimum, or the top of the-barrler is ;
below the elgenvalue being calculated. - f
Numerlcal calculatlon of an elgenvalue falls, then,
into two classes. o R

(1) e > 0: | e TR 1

In, thls case the matchlng p01nt is’ chosen at z = 0.

It is only necessary to propagate ‘a solutlon from one of

o the asymptotlc reglons, the other solutlon belng flxed

- - PR

Arbltrarlly chooslng to propagate from RAR,,(4,9)-

.




/’ 7 o | ; - T3

”/’ . . . ‘ . ‘

becomes: '
R! .
W(e) = o even parity
. . g 9 :

W(e) = aR ’ 7 Qdévpari % . (4.13)

Values of ¢ are sought such that either the wave- \
function vanishes at.z = Ol(odd parity eigenvaiues), or

-

the derivative vanishes there (even parity eiéenvalues).

The . fourth-order Runge-Kutta procedure has been used
to integrate (4 1) from RAR to z = 0. ‘The Newton—Raphson
method was used to flnd the zeros of W(e). f

Elgenvalues have been calculated to eight/signifiCant,'
figures by this method,:an& are_completely etable on
haiving the Runge—Kﬁtta integratioh stepsize and varying
the starting point in RAR.

(i1) € < 0z~

zv= 0 is not a suitable matching point if the distance‘
of the energy from the minimum-of the potentlal well 1s
less than the barrler helght. 'Thls is always the case for
bound stateS'at.suff1c1ently large.R.. The éroblem ie;
that, in order to reach z = 0, the eoiution bropagated |
ffrom RAR must penetrate a cla551cally forbldden reglon 1n ]
'a dlrectlon away from a turnlng p01nt and then exponentlal
’growth of the forbldden eolutlon occurs. Thls 1s overcome f7
hfby propagatlng a solutaoh from z = 0, w1th 1n1t1al valuesj1 vt-
“'deflned by (4 12), towards the RAR solutlon. The solutlonsa‘5f
.are then matched in a c1a881cally allowed reglon, at :f;i_gﬁﬁﬁ

T - 2 . LT T _ : L e
.




zm = 2z, (the position of the potential minimum), and zeros

are sought for W(e) defined by the full equation (4.9).
4 , <.

1

3. Eigenvalue Initialization :

In seeking a zero of-W(e), the value of € must:initially.
bepchosenclose to the required eigenvalue éz' and mus% be
llmited,by high and low bounds, so that computational effort
is minimized and convergence to an undesired. elgenvalue 1s_
avoidedr ThlS is achleved by starting the ‘calculation of
{e (R);a,(z;R)} in a reglon of R where the potent1a1 has a-

51ngle mlnlmum and non-zero curvature at zf'= 0. A harmonic

approx1matlon then yields a good a roxlmatlon to eo,'and

,

- subsequent elgenvalues are 1n1txa&' Ehe spac1ng of
therprev1ou5(ones. Prov1d1ng the step to.the next R p01nt is
- sufficiently small, JL(;R l) is approx1mately eZ(R ) ‘and the
' process.continues. -
Alternatlvely, the procedure may be 1n1t1ated in a
region of large R, where the double minimum gives
; effectlvely harmonlc osc1llator states of the non-hydrogen
bonded A—H molecule. |

4. Norﬁalization{

1

: The»wavefunctions {a (z;R)} areﬁstored pointwisefiniL"
z space, and (after sultable matchlng of. magnltudes at _2d
-zm for the case 82 < 0) each ls numerlcally 1ntegratedﬁéﬁ“

, . e

(Slmpson S rule 1s found mo be qU1te adequate for 81x

\flgure accuracy ln the subsequently calculated P and A
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matrix elements) to find the séaling factors C

dz =1 . T (4.14)

9’ such that:

2. f (a -C,Ll/2 2

Vs
The fundtions_aréithus redefined as the normalized '

set {qi}.

5. Matrix elemeﬂts:"P.z7 A..; C...
. — —1] 1)—1]— "

(i) Pij: .
The Hellmann-Feynman tﬁéorem94 gives: ‘
X Iy . L2
. ) o ' E : :,:co . » k3V, . ~
(-}/h,) 'PZn(R)‘-[en(R)fez.(R)»] = _J a»g’(z,iR.).- 3R Zan(z;R)d_z. :
‘ o | ‘  (4.15)
o o S 53 o
Vl,‘using the Jiang and Anderson form, has been defined
5 : ‘ : €
(equation’ (3.17)) by: . -
v (ziR) = D{g- (y(s)y (£)-y(E)°)+2y (E) -y (s)-y ()}  (4.16)
with £ = R/2. ' | o o

\

Any part. of: 3V1/3R whlch is only a functron of R’ glves
Zero contrlbdflon to (4. lS).u_Now.
[3Vi/aR]z = (D/2)-d(z;R) + function of R . (4.17)

where:

@R 2 y'(s){gry(8)-1) + vy (B {gry(s)-1} T (4.18)

v" ,;én§'(4}155 becbmégfg

‘i/ﬁ)?zn(g)'(gnfe;)/Dﬁé;;é az(z R)d(z R)ai z~R)dz (4 19)




N
This integral is calculated numerically at each R.
point using the stored normalized {a }. It is evident

i X
from (4. 15) that there:&sno cauplzng between states of

T Opposzte parzty'(avl/aR isLan even function).

S

-

(/.

i) ag.r
* From equatlon (2 69), the matrlx elements required

A
’, i'." . M
AR

to correct for pro' translatlon, are given by:
Ay

. . | ‘e

(—ih)Agn(R) = m(ez-sn)°l/2- £& al-z~f(z;R)andz : - (4.20)
The form:. r

. f' » _ ,

f(z;R) = tanh(y(R)-zo(R)-z) | | (4.21)

o
Re

‘ has been chosen. This has the property that when there is

no barrler (z = 0) the‘switching function vanishes.
i ; .
Y (R) has been chosen in such a way that all elements

of - the matrlx C(R) remain smooth while asymptotlca&ly

\
: ' . - 8
g01ng to zero. . i

T~

The follow1ng form (shown in flgure 4; %% was found to »

be suitable: o : S - o '
e o S

Y(R) = afl+ tanh(b<R-Rc) o L (4.22)
B L ’ PR AT &
w1th-hfa l 7 a.u. 2; = 5. 0 a u..l; R, ;?4 97-a. u. .
. : » j f .
It is not clalmed that the parameters ‘a, b R are

e

LN e
,”_unlque. They are merely convenlent 1n deflnLng a: sw1tch1ng’
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" FIGURE 41

 GAMMA (a.u)? vs. R (au)

-
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-1Einlmum molecular sityation, to *1 in the high barrier
(disSpciated) situation..  The form (4l22) provides™ a

continuous transformation between‘theSe_two limiting

~situations.

From'(4.20)'the integrals to be numerically evaluated

are:.

(*ih)Aln/(m(ez-sn)) = é alzfandz ‘ . (4.23)
L3
A Cyg oy

The g~matrix isfdeflned'to be real, by:

Con(R) = (i/BYP, (R) + A, (R)) S (4.20)

. C. Results. | ! ‘h .
{e (R)} are elgenvalues of vy (z R), but the full
potentlal Viz, R), has been written -as V (sz)+V (R),

and 'so, in order to provide potentlal surfaces‘for the

complete eigenyalue problem, (R)} are now defined to be

L. HFZ-: o p

Flgure 4 2 shows the . curves {U (R), =‘0}5} obtained -

for HFZ_ u51ng the potentlal functlon, ol the{Jiang an
3 8 -

Anderson form, descrlbed ln Chapter 3. Jlang and

;wAnderson obtalned 51m11ar curVes u31ng a\dlfferent n‘verlcal

P

;j}method for the solutlon of (4 l).; They dld not calculate
S LN :
matrlx elements or attempt to solve the c0up1ed equatlons{

f for v1bratlona1 elgenvalues. They dlscussed 'vertlcal

I
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FIGURE 4.2

& .
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' Unx1'03 vs. R (awu) - -
1004 . ' : T
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%
'transitions' from the mlnlmum of each U (R) curve. Thiew
is 1ncorrect and is a poor approximation. -
E Flghres 4 3 to 4.5 show matrrx elements {P ; and
{Cij}’ coupllng the flrst three states of even parlty,
whlle flgures 4.6 to 4.8 show the odd parlty set.

- The maxlmum of C02 is at about 4 75 a.u., whereas

the mlnlmum of the curve U (R) is at 4 30 a.u. It is then
1mmed1ately clear that 4 ground state wavefugctlon 1n'

the curve U0 w1ll be only weakly coupled to any function
associated- w1th curve U2. Slmllar con51derat10ns for *
‘13 and Ul 1nd1cate that a ground state wavefunctlon in

Ul w111 probably be weakly coupled to functlons ass001ated

It is therefore expected that the fundamental I.R.

w1th ‘0,

transltlon (v ) will be well" approx1mated by the dlfference‘
in energy between a harmonic osc1llator (ho) approx1mated
ground state in Ul(E01(ho)) and a 51m11ar ground state in

Ug (E 0(ho)) S C

vy = Ol(ho)\ E o(ho) | o o - (4.25)_

: Furthermore, the Raman actlve tran31t10n (vl) should '

be well approx1mated by-

ff?l 1o‘h°) o‘h°iﬁf-' :r,'d | ?dfti;ff L a26)

. where EIO (ho) 1s ths flI'St exc:.ted state 1n the ‘ho

approxlmatlon for400(R) ‘%f”fﬁﬁih " - -fﬁ"7.» _'f'
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i/fP_ & C_ {au)]
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FIGURE ' 44

1 . A—i/f\-Po'l. 2 -,(301’_((.1.,\.1.‘)'1 " vs ‘R(o.uf)
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¢ FIGWRE 45 7 o
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i/h P21. 8.VC24 (’g.u.) vs Riau)
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'ihfhave negliglble coupllng to statés of U3,,for the hlgher

’*f{'wavefunctlons havé a. consxderable reglon 1n the classrc-!»jfff

L"f*:ally allowed domaln whlch overlaps the maxlma of 013’ Clsfftfx:C£§Qyjﬁ'
"ﬁﬁand C35.._The quantltatlye effects of thls are“revealed
'uliby the accurate solutlon of thef_oupled equatlons,‘the o

‘7_‘subject of Chapters 5, and 6.g;ifﬂi'

'f'k;fz Deuterlum Shlft”b”

P}ﬁsolv1ng (4 1) w1th MD for M 1n the reduced mass m. These

'4*;gcurves;are, of course, more closely:'paced than those for :

' i?been shown her
3sllghtly hxgher maxlma (as expected from (4 15),_the

ffmax1mum of (1/?)P02' for example,’ls about 4 16 (a u ) l)_i

“Vbut are otherw&se 51m1far to those shownp\“'ﬁ"’""

' '°F—F dlstance, I R. actlve stretchlng frequency (v*;f

nt

-o 0024 A, 1

.of sodlum and potassxum blfluorlde.

S S T o '«C,i”f:'T,\;ﬁfﬁ?,gy,;aff
It 1s not clear that hlgher elgenstates of Ul w1ll L o

i

A A
'I-’ N . o
T Ser

Curves {U (R)}, for DF2—7are:read11y obtalned by

H

-'\

otherwmse 51m11ar, ahd*have e

/

ff The non—adlabatlc coupllng curves, {P (R)}, have

{-

At thls‘point 1t 1S“possable to compare the calculatedVi
R ‘

and experlmentally observed 1sotope shlfts 1n equlllbrlumpf

NS RS - a . e

\aman actlve stretchlng frequepcy (vl)

Q,A\\mall negatlve Shlft upon deuteratlon;f

been observed 1n the equlllbrlum F-F dlstance'1n4crystalsfﬁ7{n,f;

ﬂ(KHFz, ARO

}0.0046 A 20, 28)

.20, 29

NaHFZ, AR0 . From the 1'.













numerlcally generated elgenfunctlons (solutlons to

converges most ﬁatl‘

glven by’equatlbn (4 34)
| ible 'i estlmate asymptotlc values,¢f§7”:

The_one—term L




‘.

' tlon effect has appeared as the term z (R), the trans-f*g}ifiig -

*3ffﬁ 1at10n of the p051tlon of the mlqamum of the potentlal

“correct talllng" of theamdaifled COuplings {C'J} Thls'}f,ﬁ.f,‘f-””'

re51dual couplln?" arlsesﬁfrem a dlstortlon of the

,.‘.

S [3V1/3R] 1n equatlon (4 15) by

; [avl/ aR] fo_f z_<_ o, , .i";gdﬂv by

[BV /3R] for z i 0 (5 and t.belng the aPProprlate‘h?f?u"v”” |

Jacobl coordlnates zA AB 1n thls case.

-see flgures 3 1

Ll and 2 2)

SR SRR D S
The resultlng matrlx elements follow the curves




-Cff;partlcula"

; “gﬁF(R), Wthh satlsfy the matrlx equatlon":7"' E

"“f;fawhere I 1s the unlt matrlx, U 1s a dlagonal matriXIWithf,“~’”lﬂ
""”f?felements {U (R)} and C 1s a skew-symmetrlc matrikﬁmith*i5f

' elements {C (R)} (flgures 4 2 tO 4 8)

'ﬂ%fdeflned to be reglons of small and ﬂarge R respectlvely,

.:;'farbltrary E) then behaves as a solutlon to the uncoupled

"~}giThere are,_therefore, two 11nearly 1ndependent solutlons = .

. CHAPTER FIVE

N SOLUTIONQFTHE coulLED EQUATIONS N SR

‘genvalue Condltlon.<£}fh""’ :aG*Q“‘i

The elgenvalue pfoblem con51sts of the search for

'alues of E, and the components of a vector

I,-_ 1.

e 4 ! \: ¥

& { _('%n?z z-p_,) (.d/ngfg;‘( 'Ra)_.) 2 + gg_ ,(R,) '_;_--Eg;}g‘.(;m o s

N

<~.-‘ B : B

P

In a manner s:mllar to that of'chapter Four (sectlon Lf5“h

”) left and rlght asymptotlc reglons (LAR, RAR) are |

Iifar'from the turnlng p01nts of the curves {U (R)}

e A N e e d e

In elther asymptotlc reglon, C(R) approaches zero, _}3i¥ﬁ??

:iand the nth component of a solutlon vector F(R) (for

"n

- ;qne—dlmenSIOnal Schrodlnger equatlon W1th potentlal U (R)

R




of the matrlx equatlon.\ The-general solut;on 1s a

llnear comblnatlon of thls set.x_-lf,gjw

.[-

, For an elgenvalue EJ the components of;the correspond'

';jllnearly 1ndependent at Rz'o ‘R q:jInltlal values for

fﬁderlvatlves may be flxed by :JWKB:crlterlon,dl cussed o













o

‘fgpropagated to a cla831cally allowed reglon of U (R).

‘jexpan51on ba31s is. 11m1ted to ‘dwo" terms, N=2) w1th non-

2. fNon-Zero Couplrng . _f*\ff S 'v’r;

Con51der a. two channel 51tuat10n (that 15, the

v 4 S

"1'zero coupllng.. The upper channel is agaln said to be -

closed 1f E 1s everywhere 1ess than“U (R) . In’ order to

lflnd an elgenvalue, two llnearly 1ndependent solutlon
y

'vectors must be generated 1n each as¥mptot1g reglon, and,

- 98,

Although a vector of the form Fl (equatlon (5 3)) - 1n1t1allyp;§

.\

:'has no 51gna1 1n the closed channel thls component grOWS"

exponentlally durlng the numerlcal 1ntegratlon procedure.‘

As lntegratlon cont;nues 1nto the c1a551cally allowed

y?regron of U (R), the closed channel 51gnal beglns to

B -41, o
,.desplte 1;ﬂ%1a11z1ng two llnearly lndependent vectors of

N -

SR

‘fﬁ as 1ntegratlon proceeds through a reglon of non—zero

-fdomlnate the OPen channel s&gnal., The result is that,'ﬁiﬂﬁl

vthe form El and F2, they rapldly become llnearly dependent o

coupllng in Whlch at least one channely s closed Thls o

problem aZways occurs for (N > 1)-channel coupllng. ;.t¢7”

T o oy

'hasgbeen,found that two 1n1t1ally 1ndependent vectors mayt

rlftitbeCOme 1dentrca1 in. thelr components t° at least elght

"_51gn1f1cant dlglts.

»iiﬁ- the determlnant W(E), (5 5), vanlshes for aZZ E’ ‘This

Nimembers of {F }, or of {F }, 1nva11dates the elgenvalue

LI

".

The ex1stence of 11near depehdence among elther the ‘Ftl

-v-.

4 fr Sy ,1" -\, . 9 5

r'condltlona(s 4) If there 1s such a llnear dependency,,'v

a3

S




- _4‘.' -

: 99. .

) 'tendencyﬂto llnear dependence‘has been overcome u51ng a ”}T'

reorthogonallzatlon procedure (orlglnated by ?lley and

"Kuppermann°9? also descrlbed and applled by Wu and--

loo)(‘ )

Lev1ne 1w§{ch w1ll be descrlbed in. the next sectlon.

¢

It 1s th notlng that for the two channel case,'

."jiw1th both cha{nels open, it may become dlfflcult, or.

-lmp0551ble, to. a55001ate any elgenvalue w1th a partlcular

"potentlal surface.” For a weak coupllng case, however,_lt

.7hr5ls expected that a one to one correspondence of elgen—

'values and potent1a1 curves w1li be malntalned. ThlS
il_w1ll be dlscussed 4in greater detail w1th reference to
o R '
a;.Qtne_results_obta}ned'foruthe HF = system. 3

R

T wlih ‘ . A

'C}‘Linear,Dependence,;

1. Reorthogonallzathn.--

_ The tendency of a set of left or: gﬁght regular
.solutlon vectors, {F | l 2 ,..N}, to. become llnearly
?fdependent may be compared to the gradual rotatlon 1nto'
”"fone plane of the physxcal vectors, K ﬁ E 1n1t1ally

chosen to be orthogonal (perpendlcular 1n space) ﬁéf

‘M

'three vectors may be used to deflne @‘paralleleplped,;

_the volume of whlch 1s glven by the trlple product.: .

.




/i f:'lf!'rl',v5‘j' o 3t:"r";3'v’3.;¥”lfy. hfidd{

(5.6)

O
<

1f the vectors lle in a plane (V—O), there 1s a llnear;-g

vdependency relatlonshlp between them.: A necessary condl--fh'
'tlon for llnearadependence, therefore, is’ that the

' determlnant v shall vanlsh If the three‘vectors are not
orthogonal but do not lle in a plane, they may be rotated’
back to a posltlon of mutual perpendlcularlty. Thls 1s

v the process of reorthogonallzatlon- - partlcular ch01ce -

0 of a llnear comblnatlon of- the véctors.

The llnear lndependence of a set of ‘N . N-~ dlmens1onal .-.d
" SOlutlon vectors may be malntalned by perlodlc reortho—
Jgonallzatlon at partlcular p01nts,b{R }, in the numerlcal
1ntegrat10n. . _“‘ w S f‘ B R ‘ 5 L

The NxN determlnant v (analogous to (5 6)),

1__constructed, w1th each column belng one, of the vectors

o
v .

:lgn Each column 1s 'normallzed' by d1v;d1ng the cdm-

o ponents of that column by the square root of the sum of'

the Squares. Tne value of thls determlnant 1s 1n1t1ally

'one (equatlon (54 3)),_and 1s found to’ decreasé smoothly .
- i = .&f"
,%o zero‘; There 1s a compllcatlon, due to the presence '

of nodes ; wh1ch w111 be' dlscussed later. If the value
of V falls below 0 95 (chosen to malntaln falrly rlgorous
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| orthogonality), the zeonblogonaiization procedure 1s

fhlnstltuted t"g'v.tt‘~}.ﬁiifﬁrf'f'cfa'ff.

Let F(R ) be the matrzx formed by the columns of
:3the vectors {F (R )} at a reorthogonalizatlon p01nt R

i

7Reorthogonallzat10n con51sts of flndlng the matrlx M suchf

o 'that.

g(R)b_g (ry )I e e
“mfwhere M 1s the 1nverse of F. h i,3f»”Q:;;;j;aﬂef.ffov;ﬁ}ff
3 At the 901nt R ’new derlvatlve vectorsvmust’alsovbe
:spec1f1ed Although the order of the\matrlxrmultlpllca-ig;§£i;L‘
v?htlon in (5 7) 1s unlmportant 1t represent:ba partlcular k¢
dllnear comblnatlon of solutlons to the dlfferentlal |

o equatlon (5 1), and the correct order must be malntalned

in redeflnlng the derlvatlves-':f;;hﬁft;hhrﬁ° R{ 'fj?izfcﬁ
CEepumy sney L e
,5.”.2 Extended Deflnltlon. om'”' o

In order to deflne a contlnuous elgenfuncttﬁn, 1t
‘1s necessary to apply the rotatlon matrlx M(Rm) to all ’c},Yn'~’

'p01nts 1n the numer1ca1 1ntegratlon which occurred before‘ff

the reorthogonallzatlon p01nt R _Tﬁdg;ls, for contnnurty,ffh

the same llnear comblnatlon of\solutlon vectors must be»7' ’
_rlrrbhﬁfused at all p01nts.¢;g f' ’ o . |

_ S Suppose the matrlces {F d(R )} have been stored (aftep

c e

‘ireorthogonallzatlon where appllcable) at ali}&ntegratlon fdj5»é‘h”



'L%fp01nts {R }

‘"5ffgonallzatlon QOlntS {R‘:}_._~
"ﬁﬁﬂlﬁ constructed 1n the‘f‘l

”3.eNodes' ';j

’ffIt 1s not, a suff1c1ent condltlon: o ensure

however,



fln general, partlcular p01nts, {Rp},'“

__fare not.; In'the_reglon

become dependent, thls;i 

M:Wdecrease 1n both |V| and lVPI

rf(ll) "nodes of Vf,occur, 1n the reglo







Cnes.

'd'fﬂayls the matchlng p01nt, at whlch‘W(Eﬂ), equatlon (5 5),"”'

'i”f'has been found to vanlsh) and a set {F (R)},:for R > Rm

f}It w1ll be shown that reorthogonallzatlon of {F }, and

;wf{F }, at Rm ”leads to a 51mp11flcatlon 1n the elgenvector

'”fconstructlon, and so Rm 1s chosen betweenﬂnodes of thev'“d

'\7fdeterm1nant V (sectlon C3 of thlsfcﬁapter) Reortho-

,‘4‘ .

fngonallz'tion at hefmatchlng p01nt 1eads to a matchlng

of twe'magnffudes of 1eftJand rlght solutlon vectors.dtif

\.

or‘all R, the set {dk'sd } must be



all-_‘:‘R (provxdlng



¢ i
:

RS

EE \

(5. 19) 1s an NxN homogeneous system 1n the N unknowns,

f1c1ents may,,for example, be calculated relatlve to d

ratlos {al}

v

Y] : .

In general

R «
1{dk}, and can only yleld relatlve values9

All the coefev

o =2 3N ?’: o

Now (5 19) prov1des N ways Bf deflnlng the (N-l)

1}
'(5Lzoyl;

. -

for 1arge matrlces, A thls may

Gﬁbbecome a sen51t1ve numerlcal procedure, but for the'

ma{fmum dlmen51on uSed Ain’ thlS study (N-3), no 51gn1f1cant

numerlcal 1nstab111ty has been found (for N—3;‘a11 three

i. ways'of deflnlng a band a. agree to 1 part in. 105‘11n the
‘ o 2 3 ’

worst case, over the whole range of elgenvalues calculated)

2. Three Channel Example-rx

Y .

'91 The three channel elgenfunctlons may be constructed

u51ng (5 14)‘\

R

l(R)

1‘R)*‘ ‘

[N P B
sz‘_'?? (R) |

F32®)

T2 R

o
¢F33(RL T
v (sa2n)

_mrﬁr,_;:v»

{REERR B




FJf}fnormallzatlon.;j;ﬁf)

." -.;-.‘ .“

éﬁend-e33are known from (S 19), and dl f to belfi

3~Nom1tn
leen that the components {f 2},i_f the elgenvector

‘:t-fJ(R),iare now deflned contlnuously throughout R, the_j:fyﬁf

"V.constant dl 1s determlned ln the usual way An elgen-];‘

ﬁffunctlon must satlsfy

a7 g w 2(z R)dzdR 2 1

'..oo

”J;jor, u51ng (5 12)

rUs:.ng theorthonormalltyof the set {a } 1n z space," S

01};(5 23) reduces to the requlrement-f f;?klﬁﬂ;fﬁfﬁ,in Ry




(reference 57, p. 163) to bet

.53u(z R) 1s the dlpole mome t.

Tran51tlonsffrom the‘lnltlal.stéte w(Q) ;nhot bands )

*{?7 ?w1ll not be consldered (the occupancy of bhe_flrs 'exc1ted«

:"” fistate of 'HF —;at 90.K lS about 10 -5 X that of_th ”gioundT









to have contlnuous representatlons of theseQ%unctlons

throughout the ‘regiof of R 1n whlch numerlcal solutlons

L to (5. l) are generated.

Expan81on of the operator (d/dR + C(R)) of

ﬂequatlon (5 1), leads to a term anOIV1ng c' (R) For

“this reason, it is convenlent to represent each matrlx

element by a single, dlfferentlable, functlonal form,

' throughout R _ h o .

\

tgerlvatlves.are matched at the boundarles of each region.

l Matrlx Elements.

_classes: = =V

Slnce, however, a knowledge of the derlvatlves of
TU (R)}, and {I R)},_ls not expllc1tly requlred they

have been represented in a “plecew1se“ manner, first

'

. - »
A

For three qhannel coupllng, it can be seen from

'flgures 4 3 to. 4.8 that the curves {C (R)} £all 1nto two

Q .

(i) adjacent state coupling,’
Curves C02’ Cza, Clj'and C35vall-rema1n p051t1Ve,

hand are essentlally dlstorted 51ngle peaks.ﬁ The\Gau551an

13

ijorm, Aexp(B(R—R ) ), has been found to decay too rapldly

. at 1arg@ IR-R |, but a hyperbollc secant form,_'

: Asech (B(R-R )), 1s qulte satlsfactory. An asymmetrlc

a?,)’. PR B . ‘
ey - ,"'curve,w 4:,(R,) (j = 1 + 2),~may be f1tted to the polynomlal-.f
..... R o :
L :.__‘”'; i v.,_,.._ e R “...1--0‘, ol L -‘.»_ sen ol
modlfé-ed fom & v',.".v C. - v , : «: v . aq e . ,9’ ’ hoe ':, . ? .- APPSR
o 4,'&\'\“_,:,, ) N l' Lol ) ',--. s - g i e . ‘ v
. w A s '», o - IR SR - \ . o ’ o
. (‘ ". * A et cr N y e @ ";1; N 1 ; » A'.’_ :
N » S ” > e e - ar } ®
_X_ } LI . R ~ Vs -6) g f SO - “\.';a -
po " e -




o

@ -

: o, R
Cij(R} ~ Y(R) = PL(R Ry)sech” (B(R-Ry)) - - - (5.34)
.;whél,’ié z 3 "
. L - . o
_Pp(R-Rg) = ng,angR—Ro)-; | o

o

The ‘constants ﬁb and B are initially‘estimatedyfrom
the pos%tlon of the max1mum of C (R), and the width at

half the helght, respectlvely For a glven order L the‘"x'

coeff1c1ents {a }, of the polynomlal PL’ are then obtained

by a least squares procedure, that is by mlnlmlzlng S

. i B . ’ "~
deflned ‘by: o , R ' , ‘\\;
.r,. ‘-M. ) ‘ : 2 A 4 . v : ' ‘ | ‘.4 )
S = Z [G; 4 (Ry) ~Y (R)I1T - . (5.35)
k=1 , : :
e where M 1s the number of p01nts.;#oy RS _g; . '"_~.i-'7';,ﬁ ';

S 1s then further mlnlmlzed by varylng B (for a
flxed R Y. and recalculatlng the polynomlal., Elnally,

S is mlnlmlzed by varying RO’ and 1terat1ng through B

and PL ' In pr1nc1p1e, hlgher order polynomlals W1ll also C e
’ e ',“'lrof" L .
reduce Sv but 1n practi%e,,df coursey round‘offwerxor_w S

1rm1ts thealmproyement Polynomlals of order elght.to rnm;g_;.533j“;

- ten have been used.“.€:~;gf;“:_ﬁpd,“1; Lt
R - B ) L -
(11) Second nelghbour coupllng. ) ' } ‘
The shape of the curves C04 and-Clshresembles“thatl ,
of the derlvatlve of a 51ngle peak, and the curves may
.Be fltted to the polynomlal-modlfled derlvatlve of (5 34) -:v";;y'a



yoo

2. {u ) and JEnT

e wagr“r :
(R) 5 Y(R) T P (R—R )sechz(B(R—é ))tanh(B(R—R )y
g "t: (5.36)

Agaln the parameters B and R0 are 1n1t1allzed the'.“

il

f‘least-squares polynomlal obtalned, and S mlnlmlzed by

varylng_B ‘and RO.

~

ve

Let q (R) represent any one of these functlons. :ihe

~{q } are all smoothly Varylng, non—OSCLllatory functlons,‘

[V
l.-'..s.-. o

.and have all been approx1mated by the quadratlc Spllne -fit

method.

C et

In thls method the reglon‘Rl <>R.2iﬂﬂj'in which thé;»}3;,g-.‘:~
. functlon q(R) is known p01ntw1se as {q(R ), R;ie-iVZ;.;M};"’

1ls d1v1ded 1nt6 sub-reglons. ~In each of these reglons,

R v

"ﬂq(R) 1s approxlmated by ‘& dlfferent quadratlc polynomlal,

i .»-"..,....4..-...'.~&. .-,_,k.*,‘,«.. I

© 114,

vw1th the contlnulty requlrement.that the,flrst derlvatlves ff v
-are matched at the boundarles between each reglon::f;:;j"‘. T
. - .’ . L
SRR The procedure 1s 1n1t1ated nslng three p01nts, inTa T
~,~reg10n‘where the‘cprvature of q(R) 1s small »to deflne the
' _f;'°coeff1crents of*e quadratic for reglon 1, Ql(R) |
RS PR MRt POk ST R T S N
L Ql(R) RN a { i TR-R )} S e (5.3T)
B 2P £ 3:1:1 73 N e
o rv-..uj e [ C— .3.‘;.. o g e v : g * o 0 ., * : .
whence o B Pt SRR
' : ¢ B 3 L SR ‘ffu‘ '
2 vl e tg=le s nTT i Tl woe
I SRR o | T
- » » - o> - --% .,.. -



&hps“~,q(R),:in(3y‘-;f; ~3(Rd§eRg)T; uju.tfd»._:ﬁ»e;dfks;és) R

For all the curves {q (R)}, the farst three p01nts;i jd ‘
d\" -3, 80, 3. 85, 4. oo a’; u., have been used ‘to, deflne J‘ﬁ?f?*5551'
reglon l..: | ' . . |
All subsequeut reglons‘ere bounded by two pomnts._ttw
The quadratlc appllcable to any reglon 1s deflned by these.lydT*
two p01nﬁ§ and the addltlonal' derlvatlve matchlng, $\\Tt_:'

W“constra;nta,;Forgexample:[

| Qé;(li ) Ql(R ) = q(R ).

Qz(R Ve aimg L

ana gy - Ql<R> o s

ThlS procedure prov1des a representatlon of q(R),

2 B




. RESULTS AND DISCUSSION FOR HR,-

R
DY

A Bigenvalues and .;Eigénfunaeiaﬁsﬁ,r s

"5;1 Uncoupled States~ RTE TR

o'

[

In thls one—channel case, there 1s only one term 1n

",

“n[uthe expanSLOn (equatlon (5 12?) of‘the elgenfunctlon

’;f7ffWHingitfbei§ngs;‘ Thus. .;fﬂvf”f

n w (z R), correspondlng tq/gg'elgenvalue Ej{uy

'iﬁthe e1genstate may be characterlzed by an addltlonaln}

, g to the potentlal curve U (R), to

I

Consequently, $ fbn¢fﬂ:




‘f@fﬁelgenvalues calculated for even and odd parlty curves {U }1l

"'fﬁjijgffE

'”]j;allows a deflnlte statementfuo“be made concernang the;

Flgures 6 l andi6”2 show,

_for HF2 the serles ofﬂ;?fT“

'}fﬁf”_ For a partlcular value of n, the a551gnment of an
'jfelgenvalue_EJ to the curve U (R) lS unamblguous, even

""ffln the " case of the near degenéracy of E03 and EVl (flgure
' Lk .
05*15 clearly assoc1ated w1th U3, because 1t 1s

: -generated {?Y the vector< (R)> \)whereas E l 1s generated R

igt;[ ' (R)VM._‘ | iy ,nrfﬁfszf,f=

ThlS may seem palnfully obv1ous, but 1t has an lmportant

S ‘ g \-.‘\;;#j;ag‘y
"-conceptual consequence-' the one-channel approx1matlon '

7yfasserts that the observatlon of a transxtlon IO 0>+|3 n>

I
e hangesln the v1bratlona

l:Born—Oppenhelmer state of twe'

,wlth frequency v3, correSPOnd-_h;j”f”"‘f

‘”A_'fundamental':tran51t10n,

'“llng to anxexc1tatlon of the"H-F stretChlng mOde 15 saldfitw
;ito haveyoccurred [Actually, Of course; the change 1n

""state of the system 1s not qultekthe same'as,_.]lmple

}fvnot*the'same as f 1(R) f they are both:ground state/wave-]""?"FNHVFJ

’=‘f?funct10ns for the reduced mass but 1nfd1fferent




i FIGURE V'.
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Sdze.

'f In t'ls way, the 11nf;due to the trans1t10n lO 0>+
”', w1th some V;lldlty, be referred to as a

f the form 3 + 3 "1 Agaln, the

i the one-channel apProx—:ﬁ“ﬂ*““

) ....-,.._., .\ e _.,-0): e

O terms-- 'state of the proton;1‘and 'comblnatlon bands ofgﬁ'
the fundamental v (and overtone !"f ') w1th vl ; have |

DU - - L e ) _ P e ‘
lej' deflnlte meanlng..‘]*ﬁfutL:‘ﬁ :jf- : .sf., : \j- 7\5;j-,§ R

}}’f' 2 Coupllng Effects,

o For N(>l)—channels, the totai wavefunction‘wT(z R)Tt:
.Tvcannot be sald to correspond to any definzte v1brat10nal
.}ﬁ_state of elther the proton,‘or the reduced mass u-‘ It is -
‘not now strlctly p0581ble to characterlze the state w q

by an 1ndex n, referrlng to a partlcular curve U (R),,.j"

51nce, for tWO channels§




EATEETEN
(6.4)
; If the coupllng between Born Oppenhelmer states P;
T ;';_;"uarg_"_P+2 weren strong ’ the contrlbutlons ofr J (R)‘ and P
jP+2(R), to the state vector w (P)(z,R), could be,,v
:comparable, and lt would not be pos51ble to descrlbe a ‘adrw“a“
'vtran51tlon from wo(q) to. w (l) ‘as’ a comblnatlon band,'
v ' S / -
B " . ¥ 1 LIS
Y3 + 3 Vl , or as an- overténe 3v3 3 vl | It would bdg
" meanlngless to talk of the v1bratlonal state of the
'_‘proton or 'the v1bratlonal state of the reduced mass u

Jherefore, be completely characterlzed by the e
®) T

B w1thout reference to the 1solated States

?would,
' d;functlonhw

‘afdf ex01tatlon.of the“symmetrlc (F-F), and asymmetrlcvf]hjfgg{];”

$

‘:;;(H—F), stretchlng modes. It would only be p0551b1e to descrlbe
(P) (P)) '
. 14

a transxtlon as symmetrlc (w
to that tran51tlon>an"exc1tatlon of onZy the H—F“ orfonly

-+ wk or asymmetrlc

but 1t would not be p0531ble to ascrlbe

,-F, mode. In thlS case, the 1dea of lsolat d

s

R .. . 5 ' e
_stfetchlng modes becomes 1nva11d and the motlons are ;
: tIU1Y lnSeparable.- R
) . 3 ” . '@ o
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Fortunately, the nQn-aQ}abatlc coupllng turns out t%&fﬂal e

_‘_—-.U .

""'nc'oupled O L
coupled elgenvalues 15 POSsrble. The double 1ndex nota-3'":;

tlon, ]3,n> remalns valld,
R A .

the proton 13.'a1most' purelY}ln the nth Born-Oppenhe;mer -.EWW*f

..-t»-"

1w;th the understandlng that

‘,.,.

j-state.-if

-

- For weak coupllng,,the lndex n deflnes the domlnant

a B e e s
et i g

channel.' For example, w1th two channels,'ezther

{ ( (R)) 2aR >>. br (fJP+2(R)) dR —> |J P> (65)

_ . : Ty e ﬁ‘.,ja /- ;, _ - N
R 1ndlcates the Zower channel domlnates, ‘on. the reverse of R

o the lnequallty 1nd1cates the upper channel_domlnates-,vﬁff;ﬁj*~"”

. . . . : R AL
I L e :
¢

L e
el by thendouble 1ndex ]3 P> and the elgenvalue by EjP '
.'hf.?Thls 1s always the case, for HFZN, when the upper channel .

.;ys cZosed (states EOO to E40 flgure 6 l EOl t;tgﬁii““Vfaﬁfﬁ”%lv
flgure 6 2) '{::j“{Vflfh»h : r;. PR

-

A more 1nterest1ng 51tuatlon occurs when both chan'elsl“': B

v*are open Upon flndl”gaan energy E = EJ(P)F for whlch -

'umay be ass1gned 'u51ng the crlterla'(6~5) and (6 6v34



se.: as s'oc 1ated' ’*'w1th the 1ower : channel
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. "TABLE TWO

h

1 oDD PARITY EIGENVALUES. (KF,-)

(ATOMIC UNITS)

i

a

1 Chan.
e

. 2‘Chan.

-3 Chan. -

1.21456"

P )

1.48124 . .

1.73719

1.98096

2.21185

2,43015

2.63689

2.63055 -

 *2.83334

3.02071

5

1.21878
1.48488
1.73937

-1.98057
2.42493

2.82596
3.01274

P xie

'2.20857

1.21879

1.48492 . -

1.73952
. 1.98089
S TR
©.2.20895.
2.a2518
*2{6306; 

2.82601

. 3.01268 .

| *2.83233
r '3.09917

oy
311243 0 3.11734

2.84289

L

a .

285131

. Near degeneracy: E,qi Egj:

S




’»foﬂr channel calculatuonwto match the convergence of the
1

) “lower surface elgenvalues.A Coﬁ51der1ng thﬂ&wconvergence,*é'~1§

AR . -2

----- "“c-‘.

‘h‘w

'ﬁchannel calculatlon would not 51gn1f1cantly alter the o

1

' three—channel upper elgenvalues shown.
" Three- channel calculatlons have not: been performed
'for the hlgher states of even parlty (Table one) for two

"

'reasons- (i) they are not 1nvolved in the IR-actlve
vibrational tran51tlons) (11) the effects of three channel
coupllng can be 1nferred from the odd parlty set (Table
_»i-“_.,two) "

| Flgures 6 4 to 6 15 show the components (from calcula-.
tlons u51ng one to three channels) of elgenvectors |

{f (R)} assoc1ated with. wavefunctlons {w (z,R)}.' Each

. flgure has 51x numbered _graphs: . _!li shows{the single

: “component fj (R) (elther fJ or ij+2, dependlng on the‘
curve U (R) to whlch 1t belongs) obtained from a one—
channel calculation; '2', and '3' show components. fJ (h),
and fJP+2(R) from a two channel calculatlon, ‘4',,\5',

">

and '6' show components fJP(R),- (R), and f

jP+2 3P+4(R)

”from a three-chamnel calculatlon.
' These plctures clearly 1llustratewthe concept of weak'

-4

;‘coupllnq (compare the relatlve magnltudes of th

0

of an (N>l)—channe1 elgenvector), and the consequent

components

a551gnment of the second index, n, 1nd1cat1ng the domlnant

channel, or as an alternatlve v1ewp01nt the uncoupled
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eiéenstate'Lj,n>;'from which the coupled state is"derived%
(compare the'functional forms-of the doninans andvuneoupleq_
components) - _ -'1_ ; nj“h . ?'““ - }i“ic>

-5<5~¥ o It is worth dlscuss1ng these wavefunotlon plctures’ “

o in'some deta;l. . » - .

Figure 6. éﬂqlabelleQ"§SI 00‘ shows‘the components-

of the even . parlty ground state elgenvector f 0(R)

Graphs 1, 2,'and 4 show the open channel function fOO(R)’;
in the one—' two- .and three—channel cases’respectlvely
ThlS funct:.on is ev:Ldently very s:LmJ.lar to that Wf the
:ground state of an harmonlc osc111ator,uand it rs‘51gn1f1—
,cant, as an 1nd1catlon of the weakness of the coupllng,
that the lntroductlon of coupllng does not VLSlbly alter
th;s functlonal form. It has a very much greater maximum
jvalue ( 2.0) than the olosed channel functlons fOZ(R)’:‘
graphs 3 and 5 (maxlmum <0. 63), and f04(R), graph 6 |
h(max1mum 0 0012). - In thls case,(there can be 11ttle
doubt that the state may be labelled ]o o> and that,the'"
. proton may be con51dered to be 'almost totally in the
'ﬁorn-Oppenhelmer ground state. Graphs 3 and 5, for
£ 02(R) (two— and three—channel cases) show a 'dlp .as-,.
00(R) beglns to grow, after whlch foz( )"follows' the
>’form of- the open channel functlon but Wlth .a sllght
fdelay ThlS 'dlp followed by 'delayed mlmlcry appears

L to be charactertstzc of the flrst cloaed channel for all -
7‘snbsequentwstates. |0 1> td,Lsfie ”Ehe osc111atory i--'
- R - L
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- ‘ , ] R . -
behaviour of the closed chaAnel”éunction is¢essentially ) ‘f“ o
determlned by that of the open éhannel functlon (a |
"drlven osc1llator" response) L uwwmlwaaﬂwwwww~ww-~rmm
| Flgure 6.5 justlfles the odd parlty ground state
-f'lahelling Lﬂdl> It is very 51mllar to ‘the diagram for
|0 0>, and requires no further comment.

The states |1,1> to |6 1>, figures 6. 6 to 6 11, have .

" in common that the upper channels are- closed. The Jlower

‘channel functlon fJ (R), domlnates in all cases, and has

-,the form of the jth state of a perturbed harmonlc osc11—

.lator. Note the characterlstlc 'mlmlcry' of the upper
lchannels.', o |

Flgures 6 12 and 6 l3 show the first cases ln whlch
the first upper channel is open., These two also correspond
' to the case of ‘near degeneracy’ln the one-channel calcula—
tion‘ [7 1> and |0 3>. Con51der the two—channel

o]

situatlon.. The functlonal form of the domlnant channel
(flgure 6.12, graph 2: lower chan;el for |7, 1>; flgure
6.13, graph 3: upper channel for lo, 3>) clearly 1nd1cates
the approprlate palr of 1nd1ces. Once agaln, these' '
‘functlonal forms are not v151bly altered by the 1ntroduc-
- tlon of two- or three-channel coupllng There is,. however,
a strlkingly dlfferent behav10ur 1n the, now open, weaker

. hchannel (graph 3. upper channel for |7 l>' graph 2'

1ower channel for (0 3>) The domlnated functlon now,l‘~

exhlblts an lndependent form, rather than merely mlmlcklng
' < 7 a4 .



the hehaﬁiour of‘thewdominant'ohannel‘(as;in'theicase‘of
a cloSed.upper channel) | For3l7 1$h the Zower channel dt
ilmposes some oscillatlon upon the ground state form of -
i.the upper channel whlle for IO 3> the upper channel
'51gn1f1cant1y perturbs the seventh harmonlc osc1llator':
'_.functlonal form of the lower channel but the character-
1lSthS of the weaker channel are.malntalned. lh the B
three-channel calculatlons (graphs 4 to 6 of both flgures)
- the weaker open channel functlon is- VlSlbly pertnrbed by
- the- coupllng to a hlgher channel | The closed (thlrd)
:channel agaln essentlally m1m1cs the behav1our of the
channel 1mmed1ately below 1t.‘“The 51gn1f1cant 'M1x1ng
-of the Open channel functlons for the closely degenerate
‘Axstates ]7 l> and |0 3>, leads to a 'Ferml resonance' 14
'“'effect, whlch w1ll be dlscussed in greater detall ‘in
sectlon B of ‘this chapter.
F}gures 6,14 and.6.15, for " |8 1> and |l 3>, also have
two open channels; One is clearly domlnant, allow1ng the
distinot labelling. The weaker open channel agaln evolves

0 f
1ndependent1y, but w1th superlmp031tlon of the domlnant

'

channel form, and the closed channel mlmlcs 1ts 1mmed1ately

1nfer10r nelghbour._
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- 3. Summary. - gﬂ;q
. . o \'\} . . : * ! ' E "
Calculatlons u51ng one to. three channels have been e
. RS N ’

f

'shown to produce convergent elgenvalues., Thls in 1tself’
1mp11es that the coupllng 1s weak, a conclu51on whlch has~
.been 7onf1rmed by a dlSCUSSlon of the relatlve madhlt_des

ﬂand functlonal forms of the components of the elge"

"{The latter'conslderatlonshave also justlfled retentlon_

o

of ‘a dodble 1ndex notatlon for the- eigenstates 1n the .
'”(N>l)rchanne1351tuatlon.4"Henceuthe terms exc1tat10n of\

l'H—F-and'FeF modes' have been shown to adequately (but

L approxlmately) descrlbe transltlons between these elgen- -

states;' A descrlptlon of the IR spectrum of HFZ-; using:

the concepts of. comblnatlon bands and overtones of vl

and‘v31 ls_thereforeﬁawreasonable physrcal approx1matlon;

B. Transxtlon Frequenc1es and Relatlve Inten51t1es.'9

Table three shows ‘a comparlson of tran51tlon frequenc1es

, ( th ko’ ©R ) obtalned from thls calculatlon, u51ng'one

to three, channels, with those observed 95-97, tol- 114 and“f

‘“,calculated by Almlge. 24
The frequencxx(vl) calculated for the Raman actlvei

tran51tlon, |0 0> >, 0> 1s about 10% hlgher than

-_experlmental values, but 1s w1th1n 3% ofrthe value obtalned

by Alml¢f Thls 1s probably a reflectron of the fact

a

that the ab znztzo calculatlon tends to overestlmate the

.,jcurvature of the potentlal surface near the equlllbrlum
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FROM INITIAL STATE PSI o o-'[fu,jQI.;'”fmr ;~;; I T

‘ Flnal ASSIgn.-”‘l # Channels";f#a;’fobserVédaj.A1ﬁ1¢£§T ?

f*i;d'i,n:vji-ff?e76;$f '676.8° 676.8" 600,631 660

'**o,I,.7f_95;“f1151415}5152o.2a;1520 2\_ﬁ1425 1550;;~1497T1:,

1,10 v +vlﬂf2699;99“2104'2{ 2104.3 2045-2060 2070

-2;1'f.fvif?v-f?661}7532662 7' 2663. o,jf2610 267y 2632
3,1 vye3v; 3196.7 3192, 1”%3192 8.9;3166 324oisﬁsgéé;’"A”
-];é;ifff’v *év. e

370§'4 53692 5Iv3693*3’ 39167

'§;lf.‘ v 4182 6I,4167 3 4167x83'-'I{1”,"j{ ';1é;tf***

Bl vgeevy 4636, 3Ii4618 6' 4618.7° arsor o
.'7’1- ‘ | \) 5067 55047 5 v.'-5047 6 - | : oo |
o 3y soes. zf;5084”7"5103-1;;*5935_5095 S
I}:371 ?x §:*8va5478 7? §¢5714’ 5457 3Q;I‘"""‘- 2

L3 3v3+v1 5650.9 5676.2 5687 0 5590-5650. - -

DR g EEL e e
S FROM INITIAL STATE PSI 1 0..L‘.‘Jf;mf”f:' I

,0 ll_ f;j‘?l‘

838 4 843 3 ;}éAé,sa:f[ggo;ggsf;.g1837;;;;:“

"1??Béféféhc9sf95497;’;91+114;{ii7nr?-iafiif,g;?;f@;-Q?a:}:;ﬁﬁ****‘
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Value 7 Z4 and also con51ders an 1solated 1on w1th no

crystal fJ.eld effect. T ey A
Frequenc1es calculated for the lower comblnatlon

L bands (v + ] vl j 0,..3) agree well w1th both observed

."w)

llnes,‘and the values of Alml¢f The hlgher comblnatlon

'bands (j j,..6) dodﬁ%t however, correspond 1n.a\1 l
'Hipway w1th thdse reported by Alml¢f, ‘a. fact whlch is not e
:'surprlslng conSLderlng the behav1our of hlS potentlal

| functlon (Chapter three) L | |

Tables four to 31x show relatlve 1nten51t1es calculated

us1ng equatlons (5 32) and (5 33), anln'ncorporatlng the;

'_'electrlcal anharmon1c1ty parameter B deflned 1n equa-,,l;ﬂ»aT
tlons (5 31)) It lS ev1dent from these tables that

”7@ electrlcal anharmon1c1ty 1s not a prlmary cause for the

F

ff,relatlvely hlgh 1nten51t1es of the comblnatlon bands of
. e ' [ETIRRR

the fundamental (v + 3 v") and overtone ('3v3' + j vl )_-u R
In general, a negatlve B 1ncreases the relatlve 1nten51t1es

of comblnatlon bands whlle decreas;ng the overtone

o

N .-.‘(

‘ 1ntensrty, and a p031t1ve B decreases comblnatlon band
1nten51ty whlle 1ncrea31ng the 1nten81ty of the overtone.f‘
:ﬁp‘The unusually 1arge relatlve 1nten51t1es are due to a’

_; v1bratlona1 Franck-Condon effect that 1s, the overlap offf“
*.i the functlons {fOK(R)' nJ(éb}

For a cons;deratlon of the effects on the 1nten51t1e5‘”"

'due to coupllng, the case 1n whlch B lS zero (Table four)

1s qulte representatlve.‘ The rélatlve 1nten31ty of a
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7 % RELATIVE.INTENSITIES: .B = ZERO. . -

D Finmal s T # Channels

e

Sy

0.1000E+1
0.2849E+0
0.5514E-1

0.8067E-2

0.93358-3

. 0.1036E-3

Q.1375B-4

. 0.1136E~6

'0.3545E-2 47,

© 0.1496E-4

. 0.8636E-2

- 1°0.3468E-2

0.5979E-1 .

§j0,3148?+02~}

| 0.1089B-2

Covsenss

© 0.3194ES5. - 0.2399E-5

© 0.1000E+1

©. 0.3148E+0

0.5976E-1
ToR-

0.8623E-2" o

0.1084E-2 =

. 0.13478-3
b

0.9730E-5

0.3857E-2
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 RELATIVE INTENSITIES:

Sy :

B NEGATIVE . -
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 1# CﬁanﬁélsL

,_ 2:

0.1000E+1
  6;3101Efo
. 0.6388E-1
0.9979E-2
©0.1253B-2

© 0.1497E-3 1
0.2036E-4
‘0. 2746E—5[_
0. 5723E—2,‘;_
0.2235E-6
+ 10.3568E-2 '

STy

A:° ~1000E+L
o /3515E40 -
o 7879E-'f' l
,-0.1337E l“j
. 0.1845E-2
Jg_;0_2384E‘3? ; ;
,&0 3326E_4 S
0 4638E-551 %u
0 5266E-2L1_h  

0. 46813~“

gy 1000E+1/
' 0.3405E+0 .
.0.6920E-1
. 0.1071E-1.
0.1446E-2
" 0.1908E-3.
" 0.2268E-4
.. 0.2333E-4
0.3611E-2

0.2764E-5 .
_o 35653-2‘,,

"~ 10.1000E+1
0.3824E+0
 §;8519Ef1>mm
© 0.1437E-1"
0:21048-2.
. 0.2954E-3
0.3789E-4 .
10.1746E-4

0.3527E-2 -
0.2156E-5

10.37198-2 " - 0.3827E<2 T

N

0.6916E-1

"'0,1069211
. 0.1440E-2°
. 0.1897E-3
. 0.2308E-4
0.7377E-5 .
1 0,3796E-2
+0.20208-5
. 0.3670E-2

A

‘; 0“1000E+l”{
10.3404E+0

0.1000E+1 -
‘0.3824E+0
- 0.8515E-1
" 0.1435p-1
 0.2095E=2
. 0.2939E-3
L 0.3836m-4
0.4362B-5
0.3702E-2 . .
1 0.1495E=5 -
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© 77t 4 channels

2

. 0.1000E+1
0.2615840

©0.4728E-1
 0.6405E-2 -

0.6684E-3

© 0.6700E-4 i .
 0.8565E-5
.0.1060E-5
. 0.6328E42
.0.4220E-7
s 0.3523E-2

' 0.1000E+1
0:2294E+0
0.3697E-1
42E-2 .

0.3633E-3 "

0.2811E-4

- 0.3232E-5

0:3401E-6
0.6778E-2:

~0.2300E-9 .

. 0.3491E-2

' 0.1000E+1
0.2908E+0

.~ 0.5131E-1
| 0.6837E-2.
0.7898E-3
- 0.9095E-4

“ 0.4017E-1
. 0.4604E-2"
T 0.4418E-3 .
0.4205E-4 ..
- .0.3897E-4 o
. 0.3798E-2
© 0.4343E-5
©0.3241E-2

0.8986E-5

. 0.3197E-4

0.1000E+1

, 0.2908E+0“
. .0.5128E-1
 0.6826E-2
0.7860E-3 =~ °
0.9030E-4 -

0.9257E-5

© 0.1233E#4.
' 0.3917E-2
' 0.2798E-5
0.3477B-2

. 0.1000E+1
.0.2577E+0
0.4015E-1

" 0.4596E-2

0.4393E43

0.4166E-4<

~'0.3183Ef5 Lv‘ﬂ'
 0.1663E-4"

' 0:4004E-2. .
 0.3431E-5 " -




. about 10% in g01ng frqm one‘to two channels (compared to-

149.

comblnatlon band v3_+yjfvl (3 ="1 to‘4), ls”increased-by

~' a

A change of 1ess than 1% 1nvt e elgenvalues),'and is
"v1rtually unaltered (3 = l to" ) by the expan51on to three

5channels._ This behav1our is a gqu lndlcatlon of the

.§,\" . \

iconvergence of the-wavefunctrons for these lower states.

r

There 1s a, strong 'Fermi resonance effect for. the

CIbsely;degenerate pa;r |7,l> and 10p3> the cpmblnatlon

&

3_‘band v3v+37'v1i shows an'approximately‘flve—fold'increasen

”1nten51ty forthe overtone '3v3 . Thls degeneracy 1s ,

- - The . ex;stence of such Ferml resonances in the spectrum of
'even if s8 far unobserved. . ..' . o = iy

"by Coté and Thompson

1n 1ntens;ty, accompanled by about a 30% decrease in-

o

' accldental'- 1&'15 a consequence of the partlcular for
: Rﬁ

;'Aused as a. model for the true potentlal functlon, and in.

the follow1ng dlscu551on of the IR spectrum of KHFZ, ‘it

A w111‘be argued that -the degeneracy 1s not in fact real'

a

-~

a hydrogen bonded system is, however, hlghly probable,‘“~; =

The IR transm1551on spectrum of KHF, at 90°K, obtained

101‘(C&T_henceforth) is shown in

_ flgure 6 16. B -‘5 - .*;3' SN N

The upper curve (1100 to 2700 cm f shOws vertical

‘llnes placed at the maxlma of the bands a531gned by C&T

4 to Vi + 3 vl , for 3 ? 0, l 2. The helght of each llne'

is pr?portlonal to the calculated relatlve 1nten51ty of

the correSpondlng tran31t10n fdr the two. (or three) channel

¢
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g e
IR SPECTRUM OF KHF, AT 90°K - (REFERENCE j101)- . -

. L, .. I . l.
3

A
e

—Saren

g Vertic_a( lines show cdlculated relative intensities.

P4
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:;case, 1lsted ln Table four. Although 1t has been establlsh—fl
jf7ed from reflectance stud:.es110 112 that the strong v3 band

'“seen 1n transmlssron has a greatly broadened contour,, ﬂb?f

h crude estlmate of the areas under the C&T bands at 1450
. R o L, A .

'Eand 2044 cm;; glves a. rat&o l 0 34 (+20%), Whlch lS ln

g ;good agreement w1th the 1nten51ty ratlo calculated,

L 0. 315 (Table fé%&) _’i;,._,,¢v;¢¢“f'v .~;;5,¥ﬁ;»lxq,

The calculatlon of the p051tlons -and - rnten31t1es of o

[N

these/llnes thus prov1des a strong conflrmatlon of thelr :v*jat .

"a551gnment to the serles v3 + j vl The peak at 1225 cm 1

‘has been assrgned to the bendlng mode vz, and the remaln- ?_H

-f'ilng llnes, Jat: 1833 cm -1 and 2426 cmfl; are- eVldegzly the_:-;
u omblnatlons \)2 + 3 \)l J = 1 2... sl S
In the lower curve of flgure 6 16 (3000 GZOO“cm Sy

o T
__the vertlcal llnes correspond to relatlve r/;en51t1es

o .
‘-calculated usrng one - channel.% It is clear from the cal— .

f.‘culated llne posrtlons of Table three, and relatlve '

'fd 'magnltude. Table four, however, shows that 1f't:;

“1nten51t1es of Table four, that the llnes at 5100, 5650,_,f,”,>

u;and 6185 cm l are comblnatlons of vl W1th the second

a
'3 3 “1

: oNertone of v3 that-ls, he serles- "3v
f'(j = 0 l 2) Experlmentally,;n

’,f51t1es of '3v3 and '3v '+ 'vl‘;are not comparablefl‘

3

v
resonance effect,'betweeniiﬁ

--these 1ntensrt1es wouZﬂ

: 1t 1s condluded that lf




"f15100 e’ ¥ offers strong support for the labelllnng'

"gof C&T.w There has been -hidﬁfﬁ)jfiﬁ

*.x;aSSLgnment.~ Newman and

-VZir:if ‘r‘tf%ff?”rfffﬂ?ﬁffwf{;r;isﬁrf'

rf?uls an artlfact of the thentlal model

The relatlve lnten51ty of the llnes at 3166 cm'i

Se .

”+ 3 v

35
5ﬂand '3v3fjrespect1vely, 1n agreement wlth the a551gnment

ch 1

”;]'4240 and 4890 cm ”to,'3v andf'3v>'=+

3 _,rtwap Vl respectlvely,f:,

w‘rrand subsequently 5085 and 5590 cm l to v3 + 2v2 e 2v1 |

'”and v3 + 2v2 +«3vl‘; On the ba51s of a conSLderatlon of
; e .95 '20

- l‘ - ..\

v‘lﬂjﬁthe deuterlum spectrum (KDF ) of Ketelaar,; Ibers 'has?“'”'

'f{argued 1n faVOur of the C&T a551gnmentfﬂg

"“f?strongly supports hlS conclu51on.:f

»Thls calculatlon )

4‘7f A llné at\3000 cm 1 has been assagned to vz'h"Bv

1o
110 e

4;5fby Dawson et aZ.,,w and the llne at abou; 3400 cm 1fi§r¥dffﬂfﬂ§



‘f751nce hlS potentlal surface (Belng only a functlon of theuhfﬂfh{
ivﬂ”wf?llnear coordlnates Ql and Qz) can only estlmateistretch—tﬁ~f"'”“

"-fclng frequen01es, hlS a831gnment 1mp11es% he experlmental'

"~ff11nes are lstretchlng fh orlgln, wher,as"lt has been

SR

vvthﬁshown here that the relatéve 1nten51t1es fcr these sﬁtetch-

}Ellng tran51tlons are much too 1ow to account for the

"ffulnten51ty observed ln thls reglon., Alml¢f dld not calculate

Lt RO

?ﬁf}-relatlve 1nten51t1es.nfgv'f'

\-"‘L N R YR

v C. Comelusions. - i T T sl

‘1'the'Stepinof,appiox1matlon has been‘%hown

:v'v1bratlona1 elgenvalues. The 1nclu310n of non—adlabatlc

'ffi coup11ng between adjacent adlabatlc protonlc states (2

:Hsmechanlsm of electr1 ”‘Jfff‘u_mt;ﬂ



s

'~gand w1th ‘a zero electrlcal anhérmonlclty parameter, are
" of the same order of magnltude as those observed experl—‘

"p=mentally Inclus1on of adjacent state non-adlabatlc

coupllng may lead to ‘about a 10% lncrease in comblnatlon

band 1nten51ty, aga1n 1n the absence of degeneracy. The

>

comblnatlon bands have thus been shown to ogcur as a-

v1bratlonal analogue of the Franck- Condon prlnc1ple.

3

For the case of 1solated "Fermi resonance |7 l>

-and |0 3> in the model problem, 1t is clearly necéssary

to go beyond the Stepanov approx1matlon. A perturbatlon

'treatment 1n the two- dlmen51onal subspace could not have

v

predlcted,the energy level reveréal of order whlch is’

fand of course ‘the Stepanov elgenvalues and wavefunctlons

are serloﬁsly Ln error for thlS case."

“154.

w.

7 obtainedbby exact solution w1th the nonz adlabatlc coupllngs,

‘These conclu51ons are not restricted to the particular'

‘,model problem (HF2-) 1nvestlgated because’ thlS model

represents the strongest case: of non~adlabat1c coupllng

likely to ‘occur 1n any hydrogen bond. the‘potentlal

S v, (z 7R) has strong anharmonlc 1nteractlon of the two

-4

"fstretchlng coordlnates, leadlng to strong deformatlon of

.

the protonlc states w1th R, the reduced mass ratlo (m/u),

7 N

‘and adlabatlcally separated frequency ratlo (v /v3), are T

'unupually large.

It seems 11kely, therefore, that the Stepanov

» a,

coat

,approx1mat10n provrdes a useful ba51s for the 1nterpretat1qn B



of the v1bratlona1 spectra of most H—bonded systems (where ’

'fnq degeneracy—medlated coupllngs occur) Even for the
cases of 1solated "Fermi resonance", where non—adlabatlc‘
l coupllngs must ‘be 1ncluded the adlabatlc representatlonT
’_stlll prov1des a. s1gn1f1cant adVantage over the "matrlx
':expan51on“ methods (Chapter one, sectlon BQ) in terms of
the clarlty of 1nterpretatlon (the "domrnant channel"

'concept);

2. Vlbratlonal Spectrum of: the Blfluorlde Ion.

- _
Absolute values for Vj and vl, for an zsolated HFZ-

ion, are not’ avallable. Experlmental measurements of v3”'

110 103 1

vary from»l425_’ to_1600 dependlng upon the

cationd(K+; Nat or'NHé rgenerally), and Uhe env1ronment -
(Ketelaar et al. 103 have measured vy, ~ 1599, l570, 1527,

-1

i 1478 cm for KHF2 in NaBr,/KCl; KBr, KI respectively;

104 -1

Salthouse and Waddlngton have vj‘Q 1560 cm forI’U'IF‘_2

in KCl). Also Vl has been observed at. 600 and.610 - _ *'3

\_‘ - -
1 97,106~ llO for KHF2 (w1th a correlatlon fleld spllttln

"due to the crystal 31te stmetry), and at ~630 cm l for

105

NaHF2 (no spllttlng) Aﬂman and Ocv1rk have also

_1,reported vl ~ 675 cm ; for NaHF2

‘The values calculated 1n thlS work (v < 1520 cm.};f

g

‘vl ~ 677 cm_ ) strongly suggest that the potent1a1 functlon f

usedlls at least a close model of the phy51cal reallty
Keeplng in mind that the weak dependency of" the

stretchlng elgenvalues on the state of exc1tatlon of the



.'_!(equatlon 2. 15)

| - 156.
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: bendlng mode has been 1gnored, the 1nterpretatlon of the .

'IR spectrum of crystalllne KHF2 essentlally conflrms that

of Coté and Thompson.lq; ;.:wwlﬂf}jfm.

v

: R |
Thou.h the bendlng modes have not been exp11c1tly .

B calculated here,blt is p0551b1e to discuss them on the
‘ 5
basis of the separatlon glven in Chapter two, sectlon Cl

Unfortunately, the experlmental 51tuatlon w1th .

respect to vz 1s rather unclear.x Coté and Thompsonlolf

lappear to have observed a ~50 cm -1 spllttlng'(statlc field

.

vspllttlng) in KHF2 between bendlng frequencres perpen—.,dh\;'
'dlcular (1225 cm ) and parallel (1274 cm .) to~the.a'y,”
. E L2
.tetragonal axis, but the polarlzed 51ngle crystal trans—

m1s51on spectra of. Newman and Badgerlo-2 show the spllttlng
to be only 10 cm l. Analyses of the reflectance v

__Spectrum,lll ,112 of KHF2 have glven a splltting of 4 7 cm l,{
. -1 . .

" with v2 ~‘1227 and 1235 cm . 1In the sodlum salt there

$

i_ls no spllttlng, and the frequency 1s only sllghtly

smaller:109:112. _u':u@a 1323 om l, while Ault].'ls f_:L-nc_ls

,1217 cm } for HFZ-.ln an argon matrlx (CsF/HF) ‘Cookei"'

et aZ 112 have reported a spllttlng of 25 cm }Efori K

jlsotoplcally 1solated HFZ-'ln KDF2 (and 17 cm';.forfDEé—'
- 1n KHF ),'and hajL 1nterpre;ed thlS as a measure of the'

, i\
'.true local anlsotropy of the bendlng force fleld 1n the
o | : .

-~1att1ce of the qota551um salt. T

I

‘ ’ : . .



157,

o4

Qf,75’1~" Asghentloned 1n Chapter two,.sectron CI however,bi
che model 1nvolv1ng cyllndrlcal symmetry is ea51ly modlfled
fto allow for nonrdegener te bendlng modes. The essentlal ghﬁ:t?
feature lS the R—dependence of the force constants for
ﬁhese motlons.f ThlS 1eads,ivza the anagogous' anck—d
.Condén pr1nc1ple to the serles of comblnatlon bands‘ " '.:

Vv, + j"Vl ,‘whlch is clearly presenttln the spectrum of

“Coté and Thompsonl (Flgure 6. 16) - A monotonlq R—dependence‘-
of the force constant would malnly dlsplace the m1n1mum of. G
the potent1al curve for the flrst exc1ted state of the

bendlng motlon (relatlve to the ground state curve),.

":rather than strongly modlfylng the'"force constant for ﬂ
R motion™ in that curve.. - - | ‘; e

It ‘is probable that the moderately 1ntense features

‘-:1n the reglons 3660 3830 o ;; and 4200 4500 cm l,‘observed )

‘.)by Cotégand Thompson;g% and Newman and Badger,yozvare not 'ff :
}due’to.the.bands “3vé” and "3v2 + vl as C&Tﬁhave supposed.
fThe dlpole moment 1ntegra1 in p space (analogous to
equatlon (5 33), for IKJ(R) 1n z. space) for the second

u»overtone tran51tlon "3v2 7. has apprec1ab1e value at any

.:R p01nt only 1f the potent1a1 functlon for bending motlon'

g.ls strongly anharmonlc 1n p. Slnce t£18 is unllkely, 1t
.&ould be expected that the‘lntenSLty of "Bvé“ should be
f;very much less than the lnten31ty of "3v3"\(for whlch the '

’hwpotentlal functlon in-z space 1s hzthy anharmonlc), yet

A

f the band at 3660 3830 15 1n fact stronger than "3v3




’\

B _ ,ffnﬁ*i , SIEAN '5'H;L37‘ L
An alternatlve a551gnment is poss1ble.ll§‘ Cdoke,.' LA

-HPastorek, Carlson and Dec1us112 have po;nted out that 1n

. KH (but not ln NaHF lﬁlntermode coupllng between va#and

. J

:V3 may oCcur (they have components of the same un1t cell

o

”symmetry) It is pOSSlble that the potent1a1 surface
h}(ﬁor bendlng in dne molecule, and SLmultaneous protonlc

'fstretchlng 1n 1ts nelghbour) could have 31gn1f1cant

‘ -

anharmonlc 1nteract10n terms, leadlng to the appearance

- _of the bands "2v

A

2' ‘vé" and "2v3 + vi".w1th relatlvely

-

hlgh 1nten51ty.‘1 , . »
| It 1s therefore‘proposed that the band,at 3600 3830 o

B cm-l should be assoc1ated w1th the tran51tlon "2v2 + v3

-1

and that at 4200 4500 em- w1»th "2v3 + v2 o If such an

‘filntermolecular rnterpretatlonml';correct, then (L) the ,f"

;dbands should not appear ln the spectrum of NaHF (where 515

“the unlt cell contalns only ‘one HFZ;.lon), and (1')

ally lsolated spectraaof HFZ- in KDF2 (and DFZ' 1. ;fk

:should glve dlfferent locatlons for these bands (compared

AR

to pure salts) 'f,wfiff }ff’°oh7‘?1h7'(jf,'ﬂ*fih?\’
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