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Abstract

It is well-known that a charged particle which is moving with a constant accel-
eration emits radiation. There exists a quantum analogue of this effect. A neutral
polarizable body interacting with a quantum field and moving with an acceler-
ation becomes a source of quantum radiation. The origin of this radiation are
currents induced in the polarizable body by its interaction with zero-point fluc-
tuations of the quantum field. When this body is moving with an acceleration,
such currents generically produce a non-vanishing flux of energy-momentum. This
effect is known as the dynamical Casimir effect. The thesis studies this effect for
special models of a polarizable body and different types of its accelerated mo-
tion. The first example considered involves the constant accelerated expansion of
semi-transparent spherical mirror-like surfaces, and specifically considers the cases
of a single sphere and two concentric spheres. This expansion might model, for
example, relativistic bubbles expected to have formed during cosmological phase
transitions. The second example concerns the quantum radiation emitted from a
small dielectric body, with small refractive index relative to the vacuum value. For
comparison, the radiation due to a small ideal accelerated spherical mirror is also
investigated. Special attention is paid to studying the quantum radiation in the

relativistic regime, where earlier only a few results were obtained.
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Chapter 1

Introduction

1.1 An Overview of Quantum Field Theory in

Curved Space-Time

Quantum mechanics and general relativity are undoubtedly two of the most in-
fluential scientific developments to emerge in the 20th century. In particular, the
natural extension of quantum mechanics into quantum field theory has resulted
with some of the most accurate predictions of any scientific theory. For example,
quantum electrodynamics, the quantized description of the electromagnetic field,
can successfully predict the value of the electron’s anomalous magnetic moment to
within one part in 10! [36]. This leaves no doubt that quantum field theory, as de-
scribed by a perturbation expansion, provides a description of Nature that agrees
remarkably well with experiment. At the planetary and cosmological scales, gener-
al relativity as a theory of gravitation is also remarkably successful. For example,
it accurately predicts the precession of Mercury’s orbit previously unaccounted for

by Newtonian gravitation, satisfies all known precision tests to date, such as the
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deflection of starlight passing near the Sun, and provides the basis for meaningful

study of black holes and the evolution of the Universe as a whole.

Given the successes of quantum field theory and general relativity, many at-
tempts to quantize the gravitational field have been proposed. Unfortunately, no
one has yet found a self-consistent theory of quantum gravity. The primary reason
why is because the basic perturbation approach of quantum field theory becomes
non-renormalizable when applied to the gravitational field, since the gravitation-
al fine coupling constant has dimensions of (mass)~2. This has led many people
to consider, as a first approximation, the study of quantum field theory within a
classical gravitational background, where the quantized matter field is the source
which induces the curvature of space-time. The general form of this approach is
[22]

1
R, — §guvR = 87rG(T,,,,), (1.1)

where the left-hand side of (1.1) is the classical Einstein field equation, and (7. ),
the quantum expectation value of the stress-energy-momentum tensor, also in-

cludes matter sources which are designated as classical fields.

The study of how the zero-point energy interacts with the gravitational field
via (1.1) receives considerable attention since this theory’s inception, and serves
to challenge certain preconceived notions about space-time. Probably the most
noteworthy of them all is the claim that conformal invariance is broken for the case
of massless quantum fields, manifested by a non-zero trace in the quantum stress-
energy tensor. Since the trace normally vanishes for massless classical fields, there
exists what is known as a “trace” or “conformal” anomaly within the quantum

field theory.
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Probably the most celebrated single discovery in studying quantum field theo-
ry in curved space-time is the prediction by Hawking [26] that thermal radiation
is emitted from a Schwarzschild black hole whose temperature is inversely pro-
portional to its mass. This work not only solidifies a long-suspected connection
between black holes and thermodynamics [5], it is widely accepted as a funda-
mental benchmark for confirmation of a successful quantum theory of gravity on
theoretical grounds. Unfortunately, there is currently no observational evidence to

support the existence of Hawking radiation.

Much more promising in terms of experimental confirmation is the prediction by
Unruh [43, 48] that a uniformly accelerated particle detector through a Minkowski
vacuum detects a thermal bath of photon radiation, whose temperature is pro-
portional to the detector’s acceleration. This is known as the Unruh effect. It is
physically distinct from Hawking radiation because it concerns radiation due to
the detector’s acceleration through flat space-time, while Hawking radiation comes
about due to black hole formation, which necessarily involves a strong gravitation-
al field. However, there is a close relationship [48] between the two effects. This is
because a continually accelerating observer asymptotically approaches the speed of
light, which implies [5] that the corresponding plane of null rays acts like an event

horizon, in the sense that there are events above it which are causally disconnected

from the observer.

1.2 Moving Mirrors

The examples listed above suggest a wide number of avenues available for studying
quantum field theory in curved space-time. In general, they involve considering

how a quantum field couples to the classical gravitational background under certain
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configurations. An important field configuration is one which includes the presence
of a potential barrier, whose strength may be very large relative to the propagating
field. If this barrier is sharply localized in one spatial dimension, then it can be
called a boundary. When the potential barrier becomes infinitesimally sharp and
its magnitude grows infinitely large, the boundary becomes a totally reflecting

surface, commonly known as a mirror.

A research area undertaken by many people is on the interaction between a
quantum vacuum and a moving mirror. It is known that a stationary mirror in
flat space-time creates a disturbance in the vacuum that forces the field modes to be
constrained on its surface. The most noteworthy example is of two neutral parallel
plate mirrors that feel an attractive force proportional to the inverse fourth power
of their separation distance. This is the famous Casimir effect, wnich has been
the subject of considerable study on how the vacuum energy is affected by non-
trivial topologies. When considering moving mirrors, however, it is suggested that
the time-dependent boundary conditions induce the emission of particles from the
mirror surface in the form of quantum radiation. Considered originally by Moore
[33] for the case of electromagnetic radiation, moving mirrors in quantum vacua
described by quantum fields result in the dynamical Casimir effect, which forms
the foundation behind this thesis work, and is discussed in much greater detail

later.

1.3 Thesis Research

The purpose of this thesis is to examine the quantum radiation due to a massless
scalar field emitted from polarizable bodies and moving mirrors in a number of

situations. This basically entails finding the quantum vacuum expectation values
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for zero-point fluctuations of the field, as well as the quantum stress energy tensor.
The motivation for this problem comes from a number of intriguing applications
where processes involving mirrors are considered. In addition to using the (non-
relativistic) dynamical Casimir effect to study sonoluminescence [39, 40}, there are
a number of open questions which require studying the dynamical Casimir effect
in the relativistic domain. In particular, mirrors are intensively used in different
gedanken experiments with black holes. The aim of these ‘experiments’ is to better
understand the origin of quantum radiation from black holes, and the nature of
different quantum states near black holes. More recently, systems requiring mirrors
are used for studying the physical nature of generalized black hole physics [44, 45,
46] and the microscopic origin of black hole entropy [34]. In principle, quantum
effects in systems with relativistic boundaries may have important cosmological
applications. One example involves considering the creation and expansion of
bubbles of a new phase during cosmological phase transitions. These applications
are not considered here. Instead, attention is given to solving concrete problems
with moving mirrors which allow for a complete analysis. The reason for this is
that the results previously obtained for problems with four-dimensional relativistic
mirrors are quite restricted, which is one of the problems when mirror modeling is

used in the recent gedanken experiments.

Chapter 2 contains a concise account of the background material required to
formulate the problems considered. This is followed, in Chapter 3, by a study of the
quantum radiation due to one and two spherical semi-transparent expanding mir-
rors. Chapter 4 then analyzes the quantum radiation of an accelerated refractive
body, and is followed in Chapter 5 by a similar study of an acceierated spherical
mirror for comparison. The essential details of Chapters 3-5 are to find the field

and stress-energy tensor vacuum expectation values, and especially describe the
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radiation fluxes emitted at distances very far away from the original disturbance
due to the boundary conditions. A conclusion which draws together the results

and points towards potential future developments from this thesis is then given in

Chapter 6.

The space-time signature chosen for this thesis is +(d — 1), where d is the

number of spatial dimensions, and it is assumed that ¢ = 1 for all subsequent

computations.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 2

Background Material

This chapter is intended to introduce the prerequisites for understanding how mov-
ing mirrors under various configurations and states of motion affect the vacuum
energy associated with a quantum field. To motivate the general problem, a knowl-
edge about the properties of zero-point fluctuations in quantum field theory is re-
quired. The tools to then describe these field fluctuations involve knowing how
to quantize the scalar field, and how to develop the formalism of Green’s func-
tions to describe correlations between fields at different space-time events. This is
contained in Section 2.1. Part of the analysis also requires knowing how qua.ﬁtum
radiation appears at far distances from the source of emission. In particular, this is
considered for polarized sources that are accelerated through space. These topics

are contained in Section 2.2.

One of the conclusions determined in the formulation of quantum field theory
in general space-times is that two observers may disagree about what constitutes
a vacuum state. That is, one observer may perceive a vacuum described by a

particular state, while another may detect particles according to the same state.
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The inherent ambiguity of a particle concept which results from this conclusion
renders it necessary to understand the notion of particle detection. Section 2.3
gives a description about Unruh detectors while under accelerated motion. Finally,
Section 2.4 follows with a more detailed description of the physics behind the

dynamical Casimir effect.

2.1 Essential Principles

One of the most significant concepts to emerge from quantum mechanics is zero-
point fluctuations. That is, for a harmonic oscillator system with frequency w in its
ground state, there is a non-zero energy Ey, = hw/2 that cannot be removed [35].
This has important implications in finding a sensible description of a vacuum, since
the common-sense notion that a vacuum is absolute nothingness [1] is inconsistent

with the previous statement.

Indeed, quantum field theory in flat space-time can be decomposed into modes.
In this decomposition, the mode amplitudes are equivalent to harmonic oscillators.
As is known from quantum mechanics, the creation and annihilation operators for
an oscillator act on the given state by raising or lowering it by an integer, which
corresponds to the creation or destruction of a quantum of excitation. Such a
quantum is then interpreted as a particle. For example, for the electromagnetic
field, [1] the elementary quantum of excitation is the photon. A vacuum in quantum
field theory is, therefore, defined as a ground state in which none of the fields

contain any excitation quanta.

However, this does not imply that the vacuum state has zero energy, since each

vacuum state contributes a residual zero-point energy [5] of hw/2. In fact, for a
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Hamiltonian operator for a scalar field described by

h
H = § ; (a,tak -+ aka,t) Wk

1

= ; (a{ak + 5) hwy, (2.1)

where a,"c and a; are the respective creation and annihilation operators, the Hamil-
tonian expectation value for a vacuum state |0) defined in terms of (2.1) becomes

infinitely large, since

(O[H|0) =

poj|

Zwk - Oo0. (22)
k

In flat space-time, it is possible to remove the infinite zero-point energy by “normal-
ordering” the Hamiltonian, whereby the annihilation operators appear to the right
of the creation ones. Since energy measurements are only made in relative terms
with respect to some arbitrary reference point, this procedure is perfectly reason-
able. It follows that the zero-point energy density (on the average) is uniform over
space and can be ignored. When considering a curved space-time scenario, howev-
er, this situation becomes much more complicated. This is because the zero-point
energy makes a contribution to the stress-energy tensor [5] for the Einstein field
equations (1.1), so it is necessary to first determine how to isolate the divergences
in the stress-energy tensor. For this thesis, which involves flat space-time situa-
tions with non-trivial boundary conditions, the technical details are much simpler.
This topic is discussed in greater detail later. For the moment, it is necessary to

first discuss quantization of the scalar field.
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2.1.1 Scalar Field Quantization

It is convenient to begin with the canonical quantization of a massless scalar field.
For the sake of completeness, a brief overview is given for the case of a massive
field in D-dimensional curved space-time. Consideration of the special case of flat

space-time is given for specific examples in later chapters.

Starting [5] with an action S defined in terms of a Lagrangian density L(z)
S = / C(z) dPz, (2.3)

the most standard form of the Lagrangian density £(z) for a free scalar field ¢(x)

with mass m in the external field is

L@) = 3v/~90@) [ @) Vup(@)Voelz) + (m? +ER@) @) . (24

Here, g#“(z) is the contravariant metric tensor, V, is the covariant derivative
operator, and g(z) is the determinant of g,,(z). In addition to the mass coupling
with ¢?(z), there is a first-order coupling with the Ricci curvature scalar R(z).
The constant scalar £ often takes on the values £ = 0 for minimal coupling and
& = (D —-2)/(4(D — 1)) for conformal coupling. It is possible to add higher-order
curvature invariants constructed from the Riemann curvature tensor R.as [19],

but (2.4) is the lowest-order form which involves gravitation.

Evaluating the Euler-Lagrange equations with respect to ¢(z) results in a gen-

eralized Klein-Gordon equation
[O0—m?—¢R(z)] o(z) = 0, (2.5)

where 0 = g#*V,V,. In defining a canonical quantization approach [5, 22], the
space-time manifold must allow for the foliation of space-time into hypersurfaces

¥ with dimension (D — 1). The remaining dimension, denoted by co-ordinate z,

10
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which acts as the time parameter, identifies each ¥ by =, = constant [22]. Then the
normal derivative defined with respect to ¥ is n* V,, where n* is a future-directed

normal vector [5] in the direction of zo.

It is possible to define an inner product [5, 12] of two solutions ¢;(z) and . (z)

by

(res) = =i [ 1@ V,ps(e) - (V.1 (@) #3(2)] Y —gz(2) 45
= —i [ w1(@) Vi ¢i(e)y/-95(@) dT

= —-n“/zJM/—gz(:L‘) d¥. (2.6)

where * denotes complex conjugation and gs(z) is the determinant for the (D —1)-
dimensional induced metric on the hypersurface. The special property of (2.6) is
that it is independent of the choice of hypersurface ¥ which can be proven using
Gauss’ law [12], and so integrand J, = ip;(z) ‘-V—’,L @5(z) is then a conserved

current [22].

The basic postulate of canonical field quantization is to consider ¢(z) as an

operator which satisfies the equal time commutation relations

[0z, 2), p(z°, 2)] = o, (2.7)
[7r(:1:°, x), m(z°, :v’)] = 0, (2.8)
[cp(:z:o, x), (z°, a:’)] = 6Pz - 2'), (2.9)

where @, 2’ are points on £, and 7 (2% z) = 6L/6p = 1/ —g(z)g"(z) V,(z°, x) is

the canonical momentum conjugate to ¢(z°, ), where ¢(z°, z) = dp(2°, x)/z°.

11
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The solution to (2.5) can be expanded in terms of a set of modes u;(z) in the

form

o) = X [acu() +olui(e)], (2.10)
where the modes satisfy normalization conditions
(uk, Ur) = Ogir, (ug, ups) = —Okpr, (uk, up) =0. (2.11)
It then follows that a,,a] satisfy the commutation relations
lak,arr] = O, [a,t, a,t,] = 0, [ak, aL] = Oppr- (2.12)
The creation and annihilation operators with label k£ are defined with respect

to some Fock basis, and satisfy the conditions

a;|0) = 0, (2.13)
alne) = Vnl(n—1)), (2.14)
al jng) = VR+1|(n+1)). (2.15)

2.1.2 Zero-Point Fluctuations and Vacuum Polarization

It is mentioned that the zero-point energy density in flat space-time does not vary
with location. Although this appears to be true on a statistical average, it is also
true that there exist fluctuations in the vacuum which have significant measurable
effects. The emergence of fluctuations in the vacuum can be understood in the
following way. According to Heisenberg’s energy-time uncertainty relation [1], it

is known that

AEAt > (2.16)

NS

12
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where AE and At are the uncertainties in the energy and time measurements,
respectively. Although it does not hold the same status as the more familiar
position-momentum uncertainty relation, within a relativistic field theory context
(2.16) is perfectly acceptable, since both space and time co-ordinates can be treated
as parameters [1]. For short enough time scales, this corresponds to large energy

changes, where

At ~ 107%s, AE ~ 1MeV, (2.17)
At ~ 107%s, AFE ~ 1000 MeV. (2.18)

Clearly, this suggests that particle-antiparticle pairs can spontaneously emerge and
annihilate with a lifetime in accord with (2.16), and that a non-localization effect

in space-time exists for space-time due to this uncertainty relation.

It is generally not known to what extent gravitation affects the nature of zero-
point fluctuations [32], particularly when considering uncertainties on length scales
comparable to the Planck length Ip ~ 10735 m. Since general relativity is not renor-
malizable by the standard techniques of field quantization, a precise understanding

of the problem is not solvable until a successful theory of quantum gravity emerges.

From classical electrodynamics [24, 30], it is an experimental fact that, when
some dielectric object is placed in an external electric field, the bound charges
induce an electric field to counteract it. This implies that the dielectric has a net
polarization P ~ x.E, where x. is the electric suspectibility of the medium. It

follows that Gauss’ law in differential form is modified to become
V-D = d4mp, (2.19)

where D = € E is the dielectric displacement vector, € = (1 + 47x.)€o, and ¢q is
the permittivity in vacuum. It is evident from (2.19) that the polarization has the

effect of screening the otherwise “bare” charge density.
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In a similar way, the vacuum also becomes polarized [1] due to the zero-point
fluctuations. For example, a charged particle in the vacuum becomes exposed
to virtual charged particles surrounding it, which serve to screen its “bare” or
true charge, effectively reducing its strength. The lifetime of such particles of
mass m is then on the order of At ~ h/mc®. Clearly, it follows that particles
with small m serve to screen the charge more effectively than ones with large m,
so electron-positron pair contributions dominate over muon pairs in the overall
vacuum polarization, since the latter are 200 times as massive. In quantum field
theory, it is the “screened” charge which is relevant to measurement, since vacuum

polarization effects prevent the “bare” charge from ever being detected.

2.1.3 Green’s Functions

Green’s functions play an important technical role in quantum physics, and this
formalism is used extensively in this thesis. It is, therefore, instructive to give a
basic overview of this topic and how it relates the central issues of this thesis in

studying the moving mirror problem.

It is known that, in mathematical physics, Green’s functions provide a very
powerful technique for solving inhomogeneous ordinary and partial differential e-

quations, subject to either initial or boundary conditions.

To illustrate, consider in schematic form the differential equation [3]
L.y(z) = f(z), (2.20)

where L is a linear differential operator and f(z) is an arbitrary function. Then

the solution (z) can be written as the sum of a complementary function and a

14
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particular function

Y(z) = Ye(x) + Yp(2), (2.21)
where 1.(z) satisfies the homogeneous equation L ¥.(z) = 0, and
%b(@) = - [G2) f)dz (2:22)
for some two-point function G(z,z'). If it can be shown that
L.G(z,z') = —-b6(z—12'), (2.23)

then G(z,z') is a Green’s function. This method of solving differential equations
is very powerful because it provides a systematic approach towards solving inho-
mogeneous equations for suitably behaved functions f(z), so long as the Green’s

function and the associated integral in (2.22) exist.

For this thesis, the problems under consideration involve the wave propaga-
tion of massless scalar fields through space in the presence of a source generating
the field disturbance. In this case, the operator L, can be identified with the
d’Alembertian O, = 7#*8,0, for wave motion in Minkowski space-time, and f(z)
with some current source J(z). Then the corresponding equation (2.20) for the

massless field ¢(z) is
Dz o(z) = J(z), (2.24)
where the corresponding condition for (2.23) in D-dimensional space-time is
0. G(z,z') = —6°(x—1). (2.25)
Then the solution to (2.24) can be written as

e(z) = wolz) — /G(:r, ') J(z') dPz’, (2.26)

15
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where oo (z) is a solution for the homogeneous equation O, po(z) = 0.

There is an immediate physical interpretation which comes forth from (2.26).
Physical fields propagate inside null cones, and in order to preserve causality, it is
assumed that this property occurs in future-directed null cones. AFor this reason,
G(z,z') must be chosen as the retarded or causal Green’s function [30]. It should
be noted that there is also a corresponding advanced Green’s function by symmetry

where z'° > z°, which is usually discarded in classical problems because it violates

causality.

The Green’s functions and other objects which possess a similar singular struc-
ture play an important role in quantum field theory. For quantum scalar fields

defined according to (2.7)-(2.9), the simplest form of Green’s functions are the

Wightman functions

G¥(z,z") = G (z,z) = (0| ¢(z) ¢(z') |0)

Xk: ug(z) ug(z') (2.27)

when evaluated using (2.10) and (2.12). The +(—) signifies that (2.27) is a positive

(negative) frequency Wightman function.

It is from (2.27) that more complex forms of Green’s functions can be con-
structed. For example, the Pauli-Jordan or Schwinger function, defined as the

average of a field commutator relation, is
iGo(z,2') = G'(z,2') -G (z,2) = (0l[p(z), p(z")]|0),  (2.28)

while the corresponding average of field anticommutator relations, called Hadamard’s

elementary function, is
GY(z,2) = G*(z,2')+ G (z,2) = (0l{e(z),p(z)}10).  (2:29)

16

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Strictly speaking, though (2.27)—(2.29) are called Green’s functions, they only

satisfy the homogeneous equation
0.6(z,z') = 0. (2.30)
The retarded and advanced Green’s functions introduced earlier are defined as

Gr(z,7") = —0(z° — 2"°) Go(z,z) (2.31)

Gu(z,z') = 0(z" — z°) Go(z, '), (2.32)

where the Heaviside step function 8 is

0 1 ° >0
6(z°) = (2.33)
0 % < 0.
They, and their average
Gz,2) = —;—[GR(:::,:::')+GA(:1:,1:’)], (2.34)

satisfy (2.25).

A particularly useful definition of vacuum correlation functions is the vacuum

average of the time-ordered product of fields called the Feynman Green’s function

or Feynman propagator

iGp(z,z') = (0|T (¢(z) v(z)) |0)

= 6(z° - z")G*(z,z') +8(z" — 2°) G~ (z, '), (2.35)

with the property that it takes on the same value when z and z’ are interchanged,

and also that it satisfies
0, Gp(z,z') = 6°(z —12'). (2.36)

17
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This Green’s function propagates positive frequencies to the future and negative

frequencies to the past.

For quantum field theory in flat space-time (and more generally in a static
space-time), it is often convenient to start with a so-called Fuclidean formulation.
By making a Wick rotation z° — i 7, the space becomes described by a Euclidean
metric. This has the effect of converting the d’Alembertian 0O, into a positive-
definite Euclidean form Og, where 7,, — 4,,. For many cases, it is possible to
perform calculations first in the Euclidean formulation and then return the result
to Minkowski space-time. In these calculations, the Fuclidean Green’s function be-
comes important, since its analytic continuation to Minkowski space-time coincides

with the Feynman propagator.

In addition, there are boundary conditions to consider, which serve to restrict

the set of solutions of interest. To discuss this, consider the Green’s identity

/ [6(z) O'y(z') — %(z') O’ ¢()] y/ —g(z') 4”2’

= [ [p@) Vip(@) - (&) V, 6] V-g=(=) d2¥. (237)

Letting ¢(z’') = ¢(z') and ¢¥(z') = G(z, '), it is shown that

0@) = - [Gla)I@)y/-9()ds

+ /E [G(z,') V(') — p(z') V), G(z, 2')] /—g5(z’) d=*. (2.38)

Quite often, two types of boundary conditions are considered. The first type is
a Dirichlet boundary condition, where Gp(z,z')|,cx = Gp(z,2')|sex = 0. Then
the first integral on the second line of (2.38) vanishes. The second type is the Neu-

mann boundary condition, for which the normal derivative n#*V ,Gy(z,z')|,. s =
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n*V,Gy(z,z') Lez = 0, where the prime denotes differentiation on z’'.

2.2 Null Asymptotic Infinities and the Wave Zone

Region

Often, it is important to understand the radiation falloff rate at far distances from
the localized charge distributions causing the radiation emission. It is possible to
study this for the case of electromagnetism by performing a multipole expansion
[47] of the field. For the radiation emitted by a set of accelerating charges, the field’s

asymptotic nature is then described by an infinite set of multipole coefficients.

This is one way of considering the problem. There is, however, another way
to accomplish this goal, which involves a transformation of the space-time itself.

This is done by introducing a metric conformal transformation in the form
g;w = Qz(x) Guv, (239)

where the conformal factor Q2?(z) relates the physical metric g,.(z) to a non-
physical one §,,(z) by stretching or shrinking the space-time. This effectively
adjusts the length scale between respective space-time points. By choosing an
appropriate conformal factor such that the length scale increases with increased

distance from the source, it is possible to describe infinity as a finite location on
Guv-

To demonstrate this [47], consider Minkowski space-time in spherical co-ordinates
ds? = —dt?® +dr?+ r*(d6® + sin’ 6 dp?), (2.40)
where the co-ordinates hold their usual meaning, and introduce advanced and
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retarded null co-ordinates

v = t+r, u t—r. (2.41)
The new metric then becomes
1
ds®* = —dudv+ Z(v — u)?(d8? + sin® § dp?). (2.42)
The objective here is to consider the wave zone region where u, 6, and ¢ are

fixed while letting v — co. Here, it is possible to apply a conformal transformation

to (2.42) by letting
Guw(z) = P@)nw, 2 = 40 +0H) (1 +u?)L (2.43)
By then defining a new set of co-ordinates T', R as
T = tan~'v+tan~lu, (2.44)

R tan~'v — tan™' u, (2.45)

the new co-ordinates have ranges

-t < T+R < m, (2.46)

N,
|
jao ]

- < < 0 < R, (2.47)

and the conformally-transformed metric in terms of these co-ordinates becomes
di? = —dT?+ dR?+sin? R (d6? + sin® 0 dp?). (2.48)
This result (2.48) is precisely the metric for the Einstein static universe with the

co-ordinate restrictions (2.46)—(2.47). It now becomes possible to identify different

regions of infinity according to the boundaries defined by (2.48) in the following

20

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



N

Figure 2.1: Conformal diagram for Minkowski space-time in two-dimensional represen-

tation (@ and ¢ suppressed).

way. First, there is the past time-like infinity i~ at the bottom described by
R =0,T = —m, along with the future time-like infinity i* at the bottom described
by R = 0,T = =, where all the time-like geodesics run from i~ to i*. Second,
there is a spatial infinity i® at R = 7, T = 0, where all the spacelike geodesics
meet. Third, the outer edges of the manifold are described by three-dimensional
null surfaces called the past null infinity J— and future null infinity J+. These
are described by T = —7 + R and T = 7 — R, respectively for 0 < R < m, where

the null geodesics follow 45° lines from J~ to J+.

It now becomes clear from (2.48) that, by a suitable choice of conformal factor

and making the final co-ordinate change
V = T+R, U =T-R, (2.49)

that the wave zone region for fixed U has a well-defined boundary on J*, and
allows for a precise formulation of asymptotic behaviour of physical fields by per-

forming a conformal transformation leading to the metric d§%. To illustrate, it
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can be shown for the Klein-Gordon equation (2.5) with £ defined for conformal

coupling that, under a conformal transformation [5],

[0 —m? — {(D - 2)/4(D - 1)} R(z)] ¢(z)
— [8-m? - {(D-2)/4D — 1)} R(z)] ¢(x)

= Q@) [a - m? — {(D - 2)/4D - 1)} R()] v(2), (2:50)
where
¢(z) = QEP2(z)p(z). (2.51)

Classical and quantum scattering problems for massless fields can be described
using this approach. Consider the field ¢ in the conformal space, J~ is a charac-
teristic (null) surface in this space. For given initial data on this surface, which
are given by @~ (V, w;), where w; are angle variables on a unit sphere, it is possible
to solve the evolution equation and determine the field ¢ everywhere in space-
time. This includes its future null infinity boundary J*, where the field ¢ takes
the value ®* (U, w;). Finding &* (U, w;) for given ®~(V,w;) can be considered as a

formulation of the classical scattering problem.

From (2.51), it follows that the ‘physical’ fields near J* behave as ¢ ~
&+ /r(P-2)/2_ This is the standard behaviour of a radiated field in the wave zone.
Studying the characteristics of radiated fields in the wave zone can then be per-
formed in two equivalent ways: either by direct series expansion of objects in the
inverse powers of the radial distance r along future directed null rays, or in terms of
special limits of these objects on J*. These approaches will not be distinguished

further. In the following chapters, the objects of interest (that is, energy density
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fluxes and fluctuations) are calculated directly in physical space, but often use the

notion of J* null infinities.

2.3 Accelerated Unruh-DeWitt Detectors

In the thesis, the main discussion is on local observables without considering the
particle content of the theory. In other words, we shall analyze how much energy
is emitted during some interval of time, rather than the number of particles ob-
served in this radiation. These two problems, being closely related nevertheless
require different types of calculations. To calculate particle production requires a
knowledge of Bogoliubov coefficients, while flux calculations are obtainable from
Green’s functions. In principle, by knowing a specially chosen Green’s function
(Wightman positive frequency function), it is possible to also answer questions
about the particle aspect of the radiation. To illustrate this, a brief discussion of

the Unruh effect is in order.

It is generally accepted that matter field quantization in a generic curved
space-time background does not admit a meaningful particle interpretation. To
understand why first requires a brief analysis of particles in Minkowski space-time
[5]. For an inertial observer, the associated vacuum state is invariant under the
Poincaré group of transformations, which also leave invariant the positive frequen-
cy field modes corresponding to it. Therefore, an agreed-upon notion of a vacuum
state appears, and so observation of a particle by one detector can be conveyed

unambiguously to all other detectors related by Lorentz transformations.

For detectors in curved space-time [5], however, the Poincaré symmetry is not
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available, though the space-time may have enough symmetry to allow for a defi-
nition of “in” and “out” regions, where the field interactions tend to zero. These
regions can then be defined to have respective vacuum states, each described in
terms of distinct sets of field modes. If the space-time is not stationary, the defi-
nitions of positive and negative frequencies in the past and future regions are not
equivalent. Therefore, if a particle detector is constructed so that it does not reg-
ister particles in the “in” region’s vacuum state, it will detect quanta in the “out”
region. It appears that particle detection is observer-dependent, and the detector
can be excited even in the Minkowski vacuum in flat space-time, but only if it does

not move inertially.

To illustrate this, consider a model for particle detection proposed by Unruh [43]
and DeWitt [10]. It detects a massless scalar field ¢. The interaction Lagrangian

is chosen
Line = m(r)p(z(r)), (2.52)
where m(7), the monopole moment of the detector at proper time 7, is treated as a
point object, and z#(7) is the world-line of the detector along a Killing trajectory.
Let the detector have a discrete set of internal energy levels denoted by eigenstates
|E), where the ground state corresponds to E = 0. With respect to the world-line,
it is possible to describe m(7) in terms of the Heisenberg equation or motion
m(t) = eT"m(0)e ", (2.53)
where H |E) = E |E). Then the matrix elements corresponding to a particle

detection is given by

(Elm(r) |[E"Y = e"E~F)(E|m(0)|F'). (2.54)

Consider the detector when initially prepared in the ground state, and the
scalar field is in state 1. Then, from (2.54), the transition amplitude from |0, ¢)
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to |E,¢') is
AEW0,9) = EVIT (e (i [* Lmdr))I0,9),  (259)

where T is again the time-ordering operator. This expression (2.55) can then be
treated as a first-order perturbation if the monopole moment is small enough that

radiative corrections to L;,. are negligible. Therefore,

AE VY ~ i(Ev| [ mreEm)dro,v)

= (BImO)0) [ &5 Wlp) [¥) dr,  (2:56)

and the total probability of the detector reaching the excited state E is

P(E) = TIAE 0,9
= [(EIm©0) P [~ ar [~ ar'e B (] p(a(r)) e(a(r) W)

(2.57)

From (2.57), the double integral in the total probability is then known as the

response function

FE) = [ ar [~ ar e EIGH (pe() plalr). (258)

where the positive frequency Wightman function [5] is the correlation function that
senses the “particle bath” once the detector is in motion. The matrix element in
(2.57) indicates the selectivity of transition, which is determined by the internal

properties of the detector.
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2.4 Dynamical Casimir Effect

After this brief introduction, it is possible to discuss the essential ideas concerning
this thesis, that of moving mirrors in flat space-time. It is, however, instructive to
first briefly discuss some basic principles about stationary mirrors in a quantum

vacuum, and then discuss the dyvnamical case.

2.4.1 Essential Principles

A mirror is a potential barrier sharply localized in space that is often (though
not always, as shown in the next chapter) treated as a perfectly reflecting surface
[17]. When in the presence of a quantum vacuum, the mirror acts like a potential
barrier which forces the field modes to become constrained on its surface. This is
the essence of the Casimir effect, and much literature has been produced on this
subject since the first discovery. (For discussion, see [37] and references therein.)
Originally developed as a theory to explain van der Waals attraction between
atoms, it became re-interpreted as interactions with the zero-point fluctuations of
a given field. The resultant Casimir force can be either attractive or repulsive,
depending upon the mirror’s geometry. For example, the Casimir force is repulsive
for the case of a single spherical shell, originally considered [6] to stabilize a classical

model of the electron by balancing out the Coulomb force.

Formally, the Casimir energy is a divergent quantity because all the field modes
contribute in the infinite mode sum. However, the boundary only significantly
affects only those modes which occupy a low number density of states, so those in
a high number density have to be scaled out to determine the mirror’s effect on

the energy. In flat space-time, this is possible by subtracting the vacuum energy
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without the mirror. This process of renormalization then renders the Casimir

energy finite.

The dynamical Casimir effect is a generalization of this phenomenon for a mov-
ing mirror system, in which photon radiation is emitted from the mirror’s surface
[17] while undergoing non-uniform motion in the presence a massless quantum field.
The physical explanation [8] is that motion of the mirror induces motion of the
surrounding field modes; since the mirror’s position is continually changing with
time, the field modes must accordingly change frequency, causing excitations [8] in
the form of photon radiation for the case of electromagnetic radiation. The actual
emission comes from fluctuating currents present on the surface of the mirror [8, 9].
It must be stressed here that the dynamical Casimir effect appears only when the
mirror undergoes accelerated motion. Clearly, this is because of the equivalence

between rest frames and uniformly moving frames due to Lorentz invariance.

Much of the established work on the dynamical Casimir effect involves mirror
motion in two-dimensional space-time. This is because quantum field theory for
a massless field in such a space-time is conformally flat, and so the computations
simplify considerably, since it then becomes possible to map the original problem
[17] into an equivalent problem with static boundaries. This results in a very
general expression for the radiation flux at far distances which is proportional to
the second derivative of the mirror’s velocity {20, 12]. For space-times of higher
dimensions, however, the situation is less easily solvable, since they often lack the

symmetries to simplify the problem.
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2.4.2 Vacuum Field Fluctuations, Stress-Energy Tensor,

and Renormalization

The main objective in this thesis is to calculate the vacuum stress energy tensor
due to moving mirrors in various situations. These objects are formally divergent
and need to be renormalized in order to extract any physical meaning from them.
Fortunately, there are some well-known methods available to remove these diver-
gences. The one used in this thesis is called point splitting, in which the object
of interest is first evaluated using a function defined at z,z’, and then evaluated
in the limit as ' — z. The Green’s functions defined above provide a natural
means to evaluate these vacuum expectation values. The divergences can then be
removed by renormalization before the limit is taken, leaving a finite result. This

is reduced to changing G(z, z’) by
G™(z,z') = G(z,z') — Go(z, '), (2.59)
where Gy(z,z’) is a free Green’s function.

In flat space-time, Ggl)(z, 7') is a free Green'’s function, while for more general

space-times [5], it can have divergent terms associated with curvature dependences.

The zero-point fluctuation expectation value is then

(@) = (0l [0

1
— T + N — Z N (1) !
= zlllj‘,iGmn(‘r’z) =3 z1,1113':G,en(:z,:1: )- (2.60)

For the vacuum stress-energy tensor, it is formally obtained by first varying the
action (2.3) with respect to the metric such that

2 S
v—g 6g*

T =
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1
= (1-26)V,oV,0+ (25 — 5) 9w 9 Vap Voo

1
~ 2% (VuVo 0~ 9 00) +£ (Ru — 3 90R) . (261)

When considering conformal coupling for &, it follows that 7%, = 0. In terms of

the Hadamard function, it is shown that

(T ()™ = (0] T (2) [0)™

= lim D, G{)(z, 7)) (2.62)

1 1 '
Do = (1) 9% (6= Do wus

, 1
-&[V,Vy +VuVy —g, (O+0 )] + g (R,,,,, - §g,‘,,,R> .

(2.63)

The unprimed operator acts on the first argument and the primed one acts on the

second.
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Chapter 3

Quantum Radiation from
Spherical Semi-Transparent

Expanding Mirrors

Most moving mirror problems considered were in two-dimensional space-time to
take advantage of certain inherent symmetries that simplify computations. Among
the relatively few in four-dimensional space-time is one [15, 16] which considers an
expanding spherical mirror system where quantum radiation is emitted off the
surface. The approach taken is to solve it as a static boundary value problem in
Euclidean space-time by the method of images to obtain the Green’s function, then

Wick rotate the time co-ordinate to obtain the solution.

This chapter describes a variation on this original problem by considering semi-
transparent boundaries instead of a true mirror surface. It has relevance in mod-
elling quantum effects of relativistic bubbles likely to have been generated from

cosmological phase transitions. Because the problem can be solved in arbitrary
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dimensions, the results are presented in D-dimensional space time. The steps in
this chapter [17] are to first formulate the problem in Section 3.1, which establishes
the underlying principles. In keeping with the previous work on this topic, [15]
two models are considered. The first one (Model A) considers the expansion of one
spherical mirror, while the second one (Model B) considers two concentric mirrors.
In Section 3.2, an outline of the Green’s function in D-dimensions is formally given,
with specific calculations for both models. This is followed by calculations of the
renormalized zero-point fluctuations and stress-energy tensor expectation values
in Sections 3.3 and 3.4, respectively. After considering the emission of quantum
radiation in Section 3.5, the chapter concludes with a brief discussion in Section

3.6.

3.1 Formulation of the Problem

Consider first a flat space-time metric in Cartesian co-ordinates We write the metric
of the flat space-time metric in Cartesian co-ordinates as

d
ds? = —dT? + 3 (dX:)?. (3.1)

=1

where d = D — 1 refers to the number of spatial dimensions. By Wick rotating the
time T — iXj, the Euclidean form of (3.1) is

dsh = 3 (dX,)2. (3.2)

p=0

From (2.25), the Euclidean Green’s function in flat space-time then satisfies
0gG(z, z') = —6°(z, 2'), (3.3)

which satisfy the necessary boundary conditions, and where

d 62

u=0

(3.4)
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The boundary-free Euclidean Green’s function Gy(z, z’) in Cartesian co-ordinates,
by definition, vanishes at infinity, and so from (3.2) it takes the form

S

Gz, %) = — 5 x—xp=2"

(3.5)

where

d
X - X2 = 30 (X~ XL)°. (3.6)

u=0
The zero-point fluctuations expectation value (?(z))™" is then (2.60) in terms of

the renormalized Hadamard function

GW(z,z') = G}z, z') — 2Go(z, ') . (3.7)

ren

and the stress-energy tensor is (2.62), where (2.63) in flat space-time is

1 1 '
bur = (- %5+ (6 e

1
- 56 (V# V., + V,,/ V.,). (3.8)

The semi-transparent mirror can be introduced by including in (3.3) a potential

in the form
s = Vo 84%), (3.9)

where ¥ is a time-like d-dimensional hypersurface representing the motion of a
(d — 1)-dimensional mirror surface. The delta function in the potential allows for
partial field transmission. When V; — oo, the transmission coefficient vanishes,

leaving a perfectly reflecting mirror.

The precise form of (3.9) is dependent upon the configuration of interest. Given

that

d
R*=Y X}. (3.10)

=1
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Figure 3.1: The geometry of Model A. Solid lines in the left figure represent motion of
spherical semi-transparent mirror X in the space-time. A dash-dotted line in the right

figure corresponds to the surface X in the Euclidean space obtained by the Wick’s
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Figure 3.2: The geometry of Model B. Solid lines in the left figure represent motion of
spherical semi-transparent mirrors X; and ¥, in the space-time. Dash-dotted lines in the

right figure correspond to the surfaces £; g and ¥, g in the Euclidean space obtained

by the Wick’s rotation T — 1 Xj.
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the single mirror motion of Model A described by the surface world-sheet ¥ is
R?-T? = p? (3.11)

while for the concentric mirror system of Model B described by internal and ex-

ternal mirror world-sheets ¥; and 35, respectively,

RP-T? = P2, (3.12)
R*—-T? = 12, (3.13)

where b; < b2 by assumption. It is evident from (3.10) (3.13) that the mirrors
are spherical and are moving with constant acceleration a; = b;! orthogonal to
the mirrors’ surfaces, since their motion describe hyperboloids in space-time. By a
Wick rotation T' — ¢ X, the X; become Xg;, a d-dimensional sphere S¢ of radius
b embedded in a D-dimensional Euclidean space. Therefore, the Euclidean forms

of (3.11) (3.13) for £g, %4k, and Xy g, respectively, are

RP+ X2 = b2, (3.14)
R + X2 = b2, (3.15)
R*+ X2 = b2 (3.16)

3.2 Calculation of Green’s Functions

3.2.1 Green’s Functions in Spherical Co-ordinates

Having re-formulated the problem in terms of Euclidean space-time, the next step
is to obtain the D-dimensional Green’s function. Since the boundary now describes
a d-dimensional sphere, it is appropriate to re-define the problem by parametrizing

the line element dQ3 on a unit d-dimensional sphere. At this point, it should be
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noted that the description below applies to D > 2 only, and the two-dimensional

is considered separately as a special case later.
Starting with
dQ? = do?, (3.17)
dQ2 = d9% +sin?9,d2_,, (n=2,...,d). (3.18)
the line element dQ2% can be written in the form

d
d? = 3 QY dv; dv;, (3.19)

t,7=1

where

QP = diag(1,sin?94(1,sin? dai(. .. .))),
det (Qf.;?)) — sin®1 9, sin?2B,_; ...sin D, . (3.20)

Then the line element (3.2) can be re-written as
ds:t = dp®+ p*dQ3, (3.21)
where

R = psindy, Xo=pcosdy. (3.22)

Using this formalism, the Euclidean d’Alembertian operator for (3.4) is

18 (40\, 1

where Ag is the Laplace-Beltrami operator [7, 38] on S¢. The eigenfunctions
corresponding to S¢ are generalized spherical harmonics Y (Q?) which satisfy the

eigenvalue equation
AY(Q) = AY(Q) (3.24)
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It can be shown [27] that the spherical harmonics on S¢ are

d il19;
Y 1 (84,...,9;) = B9, S — | .
tgty (Vd 1) 1;I2n e ( )] or (3.25)
where
R A+n—1 (A+1+n-—2)17"2
BL) = { +2n ( +(;\trll)' 2)] (sin 9)~(»-2)/2
x Py, &:g;;/zz)/ 2 (cos ), (3.26)

and where P*(z) is the associated Legendre function of the first kind. The integers
li,ly,...,lq in (3.25)—(3.26) which satisfy

b <l < ... <y <y, (3.27)

are equivalent to the magnetic quantum numbers in three-dimensional space. It

follows that the generalized spherical harmonics satisfy the normalization
/ @9y ... d04\/ Yt - Yty = Gigr, Oty (3.28)
and form a complete set of functions on S¢. Therefore,
AgYy . =—lg(la+d—-1)Y, 4, (3.29)

where, to simplify notation, L =l;, W = {l4_1,...,l1}. Then

MY = —-L(L +d— l)YLw' s (L > O), (330)
/ dQ@Yiw(Q) Y pw: () = Orr Swwr, (3.31)
where
i = db;...d0x/%, (3.32)
dwwr = 6‘4—1‘2-, .. .5[1111 , (333)
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and

o

> S @Ym(@) = 549,9), (3.34)
L=0 W

is the completeness relation.

The Euclidean Green’s function can now be written in the form

Ge@z) = 33 6u(o ) Viw (@) Y* 1w (), (3.35)

L=0 W

where (3.35) satisfies the equation
(Qg — Vz;)GEe(z,z') = —6%(z,2') . (3-36)

Because the external potential Vi, is dependent only on p, it remains invariant

under rotations. Therefore, the radial Green’s function G, (p, p') obeys the equation

[j—p (p“ g;) -2 L(L+d-1)-p? Vz(p)] Gr(p,p) = —b8(p—0),
(3.37)

which is self-adjoint, so that Gr(p, p') = G (0, p).
Since the radial Green’s function G; has no dependence on the collective index
W, it is possible to sum over W in (3.35) [38], which leads to
S YViw@Yiw () = na(@L+d—1)C¥ % (cos), (3.38)
w

where « is the angle between Q and Q' on the unit sphere ¢, C¥V/2(z) is the
Gegenbauer polynomial, and

)l ="
"d=:1,r%37>/)—2

1
= T (3.39)
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where
d+1
27w 2

is the volume for the d-dimensional unit sphere.

Vi= (3.40)

By writing ng—l)/ ?(z) in terms of the hypergeometric function F(a, b;c; 2)

(d—l)/2 (L+d—2)' _ _ g (1—-1‘)
(x) = Tid—2) F( L,L+d L5 ) (3.41)

and noting the normalization condition F(a, b, c; z = 0) = 1, it follows that

cl-v2q (L+d—2)!
(1) = Td—2) (3.42)
Then the Euclidean Green’s function is
[e ]
Ge(z,7) = ma S QL+d-1Gi(p, ) C W cosy),  (343)
L=0
where 7 is a geodesic distance between two points (9;, - .. 94) and (97, ... Jy) on

the unit sphere. It is defined as v = <4 by the following relations

mo= -9, (3.44)

cosy, = cosd, cos 19:, + sind, sin 19; COSVp-1, Nn=2,...,d. (3.45)

An ambiguity in the choice of the spherical co-ordinates connected with rigid ro-
tations of space can be used toput 9; =... =931 =0 and 19'1 =...= 19:,_1 =0)

for any chosen pair of points on the unit sphere.

3.2.2 Model A

To obtain the radial Green’s function for the single mirror problem, it is necessary

to solve the homogeneous equation

[g_p (pd g;) — 2 L(L+d— 1)] R, =0. (3.46)
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For the single mirror, the potential in (3.37) is
Ve(p) =Vod(p—0). (3.47)

Clearly, there are two linearly independent solutions, an increasing one g%+ which

is regular at the origin, and a decreasing one p’- which vanishes at infinity, where
Li=L, L_=—(L+d-1). (3.48)

From here, the radial Green’s function can be constructed for the

[ (A pE- + AL p™) (), 0<g<p<b,

Gr(p,p) = { BpE- (p)F+, 0<p <b<p, (3.49)

| P (Co(P)E-+Ce(P)P+),  0<b<p <p.
The inherent symmetry in the Green’s function determines G (p, p') for other pos-

sible relative positions of p and p'.

The radial Green’s function G; (p, p') is continuous throughout the region, while
its first derivatives have jump discontinuities. The form and location of the jumps
directly follow from equation (3.37) with potential (3.47). The jump at p = p’ then

takes the form

dg.(p, p’)] _ [dgL(P’ P')] - - 3.50
[ dp p=p'+0 dp p=p'—0 ()’ (350
For p' # b, the jump at p=1b is
[dgL(P, p’)] _ [M ] = VaGLb,p). (3.51)
dp p=b+0 dp p=b—0

By using (3.49)—(3.51), the coefficients in (3.49) are determined to be

1 1
A- = G =tvm) BT @ mttn
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Us 1

A = ST + Byt Uy T
Uy
CcC. = — b2L+d——1 .
3L+ BI(L + Ba + T3) ; (3.52)
where
d—1 bV}
Ba = —5 Uy = —2—0- (3.53)

For the case when V; = 0, the relations among (3.49) simplify to

1
A_ = C+ - B = m, A+ == C_ = O. (3.54)

In this limit, the Green’s function Gg(z, z') coincides with the free Green’s function
(3.5). This can be easily verified by using the relation [38§]

1 1 [ o] pL_ pL+ .
XX~ ma i L rd—1 (DY w(@), (3.55)
where p, = max (p, p') and p< = min (p, p).

By subtracting the free Green’s function Go(z,z’) from Gg(z,z’), the renor-

malized Green’s function is

Gg'(z, )

io: > G (0, ) Vaw (Q) Y w (),
L=0 W

= > (2L+d—-1)Gy(p, ) CE M (cos(v)),  (3.56)
L

where

4 N\ L+

pp /
. ) (_62) y 0Zp, p <,
7 0
e (p o) = — 3.

PR = ARG BT AT 50

(%) . vsaw
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3.2.3 Model B

Calculating the Green’s function for Model B is similar to that of Model A, except

that
Ve(p) =Vid6(p—b1) + V2 d(p —bs) . (3.58)
It follows that
4
(A—pL_+A+pL+)(pI)L+’ OSP’<P<b1,
(B- p*- + By pt+) (0)+, 0<p <b <p<bo,
C pt-(p)E+, 0< p <b <by<p,

gL(p1 pl) = 4
C~1 (D_p™ + Dy p*+) (E_(p)E- + Ex(p)+), 0<br<p <p<by,

pt- (F_(0)E- + Fe(p)E+), 0<b <p <b<p,

| 7 (G-(0) - + Gu()™), 0<b<b<pg<p.
(3.59)

After straightforward but long calculations, it is shown that

1 U, U,
= ———— 1~
A+ 2QL bfi)L+d_1 [Ul +U2 YL+ L+Bd ( 'YL):| 3
_ _ 1 _ L+ By
A- = Gy = 2(L+Ba)’ ¢ = 2Q;
B, = D, Us 1 B. = D_. = L+patU:

= —2_Q_L b_gL+d—_1 )
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— — L+B:s+U — _ Uy 2L+d—1
E, = F, = 2, s E_ = F_ = —-ﬁbl ,
b§L+d—1 Ul U2
G. = — o, Upve +U; + L+ 5, (1 —'yL)] . (3.60)

As with Model A, the notational simplifications are

b V V b 2L+d-1 d -1
Ul = 12 ! ’ U2 = b22 2 ) YL = (521) y ,Bd = —'2_ ’
Qr = (L+B:+U)(L+Ba+Uz)—Ularr. (3.61)

Having now obtained expressions for the radial Green’s functions, it is necessary
to renormalize them by subtracting off the vacuum radial Green’s function G2, in
order to calculate ($?)™ and (T¥)~". To find G requires setting U = U = 0
from (3.59). As expected, the vacuum radial Green’s function has the same value
in the inner region (o’ < p < b;y), outer region (b, < p' < p), and intermediate
region (b; < p/ < p < by), so that

1

Gllp,p) = ST ot ot (3.62)

Therefore, it follows that
G (p, p) = As(pp)", (3.63)

for the inner region (¢’ < p < b;),

, G-
Ggri(p, p) = W ) (3.64)
for the outer region (b, < ¢’ < p), and
1 2L+d-1
G (pp) = . L+ F) [U1 (L + Ba+Un) (pp)E+a—T
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L
+ Uz (L + Ba+1Uh) Bgz%f Uil ((p:)ltf-d—l + p(LF-:-'Zfl) ]

(3.65)

in the intermediate region (b; < p/ < p < by).

As expected, Gi®(p, ) is a symmetric function of its arguments. It is easy to
verify that when one of the potentials, U; or U, vanishes, expressions (3.63)-(3.65)
for Gy reduce to (3.57). In the other limit of perfectly reflecting mirrors, when
U, = U, = oo, relations (3.63)-(3.65) correctly reproduce the result of [15].

3.3 Calculation of (@?)~

3.3.1 Model A
Finding (?)™" amounts to determining Gg*(z, z') in the coincidence limit ' — z
(@ = Gp*(z,z), (3.66)

which implies that o/ = p and angle v+ = 0. For Model A, this means that, for
(3.42), (3.43), and (3.57), the result is

(¢2(p)>ren — M F(d)((p/b)21 U + (d - 1)/2), p<b,
pa-1 (%)2(d—1) F(d)((b/P)2, UO + (d _ 1)/2), b< o,
(3.67)

where the function F@ is

(d)z = AN .
FO8) = X fa—onzc+5) (3.68)
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It can be shown that at the centre p =0,

74 U

(¢2(p=0))m = - pa—1 (d-l)/2+UO ’

(3.69)

and from the properties of hypergeometric functions, that (3.67) becomes divergent

as p— b

Because the divergence involves the behaviour of the series at large L, it is
possible to estimate the leading divergence by setting 8 = 1 in (3.68). Then it

follows that the leading divergence of F¥ near z = 1 has the form

FOGH) ~ =g (i — (3.70)
Therefore, the divergent part of (p%?(p =0))™ at p=bis
GO~ T s T (3.71)
where
p/b, p<b,
z = (3.72)
b/p, b>np.

In the limit as Uy — oo, elementary functions can be used to express ($?(z))™",

so that

(P = -

TET = e (3:73)

For d = 3, this result directly follows from expression (3.5) of Ref. [15] for the
Green’s function of a scalar massless field in the presence of an ideal mirror with
the same choice of the surface £ as for Model A. For d # 3 the result (3.73) can
be verified by the method of images found in Ref. [15].
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4-Dimensional Special Case

A specific consideration is given for the four-dimensional form of ($?)™*, where
d = 3. In dealing with the divergent part of the zero-point fluctuations, it is
evident that a relationship exists between it and the singularity of the potential.
Then, the function F® can be written in the form

F®(z,8) = h(z,8) +g(z8), (3.74)

where h(z, 8) is defined to be the divergent part. It can be shown that

h(z, ) = Ii—z+(1—ﬁ)ln(1—z)+l—;—ﬁ
2 3 ,B—3 2 rd
g(th) = —(1—,3)_6(3,,6), (376)

e 1 f[2 3__8-3]
§(z.8) = ﬂLzz,lL(LjLﬁ)*'l—ﬁ{[Hﬂ @ ﬂ)]z+[2+ﬁ 2 ]z}

(3.77)

The first line of (3.75) shows the divergent components of F® when z = 1, while
the second line is included by construction so that the first three terms of its Taylor
series expansion coincides with those of F(® directly from (3.68). As for (3.77), it
is convergent at z = 1. Therefore, it is possible to write ((?)™" in the form

4722

~T5 (@A™ = Hip,Uy) +UsGlp, La), (3.78)
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Figure 3.3: —472b?(3%)™" in 4-dimensional space-time as the function of p/b for differ-
ent values of the parameter Us: solid line — Uy = 0.2, dotted line - Uy = 1.0, and dashed
line — Up = 5.0. The dashed and dotted line corresponds to an ideally reflecting mirror
(Up = o0).

where

[ R((p/b)%,1 + Up), p<b,

Hp,Up) = ¢ (3.79)
| (b/0)*R((6/p)% 1+ Th), B> p,

[ §((o/b)% 1 + Up), p<b,

Glo,Us) = 1 (3.80)
| (/p)*3((5/p)?, 1+ T0), b>p.

The plots of functions H and G for different values of U are shown in Figures 3.4

and 3.5.
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Figure 3.4: Function H(p,U;) for different values of the parameter Up: solid line —
Up = 0.2, dotted line — Ug = 1.0, and dashed line — Up = 5.0.

1.3

Figure 3.5: Function G(p,Up) for different values of the parameter Up: solid line —
Uo = 0.2, dotted line — Ug = 1.0, and dashed line — Uy = 5.0.
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3.3.2 Model B

The zero-point fluctuations for the concentric mirror problem can be described

using (3.66), (3.42), and (3.63)—(3.65), resulting in
e~ (L+Ba)(L +d—2)!

~2\ren ___ d
(@)= = -2 LZ=% i Re(p), (3.81)
where
( 1 P 2L U1 U2
N (g) [U1+U”’"+L+ﬁd (l—n)], p<b
1 1 bl 2L+d-1
- UL+ Ba+ o) [ =
QL(L+ﬁd)p,,_1[ @ +sar ) ()
Ru(p) = ¢ (3.82)
2L+d—-1
+Uy (L + B4 + Uy) (z%) "2U1U27L] ) by < p < by,
1 by 2L+d—1 UL U,
- [= — > b,
{ QLpd—l (p) U2+U17L+L+‘Bd (1 'yL)a p_b2

where yp = (b /bg)? 441,
From (3.81) and (3.82), it is evident that only the L = 0 modes contribute to
(@)™ at the origin. Therefore, it follows that

20 oween __ _Ma_ Ba(Ui+ %) +Uilz(1 — %)
o= = b$t (Ba+ U1)(Ba+ U2) — UrUzvo’ (383)

where v = (b;/b2)%"! .

To illustrate a typical behavior of ((?)™ for the two-mirror problem, Figure 6
is plotted —472b?(?)™* in 4-dimensional space-time as a function of p for different

values of the parameter U; and Us, and for b; =1 and b, = 3.
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bl=1.0, b2=3.0, Ul=10, U2=10 bl=1.0, b2=30, Ul=100, U2=100
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Figure 3.6: —472b%($2)™" in 4-dimensional space-time as the function of p/b for differ-

ent values of the parameter U; and Us.
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3.4 Stress-Energy Tensor

It is evident that, because the boundary conditions are only radially dependent,
they are invariant under the O(d + 1) symmetry group. This suggests that the

renormalized stress-energy tensor has the form
(Tyy= = diag(e,p,.-.p), (3.84)

where € and p are functions of p. Then the conservation law

VAT = 0 (3.85)
implies
1d /4 d
F%(p f)—;P—'O, (3.86)
or equivalently
de d
= _—Z(e—1p). 3.87
2 P (e —p) (3.87)

When considering the conformally invariant case, (Tﬁ)"“ =€+ d-p =0, while

the conservation law (3.86), (3.87) results in

€o

€ = — —

€0
pd+1 I p - - dpd+1 . (3.88)
From (3.88), it becomes known that the renormalized stress-erergy tensor for the
conformal invariant theory is uniquely determined by the symmetry and the conser-
vation law up to one constant. In a more general case, it is sufficient to determine

only one function of one variable p, such as € — p.

Using equations (2.62) and (3.8) results in

1

p2.N'] G=*(z,z'), (3.89)

E—p = i,i_rg['R-*-
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where

R = (1-2)9,0, —€(82+3) + %(a,, +8y), (3.90)

N = —(1-2)08,0y +£[B2+2], (3.91)

and the 7 are the generalized angle co-ordinates. (The last term in the right-hand-
side of (3.90) arises because in the spherical co-ordinates I'), = —p # 0.) From
this formalism, it is possible to obtain the renormalized stress-energy tensors for

the models considered.

3.4.1 Model A

From using (3.56), (3.57), and (3.89), it is shown that
UO Nd [( 1 ) /
e—p = —— |[|R+5N|Q(p.r,7) ) (3.92)
b=t o p=p

vy=0

where

oo 1 r\ Lz -
Q:lp, py) = X T+ B2t Uo) (%) ,(,d D2(cosy) . (3.93)

L=0

When acting on Q, it is straightforward to show that

RG], = [(1-40) L3 +4Ls] =D, (3.99)
(d—1)/2 _ LiLo 412
[NC’L (cos 7)]_7=0 = — CL (1), ' (3.95)
where (3.95) is obtained from
ab

AP (3'96)

d
2 F(a,b;c; 2)

2=0
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a property of hypergeometric functions.

Therefore, from (3.94), (3.95), and (3.41), the relationship obtained is

_ _Ume & AL (L+d-2) A\
TP = TR N Tt T D@9 (ﬁ) , (397)
where
Afe=(1-46) L3 +46Ls+ =7 = Lo (Le - 1) (T - 45) (3.98)

where the signs + and — correspond to the internal (p < b) and external (p > b)
problems, respectively. Using (3.87), the following expression for € is

Upnad & AL (L+d-2)! [p?\**
501 2 2= (o~ 1) (L+ BatTo) L({@=2) (_) » (3.99)

It is evident that the first two terms (with L = 0 and L = 1) (3.97) for the inner
problem vanish. Then, in the general case, € — p ~ p? for small p, while € remains

finite at p =0.

For the special case of conformal invariant theory £ = &; = (d — 1)/4d, (3.98)
shows that the coefficients Aif _ vanish. It then follows that € = p, while (3.88)
shows that € = p = 0. The result (3.99) is similar to what happens in the case of

an ideally reflecting mirror considered in [15].

For the minimal coupling consideration & = 0,

d—1
Afeo = —7—La(Lz—1). (3.100)

In considering the internal (p < b) problem first. In this case,

(d=)ILEL-1)

+
Aleo = = (3.101)
Substituting A} (., into (3.97), it is found that for p < b
e—p=—BUy—— bm | pa+2) ((o/b)%, Us + (d+3)/2) (3.102)
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where F(9 is the function determined by (3.68) and
B = n4(d—1)>. (3.103)

Similarly, for the external (p > b) problem,
_(@d-1)(L+d)(L+d-1)

ALe0= p . (3.104)
Substituting (3.104) into (3.97), it follows that
b~
e—p = —BU, T F2 ((b/p)?, Up + (d — 1)/2) . (3.105)

The stress-energy conservation equation (3.87) allows for a way to obtain €, and

then p). To do this requires making use of the integral equations for hypergeometric

functions
/ Tz F9(5,8) = —FE(;p_1), (3.106)
0 a—2
/0 " dz 22 FO)(z B) = - i - 2 LRz, B), (3.107)
which lead to
)
FED(((p/b)2, Up + (d+1)/2)), p<b,
2
€ = o $ o\ (3.108)
~(B) Fen(@ror ot @-np2). o>,

For an ideal reflecting mirror, Uy = oo, the expressions for € — p and € are greatly

simplified. By considering the following property of functions F(¥(z, 8)
1

;L%(ﬁF(“)(z,ﬁ)) = Ao (3.109)
it can be shown that
€ = g— [—1;21)1__;-’[“ , (3.110)
d—1 p
e—p = —Bb I—sz'd_l. (3.111)
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The signs £ in (3.110) correspond to the inner and outer problem, respectively.
For d = 3, expressions (3.110) - (3.111) reproduce the results obtained in [15].

3.4.2 Model B

Though much more involved in detail, the calculations of ¢ — p and ¢ for the two
mirror problem are similar to those of Model A. As well as requiring (3.94) and

(3.95), it is necessary to know
L L _ 2
[R (o= p *)]ﬂzp = :+1 ——[L+L_ - €£(d? —1)]. (3.112)

For this section, only the final results are listed below. For the inner region (p < b;),

_ M= (L+Ba)(L+d—2)!
e = HEs ALl a4 REG), (3.114)

= L'(d—-2)!(L-1)

U,Us
Uy + Upyr + (1 —z)

1 p 2L L+ 13
R+ (p) = (_) . (3.115
1 (p) b3-T \p, (L+Ba+U )L+ B+ Uz) —UUsyr ( )
For the outer region (p > b),
o _m R (LB (Erdo2)

17,1bd"1 d Z (L+Ba) (L+d-2)! A7 Rp(p), (3.117)

€T T & LId—2)(L+d)
UL U:
. b\ 2 U17L+U2+L B (1 —z) a1
Rilo) = (;) (L+Ba+Uh)(L+Ba+Us) —UhUsvr (3.118)
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For the intermediate region (b2 > p > b;),

L+d-2)! ~ ~ -
e—p =~ S T i Re(0) + AL RE() + AL RY)
(3.119)
_ Nad (L+d-—2)!
€T gpH £ E L' (d—2)!
AL Al ~
x| Re () + ol REG) - o AR - (3120)

The coefficients A7 . in relations (3.113), (3.116) and (3.119) are given by (3.98),

and
d+1
A, = ; LoL_—&(d—1)
= _[‘-i-;-iz(L+d—1)+§(d2—1)]- (3.121)

The notations below are also introduced, whereby

S Uy (L + Ba+ Un) b\ 2+
Relp) = (L+Bs+Uh)(L+Ba+Uz) —UiUayL (;) » (3122)

-~ U2(L+ﬂd+U1) (p)ZL-!-d—l
i = = 3.12
Rz () (L+ Ba+Uh)(L + Ba+ Us) — UlUsyr \ by » (3123)
Ry = 2Uila e : (3.124)

(L + Ba + Ul)(L + Ba + U2) — U1Us7r

Expressions for ¢ in each of the three regions are obtainable by integrating relation

(3.87).

In considering the conformally invariant theory for this problem, (3.98) indi-
cates that AT, = 0 when £ = & = (d — 1)/4d. From (3.114), (3.115), (3.116), and
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(3.117), it becomes evident that € = p = 0 in both in the inner and outer regions.

For the intermediate region, it can be shown that

_ C
€E—p = g (3.125)

where

d+1 i(L+d—2)!

¢ = Whlme— 2 rra—a)

YL [L(L+d—1)+(d—_—l)j]

4

x . 3.126
(L+,Bd+U1)(L+,Bd+U2) —U1U2’)’L ( )
Using relation € = —d - p, it follows that
d C

It is straightforward to verify that, in the limit of ideally reflecting mirrors (U1, Uz —
0o) in 4-dimensional space (d = 3), relations (3.125) — (3.127) correctly reproduce
the results of [15].

3.5 Radiation From Mirrors

At this point, it is possible to consider the quantum radiation from expanding
spherical mirrors with constant acceleration. The main goal here is to obtain an
expression for the radiation at infinity due to such a mirror. The approach taken
here is to start with (¢2)™ and (T#)* as defined in Euclidean space-time and

make an analytical continuation into Lorentzian space-time.
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3.5.1 (¢~ at J+

For this problem, it is sufficient to consider Model B, since Model A4 occurs in the

limit when U; — 0. Therefore, the exterior region is

2 can b3 & (L+B4) (L+d—2)!
@) = -Z:(d—l)lg( L‘!i)((g_.g)! )

R (p)- (3.128)
Using (3.22), it follows that
pP* =R+ X2. (3.129)
By performing a Wick rotation Xy = ¢T’, this quantity becomes
P =R*-T2. (3.130)
By letting u = T — R be the retarded time, it follows that at large R
P’ ~ —2uR. (3.131)

For this definition of u, the value u = 0 corresponds to the moment of the retarded
time when both expanding mirrors reach J+. For a part of J* lying to the
past of this moment (that is outside the mirror), this corresponds to u < 0. It

happens that the leading contribution at J* is given by the term L =0 in (3.128).

Therefore,
d—1
~2\ ren ~ "d b2 d—1 -
((P ) (U) -~ Rd_]_ (_2u)d_1 2 RO ? (3’132)
U, U.
Uryo + Us + ;20—%)
Ry = a4 (3.133)

(Ba+U1)(Ba+U2) — UhUayo '

where v = (b1/b2)*". .
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3.5.2 (T¥)~= at J+
For Euclidean space-time, the starting point in the general expression of (T’,ﬁ‘)'“,
is

Ty = (T4 = (e~p)oP &, +pbL, (3.134)

where §() is the Kronecker delta which is non-vanishing only when v corresponds to
the co-ordinate p. The parentheses around p indicate that it is a fired co-ordinate,

for which no summation occurs. From (3.134), it becomes evident that, in (Xo, R)

co-ordinates
Txoxo = %(Xgeﬁ-Rzp),
Tir = % XoR(e=p), (3.135)
Trr = % R2e+X§p) .

By making a Wick’s rotation X, = i7T’, we get

1
Trr = (T R'p),

Trr = %TR(e—p), (3.136)
1

TRR ? (R26 - sz) .

For constant u =7 — R and R — oo, it follows that
R2

For large R, the leading contribution to e —p is given by the L = 0 term in (3.116).

Therefore,

ARy, (3.138)
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where Ry is given by (3.133) and
Ase=(@d—-1) (d—1—-4£ad). (3.139)

Combining these results, it follows that, for T}, in the asymptotic region,

Ty = 2 L1y, (3.140)
Sa—1

where [, =u,, u =T — R is the retarded time,

. _dE 1 d-11 bg ! 9 _
E= Ta = —EB( 5 ,§> B (d—1)*(d-—1—4£d) Ry,
(3.141)
and
Si-1 = Ry, (3.142)

is the surface area of a (d—1)-dimensional sphere of radius R. The function B(z, w)

in relation (3.141) is the Beta function B(z, w) = I'(2)['(w)/I'(z + w).
For an ideally reflecting external mirror, Us = 00, Ry = 2/(d — 1), so that for
the radiation of such a mirror in 4-dimensional space-time (d = 3) there is

aE _ B
du  Amut

(1 - 6£). (3.143)

For £ = 0, this result reproduces the result obtained in [15].

By making the substitution u = v = T + R in relations (3.132) and (3.140)-
(3.141) the expressions for (¢?)™" and T,, at J~ are obtained.
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3.6 Discussion

To re-iterate, this chapter investigates the quantum effects generated by spheri-
cal partially transparent mirrors expanding with a constant acceleration in a D-
dimensional flat space-time. Considering a scalar massless field with an arbitrary
parameter of non-minimal coupling £, it is demonstrated that the choice of pa-
rameter does not affect the field equation and the expectation value of (%)™ but
results in different expressions for the stress-energy tensor. The partially transpar-

ent mirror can be modelled with a d-like potential in the field equation.

It is demonstrated that the leading terms of ($%)™® and (T¥#) at J+ has
quite a simple form, (3.132) and (3.140)—(3.141), respectively. Both expressions
infinitely grow at « = 0, the moment of the retarded time when the mirrors reach
J*. The same divergence takes place at the moment v = 0 of the advanced
time when the mirrors start their motion from J~. Both of these divergences are
evidently connected with the adopted idealization of the problem: an infinite time
of the accelerated motion. It should be also emphasized that since the Euclidean
approach is used and ($%)™ and (T¥#)* are obtained by a Wick rotation from
their Euclidean values, the corresponding quantities in the physical space-time are
given for a special choice of state of the quantum field, namely the state which is

invariant under time reflection T — —T

It is important to note that in Model B for the conformally invariant case (that
is, for a special choice of the coupling £ = (d — 1)/(4d)), the stress-energy tensor
identically vanishes both inside the inner mirror and outside the external mirror.
For the conformal field in Model A this occurs everywhere. As indicated earlier
(see [15] and [16]), this is a direct consequence of the conformal invariance of the

models. A more general discussion of the properties of the vacuum in Minkowski
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space-time under conformal transformations can be found in [31] and [32].

A number of remarks can be made about (T#)™ computations in a two-
dimensional space-time.! Because £-=; = 0 in two dimensions, the conformal
and canonical stress-energy tensors are identical. Therefore, there is no loss of
generality by considering £ = 0 in this special case. The spherical harmonics
(which enter for example into the expression (3.35) for the Green’s function) are
simply functions exp(imn)/v/2m, and (L, W) =m = 0,+1,+2, ... . For all modes
with m # 0, the general relation (3.65) can be easily verified for the 2-dimensional
case by setting S; = 0. The only concerns the mode m = 0 because it becomes
logarithmically divergent, as shown by the general solution to the radial equation
(3.37) either at p = 0 or p = co. For this reason, in the general case there does not
exist a radial Green’s function G,,—o(p, p') which remains finite at both boundaries.
Fortunately, these zero modes do not contribute to (7¥#)** and the corresponding
ambiguity has no bearing on the problem. The calculations for Model B give
€ = p = 0 inside the inner mirror and outside the outer mirror, while between the

mirrors there is

2 U1U2 z: m'ym

m=1

€ = U‘ U2 PR ZYm (3.144)

where v, = (bl/bg)zm, and Q,, = (m + Uy)(m + U;) — Uy Uz vm - Both quantities
€ and p evidently vanish if one of the potentials U; vanishes. This is exactly the

result which must be expected for Model A.

!We shall not consider (3%)™® because of the infrared problem, and so is not well-behaved
quantity. In particular, (T,f‘)"“ is logarithmically divergent at infinity for any value of the mirror

potential.
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Chapter 4

Quantum Radiation from a

Uniformly Accelerated Refractive

Body

A second example of the moving mirror problem considered in this thesis concerns
the quantum radiation emitted due to a uniformly accelerated refractive body. In
electromagnetism, the presence of a dielectric has a significant influence on the
propagation of waves in a medium. For example, given a fast-moving object in
such a medium, it is possible to observe Cerenkov radiation [30] when the object

moves faster than the speed of light in the medium.

The degree that an uncharged object becomes polarized is also directly propor-
tional to the dielectric properties of its internal degrees of freedom. When at rest,
this body interacts with the electromagnetic field in a way that induces a change
in the total energy of the surrounding vacuum, leading to the Casimir effect. For a

polarized body under accelerated motion, the dynamical Casimir effect occurs due
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to interactions between the zero-point and fluctuations within its dipole moment.
This problem has been studied considerably in two-dimensional space-time, espe-
cially when dealing with bodies of very high polarizability so that their surfaces can
be approximated by a reflecting mirror-like boundary. A four-dimensional treate-
ment is much less accessible, except in situations where the geometry simplifies

the problem sufficiently.

This chapter considers the effect of quantum radiation for a small polarizable
body undergoing uniform acceleration. To simplify calculations, the internal de-
grees of freedom interact with a massless scalar field instead of an electromagnetic
field. As well, the refractive indez n differs only slightly from the vacuum value of
n = 1, so that a perturbation expansion in terms of n — 1 becomes permissible.
This leads to a correction of the vacuum Hadamard function due to the object’s

acceleration in space.

The organization of this chapter begins with a formulation of the problem in
Section 4.1. This is followed in Section 4.2 by a calculation of the perturbed
Hadamard function in the presence of a refractive object with small dimensions
relative to the surrounding vacuum. Calculations of (¢?)™* and (T, )™" in the

wave zone limit are then obtained in Section 4.3, followed by a brief discussion in

Section 4.4.

4.1 Formulation of the Problem

4.1.1 A Refractive Body in Static Space-Time

The first step is to establish how to describe a refractive body in the presence of

a vacuum region of space-time. To do this, consider a space-time described by a

63

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



static metric
ds? = —A%d? + Yij dz* dz’ , (4.1)

where by definition A and <;; are time-independent. In relation to (4.1), consider

another metric ds2 with a time-independent function n = n(z*), where
A2 o
ds: = — — dt® + nv;;dz dr? . (4.2)

It is important to note that (4.2) is merely a construction designed to describe a
space-time corresponding to a refractive medium with index of refraction n. In
so doing, the ultimate purpose of this construction is to generate a d’Alembertian
operator O, from (4.2) which can be decomposed into an operator O defined by
the metric (4.1) and some operator D(n) left over that acts like a corresponding

source operator for an inhomogeneous wave equation.

To verify that n is indeed a refractive index, consider the case where (4.2)

describes null rays, implying
ds2 = 0. (4.3)

Then, for a Killing observer moving with proper velocity u* = £#/A, with & the
Killing vector associated with (4.1) and A2 = —€# &, (4.3) leads to
dl
dr
where dT = Adt is the propagation time for the null ray, and dl = W is
the proper distance for the metric (4.1). The condition (4.4) verifies that null rays

1
= -, (4.4)

move with speed 1/n < 1 with respect to a static observer, which is a property of

a refractive index.

The next step is to describe field modes in the refractive body and somehow

relate them to the static space-time. For a massless scalar field

O.p = 0, (4.5)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where 0, is the d’Alembertian operator for the metric (4.2). In terms of (4.1), it

is shown that

0. = -[0-D@)], (46)
where
D(n) = n’ Azlaf. (4.7)
It follows that
Op = D(n)yp, (4.8)

where D(n) p is a source term for the O operator, which is perturbative!, according

to the condition [n — 1| < 1.

It is possible to generalize (4.8)-(4.7) to include dispersive media. By letting
= n(w) for a monochromatic wave of frequency w, it follows that 87 — —w?,

which takes the dispersion into account.

Finally, it is necessary to find a way to localize the region containing the refrac-
tive medium. Assuming that the body is static and rigid, a world-tube described
by a three-dimensional surface ¥ can be formed by Killing trajectories passing

through the body’s surface. The four-dimensional region inside is then I', where

- IThere is an ambiguity in the form of the metric (4.2). It is possible to multiply the metric
by any function f(n) for which f(1) = 1. This operation modifies the form of the operator
D(n). In particular, a term proportional VnV would be generated. For a wave of characteristic
frequency w it gives a contribution ~ wAn /b where b is a size of the body. It can be considered
as a perturbation only if it is much smaller than the leading derivative terms of the unperturbed
operator which are of the order w?. For our problem w ~ a where a is the acceleration of the body,
and ab <« 1. In order to escape problems connected with the applicability of the perturbation
approach and to simplify the calculations, the special case f =1 is chosen.
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3 = 0r. It follows that the operator (4.7) can be written as

n®—1
A2

D(n) = ¥(T) 87, (4.9)

where 1 is the Heaviside step function.

4.1.2 Uniformly Accelerated Body

It is now possible to develop this problem for a uniformly accelerating body moving
in flat space-time. To begin, let the metric ds? be described by the usual Cartesian

co-ordinates in the form
ds?* = —dT?+dX?+dY?+dZ°. (4.10)

For an accelerating observer moving in the X —direction with acceleration a, the

world-line <y for the motion is
X2-T? = 2=a?, (4.11)

where [ is a characteristic length parameter associated with y. For the sake of

convenience, introduce dimensionless co-ordinates

T X Y Z
t=7,z——l—,y—7,z—T. (4.12)

By a re-definition of z and ¢ in terms of dimensionless Rindler co-ordinates &, 7 in

the form
z = (1+4+€&)coshny, t=(1+¢)sinhqp, (4.13)
the metric becomes
ds? = I*[—(1+&)%dn* +de +dy* +d?7] (4.14)
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which is valid in the wedge z > [¢|. Then (4.11) for v takes the form
£ =0, (4.15)

while [ is the proper time along «. The surface n = 7y is 2 plane with a three-

dimensional flat metric.

It is convenient to parametrize (€, y, z) in terms of spherical co-ordinates (83, 8, )

by
(& y,2) = pr', (4.16)
where
n' = (cos#,siné cos ¢,sinfsin ¢) (4.17)

is a unit vector directed from the origin £ =y = 2z = 0 to the point (£, y, 2).

For a small uniformly accelerated body with a size much smaller than [, such
a body is at rest in the reference frame (4.14), and the surface of the body is

described by the equation
B = Po(b,). (4.18)

The combination of 7 = 7 and (4.18), which defines the surface ¥ identifies the
position on ¥ at time 79. For the special case when the body is a sphere of radius

b, Bo = b/l is a constant.
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4.2 Quantum Radiation of an Accelerated Re-

fractive Body

4.2.1 Hadamard Functions and Stress-Energy Tensor

It is shown below how to obtain the solution to (4.8) as a perturbation from the
source-free solution, which is defined inside the world-tube I'. Given that D(n) is

treated as a perturbation to solve this problem, the unperturbed field equation is
Op = 0. (4.19)
The Hadamard function for the Minkowski space-time vacuum is

GV (z,z) = (0l¢(z) p(z') + &(z") ¢(z)[0)

1 1
_ 4.20
2m22 s2(zx,x')’ (4.20)

where
s’(z,2) = —(t—-tV+@-2)V+@y—-y)’+(z-2) (4.21)

is the invariant point separation in terms of dimensionless Cartesian co-ordinates

z and z’.

Consider now the inhomogeneous equation
Op = 7, (4.22)
where j in schematic form corresponds to D(n) ¢ from (4.8). Its solution is

#@z) = wolz) =l [ Gy(e,2)i(=) ', (4.23)
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where the retarded Green function GF* is
ret 1
Gg(z,z) = 3nE §(s*(z, )9t —t'). (4.24)

By considering the right-hand side of (4.8) as a perturbation and using (4.23), the

solution is

GV(z,2") = G{(z,7)+GU(z,z"), (4.25)
where
GV (z,z') = - /rd“:z:" [G{,"(x, "y D" G (z', ")
+G3 (e, z") D" G (7, ")) (4.26)

where the notation D” indicates that the operator D acts on the argument z”.

The notation G() is also used for G — G{", suggesting that this object is
required for the calculation of physically observable quantities after subtracting the
contribution of zero-point fluctuations in a boundary-free space-time. It becomes
self-evident that the integration in (4.26) is performed over the interior of the

world-tube I, and that (p?)™" and (T}, )" can be found for G1)(z, z').

4.3 (p*(z)) and (T,,(z))™ in the Wave Zone

4.3.1 {(p*> and (T,,)™ on J+

Having now established the form of the renormalized Hadamard function, it is
possible to proceed in obtaining {©?)™* and (T}, )™", where the observation point z
is in the wave zone limit. The form for (p?)7" is defined from (2.60), while (T}, )"

follows from (2.62) and (3.8).
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By the same reasoning as shown in (4.16)—(4.18) to use spherical co-ordinates
in T, it is convenient to use spherical co-ordinates to describe points in the wave

zone region. Therefore, let

r = (r2+y?+22, u=t—r, (z,y,2) = rN*,

N* = (cos®,sin© cos®,sin Osin P), (4.27)

where u is the dimensionless retarded time, and (r, ©, ®) are spherical coordinates
in the inertial reference frame. The wave-zone corresponds to taking the limit

r — oo with u and N? fixed.

For the choice of point splitting, it is desirable to consider separations in the ¢-
direction by letting

g

r=r, N' = N (4.28)

in GV

ren

Then it is possible to define the separation in terms of a parameter h so
that u' — u =t — t = h, or for fixed uy,

h h
u=u =3, u’=uo+§. (4.29)

Then GQ)(z, z') becomes a function of r, N, 4y and h, in the form

GO, 2)| e = G(r,u0, N, 1), (4.30)
splitted

and by the symmetry in its co-ordinates, G is an even function of h.

It is straightforward to simply set » = O in (4.30) to obtain (p2?)™*. It is

considerably more complicated to find the corresponding energy density flux. By

definition,
—_—= RZ(TUU)‘eu = r2(T yer = 4nr? lim [D G(r, ug N? h)] (4.31)
lU lQ uu } 0 uu b] b b 3
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where
1 1,

D = F(1-488, -5 (4.32)
is the differential operator in the new co-ordinates. Since the leading-order term
of G is proportional to r—2, (4.30) is written in the form

; 1
G(ruo, N',b) = — [G1(x0, ©) + b2 Ga(u0, ©) + o(r%)], (4.33)

where G; and G5 are dimensionless, and {2 is included to restore the correct dimen-
sions. Because the system is invariant under rotations in the (y, z)—plane, (4.33)

cannot have any dependence on ®. It follows that

0
(@)= ~ % (4.34)
;755 ;15 [% (1 — 4€) 82,61 (u0, ©) — Ga(uo, e)] (4.35)

are the formal results for the vacuum fluctuation and energy density flux, respec-
tively.
4.3.2 Boost Invariance

To obtain a more precise description of G; and G,, it is possible to take advan-
tage of the boost invariance symmetry in flat space-time. Given that a uniformly

accelerating body is invariant under boost transformations

t—>t = y(t+vz),

I = y(+ovt),

g =19, £2=2z2, v=(1-—0v)"12, (4.36)
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it is necessary to find the relationship between retarded spherical co-ordinates
(u,7,0,®) and (@,7,6,P). Then in the wave zone limit, where r — oo and

u, ©, ® are constant, it follows that

- vu cos ©
T = ’77"(1 =+ v cos 6) +y ].-i-'UTS@ ; (4.37)
~ u
v v(1+wvcos®)’ (4.38)
~ sin © =

tan® = m ’ d = &. (439)

Because (p?)™" is a Lorentz scalar, its invariance under the transformation (4.36)

implies that
G (#,0) = Y*(1+vcos9)?G,(u,H), (4.40)

where the second term in (4.37) is absorbed into 7.

Having now (4.37)—(4.40), the invariance condition can be established by a

variation with respect to v, such that

K%)v:o Oz + (gé—)vzo 3{9] Gi(4,0) = % [72(1 + v cos ©)2G, (u, e)]

ov
= 2c0sOG(u,0). (4.41)
From (4.38) and (4.39), where
o elS) :
(5;) = —ucos 9, (E)-) - —sin©, (4.42)
it follows that
06 961 = —2G;. (4.43)

3(nw)  Bln(sinO)
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The general solution of (4.43) is then

1 sin ©
gl (us e) = F‘Hl ( " ) . (4-44)
By following the same procedure as for G, (u, ©), it can be shown that
1 sin ©
G:(,0) = = (T2). (4.45)

4.3.3 Wave Zone Approximation

As noted earlier, the field modes in the dielectric are defined within the world-tube

I'. Therefore,
/Pd“:c” = /dn/dﬂfoﬁowmﬁ?A(ﬂ,G)dﬁ...E/d%..., (4.46)

where A(8,0) = 1+ S cosf, dQ? = sinfdfdp and B, defines the boundary of
the body, as described by (4.18). Then the perturbation operator (4.9) in these

co-ordinates is

2_1)D
D = E”_lz___ (4.47)

where
D = A?9(B:(6,4) — B) 8. (4.48)

Both Green'’s functions G§* and G((,l) depend only on the distance s between a
point in the wave zone and a point inside or on the boundary of the world tube I'.
From (4.13), (4.16), (4.17), and the definition of the four-vector (t,z,y, z), it can

be shown that

s?(x,z") = —2rw —u®+2uAsinhny+1+28nt + 52, (4.49)
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where
w=u+Bn, N, —F(n)A, F(n)=sinhnp— N'coshy. (4.50)

The vectors n and N are defined by equations (4.17) and (4.27), respectively, and
n, = (0,n%,n%), N, = (0, N?, N3). Recall that (u,r,©, ®) are retarded spherical
coordinates of the point z in the wave zone, and (7, 8,6, ¢) are Rindler spherical

coordinates of the point z” in the tube I.

Since the leading term in G{) in the wave zone is 1/72, all terms in (4.49)

independent of r are small. Therefore,
s¥(x, ") ~ —2rw_, s§*(z',z") ~ —2rw,, (4.51)
where
h
ws = wO:t-2—, Wy = u0+BnLNJ_—F(n)A. (452)

By combining all these results and using (4.33), it follows that

gl('lLo, 9) -+ hzgg('llo, 9) + ... =

n

126;31 [a* [5(w_) D (51:) +6(w,) D (lul—_)] . (4.53)

The J-function which enters the definition (4.24) of G§* can be omitted, since a

future-directed null cone emitted from a point in the wave zone never crosses the

tube I.

To explicitly evaluate (4.53), it is useful to evaluate the integral

o 1
I b = [T anstw) e () (4.54)
over the proper time 7. From (4.52), it can be shown that
1 F(n)A 2(F'(n))?A?
W4 wx Wi
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where ( )’ = 3,( ), and the substitution

F'(n) = F(n) (4.56)

is made, given (4.50). Because F(7) is a monotonically increasing function where
F(£oo) = +oofor © # 0, for any number c there is a unique 7; such that wg(n) = c.
has a unique solution for any c. For the purpose of evaluating the integral, it is

possible to find an 7, and 7+ such that they satisfy

w(m) = 0, wolns) = Fp. (4.57)

The next step is to determine §(w_) in terms of d(7n_). Therefore,

S(w.) = Ff(%’-_:))-z. (4.58)

By substitution of (4.55) and (4.58) into (4.54), it follows that

I(mo,h) = f%,r)[%F(n-)+%<F'<n_))2A]. (4.59)

In order to evaluate

o0

Sty = [T anoeo) e (o) +swa ()| @so

w_
in (4.53), it is sufficient by symmetry to evaluate (4.59) for the first term of (4.60)
and let h — —h for the second term. That is,

J(no, ) = I(mo, k) + I(m0,—h). (4.61)

From (4.61), it becomes evident that only terms with even powers of h contribute

to the integral.

The key point in evaluating I(no, h) is to describe F'(n-), F'(n-) in terms of a

Taylor expansion about 7)o, using h as an order parameter. To ensure that (4.59)

75

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



can be evaluated up to order h? then requires that terms up to order h5 are kept

for F(n-), F'(n-). Therefore,

F(n_) = F(no+ (n-—m))

i %Fo(") (m0) (- — mo)™

n=0 "

= Fycosh(n- —n) + Fysinh(n_ — ), (4.62)

where Fy = F(no), F§ = F'(no), using (4.56).

From (4.62), it becomes evident that an expression for 7 — 7 in terms of h
is required. To do this, the equation wg(n—) = h/2 can be solved where wp(n-) is

written in terms of a Taylor expansion

o0
1 n n
wo(n-) = —A) mFo( ) (n- — o)
n=1 """
h () _ pn)
= L B =F"m) (4.63)
and
%) hlc
- = M+ Tk (4.64)
k=1 """

The coefficients z; are defined in terms of Fy, Fj, which need to be evaluated. By
substituting (4.64) into (4.63), it becomes evident that the terms of order A sum

to h/2, while higher order terms equal zero identically. In terms of z, it follows

that
I SR . SO 10 i L)
AT Toamy BT TaaEps: BT SAS(ED)S
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3Fo[—5(Fo)? + 3(F5)°]

“ = 16A(EY)7 ’
__3[35(Fu)* — 30(Fo)*(Fy)* + 3(F3)*]
25 = 32A5(I?6)9 ) (465)

computed using Maple.

By substituting the expansions into (4.59), it can be shown that the final ex-

pression for the integral is
Fysin?© [ 1 h?

el Bl _n 2 2
SAZ(F)S + AT (FD) [(4 cosh®ng + 3) cos®* ©

J(nﬂ 3 h) =

— 8sinh 79 cosh 779 cos © — 7 + 4 cosh?® T]g]] . (4.66)

Therefore, the right-hand side of (4.53) is

n?—1
1673

Bo(8.#)
/ dQ /0 " 4B B2 A I (o, h) . (4.67)

This integral can be solved perturbatively, since 3 < 1. This can be accom-

plished by solving wg(70) = 0, or
F(m) = A7'(B,6)(uo+Bn.Ny). (4.68)
By now defining a solution 7jy for the equation
F(io) = wuo, (4.69)
then
Mo — Tjo & 1% (n N, —ugcosd), (4.70)

where F'y = F'(7}). The result (4.70) shows that a linear perturbation about 7
is proportional to 3, so it is sufficient to neglect this correction and similar ones
in A(B,0), leading to

n?-1)V
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where V is the volume of the body. Comparison with (4.53) then leads to

_ Fo Sill2 (S
gl (u01 e) - B (Fé)s b) (4.72)
gz('llo, 9) = -—B W (4F0 — 3sin @) y (473)
where
n2-1)V
B 32733 (4.74)

Finally, to evaluate Fy and Fj in terms of ug and ©, first note that Fy = ug to

zeroth order in 8. To then obtain Fj, it is necessary to first solve the equation
Fy =sinhng —sin© coshmg = g, (4.75)

and determine 79 = 79(ug, cos ©), by substituting this value into the definition of

o, Where

Fy = coshny — sin© sinh 7 . (4.76)

4.3.4 (p®)™ and Energy Density Flux

By using relations (4.75) and (4.76), it can be shown that G, obey the symmetry

relations (4.44)—(4.45), and G, 2 can be rewritten in the form

6:(w0) = -823  gue) = -5E2 (4.77)
where 2z = sin©/u, and
22 22(4 — 322)
9(z) = (]j__z2)_5/2" g2(z) = m- (4.78)
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Figure 4.1: Plots of functions g;(z) (g1) and g3(z) (g3).

Using equations (4.34) and (4.35) and restoring the dimensional R, U = T — R,
acceleration a, and z =sin©/(al’), it follows that

_(n® = 1)ab®g:(2)

2\ ren
(2 Bz (4.79)
dE  (n®*—1)ab®
aa = 1oy (1 —58)es(2), (4.80)
where
1-32%/4
g3(z) - (1 + 22)9/2 . (4.81)
Plots of functions g; and g; are shown in Figure 4.1.
By then integrating over angles, the total energy density flux is
dE (n? — 1)(ab)?
T = —e s (1- 50 f(aU), (4.82)
where
1 + 4u? + 5u* + 10u®

For the sake of comparison, the energy density flux for a uniformly accelerated

point-like charge can be found in [21, 23].
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4.4 Discussion

For a dielectric body with size b < a~!, the expression for the zero-point fluc-
tuations and the total energy density flux are described by (4.79) and (4.82),
respectively. Both the functions g;(2) and g»(z) are regular at the origin and go
to zero at z — co. The most immediate features about (p2?)*" are that its value
is independent of the coupling constant £, and that it is negative-valued. As for
dE /dU, there is a dependence on £ and is negative-valued only for £ < 1/5. It is
noteworthy that, for conformal coupling & = 1/6, there is a small non-zero flux off

the dielectric which persists in the wave zone limit.

For both (¢?)™* and dE/dU, there is a divergence of ~ U~2 as U ~ 0. This
emerges due to the idealization of the problem by assumption that the constant

acceleration occurs for infinite time, which is not realistic.

It is useful to repeat the calculations for the more realistic electromagnetic
field. While some general features related to the symmetry of the problem should
be common to both types of fields, certain details such as the angular distribution of
energy flux may be dependent upon the field spin, which will then yield differences.
It is especially important to realize that, while the scalar field model has an inherent
ambiguity in definition, the dependence of the electromagnetic field equations on

the dielectric and magnetic properties of the media is uniquely specified.

In consideration of this problem, it is assumed that a uniformly accelerated
refractive body has zero temperature. It may be possible to consider a finite
temperature extension in the situation when heat is applied to the dielectric body.
Especially worthy of consideration is a case when the body’s temperature coincides

with the Unruh temperature corresponding to its acceleration.
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Chapter 5

Quantum Radiation of a
Uniformly Accelerated Spherical

Mirror

A considerable degree of attention is placed on studying electromagnetic radiation
from a uniformly accelerated charge. Indeed, such investigations form a major
part of what is considered well-established knowledge of classical electrodynamics.
The Larmor radiation power spectrum [30] due to non-relativistically accelerated
charges is a significant example of this cornerstone of classical physics. Not surpris-
ingly, considerable attention is also given to how quantum electromagnetic fields
behave due to accelerated charges. The presence of bremsstrahlung radiation [36]
due to the sudden acceleration of an electron along with other radiative corrections

make for important examples in this regard.

A similar level of focus is currently given to how moving mirrors interact with

quantum fields while under constant acceleration. For a point-like mirror, this
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is well-understood in two-dimensional space-time, where conformal flatness in the
mirror leads to enormous simplifications in solving the problem. Because the dy-
namical Casimir effect is highly dependent on the geometry of the mirror, it is
often difficult to solve this type of problem, since the global symmetry attained in
a two-dimensional space-time no longer exists in higher dimensions. If, however,
the mirror has a simple enough shape, then it may be possible to obtain a solu-
tion that allows for study of the geometrical effects on the quantum radiation for
comparison with a strictly point-like mirror. Indeed, such a solution exists for a

spherical mirror moving with constant acceleration.

This chapter begins with a formulation of the problem in Section 5.1 to under-
stand the underlying geometrical considerations. This is followed by Section 5.2
with a calculation of the vacuum fluctuations present in the wave zone limit due
to the spherical mirror, while Section 5.3 has a corresponding calculation of the

quantum stress-energy tensor and energy density flux in the wave zone.

5.1 Formulation of the Problem

5.1.1 Geometrical Considerations

The purpose here is to establish the geometrical considerations for a spherical
mirror moving with constant acceleration. To do this, begin with the Minkowski

metric in Cartesian co-ordinates

ds? = —dT?+dX?+dY?+dZ?. (5.1)
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In order to describe accelerated motion in the Z-direction, introduce Rindler co-

ordinates
T = psinh7, Z = pcoshT, (5.2)
where p identifies the world-line and 7 is the proper time. The new metric is then
ds? = —p?dr? +dp® +dX%+dY?, (5.3)

When X =Y = 0, p = pp becomes the world-line for a uniformly accelerated
observer with constant acceleration a = p; !, while the three-dimensional plane of
constant 7 is a set of events which are simultaneous from the point of view of the

observer.

In terms of both Rindler and Cartesian co-ordinates, the boundary condition

3, of a uniformly accelerated spherical mirror is described by

B = X2+Y24+(p—po)? (5.4)
= X2+Y24+(VZ2 -T2 —-a™1)? (5.5)

where b is the mirror’s radius which is smaller than the distance to the horizon pq.
In fact, since (5.5) is invariant under the reflection Z — —Z, two surfaces ¥, and
¥_ are described (see Fig 5.1), where the former corresponds to Z > 0. As the
mirror gets uniformly accelerated towards J+, it interacts with the field modes
which propagate into the future along null surfaces emanating from the mirror.
The solution is described in terms of the Hadamard function G (z, z'), subject

to the boundary condition
GV (2,2 )ses = GW(z,2')|wrex = 0. (5.6)

It possesses a symmetry between arguments r and z’ which corresponds to the

time reversal symmetry T" — —T. It is possible to take advantage of this type
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Figure 5.1: Co-ordinate surface describing hyperbolic trajectories corresponding to
a spherical mirror under constant acceleration in Minkowski space-time. There is a
reflection symmetry when Z — —2Z, which gives the second hyperbolic surface in the — 2
half of the co-ordinate space. The Y co-ordinate is suppressed.

of symmetry by finding the Euclidean Green’s function and performing a Wick

rotation, as described below. Suppose T is rotated in the complex plane, where

T - iT. (5.7)
Then the Euclidean metric is
ds%,, = dT*+dX*>+dY*+dzZ?, (5.8)
where the boundary condition is
X2+ Y+ (VZ2¥ T2 —a1)? = 2. (5.9)

This surface Lf is a 4-dimensional torus S* x S? obtained by the rotation of a
sphere S? of the radius b around a circle S! with radius a™! (b < a™!). (See

Fig 5.2.) It is required that Gg(z,z') satisfies the equation

O£Gr(z,z') = ——;—Eé(x—x’) (5.10)

84

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 5.2: Co-ordinate surface describing a torus for a spherical mirror in Euclidean
space-time, where the time co-ordinate T is analytically continued to T — i7. The Y

co-ordinate is suppressed.
defined in the exterior of the torus ¥z and satisfying the boundary conditions
Ge(z,2')|zes = GEe(z,z')|res = 0. (5.11)

For space-like separation of the arguments, the Hadamard function G(*) can be

obtained from Gg by the Wick rotation

G(l)(a:, :L") = 2GE(.’E, zl)lT—-)—iT.T'—v—iT' . (5.12)

5.1.2 Euclidean Green’s Function

The Euclidean Green'’s function Gg(z,z') coincides with an electric potential at
a point z created by a point charge at z' in four-dimensional Euclidean space-

time, and in the presence of a conducting surface £g. This problem can be solved
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using the toroidal coordinates, for which the four-dimensional Laplace operator
Og admits separation of variables. The toroidal coordinates (7, v, , ¢) are then

related to the Cartesian coordinates by

csiny csinvy

X = ———cos¢, Y = sin ¢, 5.13
B(n,v) B(n,7) ¢ (5.13)
csinh 7 csinhn .

Z = cosy¥, T = sin vy, 5.14
B(n,7) B(n,7) v (5-14)

where B(n,7v) = cosh?n — cos~, and c is a constant. The metric (5.8) in these
coordinates takes the form

c

dsy = Q%ds®, Q = B )’ (5.15)
ds? = dH?+dS?, (5.16)
where
dH?> = dn®+sinh?ndy? (5.17)
is a metric on a hyperboloid H and
dS? = dvy®+sin?yd¢?® (5.18)

is a metric on the unit sphere S. The d’Alembertian operator corresponding to

the metric (5.16) is of the form

O = Ag+Asg, (5.19)
where
1
Ag = 02+cothnd,+ — a3, (5.20)
1
As = 82+cotyd,+ Ty o (5.21)
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are the Laplace operators on the unit hyperboloid and unit sphere, respectively. For
this co-ordinate system, a surface of constant 7 describes a torus. By substituting

(5.13)-(5.14) into (5.9), it is shown that

1
c = \/E_bz’ tanh gy = /1 — (ab)?, (5.22)

where 79 is the value of 7 corresponding to £g. Points with n < 7y lie in the

exterior of .

It proves useful to develop the following expressions for the square of the dis-
tance R? from the origin to the point z = (X,Y, Z,T), and for the square of the

distance R?(z, z’) between points z and z’. They are

2 coshn + cosy

R? =
coshn — cosy’

(5.23)

2¢% (cosh A — cos )
, N 2
R(@2) = Tooshn —cosy)(coshr — cos 7))’ o2

where A and A are geodesic distances on a unit sphere S and a unit hyperboloid

H, respectively. They are defined as

cosA = cosy cosy + cos(¢ — ¢') siny sinvy’, (5.25)

coshA = cosh7 coshn’ — cos(¥) —%') sinhn sinh7'. (5.26)

Given that ds? and d3? are conformally related space-times by (5.15), it can be

shown that the d’Alembertian operators are related by
o- %R = Q3 (D - %R) Q. (5.27)
For the current problem, Rz and R for metrics ds% and d3? given by (5.15) — (5.16)

vanish and using (5.27) it is shown that

0é(z,z) = —%6(1: — ), (5.28)
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where

Ge(z,z') = QY (z) Qz)) G(z, z') . (5.29)

Having now established the basic formalism, it is possible to now obtain the
Green’s function G satisfying (5.28). Expanding over spherical harmonics Yin
which form a complete set on the unit sphere, G is written as the mode sum

00 £

G(z,2') = 3. Y G, p) Yem(q) Yin(d')

€=0 m=-—¢

_ ?4}‘ 3 20+ 1) Gelp, p') Pe(cos A) , (5.30)
T =0

where Py(z) is the Legendre polynomial, p, p’ are points on H, ¢ and ¢’ are points
on S, for z = (p,q), £’ = (p',¢'), and ) is the geodesic distance (angle) between
g = (v,¢) and ¢ = (v,¢') on S defined by (5.25). The functions G,(p,p’) are
2-dimensional Green functions of the operator Ay — ¢(¢ + 1), which are regular
inside the disc 0 < n < 71y and obey the Dirichlet boundary conditions at the
boundary of the disc. Using the Fourier decomposition with respect to the angle
variable ¢ it follows that

. 1 & v

Gepp) = o m;oo e™ ™) Gon (m, 1) (5.31)

where Ggn(n,n') obeys the equation

d? d m? . 8(n—17')
[d_172 + coth "an T sni? i e+ 1)] Gim(n,m) = ~simhy (5.32)
satisfying the boundary condition
Gem(m0,m") = Gim(n,mo) =0. (5.33)

The required Green'’s functions G, must also be regular at n = 0.
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Linear independent solutions of the homogeneous version of the equation (5.32)
are the associated Legendre functions P;* and Q7*. In terms of hypergeometric
functions F, the Legendre functions are defined as (see [11], eq. 3.2.3 and 3.2.5)

z+1\#/2
P = Fi=m (z—l) Flev,v+L1—u(l—2)/2) (5.34)
o Frv+p+1) _,_,
7 — tur v—1 v—p—1 .2 _ 1\#/2
QL (2) et 2 \/7_1’—————F(V+3/2) (2 —-1)
1 3
xF(1+ +§,§+2+‘2‘u+2, 2) (5.35)

for arbitrary parameters v, 4, and complex argument z.

Since ¢ and m are independent parameters in the equation, we shall need the
Legendre functions for both |m| < € and |m| > ¢ are required. For the latter case
and for the standard definition of P;*(z), these functions vanish, while I'(¢ — m +
1)P" remain finite in the limit of integer £ and m. Therefore, instead of P}(z), it

is more convenient to use the functions
Pi(z) =T(v — p+1)P(2), (5.36)

where it is understood that these functions are defined by continuity for integer v
and p. As well,

%) = rrrn @O (5.37)

The P¥(2) and Q%(z) with complex arguments v, u, and z are analytic functions
defined in the complex plane z with a cut along the real axis lying to the left of

z = 1. For integer value u = m, these functions obey the symmetry relations

P,z = Pl2), QM) = V(). (5.38)
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Using relation (3.2.13) of [11], the Wronskian of the functions P#(z) and Q¥(z) is
1

WIPH(z), Qh()] = Ph() Q) — Q) Ph) = = (5.3
The functions P;* are regular at z = 1, while the functions
m — om(n _ L8(20) pm
OF(2lz) = Q7(2) Pr(z) £ &) (5.40)

are constructed so that they vanish at z = z9. By letting 2y = cosh 7y, the one-

dimensional Green function Gy, (7, 7’) is then
Gem(n,m') = Py (coshnc) OF (cosh ms |2) - (5.41)

Therefore, by combining the obtained results and using the symmetry properties

of (5.38), it follows that the Euclidean Green function G is

G(z,z') = —81—2 (2¢ 4+ 1) Py(cos A)

X 3> Bm cos[m( — )] P (coshne) OF (cosh s |20, (5.42)

m=0

where By =1 and Bn>1 = 2.

Since the Green’s function must eventually become renormalized, it is necessary
to find the boundary independent part of G(z, ') and subtract it off. Using relation
3.11.4 from [11] there is

S Bom coslm(s — ¥)] PP(z<) QF(25) =

m=0

Qe (<25 —cos(w - ¥/ ~ D - 1) - (5.43)
This relation, together with the Heine formula (see 3.11.10 [11])
S DR = 75 (5.44)
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leads to

~ n _ (coshn—cosvy)(coshn' — cosv') _
G(z2) = 872a2 (coshA —cosA) -’ (5-45)

where A and A are defined by (5.25) and (5.26). This result implies that G% related

to G° by (5.29) coincides with the vacuum Green function

1
0 ! — -
E(.T,.’E ) - 47T2R2(IL', .’E’) . (046)
The renormalized Euclidean Green’s function defined as
Gg(z,2') = Gg(z,r') - GY(z, 7)) (5.47)
then has the series representation
, BB’
GE'(z.7) = —g33 P Z (2€+ 1) Py(cos )) Z B cos[m(y — ¢')]
m=0
Q7" (cosh )
m m 7
x P;*(cosh ) P;*(cosh ") Pr(cosh )’ (5.48)

where B = coshn — cosy and B’ = coshn’ —cos®'. -

5.1.3 Wave Zone Region

After obtaining the Euclidean Green’s function, it is necessary to analytically con-
tinue the final results from Euclidean to Minkowski space-time. To do this, it
must first be noted that a Wick rotation of co-ordinate % in (5.14), ¥ — —i1,
corresponds to T — —¢7T in Cartesian co-ordinates. An immediate problem arises,
however, in that this leads to |T'|/Z = |tanh| < 1, and so only covers the right

R+ and left R_ wedges of the total Minkowski spacetime.

To cover the wave zone region, located in the upper T wedge, requires the

following procedure. The first step is to shift ¢ in the form
Y = w/2—1. (5.49)
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After this, by making the following analytical continuation
Y = W, v—iy, c— —ic, (5.50)

and identifying 7 with 7', the result is

csinhy csinhy

X = ————cosd, Y == sing, (5.51)
B(n,7) B(n,7)
csinhn . csinhn

Z = —= sinhy, T == cosh v, (5.52)
B(n,7) B(n,7)

where B(n,7) = coshn — cosh . From (5.52), it follows that |T'|/|Z| = | coth®| >
1, and so the co-ordinates (X, Y, Z,T) cover the region located outside R..

The concluding steps are to re-parametrize the space-time in terms of more

physically intuitive parameters. By letting R? = X2 + Y? + Z2, it is shown that

\/éinh2 v + sinh? 7 sinh? ¥
c

coshn — cosh ¥ ’ (5.53)

R =

o coshn + cosh vy
coshn —cosh vy’

T? - R? QUR+U? = ¢ (5.54)

where U = T — R is the retarded time coordinate. For U > 0, (5.54) is well-defined

if n > |v|. Then, in the limit as R — oo with U a fixed parameter, |y| — 7.

Dividing expression (5.54) by 2R and using (5.54) in the leading (zero) order,
it is shown that

cothn

R (5.55)

U = ¢

By defining the spatial co-ordinates in the form

X = RsinOcos®, Y = RsinOsin®, Z = Rcos©O, (5.56)
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where the angles © and ® specify a null ray (a generator) of the null cone for u a

constant in the asymptotic region R — oo, then it can be shown that

sin® = 'cEssz/I’ ® = ¢. (5.57)
Equation (5.55) can be written as
cothn = -c?[ig , (5.58)
or equivalently
coshn = L . (5.59)

/1 — (csin®/U)?
As well, for R — oo, it follows that

c? coshn

= (5.60)

coshn — coshy =

5.2 (p?)™ in the Wave Zone

In the coincidence limit the function G%¥*(z, z’) is finite and it gives (p?)™". There-

fore, it follows that

2 QF (cosh )

Wy = Ne3@e+)) oo PReosh)? SEESEL
N _ (coshn — cosy)? . (5.62)

8m2c?

Under analytical continuation (5.49)—(5.50) the expressions which enter under sum-

mation remain unchanged, while the factor Ng is transformed into

(cosh ) — cosh )2
8m2c? )

N (5.63)
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Using (5.60) it is shown, in the wave-zone limit, this factor has the asymptotic

value
c2 cosh?p
N ~ Semor (564)
Finally, the representation for (x?)™" in the wave zone is
2 ren c2 Q 65
(@)™ ~ ST RED2 (2, 20) , (5.65)
where
— 52 - - m 2 Q;n (ZO)
é(za Zo) = 2 Z(2£+ 1) Z .Bm [PZ (Z)] Pl (5'66)
=0 m=0 P7(20)
and
1 1 1
z zZp = coshn():E, c = ag—b2.(5.67)

- \/1 — (csin®/U)? ’

It should be noted that functions of the type Fi(z, z), apart from constants
a and b which specify the problem, have dependence only on the combination
U/sin®. Because of invariance under rotations in the X-Y-plane, there is no
dependence on ®. Moreover, the equation (5.5) for ¥ is also invariant under a
boost transformation in the T-Z-plane. It is shown in [18] that, as the result of
this symmetry, (©?)** near J+ must have the form ~ R™2U~2f(sin®/U). The
fact that the result (5.65) has this form dictated by the symmetry of the problem

gives an independent test of the correctness of the calculations.

It is also evident that all the dependence on U enters through the dimensionless
time parameter u = U/c. If the size of the sphere is small, then z; — oo. In this

approach, the asymptotic expansions of the Legendre functions are

Ph(z) ~ (2;3_2" r (y_,, %) ,  Re(v) > -1/2, (5.68)
Qi () ~ (2?2; g‘)ﬁ 09
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Therefore,

Qf (20) 2w
Ph(z) ~ (Rz) @ (2v+1)[T(v + ISTEN Re(v) > -1/2.  (5.70)

Since the asymptotic of this ratio depends on m, ®(z,z) can be written as an

expansion with respect to b, in the form

1

2 E < G P T Dp L4 (5.71)

&(2,2) = 27z

where

Fy(z) = Z B [P (2)]? (5.72)

m=0

The leading contribution for small b is proportional to b, and given by ¢ = 0

term in the series (5.72). Notice that for integer m,

Pr(z) = 2 ™(2—1)"*F (m +1,m;m+1; 1 ; z) (5.73)

(see formula 3.6.1.1 of [11]). Using the following property of the hypergeometric

function
F(ba;b;8) = (1-€)7°, (5.74)

it follows that

o = (27 67

To calculate P*(z) for £ > 1, the relation

Phi(z) = (- )dpe () (£+1) zPy(2) (5.76)
can be used. It is true that
Pra) = e+m (Z20)7
z—1\™?
Pr(z) = (322+3zm+m?—1) (Z - 1) . (5.77)
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By using Maple, the summation of (5.72) can be performed. It can be shown

that Fy(z) is a polynomial of z of the order 2¢ + 1, where the first few harmonics

of Fy(z) are
Fo(z) = z, (5.78)
Fi(z) = %(59 _ 22 _32479), (5.79)
F(z) = %(6324 — 1823 — 7022 + 122 + 15) . (5.80)

Using these results, it follows that the leading contribution to {¢?(z))™" for the

small radius of the mirror b < a™! is

2 ren abc2
(@) 8T2REUZ (1 — (c sin©/U)2 /2

By using relations (5.65), (5.71), and (5.79), higher order corrections to (p?(z))™

(5.81)

as powers of ab can be obtained.

5.3 Energy Density Flux in the Wave Zone

The calculation of the energy density flux in the wave zone

dE 3 ren

is similar to the calculation of {(p?(z))™* but more involved. First, it is evident
that the analytical continuation of G™* given by (5.48) behaves as

g(U’ e’ Q; Uli el’ Q')
RR'

G (z, ') (5.83)

in the wave zone region. It is evident that, when calculating (Tyy)™®, it is sufficient

to keep only derivatives with respect to U and U’. All other derivatives effectively
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introduce extra powers of R~!, and do not contribute to the flux of the energy

density at infinity. In the wave zone, it follows that

2 = - 29)00y — £(% + 05 )HU,U0), (5.84)

where H(U,U'";0) = g(U, 8, ®; U, 6, ®). (H does not depend on ¥ since g depends
only on the difference ® — ®’.) Using the analytical continuation of (5.48), it is

shown that
¢ z2' H(z, 2'|z0)
!, —_ = ?
H(U1 U ] e) - 271" UU, 3 (5.85)
where
H(z, 7 %) = S2E+1)Felz7]z), (5.86)
=0
o0 m
Fie ) = 32 BuPP(2) PR(z) 2LL0) (5.87)
=0 Pi*(20)

For simplicity, consider £ = 0 and calculate the canonical energy density flux. It

can be shown that

0z _ 2(1—2%)
WS T (5.88)
Therefore,
zK(2)\ = 2°
Ou ( T ) = —WDZK(Z) , (5.89)
where
D, = z+(22-1)3,. (5.90)
The energy density flux can be written as
dE" Azt ,
_dﬁ_ = —27TU4 [DZDle(Z, z IZO)]z’=z . (5.91)
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For small value of the dimensionless parameter ab, the leading term is given by

¢ = 0 modes and so

4 1 o m m '
HzZl20) ~ — 3 BuPR() PR(). (5.92)
m=0
According to (5.76),
D. P (2) =P (2), (5.93)

and using (5.72), the result is

dE= 2 2t
U = —QTZ;‘U—‘;F]_(Z), (5.94)

where Fj(z) is known from (5.79). Combining these results, the leading order

contribution to the canonical energy density flux in the wave zone is

dE*° 2

T = I le (52° —22° - 3z2+2). (5.95)

At this point, it is important to note that (5.95) has a well-defined physical
meaning for only a certain region of Rindler space. This is evident from the
definition of z in (5.67), where it can be shown that 2 — oo when U — ¢ sin®.
Then (5.95) becomes infinitely negative, suggesting that an infinite negative energy
gets radiated away. Furthermore, when U < ¢ sin©, z becomes complex, which
leads to complex values for the energy density flux. This is clearly unphysical,
which reflects the need to introduce the restriction that [U| > |c sin ©| for (5.95)
to make any sense, where ¢ corresponds to the sphere’s radius by ¢ = b sinh 7. It
is also important to note that z = 1 when sin © = 0 or ¢ — 0, which implies that
(5.95) is regular for all values of U # 0 under either condition. Obviously, ¢ — 0
corresponds to the condition that the mirrored surface appears like a point-like

particle.
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Determining the energy density flux for nonzero £ is somewhat more involved,
though still straightforward. Evaluating the second-order partial derivatives in
(5.84), it is shown that

zK(z) 23
% (£H) - Zexo, (5.96)
where
E, = 322 —1+52(22 —1)0, + (22 — 1)202. (5.97)

It follows from (5.84) and (5.85) that

dE

4
T = % [(1 - 26)D, D — (&, + E)| HU,U; ©), (5.98)

Because £, acts only on PJ*(z) in (5.92), the sum in (5.98) has to be evaluated

before taking the coincidence limit. It can, therefore, be shown that

S BuPP() PR = 2(1—q@a()] " —1, (5.99)

m=0

where ¢(2) = \/(z— 1)/(z+1). When 2z’ — z, the sum goes to Fy(z) = z as
expected. By evaluating (5.99) for £, and taking the coincidence limit, it is shown

that

[E:H(z, 2 |20)],—, = -1—[5z3—3z]. (5.100)
20

Then the leading order contribution for the energy density flux in the wave zone

for nonzero £ is

dE(E) ¢ 24 3_ 0,2 _
T = LD [(1 - 26)(52° — 22" — 32+ 2)
~ 2 (52° — 32)] . (5.101)
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Chapter 6

Conclusion

In this thesis, a number of systems with moving mirror-like boundaries are stud-
ied. For the mirror configurations described in Chapters 3-5, vacuum expectation
values for zero-point fluctuations (¢?(z)) and the stress-energy tensor (T}, (z)) are
calculated. At this point, it is useful to review and compare the obtained final

results.

In Chapter 3, the quantum radiation emitted from a single and two concen-
tric spherical semi-transparent expanding mirrors is studied. The formulation is
done in D-dimensional Euclidean space-time with static mirrors of d = D — 1
dimensions to describe the accelerated motion of d — 1-dimensional mirrors. The
semi-transparency of the mirrors is modelled by delta potentials of finite magni-
tude. The renormalized result (3.66), which for the mirror potential Uy — oo
leads to (3.71), is an expression consistent with the result obtained by Frolov and
Serebriany [15] for a perfectly reflecting mirror with dimension d = 3. A special

consideration of the d = 3 case shows that, from (3.72)-(3.78), the convergent

part of (p*(z))

™ decays to zero by a power of four greater for the region exterior
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to the mirror compared to the interior. The divergent part of (?(z))™" is most
evident at the mirror surface, which is expected because the boundary introduces
a first-derivative discontinuity in the first place. The concentric mirror boundary
case for (¢?(z))"™" is a considerably more complicated expression given by (3.79)-
(3.81). It is not obvious how to extract a convergent part from (3.79)-(3.80) as
outlined for the single mirror. However, the associated graphs suggest that, for
a mirror with magnitude considerably smaller than the other, the backscattering
of the field fluctuations due to it is considerably less pronounced than that of the
other mirror. Again, this is not surprising, since continuity at the mirrors’ surfaces
requires that the weaker potential allows for greater field transmission than for the

stronger one.

In calculating the stress-energy tensor for these mirror configurations, it is
shown by rotational invariance that (7, (z)) can be described in terms of the en-
ergy density €, defined by (3.82)—(3.86). For the special case of conformal invariant
theory, where £ = (d — 1) /4d, the stress-energy tensor for a single mirror vanishes,
which agrees with the results of Frolov and Serebriany [15]. This is also true for
the concentric mirror problem in the exterior and interior regions. As for the in-
termediate region, the results (3.123)—(3.125) are also consistent with the results

of Frolov and Serebriany [15].

In Chapter 4, the vacuum zero-point fluctuations and stress-energy tensor for
a uniformly accelerating refractive polarizable body is studied. By assuming that
the refractive index n is only slightly larger than unity, and that the dielectric
body of radius b is much less than the characteristic length scale [, it is possible to
obtain expressions for (p?(z))™" and (T, (z)) as perturbation expansions relative
to a static metric. The results here can be compared with the same quantities

calculated in Chapter 5 due to a uniformly accelerating spherical mirror. What

101

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



is found between the two sets of calculations is that, apart from differences in the
coefficients, the values (4.79) and (5.79) for (¢?(z))™" in the wave zone both vary as
u™2, where u is the retarded time, with corrections proportional to z—3, where z =
sin ©/u. As for the energy density flux, the leading order term obtained in Chapter
5 for non-zero £ (5.98) varies as u™*, while the corresponding term in Chapter
4 (4.82) also has contributions which vary as u~%, «=8, 4=, and higher order
corrections in u~!. It is expected that, because of the perturbation approximation
required in finding (4.82), it is likely that more complicated expressions in Chapter

4 are expected when n > 1.

The examples considered here are chosen knowing that they possess certain
symmetries to ensure a tractable solution. In particular, all of them involve mir-
ror expansion (Chapter 3) or motion (Chapters 4-5) with uniform acceleration,
in which case the respective boundary conditions are boost invariant. This sym-
metry, along with spherical symmetry, allow for a separation of variables to solve
these problems. It is also significant that, after performing a Wick rotation into
Euclidean space, the examples presented are reducible to equivalent electrostatic
boundary value problems. In Chapters 3-5, it is found that the vacuum expecta-
tion of the energy density flux is negative. This result does not contradict with
the general expectation that the total energy must be positive for a system in flat
spacetime. It is expected that, for a more physically realistic problem when a
mirror is accelerated for only a finite time, the total emitted energy must always

be positive (see, for example, the discussion in [13] and references therein).

An important question emerges from studying quantum aspects of uniform
accelerated motion. From the principle of equivalence, the properties of a system
with respect to a uniformly accelerated observer are the same as properties of the

same system in a homogeneous gravitational field with respect to an observer at
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rest, provided when the states are chosen with this correspondence. However, in
a Rindler frame, which is equivalent to a static gravitational field, the boundaries
are at rest with an invariant system under the discfete syvmmetry ¢t — —t, where ¢
is the Rindler proper time. As a result, there are no energy fluxes in this frame,

which seems contradictory.

A similar problem is discussed in detail for classical radiation of a uniformly
accelerated charge, and can be found in [23] and the references therein. It is im-
portant to consider the relative acceleration between the emitter and observer in
order to determine the observation of radiation. It is best to make these observa-
tions in the wave zone region far away from the radiative system. For uniformly
accelerating observers, the wave zone is always located outside of the region of
space-time covered by the Rindler frame. In order to pass to the wave zone from
the Rindler wedge, it is necessary to cross the null horizon surface separating the

regions.

It is noted that the energy density flux calculations in Chapters 3-5 come with
a negative sign, which implies that the mirror surfaces radiate negative energy.
However, this result is derived when considering the radiation flux for a particular
instant of retarded time U, and does not necessarily suggest that the total radiated
energy E is negative over a finite time interval. To show whether the total energy
is positive requires the integration of the flux density over the given retarded
time interval, excluding U = 0, where the formula becomes singular. It is not
immediately obvious from the examples shown in Chapters 3-5 that F is generally
positive, since the formalism is highly dependent upon the choice of quantum state,
and perhaps also on the mirror’s trajectory through space-time. A more careful

analysis of this situation for the cases considered may be in order.
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A particularly significant paper [28] discusses the classical radiation of a uni-
formly accelerated charge using a quantum approach. Here, it is shown that this
radiation in the wave zone is due to the zero-frequency modes of the field in the
Rindler frame. This approach is a departure from the chosen method here, where
the information about the quantum field energy density fluxes in the wave zone
are obtained by a simple analytical continuation of the observables from the wedge
covered by the Rindler frame. A possible future direction is to repeat this ap-
proach for the problems considered in the thesis, which would make the analysis

here much more involved due to the complexity of the required calculations.
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