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Abstract

Multi-user wireless systems employing multiple input multiple output (MIMO) an-
tenna techniques have recently attracted considerable research interest. A major
problem in the multi-user MIMO systems is the spatial layer separation on the
downlink. This thesis contributes to the design of the nonlinear pre-processing and
nonlinear joint transmitter-receiver (Tx-Rx) processing algorithms for spatial layer
separation on the multi-user MIMO downlink.

A generalized zero-forcing (ZF) nonlinear pre-processing structure achieving
minimum bit error rate (BER) for each mobile under any given power allocation to
different data streams is proposed. Based on this structure, different ZF-based non-
linear pre-processing algorithms satisfying various performance requirements are
realized. Then, a minimum mean-square error (MMSE) criterion based nonlinear
pre-processing algorithm is introduced. The MMSE-based algorithm mitigates the

noise enhancement, and outperforms the ZF-based counterpart.

An optimal ordering lemma is introduced. This lemma gives the conditions un-
der which the “best-first” ordering is optimal. Subsequently, it is used to solve the

ordering problems in nonlinear pre-processing and nonlinear joint Tx-Rx process-
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ing algorithms proposed in this thesis.

The remainder of the thesis focuses on the nonlinear joint Tx-Rx processing
algorithms for the multi-user MIMO downlink with multiple-antenna mobiles. A
nonlinear multi-user MIMO decomposition (NL-DECOM) technique is proposed.
The application of nonlinear pre-processing at the base station pre-eliminates multi-
user interference (MUI) among different mobiles. As a result, an equivalent single-
user MIMO channel is created for each mobile, and self-interference among the
multiple data streams directed to each individual user can be eliminated using spa-
tial layer separation algorithms available for single-user MIMO systems. This NL-
DECOM technique can achieve significantly better performance than the linear
multi-user MIMO decomposition (L-DECOM) technique known in the literature.
To further improve the performance, the ZF and MMSE criteria based nonlinear
joint Tx-Rx processing algorithms are proposed. In these algorithms, nonlinear
pre-processing is applied at the transmitter to pre-eliminate the MUI, while the self-
interference is suppressed via joint nonlinear pre-processing and linear receiver pro-
cessing. This approach improves performance by utilizing processing capabilities
of the mobiles, while at the same time maintaining their relatively low complexity.
Significant performance gain can be achieved with the application of the proposed

novel algorithms.
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Chapter 1 Introduction

With the introduction of mobile Internet and mobile multimedia services, the
demand for high data rate transmission in wireless communications is rapidly
growing. It is stated by International Telecommunication Union
Radiocommunication Sector (ITU-R) that up to approximately 100 Mbits/s for
mobile access and up to approximately 1 Gbits/s for nomadic and local wireless
access are the targets of the future wireless communication systems [1]. However,
the radio spectrum that wireless communications can use is a precious and scarce
resource. Therefore, techniques that can increase spectral efficiency are of critical
importance to the next generation wireless communications.

The multiple input multiple output (MIMO) antenna techniques are among
the most prominent breakthroughs in wireless communications in the recent years.
By creatively taking advantage of the multipath, they increase the number of
degrees of freedom in the channel in the spatial domain, resulting in the capacity
increase without bandwidth expansion or transmitted power increase. Since its
outset, MIMO antenna techniques have gained considerable research interest and
there is a general consensus that they will be a major factor in the future evolution

of high data rate wireless systems [1]-[4].

1.1 Brief Introduction to MIMO Systems

In the traditional antenna systems, only the base station is equipped with multiple
antennas since the extra cost and space are more affordable at base stations than at
user terminals. The uplink, where the transmission is from a mobile to a base
station, can be viewed as a single input multiple output (SIMO) antenna system.
The downlink, where the transmission is from a base station to a mobile, can be
viewed as a multiple input single output (MISO) antenna system. Antenna

diversity [5], [6] and beamforming [7], [8] techniques can be applied in the SIMO
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and MISO antenna systems. Using antenna diversity techniques, one can transmit
the same signal over several independent or highly uncorrelated paths created by
different transmit-receive antenna pairs. Thus the probability that the signal over
each path undergoes a deep fade at the same time is reduced significantly and
hence the reliability of the wireless link is increased. Antenna beamforming
techniques, on the other hand, use antenna array processing algorithms to
maximize antenna gain in the direction of the desired user. Antenna gains in the
directions of the interfering users may also be minimized at the same time.
Accordingly, the system performance will be improved as a result of the increased
signal-to-noise ratio (SNR) or signal-to-interference plus noise ratio (SINR).
Currently, MIMO antenna systems, where both the transmitter and the
receiver are equipped with multiple antennas, are made possible due to hardware
advances and relaxed size constraints of some user devices (such as laptops) in
high data rate wireless communications. A typical M x N MIMO system is shown
in Figure 1.1. In the transmitter, the data stream to be transmitted is coded,
modulated, split into parallel streams, and then mapped onto N transmit antennas.
The receiver employs M receive antennas to receive and then recover the
transmitted data. If frequency non-selective (flat) fading is assumed and channel
is assumed to be constant over each symbol interval, the channel between N
transmit antennas and M receive antennas can be represented by an M x N channel

gain matrix H whose ith row and jth column element, 4, denotes the complex

gain of the channel between the ith receive antenna and the jth transmit antenna.
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| l Channel H ’ )

N transmit M receive
antennas antennas

Figure 1.1 Basic structure of an M x N MIMO system.

Different from the traditional diversity and beamforming techniques, a novel
and important idea behind the MIMO techniques is that it makes good use of the
multipath, which was previously thought of as a disadvantage in wireless
communications, to improve wireless communications system capacity without
extra radio spectrum resources or increased transmitted power. It is shown in
[9}-[11] that in a rich scattering wireless environment (for example, indoor
wireless communications), where the signals arriving at each receive antenna
from each transmit antenna undergo highly uncorrelated fading, the MIMO
system capacity can be substantially improved compared with the traditional
communication systems. Particularly, if thé paths between individual transmit-
receive antenna pairs are independent and identically distributed (i.i.d.) Rayleigh
faded, at high SNR and with the knowledge of channel matrix H at the receiver,
the capacity of an M x N MIMO system can be written as

C =min(M,N)log, SNR+O(1)  bits/s/Hz (1.1)
where min(M, N)log, SNR is the dominant term and O(l) is a small term of
negligible impact in comparison to the SNR [9]~[12]. Eq. (1.1) shows that at high
SNR the capacity of an M x N MIMO system grows linearly with min(M,N). In
other words, the capacity of the MIMO channel can be approximately equivalent

to the sum capacity of min(M,N) single input single output (SISO) channels.
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Researchers have designed different schemes to achieve high spectral
efficiency in MIMO systems. Generally, these schemes can be divided into two
categories, schemes aiming to exploit the degrees of freedom that a MIMO
system can provide, and schemes aiming to exploit the maximum diversity gain
that a MIMO system can provide [13]. The tradeoff considerations between these
two goals have been investigated in the literature [12], [14], [15].

MIMO systems can provide a gain with respect to the degrees of freedom in
the spatial domain. The degrees of freedom, which are defined as the dimensions
of the received signal space, dictate the number of different signals that can be
reliably distinguished at the receiver [16]. For an M x N MIMO system, if the
paths between individual transmit-receive antenna pairs are i.i.d. Rayleigh faded,
the number of spatial degrees of freedom of this system is min(M,N) [16], which
means min(M,N) independent streams of data can be transmitted through this
channel simultaneously. It should be noted that MISO system, SIMO system, and
SISO system can only offer a spatial degree-of-freedom of one.

Utilizing the degree-of-freedom gain provided by the MIMO systems, the
spatial multiplexing scheme transmits independent streams of data in parallel
through the MIMO channel to maximize the transmission data rate. However, the
parallel transmission of independent data streams introduces severe inter-stream
interference at the receiver end. Therefore, signal processing (spatial layer
separation) algorithms at the receiver or/and at the transmitter are required to
suppress this inter-stream interference. According to the location of the
processing, the signal processing algorithms can be classified as the receiver-
processing (or signal detection) algorithms, transmitter pre-processing algorithms,
and the joint transmitter-receiver (joint Tx-Rx) processing algorithms.

A typical example of a system that uses spatial multiplexing over MIMO
channel, the vertical Bell Labs layered space-time (V-BLAST) [17], [18],
demonstrates very high spectral efficiency. Unprecedented wireless spectral
efficiencies of 20-40 bits/s/Hz in a MIMO system with N = § transmit and M =12
receive antennas have been observed. This result shows that the MIMO systems

using spatial multiplexing have a big potential in commercial applications.
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Besides the degree-of-freedom gain, there is also a diversity gain in the
MIMO systems. The diversity gain determines the slope at which the average
error probability decays at high SNR. That is, if d is the diversity gain, the
average error probability decays as 1/SNR“. The maximum diversity gain of an
M x N MIMO system is MN. It should be noted that the diversity gain also exists
in an Mx1 SIMO system and a 1xN MISO system where the maximum
diversity gains are M and N, respectively. Space-time coding (STC) schemes are
used to achieve the maximum diversity gain for MIMO systems. In a STC
scheme, a space-time encoder at the transmitter encodes the data and outputs N
streams, which will then be transmitted by N transmit antennas. The space-time
codes can be classified as the space-time trellis codes (STTC) [19] and the space-
time block codes (STBC) [20], [21]. The STTC can provide the full diversity gain
MN, but it requires trellis decoding at the receiver and may imply very high
decoding complexity [19]. The most significant benefit of the STBC is that the
decoding uses linear processing, which makes it much simpler than the decoding
of the STTC. The STBC can also achieve full diversity gain. It should be noted
that unlike in spatial multiplexing, on average at most one independent stream of
data could be transmitted through the MIMO channel using the STTC and the
STBC.

1.2 Brief Introduction to Multi-User MIMO Systems

Most recently, multi-user MIMO systems have been given much attention since
the accommodation of multiple users is necessary in public wireless
communication systems. The multi-user MIMO system is defined as a system in
which multiple mobile stations with one or more antennas are simultaneously
communicating with the base station equipped with multiple antennas. Data
transmission of different users over the same channel is achieved by space

division multiplexing (SDM).
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Figure 1.2 Basic structure of a multi-user MIMO system.

Figure 1.2 shows the basic structure of a multi-user MIMO system. Here we
assume that the base station (BS) has N antennas and there are K mobile stations

(MSs), MS;, MS,, ... and MSk, in this system. The mobile station MS; has m,

K
antennas, and M =Zm,. is the total number of antennas at all mobiles. This

i=1
system can be seen as a point-to-point MIMO antenna system with N antennas at
one end and M antennas at the other end, but the mobiles cannot process signals
cooperatively. If the channel paths between individual transmit-receive antenna
pairs are i.i.d. Rayleigh faded, it is shown that at high SNR the sum capacity (total
transmission rate of all mobiles) also grows linearly with min(A,N) for the uplink
provided that the base station knows the channel state information (CSI) [10],
[22], and for the downlink provided that the base station and the mobiles all know
the CSI [16], [23]-[26].
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1.3 Precoding for Spatial Layer Separation on Multi-user
MIMO Downlink and Summary of Contributions

In multi-user MIMO systems, through spatial multiplexing, multiple data streams
can be transmitted within the same frequency band and in the same time slot.
Thus very high throughput can be achieved. However, the parallel transmission of
independent data streams introduces severe inter-stream interference at the
receiver end. Therefore, the cancellation of the inter-stream interference (or the
spatial layer separation) is an important problem for the multi-user MIMO
systems.

In the uplink of multi-user MIMO systems, a large body of receiver-
processing (signal detection) algorithms developed for single-user MIMO systems
can be applied at the base station to recover the transmitted data vector from the
received signal vector. The V-BLAST algorithm [17], [18], [27], [28] is a well-
known example of this approach. An iterative “nulling and cancellation” method
is used in the V-BLAST, and this method can be shown to be equivalent to the
decision-feedback detector (DFD) in [29]. The maximum likelihood detector
(MLD) [30]-[32], the zero-forcing (ZF) and minimum mean-square error
(MMSE) linear detector [30] are other examples of signal detection algorithms
that can be used to cancel the inter-stream interference. These algorithms are all
fundamentally the same as multi-user detection (MUD) algorithms that have been
proposed for code division multiple access (CDMA) systems. There are also
many other signal detection algorithms with various performance and complexity
tradeoffs discussed in the literature, e.g., [33]-[39].

However, in the multi-user MIMO downlink, receiver-processing algorithms
cannot be used due to the absence of coordination among receivers of different
independent mobile users. Pre-processing algorithms have to be applied at the
transmitter to pre-distort the signals of multiple users in such a way that they no
longer interfere at the individual antennas of mobile receivers. Compared to the
well-developed recetver-processing algorithms, there are many open questions for

the transmitter pre-processing algorithms.
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Linear transmitter pre-processing algorithms based on the ZF and MMSE
criteria have been proposed in [40]-[43], but their performance is only
comparable to that of the linear detection algorithms using the same criterion (ZF
or MMSE) since they suffer from the transmitted power increase [43], [44].
Therefore, the design of the nonlinear pre-processing algorithms, which can
achieve better performance, has attracted increasing research interests recently.

The optimal capacity-maximizing nonlinear precoding is the Costa’s dirty-
paper coding [45]. Costa proves that for a SISO channel if interference is known
at the transmitter but not known at the receiver, the full non-causal knowledge of
the interference can be used in the precoding so that the same capacity as if the
interference is absent can be achieved. This result is utilized in [24] to achieve the
sum capacity of the multi-user MIMO downlink. The scheme in [24] applies
linear precoding to make the channel spatially causal, and then the dirty-paper
coding is used to cancel the residual causal inter-stream interference. However,
the optimal dirty-paper coding is not a practical scheme, since it operates on
blocks whose lengths approach infinity. A lattice quantization based precoding
strategy proposed in [46] and [47] was shown to be able to achieve the same
system capacity as the dirty-paper coding, and this strategy can also be used to
derive the sum capacity of the multi-user MIMO downlink. However, the
dimension of the optimum lattice quantizers used in this strategy approaches
infinity, which also prohibits its practical implementation. The Tomlinson-
Harashima precoding (THP) technique [48]-[50] first proposed to pre-equalize
the inter-symbol interference (ISI) in a dispersive SISO channel, can be seen as a
practical implementation of the dirty-paper coding. It applies a modulo device to
constrain the transmitted power increase, so better performance can be achieved
as compared to the linear precoding techniques [51]. The application of the THP
for spatial layer separation in the multi-user MIMO downlink has been recently
proposed by [51] and [52]. Since the design of implementable precoding
algorithms is the focus of this thesis, nonlinear pre-processing algorithms utilizing

the THP are of our interest.
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It has been shown that the nonlinear pre-processing algorithm of [51] and [52]
can achieve significantly better performance than the linear pre-processing
algorithm when used in the multi-user MIMO downlink [52]. The processing
matrices of the nonlinear pre-processing algorithm of [51] and [52] satisfy the ZF
criterion, and the algorithm of [51] and [52] is called the conventional ZF
nonlinear pre-processing algorithm in this thesis. However, for the nonlinear pre-
processing structure proposed in [51] and [52], the solution for the processing
matrices that satisfies the ZF criterion is not unique. The processing matrices of
the conventional ZF nonlinear pre-processing algorithm are introduced intuitively
without any optimization. Also, the design of nonlinear pre-processing algorithm
based on the MMSE criterion needs to be analyzed. Therefore, this thesis
addresses the above questions and makes the following contributions.

¢ We analyze possible solutions for the processing matrices that satisfy
the ZF criterion for the nonlinear pre-processing in a multi-user MIMO
downlink, and then propose a generalized ZF nonlinear pre-processing
structure. This structure can realize ZF-based nonlinear pre-processing
algorithm that achieves the minimum bit error rate (BER) for each
mobile under any given power allocation to different data streams. The
choice of power allocation scheme for the generalized ZF nonlinear
pre-processing structure based on different performance requirements
is also discussed. Based on this structure, we have designed the ZF
nonlinear pre-processing algorithm, which achieves minimum BER at
each mobile under any given relative SNR requirement, the ZF
nonlinear pre-processing algorithm, which achieves minimum total
transmitted power while satisfying the individual SNR target at each
mobile, and the minimum BER ZF nonlinear pre-processing algorithm,
which achieves minimum average BER of the system.

e An MMSE criterion based nonlinear pre-processing algorithm, the
MMSE nonlinear pre-processing algorithm, is proposed for multi-user
MIMO downlinks. This algorithm can achieve significantly better

performance than its ZF criterion based counterpart.
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For the conventional ZF nonlinear pre-processing algorithm of [51] and [52]
and the MMSE nonlinear pre-processing algorithm we propose, it can be found
that the system performance can be improved if the rows of the channel matrix are
suitably ordered. We present solutions of how to find a proper order for the
conventional ZF nonlinear pre-processing algorithm and the MMSE nonlinear
pre-processing algorithm in this thesis. Our contributions can be summarized as
follows:

e An optimal ordering lemma is proposed. This lemma gives the
conditions under which the “best-first” ordering method in the V-
BLAST systems [18], [28] can achieve the optimal order.

e The optimal ordering lemma is subsequently used to solve the ordering
problems in the conventional ZF nonlinear pre-processing algorithm
and the MMSE nonlinear pre-processing algorithm. Using this lemma,
it is shown that the “best-first” ordering method can achieve the
optimal order in the minimax noise variance sense for the conventional
ZF nonlinear pre-processing algorithm and the optimal order in the
minimax error variance sense for the MMSE nonlinear pre-processing
algorithm.

e Other applications of the optimal ordering lemma will also be
addressed in this thesis.

For the downlink of multi-user MIMO systems with multiple-antenna
mobiles, it is possible to utilize the processing capabilities of the mobiles to
design joint Tx-Rx processing algorithms to achieve better performance than with
pre-processing only algorithms. Linear joint Tx-Rx processing algorithms, where
linear transmitter processing and linear receiver processing are applied at the base
station and each mobile, have been proposed in [53}-[56] for the downlink of
multi-user MIMO systems with multiple-antenna mobiles, but the processing
matrices there have to be found by iterative methods, which leads to high

computational complexity. In [57]-[60], a linear multi-user MIMO decomposition

(L-DECOM) technique, which realizes joint Tx-Rx processing and provides

closed-form solution, is proposed. This technique uses linear pre-processing to
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pre-eliminate multi-user interference (MUI), the interference from the data
streams of other users, at the transmitter. The data streams of each user can be
seen as passing through an equivalent single-user MIMO channel without any
MUL The self-interference from other data streams of the same user can then be
mitigated by any single-user MIMO layer separation algorithm. With the
application of different single-user MIMO processing algorithms, L-DECOM
technique based joint Tx-Rx processing algorithms for the multi-user MIMO
downlink with multiple-antenna mobiles are realized, and closed-form
expressions for processing matrices can be derived. However, the performance of
these joint Tx-Rx processing algorithms is limited by the linear pre-processing
used by the L-DECOM technique. The design of the nonlinear joint Tx-Rx
processing algorithms where nonlinear THP is applied to constrain the transmitted
power increase is still an open question. This thesis will also investigate this
question and our contributions in this regard include:

e A nonlinear multi-user MIMO decomposition (NL-DECOM)
technique for the multi-user MIMO downlink with multiple-antenna
mobiles. This technique uses nonlinear pre-processing instead of linear
pre-processing to pre-eliminate the MUI at the transmitter. When this
technique is applied the data streams of each user can also be seen as
passing through an equivalent single-user MIMO channel without any
MUI, as is the case with the L-DECOM technique. It will be shown
that the NL-DECOM technique achieves better BER performance,
realizes much higher maximum achievable sum rate at high SNR, and
affords higher flexibility in system design than the L-DECOM
technique.

e The nonlinear pre-processing in the NL-DECOM technique only pre-
eliminates the MUI. When the NL-DECOM technique is used, since
the nonlinear pre-processing at the transmitter changes the transmitted
signal [51], the single-user MIMO spatial layer separation algorithms
that employ the THP cannot be applied directly to cancel the self-

interference. On the other hand, for the joint Tx-Rx processing of
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multi-user MIMO downlink with multiple-antenna mobiles, to achieve
better performance and reduce the complexity of the mobiles, it is
desirable to introduce algorithms that apply nonlinear THP to suppress
both the MUI and self-interference at the transmitter. In this thesis we
propose the ZF nonlinear joint Tx-Rx processing algorithm and the
MMSE nonlinear joint Tx-Rx processing algorithm. In these
algorithms, nonlinear THP and linear receiver-processing are used to
perform the spatial layer separation on multi-user MIMO downlink
with multiple-antenna mobiles. These joint Tx-Rx algorithms
effectively utilize the processing capabilities of the base station and the
mobiles, while the complexity of the mobiles is kept low since linear

receiver processing is applied.

1.4 Thesis Organization

Chapter 2 focuses on the design of nonlinear pre-processing algorithms for spatial
layer separation on the multi-user MIMO downlink. First, system model and
assumptions will be described. As background knowledge, the principle of
operation of the THP will be introduced, where we will show how the modulo
device in the THP can constrain the transmitted power. The conventional ZF
nonlinear pre-processing algorithm of [51] and [52] in which the processing
matrices are introduced intuitively without any optimization will be briefly
introduced. Then, a generalized ZF nonlinear pre-processing structure will be
proposed in this chapter. This structure can realize ZF-based nonlinear pre-
processing algorithm that achieves minimum BER for each mobile under any
given power allocation to different data streams. Then, the choice of power
allocation scheme based on different performance optimization requirements will
be discussed. We will show that the conventional ZF nonlinear pre-processing
algorithm can be seen as a special implementation of the generalized ZF nonlinear
pre-processing structure. In this chapter, the nonlinear pre-processing algorithm
based on the MMSE criterion (the MMSE nonlinear pre-processing algorithm)
will also be proposed for the downlink of multi-user MIMO system. This

12
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algorithm achieves significantly better performance than the ZF criterion based
counterpart since it avoids the noise enhancement effect by minimizing the mean-
square error (MSE).

In Chapter 3, the ordering problems of the nonlinear pre-processing
algorithms employing the THP will be studied. We will first show the importance
of ordering in the nonlinear pre-processing algorithms employing the THP, and it
will be found that if the rows of the channel matrix are suitably ordered, better
performance can be achieved. The change of the system structure caused by
ordering the rows of the channel matrix will be revealed. Then, an optimal
ordering lemma will be introduced. This lemma gives the conditions under which
the “best-first” ordering method is optimal. Using this lemma, we will show that
the “best-first” ordering method can achieve the optimal order in the minimax
noise variance sense for the conventional ZF nonlinear pre-processing algorithm
and the optimal order in the minimax error variance sense for the MMSE
nonlinear pre-processing algorithm we propose. An efficient way to perform the
“best-first” ordering for the conventional ZF nonlinear pre-processing algorithm
and the MMSE nonlinear pre-processing algorithm will be presented. The
ordering problems of the generalized ZF nonlinear pre-processing structure based
nonlinear pre-processing algorithms proposed in Chapter 2 will also be addressed.

Chapter 4 is concerned with the design of nonlinear joint Tx-Rx processing
algorithms for the downlink transmission of multi-user MIMO systems where the
mobiles are equipped with multiple antennas. The system model and assumptions
for the multi-user MIMO downlink with multiple-antenna mobiles will first be

described. The L-DECOM technique [57]-[60], which realizes the decomposition

of the multi-user MIMO channel into parallel independent single-user MIMO
channels by linear pre-processing, will then be introduced. Our NL-DECOM
technique for the multi-user MIMO downlink with multiple-antenna mobiles will
be proposed, and the advantages of the NL-DECOM technique over the L-
DECOM technique will be analyzed. It will be shown that the NL-DECOM
technique can achieve better BER performance and achieve much higher

maximum achievable sum rate at high SNR than the L-DECOM technique.
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Moreover, the restriction on the number of transmit antennas and the restriction
on the number of data streams for each mobile in the NL-DECOM technique are
less strict than those in the L-DECOM technique, which means the NL-DECOM
technique affords higher flexibility in system design. When the NL-DECOM
technique is applied, it will be found that the mobiles can be ordered properly to
further improve the system performance, and the “best-first” ordering method is
proposed to improve the overall system performance in the systems, in which all
the mobiles have the same number of antennas and the same self-interference
cancellation algorithm is used for each mobile. In order to overcome the problem
that the single-user MIMO layer separation algorithms employing the THP cannot
be combined with the NL-DECOM technique, the ZF and MMSE nonlinear joint
Tx-Rx processing algorithms will be proposed. A ZF criterion based algorithm,
the ZF nonlinear joint Tx-Rx processing algorithm, can ensure the complete
elimination of the inter-stream interference, while it does not require the
knowledge of the statistics of the transmitted signal and the noise. An MMSE
criterion based algorithm, the MMSE nonlinear joint Tx-Rx processing algorithm,
minimizes the MSE, which includes both the residual inter-stream interference
and noise. Hence, it mitigates noise enhancement, and achieves better
performance in comparison with its ZF-based counterpart. In these two
algorithms, closed-form expressions for the transmitter and receiver processing
matrices are developed to optimize the performance of each mobile.

Chapter 5 concludes this thesis by summarizing the major contributions and

suggesting future directions of research work.

1.5 Notation

Some symbols and operators used in this thesis are defined here. Boldface small
symbol denotes a vector (e.g., a), and boldface capital symbol denotes a matrix
(e.g., H). Notation diag[x;x;,...,xp] denotes a diagonal matrix with diagonal
elements x;, x5, ..., xp, while diag(A) denotes a vector made up of the diagonal
elements of A. The null space [61] of A is denoted by null(A), and the range [61]
of A is denoted by ran(A). [A]; denotes the element at the ith row and jth column

14
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of A, (A); denotes the ith row of A, and [A]; denotes the jth column of A. 0,
denotes an xx y matrix with all zero elements. The real part of a is denoted by
Re{a}, and the imaginary part of a is denoted by Im{a}. tr(-) denotes the trace of
a matrix. E[-] denotes expectation, (-)7 denotes a transpose, while (-)” denotes a
conjugate transpose. (-)" denotes the Moore-Penrose pseudo-inverse (Assuming
Aisan M x Nmatrix, A" is: if M < N, AT =A7(AA")";if M=N, AT=A";if
M= N, AT =(A"A)"A7)[61].

15
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Chapter 2 Nonlinear Pre-
Processing Algorithms for

Multi-User MIMO Downlink

In this chapter, the design of nonlinear pre-processing algorithms for spatial layer
separation in the multi-user MIMO downlink will be considered.

To realize spatial layer separation in the multi-user MIMO downlink, linear
transmitter pre-processing algorithms proposed in [40]-[43] can be applied.
However, these algorithms cause significant transmitted power increase, which
greatly limits their performance [62]. As a result, the performance of the linear
pre-processing algorithms is only comparable to that of the linear detection
algorithms, and hence there is a large performance gap compared with nonlinear
detection algorithms [43], [44]. In [51] and [52], a nonlinear pre-processing
algorithm was proposed. This algorithm utilizes the THP device to constrain the
transmitted power increase while pre-eliminating the inter-stream interference.
Thus, it achieves significantly better performance than the linear pre-processing
algorithms, and its performance is comparable to or even better than that of the
nonlinear DFD algorithm due to the avoidance of the error propagation [44], [52].
The processing matrices of the nonlinear pre-processing algorithm of [51] and
[52] satisfy the ZF criterion, so we call this algorithm the conventional ZF
nonlinear pre-processing algorithm in this thesis.

For the nonlinear pre-processing structure proposed in [51] and [52], the
solution of the processing matrices that satisfies the ZF criterion is not unique.
The processing matrices of the conventional ZF nonlinear pre-processing

algorithm are introduced intuitively without any optimization. In this chapter, a
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generalized ZF nonlinear pre-processing structure is proposed. This structure can
realize ZF-based nonlinear pre-processing algorithm that achieves minimum BER
for each mobile under any given power allocation to different data streams. Then,
the choice of power allocation scheme based on different performance
requirements is discussed. Based on this structure, we have designed the ZF
nonlinear pre-processing algorithm, which achieves minimum BER at each
mobile under any given relative SNR requirement, the ZF nonlinear pre-
processing algorithm, which achieves minimum total transmitted power, while
satisfying the individual SNR target at each mobile, and the minimum BER ZF
nonlinear pre-processing algorithm, which achieves minimum average BER of the
system. Moreover, it will be shown that the conventional ZF nonlinear pre-
processing algorithm can be seen as a special implementation of the generalized
ZF nonlinear pre-processing structure, and the generalized ZF nonlinear pre-
processing structure provides a simplified way to achieve power allocation for the
conventional ZF nonlinear pre-processing algorithm.

On the other hand, MMSE criterion can lead to better performance than the
ZF criterion since the noise enhancement effect can be avoided [44], [63], [64].
Therefore, design of the nonlinear pre-processing algorithm based on the MMSE
criterion becomes of interest. Nonlinear pre-processing algorithms that minimize
the total transmitted power while satisfying individual MSE (or SINR) target at
each mobile have been proposed in [16], [65], and [66], based on the uplink-
downlink duality between linear precoding (downlink beamforming) combined
with dirty-paper coding and linear receiver processing (uplink beamforming)
combined with perfect successive interference cancellation (SIC) discussed in
[16], [26], [65], and [66]. The optimum solutions in these algorithms have to be
found by iterative methods, which makes their computational complexity high. In
this thesis, the MMSE-criterion-based nonlinear pre-processing algorithm which
minimizes the sum MSE at all the receive branches (the trace of the error
correlation matrix) under a fixed total transmitted power is proposed. This
algorithm achieves significantly better performance than the ZF criterion based

counterpart. Moreover, a closed-form expression for the processing matrices is
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found for the proposed algorithm, which makes it potentially attractive for
practical implementation.

In the following, system model and assumptions will first be described in
Section 2.1. As background knowledge, the principle of operation of the THP will
be briefly introduced in Section 2.2. The conventional ZF nonlinear pre-
processing algorithm of [51] and [52] will be described in Section 2.3. In Section
2.4, the generalized ZF nonlinear pre-processing structure will be proposed.
Finally, the MMSE nonlinear pre-processing algorithm will be proposed in

Section 2.5.

2.1 System Model and Assumptions

In this thesis, the downlink transmission of multi-user MIMO systems is
considered. Flat Rayleigh fading channel is assumed. The channel is also assumed
to be constant over each symbol interval and change independently from one
symbol interval to the next. We assume the transmitter has perfect knowledge of
the CSI. The knowledge of the channel state information at the transmitter (CSIT)
can be obtained by channel estimation in time division duplex (TDD) systems
(such as IEEE 802.16¢ [67], HIPERLAN/2 [68], and TD-SCDMA/UTRA TDD
1.28 Mcps option [69]) where the uplink and downlink are reciprocal or by
feedback from the receivers.

Since pre-processing algorithms are the focus of this chapter, for simplicity
we assume that only one antenna is equipped at each mobile. It is noted that the
algorithms discussed and proposed in this chapter can be utilized directly in the
multi-user MIMO systems where some or all the mobiles are equipped with
multiple antennas.

It is assumed that there are N transmit antennas, which are denoted as
Ant;,Ant,,...,Anty, deployed at the base station. There are M mobiles

simultaneously communicating with the base station, and the mobiles are denoted

as MS|,MS,,...,MS;,,. Vector as(al,az,...,aM)T is the data vector, where data
symbol a, is for MS;. It is assumed that all the data symbols are independent and

have unit power, i.e., R, =E[aa”]=1. To ensure the transmission of M
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independent streams of data in this system, the number of transmit antennas

should be larger than or equal to M, so N>M is assumed'.

Since pre-processing is applied, we assume X =(x,,X,,...,x,) is the pre-
processing output, where x,,x,,...,x, are the signals transmitted by the transmit
antennas Ant),Ant,,...,Anty. The received signal at MS; is

Y, =(H),x+n, (2.1)
where (H), =(#,,4,,...,/,) is a row vector made up of the channel gains from
the Ant;, Anty,...,Anty to MS;, and #; is the additive white zero-mean complex
Gaussian noise at the input of MS;.

The received signals at all the mobiles can be written into one larger vector

y=Hx+n (2.2)
where y = (3}, y5ees Yy ) » M= (1,1,,...,m,,) ,and H=[(H)!, (H)],..., (H)},T".

Since flat Rayleigh fading is assumed, the entries of H are assumed to be
normalized i.i.d. zero-mean complex Gaussian random variables. n,,n,,...,n,, are
assumed to be mutually independent and have the same variance, i.e.,
R, =E[nn”]=01.

In this thesis, the decision device applies symbol-by-symbol maximum
likelihood detection. Channel coding is not considered in this thesis, since our
focus is on the spatial layer separation algorithms. It should be noted that by
encoding/decoding the independent data streams individually, channel coding can
be effectively integrated into the spatial multiplexing scheme. We also assume

that all the data symbols are using the same modulation size.

' In systems with a large number of mobiles, this assumption can be satisfied by mobile
scheduling schemes, which select a subset of mobiles for communication with the base station
simultaneously. The mobile scheduling schemes are beyond the scope of this thesis, and they are
one direction of possible future research work.
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2.2 Introduction to the Tomlinson-Harashima Precoder

The Tomlinson-Harashima (TH) precoder was originally proposed to pre-equalize
the ISI in a dispersive SISO channel in [48]-[50]. Its structure is shown in Figure
2.1

Tomlinson-Harashima (TH) Precoder

ny
a, a, '[M ODA () a, > H(z) ﬂ,MODA ()—>
] H(z)-1 <—|
a, Vv, a,

+ >
d, H(z)-1 <J

Equivalent Structure of the TH Precoder

Figure 2.1 Structure of the TH precoder for SISO channel with ISI.

In Figure 2.1, a, is the signal to be transmitted, and », is the noise sample at

the receiver. H(z) is the z -transform of the channel impulse response, i.c.,
H (z)=thz"k. The channel is assumed to have L taps while A =1. If
k

precoding is not applied, the received signal can be represented as

L-1 I-1
Ve =ak+Zhiak_i+nk. The term Zhiak_,. is the ISI for the signal a, . If the

i=1 i=1

channel is known at transmitter, the ISI can be simply pre-eliminated by

L-1
transmitting a precoded signal a,'=aq, —Zhiak“,.' instead of a, . However, this

i=]

will lead to an increase of the transmitted power. To avoid the transmitted power
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increase, in the TH precoder the precoded signal a,' goes through a modulo
device MOD ,(-) before it is launched into the channel. The function of the
modulo device MOD ,(*) is to constrain its output into [-A4/2,4/2),i.e.,
y=MOD,(y)=y—A|(y+4/2)/ A|=y+d 2.3)
where operation |_xJ finds the nearest integer less than or equal to x and

d=-A|(y+A/2)/A]| is an unique integer multiple of A. The value of 4 is
determined according to the power of the transmitted signal and the modulation
used [51]. For example, if M, -ary PAM is used and a; is from the set
{+1,13,...,2(M_, -1)}, 4 should be chosen as 2M, . If M, -ary square QAM is
used and g, is from the set {a’ + ja? |a’,a? e {£1, i3,...,i(\/ﬁc -1)}}, 4 should

be chosen as 2,/ M, .

For the system shown in Figure 2.1, if we assume both the transmitted signal
and the channel impulse response are real, the output of the modulo device is
L-1
d,=MOD,(a,)=a,'- A|(a,'+ 4/2)/ A|=a,'+d, =a,+d, - Y ha,_, . (24)
i=1
Thus, the TH precoder can be seen as generating an effective data symbol
v =a,+d, where d, =—A|(a,'+ A/2)/ 4] is called precoding symbol. Then,
v, 1s passed through a feedback filter to pre-eliminate the ISI. It is generated by

the modulo device to constrain the dynamic range of the precoding output. This
equivalent structure of the TH precoder is also shown in Figure 2.1. This
equivalent structure provides a linear representation of the TH precoder, so it is
extensively used in the design of processing algorithms employing THP.
Applying THP, one can find that the received signal becomes

¥y, =a, +d, +n,. Since d, can be removed by the modulo device MOD ,(-) at
the receiver end, the signal g, is transmitted through the system without any ISIL.

In the above introduction of the TH precoder, the transmitted signal and the
channel are assumed to be real. If the transmitted signal and the channel are both

complex, the modulo device should operate on both the real part and the
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imaginary part of its input [51], [70]. We use @, and a? to represent the real and
imaginary parts of a,, and use &, and @’ to represent the real and imaginary

parts of the precoding output @, . Thus, one has

L-1 L-1
d =MOD ,(a, —~Re{> hd,_})=a} +d. -Re{> hd, } (2.5)
i=1 i=l
L-1
dl = —A[(az -Re{D ha, }+A4/2)/ AJ (2.6)
i=1
L-1 L-1
G2 =MOD, (a2 ~Im{D>_ha, })=al +d? —~Im{> ha, } 2.7)
i=1 i=1
L-1
d?=-4 [(a,? ~Im{d_ha,_}+A4 /2)/AJ (2.8)
i=1

It can be easily verified that the received signal after going through the modulo
device is the ISI free version of the transmitted signal and the equivalent structure
of the TH precoder shown in Figure 2.1 can also be used.

Another situation is the application of the THP for real signals on complex
channels, which is not explicitly explained in the literature. Transmitting BPSK

signals on wireless channels is an example of this scenario. In this situation, since

a, is a real signal, to effectively constrain the transmitted power, the output of the

TH precoder should also be a real signal, so the imaginary part of the input to the
TH precoder should be discarded. In this case, the linear description of the TH
precoder in Figure 2.1 can still be used to represent the precoding procedure, but

the real and imaginary parts of the precoding symbol d, should be generated
differently. The real part of d, is still generated using the modulo device as in
(2.6). However, the imaginary part of d,, d?, should be a real number (no longer

restricted to an integer multiple of 4) which lets a° =0, i.e.,

L1 L1
& (@@ ~Im(S hd, D +df —af +d2 -Im(>hd, }=0  (@9)
i=1 i=1
I-1
de = _(a/f2 - Im{z ha,_;}) (2.10)
=l
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Therefore, a, will be a real signal as a, , and its value is restricted to
[—4/2,4/2). At the receiver, the received signal is y, =a, +d, +n,. Only the
real part of y, goes into the modulo and decision device, while the imaginary part

of y, is discarded, so d2 leaves no influence on the decision of a, .

It should be noted that using the TH precoder, although the value of the
precoder output, 4, , is restricted to a specific range, since the value of 4, is not
taken from the constellation points, there is still a transmitted power increase.
However, this transmitted power increase is significantly smaller as compared to

that with linear pre-processing algorithms [62], and it is negligible for moderate

modulation sizes and vanishes completely as the modulation size approaches
infinity [51]. The precoding loss, which is defined as y, =E[|a[']/E[|a[’], is

used to measure this transmitted power increase [51].

2.3 Conventional ZF Nonlinear Pre-Processing
Algorithm

The structure of the conventional ZF nonlinear pre-processing algorithm for the
downlink of multi-user MIMO systems proposed in [51] and [52] is shown in
Figure 2.2. In this structure, matrix F (size Nx M) at the transmitter works as a
feedforward filter, and matrix (B-I) works as a feedback filter, where B (size
M x M) should be a unit lower triangular matrix (a lower triangular matrix with
ones on the main diagonal) [61]. In Figure 2.2, the block outlined by the dashed
line at the transmitter is the TH precoder. From the introduction of the TH

precoder in Section 2.2, one can see that the precoder equivalently generates an

effective data vector v=(v/,vl,...,vi) =a+d as the input to B™', where
d=(d],d!,..,d%)" is the precoding vector used to constrain the transmitted

power. 4=(a, ,a,,..,4; )" =B'v=B7'(a+d) is the precoded output vector.
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Figure 2.2 Structure of the nonlinear pre-processing on the downlink of a multi-

user MIMO system.

At the receiver end, the modulo operation can retrieve the data vector a from
the received effective data vector v. In the structure shown by Figure 2.2, each
received signal needs to be scaled before going into the modulo and decision
device. The scaling factors at all the mobiles, g,,,8,,,---»8yus > are determined at
the transmitter. Hence, their values need to be transmitted to the mobiles.

For the system structure illustrated in Figure 2.2, we introduce a diagonal

matrix G =diag[g,,,2,,--»Zas]> Whose diagonal elements are made up of the

scaling factors at all the receivers. The signals y',,y",,...,y",, that will go through

the modulo and decision devices can be represented as
y'=Gy
=GHFB 'v+Gn (2.11)
=GHFB'v+h
where y'= (¥, 550 ¥'y) > and A = (7, 7y, ..., 7,,) =Gn.

The ZF criterion ensures that all the inter-stream interference is pre-
eliminated, so

GHFB! =1 (2.12)
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is required.

For the nonlinear pre-processing structure shown in Figure 2.2, although the
power of the TH precoder output a is constrained by the modulo operation, the
transmitted power is still influenced by the linear pre-processing matrix F. For a
practical system the available transmitted power is fixed, so transmitted power
constraint should be applied in the design of the pre-processing matrix F. The
most commonly used transmitted power constraint is the average transmitted

power constraint, which requires the average total transmitted energy per symbol
interval E, to be a constant. Since

E, =E[x"x]=t{FR,F’} = tr{FF"}o?, (2.13)
constraint on F as

tr{FF"} = M (2.14)
can make the average transmitted power constant. Here the assumption that
R, =0l is used as in [51] and [52], and the value of o} for different
modulations can be found using the results for precoding loss in [51].

It is noted that the solution of processing matrices B, F, and G that satisfies

(2.12) and (2.14) is not unique. In the conventional ZF nonlinear pre-processing
algorithm proposed in [51] and [52], processing matrices B, F, and G are obtained

using the following equations.

HH" = RR" (2.15)
G =diag[[R];,[R]5, - [RT;z] (2.16)
B.=GR (2.17)
F.=H'R (2.18)

where (2.15) is the Cholesky factorization [61] of HH” , and R is an M x M

lower triangular matrix with real diagonal elements.

Equivalently, matrices B, F, and G in the conventional ZF nonlinear pre-

processing algorithm can also be obtained by performing the QR factorization

[61]to H” | ie.,
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n —[Q ()]{O(N_MW} (2.19)

where Q 1s an N x M matrix, Q is an N x (N-M) matrix, and R' is an M x M

upper triangular matrix with real diagonal elements. Then,

G =diag[[RT;},[R Ty, [R Top] (2.20)
B.=G.R" (2.21)
F.=Q. (2.22)

It can be easily found that the processing matrix F of the conventional ZF
nonlinear pre-processing algorithm satisfies F/'F. =1, so the transmitted power

constraint in (2.14) is satisfied.

From (2.11) and (2.12), one can see that if the ZF criterion is satisfied, y' is
y'=v+n. (2.23)
Therefore, all the inter-layer interference is eliminated. The performance of MS;
will be determined by the variance of the noise 7, . The covariance matrix of the

noise vector n is

®_. =E[nn"]
= ZG GH
Tnrcte 2.24)
= diag[o? /[RT, 02 /R, ... 02 [[RT, ]
= diago? /[RT,, 02 /[R Ty, 02 (R Ty, ]
From (2.23) and (2.24), the SNR of MS;’s received signal y'; is
7, =Ella, PV/El % P]=[RE /0. (2.25)

Here, we assume the modulo device at the receiver can successfully remove the
precoding vector d from the received effective data vector v.
To examine the performance of different mobiles when the conventional ZF

nonlinear pre-processing algorithm is applied, the following lemma from [71] and
[72] 1s useful.

Lemma 2.1: Assume A is an M x N matrix (M < N) with 1.1.d. entries, and
each entry of A has a normalized zero-mean complex Gaussian distribution. A =

LQ is the QR-type decomposition where L = [l;;] is an M x M lower triangular
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matrix and Q is an M x N matrix with orthonormal rows. Then, the random
variables d, =1],d, =1},,...,d,, =1I.,, are statistically independent and d, has a
central chi-square distribution with 2(M —i+1) degrees of freedom.

This lemma implies that for the conventional ZF nonlinear pre-processing

algorithm described above the random variable [R)> has a central chi-square
distribution with 2(M —i+1) degrees of freedom. Thus, the SNR of y'; also has a

central chi-square distribution with 2(M —i+1) degrees of freedom. As a result,

the performance of MS; is worse than that of MS; if j > £.

The solution for processing matrices B, F, and G that satisfies (2.12) and
(2.14) 1s not unique. However, in [51] and [52], there is no explanation about the
reason why this particular solution for the processing matrices has been chosen. It
is only mentioned in [52] that the processing matrices of the ZF DFD in the V-
BLAST system [17], [18] are derived using the QR factorization, and the ZF DFD
also applies a feedforward filter and a feedback filter to eliminate the inter-stream
interference, so the authors of [51] and [52] propose to use the QR factorization to
find the solution for the ZF-based nonlinear pre-processing algorithm. However,
the feedforward filters in the nonlinear pre-processing structure of Figure 2.2 and
in the ZF DFD structure have different functions due to the difference in their
location. In the ZF DFD, the feedforward filter is at the receiver, so it influences
the noise the DFD sees. The solution for the feedforward filter in the ZF DFD
found using the QR factorization ensures that the noise is white and uncorrelated
[64], [73]. However, in the nonlinear pre-processing structure, since the
feedforward filter is located at the transmitter, the noise is not influenced by the
feedforward filter, but the feedforward filter influences the transmitted power.
Therefore, the design philosophy of the conventional ZF nonlinear pre-processing
algorithm is somewhat questionable.

For the nonlinear pre-processing structure shown in Figure 2.2, the solution
for the processing matrices that satisfies (2.12) and (2.14) is not unique, so it is

important to know which solution should be chosen. In the next section, we
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propose a generalized ZF nonlinear pre-pocessing structure, and investigate the

optimal ZF nonlinear pre-processing solution.

2.4 Generalized ZF Nonlinear Pre-Processing Structure

The ZF criterion (2.12) for the nonlinear pre-processing structure shown in Figure
2.2 can be written equivalently as
HF = G'B. (2.26)
Recalling that G is a diagonal matrix, and B is a unit lower triangular matrix,
from (2.26) it is clear that if matrix F is found, matrices B and G will result
accordingly. Therefore, next, we will discuss how to design the matrix F.
First, it is clear that the ZF criterion (2.26) requires that the matrix F makes
the product of HF a lower triangular matrix. Therefore, the Ath column of F

should be in the null space [61] of H, =[(H)!,(H),..,(H)_, 1", ie.,
H,[F],=0,_,. (2.27)
The solution of [F], that satisfies (2.27) can be represented as
[F], =N,t,, (2.28)
where N, is an N x(N —k+1) matrix whose columns are the orthonormal basis
vectors of null(H,) and t, can be any (N —k+1)x1 vector. The matrix N, can
be found by singular value decomposition (SVD) [61] of ﬁk. Now, we can see

that only t,t,,...,t,, need to be determined to find F. It is noted that the matrix F
should be designed under the transmitted power constraint in (2.14). Due to (2.28)

and since N, consists of orthonormal columns, then [{[F], |’=||t, | , and

therefore (2.14) becomes
& 2
2t =M. (2.29)
k=1

Consequently, t,,t,,...,t,, should be found under the constraint (2.29). Since
there is an infinite number of sets t,,t,,...,t,, that satisfy (2.29), it is clear that

there is an infinite number of solutions for the processing matrices that satisfy the

ZF criterion under the transmitted power constraint (2.14). Now the problem of

28

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



how to choose t,,t,,...,t,, arises. To answer this question, we will first study how
t,.t,,....t,, influence the system performance.

From the ZF criterion (2.12), keeping in mind B is unit triangular, one can see

that

(Gl (H),[F], =1 (2.30)
is required. Due to (2.28), (2.30) becomes

[Gl (H),N,t, =1. (2.31)

From (2.23), (2.24), and (2.31), one can see that the SNR of MS;’s received
signal is
¥ =1/0? (G, ) = (H), N, P /2. (2.32)
Therefore, the choice of vector t, has direct influence on the performance of
MS;, and to optimize the performance of MS;, |(H),N,t, | should be
maximized. However, the constraint (2.29) should be added when selecting
t,,t,,....t,,, and this constraint makes the optimization problems for different
mobiles dependent.
In this thesis, we will solve the design problem of t,t,,....t,, in two steps.
First, we give the optimal t,,t,,...,t,, solution under any given transmitted power

allocation to different data streams. Then, the choice of the power allocation
scheme will be studied. |

2.4.1 The Generalized Structure

Since || t, |=||[F], |*, one can see that the power of t, is the transmitted power

allocated to the kth transmitted data stream. Lemma 2.2 below gives the optimal
t,,t,,....t,, under any given transmitted power allocation to different data

streams, and it can be easily proven.

Lemma 2.2: If the transmitted powers allocated to the M data streams are

M
assumed to be p,,p,,-py (It IF=p, Zpk=M ), the vector t, that

k=1

minimizes the BER for MS; is
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£, =P NI (H) /]| (H),N, || (2.33)

Using this result [F], becomes

[F], =[Fs]e =/ NNJ ()Y /|| (HD, N, | (234)
It can be shown that matrix F found using (2.34) can be represented
equivalently as

F,=QP (2.35)
where Q is the QR factorization result of H” in (2.19) and

P= diag[\/p_1 , \/p_z ,...,\/_M ]. Then, matrices B and G can be found to be
B, =P 'B.P (2.36)
G,=P'G, (2.37)
where B and G are matrices for the conventional ZF nonlinear pre-processing

algorithm given by (2.21) and (2.20).
The feedforward filter F,; given by (2.35) is made up of two terms. The first

term Q is determined by the channel matrix H (see (2.19)) and it is the same as
the feedforward filter in the conventional ZF nonlinear pre-processing algorithm.
The second term P is the power allocation matrix for the precoding output a.
Based on this solution, we propose a generalized ZF nonlinear pre-processing
structure as shown in Figure 2.3. It is clear that different ZF nonlinear pre-
processing algorithms can be realized by choosing different power allocation
factors in this structure. From Lemma 2.2, one can see that the generalized ZF
nonlinear pre-processing structure achieves minimum BER for each mobile under

the power allocation p,, p,,..., p), -
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Figure 2.3 Structure of the generalized ZF nonlinear pre-processing.

The power allocation factors of the generalized ZF nonlinear pre-processing
structure should be chosen based on different performance requirements. Next, we

will discuss how to determine the power allocation factors.

2.4.2 Determining the Power Allocation Factors for the

Generalized ZF Nonlinear Pre-Pocessing Sructure
First, it can be seen that the power allocation factors directly influence the
performance of different mobiles. Using equations (2.35)—(2.37) for the

processing matrices, the SNR of MS; can be found as

Ve =1U(0AGG ) = p, (GG L) (2.38)
2.4.2.1 Optimal ZF Nonlinear Pre-Processing Algorithm under any Relative
SNR Requirement

- From (2.38), it can be seen that the relative SNR performance of different mobiles

can be controlled by power allocation, i.e., choosing the values of p,, p,,...,p,, -
For example, if the SNR of MS; (k =1,2,..., M) is required to be 7, =a, , where
A, relates to the ratio of different SNRs and o 1s a common factor, the power

allocation factor should be set as
M
P =M /1Y (MG EAIG T (2.39)

Interestingly, it can be further shown (see Appendix A) that the formulas (2.35)

—(2.37) for the processing matrices with power allocation (2.39) achieve
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minimum BER for each mobile for the required relative SNR defined by 7, = a4,
for MS; (k=12,..,.M).
For a commercial wireless communication system where fair treatment of

different users is desired, a ZF nonlinear pre-processing algorithm that can realize
balanced performance of all mobiles is required. In this special case, the relative
SNR of all the mobiles is required to be the same, i.e., 7, =¥, =...=7,,. Using the
above analysis, it can be seen that the processing matrices of the optimal ZF
nonlinear pre-processing algorithm that achieves minimum BER for each mobile
under the assumption that all the mobiles have equal SNR should be found using

(2.35)—(2.37) with the following power allocation
M
P =M/ (G LING T, (2.40)
k=1

We will call the ZF nonlinear pre-processing algorithm using the processing
matrices given by (2.35)—(2.37) and (2.40) the balanced ZF nonlinear pre-
processing algorithm in this thesis.

2.4.2.2 Optimal ZF Nonlinear Pre-Processing Algorithm Satisfying the
Individual SNR Target at Each Mobile

Another problem which is sometimes of interest in the wireless communications
is to achieve minimum average total transmitted power when there is individual
SNR target at each mobile, i.e., the SNR of MS; is required to be larger than or
equal to 7, . It can be shown that the processing matrices (2.35)—(2.37) of the
generalized ZF nonlinear pre-processing structure achieve the solution of this

problem. The power allocation factor should be set to p, = o-[G.]5 7, and the

minimum average total transmitted energy per symbol interval then becomes

= M M 3
E, :zpk :O-:Z([Gc]ikﬂ)- (2.41)
k=1 k=1

2.4.2.3 Minimum BER ZF Nonlinear Pre-Processing Algorithm

From the average system performance point of view, the ZF-based nonlinear pre-
processing algorithm that achieves minimum average BER (the minimum BER

ZF nonlinear pre-processing algorithm) is of great interest. Since the generalized
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ZF nonlinear pre-processing structure can achieve minimum average BER under
any power allocation, it is clear that the minimum BER ZF nonlinear pre-
processing algorithm can be realized by designing the power allocation matrix P
of the generalized ZF nonlinear pre-processing structure. Next, we will derive the
minimum BER ZF nonlinear pre-processing algorithm based on the generalized
ZF nonlinear pre-processing structure we have proposed.

Assume the BER of MS; is P(y,). From (2.38) the average BER of all

mobiles is
F=Q01/M )ZP(}’,,) =(1/M )ZP(Pk 1(0,[Gclu)) - (2.42)

The problem is to find the values of p, p,,..., p,, that minimize P,. It is seen that
the problem of finding p,, p,,..., p,, that minimize P, has the same form as the

problem of finding the power allocation factors that minimize the average BER
for the ZF DFD in the V-BLAST system [75]. Therefore, the method proposed in
[75] can be used to solve the problem for the minimum BER ZF nonlinear pre-
processing algorithm. For BPSK and QPSK with Gray encoding [74], exact
expression of the average BER can be found and then the average BER is
minimized. For modulations of larger sizes, it is hard to obtain the exact

expression of the average BER, so an approximate expression for the average

BER is minimized [75].

2.4.3 Relationship between the Generalized ZF Nonlinear Pre-
Processing Structure and the Conventional ZF Nonlinear Pre-
Processing Algorithm

Comparing the solutions for the processing matrices of the conventional ZF
nonlinear pre-processing algorithm and the generalized ZF nonlinear pre-
processing structure, it can be scen clearly that the conventional ZF nonlinear pre-
processing algorithm is a special implementation of the generalized ZF nonlinear
pre-processing structure with P = I, which means the transmitted power is equally
allocated to the M data streams. Therefore, from Lemma 2.2, one can see that the

conventional ZF nonlinear pre-processing algorithm minimizes the BER for each
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mobile under equal power allocation. To our knowledge, this property of the
conventional ZF nonlinear pre-processing algorithm has not been previously
demonstrated.

It is noted that the processing matrices of the conventional ZF nonlinear pre-
processing algorithm are intuitively introduced. The influence of this algorithm on
the performance of different mobiles and on the overall performance of the
system has not been considered during the design. From the analysis in Section
2.3 one can see that using this algorithm the SNRs of different mobiles are
decided by the channel matrix. It can be found that there are significant
differences in the performance of different mobiles, and the gap between the
worst performance and the best performance of the mobiles is very large. Also,
this algorithm is not optimal from the average system performance point of view.
The generalized ZF nonlinear pre-processing structure we propose provides a
framework to design different ZF nonlinear pre-processing algorithms based on
different optimization requirements, including optimization under any given
relative SNR requirement, optimization under the individual SNR target, and
optimization in the average system BER performance sense, as shown in Sections
2421-2423.

It is also interesting to point out that the proposed generalized ZF nonlinear
pre-processing structure provides a simplified way to achieve power allocation for
the conventional ZF nonlinear pre-processing algorithm. In [76], a nonlinear pre-
processing structure that supports power allocation is proposed for single-user
MIMO systems. This structure can be directly used to perform power allocation in
the conventional ZF nonlinear pre-processing algorithm. With this structure,
power allocation works on the original data vector a, so data symbols with
different powers are input into the modulo device. The modulo device therefore

has to be modified to support different signal amplitudes. Assume the powers of

M
different data symbols are assigned as p,, p,,..., Py (Z 7, =M). From (2.25),
k=1

the SNR of MSy is then y, = p, /(62[G];,) . Comparing this result with (2.38), it

is clear that the generalized ZF nonlinear pre-processing structure can realize the
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same SNRs by choosing P = diag[\/f] ,\/;3; ,esnl Py 1+ It can also be proven that

the same maximum achievable sum rate as in the conventional ZF nonlinear pre-
processing algorithm using the structure of [76] can be achieved using the
proposed structure. Since power allocation works on a instead of a in the
proposed structure, the modulo device needs no change, and hence, the system

complexity is reduced.

2.4.4 Simulation Results

In this section, we use simulation to show the performance advantage of the
balanced ZF nonlinear pre-processing algorithm proposed in Section 2.4.2.1 in
improving the worst mobile’s performance compared to the conventional ZF
nonlinear pre-processing algorithm, and the performance advantage of the
minimum BER ZF nonlinear pre-processing algorithm proposed in Section 2.4.2.3
in improving the average BER performance of the system compared to the
conventional ZF nonlinear pre-processing algorithm.

In our simulations, BER vs. SNR curves are determined. We assume the
channel matrix H changes independently from one symbol interval to the next.
The SNR used in our simulation is defined as

SNR =—Lr (2.43)
NO 10g2 Mc

where E;r =E[|| x|] is the average total transmitted energy per symbol interval,

N, is the one-sided noise power spectral density, and M, is the constellation

size. The transmitted power increase of the TH precoder is accounted for with this

SNR definition.

2.4.4.1 Performance Comparison of the Balanced ZF Nonlinear Pre-
Processing Algorithm and the Conventional ZF Nonlinear Pre-Processing
Algorithm

From the analysis in Section 2.3, it can be found that when the conventional ZF
nonlinear pre-processing algorithm is applied, the performance of MS; is worse
than that of MS; if j > k. It can be shown by simulation that the gap between the

worst performance and the best performance of the mobiles is very large. This is
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an undesirable feature for a commercial wireless communication system where
fair treatment of different users is usually required. The balanced ZF nonlinear
pre-processing algorithm proposed in Section 2.4.2.1 can solve this problem. We
have shown that this algorithm can achieve minimum BER for each mobile under
the assumption that all the mobiles have equal SNR. Next, we will use simulation
to show the advantage of the balanced ZF nonlinear pre-processing algorithm.
The number of single-antenna mobiles and the number of transmit antennas at the
base station are chosen as M= N = 4. BPSK modulation is used.

Figure 2.4 shows the performance comparison of the balanced ZF nonlinear
pre-processing algorithm and the conventional ZF nonlinear pre-processing
algorithm. When the conventional ZF nonlinear pre-processing algorithm is used,
the BER curves of MS;,...,MSy are obtained. It can be found that MS,, whose
signal component is precoded latest, has the worst performance and the
performance gaps between different mobiles are very large. One can see that at
BER = 107, the performance of MS, is approximately 21 dB worse than the
performance of MS;. When the balanced ZF nonlinear pre-processing algorithm is
used, all the mobiles have the same performance and it can be clearly seen that the
worst mobile’s performance is greatly improved. At BER = 107, the balanced ZF
nonlinear pre-processing algorithm achieves approximately 5.5 dB gain over the
worst mobile’s performance. In Figure 2.4, the average mobile performance of the
conventional ZF nonlinear pre-processing algorithm and the balanced ZF
nonlinear pre-processing algorithm are also compared. It is noted that when the
balanced ZF nonlinear pre-processing algorithm is used, all the mobiles have the
same performance, so the average mobile performance is the same as the
performance of each mobile. It can be found that although the average mobile
performance of the balanced ZF nonlinear pre-processing algorithm exhibits a
little degradation as compared to that of the conventional ZF nonlinear pre-
processing algorithm, the two algorithms’ average mobile performance is very
close at high SNR. Considering the remarkable ability of the balanced ZF
nonlinear pre-processing algorithm to improve the worst mobile’s performance, it

is a very promising algorithm.
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Figure 2.4 Performance comparison of the balanced ZF nonlinear pre-processing
algorithm and the conventional ZF nonlinear pre-processing algorithm (BPSK,
M=N=4).

2.4.4.2 Performance Comparison of the Minimum BER ZF Nonlinear Pre-
Processing Algorithm and the Conventional ZF Nonlinear Pre-Processing
Algorithm

The advantage of the minimum BER ZF nonlinear pre-processing algorithm over
the conventional ZF nonlinear pre-processing algorithm is demonstrated by
simulation in Figure 2.5 and Figure 2.6. In Figure 2.5, a multi-user MIMO system
with 4 transmit antennas at the base station and 4 single-antenna mobiles (M =
N =4) is considered, while in Figure 2.6 M = N = 8. The average BER over all the
mobiles vs. SNR curves are determined with BPSK modulation. It is seen that the
minimum BER ZF nonlinear pre-processing algorithm achieves significantly
better performance than the conventional ZF nonlinear pre-processing algorithm.

At BER = 107, the minimum BER ZF nonlinear pre-processing algorithm gives
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about 5 dB gain over the conventional ZF nonlinear pre-processing algorithm for
the system with M = N = 4. For the system with M = N = 8, the minimum BER ZF
nonlinear pre-processing algorithm gives about 7.5 dB gain over the conventional

ZF nonlinear pre-processing algorithm at BER = 107,

il —— Conventional ZF Nonlinear Pre-Processing [°1°]
o R Minimum BER ZF Nonlinear Pre-Processing .

BER

5 10 15 20 25 30 35
SNR(dB)

Figure 2.5 Performance comparison of the minimum BER ZF nonlinear pre-
processing algorithm and the conventional ZF nonlinear pre-processing algorithm
(BPSK, M=N=4).
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Figure 2.6 Performance comparison of the minimum BER ZF nonlinear pre-
processing algorithm and the conventional ZF nonlinear pre-processing algorithm

(BPSK, M=N=8).

2.5 MMSE Nonlinear Pre-Processing Algorithm

For the nonlinear pre-processing structure shown in Figure 2.2, the application of
the ZF criterion to design the processing matrices has been discussed in Section
2.4. However, although the ZF criterion (2.12) ensures that all the inter-stream
interference can be pre-eliminated, it does not constrain the noise enhancement.
To achieve better performance, in this section, the MMSE criterion is used to
design the processing matrices of the nonlinear pre-processing structure in Figure
2.2. Leaving some residual inter-stream interference, the MMSE criterion based
algorithm (MMSE nonlinear pre-processing algorithm) minimizes the MSE,

which includes both the residual inter-stream interference and noise. Thus, it can
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achieve significantly better performance than the ZF-based nonlinear pre-
processing algorithm.
Next, we will derive the MMSE nonlinear pre-processing algorithm for the

system structure shown in Figure 2.2. It is assumed that the transmitter has the

knowledge of the noise variance o”.

The error vector that needs to be considered for the system in Figure 2.2 is the

difference between the effective data vector v=a+d and the signal vector y'

entering the decision module , i.e.,
e=y'-v=Gy-Ba=(GHF-B)a+Gn (2.44)
The error covariance matrix is
@ _ =Efee”]
y (2.45)
=(GHF -B)R,(GHF - B)" + c,GG

The MMSE solution should be able to minimize tr(®,, ) with respect to

processing matrices B, F, and G, where B is a unit lower triangular matrix and G
is a diagonal matrix.

First, as has been revealed in Section 2.3, the pre-processing matrix F will
influence the transmitted power. We still use the average transmitted power

constraint, so matrix F is required to satisfy (2.14), i.e., tr{FF”} = M . To satisfy

the transmitted power constraint (2.14) and to obtain a closed-from expression for
the processing matrices, we assume that matrix F has orthonormal columns, i.e.,
F”F =1. It is noted that the processing matrix F in the conventional ZF nonlinear
pre-processing algorithm described in Section 2.3 also has orthonormal columns,
and with this assumption the transmitted power is equally allocated to the multiple
data streams to be transmitted. As it will be discussed in Section 2.5.1, the benefit
of this assumption is that it can avoid the variation of the transmitted power at
each transmit antenna for systems with M=N.

Invoking the orthogonality principle, the MMSE solution should satisfy
E[ey”1=0. (2.46)
Thus, from (2.44)
E[Gyy” -Bay”]1=0 (2.47)
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G(HFR,F"H" +5’I)=BR,F"H". (2.48)
Introducing & = o7/ o}, (2.48) becomes

G(HFF"H” + £1)=BF"H" . (2.49)
Our task now is to find matrices B, F, and G that can satisfy (2.49), where B is an
M x M unit lower triangular matrix, F is an N x M matrix with orthonormal
columns, and G is an M x M diagonal matrix.

It is found that matrices B, F, and G that satisfy (2.49) can be derived using

the following equations.

RR? = (H+EH™)H + £HY) (2.50)
G = diag[[R],[R]5;,....[R];s,] (2.51)
B=GR (2.52)
F=H" +:HHR™. (2.53)

Here, (2.50) is the Cholesky factorization of (H+ZH" )(H” +£H'), and R is an

M x M lower triangular matrix.

Equivalently, the above result of B, F, and G can also be obtained through the
QR factorization of H” + ZH' . Assuming the QR factorization of H” + £H'
gives

H 1 ) R'
HY + fH' = [Q' Q'] (2.54)
0(N ~-MWM

where Q' is an N x M matrix, Q' is an N x (N-M) matrix, and R'isan M x M

upper triangular matrix, matrices B, F, and G are

G=diag[[R T;/,[R T,-..[R T/ (2.55)
B=GR" (2.56)
F=Q'. (2.57)

Proof that matrices B, F, and G given by (2.50)—(2.53) or (2.54)—(2.57) can
satisfy (2.49) is included in Appendix B.
With the B, F, and G we found above for the MMSE nonlinear pre-

processing algorithm, the error covariance matrix is
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@ =0.G*+0.(GHH")'G (2.58)
Appendix C shows how (2.58) is derived.

Finally, let us compare the computational complexity of the proposed MMSE
nonlinear pre-processing algorithm and the conventional ZF nonlinear pre-
processing algorithm of [51] and [52]. From Section 2.3, it can be seen that the
computational complexity of the conventional ZF nonlinear pre-processing
algorithm is mainly determined by the QR factorization of an N x M matrix, H” .
From the derivation of the MMSE nonlinear pre-processing algorithm in this

section, it is seen that the computational complexity of the MMSE nonlinear pre-

processing algorithm is mainly determined by the calculation of the pseudo-
inverse of matrix H and the QR factorization of an N X M matrix, H” + £H' .

Therefore, although the computational complexity of the proposed MMSE
nonlinear pre-processing algorithm is higher than that of the conventional ZF
nonlinear pre-processing algorithm, the computational complexity of the former is
still of the same order as that of the latter, e.g., in systems with M = N, the
computational complexity of both algorithms is O(N°).

In Section 2.5.2, we will use simulations to show that the MMSE nonlinear
pre-processing algorithm we have developed in this section can achieve
significant performance improvement over the conventional ZF nonlinear pre-

processing algorithm.

2.5.1 Comparison of the Proposed MMSE Nonlinear Pre-
Processing Algorithm and Other MMSE-Criterion-Based Design

The design of the MMSE-criterion-based nonlinear pre-processing algorithm
which minimizes the sum MSE at all the receive branches under a fixed total
transmitted power has also been studied by some other recent work [66], [77]-
[80]. The MMSE nonlinear pre-processing algorithm proposed in this thesis is
different from the work in [66], [77]-[80] and exhibits its unique advantage.
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For simplicity we will call the algorithm of [77]-[79] as the JBU MMSE
nonlinear pre-processing algorithm? in the sequel. The difference between the
proposed MMSE nonlinear pre-processing algorithm and the JBU MMSE
nonlinear pre-processing algorithm is discussed in the following.

The MMSE nonlinear pre-processing algorithm we have proposed is derived
under the constraint that the processing matrix F has orthonormal columns. With

this constraint, when M = N, F becomes a unitary matrix, so the transmitted power

at each transmit antenna is determined only by o7, i.e.,
E[|x, F1=E[|(F),af]=02 n=1..,N. (2.59)
Since o =y.0. and the value of y. is already known [51], in this case the

required dynamic range of the transmitted power at each antenna is not influenced
by the pre-processing. The transmitted powers at the multiple transmit antennas
will all have the same value and this value will not change with the variation of

the channel. This feature is an important advantage in the design of a practical

system. If E[|x, '] varies, the linear dynamic range of the power amplifier at

each antenna must be able to cover the variation of E[|x, [']. Otherwise, the

output signal will be distorted. Because at high SNR the sum capacity of the
multi-user MIMO downlink grows linearly with min(M,N) [23]-[26] the systems
with M = N are most efficient from the capacity’s point of view. Therefore, this
feature of the MMSE nonlinear pre-processing algorithm is very useful.

The expressions for the processing matrices in the JBU MMSE nonlinear pre-
processing algorithm of [77}-[79] are derived based on the assumption that all the
scaling factors at different mobiles have the same value; this constraint is not used
in the MMSE nonlinear pre-processing we propose. It is noted that this constraint
is not necessary for the precoding algorithm to work. Its adoption in [77]-{79] is
to facilitate the derivation of a closed-form expression for processing matrices.
The processing matrix F in the JBU MMSE nonlinear pre-processing algorithm is

required to make the total transmitted power constant, while no other constraint is

% JBU indicates the names of the authors of [77], where the algorithm was originally introduced.
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added on F. Therefore, the MMSE nonlinear pre-processing algorithm we have
proposed and the JBU MMSE nonlinear pre-processing algorithm in fact deal
with two optimization problems under different constraints, which leads to
different derivation and different solutions for the processing matrices B, F, and
G. The processing matrix F of the JBU MMSE nonlinear pre-processing
algorithm does not have orthonormal columns. Therefore, when the JBU MMSE
nonlinear pre-processing algorithm is applied in systems with M = N the
transmitted power at each transmit antenna is different and varies with the
variation of the channel. It will be shown by simulation in Section 2.5.2 that the
transmitted power at each transmit antenna spans a very large range. Therefore,
when this algorithm is applied, the required dynamic range of the power amplifier
at each antenna is much higher than that needed with the MMSE nonlinear pre-
processing algorithm we have proposed.

The MMSE-criterion-based nonlinear pre-processing algorithm proposed in
[66] is derived based on the duality of multi-user MIMO downlink with dirty-
paper coding and multi-user MIMO uplink with perfect SIC. The processing
matrices of this algorithm have to be found by exhaustive search. More recently,
processing matrices for the nonlinear pre-processing based on the MMSE
criterion have been solved by exploiting the duality between DFD and THP in
[80]. However, an iterative method needs to be used to find the solution, and as
stated in [80] “the global optimality of the solution” cannot be proved. Since the
processing matrices of the MMSE nonlinear pre-processing algorithm we have
proposed are defined by closed-form expressions, the computational complexity
of the proposed algorithm is significantly lower than that of the algorithms of [66]
and [80].

2.5.2 Simulation Results

In our simulations, BER vs. SNR curves are determined. The BER is the average
BER over all the mobiles. Two kinds of modulation, QPSK and square 16QAM
with Gray encoding [74], are used. The channel is assumed to change
independently from one symbol interval to the next. The SNR used in our

simulation is defined by (2.43).
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Figure 2.7 shows the performance comparison of the MMSE nonlinear pre-
processing algorithm and the conventional ZF nonlinear pre-processing algorithm
when QPSK with Gray encoding [74] is used. The number of single-antenna
mobiles and the number of transmit antennas at the base station are chosen as M=
N = 4. 1t is clearly seen that the MMSE nonlinear pre-processing algorithm can
achieve significantly better performance than the conventional ZF nonlinear pre-
processing algorithm. At BER = 10 the MMSE nonlinear pre-processing
algorithm achieves approximately 7 dB gain over the conventional ZF nonlinear
pre-processing algorithm.

Figure 2.8 presents the performance comparison of the MMSE nonlinear pre-
processing algorithm and the conventional ZF nonlinear pre-processing algorithm
when 16QAM with Gray encoding [74] is used. The number of single-antenna
mobiles and the number of transmit antennas at the base station are M= N = 4. It
is seen that at BER = 10 the MMSE nonlinear pre-processing algorithm gives
about 3.5 dB gain over the conventional ZF nonlinear pre-processing algorithm.

In Figure 2.9, the performance curves of the MMSE nonlinear pre-processing
algorithm and the conventional ZF nonlinear pre-processing algorithm in a multi-
user MIMO system with 6 transmit antennas at the base station and 4 single-
antenna mobiles are drawn. QPSK with Gray encoding [74] is used. It can be
observed that at BER = 10 the MMSE nonlinear pre-processing algorithm gives
approximately 1.8 dB gain over the conventional ZF nonlinear pre-processing
algorithm.

It is well known that the MMSE filter converges to the ZF filter when SNR
goes to infinity or noise variance goes to zero [74]. However, the performance of
the MMSE nonlinear pre-processing algorithm and the conventional ZF nonlinear
pre-processing algorithm does not converge in the high SNR region as shown in
Figure 2.7, Figure 2.8, and Figure 2.9. It has also been shown in [30] and [44] that
when working in the MIMO antenna systems the performance of the MMSE
linear detector does not converge to that of the ZF linear detector at high SNR
region, and the performance of the MMSE DFD also does not converge to that of
the ZF DFD at high SNR region. This somewhat puzzling phenomenon has been
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studied in [81] and [82]. It has been shown there that the gap between the post-
processing SNRs of the ZF DFD and the MMSE DFD when working in MIMO
antenna systems does not diminish as SNR goes to infinity, which implies the
performance gap between these two algorithms does not vanish at high SNR
region. The MMSE DFD can gain more post-processing signal power than the ZF
DFD, because instead of nulling out all the inter-stream interference as the ZF
filter, the MMSE filter can effectively recover the desired signal’s information
hidden in the interference space. Using similar approach as that of [81] and [82],
one can find that the performance gap between the MMSE nonlinear pre-
processing algorithm and the conventional ZF nonlinear pre-processing algorithm
also does not diminish in high SNR region.

Finally, the performance of the MMSE nonlinear pre-processing algorithm
and the JBU MMSE nonlinear pre-processing algorithm of [77]-[79] is compared.
A multi-user MIMO system with 4 transmit antennas at the base station and 4
single-antenna mobiles is considered, and 16QAM is used. Based on the
discussion in Section 2.5.1, we know that when the MMSE nonlinear pre-
processing algorithm is applied the transmitted power at each antenna will not
change with the variation of the channel, but when the JBU MMSE nonlinear pre-
processing algorithm is applied the transmitted power at each antenna will vary
with variations of the channel. Simulation is used to show how large is the
dynamic range of the transmitted power at each antenna when the JBU MMSE
nonlinear pre-processing algorithm is applied. 10° channel realizations have been
tested. The dynamic range of the transmitted power at each antenna, which is
denoted by D, is shown in Table 2.1 for different SNRs. It can be seen that the
dynamic range of the transmitted power at each antenna is quite large when the
JBU MMSE nonlinear pre-processing algorithm is applied. For example, when
the SNR is 29.2 dB, our simulation shows that the dynamic range of the
transmitted power at each antenna is as high as 27.6 dB, which implies the
maximum transmitted power is 575 times the minimum transmitted power at each
transmit antenna. The BER performance of the two algorithms is compared in

Figure 2.10. The JBU MMSE nonlinear pre-processing algorithm shows better
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performance than the MMSE nonlinear pre-processing algorithm we have
proposed. However, it should be noted that the JBU MMSE nonlinear pre-
processing algorithm has the drawback of requiring large dynamic range of the
transmitted power at each antenna. Therefore, the MMSE nonlinear pre-
processing algorithm we have proposed appears to have a greater potential in

practical applications.
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Figure 2.7 Performance comparison of the MMSE nonlinear pre-processing
algorithm and the conventional ZF nonlinear pre-processing algorithm (QPSK,
M=N=4).

47

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



—— Conwventional ZF Nonlinear Pre-Processing [ =37
—— MMSE Non!inearr Pre-Proeesshg [0

BER

1oL i i i i

SNR{dB)

Figure 2.8 Performance comparison of the MMSE nonlinear pre-processing
algorithm and the conventional ZF nonlinear pre-processing algorithm (16QAM,
M=N=4).
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Figure 2.9 Performance comparison of the MMSE nonlinear pre-processing
algorithm and the conventional ZF nonlinear pre-processing algorithm (QPSK,
M =4,and N=06).
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Table 2.1 The dynamic range of the transmitted power at each antenna when the

JBU MMSE nonlinear pre-processing algorithm is applied.

SNR(B) {42 |52 (62 |72 |82 |92 102 | 11.2 | 122

D(dB) 223 (17.7 | 185 |[174 [209 |18.1 |16.1 |[18.7 {199

SNR(B) | 132 | 142 [152 162 {172 |182 |19.2 |202 |21.2

D(dB) 17.1 {179 |205 {19.1 | 183 |19.6 (199 [199 |223

SNR(dB) |22.2 |23.2 |242 |252 |262 |272 |[282 |29.2 |30.2

D(dB) 22.0 | 225 |239 |234 (247 [252 |262 |27.6 |275
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Figure 2.10 Performance comparison of the proposed MMSE nonlinear pre-
processing algorithm and the JBU MMSE nonlinear pre-processing algorithm
(16QAM, M=N=4).
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Chapter 3 Optimal Ordering

Lemma

In this chapter, we will first show the importance of ordering in the nonlinear pre-
processing algorithms described and proposed in the last chapter. The change of
the system structure caused by ordering will be revealed. Then, an optimal
ordering lemma will be introduced. Using this lemma, we will show that the
“best-first” ordering method can achieve the optimal order in the minimax noise
variance sense for the conventional ZF nonlinear pre-processing algorithm and the
optimal order in the minimax error variance sense for the MMSE nonlinear pre-
processing algorithm we propose. An efficient way to perform the “best-first”
ordering for the conventional ZF nonlinear pre-processing algorithm and the
MMSE nonlinear pre-processing algorithm will be presented. The ordering
problem in the other ZF-based nonlinear pre-processing algorithms proposed in
Section 2.4 will also be addressed.

The system structure and assumptions described in Section 2.1 will be used in

this chapter.

3.1 The Importance of Ordering

When the conventional ZF nonlinear pre-processing algorithm described in the
last chapter is applied, it has been found that the performance of the system is

decided by the noise variances oy, ,...,0, . From (2.19)=(2.22) and (2.24), one

nM'

can sce that the values of o} ,...,0; are decided by the QR decomposition of the

n

conjugate transpose of the channel matrix, H” . It can be easily observed that

ordering the columns of channel matrix H will not change the noise variances
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o; ...,O';M . Thus, the system performance will not change due to ordering the

columns of H. However, ordering the rows of H will lead to corresponding

change of o;fl ,...,o;fM . Thus, the system performance will change accordingly. For

example, let us consider a 4 x 4 channel matrix

0.03-0911 0.82-0.511 -0.83+0.30i 0.51+0.321

0.26-0.891 -1.84+0.681 0.56-0.431 0.29-0.53i

H= . . : . G.1)
-0.21+0.431 0.19+0.16i 0.34+144i 032-0.22i

-0.21+0.00i 0.34+0.12i 0.70+0.32i -1.04-0.871
Using (2.19)-(2.22) and (2.24), one can find that the noise variances

Or,0;,0;,0; are
(01,04 ,07,02)=0.(0.34,0.22,0.62,1.01). (3.2)
If the rows of H are ordered into
H'=[(H)],( )], H)] ,H); T
021+000i 034+0.12i 0.70+0.32i -1.04-0.87i
|-021+043i 0.19+0.161 034+144i 032-0.22i (3.3)

0.03-0911 0.82-0.511 -0.83+0.301 0.51+0.32i
026-0.891 -1.84+0.681 0.56-0.431 0.29-0.531

using H' instead of H in (2.19)—(2.22), one can get
(03,,04,,04,0, ) =0,(0.38,0.57,0.50,0.43) (3.4)

Therefore, it is clear that the performance of the conventional ZF nonlinear pre-
processing algorithm might change if the order of the rows of the channel matrix
changes.

This phenomenon can be explained intuitively as follows. For the
conventional ZF nonlinear pre-processing algorithm, the pre-processing can be
seen as an iterative procedure. For the first precoded signal, the inter-stream
interference from all the other signals is nulled out by linear precoding. Then, for
the ith (i =2, ..., M-1) precoded signal, the spatial interference from the
(i+1)th, ..., Mth precoded signals is nulled out by linear precoding, and the TH
precoder is used to pre-eliminate the spatial interference from the 1Ist, ..., (i-1)th

precoded signals. For the last precoded signal, the spatial interference from all the
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other signals is pre-eliminated by the TH precoder. Nulling out the spatial
interference from other users using linear precoding will lead to corresponding
noise enhancement at the receiver. Hence, choosing different groups of signals to
be nulled out will lead to different results of the noise enhancement. Therefore,
different precoding orders of the signals will result in different noise enhancement
effects and thus different performance. For the nonlinear pre-processing structure
shown in Figure 2.2, it can be seen that ordering the rows of the channel matrix
will directly change the precoding order. Therefore, the rows of the channel
matrix can be ordered to minimize the negative impact of the noise enhancement
on the system performance, or in other words to improve the system performance.

The same phenomenon can also be observed for the MMSE nonlinear pre-
processing algorithm and the other ZF nonlinear pre-processing algorithms based
on the generalized ZF nonlinear pre-processing structure we have proposed in
Sections 2.5 and 2.4, i.e., ordering the columns of the channel matrix will not
change the system performance, but the system performance might change if the
rows of the channel matrix are ordered in a different way.

Therefore, if the rows of the channel matrix are suitably ordered, better
performance can be achieved for the conventional ZF nonlinear pre-processing
algorithm, the MMSE nonlinear pre-processing algorithm, and the generalized ZF
nonlinear pre-processing structure based algorithms. In this chapter, we intend to
find ordering methods on the rows of H which can lead to performance

improvement for these algorithms.

3.2 Change of the System Structure Due to Ordering

First, let us study how the ordering of the rows of H will influence the system

structure.

The rows of channel matrix H=[(H)!, (H).,..., (H)},I" are indexed by
1,2,...,M where (H), represents the channel gains from the Ant;, Ant,,...,Anty to
MS;. Weuse L={/, [,,..., /,,} to represent an order of the rows of H, and it is one

permutation of the row indices, 1,2,...,M. It should be noted that in order to use

the optimal ordering lemma introduced later, /,/,,...,/,, denote the Mth row, the
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(M-1)th row, ..., the 1st row of the ordered H, respectively, i.e., if the order of the
rowsof His L={/, [,,..., [,,}, H should be ordered into

H® =[(H)] ()] _,...,(H)T . (3.5
We assume that the data symbol g, is destined for the MS;. For the nonlinear

pre-processing structure shown in Figure 2.2, if no ordering is applied,

a=(a,a,,.,a, )" is the data vector at the input of the precoding device. Since
processing matrix B is a lower triangular matrix, precoding is processed from q,,

a, to a,. X=(%,%,,...,xy)" = FB™(a+d) is the signal vector to be transmitted
by the N transmit antennas. This structure is shown in Figure 3.1.

If H is ordered into H® as in (3.5), processing matrices B, F, and G should
be generated using H'” instead of H, and they are denoted as B, F*¥), and

GY . Now, the received signal vector is represented as y© = H“x+n“), where
YO =,y ) 0P =, n .., n) . In this situation, to transmit
a, to MS;, a® should be a®” = (a,,a,, s ), so precoding is processed from
a,,, a,  to a, asshown in Figure 3.2. x=(x,%,,...,xy)" =F“B®"(@® +d*)

is the signal vector to be transmitted by the N transmit antennas.

Ant,

H
E i _x’,,_j/ : s,
+ Precoding ' F N
:}: Using B :> Aty
e e o S

______________

N2Lilmyrey

Figure 3.1 Nonlinear pre-processing structure for the downlink of a multi-user

MIMO system without ordering.
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i Precoding | 3 \| g
"+ Using B® !—:>

Figure 3.2 Nonlinear pre-processing structure for the downlink of a multi-user

MIMO system if order L is used.

3.3 Optimal Ordering Lemma

A “best-first” ordering method has been used in the ZF DFD and MMSE DFD for
single-user MIMO systems in [18] and [28]. A proof of the “best-first” ordering
achieving the optimal order in the minimax noise variance sense for the ZF DFD
was given in [27]. However, a proof of the optimum of the “best-first” ordering in
the MMSE DFD was not given. In the following, an optimal ordering lemma will
be proposed. This lemma gives the conditions under which the “best-first”
ordering method is optimal. We have used this lemma to show that the “best-first”
ordering achieves the optimal order in the minimax error variance sense for the
MMSE DFD [44]. In this chapter, we will use this lemma to show that the “best-
first” ordering method can achieve the optimal order in the minimax noise
variance sense for the conventional ZF nonlinear pre-processing algorithm and the
optimal order in the minimax error variance sense for the MMSE nonlinear pre-
processing algorithm we have proposed in Section 2.5.

To introduce the optimal ordering lemma, first let us assume there is a set of
components indexed by 1,2,...,M that need to be ordered. We define the
performance parameters p,,p,,...,p,, as the parameters that relate to the M
components and directly reflect the performance of the order. The values of these
performance parameters vary with the change of the order of these components,
so better performance can be achieved by ordering these components. For
example, for the conventional ZF nonlinear pre-processing algorithm and the

MMSE nonlinear pre-processing algorithm the components that need to be
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ordered are the rows of the channel matrix H. The performance parameters are the
noise variances (E[|7, [], E[|#, ['],..., E[|7, [']) for the conventional ZF
nonlinear pre-processing algorithm, and the error variances
(€6rsrén) = (Ella 1, Elle, P, ... Elle, [ = ding(®@,)  (3.6)
for the MMSE nonlinear pre-processing algorithm. The optimal ordering lemma
is as follows.
Optimal Ordering Lemma: For the components indexed by 1,2,...,M that
need to be ordered, if the performance parameters of these components,
D> Da»-- Py » ObEy the Condition 1 and Condition 2 described below, the order

L={,l,..1,} found by the “best-first” ordering is the optimal “best-worst”
order with regard to the performance parameters. This means that the worst
performance parameter p, when order L is used is better than or the same as the

worst performance parameter p, when any other order 0 ={g,,q,,.-.qy} is

used.
“Best” and “worst” in the above lemma should be decided according to
particular application. For example, if the components need to be ordered are

rows of the channel matrix H for the conventional ZF nonlinear pre-processing
algorithm, the performance parameters are the noise variances (E[|7 '],
E[| 7, [],.-., E[| 7, [']), so “best” means minimum and “worst” means maximum.

In this case, the optimal “best-worst” order with regard to the performance
parameters means the optimal order in the minimax noise variance sense.
The two conditions of the optimal ordering lemma are:

Condition 1: For any two orders, A={4,,4,,...,4,,} and B={B,,B,,...,B,,},
of the indices of the M components to be ordered, if A, = B, and their constraint
sets C 4, and C 5, are made up of the same elements (regardless of the order of

these elements, e.g., {2,3,1} and {2,1,3} are made up of the same elements), then

Py =Ps, -
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Condition 2: For any two orders, A={4,,4,,...,4,} and B={B,,B,,..., B, },
if 4, = B, and the constraint set C 4 S éB,, , then p, 1s better than or the same as

Py -

The definition of the constraint set is: For an order L={,/,,....1,,}, the
constraint set @,i of l;is C, ={l,1,,...,1,,}. A similar definition can be found in

[18].
For the components indexed by 1,2,...,M to be ordered, the “best-first”
ordering finds the final order L={/,/,,...,,,} from [, [,, to /,, iteratively. To

find /., all the unordered components (the components whose indices have not
been chosen as /,...,/, ;) are tested. The index of the component with the best
performance parameter if it is chosen as /, will be ordered into the first available
position being ordered, i.e., the position /. For this reason it is called the “best-

first” ordering method. The procedure of its operation is described as follows:

Initialization:

2. Create a set: U = {,2,..,M}.

Iteration until i > M:

1. From all the components whose indices belong to U, find the component
that has the best p, ifitis put in the position i of the order L,

2. Put the index of the component found in 1 (assume it is ¢ ) in position i of

the order L, i.e., [ =,

3. Delete & from U,

4.i=i+1.

Appendix D gives the proof of this lemma.
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3.4 Ordering in the Conventional ZF Nonlinear Pre-
Processing Algorithm and the MMSE Nonlinear Pre-
Processing Algorithm

For the conventional ZF nonlinear pre-processing algorithm, it has been revealed
in Section 2.3 that the performance of MS; is determined by the variance of the

noise #,. Therefore, the system performance will be dominated by the largest
noise variance, and hence we intend to find the optimal order in the minimax
noise variance sense. That means, if L={,/,,...,/,,} is the optimal order, the
maximal noise variance in (E[| %, '], E[| 7, I],..., E[|7i, [']) when order L is used

must be smaller than or the same as the maximal noise variance when any other
order is used. Similarly, for the MMSE nonlinear pre-processing algorithm, the
error variances are considered, and our goal is to achieve the optimal order in the

minimax error variance sense. That means, if L={/,,/,,...,/,,} is the optimal order,
the maximal error variance in (g;,¢, ,...£, ) when order L is used must be

smaller than or the same as the maximal error variance when any other order is
used.

For the conventional ZF nonlinear pre-processing algorithm, the noise
variances (E[|7, ', E[|#, [L... E[l7, [’]) are used as the performance

parameters in the ordering. In the same manner, for the MMSE nonlinear pre-

processing algorithm, the error variances (g;,¢,,...6, ) are used as the

performance parameters. It can be shown that for both the conventional ZF
nonlinear pre-processing algorithm and the MMSE nonlinear pre-processing
algorithm, the performance parameters obey the following two conditions, i.e.,

Condition 1: For any two orders of the rows of H, 4={4,,4,,...,4,,} and

B={B, B,,.., B,}, if A =B, and the constraint sets C 4, and @Bk are made by

same clements, then E[| 7, P1=E[|7; ['] or &, =&, .

59

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Condition 2: For any two orders of the rows of H, 4={4,,4,,...,4,,} and
B= {B, B,,.., B}, if 4, =B, and the constraint sets éAk c 63,,’ then
Ef|n, F1<E[l ﬁBp '] or £y SEp -

Employing the optimal ordering lemma, we see that the “best-first” ordering
can achieve the optimal order in the minimax noise variance sense for the
conventional ZF nonlinear pre-processing algorithm and the optimal order in the
minimax error variance sense for the MMSE nonlinear pre-processing algorithm.
(Here, “best” means minimum and “worst” means maximum, so the “best-worst”

order is the minimax order.)
3.4.1 An Efficient Way to Perform the “Best-First” Ordering for

the Conventional ZF Nonlinear Pre-Processing Algorithm and the

MMSE Nonlinear Pre-Processing Algorithm
From the description of the “best-first” ordering in Section 3.3, one can see that
the optimal order L ={l,,l,,...,1,,} 1s found from /,, /, to /,,. To determine the ith

element of the optimal order, the performance parameter p, , when each
unordered component is put in the position /,, needs to be calculated. In other

words, assuming U = {u,,u,,..., u,} is made up of the indices of the components

that have not been ordered yet (P = M-i+1), the performance parameters when

[, =u,u,,..,u, need to be found. We use Py, to represent the performance
parameter if /, =u, (j = 1,...,P). Since performance parameters vary with the
change of the order, generally, we need to form the order with /; =u; and then
calculate Piw)) forj = 1,...,P, respectively. In [28], an efficient method has been

proposed to calculate p, ) (j = 1,...,P) when the “best-first” ordering is applied

to the MMSE DFD. Using this method, instead of forming different orders by

choosing /; =u; and then doing the calculation, one can find all the values of
Piw,y G = 1,...,P) from one equation. Thus, the computational complexity is

greatly reduced.

60

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



As we have explained, the noise variances are used as the performance
parameters in the “best-first” ordering for the conventional ZF nonlinear pre-
processing algorithm and the error variances are used as the performance
parameters in the “best-first” ordering for the MMSE nonlinear pre-processing

algorithm. During the “best-first” ordering of these two algorithms, to determine

I, , the value of noise variance E[|7, ] or error variance &, , when each
unordered row of H is put in the position /, needs to be calculated. We use
E[| ﬁz,-(uj) ] to represent the noise variance if L=u, G = 1,...,P) for the
conventional ZF nonlinear pre-processing algorithm, and £, tO TEpresent the

error variance if [, =u; (j = 1,...,P) for the MMSE nonlinear pre-processing
algorithm. We find that as in the “best-first” ordering for the MMSE DFD in [28],
the calculation of EJ] ﬁ,i(uj) ] or E1,) (G = 1,...,P) can also be simplified. The
following equations are proposed to calculate EJ| ﬁ,’_(uj) ] or E,) G=1,...,P).

First, we form

H,

[(HD),,, (H),,,.... (D), T G.7)
[[H'],.[H],,...[H], ] (3.8)

where [H'], represents the kth column of H'.

D,

For the conventional ZF nonlinear pre-processing algorithm, the values of
E[| ﬁl,-(u,) 1, E[l ﬁ1,.(u2) !2]5---, E[| ’7’1,.(.,,,) ] are

(Ell 7,y PLEl A,y P Bl iy, 1) = o diag (H, HG ) ™) (3.9)

For the MMSE nonlinear pre-processing algorithm, the value of € is

81;(14,) ZG:[T]_jj +O—3§[T]jj[s]ujuj (3.10)
where
T =[(Hy +¢Dy )HY +&Dy)T™ (3.11)
S =(HH")" (3.12)
61

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendix E shows how (3.9) and (3.10)—(3.12) are derived. Using the above
equations, the computational complexity of performing the “best-first” ordering
for the conventional ZF nonlinear pre-processing algorithm and the MMSE

nonlinear pre-processing algorithm is significantly reduced.

3.4.2 Simulation Results

In this section, simulations are used to show the advantage of the “best-first”
ordering in the conventional ZF nonlinear pre-processing algorithm and the
MMSE nonlinear pre-processing algorithm. BER vs. SNR curves are determined.
The BER is the average BER over all the mobiles. The number of single-antenna
mobiles and the number of transmit antennas at the base station aré chosen as M=
N =4. The channel is assumed to change independently from one symbol interval
to the next. The SNR used in our simulation is defined by (2.43).

Figure 3.3 shows the performance comparison of the conventional ZF
nonlinear pre-processing algorithm and the MMSE nonlinear pre-processing
algorithm when no ordering or the “best-first” ordering is applied. QPSK with
Gray encoding [74] is used. It is clearly seen that the “best-first” ordering can
significantly improve the system performance for both algorithms. At BER = 102,
using the “best-first” ordering, approximately 5.5 dB and 3.5 dB gain is obtained
for the conventional ZF nonlinear pre-processing algorithm and the MMSE
nonlinear pre-processing algorithm, respectively.

Figure 3.4 shows the performance improvement achieved by the “best-first”
ordering for the conventional ZF nonlinear pre-processing algorithm and the
MMSE nonlinear pre-processing algorithm when 16QAM with Gray encoding
[74] is used. It is seen that the “best-first” ordering achieves about 5 dB and 6 dB
gain for the conventional ZF nonlinear pre-processing algorithm and the MMSE

nonlinear pre-processing algorithm, respectively, at BER = 10~
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A SR —&— MMSE Nonlinear Pre~Processing {with ordering)
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SNR(dB})

Figure 3.3 Performance comparison of the conventional ZF nonlinear pre-
processing algorithm and the MMSE nonlinear pre-processing algorithm when no

ordering or the “best-first” ordering is applied (QPSK, M= N =4).
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Figure 3.4 Performance comparison of the conventional ZF nonlinear pre-
processing algorithm and the MMSE nonlinear pre-processing algorithm when no

ordering or the “best-first” ordering is applied (16QAM, M= N = 4).

3.5 Ordering in Other ZF-Based Nonlinear Pre-
Processing Algorithms

In Section 2.4, a generalized ZF nonlinear pre-processing structure has been
proposed. This structure can realize ZF-based nonlinear pre-processing algorithm
that achieves minimum BER for each mobile under any given power allocation to
different data streams. Based on the generalized ZF nonlinear pre-processing
structure, different ZF-based nonlinear pre-processing algorithms have been
developed. These algorithms include the optimal ZF nonlinear pre-processing
algorithm under the relative SNR requirement, the balanced ZF nonlinear pre-

processing algorithm, the optimal ZF nonlinear pre-processing algorithm
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satisfying the individual SNR target at each mobile, and the minimum BER ZF
nonlinear pre-processing algorithm. It can be easily found that the performance of
these algorithms can also be improved if the rows of the channel matrix are
ordered properly, but the purposes of ordering are different in these algorithms
due to their different optimization requirements.

For the optimal ZF nonlinear pre-processing algorithm under the relative SNR
requirement proposed in Section 2.4.2.1, assume the relative SNR requirement is

defined by 7, =a4, for MS; (k=1,2,...,M). If no ordering is applied, one can
find that the relative SNR at MS; is

M
Ve =M N0 3 (A[G LA, (3.13)
k=1
where G is found from (2.15)—(2.18). If the rows of the channel matrix are
ordered into H® =[(H); ,(H)] _,...(H);]" and by using H* the matrix G
becomes G, the relative SNR at MS; is
M
Ve =M l(o; ) (A[GE LA, - (3.14)
k=1
Clearly, in this case the optimal order should be the one that can minimize the
M
2 AIGET).
k=1

The balanced ZF nonlinear pre-processing algorithm is a special case of the
optimal ZF nonlinear pre-processing algorithm under the relative SNR

requirement with 7, =%, =...=7,,. Therefore, the optimal order should be the one

M
that can minimize the ) ([G]5,) where GZ is found from (2.15)-(2.18) by
k=1

using the ordered channel matrix H® .
For the optimal 7ZF nonlinear pre-processing algorithm satisfying the

individual SNR target 7, at each mobile proposed in Section 2.4.2.2, if no

ordering is applied, one can find that the minimum average total transmitted

energy per symbol interval is
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E, - e = 22([0 7). (3.15)

TM:

If the rows of the channel matrix are ordered into H" and by using H'” the
matrix G, becomes G, the minimum average total transmitted energy per

symbol interval is

iy M -

E, =) b = ZZ([G“)]M (3.16)
Clearly, in this case the optimal order should be the one that can minimize the

Z( (L)]kk}’k

For the minimum BER ZF nonlinear pre-processing algorithm proposed in
Section 2.4.2.3, if no ordering is applied, one can find that the minimum average
BER of all mobiles is

M
B, =(/M)Y P(p, (0,[Gc i) (.17
k=1

where p,, p,,..., p;, should be found by using the method in [71]. If the rows of
the channel matrix are ordered into H” and by using H® the matrix G

becomes G, the average BER of all mobiles becomes
M
P.=(1/M)Y P(p, (0,[G 1)) (3.18)
k=1
In this case, to minimize the average BER, the optimal order L should be found
jointly with the power allocation factors p,, p,,..., p,,, 1.€.,
{L, Prs Prsr P} = are min [ (1/M)ZP(pk Nor[GETeN] - (3.19)
P1sPyses Py
However, for the above algorithms, the optimal order can only be found by
“exhaustive search” method, i.c., all possible orders need to be tested and the one
achieving the optimal performance is chosen. Particularly, for the minimum BER
ZF nonlinear pre-processing algorithm, the optimal order and the optimal power
allocation factors should be found together by “exhaustive search” method. How

to design ordering method with reduced complexity for the above algorithms is
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still an open question. For the minimum BER ZF nonlinear pre-processing
algorithm, the iterative method proposed to find the order and power allocation
factors for the ZF DFD in [71] can be applied and this method can reduce the
complexity. However, there is no proof of the convergence of this method.
Interestingly, we find by simulation that the “best-first” ordering for the
conventional ZF nonlinear pre-processing algorithm introduced in Section 3.4 can
achieve very satisfactory performance for the balanced ZF nonlinear pre-
processing algorithm and the minimum BER ZF nonlinear pre-processing
algorithm. For the balanced ZF nonlinear pre-processing algorithm, which is a
special case of the optimal ZF nonlinear pre-processing algorithm under the
relative SNR requirement, it has been shown in [83] that the “best-first” ordering
achieves the optimal order in all 2 x N systems. For the minimum BER ZF
nonlinear pre-processing algorithm, we propose to use first the “best-first”
ordering to order the channel matrix, and then determine the power allocation
factors using the ordered channel matrix. Simulation in the next section will show
that the “best-first” ordering can significantly improve the performance of these
algorithms, while its complexity is much lower than that of the ‘“exhaustive

search” method.

3.5.1 Simulation Results

3.5.1.1 Performance Improvement Achieved by the “Best-First” Ordering for

the Balanced ZF Nonlinear Pre-Processing Algorithm

To show how well the “best-first” ordering can work for the balanced ZF

nonlinear pre-processing algorithm, we compare it with the “exhaustive search”

ordering. It is noted that the “exhaustive search” ordering is optimal, and it can
M

minimize f=Y ([GY];,). Simulation is used, and 10° channel gain matrices are
k=1

tested. For each realization of the channel both the “best-first” ordering and the

“exhaustive search” ordering are used, and the f obtained by the two ordering

methods are found. Table 3.1 shows the comparison of the results of the two

ordering methods when M = N = 2,...,6. The value of the “Percentage of failure
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(%)” is the percentage of the cases that the “best-first” ordering fails to find the
optimal order, i.e., / obtained by the “best-first” ordering ( B, ) is larger than

obtained by the “exhaustive search” ordering ( B ). The average values of S,

and S, which are represented by f,. and B, respectively, are also shown.

From Table 3.1, it can be seen that the “best-first” ordering achieves the optimal
order for most channel realizations when the M and N are small. As it is shown in
[83], when M = N = 2 the “best-first” ordering is optimal. Although as M and N
become larger the percentage of cases such that the “best-first” ordering fails to
find the optimal order increases, the average value of the £ obtained by the
“best-first” ordering is still very close to that obtained by the “exhaustive search”
ordering. Therefore, the “best-first” ordering achieves very satisfactory results. It
is then justified to expect that the performance when the “best-first” ordering is
applied is very close to the performance when the optimal order is used. Next, we

will use simulation to verify this anticipation.

Table 3.1 Comparison of the “best-first” ordering and the “exhaustive search”

ordering for the balanced ZF nonlinear pre-processing algorithm.

Mand N 2 3 4 5 6
Percentage of failure (%) 0 1.57 4.98 10.05 16.36
Bar 8.3207 | 6.9741 | 5.6255 | 5.3905 | 5.0942
Bis 8.3207 | 6.9728 | 5.6225 | 5.3856 | 5.0875

The improved performance attained by the “best-first” ordering in the
balanced ZF nonlinear pre-processing algorithm is shown in Figure 3.5. A multi-
user MIMO system with 4 transmit antennas at the base station and 4 single-
antenna mobiles is considered. BPSK modulation is used. We assume the channel
matrix H changes independently from one symbol interval to the next. The SNR
used in our simulation is defined by (2.43). It can be seen that using the “best-
first” ordering, approximately 5.5 dB gain is obtained for the balanced ZF
nonlinear pre-processing algorithm at BER = 10, The performance curve of the

balanced ZF nonlinear pre-processing algorithm when the “exhaustive search”
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ordering method is used is also drawn in Figure 3.5. It can be observed that the
“best-first” ordering achieves nearly the same performance as the optimal
“exhaustive search” ordering. Hence, it is clear that the “best-first” ordering is

very beneficial to the system performance.

3.5.1.2 Performance Improvement Achieved by the “Best-First” Ordering for

the Minimum BER ZF Nonlinear Pre-Processing Algorithm

Figure 3.6 and Figure 3.7 show the performance improvement by the “best-
first” ordering for the minimum BER ZF nonlinear pre-processing algorithm. A
multi-user MIMO system with 4 transmit antennas at the base station and 4
single-antenna mobiles is considered in Figure 3.6, and a multi-user MIMO
system with 8 transmit antennas at the base station and 8 single-antenna mobiles
is considered in Figure 3.7. BPSK modulation is used. We assume the channel
matrix H changes independently from one symbol interval to the next. The SNR
used in our simulation is defined by (2.43). It can be seen that the “best-first”
ordering can significantly improve the performance of the minimum BER ZF
nonlinear pre-processing algorithm. For the system with M = N =4, using the
“best-first” ordering, approximately 4.1 dB gain is obtained for the minimum
BER ZF nonlinear pre-processing algorithm at BER = 10, For the system with
M = N =8, approximately 4.8 dB gain is obtained using the “best-first” ordering
at BER = 10”.
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Figure 3.5 Performance comparison of the balanced ZF nonlinear pre-processing
algorithm when no ordering or the “best-first” ordering is used (BPSK,

M=N=4)
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Figure 3.6 Performance comparison of the minimum BER ZF nonlinear pre-
processing algorithm when no ordering or the “best-first” ordering is used (BPSK,
M =N=4).
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Figure 3.7 Performance comparison of the minimum BER ZF nonlinear pre-
processing algorithm when no ordering or the “best-first” ordering is used (BPSK,

M=N=38).
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Chapter 4 Nonlinear Joint
Transmitter-Receiver

Processing Algorithms

In this chapter, the downlink transmission of multi-user MIMO systems where the
mobiles are equipped with multiple antennas is considered. For this kind of
systems, since there is more than one antenna deployed at each mobile, although
the mobiles still cannot process signals cooperatively, each mobile can process the
multiple signal streams it receives at its own multiple antennas. Therefore, the
processing capabilities of the mobiles can be utilized to realize joint Tx-Rx
processing algorithms. If designed properly, the joint Tx-Rx processing
algorithms can achieve better performance than the Tx pre-processing only
algorithms.

Linear joint Tx-Rx processing algorithms, where linear transmitter processing
and linear receiver processing are applied at the base station and each mobile,
have been proposed in [53]-[56] for the downlink of multi-user MIMO systems
with multiple-antenna mobiles, but the processing matrices there have to be found
by iterative methods, which leads to high computational complexity. On the other
hand, a linear multi-user MIMO decomposition (L-DECOM) technique, which
implements joint Tx-Rx processing and provides closed-form solution, is
proposed in [57]-[60]. This technique uses linear pre-processing to pre-eliminate
the MUI, the interference from the data streams of other users, at the transmitter.
It decomposes the multi-user MIMO channel into parallel independent single-user
MIMO channels, and then the data streams of each mobile can be seen as passing

through a decomposed single-user MIMO channel without any MUIL The
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maximum achievable sum rate of multi-user MIMO channel using this L-
DECOM technique is analyzed in [57]-[59]. The application of different single-

user MIMO processing algorithms to achieve spatial multiplexing in the
decomposed single-user MIMO channels is considered in [59] and [60]. With the
application of different single-user MIMO spatial layer separation algorithms,
joint Tx-Rx processing algorithms for the multi-user MIMO downlink with
multiple-antenna mobiles are realized, and closed-form expressions for processing
matrices can be derived. However, the performance of these joint Tx-Rx
processing algorithms is limited by the linear pre-processing used by the L-
DECOM technique.

It has been revealed in Chapter 2 that the nonlinear THP can achieve better
performance than linear pre-processing. Therefore, in this chapter we propose a

nonlinear multi-user MIMO decomposition (NL-DECOM) technique for the
multi-user MIMO downlink. Unlike the L-DECOM technique of [57]-[60], the

NL-DECOM technique uses nonlinear pre-processing instead of linear pre-
processing to pre-eliminate the MUI at the transmitter. The data streams of each
user can also be seen as passing through an equivalent single-user MIMO channel
without any MUI, and then the self-interference of each user can be eliminated by
single-user MIMO layer separation algorithms. The advantages of the NL-
DECOM technique over the L-DECOM technique are analyzed. It will be shown
that the NL-DECOM technique can achieve better BER performance and achieve
much higher maximum sum rate at high SNR than the L-DECOM technique.
Moreover, the restriction on the number of transmit antennas and the restriction
on the number of data streams for each mobile in the NL-DECOM technique are
less strict than those in the L-DECOM technique, which means the NL-DECOM
technique affords higher flexibility in system design. When the NL-DECOM
technique is applied, it is found that the mobiles can be ordered properly to further
improve the system performance, and the “best-first” ordering method is proposed
to improve the overall system performance in the systems, in which all the
mobiles have the same number of antennas and use the same self-interference

cancellation algorithm.
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When the NL-DECOM technique is applied to achieve better performance
and reduce complexity of the mobiles, it is desirable to combine the single-user
MIMO spatial layer separation algorithms that use the nonlinear THP and linear
receiver processing with the NL-DECOM technique. However, since the modulo
device in the THP changes the transmitted signal [51], the single-user MIMO
spatial layer separation algorithms that employ the THP cannot be combined with
the NL-DECOM technique directly. Fortunately, we find that the application of
the single-user MIMO spatial layer separation algorithms that use the nonlinear
THP and linear receiver processing together with the NL-DECOM technique can
be realized by joint design of nonlinear pre-processing for MUI and self-
interference suppression. In this regard, we propose the ZF nonlinear joint Tx-Rx
processing algorithm and the MMSE nonlinear joint Tx-Rx processing algorithm.
The ZF criterion based algorithm, the ZF nonlinear joint Tx-Rx processing
algorithm, can ensure the complete elimination of the inter-stream interference,
while it does not require the knowledge of the statistics of the transmitted signal
and noise. The MMSE criterion based algorithm, the MMSE nonlinear joint Tx-
Rx processing algorithm, minimizes the MSE, which includes both the residual
inter-stream interference and noise. Hence, it mitigates noise enhancement, and
therefore is capable of better performance in comparison to its ZF-based
counterpart. In these two algorithms, closed-form expressions for the transmitter
and receiver processing matrices are developed to optimize the performance of
each mobile. Since the processing capabilities of the mobiles are utilized
effectively, the proposed ZF/MMSE nonlinear joint Tx-Rx processing algorithm
achieves significantly better performance than the ZF/MMSE nonlinear pre-
processing algorithm in Chapter 2. For these two algorithms, it is found that
performance can be further improved if the channel matrices of different mobiles
are ordered properly. A combined optimal diversity and “best-first” (CODBF)
ordering method, which can achieve the optimal order in the maximal diversity
order sense, is proposed for the ZF nonlinear joint Tx-Rx processing algorithm.
For the MMSE nonlinear joint Tx-Rx processing algorithm the “best-first”

ordering method is proposed to perform the ordering.
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4.1 System Model and Assumptions

Since the multi-user MIMO systems with multiple-antenna mobiles are the focus
of this chapter, we introduce a system model that is different from that in Section
2.1.

We assume the base station has N antennas and there are K mobiles, MS;,

K
MS,,...,MSk, active in this system. MSy has m, antennas, and M = ka is the
k=1

total number of antennas at all the mobiles.

Vectors a,,a,,...,a, represent the data vectors for MS;, MS,, ..., MSg,

respectively. We assume /, (/, <m, ) independent data streams are transmitted to
K

MS;, so a, is an [ x1 vector. The Lx1 ( L =21k ) vector
k=1

a=(a,a,,..,a,) =(aj,al,..,al)" is used to represent the data for all the
mobiles. It is assumed that all the data symbols are independent and have unit
power, i.e., R, = E[aa”]=1.

Since transmitter pre-processing is applied, we assume X =(x,,x,,...,xy)" is
the pre-processing output of the data vector a, where x,,x,,...,x, are the signals
transmitted from the N transmit antennas. The received signal vector
Y, =0, ..,y at MSyis

y, =H,x+n, “4.1)
where n, =(n",...,n.™)" is the noise vector made up of the noise samples at

different receive antennas of MS;, and H, is the m, x N channel gain matrix

representing the channel between MS; and the base station. Flat Rayleigh fading
1s assumed. The entries of H, are assumed to be normalized 1.i.d. zero-mean

O] (my )

complex Gaussian random variables. n,’,...,n,™’ are assumed to be 1.i.d. zero-

mean complex Gaussian random variables with the covariance matrix

R, =Emn/]=01.
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Another way to represent this system is to arrange the received signals at all

the receive branches into one larger vector

Y=V Iu) =015 Y250Yx) - 42)

y=Hx+n (4.3)
where

n=(n,n,,..,n,) =@ ,n;,..,nL)", 4.9)
and

H=[H H, H.. 4.5)

4.2 Multi-User MIMO Decomposition Techniques

In this section, the L-DECOM technique proposed in [57]-[60] is first briefly
described. Then, our novel NL-DECOM technique is proposed, the advantages of
the NL-DECOM technique over the L-DECOM technique are discussed, and then
the ordering problem for the proposed technique is addressed. Finally, simulation
is used to show the advantages of the NL-DECOM technique and the “best-first”
ordering method applied in the NL-DECOM technique.

4.2.1 Linear Multi-User MIMO Decomposition Technique

The L-DECOM technique proposed in [57]—-[60] uses linear pre-processing to
pre-eliminate the MUI at the transmitter. Assuming T =[T,,T,,..., T ] is the linear
pre-processing matrix where T, is the linear pre-processing matrix for the data of

MS;, the precoding output is x = Ta. To pre-eliminate the MUI at the transmitter,
the L-DECOM technique requires H T, =0, , for j=k. In other words, the

pre-processing matrix T should make HT a block diagonal matrix.

(L)

0 where NV is a

T, in this technique can be represented as T, = N{¥A

matrix whose columns are the orthonormal basis vectors of the null space of H, ,

_ _ K
the null(H,), and H, =[H[,..,H_,H], ,..,H{T. The Nx(N - > m,) matrix

i=1izk
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N can be found by SVD with respect to H, [61]. Since with this N{", H T, is
K
a zero matrix for any j#k, A{" can be any matrix of size (N — Y m)xI,.
i=l,izk

Applying the L-DECOM technique, it can be found that the received signal

vector at MSy is y, = H,Ta+n, = H,N”?A"a, +n, . Thus, the data for MS; can
be seen as passing through an equivalent single-user MIMO channel H,N("

without any MUL Matrix A can be seen as the equivalent transmitter-

processing matrix for MSy, and it can be designed following the same rule for the
single-user MIMO systems. Therefore, all kinds of single-user MIMO layer
separation algorithms can be adopted to mitigate the self-interference for each

user.

4.2.2 Nonlinear Multi-User MIMO Decomposition Technique

The NL-DECOM technique we propose uses nonlinear TH precoder and a linear
transmitter-processing matrix to pre-eliminate the MUI at the transmitter. Its

structure is shown in Figure 4.1. In this structure, the linear transmitter-processing

matrix T (size N X L) is required to make HT a block triangular matrix instead

of a block diagonal matrix, i.e., H/T, =0, , for j>k.In other words,

HlTl Hsz o HITK
0 H,T, :
HT=| . , : (4.6)
: H, T,
0 0 H, T,

Using this pre-processing matrix T, the data vector a, is not interfered by
a,...,4, , but still interfered by a,,,,...,a; . The MUI from a; (j > k) to a, is

eliminated by the nonlinear THP.
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MS;,
TH precoder H j‘>%z: M
1 —>

MOD T

X n, ‘
B MSk
Hk i>%:£>

MOD: Modulo device

HN

B

Equivalent structure of the TH precoder

Figure 4.1 Structure of the NL-DECOM technique in the downlink of a multi-user
MIMO system.

In Figure 4.1, the block outlined by the dashed line at the transmitter is the
TH precoder whose basic idea of operation is described in Chapter 2. Matrix B

(size L x L) works as the feedback filter and it is a strictly upper triangular matrix.
The equivalent structure of the TH precoder is also shown in Figure 4.1. The
precoding output is
a=(@l,a),..a) =B+D)'v=B+D)'(a+d) 4.7)
where v=(v],vl,.,vi) =a+d is the effective data vector and
d=(d/, d],..., d})" is the precoding vector.
Now, let us first show how to design the feedback matrix B to pre-equalize

the MUI from a, (j> k) to a, . From (4.3), (4.7), and x =Ta, one can get
y=HTa+n=HTB+I)"'v+n. (4.8)

In order to pre-eliminate the MUI at transmitter, matrix B should satisfy
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HT(B+1)" =Dy, 4.9)
where D, =diaglH T ,H,T,,..,H,T,] . The diag[X,,X,,...,X;] denotes a
block diagonal matrix whose diagonal blocks are X,,X,,...,X.

If the number of data streams transmitted to each mobile is equal to the

number of antennas at that mobile, i.e., /, =m, for k = 1,...,K, the B satisfying

(4.9) can be found to be
B=D;HT -1
[0 (H,T)"HT, o (HT) T,
9 : (H,T,)"'H,T, - (HZTZ)“’HZTK 4.10)
: (H, T ) He Ty
0 e 0 |
Therefore, the received signal vector y is
y=Dgv+n, (4.11)
and the received signal vector at MSy is
y,=H, T, v, +n,. (4.12)

One can see from (4.11) or (4.12) that all the MUI is pre-eliminated.
If there exists at least one /, <m, for k = 1,...,K, both HT and D, are tall

matrices’, so the matrix B that satisfies (4.9) cannot be found. In this case, the

NL-DECOM technique employs an /, xm, linear receiver-processing matrix G,
at the mobiles with /, <m, to combine the m, signal streams collected from the
antennas into /, signal streams, i.e., y,'=G,y,. Here, y, ' is used to represent
the signal vector at the output of the linear receiver-processing matrix G, at MS;.
In this case, we represent the feedback matrix B as B=(B/,B],...,B%)", where

B, is an /, x L matrix, and B, is found to be

my
~ _ . (4.13)
[OIkLk (GH,T,) 1GkI'Ikaﬂup---a(G‘kaTk) IGkaTK] if I, <m,

P

“{ [0, ,(H,T)" HT,,,...(HT) " HT,] it 1, =

? Tall matrix is defined as a matrix whose number of rows is larger than the number of columns.
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k
where L, = Zl,. . Using (4.6)—(4.8) and B given by (4.13), one can find that for
i=1

the mobiles with /, =m, , the received signal vector is
y.,=H,Ta+n,
K
=H,Ta,+ > HTa +n,

e (4.14)
=H,T,(v,-B,a)+ Z H,Ta, +n,
i=k+1
=H,Tv, +n,
which is the same as that in (4.12). Similarly, for the mobiles with /, <m,, it can
be found that
y,'=GHTv, +Gn,. 4.15)
Therefore, in both cases, for each mobile, all the MUI is pre-eliminated at the
transmitter.

In the NL-DECOM technique, T, that satisfies (4.6) can be represented as
T, = N/™WAM | N is a matrix whose columns are the orthonormal basis
vectors of null(H, ), where H, =[HZ ... HL]" . N®® can be found by doing the

SVD on ﬁk ,l.e.,

. 5 N;{NL)H
H,=U,[Z, 0] N |- (4.16)
X

The size of N is Nx(N - Z m,) . In this manner, (4.12) and (4.15) become

i=k+1
y, =H,NYWAMy +n, 4.17)
and
Yo' =GHNA™v, +Gn,, (4.18)

respectively. Therefore, the data of MS; can be seen as passing through an

K
equivalent single-user MIMO channel H,N™, and A{™ (size (N - D m,)x[,)

i=k+1

can be seen as the transmitter-processing matrix for MS;. The equivalent single-
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user MIMO channels formed using the NL-DECOM technique are shown in
Figure 4.2.

vy Yy, MS

:{> AgNL) :> HleNL) :>

v,(, <m) Yo, M5y,

:> AgNL) ::> HtNENL) :j> G; :>

3 nK

.

y MSk

\4
:K:> A(KNL) :">HKN§<NL) :K>

Figure 4.2 The equivalent single-user MIMO channels formed using the NL-
DECOM technique.

4.2.3 Advantages of the NL-DECOM Technique over the L-
DECOM Technique

4.2.3.1 Better BER Performance

For both the L-DECOM technique of [57]-[60] and the NL-DECOM technique
we have proposed in Section 4.2.2, the data for MS; can be seen as passing
through an equivalent single-user MIMO channel. Since the columns of N and
N ™ are orthonormal in these two techniques and it is assumed that the entries of
H, are normalized i.i.d. zero-mean complex Gaussian random variables, the
entries of the equivalent channels H N’ and H,N{" are still i.i.d. complex

Gaussian random variables with normalized power. For the L-DECOM technique,

K
the size of H N is m, x (N — m.), while for the NL-DECOM technique,
PRA D k i q

i=1,i#k
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K
the size of H,N®™ is m, x(N - Z m,) . Therefore, for MS; (k>1) the NL-

i=k+1
DECOM technique realizes an equivalent single-user MIMO channel with more
transmit antennas compared to the L-DECOM technique. This can lead to better
BER performance, as it will be shown by simulation in Section 4.2.6.1.

4.2.3.2 Higher Maximum Achievable Sum Rate

When the L-DECOM technique is applied, the maximum achievable sum rate of

the system is given in [57] as

R, =max log, | I+ ED’A) /6?2 | (4.19)
where
O 0 0
)
O _ 0 ):.2 ) (4.20)
: . .0
0 - 0 2%)

and I is found from the SVD of H,N", i.e.,

. [xw o] v
H N =yt g =* £l 421
Yk [Ui ] 0 0 V,SL)H ( )

Assume the size of X is D, xD,, the matrix A in (4.19) is a D, xD,

diagonal matrix whose diagonal elements A decide the power allocated to each

Dy
date stream, i.e., lei =P . The optimal A that achieves the maximum

i=1
achievable sum rate can be found by the well-known water-filling process [85].
At high SNR, the transmitted power allocated to different data streams is almost
the same.
When the NL-DECOM technique is applied, the maximum achievable sum
rate in the system will be found in the following. First, the SVD of H,N("" is

found to be

(NL) (N
HkNchL) _ [UgNL) ﬁ;cNL)]|:Ek 0:| ':Vk

W)
0 0 {,;Nmﬂ} *22)
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. . . . . H
Assuming V™ is used as the linear pre-processing matrix A% and U™ is

used as the linear receiver-processing matrix for MSy, the received signal vector

that will go through the modulo and decision devices is
y,'=IMy LUy (4.23)

Using the same analysis as in [76] and [84], one can find that the maximum

achievable sum rate of the system is

DNL
Ry =max 2 R(3p,/2,0,/c") (4.24)
{p:}

i=1

where o™ represents the ith diagonal element of £, and

™0 .. 0
(NL)
E(NL) - 0 2'2 (') (425)
0 e 0 T(W

is a Dy, x D,, matrix. p, decides the power allocated to the ith date stream, i.e.,

Dy,

Zpi:P.
=1

R(3p,/2,0,/0™) = 2log,(2,3p,/2) - h(MOD, (/o™ (4.26)
where A(:) denotes the differential entropy [85], MOD () denotes the modulo
operation that constrains its output to the interval [-A4/2,4/2)x[-jd/2, jA/2),
and 7 is a zero-mean complex Gaussian random variable with variance o . Since
finding the maximum achievable sum rate from (4.24) is in general a non-convex
problem, the power allocation factors p, that achieve the maximum achievable

sum rate are not easy to find in closed-form. In this thesis, we only consider the
maximum achievable sum rate when the SNR is high. In this case, the transmitted
power is allocated almost equally to all data streams [76]. With the high SNR
assumption, using the same approach as that in [76] and [84] it can be found that

the maximum achievable sum rate is

DNL

Ry = log, (5o’ /&%)~ Dy, log, (we/6) (4.27)
i=1
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where p,=P/D,, .

The maximum achievable sum rate of the multi-user MIMO channel at high
SNR when the NL-DECOM technique and the L-DECOM technique are used will
be compared by simulation in Section 4.2.6 (see Figure 4.5 and Figure 4.6). It will
be found that the NL-DECOM technique outperforms the L-DECOM technique
significantly.
4.2.3.3 Higher Flexibility in System Design
When the L-DECOM technique is applied, it has been found that the number of

transmit antennas should satisfy [59]
K
N>max{ ) m,k=12,.,K}. (4.28)
i=1,i#k
Also, the size of the equivalent single-user MIMO channel decides that the
number of data streams for each mobile, the /, , should satisfy
X

I, Smin{m, ,N- > m}. (4.29)

i=l,izk

When the NL-DECOM technique is applied, it can be found that the number

of transmit antennas should satisfy
K
N>>'m,. (4.30)
i=2

Clearly, this constraint is looser than or the same as the constraint in (4.28). From
(4.30) one can see that when the numbers of antennas at different mobiles are
unequal, choosing the mobile with the largest number of antennas as MS; can
loosen the constraint on N. The size of the equivalent single-user MIMO channel
and the constraint on N in (4.30) decide that the number of data streams for each
mobile should satisfy

L,<m, k=2,.K,

LS 4.31
I <min{m,N =) m}. @31

i=2
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Therefore, the constraint on / is the same as that for the L-DECOM technique,
while the constraint on /,(k =2,...,K) is looser than or the same as that for the L-

DECOM technique.

Based on the above analysis, we can draw the conclusion that the restriction
on the number of transmit antennas and the restriction on the number of data
streams for each mobile in the NL-DECOM technique are less strict than those in
the L-DECOM technique, which means the NL-DECOM technique affords higher
flexibility in system design. Two examples are given below to show the higher
flexibility of the NL-DECOM technique.

Example 4.1. Let us consider a multi-user MIMO system, in which N =5
transmit antennas are deployed at the base station and there are 2 mobiles with 2
antennas each and 1 mobile with 3 antennas that need to communicate with the
base station. Since max { 23: m,k=1,2,3} =5, from (4.28) one can see that if the

P
L-DECOM technique is applied, the 3 mobiles cannot be accommodated

simultaneously. Only 2 out of the 3 mobiles can be served at the same time. For
3

the same system, if we choose m =3 and m,=m, =2, since Zm,. =4<N,
i=2

from (4.30) one can see that the 3 mobiles can be accommodated simultaneously
using the NL-DECOM technique.

Example 4.2. Let us consider a multi-user MIMO system, in which N =5 and
there are 3 mobiles with 2 antennas each. In this case, the 3 mobiles can be
accommodated simultaneously by using both the L-DECOM technique and the
NL-DECOM technique. From (4.29), one can find that when the L-DECOM
technique is applied, only one stream of data can be transmitted to each mobile,
ie, I, =1 (k=1,2,3). However, when the NL-DECOM technique is applied,
from (4.31) one can find that /, =1, /, <2, and /, <2 are required, which means

that two streams of data can be transmitted to MS, and MSs.
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4.2.4 Ordering in the NL-DECOM Technique
From Section 4.2.1, one can see that when the L-DECOM technique is applied,

the size of the equivalent single-user MIMO channel for each mobile does not
depend on the mobile index k. In other words, choosing which mobile to be MS;,
MS,, ..., and MSk does not influence the system performance. However, when
the NL-DECOM technique is applied, it is clear that the mobile’s index influences
the size of the equivalent single-user MIMO channel for that mobile. Therefore, if
the mobiles are ordered properly, i.e., MS;, MS,, ..., and MSg are chosen
suitably, better performance could be achieved.

An ordering solution for the mobiles in the NL-DECOM technique should
take account of the number of antennas at each mobile and the self-interference
cancellation algorithms applied for each mobile. Moreover, there exist different
ordering schemes designed to achieve different targets. Therefore, it is hard to
find a general rule to design the ordering scheme. We assume here that overall
system performance improvement is our target. We also assume that all the
mobiles have the same number of antennas, and the same self-interference
cancellation algorithm is used for each mobile. In this case, the “best-first”
ordering method described in Section 3.3 can be used to improve the performance
of NL-DECOM technique. Its basic operation is described below.

The “best-first” ordering method orders the mobiles by choosing MS;, MS,,
to MSk iteratively. To find MS;, all the unordered mobiles (the mobiles who have
not been chosen as MS,,...,MS;;) are tested. The mobile that has the best
performance in this position will be chosen as MS;. (The performance can be
measured by the SNR or SINR depending the self-interference cancellation
algorithm applied.)

Under our assumptions, one can find that if k£ <, the performance of MS; is
worse than the performance of MS,, since the equivalent single-user MIMO
channel of MS; has smaller size than that of MS;. Therefore, the mobile with
smaller index affects the overall system performance more significantly. On the
other hand, the “best-first” ordering method always tries to choose the mobile

with the best performance to be the mobile with the smallest index. Hence, it can
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improve the overall system performance. Simulation results in Section 4.2.6 will
show that the “best-first” ordering method can significantly improve the overall

system performance when the NL-DECOM technique is applied.

4.2.5 Self-Interference Cancellation Algorithms for the NL-
DECOM Technique

It has been shown that an equivalent single-user MIMO channel is realized for
each mobile when the NL-DECOM technique is applied (see (4.17) and (4.18)).
The SVD plus power allocation approach proposed in Section 4.2.3.2 realizes the
maximum achievable sum rate of this system. To apply the NL-DECOM
technique in practical systems, a spatial layer separation algorithm is needed for
each mobile to cancel the self-interference in its decomposed equivalent single-
user MIMO channel. Performing SVD on each equivalent single-user MIMO
channel and then applying the bit-loading algorithms originally developed for the
digital subscriber line (DSL) systems such as [86] can be seen as a method to
approach the maximum achievable sum rate. However, it has been shown in [87]
that water-filling, the optimal power allocation scheme for single-user MIMO
channels, does not give appreciable gain in capacity at high SNR region.
Moreover, the application of bit-loading algorithms designed for DSL systems to
MIMO systems may be questioned since the uncoded BER regions of these two
systems that are of interest are different [88]. Additionally, the bit-loading
algorithms will increase the computational complexity of the transmitter.
Considering the above factors, we are interested in the spatial layer separation
algorithms without bit-loading that can be combined with the NL-DECOM
technique. With this assumption, we find that all the spatial layer separation
algorithms that do not need statistical properties of the transmitted data vector,
such as the ZF criterion based linear/nonlinear detection, pre-processing and joint
Tx-Rx processing algorithms [18], [30], [40], [43], [89], [90], and the SVD-based
algorithms used in [59], [91], [92], can be used directly for each mobile when the
NL-DECOM technique is applied. When using the MMSE-criterion-based layer

separation algorithms, one must know the covariance matrix of the effective data
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vector v, , namely, the R, =E[v,v;], which is difficult to determine. In this
thesis, for the purpose of comparison, we assume R, =1 and use the MMSE

linear joint Tx-Rx processing algorithm [91], [92] as the self-interference
cancellation algorithm when the NL-DECOM technique is applied. The
simulation result in Section 4.2.6 (Figure 4.4) will show that even with this
impractical assumption the NL-DECOM technique still outperforms the L-
DECOM technique significantly. The MLD [30]-[32] can also be utilized as self-
interference cancellation algorithm when the NL-DECOM technique 1s applied.
However, one should note that the MLD should operate on the constellation of

v, , which can be seen as an extended version of the modulation constellation of
a, [51], so the computational complexity is increased. The NL-DECOM

technique uses nonlinear pre-processing to pre-eliminate the MUI, so it is normal
to consider whether we can apply the single-user MIMO layer separation
algorithms that employ the THP and linear receiver processing, since such a
configuration can effectively utilize the processing capabilities of the transmitter
and receiver and does not need to increase the complexity much. However, due to
the modulo operation applied, one can find that this type of single-user MIMO
layer separation algorithms cannot be applied directly. The application of the
single-user MIMO layer separation algorithms employing the THP and linear
receiver processing together with the NL-DECOM technique requires joint design
of nonlinear pre-processing for MUI and self-interference suppression. We will

solve this design problem in Section 4.3.

4.2.6 Simulation Results
4.2.6.1 BER Performance Comparison of the NL-DECOM and L-DECOM

Techniques

First, the BER performance of the NL-DECOM technique and the L-DECOM
technique is compared. 16QAM with Gray encoding [74] is used, and the BER is
the average BER of all the mobiles. It is assumed that the base station has 6
antennas, and there are 3 mobiles each deployed with 2 antennas communicating

with the base station. The flat Rayleigh fading channel is assumed to change
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independently from one symbol interval to the next. The SNR used in our
simulation is defined by (2.43).

In Figure 4.3, the ZF linear pre-processing (LP) algorithm [40], [43] and the
precoded ZF DFD algorithm [89], [90] are used as the sclf-interference
cancellation algorithms when the proposed NL-DECOM technique or the L-
DECOM technique is applied. Also, for the NL-DECOM technique, the “best-
first” ordering method proposed in Section 4.2.4 is applied to improve the overall
performance. It is clear that the proposed NL-DECOM technique can achieve
significantly better performance than the L-DECOM technique and the “best-
first” ordering method is very beneficial for the system performance. When the
ZF LP algorithm is used, at BER = 107, the NL-DECOM technique achieves
approximately 3 dB gain over the L-DECOM technique, and the NL-DECOM
technique with “best-first” ordering achieves approximately 6.5 dB gain over the
L-DECOM technique. When the precoded ZF DFD algorithm is used, at
BER =107, the NL-DECOM technique achieves approximately 1.5 dB gain over
the L-DECOM technique, while the NL-DECOM technique with “best-first”
ordering achieves approximately 3.5 dB gain over the L-DECOM technique.

Figure 4.4 shows performance comparison of the proposed NL-DECOM
technique and the L-DECOM technique when the MMSE linear joint Tx-Rx
processing algorithm [91], [92] is used as the self-interference cancellation
algorithm. It is found that the NL-DECOM technique outperforms the L-DECOM
technique significantly. At BER = 10, the NL-DECOM technique achieves
approximately 3.5 dB gain over the L-DECOM technique, while the NL-DECOM
technique with “best-first” ordering achieves approximately 6.5 dB gain over the -

L-DECOM technique.
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Figure 4.3 Performance comparison of the NL-DECOM and the L-DECOM
techniques when the ZF LP or the precoded ZF DFD is used to cancel self-

interference (16QAM, N=6,K=3,and m, =m, =m, =2).
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Figure 4.4 Performance comparison of the NL-DECOM and the L-DECOM
techniques when the MMSE linear joint Tx-Rx processing algorithm is used to
cancel self-interference (16QAM, N=6,K=3,and m, =m, =m, =2).

4.2.6.2 Comparison of the Maximum Achievable Sum Rate when the NL-
DECOM and L-DECOM Techniques are Used

Now, the maximum achievable sum rates of a multi-user MIMO system when the
NL-DECOM and the L-DECOM techniques are used are compared. The
maximum achievable sum rate of a multi-user MIMO system when the L-
DECOM technique is applied is found by the SVD plus water-filling approach as
described in Section 4.2.3.2. The maximum achievable sum rate achieved by the
NL-DECOM technique results from the SVD plus power allocation approach as

shown in Section 4.2.3.2.
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In our simulation, the flat Rayleigh fading channel is assumed to change
independently from one symbol interval to the next. The SNR used in this section

is defined as
SNR=E /N, (4.32)
where E, = E[|| x|’] is the average total transmitted energy per symbol interval,

and N, is the one-sided noise power spectral density.

Figure 4.5 shows the comparison of the complementary cumulative
distribution functions (CCDFs) of the maximum achievable sum rate of a multi-
user MIMO system when the NL-DECOM technique and the L-DECOM
technique are used. It is assumed that there are 6 transmit antennas at the base

station and 3 mobiles each with 2 antennas (N =6, K =3, and m, =m, =m, =2)

in the multi-user MIMO system. The CCDF of the capacity of a single-user 6x6
MIMO channel is also shown. One thousand random channel realizations are used
to get the result. The SNR is assumed to be 20 dB in Figure 4.5 (a) and 30 dB in
Figure 4.5 (b), respectively. The maximum achievable sum rate when the L-
DECOM technique is used is generated using (4.19), while the maximum
achievable sum rate when the NL-DECOM technique is used is generated based
on the high SNR assumption as in (4.24). One can see that the NL-DECOM
technique outperforms the L-DECOM technique significantly.

Figure 4.6 compares the average maximum achievable sum rate for one
thousand random channel realizations in multi-user MIMO channels with
different sizes when the NL-DECOM technique and the L-DECOM technique are
used. We assume there are two antennas at each mobile, and the number of
transmit antennas at the base station is equal to the total number of receive
antennas (N = M = 4,6,8,10). The average capacity of the single-user M xN
MIMO channel is also shown. The SNR is assumed to be 20 dB in Figure 4.6
(a) and 30 dB in Figure 4.6 (b), respectively. The advantage of the NL-DECOM
technique over the L-DECOM technique can be clearly seen.
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Figure 4.5 Complementary cumulative distribution functions of the maximum
achievable sum rate of a multi-user MIMO channel with N=6, K =3, and

m, =m,=m, =2.SNR = (a) 20 dB and (b) 30 dB.
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Average Maximum Achievable Sum Rate as a function of N at 20dB SNR
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Figure 4.6 Average maximum achievable sum rate of different multi-user MIMO

channels (M=N=4,6, 8, 10, and m, =2). SNR = (a) 20 dB and (b) 30 dB.
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4.3 ZF/MMSE Nonlinear Joint Tx-Rx Processing
Algorithm

In this section, we will study how to design nonlinear joint Tx-Rx processing
algorithms that employ nonlinear THP at the transmitter and linear receiver
processing at the mobile for the downlink of multi-user MIMO systems with
multiple-antenna mobiles. Differently from the NL-DECOM technique in Section
4.2, in the nonlinear joint Tx-Rx processing algorithms proposed in this section
the THP at the transmitter suppresses both the MUI and the self-interference. The
introduction of these algorithms overcomes the problem that the single-user
MIMO spatial layer separation algorithms employing the THP and linear receiver
processing cannot be combined with the NL-DECOM technique as we have
pointed out in Section 4.2.5.

The ZF and MMSE criteria are used to design the nonlinear joint Tx-Rx
processing algorithms, and the resulting algorithms are called the ZF nonlinear
joint Tx-Rx processing algorithm and the MMSE nonlinear joint Tx-Rx
processing algorithm, respectively. The algorithms in this section effectively
utilize the processing capabilities of the base station and the mobiles, while the
complexity of the mobiles is kept low since linear receiver processing is applied.
They can achieve better performance than with the ZF/MMSE nonlinear pre-
processing algorithm or the NL-DECOM technique based joint Tx-Rx processing
algorithms with similar or even higher computational complexity.

In this section, the structure of the ZF/MMSE nonlinear joint Tx-Rx
processing algorithm is first described in Section 4.3.1. Then the ZF nonlinear
joint Tx-Rx processing algorithm is proposed in Section 4.3.2, and the MMSE

nonlinear joint Tx-Rx processing algorithm is designed in Section 4.3.3.

4.3.1 Structure of the ZF/MMSE Nonlinear Joint Tx-Rx
Processing Algorithm

The system model and assumptions described in Section 4.1 will still be used in
this section. For simplicity, here we assume the number of data streams

transmitted to each mobile is equal to the number of antennas of that mobile, i.e.,
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X
l, =m, . Therefore, the total number of data streams transmitted s M :ka ,
k=1

and N > M is assumed for this system.

The structure of the ZF/MMSE nonlinear joint Tx-Rx processing algorithm
for the downlink of a multi-user MIMO system with multiple-antenna mobiles is
shown in Figure 4.7. In this algorithm, nonlinear pre-processing is applied at the
transmitter, while linear receiver processing is applied at each mobile. The
principle of the TH precoder employed at the transmitter has been introduced in
Section 2.2. The feedback matrix B is assumed to be a unit upper triangular
matrix and is represented as

B=(B/,B!,. ,BY), (4.33)

where B, is an m, x M matrix, or

Bl,l BI,Z o BI,K
B 0 B,, : (4.34)
o T ’
0 - 0 B,

where B, is an m; xm, matrix and B, , is still a unit upper triangular matrix.

97

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



n, MS,
TH precoder ylb D Yi, MOD& a,
)y/ H1 1 —_‘:l'> Decision _—"D
a a . :
= MOD ——| F - ~
0 n, MSk )
= B-l Yk Y&,| mops Ak
HK + > DK :> Decision ;J>

MOD: Modulo device

Equivalent structure of the TH precoder

Figure 4.7 Structure of the ZF/MMSE nonlinear joint Tx-Rx processing

algorithm.

It is noted that transmitter pre-processing structure of Figure 4.7 is the same
as that of the nonlinear pre-processing algorithms described in Section 2.3. The
difference is at the receiver that at mobile £, the signal streams collected from the

multiple antennas are first processed by a linear receiver-processing matrix D,

before going into the modulo and decision device. If the receiver-processing
matrices D,,...,D, are all diagonal, this structure is equivalent to the structure of
the nonlinear pre-processing algorithms described in Chapter 2. However, in the
ZF/MMSE nonlinear joint Tx-Rx processing algorithm, D,,...,D, are no longer
diagonal matrices. This change takes into consideration the processing capabilities

of the mobiles, so the ZF/MMSE nonlinear joint Tx-Rx processing algorithm can
lead to significantly better performance. However, with this change the design of
the processing matrices at the transmitter and the receiver becomes a different and
much more challenging problem.

In order to facilitate the representation, we introduce a block diagonal matrix
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p=|® P (433)

0 - 0 D,
whose diagonal blocks are the processing matrices at all the mobiles. One can see
that the feedforward matrix F can be represented as F =[F,F,,...,.F; ] where F,
is an N xm, matrix and can be seen as the linear pre-processing matrix for a,,

the precoding output of MS;’s data streams.
For this system, the signal vector that will go into the modulo and decision

devices at the receiver end can be represented as
y'=Dy=DHFB'v+Dn=DHFB'v+n. (4.36)
where T = (W, ,fi.,...,Ny)’ =Dn,and i, =D,n, .

Since the linear pre-processing matrix F influences the transmitted power,
transmitted power constraint has to be applied. We assume tr{FF"}=M , so
from the discussion in Section 2.3, we know that the matrix F will not change the
power of the precoder output vector. We also assume that

tr{F.F/}=m,, 4.37)
so the power allocated to each mobile is proportional to the number of data
streams transmitted. The design of the ZF/MMSE nonlinear joint Tx-Rx
processing algorithm according to other power allocation can be realized using

the same approach discussed in Section 4.3.2 and Section 4.3.3.

4.3.2 ZF Nonlinear Joint Tx-Rx Processing Algorithm

In this section, the ZF criterion is used to design processing matrices F, D, and B
for the structure shown in Figure 4.7. The ZF criterion requires all the inter-
stream interference should be completely eliminated. Therefore,

DHFB ' =1 (4.38)

is required.
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To find the solution for processing matrices F, D, and B, first, let us study
what kind of matrix F can satisfy (4.38). One can see that the ZF requirement of
(4.38) can also be written as

HF =D'B. (4.39)
Since B is assumed to be a unit upper triangular matrix and D is a block diagonal
matrix, clearly, to satisfy (4.39), the linear pre-processing matrix F should be able

to make HF a block upper triangular matrix, and hence

HF, = Omj,mk , Jj>k (4.40)
is required. Therefore,
H1F1 H1F2 Tt HIFK
0 HJF :
HF =| . 2 (4.41)
: H, F,
0 -0 HyF,

Equation (4.40) means the columns of F, should be in the null space of H,,
where
H, =[H],,...HL]". (4.42)

Therefore, F, that satisfies (4.40) can be represented as F, =N,A,. N, is an

X

Nx(N - z m,) matrix whose columns are the orthonormal basis vectors of
i=k+1

_ X
null(H,). A, can be any matrix of size (N - Z m;)xm, . N, can be found by

i=k+1

doing the SVD [61] with respect to H, , i.e.,

. N#

H, =UJ[Z, 0] *1I. (4.43)
Nk

Therefore, for F, =N,A, , only matrix A, is unknown. Moreover, since

F, =N,A, and N, is made up of orthonormal columns, one can see that the

transmitted power constraint in (4.37) becomes

tr{A, A} =m, . (4.44)
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Now, our task is to design processing matrices A, A,,..,A,, D,D,,...,.D,,
and B. To solve this problem, we introduce the following lemma, which is proved
in Appendix F.

Lemma 4.1: If the ZF criterion (4.38) is satisfied, the received signal vector
at MS; is

v, =H,EB. v, +n, =HN,AB v +n,. (4.45)
After the linear receiver processing this received signal vector becomes
y:.'=DHFB; v, +D,n, =D, H,N,A,B, v, +10,. (4.46)

From Lemma 4.1 one can seec that the nonlinear pre-processing in the
structure shown in Figure 4.7 effectively decomposes the multi-user MIMO
channel into parallel independent single-user MIMO channels as in the NL-
DECOM technique. The data streams of MS; can be seen as passing through an
equivalent single-user MIMO channel H,N, without any MUL. It is noted that the

equivalent single-user MIMO channel H,N, here is the same as that formed by
the NL-DECOM technique. According to (4.46), matrices D, , A, and B, can

be seen as the linear receiver-processing matrix, the feedforward filter at the
transmitter, and the feedback filter at the transmitter for MS; in the decomposed
single-user MIMO channel. One can also see that the performance of MS; is only
influenced by processing matrices A, D,, and B, ,, so processing matrices A,,
D,, and B, (k = 1,...,K) can be designed separately by optimizing the
performance of each mobile. Next, we will discuss how to design these processing
matrices for each mobile.
For MSy, to satisfy the ZF criterion expressed by (4.39), clearly,

DHF, =DHNA, =B, (4.47)

is required, so from (4.46) y,'=v, +n, . Therefore, for each data stream, all the

spatial interference from other data streams is completely eliminated, and the

performance of MS; will only be determined by the noise n,. The covariance

matrix of n, is
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@, . =E[f,n; ]=0.D,D/ (4.48)
and the variances of noises are:

(O-%l) H 0-%2) 9esy O-;’Emk) )T = ofdlag(DkaH) . (4'49)

Since at high SNR the performance of MS; is dominated by the noise with the
largest variance, we intend to find the solution for A,, D,, and B, , which
satisfies (4.47) and is optimal in the minimax noise variance sense, i.e., the

solution that satisfies (4.50). This solution is optimal in the minimum BER sense

at high SNR.
: 2 2 2
min maxio_,,,0 N o
Ap.Dp By, { U S k)}
. 2 2 2
min maxio_,,0. I o By
ApDy By, { "/El)’ ’_'l(:2)’ > ﬁl(g k)} H)
v /)

subjectto (02,0200 ) =0.diag(D, DY),
i OO (4.50)

B, , 1s a unit upper triangular matrix,
tr{A A} =m,,
where the last equation is the transmitted power constraint for MS; as in (4.44).

It is shown in Appendix G that the solution of (4.50) can be given by the

following equations.

Hka = QkRkPkH’

G, = diag[[R,]},....[R, ];L, 1,

D, =G, Q/, 4.51)
Bk,k = GkRk >
A =P,

where H,N, =Q,R,P,” is the geometric mean decomposition (GMD) [90], [94]

(or the equal-diagonal QR decomposition [89]) of H,N,, and G, is a diagonal

k>
matrix that makes B, , = G, R, aunit triangular matrix.
The GMD of a matrix is defined in [89], [90], and [94]. If X is a rank K,

matrix of size M x N, the GMD of X is X = QRP” | where P (size NxK,) and Q
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(size¢ MxK_ ) have orthonormal columns, and R is a K, xK, real upper

triangular matrix with equal diagonal elements and

R],=5=(]c)"", 1<i<K,. (4.52)

;>0
Here, the o, (j=1,...,K,) are the singular values of X and & is the geometric

mean of the positive singular values of X. The ways to perform the GMD of a
matrix are described in [89] and [94].
Since it is assumed that the entries of H, are normalized i.i.d. zero-mean

K

complex Gaussian random variables and N, is found to be an N x(N — Z m,)
i=k+1

matrix with orthonormal columns, the entries of the decomposed single-user

K

MIMO channel H,N, (size m, x(N - Z m,) ) formed in Lemma 4.1 are still

i=k+1
normalized i.i.d. zero-mean complex Gaussian random variables, so the rank of
H,N, is m, with probability one. Therefore, in the solution of (4.51) D, and
K
B, , are of size m, xm,, while A, 1s of size (N — z m;)xm, . Assuming o\’
i=k+1
(j=1,...,m,) are the singular values of H,N,, from (4.51) and (4.52) it can be
found that

G, = E,;llmkxmk (4.53)

my .
where &, = (H o)™ is the geometric mean of the singular values of H,N, .
Jj=1

From (4.49), (4.51), and (4.53), one can find that the variances of

Al a?, .., a"™ are all equal, i.e.,

2 2 2 2—==2
Oy = Oy = = Oy = 0,0, (4.54)

We use one symbol

oy =0,5; (4.55)
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to represent this value. Clearly, if all A,, D,, and B, (k = 1,...,K) are found

through (4.51), all the receive branches of one mobile will have the same
performance.
Now, let us summarize how to find the solution for processing matrices F, D,

and B in the proposed ZF nonlinear joint Tx-Rx processing algorithm. First, N,

(k = 1,...,K) should be determined using (4.43). Then, (4.51) is used to find
processing matrices A, and D, (k = 1,...,K). When all N,, A,, and D, (k =

1,...,K) are found, clearly, processing matrices F=[F,F,,...,F,] where
F, =N,A, and D (see (4.35)) are determined. Finally, the processing matrix B
can be determined through (4.38), i.e., B= DHF.

Finally, we’d like to point out that it can be shown that processing matrix F
found in the ZF nonlinear joint Tx-Rx processing algorithm satisfies F”F =1, so
the average transmitted energy per symbol interval for the ith data stream is
E[[F], |4 [FI¥1=0? (i = 1,...,M), where &, denotes the ith element of 4. One
can see that the transmitted power is allocated equally to all the data streams.

To show the advantage of the proposed ZF nonlinear joint Tx-Rx processing
algorithm, next, we will compare it with the conventional ZF nonlinear pre-
processing algorithm described in Section 2.3. It is noted that in the conventional
ZF nonlinear pre-processing algorithm the transmitted power is also allocated
equally to all the data streams.
4.3.2.1 Advantage of the ZF Nonlinear Joint Tx-Rx Processing Algorithm
over the Conventional ZF Nonlinear Pre-Processing Algorithm
The advantage of the ZF nonlinear joint Tx-Rx processing algorithm proposed in
this section over the conventional ZF nonlinear pre-processing algorithm
described in Section 2.3 can be shown by comparing the diversity order of these
two algorithms.

When the proposed ZF nonlinear joint Tx-Rx processing algorithm is applied,

from y,'=v, +n, and (4.54) one can see that the performance of MS; is decided

by the geometric mean of the singular values of H N, . Since we have revealed
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K
that H,N, 1s an m, x(N - Z m;) matrix whose entries are normalized i.i.d.
i=k+1

zero-mean complex Gaussian random variables, using the result in [95], it can be

found the diversity order of MS; is

K K
dys, =m (N =Y. m)+1-m)=m(N~=Y m,+1). (4.56)
i=k+1 i=k
Since the overall system performance is dominated by the performance of the

worst mobile, the diversity order of the system is
X
d =min{m,(N - m +1):1<k<K}. (4.57)
i=k

Using the same analysis approach as that in [96], it can be found that the diversity
order of the conventional ZF nonlinear pre-processing algorithm described in
Section 2.3 is (N - M +1). Since
K
min{m, (N -D m +1):1<k<K}>(N-M+1) (4.58)
i=k
always holds for multi-user MIMO systems with multiple-antenna mobiles, one
can see that higher system diversity order can be achieved by using the ZF
nonlinear joint Tx-Rx processing algorithm proposed in this section, which
implies the proposed algorithm can achieve better performance than the
conventional ZF nonlinear pre-processing algorithm at high SNR.
Simulation results in Section 4.3.2.4 will show that the ZF nonlinear joint Tx-
Rx processing algorithm we have proposed in this section can provide significant
performance improvement as compared to the conventional ZF nonlinear pre-

processing algorithm.

4.3.2.2 Maximum Achievable Sum Rate in a System Employing the ZF
Nonlinear Joint Tx-Rx Processing Algorithm

Using the same analysis as in [76] and [84], we can find that the maximum
achievable sum rate in a system employing the ZF nonlinear joint Tx-Rx

processing algorithm is

K my -
R, =max > 2. R(x /3 pP12,0,15,) (4.59)

(P} k=li=l
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subject to ii =M

k=1 i=l
where function R(.,-) is defined in (4.26), &, is the geometric mean of the

singular values of the decomposed single-user MIMO channel for MSy, py”

represents the power allocated to the ith data stream of MSy, and the constraint

K m )

> p> =M is applied to keep the total transmitted power constant. Since
k=1 i=1

finding the maximum achievable sum rate from (4.59) is in general a non-convex
problem, the power allocation factors p\” that achieve the maximum achievable
sum rate are not easy to find in closed-form. In this thesis, we only consider the

maximum achievable sum rate when the SNR is high. In this case, the transmitted

power is allocated almost equally to all data streams [76], i.e., p{’ =1. With the

high SNR assumption, using the same approach as that in [76] and [84] it can be
found that the maximum achievable sum rate is

R, = ‘ka log,(G;/02)— Mlog,(me/6). (4.60)

k=1

Moreover, it can be shown that (4.60) is also the maximum achievable sum rate of
the decomposed multiple single-user MIMO channels HN,,H,N,,...H, N, at
high SNR. In other words, the ZF nonlinear joint Tx-Rx processing algorithm
achieves the maximum achievable sum rate of the decomposed multiple single-
user MIMO channels H,N,,H,N,,...,H;N, obtained from Lemma 4.1 at high
SNR.
4.3.2.3 Ordering in the ZF Nonlinear Joint Tx-Rx Processing Algorithm
We have shown that the “best-first” ordering method can achieve the optimal
order in the minimax noise variance sense for the conventional ZF nonlinear pre-
processing algorithm in Section 3.4. Ordering should be performed on the rows of
the channel matrix H. For the ZF nonlinear joint Tx-Rx processing algorithm, due
to the receiver processing applied at each mobile the rows of the channel matrix H
cannot be ordered independently. However, the channel matrices of different

mobiles, ie, H,H,,..,H, in H, can be ordered to improve the system
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performance. In this section, we will first describe the change of system structure
caused by ordering the channel matrices of different mobiles and then propose a
combined optimal diversity and “best-first” (CODBF) ordering method.

4.3.2.3.1 Change of System Structure Due to Ordering

The system structure when no ordering is applied has been shown in Figure 4.7.
In this section, we use L={l, L,,..., [} to represent an order of the channel
matrices of different mobiles, and it should be one permutation of the mobile
indices, 1,2,...,K. If the order of H,H,,...,.H, isfoundtobe L={/, I,,..., [} , H
should be ordered into

H® =[H} H,...H] ] 4.61)

Then, processing matrices F, D, and B should be generated using H®

instead of H, and they are denoted as F“, D, and B”. The system structure
when order L is used is shown in Figure 4.8. Now, the received signal vector that

will go into the modulo and decision devices is

yO' = DOHEOX® 4 pPp®
= pWHWFWB®-y D L pWin® (4.62)
—yD 4 pWp®

where y®'

=(y, Ly, s T is made up of the received signal vectors at
5 oY, Y p

MS,,MS, ,...,MS, and n®=(n,,n,,...n, )" is made up of the noise vectors
at MS, ,MS, ,...,MS, .In this ordered system, to ensure the transmission of data

vector a, to MS,, the data vector applied to the precoding device should also be

; o _ T
ordered into 2™’ =(a, ,a,,....,a, ) .
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Figure 4.8 Structure of the ZF nonlinear joint Tx-Rx processing algorithm when

order L is used.

4.3.2.3.2 Combined Optimal Diversity and “Best-First” Ordering Method
The CODBF ordering method we propose intends to improve the overall system
performance for the ZF nonlinear joint Tx-Rx processing algorithm. This method
has two steps described as follows. In the first step, it achieves the optimal order
in the maximal diversity order sense, which means the system diversity order
when the optimal order is used must be higher than or the same as the system
diversity order when any other order is used. Then, based on the result of the first
step, the “best-first” ordering method is applied to further improve the
performance.
Step 1: Optimal Diversity Ordering

As we have known, without ordering the diversity order of MS; is (4.56), and

the diversity order of the system is (4.57). If order L={/,, L,,..., [} is applied, it
can be found that the diversity order of MS, is
K
dys, =M, (N=-Y m, +1), (4.63)
i=k
and the diversity order of the system is

K
d® =min{m, (N-D m, +1):1<k<K}. (4.64)

i=k
Clearly, for this system, the order which is optimal in the maximal diversity

order sense, is preferred. In other words, we’d like to find the order L which
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ensures d© >d® where Q represents any other order, and d* and d'@
represent the diversity orders of the system when order L and Q are used,
respectively. It is shown in Appendix H that order L={I, L,.., I} which
satisfies

m: 2> m; ifi<j (4.65)

I [

i

is the optimal order in the maximal diversity order sense. Here, m; and m; are
the numbers of antennas at MS; and MS;, respectively. This order can be found

by using the method described below.

L is formed from 1,1, to I, . To find 7, all the mobiles whose indices have
not been ordered into 1,...,I_, will be searched, and the index of the mobile with

the largest number of antennas will be chosen as I . When there are more than
one mobile with the largest number of antennas, any one of them can be ordered
into the position 7, .

Example 4.3 below is used to show how the optimal diversity ordering
method works.

Example 4.3. Let us consider a multi-user MIMO system, in which there are
7 transmit antennas at the base station and 3 mobiles. The numbers of antennas at

the mobiles are m, =2 for MS,, m, =3 for MS,, and m, =2 for MS;. Without

ordering the system diversity order can be found from (4.57), and it is d = 2. If the

optimal diversity ordering proposed above is used, the order of the channel
matrices of different mobiles should be S = {5,, 5,,5,} = {2,1,3} or § = {2,3,1}.
With this order m; =3 and m; =m; =2, so one can see that (4.65) is satisfied.
The system diversity order when this order is used can be found from (4.64), and
it is increased to d) =3 .

It is noted that the above optimal diversity ordering only works for the

systems, in which the mobiles have different numbers of antennas, since from

(4.64) one can see that ordering the channel matrices of different mobiles will not
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change the system diversity order when all the mobiles have the same number of
antennas.
Step 2: “Best-First” Ordering

It can be seen that the optimal diversity ordering in Step 1 does not provide an

ordering rule for the mobiles with the same number of antennas. In the L found
in Step 1, the indices of the mobiles who have equal number of antennas are
adjacent, but they are ordered randomly. (For example, in the Example 4.3 given

above the indices of MS; and MS;, 1 and 3, are ordered randomly as s, and ¥, .)

These indices can also be ordered properly to achieve better performance.
Assume 1 = {l_,.,zﬂ,...,ﬁ »} 18 a subset of L which is made up of the indices

of a group of mobiles with equal number of antennas. From (4.54) and (4.55), it is

seen that the performance of MS; is determined by the noise variance o7 .
7

Therefore, the overall performance of this group of mobiles will be dominated by

the largest noise variance, i.e., max {0';1_ :1<t < p}, and hence we intend to find

the optimal order in the minimax noise variance sense. That means, if

L=,/

is12--s0is 3 18 the optimal order found for 1, max {oﬁ,’_ . :1<t < p} must be

smaller than or the same as the maximal noise variance when any other order is
used. It is shown in Appendix I that the “best-first” ordering method can achieve
the optimal order in the minimax noise variance sense for the group of mobiles
with equal number of antennas. A detailed explanation of the working mechanism
of the “best-first” ordering can be found in Section 3.3. In the following a brief
description of the “best-first” ordering for the ZF nonlinear joint Tx-Rx
processing algorithm is given.

} is the final order found for 1. Using the “best-

Assume L, ={/,,],,...0,,

first” ordering method, /,/, / should be found from /,, ! to /

i+l =5 bitp i+l 2 i+p

iteratively. To find [,,, all the unordered mobiles (the mobiles whose indices

+t 2

have not been chosen as l,....1l,, ) are tested. The index of the mobile that will

lead to the minimum noise variance o,  will be ordered into the position /, .

t
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All the groups of mobiles with equal number of antennas should be ordered in
this manner. It is noted that when all the mobiles have the same number of
antennas, the optimal diversity ordering in Step 1 does not work, so the “best-
first” ordering method described here is used directly.

Simulation results in the next section will show that the CODBF ordering
method proposed in this section can greatly improve the performance of the ZF
nonlinear joint Tx-Rx processing algorithm.
4.3.2.4 Simulation Results
In this section, simulations are used to show the advantages of the ZF nonlinear
joint Tx-Rx processing algorithm and the CODBF ordering method proposed in
Section 4.3.2.3.

In our simulation, the flat Rayleigh fading channel is assumed to change
independently from one symbol interval to the next. The SNR is defined by
(2.43). The BER is the average BER of all the mobiles.

Figure 4.9 presents BER performance comparison of the proposed ZF
nonlinear joint Tx-Rx processing algorithm and the conventional ZF nonlinear
pre-processing algorithm. A multi-user MIMO system, in which there are 6
transmit antennas at the base station and 2 mobiles each with 3 antennas, i.e.,
N=6,K=2,and m =m, =3, is considered. QPSK with Gray encoding [74] is
used. The performance of the ZF nonlinear joint Tx-Rx processing algorithm
without ordering and with the ordering described in Section 4.3.2.3 is shown. It is
noted that since all the mobiles have the same number of antennas, in the ordered
case, only the “best-first” ordering described in Section 4.3.2.3.2 Step 2 is used.
For the conventional ZF nonlinear pre-processing algorithm, performance curves
of this algorithm without ordering and with the “best-first” ordering described in
Section 3.4 are drawn. It is clearly seen that the proposed ZF nonlinear joint Tx-
Rx processing algorithm can achieve significantly better performance than the
conventional ZF nonlinear pre-processing algorithm. At BER = 107 the ZF
nonlinear joint Tx-Rx processing algorithm without ordering achieves
approximately 10 dB gain over the conventional ZF nonlinear pre-processing

algorithm without ordering, and the ZF nonlinear joint Tx-Rx processing
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algorithm with ordering achieves approximately 4 dB gain over the conventional
ZF nonlinear pre-processing algorithm with ordering. From this figure, it can also
be found that the diversity order of the ZF nonlinear joint Tx-Rx processing
algorithm, which is 3 (see (4.57)), is much higher than the diversity order of the
conventional ZF nonlinear pre-processing algorithm, which is only 1 (= N-M+1).
The improved performance attained by ordering is also shown in this figure. At
BER = 107, using the “best-first” ordering, approximately 1 dB gain and 7 dB
gain are obtained for the ZF nonlinear joint Tx-Rx processing algorithm and the
conventional ZF nonlinear pre-processing algorithm, respectively.

Figure 4.10 shows performance comparison of the ZF nonlinear joint Tx-Rx
processing algorithm and the conventional ZF nonlinear pre-processing algorithm
in the downlink of a multi-user MIMO system with 8 transmit antennas at the
base station and 3 mobiles (N = 8 and K = 3). It is assumed that there are 2

antennas at MS;, 3 antennas at MS; and MS3 (m, =2 and m, =m, =3). QPSK

with Gray encoding [74] is used. It can be seen that at BER = 107 the ZF
nonlinear joint Tx-Rx processing algorithm without ordering achieves about 6 dB
gain over the conventional ZF nonlinear pre-processing algorithm without
ordering. For the ordered case, the “best-first” ordering described in Section 3.4 is
used for the conventional ZF nonlinear pre-processing algorithm and the CODBF
ordering method described in Section 4.3.2.3.2 is used for the ZF nonlinear joint
Tx-Rx processing algorithm. It can be found that although the ordered ZF
nonlinear joint Tx-Rx processing algorithm is a little worse than the ordered
conventional ZF nonlinear pre-processing algorithm at low SNR, since the
diversity order of the former, which is 3 (see (4.64)), is larger than that of the
latter, which is 1 (= N-M+1), the advantage of the ordered ZF nonlinear joint Tx-
Rx processing algorithm appears at high SNR. At BER = 107, the ZF nonlinear
joint Tx-Rx processing algorithm with ordering achieves about 2 dB gain over the
conventional ZF nonlinear pre-processing algorithm with ordering. Using the
CODBEF or “best-first” ordering, approximately 4 dB or 8 dB gain is attained for
the ZF nonlinear joint Tx-Rx processing algorithm or the conventional ZF

nonlinear pre-processing algorithm at BER = 102, Also, it can be found the
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CODBF ordering method increases the diversity order of the ZF nonlinear joint
Tx-Rx processing algorithm from 2 (see (4.57)) to 3 (see (4.64)).

In Figure 4.11, we compare the BER performance of the ZF nonlinear joint
Tx-Rx processing algorithm and the L-DECOM technique combined with
different single-user MIMO processing algorithms [59], [60]. A multi-user MIMO
system, in which there are 6 transmit antennas at the base station and 3 mobiles
each with 2 antennas (N = 6, K = 3, and m, =m, =m, =2), is considered. QPSK
with Gray encoding [74] is used. In our simulation, the ZF linear detector (LD)
[30], [44], the ZF DFD with the “best-first” ordering [18], and the MLD [30]-{32]
are used as the single-user MIMO processing algorithms when the L-DECOM
technique is used, and their curves are named as L-DECOM (ZF LD), L-DECOM
(ZF DFD), and L-DECOM (MLD), respectively. It is noted that the L-DECOM
(ZF LD) is a linear joint Tx-Rx processing algorithm, while the L-DECOM (ZF
DFD) and L-DECOM (MLD) are nonlinear joint Tx-Rx processing algorithms,
which are made up of linear transmitter pre-processing and nonlinear receiver
processing. The ordering method described in Section 4.3.2.3.2 is used for the ZF
nonlinear joint Tx-Rx processing algorithm. From this figure, it is clearly seen
that the ZF nonlinear joint Tx-Rx processing algorithm can achieve significantly
better performance than the other algorithms. One should note that the ZF
nonlinear joint Tx-Rx processing algorithm even outperforms the L-DECOM
(MLD) algorithm, which has much higher computational complexity. At
BER =107 the ZF nonlinear joint Tx-Rx processing algorithm achieves
approximately 13 dB gain over the L-DECOM (ZF LD) algorithm, 9.5 dB gain
over the L-DECOM (ZF DFD) algorithm, and 1.5 dB gain over the L-DECOM
(MLD) algorithm.

Finally, we compare the BER performance of the ZF nonlinear joint Tx-Rx
processing algorithm and the NL-DECOM technique combined with different
single-user MIMO processing algorithms in Figure 4.12. A multi-user MIMO
system, in which there are 9 transmit antennas at the base station and 3 mobiles

each with 3 antennas (N =9, K =3, and m, =m, =m, =3), is considered. 16QAM

with Gray encoding [74] is used. The ZF linear pre-processing (LP) algorithm
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[40], [43] and the precoded ZF DFD algorithm [89], [90] are used as the self-
interference cancellation algorithms when the NL-DECOM technique is applied,
and their curves are named as NL-DECOM (ZF LP) and NL-DECOM (precoded
ZF DFD), respectively. The ordering method described in Section 4.3.2.3.2 is
used for the ZF nonlinear joint Tx-Rx processing algorithm. For the NL-DECOM
technique, the “best-first” ordering method proposed in Section 4.2.4 is applied.
The performance advantage of the ZF nonlinear joint Tx-Rx processing algorithm
over the other two algorithms can be seen clearly from this figure. One can see
that at BER = 10 the ZF nonlinear joint Tx-Rx processing algorithm achieves
approximately 11.5 dB gain over the NL-DECOM (ZF LP) algorithm and 1 dB
gain over the NL-DECOM (precoded ZF DFD) algorithm. We know that in the
ZF nonlinear joint Tx-Rx processing algorithm the nonlinear pre-processing pre-
eliminates both the MUI and the self-interference. In the NL-DECOM (ZF LP)
algorithm, the nonlinear pre-processing only pre-eliminates the MUI, and the self-
interference is pre-equalized by linear pre-processing, which makes the
performance of this algorithm worse than that of the ZF nonlinear joint Tx-Rx
processing algorithm. The NL-DECOM (precoded ZF DFD) algorithm uses
nonlinear pre-processing to pre-eliminate the MUI and nonlinear receiver
processing to equalize the self-interference. Its performance is worse than that of
the ZF nonlinear joint Tx-Rx processing algorithm since the error propagation
inherent to the DFD. Moreover, the NL-DECOM (precoded ZF DFD) algorithm
will lead to higher computional complexity of the mobiles compared to the ZF
nonlinear joint Tx-Rx processing algorithm, since nonlinear receiver processing is

applied in the former, while linear receiver processing is applied in the later.
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Figure 4.9 Performance comparison of the ZF nonlinear joint Tx-Rx processing
algorithm and the conventional ZF nonlinear pre-processing algorithm (QPSK,

N=6,K=2,and m, =m, =3).
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Figure 4.10 Performance comparison of the ZF nonlinear joint Tx-Rx processing
algorithm and the conventional ZF nonlinear pre-processing algorithm (QPSK,

N=8,K=3,m =2,and m, =m, =3).
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Figure 4.11 Performance comparison of the ZF nonlinear joint Tx-Rx processing
algorithm and the L-DECOM technique based algorithms (QPSK, N=6,K =3,

and m, =m, =m, =2).

117

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Ll o S TN ETTTITIITIIT: EIREIXEISSTITEE EEREEEESEEERERER: SIZELIETS coriiiiiiiiiiiiiniiind
i —»— NL-DECOM (ZF LP)

-4 —— NL-DECOM {precoded ZF DFD)

*"| =v— ZF Nonlinear Joint Tx—Rx Processing

SNR(dB)

Figure 4.12 Performance comparison of the ZF nonlinear joint Tx-Rx processing

algorithm and the NL-DECOM technique based algorithms (16QAM, N =9,

K=3,and m;=m, =m, =3).

4.3.2.5 Additional Comments

Although the ZF nonlinear joint Tx-Rx processing algorithm proposed in this
section is designed for multi-user MIMO system with multiple-antenna mobiles, it
can be found that this algorithm and the corresponding CODBF ordering method
also work for the generalized multi-user MIMO system, in which some or even all
mobiles have only one antenna. It can be found that in the generalized multi-user
MIMO system any mobile with more than one antenna will have better
performance using the ZF nonlinear joint Tx-Rx processing algorithm than using
the conventional ZF nonlinear pre-processing algorithm. When used in the multi-
user MIMO system with single-antenna mobiles, the proposed ZF nonlinear joint

Tx-Rx processing algorithm is equivalent to the conventional ZF nonlinear pre-
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processing algorithm, and the CODBF ordering method becomes the “best-first”
ordering method. Therefore, the conventional ZF nonlinear pre-processing can be

seen as a special case of the ZF nonlinear joint Tx-Rx processing algorithm.

4.3.3 MMSE Nonlinear Joint Tx-Rx Processing Algorithm

In this section, the MMSE criterion is used to design the processing matrices for

the structure shown in Figure 4.7. It is assumed that the transmitter has the

knowledge of the noise variance o.

First, one can see that the error vector of this system is

e=y-v=Dy—-Ba=(DHF-B)a+Dn, (4.66)
where
e=(e ,el,...er) (4.67)
and
e, =(el,e?,...e™) (4.68)
=y,-v,=D,y,-B,a=(D,H,F-B,)a+Dn,
is the error vector of MS;. The error covariance matrices of e and e, are
®_, =E[ee”]=(DHF -B)R, (DHF -B)” + o’DD" (4.69)

and

®,, =E[e,e/]=(D,H,F-B,)R,(D,H,F-B,)" +5D,D!.  (4.70)

€18

The MMSE-criterion-based solution of this system should be able to
K

minimize tr(®,,) = Ztr((I)ekek) with respect to processing matrices B, F, and D,
k=1

where B is a unit upper triangular matrix and D is a block diagonal matrix.
Meanwhile, constraint (4.37) is applied to constrain the transmitted power.

From (4.70), it is clear that tr(®, , ) is only influenced by D, , while D, (j #

k) have no influence on tr(®,, ). Therefore, D,, D,, ..., D that minimize

)

separately. D, that minimizes tr(®,,) can be found by differentiation of

tr(®,,) can be found by minimizing tr(®,,) , tr(®,.), ..., tr(®

€xex

tr(®, ., ) with respect to D, and setting the result to 0. As a result,
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D, =B, F H; (H,FF"H[ + 1) (4.71)
where & =0 /0o’. With D, found in (4.71), one can then obtain

®, =o’B,(F'H/HF+&)'B). (4.72)

It is noted that D, found in (4.71) and ®, . in (4.72) are functions of B, and

F. Next, matrices B and F should be found by minimizing tr(®,). However, a
closed form solution is hard to find. To find a closed form solution, constraint on
the processing matrix F is applied as follows.

We assume the matrix F can make HF a block upper triangular matrix, i.e.,
HF, =0, ... j>k. (4.73)
With this assumption, it will be found that the minimization of tr(®,,, ) depends
only on B, and F,. Therefore, the solution of B and F that minimizes tr(®,,)
can be found by minimizing tr(®,, ) with respect to B, and F, for k=1,... K,

separately. The matrix F, that satisfies (4.73) can be represented as F, =N, A, .

K
Here, N, is an Nx(N - z m,) matrix whose columns are the orthonormal basis
i=k+1

vectors of null(H,), where
H, =[H],,. . H]". (4.74)

It can be found by doing the SVD [61] on H,. A, can be any matrix of size

K
(N - z m)xm,.
i=k+1
Using this assumption, it can be found that (4.72) is equivalent to

@, =0,B,(F'H/HF, +(D)7B/, (4.75)

where
F, =[F,,F ... Fx] (4.76)
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_ k-1
and B, is made up of the (O m+1) th..,Mth columns of B, , ie,

i=1

B,=[0 . ,B,]. Now, B, that minimizes tr(®,,., ) can be found using the

following equations:

F/H/H,F, +f1=R/'R,, 4.77)
B, =G,R,", (4.78)
G, =diag[[R, T1,[R, Ty, [R, T 1 (4.79)

where (4.77) is the Cholesky factorization [61] of F'H/H,F, +£I, and R, ' is
made up of the 1th,...,m, th rows of ﬁk . The proof of B ., found by (4.77)-(4.79)
minimizing tr(®,, ) is included in Appendix J. One can see that G, in (4.77)
—(4.79) can be also found by using the following equations
F/H/H,F, +{1=R/R,, (4.80)
G, =diag[[R, J},[R, I [R, ]y, 1, (4.81)
where (4.80) is the Cholesky factorization of F/H H,F, +£I .

With the B, found from (4.77)~(4.79), ®, becomes

o, . =0.G,G/ . (4.82)
From (4.80)-(4.82), it can be seen that ®, . is only influenced by F,, while F,
(j#k) have no influence on ®, , . Therefore, our final task is to design the pre-
processing matrix F, to minmmize tr(®,,) . Since F, is assumed to be
F,=N,A, and N, is known, only A, needs to be found. It is noted that A,

should make F, satisfy the transmitted power constraint in (4.37). In this thesis,

for simplicity only A, that have orthonormal columns are considered, i.e., A,

should satisfy
A7A, =1. (4.83)
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(4.83) directly implies that the transmitted power constraint (4.37) is satisfied.

Simulation results in Section 4.3.3.2 will show that A, found under this

assumption can achieve very good performance.

A, that satisfies (4.83) and minimizes tr(®,, ) is found to be
A, =V,P, (4.84)

where V, is found from the SVD of H,N, , i.e,,

v
HN, =U,| X, omk,N-EK]m,- {V’%jl, (4.85)
and P, is found by the GMD [90], [94] (or the equal-diagonal QR decomposition
[89]) of J,, ..,
J, =Q,R/P/ (4.86)

where

Zk
J, E[ \/EI}' (4.87)

The GMD of a matrix has been described in Section 4.3.2. Using A, found by
(4.84)—(4.87), the variances of €{”,e®,...,e™ | which are the errors of MS, ’s
received signals, are
2 2 .2 _ 2 T (H2\-1/m
Oy =00 = =0y =0, (1;[ o)y (4.88)
where o” (i=1,...,m,) are the singular values of J,. Since o2,,0%, ..., T
[ [ €

are all equal, we use one symbol ofk to represent this value. Proof that A, given
by (4.84)-(4.87) minimizes tr(®,, ), and proof of (4.88) are included in

Appendix K.
It is noted that when all A, (k£ =1,...,K ) are found through (4.84)—(4.87), the

matrix F 1s defined. Then, matrices B and D can be derived from (4.77)—(4.79)
and (4.71).
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For the above solution found for A, , it is interesting to find that the pre-
processing matrix F in the MMSE nonlinear joint Tx-Rx processing algorithm

satisfies F”F =1 (see Appendix L for the proof), which means F has orthonormal
columns. Therefore, one can see that the transmitted power is allocated equally to
all the data streams. As we have discussed in Section 2.5.1, due to this feature,
when applied to the sytems with M = N, the pre-processing in the MMSE
nonlinear joint Tx-Rx processing algorithm does not influence the required
dynamic range of the transmitted power at each antenna. The transmitted powers
at the multiple transmit antennas will all have the same value and this value will
not change as the channel changes. This feature is a clear advantage in the design
of a practical system.

It is noted that when the MMSE nonlinear pre-processing algorithm proposed
in Section 2.5 is used, the transmitted power is also allocated equally to all the
data streams. Comparing the MMSE nonlinear joint Tx-Rx processing algorithm
and the MMSE nonlinear pre-processing algorithm, we find that by effectively
taking into consideration the processing ability of the mobiles, the MMSE
nonlinear joint Tx-Rx processing algorithm we have introduced above can
achieve significantly better performance than the MMSE nonlinear pre-processing
algorithm. The performance comparison of these two algorithms is included in
Section 4.3.3.2. In addition, it can be found that although the computational
complexity of the MMSE nonlinear joint Tx-Rx processing algorithm is higher
than that of the MMSE nonlinear pre-processing algorithm, the computational
complexity of the former is still of the same order as that of the latter.

The design of the MMSE-criterion-based nonlinear joint Tx-Rx processing
algorithms using the same structure as shown in Figure 4.7 has also been studied
in some other recent work [80], [97]. The different design and advantage of the
MMSE nonlinear joint Tx-Rx processing algorithm proposed in this thesis can be
easily seen. The algorithm of [97] is developed based on the duality of multi-user
MIMO downlink with dirty-paper coding and multi-user MIMO uplink with
perfect SIC. It is designed to minimize the total transmitted power while

satisfying individual MSE (or SINR) target at each mobile. A different design
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goal of minimizing the sum MSE at all the receive branches under a fixed total
transmitted power is achieved by the proposed MMSE nonlinear joint Tx-Rx
processing algorithm and the work in [80]. In the algorithm of [80] only the MUI
is pre-eliminated by nonlinear pre-processing, while the self-interference of each
user is processed by linear joint Tx-Rx processing. The proposed MMSE
nonlinear joint Tx-Rx processing algorithm can be seen as using nonlinear pre-
processing to pre-eliminate the MUI, while the self-interference is suppressed via
joint nonlinear pre-processing and linear receiver processing, which makes the
design of the proposed algorithm different from that of [80]. Moreover, the
processing matrices in [80] and [97] need to be found by iterative methods, while
closed-form expressions have been found for the processing matrices in the
proposed algorithm. This makes the proposed MMSE nonlinear joint Tx-Rx
processing algorithm more attractive for practical implementation.

4.3.3.1 Ordering in the MMSE Nonlinear Joint Tx-Rx Processing Algorithm
When the MMSE nonlinear joint Tx-Rx processing algorithm is used, it can be

found that the channel matrices of different mobiles, i.e., H,H,,...,H, in H, can

be ordered to achieve better system performance. The change of the system
structure due to ordering should be the same as that for the ZF nonlinear joint Tx-
Rx processing algorithm described in Section 4.3.2.3.1. We still use

L={l,1,,.., I} to represent an order of these channel matrices. If the order of

H H,,.,H, is found to be L={/, I,,..., I}, H should be ordered into
H(L)z[HZ,H,TZ,...,Hi 1" . Then, processing matrices B, F, and D should be

generated using H'”) instead of H, and they are denoted as B, F'¥) and D .
Next, let us study how to design the ordering method for the MMSE nonlinear
joint Tx-Rx processing algorithm to improve performance.

For this algorithm, if order L={l,, ,,..., I} is used, since B is assumed to

be a unit upper triangular matrix, the data vectors will be precoded from a, ,a, ,
to a, . It can be found that the performance of MS, is better than the performance

of MS, if j > k. In other words, the mobile whose data is precoded early has
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better performance than the mobile whose data is precoded late. Since the
performance of the worse mobile has greater influence on the overall system
performance, the mobile that is precoded late affects the overall system
performance more significantly. Therefore, the “best-first” ordering described in
Section 3.3, which always tries to order the mobile with the best performance
(smallest error variance) to the latest precoding position, is a reasonable ordering
method for the MMSE nonlinear joint Tx-Rx processing algorithm. The detailed
explanation of the working mechanism of the “best-first” ordering can be found in
Section 3.3. In the following a brief description of the “best-first” ordering for the
MMSE nonlinear joint Tx-Rx processing algorithm is given.

During the “best-first” ordering, the final order L={l, /,,..., I} 1s found

from /1, I,, to [, iteratively. To find /,, all the unordered mobiles (the mobiles
whose indices have not been chosen as /,...,/,_,) are tested. The index of the

mobile that will lead to the minimum error variance 0'3,' will be ordered into the
position /.
Simulation results in next section will show that the “best-first” ordering

method can greatly improve the performance of the MMSE nonlinear joint Tx-Rx

processing algorithm.
4.3.3.2 Simulation Results

To show the advantage of the MMSE nonlinear joint Tx-Rx processing algorithm
proposed in this section, we compare it with other pre-processing or joint Tx-Rx
algorithms. The algorithms we compare include: 1) the MMSE nonlinear pre-
processing algorithm proposed in Section 2.5. ii) MLD [30]-[32], MMSE DFD
with the “best-first” ordering [28], or MMSE linear detector (LD) [30], combined
with the L-DECOM technique described in Section 4.2.1, whose corresponding
curves are denoted as L-DECOM MLD, L-DECOM MMSE DFD, and L-
DECOM MMSE LD. The L-DECOM MMSE LD is a linear joint Tx-Rx
processing algorithm for the downlink of multi-user MIMO systems, while the L-
DECOM MMSE DFD and L-DECOM MLD are nonlinear joint Tx-Rx processing

algorithms for the downlink of multi-user MIMO systems, which are made up of
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linear pre-processing and nonlinear receiver processing. iii) The ZF nonlinear
joint Tx-Rx processing algorithm proposed in Section 4.3.2. It can be found that
all these algorithms (including the MMSE nonlinear pre-processing algorithm, L-
DECOM MLD, L-DECOM MMSE DFD, L-DECOM MMSE LD, and the ZF
nonlinear joint Tx-Rx processing algorithm) realize equal transmitted power
allocation to all the data streams.

In our simulation, BER vs. SNR curves are determined. QPSK with Gray
encoding [74] is used. The BER is the average BER of all the mobiles. The SNR
is defined by (2.43). The flat Rayleigh fading channel is assumed to change
independently from one symbol interval to the next.

Figure 4.13 presents performance comparison in the downlink of a multi-user

MIMO system with N = 6, K = 2, and m, =m, =3. The “best-first” ordering

method is applied to the MMSE nonlinear joint Tx-Rx processing algorithm, the
ZF nonlinear joint Tx-Rx processing algorithm, and the MMSE nonlinear pre-
processing algorithm. It is clearly seen that the MMSE nonlinear joint Tx-Rx
processing algorithm can achieve significantly better performance than the other
algorithms. One should note that the MMSE nonlinear joint Tx-Rx processing
algorithm even outperforms the L-DECOM MLD algorithm, which has much
higher computational complexity. At BER = 10 the MMSE nonlinear joint Tx-
Rx processing algorithm achieves approximately 15 dB gain over the L-DECOM
MMSE LD algorithm, 5 dB gain over the L-DECOM MMSE DFD algorithm,
3.4 dB gain over the MMSE nonlinear pre-processing algorithm, 3 dB gain over
the ZF nonlinear joint Tx-Rx processing algorithm, and 2.2 dB gain over the L-
DECOM MLD algorithm. The benefits of the MMSE nonlinear joint Tx-Rx
processing algorithm over the other algorithms can be explained as follows. The
advantage of the MMSE nonlinear joint Tx-Rx processing algorithm over the
MMSE nonlinear pre-processing algorithm lies in that it effectively utilizes the
processing capabilities of the mobiles. Compared to the MMSE nonlinear joint
Tx-Rx processing algorithm, the performance of the L-DECOM based algorithms
1s limited by the linear pre-processing applied. The MMSE nonlinear joint Tx-Rx

processing algorithm can outperform the ZF nonlinear joint Tx-Rx processing
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algorithm because the application of the MMSE criterion reduces the noise
enhancement.

Performance comparison of different algorithms in the downlink of a multi-
user MIMO system with N = 6, K = 3, and m, =m, =m, =2 is given in Figure
4.14. The “best-first” ordering method is applied to the MMSE nonlinear joint Tx-
Rx processing algorithm, the ZF nonlinear joint Tx-Rx processing algorithm, and
the MMSE nonlinear pre-processing algorithm. The advantage of the MMSE

nonlinear joint Tx-Rx processing algorithm can also be seen clearly. At

BER =107 the MMSE nonlinear joint Tx-Rx processing algorithm achieves
approximately 15 dB gain over the L-DECOM MMSE LD algorithm, 9 dB gain
over the L-DECOM MMSE DFD algorithm, 5 dB gain over the L-DECOM MLD
algorithm, 3.6 dB gain over the ZF nonlinear joint Tx-Rx processing algorithm,
and 1.5 dB gain over the MMSE nonlinear pre-processing algorithm.

Figure 4.15 shows performance comparison of the MMSE nonlinear joint Tx-
Rx processing algorithm without ordering or with the “best-first” ordering
described in Section 4.3.3.1 in the downlink of a multi-user MIMO system with

N=6,K=3,and m =m,=m, =2. One can see that the “best-first” ordering

significantly improves the system performance. At BER = 107, using the “best-
first” ordering, approximately 2 dB gain is obtained for the MMSE nonlinear joint
Tx-Rx processing algorithm.
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Figure 4.13 Performance of the MMSE nonlinear joint Tx-Rx processing
algorithm (QPSK, N=6,K=2,and m =m, =3).
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Figure 4.14 Performance of the MMSE nonlinear joint Tx-Rx processing
algorithm (QPSK, N=6,K=3,and m, =m, =m, =2).
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Figure 4.15 Performance comparison of the MMSE nonlinear joint Tx-Rx
processing algorithm when no ordering or the “best-first” ordering is used (QPSK,

N=6,K=3,and m =m, =m, =2).
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Chapter 5 Conclusions

5.1 Conclusions

This thesis is focused on the design of spatial layer separation algorithms for the
downlink of multi-user MIMO systems. Due to its abilities of achieving high sum
capacity and accommodating multiple users, the multi-user MIMO systems have
attracted a lot research interests recently. One major problem in the multi-user
MIMO systems is the spatial layer separation for the downlink since the mobiles
are decentralized and uncoordinated. In this thesis, several nonlinear pre-
processing and nonlinear joint Tx-Rx processing algorithms have been proposed
to solve this problem, and the proposed algorithms have shown significantly
better performance than the previous work in this field. The major contributions
of this thesis are summarized in this section.

In the first chapter, a brief introduction to the MIMO antenna systems and the
multi-user MIMO systems has been given as background knowledge. The work in
the literature on the pre-processing and joint Tx-Rx processing algorithms for the
multi-user MIMO downlink has been summarized. Since the THP can effectively
constrain the transmitted power increase, nonlinear pre-processing applying the
THP can achieve significantly better performance than linear pre-processing.
Therefore, our research has focused on the design of the nonlinear pre-processing
and nonlinear joint Tx-Rx processing algorithms for the multi-user MIMO
downlink. The organization of this thesis has also been introduced in this chapter.

Chapter 2 is focused on the design of the nonlinear pre-processing algorithms
for the multi-user MIMO downlink. The TH precoder, which is an important part
of the nonlinear pre-processing algorithms, is first introduced. Then, we propose a

generalized ZF nonlinear pre-processing structure which can realize ZF-based
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nonlinear pre-processing algorithm that achieves minimum BER for each mobile
under any given power allocation to different data streams. Based on this
structure, we have designed the ZF nonlinear pre-processing algorithm, which
achieves minimum BER at each mobile under any given relative SNR
requirement, the ZF nonlinear pre-processing algorithm, which achieves
minimum total transmitted power while satisfying the individual SNR target at
each mobile, and the minimum BER ZF nonlinear pre-processing algorithm,
which achieves minimum average BER of the system. Since the MMSE criterion
can lead to better performance than the ZF criterion due to the avoidance of the
noise enhancement, we also designed the MMSE criterion based nonlinear pre-
processing algorithm for the multi-user MIMO downlink in this chapter.
Simulation results showed that the MMSE nonlinear pre-processing algorithm can
achieve significantly better performance than the ZF criterion based counterpart.
It should be noted that the nonlinear pre-processing algorithms proposed in this
chapter can also be used in other types of multiple input multiple output systems
that are made up of a centralized transmitter and several decentralized receivers,
such as the downlink of the CDMA systems and the downstream of the “MIMO-
DSL” systems* [98], [99].

Since the performance of the nonlinear pre-processing algorithms employing
the THP is influenced by ordering the rows of the channel matrix, there is a
problem of finding the suitable order to improve the performance of these
algorithms. The ordering problems of nonlinear pre-processing algorithms were
studied in Chapter 3. The most important contribution of this chapter is the
introduction of the optimal ordering lemma, which gives the conditions under
which the “best-first” ordering method is optimal. This lemma has then been used
to solve the ordering problems of the conventional ZF nonlinear pre-processing
algorithm [51], [52], the MMSE nonlinear pre-processing algorithm proposed in
Chapter 2, and the ZF nonlinear joint Tx-Rx processing algorithm proposed in

* In MIMO-DSL systems, transmission lines of multiple DSL customers are exclusively controlled
by a single entity. Thus, pre-processing algorithms or signal detection algorithms can be applied to
cancel the crosstalk in the downstream or upstream. The detailed introduction of the MIMO-DSL
systems can be found in [98].
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Chapter 4. The ordering issues for other ZF-based nonlinear pre-processing
algorithms proposed in Chapter 2 are also studied in this chapter, and it is found
that the “best-first” ordering method can achieve very satisfactory performance
for these algorithms.

The spatial layer separation algorithms for the downlink of multi-user MIMO
systems with multiple-antenna mobiles have been considered in Chapter 4. The
nonlinear joint Tx-Rx processing algorithms we propose utilize the benefit of the
nonlinear pre-processing employing THP to constrain the transmitted power
increase and the additional degree of freedom provided by the deployment of
multiple antennas at the mobiles, so better performance than that of the linear
joint Tx-Rx processing algorithms and the pre-processing only algorithms can be
achieved. The first major contribution of this chapter is the introduction of the
NL-DECOM technique. This technique applies nonlinear pre-processing to
decompose a multi-user MIMO channel into multiple independent single-user
MIMO channels, so the data streams of each mobile can be seen as passing
through the decomposed equivalent single-user MIMO channel without any MUL
Operating jointly with different single-user MIMO spatial layer separation
algorithms, this technique realizes different nonlinear joint Tx-Rx processing
algorithms for the multi-user MIMO downlink with multiple-antenna mobiles. It
can achieve significantly better BER performance, higher maximum achievable
sum rate, and higher system design flexibility than the L-DECOM technique
[57]-[60] known in the literature. In the NL-DECOM technique, the nonlinear
pre-processing is used to pre-eliminate only the MUIL To achieve better
performance, the ZF and MMSE nonlinear joint Tx-Rx processing algorithms that
use nonlinear pre-processing to pre-eliminate both the MUI and the self-
interference at the transmitter are proposed. Linear receiver-processing is applied
in these algorithms to utilize the processing capabilities of the mobiles without
increasing the complexity of the mobiles too much. The performance advantage
of these two algorithms has been shown by simulations. It has been found that if
the channel matrices of different mobiles are ordered suitably, better performance

can be achieved for the nonlinear joint Tx-Rx processing algorithms proposed in
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this chapter. The ordering problems of these algorithms have also been studied

and solved in this chapter.

5.2 Suggestions for Future Work

All the nonlinear pre-processing algorithms and the nonlinear joint Tx-Rx
processing algorithms proposed in this thesis are designed under the assumption
that perfect CSI is known at the transmitter. The CSIT can be obtained by channel
estimation in reciprocal TDD systems or by feedback from the receivers.
However, in practical systems, sometimes it is difficult for the transmitter to know
the complete CSIT. For the TDD transmission, the CSIT estimated from the
previous frame may be not precise for the current frame, if the radio channel
changes sufficiently fast. If feedback channel is used, the feedback of the CSI
may lead to CSI errors or make the CSI outdated. In addition, the limitation on the
bandwidth of the feedback channel also constrains the precision of the CSIT.
Hence, one direction of the future work can be the design of nonlinear pre-
processing algorithms and nonlinear joint Tx-Rx processing algorithms using
partial CSIT. There are two types of models for the partial CSIT, which have been
generally used in the literature and are of interest. The first type of model assumes
that the second order statistics of the channel (long term CSI) are available at the
transmitter [100]-[102]. The second type of model assumes that the partial CSIT
is the quantized value of the real CSIT [103], [104]. This model covers the
scenario that the partial CSIT is provided by feedback channel with limited
bandwidth. If this model is used, beside the design of the layer separation
algorithms, the design of the vector quantization that could cooperate well with
the layer separation algorithms is also an important problem.

The nonlinear pre-processing algorithms proposed in Chapter 2 and the
ZF/MMSE nonlinear joint Tx-Rx processing algorithm proposed in Chapter 4 are
designed under the assumption that the number of antennas at the base station is
no less than the total number of antennas at the mobiles simultaneously

communicating with the base station. The NL-DECOM technique proposed in
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K
Section 4.2 requires that N > Zm,. , where N is the number of antennas at the
i=2

base station, m; is the number of antennas at mobile #, and there are K mobiles

simultaneously communicating with the base station. In systems where there are a
large number of mobiles, the above assumption can be satisfied by mobile subset
selection (scheduling) schemes, which select a subset of mobiles for
communication with the base station simultaneously. The mobile subset selection
schemes are another direction of possible future research work. If designed
properly, mobile scheduling schemes are very beneficial for the system
performance since the multi-user diversity in wireless communication systems
can be utilized. For example, the maximum achievable sum rate of the multi-user
MIMO downlink when the conventional ZF nonlinear pre-processing algorithm
with mobile scheduling is applied has been analyzed in [105]. It has been shown
there that if the multi-user diversity is utilized properly the maximum achievable
sum rate of the multi-user MIMO downlink using the conventional ZF nonlinear
pre-processing algorithm is higher than the theoretical capacity of the
corresponding point-to-point MIMO antenna system and the maximum achievable
sum rate of the V-BLAST system using the ZF DFD, as long as the number of
mobiles in the system is sufficiently large [105]. However, it should be noted that
the scheduling method of [105] is very complex. Design of the mobile scheduling
schemes for the nonlinear pre-processing algorithms proposed in Chapter 2 and
the nonlinear joint Tx-Rx processing algorithms proposed in Chapter 4 may be of
interest in the future. Fairness as well as the performance/complexity tradeoff are
important factors that should be considered in the design of a practical mobile
scheduling scheme.

The ZF and MMSE nonlinear joint Tx-Rx processing algorithms proposed for
the downlink of multi-user MIMO systems with multiple-antenna mobiles in
Chapter 4 have been developed based on the assumption that the number of data
streams transmitted to each scheduled mobile is equal to the number of antennas

at that mobile. Thus, the number of scheduled mobiles, K, simultaneously
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K
communicating with the base station is restricted by N > Zmi . Also, sometimes

i=1
it may be desirable that the number of data streams transmitted to each scheduled
mobile is less than the number of antennas at that mobile. Such a configuration
can allow a larger number of mobiles simultaneously communicating with the
base station. For example, at most N mobiles can be accommodated
simultaneously by the base station with N antennas. Linear joint Tx-Rx processing
algorithms under the assumption that the number of data streams transmitted to
each mobile can be less than the number of antennas have been proposed in the
literature, e.g. in [53]-{56]. The design of the nonlinear joint Tx-Rx processing
algorithms under the same assumption is still an open question and is one possible

direction of future work.
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Appendix A Optimal ZF Nonlinear Pre-
Processing under the Relative SNR

Requirement

It is clear that the optimal processing matrices that minimize & achieve minimum

BER for each mobile for the required relative SNR. From (2.32) and the SNR
requirement of MS;, a=|(H),N,t, |’ /(c24,) . Therefore, the solution of

M
t,,t,,....t,, should be the one that minimizes ) [|(H),N,t, | /(c74,)] under the
k=1

constraint (2.29). Using the method of Lagrange multipliers, it can be shown that
the optimal solution for the processing matrices should be in the form of (2.35)—
(2.37) while using the power allocation factors defined in (2.39).

It is noted that the problem of designing processing matrices optimal under
different relative SNR requirements has been considered in [106]. The approaches

used in this thesis and in [106] are different, but yield the same result.
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Appendix B MMSE Nonlinear Pre-

Processing Algorithm

First, we consider the case when M = N. In this case, H' = H™'. Also, due to our
assumption F”F=1I, F should be a unitary matrix, i.c., F"' =F” . Therefore,
(2.49) becomes

G(HH" + 1) =BF"H” . (B.1)
As aresult,

F’" =B'GH+£H™). (B.2)

Through F/F =1, we get

G'BBG™ =(H+FH ") H" +¢H™). (B.3)
Let R=G™'B,

RR” =(H+EH " )YH" +EH™). (B.4)
Thus, R can be obtained from the Cholesky factorization of
H+EH7YH” +£H™) and is an M x M lower triangular matrix. G and B can

be found by
G=diag[[R];,[R];, - [RI;] (B.5)
B =GR. (B.6)
Then, from (B.2), we get
F=H" +éHHR™. B.7)

It can be seen that the above result of B, F, and G can also be obtained
through the QR factorization of H+&H 7 | If
H+(HY =Q'R' (B.8)

where R' is an M x M upper triangular matrix,
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G=diag[[R'];},[Rb,,[R Ty (B.9)

B=GR" (B.10)

F=Q'. (B.11)

Without loss of generality, assuming the matrix G has positive diagonal

elements, it is clear that matrices B, F, and G derived by the above equations are

unique. Also, it can be seen that the result in (B.4)—(B.11) is just the special case

of (2.50)—(2.57) when M = N. Therefore, when M = N, the B, F, and G found by
(2.50)—(2.53) or (2.54)—(2.57) are the unique solution that satisfies (2.49).

Next, let us consider the case when M#=N. Since we have assumed that N>M,

in this case N > M. Therefore, H' = H” (HH")™. Since the results from (2.50)—

(2.53) and (2.54)—(2.57) are equivalent, in the following, we only prove that the
results from (2.54)—(2.57) satisfy (2.49).
From (2.54)—-(2.57), we get

H” +(H' =Q'R’
=FR' (B.12)
=FB"G™
S0
F=H"+HHR"™ =H @+ £HH"YHR"' (B.13)
and
F? =R (H+&H™)
=R (1+EHHYYHH (B.14)
=B 'G(H +£H'™)
Using the F¥ given by (B.14), the r.h.s. of (2.49) is
BF'H" =GHH" +£I). (B.15)
Since we have assumed that F has orthonormal columns,
F/F=1. (B.16)
Using the F and F” given by (B.13) and (B.14), it can be found that
R™A+EHAYYHHAR” X+ EHHA"Y DR =1, (B.17)
SO
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R R'=(1+&HHAYYHHH” 1+ £HHYY), (B.18)

R™R™ =1+ £HHAY YT HHBY)' A+ EHHAY Y. (B.19)

Also, using F and F” given by (B.13) and (B.14), HFF"H" in the Lhs. of
(2.49) becomes

HFFH” =HH 0+ £HH")HR™ R+ HHAYYHHH” . (B.20)

Using the result for R™ R given by (B.19), (B.20) becomes

HFF"H” =HH" . (B.21)
Therefore, the Lh.s. of (2.49) is
G(HFF"H” + £I) = G(HH"” + £I). (B.22)

From (B.22) and (B.15), we see that the Lh.s. of (2.49) equals the r.h.s. of
(2.49). Therefore, (2.49) holds. We can draw the conclusion that processing
matrices B, F, and G given by (2.50)—(2.53) or (2.54)—(2.57), satisfy (2.49).
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Appendix C Derivation of the Error

Covariance Matrix for the MMSE Nonlinear

Pre-Processing Algorithm

The error covariance matrix for the nonlinear pre-processing structure shown in

Figure 2.2 is in the form of (2.45). With B, F, and G given by (2.50)—(2.53) or

(2.54)—(2.57), we get
GHF -B=GHH”(1+£HH")")R"™'-GR".
Here, the expression of F in (B.13) is used. Then, from (B.19), we get

R = (L+(HH"Y")" (HH")" (1+ SHH") )R,
and
GHF -B=G(I+£(MHH")")"'R" -GR"
=-¢{G(HH") I+ SHH") )R
From (2.45)

@, = 0. (GHF -B)(GHF -B)" +5’GG
= o2 GHHA")' @ +£HHATY Y 'R R'I+EHHAY) ) (HHY)'G
+0.GG

Using the result of R R' given by (B.18),
®, =0 (GHH")'G+0.G*.
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Appendix D Proof of the Optimal

Ordering Lemma

First, we assume the order genecrated by the “best-first” ordering method is

L={,l,..,1,}. Lemma D.1, which is straightforward from the concept of “best-

worst” order, is needed in the proof.
Lemma D.1: Assume the worst performance parameter when order L used is

p, - Order L is the “best-worst” order, if: for any other order 0 ={q,,4,,--.9)}>
there is an performance parameter p, that is the same as or worse than p, .
For any element /, (i = 1,...,M) of order L, we define a Before Set

E,i ={l,1,,...,I.;} thatincludes all the elements located before /; in L and an After

Set ;1,,_ ={l,,,] ,1,,} that includes all the elements located after /, in L. Note

i+12 542900
that l?,l_ or .:1,,_ canbenull setifi=1ori= M.

Then, find the element in L that is associated with the worst performance

parameter. We assume this element is /. and the worst performance parameter is
p -

Case 1: Let’s consider any other order Q, in which /, is still in its #th position
(g, =1 ) and the Before Set Eq, and After Set qu are permutations of l?,' and 21,
respectively, i.e.,

Q = {perm(B, ),1,,perm(4, )} = {perm(l,, Ly,.... [, ), L, perm(l, L, p5eens Dy )}

where perm( S ) represents one permutation of the set S.

Through Condition 1, it is obvious that p, = p, .
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Case 2: Let’s consider any other order Q, in which [  is still located before all
the elements of its After Set ;1,’ , but one or some elements from the Before Set
El, are moved after /,.

0={q, >y} =L pu Lol L Dy}
gives a simple example of this case.

If g, =1 in this new order Q, then d < r and the constraint set éqd 2 6‘,’.
Apparently, from Condition 2, p, must be worse than or the same as p, .

Case 3: Let’s consider any other order (), in which the elements of the
constraint set 6‘,’ of [ are distributed in Q (these elements are not needed to be
located next to each other) and /  is not located before all the other elements of
(A:',r . Two simple examples of this case are:

0={9,,9,,-93 s ={seesl sl slnsens iy}

0={q,95qu} ={seesl 55l 5000 el

Assuming /, (k > r) is the first element of C’,r in Q, we assume it is the dth
element of O, 1.e., g, =/, (d < r). First, we form a new order

V{,v,v. -V ={ulol sl hgsnly )y
where v, =1, =q, and {v ,,.vy, }={,....l, 1sli.15ly ) - It 1s apparent that
éqd 2 év, . Since v, =q, and through the Condition 2, p, must be worse than or
the same as p, . Next, we see that the constraint set C‘,’ = év, . Since the “best-

first” ordering ensures that /. is the best one for the constraint set 6’,’ , p, must

be worse than or the same as p, . As aresult, p, must be worse than or the same

as p, .
Since all the other orders can be covered by cases 1, 2, and 3, from Lemma

D.1 we can draw the conclusion that order L is optimal in the “best-worst” sense.
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Appendix E Reduced Complexity
Method Used in the Ordering of the

Nonlinear Pre-Processing Algorithms

When [ =u, (G = L1,..,P), I, ,.., I, should be a permutation of

Upsees U5 U .4, . Through Condition 1 of the optimal ordering lemma, we

JLe

know different order of UpsewsU U u, does not influence the value of

e3eees
Ell 7, 1 or €,y » SO we only consider the order {/ , /[, ,.... 0y} =
LU Uyt 5 U sty

For the conventional ZF nonlinear pre-processing algorithm, we create a

matrix
HU(uj) = [(I-I)Zl EREAS ] (H)Z]_l ’ (H):M 3oy (H):P 2 (H):J ]T (E 1)

and do the Cholesky factorization with respect to HU(uj)Hg(u s 1€,

HU(uj)Hg(uj) = RU(uj)Rg(uj) . (E.2)
Hence
(HU(uj)Hg(ui))_l = RZJI(iu,)R;(u,) . (E.3)

Here, Ry, is a lower triangular matrix with diagonal elements
Ry Jis[Rua,) boss Ry Ipp» 50 Ry, ) is also a lower triangular matrix with
diagonal elements [Ry \J\.[Ry ) ]0-[Ryq ) lpr - From (2.15)-(2.18) and
(2.24), we know

Ef] ﬁl,(uj) 1= O-j[RU(u,)];; (E.4)
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By (E.3) and (E.4) and using the feature that RU(u ) 1s a lower triangular matrix, it

can be found that

E[| ﬁ/,.(u,) 1= 0'2 (HU(u )Hg(u.))—l]pp

(E.5)
= o, [(HH)™'1;

where H,, is defined by (3.7). Thus,
(Ell 7., P LEl Ay, Lo EDV Ay, D) = 0 diag(H, HE)™) (E.6)
holds as in (3.9).
For the MMSE nonlinear pre-processing algorithm, we create Hy,, , as in
(E.1), DU(uj) as
DU(u ) T [[HT] J[HT ]”j—l ’[HT ]"j+1 :--':[HT]uP 9[HT ]uj ]9 (E7)
and S as
S=(HH")". (E.8)
Then, we generate Gy, , Ry, , and By, through the Cholesky

factorization, i.e.,

Hy,, + §Du(u >)(HU(u y 6Dy, )
= RU(u )Rg(u (E.9)

-1 H -1
- GU(M )BU(u )BU(u )GU(uj)
Here, Gy, , is a diagonal matrix that makes By, , a unit lower triangular matrix,
7 7

1e.,
GU(u-) = diag[[GU(u-)]11’[GU(uj)]ZZ"“’[GU(u}-)]PP]
- d1ag[[ U (x )]111:[RU(uj)];;:---,[Ru(uj)];;]

where [RU(ui)]“,[RU(uj)]ZZ,...,[RU(MI_)] qp are the diagonal elements of RU(.,,) .

(E.10)

Through (2.54)—(2.58), it can be found that the error variance £ 18

Erwpy = O-r?[GU(uj)]i’P + O_:é[GU(uj)]i’P[S]ujuj : (E.11)
Assuming

T, ‘[(HU(u ) +§DU(14 ))(H Us)) +§DU(.4 ))]- (E.12)
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through (E.9)

T,, = Gu, Bty Bua, Guay (E.13)
[GU(uj)]i’P = [Tu]. | (E.14)

Here the feature that By, , is a unit lower triangular matrix has been used.

Therefore, (E.11) becomes
&, = Oal T, 1op + 08T, 1[81,, (E.15)
Also, let
T =[(H, + Dy )(Hy +£D,)]™ (E.16)
where H,, and D, are defined in (3.7) and (3.8). It can be found that
[T, 1p» =[T1; (E.17)
As aresult,
&,y = O[], + 0, T1,(8), ,, - (E.18)

Hence the result in (3.10)—(3.12) is given.
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Appendix F Proof that the ZF Nonlinear
Joint Tx-Rx Processing Algorithm Achieves

the Multi-user MIMO Decomposition

First, we represent the matrix B in (4.34) as B=B,B, and the product HF in

(4.41) as HF = (HF),(HF),,, where B,, and (HF), are block diagonal matrices

defined as
B, 0 0
0 B, .
B,= . ., (F.1)
0 0 B,
HF 0 0
0 HF, -
P I (F.2)
0 - 0 HF

From (4.38), one can see that the ZF criterion requires DHF =B. Since D is a

block diagonal matrix defined in (4.35), it is clear that D(HF), =B, and

(HF),, =B, . The received signal vector y is then found to be
y=HFB'v+n=HFB;B,v+n (F.3)
where B=B_B,, is used. Since (HF), =B,
y =HF(HF);/B v+n. (F.4)
Finally, using HF = (HF),(HF),,,

y =(HF),B;v+n. (E.5)
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Therefore, (4.45) and (4.46) can be obtained using the definitions of B, and
(HF),, in (F.1) and (F.2), so Lemma 4.1 is proved.
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Appendix G  ZF Nonlinear Joint Tx-
Rx Processing Algorithm

The following lemma from [90] and [94] is used in finding the solution of (4.50).

Lemma G.1: Given a rank K, matrix X whose size 1s M x N, the solution of
I%%X min{|[U], :1<i<K,}
subjectto U=G7XF,
U is an upper triangular matrix, (G.1)
tr{G’G} <K,
tr{F'F} <K,
is givenby G=Q, U=R, and F =P, where QRP” is the GMD of X.
To prove that (4.51) achieves the solution of (4.50), first, let us introduce

matrices T, and D, ' as

T, = diag[\/af /0'%,) ,\/O': /0'%2) ,...,\/0': /O'%W) 1, (G.2)
and
D, '=T.D,. (G.3)
From (4.49), (G.2), and (G.3), it can be found that
diag(D, 'D, ") =(,1,...,1)7, (G4
so
tr(D,'D, ") =m, . (G.5)

Using (G.3), one can see that (4.47) can be written as
D,'HNA,=TB,,, (G.6)
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where T, B, , is an upper triangular matrix and we use U, to represent it. The

diagonal elements of U, should be diag(T,).
Clearly, (4.50) can be written equivalently as
,rx?:‘]l))f'min{l U, 1:11<i<m}
subjectto D,'H,N,A, =U,, (G.7)
U, is an upper triangular matrix,
tr{A, A} =m,,
tr(D,'D, ") =m,.

Finally, from Lemma G.1, it can be seen that the solution of (G.7) is given by
(4.51). Therefore, the solution of (4.50) is given by (4.51).
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Appendix H  Optimal Order in the
Maximal Diversity Order Sense for the ZF

Nonlinear Joint Tx-Rx Processing Algorithm

If the L satisfying (4.65) is used, we assume mobile I is the mobile with the
minimum diversity order, so the diversity order of the system is

dD = dys, - (H.1)
It can be easily found that my > my forany k <r.

For any other order 0 ={q,,9,,....9x} , let us consider the diversity order of

the mobile g, . Since order L satisfies (4.65), one can see that

(N—imqiﬂ)s(N——iml-iH) (H.2)

must hold.
Ifm, < my, from (4.63) and (H.2), it is clear that

dys, < dMSr, . (H.3)
If m, >my, it can be found that there must be a mobile g, whose number of

antennas is smaller than or equal to that of mobile l_, ,1.e.,

m, <my, (H.4)
and with ¢ <r. In this case, since t <r
K K K
(N=2m, +D)<(N=Y m, +D)<(N- m; +1). (H4.5)
From (4.63), (H.4), and (H.5), it is clear that
dys, <dys, - (H.6)
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Therefore, when any other order Q is used, there is a mobile whose diversity

order is smaller than or the same as the system diversity order when order L is
used. Since the system diversity order is the minimum diversity order of all the

mobiles, the system diversity order when any other order Q is used must be
smaller than or the same as the system diversity order when order L is used. As a

conclusion the order L is optimal in the maximal diversity order sense.
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Appendix I Application of the “Best-
First” Ordering for the ZF Nonlinear Joint
Tx-Rx Processing Algorithm

In this part, we will prove that the “best-first” ordering can achieve the optimal
order in the minimax noise variance sense for the group of mobiles with equal
number of antennas when the ZF nonlinear joint Tx-Rx processing algorithm is
used.

In Section 3.3, an optimal ordering lemma is introduced. According to this
lemma, if the following two conditions are satisfied, the “best-first” ordering can

achieve the optimal order in the minimax noise variance sense for

I’E{Ii’Z’;l’ z+p}
Condition 1: For any two orders A={4,4,,...,4,} and B={B,,B,,...,B,} of
Y={,1,,,. H—p} if 4, =B, and the constraint sets C and C are made up of

the same elements, then o, =o; .

Condition 2: For any two orders 4 and B of 1, if 4, = B, and the constraint

~ ~ 2 2
set C, < Gy ,then o7 < T, -

The definition of the constraint set can be found in Section 3.3.

Since the mobiles /,/,;,...,[,, have the same pumber of antennas, we use b

to represent this number. From (4.55), one can find that

O'EZA =0.5, =0, (HO'(’)) e (LD

where 0'(’) (j=1,...,0) are the singular values of H, N, , so
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b
[[oV” = det(H, N, N7 H). (1.2)

J=1

N, can be found from the SVD of I_IA, ,L.e.,

NH
— ~ AI
H,-=0,[z, ﬂ[N”} (1.3)
4
where H, is
H,=[H, . H H . HT. 1.4

For any two orders 4 and B, if 4, =B,, and C , and CA'B, are made up of the
same elements, from (1.3) and (1.4), one can see that ran(N, ) = ran(N, ). Also,
since 4, =B,, H,=H,. Thus,

det(HB’NB’NgHg) = det(HAINB’NZHZ) = det(HAINA’Nf;HZ ). (15

n

From (I.1), (1.2), and (1.5), 0'3& = O';E’ . Therefore, the Condition 1 is satisfied.
For any two orders 4 and B, if 4, =B,, and C 4 S éBj , from (I.3) and (1.4)
one can see that ran( N 5, ) 1s a subspace of ran(N, ). Since NZ N, =1,
H,N N/HY =H, N, N/N, N/H}. (1.6)
Since ran(N 8, ) is a subspace of ran(N, ), N A,NZ N 5 = N 8, > SO
H, N, N;H; =H,N,N/N, N/ N, N/H} 1.7)

where H, =H, isused. Using T to represent H,N N/, ie, T=H,N, N},

H,N N/HY =TT, (L8)
H, N, Ny H} =TN, N; T". L9)
Assuming the SVD of T is
VH
T=U,[D, 0]l .7 |, (1.10)
VT
one can have
det(H, N, N/HY) = det(TT") = det(D}.), (L11)
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det(H, N N”H”) det(TN, Ni T7) = det(D}) det(V/N, Nj ;). (L12)

"\“H N TN B b' L J YNNI /TN T b’" U Y BV \" "~/
Using the Hadamard’s inequality [85], one get

b
det(V7'N; Ni Vi) < TT((V7), Ny N3 [V;],). (1.13)

r=1
Since for any r = 1,...,b,
1-(V7),N; N5 [V;],
= (V),A-N, NV, ],

(1.14)

=(V;),(I=N; N; )A-N, N )[V,],

>0

(Vi) Ny Ny [V,], <1. (1.15)
Therefore,

det(Vy' N, N; V) <1. (1.16)
From (I.11), (1.12), and (1.16)

det(H N, NYH) > det(H, N, Ny Hy ). (1.17)

From (1.1), (1.2), and (1.17), o*,.i, <o, . Thus, the Condition 2 is satisfied.

Since the two conditions are satisfied, it is clear that the “best-first” ordering
can achieve the optimal order in the minimax noise variance sense for any group

of mobiles with equal number of antennas.
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Appendix J Design of the Feedback Filter
for the MMSE Nonlinear Joint Tx-Rx

Processing Algorithm

A similar method as that in deriving the feedback filter of the synchronous
MMSE DFD in [63] is used in this proof.

From the definitions of B, B, , and B, , it can be found that
[B,];, =0 >/, J.1)

[B,l,=1 i=L..,m,, (1.2)

K
and B, is a matrix of size m, x Zm,. .
i=k
Since R, generated from (4.77) is an upper triangular matrix, R;' is also an

upper triangular matrix with diagonal elements [R;'], =[R, ;.

We form a matrix

U, -B,K;". (13)
For this matrix, it can be found that
[U,];,=0 i>j, J.4)
[Uk ]ii = [ﬁ;l]ﬁ = [ﬁk ];1 i= 19""mk ’ d.5)

K
and U, is also of size m, x ) m,
i=k

Using the U, in (J.3), the ®, ., in (4.75) can be represented as
®, . =o’UUY. (1.6

Therefore,
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X

2

My =k

tr@,, )=o) > |[U,]; F

i=1 =i
Zaﬁgl[Uk]ﬁ i 0
- IR P
= YU, T
where we have assumed that R, ' is made up of the lth,...,m, th rows of R, .

Clearly, if B, found by (4.77)~(4.79) is used, tr(®@,, )=0. > |[R,T;[* .
i=1

Therefore, B ¢ found by (4.77)—(4.79) can minimize tr(®,, ).
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Appendix K Design of the
Feedforward Filter and Derivation of the
Noise Variance for the MMSE Nonlinear
Joint Tx-Rx Processing Algorithm

Since A, is assumed to have orthonormal columns, (4.80) can be written as
AkH (NkHHkHHka +¢DA, = RkHRk : (K.1)

From (K.1), one can get

[ TR, £ = det(AL (N"HIH,N, +¢DA,). K2)

i=1

Using the SVD result of H,N, in (4.85), we have

0

I M |
sreeminN e qom, -atv, Hod

} VIA,. (K3)
It can be shown that

i _ | x2+e1 _
[TIR, 2 = detcaZ¥,| = 71 0 |§ia,y
i=1 0 §I

gl 0 }V{’ (A1) K.4)

sﬁ([Ak],-”V{ 0 a

<T[@E2+o)=][c*
i=] i=1

where ¢"? (i=1,...,m,) are the singular values of J, and J, is defined in (4.87).

From (4.80)—(4.82), one can get

m,

(@, ) =07 Y[R, (K.S)

i=1
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Since (K.4), (K.5), and

>R 2m TR, K.6)
one can see that
tr(®,, )2 o,m, (ﬁ oy m, (K.7)
=1
Therefore,
min{tr(®, , )} =o,m, (ﬁ oP?ym (K.8)
i=1

Finally, from the definition of the GMD in Section 4.3.2, it can be shown that

the A, found by (4.84)-(4.87) can make tr(®,, ) achieve its minimum value, so
it minimizes tr(®, . ). In this case, R, will have equal diagonal elements, and

one can get
R, I =..=[R,],., = [ "™ (K.9)
i=1

From (4.80)—(4.82) and (K.9), one can see that (4.88) holds.
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Appendix L. Proof that the Transmitted

Power is Allocated Equally in the MMSE

Nonlinear Joint Tx-Rx Processing Algorithm

Since F, =N,A,,

F/F, =A'NIN,A,.

(L.1)

First, let us consider the case j = k. Since the columns of N, are the

orthonormal basis vectors of null(H, ), one can see that
NN, =1.

Therefore,
F'F, =AJA,.

From (4.83), we know
F/F, =1.

Next, let us consider the case j > k. From (4.84), we know

F,=N,V.P,,

so
F/F, =P/VINI/N,V/P,.

Using (4.85) the Vf can be represented as
v/ =xU/H N,

so (L.6) becomes

F'F, =P/LUH N N/N,V,P, .

JJ

From the definition of H, in (4.74), one can see that
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(L.2)

(L.3)

(L.4)

(L.5)

(L.6)

(L.7)

(L.8)



null(ﬁk) c null(H ;)i >k (L.9)
Since the columns of N, are the orthonormal basis vectors of null(H,) and the
columns of N, are the orthonormal basis vectors of null(H ;), it can be easily
seen that
N N/N,=N,. (L.10)
Therefore, (L.8) becomes
F/F, =P/Z'UH N,V,P,. (L.11)
Since the columns of N, are the orthonormal basis vectors of null(H, ) andj >k,
it is clear that
H N, =0. (L.12)
Therefore,
F/F, =0. (L.13)
For the case j < k, based on the above proof we know that Fk” F,=0,s0
F/F, =0. (L.14)
Finally, from (L.4), (L.13), and (L.14), one can find that
F'F=1I. (L.15)

As a result, one can see that the transmitted power is allocated equally to all the

data streams.
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