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A general Hilbert-space-based stochastic averaging theory is brought forth herein
for arbitrary-order parabolic equations with (possibly long range dependent)
random coefficients. We use regularity conditions on

Qui(t,x)= Y, Altfe, x, @) du(r, x), w0, x) = p(x) (1)
O<|kl<2p
which are slightly stronger than those required to prove pathwise existence and
uniqueness for (1). Equation (1) can be obtained from the singularly perturbed
system

0.0t x)= Y edy(t, x, w) % v¥(t, x), v(0, x) = p(x) (2)

o<kl <2p
through time change. Next, we impose on the coefficients of (1) a pointwise (in x
and 7) weak law of large numbers and a weak invariance principle

{s’j Ailx, 8) = A(x) ds} = {6} <2 3)

|kl <2p

in C([0, T], 5), # being a separable Hilbert space of functions and /€ (0, 1)
denoting a constant. (4> 1/2 allows for long range time dependence.) Then, under
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these extraordinarily general conditions, we infer the weak invariance principle
e"=Y(u® —u) = $. u is the non-random, e-homogeneous solution of

du(t,x)= Y Apx) Ot x),  u(0,x)=g(x) 4

0<|kl<2p

and y mildly satisfies the linear stochastic partial differential equation

9, 9(t,x)=Y AUx) P, x)dt+ Y O(dt, x) 0 u(t, x). (5)

k| <2p k| <2p

© 1997 Academic Press

1. INTRODUCTION

Questions involving the asymptotic behavior (as ¢ — 0) of a system of
ordinary differential equations;

Z4t) = F(Z¥(1), t/e), e>0, Z°(0) =z, (6)

were apparently first encountered over two centuries ago in problems of
celestial mechanics and have since become important in several areas of
physics and engineering. The additional regularity which justifies the
anticipation of some kind of asymptotic limit as ¢ — 0 is that

lim L jTF(x, 1) dt = F(x) (7)
0

T— ©

exists for each xe®R? Under this and other regulatory conditions,
Bogoliubov (see [3]), Gikhman [11], and Besjes [2] proved versions of
the classical averaging principle which states that the solution of (6)
converges uniformly over intervals like [0, 7] to the solution of

Z(t)=FZ()),  Z(0)=z, (8)

as ¢ — 0. Nevertheless, some of the richest motivational sources for averaging
require that F(x, ) in (6) is a random field and the so-called stochastic
averaging principle was borne out of a desire to retain the non-random
nature of the asymptotic solution (8). Indeed, Khas’'minskii [ 13] suggested
comparing (6) to (8) when F is defined by “double averaging,” i.e.,

1T _
lim — fo EF(x, t) dt = F(x), (9)

T—
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and established a functional central limit theorem for 1 /\/5 (Z¢=2).
Freidlin [9], Kouritzin and Heunis [ 17], and Kouritzin and Heunis [ 18]
have since established complimentary large deviation bounds, Prokhorov
distance bounds, and a functional law of the iterated logarithm for
1/ /e (2% —

Whereas a theory for the random ordinary differential equations in (6)
parallel to the classical weak and almost sure fluctuation results for partial
sums of random elements appears to be unfolding, little has been done on
systems of random parabolic partial differential equations. Khas’'minskii
[12], Bensoussan et al. [ 1], Zhikov et al. [ 22], Kurtz [20] (as an applica-
tion of an abstract theorem), and Kouritzin [ 14, 15] established averaging
principles for parabolic equations and, in the latest two cases, for their
derivatives. However, the fluctuation problem for the stochastic averaging
of parabolic partial differential equations has hardly been addressed.
Suppose u® and u are the continuous, bounded, R-valued solutions to
second-order parabolic equations with the specific forms

x)=§ai,-<i,x,co>au Zb( >a“;(;’x), £>0, (10)

i

ou(t, x) Y h ou(t, x)

0,ult, X)ZZdl-]-(x) Ox. Ox. Z (X) o (11)
subject to u*(0, x) =u(0, x) = ¢(x) and
a;(x)=Eayt, x), b,(x)=Eb,(t, x). (12)

Then, Watanabe [21] shows under strict stationarity and many other
conditions that (ug—u)/\/é converges weakly in C([0, «0); &), &’ being
the space of tempered distributions, to a generalized Ornstein-Uhlenbeck
process. In fact, Watanabe’s theorem requires a limiting technical assump-
tion (see assumption (A.VII)" in his paper) and uniform boundedness of
the coefficients with respect to w. In this note, we explore a far more
general weak convergence theory for the classical (see, e.g.,, Chapters 1
and 9 of Friedman [10] or Chapter 1 of Eide'man [7]) arbitrary-order
parabolic partial differential equations

Qu(t, x, )= Y Altfe, x, ) Oui(t, x, ), w0, x,0)=p(x),
0<|kl<2p

(13)

where peN, and {4,(z, x), >0} is a C"*"-valued stochastic process for
each xe R¥ and ke N¢ such that 0 < |k| =k, +k,+ --- +k,<2p. Suppose
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h is any constant in the interval (0, 1), {AQ} <., are CY*"-valued
functions, and u is defined by
du(t,x)= )  AQ(x)d%u(t, x), u(0, x) = p(x). (14)

O<I|kl<2p

Then, a weak invariance principle for ¢"~'(u®—u) in C([0, w0); H,), H,
being a Hilbert space of functions, will be established without the need for
any specific dependence, moment, or stationarity conditions. Our main
result states that a weak invariance principle for &~ '(u®—u) exists
provided there is enough regularity to prove there are pathwise unique
continuous, bounded solutions to (13) and (14) and for the coefficients 4,
A} to satisfy the standard weak convergence results

t
pointwise LLN f oy [Am <s, Vs 60> A?,,(y)} ds
0 &

=0V k| <2p+1, |m| <2
k| <2p+1, Im| <2p (15)

—1
invariance in {H’J A, (1)—A° dr}
0 |m| <2p

m

= {@} Im| <2p

as ¢ — 0, J# being a Hilbert space to be defined in Section 2.Under these
conditions, &"~!(u®—u) will be shown to converge in distribution to the
mild solution of

0,0t x)= Y ANx)O\P(t,x)di+ Y O,(dt, x)0%u(t,x).  (16)

|kl <2p |m| <2p

Unfortunately, neither the classical theory for parabolic equations nor the
classical Sobolev spaces are quite appropriate for this general invariance
principle transfer method. For example, to obtain e-independent bounds on
the fundamental solutions to (13) from the theory in e.g. Friedman [10]
Chapter 9, one would require an assumption like:

(A) For each |m| =g, (the principle coefficient) 4,,(t/e, x) is con-
tinuous in ¢ uniformly with respect to (x, ¢, &) e R x [0, o0) x (0, 1].

This would not allow our principle coefficients to depend on ¢ or e.
Fortunately, it is shown in Kouritzin [14] that Assumption (A) can be
avoided if one imposes a slightly stronger parabolic condition on (13).
Similarly, the classical Sobolev-type spaces were found inappropriate for #,
and we were forced to choose a new Hilbert space that can be thought of
as an extension of the fractional Sobolev spaces on bounded domain
(see Section 6.8 of Kufner et al. [19]) to R
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We have striven for singular generality by avoiding all Gaussian, semi-
martingale Markov, or other conditions on {@,}  <,, and not requiring
any mixing, moment, Markov or martingale-type assumptions on the coef-
ficients but rather only the natural weak convergence conditions stated
above. This generality covers the case where the coefficients have long
range dependence in ¢ and the limit object is, for example, a fractional
Brownian motion as well as the classical situation where the dependence
decays fast enough for a Hilbert space version of the Donsker-type func-
tional central limit theorem to hold. In such situations {@Ak}mgzl, is a
Gaussian process and our main hypothesis (15) is satisfied if {@(,)} [kl <2p
has covariance which is trace class with respect to our Hilbert space J#; for
all ¢. In particular, this trace class condition can be validated under the
conditions of the previous work of Watanabe [ 21].

The only condition imposed on our limit object {6,,}, <, is that it
belongs to C([0, T7; #4). Hence, we must define what we mean by stochastic
integration with respect to @,, and by mild solutions to (16). However, an
important advantage of our general conditions and this “invariance prin-
ciple transfer” approach is that the analysis includes non-semimartingale,
non-Markov limit objects {@m} im <2, like fractional Brownian motions
which are typical for long range (in ¢) dependent coefficients. In the special
case where semimartingale conditions prevail the limit can be represented
as a classical stochastic integral or by standard notions of mild solutions
to linear stochastic partial differential equations (see Kouritzin [16]).

Our approach is to bend a few powerful theorems from the general
theory of parabolic partial differential equations and from contemporary
probability theory with a modest amount of analysis and Khas’minskii’s
method of decomposing stochastic averaging processes like &~ '(u*—u)
into a principle part z* and an “error” process v*=z*—&"~(u* —u). With
the appropriate definitions made and the weak invariance principle
assumption in (15) imposed, we find that the convergence of the principle
part follows relatively easily and our real challenge is to show that (15)
implies that the error process v* converges in distribution to zero. To this
end; v° is expressed in terms of the fundamental solution of (13); our
regularity, the weak law of large numbers hypothesis, and a theorem
(from Kouritzin [14]) on averaging for fundamental solutions are used to
replace this fundamental solution with the fundamental solution for (14);
and, finally, a constructive argument based on both weak convergence
hypotheses and Skorokhod’s representation theorem is developed to show
that the modified error converges to zero.

Our proof is sketched in Subsection 3.1 and then proved in Subsections
3.2-3.3. Many of the details for these proofs have been placed into the
lemmas of Section 4.



382 DAWSON AND KOURITZIN

2. NOTATION, CONDITIONS, AND RESULT

Throughout this note, p, N, and d will be fixed positive integers,

q=2p, (17)

and y, 1 will be fixed constants such that 0 <y <1, 0 <h < 1. Moreover, |-|
will be used to denote absolute value as well as Euclidean distance in CV
and R’ and ||-| will be used to denote the |-|-induced norm for CV*¥
matrices. However, for vectors k = (k,, k,, ..., k;) of non-negative integers,

|kl =k, +k,+ - +k,, (18)

and “Y; <,” denotes the summation over all possible d-tuples k of
non-negative integers such that |k|<g¢q. Furthermore, following the
Schwartz multi-index notation for our differential operators, we define

of=0010%...0% (19)
and, letting {e,, e,, ..., ¢,} denote the standard basis for R, we set
dy=0.e +0,e,+ - +0, e, (20)

Finally, #(X) will denote the distribution of a random variable X and
a,, ,<""b,, , will imply that there is a constant ¢ >0 such that |a,, ,| <
clb,, .| for all n, m.

We assume {A4,, (s, x), s >0} is a stochastic process on some probability
space (2, #, P) for each 0 < |m|<g, x e R’ Furthermore, we assume for
almost all w e Q that:

(C1) The system (13) is uniformly parabolic in the sense that

—sup sup max sup 4;(¢;x, ;@) >0, (21)
120 xeRd ;& =1

where {4,(¢; x, 1)} 7Y, are the (real) roots of the polynomial

det Re[Am(ta X)+A;(l, X)] _Im[Am(t’ X)—AZ;(I, X)]
© < 2 {Im[Am(l,X)—A;(laX)] Re[A4,,(1, x) +4,(t,x)]

|m|=q
x (i) — )V12N> (22)

for all &, xe MY and >0, I,y being the identity matrix in R>V*2".
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(C2) (14) is uniformly parabolic in the sense that
— sup max sup Re{A)(¢&;x)} >0, (23)

xeRd [ |&=1
where {19(&; x)} ), are the roots of the polynomial
det< Z Aom(x)(if)m—il,v> (24)
|m| =q
for all &, x e RY, I, being the identity matrix in CV¥>*¥.

(C3) 94, and 0*A4° exist and are continuous and uniformly
bounded on [0, c0) x R respectively R for all 0< [m| <gq, 0< |k| <g+2.

(C4) 0% ¢ exists and is a bounded, continuous function on R for all
0<lkl<g+2

In preparation for stating our main result we define our objects of study
and the spaces in which they live. We start our definitions with the Hilbert
space on which we will prove our desired invariance principle.

DEFINITION 1. (H,, <, >,)is the Hilbert space of C"-valued f such that

/12 i/fw(l +1x1%) 2 f() | dx < oo (25)

As previously advertised, we do not impose any specific dependence,
moment, Markov, or martingale approximation conditions but rather only
assume natural weak convergence results. Hence, we will also require a
space on which to postulate one of our two weak convergence hypotheses.
The space we utilize can be thought of as an extension to R of the classical
W*2(Q), k ¢ N Sobolev spaces for bounded domains €. It is clear from the
proofs in the sequel that the weights w,(x)=(1+|x|?) "2 and w,(x)=
(1 + |x]*)~“in the definitions of H, above and H, below could be replaced
with any w,(x) = (1 + |x|?) "¢ and w,(x) = (1 + |x|?) ~® provided b, a — b > d/2.

DEFINITION 2. Suppose B, denotes the open unit ball of R centered at
x. Then, (H,, <, >,) and (HY, <, >,) denote the separable Hilbert
spaces (c.f. Lemma 12 of Section 4) of weighted C"*"-valued respectively
C/-valued L*(R9)-functions f which are also Holder continuous on average
in the sense that

11 i/ J 1 It {|f(x>2+ | ==~ dé} dx

<o (26)
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or likewise with || replacing |- |. Moreover, we define /] = &, <, H, to
be the Hilbert space of all possible {f.} <, such that f, e H, for all
0< k| <q and give it norm H{fk} |k|<q”% iZ|k|<q kaH%

Now, we are interested in functional results so we require an additional
definition.

DeriniTION 3. C([0, T, H) and E([0, T], H) refer to the class of
continuous respectively caglad (left-continuous, right-hand-limit) functions
fsuch that f(0) =0 and f(¢) € H for all 0 <¢< T, with H being H,, #, H,,
or H, x #. We will always use the topology generated by supq 77 || for
these spaces.

Next, to ease the notation in the sequel, we define

A, (t,x)=A4,(t,x)—A°(x) VxeR,120,0<|m|<q (27)

m

u(t, x) =0%u(r, x)  YxeR<L>0,0< k| <2q+ 1. (28)

Then, we can define our stochastic processes of interest:

DeFINITION 4. For all xe®RY te[0, ), £€(0,1], |m|<q, and
k| < g+ 1, we define

-1

te
a1, x) iejo X 4, (z, x) dr (29)

-1

A (1, X) = & j (7, x) dr. (30)
0

Furthermore, .«/° will denote the J#]-valued (see Condition (C3)) process
{5} i1 <4

DEFINITION 5. For each xe R%, te[0, «0), e€(0, 1], we define

ys(ta x)i[ug([, x)—u(t, X)]/glih’ (31)

where u°, u are the unique continuous bounded C*-valued solutions to (13)
and (14).

Under a variety for probabilistic conditions, one finds that o, ,(z, x)
satisfies a weak law of large numbers (for each fixed (m, k, x, t)) and .7°
satisfies a weak invariance principle in . The main theses of this note are
that these two weak convergence assumptions are sufficient to establish
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that y® converges in distribution to y (say) and to characterize y as a
stochastic integral of the limit of the .o7%. For notational convenience we
let = denote convergence in distribution in the remainder of the note.

THEOREM 6. Suppose Regularity Conditions (C1)—(C4) hold, I'(x, s, &) =
I(x,s+7;¢& 1) is the fundamental solution to (14), T,, s=0 are the con-
tinuous operators from HY — H, (c.f. Lemma 16 (1) of Section 4) defined by

Tof() =/ Tf)=] Ixs) fx)de Vxe®’ se(0,T]
(32)

and @ is a (C[0, T]; #)-valued process on some probability space
(Q, F, P). Then, u, satisfies the bounds (108) in Theorem 13 of Section 4
and the stochastic integral

{ﬁ(l),0<t<T}i{— Y fT,Td@k(f)uk(r),OstsT} as., (33)
Ikl <q 0

interpreted in the sense of Definition 10 (to follow), exists. Moreover, assume
that

A*=0 in C(0,T];#) as e¢—0 (34)

and, for each |m|<q, k| <q+1, xe R and some (whence all) te (0, T],
that

an (5, x)=0 as ¢—0. (35)

Then, it follows that

A

{;1]3{3} in C([0,T]; Hy, x ) as &—0. (36)

Remark 1. Suppose we let (C([0, 0); H), p), H being a separable
Hilbert space, denote the complete, separable metric space of continuous
H-valued functions on [0, c0) with a metric of uniform convergence on
compacts, e.g.,

P ) = Z 270 sup |f7(0) = f(D)] (37)

i=1 te[0,1]
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Then, as a trivial corollary of Theorem 6, one can replace C([0, T']; ) in
(34) and C([0, T]; H, x #,) in (36) with respectively C([0, o0); ) and
([0, 0); Hy x ).

We have not imposed any semimartingale or like assumption on @,.
Hence, we should explain the integration in (33). However, we must first
define vector spaces of bounded, continuously differentiable functions
which will play a role in this discussion as well as the proofs in the sequel.

DerINITION 7. Cl(CL¥) denotes the space of continuous C"*"-valued
(CM-valued) functions f such that J, f(7, x) exists and is continuous on
[0, T] xR for i=1, ..., d and there exists a ¢,>0 such that

I/t x)| <¢, and [0, f(1, x)<¢,

(38)
VxeR% te[0,T],i=1,..,d.

Moreover, E., (E}") will be used for the space of C"*"-valued (C"-
valued) functions f that are caglad in 7 and continuous in x such that
0, f(t, x) exists and is also caglad in 7 and continuous in x and (38) holds.
Flnally, we let B!V denote the variation of C-” which consists of the func-
tions f which are only defined, continuously d1fferent1able and bounded in
the sense of (38) on (0, T'] x R

Now, suppose fe CL. It follows from Theorem 13 (i) with b=k and
b=k+e, i=1,.. d and Lemma 16 (iii) of Section 4 that

j |Tlf‘[f(T) atuk(f)|2 d‘[a J‘ |61Tlfrf(r) uk(T)|2 d‘[’- <0
0 0
(39)
Veel[0,T],0< k| <q
so the singularities are integrable and 7, . f(t) 0, u,(t)and 0, T, . f(7) u,(t)
are Riemann integrable (see Lemma 16 (i, ii)) for all e [0, T]. Dominated

convergence, the substitution s =¢ — 7, Theorem 13 (i), Lemma 16 (iii), and
(39) establish that

| TS0 0@ de. [ (2., ) S0y ue) dee CLO. TV Ha). (40)
Remark 2. The difficulty that has arisen is that due to singularity

[@r o noumdw
:JOI L}d(aff(x, t—1,8)) f(z, &) uyz, &) dé dr (41)
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only exists as an iterated integral when fe C! yet we require sensible
integrals with f'e C([0, T]; H,). Consequently, we define our integral first
for fe C} and then extend by continuity and completeness.

DerINITION 8. For fe C! with f(0)=0 and |k|<gq, we define the
integral of (7, u,) with respect to f to be the C([0, T]; H,) object defined
for all te[0, T] by

[ 1) o

=0 ud0)=[ 8T, Sy ule)di—[ T, f(0) danle)de. (42)

It will often be the case that @, ¢ C.. However, 6, € C([0, T]; H,)
for almost all ®e and Lemma 12 (ii) of Section 4 states that C! is
dense in C([0, T]; H,). Furthermore, one finds from (32), Theorem 13 (i),
Lemma 14 (i), Remark 3 (following the statement of Lemma 15), and
Lemma 15 (i, 11) (with a=¢ —y in (1)) that

fo [ T f@oude  and  fo[ 0T, S u e (43)

are continuous mappings from (C., |-|¢o. ;1) to C([0, T]; Hs) for
each |k| <gq.

DEerFINITION 9. Suppose now that 0<|k|<q, feC([0,T]; H,) and
{f.} ., =CL is such that f, »f in C([0,T]; H,) and f(0)=/,(0)=0.
Then, we define the integral of (7, u,) with respect to f to be the
C([0, T]; H,) object defined by

{f T, f(de)u,(t), te [0, T] } = lim {f T, f(dt)uyz), 1[0, T] }

n— oo

(44)

(Obviously, the definition does not depend on the approximating sequence
{b oz

Finally, noting that our integral is a continuous mapping, we can define
our stochastic integrals and our mild solution to the limiting stochastic
partial differential equation.

DerFINITION 10, When [k| <g¢ and {0(¢), 1[0, T]} is a C([0, T]; H),)-
valued random variable on some probability space (2, %, P), we define the



388 DAWSON AND KOURITZIN

stochastic integral of (T, u,) with respect to 0 to be the C([0, T]; H,)-
valued random variable defined for each & e @ as in the above definition
and denote this integral by

“ T, df(t) u(z), te [0, T]}. (45)

DEFINITION 11. When 6 is a (C[0, T]; #)-valued process on (£, #, P),
we define the mild solution to the linear stochastic partial differential
equation

0, 9(t,x)="Y, AYx) % P(1, x) dt + Y O, (dt, x) u,(t, x) (46)

lkl<q lkl<q
tobe { =X <, J6 7. dO (1) uy(z), te [0, T1}.

Of course this is a natural definition because 7', s >0 has the same form
as the semi-group associated with the differential operator in (46) living on
some larger Sobolev-type space. Moreover, it is established in Kouritzin
[16] that the stochastic integral in (45) can be interpreted in the standard
way when {0,,te[0, T]} is a semimartingale.

3. PROOF OF MAIN RESULT

To avoid unnecessary notational encumbrances, we take 7'=1, define
I=[0,1], let {e}2,<=(0,1] be an arbitrary sequence such that

r—

e, —=> 0 monotonically, and set

yrEy ALt x) = 4,(1e,, x),
_ _ (47)
A:n(t’ X) = Am(t/gw x)’ O(lrn, k = O(f;z, k

for all xeR9, tel, r=1,2,.., 0<|k|<g+1, and 0<|m| <gq. Clearly, to
validate Theorem 6 it suffices to show that all such sequences {¢,} >, have

o0

subsequences {¢, | /2, satisfying Theorem 6.

3.1. Sketch of Proof

As mentioned in the introduction, our approach uses a few powerful
theorems from the general theory of parabolic partial differential equations.
In particular, motivated by Theorems 9.4.2, 9.4.3, and 9.5.6 of Friedman
[10] and Theorems A and 1 of Kouritzin [ 14], we state the following two
theorems which can be proved easily by following the development of these
other five theorems.
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THEOREM A. Suppose Regularity Conditions (C1)—(C4) hold. Then,
there exist unique continuous, bounded solutions to (13) and (14) on Ix RY
which are given in terms of the fundamental solutions to (13) and (14) by

w1, x) = jw re(x, 1;&,0) (&) dé and

u(t, )= [ I(x,15¢,0) pl&) de.

R

Moreover, if f is a continuous, bounded function on Ix R which is Holder
continuous in x uniformly over bounded sets then

Cn=[ [ rnéo fin o dide

(49)
=] [ M e fie &) dede
0w
are the unique continuous, bounded solutions to
= % a4 (Gx) ottt - s
lkl<q (50)
0,L(t,x)= Y A(x)05L(t, x) — f(1, x).
|kl <q

THEOREM B. Suppose that (C1)~(C3) of Section 2 hold, {¢,} 2, = (0, 1]
is a sequence decreasing to zero and for each (t, y)eIx R, 0< |k| <q we

have that
s 0
| (2 )= atmds| -0
l

Then, for any 0<y, v<1 there exists a positive constant ¢=¢, , and a
sequence { f,=P,(x, v)} 2, satisfying lim,_, . f,=0 such that

as [— 0. (51)

Ha[;[['l(xa 1 é’ T)—F(X, 1] 67 T)]H
B+ e p{g

= (t_.[)(d+lbl+x)/211

|x—¢J*”

t—7

1/2p—1)
} (52)

forall 0<|bl<q, [=1,2,..,0<t<t<]1 and x, E € RY, where I'* and I are
the fundamental solutions of (13) respectively (14) above and I'' = I'*.
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We also mentioned that we will utilize a standard decomposition method
of stochastic averaging problems due to Khas’minskii [ 13]. Thus, y° will
be treated as the sum of a “principle” part z°=3",, _ { — (o T,_.d/i(7)
u,(7), tel} and an “error” process v°.

(1) We first sketch how we will prove that v* converges in distribution
to zero. Indeed, it follows from integration by parts and Theorem A that

&

+ [ ) e O 9 A (7€) dgd,},

Iml<q "0

(53)

where the F/ are bilinear forms to be defined on (58), (59), and (61) of
Subsection 3.2 in terms of the above fundamental solutions. Next, in (65)
of Subsection 3.2 we use classical type bounds (see Lemma 14) in conjunc-
tion with Lemma 15 of Section 4 and tightness for {</¢,r=1,2,..} to
reduce convergence of the first term of (53) to showing that certain
derivatives of ¢! ~"z% converge in distribution to zero. The proof of this in
turn follows largely from the work in Kouritzin [15] (see Theorem 13 of
this note). For the second term in (53) we employ a subsequence method
to replace our weak law of large numbers assumption (35) with almost sure
convergence and use Theorem B pathwise along with Lemma 15 of Section
4 to conclude in (69) of Subsection 3.2 that this term also converges in dis-
tribution to zero. For the last term in (53) we let k =k, +k, and find by
Skorokhod’s representation theorem and a constructive argument that we
can redefine a subsequence of {(.</%, OQA;), r=1,2,..} on a new prob-
ability space where our weak invariance principle is replaced with almost
sure convergence and we have desirable almost sure bounds. Then, the
third term is also shown to converge to zero by continuity, approximation,
and integration techniques.

(i1)) In Subsection 3.3 we show that the principle part z* converges
in distribution to y by showing z* is a continuous function of .&/* and
using our imposed weak invariance principle assumption again with the
continuous mapping theorem. Due to the way that we have defined our
stochastic integral, the limit of the £(z") is Z(§).
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Our proof will follow these two steps in Subsections 3.2 and 3.3 respec-
tively. Many of the details have been relegated to the supporting lemmas
of Section 4.

3.2. Convergence of the Error Process

Motivated to a large degree by Equation (3.14) of Khas’minskii [ 13], we
define our approximation to y”" via z"=z{, where for each |m|<gq, |/| <
g+1,r=1,2,.. xeR’ and tel

S (0= = 0L [ [ o) Y An O ulz &) dE d

Ikl <gq

(54)

and denote our error term by v'(¢, x) =z'(¢t, x) — y'(¢, x). (When |m|=
the integration in (54) must be interpreted as an iterated integral due to
singularity.) Then, it follows easily from Theorem 13 (i, ii), Condition (C3),
Theorem A, (31), (13), (14), (47), (27-28), and (54) that v" is the unique
continuous, bounded solution of

o0 (t,x)="Y Apt,x)0%v(t,x)— Y Apt,x)zi(t,x),  v"(0)

Ikl <gq k| <gq

0,

(55)

ie, v'(f, X) =2k <4 Vi(t, x) and (with I'"=T"%)

V4, x) jj "(x, 15 €, 7) Aoz, &) 20 (t, €) dE dr (56)
Rnd

for all 0 < |k| < g, xeNY, tel Then, using (56), integration by parts, (47),
(30), the definition .o/" = .o/%, Condition (C3), Theorem 13 (ii) with b=k
and b=k+e;, i=1,..,4d, and Lemma 14 (iii, iv), we find a sequence
{v,}7_, such that v, ~ ¢ and

n— oo

vj(t, x) = lim /j x, 15 &, 1) A3, &) 24, &) e dE
R
2
=Y Fle! "ot z0)(1, x)
j=1

—g;*’fj' [ renen sy oo dide (57)
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for almost all x e R, and all (fixed) e, 0< |k| <gq, where for pe B.*
FJ(p)(t, x) = p(t, x) (58)

Fp0= = [ arteinpcodid (59)

(F? makes sense as an iterated integral by Lemma 15 (ii).) Moreover, one
finds by (54), Condition (C3), and Theorem 13 (i, ii) with /=m, b=k,
k+e; i=1,..,d that

B fo J 7 160 0) (2, 8) 8.zi(r. €) de e

m<m

=) {F (el " LOL[AD 20 ])(8, x)

Im| <q

[ [ e - - w91 4 8)
0 Jmd

X aé’{/Tfn(r, Eu,(z, &)} dé dr

FOY g [ Ter-n o)

ky+ky=k

X 0 01 &) s (7. &) dE dr} (60)

for some collection of integers {Ck,, kz} and all 0 < |k[ <gq, where > L+, _«
denotes the summation over all vectors k,, k, such that k, + k, =k and

FXp)tx)=[ [ o660 pné)dedr  forall ' @pe Bl
0 YN

(61)

(To avoid defining more spaces, we let t“pe B-" mean p such that
(7, x) > tp(z, x) e B-".) Next, fixing 0 <v <, letting C5(C}) denote the
space of continuous CV*"-valued (C"-valued) functions g on Ix R such
that (1 + |x|?) ™" g(¢, x) vanishes at infinity with norm

lgls= sup (1+1x[*)"" |g(t, x)Il (Igls= sup (1 +[x|*)""|g(z, x)I),
0<r<l1 0<r<t

xeRd xeRd (62)
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and defining the Holder continuity norms |- |/4 (|-]4)

t,x)—p(t, &
s Ly IR e

C (LX) oc g < X =S (1 1x]7)

(likewise with |-| replacing || for pe C%), one finds from (58-59), (61),
Condition (C3), Lemma 14 (iii), Lemma 15 (i, ii, iii) (with a=(|m|—
7/2) v 0 in (1)) and Remark 3 of Section 4 that

2
S Fllel "tz + Fiel " o/ 105 40,21,])

Jj=1

C(1; Hy)

<CIt ey et |z;|4+z|z;l,m|3}

Ky

Vi=1,2,.,0< |k, Im| <gq. (64)

Here zj (2, x)=¢"1=2vO0az (1, x) (1, x)€(0, 1] x RE, Cis a R-
valued random variable, and represents the summation over k, e N¢
such that there exists a k, e N§ w1th k =k, +k,. Hence, using the tlghtness
of {1 | crimy-7=1,2,3, ...}, Condmon (C3), and Theorem 13 (iii, iv), we
find for any 4, 6 >0 that

P {max
k,m

2
Y Flle, "t iz) + Fle, ™" o0 4),2,])
=1

>/1}
C(I; Hy)

) A
PLCIS ety > Kol 4P {at x| 104+ T 1, s | 25} <0
o

m
ky

for all large enough K;>0 and large enough r.

Now, we consider the second term in (60). Suppose {(,,x;)} 7, is a
dense subset of Ix R? Then, it follows from our hypothesis (35) and a
simple triangle argument that there exists a (monotonic) subsequence
{e;} 72, of {&,} =, such that

o, ot x;) =0 as i— o Vi=1,2,.,0<|m|<gq as. (66)

Hence, it follows from the equicontinuity of {a!, o}~ (cf. (27), (29), and
Condition (C3)) that for almost all @

al, o(t,x)>0  as i— o0 VxeR)tel,0<|m|<q.  (67)
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Therefore, fixing an @ such that (67) holds, we find from (27), (29), and
Theorem B of Subsection 3.1 that there exists a constant ¢ > 0 and a sequence
{B;} 7, both independent of (x, ¢; &, 7) and satisfying lim;_, ., ;=0 such

that
1/(qg— 1)}

(68)

|x— ¢l

L R e e L B e

(f _ T)(d+ 1/2)/q

forall x, e R, 0<t<t<I1,and i=1, 2,3, ... Hence, it follows from (68),
Theorem 13 (i) (with |b| =|k| + 1, |I| =|m| —1 when |m|>0), Lemma 15
(1) (with a=¢ —1), Condition (C3) as well as the argument in (65) that

[ recen—rei—o ol 2
0w

Gii{gin(r, E u,(t, &)} dé dr
CUI; Hy)

i— o

<SCPi || e, wy =0 Vo< [k|, [m] <gq. (69)

It remains to handle the third term in (60). By a successive subsequence
argument it suffices to let k,, k,, and m be arbitrarily fixed vectors of
non-negative integers such that k =k, +k, and 0<|k|, |m| <g, and then
show that

[ 1 i—0,6) 40 0 00 A5, &)t o, O de de =0 (70)
R4

along some subsequence. This in turn will be done by redefining {.«/},
i=1,2,..} and {a), ., i=1,2,..} on a new probability space where the
convergence in distribution for ./ ' (as i— o0) is replaced with almost sure
convergence, repeating an argument like (66-67) to establish almost sure
convergence for a, k> and using continuity as well as integration by parts.
However, due care must be taken because we will require almost sure
bounds on subsequences of {02044/} and we must handle singular
integrals to make the arguments work. Suppose

Ifl1e= sup [f(,x)|  VfeCs. (71)

tel, xeRd

Then, on the basis of monotonicity and boundedness (cf. (47) and Condi-
tion (C3)) one can find random variables { f,} < s <> such that

|oko% AL\l » f, as i— VO |h| <2 as. (72)
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A simple argument then establishes that {(./}, {02054} Il..} o< <2),
i=1,2,..} is tight in C(I; H))x R *9*! Hence, there exists a sub-
sequence {&,} 7~ and a probability measure Q with marginals £(6,) and

g({fb}0<|/;\<2) such that

/% 0 as j—o oo (73)
o = - 0.

{ Hagaé‘Aﬁ, I} o<ipi<2
Now, Lemma 17 states that (Cs, | -|/;) is complete and separable so
Skorokhod’s representation theorem and Lemma 19 yield C(I; H,)-valued
random variables {a/, j=1,2,3,..}, @; R"* <+ _valued random variables
{{f,,}0<|,,|<2, i=1,2, 00 by {fot oz |<2; and (C;)**“*'-valued random
variables {{Ab}0<|b|<2, i=1,2, 3 .} on some probability space (£,
&, P) such that

ﬁj &/j

/
() L (D ocwes |=L| {10254, ocip<n | J=1.2.00  (74)

{47} o< <2 {825’21/11;}0@‘@

.. Z(0) > < L(0,) >
11 ~ = ; 75
) <z<{fb}o<b.gz) LSy oo o) (73)
(iii) @/’—@,andf{—f, VO<|b|<2asj—>o0  as. (76)

Furthermore, we find by (47), (27), (74), Theorem 13 (i), and Lemmas 14
(1), 15 (i) (a=¢—1) that

7 <fo [, e 1= 2. 8) A (1, 8) D AL (1,8 (7, ) dr>
— 7 <L J, =g @

X LA, &) — 05 A2E) tyr o2, é)dfdf> (77)

on C(I; H,) and thereby it suffices to expose a further subsequence {¢,} ;~
such that

[ e 1= ) (m LAY T &)~ A1) (2, &) de de
0 Jnd

C(I; Hy)
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for almost all & e Q, where
w(t, &) =u, (1. 8),  A(E)=004)(&) VieR el (719)

First, it follows from (74), (76), and the measurability of ||-| ., with respect
to (Cs, ||-|5) (see Lemma 17) that

sup |Af|, =sup fj<oo  VO<|b|<2  as. (80)

J J

Moreover, on the basis of (74), (62), (29), (80), basic calculus, and Lemma
17 (i1) we know that for j=1, 2, 3, ...

. ~i D i
(1) & = o, 4

on (Cs, |-15), (81)

(i ota={ [/ (Al -eta et} on (Cll)
0

VO |b|<2  as, (82)
(i) 0,a' 2af,, .. on (Csl-l) V¥n=12..d (83)
where
#(6, )= | (A, %)~ A'(x)) dr. (84)
0

Thus, using (80-84), and repeating the argument in (66—67), we find a
subsequence {¢,} ;2 such that for almost all ®

&' (s, x)| v max [0, &' (¢, x)| =0  Viel xeR?  (85)
N,

I<n<

and {&'} 2, {0, &}z ,_, is uniformly bounded and equicontinuous
on Ix R Then, by (63), (85), and d+ 1 applications of Lemma 18, one
finds that

d
~ ~ v ~ l— o
lala< fl@s+22 3 [0, al;——0  as. (86)

n=1
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Hence, fixing an @ such that (76) and (86) hold, one finds by Lemma 12
that there exists {0"} ., = C such that

n=1

0" 2%, 6(w) in C(IH,)) (87)

and equicontinuity of ¢ — @”(t) establishes that

as well, where

@n(l; x) = " <|—fn—|
n

,x> VxeRLtelLn=1,2,3, ... (89)

Thus, utilizing Condition (C3), (79), (80), Theorem 13 (i) with b=k,,
/=m, and Lemmas 14 (i), 15 (i) with a =¢ — y as well as (76) and (88), one
concludes that

|F?(51_ @n)|C(1; H,) <" |51_@|C(1; H)) + |@ _@n|C(1; H) ™ 0 (90)

as [, n— oo where for all pe E(I; H,), xe R, tel

N0 = [ T t—.8) ple LAY &) — 401 (5. €) d dr.

R

1)

Now, using (134-136) (to follow) as well as the argument in (137) (with
a=q—y, v=b=0, '=T-7"" 94 f=0,, and g=7“""[A,—A']u)
and availing ourselves of (79), Theorem 13 (i), Lemma 14 (i), (88), (80),

and Condition (C3), one finds that

J: N J,, 10 1=2.6) (0. OLA(r. ) — A'()T /(3. ) de e

C(I; Hy)

. O At .
</, n,o sup j =Dl gr <1, n, o 5}’/{1 (92)
;Yo

for all Ln=1,2,.., and del (small). On the other hand, Stieltjes-type
integration by parts, (84), Theorem 13 (i), Lemma 14 (i, ii, v), and (89)
yields a sequence {z,} 2, such that z; » r and



398 DAWSON AND KOURITZIN

®1

- ﬁﬁdf(x,t—é,f) (8. &) & (8, &) u'(0, &) de

[ 0 =78 8,18 &(x. &) u(r, &) dé die
5 Yl

[T =28 6,5, 6(x, €) 0.0 (4, ) i
5 Y
ol =1 i ~. [i+1 ~. (i
_i:%ﬂ Lwr<x,t—n, é>{@ < - ,é)—@ <n,£>}
<l (L ur (1¢) e (93)
n n

for almost all xeR? and all 0<d<r<1. (The purpose behind the

approximation in (87) is now manifest. Since @” e C! the iterated integral

in the third term on the right of (93) is well defined for each n=1, 2, 3, ...).

Again, borrowing (134-136) as well as the arguments in (137) (with =8,

or f=0"((i+1)/n)—06"(i/n), and F=T.70~ 94 g=ca=Dlgly or =

It g =121=1/45!9 4') and using (79), Theorem 13 (i) and Lemma
4 (1), (88), (84), (80), and Condition (C3), one finds that

max <l (94)

>0

J,, 016,008,006 &6, ) w(0.€)

< s (95)

2

Fml—1 i ~ [i+1 ~, i

2, f( o (5e)-o (e

e
n n

Similarly, by the argument around (138) as well as (139-140), (145)
(with t7=9% 9 _I' in lieu of 0,.T, p=0,, g=19"745"') as well as (79),

max
t=90

H(Rd 0,(z, &) @'(z, &) 0.u'(z, &) dé de

max
t=0

<", (96)
2
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Theorem 13 (i) with b=k,, k,+e; (i=1, .., d) and Lemma 14 (i, ii), (88),
(84), (80), and Condition (C3), it follows that

max

t=0

[[[ o.rtei—2.6)6,(r.0) @ (n. )z &) dede| <3y (97)
PR

2
for all , n=1, 2, ... Therefore, we find by (91), (92), (93), and (94-97) that
\F}(0,)| e 11,y < CLOM 4 |5+ 85 &']14) (98)

for M-valued random variables C, &5 (independent of /, n, ¢ and [, n).
Finally, choosing small § > 0, large n, and letting / — co, one finds by (90),
(98), and (86) that

] = @ QLAY & — 40 (. €) d de

C; Hy)
<|I:;t(d[_@n)|C(l;H2)'|'|F‘ ( )lc(] H)ﬁo a.s. (99)

3.3. Convergence of the Approximation Process

Recalling the definition of z" in (54) and following the arguments in
(57-59), one finds that 2" =3, <, 20 « (=X <y 4 =6 Ty 2 del ((T) ug(7),
tel}), where for almost all xe R all tel

6

20,41, x) = Z F/ (ot u)(t, x)+F7(<9{; 0,u,)(t, x) (100)
F(p)(t,x)= —p(t.x)  VpeBL* (101)
F(p)(1, x)= [; |, ol = pec)dede  YpeBy® (102)

pLx)=] | Txi—n ) pe ) deds v TU0peBLr. (103)
Next, we define

"(puy) + F'(pd.u)  VpeC, (104)

HMO\
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and show that F defines a continuous map from (C., |-|q.. ) to
C(I; H,). Indeed, (101-104), and (40-42) of Section 2 establish F(p)e
C(I; H,) for all peC}. Moreover, it follows from Theorem 13 (i), and
Lemmas 14, 15 (i, ii) that

|F(P)|C(1;Hz)<p|p|(7(1;H1) for all peClll (105)

so Lemma 12 and a simple Cauchy sequence argument allow one to extend
the definition of F to C(I; H,) while retaining its continuous nature. Thus,
it follows by (100), (104), (105), Hypothesis (34) and the continuous
mapping theorem that

=Y FO, in CI;H,) as r— o, (106)

lkl<q

However, it follows from (104) and Definition 10 that for P-almost all
heQ

0

Y F(@,L,):{— Y flT,,Td@k(r) u (1), 0<t < T}. (107)
lkl<q

4. SUPPORTING RESULTS

This section contains eight previously-referenced results, many of which
are partially proven elsewhere. Thus, to avoid duplication, we often only
supply the necessary references and changes. Our first lemma is used in
(43-44) of Section 2, (73-76), (87) of Subsection 3.2, (105) of Subsec-
tion 3.3, and Lemma 14 (iv, v). It is proven in Kouritzin [ 16].

Lemma 12. (i) H,, the pre-Hilbert space of Definition 2, is complete
and separable.

(i) CL, (EL") the complex vector space of Definition 7, is a dense
subset of C(I; Hy) (E(I; HY) with norm |-| ¢ ut))-

(i) C(I; H,) is a separable Banach space.
The next lemma is used in the statement of Theorem 6 and Definitions

7-10 of Section 2; and (55), (57), (60), (65), (69), (90), (92), and (93-97)
of Subsection 3.2.
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THEOREM 13. Under Conditions (C1)—(C4) of Section 2, it follows that
(i) u is continuously differentiable on (0, 1] x R with respect to 0°+', 0,02+
and

|u,,+,(t, x)| <®! =111 ~ 0)/q and

|0,uy (1, x)| <= @11 VIbl<qg+1,|lI<q, (108)

0<t<1, xeR? and (ii) z" is continuously differentiable with respect to
04!, 0,0" and there exist R-valued random variables C, independent of t, x
such that

|z}, (1, x)| < C, 1 =1~ 0 and 10,25(t, x)| < C,.t79=1 (109)

forall 0<|b|<g+1,0<l|<q, 0<t<1, xe R Now, suppose in addition
Hypothesis (35) of Section 2 holds and |-|5, |-|4 are as defined in (62) and
(63). Then it follows that (iii) &, " |z} ,[3=0 and (iv) &, =" |z}|,=0 as

r—o for all 0<Ibl, |I|<q, where z) (t,x)=¢I=72v0az (1 x)
Vie(0,1], xe R4

Proof. The bounds in (i) follow from the proof of Lemma 2 (i) in [ 15].

Specifically, we use 0’ I'(x, s, ¢) and 9,0" I'(x, s, &) instead of 0’ I'"(x, s, &, 0)
and avail ourselves (c.f. Lemma 3 of Kouritzin [ 15]) of the bounds

105 Ly, s, y+w)l v s- 110,07 Ty, s, y +w|

1/(g—1)
} (110)

107 I (2, 8, 2+ w) =0 Ti(y, 5, y +w)

[wl

< C
7, €X —C
S @+ kg XP P

C|Z—y|}7 |W|q 1/(g—1
S @y SXP Y —¢ | T (111)
Has[a,znrk(za S, Z+M})_a’;rk(ya Sy J’+W)]H
C|Z—y|f [w|4 1/(g—1)
S @ kTayg P T¢I (112)

for all y,z,weR?, 0<s<1, 0<|k|<q and 0<|m| <q+1, where =3y
and

I (x,s, é)iﬁﬁf(x, s, &). (113)
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Then, (i) follows from exactly the same method as Lemma 2 (i) of Kouritzin
[15]. Moreover, using (110) and (111) as well as the proof of Lemma 2 (ii)
of [ 15], one finds

iy o (1, X) =1y (1, X1)| <20 |x — X" |P7 01D A 0V (114)

forall x, x eR% 0<t<1,0<|h|<qg+1, 0<|/| <q. From (54) of Subsec-
tion 3.2, it follows that ¢! "z"=3,, _ B, u (with B/, defined in (30) of
Kouritzin [ 15]) and the first bound in (ii) follows from (110-114) together
with the proof of Theorem 1 of [15]. The second bound in (ii) follows

from the first, (i), Condition (C3), and

0,2(t, x)= Y Aux)0%z"(t, x)+ Y, A1, x) ult, x). (115)

[kl <q |kl <q

Turning to (iii) and (iv), we find that for any subsequence {e};~, of
{e,} /2, there exists by the method of (66-67) further subsequence {¢;} =,
such that

Ui

o, (1, x) =0 Viel, xe R, |m| <q, |k|<g+1 a.s. (116)

Now, comparing (63) with (14) in [15], one can see that the proof of
Theorem 1 of Kouritzin will also establish that

1—1
le; "

Y, 0 "Blu

Im| <gq

LIRS LZ%,0 as. (117)

Ly

1—h
,

The next lemma is used in (43) of Section 2; (57), (64), (77), (90), (92),
(93), (94-97) of Subsection 3.2; (100), (105) of Subsection 3.3; and later in
Lemma 16.

1—h
,

Hence, ¢ |z, /15=0 and ¢ |zh|4=0asr—oo. |

LemmA 14.  Under Conditions (C1)—(C3) of Section 2, there exist con-
stants ¢, C>0 and random variables m, M >0 all independent of x, t, &, ©
and & such that

. C |x — &7 1/(g—1)

() lo0r(x, 1~ é)|<(,_,)m+wexp{—c s } (118)
.. C |x—f|q 1/(g—1)

(i) (0. 1(x,t—r, f)|<(t_r)(d+q)/qexp{—€ Er—— (119)
b e . M |x_§|q 1/(g—1)
(i) [|0Z(x, 15 &, T)|<(t_r)(d+|h)/qCXp{—m P } (120)




INVARIANCE FOR PARABOLIC EQUATIONS 403

for all 0<|b| <q. Moreover, if peE(I; HY) then any sequence {z,}

n : 1
satisfying z,, 7' t has subsequence {z;} 7 | such that

(iv) 1imf Ié(x, 11 ¢, 2)) p(z;, &) dé = p(t, x) (121)
nd ) )

for almost all x, w and (v) the same result holds with I replacing I'*.

Proof. (i) and (ii) follow from Friedman [10] pp. 260-261. Unfor-
tunately, immediate application of the classical theory for (iii) would not
allow our principle coefficients to depend on ¢ or ¢ (see the Introduction).
Therefore, the classical results cannot be used directly. Still, it is unne-
cessary to develop a completely new theory. Indeed, suppose we used the
notation ¥ =Xk ... (R for (e CY, ke N¢ defined

vinr0=1+] T a (S )t v nros  122)

T k=g €

forall 0<t<t<1, yeR?, {eC’ and € (0, 1] and showed that
03 Ve(t, T3 p, Ol < Cyexp{ [ A, |B]7—d, o] ?](t — 1)} (123)

for some constants C,, 1,, J,>0 and all 0<|s] <¢q, 0<t<t<],
yeRY {=a+ifeC’ and £€(0, 1]. Then, the bounds (3.15) on p. 250
of Friedman [10] would follow (for 0<|s| <g without Assumption A
of the introduction) from the considerations on p. 249 (top) and
pp. 245-246 of [10]. (iii) would follow from the arguments on pp. 261-3
(top) of Friedman [10] in the special case « =m =0 in his proof. Hence,
it remains to show (123). However, the case s=0 has already been
proved in Eq. (152) of Kouritzin [14] with 6, =J/2, 1, =41'/2, and 6, A’
defined by (35), (158) of [14]. Moreover, suppose we define for all CV*#
matrices B

N
1Bl =,/ X [Bn.l” (124)

m,n=1

and let §, A be 0, 1" as in (35), (158) of [ 14]. Then, following (156-159) of
Kouritzin [14], using (122), and recalling that |{--- & < [¢]ft - e,
ab < (a® + b?)/2, we find
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10, V(e 75 y, Olll exp{[0* | —2* | B|*](t — 1)}

<ft [(0* =) lal?+ (A—2%) |BI7] Ml|0,, V*(u, 75 3, OII?

T

XeXp{[&* |O(|"—l*|ﬂ|"](u—f)} du
+C {7 f[ |||ayj Veu, ©5 p, Ol - I1V(u, 75 p, Ol
x exp{[0* |a|9—A* | B9 ](u—7)} du

<[ L@ a9l + (= 2% 4+ ) 1B 116, V(a5 Ol

T

x exp{[0* |a|?—A* [B]9](u—1)} du
w1 [ v v Ol
xexp{[0* |7 —A* | B9 ](u—1)} du (125)

for any o* A*, y>0 and some constants C, C'>0 which depend on
o0* A*,y. Now, we set 0*=0=20,, A*=1=24, and use (123) plus
Gronwall to find

10, V(e T, OllI? exp{ [0 || = A | B11(¢ — )}
SCCo L7 (t—7) +27yC"Co o + | B17]* (1 —7)?
xexp{y[lal’+]p171(t—1)}. (126)

Next, the inequality (z—7)[|o|?+ |B]7] <" exp{y/2[ |7+ |B9]1(t— 1)}
is used to discover that for some C”" >0

119, V(e T3 3, Ol < C" exp{ [(4/2+p) |B1 = (6/2 =) la*1(t — 1)} (127)

forall j=1,2,..,d, yeRy, {(=a+ifeC? 0<t<t<1 and ¢€(0, 1]. The
general case in (123) is established through induction and the same
argument.

(iv) and (v) follow pointwise in x from a development similar to Fried-
man [ 10] p. 255 (and the referenced portions of Chapter 1) when pe EL-*.
Then, (iv) and (v) hold in the H,-sense for pe E!" by (i, iii) and
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dominated convergence. (v) follows in the general case from (32), Lemma
16 (iii), the fact that E," is dense in E(I; H}) with norm |[-|qy, s
(cf. Lemma 12), and the fact #*convergence implies pointwise con-
vergence almost everywhere for a subsequence. (iv) can be proved in a
similar manner. |

The following lemma is used in (43) of Section 2; (59), (64), (77), and
(90) of Subsection 3.2; and (105) of Subsection 3.3. We describe C*
because C’ is easier to derive than C* and it is important in (64) that C’
and C* form random variables.

LemmA 15. Let |-|5 and |-|, be as defined in (62) and (63) and
I=[0,T1.

(i) Suppose a,b>0 are such that a+b<gq and I is any CV*"-
valued kernel satisfying
1/(g—1)
} (128)

o1+ 1) |
(1—7)@+oVa ¢

for some C,c>0 and 0 <v<d/8. Then, there exists a constant C' >0 such
that

|x —&J7

t—71

(x5, 7)) <

[ feeeofeoenodd]  <Cleliflams (129)

C(I; Hy)

for all fe E(I; H)) and continuous, bounded C"-valued g on (0, 1] x R

(ii) On the other hand, if T is continuously differentiable with respect
to & up to order ¢,
1/(g—1)
} (130)

|x—<|”
c|r=el

oI (x,t; &, <
|07 1(x, t; ¢, )| P

(1— 1)@ ma CXp { -

for all 0 < |m| <gq, and

0.0(x, ;& t)=— 3 (—=1)MOLI(x, 1;& 1) Bylz, )] (131)
kl<q
for some {B,,} |, <, such that aéBm is continuous and bounded on I x R? for

all 0 < |k| <|m| <q. Then, the iterated integral on the left of (132) makes
sense and

[ arxncopmoseadd|  <Clglplosm (132)

C(I; Hy)

Sfor some constant C* >0 and all pe E, and ge BL,".
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(i) C* can be chosen as

‘= sup [ | R
=sup | {HZ up [ 1 g 105 156 0) B(s, 011
+ % sup [ O 66 ) B O] e
lkl=q ~

1 21d+2v
tE { LJ e 164 P, 1 ¢ 2) Bule, €)1 d i

Kl=q NIEEEE
+\/Sup & H@"[F(x t;z,7) Bi(t, 2) ]| dz
v e |1+ |x[?| 7
sy [T IO 8 B O]
<1 N (1—=7) @+ |1+ [x|??
><[1+j |z|"”dz”}d¢. (133)
B

Remark 3. 1In our applications of (ii) (in (43) of Section 2, (59) and
(64) in Subsection 3.2, and (105) in Subsection 3.3) I" is a fundamental
solution for (13) or (14) and (131) follows from the adjoint problem
(see, e.g., Friedman [ 10] pp. 258-259).

Proof. (i) First, one finds from (128), (62), Cauchy—Schwarz, and the
bound 53 ~) exp{ —c|(|x —&|7)/s| V9™ D} dE << 1 that

[ gy 2
R4

| Tteen fiee) s

x

<I’TJ K “ /(= L+

Rd |1 + |x|2|2d |Z_T|(d+b)/q T/

X E|2|Ya—D 2
xexp{—c le=cl? }dé} dx
r—1
- B T GIE
T R e e e e [P ) ' 1

< B

2 2 I v v
1815 1/ e ) f f T4 |x|?| 9% 4 |x — &|24+8 i
R4 c

|t_T|(b72t/)/q,L_u/]) g |1+|x|2|2d|x_6|4zl+h

|g|3|f|c‘(1 Hy)
| _ |(b 2(1/:11.(4/1)

LT

(134)
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forall 0<t<t<1,

LR R
Re

jB I(x, ;& 7) f(1, x) g1, &)

<r,fj Iglif("/”’U 11+ |7
&

zd|1+|X|2|2d BX|Z_,L_|(d+b)/q

1/(g—1) 2
X exp { - }dé e x)@ dx

<" T @n) |f g =) | g)2 |f|C(, ) Vo<t<t<l, (135)

|x — &7
c
-7

and

2

J‘ |1+|x|2|72d
Rd

L (x, & DL, &) — f(z,x)] gz, &) dé

|gls [T+ 1171 |x — &g |a=D
< ”LXW“_WW —e|
MO
[EATE I

2 1 214y _ 8v _ q
<,,,H 1gl5 (1T + [x]7™ 4+ 1€ — x| )exp _o|x=4l
t—1

I.a/p |t _ T| (d+2b)/q

1/(!/1)}

0 — Sz 0l
T+ P

2 —(ap) |4 _ +|(r—2b)/q _ 2
<,,TJ lgl57 lt—1 J I/(z, &) — f(z, x)|
B

11+ |x|? |x — &t

dé dx

d¢ dx

|g|3 |f|(‘(1 H))
Tap |t—r|(2b /4

LT

(136)

for all 0 <t<t<1. Therefore, it follows from (134), (135), (136), and
convexity of norm that

Hx, t;8,7) f(z, &) glt, &) dE dr

d -
0 Y| C(I; Hy)

. t
<f’gsupf (t—0)" D= D dr gl s | fles m,)
P

<‘ﬁg |g|3 |f|C(I;H1)' (137)
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(i) It follows from (131) that
J, I, 070 1:6.0) ple.€) gle.€) e de

—— Y (—1 vw” OLLI(x, 1;¢,7)- Bu(z, €)]
|kl <gq
gz, €)

x |1+ &%) plx, f)m

dé dr (138)
and the terms |k| < ¢ can be handled by (i). For the terms |k| =¢ in (138),
we follow (137) substituting the following development for (134-136).
First, we let k such that |k| =¢ be fixed, set I'(x, t; & t)=1(x,1;& 1)-
B, (&, 1), and find by repeating the arguments in (134) that

2 |g|§|p|2C(l;H)
J 11+ I [ 2670 1.6 0) ple, ) (e, @) de | de ¥ 2 0T
(139)

Similarly, following the argument in (136), we find that

L;(z

2 dx
1+ |x|?*

L 0Ll (x, 15 &, 1) p(, &) g(1, &) — p(z, x) glr, x)] d&

<7t —7|0 200 | g|2 |P|((1H> forall O<zt<t<]1. (140)

However, for our final bounds we must employ more elaborate methods.
Suppose n is an arbitrary d-vector of non-negative integers such that
8" 0. 0" for some 1<i<d. Then, B, is a regular domain in R and its
boundary OB, is a (d— 1)-manifold. Therefore noting that

d{agf(X,t;f,T)dfl ANdly N oo NdE;y NdE A - /\d‘fd}
:(71)1-_1 afiagr(xa t’é’ T) dél A
ANdE_y NAE NAE i N - ANdE, (141)

one has by the version of the divergence theorem in Fleming [8] p. 359
that

j 05 I(x, t: &, 1) dé H

=[O e e A ndE A A dE ] (142)
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where dB° denotes the boundary of B, with either orientation. Hence,
noting that

. 1
n . x, ;¢ T _ _ A (=Dig—1)
102 1x, 13 ¢, 2} | <15 o expl — ¢ e — g R

<x,t;§“r 1 (143)

for £ 0B, and observing that the surface area S,_,(0B,)=S,_,(0B,), we
find by (4) on the top of p. 357 of Fleming [8], (142) and (143) that

U Ol (x, ;& 1)dé| <571 VxeRL0<t<1<], [k| =q. (144)
BX

Therefore, by (144)

2
Y | ekt ¢ 1) dep(r, x) glr x)| d

k| =¢q “Bx

<I’T|g|§|p|éu;yl) (145)

|
R4

for all 0<t<t<1 and (ii) follows from (137), (138), (139-140), and
(145). 1

The following lemma is used in (32), (39), and (40) of Section 2, and in
Lemma 14 (v) above. For the statement and proof of this result we define
C'(RY) to be the Banach space (see Kufner et al. [19] p. 26) of continuous
C¥-valued functions g such that 0x, g(x) exists and is continuous on R¢ for
i=1,..,dand

lgle = sup  |g(x)| v [0, g(x)| <oc0. (146)

xeRd 1<i<d

LEMMA 16. Under Conditions (C1)—(C3) of Section 2, one has that:

(i) T,:HY— H,and 0,T,: C'(R?)—> H, are continuous Vs >0,

1(ii) ) T.f and s' =299 T g:[0,1]1— H, are continuous VfeH",
ge C(R9),

(i) [T],2<"1 and 0,T| <’ s"?0 =" Vs> 0,
where |- |, , denotes the operator norm from HY to H,, || . , denotes the

operator norm from CY(RY) to H, and T, s =0 are the operators defined in
(32) of Section 2.
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Proof. (i) follows from the arguments in (134-136) and (138-145) with
t—7=sand b=0. (ii1) It follows easily from the bounds in Lemma 14 and
the arguments in (134-136) and (138-145) with y =1 in (140) that s > T, f
and s — s' =299 T g are bounded on (0, 1] for all f € H* and ge C'(RY).
Then, (iii) follows from (i), this boundedness, and the Banach-Steinhaus
theorem. (ii) Suppose s =0 and {s,} >, =(0, 1] is such that s, —» 0. Then,
since (iii) has already been established we may use Lemma 14 (v) to find

a subsequence {s,} 2, such that

lim T f(X)— hm T, f(x) = f(x) (147)

Jj— o

for almost all x e R?. Moreover, by the adjoint problem (see Friedman
[10] pp. 258-259)

0,1(x,0,8)= Y, (=DMOLI(x, 0, 4] (148)

Ikl <q

so by Lemma 14 (i), Condition (C3), and the divergence theorem
|s, =200, T, g(x)|

<sb [ 10,k s, )1 6]

£ T [ 100 5, ) AN 1500

k| <q “Bx

+ )

|kl =q

ML I(x, 5, &) A%E)] | |glx

.\

+ 3 [ et f)Ai(f)]Hg(«f)—g(xndé}

Il =q ~Bx
}déJrl}

< 512 5, (149)

Sns X o1 —(1/2q) (d+q—1)/q
< S, {stn exp {

n
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On the other hand, suppose s>0 and {s,} =[3,1 A 2s] is such that
s, — 5. Then, for all xe R’

11, 5,5 O Vs, =200, 5,0 €l
lx — &
N

6 X g (24 D2) gy { I

1/(g—1)
} (150)

which is &-integrable so dominated convergence establishes that

lim 7, f(x)=T,f(x) and

n— oo

lim 5,200 T, g(x)=s"""2D0,T, g(x). (151)

n— oo

Hence, we have pointwise convergence almost everywhere for at least a
subsequence by (147), (149), and (151). Moreover, by Lemma 14 (i) and
(134-136) one finds that

1 21d
ITY,f(x)|2<SI’—*fB Bl e 4 |f(x)|2+j3

e

|f(x) — (O

|X—f|d+v dé<5/’xl

X

(152)

and the lemma follows by this pointwise convergence, (149), (152),
dominated convergence, and the arbitrariness of the original {s,}. |

The following lemma is used in (74-76) and (80) of Subsection 3.2.

Lemma 17. (1) (Cs, ||-|l5) as defined in (62) is separable and complete

and (i1) |-, is (Cs, ||- | 5)-measurable, where
1flle = sup /{2, x)]. (153)
tel, xe R

Proof. We observe that the supremum in (62) can now be over rel.
(Cs, |I-1I5) is complete and separable by isometry to the space of con-
tinuous functions on IxR? which vanish at infinity with sup norm.
Completeness and separability for this second space are well known.
Defining the domain DV =1x[ —N, N]? and the norms

£y =" sup [ f(z, x)l, (154)
(1, x)e DN
we find |-y is continuous with respect to |-|l5. Hence, |-]. =

limy_, . |-y is measurable. ||
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The following lemma is used in (86) of Subsection 3.2. Its proof follows
from the argument in lines (66-77) of Kouritzin [14] with the definition

¢ (1, x) = (B'(t, x)/((1+[x]?)").

LemMA 18.  Suppose |- |5 is as defined in (62) and { B'} [, is a uniformly
(in 1, t, x) bounded, equicontinuous family on I x R such that

pl(t,x)=»0 as |- Viel xeRe (155)

Then, |B'|;— 0 as [ — co.

The following lemma is used in (74-76) of Subsection 3.2.

Lemma 19. Let Z,% be complete separable metric spaces. Suppose
that {X,,n=0,1,2,. } is a Z-valued process defined on a probability space
(2, 7, P) and for each n>0, (X,, Y,)7 is a 2 x ¥-valued random vector
defined on probability space (2,, 7,,P,) such that: £ (X,)= =.?(X,,)
for n=0,1,2,... Then, there exists a ¥ x%¥-valued process {( X, Y7,
n=0,1,2,..} defined on a common probability space (2, #, P) such that:

(a) g(yoylyz"‘):g(XoXle'“) on l_[ B(A)

keN,

Y, Y,

n n

(b) & <){"> =9 <A~/"> forall n=0,1,2, ..

Proof. The key to proving this result is the construction of a consistent
family of probability measures {P,}._ , such that P, is defined on
BUX xY)" )

P(Fox#YXTyx¥x -« xI,x¥)=P(X,ely, X,el,, ... X,eT,)
(156)

for all I';e #(%), j=0,1,2, .., n; and
P (XXX (TxTYx(Xx¥)'~=P,(X,eI',, Y,eI')) (157)

forall I',e (%), I''e (%), i=0, 1, 2, ..., n; followed by application of the
consistency theorem (see e.g. II1.51 of Dellacherie and Meyer [5]).
However, recalling (see, e.g., Dudley and Philipp [6] Lemma 2.13) the
fact:

Let Z,, %,, %, be complete separable metric spaces. Suppose P, and P,
are probability measures on B(Z, x %,) and B(Z, x %) such that P, and P,
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have the same marginal on B(Z,). Then, there exists a probability measure
Op,. p, on B(Z) x 2y x Z3) such that the marginal of Qp  p, on B(Zx 25)
is P, and the marginal on B(%, x %5) is P,.

and defining {P,} 7_, inductively via

5 = o[ %o 5 .
P=2 (3] P =0 u(Eo (158)

where
Mg xTyx - x T,y x T xT, )
=0y wxyx-x, Lo X oo XTI, X Ty x e X T, x Iy ) (159)
and
wW(Iyx oo XTI xTyx - T)=P (FyxThyx - xIT,xTI") (160)

for all I, e (%), i=0,1,2,...n+1; I''eB(¥), i=0,1,2, .., n, one can
easily verify consistency, (156), and (157) for {P,} = ,. 1
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