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Abstract

Chemical and petrochemical plants typically integrate a number of geographically dis-
tributed operating units, which are physically linked through energy and material streams
or inherently coupled via plant-wide constraints. The main drawback of the current de-
centralized control system is that it fails to consider the interrelations between subsys-
tems, which could usually result in poor performance or even loss of closed-loop stability.
Such concerns have motivated various control strategies to tackle these problems. One
possibility is to replace the whole network with a centralized control structure. De-
spite the potential benefits, this renovation would require significant capital cost, in-
crease maintenance costs, and reduce fault tolerance. Another practical approach is a
distributed control that aims to improve the performance of a currently installed decen-
tralized network. Distributed model predictive control (DMPC) methods are divide into
two general categories: non-coordinated and coordinated schemes. Coordinated DMPC
(CDMPC) networks, which consist of distributed controllers and a coordinator, are able
to attain an overall optimal solution over a wide range of conditions. The focus of this
thesis is to develop on-line strategies for CDMPC systems and overcome existing issues
with global convergence and stability of closed-loop systems, under price-driven CDMPC
concept. In particular, the main contributions are developing two novel information flow
mechanisms for CDMPC of nonlinear systems and proposing a new solution method for

CDMPC of linear systems, via a bi-level optimization framework.
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Chapter 1

Introduction

Chemical and petrochemical plants integrate a number of operating units that are con-
nected via material and energy flows, and they are usually geographically separated.
These relations can be interpreted as information flow or dynamical constraints between
subsystems. Regulations, process safety and environmental responsibilities, together with
expectations for profitability, have given rise to more complexities in process design and
control. Such complexities may intensify the interactions between subsystems by adding
new process units, energy recovery operations or material recycle streams. Thus, optimal
plant-wide strategies should be deployed to achieve improved performance, while ensur-
ing safe and responsible plant operation. Three common strategies are decentralized,
centralized and distributed. Among these, distributed control has received consider-
able attention, since it takes advantage of decentralized control’s flexibility and has the
potential to attain centralized control performance. In the context of model predic-
tive control (MPC), the distributed strategy that pertains to this work is coordinated
distributed MPC (CDMPC). This powerful approach is capable of achieving maximum
plant-wide performance, by taking into account interrelations between subsystems with
a small modification applied to the current decentralized network that adds a coordi-
nation level to subsystems. To date, a number of research studies has been dedicated

to CDMPC [19, 66, 76, 57]; however, a detailed study on CDMPC of nonlinear systems



with global convergence proofs and closed-loop stability properties had not been pro-
posed prior to this study. In addition, this research focuses on improving the currently
developed CDMPC schemes for linear systems and suggests a new solution strategy to
ensure global convergence and stability.

To clarify terms and definitions, centralized, decentralized and distributed networks
are briefly described; next, the discussion is narrowed down to CDMPC and the challenges

that define scope of this thesis.

Decentralized Control Network

MPC i MPC j

sub-system i sub-system |

Figure 1.1: Decentralized MPC network architecture

A decentralized structure is the most common approach for control of many large-
scale applications. A typical plant with two subsystems under decentralized control is
presented in Figure 1.1. As shown in Figure 1.1, a separate controller is assigned to each
subsystem, and decisions are made based on local information gathered. In this scheme,
each controller can be designed and tuned independently. Note that in decentralized
control, the effect of interactions between subsystems is ignored. As a results, a sub-

optimal solution to the plant-wide problem is usually obtained. This could result in



losing closed-loop stability [100, 96, 93, 23]. In general, there are three solutions to these
problems: 1) switching to a centralized scheme; or 2) modifying the current network and
applying distributed approaches; and 3) redesigning of the decentralized system to ensure

stability, typically at a performance cost.

Centralized Control Network

Centralized MPC

A 4 A 4

sub-system i sub-system j

Figure 1.2: Centralized MPC network architecture

In a centralized control network, effects of interactions between subsystems are con-
sidered in the computation of control actions. An illustration of this scheme is shown in
Figure 1.2, where a monolithic MPC controls a plant composed of two subsystems. In
theory, the optimal solution obtained by this schemes reflects the maximum achievable
plant-wide performance. Implementation of centralized structure requires that the cur-
rently installed decentralized controllers be decommissioned and a centralized controller
is implemented, complete with appropriate information flows from the operating units
to the control center. Despite the potential benefits, switching to centralized scheme
requires substantial investment of time and money. Any benefits may be neglected by

increased maintenance costs, loss of fault tolerance and diminished resilience. Consider



that centralized controllers must solve a large-scale problem, which demands sophisti-
cated optimization algorithms and high computational power. Thus, the capital cost of a
centralized control system can be substantial. Furthermore, any small change in a local
unit, due to repairs, or during emergency shutdown incidents, would result in recasting

of the monolithic controller.

Distributed Control Network

The technical issues mentioned in decentralized and centralized schemes can be over-
come, to a great extent, by distributed control techniques. The basic idea is to take
advantage of flexibility in the decentralized design and attain a performance improve-
ment that approaches the centralized counterpart. Two different schools of thought exist
in distributed control design , which can be differentiated in terms of information ex-
change between controllers and the approach that is taken to reaching a consensus on
the control actions to be taken. These predictive control strategies can be divided into

two categories: non-coordinated and coordinated distributed MPC.

Non-coordinated Distributed Control Structure

In the context of non-coordinated distributed MPC, local controllers include interaction
models and exchange information to achieve an improved performance. A typical rep-
resentation of a non-coordinated DMPC is depicted in Figure 1.3. Within this scope, a
classification can be made based on communication design of network: fully-connected
networks where all controllers exchange information, and partially-connected networks
where only a limited number of controllers send and receive information. Further, if
this transmission is limited to one time per sampling time the algorithm is called non-

iterative [15, 31]; and, when it is transmitted more than once per sampling time the



s

MPC i MPC j

¢ — — —

sub-system i sub-system j

Figure 1.3: Non-coordinated distributed MPC network architecture

algorithm is called iterative [58, 69].

Among iterative approaches, cooperative distributed MPC schemes have enjoyed more
interest by researches. Unlike non-cooperative iterative approaches that tend to find a
Nash equilibrium [15, 58], cooperative schemes tend to reach a Pareto optimal [101, 102].
The very first versions of cooperative MPC was proposed by [100], mainly for networked
linear MPCs with convex subproblems. In [100], and later in [93|, convergence and
closed-loop stability for premature algorithm termination were studied for the proposed
methods. These ideas were extended to non-convex problems with classes of nonlinearity
within the prediction models [95]; however, global convergence to centralized optimal
solution was not guaranteed.

Application of Lyapunov MPC in cooperative DMPC of nonlinear systems was inves-
tigated by [60]. One immediate property of such networks is that local controllers are
responsible for ensuring the closed-loop stability; nevertheless, achieving the global opti-
mal solution of the centralized performance was still an issue due to the non-convexity of
subproblems. Another cooperative DMPC scheme was proposed by [90], based on sen-

sitivity information exchange, as an attempt to achieve centralized performance of non-



linear systems using successive linear approximations of the subproblems. Nonetheless,
feasibility of the derived solutions and stability of the closed-loop network has remained
an open question. An enthusiastic reader is referred to [88, 23| , and references therein,

for a comprehensive review of research developed in this area.

Coordinated Distributed Control Structure

Coordinator

MPC i MPC j

sub-system i sub-system j

Figure 1.4: Coordinated distributed MPC network architecture

An alternative approach, as shown in Figure 1.4 to the schemes outlined in previous
section is coordinated distributed control. In fact, such schemes belong to a general
class of two-level (hierarchical) control systems, in which the upper level coordinates

decisions making process of local controllers at the lower-level. The general idea, behind



two-level MPC control, is that each local controller, in the network, solves a suitable
optimization problem and constantly communicates with the coordinator to satisfy plant-
wide constraints. This iterative procedure continues until the error of prediction stays
within a predefined limit [88]. An extensive study on mathematical theory of hierarchical
systems may be found in [71].

Specifically, in CDMPC, the main concept is to achieve the centralized MPC perfor-
mance and guarantee closed-loop stability properties of any intermediate solution pro-
duced by the algorithm. The first feasibility study of applying Dantzig-Wolfe decom-
position on coordination of MPC networks was proposed by [20, 19]. Accordingly, [21]
developed an efficient price-adjustment algorithm for steady-state target calculation of
distributed MPC systems based on Newton’s method. In this iterative procedure, sensi-
tivity analysis and active-set identification techniques were used as a means of commu-
nication between local controllers and the coordination level to achieve the centralized
performance. This method was extended by [67, 66] to plant-wide coordination of single-
rate and dual-rate linear MPC systems. Also, a state feedback scheme for prediction
driven coordination of linear-quadratic control systems, based on interaction prediction
principle [71], was proposed by [66].

Convergence of iterative price-driven and prediction-driven CDMPC algorithms for
time invariant linear systems was studied by [76]. Based on work of [81], a pseudo-model
coordination scheme was proposed by [76] for linearly constrained decentralized MPC
systems. In addition, application of price-driven, prediction driven and pseudo-model
CDMPC schemes to chance-constrained systems for dealing with uncertain plant-wide
disturbances in prediction models was studied by [76].

The first attempt at coordination of nonlinear dynamical systems using the pseudo-
model CDMPC was developed by [76] . The performance was an identical match to the

centralized MPC derived by linearizing the nonlinear model around a nominal operating
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point. In a parallel research, computational and convergence properties of iterative price-
driven CDMPC and prediction-driven CDMPC algorithms for linear systems were studied
by [57]. This analysis was made for dynamical systems subject to equality constraints
dictated by interaction models and predictions models. The study of such properties for

systems subject to inequality constraints remained as an open area of research.

1.1 Research Scope

To date, the existing body of research on various CDMPC algorithms [20, 19, 21, 67, 66,
76, 57] has been generally devoted to linearly constrained dynamical systems. Although
a pseudo-model coordination scheme [76] was proposed for handling non-linear systems,
the performance was compared to a centralized MPC based on linear time invariant
appropriate model around the desired operating condition. Thus, in order to capture
the maximum plant-wide performance, nonlinearity of plant model has to be considered
within the structure of CDMPC. For price-driven CDMPC of linear systems, Newton-
based nested approach has been taken to solve the optimization problem, which could
result in poor convergence properties [76].

This work contributes to developing a systematic method of coordination for nonlin-
ear interconnected systems. In particular, two novel coordination structures are proposed
to improve performance of an existing decentralized predictive control system for nonlin-
ear systems. Moreover, two new solution strategies are proposed to design the CDMPC
structure for linear dynamical systems, to compensate for performance loss in Newton-
based algorithms. This thesis uses a bi-level optimization approach to CDMPC network,
based on the concept of price-driven coordination. Mathematically, the coordination
strategies in this research, are based on dual decomposition of the plant-wide predictive

control problem into a proper separable structure. Starting from a current decentralized
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network, the necessary modification to local controllers are applied. Then, the coor-
dination level and the information flow in the network is implemented. The required
modification can be summarized as an appropriate relaxation of interaction equations
into the objective function of local controllers. Also, the coordinator is synthesized to es-
tablish a proper plant-wide decision making process to compensate for interaction model
violations inside local prediction models.

In this study, it is assumed that local MPCs are single-rate synchronous controllers,
and all required measurements are available at the selected rate. The performance of
proposed CDMPC approaches are evaluated against the corresponding centralized MPC
benchmark and the existing decentralized MPC network. For the purpose of this work, all
prediction models are derived via proper discretization methods. The computed receding
horizon actions are applied to the continuous-time plant. Essential conditions to ensure
global convergence of the proposed algorithms as well as closed-loop stability of the
system under the CDMPC schemes are investigated. This thesis is a collection of three
candidate journal submissions, where the first two are dedicated to nonlinear systems
and the last paper is devoted to linear dynamical systems.

Chapter 2 proposed a nested bilevel optimization strategy to design a price-driven
CDMPC scheme for a nonlinear plant, which is operated by a decentralized control sys-
tem. The prediction model is derived through successive linearization of continuous-time
plant model around the current operating condition, at each sampling time. This paper
proposes an interior-point approach that develops a CDMPC structure that stabilizes
open-loop stable nonlinear systems. In fact, this extension to [20, 19, 21, 67, 66, 76, 57]
eliminates the need to identify the correct set of active constraints at the end of each co-
ordination cycle. In the proposed CDMPC scheme, the coordinator receives information
from the distributed subsystem MPCs and sends prices to the distributed controllers to

coordinate their actions in an iterative fashion to achieve the performance and stability
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of the corresponding centralized MPC benchmark. Another highlight of this chapter
is the investigation of sufficient conditions to ensure convergence and stability of the
proposed algorithm. In particular, the scenario when the algorithm is stopped prior to
convergence to the desired optimal solution is studied, and the closed-loop stability is
guaranteed under certain conditions.

In Chapter 3, the problem of designing a CDMPC for an existing network of decen-
tralized nonlinear model predictive controllers (NMPC) is addressed, which extends the
ideas introduced in [89]. The nonlinear plant is assumed to be governed by dynamic
algebraic equations (DAEs) with separable interconnections in the form of equality con-
straints. Despite linear systems, a limited body of research is dedicated to coordinated
distributed NMPC (CDNMPC); and, the existing solution strategies are not suitable for
on-line purposes. To date, the solution methods [89] have either been based on steepest
ascent approaches or off-line dynamic optimization procedures, which could lead to poor
convergence or demand high computational resources. Another approach to coordina-
tion of nonlinear MPC systems was proposed by [68], based on the difference between the
total shared resources available and demanded by the local NMPC controllers. In this
design, the coordination process is handled by manipulating the prices of every common
resource by a controller with the aim of satisfying the plant-wide constraints in the shared
resources. The main shortcomings of this approach is that global convergence to an over-
all optimal solution and stability of closed-loop system is not ensured, plus the scope is
limited to binding constraints pertaining to shared resources. To overcome these issues,
a novel structure of information flow between the coordinator and distributed NMPCs
is proposed, via bi-level nonlinear optimization. This multi-level structure consists of
the coordinator lying in the upper level and the distributed NMPC controllers lying in
the lower level. Under certain preconditions, the bi-level optimization problem is trans-

formed into a relaxed single level problem, and the resulting optimization is solved via
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a trust-region technique. Previous designs of coordinated MPC or NMPC [89, 76] were
based on finding a fixed value for the prediction horizon of the local predictive controllers,
which were prone to unstable closed-loop behavior. This chapter illustrates a method to
stabilize plant dynamics with open-loop unstable behavior by using an adaptive posteri-
ori approach to determine the minimum required prediction horizon for local controllers.
In addition, the proposed CDNMPC is guaranteed to be globally convergent to a unique
optimal plant-wide trajectory, when a set of conditions are satisfied.

Two novel algorithms to coordinate distributed model predictive control (MPC) sys-
tems are developed in Chapter 4. Similar to Chapter 3, bi-level optimization techniques
are deployed to solve the price-driven CDMPC problem. The mechanisms are imple-
mented for two distinctive scenarios based on the presence of inequality constraint in the
local MPCs. The first scheme is an analytic approach to find the closed-form solution
of plant-wide problem, when all the constraints inside the structure of local controllers
remain active all the time. The second algorithm is an iterative approach to find a local
optimal solution to the general CDMPC problem via method of feasible directions. Un-
like nested price-driven CDMPC approaches [20, 19, 21, 67, 66, 76, 57] , the proposed
CDMPC schemes in this Chapter are globally convergent and are capable of stabiliz-
ing unstable open-loop dynamics, when a set predefined conditions hold in the network.
Similar to Chapter 3, an on-line approach is used to ensure stability of overall system.
This dynamic optimization approach enables the controlled network to stabilize unstable
open-loop dynamical systems without any modifications applied to the native CDMPC
formulation.

Finally, Chapter 5 summarizes and concludes the material covered in thesis. In addi-
tion, some research challenges in the design and development of coordinated distributed

control systems are suggested.
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1.2 Terms and Definitions

This section is intended to provide clarification and proper definitions for some of the
common terms used throughout this thesis.
Lipschitz Function: [79] A continuous function f:R? — R" is said to be Lipschitz

on some set N/ C RY, if there exists a strictly positive constant L such that:

|| f(21) = f(@2)|| < L||a1 — 22| (1.1)

Exact Discretization: Discretization is a procedure of obtaining a discrete-time
model from a continuous-time system, under a suitable sample and hold scheme. Ex-
act discretization obtains models that are exact and match the analytical solution of
the continuous-time system. Consider a continuous-time LTI system, governed by the

following differential equation:

u(t) (1.2)

where: 7 is the time constant of the first-order system; y denotes the output variable;

K denotes the gain; and u denotes the input variable of the system. Here, it is assumed

that u is held constant within the time period: T := [kAt, (k + 1)At], for k > 0.
Performing the Laplace transformation on (1.2) within the time period: 0 <t < At,

the following is derived:

sY(s) =Y (0) = —=Y(s) + —u(0) (1.3a)
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using the inverse Laplace transform, the analytic form of solution is obtained as:

y(t) = exp(—2)y(0) + K (1 = exp(—))u(0) (1.3b)
in other words:
y(At) = exp(—g)y(O) + K(l — exp(—g))u(()) (1.3c)
y(2At) = exp(—g)y(At) +K(1- exp(—g))u(At) (1.3d)
(1.3e)
y(nAt) = exp(—g)y((n — 1At + K(l — exp(—g))u((n —1)At) (1.3f)

Note that, this discretization is exact and the corresponding closed-form can be written

as:

At At
yr = exp( VYk—1 + K(l — exp(—T))uk_l (1.4)

T

Global Convergence: Consider an optimization algorithm A on set Z, which is
initialized from an arbitrary point 2y, generates an infinite sequence {z}2,. If a solution

set S and a real-valued function D(z) exists for the algorithm such that:

(a) all z are contained in a compact subset of Z

) i)if z3 ¢ S, then D(z511) < D(z5)
b
i0)if z; € S, then D(zg41) < D(z;)

(¢) the mapping of A is closed at all points outside S

then the limit of any convergent subsequence of {z,}2°, is a solution point [7]. Further-
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more, if A is uniformly compact, closed and strictly monotone on Z, any subsequence
generated by A is convergent [73]. In other words, global convergence refers to a property
of an optimization algorithm that ensures converging to a unique optimal solution of a
problem from arbitrary starting points.

Plant-wide Optimal Solution: The term plant-wide control refers to controlling
the plant by a network of controllers or a monolithic centralized controller. Similarly,
optimal plant-wide solution refers to optimal performance of a centralized controller.
MPC stands for Model Predictive Control/Controller. The term CD(N)MPC stands for
coordinated distributed (nonlinear) MPC. Throughout this thesis, the optimal solution
to the centralized problem (or the CD(N)MPC problem) is used interchangeably with
the local optimum solution to the plant-wide (N)MPC problem, which satisfies a set of

predefined criteria and feasibility conditions.



Chapter 2

Distributed Model Predictive
Control of Nonlinear Systems Based
on Price-Driven Coordination

Here a nonlinear plant is considered, which is operated by a decentralized control sys-
tem. This existing control system ignores the interactions between sub-systems which
often results in uncaptured plant-wide performance. The focus of this chapter is on the
design of a distributed model predictive control (DMPC) network to stabilize plants gov-
erned by nonlinear dynamics, using successively linearized internal models. In such a
design, interactions between the sub-systems should be considered in order to exceed the
performance of the current decentralized DMPC scheme. In particular, a coordinated
DMPC (CDMPC) schemes is proposed in which a coordination layer is added to the
existing network, while minor modifications are applied to the local MPC controllers. In
this chapter, a novel interior-point approach to design price-driven CDMPC structures
is presented for stabilization of open-loop stable nonlinear systems. In the proposed
CDMPC scheme, the coordinator receives information from the distributed subsystem
MPCs and sends prices to the distributed controllers to coordinate their actions in an
iterative fashion to achieve the performance and stability of a hypothetical centralized

MPC for the entire plant. Sufficient conditions ensuring convergence and stability of the

15
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proposed CDMPC are derived and the situation when the algorithm is stopped before
convergence is investigated. The performance of the proposed approach is illustrated

with a chemical process example.

2.1 Introduction

Large-scale processes are common occurrences in modern chemical and petrochemical
industries for increased process efficiency. Typically, a large-scale process is composed of
tightly integrated processes that interact via material and energy flows. Traditionally,
centralized and decentralized control are the two primary frameworks for the control of
large-scale systems. While the decentralized control is easy to implement, it may lead
to degradation of plant-wide performance or even loss of closed-loop stability since in
decentralized control the interactions between subsystems are in general neglected (see,
for example, [86, 8, 96] and references therein). On the other hand, the centralized control
is expected to give the best performance; however, it may become too complicated to
implement as the size of the control problem grows. Moreover, a centralized control for a
large-scale process may require substantial maintenance effort and is not favorable from
a fault tolerance point of view [63, 77].

Motivated by the above observations, in recent years, significant efforts have been de-
voted to the development of distributed model predictive control (DMPC) for the control
of large-scale systems. In a DMPC scheme, distributed local model predictive controllers
(MPC) communicate and exchange information with each other or a coordinator to co-
ordinate their actions; please see [15, 84, 88, 23, 22| for reviews of results in this area. As
a strategy between decentralized and centralized control frameworks, DMPC is able to
achieve improved plant-wide performance while preserving the flexibility of decentralized

control such as low maintenance costs, unique fault tolerance properties and resilience
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in design and operation. One classification divides DMPC schemes into two categories:
non-coordinated DMPC and coordinated DMPC.

In the context of non-coordinated distributed MPC, local controllers include interac-
tion models and exchange information to achieve an improved performance. Within this
scope, a classification can be made based on communication design of network: fully-
connected networks where all controllers exchange information, and partially-connected
networks where only a limited number of controllers send and receive information. Some
important recent work in this area includes cooperative DMPC of linear systems [84, 94],
Lyapunov-based sequential and iterative DMPC of nonlinear systems [61, 60], robust
DMPC of linear systems [3], DMPC of linear systems coupled through the inputs [64]
and dissipativity-based DMPC of linear systems [98].

In contrast, inside a Coordinated DMPC (CDMPC) scheme, distributed MPCs com-
municate with a coordinator to achieve improved performance. Different methods have
been developed for CDMPC including the price-driven approach (i.e., [20, 21, 67, 76,
57, 68]), the primal decomposition approach [35, 25|, the prediction-driven approach
(i.e., [66, 76]), and the pseudo-Model Coodination approach [76]. The main differences
between these coordination methods appear in the ways that the interactions between
subsystems are addressed [76]. Pertaining to nonlinear systems, there exists a limited
amount of research dedicated to design of coordinated distributed control for nonlinear
systems. In [76], a pseudo-model coordination method was proposed, which uses exact
linearization of interconnected ODE systems. Coordination of non-linear networks gov-
erned by open-loop stable DAE systems are also investigated by [89] and [68]; however,
closed-loop stability of coordinated control networks has not been addressed. Another
challenge is the situation when the coordination scheme terminates prior to convergence.
This could occur when there is insufficient time to complete the required calculations to

converge to a solution.
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In this work, design of CDMPC for nonlinear systems based on the price-driven co-
ordination approach is considered. In the price-driven coordination, the coordinator
calculates “prices” for local MPCs, based on information received from them, in order to
coordinate their actions. It has been proven that the price-driven CDMPC can converge
to the corresponding centralized control system, when the coordinator and distributed
controllers are allowed to iterate a sufficient number of times at each sampling time for
linear systems [66, 20, 21, 67, 76]. In this chapter, an interior-point based CDMPC
(CDMPC) scheme is proposed, based on the results of [66] and [76], which focuses on a
class of interacting nonlinear systems. In the proposed approach, an interior-point based
model predictive controller (MPC) is designed for each subsystem and a price-driven
scheme coordinates the actions of the distributed subsystem controllers to achieve cen-
tralized optimal performance and stability of the entire system. The proposed scheme
is developed based on the assumption that a hypothetical centralized MPC, which uses
successive linearization of the nonlinear system at every sampling time, can be designed
to stabilize the closed-loop nonlinear system. A key idea behind this scheme is relat-
ing the hierarchical dual decomposition of the hypothetical centralized controller with
a minor modification applied to the existing network of decentralized controllers. The
modification to the decentralized MPC controllers is equivalent to relaxing interaction
equations into the objective function of local controllers by assigning a price vector as
a penalization coefficient. In this bilevel optimization problem the coordinator, which
constructs the upper-level problem, receives information from the distributed subsystem
MPCs, which belong to the lower-level problem. During coordination cycles between
the coordinator and the plan-wide control system, the price value is sent to the dis-
tributed controllers to coordinate their actions in an iterative fashion and achieve the
performance and stability of the centralized MPC. Sufficient conditions for ensuring the

stability of the proposed CDMPC are derived. Note that convergence of the algorithm
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and closed-loop stability are considered when the system is stopped prematurely prior to
convergence. The performance of the proposed CDMPC is illustrated using a benzene

alkylation process.

2.1.1 System Description

In this chapter, a class of nonlinear systems composed of m interconnected open-loop
stable subsystems is considered. Each of the subsystems can be described by the following

state-space model:

i (t) = fi(z,u) (2.1)
where i = 1,...,m, x;(t) € R"™: denotes the vector of state variables of subsystem
i, v = [zT -2l -2l 1€ R"™ denotes the state of the entire nonlinear system, and
w=[ulul-ul']Te R™ is the vector of control inputs with u; denoting the vector

of control inputs associated with subsystem 4. It is assumed that u; € C; C R™ with C;

being a nonempty convex set defined as follows:

Ci & {u; € R™| AP%y; < b} (2:2)

where ¢ = 1,...,m. Note that in the remainder of this chapter, without the loss of

generality, consider C; to include only simple bound on control actions:

C; L {uz S Rn“1| lbuﬂ <wu; < Ubu,i} (23)

with (b, ; being the lower bound and ub,; being the upper bound over the control ac-

tions of subsystem ‘’. Note that, no bounds are considered over state variables of the
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subsystems. This is mainly due to the methodology used in this chapter, which is based
on successive linearization of the nonlinear system. This would limit the study, specially,
when the CDMPC algorithm is stopped prematurely prior to convergence, so that the
feasibility of nonlinear system may not be guaranteed. Here, it is assumed that the
subsystems are interconnected through states and manipulated variables, i.e. the ma-
nipulated input variable of one sub-system might affect other sub-systems as an internal

variable in the models. The dynamics of the entire system can be described as follows:

£(t) = f(x, u) (2.4)

where f = [ff - fF--- fI]7. Tt is assumed that f is a twice differentiable Lipschitz
vector function. The states of the m subsystems, z; (i = 1,...,m), are assumed to be
sampled synchronously at time instants ¢, = kAt with £ = 0,1,.... Note that in the
remainder of this chapter, k£ is used to denote ¢, in the discrete-time model. Based on
the Lipschitz properties of f(x(t),u(t)), there is a unique exact discrete time nonlinear

model [91] for system (2.4) expressed as:

z(k+1) = FF(z(k), u(k)) (2.5)

where: h is integration step for the discrete-time approximation. It is assumed that
the corresponding sampling period T is fixed and h can be chosen independent of T
arbitrarily. Although F}¥ may exist, the usual approach is to use an approximate discrete

time system instead:

z(k+ 1) = F(a(k), u(k)) (2.6)

which can be derived using explicit Runge-Kutta methods [44]. Note that numerical

integration accuracy of the continuous-time model (2.4) depends upon the step-size ‘h’,
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as does the accuracy of discrete time model.

Assumption 1 [Model Consistency [78]] For a sampling period T, there exist an upper
bound on the integration step-size h < h* and x € Ko ! such that FF C FA + x(T). In
other words, it is assumed that for a given sampling period T', the discretization method
of the continuous-time model (2.4) should ensure that as the integration step-size h — 0

the approximate model (2.6) converges to the exact model (2.5).

Using a first-order Taylor expansion of (2.6) around the current measured state (zy)
and input (uy) yields:
z(k+1) =W(k)z(k) + T(k)u(k) (2.7)

where 7 and @ are deviation variables. Additionally, the values of the matrices ¥, I are

determined at each sampling time as:

_ oF
OFA
T(k) = = |y ue 2.8b
(k) = =2 |y (2.80)

In this work, it is assumed that all elements of Jacobian matrices W (k) and I'(k) are
uniformly bounded for the integration step h € (0,h*). At each control interval, the
prediction model is constructed from W(k) and ['(k), as a linear time invariant state-
space model along the prediction horizon. Thus, control actions are calculated using
the successively linearized approximate model (2.8) and these actions are applied to the

continuous plant (2.4).

LA continuous function x : [0, 00) — [0, 00) is said to belong to class Ko, if it is strictly increasing;
x(0) =0 and x(r) — oo as r — oo [53].
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2.1.2 Structure of the Centralized MPC

In this section, a monolithic (centralized) MPC is designed based on the successively
linearized model (2.7) that satisfies the input constraints, for all z inside a compact
set S containing the origin. The stable steady-state operating point of the system is
transformed to the origin in order to have a unified definition of S. Note that, in the
successive linearization approach, predicted trajectories inside controllers are constructed
based on time-invariant linear models at the beginning of each sampling period. This
could limit the scope of this study to nonlinear systems with low to moderate degrees
of nonlinearity; so that, the dynamic behavior of the system can be captured, with

acceptable accuracy, within the chosen prediction horizon.

Remark 2 [91] A generic type finite-time MPC, based on the successively linearized

approzimate model (2.8) at time instant k, can be formulated as:

1

min .J :% (X(k)TQX(k) - U(k)TRU(k)) + f@(k + Hplk)" Pa(k + Hplk)  (2.9a)

st @(k + 1+ 1)k) = U(k)@(k + 1|k) + T(k)alk + 1|k), (2.9b)

a(k + Uk) = a(k + Hak),

for H, <1<H,—1 (2.9¢)
u(k+1k)eC (2.9d)
forl=0,---, H,; where: H, is the prediction horizon and H, is the control horizon; and,

T and U are states and manipulated input variables inside the controller, respectively;
and C = U_y.. ,n Ci-  Additionally, X (k) = [2(k + 1|k)", -, &(k + Hy|k)"]" is the
vector of the predicted state tragectory; U(k) = [a(k|k)T, -, a(k + H, — 1|k)"]" is the
vector of the calculated manipulated variable moves; () is a positive definite block-diagonal

weighting matriz for the states (i.e., Q@ = diag{Qi}); R is a positive definite block-
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diagonal weighting matriz for the manipulated variables of the overall system (i.e., R =
diag{R;;}); and P is a positive definite block-diagonal weighting matriz for the terminal
cost of the overall system (i.e., P = diag{P;;}). In other words, the optimization problem

(2.9) is meant to ensure [91]:

&k + Hylk) € {z]a" Pz < &} (2.10)

for some & > 0; where: 0 € {z|zT Pz < §}.

Consider the approximate discrete-time model (2.6) and the generic MPC controller
(2.9). Denote AV (x(k)) = V(x(k)) — V(xz(k — 1)), where: V(x(k)) = TJ(z*(k),u*(k))
and (z*(k),u*(k)) the optimum trajectory of (2.9). Then V(x(k)) > 0 is the Lyapunov

function of the closed-loop system, i.e. AV (x(k)) <0, if [91]:

FA @ (k+ Hy — 1]k), a*(k + H, — 1|k))" x P x Fa*(k + H, — 1|k), 0" (k + H, — 1|k))

< &*(k + H, — 1|k)" P2*(k + H, — 1|k) (2.11)

In the remainder of this chapter, it is assumed that the continuous time system (2.4) is
open-loop stable. This implies that, the exact and the approximate discrete-time models,
(2.5) and (2.6), are also open-loop stable. Accordingly, the generic MPC formulation (2.9)

can be simplified to:

min J :% (X(k)TQX(k) + U(k)TRU(k)) (2.12a)
st 2(k + 1+ 1lk) = U(k)@(k + Uk) + D(k)a(k + U|k), (2.12b)

u(k + k) = a(k + Hy|k),
for H, <l <H,—-1 (2.12¢)

ak +1k) e C (2.12d)
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if the prediction horizon H,, is chosen large enough to ensure closed-loop stability of (2.6).
Throughout this chapter, it is assumed that a MPC controller (2.12) can be designed,
such that: for a sufficient length of prediction horizon, the closed-loop system (2.6) is
locally practically stable [85], without the terminal cost term included into the objective
function.

Denote V,(z) the Lyapunov function for the closed-loop system under the centralized
MPC scheme (2.12). Then, the following assumption is an immediate conclusion from

the converse Lyapunov theorem stated in [78, 91]:

Assumption 3 [Lyapunov stability certificates [18]] Given T, a family of continuous
Lyapunov functions Vi, (a1, a2) € Ky, a positive-definite function ag, strictly positive
real numbers (o1, 09) with o9 < D and a positive real number ¢y, there exists h* > 0 such

that for 0 < h < h* and x € Bp 2:

ar([|z]]) < Vi(z) < aa((l2]]) (2.13a)

Vi(Fj (2, u)) = Vi(w) < =Tas(|[2]]) (2.13b)
and for all xq,xy € Bp — By, with ||z, — || < ¢;:
th(xa) - Vh(xb)H <o (2.13¢)

then, (2.6) is (T, D) stable with a continuous Lyapunov function V.

In order to proceed, the centralized MPC (2.12) problem is reformulated with an interior-
point method. In the remainder, consider a level set of Vj,(z) = p; then, an estimate for
the region of attraction of the closed-loop system under the control of the centralized

MPC (2.12) can be defined as: w, = {z € S|V,(z) < p}.

2Here, set B, is defined as B, = {z € R"|0 < ||z|| < o}
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In this chapter, an interior-point approach is used to design the centralized MPC
controller. Using the interior-point method, unlike the active-set approach [66], it is not
required to identify the correct set of active constraints. The finite-time centralized MPC

formulation based on the successively linearized approximate model (2.8), at time instant

k, is:
min Jo :% (X(k)TQX(k) + U(k)TRU(k)> 4 1 (U(K)) (2.14a)
st 2k + 1+ 1|k) = U(k)@(k + I|k) + D(k)alk + U|k), (2.14b)

alk + k) = a(k + Hk),

for H, <1< H,—-1 (2.14c¢)

forl =0,---,Hp,. In (2.14), u is the barrier weighting parameter and €2 is the logarith-

mic barrier function, which is defined as follows:

Ny X Hy,
Qu(U(k) Z (Zln wi(k+10k) + Y In (uy(k + 1k) — Zbu,j)>
7j=1

7=1

(2.14d)

In the remainder of this chapter, denote the optimal trajectory of the successively lin-
earized centralized (SLC) problem (2.14), at time instant ‘k’, OT'SLC(k). In order to
achieve local practical stability of the exact system (2.5) via the SLC-MPC controller
(2.14), model consistency, existence of Lyapunov stability certificates based on the ap-
proximate model (2.6) and a bounded set of control actions must hold true. This can be

stated in the following Lemma:

Lemma 4 [91] Suppose model consistency, Assumption 1, and Lyapunov stability cer-

tificates, Assumption 3, hold true for a bounded set of control actions derived from the
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centralized MPC (2.14) based on successive linearization of the approximate model (2.6).
Then, there exists f € KL 3 and Dy € (0, Al]; and for any o > 0 there exists h* > 0 such
that: for all xo € {x € R0 < ||z|| < D1} and h € (0,h*), the transient solution to the

ezact discrete-time closed-loop system ®F (zg, k) satisfies:
19 (z0, k) < B([[ao[, KT) + 0 (2.15)

which implies that the closed-loop system of exact discrete-time system (or equivalently,

the continuous-time system) is locally practically stable around the origin.

In the following sections, the idea of price-driven CDMPC approach for linear systems
is extended to the control of nonlinear systems based on successive linearization of (2.6)
at each sampling time. The centralized MPC will provide performance benchmarks for

evaluation of the CDMPC for nonlinear systems.

2.2 The Proposed Coordination Algorithm

In this section, a price-driven CDMPC algorithm is proposed for nonlinear systems, based
on successive linearization. The main idea is to form a multilevel network consisting of
a coordination level interacting with an existing network of MPC controllers, in order
to achieve a higher performance compared to the fully decentralized scheme. In this
method, distributed controllers are modified to account for interactions inside their ob-
jective functions using a price vector. The information flow between the coordinator and
the local controllers provides each MPC with the optimal price vector and as a result

the optimum plant-wide trajectory. This structure is depicted in Figure 2.1, in which: p

3A continuous function g : [0,a) x [0,00) — [0,00) is said to belong to class KL, if it belongs to
class K in its first argument and decreasing in its second argument such that: o(.,s) — 0 as s — oo [53].



2.2: The Proposed Coordination Algorithm 27

denotes the price vector; ©; denotes the local interaction matrix of sub-system ¢; and Z;

is the optimal trajectory of local MPCs with respect to (w.r.t.) the current price value.

CDMPC Coordinator

sub-system ; *’ sub-system ; *’ sub-system ,,

Figure 2.1: Architecture and information flow of the proposed CDMPC.

For each subsystem, the MPC is formulated based on successively linearized subsys-
tem model. Specifically, for subsystem i, ¢ = 1,...,m, the prediction model used in the

design of the subsystem MPC at time instant k takes the following form:

Ti(k+ 1+ 1k) =V;z,(k + U|k) + Tya(k+ U|k) + E (1= B)U,;z,(k|k) + 0:(k + U|k)
J#i
(2.16a)

&a(k|k) =:(k) (2.16b)

with:

8= (2.16¢)

where: W,;; and [';; denote coefficient matrices for linearized system description of sub-

system ¢, namely the ¢th block diagonal elements of the plant-wide matrices ¥ and
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[’ given in (2.8); and 9; is defined as the interacting or linking variable that contains
unknown interaction information between different subsystems. Note that the term v;
in (2.16) characterizes the interaction of subsystem ‘%’ with other subsystems. We define

the interaction error for subsystem ‘2’ as:

m

ei(k +1k) £ 0y(k + 1|k) = > (Bii;(k + 1|k) + Ty (k + 1[k))) (2.17)

J#
for [ = 0,---,H, — 1. The coordinator finds a price for subsystem 4, such that the
interaction term 0; determined by the price, ensures that e;(k+1[|k) = 0 and the CDMPC
approaches the performance of the centralized MPC trajectory, e.g. OT'SLC(k) . The

overall interaction error over the prediction horizon can be described as follows:

Ey(k|k)
E(klk) = | (2.184)
B, (k|k)
where:
Gtk
B = e"(kﬂw (2.18b)

ei(k + H, — 1|k)



2.2: The Proposed Coordination Algorithm 29

According to (2.17), E;(k|k) can be written as:

Dyiitg (K[ )
- [‘I’u@(/ﬂ + 1[k) 4+ iy (k + 1]k)]

0i(Kk)

. Bi(k + 1]k)
(k) = | (2.19a)

bi(k + H, — 1]k)

T (K| )
— [@ni(k 4+ 1K) + Do+ 14)]

— [ Wil + Hy = 1k) + Tonsta(le + H, — 1]5)]

= (k) | Ui(k) (2.19b)

where: X;(k) £ [#;(k + 1|k)T, -+ 2;(k + H,|k)"]" is the vector containing predictions
for state variables; U;(k) £ [a;(k + 1k)T, -+, 4;(k + Hy,|k)T]" is the vector containing
predictions for manipulated input variables; Vi(k) £ [9;(k + 1|k)T, -+ 0;(k + H,|k)T]T is

the vector containing predictions for linking variables; and ©;(k) is the coefficient matrix
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for the linking constraints defined as:

T

O,(k) = or, -, oF Sy (2.20a)

2,09

where:

[OHpnxiprnxi,OHpnxixHunui , I} for j =1

0,; = (2.20Db)

[0w,,,6r,.. Orr,n,., xH,,an for j #1
with ‘0’ being zero matrices of appropriate dimensions, I being an identity matrix of size
Hpng, x Hyng,, as well as 0y, and 0r,; being Hyn,, x Hyn,, and Hyn, x H,n,, matrices,

respectively, and defined as:

0 0 - 0 Iy 0 -+ 0
_\I/jz. 0 e 0 0 _Fji T
9\1;].,1. = ,QFM = (220C)

Equivalently, matrix ©; can be written in terms of an augmented matrix of coefficients

for X;, U;, and V; as follows:

6‘1’1,1' (91*171. 0
; = OHyns, x Hyna, OHpna, x Hyna, —IH,n, xHyn,, (2.21a)
B H\Ilm,i 0Fm,i 0 a
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and the overall interaction error F, defined in (2.18), can be written as:

. (k)
B(k) = _Oi(k) | Ui(k) (2.22)
T v

Based on the above, the optimization problem (2.14) can be re-written as follows:

m

min Jp =Y Jp, (2.23a)

X,UV
i=1

st @ik + 1+ 1k) = Wi (k + k) + Digtis (ke + 1k) + > (1= B) Wy, (k|k) + d;(k + 1|k)

J#
fori=0,...,H,—1 (2.23b)
. Xi(k)
Z O |Ui(k)| =0 (2.23¢)
= v
ii(k +U[k) = a;(k + Hy|k)
for H, <1< H,—-1 (2.23d)
where:
Jp, = %((Xi(k))TQii(Xi(k)) + Ui(k)TRiiUi(k)> + 182y, (Ui(k)) (2.23¢)
0, (U1) = Y - (Zuln (b () = e+ 110)) + 3 o (adh + U8) u%(ﬁ))

(2.23f)

Optimization problem (2.23) is the main core for the design of the CDMPC system.

Note that the cost function and constraints are separable by subsystem. Relaxing con-
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straint (2.23c), so that it is also separable in terms of subsystems yields:

st ik + 1+ 1|k) = Uuz(k + U|k) + Tya(k + k) + Z(l — B2, (k|k) 4+ 0;(k + 1| k)

J#i
fori=0,....,H,—1 (2.24Db)
(4 1K) = s (FLy )
for H, <1< H,—1 (2.24c)
where:
Xi(k)
_ Y anTo. (x. VTR 0 T
Ipi = 5 ((Xi(k))" Qui(Xi(k)) + Us(k)” Ruli(k) | + pQu, (U (K)) +p" s | Uy (k

.

In (2.24), “p” is a price vector provided by the coordinator and is used to drive the

(k)
Vi(k)

(2.24d
distributed system to the plant-wide optimal operation, see Section 2.2.1 for more details.

Optimization problem (2.24) is separable and in the proposed CDMPC, the formulation

of local MPC 7,1 =1,...,m, is as follows:
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Xi(k)
auin o, = 2 (60 Qu(Xi(k) + Uk Rali(k)) + Q0 (U () + 701 | (k)
Vi(k)

(2.25a)

st Ti(k+ 1+ 1|k) = Uz, (k + k) + Ty (k + k) + 2(1 — Bz, (k|k) 4+ 0,(k + 1| k)

i
fori=0,...,H,—1 (2.25b)
;i (k+ k) = w;(Hy,lk)
for H, <1< H,—-1 (2.25¢)

2.2.1 Price-Driven Coordinator Formulation

In order to simplify the description of the coordinator design, the overall CDMPC for-

mulation (2.24) is re-written in a more compact form:

min Jp = 2; Jb, (2.26a)
s.t. GSZ,(k) = g (2.26b)
G Z,(k) < g (2.26¢)
with Jp, rewritten as:
_ 1
To, = (5 (ZiR)T X Z:(k) + OF Zi(k) + p"©.Z:(k) ) (2.260)
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and G5? defined as:

G =[G7% ., Gy, GiY ] (2.26€)
Lo, 0 - 0
o -V In, -+ 0
G = . (2.26f)
O t. T .
0 0 -W; I,

FZZ O O
eq 0 Iy o
Giv, = | ; (2.26g)
. c . .. O
0 0 F’l’l
Gfﬁ/i :[HPnIiXHpnzi (226h)
Zj;éi(l - ﬁ)‘hj@(k)
0
9" = (2.261)
0

In (2.26), Z;(k) represents the vector of decision variables, namely:
Zi(k) = [X:(k)", Ui k)T, Vi(k)T]T (2.27)

The inequalities within the MPC problem (2.26) can be relaxed, using barrier functions,

to:

min Jp = > b, (2.284)

i=1

stt. GYZ(k) = g* (2.28b)
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where:

b, :<1 (Zi(R) T Zi(k)) + 1:Q2,:(Zi (k) + pT@iZi(k)> (2.28¢)

QZ,i = (229&)

with:
Qu, (U, Z In (g75%(5) — G54(4,2) < Uy) (2.29h)

In (2.28), the price vector p can be interpreted as the Lagrange multipliers associated
with interaction equality constraints. This vector is determined by the coordinator at
each coordination cycle, based on the information provided by the local MPC controllers.
In order to find a plant-wide solution to the distributed system (2.25), the primal-dual

optimization problem (2.30) is solved:
max Jp (2.30a)
P
min Jp = > b, (2.30D)

i=1

s.t. GH1Z;(k) = gi° (2.30¢)
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where: Z = [XT U, VT]T. Denote L the overall Lagrangian of the local sub-problems

(2.28); and let £; defined as:

1
Li(Z;, 05, pisp) = §Zi(k>TTiZi(k> + "0 Zi(k) + 97 (G5 Zi(k) — g{*) + 1iQz,4(Zi(k))

(2.31)

with ¢; being the Lagrange multiplier of the equality constraints for sub-system “”. In
Barrier methods, it is common to express the first-order optimality conditions via the
modified KKT conditions and solve the resulting set of equations with a Newton’s method

variant [12]. Correspondingly, the modified KKT conditions of the primal problem are:

muixHu
V2 Li(Zi 9 Miop) = TiZi(k) + O p+ G2 0+ > M()(GI(5.1)" =0 (2.32a)
j=1
Ruii(Zi,p) = Gy Zi(k) — gi* = 0 (2.32b)
Rai(Zi,p) = diag(Ai(j))G — pip = 0 (2.32¢)
where:
Gj) = Gi"(j, 1) Zi(k) — g;"(j) (2.32d)
p= []—a T ]-]T (2326)

and \;(7) can be interpreted as the Lagrange multiplier associated with the ‘j’th inequal-
ity constraint of sub-system ‘i’. The use of \;(j) simplifies the notation and can always
be eliminated with the relation defined in (2.32c). It is ensured that the parameter p; is
monotonically decreasing to zero at each iteration, e.g. by a factor of 10 to 20 [12]. As
w; — 0 the KKT conditions (2.32) converge to that of the original problem (2.26).

On the other hand, the dual problem is an unconstrained optimization problem w.r.t
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the price vector “p”. Denote the optimal value of Z at the current value of p as Z*(k),
then according to (2.30), the Lagrangian of the unconstrained problem can be written

as:

L(p, Z"(k)) = —Jp(p, Z"(k)) (2.33a)

based on the convex nature of the lower level problem, at Z; the equality constraint
(2.32b) is always satisfied, i.e. G;7Z(k) — ¢;? = 0 and p; = 0. Therefore, penalizing the
equality constraint with ¢J; and adding —p;€2z,;(Z;(k)) to the right-hand-side of (2.33a)

would result in:

Lp, Z* (k) = — Jp(p. Z"(p)) — 0; (G Z; (k) — g*) — 1iQz4(Z () (2.33b)

in other words, at Z*(k):

L(p,Z") = —L(p,Z") (2.33c)

The first-order optimality condition for the dual problem can be written as:

My X Hy,
VoL, 2) = - (Y20 + 6%+ G0 S AD(EG)T) - 67 =0

j=1

(2.34a)

but TZ*(k) + O7p + Ge0" 9 + 7 A7) (G™9(5))" = 0, since V£ = 0. This is

equivalent to say:

V,L(p,Z*) = —0Z" =0 (2.34b)



2.2: The Proposed Coordination Algorithm 38
in other words, the K K'T" condition of the dual problem is:
07" =0. (2.34c¢)

Hence, an efficient price-updating method, such as Newton’s method %, can be used to

achieve the plant-wide performance for the coordination problem defined in (2.28):
p(k +1) = p(k) — oH™ (k) T (), (2.35)

where J (k) is the Jacobian and H(k) is the Hessian matrix of £, and « is the step
size in Newton’s method that is determined using line search method given in [19]. The

Jacobian is calculated by:
— 07" = Z 0,7 (k (2.36)

Then the Jacobian is equal to the overall interaction error vector ‘E(k)’, defined in

(2.19a). Accordingly, the Hessian matrix H (k) can be calculated as:

H(k) = Cg <(:)) _ 2B : Z@ )V, Z5 (k (2.37)

Thus, the coordinator calculates ©;(k) at each sampling time and is provided with the

sensitivity matrix of the decision variables Z;(k) with respect to changes in the price

4Gradient-based methods and Quasi-Newton methods can also be deployed [76].
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vector information. The problem of determining the sensitivities can be written as:

V,Zi(k) -0/
Li | Vdi(k)| = | 0 (2.38a)
Vi 0
where:
T Ge' o gined’
I = G<I 0 0 : (2.38b)

diag(M(7))G" 0 diag(¢(5))

The system of equations (2.38) is derived from second-order optimality conditions of

the primal CDMPC problem. The second-order optimality conditions are:

V0020 LZi(K) + V1) e Lidp® + V2,09 RT i + G0 d = 0 (2.392)
V2, R1,idZi(k) + Vs Ry idp® = 0 (2.39b)
VZi(k)RQ’idZi(k') + VPSRQ’Z'dpS + V,\[R,z,idps =0 (2.39C)

where ‘s’ denotes the iteration number of the coordination algorithm. The implementa-
tion of the CDMPC algorithm at sampling time k& can be summarized as illustrated in

Algorithm 1:
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Algorithm 1: the proposed successive linearization CDMPC algorithm
Input: coordination cycle counter s = 0, price vector p = 0, stopping criterion
e>0, Z(k) ;
Local MPCs: Calculate ¥ (k) and I'(k) using (2.8);
Coordinator: Send the value of p* to the local MPCs;
Coordinator: Calculate the overall interaction error E(k) using (2.22);
while ||E(k)|| > € do
Local MPCs: Solve problem (2.24) using the interior-point method and
update 73 (k);
Local MPCs: Calculate sensitivity matrices J (k) and #H(k) using (2.36) and
(2.37);
Local MPCs: Send J (k) and H (k) to the coordinator;
Coordinator: Calculate the price vector p® using (2.35);
Coordinator: Send p® to the local MPCs;
Coordinator: Calculate the overall interaction error E(k) using (2.22)
s=s-+1;

Local MPCs: Apply the receding horizon action to the plant;
Output: Z7(k), and p*;

Proposition 5 At time instant ‘k’, the proposed CDMPC scheme (2.30) will converge

to a local optimal solution of problem (2.23) using the price update scheme (2.35).

Proof. Define the merit function M for the CDMPC problem (2.30) as:

M =L~ L(p) (2.40)

where L£* is the optimum value of the dual problem objective function £. In fact, M > 0

and is zero iff p = p*. Consider the changes of M w.r.t. the CDMPC cycle ‘s’

Y :(%)T% (2.41)
:( _ %}@)T% (2.42)
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which reduces to:
VM = —jT@ (2.43)
* ds ’

Furthermore, the rate of change of ‘p” w.r.t. the iteration number ‘s’ is directly propor-
tional to the gradient ascent direction J in price update scheme (2.35). Thus, the rate

of change of the merit function M w.r.t. the iteration number ‘s’ is:
VM =—-J"T, >0 (2.44)

which means V,M < 0. Therefore, the proposed CDMPC scheme (2.30) converges to
the corresponding (local) optimal plant-wide solution (2.23) at time instant ‘&’ with the

price update scheme (2.35). =

2.3 Stability Analysis

In this section, the nominal stability of the CDMPC algorithm is discussed. The analysis
is based on the premise that the coordination algorithm has not converged to OT'SLC (k)
Jle. 0 < ||E(R)| <e

Proposition 6 Consider the successively linearized process system (2.7) controlled by the
CDMPC algorithm (2.28) is stopped prematurely at time instant k™ with ||AE*(k)|| < e.
Let 11; be monotonically decreasing to zero, i.e. u; — 0, and {U;(k)*} remains strictly
feasible [40]. Then the norm of difference between the calculated control action Up(k)
and the control action Uc(k), corresponding to OTSLC(k), remains bounded, namely
|Ue (k) = Up(F)|| < due (€).
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Proof. Consider the first-order optimality condition for the subproblem ‘i’ given in

(2.32) where coefficient matrices ©;, G5% and G7"? are:

®i = [Qi,Xﬂ @’L'7Ui7 —[7,,‘/1] (245&)
G =G, Giy, —Livi] (2.45b)
G = [0,.x,, G 0,y (2.45¢)

where I denotes a square identity matrix and 0 denotes a square zero matrix. This results

in the set of equations:

Qu X7 + O " + G 95 =0 (2.46a)
Mo, X Hy,
RyU; +OIp" + G405+ > N()(GT(G.))" =0 (2.46b)
j=1
-0 =0 (2.46c¢)
VP — Gl XP — G U+ g7 =0 (2.46d)

where p; = Iy, x p°. Consequently, the overall lower-level problem can be written as:

QX +0Lpy + G4 v =0 (2.47a)
Moy X Hy,
RUS+O07Tp° + G 0+ Y MG (GE(5)) =0 (2.47b)
j=1
p’P—10"=0 (2.47¢)
V- G X — G U 4 g = (2.47d)

(1%

Hence, the price vector “p” and the Lagrange multiplier associated with the equality

constraints 79" are equal, according to 2.47. Therefore X7, U’ and V;® can be directly
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calculated at the optimum value of the local MPC controllers as:

X; = —Q; (07, + G 0T, )p? (2.48a)
Us = _Ri_il <(@Z .t Geq @T v Z G;n{jq ))T> (2.48D)
VP = Gl XD+ G U7 — i, (2.48¢)

Note that A;(j) is bounded since p; — 0 and U/ is strictly feasible. Moreover, as the
local MPC problem converges to the optimal value, p; becomes zero while all of the
inequality constraints remain inactive. Thereby, according to (2.32) all the Lagrange

multipliers will become zero when local MPCs converge, i.e. \; — 0, hence:

_sz (61 X + Gfg:@zjjll)ps (249&)
wz—R(QU+q§@gﬁ (2.49b)
VP = G XD+ G U7 — i, (2.49c)

Now consider the CDMPC algorithm is stopped premature, namely, the stopping criterion
|AE*(k)|| = H o @Z(k)Zf(k:)H < ¢, then based on (2.48) it can be shown that:

IAE R = || S Oux: k), Uz k), Vi | <

= | xp" +Z[| <e (2.50a)

where:
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O:x,(— Q07 +G%07,)), 0,0, (— R (©1,, + Gi9, 7)),

(2

Giiy, (= Q' (Ofx, + G4 1)) + Gt (- ROy, + Gi4,011) (2.50b)

m T
==Y [0,0, —gfﬂ . (2.50¢)

Using the triangular inequality ||a|| — |[0]| < ||a + b]|, (2.50a) yields:

[T [ = |[E]| < [T x p* + E][ < € (2.51a)
or:
e+ [|=]]
Ip°[| < dps = (2.51b)
: |[11]]
Therefore:
eql s
1X31] < dx: = 1|Q (O x, + G 67, x dp (2.52a)
eql s
(U] < dus = ||R5H(O7y, + G305 1,)]| % dp (2.52b)
VeI < dvs = [|Gix || < IXN 4 1|Gan ] x NUE|| + [195%]] (2.52¢)

or, Z8(k) = [X:"(k),Us" (k), V" (k)]T is bounded. This bound is given by:

)

20 < = oy <+ 25

In other words, the upper bound of the nested vector of control actions Up = [UfT, e

,U#'] derived from CDMPC can be stated as function of € based on (2.51b) and (2.52b),
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namely:

|Up (k)] < du,(€) = (2.54a)

where:

e+ [1=]]

duy, . (€) = IRz Oy, + G340l |11 |

(2.54b)

Note that, setting e = 0 in (2.51b) is equivalent to an upper bound on the control
action at time instant ‘k’, corresponding to OT'SLC(k), using (2.52b), if {Z7(k)} is a
convergent subsequence to OT'SLC(k):

|Uc(k)]| < dy., = (2.55a)

or:

|Uc(k)|| < dye = du,(0) (2.55b)

Finally, if the CDMPC algorithm stops prematurely, namely at some € > 0, the upper
bound on the norm of difference between the nested vector of control actions derived
from this algorithm, Up(k), and the optimal U (k) corresponding to OT'SLC(k), will be
bounded by:

[Uc(k) = Up(R)I| < [|Uc(B)|] + [[Up(K)]] < due.(€) (2.56a)
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where:

dve,p(€) = dup(€) + du, (0) (2.56b)

The following assumption is required to find a bound on the deviation of the exact
state trajectory w.r.t. the difference between OT'SLC(k) and the sub-optimal CDMPC

solution, derived from the approximate state trajectory.
Assumption 7 Both FF and F{* are Lipschitz functions.

Based on Assumption 7, the absolute deviation between the two approximate trajectories

of centralized and CDMPC can be derived as in Proposition 8.

Proposition 8 Denote x¢ the trajectory of the system under the control of the central-
1zed MPC, and denote xp the trajectory of the system under the control of the proposed

CDMPC. Consider the following state trajectories:

zo(k+1) = Ff(xc(k),uc(k)) (2.57a)

ek +1) = F (ep(k), up(k)) (2.57b)

with states (:L"C(k) =uzp(k),zc(k+1),zp(k+ 1)> € w,, and there exists some non-zero
v such that: limy, oy = 0. Then ef(k + 1) = FF(zc(k),uc(k)) — FF(xp(k),up(k)) is
bounded:

le?(k +1)|| < di,, ,(k +1) (2.58)

Proof. Define the error vector at time k as e(k) = zc(k) — xzp(k). According to

Assumption 1:
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Fy (z0,uc) C Fi(zo,uc) + x(T) (2.59)

Fy (xp,up) C Fi'(zp,up) + x(T) (2.59b)

differentiating (2.59b) from (2.59a) results the following rule for the sets e” and e“:

ef C et (2.59¢)

which implies that there is an upper bound on the difference between e and e? at any

specific time, i.e. k + 1:

lleP(k+1) —e(k+1)|| <~ (2.59d)

Using the triangular inequality ||a|| — ||0]| < [|a + b|| yields:

le®(k + DIl =Nl (k + 1) < [le®(k +1) — e (k+ D] <y (2.59)

or

le®(k + DI < [l (k + 1)+ (2.59¢)
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Since Fi! is a Lipschitz function, i.e. ||F}}(2/(k), v/ (k) — Fi* (z(k), u(k))|| < L2/ (k) —

z(k)|| + L' (k) — u(k)||, an upper bound on e?(k + 1) ® can be derived as:
le?(k + DI < L|le* (k)] + Lyduc, , (k) (2.61)
Hence, with ||e?(k)|| being zero:
le”(k+ 1) < d, ,(k+1) (2.62a)
where:

dA

Xc,p

(k+1) = Ljdy, , (k) + 7. (2.62b)

Theorem 9 Consider the successively linearized process model (2.7) is controlled by the
CDMPC algorithm (2.28). Assume that the following conditions are satisfied:

C1: all of the sub-systems are open-loop stable;

C2: matrices Qy; and R;; are constant positive definite and fixed;

C3: Assumptions 1 and 3 hold;

C4: Propositions 6 and 8 apply;

C5: Consider (xc(k) =xp(k),zc(k+1),2p(k+ 1)) € w,;

Then, the entire closed-loop system is locally practically stable.

5The error vector of the approximate discrete-time system can be defined as:

ek +1)=zc(k+1) —ap(k+1) (2.60a)
= Fil(zo(k), uc(k)) — Fit(zp(k), up(k)) (2.60b)
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Proof. Consider the Lyapunov function of the closed-loop system under the centralized
controller (2.5) Vj,(x) along the trajectory of the successively linearized process system
(2.7) under the CDMPC controller (2.28) at two consecutive sampling periods ‘k’ and
‘k+1, namely Vj,(zp(k)) and V,,(zp(k+1)). In order to show that this Lyapunov function
is decreasing along the CDMPC algorithm, it is required to verify that Vi, (zp(k + 1)) —
Vi(zp(k)) < 0. Adding and subtracting |V,(zc(k 4+ 1)) — Vh(xg(k))] to the left hand

side would result in:

Vh(l’D(k + 1)) - Vh($D(l€)) == Vh(l‘D(k + 1)) - Vh(JID(kJ)) + |:Vh($c(/€ + 1)) - Vh(xc(k))

. [Vh(xc(k 1) — vh(xcuf))} (2.63)

with x¢ (k) being equal to zp(k), (Vh(xc(k) - Vh(xD(k)> vanishes and (2.63) becomes:

Vi(zp(k + 1)) — Vi(zp(k)) = [Vh(xc(k: +1)

~ Va(zo(k)| = [Valzolk + 1)) = Vi(en(k +1)] (2.64)
According to Assumption 3: property (2.13b), equation (2.64) can be written as follows:
Vi(zp(k +1)) = Vi(ep(k)) < = Tas(|[]]) = |Va(zc(k +1)) = Vi(zp(k+1))|  (2.65)

From Proposition 8, ||z¢(k+1)—xzp(k+1)|| is bounded, namely ||zc(k+1)—2zp(k+1)|| <
d2e p(k+1). Thus, based on property (2.13c) of Assumption 3, there exists 2* > 0 such
that: for h € (0,h*) and zc(k +1),zp(k+ 1) € Bp — B,,, the following holds:

[Vatee(k+ 1) = Vilan(k + )| < o0 (2.66)
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which implies:
Vi(@p(k+1)) = Vi(ep(k)) < =Tas([lep(k)l]) + o1 (2.67)

Let as(||z|]) = c||zp(k)]||?, for strictly positive real numbers (¢, 7*) and T' € (0, T*), such

that:
¢ 2
I5llzp(k)l]" 2 o (2.68)
Therefore, the following holds:
c
Vi(ep(k+1)) = Vi(ep(k)) < =T5[len (k)| (2.69)

which guarantees that Vj,(xp(k+ 1)) < Vi (zp(k)). Due to the fact that V}, is decreasing
along zp, the Lyapunov function of the centralized closed-loop system can be considered
as the Lyapunov function of the CDMPC closed-loop system (2.6); thus, according to
Lemma 4, the entire closed-loop system (2.5) is locally practically stable around the

origin. m

2.4 Alkylation Process Case Study

The proposed CDMPC is applied to a benzene alkylation example [22]. The process
consists of four continuous stirred tank reactors (CSTRs) and a flash tank separator, as
shown in Figure 2.2. Pure benzene is fed via stream F; and pure ethylene is fed via
streams Fy, F; and Fz. Two catalytic reactions take place in CSTR-~1, CSTR-2 and
CSTR-3. In reaction 1, benzene (A) reacts with ethylene (B) and produces the desired

product ethylbenzene (C'); in reaction 2, ethylbenzene reacts with ethylene to form a
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byproduct, 1,3-diethylbenzene (D). In the flash tank separator, most of benzene is
separated, flows overhead and recycled back to the plant. A portion of the recycle stream
F, is fed to CSTR-4 and the other portion F, is fed back to CSTR-1 together with an
additional feed stream F'g, which contains 1, 3-diethylbenzene. Moreover, reaction 2 and
reaction 3, in which 1, 3-diethylbenzene reacts with benzene to produce ethylbenzene,
take place in CSTR-4. Finally, it is assumed that throughout the process, all the materials
are in liquid phase and their molar volumes are constant [22]. The nonlinear state-space

model of the process is described in equations (2.70)-(2.74).

F.B F.B FoB

Q CSTR-1 Q CSTR-2 Qs CSTR-3

T

F;

i ; Fy
; i E—
o CSTR4 o~

Separator

Figure 2.2: Process flow diagram of alkylation of benzene

CSTR-1:
dC F1C o+ FroCy — F3C
AL _ T 1740 A R —11(Th,Ca1,Cp1) (2.70a)
dt Vi
dC F5Cpo + F2Cp, — F3C
dfl _ 12Cpo QVB SYBL e (Th, Car, Ogi) — 12(Th, Cat, Ct) (2.70b)
1
dC FoCo, — F5C,
dtm _InCe - 30 (1, Car, Cgit) — 12(Th, Cr, Cen) (2.70¢)
1
dC' FoCp, — F5C
p1 _FrCp 3Up1 4 ro(Th, Cp1, Con) (2.70d)

dt Vi
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dT1 :Ql + FchOHA(TAo) + FQCBOHB(TB()) + Zng(FﬁCirHi(TQ - F3Ci1Hi(T1))

dt Ei[iACil sz‘/l zf;AC@lez‘/l
B AH,r(T1,Ca1,Cpn) - AH,ory(T, Cp1, Cen)
Ei’;ACﬂCpi ZngCﬂCpi
CSTR-2:

dC a2 :FBCAI + F5C 40

- 7“1(T2,CA2,032)

dt V5
d F F — F
C: = 301+ FaCipo 5Cp2 - 7"1(T2>CA2,CB2) - 7“2(T2, 032,002)
dt Vs
dC. F5Ceqy — F5C,
¢ _3a ez +11(Ty, Caz, Cpa) — ro(Ts, Cpa2, Cea)
dt Vs
dC F5Cpy — F5C,
dtm _ 301 - 5CcoRr2 + ro(Ty, Ciz, o)
ATy Qo+ FiCroHp(Tgo) | B2 (FsCaHi(Th) — F5CioHi(T))
dt %P ,CiCpyiVa BP L CinCiVa
_ AH, 11 (T, Caz,Cp2) _ AH,or5(Ts, Cas, Cp2)
E2 4CiaCi 2D 4 CioCyi
CSTR-3:

dc F5Cay + F7C
a3 _ 15042 7Cas ri(Ts, Coas, Cs)

dt V3
dC FCpy + FsCpo — F-C
B3 _Z5VB2 650 B (T3, Caz, Cps) — 12(T3, Cps, Ces)
dt V3
dC, F;Cpy — FC,
3 _ 1502 o8 + 11(T5, Cas, Cps) — 12(1T3,Cps, Ccs)
dt V3
dC F;Cpy — F;C
D3 = e ns —|—T‘2(T3,0337003)
dt V3

dT3 Qs+ FsCpoHp(Tgo) n S2 A (FsCoHi(Ty) — FrCisHy(T3))
dt Y2 4CiCLiVa 22 ,CisCpiVs
AH,ri(T5,Ca3,Cps)  AH,ary(T3,Cps, Cos)
N S22 4CisCy a YD CisChi

(2.70e)

(2.71a)
(2.71b)
(2.71c)

(2.71d)

(2.71e)

(2.72a)
(2.72b)
(2.72¢)

(2.72d)

(2.72¢)
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Separator:

dC a4 :F7CA3 + [yCys — F,.Cap — F3Cyy

dt A
dCpy  F7Cps + FyCps — F,.Cp, — F3Cpy
dt Vi
dCcy  FiCo3 — FyCos — F.Cor — F3Cey
dt Vi
dCps  F7Cps — FyCps — F,.Cp, — F3Cpy
dt Vi
dly  Qu+Y%2, (FrCisHy(Ts) + FyCis Hy(T5))
dt $P L, CiuCiVy
N P4 (= MiHy(Ty) — FsCuHi(Ty) — M;H,qp)
P, CiuChiVy

CSTR-4:

dCas  F1Cyar + FoCas

—r3(T5, Cas, Cps)

dt Vi
dC F..Cpg, + FyC
d;% =5 Va B _TZ(T?)?CBEMCCE))
dC, F..Cq, — FyC
dtC5 =< v s ro(T5, Cps, Cos + 2r3(Ts, Cas, Cps)
5
dC F..Cp, — FioCpg — FoC
df5 =12 IS/ 2o s +13(T5,Cps, Ces) — r3(T5,Cas, Cps)
5
dTs Qs + FioCpoHp(Tpo) L N2 4 (FaCinHi(Ty) — FoCis Hi(T5))
dt B EZD:ACzSCp’L‘/S EZD:ACzSCpZ‘/S
- AHT2T2(T570357005) B AHr37"3(T5,CA5,CD5)
22 4CisCpi 22 ,CisChi

where 71,75 and r3 are reaction rates defined as:

(T, Cyx, CB) =0.084e 71 CO32CL
—20643

0.085¢ 5 025005
1+ Kgp2Ch

ro(T,Cp, CC) =

53

(2.73a)
(2.73b)
(2.73¢)

(2.73d)

(2.73e)

(2.74a)
(2.74b)
(2.74c)

(2.74d)

(2.74e)

(2.75a)

(2.75b)
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—61280

66.1c vt C'L9218C,

r3(T,Ca,CD) = (2.75¢)

where Kgpo = 0.152¢ 771 and Kpps = 0.490e 77 . The heat capacities Cpi—a p c,p are

assumed to be constant and the molar enthalpies have are linearly related to temperature:

H; = Hiref + sz(T - Tref)' (276)

Furthermore, the relative volatity of each species inside the flash tank separator is as-
sumed to be a linear function of vessel temperature in the operating range of the flash

tank:

ay = 0.0449T} + 10 (2.77a)
ap = 0.02607 + 10 (2.77b)
ac = 0.0065T; + 10 (2.77¢)
ap = 0.0058T} + 10. (2.77d)

The molar flow rates of the overhead reactants, M;—4 g ¢ p, can be defined as in equation

(2.78):

a(F7Ci5)8=a,8.0.0(F7Cjs + FyCjs)

Yj—apcpai(FrCis + FoCjs)

(2.78)

where k is the fraction of condensed overhead flow recycled to the reactors. Based on

M;, the concentration of the reactants in the recycle stream can be calculated:

M;

Ciy =
Yi—aonMi/pio

(2.79)
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where pjo—a p.c,p are the molar densities of pure reactants. The vapor is condensed in
the overhead, and a portion of the condensed liquid is redirected back to separator to
maintain the flow rate of the recycled stream at a fixed value. Also, the temperature
of the condensed liquid is assumed to be the same as the temperature of the vessel.
Furthermore, the definition and values of process parameters used in the process model

are given in Tables 2.1 and 2.2 [22].

Table 2.1: Alkylation process parameters

Process Parameter
Ca1,01,Cc1,Cpr
Ca2,Cp2,Cc2,Cpo
Ca3,Cp3,Cc3,Cps
Ca4,CB4,Cc4,Cpy
Ca5,Cs,Ccs,Cps
CAT‘7CB7'7CC7‘7CDT‘
UANWENENINE

Tref
F3,F5,F7, Fg, Fy

Description

Concentration of species in CSTR-1
Concentration of species in CSTR-2
Concentration of species in CSTR-3
Concentration of species in Separator
Concentration of species in CSTR-4
Concentration of species in F,., Fy.1, Fyo
Temperature in each vessel

Reference Temperature

Effluent flow rates from each vessel

F17F27F47F67F10

Fr~, E‘17 Fr2

HvapAvHvapB 7HvapC7HvapD
HA7'ef7HBref7HCref7HDref

Feed flow rates to each vessel
Recycle flow rates
Enthalpies of vaporization
Enthalpies of vaporization

Heat of reactions

Volume of each vessel

External heat/coolant input to each vessel

Heat capacity at liquid phase

Relative volatilities

pA0,pB0,pC0,pDO Molar densities of pure species

T'10,TB0,Tpo Feed temperature of pure species

k Fraction of overhead flow recycled to the reactors

AH, AH, o AH,
Vi, Vo, Vs, Vi, Vs
Q1,Q2,Q3,Q4,Qs5
Cpa,Cpa,Cpa,Cpa

Qp,aB,Qc,ap

The steady-state values of manipulated input variables and state variables are shown
in Tables 2.3 and 2.5 [22]. Moreover, the acceptable operating range of the manipulated
variable moves are shown in Table 2.4 [22].

In the design of the proposed CDMPC, the process is divided into two subsystems.
The first subsystem includes CSTR-1 and CSTR-2. The second subsystem includes

CSTR-3, the separator and CSTR-4. Consequently, the following subsystem decomposi-
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Table 2.2: Alkylation process parameter values

Parameter Value Parameter Value

Fy 7.1 x 1073[m?/s] F, 0.012[m3/s]

P 8.697 x 104 [m?/s]  F, 0.006(m* /5]

Fin 0.006[m?/s] Vi 1[m?]

Fio 2.31 x 1073[m?/s] Va 1[m?]

Hyapa 3.073 x 10*[J/mole] V3 1[m?]

Hyapp 1.35 x 10*[J/mole] Vi 3[m3|

Hyapc 4.226 x 10*[.J/mole] Vs 1[m?]

Hyopp 4.55 x 10*[J/mole] Cpa 184.6[J/moleK]

H prey 7.44 x 10*[J /mole] Hpey 5.91 x 10*[.J/mole]
Heyer 2.02 x 10*[.J/mole] Hpres —2.89 x 10*J/mole]
AH, —1.536 x 10°[J/mole] C,p 59.1[J/moleK]
AH,, —1.118 x 10°[J/mole] Cpe 247[J /moleK]
AH,3 4.141 x 10°[J/mole] ~ Cyp 301.3[J/moleK]
Cao 1.126 x 10*[mole/m?] T,y 450[ K]

Cho 2.028 x 10%[mole/m3]  Tag A73[K]

Cco 8174[mole/m?| Tro 473[K]

Cho 6485[mole/m?] Tpo 473[K]

k 0.8

Table 2.3: Alkylation process steady-state values manipulated input variables

Input Value Input Value

QLS —4.4 x 106[J/S} Qst —4.6 X 106[J/S}
Qss  —4.7x 109J/s] Qus  —9.2x 109J/s]
Qss 5.9 x 10°[J/s] Fyo  8.697 x 1074[m?/s]

Fyy 8697 x 1074[m3/s]

Table 2.4: The operating range of the manipulated variables

Input Operating Range Input Operating Range

Q (ETHXIP+QuIfs] Qe (5 x 107+ Quu)[J/s]

Qs (5% 10°+ Qs.)[J/s] Qi (6% 107+ Quy)[J/s]

Qs (£5 x 10° + Q5.5)[J/ 5] Fy (£4.93 X 107° + Fy 4)[m?/s]
Fs (£4.93 x 107° + F 5)[m?/s]

tion of state and input variables is defined as:

Xl = [CAla CBI7 0017 CD17 Tl; CA27 CBQ; CCZ; CD2J T2]
(2.80a)

U, = [Qh QQ, F4]
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Table 2.5: Alkylation process steady-state values of the state variables

State Value State Value
Car 9.101 x 103[mole/m?] Cag  7.548 x 103[mole/m?]
Cp1  22.15[mole/m?] Cpy  23.46[mole/m?]

Cer 1.120 x 103[mole/m?®] Ceo  1.908 x 10%[mole/m?
Cp1 2120 x 10*[mole/m®] Cpy  3.731 x 10*[mole/m?]

T, 4772 x 10°[K] T, 477 x 10%[K]
Cas  6.163 x 10%[mole/m?®] Cuq  1.723 x 103[mole/m3)
Cps  24.84[mole/m?] Cps  13.67[mole/m?]

Ces  2.616 x 103[mole/m?] Ccy  5.473 x 103[mole/m?]

Cps  5.058 x 10*[mole/m?] Cpy  7.044 x 10*[mole/m?
T, 4735 x 107[K] T, 4706 x 102[K]
Cas  5.747 x 103[mole/m?®] Cps  1.537 x 10*[mole/m?]
Cpi  3.995[mole/m3) Ts 4.783 x 10?[K]

Ces  3.830 x 103[mole/m?]

and:

Xo = [Cas,Cp3,Ces,Cps, T5,Cas, Cpa, Cou, Cpa, Ty, Cas, Cps, Ces, Cps, T5)

Uy = [Qs,Qu4,Qs5, Fg]
(2.80D)

In order to have a high performance the closed-loop system, without the loss of generality,
the prediction horizon H, and the control horizon H, are taken to be 15 times the
sampling period. The integration time is h = 0.3[sec| and the sampling period is T' =
30[sec]. In order to improve solver performance, the decision variables of optimization
are scaled to be between 0.1 and 1. The weighting matrices Q and R are 10? x I5 and
10~* x I, respectivelyS. The initial conditions of this system are shown in Table 2.6 [22].

Similar to the CDMPC and the centralized schemes, the decentralized control actions
are also applied to the continuous time plant. This scheme ignores the interactions

between subsystems, and the overall objective function of the decentralized controlled

SHere, ‘I’ represents an identity matrix of appropriate dimension
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Table 2.6: Alkylation process Initial values of the state variables

State Value State Value
Car 9.112 x 103[mole/m?®] Cay  T7.557 x 103[mole/m?]
Cp1  25.09[mole/m?] Cpz  27.16[mole/m?]

Cor 1113 x 10%[mole/m?®] Ceo  1.905 x 103[mole/m3)
Cp1 2186 x 10%[mole/m?] Cpy  3.695 x 10?[mole/m?]

T, 4430 x 10°[K] T, 4371 x 10°[K]
Caz  6.170 x 103[mole/m?®] Cay  1.800 x 10%[mole/m?|
Cps  29.45[mole/m?] Cps  16.35[mole/m?]

Ces  2.617 x 103[mole/m?®] Cey  5.321 x 103[mole/m?]
Cps  5.001 x 10%[mole/m?®] Cpy  7.790 x 10*[mole/m3)

Ty 4.284 x 10°[K] Ty 4.331 x 10°[K]
Cas  5.889 x 103[mole/m?] Cps  2.790 x 10?[mole/m?]
Cp1  5.733[mole/m?] Ts 4.576 x 10?[K]|

Cos  3.566 x 10%[mole/m?]

35
} — J . (Centralized)
K c |
‘ o J,, (CDMPC)
o JDC (Decentralized)
2 25 |
2
&
=
=
> 2 |
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Figure 2.3: Comparison of the overall objective function for the centralized, coordinated
and decentralized control schemes, based on scaled decision variables
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network Jpc is defined as:

min Jpo = > Jpe, (2.81a)

i=1
fori=0,...,H,—1 (2.81b)
sk + 1|k) = s (H|k)

for H, <1< H,—-1 (2.81c¢)

where:

Jpc, = %((Xi(k))TQ“-(Xi(k)) + Ui(/f)TRz‘iUz‘(k)> + Qu, (U(k)) (2.81d)

The simulation studies in this section were performed on a 2.3 GHz Intel® Core-i7
3610QM processor with 8 GB of RAM. For the numerical calculations, MATLAB ®
2012a environment is used. In Figure 2.3, the trends of the overall objective functions” of
the CDMPC design Jp and decentralized Jpc are compared to the centralized objective
function Jo. Note that these results are obtained via applying the sampled-data control
actions to the actual continuous plant. As can be seen, CDMPC can efficiently track
OTSLC(k). The result obtained by decentralized MPC shows that the decentralized
MPC is not able to achieve the performance of OT'SLC(k), i.e. the mean square error
between the decentralized MPC and the centralized MPC scaled objective functions is at
least two orders of magnitude less than that of between the CDMPC and the centralized
MPC, over the whole simulation time.

In addition, temperature profiles of CSTR-1, CSTR-2, CSTR-3, and CSTR-4 in Fig-

ure 2.4 show that the state trajectories obtained form the CDMPC algorithm track the

"This plot is based on the scaled decision variables.
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Figure 2.4: Temperature profiles in CSTR-1, CSTR-2, CSTR-3, and CSTR-4; solid lines
(—): centralized scheme, circles (o): CDMPC scheme, dotted lines (---): steady-state

values

OTSLC(k) perfectly. Control action inputs of sub-systems 1 and 2 are also shown in

Figures 2.5 and 2.6, respectively. These also demonstrate that the CDMPC is capable

of achieving the optimum centralized input trajectories, corresponding to OT'SLC(k),

entirely.
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Figure 2.5: Control action inputs of sub-system 1: CSTR-1 and CSTR-2; solid lines (—
): centralized scheme, circles (o): CDMPC scheme, dotted lines (---): upper and lower
bounds

2.5 Conclusion

In this chapter, a nested bilevel optimization approach for price-driven coordination of
distributed MPC networks is proposed for nonlinear systems. Sufficient conditions for
the stability of CDMPC are derived for premature convergence of the algorithm. In the
proposed scheme, an interior-point approach is presented to coordinate the actions of the
distributed controllers based on the price-driven coordination algorithm. Assuming that
a centralized MPC based on successive linearization can be designed to stabilize the en-
tire system, sufficient conditions were derived which ensures that the proposed CDMPC
guarantees the closed-loop stability, even when the algorithm is stopped prematurely, i.e.

prior to convergence.
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Figure 2.6: Control action inputs of sub-system 2: CSTR-3, the separator and CSTR-4;
solid lines: centralized scheme, circles: CDMPC scheme, dotted lines: upper and lower
bounds

From the simulation studies, it is demonstrated that the proposed CDMPC is able to
track the performance of OT'SLC(k), nevertheless premature termination may introduce
noticeably small deviations from the optimal trajectory. This scheme is limited to non-
linear systems that are open-loop stable and limitations of the successive linearization
method. In the next chapter, the idea is extended to stabilize open-loop unstable dynam-
ics. A novel bilevel formulation is proposed to coordinate distributed nonlinear model

predictive control systems, without the limitations imposed by successive linearization.



Chapter 3

A Trust-Region Approach to
Price-Driven Coordination of

Networked Nonlinear Model
Predictive Control Systems

In this chapter, an on-line solution strategy is presented to improve the plant-wide per-
formance of an existing network of decentralized nonlinear model predictive controllers
(NMPC). The nonlinear plant is assumed to be governed by differential-algebraic equa-
tions (DAEs) with separable interconnections in the form of equality constraints. For
this reason, the problem of designing a price-driven coordination level for the network, to
account for interactions between the distributed subsystems, is addressed. Nevertheless,
the coordination scheme introduces minor modifications to the distributed controllers.
In this work, a novel coordinated distributed NMPC (CDNMPC) algorithm is proposed.
Note that, the price-driven CDNMPC scheme can be thought of as a bi-level nonlin-
ear programming (BLNP) problem in which the coordinator is represented in the upper
level and the subsystem NMPC network belongs to the lower level. In this technique,
the coordinator exchanges information with the distributed control network to solve a
transformed version of the bi-level optimization problem, namely a relaxed single level

problem. The optimal plant-wide trajectory is found using a trust-region method. Ac-

63
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cordingly, global convergence of the this algorithm, to a unique optimal solution of the
BLNP problem, is ensured. Additionally, an adaptive prediction horizon module is imple-
mented to find the minimum required horizon length to ensure stability of the finite-time
dynamic optimization problem. The proposed method can be applied to nonlinear plants
with open-loop unstable behavior. The effectiveness of the proposed CDNMPC algorithm

is illustrated via the application to a two-CSTR process.

3.1 Preliminaries

Industrial chemical and petrochemical plants are typically complex, highly integrated
nonlinear systems composed of geographically distributed processing units that share
material and energy streams. It is a commonplace that optimal control methods such
as model predictive controllers (MPCs) are widely used to ensure efficient operation.
In general, performance and reliability are two key factors that determine the control
strategy in the network. Traditionally, decentralized control systems are used to operate
the plant, mainly due to the ease of implementation; however, such controlled networks
ignore interactions between the subsystems and can result in degradation of plant-wide
performance [86, 8, 96]. Alternatively, monolithic centralized controllers can take into
account all of the interactions to obtain the highest performance for the entire plant.
The main drawbacks for centralized control are capital cost due to replacement of the
whole network with one controller, increased maintenance requirements, and poor fault
tolerance [63, 77]. As a result, a considerable body of research is developed for distributed
MPC (DMPC) strategies such as cooperative and coordinated methods, as an alternative
to centralized MPC.

Cooperative distributed schemes achieve an improved plant-wide performance while

preserving the flexibility of decentralized control. Specifically, in cooperative DMPC
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schemes, local controllers communicate over the network to achieve a higher performance
(15, 84, 88, 23, 22]. Most important cooperative schemes in the literature are robust
implementation of DMPC for linear systems [3], DMPC of linear systems coupled through
the inputs [64] and dissipativity-based DMPC of linear systems [98]. On the other hand,
coordinated distributed control belongs to class of hierarchical multilevel systems [71,
72, 36], and are composed of two levels: local controllers and a coordinator. There
is no communication between the local controllers, instead they communicate with the
coordinator to achieve the improved plant-wide performance. Based on the way that
interactions are addressed, different algorithms have been proposed for coordination of
linear systems, including the price-driven approach (e.g., [20, 21, 67, 76, 57, 68]), primal
decomposition DMPC [35, 25], and prediction-driven DMPC (e.g., [66, 76]).

In this chapter, the problem of designing CDNMPC scheme for nonlinear systems is
addressed. To date, only a limited amount of research is dedicated to design CDNMPC
systems. In [76], a pseudo-model coordination method is proposed via exact lineariza-
tion of interconnected ODE systems. Coordination of nonlinear networks governed by
open-loop stable DAE systems was investigated by [89] and [68]. In [89], price driven
coordination based on iterative steepest ascent was shown exhibit poor convergence to
the optimal plant-wide trajectory. They also proposed an off-line dynamic optimization
method, where a sensitivity based interaction driven coordination is obtained by colloca-
tion methods. Moreover, another coordination approach was proposed for systems that
share a common resource [68]. In this scheme, the coordinator acts as a single input
single output (SISO) controller and is fed the error between the summation of resource
demands by the local NMPCs and the total available shared resource in the network. In
other words, the set point is the maximum availability of the shared resource and the
output is the price vector.

The main scope of this study is to design a price-driven CDNMPC for on-line coor-
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dination of nonlinear systems governed by DAEs, which may exhibit open-loop unstable
dynamics. In addition, it is assumed the interconnections between the subsystems are
separable and in the form of equality constraints. The method proposed by [76] is lim-
ited to exact linearization of ODEs and may fail to stabilize an unstable system for small
prediction horizons. The interaction driven method proposed by [89] is an off-line dy-
namic optimization and is mainly developed for open-loop stable DAE systems. The
scheme proposed by [68] is only applicable to open-loop stable DAE systems with shared
resources.

In this work, a bi-level optimization approach to design a novel CDNMPC algorithm
is proposed. It is shown that the proposed price-driven coordination is the hierarchical
dual decomposition of a hypothetical centralized control problem. The structure can be
thought of as a non-linear bi-level programming (NBLP) problem, in which the coor-
dinator is the upper level decision maker and the local controllers belong to the lower
level problem. In this design, a minor modification is applied to the existing decentral-
ized NMPC controllers. The modification required in the subsystems is equivalent to
relaxing local versions of the overall interaction constraint, and assigning a price vector
to penalize the local violations of predicted interaction errors into the objective func-
tion of NMPCs. Methods for solving any NBLP may belong to one of four categories:
enumeration (branch-and-bound), descent, evolutionary based, and penalty methods.

In the branch-and-bound approach, the lower-level problem is replaced by the equiv-
alent Karush Kuhn-Tucker (KKT) system. This is the idea underlying the approaches
of Edmunds and Bard [32], Al-Khayyal et al. [4] and more recently, Thoai et al. [97].
In [43], NBLP problems are addressed that involve twice differentiable nonlinear func-
tions and the linear independence constraint qualification condition holds for their inner
problem constraints. This approach gives a global solution based on the relaxation of the

feasible region by convex underestimation. Global optimization of nonlinear BLP with
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non-convex lower and upper problems and related dynamic optimization topics have
been addressed by Mitsos et al [75, 74]. In evolutionary methods, the bi-level problem is
transformed into a single level non-convex problem and then several evolutionary heuris-
tic methods such as genetic algorithms [9] or particle swarm optimization are applied to
find a global optimum.

Approaches based on descent method attempt to find local optimum of the NBLP
problems. In this method, an implicit relation between the lower-level variable as a
function of the upper-level variable is defined. The major issue is to find a decreasing
feasible direction based on the gradient of the upper-level objective function. Several
approximations of the gradient information are proposed by Kolstad and Lasdon [54]
and Savard and Gauvin [87]. In this category, Falk and Liu [34] presented a bundle
method where the decrease of the upper-level objective is adapted according to sub-
gradient information of the lower-level problem.

The penalty method category also attempts to compute stationary point and local
optimal solutions to NBLP problems [1, 2, 92, 24]. In [51] a double penalty method is
deployed in both objective functions of upper and lower level problems, and the BLP
problem is transformed into a single level optimization by replacing the lower-level prob-
lem with its corresponding stationary conditions. Case [16] transformed the nonlinear
BLP into a single level optimization problem via replacing the lower-level optimization
with the corresponding KK'T conditions. The resulting problem is then solved with ex-
act [;-norm penalty methods and quadratic approximate models subject to trust-region
constraints. More recently, Lin et al. [59] proposed a smoothing projected gradient algo-
rithm to a BLP problem in which the lower level program is a non-convex minimization
problem with a convex set constraint and the upper level program has a convex set con-
straint. Jiang et al. [52] proposed an augmented Lagrangian method to nonlinear BLP

problems that are transformed to single level optimization problem via KKT conditions
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and their complementarity constraints have been smoothed via Chen Harker Kanzow
Smale (CHKS) smoothing function [33].

In this chapter, an exact penalty method is used to solve the CDNMPC problem.
This BLNP problem is relaxed into a single level problem and solved using a trust-region
approach to obtain the local optimal plant-wide trajectory, in an iterative procedure be-
tween the coordinator and subsystem controllers. Global convergence of the algorithm to
unique local optimal solution is investigated under certain assumptions. In addition, the
coordinator and local NMPCs perform an outer iteration to adaptively adjust the predic-
tion horizon length required to ensure stability for a predefined sub-optimality criteria.
Finally, the performance of the proposed CDNMPC is illustrated via an application to
an unstable two-CSTR. process and comparison to decentralized and centralized control
schemes. This case study exhibits unstable behavior around one of its steady-state op-
erating points and the control objective is to stabilize the system around this operating

condition.

3.1.1 System Description

In this work, a class of nonlinear systems composed of m interconnected open-loop sub-
systems is considered. Each of the subsystems can be described by the following DAE

model:

& = filwi, i, uiy v;) (3.1a)
0 = gi(zi, Tair ;) (3.1b)
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where ¢ = 1,...,m, z;(t) € R": denotes the vector of state variables, x4 (t) € R™a
denotes the vector of auxiliary state variables!, u; € R™ is the vector of control inputs,
and v; € R™: denotes the vector of interaction variables associated with subsystem ¢. In

this formulation, the interaction variable of sub-system ‘¢’ is defined as:

v; = Z h [ﬁ;‘r, xaTj,uﬂT (3.2a)

J#
where h; ; is a coefficient matrix that defines the relation between interaction variables
of sub-system ¢ with other sub-systems j = 1,--- ¢ — 1,2+ 1,--- ,m. In other words,
it is assumed that the nonlinear interactions can be replaced by defining new auxiliary
variables within the local models, so that the relation between v and (z,z,,u) remains
affine (3.2) as dictated by (3.2). Additionally, the states and the manipulated input

variables are feasible if they respect the following set of bounds:

€T
lbz S L i S 'Lbbl (33&)

U;
where @ = 1,...,m, Ib; = [IbL 16T 6] )", and ub; = [ubl ,ubl  ubl]". The states of
the m subsystems, z; (i = 1,...,m), are assumed to be sampled synchronously at time

instants ¢;. The dynamics of the entire nonlinear system can be described as:

T = f(z,x4,u,0) (3.4a)
0= g(x,zq,u) (3.4Db)
z(0) = z9 (3.4c)

'In this definition, auxiliary state variables depend implicitly on time; whereas, the time derivatives
of the state variables appear explicitly in the ODE defining system dynamics
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where: x = [zT ...zl ... 21 ]7 € R"™ denotes the state variables vector, z, = [z1, -+ 2L,
—al 1T € R"=a denotes the auxiliary state variables vector, u = [ul ---u? - - ul]T are
the manipulated input variables vector, and v = [vy,...,v;,...,v,]|T is the vector of

interaction variables for the entire nonlinear system. In addition, f = [fI --- ff -+ fI]7T,
g=1g{ gl --gh)", and g = [xf - xf ---xf |". Here, it is assumed that f and g
are smooth Lipschitz functions. In addition, the differential-algebraic equation (DAE)
system formulation defined in (3.1) is assumed to be index-1, which means that ¢ is
solvable for z,. In other words, g(x,z,,u) can be written as z, = g(z,u) from (3.4b).
In this chapter, implicit Runge-Kutta (IRK) methods, such as Radau ITA formulation,
are used due to their reliability in handling stiff problems [44]. Assuming that at ¢, the
solution to (3.4b) exists, the nonlinear model of sub-system ¢’ (3.1) can be discretized,
at tp <t =ty + c7 < tp41, by solving the following system of equations:
KL, — f; (xi,tk +7r 3 Ak ah o+ TS Ak uk ol

1

‘ ¢ j ¢ j '
9i (xi7tk +7 Zj:l aé‘lci,ia xéi,tk +7 Zj:l a;/CiAJ», uﬁ)
where: ‘0" denotes the number of stages in the IRK method, ‘77 denotes the integration
step-size, and ‘I = 1,...,¢’; and, the state variables can be explicitly updated [82] for the

next sampling period using:

14

_ _ [ 11
Lityyr = ¢i(xi7tk7 Laity, Wity vi,tk) = Tjy + T E :b Kz,i? (3.6&)
=1

$ai,tk+1 = gl (xi,tk+17 ui,tk> <36b)

where: af, 0" and ¢ are internal IRK coefficients [44].
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3.1.2 Centralized NMPC

In this section, the centralized NMPC is defined to serve as the benchmark control
approach in the development of the CDNMPC for nonlinear systems. The finite-time
centralized NMPC formulation based on the discretized DAE model (3.6) at time instant

tr can be formulated as:

i, Jo =3 Je o)
S.b. &i(tprip|te) = 0 (Ei(brraltn), o, ol i), Qi (Eegal i), 05 (ol ti)) (3.7b)
Fa(trrrnalt) = 5(F(trrnlt), @ltealt) ) (3.7¢)
Oitialte) = ) i[85 (talte), a, (Bl te), a5 (B |B)] (3.7d)

i#i

T
lbl S Tyi S Ubl (376)

Uj

where:
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Je, =(Xi(te) — Xisp(tr)" Qui(Xilte) — Xisp(tr)

+ (Us(te) — Ui,sp(tk))TRii(Ui(tk) — Ui op(tr)) (3.7f)

~

here: z, 2,, 4, and ¥ are states, auxiliary states, manipulated input variables, and
interaction variables inside the controller for [ = 0,--- , N, respectively; and N is the
prediction horizon?. Additionally: X (t3) = [Z(tes1|te)?, -+, 2(tren|tr)T]T is the vector
of the predicted dynamic state trajectory; Xo(tr) = [Za(tryilte)?, -+, 2(tein|te)?] is the
vector of the predicted auxiliary state trajectory; U(k) = [a(tg|te)?, -+ @(tpen_1|ts)T]T
is the vector of the calculated manipulated variable moves; @) is a positive definite block-
diagonal weighting matrix for the dynamic states (i.e., Q@ = diag{Q;}); and R is a
positive definite block-diagonal weighting matrix for the manipulated variables of the
overall system (i.e., R = diag{R;}). Note that, in optimization problem (3.7), the vector
of interaction variables is known over the whole prediction horizon, i.e. the centralized
NMPC accounts for all the interactions between the sub-systems, as a part of the given

model in the network.

3.1.3 Stability Analysis of Centralized NMPC

In this subsection, the idea stated in [80, 41, 42| is followed to develop a stability cri-
teria for the centralized NMPC. Conventionally, a terminal region and/or terminal cost
function is defined to ensure stability of centralized NMPC systems [17]. In this work,
an adaptive horizon scheme is implemented to find the minimum prediction horizon re-

quired to stabilize the network. The main advantage of the adaptive horizon method is

2Here, for the sake of simplicity, it is assumed the control horizon and the prediction horizon of the
system are the same. Although it might lead to a higher computation load, longer control horizons can
improve the performance and compensate for package dropouts in networked control systems [80]



3.1: Preliminaries 73

that the optimization problem inside NMPC is not altered and it can be extended to the
CDNMPC problem in a straightforward manner. This criteria is applicable to NMPC
schemes with admissible sets consisting of bound constraints and/or mixed states and
input constraints [80].

Denote the optimum predicted state trajectory of the centralized NMPC optimization
problem (3.7), for a prediction horizon NN, as the open-loop control solution. Accordingly,
the receding horizon control (RHC) action ugpc (N, x(n)) is calculated from solving prob-
lem (3.7) with prediction horizon N and the initial value z(n).

Define a dynamic programming value function [80] based on the RHC trajectory of

the centralized NMPC as a function of a predefined stage cost (¢
N-1
Ve (e(n)) = S 1° (x(n), wrno(N — n, x(n))) (3.82)

n=0

where the stage cost of the centralized trajectory is defined as:

1“ (x(n% urnc(N —mn, x(”))) = Z ((%‘(”) — 2ip(t)) Qi(n) (2i(n) — i4p (1)) +
(wi,mmc (N = 0, 2:(0)) = (b)) Ris () (o (N =, 24(m) = s (1)) )
(3.8b)
with @;; and R;; defined over the prediction horizon as:
Qii(1) R;;(1)
Qi = , Ry= (3.8¢)
Qii(N) Rii(N)

Remark 10 In order to obtain the value function V5, the difference between open-loop

control and receding horizon control (RHC) trajectories for a dynamic programming MPC
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U; ruc (N -4, X (4))

Receding Horizon Control @=———————g X, (5 )

Open-loop Control @= === =@

Figure 3.1: Receding horizon control (RHC) vs open-loop control trajectories for sub-
system ¢ with a typical prediction horizon length of N = 5.

problem, at sampling time ti., has to be determined. Consider a sample problem, described
in Figure 3.1, for a typical MPC problem with a prediction horizon N = 5. Firstly, an
open-loop trajectory is calculated for N =5 and the RHC action, applied to the process
model, is used to solve the next open-loop problem for N = 4. This procedure continues

until five RHC points are obtained and the value function VS is calculated.

Therefore, in order to calculate V¢ at the current sampling time 5, namely V5 (x(tk)),

one has to perform a multi-step calculation forward in time. The procedure to calculate

(3.8) is listed in Algorithm 2:
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Algorithm 2: The algorithm to calculate the finite-time value function (3.8)

Initialization: n = 0, prediction horizon N, number of sub-systems m, initial
state 2(n) = x(t), Qui, Rii, V§ = 0;

forn:=0to N —1do
Perform the plant-wide optimization problem (3.7) with prediction horizon

N — n and initial value x;(0) = z;(n) ;
Update the RHC control action move uggc(N — n,xz(n));

Calculate the centralized NMPC stage cost ¢ (x(n), ugppc(N —n, x(n))),

VS =VE +1¢ (x(n),uRHC(N — n,x(n))),

Apply urge(N —n,z(n)) to the model and update z;(n + 1);

Output: the value function V,§ (z(n)) < VZ;

Lemma 11 Consider the optimization problem (3.7) at sampling time ty.. Provided that

the stage cost 1€ is a positive definite function, and if there exists o € [0, 1] such that:

VE (a(t)) = VE (@(ti) = ol ((te), umic(N, a(t) (39

then VS is a Lyapunov function for the finite-time centralized NMPC system (3.7) and
a 15 an estimate of the closed-loop sub-optimality degree of the system w.r.t. the corre-

sponding infinite horizon NMPC problem, i.e. &« — 1 as N — oo [80].

Based on Lemma 11, an a posteriori algorithm to calculate a and determine the
required prediction horizon ‘N’ can be presented to ensure closed-loop stability of the

centralized NMPC problem (3.7). This procedure is:

Remark 12 There has to be a trade-off between the values of the minimum required

value of anim and the desired level of sub-optimality comparing to the infinite horizon



3.1: Preliminaries 76

Algorithm 3: A posteriori adaptive horizon algorithm for the NMPC problem (3.7)

Initialization: prediction horizon N, number of sub-systems m, initial state
z(n), Qii, i
Calculate VS (z(n)) using Algorithm 2 with (N m,z(n), Qi, Rn‘);
Calculate [ (z(n), upgc (N, z(n))) using (3.8);
Apply urpc(N,z(n)) to the model and update x(n + 1);
Calculate Vi{ (z(n + 1)) using Algorithm 2 with (N, m, z(n + 1), Qu, Ry);
if V¢ (z(n)) < V¢(z(n+1)) then
‘ Prompt: Solution may be unstable;
else
VN (@) =V (z(n+1)) |
1€ ((n)urnc(Na(n))
VY (2(n) =V (z(n+1))
© (x(n),uRHC(N,a:(n)))
| Perform Horizon Shortening (Algorithm 4);
else
| Perform Horizon Prolongation (Algorithm 5);
end

Calculate oo =

> min then

end
Output: Apply the RHC action to the plant based on the accepted value of V;

trajectory. For values of amn close to zero, fewer computations may be required but the
closed-loop control performance may be sacrificed; on the other hand, as qyi, — 1, the
computational cost will rise and the performance of the closed-loop systems will tend to

that of the infinite horizon control.

According to Algorithm 3, when the calculated ay > aun, the prediction horizon is
decreased as the algorithm converges the minimum amount of prediction horizon that
satisfies (3.9). This procedure is called the horizon shortening strategy that is explained

in Algorithm 4:
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Algorithm 4: Horizon Shortening Algorithm for the NMPC problem (3.7)
Initialization: prediction horizon N, number of sub-systems m, initial state
I(/f), Qii, Rii;
while N > 2 do

Save the current trajectory of the open-loop system;

N=N-1;

VY (2(n)) = V¥ (z(n+1))

1 (a(n) unnc (N.a(n))

Save the shortened horizon trajectory of the open-loop system;

VN (2(n) =V (2(n+1))

1€ (e(n)urnc(Na(n))

N =N+1;
Restore the current stored trajectory of the open-loop system;
STOP;

else

L Save the shortened horizon trajectory as the current trajectory;

Calculate

with (N,m, z(k), Qii, Rii)%

if o =

< Qmin then

6utput: Current trajectory of the system, and N.

When ay < i, the prediction horizon is increased to find the minimum N that

satisfies ay > apin. This procedure is listed in Algorithm 5:

Algorithm 5: Horizon Prolongation Algorithm for the NMPC problem (3.7)
Initialization: prediction horizon N, number of sub-systems m, initial state

z(k), Qi Ris;

VEG)VEEEH) _ 1 g0
1©(

while
a:(n),uRHc(N,ac(n)))

N =N+1;

¢ c
Calculate “& @) =Vy @tl)) ey N,m,x(k), Qi Rii);
lc(m(n)vuRHc(N,m(n)» ( ( ) Q )

Save the prolonged horizon trajectory as the current trajectory of the

open-loop system;

6utput: Current trajectory of the system, and N.
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3.2 Proposed Coordination Algorithm

In this section, the proposed price-driven CDNMPC for the nonlinear DAE system (3.1)
is presented. The algorithm is developed for the discretized model described in (3.6) and
the receding horizon action is applied to continuous-time model (3.1). The main idea is
to design a coordinator for an existing network of decentralized NMPCs, which will han-
dle interactions between the sub-systems. This work extends the idea of [89] and [68] to
design a new price-driven coordination scheme for constrained nonlinear DAE systems,
with open-loop stable or unstable behavior. The proposed price-driven coordination is
the hierarchical dual decomposition of the hypothetical centralized control problem de-
fined in (3.7). In this approach the interaction constraints are relaxed by penalizing the
local violations within the objective function of local NMPC controllers by a price vector.
The dual decomposition formulation can be considered a bi-level nonlinear programming
problem. Therefore, the coordinator converts the bi-level problem into a relaxed single
level optimization problem. In addition, an on-line adaptive horizon selection is per-
formed inside the coordinator to ensure stability of the closed-loop system; and, the local
NMPC controllers update their internal prediction horizon length, accordingly.

Define the interaction error for subsystem ‘%’ based on (3.2) as:

ei(tisi|tn) = 0i(tipiltr) — Z P25 (e [tr), Ty (Eoal e, g (B )] (3.10)

J#i
for | = 0,---,N — 1. A specific objective of the coordinator is to find a price for
subsystem ¢ such that the interaction term v;, which is subsequently calculated using

the price, drives e;(tx4|tx) = 0. Define the overall interaction error over the prediction
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horizon as:

where:

Ey(tg|tr)
E(tg|ty) £

E,.(te|tr)

ei(tk|tk)

ei(trsr|tr)

_ei(tk+N—1 |tk)_

Therefore, according to (3.10), E(tx|tx) can be written as:

Or(teltn) = D000 Pl (teltn), oy (Lelte), @5 (talte)]"

01 (tegaltn) = 2250 Pl (tera [E0)s oy (b te), @5t [E6)]T

On(teen—1lte) = 2250 P[5 (teen—a[th)s B, (B N1 te), @5t v [8)]T

E(tylty) =

i(trltn) — 2250 P[5 (trltn), Za, (trte), 5 (telte)]"

Oi(tegaltn) = D252 Mgl (tera [tr), Ta; (b te), @5 (trpa [te)]T

Oi(tern—1lth) = D252 higlT5 (tra v -alth), Ba; (Been—1[t), @5 (try v [tr)]”

Oun (Lkltr) = D25 20m P[5 (B[t )s Ty (el t), 0 (tcl )]

Om (b |te) = D2 s Pom i85 (L1 [8), By (B |e), @ (L [E)]T

O (ths v —1t) = D2 o P i[85 (e v 1 [8)s By (b v —a[tr), @5ty w1 [t)]T

79

(3.11a)

(3.11b)

(3.12)
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which can be rearranged into the following separable form:

E(ty|ty) =

Oy (te|tr)

Oy (Lgr |t)

01 (tpsN—1|tk)

hit[21 (t|tr), Zay (Erltr), d (Er]tr)]"

hia [ (trga|tr), oy (b [te), G (Erga [ E)] T

hia|Z1(tkrn—1t), Zay (Eron—1]tr), U1 (teen—1|t)] T

P 1 [81 (e [tr)s Tay (tel i), G (te] )] "

Pt [&1 (trga i) Zay (bt [ti), G (B [E2)] T

hm,l[‘@l(k + N — 1’k)7ia1(k + N — Hlf)?ﬁl(therl‘tk)]T

80
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hl,m [j:m(tk |tk)7 i‘am (tk|tk)7 ﬂ’m(tk |tk)]T

Pt [ (trgt [ER) s Eag, (Ergt |E) s T (Bt [ E)] "

Bt [Em (s N—1[E8) s Bar (B N—1 8k ) T (b v—1 1))

hi,m [i'm(tk |tk)7 :i‘am (tk|t/€)7 ﬂm(tk |tl€)]T

i Em (trra ), Zap (bt [th) s G (L [ )]

(3.13a)
i [Tom (b N—11T8) s Tar (e N—1 )5 U (B v [E8)] T
o (ta )
O (tis1 | tr)
O (trpN—1]tr))
X (tr) Xon(tr)
Xai(t Xom (1
_ o, () .10, (t) (3.13b)
Uy (tx) U (tr)
| Va(te) | | Vin(tr) |
Xi(te)
m Xt
- Yo, (t) (3.13c)
i=1 Ui(tr)
Vi)

where: Vi(tr) = [05(tra|te)”, - 0s(tepn|te)T]T is the vector of predicted interaction
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variables, and ©; is the interaction coefficient matrix of sub-system ¢. Therefore, the
plant-wide optimization problem can be written based on the fact that the overall inter-

action error (3.13) is zero:

XH)I(laIl Jp —Z Jp, (3.14a)
st Zi(thsga|te) = Gi(&i(trsalt)s Ta, Gl i), G (Eppa|tr), i (Lol i) (3.14b)
Ta;(tkyr1ltr) = Gi (@(tkﬂﬂ\tk), ai(tk—&-l‘tk)) (3.14c)
_Xi(tk) _
E(ty|ts) = i ©; Aalle) =0 (3.14d)
i=1 Ui(ty)
| Vilte) |
X;
b < | X, | < ub (3.14c)
Ui

where:

Tp, =(Xi(t) = X)) Que(Xi(t) — Xip(t)) + (Us(ts)

— Uy (1)) Ris (Us(ts) — Uy (1)) (3.14f)

This reformulation provides the basis for the CDNMPC design. Note that the cost
function and constraints are separable by subsystem. Based on the separability of over-
all interaction error, the interaction constraint (3.14d) is relaxed by penalizing local

interactions error within the modified NMPC objective functions with a price vector p:
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iy = 2:: Jp, (3.15a)

st @ (tha|te) = & (Zi(tltn), @ a, (eltn), @i(telte), 0:(tk]te)) (3.15b)

To; (teyralte) = §z< i (L1 |tr), Uz(tk+l|tk)> (3.15¢)
X

Ib; < < (3.15d)

where:

Tp, = (Xitr) = Xip(tr) " Qus (Xitr) — Xip(t)) +

(Ui(tk) — Ui,sp(tk))TRii(Ui<tk) — Ui,sp(tk)) + T O, [Xi(tr), X, (th), Us(te), Vi(ti)]"
(3.15¢)

The coordination level provides the optimum price vector for the local NMPC controllers

by solving the following maximization problem over the distributed objective function:
max Jp(X, X,,U,V,p) (3.15f)
p

Remark 13 Define the decentralized NMPC' as a control performance benchmark of the

CDNMPC trajectory (3.15) vs the centralized trajectory (3.7):
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Juin Jpe = Z Jpe, (3.16a)
st & (ter [tr) = i (Zi(Era|tr), Tay G |tr)s G (Bl th), Diss ) (3.16b)
Fay(trernalt) = 3i(&(trsra ), b)) (3.160)
Vi ss = hz‘[%’,ss,%i,ss,ui,ss]T <3~16d)

Xi
I < | X, | < ub (3.16e)

Ui

where:

e, =(Xi(tx) = Xiop(te)) Qui(Xith) = Xiop(ta)) +

(Ui(tk) - Ui,SP(tk))TRii(Ui(tk) — Uz’,sp(tk)) (3.16f)

and subscript ‘ss’ denotes the steady state value. The main feature of this formulation
is that the interaction information between sub-systems, namely v; s, is calculated at the
desired steady-state condition. Unlike the decentralized NMPC, in centralized NMPC, the
interaction information over the whole prediction horizon is available; but, in the CDN-
MPC' formulation the interaction information is an optimization variable over the whole
prediction horizon. This would result in degradation of performance in the decentralized
NMPC vs the centralized NMPC. In this paper, it is supposed that this control scheme
exists in the plant and the CDNMPC strives to improve the performance of this controller
network. Note that, the CDNMPC' system is supposed to perform, at least, better than

the decentralized NMPC' and as close as possible to the centralized NMPC.
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85

The CDNMPC formulation (3.15) can be summarized as the following bi-level optimiza-

tion problem:

max Jp(Z,p)
p

mZin Jp = Z JIp,(Zi,p)

i=1

st G(Z) = 0

Gi(Zi)ineq S 0
where Jp, is reformulated as:
1
Jp; = §Z¢(tk)TTiZi(tk) + Ui Zi(te) + p" O Zi(t)

and Z; is defined as:

&

N

=

=

(3.17a)

(3.17b)

(3.17¢)

(3.17d)

(3.17e)

(3.17f)

Introducing non-negative slack vectors s; for the inequality constraints of all subprob-

lems ‘4 = 1,...,m’, the associated Lagrangian functions £; can be formulated as:

Li = Jp, + X7 (G Zi(t))) + AT (G Zi(ty)) + 1)

(3.18)



3.2: Proposed Coordination Algorithm 86

The overall Lagrangian of the lower level problem can be written as:

L= Li(Zip X"\ s) (3.19)
i=1

Bi-level programming (BLP) problems with convex objective functions and con-
straints have been extensively discussed in [9, 29, 27]. There are several algorithms
for Nonlinear or non-convex BLP problems, under various assumptions [27]. Herskovits
et al. [46] proposed an algorithm for BLP problems with strictly convex lower level prob-
lems. In [5] the lower problem is allowed to have a nonlinear constraint, but it has to be
convex for fixed values of the upper-level variable; also, the upper-level problem and the
objective function of the lower-level problem are assumed to be convex. Colson et al. [26]
proposed a trust-region solution method for nonlinear BLPs by linear approximations of
the upper-level objective function and all constraints, as well as a quadratic approxima-
tion of the lower-level objective function. Clark et al. [24] proposed an active-set strategy

for nonlinear BLP problems.
In this work, an exact penalty method is deployed to solve the CDNMPC problem.
The lower-level problem is constructed by the distributed NMPCs and the upper-level
problem tries to minimize the overall interaction error (3.13). Here two assumptions on

the overall problem (3.17) are made:

Assumption 14 To guarantee that there is at least one solution to the Nonlinear BLP
problem (3.17), it is assumed that the feasible solution set of the lower-level problem based

on the price vector Q(p) is nonempty, uniformly compact.

Assumption 15 For every local optimum of the lower-level problem in (3.17), there

exist a unique optimal price vector associated with the distributed NMPC network.

Additionally, consider the following set of assumptions on the lower-level problem for a
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fixed value of p to ensure the regularity of constraints holds at Z € (Q(p)) [11]:

Assumption 16 The strict complementarity slackness (SCS) property [11] holds at Z €
(Qp)) w.r.t. (A4, \nea)3,

Assumption 17 The Mangasarian Fromowitz constraint qualification (MFCQ) [79] holds
at Z € (Qp)) w.r.t. (A, \inea)d,

The BLP (3.17) is reduced into a single level optimization problem using the KKT
conditions of the lower-level problem, as constraints of the upper-level problem. From
Assumption 17, for a fixed value of p, every Z € (£2(p)) must satisfy the KKT conditions

of the lower-level problem:

VL =TiZi(ty) + U + 0T p + VG Zi(te)) N + G U Zi(t,))A™ =0,  (3.21a)
GY(Z) =0, (3.21b)

G Z) +5,=0, (3.21c)

sTAI" =0, (3.21d)

5i>0, A" >0 (3.21e)

where s; is a non-negative slack variable used to reformulate the inequalities into equal-
ity constraints as well as making the complementarity constraints linear. Furthermore,
according to Assumption 17 the Lagrange multipliers are bounded [11].

The resulting formulation of (3.17) can also be regarded as a mathematical program

33CS means: for all A" > 0, G2"Y(Z;(t;))=0 must hold.
4MFCQ holds if there exists a feasible direction d such that:

{dTvZG;I"SQ(Zi(tk)) <0, when GI"9(Z;(ty,)) is active (3.20)

ATV 2GS Zi(t)) = 0

and elements of VzG;?(Z;(ty)) are linearly independent.
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with equilibrium constraints (MPEC):

min ~ —Jp(Z,p)
7,50 A9 \Ia

s.t. Vg, Li(Z;,8;) =0,

qu(Zz') =0,

Gzneq(Zi) + s, =0,

STA™ =0,

5> 0, A" >

88

(3.22a)

(3.22b)
(3.22¢)
(3.22d)
(3.22e)

(3.22f)

This reformulation of the non-convex problem (3.17) is neither differentiable or regular

[18], instead the following perturbation of (3.17), for a given vector n = [n;], is solved:

min —Jp(Z,p)

P Zi,8i, AN
s.t. VZlE’L(Z’H Si) = 0,
G(iaq(Zi) =0,

Tyineq 2
s; A=,

5i>0, A" >0

(3.23a)

(3.23b)
(3.23¢)
(3.23d)
(3.23¢)

(3.23f)

Starting from a positive value for n, this produces a set of smooth trajectories toward n —

0 to find an approximate solution to (3.22), as stated in [52]. In this work, the nonlinear

program with complementary constraints (3.21) is smoothed using CHKS smoothing
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function [33] ° II defined as:

I(a,b,n) =a+b—+/(a—b)?+ 4n? (3.25)

ineq

Remark 18 For a given value of n > 0, I(s;, A\, n) = 0 is equivalent to the following

condition:

SN =] (3.26)

as long as s; > 0, )\z:neq > 0 hold.

Therefore, problem (3.23) is reformulated using the smoothing function (3.26) with

II(s;, A" ;) = 0 into the following single level optimization problem:

min  —Jp(Z,p) (3.27a)
P, Ziysi AN
s.t. Vg, Li(Z;,s1) =0, (3.27Db)
Gi4(Z;) =0, (3.27¢)
G Z:) + 5 = 0, (3.27d)
II(s;, A" n) = 0, (3.27¢)
5i >0, A" >0 (3.27f)

Remark 19 For a fized value of n, while SCS (Assumption 16) and MFCQ (Assumption

®As an alternative, a perturbed version of Fischer-Burmeister [37] can also be used :

II(a,b,n) =a+b—+/a?+b%>+2n (3.24)
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17) hold, problem (3.27) can overcome the difficulties in (3.22) due to smoothness and

reqularity issues [11, 52/, and paves the way to solve (3.22) using exact penalty methods.

In this study, a local optimal solution to the nonlinear problem (3.27) is found, such
that it is able to reduce the norm of the overall interaction error HE (tk)H, defined in
(3.13), within a sufficiently small predefined tolerance €,. Such a constraint to is then

imposed into problem (3.27):

min  —Jp(Z,p) (3.283)
p,Ziysi’)\Z?QQ\;neq
G;1(Z;) =0, (3.280
Gineq(Zi) +3; =0, (3.254)
(s, "7, ) = 0, (3.250)
— 5 <0,-\"" <0 s
2 2
HE(tk)H — € S 0 (3'28g)

Note that, the feasible region of the transformed single-layer problem (3.27) might be ex-
panded (compared to the original BLP problem) with stationary local optimum points of
the lower-level problem, due to the KKT transformation. By adding HE(tk)‘ ‘2 —e2 <0,
the local search domain is more restricted and the corresponding optimal solution per-
forms more efficient compared to the decentralized NMPC trajectory, since any feasible
solution satisfies a predefined upper bound on the norm of overall interaction error. More-
over, the added constraint, is convex ® and smooth; thus, it does not affect uniqueness of

the solution.

6This constraint is convex since VZ(‘ |E(tk)H2) =207(02) and V%)Z(’ ’E(tk)||2) =2076 = 0 for
any ©, which is the second-order condition qualification of convex functions [12].
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Theorem 20 For any value of n, consider that the solution to (3.28) belongs to the set

S,. Then for every 1) there exists a compact set C(7) such that S, C C(n) holds for every

n € (0,7].

Proof. According to Assumption 15, for every solution that belongs to S, and n > 0,
there exist a unique bounded optimal price vector. Also, by the properties of the function
IT in (3.25), if a feasible solution is found w.r.t the lower-level constraints and the added
convex constraint HE (tk)HQ — €2 < 0, then it would belong to a compact set according
to Assumption 14.

ineq

As a result, since for the slack vector s; = —G;

Y Z;) holds, s; also belongs to a compact

set. Additionally, since MFCQ (Assumption 17) holds, the Lagrange multipliers A\{? and
)\Z"eq would be bounded and belong to a compact set. This follows the conclusion that
S, C C(n) holds for every n € (0,7]. =

The conclusion of this section can be stated in Remark 21 on properties of the solution

set S, at the current sampling time ‘¢, for a given decreasing sequence of n starting from

n=1.

Remark 21 According to Theorem 20 and Remark 19, the solution set S,(t;) is a non-
empty and compact set for all values of 0 < n < 1 [33]. This produces a continuous
central path [33, 52] towards the solution of problem (3.22), as a function of the decreasing

sequence n starting from a value between (0,1).

In this section, a trust-region exact penalty method is used to solve the smoothed series
of transformed CDNMPC problems (3.28), for a predefined decreasing sequence of 7.
The method is called exact in the sense that, for a sufficiently large penalty parameter,
local solutions of the corresponding nonlinear programming problem converge to local

minimizers of a defined exact penalty function [38].
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In order to simplify the notation in (3.28), define the concatenated vectors of system

variables and Lagrange multipliers as: Z = [Z],...,ZL|T, S = [sT ... sI]T, A% =
ST AT Ames = [\ ximed | T and Y = [pT, 27, 8T, AT, Aimea” | T, Now,
the optimization problem (3.28) is presented in a simpler notation:
m};n F(Y,n) (3.29a)
st. CUY,n)=0 (3.29Dh)
Cea(y,n) <0 (3.29¢)
where:
F(Y,n)= —Jp(Z.p) (3.29d)
Vz.Li(Z;, ;)
Gi'(Z:)
CHlYon) = | : (3.29)
G NZ;) + si
H(Sia )‘Zneqv 77)
e eqt eq” T
and:
. —S;
G (Ym) = , (3.29g)
_)\z:neq
. : o T
cmen(y,m) = |7 (), G (), || B - €] (3.29h)

Lemma 22 Suppose Y* is a KKT point of the NLP defined in (3.29), then there exists

w1 equal to the mazimum Lagrange multiplier of (3.29) such that Y* is a local minimizer
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of the exact penalty function ®(Y, u,n) [79], defined as:
OV, 1,m) = F(V,m) + p([C90V, )], + maxc{0, €™ (Y, )} ) (3.30)
or:
Y =argmin {&(Y,p,n)},  Vp > (3.31)

Define a model ®(Y, i, n) of ®(Y, u,n) that is constructed by quadratic approximation

of the objective function F', and affine approximations of constraints C* and C™"¢4:

1
O(dy,p,n) = Fy + Vy Fldy + §d1T/Wde+

u(‘ng + VyCy |, + max{0, C;"** + VyC,ineqdy}> (3.32a)
where:
Fr, = F(Ye,n) (3.32b)
Ci = CYYk,n) (3.32d)
VyC,‘;”q = VyCeq(YK, T]) (3326)
Ol = C™(Yie, ) (3.32f)
Vy Gt = VyC™ (Y, n) (3.32g)
dy =Y =Y, (3.32h)

Inside the model defined in (3.32), W}, is usually taken as a symmetric matrix that

contains the second derivative information of the objective function F' and constraints
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C® and C"™* [79].

Remark 23 For the purpose of implementation, the idea of sequential convex program-
ming (SCP) [49, 30, 83] is followed. A convex quadratic approximation of F is then
used for the purpose of constructing the model ®. Thus, Wy in (3.32) is the positive-

semidefinite part of Vi F 7 at iteration ‘4,
Wi = (Viy F(Yi,n)+ (3.33)

Although the terminal quadratic convergence properties of SQP methods could be lost,
this convezification method is straightforward to implement and convex optimization tech-
niques can be applied to solve the iterative sub-problems [49]. If (Vi F(Yi, 1))+ =0 the

approzimation falls into the SLQP category discussed in [79].

The approximate formulation of the NLP defined in (3.31) can now be written as an

optimization problem using the penalty model (3.32) with a trust-region constraint on

Y:

rrdlin O(dy, ), Yu>p* (3.34a)
Y

st |[dy|] L < Ax (3.34b)
The constraint violations of optimization problem (3.34) can be written as:

E(dy,n) = |Cy? + VyCy|, + max{0, ;" + VyC}"“dy } (3.35)

"For the real symmetric matrix V2., F there exists an eigenvalue decomposition V% F = ADAT.
Changing D to D by replacing each negative eigenvalue with 0, the corresponding “positive-semidefinite
part” can be calculated by (V3 F); = AD, AT.
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Furthermore, the corresponding feasibility problem is formulated based on (3.35) as:

rrdlin E(dy,n) (3.36a)

st ||dy || < Ax (3.36b)

The objective function in (3.34) is still not smooth and linearization might lead to in-
feasibility. To overcome these problems and ensure the trust region constraint is always
satisfied, slack variables wy, wy and w3 are introduced to solve an equivalent elastic-mode

problem [79]:

. 1
[dY,/u wl,u, w27u, ”LU37M] = arg min {Fk + VYF]?dY + §d£Wkdy

dy ,w1,w2,ws3
+u(1 (wy +wy) + 1-w3)} (3.37a)

s.t. C;q + VYCeqdy = W1 — W2 (33719)

Cy + Vy C*dy < ws (3.37¢)

wy, Wy, w3 > 0 (3.37d)

|dy ]|, < Ax (3.37¢)

where: 1 represents a row vector defined as 1 = [1,--- | 1]. Correspondingly, define the

elastic version of the feasibility problem (3.36) using slack variables wy, ws and ws:

[y, w1 f, wo p, w3 | =arg dy,UrJIll,i’an,w3 {1 (wy +wy) +1- wg} (3.38a)
s.t. Cp' 4+ VyC¥y = wy — ws (3.38b)

CJ" + Vy C*dy < wy (3.38¢)

wy, Wy, w3 > 0 (3.38d)

dy ]|, < Ax (3.38¢)
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It is crucial to update the penalty parameter ‘i’ at each iteration of the algorithm since
‘u*’ is not known. The procedure to update ‘u’; listed in Algorithm 6, is adapted from
with the termination tolerance criteria ‘e > 0. The importance of choosing a proper value
for p is to avoid an unnecessary imbalance in the merit function and at the same time
being large enough to make sufficient progress in linearized feasibility at each iteration

79].

Algorithm 6: Update procedure for penalty parameter p

Input: Yj; penalty parameter py_1; trust-region radius Ag; €1, € € (0,1);
Local NMPCs: Send C¢, VyC, C™ VyC™ to the coordinator;
Coordinator: Build 0%, VyC®, O and Vy(C™"ed;

Coordinator - Local NMPCs: Compute dy,, using (3.37) with p = ju_1;
Coordinator: Compute &(dy,,,n) using (3.32);

if £(dy,,n) =0 then

M= Hk—1;

else

Coordinator - Local NMPCs: Compute dy,; using (3.38);
Coordinator: Compute &(dy r,n) using (3.32);

if £(dy,¢,n) =0 then

Coordinator - Local NMPCs: Find p > py—; such that: £(dy,,,n) = 0;

else
Coordinator - Local NMPCs: Find p > g1 such that:

- E(0,m) = Edy,m) 2 €[€(0,1) = E(dy.gm)l;
Coordinator - Local NMPCs: Increase 4 such that:
&)(O’ H, 77) - i)(dY,pJ H, 77) Z €2 [5(0’ n) - g<dY#7 n)L

Output: py = p, Y =Y + dy;

Algorithms based on merit functions may fail to converge rapidly because they reject
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steps that make good progress toward a solution, known as the Maratos effect [65]. This
undesirable phenomenon, can also be avoided by occasionally accepting steps that a
decrease in the merit function is not observed. Second order correction [79] is one way to
overcome such a problem, in which a quadratic approximations is added to the equality

and inequality constraints in problems (3.37) and (3.38):

. 1
C(Yy,n) = C(Ye,n) + VyC(Yy, n)dy + §d§V§/YC€q(Yk, n)dy (3.39)

A ) ) 1 .
O, m) = C(Yim) + Vy O (Ve m)dy + 5dy Viy C(Yi, m)dy (3.39D)
which yields:

. 1
[dY,m W15 W2 4 ws,u] = arg =~ nmin {Fk + VYF;;‘FCZY + §d§chdY

dy ;w1,w2,ws3

+u<1 (wy 4 ws) + 1 w3>} (3.40a)

st. CUYy,n) = wy — w, (3.40b)
CmeU(Y, n) < wy (3.40¢)

Wi, W2, W3 >0 (340d)

Note that this correction is applied when the increase in the merit function ‘®(dy, u, 1)’

is accompanied by an increase in the norm of the constraint violation criteria ‘h(dy,n)’.
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Algorithm 7: The trust-region algorithm for solving problem (3.29)

Input: Yp; po; Ao; Apin; iteration number k = 0; knax; €0, €1, €2 € (0, 1);
Bumin € (0,1); Ysuccess = 1 Vaiture € (0,1);

while (Ar > Anin) and (k < kpay) do

Local NMPCs: Send Cf, VyC, C" Yy Ci™ to the coordinator;
Coordinator: Build C%, VyC, C™¢ and Vy(C™me;

Coordinator - Local NMPCs: Compute dy,, using (3.37) with z,_1;

if ((I)(O,,LL, 77) - CD(dY,/mlj'a 77) > 0) and (h(oan) - h(dy,lm 77) > 0) then
Local NMPCs: Send C(Yx,n), VyC(Ye,n), C"(Yi, 1),

Vyé’f"eq(}/k, n) to the coordinator;
Coordinator: Build C¢/(Y},n), VyC(Y, ), C7¢(Yy, 1),
Vy Ce0(Yy, n);

Coordinator - Local NMPCs: Perform second-order correction:

compute dy,, using (3.40) with z_1;

Coordinator - Local NMPCs: Perform Algorithm 6 with
(Yk, pti—1, Ak, €1, €2): update pg, Yy < Y;

Coordinator: Calculate 3, = @¢ds — 20un)—Hldvupn).

predk &)(Ozﬂaﬁ)*i’(d%w“:’?) ’
if (Bx > Puin) then

Coordinator - Local NMPCs: Y, =Y +dy,;

Coordinator: A1 = Veuccess Ok}
else
Coordinator - Local NMPCs: Y. = Yj;

Coordinator: Ay = Yyaiture Ak;

Coordinator: k =k + 1;

Output: the optimum value of problem (3.29): Y*;

A trust-region method to solve the NLP (3.29) for a fixed value of 7 is given in Algorithm



3.2: Proposed Coordination Algorithm 99

7 8. This procedure must be performed for any decreasing sequence of 7,, namely from
a selected initial value of 0 < n, < 1 until 7, <€ (the termination tolerance), in order
to converge to the solution of the bi-level problem (3.17). The optimum value of this

procedure, illustrated in Algorithm 8, is denoted by Yo, = [l 22, ST, AZZ:, Ai’;ﬁqT]T.

Algorithm 8: The overall algorithm for single-level problem (3.22)
Initialization: 7, € (0,1), 8 € (0,1), Yy, Ao, €0 € (0,1), ¢, € (0,1), €5 € (0,1),

Brin € (0,1), Vsuccess = 1, and v rqiure € (0,1), initial penalty po, the minimum
trust region radius Ay, iteration number £ = 0, maximum iteration number
kmax, coordination cycle counter ¢ = 0;

while (1, > ¢€) do
Coordinator - Local NMPCs: Perform Algorithm 7 with

(}/E)a Ho, Ao, Amina k, kmaxa €1, €2, 0, ’Y) update YE) — Y*>

Ne1 = PNe;
c=c+1;

Output: the optimum value of problem (3.17): Y,,; = Yp;

3.2.1 Convergence Analysis

For a fixed value of 0 < 1 < 1, trust-region Algorithm 7 can be regarded as a variant
of SITQP methods [38]. Global convergence of SI1TQP methods with the penalty update
procedure listed in Algorithm 6 have been studied in [13, 14]. Here, the following Lemma
is stated to describe the global convergence property of SI1QP methods with finite number

of penalty updates, and a bounded value of penalty parameter pu:

Lemma 24 [15] Suppose for a fized 0 < n < 1, Algorithm 7 is applied to (3.29) gen-

erates a bounded sequence of iterates. If penalty parameter p is bounded, then there is a

8 An active-set recognition phase via linear programming (LP) may also be added to this algorithm
as suggested by [14].
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solution point in the sequence of iterations which is either a KK'T point of the nonlinear

program (3.29) or a critical point of the constraints violation h(dy,n) defined in (3.35).

Therefore, if Algorithm 7 produces a feasible solution, i.e., h(dy,n) =0 or Y, +dy € S,
then it follows from Lemma 24 that it converges to a KKT point of the nonlinear program

(3.29). Now, the global convergence of Algorithm 8 to a unique local optimal solution of

(3.17) is stated.

Theorem 25 Suppose SCS (Assumption 16) and MFCQ (Assumption 17) hold for the
lower-level CDNMPC problem (3.17). Consider the smoothed nonlinear approzimation
of (3.17) defined in (3.29). Then:

(i) For 0 < n < 1, the penalty model optimization problem (3.32) or its equivalent
elastic-mode problem (3.37) has a unique solution.

(ii) For the sequence n — 0, Algorithm 8 is globally convergent to a unique local

optimal solution of (3.17).

Proof. (i) Suppose Assumptions 16 and 17 hold for the lower-level CDNMPC prob-
lem (3.17), and consider Lemma 24 and Theorem 20. Then, for a fixed 0 < n < 1 and
every feasible solution of (3.29), this problem is locally regular [33] and thus has a unique
local solution. Moreover, problem (3.37) can be reduced to an equivalent convex problem
(or it is convex by Remark 23). Therefore, problem (3.37) has a unique optimal solution,
because dy = 0 trivially satisfies de! ‘OO < Ay, Y +dy € S, and only a unique price
vector is associated with each local optimum (Assumption 15).

(ii) Consider Theorem 20 and the central path defined by Remark 21, then for any
value of the decreasing sequence n — 0, a bounded solution Y}, + dy € S, can be found
such that forms a compact set and converges to a local optimal solution of problem
(3.22) [33] (or equivalently (3.17)). According to Lemma 24, the SI1QP algorithm variant

(Algorithm 7) is globally convergent. This concludes global convergence of Algorithm 8
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to a unique local optimal solution of (3.17) with a unique value for the price vector

(Assumption 15) is guaranteed, under conditions stated in Theorem 25. m

3.2.2 Stability Analysis

In this section, a stability criterion is stated without terminal costs or constraints for the
proposed CDNMPC scheme based on adaptive horizon techniques [80, 41, 42]. Here an
a posteriori algorithm [80], similar to section 3.1.3, is adapted to construct a dynamic
programming Lyapunov function for our CONMPC problem.

Denote Z,, as the open-loop control solution of the CDNMPC problem, and the
receding horizon control (RHC) move as o, ., (N, Zopt;(1)). This move is calculated
by solving the problem (3.17) with prediction horizon length N and initial value x;(n).

Assuming that ¢ is chosen sufficiently small, define a dynamic programming value

function [80] for the CDNMPC scheme based on a predefined stage cost 7

VP (2(n)) = Z_ 1P (xopt(n), Uopty e (N — 1, m(n))) (3.41a)

n=0

where the stage cost of the centralized trajectory is defined as:
v (xopt(n), Uopt g (N — 10, 1’(“))) = 2 (Topt (0) = ip(tr)” Qi (1) (opr, () — (1))

+(uopti,RHC(N —n,x;(n)) — ump(tk))TRi,-(n) (uopthc (N = n,zi(n) — uigp(te)  (3.41D)

Therefore, in order to calculate V¥ at the current sampling time ¢, V¥ (a:(tk)), a multi-
step calculation has to be performed forward in time. The procedure to calculate (3.41)

is listed in Algorithm 9:
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Algorithm 9: The algorithm to calculate the finite-time value function (3.41)

Initialization: prediction horizon N; number of sub-systems m; initial state
Topt(n); Quis Rii; VY = 0;

forn:=0to N —1do
Coordinator - Local NMPCs: Perform Algorithm 8 with NV — n and initial

value z;(0) = x; opt(n) ;

Coordinator - Local NMPCs: Update the RHC control action move
Uopt e (N — 10, Tt (1))

Coordinator: Calculate I” <xopt(n),uoptRHC(N —n, x(n))), and
VP =vE+IP <xopt(n),uoptRHC(N — n,x(n))) using (3.41);

Local NMPCs: Apply ugpy,,,.(N —n,x(n)) to the internal model;
Local NMPCs: Calculate xp(n + 1);

Output: the value function V{2 (x(n)) + V2;

Remark 26 Similar to Lemma 11, consider the individual distributed NMPC' controllers
in the optimization problem (3.17) at sampling time t;., provided that the stage cost [P is

a positive definite function and €q is sufficiently small, if there exists a trajectory-based

a € [0, 1] such that:

V2 (@(th) = VI (@lths1)) = al” (o (t), Uoptgre (N, 2(13))) (3.42)

then Vi is a finite-time Lyapunov function for the CDNMPC' system (3.17) and « is
a rough estimate of closed-loop sub-optimality degree w.r.t. the corresponding infinite
horizon plant-wide problem (3.17). Note that all NMPC controllers in (3.17) are assumed
to have the same number of prediction horizons as is dictated by the minimum required

horizon length to satisfy (3.42), namely o > oy, > 0.

Based on Remark 26, an a posteriori algorithm is presented to calculate the required
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horizon length of N that ensures closed-loop stability of the CDNMPC problem (3.17).

This procedure is explained in Algorithm 10:

Algorithm 10: A posteriori adaptive horizon algorithm for the CDNMPC scheme
Initialization: prediction horizon N; number of sub-systems m; initial state

%pt(”)% Qii; R

Coordinator - Local NMPCs: Calculate V¥ (z(n)) using Algorithm 9 with
(N, m, xopt(n)a Qi Rn‘);

Local NMPCs: Apply ugp,,,.(IN,2z(n)) to the internal model;

Local NMPCs: Calculate xp,(n + 1);

Coordinator - Local NMPCs: Calculate V¥ (x(n + 1)) using Algorithm 9 with
(N, m, Tope(n + 1), Qis, Ris);

if V2(z(n)) < V¥ (x(n+1)) then

Local NMPCs: Prompt: Solution may be unstable;

else
VE (2(n) =V (x(n+1))

Coordinator: Calculate o =
12 (opt (n) topt gy (N.2(n) )

if o > a,;, then
Coordinator - Local NMPCs: Perform Algorithm 11;
else

Coordinator - Local NMPCs: Perform Algorithm 12;

Output: Y,, based on the accepted value of V;

Similar to Section 3.1.3, if the calculated any > au, the prediction horizon length
is decreased so that the minimum amount of prediction horizon, which satisfies this
condition, is found. This is usually denoted as the horizon shortening strategy, described

in Algorithm 11:
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Algorithm 11: Horizon Shortening Algorithm for the CDNMPC problem (3.17)
Initialization: «y,;,; prediction horizon N; number of sub-systems m; initial

state Top(n); Qii; Rii;

while N > 2 do

Local NMPCs: Save the current trajectory of the open-loop system;
Local NMPCs: N = N — 1;

Coordinator - Local NMPCs: Calculate @ = VR (2(m) =V (2(n+1)) with
12 (2opt (m) uppic(N,a(n)))

(N7 m, xopt(n)7 Qiiy Rn’)§

Local NMPCs: Save the shortened horizon trajectory of the open-loop
system;

if o < ay;, then

Local NMPCs: N = N + 1;

Local NMPCs: Restore the current stored trajectory of the open-loop
system;

STOP;

else
Local NMPCs: Save the shortened horizon trajectory as the current

trajectory;

6utput: Current trajectory of the system, and N.

Conversely, if ay < au, is increased the prediction horizon to find the minimum N

that satisfies ay > auuin, described in algorithm 12:
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Algorithm 12: Horizon Prolongation Algorithm for the CONMPC problem (3.17)
Initialization: «y,;,; prediction horizon N; number of sub-systems m; initial

state zop(n); Quis Riss
while o < ay;, do

Local NMPCs: N = N + 1;
Vi (2(n)=V§ (x(n+1))

1P zopt (n) urrc(Nx(n))

Coordinator - Local NMPCs: Calculate o« =

) with

(Na m, xopt(n)a Qiia R”),

Local NMPCs: Save the prolonged size trajectory as the current trajectory

of the open-loop system;

6utput: Current trajectory of the system, and N.

3.2.3 The overall CDNMPC Algorithm

In this section, an overall summary of the CDNMPC algorithm, applied to the problem
(3.15), is presented. Based on this approach, the hierarchical dual decomposition of the
hypothetical centralized controller defined in (3.7) is related with the modification applied
to the corresponding existing network of local decentralized NMPC controllers. The
modification applied to the existing local NMPC controllers is equivalent to penalizing
the local versions of the overall interaction error vector using the price vector. The local
NMPC controllers formulate their own nonlinear programming problems and exchange
the local sensitivity information, as required, with the coordinator. A wrapper procedure,
Algorithm 10, is responsible to ensures stability of the closed-loop system by finding the
minimum required length of prediction horizon. Local NMPCs, then apply the receding
horizon control actions to the plant with the optimal variables. The overall algorithm of

the proposed CDNMPC scheme is given in Algorithm 13:
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Algorithm 13: The overall algorithm to solve the CONMPC problem (3.15)
Initialization: number of sub-systems m, initial state z(t;), positive definite

matrix ), positive definite matrix R, amyin € (0, 1), initial prediction horizon Ny,
initial penalty 1, initial trust-region radius Ay, the minimum trust region radius
Apin, maximum iteration number k., €9 € (0,1), 5 € (0,1), B € (0, 1),
Vsuccess = 1, and Yaiture € (0,1);

Coordinator-Local NMPCs: Perform Algorithm 8 with

(@(tr), My, tos Doy Amins Emaxs €05 B, Bmin, Vsuccesss Vfailure) t0 calculate Yp;
Coordinator-Local NMPCs: Perform Algorithm 10 with

(Qmin, NO, m, z(t), Q, R) to calculate N and update Y,;

Local NMPCs: Calculate x(tx.1) by applying the RHC action to the plant;
Local NMPCs: Update Ny = N;

Output: z(tx:1), and N;

3.3 Two-CSTR Process Case Study

In this section, the centralized NMPC scheme (3.7) and the CDNMPC scheme (3.17) are
implemented on a two continuous stirred tank reactor (CSTR) benchmark problem, which
was taken from [96]. The system is comprised of two non-isothermal reactive CSTRs with
interconnections and a recycle stream as depicted in Figure 3.2. The following set of
exothermic reactions take place in these reactors with substances A and B: (i) A BB ,
(17) A L UP, and (1i1) A 5, DP; where UP and DP stand for the undesired product
and the desired product, respectively. As in Figure 3.2, CSTR I has two feed streams

)

(one has fresh stream of substance ‘A’ with molar concentration Cyy, flow-rate Fy and
temperature T, and the other streams is from the output of CSTR II containing the

recycle stream of unreacted substance A at flow-rate F,., molar concentration Cys and
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temperature 75 ) and CSTR I is fed from the output of CSTR I as well as another fresh
stream of substance A at flow-rate F3, molar concentration C'Agz, and temperature Tgs.
The two CSTRs are equipped with jackets to remove /provide heat, due to non-isothermal
nature of reactions. In [96], the following set of ODEs are developed for transient material

and energy balances:

3

d;; - ]]j(l) (To =) + %(TQ -T) + ; Gi(T1)Car + pr;l (3.43a)

di? - = 5(1) (Cao = Cn) + %(Cm Car) + g’& T))Con (3.43b)

d;Zz _ 5; (- Ty) + %(Tog ~T) + gg (Ty)Clas + pri}Q (3.43¢)

dgf - 1]2 (Car = Claa) + Vz (Caos — Cao) + gRi(TQ)CAQ (3.43d)

where: Ri(T;) = kioe ™7 and G:i(13) = AHZR ;(T}), T; denote the temperature of

the reactor, Cy; denotes the concentration of ‘A’, (); denotes the rate of heat input to
the reactor, and V; denotes the reactor volume, for j = 1,2. In addition: H; denotes
the enthalpies, k; denotes exponential coefficients and F; denotes the activation energies
of the three reactions, for ¢ = 1,2,3; ¢, is the heat capacity and p is the density of
fluid in the reactor. The values of model parameters are listed in Table 3.1 [96].

The open-loop system has three steady-states. Two of them are locally asymptotically
stable but one is unstable. The unstable steady state occurs at (17,C%, Ty, C%)=
(457.9[K], 1.77[kmol /m3], 415.5[K], 1.75[kmol /m?]), for the plant with Q; = Qo = 0,
Cao = C%, Caos = Cfy3 and a recycle ratio of r = 0.5. The control objective is to
stabilize the system around the open-loop unstable steady-state operating point. This
avoids high temperatures, while simultaneously achieving reasonable conversion. The

manipulated variables of the system are the heat input rates ()7 and ()5, and the inlet
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Parameter

Cp
17
Ch
13
Cha

Value

4.998 [m?/h]

39.996 [m?/h]

30.0 [m?/h]

34.998 [m? /h]

1.0 [m?]

3.0 [m?]

8.314 [kJ/kmol K]
300 [K]

300 [K]

4.0 [kmol /m3]

2.0 [kmol /m3]

—5.0 x 10* [kJ/kmol]
—5.2 x 10* [kJ/kmol]
—5.4 x 10* [kJ/kmol]
3.0 x 106 [A1]

3.0 x 10° [h™1]
3.0 x 10° [A71]
5.0 x 10* [kJ/kmol]
7.53 x 10* [kJ/kmol]
7.53 x 10* [kJ/kmol]
1000.0 [kg/m?]

0.231 [kJ/kgK]
457.9 [K]

1.77 [kmol /m?]
415.5 [K]

1.75 [kmol /m?]

Table 3.1: The Two-CSTR process parameters
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Figure 3.2: Schematic of the Two CSTR Case Study

concentrations C'yg and Cyp3.

The ODE system (3.43a) can be decomposed into two subsystems by defining in-

teraction variables v; and vy

(containing CSTR II) as:

1
dt
Sub-system I:
dC a1
dt

ATy
Sub-system II: a

dC a2
dt

= £ (v21 = T2) + 5 (Tos — To) + Yo7y Gi(T2)Cag + 52

for sub-system I (containing CSTR I) and subsystem II

B(Ty—Th) + & (via — T) + 0, Gi(T1) Can + 52

PCp V1

5—?(0,40 Car) + (U1 2 —Car) + ZZ L Ri(T1)C

(3.44a)

PCp V2

= L (van — Caa) + 5(Caos — Caa) + Y1y Ri(T2)Claz

(3.44D)

where v; and vy replace informations of sub-systems Il and sub-system I, respectively.
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To obtain the discretized model, the fifth order Radau ITA method is used, which allows

the internal coefficients of the IRK method be expressed in a Butcher’s tableau [44]:

1 1 1
c a; ag
. . . (3.45a)
c aj a;
pt e b
or:
1—/6 88—76 296—169v/6 —24+3/6
10 360 1800 225
446 296+169v6 884716 —2-3v6
10 1800 360 225
1 16—/6 1646 1 <3~45b)
36 36 9
16—/6 1646 1
36 36 9

Note that, in this paper, the real-time solutions are obtained using ACADO toolkit [48].
The interaction error over a single prediction horizon, e(tx4|tx), can be formulated

as:

V11 (Bt |tr) — To(trst|tr)
V12 (teyt|tr) — Cao(teyi|tr)
e(tk+l|tk) = (346&)
Vo1 (trgalte) — T1(trralt)

_U2,2(tk+z|tk) —Ca (tk+z|tk)_

= e1(tpt|te) + ea(tupaltr) (3.46b)
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v (trgt|te) — Ty (trqt|te)
V12(t t —Cgo(t t
_ 12(thri|tr) N o(thyi|te) (3.460)
—T (trylte) Va1 (trsa|tr)
__CAl(tk+l|tk)_ I Vo2 (gt |tr) |

Ty (thva|tr)
0 0 00| 10| |Cultsultr)
0 0 00|01 Q1 (thtite)
10 00|00 |Cuwlteults)

0 -1 0 0 0 0 ’U1,1<tk+l‘tk)

V1,2 (Ekpa|tr)

T (tti|tr)

-1 0 0000 Cao(tiri|te)
0O -1 00|00 Do (trsi|t
X _QQ( wrilfn) (3.46d)
0 0 00|10 Cao3(trsi|te)
0 0 00|01 Va1 (tesi|te)

Voo (trti|ts)

According to (3.13), the overall interaction error (over the whole prediction horizon) can

be expressed, using (3.46), as:

E(ty) = Z Ei(tx) (3.47a)
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Ta(tx) Ty(tr)
Ca(tr) Caa(tr)
)1 (t )2 (t
Loy x | D] g, x| @ (3.47h)
Cao(tr) Caos(tx)
Via(te) Va1 (tk)
Via(tr) Vaa(te)
where, for example, Tt = [T(tps1|te)”, -+ T(tesn|ts)T]” denotes the stacked vector of

predicted temperature profile T in CSTR I, over the whole prediction horizon at sampling
time tg, i.e. T. Based on variable bounds and operating conditions of the system, the
open-loop model is scaled between 0.1 and 1 to simplify the procedure. The controller
parameters and the variable bounds of the these two sub-systems are listed in Table
3.2. Additionally, the CDNMPC algorithm is executed with n, = 1073; 3 = 0.5; penalty
parameter u = 1; Ag = 1072 the minimum trust region radius Ay, = 107*; maximum
iteration number k. = 20; termination tolerance € = 107'%; Buin = 0.1; Yeuccess = 1.1;

and ¥ qiture = 0.5.

NMPC 1 NMPC II
Initial Conditions:  z(0) = [462.9[K], 0.27[kmol/m?]] x5(0) = [410.5[K], 3.45[kmol /m?]|
Weighting Matrices: @ = 1001, Ry =1 Q2 =100, Ry =1
Upper bounds: Ibyy = [5[kJ/hr],8[kmol /m?])] lbyy = [5[kJ/hr], Akmol /m?])]
Lower Bounds: ubyy = [ = 5[kJ/hr],0kmol/m®]|  ubys = | — 5[kJ/hr],0[kmol /m?]]
Sampling Period 0.003[s] 0.003[s]

Table 3.2: The Two-CSTR process variable bounds and controller parameters

The continuous-time open-loop system is discretized between two consecutive sam-
pling times via the Radau ITA TRK method. The MATLAB interface to ACADO
toolkit [48] is used to perform the discretization with 100 number of integration steps.

The optimization problems for the centralized NMPC (3.7) and CDNMPC (3.17) are



3.3: Two-CSTR Process Case Study 113

implemented in MATLAB using YALMIP optimization interface [62]. IPOPT [6] is de-
ployed as the main optimization solver for our quadratic programming and nonlinear
programming sub-problems. The Intel(R) Math Kernel Library (MKL) is used for online
differentiation purposes. Simulations are performed on an intel core-i7 processor with 8
GB of memory under Microsoft Windows 7 operating system.

The adaptive horizon scheme for ensuring the stability of closed-loop systems defined
in this paper is tested for three values of ay,;, = 0.2, 0.4, and 0.7. The comparison
of the required number of predictions horizons (V) between the decentralized NMPC,
the centralized NMPC and the CDNMPC trajectories is depicted in Figure 3.3. This
comparison shows that, after a certain amount of simulation time, the three schemes
require roughly the same number of prediction horizons to ensure the stability; however
the decentralized NMPC schemes demands the highest number of prediction horizons,
specially during the first half of the simulation time. As expected from the CDNMPC
algorithm, this networked control system is acting similarly to an equivalent monolithic
centralized NMPC in terms of their stability criteria.

Based on the three sets of values for the parameter ay,;,, observe that a higher number
of prediction horizons is required as this parameter is increased. As discussed before,
there has to be a compromise between the expected performance of controllers and the
computational cost of using this adaptive scheme. Based on the simulation results,
amin = 0.4 is a good choice between the three suggested values because the settling time
of the closed-loop systems is satisfactory and, at the same time, the profile of required ‘N’
is smoother than ay,;, = 0.2 while not being as computationally expensive as ay,;, = 0.7.

The state and manipulated input trajectories of the three control scheme, for a,,;, =
0.4, are shown in Figures 3.4 and 3.5, respectively. In addition, the scaled overall objec-
tive functions of the three distributed control schemes Jp¢ defined in (3.16), Jo defined

in (3.7), and Jp defined in (3.15) are compared in Figure 3.6. The mean square error
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Figure 3.3: Comparison of number predictions horizons needed (N) between the Decen-
tralized NMPC, the Centralized NMPC and the CDNMPC trajectories
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Figure 3.3: [continued] Comparison of number predictions horizons needed (N) between
the Decentralized NMPC, the Centralized NMPC and the CDNMPC trajectories
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Figure 3.4: Comparison of state variables trajectories between the Decentralized NMPC,
the Centralized NMPC and the CDNMPC schemes
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Figure 3.5: Comparison of manipulated input variables trajectories between the Decen-
tralized NMPC, the Centralized NMPC and the CDNMPC schemes

between the objective function of the CDNMPC and the objective function of the cen-
tralized NMPC is at least four orders of magnitude smaller than that of the decentralized
NMPC. These show that the CDNMPC is capable of achieving performance equivalent
to a centralized NMPC. In the proposed approach, it improves the decentralized NMPC
scheme by reducing the number of required prediction horizons too ensure stability and
the overall performance of the system by converging to a trajectory equivalent to the

centralized NMPC trajectory for the plant.
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Figure 3.6: Comparison of the overall objective functions between the Decentralized
NMPC, the Centralized NMPC and the CDNMPC schemes

3.4 Conclusion

In this chapter, a price-driven coordination distributed NMPC scheme is proposed for
continuous-time nonlinear DAE systems. In such a scheme, the coordination level is de-
signed as an upper level optimization module and the local NMPC controllers construct
the lower level structure. The bi-level CDNMPC problem is relaxed into a series of
quadratic programming problems subject to a predefined trust-region radius. Sufficient
conditions for global convergence of the algorithm to a unique local solution are derived.
In addition, an adaptive prediction horizon selection algorithm is implemented at the
coordination level to ensure the finite-time closed-loop stability of entire plant w.r.t. the
infinite horizon optimality, when the overall interaction error is sufficiently small. Nev-
ertheless, the minimum required horizon length is a compromise between the associated
computational cost and achieving the performance of infinite horizon NMPC controllers

over the whole plant.



Chapter 4

A Bi-level Optimization Approach

To Price-driven Coordination of
Distributed Model Predictive
Control Systems

In this chapter, two algorithms are proposed to coordinate distributed model predictive
control (DMPC) systems. The main idea behind the coordinated distributed model pre-
dictive (CDMPC) is to improve the performance of an existing decentralized MPC system
with a minor modification applied to the network. The CDMPC problem can be inter-
preted as a bilevel optimization problem, which consists of modified local controllers and
a coordination level that ensures optimal centralized behavior of the plant. Modification
of the decentralized MPC controllers would be equivalent to relaxing local versions of the
overall interaction constraint using a price vector to penalize violations. The proposed
algorithms solve the CDMPC problem using the price-driven approach. The first algo-
rithm is an analytic approach that derives the solution to plant-wide problem in absence
of inequality constraints in local controllers. On the other hand, the second algorithm
is an iterative approach that determines a local optimal solution to the general CDMPC
problem via finding feasible directions for local variables and the price vector, in each iter-

ation. Unlike nested price-driven CDMPC approaches, the proposed CDMPC algorithms

118
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are globally convergent and are capable of stabilizing open-loop unstable dynamics. The

effectiveness of proposed algorithms is illustrated using two chemical process examples.

4.1 Introduction

Traditionally, centralized and decentralized control are the two primary frameworks for
the control of large-scale systems. While the decentralized control is easy to implement,
it may lead to degradation of plant-wide performance or even loss of closed-loop sta-
bility since in decentralized control the interactions between subsystems are in general
neglected. On the other hand, centralized control is expected to give the best perfor-
mance; however, it may become too complicated to implement as the size of the control
problem grows. These considerations motivate the significant efforts in the control of
large-scale systems. One important class of DMPC systems is called cooperative DMPC;
some of the important recent work in this category includes [84, 94|, and Lyapunov-based
sequential DMPC (e.g., [61, 60]). Another important type of DMPC, pertaining to the
present work, is coordinated DMPC (CDMPC), which strives to reach the optimal plan-
wide performance by adding a coordination level to a currently installed decentralized
network.

In a CDMPC scheme, distributed MPCs communicate with a coordinator to achieve
improved performance. This problem can be interpreted as a bi-level programming (BLP)
problem, which consists of modified local controllers and a coordinator to ensure opti-
mal centralized plant behavior is achieved. Different algorithms have been developed for
CDMPC including price-driven approach (e.g., [20, 21, 76, 57]), primal decomposition
approach (e.g., [35, 25]), prediction-driven approach (e.g., [66, 76]), chanced-constrained
coordination method [76], and pseudo-model coordination approach [76]. The main dif-

ferences between these coordination methods are the ways that the interactions between
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the subsystems are addressed [76].

Usually, CDMPC schemes are solved using nested approaches, in which MPC con-
trollers solve their local problems for a fixed value of price and communications between
the local controllers and the coordinator are repeated until an optimal price is determined,
which coincides with the solution to the centralized problem. However, nested approaches
may exhibit convergence problems [76]. In this work, the price-driven CDMPC problem
is solved with a BLP approach to overcome such convergence problems. The two levels
of this BLP problem consist of the local MPC controllers as the lower-level problem and
the coordinator as the upper-level problem. In this scope, the lower-level problems are
convex for fixed values of the price vector. Several solution algorithms for BLP problems
with lower-level convex formulation have been proposed in [9, 29, 27]. These solution
methods can be categorized as: enumeration (branch-and-bound), evolutionary-based,
penalty-based, and descent feasible direction methods.

In the branch-and-bound approach, the lower-level problem is replaced by the equiv-
alent Karush Kuhn-Tucker (KKT) system. This is the idea used in the approaches of
Edmunds and Bard [32], Al-Khayyal et al. [4] and more recently Thoai et al. [97]. Sim-
ilarly, in evolutionary methods, the bi-level problem is transformed into a single level
non-convex problem and then, several evolutionary heuristic methods such as genetic
algorithm [9] are applied to find a global optimum. The penalty method category also
attempts to compute stationary point and local optimal solutions to nonlinear BLP prob-
lems [1, 2, 92, 24].

Descent approaches, on the other hand, attempt to find local optima of the BLP
problems by defining an implicit relation between the lower-level variable(s) as a function
of upper-level variable(s). In this method, it is assumed that the there is a unique upper-
level variable for the optimal solution of the lower-level problem. The major issue is to

find a decreasing feasible direction, based on the gradient of the upper-level objective
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function. Several approximations of the gradient information are proposed by Kolstad
and Lasdon [54] and Savard and Gauvin [87]. In this category, Falk and Liu [34] presented
a bundle method where the decrease of the upper-level objective is adapted according to
sub-gradient information of the lower-level problem.

In this chapter, two different scenarios of CDMPC problem are considered. In the
first scenario, where all of the constraints are active at all times, an analytic method is
presented. Accordingly, a closed-form solution is derived for the price vector and local
variables which exactly leads to the corresponding optimal centralized solution. In the
second scenario, an iterative approach is suggested based on finding a descent feasible
direction to solve the general CDMPC problem with inequality constraints in the local
controllers. For both of the scenarios, it is assumed that an implicit relation exists
between the variables of local MPCs and variables belonging to the coordinator, namely
the price vector. In addition, global convergence and closed-loop stability of the proposed
schemes are proved. Performance of the proposed CDMPC algorithms is illustrated via

the applications to a forced-circulation evaporation process and a two-CSTR process.

4.2 Preliminaries

In this work, the entire plant is considered to be composed of m interconnected subsys-

tems with the following state-space representation:

z(t) = Wex(t) + Teult) (4.1)
where # = [z] -2l - 2l ]7 € R™ denotes the vector of state variables, and u =
[wl - -ul - ul]" € R™ is the vector of manipulated input variables. Then, ¥, and T,
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are state and input coefficient matrices, defined as:

\I]Cu \IJCL;‘ \qu Fcn Fclj Fclm
Ve = \chil \chn‘ qjcim ) Ie= Fcil Fcii Fcim (42)
_‘chml \I]Cmi \Iijm_ _chl e chi chm_

In this model, the subsystems are interconnected through states and manipulated input
variables, (i.e., the manipulated variable of one sub-system might affect other sub-systems
as an internal variable within the models). In addition, it is assumed that z; and u; belong

to a local set of convex constraints C; defined as follows:

CZ‘ £ {(.TZ, ul) € R™i x R™

9i(wi, u;) <0} (4.3)

for i =1,...,m and g; is the vector of convex functions that contains mixed constraints,
and bounds over local states and manipulated input variables of sub-systems. For the
purpose of control, the continuous-time system (4.1) is exactly discretized, with sampling

time 7', to form the following discrete-time model:

z(k+1) = VYx(k) + Tu(k) (4.4a)
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where:
Wy Wy e W [Ty - Ty - Tim|
V= \|v, --- U; --- U, |, I'=|0Ty -+ Ty - Tun, (4.4b)
(Tt o Ui o Wi Tot o T oo Do

In the rest of this section, two common optimal control strategies to design a monolithic

controller based on the discretized model (4.4a) are compared.

4.2.1 Optimal Control via Linear Quadratic Regulator

In practice, linear quadratic regulator (LQR) is used to obtain the optimal control tra-
jectory of linear state-space systems when only active inequality constraint are present,
e.g. the optimal control problem is only subject to the state-space constraints. Consider
the discrete-time system (4.4a), the LQR cost function can be defined as:
e 1 )
Jrar =5 > (x(k)TQLQRJU(k) + u(k)TRLQRU(’f)> + §$(NLQR)TPLQR$(NLQR)
k=0

(4.5)

where: Npgr denotes the final time; Qror is a positive-semi-definite weighting matrix
for the states; Prgg is a positive-semi-definite weighting matrix for the final states; and

Rror is a positive-definite weighting matrix for the manipulated input variables.
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Note that, this optimal control problem is convex !, and the closed-form solution can
be derived analytically. With the state-space equation (4.4a) and the cost function (4.5),

the Hamiltonian can be defined as:

1
Haqn(w(k), u(k), A(k+1)) = 5 (k) Quana(k)+u(k)” Rugnu(k) ) +A(k+1)" (Wa(k)+Tu(k))
(4.7)
where: X is the vector of Lagrange multipliers. The stationary solution of the LQR

problem gives:

(9HLQR($(I€), U(k’), )\(k + 1))
0

"G = Rporu(k) + TTAk+1) =0 (4.8)

Based on (4.8), the control action is given by:
u(k) = —Rpopl Ak + 1) (4.9)
Therefore, the closed-loop system can be derived as:
2(k+1) = Wa(k) — TR, ITA(k + 1) (4.10)

In addition, the co-state relation [45] gives the current value of A\(k) as a function of

LA convex optimization problem is of the form [12]:

mgﬂin folx) (4.6a)
s.t. fi(z) <0 (4.6b)
ax; =b; (4.6¢)

where: fi_o.... m} are convex functions, i.e. for Vi, 2o € dom(f;),V0 € (0,1) : 0f;(x1) +(1-0) fi(22) >
fl(ﬂml -+ (1 — 0)%2)
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Ak +1):

(k) = Qrorr(k) + T\ (k + 1) (4.11)

_ 0Higr(x(k), u(k), A(k +1))
Ox (k)

In this formulation, it is assumed that there exists a vector Prgr such that A(k) =

Pror(k)z(k). This can be used to rewrite equations (4.10) and (4.11) as:

w(k+1) = Wa(k) — TRy, Pror(k + 1a(k +1) (4.12a)

PLQR(]{Z)IU{?) = QLQRJI(]C) + \I/TPLQR(]C + 1)1’(/{3 + 1) (412b)

Solving (4.12a) for z(k + 1), and replacing xz(k + 1) in (4.12b), the following is obtained

for PLQRi

Pron(k)a(k) = Qronz(k) + W7 Prgn(k +1)( + TRibT" Pror(k + 1)) (k)

(4.13)

If relation (4.13) holds for all values of x(k), the discrete-time Ricatti equation relates

two consecutive values of Pror as:
T -1 T -t
Pror(k) = Qror + U7 Prog(k + 1) (I + TRz, oI Pron(k + 1)) U (4.14)
or in a more compact form as:

Pror(k) = Qror + V' Pror(k + 1)U—

U Pror(k + D) [Rrgr + T Pror(k + D) T Pror(k 4+ 1)T  (4.15)

Then, the quadratic Ricatti equation (4.15) is solved for Prgg, backwards in time from
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sampling time Nygg [45]. In addition, the boundary conditions of the LQR problem at

final time Npgpr are:

MNrgr) = Prorz(Nigr) (4.16a)

Pror(Nror) = Pror (4.16Db)

Control action can be written as:

u(k) = — Ryopl" Pror(k+ 1)x(k +1)

— — Rpb " Pron(k +1) (w(k) + Fu(k:)) (4.17)
Solving for u(k), the control action can be written in a state feedback format:

-1
u(k) = — (1 + Ryl Pron(k + 1)r) RibRTT Pugr(k + 1)Wa(k)
-1
S (RLQR + T Por(k + 1)F) 7 Prog(k + 1)Wa(k)

where Kgr(k) is the LQR gain at time k.
In order to show the discrete-time LQR is stable, consider the cadidate Lyapunov

function Vigr(z) = (k)T P(k)z(k) > 0. Then, the difference form is given by:
AVigr(z) = z(k +1)"P(k + Da(k + 1) — 2(k)" P(k)z(k) (4.19a)

Substituting the relation obtained for Kpgr(k) from (4.18) into the Ricatti equation
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(4.15), the following holds true [28]:

P(k) = VT'P(k+ 1)V — V" P(k+ 1)I'Kror(k) + Qror (4.19b)

P(k) = [V —TKpor)"P(k+1)[¥ —TKpgr] + KEQRRLQRKLQR +Qror  (4.19¢)

Furthermore, substituting z(k + 1) = Va(k) — 'Ky gr(k)z(k) and (4.19b) into (4.19a)

gives [28]:

AVigr(x) = —z(k)" [Kror(k)" RrorKror(k) + Qrorlz(k) (4.19d)

Since Rpqr is positive definite and Qrgr is positive semi-definite AVygr(z) < 0; thus,
Vigr(z) is the Lyapunov function of the LQR problem and the closed-loop system is

stable.

4.2.2 Optimal Control via Model Predictive Control

Unlike the LQR methodology, MPC can be used to obtain the optimal control trajectory
of linear state-space systems subject to active and inactive inequality constraint. The

finite-time centralized MPC formulation, at time instant ¢, can be defined as:

win Jo =3 (X(K) = X QUX(K) — Xou) + UK RU(K)) (4.208)
st. 2(k+ 1+ 1|k) = Uik + 1|k) + Ta(k + 1|k), (4.20D)
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for { =0,---,N — 1 with N being the prediction horizon 2, and % and @ are states and
manipulated input variables inside the controller, respectively. Additionally: X (k) =
[Z(k + 1|k)T, -+ 2(k + NJk)T]" is the vector of the predicted state trajectory; U(k) =
[a(k|k)T, -+ a(k + N — 1]k)T]T is the vector of the calculated manipulated variable
moves; () is a positive-definite block-diagonal weighting matrix for the states (i.e., @ =
diag{Q;;}); and R is a positive-definite block-diagonal weighting matrix for the ma-
nipulated variables of the overall system (i.e., R = diag{R;;}). The states of the m
subsystems, z; (i = 1,...,m), are assumed to be sampled synchronously at time instants
t, = kAt (with k = 0,1,...). Note that in the remainder of this chapter, k is used to
denote t; in the discrete-time model. Then, in the current sampled-data system, control
actions are calculated using the discrete-time model (4.4a) and these actions are applied
to the continuous plant (4.1).

Throughout this chapter, MPC is used to provide a unified approach to obtain the
optimal trajectory benchmark for the CDMPC scheme. This method uses conventional
optimization approaches, such as interior-point method, to solve large-scale optimal con-
trol problems; so that, it does not require to solve a Ricatti equation backward in time.
In addition, this approach is capable of solving optimal control problems subject to ac-
tive/inactive inequality constraints efficiently. In this work, closed-loop stability of the
MPC scheme is ensured via an adaptive horizon scheme, described in Section 4.5. This
can also be extended to the CDMPC problem without reformulation of the plant-wide
problem, i.e. it does not require addition of terminal costs or terminal constraints to the

original MPC problem (4.20).

2In this chapter, for the sake of simplicity, it is assumed the control horizon and the prediction horizon
of the system are the same. Although it might lead to a higher computation load, longer control horizons
can improve the performance and compensate for package dropouts in networked control systems [80]
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4.2.3 Distributed MPC Formulation

Local MPCs are formulated based on local discretized model of the plant and the calcu-
lated control actions are applied to the continuous subsystems. Specifically, for subsystem
1,1 =1,...,m, the prediction model used in the formulation of the subsystem MPC at

time instant k takes the following form:

Ti(k+ 1+ 1|k) = Uyzi(k + Uk) + Tyt (k+ 1| k) + Z(l — B)V2,(k|k) + 0;(k + U|k)

J#i
(4.21a)
Ti(k|k) = z;(k) (4.21Db)
with:
0 (=0
p= (4.21c)
1 7I=1---,N—-1
for{ =0,---, N—1. In addition, ¥;; and I';; are matrices corresponding to sub-system i,

and v; is defined as the interacting or linking variable that contains unknown interaction
information between different subsystems. Note that v; characterizes the interaction of

subsystem ¢ with other subsystems. To proceed, define e; as follows:

ei(k +1|k) £ 0y(k + 1|k) = > (B, (k + 1[k) + Tyt (k + 1K) (4.22)

J#
The vector e;(k +[|k) denotes the difference between the interaction of subsystem i with
the other subsystems as captured by the plant-wide model and the interaction charac-

terized by v;. A specific objective of the coordinator is to find a price for subsystem ¢

such that the interaction term 0; determined by the price renders e;(k + [|k) = 0. This
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will ensure that the CDMPC approaches the performance of the corresponding central-

ized MPC. The overall interaction error over the prediction horizon can be described as

follows:
B (k[k)
E(k|k) £ : (4.23a)
En(K|k)
where:
Gk
e;(k+ 1|k)
E;(k|k) = ' (4.23b)
_ei(k + N — 1|k:)_

Based on (4.22), E(k|k) can be written as a separable additive form:

[
B(k[k) = O:(k) | U(k) (4.24)
T v

where: X;(k) = [2;(k + 1|k)T, -+ 2;(k + N|k)T]T is the vector of the predicted state
trajectory; U;(k) = [w;(k|k)T, - 4;(k + N — 1|k)T]T is the vector of the calculated
manipulated variable moves; and V;(k) = [0;(k|k)T, -+, 0;(k + N — 1]k)*]" is the vector
of predicted linking variables for subsystem i. In (4.24), ©,;(k) is the coefficient matrix
for the linking constraints that is defined as:

O:(k) = (6], ---, OF 0T (4.25a)

4,19 ) m,i
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where:

[ONna, % Nnw, s ONny, x Ny, » — 1| for j =i
0,; = (4.25b)

[Q‘I’j,w erj,w Oanijan for j #1
with 0 denoting zero matrices of appropriate dimensions, I being an identity matrix of

size Nng, x Nng,, as well as 0y, and 0r,, being Nn,, x Nn,, and Nn,, X Nn,, matrices,

respectively:
0O 0 --- 0
T, 0 - 0
Ou,, = | ° : (4.25¢)
0 . . .
0O 0 v; 0
'y 0 -+ 0
0 Ty -
Or,, = ! (4.25d)
0o -~ 0 Iy

Matrix ©; can be written in terms of an augmented matrix of coefficients for X;, U;, and

Vi as follows:

9‘1’1,1' QFM 0
@i = ONnxi XNng, ONnxi X N1y, _]Nnh X Nng, (426&)

or:

0; = [Ox,,0u,, Oy (4.26b)
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Therefore, the centralized MPC problem (4.20) can be reformulated as the following

overall plant-wide MPC formulation:

)I{n(}l‘l/ Jp = Zl Jp, (4.27a)
st Ti(k+ 1+ 1|k) =V (k + U|k) + Ttk + k) + Z(l — Bz, (k|k) + 0;,(k + 1|k)
J#
(4.27Db)
9i(Zi(k + U[k), 4;(k +1]k)) <0 (4.27¢)
Xi(k)
> O |Ui(k)| =0 (4.27d)
i=1
Vi(k)
where:
= M) = X0 (X () — X, ()T RU,
JP,‘ - 92 (Xz<k) Xz,set) Qm(Xz(k) X@,set) + Uz(k) RmUz(k) (4278)

for / =0,..., N —1. Optimization problem (4.27) provides the basics for the formulation
of the subsystem MPCs and the coordinator. Note that the cost function and constraints

are separable with respect to the subsystems.

Remark 27 The decentralized scheme in general ignores the interactions between sub-

systems, and the overall decentralized MPC' problem is defined as:

)I(I,II},IXI/ JDC’ = 2_1: JDCi (4.28&)

ik + 1K), a(k + 1|k)) <0 (4.28¢)
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where:

JIpc, = %((Xz(k) — X set) T Qii(Xi(k) — Xiser) + Ui<k)TRiiUi(k5)> (4.28d)

forl =0,....,N — 1, with Jpc being the overall objective function of the decentralized
MPC problem.

4.3 Coordination Algorithm I: Equality Constraints

In this section, an analytic CDMPC algorithm is presented for linear systems. A schematic
of the proposed CDMPC is shown in Fig. 4.1. In the proposed formulation, a local MPC
is formulated for each subsystem and a coordinator coordinates the actions of the sub-
system MPCs. The coordinator calculates the optimal price vector analytically for the
subsystem MPCs to coordinate their actions for improved performance. Each subsystem
MPC calculates control inputs minimizing a local cost function based on subsystem state

measurements and the price received from the coordinator.

CDMPC Coordinator

h h [

pl |4 pP| |4 P Zp

MPC 1 MPC 2 MPC m

A A 4

A A 4 A 4

Subsystem / *’ Subsystem i *’ Subsystem m

Figure 4.1: Architecture and information flow of the proposed CDMPC.

The idea is to relax constraint (4.27d), which characterizes the interactions, via a

price vector so that it is also separable in terms of subsystems. Specifically, the equivalent
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overall problem is formulated as follows:

st. & (k+ 14+ 1|k) =V;2:(k + k) + Ty (k + k) + Z(l — B2, (k|k) 4+ 0;(k + 1| k)
J#
(4.29b)
where:
Xi(k)
1
Ip, =5 ((Xilk) = X Qus(Xi(k) = Xie) + Uslh) RisUs(k) ) + "1 | U (k

4.29¢)

for { = 0,...,N — 1. In the separable optimization problem (4.29), p is a price vec-
tor calculated by the coordinator to provide the plant-wide solution for the distributed
system. In (4.29), the price vector p can be considered to be the Lagrange multiplier
associated with interaction equality constraints. In order to find a plant-wide solution to

the distributed system, the bilevel optimization problem (4.30) is defined as:
min — Jp(p, Z*) (4.30a)
p
7* = argmin{Jp = Z Jp.} (4.30b)

i=1
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where:

X;(k)

Zi=|Ui(k) | » (4.30d)
Vi(k)

A; = [Ax,, Ay, Ay, (4.30e)
-In% 0 - 0

Ay, = “Vi e 9 , (4.30f)
[0 0 —Uy I,

I'i 0O 0
Ay, = , (4.30g)
0 0 Iy
Ay, = Inn,, xNn,, (4.30h)
Zj;ﬁi(l - ﬁ)\IJ”j*](k)
0
bi = (4.301)
0

In the bi-level optimization problem (4.30), the lower-level problem represents the
distributed network of MPC controllers and the upper-level unconstrained optimization

problem is handled by the coordinator. The Lagrange function of the lower-level problem
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can be written as follows:

T
1 |X @ 0 X
L :E - [XQQaO] +pT[®X7@U]
U 0 R| |U U U
X
+ pT@vV + VT[A)(, AU} + l/TAvv — I/Tb (431)
U

The KKT conditions of the lower problem can be written as:

p

QX —QX, +0%kp+ ALy =0
RU +©}p+ Alv =0
(4.32)
—-p+v =0
\
which includes the following relations for v and V:
v=rp (4.33a)
V=0b—(AxX + AyU) (4.33Db)
Then, the Lagrange function of the lower-level problem can be stated as:
L(Z2)=L(Z)=Lz+Dp"L, (4.34a)
where:
1
Ly =§ZTTZ — [X2Q,01Z (4.34b)

[,p :[@X+Ax,@U+AU]Z—b (434C)
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Q@ 0
T = (4.34d)
0 R
X
Z = (4.34e)
U
The KKT conditions of the lower problem can be written as:
dLy rdl,
= — — = 4.
V2£ a7 +p a7 0 ( 35&)
[Ax, AulZ+V —b=0 (4.35Db)

Then, the bi-level problem (4.30) can be written as a single layer optimization problem

as:

miZn — Jp(p, Z) (4.36a)
p?
Vil =L T =0 (4.36D)
[Ax, AulZ+V —b=0 (4.36¢)

Solving for Z and V', the closed-loop solution of the lower problem w.r.t. the current

value of the price vector, provided by the coordinator is:

QX
Z*(k; p) :T‘1< . —[®X+Ax,9U+AU]TP>
0
X, —Q(Ox + Ax)"
B B B A G X)T P (4.37a)
0 —Rfl(@U%-AU)

V*(k;p) =b — [Ax, Au|Z* (k; p) (4.37b)



4.3: Coordination Algorithm I: Equality Constraints 138

The following theorem, expresses the nature of the closed form solution (4.37a) as a

predictor-corrector term.

Theorem 28 The closed-loop solution Z*(p) can be written in predictor-corrector form

around the non-coordinated trajectory, namely “p=07:
. dz
Z (k7p> :Zpredictor + Zcorrectorp — Z(k7 O) + dpﬁ’p:op (438)

Proof. The non-coordinated trajectory is derived directly from KKT conditions (4.35)

by taking “p =0":

= —-— 4.
V2L(0) 1 0 (4.39a)
Then it can be shown that:
TZ(k;0) — [XLQ,0]" =0 (4.39D)
which implies:
QX
Z(0) :T*l( v ) (4.39¢)
0
Xop
_ (4.39d)
0

In order to find (ZTZTv VzpL is calculated:
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d (dL, dL]
Vapk _d_p<d_Z Yz )
:g< d*Ly 4T d°L, ) AL,
dp \dZ"dZ dzrdz azT
—0 (4.400)

Thus, Cj% can be written as:

dZ\T  dL, [ &Ly g dL, \ !
dZNT 4.4
(de> dZT<dZTdZ b dZTdZ> (4.40b)

and:

A —Q ' (6x + 4x)"

j_T|p0 __|@Tex X)T (4.40¢)

P —RY(6y + Ap)
[ |

Parametrizing Z* as a function of the price vector p and V* as a function of Z*,
using (4.37a) and (4.37b), the single layer optimization (4.36) can be converted into an

unconstrained optimization problem with respect to the price vector as:
min — Jp(p, Z*(k; p)) (4.41)
p

Similar to (4.38), the Lagrangian of the overall problem can be stated as a quadratic

function of the price vector around the non-coordinated trajectory.

Theorem 29 The Lagrange function of the single layer problem (4.41) can be written
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as a quadratic function of “p” around the non-coordinated trajectory, namely “p = 07:
_ . _ 1 _ _ _
L(p, 7" (k;p)) = L(p) =50" V5, L) lp=0p + VpL(p)lp=op + £(0) (4.42)

Proof. According to (4.41), the Lagrangian of the unconstrained problem is derived as:

L(p, Z*(k;p)) = —JIp(p, Z* (k;p)) (4.43a)

Based on the convex nature of the lower-level problem, the equality constraint (4.36c¢)
is always satisfied, i.e. [Ax, Ay]Z* +V* — b = 0. Therefore, penalizing this constraint

using v at Z*(p) and adding it to the right-hand-side (RHS) of (4.43a) would result in:
L(p, Z*(k;p)) = — Jp(p, Z*(k;p)) — v" ([Ax, Av)Z* + V* = b) (4.43b)
or at Z*(p):

L(p, Z*(k;p)) = —L(p, Z"(k; p)) (4.43c)

Substituting (4.37a) into L(p, Z*(k;p)) yields:
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_ Xsp
£ == S (T (= oo+ |27 )) (0 (= w00+
0
X,
+ [Xsan O]Til( - [9X7 HU]Tp + Q ) +pr
0
X,
—p"[0x, 0] Y (= [0x, 0] p + “ )
0

2 0
where:
Ox =Ox + Ax
0y =0y + Ay
but:
dL, dZ”

vz,p‘c_(p) |p:0 |p:0 — [QXa QU]T_l [QX, QU]

~dZ" dp
VL (p)lp=0 = L£,(0) = —[X,Q, 01T 0x, 6] +b"

QXsp

L£(0) = L(0) = %[X;’,Q,O]T—l ;

141

(4.44a)

(4.44D)

(4.44c)

(4.44d)

(4.44¢€)

(4.44f)

(4.44g)
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As a result of (4.41) and (4.43c), the corresponding KKT condition would be:

dL(Z*,p) dL(Z*,p)

_ 445
m 0 (4.45a)
dLy(Z) 1ALy (2" (k;p))\ dZ” T
=— — zZ" 4.4
( az T TP T g ) PR A (4.45b)
but:
dLz(Z7) | 1dLy(Z°(p) _
2 e g (4.45¢)
which according to (4.35), this is equivalent to:
dL(Z7, .
% — — L7(Z*(k;p) =0 (4.45d)

To solve the CDMPC problem using conventional methods [66], (4.45d) together with
(4.36¢) are calculated numerically. Given sensitivity information of the local controllers
(4.40b), the coordinator uses an iterative gradient-based procedure such as Newton’s
method to update the price vector. Thus in order to converge to the optimal plant-wide
solution, the coordinator and local controllers communicate, in coordination cycles, until
the interaction constraint (4.27d) is satisfied [20, 21, 66, 76, 57].

In the proposed approach, the KK T condition (4.45d) is solved analytically to obtain
the optimal price vector, based on the parametrized values of Z* and V*, explained in
(4.37a)-(4.37b). Using (4.34c) and (4.37a), the price vector can be derived as the solution
to (4.45d):

[(9)(, QU]Tp —b=0 (446&)
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From (4.46a), it can be found that:
-1
p :<[0X, 0T 1[0, eU]T) <(0X)Xsp - b) (4.46b)

The next two lemmas are required to prove (4.46b) is not singular.

Lemma 30 [/7] A real symmetric matriz M is positive definite if and only if a real

non-singular matrix 'Y exists such that:

M=YyY" (4.47)

Lemma 31 [/7] Summation preserves the positive definiteness property of matrices.

Next, a theorem is provided to show why (4.46b) always exists.
Theorem 32 The analytic solution to the price vector (4.46b) is not singular.

Proof. Expand the quadratic coefficient in equation (4.46b) as:
[(9)(, QU]Til[ex, HU]T = 6)(@71(9}; -+ OUR”GE (448&)

Since the weighing matrices Q and R are positive definite, their inverse matrices Q! and
R~ are also positive definite. According to Lemma 30, Q7! and R~! can be written in

terms of non-singular matrices Yy and Yy as follows:

QT =YoY, (4.48b)

R =YRrYE (4.48¢)



4.3: Coordination Algorithm I: Equality Constraints 144

Hence, the RHS of (4.48a) can be written as:

OxQ 0% + 0y R™0) = OxYoY, 0% + 0uYrY s 6f; (4.484)

= (0xY)(0xYo)" + (OuYr)(OuYr)" (4.48¢)

Since fx and 6y are also non-singular matrices [57], (0xYg)(0xYo)" and (0yYr)(0yYr)"
are positive definite matrices. Therefore, according to Lemma 31, left-hand-side (LHS)
of (4.48a) is positive definite, and (4.46b) is not singular. m

Finally, the closed-loop solution to the CDMPC problem can be derived as a result
of (4.37a), (4.37b) and (4.46b):

sp Q! 6X AX g -1
Z*(k;p) = Rl 7€ (Ox )T ([GX,GU]T‘l[HX,GU]T) ((ex)xsp—b)
0 —Rfl(@U—f-AU)

(4.49a)
and

Xsp n _Q71 (GX + AX)T

0 _R_1(6U+AU)T X ([QX,QU}TI[QX,QU]T)_l((gX)XSp—b)>

(4.49D)

V¥ (k;p) =b— [AX7AU]<

The analytic CDMPC method is summarized in Algorithm 14:
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Algorithm 14: The analytic CDMPC algorithm
Initialization: Number of sub-systems m, initial state x(k), positive definite

matrix ), positive definite matrix R, initial prediction horizon N;

Local MPCs: Given z(k) and N, formulate local KKT conditions from (4.30);
Local MPCs: Calculate 6x, and 0y,;

Local MPCs: Send 0x,, 0y,, T;, X, b; to Coordinator;

Coordinator: Calculate the optimal price vector from (4.46b);

Coordinator: Send the optimal price vector and N to the local controllers;
Local MPCs: Calculate Z; (k) and V;*(k) using (4.37);

Local MPCs: Apply the RHC action to the plant;

Output: Z*, V* and p;

4.4 Coordination Algorithm II: Inequality Constraints

In this section, a feasible descent direction approach is presented to coordinate distributed
MPCs subject to equality and convex set of inequality. In the proposed formulation,
subsystem MPCs and the coordinator communicate and exchange information iteratively
every sampling time to find the optimal price and state trajectories. Fach subsystem
MPC calculates control inputs minimizing a local cost function based on subsystem state
measurements and the price received from the coordinator.

Feasible direction methods improve the solution at each iteration, such that if the
initial stage is feasible all subsequent iterations do not leave the feasibility region. This
can lead to an acceptable solution in early steps of the optimization [56]. Such methods
often require first-order derivate information of the optimization problem, which defines
the main content of communication between the coordinator and local controllers. The
theory behind feasible direction methods was originally developed by Zoutendijk in 1960,

then several variations were proposed (i.e., [99, 10, 55, 56]) to improve the algorithm and
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assure convergence.

Descent like feasible direction methods were applied to bi-level problems and some
important examples are [87] and [70]. In this work, a modified version of [87] is im-
plemented for the general case of CDMPC problem. This hybrid solution algorithm is
initiated with a relaxed version of KKT conditions of the lower-level problem and sub-
sequently solves a single level optimization. Once the initial active set of constraints is
identified, a feasible direction for the price vector is iteratively calculated through coordi-
nation cycles between local MPCs and the coordinator. Once the optimal price is found,
it is sent to local MPCs and a plant-wide optimal receding horizon action is applied to

sub-systems.

4.4.1 Algorithm Description

In this section, the network of MPC controllers subject to local inequality constraints
gi, defined in (4.3), is analyzed. The overall formulation of problem takes the following
form:

min, Jp = z; JIp, (4.50a)

XU

st di(k + 1+ Lk) =Wy (k + 1k) + Dyt (k + 1) + > (1= B) W5, (k|k) + 6:(k + 1|k)
J#i
(4.50D)

gi(2i(k + k), 0;(k +1|k)) <0 (4.50c)
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where:
Xi(k)
T, =5 ((K0F) = Koo Qu(Xu(h) — Xoar) + TR RUL(R)) + 570 | U3(h)
Vi(k)
(4.50d)

for l =0,...,N — 1. In order to find a plant-wide solution to the distributed system

(4.50), the following bi-level optimization problem is defined:

min F(p, Z*) (4.51a)
P
Z* = argmin f(p, Z) (4.51Db)
s.t. H@j(]?, Zz) = 0, ] S jHi (451C)
where:

Xi(k)
Zi = | Ui(k) | » (4.51e)

Vi(k)
F(p,Z*) = — Jp(p, Z%), (4.51f)

i=1

Hij(p, Zi) = AiZi — by, (4.51h)

A; = [AXN AUi? AVi]? (4511)
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Gi,j (p7

i

Ay, =

3

Ay =

3

7))

L, 0 - 0 ]
Ui I, 0
. ;
0 0 =V I, |
Ty 0 - 0 ]
0 —Iy
. )
0 0 —I%]

gi(Zi(k + N — 1]k), 4;(k + N — 1]k))
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(4.51j)

(4.51K)

(4.511)

(4.51m)

(4.51n)

and Jy,, Jg, are finite set of indexes corresponding to equality and inequality constraints

in subsystem ‘i’. In the BLP problem (4.51), the constrained lower-level optimization

problem represents the distributed network of MPC controllers and the upper-level un-

constrained optimization problem is handled by the coordinator.

Denote S;(p) = {(Z;) € R i | [, (p, Z;) =0, Gii(p, 7)) <0,5 € T, U Jg, } set

of feasible solutions, and Jg, ... (p) = {j € Ja,

Gij(p, Z;) = 0} set of indexes of active

constraints of subsystem ‘i’, corresponding to the current value of the price vector.

Assumption 33 The BLP problem (4.51) is well-posed, i.e. for any fized value of the
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price vector ‘p’, the lower-level problem is convex 3 and there exists a unique optimal

solution ‘Z*(p) .

Assumption 34 To guarantee that there is at least one solution to the BLP problem
(4.51), it is assumed that the feasible solution set of the lower-level problem based on the

price vector (S;(p)) is nonempty and uniformly compact.

Assumption 35 For every local optimum of the lower-level problem in (4.51), there

exists an unique optimal price vector associated with the distributed MPC network.

For any fixed value of ‘p’, the Lagrange function of the lower-level problem can be stated

as:
L(p, Z,v,\) = zm:ﬁi(]% Zi vis \i) (4.52a)
i=1
where:
Lilp, Zi,vio \o) = filp, Z) + Y vigHig(0, Z)+ Y NiGij(p, Z:) (4.52b)
j€Tu, jeds,

i,act

and v, A are the Lagrange multiplier associated with equality and inequality constraints,
respectively. Additionally, consider the following set of assumptions on the lower-level

problem for a fixed value of p to make sure that regularity of constraints holds at Z; €

(Si(p)):

Assumption 36 The vectors V7 H; ;(p, Z}) and Vz,Gi;(p, Z}), for j € Tu, U Tc, purs

are linearly independent.

3For a fixed value of the price vector, the lower-level problem is convex i.e. f(p, Z;) and G; ;(p, Z;)
are convex functions and H; ;(p, Z;) is affine [12].
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Assumption 37 The strict complementarity slackness (SCS) property holds at Z; €

Assumption 38 Second order sufficient condition (SOSC) [11] holds at Z} € (Si(p)) °.

Lemma 39 Assumptions 36 and 37 together with Assumption 38 ensure that Z; is a

Lipschitz function of the price vector [9].

The KKT conditions of the lower-level problem, for a fixed value of ‘p’; can be written

as:
_ — T = T

Vgifi(p, Zz) + (VZZHz(p, Z@)) v; + (inGi,act(p7 Zl)) )\i,act = 07 (454&)
Hi,jGJHi (p7 ZZ) = 07 (454b)
Gi,jGJGi (p7 Zz) S 07 (454C>
)\z’,jejgi Gz’,jeJGi (p, Zi) = 0, (4.54d)
/\iJEJGi Z O (4546)

where:
Gi,act(pa Zz) = |:Gi7j (p, Zz>:| ’ /\i,act = |:)\i,j:| (454f)

jGJquact jeJGi,act

Based on Assumptions 33, 34, 35, 36, and 37, the corresponding Lagrange multipliers v;

and \; are bounded and can be uniquely determined.

4SCS requires that for all \; > 0: G;(p, Z})=0. B
5SOSC holds if for all non-zero feasible directions d that w;‘FVQZLi (p, Zi)w; > 0, it results:

{w? VzGii(p. Z7) =0, forjeJa,., (4.53)

w!'Vz Hij(p, Z;) =0
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In order to determine the initial set of active constraints Jg, ., (p) for the BLP problem

(4.51), consider the following optimization:

min F(p, Z) (4.55a)

| ARZRY

s.t. Vg, fi(p. Z;) + (V2 Hi(p, Zi))TVi + (V2,Giact(p, Zi))TAi,act = 0, (4.55b)

Hijegy (0. Z;) = 0, (4.55¢)
Gijege, (0, Zi) < 0, (4.55d)
Nijegs, Gijeds, (0 Zi) = 0, (4.55¢)
Nijege, = 0 (4.55f)

where the lower-level problem is replaced by the corresponding KKT conditions, de-
fined in (4.54). The resulting problem can also be regarded as a mathematical program
with equilibrium constraints (MPEC). Note that, this reformulation of (4.51) is neither
differentiable nor regular [18]. Instead, a perturbed problem, for a given vector 7, is
considered, in which the corresponding complementarity constraints were refined along

a central path:

min F(p, Z) (4.56a)

D Zi5ViyAi
- Y

s.t. Vg, fi(p. Z;) + (V2 Hi(p, Zi))TVi + (V2,Giact(D, Zi)) Niget = 0, (4.56D)

Hijeqn (0, 2) = 0, (4.56¢)
Gijege, (. Zi) < 0, (4.56d)
Nijede, Gijegs, (0. Zi) = 07, (4.56¢)
Njes, = 0 (4.56f)

Thus, the central path starts from 1 > 0 and approaches to zero to find an approxi-
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mate solution to (4.51). In this work, the nonlinear program (4.56) with complementary

constraints is smoothed using a CHKS smoothing function [33] ¢ II defined as:
II(a,b,n) =a+b—+/(a—0b)?+ 4n? (4.58)

Remark 40 For a given value of n > 0, H<_Gi,j€‘]ci (p, Zs), Ai’jejci,ni) =0, is equivalent

to the following condition:

Nijede,Gijege, 0, Zi) = 0} (4.59)

provided —G je g, (p, Z;) >0, and Aijjeds, = 0 hold.

Then, reformulate (4.56) via the smoothing function (4.59) to form the following opti-

mization problem:

min F(p, Z) (4.60a)
D, Zi5ViAi

s.t. VZZ.ﬁ;(p, ZZ) + (VZ

= =T

H;(p, Zi))TVH- (V2.Giact(p, Z3)) Niger = 0, (4.60b)

7

Hijeqy (0, Zi) = 0, (4.60¢)
Gijege, (0, Zi) < 0, (4.60d)
(=G jess, (P, Zi), Aijeds,sn) =0, (4.60e)
Aijega, = 0 (4.60f)

This problem can be solved using efficient NLP methods such as interior-point method [6].

6A perturbed version of Fischer-Burmeister function [37] can also be used for this application, which
is defined as :

II(a,b,n) =a+b—/a?>+b>+2n (4.57)
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The initial set of active constraints Jg, . ,(p) for the original BLP problem (4.51), at
sampling time ‘k’, is determined via solving NLP problem (4.60) for a decreasing sequence

of values for n until it reaches certain tolerance.

Remark 41 Consider the scenario where the inequality constraints Gi(p, Z;) < 0 are

affine functions of local optimization variables Z;, defined as follows:
Gi(p, Z;) = A" Z; — b1 < 0 (4.61a)
where:
AT = [ARAG AT (4.61b)

Then, the NLP problem (4.60) can be simplified into:

min  — Jp(p, Z) (4.62a)
[ NARZION
Qii ngetQii
s.t. Ri |Zi—| o |+67p+ATu+ A" N = 0, (4.62D)
0 0
AiZi = b= 0, (4.62¢)
AT Z = B <0, (4.62d)
I(=ATE5, (9. Zi)s Nije g, 1) = 0, (4.62¢)
Aijeda, = 0 (4.62f)

This stage of the CDMPC algorithm, which identifies an initial guess for Jg, ., in the

i,act

lower-level problem of the BLP (4.51), is listed in Algorithm 15:
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Algorithm 15: Initial guess for Jg, ., of the BLP problem (4.51)

Input: 0 < 9w <n°<1,1=0, 8 €(0,1), Z(k), p’ = 0;
while (' > np,) do
Coordinator - Local MPCs: Solve the NLP problem (4.60), i.e. using the
interior-point method [6];
n'tt = B
=141,

Coordinator - Local MPCs: update Z!(k) and p';
for j € Jg, do

if Gi,j(pl, Zz) = 0 then

L Coordinator: 7, = {jUJ .}

Output: J3 ., Zl(k), and p;

Once the initial stage is finished, an approximate local solution to the original BLP
(4.51) has been determined. In the next stage, this solution is improved using a para-
metric optimization approach, until the change in the overall objective function becomes
insignificant. In this approach, the lower-level problem can be thought of as a parametric
optimization problem, where the main optimization variable is ‘Z;" and the price vector
‘p’ is a parameter. Then, for a perturbation in ‘p’ along direction ‘d’, the impact on the

lower-level problem can be measured. Consider the following linear programming (LP):

min V,f(p, Z)d + V2 f(p, Z)w (4.63a)
s.t. Vo Hi(p, Z)d + V 5. Hi(p, Ziyw; = 0 (4.63b)
VGt (p, Z)d + V2,Giact (D, ZHw; <0 (4.63¢)

and w = [wl, ... wl, ..., wl]T denotes the feasible direction of Z. The Lagrangian
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associated with problem (4.63) can be stated as:

ﬁLP<wa vLp, )\LP) = Z »CLP,i(wia VLPi, ALPJ‘) (4.642%)

i=1

where:

Lrpi(wi,vepi, A\ppi) = (foi(py Z)d+V 2 fi(p, Z)wi> + VgP,i<vai(p7 Z)d+
VZiHi(pv Zz)wz) + )\CEP,i (vai,act(pv Z)d +Vz Giact(P; ZZ)wl)
(4.64D)

and vrp; and A\pp, are Lagrange multipliers associated with equality and inequality
constraints of subsystem ‘%’ in problem (4.63). Then, define the Lagrange dual of problem
(4.63) as:

Frp(Vip, A\rp) = i{lvf Lrp(w,vrp, Arp) (4.65a)

where:

NE

inf ﬁLpﬂ(wi, I/Lpﬂ', >\LP,Z'> (465b)

Wi

iful)f Lrp(w,vpp, A\pp) =
1

-
Il

M-

(vpfi(pa Z) + VgP,ivai (p, Z) + AzP,ivai,act(pa Z))d+

1

-.
Il

NE

inf (V2 fip, Z) + vip:V 7, Hi(p, Zi) + NipiV 7,Gract(p: Zi) ) wi

=1

(4.65¢)

The dual function Fpp(vrp;, ALpi) can easily be determined analytically, since L p;
is a linear function of w; and a linear function is bounded below only when its slope

is zero. Thus, Frp(vrpi, Arp,) is finite only when (szi(p, Z) + VEPJVZZ_HZ-(p, Z;) +
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ApiV2zGilp, Z;)) = 0 holds for all i = 1,...,m. Considering (4.52), this can be sum-

marized as:

ZZL Vpﬁz‘ (p, Zz', VLPi, /\LP,z‘)d, 221 Vzﬁz‘(p, Zu VLPi, )\LP,i) =0
Frp(vip, ALp) =

—00, otherwise
(4.66a)
Thus, the dual problem of the LP defined in (4.63) can be formulated as:
VLE}%\}L(m Frp(vep, A\pp) = zj; Vo Li(p, Zi,vipi, Appi)d (4.67a)
s.t. ivzi,ci(p, Zi,vipi, Appi) =0 (4.67b)
i=1
Api = 0 (4.67¢)

Remark 42 The optimal value of the dual problem defined in (4.67), FrLp(Vip;, Nipi);
is the optimum value of the LP problem defined in (4.63), since the equality and inequality
constraints of problem (4.63) are all affine. This can also be interpreted as a refinement

of Slater’s constraint qualification [12]. As a result, the following relation holds:

m

fo(p, Z>d + vZf(p7 Z)U}* - Z vpﬁi(pa Ziv VZP,N )‘EP,z)d (468)

=1

Considering Remark 42, and Assumptions 36, 37, and 38, the lower-level problem (4.51)
can be written in the following quadratic programming (QP) form, w.r.t. a perturbation

in ‘p’ along direction ‘d’:
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_ d
min {dT, wT} Vizﬁ(p’ Z,vip, A\Lp) (4.69a)

w
s.t. V,H;(p, Z2)d + ¥V 2 Hi(p, Z;)w; = 0 (4.69b)
VGia(p, Z)d + V 2.Giact (D Z)w; <0 (4.69¢)
Vol (0, 2)d+ N 2 f(0, Z)w =Y " NVyLi(p, Ziy Vip sy N pa)d (4.69d)

i=1
where:
) _ 0 e

Vp72£(p7 Z, vLp, /\LP> = (4696)

©" ViL(p,Z,vip, Arp)

The set of optimal solutions of this QP is equal to the set of optimal solutions of the LP

defined in (4.63), according to [39]. This would lead to the following lemma.

Lemma 43 Let Assumptions 36, 37, and 38 hold for any direction ‘d’, then the QP

defined in (4.69) has a unique optimal solution [39, 87].

Following the work of [87], the CDMPC problem, defined in (4.51), can be formulated as

a separable optimization problem to find the steepest descent direction:
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win V, F(p, Z(k:p))d + V7 (p, Z(k:p)u (470a)
st ]|d]|e €1 (4.70b)
mui}n [dT, wT} V;Z(k;p)ﬁ(% Z(k;p),vip, A\Lp) ! (4.70c)
w
s.t. VpHi(p, Z(k;p))d + ¥V z Hi(p, Zi(k; p))w; =0 (4.70d)
VpGiact (p, Z(k;p))d + V2,Giact (D, Zi(k;p))w; <0 (4.70e)
Vo f (0, Z(k;p))d + V2 (p, Z(k; p))w = Xm: VoLi(p, Zi(k;p), Vips ALp)d  (4.70f)
i=1

where the coordinator finds the optimal direction of the price vector ‘d’” and the local

controllers optimize over their corresponding feasible direction ‘w;’ to minimize the plant-

wide objective function F'(p, Z). The main idea behind the quadratic BLP (QBLP) prob-

lem (4.70) is to find a feasible set of directions ‘d’ and ‘w;’ that results in decreasing the

upper-level objective function of the original BLP problem (4.51), i.e. V,F(p, Z(k;p))d+

VzF(p, Z(k;p))w < 0.

Remark 44 For the scenario described in Remark 41, the QBLP problem (4.70) would

be simplified to:
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@ Xop@ r
rndin V,(-02)d + ( — R Z+1 o0 |- @Tp> w (4.71a)
0 0

st ||d]]oe <1 (4.71b)

- ; . -
min {dT, wT} VZ,Z(p) ¢ ! (4.71c)

b er R w

L 0]
s.t. Ayw; =0 (4.71d)
Ajaetw; <0 (4.71e)

Q X5@ T
< R |Z—-1| o |+ @Tp) w =0 (4.71f)

0 0

According to Lemma 43, the lower-level problem of the QBLP (4.70) can be replaced by

its KK'T conditions to form the single level optimization:
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min  V,F(p, Z(k;p))d + VzF(p, Z)w (4.72a)
d,w,vgp,A\Qp
s.t. ||d]so < 1 (4.72b)
T

VzH(p, Z(k;p))

Vzf(p, Z(k:p))

2(VZL(p, Z,vip, App)w + O d) + vor + Gae(p, Z(k; p))" Agp = 0

(4.72¢)

Vo Hi(p, Z(k;p))d + N 2,Hy(p, Zi(k; p) Jwi = 0 (4.72d)

Vol (0, Z(k;p))d +V 2f (0, Z(k; p))w = Y Vo Lip, Zi(kip), vips Apps)d =0 (4.72¢)
i=1

VpGi,act(p, Z(ka p))d + in Gi,act(pa Z’L(ka p))wz S 0 (472f)
)\gp,i (vai,act (p7 Z<ku p))d + inGi,act(p7 Zz(kv p))wl) =0 (472g>
Aopi >0 (4.72h)
where vop = [V5p1, -, Vopm)" and Agp = [AGp1s - -+, AGpm]’ are Lagrange multipliers

associated with equality and inequality constraints of the QP problem (4.69), respectively.
Using a similar approach as in Remark (40), a smoothed version of (4.72) is formulated

as:
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min  V,F(p, Z(k;p))d + V zF(p, Z(k; p))w (4.73a)
d,w,vgp,A\Qp
st |]d]] <1 (4.73b)

2(V225(p> Z,vip, Arp)w + O7d)+

T
VzH(p, Z(k;p)) _
] Vop + Gaet(p, Z(k;p))  Aop = 0 (4.73¢c)
Vzf(p, Z(k;p))
Vo Hi(p, Z(k;p))d + V 7, Hi(p, Zi(k; p))w; = 0 (4.73d)
Vo f(p, Z(k;p))d+V 2 f(p, Z(k; p))w — Z VoLi(p, Zi(k;p), Vipi Aips)d =0 (4.73e)
i=1
Vo Giact(p, Z(k; p))d + V 2,Gi et (p, Zik; p) Jwi < 0 (4.73f)
(= VyGiact(p, Z(k; p))d = V 2,Giaet (0, Zik; p))wi, Agpasn) = 0 (4.73g)
Aopi > 0 (4.73h)

and solve this problem with a similar approach used in Algorithm 15, i.e. using an
interior-point method. Once the optimal solution to the QBLP (4.70) is found, the
price vector ‘p’ and local optimization variables ‘Z;" need to be updated along optimal

ER

directions ‘d*’ and ‘w;’ for the next iteration. Consider ‘s’ the current iteration number,
the following feasibility problem finds the minimum positive step size ‘a’ such that F'(p+

ad, Z(k;p + ad)) < F(p, Z(k;p)) and the solution ‘Z:™!" remains feasible:

min « (4.74a)
st.a>0 (4.74b)
P + od?, Z(k;p* + o)) < F(*, Z(k: 7)) (4.740)

Zi(k;p® + ad’) € S;(p® + ad”) (4.74d)
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In other words, the main intention to perform the line search (4.74) is to find a proper step
size along direction d, such that: the solution to the lower-level problem stays feasible.
Finally, the price vector and local optimization variables are updated according to

the optimal value of step size o”:

ps+1 —_ ps + asds (475)

75 = Z(k; p* + o d) (4.76)

The algorithm to find a feasible descent direction to the BLP (4.51) is listed in Algorithm

16:
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Algorithm 16: Feasible descent direction algorithm to solve the BLP (4.51)

InI)Ut: 0 < Tmin < 770 S 17 l - 07 S = 07 B € (07 1)7 Zzl(k)7 pl7 jGOi,act’

while (V,F(p, Z(p))d + V7F(p, Z)w < 0) do

while (' > ny,) do
Coordinator - Local MPCs: Solve the NLP problem (4.73), i.e. using

the interior-point method [6] ;
Nt = g’

l=1+1;

Coordinator - Local MPCs: update d' and w';

s=s+1;
Set d* = d' and w® = w';
Coordinator - Local MPCs: Solve problem (4.74);
Coordinator: Update p*™t = p® + od*;
Local MPCs: Update Z:*' = Z(k;p® + o*d®) ;
for j € Jg, do
if G;;(p°, Zf) = 0 then
L Coordinator: J;, ={jUJS, ..}
| Set [ =0;

Output: p*, Z}(k);

4.4.2 Convergence Analysis

In this section, convergence property of the proposed CDMPC algorithm to a local opti-
mal solution of BLP problem (4.51) is studied. First, the initialization stage is studied,
in which the initial set of active constraints Jg, ., (p) are determined based on a series

of NLP problems (4.56), for a decreasing sequence of 7;.
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Theorem 45 For any value of n, when the solution to (4.60) belongs to the set S(p,n),

then for every 7 there exists a compact set C(7)) such that S(p,n) C C(7) holds for all
n € (0,7].

Proof. According to Assumption 35, for every solution that belongs to S, and n > 0,
there exist a unique bounded optimal price vector. Also, based on the properties of the
function II in (4.58), if a feasible solution is found w.r.t. the lower-level constraints, it
would belong to a compact set according to Assumption 34. Additionally, since regularity
(Assumption 36) holds in the lower-level problem, the Lagrange multipliers v; and \;
would be bounded and belong to a compact set. This follows the conclusion that S(p,n) C

C(7) holds for every n € (0,7]. =

Remark 46 Based on Theorem 45, the solution set S(p,n(k)) is a non-empty and com-
pact set for all values of 0 < n <1 [33]. This produces a continuous central path [33, 52]
towards the solution of problem (4.55), as a function of the decreasing sequence n starting

from a value between (0, 1) towards 0.

Once the initial set of active constraints is identified, the QBLP problem (4.70) along
with step size calculation (4.74) are solved iteratively to find a unique local solution to the
original BLP (4.51). In the following theorem, it is proved that the CDMPC algorithm is

globally convergent to a unique local optimal solution of the plant wide problem (4.51).

Theorem 47 Let assumptions 33, 34, 35, 36, 37, and 38 hold; then:

(i) For the sequence n — 0, the initialization stage, i.e. Algorithm (15), finds a
unique guess of the set of active constraints for the BLP problem (4.51).

(ii) Denote (p*, Z*) to be an optimal solution to the BLP problem ({.51). Then, the

following holds:

Vo F(p*, Z(k,p"))d+ V zF(p*, Z(k,p*))w(p*,d) > 0 (4.77)
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where ‘d’ and ‘w’ are the optimal solutions of the QBLP problem (4.70).
(iii) The proposed CDMPC' algorithm is globally convergent to a unique optimal so-
lution of (4.51).

Proof. (i) Let the stated assumptions hold, in addition consider Theorem 45 and the
central path defined by Remark 46. Then for any value of the decreasing sequence
n — 0, there exists a bounded solution that forms a compact set and converges to a
local optimal solution of problem (4.60) [33]. The interior-point method is a globally
convergent Algorithm [6] and based on Assumption 35 a unique local solution exists for
the price vector of the single level optimization problem. Thus a unique set of active
constraints for problem (4.51) can be determined during the initialization stage of the
CDMPC algorithm.

(ii) Let (p*, Z*) be an optimal solutions to the BLP problem (4.51), then the following

holds:
F(p*, Z(k,p*)) < F(p* + ad, Z(k,p* + ad)), 0<a<a (4.78)

Furthermore, based on the given assumptions, there always exists an & > 0 such that
the solution set of the lower-level problem for 0 < o < & is not empty [39]. Rearranging
(4.78), and dividing by « the following relation can be derived for the upper-level objective
function:

i F 0"+ ad, Z(k;p* + ad)) — F(p*, Z(k; p*)))

a—0 (6%

>0 (4.79)

which is equivalent to the directional derivative of the upper-level objective function:

*x r7 * d % * dZ
Vo E (', Z(kp) 55+ V2P (0 Z(kip) S 2 0 (4:80)
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but the QBLP problem (4.70) has a unique solution [87] that refines (4.80) into:
VP (p", Z(k:p™))d+ V2 F(p", Z(k; p7) )w(p”, d) = 0 (4.81)

(iii) Based on part (ii) of this proof, the stopping criteria for the proposed CDMPC
algorithm satisfies (4.81) when no further descent direction can be found. Additionally,
since there is a unique optimal price for the well-posed BLP problem (4.51), according to
assumptions 35 and 33, a unique local optimal solution is obtained in the initialization
stage (according to part(i) of this proof) to solve the NLP problem (4.60). Also, a unique
optimal solution can be found in the iterative stage (according to part(ii) of this proof)
including the QLBP problem (4.70) and step size calculation (4.74). Thus, the whole
CDMPC algorithm is globally convergent to unique local optimal solution of the BLP
problem (4.51). m

4.5 Stability Analysis

In this work, the idea of [80, 41, 42] was followed to implement stability criteria for
the centralized MPC and the proposed CDMPC schemes. The main idea is to provide
the criteria without defining any terminal constraints or any terminal cost functions for
the MPC optimization problem. This criteria is applicable to MPC schemes subject to
admissible sets of bound and/or mixed states and input constraints [80].

Denote the optimum values of state and input variables of the centralized MPC op-
timization problem (4.27) as the open-loop optimal solution, and the first move of the
system as the receding horizon control (RHC) action. Then, ugyc(N,x(n)) is the RHC
action calculated by solving (4.27) with prediction horizon N and the initial state z(n).

Define a dynamic programming value function [80] based on the RHC trajectory of
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the centralized MPC as:

N-1

VE (2(m) = 321 (w(n), unno(N = n,z(n))) (4.82a)

n=0
where [© is a predefined stage cost based on the centralized trajectory, defined as:

m

1c (m(n), wrne(N —n, x(n))) - ((xi(n) — 25,0 (8)) " Qui(n) (i (n) — m4.0p (k) +

i=1

(e (N = n,2:(n))) " Ra(n) (wsme(N —n, xi(n)))> (4.82b)
with @;; and R;; defined over the prediction horizon as:

Qii = T , Ry;= .. (4.826)

Qii(N) R;i(N)
Based on (4.82), in order to calculate V5 at the current sampling time k, namely

%% (x(k:)), a multi-step calculation is performed and move forward in prediction hori-

zon. The procedure to calculate (4.82) is listed in Algorithm 17:
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Algorithm 17: The algorithm to calculate the finite-time value function (4.82)

Initialization: prediction horizon N, number of sub-systems m, initial state
z(n), Qii, Ri, ng =0;

forn:=0to N —1do
Perform the plant-wide optimization problem (4.27) with prediction horizon

N — n and initial value x;(0) = z;(n) ;

Update the RHC control action move uggc(N — n, X(n));

Calculate the centralized MPC stage cost ¢ (x(n), urpgc(N —n, xz(n))>,
VS =VS +1¢ (:U(n),uRHC(N - n,x(n))),

Apply urgce(N —n,z(n)) to the model and update z;(n + 1);

Output: V¢ (2(n)) + V;

Remark 48 The difference between the open-loop control and receding horizon control
(RHC) trajectories for a dynamic programming problem at sampling time ty is depicted
in Figure 4.2. In this example, at the sampling time ty, the control system performs N =5
open-loop optimization problems. Once the open-loop trajectory for N =5 is found, the
first control action is applied to the model (and not to the plant itself). The next open-
loop optimization 1s performed with N = 4 from the initial move previously computed.
This process continues until five RHC points are obtained and the value function VS is

calculated.

Lemma 49 Consider the optimization problem (4.27) at sampling time ty, provided that
the stage cost 1€ is a positive definite function, if there exists a trajectory-based function

VS such that
VE (k) = Vi (a(k + 1)) > 1 (2(k), unno(N, o(k)) (4.83)

then VS is a Lyapunov function for the plant-wide MPC system (4.27), such that the per-
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formance of the finite-time receding horizon closed-loop system tends to the performance

of infinite-time receding horizon control [80].

U; ruc (N -4, X (4))

Receding Horizon Control @———————g X, (5 )

Open-loop Control @= === =@

Figure 4.2: Receding horizon control (RHC) vs open-loop control trajectories for sub-
system ¢ with a typical prediction horizon length of N = 5.

Based on Lemma 49, an a posteriori algorithm can be presented to adjust the minimum
required prediction horizon length N adaptively, at the current sampling time ¢;. This

procedure is listed in Algorithm 18:
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Algorithm 18: A posteriori adaptive horizon algorithm [80] for the MPC (4.27)
Initialization: prediction horizon N, number of sub-systems m, initial state

x(n), Qii, Ri;
Calculate V(' (z(n)) using Algorithm 17 with (N, m,z(n), Qu, Ry;);

Calculate (% (z(n), urnc(N, z(n))) using (4.82);

Apply urpc(N,z(n)) to the model and update x(n + 1);

Calculate V{ (z(n + 1)) using Algorithm 17 with (N, m,z(n + 1), Q, Ry;);
if V¢(z(n)) < V& (z(n+1)) then

Prompt: Solution may be unstable;
Vi (@(n) =V (x(n+1))

1 (ac(n),uRHc(N@(”)))

Ise if > 1 then

)

Perform Horizon Shortening (Algorithm 19);

else

Perform Horizon Prolongation (Algorithm 20);
end

Output: Apply the RHC action to the plant based on the accepted value of N;

Vi (2(n)—V (z(n+1))
1€ (2(n) urnc (N.a(n))
isfied, the length of prediction horizon is decreased so that the minimum amount of

> 1 is sat-

According to Algorithm 18, as long as the condition

prediction horizon required is found. This procedure is called the horizon shortening

strategy, which is explained in Algorithm 19:
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Algorithm 19: Horizon Shortening Algorithm for the MPC problem (4.27)
Initialization: prediction horizon N, number of sub-systems m, initial state

ZU(k’)7 Qii, Ris;
while N > 2 do

Save the current trajectory of the open-loop system;

N=N-1;

Caleulate VE (2(n)-VE (z(n+1)) with (N,m,x(k),Qii,Rii)§
l x(n),uRHC(NJ(n)))

Save the shortened horizon trajectory of the open-loop system;

if vV (2(n) -V (z(n+1)) < 1 then
< (ﬂc(n),uRHc (N@(”)))

N =N +1;
Restore the current stored trajectory of the open-loop system;
STOP;

else

Save the shortened horizon trajectory as the current trajectory;

6utput: Current trajectory of the system, and N.

On the other hand, if Vy (@) -V (@(n+1)) < 1 the length of prediction horizon is
1© (x(n),uRHc(N,a:(n)))
C —-ve x(n .
increased in order to find the minimum N that satisfies ~&@M)=Vx@m+D) g = ppig

1 (ac(n),uRHc(N@(”)))

procedure is listed in Algorithm 20:
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Algorithm 20: Horizon Prolongation Algorithm for the MPC problem (4.27)
Initialization: prediction horizon N, number of sub-systems m, initial state

ZU(k’)7 Qii, Ris;

V{ (@(n)) =V (z(n+1)) <1do
c ($(7’L)7URHC(N75C(”)))

N =N +1;

while

¢ c
Calculate Y2 @) —Vy @n+1)) oy N,m,z(k), Qu, Rii);
lc(z(n)vuRHC(N,iB(n))) ( ( ) Q )

Save the prolonged horizon trajectory as the current trajectory of the

open-loop system:;

6utput: Current trajectory of the system, and N.

4.5.1 Stability of the CDMPC scheme

Similar to stability analysis of the centralized trajectory, a stability criterion can be
stated without terminal costs or constraints for the proposed CDMPC schemes based on
adaptive horizon techniques [80, 41, 42].

Denote Zypi(k) = [Xopt(k)T, Uopi(k)T, Vope(k)T]" as the open-loop control solution
of the CDMPC problem. Then, define the receding horizon control (RHC) move as:
Uopt, e~ (Vs Topt, (1)), which is calculated by solving either problem (4.30) or (4.51) with
prediction horizon length of N and the initial value z;(n).

Similar to (4.82), a dynamic programming value function is defined for the CDMPC

problem:
VP (z(n)) = z_: 1P (xopti (n), urme(N —n, x(n))) (4.84a)

where the stage cost [P is defined as:

m

12 (o), s (N = 1,2 (0)) = 3 (5, (1) = 21 (8)) Qus2) (g, () = )

i=1
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+ (ui’RHC(N — n,xz(n))>TRu(n) (ui,RHC(N — n,xz(n))> (4.84b)

Therefore, in order to calculate V¥ at the current sampling time &, namely V7 (m(k:)), a
multi-step calculation has to be performed forward in time. The procedure to calculate

(4.84) is listed in Algorithm 21:

Algorithm 21: The algorithm to calculate the finite-time value function (4.84)

Initialization: n = 0, prediction horizon N, number of sub-systems m, initial
state x(n) = .T(k), Qii7 Rii7 V]\P - 0,
forn:=0to N —1do

if inequality constraints present in local MPC problems then
Coordinator - Local MPCs: Perform the CDMPC optimization

problem (4.51) with N — n and initial value x;(0) = z;(n) ;

else
Coordinator - Local MPCs: Perform the CDMPC optimization

problem (4.30) with N — n and initial value x;(0) = z;(n) ;
Coordinator - Local MPCs: Update the RHC control action move

uoptRHc (N -—n, xopt(n));

Coordinator: Calculate " <xopt(n), uopt pro(IN — n, xgpt(n))>, and
Ve =vE+IP (xopt(n),uoptRHc(N —n, :Eopt(n))> ;

Local MPCs: Apply topt,,,. (N —n,2z(n)) to the internal model;

Local MPCs: Calculate z . (n + 1);

Output: V?(z(n)) + V2;

Remark 50 Similar to Lemma 49, consider the individual distributed MPC controllers

in the optimization problems (4.30) or (4.51) at sampling time ty, provided that the stage
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cost [P is a positive definite function, if the following is satisfied:
V2(2(k)) = VP (@l + 1)) = 12 (2(k), topt . (N, 2(K)) ) (4.85)

then V& is a finite-time Lyapunov function for the proposed CDMPC' schemes that tends
to performance of an equivalent infinite horizon problem. Note that, all local MPC' con-
trollers are assumed to have the same length of prediction horizons, which are dictated

by the minimum required horizon length to satisfy (4.85).

Based on Remark 50, an a posteriori algorithm can be presented to satisfy (4.85), at
the sampling time ¢, with minimum required prediction horizon length, i.e. N. This

procedure is explained in Algorithm 22:
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Algorithm 22: A posteriori adaptive horizon algorithm for the CDMPC schemes
Initialization: n = 0, prediction horizon N, number of sub-systems m, initial

state z(n) = x(k), Qu, Ru;

Coordinator - Local MPCs: Calculate V;2(z(n)) using Algorithm 21 with
(N, m, %pt(n), Qiis Rii);

Local MPCs: Apply topt,,,. (N, z(n)) to the internal model;

Local MPCs: Calculate x,,(n + 1);

Coordinator - Local MPCs: Calculate V;2(z(n + 1)) using Algorithm 21 with
(N, m, Zope(n + 1), Qiiy Rii);

if VP(x(n)) <VP(z(n+1)) then

Local MPCs: Prompt: Solution may be unstable;

else

if _YREM)-VREEAD) 5 then

P (xDPt(n)’u"PtRHC (vi(")))

Coordinator - Local MPCs: Perform Algorithm 23;

else

Coordinator - Local MPCs: Perform Algorithm 24;

Output: X, based on the accepted value of N;

VR (#(n) -V (z(n+1))
12 (w(n)ursc(Na(n))
fied, the prediction horizon length is decreased so that the minimum required prediction

> 1 is satis-

According to Algorithm 22, as long as the condition

horizon is found. This procedure is called the horizon shortening strategy, which is

explained in Algorithm 23:
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Algorithm 23: Horizon Shortening Algorithm for the CDMPC schemes
Initialization: n = 0, prediction horizon N, number of sub-systems m, initial

state z(n) = x(k), Qu, Ru;

while N > 2 do

Local MPCs: Save the current trajectory of the open-loop system;
Local MPCs: N = N — 1;

V2 (z(n)) =V (z(n+1))

with
1D (Cl?opt(n)>uRHC(Nax(n)))

Coordinator - Local MPCs: Calculate

(Na m, mopt(n)7 Qiia Ru)a
Local MPCs: Save the shortened horizon trajectory of the open-loop system;

if WREE)VREnH)) g ipen
1D (l’opt(n)vuRHC(Nam(n)))

Local MPCs: N = N + 1;

Local MPCs: Restore the current stored trajectory of the open-loop
system;
STOP;

else
Local MPCs: Save the shortened horizon trajectory as the current

trajectory;

6utput: Current trajectory of the system, and N.

VR (2(n) =V2 (x(n+1))
D (2(m)urmc(Na(n)))
creased to find the minimum N that satisfies

< 1 the prediction horizon length is in-

On the other hand, if l

Vi (@(n)) =V (z(n+1))
1 () urmo (Nz(n)

> 1. This procedure is

listed in Algorithm 24:
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Algorithm 24: Horizon Prolongation Algorithm for the CDMPC schemes
Initialization: n = 0, prediction horizon N, number of sub-systems m, initial

state z(n) = z(k), Qi, Ri;

VR@m) VR @) 1 4o

o (zopz (n),uRHC(N,Z(n)))

Local MPCs: N = N + 1;

while

Vi (2(n) =V (x(n+1))

1P @opt (n) urmc(N,z(n))

Coordinator - Local MPCs: Calculate

) with

(Na m, xopt(n)y Qiia Ru)a
Local MPCs: Save the prolonged size trajectory as the current trajectory of

the open-loop system;

6utput: Current trajectory of the system, and N.

4.5.2 The overall CDMPC Algorithm

In this section, a summary of the CDMPC algorithm applied to the plant-wide problem is
provided. The hierarchical dual decomposition of the hypothetical centralized controller
defined in (4.27) is related with the modification applied to the corresponding existing
network of local decentralized MPC controllers. The modification can be interpreted
as penalizing local violations of the overall interaction equality constraints via the price
vector. The local MPC controllers formulate their own optimization problems and send
the required local information conditions to the coordination level. The coordinator
receives decides whether to apply the analytic CDMPC or feasible descent direction
CDMPC based on existence of inequality constraints in subproblem formulations. Then,
the coordinator, based on the chosen CDMPC method, finds the minimum required
prediction horizon to ensure stability of the closed-loop system. Once the plant-wide
optimum solution, i.e. Z(k), is found, the receding horizon control action is applied to

the plant. The overall algorithm is presented in Algorithm 25:
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Algorithm 25: The overall CDMPC algorithm
Initialization: Number of sub-systems m, initial state x(k), positive definite

matrix ), positive definite matrix R, initial prediction horizon Ny,
0 < Nin <n® <1, and B € (0,1);

if inequality constraints present in local MPC problems then
Local MPCs: Given x(k) and Ny, formulate local KKT conditions of problem

(4.51);

else
Local MPCs: Given z(k) and Ny, formulate local KKT conditions of problem

(4.30);
Coordinator - Local MPCs: Perform Algorithm 22 with (:p(k), Q, R, Ny,

T]mimnoa 5);

Coordinator: Send the optimal price vector and N to the local controllers;
Local MPCs: Calculate the optimum local vector of variables Z(t;) using p*(tx)
and N;

Local MPCs: Apply the RHC action to the plant;

Local MPCs: Update Ny = N;

4.6 Simulation Case Studies

In this section, two benchmarks were studied to illustrate the CDMPC algorithms dis-
cussed in this chapter. The first case study is a forced-circulation evaporator process [50],
which demonstrates an open-loop stable system without any inequality constraints. The
second case study is a process composed of two interconnected CSTRs [96], which rep-
resents an open-loop unstable system subject to bounds on the control actions. The
optimization problems were formulated inside MATLAB using the YALMIP optimiza-

tion interface [62], in which IPOPT [6] is employed as the main optimization solver.
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Simulations are performed on an Intel Core-i7 processor with 8 GB of memory under

Microsoft Windows 7 operating system.

4.6.1 Evaporator Process

The forced-circulation evaporator system [50] is used as a benchmark to show the effi-
ciency of the CDMPC strategy described in section 4.3, where no inequality constraints

are present in local MPCs. This system is illustrated in Fig. 4.3. The dynamics of the
Cooling water
FZOO, TZOO
Vapor Condensate |
Fa, T3 Fs '
Condenser

Ly, P2 T201
Separator

Steam ﬁ%
F100 P100

T100

Condensate
Evaporator
TR,
Feed @7 % Product

F1s X1! T1 FZ! X21 TZ

Figure 4.3: The Forced-Circulation Evaporator Process

forced-circulation evaporator consists of three measured states (Ls: separator level [m],
Xy: product composition [%], and Py: operating pressure [kPal), three input variables
(Fy: product flow rate [kg/min], Pigo: steam pressure [kPal, and Fygy: cooling water flow
rate [kg/min]). In Fig. 4.3, T is product temperature [°C], Tigo is steam temperature
[°C], Q100 is heater duty [kW], Fiq is steam flow rate [kg/min|, Ts is vapor temperature,
F} is vapour temperature [°C], Qaqo is condenser duty [kW], Ty is cooling water outlet

temperature [°C], and Fj is condensate flow rate [kg/min]. The continuous-time plant
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model of this process can be written as the following state-space formulation:

1 0.10445  0.37935 0.1 0.37266 0
t=10 —0.1 0 r+ |—0.1 0 0 u (4.86)
0 —0.01034 —0.054738 0  0.036914 —0.0075272

Accordingly, two sub-systems are defined in the overall process model:

o’ = (111, m12]|221)" = ([L2, X5]| )" (4.87)

ul = ([U1,1,U1,2]|U2,1)T = ([F2, P100]|F200)T (4-88)

and the corresponding discretized-time model, for a sampling time of Ty = 1 [min], can

be derived as:

1 0.0975 0 —0.1050 0.3795 | —0.0014
#k+1)= [0 09048 0 (k) + [ -0.0952 0 0 u(k)
[0 —0.0096 —0.9467J {0.0005 0.0359 —0.0073J

(4.89)

According to the analytic derivations in section 4.3, the CDMPC algorithm is capa-
ble of perfectly tracking the centralized trajectory. Then, in the following results, the
centralized MPC and CDMPC represent a single trajectory that is compared to the
corresponding decentralized MPC. The comparison between the required length of the
predictions horizons (N) between the decentralized MPC, the centralized MPC and the
CDMPC trajectories is depicted in Figure 4.4. This shows after a certain amount of sim-
ulation time the centralized MPC and CDMPC schemes roughly require N = 18 while

the minimum prediction horizon required by decentralized is N = 15.
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Figure 4.4: Comparison of number predictions horizons needed (N) between the Decen-
tralized MPC, the Centralized MPC and the CDMPC trajectories vs simulation time

In addition, state trajectories and manipulated input variables of the evaporation
process are depicted in Figure 4.5. As shown, the CDMPC and the centralized MPC
schemes settle to the set-points with a higher load of performance compared to the
decentralized trajectory.

Correspondingly, the overall objective functions of the three distributed control schemes
Jpc, Jo, and Jp are compared in Figure 4.6. Within this window, the overall objective
function obtaind by the centralized MPC/CDMPC is lower than the one obtained from
decentralized scheme. These show that the CDMPC improves the decentralized MPC

network with minor modifications applied to the local controllers.
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Figure 4.5: Comparison of state variables trajectories and manipulated variables trajecto-
ries between the Decentralized MPC, the Centralized MPC and the CDMPC trajectories

vs simulation time
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Figure 4.6: Comparison of overall objective functions between the Decentralized MPC,
the Centralized MPC and the CDMPC trajectories vs simulation time
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4.6.2 Two-CSTR Process

In this section, the feasible direction scheme is implemented on a two reactive continuous
stirred tank reactor (CSTR) benchmark, taken from [96]. The system is comprised of two
non-isothermal reactive CSTRs with interconnections and a recycle stream as depicted
in Figure 4.7. The following set of exothermic reactions take place in these reactors
with substances A and B: (i) A My B, (17) A 2 UP, and (1i) A 5, DP; where UP
and DP stand for the undesired product and the desired product, respectively. As in
Figure 4.7, CSTR I has two feed streams (one has fresh stream of substance ‘A’ with
molar concentration C'yo, low-rate Iy and temperature Ty, and the other streams is from
the output of CSRT II containing the recycle stream of unreacted substance A at flow-
rate F,, molar concentration Cyo and temperature 75 ) and CSTR II is fed from the
output of CSTR I as well as another fresh stream of substance A at flow-rate F3, molar
concentration C'Agz, and temperature Tps. The two CSTRs are equipped with jackets to
remove/provide heat, due to non-isothermal nature of reactions.

The main focus of this simulation is on stabilize the system around the open-loop
unstable steady-state operating point, to avoid high temperatures, while simultaneously
achieving reasonable conversion. The manipulated variables of the system are the heat
input rates Q1 and ()2, and the inlet concentrations C'4g and Cg3.

The continuous-time plant model of this process can be derived based on linearizion

around its unstable steady-state operating condition, i.e.

(T3, C5,, T, C%) = (457.9[K], 1.77[kmol /m?], 415.5[K], 1.75[kmol /m®]) ~ (4.90a)

(Q5,C%, Q3, Clioz) = (0[kJ/hr], 4[kmol /m?],0[kJ/hr], 2[kmol /m?]) (4.90Db)
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as the following:

25.2 12843 35 0 0.0043 0 0 0

-03 —459 O 35 0 4.998 0 0

T = T+ u (4.91)
13.3 0 —2.8 336.2 0 0 0.0014 0
0 13.3 =01 -249 0 0 0 10

The ODE system (4.91) can now be decomposed into two subsystems: sub-system I
(containing CSTR I) and subsystem II (containing CSTR II), this is depicted in Figure

4.7 . The two sub-systems are defined in the overall process model as:

a' = ([z1,1, 212)l[221, 222]) " = ([T1, Car]|[T2, Caa))” (4.92)

u" = ([ug,1, w0 [ug,1, uz0])" = ([Q1, Cao|[Q2; Cacs])” (4.93)

and the corresponding discretized-time model, for a sampling time of Ty = 0.005 [s], can

be derived as:

1.1357 6.1467 | 0.1852 0.6696

K 0.0014 0.7954 | 0.0002 0.1466|
t(k+1)= z(k)+
0.0704 0.2556 | 0.9917 1.5870

0.0001 0.0557 | 0.0005 0.8875

0.0000 0.0778 | 0.0000 0.0113
0.0000 0.0223 | 0.0000 0.0039

>
—
o
SN—

(4.94)
0.0000 0.0022 | 0.0000 0.0404

0.0000 0.0007 | 0.0000 0.0471

The CDMPC trajectory is calculated according to the approach discussed in Section
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Figure 4.7: Schematic of the Two CSTR Case Study

MPC I MPC II
Initial Conditions:  #(0) = [462.9[K],0.27[kmol/m?]| x5(0) = [410.5[K], 3.45[kmol /m?]|
Weighting Matrices: Q1 =51, Ry = 151 Q2 =51, Ry =151
Upper bounds: Ib, = [5[kJ/hr], 8[kmol /m?]] Ibyo = [5[kJ/hr], A[kmol /m?]]
Lower Bounds: ubyy = [ = 5[kJ/hr],0kmol/m®]|  ubys = [ — 5[k.J/hr],0[kmol /m?]]
Sampling Period 0.005[s] 0.005[s]

Table 4.1: The Two-CSTR variable bounds and controller parameters

4.3, based on the adaptive horizon scheme explained in Section 4.5.1. The summary of
controller parameters and the variable bounds of the these two sub-systems are listed in
Table 4.1.

The comparison between the required length of predictions horizons (V) between
the decentralized MPC, the centralized MPC and the CDMPC trajectories is depicted
in Figure 4.8. This comparison shows that, after a certain amount of simulation, time
the centralized MPC and CDMPC schemes roughly require N = 6, while the minimum
prediction horizon required by Decentralized scheme oscillates between N = 2 and N =

12. As expected from the CDMPC algorithm, this networked control system is acting very
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Figure 4.8: Comparison of number predictions horizons needed (N) between the Decen-
tralized MPC, the Centralized MPC and the CDMPC trajectories vs simulation time

similar to an equivalent monolithic centralized MPC in terms of their stability criteria.

The state trajectories and manipulated input variables of the Two CSTR system
are depicted in Figures 4.9 and 4.10, respectively. As shown, the CDMPC trajectory
follows the centralized MPC trend perfectly while the decentralized MPC shows a lower
performance in terms of the time required to settle on the unstable operating condition.
Therefore, issues due to convergence of iterative approach reported by [76] for the open-
loop unstable case study is resolved using Algorithm 25.

In addition, the overall objective functions of the three distributed control schemes
Jpc, Jo, and Jp are compared in Figure 4.11. The mean square error between the
objective function of the CDMPC and the objective function of the centralized MPC is
at least twelve orders of magnitude smaller than that of the decentralized NMPC. These

results show that, although the decentralized MPC scheme requires longer prediction
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Figure 4.9: Comparison of state variables trajectories and manipulated variables trajecto-
ries between the Decentralized MPC, the Centralized MPC and the CDMPC trajectories

vs simulation time
horizon in majority of sampling times, the CDMPC scheme achieves the centralized
MPC performance with the lowest possible overall objective function. In other words,

it improves the decentralized MPC overall performance by applying minor modifications

to the currently installed decentralized MPC network.
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Figure 4.10: Comparison of manipulated variables trajectories between the Decentralized
MPC, the Centralized MPC and the CDMPC trajectories vs simulation time
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Figure 4.11: Comparison of overall objective functions between the Decentralized MPC,
the Centralized MPC and the CDMPC trajectories vs simulation time
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4.7 Conclusions

Two novel solution algorithms to coordinate distributed MPC controllers, using price-
driven strategy, were proposed. The analytic CDMPC scheme presented in this chapter
is capable of coordinating MPC networks subject to equality constraints and reduces
the coordination cycles of conventional methods to one. The feasible descent direction
approach CDMPC proposed in this chapter is guaranteed to be globally convergent to a
unique local optimal plan-wide solution for the general case when inequality constraints
are also present in the network. This scheme together with the adaptive horizon scheme
is capable of stabilizing open-loop unstable systems under certain conditions, thereby
resolves the convergence problems reported by conventional Newton-based approaches
[76]. Results are promising and the coordinated system can perfectly track the centralized
optimum trajectory, thus the performance of the decentralized system is improved with

minor modifications applied to the network.



Chapter 5

Conclusions and Future work

This thesis is focused on the development and implementation of price-driven CDMPC
algorithms using bilevel optimization methods. The primary goal was to design a system-
atic approach to coordinate decentralized networks of linear and nonlinear MPC systems
for improving the performance of the existing decentralized installation. In essence, the
coordinator is synthesized to establish a plant-wide decision making process to compen-
sate for interaction model violations inside local prediction models.

To date, various CDMPC algorithms [20, 19, 21, 67, 66, 76, 57| have been devoted to
linearly constrained dynamical systems. Such methods employ iterative Newton methods
and can exhibit poor convergence properties. In addition, the existing body of CDNMPC
research [89, 76, 68] has not properly addressed global convergence and closed-loop stabil-
ity guarantees for the coordinated network. This work focuses on overcoming convergence
issues with CDMPC structures and ensuring stability of the coordinated network. Also,
two on-line strategies were proposed to coordinate nonlinear decentralized MPC systems.
This thesis provided an approach for comparison of the performance of price-driven co-
ordinated schemes with respect to decentralized control systems.

In chapter 2, a price-driven coordinated distributed MPC scheme was proposed for
nonlinear systems. This interior-point approach extended ideas discussed in [20, 19, 21,

67, 66, 76, 57] and eliminates the need to identify the correct set of active constraints

190
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at the end of each coordination cycle. Assuming that a centralized MPC based on the
successive linearization can be designed to stabilize the entire system, sufficient conditions
were derived for the CDMPC network to ensures the closed-loop stability. Another
highlight of this chapter was the investigation of sufficient conditions to ensure stability
of the system when the algorithm is stopped prior to convergence to the desired optimal
solution. This scheme was limited to nonlinear systems that are open-loop stable, and is
further limited by the successive linearization method.

In chapter 3, an on-line price-driven coordination distributed NMPC scheme was pro-
posed for continuous-time nonlinear DAE systems, which extended the ideas introduced
in [89, 68, 76]. A novel structure was proposed via bi-level nonlinear optimization. In
this structure the coordinator constructs the upper level problem and the distributed
NMPC controllers belong to the lower level problem. Under certain preconditions, the
CDNMPC problem was relaxed into a series of quadratic programming problems subject
to a predefined trust-region radius. Sufficient conditions for global convergence of the
algorithm and stability guarantees were derived. The scheme can be applied both to
open-loop stable and unstable dynamics. The algorithm ensures that the overall interac-
tion error remains sufficiently small and minimum required length of prediction horizon
is selected

In chapter 4, two novel solution algorithms to coordinate distributed MPC controllers
were proposed, based on the price-driven concept. Similar to Chapter 3, bi-level opti-
mization techniques were deployed to solve the price-driven CDMPC problem. The first
scheme was an analytic approach to find closed-form solutions of plant-wide problems,
where all the constraints inside the structure of local controllers remain active at all
times. The proposed analytic CDMPC was able to reduce the computational load on the
coordination systems and derive the optimal plant-wide solution with the minimum num-

ber of coordination cycles. The second algorithm was an iterative approach to finding a
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local optimal solution to the general CDMPC problem via method of feasible directions.
This algorithm offered a globally convergent method for the general case when inequal-
ity constraints were present in the network. These schemes, together with an adaptive
horizon algorithms to ensure stability of the network, attempt to render the centralized
optimal solution. The scheme can be applied both to open-loop stable and unstable dy-
namics. Similar to Chapter 3, the dynamic optimization approach enabled the controlled
network to stabilize unstable open-loop dynamical systems without any modifications to

the native CDMPC formulation.

5.1 Recommendations for future research

This thesis provided a fundamental insight into the design and implementation of hi-
erarchical control architectures to coordinate network of distributed MPC and NMPC
systems. This section explores open research possibilities in the area of coordinated
distributed model predictive control.

In this study, the interactions between subsystems were defined in the form of equal-
ity constraints. A more detailed study can be carried out to include inequality-based
interrelations. Such inequality constraints may be interpreted as shared resources and/or
internal dependencies between neighboring subsystems. The procedure can be performed
by assigning an additional price vector for local violations of equality inequality binding
constraints. The resulting bi-level optimization problem would impose restrictions on the
price vector assigned to inequality interactions into the upper-level optimization prob-
lem. In other words, the coordination level must fulfill characteristics such as obtaining
non-negative values for the price vector assigned to the inequalities.

One approach is to develop an on-line hybrid coordination scheme based on the meth-

ods proposed in this thesis and the work of [68] to satisfy both types of aforementioned
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interaction models. Nonetheless, depending on the type of plant-wide inequality de-
pendencies, global convergence and closed-loop stability of proposed methods should be
considered. One may also consider developing a globally convergent bi-level optimiza-
tion method to satisfy both the upper-level and lower-level constraints in order to seek
a unique plant-wide optimal solution.

The control architectures introduced in this thesis were designed based on a particular
sampling rate. A broader scope may consider processes with different time scales and
controllers with multi-rate structures. In this regard, one may choose to extend the idea
introduced [66] to design a multi-rate coordination scheme for nonlinear systems. In
addition, throughout this work, the local information from subsystems was assumed to
be available at any rate as required by the coordinator. A more realistic approach would
be to design proper soft-sensing systems inside the coordinated structure to estimate the
required information. Nevertheless, incorporation of single-rate/multi-rate estimation
systems into the coordinated network would introduce new challenges such as maintaining
the closed-loop stability of the overall system. Accordingly, proper observability analysis
should be considered to ensure reliability and stability of the closed-loop system. Multi-
rate Kalman filtering procedures can be embedded into coordination systems to estimate
the unknown information based on available measurements.

Throughout this work, a number of CDMPC and CDNMPC algorithms were pro-
posed. A thorough study can be carried out to investigate computational properties of
these methods. For the CDMPC scheme introduced in Chapter 4, random abstractive
networks of distributed MPCs can be generated that differ in size and interaction com-
plexity. Thus, the ideas proposed by [19] and [57] can be extended to distributed MPC
systems with internal inequality constraints. Finally, it is beneficial to implement such
coordination algorithms for pilot sized industrial processing units. Proper communication

routines and protocols need to be designed under the distributed control system, prior
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to investigating advantages and disadvantages of CDMPC schemes in industrial appli-
cations. Four tank systems and the Two CSTR problem can be regarded as candidate
case studies to embark on such investigations. It is worth mentioning that, simulation
environments such as DeltaV Simulate® or Aspen PLUS Dynamics® are good starting

points to perform such analyses before any hardware related testing.
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