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Abstract

Equity-linked life insurance contracts are a type of investment product issued by

insurance companies to provide the insured with more appealing benefits, compared with

the traditional insurance policy. Such benefits are not only linked to the performance of

the underlying investments in the financial market, but also related with some insurance

type events, such as death and survival to the contract maturity. Therefore, the

equity-linked life insurance contract includes both the financial risk generated from the

performance of the risky assets and the insurance risk reflected by the policyholders’

survival probability. In this thesis, we consider the problem of utilizing imperfect hedging

techniques to value equity-linked life insurance contract with market restrictions:

stochastic interest rate and transaction costs. We employ two powerful imperfect hedging

techniques to investigate the problem — quantile hedging and efficient hedging. We show

that they are effective tools for managing both financial and insurance risk inherent in

equity-linked life insurance contracts in a stochastic interest rate economy. Moreover, we

incorporate transaction costs in the analysis of quantile hedging on equity-linked life

Insurance contract.

In chapter 2 and chapter 3, we hedge a single premium equity-linked life insurance

contract with a stochastic guarantee from quantile and efficient hedging with a stochastic

interest rate respectively. We present the explicit theoretical results for the premium of a

contract paying the maximum of two risky asset values at maturity, providing the insured

can survive to this date. These results allow the straightforward calculation of survival



probabilities for the contract owner, which can quantify the insurance companies’
mortality risk and target their potential clients. Meanwhile, the numerical examples
illustrate the corresponding risk management strategies for insurance companies by
applying quantile and efficient hedging.

Chapter 4 analyzes the application of quantile hedging on equity-linked life
insurance contracts in the presence of transaction costs. We obtain the explicit
expressions for the expected present values of hedging errors and transaction costs.
Furthermore, the estimated expected present values of hedging errors, transaction costs
and total hedging costs are also computed from a simulation approach to compare with
the theoretical ones. Finally, the quantile hedging costs of the contract’s maturity

guarantee inclusive of transaction costs are discussed.
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1. Introduction

Traditional life insurance products are designed to provide financial security for the
policy holders and their families. The benefits are always fixed and provided on the death
or survival of the insured life. The policy holder can pay single or periodic premiums
during the contract term. Insurance companies only need to consider insurance risk,
which is reflected by mortality for the purpose of risk management. However, the
insurance market has been changing tremendously around the world over the past
decades. Policyholders have become more aware of investment opportunities outside the
insurance market, particularly in the financial market such as stocks, mutual funds etc.
They prefer to enjoy the benefits of equity investment with mortality protection. In order
to meet this challenge, insurance companies have issued a new type of investment
products - equity-linked life insurance contracts, such as the variable annuities in USA,
Segregated funds in Canada.

In contrast to the traditional life insurance policy, the benefit provided by an
equity-linked life insurance policy depends on both the performance of some financial
assets, such as stocks and foreign currencies, as well as insurance type-events, such as
how long the contract owner will survive. Therefore, this benefit is stochastic and
appealing to policyholders because of higher yields from the financial market and a
variety of guarantees. Equity-linked business has been especially successful and contains
variety types of products. For instance, variable annuities and equity-indexed annuities
have become popular these years in the United States, which offer different forms of
equity-linking guarantees. In Canada, segregated funds have been popular since the late
1990s, which offer complex guaranteed values on death or maturity. In the United
Kingdom, unit-linked insurance typically combines a guaranteed minimum payment on

death or maturity with a type of mutual fund investment. While in Germany,



equity-linked endowment insurance is being introduced.

With the growth in equity-linked business, issuing such products also brings pricing
and risk management challenges to insurance companies. They are facing not only the
traditional insurance risk but also the financial risk generated from the investment.
Therefore, the topic of finding the appropriate hedging approach to value the contracts,
risk elements and to provide the efficient risk management strategies is important from
both theoretical and practical perspectives. The main goal of this thesis is to investigate
the problem of appropriate valuing equity-linked life insurance contracts and hedging the
involved risks.

Equity-linked life insurance contracts have been studied since the mid 1970s. As will
be discussed in Section 2.1, applying the perfect hedging approach from the
Black-Scholes option pricing theory has become a popular method since the initial papers
Brennan & Schwartz (1976, 1979) and Boyle & Schwartz (1977). However, the fact that
the insurance market is incomplete was not considered. This motivated a number of
research works devoted to the application of imperfect hedging techniques to value the
contract such as mean-variance (Moeller (1998, 2001)), utility-based approach (Hodges
& Neuberger (1989), Young & Zariphopoulou (2002)), etc. In this thesis, we select two
well-accepted imperfect hedging techniques: quantile hedging and efficient hedging to
value the equity-linked life insurance contract. Quantile hedging was developed by
Follmer & Leukert (1999), which can obtain the optimal hedge by maximizing the
probability of successful hedging. A closely related idea appears by Browne (2000).
Efficient hedging was also developed by the same authors in Follmer & Leukert (2000)
which aims to minimize the expected shortfall risk. The idea to use both powerful
methods in the area of equity-linked life insurance was proposed in two papers by
Melnikov (2004a, 2004 b).

In current literatures, such as Bacinello & Ortu (1993), Ekern & Persson (1996),

Milevsky & Posner (2001), Melnikov & Romaniuk (2006, 2008), Melnikov &



Skornyakova (2005, 2011)), many financial market restrictions are placed on the models,
one of which is to assume a zero or constant interest rate. As equity-linked life insurance
contracts usually have long-term maturities, the valuation results may be sensitive to a
change of interest rates. Therefore, our study of quantile and efficient hedging on
equity-linked life insurance contracts considers a stochastic interest rate environment,
which is more representative of the real world situation. Another important restriction is
the frictionless market, which does not consider the transaction costs. In the real financial
market, the investors must pay transaction costs during each trading. As the benefit of
equity-linked life insurance is based on the investment in financial market, insurance
managers are also involved in hedging and trading in the financial market due to the
selected portfolio’s performance. Therefore, in this thesis, we also incorporate the
transaction costs as a factor into the study of quantile hedging costs for the premium of
equity-linked life insurance contract and the costs for maturity guarantees.

The outline of the thesis is arranged as followed:

In Chapter 2, we first give a short review of the imperfect hedging techniques on
equity-linked life insurance. Then we discuss the problem of applying quantile hedging
on equity-linked life insurance contracts in a stochastic interest rate economy. We work
with a single premium contract with a stochastic guarantee. The contracts under
consideration are based on two risky assets, which satisfy a two-factor jump-diffusion
model: one asset is responsible for future gains, and the other one is a stochastic
guarantee. In our setting, the stochastic interest rate behavior is described in the
Heath-Jarrow-Morton framework. In addition, explicit formulas for both the premium of
the contracts and the implied survival probability are obtained by the changing of
measures technique under an initial budget constraint. Risk management strategy from
quantile hedging for the insurance contract is also discussed.

In Chapter 3, instead of quantile hedging, we study the same problem of hedging

equity-linked life insurance contracts in a stochastic interest economy with efficient



hedging technique. We work on the same contract, which has a stochastic guarantee as in
Chapter 2. In Section 3.3, we present our theoretical results of a contract’s premium and
the implied survival probability where the two risky assets’ financial models are driven

by the same Wiener process. It can be considered as a special case where the models are

generated from two correlated Wiener processes with correlation o =1. In Section 3.4,

we conduct the research in the case of p <1and give the theoretical results. Moreover,

numerical examples illustrate how the efficient hedging technique can be applied to
manage the balance between financial and insurance risks for a risk-taking insurance
company.

In Chapter 4, we analyze the application of quantile hedging on equity-linked life
insurance contracts in the presence of transaction costs. Following the similar time-based
replication strategy discussed by Leland (1985) and Toft (1996), we present the explicit
expressions for the expected present values of hedging errors and transaction costs. The
results are derived by using Leland’s transaction costs adjusted hedging volatility o . For
the purpose of comparison, the estimated expected present values of hedging errors,
transaction costs and total quantile hedging costs are obtained from a similar simulation
approach utilized by Boyle & Hardy (1997). Finally, the costs of maturity guarantee for
equity-linked life insurance contract inclusive of transaction costs are discussed.

In Chapter 5, we simply conclude the thesis and suggest several directions for future
studies in the area of imperfect hedging on equity-linked life insurance.

The thesis also concludes with bibliography, Appendix 1 which contain the proof of
Theorem 3.1 from the Multi-Asset Theorem in Melnikov & Romaniuk (2008), and
Appendix 2 with some formulas in Toft (1996) which can be used to prove the Theorems

4.2 ~45.



2. Quantile hedging on equity-linked life insurance contracts in a

stochastic interest rate environment

2.1. Brief history of imperfect hedging in insurance market

Using different hedging strategies for pricing has been common in financial
mathematics since the celebrated results by Black & Scholes (1973) and Merton (1973)
on the pricing of call options. In a complete financial market, the so-called fair price is
the minimal capital required to replicate the contingent claim. These results from the
financial market shed light on the area of valuation for equity-linked life insurance
products in insurance market.

Brennan & Schwartz (1976, 1979) and Boyle & Schwartz (1977) were the first
papers to investigate the problem of premium calculation for equity-linked life insurance
contracts. They decomposed the payoff of a single premium equity-linked life insurance
contract into a call/put European option on the reference asset and some guaranteed
amount. Then, the Black-Scholes option pricing results was applied to evaluate the
equity-linked life insurance contract embedded with some financial guarantee.

Since then, it has becomes a conventional practice to reduce the payoff of the
contract into a call (put) European option and apply perfect hedging techniques to
calculate the premium. Bacinello & Ortu (1993) extended the results of Brennan &
Schwartz (1976, 1979) to the case where the contract’s minimum guarantees depend
functionally on the premiums and are determined endogenously. Aase & Persson (1994)
assumed that the number of shares of the reference portfolio included in the benefit is
non-random, and they derived the analytical results in the case of periodic premiums.
Later, Ekern & Persson (1996) applied fair pricing valuation to price the contracts with
various kinds of guarantees, including fixed deterministic and stochastic guarantees.

Boyle & Hardy (1997) examined the pricing and reserving for the contract’s maturity
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guarantee. The authors provided a minimum level of benefit at contract maturity based on
stochastic simulation and option pricing approaches. Milevsky & Posner (2001) applied
the risk-neutral options pricing to value the various kinds of variable annuities with the
minimum death benefit guarantee.

Issuing equity-linked life insurance contracts as the investment products, insurance
companies are involved in the risk from both financial and insurance markets. The risk
from the insurance market is also called mortality risk. The standard actuarial practice
assumes that sufficient contracts can be written to eliminate the mortality risk. However,
it will be explained in detail in Section 2.5 that the insurance market is incomplete so that
the mortality risk cannot be offset by trading in the insurance market. As a result, perfect
hedging from the Black-Scholes and Merton framework applied on the valuation of
equity-linked life insurance contract is questionable. Many studies turned to investigate
the application of imperfect hedging techniques on the valuation research.

Moeller (1998) exploited mean-variance hedging on equity-linked life insurance
contracts. The method is determined by minimizing the squared of the difference between
the terminal value of the hedging strategy and the value of contingent claim at contract
maturity. Moeller (2001) further examined a portfolio of equity-linked life insurance with
risk-minimizing hedging strategy within a discrete-time setup in the Cox-Ross-Rubinsten
(CRR) model. Generalized from the utility-based indifference pricing approach in
Hodges & Neuberger (1989), Young & Zariphopoulou (2002) introduced an expected
utility approach to value the insurance risk in a dynamic financial market setting. Young
(2003) determined the risk-adjusted single and continuous premiums and the
corresponding reserves for equity-indexed term life insurance by extending the principle
of equivalent utility. Moore (2009) studied the optimal surrender strategy on an
equity-indexed annuity by maximizing the expected utility of bequest and discussed the
optimal time to surrender the contract.

Follmer & Leukert (1999) developed the quantile hedging technique, which can



optimally hedge the option with maximal probability in a class of self-financing strategies
with restricted initial capital. This technique was applied to value equity-linked life
insurance contracts by Melnikov (2004a, 2006) in the Black-Scholes framework.
Melnikov & Skornyakova (2005) extended the risky assets’ financial model into a
two-factor jump-diffusion model, where the second risky asset could be considered as a
stochastic guarantee for the contracts. Melnikov & Romaniuk (2006) studied the effect of
different mortality models on risk management with unit-linked life insurance contracts
where the risks are assessed from quantile hedging. Yumin Wang (2009) presented how to
optimally hedge the variable annuity contracts with guaranteed minimum death benefits.
Compared with quantile hedging, efficient hedging introduced in Follmer & Leukert
(2000) is a more general imperfect hedging approach, which focuses on minimizing the
expected size of shortfall risk. The shortfall risk is defined as the expectation of the
positive difference between the terminal value of the hedging strategy and the value of
contingent claim at contract maturity weighted by a loss function. Efficient hedging
technique has also been applied to hedge equity-linked life insurance contracts. Melnikov
(2004b) investigated the problem in a diffusion financial setting. Kirch & Melnikov
(2005) utilized the efficient hedging for optimal pricing equity-linked life insurance
contracts in a jump-diffusion framework, where the models of two underlying risky assets
are driven by the same Wiener process. Melnikov & Romaniuk (2008) made the
contribution considering the contracts whose payoff depends on the performance of
several risky-assets. Melnikov & Skornyakova (2011) worked on the contracts with

stochastic guarantee and the shortfall risk measured by a power loss function.

2.2. Description of the problem

Different imperfect hedging techniques have been intensively studied for pricing
equity-linked life insurance contracts. The risk management strategies are also designed

based on the corresponding techniques. Most research papers mentioned in Section 2.1



assumed that the interest rate is either constant or deterministic throughout the entire life
of the contract. Figure 1 shown below is the historical data on 20 years monthly Treasury
Bills rates with 3-month maturity. Data range is from July-1993 to July 2013 (Data is
available at Board of Governors of the Federal Reserve System). It is observed from
Figure 1 that rate is randomly distributed over 20 years. It sticks near 5% over the first 7
years. However, it is not able to maintain the same trajectory for the long term. The value
of the rate after 15 years drops as low as 0.04%. The assumption of a flat interest rate for
hedging equity-linked life insurance contract may be possible for short-term ones.
However, life insurance products usually have long-term maturities, and it is more

practical to incorporate a stochastic interest rate in the analysis.
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Figure 2.1 Three-month Treasury Bills rate from July 1993 till July 2013.

Many research papers are devoted to value equity-linked life insurance contract with
stochastic interest rate. For example, Nielsen & Sandmann (1995) utilized the random
interest rate options to value equity-linked life insurance with periodic premium. As no
closed form solution was obtained, numerical techniques were applied to approximate the
contract value. Nielsen & Sandmann (1996) derived the existence of fair premium

principles for the guarantee within equity-linked life insurance contract. Miltersen &



Persson (1999) derived the explicit pricing formulas for maturity and multi-period
guarantees on both the stock market return processes and the short-term interest rate
return processes. The price calculation based on the perfect hedging in Brennan &
Schwarz (1976). Bacinello & Persson (2002) further generalized the pricing formulas for
equity-linked life insurance contract from deterministic interest rate to stochastic interest
rate by a similar strategy. One important assumption in their study is the independence
between financial and mortality factors.

As the insurance market is incomplete, Gao et al. (2010) first studied the effect of
stochastic interest rates on quantile hedging of equity-linked life insurance contracts. The
authors considered a contract with deterministic guarantee that depends on a constant rate
of return. They obtained the results in the context of diffusion models for simplicity. Due
to the infrequent and large surprises to the investor’s information set, there exist jumps in
various financial assets prices. It has been shown that jumps have significant implications
for derivative pricing, risk management and portfolio allocation. From a practical point of
view, discontinuous models inclusive jump components are more realistic for both the
stochastic interest rate and the value of risky assets.

In the following chapter, our aim is to examine the jump-diffusion model for quantile
hedging in a stochastic interest rate environment. We focus on a single premium
equity-linked life insurance contract with more a appealing maturity guarantee dominated
by the performance of a risky asset. The Heath-Jarrow-Morton (HIM) term structure
model is widely accepted as the most general framework to value the stochastic behavior
of interest rate. It includes the term structure models of Vasicek (1977), Cox, Ingersoll
and Ross (1985) as special cases. Here we use a generalized HIM jump-diffusion model
of the term structure of interest rate, which is similar to the framework of Shirakawa
(1991), and Chiarella & Sklibosios (2003).

In Section 2.3, the quantile hedging technique developed in Follmer & Leukert (1999)

is discussed in detail. In Section 2.4, some well-known stochastic interest rate models in



literatures are introduced briefly. Section 2.5 presents the theoretical results of applying
quantile hedging on equity-linked life insurance contracts. Section 2.6 provides a
numerical example to demonstrate the risk management strategy for an insurance
company from quantile hedging. Note that all the analysis in this thesis does not consider
either model risk or parameter risk. Numerical examples are only for illustration purpose.
The employed or estimated parameters might not be accurate for different time periods or
other situations. The idea is to provide a convenient way to focus on the main purpose of

this thesis.

2.3. Quantile hedging

In a complete financial market, every contingent claim can be hedged perfectly.
However, in an incomplete market, it is possible to stay on the safe side by superhedging
(See El Karoui & Quenez (1995), Karatzas (1997)). In many situations, superhedging
needs a large amount of initial capital to set up the portfolio, which seems costly from the
practical point of view. In this case, it naturally arises the following questions: what if the
investor is unwilling or unable to put up the large amount of initial capital required for
super-hedging? Are we able to construct a hedging strategy so that the investor can
achieve the maximal probability of a successful hedge with a smaller amount of initial
capital? The answers can be found in Follmer and Leukert (1999) in which the authors
developed an imperfect hedging technique - quantile hedging. In this section, we will
introduce this approach in detail, where the hedge is implemented with probability less
than 1.

There exist two forms of problems involved with quantile hedging: the primary one
is to minimize the value of a minimal hedging given the hedging probability; the dual
problem is to maximize the hedging probability given a constraint on the initial value of a
minimal hedge. In this sense, such hedging problem is methodologically related with the

problem of statistical confidence estimation. Quantile is one of the main concepts in the
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general theory of estimation, which is the boundary of the domain of estimation with a
specific probability. So the approach of hedging with probability less than 1 has come to
be named as “quantile” hedging.

As an imperfect hedging technique, quantile hedging is based on the important

statistical result of the Neyman-Pearson fundamental lemma. Suppose we want to test the

null hypothesis / with probability measure £, against the alternative hypothesis /A, with
probability measure ;. Type I errorr is defined as rejecting Hwhen it is true, and

Type II error [is defined as accepting [ when it is false. Generally, the probability
measure corresponding to the alternative hypothesis is considered as the real-world
probability measure or the objective measure. The aim of the test is to reject /when it
is indeed false. During the test of two hypotheses, we need to control the size of Type /

error & while minimizing the Type /I error . Equivalently, we can fix & and maximize

the power of the test] — f. Referring to Lehmann (1986), the Neyman-Pearson lemma is
stated as following:
Lemma 2.1: Neyman-Pearson lemma

A sufficient condition for a most powerful test: If a test ¢ satisfies
E,(¢(X))=a 2.1)

‘P
1 whenL >c
0

¢= (2.2)
0 whenﬁ <c
0

for some constant ¢, then it is the most powerful for testing measure F against
measure £ at level o .

The conclusion of the Neyman-Pearson lemma is the basis for the analysis of both

quantile hedging and efficient hedging which will be discussed in Chapter 3. It provides
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the structure of the set on which the power of the test 1— fis maximized with a given

significance level & .
We follow the main ideas in Follmer & Leukert (1999) and assume the risk-free
interest rate is a constant 7 . Note that Follmer & Leukert (1999) conducted the

calculations assuming that the risk-free interest rate  equals zero. Suppose that the

discounted price process X = (X ,) of the underlying risky asset is a semimartingale

t€[0,7]
on a probability space(Q,F ,P) with the ﬁltration(F;)te[o - Let P denote the set of all

equivalent martingale measures. If the set P is non-empty, there is no arbitrage

opportunity in the market.

A self-financing strategy 7z =(V0,§,)is defined by an initial capital ¥, >0and a
predictable process & which is the number of units invested on risky asset, if the
corresponding value process V/ satisfies:

V=V, +[ &ax,, vie[0,T], P-as. 2.3)
Such strategy 7 is admissible if
V,20, vte[0,T], P-as. (2.4)

We consider a contingent claim whose payoff /1 is . -measurable. A successful

hedging set A is defined asAz{a):VT ZHe_"T}. The completeness of the market

implies an unique martingale measure P° ~ P, such that the payoff H can be hedged

perfectly under the martingale measure P with the required initial cost

H,=F " (He”T) , where E” denotes the expectation with respect to P* . With the unique

hedging strategy, we also have P(A) =1. However, if the investor is unable to allocate
the required initial capital for perfect hedging, what is the best hedge he can achieve with

a smaller amountVO < H? The problem can be formulated as to construct an admissible
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strategy ( Vo &, ) such that
P(VT =V, + [ £dX, 2 H) — max @2.5)
Under constraint V, < 170 <H , (2.6)
Follmer and Leukert provided the answer by quantile hedging, where the conclusions can
be summarized into the following lemma in Melnikov, et. al (2002, pp105-107).
Lemma2.2: Let Ae F;, be the solution of the following problem:

P(A4)—> max, (2.7)

*

E'(H,e™1,)<V,<H, (2.8)
where [ {} is the indicator function. Then a perfect hedge 77 with initial valueV for the

contingent claimH =H -1 5 1s the solution of the problem (2.5)-(2.6), and the successful

hedging set 4 coincides with A.
Lemma 2.2 states that the constructed optimal hedge 77, so called quantile hedge, is
the perfect hedge for a modified contingent claim H . The payoff H can be hedged with

maximal probability on the set A, which is also called the maximal success set. Based on
Neyman-Pearson lemma, the structure of A can be obtained. We can define a probability

measure Q" with density:

*

do B H
dP’ Hoe’T

(2.9)

It is assumed that Q" corresponds to measure P, and P corresponds to measure £ during

the hypothesis test in Lemma 2.1. Under the measure Q* , the budget constraint

E (HefrTIA) < 170 becomes

* ‘VO _
0 (A)SF—— (2.10)



We maximize the power of the hypothesis test given the Type I error & equal to—>.
0

From Neyman-Pearson lemma, the maximal success set A has the following structure:

21:{5; >dHe’T} (2.11)

*

dP . . . . .
where FIS the density of the equivalent martingale measure, and ais a constant

~ . . dP )
determined from the condition a =inf {a :0 (dQ* > aj < 0{}. With the structure for

the maximal success set A , it allows us to calculate the explicit expressions for initial

cost V and the units of risky asset £,

2.4. Brief Introduction on interest rate models

Interest rate is one of the most important factors for pricing and hedging derivatives,
determining the cost of capital, and managing risk from both financial and insurance
markets. The topic of term-structure modeling has been covered for many years, which
aims to create the plausible projections of future interest rate paths or scenarios.
Extensive amount of stochastic term-structure models have been developed for
forecasting the short, medium and long term interest rate values and reflecting the shape
of the yield curve. Some equilibrium models are derived from proposed relationships
between supply and demand for funds. Some no-arbitrage models use the current term
structure as a starting point and generate changes from the current values. Furthermore,
the term-structure models range from very simple to extremely complex. Some
single-factor interest rate models contain only one stochastic variable, while other
two-factor and multi-factor models include more stochastic variables which can better

capture the term-structure behaviour in the real world as well as reflecting the
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mean-reversion speed and the volatility factor. In this section, we will briefly introduce
some well-known stochastic interest rate models in literatures.
Merton (1973) was the first one to introduce a single-factor model for the

term-structure of interest rates. The model can be described as following:

dr,=pdt+o.dw, (2.12)

where 11, and o, are constants, and W, is the standard Wiener process. Even though the

Merton’s model has bias, such as the negative interest rate values and constant
risk-premium, it is important and can be considered as the starting point from which the
variety of short term rate models are developed.

Vasicek (1977) modeled the short term interest rate as an Ornstein-Uhlenbeck

process, which is also known as a mean reverting process. The model is given by

dr,=a(b—r,)dt+ocdW, (2.13)

where a , b and o are positive constants; W, is a standard Wiener process. The

parameter b reflects the long run equilibrium level towards which 7 reverts. The drift

factora (b - ) represents the expected instantaneous change on the interest rate at time#.

The advantage of Vasicek model is to reduce the probability of unreasonable large or low
interest rates by utilizing the mean reverting process.

One of the main disadvantages of Vasicek model is the negative values of interest
rate, which is improved by the model proposed in Cox-Ingersoll-Ross (CIR) (1985). The

CIR model is also known as the square root model:
dr, =a(b—r,)dt+oaw, (2.14)

where a determines the speed of adjustment. The CIR model takes only positive values of
interest rate due to the presence of the square root in the diffusion coefficient. Even if the
interest rates approaches zero, it can still become positive. Besides, the interest rate can

follow a steady state distribution.
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Ho & Lee (1986) described a single-factor no-arbitrage model, which is the first
arbitrage-free model of term-structure of interest rates. The continuous time model is

described as following:

{di; =0dt+odW,
2.15)

2
6, = £,(0,t)+0’t
where o is a constant volatility, f, (O,t)is a instantaneous forward rate at timef =0,

0,is a function of time. With Ho-Lee model, the initial term-structure is exogenously

obtained. It follows a lattice model with upward and downward movements, tending
towards a binomial tree. The probabilities of upward and downward movements are
determined by risk-neutral probability measures. However, Ho-Lee model contains no
mean-reverting characteristic and is not arbitrage-free in all cases.

Hull & White (1990) developed a class of models which incorporate mean-reverting
features and have more flexibility to fit a given yield curve. The generalized Hull-White

model has the expression as:
dr, =(6,—ar)dt+o,dW, (2.16)

t

where 0, is selected to ensure that the model fits the initial term-structure. Functions
a,and o, are parameters which are chosen to fit the market price of a set of actively

traded interest-rate options. It is noted that when @, =0and ©,is a constant, Ho-Lee

(1986) is a special case of the generalized Hull-White model.
Heath, Jarrow and Morton (HIM) (1992) constructed a family of continuous-time

term-structure models in an arbitrage-free framework. The behavior of instantaneous

forward rate f° (t, T ), which is locked at time 7 for investing at time 7', was modelled as:
df (t,T)=a(t,T)dt+o(t,T)dW,, 0<t<T (2.17)

where processesa(t,T )andO'(t,T )may be random, W, is the Wiener process under
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actual measure P . It is also proved that under risk-neutral measure P*, the non-arbitrage

drift is a function of selected forward rate volatility as:

O((Z,T)=O'(I,T)J‘0[O'(I,S)ds (2.18)
which brings a big advantage for calibration the parameters of the term-structure model.

The spot rate 7, is defined as the instantaneous forward rate at time ¢ for date?, i.e.,

r,=f(t,t) forall ¢e[0,T] (2.19)

The HIM model is easy to understand and naturally calibrated to the currently
observed yield curve. It is widely accepted as the most general and consistent framework,
which includes Vasicek, CIR and Hull-White models as special case. With the rapid
advances in computer technology, HIM model is becoming increasingly practical.
Various generalized models are being adopted by practitioners for pricing and hedging of
interest rate derivatives. Brace, Gatarek & Musiella (1997), Jamshidian (1997), and
Miltersen, Sandmann & Sondermann (1997) extended HJM model to capture
non-instantaneous forward rates. The modification comes to be known as the Libor
Market Model (LMM). Amin & Jarrow (1992) made the contribution on modifying HIM
model to include additional risky assets and also considered American-type options.
Shirakawa (1991) incorporated jump component into HIM model to solve the call option
pricing problem for European pure discount bond. The author assumed only a finite
number of possible jump sizes and there exist a sufficient number of traded bonds to
hedge away all of the jump risks to guarantee the completeness of the market. Chiarella
& Sklibosios (2003) generalized HIM model into a jump-diffusion framework assuming
a specific formulation of level and time-dependent volatility. They obtained the
corresponding Markovian representation of the spot rate and bond price dynamics in
terms of a finite number of state variables.

Besides the above described term-structure models, there exist other well-known

interest rate models such as volatility models including Exponentially Weighted Moving
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Average models (EWMA), Generalized ARCH models (GARCH). There is no single
model which is best for all applications. In this thesis, the HIM model is utilized to
capture the stochastic interest rate behaviour and quantify the insurance risk associated

with interest rate.
2.5. Application of quantile hedging on equity-linked life insurance

2.5.1 Financial settings

t

Let (Q,IF,(F )[ZO,P) be a standard stochastic basis, where the filtration

(F,

t)t>0 satisfies the usual conditions and represents a flow of available information. We

assume that all processes are adapted to this filtration. We work in a financial market

which contains two risky assets S'and S*, where S’ = (S; ) 011 satisfy the following

te|0,

two factor jump-diffusion model:

ds; =8, (udt+odW,—vdll,), i=12, (2.20)
where 4, , 0, and v, are all constants, 7 is a finite time horizon. 4 € R are the
instantaneous rate of return; o, > Oare the instantaneous volatility of the risky assets;

v, <1 represent the jump size for the price process of risky asset. W, is a standard

Wiener process under measure P, and II is a Poisson process with a constant

intensity 4 > 0. We assume the first assetS'is more risky than the second oneS”.
Equivalently, we have o, > o, . In addition, all trades are assumed to be taken place in a

frictionless market, i.e. no transaction costs or taxes.
Information flows affect interest rates continuously in small amounts, best described
by diffusion processes. Yet, on the rare occasion, surprise information events have large

economic impact, causing interest rates to have jumps. Therefore, the choice of
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jump-diffusion processes to describe the movements in interest rates trajectories is natural.

As in Chiarella & Sklibosios (2003), we consider a default-free bond market where

arbitrary maturity bonds are traded continuously within a finite time horizon[O,T ]
f (t,T ) represents the instantaneous forward rate at time ¢ for instantaneous

borrowing at time 7T (Zt). Let P(t,T ) be the price of a default-free discount

zero-coupon bond at time ¢ with maturity 7, which pays $1 at maturity time, i.e.
P(T, T) =1. By the definition of forward ratef(t, T) , P(t, T) is given by:
P(tT)=exp(~[ f(t.5)ds (2.21)
* P s .

The spot interest rate {r(t)}KT at time tis also defined by the instantaneous forward

ratef(t,T) as:
r(t)=f(t.1) (2.22)
We define an accumulation factor by B, =exp(I;r(S)ds) , which is a money

market account starting with a dollar investment at time 0. Besides, B, also satisfies the
following dynamics:
dB, =B, r(t)dt (2.23)
Following the extended HIM framework, the stochastic differential equation for the
instantaneous forward rate f (t,T ) is given by:
df (t,T)=a(t,T)dt+o(1,T)dW, + B[dI1, — Adt] (2.24)
where o :[O,T ] — R, is the drift function, o : [O,T ] — R, is the volatility function,

A is the constant intensity for the Poisson process 1., Ais the constant jump size for
the forward rate process.

Based on (2.24), the forward rate (t, T ) can also be expressed as:
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t t t
S(6T)=7(0.7)+ | a(s,T)ds+ | o(s.T)aW, + | BldTT, -2ds] ~ (2.25)
where f (O,T ) is the given initial forward rate curve.
Substituting 7' =t¢ into (2.25), we arrive at the stochastic integral equation for the

instantaneous spot rate » (t) as:

r(6)= £ (0.0)+ [ a(s.e)ds+ [ o (s.0)aW, + [ BT, - Ads] (2.26)
By Ito’s lemma, we obtain the dynamics for zero-coupon bond priceP(t,T )as

following:

dP(,T) = P(L,T)| r()-a’ (6T)+ B(T 1) A+~ [ o (6T)] |t
2

~o" (. 7)dW, + (e <1)art, |

(2.27)

where o (1.7)=[ a(t.s)ds, o (t.T)=[ o(t.s)ds.

For a security market under consideration, one can determine conditions under
which a unique equivalent martingale measure P’ does exist. Following the techniques
in According to Melnikov et al. (2002), there exits the unique martingale
measure P~ under the conditions:

(1= (t) oy~ (1, =7 (1)) oy

0LV, =0V,

>0, given o,v,—ov, #0. (2.28)

* * t .
By Girsanov’s theorem, under the measure P, W, =W, _J.o ¢.ds is a standard
Wiener process, II, is a Poisson process associated with new intensity /1[*, and the

processes W;* and [T, are independent. The process ¢, can be interpreted as the market

price of the diffusion risk, while /1[* represents the market price of jump risk generated

by the Poisson process.

The risk-neutral measure P~ has a local density with expression as: (presented in

Shirakawa (1991), Melnikov & Skornyakova (2005))
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7,- _exp{ﬂ@dm—%Mds+I§(ﬂ—i?)ds+(1nﬂf—M)Hf} 229)

where the pair (¢[ A, ) satisfies the following equations

{,ul —r(t)+¢o, -vA =0

2.30
ﬂz—r(t)+¢,02—v2/1,* =0 (230)
Solving the above equations, we get
4 :(1“1_’"(t))"2_(ﬂ2_r(t))‘/1 231)
t 0,V — 0V, '
/1: _ (M —r(t))0'2 —(/12 _r(t))o-l 2.32)

OV, — OV,
Under the risk-neutral measure P, we can calculate the dynamics of the forward

interest rate  f’ (t, T ) and the spot interest rate r(t) and obtain:

S(1)=1(0.0)+ [ o(s.7)e (s, TWs+[ o(5.T)d

(2.33)
+f pa[1-e " s+ [ plam, - 2ds]

r(6)= £ (0,0)+ [, o (s.0) 0" (s.0)ds+ [ o (s,0)am;

(2.34)
+f pa[1-e ") s+ [ plam, - 2ds]

where the forward rate drift function & (t, T ) in (2.24) satisfes the following condition:

a(t.T)=o(t,T [ g+ o(s ds} Blae™)-4] (2.35)
In this circumstances, the evolutions of risky asset price S; ,i=1,2, can be rewritten

as:

S'=S!expso W, + y.—l o) |t+ ta.¢ds+Ht1n 1-v. (2.36)
t 0 it i 2 i o s

which is the solution of the stochastic differential equation (2.20).
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2.5.2 Insurance setting

In this section, we work on a single premium equity-linked life insurance contract,
which is also called “pure endowment”. We assume the insured does not receive any
economic compensation for accepting mortality risk, which means the insured receives

the payoff of the contract provided that he/she is alive at the contract maturity. The

benefit of the contract is linked with both the financial performance of risky assetsS',
S? and the insured’s life. The risky asset S'is responsible for the maximal size of future

profits, while the risky asset S”provides a stochastic guarantee to the insured.

Let 7 be a nonnegative random variable defined on another probability

space (Q,ﬁ' ,}5) This random variable 7, represents the remaining life time of a

policyholder with current age x -year old. ,p, =If’(TA >T ) is called the survival

probability which denotes the probability of a life aged x surviving T more years. We
take a natural assumption as in Bacinello and Persson (2002) that the financial market

risk and the insurance risk reflected by the insured mortality have no effect on each other.

Therefore, T is independent of all processes reflecting financial quantities. We use H, to

denote the benefit of the contract paid at time 7', which depends on the market value of

S, and on the guaranteed value S; at the maturity, i.e.
H, = max(S;,Sﬁ) (2.37)
Considering the mortality risk, we are interested in the benefit /7, - [ {T >T } . Under the

independence assumption for the financial and mortality risk, the premium X for the

contract with payoff (2.37) can be calculated as following;
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X, =E{E[H,B8,"I{T,>T}}
=E'[H,B, ' |E[1{T. >T}] (2.38)
=E'[H,B," |-, p,
where / {-} is the indicator function.
Because of 0< , p, <1, formula (2.38) implies that
X,<H,=E (HB,) (2.39)

It is noticed that the mortality risk makes it impossible for the insurance company to
hedge the payoff of equity-linked life insurance contract with probability 1. Moreover,
the mortality risk can not be eliminated by trading directly. Therefore, the insurance
market can be considered as an incomplete market. (2.39) can also be treated as a initial

budget constraint for insurance company to achieve the perfect hedging. The initial

amount X, collected by insurance company from selling the contracts is less than the

initial amount / needed to hedge the contract perfectly.

2.5.3 Application of quantile hedging on equity-linked life insurance contract

In the situation of an initial budget constraint (2.39) which is short of initial capital
for the perfect hedging, quantile hedging technique can be utilized to provide the optimal
hedging outcomes. In this section, we can extend the previous study on discussion of
quantifying the insurance risk and developing the corresponding risk management

strategies by taking quantile hedging strategy for the insurance company.

The premium of the contract X, is less than the amount H, for the perfect hedging,

which is similar as the given constraint for quantile hedging in (2.6). The Insurance

company aims to construct a strategy which can maximize the probability of successful

hedging with a smaller amount X ;. According to Follmer and Leukert (1999), the initial
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amount X is also the cost of the constructed optimal strategy 7 (the quantile hedge).

Meanwhile, the quantile strategy 7 can perfectly hedge the modified contingent
claim H, =H;-I,, where A" (denoted as A in Section 2.3) is the maximal set of

x dP
successful hedging which is in the form 0f4 = {d

¥ =

>a -HTBT_I}. a'is a constant

which can be determined from initial budget constraint (2.39). Compared with (2.38), the

premium X can also be calculated from using the perfect hedging on modified
payoff I:IT:

X,=E'(H,B;') (2.40)
Taken (2.38) into consideration, we can obtain the following equalities for the

premium X, :
X,=E'(H,B')\=E'[H,B," |, p, (2.41)
Therefore, the implied survival probability ;. p is obtained from (2.41) as:

(77 p-l
_E(m,BY)  x, i
2y e (2.42)
E'[H,B, "] H,
Equation (2.42) is called the key balance equation. It is essential to risk management
analysis of quantile hedging on equity-linked life insurance contract, as the quantitative
connection between the financial and insurance risk components are given in one formula.

This connection can allow the insurance company to evaluate the bearing risks accurately

and to implement specific risk management strategies for controlling the corresponding

risks. Besides the mortality risk reflected by clients’ survival probability , p , insurance

company also faces a default financial risk & which measures the probability that the

quantile hedging fails. The firm issues the equity-linked life insurance contracts to the

clients while collecting the premium X . Then X is invested as the initial cost into
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quantile hedging to maintain the maximum probability of the successful hedgingl—¢ .

Alternatively, insurance company can determine some acceptable level of default

financial risk € first, and then they can determine the survival probability , p_for the

potential clients. In the end, based on available mortality life tables, the ages of the
corresponding clients can be obtained.

Equation (2.42) provides a guidance for insurance company to quantify the mortality

risk. In order to obtain the survival probability . p for the contract policy holders, we

present explicit formula for the premium X | of equity-linked life insurance contract in the

following theorem:
Theorem 2.1: We consider a financial market model (2.20) with a HIM framework (2.17)

and (2.19). A single premium equity-linked life insurance contract has the payoff
H, = max(S;,Sg ) at maturity. The Brennan-Schwartz price for contract from quantile

hedging is

X, = il’:,r |:ev1_[o Adt (1 —v] )ﬂ S(‘)\Iﬂ (1“] 550,06 ,52)
n=0

(2.43)

T n
[ ( [[4 dt)
e 0

n!

where Sé , Sg are the initial risky assets prices; p:T = are the

probabilities of a non-homogeneous Poisson distribution with intensity /1[*;‘1’2 (-,-)are

the two-dimensional cumulative normal distribution function with

correlation p and p separately. The other parameters are shown as following:

a, Sy (&) 1 r r
r;-m%-yf-j{) (A-4)ds, 5 =] (g+0) ds,
Sé(l—vl)n T« 1 . 2 2

FZ ZIHW—J.O /’ts (VZ—Vl)dS+E52 S 52 =(O'2—O'1) T,
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~ T
== —5512—_[ (A-42)ds. 5t =| (¢ +0,) ds,
. Sy(1=v,)" ¢ . 2
,=In SE(I_V?Y —[ A (v—v,)ds+=67, 5 =(o,-0)' T,

Proof: Follow the approach of Amin & Jarrow (1992), we can first rewrite the explicit

representations of B, and S, t’ in terms of the parameters of the system by Ito’s formula:

1 | . 2 o _p(r- *
B = e[ [0 .7 o [T ]
P(0,r) 2% ’ (2.44)
+I;0'*(S,T)dW:—J-;,B(T—s)dl'lx}
S!'=S,B, exp{ath* +11, ln(l—vi)+jot(vi/1: —%O‘fjds}, i=12 (2.45)

Conditioning on each set {Hr =n},n=l,2,..., we can decompose the initial

price X into two parts X é , X g :

X, =E'| HB'1{4'}]
_ _max(S},Sﬁ) a0z, max(S;,Sﬁ)
BT BT
=E S—}I -1 +E S—;[ -1
- B, {Danlr ;lf} [sr>si} B, {Danzrgi} {sr=sif (2.46)
=X, +X;

Then, we can use similar approach to calculate X Ol, X 5 separately.

Part I: Calculation of X (1) .
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| S .
X(l) =E|ZLy 1} 'I{s;>s;} , where Z,., B, S; satisfy the dynamics (2.29), (2.44),

S,
BT {1>a,,ZTB—T

-

(2.45).

By the change of measure approach, we can define another measure (), such that

in = exp|:o'lW; +I1, ln(l —vl)+ Jior(vlﬂ,: —%o']zjds:| (2.47)

dP'|,

Under the new measure (), Vf/i = W[* —o,T is another Wiener process, and 11, is the

Poisson process with the corresponding new intensity /1,1 = /1: (1 -V ) .

Therefore, on each set{HT = n} , n=1,2,..., we calculate
| ol o T - T l T, T T /1_;
X =SE {1{1 >a, expD0 bW +| dods+ zjo #ds+| (A=A )ds+nln - }
S, -exp{a,WIT +612T+nln(1—v,)+.|.or(v,/1: —%O'fjdsﬂ

g! _ T 1
.[|:S_g>exp|:(o'2—o'l)WlT-i-nln(l—vz)-i-IO (Vzﬁs _Eo'zzjds"'o_lo_zT

0

—o2T-nn(1-v,)- IOT(VIA: —%af jdsﬂ}
= S'EO {1[—111(% -83)2 [ (¢ +0,)dW" +n(In A} ~1n 2)
+j[ (¢, +0,) (/1—13)}4
x{m(g_é}(a o)+ min

0

o[ty Ju|

(2.48)
T ~
Let wus define two new random variables y, :Io (¢, +O'1)dWi and

Y, =(02 —UI)WIT. It is obvious that y,,y, follow normal distribution under
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T 2
measure O, : y, ~ N(O,é‘f) . Yy ~N(0,522) , where & =JO (4, +0,) ds ,
8, =(o, -0, )2 T . For any constants k,, k, # 0, the linear combination of y,,y, is

r o1 =1
kv +kyy, = J-o k, (¢s +01)dWs +k, (02 _GI)WT
(2.49)
r 71
= |, [k, +(k— k)0, + koo, W,
Clearly, the above linear combination is still a normal random variable. So the
random vector ( Vis Vs )T is normally distributed with mean equals (O,O)T, and the

T
correlation between y,,y, is p= Io (¢3 + 0, )(0'2 -0, )ds . Following (2.48), we

obtain:

Sy(1=v,)" .
¥, <lnM—J-T/I (vz—vl)ds+%522}

S (1-v,)" (2.50)
= S(;LPZ (Fl,rﬁp,é‘pé‘z)
where ¥’ (-, ) is the two-dimensional cumulative normal distribution function.
We can also get the maximal set of successful hedging 4" :
: a,-S(4) 1., o,

Part 2: Calculation of X, 02 .
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The calculation of X 02 can be treated in the similar way. We can define another new

measure (), :

dQ - T .1
dPi . = exp{azWT +I1, In (l—v2)+J-O (vz/"ts —Eazzjds} (2.52)

2 * . . . .
where W, =W, —o,T is a Wiener process under the measure (J,, and II, is a Poisson

process with new intensity 4° = A (1 -V, ) .

On each set {HT =n}, n=0,1,2..., we can rewriteonas
X2 =SE® {1[-111(% .s;)zjor(@ +0,)dW’ +n(In A} ~In 1)
+j[ (¢.+0,) (l—ﬂf)}ds}
Se - 1- T 1
{111(S1jz(al—az)W;+nlnl_:;+IO [/IS (vl—vz)—E(az—o])z}ds:l}

0

(2.53)

Let us define new normal random variables y, = Jj(@ +o, )d Vf/f Y, = (01 -0, ) w3,
where y, ~ N(O,gf) , 7 =IOT(¢S 4—0‘2)2 ds ; y, ~ N(O,S;) , 0} =(o, —0'1)2 T . The
random Vector( Vis Vs ) is still normally distributed with mean equals to (0, O)T , and
correlation p = JOT(¢S +0o, )(01 - Jz)ds , by checking the linear combination of

¥,» ¥, similar as the calculation for part I.

Then, we arrive to
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FE
52(1 V)” T, 1 =~
In— 2L 2 (v —-v,)ds += 67 2.54
y2<nsé(1—v1)" Jy i) STy (259
:S(f‘{j(rl’f‘z;ﬁ’gl’gz)

In addition, the maximal set of successful hedging 4" has the expression:

o2 g2}

Finally, we combine the results (2.50) and (2.55), and obtain the expression of X as:

X, =X, +X;
[ (j /I‘dt)
zz — S (T,.T,:0,6,.6,)
n=0 .

T (j pidr)

n=0 n'

=ip:,[e”“””<l—vl>" (T T:06.5)
=0 (2.56)
sznr/ir*d[ n ~2 N A
e (1-v, ) S0 (1. T3 .5,.5,

e (IOT l:dt)n

wheren=0,1,2..., pn r= ———are the probabilities of a non-homogeneous

n.

Poisson distribution with intensity A, .

Remark 2.1: In order to obtain the premium of the contract X;, we can also apply the

“Multi-Asset Theorem” in Melnikov & Romaniuk (2008) for the calculation. It is found

that the calculation by Multi-Asset Theorem leads to the same result as one in Theorem
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2.1. The detailed proof using Multi-Asset Theorem is shown in Appendix 1.

Remark 2.2: The payoff of the equity-linked life insurance contract with flexible

guarantee /1, can be decomposed into the payoff of an European exchange option plus a

pure equity-linked life insurance contract: A, = max {St1 ,Stz} = (S[1 -S? )+ + S[2 It

t

gives a possibility to reduce the valuation of the initial contract to the embedded

+ * .
exchange option(S; —Sﬁ ) , and construct the maximal successful hedging set A for it

(see Melnikov & Skornyakova (2005)).

Following the result in Theorem 2.1, we can derive the expression for the survival

probability . p_formulated in Theorem 2.2:

Theorem 2.2: Suppose that the insurance company sells an equity-linked life insurance
contract to the clients and decides to apply quantile hedging to maximize the probability

of successful hedging. The survival probability of a potential insured is given by:

iPZ,T |:pan2 (l—‘l,l—‘z;p,é‘l,é‘z)+qn‘l’2 (flafz;lbaglagz)}
_ 10

2\ . d, N d,
;pﬂ pn(b[(o-l_o-z)ﬁ] qn®£(al_02)ﬁ]

where the notations p:’T and W* (,) JI,,0,,0,0,, p ,1:1,1:2,5‘1,5‘2 , p are the same as in

D, 2.57)

Theorem2.1, @ denotes the cumulative distribution function of the standard normal

distribution, and other parameters d,,d,, p, ,q, are:

—J‘T/If(vz—vl)ds+%522, p =evlJ‘”l;dt(l—vl)"Sé ,

n

S2 1-v ! T 1« VzT:f n
dzzlnM—jo/l (vl—vz)ds+5522, q,=e Jo 2 (1-v,)" S, .

s n

Proof: We know from key balance equation (2.42) that the survival probability

r P, admits the following representation:
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_E(mBY) x,
I [H,B,™" ] T H,

Since the numerator X, is given in Theorem 2.1, we only need to compute the

denominator f{ to get the result.

.| S
* 1. . _ T .
Let us first decompose FE [HTBT ]mto two parts: A, = F [—BT ]{S,T>S%}} and
.| S7 :
A, =FE B—-I{S1 s | As in the proof of Theorem 2.1, we can calculate A, (0) as:
T

A (0)=E |
1(0)= B_T [sh>s3)

1
=S E? {]{ln (%} >(o, —0 )W) +11, lni e (2.58)
0

N ﬂz; (1) (020, )z}ds}}

Conditioning on each set{HT = n} ,n=0,1,2..., we can obtain:

1
A, (0)=S,E? {I{ln[%} >(o,—0, )W} +nlni e
0

_vl

N OT[A;“(vz—vl)—%(%_g‘)z}dSH

1 d1
=S| ——— 2.59
’ l:(al—az)\/?:l 259

So(1-v)"

T . 1
—| A (v, =v)ds+—=57 .
Soz(l—vz)n I (Vz Vl) S 52

where d, =In oA

We can treat A, (0) in the same way:
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:S§Q2 {(Jl O-z)W; =l i(:l)ﬁ:‘\;z))n _J‘T/l:(vl _Vz)ds—"_gzz}
d
=50 2.60
0 |:(O-1_O-z)\/?] (2.60)
)n

where d, =1In

Therefore, we combine the expression of A (0) A, (0) and obtain

(jr/vdt)n
BB =Y e b\ g, 9
[ T ] nzz(;e n! "o, -, )NT

(J.Tﬂzdt)”
sy hrell” qu{ 9, }
0

n=0 n '

=, d d
Spdpdl—8 g0 — B2 2.61)
;p,r P {(al—az)ﬁ} q [(al—az)x/?} (

which leads to the expression (2.57).
2.5.4 Numerical Illustration

In this section, we give a numerical example to illustrate how insurance company
can use quantile hedging technique to deal with initial budget constraint situation.
Assume that the insurance company will select some acceptable level of financial

risk ¢ first, then figure out the corresponding risk management strategy by quantifying the

mortality risk reflected by survival probabilities . p .
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For illustration purpose, we consider a simplified stochastic interest rate model

without its jump component: one factor Vasicek-Hull-White model. We set the drift
T

functlona(t,T) for forward ratef(t,T)as O-(t’T)J.; O'(t,s)ds . Oc(t,T) can also be

explained as the mean rate of return for the long term interest rate. In addition, we also

assume the wvolatility structure O'(t,T) satisfies O'(t,T) = ﬁexp(—a(T—t)) ,
wherer > 0, > 0. This expression leads to one factor Vasicek-Hull-White model so

that the dynamics of the instantaneous spot rate 7, is

t

dr,=a(m(t)—r,)dt+ paw, (2.62)

2
where m(t)=f0+%+77t+2’8a2(1—e_2“') by setting f(O,t)=fo+7yt . We

assume f, =0.01 and 7=0so that initial term structure is flat. The values of

parameters & and /3 are also assumed to be constant and selected as = 0.32, 5 =0.06.

For the two-factor jump-diffusion model of risky asset, we apply the approach in
Mancini (2004) to estimate the corresponding parameters. There is one Poisson process in
our model which determines jumps appeared in two risky assets’ price process. However,
in Mancini’s paper, the Poisson process specifies jumps for only one asset. So we modify

the estimator for the number of jumps in Mancini’s approach slightly. We consider

financial index Russell 2000 (RUT-I) as risky asset S', and S&P 500 as risky asset S*. As
Russell 2000 measures the performance of small US companies while S&P 500 is the
index of the prices of 500 large-cap common stocks traded in US, it is naturally supposed
that RUT-I is more risky than S&P 500. Therefore, it is reasonable to consider S&P 500
as the flexible guarantee S° for the contract. Using monthly observations of prices over

23 years from September 1987 to September 2010 (Data source: Yahoo! Finance), we can

estimate the parameters of the two-factor jump diffusion model with values:
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u,=0.2763, 0,=0.19,v,=-0.27, (2.63)
M, =0.2898,0,=0.15,v,=-0.2,4=0.17 (2.64)
The initial indices of Russell 2000 and S&P 500 are 167.44 and 329.81. In order to

make the initial values of two assetsS', S”the same, we change the value of S'as

329.81
167.44

According to proof of Theorem 2.1, we can see that the maximal set of successful

S!. For the following calculations, we select S, = S; =1000.

2

s H
hedging A4 ={1>anZT B—T} admits two types of expression: If A >A

T
A = {Y* < A1} , otherwise A" = {Y* < Az} , where variable Y~ follows the standard

normal distribution and

A, = A’ 62 0 i (2.65)
1
—In a5 (/17%)” _15‘12 _J‘T(ﬂ—ﬂz)ds
A, = A’ 2 i (2.66)

A sequence of constant a, can be determined by firstly fixing the probability of the
set of successful hedging which is also related with default financial risk & as
P(A* |7Z'T = n) =l-¢= @(Ai) , i=1,2, and then using the log-normality of this

conditional distribution to estimate the values.

We work on a single premium equity-linked life insurance contracts with maturity

T =1,3,5,10,15,20 years separately. Formula (2.57) from Theorem 2.2 can be utilized to

calculate the quantile hedging ratio in financial market which also reflects the survival

probability . p by choosing different acceptable levels of financial risk for insurance

company where £ =0.01,0.025,0.05 . The results are displayed in Table 2.1.
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Table 2.1 Hedging ratios with stochastic guarantee

T €=0.01 €=0.025 €=0.05
1 0.9885 0.9718 0.9447
3 0.9878 0.9705 0.9426
5 0.9874 0.9697 0.9413
10 0.9867 0.9684 0.9391
15 0.9859 0.9667 0.9364
20 0.9853 0.9656 0.9345

We also calculate the corresponding potential clients’ ages based on the

well-accepted 2005 United States life Table listed in Arias, Rostron & Tejada-Vera (2010).

The ages are presented in Table 2.2.

Table 2.2 Age of insured with stochastic guarantee

T €=0.01 £=0.025 €=0.05
1 62 73 79

3 49 59 68

5 41 52 61
10 31 41 50
15 22 34 42
20 12 28 36

In order to compare with the results in Melnikov and Skornyakova (2005) which

assumed a zero interest rate, we also use the same life table in Boers, et.al (1997) to

calculate the ages of the clients shown in Table 2.3.

Table 2.3 Age of insured with stochastic guarantee

T €=0.01 £=0.025 €=0.05
1 58 69 78
3 45 55 63
5 39 48 56
10 23 39 46
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15 12 31 39
20 6 24 33

Compared with Table 2.2 and 2.3, we observe that using the different mortality
tables is relevant to the results of potential client ages. The ages obtained from year 2005
Table turns out to be elder than ones calculated from Table in Boers, et.al (1997).

From all the results in Tables 2.1-2.3, it is noted that as the insurance company’s

financial risk level ¢ increases (or the probability of successful hedging 1—&

decreases), the survival probability , p shows a decreasing trend, while the clients’ age

increases during the same period. We can conclude that the insurance company should
attract elder group of clients in order to compensate for the increasing financial risk. The

conclusion is consist with one obtained in Melnikov & Skornyakova (2005).

Furthermore, the results also imply that the survival probability . p_is decreasing

over time as the contract maturity term 7 is getting longer. Meanwhile, the clients’ age
also appears a decreasing pattern. Because of mortality risk, the insurance company
should attract younger group of clients for the contract with long maturities. However,

although the clients’ age is still decreasing in the paper by Melnikov and Skornyakova

(2005), the survival probability , p_shows an increasing trend for longer maturity

T instead. The difference could be explained by the effect of the stochastic interest

rater(t) in risky assets’ model, which leads to a significant change on mortality risk

associated with risk management strategies for insurance company.
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3. Efficient hedging on equity-linked life insurance contracts in

stochastic interest rate environment

3.1. Description of problem

Besides quantile hedging, another well-accepted partial hedging approach is efficient
hedging developed by Follmer & Leukert (2000). Efficient hedging is a more general

imperfect hedging approach compared with quantile hedging which maximizes the

probability of successful hedging under the insufficient initial capital (X, < H)). Under

the same initial budget constraint, efficient hedging focuses on minimizing the expected
size of shortfall risk weighted by some loss functions. It also takes into account the
investor’s risk preferences towards hedging.

Efficient hedging has been applied on hedging equity-linked life insurance contracts
since the first paper Melnikov (2004b). The author obtained the premium of the contract
in a diffusion setting. Then, Kirch & Melnikov (2005) extended the valuation work in a
jump-diffusion framework. Later on, Melnikov & Romaniuk (2008) made the
contribution on this topic by considering the contracts whose payoff depends on the
performance of 7 risky-assets, n>2 . Recently, Melnikov & Skornyakova (2011)
improved the application of efficient hedging by studying the contracts with stochastic
guarantee and they measured the shortfall risk with a special power loss function. In
those papers, the interest rate was all assumed either constant or deterministic throughout
the entire life of the insurance contract. As far as we know, the issue of valuing
equity-linked life insurance contract via efficient hedging in a stochastic interest rate
framework has not been studied very much. In this section, we will investigate the effect
of stochastic interest rate on efficient hedging and develop the strategies to manage

financial and insurance risks inherent in equity-linked life insurance contracts.
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In Section 3.2, we introduce the efficient hedging technique. In Section 3.3 and 3.4,
we formulate our problem and present the main theoretical results. We consider the
diffusion dynamics for both risky assets and interest rates. Section 3.3 focuses on the case
that all the financial processes are generated by the same Wiener process. While Section
3.4 considers more advanced models where the financial processes are driven by two

correlated Wiener processes.
3.2. Efficient hedging

In this section, we employ the same notations as in Section 2.3 whenever possible.
Suppose that the investor is unwilling or unable to put up the initial amount of capital for
a perfect hedge, and he is ready to accept some risk. Quantile hedging in Follmer &
Leukert (1999) only focuses on the probability of successful hedging. However, the
efficient hedging in Follmer & Leukert (2000) takes into account not only the size of the
shortfall but also the investor’s attitude towards the shortfall risk. The shortfall risk is

defined as the expectation of loss from the hedging strategy with expression
asE(l((HT -V )+ )) , Wherel(x) is a loss function defined on [0,00) andE(l(x)) <00,
This loss function/ (x)can represent the investor’s risk preference. In Follmer & Leukert

P

(2000), they considered a power loss function as/ (x)zx . Three types of risk

preferences are analyzed based on different values of power p :
(1) when p > 1: the investor is risk-aversion, which means the larger the loss is, the

less willing the investor wants to take.

(2) when 0 < p <1: the investor is risk —taking, such as the addictive gamblers type.
(3) when p =1: the investor is risk-neutral.

Efficient hedging aims to construct an admissible hedging strategy 7 = (VO, & ) which
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can minimize the short fall risk £ (l((HT -V, )+)) under the initial budget

constraint }, < 170 <H ) Follmer and Leukert obtained the solution of the above

optimization problem based on Neyman-Pearson lemma and similar hypothesis testing

techniques used to construct quantile hedging. In their paper, first, they prove there exists

a unique optimal randomized test ¢ which can solve the equivalent optimization

problem £ (Z ((1 - go) H )) under the initial budget constraint £ (gDH ) < 170 . Then, they

define the corresponding success ratio as go(Vo,fT) = I{VT = HT} +II_/I—TI{VT < HT}

T

for any admissible strategy(VO,f,). It is shown in Theorem 3.2 in Follmer & Leukert

(2000) that the perfect hedging strategy (Vo,ggt)for the modified contingent claim

H, = @H  can solve the proposed optimization problem, and the corresponding success
ratio go(l;'o , ggT ) coincides with the optimal randomized test ¢ .
Based on Neyman-Pearson lemma, the structure of the success ratio ¢ is also

obtained  for the power loss  function [/ (x) =x" with p>1 |

0 < p <land p =1respectively, which will be discussed in more detail in the following

Sections. It is noted that the requirement to construct such optimal hedging strategy is on

set{HT > O} . In our case, we work on a single premium equity-linked life insurance

contract with a stochastic guarantee, where the benefit at contract maturity equals to the

larger value of two risky assets. Therefore, the payoff at maturity /7, is always positive

which fulfills the condition{H ;> O} . Next, we will discuss how to apply the efficient

hedging technique on equity-linked life insurance.
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3.3. Application of efficient hedging on equity-linked insurance: models

with one source of randomness
3.3.1 Financial setting

Let (Q,F,(F )[20 ,P) be a standard stochastic basis as described in Section 2.5.1.

t
We consider a continuous time economy with the complete and frictionless financial

market. The market is consist of a non-risky asset(Bt )te[o 1 (bank account), and two risky

assets (S ,1 )te[O,T] and (S tz )te[O,T] (stocks), which satisfy the following dynamics:
dB, =1 Bdt 3.1

ds; =S (udt+o,dw,), i=12 (3.2)

where W, is a Wiener process under measure P, constants 4, € R, o, > Qare return and

volatility of the risky asset.S [’ , respectively. We also assume o, > o,, which means S 'is

more risky than S*. Noted that in Section 3.3, we only restrict our attention to the case
where the evolutions of two risky assets’ price processes are generated by the same
Wiener process W, . It is a special case (0 =1) of models driven by two different Wiener

processes with some correlation coefficient p , which will be discussed in Section 3.4. As
the benefit of equity-linked life insurance contracts are mostly related with high positive

correlated traditional equities such as traded indices and mutual funds, the restriction

of p =11is suitable and convenient. In addition, the case of p =1may not follow the

results of the case 0 < p <1and should demand a special consideration.

. . . *
According to Girsanov Theorem, we can define a martingale measure P under

which the risky-asset Sf ,i =1,2, satisfies the following risk-neutral dynamics:
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ds; =) (rdt+o,dw,).i=1.2, (3.3)
where W is a Wiener process with respect to P" .

t

For stochastic interest rate models, we place ourselves in the HIM
framework. f' (t,T )denotes the forward rate at maturity time 7 (2 t)for instantaneous

borrowing at time ¢, which satisfies the following dynamics under the martingale
measure P’

df (t,T)=0(t,T)o (¢,T)dt+o(1,T)dW, (3.4)
and the dynamic of spot interest rate7; is given by:
dr(t)=df (t,t)=o(t,t)o (t,t)dt+o(t,t)dW, (3.5)
where o (1.7)= [ o (t.u)du.

We also consider a zero-coupon bond which pays 1 unit of currency at maturity T,

ie. P(T,T) =1. The bond price P(t, T) at time¢is defined as

T
P(t,T)zexp(—L f(tu)du) (3.6)
Since f (O,t) for 0<¢<Tis a given constant, the bond price at time zero P (O,T )can

also be considered as a constant.

Denote D, = B% = exp(—jotr(u)du) , then the discounted bond price D,P(t, T )

t

admits the following risk-neutral dynamics:

d(DP(1,T))=-D,P(t,T)c" (1,T)dW, (3.7)

3.3.2 Bond numeraire and forward measure P

A numeraire is the unit of account in which other assets are denominated. Sometimes

one might change the numeraire to significantly simplify the computation, especially the
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calculation associated with stochastic interest rate. In principle, we can take any

positively priced asset as a numeraire and denominate all other assets in terms of the

chosen numeraire. In this section, we will select zero-coupon bond price P (t,T )as the

numeraire to calculate the premium of the contract.

Let us define the forward measure P which satisfies:

3 1 .
P(A):mLDTdP forall AT (3.8)

P DP(t,T
j}i =— ( ), which is a martingale

P(0.T)

This measure has a local density Z~t =

F

* . * t * .
under P . We can also construct a new Wiener process W, =W, +IOJ (u,T )du with

respect to measure P .

A self-financing strategy is given by an initial capital X, >0, and a predictable

process & = ( B.ELE ) such that the value process X, is well-defined. Also X, admits
the following expression:
_ T T 22 3q2 d
X, =X, +[ &dS, +| £dS; +[ p,dP(u.T) (3.9)
where & = ( ,Bt,él,ftz) is the number of units invested into bonds and stocks

respectively. If the corresponding value process X, satisfies

X,20 Vte(0,T), P-as. (3.10)

t
Then the trading strategy (X 058 ) is called admissible.

By Ito’s formula, it is easy to obtain that:

S! S! R ~
d———=—+ T )dw., i=1,2 3.11
P(1.T) P(t,T)(G (1T)on) . i< e
Denote V,, (t)=%,we can get:
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2

‘ S! t S
= lg_ Su 29w
v, (t)_VX(o)+j0§ud P(u,T)+J.0§“dP(u,T) (3.12)

3.3.3 Applying efficient hedging on equity-linked life insurance

In this section, we follow the same insurance setting as in Chapter 2. Given the

constraint on the initial capital available for hedging the
payoff H, = maX(S},Sﬁ ) in X, < H,, the insurance company needs to seek for some

appropriate imperfect hedging techniques which could optimize the hedging outcomes.
Efficient hedging can be applied in this situation. Before we introduce our theoretical
results of applying efficient hedging on equity-linked life insurance, we modify the
original technique discussed in Follmer & Leukert (2000) to make it better suited for the
purpose of our analysis with stochastic interest rate. Under our financial setting, we

consider the following modified efficient hedging problem:
min E” [l((HTDT -X,D,)’ )} (3.13)
Under the constraint: Vy (0) <V, <E (H ) (3.14)

Wherel(x) is the loss function defined on[O, oo) with / (0) =0.

Let us introduce the modified contingent claimI:IT =@H,, where ¢ R is the

T>
solution of the following problem

min £°[1((1- ) HD; ) | (3.15)

peR
Under the constraint: E ((pH ) < 170 (3.16)
where R = {(p Q> [0,1]‘ o F.— measurable} is the class of “randomized tests”.

For the modified contingent claim H, , we can find an admissible

strategy(I;X (0) ,51 , 52) , such that
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2

- - S! - S,
E)=V,(0 d—r— 2d—— ,Vte[0,T](3.1
T [) X( )+J.()§u P(u’T)-i_J.oé:u P(U,T), tE[ > ]( 7)

Vo(t)=E(A

As a result, we obtain the following proposition:

Proposition 3.1: The admissible strategy( ( ) f f )of the modified contingent

claim H » =@H, solves the optimization problem (3.13), (3.14), and the success ratio

@ is defined as

p=1{V,(T)2H,}+ X(T)I{VX(T)<HT} (3.18)

And @ coincides with ¢ P’ —a.s.
Proof: According to Theorem 3.2 in Follmer & Leukert (2000), the success ratio ¢ for any

admissible strategy ( ©(0),¢4,&° ) with ¥, (0) <V, can be defined as

Wy, (T)<H,| (3.19)

Since @pH, =V, (T ) A H . , the shortfall takes the form
(H, -V (T)) =H, -V, (T)nH, =(1-9)H, (3.20)

Under the forward measure P, the value process V', (t) is a martingale, so we obtain

E(P((Dg;)J:E(wHT)SE(VX(T)):VX(O)SVO (3.21)

which shows the success ratio ¢ satisfies the initial capital constraint (3.14).

As @ is the solution for the problem (3.15), (3.16), we can get
E [z ((DTHT DV, (T)) )}

=E'[1((1-p)H,D;)] (3.22)
>E'[1((1-§)H,D

~
~—
| —

On the other hand, due to (3.22), (~X (0),51,52) has  success
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ratiO(p(I}X (0), 92' ,922) which satisfies
o(V,(0),E.8H, =V, (T)AH, 2$H,, P —as. on {H,>0} (3.23)

Without loss of generality, we assume that® =1 on {H r= 0} , SO we obtain:

o(V,(0),&',8)H, =pH,, on{H, =0} (3.24)
Therefore the success ratio ¢ coincides P~ — a.s. with ¢ . In particular, we get:

(D,H,-D,V,(T)) =(1-$)H,D, (3.25)

So the strategy (VX(O),§',§2) solves the optimization problem defined by (3.13),

(3.14).

To solve the optimization problem, we need to obtain a perfect hedge

(VX (0),51,52) for the modified contingent claim H r =@H,. We work with a power
loss function/ (x) = x” . Based on the analysis in Follmer & Leukert (2000), ¢ is unique
on set{HT > 0} , for p>1,0< p<1, and the special case p=1. The value of
power p also represents three types of investors: p =1denotes the risk-neutral investor;
0 < p < ldenotes the risk-taker; p >1denotes the risk-averse investor. Neyman-Pearson

lemma can be used to find out the structures of @ in three different cases. Applying the
same technique, if we rewrite the optimal test which is simple hypothesis P against the

simple alternative P”in terms of P"and P, we can obtain the structures of @ similar as

in Follmer & Leukert (2000) as following:

I(c Z
G=1- M/\1 . for p>1 (3.26)
H
¢=l{l>cle"’Z~T}, for 0<p<1 (3.27)
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g5=1{1>cpZT}, for p=1 (3.28)
where [ {} is the inverse of the derivative of the loss function/ (x), l{} is the indicator

function, c¢,, is the constant determined from the condition £ = (pH, )=V, (0) .

In the following, we will apply the efficient hedging approach on equity-linked life

insurance contract with a stochastic guarantee. As discussed in Section 2.5.2, the initial

cost of hedging equity-linked life insurance contract X, is given by:

X, =E-E(H, D, T (x)>T})

~ (3.29)
=P(0,T)E(H;)- ;p,
From (3.29), it is obvious that
7 (0) =5t = E(H,) 1o, (3.30)
P(0.7)
Applying the efficient hedging, we also obtain that:
Ve (0)=E(H,)=E(¢H,) (3.31)
Hence, we obtain the key balance equation similar as quantile hedging:
E(pH,)
Tpx = (332)
E(H;)

The main theoretical results are contained in the following theorems:
Theorem 3.1: Consider an insurance company that sells a single equity-linked life
insurance contract with payoff H, = max(S;,S;), and the firm’s risk preference is
risk-aversion with a power loss function I(x) =x", p>1.Then
(1) The initial price of the contract is

X, =8W (Y Yys 0, )+ 5097 (VYo )

(3.33)
—MP(O,T)[‘I’Z (.Y p,, )+ 92 (Vi o, )]

where Sé and S(f are the initial assets’ prices, W* () denotes the two-dimensional
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cumulative normal distribution function with

S, 1 Se 1
lnS;;+2(01—0'2)2T Y_lnSE+2(O'1—O'2)2T

le

(Gl_GZ)ﬁ o (Gl_GZ)ﬁ ’

M:A?,exp(2 . IOT(J*(M,T))2duJ, 1€=(C—”]pl,

and the correlations are
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p—
Iosls3: 61 ﬁ ’ ps2s4: 52 ﬁ

jj(q +Po (u,T)jdu - jOT(az +Po (u,T)jdu |

(i1) The survival probability , p. is given by
Sé‘{lz (Yl,YZ;ps]s3 )—|—S§‘IJ2 (Y.’:’Yél;pszs‘t )
) Sy (X)+S8; ¥ (%)

M (Tdip, )+ ¥ (1 Kap,, )
Sy-W(Y)+S;-¥(Y,)

Tpx
(3.34)

where W () is the cumulative distribution function of standard normal distribution.

Proof: (i) The success ratio ¢ for risk-aversion case is given by (3.26), so we can

simplify the modified contingent claim H as

1

H,=¢-H,=H,~k(Z )" nH,
SN (L (3.35)
=(HT—k(ZT)P—‘j-l{k(ZT)P—I <HT}

1

~ (e, 8
where k = [—p] . From (3.31), we can obtain the following expression for V,, (O) :
p

+E| §7-1{8; < Sﬁ}l{E(Z} )pl—l < Sﬁ}} (3.36)

The indicator functions in (3.36) can be simplified as following:
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ln?+—(0'22—0'12)T+(0'2—0'1)J‘ 0'*(u,T)du (3.37
=1 < 0
B (o O'z)ﬁ
1{8; < 57}
2
In—2+ (0'12—0'22)T+(0'1 _0-2).[ 0'*(u,T)du (3.38)

S T p . 2 of . (3.39)
"t (0.7) l [_2(17—1)(0 (1) =5 —eie (u’T)}du

S? T p . : ol .
lnlEP(()O,T)Jr-[o {_2(]9_1)(0- (”’T)) _72_0'20' (M,T)}Ju (3.40)

=1{s4< z,
where s, =—%~N(O,1), 5, =%~N(O,1),
T *
- (o‘l-i-plilO' (u,T)]qu ) . :
S5, = 5 ~N(0,1), 512:J'0 (o-l+—0' (u,T)J du,
| p-
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jdVVu 2
— T *
S, = ’\‘N(O,l), 6222-..0 [O'Z'i‘ﬁg (M,T)] du .

We substitute (3.37) and (3.39) into the expression of I7X (O)in (3.36) and obtain:
1
E(S; 1{s; 255}1{12(2})17—1 <S;}]
% 2
! + I ~
= g exp{—IOT(Gl c (u )) du]E(eZ‘l{sl < Al}l{s3 < A3})

(3.41)

where z, =—I0T(Gl +U*(u,T))qu ~N(0,4'12), I =IOT(01 +O'*(u,T))2 du ,

1 .
n—+5(0'22 —0'12)T+(O'2 —JI)IOTJ (u,T)du

S,
A= (01 —0'2)\/? ,
gyl e ) % o )
. 5

“Multi-Asset Theorem” (see details in Melnikov & Romaniuk (2008)) can be
applied to evaluate the expectation (3.41) forn =2 . First, the necessary correlations are

calculated as

p j—
p3153= ’ pSIZF
ST ¢NT

oo 2 flaeunia

IT[GI + P 10*(u,T)j(al +o'*(u,T))du
0 p_
8¢, ’

Then, we apply the theorem with the above parameters and get:

pS}Z] =

1 1

E(S; 1{8) > Si}l{é(ZT ) < S}}J = P(f)OT) v (Y Y0, (3.42)

with ¥, and Y, given in Theorem 3.1.
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Now let us turn to another term E(Si -l{S,}r < Sﬁ}l{lg(ZT )ﬁ < Si }] in (3.36).
From (3.38) and (3.40), this term can be simplified as:
E(Sﬁ 1{S; < Sﬁ}l{l%(zr)pl—l < Sﬁ}]
s2 { r (0'2 +o (u,T))2

P(0.7) 2

(3.43)

du]g(622l{sz <A, s, <A4})
where z, =—IOT(02 +o (u,T))qu ~N(0,é’22), I =IOT(02 +O'*(u,T))2 du ,

S2 l T
1nS?§+2(GI2_Gz2)T+(GI_GZ)L o (“aT)d”

’ (Gl_GZ)ﬁ

~S§+LT{—2(;_1)(O'* (u,T))2 —05—0'20'* (u,T) ldu

A
4 5,

with the correlations

[ 2ren)s ety

p—
pss: [ b psz:_ / ’
2°4 52 T 242 4/2 T

We apply the Multi-Asset Theorem again, and the expectation in (3.43) becomes:
- L S?
r 2 1 2 o4 _ 2 2 .
E| 57-1{8) < ST}l{k(ZT)p I < ST} :W(ZT)\P (%.Y.:0,.,) (3.44)

We can repeat the similar calculations for the other two expectation in (3.36), and

obtain the results:

1

E(A?(Z”T)pll SRR Sﬁ}l{é(z”T)w < S;}] = MY (Y., p,,) (349
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1

E[z;( AGRICE Sﬁ}l{l%(ZT)ﬂ-‘ ; ng=qu(y7,y8; ) Gao

where M =/€exp{2(li’p)2 J'OT(U* (u,T))2 du]-

Combining (3.42), (3.44) ~ (3.46), the expression of VX (0) becomes

7,(0)

1 2
S5 . S—O)\{ﬂ (%Yip,) (47)

o e T
—M|:‘P2 (YS,Y6;,0sls3 )+‘P2 (Y7,Yg;ps2s4 )}
Finally, we arrive at the result (3.33).

(i1) According to the key formula (3.32), we only need to calculate the expectationE (H ) .
First, it is easily to observe that

E(HT)zﬁ(max{S},Sﬁ}) (3.48)
= B(Sp-1{s; 2 7))+ E(871{8} <57}) |

The first expectation in (3.48) can be calculated as:
E(s;1{s}257})

1 ~ T(O'l+0'*(u,7"))2 " -
_ 5 ejo 2 dE(e‘Z‘-l{sléAl}) (3.49)

= S—é Y ( Y )
r(or)
The second expectation in (3.48) can be treated in a similarly way:
E(s1{s; <s7})
S2 _jor(aera*(u,T))z di .
:W(ZT)e 2 E(e 1{s,<A,}) (3.50)

2
—_ S _y(y,)

~ P(0,7)

Substitute (3.49), (3.50), we get
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Y(Y,) (3.51)

Therefore, the survival probability is given by
_ E(¢H,)
T E(Hy)
+S; W (YL, Y
_ ( : pss ) . ( 3>74 pszs4) (352)
So ( 1)+S0' ( 3)
M[TZ(YS’Yé9psls )+II12(Y7’YS9PSZS4 ):|

Sy ¥ (1) +S5-¥ (%)

Theorem 3.2: Suppose that an insurance company sells a single equity-linked life

insurance contract with payoft /., = max(S;, S 2) and the firm decides to use efficient
hedging to minimize the shortfall risk. It’s risk preference is risk-taking with a power loss
functionl(x) =x", 0< p<1.Then we have:
(1) The initial price of the contract is

X, =S¥ (4,050, )+ oW (%, Vs s, ) (3.53)
where Sé and S02 are the initial assets’ prices, W’ () denotes the two-dimensional

cumulative normal distribution function with

13

~Ink, +J.01[127(0'*(u,T))2 +(p2—1)0_12 +po,o (u,T)}du

2 51 s
—lnk +I E (u T)) (p_1)0'2+p0'0'*(u T) u
B 2 2 2 2 b
7, = = ,
2

54



The correlations are

J'OT((p—l)a1 +po (u,T))du J:((l—p)ﬁz —po (u,T))du
Pss= 51 N > Ps,= 52 JT .

(ii). The survival probability , p_is in the form

_ S(l)qlz (Yla ~2;ps.5. )+S§T2 (Ypﬁ;p”%)
= Sy (1)+ S, (1;)

D, (3.54)

where ¥ () 1s the cumulative distribution function of standard normal distribution.
Proof: (i) When 0 < p <1, recall that the success ratio ¢ has the form
G=1{1>c,H,"Z,} (3.55)

Then, we can rewrite the expression of VX (0) :

)1_,, . 1}) (3.56)

~ ~ 1-p
Here we only show the calculation forE(S; -l{S; >S; l{c Z, (S;) < l}) , the
calculation for E(S; -I{S} < S;}I{CPZT (S? )H7 < 1}) is symmetric.

The set {cpZ~T (S} )H) < l} is simplified as:

{CPZT (s)" < 1}

= {jor[(l—p)cj'l —pO'* (u,T)]dWU <
1 (3.57)
~ T « 2 — *
~Ink +], (—g(a (u.T)) _PTGIZ_(p_Ugla (u,T)jdu}

={§l <51}
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_lnlg1 +;IOT(—p(0* (u,T))2 +(1—p)0'12 +2(1—p)0'10'* (u,T))du |

A - _
S
So the first term in (3.56) becomes

E(S} SR Sﬁ}l{cpZ”T (s} )ﬁ < 1}]

oo’ @)
S T s <A1 <a)

P(0.7)°

Based on Multi-Asset Theorem, we take the corresponding correlations as

J’OT((P—I)O'1 +po (u,T))du IOT(O'1 +0'*(u,T))du

psl§1: 5.1\/? ’ pslzlz é/l\/?
Jj[(p—l)of +(2p—1)0'10'*(u,T)+p(a*(u,T))z}du
Pz, = ’
- 3¢,
and obtain

E(S; 1S > Sﬁ}l{cpz”T (83)7 < 1}]

S(l) 2 e
= YY.Y,;p,;
P(0,T) SRERN
Wherefzis given in Theorem 3.1.

Through similar computations, we have

E(Sﬁ {8} < Sﬁ}l{cpz”T (Sﬁ)ﬁ < 1}]

S? %
:WiT)W(Y},Z;Aﬁ)
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(3.60)



With 174 » Py ;, are shown in Theorem 3.2.

Therefore, (3.59) and (3.60) lead to the expression of

- St Y~
7O =507y ¥ (FBins)

S5

So we find X, = SoW* (¥, Y3 0, )+ oW (Y. Yy o, ).
(i1) According to the key formula ,p =

Theorem 3.1, we get the formula for , p_in (3.54).

(3.61)

Theorem 3.3: Consider an insurance company that sells a single equity-linked life

insurance contract with payoff H, =max(S;,S;), and the firm’s risk preference is

p

risk-indifference with a power loss function / (x) =x", p=1.Then

(1) The initial price of the contract is

A

X0=S(I)‘P2(Yp 2;ps,§,)+S§lP2(Y I;.'0325‘1)

35445

(3.62)

where Sé and SO2 are the initial assets’ prices, W* () denotes the two-dimensional

cumulative normal distribution function with

~Inc, +j0TB(a* (wT)) +o0” (u,T)}du

>

2

S

(i1) The survival probability . p_has the form

57



Shp? (Yl,g;pﬁﬁl )+S§l}ﬂ (g,ﬁ;pszg, )
rPx = S (%) + S (Y,)

(3.63)

where ¥ () 1s the cumulative distribution function of standard normal distribution.

Proof: (i) If p =1, the structure of success ratio is @ = 1{1 > cpZ~T} ,

SO we rewrite

VX(O)ZE((ZHT)

= E(sp1{sp 2 2 j1{1> ¢, 2, )+ E(S71{s} < S7}1{1>¢,7, ) o9
Simplify the indicator function 1{1 >c pZT , We obtain:
1>¢,7,}
= l{i > exp(—f o (u,T)qu —%Jj(oj (u,T))2 duj}
= 1{—lncp —%Jj(of (u,T))2 du > —I;G* (u,T)qu} (3.65)
= 1{§1 < Al}
—ITG*(H T)dw, —lncp—lIT(a*(u,T))Zdu
where §=—2——"" """ _N(0,1), A = AL ,
S, )
312 = IOT(G*(M,T))zdu.
We calculate the first term in (3.64) and get:
E(sp1{s; 2 s211{1>¢,2,})
_— r(o+’ (@) . A (3.66)
:P(f)(jT)eIO 2 dE(e’Z‘~1{§1<A1}1{S1SA1})

where the correlations are

J‘ZO'*A(u,T)du , Jj(oq +0'*(u,T))du
SNT T ¢NT ’

Pss,=
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IOT(Gl +0'*(u,T))0'*(u,T)du |

103121:

~Inc, + JOT B(G* (u,T))2 +o,0 (u, T)}du

]

L=A+G P =

and by Multi-Asset Theorem, (3.66) becomes
E(sp1{s;=sph{1>¢,2,})

Sy

. (3.67)
N P(O,T)WZ(K’K;%)

For the second term in (3.64), we can follow the similar steps and get the expression

as:
E(sp1{s; <S7{1>¢,Z,})
g2 ) (3.68)
:WO,T)TZ(&’Y“;/)@‘)
where
1, . 2
—lncp+JT[(a (u,T)) +020'*(u,T)}du
. 2 A .
Y4: 0 5‘1 ’ é‘lzzj‘T(O_ (u,T))Zd ’
—IOTJ*(u,T)du
Poic ™31
Therefore, we obtain:
7, (0)= S V(Y% 0, )+ So V(N Tp,)  (G69)
X P(O,T) 15529 58 P(O,T) 39745 5,8 :

which leads to the expression (3.62) for X, in risk-neutral case.

(i) Using (3.69), (3.51) and performing calculations in the key formula (3.32), we can

derive the expression for survival probability in (3.63).
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3.3.4 Numerical results

In this section, we will investigate the characteristics of efficient hedging on risk
management of equity-linked life insurance contracts with stochastic interest rate from

some numerical examples. We consider the insurance company’s attitude is risk-taking,
i.e., loss function withO < p < 1. For illustrative purpose, we focus on the extreme case
as in Melnikov & Skornyakova (2011), i.e. p —> 0.

Based on the discussion in Follmer & Luekert (2000), we have the following

expression of shortfall risk:
~E[ 1, -p(H)' | (3.70)

As the value of contingent claim H should be bounded, we can take the limit of (3.70)

when p — 0, then apply the dominated convergence theorem. Thus we obtain:

E[HTP -l{lqﬁ,wz,}} D EL o= P(1<cH,Z,) (3.71)

p—0
We can fix the probability of failing to hedge payoff H, at maturity time 7 as

P(l <cH TZT) =&, where ¢ also quantifies the insurance company’s financial risk level.

With a fixed financial risk level &, we can estimate the constant c.
To estimate the parameters in risky assets’ model (3.2), we use daily stock prices of

Russell-2000 (RUT-I) and S&P 500 from August 1, 2006 till July 31, 2011. Based on the

discussion in Section 2.5.4, it is reasonable to choose RUT-I as the first risky asset Stl

and S&P 500 as the second risky asset St2 . We also assume to have 252 days during each

business year.
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The estimated parameters are:
H,=0.067, 0,=0.2909, 1, =0.0312, o, =0.2362 (3.72)
In order to correct the large difference between two risky assets, the initial prices of two
assets can be chosen as S, = (1278.53/900.02)-900.02, S; =1278.53.
For simplicity, all the results obtained in this section are under the assumption of a
constant volatility structure in HIM model (3.4) (3.5), i.e. O'(t,T ) =0 forall tandT .

Without loss of generality, we selecto = 0.06.

With very small p (< 0.01) , the initial value of a single equity-linked life insurance

contract is chosen as.S, =1000. To study the effect of the stochastic interest rate on
applying efficient hedging to equity-linked life insurance contract, we calculate the

survival probabilities , p with maturity terms 7 =1~ 20 years in three different
specifications for the initial term structure f°(0,7), i.e.

Scenario I: flat initial term structure f (O,t) =r,.

Scenario II: linearly increasing initial term structure f° (O,t) =1,+0.002-¢.

Scenario III: linearly decreasing initial term structure f° (0, t) =71,—0.002-7.

In case of 7, =0.033, the survival probabilities , p_ which is reflected by the efficient

hedging ratios in the financial market at different financial risk level £ are shown in

Figure 3.1, 3.2, 3.3 respectively.
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Figure 3.1 Hedging ratios (survival probabilities . p ) at different financial

risk £ with £(0,7) =7, = 0.033.
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Figure 3.2 Hedging ratios (survival probabilities . p ) at different financial

t)=r,+0.002-¢.
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Figure 3.3 Hedging ratios (survival probabilities . p ) at different financial
risk & with /(0,¢) =7, —0.002-7 .

We also obtain the ages of clients corresponding to those survival probabilities based

-Vera (2010). The results

on 2005 United States life table listed in Arias, Rostron & Tejada

are shown in Figure 3.3, 3.4, 3.5.

0.01
0.025
0.05
0.1

risk level
risk level
- — -risk level

- — —risk level

sjusl|n jo saby

Maturity Time

r, =0.033.

Figure 3.4 Age of clients with flat initial term structure f (0, t)
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Figure 3.5 Age of clients with linearly increasing initial term
structure f'(0,7) =7, +0.002-7.
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Figure 3.6 Age of clients with linearly decreasing initial term

structure f'(0,7) =7, —0.002-7.
According to Figures 3.1~3.3, regardless of the patterns of the initial term
structure f(0,7), the survival probabilities , p_show the same trend of changes. The

corresponding ages of the clients also appear the same trend as the survival probabilities,

as shown in Figure 3.4~3.6.
In Figures 3.1~3.3, the survival probability ,p decreases as the insurance

company’s financial risk & increases at any fixed point of maturity term7 . In addition,

Figures 3.4~3.6 shows that the recommended clients’ age increases at any fixed
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T when ¢ increases. Therefore, it indicates an offset between financial and mortality risks.
As a result, the insurance company may attract elder clients to compensate for the

increasing financial risk.
However, at any specific financial risk level &, survival probability , p is concaved

up with increased maturity time 7' . This pattern in survival probability shows

dissimilarity with the constant interest rate case discussed in Melnikov & Skornyakova
(2011). When a constant interest rate is considered, the survival probability . p_keeps
decreasing all the time. It is noted that in Melnikov & Skornyakova (2011), the successful

hedging set only admits one expression{S} / Sﬁ <c}. However, in this section, the

success set is in the form of either{c > S;ZT} or{c > S?ZT}. IfS.Z, is considered as

a function of maturity time7 , then there exists a critical value T which may lead to

different expressions for the successful hedging set. Therefore, the survival
probability . p_shows opposite trends before and after critical yearf . In our case, this
critical time 7 is calculated to be 10 years.

From the above observations, the stochastic interest rate 7, shows a strong

influence on the risk-management for risk-taking companies. At the beginning of an
insurance period, the insurance company may attract old group of clients. In our case, it is
recommended that the ages between 67 and 87 for different financial risks & may be
selected. However, the company may attract younger group of clients for a longer

maturity term 7 because of the increasing mortality risk.

In addition, we also investigate the sensitivity of survival probability . p with

respect to three different initial term structure at certain financial risk level¢ = 0.01 as

shown in Figure.3.7. The differences of ; p_in three patterns are relatively small within

first 3 years. After that period, the patterns of initial term structure have larger impact on
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survival probability . p. over time 7. Survival probability obtained from linearly

increasing pattern is lower than the one from flat pattern. The Survival probability

generated from linearly decreasing pattern is the highest among them.

1 T T T T T T
. ' ' — —flat ' ' .
() I . N S . — - — -linearly increase
: linearly decrease -
= 08--mmm e ________:L_________E_ ______________________________________________________
3 i i
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R
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Maturity Time

Figure 3.7 Sensitivity of survival probability w.r.t. different f (O,t) ate =0.01.

Figure.3.8 shows the change of survival probability , p_with different values of the

initial spot rate 7, in flat term structure over 20 years. The rate 7 varies between 0.01

and 0.09 with incremental step 0.02 in this example. It can be seen that the initial spot

rate 7, has a greater effect on survival probability , p_, especially during the years from
5~20. Survival probability , p _becomes smaller at any fixed time7 with an increased

initial spot rate 7, . This implies that the insurance company should span its clients to an

elder group of clients with a larger initial spot rate.
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Figure 3.8 Sensitivity of survival probability w.r.t. different7, ate = 0.01, initial term

structure is flat.

3.4. Application of efficient hedging on insurance: models with different

sources of randomness

In this section, we reconsider the same issue of efficient hedging on equity-linked life
insurance with stochastic guarantee in the stochastic interest rate environment. Section

3.3 restricts the financial models restricted to the special case that all the financial

processes are generated by the same Wiener process (o =1). In Section 3.4, a more

general model will be used in the financial settings. We assume that the return processes

of two underlying risky assets are driven by different correlated Wiener processes

separately with O < p < 1. Therefore, the HIM framework utilized in this section contains

two sources of randomness: The first Wiener process can be interpreted as a “long-run”
factor, while the second one can be interpreted as the spread between a “short” and

“long-term” by choosing appropriate volatility function.

3.4.1 Financial settings

As in previous Section, we consider a continuous time economy with the frictionless
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and complete financial market. For simplicity, we work in a risk-neutral world directly.

Let (Q,F,(F )te[O T] ,P*)be a standard stochastic basis. Without loss of generality, we

t

assume P is the risk-neutral probability measure. (St1 )t o]’ (S :

) )te[O,T] are two risky

assets, with prices’ evolutions as:
ds; =S} (ndt+cdW.,), i=12 (3.73)

where 7, is the randomly evolving spot interest rate with constant volatility o, > 0of the
risky asset S ,l , (W,*l )IG[O’T] , (W,*2 )te[o,T] are two different Wiener processes under
P with d Wu*d VI/Z,t* = pdt . pis the correlation between the two Wiener processes and
assumed to be 0< p <1, which means the risks can not be perfectly correlated. We
assume S,'is more risky thanS’,ie. o, >0,.
For HIM framework, the forward rate f° (t, T ) satisfies the following dynamic:
df (t,T)=A(¢,T)dt+o' (t,T)dW,, + o> (t,T)dW,, (3.74)

and the spot interest rate r(t) is defined by the following expression:

dr(t)=A(t,t)dt+c' (t,6)dW,, +o° (t,t)dW,, (3.75)
where A(t,T) =(c" (t,T) + po’ (.T)) 0", (t.T) +(0” (t.T)+ po’' (t.T)) o', (.T).

o (1T)=]

o' (t,u)du ,i=12,and o' (,) are deterministic functions.
t

We also consider a zero-coupon bond followed the same definition of
price P (t,T ) as in (3.6), and the bond price at time zero P (O,T ) can be considered as

constant.

3.4.2 Bond numeraire and forward measurel3

Similarly as in Section 3.3, we select the price of zero-coupon bond P (t,T )as the
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numeraire to simplify the computation in the following Sections. Let us define the

forward measure P which satisfies:

1 k
P(4)= P(O’T)LDTdP forall A (3.76)

where D, = exp(— I du)

dP*| = D[P(t’T), which is a martingale
dP'|

P(0.7)

This measure has the local densityZ~t =
F,

under P°.

By Ito’s formula, we obtain the discounted price of S,1 and St2 as follows:

Sl

: Sy
R O L R AR E AT g
__J- [ o (w.T) +01 +2,00*2 (u,T)(GI*(u,T)+01)+(O'*2 (u,T))ZJdu}

3.77)
St2 _ Sg T T
P(t.T) P(0.T)" p“ (0 (1) + o+ [0, (T,
(o wr)sen) +2p07, (wT) (o) (0 T)40) (o, (u,T))szu}
(3.78)
where W;l W, are new Wiener processes under forward measure P, which satisfy

A self-financing strategy is given by an initial capital X, >0, and a predictable

process & = ( B.ELE ) such that the value process X, is well defined. Also X, admits

the following expression:

X, =X, +[ BdB(uwT)+[ £ds,+[ &as; (3.79)
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where &, = ( B.ELE ) is the number of units invested to bonds and stocks respectively.

Following Geman, Karoui & Rochet (1995), we know that the self-financing
portfolios will remain be the self-financing after a numeraire change. By the Ito formula,

we obtain that

t _ L e Sll, ) Suz
()= = VX(O)+I0§“d—P(u,T)+Io§“d—P(u,T) (3.80)

As aresult, (VX (0) JELE? ) is a self-financing strategy under the forward measure P.

3.43 Applying efficient hedging to life insurance contracts

We keep working on the same single premium equity-linked life insurance contract
with payoff H, =max(S;,S;). The modified efficient hedging technique discussed in

Section 3.3.3 will be utilized here to value the contract first and then to imply the survival

probabilities which reflect the mortality risk. The main theoretical results are formulated
in the following three Theorems devoted to the <case p>1
0 < p <land p =1correspondently.

Theorem 3.4 Consider an insurance company that sells a single equity-linked life
insurance contract with payoff H, =max(S;,S;), and the firm’s risk preference is
risk-aversion with a power loss function / (x) =x", p>1.Then

(1) The initial price of the contract is
XO = S(l)\Pz (A; > A; > pxlx3 ) + S(f\Pz (AYZ > ALl > pv2.94 )

o) e (3.81)
-P(o, T)M[‘Pz (Andy 0, )+ 92 (A,A, 0, )]

where S(l) andS(f are the initial prices for risky assets, P(O,T )is the initial price of a

zero-coupon bond, ¥* () denotes the two-dimensional cumulative normal distribution

function with
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| 21
lnS(‘);+2(0'12+022—20102p)T lnSE+2(012+0'22—2p0'10'2)T
6T 6T ’
S, 1 r . I .
lnlgP((()),T)+2O-12T+J0 (p]il)o-l (u,T)(Gl+2O'1 (u,T)jdu
S
T * * 1 *
J‘O( Pl o-2(u,T)(,1)(0'1+0'1 (u,T))+20'2(u,T)]du
2
In—= +10'2T+J.T P G*(u,T)(O' +10*(M,T)jdu
kP(0,7) 2% Jo(p-1)° 2o
52

+ J.OT (p]il) o, (u,T)(,O(Gz +o, (u,T))+;O'1* (u,T)jdu

62

1 r . :
lnSE+2(022 —012)T+I0 [pp_lo-l (U,T)(p0'2 -0,)+20, (u,T)(02 —alp)}du

1
5 —10'22T+J‘0T 2=p O'l(pO'; (u,T)+0'1*(u,T))du

kp(0.T) 2 (p-1)
37 S
for(pi)z (Paf (u.T)o; (w.T)+ (3_2]))((51* (wT)) +(o3 (7)) )]du
+ 2
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Sy 1 rop . *
nlgP(((;,T)_2022T_jo (p- )02 (02 (u,T)+ po; (u,T))du
2
+

1
B 5

4

ks é’fff 11))2 (7)) +(03 (7)) 207 (w.7) o (.7)

2
5 = jOT[[al +ﬁa:<u,r)j Lo (uﬂ[%a; (u,mp(al Lol (u,r)jﬂdu

5= jj[[az +ﬁo§ (u,T)jz +Lla,* (u,T)[Lla,* (u,T)+2p(0'2 +ﬁo§ (u,T)mdu

p- p-

oo 2o ol 2 oo o i

» | p
$183= &é‘l ﬁ s

[ (er-ap) et wr)ien |+ 2 ol (wr)(ewpa)

ps2s4= 6'52 ﬁ ’
1

6*=0"+0’-20,0 k = C—pg M =kex p ITH(u T)du
— Y2 1 10,0 - P » - p 2(1_p)2 0 ’ ’

2

N(t,7)=(c", (t.T)) +2p0",(t.T)o, (.T)+(o", (1.T))
(i1) The survival probability . p_is given by
S (8,80, )+ SV (8,80, )
b= T (J 2
S, (d,)+S;¥ (d,)

MP(0.7)(¥* (R4, p,, )+ 9 (B8, p,.,)
. Sy (d)+ 5% (dy)

(3.82)

where W () is the cumulative distribution function of standard normal distribution, and

Se 1o 5.
ln—JrE(O'1 +0, —20'10'2,0)T

Sl
d,=—>2
: 6T
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Proof: (i) The success ratio ¢ for risk-aversion case is given by (3.26), so we can

simplify the modified contingent claim H ras

={HT—1€(ZT)$].1{;;(ZT),L < HT} G5

where & = {C—pJP . The expression for VX (O) can be decomposed into:
p

V,(0)=E(¢pH, )= E(S‘T 1{s; zs;}l{lé(ZT)pll < S}}]

+E| S7-1{S} < Sﬁ}l{l%(z”T)pl—l < Sﬁ}]

E 1€(~T)1’11-1{S}2Sﬁ}1{1€(Z~T)1711<S}}]

-E lé(ZT)pl—l 1S, <Sﬁ}l{l€(Z~T)Pl—1 < Sﬁ}]

(3.84)

The indicator functions in (3.84) can be simplified as follows:

1{s; 2 57}

S, 1 Tr . .
ln?g+5(65 —GIZ)T-‘,-J.O |:O'I (H,T)(pGZ —o‘l)+62 (u,T)(O'z _pgl):'du

=145 < 0
1 5ﬁ

(3.85)
1{s; <7}

2
S (o027 [[of (0T (61 po) 0 (0 oy -0

1
=14s, < 0
2 O,,_ﬁ

(3.86)
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S L7 u,T)+o, (0, +20, (u,T)+2p0, (u,T)) du
lnlgP(O,T)_2.[o{(plil)H( T)veilove26i () 200 ))}d

:1 S3< é‘]

(3.87)

In— S; _1J'T|: pP H(u,T)+O'2 (o'2+20';(u,T)+2po-l*(u,T))
0

kP(0,7) 2% (p-1)
:1{S4< 52
(3.88)
A WI_M 6’ =0, +0'-20,0,p
where Sl:ﬁNN(O,l)’ T = & ’ 2
W2 A _UlWT,l_O-zWT,z
52=ﬁ~N(0,1), WTZ-Ta
['[o+-L-] (uT) dWl—IT(pG;(u,T)]qu,z
ol G p—ll , u, o p—-1 NN(O,I),
8y =

5 =I§[[m+ﬁar<u,r)]2+La;<u,T){ila;<u,T>+zp(al+pLa: (u,n]ﬂdu




Consider the first expectation in the expression of VX (O) (3.84), (3.85) and (3.87)

can lead to obtain:

f(seats iz s

- P(ifT) exp(_%&zjg(e_Z'l{Sl <AJ1{s <A}

(3.89)

where z, = —Lj(oq +o, (u,T))dWU,l —J.OTO'; (u,T)dWU,2 ~ N(O, 4’12) )

6= J[(o" ) 20 () o 0 o ) i

St (I *
) lnS;;+2(022—512)T+L[0'1(u,T)(p0'2—0'1)+0'2(u,T)(0'2—p0'1)}du
b T
S, 17 : )
_lnlgP(S,T)_}"O {(p[il)l_l(u,T)+o](0'1+20'1 (u,T)+2p0'2(u,T))}du
T 5

Similarly as the proof of the Theorems in Section 3.3, “Multi-Asset Theorem” is
applied again to evaluate the expectation in (3.89). First, the necessary correlations are

given by:

L{(m _Gzp)(l,pldf(“,THGl}pploj(u,T)(alp—gZ )}du

P &6T
. jOT[(al +o, (w.T))(0,~0,p) + 05 (w.T)(0,0- 0, ) | du
&¢NT ’
jof(al +pp_la: (u,T)j(o] +o; (wT)+ poy (u,T))du
Pua 3¢
j(jpp_la;‘ (w.T)(po, + 03 (u,T)+ po; (u,T)) du
' 5¢,
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Then, applying the theorem with the above parameters, we get

E(S; 1{8; > Si}l{é(ZT)pl—l < S}}] = P(f)éT) 2 (A AL P, ) (3.90)

with A; and A; are given in Theorem 3.4.
- .o b
Now let us turn to the second expectationE(Si -I{S; < Si} l{k(ZT)P‘1 < Si}]
in (3.84). From (3.86) and (3.88), this expectation can be simplified to:
- s L
E(S; 1S} <Sﬁ}l{k(ZT)Pl <S;}]

S, PR
:P(O,T)exp(—aélsz(e I{SZSA2}1{54<A4})

(3.91)

where z, = —J‘OT(O'z*(u,T)+O'2)dVI7U’2 —J.OTO'I* (u,T)a’Vf/m1 ~ N(O,é’;),

&= (ox () ou) 1200 () (o () 02} o ) Ji,

ln—?+—(0'12 —0'22)T+'[0T[0'1 (u,T) (o, - po,)+o,(u,T)(po, —0'2)]du
0

b

A =
2 &ﬁ
Se Lerf p . .
N éP(S,T)_2I° {(p_l)l_l(u,T)qL%(0'2+2O'2(u,T)+2pO'1 (u,T))}
=
52

with the correlations

[ (er-aip) et wr)sen |+ 2 ol (wr)(owp o)

ps2s4= 6'52 ﬁ

J[[(o: 0 (wT))(0: ~010) o1 (w.T) (520 03)
P 6eNT |
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J-OT(O-2 +o-; (u,T))[O'2 +pp_10'; (u,T)+L1po-l* (u,T)j du

-
P,z,=
524’2
T * *
IO o, (u,T)[,oa2 +pp_1pa2 (u,T)+pp_101 (u,T)jdu
+
524’2

From Multi-Asset Theorem, the expectation in (3.91) becomes

E(Sg 1{S; < Si}l{é(ZT)pl—l < Sf}] = P(f)gT) 2 (A0, ) (3.92)

We can follow the similar steps for the other two expectations in (3.84), and get the

results:

1

E(k(ZT )pll 1{8} = 57} 1{1\?(2} ) < S;H =MY*[AAp,, | (3.93)

1

E(k(ZT )r1{s; < Sﬁ}l{l%(zr)p—l < Sﬁ}] =MWV [A,.A,p,, ] (3.94)

~ p T
h M=ke M(u,T .
wnere Xp[z( IO (u )du}

2
1- p)
Using (3.90), (3.92) ~ (3.94), the expression of VX (O)becomes

1 2
V,(0)= P(f)(jT) P2 (A;,A;,p% )+ P(iiT) P2 (A;,A;,pw) 595
~M[ W (KA p, )+ ¥ (ALALp,, )]

which leads to the result of (3.81).

(i) According to the key balance equation, we only need focus on expectationE (H )

Based on (3.48), we can compute the first expectation as:

E(s;1{s;257}) =$‘1)T)6¥12E(ez‘ 1s, <A})
’ (3.96)




1
1115‘—24——(0'22 -2po,0o, +012)T

0
GNT

The second expectation in (3.48) can be treated in a similarly way so that we get

where d, =

¥ (d,) (3.97)

E(H;)= B(o,T)'\P(dI)JrB(o,T)

where d, =

Therefore, the survival probability is given by

_E(pH,)
SR (AL AL, )+ SRR (A4, ) M9 (B4, p,, )+ P (A,.4,p,,))
B S)¥ (d,)+ ;¥ (d,) ) SV (d,)+ ;¥ (d,)

(3.98)

Theorem 3.5 Suppose that an insurance company sells a single equity-linked life
insurance contract with payoff H, =max(S;,S;), and the firm decides to use efficient
hedging to minimize the shortfall risk. It’s risk preference is risk-taking with a power loss
functionl(x) =x", 0< p<1.Then we have:
(1).The initial price of the contract is

X, =S¥ (ALAL )+ S0P (As A, ) (3.99)
where Sé and S(f are the initial assets’ prices, W* () denotes the two-dimensional

cumulative normal distribution function with

_lnlg1 +J.0T(poq (0'*1 (u,T)+pO'*2 (u,T))—TO'l2 +127H(u,T)jdu
A = = ,
51
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i+ jof( po (", (w D)+ po (w )P o +é’n(u,r)]du

A, = =
2 5

57 =I0T(pH(u,T)+(l—p)Gl((1—p)01 -2po’ (u,T)-2ppo, (u,T)))du ,

5‘22 =J.0T(pH(M,T)+(1—p)O'2 ((l—p)0'2 —2pO'*2 (u,T)—prO'*l(u,T)))du,

g! =p §2 I=p
i (N o |
‘ CP(P(O,T)] ? c”(P(O,T)]

Ur(al —pO'Z)(pal*(u,T)—(l—p)O'I)+p0';(u,T)(alp—o-z)}du

0

P 5 51 T

) UOT(O'z _,00'1)(170'; (u,T)—(l—117)0'2)+po'l*(u,T)(o-2,1)—o-l )}du
P, = 6'5‘2\/? .

(i1). The survival probability , p_ is in the form

P Sé\{lz (AII’AII’IOSIS', )"'S()Z\Pz (Alz’szapszgz)

— 3.100
b ST (d,)+ S (d,) (3.100)

where W () is the cumulative distribution function of standard normal distribution.
Proof: (i). When 0 < p <1, recall that the success ratio ¢ has the form (3.27) from

which we can rewrite VX (0) as:

7, (0)=E(pH, )= E(S; 1{S; > Sﬁ}l{cpZT (s} )1”’ < 1})
- (3.101)
+E(S§ 18k < Sﬁ}l{cpZT(Sﬁ) ’ <1})
. ~ 1 1 2 nd 1 I-p . . .
The calculation for E(ST -l{ST > ST}l{cpZT (ST) < l}) is shown in this proof,
and the expression for E~(S£~1{S; <S£}1{cpZ~T(Sﬁ)l_p <1})can be obtained in a
similarly way.

~ 1-
The set {cpZT (S;) "< 1} is simplifies as:
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{cpZT (s1)" < 1} —{A,>5,) (3.102)

57 :JOT[pH(u,T)+(1—p)al((l—p)al —2poc’ (u,T)-2ppoc, (u,T))]du,

si )’
k = 0 .
1= [P(O,T)]

So the first term in (3.101) becomes

E"(S; 148} = Sﬁ}l{cpz} (s} )ﬁ < 1}]

S, [ P -
:P(O,T)exp(—gé’le(e l{slsAl}l{sl<Al})

(3.103)

Now we apply Multi-Asset Theorem and take the corresponding correlations as

Jo (=) (007 (w.7)~(1-p)1)+ p (1.T) (0,007,

Paiv- G5T ’
T * *
IO [(0'l +0, (u,T))(al -0,p)+0, (u,T)(alp—az)}du
P GCNT

P IOT[pH(u,T)+(2p—1)al (o0 (w.T)+po”, (u,T))—(l—p)o-f}

5¢, '

We obtain
E(S; 1{S; > Sﬁ}l{cpZT (s )l'p < 1}) = P(f)éT) V(AL AL R ) (3.104)

After the similar calculations, we also have
1

P, 2 ' '
E(Sﬁ 1{S; < Sﬁ}l{cﬂZT (7)1 < 1}J =%\P2 (A AS o) (3105)
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Therefore, (3.104) and (3.105) lead to the expression of

1 2

7, (0)= P(OOT) V(AL AL Py )+W0T)\P2 (A%.A5 05 )  (3.106)

So that we find X, = S;W? (A, A}, o, )+ SoM W2 (M), AL p, s ).

E(¢H,)
E(H,)

we get the formula for . p_in (3.100).

(i1). From the key formula , p = and the calculation of , p_in Theorem 3.4,

Theorem 3.6 Consider an insurance company that sells a single equity-linked life

insurance contract with payoff H, =max(S},S;), and the firm’s risk preference is

risk-indifference with a power loss function / (x) =x”, p=1.Then
(1). The initial price of the contract is
X, =S¥ (AL A oy )+ S0 97 (A0 Ay, ) (3.107)

where S(l) and SO2 are the initial assets’ prices, W’ () denotes the two-dimensional
cumulative normal distribution function with

_ —Inc, +;jOT[H(u,T)+01 (0'1* (u,T)wLpO'*2 (u,T))]du
,

il

b

X —Inc, +;J0T[H(M,T)+J2 (,OO'I*(M,T)+O'*2 (u,T))]du
) = ~ 5
S

IOTI:GI* (u’T)(Gl _O-Zp)+ O-; (u>T)(01p_ o, )} du
P ST

J»OT[O-I* (u,T)(o'zp—O'l)-i-O'; (Ll,T)(O'2 —o-lp):ldu |

p&,xz = 56’:1 ﬁ

(i1). The survival probability , p_ has the form

, 5‘12 =IOTH(u,T)du,
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p S(I)IP2 (AylaK;;p3‘1§1)+S§\P2 (A;’j_\;;pszfl)
B Sy-¥(d,)+S;¥(d,)

T x

Proof: (i). If p =1, the structure of success ratio @ is given in (3.28),

s0 we rewrite V,, (0) as:

Vx (0) - E((ZHT)
=E(sp1{s; 2 2 j1{1> ¢, Z, )+ E(S71{s} < S7}1{1>¢,7, )
Simplify the indicator function 1{1 >c pZT} , we obtain:

Hi>e,Z,} =1{5 <A}

T, - T, -
_.[o o 1(u’T)dW;,1 _.[o o 2(”9T)dW;,2

é‘1

where §, =

~N(0,1),

A, =

~Inc, —;LTH(M,T)du
5 5

1

5‘12 = JOTH(u,T)du.

We calculate the first term in (3.109)
E(sp1{s; 2 st1{1>¢,2,})

S B(en {5 <R s <A)

~ P(0,T)

where the correlations are

.[oTI:G: (u’T)(Gl —O'Z,D)-i-O'; (u>T)(01p_0'2)}du ’

px]f] = 6_6’21 \/?

(0'1 +O'1* (u,T))(O'1 —0'2p)+0'; (u,T)(oqp—o;)}du

ps121: - ~
0{1‘/?

_H(u,T)+0'1 (of(u,T)ﬂoof2 (u,T))}du
p§121: = a .
e

In +l(0'12 +os —20‘102,0)T

T

1
=0
2
We can construct A, = 0
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~Inc, +;J.OT[H(u,T)+O'1 (O'I*(u,T)+pO'*2 (u,T))}du

R - A
1 3,
and by two-asset theorem, (3.111) become
- ~ S! -
E(S; -I{S; > Sﬁ}l{l > cpZT}) :W‘ZT)\PZ (AI,AI;,oslgl ) (3.112)

For the second term in (3.109), we can follow the similar steps and get the expression

as:
E(Sg 1S, <S,%}1{1>cpZT})= P(?T)qu(gz,/‘\;;p%) (3.113)
Therefore, we obtain:
- S! - S? -
7 (0)= P(OfT)‘I”(AI,AI;%)+P(0",T)‘P2(A2,A2;pg2§1) (3.114)

which leads to final formula (3.107) for X in risk-neutral case.

(i1). From (3.97) and key balance equation, we can derive the expression for survival

probability in (3.108).
3.4.4 Numerical Results

In this section, we provide a numerical example to illustrate the effect of both
stochastic interest rate and correlated Wiener processes on hedging equity-linked life
insurance contracts by efficient hedging technique. For the purpose of comparison, we

consider the same extreme case as in Section 3.3.4 that insurance company’s attitude is
risk-taking and loss function with power p — 0.

Based on the analysis in previous Sections, we can fix the probability of failing to

hedge claim /1, at maturity as P(l < CHZT) = ¢ .With the fixed financial risk level ¢,

constant ¢ can be estimated from P(l < CHZT) =& . We use the same estimated
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volatilities for risky assets as in Section 3.3.4 and estimate the correlation p as:
0,=0.2909, o,=0.2362, p=0.637 (3.115)

For simplicity, all the results obtained in this section are under the assumption of

constant volatility structures in HIM model (3.74) (3.75), i.e. o (t,T) =o', i=12, for
alland T . Without loss of generality, we selecta’ =0.03, o =0.02.
With small p <0.01, we assume the initial value of a single equity-linked life

insurance contract is S, =1000 . We calculate the survival probabilities ,p ~ with

maturity terms 7 =1~ 20 years in the same specifications for the initial term

structure f'(0,¢)as in Section 3, i.e.

Scenario I: flat initial term structure f° (O,t) =7,.

Scenario II: linearly increasing initial term structure f (O,t) =7,+0.002-¢.
Scenario III: linearly decreasing initial term structure f (O, t) =7,—0.002-7.

In case of 7, =0.033, the survival probabilities ,p_ at different financial risk

level ¢ are presented in Figure 3.9, 3.10, 3.11. The ages of clients corresponding to
those survival probabilities are also obtained and graphically shown in Figure 3.12, 3.13,

3.14.
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Figure 3.9 Hedging ratios (survival probabilities . p ) at different financial

risk & with f'(0,¢) =7, =0.033
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Figure 3.10 Hedging ratios (survival probabilities . p ) at different financial
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Figure 3.11 Hedging ratios (survival probabilities ;. p ) at different financial

risk & with /(0,7) =7, —0.002¢
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Figure 3.12 Age of clients with flat initial term structure /'(0,¢) =7, =0.033 .
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Figure 3.13 Age of clients with linearly increasing initial term

structure f (0,7) =7, +0.0027 .
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Figure 3.14 Age of clients with linearly decreasing initial term

structure f (0,¢) =r, —0.0027 ,

For three different term structures f(0,7), we still can observe an offset between the
financial risk and the mortality risk. When insurance company faces an increased
financial risk ¢ at fixed time 7', the corresponding survival probability , p appears a

decreasing trend. Besides, the trend of the client age reveals that the more financial risk
the insurance company is willing to carry the elder group of clients should be attracted to
compensate for the increased financial risk. With longer contract maturities, the company
is better to attract younger group of clients while maintaining the same financial risk

exposure.
From Figures 3.9 to 3.11, the survival probability ,p_ shows a slightly increasing

trend after the year of 15, but the trend has an overall decreasing pattern over the time.

Additionally, the decreasing rate of the survival probability becomes faster after year
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T =5. This phenomenon can be well explained by the result in Miltersen & Persson
(1999) which the stochastic interest rate can significantly affect the value of the contract
only after a specific insurance period. However, from the results in Section 3.3.4 which

the price processes of the risky assets are generated by the same Wiener process, the

survival probability . p is concaved up obviously as maturity time evolves. The

difference in trends of ,p is caused by more source of randomness appearing in
stochastic interest rate model which can make the insurance company facing increased
financial risk. Therefore, the decreasing trend of survival probability , p_is observed in

this section because of the offset between financial risk and mortality risk.
As aresult of different survival probability patterns, the trend of client age in Figures
3.12 to 3.14 is concaved up during first 10 years, and then it begins to decrease gradually.

This observation is noticeably different compared with the overall concave-down pattern
derived from special case p=1in Section 3.3.4. This comparison implies that when

different Wiener processes are used for financial modeling, the insurance company does
not have to attract wider age group of clients. Due to the uncontrollable factors of the
volatility of the underlying risky assets and the fluctuations of interest, the insurance
company may conservatively consider the elder group of clients (Age>60) to compensate

the high potential risks.

Figure 3.15 shows the sensitivity of survival probability , p with respect to three
different initial term structures at financial risk level £ = 0.05 . The survival probabilities
for the three f' (0, t) are overlapped for the initial time periods (such asT = 3). However,
with the evolution of time, the difference in three survival probabilities becomes larger,

and the survival probability with linearly decreasing f (O,t) is significantly higher than

the flat one. In addition, the survival probability for linearly increasing f (O,t) is always

lower than the one for flat throughout the rest of the period.
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Figure 3.15 Sensitivity of survival probability 7 py w.r.t. different /(0,¢) at € = 0.05 .

Figure 3.16 shows the change of survival probability with respect to p at
& =0.05with flat f (O,t) over 20 years. The correlation p varies between 0.15 and

0.95 with increment value 0.2. One can notice that different parameter p can lead to
significant change in survival probabilities. The difference in survival probabilities

becomes longer for maturity time 7 (7 >4). At any fixed time 7', the survival

probability . p_keeps increasing with an increased value of p . This observation suggests

that the insurance company could consider a younger group of clients to compensate the

increased risk by investing on more correlated risky assets in financial market.
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Figure 3.16 Sensitivity of survival probability w.r.t different p atg = 0.05, initial term

structure is flat.
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4. Application of quantile hedging on equity-linked life insurance

with market restriction: transaction costs

4.1. Literatures review of hedging inclusive transaction costs

In Chapter 2 and 3, we have already reviewed many research papers which made
significant contributions to the imperfect hedging techniques. In general, one important
assumption in these literatures as well as in our financial settings in Chapter 2 and 3 is the
frictionless market. This market does not consider transaction costs in the financial
trading. However, transaction costs can not be negligible in the real trading world.
Transaction costs with frequent trading and large size can considerably affect the
financial and insurance companies to properly value their products. They also possibly
lead to huge financial losses. As a result, there are substantial amount of theoretical work
devoted to option pricing with transaction costs.

Leland (1985) developed a hedging strategy to approximately replicate the European
call option’s payoff inclusive of transaction costs. The idea is to offset the transaction
costs by implementing a modified volatility during hedging. The modified volatility
depends on both the rate of transaction costs and the length of the rebalance interval
which is also called the revision period. Inspired by Leland’s contribution, Toft (1996)
obtained the closed-form expressions for the expected transaction costs, hedging errors
and variance of the cash flow from a time-based hedging strategy. Hodges & Neuberger
(1989) initially developed a utility-based approach on option pricing with transaction
costs. They also took into account the investor’s behaviour towards the risk during the
valuation. Their work was extended by a number of researchers, for instance, Clewlow &
Hodges (1997), Barles & Soner (1998), and Zakamouline (2006).

Merton (1990) firstly examined the effects of transaction costs on derivative security
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pricing by two-period version of the Cox-Ross-Rubinstein (CRR) binomial model. Later
on, Boyle & Vorst (1992) introduced an exact replication procedure in the C-R-R
binomial model with transaction costs. They also gave a discrete-time variant of Leland’s
Theorem for the problem in the Black-Scholes market. Afterwards, Palmer (2001)
removed Boyle and Vorst’s conditions for the replication of short position on options.
More recently, Melnikov & Petrachenko (2005) extended the C-R-R binomial model to
cover the case of proportional transaction costs for one risky asset which has different
interest rates on bank credit and deposit. They also considered the contingent claims
which are two-dimensional random variables.

There also exist other approaches devoted to hedging and pricing options
considering transaction costs, such as mean-variance hedging techniques, the abstract
theory of cones. These techniques are introduced by papers Lamberton et. al. (1998),
Reiss (1999), Stettner (1997), and Stettner (2000).

Equity-linked life insurance contracts usually have long term maturities in insurance
market. As a result, the insurance companies are necessary to rebalance the hedging
portfolio several times within the contract maturity. There are a few theoretical works
related with hedging insurance contracts with transaction costs. Boyle & Hardy (1997)
worked on the segregated fund which is a popular type of equity-linked product in
Canada. They estimated the total hedging costs associated with the corresponding
transaction costs for hedging maturity guarantee from a simulation method. Hardy (2000)
compared three methods of determining suitable provision for maturity guarantees for
single premium segregated fund contracts with transaction costs. Nteukam T., et.al. (2011)
analyzed the optimality of several available hedging strategies. This result allows the
insurer to reduce the risk related to a portfolio of unit-linked life insurance contracts

including transaction costs.
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4.2. Description of problem

To the best of our knowledge, although there are some researches considered
hedging equity-linked type of insurance contract with transaction costs, few has been
done on quantile hedging on insurance contract with transaction costs. The main focus of
this Chapter is to discuss the valuation of equity-linked life insurance contracts by
quantile hedging strategy in presence of transaction costs. For the sake of simplicity, we
work on a single premium equity-linked life insurance contract and assume the guarantee
at maturity is deterministic. However, we only consider the investments of the contract on
risky asset which is attractive and has good financial performance. In Section 4.3, we
calculate the quantile price of the contract without considering the transaction costs. In
addition, the quantile hedging portfolio at the beginning of the contract term includes
risk-free bonds and risky assets. The explicit expressions for the expected present value
of total transaction costs and total hedging errors from a time-based replication strategy
are obtained in Section 4.4. The expressions are based on the obtained quantile price
formula. To compare with the analytical result obtained previously, a simulation method
is introduced which contains the estimated expected present values of transaction costs,
hedging errors and total quantile hedging costs, in Section 4.5. We also investigated the
quantile hedging costs of maturity guarantee for equity-linked life insurance contract in
this section.

Leland’s transaction costs adjusted hedging volatility o is utilized in this approach,
which is different from the underlying risky asset’s volatility . We also investigate the
performance of Leland’s adjusted volatility o in presence of transaction costs from some
numerical examples. As a matter of fact, there are some studies questioned the
performance of Leland’s adjusted transaction costs volatility o in asymptotic case. For
example, Kabanov & Safarian (1997) pointed out a flaw in the proof of convergence in
Leland’s main Theorem. Zhao & Ziemba (2007) numerically confirmed the findings from

simulation results. It is noted that the constraint of Leland’s adjusted volatility exists only
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when revision period is extremely small (At — 0 ). However, this is the case beyond the
consideration by insurance companies. From the practical point of view, insurance
companies can not adjust the hedging positions frequently. Otherwise, the premium of the
contract will be prohibitively expensive with the appearance of transaction costs.
Therefore, Leland’s adjusted hedging volatility o can still be effectively considered in

this study for practical purposes.

4.3. Premium of equity-linked life insurance contract without transaction

costs

In this section, we will discuss the application of quantile hedging to calculate the
premium for the equity-linked life insurance contract without consideration of transaction
costs. We assume that we have a typical Black-Scholes-Merton setting: a financial market
with the bond price B, and the risky asset price §,, which satisfy the following
dynamics:

dB,=rBdt > B, =B," 4.1)
02
dStzSt(,udt+O'th) > StzSoexp([,u—Tjdt+athJ 4.2)

where W, is a Wiener process defined on a complete probability

space(Q,F,(F

t)te[O,T]’P)’ ris the constant risk-free interest rate, g is the constant
mean-rate of return on the risky asset, and o is the constant risky asset’s volatility. We

also assume the financial market is frictionless.

By Girsanov Theorem, the equivalent martingale measure P is unique with the

density given by

2
= exp| —OW, L9, 9=t 43)
. 2

We work on a single premium equity-linked life insurance contract with a maturity
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guarantee K . Ekern & Persson (1996) introduced varieties types of maturity guarantees

for the contract. Here we only consider K is either fixed or deterministic which can both
be treated as non-stochastic terms in the later calculation. /7, is defined to represent the

payoff at maturity 7" as following:

H, =max(S;,K)=8.1{S, >K}+KI{S, <K} (4.4)
where [ {} is the indicator function.

Following the detailed analysis of quantile hedging in Chapter 2, we can apply

quantile hedging to value the initial hedging costs for equity-linked life insurance

contract given the initial budget constraint X, <H,=F " (H Te_rT) . The initial
amount X collected by the insurance company from selling the contract is strictly less

than the amount H required for a perfect hedging. Remind that the quantile hedge 7 can
maximize the probability of successful hedging and it coincides with the perfect hedge

for a modified contingent claim H. T* =H,I {A*} . A"is the maximal set of successful

hedging which satisfies 4" =/ {1/ Z, > a*e_"THT} , where ¢ is a constant to be

determined from the initial budget constraint with a nonzero interest rate 7 .
We derive the explicit formula for the quantile premium of equity-linked life
insurance contract.

Theorem 4.1: Consider an insurance company that sells a single premium equity-linked
life insurance contract with payoff at maturity as //, = max (S K ), the initial premium

of the contract determined from quantile hedging is:

K

X, =S¥ (oNT = A, )+ (W (A,) =¥ (A,)), u—r—c">0. 4.5)
e

where W () is the cumulative distribution function for standard normal distribution, and
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. K ?
(iez—ro+ln(Ka) lnS+[Z—V]T
A = LA = 0 .
! T 2 T

Proof: Using the evolution of S, under risk-neutral measure P"and the structure of the

*

modified contingent claim /1,

we can calculate the initial premium X, from quantile

hedging as

X, =E*[[{; {A*}}

e

_g max(:S;T,K)]{l 'z, max(:S;T,K)}

e

=E [%1{1 >d'Z, :TTT}-I{ST > K}}E* L%I{l >d'Z, e%}.[{ST < K}}

i, S
Then, we can simplify the indicator functions / {1 >a Z, —T} , 1 {ST >K }

erT
and I{S, <K}

For u—r—o’ >0, we obtain the result:

X, =E*[%[{y>A1}-[{y<A2}}+E*{%[{y>A3}~I{y2A2}} (4.7)
e e

*

_r

JT

where y = is a standard normal random variable and A, A,, A;are given by

. K ’
(192—ro+ln(Ka) ln+(a —r]T
2 A~ S (2
T o T ’

A =

1 eﬁ




Next, we will compare A, A,, A,

om K _HET
S

A=A =—20

(H—O')T—O'ln(a*SO)

cONT (4.8)
M

O'@ﬁ

(9—0)(111](—ﬂ;rT]—aln(a*So)

0

O'(@—O')ﬁ

A, A, =

= L (4.9)

0'(6?—0')\/7’

(0—0‘)(ln(a*So)—’u;rTj—é?ln(a*So)

0(0-o)JT . (4.10)

M

0(6-0)NT

WhereM=(9—0)(ln(a*50)—’u;rTj—Hln(a*SO).If M >0, we have

(,u—r—oj)LlnSE—’u;rTJ>O'21n(a*SO) (4.11)
0

Given —r— o’ >0, (4.11) can lead us to select the value of guarantee K as

o’In(a’s
K>S0exp(’u;rT+ ( °)J (4.12)

U—r—0"
Based on (4.8) ~ (4.10), we can get A, > A > A;. Thus, the premium X, is reduced

to

onE{SLTTI{yZAZ}}+E*[%I{A2>y>AI}} (4.13)
e

It is clearly that
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E*L%J{Az >y>A1}}=eIr(T(‘P(A2)—‘P(A1)) (4.14)

The first term in (4.13) is calculated directly:

2
E[S; ]{yzAz}}:%E*{exp((r—%T]+aW;Jl{y2Az}}
e

e

+00 —la'zT oNTx —lx2 1
=SOI e’ e e ?
Az N2

dx

= SOJ‘/:;«E e_Eu2 ﬁdu
ZSOT(Gﬁ—AZ) (4.15)
From (4.14) and (4.15), we obtain the formula (4.5) for the contract premium X ;.
Remark 4.1: In this chapter, we only focus on the condition z1—r— o’ >0, which

implies that the expected return of the risky asset S, over the risk-free rateris higher

than the risk from the asset (volatility o). This condition also reveals that the insurance

companies usually try to select the risky asset which is attractive and have a good

investment performance.

4.4. Quantile hedging on equity-linked life insurance contract with

transaction costs

4.4.1 Transaction costs adjusted hedging volatility

In this section, we will investigate the impact of transaction costs on the premium of
equity-linked life insurance contracts determined from quantile hedging. From intuition,
the price inclusive of transaction costs could be higher than the price without transaction

costs. The goal of insurance company is to maintain a portfolio that can replicates the

payoff . We assume that the replicating portfolio is rebalanced at discrete intervals and
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trades can only be executed at a set of points in time{to,...,t ...,tM} , where ¢, =Tis

m?

the maturity time for the contract. Hedging period Afis a constant from 7 to f, . At

each revision pointm ,m =0,1,..., M —1, the stock price is given by

S, =S, exp((,u—%odj(tm —l‘o)+thmth (4.16)

According to Toft (1996), while the risky asset’s volatility equals to o, we assume
the quantile price at each revision point for equity-linked life insurance contract use
another hedging volatility o in the presence of transaction costs and discrete trading.
The selected hedging volatility o results in a hedging error, which can offset the

transaction costs paid when the hedging strategy is revised. In this paper, we choose

hedging volatility as & = 0\/ 1+2k~N2/ 7w / o~ At , which is Leland’s transaction costs

adjusted hedging volatility (1985). The parameter & is the one-way transaction cost rate,

which is proportional to the stock price.

As we have noted in (4.5), for yu—r —0? >0, the initial quantile price for
equity-linked life insurance contract with hedging volatility & at ¢, is given as:

—2
an+[2—r]%

S
X,=S,¥| &I, ——" -3
0

+Ke ™| p b - £ (4.17)
T, o1,
where T, =t,, —1,, 0 =;. The price formula (4.17) implies the initial hedging

O

portfolio consist of ZIO units in the risky asset and Eto units of the bond which pays
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value K at maturity 7,

ln£+

_ S
where Az(, =¥ 5\/70 — o

(0'

o,

I

K (&°
In—+
S 2

[/

0

N | —

2 —rj]}) +ln(Ka*)

——=r
0 5\/FO

At each revision point ¢, ,m=1,...,M —1, the

[02 ]Tm

—=r
T,

)

the quantile price is defined as:

ln£+

S
X, =8 ¥ 6oy, —

K (&?
In—+
S, 2

+Ke | W -¥

0

NA

weights Zto and Eto are adjusted and

o (4.18)

(;52 —r]Tm +ln(Ka*)

——r
n 5\/5

where I’ =t, —t . Over the hedging period Az (from? tot

o,

m=0,1,....M —1), the

m+1°2

pricing formula (4.18) indicates that the shares of risky asset in the hedge portfolio is

defined as:

(4.19)

and the units of risk-free bond in the hedging portfolio is given by
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=2
ln£+ S T,
S 2

B, =Ke'"| ¥ :

-¥

f m&m

(;52 —r]Tm +ln(Ka*)

0T,

(4.20)

Both the quantile price (4.18) and the weights of the hedging portfolio (4.19), (4.20)

depend on the Leland’s adjusted hedging volatility & .

4.4.2 Expected hedging error

Suppose at time?,, the initial hedging portfolio includes Zto shares of risky assets
and E,O units of risk-free bond. Given by (4.19) and (4.20), the hedging portfolio should
consist of Zz, shares of risky assets and Et, units of bond at the next rebalanced timef?, .

Since the hedging position can not be self-adjusted, the hedging error H , at timef, is

defined as:
H =e™B +A,S, —S,A —KeB,

4

o (4.21)
=¢"“B, +A,S, - X,

Similarly, the portfolio is rebalanced repeatedly at all¢,, m =0,1,...,M —1, the hedging

error is then shown as:

H, =¢™B, +A, S, -X, (4.22)

[
Following Toft (1996)’s derivation, we can get the one period expected hedging error

and the expected present value of hedging error separately.
Theorem 4.2: We assume the hedging errors are discounted at the risk-free interest rate 7.

If the quantile hedging strategy is rebalanced at all ¢ , m=0,1,...,.M —1,with a

m?

hedging volatility &, the one period expected hedging error at time¢, , givensS, ,

m=0,1,...M —1,is:

102



E(Htmﬂ F;m )
(lgz—r)Tmﬁln(Ka*) (éz—romHn(Ka*)
= K —" T LI] £ _ LI] 2z
9\/Tm+l 9\/T_m
* 1 *) 5 1 *)
/’LmJ" T3 O-m,m ﬂ’m,mH + O-m,m+1 (423)
vyl 2 2
O-m,m O-m,m+1
l O-:zzm - /1:1 m 1 O-:;Izm-H - /1:1 m+l1
+8 ey 2 ey 2 — :
! G::l,m Gm,mH

where

o, =\/52Tk +0(T,~T,) . Ay =ln(S£)—er -u(T,-T,). k=m,...M -1,

t

m

At=t  —t . m=0,1,...M-1.

m?°

Proof: First, we can take conditional expectation on (4.22) and obtain

E(H, |F,)
* 1 * 1 n2 *
ﬂ’mm+7o-m2m (29 _r]Tm‘i‘ln(Ka )
=Ke " | @ *—2 e 4 —
G o1,
K (& 1 -, .
In-=+ " T -0 —-r|T 1+ln(Ka )
. S, 2 7 2 m+
—Ke " E|Y o F |+Ke"W¥

t

o Tm+1 ! 5\/Tm+1
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* l *2
+E|S Y| T, ———2 " |F
m+l O.m’m m
(4.24)
Ayt + 1 o At + 1 G'T, —oNAt-y
-E Sl Yo Tm+1 - 2 2 F;
m+l 5\/Tm+1 m
where y is a random variable satisfied the standard normal distribution.
Let us calculate the conditional expectation FE Stw Y oyT, —+ th
using Formula (49) in Toft (1996), and we have
* l *
m,m +_ n12,n1
E|S ¥|&T, -—2 " |F
m+1 O.m,m m
* 1 .
1 /Im,m +— sz,m
= St eXp((ﬂ_EO-2]At]LII 5\’Tm _+ E(eo-wtmﬂ-'m ‘F; )
! O-m m "
* 1 *
lm,m + O-mz,m
=S Y| o\T ————2 (4.25)
" o

m,m

With the help of formula (49), we can get

m

. 1 1 _
Ay + B o At + 5 G'T, —oNAt-y
E|S, ¥|& T - ;
m+l E ’71m+1 m
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=S, exp((u—%ojjmjx

*

A

m,m+1

+10' At+10'2T —O'\/_ y
E| ey | GT,, - 2 2

m+l —
o Tm+1

=S, exp((u—%ojjm]x

+o0 1 JAr /1:1 m+1 +;O'2Al+;O' m+1 _O-\/_ Y
o At-y 2 ’
x| ——e ‘P o\T,. — dy
. NeY 1 G\T,.,
1 1_
Ay i F 20‘ At + 20 T
=S e"™Y
" \/O'ZTW1 +0°At
l * *
2 m2m+1 ﬂ’m,mﬂ
=S, Y _ (4.26)
(e}

m,m+1

Similarly, we can calculate

ElY F
5 Tm+l !
ln;{_(ﬂ_;a jAt—GAt yt+-o T+1 rTm+1
—E| V¥ b F
E\ijm-f—l t
1, 1
ﬂmm+1+ oc'At+—o°T,,, ~oAt-y
R 2 2

T,
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L A +10'2At+152Tm+1 —oa/E-y
J4+oo 1 —5)/ \II 5 2 2 dy

~ oz T .

*2
+—o

m,m+1 2 m,m+1

4.27)

*

o

m,m+1

Substitute (4.25)-(4.27) into (4.24), we obtain the expression of (4.23).
Theorem 4.3: We assume the hedging errors are discounted at the risk-free interest rate 7.
If the quantile hedging strategy is rebalanced at all¢, ,m =0,1,..., M —1,with a hedging

m?

volatility & , the expected present value of hedging error at time? ., given the information

m+l

at time £, is:

E(H’mﬂ e F;o )
1 *2 * l *) %
iy Y 1 _4
— g o) | P T R
f * "
Com O-(),m+1
+Ke " Y Y

* 1 *2 * *2
/’i’(),m + E O-O,m /10,"1-%—1 + 2 O-(),m+1
+P|—e Y| —= (4.28)
GO m GO,mH

To prove Theorem 4.3, we have F (H -

f L ) )

F )=E(E(H

F ), and then we

can substitute (4.29) into the above equation and apply formula (49) in Toft (1996) again
to get (4.28).
Theorem 4.2 can be used to analyze the expected hedging errors at the end of the

first hedging period and also provides the size of the expected hedging error in each of
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the subsequent hedging periods. Theorem 4.3 gives an expression for the expected

present value of total hedging error, conditional on the information at time 7 .

Subsequently, let us define the present value of the total expected hedging errors during

the contract maturity as:

M-1

E(H|F,)=Y E(H, e

m+l

) F, ) (4.29)

Providing the numerical values for different model parameters, we assume there are
12 months, 24 biweekly or 48 business weeks in one year. We select the following
parameters to calculate the expected present value of total hedging error for contracts
with different maturities 7", and same values are used for calculations through the rest

part of Section 4:
#=0.13, 0=0.2, r=0.06, S,=100.
We fix the financial risk for quantile hedging as& =0.025, and set the deterministic

maturity guarantee for the contract as K = SoegT , where the guarantee rate g = 0.1.
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Figure 4.1 The expected present value of total hedging errors (HE) from hedging
volatility & with the one way transaction costs rate k = 0.25% .

107



.
S Tr
A
]
26t
ol
o
5]
Ry 57
©
B
e 4 r
o
2
g
x — ..
w o | B e - Monthly revision
o _g,r—f""‘F- % Biweekly revision
1 e . ——Weekly revision
0 5 10 15 20

Maturity years

Figure 4.2 The expected present value of total hedging errors (HE) from hedging
volatility & with the one way transaction costs rate k = 0.5%.
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Figure 4.3 The expected present value of total hedging errors (HE) from hedging
volatility & with transaction costs rate k = 1% .

Figures 4.1~ 4.3 show that the expected present values of total hedging error (HE)

obtained from Leland’s adjusted hedging volatility o with one way transaction cost

rate k = 0.25%,0.5%,1% respectively. It is observed that the total expected hedging
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errors with Leland’s volatility are not negligible, and the errors turn out to be positive
with different rebalancing frequency across different maturity time 7. As rebalancing
frequency and maturity time 7 increase, the discounted values of the expected hedging
errors also increase significantly. The magnitude of the expected total hedging errors is
evidently sensitive to the revision period A¢, contract’s maturity 7', and the transaction
costs rate k .

Remark 4.2: As discussed in Melnikov & Romaniuk (2006), two factors determine the
selection of the contract’s maturity guarantee K : (i) the return on the stock investment; (ii)

the short-term interest rates. The manager should set the guarantee K higher than the

amount generated from risk-free interest rate » while less than the return from stock S .

Otherwise, clients would invest in a more appealing money market and seek for products

with less financial risks. For a contract with long term maturity, the manager can set a

deterministic guarantee K with a rate g satisfyingr < g < p.

4.4.3 Expected transaction costs

Parameter k represents the one-way transaction cost rate, which is measured as the

proportion of risky asset’s price. The dollar value of the transaction costs for trading at

time ¢,,, is defined as:

A, -A

st

IC, =kS,

(4.31)

t

We can obtain the expected present value of total transaction costs through the following
two Theorems:

Theorem 4.4: We assume the transaction costs are discounted at the risk-free interest

rate . If the quantile hedging strategy is rebalanced at all?, ,m =0,1,...,M —1, with a

hedging volatility &, the expected one period transaction costs at time ¢, given the

m+

information at time 7 is:
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(4.32)
=kS, e[ ¥ (b,)-¥(c,)+2(¥(a,.c,.0)~¥(a,.5,.,)) ]

m?

. T K _
a, = oJnt .2, =(1—%)lns—+(JTmﬂﬂn —Zwl)(r——azj,

t, 2
b _ Eam,mﬂ - ﬂ’m,mﬂ ¢ = Eam,m - ﬂ’m,m __ O /At
m * >Ym * >~ m * ‘
O-m,m+l Gm,m Gm,erl

Proof: Let us take the conditional expectation on definition (4.31). We can obtain

£,

A, A

| I

E(TC,M

=kE(S

st

F ) (4.33)

— kStm e((”;UZJAt]E(eG\/EW |Y1 _ Y2|

F,)

where y is a standard normal distributed random variable, and

Y, =&\T

m+l — 572 m - —
o Tm+l o Tm

Given X =

oA ’

the conditional expectation (4.33) becomes

E(TCI”M Em)
Ly 5 1,

<[ e PR [ e () v () ey
_l 2 5 _1 2

Z,LO eaﬁ'yﬁe 27 I:‘P(X)—\P();)]dy+2jmeam-yﬁe 2 I:T();)—‘I’(K)]dy
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Using formula (50) in Toft (1996), we get expression (4.32).

Theorem 4.5: We assume the transaction costs are discounted at the risk-free interest

rate 7. If the quantile hedging strategy is rebalanced at allz, ,m =0,1,...,M —1, with a

hedging volatility &, the expected one period transaction costs at timef?,, given the

information at time 7, is:

E(TC,M e

£)

fo

(4.35)
= S, ket Nina ) {‘I’(em)—‘{’( L)+2[¥(d,. f,.p)-¥(d,.e,. ,02)]}

where
5 0,m+l /Io,mﬂ E Oo,m ﬂ’O,m R > Tm+1
e, = - S = - ,O'm=\/Tm(tm—t0)+At,Tm=1——,
Og,mi1 0,m NV

=2

2
) TGS T PR PN it I S PR Y
., S, 2 2 2

" Jé-nl
D, = —7,,0%,, b, = —o(z,t, +Ar)
@ (ot v (A, )3T, b0,

N !

Proof: It is clearly that £ (T C, 1

F,)= E(E(TC,M

)

F;ﬂ ) . Substitute (4.32) into the

previous equation and with the help of formula (49), (51) and (52) in Toft (1996), we can

get the closed form expression for expected present value of transaction costs in (4.35).

Theorem 4.5 allows the calculation of the expected present value of the transaction

costs at each of the future rebalancing points conditional on the information at time £ .

These expected transaction costs subsequently are aggregated into a forward looking
measure of the replication strategy’s total expected transaction costs. We define the

following definition for the expected present value of total transaction costs as:
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M-

E(TC|F) =Y E(TC, e

m+l

FO) (4.36)

m=0

=T -4 Monthly revision

Expected total transaction costs

0.5 1 <~ff:T:1"/- - Biweekly revision

—=—Weekly revision

0 5 10 15 20
Maturity years

Figure 4.4 The expected present value of total transaction costs (TC) from hedging
volatility & with the one way transaction costs rate k = 0.25% .
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Figure 4.5 The expected present value of total transaction costs (TC) from hedging
volatility & with the one way transaction costs rate k = 0.5% .
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Figure 4.6 The expected present value of total transaction costs (TC) from hedging
volatility & with the one way transaction costs rate k = 1% .

Figures 4.4~4.6 show the expected present value of total transaction costs (TC)

calculated from Leland’s adjusted hedging volatility o with one way transaction cost

rate k =0.25%,0.5%,1% at different maturity 7 respectively. The base parameters for

the calculations are the same as in Section 4.4.2. It is observed that transaction costs are
significantly increased in values for more frequent rebalancing and longer maturity.
Furthermore, the values almost increase proportionally with the increase of transaction

rate k .

4.44 Expected total hedging cost

Based on the analysis in Section 4.4.1~4.4.3, the expected total quantile hedging
costs for equity-linked life insurance contract is supposed to include two parts: one is the
initial cost to set up the hedging portfolio, which is determined by quantile price for the
contract; the other one is the difference between total expected hedging error and total

expected transaction costs. We could obtain the expected total quantile hedging costs in
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presence of transaction costs for different maturities and revision periods at transaction
costs rate k = 0.5% . For comparison, the results are calculated based on hedging with the
underlying asset’s volatility o and with Leland’s adjusted hedging volatility o separately.
Table 4.1 shows the expected total quantile hedging costs with hedging volatility o, and
Table 4.2 displays the expected total quantile hedging costs with the adjusted hedging

volatility o .

Table 4.1 The expected total quantile hedging costs with hedging volatility o .

Maturity7  Revision Quantile HE TC HE-TC Total

Monthly 10.8478 0.2676 1.2518 -0.9842 11.8320
T=5 Biweekly 10.8478 0.3200 1.7670 -1.4470 12.2948
Weekly 10.8478 0.3461 2.4984 -2.1523 13.0001

Monthly 12.1843 -0.0092 2.1068 -2.1160 14.3003
T=10 Biweekly 12.1843 0.0761 2.9679 -2.8918 15.0761
Weekly 12.1843 0.1188 4.2954 -4.1766 16.3609

Monthly 12.6638 -0.1584 3.0300 -3.1884 15.8522
T=15 Biweekly 12.6638 -0.0374 4.2954 -4.3328 16.9966
Weekly 12.6638 0.0230 6.0853 -6.0623 18.7261

Monthly 12.7852 -0.2770 4.1786 -4.4556 17.2468
T=20 Biweekly 12.7852 -0.1149 5.9411 -6.0570 18.8422
Weekly 12.7852 -0.0339 8.4336 -8.4675 21.2527
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Table 4.2 The expected total quantile hedging costs with Leland’s adjusted hedging

volatility o .
Maturity 7 Revision Quantile HE TC HE-TC Total
Monthly 12.0760 1.5403 1.2073 0.3330 11.7430
T=5 Biweekly  12.5655 2.1312 1.6811 0.4501 12.1097
Weekly 13.2397 3.1271 2.3339 0.7932 12.4465
Monthly 14.0748 2.1244 2.0329 0.0915 13.9833
T=10 Biweekly  14.9821 3.1202 2.8254 0.2948 14.6855
Weekly 16.1473 4.4202 3.9166 0.5036 15.6437
Monthly 15.3602 3.0038 2.9247 0.0791 15.2811
T=15 Biweekly  16.9264 4.2907 4.0922 0.1985 16.7279
Weekly 18.0399 6.0760 5.6975 0.3785 17.6554
Monthly 16.6769 4.0163 4.0268 -0.0105 16.6874
T=20 Biweekly  18.2837 5.7285 5.6682 0.0603 18.2234
Weekly 20.2723 8.1092 7.9132 0.196 20.0763

As expected, we observe that the initial costs (quantile prices) with the adjusted

volatility & are higher than those obtained from volatility o . In fact, inclusive of positive

transaction costs, the initial costs to set up the hedging portfolio can be higher than the

ones without transaction costs. The total hedging errors from volatility o are relatively

small, which shows an increasing trend with respect to rebalancing frequency for each

contract’s maturity. However, it is encouraging to see that the expected total hedging

errors implied by the adjusted volatility & have greater values, which can approximately

offset the corresponding total transaction costs. Furthermore, when the adjusted

volatility o is greater than the underlying asset’s volatility o, the hedging errors in Table

4.2 turn out to be positive. This observation is agreed with the conclusion in Toft (1996).

The differences between the hedging errors and the transaction costs can be
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considered as the cash flow from the quantile hedging strategy. Positive values imply to
sell the asset, while negative values imply that extra asset is required to maintain the
quantile hedge. In addition, the differences obtained from volatility o reach a
significantly higher than those calculated from the adjusted volatility & , especially under
monthly rebalancing (see Table 4.1 and 4.2). One can see that the hedging errors
generated from adjusted volatility o can almost offset the transaction costs during the
trading. This observation results from the positive hedging errors along with the similar
values of transaction costs.

From Tables 4.1 and 4.2, the expected total costs obtained from adjusted volatility
o are slightly less than the costs from volatility o . However, the results also reveal that
in the presence of transaction costs, the expected total costs for both cases are
prohibitively expensive compared with ones without transaction costs. For longer
maturity contract with more frequent revision periods, the expected total costs of quantile

hedging can increase as high as 57% by considering transaction costs.

4.5. Quantile hedging inclusive transaction costs based on simulation

approach

4.5.1 Quantile hedging costs for equity-linked life insurance contract

In Boyle & Hardy (1997), a time-based simulation method is introduced to estimate
the expected present value of total transaction costs and the total costs of hedging. The
advantage of this method is that the entire distribution of the transaction costs can be
estimated, and it is more flexible to handle the contracts with annual premium. In
presence of transaction costs, they assume the replicating portfolio is adjusted at regular

time intervals A¢, the revision period. The sequence of transactions that take place will

depend on the evolution of the stock price over the contract rnaturity[O, T ] . So a series of
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stock price values at each revision point {to,...,tm,...,tM} are simulated first,
wheret,, =T ,m=0,1,...,M —1. Then, given the definition of transaction costs at time

tm +1

as TC, =kS

m+l g

, the expected discount values of transaction costs at

A, -A,

L

m+l

time ¢, are computed. The estimates of the expected total costs are the basic

Black-Scholes price plus the expected transaction costs.

Although Boyle & Hardy (1997) discussed the accuracy of the prescribed hedging
strategies by tracking errors, they did not take them into account the expected total costs
for hedging. In this paper, we use the same simulation method to estimate the expected
present value of transaction costs. We also adopt Leland’s transaction cost adjusted
hedging volatility ¢ in calculations. For comparing with the results in Section 4.4, we
calculated the hedging error, which is the difference between the prices of the hedge
portfolio before and after rebalancing. The cash flows are considered into the expected
total hedging costs.

Table 4.3 and 4.4 illustrate that the estimated expected present values of total
transaction costs and the percentiles of distribution at k =0.5% based on hedging
volatility o =0.2 and adjusted volatility & separately respectively. It is shown that the
estimated expected total transaction costs from ¢ are higher than the costs based on & .
However, the increment of transaction costs are only within $0.50. As rebalancing
becomes more frequent, the estimated transaction costs of weekly rebalancing are almost
doubled compared to the monthly case across different maturities. This observation is
agreed with those comparisons between Table 4.1 and 4.2. Similarly, the percentiles
estimated from volatility o are slightly increased compared with the percentiles obtained
from adjusted volatility o . The expected transaction calculated from the simulation

approach seems higher than the results obtained from the explicit formulas.
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Table 4.3 Estimated expected present value of total transaction costs and percentiles of

distribution at k = 0.5% , based on hedging volatility o .

Maturity T Revision TC 95" percentile 99" percentile
Monthly 1.4466 2.4343 2.7715
T=5 Biweekly 2.0151 3.3984 3.7722
Weekly 2.8574 4.7432 5.2546
Monthly 2.3344 4.0007 4.5184
T=10 Biweekly 3.2702 5.5777 6.2695
Weekly 4.6253 7.8955 8.7705
Monthly 3.2962 5.7103 6.4329
T=15 Biweekly 4.6607 7.9965 9.0076
Weekly 6.5826 11.2347 12.6094
Monthly 4.4629 7.7854 8.8135
T=20 Biweekly 6.2711 10.9339 12.4337
Weekly 8.8181 15.3950 17.3999

Table 4.4 Estimated expected present value of total transaction costs and percentiles of
distribution at &£ = 0.5%, based on Leland’s hedging volatility & .

Maturity T Revision TC 95" percentile 99" percentile
Monthly 1.3989 2.3188 2.6552
T=5 Biweekly 1.9526 3.1920 3.5495
Weekly 2.6670 4.3163 4.7979
Monthly 2.2903 3.8294 4.2708
T=10 Biweekly 3.1525 5.2365 5.8330
Weekly 4.3689 7.1449 7.9827
Monthly 3.1916 5.4440 6.1847
T=15 Biweekly 4.4439 7.5071 8.4215
Weekly 6.1558 10.2783 11.5360
Monthly 4.3009 7.4111 8.4479
T=20 Biweekly 6.0045 10.2435 11.4828
Weekly 8.3152 14.0624 15.7021
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By using the same parameters as in Table 4.1 and 4.2, we calculated the expected
total hedging costs of quantile hedging from simulation approach with hedging
volatility o and adjusted volatility & separately. The results are shown in Table 4.5 and
4.6. For hedging with the adjusted volatility &, the difference between hedging errors
and transaction costs from simulation method is lower than the values obtained from
explicit formulas overall. Although the values of the total costs from simulation method
are slightly higher than the ones obtained from formulas, these values such as hedging
errors, the difference of hedging errors and the transaction costs, and the total costs all
have the similar trends across different maturities and revision periods for both

approaches.

Table 4.5 Expected total hedging costs atk = 0.5%, based on hedging with
volatilityo =0.2 .

Maturity T Revision HE HE-TC Total Costs
Monthly 0.2214 -1.2252 12.0730
T=5 Biweekly 0.3925 -1.6226 12.4704
Weekly 0.3208 -2.5366 13.3844
Monthly -0.0624 -2.3968 14.5811
T=10 Biweekly 0.0327 -3.2375 15.4218
Weekly 0.1449 -4.4804 16.6647
Monthly -0.3394 -3.6356 16.2994
T=15 Biweekly -0.0453 -4.7060 17.3698
Weekly 0.0250 -6.5576 19.2214
Monthly -0.3741 -4.8370 17.6222
=20 Biweekly -0.1918 -6.4629 19.2481
Weekly 0.0086 -8.8095 21.5947
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Table 4.6 Expected total hedging costs atk = 0.5% , based on Leland’s adjusted

volatility o .
Maturity T Revision HE HE-TC Total Costs
Monthly 1.5884 0.1895 11.8865
T=5 Biweekly 2.3383 0.3857 12.1798
Weekly 3.1288 0.4618 12.7779
Monthly 2.3246 0.0343 14.0405
T=10 Biweekly 3.2582 0.1057 14.8764
Weekly 4.6603 0.2914 15.8559
Monthly 3.0132 -0.1784 15.5386
T=15 Biweekly 4.4329 -0.0110 16.9374
Weekly 6.2072 0.0514 17.9885
Monthly 4.0375 -0.2634 16.9403
=20 Biweekly 5.9391 -0.0654 18.9377
Weekly 8.2594 -0.0558 20.3281

4.5.2 Quantile hedging costs of maturity guarantees

To have a possibility to compare our findings with the results in Boyle & Hardy
(1997), and Hardy (2000), we also discuss the costs of quantile hedging on European put
option inclusive transaction costs.

According to Brennan and Schwartz (1976), the benefit of a single premium

equity-linked life insurance contract can alternatively be written as:
H, =S, +max(K-S,,0) (4.37)

(4.37) shows the benefit of the contract is the sum of the value of reference portfolio at
maturity and the value of an European put option on the reference portfolio with the
strike price as same as the contract’s guarantee K . Therefore, the maturity guarantee
premium charged by the insurance company can be viewed in terms of the hedging costs
on put options.

As mentioned previously, we know that a financial insurance market is incomplete.
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As a result, quantile hedging can be considered as one of the appropriate imperfect
hedging techniques to price the guarantee. Next, we will introduce the quantile price for
European put option without transaction costs.

Theorem 4.6: Consider a European put option with strike price K and maturity 7' on risky

asset S, from the model (4.2). If the underlying risky asset S, satisfies the

condition y/ —r — o’ >0, the quantile price for the put option is

X, =Ke [ (d,)-¥(b/VT)]

(4.38)
_s, [‘P(Jﬁ—b/ﬁ)—‘{’(aﬁ—do)]
2
In K_ (r - 02] T
where d, = 0 , bis a constant.
’ oNT
Proof: The quantile price of the put option X, can be calculated as
X,=E'(H,-e"1,) (4.39)

We can take some transformation on the structure of maximal set of success
hedging 4°

ZT1>aHe’T}

{exp(&W;——Tj )’ ’T}
{ {ﬂ rlnS+r—— T +oW, ]}
o’
2

*exp{—’u (ms +(r—%]T]—%(’u ”] T+rT} *(K—ST)+}

o U—r U+r—o’ ; +
=187 expy——— lnSO+TT +rTe>a (K-S;)

o

Considering the case ,u—r—az >0, A can be written in the following form for

(4.40)
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some constants b and d :
A ={w:S, >d}
0_2
=jw:8, exp{(r—TJT+O'W;}>d (4.41)
={a):WT* >b}

Therefore, the quantile price for the European put option can be calculated as

X,=E'(H,-e"1,)

°
=e"TL I e ? (K—ST)+dy
27 i
- 2 1Y
= I e 2| Ke'" -8, exp oNT y—T:| dy
27 7

o “,\,

SHEARNC
=Ke" erdy-S, | —e ? dy
pNT N 2T bNT N27

(4.42)

where d, =

Remark 4.3: Solving the problem of quantile hedging, we can choose some acceptable

financial risk level ¢ first. Then, we obtain constant b from the maximal probability of

successful hedging:

p-H0T
P(4)=1-¢=1-¥| —Z— (4.43)
NT

Following the simulation method introduced in Section 4.5.1, we estimate the

expected transaction costs and the expected total costs for contracts maturity guarantee
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from quantile hedging. Table 4.7 includes the estimated expected present value of total
transaction costs and the percentiles of distribution at one way transaction rate k = 0.5% .
They are calculated based on hedging volatility o = 0.2 and Leland’s adjusted hedging
volatility o separately. The results in brackets are calculated from volatility o . We fix the
financial risk £ =0.025 and select a constant maturity guarantee K =100 as an
example. The estimated transaction costs and the corresponding percentiles shows the
same changing patterns as the results in Boyle and Hardy (1997), especially on the same
rebalancing basis. The expected transaction costs of hedging put options for 5 years are
greater than the costs for 10 years. However, for both hedging volatility o and o, the
expected transaction costs generated from quantile hedging appears less than the values
in Boyle and Hardy (1997) which calculated from perfect hedging based on the

Black-Scholes formula.

Table 4.7 Estimated expected present value of total transaction costs and percentiles of
distribution at £ =0.5%.

Maturity 7~ Revision Expected Total
95™ percentile  99™ percentile

(Years) Period TC

0.6407 1.3573 1.4828

Monthly
(0.6631) (1.4066) (1.5335)
. 0.8896 1.8279 2.0322

T=5 Biweekly
(0.9145) (1.9247) (2.2370)
1.2446 2.4086 2.8184

Weekly
(1.2710) (2.68006) (3.0733)
0.5450 1.3370 1.4793

Monthly
(0.5929) (1.3552) (1.5332)
. 0.7246 1.7519 1.9824

=10 Biweekly
(0.7409) (1.8382) (2.2027)
0.9997 2.2276 2.6160

Weekly
(1.0162) (2.3736) (2.7720)
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The Black-Scholes Put option price are $5.6968 for 7 =5 and $4.1685 for 7 =10.
Table 4.8 shows the expected total hedging costs for maturity guarantee at k£ =0.5%,
based on hedging with volatility o = 0.2 . Table 4.9 shows expected total hedging costs of
the maturity guarantee at k=0.5%, based on Leland’s hedging with volatilityc . We
observe that with more frequent hedging, the estimated total hedging errors show a
decreasing trend in absolute values while the estimated transaction costs increase. This
observation consists with the conclusions in Hardy (2000). As expected, the estimated
total costs of quantile hedging calculated from both o and & on contract’s maturity
guarantee are less than the total costs in Boyle & Hardy (1997), because of existence of
2.5% financial risk during quantile hedging. Although the cash flows from quantile
hedging using adjusted volatility & is slightly less than those from hedging with
volatility o, the total costs based ono is higher than the values based ono . This is
mainly caused by the relatively large difference between quantile prices shown in Table
4.8 and 4.9. It is noted that quantile price calculated from volatility o in Table 4.8 is the
price without transaction costs. However, the values obtained from adjusted volatility

o in Table 4.9 are inclusive of the transaction costs.

Table 4.8 Expected total hedging costs of the maturity guarantee at k = 0.5%, based on
hedging with volatility o .

Maturity Revision Quantile HE HE-TC Total Costs
Monthly 2.0547 -2.8614 -3.5245 5.5792
T=5 Biweekly 2.0547 -2.8003 -3.7148 5.7695
Weekly 2.0547 -2.7407 -4.0117 6.0664
Monthly 0.2378 -2.6927 -3.2856 3.5234
T=10 Biweekly 0.2378 -1.8501 -2.5910 2.8288
Weekly 0.2378 -1.6186 -2.6348 2.8726
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Table 4.9 Expected total hedging costs of the maturity guarantee atk = 0.5%, based on

Leland’s adjusted hedging volatility o .

Maturity Revision Quantile HE HE-TC Total Costs
Monthly 2.7792 -2.4843 -3.1250 5.9042
T=5 Biweekly 3.0799 -2.2156 -3.1052 6.1851
Weekly 3.5038 -1.9547 -3.1993 6.7031
Monthly 0.6801 -1.2257 -1.7707 2.4508
T=10 Biweekly 0.9019 -1.2070 -1.9316 2.8335
Weekly 1.2418 -1.1118 -2.1115 3.3533
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5. Conclusions and future directions

In this thesis, we analyzed the problem of valuation of imperfect hedging techniques
on equity-linked life insurance contracts with market restrictions on interest rate and
transaction costs. We mainly focused on quantile hedging and efficient hedging
approaches.

First, quantile hedging on equity-linked life insurance was discussed. We generalized
the results in Melnikov & Skornyakova (2005) by assuming the interest rate is stochastic

and follows the HIM framework. We found that the implied survival

probability . p_obtained in a stochastic interest rate environment shows a decreasing

trend with longer contract maturities, while the one with constant interest rate is
increasing instead. Along with this result, the insurance company may have potential
clients with different age levels. Furthermore, we examined the effect of a stochastic
interest rate on efficient hedging of equity-linked life insurance. The price of a
zero-coupon bond was selected as the numeraire to reduce the complicated calculation

when using term-structure models. The risky assets models with the correlation of two

Wiener processes p =1and p <1were considered separately. The numerical examples

illustrate that the stochastic interest rate has great impact on overall patterns of survival
probabilities across different financial risk levels. It is also implied that increasing
sources of randomness in the valuation model can affect the trends of survival probability
and clients’ age dramatically.

Finally, it comes to the transaction costs factor. We consider the case of rebalancing
the portfolio with less extreme trading frequencies, such as monthly, biweekly and
weekly, which is practical for insurance companies. Our results of expected present value
of total transaction costs, hedging errors are derived with Leland’s transaction costs

adjusted hedging volatility o, which is used to construct the replicating portfolio. The
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numerical examples illustrate that the hedging errors generated from Leland’s
volatility & almost offset the transaction costs. Besides, the cash flow from hedging with
adjusted volatility o at future rebalancing points is less than the one from hedging with
volatility o . These findings are also confirmed by the estimated results obtained from a
simulation approach.

For future studies, there are several interesting directions worth exploring. First,
more general jump-diffusion models can be considered to capture the trajectories of risky
assets. In this thesis, we use the two-factor jump-diffusion models, which assume the
jump sizes in stock price are constants. There are some more general jump-diffusion
models, which can better describe the characteristics of risky assets; for instance, a model
with compound Poisson processes can be utilized to reflect the random jump sizes. Some
theoretical results are obtained for quantile hedging based on models with compound
Poisson processes in Tong & Melnikov (2013). However, more research work related
with efficient hedging and mean-variance hedging could be considered as a future
direction.

Another natural extension is to investigate other types of equity-linked life insurance
products. In this thesis, we work with a single premium equity-linked life insurance
contract, where the benefit is paid only as the insured can survive until maturity. Other
more complicated and flexible equity-linked insurance products can be considered, for
instance, segregated funds and variable annuities, which can provide not only minimum
maturity benefit guarantee but also minimum death benefit guarantee. Sometimes, such
contracts are usually combined with periodic premiums, which allow the policyholders to
regularly pay a predetermined premium to the insurance company compared with single
premium case. Such extensions would illustrate the use of quantile and efficient hedging

in a more realistic setting appealing to the practitioners in insurance fields
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Appendix 1: Proof of Theorem 2.1.

We will now calculate X from Multi-Asset Theorem in Melnikov & Romaniuk

(2008) to get the expression of X ). Because we only have two risky assets in our setting,

we will use the multi-asset theorem for »n = 2 indicators. Let us review the multi-asset

theorem first with the same notations as in Melnikov & Romaniuk (2008).
Multi-Asset Theorem: Let x ~ N(,ui,of) , i=1,..,n and z~ N(,uZ,O'ZZ) be
n+1normally distributed random variables with a variance-covariance matrix R, , given
by
O, 0100,
0,0.p. ol

Then, for some given constraints X,

E(e"I{x <X} I{x,<X,})= e[”f?] A (XIX)

~ X. —u
Xi :l—M_i_O-zp[z
(e

Similarly as the proof of Theorem 2.1, we can decompose X, into X, plus X . Let us

calculate X(; first. On each set {HT = n} ,n=12.., X(; has the expression:

1 1
Xole{%[{IZanZT%}-I{S;>Sﬁ}} (A1.1)

T T

T ~ ~
Let us define the random variables x, = Io (¢S + 0, )dWS Xy = (0'2 -0, ) W, and
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~ T . 1
a=—-oW, _Jo (Vl/is —5012 jds , where a , x, , x, satisfy the following normal

distribution:

a~ N(—LT(M: —%afjds,alsz (A1.2)

X, NN(O’IOT(@ +O—1)2ds)’ x,~N(0,(c,-0,)T). (A1.3)

We can also define random variables X, , X, as

“(1-v, 7|1 .
X,=-Ina,S, —nlnerJ-O [5(512 _¢52)+(1—v2)/1s —)L}ds (Al.4)

S! 1-v r| 1 .
X, =1nS—g+n1n §1_v:))+fo [5(022 _Ulz)Jr(v1 -v,) A, }ds (AL.5)

0

Applying Multi-Asset Theorem for 7 =2, we can obtain

(A1.6)

T
Xl_J. O'l(¢S+O'1)dS . ¢ o,

where X, = 0 X, =224 00

l El , ’ 52 ﬁ .

We  treat X (f in a similar way and define the random

variables  x, = Jj(@ +0, )dl/f/Y , o =—oW, —Ior(vz/l: —%oﬁ]ds and

X, = (0-1 -0, Wy,
, T PR 1 , ) T 2

where o ~ N —J-O VA, —50'2 ds,o;T |, x, ~N(O,j0 (¢s +O'2) ds),and

X, ~N(0,(0'2 —0'1)2 T).

Let us define other random variables X 1 , X 2 as
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. (1-v Tl 1 .
X, =-Ina,S; —nlnyﬂ) [5(05 —¢2)+(1-v,) A, —ﬁ}ds (A1.7)

2

S 1-v 7| 1 N
X, =1nS—?+nlnﬁ+J‘0 {5(012—022)+(v2—v1)/1s}ds (A1.8)

0

We use the Multi-Asset Theorem again and obtain

X =8;(1-v,) E [e“‘l fri<x;] 'l{ngx;}}
(A1.9)

WhereXl = ; , » T

(A1.6) and (A1.9) lead to the expression of X, as

XO _ ip:T |:S(l) (1 —v, )n e,[o vlﬂ,,*dth ()?1,)?2 ) + Sg (1 v, )n ejo VM:dt\P ()?1.’ Az. ):|
n=0

(A1.10)
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Appendix 2: Useful formulas

Here we list some formulas in Toft (1996) which are used to prove the Theorem
4.2~4.5. In the following list of formulas, lP() and‘I’(-, -,-) denote the univariate and
bivariate standard normal distribution function respectively.

Formula (49): For some constants A4,B,C,D, E, we have

J+wexp(—%(Ax2 +Bx+C)j‘I’(Dx+E)dx

—0

el e )

(A2.1)

Formula (50): For some constants 4, B,C, D, E , we have

waexp(—%(sz +Bx+C)j‘I’(Dx+E)dx

27 1 B’ _ B A BD D
= exp| ——| C—— | |¥Y| xVv4 + , | E- ,—
J4 2\ 44 2Wa'NA4+D 24) J4+D?

(A2.2)

Formula (51): For some constants 4, B,C, D, E, F,G, p, we have

[ exp(—%(/lxz +Bx+ C)j‘P(DerE,Fer G, p)dx

2z 1, B [ 4 BD A3
= \/Z exXp —E(C—a] ¥ W(E_ﬂ)7 ( . )
[4 (G_Ej_ DF + dp

axr " 24 ) [l D) (4 F)
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In case of zero correlation, formula (51) turns to:

Formula (52):

jiexp(—%(sz +Bx+C)j‘I’(Dx+E)‘P(Fx+ G)dx

o e B[ (2] e
\/%(G_%j’_\/(A+D?)IEA+F2)
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