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The fundamental purpose of this thesis was to»deveIOp.avunit"for_wff5'

training students in a heuristic problem—solving process.‘iThe major-7

thrust of this unit was to instruct pupils in the transfer process.c,"

- . S

Thatlis, students were'trained to characterize a problem, to associate

‘ characteristics with a method of solution, anl'to use tﬁis solution

o method to solve the problem. The groblem un er consideration in fﬁ

"

+

_’this research study was to develop the above— tioned unit and to ;f

L

determine whether the unit, when taught e grade eleven (Mathematics o

20) students, yielded any significant difference in prohlem—solving

test scores when compared to a more conventional approach to- problem ’

.

891"1“8 SR e

Three essential steps comprised this investigation.zﬂ:'

(1) The Development of the Unit.} The author developed an ,A*

.

instructional strategy, the Heuristic Problem—Solving Process (HP),

, .

e o
for the implementation of Polya s heuristic approach to problem

solving This strategy had as its framework, the general steps of

: ..
'

the heuristic process._ understanding the problem,,devising a plan, .

1‘-’ ’ "“‘

*t carrying out the plan, and looking back Within this framework, the

-

7}f= students were taught five methods of. solution' generalization,

C -~

specialization, analogy, decomposing and recombining, and working

backward ‘“u,}g. L .
QZ) The Development of a Control Treatment. "The conventional'

oy

PR

| "F.The “

; P) was taught to the control group




(3) The Ltructure of the Treatment. Two grade eleven (Mathematics

'jO) classes iL the Edmonton Public School System participated in the o

' 4tudy~ The thor taught the experimental (N = 27) and control

fwm_s 32) gro p8 respectively thrOugh HP and CP for four Weeks.» One

o’ .
?retest and  tWo post—tests were administered to each group as well

‘ a& a gtudenﬁ Opinion Survey (SOS)

: COMplete dita was: obtained ‘for thirty-siabstudents (experimental :
dN s 19: contr01 N = 17) The pretest was utilized as the equating |
instrument Classroom observations,»and theﬁcomments on the SOS, and :
o lhe COOperating Teacher Opinion Survey (COS) confirmed satisfactory

' im@lementation of HP and CP.-:. way analyses Bf variance of the .

. Postftest measures showed that'f (1) HP and cP did not differ eignifi-
'xcantly on a prOblem—solving test containing problems directly related -
’r'to the trEatments, (2) HP and CP did not differ significantly on a

‘ fptoblem-301ving test containing problems typical to the Mathematics 20

urfiCulﬁmg A one—way analysis of variance,gusing the experimental

‘;ngOUP’ shOwed a significant improvement (a = Ol) from pretest to post-

s;;;
test. Although the control grOup made a similar improvement, the SOS :




HRT cooperating teacher,‘Dr J Isaac, of M/ E. LaZert_

B H v . .
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: \n\CHAPTER 1 " \:.EI, p'g;f‘_‘ffl S I‘f;PTf‘

' A Background to the Problem R

LU
N
v

» Stilwell (1967) reported 1n "his: research study‘that only.BA ofﬂ@j,
Ly .\ X ! ) :
‘*the total time spent on problem—solving activity was deVOted to

“developing a method for solving problems This statistic is mis— '
w, d‘"‘

;leadingvin the sensejth&ttthe mere act of attempting to solve proh—‘

'flllems 1nvolves developing so fvmethodfov strategy that enables the .;'T.

»hhﬁ]problem solver to progress through the problem andfhopefully arrive’

at’ the correct solution.. However, the statisticvdoes empha51ze a.

'§aeed to study%the methods for solving problems.,

,/.

It is in Dﬁsponse to:this need to study the methods fon solving

'problems, that the author wished to focus his attention In particuwzlﬂ\

H”lar, the author sought to respond thrOugh the development of a. =
N B N ' W

teaching strategy for training students in a’ heuristic problem—solving e

. process. There have been other researchers who shared a 51m11ar
. . & . :

_concern’and their'research studies are-a-partial fulﬁillment_ofjthls}_
S P T
need. The present picture 1s incomplete though some Studies reported .

significant results, thus r?fnf?rcing the need for students to study :g;/
C e . . ;
the methods of solv1ng ‘problems; otherstudies reported no significant /

y

e
N4

differences. Crutchfield (1965 13 15) reported on ‘some highly s
successful and significant work he had done in teachrng children

r'(through self- instructional programmed booklets) to apply heuristic

*strategies to non-mathematical problems. Larsen (1960) taught a group



of;universitygstudents,to apply heuristiC‘strategies”tbhmathematicalf"

’ problems“ Ashton (l962) found7that ninth—grade'algebra students,{» f{

‘taught by the heuristic method, showed greater improvement in problem S

*isolving (as measured by achievement test scores), than those students
.who were taught by the textbook method Kilpatrick (1967) developed
L a technique for analyzing behavior during the solution of a mathe— ffi'
; matical problem,uand through this technique found that few students -

,,-attempted to derive a solution by more than one method ‘:hV;

Wilson (1967), Kilpatrick (1969), and Shulman (1970) in their :

< N

studies, noted the dearth of research in the area of the development_”

and analy51s of processes involved in problem solvxng . Henderson
”;vand Pingry (1953) add Gurova (1969) stated that practice in solving |
problems and a conscious awareness of the problem—solving processes'
will 1mprove problemrsolving performance ';j \; .

' Lucas (1974 36— 46) conducted an exploratory study for the :
_purpose~of-analyzing the.influence of“heuristic—orientedvteaching on
a group of first-year university calculus students ‘\he{found'that,

college stud nts who received training 'in heuristic processes

exhibited Sup.rior overall performance in approaching a problem

devising workable: plans, and obtaining accurate results Bassler, 8

B Beers, and Richaydson (1975 170 177) conducted a study in which :--?w

" they compared two strategies for instructing students in problem ' -

»

"solving:' one strategy was . derived from the work of Polya and was
, basically heuristic in nature, the other one involved a direct
: translation of the verbal statement into mathematical symbolism.'

Their reSults showed that there was no difference between the means :

N



of these groups on the problem—solution criteria. £ and Brennan -
N

”.ff(l976) investigated the effects of various modes of presentation of

"general heuristic processes on. tenth—grade students problem—solving

~ LI

' 'ability Their results revealed students who received instruction

'_; :in the General Heuristic Problem—Solving Procedure(Pbtained no signifi—

>cant1y better results on the problem—solving test utilized in their

.study than students who received no such training Kantowski s g

- y(1977) clinical, exploratory study described the changes in the’
v.problemesolving processes of eight above—average ninth—grade students
.:as they learned to solve nonroutine geometry‘problems.: She'hoted:in'd~
"her results that "looking back" strategies did not increase with the’

-J,-" .‘

students problem—solving ability ndér was 1t, apparently, related to o

e
1

,success in problem solving ‘
A‘ In connectﬁon with the previously mentioned studies, the
:following points.should'be noted: | e
| 1, Crutchfield s study dealt with. non-mathematical'problems; o
Eand he utilized a programmed instruction method of o
teaching | | Ny
_2;‘;arsenfspand Lucas'_studies were conducted onbsamples
?.;c'>f:university-‘studen_ts.‘ A ‘ R R
.,3;‘Ashton'sﬂresults'are:linited hy.the“cohtent of her‘
'problems, that is, although she . taught her students the
mathematical'problem—solving checklist and how to ask
: the appropriate_question at the appropriate time;fher
1 ‘choice of problems required that the students only have .

w

' to know one metho& of solution.

@
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(

.'Kilpatrick s (1967) §tudy did not develop a heuristic

'jvprdblem-solving strategy but developed a’ technique for

“

_ analyzing behavior during the - sol“tion of a mathematical

. prohlem,; One result of his analys s was that few-'

’__students attémpted to derivefa SOlu ion“by anbther‘

'Vmethod. This result further magnifi,s the limitation

| sﬂ-\.

1 | \

gin Ashton ] study *5» . v \

i

_Wilson s, study was conducted with high school students h

.~:utilizing self instructional booklets., One implication

o

‘..of his study waS'that general'heuristiCS;(that_is,fthose

S - S Lo i T o
not bound‘to‘specific’tasks), should‘be incorporated as

part of problem—solving training in the classroom.
‘L

. Kilpatrick (1969), in his paper, noted the dearth of

. published;studies on problem solving at the‘secondary _'

schoolilevel R _:h : :.im
’HShulman,_in his paper, noted a proper psychological f

base cannot be given to mathematics instruction becausefz"

-mathematicians view mathematics from two different

BTN

Aperspectives; either as‘process learning or as subject & -

.,matter understanding

Henderson and Pingry, in their paper, asserted that '

3

" there 1is only one way’in which studentS'could‘learn

'problem'solvinge—byjsolving %:zblem%vandistuinng the

processes.

Gurova s sfudy of twenty-one fifth and sixth—grade'j
pupils revealed that a relevant external stimulus couldl



help_austudent'become conscious. of the mental processes
that he used in solving a.problem. - . ";(5 L
\*; A lO. BaSsler, Beers and Richardson's study has results whi}h

, ’ - . - T .
are of limited applicability to the heuristic problem-

,vsolving'process;b Although their.first strategy.;
heuristic in‘nature and-derivedatrom’the‘uork”of Polya;
‘it did not use EQF mathematical problem-solving checklist
‘advocated by Polya and it also carried the same limita—-

'tion as previ'

sly mentioned with- regard to Ashton s

study " '.j_.“ |
' ll.‘Post'sgan Brennan's' study utilized,tenth?grade.students
who were-studyihé'geometry. Their reSults'revealed
_that[students,who receiveduinstruction in{the.GEneral
‘Heuristic Problem;Solving Procedure obtained'no signifi—u
'cantly better scores on the problem—solving test used
, in their study, than students -who received no’ such

v‘training..

R . I g ‘ : . L -
12. Kantowski's_studyﬁyas a clinical investigation conducted
s : R -3 R . : S '

e

~above~average ninth—grade.students who were
learni gbto sol;e nonroutine geometry problems. She”’~'
_hreported that the ”looking back" strategies did ‘not
appear to be related to success in problem solving
Ong s (1976) study provided the incentive fot the author s
7thesis v His study revealed that a creative problem—solving model
could be operationalized through the development and implementation

2N

'_of his.instructional method, -According~to,0ng (1976; v,vi):



V4
The major conclusion of the study -is that through
appropriate operationalization of Boychuk's model of
creative: problem solving, an ‘instructional method
for enhancing student mathematical creativity. could

" be developed and successfully implemented_in a

significant content domain of junior high school
mathematics curriculum. .

In this thesis, the author has developed and implemented a

’heuristic problem—solvingvunit of instruction based on Polya s model
. .at the grade eleven level Unlike eithermCrutchfield's (1967) or. o
,_Wilson s (1967) self—instructional mode, the author s ‘treatment .
utilized‘direct ‘teacher involvement. The author s study was,not a
rclinicalkinvestigation‘as was Kantowski 8 nor did it confine itself
to: ! specific subject matter domain. | ‘

| Progressing from the 1imitations of Ashton k:] (1962) stud; and
based upon the,recommendations of;Kilpatrick (1967,'1969),:Henderson
- and Pingry'{1953), Wilson.(l967), and'Gurovaikl969) the auchor':p
developed a general heuristic framework for solving problems,

~

| incorporating within this approach five methods of solution. .This’

4

: instructional mode is contained within a problem—solving unit which

f_has been designed to be taught as a separate unit in the Mathematics 20
"curriculum : Henderson and Pingry (1953), Gurova (1969), and
_Kantowski (1977) placed a heavy emphasis on the teachingiof process

-~

¢ :
in problem olving, in response to their convictions, the auth

has
.developed a unit for training students in a heuristic proble solving

process.

B. Statementcof the Problem

The fundamental purpose of this thesis is to. develop a unit for

_training students in a heuristic problem—solving process. The‘major

Y



thrust of‘this unit‘is to instruct pupils in‘the transferlprocess.v ,/‘
That is, students were trained to'characterize a problem, to associate /
the characteristics vith a method of solution, and to use this |
solution method to solve the problem ;‘&hn3?ﬂﬂﬁ>4ﬂﬂd&iﬁLEQlX§_ii__ o
5host noteworthy on this subject the author developed an, instructional
'strategy for the implementation of Polya § heuristic approach to

-problem solving.

The problem under cynsideration in this research study was to

—

unit and to determine whether\the\unit,’

4y

develop the above-mentione
‘when taught to grade eleven athematics 20) students, yieldedfany

significant difference in'probl m—solving test-scores vhenmfbmpared,
uto a more conventional approach tx problem solving This'investiga; A
tion‘seeks‘answers to the follow1ngiquestions. |

'l.uWhat attitudes do studen s and teacher have toward

a‘heuristic problem'solvinA instructional.strategy?

2. Does such an instructional strate »affect the studentsf

ability in solving those proble_s whi‘h are peculiar to_
those utilized in that strategy '
.3t Does such an’ instructional strategy ffect the students

ability in solving those problems whi“ are‘peculiar

Ce - to those utilized at-a specific grad and course level?



C. Definition of Terms and Variables

1. Heuristic

In this study, Polya s definition of heuristic was utilized

, I wish to call heuristic, ‘the study that the present R

S work attempts, the study of the means and methods of k
. ., - problem solving (Polya, .1962: vi) ’
. . . /‘ . ' : '
EEE Heuristic reasoning is reasoning, t regar8ed as final

and strict, but as provisional andz?lagsible only, -

. whose purpose it is to- discover theé. so ution. of the
_present problem (Polya, 1957 113) '

N Finished mathematics presented in a finished form
appears as purely. demonstrative, consisting of proofs
: . ‘only. Yet mathematics in the making resembles any '
s other human ‘knowledge in the making . . . -The
-~ " result of the mathematician's creative work is demonstra-
tive reasoning, a proof ‘but the proof.is: discovered by
pl%usible reasoning, by -guessing .+ . . In plausible - _
reasoning, the principle thing is 'to distinguish a
. guess from a guess, a more reasonable. guess. from a less
' -reasonable guess (Polya, %954 vi)
. PR -
2. Heuristic Approach to’ Problem\Solving PR
' \

This approach is- the experimental treatment of this research ,

( .

,study . It is delineated in Chapter IV of this thesis,

- .entitled "The Hapgistic Problem—Solving Method of Instruction \f'a~i

3. nventional Approach to Problem. Splv1ng

=

..

b"This approach is the control treatment of this research study,_,

It is delineated in Chapter III section A, subsection 5 {b),.

.ipentitled "Control Treatment ;\
' 4\

'. \\\’/

- fInformation and habits that one has built up in the past\w1ll

- 4;.Transfer of Training

vlaffect new learning._ According to Ellis (1965 3) 'f\k.
Transfer of training means that experience or\f
performance on one-task ‘influences performance-

on some subsequent task



In the experimental treatment of this research study, the ' -
problem solver was trained to characterize a problem,‘to L

R associate the characteristics with a method of solution, and

. |

to ‘use this solution method to, solve the problem. Subsequently, o
fthe problem solver was tested by being presented with problems

‘ whlseﬁﬁﬂhtionswe%eunknown He was expected to characterize
: Ie

thoseﬁ,roblems, to choose the appropriate methods of solution,

R and to use them to solve the problems. The influence of the
'tasks learned in the- training phase, upon the problems presented

in- the test phase is referred to as transfer of training

"5,-Problem ‘
T ,Although Thorndike s’ definitiﬁh of a problem was given in the "
context of his: animal experimention, it. nevertheless is still

. 'widely accepted in the context of - human problem solving. A
o : "
Q?',‘ ' A problem exists when the goal that is sought 1s%not o
' 'directly aotainable by the’ performance of a simple act
" available: in the animal's repertory, the solution -calls L
. for either a novel action, or a.new integration of .
-ie available actions (Scheerer, 1963: 118)
’ g

Polya (1962 117), in defining a problem, reiterated Thorndike s

A

//égrlier definition -t

',/

P Thus to have a problem means\ to- search consc10usly for
: some action appropriate to attain°a clearly,conceived _
but not - immediately attainable aim S A

©

D Delimitations

The researcher has chosen to: delimit the study in several areas.,-ilw
The sample was reStricted to students within the Edmonton Public o
' School System enrolled in Mathematics 20 Another YEa of delimitation

concerns the type of: problems contained in the study _Only those:.‘
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10

~problems which can be solved by the five methods of solution presentedf'

in this study, were chosen. Also, the geometry and algebra contentv

—

',contained in the mathematics word problems represents only ‘a small

g}

‘sample of possibilities.'_lﬁ_ B

E.,Limitationsh -

In,the selectiOn‘of‘the'experimental groupzahd'the control’grotp '

- within the same school it is. assumed that the previous mathematical ,/
experiences of the students in each class are similar. Another
..limitation is. the assumption that the two claSsés will adeguately

’ jrepresent all the Mathematics 20 students in\she EdmOnton Public -
‘:'School System R QV.Z'i : 1<6~ o g:ﬁ\,.k



| CHAPTER II .

i

A Research Studies dn the Heuristic Proceszd't?d"f‘"i” __'ffg._“;?

oA

There has been only a limited number of- studies done in the area

s

of heuristic problem solving._ Crutchfield (1965 13 15) reported on -

some highly successful and significant work he had done in teaching
_ children to apply heuristic strategies to- non-mathematical problems.d;-
\He used self instructional programmed booklets with scmi—cartoon
:'format to teach creative thinking and problem-801ving skills ‘to fifth
:“and sixth grade pupils.; The booklets present the continuing story of
a brother and sister, Jim and Lila, as they try to solve a series of
.w“puzzles and mysteries with the” aid of their unc1e John, a high—school
jyihscience.teachervand part—time detective., The pupils are supposed to
‘::identify with Jim. and Lila as they gradually learn to’ overcome their

.

'anx1eties and beco:E’proficient in problem solving The booklets not J

i .only give the pupil repeated experiences in the solution f intereStingwf”"

i problems, but they also show him an. array of strategies' ﬁﬁgmulating
;the problem, asking relevant questions, planning one s attadk -‘7f

.L,

'generating mgny ideas, searchingforuncommon ideas, tranforming the

hproblem,evaluating hypotheses, sen31ng discrepancies, and using

' :analogies.z Crutchfield has had remarkable success in improving

-~

"attitudes toward problem solving and in getting children to transfer g

“..‘

'skills learned in the training program to problems of quite a different

B

Ceype.

. 11 f‘ '



Larsen (l960)‘taught a grOup of wur Jersity'Studentsgg apply
heuristic strategies to mathematical problems He shbwed'that
v‘calculus could be taught to 1llustrate heuristic notions, But he
failed to obtain'improvei prbblem—solving performance.
Ashton (1962), in her study, addressed ‘the problem - Would ninth-
- :grade students taught by the heuristic method show greater improvement
in problem solving (as measured by achievement test scores) than those

students whb were taught by: the textbook method7 he experimental

group were taught to ask key questions sugh as: at is the'unknown?

_What are the data7 What are the c0nditions7 These questions (from,

Polya) were designed to help the students progress through the
solution. The control group using the textbook method for solVing )

probfems was given problems similar to those given- to the experimental

/.

group ..For thebcontrol group the procedure for solVing problems of
particular type was demonstrated for: the pupils who were then
assigned‘similar problems for-practice. Ashton found that after ten
f weeks.of instruction ninth—grade'students who were taught to use‘theV
,".'._ heuristic method for’ solving problems were better able to solve verbal : 'A it

' :algebra problems than the students who were. taught the tonventional

\ textbook method o

/fﬂffég' . Kilpatrick (1967 46) ‘shared a Similar concern with Ashton. ‘that

o v

jis, how students solve problems Ashton wanted to compare methods eof"

“i problem solving, whereas Kilpatrick attempted to develop a technique

Pl

‘:for analyzing behavior during the solution of a mathematical problem

and to demonstrate Kow this technique could be used to delineate an

: <
'individual s‘approach to a broad class of problems. Fifty-six

“ o . : [ v
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v

Subjects of both sexes and above,average mental ability, .who had Just
c0mpleted the eighth grade were interviewed individually and asked to
think aloud as they solved a battery of mathematical problems. -As.a
tesult.of the pilot study,’Kfﬁpatrick chose eleven‘strategies from
~ the heuristic process.f These eleven strategies were chosen becauSe
. they were relatiyely easy to code;'they occurred more=frequently than
|  the other heuristics, and they were of partlcular 1ntere§t/to’/h£;/////
' 1nvest1gator. The modified . list is shown beif////// . .
Understanding the Proble |
1, 1Identifies uhknown, data, or. c0ndit10n -

2. Draws figure
. 3. Introduces notation:

s

Devising a Plan

o v 1. Rephrases the problem

G ' . 2. Considers'a related problem (speclal case of part
- ' of the problem) :

Carrying Out the Plan
1. Uses succe551ve approx1mations. ' ‘
2. Checks steps before flnal result A ' \

Looking Back ' 2 S ' ‘ B
1. Checks that result is reasonable : ’
2. Checks ‘that result satisfies conditions:
3. Retraces steps of argument
4. Derives ‘result by another method

When the coding system was applled to the pupils tape-recorded

' protocols only a few of the strategies described by Polya were

_~obsefved Few students, for 1nstance, varied the conditions of the
. prdblem, recalled hav1ng solved similar problems,,or attempted to .

derive a solution by another method" Although most subJects drew

o

flgures while solving the problems, ‘the frequency with which figures ‘

were drawn was unrelated to succesg 1n solving problems or to the
other‘strategies. The use of trial-and—error was widespread but its
: , \ _
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disciplined use, as Successive approximation, was much le s frequently’
'found | | |

Wilson (1967), Kilpatrick (1969), and Shulman (1970) in their
studies ‘noted the dearth of research in the area of the develOpment
and analysis of processes 1nvolved in problem solving . Wilson,s
(1967) study, 1nvestigated the problem—solving performance of high
school students on learning tasks and transfer tasks following 1nstruc-'

tion in which the level of generallty of the problem-solving heuristics
taught was an independent variable,"f lhe students were trained; using
self—instruébional.booklets,1one group to each of the three levels of
generality in problem-solving:heuristicsi-‘taskvspecificiheuristics,_
means%ends heuristics; and planning The evidence from his study ..
indicates that: "General heuristics such as means-ends heuristlcs or
,planninglheuristics facilitate transfer and should be 1ncorporated as-
/ part of. problem—solv1ng trainlng in the classroom | .
| | Kllpatrick (1969), 1n his 1iterature rev1ew on problem solv1ng
.and creative behaV1or mentioned the prevalence of studies done{in
_tthls area in elementary school mathematics butvthe dearth of.studies
conductedlln the hlgher grades He saic (1969: 154)

| Similar studles at the secondary school level

would be useful, if only-.to document ‘the dearth

of published studies on problem solving at the
_‘hlgher grades Co

Shulman (1970), 1n his investigation of research studies conduc}ed L

in the areas of psychology and mathematics education,.concluded that
no single psychological theory would satlsfy all mathematics educators ;
"seeking to deve10p mathematics 1nstruCtion. The reason was the two

different perceptions mathematlcs researchers have of mathematics

Y 4



' According to Shulman (1970: 70):

e e if one perceives mathematics as basically a _

\ 'body of strategies, heuristics, or methods of inquiry,
then clearly an approach to instruction calculated to-
optimize process learning is most advisable. If ‘
mathematics is seen as a compendium of “subject matter
understanding (e.g., arithmetic facts, computational
algorithms, specific postulates or theorems), an
approach which optimizes subJect matter mastery would
be preferred. :

-

‘Bruner (1966 72) stated his preference for the two perceptions
of mathematics noted by Shulman when he said.

We teach a subject not to produce little living libraries
on that subject, but rather ,to get a-student to think
mathematically for himself, to .consider matters as a
historian does, to take -part, in the process of knowledge-
getting Knowing is a process, not a product

Henderson and Pingry (1953) and- Gurova (1969) stated that

. o o ‘
practice in solving problems and a consc1ous ‘awareness of- the problem-

solvingvprocesses will-imprbve problem—solving performance. Henderson

Aand Pingry (1953) made a number of assertions in their study based

-

- upon the findlngs of previOus researchers. In ansWer to’ the question
Shonld mathematics_coursestcontainimore p;oblems?; they;replled:

For what we know about.learning, there is only ome

way students can learn to solve problems——by'solving
,problems and studying the ‘process (1953: 233). - ol
Unless students study the procesé of solving problems

as an end in itself there is scant’ likelihood that they:
will learn the. generalizations which will enable them to
transfer their ability to solve problems ‘to new problems B
as they arise (1953, 233) : ~

Mathematicsvteachers need to be students of problem- -~
solving processes as well as students of mathematics.
There is considerable evidence that many mathematics

. teachers do not. understand what problem. solving is;
or if they know, they do mot have it as an obJective ,
of instruction (1953 249) . :

15



Gurova (1969) investlgated the process of solving arithmetic.

-

problems of twenty—one fifth and sixth—grade pupils He discovered

lthat students whose attention was directed to a problem s conditionS‘

s s

and solutlon method could correct: calculation errors (in most cases)

and became aware of‘theirvreasoning in solving,the problem. According

N

to Gurova (1969 101)

The experiments showed that if a relevant external

"~ stimulus turns a student's thinking toward analysis -«
of a problem's conditions and the way to solve it, the
_stident not only corrects factual errors in or '
advances his solution, but also becomes aware of the
reasoning behind both correct and incorrect’ operations—:
that is, he begins to solve the problem consciously.

v

Lucas (1974 36 &6) conducted an exploratory study for the purpose

‘jof/investigating heuristic usage and problem—solv1ng performance,

',_and analy21ng the influence of heuristlc—oriented teaching on a group

,fof first—year univer51ty calculus students One result of Kilpatrick s

.study-was that few students attempted to derive a'solution by another,

’ - ‘ N
‘-method. Lucas used tasks that were unstructured word problems ’

='involving a free chOice of alternatives Thirty students were

’

:div1ded 1nto two groups, ‘an experimental group (17 students) and a
wcontrol group (13 students) ' The control grOup was given only exp031—’

tory treatment of problem solutlons with minimal attention to- heurlstic

strategies In contrast .the experimental grOup had the inquiry tech—'_

‘ nique applied during t discussion of. problems, where the. obJects of

1nquiry were heuri strategies Lucas ?tilized a clinical approach
"in his research Study in which he employed a modification of the

system of behavioral. ana1y51s originally devised by Kilpatrick JHis

7'results‘were:
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!

~ 1. that the. experimental group utilized mnemonic notation
significantly more than' the control group; .
2. that the frequency of diagrams showed no correlation to
. ach‘evement score (result supports ‘Kilpatrick's finding),
3. that using the method or the résult of a related problem
(two heuristic strategies) to assist’ in“producing a
solution to the problem at hand was affected by heuristic
“instruction; ¢ -
"4. that there were no significant differences between the
" experimental amnd the control groups with respect to the
number or kind of errors committed during the: process of .
'solving a problem;
5. that college 'students who received training in heuristic
.. process exhibited superior overall performance in?
-approaching problems, devising workable plans, and
obtaining accurate. results.

"It should be remembered when reading the results of Lucus study, that“

Ihis sample @ize is small (13 control pupils and 17. experimental pupils),

and therefore his.results could be Suspect

Kantowski (1974) conducted a 1ongitudinal study in which she

.,._

‘;vobserved'the problem—solving behaviorsrof*eight grade ten students asl_
'they solved geometry problems. The students were given instruction in <
‘two phases,'the first stressed problem—solving strategies rather than -

,'content and the second phase introduced geometry content. A clinical

"think aloud" methodology was employed She concluded that: if the

. heuristics used were'goal oriented, the solution tended_to‘be more

efficient;tfailure toxintrOducefawheuristic of ten ledyto many super-

Vas problem—solving ability developed

' Bassler, Beers,’and Richardson (1975 170 177) conducted a study

5: in Whlch they compared two strategies for instructing students in

' _problem solving: one strategy was derived from the work of Polya and

v : L
was’ meant to be heuristic in nature, the other strategy involved a

“direct translatioq_of‘the verbal\statement“into mathematical symbolism.

17 -

"wfluousianalyses‘ and generally,'the'tendency to use heuristics increased«.
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-

. The results showed that there was no difference between the means of
ltheSe groups on. the problem—solution criteria Although-this study
"purports to use. a heuristic strategy as one of its two problem—solv1ng_
approaches, the steps (listed below) are -more algorithmic in: composi-b

,'tion and therefore allow almost no room for ‘an individual to employ
plausible, inductive reasoning (characteristics of Polya s hEuristic

) ,approach). The six steps are: ' q '_ R - _.' E o -

l.\Read the problem carefully S :

2. Decide what- question: the problem asks’ and choose a

L variable to represent the unknown.
3. Consider the other information given in the problem and

. how it relates to the unknown. o : o
“ 4. Write an equation or equations expressing the given ' o

“relationships: - : o

5. Solve ‘the. equation or. equations

6. Check the answer. -

.

There is a basic difference between algorithms and heuristic. 'Algo—_ _ -

‘rithms are a series of sequential rigid steps that require little (if

‘any) exploratory thinking on the part of the problem solver., According vf

e

to Scandura (1966 1- 6), algorithms can be applied mechanically without
4

.the problem solver hav1ng to understand what he is doing and why he is

;/’

‘ doing 1it. Heuristic,-on the other hand is a more flexible,jopen—ended

- approach to problem solving ' It operates through a process of dis—v

-

covery, by means of plausible, inductive reasoning It is/therefore
the opinion of the author that the results of this study should not be

attributed to a heuristic approach

<

Webb (1975) observed the problem—solving processes of forty grade;
‘XI students as: they solved mathematical problems while thinking aloud
s

A modification of the Kilpatrick coding was used to code the students-

,reSponses. He' concluded that 1y mathematics achievement had the
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did not differ in their frequencies of use of planning heuristics but

J " k\

-_highest relation to problemrsolv1ng ability, 2) the use of heuristic

'strategies did account fOr some of the variance (13/) in problem—

solving ability, (3) most of the heuristic strategies studied were

fproblem—specific, (4) those students who used a range of these strat— v

egies were on the average better problem solvers.b
Grady (1975) conducted a study, utilizing thirty-three grade IX
students, in which he " examined the: relationship between mathematical

word problem—solving performance and level of operational thought in‘

Piagetian terms. He administered a Piagetian task 1nstrument, a

general reasonlng ‘test and two problem—solving tests An analysis of

!

'the results indicated that concrete and formal operational students'

nformal operational subJects used more- means -end heuristics than did

concrete operational subjectS' successful problem solvers used 31gn1fi-

L cantly more heuristics than did unsuccessful problem solvers, there-
ygwas no difference in the use of deductive reasoning and trial—and—

‘error between successful and unsuccessful problem solvers.

o . -~

Pereira—Mendoza S (1975) study investigated the effect of teaching

‘heuristics on the ability of 189 grade X students to solve novel mathe—

Imatical problems He used three treatmentsillhis studyf’ the heuris—

<

'tics only group, the combination of heuristics and content group,_ nd .

'instructional materials for the treatments, amely algebralc, geo-

metric, and mathematically neutral materials From his study he con-

cluded that'- there were no overall significant differences involvingf

v

. the three kinds of instructional materials utilfzed the heuristic only

]

N
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vthe content only’group A second factor concerned employing distinct



group scored significantly better on the algebraic test both the .=
heuristic -only group and the heuristic-with—content group scored better

'thankthe content—only;group on. the geometry.test.

* Post and Brennan (l976) investigated“the effects of various modes

20

of presentation of general heuristic processes on the students problem— '

S <

t acheredirected’ group—paced learning package where the*emphasis was

plaged on solv1ng problems using the. Genﬁfal Heuristic Problem—SolVing

,solving ability, The experimental treatment group ‘was prov1ded with a

Proc;dpre (GHPSP) The control group received no formal instruction in .

problem solving ‘but merely continued on with the nonmal instruction
provided n tenth—grade geometry The GHPSP was operationally defined
" as followsB\ A

1. Recognition, Clarification, and Understanding of the
ﬁroblem : : o
1. Read the problem carefully
2. Look up any words you'do. not understand. I
35 ﬁhat is the unknown? What are the dataV What is
the condition? What is given? - : o

b Sta¥ e the problem in’ your own words.
. 5. Break the problem into parts.
\§.lDraw a\diagram to aid in clarification.‘
. 7. Accept'or reJect the. specific problem tools as a
problem or yourself ’

II. Plan “of Attac ——Ana1y51s s
. "1. Gather data (facts, rules, relationships) which are
. 'necessary for solution. - :
2. Recall missing data, select relevant data fronltheprob-
S lem statement%\ind generate new data if necessary.
;3. Eliminate irreléyant data. _
4. Decide on needed\agproach activities by noting
: obstacles to the s\lution of the problem._
III. Productive Phase S : A S .
1. Find the connectiom b tween -the ‘data and the unknown..
You may ‘have Jto- consider'auxiliary problems if an
.immediate connection cannot be found ‘ Do you know a
related problem? kS
2. Generate a hypothesis or a\number of alternative'
hypotheses (possible‘solutions of the problem).

S
R . . .\.
« - - . o . ) ) \\,



3. Order your data in preparation for hypothesis testing
4. Reject initial hypotheses that do not satlsfy the "
' conditions of the problem. . :
5. ‘Select a remaining hypothesis for testing. o
6. Construct an algorithm or develop a- heuristic for the.
" manipulation of data as an instrument for possible
verification of a hypothesis.. » N ’

CIV. Validating Phase——Checking——Proving
l Accept or reject the hypothesis by verifying or. not.’
o, verifying that it meets the conditions of the task.
- 2. Look back. :Can you check the result? Can ‘you- check .
the- argument" Can you derive the result differently°
Can you use the result or the method for ‘some- other
: problem? : : \
3. If you have: rejected your hypothesis,'select a \\
remaining one for testing. (Post and Brennan, 916
.59, 60) - o , _ R B

s

21'7 .

v

L The results revealed that students who received instruction in the

FGHPSP obtained no significantly better results on the problem—solving
test used in their study |
Vos: (1976) in his study examined the effects.of three. instruc; =
‘tional strategies ‘on problem—solving behaviors in 133 secondary school
'fmathematics students His sample was taken from the grade IX X and
X1 classes.in ‘a private.school The instructional‘strategy of each
J' ' ’

,3of the three treatment groups was as follows ' ome group received

the problem without any instruction, another group received the prob—

lem followed by - the instruction, and the third group received instruc— -

tion followed by the problem The results 1ndicated that the students
. given 1nstruction on specific behaviors were ‘more likely to exhibit

and make effective use of the problem—solving behaviors in new’ problem

situations.

Kantowski's 1977) clinical, exploratory study described the‘

changes 1n the 334 lem—solving process of eight above—averagexginth’

\

grade students as they 1earned to solve nonroutine geometry prqblems
' ‘ P

B S

AV ”

\ ey
A .



nitially, she differentiated between the two aspects of problem

5

s lv1ng, process and produc

process, or set of behaviors or activities that direct
- the search for the solution, and-(b) the product, or
the actual solutionm. Both the. process and the product I
k :are essential components of the’ problem—solving C e
- experience (Kantowski, 1977: 163). o

R . s .
Similarly, problem solving has two aspects .(a) the \

‘A

In r porting her results, Kantowski (1977: 169) mentioned that: - :

+ e o the "looking back" strategies did not increase
. as problem—solving ability developed nor did it appear
to be related to success in problem solving. _ .
_ A o
Anbther"area in Whichfresearch studies on'the‘heuristiC'proceSS'
have of\late»been COncentrated, is the'ﬁield-of combuter.simulation‘

of the human problem—solving processes,-that is, in the development

of comput T problem—solving models. Kilpatrick (1969) substantiated
the import nce of this area of research when he related it ‘to Polya s
work in heu istic problem solving He said (1969 - 163):

. .- Modern: interest in heuristics——the study of the ‘methods

" ' rules of discovery and invention—is due rincipally’
‘to.: Polya (1957, 1962, 1965), who set forth madims for :
problem solving which, he postulates, correspond to f
mental actions. Ev1dence for, the validity of Polya s
observations on the problem—solv1ng process has. come mést’

] strikingly from work on computer simulation of human ‘
behavior. .

'Models.are’analogies'of real phenomena; they”are'isomgrphic to the

v real obJect or process. According to Dav1s (1973: 60) BRI, the_

. ),x’

\d,/ “more accurately the details of the model correspond to and predict

\ - _the details of the real object or process, the better the model "o IETI

\- R R L

\ "One model, of growing importance today, is the computer a simulation
\:of complex human - behavior. . = B ‘ BT S ot
_ \ ' 'The'term artificial_intelligence':encompasses all computer

\‘ . .> :v . ' | o . . . - ‘- S
\ - ] L ': \‘_ . : . . ) . —

\
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:programs that play games (for example, cards and chess), retrieve
A .

facts, recognize figural patterns, do mathematics (algebra, geometry,»

and integral calculus), learn concepts and paired‘associate lists, L

23

make . decisions based upon various combinations of reward probabilities,

. ‘Q .
and complete'number Of.letter-sequenCes; However,‘within=artif1cialv:

' intelligence are two simulated problem—solv1ng techniques algorithmiC'

sequence of operations;.fTheucomputer will'exploreTall possible
solution—combinations 1n some predetermined order. ‘Théfheuristic _

_program, on the other hand will proceed through the search process

: .
: and. solve the problem in'roughly:thersame manner aswa human being.
'According to Davis (1973 62, 74);.,“

The forte of the heurrstic program is its. ability to
drastically reduce the ‘amount of mechanical trial-
and-érror searching by selectiVely pursuing only goal
‘paths that appear promising. - Unlike the powerful--
algorithmic programs, the heuristic program possesses
“the definitely human ability to fail, usually by

. prematurely eliminating the correct path to thé”desired
conclusion.vx _ _ , S o

1

The main strategy for evaluating promislng goal paths
is to work backwards from the goal . % . . :

Newell Shaw, and Simon (1958' lSl 166) stated that a program\V

-

._that successfully simulates or models the strategies of the human-Q“

problem solver may be viewed as a theory that explains human oehavior.v>

'Two successful,programs or theories that seek to explain the human v
- problem—solving behavior by specifying both the ne ded information :
"and the necessary information—pr0ce551ng operation are. The Logic

',Theorist (LT):and ‘the General ProblemVSolyer (GPS).ﬂ
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The:Logic Theorist was a program,that was,designed'by”ﬁewell,

'Shaw, and Simon in 1958 ' Its purpose was to- discover the proofs for
'tthe set’ ‘of theorems in symbolic logic derived by Whitehead and Russell RS

.»in Principia Mathematica (1925) The computer specialists prepared a

.set of methods for diSCOVering proofs. " These methods were incorporated
. into LT in the following sequenoe. \substitution,.detachment,,forward

' chaining, and finally backward chaining. According’ to Davis (1973:
- o ‘ » . j , : S
65): -
As with the human problem solver, LT's performance :
critically. depended upon the presentation sequence - .
of the cumulatively stored problems; and. LT displayed -
- humanlike insight in the sense of employing strategies
. or heuristics for reducing trial—and-error search
fbehavior ' :

: The General Problem Solver (GPS) was a revision of LT. The .-
new, more powerful program, designed by Newell "and Simon (1961
_2011 2017), was capable of playing chess, proving 1ogic theorems and

trigonometric identities, solving word puzzles, and even writing

B computer.programs, It-could prove or solve any prqblem_that-could"
be recast to-include an original.state S» (appropriate fOrmulae”and‘

. axioms), a goal state S (the proof or the solution) and an adm1581ble

"set of operations The strategy of GPS was to compare So to-Sg,'”

obtaining aqget of differences. A heuristic program was - built into’_
‘GPS which guided in the search for a sequence of operations thatlwould“
fmap.Sp.n Sgﬂ;,}h “,/ ,';”‘; -'fJ '-, EER N
R '.In summary, thelheuristic'Programs.(alsubset of artificial intelef

1igence) closely simulate the human problem—solving processes. ,1ﬁ~

'w,these programs, there is a- need .to understand the problem, as'

}.evidenced in GPS where S required the'inclusion of the apprOpriate



. formulae ‘and axioms necessary to prove, or to solve the problem.

'lis necessary in heuristic programs to devise a plan and carry it out

It

- as evidenced by the following quotations (Davis, l973 .65, 66)
H, LT displayed humanlike insight in the sense of

. employing strategies. or. heuristics for reducing trial—
- and—error search behavior

’.jThe differences (between So and S.) serve ds an-
heuristic to.guide.the search for a sequence of opera-"

-Utions that would remove those differences. The solution,

- gin fact, is that sequence of operatious. that 'maps' or’
~_ moves the original state Soa&o the goal - state Sg K

a
-

2

Finally, there is a need in heuristic programs to rlook back' over

fﬁ the recently solved problem. That is, the program needs to:_remember

the method that ‘was used to solve a particular problem so that it

‘might be the clue to solving some problem in the future. Accordin

2

9

to Davis (1973 61)
‘ ‘Every computer . .. can even 'learn in the sense of
" cumulatively storing new infc’tion, instructions, and .
, decisions, and using this new ¥ acquired input to make
se "more informedl décisions. - ., - ¢ o
/

B. Psychological Foundations of the Heuristic' L

8

ProblemrSolving Pr0cessl - i T B

\
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The purpose of this section is to establish a viable psychological

fOundation for the heuristic problem—solving process This process

"‘“éseﬁéﬁgézsié by Polya and adapted for the ) ejfgt study.

Heuristic reasoning is reasoning, not regar ed as final
-and strict but as provisional and plausible
purpose it is to discover the solution of th
- problem (Polya, 1957 113) 'j-, S

present :

-

" The meaning of heuristic was discussed in Chapter I.: In summary:”

only, whose -

| . The heuristic strategy for solving problemsr that Polya advocated :

in his book How to. Solve It was documented in the form of a ?'

>
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‘mathematjcal problem—Solving'checklist (Polya, 1957: XVi,,xvii). The-

. o
€

-rationale for this»checklist‘Vas that a problem. solver learns to ask

i @} the approprlate question at the appropriate time. That'is, there are

*
]

/
4

fOur main stages through which a problem solver proceeds in order to

arrive at the solution to the problem, The four stages are:

-

(l) Understanding the Problem, (2) Devising a Plan, (3) Carrying Out ¢

the Plan,'and (4) Looklng Back | Within eachrstage, there are a

variety of questions to stimulate the indiVidual s mind and, hopefully,

lead him to the problem s sblution. According to Dav1s (1973 117)

'In5§had of‘511c1tlng a 1arge number of solutlons, as .
“in

e case of idea checklists, Polya's list teaches
different forms: of questioning geared to defining and

'planfully, with imagination, approaching,dlfficult and
_unfamiliar mathematical tasks. " ‘ N “a

A queStion such as: "Do you know a related problem7" is found within

©

: the 'bevisingwa-Plan"stage This was a major trlggering mechanism .ﬂ;-

in thlS experlmental study. Once a problem solver had understood the

problem he. was then faced with’ dev151ng some plan or’ strategy for

501ving it. In order to do this the® indiv1dua1 was trained “by * the;

d teacher%to recall a related problem, i. e., a problem w1*h similar

characteristics,'that he has already solved and to apply thlS sameb

¢

- method of solution to the unsolved problem : Boychuk (1974 40),

reference to Polya s reSearch,‘sald that students need to acquire a.

S 5 -

repert01re of problem types that they can recall when confronted with

an: unsolved problem She said (1974; 3

S

Polya suggests that ‘the teacher present the student with ;

sample problems from various methods and thereby increases

‘each student's repertoire of responses when he is confronted

with a mathematical prigblem.

@

Thus, the phase in the heur?stic problem—solv1ng process, of

o . ¢ B+ S

[ - - ;

- ¥ . B
v'-l‘l_‘
RO
G



-searching the 1nd1v1dual s repertoire of problems for a related prob—

vlem is a major component of the total process The topics of . going

beyond the given information and transfer of training provided the’
I

psychological basis for this phase,vand

ereforelconstituted the

conceptual framework'for the author s s udy.' lnitially;these two J:V
' ‘topics are examined in the fOIIOW1ng paragraph ﬁext,'discussion:ot

"'transfer is placed in a developmental psychologi\\l'context in»orderh

to. Justify the choice of grade eleven students as subjects for thisr

' experiment. -

Following‘this, the.five methods of SOlntion (generalization,

"specialization, analogy, decompos1ng and recombining, and working

.-backward), which the students learned in the process of solving
‘problems, are examined Each method 1s defihed and then the psycho—'

: logical processes that occur 1n each of the methods are described

Finally, these psychological processes are placed in a developh'f

o mental, psychological context to show that Mathematics 20 students,| »

whose approximate age is sixteen years, are developmentally prepared, '

‘ to participate in the experlment

1. The Heurlstic Process o

(a) G01ng Beyond the Information G1ven. - ) ;‘1? >; F

When a problem solver 1s confronted w1th a problem, he. wants to
be able to use hlS knowledge gained as a result of past experience in

-vsolv1ng problems to solve the one presently beforehim. It is there—'

fore, 1mportant that the 1ndiv1dual has mentally organized his

. P :
'vexperiences into appropriate categories (perhaps as in the author s

study, on the basis of their method of solution),‘each w1th 1ts own

<



defining properties. According to Brumer (1957: 42):

_(concept development) consists of learning the defining
properties of a class of functionally equivalent objects
and using the presence'of these defining properties as
a basis of inferring that a new ohject encouptered is'
‘or is ‘not an Exemplar of the class ‘ . '

' Once a problem has been placed in a given category, on the basis

. of its containing some of, the ba51c definlng properties of that class,

" then by 1nference fthe problem is glven class identity. - Bruner

'

'(1957. 42) stated

Given the presence of a few defining propertles or
cues, we go beyond -them to the inference of identity

. Having bestowed class identity upon a given problem, a. further

inference is made, that 1s, all of the properties of the class can -
: hY

be attributed to the given problem and used in its solution.
According to Bruner (1957 42):

',, .oewe infer that the instance so categorized ;
" or identified has the other properties characteristic
“of membership in.a category.

“

. Two illustrations may clarify what is meant by going beyond

the information given. The first is a general example of concept '

development, the second\example pertains specifically to the present'“

vstudy,' An indiv1dual picks up an object and notes certain of its
sensory properties its size, shape, and texture Based-upon these
'cues, he infers that the obJect is an’ apple,cand hence it is edlble,‘
-it can be cut Wlth a knife, it rots if left open to the air, and
vso on. | | .

"lhe'second example involves anrindividual‘vho is‘attemptingbto:
\solve'a problem, ,He’identifies-certaingcharacteristics of the}ﬁfjﬁ

-problem; for eiample, thaththe outcomeioflthe problemiisvgiven and

28
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-~ that it has a trial;andéerror beginning. Based upon_these.properties,

he infers that the problem can be placed into_the category labelled”

'working backward.' - Furthermore, the problem can be solvedrusing_the.

‘method

‘of solution"working backwardll e

Davis (1973: 38) summarized the implications of 'going beyond -

the information given,‘

study;'

! for’prdblem solﬁing, by'stating{ .
' Problem solving should become easier whenever ‘an
-unfamiliar problem can be identified as a member

of a class of problem whose solution—strategy is
known . . . . o

In the\heuristic:problem-solving unit contained in the present

there were five main concepts, the five solution methods, that
. . . . Vo . . .

: S . ) N ) o o
. were developed.. The students were taught to place problems in their.

icorrect cognitivefcategory;;.fhis:was done by training ‘the pupils'to

characterize each category'by a few'basic properties; and thus to

place problems containing these basic properties into the appropriate'

class.

OnCe a problem was classified by inference the other

attributes of the category (such as»its.method of solutiOn) vere

bestowed “upon the.problemuz'

l(b) Transfer of Training

(1) 'Defini'tion' .

' Learning is a. cumulative process Every new-event that an

: individual is confronted with is perceived and understood through

"thé screen' ‘of past experience._ That is,_information and_habits g

-fthat_one has'built up in the past will affect;newvlearning.‘-According

to Ellis (1965 3) »"Transfer of training'means'that'eiperienCe or

: performance on one task influences performance on some subsequent o

 task."

Indiv1duals who,;forﬂexample, have‘learned to operate a

. o . . . T A
N - . . .
Lo - . e
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=vehic1e on the right-side of the road and who have‘driven that .way

. for several years, find no small difficulty in adjusting to driving»
tconditions in a British—influenced country, where motorists are
accustomed to driving on the left side of the road

| A study of transfer is, by definition‘ a two—stage experiment_

comprising a training stage and a test phase The basic question is
How does the training phase influence performance during the test7

v

' phase7 The training phase may have a positive effect, a negative

effect, or no effect on new 1earning (the test phase) According

o

- to Ellis (1965 3)

’Transfer of learning may take three different forms

(1) performance on one task may aid or facilitate
performance on -a second task,. which represents positive -
‘transfer; -(2) performance on one task may inhibit or
disrupt performance on'a second task, which represents
negative transfer, and (3) finally, there may be no
effect of one task on another, in .which case we have

an instance of zero transfer

(i) Transfer of General Principles

The psychological process, transfer of training fmore specificf o
' ally, transfer of general principles) is. a-synonymous process with |
going beyond the information ' The reason, then, for mentioning

_1both processes is to provide the reader w1th a broader understanding ‘
:'of the conceptual framework of this study

T Davis mentioned transfer in conhection with Bruner svarticle‘_G

"On Going Beyond the Information Given,? when he emphasized the need '

to teach what is generic about a given problem (that is, what is

V“ applfcable to: every member of a class of problems) He stated.

Incidentally, an important implication for teaching
transferrable problem—solving skills 1s that we should
emphasize what is generic about a given problem in '



-

QWhen an individual was confronted with a new - problem, therefore,

_order that related problems may be handled more deftly .
_than was the original (Davis, 1973: 39) '

v Finally, Bruner' s conclusions pertaining to. "going
. beyond the information given" directly implied that .
© . problem solving may be facilitated by transferring
sfamiliar higher-order principles (generic categories ,
theories, 'and models) to unfamiliar problem situations. ,
(Davis, 1973 39). _ : AR S : ‘ >

In the author 8 study, the experimental treatment group was

aught five general principles (that is, . five solutionimethods),

4and within each principle, what was, generic about the problems;f

According to AuSUbel and Robinson (1969 154), teaching general

principles helps students to transfer information.

It has long been advocated that lateral transfer can
be facilitated by teaching students- general principles
rather than’ specific solutions, knowledge, or. skills

_'the appropriate principle (decided by what is generic about a given

problem)'was transferred to the problem in order that he could solve
ic.
I Experiments'b Judd'(l908),-Hendrickson and Schrdeder (1941),, B

and Brownell and Moser (1949) substantiate the above claim made by

‘AuSubel and Robinson. Hendrickson and Schroeder modified the -

experiment conducted by Judd involving learning to hit targets

submergedvunder water.i In their study, a target was initially sub=

merged'to‘a depth-of six inches, The first group was asked to practice

- . 7

.u,until they could perform the - task successfully The second group was
-taught the principles of the refraction of light before commencing to

.'practice hitting targets. The third group, in addition to learning

the principles of 1ight refraction, was. also taught that the angle‘

of. refraction increases with the depth of water.r After the groups \

S



. Y
had mastered the initial task, the target was moved to a new depth '

(two inches), and the number of attempts needed by each’ group to

master this task was recorded. The results of their study indicate

'7that ‘the more complete the explanation of the principle, the greater

"the degree of transfer to the new situation.

(iii) Developmental Psychology and Transfer

Since the author s. thesis on heuristic problem solving is founded

'upon the notion of transfer of training, it would be beneficial to

- terminology.

:place this phenomenon in a developmental psychological context in

-t

i order to justify the choice_gf grade eleven students as subjectsgfor

the experiment.

The author will first briefly reinterpret his study on. the

heuristic approach to problem solv1ng in terms of transfer of training _

o

a

The first eleven days of the experiment were occupied with
generally teaching the heuristic approach to solving problems and a
specifically, the five methods of solution needed to utilize the
heuristic approach to- problem solving ‘ This period was the training
phase of a transfer of . training experiment., During the last eight

days of the study the subjects were,presented -new problems and asked

to solve the problems using the heuristic process _ This second

-,period is the testing phase in a transfer of training experiment

+

Using the author s strategy of heuristic problem solving, it

"would be appropriate to examine both the content and the: process

<involved Generally, the content of the problems used in this study

Cr

‘included both algebra and geometry, both of these branches of mathe-

.matics transcend particular methods of solution.

"q

-l
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More‘specifically, content usually refers.to certainvtypes of .
problems (for example, age problems and - cpin problems) ’One method
) of solution may be used in solving many types of - problems. Similarly,

'within a given problem—type more than one method of solution may be

used. Therefore, subjects who use the problem—type as a cue to

determine the’ method of solution to- adopt may be practicing negative

A

transfer. Either they become accustomed to associating -a particular -

problem—type with a certain solution method in which case the students
oy
form a mental set against the associations of the same problem—type

-with different methods of "solution or they 'fixate “om an inappropriatex

cue'(suCh as content)' . : .
: . ; . - . \~_

Luchins (1942) conducted a series of mental -set experiments with
' water-Jar problems. The subjects task was to obtain a required

volume of water, given specific empty jars for measurement jThe

- experimental subjects were given seven problems (shown in Table 2. 1),

L]

and were asked to solvelthem.‘

CAPACITY OF EMPTY JARS L
- ' — —— .-~ REQUIRED

PROBLEM - - A B < ¢’ CAPACITY
R a2 17 3100
42 1 163 . 25 . 99
#B 18 4318 0 ..s
B R Y A a1
#5 c 20 - 49 4 T
ol m e
#7 o1 39 3 18
[a o S -

‘TABLE 2.1 SEVEN PROBLEMS IN LUCHIN'S EXPERIMENT ON MENTAL SET

C



"i\\ :

Most experimental subjects, after solving the.first couple of problems,
deduced the formula (B - A - 2C) that consistently, correctly solved
-problems one to. seven. However, most of the experimental subjects did
not. solve problems six and seven in the simplest possible manner.
, Whereas the control subjects, who. had started with problems six and
Seven, easily deduced the two respective formulas (A - C) and (A + C)
that correctly solved those problems. The explanation,:according to,s
Luchins, is that a habit or:mental setAestablished'in‘minutes:in the .H
ipsychological laboratory can‘blind a person to simple solutions

Duncker (1945), in’ exploring the process through which people gain
v insight or fail to gain insight into problems, discovered that
’fixation on an inappropriate solution prevents many individuals
- from solving a problem. According to Scheerer (1963 121) "Duncker
' discovered that fixation often interferes when the solution of a test
.problem required ‘the use of a familiar‘object in a novel‘way— : For‘
v example, an individual needs to use a screwdriver in order to solve
~ some pressing problem and one is not.available. There is a Strong ‘

possibility that the person will not be creative enOugh to consider

a viable alternative to ‘the screwdriver, for example, a coin Although .

the individual would likely have ahcoin in his possession, it is
¥ .

- unlikely that he would pat it into use in. this novel manner. The

reason for this is tha’ the problem solver thinks of - ‘the coin ‘as -

- fmoney and not as a substiLute for a screwdrivér< Therefore using
'nDuncker~§\terminology, the individual fixates on\an incorrect course
'“of action and hence fails to solve the problem."

. Scheerer (1963) illustrated szferal causes of fi ation in problem

_SOlVing On cause is.that individuals make incorrect,a sumptiops

34
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_ about a problem. For example, a person is. given nine dots, as shown

 FIGURE 2.1 < TLLUSTRATION OF ONE CAUSE OF FIXATION

VThe problem is solved by extending the lines beyond the dots, which

;the problem solver either did not think of doing or assumed that he

\

could not do Another illustrjfi n is the problem in which the
_individual is asked to construct four equilateral triangles, giveh\
.

“six matches.' The solution is to construct a: pyramid with a triangle\

shaped base. Again the individual 1ikely assumed that the solup

-

hE must lie on a plane GQv _ . o o ' f' - }\\<
' \\\E other cause of fixation in problem solving is ‘that individuals -

';ma il to detect an object s suitability for a problem because 7
glthe need\d\obgect is hidden\in a conventional context. An- example,;

'is the ring-and-peg problem shown in Figure 2. 2

\\ \ - chalk line
L N . AR : - ‘ Cl

peg T SRR : : ; : ‘indiﬁidual
& M - \ .(___'_ 6 ‘;_‘\ < ‘______-—-9—,_.—-—*‘
N : . A EN ‘ :
c T R : 5?\\_i_r—f”— . (each 2! long)

. ) L Lo : W \\'\\\
FIGURE 2.2 ILLUSTRATION OF ONE CAUSE:OF FIXATION\“\\\_

. To solve the problem, the individual should first use a string\tg\\\\



\‘ _ i : S S | ,’ ':_ - e
‘tie the two sticks together thus getting one stick approximately i
four feet long, then using the newly constructed stick he - should
reach over:the chalkline, spear the two rings, and place them -on the
peg. During the experiment itself, thtee groups were presented with
a different situation. The string was left alone o%ka nail in one‘

”situation, it was used to hang up an old worn calendar in anothéi‘/~

~ and it was used as a hanger for functional things 1ike a clear mirror

-in_the third situation. _The results_were that most subjects.thought,

»»of'using the.string'in the first situation,'whereas‘less than half of

them thought of using the- string in the third situation.

The heuristic process begins with an attempt,‘on the part of the‘di

'problem solver,-to understand the problem During ‘this initial stage,

/ .
the individual ‘notes explicitly, what are the given data and what is '’

the unknown. Once the problem is clearly understood he begins to’

'devise ahplan to solve the problem.' To help him»choose'the correct

method of solution to use in a given problem, he might ‘examine- the

-

b-given data or the unknown.which in ‘turn might help ‘him to recall

another . similar problem that he has already solved whose method of
~a e Rl

YN

'fsolution is appropriate in the present problem.
| If the - content of the roblem or the components of the problem,
“i.e., the data and the u known, are not helpful cues in discovering
_an appropriate method of solution, then the individual should

' systematically consider each of the five methods of solution Thisg

]approach, o devising 'a plan can. be used by a problem solver in

36
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The approach to devising a plan, which entails a systematic .

¢

examination of all the possiblg methods of solution, exemplifies the
essential characteristic of. Piaget ¥:] stage of formal—operational
‘thought. :According to Flavell (1963 204)

The most important general property of formal—operational
,thought, the one from which Piaget derives all ‘others,
concerns the real versus the possible. Unlike the ‘concrete-.
" operational child, ‘the adolescent begins his consideration
of the problem at hand by trying to envisage all the .
possible relations which could hold.truye in the’ data and -
then attempts, through a combination of experimentation and
" logical .analysis, .to find out which of - these possible‘"
‘relations in fact do hold true.‘r

‘V;'The need for the subJects to utilize formal—operational thinking is

' fevident because all five methods of solution are possible, but not Y

.L;all five are realistic for any given problem. Hopefully, the subjects

’V‘through a process of logical analysis will discard all unrealistic

solution methods and focus their attention only upon ‘the’ realistic

'_‘possibilities. Thus, the eSSence of the heuristic process is

a0

hypothetico—deductive thinking, that is, reducing the amount of me—
Vchanical trial—and—errorsearching'byselectively pursuing only goal

.paths that appear promising

2 Developmental Psychology and the
Five Methods of Solution :

Y

The maJor 1ntention of the»study reported‘hereiwas to translate

.

Polya s heuristic approach to: problem solving into a unit on heuristic

problem solving to be given to grade eleven (Mathematics 20) studentsi‘

In the process of developing a teaching strategy for training studenthr.

f}in this heuristic process the author was forced to ma 3 some delimita— L
(inhS' One delimitation was to: curtail the number of methods of

v.solution that the instructor taught the students.> Polya's book, How

N



‘*ijpsychological context., Before doing this, a general comment should

s . : o ‘ : ‘ -

“to Solve It (1957), gives eight methods of solution (generalization,.’

jspecialization, analogy, decomposing and recombining, working back-

},wards, definition, recursipn, and auxiliary elements and problems)

4 Vv

that can be used in problem solving Of these eight methods of
:solution, the author chose five (generalization, specialization,:
lnanalogy, decomposing and recombining, and. working backwards)
Definition ‘was not included because this method was rarely used by
itself in solving a problem, ‘but usually wasvutilized only as a-

. prerequisite to complete solution by clarifying the problem S0 that

za plan for solving the prqblem could bc devised ' Recursion was‘not
bincluded because the application of this method of solution to ut.qe- :

'matics problems was: beyond thd graSp of the average high school

' tudentu' Finalfy, auxiliary elements and problems was “hot. included

because this method of solution also does not exist independent of

" the other methods of solution., For example,'this method is used in R

etting up equations which are included within another method of

’solution, decomposing and recombining." : f»»: 3"‘ S ,'.. ‘Ll  »‘?n
| This subsection will be devoted to a discussion of these five
g ethods of solution beginning with a brief definition of each method
Then the psychological processes that occur in the methods will be
described Finally, these psychological processes, typifying the }'.

corresponding methods of solution, will ‘be placed in a developmental

A

: h{be made with regard to the 1evel of thinking that is necessary in" -

AR

order to solve word problems

- By their very nature, word problems,are anﬂebstraction of the

-?.\ - -



ﬁ,real world.\ In ot!’t wdrds, the objects thatwordproblems make ff

'reference to are not themselves present for the student to manipulate
' Therefore, the:problem solver must reflect' these operations in the
'abSence of the'objects; This is the essence of formalzoperational

'thought which is necessary in-zzaer to sélve word problems given the

o
-

absence of manipulable objects. According toPiaget(l967@63)
What, in effect, are. the conditions for: the construction
'of formal thought? - The child must not only: apply Lo
operations to objects—-in other words,’ mentally execute n

possible actions on- them—he ‘must also reflect ‘these
operations in the absence -of ‘the’ objects which are

i :-ireplaced by pure propositions.

Generalization is a meth?d of solution used by Polya in his

‘ ;n‘heuristic approach to problbm solving. Basically, ft involves a» S
‘conside*ation of specific instances (from which a pattern is observed)
'”.to ‘an inference that what holds.true for the specific cases will
falso hold true ﬁor>. f;'thus a generalization. Ausubel/(l958 552)

'__said that as children grow older, they tend to perceive, think and

i/

) organize their cognitive worlds in increasingly more general terms. T

.'According to AuSubel ii Lot ,,:_ ;';' ":,.V'ﬂﬁ' :\-

'Another expression of this: tendency is. shown in the growing_ ;.»

- : ftrend to attribute properties to objects and: situations
" -‘on the basis of" inference (generalization) rather thdn on
the basis of direct experience.; ' . -

o - <

:lization can occur in the-concreteeoperational stage as infer- .

39

. -

I 4 . ) . w;, o
i;"””f;fde from the perception or manipufétion of concrete objects.‘-'
B .a%s'.

waZ r, since word problems are one level removed from the concrete. =

’

'h _Situation, the problem solver is operating at’ the formal-operational o

'ﬂstage hy drawing implications from propositions. _According\to4

Pagee (1967: 63): . oo



: Formal opefations engender a 'logic of propositions
N in contrast to the loglc of relationms, classes, and .
o numbers engendered by concrete operations. The system
of 'implications' that governs these propositions is
"merely an abstract translation of the systemof
"inference that governs concrete operations.

Specialization is another me;hod of solution used by Polya in

his heuristic approach to problem solving Briefly, it entails ‘the

-

con51deration of some specialized case which either solves the problem

~or prbvides the strategy to solve thevproblem., According—to Ausubel

¥

.(1958:’570): ) . - - .

Young children profit less from hints and are less
able to generalize or transpose solutions ‘to more
abstract and- remote situations.

s"

“Choosing. the appropriate specialized case requires that the problem '

solver think of a simpler but related situation to the given problem.

v

_Even if the word-problem was”represented Vlth,concrete materials,
findfng”alspecialized case would still,require the.individual to -

preflect on a simpler but related situation. According to Piaget
(1967:‘63):. B e . o io S

Formal operations provide thinking with an entlrely new
. L ability that detaches and- ‘liberates: thinking from concrete
e ", reality and permits it to build its own reflections '
Also;'choosing-the appropriate specializedhcase'requ1res constant
_mental reflection back to the given problema‘ Piaget (19675 64):
oA
The free activity of spontaneous reflection is’ ‘one
of the two essential innovagions that distlnguish
- . adolescence from childhood

Analogy 1is another metJOd of solution ‘used by Polya in his

o heuristic approach to prot u’solving. Basically, it involves a ff

'consideration of two systems which agree in clearly definable relations

e

between their.respective.parts. For instance, a triangle in a. plane

<
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‘
A

7y

is analogous to ‘a tetrahedron in %pace. These two analogous systems,

'whether they are in’/an: algebraic form or a geometric form, are not
. e I
set before the individual as’ coycrete objects but exist only as

reflections in his mind Not only are the analogous systems reflec—
tions in the problem—solver s mind but the relationships that exist

between the two systems are also reflections. According to Piaget
. N . M . Y

(1967: 63):

This reflection is thought raised.to the second .
power. P L ' S v v
Concrete thinking is the representation of a possible '
. action, and formal thinking is the representation of

a representation of possible action .

Therefore, word problems needing the- analogy method for solution
vrequire that the individual be operating at’ the formal—operational

"level of thinking

Decomposing and recombining 1s another method of solution used
by Polya in his heuristic approach to problem solving It entails

decomposing a problem into its component parts and then recombining 1

R

the parts into a more or less different whole.‘ The problems in_the
:author s study that utilize this method for their solution require
_the individual to break the word problem into parts (phrases) These
'vphrases are then translated into mathematical symbols (further'
abstraction), which are recombined into mathematical sentencesr"

' (equations) According to Piaget (1967 62 63)
’ \lr“-*‘
- . As of eleven to twelve years, formal thinking beddmes
. possible, i.e., the logical operatigns begin to be:
. transposed from the plane of concretwa manipulation. to T
. the. ideational plane, ‘where they are xpre ied in some
kind of language (words, mathemati T g, etc. )
without the support of perception, exper*ince, or even.
;faith
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D

.thinking.

These mathematical symbols and. mathematical sentences are abstract

statements which contain the data from the problem. These statements

represent examples of propositional thinking. According to Flavell ‘

(1958: 205): "

4 Formal thinking is above all propositional thinking ‘
The important entities- which the adolescent manipulates
- in his reasoning are no longer the raw reality data
themselves, but assertions or statements-—propositions-—
iwhich 'contain' these data.

L

Thus, decomposing and recombining is a- method of solution employed

;jby,individuals who‘are operating at;the formal‘operational level of

. Working backwards is another method of solution used by Polya

in his heuristic approach to problem solving. It involves starting

,'.

from what is required and then assuming what is soug é as already

» found. From this aSSumption, the individual works bafkward from theiy

solved' problem to the. initial state in which the problem was

E preSented' Having thus discovered the solution to the problem in a

6° ‘
retrogres:ive manner, it remains to reverse the process and start

from the point that the individual reached last in the analysis

¥

Working backwards/entails remov1ng oneself to a higher level of

'/.._

,}. s

; abstraction when the;individual assumes ‘the problem ‘as solved It

4!

also requires the ﬁbnsideration of the possible (assnming the problem‘

fé solved) vegsus the real (the problem in its origin L state)

:

g

| According toéFlavell (1958 205) ‘"; I the adolescent has, through

his new~bfientation, the potentiality of imagining all that might

be tﬁ%re .TS o ua" These two properties of working backward, reflec—'

tion and the- real versus the possible, are also two important .

42
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characteristics of'formal—opératiopal thought;h ihhs,»a problem

Hjsolvéf,.whg'is requ¥red to uéé‘the wofking backwards method in solving"

S

43

.,a‘wofd pr%blem, negds to be OPEIééiﬁg,%F the formal—éﬁerétional %gyel o

*of thinkfng. - R |

o



CHAPTER III

DESIGN OF THE STUDY

'Thefpurpose of this-chapteruis to proyide preliminary information
for the construction and Validation of measuring instruments (Chapter
IV)-and ‘the heuristic problem—solving strategy (Chapter V). This
chapter includessthe‘research procedures and design that were estab—.
li;hed,‘the research questions and hypotheses that guided the study,

and the statistical techniques that were utilized in answering the'

research questions.

‘ A. Research Procedures and Design d. » : B : A
£, 1 Samplea-' '; ' SR : o R
| “The subjects utilized in this research study were grade XI

“(Mathematics 20) students who belong to the Edmonton Public School

System Altogether,.two,classes were involved in the experimentt
, . s P : o

both classes were situated in the same school o B o

2. Pilot Study of Experimental Treatment y = L v: .‘W

A preliminary study was conducted in October 1975 w1th a- grad

class in the Edmonton Public School System.' The _purpose of the sixb
day study was to provide the author with an opportunity of ascertainin
‘.whether or. not it was possible to implement Polxa 8. heuristlc approach
to problem solving.v The study indicated that, indeed it was possible.
The pilot study was administered to a Mathematics 20 class of o
;thirty—one pupils in the Edmonton Public School System This study

: g *
‘was conducted over a three-week period; from Novéﬁber 23, 1976 until



December 13, 1976 The purpose of this pilot project was,three—fOld:

one, to ensure that the strategical development of each of the lesson

plans could be followed by the students, two, to determine whether

' ,theﬁ?ifteen lessons of the experimental treatment could be taught

o

wf%hin“a forty-minute time limit three, to determine whether the .

- 45

. problems conﬁﬁ}ned in the fifteen lessons were suitable both in ;erms“"

'.of their level of difficulty and their uniqueness of folution method.

As a result of this pilot ‘study, numerous corrections were made to

R
[

A

ar cape

the 1esson plans of the experimental treatment.
o The cooperating teacher after observing ail $f the lessons,

. consented to teach the experimental treatment to his Mathematics 20

. class in May 1977, as a part of the research study

_ Typical student comments, taken from the Student Opinion Survey,

- .

i revealed their enthusiasm for this problem—solving unit. For example,m’

4

" in response to question four in the survey ("Do you feel that you are

‘a: better problem solver now than before7' Why7"), they commented
; Yes, because before I didn t know how to solve problems
 in such an’ organized manner. -In fact, I didn t know how
s to do’ them, period

P

ﬁ,Yes T think so’ betause now when I look at a problem I
- can’. easily characterize it and I will know what method
_to use to solve it :

3 Research Procedures°-

The author was given access to ‘twbd ﬂathematics 20 classes, both.
located in the ‘same school in order to perform an experimental study'
N of nineteen days duration, more precisely, sixteen days for forty
minutes per day and three days for eighty minutes per day:

: Due to’ the practical difficulty of finding a cooperating teacher
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who: (li'had'two Mathematf%svzo classes; (2)'wou1d have been willing

‘to teach both treatments, the author conducted both the experimental ‘

i
o

and control treatmeéents himself. L P

4. Research Design Qﬂqf -

‘Diagrammaticaily; the degtén of this research study was as follows:

EXPERIMENTAL GROUP - .0 X1 000

—.—_———-—-—.————.————»_——

CONTROL GROUP. . 0 X = 0. -0

The Q'stands for naking‘observations (that is,,measurementss andythe

X representsﬁthe anplication of thevtreatment: A‘brohen~hor120ntal
dline between the foﬁs representing‘the different'grdups‘indicates that
the two .groups were not equivalent in either a matching or a random |
:sampling sense at the beginning of the investigation |

R This research study was, conducted over ngneteen days. ‘fests were
‘administered on the first, ténth, seventeenthf eighteenth, and nine-

"teenth days.. The-treatments‘were administered during the.interim.

'5,'Research'Study’

(a) Experimental Treatment (Outline of Lesson Plans)

~To be more explicit, a topical outline of the nineteen 1esson

plans, in the experimental-study,-is 1isted‘below: S

R fiME . | e )
‘DAY APLOTMENT 2 S TOPIC - _ _ .42;;
1 ' 80 min; ,‘h ‘Pretest - Mathematics 20 Problem—Solving Testyf;
t;2 .d_40>min.’ o Teach Method of Generalization v '
3 40 min. Teach Method of Generalization_
1,4: i 40 min. | 'Teach Method of Working Backward
125 '“j40hmiﬁ'f _ ',Teach‘Methodhdf‘Worging'Backward'



o _ v ,

.6 40 min. Teach Method of Specialization
7 . 40 min. Teach Method of Analogy
8‘ | 4ngin. | Teach Meth%& of Decomposing and Recombining‘
,:9 ' 40 nipc Teaﬁh Method~of Decomposing and Recombining
10 40 min. ' Five—Method Comprehension Test
: rli © 40 min. Discussion of Test E ' s
12 :‘_Aoumin.A . Mixture of Problems |
13 . 40 min.i:iv‘;Mixtureiof Problemsi o o . v
'14 _‘d 40 min.  Mixture of grobléms._
lé '_ 40 min. t 'CharacteristicsinmlSolution—ﬁethodstuiz
‘_16 . 40 min. Discussion of Quiz and Open Discussion T | f
'tl7 ~ 80 min. . | Heuristic Problem—Solping Test
113 o 20 mint_ Charac&eristics and Solution—Methods*Iest'
h 15'20 min.> " Student Opinion Survey w. | A _
19 | 80: min : . Post%te%jt‘{athematics 20 Problem—Solving Test

TABLEC3,1.-ODTLINE OF LESSGNuPLANS-FOR.THE EXPsRiMENTAL TREATMENTf

During lessons two through nlne, the experimental treatment group

was taught the five methods of solution (Generalization, Working Back- "

ward Specialization, Analogy, “and- Decomposing and Recombining) They

were taught the general steps of the heuristic problem—solving process,‘

how to use each method of solution, as well ‘as the characteristics of
-problems employing particular methods of solutiomn. . The purpose of
lessons ten and eleven was. to answer the question Have the Students-

“1earned to correctly use the five methods of solution to solve prob-

. lems?- The’ instructor presented them with five problems and told them

‘which methdd of,solution to use for each probkem. It was the studentsj'

=respons1bility-to use_each given method to solve the five.problemsa
s es : J g . . . .

. One day_was-allotted,for the Five-Method Comprehension -Test and the

n

47



that they were gkuen The purpose of-lesso s ifteen and sixteen was

ed to choose the

s

'-to answer the q@tign: Ha&a the students

.appropriate solutfhn methaﬂ.fbf7  proble ~The teach ndeav-
oured, d@@ing these two lessons,/uq . N 'i.‘--fthe stude%%L' minds,
SRR L TR e e

and their :atching method of solution The pupils were: presented with

ten proble s, two problems fcr each of the five solution methods, and /
. b ? . k4
asked to write down the characteristics of each problem and its

appropriate solution method ~ One daygwas allotted for the Character—

istics and Solution—Methods Quiz and the next day was utilized for a
. - _ . \

.discussion of their mistakes. ~ ' . : N
; . _ . , \
‘It should be noted that different methods of solution were o

~allotted different 1engths of instruction time. That is, Specializa—
tion and Analogy were each : llotted one day, Generalization, Working
Backward and Decomposing and Recombining were each assigned two days.
The author chose the respecti&s time -allotments on the basis of the

.prevalence of these types of problems in mathematics textbooks and

e

research documents.

(b) Control Treatment a E '.,"
A conventional problem—solving process was taught to the control
group As the word conventional' denotes, this process represented :

-a typical approach that is used in teaching students to solve problems

The ‘same: problems were used with the control groups as were used with

@
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the experimental groups, but their order of presentation was different;

»

that is,‘all twenty—four problems were categorized into five groups

(according to their methods of solution) and eadh group was taughﬁgﬁn‘~

'isolatloﬁ. l
'PROBLEM o 1 N “
GROUP - LESSON o | &
- . . ‘ ) .. » "B‘
( #®  Lessoms 26
ST 1 Lessons 6-3
C#3 _‘” Lessons 8-10
4 ' Lessohs_lO—IZI
#s . Lessons 12-16

TABLE 3.2 FIVE GROUPS OF PROBLEMS FOR THE CONTROL TREATMENT -

. : \‘3? . - vJ
E\\f ', The schedule that was followed in teaching the conventional

problem—solving process is outlined in the table below.

i . . : - . . . ) 3

o TIME B S
DAY  ALLOTMENT o - ToPIC
1 80 ﬁin. i Pretest.— Methematicsrzo_Problem—Solvlng.Teet
'»lZ. . 40 ‘min. - ‘Giwe‘out the booklethof‘24'problems.\ Do #1.:
T A Assign #2 for homework : et :
5 40 min. Gorrect #2. Assign #3, #.
4 40 min. l Correct #3, #. Assign~#5; #6.
5 40 min. Correct #5 #6. Aesign 4.
'6; .AQ min.v’ ‘ Correct #7. .DO‘#é. Aseign;#9; #10.
v‘7". 40 min;v>v'thorreet #9, #10. Assigh.#ll..ﬂ



10

11

13

N

17
18

19

12

RUS
1551:

16

40
40
40
40
40

- 40

40

401

40

80

20

min.
min.
min. :
min.
min.
min.
min;“‘
min.
min;
min.

min.

'>80 min.

Correct #11. ‘Do #12. AsSign.#an

'gTCorréctv#l3. jAssign #14. . - m j-"~‘“‘;~;\;;\
. e . >

Correct #14. Do #15; Assign:#l6.
Eorrect #l@. ssign #17. | |
éorrect #17. Do #18. Assign #19.
Correct #l9.l;Assign #20, #21. - | o | L
'CoFrect #ZO,J#Zl. Assign #22 #237

, torrectv#éZ;_#QB. A§Sign #24 | 'v". //
‘Correct #24. "Open discussion..'\\;r
Heuristic Problem—Solving Test

» Student Opinion Survey

Post- test - Mathematics 20 Problem—Solving Test

TABLE 3.3 OUTLINE OF LESSON PLANS FOR THE CONTROL TREATMENT

the problem for homework on orie. day and present them with their

The iuﬁtructional strategy employed in this process was to assign -

/

y

solutions on, the next school day.' The 1nstructor discussed each

"

<

solution with the class noting the logic and the mgphanics that were‘ '

"utilized in solv1ng that particular problem but did not mention _ d .

_'elther the name of ‘ the method of solution employed or other solution

methods that were used in solv1ng other problems and how those

- solution methods were related to the present problem. wo L.j R S

The solutions that the students were given for the aSSigned o "ff

homework problems were the same as: the solutions given to the

\

) corresponding problems in the experimental treatment with the’ following

.exceptions:

:first

the general steps of the heuristic problem—solving



processg i e., Understanding the Problem, Devising a Plan, Carrying
uOut the Plan, and Looking Back with their accompanying questions, ‘as
advocated by Polya, were not 1nc1uded, secondly, nio mention was made o

‘nof the characteristics of any problem and no descriptive qames, as to

em—type, were provided other than the labels groups #l #2, #3,'.

#4, and #5

6. Implementation of Treatests

. EXPERIMENTAL | =
TREATMENT ' | TREATMENT
Mathematics Course ' ’ a T ‘ '
_ matics our , B _ ; L : » Lo sy
 Utilized :, R ,,.MathematicshZO course., o e
-Number.of'ClaSSes ) ,yb. . one : . - Onme
Treatment' ; . - . _ f"-;
Administrator = | . Researcher - ' _ Researcher
 Dates. | | ‘May 2, 1977- May 2, 1977-
.Conducted ."/ e ‘May 27, 1977 e May 27, 1977
Daily Time Q///’(.‘~,1;'8:3o A.M,f9ﬂ50 M. | 1:50 P.M.-3:10 P.M
Block  — f ‘{2. 9:10 A.M.-9:50 A 2:30° P.M.-3:10

g _TABLE 3.4 DESCRIPTIVE INFORMATION OF THE EXPERIMENTAL GROUP AND THE"
Lo CONTROL GROUP

E(a3’Experimental Treatment_tf"
éx"*cf . ‘

'The experimental treatment for this research study was adminis—

tered by the author to ome class of Mathematics 20 students located

\

._in the Edmontop ?ublic School System. The month of May was’ considered

an appropr ate time because, due to the semester system, the students

s». .

,.:/

. .
. would be the same . place in the Mathematics 20 curriculum as the

pilot class was in the first semesterf
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- lThe:author cafe into the Mathematics 20 class beginning on May 2,
1977 and ending on May 27, 1977. Altogether; the experimental treat- -
ment occupied nineteen days (sixteen forty—minute periods and three_

'eighty-minute periods) The forty-minute lessons were taught during

o y
LA

the second half of the eighty—minute block . j‘~ ' ST

’

(b) Control Treatment

: A
.The controlasreatment for this research. study was administered

by‘the author ‘to one class of Mathematics 20 students in the Edmonton |
Public School System.‘ Nineteen lessons were conducted (seventeen :
;7‘fv forty—minute periods and two eighty—minute periods) from May 2 19770
untiltMay 27',1977; The small time-difference“ fgfty,minutes; betWeen'
' the two treatment\groups occurred as a result of one 1ess test- being g

-
'administered to ‘the control group during the eighteenth lessgn.v_

This Mathematics 20 class was’ also a’ semestered class @In'l : ;:»:QV o

ﬂaddition, both the experimental groupgand_the control group had'

. covered similar material'and were at the3same place in the”Mathematicsi_zu'

.;um at the start of”the main study.v During the study, both
ere taught similar concepts from the Mathematics 20 curricu-
Tum by their reSpective cooperating teachers This was done during

.géf (Zhe-first forty minutes of their double periods, thus preventing o

; _~'$<either of the ‘two . classes from getting behind in.their normal program

N

" Research Questions and Hypothesgs

: . . 'Vx'. : . . . : L
e e ‘The. purpose of this section is to translate the general questions, .

given in the Statement of the Problem, Chapter I, Section B of this

o

thesis, into scientific hypotheses which could be tested Following_.

';i‘ each question, there are ?ne or more scientific hypotheses . Subsequent.




!
}

e g |

‘-’to each of'these predictiOnSuis its justificationﬁdwhich~has utiiized

the results of research studies, psychological theory, and 1ogic as:v‘

its basis. Finally a null hypothesis or-a set of criteria has

-

followed each scientific hypothesis, by which the author could
ultimately answer each of the three questions. Some of the scientific
:hypotheses oould not be tested utilizing an; inferential statistical .
technique, therefore a_set;of criteria was established as a:basis

L

.tfor nominally testing‘them; o e T

1. Question One TR ' vqh: f-': S B

).

Statement._ "What attitudes do students and teachers have

* {

_L‘tOWard a'heuristic problem~solving instructional:
._Strategy?"» 3 ‘u, : »H. _r f;.,‘ :
fscientific_Hypothesis #l: '”Ihe studentstand teacher will.
e L héve‘akpositive‘attitudettoward»a['

A . : 1

R L ftional strategy;"
. g‘?-g' :, - . . . »
Data on the attitudes of both cooperating teacher and students

-Were gathered by means of the Cooperating Teacher Opinion Survey S
and the Student Opinion Survey respectively ,feA

Q”Set of Criteria for

N -
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- heuristic»ﬁroblenésolving instruc— T

‘ Scientific Hypothesis #l* The-researcher had:established_a'level.

&

SR ‘~_of 702 or more responding ye’s’| to‘;
o 1';‘ 3. 1:’ﬂ- ; each of the following questions on
| | ' j'the;Student Qpinion'Survey:
ol r-n;d*’yo;;,‘,fiad‘ th‘at_‘ the ﬂp;p,c-'edur_g'
| dpreSented ﬁas helpfullinésolving'.
_probiems?"‘;' s ﬁ



L2 “Po ¥6u feel that you are a
.better_problem'solnerfnow,thanh
: A . before?" - ) |
| | | 3. "Do you think that this unit‘Willb
‘help you in solving new problems
. in Mathematies 207" |
" The reSeareher had:establishéd that
ha'strong'deelaration byvthe.eooperating
teacher to the question: J"Do'you‘feel'

tha; the students benefited by 1earn%ng

';to ‘use ‘this method of problem solvingV"

54

; was'an indication of positive attitude

N

toward the instructional strategy.

2. Question Two

| . v . -
" Statement: "Does such an instructlonal strategy affect the.

A s students abillty in solving those problems which _

are. peculiar to those utilized in that strategy7"

a

Scientific Hypothe31s #2; "It would seem: probable that students o

" who have been subjected to the'.'

. , L - L e 3 .
. Co heuristic problem-solving treatment,

of solution in'solving<problems."

b3 : ’

Ihe level of learning that was required of the experlmental group in =

~ this activity was. of an- elementary nature The students were taught

to use .a particular method of solution to solve certaln problems

,fThey were then given a problem, ‘and told tOuuse that partlcular

will successfully use givenfmethods.-»;'
Sah 4 : X S



they could correctly~use the particular methods of soluﬁionl

° ! Vgl g
) N
o o % v'\'

- L o xﬁi@ TP I

method of - solution in solving it. That is, the teacher demonstrated,7

L4

~a method of solution on one problem, the studen&; imitated this f

procedure on several other problems, and subsequéhtly the students
were tested,on the Five—Method Comprehension Test to|“
0 ¥;

P o o -7"""' v

N
Perhaps the most difficult stage,iﬁ/:olving any problem is in

identifying the problem as a member of a- class of problems whose ‘

./v

solution method is known In the Five-Method Comprehension Test,

-the answers were provided for that stage. The only requirement was -

to correctly utilize’ the given solution methods in solving the

problemsbon the test. - ..' °.

"Set of Criteria for ; s 'vm v 2' :'t . T

SN
Scientific Hypothesis #2 1. The Fi"e-Method Comprehension Test
f(page 86) The researcher had
'established -an individual mean of

70% or above as an indication of

'successful use- of a given method -

Vg ‘ _-fr."-' of solution in solving the\problem."

& S / 2.'The Heuristic Problem—Solving Test’

: (pages 86 88) The researcher had
_festablished an- individual mean of
':g ' AOA or. above as an indication of

e S L o successful use of a given method

who have been subjected to the

of solution in solving the problem.

écientific'Hypothesis #3: "It would ‘seem probable that students,f

-
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. 3 heuristic*problem—solving treatment,
‘ will perform better on a. heuristic
'problemvsolving test, than students
who have been taught using a convaltional
problem—solving treatment. |

..a

_The test problems themselves offered no advantages to either treatment

group, since bothbgroups were trained"on the same problems. The
,experimental group, however, was taught the general steps of the heur—t
'istic problemdsolving process by which every problem was solved as |
 well as how tovcharacterize problems and t0'associate them with their.

| appropriate solution methods, whereas the control group was given no
such training Therefore, the experimental group had the definite
advantage of having been explicitly taught to develop concepts.f

Null Hypothesis for

Scientific_Hypothesis #3: “There is'no significant'difference‘

;: ' ~, l_'in mean scores between the instruc-
b'.tiongl methods as measured by the

‘ ‘ - Heuristic Problem—Solving Test."

.:Scientific Hypothesis #A:A “It would seembprobable that there is

| "a strong relationship between scores.
.on a heuristic problem—solving test
andvscores on»a characteristics'and
solution-methods test, for students

Ny - _:‘ ’ _--_‘who have been subjected to the heuristic

problem—solving treatment.

" The heuristic problem-sol¥d;

[
i

|
|

treatment in the researcher s study is

56 .
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based upon the process of cOncept development. Jarolimek (1966: 534) . ./

'.has defined a concept in the following manner: "Concepts may be

regarded as categories of meaning. " He (1966 534) further stated

:Mthat:' "Concept development calls for the placing of information in

- -

correct cognitive categoriesl . .In the heuristic problem—solving"
treatment, there are five main concepts that were developed; these
‘ , R . o

» being‘the five-solution methods. The students were . taught’to place\
problems in their correct cognitive category. -This was done hy

vtraining the pupils to characterize each category by a few ba?ic

‘preperties, and thus to place problems containing these basic
o, .
properties into the appropriate class.‘

Once a problem had been classified by inference the other

'attributes of the category, e. g » its method of solution, ere

’ assigned to the problem Bruner, Goodnow, anH Austin’(l962 244)
. -

Vi

described concepts and their development as. :,gT?j
! &, " S

C ... a network’of sign—sfgnificate inferences by

which one goegs. beyond a-set: 'of observed criterial '///{/i

S properties exhibited by" an object or event to the -
- ., class identity of the object or ’event in questignl///
rve

v'_»and then toPadditional inferences~about the uno se d
properties of the ob ect. or. event. e -//,-

'The Heuristic\Proble; olving Test was designed to measure the

\., A«(v" e

' students ability to choosetthe correct solution method and thus to .

: , \
solve the problem.- Although it is thought that the" pupils would do -

~ this by4' first, characterizing the problem, second choosing the .ﬁnn

7

T appropriate method of solution, and third, solving the problem, it

. Ce
.was not essential that the students either characterize the problems

or use any of the five methods of solution in solving them - ‘However,
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L
“the literature on concept development,'as noted in this section and

. ®in Chapter IT of this thesis, indicates that placement of problems .
dinto, their correct cognitive categories occurs as a result of the
matching of characteristics of problems with the criterial properties
of particular categories Thus, there is substantial evidence in the

’ literature to 1eg1timately hypothesize that the students would do the'

Heuristic Problem—Solving Test by characterizing each problem, then

Vf'itﬁg,appropriate solution method, and finally, solving the
f{herefore, there should be a high correlation_between the
scoresbon the Heuristic Problem—Solving Test and the scores on the -
,Characteristics and’ Solution—Methods Test for students who had been
subJected to the ‘heuristic problem-solving treauﬁﬂmt |
| ‘ Null Hypothesis for | .

| Scientific Hypothesis #4 The correlation‘coefficient~between

_the scores on the Heuristic Problem—,

Solving Test and the Characteristics

Y a:ic' A . '.~_..' and Solution—Methods Test.is,zero.'
e ' - [ -

3%, Queséibn Three

' Statement.';"Does such an instructional strategy affect the
DA

students ability in solving those problems which
are peculiar to those utilized at a specific grade

‘and course level i~

Geientific Hypothesisv#Sf "It would seem probable that students, ,

B K o . ’ B ’ . €

‘who have ‘been subJected to the

heuristic problem—solving treatment

.

will perform better on a. Mathematics 20

/
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problem;solviné test,ithan students
who have been taught using a con-
- : ventional problem—solving treatment.
Scientific_Hypothesis.#6:f "It would seem probab1e>that students,

who have been subjected to the heuris-

¥

;.tic problem-solving treatment will '
,perform better on- the post—test of a”
R nMathematics 20 problem—solving test,
.than they did o@ its pretest
Although Lucas (1974) study was: performed on first-year university .
students, his reSults indicated that students who were trained in
heuristic processes obtained more accurate results than those who
were not. Ashton S (1962) study revealed similar results, but was
iperformed on grade IX mathematics students‘ It was hoped that further
.':support for this hypothesis w0uld result from the heuristié problem-
"solving treatment;ibcated in Appendix G of this thesis. In this
method of instruction ‘two processes are taught to the students : The
"first is.the general steps of the heuristic problem—solv1ng prOCESS'v
j by which every problem was : solved These general steps are ‘the basic
‘framework of this method‘of instruction, into which/the second process‘
:is placed bThis second process involves five methods of solution,lf
‘which were employed to solve the problems in this research study
‘Either the first process or the second process, or their combined

_ 'systematic apprégch to problem solving, will markedly improve the

¢

' students. problemqsolving test scores.



’ Null Hypothesis for.

>Scientif1c Hypothesis #5:

Null%Hypothesis for . -

Scientific Hypothesis.#6:

" and the post-test bf

C Statistical Procedures

r'"There is‘no)significant mean differ-;

"f}?%nalyzing the, results were as follows.

60

"There is no significant difference'in;%_

DR ST ‘
mean. scores between the two instruc-

.lltional methods as measured by the

'Mathematics 20 Problem—Solving Test.",'

Pty *.»,‘ . ¢

R W, -

i G 5 S e

ence between the’scoresson the,prétest .
‘\. -' fl’."(

vthei Matz’hemat :l.c s}O .V ‘ / )

B Problem—Solving Test, for the heuris—-"

LN

o

tic problem—solving treatment group <

<N
G

> The - statistical procedures utilized in’ this research study in o -

]

- /.‘- 5‘

2

l On the null hypothesis for scientific hypothesis #3 (page 56),m,

a two—way analysis of variance was . performed on . the scores

obtained from the Heuristic Problem—Solving Test. The two

factors that were utilized in this analysis were - group - levels

and treatments.

w\\g\\;2; For scientific hypothesis #4 (page58 ), the Pearson product-k’

fmoment correlation coefficient between the scores on the /

Heuristic Eroblem—Solving Test and~the CharacteristiCS'and

: Solution-Methods Test'was calculated' The Fisher T to B ,l ,;;h"‘

transformation was then utilized in determining the signifi~

-

/v

‘cance: of the obtained Pearson aroduct—moment correlation - S

4coefficient.»'.'

[
/
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J ‘ | ' o i \,//

3. On the null hypothesis for scien@&ﬁ&c hypothesis #5/(page
60), ‘a two-way 3nalysis of varianoé was performed on the
‘scgres obtained from the Mathematics 20 Problem—Solving
Test. rThe tWo factors\that were utilized in the ‘analysis
were group levels and treatments. |

4. On the null hypothesis for scientific hypothesis ft6 (page
60), -a one—way analysis. of variance was performed on the  ’

scores obtained from the pretest and post—test of the

- Mathematics 20 Problem—Solving Test, for the heuristic




vproblems in,this research study.

,_tion followed by imitation. S T /J

CHAPTER IV

.

THE HEVRISTIC PROBLEM-SOLVING METHOD OF INSTRUCTION. -

In this method of instrdction two simultaneous processes were

taught to the students. The first was the general steps of the

'heuristic problem—solving process by which every problem was solved.

.These general steps were the basic framework of this method of instruc-

tion, into which the second process was placed v This second ‘process

~-involved five methods of solution which were employed to solve the

i :
A. General Steps of the Heuristic Process K

{” The procedure, that was followed in teaching the students how

h,to solve problems using this process, began with the teacher solving
-the first problem. As. he worked through the problem he verbalized

~his thoughts, in order for the students to hear’ the process that he

used and- the one that they would be asked to. follow in solv1ng prob-

1ems themselves. After the - teacher had demonstrated how ' to solve a -

problem using a particular method of solution,'he asked the students o
to try*the next.problem.. They 1mitated the method that the teacher
' C % :
used to solve the previ0us problem.. In presenting new methods of
solutionf the ba51c format of this method of 1nstruction is demonstra— -
In solving a problem the problem solver was taught to always

fgllow the same systematic approach. This approach to. solving

- _problems involved w0rking-through‘fOur;basic stages: Understanding

bR
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lé W e

.Wthg Rroblem, Devising a Plan, Carrying Qut the Plan, and Looking Back

With*‘ each stage, the students Were taught to ask questions appropri—'-

These general steps of the heuristic process with

Y

l Und‘rstanding the Problem

Underslanding the problem is. the first step in the heuristic
problem—solving process. This step is the one in which two qdestions
are'raised.and answers to them-are sought; These questions are:

‘. What is ‘the unknown7' _ : .
What information is given9. o T .

2. Devising a Plan' o

After'the problem- was'understood 1i. e‘,‘the-unknown and the_data

" had been delineated it remained to devise some - plan by which the

problem solver might proceed from the given data to- the unknown " The

AN

question that students were taught to ask themselves, in this second

_step of the heuristic process was: Do you know a related problem°

2

~.The purpose of thlS ques ion was to get the problem solver to discover
"r

‘a method of solution that had a reasonable chance of leading to the

correct solution.‘ Before responding to this question, the teacher

d'named the characteristics of the problem currently before him.; He )

fthen thought of a related problem with similar characteristics and,h

€named its method of solution ' The reason for matching problems in
his way was’ to allow the problem solver to use the same method of

;solution to solve the problem whose solutiOn was unknown - This is

heuristic reasoning, whose purpose it is to discover the solution of
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the present problem through the means of a reasonable guess. o

Once the method of solution was decided. another question vasv
asked to introduce the designated method of solution.. This‘question
.depended upon the method of solution that was chosen as having the
greatest plausibility of achieving the ‘correct ansser. For- example,
if generalization was the_designated method, then the question that t /'gl.
introduces it was: “Do you>know a related-prob a? If specialization
was the'chosen method then the apprOpriate que%tion that introduces
.ﬂ' thi’s method.of‘solution mas: Do you know,a more specialized'problem?'
‘Ifhanalogy was the,designated method, then the question that introj
-duces'it was: Do you know an analogous problem7‘9If’decomposing and
‘recombininghwas:the>chosen method then the appropriate question thatv'
introduces this method of solution‘wasi Can you.restate the problem?:,

The. problem wasdrestated in'the.form of»a'mathematngl.sentencer' If ‘

o kQ) : T AN
.working backward was the designated method then.thevquestion that
introduces‘itiwas:' Can you restate the problem7 The problem was

'restated as-if it was already solved.

3 Carrying Out the Plan.

This third stage involved going back to the devised plan»and
carrying out the necessary computations in order to solve ‘for the'
': unknown. . The student was taught to check to ensure ‘that he had
carried‘Ouththe plan.carefully'and accurately.

4 Lookinngack

At the fourth and final stage the problem solver was. taught to
examine the solution that had been attained ‘The students were taught

to. ask questions and. seek answers that were appropriate for this stage.



These questions. were: ) o o o &‘v~;_ oy
. Is the result correct?

What are the characteristics of this problem that could .
“be associated with the method of;solution‘that was utilized?

,In'response~to the iecond question, the students were required'to write‘

down the characterisFics of the problem and the method of solution(used;

in correctly solving the problem ' The reason for explicitly noting

this association between problem'characteristios and solution method"

’hfwas to‘helphthe students,_in thevfuture,-when snother problem.ﬁouidi
.bevengountered,andgtheyvmustjdecide‘which'of’the five methods of - . - ' ;;

solution to use in order to 'solve. that problem. ' ' . '

‘B.,Five Methods'of SOlution o

The other process that was. taught to the subjects concurrently

with the first process, the General Steps of the Heuristic Process;‘»'
. was the Five Methods of Solution to be utilized in solv1ng ‘the’ prob; _
lems.' Asgoodsunderstanding of each of the five methodS?of solution,.Jg
snd the oharacteristics‘of probiensbthet.oereiassooiated with eaohg ';UI'L'
psrticuiar uethdd ofjsolution‘was essentisl before'the problemisoiyer B
couidtproperly'fulfiil.the'second‘stége’of.the heuristic‘processl

: In:thebiesson'plsns'for.this:heuristic:problem-solving process,
lesSOns‘two through'eleven were;devoted”to‘the’teachihg ofhthese e
methods of solution; Lessons'twelﬁe through‘sixteen»aliowed the
; students to put 1nto pﬁactice all they had 1earned in the previous

1lesson,u The students were presented with problems whose method of

SOlution was unknown, andeere,asked to solve the problems working‘

9

_'through each step of the heuristic process.



1. Generalization S o ': - '*
Generalization is a method of solution used by Polya in his
- heuriStic'approach to problem-solving. It involves a consideration :

of specific instances from which a pattern is observed to an inference

o~

that what holds true for the specific cases will also hold true for

'n'; thus a generalization.

; For example, given the problem' : [ ' S T Ty
) .

—

. Ina triangle ABC if 20 lines are drawn from the '
vertex, A through points on the opposite size, how
© . many triangles are formed? -

The instructional strategy that was used in solving this problem ’
: follows._ The teacher wrote the problem on the blackboard and then

= paused for several minutes allowing the . students sufficient time to_f

understand the problem | He then began by asking What is the unknown7

He answered ‘that the unknown is the resultant number of triangles that

”are formed; The second question was: What;information is given? The‘

';: given data were.. a'trianglevABC.andIZO,1ines drawn;from verte37A‘
- through points on the opposite side.; Since the unknown‘andithe‘data.
: <had been delineated it remained to devise some plan by which the
instructor'might proceed from the given data to the unknown

~:.The'teachetr then asked the following question ~D0~you~know'a .

related problem7 The purpose of this question was to get the problem

. solver to’ discover a method of solution that had a’ reasonable chance '
of leading to- the correct solution Before responding to this_‘
question, the teacher named the characteristics of the problem

e

'fv>currently before him., He thought of a related problem with similar

characteristics and named its method of solution Since this problem I

o

Ca L
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. was'charaeterized'as.arproblemyinvolving:pattern developmentf the
method of solution decided:upon bvfthe:instructor wastgeneralization.
. The teacherjthenfaskedghimselffthe question: ‘Do;youwknowiaQXV
.relatedkproblem?; A simple:relatedfproblem that hefgave.waSE s ‘
| .If O 1inesiare drawn from vertex'A through'Ofpoints R ﬂ-i
of the opposite side, how many triangles are formed7
He then asked if there was. another related problem that would help in?
solv}ng the original problem. The . answer that the instructor gave

s was to present ‘the second related problem'

If 1 line is drawn from vertex A through 1 point - o
‘of ‘the opposite side, how many triangles -are’ formed’

- He then asked if there was another related problem that would help in : ¢%¢.l~f
solvingtthe original problem. The»answer the teacher_gave was to“ﬁ

lated problem. :"'. ~}" o L: e

fypresent.the

W,

g e drawn from vertex A through 2 points e
te side how many triangles are formed’ T

 He then - ' was another related . problem that would help in

nr solving the original problem. ~The-answer the instructor_gave”was-to__

present the fourth’related‘problem:;-

If 3 1ines are” drawn from vertex A through 3: points
of the opposite ‘'side, how many triangles are formed’ :

Next the teacher asked if these four related problems could help them

6

[ = N A

in. solving the original problem. He drew the table as shown below
"and asked if the students could see a pattern developing that would

lead ‘to the solution of the problem



Number of Number of |
Lines Triangles
0 1 /
1 3 \
L2, ‘6 )
3 10 -
v . . . : Q;\f
. o b o
| |
- £ R | :
: N 20 ? -
-

Lo

»

Itsishould be noted that pictures of,triangles'correspondihg to each -

-

of”the four related problems were drawn on the blackboard as each’

¢

Case #ﬁ?—

e

'related 1o»lem was“presented

s

This aided in- clarifylng the four SR

elated prgplems used in devising the plan. ’

K
°

Caf 0 1ines are dra&n from ,

‘vertex A through ‘0 points -

of the opposite side, there ' .
is 1 triangleﬂthatiis;formedx

-

- S, - o

I£f l iiné is drawn f@om
.wvertex A through 1 polnt

of the opp051te side, there

'are 3 triangles that are formpd.

T ~.'
. R PR A;‘.
1f~2 lines .are dram from

~vertex A through '2 points

ofﬁthe opposite side, there

“are'6 triangles that are formed.

~

et



If 3 1ines are drawn from '
vertex A through 3 points
. of the opposite side,- there

are 10 triangles that are formed.

Case #4 -

;
- The teacher then expanded the table to, include all the possibilities :

>7m0 20 for the number of lines drawn. ' i

After the plan was carried out and a solution was reached thle

R

" teacher asked:thevquestion:

ot
[

A
- o Is the result correct°\\ e

What are the characteristics of this problem that could
be associated with the method of solution that was utilized7

The instructor first checked his result to ensure that it was
‘correct. After he did that he examined the problem again in order
‘to note 1ts characteristics. He then,wrote them on the blackboard
. ¢ o
. along with the method of . solution used to correctly solve this

problem;* The characteristics were:

l Thé number’ of lines is 1arge, the estimated answer
is’ very large.[ S - :

'hh2,-To draw a- diagram depicting the situation 'andvto
attempt to count all ghe reSulting triangles,is an -

B

'lextremely difficult task. . L T ' _i-ﬂ;

vz S . - L » . ‘. N

2"'s;,>ec:i51izét16n R A

\‘ .".-

Specialization is another methdd of, solution used by Polya in.

: a his heuristic approach €0 problem solving Briefly,_it entails,the .

'consideration of some specializaed case which either, in itself

° \

: solves the problem, br provides the strategy to solve the problem.-"
For example, given the problem.- ,-. “_4”

Bob has 10 pockets and 44 silver dollars.. He wants

oy ,”" to put his dollars into his- pockets, so distributed

69
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that each p ket contaihs a different number of dollars.
Can he do s¥? L . v

P

- The instructional;strategy that was used in‘solwing.this problem

follows. The teacher wrote the problem.dn\the‘blackboard and then
: ) i
paused for several minutes allowing the students Sufficient time to

‘.understand:the_problem.‘ The instructor then began by asking What
718 the unknown'7 He answered that the. unk%ﬂ\ was the distribution

of the 44 coins into 10 pockets ‘80 that each pocket contained a

e

different.number of coins. The second question that he’ askedéwas
A _ COHE p

What information is given? He_answered that the given data were 44

'coins, 10 pockets, and a distribution constraint for the coins (a
‘ different number of coins are to be placedlin each poéket).
Since the uﬁknown and the data were delineated rit-remained to

&

.devise some plan by which the teacher might proceed from the given
data to the unknown The instructor then asked the following question:'_ /

. & ' . ,/

* Do you know a related prob}em7 The purpose of this question was to L
ool

: get the problem solver to diScover a method of solutiOn that had a

. ’ »

“reasonable chance of leading to the correct solution Before res- B

ponding to that question, the teacher named the charactefistics of
b

'the problem currently before him L He then thought of a related
, S :
‘~¢problem with similar characteristics and named its method of solution.

2

)

)
+

_ Since‘this-problem wasfcharacterized as a problem that focused on ai

. 7
m' had

nﬁparticular case, that of finding the minimum,number‘oﬁgsilver-dollans‘f{‘h

- necessary to satisfy the requirement of thejproblem;itﬁthethod of '

»

solution decided upon by the teacher was specialization.‘,-}‘f,_'; -
The instructor then asked the question.. Do you‘Kndw a more‘~ B

. specialized problem7 The teacher then wrote the special problem on‘"
: . e . . v :

. - . g

-



the blackboard. o : o s

A . What is the minimum number of silver dollars that
could be placed into 10 pockets’

- He then solved the more specialized problem and thuS demonstrated that o
. s . i
it was - impossible for Bob to place a different number of coins into
each of lQApockets, given that he only had 44 coins.

First-pocket gets 0 coins

_‘Second_pocket'gets 1 coin

P . Third pocket gets 2 coins
- .
¥
n o Tenth pocket gets 9 coins
9% o T g :
¢dinimum number of co&ns = 0 + l + 2'+ e et 9 =,45 coins.‘ There— 4

gg
M e

into each . pocket

e, since Bob only had . 44 coins, he’ could not put a different number

\

After the plan was, carried out and a solution~was re;ehed the
. N R ° . »
: teacher asked the . questions' L s R .
& L Is the reSult correct7 v&y ”ﬁ.. T T

At .
»

What are the’ characteristics Of this problem that c0uld be”
%ssociated with the method ot solution that was utilized7 -

r

The instructor first checked\his result to ensure that itrwas corT@ct
S _ . Lo . . ,
. After he did tﬁat he examined the problem again in order to note its % -
N v .

,~characteristics.‘ He wrote them on the blackboard along with the
_umethod of solution used to correqtly solve this problem.' The character—

.

istics were: : - - e

l A decision needs to be made between two alternatives
(Can he do it or can he not do it7) ’



B .
AP

'-the,original situationu

2 A specialized problem could give a clue as to. the choice
‘(to be made between the two alternatiVes) or decide ‘the
choice : C - S

S \
3. alogz

-

72

Analogy is another method of solution used by Polya in his heuris—v

tic, approach to problem solving Basically, it involves a considera—

tion of two systems which agree ‘in clearly definable relations between

their respeCtive parts. For instance, a triangle in a plane 1is
analogous to a tetrahedron in space.
For example, given the problem

Find the altitude of a regular ‘tetrahedron with given
¢/ edge 10 cm. ~ (Hint: ‘the foot of the’ altitude divides:

a median of the triangular base into two line segments 3
' whose lengths are in the ratio 2: l )

*
. ')"

, The instructional strategy that was used in solving this problem
-follows. The teacher wrote ‘the problem on the blackboard and ‘then -

.paused for several minutes allowing the students sufficient time to'

understand the problem. The instrudtor then hegan by asking What

is. the unknown’ He answered that the unkpown was the altitude of

L

B .the regular tetrahedron The second question was: What information

iis given7 The given data were A tetrahedron w‘ph edge length

S v )

100 cm{ and ‘that the foot of the altitude divides a median of the

-

: triangular base into two line segments whose lengths are in the ratio

2:1: '..~ Cav T St e, .
) x v L o \ < .

Since the unknown and the data were a lineatedllitvremained to.’

'\ 2 » 7

devise some plan hy which theuteachef might proceed from the; given

to the unknown The instructor began by drawing a diagram depicting

’



He then asked the question | Do you know a related problem? “The.

X
purpose of

'of solution which had a reasonable chance of leading to the correct

ot

solution.
B ]

‘this question was to. have the students discover a method

kY ‘ﬁ)
Before responding to this question, the teacher named thel

haraq;eristics of the pnoblem currently before him.: Hevthen'thought

of a related problem with,similar characteristics and named its

solutﬁ’h method Sinci”

involving a. three—dimens;'

0 b

,éQ“al figure, which_asked ﬁor a one—b

v

dimensional answer (1. e., the altitude of the-regular‘tetrahedrOn),'

the method

of" solution decided upon by the teacher was analogy

:}g' >

‘o

The instﬁggtor then asked the question - Do’ you know an analogous

»boardyi Herthen proceeded to. solve the analogous problem : ‘ “;"

. 'Vproblem° The answer was . to write an'analogous problem on the black—

: .
o

x

”'e,'_ c Given a right triangle ADE and given .the length of

- ‘the-sides "BD, and AE; find the length of the side DE.-

The procedu

helpful in

Pythagoras theorem states.j:' ,
(AD ) -= (AE) + (ﬁ) &T’nerefore,
(DE) k ﬁn) ~ (AE)

gy
A B

. v . . - . * . ~
. ... L. 5 .

LY

BRI
re that he used in solving this analogous problem was

guiding him thrOugh the~solution to the original problenn “ﬁ

.73 .:v



: T%éréfbrp (3/25655)

m»

First:

Triangie‘ADE is a right tfiangle (bécauSe DE is the'ai;itudg);'

Therefore 352 = KEQ + BEZ (Bythagorasﬁ-theorem)
~or DE =/AD> -"RE%
. . 3 . - .v

'but AD = 10 cm_(edge of tetrahedfon); ’

Y AN
Therefore "DE = v100 - AE

—~
- Second
P B '
: Examine‘trianéle'ABC; ' ) - A
v _ \
. )
t
i
:E
hl . l‘
B . c
. ‘ ‘ R
Given altitude AR
WM
[ "\K\H
'Find AR. i
fExaminé r1ght.anglejARG. X :
"Pythégqfas:theorem‘stgtes:'
T KRR,
102 = 5% + R
AR =102 -5
= 5/§:cm .
T U -
 but AR = AE + ER = 5/3"ém- - -
) = KEJ4:%KE.= 5/3 cm ff"-

5/3 em |

.
g R—

AE

A

.iO 3[3 cm

o lae

?

- e
v - .

74
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8. 16 cm

o lli‘.ll. S

ll

Therefore, the height of the regular tetrahedron was 8. 16 cm.
After the plan was carried out and a solution was reached the
"instructor asked the questions:

Is the result correct7

» What are characteristics of this problem that could be
associated with the method of solution that was utilized”

The teacher first checked his result to ensure that it was correct
f

After he did that he examined the problem again in order to note

its characteristi@! gg wrote them on the blackboard along with the

method of solution used to correctly solve this problem. The charac— :

* _"

- teristics were.'

©

1. The problem Anvolves a three- di nsional figure (a regular
,tetrahedron) but asks for a one'dimensional answer- (altitude)

o 2.‘Using a: triangle {a two—dimensional figure) to find the
: altitude of a regular tetrahedron a three—dimen51onal
figure) appears to be a necessity. The triangle, in- a .plane
’ is analogcus to a tetrahedron in space.'v : BRE :

.o P hd

N

‘ 4 Decomp051ng and Reoombining e

»

Decomposing and recombining is another method’of'solutionausédiﬂ:

ot

by Polya in his heuristic approach to problem solving Briefly,“it

entails decomposing the problem into its compdnent paﬁts end then )

recombining the parts"in 'a‘more—er~less_different whole. For

" 75
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3 o } : v

example,'giwen the problem:
,i\- 2]

- A man’ spends 18% of his monthly salary for rent. If
his rent is $45 a month what is his salary for a month°

‘The instructional strategy that was used in’ solving this problem<

'Y

folldws. _The. teacher wrote the problem on - the blackboard and then |
t 0

/.r

paused for several minutes allowing the students sufficiént time to

‘understand the problem. The instructor then began by asking ‘What

l : ~

- is the unknown7.‘He answered that the unknown was the salary for one

"month and he wrote thié%bn the blackboard( The second question was:

What information is giveﬁgﬁlme given. data are that 184 of the salary

‘18 for rent and that the géht s $45 per month.

Since the unknown and the data were delineated it remained to

'jdevise some plan by which the teache‘ ﬁight proceed from the given -

-data to the hnknown He then asked

i

chance of 1eading to the correct solution. Before responding.to-

'this question, the teacher named the characteristics of the'problem'

,similar characteristics and named its metéod of solution.; Since

<
L&
currently before him.' He then thought of ‘a related problem with

.

- S

this problem was characterized as ‘a’ probi\\\én which a mathematics

. sentence could be established the method of solution decided upon by

»

' vthe teacher yas decomposing and recombining.

76

The instructor t en askedlhimself the question Can youhrestate'

he problem7 '

E Probiem in such a way that he progressed closer'tovthe.solution to

¢ , »
this;problem. In this case, the instructor set up a mathematics‘



‘,_77

' sentence, expréssing in'mathematical»symbols,.a condition -that was

\statedfin words. The equivalent mathematics sentence was.‘
( 18)(x) = 45,. where X 1S the salary for one" month He then solved

the equation for X and thus found the value of the unknown number.

h Let x be the salary perrmonth in dollars

S
RS
A

e — » —
Original Problem '~ Algebraic Translation

~Afman spends‘lSZ,. 00,18

of his monthly BT T B
Salary for rent. : o
1f hisfrentfisi$45 ""»v‘ 45
a month, : - B

o what is his salary B X

for a month?

18 = 45 or (18)/(100) (45)/(x) SR

T x = 45/( 18) ‘ . S AP : | =
‘g 250 :v:, v f_ _' . : o

-

;Therefore, his salary for a month is '$250.
'lf;After the plan was carried out and a solution was reached the

- teacher asked-the,questionst.
. Is the result correct? ":zdl o B
R -'ﬂi What are the charaCteristics of this problem that could 4
' - be associated with the method of solution that . was utilized%

The instructor first checked his result to ensure that it was correct

_.»_’ - "" o . &h g o
_ 5_ After he did that he examined the yroblem again in order to noteée_ .
Co e < s
characteristics. He- wrote them on the blackboard along with the RV, 2

method of solution used to correétly solve this problem The

\»chaxacteristics were.- :’ S
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]

Y

“ ';n .
.

1. A problem in which one comparison is made &etween his’
rent and salary, ‘thus “dne equation can be estaplished
in order to generate the solution. T

o I

2.-A problem which is’ easily translated into one mathe—
matics setnence. . S Fee

5. Working Backward
| Working backward isbanother method of solution used by Polya in

his heuristic approach to. problem solving Basically, it involves
starting from what is required and then assuming what 1is sought as.
already found. " From this assumption, the individual works backward '
from the 'solvedY problem to the initial state in which the problem
.was presented“.Haﬁing thus discovered the‘solution to‘the-problem
bin a retrogressive manner, it remains to rewerse the. process and

ctart from the point which the individual reached last in the analysis.

]

;, : For example, given the PTOblem., S

Given a jar that will ‘hold- exactly 9. quarts of water,
.2 jar. that will hold exactly 4 quarts of water, no.
ther containers holding water, but an infinite ‘supply -
of water, describe -a.sequence of fillings and emptyings
- of water jars that will result in achieving 6 quarts of
water. . .

-

The 1nstructional strategy that was used in solv1ng fhis problem

N e
follows The’ teacher wrote the problem on the blackboard apd then
. ( =
- paused. for several minptes allowing the students sufficient time to
v l

understand the problem. The instructor began by asking What is

the unknown°: He answered that the unknown was to fill the nine- quart
pail with six quarts of water. The second question was: What: B ’\ ? .
""information is given’ Ihe given da%@)are :uansunlimitéd SuPply'of

-water, a four—quart pail (unmarked withgany quahtity scale), and a

nine quart pail (also unmarked) ™ e T jj' L

N



Since the unknown-and the‘data.were delineated it remained’to"‘
devise some plan by which the instructor might proceed from the given

~

data to the unknown The teacher then asked the following question
*Do:you know - a: related problem7 The purpose of this question was to"d
'aget the problem solver to discover a method of solution that had a‘
reasonable chance of leading to the correct solution.: Before respénd;
ing to that question, the teacher named’ the characteristics of the y
'vproblem currently before him. He then thought of a related problem .
with.51milar characteristics and named its method of solution. Since

'.this problem was characterized as - a’ problem in which there were, a

large number of paths that led away from the inltial state but only

?i one that reached the given goal state, the method of solution decide%
Upon by the teacher was working backward _ ' ft‘(li

‘4.’ P

o The instructor then askeébthe question © Can you restate theC

}problem? The answer:. that the teacher gave was to restate the
& . coL 4 iz'\':? ..“v\i”-l - 1 . - . L : » o
o problem' Ca o . v —
: Given that you have a four- quart pail and a nine—quart\
pail, and also given that your nine-quart pail already'

~has- six quarts of water in it how did you get it there7
v”The 1nstructor then started\at\the end of the solution ‘and worked :'
' \\ ‘.

backward Questions similar to the following, wit"correspg‘ding

: replies,vwere used to devise a plzn or strategy : .f-. o o

dlu Question: "If you have six quarts of water in the
~ ¢ .. . nine-quart- pail where did it ‘come from°”‘
A'Reply:v : ‘"The'water came from the nine quarts of
' _water in ‘the. full pail -of’ which three’
quarts were removed wo

2. Questlon.,'"How were'the-three quarts removed?"

Reply = ’f' ¥ water-(;hreefquarts) was poured out;of;



-+ instructor asked the questions: o -

the full-nine-quart pail'into the four-
quart pail in which there ‘was already -one
4quart B

w

: &¢¢_;;' ' 3. Question:' "Where did the one quart of water, in the

Sy T oo four—quart pail, come’ frdm”"j e B
AT coe -

. Reply:. ,‘;"The one quart of water came as'd result of 7
' pouring. out eight quarts of water: (f\lling
o .. the four—quart pail twice) from a full nine-

- quart pail. Then pour the remaining one’
quart into the empty‘four—quart pail M
-

Now that a’ plan was devised, the teacher carried it out, starting .
at the beginning of the problem. Take a nine-quart pail full of

;.water, ‘and: pour out eight quarts (filling the four—quart pail twice)

'

’ Then pour the remaining one quart into the empty four—quart pail

N

Next, refill the nine—quart pail ' Pour out the water from ‘the nine-

quart pail to fill the four-quart pail There areeaewroﬁl;/six .

.:’v, : L ) [

quarts remaining in the nine—quart pail It.should be noted nat v
: a- S
pictures of pails, with their corresponding quantities of wa*er ﬁ?‘ :
drawn .on’ the blackboard at appropriate times throughout the problem.

W

' This aided in clarifying the questibns and their replies used in

dev1sing a plan. ' o
' After”the_plan was.carried'out and a solution'was reached,'the

. i
) .

- ' Is the result qprrect9 o f’fl.”

What are the characteristics of this problem that could be '

fj~r\u_' o associated with the method of solution that was utilized7

e -QL\_\ . -

“. The teacher first checked his result to ensure that 1t.was correct

.7

f‘After he did @hat) he examined the problem again in order to note its'

'characteristics. He wrote them on the blackboard along with. the

. method of solution used to’ correctly solve this problem. The



characteristics were" e )
1 The outcome is known (six quarts of water),
2. The: problem has ‘a trial—and—error beginning SRR

The five ex;mples given in this section were, problems extracted ‘

from_the*rE§Earcher sf

esson plans for the experimental treatment.
i ‘ s

- fIt should be noted that thgie five problems are typical first problems

in their respective 1esson plans and thus they are the problems whose.» ‘
solutions were demonstrated to the class.v Subsequent problems within‘_:

each of their respective 1esson plans involved students attempting

A}
'the solutions themselves by imitating the teacher s demonstration of

[ . ° o “o P .
' the first problems.u& TR e T s T ‘.'a
&. ghe Heuristic Problem—Solvirg Method AT ,
- of Instruction I L ‘ N SR

’,/_ . Lo Lot

The purpose of this section is to summarize the heuristic problem-

=~ X . 14
v .

'solving prbceSs. The tWo - proceSSes which Were taught simultaneously

were the: N '; o _'; -; fyi‘_f'vyfs "":' ‘:f} ' h T
l General Steps of the Heuristic Pro%lem—Solving Process M;Lh;i;;;
(aT“Understanding the Problem ‘jiﬁ‘Afb'. » .
:(b) Devising a Plan ;;W‘Tl} ‘,- T RSP RE 2
”(c) Carrying Out the Plan T Y A o

(d) Looking Back
2 Five Methods of Solution
(a) Generalization Qiifff

(b) Working Backward 'Jygio

(C) Specialization ’ :.'u{tp}‘T E

(d) Analogy 15 ‘hidf:




A

(e) Decomposing Apd Recombining . .:_‘_ B S

r\ -
g

The studentsqwere taught to ask appropriate questions throughout o

L the heuristic problem—solving process, which were intended to guide -ff¢

r\

7'them through the Solution to each problqm The students were taught -

82

“the approB)iate questions to. ask themselves but were never taught the_"'

-names of the four steps of the heuristic process. Table 5 1 contains.“-'

the. general steps of the heuristic process along with the appropriate't

~ . e ,_)b
'questions and the students responses at each step.
e , O R N e , ,

G



VGENERAL STEPS, /Qraopnmm QuEsTIONS |
: OF THE _»;- .. THAT STUDENTS _ - .S SR EXAMPLES OF
ol HEURISTIC PROCESS | QSK THEMSELVES o STUDENTS ' RESPONSES
'-Y.Understanding , “that are the'unknownSYV 'W}ite¢the unknowns.7
.| ~problem | What is given? . .. Write the given
TR I T R [T | information.
;Devising-mf*" ;Dojioufknowsa ' '.'1t?,.EE*adih?'Problen'and,name‘" -
Loa related problem? its characteristics.
IR Think of a related prob—ﬂ
o R R “lem (with similar ; -
e B characteristics) whose
L ' oL solution method is known.
| ‘»\u‘fvf'-;-“p IR L | Name the method of
R T 1 :g- N -///f'solution :
| Carrying Out . Eﬁ.'Do‘yon=ﬂn0w‘a", :’/3 . This question tnitiates | .
. | ~the = related problem? - -} the methbd of generaliza—"
‘(Now\have one . - f,Can ‘you restate the o Restating the problem as
| solution method- ',problem (as solved)7 | solved initiates the
" to 'use, with SRS TR . - *'| method of working back—
, reasonable . - T“‘ R ﬂ" S ward. - o
certainty of e —— e :
| getting the L :_,Do you. knqy a more’ I This question initiates
" | correet - - - ‘7'specialized problem” k ‘the method of specializa—e-
'answer;)bj: _:‘uff_A R e ,'_’tion /;g;/,f/~'fj.
WDo you know an St Tbis questidn initiates
'fanalogous problem? .lb the method of analogy, &
Can you restate the 7’ Restating the problem as'
problem (as mathe-“ . mathematical ‘'sentences . '
o o _matical sentences)’ ; inibiates the method of
G SO R : o 7" | decomposing and ,
' o ‘ ST recombining. .
' Tobling Back " Dl -;Is;,v‘.the‘;r.es;alt_-c'o’rrect-?v_-v Students will check .
S ' e oo thedr solution. '

STWhat are charadter—f:-.‘ The students will write
. "istics: and solution"-: “down" the: characteristics
' 'f; me‘thod‘7 ‘| of the: .problem and the

] e R -f&;;j;*ﬁ_d_ g name of its method of

TABLE 4 l THE GENERAL STEPS OF THE HEURISTIC PROCESS ALONG WITH
) APPROPRIATE QUESTIONSIAND,STUDENTS' ESPONSES TO. EACH STEP .

J




f A Introduction ¥ 'h FE R ;i" ' ,.‘:;;z ‘r-frjif;ﬁ:f:ffdb-.

- CHAPTER V
N " CONSTRUCTION AND VALIDATION OF *' ™~
S 7 MEASURING INSTRUMENTS __

FOur tests were utilized in this research study as measuring

Y

'instrumenCS. The first instrument ‘was bhe Mathematics 20 Problem—f,ﬂ;ﬁfrﬁfaf?

Solving Test,_it was used as a pretest (in lesson one) anggas a

A

post- test (in~lesson nineteen) - This test was designed to meaSuref

. the problem-solving level of grade XI (Mathematics 20) students.‘

d“"

The second instrument was the Five—Method Oomprehension Test,iit””

'giwas administered in lesson ten after the pupils had’ completed the -

“-'previous eight lessons in which they were taught the five methods of dj-,

i solution.‘ This test was‘jesigned to measure the: students -competegce.

<

e

”:'_in successfully using given methods of solution. d -'{‘:%:f_ 3”:'“'.": o

' in the Mathematics 20 Problem—Solving Test were only indirectly

R l
The third instrument was the Heuristic Problem—Solving Test' it

’was administered in lesson seventeen. The purpose of this test was

‘to meaSure how well the pupils solved problems similar to those b

i -

hgiven in the two treatments (experimental and control) Wpereas the

' problems in this test arose directly from the treatments, the problems S

associated with the problems in the treatments

¥ *»»:"'\‘ s L ool
the students follow the methods of soluﬁion that”ths? had.be oo
‘:“.~\rm& R



Thus, there was a need to know the extent to which‘thevpupils could

=Y

*:iﬂexplicitly and directly use the information taught them in the treat-

KS S

.\.;,

” oW

?ffeighteen.~

The fifth and sixth instruments that were utilized in this

\ .
-

research study were the Student’Opinion Survey and the Teacher Qpinion

e .

‘gf‘j'Survey The Student Opinion Survey was, administered to the students‘:

(Ffv-‘in lesson eighteen, following the Characteristics and Solution—'

Iy _A" oo . . ) _ Lo \ S
: following the completion of<1esson sixteen. ‘_’u.'ﬂf n TTT\Q
The six A struments that were used in“this study are included

h"&n Appendices A—Fuofiphis.:hesis,,“

. T . . R T
p L R : ;

*Z-B Instrumentationi

tll. Development of the Instruments L

PSS

(a) Mathematics 20 Problem—Solving Test

This instrument was initially administered at aihighrschool in .

. the Edmonton Separate School System on October 28 1976" ﬁThere"were
Af?thirty—three Hathematics 20 students who wrote the test | The grand

_mean was 36 2%, and the mean scores on each Qf the seVen problems were

® - ~ X
o~

R 59534,3484, 734, 494 1% 13%, and 162 reSpectively.j

N

f: ftions, the following decisions were made.a First, problem six would

’ff;ments. That was the purpose of the fourth inStIuments the Character—'

vlihliSEics«andﬁsolPtiqn.MﬂthQGB Test.; It was administered in lesson f;:;j““'*

@Q":Methods Test and the Teacher Opinion Survey was given to the teachers'i‘”

On the basis of these results and the author 8. classroom observa—775w‘-

'5.be eliminated from the test (because of its low mean, 13A and because :

L Y

) T-Lthe test was too long) Secondly; the author decided to modify

R roblem ive.

: Although its mean was lZ “'was not eliminated beca‘_e




Q;; mean score was 162)

"_'2,5l936 Ba d on this testing experience (with thirty-three

but did not explicitly provide clues as to the problem—solving(-

strategy.v The third decision was to have a timed test.u The reason ‘
. e ;,

lems. Fourthly,.one hint was.given for_problem\seven (because its

The modified form qf this instrument was administered to a }}-L¢f7"*~»~‘*

Mathematics 20 class in the Edmonton Public School System,v

* .

students), two more decisions were'mmde with regard to the feasibility

d% the test. First,-this igptrument could not be administered until

the students had completed the section (in the Mathematics 20

curriculunD on systems of equations, in particular, two equations

and two unknowns. Secondly, the hint provided with problem seven as
a result of the initial test administration was unnecessa;y
Evidently, it was . not the difficulty level of that problem which

caused its 16/ mean, ‘but: rather a shortage of time.

.YOn'November 18 1976 the third administration of this instrument

took place." It was. conducted with twenty Mathematics 20 students in

s

thevEdmonton Public School System. The grand mean. was 39 8/, and

the six individual problem means were 494 21%, 51%, 404, 28% and

was too difficult.for the Mathematics 20 students.' It had also become

on November :

A




_jevident from the three test-administrations, that the?students were

h..

o ; able to get the correct answers to problems hree and fpur simply by L

'this random trial-and—error guessing The modifie”?problems contained
A Q‘_\!, T

!hj:‘the same subject content but the numbers were 1;rger and the resulting

AN v

mathematics sentences were more comple_?;;fdcjli -

liﬁast dministered during the week of December 6 1976 to two clasaes _gt‘fj

\ . .I

.*; (fortyhfive pupils) of Mathematics 20 students in the Edmonton

&

"ff;Beparate School System. The grand mean was 43 6% and the/five

;Th;iindividual problem means were AOZ 63% 6SZ 22% and 29z This

"bﬁinstrument is found iniAppendix.A of this thesis.!‘" -

(b) Five—Method Comprehension Test

'.\' - R ,,

This test was administered to a mathematics class of thirty--"

L Bt ‘c-'

i [ M T - T : 3 N
Do T e -ﬁ;f:f‘ e

: tithree students, on December 3, 1976 in the Edmonton Publf% School

N N g

'TP*System.. The administration of this test was during the pilot study
',\“@‘ '

s-phase of the experimental treatment. The grand mean was ﬂ3 SA and
’ 4

\

f_pgthe five individual problem means (each problem required a different

:asolutions from lessons two ‘to nine, and reproduce them on this test.'
o - ¥ '
”'This instrument is located in Appendix B of this thesis.

PR

(c) Heuristic Problem-Solying Test '”d'd.fl ;:_;:‘f__}x-'qf[" :1‘u31‘>

This instrument was initia'”’m

administered on November 2 1976




/";,

o to thirty-three Mathematics ZQ students in the Edmonton Separate School

'_1System., Although this iﬂstrument was designed to follow the treatment, Q ”>‘ -
"it was felt worthwhile to. administer the test without having given T :':, _
i ' - - T ke O

’v*the pupils prior training S : :

-tion, and the other three problems required three different methods

7
-~ .

B of-solution. specialization,lanalogy or working backward ~As a resultu
;_'of the initial test administration, a numbexrofdecisions were made ; |
'T1First, the test was too long., As in the Mathematics 20 ProblemrSolving
ffTest, five problems were sufficient for an eighty-minute period
}”Therefore, problem one and problem three were eliminated (thus leaxing ,;)7-.
-';five problems, each requiring a different method of solution)
x~nSecondly, problem two (specialization—type solution) and problem five‘l
Uz(decomposing and recombining-type solution) were. to be left intact..:
V:Third, problem six (generalizationﬁtype solution) required further A'

4" :
' 1c1arification and therefore two definitional hints were added._ The

if)fourth decision that was made as a res?IE of the initial administraqion
- B s . .

L L ‘.w,. , i . . o ,

.JJof this instrument was to replace problem four (working backward-type

/

1

The reaSOn for this replacement was

: . 3 .a- ‘;- = R
?;that two other problems that better representea @hese two methods of

i )

1'_solution were obtained.".

el j“ N . :
'{/j -3
)

| ) On December 14 1976 following the administration of the exper_.

".‘mental treatment at. a;high school in the Edmonton Public School

f:System, thé%modified versiOn of the Heuristio Problem—Solving Test was'

\'k ‘..\



h;administered to a ﬁathematics 20 class of twenty-nine students.,fthe B

}',grand mean was- 54 17 and the ive individual problem means were 51% fﬁgf ’

J;?(decomposing and recombining-: e problem), 27Z (specialization-type

Py

h;problemb 81% (working backwar -type problem) 522 (analogy-type
tfproblem), and 59% (generalization-type problem) The 27% mean forhﬁ
h problem two indicated that further clarification should be given to'
the appropriate section in the expefimental treatment but that the: )."
:;r*problem itself should remain intact. This instrument is located in :
Appendix C of this thesis., | “ -

s

(d) Characteristics and Solution—Mé’ﬂods;Test

A pilot study of the experimental tréatment was. conducted,,over ; - j ﬁrz;
a three-week period in November and December of 1976 in the EdmontOn '

. Public Sc&éol System.a Lesson fifteen, in this treatment, consists of

fua quiz involving ten previously-solved problems, in which the students c_i

;r‘;were.asked to write down both the characteristics of each problem and

Lo . - SRR

'.1ﬁ:their corresponding method of solution.n The directions given at’the

f;beginning of the quiz and a twentydminute time limit were both ;" wfyﬂf

.-4

o :ﬂadequate in enabling the students to. successfully do the quiz (grand .':)f¥~

'“Therefore, similar directions and time 1imit were,

. g ':I S “'
'.fv'adopted for the Characteristics and SolutionJMethods Test This t'?:[*

'L

"“instrtment is 1ocated in Appendix D of this thesis. ﬂ;\,j}.-')cff‘ﬁ

(e) Student Opinion Sury;y e 1l12?;:”:“__ft ;2" f.V fff“ff

This instrument was administered to thirty~oneustudents following ]

_:_the completion of«thesthree—week pilot study of the experimental

.

‘)]treatment The administration and resulcs of this survey indicated

o sthat twenty minutes was sufficient time %;‘lete the six questions, o




'“’it! relationship to tests, said';

\_\

and that the pupils clearly understood the meaning of each. of‘the'f . o

- his colloquium paper This instrument is 1ocated in. Aplend x F of

L this thesis.

2 Validitz

Webster g New Collegiate Dictiona'

test (or anything else) is valid if i

4 capable of being justified, Supported °, defended-'we 1 rd S

FE

The validity of a teSt may
“with which it measures tha
measure, or as- the degree
infallibility in meaeurin '
t” .

teststwere the
d Comprehénsion . .

B Iest, the Heuristic Problem—Solviné Test, and th,.' eratterietiCSﬁﬂ'i;



o 1v (a) Appropriateness of the Inst

o each of the problems.- '& A,A3f';(j"'f tmﬂ o 7‘5'* -f,{;;?f??”t

A _/. .

~- o . e -

studied by the students In addition,vhe also chose an?ippropriate
proportion of geometry and algebra problems.ﬂlf:‘-‘hr‘
'f, There are eight units in the Edmonton PubliciScho 1 Board

Mathematics 20 curriculum and they are given in the fo‘lowing order
Radicals, Relations Logarfthms, Quadratic Equations,“EQuations, and

l

Inequations, Systems of Equations, Complex Numbers, _rigonometry,»

'i ang Geometry Therefore, the Mathematics 20 Proble Solv;ng Test

ff should include about ZOZzgeometry and aboutlsoz al’.bra, since one of

the eight units in the Mathematics 20 curriculum i on geometry. The ',jlf?'

’:?10 The appropriate objectives were:

research study was conducted in the classrooms at_the completion of
unit V (Systems of Equations) and therefore the :nit on geometry |

(unit VIII) had not yet been discusse? Thus, 7 e geometry content
was taken from both a unit in Mathematics 9 and a unit in Mathematics

26 Solve volume problems for right circular cones given _
: /gdiagrams and word problems. (Mathematics 9 unit III
.objective 6) : : ceel

on similar riangils_

(Mathematics 10
'ftive #12) '

‘e'to do numerical problemsvbased

e




2

e T A R RS

.h_:Traditionally, u%it IV (Quadratic Functions, Equations,
PRSI n :

vifrInequations) and unit V (Systemsjof Equations) comprise the mathematics fffff?“

skillséin any Mathematics 20 (Algebra) problem—solving examination. .

However,.the au‘Por discovered that in two of the schools in whicbﬁhe T

__"4_,—————'-" W

|
\

hadpilotedthis test, the instructors had\taught systems of equations]ri_:*V
ibefore teaching quadratics. Theréfore, the author dECided to uSe - “e:l

f,unit V (Systems of Equations) asg: the algebraic contribution to the

“'-'Mathematics 20 Problem—Solving Test, but to exclude those objectives ’fll'

i -'which involved.either graphing (Mathematics 20, unit V, objectives

Sl #l(a) #2 #3 and #6) quadratics (Mathematics 20 unit V, objective:fv“

”u_)#7), or thr?e equations and three unknowns (Mathematics 20, 9nit V

';“objective #5) The reﬂ&ining objectives were.'

”VfdfTest utilized unit V 'objective #4 of the Mathematics 20 curriculum._ﬂ R

1 The student should be" able to maintain previously
S developed skills ‘and ideas:’ . :
R ghu, (b) Solving linear and quadratic equations

h Therstudent should he able to solve, algebraically, ‘iﬁfl S
linear systems in two variables ' T

Problems one, two, and three in thelMathe :

H”,»ﬁProblem four (geometry problem) utilized unit III objective #26 of
; AR

‘iﬁthe Mathematics 9 curriculum and unit V objective #12 of the Mathe—:

e .matics lO curriculum - Problem five utilized unit V objective #1 of .hf

S jthe Mathematics 20 curriculum

-ng-:

The other three instruments wer ir‘!tly related to the'treat—”

‘-V}ément, which fOcuSSed entirely upon the teaching of process._ Therefore,ﬁ,"

' ug;tational skills studied in

.,with one-exception, these instruments required only arithmetic compu_“,,._,

: “,‘.,

e primary grades The one except.on was.‘

-

'the Heuristic Problem—Solving T'st which contained one problem

tics 20 ProblemrSolving fn




?¢5;fntreqoiring a knowledge of Pythagoras Theorem.i :hig‘gagcgﬁéjv&ijéﬁg@iéq%““"'

uiﬂ5f'{in grade X i fevidenced by the objectivea.-ﬁgiyhji
'ffﬂfuath matics IX Unit 3= Geometry
BV I sg
. 6. State. the formula c? = a® # b , Tl
. €g8.. se the Pythagorean Prophrty to solve problema given
diagrams and word problehs.',~3au. o

ate the Pythagorean Pr per

(b) Content Validity Tfﬂiif;;;” S

SRR _ L vl =~~;~W”u%',‘a,f‘~3;/', A
T4 Before examining the tests (individually) in orderﬂto:verify

1,...

ggb,QEContent validity is concerned with he adequacy of : ;7ifbiﬁ¢~ji
=J;jusampling of a. specified univers‘v'f content., (American n&f:j;;:guﬁ
{-Educational Research A830ciat 9 ;16)i;¢va‘ v_”/f‘v”;fﬂf.“

- S

'7‘Finding thej onten_ validity,of aﬁmeasuring inétrument
i equi:flent;to showing how - e11 ic’ samples ‘certain
}types situations or subject matter. ;The" instrument S
‘claiming high' content’ ‘validity clearly attempts to - -Wfﬁf“‘f
_include.arcroaa—sectional sample ofd"'great variety ‘ '
oo of items. representing “the area in which.the “pupils .
' Jliperforman,e is being measured., GAhmann and Glock 1967;

.\‘

the universe nf content for any Mathematics 20"

Traditionally,i

'ﬁce—type problems, and mixturertype problems._ In developing the

K the t e s t .,




: The teat‘waa composed of five,problemi5 each requiring a different 5;"‘

Givenva'problemv( Hosepsolution method has»alreadynbeen 4
taught to the stude&ts), the pupil should be able to choosei

: approprigte problems However, if a pupil chose to cortectly sb1Ve

,}4» n .)r . v Cie ,‘.




enxhe still scored full marks.v Since the five problems of ‘the
'Heuristic Problem-Solving Test are an adequate sample of the specific

'“_objective, then this instrument has a high content validity

The fourth instrument, thd Characteristics and Solution-Methods

Test was designed to measure ‘the two processes underlying the specific

. ‘L objective of the third instrument Sinceit-was permissible forthe

. - m i .
' pupils to solve the five problems congained in the third instrument,‘

‘ using their own methods, it was still necessary to measure their know—

w'ledge of these two underlying processes. The -two specific objectives

were: , ‘

' ‘1l.. Given a problem (whose solution method has been
‘taught to the students), the pupil should be able
" to’ correctly characterize it

2. Given'a problem (who e solution method has‘been
 taught to the studghts), the- pupil should be able
to coqrectly ‘choo he associated method- of -solution..

 The same five problems were ‘giyen ~this test, as were given in the
: , _ e i \ : -l T

o HeuristicnProblem-Solving Test{ in addition;~there were-five new
:problems ) For each problem, th¥ pupil was asked to characterize it
ﬂ. and to choose the correct solutibn method Since the ten problems

(that is, two problems for each solution method) contained in the

' f-Characteristics and Solution—Methods Test were an adequate sample of

the two specific obJectives, then that is Justification for stating

' fthat this test has a high content validity. v :’ . "_W
“ (e) Construet Validity of the Characteristics '
and Solutioﬁ—Methods Test

- L'.

"characteristic assumed to ex1st to. account for some aspect of human

*{-hehavior ' Thus, to refer to the Cunstruct‘validity(of the Character-'

;5istics and Solution—Methods Test is to assess the accuracy with which

Ahmann and Glock (1967 289) defined a ‘construct as. ﬁ.q,i. a'f""

.95



- this instrument measures the construct it purports to measure. Cronhach .
'and Meehl (1955), whose study dn construct validity is probably the

e most widely known, elaborated and clarified the concept. Ahmannvand.;
o _
’ Glock (1967 302) summarized their article by stating i

The basis on which the investigation of conmstruct validity
: o proceeds is provided by the theory underlying’ “the - :
- . Jconstruct supposedly involved. An the measuring. instrument.. .
o On.the basis: of the theory, predictions are made . . . ..
~ The evaluation instrument is then used to .test the
- predictions. . If the predictions’ and the data produced
by the instrumeént concur, evidence: in support of the
construct validity has been’ found. If they do not, a
state of uncertainty exists. Either the instrument does
not involve the construct, or the theory is not sound. -
In any event, the degree of" construct vallidity is in
>doubt. (The underlining is the researcher s.)

Y

The author utilized the three stated requirements of construct
validity, as summarized by Ahmann and Glock, as a framework upon

T:n which he attempted to; justify the construct validity of the ‘ ¢$
Characteristics and Solution-Methods Test._' |

(i) Theory Underlying the Construct

Ahmann and Glock (1967 289) refer to the 'ahility'toiapply
;;principles .as an illustration of 2 construct in psychology }The
Characteristics and Sofution—Methods Test was designed to measure
'_the construct ability to choose correct principles. - In. particular
'here and " in what - follows, the construct measured by this test was~
the ability to choose among five solution m(thods that were taught

: in the exper mental treatment The theory of concept development
»:which underlies this construct is found in this thesis in: Chapter III,
_.'pages 56 58 and in Chapter 11, pages 27 31 ‘ The g;;hry reveals that
the construct ability to choose correct principles,':is an essential

- component of.the problem—solving'process.



(ii) Prediction of Characteristics and Solution—~”rl“
Methods . Test Based upon the Theory

Underlzi;g,the Construct

- .'iatf; , :
On the basis of the theory, Ahmann and Glock (1967 302)

u;bstated that a prediction as to whether or not the instrument meaSured_

"the\construct, could be made. Before making this prediction, it is fﬁ

&

lnecessary to discuss the Characteristics and Solution-Methods Test

: Q. -
[

-'and its relationship to the construct. ﬂ‘;f*iﬂf~‘

The theory of concept development underlies the construct
* ability to choose correct principles,' proposedly measured by the‘
’ Characteristics and Solution-Methods Test.w Bruner, Goodnow,‘and

.Austin (1962 246) summarized the- literature on concept development

4

in ‘the. following excerpt from their book

° Ce

e .. a network. of sign—significate inferences by which’ dfh

one goes beyond a set -of observed criterial properties‘
- exhibited by .an- object or event to the class identity .
- .. of the object or event in question, and then to additional
'inferences about’ the. unobserved propef?ies of | the object :
©.or event, : : :

»-.vThey”defined the three'stages in concept'deVelopment'as:"

o

. identifying the criterial properties, identifying the class to: which B

'the object or event belongs, and making additional inferences about
ﬁthe unobservedvproperties of the object or’ event 'vi".g,_';kiv P
The Characteristics and Solution-Methods Test containsAten

'vproblems, ‘two. problems for. each of the five methods of solution.:

The two, specific objectives of this instrument were

- 1¥ Ggiven a problem (whose solution method has been o
taught to the studemnfs), the pupil should be able ',
to correctly characterize it. .
2.'Given a: problem (whose solution method has been

o ‘,=taught to' the students), the: pupil should be able

. ' to correctly choose the associated method of solution



N R

a yhe first requirement of this instrument was that the studentSf'

) 'a .
€ aracterize each of the ten problems That is the first stagetof

ykxu,rgconce"t}development,‘that of identifying the criterial.properties. .hg;

> o

The seeond requiféﬁéﬁ%,qfimﬁ;spihs”funggtf"éé

I

thatithe'pupils

¥

‘That is the second stage of concept development t‘hat of c-lass:'identity.\‘

N

Because the class is identified by the name of a method*of

AT . ,,_‘,\
,.

,solution, that same name also reveals ‘an appropriate unobserved _‘ LR

,property of the class,,that is, an actual solution strategy to follow 3 iy '

e

'f;fin order to solve’the 12 flﬁm.; Thus, the third stage of concept devel— '

,opment is.a;so'contained in statinMj he«name’

f-.a method of solution.

VIR
o

§gfhat a prediction must be made.'
construct ability to choose correct principles is related to the

'; Characteristics and Solution-Methods Test and is an essential compon— |

;_ent of the problem—solving process, the author would predict that there
: ‘.;wouldzbe a significant correlation between the Chatacteristics and
Solution—Methods Test -and the Heuristic Problem—Solv1ng Test.,."'

(iii) Evaluation of the Prediction

Finally, Ahmann and Glock (1967 302) stated that the evaluation

.instrument is then utilized to test the prediction According to. [

©

‘»~Helms;adter (1970 310), this evaluation can take the form of providing

"‘experimental or: empirical evidence.- //
.. . and finally, securing data which will empirically R |
or experimentally confirm or reject the hypothesis : A

1,

, The Heuristic Problem—Solving Test does measure problemrsolving '

v

’Jperformance. Since the theory revealed that the construct ability



‘coefficient of 0. 45 was calculated as the minimum necessary for

'Lvalidity.

..'_Jv.,'—.-
R
~-

" to choose correct principles, is an’ essential compouent of the

T‘fproblem—solving process,,therefore .the Heuristic Prohlem—Solving i;ﬁ};;'*'

Test does measure this construct O ,f

Table 6 16 contains the Pearson product-moment correlation

'Uivcoefficient for the Heuristic Problem—Solving Test with\the

o . \

"Characteristics ‘and Solution—Methods Test. It ‘is 0. 58 Utilizing
: .Fisher s r to Z transformation formula (Hays, 1963 531) to. test

";.whether T ’ 0 58 is significantly different from 0, a correlation S 'f

.\\ i
Sy

. &

significance. Therefore there is a significant relationship between o

f.these two tests The coefficient indicates that the construct

».)L.

.o N
h\"‘

'3 ability to choose correct principles was a significant component

-~

.‘o-

’~‘f of both tests Since the prediction and- the datum support one .
.another, there is evidence “in support of the construct validity of o

" _this test

3 Reliability ,

In order to clarify the reader s understanding of the concept of

'reliability, Ebel (1965 310) contrasted its definition w1th that of

He said » . T : ‘ U S 1 o _V\VT‘“-\\\
\The term reliability" means the consistency with - ‘if*{.
icha set of - test scores. measure whatever they do : ' '

measure.

.The'term validity" means the accuracy with which a set"
-of test scores measure what they ought to measure. '

'This research study utilized six,instruments for collecting data,‘”i* o
"rlbut only one-. of these is a pretest the Mathematics 20 Problem-:~i

: . ‘ , \l‘7 .

Solving Test. Therefore, the primary purpose of this section 1s

'fato give the reliability coefficient of this test.. The reliability

RN o ”'ff?



“t*}_:the folldwing reasons, (1) two of the fiv vinstruments were opinion

v,fcoefficiemts of the remaining five instruments wejf not found for lﬁ-'

. / :
: surveyS' (2) the other three instruments contained insufficient

’than one factor

_7’questions, they required that at least part of the treatment be

taught before the tests could be attempted andgthey measured more_

To obtain this reliability coefficient, it was necessary to

collect two independent sets of scores on this test from the members‘gb

of the ‘same group The method that the researcher used for obtaining

these two independent meaSurements was the'"stable method" (Ahmann

2e
".

‘ and Glock, 1967 315) or,'as it is more commonly known, the ' test— ,‘

V ’ :

1 retest method " The~ parallel forms . method" was not chosen because

the problem—solving unit that had been developed in this research

fstudy had been designed for classroom use' therefore a single "f;‘,fl.ﬂ

'problem—solving test was- more practical :Th. split-halves method" ';;_1

' {for obtaining two sets of independent scores was rejected because

'lvof the limited number oﬁeproblems that could be solved in an

' eighty—minute period (The Mathematics 20 ProblemrSolving Test ﬁ'w

'bcontains fiVe problems and has a- seventy—minute time allotment )

The "Kuder—Richardson method" of measuring the internal consistency

(or homogeneity) oﬁ a test was unacceptable because it is premised

H‘,on the assumption that the test only meaSures a single factor

N

,ll.Aiken (1973), in a literature review of problem—solv1ng ability,‘p.:-e

'l‘listed five predominant factors that arose from factor—analytic[

|

'investigations. They are. deductive reasoning, inductive reasoning, a0

R

”-fnumerical ability, spatial-perceptual abiIity, and verbal comprehension.,f‘



e

'.first testing was conducted during the week of Dec

' A
/precautions were taken.

R

- > . - . S
| : - e : » o
I - s S Aty Ty

The two test administrations were conducted hn two classes of

S w AR

'fllOI*

1

‘Mathematics 20 students in the Edmonton Separate chool System.: The

-
I3

:».7 H | L]

‘vthe retest ‘was administered on January 4 1977 In order to"guard

‘<against obtaining a faulty reliability coefficient,’the following

l The cooperating teacher ‘was: asked not: to discuss the
R . contents of the test with his: students or to inform R
. . tfem about the retest, in the interim between the

‘test -and the retest. . o B x

“ i

’ JQZ;A four—week interim was set to prevent the students

. from recalling many of their previous responses (from
“the first. testing) and-thereby proceeding to reproduce

- _them on. the second testing

;ﬁtf,l f3;_Testing the students before and after the Christmas _'

holidays would curtail the amount of student:

" discussion of the test and the learning of new = .
'pmathematical skills, both of which would ‘have an

- a spuriously low reliability coefficient)

“;\feffect upon the" second. testing (and thus produce

Forty—five students participated in the first testing and fifty

E author had two scores. for each of these forty-one students o

e at a glance, reveal the level of reliability of the test

.‘,ijstudents had taken both the test and the retest Therefore,'thé- f

Plotting -

*’these data on a scatter diagram provides a configuration that can,

(Figure 5. l)

The points on the graph in\Figure 5 l are arranged “in an

"'elongated manner which indicates that the test is highly reliable."

ffAlso note that if a straight line was. dr -to represent the plotted

points, its extension w0uld intersect the vertical axis slightly

'a-iabove the origin of the graph This is an indication that the results:

ber 6,'1976'and-’.f

”‘students wrote the retest. lFrom these testings, only forty-one.f»f:"’” '



20.

e
o,

, Séc@h&ATéét Administration

v Fir t Test Administration L
FIGURE 5 1 SCATTER DIAGR.AM OF MATHEMATICS 20 PROBLEM—SOLVING TEST‘;-' 8
SCORES RESULTING FROM TWO TEST ADMINISTRATIONS '



'on the retest were generally slightly higher than those from the

T-v»first test administration.

Ty .
The Pearson product—moment coefficient of correlation is the
: AN

o . .
} most suitable means. of representing the degree to which the pointS'

L&

on the graph con%prm to a straight line According_to.Ebel;(1965;

313)

“The . correlation:between the .set of scores obtained on = |
" the first administration of the test .and that obtained

...on the second administration yields a test- retest».
_reliability coefficient.

The test-retest reliability coefficient obtained for the Mathematics

'go Problem—Solving Test was O 831

..“



".tained fifty-ni

v 1 . N

- DESCRIPTION AND ANALYSIS‘OF‘RESULTs} R

~

The fundamental purpose of this thesis was to deve10p a unit for

"training students in a: heuristic problemrsolving process. The =~ %

Tproblem under consideration in this research study was to develop the J{

above—mentioned unit and- t0<determi e whether this unit, after being

itaught to grade eleven (Mathematics‘ZO) students, yielded any signifi-7

\

-cant difference in problem—solving Jest scores when compared to a:

.more conventional approach to- problem solving In the "Statement of

Q

'-vthe Problem given in Chapter I, section B, the researcher delineated

1three questions which define the above-mentioned purpose. ~It is the

s o

. ;aim of this chapter to describe and analyze the data with the intention o

_‘ .

of answering each of the three questions Specified in Chapter I,

v;section ‘B.. Prior to doing this, the author will address the question.Ly

Did the students of the two groups differ init!!&ly in terms of factors:pf

o that Were relevant to-the study”

.A; Students Entrance Behavior S I _ -f'of '
| SR e
l Descriptive Information for tHe Sample ‘

(a) Overall Sample

. Thé sample that was used‘in this research study was composed of

..seventeen males .”d\nineteen females Originally, the sample co -}f~7
niypupils, but eight students from the experimenéil

.group (as shown in Table 6 LO and fifteen students from the.control

group (as shown in Table 6 2) were absent from at least one test and

DR ,v-f-: iij L

I ;‘

T Y T U e S



. 0

'iwwefe therefore7excludedffrom'the"sampletf-;:'f J.”71 R

i"M‘)a'thematics”'2'0‘P.roblem---ls‘olikr':{.'ng Tést (Pretest)f’:_ ‘ vf 3

‘Q‘Heuristic Problem—Solving Test el f,p3f '.-f i:sg3

105

0 NAME OF TEST ' NUMBER OF ABSENTEES

4

Five—Method Comprehension Test .‘f ‘ L ' o -

\ . . . N

"f Characteristics and Solution-Methods Test ,' e - Ny

Mathematics 20 Problem—Solving Test. (Post-test) 2

i' Total Students Missing at Least One of ‘ o
- the Above Tests S R B

© TABLE 6,1',STUpENT ABSENTEEISM IN THE EXPERIMENTAL GROUP-

—

B

NAME OF TEST [ . NUMBER OF ABSENTEES

Mathematics 20 ProblemrSolving Test (Pretest) B = li l37iv

f Heuristic Problem-Solving Test b;f} ,f7."'5.' + . 9

Mathematifs 20 Proﬂﬂtn—Solvimg Test (Post test) ,,_:*;g:_8;‘V1;;i,£d<

Total St dents Missing at Least One of '._;li; RS
the Above Tests D T L o .v-15;“ o

L

ST A.

-¥QrABrE'6.2['STUDEN$ ABSENTEEISM IN THE CONTROL GROUP ~

The school enrollment was approximately two thousand students,_;z
¥

: the majority of whom came from warking class parents, middle to 1ower—x'”

' middle class socioeconomic status : Approximately eighteen percent Qf‘

~ the students live in rural areas and are bussed in

The philosophy of the school is similar to other Edmonton Public S

High Schools in the sense that it realizes individual differences and



w7f'seeks to: provide for: their needs by offering a diversified selection :h,‘ﬁ

1 of courses and programs According to the article entitled "Program

- Budget Goal Statements ‘and Objects" (1976 4)
The Faculty acknowledges that social, physical ]
intellectual, cultural, and emotional differences R

%exist among students. ‘With, ‘the limitations of time,
rces, teaching ability, subject expertise, the -
. aculty will provide ‘an appropriate program to enhance
E / the learning of each student._

S _,3 _ _ o
There is an emphasis on- preparation for a 1ifetime of continuous,
: I

' Seducation threugh direct interaction with parents and: community.

: Their educational philosophy statement says

~

Tl

”_p«Through direct involvement in the educational

e 'fprocess . e will attempt to provide an appropriate

o ©-.. program that will enhance the preparation for a ‘
- . lifetime of continuous. learning Responsibility and; .
o ‘accountability for the educational process 1s shared3 o

V'by teachers, students, and parents ' (1976 4) '

"':The community must be as much’ a part of the learning.i"
P environment within the school ‘as- the" school is partﬂ
S of the community environment (1976 5) '
The mean age of the thirty—six pupils, c0mprising the author 8.
?sample, was 16 8 years._ Their mean intelligence quotient was based
*jon the average of the verbal and the nonverbal scores of the Lorge iff\v

"Thorndike Intelligence Test.; The ‘mean of the full-scale sgores was

;hllS 7. The mean score on the Mathematics 10 course (final/mark)
h:.was 70 6/ o The concepts covered in the course were algebra of ';;;;;5
polynomials, exponents,‘radicals, real numbers (andiequations "'ﬂ:'_pg:f'
-'involving them), coordinate geometry, geometry, agd trigonometry
AThe mid—term mark for Mathematics 20 students indicated an evaluation E
“_of‘the students understanding of the following concepts .vradicals,

’relations, quadratic functions, and quadratic equations and : ‘hf”."



inequations . The mean score was 68 82. A f nal descriptive statistic
of the overall~sample is the mean score on the Mathematics 20 Problem—

Solving Test (pretest) The prerequisite skills necessary for

‘7ﬁ vbtaining a high score on this test were mostly process skills, /o.

"”‘owever the students were required to know thel_ . __tic“‘;
L =
'vfoperations, Pythagoras Theorem, and systems of linear equations

The mean score on this test 'was 34 4%

(b) Experimental Group

- 5/ The experimental treatment grOup was composed of nine—salgsﬁandw ;

ten females, whose average age was 16 9 years.t The m sn of the full— - \ffﬁ

scale Scores Qn the Lorge Thorndike Intelligence Testjwas 120 7. \<¢;_;m/jf

v

The respective mean scores on the Mathematics 10 course (final mark),

ﬂhe Mathematics 20 mid—term mark and the Mathematics 20 Problem~

,'~4., .
L

S lving Test (pretest) ‘were. 71 2% 64 52 and 34 9% f;g_”'

.,,.&c) Control Group

f% The control treatment group was composed of eight males and nine ,} -
females,-whose average age ‘was’ 16 6 years The mean of the full-i
e \scale scores on the Lorge Thorndike was 116 9 The respective mean

, scores on the Mathematics 10 course (final mark), the Mathematics 20 ~th7“”“*

mid—term mark and the Mathematics 20 Problem—Solving Test (pretest)

i were 69 9%, 73 5% and 33 SZ.F Table 6 3 provides ‘a contrast of a11 ,cffvtiiv

'”-the descriptive statistics for the overall sample, the/prerimental
group, and the control group '“h\i’f'u;.*:;-‘“fl' !
o SN :
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l;ﬁﬁfMathematics 20 —'
“;]QVQProblem-Solving
; ~}Test (Pretest)

: _cmmrmrsncs

dmifkdx. ’
ROUR

’;“Females ngzv “3‘1 L.ﬂ'wlf‘;- f17jma1¢§: vi;f;
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2. Analysis and Discussion of the Entrance
- Behavior of theVTWQ'Treatment Groups

o

L -
o I HEURESTIC = = S
i Ao ' ' . P.S. GROUP =~ =-==-
o ' . (EXPERIMENTAL)
R R . CONVENTIONAL ° B
80 ] /. < P.S. GROUP :
< S (CONTROL)
8 "
2 1 7
m 60 1 A
Q .
< .
)
-]
=R . | : .
= _ R T v R
<IN e g o o : A
R : —— , _ >
.7 7 .+ MATH 10 ~ MATH 20 ' MATH 20 -
‘ FINAL -; MID-TERM  P.S. TEST e ¢

) FIGURE 6 1 PROFILE OF . PRETEST MEANS FOR THE HEURISTIC. PROBLEM—SOLVING
' - TREATMENT GROUP AND THE" CONVENTIONAL PROBLEM-SOLVING
TREATMENT GROUP '

The appropriate resul}s necessary to draw the graph . Figure'éil;

. are given in Table 6. 3 These resﬁlts in 1cate that there is a small

',difference between the means of the two/groups on the Mathematics 10

“final mark (71.2% - 69. 94 1.30), a larger difference on the '_. e

u;Mathematics 20 mid- ~term mark (73.5% - 64. 5% = 9. 07), ‘and a. small
difference on the Mathematics 20 Problem—Solving Test (34 94 - 33 8%

'l 12)

e
5

The. following strategy was adopted as a means of initially
3 equating the two groups. The Mathematics 20 Problem—Solving Test,

'vadministered as a- pretest to both groups on May 2, 1977 was utilized



PSR

as the equating instrument. The thirty—six scores from this pretest
'were ranked from the top ‘mark along‘a descending continuum to the

lowest mark Then the scores were: separated into three equal groups

of twelve;'top, middle and low. The purpose of defining the three

~

'levels, t0p, medium and lgw was to provide an’ accurate means of
'determining the equality of the two treatment groups Table 6.4

--shows the distribution of people into their different categories on

the basis. of the above-mentioned strategy. ‘It should be uoted that

equal numbers of students (six from each treatment group) were

_located in both the'"low and the "middle" levels and approximately

equal numbers of students (five and seven from the two treatment
groups) were located in the “top group. Table 6 5 reveals the

initial mean scores for each of these categories, as well as the

overall treatment means for the two groups.' Although levels were

"used as a- variable in testing the data, the reporting on between

level differences is not of primary importance in this study

L]

. |

NUMBER OF STUDENTS ™

LOWER ~~  MIDDLE .  UPPER TOTAL

GROUP ~  ~ °  °  ONE-THIRD ,ONE—THIRUv;‘ONEeTHIRD< STUDENTS
Experimental Group»‘ 6 ”'/.T:' 6g .T T 3 19
T ' SIS R
Control Group . s 64//’ 6 5 -7
'Total Studemts. . 12 - 12 - 12 . 38

‘TABLE 6 4 NUMBER OF STUDENTS IN EACH LEVEL BASED ON THE MATHEMATICS

20 PROBLEM—SOLVIQG TEST (PRETEST)

110
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-  MEAN SCORE OF.STUDENTS

SRR ‘ ~ LOWER MIDDLE' . UPPER . GROUP
GROUP . ONE-THIRD' ONE-THIRD = ONE-THIRD ~ MEAN. -

« -

»E}gpefimen;'al Grof;p, . 15.8 . S 32.8. _53:.0 ' 349
_Comtrol Growp . 1L.7 313 . ¢ 63.4  33.8

7-ciau§'Means . 13.8 321 - 57.3 344

3 v

o _ ATABLE 6.5 MEAN SCORES OF STUDENTS IN EACH LEVEL BASED ON MATHEMATICS
: 20 PROBLEM—SOLVING TEST (PRETEST)



B. Reaction to the Treatments . = = - . .

1. Students' Reaction to the Treatment.

~ In this subsection, the students' responses to each of the six

’oueStions will be'analyzedjandithen representative responses ofzboth -;
_;reatmentfgroups uill'be'selected A complete 1isting of. all the
Aenperimental and control groups responses ts located in Appendices ;'
I_and'l:respectipelp;' - . |

(a) Question One'

Sy . '

'~"Did you find that the procedure presented (e g. Unknown,
Given, etc. ) was useful in solving problems7 Why or why -
not?" - : - : : -

" (4) Quantitative Respohses

EXPERIMENTAL GROUP'S - CONTROL GROUP'S
L A . RESPONSES EXPRESSED .  RESPONSES EXPRESSED
STUDENT RESPONSES -~ AS PERCENTAGES ~  ~  AS PERCENTAGES
Yes . ostme :; 597
o, Maybe. 0% o0 23%

TABLE 6 6 QUANTITATIVE STUDENT RESPONSES TO QUESTION ONE (EXPERIMENTAL ’
S AND CONTROL GROUPS) .

(ii) Qualitative Responsés

Two typical responses by the experimental group were. o

"I feel it was helpful because going through a problem .
step by step realvy helps you get to.know how -to do it.

"It helped us organize our thoughts and procedures in B
problem solving._ ‘ : :

’ Two.;ypical_responses,by.the_control}group'wereiv: o i Jit-
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"Yes——it gave different ideas for solving different basic .
types of problems - R b :

’"I found it easier to do’ some. problems than others

(b):Question Two

. "What method of - solution did you feel most. comfbrtable with’" B

o EXPERIMENTAL GROUP'S ~  CONTROL GROUB'S
7 SOLUTION : CHOICE AS : - CHOICE AS" -
METHOD CHOSEN ~ - A PERCENTAGE ~ = ' A PERCENTAGE .
‘.MDecomposing and - ""_ e v: : L R
- Recombining (Type #5) S 37% . o 567
Generalization (Type #1) v 26%”_' 28y
~ Working 1 Backward (Type #2) o, 187 . ) AU 38% .
- Analogy (Type #4) S i.‘ISZI AT l "vl:'<j iyﬂz
- Specialization.(Type.#3) S 47 A Y

'TABLE 6.7 QUANTITATIVE STUDENT RESPONSES TO QUESTION TWO - -

(EXPERIMENTAL AND CONTROL GROUPS)

" (). Question Three _¢.

' "What method of solution did you feel 1east eomfortable

‘ with’"
- ' . EXPERIMENTAL GROUP'S . CONTROL GROUP'S -
. SOLUTION “ . "CHOICE.AS S CHOICE AS
* METHOD. CHOSEN ... APERCENTAGE - . A PERCENTAGE
. ‘specialization (Type #3). . 61% S e
" ":Analogy (Type #4) " \ &) S 22% 5
 Working Backward (Type #2)“” 8% e : vAAZI;
“Generalization (Type #l) S 8% U o 4%
' .Decomposing ‘and A -}1' L .'M‘H,: ; ‘,f
Re@omposing (Type‘#S) o 0% '.;v- R
*}fTABLE 6. 8 QUANTITATIVE STUDENT RESPONSEJ TO QUESTION THREE f AR .

(EXPERIMENTAL AND. CONTROL GROUPS) S



(d) Ouestion Four ‘ . v -
t

before? Why or why not°" R

‘ﬁ(i)jQuantitative Responsesn

"Do you feel that you are a better probIem solver now than a

' EXPERIMENTAL GROUP'S . - CONTROL GROUP'S

Ve e RESPONSES EXPRESSED -~ RESPONSES EXPRESSED
STUDENT RESPONSES. ~ ~ 'AS PERCENTAGES: . . ' AS PERCENTAGES
. » .. IYYeS. ‘ } : . ' 78% . o . S ’ ‘. ‘. : .Soz .
Magbe - ooas T en
No ,f" Coex s

) TABLE 6. 9 CQUANTITATIVE STUDENT RESPONSES TO. QUESTION FOUR
(EXPERIMENTAL AND CONTROL GROUPS)

(ii) Qualitative Responses-

b : .
Two typical responses by the experimental group were
: "Yes 1 do believe I have improved because now I have some

' ";idea of how to go - about solving a problem, it is no. longer
~'hit and miss.' ' : : _ . ;

'"Yes, because now I am able to look at a problem and
'.f evaluate it without getting too frustrated or discouraged "

= Two typical responses by the c0ntrol group ‘were:

114

"Yes, because I have 1earned many ways to- solve a problem._:l.

"No, because not enough practice was given in each of . the ;.

L different types of problems. I didn t catch on.

L
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(e) Question Five -f

“"Do- you think this ‘unit will help you in solving'new S
problems in Mathematics 20? lf,yes, how? If no, why not?"

L

(i) Quantitative Responses . v;}_ LR >.Wn,
| EXPERIMENTAL GROUP'S - CONTROL GROUP'S ~ "~
.. ... ' RESPONSES EXPRESSED . RESPONSES EXPRESSED
_STUDENT RESPONSES . - AS PERCENTAGES . . AS PERCENTAGES
o Yes 0 . nlf EE Y 7 ®
Maybe . oasr L 18%
';NPV S *“[' '3:J ‘4%“*7 IR ‘*-.__iaz |

TABLE 6. 10 QUANTITATIVE STUDENT RESPONSES TO QUESTION FIVE
(EXPERIMENTAL AND CONTROL GROUPS) IR

e

(ii) Qualitative Responses - 7f1fﬂ5u'if: R L
Two typical responses by the experimental group were:

"Yes;y . I think they will help me solve new: problems in
‘Math 20 in that there is now a_ set of steps for me’ to ’
: follow R ok e L
: Ty T o . S ’ ”,
R ."Yes, the. unit ﬂhs shpwn me new methods ‘of solution. and»
‘has given me practice in decomposing and recombining.3

Two typical responses by the control group were

I ‘_' Z"Yes, because I can relate the problems (in Math 20)
o to one of the five types and be able to find the solution o
"'easier _'_ L L

fA"Yes I ve got the experience

"-(f) Question Six

N

'Y-"Other comments and concerns
Two typical responses by the experimental group were: fy_i'__'v
"The unit was easy to follow and understand "o ‘ R




\ J‘ﬁ‘"I think the course was all in all a good one, bu
" more time should bé spent on specialization and

-analogy and less’ on generalization and decomposing’b.
4and recombining. '

Two typical responses by the control group were°

p‘"If'more practice would have been given in " -
".different types of problem solving, I would have
tiﬁdone a: lot better on the tests and in the future.

"I feel that special solutions should be more clear; g

2 Teacher s Reaction to the Treatment .
N

¢

The cooperating teachers from both treatment groups were given

- the Teacher Opinion Survey on Thursday, May 26 1977 and were asked S

'to complete it at their convenience. Each cooperating teacher was

‘fasked to reapond to the ‘one treatment that they had observed :ln.

fl:this section the author will restate each of the five questions .

: contained in the survey and subsequently document their responses..

'For simplicity, the cooperating teacher for the experimental group »ﬁ o

"

‘will be 1abelled CEG and- the cooperating teacher for the control '
tijgrOup will be designated CCG

(a) Question One

”As an experienced teacher yourself do you feel. that -"
_other Mathematics. 20 teachers would want to make use‘
of. this method of problem solving’" ‘;,‘ _ _'x‘;

CEGi "Yes with some modification which would make the
‘ . method more . streamlined Mol 5

~CCG}‘ "Yes I believe they would "'.-tb R

'(b)"'Question Two e R

"Do you feel that . the students benefited by learning to.
.use this method of problem solving7" '

—~t

" CEG: "Very definitely o

A

CCG: "The benefit was ‘both for the course and for solving

‘116

s

problems outside of math oo .
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(c) Question Three

"What did you like, in particular, about this method of
.problem solving7" :

- CEG: "The fact that the students"had'afmodel'to‘folloﬁf
- and that ‘the students had an approach to-the’
'jproblem, e.g. What are the characteristics?"

.'CCG:fV"Variety in approach emphasis on logic, variety of
: "'problems presented.”. ; - . -

Hv(d)fggestion Four ' “'u .‘_f T "':g : AT ¥

‘"What did: you dislike (if anything) about this methoSL\f _,:
"problem solving7" U ‘;‘.. L . ‘ '

. "CEG: '"It should be made clear that. this was a mentalvmodel
o ‘which at some time is simplified to the basic
processes :

I CCG" "The time taken from the regular course of studies.,

(e)'guestion Five

'.v"Please make other comments- th t you wish to
CEG'—'"A good unit'"’
'f‘Cccrf "1 feel that the gain to th student may well have

offset the loss in instruct onal time for the
_regular course.._ : ’

'C~ Analysis of Results Based upon Research
Questions and Hypotheses B -

.\ :

| Three questions were raised in Chapter I, page 7. In this
iw'section, each of these questions will be examined and the data, both
j:;experimental and empirical, will be analyzed to ascertainlthe answer'
"to each of the three questiOns. e

-

l Question One

Statement. ’"What attitudes do students arid teacher have
"‘.v."fi toward a heuristic problem solving instructional
' strategy? ' : .



Scientific Hypothesis_#lz ‘"The students and the teacher

S .+ will have a positive attitude

o ‘ ., toward a heuristic. problemrsolving
: instructional strategy '

In Chapter III, page 53, a set of criteria was established as-'
. ‘a means of answering Scientific hypothesis #1 The criterion was
concerned with attitude toward the unit and sought an answer to N
che question "Was there a positive reaction to the unit by both ::'

e U

'7‘the students and the cooperating teacher’" Table 6. 6 page 112

"" reveals that 87A of the students felt that the procedure presentedﬁx
in the unit was helpful in solving problems.v Table 6 9, page 11%,
"showed that 7SA of the students felt that they Were better problem v

solvers as a result of the unit.v Table 6 10, page 115 indicated o

"Athat 78% of the group thought that the unit would help in solving

new problems in Mathematics 20 _ Generally, the students felt that

""it was a very helpful course, interesting" (page 376) :Ihe

: cooperating teacher felt "very definitely" (page %}6) that the'

':students had benefited by this unit. -He expressed his_own reaction

by stating that it was "a good unit." (page 117)

2 Question Two o ' " L f:7

: Statementr '"Does such an instructional strategy affect the B
o students' ability in solving problems: peculiar '
~to those utilized in that un1t°" 5

- ‘Scientific Hyp0thesis #1: _"It would seem probable that
T . .yo 7. students who have been subjected
~to the heuristic problemrsolving
-treatment, will Successfully use
‘given methodsofsolution in solving
problems. o , S .l

-

nIn Chapter I I page 54, a set of two criteria was established

' as a means of answering scientific hypothesis #2 The first criterion

L

'
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A

‘was: concerned with the Five-Method dbmprehension Test .and stated

"The reSearcher established an individual mean of 70% or above as’ an B

py

indication of successful use. of a. given method of solution in solving

the problem. The second criterion was ‘concerned- with the Heuristic
o Problem-Solving Test and stated: "The researcher established an
. -

T individual mean of 407 or above as an indication of successful use _17'?

'\of a given method of solution in solving the problem

The Five-Method Comprehension Test was. administered in lesson‘

o ten, to the experimental group., Its purpose was'fo\prjnide an .

indication of the students mastery of the five different methods LT :_ -

" of. solution.- In lessons two through nine, the pupils were taught

.to 'use these five solution methods in solving designated problems,,
~it-was‘therefore necessary-to‘ascertain the students ‘ability to

solve problems whose solution methods were. specified before

presenting them with problems with undesignated solution methods.‘

i From Table 6 11 it can be seen that “the five individuil means from
the pilot study on the Five—Method Comprehension Test were 84%, 70/
.v' 647% 5 624, and 88/-.with a'grand mean 0fu7335/ whilenthe respective -
five individual means from the main study on the Five—Method Compre—rl_

—

hension Test were 77/.,, 707 427, 63/.,, and 817 \"{ithagrand mean of 66. SA.' -
The five problems contained in this test were taken directly 2
from the section of the treatment that the student had already

completed Since this was a comprehension test ‘the-five problemsf :

"'_.were altered so that the students were not able to simply memorize: _ R

~

the problem solutions from lessons two to nine, and reproduce them»

on the test._ This observation is noted to help explain the mean
: s . ‘&
4

differences in the two - sets of scores. =

The author established an individual mean of 707 or above as an

' ,r/f' ’

L

e
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MEAN SCORES EXPRESSED AS. PER ENTAGES&

_ PROBLEM ‘ PROBLEM PROBLEM_ PRbBLEM PRbBLEM

A

- R e

A

SR S lﬁ, - & - " DECOM= " .
SR Sl | 7\ - . POSING
S o WORKING"' \" -~ AND . .
EXPERIMENTAL | YGENERALIZA—\ BACK~"". SPECIALI—‘“ " 'RECOM~ GRAND
GROUP “ 'TION '~ ' WARD . "ZATION ANALOGY BINING  MEAN.

Etap

- -Main Study. o7 TR {+ AR 42 63,_ - 81" Mean =
N e o : ' S TN SRR 66.5

R - 6 S

15 0.

PiIRe Study g4 70 64 e g Mean =
U\ L S T S 735

Yo

- ' R R A L L
_ TABLE 6M\11 INDIVIDUAL MEANS AND GRAND MEAN”FORQIHEjFIVE-METHQD»w‘
' : COMPREHENSION TEST ’ L T



' :~mean of 27/)

i specialization'a

‘ -f;the students usag

'ment"that is,

.(specialization-

the problem.' In the pilot study, the individual means of 64%

.n (specialization—type problem) and 622 (analogy-type problem) were e

“

5

'_ﬁevidence of inSufficient comprehension of these two solution methods.-

\’ _I\

'»jAlthough part of lesson eleven, the lesson following the Five—Method

‘,Comprehension Test, was utilized to clarify and re-emphasize the ,:~

'bstrategy employed in specialization and analogy, the results of the

-

::Heuristic Problem—Solving Test continued to reveal the\students

”v'misunderstanding of specialization as a’ method of solution (individual“ »

P

tAt the conclusion.df the pilot study the author felt

V»fthat this low 'ean could be significantly raised if further clarifica-*

f_tion were given'to the appropriate section in the experimental trJ t-

, ints were to be. provided in those'problems involving
their solution method.,f:'

This provis:on did not enlighten the experimental treatment group*

in the main stud.‘as evidenced by the individual mean of 427

"eproblem) on the Five—Method Comprehension Test-svi“:

'“vnf The Heuristic Pro lem-Solving Test, when administered to the heuristic,.f

,fproblem—solving tr atment group, further revealed the weakness of\

of specialization as. a solution method The*

"‘individuaramean for specialization was 25% ifl_73f ,i';v ;-_f‘[alrl

A

Therefore, in fsponse to the first specific question'l_They;;.v.

"iv'methods of solution, generalization, WOrking backward,,and decomposing

I
Hy

'cand recombining were successfully used in solving problems ' Analogy
gi;and specialization were utilized less than successfully by the” pupils }f

i solving problems.

Scientific Hypothesis #3 ’ "It would seem probable that students, 'h’~
. who have been subjected to the heuristicl-]



’.

+

‘ o N T ;»problem-solving treatment, will
G T e e perform better on & heuristic problem—
Co S L golving test, than students who'. have

béen taught using a conventional e \m;iu
/,problem—solving treatment.’ Sl
e Both groups received tnaining on the same set of problems. The |

R

;,experimental group,\however, was taught the general steps of the ;}r*
‘heuristic problemhsolving process (explained in Chapter II, section A),r
‘ as‘Well as how to characterize'problems and to associate them with
'W”their appropriate solution methods (Appendix G lessons 2 9 ll 16), '
‘_thereas thé control group received no such training.‘ Therefore,,then

lbfexperimental treatment group had the ad'f tage of having been explic—’

itly taught to develop concepts, t':t is, the five solution methods,>‘L
According to Davis (1973 38)
"-ﬁProblem solving/should become easier whenever an ;f"\

: ‘uunfamiliar problem can be’ ified ‘as a member of . .
g ,fa class of/problems whose s tion-strategy is known._, _

. 4 Null hypothesis‘ There ‘is no significant difference in mean,f_-fj'lf
:'j/ ; s . - scores between the’ instructional methods as:
measured by the Heuristic Problem—Sglving!Test

S : v A
. _?' /The gr d means and the individual problem means for the R
an

- - ) 4/“ - K
‘\ . Gy
. N h/

experimentaliand control groups are given in Table 6 12

';gf These data were placed into three categories as shown in Table RERRE

6 l3 and Figure 6 2
‘:h;;; & The interaction effect was not significant at the .05 level
herefore the author examined the overall main effects and not the
.vsimple main effects; Table 6 14 shows the computed F-statistic,.
0 04 and the critical F-statistic, 4 17 (a =..05) Therefore, in

response to the scientific hypothesis #2, the treatment effect is ‘

'153 'not significant and the null hypothesis cannot be rejected.._:
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MEAN SCORES EXPRESSED AS PERCENTAGES

#1

~ PROBLEM PROBLEM  PROBLEM PROBLEM . PROBLEM
: o2

#3 o # D5

DECOM- -

e, POSING ~

. AND

WORKING

RECOM— . SPECIALI- ~ BACK- . GENERALIZA- - ‘GROUP -

" GROUP v['.BIN¥§G~' ZATION - . WARD .- ANALOGY. ~ TION MEAN .

C ymaca

"Experi--

mental

.Group 57

3 TABLE 64,. 12 INDIVIDUAL

. :C§ntrol -
. Group T n53

‘Overall

S’ém?le_

— %

25

17

=3

48 . . 54 45 - Mean 5L.3°
o i : ' '8.D. 20.5

88 48 42 Mean 49.7.
| S ' s.p. 20.1

L]

R ST S /f: ﬁeén,so;9 :

FU
S

S

PROBLEMrS

3}

:

v

ROBLEM MEANS AND GRAND MEAN FOR THE HEURISTIC
ING TEST ‘
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— ~——
. LOWER : - MIDDLE. ._' UPPER
ONE-THIRD ONE-THIRD. ' ONE- -THIRD

: e TREATMENT
, S No. 'NO. .. . NO. - . GROUP
GROUP .  SIUD. MEAN - STUD. MEAN  STUD. MEAN .. MEANS

o
 Experi-

mental R L [
Group . " 6 ¢ 40.3. 6 56.7° 7  57.7. - . . .51.9

Group . 6  46. 6. 445 5 60.0 . " 49.7

Group

Level S P T :
Mean Coo 43.3 .. 50.6 " o ,58.7f - 50.97

v".TABLE 6 13 INDIVIDUAL GROUP. MEANS AND GRAND MEAN FOR THE HEURISTIC :
.. .. . PROBLEM-SOLVING TEST - 5 _
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EXPERIMENTAL GROUP S

80 1 . CONTROL GROUP —_—

.60 ¢

4wt

'MEAN CRITERION SCORE

 LOWER ONE- = MIDDLE ONE- UPPER ONE- _ -
 THIRD . THIRD  THIRD . . "~ +~

GROUP LEVELS

v

FIGURE 6 2 PROFILES . OF SIMPLE MAIN EFFECTS FOR THREE GROUP LEVELS AND b
’ ) - TWO TREATMENTS ON THE HEURISTIC PROBLEM—SOLVING TEST ‘j“
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i

. SOURCE OF  DEVIATION DEGREES ~VARIANCE = OBSERVED  CRITICAL .
VARTATION = SUM SQUARES FREEDOM ESTIMATE F RATIO = F RATIO (a=.03)

- Treatments T 2.54 coL . 2.54 ° 0.04 ‘“4.17' '

Betweéﬁ ‘Kg. T : S o ) S
_ Levels “ 242,10 .. 2 -121.05 1.79 - - 3.32
B InﬁerFA. | |
~ action . S e IR . : S
Effect . 92.53 ° 2 - 46,27~ 0.68 . 3.32
CWithin Lol e

Cells . 12066.94 730 .7 402.23

A&justed

. Mean - Do e e LT , E .

e For Error . - ' e 67.72.

. TABLE 6.14 TWO-WAY ANALYSIS OF VARIANCE UT LIZING THE HEURISTICw
" PROBLEM-SOLVING TEST ' SR
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Scientific Hypothesis #4: "It Would seem probable that there
T o . is a strong relationship between
scores on a ‘heuristic problem—solving
. ] ~ test and scores -on-a characteristics
S "~/ and solution-methods test, for students
C ‘ ' who . have been subjected to the
'heuristic problem—solv1ng treatment'

‘ In Chapter III, page 58 -a null hypothesis was established .

: as a means of answering scientific hypothesis #& It.stated.

'The correlation coefficient between the scores on. the
. Heuristic Problem—Solving Test  and the Characteristics
and Solution Metheds .Test is zero. :

The scoring procedure that ‘was . used in marking the students

;answers to the Heuristic Problem—Solving Test is located in
Appendix G (1esson seventeen) of this thesis. Each of the f1ve N
.Problemsgwas allotted six marks;bnoumarks.were'given for naming‘the
"charaCteristics‘and’the'associatedisolution method;lbutirather‘the
‘{-six points were distributed throughout the solution, beginning at a
place after the identification of the method of solution to be :
'5 utilized in each problem . The results of.the Heuristic Problem—

Solving Test are located in Table 6 12.

The scoring procedure that was used in marklng the students

-

»answers to the Characteristics and Solution—Methods Test is 1ocated )

¢

‘in Appendix G (lesson eighteen) of this the51s : Each of.thetten.-

’problems was allotted two marks ‘one- markﬁfor naming the

Ll

characteristics and the second markfornaming the correct solution

_ method._ The results of the Characteristics and Solution—Methods*
" Test and the Heuristic ProblemrSolving Test_are located in.Table:
6.15. - R



: 'Solution—Methods Test " he has documented the six correlations that
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MEAN SCORES EXPRESSED AS PERCENTAGES

' NAME OF PROBLEM TYPE

DECOM= R
3 . POSING. N
 WORKING ™ AND . - ‘ Sl
L " BACK-" RECOM- ' : GENERALIZAFz'SPECIALI-W" TEST
TEST -~ - . .'WARD =~ BINING ANALOGY TION . ZATION ~° MEAN .
Heuristic: _ e ST S
‘P;S;'TeSt .78 “s§7° .54 . 45.. - .25 51.9
Character—
.- istics and o . L ,
]'Solutionv" U RTINS | ‘° e
Methods e S o N I o
Test 84 " ‘8 .. 97 . 5, . 8 . :79.6

o

.’TABLE 6. 15 ~INDIVIDUAL MEAN SCORES AND GRAND- MEANS- FOR THE HEURISTIC
PROBLEM—SOLVING TEST AND THE CHARACTERISTICS AND SOLUTION—‘
: METHODS TEST.. :

‘ Although the author?S‘primary concern is‘with=the relationshipv~

' between the Heuristic Problem-Solving Test and the Characteristics and

.ﬁ';exist among the four tests in- Table 6 16

The Pearsofagroduct-moment correlation coefficient was used to
'ftest the relationships between pairs of tests because the scoring
procedure used in evaluating the students answers in each of.thevfour;;
- tests was continuous.~ According to Ferguson«(l976 102) | |

: .

. 2 The most widely used measure of correlation is the Cg
~ » . Pearson product-moment correlation coefficient. '
. This measure is used. where. the variables: are - . L
: Jquantitative, that. is, of the interval or ‘ratio type. o

For each of the six correlation coefficients, there is an



" HEURISTIC-  CHARACTER- ~ FIVE-METHOD
'PROBLEM-  ISTICS AND .~ COMPRE- "
SOLVING =~ SOLUTION- - - HENSION

2

MATH 20
PROBLEM-

SOLVING

" TEST -

Heuristic

P.S. Test . 1.0 0.8 . 021

Character- =~ -
is;ics.and-_ R
Solution- ’

Methods Teét’ 'T.F_‘” T"iS;.F 1.00 E 0?65mT_

. Five-Method . o0

Comprehension S e e REEE

_Test S Lo

“ﬂ?,S;ZTeSt ' o '

© _TEST - METHODS TEST .~ TEST

0.57 .

0.61

0.56

. 1.00

STABLE 6 16 PEARSON PRODUCT—MOMENT CORRELATION COEFFICIENTS FOR THE -
- SIX: DIFFERENT COMBINATIONS OF THE "FOUR TESTS

129
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‘associated confidence.interval,'that is, a(range of noss1b1ewcoeffié
-cients, any one of which could have been the representativeﬂone given

in Table 6 7 According to Winer (1971 10) o y T
"An interval estimate[is frequently referred to as a
confidence interval for a parameter. The two: extreme A
-points in this interval the upper. and lower .confidence
'bounds, ‘define a range of values within which there is a
specified’ likelihdod (or level of confidence) that the -
/parameter will fall(e

flb Walker ‘and Lev (1953 476) provide the reader with a chart showing
the confidence'belt for the corre%ation coefficient P when a = 0. OS

'tIf the sample size is nineteen, then each of six correlation coeffi—

E fcients have the following confidence intervals.

PEARSON. PRODUCT-. - = ' . idagR . “i,f S ’U?PER”-E
 MOMENT' CORRELATION - - = = = GONFIDENCE . . ' CONFIDENCE
COEFFICIENT e L BOUNDkFY e '.'5".>:r:'BOUNDARY?"-' |
.vho'Zi : Ch:':'ﬁi-:j ;f h _hw;OaZG\\' ?‘.‘_ ,:io,,v; Q;sg e
i:?o.57"3?"“ - . f;diié'h\“ .t;" . 1;510-80
VCh,0:58 ,,:,‘i. 0y ,\; o R “0.81'
'[ogélf E VE'.:,: G ,76;23_ :‘ ‘\7 ,::_"' 0.82
’ 0}55; | *",?ﬁ &:O‘vaiﬂ "o;ééyf_:'ff"»“i - C' _0.84 ‘h‘».

CTABLE 6. 17 UPPER AND LOWER CONFIDENCE BOUNDS FOR EACH PEARSON
L PRODUCT-MOMENT CORRELATION COEFFICIENT

' Table 6 16 contains.the Pearson product-moment correlation
i-coefficient for the Heuristic Problem—Solving Test with the Character—~
-istics and Solution-Methods Test.' It is 0 58 The confidence bounds
for this coefficient are 0. 17 and 0 81 v To‘reJectzthe nuli'hypothesis

A



131
ifor scientific hypothesis #4 ~at the 05 level of significance, a
correlation coefficient of at 1east 0 45 is necessary (Hays, 1963: 531)

S.Therefore, in- response to scientific hypothesis #A the.correlation
7coefficient 0. 58 reveals that there is a significant relationship

vbetween the two tests, the Heuzistic ?roblem—Solving Test and the

K
; Charactsristics and'Solution—Methods.Test. The coefficient tndicates
4vthat the heuristic problem;solvingftreatment group utilized problem ‘:
“ characterization and" the association of characteristics and solution
imethod in solving the problems contained in the Heuristic Problem-' |
SolvinggTest. o fi e _.d - |
v'The:eupirical andlexperimental-eVidence gathered to\answer»the

_.three scientific hypotheses which comprise Question Two revealed that o

o

ﬁthe heuristic problem—solving strategy does not significantly affect

the students ability in solving problems peculiar to those utilized in
that strategy . It was found that the ﬂeuristic problem—solving treat—

menit. group (l) did. not score significantly better on a heuristic

'dproblem—solving test than students who had been trained to use a con-

-~

_ventional problem—solving treatmentf (2) was not successful 1n utilizing'
‘ »the solution methods, specialization and analogy, and (3) utilized ;‘
- problem characterization ‘and. the association of characteristics and
. . o x-

,solution method in solving the problems contained in the Heuristic

f;Problem—SolV1ng Test

R B Question Threé ’

_Statement. "Does Such an. instructional strategy affect the
o . students' ‘ability in" solving those problems which
’ *Fare peculiar to those utilized at a specific grade
and course. level’" . : .

Scientific Hypothesis #5 ”It would seem probable that students,

. who have been subjected to the heuristic
_ problemfsolving_treatment_4will perform

better on a Mathematics 20 proplem- ..



Lucas

AN

sOIVing_test; than students who~haye:

d

_been taught using a conventional
problem—solving treatment

. & . .
(1974) study wag performed on- first-year university

._}

><students§ his results indicating that students who-were'trained'in

heuristic processes obtained more accurate results than those who -

were not.

performed on gradeaIX mathematics students.

e

Ashton s - (1962) study revealed similar results, but was

It was hoped that further

‘support for this hypothesis would result from the heuristic problem—

: solving‘treatment located in Appendix G of‘this thesis;,

NulliHypothesis:

= ‘ : , L S U . R
The-results of -the pretest;and'the post-test for the experimental

Ad .

There is no significant difference in mean

‘scores’ between the two ‘instructional methods.

as measured by the Mathematics 20 Problem-
Solving Test. . S

;:and control groups'are presented»invtahle'6al8i

* | MEAN SCORES EXPRESSED AS PERCENTAGES

GRAND

2

TABLE 6. l8 INDIVIDUAL PROBLEM MEANS GRAND MEANS AND THEIR :
'RESPECTIVE STANDARD DEVIATIONS FOR THE MATHEMATICS 20 :
PROBLEM-SOLVING TEST LT

’

In Chapter VI, page 109, a detailed outline of the method that N

the researcher utilized in order to initially equate the two, grgups

- : — ‘ — : — MEANS &
SR - PROBLEM PROBLEM PROBLEM PROBLEM PROBLEM ~ STANDARD -
GROUP . TEST . #1  -#2. #3446  #5 " DEVS.. -
Experi-' Pretest. 26 30 250 - 33 60  Mean 34.9
.. mental’ : i ) o © i+ . 8.D.. '18.4
Group - _ o _ . L — C R L '
' Post-test 51 74 37 ..32 - 51 " Mean 49.0
- . L S R S.D. 25.4
Y] Control CPretest ' 15 . 52 28 30~ 44 Mean 33.8
Group L " I . o $.D.  23.0
| Pest-test 42 © ST 27 . 39 S0 - Mean 43.0
S ‘ , S.D. 26.4

132



is giﬁen.' Analyzing the data from the Mathematics 20 Problem—Solving .
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- Test (post test) on that basis, the researcher initially placed ‘the
.data into.their proper_categories as shown in-Table.6,l9,and as viewed‘
more-clearly‘in_Figuref6.3;._ ’
/
LOWER ' © MIDDLE .UPPER
' ONE-THIRD = -~ ONE-~THIRD ' ~ ONE-THIRD T .
- — . TREATMENT
. NO N0 . - NO . "GROUP
 GROUP - STUD." MEAN ~ STUD. MEAN  STUD. MEAN . . MEANS -
'_Experi—' ‘
Group - .. .- 6. 23.5 .6 . 51:2 . .7  69.0 . . 49.0 -
:Controi- - ' S oL ‘ y; S
Group. - - 6 . 23 o . 6 38,2 ... 5 72.8+ /43.0 -
Gtouﬁfj. SRR '»-fh Tl 2 o RS
© Mean .. - Ct 2303 a0 46T - 70.6 - 46.2°

TABLE 6.19 INDIVIDUAL GROUP MEANS AND GRAND MEAN FOR THE MATHEMATICS
" 20 PROBLEM-SOLVING TEST | .

©

I The*interaction effect'was nOt significanttat the 25 level,
o therefore the author examined the overall main effects and not the

leimple main effects Table 6 20 shows the computed F- statistic,‘.

| o 37, and the critical F-statistic, 1.38 (a s ;25); Therefore, in,

iresponse to scientific hypothesis #S,Athe treatment effect is

_‘be noted from Table 6. 20 that there is a significant grOup level |

B effect (a = 01).

‘

\not significant and the null hypothesis cannot be rejected It should»r
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PR EXPERIMENTAL GROUP —-—+4é<,
e Ce CONTROL GROUP
A v
) v80
607 .

Y

o N

MAIN CRITERION SCORE ~ ~ * . -

SR ; . LOWER f‘lMIDDLE ¢ UPPER T
. - ONE-THIRD - ONE-THIRD ~ONE-THIRD ~° . . * =

‘; GROUP LEVELS

o FIGURE 6 3 PROFIT..ES OF . SIMPLE MAIN EFFECTS FOR THREE GROUP LEVELS- : "
! SR AND TWO TREATMENTS ON THE MATHEMATICS 20 PROBLEM— e '
' SOLVING TEST (POST TEST) '



i Between:
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'SOURCE OF  DEVIATION

'DEGREES ~VARTANCE. | OBSERVED ~ CRITICAL =

VARIATION SUM SQUARES:

‘Be twé en

Treatments . 15.68

f: Levels .~ - 2278.04

Intér—

action 79..,17,__,,.,-

~. Effect =

- Within e

* Cells _..}:7.7461 97

'vadjusted
. ‘Mean _

- 'Square

For Error

FREEDOM . ESTIMATE F RATIO ~ F RATIO (u = .25)

1. 1s.68  0.37. . - 1.38

2 .02 2720 539 (@ 0D

2% T 3808 0 091 L5 e

300 268077 o ceoe s

-

'TABLE 6.20 TWO—WAY ANALYSIS oF VARIANCE UTILIZING THE MATHEMATICS 20 “'f""
' a PROBLEM?SOLVING TEST f;._ B T
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A

- S¢ientific Hypothesis #6: "It would seem probable that students,
LT EIREEEE - ‘who: ‘have been subjected to the heuris- -
4 ~ tic problei-solving: treatment, will
0w perform better on the post=test of a
: . Mathematics. 29 problem—solving test,
vthan they did on its pretest.?; .

‘Null Hypothesis: _There is ne: significant difference in mean ‘-'t“5
C - *-: scores’ between: the pretest gnd post—-test as. . -
f‘measured by the Mathematics 20 ProblemrSolving
-Test R . . \

The results contained in Table 6 21 reveal that there is a
'l'significant difference betﬁeen pretest and post test scores at the ;ﬁ»

TO 01 level : Therefore, it can beiconcluded that the experimental
4‘T}treatment group made a. dréﬁatic improvement in their problem—solving ﬁ
:score is measured by the Mathematics 20 ProblemrSolving Test ;;The:

" fexperimental group s pretest mean was 34 9% and their post—test meanij -

rlh.TwaS 49. 07 o . ii:ff, V<rd“_%’*' ift?;_ .;_?Tl.f‘ i/(f '

... SOURCE OF ' DEVIATION ~ DEGREES VARIANCE OBSERVED CRITICAL ~
| VARIATION . SUM SQUARES FREEDOM 'ESTIMATE F RATIO F RATIO. (a = 01)

_ .Between

.fPretest T : s e

 Pogttest  1890.10 1 1890.10 19.3%x | 8.28
Baudeils 1756000 . 18 9Tl 50

,.‘_'A : N a,‘%\ .' I

,21 ONE-WAY ANALYSIS OF VARIANCE WITH REPEATED MEASUREMENTS
UTILIZIﬁb THE MATHEMATICS 20 PROBLEM—SOLVING TEST

6

The experimental data gathered to answer the two scientific iﬁf- e
hypoth@ses which comprise Question Three revealed that the heuristic
rj [ ,’ . . !
problem—solving group

.'Jv 1 did not differ signlficantly from a- conventional problem—

,



137 -

solving ‘group as measured by,thevékudeﬂts"ébility in solving

y

4

pfdblems which are peculiar to those utilized at*a'particulax

o cgurse and grade level;

2. made a dramatic improvement from pretestvtd post-test - as

‘measured by the s(hdentsf ability in solving those problems .

/

“which are pecﬁliag;fp those utilized at a particular grade

-and course level. . The gohﬁentidnal problem—sdlving grqup.

[ R

made a- similar improvement.



C.HAI_’TER,VII -
. /"

DISCUSSION OF RESULTS SUMMARY, AND.
IMPLICATIONS -

A. Discussion of Results,”

The purpose of.the present study was to develop a unit tor.
Atraining students in a heuristic problem—solving process ;bThe‘majorr
thrust of this unit was to instruct pupils in the transfer process.'
That is,.students were trained to characterize a problem, ‘to associate
: _the characteristics with‘a method of»solution, nd to use this . o
" solution method~to solve the'problem. |

In this thesis, thebauthor.has'developed and’implemented\a
heuristic problem—solving unit of instruction based on. Polya s model :
. at the grade eleven level : Unlike either Crutchfield s (1967) oY .
.Wilson s (1967) self—instructional mode, the author s treatment
_utilized direct teacher involvement 'The author s study was not a
rclinical investigation as was Kantowski' s n;r did it confine itself‘
to a specific subJect mattér domain.-ll ‘; S 5

rogressing from.the limitations of Ashton s (1962) study and
vbased upon the . recommendations of Kilpatrick (1967” 1969), Henderson
and Pingry (1953), Wilson (1967) and Gurova (1968) the author developed
a general heuristic framework for solving problems, incorporating :v.
f;x.within thlS approach five methods of solution. This instructional _-;
mode is contained within a problem—solving unit which has Reen designed

to be taught ‘as a separate unit in the Mathematics 20 curriculum

ki (1977) placed

°f.Henderson and Pingry (1953), Gurova (1969) and Kant W

S VR . -

138
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a heavy emphasis on the teaching of process in problem solving; in:.

response to ‘their convictions, the author has developed a unit for,

training students in a heuristic problem—solving process.
In the "Statement of the Problem given in Chapter I, pages 6 7,

the author delineated three questions which defined this study s’

purpose. It is’ the aim of this chapter to discuss the reSults of

Chapter VI~ with the intention of interpreting these results and

stating the implications df this study

Question One was concerned with the attitude of both.students o

:{aand teacher to the heuristic problem—solving unit- that was both

eveloped and implemented by the author The empirical data gathered ;‘

" to answer Question One revealed that this unit was received favorably

,gby both the students and the cooperating teacher The results of

Crutchfield s (1965) study were similar to the author s findings He

' ;reported some highly successful,and significant work he had done in |

teaching children to apply heuristic strategies to nonrmathematical

- problems* Crutchfield had remarkable success in. 1mproving attitudes
. a° ‘

'é.' . : ).

'toward problem solving ' f’ii-n'ﬂ v ‘ g S .

Ls

R

Questions Two and Thre%adealt with ‘the evaluation of this unit

\

- The. reSults revealed that the heurishic problem—solving treatment ' ,',Vt

Az
v
. -\j’

- group d1d not perform better than the control grOup on: either of the‘,

4/_'

two problem-SOIV1ng;tests One test contained problems directly

e ——

2 .’7'

o
related to theMUnit and the other test contained probl_ms directly

course of studies

<

related tqﬁtge’Mathematics

h The*conclusionithat there wys no 51gnificant treatment differ-“

'enceimin either case, provides ev dence to. support the assertion that



R

. , : : o L L
the,two important variables in thevheuristic problem&solving treatmeht

-~ . B
Iy

which were excluded from the conventional problemrsolving treatment,‘

¢ had little or 0 effect in facilitating improved problem—solving

scores., fhe two variables are? the general heuristic approach to._

‘

t

: with appropriate sqlution methods. -

-
, .
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#’ v
problem dblving, the characterization of problems and their association

B The heuristic problem—solving unit was based on the theory of

l.

"Going Beyond the Information Given (pages 27 29) and ‘the: "Transfer

" of General Principles (gages 30 31) According to the former theory,

“ff N

i

able to use his knowledge gained as ‘a result of past experience in :

. b8 7

‘ SOlving problems to solve the one presently before him It is there—

‘.1[ <

fore important that the individual has mentally organized his
v '
experiences 1nto appropriate categories, each with its own,; defining

z

y when a problem SOlver is confronted with a problem, he. wants to be.\ "

) .

I3

properties Once a problem has been placed in a given category, on

’

the basis of its containing some’ of’ the- baéic defining properties of

: that’ class, then by inference, the'problem is given class identity.

o
Having bestowed class identity upon a. givén problem, a further infer—

/

A ence is made, that 1s, all of”the properties of the class can be :

N

attributed to the given problem and used in its solution t-To 1llus— 'fy

' trate this theory specifically in terms of the heuristic problem—«

o+
]

.solving dﬁit, consider the follow1ng example ' An individual is.

attempting to solve a problem. He identifies certainfcharacteristics’

4‘of ‘the. problem, for example, that the outcome of the problem is given

and that it has a trial—and—error beginning Based upon these

properties, he 1nfers that the problem can be placed into the category

PN

A .< N e X 2SN

LR,
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5'1abe11ed working backward. Furthermore;tthe;problem can,be‘solvedh
iusing the method of solution working backward |
The author hypothesized with support from Davis (1973) and
Hendrickson and Schroeder (1941), that this treatment - group would ;,:l
_perform better than the conventional problem—solving group on problem—
N
ﬁb solving tests . One explanation for the ‘lack of fit between the
results of researdh studies gathered to support the hypothesis and
the author 5 research findings is that both treatment groups actually
:characteriZed the“problems.. Althoughkthevcontrol group was not
.explicitly taught problem characterization, they did implicitly
characterize problems ‘ For example, the experimental group was taught

P .
the!: following two characteristics for problems using working backward

_as their solution method ii.; ' [v"‘ B
: l. The problem had a trial-and—error beginning,
1;2i: The outcome of the problem is known |
The control group; on the other hand verbalized that thls type of
vproblem was solved by working backward from the end: to the beginning :
of the problem.v R o = S ,'7» T \
In summary, the failure to- erclude“the variable problem‘characterT

>
~1zation and assOciation with appropriate solution method' from the

control treatment may have been the reason for the nonsignificant

treatment difference on the two problem—solving tests However, 1t

should be noted that the heuristic problem—solving treatment group

_ made a dramatic improvement from pretest to post—test as- measured by ,
’the students performance in solving those problems which were peculiar‘

f,to those utilized at a particular grade and course level Although



n“Student Opinion Survey and Cooperating Teacher Opinion Survey

Soging unit.:

:Solving unit, will produce_a_marked improvement in the students’ {

- problemfsolving scores. . - B o B BN

" B. Implications of the Research Study

'”the heuristic problem—solving treatment and the conventional problem—h

142

the control group made a similar improvement, the results from the '

revealed a morepositive attitude toward the Heuristic Problem—

;& “, The maJor conclusion of this study is that a problem—solving unit @

‘either the Heuristic Problem—Solving unit or the Conventional Proble —t‘

—

The development of- the heuristic problem—solving treatment, its

_'1mp1ementation 1n a quasi—experimental context (Helmstadter, 1970

¥
102 103) and the analysis of the results have revealed both the -

_ strengths and the weaknesses of this unit Based upon the analysis,f

of the reSults, the opinions of both the students and the cooperating.

" teachers, and the observations of the author, a number of implications_f-“

ﬂwill be stated- borh-for the classroom and.for further.research.

3. Implications for the Classroom

T ere ‘are four implications for the classroom that have arisen :

. as a‘ggﬁglt of this study and would therefore by helpful to’ teachers

&s")

'.%who desire to implement the heuristic problem—solving unit as an.

P
¥

. fintegral part of their Mathematics 20 program

The first implication is that the statistical analysis of the -

results in this study has revealed ‘no significant differences between

solving treatment on two - tests, one. was designed to provide scores on’

£y

(X8

_ problems directly related to the problems contained in the treatmentsd



”(Table 6 20, ps 135) Therefore, a regular class

9 T : : ' P

(Table 6 14, p. 126), and tﬁe other test was designed to provide

scores on problems typical of the %athematics 20 course of studieS;

;:qm teacher who

would desire to incorporate a,problemrsolving chagter into his
Mathematics 20 program, could qse either of the treatments that the
l

(
author has developed It should be noted however, that the students

reaction to the“two'treatments, as'expressed in the Student Opinion

Survey, was extremely positive for the experimental group, and much

less so’ for the control group (pp 112—116) ’ “-b ‘ o i

-

Secondly,~the author would recommend the insertion of . additional

"lessons in the heuristic problem—solving unit Tables 6 11 (p- 120)

-g

if the heuristic problem-solving unit were taught inta semestered~-f-

'.schooly that”it'be'taught‘in“COnﬁunctionfhithithe regular curriculum, -

~

,‘and“6.12.(p. 123)rreVeal the'students need for additional practice '

in utilizing the solution method Specialization , Analogy, another

L method of solution, was also inadequately utilized by the students

(Table 6. 11 p’ 120)

\

143

. Thirdly, from the author s observations, he would recommend that"

that is, part of the double period be allotted for the coverage of

the regular curriculum and the other part be given to the teaching

_—

) of this unit.

. methods of solution (generalization,'specialization, analogy,

L
2 -

PRRE

Fourth Polya s book 'How to, Solve It (1957) gives eight L

decomposing and recombining, working backward definition, recur51on,

) '3

and auxiliary-elements.and problems)‘thatbcan‘be used_to.solveﬂ'

appropriate problems. Of'thesebeight.methods ofisolution,'theAauthor

g R




W

' :chose five (generalization, specialization, nalogy, decomposing and
_ ecombining,'and working backward) ; Definition was - not included
'bbecause this method was rarely used g%yitself in solving avproblem,u.
‘ but most always was/utilized ohly as a prerequisite to solution in

clarifying the problem so that a plan for solving the problem could be

”_devised. Recursion was not included because the application of this

"Vumethod of solution to mathematics problems was beyond the grasp of the

1

\javerage high school student Finally, auxiliary elements and problems

.were not included because this method of éblution als does not exist

o 144

independent of the other methods of solution For example, this method“
‘ .

is. used in setting up equations which is includfd within another method

of solution, decomposing and recombining Therefore,.y classroom ,

» »teacher who wants to~;nzlude all_eight;solution”methods, must develop._
| the additional lessons himself % | | | |

- The final implication concerns.the e@\s and . convenience withr

. which the heuristic problem—solving unit may be utilized in the class—
'room. The unit contains detailed lesson plans for replication»]
purposes ‘ If a classroom teacher desires to use this unit,- he»
directiohs provided with each lesson are. very explic1t ' However,:‘bh
this concern. for detail makes for much extra reading and this might
-:prevent the classroom teacher from 1mplementing the unit. To overcome
'}this obstacle the author would recommend inservice sessions s0 that-

, the teacher could be shown the overall strategy for the unit before

'fhimself having to delve into the details of each lesson.

o L



o
-

145

v

e 2. Implications for Further'}@search :

There are fiveffmplications for further research ¢£;t will pro-
j"hvide opportunities to modify and improve the heuristic problem— ..‘,
solving test, ;test it on a larger'scale, nd to»improve the

generalizability,@gd theﬁfore the exte@ validity of this experi—_

N g 7,

'

modified-form: The author w0u1d 1ike to récomﬁu:d the insertion of
four additional lessons into this unit, one on épecialization, one onacr
| Analogy, and two on mixed pggblems. The summaries of results ins
Tables 6.11 (p. 120) and 6 12 (p 123) reveal the students‘ need for

additional practice in utilizing theasolution methods, specializationv”'

G
:and.analogy. CA modified format suggested below could be followed:.

LR
.

L Lesson l ~ . Test..‘

g s , o S :
Lesson-Z-ll ““ Teaching five_methods of solution .
LeSsons 12, 13 = Test and discussion
Lessons 14 18 ' '-Mixediproblems

: Lessons 19,,20 " Quiz and discussion‘
7Lessons:21i23' ‘ '.TestS_

Secondly, the author would recommend that this research study,4

‘ _in its modified form, be repeated using a'l er - sample, possibly

1

he

‘four classes of Mathematics 20 students. A limitation of this study, ‘

'“stated in Chapter I, p._lO was the lack of generalizability of his
sample to the population, that is, all the high schools in Edmonton..
A third implication involves the inservice trainlng of the

cooperating teachers That . is, instead of the researcher doing the
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teaching himself,rthe cOoperating teachers shou1d<be trained to
vteach.the treatments’themselves.: - : S _ .}.. ﬂﬂai
5 @ e o : :
Fourth, a major contributiou to research in the. -area of heuristic
’ {
problem solving would be made. if the heuristic problem—solving

approach, designed by the researcher, could‘be implemented at other

,'grade leyels. ‘Kilpatrick:(l969), in his literature reyiew on | ﬁ?

'<>problem solving, mentiqned the dearth of published studies on

problem solving at the secondary school level. - For example many
bad habits or mental blocks have already been formed by grade eleven ; -
. students, so it would be beneficial to. attempt implementing this
unit at the junior high school level s
' Finally, the author would recommend further investigation of .
the variable problem characterization,' in an attempt to discovT
'.'if succeszul probﬁpm solvers"cu .on. the problem characteristics
'utilized in this study and if not,'to discover what cues are used as

’

problem characteristics. g
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| MATHEMATICS 20 PROBLEM-SOLVING TEST =

LI

~

“Name . . "/“’ .
.Time;:l70:miggtgs
.In;ﬁfﬁét;gﬁs: Thére ;rc'B pfpﬁleﬁs_inlihis fest; each isi&ot;h
‘ | '"éqﬁal mdrks, ‘ i |
~Shoﬁla1l yqﬁr'work;.mérké,wiil.be ailoted‘for.LOth

- -the work dohe:(leading to.the,solutiéﬁ) and Eof-théf

L

‘icbrré§f s&lutiqn.
Thisbtest §i11 be;;4miﬁis€é}éd iﬁ.tﬂe foiiowing;man-f
e . S RIS
o nér! Each prdglémfﬁiil be aliOtéd‘é specifiéd leﬁgth"f
‘{ 6f‘tiﬁe,7.@'; g f >.1, ‘ o %@y" ,

Introduction: 5 minutes

10 minutes”

~ Problem #1-

Problem #2 - 10 minutes

Problem #3 LQ minutes

'f'.i{, 'ﬁi’w. _if - Problem # = 15 mingtes

. ‘Problem #5 - 10 minutes =

“Review: 10 minutes
' The teacher-will start and stop the students on

each probleni.
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Problem 1
Three years from now,yfather will be ll times as old as ‘his son"

was 3 years<ago.- Three'years_ago; the Eather was 3 times as old

~as his son will be 3.yeafsvfrom;nowf _Find the present age of

Problem 2 | |

The total value of‘a certalh number of dlmes and quarters is’ f
$27 20 If there had ‘been twice as many dlmes and half as many
quartvrs, their total value would be $31 15.{ How many c01nslof
-each kind are. there? o “,~*'v*md “_'TK'_'- - ::_‘ h
Problem 3

The unit's diglt‘cf a’ twoddiglt number exceede 3 times the ten'
diglt by 2. If 13 is added to the orlglnal number, the result 1s

one half of the number obtained by reversxng the dlglts. Find the -

.original number,‘.

Problem 4

Rk

Given a rlght c1rcular cone wlth radlus 10 cm. and helght 30 cm.

F1nd the volume of 1ts frustum glven that the helght of the fnpstum o S

s 20 cm.;"

B
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[
42 Volnme of EOne - (1/3)(4r)r lﬁ

i
v

CHines: T = 3014

Y

- #3 Similar trlangles f'

If triangle ABC 1s_A -
o 51milar to trlangle sk
T DEF then:: ' ‘

3

4. 7 'dngle A = ahgle D
- .'angle B - 5angle B
%angléxg‘ angle F" -
'17/,' i H T
(AB/D'E%—-(BC/ﬁ') (AC/DF) R
/ . ‘ e . a-_' b l.'.'dt\h :, . :."71’,;
' 4 ﬁ4 The ”frustum” is. that. Part of:.the cone-."'.??;
shaped solid left after the tip has been:® ¢
cut off by a plane parallel to the‘base. I
- ) = ‘ u’ .‘\ ; ( .
= .
i R . i
g Lo
’ FRUSTUM
'ProblemvS'f'f‘aAdetﬁ] :

-

PNy

L Two cars start from the same - p01nt, the f1rst one- travels south and E

the other wost. If the<f1rst Car travels at the rate of 24 mlles e

per hour, what must be the rate 01 the second car. in order that the

dlstance between the two cars at the end of two hours be 52 m11es7 '
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lf tlme: 50 mlnbté&;'

“Instructions:

. The teacher w1ll start and stop the students on each

' L *
L 159
“Nume::
FIVE-METHOD COMPREHENS ION TEST |

.There are S prbblems in this teSt;,each'iewarth

equal marks. -
FOB gﬁCH PRObLEM THE METHOD OF SOLUTION IS GIVEN
U USE 1T TO SOLVE THE PROBLEMS.. ’} o f , S o
Shpw-all your work; pqus’wilr bejéllotedlfdr_beth |
thefbork dbne:(leaélhgrto'the?SOIUtiG;)eend fdf the
. »eorrect?eOlution}'lh 2;:b'j »_ll:l1 - : ;’,;\\;
The‘five problems gre‘51m11ar to the problewé in the
' preliously completed 1essons, so.they are(éamlllar to
t he students. :¥filv :TV.f A
-Thlfbtest wlll be adﬁlnlstered in the follow1 man-
herﬁ Each - problem w1ll be alloted a spec1f1ed
efriime,_. !
| ‘”ﬁ?rqblemr#lL-}g?minute$jlb .
Problem #2 - 9 minutes
b;Preblem.#Bl-'Q minhgés'" _
"hfétqblem #4 -V§‘minutes L ) ’

gProbleml#5~f 9 .minutes

‘Review - 5 minutés ST,

protlem.

Infcrmation:' 0. is an even number,
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5
5
N

ot

0]

. Given a ja&“that will hold exactly 7 quarts of water, a Jar that -

will hold g\quarts of water, no other containers holding water, but
'an infinite supply of water, describe a sequence of fillings and empty—‘

. ings of water jars that will result in ach1ev1ng 5 quarts of watcr

Problem 3 (Specialization)
John collects stamps. Currently he has 67 stamps and a stamp book )‘

:with 12 pages 1n it. He wants to place an odd ‘number of stamps on

<

" the odd-numbered pages, an even number of stamps on the even-numbered

°

pages, and a different number of stamps on each of the 12 pages._ Cah
'p.he do so? HOW?-“gwua.’ N

“Problem 4 (Analogy)

'_Find the length of thL diagonal of a rectangular solld of wthh the,e

,ulength Width, and height are. 12 cm., 4 cm., and 3 cm, respectlvely;fb ;;gfﬁ

’fProblem S (Decomquing and Recombining) C“

~

_The difference between two numbers is 21.' If fouf times the larget
‘is subtracted from 32 times the smaller, the remainder is 28. 'What»-

-

are,the;numbers? »
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o S '

b f].ﬁEURISTic‘Pxoﬁttn;soLVI&cZTEST"_l, 7/ o
- - . T : e
gTime; :754ﬁlnutes
'ihgttoctiohg: lhete are.s érobleme‘lhfthls“téspg each ie_ﬁotth‘
o  equal marks. g N
Sth'ell YOut'work¥s marks w111 be alloted for both -
»the work done‘zleading to the solutlon) and for the
: correct solution. | | o
"”This test will be admlnistered in the followlng man-/
_”;her;v Each problem w1ll be alloted d specified length .
h?of time |
L ' '.flhtfoduetionf S:minutesv:
.}P;oblem #lv;ilQ mingtese :

: Problem #2

15 minutes

WProblem #3

15 minutes -

‘ Problem #4’ ‘15 minutes

','Problem.#S' HISJminuteg R - oo

* Review: 5 minutes

The,teachef_will’statt-ahdistop'theustudents;on*eaCh problem.
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Z.Problem l

’;QTwo airplanes, travelling in opposite directions, started from the

_ same point at the same time. After 4 hours, the two. airplanes wereigh

o 8000 km apart. If one airplane travelled three times as rapidly as

”the other, what were their rates? ,‘: o e ™

Problem 2

: R p:ove. 1/(2!) + 2/(3,) + 3/(4!) +,...,+ n/((n+l)l) 1 - n/((2n-l)l)
ST : 'hHint-‘ nn is an exclamation mark

'fThe meaning of ”!" is, for example,
.51 = 5x4x3x2xl and
;-.11! “'11x10x9x8x7x6x5x4x3x2x1

Je ’}j AR . '_

SR

bProhlem~3‘f¢ o 2 .'.ff, _f‘ j‘ "4‘.1.”: lf'-x?;unn‘

"A man goes into a store and says to the proprietor,f”Give me as

' much money as I have with me and I will spend,$10 00 iﬁiyour store"

( -;" . -_\ O
~vThis was done. The man repeated the operation in a second store and :
a third store, after which he had no monty left._ How_much;did_he.

Loe

l‘_start with7. .'._.} '_«v_ﬁ‘ S : li .' R -

» 'Problem 4

. -
"i

Find the diagonal of a. regular octahedron w1th a given edge

: 10 cm., y - v< i | " : i o a " ‘_ : ‘, '_ S o -



L o aed .

Ina ctrele, find the mistmn e of rogions formed by 20+
Vfchords. - 2 'I ' e
'bﬂintS:T"#I -f

L S A chord is a- stralght llne
B L extendlng ‘from one end of an arc el
R - \"  - of-a c1rcle to the other. "‘; e F
, #2 - If there is md&e than ‘one chord
e ST L ,.’1n ‘a given circley’ they may
: ’ e . ' 1ntersect each othqm‘ L
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d CHARACTERISTICS_AND - Name: el .

SOLUTLON-METHODS TEST = . / /4 S
Time: 20 minutes , o o

lhsttuotions- This test is composed ot teu pFObleb ' o .v__f [P

Its purpose is to examine the studentsf ab111ty to

-ehoose,the key tharattetlstlcs of each problem, and e
then_the e3ffé¢tymethod oﬁ_solutifn to follow in . *

solving each problem.

SlUDENTS ARE NOT ASKED TO WOﬁK OUT\;ND 'WRITE DOWN A

COMPLETE SOLUTION TO%CH PROBLFM but rather t:o choose
| a METHOD OF SOLUTION that they feel wlll lead to the

correct solutlon to the problem e
Below,_are ‘listed the’ flve p0551ble methods of solutlon'

~(with‘accompanying oefinitions).

: ,A.'Cen‘eralolzatli'on»"''~ : y

. R N " ; . A R . o
This method of solution involves:a considerati of .
specific instances to.a'consiﬂeration of an inference;
:thatfwhAt}hdIds tiue “For the speclfic will. also hﬁld

true. for 'nt.

B. Specialization T e RN
c2pesidatEatieR o : g T

pThisfmethodvoﬁ solutdord entﬁlls the considerationv

. y :
. ﬂ- . . N

jﬂ.3 "-,of some spe”1a11th tase wthh fther, 1n 1tself

N 8 L . . y -t . )

‘ ‘%ftj?\f fsolves the problan, or provtdes the strategy ff <

. B Wl ~
‘. v L .

._(that used to solve the spec1allzed case) to solve

R

L)

- S ——

'jnt ' ’f5;{1: the-problen}‘

<.
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‘C. Analogy

‘This‘methodZOf'solution‘ihVolves a=consideration of

‘ 'two systems wh1ch agree in clearly definable re-
[
'lations between thelr respective parts. (For in- :
‘ N . I
- ' ‘.stance, a- triangle in a plane is analogous to a Cod
tetrahedron in space). -
D. Decomposing and Recombinin P
Th1s method of solutlon tails"decomposing a prob7
. lem into its. component parts and then recomblnlng
‘p; R the parts 1nto a more Or less dlfferent whole..
_E. Working Backward R
TN : o L
L -~ This method of solutlon 1nvolves startlng from what
is’ requlred and then assuming what is sought as al— N
3  ready fopnd. : P v
St IR S L . ' {’._,
%wo airplanes, trave]llng 1n opp051te dlrectlons, started from the '
same point;at the samentime. After 4 hours, the two alrplanes were
: BOOO'kmi}apartf-‘lf one;airplane_traVelled.threejt{mesjas‘rapidly as
the-other what were their rates ‘lv__p' o e ,f};
: S , : R
(a) erte down ‘the characterlstlcs Qf thlS problem. Co e e
N o ___ ‘ A : " ;‘- Ve
7 T ‘ T . 1
W e e C . NEAE S Y .
) - ‘ /‘ ‘,’i-\"f B )

(b) Underline the correct method of solutlon for thls problem. _
Generalizatlon upec1a11zat1on Analogy Decomp051ng and Recomblnrng
Work1ng Backward J"f i S S :

-



’ sggrt with’ . vj S

”-Thisuwa$_done, The man repeated the“operationzin_a second store and

b

ué‘thirdvsbore,4after'wHich-he3Had;n9‘mone§j1eft; “How much did he

'*(b) Underline the correct method of solution for this problem..Jy i:,
_1‘4‘Generalizat10n, Spec1alization Analogy Worklng Backward ‘

;‘é‘;'" \ . : .

Problem 2

.- To prove: . 1/(21) + 2/(31) + 3/(4!) + + n/((n+l)l) 1'7}'- n/((Zn-.lv)l)v:".

- Hint: »"!" is an exclamation mark.

The meaning of'”!" is, for example,' e rp
51 == 5k4x3x2x1l and . .
ll! = llx10x9x8x7x6x5x4x3x2xl

(a)- Write down the charécteristics of this problem

v

(b) Underline the correct method of bOlUthﬂ for ;hls problem. ' &
Generalization Spec1alization Analogy WOrklng Backward i
DecompOSing and Recombining

.

| ‘“imuch money as 1 have with me and 1 w1ll spend. $10 00 in your store't.

\ .

N\ R Ty

C e el

LT e e R * "
& . : B b . PR L. L

f.(a) Write down chc characteribtlcs of tth problem

IR oL : o N S o e S
. oo e l o . , R . R ‘ \ w« N s ‘ . . . ‘ . o ‘. i
‘ . ‘ s : . . . . s - L e S . LF ' .

54 Lo b 4 ol

Decomposing and . Recombining . }u'_-il_ T S R
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G 27
Problem &4 .
edFind the diagonal of ,a rcgular octah ~with a given edge
~10-cm. ‘
(a) Write down the characqeriscicsdof‘this”probleh;' o
. . .
) ﬂ\
- o
(b) Underline the correct method of solutron for this. problan ;
' Generalization Spec14llzation Analogy Worklng Backward : B
v Decomposing and Recomblning e ; - '
A RS N .{" U
;Problem 5 S . =
In a circle, find: the max1mum ‘number of”reglons formed by 20 >
o . ; .
chords. i ) .
L'H1ntsL~#l -;;/érc\w; i; ' f*[
T i
. . " ' ) -
R L .f e chcrddis;a sprcighr‘line'
' oo . - " extending from-one.end of an
_ ooy i arc of a circle;cb the ocher.”'
. ) i “‘ r h E Ll -"' .
T PR S P 24 ?_If “ghere is more than.eme chord ey
'*~ PR S ' ... 1in a given circle,’ they may - -
4 e v intersect each other. . &
(a) Write down the characteristics of this probllem
4 st ' e S . . A
R T ’ ) . R < _ s ..
N v -e’s!*’; N T e
£ q . ) e ; . o ? : 2 K f Ly
‘5h. PR T » A e EORa S
A e e T T - e : b .
wl e e CTo- TN
(b) Underllne the correct method of solutlon for th;s problem. t*oA'“'
E Generallzatlon Specializat1on Analogy Wbrklng Backward
Lo Decomposing-and ReCOmbining C R e
- e



Problem 6 ° . ' o £
- PR L. R . o .

'The'janitorvof'e local“echool was asked if he had ever encounteréd'
UL o o > o ST
problems in his job that required mathematical solutions. ‘His 'reply

I - : . N

was that there“weré'several ~but‘one in pérticular thet-he could not?

solve. That one was If there wés a door stop, as’ shown below, what

-would HF the length ‘of the line jof\Tné the two corners which are

' furthest apart? s
| | e
Ty ('-f K -
: b :
va w

j(b) Underline the correct method of solution for this problem.,n
- 'Generalization Specialization Analogy WorkLng Backward ‘
Decomposing and Recombining

DT Iy :v whle;"A . "Aﬂ R y
SRR | I
Problem 7.0 ,.{" L ) S '."-

'-'.‘

.lhe length of each of the congruent s:des of an 1sosceles triangle is.

l* timés the langth of the base.. lhe‘per;meter;of»theatriangle is'
'60‘cmr; Eind the length of each 51de uf the trlangle. }" | |
.‘(a) erte down the chzracteristlcs of the problem.l"l'rh' »‘;.

:t»’- L ] - ‘ .._g,r‘:f) l'hﬁ. :—-i‘ ﬂ.ik

- T N .
i . i ‘ . R
RS R B
SN , :

(b) Underline the correct method of solutlon for thls problen. nf,ﬁ~4;;[f'-~

Generalization SpeC1alizgtiOn Anarogy Worklng Backward
Decomposing and Recomb1n1ng : 3

*

e : E T 3 - o T 2 B . oL RS

170
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'Problem;8f

The’tower”of‘Hanoi~problém‘consists‘of 3 discs of graduated size

and’moving'themgamonghthree pegs. The 'problem-is to transfer the

8 discs from one spot to another in the fewest,possible moves,

'moving onevdisc at a time and never placing a disc on top of ‘a

,Smaller one. How many moves. wlll it take° *
~

(a) Write down the characteristics of the problem.

i L3

-

(b) Underline the correct meLhod of solutlon tor thls problem.
Generalization Qpec1al1/ation -Analogy WOrklng Backward
Decomposing and Lecombinlng £

“}groblem 9 o "‘l, - .f"j““
-

Yon*ﬁre,giﬁen the,following: (a) A stralght 11ne equals an’

angle of 180 (b) A right angle equals 90 (c) If two parallel’

N

lines are cut by a transversxl the alternate 1nter10r 1ngles areg'

S e T S s
equal. R R ERI f“ o0 AR T
TR
Prove;that'the_sum of the;angles‘of any triangle'equnls 180°.
. o . EN : R ’ .

(a) Wwrite down the-churacteristics of_the prohlem-

TN

»

ot . PR
§

f(b) Underllne the correét method of solution for this problem.,ﬁ
Generalization Specialization Analogy Working Backward,'
Decomposing.and Recombinlng ”,_v’ : . .-(.

P

e d171
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‘§J.;;‘“;A e

L .

:Problem 10 -;1’4 hf".‘ o ; [ ;'1'3;

Lt e v

“Lay 21 toothpicks in:d row.’-Fhe ObJLLt of thc gamc is’ to make

0} R
‘your opponent pick up, thc list toothpick by followlng these rules.

A

,RPlayers take alternate turns.,lil

2 Each turn a player picks up 1, 2t,or33vtoothpicks<as“he'
ChO ses. o o o ; | ﬁ;,: 'j:i:f'v.‘ .

v 2

3 The player who must pick up the last toothplck loses.
}s this just a game of chancc, or .can 1t be played sc1ent1f1ca11y7

(a) Write down the character:stlcs of the problem. uf

' . .
(b) Undcrline the correct method of solutlon for this. problem.
. Generalization Specializatlon Analogy Worklng Backward

'fij Decomposing and. Recombining

172
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ST

- STUDENT OPINION SURVEY - .

_ 1} Did you find that the procedure presented (eg. Unknown, Given,

etc ) was. helpful in solving problems? Why'ox why_yp‘k

o o P s o .
. P . . "

"'2, What method of Solution did you feel most- comfortable with?

N - L

{

e;3: What'methddVofpéplgtionkdid onfféZiVleast‘coﬁfqrgable with?

g

4 Do you feel that you are a better problem solver now than before”

Why or why not? . S | ‘ f‘ > 'E S

_;5, Do zgg\i:ink this un1t will help you in solv1ng new problems in

Math emat¥cs 20' If yes,phow’ If no, why not7\ o

VIR
g N
e Ve

© 6. Othér comments and concerns.

. e 3
= sy g
) / i -

ad ot

s ¥ R

. : - ~ \
. . i\
- N N ’
- o 1 -~ .
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~  TEACHER OPINION SURVEY -



S ygasst

Ll SN R
e T
= -
a
=
oG

. 4. ~What did you dislike (if anything) about this method Of .problem &

3 5.”P1ease'make.othexjcommente'that you wish to.- B

176

" * TEACHER.OPINION .SURVEY -

1. As an experienced teacher yourself, do you feel that other'

Mathematics 20 teachers would want to make .use. of this method E

/ -
./.,,

of problem solving7

2. Do you feel that the students benvfited by learning to-use thls _~‘

method of problem solving?

e

”Solvingzli‘

' . .
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| TO PROBLEM SOLVING . .-

. \

LESSON ‘PLANS FOR THE HEURISTIC APPROACH ~ -

. ‘Ql

L



e

1.

L Tj_me e

10
 min,

. {"

;-fg 1nto their own hoteboqks§ )

The instfuctor will fell the_students/that his ap--w f

.'.Introduction 4‘i<_¥,.§:'

f“fjtests on the first, eleventhf seventeenth, elghteenth

.datl proach ‘to. problem soIV1ng is through demok'

' ”,.f‘#"-. R S T N
Lesson One T o T RN S Ll
(a) Legscn Plan L s }'“h'fr;jy:n

To ié 4 r: v
. Maﬁhematics‘20'§rohlem;Solvingffest.'(pfetestlfl‘

. - S Lo - . L T e
RS R . o X . L e

Thebteacher ﬁi}l introduce the unit, telling the

o

.studenﬁs what is its primary ?urpose.' He wxll tell

'11them briefly about the format of the prOJec't2 that is, fw ;

. s

. Dy
‘,that this unit will span nineteen class periods.-‘The-

‘s .-

,.instrUCtor will mention that the students will be given L

SN
[ ¥

[ CEe

.

gand'nineteenth days, and tbat they}nill be taught four-ﬁ

(S8 ‘

r,teen lessans -on problem solving in etween the first and ff

fgseveateenth days.,i,?‘ fﬁf7’-' \VLV*LT’;‘f'BJ'

“' N | Lt e . ‘_ .

(The'teacher must be certaln that the students héVe

f:every problem and every solution wrltten in. thelr note~'
. A & :

'vbooks for lessons tw0 through 51xteen§ Studcnts who are” S

Pl : «.

._.

[

Y B




'-by imitatio / That is, the teacher will dempnstrate the-

first problem involving a particular method of solution h S

~

’fand then the students will attempt to solve subsequent
:l;) problems themselves, by imitation. .
‘70 A}»;AdminiStfationhof'the‘Test”
Cmin. :

The instructor will hand out the tests and im—doing
\

so, he will tell the students to fill in their names on‘;~‘ S
’ g

the first,page‘ot the-test. (The test is contained in - -

o this‘thesis?fntAppendik A). h_ _ ‘:,,ﬁ47,v' ,' H‘ . fﬁ



4

“(b corinngrocedure For Mathematics 20 Problem-

Sol\%&TeSt R = _ .

s’Prbblem L (e marks) S
Let X, years be father's present age.

‘-Letvy_yeara be son'g present age.i' .

(1 mark for,naming~both"unknowns: nff‘thé.unit'
‘missing after both x and y, then minus % mark)

'are
xh3
.\,_\%x-.? ‘:’ :

'"(2 marks, 1 mark for each equation) . l '

T

v;l(y-35~ (call,

I

3(y+3)" Call this equation #2)

| x-lly = -36 (Expansion of equatlon #1)
-3y M;iZF‘ (Expansion of equation #2)
‘?(1 mark for the abeveffystem Qf expanded equatiens)Q =
. “'48" o o ' ; :
w y/ ' -lb'

y = 6 years ' (1 mark minus,i mark’ff
 units-are m1351ng)
A _ .

o Solve for % in equation #1 Y
x-11(6) =~;36 i N

30 years (1 mark minus 5 mark 1f

units afé-missing) RTINS

e

"_!}Problem 2 (G‘QAfRs)-’

’ 51Let X be the number of d1mes {

et_yfbe tbe number of quarters

K;;(l mark if "number" or "value" are not spec1f1ed 1n
“'the above statements,.then m1nus X mark)

.5»

le + 25y st 720 ‘(1 mark)

20x + (25/2)y = 3715 (1 mark) fﬁ”’”

o R . - . 7“«




SR

TR o 181fr

Multiply the first equation by 2
20x 4 50y 5440

(1 mark for establishing a reducible system of
equations) .’ EREN RN

(75/2)y 1725 _‘fv»{ T
y = &6 quarters '”(15hark)“: .‘

Solve for X in the first equation

.

*10x + 25(46) u27zo

10x 1570

L

x =157 dimes (lfﬁark) S
' Check the solutions in the second equation ;”’“
’ 20(157)+(25/2)(46) é-37;5¢. ,f;?_;éw

3715

J

3715'r‘;r.g,» v;;-:ir;;ﬂ»f.' R
B }fTherefore, chere are 157 dimes "and’ 46 quarters._ _'

o

, ’(In the above two solutions, the appropriabefunrts o *'rf

. ‘must accompany the numerical values, otherwise minus .

] mark for each missing unit)

' royl (6 marks) ,A__:rjff;} :
>-Let x-be the 10's digit.'j7 e

. ;Let y be the l's digit. R

'(1 mark for naming the two unknowns)

'5$-fz";' = 3x+2 (Call this equatlon #1)

7_10x+y+13 %(10y+x) (Call\thls equatlon gg)__f&‘




i

R

R B R R o
J*’3k+2 ' (Equation #1) -": f_--if - f'__ ‘

19x-8y =26 (Simplification of equation #2) - L

‘ (1 dark 1f student has the above simplified system oE (f .
.-equations) . : . f

.

19x-8(3x%2)'=k-26 (Substitution of equation #1 into #2)
~ '  -x = 2 (1 mark) o . : -

- Solve for 'y in equation #l

3(2)~+2-
‘y = (l mark)
TChock che solutions 1n equation #2"v,,1g o\..._4
.'19(2)-8(8) = -26 .". ST
i «-26 —"—26 SR

:‘§"Therefore the Ewo digit number is 28

Problem 4 (6 marks)

- ‘:.Volume of larger cone

Volume = (1f)r h/3

(3. 14)(10) (30)/3 (5 matk)
5 ;

B 3140 ém,

(%.mark)"v'

'“Triangle ABC is simllar'f“
L to tr1ang1e ADE R '

~ (AD/ABY = (DE/BC)
: (10/30) (r/lO)

,‘.Therefore r = 3.33 cm.
(1 mark for correct r)
"Jf(l mark for correct ratlos)




L {1?3 :f

'

: beLuﬁé of smar1ef'gane4ﬁai? o

Volwme = (mefhy3
. 1“><3 33> ao)/s .fft_ s

,“ B}

L ,= 116 1 cm. (1 mark)

JVolumecofktheffrugtum{;lfi' 5
" 'Volume ?;(?ol' e of larger cone) - fb ‘
: - _(Voﬂ#.e of smaller cone) e 7
o= (3140) - (116 R
B L= 3023 9 cm.”
(1 mark:for ¢orrect-formula for frustum) R
(1 mark for correct answer, minus L»ma;k if unlﬁé.éfe"' o
“‘issmg) et e e
i “‘p? _ :
Problem 5 (6 marks) ‘ :
| Let x mph be the rate of the second car (1 mhrk) '

‘4= 4B miles . .




: IR Lo gl
poepe e T L

(A‘C) (AB) + (B_C)z T T

(2 maxk for the corrvct equations l mark each) S
(% mark for 48 miles) ’“;.d',; S : :

(% mark for 2x miles) ‘ﬁ‘ BN

e

10 mph ;

(2 marks, minus % mark i} units are, m1551ng,fif'1éf;.asf"
20 mph instead of 10 mph only 1 mark) 1 L
(If X .was. used in th¢

equation abovc instea f Zx, minus
R .
L mark) o




"ﬁ-,min.

,1185:n

~ 2. 'LessonTwo =~ " & U A S y
‘?; - < i
K roblem Solving (Generalization) . :

25 wj,f' Instructional Strategy Fdr Problem One :'}_ "“h"* L \\;
The instructional strategy that would be u§ed in o '??‘ "

"solving this problem is as f0110ws. The teacher w1ll z;ltt.‘:
: N )
the problem on the blackboard and then pause for several‘ -

'y

"minutes allowing the students suff101ent time to under-v B

:stand“the;problem. He will then begin by asking What ht
}”15”the unhnown?';He‘will answer that'the unknown ;_ljs;the_v»"»h~
o }qesultant.number sf triangles that are formed ;The"‘
,;second question will be._ What information‘is given; 'Tﬁé }kl"

\,

fsiven datavare-: a triangle ABC 20 lines drawn from ver-?"

htex A through points on. the opposite side...Since the unv_"
. R S : SR
ﬂ.},'"v S known and the data have been delineated,'it remains to S
RS o e

: dev1se some plan by whlch the 1nstructor might proceed

'"fd:om hmvgiven‘data to, the unknown.

s

_The teacher w111 then ask the following question

| Do ’you~know a rela‘ted probl-em" Thiei"purpose of thls o

"_question is to gp& the problem solver to discover a -

-y

'fufmethod of” solution that has a reasonable chance of lel

"f[ing,tO'theicorrect solution. Before responding to thiLV



o, | I B B -
question;.the teacher'will name'the'charaCteristics of

» , . o T
IR vl ~ : ~

::the problem currentlv before him.' He will'then think of
a related problem (w:th similar characteristics) and
name its method of solution.

Since this problem is.characterized as.a problem in~

'volving pattern development, the method of solution de-

r

' . -
cided upon by the instructor is generalization.A‘The_,

teacher will then ask himself the question. ?5 you‘know

k a related problem? A 51mple related problem that he will

) give‘is:'n' b‘k" R Lo 1>. _VLT, , hl

l.v

C1f 0 lines are drawn ‘from.vertex A through 0

points of the opposxte 51de, how'many t\ianglesbf

- are formed’

o uHe:willfthen,ask¢if there;is;another.relatediproblemtthat

,would'help»in'SOIVing the original problem.' The anSwer
',‘that the 1nstructor will.give is. to present the second

;‘frelated problem

1f l line is drawn from vertex A through 1
~point of the opposite 51de how many tri-
o ’;' angles are formed’ .

N He. wil then ask if there is another related problem thxt

,-would help in solving the original problem The aﬁgwer-'”

fthat the teacher w111 give 1s to present the third re-“'
'lated problem D ”fl_ i

.

< 'f 2 lines are drawn from vertex A~through 2.
p01nts of the opp051te s1de,‘how many triangles

are formed7 o 5
; l.

"dHe w111 then” ask 1f there is’ another related problem that

e e

186"




e

.5re1ated problen., :

“'lead to the sobution of the problem._‘:‘ S N

’*ponding to eacr of the four related problems will be h' -

st 187

Ve

N

N

o would help in solving the original problem._ The answer_ o

v ‘that the instructor wilL/give is to present the fourth

If 3 fines are drawn from: vertex A through 3
points’ of the opposite side, how many tri-
angles are formed? T

Next, the teacher will ask 1f these four related

"'problens could help them in solving theforiginal prob-

lem.. He will draw the table as shown below and ask 1f

.the students could see a: pattern developing that would

) v‘

L R AT - S
| Number of Number of'| -~ "~ . ... R
Lines =~ - Triangles L ' )

o e

IR - B G

\' L
.o

s

T*fVIt should be g%ted that pictures of trlangles corres- B

*presented Th s will a1d in claplfyihg‘the four re-‘

.17[1ated problems used 1n dev15Lng the plan. The teacher

c

A

.<"

,*fwill then expand the table tg 1nc1ude aYl the possib111t1es



.v”"Answers to Proilems From the Second Day") :‘f‘v*m LA

- .has been reached, the teacher wi

S o 0 R A Jt . R T
0 20 for the numbel;g of lines drawn. (The steps used in B
y

devising a plan s@d the table used in carrying out the

'plan are all presented in this thesis under thé heading
&

1 ¢ .\ S &

]

After the plan has been carried %yt and a: solution ot

°

.

B
“.ask the_questions: .

' Is the result corr ct7lf3'fi_ _‘ e "ff" L

What ‘are. the characteristics of this problem o
thatjdould bée associated with the method of
solution that was utilized" &

'»The instructor will first check his result to ensure that o

- it is correct. After he has done that, he will examine ; RS

\4.

| the problem again in order to note its characteristics.i,.

"r't‘Instructional StrategQFor Problem Two

7He will then write them on the blackboard (along with the f-/'
. e T .
I8 method of solution used to correctly solve this problem)

N

I The characteristics are: ‘u«'_d‘» ; :vg_VV . '¢.”' A”C:,:({

AT
l The number of 1ines 1s large, the
_estémated answer is very large.;_“

“s 0 24 To.drawa diagram depicting the A
- "’}situation,‘and to attempt to- count ' R

. all the resulting triangles is. an. - SRTERN

- ;‘extremely difficult task. . . ST

\‘

The teacher, after demonstrating how to solve probknm

jlone, will then: ask the students to try problem two by



Q'V'themselves., After about ten minutesathe instiuctor will
“u_take up the p&oblem with them., He will ask the same H*

‘ p_series of questions that he asked for problem one, that ;h

,AIIn this second problem, the teacher will attempt to have

Y ’if so, to name its method of solution. (Since this prob-(%t

'fﬂjlem is characterized as a problem involving pattern de-:w

b.f:fisented

3the students give the answers to these questions., If tHe p17

“_with the answer to this question themselves) This pro-“-'”

i

What is the unknown? A g{f'tf'- : f¢ﬂ'-” .
What information is given? I
Do. you know a rélated problem?

5

e ;Jstudents haue difficulty in answering the first two ques-”*_;,L

' {-tions, the ihstructor will assist them., Before they re-'i\“f

ond to the third question, the teacher will ask them to"

*f:dname the %haracteristics of the problem.- He will then ask

'fthem if they were able to think of a related problem, and f73f

._t'velopment, the method of solution decided Upon by the*"";,“‘

”_students and/or the teacher is generalization)

The instructor will then ask the students fDo’yOu o

dknow a related problem* He will then help them by prewfhf' R

senting a related problem (if the students did not respond

'-_'cess/will continue until'-fo' rela\ted problems sare pre— o

[

lb7p Next the. teacher w1ll ask 1f these four related ,guﬁgg'”*

LW



e e (A

problems could help them in solving the oflginal prob-."‘

} -

ﬂ‘lem.. He will then draw the table as. shown below ane/ask

if the students could see a pattern developing that ‘would. . :'l553'
Y B

lead to the‘sglgtion»gf the problem..n Cf]ff.; i: ' ﬂf_fff'f*ff:

v [Wemberof  Namberof] . L
Points .~ Lines . { - o7 0y

N e
> “. 8

’:'.o - . s h p L ‘ ‘, \ \  2 e
'”ﬁ.\ It should be nqted that diagrams corresponding to each ‘sd' fl

of the four\related'problems will be drawn on’ the black- e

“ . i . 7

¢ T
' ~:board as each related problem is~presented This will
* \

n_}?aid in clarifying the four ' lated problems used in de-i ‘

:;vising the plan. The instruct l will then expand the

'3;7tab1e to include all the possibilities, 2 14 for thé

’ :
. . P

";*Tnumber of pointsrdrawn._ (The related problems used in ;

-

“fr}devising a plan and the table used in Carrying out the

o

J;vplan are all presented 1n this thesis under the heading

-----

'“%ﬂuAnswers to Problems From the Second Day")

B '
. ! T LT v » PN A . )



tht sre the chatacteristics of this problem
y £that could be‘associated with the methdd of
solution chat was utilized? ' ‘

.

'Q‘,The 1nstructor will first check che result to ensure‘ﬁhat

Jo

';f'students aga@n, what are the c“aracteristics of the preb-'.'.Bﬂ"

| 1 o, He. will than writ:e them o  the blackboard (along

;-

“%2problem) The characteristtcs are:

"fff?:f9fir;The number of points is large,lthe IR R
E ’ es.cimabed answer j_s v/ery largé. L “'.":‘:. : : }u RN

,'"and to attempt c:Lcount all ¢ e
\liﬁes is an. extr ely difficult.ta k
b b : q\ E KIS .

. 1 (s - .
. 2 : o E EEEE

DU

'“”“foTo draw a diagram depicting the situation, fibﬂw

\", -

‘f;,:it is correct.v Aftet he has d»ne'that he will ask the'_;Tﬂ
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* SECOND DAY
’ " - ‘ ' ‘ . . ‘f‘

Problem 1 v -{ '

In a triangle ABQ,lif’20 lines are drawn from vertex .

A thxopghnﬁoiﬁts on the opposite éide, how manyitriangles‘  o

‘are formed? - -

 Problem 2
- Find the numbéfvdf«lines de;ermined bf:l&’poihts,_nb 3

.v;éf'which'afe éoilinear. _ R e \
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" ANSWERS TO PROBLEMS FROM THE SECOND DAY
.-
‘Problem".lk‘b . o ' . < R ‘,

If O lines are drawn’ from

‘\‘ . vertex A through 0 points| -

"\S;‘-_ of *the opposite side, there
' is'1 triangle that is formed,

]
@ .

Case #1 -
c

. 1f 1 line is drawn from =
*vertex A through 1 point
of the opposite side, there )
are 3 triangles that are formed.

.1f 2 lines -are drawn from

vertex A through 2 points of
~ the opposite side, there are
. 6 triangles. that are formed.

' Case #2

Case #3

: . -
1f 3 lines are drawn from
vertex A through 3 points of
the opposite side, there are

- 10 triangles. that are formed.

‘Casé 4
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Number of _ Number of
Lines - Trianmgles
0 RIR SN N
1 B3
2 6. :
3 1070 v
4 15k N
S5 s21
T © 36
gl 85
10 66
11 78
SISV T ) SR
S13 105 e
‘14 . 120 : :
15 136
16 . - 153
17 on SR
18 oo...190 Yo~
19 =7 2100 0 | e
20 231 C

_Therefore, if 20 llnes are drawn from the vertex A through

points on vthe opposite side, here are 231 Qriangles that

are formed. el

. !
~ /

o to calculate the tr iangles formed for 0 1 2, and 3 11nes.

Howev'er‘ , ideally. the proh‘lein solver woul’d’only hav‘e o

From there, throug}l a process. of Judlcious gue551ng (that

o is, through what Polya called "trial and error" and the»'.f

- "br:.ght\ idea"), the problem solver could derive the

»formula n(n+3)/2 +’l that expresses the number of tri-‘ :

'at}gles formed ; glvzn n‘ lines._

N

ik
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"

Given 3 points, 3 lines % -
- can be drawn. . T

Given &' points,
can be drawn.

. ‘G_i‘,'veﬁf."s"vpdints-, 10"'.lines ..
can be drawn. L




| Number of Number of | v . ot
. | Pointe Lines .| . SRR

2l -
28

36

45

55
66

78
91

2

3

b L g (R
TR {) I T
7

8

9

3

Therefore, given 14 points, there are 91 lines that can

: bé’drawn. "

PR

However, ideally the problem solver would only have

':?to calculatv the lines formed for 2, 3 obs and 5 points.

196

: _.From there, through a process of judicious guessing (that =

,'is, through what Polya called "trial and error" and the
4h"bright idea"), thv problem solver could der1ve the ,
;formula n(n-l)/2, that expresses the number ofxlines

»tformed, given n points.

-
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‘Problem Solving (Generalization) ;gij L .

5 o , ‘«Introduction '
min. . ' ) : S :
R o The teacher will begin the class by reviewing, ;:_ RN
R _f.g ‘4-briefly, the strategy for solving problems as it was : }y
'introduced in lesson two.-‘f-' *

.25 'ﬂ; ﬁﬂ, 1 nstructionxl Strategy For Problems One and Two e
-min SRR =

Next, the teacher will write the first two problems h

';;hfrom today's lesson on the blackboard and will ask the

””fstudents to try solve both these problems by themselves. ?3T

-

B ‘l.After about fifteen minutes, the instructor will ask tvo :

:yll;students tq_come\up to the blackboardland%vrite.outntheir
-;vsolution, one pupil to each problem. When the two solutions "
tmthave been written on the blackboard 'the two students w1ll

:ﬂkx f’_'}J 'Lbe asked to take their seats.; The teacher will then—ask// i“

s Jthe students if there are any corrections that nezd/to be

'{52 made with regard to. the first rwo questions 1n-each solucw

”gltion,: (The first two question: being What is the un--' |

'“anawﬁz What is the given 1nformation?) If,thete areﬁany'_'f:;



-aque5t1°n Do you know a. related pr blem7 Before re;‘-w_ B

corrections. ﬁ
T

e y.l

_sponding to this question, the instructor will want the ]:-

3'stuggnts to- name the characteristics of the two problems

_-currently before them. The teacher wéll then examine,'

°

fie}the suggested methods of solution given on. the black- R

h'ﬁfboard J If'both solution methods are correct he will

"_higg'h

’ then check to see that the two students had characterized 4

' the problems correctly.; 1f however, either one or both

\_'_

solutions on the blackboard »used an: incorrect method of

solution, then the instructor will co\r\npletgthe solu-‘v_ -
tion\s) for the students.i‘ ' 2 .

For Problem One-‘

as a problem involving pattern development, the method

BRI of solution decided upon by the students and/or the s

teacher is generalization (The related problems used »*'

s

in devising a, pr“h and the table used 1n carrying out
the plan, are all presenteeé;: thls the51s under the
L

heading "Answers to Prob From the Third Day")

Finally, the instructor will examine the solution to

Since this problem was characterized by the students*"



"ﬁ[.I§?

problemwone in order to ascertain how thezstudent‘f;‘

'answcred the question .fwhat are>the-characteristics
nof this problem that could be’ associated with the .

e : ! o
) ‘method,of‘solution that,wasuutilized?< The’ characteristics

'.‘_are:
1. The number of rays is large, the estimated
'_answer is very large.

2. ‘To draw a. diagram depicting the: situation,d;-
and to attempt to count all the resulting
angles is an extremely difficult task

| « For Problem Two:.
Since this problem was: characterized as a problem '

\‘finvolving pattern development, the method of solution :

ﬁwi'decided upon by the students and/or the teacher, was :

';.a plan and ‘the. t_

'_generalizati_n; (The related problems used in devising

le. used in carrying out - the plan, are
brall presented in this thesis under the heading ,"Answers

to Problems From the Third Day”)

e

r“inally, the instructor will examine the solution to

'pro lem two in orden to ascertain ‘how the student answered

£

~Athe question What are the characteristics of this prob- g

J'ﬂdlem that could be associated with the method of solution

-';_ﬂthat was utilized’ The characteristics are

l. The number of odd numbers is. large,
the estimated answer is. very large.

. R



10
min.

2. To add all the odd numbers to-
gether isgsg extremely difficultv
and labor}bus task. '

H\‘

1 nstructional Strategz For Problem Three

The teacher will write the third question on the : °

'blackboard and allow the studeﬁts about only about five

minutes to work on this problem.: He will then correct it

k™

in-class. (The related'problems used-in devising a plan

and the table used in carrying out\the plan, are all

presented in this thesis under the heading "Answers to

.

Problems From the Third Day').
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THLRD DAY

—_—

Problem 1.

 How many angles are formed when 15 rays are drawnffrom

».

: the same end point? '

Problemz
Find a wéy to determine the’ sum of the odd numbers less
ﬂ,than'IOOw : o S ‘ v _

DR s

-Given the grid, as shown on the ,
left, how-many different ways
can the word ESKIMOS be made?

~ (The. word is made by moving in

" a vertical and/or horizontal .

direction on the grid). -

o mRom

R oo o

O H R n
nwoRHR®M

m .
“wm
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. ANSWERS' TO PROBLEMS FROM THE THIRD DAY

o Préblem 1 ff 

" Given 2 faYS;'ﬁhere
pre 2Langles,fprméd.

é e ' fGiveﬁ'3 fays; tﬁefe:" 
~are 6 angles formed.

~ Case #2 -

S

'~:f GiVeﬁ”é'ané;tthere71 ‘ o
. are 12.angles'fo:dedl,

_ Given 5 rays, there
", - are 20 angles formed.




f;Numberuof T
Rays '

Number of

Angles Formed S

2
R T
R VA
20
co0300
T42
Cs6
L 72,
132

156

L1882 -
210

‘vTherefore, there are 210 angles formed

However, ideally the problem solver would only have

to calculate the number of angles formed u51ng 2 3 4, and |

5 rays.’

From there, through a proeess of Judlcious guess-’;l:‘”

: nd the 'bright idea"), the problem solver could derive

‘;_‘the formula n(n-l),,lhat expresses the n?mber of angles n

bformed, glven n rays

Problem2 '
. Case #l -

‘ _Ca.s'e. #2 -

143 =

,1

2

3'the ‘sum 1s the first. per-.

e

fect square.

'G1ven the flrst two odd

‘numbers " the’ sum 1is - ‘the
-second perfect squareﬁ

L leen the first odd number,l‘

203

k'eing (that is, through what Polya called "tr1a1 and error"g

-



Bl

© Case #3 - 14345 = 9

143+5+7

Ca"Se #4 ;/"‘ ] ) WL

" Given: the first three odd
2. numbers, the sum is the

-third perfect square.}
‘301ven the first four odd

‘ “numbers, the sum is the
> fourth perfect square/

. N .

[ Number of 0dd
‘| Numbers Added‘s-

Sum.of

_0dd Numbers | -

the R

4=2

1642

-

-}1s 50° or 2500.; -

W

'hTherefore, given the first 50 odd numbers, their sum

R R

However, ldeally the problem solver would only have

s

.

cess of Judicious

7'to calculate the resulting.sum using thjpfirst 1,2; 3, and

S

o Case fl- B

3'4 odd numbers._ From there, through a p

°f ffirst n. odd numbers._"‘

-

-",error" and the "bright idea"), the problem lever could

.>.‘ ) '2;
..;derive the formula 0o, that expresses the sum, g1ven the.

)

o

,iven 1 letter on the grld
there is'1 word that can
be made.‘~;:,

s 7guessing (that is, through what ?biya called "trial and f -



;ifﬂGiven 2 letters on the f ‘
'g¥id, there are 2 words
ithat can be made. a4

‘§3fr,';z: ' '; G1ven 3 letters on thef; ,
\ . % v grid, there are 4 words - .
K ERR that can be made.'n-“”

- Case #3 - E

1Given 4 letters _on the'_
grid, there are 8 words,
that can:be made. .,

[]
m . Lo e .A
. m m' ‘.-""‘ v.
R R
R

'Number of 'Number of e L e
Letters Used Words Made 'hifd”;-'ﬁ”}?{'d#ff""””

NG e
b

ki_64ff-reﬁf”;f

Therefore;’givenp7 letters on the grid there are 64 o

'] words that can be. made. ;ff

However, 1dea11y the problem solver would only »".f?_;'
a. . fo :

have to- calculate the number of words formed using 1 2,t

3, and 4 letters on the grid From there, through a’ .'

!

process of judicious guessing, the problem solver couldf.:ﬂf

n-1 .
derive the formula 2 T that expresses the number of

Coeer A

words formed given n letters on. the grid '; ”j :;; fﬁ;fiv'

r"
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7zgéiss c - B
- Probleh Solyiné (Working Backuard) ' '; <
1 lnstructional St;atggy For Prohlethne

?he teache; will write the problem on the black-

n

;board and : then pause for several minutes allowing the
students sufficient time-to understand the problem..'The
instructor. will begin by asking What is the unknown’
He will answer' that the unknown is to fill the. nine—‘
. quart pail with six quarts of water. The second question
'1w111 be: What information is, given? The given'data'aref
an unlimited supply of water, a four -quart. pa11 (unmarhed
’c.;\with any quantity scale), and a nine quart pail (also_
unmarked) f j_,‘ L }= |

Sincevthe.unknown‘and;the'dat' have.been'delineated;

it reﬁains.tofdevige'somerplan by which the'instructor;,
‘-might proceed from the given ddta to. the‘unknown ;The
.'teacher w111 then ask the follow1ng question Do.youh
know a related;problem? Ehe purpose of this question is
:to‘get the problemh301ver to discover a method‘of solutlon

v

that has a reasanable chance of 1ead1ng to- the correct

&solution.» Before responding to that question, the teacher -

) will name the characteristics of the problem currentfy
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N

' bcfore’him; He will then think of a related problun’i -

" (with similar characteristlcs)’and name its method of'

" solution. Since this problem is characterlzed as a
problem in Which there are a large number of paths that

'lead away from the initial state but only one that reaches

3

v jthe given goal state, the methpd of SOlUthﬂ decided upon

'by the teacher, is working backward
0 .
The instructor will then ask the questlon Canzyous-

restate the problem? The answer that the teacher will

give is to restate the‘problen:

Given that you have a four-quart pail and a
. nine-quart pail, and also given that your

nine-quart pail already has six quarts of

water in. it how did you get it there?

o The instructor will then start at the end of the solu-

tion and work backward Questions simllar to the follow—‘
ing (with corresponding replies) w1ll be. used to devmfe
a plan or strategy.- . |

l;hQuestion:‘ NIf you have six. quarts of water

, ‘ ... in the nine- quart pall, where. did
PR S it come from7" :
" Reply: NThe water came'from the nine

quarts of water in the full pail
of which three quarts were removed!'.

2. Question: "How'were'the»three quarts removed?!

" ‘Reply: "The water (three quarts) was pour=-

. ed out of the full nine-quart pail”
-into the four-quart pail in which
_there was already one quart'.



I}

3.\ Question: "Where did the one quart ofi
, . water, in the four- quart pail, °
come from?"

Reply: "The»one quart of water came as,

R S : a result of pouring out eight

- quarts of water (filling the
four-quart -pail twice) from a .

full nine-quart pail. ' Then pour-

~Ang the remaining one quart into
the empty four- quart pail" '

Now that a plan has been dev1sed, carry it out,

“starting at the beginning of»the*problem. Take a nine-

quart pa11' full of‘water, and pour out eight quarts

:'(filling the . four quart pail twice) Then pour the re- -

~

fmaining one quart into the empty four quart pa11 Next,'

refill the nine quart pail Pour out the water from the

208

} nine quart pail so as. to- fill ‘the four quart pail Thelei"‘

are now only six quarts remaining in the nine-quart pai]'

It should be noted thatvpictures‘of pails; with their’
:corresponding quantities of water, w111 be drawn on the
e'blackboard at appropriate times throughout the problem
'This will aid 1n clarifylng the questions and their re-

- plies used in dev1sing a plan. (The diagrams that will

be used in carrying out the plan are presented in this

a

thesis urder the heading "Answers to Problems»From the_”

_ Fourth Dayﬂ).,, . . T
- After the plan has been carried out and a solution .

' has been reached, the instrUctor'williaskvthe.questions;

~
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‘ AIs'the result correct? -
- What- are the charactcristicsrof this problem
that could be. associated with the method of -
solution- that was utilized’
The teacher will first check his result to ensure that

it iS‘correct. After he has done that, he will examlne

the problem again in order to note its characteristics.

‘l He' will write them on. the blackboard (along ‘with the .

< method of solution used to correctly solve this prob-

‘lem)Lg The characteristics are:

1. The outcéme is known (six quarts of s
- water” in the nine-quart Jar) ER

e

2 -The. problem has a trial-and error R

beginning. ;
. Instructional_Strategy.For'Problem,Tno'."lf o . ,;Q;

The teacher, after demonstrating how to solve’ prob-
’,llem one, will then ask the students to try problem two;
. to imitate the method that the 1nstructor used to solve

‘<~

:'the previous problem. If there is enough time, ‘the teacher

) twill take up the problem wlth them; if not, they w1ll dis-

e

'cuss it in the next class.. He will ask the‘same two-ques—

tions ‘that he asked in problem one: What'is ‘the unknown?m_

.

’ What informat%pn is given7 In thls problem, the
' \.

teacher will attempt to have the students give the e
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rxanswers to these questions. He will-write the answers.
on the . blackboard as the pupils call them out. 'If}the »

students did not respond with the answers . to these ques=. 0

o '

tions, then ‘he will help them. .t; h R

'(

Next, the: teacher will ask the question Do you
know a related problem? Before attempting to answer this
question, the instructor will ask the students for the

' characteristics of this problem. Based on these char—

-,

v'acteristics, the teacher will solicit answers to hlS'
question.. The answer that shuuld be given is. problem
[one, and thus the method of solution that should have \ﬁ'
'-been used to.solve problem tw0'1s worklng backward, |
" Since the method of solution to be used in solving
- the. present problem is working backward, the 1nstructor
;:will seek an answer to the question Can;you.restate
‘the problem (without changing 1ts mean1ng)7 The ref-
»stated problem is.- | | : |

Fifteen pennies are placed on a. table in front
~ of two players.  Each player is allowed to re-
“move at least one penny but not more than’ five
pennies at' his turn., The players alternate
.turns, each remov1ng from one to.five pennieS‘
n number of turns, until one player takes the,
~last penny on the table, ‘and wins all 15. pen-
“nies. .Given the player who ‘will win the game,
is faced with between one and five pennies on
the table, and it is his turn. How will' he
con51stent1y arrive at this position’ '

The teacher will then SOllClt answers from the students, PRI

: as to how they started at the end of the problem and’



\
\

worked*backwurds; He will prov1de them w1th|any steps '

- that they cannot give to him.' (lhe steps and diagrams :

that were used in dev151ng a plan and in earrying it out

-are all presented in this thesis under the heading

"Answers to Problems From the Fourth Day")

»

After the plan has been carried out and a solution o

o has been reached, the teacher will ask the questions

[

' Is the result correct?

';What are the characteristics of. thls problem o
"that could be associated with the: method of
solution that ‘was utilized9 - :

it is ¢ :rect.
~ students again;

; lem; He will the write them on the blackboand (along

with the method of/solution used to correctly solve this -

problem) The"h/racter1stics are:‘

1. The out.come is known (the w1nn1ng player"
faces one to five pennies on the’ table,' Lo
and it is his turn) '

, 2 The problem has a- trial and error
beginnlng.-

:rTh 'instructor will first check the result to ensure that :
After he ha_s 'dqne' that, he will .askgthe"» B

at are the characteristics of the prob?-”

o211
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 FOURTH DAY - .

tProblem l
Given a jar that will hold exactly 9. quarts of water,

a jar that will hold exactly 4 quarts of water, no ‘°

»

other containers holding ‘water, but- an infinite supply :

of water -describe a sequence of fillings and empty-

ings of water jars that will result in achieving 6 _

.xquarts of water.

V’Probleﬁ g

Fifteen )ennies are placed on a table 1n front ef—two o

P

' players. Each player is allowed to remove at least one'

pennyrbut nptvmqre than five'pennies at'his'turn- The

'players“alternate turns, each'removlng'from‘one tb-five.'

-

I

I”peapies n number of turns, until one player takes the o

11ast penny on the table, and wins all ‘15 pennies. Is

Ithere a method of play that will guarantee victory’ If;.

so, what is it? ﬂh‘ kﬂht - fh v.v:mj

gt




'

 ANSWERS TO PROBLEMS FROM THE FOURTH DAY

 Problem 1

"fBeldw'are‘ﬁhe three diagfamé that accompany the‘dialbgﬁe

”"Of.qdes;ions’énd.their replies‘cdntained in the lesson.

v 94qué:t jar’

9-quart jar

' 9-quart jar’

'4¥quart:jar

- 4-quart jar )

. 4-quart jar

CFirst
-Diagram:

"Secﬁnd:,i
Diagram

Third

- Diagram '

1213 2
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Problem 2

'/Questions similar to the following (with corresponding

R

replies) will be used in order to dev1se a plan or
strategx by which the problem may be solved

'l.-Questionr WIf the ultimate-winner wants to face

Lo “one to five pennies, how many pennies
should he leave the ultimate loser con-
fronted with7” Lo ‘ o -

- Reply: RUSS "the ultimate ldser was- confront%’\with
. six pennies, then no matter how ma pen-
nies he took (from one to five), there would
still be from one to five pennies left on
" the table, giving the ultimate winner, his
 turn and thus. the victory'.

2. Question;n'”lf the ultimate winner wants to face seven
C to eleven pennies, how many pennies should
he leave the opposing player confronted w1th?"‘

Reply: .. "If the ultimate 1oser was confronted with
' . twelve pennies, after the ultimate winner'
preceding move, then no matter how many
 pennies the opposing: player_took (from omne
to. five), the ultimate.winner would be able
to take ‘enough ‘pennies- to confront him with
' six pennies on ‘his next turn" ‘

3. Question: "What is.the ultimate winner's first move?"
*Reply{3 “"NHe will remove three pennies, leaving the
o ultimate loser confronted wlth twelve pen-
nies" ' '
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: -

- R NUMBER ‘OF  NUMBER OF -
. ULTIMATE ULTIMATE = PENNIES .  PENNIES
‘ WINNER'S LOSER'S = _CONFRONT- ‘' THAT HE
TURN ~ TURN_ TURN .-~ ING HIM WILL CHOOSE |

st X o }t 15 ':.3?;'-- T
ma o x 12 o 1-5 |
E .‘ ) = '7-1i“ C1es

e T e e e

s 1

X Lo s |

1y

\ o
- Therefore, in order to guarantee victory, ‘the above format -

rmust be foll’owed-._v )



lTime ‘

~10-

“min, |

30ﬂf‘

‘min.
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'Instructional’S rate
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. oblem Solving (Working Backward)

Problem Two From the Fourth Day

-\
The teacher will discuss problem two from the

previous day (if this was not done in. class the previous

- day) ‘Th instructional ‘strategy that will be used to

discuss thi problem is given in Lesson Four under the

'heading " structional Strategy -For Problem Twort,

DR \
For Problem One )

lem one. He will sk them in solving thls problem to

gThe‘characten{sties‘o' this;problem‘are:

~v1.”The out ome is
o playersRnis'$8).
2 The problem has a., rial and -error
beglnning

noun’(each,of the three

216
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. FIFTH DAY ,

Problem 1

"Three people play a game in wh1ch one person loses and

© . two’ people win each game. The one who loses must double

f'the amount of money that each of the other two players has’

.uat that time. The three players agree to play three games.f:

At the end of the three games, ea h player has 1ost ‘one’".

‘game and\each-personlhas_$8,..What was the_origlnal stakeih

ef'each player? - .-



 third P
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ANSWER TO THE PROBLEM FROM THE FIFTH DAY.

i

Do you'know a'related'problem7-.

vThe students shonld note the characteristics of this

i

'problem.»‘Based on these characteristids, theygghould
» recall either probl%m 1 or problem 2 (as the related

1problem), which in turn should reveal working backward "

as the method of solution to try on this problem.,'; S

‘Can you restate-the problemg(without-changing its mean-
: 1ng)?d

'1'f The end of the problem is already solved therefore there

is no need to restate the problem.

'Label the first losing player Pl’ the second PZ’ and the .

3.v‘. ’ .. ‘,"o. .'

.

7At the end of game 3; Pl’ P2, and P3 each had $8 Work- '37>"

'ing backward to. the end of game 2 Pl mus t have had $4

'filand P2 $A, since both won in gahe 3 (Eg lost), and//hus\"

'-hthus both»had their stakes doubled by the results of

‘"Working backward to the end of game l’\Pl must have had

7

both had their stakes doubled by the results of game 3

f

Since Pl and P2 each gained $4 in game 3 P3 mgst have dl

lost $8 in game 3, so Py had $l6 at the end of game 2.. vf;’ |

K =;$2 and P3 $8, 51nc0 both won in game 2 (P2 lost), and o

- game 2.. P2 ‘must have lost $10 ($2+$8), and therefore |
| had $14 at the end of game L. | : |
lWorking backward to the beginning of game 1 P2 must‘.‘y
1‘have ‘had $7,_and P, §4, since both won in game 1 (Py.

: lost), and thus both had thelr stakes doubled by the'



vfesultsief game 1. Pl must have lost $11 ($4+$7),
‘T"and therefore had $13 at the beginning of - game 1 _
;The completi_solution obtained by worklng backward is" '“ul

'g'shown in the fbllowing table.

o

I A 1¢) M 7€) B 1))

'b-[END OF'GAMEI#STUL'a”-§8’ 7"f$8f15;;$85_'a

END OF GAIE #2 s g6 s16

END OF GAME L SERY 7 o §14. 8

"iBEGINNING OF GAME 81387 sy
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6. Lesson Six

. ! . : ~
: ¢

v

‘Problem Solving (Specialization) -

D S
N

'Instructibnal,Strategy Eor Problem/One'v.

'The teachét wifl-write the problem on(the‘black- -

/
"board and then pause for several m1nutes allowing the

-.students sufEicient time to understand the problem The

| instructor will then begin by asklng What is the un-

'»known” He will answer that the unknown is the dis-

-tribution of - ‘the ‘44 coins. 1nto 10 pockets (each pocket

s

must contaln a dlfferent number:of coins).. The‘seconq

‘question that‘he‘will'ask is: What information is

given9‘ He will answer that the given data are 44 c01ns,:: ' f:'

10 pockets, and the d15tr1but1on oﬁ the coins (a dlf-
}

‘ferent number of coins are to be placed in each pocket)

Slnce the unknown and the data have beeen del1neated,

"it remains to devise some plan by which the teacher mlght

'proceed from ‘the given data to the unknown.v The in= .

..

."structor w111 then ask the follow1ng questlon " Do you

-kn0w anrelated problem? Theapurpose of this qdestion'

R

is to get the problmn sol ver ‘to dlscover a'method of © .7

solutlon that has a raé(bn%ble chance of leadlng to the

1 v g

cor?bct solutlon. Fefhre respond1ng to that questlon,

k!



the teacher: will namc the characteristics of the problem N

N

currently before him. He willgthenfthink of a related.

problem (with simifar characteris'tics)' and ‘name its method

. of solution. Since this problem is characterized as a
D

.problem that focuses on a particular case, that of find—
.ing-the:minimum number of-silver_dollars necessary to
satisfyfthe requirement of the problem; the method of
' solution decided upon by the teacher is specialization.‘
. The instructor will . then ask the question Do'you':

B~

know a more specialized problem7 The-teacher will then
"‘write the special problem on the blackboard

What is the minimum number of silver dollars
fhat could be placed into 10 pockets'7 '

He will then solve the more specialized problem and thus
'ﬁt demonstrate that it is imp0551ble for Bob to place a -

different number of coins into each of 10 pockets, given o

a

" “that he only has 44 coins.

' First pocket gets 0 coins

Second pccket gets 1 c01n

B

Thirdipocket-gets 2 coins

A

.Tenth pocket gets 9‘coins
‘The‘minimum-number'og_coins = l+2+3+ e +9 45 coins. -

Therefore, since Bob-- only has 44 coins, he cannot put a

L2
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:differen‘ number into each pocket{
) Aftcr the plan has been carried out and a solution

has been reached the - teacher will ask the questions.

]

Is the result correct? .

E What are the characteristics of thls prob-
lem that could be associated with the method
»of solution that was utilized7

The instructor will Eirst check his result to ensure that

3

it is correct.‘ After he has done that he wrll examlne

the problem again in order to note its characteristics.-
“He will write them on the blackboard (along w1th the
method of solution used to correctly solve this prob-
“lem). The charactenistics are: S :,?" --v E

1. A decision needs to be made between two
,alternatives (Gan he do 1t or can he not
~do it’)

2;'A specialized problem could g}ve a clue as
‘to the choice (to be made between the two
alternatives) or’ decide the choice.

, . §

e

Instructional Strat_gy For Problem Two o “.»,.-’;
The teacher,‘after demonstratlng how to solve AR .
' problem °nea Will then ask the students to try problan o

*etwo, to imitate the method that the 1nstructor used to
.solve‘the previous:problem.' After about fifteen minutes,'
T

the teacher will take up the problem with them. _He w111,

ask the same series of questions that he asked 1n prob-~

LR
: v‘_‘
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lem one, that is
What is the unknown?
What information is ‘given?
Do you know a. related problem?
‘ In this problem, the instructor will attempt to have the
students give the answers to the first two questiohs. Iffi
;*che students have difficulty with either or - both these
bquestions, then the teacher will tell them the answer(sf
Before they respond to the third question, the teacher .
h will ask them to name the characteristics of the problem..‘"
| He will then’ask_them to thingvof:alrelated problem andf fd
tovname‘itsumethodlof‘solution;-*(Since this problem is
‘characterized as a problem involv1ng a speci&lized case;
»whose solution is used in solving the ‘main problem, the o
»‘method of solution decided upon by the students and/or
the teacher is spec alization) o :
The instructor will then ask the quest on: - Do youb
know a morevspecialized_protlem?. If:the”studeqts,could ' 'bil‘
‘;not,solveithe}more specializedlpfobleﬁ'ahemselves; then.,

lh<the teacher'vill demonstrate'ﬁhw{to solve it If the‘ '
&

' .students could not ‘use the special problem to help solve

the origlnal problen, then the 1nstructor w111 show the
B students how this 1s done (The more spec1alized problem
hfthat wil] be used in dev151ng a plan and the steps that

;will be ollowed in carrying ‘out! the plan are all presented
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iin‘this.thesis under the heading:"UAnswerSIto‘Problemsv
From the Sixth Day") | :

After the plan has been carried out a a solution
' has been reached the teacher will ask the questions
Is the result corx:ect'7
'What are. the characteristics of thisiproblem
o that c®ld be associated with the method of
" _ solution that was utilized’ .
The instructor will first check the result to ensure.
that it is correct. After he has done that, he will ask
the students again, what are’ the characteristics of the

“problem. He will ‘then write them on the blackboard

‘“.(along with the method of solution used to correctly

-5;_ solve this problem) " The characteristics are.

1. A decision needs to be made between two
‘alternatives (Will the first or -second
"*.1player consistently win’ the game7)

2..A specialized problem could give a clue as
" to the choice (to be made between the two.
',alternatives) or decide the choice.‘



o

B ‘Probleva -

SIXTH DAY

._' Problem4l .f5:l'

‘Béb has lO pockets and 44 silver dollars Hevwants to

-

put his dollars into his pockets s0 distributed that

: each pocket contains. a different number of dollars

Can he do so?

L

-In this two-person'game, the players alternately place a

a

poker chip on a circular table. The chips must not

| '»overlap and® must be completely .on the table, that is,
bno poker chip may stick out over the edge of the table.

‘.The last’ player to play a chip on the table is the win-f.

ner. If each player makes the optimal move on his turn,

"will the first player or the second player be’ the win-

-’

ner?

225



ANSWERS TO PROBLEMS FROM THE SIXTH DAY
- Problem 1 - B .
..The solution to problem one has been given under the
'.heading" "Instructional Strategy For Problem One"

‘-,/

'Min this lesson.‘

”fProblem‘2:"
Special caseri Consider a table that is big enough
o - to -accommodate only one ,poker. chip
. "(when placed in the cente? of the A
- table) o .
‘In: such a case, the player who goes first will be able
hgto place the first and last. pOker chip on the table and
- will therefore be the winner |
This case suggeststhat if one of the players has a

‘forced win playing by. optimal strategy for a11 sizes :

| “of tables, then that player is the first player. ;

‘1~.In solving the problem, the first player initially places~

226

B a poker chip in the center of the table (as in the special}y:'

r,case) and thereafter plays Chlps 1n a symmetrically op-_,go

‘”,fposite position to that played by the second player..'?



-.size of the table

| ;Clearly, if the second player has any place on the table
available to place a poker chip, there will still be a'
feymmetriCally opposite place on the table for the first .
.player to place a chip, so that the first player must be

the last to- play a chip on the table, 1ndependent of the '
P N : '

SRS

227 ;
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7. Lesson Seven . A -

Time "Topic

Problem' Solving (Analogy)

4 20‘? e vInstructional.Strategx,For Problem*One'
“'min, ce :
1 The instructor will write the problem on' the

blackboard and then pause for several minutes allowlng

-the" students sufficient time to understand the problem

 The instructor will then begin by‘asklng: What is- the

unknown7 Be will arswer that the unknouwn is  the. altltude
- of. the regular tetrahedron‘ The second question wlll be{h'
1_What 1nformation-is glwen7' The glven.data are a regular
‘:tetrahedron with edge length 10. cm: , and that a medlan of

a median of a triangular base is 1ntersected 1nto two -
‘ jline segments by the other two medlans, whose lengths
‘.are in‘the ratio‘2:1.

‘JSinoe‘thé”unknown*andIthe data have'been delineat;d,
\ ‘ v Co

~it-remains to devise some plan by which the teacher might

{
l

- proceec from the given to the unknown. 'The instructor will

‘-‘begin.by drawing‘a.diagrambdepicting‘the original‘situation.




_He will then ask the question : Do you knou related
problem7 The purpose of this question 1s to have the
.students discover a method of.solution which has a |

. reasonable chance of leading to‘the correct solution.
'Before responding to this question, the teacher will
‘name the characteristics ‘of the problem currently before

~

him. He will. then think of a related problem (with

3 .similar characteristics) .and ‘name. its method of solution; -

ﬁ'Since this problem is characterized as a problemnin-_
‘ ;volving a three dimensional figure, but asking for a-v

one-dimensiona1~answer (that is,.the altitude of the .

229

:regular tetrahedron),.the method of solution decided upon-"‘

-

‘iby the teacherVis analogy.'
o The instructor will:then:ask the question-f Do you

;know an analogous problem? The answer - that the ‘teacher -

will give is” to write an analogous problem on: the‘black--.

 board. He will then proceed,to solve‘the analogous-pro:*

lem.

“

Given a ]lght triangle ADE and given thev
length o the sides AD and AE find the
vlength o0il side DE ’ )

o im

D

Pythagoras' theorem states

(@) = (AE) +. (DE) There—

- fore, (BE) = ‘\/(A‘f)) ‘-.<A‘E)2.




‘ The procedure that he used 1n solving this analogous

problem will be helpful in guiding him through the solu-
‘tion to the original problem.> ‘hi | |
Fise: | .

‘ Triangie.ADE‘fs a’righthrrianglef(hecaueé ﬁf’1§'£h¢£‘

altitude), = .. e T PR N

i

=
4
o)
m

(Pythagoras' theorem)

[_2 =2

: iy
- Therefore AD

but: AD = 10 cm. (edge‘of_tetréhedroh)_

- Therefor _§, \/100 - AEZ o

Second:v.‘
‘FindVKE;X;

'y

."Examine';riangle A3C. .

A

v

h:Ciueuoelritude AR.
CRmeyE
Find R |
'”Eieﬁiﬁe‘righr triahgle ARC*
. Pythagoras' theorem states ..'.hi: ]';_‘}:, ' : ‘ ?.

R R S

=R+ &

2
10.2.

AH‘

5+AR



TR

iR
i ¥'5 {—Lcn

”.but R = & +ER = 5 J3 e

‘ AE + %AE 3 cm 7-

Therefore (3/2)(§E) 5 Jr. cm. “.‘,"

o - =,10 \F /3 cm / fi B

M‘j"‘z’ S , o " | /‘
—-\/100 - 100(3)/9 | '
om0y R
10\/_/3 - . S

1if-8 16 cm :» |

"!?|‘ |=,. S

H'

: n'

.Therefore the height of the reguiar.tetrahedron is -

:tA After the pien hasuheen cérried odtdandde:eolution
r‘ha, been leached; the 1nstructor nill ask the queetions*
| iIs.the result correct7 '> |

"What ;re.characterlstlcs of this problem that. f

could be associated with the‘method of solu-.
'~tion that was utilized‘7 :
hTho teachvr will first check hls resnlt to.ensure that 1t s
o

'3ﬂfls<correcr~ After he has done that, ‘he wlll examine the

- 'pr:blem arain in order ‘to note 1ts characterlstlcs HEY

:h_will writn them on' the blackboard (along wlth the method :

"Hf.of solutlun used to correctly solve this problem) The‘



%;};;Tim'

[ELE
i

VRN Do you know a related problem7_.

el characteristica are L }j'vff _dm:ag_:‘ o 1" f~_'ﬂ“

R . 1. The problem involves a theee- dimensional
R f."l-,:, : ”,'K figure "(a regular.. ‘tetrahedron), but is
T asking for a one-dimens%onal answer (alt tude)

v Z;sting a triangle (a two-dimensional figu e)
‘to find the altitude of a- regular tetrahed
: (a three-dimensional ‘figure) , appears to- ‘be
a necessity. The triangle in a plane is
‘analogous to a_tetrahedron‘in space.

20: : : nstructional Strategx ﬁor Problem Two
min, '

" The teacher, after demonstrating how to solv‘ prob /'

lem one, will then ask the studenés to- try problem two- :
e, C;:J to’imitate the method that the instructor used to Ve
~ the previous problem.' After about ten minutes, the

teacher will take up the problem with them. He will be-

wgin by drawing ‘a diagram depicting the original situation. L

The instructor will then : ask the same series of questions

o

. that he asked in question one, that is :.fg e
What is the unknown7v »' | |
~What" is the given information7
'.1In this problem, the teacher w1ll attempt to have the
:students give the answers to the first two questions.‘
,va the students have difficulty with either or: both of
=°:'\;13 fthese questions; the instructor will tell them the answer;
Before they respond to the third question; the teacher
':,nill ask them to- name “the characteristics of this problanr
’?Based on‘these characteristics, he will then ask them to

Ov

~ think of a related problem and totname its” method of solu-ff"



'-rtion.p Since the problem is characterized as a problem o

v involving -a three-dimensional figure ‘but asking fo: a -

i.‘one-dimensional answer (that is, the diagonal of the

: frectangular solid), the method of solution deciﬁed upon ;.
lby the students and/or the teacher is analogy. f'

The instructor will then ask the question- ﬁdf“

\

*fyou know an analogous problem? If the students could
-not both give the analogous problem and its solution Qi»b
v',themselves, Qhe teacher will demonstrate how to solve it.vf‘

"If the students could not use : the analogous problem to :.

N FA'
[

" help solve the original problem, the instructor will show _

o ﬁ‘them how this is done. (The diagram and ;he analogo&&1 _ .”{h
'hproblem that will be sued in dev1sing the plan and the .
'esteps followed in solving the problem are all presented

i in this thesis under the heading ."Answers to Problems_f'_#

'fFrom the Seventh Day")
After the plan has been carried out. and a. splution N

’has been reached the teacher will ask the questions
_""Is the result correct’ &
" What are qhe characterlstics 0§;§hls problem
. that could be associated with»the method of :
.’_za; Psolution hat was utilized7 “‘»'A-: (
1 ;The instructor willlfirst check the result to ensure that
: I

'Y‘TFit is. correct.l After ‘he has done ‘that, he w111 ask the

s O _ D
*[’studenrs again, what are the characteristlcs of the prob-
; t _

flem. He will“then_write»them.on/the’blackboard (along
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.

with the method of solutiaﬁ used’to_cdrrectly solve this

| pfoblemf;‘-The characteristics are:
1. The problem involves é‘;hréé-dimensionalf

- figure (a rectangular solid), but is ask-

ing for a one-dimensional answer (diagonmal).

2. Using a triangle (a two-dimensional figure)
to find the altitude of a rectangular solid-
- (a three-dimensional figure), appears to be
a necessity. The triangle in a plane is
analdgous to a tetrahedron in space. '
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' SEVENTH DAY

.lerobléﬁ 1
Find the aléltude of a fegularvtetraﬁédron'with giQen

edge 10-cm. (Hint: the lowéfieﬁd of_fhe‘alp;tudé
‘intergécts a.ﬁedian of"ﬁhev;riangulér Baseviﬁto:tﬁo line ;"

”segments‘wbosg lengthé are in the ratio 2:1).

?roblém Z-v: - o S _
Find the diagpnal ;£'§‘r§ctaﬁgdlaf golid of.which t;e

: 1engch; Width,'andlheighﬁ«é}e "a{icnb "b!' cm, and
ﬁcﬁxcﬁ respectively.gg‘ | -

1



- ANSWERS TO PROBLEMS FROM THE SEVENTH DAY

Y ’ - . B . 4

Problem l‘

N

‘,The solution to problem one has been given under the

-

‘heading "Instruttional Strategy FOr Problem Oneﬂ;

-

' in\this }eséon. L
g l[Prohiem*Z o
nDraw a diagram of the rectangular SOlld length "a" cm ,

width- "y cm s and height "c" cm,

LW

S .'it 'f///zf B SV R
. : . e - ,L.....-- R l__.___ E
L ) __,’_B I /7 )

The problem is to’ flnd the leng{h of AC (or BD).
Be Take the analogous problem leen a rectangle ABCD

- find the length of the dlagonal AC (or BD)
. . 'ﬁ”%u :

T} o a
. ?

First:' -
i
'fa»x

7 tha oras' theorem states
8

2 2 ’
AC™ = AB + BC (Pythagoras)
iC = ’




1237

" Se.éo'nd.:' R ) | , | - &'g

J "4 Take the rec-tahgu].ar:&bas.e of the golid.” .

S R . S f: ‘ L

~~ .
-~

Y]

RS =k

4
i
.
~ T

" Therefore KC =\

. ;
“ J
. .

f -

—

' Thus thé length of the diagonal of the rectangular solid
s \I;Z N 37

o : = s



- min,

238

8. Lesson Eight . -

&

" Time . . Topic <

‘ aProblem-Solying-(Decomposing and Recombining)'

o Introduct ion

The teacher will hand out a sheet of paper,,to each

student, containing five problems (listed in this lesson

under- the heading . "Eighth Dayﬂ). The first two prob—’* o
-lemS'Will’be solvedtin ClaSS'during this period. The.lastd*f'g-
'three problems will be‘assigned for homework and taken up -
'in.class‘next day. |

e

20 7 b'Instructional Strategy For Problem One

' The teacher will read thc first problem
aloud and then pause for several minutes allowing the
v students sufficient time to understand the problem The
.finstru stor. will then begin by asking What‘is the un?l'

,'knoan He will answer that- the unknown is the salary

R _one month, and he will write this on the blackboard .Thy
,fsecond question will be.» What-information is‘given? The
given data are. that 18 of the salary is for rent and that
: the rent is $45 per month _T o S 7:"ﬂr B

’t.. _ Since the unknown and the data have been delineated

it remains to devise ‘some plan by which the teacher might =
e S



proceed from the given data to the unknown.' He will then-

ask himself'the question: Do you know a related problem7
‘ v 4

e

_‘The purpose of this question is to have the students dis-_
d&da’ . cover -a method of solution which has a reasonable chance .

gk_ﬂ“h _‘f - of leading to ‘the correct solution. ‘Before responding fgw.

L

-~

@ﬁto this. question, the teacher will ‘name the characteristics /!E
: of the problem currently before him. »He will then think

of a related problem (with similar characteristics) and
. name- its method solution. Since this problem is char-

: acteristized as .a problem in: which a mathematics sentence

can be established, the method of solution decided upon g

-by the teacherais decomposing and recombining. |

' 'l The instructor will then- ask himself the questlon.

:Can you restate the problem? The answer that the teachert'b

B will give is to restate the problem in such a way that he -

progresses closer to the solution to this problem. _15'

:this case, the instructor will set up a mathematics sen-

“.tence,iexpressing'1n.mathemat1cal symbols, axconditionu” .
. R 7 ; T

.that is stated in words.‘ The'eqUivalent mathematicsfsen{;b
ﬂ'tence is: ( 18)(x) = 45 where x is the salary for: one
1month. He w111 then solve the equatlon for X and thus -

v“ﬂfindfthe value‘oflthe unknOwnfnumber.,

T B
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x =

‘Let $x be the salafy per month.

ORIGINAL PROBLEM

A man §pends 18% L o
- of his. monthly o o
Q'salary for rent S -

1f his rent is sas S 45

a. month
| what is his salary ' o | S Qx_ﬂ

| for a month? o

2

.;( 13)(x) = 45 or (18)/(100) (45)/(x)

45/( 18)

f'=:“250'“

.‘Therefore his salary for a month is $250

After the plan has been caé&ied out and a solution

'>'has been reached, the teacher will‘ask the questions Ly

| 1:'that it~is~correct.v After he has done that, he will

i xamine the problem again 1n order to” note its. char-"
'acteristics. He will write them on- the blackboard (aﬁ‘

‘with the method of solution used to correctly solve th

_Is the result correct’ l

C What are the characteristics of this problem‘
" ‘that could be associated with the method of _
>“solution that was utilized? R

" The:. instructor will first check his result to ensure E

L

:problem).'vThe_characteristlcSiare:l'_':’_.‘ vi" _ RS
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ST 1A problem in which one comparison
' "is made between the ‘rent and the

‘ salar
‘ S ;,t72 IA problem that. is easily translated into
D a mathematics sentence. o .
R o '
R . vv’ A ) ) / g

Instructionel Strategy For Problem Two ol

oy - SN - L )

The teacher, after demonstrating how to solve.

Sy

problem one, wi11 then ask the stud@ tcs try problem

' >
two, to imitate the method that ‘the instructor used to

solve thejpreviouS»probled. After about'ten minutes the
‘teacher will take up the problem with them. - The in-
'Structor'williask'@he”Same“series of questionsfthat’he

- asked for problay -Ze, that is~

;ﬁWhat is e'unknown7 R R o o
,What information isng!gZh?’ L o
Do~ you knOW‘a"reIated problem9 Ll : ‘ :

In this problem,vthe teécher will attempt to have the S f -

. students give the answers to the first two . questions.,

- -

If the students have difficulty wlth either or both of

» these questions, the instructor will tell them ‘the ‘answers.
Before they respond to the third question, the teacher
P - Ci/ . .
will ask them to’ name the characteristics of this problem.

s

m//iégd/on these characteristics, he will then ask them to
;2//// think of a. related problem and to name its method of solu-.

‘tion. Since this problem was chafacterized by the students y'

" as'a problem‘thatrinVOlveSrtwo'unknowns (Anne's and Jane!s ' -



A

'current ages) and'twolother‘facts'(sufficient'to set up.

~ -

| - two equations), the method of solution ecided upon by

the students and/or the teachxr is- decomp051ng and re-

’31' ans‘gor gto this qu%h,‘ the

teather will expeet the studeﬂ_

B 2 .-:.4.!

;,answer by giving the‘

'translation of the English sentenées of the problem 1nto'

mathematics sentences. Once again, if the students ‘are

.w"

. unable to giéﬁJhim the’ correcl mathematics sentence, then

&\ ‘as'k' the q‘uestion:“ ‘Can you -

242,

the instructor will tell them what is the correct answer.,

. -
If however, the students got the correct mathematics sen-

_ tence but failed to carry out the computation correctly,

-
rv

'then the instructor will show them how to solve the

equation correctly (The mathematlcs sentences that willf

be used in devising the plan and the steps following this

ipsentence that- will be used in carrying out the plan are-
‘all presented in this thesis under the heading-- "Answers

- to Problems From the Eighth Dc ")

After the plan has been carried out: and a solution

has beeq reached, the teacher wlll ask the questions

L

‘1s the result correct?

.What are the characteristics of this problem
that could be associated with the method of
solution that ‘was utilized7

3

The‘instructor will first check the resultito‘ensuregthat-f

N - B

»
o



B

it is'cofrect;. After he has doneﬁthat hefwiil ask the.

,a'students again, what are the tharacteristics of th‘ibrob- .

’

lem. He. will then write them on the bkackboard (along
' {

with the'method ofesolqtion qﬁed to.correctly solve this’

problem). The-charaeteristics'afe;
1. A problem in which two comparisons are

'®  two equations can be established in order
“to. generate the’ bolution.,,-- S
p
2.4 pro;lem which is easily translated into
- two mathematics >entences.‘ .

' made between Anne's and ‘Jane's ages; thus -

243
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© A man spend5318% of his month;y;incomevfor»rentf If -

vProblem 3

$2 28 per. kilogram7

244
| ' ELGHTH DAY . |

Probjem 1l

" his rent'is 545 a’month; what:isfhis,salary‘for afmonth?

e

Problem 2 '.:. :. ‘:v{ - “m <‘? E v» a /k

LN
Anne is 7 years oldgr-than‘Jane. One year" ago, she

was twice as old as Jane., How old is. each now?
. \ ,‘ . '_ . . @

',_The difference between two nunbers is 10 If twice
_ the larger is subtracted from five times the smaller,J

'the remainder is 22.v What_are»the numbers?

.Preblem 4'

S

- How many kilograms of candy worth $l¢50 per kllogram .

7

and how many kllograms of candy worth $2. 70 per kllogram .

;'must be used to make a 225 kllogram mixture which is w0rth

.



IPtobi'an s
“John has. a.dream ebout eirplane pilots and sports care;
‘:then a11 the airplaue pilots-in John's‘dreem got into
sports cars, there was one pilot per car,‘and.seven cars
were stirl empty. Then one half of the pilots departed
by jet for Hawaii. After that when all of the remaining

pilots got into sports 9ars, there was | one pilot per car,

but twenty nine cars were - empty How' many.sports_cars

- were there ih John's dream7 I S R
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_ANSWERS TO PROBLEMS FROM THE EIGHTH DAY .
Problem'i T . _fe‘ o "\”;  ’. Al

1.The solution to prublem one has been given under the
',ejheading '"Instructional Strategy For - Problem One"

- .
in this lesson._*&

" Prdblem 2 -
Let X*years be Anne's age now, )

"7Let_y jeefs-be JAneis age now.

iAnne is 7 years ”f'f o x= 7y
| older than Jane: B

*
AR
-

I

One year ‘ago, she '
was’ twice as old :
as- Jane.~

| _How. old is each | _ - :x,y'?‘
' now’ S

w -ORIGINAL PROBLEM _ALGEBRATC TRANSLATION|

4 2(y-i) }.',i'

x =’7+ya (call thlS equatlon #1)
Tf“f77 S X- 1'“ 2(y-1) (call thls equation #2)
’Sﬁﬁ%tit te equatlon #1 1nto equatlon #2.0 &‘

<Q.

(7+y) - 1 2(y-l)

.246_ .. ,



B I P2y B

- Solve fof x in equatfon-#l. . o

x T8

(-
i

{
]

- ."C:t”zeck 'i-ri-e_QuatiQn #2. ‘ LT '\»5 e ' 3

S x-1 ‘=‘_-2(y-1,).‘ o

S

a h A . o
- . Vo . . N AR ’

C14= 14
 Therefore Anne is 15 Ye_arfsa ol-d‘ ‘and Jane is 8 ‘yedrs "oitf', L

° oL f .
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9, LeSSOn Nine

_on the blackboard,'the students Qill be'asked_toAtake "g

* their Seats,_.The instructor uill:then asksthe class if"

,fthem, the teacher will make the correctlons hlmself The

o three problems Co T , S f_ é

Problem Solving (becomposing and Recombinlng©

N

Instructional StrategyﬁFor .Problems Three, Four, and ’ ;
,Five From Lesson Elght o _ . o -

hﬁ The teacher will ask three students to come to the
: blackboard and write out their solut1ons, one pupil to

'~'each;prob1em. Aftér the three\solutions have been written

.any eorrections need to be made“with regard to the firstA

two questions (that 1s, "What 1s the unknown7" and "What

.1is the glven 1nformatlon?")'in each solution. If there K

o

are any. errors, and if the class has dlfflculty in: locatlng

instructor w111 then examine each.of'thefthree.solutionS» ‘

//

's-on the blackboard in. order tosee how/they answered the
' questlon:: Do you know a related problem7 ‘He will solicit L

"responses from the class as to the ch1ract@r1st1cs of the

A

" '

For Problem Three: R o _7' S - v.'v%f_b-

SinCe this problem was”chnracterized byfthe'students

(or teacher)'asxa problemsinvolving twOlcoMparisons be-

.
BN
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s i

v 5 :
twcen two different numbers (su%ﬁ%%ient 1nformat;on

o
to set.up two equations), the method of solution de-.’Wj 3 o
K Ag.:"“.‘ o,
cided upon by the students and/q%éthe teacher is’ decompos- ;; ; "
ing and recombining. ' ﬁ%ﬁ; @ﬁ@'

For Pvdblem Four. ‘ C : . 7 L e
L o T N

- Since this problem was characterized‘by the sfudénts”-dhﬂ"

)
(or teacher) as a problgm’ihvolving two comparisonsvbe—f"
tween two kinds of candy (sufficient 1nformation to- set‘
up two equations), the method~of soldtion deCidedvupon by
the studentsvand/o;\the teacher is decomp051ng and re-

combining

:For Problem Five:

Since this problem was: Q;aracterized by the students i
/‘ ;
(or teacher) as a problem involv1ng two' comparlsons be-
/ . o
tween pilots and sports cars (sufficient 1nformation to

, «

set up two equations) the'method of solution‘decided upon;' ;¢u

by the students and/or the teacher is decomp051ng and bj s

i
' | »

E recombining.u' "p TR d ..: o .' . E

f

"The instructor wlll then examine the three solutions~

"

to see how the three students answered the question. 'Can'

teacher wilﬂ expect the three students to have translated
the English sentences of the problems into mathematics
7

sentences. ‘Once again, if the students were unable to

write the correct mathematlcs sentences, then the 1n—'- ' o foe L

structor will telL them the correct answers. " If however,v'
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S . S (é
the students got the correct mathematics sentences but

v failéd to carry out the computations correctly, then thef;;.

instructor will show them how to solve the equations cor-
P ‘/"
' rectly. (The mathematics sentences that will be used in

devising the plan and the %teps following these sentences

.that will be used in carrying out the plan are all presented

in this the51s under the heading "Answers to Problems f

.From the Ninth Day'O . .

After the plar has been carried out: and a solution
-has been reached, the teacher will check the blackboard

to note their respcnses to the questions
.Is the rusult correct’ '}- "l.'.l o S

‘ 'What are the . characteristics of this problem
that cou d" be associated with the method of
solution that was utilized’

The characteristicc‘of problem three are:

1. A protlem in which two comparisons are
e . made Letween two numbers; thus two equations
' -can be established in order to generate thc
solut:on. :

2. A problem which is eaSily translated into
two m; hematics sentences.

The characteristics of. problem four are:

‘1. A pro lem in which two comparisons are.
' made ‘between two kinds of candy; thus two .

'equations can be’ established in order to

generate the solution.v :

o '2. A problem which is easily translated into
/ . two mathematics sentences.r' ‘ R



The characteristics of problem five are

1 A problem in which two comparisons are
- made:between pilots and sports cars; thus
_two equations can be established in order
lto generate the solution. :

7 two mathematics sentences.

. -

s

'7l;1 s ‘ problem which is- easily translated into'

251



" NINTH DAY -

i

The three problems that were dlscussed in this 1esson are

all presented in Lesson Eight under the heading ,"Eighth}

Day".
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ANSWERS TO PROBLEMS FROM THE NINTH DAY

Probleﬁ-3”

Lét x be the larger numbef

Let y be the smaller number

X=y = 10

l}-2x+5y'=‘22

2x 2y

L ‘3&’;

y:

ORIGIﬁ PROBLEM

is’' 10
‘1f twice the

larger is° sub-,
tracted from 5

22,

What are the

| numbers?’

The difference be-’
tween 2 numbers L

times the smaller,n

‘the remainder 1s :

ALGEBRAIC TRANSLATION

x-y = 10"

e

Sy=2x

22

X,y-

?

20'

42

14

: Multiply equation #1 by Z

Solve for x in equation #l

§i4 =10 o ',f54'»i:a

24

'(call this equation #l) -

(call this equation. #2)

(call thlS equation #3)

: Add equation #2 and equation #3



S . 254

Check in equation #2.
| -2(24)+s(14) e
"_22-:522.'

.Thereforenthé numbers aro'lAQahd‘Zéif_d"

. Problem 4 .

o S . v e
.Let x kilograms be'amount candywworth?$1 SO/wg“ .

and $1 5x be the value ‘of candy worth $ku§0/kg.': ‘
RN i ag. ot

. Let y kilograms be amount candy worth $21 70/kg (o"'

- aﬁd $2.7y be the‘value»of_candyaworth>$2.70/kgc“,:,f;i'fcfﬂ°('i{r'
. B - - . " . ( : . . . 3 .

ORIGINAL PROBLENM __ AlGEBRA;C TRANSLATION A

% |

How many kilo- ' ?’ x kgé..n'
“grans of candy - T

lworth 1. SO/kg $1750/kg. * .. |
T PO ,:y .

and how'many kilo- .y ke
grams of candy A
oo |worth $2.70/kg.. . $2.70/kg.
o au)ﬁﬁﬁi,Be used to s v s _ézs‘kg;,'
”v‘t m?ke a 225 kg. . C ~5s: '

. |mixture.

fuhich s woren ¥ s2.28/kg.
$2;2§/kg;? : ' “ e

225 (call thls equatlon #1)

]

(225)(2 28)

a1

1.5xt2.7y
. 513 (call this equatlon #2)



7,146 25 kilograms worth sz 70/kg

“':PreblemeS |

Multiply equation #2 by 10. v'/

. 15x+27y = 5130 - (chll chis equation #3)

Multipiy equation #1 by 15;.—

' ISk&ISy = 3375 (call this equation #4)

‘Subtract equation # from equatlon #3

12y = 1755 S

146,25 kg

1l

y

'Solve for x in’ equation #1 L

| xF146.25 = 225

'78.75 ke.

B Check in equation #2;L.vl

(1. 5)(78 75)+(2 7)(146 25) 513

513 513 r

lTherefore there are 78. 75 kllograms worth $l 50/kg. and'

3

Let x be the number of sports cars in John's dream.‘,

BN Let y be’ the numbel of pllots in John’s dream j" ﬁfﬂ

255
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ORIGINAL PROBLEM _ALGEBRAIC TRANSLAT ION

John has 'a dream ' “.A‘ X,y BT L
-about pilots and b &
S 'sports -cars..

When all the. air-p S X=y =7 *
plane pilots in o S :
John's dream got -
into sports cars, _ -
there was one
" “I'pilot per car and
seven cars were
‘still empty.

Then one half of e Ty
the pilots departed pee e - , -~
by Jet for Hawaii. ' '

'””'.After that, when the h :iy/z T -
remaining pilots ' c e

got into the sports ’ 2oox=(y/2) = 29
cars, there was one | & i
pilot per car, but e

29 cars weré empty.

| How many sports’ cars' - x 7
were there in John's
‘ dream7;“' oo

o xey =7 (call this equation #1)
'fx-(i/Z) = 29 (call this.. equatlon #2)
eSubtract equatlon #1 from equatlon #2

L '\1» '

- 22 . e

_:y‘? 44, 7;
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Solve for x in equatiom #l. i
x=y = 7

A

x = SL‘

! Check in equation #2. = | S

.4:;;..“} ’d..‘ o | x-(y/z) 29
L s1-(es/2)

29 =129 ... SRR .

]

Therefo;e there were 51 spérts.cérs in John's dream.-
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10. Lesson Ten

(a) Lesson Plan

‘_.8). | ._

258

o Topic

Five-Method ComprehensioﬁiTest' S - s

Cas - . filgs .
.*Administration of the Test R 1”

N

" The teacher will hand out . the tests and in doing

‘so, he will tell the students to f111 in their name on o
»the first page of the test. (The F1ve-Method Com—

;prehens1on Test 1s contalned in thls thesls in Appendlx



e asg

"‘.

:_  (b) Scorlng Procedure For the Five-Method Comprehension

»‘wProbIem 1 le marks)

Test : S - . )

Unknown’ (1 mark).
- number of resulgant_t?iangles‘ - L
| --»Eriéhgie ABC | |
- ZSIines drawn‘through vertex'A and. opposite side

Related Problem" B o - , S Lo

"fvcharacteristids - number of lines is large; number of
(2 marks) .resultant triangles is very large.
o - drawing a diagram depicting.the"
problem and counting the numbér -
of resultant triangles is an ex-
tremely difficult task

- method of solution - given ‘as generalization

N

< Rglated'problems?
(2 marks) .

v;Cése;#l.- 




;::case #3‘:

467 .
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B
5.

| Number of:

"Number - of

“Lines;

CONOUFEWN O

'<7Triangles

'~_(l~mérk for setting

up the:table with

" titles and first .
" 3.0r 4 rows of dabﬁ)

- (1 mark for recog-:

" nition.of pattern;.
.. shown by at least a: .
"aflfth row in the table)

';-(2 marks for the _ o
- correct “answer) T .

[P



v Given? (1 mark)

“=)_- infinite supply of water

‘t»Related Problem? 1_:'l: S 'li.'b =

-:-.\'.'-" T Lo T ST
e *;n 3~ quart and 7- quart jar and 1nfinite water ';t” BN E

' ’Problem'Q:(IO'ﬁarks)'j'1 e L

vUnknown? ‘(L mark) "fv - ,fT E

- how to get 5 quarts of water

- 3 quart and 7—quart Jar

'characteristics - ‘outcome is known (5 quarts of water)
.(2 marks) .. - trial and-error beginning B

: Rt TN

: : qi& C e . - AR

1fRestated problem? (1 mark) :{f v rfij,n " .

: Also: given .5 quarts of water in. 7~ quart
How did they get. thereﬂ ’

Case #1 - ‘ G
- (Diagrams depict problem as solved) L S

AN

VKl'mark)i]'

4]

} Case #2 -4" ' ; ' SR
: (Diagrams depict pouring out 2 quarts of water. into
3 quart Jar in which there is already 1 quart of water)

method of solution - given as working backward o “f[’f.

: ‘B

L 281

L

"




.Case B - o
(Diagram depicts 1 quart of water in 3-quart jar.
Filled the 7-quart jar, poured out equivalent of "

2 3-quart jars, and, poured the~remaining 1 quart
into the 3-quart jar) ' -

v.Therefore the solution is' First get 1 quart 1mt3-

’ quart jar, second, pour 2 quarts from a full 7-quart k,‘

N
L

jar- third, there are 5 quarts remaining in the 7—

«quarshiezsmh (Z,markS)

-

,Problem-3: (10 marks) ]‘ . '. - ii,“ .
Unknown? (1cmark) TR ¢ ;"v_ ﬁ{°\ - -‘l ' _;.i

262

- Possibility of plac1ng a different number of stamps‘f

... .onto each.of the 12 pages, an odd number of stamps
. on the odd-numbered pages .and. an even number of:
stamps on the even-numbered ‘Pages.. ' s —

/

= x Sl _ .
Given’ (1 mark6 PP o~

'.-‘67 Stamps' fji
- 12 pages - gmL o :

. ;- different. number of stamps on each page :
‘~-gdd-numbered . pages contain an odd- number' of stamps

J

~

Related Problem7-'; - TT - nfj'r y};
- charagteristics - decision needs to’ be made between?" ‘
(2 marks)  two alternatives (can he do it or, - ...
. cad he not do it?) T . .o

o ﬂ" :‘;iv _7-} specialized problem could give a-"

‘clue as\to the choice (between -

, N |
- method of solution - giVen as specialization L

L= even-numbered pages conta1n an even number of stamps~

S

Qhalternaéives) or. decide ‘the, choice'

M .

. s - )
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- Specialized problem” (}/marky o .
' What is the minimum number of stamps necessary’
,in order to satisfy the requirements of the problem.

1st page eontains 1 stamp ‘ 2nd page’ contains 0 stamps o
- 2nd page contalns 3 stamps -~ 4th page contains‘z stamps . .
: e marks) |

. | . o
llth page eontains‘ll stamps - 12th page contains 10 stamps

_VThe minimum number"of stamps

;‘&ak'
R RS

(1+3+,, A1l )+(o+2+ +10__)
36430 o
66 (1% marks)

o H

f‘Since John has 67 stamps he can- put a different number

onto each of the 12 pages,-v(Z marks forvconclusion)
" Problem & '(1ov_ma'rks) .
"Unknown7 (1 mark)
_- diagonal of the rectangular solid

Given’ (1 pazie ,> S L\\\\ff “ﬁf
, , ‘:.- recta gular solid with ]_ength 12 cm. , width 4 cm. ’
BN and he_ght 3 cm.. )

.= characterissics -ygiven a*3- d1men51onal figure,"wanted
' (2 farks)  ©~ ".a l-dimensional answer. . .
. % " . the 3-dimensional figure. can: be P
T R % easily simplified into a 2- AR
A e .f_" Lo dimensional fig te.

‘ff‘~f\i method of soluthn l given ‘as analogy

A - : s Il

[1 .":’



o DUt

Analogous problem7 (L mark)

- Given a rectangle ABCD, find the length of the ‘

" diagonal AT (or ﬁﬁ) % _
1 . . ~a . "‘sy - -_J .
3 RESUT B
v Bl =
Fi;st: _fC EB + B¢ (Pythagbras)
. Ri = \IAB§ + Be?
U = \’3 + ECZ (2 marks)
Second: ;Take

v:‘ThuS the length of the diagonal of the

,3%12,,1,9?

- -

Qu.'.‘rectapgu;as;solld is
PR - N .,rz):' o n S .

the’ rectangular base of. the solld -

v

“vThirdiw_Thgféfore AC = \/62 + BC i R o
. ' - :‘\/32 + (12 +ﬁ2) (2 marks) ‘"

R

7.

»

13 cm.

264
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. Problem 5 (10 marks)

Unknown?'.(l mark)

- the smaller and larger numbers

-~

Given? (1 mark) - - ‘: ,-.T’ R o R et

- difference between them is 21 : -
' = 32 times smaller. minus 4 times the larger equals 28

: Related Problem?

-jcharacteristics - two comparisons are made between
:.(2 marks) . two numbers
: - easily translated into two mathe-
‘ matibs sentences .

'i:"method of solution - given as decomposing and TL *
e : : ' recombining

“-‘Restated problem? (l mark for- naming unknowns and
SR ' - "l mark for table)

T ,Let x bé’the larger number.il

: Let y be the smaller number.
< AT

1 .
v

ORIGINAL PROBLEM. _ ALGEBRALC ~TRANSLATZON
) e . B . ) "‘, . TS oo

~ | The diffeienEe m!t}f_}'=x4y‘=l21;7
| betwéen 2 ‘ RIS
v -numbers is ZL*

’If é‘times the . . 32y-4x°

| larger is sub- N

L n cted from 32 SN T R O
+ | titfes: the smaller; B R TR FEie 08
. B . L s : : . C

: ’the remainder is 2 28 0 R W

o ‘What'aﬁe‘thé . ~;¢‘f j*}y ?_2\1~-ﬂ*“.‘i‘fﬂ7'b

- ,\(‘r)»'-'_

LRSS
-



-~

L kfy = 21 (call this équatioq #1) v

Il

| edwt32y =28 (divide by 4)

2xt8y.=7 " ‘(call this equation #2)

Add: equation #L-aﬁd‘équafiqi #2.

7y =28 P
Oy ?Y 5.4
>:$olfé_fof ¥'1n eqqati°n #l’f
Cxb=a21 -
X =25 |
: Cﬁéck:in:éédatioﬁ~#2,
 -.( 25‘)'+§__(_:4)  :¢ 7

=7 w

RE

\\

l : Théfeereﬁthefnumbéfé are'4~ah4125.

" (L mark for equation #1) .

e! mérk forfeddatibn'#2)"‘ = ;;

SRR N
(2 marks fore the answer)

N <

A

v
e

‘..‘26.6
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11, LesSon‘Eleven

Time
R ‘,.l :
' 1.
2.7
. .3..
:;:< . ) 4.,
L b
: B -
ol ) K /
L%
5 . Aa.
min.

— Togics

cdoncepts.

* previous nilg

The Practical Application of Each Method of Solution "

The Characteristics Assoc1ated With Each Method of
Solution

‘ The Transition From Lessons 1- 10 to Lessons 11- 13 i

The Return and Discussion of Five-Method Comprehengion

_Test } : . ; "

AN o

,The'teaeher will begin'this IeSSOn.by'reviewing”the
R - .. "v ; / 3 .
:students should have learned in the

essons. He'w1ll mention the questioning

‘. . ) - ’ e < - L Y P
sequence”thatucharacterizes$the'agproach that-shOuldee‘ﬂf”
taken in solving evefy:problem}~;$hat isfu |
%Ei- e 15&;‘ Unknown?:_ ‘4:;» _",’ ",J

- “2nd: Given7 ' : -
o 3rd: Related prohlem” : ;,T;*W-/ RS
/. ’ L DA ‘ . . ., L '

“ _z. = riame the characteristics of - ‘the -

. e L ' problem ‘ : ..

- ‘ T naine -the assocmated method of solution Sy

: ﬁthi, Method implemented? L . :7" f3;f. :
ith:,rCheck? » g ,_}{j‘{ T .
. <.« o . bth:. Write the- characteristics and method 4
e e solution of this problan.“# ol
R i; _EJ S : .



10
.min.

1“§VHG u{.

IJHe:will name’therfiVe_methods'of4solutiqnvthat~ .

s

the students-nave'taken3in lessons 2-9, in order of

-—

‘presentation.. - They are:

‘l;PGeneralizationl‘
2. Working‘Backwardo
3.’Specralizationo
>4,€Analogy Sy

"5; Decomposing‘and/Recombining:-

_After he has,listethhese-five'solution methods,

,vthe instructOr.will'dlscuss examples of their‘USage.f

Generalization - Scientiflc field (Gathering

“@f data in order to discover
the-pattern and to develop
the formula which expresses

- the generalized case.)

a’

"~ 268.

- Research. field (Gathering data -
-from a sample tovgeneralize to

a population )

Working Backward = Game situations (ObserVer
~e» - - sees the result and asks:

».;" ‘.r&;" NS . "How did he do that?!)

--Hobbies (In trying tos .
-—duplicate some finished ’
'~ project, the individual works
S _ v . backward from the completed
‘;“:: ‘.‘_ ﬂ.; . - . project )
- SR T .~ Generally, “in broblems in’ :
S . which the solution is known
R o .and . the procedure is. un-

known

' Speciailzation - Field of mathematlcs prov1ng

BT SERREE R disproving . ‘theorems.

'”ﬁ' Analogy - Fieldégghmathematlcs geometry

AERY

t

g

v

«
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©.min, -

oy Y

Gloe o )
o T 269
P B .
” " = Science - (I.n sxtuations in wh&h the
- ' 7. concept is abstract and
" . ..+ . therefore difficult to visu- .
T ; “f Lo alize. - For example, corn that
" T T popping over -a hot fire - '
: -+ .1is .analogous to molecular
‘ . - "motion). S .
: Decomposing and Recombining - Field of- mathe- ,
. : : ‘matics (It is the
s S major method of
- \ - .- ' solution that is
- RN . used. It involves.
" building systems
-~ of equations. -

The instructor, after mentioning these practical

vimplications, will assoc1ate each of the solution methods

with their appropriate characteristics. He will write the

chart, as given below, on the blackboard and ask the stu-

,dents to copy it into their notebooks. .

O
\‘ﬁ% A ‘

| "METHOD GF SOLUTION — CHARACTERISTICS __ - |

»-Generalization i

- number- of 'lines™ is large;
Nnumber, of resultant Meri-
o angles'' is very large. o

"= drawing a diagram depicting| . .
. ' the problem and counting '
'k-,sth number of resultant

- ntrianglesn is an extremely f_;"'
difficult taskd L o
'Working Backward . . - outcﬂme is known ("6 o 1; o
S U rQuarts of water'O o N
B trial and -error- beginning -
- - :QI: ‘ud.‘.‘-."'—‘. . h ‘_‘ V v_- . v’". '- : o ) v i o ‘._ “



-15 .
'min, . -

{ Decomposing
Recombining -’

&

~Specialization

\

" The importance of the'se~%

inqthe next three lessons.
wlessons, the students w111 be presented w1th problems whos"

-l“method of sélution isfunknown.

- decision needs to be

made between: two
alternatives ("Can he

‘do it or can he not do

t?n) v
specialized problem could

- give a clue as to the choice|

or decide the ‘choice.

~glven a 3-dimensional

figure; wanted a 1-

‘ " dimensional answer.
. = the 3-dimensional
(figure can be easily

simplified into a 2~ -
dimensional figure.

© = Utwo'' comparisons are.

made between ''two!
tnumbers!,

easily translated into
twolt mathematics

_sentences. -

270

That is, in the upcoming three

;tlons wlll betome.eﬁident//

Theylw1ll[be_required to

'“'examine the problem, character1 e the problem, assoc1ate'
ﬁthese characteristlcs with the{r\jéproprlate method of

solution, and then solve the problem._

Finally, the teacher w1ll glve back the students'

"-«',L

.

t»(_v

answer 5h ts to the Five-Method Comprehen51on Test. - He
will ‘use.le son ten, subsectlon (b) entitled "Scoring““

~ProceduresAFor'theyFlve-Hethpd Comprehension Test" in
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l'hls;discﬁssion of thehtestf"(Results of theiﬁilot
“testing pf this instrnment indicateethatﬂs;ecial attention
: should be given to discussing problems three. and four,.

whose solutionxmethods are speciallzation a‘iﬁanalogy

. S 5, i . Y
respectively). ~:g¥
i “;~ ey .

At the end of the period the t acher w111 hand out

o

ithrie sheets of paper ‘to each pup11 ontainlng the seven'

i

"problems that the students - will be solving in the next -

three leséons. (These problems are- contained in Lesson

,Twelve under the heading: "Twelfth Day”) - He will ask
e . ,
‘the students ‘to read the first three problems 1n prepara- .

= tion for - the next day's class. .‘," Jw“““ifcdf'”



Time

“min.

12; LeSBOn Twelve

'ATogicijh

] Problem Solving (Mixeds?roblems)

L S S "3,". 272.

Introduction
The teacher will tell the students that for. the : d

next three periods, they will be given a variety of

.problems»tO'solve._ The major skill that the problem .

isolver'will;be»expected-to‘develop during the,next'three

“lessons is how to ccrrectlyfcharacterize a'problem;ffol—'

llowing from that to choose: the appropriate mgthodfof

solution, and ‘to utilize it c01rect1y in solv1ng a prob-

Qem' - ‘

" Instructional ‘Strategy For"Probleﬁl'One;'Twol'and Three

.'The-instructor‘will,allow : _n§tudentssabout}twenty4'

1£ive minUtes to solve the f1rst three problems., He will
'then ask three students to come to the. blackboard and

Awrite out their solutlons, one pupil to each problem

'After the. three solutions have been written on* the black—.- k?}g

' board, the students will be asked ‘to take their seats.

f.The instructor will then g@k the class if any corrections

'need to- be made with regard to the first tw questions e

- (that ls,'"What is the unknown”" and “Wh

lg i

L
is the given/ -



'information”") in each solution. 1f. there are any efrors§fosl
.and if the class has difficulty in locating them, the
teacher will make the corrections’himself. The. instructor
will then examine each of the three solutions on the black—Jb
board in order to see howlthey answered the question' ‘Do:‘
: ‘you know a: related problem? He will solicit responses.
-vfrom the class as to ‘the characteristics of ‘the" three
.;problems.
" For_ Problem One; ,‘

Since this problem was characteriaed by the students-‘; ‘
nA‘(or teacher) as a problem involving‘an equation of the | :ﬁy:"

d’fourth degree (4x —%@x 27§¥) but asking for an answer ex-'

4 pressed in the»form of a linear equatlon, the method of ".4‘

'solution dECided upon by the students and/or the teacher,l

s analdgy. T?Tv‘{‘ L"" o i_ R "J; SR ,\

For Problem Two

Since this problem was characterized hy the students

' w 3 . \
(or teacher) -as a problem involving pattern development,

© the method of solution decided upon by the students and/ ‘:1,'

"or the teacher is gener ,ization.

For Problem Three

Since this problem was characterlzed by the studentsiﬁ

-

' (or teacher) as a problem involving two comparisons be-

tween two amounts of money, the method of solution dec1ded

: / ~d -
,upon by the students and/or the teacher is decomposing

‘and recombini T U ;'”-"'t" i N Co R
- PN

TR s ek



A

fThe;yhagacteristics of problem three are: ‘u“{

The instructor will then examine the th@ee solu-:

tions in order to ascertain whether or\ybt ﬁhe threeru'

‘students correctly implemented the respective solution

a

methods. (The solutions to these thgee problems are

presented in this thesis uhder the heading-’ "Answers o

o to Problems From the Twelfth Day")

After the plan has been carried out and a solution

has been reached the teacher will check the blackboard R

rx

~h to note their responses to the questions.

'f 1s the result correct’ "_ : ';/;s—;f*///
- What are the characteristics of" this probTem
" .that ‘could be associated with the nethod of

t*solution ‘that was utilized7~ o : , ¢

%ﬁg

%he characteristics of problem one. are: S

o R Givgn a roblem involving a. quartic equation
C(4x7=33x -2?=0) wanted a linear equatioﬁ for -
the -answer, . : . .

B

o 2 The quartic euqation can easily be simplified’”f.'

intb a. quadratic equation (4y2-33y-27=0)

rQ;Tfff The characteristics of problem two are

. l; The humber of nuﬁbers is largeq the sum is
- very large._". . :

o 2 Adding up the one hundred numbers is an ex-
T tzemeky tedious task A

1,;1;_Two comparisons are made between two P
'amounts of. money. ' : \

‘ZQ.The problem is easily translated into
L two- mathematics sentences.
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o - on
. TWELFM DAY - .00

d} Bill and Doug,are preparing for an international mdth
i .
competition, to be administered the following week They-

i . [

: aéé asking each other questions, One problem that‘Bill ”f”r'f -

gaVe Doug to solve was real challenging.. It stated ﬁA. -

boy asked his father h0w much money he (the father) had in ; o~
- %

his wallet.- The father's reply was in the form of a riddle.r

I

, He sdidﬂ& the number of dollars that 1 have is: multiplied
by itself four times and‘the result multiplied by four

From this amount, thirty-three times the square of thezrrh

original ampunt is subtracted The result is $27, How \,.;ﬁy;‘/ .

many dollars did he have in his wallet7"‘7jl_'?ﬁ‘s_,_Teh?h

Find the sum of the first one hun%red natural npmbers._rfif-”«f o

Pr;slem 3 Ny | o \' ‘-( :7 E : ‘_\' n ’w‘ - A ’ v'\
: ) ' Tl T S T _"--'7'; e
A Atlady has one. sum of money invesked at 5% per a num and
;_\a\jj;end sum, $1500 larger than the first invested at 6% o

;’eaeh rate7 ii;ae._<fﬂﬁﬁ;'ﬁ,{q | S
‘. '.'-Problem PR ,- o
"On an infinitely ext;nded checkerhoard -ope is given three -
black checkers and two white chedkers i itially plaeed i ' i?
immediately adjacent squares on fa single row, proceedi7 "25;ﬂ’l



\ s . o . . o o ’

T~ . . N . , .
el S r y

. e : u-\\?,,.. W : @

- : J.

P i
from %eft to right, as Shown in- the figure bel

black (B), white (W),'black white, blacki; The problem s

_is to transform this arrangement of alternating black

. b

and white checkers into an 3rrange@ent in which all three

f%'black checkers are on the left and both white checkers |

. »

aﬂ.are on the right (BBBWW), with all checkers being. in
l»adjacent squares and in the same row (see the figure
h,belpw) ~ The allowable operation is to move two adjacent S ;fv,
vchecker\ at a time, one of which must be a black checkerY ;j_v:d

,Q'and one a. white checker. During a move, the two checkers‘

,5 3 )

'-7being moved’mUSt erain qogether at all times, with no’ k '
e .
'-*reversal of their/left-to-right order. You are. permiqted

' fto move a_whit -b*ack or black-white pair of checkers to - .J‘

ri%é. Note?that there is no needito keep the checkers L

’v'that are not being moved ‘in immediately adjacenmgsquares

at any time. That,is, there may be unoccupled squareS'ifd'

vbetween checkers at various stages between the. givens and

o the goal Also note that the five checkers in the goal
'state need not occupy the same five ﬁéuares on the checker-??;fp
¢f‘board as;they did in’ the given state. They may occupy any

immediately adjacent five squares in the same roﬁ? ‘ %}_

@O@@@io&coo

’ GIVEN STATE GOAL STATE .
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Pro em 3 - ‘ .
vy '

Find the number of edges of a segular 16 faced polyhedron
,(Hint thfs poLyhedron{has 10 vertices) |

Problem 6 o nf - “."{bt«

A fatmer has hens and rabbits. These animaianhaVe_Sd;

hfags and 140 feet. 'How’many hens and bow:many ;abbiﬁs ' y ;1
w\ﬂasithe fa:nef? e -":&

Lo o 1 : ‘ A

© Problem 7 ..

In a triangie, let r'befthe radius‘of the inseribeg,eifcle,

. R the radius of the circumscribed circle, and H the lorgest

"altitude. Then r+R§ ‘H. Prove or disprove this theorem.ﬁ

R A

. Hingéﬁ oo .y

bTriangle ADE is any. type of ' trlangle.:

C 2y EB is the. altltude of tgé triangle ADE .If
‘AB 1s also the median of . triangle .ADE, then
H"point C 1ntersects the median of the. triangular.~
.~ _base into two- line segments whose lengths ‘are
.o inthe ratio 2:1. In this instance triangle.
'*.k}VADE is an equilateral triangle. .

-
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' *;’AnswERs;TOrggonLEMs_FﬁoﬁMTHE'TWEtFTH DAY

Problem 1

The equation ericting che original situation is
..given by:' ' , | -
wxt e =27or
S R AR
S Ax“ -‘3-3',:2'.--27:‘0; B Rt
. , . : o wﬁﬁﬁ L

where X is the number of dollars in the father' :

A o .l -

wallet.

' 3_3Iheianelogoos’pfoblem_ie:l: Qy?jé 33y_;27'= 0 where -
Yy T ox.e o

First:> e e R
Solve the analogous problem. - ... = i

by? 33y - 21=0

0.

ey

6yt (3-9) -
Cy=aa9
"‘Second

Use the result derived from the éhalogous problem to B

A solve the original problem. L




SV
S0 x = an tnadmtssablevalie g

S T R

It

x = -3 is inadmissable

P

| Therefore, there are $3 in the father's walleti
Problem 2 = .
:,‘ < ‘ '”'Qrv Given the first natural

[f',__‘ B, : _number, the’ sum is it-
Case #1 - 1'=1 . = B self.“u Yool ,

_ REE ,’ ';Given the first two natural
S2=300 : ‘

R LR O . Given the first three

e 1t =6 ~ ... - mnatural numbers, their sum-
i DI ' -+ 18 equal to their average-
'times the number of terms

Il
<N
N
(Y
N’

Y Case#3 -

e w0 Given the first.four -natural
L M2H3te =100 - numbérs, ‘their sum is equal -
- e i to the{_jéverage times the '
(2.5)(4) - number of terms. i ‘

o
<

o Case #4 - . . =




Vf&muswoiwiyﬁ'

A Let'$y7be the amount invested at 6% per annum

[ vamber of - Sum of the ] . .
. J.Natural Nos._ <Natural Nos. |- ﬂ!i@?"

h:I“if” 1‘5:> T S

v, i . . . v ‘_‘)“_"

2 -".(154'.'5'>‘(2')=3- f RN

o (2)(3)=6

| ”x4lri’s' (2 5)(4) -10.

. 100 ; (so 5)(100)—5050 BRI

JRERE

- . ! '-. ' e

o Therefore, given the first 100 natural numbers, their :

Cow

1J;However, idea{}y the problem solver would only have tij,, ,
'i.calculate the resulting sum using the first 1 2 3, and - :

S natural numbers._ From-there, through a process of

N

'.judicious guessing (that is, through what Polya called,”i
: "trial-and-error" and the "bright idea") éhe problan' "

<Oh'solver could derive the formula n(n+1)/2 that expresses

b'-the ‘sumy given the first n natural numbers. o

R S
N o

'“s;'Let‘$ ‘b the amount invested at 5% per annum

v



LA e R L T foL e

'EtQORIGINAL PRo”"n ALGEBRAIC TRANSLAIION

S P

A lady has one sumff7\ ; ;, $x at 5%_
‘ :of money: invested IR S
Ly at 5% ‘ S

Lo .aand a second sum,A~A_‘ B -1 TR

e “$1500 larger than . 'y = IS00%x
oy - | the First, .. . . D T

'invested at 6%..11?':,‘?gf., 613“, ‘ 3_}:‘ 'l-iﬂ:""

| Her total income . -~ Interest=$200. R I
“from these sums, .~ . Timé=liyear . - |- ; g
is $200 (after T PR
| one year) g
How much hastshe %”’,J ' A A 1/
.|'invested a&;kach R P
rate? -

I b I S%2000 0

?iif; 9rtr.J?f??$1:-Wa?ﬁﬁ S ff}  ? ,‘ ""ff_@ Lo A

GG

;;?2;% be,f’:«4 RV
| ‘.?(Y)(f06)(;):,ﬁ”.,:

= ;oby'j 

i

'20000'(call this equatlon #l)



282
. ; ! Y IR PR IR
. 6 IR .
Substitute equation #2 1nto equation #1 o
¢ ‘Sx + 6(1500+x) 20000
| llx + 9000 = 20000
. 1000» I
lve for y in equation #1
y'- 1500 +x
1509 + 1000
. o= 2500 , {
‘“ : . T , . . ‘:' :
FL Check both solutions in equation #2
e 5x Yoy = 20000 '
| 5'(”1000')%6(2500)"=*2oodo_
- 20000 = 20000, 3 |
LT Therefore the amount invested at 5% w§§ $1000 and thein‘ 3
‘ N ' Q N : ! . Lo 4'..,-,.— o
amount invested at 6%. was $2500 B };"ﬂ 71;:, e
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B X Lesson Thirteen - . o
_vT'imé."__'_,Topic S IR o

Problem Solv1ng (Mixed Problems)

00 Problem Three From Lesson Twelve . - o "
o If*there had been-insufficient time<to‘comp1ete
problem three the previous day, it will be taken up first
in this 1esson. The solution to this\problem will be

given by the teacher using the overhead prOJector and

prepared transparencies, it 1s given in Lesson Twelve
v, NG

under the heading UAnswers to‘Problems From the.fuelfth

'Dayll.

‘30 L Instructional Strategy For Problems Four and - Five
‘min,

The instructor w1ll allow the students about twenty .
B
, minutes-tousolve today's'problems. He w1ll then ‘ask . two'

::\;—))/— v’{_: students to come to the blackboard and write out their'
| solutions, one pup11 to each problem. After the twod
) N : solutions have been written on the blackboard the students fﬂ?~
FJ»h';v will be asked to" take their seats.‘ lhekinstructor will
A.then‘ask the class 1f any. corrections need'tokbe made w1th ?ip
B regard to the first two questions (that 1s~"What is the

-

unknown“" and ”What is the given 1nformat10n7") 1n each

solution. If there are any errors, and 1f the class hasu

“



.seée how 1.hey answeredbthe:questtoni- Do you know a related

‘the teacher is worklng backward " _":,1

or the tLacher 1s generallzatlon.

hthesis urder the headlng "Answers to Problems From thev

o __;_._.Thirteenth Day'_') R S

”.has been reached the teacher will check the blackboard

C vy

‘ ditficulty in,locatlng th?m, the‘teacher‘will makeAthe

=t

cOrreCtinns3himself; The instructorfwfilﬁthen‘eiamlne

. each of nhé’two‘solutions on the blackboard in order to

© -

problem? He,will‘SQlicit responses from the class as

“to theicharacteristics of the two problems.

For'ProbLem FoUr:

Sin«e this problem was - characterized by the students'

(or teacler) as-a. problem in which the outcome 1s know&

“\;(the final arrangement, BBBWW of the frve checkers), the'

method o’ solution dec1deq upon by the students and/or‘f

"For Prob‘em F1ve

Sin(e thls problem was characterlzed by the students

“the methcd of solution dec:ded upon by the students and/

‘

The instructor will then examlne the two solutlons

'in brder “to: ascerta1n whether or not the two students

7~‘

' correctly 1mplemented the respectlve solutlon methods.

'(The soltt10ns to these two problems are presented in. thls

After the plan has been carrled out and‘a solutlon

.-
N 3

!A
IR
A B PR

,(or teacler) as a’problem 1nvolv1ng pattern development,.‘

e




to note their responses tb the questions
| Is the result/correct? f-Ji5 S
-:'. X ¢
1 v . mmat are“the characteristic& of this problem °
" that could be associated with_the method of -

solution that was utilized9 . ro :
S T e

1

"The characteristics of problem four are-'

B ;f; L The outtome is known (the final artange-
S ment BBEWW of the five. checkers)

2 A trial-and error beginning

The characteristics of problem five are

The number of faces of the polyhedron 1s
: large- the number of éﬂges is larger

B i . 2 Drawing a diagram depictlng the problem,'
S j ‘and counting ‘the number -of edges of ‘the .
b E polyhedron is an extremely difficult task

Y L



S T g
U THIRTEENTH DAY . . .

q
c

L,'

'T‘ﬁ_e' ‘vt:wq';'p‘roblv_'ems* th_a}i:_ ‘were discussed in ‘ this lesson

: ak pfesént.ed in Lesson. Twelve under the ‘heading: <. - S .." o

" WTwelfth Day'. -

/
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v

|ANSWERS TO' PROBLEMS FROM THE THIRTEENTH DAY P

: Problem 4 | j*»: 1~:f, R

First: The restated prbblem is--“GiVen the‘original 5h7/( -
- . . conditions in.the . " ..
FET "+ . problem; also’ given o
o « . that the: ‘player-has °
R B TR -+ reached the goal ~ -
' R o . ° statej how: did he get
-.;thereV RN

"~ Second: Start at the end of the solution and work ‘.d: I
. T badkwards..'. . L : ‘V‘: e
R Obeying the rules, as’ laid down in the problem, LT
 ‘there is only one pair of\checkers that can be RV
.g,moved o _ el i Lk

ﬁi (3'19 Gi

e ':- \

\

.To" move the'sgzzﬁ\o the left of the first T
black checker%’gszablishes a' BW combination
" on the left -sIde (which is hothhe given initial
hstate 1s arranged) o

’?,Third;i‘Since the player has just moved the BW combi ation1§
cL T to the left side, he will ‘not 11ke1y move ‘them. - *-
“again on: thisvmove.-ﬁ e T w;.,Lay

8 p-Therefore, there is’ only one pa;r oE Checkers L

_;_that can legitimately be: ‘moved and" only’ one - »;}\'_;._
' reasonable plaée’ £ put ‘them (the other two
<$fpossibilities would termlnate the game).

W;_ﬂ_  k¢,
@OOO &ﬂffp

¥:

'"fe ooeo




Fourth{, Hove the two Bw pairs to the left side, one .'

pair at a ‘time,

f:_ ~'F':lft:h The optimal solution is summarized in the _e “

'“:hand makes the necessa:y moves to arrlve at arrangement #4

3

1i’(:) lli(:}qib | LR L

} .
h chart below.

..

S ’7._4

srars ~;71-hchECxER.Aknanezuz&T il _ NUMBER

Do
.c

1 Goal State.:L,.éjﬁ"~ ST e ,’_55_; *'ﬁn,“ o J;gT

5o

R
e -

‘—Therefpre in progressing through the game, the player Startsgﬁh,;V:

lin the initial state (arrangement #5 in the above chart)

‘ #3 #2 and finally at #l (the goal state)

A‘gGiven a tetrahed@on, 1t “}ﬁa‘7ﬁ
- '~has &4 faceg, 4 vertlces,
k “and 6 edges.- T

"t 'rs. o




Given abcﬁbe, it has

6 faces, 8 vertices, and

12 edges.

C4

' Given a»pyramid,-it has

5 faces, 5 vertices and

8 edges.

89

fowe 6

Polyhedron

Tetrahedroni oy

|Pyramta - 5.0

| 16-Faced . 16

- |LNAME OF:SOLID NUMBERﬂFACES-:NUMBER‘VERTICES NUMBER EDGES

 6‘4
12

8

PN

:  By'examining the cérréspbnding‘huﬁbérs

E= the'humbér of edges, "

in cblumns two
1;and three in the above table,'a'pattefn“can bé found. - This

péttefnb¢anvbé sgmmarizéd by the formula E = F+V-2, where

= theﬁnﬁmbeleflfaces,,ahd

V= the,ﬁﬁ@ber of vertices. - Therefdré a Ié-fgCed_poly-

“.hedron:haé_za'edges;'



;

‘Time

10

30 -

- min,

14. Lesson Fourteen

>

-Problem Solving (Mixed Problems)

. Problem‘Five?From Lesson Thirteen '

Topic et u' R : o0

,v‘

1f there had been insufficient time to complete

N problem five ‘the previous day, it will be taken up. f1rst‘

in this lesson. The solution to this problem will be
given by the teacher using the overhead projector and

prepared transparencies,‘it is given in Lesson Thirteen

under the heading. ,"Answers to Probwens From the Thir-

PRI

teenth Day" SRR T R
. | Vs * . .
‘f. . .i : B /

Instruct:onal Strategx For Problems Six and Seven

The 1nstructor will allow ‘the students about twenty

. nlnutes to solve these problems A He w1ll then show than LR
the couplete solutions on parepared transparenc1es.' (The
;complete solutionsfto problem5.51x and seven are;presentedlz,a
_in thie lesson under the headlng TUAnsnere to Problems

_ From thﬁ\Fourteenth Day”)



' FOURTEENTH DAY - = -

R ‘ o 7
'3 l .
. p

-The two problems,ﬁhat'wege;ﬁiaéusse¢ in this lesson

are éllbprésented in Lesson Tvéiyg;uanf‘thé heading: |

"Twelfth Day". -
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ANSWERS_TO PROBLEMS ‘FROM THE FOURTEENTH DAY = .

a. ik

R i
Voo

NN
-

‘ - farmer hasthens and rabbits
.= they have.50 heads’ and 140. feet

i

Related'éngIEm7vv - gv N . . ' e

cteristics - two comparisons can be made
ebetween the ‘herns.. and the o

- char

3?;method of solution - Decomposing«and Recombining f

- Restated problem7 - "fkfﬁ htf& ;1fr- ‘i‘5 :M '
LLt x be the numberaof hens.

Let y be the number of rabb1ts.u

P '.‘ - X [ - v s
‘ f: QRIGINAL.PROBLEM“‘ ~ALGEBRAIC TRANSLATION;

_A'farmervhas'henSg' v - X,y :
and rabbits. - o ‘
.These.animalsjhaveﬁ-_;n : Z**Y#SO . I
v503head$‘ o ‘ v“ S - '~ : /
e aﬁid‘?iao f‘eet:.' o axkay=l40 L | s Ve
| ’}How many hens and :, "'x,y“? : AR AR s

| how many rabb1ts R _", T 5’,/,
has the farmer? ‘ oo = v; S S

" Pr—




- ’ b . [
= . ~ . e N P )

f N

2ty = 140 ‘(;411 this eq,\.xa’tfi,o.t;" ‘#1')'_- SR
ey =50 Ceall this equation £2)
‘u:Divide;equation.#ljby‘2;., ‘ 4'  »u . . |
/ 'x‘F2y'v=_f'70 'v .“(‘c.al.i‘ 't‘t’iis, eqﬁaﬁié‘i;'; #3'&\‘?\
:  §§5£r;cﬁteqﬁ;£i§ﬁ'#2 frdm quati9ﬁi#3€ - .
Sy =20 |
.SoiVe_fdrV*viﬁ e§ua;ion.#l{
2x+4y—uo A o e
e ':fvz'xH'f('zo)-;-v_glz;o . e
| Tk =60 e e :
:?Cﬁeqk‘bdthﬁséi@tiéﬁé;t;iéquatiqﬁ #2;QJJTf_
x+y e .
- 30420 = 50

50% 50 -

‘Therefore thé;e”are 302heﬁé'énd.20'fébbits:“

b 203



Unknown? o ~ .- ' " _ ‘
Given? ' S s o
o : S o o
- r is radius of inscribed circle SR
'--R is radius of circumscribed eircle e
= H is the longest altitude of given triangle :

"nRelated Problem’ =

- characteristics -_choice to be made. between two
B : alternatives (theorem is true
- or false) ‘
- specialized problem will either ’
-glve.a clue-as to the choice or.
decide the choice'

. ,of

- method of solution = Specializatlon o
T Spe“alized Pl‘oblem'7 L e

Bl f"Given an equilateral triangle with an inscribed
circle (with radius r), a circumscribed ‘circle.
" (with radius R), and its longest altitude (H), ‘

3's ﬁR<H°; :

, iﬁ median of equilateral
triangle ' :

. S

. Therefore 2(BC) ="A

BC
H/3

4

;.vThus r_

L R=

o
%

In this Case, the theorem is true

A more extended case is that of the isoSceles



trlangle., The form of an isoscel S. triangle varies,'d

_ with the angle at’ the vertex ‘and t_ere are two ex-- | -

., treme (or limiting)
' angle at the vertex-
-in.which it becomes
. treme case the base
o and

180 degrees.
of . the‘isoscele

4

cases; the one in which the

"
e
©

T

For this'case, the theorem is true.

ln the second limiting case, however, the’

height vanished and

N .

;',,‘1 B

N,

.r - 0 zér
' R : Po. (C1rcumscr1bed[i

.. circle must pass o
'through p01nts A, D,

and E.

- H ) ‘0'

For this case, the theorem is “not true. -Thereforel
the theorem is. false, and the problem is solved.’
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“min.

" min."

.:LessonhFif een
1,f opi

i Problem-Seven'From'Lesson Fourteen .

wvgiven in Lesson Fourteen under the heading "Answers,to :
'Administration of th"Quiz

;the

- : e . ',"" o BE | ‘296 ;

(a) Lesson Plan

',Characteristics and Solution~Methods Quiz

o ) . . | . - d

If'chere had been insufficient time to complete D .

prdblem seven the previous day,~1t will be taken up first

o in th}s lesson. The solutlon to this problem w111 ‘be
”'given by the teacher using the overhead prOJector and

'fprepared transparencies (or using the blackboard) it 1s

dHProblems From the Twelfth Day"

The instructor will hand .out the quiz and in doing~

4:so, he will tell the students to fill 1n thelr names on

j’irst page of the quiz.,'



B In this two person game, the players alternately place_

297

¢

CHARACTERISTICS AND SOLUTIONfMETHObé Quiz /.
. . )
Ni
".Time: 20 minutes
hInstruotions This 1s a multlple-ch01ce problem-
"solving quiz.‘ Its purpose is to eramine
"‘the studentsl ability to choose the kev
characteristics of each problem, and then‘
choose the correct method of solution to
,follow in solving each problem.
»STUDENTS ARE NOT ASKED TO WORK 'OUT AND
- WRITE DOWN A COMPLETE SOLUTION IO EACH
1VPR0BLEM but - rather to choose a METHOD
’ OF SOLUTION that they feel will lead to

-
the correct solutlon to the problem.

moblen1

i,hpoker chips on a clrcular table.‘ The Chlps must not
‘overlap and must be completely oh the table, that is,
pno poker chip may stick out over the edge of the table.
bThe last player to play a- chip on the table is the w1n-f‘

AR

7ner. If each player makes the 0pt1mal move on his turn,
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:will thc first playcr or the second player be the winner° .

VL

(a) Write down the characteristics of this problem. 1'Tf"

(b) Underline the torrect method of solution for this .
problem. - Generalization - Specialization Analogy .
Decomposing and Recombining Working Backward '

B
[T

' ’Problem 2
' Fifteen pennies are placed on a table in front of two
players. Each player is allowed to remove at least one

’penny but not moreuthan five pennies at'his turn, ‘The‘

players‘alternate turns;’each removiné from one to~five

©

‘ppennies n number of turns, until one player takes the
;last penny on the table,'and wins all 15 pennies. ‘Is»
‘there a method of play that will axarantee victory’l 1f
vsq,‘what:is 1?2 . |

(a)~Write'down‘thelcharacteriSticsvog'thiS'proolem. :

‘:u(b) Underline thevcorrecc'nethod'ofﬂsolution for .this .
" problem.  Generalization '~ Specialization  Anmalogy -
Decomposing and Recombining. - Working Backward/

E



o 299

’4Prob1em'3

' Find the altitude of a regular tetrahedron with given

-"l:edge 10 cm,* (Hint. the lower end of the altitude.' DR

intersects a media1 of the triangular base into two

‘line segments whose lengths ‘are in the ratio 2: l)

-

(a) Write down the characteristics of thls problem. _ :

'(b) Underline the correct method of solution for this
problem. Generalization Specialization ‘Analogy
Decomposing and Recombining Working Backward

"How many kilograms of candy worth $1450 per. kilogram
Tand how. many kilograms of candy worth $2. 70 per kilo-,_ ~\:f
~gram p@bt be used to make ‘a 225 kiIOgram mi?;ure whiqh 1si;

worth $2 28 per kilogram7‘v

(a) Write down the characteristics of this problem

i .
. "”_' k] : 3

\(/
(b) Underline the correct method of solution for this

problem. Generalization Specialization : Analogy
De(omposing and Recombining Working Backward




S o T f L 'rgh~BQd

Problems = . o vf'l ;t S
Find the number of lines determined by 14 points, no 3f.rl
‘of which are collinear.,

(a) Write-down;the characteristics”oflthis:problem;

V-

AR - Y e

'ﬂ(b) Unde ‘line the correct method of solution for this
© . prob.em., Generalization Specialization G Analogy
Deconposing and Recomblning Working Backward

. éroblemué :‘f R '»:,fza' S f,;». - .
, Three people play a game in‘which one person loses‘and
two people win each game. The one who loses must double
' the amount\of money that each of the other two. players has
-hat that time. The three players agree to play three games. o
'At the end of the three games, each player has lost one 0
) <y;game and each person has $8 .What_was thedorlginal'stakef;n
‘s_ofeeach player" L o |
. g

- (a)‘Write down the characteristics of this problem,

e

._(b) Underline the correct method of. solutlon for th1s
problem, - Generallzation  Specializatian Analogy
Decomposing and Recombinlng _ Worklng Backward
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AProblem 1o R

'Find a way to determine the sum of the odd numbers less o

" than 100, . o . .’.;',' ‘ '; o .' =

(a) Writedown the characteristics 0 is ps :lem;;";w

(b) Underline the correct method of- solutlon for thls_
_problem.. Generalization Specialization Analogy '
Decomposing and Recombining _ Working $ackward

_Problem 8

‘In a triangle, let T be the radius of the inscrlbed c1rcle,;v,fe

' Rh;he~radiu5jof the*circdmscribed_c1rcle, and‘H the'longest o

:E:altiﬁude.aﬁThen R¥Tv$H;.>Pro§e_or diSprbve,this theorem.

(a) Writeddowndthe‘tharaeteristics of thie problem.

e

"p{/

(b) Underiiae ;Hebcqrreetfmethdd of - soldgion foriﬁhisj N '_’;
T“problem.'rGeneraLization Spec1allzat10n . Analogy
Decomposing and Recombining - Worklng Backward

Problem 9.
SI0DieR 2

‘Anne 1s 7 years older than Jane.. One year ago; sﬂe

e

‘ was\fwice as old as-Jane., How old is each now7'



'“f;ffpencid;etheoretically speaking) that John could put\in theoff

' L,'(a)‘Wrice_down:the“characterletics of-thisjproblem;.“'

~(b) Underline the correct method of solution ‘for this
“problem, Generalization Specialization : Analogy
Decomposing and Recombining Working Backward

P

- o

~; roblem 19
‘John has a cylindrical can in which he wants to keep

'lhis pencils.[ He knOws that the volume of the can 1s

.... N

332 75 cm.3j and its height is. 37 5 ¢

'can, and still be able to place the lid flrmly onto thed

top” (4? is given as 22/7)
d\h o

'(a) Writc down the characteristlcs of thls problem. ?':.5'

",(b) Undelllne the correct method of solution for this
: prob]em.- ‘Generalization" Spec1allzation Analogy
Decomposrng and Recombining Working BaCkward -

What is. the longest_

302



(b) Scoring Procedure For the: Characteristlcs and
SolutiOn-Methods Quiz - =

v‘-.‘ : . C ." ‘ _‘ .x
.Problem l (2 marks)

Characteristics ~ A decision needs to be made- between .
(% mark each) two alternatlves (Will the first’ or
.~ second player conslstently win the ’
game?).
- A specialized problem could give a
clue as to the choice (to be made

"between the two alternat1ves) or dec1de

the ch01ce.

-Method or Solutlon - Speciallzation
(1 mark) -

- Problem 2 (2 marks)

-‘Cbaracteristics -~ The ontéome .is known (the w1nn1ng
(% mark each) . -‘player faces one to .five pennies on

. - - the table, and it is his turn).. - W

- The problem has ‘a trial-and- -error
beginnlng..

\1Method of Solutlon - Worklng Backward
'(1 mérk) '

Problem 3' (2 marks)
T ) o
Cnaracterlst1c5‘- ‘The problem anolves a three- dlmen51onal

303

;( mark each) - figure (a rectangular solid), but is ask-

- ing for .a one- dimenslonal answer-
(diagonal).

s ~ . - Using a triangle (two dlmen51ona1 flgure)

simplifles the problem.

c C

' 'Method of Solut1on - Analogy (l mark)

'Problem 4 . (2 marks)

.Characterxstlcs - A problem in whlch two. comparlsons
-( ‘mark each) . _,are made between two. kirds of candy;

1Y
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@,

thus two equations can be establiShed S

_in order to- generate the solution. .
-'A problem which'is easily translated

into two mathematics sentences. ’

Method of Solution - Decomp051ng and Recomblning
(1 mark) ‘
Problem‘S (2 marks) ‘ .
. ¢ - :
Characteristics < The number of points is large,- the’
(% mark each) . cstimated answer is very large.

' - To draw a“diagram depicting the

situation, and to attempt to_ count

. all the resulting lines is an’ extremely
difflcult task

' Method cf Solutlon - Generallzation o
(1 mark) o ; .

 Problem 5 (Z'marks)'

Charactéristics -~ The outcome is known (each of the

(% mark each) . three players has $8).

: . - = The problem has a tr1a1 and- -error
beginning.

Method cf-Solution = Work1ng Backward B ‘ f Y
(1 mark) R o o R \\

-~

‘Problem 7 (2 marks )

]

. . ,
Characterlstlcs - The number of odd numbers is largep
(% mark each) . the estimated answer is very large.
' ~ . = To add all the odd numbers together .
© is an extremely difficult and :
laborlous task.

A'Method of Solutlon - Generallzatlon S
(1 mark) _ o D S



C

Problem'B (gz;arks) . .“
Characteristics - Ch01ce to be made between two
(% mark each) alternatives (theorem is true

"ori false).
- Specialized problem will either give

a. clue as to the choice or dec1de the
choice..‘ : .

’

Method of Solution - Spec1alizat10n :
' (1 mark)

1 Problem 9» (Z'marks)' o
' Ptdi\‘\

Characteristics -~ A problem in which two comparisons
(5 mark each) are made between Anne's and Jane's

. ‘ages; thus two equations can be -
' solution. :
- A problem which is eas1ly translated
1nto two mathematics sentences.
Method of Solution = Decomp051ng and Recombining
(1 mark)

vProblem 10 (2 markS) o

, <
Characteristics - Given a three- dimensional figure
- (% mark each) (cylindrical can); wanted. a one-

N ~ dimensional answer (length of pencfl).

- ‘The three-dimensional figure can be

easily simplified into a two- dimen51ona1

figure (rectangle)

] Method. of 301ut10n - Analogy o e
,‘(] mark) . _ | .

"established in order to generate the B

305



306

*16. Lesson Sixteen E

Time g Togics )
r' DN -
1 Review of Characteristlcs and Solutlon«Methods
"Quiz.
2.fQueStioning'Tlme._
L 10" o) : Befcre handing back the qu&z, the instructor wlll

min. - , : :
' . mention two points that emerged from pilotlng the

Characteristics and Solutlon—Methods Qu1z. First, when :

the students write dewn the characterlstdcs of the prob-
lem before them, they must 'state them more exp11c1tly.~
For;example, instead of characterlzing problem two (from

" the quiz) as’: 0utcome is kn0wn and tr1a1 and error be—.
élnnlng, the problem solver should descrlbe ‘the problem
thus' OLtcome is known (the winning player faces one to" l

five penries on the table, and 1t 15 hls turn) and tr1al— N

¢ . & ~

o and errox beginning

A second polnt that arose from pilotlng the qulz

is that there is some confu51nn between the methods of :

solutlon, spec1allzation and working backward The prob- .

BN

’vym)f'; ‘ ' lem characterlstlcs that are .yplcally assoc1ated w1th
o : P A
speclall‘atlon are:,

1. 4A ‘decision ‘needs to be made between two"
'alternatives.
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2. A'spec1a117ed problem could give avclue
as to the choice (to be made between the
. two’ alternatlves) or dec1de the choice.'
‘The problem characteristics that are typlcally associated
lwithfthe‘method of_solution; working backward, are: |
'“1. The outcome is known. i
2. The problem has a. trial and -error beginn1ng.b
For- 1nstnnce, in problem two (from the qu1z) there are th
-questlons %hat‘are asked: "is there a method of play
‘ that’wili guarantee victory’" and "If so, what is it7".i?j'

‘Slnce tha flrst question requlres a yes or no response,

some students concluded,that.spec1alization'wa5“twe method
_of solution to be used in solv1ng that problem The

second question in problem two requests a procedurhl ‘an- 3

. ,~.«’/

;swer. That 1s, ‘a method of play that wild: guarantee -
victoryemust be found | The problem solver 1n1t1ally ;
b needs to search for thls procedure;uand then subsequently
R bhe Vlllhhe able"to answer:.‘bYes:there_is a method.”-or
v'mé theru ls nofMethod that will‘guarantee victory."
Therefort, worklng backward is the correct solutlondmethod
. for’ solvzng problem.two: | |
15 v_, S After,drscussing'the above tpo.polnts,’thebteacherv
Lo v_'will“givé back theﬂanswer>sheets to_the~Characteristlcs 8
'fand SolutlonoMethbds Quiz.ulHe-will usehLesson Fifteen;,
_agubSecti(n;(b)rentitled‘"Scoring Procedures For the‘ |

N



15

- min,

" Characteristics and Solution-Methods Quiz" in his dis~  °

_,Cussinn\of'the quiz.

For the remalning fifteen mlnutes in the perlod, the -

teacher will allow the students to ask h1m questions con-

; ‘cerning any part of the problem solv1ng unit that they

v have.just comple;ed.f,
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17. Lesson Sevent een

R (a);LeBECn'Plan

. Timé  , Topic.

I :_Heuristic*Problem-Solving‘Tégt Sy

~

. 80 - Adm;nistration of the Test -
min, o : . " g . " .- »,:.\ ‘ . RIS K ‘ . .
B ' The teacher will hand out the tests and in doing
'nsé;vhe w;ll'téli E%ﬁvStudents';o fill in.their,namefoh_
'flthé'firSQ‘page of'the'feSt,‘ (The-Heuxisqu PiQB1én-

. Solving - . N  'Tést is contained in this thesis in

¢ Appendix C). S T R 1_..(l£;\;



L2
4\,

’-(b) Scoring ocedure For the Heuristlc Problem—l
Solving’ Test K ..

\<prdb1em'1“”(6 marks)-
Let x km /hr be the rate of one" airplane
Let y km./hr be the rate of the other airplane 3

”(i mark-for‘naming both-unknownst -If the.un;ts:are'»_
missing after both x and y, then minus % mark).

“4x t+ 4y = 8000 or
-!xfy

y

I

200b '(Call thiS'equatioﬁJ#l).’.

Rl

3x (Call this equation #2)

: e(2 marks, l‘mark for each equation)

Substitute equation #2 into equation #1 'i eh“ ' ..g 4‘7{:’
| x+(3x) = 2000 (1 mark for correct simpliflcatlon)

500 km /hr (l_mark;.minus % mark
' if units’ are missing)

,"Solve for y 1n.equat10n #1 o RN ffl*; R
(500)+y 2000

2"1,500 km. /hr. (1 mark minus % mark
- “if unitg are m1551ng)'

Check in equation #2. ,
- 1500.= 3(500) -
" Thereforc the tates of theAthtplanes were 500 km@/ht,'

““and 1500 km. /hr.
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Problem 2 (6 marks)

To'ipro've 1/(2!) + 2/(3!) + ...t n/((n+l)l)
=1 - n/((2n=-1)1)

Proof: Take a specialized case, for.example n»2
| to work through._ This will both. help the
orobiemesolver's unders tanding of the equationj
apd'also‘perhaﬁs, disprove the'eduatronr‘ - <L~\

(2 marks for choosing a spe01a11zed case that w1ll
disprove the equation)

. .“'

'I/(}+l)!'+ 2/(2+i)!.= 1 - 2/(411)!' -\ttfherk.forl'

AR : demonstrating
CL2r+ 2zt =1- ‘2/3! ~* a correct '
o . . understanding
/2 + 2/6 = 1 - 2/6 _ - .of the given
T equatlon) ’
- ‘5/6-7*4/6

(1 mark for correctlng substltutlng for—n into the
: given equation)

(1 mark for correctly 51mp11fy1ng both the 1eft 51de
.and the rmght side of the equation)

L BN
J

Therefore the equation is 1ncorrect_and thusvit.is dis~-

- proven. .
(1 mark’ for making the concluding\statement).



Problem 3 (6 marks)
MAN  MaN . MAN  MAN
'ENT_ERS -~ RECEIVES - S/PENDS’ . LEAVES
STORE ~ MONEY ‘MONEY . STORE -
FIRST STORE  $8.75 . $8.75 $10.00  $7.50
SECOND STORE."»$7530 ©$7.50 . $10.00  $5.00
THIRD 'STORE $5:00  $5.00 $10.00  $0.00
Therefore the manAetarted with $8.75.$T\3\;\;~ .
. " . \\\ i }
(2 marks for. the third row in the chart that igjrﬁe\\
~mark for each column #l - #) : : B
' (21ﬁarkshfor the second row in the chart ~that is, %
- . mark for each column #1 - #4) o ,
(2 markstfor the first row in the chart thatfis;:g
mark for each column #1 - #4) IR
':'_'Problem 4 (6 marks)

312,
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Problem 4 .(First Solution) . R

Diagonal = 4B = CE = Fb = SR L

‘LAhalogous.Problem: qgvénjthe squaré‘CDEF, find CE or
] . FD. /

' S _
' : . (2 maxks for square -
s | e  CDEF) ‘ :

-

>

.

CE® = 0% + BE® (1 mark)

== 102 +'102 (1 mark)
" "CE = 200 -
1042 e |
.0 (2 marks for answer)
14,14 ecm. - L :

P
a

i

A

Thefeﬁore, the length of thé:diagbnal of the :eguiaf

octahedron is 10 2 cm. or 14.14 cm.:



S S 117

. B . ?
- Problem 4 (Second Solution) .

Také’thé>gnalogous'problém:‘ Given a rhombus AEBC,:fiﬁd~‘;
‘ L the length of the vertical
“diagonal AB. - :
A ) f .

Given 4C =- CB-= BE = EA.
Find 4B.- |

:Firsti ;Tfiaﬁéle~AGé is a ?ié#t triénglé (Bebéus;'AEBC
| is a ;homhug).: Therefore;‘ S "
| (5?)?:% (@§52 + (&§)23 i“<Py£hago:as) :i
@t @m0 '
@B e

(i)

i

4(88)° - (B>

2_.. i

it

B = wa? - (@

R \E(IO)? - (@

il

=2 e
= J4OO -“(CE).' (2 marks)

Second: - Find GE. - . TR SRR S
Examine quaré-CDEF in‘che»aiagram of the -

- regular octahedron. s
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e féﬁ #‘\/kﬁﬁ)2v+ (éﬁ)?,b (Pythagores)v
o etean®

&= 10_ 2 cm. - (2 marks) _:

\/400 - (CE) S B L

!!

Third: hup’&ﬁl

= 400 - (10 \I'i)z SRR
= Vaoo - 100(2) |
= \J200 |

= 10 2 cm. or lé&. 14 cm (2 marks)
- Therefore the length of the dLagonal of the regular_
octahedron is 10 J; cm.. or 14-14 cm.fﬁ

;,»)Prob]_.emﬁ (6 mafke)

1
o

Given 0 chords, there is

.'Case /3 ~- 'l region formed. N
]
. .4\ B
v Given l chord, there are
Case #2 - ) reglon formed.
A .
o //'

B Given 2. chords, there are
4 regions formed ' '

Case #3 -

'>‘b}



Case-#4i-'

(2 marks for the related problems,'; mar

7

Therefore, given 20 chords, there are 211 reglons formed
(max1mum) : : » = o

.Given 3 chord
7 regions

: NUMBER OF

CHORDS

NUMBER OF

WG OU LN O

,’N\\ REGIONS

106
S )

“137 |
o154
4172
191
21L -

(2 marks for the correct answer)

(2 marks for recognlzlng the pattern
_.of the answers in the 5th through Bth rows) .

1

med.

a

L

, there-are

'for'each) f

i mark for each

N

3167
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18. LesSoh Eighteen

(a) Lesson Plan:

' TOEiC g .. ‘ <v' P L < ‘ " .'

Characteristics. and Solution-Methods Test -

o

: Administration of the ‘Test ‘ ‘i - f .

The teacher will hand out the tests and in doing

so he will" pell the students to. f111 in the1r name on

~ the first page of the test. (The Characterlstlcs and

- Solution-Methods Test 1s c0ntained in this’ the51s in o

‘Appendix D)

=N

317

H
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 (b) Scoring Procedure- For the Chafacteristics'éhd Solution- -
- Methods Test ’ o '

- 5
B}

. Problem l'(2vmarks)3

, préblem in which two comparisons

- (% mark cach) = are made between two airplanes. .
s - A problem which is easily translated

~+ - 1into two mathematics sentences,

Characteristics - 4

-_

Method of Solution’- Decomposing and.Recombining |
(1 mark) ‘ R o .

~Problem : (2 marks)

'CharacteriStics'-jA=decision needs .to be madefbetween
(% mark each) ' two alternatives (thac‘is, to prove
' ' ‘ - or to disprove the equation).. _
‘ .. - = A specialized problem could give a®
Mo B clue ‘or decide the. choice to be made
T \ Jbetﬁéen‘thE‘two a%ternatives.

Meth;d'of Solution--'Specialization'Q"
(1 mark) - . o ’

-~ . . -

Problen 3 (2marks) .

. Characteristics - The outcome. is known ‘(the man has
‘(%:mark each) no_mdney‘left).&,. R o -
T ‘= The problem has a trial*and-error -

' beginning. e
Method of Solution - Working Backward - =~

>0y v



- (1 mark)
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‘Problem' 4 (Z:marks)‘

‘Characteristics = The problem involves a three-dimensional
(3 mark each) ~ figure (a regular octahedron), but is
. asking for a one-dimensional answer
(diagonal)
. = Using a rhombus (a two- dimensional
figure) simplifies the problem. o

o Method of Solution - Analogy
(1 mark) ' .

;Problem 5 (2 marks)
Characteristics - The. number Qf chords is large, the
(% mark each) o resulting number of regions is very -
. large. .
~ To draw a diagram depicting the ,
: situation, and to attempt to. count -
all the- resulting regions is ‘an _"
- extremely difficult task. ' -7

" ‘Method of Solution - Generalization
(1 mark) .

a Problem'6 (2 marks)
‘ Characteristics - Given a three dimen51onal figure

(% mark each) (eylindrical can) wanted a one- .
dimensional answér (length of pencil).

- the three-dimensional figure can be

:¢.easily 51mplid1ed into a two-"
dimen51onal figure (rectangle)

-

Ak\

Method of Solutlon - Analogy

'Problem 7 (2 marks) { T . ‘ . o

. Characteristics - A problem in which two comparisons
(% mark each) _.are made between ‘the two . unknowns _
2o (twos 51des of: an 1sosce1es triangle) T

- _ :
.0

. ' : L. -
e . | AT -
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~ A problem which is easily translated ‘

into two mathematics sentences.

‘Method of Solution - Decomposing and Recombining
(1 mark) I . . L o o0

lProblem~8 (2 marks)

. Characteristics - The number of discs is large; the
B mark each) ,;resulting number of moves  is very _

: . - large. . - . =
= To draw a. diagram depicting the

situation, and to attempt to count

all the moves is an extremely

difficult task
'»Method of - Solution - Generalization
(1 mark)

' Problem 9 ”(2 markS)

.Characteristics - A decision needs to be. made between

o (% mark each) two alternatives (that is; to prove

or to.disprove the statement in the '
problem. . - L =
- A specialized problem could give a
~'clue or decide the choice to be made
~-between the two alternatives

" Method of Solution - Spec1alizftion

(1 mark)
Problem 10 (2 marks) s o S S '/ T
T g ‘ - R
m'-CharacterLstics - The outcome is known (opponents turn and
e mark each) there is only one toothpick left).
o --The probiem has a trial and error’
beginning.” o :
. .
Method of Solution - Working Backward
(1 mark) . ,

1 4
‘/Y’
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19, Lesson Nineteen .

-~ Time ' Topic
. Mathema;icé QO,Pfoblemjsoivihg Test (poStéteSt)

o

70’. ,Administration'of'the Test -
Lo ~ The teacher”will hand out the tests and in doing
50, -he will tell the. students to fiil'in'their name on
'the:firSt page of the test.  The Mathematics 20 Problem-
"Solving . _" Test is contained in thiSftheéis in
AppendixjA and theAScoring'Pr§cedure'For,thetMathem#Eics.20-

Prpblem-SoIving.Achieyément Test is'coﬁtained'in this

" ‘thesis’in Appendix G (lesson one).



'APPENDIX H
' LESSON PLANS FOR THE CONVENTIONAL APPROACH

TO PROBLEM SOLVING

'-3522
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‘;
<1, Lesson One - '
Time Topic e » o _’h‘ S .
. . : N L . . .":_ \ . ‘. R
ff_Mathe@atics'ZO Problem-Solving Testf “(pretest) \e
70~ _ﬂ.-Administration of tle Test .'-f ' R : b

The instructor will hand out the tests and in doing

- 80, he will te11 tht students to fill in their names :n'

the first page of the test.; The test is contained in_‘
this thesis in Appendix A, end the’ scorlng gpooedures

ere contained in Appendix G (lesson one)



2. Lesson Two
N Tiine | e \E_Li(_: ; S R ;.f._ )

. "Problem Sulving (type #1)_

40 - ,“. Lesson Plan Outiiné _!j,.'
cmin, .0 s

The teacher will give out the booklets of twenty-
. ‘ . - -
" .four problems, one to each member of the class. ‘He will

":then do. p:oblem one for the students in order to demon-'
v

'strate the solution strategy for type #1 problems
Subsequently, he will ask the students to work on problan

> two- during the period and: to finish it for homework



‘BOOKLET OF -PROBLEMS

groblem |
: In a triangle ABC if 20 lines are drawn from vertex A through

' /
points on the opposite side, how many triangles are formed’
Problem 2
vFind the number of. lines determined by 14 p01nts, no 3 of which

 are collinear.

" Problem 3 R A
" How many angles are formed when 15 rays are drawn/from the s ame

end point7‘ o i"'.';'. : o -

Problem£4k

Findva‘way.tobdetermine-thevsumiof,thevodd numbers leSS than 100.

.Probieﬁ~5

a vert1ca1 and/or horizontal
direction on the grid) '

worHR®E

&

Problem 6

vFind.the sum of the first one ‘hundred natbral numbers.

325
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Problem 7
=2hblem /. : o
Find the number of edges of a regular 16- gaced polyhedron.
(Hint, this polyhedron has 10 vertices) |
' Problem 8 ’
Given a jar that wr11 hold exactly 9 quarts of water,.a jar that
will hold exactly 4 quarts of water, no other container; holding
water, but an infinite supply of water, describe a sequence of
fillings and emptyings of water jars that will result in ach1ev1ng
:’6 quarts of water.< |
Problem 9°
:Fifteen pennies are placedbon a table in front of two.players. :
Each player is allowed to remove at least one penny but not more i
than five pennies at his turn.;‘The players alternate turns, each

removing from one ‘to. five pennles n number of turns, unt11 one. player

’,’takes the last penny on the table, and wins. all 15 pennies.blls

e

there a method of playv that will guarantee yiotory? If'so, what is -

Problen 1'0"1.-"' |
’Three people play a“game in which one person 1oses and two people
win each game. The one who loses ‘must double the amount, of money )
| that each of the other two players has at that time._ The: three

v players agree to play three games£> At the- end of the three games,
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each player,has lost.oneigame and each person_has.sscl What was the
: original stake of eachvplayer?.l e |
J
‘Problem 1L
On an infinitely extended checkerboard, one. is given three black
checkers and two white checkers initially placed in 1mmediate1y
| adjacent squares on a single row, proceeding from left to right, as
shown in the figure on the next page black (B), white (W), black (B)
white, black - The problem 1s to transform this arrangement of alter-.

nating black and white checkers into an arrangement in which all three

v

black checkers are on the left and both white checkers are onl;he

\

right (BBBWW), with all’ checkers being in adjacent équares and in therfv

‘same oW (see the figure below) " The allowable operation is to move
two adjacent checkers at,a'time, one‘of which must be a black checker

 and one a white_checker.'_During a move, the two checkers being movedﬂ

must.remain'together‘at all.times, with no reversal of their left-to- - Qkf

-right order, You’are permitted'to movye anwhiteeblack’or black-White
. —
pair of checkers to any adjacent pair of unoccup‘éd squares along the
 same line. Note that there is no need to keep the checkers that are
not being moved in immediately adjacent squares at any tlme. That
is, there may be unoccupied squares. between checkers at various stages_”
between the,givens and the goal. Also note that the five checkers in
: A . =

the goal state need not - occupy the same five squares on the checker- .

board ‘as they dld in the given state. .They‘may_occupy any immediately



. L

.5adjacent five square in the same row.

v

|I'(:) (ED(Z) IID (EDGID GO (f>(:)&

- g’, 1 GIVEN STATE " GOAL STATE

v

Problem 12 R '. _ f :5_ jn'.-jlyfn.a‘ - 1»;h'l\f B

Bob has lO pockets and Aa silver dollars.f He wants to put hisw

' dollars into his pockets s0. distributed that each pocket contains ;7
. f‘

a different number of dollars. Can he do so7 e ,‘vé;?/*“,

Problem 13 ,‘,,. R A R e
Dol ) L. o /" B . .
. In this two person game, the players alternately place a poker Chlp

on a circular table. The chips must not overlap and must be com-
pletely on’ the table, that is, no poker Chlp may st1ck out over the
edge of the table. The last player to play a*chrp~on the tabLe ls L

the winner. If each player make the optimal move: on hlS turn, will

the first player or the second player be the winner'7

R Problan &

’ In a t”iangle, let' r be the radlus of the 1nscr1bed crrclc, R thc

radius of the c1rcumscr1bed c1rcle, and H the longest altltude

Then rHR$}{‘ Prove or disprove this theoran S
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Hiht's:; 1. o
; - s L N o ,/“'w
- Triangle ‘ADE is any type of triangle. i
d‘ : C 2, gi'ls the altitude of the trianglf ADE If AB is also
B the median of triangle ADE (that is, triangle ADE is an equi-
lateral * tri&ngle), then point C intersects the median d
'of the triarnigular base Ainto two line segments whose
lengths are in the rati- 2: l
.C Problem‘ 15 . o y . _I” ] . R N . _‘/' . .

- Lo . - Lo - . . ) ot .»-

R vFind the altitude pf a regular tetrahedron wlth g1ven edge 10 cm.

;(Hint the lower end of the altitude intersects a medlan of the‘;u

)
.\

f’trianglular base 1nt0 two line segments whose lengths are, 1n the

'.‘ratio 2: 1) v 'i‘ S '“,f A ORI

’ LVProblem 16

Find the diagonal of .a rectangular solid of whlch tﬁe length width

and height are "a” cm "b” cm ., and "c" ‘cm respectlvely._

AProblem 17

»,LBill and Doug are preparing for an 1nternat10na1 math competltlon,

'Asto be_admlnistered the follow1ng week They are asklng each other

.

gquestiOns, One problem that Blll,gave Doug to solve was real chal—

.‘lenging. It stated "A boy asked hlS father‘how much money he (the

A"f.‘

° (GRS



somid X , : . R PN -

father) had in his wallet.} ‘The father's reply was 1n the form of a :hf/ S

-riddle. He said the number of dollars that I have 1is mu?:iplied

by\itself four times and the result multiplied by four., Er m this':

\ .

o amount thirtz-three times the square o‘ he original amount is subf

tracted ) The result is $27 How many doll"s did he have in his

wallet?" ‘ '¢C’l S lv>,‘ o S - 2‘f‘x;‘

Problem 18 ‘ :
\' ! ; ¥ ) ' - : ' T : : : .
A man spends 18% o£ his monthly income for rent. If his rent is $45 i»d
\ . Voo B TN
k R . Lz, ,,va R ‘ C / ..
a monthf what is his salary,forva month? S o P G

NS L e S

fas—JameXx How-old[is eachlnow? - ;:"‘7> o . o : fi. ST
\ S e

Problem 20 e T e AT e e

-4

The d}féerence between two numbers is' 10 CIf twice the 1argerlis;;‘j'_' -

i

ted from five tlmes the smaller, the remalnder 1s 22. -What i, -

“Lll b or R : o B A T PO
e fhe numbers? ) o ; - P T
o ' Y

;_Problem 21 e o I e

- How many kilograms of candy worthcﬁl 50 per kilogram and how many

o kilograms of candy aorth $2 70 Per kilogram must be used to make a ;
225 kllogram misture whdch is worth $2 28 per kilogram7 o

g |



Problem 22 T~ -
John has. a dream about aifplanelpflots,and'sports.cars. When all the
v airplane pilots in John's dream got into sports cars, there was one

3

pilotfperféar;.and seven cars were still empty. Thén;one half of

-

the pilots departed by jet for Hawaii. After that, whenll of the

remaining pilots got inty sports ‘cars, there was one pilot' per car,

but twenty-nine cars were empty. How many sports cars were there

in John's‘&ream?

Problem 23 R

A-lady:has one sum of ﬁoney invested at 5% per annum and a second

331

“.sum,-$1500.latéer than the first, invested at 6% per annum;. Hg; total

Caag
e . A

" income from these sumsvisr$200,(afpeffone year of inQestmeﬁt): How =

‘much has she invested at eééhnraté?

" Problem 24

 A’fafme: has hens and rabbits. These énimals kave 50 heads and 140
feet, _Hoﬁ,many héns:andghow'many-rabbits has the farmer?



;

~

ANSWER TO PROBLEM. FROM

- Problem 1

" CASE #1

¥

-/

THE SECOND' DAY

Number of
‘Lines -

Number of

©ONOU S WO

_Triangles |

1
26
10
15
21
28:
36 ..
.45
55

66 =

78
9
105
120
. 136

153‘_“‘

171
190
210

231

. Therefore, if 20.
" ‘lines are drawm,
‘there are 231 tri-

angles formed.
e
} Jn %a. v

P

CASE #4 .
A o

332 .
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3. Lesson Three .

Time _'Togio o

~ Problem SolVingf(type #1)

40- . LeSSOn Plan Outline'?:.a_
min, :
- The teacher Will correct problem two (w1th input

.
-

¥ .frop thevstudents),‘writing out the ‘solution on the ‘

' blackboard The so%ution is located in this lesson

'fA .under the heading VAnswer to Problem For the Third
_ .,Day"" - /ﬁ,f 4f | “f - N
' ‘He will then assign problems three and four to
>_be worked on during the period and to be completed for
" the mext lesson.
-~ ANSWER TO PROBLEM FOR THE THIRD DAY- .
. . s “Problem 2 v '
o
CASE #1 'CASE #3 - CASE #4
: . D oy . . '
,./ : N _
N
A ——————g—0P A ———-————BB




" be d:éwn,‘

.Number of ﬂ:Numper‘oﬁ : ,
Points - __Lines - ° | -
1 .
So3 ) o :
':* S 6 . }k ‘::.-.';7».
Y ‘ - 1@ . :v
121

— : - .
COVOBIL W
*e

.
e . .

1. . 5
12 0 ee
3 78
14 91

L

A
PR
- ~r 3

P
;a‘ . Lo : 2
B : : .

"»Therefore,4given«144points;

T,
.

{ . . . ! ~

. 334

‘there are 91 linesfghat can %



4. Lesson Four "

¢

- Time Topic

—i‘min.‘

»Problem_SOIQing (typé #l) | S ) j_, ,  : BN ,‘é

6w -V>Lessqn Plan OQutline

| The Ee§qherAwi1l.coffect'pyoblems.thrée‘an&'fpur
:(ﬁitﬁ lnéutif%om the'studenté); writing but the so1uti6hs'
1ron théiblackbpafd;:.Tﬁe édlutibns are IOCated.in thié

R B | oo . ) , N . .
lesson under the heading: ' "Answers to Problems For the.

_ Fourth-Day™. ' = - -
_HEVwill‘;héﬁ assign problems five and six to be -
',,wdrked‘on duyring the period and to be éompieted‘for

- ‘the next lesson.

L

" ANSWERS TO PROBLEMS FOR THE FOURTH DAY

e

Problem3d . o R

. CcasE#l

LI

CASE #2 © 7 casE #3. " GASE #4

L




. ﬁﬁj., I 10 - 90

*Case'#3

.Number of °~ Number of
Rays - _Angles Formed

2 2
3 6
K 12
5 - 20
"6 - 30
7 42
8 56
9 72

11110
12 132
13 S 156
14 182
15 210

-Thereforé;'there ére 210iaqgles'formed.

*

Problem &

Case #1 - . 1 =1

Caée'#z 1%3 :.4.;'2:

SIS =9 =3

Case #4 - 1+3+5+7 =16 = &4

Number of 0dd. - Sum of the.
Numbersgé&ﬂed 0Odd Numbers

1 |
LR
l6=42"

N

336

. Therefore,
- given the first
50 odd numbers, -
. . their sum is~
. 150% or 2500.



" Problem Solving (type #1)
- S SR S v A= VN

L
¥ :

. 40 " Lesson Plan Oucling}.AV' T
| v__‘Thevtéaqﬁér will|¢o:rec£ problems five and six
(with * "iﬁput.frbﬁ the.studgﬁts)étwgiging_6ﬁtfthebs.%‘
'5;‘ _' splutiqné'on"thé‘blackbda:d;. Thé;5910tions are loéqtéd%
vgv"f. o in'tﬁisiléSSQQLQnde: ﬁhglh?qding:_ "Ané&érg;co g:bblems::i
For thefFifﬁ#wbgy".;  - | | |
. He‘wi11 then:assién/pfoblem.éevenbtoibé_workedgon.»
P | .ddrinéLthé_befidd én§-ﬁo'be §omp1éted for the,nekﬁ' |

; S s RN
~ lesson. " - S

ANSWERS ‘10 PROBLEMS FOR THE FIFTH DAY

" ‘Problem 5 _
©Case #l - E

P

=

n - f
i 4 L

. Case #2 - E

. »m

n.m
Rwm

-

R LE

' Case #3 - -E

® m
=

Case #4 - E
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Number of Number of
Letters Used .. _Words Made

~Now W (]
[0 2]

Theféfo?é,’ given 7 le;i:erg on"ﬁhegf@ th97fe ate 64 .
) C . .‘/,»'/ o

 words that can be made. _

Problem 6

Case #1 - 1 =1

1+2:=.@(~1°5)(2) SR o
v ste @)

14243+ = 10 = (2.5) (4)

“Case.f2

| Gase #3

Number of - Sum of the
Natural Nos. : Naturai Nos.

o

R O ,
- (1.5)(2)=3.
(2)(3)=6. - |
- (2.5)(4)=10

oW N

1000 (50.5)(100)=5050

: _'Th‘erefo‘fe,’.. gi‘ven_thé _fir$'t 100 nat@ral ‘numbers,  their

sum is 5050.

r N



(7

'
7

6. Lesson Six " ‘
: | 'éblem SolvingY(types #1'0 and #2) DR )
R T - ‘ i X | ’ '
40 Lesson Plan Outline o % oo

al‘ﬂe teacher wf&l correct b?-; §%ven (with

‘the input from the students),. wtlting out the solutxon -
on the blackbbgrd. Hevwill ‘then do problem elght for

' 'the pupils in order to demonstrate the solutlon strhtegy

for tvpe #2 problems éhe solutlons for problems seven

' and elght are located in this lesson urder the headlng

-

\\A .
- "Answers to P;qblems For the Sixth Day!'.
The ihstructor will then éseign problem .nine and
/' -
_ten to be worked on durlng the perlod and to beﬁcompleted

for the next: lesson., : &

~ ANSWERS TO PROBLEMS FOR THE SIXTH DAY

Problem 7

CASE #1 . casE#2 . . GASE #3.

339
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W

-Case,#i’is a tetrahedron, having 4 faces, &4 verticéﬂ@

andv6.edges.
. L4
. : i
Case.#2 is a cube, having 6 faEes, 8 vertices, and
12'edges. B e ‘ I ﬁ;'
a . ) . R . . ; o B‘

.
- Case #3 1is a pyramid, having 5 faces, 5 vertices, and

8 eages; o o o i - -

NAME- OF SOLID 'NUMBER FACES NUMBER VERTICES ‘NUMBER EDGES

Tetrahedron 4 ”'q.#:, e % T
Cube ¥, 6 . 8 a2
byramtd s 5 g
16-Faced o 16 . 10,‘>‘:1 'f‘ 24

| Polyhedron

| Byfekamining‘thé correspending numberé in‘colnnns
twevand three in the above table, a pattern can be found.u
hThis pattern can be summarized by the formula E“F+V -2,
uvwhere E = the number of edges,;b = the number,of,faces,

and V = the,numberqu'vertices.}:ThgtE?;::tfa 16-faced

polyhedron has 24 edges. |



Problem 8‘
. —"&5—) —

1. Question:

‘Reply:

2. Question:

Reply:

3.~Qués;igh:

Rep/l'y o

341

“) '

- "If you have six quarts of water in the
‘'nine-quart pail, where did it come from?"

"The water came from Qhe'niné quarts of
water in the full pail of which three
quarts were removed" ‘ .

- "How we:e the’three‘quarts‘removed?n

"The water. (three quarts) was poured out

_of the full nihe-quart pail into the folr-
' quart pail in which there was already one
,quart" ‘ ,

."Where did therone quart of water, in
" the four quart pail, come from?n :

"The one»quartAof water came as a ré;ult_
of pouring out eight quarts of water '\ .
(filling the: four-quart pail twice) from
~ the full nine-quart pail.  Then .pouring
" the: remaining one quart into the empty

. four- quart pail"

- Second
- Diagram



] ;".‘:- .-

Conclusion' Tak&'a niﬁe-quartipafi full of water,

*

fand pour out eight quarts (filllng the four-quart pail

. ,_',‘_

twice), Then pour the remaining one quart into the

empty four=- quart pail. Next, refill the n1ne-quart

pail Pour out the water from the nine quart pail so

~as to fill the four-quart pail There are now only 'six

-‘quarts remaining in the ‘nine- quart pail

342
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"7, Lesson Seven - j -
Time ' Togie‘

Problem Solving:(type.#Z)

)

40 . . Lesson Plan Outline'

;The_teacherrwill'eorrect prohlems_nine and ten

e

(with input ffom“the students); writing‘out»the‘solutions'
‘on the blackboard The solutions are‘}ocated in this
B lesson under the qeading UAnswers to Problems_For'the’
Seventh Day" ) .@ '
: : s ' 2
: He will then aSSign problem eleven to be wofked on f

during the period and to be completed for the next

lesson.< e o

“ ANSWERS TO PROBLEMS FOR THE SEVENTH DAY

S ~ Problem 9
g?"o'ﬂ.;: 1. Question: = WIf the ultimate winner wants to face
T B T one to five pennies, how many :pennies :
LRl should he leave the ultimate loser con-
T fronted with?" : :
,;Reﬁlyﬁ _ 'nIf the UItimatezlosérvwas confronted with

six pennies, then no matter how many pen-
, . nies he took (from one to five), there would
T "" still’ be. from ope to five pennies left on: v
' ' the table, giving the ultimate winner his.»"]
turn and thus the victory" : A

o]

RN
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o X : o ) LT e e

. ‘2. Question: "If the ultimate winner wants _to: face \
A ; ' sever to, eleven pennies, how many pennies”
Lo - shoulid he leave the opposing player con- °
RERTA : fronﬁed with?"\ ' S /
ReplYf O nrg the ultimate loser was confronted with
s E twelve pennies, after the ultimate ‘winner?ts
" preceding move, then no matter how many .
-pennies theYopposing player took (from one
~to five), the ultimate .winner would be able'
to take enough pennies.tao. confront him with e
six pennies ‘on his next’ turn', .
3. Question: "What is the ultimate winner's first move?" -

P

o ; Reply: L ’"He will remove three pennies, leavi the
. , nS N
e -ultimate loser confronted with twelve pen-
SR nies" R : .“, . ' '

~ULTOATE  ULTIHATE B #'PENNIES ¥ PERNIES
. . WINNER'S  ‘LOSER'S . CONFRONT+ ~ THAT HE =
TURN TURN _ TURN . ING HIM ___ WILL CHOOSE

7<i$F g .j, S 1.'f9115 -f:;-i .gt 0o
",'#!@35;1';__ X | _ ‘g;'-7'-‘11_" s )
' “‘sth-b'f X N ff‘,”»il‘; a 1-5 H;v.,‘ 1-5

'Therefore, in order ‘to guarantee v1ctory, the above -
“,format ‘must be followed [ ;?,Q G ;;fQ .
Problem 10 v
'fj ‘Label the first losing player Pl’ the second Pz; and the 5

93

~ ©

ey " third »,



GAME R

" | End of game 5o 88

End of game #2 . A

End of game #1° . §2

' Begiﬁhingjof game | "_-'.$13

$14

$7

s8 |
.§16

$8

s

A

t‘Thérefore,'at-the nginnfng of the game the

'playe?s.ﬁadb$l3;'$7, and $4 res?éctiyély..'

-

three

345



Time

40

min., .

}ﬁﬁ

veia

8. Lesson Eigh:

R

346

‘ 5 ’,“ _
- h" ;»' &
o T : ok
Lesson Plan OQutiine W
~~ .The teacher will correct problem eleven (with_
input from the students), writing out- the solutio&'_
on thebbLaCKpoard. He willwthen_dO»probLem'twelve.for '
_fhe pupi1svin order to demonstrate the soldtion.st:atégjf
for type #3 pfoblemsffwTHé éolutionS'fof problems eleven
anditwelve'are'locéﬁéd in_thié 1ess§n‘un4ef théfheading;f
»“Answers td4ProB1ems ng'theggighth Déy"; . &
The, instructor will then assign problem thirteen to
" be worked on during/the period and to bé.completed for
- R ST T ’ . S R -
et . . : \r} . \> : . .~ B
~ the next lesson. . E LT SRR
;/- : o ) o . r/’/ c 0 s : :

‘ANSWERS TO PROBLEMS FOR THE EIGHTH DAY
. ) ‘/r . . R DN ik - N L o
o AR _

Problem 11 . |

’_The opfimél_sothion is‘summarized in the éﬁ;rt

S e
<, on thé next page.

a




\e .

RN 3 AR.RAb}GEHENT.
STATE _____CHECKER ARRANGEMENT _NUMBER

N . L . R
1 Goal State T ‘* BB B W W o 1
 BWBB W 2

' AN
LB BWBW 3

Initial State B WBWB . s

B Therefore, in prbgressing[th:ough ;he,gémé, the player.
) starts in the initial statél(ér:angementv#s in the above.
chart) and makes the necessary moves to arrive at arrange-_; 

ment 4, #3,_#2f'and'finally aﬁf#l‘(thévgoal state).

: Problem 12 o, _.:  { .

Demonstrate that it is iméossible for Bob to place a
:Jdifferent number of coins 1nto each of lO pockets, :
vfgiven that he only has 44 coins. -
| Firstipocket,gets_o cOins
 Secbhd.p6cke£ g§£s 1>c9ih)
);_f " Thifd pqckéﬁ:géts"ZICOinst.n"

ro _ RO e

| '. ,Ten£h po¢ke;}getsf9:édiﬂét':'l‘_i' | o '_}%(v
‘»The miﬂimﬁm’hﬁmbef bficdins =VL+2+3+ ,;; +9 g;45'c51n5;.'

There/fore, since vB;)b‘»o'nvly; has 44 _,comg, he cannot put a
.'diff%réng ﬁﬁmbéf:ihtb;eéch:pQCkét.-:’ |

: ' . :
R T . [



Cg . , . , .
9. Lesson Nine * - L : , -
Time Tople | <
“Problemfﬁblving (typeh#B). i'—
40 a . Lesson Plan Outline v :
min. . - —— o o . . , , )
’ " The teacher will correct problem thirteen (with 5y
" '-input from the students), writing out the solution R ,: VL
- " on thezblackboard. jThe solution is located in- thﬁs ‘ /

lesson' under th_e. heading': _ ”"Answ_er to ¥roblem For the

 Ninth Day"
: ”~

He will then assign problem fourteen to be worked on

vduring the periodoand to be completed for the next lesson.‘

o [

" ANSWER TO PROBLEM FOR THE NINTH DAY
a | ' S g o e
Problem Thirteen S &"“,.' o "
Y g o2 .

"In solving tHe problem,\the f1rst plaYer initially places

p

a’ poker chﬁp in- the center oﬁ the table and thereafter o

'~fplays chips in a symmetrlcally opposite position to

' that>played by the éecond player.ijt.ff

(Y



roag

sl T
Wi 0y, a
N g
3 K

VWClearly, if the second playet has any place on the table
5

"lavailable to place a poker chip, there will still 'be a’

symmetrically opposite place ‘on the table for the first

' .vplayer to place a chip, so that the first player mus t be :
'the last to play a Lhip on the tableﬂﬁ%ndependent of the

Aeize chthe:table.

349 -



" Time

40

min, .

10. Lesson Ten

' Lesson-Plan nglbne'

Problem 14

350

"~ Topic

Problem Solvingl(types #3 and .#4)

\ » -
The teacher will correct problem fourteen (with

input from the students), writing out the solution

ﬁ-

- on the blackboard He will then do problem fifteen

- for the.pupilsAin:order to demonstrate the;sOlution_
:strategy for t}pe.#A problems;_ TheZSOIutions'for
,7problems fourteen and fifteen are located in this lesson 3
’under the heading "Answers to Problems For: the Tenth

: kDay','.

The instructor will then assign problem sixteen to

be worked on during the period and to be completed for

the next lesson.

ANSWERS TO PROBLEMS FOR THE TENTH DAY -

Given an equilateral triangle with an inscribed . -,

teircle (bith radius r);jghoirCunscribed cirelef(pith‘:

radiugé_vR) , and its longest altitude (H), is rHREH?T
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r = H/3
R = (2H)/3 ¥
- e
AB = median of
' equilateral

ases, the one in. which the angle aé’the vertex becomes
/.0 degrees, and the other in which it becomes 180 degrees.v
In. the first. extreme case. the base of the 1soseeles tri-:

angle vanishes and

For this case; the theorem is ;rue;fb S S R
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€£§9

In the second limiting case, however. the

?Peight;vanishes‘and o ;
- o
D A ‘ E S
N L R = o
‘ . o : ~ (Circumscribed
( ) , o . .= circle must pass

through points
: VA,]D,vand,E). .

H=0

For this case, the theorem is not true. Therefére,,

the‘theorem is feise; end’the preblem is solved.
Problem 15. -
‘The instrhetot‘will begin be drawing ‘a dlagram depictlng
R the original situation. JA o o : .

'First
. T:iengleQADE.is a'fight"ttfangke (beeaUSeiﬁibis the

'

h:.eltitude),t | 7 '
'fherefore ;52h# ZEZ +hﬁizi(Pythaéoresilgheoteﬁ)'

. or DE =',’§b2 AEZI‘
"tfjfb“t A = 10 cm (edge of tetrahedron)
‘iTherefote DE.*-\/IEE-j——Tr

"-Find AE

”j.Examine trlangle ABC ,
m o ef’ L '. : ; el " , (_}ite"t‘rahedrou)



G.:.Lven altitude AT{
iR %-A;A'i _ ‘ |
Pind iR, R ';'-" '
' Examine right t:riangle ARC
’Pythagoras'theorem states |

ACY = R02 + AR2

cm

Hi
W
=

Ha

but AR = AE + ER
‘;5AE,+‘%§E _ %'/ifcmﬁ

'eTherefore (3/2) ?«5 Jsfcm

.?z’;L
o

| Third:

DE = }\/;)o Ca
,—\Jloo - 100(3)/9 L
W

10\]“/3 cm'
='8. 16 cm.

1l

i

5 \Is'cm '

biO:VE?éfcﬁ..e

B oo 3530

Therefore, the height of ther regular tetrahedron is

8 16 crn
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‘%E} 11. Lesson Eleven

Topic

The teacher will correct problem s1xteen (with
'input from the students), writing out the 501ut10n
'on.the blackboardf. The solgtidn is\IOCated in ‘this
p . L };f‘LFSSB“ unEer.the headiné; “Anémer to Preblem For

~N

the'Eleventh DaY”

He will then assign problem seventeen to be worked
/

h.on during the period and to be completed for the next ‘

<

lesson.,

ANSWER TO PROBLEM FOR THE ELEVENTH DAY

o Problem 16

' Draw a diagram of the rectangular solid length;"a"'

cm, ? width "b!* cm ,' and height Memem,
: - o A
. o R o
I i Rt 4 /) Lo LT
o 7B |
C



'a.Sécond:

355

o

" The problam iéﬁfo findvthe Tength of AC (S;fgggi/_ o B A
R hg +fB_c-2"
\[:‘2&552

I

E?

First:

"?Takéithe rectangular base of the sol@&

Vf'ﬁﬁz = EEZ + EC2 (Pythagoraslitheqrem)'
- a2 + ’bz i TN

D

Therefore va:\/c? + o
| = \/'cz.'+ (a?~i-b2')

aThus the length of the diagonal of the. rectangular

' solid is Vlz + b + ¢? cm.
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12. Lesson-Twelve_d‘l ‘ T
‘/ﬁ\ ) . N ¢
‘Time Topic L
o | Problem Solvinl (types #4 and #5)

40 . "dbiesson:Plan Outline
- min. R

Loy

The teacher will correct problem seventeen

(with input from the students), writing out the solution\/"
- on the blackboard | He will then do problem eighteen |

for the pupils in order to demonstrate the solution
SR i strategy for type #5 problems. The solutions for prob-:
lems seventeen and eighteen are located in this lesson
under the heading »"Answers to Problems For the .Twel‘fth
Day” : , 4

The instrnctor will then assign problem nineteen .

to be worked on during the period and to be completed

for the next lesson.'

ANSWERS TO PROBLEMS FOR THE. TWELFTH DAY
, .Problem'17":
- St : ‘ .

. The equation depicting the original situation is s

/ff o k given by _2. SRR :"' -
SR st - 33x2 = 27 or |

. " . '4: : . ‘.:“ .‘ . : . B
S o4k - 33x% - 27 =0



:where‘¥ is thé.pumbef of dollars“in the father's-- -

.qgllét.

Let y = x? R ‘ ‘ 3 o a c _
Then '4y® =33y = 27 = 0

- Solve the ngw_probleﬁ;” o L >

1

S o wf -y -27=0

I

. (4y3)(y-9) =0

y==-3/4, 9

TEy=36 .
=l R

: . x.= aﬁ iné&misségle va1ﬁe'>

7.'-'“: S , . . . n_ ﬂ!“ . '

o

CIfy=9 - T

%
: ”.. .
el

I

o x=3, 3

o xé=vf3‘is‘inédmiSsablék-

-

. Therefére;_thére are $3 in,thé,fathér's wal1et.

' Let.$x bé'the?sakary per month. ' ',{”

. (;18§(x) #'45jdr'(15)4(;06}“:5655)/(x),.

o

“AS/(.IB) f;f': S “:l. S . } . };;€ :

Il

'TﬁerEfore;'his,salary for é month~is~$2§O; g

‘



Time

40

" min,

- 13.- Lesson Thirteen = - . AR - f:

h‘input from the students) writing out the solution on'
';the blackboard The solution is loqhted in this lesson .

ﬁ‘under the heading "Answer ‘to Problem Fbr thq Thirteenth.

. ANSWERrTO~PROBLEM'EOR THE ' THIRTEENTH DAY - -
-'[Probiem‘19.
‘wLet X years be Anne's age now

3_'}Let y years be Jane's age now.‘

358

"'Togid'“ R . l'; R o
Problem Solving (type #5) . I

. Leesgh Plen:Oﬁtlihe:k-v ' _}..J ej‘ IR ‘.'1:' 3

”he teacher will correct problem nineteeﬂ (with B

4

"

[

=N :
v :

?

1

vh"hk‘= 7+y (call this equation #1)

ll'

x-1 2(y 1) (call this equation #2)

Sﬁbstitgte equation #1\1nto equation #2 S

- o



. BT ~ | : 359 .

. (7+y) "-':‘,'1, 2(y-1) |

» 16

i

2y-2f.

.y =8 years.
kgolveifor x in équat;oni#l.
- *_i j+e" | ‘
ffiSJyéérs;
vahéckfin eq§§t1oﬁ #Zg‘
R N 12 » L
» : "15-1';: 21(.-8'-1')'_ C N

\ '
2

PR

=16

{ .,)', ~‘ . ) o R . . ‘ . . . ‘A
¢ *Therefore, Anne 1s 15 years old and Jnae is 8 years old. -
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14, Lesson Fourteem - o / .

"Time = - Topic - a “ o o &>

Problem Solving (type #5)

“40'\ . Lesson Pigg Outline * DR o . o
'The t:eacher will correct problems t-wem:y ahd

t:wenty-one (with input: from the students), writing

out the solutions on the b%ckbOard "The solutions are”

S

' -located 1n this lesson\under the xheading:, "Answers: to
Problems For the 'Fourt.eenth Day". . Lo T

He will then assign problans twenty-two and twenty-_ '
,three to .be worked on during the period and to be com-' s o

' pleted for t:he nect 1es=on.‘

S : [ N

. -ANSWERS TO PROBLEMS FOR THE FOURTEENTH DAY ~ = = j
 Problem 20 , 7 Lo e
v . ’ - '.. ‘ . to, - Co. ; .
- Let x be the larger numter. /.

_L'et y be tPe‘Ls‘méiller -number. L B . "-". L

.

- ._x¥y =10 (ca'll.. ﬁhis'edpaﬁion' .#1)'

-‘H

_y . ';'-2x+‘53.r ‘ 22 (call t:his equation #ﬁ

Mulg:iply equation #1 by 2 SR PR PR L
e 2x-2y'—~20 (call this equation #3) SR B

S
S



'-J { | e ::{) ‘ ,. . ”» '561.

' dd equation #2 and equation #3. -
3y 42 A T
y=14 |
’Solue-fot'x‘iﬁ equetiou'#l.
| plh =10 e
x =24 - |
" Check in“ equation"_#z.f R % |

22

i

C LT —2(2045(18)

e S22 = 22

o ; : A ~ "z~"" _ S
Thetefdre,gthe numbers are 14 and 24. o
"»Apfob1é&'2if
‘Let x kilograms be amount caﬁdy”wotth $l.50/k35\’(
- «and $1 5x be the . Value of candy ﬁorth $1.50/kg;
aLet y kilograms be amount candy worth $2 70/kg.

2

',-‘i"and $2 7x be the value of candy‘worth $2 70/kg

D

"x+y -225 (call this equatiog #l) ’ L

L Lxndy = (225)(2 28) _"', ;],” e ’f T e

ll-

513 (call this equation #2) _ : S
° . . ( : . ‘. /. N ,‘_‘:
Multiply equatlon #2 by 1o. . S

Z‘

.'ﬁbjla.,q : l5x+27y 5130 (call this eqqation #3)
Mpltiply equation #1 by 15.:,>,,‘f' . ’:"g;[

- S o -

« 7 .
D

1‘;.Li’ﬁ' 15x+15y ~r3375 (Call this equation #4)

o



' Subtract equation # from equation #3.

12y = 1755

y = 146.25 kg.

-

~ Solve for x in equation #l.

a

x+146.25 = 225

x =78, 75 kg.

Check in equation #25

4

(1 5)(78 75)+(2:7)6146 25)

53 .,

. 513 = 513'

vTherefore, there are 78 75 kilograms worth $1 50/kg.

.and 146, 25 kilograms worth $2 70/kg..

‘362



Iime

40

“min.

N
¢
= ©
.
-~
E
i

15, besson_Flfteen'_

“
IS

?

Topic
- Problem Solving (type #5)

A

The teacher will correct problems twenty =two and .

pLesson”Plan-Outline

.

L

wenty- hree (with input from the students), writing

located in this lesspn under the heading

, out the solutions on the blackboard

Problems For the Fifteenth Day"

The solutions are

I

' "Answers.to

He will then assign problem twenty~four to be'

worked on during’the perlod and to be completed for the;

~ next lessgn., o

»5Prob1gg 22 -

Let x be the number of sports cars inyhn's dream.

l

<

" ANSWERS TO PROBLEMS FOR THE FIFTEENTH DAY .

. Let” y be. the' number of pilots in John's dream. /l

x-y = 7 (call this equation #1)

x-(y/2)

’ n

-

29 (call this eqUatioh #2)

Subtract equation #l from equaﬁiﬁn #2. R

3 / y/2 = 22 ‘(
oy =

\

B R

oy

363
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'f% So1vé'for1x in equationj#lg ’
o - _, ~
x-4t'=. 7
VAx = 5¥,;
Check in. equation #Z.f
x=(y/2) =
29
e

51-(44/2)°
290 T L oy

.

S 2

'

o m.beherefore,‘thé:e were 51 sports cars in John's dream..

: . = . + :
- / R

U,  Lo \ hﬂoﬁnt invested at 64 per aﬁnum."
/ | | --$200 } e

R | fi.'l =pre o

. B /__fgfg)(.05)k1)g;,

e , =f;05k‘i. 8

e
ot -
;- b
i

‘|l e

R LT =-’xyyr.os><i>
’» | i;;=f.06y

Therefore, ( Oix) + ( O6y).# 260 |

Lo ™o e

or 5x + 6y = 20000 (call this equation #lfﬁ .

S /?‘
And y 1500 + X (call this equation #2)

364
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DN

Solve for y in éqdatioh #1.

-

Subsﬁitute;equation:#z int6 equation #1;

L sxhedsoomg - 20000 o7

|

11x + 9000 = 20000

o

x =.1000 ~ o«

1500 + x

<
Il

T
i

&

= 1500 + 1000

- y= 2500 ‘

- }Checkvboth solﬁtidns’in equation #2;

~ 5x + 6y == 20000

~5(1000) + 6(2500) = 20000

20000, = 20000

frhe(?fgre, the amount inveéted;at SZ.WAE 51660 and‘thé'

amount ‘invested at 6%1was'$2500;



40
. min. -

‘v16.hLesson Siﬁteenf;' R

, v
5 SI.Problem Solving (type #5) SR .
_}Ji_on Plan Outline
‘ The teacher will correct problem twenty-four
. (with input from the students), writing out the solution
on the blackboard. The solution is located in this-
' lessonlunder;the heading: "Answer to. Problem For the
B -Sixteenth Day" | |
’ In ‘the time remaining in the period “he will dis-"

hcuss the solutions to any of the twenty-four problems
in which the. pupils are still having difficulties
BT S S S

 ANSWER %@ PROBLEM FOR THE SIXTEENTH DaY .

,Pfoble’»"m' 2 |

'Let x be the number of hens. j -
‘fLet y be the number of rabbits. 3 N

2x+4y =" 140 (call this equation #l)
| Cxty = 50 (call this eqt‘iaéion #)
‘.Divide equation #l by 2._; }”1.'“22{.. 5 ; ) N
x+2y 70 (call this equation #3) -
: . ww o

366



Subtract equation #2 from equation #3.
y =20
" Solve for x in equation #l.

[ o
2xt4y = 140

2x+4(20) = 140

E S 2& = 60
1 R
x = 30 -

Check both so%ions in equation(x #2
s , .
3o+20 50 T o

‘sov= 50“

367



17. Lesson Seyentehn

~ Topic
Heuristic Probluem—aslqlving Test =~ .. @ )
. L S .jJ v . . . i ‘1 .
SO . %

B ';,)v-‘d'

f ;
Administration of the Test

Tﬁg instructor Will hand out the tests and in
: doing so, he will tell the students to fill in their
ﬁnames on thelfirst page . of the test. The test is con-h
il tained in this thesis in Appendix C, and the scoring
»n‘procedures are contained fn Appendix G (lesson seven-~

- teen).
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‘Tople - 0 Lo

L

) Student.OPinion Survey:

A@m#ﬁistration of éﬁe Survéy

" The ih#tfuctér-wi11 hand‘outathe ﬁéSts éndiiﬁ-b
doinglso, he-willﬂtell thé”studepts ggg'ﬁo,write théir 
namgs On»suryéy: The sufvey i; contained in chisvtﬁesis

in Appendix E.



:19. Lesson Nineteen

Toptc S e

. ~Mathematics 20 PrQb1em-S61ving Test ‘(pqst-fes;)

"Adﬁinistration ofvthé Test

The“instrﬁcfor will hand oqt the'tesfs;énd in do=

) _/' on the first page of the test. The tgstxis.cdntéiped'in
/" this_ thesis in Appendix A, and the scoring procedures

arevcontainédfin ippendix'G'(leQSQn oné-);

-, “ing so, he will tell the students td-fiLl in-their‘names-f

370
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EXPERIMENTAL GROUP'S QUALITATIVE RESPONSES -~ -
© - TO THE STUDENT OPINION SURVEY L e

. . B

1 Question One RS :1 En ;".ff.~ ‘\fl ~‘,_ \ 5'7 L et

step by ‘step, really helps you ‘get to, know how to do ic."

"I feel it wﬁs helpful because going through a problem ' - ”t .

| R | helped/us organize our thoughts and procedurES in ;:;_

iproblem solving L S S

" "The procedure was helpful because 1t broke the problem
.down. and you. could look at what info you had to come up

i

with a method to go: about solving it. "o

LN

"y found that 1t was helpful because it organized my. o b

o thoughts andﬂhelped ‘me figure out hew to solye the problem.‘

| "Yes, l,can now solve some problems that I c0u1dn t before."

.the answer, npt to follow a written procedure

‘improved but this- is only because of practice.",~

4

"No,,it wasn t because I want, to know mentally how to get

G ~ . o v,
"No, it is not necessary to. follow the procedure The
statistics might- show my problem—solving ability has

P 3
&

"‘."Yes YOu know what you wefe looking for and with what K {3 ’ib¥~°?;f

ir"Yes. It laid the problem out and it diﬁ make it easier"f:
'to solve c L L SR

o "YesJ to understand the methods df_solution bnlslf“u‘ﬁ 75;'/

.,"Sure it was helpful cahse every time yoduforgot what y3p
. just read, you could 1ook at your UNKNOWN and GIVEN "} [

.'"No, it was a kind of waste of time because you cpuld )
;remember such things e :‘ﬂ- SRS S

,‘l-"Yes, they were’ helpful’r They gave me a method or e
“.#procedure of how to g0 about/sqlving problems "; ; ;».,A'_* :

..»

“" X . . ‘? .]_’. .
o .




exter, but.
before you

- "™es it wag, for it sorted the problem ou'
ve , ‘tedicus. You haVe to work for S‘min.
.reach the equation.

. "This procedurezwas helpful at first it seemed hard and R
: ,dragged out but it was an aid.’' _‘.J.ﬂ . : T

J)",}v"Yes, T never did rea]ly know how tézsolve problems
7. ‘-properly I o L . a‘.._'.“
_ "Yes it was easier ‘to analyze problems and see ‘what you ,;,'
o were asked and given, making the problem easier to solve._
"Yes it did because 1 knew what I needed and was 1ooking
for." ,

; : "Yes, you do not have to look bac& to the problem to
’ remember what you are solving for. _ ”

.'"Yes, it put\all the part of the problem in sections 808

it was easier to understand " 1j.-
. . |

;eruesﬁioh Four -ff:ifh},j i'h;L;g

‘ff"Yes, bevﬁuse now. I am able to. Iook atqa,problem and :
evaluat it without getting too frustrate or. discouraged "
o« I"Yes I do/ believe I have improved because now~

. - ‘idea of how to go about solving a problem, it
pe hit and miss.v . . :

o ol
have some - B
_no longerA¢]£ RIS

I.can better = -

‘"Yes. As much as. I hate to admit-it, I do.
;understand the problem :

S ﬁﬁ: Ilm still as’ dumb as before v
';élﬂf,h"Yes,T_

'vL"Not much bette;' I didn t understand much of it.v

have had more practice in problem solving

PNo. The course was verygoodbut I haven t improved very ,
> much at all.'“. " S B

f"Yes a bit better.. Probablyibb; se;wérﬁerefbeiﬁg*;gggnﬁ;ﬁf'L;;p,;

?."Yes, beaause now I have a procedurevto follow




.5:5 ”,fgges, because sll the procedure ve had learnt was understood‘
* t sometime find works difficult.">s :
- cheé.yv . - ‘ o : . ,‘ N |
o ,"Yes, because it takes me 1ess time to. work out the ‘answer o ‘
> to the prpblem and: now I know of some methods and’ how to - o
Lo go about doing it." R _{ G oL S
"Ybs, T couldn t "do some of the problems or. the pretest "
""Yes, now I knoﬁ'how to solve a: problem with every type of B
- solution. , , :
"i.,_ o "Yes, can t think of a good explanatory reason, though "
‘ S & feel 1 have improved slightIy but I also feel that my
[P _eyes. have been opened to a lot I didn t know.",_ Tl T
‘"Yes 'i know the right proceduafs. .
M"Yes; I feel I can solve the type of problem you gave, but
I might not be able to apply this to problems that aren t.
.80 similar in. detail.",';: S .
'-,:)f’f'-"Yes,_they re coming easier'":' v
"'L-"Yes. |
;4.'"Yes; 1 have now worked with a lot of- different problems s
~and can. figure out’ similar ones easier T T
f{“ 3‘ Question FiVe S B f.'“;.~¥'";'hvfﬁlf5"' G f{i },;‘
MR ‘. . '{r . . . ,7___«., - K ‘\ B .. . ‘, - | .' ‘
e "Probably, if we' have any problem like this ]. ,wﬁo*; S
"Yes, because now I- know that no matter what problem I know;_~‘7
. .that'.T know a method of solution to solve it and it isn t
,'hopeless. _ e e _‘.b\ ' IR : :
‘_* "Yes, it has given methods that are easier than using o
fistraight algebra to solve questions M Ve

o lfdon t knowg- I gueSs I can sort the problem outf
more clearly now : ST _ R

é

_"MBYbegit will,/maybe t‘won t."dt

v_fi’”Yes, this unit has showﬁfme new methods of solution and "j‘
. has given me practice in decomposing and recombining o

. ?Noﬁ' It s too hard guessing what the characteristics are

. -,lu:'.i ST

|
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‘ "I would spply what I learnt and see if it helps. i,fhiﬁklhth

it will " _
"Yes, ‘but 1if it doesn t it 8 always good to have.g '
' "Yes, becausefnow I have a procedure to follow.
/ "Yes ' By the procedires or steps ‘that we have learnt such R
‘as Unknown, Given, Related probiem~’Charscteristics, method .
. of soln, Etc..‘ . ISR L S «.‘:, o
;3 "Yes. -
’"Yes 1 think they will help me - solve new. problems in="”:.j
. “Math 20 . in that- there is now a set of steps: -for me. to" -
' follow.,,v Lo T . S
T ""Yesa because you know what to do., L.
"Yes, I know that if T get stuck, I can refer to what I
have 1earned and apply it. T
' "I guess: it should, for I will be more aware of what T am : o
looking for in the problem. . j_»,_,.. . »\4. Tel R
‘"Yes and no._ Some of the methods I am clear on whereas ;
some. I 'm not.gp : : - : , -
e5"Yes, I know it will help some in analyzing problems, but.ﬁ-l
could find some difficulty since they could be quite !
different.? . o e
"Yes, because we have an organized way of approaching thei,:‘,u’
_ problem ;;/ e " N _ U
'"Yes We can relate back tbfthem.ﬁ; N S
""Yes.;;‘ff'il -

. . 1 PR LI o
"Yes, it will give ‘me - an. idea as to how to solve ‘new <
J problems. L »,_m- W o o

‘m

ST start to- enjoy it.;l




RO humorous

- of" the methods

".i differing from each other' o

R ?iﬂcy :-r';’;:f"f s ﬂ?’i‘}:fftffﬂwf:“f:’:*Idif,,‘ .W376.i;5
N o . ' o ’ o : o “.’_ . ' ! .v”. N L _',_v'ﬂ)". - -" -
. "I didn t like all the tests. And I didn t like being timed;QA :
Coon them. I’ think it made me ‘rush too mch.” When 'you were. u‘jJ_vf
_\rreally into a problem, all. of a sudden it was time to g0 on DON
e to the next one, and my concentration was broken. Lo ‘
,gtdo "Tr not to teach 80 apecificly (traditional), ease up a txfﬁ_d\jj
'-_.wbit, change the way of teaching OK SIS L B w

, t"I .hought this wss a waste 1 think it helped a bit but o

'-not:as much as I- had hoped. ”tTn o ‘

",uThe course was very good It was presented very well._‘i ; jY[ -

";_"It was a gooﬁ course but was foo fast

“1"It was a, fairly good course

f"Sometimes, too difficult to understand the question.‘ S
“,"I enjoyed you as a teacher._} d\:'
‘"Your blackboard erasing technique is very. original and\ 5

L o y o S

ig"I think that the course was all in all a good one, but
“‘more time should be spent 'on the specialization and & -~
V]analogy and- less on the generalization ‘and’ decomposing
' ]and recombining T fﬁﬁgv v

: “"Could have spent more time on showing us how to use each

:7"Good course, but maybe should show additional examples, ones h’f“~n

N

' d:"Should have gone into them deeper

."Very helpful and usefu‘l course, interesting.
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CONTROL GROUP S QUALITATIVE RESPONSES
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Se e £a ot

B P } S I P [ RS ST

f,'fl"cou'roL cnoup s QUALITATIVE usronszs
- 10 THE snmm ormmn sunm |

’ .

1. Qﬁestion One

EEEERI "Yes because you would know what format to start withug_‘l.tf
Ty _in the problem. v;_f;: B L i g

l.?;:;ﬂu "Yes you learn it if you have to think it out but are-
"”f,helped along with hints, etc.. R S e
L : ST “";'*;Z;_
'?-57V_ﬂf7df"Yes, it gave you somcthing to work,with (given) SRR
>ﬁ-5ffr[»3;9‘;"Yes and no. Sometimes I'was unable to follow the process'u_,f s
f;li.V'“‘"}'7 he problem was’ solved by . AR :

Y ,;‘;Q"Yes because it showed us that there was more than one way

IR 'fto solve problems. “fﬂz»n. S e s e T e
= -f"Yes——it ‘gave different ideas for solving different basic ‘

"”*types of problems.- T S : S

every procedure
about it.a R

S -»_.y"Yes, because you can use one of the types fop
bjﬁ_[Jﬁpresented.f Fach type has something differen

,v'”"Yes, because you have to know what you are 'rying to. find fﬁﬂi'.l
'v\,and what you know already in order to solve 'roblems. .:_' ety

) jf"Yes it is because I have more information about the
‘ problems -f,f_‘,‘w o u.._.f ,_-», ii_e' R

A"No I think an exact formula would be the most efficient

‘“?"f"Yes. ":fy:;[_if

.tﬁ"No

ghtly changed my perspective towards,jiii_.[
'tthg'a problem. ‘y*-f ' :

.zv;'m"Yes, 1 cam ‘up. with the answers quicker and it was easier
B -2 transfer thoughts to the paper with the procedure._,,

' f"I found it easier to do some problems than others. K




ST arg

. "No, because 1 m too_ used to problems which can be formed
'e,into equations .;_:.. ﬁ“,_; SR o

”*""No, T still find it eﬁ%remely difficult to solve problems
{fs.;' d'ﬁvl"I.felt I improved slightly but not as’ much'as T could i
L e have, because I have trouble comprehending problems

‘. v.

2 Question Four

il"Now, because charts showed how to sdlve questions,,I,
didn t know before. S -

‘ "Yes, because I now know how to approach a problem better
ﬁ'7f '"No, not enough "’ d»{l
"Yes, I managed to learn a little more technique
.‘,; "Yes. I have Iearned the methg
"Yes. because I have been’ exposed to. new .and different
: methods of - solution ‘and I was given. interesting problems
showing me that problem solving isn t always Boring '

"For certain problems 1ike type #1 with the chart.-';,,,
' Other than. that, notsreally EEE o

'"Yes, because I can understand the problems better and
therefore be able to. solve them better.‘."“ : .

"Yes, because I have 1earned many ways to solve a problem

"I didn t: feel better than before because I don t like "?ﬁ
you cause o IR . . Lo

'; Wﬂes, because the ‘course gave practice and showed different
'1°ways of solving problems. . :

'
[
] B

~N

'ﬁx"No.: Have not had enough experiénce at it

v MNo. T have yet to come across a problelnlike them outside ii:f' ;
coa math class L T v : CoLE

e "A little bit better .i,learned tollook at a Pbelem;in -
more than ‘one’ way. I R T A RS

"_f | "Yes, the problehnhpr7§ented are more, practical. [




L e w

"Not likely because there was not enough instructin& time‘o'
spent during seminars : . '
‘ _ "fes, I can put my thoughts down on: paper easier now than__'
Ly before. ‘Before I could answer-the questions in my head i :
‘ ‘ but not be able to put, the down on. paper."'_ _ o B i

"No' I may have learned a 1itt1e but still not enOugh tog
solve problems._ _ : : .

"No, because not enough practice was- given in each ‘of" the ',‘ :
different types of problems. I didn t catch on." L s

"No I m no’ better than before and ‘my test proved it. I
find it difficult to know what is needed from the prgblem 3
. to solve it. I can 't pick what special situation is needed "[_

"No and yes,_because some problems are easier and some are
harder.» ' v _ : :
| "s\j._ '

3 Question Five

- "Depends on what the topics are in Math 20 "

f“g'"Yes, because the things ve learned 1in the unit can be o -
fﬁapplied to the othér new problems L

’h;"Yes I've got the egperience."vhk
., ban‘eﬂn j.v:.. S . o i E .

'"Yes;‘because I have learnedfthe method "v_?

;"Yes, because 1° can solve by one method and check. by another

__"It could be revealing the different basic types of . problems
- and- how to go. about solving them.

L
Lo »

"Yes," because I can_ relate the problems to.. one of the five_'\r“v
'types and be able to find the solution easier

f"Yes,_it helps me sort out the unknown and the known B
- "1 don c think’ so.:' “‘ '
‘"Yes, cause I know more ways to figure out problems

R

"viﬁ“xes, it gives me - the basics I need’to know

fﬂﬁYes;,the procedure is clearer..




"‘”No comment.,

"Most of" all of the problems don t make a damn bit of :f=f’
. .sense. to me." . - e S

Ly ".4:

~ "Yes, it trains the mind to. look at ‘a problem from

L 2

different angles T SR

/

-~ e

"Yes " ,,f,i"‘. ."f Rt

_CA~"Yes and no. Some problems were’ hard and others weren t..v“
It depends on the type of problem " v

."No, because like I aaid I didn t catch on. I didn't.

" "No ll '

learn very much Mol s

'S

‘f"I suppose_they will because I ll know how to set. up

.problems.u,'

R

.,

h 4 Question Six &

to pick onz specific one

"I thought it was a fun'way of approaching those problems

b

:"You never see any problems 1ike those outside a math room

\ .

, "I think the test/should have had more questions of each

type 8o you can pick one. of each instead of being forced

;“I really enjoyed this unit because it refreshed my memoryjd
on differeat things I haa learned and now. maybe T won't "

)

_ uforget then whereas: ‘the. curriculum for grade 12 and the R ok
Erest of 1l may not include any of this.' - '

"I think it was. bad having to cut, down our regular math :

time and to make the problem solving marks count for the :

‘Math 20 mark "o

. 381

-1"This was helpful,_but the tests were too difficult."_fp‘ -

;v~"Problem solving needs so much practice

o "No good at all in Math 20 "‘4

3 A big unit 1ike this needs much ‘more tim .

=]
¥ "..

Irliked the unit~‘




e \ "‘ﬁ?' . ST

\“I thin%%programs 8¢ as tﬁis phould be started in grade 9
e to. save

he students from 2 years of unSOIVablb prdblems
G

..

b -.;'.,.

8 "Why do they have those k nds of probiems ‘any way. T

8 idon t think I’ will ever. see one of thoee,problems outside.

' 8 math class. Utte nonsense

"Wish to have mo;@ chance to do this type of problem "xf
- sol ns A_m&. ": .,“_;;‘,‘ﬁ : _5&,4 T
"T"Was hard to do both logs and problem“solving at the same

.Ntime. : .
,Q‘-'

""If more practice would have been given in different types.V'

;of ‘problem solving, T would have done a’ lot better on the

T teets and in the future

.'7"It took‘up a lot of Jour time..

‘ '1{"1 feel that special solutions should have been more clear

%



