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ABSTRACT

A sequence of bounded Tincar operators 0
. . non-N
(R 10,1, 2030080 ona banach Space X7 ds called an approximat Don
processoon o N, 0 D - i X Tor ol 0N LA process
n .
P9 s Sadd po be o of mult fplie o tvpe B cach ~ds detrined
) v : 1
by means of ity teuricr coofficients in X cith respect tooa
. . N - v . ’ g e, . \ .
biorthoygonal svaten in X 1 of convoluticn type if S0 s based
. . : S .
on corvolution with o scquerce of L =kernels.
For suitable subapacos Y 0 0 of X, (4 being
{
fized, with din() - ) and function | () -9 on N, an
approximation process S0 0 an X is said to
N [ BT S RN
(A)  Satisfy a Jockson tvne incoual ity of order o (n)
. e . . P Lo
on X werst. Y, it for ali oY R pLr o f=rh Co(n)!ir

(vhere € is o a constant Indepoenddent of n o )

(B)  Satdsiv a Dernstein tvpe incquality of order - (n)

on N w.r.t. Y | if T (X)) oy and : fl . DO ()Y 4'{1 ‘
. . N n oy . !
ne N :
i
for every v . X (where D ois oa constant Independent of n ¢ N):

(C)  be saturated wisb oroor \(n) on X with saturation
class, Y , i, for f - X
L

“ ‘ o(-(n)y) iff  « »

O(e(n)) iff £ c Y, ¥ Q'A #

. e . .
For an APPTOoNInmation Nrocess T i G 1n C <'lbOUO the inverse
1 ! n s

problem is the characcerization of clumont;fof the classes
[

.
"R

() “40 such that

T
f‘}szj,i"‘f
A

N

= 0(7(n)): for some|

. N

\

(v) L



family,

Given an ;zppr\u:imxll.i‘un ;n‘rmw_‘:;:: {!"“,‘ on X osatistving o
Jacksor feoe dneqgualite e X with respect to o its subspace Y with
(,‘L!I'L.{Il'l] order  o{n)y o, we obtain, in this thesis, a family of
I'y’.‘nl';l('ll Shaces related to N, Con each of which ! i"l‘l boods oan
4 .

\

approximation proces s and satisfies khc Jackson tvpe dncguality with

the same order.  Similar invectipations are also carried out for

approximat ion processes
having saturation and fnverse theorems on XL

We considered multiplicr type and convolution t_\';u"
In the case of multiplicr Lype processes,

approxination ))'()Lluﬁ.‘%t?l .

paces of the space

we find it most convenient to consider Danach subs
RN
A' of generalized functions constructed by AL, Zemanian.  Here,

PN

cach member of AT has Fourler cexpansion with respect to an

convolution type processes, we

LR

orthonormal svetem,  In the casce of

. ) S o n .
consider Banach subspaces of  S'(R7) , the«Schwartz space of

\ , . . S N .
tempe }\ud distributions on R . The member spaces of the resulting,

in cach case, are either constructed as Sobolev tyvpe spaces

Y, -1, N . L .
ne () follewing F. Treves or obtained as

\

b
7. Peetre.

jnturnt«&é«i—f)sp:ﬁ.ccs constructed by K-method of

like 1

\
'

The above results are applied to various summability
approximatiin metheds of expansions with respect to various classical

i N

or Laguerre functions. .

|
orthonormalysystems such as Hermite, Jacobi,

’

i S

| -

(vi)

satisiving o bernstein type Inequality on X or
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CHA T

Prrionts

1.1

Tt rodnet fon

Onoa banach

LDLce
of Loanded Tinearr oporators o
atl 3

it i N for

and

Funct ion (1) O i o, o appr
Sala to (M) satistv oo Jdaerson e
onoon wilth orespect to Y i Vor
[ - R
J l L ¢ (n)
ot A
(B)  satief o Bernstoin
on X with respoest to Y if ‘
BRI

bhe saturated with

()

class Y , if for [ + X

For au aprroximation . process {7

Is the characterization ol clements
[ - ot - ! ) R
(f o« X | (10 =71l =00())

col }l‘\I

order

‘(o(‘ (m)) (n - )
((1(:‘(11)) (n - ) iff

e
(AN
.
.
e nee Eoo (N O I G
: non ;
E !
Al approdination process onow,

Given seitable subbpaces Y

hodie () ) and o nonnesative
ORIt Lon proceos boon X iseT
i
pe o inequality of order L ()
. .

all [ .

>

freoquad ity of order

saturation

ifr

- Y 5 Y - 4 =

v

s (101.3)

as in (C) above, the inverse problenm

of

e clasges .

‘ (n)

n(n)

SOl

n{n) %0, 0 o on -

with

e (101048)



N
- . ' . . - . - ..
Pireo poobh e w0 tried to solve Do this thead
U -
dapprosioation proce Powhich, oy seme pan tica
n &
. 5
R , . L ~ R L)
Satiatbic (AY acion tvpe dnequality, or o (B) ‘Berngtein tyvpe
M 5 :
incquatityy or For that opace, has () aaturation and inverse
) N
1 A I N . -
heor v Tor oo ot other cpaces vould the process (0P satisty the

above Cioes (WD), () or (0.

Thic o partially
Both the naltiplicr (vpe
Bonach

poeneri | Spoce W with

o, and the convelution type approstoation proc

Banach cubopaoe vV of the spoce of
) . . p
vore stinddod, Fhae woaeces U (HY
. . 'n . . ’ .
rectapgle i R) is o oa pavticular spoceinl

the resulting [

or above;

which the 2hove prolbilom was solved,

betwenn and  p'") ;3 the Lorents

P

Berens [HP, po 181 1 sobolev

intermediate
¢

sonme other spaccs of aenorg?

Application of the above

approximation methods of cxpansions

corthonormal svstems such as Hermite,
to Convolution-type
kernels.

Notations Wl definitions

at

in Section I.2.

Section T.3. Sooe exanples

>

respoed

space

. ¢ )
spaces Iving betwéden them

results is

approximation me

The main results of

on the C

N

voanswered by the results entlined below:

tote o biorthooonal sveatem on

onoa oseneral

(ARSI

: . . . . n
terpercd distribations  ST(R)

I p (T an open cubs

crample of the

arnily of resated Banach spaces, for

inclodes L (q 1ving

Spaces

q,1 q

s H (1) and the

(1)

fireves [1], p. 323] and

“rod functicons.

made to summability

with respect to various classical
Jacobi or Laguerre functions and
thods defined through various

of and s

uperators paces are given

this thesis are prescented in
. * . . .
onvolution—type approximation

[Butzor-



'1.3./4

L3059 are prescatoed
-~
Lo

refoer
In Chapter L, w
invu_lvin;', multinlicr
Soetion

I'n

At

clascical swemab ility methods dneo

nereal sy

and L3

Banccochr subspocen of

Ropares T o- 4

Hemogpeinreous

spaces, refer to

We chall give,

necessar:

letters X, Y, 74, I .

will be the set of positive intesers,

all bounded Tincar

We say i X
if X

denote the closure of

el
of Y

operator

in

But ey Nocne

[N A

LA

sSolle e

Lanach Spaces are

operators

[Capliarde [1]].

SN
Secukion
FALT,
sent the
e

Lhe app It

stons mentioned above.

v

i

amp les of

in
denote

Y

fr

and Y a

is continuously contained in Y .

X in th

le

Th Q

P

IRERD AR MRS

Q (,, ,) iy -

Y iven,

. v
i
V)

J

satictbving

I '

. GOl o rTe

] and L

oo o]

Lation

catiten of thoese

[vi the

Hll

In Chapt oy ,

In

¢opr

proecented,

Hemoroneous

Pp

ction, some of

in the Taver chopters to deseribe the moin results.

Banach spaces; P

T,v)

and

in\c)‘

om X

re cqual with ecouivalent norms; X o«

For X

e topoeloav AOI",‘Y' .
X is said to be

tter D

the hepothenin o
cxanp les on
Shapiroe [ 1],
the main reanlts of
operators

s

varion..

Seetion
'):i..‘xL'll S
For nore ox

200-200] .

sith

denotes the differe

Theorem
{ il\'lr\‘
pp. 259--260

'

Lhis theois
~.

on Banach subapaces of

iso oo to

classical ortho-

the proot of Theorems

Lo lavolving, Convolution type .t;);sru:-:i!:z:(: fon operators on

PIT.T, under

b

Spacess and Abstract

aiples on these

the usual notations
TllL‘
denote the space of

[x,x] = [x] .

=V, T let el (X,Y)

\«
N

1f Y \with

X ¢

a normalizoed subspace

i
ntial

present the following:

procesiie:

"



\

Ti) Dbefinitions and o brict sumeeary ob the properties of

. AN

clements of Ahe spoces A A tvodueed b soocmian [ 000 -
(ii) Dbetinitions of the operators I ) and
of the spaces X, X Iovolving u

(iii) scue sulficient conditions for o sequence of real or

comples numbors Co define multiplicoy tvpe cperators as piven i Trebe s
([1]. p. 30].

Definitions amnd a bricf sowrny of the prgrertices of the Scelvearts spaces
. . 4 - . e . :
of distributions [sSehwares [, Voio 1y po 75] , of the Sobolev apaces
Treves [l p. 323 of the intermodiate spaces [Butzer aod Derens
« y e ’

i 3731, and

(1], p. 165), of velative completion [Butoor=Ne:

- « |
b

‘¢ - : 1 )
of the Abstract Heoosencous Danieh Spaces [H.9. Shapiro, p. 201] are

given in Secotions 10202, 10223, 1.204,0 1,200 and 1.2.6 respectively.

-

For apsroxination processes of multiplicor type, iy scocns
P i I AN 3

natural Lo investieate the probles Jominating this thesis Lor subspages
. \ '
. - . i . . . ~
of the genvralized function space ' dntroduced by Zemanian [rrl,0e1l.

Let 1 Dbe an oper interval of the real line R .

Let U be a self adjoint differential operator of the fora

U= pmr ptr ot = et "1(71))“1 R ceeen (22.1)

n, o X 1 v 4 v, with discrete spectrun, with

a sequence of orthoncermal - C'-functions on 1 as its cigens

K :
. . . N . I s
functions, corresponding to the elgenvalues 10 b, owith o } o
’ : i n NN i

as n — v . Thore exist onlv a {inite number of 1, « N 0 <k - £
- k 3 . b

o o A o e
with %, =0, O kot . Let /A denote the linear span of i )

138 1% =

we s, e T e TTET s : L (1.2.2)

4
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I

in A" i ad onlv il there oxa ts a g o N such that

- )
»e |\ I “([tl» j‘" s (L2
_— n . n
n
/
IT 7 denotes the san in AV of by then b
. n'n n 1

n=0
. ‘

“for abl w o~ XN . [Zemanian [2], p.o 200) .

. Caax .
Using the property (A, "), we i define new elements

o

G, Ur o AT (A, s )

‘:‘ - . . .\ D .
Definition 12010 For £ AT (- 0, U0 o A" is defined uniduely
by means’ of its #vnricf’cuvffiuicntx » o \\\’
O - _/‘\ < : "/'
TR = s (kN _ e (1.2.0)
IR Ik Sk
and V0 0 AT ds uniquely defined by means of dits Lourior cfw;fi‘Jc:i(:lL)L
Vg, e =y r, (ko N) el (L2
k ]\, > Kk
‘where ‘ . : B
O . .
f /\»k if L = 0 k¢ N P
Vi ‘ ‘ e (1.2.8)
T . ¥,
i ( 0 =0 k¢ N :
r.
. ) i v
Remarl. For % > 0, a both UI"f and V' f are unic
defined by property (AB') . . For f ¢ A, the functions [ f and
V'f both belons to "A by property (AB) of A ..
The case vhen o = Kk, a non-aegative intever, is of particular
. . S koo ) o .
interest. By definition (1:2.6), U is a lincar operator with discreote
- P . ) ) P L
spectrum with Looa, as dts edgenfunctions with {4 as the corresponding
il . 1 . ?

A ~
.
eigenvalucs. Tt is casv to ebscerve that the operator U coincide-

with the generalized differential operator obtained by k-times successive
application of the self-adjoint differential operator U given by T.2.1.
In fact, it iIs the obscrvatien of the nature of the differential

Nk

\‘ I~ 3 ) . . - - . N
operator \ﬁ% (ko N) that has Jed to the intuitive definition of the

/

/
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111\\“7‘.‘1“)1" U (v - 0). .

The operater Y operates Tike™a Kind of

RS

opuerator U The ddentity relating the operators

will be derived in Chaptoer T and will be cantennive

\

proof of Lewamas TH.)03 to TH.107: (Bor "‘l' Gee pa
The spaces X, X related to a Banac

A' Care defined as tollows:

Definition F.2.2 fet X be a Banach subupace of
space X iy ifr . x } U o Xt cwith norm
-] _ bt I N R r \
R L A N G
The space- X is  {f - A { =1, 4-(1'f1 with
- ’ s [ A RN I
norn J.f‘!Y = inf ‘!ilol{h letllfh 1 ;o,f]
N,
f=f + U7}
13 . i
AK‘
Since U is a closed operater from X, into X
the spaces X, X arce Davach spaces.

Many cperators  which we may come across

from onc Banach subspace of A’
1
of their Fouricr cocfficients.
. N . ' . . §
For Danach subspaces X, Y of A", we

o
the space of such multiplicr tvpe operators [Hille
544} from X into Y , which we define as follows:
Vs
is said to be defined by a scouence of ¢

I« [X,Y)

{y b if ~of,0 =y S (f . N, k- N).

fnverseto the

{ ¢

U and v,

e (12209

bvoused in the

o /&) .

h subspace X0 of \
1y N ' ’
AL, and e 0 The

e (102010)

,J’r1 o ]’ \LL“

R G I

and N is comploete
,

[Butzer=Berens [1], p. 11, 1065].

in Chapter 17T are

into ahother and are defined by means

£

need the notion of

& Phillips (17, p.
An operator

numbers

. \
s (102012

caplox



Lot M(NLY)Y  be the space ol Al real codquences {, b defining some
A

Pooo Oy with o [0 i e o T L2010
Lot 1MEN,Y)  he the space of all real doshle saoquoences ' .
14 } @ ;1']\.11‘;1111L-lv1' sot) such that, tor cvery e,

S N R N '
fy b o HN,Y)Y  defining [Nv ] with  wcup v ! P and norm

L,k : i . i NI

¥ 11 e 1 Y

y [ G yy X o e,y (1.2.14)

[Ref. Foavard (00,1801,

Some sutficient conditions for o sceuwence to be a membor of

M(XL,Y)  have been obtained both by the adthar and by Butzer and his

L.y

colleagues [Wo Trebels [1], p. 305 Butzer=Nessoel=Trebels [2], p.o 132-133].

To describe these yesults, ve need the Todlowin definit Lons:

Definition T.2.5 The pair X, {7 ¢ is said to satisfy the property
ORI P I > 0 ) I i 3

vy .
(C) for some n® 0, if X is a Banach subspace of  A' and

ety 1,X) = X, such that, for some constant € > 0

.H(c,t,)PrH\v o ] (f« X ,necy) oo, (1.2.15)

where  (Co) ©o= 0 B R I € D) H (1.2.16)

denotes the Cesaro.means of the Vourler cxpansions of £, of order o,

W l. th

n -+ (H 4 0+ J) ' R :
SN I G LN e D R (1.3
AL T O T T CETD e 0 (1.2217)

The spaces “"vi'*"]l (j o N) [used by Butzer and his

2471 are defined ag follows: For j < N,

LD

colleamues] [Sce Trebels [11, p.

1) (- -
>,c‘f.2¢(J 1 ¢ AC, (0,

loc « BV (0, ), and

BV = fe . L, | Toc

je1 7 ¢
By = sub | () | + fT";].;’—_ j‘Z-ZJ !dt’(']) ()i« o]
RAES %0 U )

el

..... (I1.2:18)



whore T P L O A L €S BV B (a2

AV] (O, i the e o ol Toeal by aboolutely continmous funeton:
o : :

on (O, (r.2.20)

and HYI (O, 0 the space of W functions, Tocallv o bounded variation
doce :
/|

on (U] (exeeptine the origin. e (10200

The author obtained the followineg safficiont comndition for

4

aosegquence oo ber g member oor o UMK,
Mheorens To2ol Let X, -0 b waticiy the eodition (¢, hen,
Sl n s i
the space of houwgded gneii-conves soquenees

(1) bge = 1 o ’ fIva = (k1) [ﬂ” ’ﬂ + lim |= P o MDD

5 (1 . U BV NG, AR
(2) {{’(L/‘)‘k:u,lvo CfBy () (] )

L R T L O e

(4)  Let {IW'}L“~O CBV, L and r oo BV with ‘q_(v) = i (v)) g kom0

vioe (D)0 cthet dy b 0 beoa real sequence such that, for a > 0

Then

SIS T o) for L0, s> 0. ..., (1.2.23).
k e, o0 ‘
Putzer-Nessol=Trebels [[2], T, pp. 132-133] independent v

obtained the results (1) and (2) of Theorem 1.2.1, with the same

proof . W. Trebels ([1], theorem 3.9, p. 30] obtained the following

more general result, which includes the results of Theorem 1.2.1.

Theorem 1.2.2 let X, 172} satisfy the condition (C7)  for sonme
S n CU

wo=jre Ng.oo Let v ¢*)  be a positive monotone increasing function on
(0,7) . Let < {(t) be a nenncgative function with lim  +(t) = 0 and
N - . +
t+0
>



P () = 0o et 0 possess GiED o continmous derivitives on
( o

. k k-t
(O0,+)  (the origin is cie luded) with ‘t, .‘( t

¥
(O] - ¢ \
(O k- ) . Then “

ey oy, (r.2.

e )/ e P+

Ko N,, U

For furthdr recsults on multiplicrs, reter to Trebels [17.

1.2.2 Tn Chapeer TH, we will he considering the problem of
crtending cither o Jackson tepe incquality, Hernstein tvpe Incquality
or some saturation and Joverse theorems satistiod by eonvelution tvpe
. . . R . v s 1 I's [N ,I] °
approxinatlon procesces on some Bamnch subspace of SR ) to other

. . . n . - . o
related Banceh subepaces of 0 ST(n ) o Some of the usual nokations and

definitions of spaces necded for the alove. arc cpecificd below.

1 . . . . n
For == (x,, x.;7 ... , %) cn , i (;1], Jos ee. i) 0N
i . n . n
. . . . . y . ,
we S0t vl o= ) I:~:‘F5‘ L.Lowdn R pl = (- - ~)"l e (—,——f)"n and -
- 1 - o E -.\”
n . .
I i ] = 3. . Lev M be the space of all bounded mensures
) 1 ' .
i=1
n .
on R with norm
) Ll = L (T.2.
y ) }3
|\ AY
\\
The convolution of oM and f o TL (R7Y, 1 P -, is given by

(Fadn)s (2) = . i (wer) (), e (102,

and we b

The Fouricer-Sticltjes transform of © < M and the Fourier

trans{drm of f < L, are defined as

1

10

24)
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I

A
o/l —ivex v
[(I',.‘] (v) () j u dl'(.‘i!) and
1
R
e (122,28)
3 RN S AL R AURD
foGv) = (29) J . Fe) dw
0 ' .
respectively,
fealso uge the Following conmon notation for distribulion ‘
spaces. [See Sehwvarts [H) 0 he space 0 in the spice of dntinitely
L . . . 0 o . . .
diffoerentiable Tuactions on R WILH comnpact o support ., FThe Scehwarts
space N of rapidiy decreasinge functions i
! 1 AR |
. . . ; . ) Lo
S=+q: ¢ wH sup ]D () ¢« for all It ¢ N,
no k]
xR
.n
—//’\/ P N } .
S~
el slewly increasine functions at infinity io
-

The Schwarts svace

[ I

|

The spaces A Oj(?;l
: c N

nothe ustaal d

respective 1}' y

/ )
The fuurlyr trang:y

/
/
) [rreves '(’H, L 208 o
/
: < »// INFIR
Lsomorphiicm off  S(R )
/ .
IR 081,

The distributicon:

Is du

. n
2T oevery a1 i y

SPaces

the dual RN

I

Pl tonolony,

oriy of

\\‘

IS

Fourier transfo

fined by

<1

RGNS

ihu

[RE R EEUNRSN

there exists

v , and (O,
il
N

>
",

ot

is the function
Fouricer transferm is an

N
) (o the topological vector spaces),

rm T of T

e (1.2.29)

Q).

s {(fov the topological vector



spaces) of

12
]
Stoonto s 80 [Troves [T, p.~2097. The Fourfer trans-
Yo formation is one-to-one Tinear map of 0 ' onto (7,1 and of 0‘1 onto
C N N
) on
on [Treves T, po 30ST. det, for u - R ,
¢ ' ' ™
. (! (=) A - ) G0 S . e (1L.2.30)
u ,
The gronp of peneralized translation operators {7} phooon S'ois
. uue R
defined by ’
L T L (F o S e sy (1.2.31)
u -u
The convolution of O and TS piven by
: C .
DAL R NP I
¢ Yo
(T ac:

e (1,232
v functio and { acts on
V) asoa function ofs v ) ) exists in S' and its Fourjoer
transfor ot = 0T ) the produce being defined by
50 Y e {2 8y . For further details, we refer Lo
Schwarts [ 1
In Chie will consider a family of Banach subspaces
N i - NE) :
of S' related o Serioraee s X of ST obrained by 4
. ;
convoluting colement s . O G O (Calderon, {[1],
T e .
.
) - M z - R 1 e _ \I-l Pie N
p. 34] considoere o t o= LR, ] p “) .
, p .
'or w.¢ R, C oo trone oo
~ i -
G“ ( ( (v ) (1.2.33)
G " (v) . 0{ . For -0, T N called the Bessel
kernel, given by
3 7
L(2~2)/2 I Bl ST
G (%) T I
(= . .
& ()2, 2



MY
L\
a

wvhere }(\/(}:) ti(;‘/l’,) [(l__v(x) - I\'(x))/ sin v,

«

-2 .
T (x) = i (s /M- /o o(m!r (e 4+ w4 1))
=0
are the modificd Bessel functions of order v 0(\(110 third and the
- .

first kind respectivelv. Yor o+ 0 y o Go(x) >0, and
» (81 L4

/” ('I‘[(:-;) dx (2:)

For further propertici, see Aronscajn-Smith [[1], p.oA13=4177,

Aronszajn-ulla=Szeptyceki [[1]) Chapter T, 1] and Ca lderonl1].

o1

The spaces X, X o (om0, and X7 related to oo Bonacl

subspace | X of 8" are defined s

r .
© ) : )\~ -
Xo= (£ 0 X | 6 .f o X' normed by
PP (1.2.34)
[y _ el , 1 0
y‘,.{ & ’Efll\ HC_\) IH\ (f o X7) 3
e
v
XU s (5 ST fet 4 af with foL £ . X
) v RS T ¢ "1 H
~normed by
A ! ! Pie bE s -
[{f‘\r_k :inf ﬁ,fo,[x + ‘lfll;X\ L= f, +G_ f,
X ‘ \ ]
with fl‘)’fl < X1 T (1.2.39)
and. XN©o=lu oo 8T ouwte Xt normed by
ol o= dlo g o (1.2.50)
For Banach subspaces X , YV of S' with S ¢ X n vy , let
I(X,Y) be the space of all tempered distributions u , normed by
' . ! ! : o [ . - 1
HUHT(X,Y) = inf {A | I.IU'*'HY A!“"‘X' - S
. i (1,237
: . L0 . o U o i a1l
If X =Y =1L (), 1 p . =, the space u}\ » as deldned by Hormander [[17],

P



1

page 997 denotes the cpace of Fhuricr Cransforms o , with u o T(L L), o
. 17 i)
normed by E:”k{!:“‘ : [hl'f[<L ) N (1.2.38)
P pPop
v) ’
we have ot @y ,
) .
and (1.2.39)
- n
:-1} == i)
Y .
For further details abouot L spaces, sece Hormonder [[1], pp. 100 -
I‘
o ) - , :
1027, Similarly, we can define HY 0 as the space of Fourior transtorms
u” of distributions I(L] ,L)") , b o with oom
: i 1
. R y
,!”!!H? = "Ulil(L N (1.2.40)
p p
Using the relatics, It is casy to check that for atl P, q ., | Py .
, . " s \ 2 Ay
ve have JP M Jz ...... (I.2.401)
For the origin ST definition [.2.30 and more dotails of  spaces LjA ,
pr
1" p 7w, see Katznelsen [[1], p. 150]),
1.2.3 Sebolev tvpe spacus ‘
i N
For an open subscet [ of R , let D(1) be the space of
all 1 « C (1) with compact support in 1 . Lot DY(1) be its dual.
. . - D, -m Py,
Analogous to the definitions of spaces no (ry , n’e (r)y , hg’ (1)

by Treves [1], Chapter 31], we define Sobolev-tyvpe spaces

n, 0, - . !
W x) , W m(X) (m ¢ P) related to a Banich subspace
D'(1) as follows: Wm(X) = {f ¢ X distributional derivat
DI £ X', 4 oo Nt 51 - m} with norm

e = Idsl e W
R [ . ..n X
‘ W) (3w, den

X.

.

D,

N

of

ives



~of this

. . n
dense in X, then W7

0 v :
1 (1) i (X) is the closure of (LY in

m, . .
W (X)) with the inducoed normg ol

!]l m, j N J
normed by
- | . . N .[| 7 ] _i_
SR T A R TN | P A SR

Wo(N) paom ’ . L]yln :

: orohy . CoNd ceel (122
] [A]I'm

1.2.4 dntermedinte spoces or K-interpolat ion. .

The K-nethal of dinterpelation developed by 0. Peetre [1]

in the theorv of intermediate spodces and the concept of relative
. L i

N

complotion introduced by Gopliarde [Yee Aroaszajo-Cavltiavdo [1]] play

an important role in approxincticn theors. Definitions and theorems

scetion can boe found in greater detail in the boolt of Butzer-

Berens [[1), 3.27.

m }

a
For Banach spaces X, Y continuously contalned In a linevar
Hausdor {f cpace X, let
sl , . e
X+Y = f o X ot fj with fl ¢ X, f2 yUowith thie
norm Pt = inf { N il I R
! \s‘t.};+\r ‘:I'A' w:\ it 0 Y i 1 2
>
~ f D R (L2044
A 2 ( )
For f < X+ Y , 0~ t <, the function norm  k(t,f,N,Y) is defined as
C Pl |~
ko, [,N,Y) = ipl ;|11!;X + t!ij?!fY l f = fl + f,. -, \
\ \
{
f. ¢ X, f, cv} ceeen (T.2.45)
1 2
N, YD) is definced to beothe space of 41l £ ¢ X + Y for which the norm

» 4
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RERNS

is finite.

The spaces (,V) . O - v 1L o1 - g« and/or

O -0 1, q = arve Banach spaces under the norm (1.2.40) .
NONTERY LYY Ny o A G
oy

Ancintespolation pede o (5 ,N)) in X is a couple ol

Banacls spaces RHT ot

space N L Ter o (LY and (VLY ) be Lo interpolation pairs in

Noand Y respeciivelt. let TOOYY be the space of linear transforme

ations Yron j-Z] + X, to ‘1'1 N, such that for 1 1(N,Y)
o o . D Ny ! . - .
fooo o, Py, and flnro Mol b P= 1,20 ... (120
E ) [ ! i
1 1 1 i i i1 N
i i
ive. T‘K : [X{ ,H'L] with a norm - M., 0 o= o1,

Defiinition 1.2.4 Let X and Y be two intersedicie spaces of X

and N, o, and ‘1'1' and Y, respectively, [refer to Butzer—Dorens [1],
p. Joo o We say ¥ and v

have the dnterpolation property, i for

]
Syt o \ ’ . . . : ' ) .
caclv T TN, VY v Foy] fhe =svaces 3 and Y are called

interpolation spaces of tvpe o O 1, if for seme constant ¢

o Pt I=2 3 o
- lll!?[\: Y] -G (illff![v Y (E\fJ![\' v ]) ’ (I\l "(\,v),\"
§ X, S NonT, .

Z <

e (T02.49)

-:}_}1}9_35_531 T.2.3 Let (X, X)) and v, ,\.,',))

be two interpolation pairs

of X and Y . respectively.  Then the internediate spaces V(X))

/,

4

Furthormore

7)

Poously cor s ddoed inoa lincor Hausdorff

16



and (YI,Y,))M . (O 1y L g and/or 0O -] , 4 =)
- v‘.{

are dinterpolation spaces of (XI,X,)) and (Y ‘Y,)) of tvpe =

satistvineg  (I.2.49) with ¢ - L .
e )

1.2.5 Relative Completion

For an approxination process having caturation thoeoroms on

a banach space X the saturation class o usually given by the

oy
\\/

relative complotion of o normalized Banach subspace Y of 0 X . The

N

relative completion of Y with respect to 74, denoted by ¥ s

the space .

with norm

Il = dnr fsup [

~M : !
Y n ) 13

(¢c) Y =Y if Y is reflexive
. . ~ X
(d) Y is a normalized Banach subspace of 7Y

.

For prool of these statements, sce Butzer-Nessel [[17,



PL205  Abatract Homoeencous banach Space

The concepts ot Abstract Home  cous Banach Space (abbroviated

‘o n . . . . ,
as AUBS) on R and Homopencons Lhanach sSpace (abbreviated as HBES) on

R Fave heen Tound uscfol as "unifving tools"™ for convidering

approximation probloens on various spoces simultancously.  [For
history and origin of definition of these spaces, sce .80 Shapiro

(111, p. 200] aud the references cited there] o Many familics of

spaces whrich arce to be considered in Chapters T and TIL involve

: ¥ . . R n
these spaces. Shapiro, [{1), p. 201} defines an AHBS on R R

Banach sSpace B topether with a group AT V0 of operators in
AN

uoucd

[B] satisfvine the folloving conditions (1), (H2) and (H3) :

. C o
H T, =1 didentity i B} . T =T T SREEE =1
() 0 aen y in [B] RERERY u v’ " ui'[)']
1

v (u,v « ' ;

- ' : - . )|
(H2) Tor cach £ ¢ B, the functicm e rRY B R en by

::‘f(u) = 'J"\ Tis continucus; and -~

(H3) For all -, c M, [ < B we have fa(an) {f+ )xu where

for ¢ « MM, { ¢ B the element  f=xv of B dis defincd

to be the Bochinor=Sticltjes integral
;J (&)

~

feoom [ (0 Ay : e (1.2.51)

of the (continuous bounded) B-valued function ;f(u)

- I I A
satisfying ‘lfx“!i o

Shapiro [{1], p. 206] defines a IIB5 B on " as a Banach

..._...(1.2.52)

subspace of (Lebesiuce) measurable and uniformly locall integrable
;) & K . &



“4
o n S , , .
functions on R satistying (D) and (U2 above with Fenpoct o
the provpy of beneralizcd trans ot ions 0! o Cdetined b 1,203,
: u u R

Thus, for cach compacl sot K an R, there caints o countant
«(K)  such that for o1 . b , LR

Folro] do o o j[’:‘!;'“ S L
Kot

Shapivo [[1], o 200 and 207] proves the folloving:

(a)y If is oan AUBS on 17 and () LI(F”) with

'f“ k(t)yde = 1 |, then fuf allb L,
R

: Lim [’{ = fxk, . " =0
a-0 - oo

where, ’ -k(w)(t> = n“nk(tﬁiL R I € LTS

: R I e . o
(b) Fvery HBS B on R 1 an AHBS on R with  (fx)()  to

be dinterpreted as : / Flr - u) ¢-(u) -
o -
for all [ = B-, ¢ o M. e (102059

1.3 Main Resulre

[
N . v . . - N . i .
The nain results of this Lﬁ\iis will be stat. . in"this

section. We present the resulis involving piultiplicr=trpe approsination

7

y ' R . 4 . . .
proces:s ot Banach subspraces of CAY din LB 01 and the results Invotving
{

convoulution type approximation precosases on banach subspaces or o ST

in 1.3.2. Let mo- P (m fixed throuchout this scction.)

\l'
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1.3.1 Approsinat ion Results on Poanach }~1lllv:;Jm('(':; of AT

For o = 0 ) we will Jdefine FGa,s) L a rami Iy of Banach
subspaces of A from cach of which we will extond the Jackson or
dernstein tvpe inequalitics satisficd by multiplicr—tvpe approximat ion

processes to varions other rolated Banach subuspiaces of A

Definition 1.3.1 tet () be the familv of all Banach subspaces

b
Zo ot AT watisfving the fol Powing: -
(1) 72 contains both DY and [1",“}_] as dense subspaces:
AWy e TG s AT L
(3) For all & = 0, {\'}\) : V}km\' (as defined b}" 1.2.8) pelongs Lo

MCZ)Y  defining U

Definition T1.3.2 ¥For o = 0 » ospace  Zoo Flo,e) ) if
(L z o« I
(2) 7% containg 0 (1Y as dense subspace; and

(3) For all Eoe (EFY 7o I)I;f c AT 0T kT

N

Definic.e. » 1.3.3 let & >0 and X L F'(m,¢) be reflesive. Then

Yi(m,&,X) 15 the farily consisting of the following spaces:

Y o= (any one of N, Mt (X, X%) .. O« o, <1 |
"{1 5q] )

Wy ) , wm’OO’ O, (I-.’_N(Y_. ) L, W Yoo, q
where 1 q < , << 1,



L
Doetinition .39 A opaee X DG it X o T and there exiatn
) . . .. ca K B e ye [ [ [ .
X ¢ ( (HI) Wit AN (‘\ IR y AN AT on Sy i i | x’\ l i ' i £ (:.:'))'. N
on X', i é-Ei‘,, P ;j‘ . For ( Tor o), et O(m, yn)

boe the tamily o tioge of the tolboving spacon:

FoCe any one of Lm0 (s , U g ),
1 -
- -1 . .
W ! ) A\ (" (' A ) ’ o I A I ‘] ' »
1 “ i |7 L
Fy (s oany one of ASLIN (ﬂ')i} s (xgt,<x')§_>‘ G O M

P, (5 any one or XF 0 (U )E  ( (tEy L0 g )
|

E,oo(= any one or o (X)) e R

Rumaric: We o eanocite many exanples of the sapace X retated to
, i o
X oo Q(m) . L (k) , (1L
. n. . Lo . N, .
N = Ll Ry 5 N' = () 5 when xXo=C (R, N s I.l(

X = (L](zz”))’ ;XU = D) s when Xo= (cowh)y w5 = (L](x”))

Having defined these familics of subspaces ol A wo state

«

the main results of this chapter,

Theorem  1T.5.1 () gt 70 > 0 and X . F(n,®) be reflesxive.

Then M(X) « M(2) and Uli(3) Uy Tor oall  Zoo I, ).

., (b) For & >0 end X o 0@Gn). . Tihere holds  M(X) Hen o,
3 o '

U (x) « UM(z) forall 7 o Qwm, ,%) . . s

Remarks: Assertion (a) duplies that every multiplicr type operator

a

-~

on X defines a multiplicr tvpe cperator on members of  Y(m.,d,X) or
} A { s 5

QGn,&,N).  assertion (b) implies, with the help of the Banach-Steinhaus
Theoreu, that everv approximation process related to 10} .ooon
- nonch
X , defines an approximation process related .to 1 b on every
n



.é1

Zoo Y (n,i X)) or Qm, LX)

with ¢

Let us assume henceforth (throuphout this thesis) that

p (L) {s o non-aceative function def

2o let o0

~

,'J‘,l‘f,'}’.r."_‘”_ 1.3,

()

S/
- S . .
reflexived (respectively X
il |

'

{ M) et e (3]

Uk ke Tt

(a)y 1f

for

then for o1l 72 Y(m,; ,X)

holds f
(h)

then  for all 7

o - X,

t as its o limit point such that

and o > 0

all X

(respoec

. ) .
PCALZY = n . :
ined onoa oparanctoer aet with
(L)Y 0 as ot 't” ...... (r.3.1)
;o
Suppose X f ) ds
and for all ot , Lhe seduences
Then the Following statements hold:
N O T
Cively Tor all 7 ¢ Q@ X)), (here
L for all : // : —
anc 1[‘ f]] ‘ (t,[:v(t)J—'];il’:".,
: e X 2 b
'y

(respectively for all 7.

e, Can T s

OG-, %)) N ﬁ'L[Z] -4 and Hf’tf;_/ e, ey T ;
G , : 22 ,
(¢) 11 X and ‘,‘n)‘ satisiy property ((7] ) (given by

T.2.15)

A 1

and for some ¢ ¥ 0

b

fixed Kk o N, then for all 2

Zo¢ Qu,,X))  there holds for  f
o (L)
S
!!lti - lti7 B

G ()

In the following

members of Y, LX) and QGa, +L,X)

s

Tet X and vV

Theorem T7.3.3

rcal or

Ty e @l

}-;)/' () - C“I' asotooty

Y{m,: ,N)

theorem

to be subspaces of A"

complez valued functions on

(f « for some & o (O

X))

@, ’
for cvery

¢

for all

(respectively

(e =LY iff f - &

(r - t‘_\) iff { = Z

for

, some sufficif}t conditions

arce given.

be Banach subspaces of lLebesgue measurable,

I such that COYw



('1(1’(!),.“\1‘) Noarad e LY L)

(1) Suppooe ‘ I(!
SRS
a
s ¢ P independent ot ok
operator of  AY into AT o
LR
are subspaces of A
()  Supposce tor

it

el

al

})

all

oo Ry
o¢) ¥ | LN
(] n' >« N
, L . I
O k- m, the wmappinsg b
BN N N .
nof, = (1) -1 , (!
. 1
(c)  Suppose
of n.«. ")y and for all n
L. o
P, oa finite sequence 10
SIS
¢
S n
D, = (O ,and
n g'n
a=c q q
((gj,q3 P, (.‘,_[ >0 (2 :
of n P Y. Then we have
—- .. v
S G ), 0, ar.
.. ; 0
(ii)  w1(] D) =
noc
d)  Leid ko7
(0 ;
. I o
0 Lk vm, (U "Dy o0
ntol R
only on Ik, k,.) Then for
. . Lo,
is continucus. Hence W (N

hoen

hencee

[

depending only

N the

U(i

d
Lot D ,
[T
. |§|[’.
o(h ! Yy (n,k . P,
' o -
(n
D AT A' i g continuous
the snaces under consideration
, S IR
o, () I mo, |ib RN
o). Then tor all x o Py
AT s continueus, whon X
) ’ﬁ‘)

fndependent

. ‘ e
reoexisto Py in ]
1 q gq=0
onvitaats with
! 4 ! !
G | ) Sup ; !
1 n . v
O q o q
{
P e tndependoent
! 2
“ o - mo s !
NoooX¥ o N, NF,OW O (NHNE)
i
j\; e oot A8
. 0. RIpN
nd hence ol (AW T (R)) =W
ed) . Suppost for all K Lo,

+ o

in

Fincar

At



P32 Sppresiation Benlts on Danaeh Subspiacees o SR

Fivet of all, we will detine o 1tami v of Banach subnipaces
‘ >

i of  STOUD)Y L fram o coch ol wiich we wounld Tile to extomnd Jaclhaoh

or Bernstoin tvpe dnegualiticos satinficd by convolut lon tvpe appreimat ion

. .
. . - e n

Lo various othier relatoed Banach subnipaces of  STRTY .

Processen

o _ ) A . N L
Definition T.3.  An ALY B on R boelomers to 1t
N : (SN sy . - . \ . .
(1y & hooS with [ (v R the veneralized
u u
. o ,
translation on R (see 120500,
i
(2) 5 s dense in B o
. poodst .. i . Q . .y
(3) |l o Chi o ;85 . C a constant).
i 13 .
-
Remarkc: soln Temma TTEOTL Chapter 11D woe will show that, for po. I
. Toe o C e N o0
L Is alse oo ombor =0 o Coee 100000 vor derfinitiond., fhoas, L1 )
Iﬁ
.,on . n .on . -
(Lp) (), 1 ; N G G T BN (SR SR are all nembers o F o
) R ! - R 9 . TN U » o
Please note that, for 1 p 2, (I:)) fs oo HBS on R Dut, ol
; s
) - ¢ . A , i ) , r
20 p , (L) fs an Al a e on L I 3
N he
!
without loss of veneralite, we can ousune Lot for all { B, B

o ~ o Con L T
Since B o St 1 Boowith fyyn = Foi o (1.3.3)
[ II; 1 1)
and B+ BT 00 (1.3, dia not satis{icd, woe can consider D+ D
4
instead of B,
For B < I | the fanily of 1¢lated Banach subspaces of 8!

can bo defined s Tellovs:

Delinition 1.3.6 let B - T oot 0 . jet Lo, B denotu

the familv consisting of the follovine spacos:
: ; foEpac
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oGy one of oy, w Mooy L owTery o ar et )
i v i i i R i 70
0 1 1 LB ! / 6o, 0 -

] y q ) y ( i l)"y([ b7 ] ) |
I g Viore X B X s B, N, e () L X, =
; N |
Xoo= (B*)
O

When Bois any onye of I,P(Rn) s (I,P) R T

¢y on oot

) , we o define a tamify R, B) ; so that an approximation
woress saturated on o Boowithea cortain order will be saturated on ecach
I .

N . . ) . .
member of R, b))  with the same orvder.

Definition 1.3.7 Tet INEECHIN D

following spaces:

- - 1 . RN . . -1 . it .
Y O[T oanv ene of 1,](;;”\ Lcomh (o oy, Tt L wt e
Lot p,)(:n, ]A] (E-ill)) be the family consisting of the following spaces:
Yoo[= oany one of 1LY LY (L) N CCID NG AR B ,
! : 3 P p g

Y, (= anv one of L ,(IA;K)A , (L ),‘ <, ((L})\,(L AN

Lopdp o, 0ol 1T g ), W

m 2l

<‘\.]'_n| <\ l)) , ‘.‘l

. ’ ] 2] [N
et Rl @) = R G = R et @) v R G (7). (30

A
Pefinition T.3.8 For, 1< p < , let R(u,l.) denote the family
Pt lon ’ p
cconglsting o% the rollowing spaces:
A}

. ., et - ) ~
Y, [= anv one of L (R , with g between p and p' , (L )",
4

]



Y, (= any one of (L), Con o, (1L D (<"11 )i'(]‘p R,

2
2 | 2 ‘
-1 n S )
0 0 I, 1 })1 / P - Y , W (\,2) , W), (W (\';_’)’32)‘1 0
0 ! | q
VIVAu“f:ihii’lr_i‘ulx 1.3.9 VYor wm. b, let K(m,(l.l)‘) denote the family
consistingg of the rollewing spaces:
Fol= any oone of (1), (L) L)) s, bLop A p
' b P Py IR :
R O N O D
oy
0 - L,o0 ey
Byl anv one of () ((}(‘«”)) R N R I R AT .
i ] N
-m, r m
0 ] g T I W D :
N I G B (P N B L
1 q

n

Let  Ru, (6 () ):R(m,(l,J)")

Definition 1.3.10 For m- P, L <p<. , lot R, (1)) denote

the fanily consisting of the fTollowing spacos:

Y. (= anv one of (L), wit] botwee and  p! Lo, (L) ;
] (= am one ( (1) , with g between p o an P, (P , ( p'> .)1‘,(1
- em m ; ~m i
O« v 1 1 - DS W Y o) WY % Y WOy
crea o wep e e pafe )y
0« o« 1 , 1 o q
v, [ = any one of ((LP) , (Lp,)‘)ﬂ B IR B I U C U N
WAL, T L), 0w e 1, 1 g
- hd - L o
1
The structural relationship between the hbove defined
familics of spaces Is given by the following result:  Let I\'(Rn) = any -



one of L@ L (L), 1 p e C oy e ™)

Theorem L34 Lot s o= 0L Lot B T Gespectively b x(R™))
Then for all 7. Lo, B)Y  (respectively 7 Il(m‘.\’(l{n)). There holda

T, By« 1(2,72) o (Rofer to 1.2.37).

The main result af this section in as follows: .
. ' ,'/ ‘ . /
‘ p ) /
Theorem 10305 Suppose B [ (respeet a7 5(R )). Lot

v 0 S0 et 2w B ()‘L'..‘:pwt’_{'i\’(,‘]}' A R(m,x(f:”)).

b
‘ v |
Lot p (L) be as given by (1.3.1)  and {:.L }[ o be a fagitly of
; 2
clements o T(B,B). -

T : |
() rf st =it (ot (- B ) then foa all

_ ~ 1 . I [
fecv =27 I‘:.Lm —f‘f‘, € (t) f‘lli;
(2) If for all f « B , L:‘:f B vor all ot 0 and

! c GG O)
Wf 2 70 for all €. & oand L wfp b Cyifl, e

(3)  Suppose  (v)  is a Lehesoue neasarable function on R

satisfyving

-

P s [ 1) ey

2y (G () 5 ) Lo, ()

(1 + jlv

for suime & > 0 and boundod measures  n, o, i= 1,23 in M)
: i

' - - n
and suppose for all fixed v o R

([a:t]‘ - /o) - (V) as ot oty P (1.3.6)

and for B equal anv one of L (k) (LY 1 - Do, C () and

-
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. R 1 . . . . “‘;
(Co™)) L theen M;‘[m - nl!], oG o)) ooy (e
Then for all a0 R, B)  (See Delinitions 1038 to 1.3.11) and for
oo @, there holds .
(n(k,(u) i (v) = U
ol - f—ll = . I
IJIL iy ) ey
OG. () ifr r .7
I ;:Vruf,yiﬂV{pﬂffi_‘?LWQ}?UU'L”Iif”f“i}7‘“,’B“U}]fﬁir“!pjfl” 1;r‘5“f”ff?f
We will cite some vionples of functions o (v)  and meastres
. v S - . .
{H[f in M) satisiving conditions  1.3.5 and 1.3.0
(1) Fejer-tvpe leracts
The function (v) = constant v, 0 gatisfies 1.7.5,0 [F.4, Stein

[11 , p. 102 and Butzer=Nessel [1), P.o253] . There are nany evanp les
P A I

of measures oo in H(Rn) with () (x) = Lﬁnk(x/t) t - 0
oL~ L
\ . 1. n ’ ) ) . . )
Wwith KRG - L (v, jn L(t)de = 1, satisiving (uL (v - 1)/ ()
R

Clvg‘ for some & > 0 and some o(t) ~ 0 as t 0 . Seco Butzer-—

Nﬂ&ﬁcl[[l] . Chapter 12 and H.S. Shapiro [ 1], pp. 259 to 265].

of Rernels b dch are not of Fejer tvpe

e 9 9
VL2 [ (sin 200/ (sinh” zx + sin” 5y)] . The kernels

—
J
i

1

n

ahH oL

T T e -n .
e are not of FEJER'S TVPE, i.e. # t . (x/t) with v(x) ¢ L
Siuy,V :

ﬁ@tzcr—ﬁo_be~ﬁcs531 [[1], p.. 333, Lemma 2] have shewn, using o lemma

duc te Stein [1], that
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\Y
(v) = = v couh (h5)  as v (-4 -
s a
v
and the functions Lo . (VY satiagy g 3.5 with appropriate neasures
S :
L, N IR
i

4



CHAPTER 11

AVPHUXIHYYHNJIWHH'NSVS o AT

Lr.1.1 The prool of the wain pesults of this thesis, rolated Lo
the nn‘lltiplim‘_t".;»u appremivation processes on Panach subspices of

A' L (theorons a3l 103020 and 1.3.3) are presented dn o this chaptoer.
Variows structura ] relationships dnonng memier s of the familics

i

Y, Xy Olmy LX) (see Doefinitiong Fo323, 1.304) with  » ~ 0

and 20 T, ) (see Definit Len 103020 - p boing fixed throushoud
the thesis), are Tovestivated in Section PLoT.20 We show thae Cvery

multiplicr tvpe operator on X can be extended to a similar vperator

Oonevery member of the Samilics Y L) el 0@, LK) L A simple
. > . > 3

s
-

characterization of the clementes or 2 S0 Is given in Lemma 17.1.7.
The proof of the thooroen. 1.73.0 and T.503 s ddven iu Scetion

T2, wtidicing o result due t'w"H. Berens [1] 0 [soo Butzoer-Xessel

(1], p. 502]. Aoplication o made in Scotion ‘J[.')‘ of these results

to classical summab ity methods nvelving various classical orthonormal

Svstoms ik frermite, Lacuverre, Jocoebi, Trivononietrice and Bessel funct fons.,

sohere  which are necded

I1.1.2 Wo ostate and prove cortain Lo

in the proof o Theorem 13,0,

Lemma  IT1.1.1 1ot X be o Banach subspace of D'(1) with D(1) as

cee (11.1.1)
(B)  Tf X s reflesive, so is '.-‘m’o(x) i



)

Ve pive the proof of the above Lemnma for the general case

n . . . . ’
when T« RO 0 This case is neceded in Chapter 117,
A
Proof (i)  This proof dis analogous to that of Prop. 31,73, page
. ‘ . ‘-
325, Treves [1). 0 Let ( be the mumber of clements in the sot o
1 . - ,
{ Pt ‘ 1‘ } © ! Let B o= N - X <y, with the norm ‘.,
e o mr . ot i . /\:11: . e orn
: R sl . , . S
o = x fn e e I.1.)
l | L no ‘ ' ‘ o n l \ | ]}\ ( }
T L S R Pl e b R
Then dual of B o= B % with a norm similar to

SN e N L
it IR i NI s
(. timoes

. m, 0.
(I1.1 1) The map 7o W00 - B civen by
I X - )
; . - C R - Lo .
TP o= {D ST G SRR 6% ARG § B -
"'k gt o - ) )
. . . m,0 .. . . -
is an isometry of W (X)  into  E . The transpose of 1o .

m, 0 i , 0

T B e (W (py#F o, isoa continuous dinear map of  LF onto () )

. . Tey
That T% is onto Tollows from the Hohn-Banach Theerem.,  Indeed, for

m,0 ... - . . ~
£l QFTTED))YY ., Y can be transtorred as oa ocontinuous linear form

-t

m, 0, : : . . .
SUO(N)) , and then extended to the whole of B as an Clement

on o T

£, « E% . Then T, =7¢' . For v ¢ \-.’_m(}l) with v =" & Dl r

f.ooo X% i3b w2 and Tor Ty oo (), defing

i
<
7
i
—
!
—
S
-
hma
=
.
v
.
.
.
~
—
—
e
(%)
N

Then [‘;v,

defined in (17.1.3),can be uniqueldy catended to v oo (W

. A o, 0 e . . — -m, .,
Hence, the map 1 :-W 7(X%) - (NI PO )E sgiven by v o= v (v WO (XE))
. . ' ) n,0, 0
is one to cne as  D(1)  is dense in W O((X) . Clearly
one to one R
f Iv,I ; < !vf I . We will - ow that 1 s Otite.

.0

GRS W )



)
(D)% . Since TR s o onto o, Y o= TR T
|

n
TS A R R

for some {5 In K% A. et v i (-1) |‘j Il)’] .=
. .o.n J
"]\‘m,y] )

. Coem, . .
then v o W (N#) wand Ty = v . Thus, T is onto.

: . e . Lo, 0 S .
(ii)  let X be reflexive. Then i (X)) is reflexive,

m, 0

. -~ . -
since W (X)) can be embodded as oa closed Tinear subspace of the

reflexive space I under the map  (11.1.2).
. L
}
Lemma  TT.1.2 Let X and Yo be banach subspaces of 0 PD'(1) . Then

", . . ~ . o ae vt el 1) O - ..
theve exists an extension of 0 - [xX,v] 5 T, \\ 0 W)W )]
such that [ i-’J'—!

and when  D(1)  is deanse in X, T s uniquely determined.

Proof: on f e WD, define 7oby TT o= T( Djfi) -

EIE
. . T
Cooodre, L This derinition is independent of the rep resentat ion
l\] } tm J ' : )
of f , since § = ©oplr, o= Coplg . dmplies 0 = 70 =
lj!'m J ]ji'm ]

T (7 ’nj(f, e =T e - © pITe. . Also, for
!j l Tm 3 J f_] [ ] l_] | =m J

f= e e x ., il owm, [l B S R
51 b WYY 5 ]

Plord] e e s Henee

]..!: ] o

In Loemnas 171.1.3, I1.1.4 and T .0, we dnvestigate various
e 3
structura]l relationships anong members of cacl of the families Y(m , 5,X) and

0@, %,%) , (X s F(m)and® > 0). In Lemma [1.1.5, we extend

multiplicer tvpe operators on X to its related Sobolev type spaces.
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Lo,
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calculng ot

s Loy and 1L
They are derived fron
The Is the

.‘§E)(4('t',

or o~ > 0
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I
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=
Z

I

©
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ilt‘

followivg velations T

I

operators

b

I

Thew
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sAk K0, ..

0 {
"

Thus, VU = G h = L - : o (I1L.1.0)
I Z o T (see Definition 1.3.1) and b 7, then

bl vt = = L

since, by defivition of - 7 A AN
b R k:

Lemma  I1.1.3 Lot 2o T, [sce befinition 1.3.1) wad = >~ 0 . 1

(a) A is dense o 20 and 2 Qs a Banach space with the norm

. . . . ‘ RN . o
(c) Tt A is dense dn 2% 0 then A is dense in (2%) .

v .
(d) Tor 0 - - & ) there helds 70 . XL and (X*)gr ‘ (Z*)_
(¢ "1f 2 %f reflexsive, so is 7,
(F) Mg @)
(1) wL”<é;> = (w"mk2>>ﬁ :

R , -, . m, 0, .
(h) If Z% . F(a) and 2 is reflexive, thew (W, (2.))% = (hr (2T

(i) ((z*{_)\ =2, () o=

' ¢
Proof-of (a) 7 ds the space of all [ ¢ 7 with (¢ 7 (Scu
Definition T.2.10). Since LA < Ao Z ) we obtain A = 2 o 2

We want to prove that A iy dense Z . let [ o Z and < > 0
= ¢
Since A is dense in 7 and U f < Z , there exists ¢ ¢ A such

that [0 ¢ - 1) o0 0w have 6o+ U AL py definition of Z

(vee definition 1.3.1 and 1.2.8) V- [2] . If we let g o= U

r

then g« 2z, Vg 2z el oL By TT.1.6, we have Vg o=

D ’ i~



\ . ‘

86
Ctuty -

have

L ’ ~ ]
vl = e
= V- .S |
Fhue, 0 = (0+ Vooyng
7
O
This fmplics that A is de
The operatar U

closced on A" [Hille=Philli

scequence

This property (%) dmplics

Z. as its domaln.

with

o

The graph of

7. 7 with the ususl norn
o . s 1 . et
Banach vith the norm 1

Proof .of (b)

Tlhe snace

. = Inf <

£

)_

The

of proposition 31.3, page 3
The map T ¢ 7.
v

cssentiong

- '},..'/ (r+ (')H::H,, (14 ).
RTE pr byt o0

= V'H}’, -+ ]!L‘ S .
(II(, ’.["] ol e

nseoin 2

, bedine of miltiplicr trpe on A,
pa (1], p. 945] . Since A 7, for
0 in 7 inmplies XL O in AT
that the operator Lo V.D A B
is a closad subspace of the Banach
Gf 7 74 This ’i;,‘p ies that '/',‘A'

any

closed

Space

o dsy by derindtion 1.2.11, the space o
-0 s : ¢
Ton =0 o+ Ll f A I et
O { 0 fl ( l" )f] ) andd Ll
Ce Pl ! . .
i]‘«. { b + i 1‘ rll ’2-' 1 ! + “ fl =1 b

stops dn this proof are the sanc

[17.

" " .
’ freves

3

s

7z (r,l0r)

i

)

;

e (11108

all

as those

v Lhe Haln

identifice

e
.
Is an isomctlry.  The transposc map L% @ 729 . 7 (7% is ont
Banach Theorem, as every centinucus lincar functional f on 7



30

under (T'1o1.8) as a subspace of 7 - 7 o be extended as o continuous
. ~ . N B . . TR - A - PYIRH
lincar functional F on 72 - 7 sauch that i Yors o (2%

with + = 4 0t , (& ,f zE) o, define oo Zo into O as

The function f is.well delfined for the following reasons:

(1) From the detinition L300 of 2 0 [0 V] ia dense in 2 . By
n

similar arenments coplored in the prool of the faet that A s dense
in 2, we can prove that | 4] Is dense in

.o Iy R B ,,"" s . el e . .
(i) =y = o G AT, kon) L This dmplics that

‘i'U"lh,““' = ‘Th\“ o (h A i, \ IR

' . N
(iii)  tet oo oo Since [0 v o odense int 7, there emists
n ;
A soquence 4N in [f',‘i P1osach that oy in 2 and U :{, R
L e 1 .

Suppose,  f has two representations ian (U5 0 as o= {4+ U fl =

i .
v oo+ b u ; f f . coo0E s Then, by () ahove,

! I

. .
o = 3
- —_—
y

—

it
)
/
+
'
—

‘Cg\



Thus, -0 i 4 f e N I N T I

{
() s uniquels doting U for ol A TR A R S
woll detined  (independoent o) the representations of 5 in (%))

Sined 000 s with 1 b 4 L (0% o The map
I (7)) Co DY aiven by 1y PooCr 2y ) i well defined.,

| feone Lo one,  yinee [ ] fsodense o X0 Tor, qf

Since 0 =Ty AT D thie above innlies o= g by the property

(A3'> of A" L [Sceotion FL2T0 0 Further T g continuous, since

i o Yo .. .
!;Il[f(, y ‘:,rj;(xﬁ) <o want o to prove that ] La onte. Lot
ooz )™ . Since 1% iw antoe, there esist b hl 2% such that
T#(h ,h,) = [ Define o (7)) as oovo= i+ (] h Fhen Ty =

Proof of (o) 1ot A i?“duHSU 2% 0 We want Lo rove thot A Qs

dense in (7%) A o (Z%) 0 and >0 . let o=+ Urf

with fJ A Sinde A ds dense in 2% thore esnist
A with iy L /2 i= 0] Thu
{ ’ 1. T bt JI\;:“- 3 ) aus,

Ry —



Henee r\ is donse in (%)

Proer o (b der 0o S L T T

-0 oo - . Bl . . . ,
(4t =y .t 70 sinee o7 booderinition of
Detinition 1.3, 1. Hene /}’,_ 2. Sinoo A i denuse in
‘ i I -
L TR S is dense in v and hence
g (B4 S, 1
(7 3% = () (s A
Lt - -
\’J
Proot of () i Sooin retieive, then S dentinrio oy

(D
.

subspace of (Lo poer e Space S ander (L, 1.8) rof lenive,

Sy T T por )

Im thiv dinerosn, === 2 (renp. =) deniotes the dircetion to

ool procecds, LARIng transnose Fesp. extension) of the operatoer
] ; : i :

unduery consideration, Slince A de dense in AT LA ds den

Lo

wir Lot

s¢ In



Proot of (i) Ul o Both Lemma TH1.2 and Lemma FEOT3 (Y fmp lv

i LRt . . .
that tor - ]1,1 oW Y with o o > 0o L0 oom , we have

m

Lot . W () o Then coan be writton e 0 4 ])‘l[,"‘;:, R

| IS l/‘[ _ I)]);‘] and hieiee Up - T ) I Thus,

IKER (NP . . e . . ‘
o oM TN b e and LT, This faplies

ey v

n, 0

[N
7

()

Procf o OGO 00 w2m 0 T () and 2 s ref Tesive, then W
refleive.s The rest follows by stops similar to those of (b)) of this

Temma.

The result (17 I casy (o Prove, d

e THO10A Suppone X0 ahd YV are Boanach subspaces of A" | each
containing A as o dense subspoce. Let, for oo - 0 \
oo b MQX) oMOY) (refer to Definition F.2.8) . Thon, for 0= o = 1 |

I~ q - andysor 0 - q ==«
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doetinition
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Temmia 11,105 Lot X Y

, Foo Banach sabopaces of A" sueh that
. . . VL , SOl e
A is dense in both X and v Y S N O - Ihen

MOLYY (v N e My

MOLY)Y e T ee s o vy o

f
- 9
- - -
N _ i o ‘ RN
(\ ( ) ) : m«.nm-‘;) (G A( ) ) N - 1, (1 ) s )\ by ! [GAN )
D 7N
i, = i B — el ARG
(k ) ; 'll = Ivf \ JI”' are ddenticy wan s

15ILJ,“v-'?(ﬁl~Q7quLvui\'"’““ﬁS ) denotes the

Erectior to ol sroor proce ddsy taling Lramispose (roesp civels
tensiond L Fator cnndor consbder tion.
- : [ . . . TR . “ . .
Too cabnce A T donne dn WYY gl W (VY is dense in
.
. m

. . oL - "
O uniloue cxtension N SN G WY T ¥
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G SN (R SESPED

H"ll)

(.‘w‘il)(‘(‘ n‘](«‘\J‘l) N , Woovet A L.’“ (\) i fﬂ', (u (:‘l;':))°"' ‘ /\’)

- T - -

Thus, L b0 O U R G Y)Y E) der g cw L [ Ty )

oo W) Hence 0 SOV, W S ] derining
i< ?
‘ [Uﬁm vy ) ] i IJ‘,j ’f f: Thus

~ﬁtw<ﬂﬂgry PTod.r Lot X FGa). fnoior to befinition 1.3.1]  and

bs nodenoe subspace of X% 0 Then, for 0 - y I q

Proors Since X P, G dGTUCD))Y br o bemma 10136
and GG 2w T b Lo 1EL 1L 1G)) . Since fo Al ,

is dence in Dot N and X% WO R N AT ) b Lemma 10L1L5

0. )
Clloue doa Voo e IO G O { > (‘\)) W i1l DIOVe tnan
X TARR ¢ .'.—fl,” .
. (od o i ()
©
IS L
Let e ) ciininy [] Ihen b N e Crvot i



.. Q0

< iy ] ‘4‘ v Clgn 1 N N . e . ol

Since [_n}] is dense in W (X) . there vxists a Scguienee
¢

. ‘ . . L0
in i, 31 such that 1 - in ln’m (N) . Tthen i f - in
n { ¢

O oy, ..
(M) & o Sinee [Ee ) o adl ¢, v el (s 1]

n 0 )
(_w”* (X)) ey = 4

m,0 S ; , n. 0
WD) derinine b W () . Since M) .“i(\-.’m‘( (X)) 1

(

M

-, Y . ,
MOW 0D by Theoren 1203, 0t 1o ows that

MO neTT e ey )

v
Lewmar d1o1.00 (@) Suppose 720 F(m, ), for some ~ 0 . Then
A N I [ B G € SO ML DR (11.1.18)
(2) ey = e

(h) Tr, In ccddition, 2 iy vellexive, then

L0 -1,
o )= (=%0))
mLu m,0 L .
WERTmE ) = ()Y eye, 2E L denor. o)
Proof of ()
( Since  Zo FQa, ), 4 - T(n) (See Definitions 1.3.1, 1.3, 2)
Hes Lot HOO o devinins UL B L (Refer to 1.2, 7) . Tor
A'\’
T K . Pl e R e
cach o Voo ang U T, T S iy ST Y f)};,{,
[ -’

definivg Vo o [2,7. ] 00 By Lemma T1.1.3¢(0), we have (7. )% = (7%)

Since 7 and W are chanach sobspaces of AV with A 2 o 7 y

N
—~
N

~
~—
~—
-
-

ot

s

¢l (Ayz)y =70 el (A () = (0



1
Lemina 11.1.5 we have

m

MOZLZ) () ) ((x*)ﬁn),w”m(z*))

y"‘ﬂl

(2)‘ Wo(7) \J_m((ff) _) < We will prove that for . W AN

e w™osy Yy L e 1 O BN A S T F T

m ’ \
0 nelet o (0 =0 DT e ()
~ J=0 :

SR . - T . Co TR
vou bsoac Hncar operator frem 2% into  “%  with Llv i

O, (T 29 (Refer to 11.1.7). Thus,

vas, (2% o By Lo Holoooally, v [(Z*)_‘,Z*] . Using the

and fffi{ = fif:; + ;?Ucfl

Thus, H—m(ﬁ*) - (W

omy

Nal T—In

Conversely, we will prove that, for [ ¢ (W czsy Dy,

((Z*Wm‘)): . Then ., a-r u.w—m((Z*)_:)

L

by 1i.aas, Vodisy o W s ro= e a v Uty oo

. (2%  with

Ao Cree LLULUS Tor definiticn of jf). This proves that

ey .

- .

Wy = T
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Proof of (b))

. ) . . . m.0 .
1 I 7 is reflexive, so are W °
b

. w0
(2)  and @

(7)), . Hence
Nl

g, 0 m,Q
N

m,O(

(W)Y = (@) e (T ey = ()

i

(NN (/%))

—

i, 0 - |
o I T

zr o = G e e e e s @M e = @™l

— N . )

(2)

Using the results of Lemmas 1T.0.2 to JH.1.6, we will prove

Theorem T.3.1.

Proof of Theorem T.3.1

(a) Let 5 > 0, and a reflexive space XV F(m,s) . Using Theorem

T.

N

b

2.3, wo have M(X) <« HY) , whoere Y = anv.once of X, N¥ (X,X‘*‘)lf«;]\

1 q 7« frob o) defining 0w [Y]

define T [v ] as follows.

For f « Y . with £ =71+ U £, 7 ., f, <Y definc

&%)

Tf =rf + Wy -
1 L (17.1.19)

. * —
1t is casy to check that {tk'r - M(Y—F) defining oo [Y ,_.y]

Corollavy TL.1.1 implics that MX) « M(E) for all I . H'(Iﬂ,\ﬁ;}I)

(b) Tet & >0 and X e Q(m) . lYet \”/ , B30 1 11’ i < 4 be ags in
Definit®ion I.3.4. M) « M(X') since [I™ ] is dense in X' . Hence
M(X) « I‘i(lii) I = 1,3,4 by Theoren [.2.3, and Lemma I17.1.3(f). When

Z = X% or V= , we can prove M{Z) @ M(Z ) as in (1[.1.19)

-

Henece (b) follows by theorem I.2.3 and Lemma 11.1.4. 0.5.D.
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"
]
A
Usingt the definition of LYY L we would Tike to cive
shuple characterization of the clements of SN LX) for o Banach
subsipace X of A" and S0
Iidecd, for . P MO Y)Y dedininge o [ L],
: o o
- . 2 - : . .
we bave for every 0 X, Y X and hence i) oo X

oo MO, M) defining - [M] with

Thus, Y VR
~ '\, L

where (?l = (C + , ’V‘-‘ i E) vihere  C 0 ds given by 11.1.7
and Vo= & ke N, k&0 o0
k ko k ¥ ¢
_ A T I b
. (i }, y R oo !
with IR OO, H ” [‘?-1(‘) SRR TN

k MOX L, ) L () [
v .
Thus we have proved the folloving.
Lemma  TT.1.7  Let X be a Banach subspace of A" and < - 0 . Tiee
e v . }
{‘,.},} <N X)) LT and only if there exists ot TN matisty o
o R I .
Y,oo= o, R ko N, k¥ i, .00 . N G B

ATIE Results reldoted to maltinplior tope processe:

In this scctien, we will prove the main results of this

thesis, related to nltiplicr Lype appreximation processcs on LBandeoh

74



ol AV (i,

subrpoaoes
.

N Geproriorlion
(respociavely X

()

satistiving eithoer

pProcess on

) ) [Reter

O (e
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Theorems 10302 and 1.3.4) 0 We will show that

some N o T Gayy) cdor some e Q)

to Definitions 1T.3.2 and 1.3.4]

Jackson tyvpe inequality or (B) Berpatein

type dncquality or (G} having saturation theorems on X with certain
order, sotizfice the same (oo (A, () or (C)) on cach 72 0 Y(m,v,x)
(J'L'.‘{]H"I.i.\'l}' (?(Iu,f ,‘\)) (I:\'Y-L]‘ to Delinitions ]."v.';, I .')./r) with
' O
the same order., In this contest, we state below a result Jdue Lo
H. Perens [ 1] For proot, scee Butoer=Nessoel [, p.o 502 on the
i }

saturstion of oporox

Theorem [.3.2,

f

R I

Theoran

that , (t) =0

approsination process on X

with domain

f o D)

(for

Then

Imation . processes,

() dense. in X

vidleh woouse dn o the proofl of

be a nonnceative Junctica on such

t . let lt oobe commmutative strong
LW
and Tet L boe ooelosed linear operator
and ranve in X #uch that for cvery
- - ‘. | e
- /oty = bfj|. =0 el (reL2 D
¢ A N
1 3 !
Kuppose there exists a recularization process 0 0
- ' n
- \ . | - .
v T [X] DO lim {13 -1l =0
n i P b
NN ' n
»
J and Tt commute for all n o N , t ¢ .
n

(a) 171
and BT -0 .
(L) - T

(i)

is such

follewing statcments

00

i

that, !IL f -1 o (t)y)y , then £ ¢ D@)

are For [ ¢ X

(LY (e £ D(B)" whore the



Ped

-
norm on  D{BY  dw o piven by HIHI)(“) Hf't!x f HMHX (r o )
Prool of Theorem 103020 Let (0 0, = 0o, N, iy -
IR RALL R el e Lk
I.t' and 70 boe o asopiven in Theorem 0302,
() Suppose for some oo 0 we have for atl f - X
{{‘ [
P 1 Co (O]
' ] t I I\ | ( ); Vi [;,;1
)

Then, for all v, {(

sup [10G = Do s O DT

L ll IR AN A\) A
t ’ ( o L &7
< e (11.2.2)
1
)
by lemma 11.1.7, for cach t, there exists o Yoo belonging to
. : L,l“\ SO '
X)) satisfving ,

G - D) = koooN, kA D

t ,fi § ,i\ N (
...... (11.2.3)
and  osup { ] ST ]‘ R O with o eiven by 111,20 By
: L,k M(N) i1 1 g
t .
Theorvim 1.3.1, we have for cach t©
t o "('/\) witl un P s (.
by P () J 1= i NN O .
[',k‘ : t[ P,k PR 171
ch& a by Lemma 11,07, we obtain fer cachh  t o,

Uy L Lo M 7Yy defining (E"L ~ 1) /y (o)

and satisfyineg fo0 all ’ , !i(f'lf" - f)/‘(?):lz - LJ“J}‘

Ht



.
£
h’
% " - C C o
Lot e Wy LY et {11} he o soquence in A0 satistying
N iy

Then for cach (r 1d‘ - tk')/' (ty - (TLT - DY/ (0 (k- )

Thurs

‘I(?tf - f)/.(()[' . lim'uup '!(T[fk = fy)/p(L)}:xl; olUl sgp ]gfg

(b)Y  Supposce for some 5o 0 we have for all o X 4 and for all

_ R 1 .
Fob e x and ';EA 1W§~ S, (e il‘tlv L Then we haves=Tor
BN [ . . X | .
cvery  to, fo (L) N vith o o : N ¢
. (L SR () et Tk k() 2

By theoren J.3.1, we have 'y(t),L y7y1‘ R Ffor all L

by Theorem® .31, LT MYy dedining 0 [7] For f
18N Y (

(i c defined by 11.1.3)  and henee for a censtant  C ¢ S
¢ ':A
we have ‘(L){ﬁfofgze‘ ¢, el gllz])jf{jﬁz L (11.2°8

-

Honce. for o all § 07 and for all t | Do A, and

Con G et (r. 7)

(Cpy = Cyop -whore o) s civem by T1.1.20). «

(c) Let 7 -Y(m,r,X) “(respecitively O(m, ,%X)) . Supposc the
> i ) . s s 1’k
Theoren 1.3.2(c) are satisficd by

conditicens of the hyvpotle ois of

Then, by (a) of this theoren, we have

—
p—
~

n >t ",k



Then () tollows by Theoren THo200.

For T o« 7., let T 0 (-0 () roir (11.2.10)

By Unitorm bhoundedness principte, we hove

{ 1\ t y I I N . (1

yn‘ cvery oo s G - D)y e ‘~,]‘]_ 0 as Lot

Since L Jois deasc in 2 the Banach Stedv i Thoeorem dmplics
that for ol . 72 . (: Li' - Y/, () - =W in S as ot -t

T (11.2.10)

Casc | Supposce U] dsedence inonoL. = U fs a closed
n

7 and rance in 7.0 We will o show that

operator with o Jdense Jdomain

(1) For every 0o 4, (O )/ (L) - o Wy in 7

(11) inere esists od b [Z1  sueh tiaat VN 00 B

J - f in 4 for every f 74 and ] and il cominut
: n

A -
et R of o= (1 = L/ D)), S B
n NN
Bv Jhecvem L3001, the pair 72 satisiy the properiy (C) (reier to
- n , : o .
definition 1.2.3) . Since the tuncticn  1r{) :/.I - DS |

=\0 o]

is quasiconvex on [0, ) , by Theorem 1.2.1, we obtain that

!
I . . . . . I .
TR [z R (7)) A 7 for atl n sup R oM
n [7] >, n( g i ! TR O 1’
n
...... (b1L2015)
R i in 7 for o1l f 7o R AN connute for all noapnd ¢

nh ' cn ‘1 L N
i N i /



Thus

Jdual ot

A s g dense

I'or o 7

such th,

et f « 7 he
Suls are weak® compoct
that CU,oas g

the weal™ topolony on

-(L'L r -1/ (tq),.]:f*

subopace,

o Bancets sebapace

l'.’xg;_ only have to

oG (t))

T
L P
o Lhere oxists 0
, (?L -0/
gy
7 'or cach |

L (
(l' (I
~cli R st t
~ 1
Heneo 2007 = o170y Dol 4
replaced by wgall o ) then 0 = 0 )
Proof of Thcorem TU305
5 N |
Let g I such that : ;
Jr )
’r’.'/-l' J
R
IR O v ! ts
(1) Supoos Y 5 h (G
noo 3}
1.7(1)
(¢« P, indepondent of  n N,k )

oo AT with P containing

prove the followinge:

implices  © 0 4

‘I'I'x;\ lics

Since bhoundoed

o (1))

ooand i ueh
aoqge b
(t ) ras 4 ., in
¢
T
...... (1.2.10)
7 [ b @ is

ioal



Henee o 0 07 ¢y tor a1l k.o

'Jl: . .t
domain o U in L) we have
1 ]A
Sy - e Y Ly 0N 11,2
R Pt (K N, ) (rr.2.
Hence Do A (refer to 0.2 R G B

et ! Pobe o sogquence ino A such thoad Lo in A (n - )

n n
. ) )
. . . | (S
[ For o oo N : ]’ I | N 0 as  n
i} i W
fo=0)

For all oy X U oyt S B R B LTS

Mo N ; 0 as
S| o | bk
. ko
noco L denee D Db din A (o ) L This implies that U
n
T ) . . d
mappdnas Do A A DD s AT AT ke continuons wvith D o= T
dx
(L) let wm o oy Loty for oarl kR with 0 k - n
s,
| }I)L P otk , "
; Sl e, It.2
L n' s . 20 nt (
(.‘%I' <P, depending enly oon kg M,ooa constant -o0).,
~ . -
. 3 1
. [ SO h ¢ i [ !
For A s pilr L oD
LN AR ‘ I DN
\H:U
SI‘+;4
MM 0 k" om
2 U\l | 2 bl
L7(n)
- bk 4 " I k, e ; 1
Thus, (=10 = A - X (-1 A - X% are continucus.  Hence

() follows.

20)

o)

,0



(Y By steps simdi by to thase do the proct of (b)), we e show,
) | By 4
I . [ I Pow oy )
"]“ D }!\ S ol 15(( : : ‘Jr I (II 1)
1.7

- N
(0 -k This ("*])I\UH"HI DA

m)

are-cont inuons, b m"gf,; RAY S B o, 0 | Wi ocontinuous.
() (i)Y Tor all T [I }f‘\,”\ cone., :;H\
(1(.»11:;‘(. ’ :“‘ {L]f ! j N
e
—- . (H.2.20
This gives A Ny Since DD icodenae dn both X0 and Y,
A Is dense in both X and v Marther N8R Yo AT

Let ] \' a1 (a1 g, Py independent of N
D N bt ] :
q. o, s
L | B N T | . ) yl] - N
Lin: | SR TV T R I SO T (ri.2
S NN q A M . L1 2w
=0, q .
., ¢
R Sl o n
D, = ¢
n . q I
n=0 g , o
K ) e (1T.2.20)
, q ,]-H],l Aot s
This gives [ In P \ B U(F ; .
noxLx n
buv similar argunents,
l \4
[ip© i oG Yy (11.2.27)
n il
(o, = P, derending ool oon k ) Poaces
IR
7P iy - y i 3
WoRCT \ foro 211 p P, by (b
For all n N, ko, we can writc ,
i Tk S
D = I PP L(I1.2.28)
n LN, R,
q=0 ’
. , n
whore I Py depenitoonly o oon (,‘ censtants o with
' 1 : . SN



T"] (]I
< n o : ‘ ‘ .
u. f('l : 0. ! ) R sup o | X U\f '
- Y 1 0o b, n
B
dy,d{, P'dependiog on koo This dwplics tor a0,
b Yl A N . :
Uh ¢ BRI . ol
n 0 Kog nytog nbg R I AN Yty
E
with o d, 4 3" G4 ) o Heace by (D)
oy IN IS
-1
W y f ) Al
- 1
’ oA o L LN v
(i)  The moy R X I
(m 4+ 1) times
. . . R RGN . m. ..
poiven by f0 s (Vo DT LD ) (W)
o
Is an disometry ., T o N NS e o0 N e s (W ()
i 1 et [ N " S 0A (W)

N CHEETEE D] i o

by the Hahm-Danach Theorcin. Supposo, for soie 1

T

I

(H) . Sinee A W) o, thoere oxds

m';\J
m,0 y ) RN A
3 te 1

GO Y E v

P

- . . : . m, U
<rt S U s Lo T = 0 for all s W)

S ) wich v o X 00

Now, v oo W (X

: = of ' i = 00 for o110 (D)

Henece v, | > =

but v, - F 0 0 This Poads Lo o oceontradiction

n

b=0

n ' R

0

for

Ionc

Sincee 1=

m

alil

o

Doefine



b

P W ) L Paing the estimates TT02078 and THL20009 0 we can prove

. NI m, 0 . m, O .
' v e W (M) o, 'ien o0 W (%) , since W (=) isoa

.
norm=-clooaed sabeot o W) Thas A W () L Sinee

. ) U . \ . 1y . . . . .
Dty « A e () A in dense inow! Oy o This dmplics [0 4]
n

i dence in W

[1.3 ."‘}I‘P]fl\i'x IR

Tn this ection, wo Tl1lhastrate onr mein results of this

chapter byociting caaaples o spaces beloniay to T(a, ) o > 0

[Retor to doefinition Toocd]s of maltiplicr tvpe approxination

procesces sadisteing Jacinon and/or Fernstein tvpe inequalitics on

Sy , , Ce
orthonormal sveatems 10 b matisiving

Panceh subopaces of ATy and of
n

the conditions of Thoorems .30

Suppose fer o all oo Ill(l) L (), DA

0 &k m and A Loy 4w (1)

k)

)l ds dense in LD L opossoe CollY o0 Foros o 0,

Sl p e s o M) for all o 0, for all

K _ . :
Co (L)Y o+ (L) o, ST A 0
p- p'i-s e
LW (1T
Then, o all <;f> b L Fm,t) and L s reflexive.
I, p p

I,l(i) and o Colly o) . (‘}(\':1:,‘,]‘](1)) X Y (G, ty L
R R l)

YV, ,1.) L1y 1 g Ties botween  pooand gl (p o P )



(Heve  co() e i | isoa tinite interval) o For R
T p o 0 L e reflesive Spacen (LP) . Lp'q(H)h\lnnﬁ Lo
Fao, )y o (L)Y and o) QGm) . Reter to Katenelson [1] tor

(1. ) spaces and to butaor-Berens [[1], p.o I8 for RN spaces,

2 i

In Section T.3.3, we cite Cramp L of orthonormal svstems [

satTaivineg TT.73.01 with v 7
n,

PR32 Tocmpdes o moltin ey (o Approsioat Ten procesnes

Here, we cite cxamples of maltipliey Evpe approximation
preceshen saticriving (1) Jackson and Bornateln Cvpe dnequalitics on
Panach subopaces of AT L aad (ii)i.vnndilinnn ol the hvpothesis of
Theorem T.3.2000,

bet, for o 0 oo (v) o= oanyv oone of the functions

r. (V) LW () L C () (v o s 0 1), whore

o ey =% (11.3.4)

is the tonricr tranasform of Ricez borned [Butser-
! - -V . 7 1 i i n o - I2¢
Wolv) = o v 0 ds the fouricor tronsiorm 0L L. [1.3.5)
B bl
A
of the seneraliced Ueiorstrass el [Butoor="ease ] [1], p. 4065].

C (V) - ﬁV(I v v 0 s the Tourier Lransaiorn of ... ... (11.3.6)

the picard ernel [Butzer=Nosoel {1 nLoAbd] e et 72 T(m, )

velTexive  (respectivels 20 0Gy)  sueh thatl the pair 7 'J)}
: ) .
satisry (C7) [coofer T.2015] [et
‘] = (k+ b)), s~ 0 . b G (n) = ;J = (n+ 1+ b)
. ‘ n+



Since g (V) vie o L (] - vV Y e quanieconbes O 0,

functions, by Theoren 10201, we obtain that

i,

{‘A(“>Ak ‘ ’Lk

-

This implics oo

Satistics both Jd:n

respect too Y ol orden o) Further, (1 - O Y/ (ny - oo
: : : o, ' i

(m - )~ Vor coch fiaed L ooomd tor o rome o # 0 N G R T 0]

Hence 00 b satisTics the hepothesic of Theoron o320,

' Heve o we clte many olassica! othvnurw”] SVELONE 05
examples o0 crthonormal svatens L satisfving 1.3, with
Pm 7 s the vardcus conditions of the hipothesis of Theorem 1.3.3,
andonoa osuitatie Banach subapoes N7 yhu corvespoinling apace AT
the paiv N, 'n: satbetles (O [Scee tL2000)

1 = P or (f\(— ’4‘) . { = _(:2". “- '(j" o heY c:-: L) + o -




(i)Y N, Uoob osatiaty (00) . [Poaind [1]].

(ii) - o (x) = - \"(Vn./.’.') ) {_',(n(-l—{f14\)-/—:-) )
<N -1 SRER|

(2)  Lacuerre punctions, e 0 enser T o= [0O0) 0 K o= any one of

S L e 0 Doy -/

(3)  docuerre Tonetions c# 0 cooer 1= [0,0) L X o= any one of
P o
Vo, ) o C (u, ), 1 n o Let o P lot > 2mo- 1, -
. -/ /0 —x A d /2 —.]2
com Vismed. - o ¢ e /

r) N
= ~[=D7 4 D - /A T e (o + 1) /2

e [J(n+l)/l(n+-+])]1/2 VA C-x/z ¢ G0

r : - N ’ T B TN
cralined Loouerre poloueiats, 2 < on
n
. 2l “ /2
. oo /2 =w2 .
(i) Lo o, o= oo ¢ ¢ R,
G

)



€10

(ii)y 4.} satisty (tfl) [See Potani [1]]
(iii) H,{]f ‘,\'[‘)l’*’ = 0(n)

nok . .
S N S R D VAN QI y?J]/“ =)

vy 8Ly
- (J/?);f")(x) - Pt/ o k+1+1)/5(n+u+1)JJ/2yi*)
ot 2 ’ . .
O(n Yo, 0k mor Tor all s - 0,

D) Lepondre tuncoions:  To= (=1,1) SX = any one of 1l -1,

- R ! ' P
Pop o G- = S (=1 = (1/8) e ) = (T p ¢)
i ¢ n n

i
P () = levendre polvnomial of deyree no, “n = (n+ 1/2Y7, 4= {0}

] 4
(i) X Poob satisfy (C7) ) [See Asitev=tHirschoan Jr. [1]].

[ (l)'*"l) //—)] - e e e e
(ii) "v')(;._) = - POl =200) /vas (7/2) =4k ;.’n-f;k+3(‘:-:)

: k=1 '

(iii) jfufn.qi¢ : = o0y kR

0
(iv) TFor all ¢ = 0, (/2 7. XY o, koo N » /

2 (it “) + 1 = (1-x%) L(J»l*:-:):-

e P 2
= /w0 - )k ko) R4
Ly dx v
n
NG EREISIE B n-m L . .
p G = (I /2”) . (n s Y (=1) ) (=F1) v wre Jacebl polynomiales
n Pe() m N~ i .

[Sce VTollard [17]. ,("’"’ = (W () 1‘<"“>/(;’1x Y Ghere



A C= o n o+ (CEEDY D) L et X s any one ol ,LP(~I‘1) R

I—p e or C-1,1) o Theny by direct computation, it can be ghown

oG N Bo ok (oY
. I A 0. | AR by ‘i) ) . "
() 'ID n l!KnV* (i‘n.t,ﬂ‘ ) R n Py
£’I_ :
O™ )y 0 ke, s e, depending onlv oon
Ny, i | ‘

=20 . > .
PO+ Gl /2y A(LI(~3‘1)) for all p b
‘ KN . 1 N )
S -
- . . . P ) IR} )
(0) Trionometyic fnctle ) A ene el 1 s,
1/ , IR TTE
I 77p o or C(=a,0) i = —1]) D) e
n
N B | 1 | | o
no<oZ o, Moo=, = 0 S = i S
n- U b ' 2

(ke Py ) yLor all w0, -0

: o Ky -
3 AT oA
then ., 2o MH(Xy L%
Ky LN
4() roo T

(7) (Second Ferm) o 1= (0,) , U= -7 | .n(H) =2/ cos onmo,

o= 00, A s censtants

MRS ER! :
= 0(r Yy, (ko P ,n XY o For oo 0,
~ .
- ,:‘
Y )
I = (0,2 , U= -p | ( = S .
i -
E )
2
A ~
n
A
Lo odtiple Fearies Sories: Let R bo tip n—fold Cortesion
c ; . . . Lo /vw i
ol X and denote u o, v cloments of 0 RO Then ovos (v, .. v,
’ B HUE <
. .n oL . ' - . . \ N

Let 7 be the n-ifold Cartesian product of 20 with clemonts :

ol



1 . . ’ . .
mo= (o, .o ) LT the 11—«11111”1*:1\‘:1‘# Lare oy s piven by
l 1 ' :
o0 n | | \ . p,on
] fv o R Vi , 1 i nto, et SR A (VA T
oon ) N , ) ) ) :
Looop o oo COTD) ) the set of all fune tons fF 0 eperiodice inewench \
. . s . N I RN
coordinate with the seandard nornm S w;u.‘l\l Lo
AN ; .
. ; i
g N AR VA p . ’ |
iy , F(v) Ay (1 p ) or man () I
. 4y !
I v R
- _
respectively,
, >
- n
e /0 9 o
) [ ERERY N n/.. S . . . . s
Coe) = oo /(0 (m - 27 o= () , = m
m , v n . P
}\:1 N :
.11 o . .
o« PRI s A A TS ceontintons ] Cator,
DY m n
L I !

Woe have

for “a Y IM/p o= 1/t Ly o see Trebeds D L p. 78

E ™ is oo tiplicr of X for >0
noom P
i , ot L
(1Y PForaice o veodn et Po= 0,101,000, .. et o o=
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