Conditional Value-at-Risk hedging and its applications
by

Hongxi Wan

A thesis submitted in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

in
Mathematical Finance

Department of Mathematical and Statistical Sciences
University of Alberta

© Hongxi Wan, 2021



ABSTRACT

Imposing a constraint on the initial wealth may cause the perfect hedging impossible. In this
case, the goal of an investor is to find a strategy that minimize the shortfall under a certain measure,
which leads to the concept of partial hedging. In this thesis, the shortfall risk is measured by Con-
ditional Value-at-Risk , a coherent risk measure. We investigate Conditional Value-at-Risk based
partial hedging and its applications to equity linked life insurance contracts in different markets.
First, we consider a Jump-Diffusion market model with transaction costs. A non-linear partial
differential equation that an option value process inclusive of transaction costs should satisfy is
provided. In addition, we give the closed-form expression of an European call option price in this
market and derive the Conditional Value-at-Risk based partial hedging strategy for it. Our results
are implemented to obtain target clients’ survival probabilities and age of equity-linked life insurance
contracts. Secondly, we deal with a defaultable Jump-Diffusion market. The minimal superhedging
costs of claims with a zero recovery rate are calculated. Moreover, the Conditional Value-at-Risk
minimization problem of such defaultable claims is solved successfully by converting it into a static
optimization problem in the corresponding default free market. Furthermore, our method is imple-
mented to derive minimal shortfall and optimal hedging strategies of defaultable equity-linked life
insurance contracts whose payoffs are equal to the maximum of two risky assets conditioned by the
occurrence of a default event. Thirdly, we take a deep look into the first continuous market model in
mathematical finance — the Bachelier model. We introduce two modifications of such a model which
are based on SDEs with absorption and reflection. They overcome the drawback of the Bachelier
model that is stock prices can take negative values. Comparisons in aspects of perfect hedging
price as well as Conditional Value-at-Risk based hedging among the standard Bachelier model, the
modified Bachlier model and the Black-Scholes model are executed. In the last part, a risk mea-

sure called Range Value-at-Risk that contains Value-at-Risk and Conditional Value-at-Risk as two
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limiting cases is investigated. We solve the Range Value-at-Risk based partial hedging problem
and describe its connections with Value-at-Risk as well as Conditional Value-at-Risk based hedging,
which provides a more comprehensive picture about partial hedging. In addition, a numerical exam-
ple is given to illustrate the application of our methodology in the area of mixed finance/insurance

contracts in the market with long-range dependence.
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CHAPTER 1

Introduction

1.1 Outline

The focus of this thesis is to investigate Conditional Value-at-Risk based partial hedging and its
applications to equity linked life insurance contracts in different markets, for instance, in markets
with jumps, in markets with transaction costs, in markets with defaults and in markets with
long-range-dependence. The dissertation is divided into five chapters.

Chapter 1 introduces the reader to concepts of risk measures, testing statistical hypotheses
theory, the Neyman-Person lemma as well as the connection between the testing statistical
hypotheses theory and the partial hedging problem.

Chapter 2 analyzes CVaR based partial hedging subject to a risk constraint in a
Jump-Diffusion market model with transaction costs. A non-linear partial differential equation
(PDE) that an option value process inclusive of transaction costs should satisfy is provided. In
particular, the closed-form expression of an European call option price is given. Meanwhile, the
CVaR based partial hedging strategy for a call option is derived explicitly. Both the CVaR
hedging price and the weights of the hedging portfolio are based on an adjusted volatility. We
obtain estimated values of expected total hedging errors and total transaction costs by a
simulation method. Furthermore, our results are implemented to derive target clients’ survival
probabilities and age of equity-linked life insurance contracts.

In Chapter 3, we deal with a defaultable Jump-Diffusion market. The minimal superhedging

costs of claims with a zero recovery rate are derived. Meanwhile, we investigate the CVaR



minimization problem with an initial capital constraint which is converted into a static
optimization problem in the corresponding default free market and the solution of such a problem
is given with the help of the Neyman-Pearson lemma. Furthermore, our method is implemented to
derive minimal values of CVaR and optimal hedging strategies of defaultable equity-linked life
insurance contracts whose payoffs are equal to the maximum of two risky assets conditioned by
the occurrence of a default event.

In Chapter 4, we take a deep look in to the Bachelier model. Mathematically, stock prices
described by a classical Bachelier model are sums of a Brownian motion and an absolute
continuous drift. Hence, stock prices can take negative values, and financially, it is not
appropriate. Such a drawback is overcome by Samuelson who has proposed the exponential
transformation and provided the so-called Geometrical Brownian motion. In this chapter, we
introduce two additional modifications which are based on SDEs with absorption and reflection.
We show that the model with reflection may admit arbitrage, but the model with an appropriate
absorption leads to a better model. Comparisons regarding the option price among the standard
Bachelier model, the Black-Scholes model and the modified Bachelier model with absorption at
zero are executed. Moreover, our main findings are also devoted to the CVaR based partial
hedging in the framework of these models.

In Chapter 5, in order to investigate connections between VaR and CVaR, the two most
commonly employed risk criteria in financial institutions, we pay our attention to a tail risk
measure called Range Value-at-Risk (RVaR) which belongs to a wider class of distortion risk
measures and contains VaR and CVaR as important limiting cases. Explicit forms of such RVaR
based optimal hedging strategies are derived. In addition, we provide a numerical example to
demonstrate how to apply this more comprehensive methodology of partial hedging in the area of

mixed finance/insurance contracts in the market with long-range dependence.



1.2 Risk measures

Let us consider a complete probability space (£, F, P) and S be the set of real-valued random
variables denoting loss amounts (a negative value represents gains). A risk measure p(-) is a
mapping from S to R. We shall start with important properties of risk measures and would like to

give their financial interpretations.

e A risk measure p is said to be monotone iff for all L1, Lo € S such that L1 < Lo, then it
holds that

p(L1) < p(La). (1.1)

The financial interpretation of monotonicity is that if the final losses of the position Ly are

larger than another position L, then Ly should be riskier than L;.

e A risk functional p is called positively homogeneous iff for all L € S and s € R™, the
following equality is satisfied

p(sL) = sp(L). (1.2)

Such a property means the risk of a position increases in a linear way with the size of the

position.

e A risk functional p is called convex iff for all Ly, Ly € S and X € (0, 1), the following

inequality holds
(L + (1= NLa) < Ap(Ln) + (1 — N)p(La). (1.3)

In addition, if the above inequality is strict for L; # Lg, then p is called strictly convex.

Convexity interprets the diversification effect of two positions. The position AL and (1 — \) Lo
may have offset effects on each other and hence the joint risk would be no more than the sum of
weighted risk of holding L; and Lo independently.

A similar property is subadditivity.



e A risk functional p is called subadditive iff for all Ly, Ly € S, we have
oLy + Ly) < p(L1) + (L), (1.4

(1.4) also indicates the diversification effect of two positions. Indeed, if p is positively
homogeneous and p(0) < +o00, then p is subadditive iff p is convex.

The last property we would like to mention here is the translation invariance.

e A risk measure p is said to be translation invariant iff for all L € § and s € R, the

equation
p(L+5) = p(L) + s, (1.5)

is satisfied.

The financial explanation of (1.5) is that if the amount s of capital is reduced from the
position (and hence the loss L is increased by the amount s), then the risk of the position is
increased by the same amount.

An important class of risk measures is the coherent risk measure which according to the
definition in Artzner et al. (1999) is a measure that satisfies Monotonicity (1.1), Positively
homogeneity (1.2), Subadditivity (1.4) and Translation invariance (1.5).

In the financial industry, Value-at-Risk (VaR) is a commonly used risk measure which is
defined as

VaRy(L) =inf{v e R: P(L >v) <1—a}, (1.6)

where a € (0,1) is the risk level.

However, VaR has some weaknesses. For instance, it is just the upper-a quantile of the loss L
and hence it does not capture the property of extreme losses that excess the « level. Also, VaR is
not subadditive. As a consequence, in the consultative document by Basel Committee on Banking
Supervision, 2012, it is recommended to substitute VaR with the metric Conditional Value-at-Risk
(CVaR) to determine the required regulatory capital. Hence, in this thesis, we focus on the risk

criterion CVaR and will discuss CVaR-based partial hedging strategies.



Definition 1.1. (Rockafellar and Uryasev 2002) For a risk level o € (0,1), CVaR, of the loss L
1s defined as
1 1
OVaRa(L) = / VaRs(L)ds. (1.7)

CVaR, is the mean of the a-tail of the loss distribution and it displays the severity of extreme
losses. It is also called as Average VaR (AVaR) or Expected shortfall (ES).

Another prominent property of CVaR is that it is continuous with respect to o regardless of
the underlying loss distribution, while VaR may not be continuous regarding to the risk level a

and hence may have a jump in its value even if o changes by a small amount.

Proposition 1.2. (Acerbi and Tasche 2002) For any real-valued random variable L satisfying

E(|L]) < o0, the mapping o — CVaR, (L) is continuous on (0,1).

Rockafellar and Uryasev (2002) have indicated that one can derive both VaR and CVaR
simultaneously by solving a one-dimensional convex optimization problem. Their results is
summarized as the following theorem which contributes a lot to solve our CVaR-based partial

hedging problem.

Theorem 1.3. As a function of z, the function

1
1l -«

Fo(L,2) =2+ E((L-2)"), (1.8)

where T = max(0, ), is finite and convex (hence continuous), and it satisfies

CVaR,(L) = miﬂgFa(L, z), (1.9)
zZe
VaR,(L) = min {y 1y € argmin,cpFo (L, z)} (1.10)

In particular, we have

VaRy (L) € argmin, g Fo (L, 2), (1.11)

CVaRa(L) = Fo(L, VaRa(L)). (1.12)



1.3 Testing statistical hypotheses theory and the generalized

Neyman-Pearson lemma

Let (€2, F) be a measurable space. Suppose that P is a probability measure in such a space and
there are two families of probability measures Q*, Q such that any Q* € Q* and Q € Q are

absolutely continuous with respect to P. Let us denote

. dQ

Q g Q [

2= T
Zo-={29: Q" € Q'}, (1.13)

and E9*(-), E9(.) are expectations under measures Q*, @ respectively.

The problem of test theory is to discriminate the family Q*, and Q. More specifically, we want
to minimize the probability of accepting Q* when it is false (probability of type-II-error) subject
to the constraint that the probability of rejecting Q* when it is true (probability of type-I-error)
should be less than a given acceptable significance level o € (0, 1).

To solve such a problem, let us introduce the concept of randomized test ¢ which is a random
variable with values in [0, 1]. It can be interpreted as for a given event w € , the hypothesis Q* is

rejected with the probability ¢(w). Hence, the probability of type-I-error is

E@wwa/wMQmmx (1.14)

and the power of the test can be expressed as

EW@z/pwmww. (1.15)

With the help of above notations, the problem of statistic hypothesis test is to search for a
randomized test ¢ that maximizes the smallest power éﬂé E®(y) over all randomized test of size
€

no more than a significance level oz sup E9 (¢) < o, i.e.,
Q*e@*

sup inf E9(p), 1.16
sup o, (¢) (1.16)



where

R={pc[0,1]: sup EY (p) < al.
Q*GQ*

We start with the the special case that both Q and Q* contain only one element, which

corresponds to a simple hypothesis and hence the problem (1.16) is simplified as

sup £9(p), (1.17)
PER

where

R={pe[0,1:EY(p) <a}.

The form of the optimal randomized test to the problem (1.17) is given by the classical

Neyman-Pearson lemma (see Follmer and Leukert 2000).

Theorem 1.4. The optimal randomized test ¢ that solves the problem (1.17) for a level o € (0,1)
has the form

¢ = a0 <20y + Y(az0 =70}, (1.18)
where

&zinf{aZO:Q*(a-ZQ* < Z9) < a}, (1.19)

and
a—Q*a-29 < z29)
Q*(a - 7Q* — ZQ)

y = (1.20)

In a more general case, if Zg- is a compact set, the problem (1.16) is solved with the help of

the generalized Neyman-Pearson lemma and such a problem has been discussed in Rudloff and

Karatzas (2010). We summarize their main results as following for readers’ convenience.

Theorem 1.5. Let Zg+ be a compact set. Denote the o — algebra of all Borel sets of Zg+ with B,
the set of all finite measures on (Zg~,B) with Ay and the closure of the convex hull of densities
Zq with respect to the norm topology in L' with coQ. Then the optimal randomized test ¢ of the

problem (1.16) for any o € (0,1) has the form

0, Z9< [y 29 dA,
D= (P —a.s.) (1.21)

Q Q* 43
1, Z >fQ*Z dx,
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such that

E?Y (@) =a, A—as., (1.22)

where the pair (Q, ) solves the problem

QGC%%IAIGM{E[(ZQ - / Z9aN] + a)\(ZQ*)}. (1.23)

Remark 1.6. The optimal randomized test ¢ in Theorem 1.5 can be rewritten as

P =1izasy, zerary T zag, zarary (1.24)
where the random variable v is chosen such that the condition (1.22) is satisfied.

However, if the set Zg- is not compact, the problem (1.16) is solved based on a duality
approach developed by Kramkov and Schachermayer (1999) and such a method is applied to
option hedging in incomplete markets (see, Rudloff 2006 and Xu 2004). We describe the duality

approach and its application in incomplete markets in the Appendix A.

1.4 Partial hedging

An European contingent claim H with maturity 7' is a nonnegative F7 measurable random
variable which can be thought of as a contract or agreement that pays H at the maturity 7.
Option pricing and hedging are important topics in Mathematical Finance and according to the
option pricing theory (see Black and Scholes 1973), in complete markets, for any contingent claim
H |, there exists a dynamic trading strategy that replicates the payoff of the claim. Such a
duplication strategy is called the perfect hedging strategy. In addition, the fair price of H is the
expectation of its discounted value with respect to the unique equivalent martingale measure. On
the other hand, if a market is incomplete, given sufficient initial wealth, one can construct a
replicating portfolio whose value at final time 7', in any situation, is no less than the payoff of the
claim H. Such a strategy is called a superhedging strategy. The minimal value required to

construct the superhedging strategy is said to be the superhedging costs which turn out to be the



supremium of expected values of the discounted payoff among all martingale measures and it is
also the upper bound of the arbitrage-free price.

However, if the initial capital that can be invested to construct the hedging strategy is less
than the fair price (in complete markets) or superhedging costs (in incomplete markets), only a
partial hedging strategy can be applied and an investor would bear an intrinsic risk that cannot be
hedged away completely. In this case, the aim is to find a hedging strategy that minimizes the
losses due to the difference between the claim and the hedging portfolio at time 7" measured by a
suitable risk criterion.

Let

SY=e¢mt telo,T],
be the value process of a riskless asset where the constant r is the risk free interest rate. And
S = (St)te[O,T] denotes the price process of an underlying risky asset on a filtered complete
probability space (£2, F, P), where F = Fr and let P* be the set containing all equivalent
martingale measures with respect to P. We denote the Radon-Nikodym derivative of any
equivalent measure @) with respect to P by Z9 = g—g and the set Zp« = {Z P pre P*} contains
densities of all equivalent martingale measures.

A F-strategy is a F-predictable process 7 := (7}, ﬂtl)te[oﬂ such that
/ |7Tt|dt<oo/ 1S;)2dt < o0, P — a.s,

where 7% and 7! represent units hold in the risk-free and the risky asset correspondingly. Hence,

the value process of the strategy 7 at time ¢ € [0, 7] is
Vi = m08) + 71 Sy (1.25)

In addition, for a given initial value v > 0, a trading strategy is called self-financing if its value
process satisfies
t t
V, = v+/ 70dS? +/ mldS,, Vt € [0,T], (1.26)
0 0

and it is called self-financing admissible if such a value process also satisfies

V; >0, Vt € [0, 7).



We denote the set of all admissible self-financing strategies with an initial value v as A(v).

For a contingent claim H, the process

Uy = Uie " = ess supEL" (e "TH|F),t € [0,T), (1.27)
P*cP*

is a supermartingale with respect to any P* € P* and represents the discounted value process of
the minimal superhedging strategy of the claim H. We assume such superhedging costs are finite,
ie.,

Up= sup EF (e7"TH) < . (1.28)
Prep*

According to the optional decomposition theorem (see Kramkov 1996, El Karoui and Quenez
1995), there is an admissible strategy (Uy, ) and a discounted optional consumption process C'
with Cy = 0 such that

U, = Uy + /Ot mtdS, — C, (1.29)

where S; = e~ ", is the discounted value of the risky asset.

Remark 1.7. In a complete market, the equivalent martingale measure is unique, and (Uy, ) is

the replication strategy of H, i.e.,
* t ~
VieT" = EP" (e TH|Fy) = Up + / TodS,. (1.30)
0

If a hedger allocates capitals vy that are less than the minimum superhedging costs Uy, then
there is a possibility of shortfall characterized by L = H — V.. In this case, we look for a
self-financing admissible strategy (v, 7) with v < vy < Uy that minimizes the risk of losses

measured by p(L), ie.,

(Wrm)lenAop(H - Vr), (1.31)

where Ay = {(v,7)|(v,7) € A(v),v < wvg} is the set of self-financing admissible strategies with the

initial hedging capital no more than vy.
Remark 1.8. If p(-) is chosen such that

p(L) = E[(H ~ Vr)"). (1.32)



where [ is an increasing convex function defined on [0, +00) and satisfies [(0) = 0. Then the

problem (1.81) is the efficient hedging problem described in Follmer and Leukert (2000).

For a monotonic risk measure p, Rudloff (2006) have indicated that the optimal partial
hedging problem

i H-Vp)* 1.33
(Mm)lenAOp(( T)") (1.33)

can be converted to a static optimization problem of finding an optimal randomized test ¢ that

solves
i 1-9p)H 1.34
minp((1 - ) H), (1.34)
where
R = {g@ : Q — [0,1]| Fr — measurable, sup EX (e7™Hyp) < vo}. (1.35)
Prep

Theorem 1.9. Assume the risk measure p is monotonic and let ¢ be a solution of the problem
(1.34). Then the admissible strategy (vo,T) determined by the optional decomposition of the

modified claim pH solves the optimal partial hedging problem (1.33) and it holds

géi%p((l —p)H) = (U%ingp((H - Vr)t). (1.36)

Proof. For any admissible strategy (v, 7) with v < vy, let us define the success ratio of it as
»=Pwm =Lvrzmy + %I{VT<H}' (1.37)
It is clear that ¢ H = Vpr A H and hence the shortfall can be rewritten as
(H-Vr)"=H-VyANH=(1-¢)H. (1.38)

For any P* € P*, according to the supermartingale property of the discounted value process,

we have

EY (e TpH) < EF (e7'Vy) < v <y, (1.39)
and as a consequence, we have ¢ € R, which implies

p((H =Vvr)") = p((1—9)H) = p((1 - $)H), (1.40)

11



since ¢ is the optimal randomized test that solves (1.34).

On the other hand, let 7 be the superhedging strategy of the modified claim @H determined

by the optional decomposition theorem, i.e.,

U; =ess supEY (e "T@H|Fy)
PP~

t
=Up +/ 7edS, — Ct,
0
where Uy = sup EX” (e_’"THg?J) < vg.

P* EIP)*
The strategy ((70, 7) is admissible because of the following relationships

eV, > "W, — Gy = ess supET (e 7T pH|F) > 0.
P*cP*

In addition, its success ratio P (0o, 7) satisfies
ComH =Vr NH > @H.
Since p is monotonic, we have

P((l - SO(UOJ}))H) < P((l - @)H)
Combing (1.40) and (1.44), we conclude that (Up, %) is the optimal strategy and

o = Vi)) = p{(F = V2)")

= P((l - ‘P(UOJ}))H) = P((l - @)H)

= minp((1 - ¢)H).

Moreover, ¢ coincides with the successful ratio of the optimal hedging strategy.

As a consequence, the dynamic optimization problem (1.31) can be solved in two steps:

e Static optimization problem: Find the optimal randomized test ¢ that solves (1.34);

e Replication problem: Find a superhedging strategy of the modified claim ¢H.
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(1.41)

(1.42)

(1.43)

(1.44)

(1.45)



Remark 1.10. As mentioned in Rudloff (2006), when ¢ can be solved with the help of the
Neyman-Pearson lemma directly, one can see that Uy = vy since the optimal test @ attains the

bound vy in (1.35).

Example 1.11. Let us take p((H — Vr)t) = E((H — Vr)") as an ezample and consider the case

that Zp« = {P*} (a complete market). Theorem 1.9 shows that the problem

in E((H—-Vp)™h), 1.46
Win, E((H = Vr)") (1.46)
18 equivalent to
E(pH). 1.47
glea% (gp ) ( )
Define two measures QQ and Q* as
w_ A do” 1o (1.48)

dP  E(H) dP* FEFP'(H)

and then (1.47) becomes

m XEQ © 1.49
«pea’R ( )7 ( )

subject to the constraint
EQ*( ) < 76T Yo (1 50)

With the help of Theorem 1.4, the optimal randomized test ¢ is given by the Neyman-Pearson

lemma and has the form

95:1{%%} +1 Ar ) (1.51)
where
~ . . P* T
a:mf{aZO.E (HI j%>a}) SU()@T }7 (1'52)
and

voet — B (H AE >a})

EP (HI ar )

(1.53)

"}/:

Example 1.11 lists the solution of the efficient hedging problem for the special liner loss function
l(z) = = (see Follmer and Leukert 2000) and plays an important role in following chapters to

derive CVaR based hedging strategies.
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CHAPTER 2

CVaR-hedging and its applications to
equity-linked life insurance contracts

with transaction costs

2.1 Introduction

Since the famous paper of Black and Scholes (1973) , perfect hedging is a standard and powerful
way to the pricing of options. However, when perfect hedging is impossible (for example, when the
initial wealth is not sufficient), a partial hedging strategy that minimizes the shortfall risk should
be considered and applied to the pricing of contracts. Quantile hedging and efficient hedging are
most studied partial hedging methods. In Follmer and Leukert (1999) (2000), they provided
explicit solutions for the quantile hedging problem and the efficient hedging problem in complete
markets by the Neyman-Pearson lemma. Another reason that makes partial hedging interesting is
that although it has some downside risk, it indeed provides opportunities for companies to gain
benefits. This is important for some financial institutions, such as insurance companies, since they
exploit risk to make profits. Recent book of Melnikov and Nosrati (2017) discussed several partial
hedging methods and their applications in pricing and hedging insurance contracts. In this

chapter, a coherent risk criterion called Conditional Value-at-Risk (CVaR) is employed to measure
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the shortfall which provides information about the average loss that exceeds the Value-at-Risk
(VaR) level.

The most developed theory of partial hedging deals with financial markets that are transaction
costs free. However, transaction costs are common in the real world and in general cannot be
ignored. There is a considerable amount of papers devoted to option pricing and hedging with
transaction costs. Leland (1985) has indicated that with a modified volatility, one can construct a
hedging strategy to replicate the payoff of an European call option almost surely as the length of
the revision period tends to zero. The idea of Leland was to include the expected transaction costs
in the costs of a duplication portfolio. Later, Hoggard et al. (1994) extended Leland’s method to
the pricing of standard options consist of a single asset. Mocioalca (2007) considered options on
several assets and derived a non-linear PDE that a modified option value process should satisfy.
Moreover, similar to the Leland’s hedging volatility, a volatility adjustment is also introduced in
the utility-based hedging strategy which was first designed by Hodges and Neuberger (1989). In
addition, Merton (1990) started to study option pricing in a two-period Binomial market model
with transaction costs. Boyle and Vorst (1992) extended Merton’s analysis to several periods and
constructed a hedging strategy for a call option. Results of Merton, Boyle and Vorst were unified
on the paper by Melnikov and Petrachenko (2005). Recently, Melnikov and Tong (2014)
considered quantile hedging with transaction costs. Leland’s adjusted hedging volatility was
utilized in their paper to rebalance the portfolio. Also, they discussed total hedging errors and
total transaction costs of the quantile hedging method.

All of the above mentioned papers considered option pricing and hedging in the Black-Scholes
model. However, growing number of evidences show that there are jumps in stock prices when
some significant financial or political announcements published, so that pure diffusion models are
not accurate enough to represent real life assets’ dynamics and jump components should be taken
into consideration. A Jump-Diffusion model for financial needs was proposed by Merton (1976),
and now there is a long list of references on this subject. For instance, Cox and Ross (1976)

provided ways to value options in markets with different jump components. Amin (1993) focused
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on the option valuation in discrete time. Mocioalca (2007) as well as Zhou et al. (2015) worked on
option pricing in markets with only one risky asset following the Jump-Diffusion model and in the
case that transaction costs existed.

Our main objective and contributions of this chapter is to implement a coherent risk measure
named CVaR and extend partial hedging method in the complete Black-Scholes market to a
market with jumps as well as transaction costs. This new market model is a more precise
representation of the real life financial market and CVaR is recommended by the Basel committee
as the risk measure applied in financial institutions. Hence, this chapter describes a more practical
and comprehensive implementation of partial hedging. This chapter is organized as follows. In
Section 2.2, we start with a transaction costs free Jump-Diffusion market. With the help of
optimal CVaR-based hedging techniques developed by Melnikov and Smirnov (2012), the optimal
hedging strategy that minimizes hedging costs while still satisfies a CVaR constraint for an
European call option is derived explicitly. In Section 2.3, we take proportional transaction fees
into consideration and show that the adjusted value of an option should satisfy a non-linear PDE.
In particular, an explicit formula for the modified price of an call option is given and the CVaR
hedging costs as well as the weights of the hedging portfolio of such a call option in this market
are recalculated with an adjusted hedging volatility. Further, we investigated the estimated
present values of total hedging errors and total transaction costs by a simulation method. In
Section 2.4, a numerical example is given to illustrate the application of our CVaR-based partial
hedging in finding target clients’ survival probabilities and age for life insurance contracts. Section

2.5 gives a conclusion for the chapter.

2.2 CVaR hedging in the complete Jump-Diffusion market model

2.2.1 Model setup

Let (Q,F,F = (Ft)efo,1), P) be a standard stochastic basis. Consider a financial market with one

riskless asset (S7)efo,r) and two risky assets, (S7)ieo.1], (S7)iefo,r], described by a two factor
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Jump-Diffusion model:

dsp = rSPdt, Sy =1,

dSt = S (psdt + oidWy — vidNy), i=1,2, (21)

where r > 0 is the risk-free interest rate. Constants p; € R, 0; > 0, v; < 1,(: =1,2). W and N are
the independent Wiener process and the Poisson process that generate the filtration
F = (]:t)te[o,T]v ie., Fiy = o(Ws, Ng, s <), and we assume F = Fr.

In the absence of transaction costs, the market (2.1) is complete if the following conditions are

fulfilled (see Melnikov and Skornyakova 2005):

(1 — 7)oz — (p2 —1)o
V109 — V201

1
> 0, V102 — V201 7é 0.

Such a market admits an unique martingale measure P* with the following local density:

dP* . 04*2
dP ‘.Ft:exp [a Wti 2

Z = 4 (A= M)+ (In A — In AN, (2.2)

where A is the intensity parameter of the Poisson process (NV¢)¢>0 under the measure P, and the

pair (o, \*) satisfies:

¢ = (=)o = (pa — 7“)01’ o = (= r)va = (p2 — v (2.3)
V109 — V2071 V102 — V201

According to the Girsanov theorem, W} = W; — a*t and V; are again the independent Wiener
process and Poisson process (with intensity A\*) under the martingale measure P*. We denote the
expectation under the measure P* as E*().

The exponential representation of S, i = 1,2 is:

, . 1
St = S exp (oW + (s — §O'i2)t + N¢In(1 — v;))

. 1
= Sgexp (i W + (r + viX* — §O'i2)t + NyIn(1 — v;)). (2.4)
A F-strategy is a F-predictable process 7 := (7?9, 7}, W?)te[oﬂ such that
T T
/ |7 dt < oo, / (miSH)2dt < 0o, P —a.s (i=1,2).
0 0

18



At time t € [0, T, the value process corresponding to the strategy  is
Vi = mp)Sp + 7w S} + w7 SE. (2.5)

Moreover, for a given initial value v > 0, the trading strategy is called self-financing admissible
if its value process satisfies
t t t
Vi=v+ / T0dSY + / modSE + / m2dS?, (2.6)
0 0 0

and

Vi, >0, Vvt € [0,7).

We denote the set of all admissible self-financing strategies with an initial value v as A(v).
According to the option pricing theory, in the complete market (2.1), the fair price of any
contingent claim H(S}, 5%) is defined as V(0) = E* (e """ H (S}, 5%)). In addition, this claim can
be hedged perfectly if the initial wealth is no less than V(0). The self-financing replication

strategy m = (f, 7}, 77 )sejo,r) for it can be determined from:

7T151 _ (VslStlal + V525t2(72)1}2 + (V(Stl,(l — ’Ul), StQ,(l — ’UQ),t) — V(Stl,,StQ,,t))O'z (2 7)
Lt 01U — 02U ’ ’
7]_252 _ (Vslstlal + V52St20'2)1}1 + (V(Stl_(l — Ul), Stz_(l — Ug),t) — V(Stl_,StQ_,t))O'l (2 8)
Lt 0o9U1 — 010V9 ’ '

708Y =V (S}, 82,t) — ni S} — 22, (2.9)

where V(t) = V (S}, S2,t) = e "= E* (H(Sk, S2) | F¢) is the value of H(Sk, S2) at time ¢, and

OV (St,52,1)
081 ’

1 2
Vor _ OVISES20),

Var = 592

Proof. Denote the value of the duplication strategy m of a claim H(S’%, S%) at time ¢ as:
Vi =708 + 7w} SE+ w2 SE. (2.10)

According to the definition of the self-financing replication strategy, the value process of

portfolio 7 should satisfy:

AV = 70dS? + rldS! + n2dS2,
t t t t t t t (211)
Vi = H(S},5%).
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Denote W;* = W, — o*t, and M; = N; — A*t (the martingale associated with the Poisson

process), then dynamics of assets S and S? can be represented as
dS; = Sj_(rdt + o dW; — v;dMy).
Then, the first equation of (2.11) becomes:
dV]" = r(r}SE +7fSE + mS)dt + (mpo1S- + mioaSE AW, — (miuiSE + wivaSE ) d M, (2.12)
On the other hand, by It6 formula, the value process V() of H(Sk, S%) should satisfy:
V(1) = [Vi+ 5Vorss S on? + 5Vinss S2°02" + Vi oS} S210a 4 1(Va SE 4 Vi)
+ (V(SE(Q —wv1), SE(1 —wa),t) — V(S SE,t) + Vo Sfur + Vi Sfug) A*] dt
+ (Vo Stor + Ve S7a2)dWy + (V(S (1 — v1), SE (1 — va),t) — V(S SE,t))dM,. (2.13)
Since 7 is the replication strategy, it satisfies V™ = V(¢), V¢t <T. Comparing (2.12) and
(2.13), we have

W%Ulstl, + 7Tt2025t2, = ‘/;1575101 + ‘/82515202, (2 14)
T SE + e SE = —(V(SL (1 —wv1), S2 (1 —wvy),t) = V(SL, 52, 1)),
Solving the above linear system (2.14), we arrive to (2.7) and (2.8).

Moreover, since the discounted value process is also a martingale under P*, so the drift term

of (2.13) should be equal to rV (t), which yields

2 2
1 iQJ * *
Vi + 5 i:E 1 ngl Vsigi SyS{oio; + (r + v\ )V81St1 + (7 + v2A )Vszs,?
+ (V(SE (1 —01), SE(1—v2),t) = V(S,SE, )N\ —rV = 0. (2.15)

Costs of perfect hedging, however, are often too high for investors, and hence the partial
hedging that allows investors to spend a smaller amount of initial capital while still control the
hedging loss under a certain level is more commonly implemented. In this chapter, we focus on
CVaR-based partial hedging since CVaR is an advanced and widely applied risk criterion in

financial institutions.
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2.2.2 Optimal CVaR hedging strategy

We assume that a hedger is exposed to a future obligation H = H(Silp, S’%) at maturity time T
Meanwhile, the hedger constructs a self-financing hedging portfolio m and hence L = H — Vp can
be seen as a Fr-measurable random variable that characterizes the hedging loss. The CVaR of the

loss L at a confidence level o € (0, 1) is defined as:
1 1
OVaRa(L) = / VaR,(L)ds,

where v € (0,1) is the risk level and VaR, = inf{s € R: P(L <s) > a}. CVaR,(L) represents
the expected loss of a hedging strategy given that the loss exceeds its upper a quantile.

We start with the market (2.1) excluding transaction fees and consider the problem of deriving
the optimal hedging strategy that minimizes hedging costs while keeps the hedging loss less than
or equal to a constraint, i.e.,

min(%,g)eA Vo,
subject to CVaR, (L) < C,

(2.16)

where Vj represents initial hedging costs, A is the set containing all self-financing admissible
strategies and C' is a fixed CVaR constraint.

Melnikov and Smirnov (2012) provided a semi-explicit solution of the problem (2.16) by using
the Neyman-Pearson lemma. The main result of their paper is summarized as following:

A. The optimal hedging strategy of the problem (2.16) is a perfect hedging of a modified

contingent claim (H — 2)™[1 — p(2)] if conditions
EH)>C(—-a), E(H-C)*)>0, (2.17)

hold true, where ¢(z) is defined as:

p(z) =1 4P* 5 a(z)} + ()1 dP* _q(z)} (2.18)
a(z) =inf {a>0: E[(H — z)+1{%>a(z)}] <(C-2)(1-a)}, (2.19)

(C-2)(1—a)—E[(H - z)ﬂ{ﬂm(z)}]
I'(z) = r , 2.20
( ) E[(H - Z)+I{%:a(z)}] ( )
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and Z is the solution of

2161[13%] E*[e”™(H - 2)"(1 - ¢(2))]. (2.21)

B. The optimal hedging strategy of the problem (2.16) is a passive strategy if conditions (2.17) are
not satisfied, that is to say do not hedge at all.

Note that the explicit form of the modified contingent claim would depend on the option and
the financial model of underlying assets. Melnikov and Smirnov (2012) provided the optimal
hedging strategy for a call option in the Black-Scholes model. We extend their methodology to the
market (2.1) and the explicit expression of the optimal CVaR hedging strategy for a call option is

given as following:

Theorem 2.1. Consider an European call option H = (St — K)* in the market (2.1). Under a
risk restriction CVaRy(L) < C and assume conditions (2.17) are satisfied, the optimal CVaR
hedging strateqy and its capital are as follows:

Case (a), a* <0

(a.1) The optimal CVaR hedging strategy 7 is given by the perfect hedging (2.7)-(2.9) of the
modified contingent claim H* = (S} — K(ZA?))—FI{S%‘zm(E)b*NT}, where m(z) is the unique solution

of the equation

Z [ (1 —vp)" “IT(<I>(A2(n)+01ﬁ)—<I>(A1(m,n)+01\/f))
n€A(m

—K(z)(@(Azmw — ®(81(m,m))) |pnr = (C — 2)(1 - ), (2.22)

and Z is the solution of

min, (Z(:) )pn 7CB(s4 0 K(2),01,T)

+ Z P [C’B(s(l)’n, m(z)b*", o1, T) +e T (m(z)b*n — K(z))@(A{(m(z), n))} (2.23)

A(m(2),2)
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(a.2) The initial hedging costs Vi are
> PhrCB(sb K(2),01,T)
A(mh,2)

+ 3 o |OB(sb b 01, T) 4+ e T (b — K(2)) @ (A1, ) | (2.24)

A(rin,2)
Case (b), a* >0
(b.1) The optimal CVaR hedging strategy is given by the perfect hedging (2.7)-(2.9) of the
modified contingent claim H* = (S} — K(,%))—i_l{s%gm(é)b*NT}, where m(z) is the unique solution

of the equation

> b [SH1 = v) e TD(Ag(n) + o1 VT) — K ()@ (Az(n)) |

A(m,z)
+ 3 pur[SH1 = v) e T (A (m,n) + o1 VT) — K(2)® (A1 (m, )]
A(m,z)
=(C—2)(1—-a), (2.25)

and Z is the solution of

2161[13%] A(Z(:) )p:L’T |:OB(S(1)’n, K(2),01,T) — CB(sp 5, m(2)b*",01,T)

+ e T (K (2) — m(2)b™) @ (A% (m(2), n))] (2.26)

(b.2) The initial hedging costs Vy are

> P |CB(sha K(2),01,T) = CB (s b 01, 7)

A(1h,2)

+ e T(K(2) — mb™) @ (A} (1, n))} , (2.27)

where ®(x) is the distribution function of a standard normal random variable. CB(Sy, K,0,T —t)

denotes the Black-Scholes formula, i.e.,

CB(Sy, K,0,T —t) = $;®(b+(St, K, 0)) — Ke "0 (b_(Sy, K, 0)),
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and
In(58) + (r+ 2 )(T — t)

bi(Sy, K,0) = T , K(2)=K+ z,

Sin = S{vnr—t = St (1 —v1)"exp(LI A\ (T — t)), b*=(1— Ul)(;) :

p:;,t = eXp(—/\*t) ol sy Dnt = exp(_)\t) o ,

SH(1—wv)™ o12
+ (i — )T In S 4 (i — )T

Aalm,m) = oVT o VT

1 2
In 20n 4 (p _ ayT
Aj(m,n) = —m=b gfﬁ ) , m=m(2),
1

A(m,z) ={n: A1(m,n) > Ay(n)} = {n: mb*" < K(2)}.

Proof. The density of the unique martingale measure in transaction costs free market can be

represented in terms of S% and Nr. i.e.,

dP* *2
= exp(@Wp — St + (A= AT + (In\* — In \)Ny)

dpP 2
1 01? N o
= [Syexp (a1 Wr + (11 — T)T)(l —v1)"7]
a* * * *2 )\*
xSy mexp (= T I C p g (A= A7) (——) T,
71 2 2 AL —v)or
= g(sh) b
where b= —2— and g = Sé_%l exp(—a:,?lT + 2T — O‘T*QT + (A= M9T).
A(l—v)ﬁ

Case 1. a* <0

In this case, the set {% > a} can be rewritten as

p* o
{97 > ) = (DB > a) = {Sh < mb ™7},
dP* . dP*

where b* = bf%. m 1s a constant to be determined.
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And hence, we have

?(2) = sy cm(zppe ey

m(z) =sup{m > 0: E[(H — z)+l{5;<mb*NT}] < (C—2)(1—a)}.
Since z > 0, we have (H — 2)" = (St — K(z))+, where K(z) = K + z and

Considering the evolution of S% under the measure P and conditioning on each set
{Nr=n},n=0,1,2..., we get

2
{SE < mb*"} = {S3(1 — v1)" exp(oyWr + (1 — ﬁ)T) < mb*"}

2
={Y > Ay(m,n)},
{81 = K(2)} = {Y < Aa(n)},
where Y = —% ~ N(0,1) and
—v)" S(1—wv1)™ o2
B (o LI b < i w4
Ay(myn) = | Ao(n) = .
0'1\/T Ul\/T

We need to compare the size of Aj(m,n) and Az(n). Let us denote
Alm,z) ={n:Ai(m,n) > As(n)} = {n: mb*" < K(z)}.
Then, E[(S% — K(2)) 51 cmpmy I (st >k (z)y] can be calculated as

E[(St — K(2) g3, <mpm} 535K (2)7)
= E[(St — K(2) Iy =ar mm) Ly <as(n))]
0 for ne A(m,z),
f(n) for n€ A(m,z),

25



where,

f(n) = E[(St — K(2))I{a, (mn)<y <As(m)}]
= E[Stlyy<as(myy] — EIST v <asmmy] — K(Z)P<A1(man) <Y < A2(n))

= 86(1 — Ul)ne(‘ul_T)T [E(BUIWTI{YSAQ(,L)}) — E(BUIWTI{YSAl(mm)})]

— K(2)[®(As(n)) — ®(A1(m,n))]

According to the Multi-asset theorem (see Melnikov and Skornyakova 2005) for the £ = 1 case,

we have

_ 0,2 x—pux +cov(Z, X
E(e ZI{X<:E}) = eXp(T - Mz)q)( a ( )

):

oXx
where X ~ N(ux,0x2),Z ~ N(uz,02%).

And consequently, we arrive to

f(n) = S§(1 —v1)"e"T[®(As(n) + 01 VT) — ®(A1(m,n) + o1VT)]

— K(2)[®(A2(n)) — ©(A1(m, n))].
Hence, we prove that

E[(H - 2)"I, ShembNr}]

=Y P(Ng =n)E[(St — K(2) iy samm} [y <asmy | No= 1]
n=0

= > fm)pur (2.28)
A(m,z)

Since equation (2.28) is an increasing function about m, and
BI(H — )" Iig1 cgporry) = 0, B((H —2)") > (C = 2)(1 - a),

m(z) is the solution for

S f)par = (C - 2)(1 - a).

A(m,z)

Let us calculate the term e ™7 E*((Sk — K(Z))+I{S%>m(z)b*NT}).
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Considering the evolution of St under the measure P* and conditioning on each set

{Nr=n},n=0,1,2,..., we have

{SE > m(2)b*"} = {Ss(1 — v1)"e" M T exp(oy Wi + (1 — U; )T) > m(2)b*"}
= {Y" < Aj(m(z),n)},
{5t > K(2)} = {Y" < A3(m)},
where Y* = 7% ~ N(0,1) under the measure P*, and
ln%%—(r—%z)T m%ﬂr—%"’)T
Aj(m(z),n) = " » Ay(n) = e

Then, we have

e TE[(Sp — K(2)) (st 5m(apeny] = €T E (St — K(2)){y=<aj(m(a)nn{y=<azm)}]

e T px [(S% — K(Z))I{Y*gAg(n)}]y for n € A(m(z),2),
e "TE*[(Sp — K(2) [iys<az(m(z)m)})s  for n € A(m(2),2),
which, again according to the multi-asset theorem can be rewritten as

50,2 (A3(n) + o VT) — K(2)e " T®(A3(n)), for n € A(m(2), 2),

3(1)7n§>(A1‘(m(z), n) +oVT) — K(2)e " T®(A(m(2),n)), for n € A(m(z),2).

CB(S(I)’H, K(z),01,T,) for n € A(m(z), z),
CB (s(lm, m(2)b*",01,T) + e " (m(2)b*™ — K(2))®(Af(m(z),n)), for n€ A(m(z),z2).

And hence, we have

e_TTE* ((Sjl-v — K(Z))+I{S,}w>m(z)b*NT})

= phore "TEY[(St — K(2)ye<as(m)m {y-<asmyy | No =]

n=0

- Z p;klaTCB(S(l),an(z)7o-l7T)
A(m(z),2)

+ > Phr[CB(shm()b " o1, T) + e (m(2)b" — K (2))@(Af(m(2),n))].  (2.29)
A(m(=),2)
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As a consequence, £ is a point of minimum of the function (2.29) over the interval z € [0, C].
Case 2. a* >0

In this case, we have

dP*
{ dP

> a} = {g(SH) 7BV > a) = (Sh > mb ),
and hence, (2.18)-(2.20) becomes
p(z) = I{s;>m(z)b*NT},
m(z) =inf{m > 0: E[(H — z)+I{S:1F>mb*NT}] <(C-2)(1-a)}
As a consequence,
E[(H - Z)+I{s;>mb*NT}] = E[(St - K251 smpevr 1 (51> 1 (2)) ]
Conditioning on each set {Np =n},n=0,1,2..., we get
{7 >mb™} ={Y < Ai(m,n)}, {Sp > K(2)} ={Y < As(n)}.
Thus, we have
Bl(H = 2) I wmpeny] = BLUST — K(2)) Ity <ay ma} (v <ha(m))]

E((St — K(2) {y<pymyt),  for n€ A(m,z),
E((S% - K(Z))I{Y<A1(m,n)})7 for n € Z(ma Z)a

_ S —wv) e T®(Ag(n) + o1 VT) — K(2)®(Aa(n)) for ne€ A(m, z), (2:30)
S§(1 — 1) e TD(A1(m,n) + o1VT) — K(2)®(A1(m,n)) for n € A(m,2).
Finally, by (2.30), we arrive to
EI(H — 2) 15y vy
=Y P(Np =n)Ep((St — K(2) Ity <,y iy <tomy | Nr =1
n=0
= > paxlSo(1 = v)"e"TR(Ag(n) + 01VT) — K (2)®(Ag(n))]
A(m,z)
+ > parlSE1 = 0)"e T R(A (m,n) + 01VT) — K(2)®(A1 (m, n))). (2.31)

A(m,z)

28



And hence m(z) is the solution of (2.31) = (C' — z)(1 — «).

Similarly, under the measure P* and conditioning on each set { Ny =n},n=0,1,2,..., we

have
[Sh <m0} = {¥* > Af(m(2),n)}, {5} > K(2)} = {Y* < A3(n)}.

Hence, we arrive to

e B (57 — K(2) (s <m(zppeny)
= e TEN((Sh = KD y-2a;0m(m L <az )
0, for n € A(m(z), z),

e "TE* (St — K(2) Az (m(z)m)<y<as(m)})s  for n € A(m(z), 2).
Moreover, by some calculation, we arrive to
e " E* (St — K (2) Iz (m(z)m)<y*<As(m)})

= ¢ T E*(STI{As (m(z)m)<y-<hsm}) — € K (2)[@(A5(n)) — @(Af(m(2),n))]

= 50,2[@(A3(n) + 01VT) = @(Af(m(2),n) + o1V T)] — e T K (2)[@(A3(n)) — @(A(m(2), 1)

= CB(s(lm, K(2),01,T) = CB(sg,,, m(2)b*",01,T) + e "TK (2) — m(2)b*"® (A} (m(2), n)).

and consequently, we derive that

eirTE*((S’Zl“ - K(z))JrI{S%gm(z)b*NT})

=Y phre TEN (St — K(2) y-sas(mppy-<azm)})

n=0
= > P |CB(shu K(2),01,T) = CB(sh o m(2)b", 01, T)
A(m(z)m)
+ e T (2) = m(2)b™" (AT (m(2),m))] (2.32)
U

Then, 2 is a point of minimum of function (2.32) over the interval z € [0, C].
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2.3 CVaR hedging in the Jump-Diffusion market with transaction

costs

2.3.1 Option pricing and hedging in the market (2.1) with transaction costs

If transaction costs are taken into account, the continuous replication policy (2.7)-(2.9) would
incur infinite amounts of transaction costs. In this case, hedges should be rebalanced discretely.
Let us assume that buying and selling stocks need to pay transaction fees which are proportional
to trading volumes, i.c.,Y 7 | k|5A:|S§ at time ¢, where ](5&1\ represents shares of the trading risky
asset S* and k represents a fixed proportion of transaction fees. Following Leland (1985), we
assume that trades can only be executed at certain points of time {¢g,t1,...,tap}, tar =T. The
time interval dt between successive rehedgings is assumed to be fixed and is much smaller than the
time to expiration.

Intuitively, transaction costs affect prices of options. Leland has indicated that if one applies

delta hedging with an augmented volatility ¢ = a\/ 1+ 2k\/2/7/ oV/6t where o is the volatility of
the asset in the Black-Scholes model, payoffs of an European call option can be replicated almost
surely as §t — 0 and the price of a call option inclusive of transaction costs is given by the
Black-Scholes formula with the modified volatility . The main idea of Leland was to include the
expected amounts of transaction costs to the basic Black-Scholes option price. Here, we would like
to use the same idea as Leland and define the modified value of a claim at time ¢ by the value of

an adjusted delta hedging portfolio at that point.

Lemma 2.2. In the market (2.1) including transaction costs, the modified value process
V(t) =V(S} S2,t) of an option H(Sk,S2) satisfies the following non-linear PDE (we drop
dependence on time in order to abbreviate the notation):

2 2
7 * 7 * 17 1 1 QIS
Vi+(r+ A vl)V518t1 +(r+A UQ)V52St2 + B El ElaijtSfVSiSj
=1 j=

+ A V(SL(1—v1),S% (1 —w9),t) = V(SL,SE,t)] —rV + kO =0, (2.33)
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subject to the boundary condition V(Sk, S%,T) = H(S}, S%), where

Vi= g Vs = ge o Vse = asig
LA U 2 5 & ¢ A
O=(1-x5t)y \[ms;at—z DY [\[me 270 513 4 (1 — 20 (——2 ))} si,
- 7 - T niot?

2 2
G = Z —Vgigi(t)Slvj, ni = |ZVsi5j (t)o; S|, (i=1,2).
Jj=1 j=1

Proof. We shall set up the model in a discrete time framework. The time interval between two
transactions is assumed to be fixed and equal to ot.

The number of jumps during the time interval [t, ¢ + dt) satisfies:
0 with probability 1 — Aot + o(dt),
Nepst =Ny =4 1 with probability A\t + o(dt),
others with probability o(dt).

When 4t is small, it is reasonable to assume there is at most 1 jump during the time interval

and the underlying assets follow the model described by Cox and Ross (1976), i.e.,

55!

Sl.t = p;0t + 0;0W3, if jump dose not happen,
¢

55} . .

5 = w0t + 0;6Wy — v;, if one jump occurs,
t

where 85} = S! 5t~ S! represents the small change in the stock price during the time interval

t—t+ ot
Denote the option value inclusive of transaction costs as V (t) = V (S}, S?,t). Consider a

portfolio with Ai shares of stock S%, (i = 1,2) and a short position in the option at time ¢. Its

value is:

I, = A, S+ A}S2— T (t).
The change in the value of the portfolio from ¢ to t + dt is:

~1 ~2 — ~1 ~2
0Tl = A 8S) + A0S — 8V (1) = k[6A IS g0 — KIGA|SE 515
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)

where 5&; = A;_ét - A,

Also, let us expand V(t) using It6 formula, such that

5V(t) = (Vt + 751;115151 + VS2,LLQS?)(5t + (7510'15,51 + 7520'253)5Wt

2 2
1 i i _
+3 > ) 0088V gigiot + V(S (1= v1), S7-(1 = wa),t) = V(S}, S )]6N,.  (2.34)

i=1 j=1
Since we apply the Leland delta hedging method, shares of asset ¢ are

i OV(S}HS2t) — ,
Be= (55@-” — Vg, (i=1,2).

Apply Taylor extension to 5&; we obtain for the leading order
~1 _ _
5At = Vslgléstl + V51525St2,

~ 92 _ _
5At = VszslcSStl + VSQSQ(;S?.
Let us consider cases that there is no jump and one jump separately.
a. No jump—dNp =0

In this case, the portfolio value changes by the amount

STl = Vg1 S} (16t + a16We) + V g2 S7 (28t + 020Wy)
— [(Vi+ Vi1 S} + Vg puaSE)t + (Vg1015; + V g20087)6W;
2 2
1 Pp— A1 A2
+ 9 Z ZUinSthVSiSJ&] — klo A, ’Stl-',-ét — k|04, ‘St2+6t

i=1 j=1
2

2
_ 1 i i ~1 ~ 2
= —V4dt — ) E E Uz‘UjSthVSiSi& — kl6A, ‘St1+6t LTAY |St2+5t~

i=1 j=1

b.One jump—~O Ny =1
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In this case, the portfolio value changes by the amount

oIl = Vslstl (/1,1(515 + o16Wy — 'Ul) + ngsf(ugét + o90W; — Uz)
— [(Vi+ Vi 1S} + Ve puaSE)t + (Vs101S) + V g20087)6W,
2 2
1 S _ —
+3 > 0i05SiSIVgigiot] + [V(S) (1= v1), 87 (1 — v2),t) = V(S}-, 57, 1)]
i=1 j=1
— k|8 O |Siise — kI8 AF |SE st
1 2 2 o
= —Vt(st — 7515,51111 - V52St2’l}2 - 5 Z Z O'inS;StJVSiSj(st
i=1 j=1

_ ~1 ~2
— V(S (1= v1), S (1= va), ) = V(SE, S, 8)] — kI6AL ISt g — FIOATISZ 50 (2.36)

In Hoggard et al. (1994), they assumed the return of the portfolio was equal to the risk free
rate under the measure P, that is, F(61l;) = rII;6¢. This is because in the Black-Scholes model,
delta hedging eliminates all systematic risk. However, in the Jump-Diffusion case, risk caused by
jumps is not eliminated. Notice that the expected return of risky assets and the risk free asset are
both equal to » under measure P* which means investors are risk neutral and the expected return
for the portfolio under P* should also be r. As a consequence, in this chapter, different from
Hoggard et al., we assume E*(0I1;) = rIL;0t.

As the next step, let use consider the expected value of transaction costs. In Leland (1985), an
important step in his proof is that he assumed that 0.5/S was normally distributed with mean zero
and variance ov/0t, then according to the expectation of the absolute value of a normal random
variable, i.e., E(|6W;]) = \/2/76t, the expected transaction costs during §¢ were

k| Vss | Si2\/2/mo+/6t. Similarly, we would like to derive the expression of E(|X]), where
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2
_ e
= \foxe 208 + g (1 — 2@(7&)). (2.37)
m
a. )Ny =0
The expected transaction costs (disregarding the higher power of dt) are

2 2 2 2
kY E (1Y Vsisi8SI)Si =k E*(|Y_Vaigo;5/6t'/2e)sy,
i=1 J=1 i=1 j=1
where € ~ N(0,1).

Note that 25:1 Vsisjangét%e ~ N(0,7;26t), where n; = | Z?:l(VSiSJ‘ ang)|, and

consequently, by (2.37), the expected transaction costs can be written as

2
2 o1
k —n;Syotz. 2.38
; \/;77 Siot2 (2.38)
b. 0Ny = 1.
The expected transaction costs (disregarding the higher power of dt) are
2 2 o 2 2 _ , 1 .
EY CER(1D Vegi6SI)Si = k> E* (1> VeigiSi(oj0tze —v;)])St. (2.39)
i=1 j=1 i=1 j=1
Also, we have 23:1 VSiSng(Jjét%e —vj) ~ N((, mi?0t) where ¢; = 23:1 —Vgigi vaj.

Consequently, the expected transaction costs are rewritten as

2

e 2 m s G- 20— (240)

i—1 n;0t2
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Combine (2.35)-(2.40), we arrived to

E*(ST1,)

— E*(IL; | SNz = 0)P*(SNg = 0) + Ep« (611, | 6Ny = 1)P*(6N7 = 1)

=(1-Xt)[ - Vtét——ZZUZUJStS vslsjat—kz\fmstm

i=1 j=1
2
* 17 7 17 1 1 QIS
+ A (5t[ — Vbt — Vslstlvl — VSszvg - B E E O'iO'jStStJVSiSj(St

i=1 j=1

= [V(Sj-(1 = v1), S7- (1 = ), t) = V(S;-, S, 1)

2 e ; .
— kZ [\/Zme %0t 6512 + (1 — 29(— G T ))]S’Z]

i—1 n;0t2

2 2
=—Vidt — o §' : §' 1: 0105151V gigi 0t — N0tV g1.Sfv1 — N*6tV g2 SFvg
=1 3=

—A*ét[V(sl,( — 1), 82 (1 — vy), )—V(S,},,Sf,,t)}

2
{ (1= M6t)> 27715 5tz +>\*(5tz \/> e wétatz +G(1—20(— Ql))]s;}
i=1 g nlatz
2
1
= Vot — = ZZJlJJStS VigigiOt — N*6tV g1 Stog — N0tV g2 S20s
i=1 j=1
— NOt[V(SE (1 —v1), SE (1 —wa),t) — V(SE, S%,t)] — kOdt, (2.41)
where © = (1 — \*6t) 32 1\/>1725’5t_§ + > \/>1716 2n225f5t2 +G(1—29(— " 7))]Sg
Finally, the equation E*(dII;) = rII;t can be rewritten as
1 22 o o o
— V0t — 3 > 0i0,8]SIV gigi0t — A6tV g1Sfv1 — A6tV 5257 v2—
i=1 j=1
)\*5t[V(St1_ (1 - U1)7 St2— (1 - U2)7 t) - V(Stl—’ Stz—at)] — k©ot
= T’(VS1 Stl + VSQStQ — V(t))ét (2.42)
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Rearranging the above equation we arrive to

2 2
7 * 17 * 17 1 1 QIS
Vi+ (r+ X))V S 4 (1 + XNug)V g2 S + 3 §' 1 §' 1 01055181V gigs
=1 9=

+ AN [V(SE(1—w1),S2 (1 —w),t) = V(SL,SE, )] — 7V (t) + k© =0,

which is the equation (2.33).

In the special case that the option consists of only one asset (assume S'), we have
752 = 75152 = VS251 = 75252 =0,

m=|Vaigilo1S}, ¢ =-VasiSlvy, n2=0, (=0,
and hence © can be simplified as
. 2w 21 2 o o 1201
O = (1 - A (St) *‘V3151|0'15t ot 2 + A —e 201 5t|V5151|0‘15t 0tz
T T

VS1S1U1
p— 1
|V gig1|o16t2

- 2 _w?
= |VS151|015,512[\/7(1 — N0t + \*Ote 201%0t)
ot

+ D\ sign(Vgrgn) (20 (sign(Vig)—2r) — 1)]
01 o10t2

+ Vg S v A" (2 )—1)

_ 2 _w?
= |V5151|018§2[\/@(1 — NS+ A Ste 2 %50) 4 DL (2 (— L) — 1)]

01 o10t2

=3 2
= ‘Vsl‘gl’UlStl 91,

_w?
where 0 = (/% (1 — A*6t + A*0te 2175) 4 AT (20(—1) - 1).

1
o10t2

Consequently, equation (2.42) is reduced to

_ _ 1 _ _ _
Vit (r+ N o)VaSt + 5018 Vg + N V(S (1= v1), ) = V(SE- 1)
— TV(t) + kvs151015’t123ign(75151)91 =0—-

_ _ 1 _ _ _
Vit (r+XNv)VaSE+ 5&%5}21/5131 FXV(SL (1 —w1),t) = V(S 1)]

where 67 = o?(1 + sign(vs1sl)%91).
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Remark 2.3. Because of transaction fees, the market (2.1) is no longer complete and in this case,
as indicated in Dewynne et al. (1994), one can define the value of an option according to the

hedging strategy that is applied. In our paper, we implement Leland adjusted delta hedging method.

Remark 2.4. Similar non-linear PDE also exists in the Black-Scholes model including transaction
costs (see Dewynne et al. 1994). In particular, in Leland single asset model, such a non-linear
PDE can be reduced to a liner PDE. However, in the two assets case, (2.33) can never be reduced
to a linear PDE and can only be solved numerically. Also, similar to the conclusion in Zakamulin
(2008) based on the Black-Scholes model, with two underlying assets, it may not be reasonable to

explain the option hedging strategy as hedging with an adjusted volatility as Leland.

In our case, we focus on hedging a call option whose payoff only depends on the first risky

asset, i.e., H(S%,52) = (Sk — K)™, so (2.33) can be reduced to:

_ _ 1 _ _ _
Vi+ (7’ + )\*Ul)VAngtl + 55’%81512‘/5151 -+ )\*[ (Stl_ (1 — Ul),t) - V(Stl_,t)] —rV = 0, (245)

subject to the condition V(T') = H(S%), where

_ 2k
&% = 0’%(1 + sign(VS151);91)7
1
0, — l(l — N6t + A*éte’ﬁj&) + N (20(—1) — 1)
ot g1 71612 .

On the other hand, in a Jump-Diffusion model excluding transaction fees, according to the Ito
formula and martingale property of the discounted value process, the option value

V(t) = E*(e " T H(SL) | Fy) satisfies :

1
Vi 4 (r + XN v)Var S} + 5012S§2V5151 +FNV(SE (1 —w1),t) = V(SL, )] —rV =0,  (2.46)

subject to the condition V(T') = H(S%}), where V; = 8\(;51‘,)'
Formulas (2.45) and (2.46) indicate that the modified value of an option that consists of only
one asset (S' or S?) and whose sign of gamma is a constant has the same form as that in the

corresponding complete market, but such a value process is based on an adjusted volatility. It is

worth to mention that, unlike Leland’s adjusted volatility which depends on the transaction costs
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rate k and the revision period dt, our adjusted volatility &1 also depends on the jump size v; and

Poisson intensity A\*.

Remark 2.5. If \* =0 (without the jump), &1 is just the Leland’s adjusted volatility. Meanwhile,

if k=0 (without transaction costs), (2.45) is consistent with (2.46).

Proposition 2.6. In the market (2.1), the modified price inclusive of transaction costs of a call
option H = (S — K)T is

V(0) =Y _p;rCB(sf, K, 61,7T), (2.47)

n=0

where 62 = o3(1 + %91).

Proof. V(0) = e "™ E*((S} — K)+) =3 Pk TCB(S(I)’n, K,01,T) is the fair price of a call
option in the transaction costs free complete market (2.1). Substituting o; in the Black-Scholes

formula with 61 gives (2.47). O

2.3.2 CVaR hedging method in the market (2.1) with transaction costs

Theorem 2.1 provides the modified claim as well as the initial hedging costs of CVaR partial
hedging in the complete market (2.1). However, with transaction fees, the CVaR hedging costs of

the call option should be recalculated with the adjusted hedging volatility &;.

Proposition 2.7. In the market (2.1) including transaction costs, at each revision point
tm, m=0,1,...,M — 1, the CVaR price (value of the CVaR hedging portfolio) Xy, of the call
option H = (S — K)T is defined by:
(a) For a* <0
* 1 2\ A * 1 *N A
Z Pn, 10, CB (Stm,n7 K(Z)’ o1 Tm) + Z Pn T, {CB (Stm,na thb y 01, Tm)
A(My,, ,2) A(Myyy, ,2)

7T (My, b = K (2) (A% (M, b 0, Ton) | (2.48)
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(b) For o >0

> P [CB(sh s K(2),61,T) = CB(s, s My, b7, 61,
A(Miyy, ,2)

F eI (K (2) - My, b7 (A" (M, 5. T,) .

where

1 ~2
A In L=t 4 (p 4 Ty
Tm:T*tma Mt:mb*Nta A*:I:(:Eanvt): = o ( 2) .
O'1\/i

In addition, according to the fact

dCB(S;, K,0,T —1) q)((m% —|—(r+%2)(T—t))
0S¢ B oVl —t

and equations (2.48)-(2.49), over the hedging period t,, — tmy1 , shares of stock S', i.e.,

A%m = 0Xy, [0S, in the hedging portfolio are

(a) For a* <0

> b tan, @ (ALK T)) + Y [@(A’;(thb*n,n,Tm))

A(th,i) A(th"%)

o My 0"~ K(3) /s
+ TTm m (A*_ M b*n’ , T ) * ’
€ Stlm,na'lm ¢ ( tm n m) Pn. 1, Vn, T

(b) For o* >0

D Pum, e [@ (A2 (K (2)m T) ) — @ (A2 (My, b7 0, Ti0))

A(My,, ,2)

K(z) — M, b*"
st 101V T

where ¢(x) is the density function of a standard normal random variable.

+ e—rTm

o (A (0,6, Tm))] ,

Amounts Btm 1nvested in the risk free asset during this period are given by

- _ Al 1

2.3.3 Total hedging errors and total transaction costs of CVaR hedging

method

(2.49)

(2.50)

(2.51)

(2.52)

At each revision point ¢, (m = 0,.., M — 1), the hedging portfolio includes A,}m shares of the risky

asset and Btm amounts of the risk free bond, while at the next point t¢,,11, the hedging strategy
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should be rebalanced such that it consists A%er , units of the risky asset, and By, 41 amounts of
the risk free asset. Toft (1996) showed that the hedging position cannot be self-adjusted.
Moreover, he defined the hedging errors at time ¢,,11 (m =0,.., M — 1) as differences between the

value of the hedging portfolio before and after rebalancing, i.e.,

HEtWH—l = Atlm‘s’tlerl + erdtBtm - (Al

tm+1

Slflm+1 + Btm+1)

=AL St By, — Xy, (2.53)

Such amounts represent benefits from rehedging at time ¢,,+1 and the present value of the

total hedging errors during the whole hedging period are

M—1
HE =) e ™+ HE,

m=0

(2.54)

m—+1"°

On the other hand, at each revision point t,,+1 (m =0,.., M — 1), the hedger needs to pay

1

bt A%m | and the present

proportional transaction fees which equal to T'Cy,, , = kStlm o | A

value of the total transaction costs during the whole contract period are

M-1
TC =) e ""mTC, . (2.55)

m=0

Hedging errors are cash inflows from the CVaR hedging strategy, while transaction costs are
cash outflows, and hence differences between HFE and T'C' can be considered as the net income for
the hedger during the whole CVaR hedging period. Toft (1996) provided explicit formulas of
expected total hedging errors and total transaction costs for Leland delta hedging strategy of a
call option. Later on, Melnikov and Tong (2014) derived closed-form expressions of HE and T'C
for the quantile hedging method with Leland’s adjusted volatility. Both of them indicated that
with Leland’s volatility, hedging errors would offset transaction costs and hence the present value
of net cash flows during the whole hedging period would be nearly zero if §¢ — 0. Above authors
considered the Black-Scholes model, however, in our case, since the form of A%m are intricate, the
closed-form expression of the present value of expected total hedging errors and total transaction
costs would be too complicated. Instead, we would like to implement the time-based simulation

method that described in Boyle and Hardy (1997) to investigate estimations of HE and T'C. Note
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that in Boyle and Hardy (1997), hedges were based on the original volatility instead of the
Leland’s adjusted volatility. In our case, for comparison, we obtain estimated values of HE and
TC for delta hedging with the original volatility o1 and with the adjusted volatility 61 separately.

First, according to the exponential representation of the risky asset, i.e.,

2
g
Stir = St exp [01(Wey = Wa,) + (1 — 71)575 + (Ntpys — Neyo) In(1 —v1)], (2.56)

m—+1

1id

where Wy, ., — Wi, 0 N(0,6t), and Ny, — Ny, * Poisson(Adt), m =0,1,..., M — 1, we

generate sequences of values of independent Normal as well as Poisson random variables and
consequently, a series of stock price at each revision point is simulated. Then, by equations
(2.54)-(2.55), total hedging errors and total transaction costs can be computed. Repeat such a
process for N=2000 times and calculate average values of HE and T'C'. Such average values are
estimations of present values of expected total hedging errors and total transaction costs.

In Melnikov and Skornyakova (2005), they considered the financial indices of Russell 2000
(RUT-I) and the Dow Jones Industrial Average (DJIA) as S and S?. They estimated
(ni,04) (i =1,2) for those two risky assets using daily observations. In our paper, we assume

underlying risky assets with same drifts and volatilities as Melnikov and Skornyakova, but with

additional jump components. Parameters are listed as following;:

p1 = 0.0481, oy = 0.2232, pp = 0.0417, o9 = 0.2089, S} = S2 = 100,

vy = —0.05, vy =—0.1, A=0.1, r = 0.03.

We assume there are 26 bi-weeks, 52 weeks, and 252 business days in one year. An investor
would like to construct CVaR hedging for a call option (St — K )+ with the strike price
K= 1.153. One way transaction costs rate is k = 0.5%.

For a fixed risk constraint C' = 5, Table 2.1 shows estimated present values of total hedging
errors and total transaction costs for CVaR hedging of call options with different maturities and
with various revision periods based on the adjusted volatility ;. Table 2.2 displays corresponding
results for hedging with the original volatility o1. It is observed that the total hedging errors

implied by &1 are positive and are not negligible, while, for the original volatility o1, they are very
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Table 2.1 Estimated present values of total hedging errors and total transaction costs with
the adjusted volatility ;. C=5
Maturity T(years) Revision period CVaR price HE TC HE-TC

Biweekly 5.46 0.808  0.7688 0.0392
T=1 Weekly 5.7489 1.0306 1.0588 -0.0282
Daily 6.8641 2.2084 2.2208 -0.0124
Biweekly 14.6754 1.4408 1.3929 0.0479
T=3 Weekly 15.1997 1.8731 19117 -0.0386
Daily 17.1948 3.9429 3.9721 -0.0292
Biweekly 21.8367 1.6432 1.7092 -0.066
T=5 Weekly 22.488 2.3572  2.3839 -0.0267
Daily 34.958 4.9192 4.9291 -0.0099
Biweekly 35.6998 2.0476 2.083 -0.0354
T=10 Weekly 36.5054 2.9219 293 -0.0081
Daily 39.5508 5.9992  5.9938 0.0054
Biweekly 46.291 2.1415 2.1668 -0.0253
T=15 Weekly 47.1447 3.0194 3.0096 0.0098
Daily 50.3664 6.2761 6.2833 -0.0073

small for all maturities and decrease in absolute values if hedges happen more frequently. Also, for
a fixed maturity and a fixed revision period, total transaction costs are smaller if one hedges with
the adjusted hedging volatility. Both transaction costs and hedging errors from &3 increase as the
revision period or the maturity time increase because more hedges occur and the differences
between them are nearly zero especially under the daily rebablancing condition. However, the
differences between total hedging errors and total transaction costs implied by oy are significant
and increase with respect to rebanlancing frequency. Those observations are consistent with
results in Toft (1996) as well as Melnikov and Tong (2014) which pointed out that with a carefully
chosen hedging volatility, hedging errors generate by it would almost offset total transaction costs
during the whole hedging period.

Simulation results also indicate that the modified price of an option is close to the sum of its
fair price in the transaction costs free market and the total transaction costs which confirms that

our modified option value adjusts the fair price by including the total transaction fees.
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Table 2.2 Estimated present values of total hedging errors and total transaction costs with

the original volatility o1. C=5

Maturity T(years) Revision period CVaR price HE TC HE-TC
Biweekly 4.7298 -0.0298 0.8092 -0.839
T=1 Weekly 4.7298 0.0177 1.104 -1.0863
Daily 4.7298 -0.0041 2.4556 -2.4597
Biweekly 13.3329 0.0305  1.4584 -1.427
T=3 Weekly 13.3329 0.0182 2.0448 -2.0266
Daily 13.3329 -0.0018  4.4939 -4.4957
Biweekly 20.1652 -0.0288 1.7894 -1.8182
T=5 Weekly 20.1652 -0.0108 2.5308 -2.5416
Daily 20.1652 -0.0029 5.5339 -5.5368
Biweekly 33.6293 -0.022  2.1664 -2.1884
T=10 Weekly 33.6293 0.0215  3.0789 -3.0574
Daily 33.6293 0.0053 6.7483 -6.743
Biweekly 44.0962 -0.0259 2.2768 -2.3027
T=15 Weekly 44.0962 0.0081 3.2585 -3.2504
Daily 44.0962 0.0035 6.9676 -6.9641

Table 2.3 Estimated present values of total hedging errors and total transaction costs with

adjusted volatility &1 for different levels of CVaR constraint. T=1

Revision period CVaR g95 <5

CVaR 0.95 < 7.5

CVaR 0.95 S 10

HE TC HE-TC| HFE TC HE-TC | HFE TC HE -TC
Biweekly 0.808 0.7688 0.0392 0.7154  0.7505 -0.0351 0.6769 0.7228 -0.0459
Weekly 1.0306 1.0588  -0.0282 1.0291  1.0622 -0.0331 0.9786  1.0173 -0.0387
Daily 2.2084 2.2208  -0.0124 2.13 2.1519 -0.0219 | 2.0485  2.065 -0.0165

Table 2.4 Estimated present values of total hedging errors and total transaction costs with
original volatility o; for different levels of CVaR constraint. T=1

Revision period CVaR 995 <5 CVaR go5 < 7.5 CVaR 95 < 10

HE TC HE-TC | HEFE TC HE-TC | HE TC HE-TC
Biweekly -0.0298 0.8092 -0.839 -0.0064 0.7919 -0.7983 | -0.0166 0.7383  -0.7549
Weekly 0.0177  1.104 -1.0863 0.0169  1.0956 -1.0787 0.0281 1.0077  -0.9796
Daily -0.0041  2.4556 -2.4597 0.0042  2.3388 -2.3346 0.021 2.255 -2.234
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Furthermore, we would like to investigate effects of the CVaR constraint on HE and T'C. For
a fixed time to maturity 7' = 1, Table 2.3 displays total hedging errors and total transaction costs
for CVaR hedging with an adjusted volatility while Table 2.4 shows corresponding results for
hedging with o;. One thing we would like to point out is that, for the same revision period, values
of HE — T'C' implied by o1 would increase if the risk constraint increases. This can be explained
by the fact that on the one hand, for all levels of the risk constraint, HE are almost zero if one
hedges with o1, while on the other hand, T'C' would decrease as the risk constraint increases,
because the value of the hedging portfolio would decrease so do the transaction fees paid to
rebalance it. But there is no clear relationship between the risk constraint and values of HE — T'C

implied by &1 since both HE and T'C decrease if the risk constraint C' increases.

2.4 CVaR-hedging of equity-linked life insurance contracts

One important application of partial hedging is to deal with the pricing of equity-linked life
insurance contracts, an innovative area of life insurance. In Melnikov and Skornyakova (2005) as
well as Kirch and Melnikov (2005), authors discussed the application of quantile hedging and
efficient hedging on life insurance contracts. Here, we would like to implement CVaR-based partial
hedging to this area.

Following actuarial traditions, let a random variable T'(x) on an “actuarial” probability space
(Q, F, ﬁ) denote the remaining life time of a person of current age x and 7p, = IB(T(J:) >T) be
the survival probability for the next 1" years of an insured. Since usually the insurance risk
reflected by the insured mortality and the financial market risk have no effect on each other, we
would take a natural assumption that (£, F, P) and (Q,]? , ]5) can be treated as independent.
Consider a pure endowment contract with a fixed guarantee K which will pay an insured
H = max{Sh, K} at time 7 if the insured is still alive. Notice that,
H =max{Sh, K} = K + (S* — K)™, the payoff of the contract is determined by a call option plus
a constant guarantee, so it is sufficient to only consider the embedded call option H = (S} - K)*

for our purpose.
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Let us start with the transaction costs free and complete market (2.1). Since the mortality risk
is essentially independent from the financial market, the premium for such a contract is defined as

(see Brennan and Schwartz 1976):
Uz = E*(e”""H)E" (Ii1(z)>1y) = 02V (0), (2.57)

where x is the insured’s age, T' is the maturity time of the contract and V'(0) is the fair price of
the embedded call option. Notice that 7U, < V(0), which means the premium that the insurance
company can collect would be less than the initial wealth needed to hedge perfectly. Therefore,
only a partial hedging strategy can be constructed. Here, we assume the insurance company would
implement the CVaR-based partial hedging strategy that is described in Section 2.2 and accept
some financial risk. The CVaR hedging costs Vpy can be derived from the equation (2.24) or (2.27)
which intuitively should be equal to the premium of the contract, i.e., 7U, = V. Hence, we have

Vo

Uz = Tva(o) = %a TPx = W

(2.58)

The equation (2.58) is called a balance equation. It can be used to determine the survival
probability of insureds for which the contract is suitable corresponding to a specified level of risk.
Then, according to the most recently published United States 2015 Life Table (National Vital
Statistics Reports volume 67, Number 7), target clients’ age can also be found.

However, if transaction costs exist, both the price of the embedded call option and CVaR
partial hedging costs should be based on the adjusted volatility. As a consequence, the balance

equation in this case becomes:

(2.59)

where V(0) is given by (2.47) and X is given by (2.48) or (2.49).

For comparison, we calculate the survival probabilities and age of target clients for contracts
with different maturities and under different risk constraints in the market (2.1) with and without
transaction costs separately. Table 2.5 shows results in the market with transaction costs, while
Table 2.6 displays results in the complete market. We assume rebalances occur daily. As expected,

for contracts with the same maturity, target clients for the insurance company are older for a
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Table 2.5 Survival probabilities and age of insured in the market with transaction costs
CVaR 995 <5 CVaR 995 <10
TPz age TPz age

T=3 0.9078 75 0.8237 82
T=5 0.9359 64 0.8762 72
T=10 0.9633 45 0.9284 53
T=15 0.9749 31 0.9507 41

Table 2.6 Survival probabilities and age of insured in the complete market
CVaR 0.95 < 5 CVaR 0.95 < 10
TPx age TPz age

T=3 0.8806 78 0.7741 84
T=5 0.9166 67 0.8398 75
T=10 0.9516 48 0.9058 o7
T=15 0.9665 36 0.9343 44

higher CVaR constraint, that is, the increment of financial risk is compensated by the decrements
of insurance risk. Also, insurance company can trade long term contracts among younger clients.
It is worth to mention that, for contracts with the same maturity and under the same risk
constraint, target clients’ survival probability is higher if transaction costs exist, which may be
explained by the fact that, with transaction fees, CVaR hedging costs increase more significantly
compared to the adjusted price of the call option, in other words, Xo — Vo > V(0) — V(0).

We further investigate effects of revision frequency and the level of risk constraint on the
target clients’ survival probability. Results are displayed in Figure 2.1 which indicates that for a
fixed contract maturity 7' = 5 and under the same risk threshold, target clients’ survival
probability of an insurance contract increases as the revision frequency increases. This is because
the CVaR hedging price inclusive of transaction costs increase to a larger extend if hedges occur
more frequently and the increasing trend is more significant than that of the perfect hedging price
which is the denominator in the balance equation (2.59). Also, we notice that differences among

survival probabilities for various reversion periods are more obvious if the CVaR constraint is
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larger, since the CVaR price would decrease if C' increases and therefore the effect of transaction

costs (which can be measured by 7T'C'/ X)) would be more significant.

1.05 . .
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+ Revision Period=Weekly
— — Revision Period=Daily -
- No transaction fees

2
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Figure 2.1 Survival Probability vs CVaR for Life insurance contracts for different revision
frequency, T=5.

2.5 Conclusion

This chapter considers option pricing and CVaR partial hedging in the Jump-Diffusion financial
market model with transaction costs. According to results presented in Melnikov and Smirnov
(2012), we first derived a closed-form solution of optimal CVaR hedging strategy for a call option

in the transaction costs free market (2.1). Then, we take transaction fees into consideration and
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prove that the modified option value process is a solution of a non-linear PDE which can only be
solved numerically if options consist of two assets. However, for options based on a single asset
and whose sign of gamma is a constant, their modified prices can be explained as pricing with an
adjusted volatility which is consistent with the conclusion in Toft (1996). Note that, unlike the
Leland’s adjusted volatility in the Black-Scholes model, our adjusted volatility also depends on the
jump size and Poisson intensity. In particular, an explicit formula of a call option price is given. In
addition, the CVaR hedging costs as well as the weights of the hedging portfolio are then based on
such an adjusted volatility 1. Furthermore, estimated values of total hedging errors as well as
total transaction costs are obtained by a simulation method and results indicate that, with such
an adjusted hedging volatility &1, differences between them are nearly zero which means total
hedging errors generated by this carefully chosen hedging volatility can almost offset transaction
costs. Finally, CVaR hedging is implemented into the area of equity-linked life insurance contracts
to find target clients’ survival probabilities and age. Our observations show that, with transaction
costs, insurance companies can trade the same contract with younger clients.

For future studies, there are several possible directions worth exploring. First, other options
can be considered. For instance, Melnikov and Skornyakova (2005) discussed quantile hedging for
the option named change of assets, i.e, (S — S%)T, which we can also apply CVaR hedging
method to. Another interesting extension is to investigate CVaR hedging method in more
complicated financial models. Since our research also focuses on the application of partial hedging
to equity-linked life insurance contracts, which usually have long maturities (5, 10 or even 20
years), it is reasonable to consider a financial market with long-range dependence which is
presented with the help of the fractional Brownian motion and its mixture with the standard
Brownian Motion (MFBM). Bratyk and Mishura (2008) investigated quantile hedging in such a

model. We can further study CVaR hedging in this financial market.
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CHAPTER 3

CVaR hedging in defaultable

Jump-Diffusion markets

3.1 Introduction

Hedging and risk management are crucial topics in financial mathematics. In a complete market,
any contingent claim can be replicated given sufficient initial wealth. However, if a market is
incomplete, the initial costs of superhedging are often too high. In this case, a hedger usually
allocates initial capitals that are less than the superhedging costs while accepts the possibility of
shortfall. Such a hedging strategy is called partial hedging. Follmer and Leukert are pioneers in
this filed. They studied quantile hedging and efficient hedging (see Follmer and Leukert 1999;
2000) in seimimartingale financial market models. In their papers, explicit solutions in complete
markets were provided with the help of the classical Neyman-Pearson lemma while solutions in
incomplete markets were given according to the convex duality approach. In this chapter, we
consider the partial hedging problem in defaultable markets which may be incomplete. There is a
list of references in this area. For instance, Nakano (2011) solved problems of optimal quantile
hedging and efficient hedging with a linear loss function for claims with a single default time.
Later, Melnikov and Nosrati (2015) focused on the efficient hedging problem with more general
loss functions for claims with several independent default times and provided a closed form
solution in the special case that recovery rates were zeros. Here, we would discuss partial hedging

by employing a coherent risk measure called Conditional Value-at-Risk (CVaR) which provides
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information about the average loss that exceeds the Value-at-Risk (VaR). Melnikov and Smirnov
(2012) studied partial hedging with such a measure and provided a semi-explicit solution in
complete markets.

Aforementioned papers dealt with option pricing and hedging in Brownian market models.
However, growing number of evidences show that pure diffusion models are not accurate enough to
represent real life assets’ dynamics. It is not rare to observe jumps in stock prices when some
significant financial or political announcements are published. In order to address this drawback, a
Jump-Diffusion model was proposed by Merton (1976). Melnikov and Skornyakova (2005), Kirch
and Melnikov (2005) discussed quantile hedging and efficient hedging problems respectively in a
two factor Jump-Diffusion model. However, to our knowledge, a Jump-Diffusion market model
with defaults has not been well studied and CVaR hedging problems have not been discussed in
this literature.

Our main objective in this chapter is to derive a hedging strategy that minimizes CVaR of the
hedging loss subject to a constraint on the initial wealth in a Jump-Diffusion defaultable market.
This chapter is organized as follows. In Section 3.2, we introduce our financial model. Several
useful properties regarding the default time are listed. Most importantly, similar to the discussion
about martingales in a defaultable Brownian market in Bielecki and Rutkowski (2004), we derive
densities of martingale measures in our model. Furthermore, utilizing properties of equivalent
martingale measures, we show that the minimal superhedging costs of a defaultable claim with a
zero recovery rate coincide with the perfect hedging costs of the corresponding non-defaultable
claim. In Section 3.3, the explicit form of the optimal CVaR hedging strategy in our incomplete
market is derived. We prove that the CVaR minimization problem of a zero-recovery rate
defaultable claim can be converted to a problem of finding the optimal randomized test in the
default free complete market and the optimal strategy is then given by the option decomposition
of a modified claim. In Section 3.4, a numerical example is provided to illustrate the
implementation of our method in life insurance contracts that have stochastic guarantees. Section

3.5 gives a conclusion for the chapter.
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3.2 Model set up and preliminaries

Let (2,G, P) be a standard probability space. Consider a financial market with the terminal time
T € (0,00) consisting one riskless asset (Sto)te[o,T] and two risky assets, (Stl)te[o,T} , (Sf)te[o,T},

described by a two factor Jump-Diffusion model:
dsy =rSldt, S§ =1,
dS} = S!_(uidt + o;dW; — vidNy), Sh >0, i=1,2, (3.1)

where r > 0 is the risk-free interest rate. Constants u; € R, o; > 0, v; < 1 are drifts, volatilities
and jump parameters. W and N are independent Wiener process and Poisson process with a
filtration F = (F;)i>0, Ft = 0(Ng, Ws; s < t). Here, we assume o1 > oy (otherwise, we can define
the stock with a higher volatility as S') and the intensity of the Poisson process is a nonnegative
constant .

In addition, let a positive random variable 7 denote the default time such that P(7 = 0) =0

and P(t >t) >0, Vt > 0. The default indicator process is defined as
Hy=1Ij;<y, t >0,

and the corresponding filtration generated by it is H = (H¢)i>0, He = 0(Hg; s < t).

Let us specify that 7 is independent of W and N. Moreover, let G = (G¢)i>0 be a joined
filtration, i.e, G = H V F. For simplicity, we assume G = Gp. It is worth to mention that since H
and [ are independent, any F-martingale is also a G-martingale (see, Bielecki and Rutkowski 2004
Section 6.1.1).

In this chapter, credit risk is modeled with the help of a hazard process, that is, the survival
probability is defined by

P(r>t)=e ", (3.2)
where (Ft)tzo is the hazard process such that I'; = fg Budu and S, is a nonnegative deterministic
function called the hazard rate of the random time 7.

Let us summarize some crucial results regarding the default time and the default indicator

process from Bielecki and Rutkowski (2004) for the reader convenience:
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1. The process
tAT

t
Mt = Ht — 6ud5 == Ht - / ,Bu(l - Hu)du, (33)
0 0

is both a H-martingale and a G-martingale; (Proposition 5.1.3);

2. The process Q; = (1 — Hy)el®, t > 0 follows a G-martingale with the dynamic
dQ: = —Qr—dM;. Moreover, for any bounded F-martingale m the product @m and the quadratic
covariation [@,m] are G-martingales; (Lemma 5.1.7);

3. For any G;-measurable random variable Y, there is a F;-measurable random variable

E(Ii;-nY|F)

Y= P(r>t)

such that Y1, = ?I{’T>t}’ P —a.s. (Lemma 5.1.2).
Note that the market (3.1) with default may be incomplete due to the additional random

source T, so that there is a set of martingale measures. Let us start with the structure of

martingales in our setting.

Theorem 3.1. For a G-measurable integrable random variable Xr, we define a G-measurable

martingale Xy = E(X7|Gt), t € [0,T]. Then, it admits the following representation:

t t t t
X=X+ [ eaw,+ [ eav,+ [ elams,+ [ ViR, (3.5)
0 0 0 0

where Ny = Ny — Mt is the compensated Poisson process and €W, &N, ¢MN M gre G-predictable

processes.

Proof. Since Gr=Hr V Fr, according to Bielecki and Rutkowski (2004), it is sufficient to consider
a random variable X7 = (1 — H,)Y” for some fixed s < T and some Fr-measurable random
variable Y.

We introduce a notation Y = e Y’ and hence
Xr=(1-H,)Y' =(1-H,)e""Y =Q,Y.
Let us define a F-martingale m:
— — t t A
mi = E(V|F) = BQ)+ [ &dWot [ Guak,
0 0
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where £ and ( are F-predictable processes. The second equality is because of the martingale
representation property in the filtration F.

Since (@ is a process with finite variation, we have

t
Q.mli =3 AQuAm, = 3 ~Qu G AMAN, = - /0 Qu-Cud[M, K,.

u<t u<t

Obviously, ms = Y and according to the integration by parts formula, we get
T T
X1 = Qsmr = Qomg +/ Qu—dmy, +/ Mu—Ijp 5 (u)dQu + [Q,m]5
0 0
- T T . T
=EY)+ / Qu_&udW, + / Qu_CudN, — / My g g (1) Qu—dM,
0 0 0
T A
- | @ Tpg i ).

With the choice €7 = Qyu_&u, €Y = Qu_Cur €M = —1mTio.g (W) Qu, €MV = —CuQu T4 (1),
(3.5) is proved. O

A simple modification of Theorem 3.1 implies that the Radon-Nikodym density of a
martingale measure P which is equivalent to P on (£2,G) has the form

. dP t . )

Zy = d—P|gt =1+ / Zy— (0, dWy + Yy d Ny + kydM,y, + vy d[M, N1,,), (3.6)
0

where 6, 1, k, v are G-predictable processes.

In addition, the solution of (3.6) is

z:m/amm+/¢MM+/mmm+/%mmNm, (3.7)
0 0 0 0

where & (-) is the Doléans exponential.

Note that, in order for Z to be a positive martingale, we have to impose the following
restrictions:

(a) ke > =1, ¥ >—1, ke+e+v>—-1,Vte€[0,T];

(b) E(Z,) =1, Vte[0,T].

With the help of Girsanov theorem, we conclude that processes
¢ ~ t
Wt* = Wt - / Gudu, Nt = Nt - / (]. + wu))\du,
0 0
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are martingales under the measure P defined by (3.6).
Furthermore, we have to derive processes 0, 1, k and ~. Let us consider discounted value

processes S*; = e "S! (i =1,2) which can be rewritten as

i [(,uZ —r)dt + o;dW; — vidNt}

sy
o
I

!

Z— [(:uz —-r+ Uigt — Ui(l + wt))\)dt -+ Uith* — UidNt], (Z = 1, 2). (3.8)
They are martingales under the measure P if drift terms vanish, i.e.,
p1 =1+ o010 — vi(1+ )X =0,
po — 1+ 020 — va(1 + ) A =0,
which implies

g (= 7)vs — (2 — r)v1’ o= (u —r)oz = (p2 —r)or | (3.10)

o92U1 — 01V (0'21)1 — 0'11)2))\

However, processes k and - cannot be determined uniquely and hence the market (3.1) with
default is incomplete. We denote P* as the set containing all martingale measures and Z* is the
set of Radon-Nikodym densities of martingale measures.

In particular, since N and M are purely discontinuous martingales, their quadratic covariation
is [M,N]; = S, AM,AN, = 3. AH,AN, and hence [M, N]tI{T>T} is 0 for all ¢ € [0,T].

u<t u<t
Therefore, we arrive to

Zrlsty = Er(OW + N + /0 lewd M) Iy
= Ep(OW)Er(YN + / keud M) -7
0

= Ep(OW)Er (v N )Ep( /0 | kudMy) L7y

2

= exp (9WT — %T +A=A)T+ (In\* —In )\)NT>

T TAT
exp ( /0 In(1 + ky)dH, — /0 kuﬁudu>I{T>T} . (A (3.11)

where

. (1 —r)oa — (2 —1)o1
N =(1+¢)A= ozt 070 ,
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02
Z = exp (0Wr — ST+ (A= A)T + (InX* —In A)N7),

T
Z{,ﬁ = exp ( — / k:uﬁudu).
0
The second and third equalities are both due to the multiplication rule of Doléans exponential

and the fact [W, M]; = 0, [W, N]; =0, [N, Mlilgrsry =0, VEZT.

Remark 3.2. The probability measure P* defined by % = Z that satisfies 1 > —1 and

o9v1 — 0102 # 0 is the unique martingale measure in the non-defaultable market (3.1) on the
probability space (Q, Fp, P). Moreover, W* and N are independent Wiener process and Poisson
process (with the intensity \*) under this measure . We denote E*(-) as the expectation under the

measure P*.
With notations introduced above, S}, i = 1,2, can be rewritten as
i i L o
St = SO exXp (Uth + (/Ji - §O'i )t + Nt 111(1 — Ul))
, 1
= Sjexp (o: Wy + (r + v A" — §Ji2)t + NyIn(1 — v;)). (3.12)
A G-strategy is a G-predictable process 7 := (7, 7}, ﬂ?)te[o’T] such that
T T
/ |79 dt < oo,/ (miSH2dt < 00, P —a.s (i=1,2),
0 0
and the value process corresponding to the strategy 7 at time ¢t € [0, 7] is
Vi = mpSp + 7w S} + w7 S (3.13)

In addition, for a given initial value v > 0, a trading strategy is called self-financing admissible

if its value process satisfies
t t t
Vi=v+ / m0dSY 4 / midS) + / 72dS?,
0 0 0
and
V, >0, Vt € 0,7]. (3.14)

We denote the set of all admissible self-financing strategies with an initial value v as A(v).
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Remark 3.2 indicates that the default free market (3.1) is complete with the filtration F and
hence the fair price of any contingent claim with payoff C' which is nonnegative Fpr-measurable is
defined as E*(e~"7'C) and there is a self-financing strategy 7 that duplicates it which is

determined by:

Lal (VslS}al + V52St202)1)2 + (V(Stl_(l — Ul), StZ_(l — Ug,t)) — V(Stl_, Sf_,t))ag
01U — 0201
2 o2 (Vngtlal + Vszstzaz)lq + (V(Stl_(l — 'Ul), SE_(l — Ug,t)) — V(Stl_, Sf_,t))al

O2U1 — 010V2

mSY =V(t) — n}S} — 7282, (3.17)

where V (t) = V (S}, S?,t) = e "T=DE*(C | F;) is the value of C at time ¢ and

OV (St,5E,1)

oV (S}, SE.1)
081 ’

Va1 = 952

, Vg2 =

(see the proof for (2.7)-(2.9)).
However, we would like to investigate the hedging problem of a defaultable claim
CO = Cl{7>7) in the enlarged filtration G described before. As we know from the option pricing

theory in incomplete markets, the minimal initial superhedging costs of such a claim is defined as

Uy = sup Ep(e_’"TCO). (3.18)
Pep*
Let us denote
Ui =Upe ™™ = ess supEP(e_TTCOIQt), te[0,T7, (3.19)
PeP+

which is a supermartingale with respect to any P € P* and represents the discounted value process
of the minimal superhedging strategy of the claim C°.

According to the optional decomposition theorem (see El Karoui and Quenez 1995, Kramkov
1996), there is an admissible strategy (U, ) and a discounted optional consumption process D
with Dy = 0 such that

t t
w=%+/wwﬁ+/wmﬁ—m. (3.20)
0 0

In our setting, the minimal superhedging costs Uy can be derived explicitly.
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Lemma 3.3. Assume E*(C) < +o0. In the market (3.1) with default, the discounted superhedging

value process of CO satisfies

U, = ess supEI3 (e7CYGy) = E* (e*’”TC|]-"t)I{T>t}, € [0,7]. (3.21)
PcPp~
In particular, Uy = Uy = E* (e7"T'C), i.e., the minimal superhedging costs equal to the fair price of

the contingent claim C' in the non-defaultable market.

Proof. For a given martingale measure P with a density Zp, we know that

Ele"" ZrCli,-1y|Gi)

U; = ess supEP[e*TTCI{T>T}\Qt] = ess sup
Pep* Zer Z

Moreover, by (3.11), we have
7 — o S kuBudu ppp %~ [ kuBudu
EZrClo1y|Gi] = e o ElZpe )t Clir>1y1Gi.
Furthermore, according to (3.4), the Fi-measurable random variable
T t
FE |:E[Z;,€7 ft kuﬁudUCI{T>T} |gt]I{T>t} |'Ft:| ef() Budu
= B(Ze™ I RPACT | F ) el Suc
satisfies
T t T
E(Zpe™ e bl QI | F)elo Bl Ly = E(Zjem Je MPtCL 141G Irsiy.
Thus, Uy can be rewritten as
7ft kuBudu pp (=T 7% 7fT kuBuducrp F ft Budu
~ (& 0 (& e t T eJ0 T
Ui = ess sup ( L (1) t) {r>t)

Zerx Zy
E(e—rTZ%ef Ir kuﬁuduCI{T>T} |72

= ess sup . elo ﬁ“d“I{T>t}.
Zenr Zy
In particular, choosing k constant and k \, —1, we have
,ka:BuduE( _TTZ*CI
- . €t € T sy Fe) g ¥/ —
Ut Z kli‘nfll Z: {r ;i €f0 ’6uduI{T>t} =F (6 rTC‘ft)I{T>t}, (322)

where the second equality is due to the independence of 7 and Fr.
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On the other hand, since k; > —1, we get

i < E(e—rTZ;eftTZ;duCI{T>T}‘]:t) efot BuduI{T>t} — E* (e_TTC|~Ft)I{T>t}' (3.23)
t
Combing (3.22) and (3.23), we arrive to
U, =E*(e7""C|F) Ity (3.24)
O

3.3 CVaR hedging

If a hedger allocates less capitals than the minimum superhedging costs Uy, there is a possibility of
shortfall characterized by L = C° — Vo, where Vr is the value of a hedging portfolio at T'.
Our goal is to find a self-financing admissible strategy with an initial budget constraint

vg < Up that minimizes hedging losses under the measure CVaR, i.e.,

min CVaR,(L), (3.25)
(v,m)€Ap

where Ay = {(v, m)|(v,7) € A(v),v <o} is the set of self-financing admissible strategies with the
initial hedging capital no more than vg.

With the help of the alternative representation of CVaR (1.3), the problem (3.25) becomes

. o 1 o
Jmin, CVaRa(L) = min minls+ 1= B((C° =V = 2)")]. (3.26)

Melnikov and Smirnov (2012) have indicated that we can interchange the order of two

minimization problems:

min CVaR,(L) = min min [z + E((CO —Vr — z)'*')}

(v,m)eAo (v,m)eAp 2€ER -«
. : 0_ 1 _ N+
= min [z i, B((C Ve - 2) )] (3.27)

and if the inner minimization problem in (3.27) for each z is solved, then the initial problem (3.27)

is reduced to a one-dimensional optimization problem over z.
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Thus, for a fixed z, let us consider the problem

in E((C°—Vy—2)T). 3.28
L min, (( T—2)") (3.28)

We focus on z > 0, because z is corresponding to the VaR, of the hedging loss and it is

nonnegative when « is close to 1. Consequently, we have
(C°=Vp —2)* = ((C° = 2)" = V)" = (C%(x) — V),

where C%(z2) = (CY — 2)* = (C — 2) o1y = C(2)I7>py with C(2) = (C — 2)*.

Obviously, CY(z) is a Gp-measurable non-negative random variable, so it can be treated as a
contingent claim and thus the problem (3.28) is equivalent to an optimal efficient hedging problem
of the contingent claim C%(z). Féllmer and Leukert (2000) studied this kind of problem (also see

Chapter 1.4) and proved that if a random variable ¢’ solves

Icpnea%E(apC’O(z)), (3.29)

where R = {p: Q@ — [0, 1]| Gr — measurable, sup EP (e7"T'C%2)p) < o}, then the optimal
Pep*

hedging strategy 7 is obtained from the optional decomposition (3.20) for the modified claim

¢©'CY(2). However, usually the optimal randomized test does not admit an explicit form in

incomplete markets. To address such a difficulty, we transfer the optimization problem (3.29)

which is in the enlarged filed Gr into a problem in the filed Fr.

Lemma 3.4. If a Fr-measurable random variable ¢ € R solves the problem

maxE (oC(2)), (3.30)
PpER

where R = {¢ : Q — [0,1]| Fr — measurable, E* (e7"C(2)¢) <wo}, then @' = @l ~ry is the
solution of the problem (3.29).
Proof. Suppose ¢ is the solution for (3.30). Let us define ¢’ = @I¢.~7). Obviously ¢’ € [0, 1] and

is Gr-measurable.

Also, by Lemma 3.3, we know that

sup Eﬁ(e_rTC’O(z)cp’) = sup Ep(e_TTC’(z)g?JI{T>T}) = FE* (e_rTC(z)g?J) < vy,
Pep+ Pcpr
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and hence we have ¢’ € R.
On the other hand, for any other ¢ € R, define ¢y = E(I{T>T}g0|]-"T)ef(;f Budi and by (3.4), we
conclude that ¢l -7y = @ol(r>7y. Thus, E*(e7™C(2)pg) = sup Eﬁ(e_TTCO(z)gp) < vp which
PcP*

indicates that ¢g € R.

Furthermore,

E(¢C°(2)) = E(¢C(2)I1rs1y) = E(poC(2)Ir571)

= E(‘POC(Z))E(I{T>T}) < E(¢C(z>)E(I{T>T}) = E(QOICO(Z))v (3'31>

where the last line is due to the independence of Fr and 7 and the optimal property of ¢.
The inequality (3.31) indicates that ¢’ is the solution of (3.29) and hence this Lemma is

proved. ([l

The solution of the problem (3.30) is given with the help of the classical Neyman-Pearson

lemma (see Follmer and Leukert 2000) such that the optimal randomized test has the form

¢*(2) = Lay<zz—1y + T =213 (3.32)
a(z) = inf{a > 0, E*(C(Z)I{a<z%fl}) < we' T}, (3.33)

voe' ! — E*(C(Z)I{a(z)<z;—l}>

e (@ T —

(3.34)
Here, T'(z) = 0 if P(a(z) = Z4 ') = 0 and such a condition is satisfied in our setting.

Theorem 3.5. A. The optimal hedging strategy (vo, ) of the problem (3.25) is given by the
optional decomposition of the modified contingent claim ¢*(2)C(2)I{;~1y, where p*(2) is given by

(3.82)-(3.34) and z is the point of minimum of the function

d(z) = = + ﬁ B [C(2)(1 - " () ramy)]

in the interval [0, 2*], where z* is the solution of the equation

sup B (e TC0(2)) = B* (¢ 77 C(2)) = wo.
Pep*

62



In addition, the value d(2) is the minimal CVaR.
B. The optimal hedging strategy & = (ﬁ'?,frtl,ﬁ'?)te[o,ﬂ satisfies
ﬁé = ﬂ-/iI{TZt}? (2 =1, 2);
and
?, fort e [0, 7 AT,

7Tt —
Ve "™ forte (1,7,

where ' = (m}, 7!, 7 )rejo.1) is the duplication strategy of the nondefaultable claim ¢*(2)C(2)
derived from (3.15)-(53.17) and

V] =08 +mi' S} + 7?7, t € 0,7,
is the value process of such a strategy.

Proof. For a fixed z, from Lemma 3.4 and equations (3.32)-(3.34), we know that the optimal
hedging strategy of the efficient hedging problem (3.29) is a superhedging strategy of the modified

claim ¢*(2)C(2)I(r>7y and hence the shortfall is
(CO(2) — Vi)t = C%z) — Vir A CO(2)
= C%2) — *(2)C(2) 7513
= (1-¢"(2))C(2){r>1y-

Thereby,

CVM%M:ﬂmnP+
z€R

E(C()(1 - ¢"(2)) (r>my) |

-«
With the notation
1 *
d(z) = 2+ 7——B(C() (1= ¢" () [iroy )
it is clear that CVaR(L) = d(Z), where 2 is the point of minimum of the function d(z).

Furthermore, applying Lemma 3.3, the discounted value process of the superhedging strategy

of the modified claim ¢*(2)C(2)[;~7} is

Uy = E* (e 0" ()C ()| F) L roty

= E* (7" (2)C(2)|F) — E* (70" (2)C(2)|F) L7 <y- (3.35)
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Let us define

Ve = E* (e T (2)0(2)|F),

which is the discounted value process for ¢*(2)C(2) in the default free market and this

non-defaultable claim has a replication strategy 7’ such that
t ~ t _
Vie ™ = +/ mtdS} +/ m2dS?,
0 0

where 7%, i = 1,2 are F predictable.
Applying the integration by parts formula for E* (e_rTgp*(é)C(éﬂft)I{TSt} = V/e "' H; and

because H; has finite variation, we get
t B t ~ t
Vie T H; = / H, 7'ldS! + / H, 72dS% + / Ve TUdH,.
0 0 0

Notice that Hy,— = limIg; <y = ;<) and consequently we have
t u

t

U = vy + /0 t Tl 5y dSy + /0 Tl sy dSy — Vie " Hy. (3.36)
Comparing (3.36) with the form of option decomposition, we conclude
#y =l >y, (i=1,2) and Dy =V/e ""Hy. (3.37)
Note that, for 7 > ¢, we have
Sy = (Vf — 'S} — m*SP) = m S},
which implies 79 = 7%, while for 7 < t, we get
) =V0e .
The proof is completed. O]
Remark 3.6. The reason why we focus on z < z* is that, with the initial capital vy, for z > z*,

C°(2) can be hedged perfectly, which means min E((C°%(z) — Vp)T) =0 and d(z) = z. d(z) is

(m,w)EAp

increasing after z* and hence it achieves its minimum during [0, z*].
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Remark 3.7. The optimal hedging strategy can be explained as constructing the perfect hedging of
the modified claim ¢*(2)C(2) during [0, 7]. However, if a default event happens, the investor
should hold zero positions in risky assets and deposit all cash into the risk free account. Also he

can consume up to that amount.

3.4 Applications to equity-linked life insurance contracts

One important application of partial hedging is to deal with pricing and hedging of equity-linked
life insurance contracts. In this section, we will calculate the minimal CVaR and provide the
optimal CVaR hedging strategy of defaultable equity linked life insurance contracts.

Following actuarial traditions, let a random variable T'(x) on an “actuarial” probability space
(Q, Gy, Py) denote the remaining life time of a person of current age x and rp, = Po(T(z) > T) be
the survival probability for the next T" years of an insured. There are two sources of risk. The first
one is market risk associated with underline assets prices as well as the default time and another
one is insurance risk reflected by the insured mortality. Since usually the insurance risk and the
financial market risk have no effect on each other, we would take a natural assumption that
(©,G, P) and (9, Gy, P») are independent.

Instead of simple call or put options, we consider a pure endowment life insurance contract
with payoff C° = maX(S%, S%)I{T>T} provided that an insured is alive at T". This kind of contract
has a flexible guarantee S? and a potential for future gains associated with S*. It is popularly
traded in insurance companies. According to Brennan and Schwartz (1976), the premium for such
a contract is defined as

Uz = sup EX (¢ "TCOE (I (ysry) = 102U, (3.38)
Pep+
where z is the insured’s age, 1" is the maturity time of the contract and Uy is the minimal
superhedging costs of the defaultable claim C°. Notice that 7U, < Uy, which means the premium
that the insurance company collects would be less than the minimal superhedging costs and

therefore only a partial hedging strategy can be constructed. In our setting, we assume that the
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insurance company constructs the optimal hedging strategy described in Section 3.3 with the

premium vy = 7p;Up.

Theorem 3.8. A. The minimal superhedging costs Uy of the defaultable claim

C° = max(S}, S7) [~y is

U= b [sb®(A1 () + o1VT) + 55, 8(~ A1 (n) = 22T (3.39)
n=0

B. The optimal CVaR hedging strategy for C° = maX(S%, S%)I{T>T} s given by the perfect hedging
of the modified contingent claim (max(Sk, S%) — 5)+I{Z;*1>a(2)} during [0, 7] while holding zero
positions in risky assets after the default, where a(z) is the unique solution of

e*’”TE*(C(z)I{KZ;A}) = vy, that is
ZPZ,T [5(1),71‘1)2 (A173(Z’, n) + oy \/T, As(a,n) — alsign(e)ﬁ, 21)
n=0

+ 837,1‘1)3( —Ai(n) — ooV'T, As(a,n) — agsign(ﬁ)ﬁ, Ay(z,n) + ooV'T, Zg)

— ze T (@2 (A1 3(2,n), Aa(a,n), £1) + @*(— A1(n), Aa(a, n), Ag(z,n), Z2)} = 1. (3.40)
Z 1s the point of minimum of the function

d(z) = = + ﬁ (2) (3.41)

in the interval [0, 2*], where f(z) = E[C(2)(1 — ¢*(2)){z>13], i-e.,

flz)=e" Iy B“d“meT [S3(1 —v1)"e" T D2 (A56(n) + o1 VT, A7 (n) + o15ign(0)VT, 53)

n=0

+ S2(1 — wg)"e?T®3(—Ag(n) — 09VT, A7 (n) + 025ign(0)VT, Ag(n) + 0oV'T, L4)
- Z((I)Q(A&G(n), A7(n), 23) + @3(—A6(n), A7(n), As(n), 24))} . (3.42)

Meanwhile, d(Z2) is the corresponding value of minimal CVaR.

The parameter z* is determined from E*(e "C(z)) = vo, that is

Zp;kl,T [S(l),nq)(Al,?)(zﬂ ’I’L) + 01 \/T) + 5(2),71(1)2(_‘/\1 (TL) - O-Qﬁa A4(Zv TL) + O-Qﬁ’ 25)

n=0

— ze7 T (®(A13(2,n)) + ®*(—A1(n), Au(z,n), 25))} = vo- (343)
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Here, ®(-) is the distribution function of a standard normal random variable and ®” (-, %)
denotes the distribution function of J jointly normally distributed random variables with zero

means, unit variances and the correlation matriz X and

: i wx*(T—t
St = SN T —wp)",

Er n 02—0?
- (") + == T ~ —In(aZ) — (G + 2= 2\)T — (InX* —In\)n
Al(n) = ) AQ(aa n) - )
(o1 — o2)VT 0|VT
s 2 52 2
In 22 4 (r — )T In 22 4 (r — 22)T
As(z,n) = = 277 MAy(z,n) = = 2.
T e =TT
n S(1—v1)™ 02—0?
In 733(1;”1) + (1 — %%)T In % + (= po+ =5H)T
A5(n) = ) AG(TL) = ’
Ul\/T (0'1 — Ug)\/T
~ o f )k * 53(1—112)" _ Oj
Ina(z) = 5T+ (A= X)T + (InX* —In\)n In =0C——— + (u2 — )T
Al = oT sl = T ’
A1 3(z,n) = min{A(n), As(z,n)}, Asg(n) =min{As(n), A¢(n)},
(D" . ey AT
Do, = exp(—=AT) T Do = exp(—A*T) R
1 sign(6) -1
1 —sign(0)
¥y = , Y2 = | sign(0) 1 —sign(6) |
—sign(6) 1
-1 —sign(0) 1
1 —sign(0) -1
1 sign(6)
Y3 = ; Y4 = | —sign() 1 sign(6) |-
sign(6) 1
1 sign(6) 1
1 -1
X5 =
-1 1

Proof. By Lemma 3.3, the minimal superhedging costs of C° = max (S, S%)I{T>T} are

Uy = sup Eﬁ(e*”TC’I{T>T}) = E*(e7"TC)
Pep~

= e T [E* (St sy 552)) + B*(SH(s3.5513)]

n=0
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Conditioning on { Ny = n}, we have

2 2
{St > 53} = {84 (1 —v))"e" T explon Wi + (r = T)T] > S3(1 = vo)"e™ T explon Wi + (r = 2)T1)

={Y1 < Ai(n)},

*
Sé(l—vl)”evl)‘ T o2 U%T

* _ n v A*T)J’_ 5
where Y7 = _3/% ~ ]\f(()7 1), Al(n) — sga viilizz)ﬁ 2

{SF > S7} ={V1>Ai(n)} = {-Y1 < —A1(n)} = {Yo < —A1(n)},

where Y5 = V\‘//jlt ~ N(0,1).

According to the multi-asset theorem (see Melnikov and Romanyuk 2008) equation (3.44) can

be rewritten as

o0 2 2
Up=eT> phrlst e’ 2T E* (7T Iy <y (ny) + 560" 2 T E* (€7 Iy, <y ()]
n=0

- ZPZ,T[S%),TL(I)(Al (n) + Ulﬁ) + 3(2)771(1)(—/\1(71) - UQﬁ)]7
n=0

("

n!

where p;, 7 = P*(Nr = n) = exp(—A"T) and hence part A of this Theorem is proved.

Let us start to prove the part B. Firstly, for a fixed z, we have
E* (C()(gez;—1y) = E* (ST — 2) g1 o821 {aczz 1)) + B ((SF — 2) T L1 <521 a2z 1))
= B*((St — 2M(s1 5 sy 2533 Haczn1y) + B (ST — 2) 5250 (53, < 533 {ac 2 1))-
Conditioning on {Np = n}, we get
02
(Z371 > a} = {exp(—OW5 — 5T = (A =A)T = (X ~InA)n) > a}

= {1/3 < AQ(CL,TL)},

. e —InaZ; — (L +(A=A*)+(In X*—In \)n)T
where Y3 = szgn(ﬂ)ﬁ ~ N(0,1), As(a,n) = St |9|\/% ( )T
2
. . o
{SL > 2} = {SE(1 — v1)"e"" N T exp[oy Wi + (r — El)T] >z} ={Y1 < As(z,n)},
S(l)n ‘7%
where As(z,n) = %
o1

2
{87 > 2} = {S3(1 = v2)"e" X T exploa Wi + (r = 2)T] > 2} = {¥1 < Au(zm)},
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In Sg’" +(r7ﬁ)T
where A = — 2
4(27 n) oo/ T

And thus, we have

E*(C(2){qczs-1}) ZE (2){a<z5 -1} N1 = n)P*(Nr = n)

o2
_a

= an 7 [E*((sg,, explon W7 + (r — 5 11 = 2/ yvi<amyLvs <o (am i <as(zm)})

2
g
71) T] — 2) vy < — a3 fvs<As (@) v <As(zm)})]
2
EI)T] = 2) iy <hy s  (Ys<As(an)})

+ (s explot W7 + (r —

= an 7[E* (50, exp[oi Wi + (r

2
* * g
+E ((8(2),71 eXp[UQWT + (T’ - ;)T] - Z)I{Y2<—A1(n)}I{Y3<A8(a,n)}I{Y1<A4(z,n)})]a (3'45>

where Aq 3(2z,n) = min{A;(n), Az(z,n)}.

Again, according to the multi-asset theorem, (3.45) becomes
o0 0_2 .
= ZPZ,T [Sé,ne(riﬁ)TE*(egleI{Yl<A1,3(z,n)}I{Y3<A2(a,n)}) - ZP*(YI < A173(z,n), Y3 < AZ(aa n))

0'2 *
+ 53, E (W Iy, - p oy ivs< ()} Lovi<aa(em)))
— 2P*(Ya < =A1(n), Y3 < Ag(a,n),Y; < Ay(z,n))]
= anT L€ TD2(A1 3(2,n) + 01VT, Aa(a,n) — o1sign(O)VT,%1) — 28%(Ay 3(2,n), Az(a,n), %1)
+ 5§ " @3 (—A1(n) — 02VT, Aa(a,n) — o2sign(0)VT, Ay(z,n) + 02VT, %)

— 2®3(—A1(n), Aa(a,n), Ay(z,n), 22)]7

where the correlation matrix 31, 3o are

1 sign(0) -1
1 —sign(0)
Y= ; Y2 = | sign(0) 1 —sign(0)
—sign(0) 1
-1 —sign(0) 1

Thus, the equation E*(e*’”TC(z)I{KZ;fl}) = v is (3.40) and for a fixed z € [0, z*] and
0 < aj < az, we have

E*(C(2)1a,<zz1y) = B (C(2) oy zz-13)- (3.46)
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However, the equality holds if and only if C'(2)I(4,<z:-1y = C(2)[{ay< 75 -1}, a-5., i€,

P* (C(Z)I{a1<z%fl} = C(Z)I{a2<z;71}) =1— P* (C(Z)I{a1<Z;*1§a2} = 0) = 1,

which is not true. Hence E*(e™"TC(2)I {a< Z;A}) is a strictly decreasing function regarding to a.

On the other hand, for z € [0, 2*], we have

E* (C(Z)I{O<Z;—l}) = E*(C(z)) > o, (because of the initial value constraint) (3.47)
and
Jim E” (C(2)[{qczz1y) = 0. (3.48)

Consequently, we can conclude that there is a root for (3.40) and it is unique.

As for E(C(Z)I{a(z)zz;fl}I{Txr})7 we have

T
E(C(2)(a(2)> 72511 (r>1y) = E(C(2) ()5 251} )€” Jo Budu

_ T
= e o W B((S) — 2) 55591 gshoy a2 25-13)
+B((57 — 2)s25 511 (52523 Ta(e) 225 1)) |- (3.49)
Conditioning on {N7 =n}, n=0,1_ and under the measure P, we can represent

{8+ > 52}, {8t > 2} {a(z) > Zx71}, {S2 > Sk}, {52 > 2} as follows:

2

o
{Sh> 2} = {S{(1 —v1)" exp(oyWr + (1 — ?I)T) >z} ={Ya1 < As(n)},
m S00-v)" ot
where Yy = —% ~ N(0,1), and As(n) = z 01\;_%/“ 2T
1 2 1 n o? ) " o2
{87 > S7} ={So(1 —v1)" exp(a1Wr + (1 — —=)T) > S5(1 — v2)" exp(ooWr + (p2 — -=)T')}

2 2

51(17 )'n 2_ 2
! s%(l_:;)n +H(—pat+ 25T

(o1—02)VT

where Ag(n) =

{81 < 57} = {-Ya < —Ag(n)} = {¥5 < —Ag(n)},
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where Y5 = % ~ N(0,1).

2
{a(z) > 2371 = {exp(—0Wr + %T —(A=X)T = (In X" —InM)n) < a(z)}

Ina(2)— 2 T+(A—A")T+(In A* —In \)n

where Y5 = —sign(@)% ~ N(0,1) and A7(n) = VT
2
o
{SF > 2} = {S5(1 = va)" exp(oaWr + (42 — )T) > 2} = {¥a < As(n)},
In MJF(MQ,ﬁ)T
where Ag(n) = i 2

Thus, the equation (3.49) can be rewritten as

T oo
—e o ﬁuduZpT,n [E((S%p — 2) vy <nsmn L iva<as ()} ve<ar(m)})

n=0

+ B((5F — 2) [{vs<— g} [(ve<an ()} [(va<as(n)})

=e Iy B“d“Zme [Sé(l — Ul)nemT(I)Q(Ag)’G(n) + 0'1\/T7 A7 (n) + alsign(ﬁ)\/i 33)

n=0

— z<I>2(A5,6(n), A7(n), 23)
+ S2(1 — v)"e"2T®% (—Ag(n) — 0o VT, A7 (n) + o25ign(0)VT, Ag(n) + 0oV'T, Ly)

— 2®3(—Ag(n), A7(n), Ag(n), S4) |,

where p, r = exp(—)\T)%, As 6 = min{A5(n),Ag(n)}, and

1 —sign(0) -1
1 sign(0) ‘ .
Y3 = » Ya=| —sign(9) 1 sign(0)
sign(6) 1
-1 sign(6) 1

Consequently, the equation (3.41) is established.
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According to Lemma 3.3, we have

sup BP (e C0(:)) = sup BP (e C(:) o) = B (e " 7C(2))
PeP* PeeP*

= e "TE (St — ) (3523 lsiss2y) + EX((SF = 2) (5359 [(s25.50))]

0o o2 .
=e Y iy [Séyne(r_%)TE*(ealeI{Y1§A1(n)}I{Y1<A3(z,n)}) — 2P (Y1 < Mi(n), Y1 < As(z,n))
n=0
0'2 *
+ Sane(r_%)TE*(€U2WTI{Y2<—A1(n)}I{Y1<A4(Z’n)}) — ZP*(}/Q < _A]_ (n), }/]_ < A4(Z; n))i|

=S pir [s(l)’nq)(ALg(z, n) + o1VT) — ze " TB(Ay5(2,n))

n=0

+ 8(2),nq>2(_A1 (n) - 0-2\/T> A4(Zv n) + JZﬁv 25) - Ze_rTq)2(_A1 (TL), A4(Z7 n)a E5)i| )

1 -1
where X5 =
-1 1

Since C(z) = (C — 2)" = (max(SF, 57) — z)Jr is decreasing regarding to z and hence
E*(e7™C(21)) > E*(e7"T'C(22)) for any 0 < 21 < 29.

The inequality is strict, because we have

E*(e7™C(z)) = E* (e C(2)) = C(z1) = C(z), a.s.
— (C — Z1)+I{C>z2} = (C — 22)+I{C>z2}, a.s.

= (22— 21) {052y =0, a.s.— P* (C > 22) =0,

which is not true because of C' = max(Sk, S2)* € (0,00) and the probability that C is bigger than
a given constant is positive. Hence, E*(e™"7C(z)) is strictly decreasing regarding to z.

Moreover, we have
E*(C(0)) = E*(C) > w, lim E*(C(2)) =0,

and consequently, we conclude that there is a root for the equation E*(e~"7'C(z)) = vg which is

(3.43) and it is unique. O
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Remark 3.9. Note that distribution functions ®?(x,y, E;t) and ®%(z,y, z, Eét) can be expressed in

terms of ®(-):

*(z,y,%5) = @(min(z,y)); (3.50)
O(x) — ®(—y), of x> —y,
@2(967%22—):{ = ety) (3.51)
0, otherwise;
O (min(x,y)) — ®(—2), if min(z,y) > —z,
0, otherwise;
®(x) — ®(max(—y,—=z)), tf > max(—y,—=z),
¥(z,y,2,55) = { (0) = blmar(=y. =2) =) (3.53)
0, otherwise;
where
1 +1 -1
1 +1
55 = , S5=] +1 1 T1
+1 1
-1 F1 1

Example 3.10. We consider the Russell 2000 (RUT-I) and the Dow Jones Industrial Avergae
(DJIA) as S' and S?. Melnikov and Skornyakova (2005) estimated (p;,0;) (i = 1,2) for those two
risky assets using daily observations and assume v1 = vy = 0, i.e., the Black-Scholes model. In our
case, we assume underlying risky assets with same drifts and volatilities as Melnikov and
Skornyakova (2005) but with non-zero jump components. Values of parameters are given as

following:
p1 = 0.0481, o7 = 0.2232, s = 0.0417, o9 = 0.2089, S} = S2 = 100,
v = —0.05, v9 =—-0.1, A=0.1, r=0.

We assume the hazard rate § is constant. The insured’s age, contract maturities and levels of
B would differ in this example. According to the most recently published United States 2015 Life
Table (National Vital Statistics Reports volume 67, Number 7), the survival probability rp, of a

given insured can be found and then for a fixed confidence level o = 0.95, utilizing results in the
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Theorem 3.8, we can derive the minimal CVaR that can be achieved with the hedging capital
1pzUp. Results are displayed in the Table 3.1. It is observed that the minimal CVaR increases as
the insured’s age or the contract maturity increases. This is because for an older client and a long
term contract, the survival probability of the insured would decrease so as the premium which
leads to an increase of hedging losses. Moreover, for a given insured and a contract maturity time,
the minimal CVaR decreases as the hazard rate increases. In addition, the decreasing trend is
more significant for long term contracts. This can be explained by the fact that there is a higher
chance that contracts would mature with a zero payoff if the hazard rate increases and for long
term contracts, there is an even higher possibility that a default event would occur during contract

periods, which reduces the shortfall risk further.

Table 3.1 Minimal C'VaRyg5 for contracts with different maturities, insured’s age and

levels of 8

Age=20 Age=30 Age=40
T=10 T=15 T=20| T=10 T=15 T=20| T=10 T=15 T=20

TPz 0.9902 0.9839 0.9764 | 0.9860 0.9758 0.9609 | 0.97462 0.9509 0.9166

=0 0.996 1.6431 2.4136 | 1.4318 24745 4.017 | 2.5966 5.0477 8.6448

=0.01 0.9958 1.6378 2.3884 | 1.4316 2.4698 3.9978 | 2.5964 5.045 8.6394

=0.02 0.9954 1.6283 2.3411 | 1.4312 2.4613 3.9596 | 2.5961 5.0395 8.624

B
B
B =0.015 0.9956 1.6337 2.3684 | 1.4314 2.4662 3.9818 | 2.5963 5.0427 8.6335
B

3.5 Conclusion

This chapter focuses on the problem of CVaR based partial hedging in a defaultable
Jump-Diffusion model. We first provide the set of martingale measures in this incomplete market
which admit the special form Z*Z* conditioned on {r > T} and then by their properties, the

minimal superhedging costs of a defautable claim with a zero recovery rate are given that coincide
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with the initial wealth required for perfectly hedging the non-defaultable claim. Most importantly,
we prove that the optimal CVaR hedging problem in the defaultable market can be converted to a
problem of finding an optimal randomized test in the corresponding default free market. The
hedging strategy can be explained as constructing the perfect hedging of a modified
nondefaultable claim during [0, 7] while investing nothing in risky assets and depositing all cash
into the saving account after the default. Furthermore, our method is applied to the area of life
insurance. Numerical results show that for a given insured and a contract maturity time the

minimal CVaR decreases as the hazard rate increases.
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CHAPTER 4

CVaR hedging in the Bachelier model

and 1ts modifications

4.1 Introduction

Bachelier was the pioneer who studied the continuous time process called now as the Brownian
motion and who developed the first option pricing theory (see, Bachelier 1900). Since then, many
scientists are inspired by the work of Bachelier developing the theory of stochastic processes and
its applications in different areas including Mathematical Finance (see, Taqqu 2001). Speaking
about the impact of Bachelier, Kolmogorov (1931) wrote "Here we note only that Bachelier’s
contributions are by no means mathematically rigorous". However, the main drawback of the
standard Bachelier model is that stock prices can turn negative which is unappealing in the
financial literature. That is why Samuelson (1965) proposed the exponential transformation of the
Bachelier model and introduced the so-called Geometrical Brownian motion (the Black-Scholes
model).

In this work, we investigate two more approaches to modify the Bachelier model. The first one
is by considering a SDE with absorption. Going in this way, we introduce a stopping time which is
the first time the stock price hits zero and once it becomes zero it stays there forever. This
adjustment ensures that stock prices are always non-negative and also resolves a problem with
limiting behavior of volatility and time to maturity pertaining to the classical Bachelier model. In

Goldenberg (1991), he considered arithmetic Brownian motion absorbed at zero and provided the
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option pricing formula of a call option with the help of transition density for such an absorbed
process. Instead, in this chapter, we derive the price of a call option by a straightforward
application of the reflection principle of a Brownian motion which is more intuitive and
convenient. The second modification method describes the evolution of the risky asset as a
solution of a SDE with a reflection boundary at zero. SDEs with reflection were introduced by
Skorokhod (1961). He also proved the existence and uniqueness of the solution for those equations
under some assumptions (see Pilipenko 2014). In summary, such a stock price process is
nonnegatively defined and when it hits zero, it would be compensated by a process [ which is
non-decreasing and only increases at points when the stock price is zero. We show that such a
modified Bachelier market with reflection may admit arbitrage and hence it is not an appropriate
financial model. Thus, in this chapter, our attention is paid to the standard Bachelier model, the
Black-Scholes model and the modified Bachelier model with absorption at zero (called below as
the modified Bachelier model).

Option pricing is one of the main research areas of Mathematical Finance. The famous
Bachelier formula and the Black-Scholes formula describe fair prices of call options in the standard
Bachelier model and the Black-Scholes model correspondingly. Schachermayer and Teichmann
(2008) have indicated that for small values of volatility and short contract periods, those two
formulas give close price values. We extend their research and prove that price differences between
an at-the-money call option in the modified Bacherlier model and another one with the same
strike price and the time to maturity in the Black-Scholes model are even smaller.

Also, option pricing theory points out that a contingent claim can be perfectly hedged if the
initial hedging capital is no less than its fair price (in complete markets) or its minimal
superhedging price (in incomplete markets). However, with insufficient wealth, a hedger can only
construct a partial hedging strategy while accepts the possibility of shortfall. Follmer and Leukert
(1999), (2000) are pioneers in the field of partial hedging. They studied quantile hedging and
efficient hedging in seimimartingale financial market models. They derived explicit solutions in

complete markets by using the classical Neyman-Pearson lemma while solutions in incomplete
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markets were given with the help of the convex duality approach. Although the Bachelier model
and its modifications attract a certain interest in the filed of general option pricing, these
modifications remain a relatively unexplored area for partial hedging. A related article is
Glazyrina and Melnikov (2020) where the problem of quantile hedging in the Bachelier model with
a stopping time was discussed. In this chapter, we employ the Conditional Value-at-Risk (CVaR)
to measure hedging losses. Such a measure provides information about the average losses that
exceeds the Value-at-Risk (VaR) level and is widely used in financial institutions. Melnikov and
Smirnov (2012) studied CVaR hedging in complete markets and they provided the derivation of
the optimal CVaR hedging strategy as well as its illustrations in the Black-Scholes model. Inspired
by them, we derive explicit solutions for the problem of optimal CVaR hedging in both the
standard Bachelier model and the modified Bachelier model.

The main aim of this chapter is to introduce new modifications of the Bachelier model and
compare them in aspects of the option pricing and the CVaR hedging. This chapter is organized
as follows. In Section 4.2, basic properties of the standard Bachelier model and the Black-Scholes
model are described. In addition, we introduce two modified models: the one with absorption and
another one with reflection. The meaning behind those two modifications is that once the stock
price reaches zero, the company issuing such a stock either go bankrupt and hence the stock price
becomes zero forever (which corresponds to the modified Bachelier model with absorption) or the
company takes actions to improve its financial situation quickly and effectively to make the stock
price bounce back (which corresponds to the SDE with reflection). In Section 4.3, firstly, we derive
the set containing all martingale measures in the modified Bachelier model with absorption.
Although this market may be incomplete, the arbitrage free price of a call option can be uniquely
determined and an explicit form of such a price is derived. Then, we compare fair prices of
at-the-money call options in the standard Bachelier model, the Black-Scholes model and the
modified Bachelier model. In Section 4.4, we discuss CVaR hedging problem in the classical

Bachelier model which is complete while, in Section 4.5, CVaR hedging in the incomplete modified
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Bachelier model is investigated. In Section 4.6, numerical examples are provided to illustrate

results derived in previous sections. Section 4.7 gives a conclusion for the chapter.

4.2 The Bachelier model and its modifications

Let (Q, F, P) be a probability space. The first financial model that describes the evolution of a
stock price with the help of a Brownian motion is called the Bachelier model. There are two assets
(SY, St)o<t<r in such a model, where the bank account SY = 1, Vt € [0,T], (i.e, we assume the

interest rate » = 0) and the stock price process is described as
St:SO+Mt+UWt, So > 0, tE[O,T]. (41)

Here, constants o > 0, > 0 are called the volatility and the drift. The process (W¢)eo,77 is a
Brownian motion with its natural filtration F = (F)c0,7), Ft = 0(Ws,s <t). We assume
F = Fr.

It is well known that the stock price process (4.1) is a martingale with respect to a unique
martingale measure P* defined by the relation

dP* 1, p

* H
2= rm e (B L) (42

Moreover, by the Girsanov theorem, the process Wy = W; 4 £t is a Brownian motion under
the measure P*.

However, the drawback of the standard Bachelier model is that the stock price can take
negative values. The famous Geometrical Brownian motion (the Black-Scholes model) proposed by
Samuelson (1965) overcomes such a drawback. The price process of the risky asset in this market
is given by

o B2

StBS = S exp ((MBS _ (2

)t +oB5Wy), So >0, te(0,T). (4.3)
Here, constants 0% > 0, 4B denote the volatility and the drift in the Black-Scholes model.
The density of the unique martingale measure Pjg in the market (4.3) is

dPES :LLBS 1 (MBS

“—59)’t). (4.4)

ZtBS: dP |Ft:eXP(—ﬁWt—§ pn
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Now, we would like to introduce two additional modifications that adjust stock prices to be
nonnegative and thereby may provide better models to fit real market data than the standard
Bachelier model.

The first intuitive way to make the price process (4.1) nonnegative is to introduce a stopping

time 7 and consider the risky asset with the evolution
Siar = So + /L(t A 7') + o Winr, So > 0, te [O,T], (45)

where 7 is defined as follows:
T = inf{t : S; = 0}. (4.6)

Such a modified stock price process is always nonnegative and once the price hits zero, it stays
at zero forever. It can be seen as a special case of a process with absorption at the lower boundary
zero. In the modified Bachelier model with absorption, we consider the stopped stock price
process {StAT}te[o,T} in the filtration I that is generated by the Brownian motion as before.

The stopping time 7 might be treated as a default time of the company issuing the stock. Let
us investigate properties of such a stopping time.

According to Le Gall (2016), for any constants ¢ and a > 0, define a stopping time
Uy, = inf{t : Wy + ¢t = a}.
The density function of U, is

exp ( — i(a — ct)?). (4.7)

fu,(t) = o7

a
oV 2mt3

Integrating this density, we obtain the probability that the stopping time U, is finite:

1, if ¢>0,
P(U, < ) = (4.8)
e if ¢ <.

Furthermore, the relation (4.6) can be rewritten as

inf{t: Sy =0} = inf{t : Sp + ut + oW = 0}

= inf{t: Ht—kWt = _ S0
o o

:inf{t:—ﬁt—Wt:& .
o o
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Substituting a = % and ¢ = —£ < 0 into (4.7), (4.8), we find the following expression of the

density function of 7:

S 1.5
e A}

Therefore, the probability that the stock price will attain zero during a finite time horizon is

2150
o2

P(t < 00) =exp ( —

). (4.9)

The equation (4.9) indicates that for a small o, the possibility that the stock price will drop to
zero within a fixed time interval is quite low, and hence the modified Bachelier model with
absorption is very close to the standard Bachelier model. However, such a possibility increases as
o increases, so that the model (4.5) provides a better fit to stock prices by avoiding negative
values in this case. In section 4.6, we would discuss properties of the model (4.5) in the case that
o is large and in the case it is small respectively.

The second method we may utilize is to consider a stock price process with reflection at zero

which is described by the SDE:
dS{ = pdt + odWy +dly, Sy = Sp > 0, (4.10)

where

1) 1 is nondecreasing and Iy = 0;

2) Jo Iysesopdls =0, Yt € [0,T];

3) Sf >0, Vtel0,T].

It turns out that there is a unique pair of continuous adapted processes (S*,1) that solves
(4.10). More specifically, the continuous process I; which only increases at points S} = 0 equals

the local time of S* at zero (see, for instance, Pilipenko 2014 Theorem 1.3.1), i.e.,

t
. -1 * * *
I, = /0 Tim (27U g(ST)d < 57,57 >,

= /t §(S%)o?ds. (4.11)
0
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Here, we use the notation 6(S%) = lir51+(26)*1l[_6y4(5§) and the second equality is due to the
e—

property:

< 85,5 >,=< §*C 50 5 —< oW, oW >,= 0?5,

where $*¢ is the continuous martingale part of S*.

The model (4.10) indeed overcomes the shortcoming of the Bachelier model. However, no an
equivalent martingale measure exists in this market, which indicates the existence of arbitrage. To
show this, we suppose that there is an equivalent martingale measure () with respect to P in the
market (4.10). Then, according to the property of the filtration generated by the Brownian

motion, the density of ) can be represented as the solution of the equation:
dz2 = ¢, Zz2aw,, 78 =1,

for a predictable process {¢;}¢cpo,77-
In addition, by the Girsanov theorem, the process WtQ =W, — fg ¢sds is a Brownian motion
under Q.

The SDE (4.10) can be rewritten as

dS; = pdt + odWy + dly,

= (u+ 0+ 0(S)0?)dt + odW .

It is a martingale under the measure Q if and only if u + o¢; + 6(Sf)o? =0, Vt € [0,T], and

therefore the stock price process is
Sf=oW{, tel0,T)
On one hand side, such a stock price S} satisfies
P(S; <0)=0, Vtel0,T].
On the other hand, we have

Q(SF < 0) = QoW < 0)=0.5, Vtelo,T],
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which contradicts the assumption that ( and P are equivalent. Thus, there is no an equivalent
martingale measure in the market (4.10).
Since the market (4.10) admits arbitrage, in the following, we only consider models (4.1),

(4.3), (4.5), and call the Bachelier model with absorption (4.5) as the modified Bachelier model.

4.3 Comparison of models through perfect hedging prices

It is well known that markets (4.1) and (4.3) are complete with the unique martingale measure
given by (4.2) and (4.4) correspondingly. Let us investigate martingale measures in the market
(4.5).

By the martingale property in the filtration F, the density of any martingale measure P in the
market (4.5) can be written as

dzl = zPo,aw,, 78 =1, (4.12)

where 6 is a predictable process.

According to the Girsanov theorem the process
~ t
Wt = Wt — / Qst,
0

is a Brownian motion under the measure P.

The dynamic of the risky asset (4.5) can be rewritten as

dSinr = MI{TZt}dt + O'I{th}de
= /LI{.,.Zt}dt + UI{TZt} (th + (gtdt)

= (1 + 00) ;> dt + oI sy dW,.
Such a process is a martingale under P if and only if
(n+00) > =0, (4.13)
which implies that conditioning on {7 > t}, we have
1
Oy = ——. 4.14
b= (4.14)
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However, on the set {7 < t}, 6; can be arbitrary which means the martingale measure is not
unique and hence the market (4.5) is not complete. Let us denote the set containing all martingale
measures in the modified Bachelier market as P*. Note that P* defined by (4.2) belongs to P*, if
we choose 6; = —£ on the set {7 < t}.

For simplicity of notations, let us use gt to denote S; in the model (4.1) and to denote Sipr in
the model (4.5).

A strategy 7 is a F-predictable process 7 := (), 7Ttl)t€[07T] such that
T T
/ |70 dt < oo, / (7}8;)%dt < 00, P —a.s.
0 0
At time t € [0, T, the value process corresponding to the strategy 7 is
Vi = ) + 7} S;.
For a given initial value v > 0, the trading strategy is called self-financing if its value process
satisfies
¢
Vi=v+ / ﬂ'idSu,
0
and is called admissible, if such a process also satisfies

Vi >0, vVt e[0,T].

We denote the set of all admissible self-financing strategies with an initial value v as A(v).
According to the option pricing theory, in complete markets (eg, the model (4.1)), for a given

claim H, there is an admissible strategy that duplicates H, i.e.,
¢
Vi = EM(H|F) =v +/ TedSy, (4.15)
0

for some predictable process 7'. And V; is the unique price of the claim H at time ¢. Here, EM ()
represents the expectation under the unique martingale measure in such a market.

It is well known that the fair price of an European call option (S7 — K)™ in the complete
market (4.1) is given by the Bachelier formula (see, for example, Schachermayer and Teichmann

2008):
So— K
oVT

)+ aﬁ(ﬁ(u (4.16)

Ve = E*((Sr— K)*) = (So — K)&( 2 =
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where E*(-) is the expectation under the unique martingale measure P* in the market (4.1).
And the fair price of an European call option (S2¥ — K)* in the market (4.3) is given by the

Black-Scholes formula:

VPS = EPBs ((SP9 — K)T) = Sy®(dy) — K®(d-), (4.17)

BS\2
In(S0yL =) p N . .
where dy = n(’i‘)T\/% and ETBs(+) is the expectation under the measure Pjg.

However, in incomplete markets (eg, the model (4.5)), not every contingent claim admits a
unique arbitrage free price and can be duplicated. In this case, we define
Up = ess supEp(H]]-}), t e [0,7], (4.18)
Pep+
which is a supermartingale with respect to any P € P* and represents the value process of the
minimal superhedging strategy of the claim H. According to the optional decomposition theorem
(see El Karoui and Quenez 1995, Kramkov 1996), there is an admissible strategy (v, 7) and a

nonnegative consumption process C' with Cy = 0 such that
t ~
Uy =v+ / midS, — Cy. (4.19)
0

Such a strategy m is then called the superhedging strategy.

Now, let us investigate superhedging costs of a call option in the modified model (4.5).

Theorem 4.1. The superhedging costs of an European call option (Star — K)1 in the market

(4.5) is

V' = sup B” ((Srar — K)7T)
PeP*
So— K -5 — K So— K

ovT ovT oVT

where K > 0 is the strike price and T is the time to maturity of the option. ®(-), ¢(-) represent the

So+K
T )], (4.20)

= (S0 — K)®( )+ (So + K)( )+ VT |( ) — &

cumulative distribution function and the density function of a standard normal random variable.
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Proof. For any martingale measure P € P*, we have

EP ((Srar — K)) = EP (S — K) Tpary) + EP (S — K) T Iirery)
= B (St — K) " Ipary)
= E(Z§ (St — K)* Ijsry)
= B(exp (~ Bwr — LT (St~ K) Ty

= E*((Sr — K)" Ii71y)
= E*((Sr = K)*) = E* (St — K) " I7<1y)- (4.21)
The above equation indicates that the price of the call option would not be affected by the
choice of the martingale measure. In other words, the arbitrage free price of a call option is unique
and equals to E*((Srar — K)™).

Moreover, according to the reflection principle of the Brownian motion, the following equation

holds

E* <(ST - K)JFI{TST}) =E" ((So +oWr — K)+I{7§T})

— B ((—so oW — K)+). (4.22)

By (4.16), (4.21) and (4.22), for any P € P*, we arrive to

EP((Star — K)*) = (o — K(z))@(sg;;) T aﬁas(SgﬁK)
~ (=80~ K)o T =)
— (50— K)@(Sggf) (S0 + K)@(%)
So— K So + K
FoVT o) = (=),
and hence this theorem is proved. ]

Remark 4.2. If o/T — 0 or Sy is very large, both @(_5%1() and qﬁ(%’%) in the equation (4.20)

tend to zero which implies that the price of a call option in the modified Bachelier model is close to

the price of a call option that has the same strike and time to maturity in the Bachelier model.
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Theorem 4.1 indicates that even though the market (4.5) is incomplete, the value of a call
option is uniquely determined and hence we can call such a value as the fair price.

Schachermayer and Teichmann (2008) showed that for fixed o > 0,7 > 0 and with
relationships Slo = oB% 8y = K, the difference between VOB and VOBS satisfies the following
inequality:

0<VE -V < S0 B3 (4.23)

2427

One step further, we would like to compare perfect hedging prices of at-the-money call options

in the modified Bachelier model and in the Black-Scholes model.

Theorem 4.3. A. Let Slo = o8BS For fized 0 > 0, T > 0, fair prices of at-the-money European

call options with the same maturity in the market (4.5) and (4.3) satisfy the relation

O_BS 3
VMB _yBS < \}92077 ( QZ/T) PENGD eXp(_(JBSQ\/T)2)
+ 2ﬂ(arctan(—03\fﬁ) + g) . (4.24)

B. Moreover, the absolute value of differences between VOB and VOBS are bigger than that

between VOMB and VOBS, 1.€.,

VB — ViP5 < VP — ViP5

In other words, the modified Bachelier formula (4.20) provides a closer fit to the Black-Scholes
formula (4.17).

Proof. For Sy = K, according to (4.20) and (4.17), we have

VME = 250(13(_0352\/7) + SOUBS\/T[(MO) a ¢(O'B“3\/T):|.
WP = o[ T ~ o= ")
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Hence, differences between them are
MS BS 2 2 x x
VS = VP = So (o= +20(=2) = 29(2) = ©(5) + (=3)) lopmsyr

g z 2 2 2
- 0(/ (1 —exp(—y2))dy+2/ exp(—%)dy—xexp(—;)) la=osvT

80

(/2 v, +2/—i L 4 ( 2))I
= —zexp(——
g WH2 | T o)) s

3 V2 2
x T
<ﬂ + Zﬂ(arctan(—?) + 5) — xexp(—P)> | s BS T -
The above inequality is due to the fact e¥ > 1+ y,Vy € R as well as ¥ < ﬁ, for y < 1 and,

in the last equation, we utilize the relation (arctan(y))’ = g +1y2.

Let us denote

xT xT xT
A=V =V = So(= = (5) + ®(=3)) [—gmsy72 0,

Vr
AQ = —E*((ST - K(Z))+1{T§T}) = S() (2@(—%) — x¢(§)) ‘x:chS\/TS 0.

With above notations, we have VM8 — ViP5 = Vi + Ay — ViP5 = A} + Ao,
Consider the function
f(il?) = —AQ — 2A1
2 2 T T T
= =) =20(——) = 2(—— —P(=) + P(—=
So(#0(5) —28(=2) = 2= — B(5) + (1)),

and we have f(z) — 0 as z — 0.

Moreover, by taking derivative, we get the following inequality

(x) = So(0(5) +26(3) — 20(0)) <0, >0,

T
and hence f(z) <0.

Consequently, we arrive to the relation

0 S _AQ S 2A17
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which implies

—A; < -A; — Ay <Ay
|A1 + Ao < Ay,

L R R G Gl
The proof is completed. ]

Remark 4.4. We only compare prices of at-the-money call options, because Schachermayer and
Teichmann (2008) have mentioned that for the case Sy # K, as oBS/T — 0, the Bachelier price
and the Black-Scholes price tend to (So — K)* of order higher than (aB5vV/T)"™ for everyn > 1 and

the functional dependence of the prices on oPS\/T is not analytical.

4.4 CVaR hedging in the standard Bachelier model

Perfect hedging requires sufficient initial wealth and this is one reason for the implementation of
partial hedging when the initial capital is not enough. We assume that a hedger is exposed to a
future obligation H at the maturity time 7. Meanwhile, the hedger constructs a hedging portfolio
7w with the initial capital vg that is less than the perfect hedging costs. In this case, perfect
hedging is impossible and L = H — V7 is a Fp-measurable random variable that characterizes
hedging losses.

In this chapter, we would like to employ CVaR to measure the hedging loss, that is

1
l—«

CVaR,(L) = /1 VaRs(L)ds, (4.25)

where v € (0,1) is the risk level and VaR,(L) = inf{s € R: P(L < s) > a} is the a-quantile of L.
CVaRy(L) measures the expected loss of a hedging strategy given that the loss exceeds its

a-quantile. According to Rockafellar and Uryasev (2002), CVaR can be represented as

CVaR,(L) = inf {z + ﬁE((L —2)t): z€eR}, (4.26)
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and they also indicated that VaR, (L) satisfies

VaR,(L) = min{y\y € argéil{in(z + 1 i aE((L — z)+)> }

The purpose of the hedger is to minimize the CVaR among all admissible strategies with the

initial wealth no more than vy, i.e.,

min CVaR,(L), (4.27)
(v,m)EAD

where Ag = {(v,7)|(v,7) € A(v),v < vo}.

Melnikov and Smirnov (2012) discussed such a problem in complete markets and provided a
semi-explicit solution using the Neyman-Pearson Lemma. The main result of their paper is
summarized as following:

In a complete market, the optimal CVaR hedging strategy for a claim H is a perfect hedge of

the modified contingent claim (H — 2)t¢*(2), where

a(z) = inf{a > 0, EM ((H — z)*I{KZ%,fl}) < v}, (4.29)
vo — EM((H — Z)+I{a(z)<ZJTW1})
[(2) = —7 - , (4.30)
EM((H - =) I{a(z)zz%,_l})

where ZM is the density of the unique martingale measure in such a market. In particular,
[(2) =0if P(ZM-t =a(z)) =0.

And the parameter Z is the point of minimum of the function

24+ L E[(H—-2)t1 - (2)], 0<z< 2",
. { A B[(H - 2 (1 ¢7(2))] .
z, z=z"
where z* is the solution of the equation
EM((H - 2)T) = . (4.32)

Applying the above result to the complete market (4.1), the optimal CVaR hedging strategy of a

call option is given in the following theorem.
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Theorem 4.5. A. Consider an European call option (St — K)T in the Bachelier market (4.1).
Under an initial capital constraint vy < VOB, the optimal CVaR hedging strategy is a perfect hedge
for the modified claim (St — K(é))+I{ST>b(2)}, where, for a given z € [0, 2%), b(z) is the unique

solution of the the equation E*[(Sp — K (2))" Itg, 5] = vo, i.e.,

So
(So — K(2)) ®( U\FH oVTé( U\F)_UO’ (4.33)
that satisfies b(z) > K(z) and % is the solution of
1 *
min_ d(2) = { 2higmle), <2< (4.34)
z€[0,2*] 2, 2= 2",
where, k1(z) = E[(S7 — K(2)) T I{s,<p()}] s i-€.,
_ b(z)—So—uT K(Z)—S()—MT
k1(2) = (So + uT — K(2)) [‘I’(T) - ®( T )
K(z) —pT = 5So, , b(z) = pT — So
HoVT|o(— ) e (4.35)
And d(Z) is the value of the minimal C'VaR.
The parameter z* is determined from E*[(St — K(2))*] = v, i.e.,
(50 - K22 4 ovTo ) —u, (4.36)
where K(z) = K + z.
In particular, b(z*) = —oo.
B. The value of the optimal CVaR hedging strategy at time t < T is
_ (5, - K)o 2t =bG), | b(2) = 5
Vi= (5= KE)OC ) + oV T i1 =), (437
Moreover, components of the optimal hedging strategy are
0 prava ot —b(2) —  b(2) - K(2), S —b(2)
T = K(z)cb(gm) + (SpovVT —t Y )¢(Um), (4.38)
1 L St—b(2),  b(2)—K(2) Si—0b(2)
m= ) vt Y1) (4.39)
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Proof. Let us rewrite the density Z;. = j}i as follows:
dP po L

= —_ (& T

o = e (bwp - (L)

= exp(%ST)const,

where const = exp(—3(£)*T — £ Sp) is positive.

Hence, the set {425 > a} can be rewritten as

dP
{dP*

>a} = {exp(%ST)const > a} = {Sr > b},

for some constant b.
Moreover, P (% = a) = 0 is satisfied because of the continuous distribution. Thereby,
I'(z) = 0.

Applying above results to (4.28)-(4.30), we arrive to

©"(2) = Isp5b(2)} (4.40)

b(z) = inf{b e R, E*((H — 2) " I1g,5p}) < 0} (4.41)

Also, for z > 0, we have ((St — K)T — 2)" = (Sp — K(2))", where K(z) = K + 2.
Note that, in our case, the infimum in (4.41) is always attained since we deal with an atomless

measure and thus we need to find b that solves E*((Sp — K(2)) " I{s;>p1) = vo.

Consider the case z € [0, z*), since otherwise we have d(z*) = z*.

If b < K(z), we have
E*((S7 — K(2)) " Iigp=01) = E*((Sr — K(2))%) > E* (S — K(2%))") = w.

Hence, the root b(z) of E*((S — K(2))*Itg,>p)) = vo is in the interval [K(z), 00).
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Further, in this interval, we have

E*((St — K(2)) " I1s,501) = E*((So + oW7 — K(2))15,50))

= (S — K(Z))E*(I{SO+JW7’Z>b}> + o E*(Wrl(sy10wz>b})

= (So—K(Z))q)(?\/_Tb)%—Uﬁ biox\/%e_z;dm
VT

B _K(x So—b ” b—So

= (S0~ K(2))2( =) +oVTo(——72).

For b > K(z), the above expectation is strictly decreasing regarding to b, and thereby b(z) is

the unique root of the equation (4.33).

Now, let us deal with E[(Sr — K(2))" (1 - ¢*(2))] = E[(Sr — K(2)) I{sp<p(=3]. We find
that

E[(St — K(2)) " Iis,<p(z)}] = E[(ST — K(2)) 1k (2) <57 <b(2)}]
= BE[(So + uT 4+ oWr — K (2)) (i ()<5r<b()})
= (So + uT — K(z))E(I{K(ﬂT?sO Wy Sb@foﬂ})
+ aE(WTI{K@)f:LTst<WTSZ,(Z>7§07HT})
b(z) — So — uT

Py A S

+oVT oI M ST

Hence, we conclude that the function d(z) admits the form (4.34). And the parameter 2 is the

= (So + 1T — K (2)) [

point of minimum of d(z) over the interval [0, z*], where z* is the root of the equation
E* ((ST — K(z))*) = .
The value of E* ((ST - K(z))+) can be given by substituting K in (4.16) with K(z), and

hence we arrive to the equation (4.36).

In particular, E* ((ST — K(z*))*) = E* ((ST — K(Z*))+I{ST>—oo}) = vg, which implies

b(z*) = —oc.

94



At time ¢t < T the value of the optimal hedging strategy is

Vi = E*((St — K(2) {5,523 | Ft) = E*((St + oWi_y — K(2)) s, 40wz >b(2)})

St — ) (I{St+UWT t>b(z)}) +0E*(W7*“ tI{St+aW;_t>b(2)})

K(z
S — K(2)) St_b())+ /7(25(() St)

= (
= VT T 1

Assume (79, 1) is the duplication strategy of the modified claim, such that
dV; = 7} dS;,
and by It6’s formula, we have
Vi oV 10%,
dVy = —dS, — 4= dt.
=595+ (G +25g)

Taking into account both these equations we find components of the optimal hedging strategy

satisfy
LV, Si—b(2),  Si—K(3) Si—bZ)
m =95 =Gt vt vt
S - b(é)(b(St — b(i))
oVT —t oVT —t

St b(2), | b(2) - K(2) St —b(2)

== oVT — 1t ¢(a\/T—t)’
and

0 _ v _ ol — _K(s Si = b(2) T = bR —K(2), S —b(2)
me = Vi = Sim =~ K@@= + (SiovVT =t = = 2= )0

The proof of theorem 4.5 is completed. U

4.5 CVaR hedging in the modified Bachelier model

In the modified Bachelier model (4.5) which may be incomplete, we have to discuss CVaR hedging
problem of a call option H = (Sta; — K)T in more detail.

According to (4.26), the CVaR minimization problem can be rewritten as

min CVaRy(L) = min min{z + %E((H -Vr—2)")}

(v,m)EAo (v,m)EAQ zER —
—_ L) _ _ +
=min{z+ g min, B((H = Vr=2)7) 1 (4.42)
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Since Vi > 0, we have (H — Vp — 2)T = ((H — 2)* — Vp)T. Furthermore, H(z) = (H — 2)7 is
non-negative, so that it can be considered as a contingent claim. Hence, for a fixed z the inner
minimization problem in (4.42) is an efficient hedging problem of the claim H(z). It is worth to
mention that we can focus on z € [0, 2*], where z* is the solution of the equation

P _
supE" (H(z)) = vo.
Pep+
This is because, on the one hand, for z > 2*, vy is bigger than the minimal superhedging price

of the claim H(z). In other words, ( m)inA E((H(z) — Vr)™) = 0 and hence,
v,T)EAQ

min E(H—Vp—2)")=2> 2" for z> 2%,

zZ+
1 — a@wmr)eds

which is increasing after z*. Consequently, the infimum of (4.42) would not be attained in the
interval (z*, 400).

On the other hand, because z is corresponding to the VaR,, of the hedging loss L, it is
nonnegative when « is close to 1.

Since we only consider z > 0, it is true that H(z) = ((Spar — K)T — 2)" = (Spar — K(2))T

and the efficient hedging problem for it is

(v%ingE[((sm — K(2)" = V)] (4.43)

Follmer and Leukert (2000) studied the efficient hedging problem for general European claims.

According to their results, if a random variable ¢’ € R solves

max P’ [o(Srar — K(2))7], (4.44)

where R = {¢ : Q — [0,1]| Fr — measurable, sup EP((ST/\T — K(2))T¢) <wvg}, then the optimal
hedging strategy 7 is obtained from the optiorlljaelpaecomposition of the modified claim
& (Srar — K(2))*.

In summary, the problem of finding the optimal CVaR hedging strategy of a call option in the

market (4.5) can be solved in three steps:
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1) For a fixed z € [0, 2*], derive the optimal randomized test ¢'(z) for (4.44), in particular,
¢'(z%) =1;

2) Derive the point of minimum 2 of the function

d(2) = 2+ 2 B[(Star — K1 - ¢(2)],

on the interval [0, z*[;
3) The optimal hedging strategy is given by optional decomposition (4.19) of the modified
claim H(2)¢'(2).
Usually it is hard to provide an explicit form of the randomized test ¢’(z) in incomplete
markets. However, in our case
sup B (p(Star — K)*) = sup BT (o(St — K(2)) Irary)
PePp* Pep*

= sup E(Z1'o(Sr — K(2)) Ii7>1y)
PecP*

= B(exp (— Bwr — LEPT)e(5r — K() Tpom)

— E*(p(St — K (2) Iiray)

= E*(o(Star — K(2))),
and hence R can be rewritten as
R ={¢:Q— [0,1]| Fr — measurable, E*[(Spar — K(2))T¢] < v}

The problem (4.44) becomes a problem of finding the optimal randomized test of a simple
hypothesis. Such an optimal randomized test ¢’(z) can be derived with the help of the classical
Neyman-Pearson lemma (see Follmer and Leukert 2000) and again is given by (4.28)-(4.30) with
(H — 2)* = (S7pr — K(2))* and ZM = Z% defined by (4.2).

Theorem 4.6. A. Consider an European call option (Star — K)T in the modified Bachelier
market (4.5). Under an initial capital constraint vy < VOMB, the optimal C'VaR hedging strateqy is

given by the optional decomposition of the modified claim (Star — K(2>)+I{ST>B(2)}7 where, for a
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fized z € [0, 2), l;(z) 1s the unique solution of the the equation E* [(ST/\T - K(z))*I{ST>b}] = vy,

1.€.,

So—b —So—b So—b So+b.1
(S0 = K@)+ (S0 + K02 4 0VT [o(72) = 6(7 ) = wo, - (1.45)
that satisfies b(z) > K (z) and % is the solution of
1 *
min dy(z) = { 24 ok2(2), 0<2< 2, (4.46)
2€[0,2*] ¢, 2= 2",

where ky(z) = E[(Star — K(Z))+I{ST§E(Z)}] that is
B(Z) — S() — MT
- o
vt M

—1—0\/T[¢)(K(Z) ;\}S’%—MT) B (b(z) ;\S/OT_MT)}

+ (So — pT + K (2)) exp(—

ko(z) = (So + puT — K(2)) [(I)( K(z) —So— MT)}

oVT

2i’gu)[¢(b(z)—;\8/(%—uT)_(I)(K(z):j%—uT)}
B(Z)—FSQ—ILLT
)=o)

250

— oV Tesp(— o0l [ ML 50 =i

oVT

And dy(2) is the value of the minimal CVaR.

(4.47)

The parameter z* is the root of the equation sup EP[(ST,\T — K(z))ﬂ =1y, i.e.,
PcPp~

So— K(2) —SO—K(Z))
oVT oVT

+oVT a2 (P EEN] (1.48)

(So — K(2))®(

)+ (So + K(2))®(

In particular, b(z*) = —o0.

B. The value of the optimal CVaR hedging portfolio at time t < T is

k(s S,—b(2) 2)) B (— SetbE)
(5 — K(2))0( )+ (St K(2) 2= 00E)

V= +o/IT=D[o(25) — o(SHEL)] e 0.7 AT); (4.49)




Moreover, weights in the hedging portfolio satisfy

,

ol )
/7( BIE b(2)—5S; )_ o( Si+b(2) )
70 = s b( [ \/ o/(T—1) ] (4.50)
1 b(2 St—i-b(z) .
T [ )+ o(ZHE)] e o, mAT);
0, telr,T).
Sp—b(2) —S;—b(%)
q)(ay/(T—t)) * q)(a (T—t))
~1 b(2)—K(2) Si—b(2) Si+b(2) 451
Ty +- T <Z>(U (T_t)) +¢(o‘ (T—t)) ) [0, 7AT) (4.51)
0, ter,T)
Proof. Similar to the discussion in the proof of Theorem 4.5, for a fixed 0 < z < z*, if b < K(z),

we have

E*((Star — K(2)) 71, 4

(2 5ay) = B ((Srar =

*

St — K

St — K

*

B
E*((
=E"((

ST/\T

) I{ST>b})
s>y lsr>r()y [(r>17)
) sps k() r>11)

(2))") > E*((Star = K(27))7) = 0.

Thus, the root of the equation E*(I1g,~p}(Star — K(2))T) = v is in the interval [K(z),00).
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In addition, E*(I1s,>p}(Star — K(2))T) can be calculated as

E* (It (Star — K(2))7) = E* [(ST - K(z))I{ST>b}I{T>T}]
= B*|(So + 0Wi = K() sy ows iy [ |

= (So — K(z))P* (So +oWr > b, ogtignTSO +oW; > 0)

=+ ocE* (W;I{SO+0W;>I7}I{ min 5’0+th*>0})

O/\J:2 ) )2
5’0— y)e_<2y2T) dydz
4Q % V2orT
0Nz .
+U/ / 2 %dydm‘
70
1 L2 (@502
= (S0~ ())/,,SO m(e I
N e
—I—U/ \/ﬁeﬂ—e 2T )dx
So—0b So+b
=(So— K d + (So+ K d(—
(0 (Z)) (O'\/T) (0 (Z))( O\/T)
b— Sy So+0b
+oVT -~ :
NI )

where we apply the joint density of a driftless Brownian motion and its minimum (see, Privault

2014):
2(x — 2y) (2y — )2
T min we (2:9) = Tz Lyzoy o= oxp { = =}

Therefore, b(z) is the solution of the equation (4.45).
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As for E((Star — K(2))T(1 = ¢/(2))) = E((Star — K(z))+I{ST§B(z)})v we have

E((ST/\T - K(Z))+I{ST§13(Z)}) = E((ST - K(z))+I{T>T}I{ST§1;(Z)})
= E[(St — K(2)r>1y (5 () <sp<i(o)})
= E[(So +uT + oWy — K(z))]{ ()5 <§T+WT§5(Z>;SO }I{Ogltin So+ut+th>0}]

K(z) — b(z) —
M < Wj"; < M’ min Wt > _&)
o g 0<t<T o

= (80— K(2)P(

+ UE W*I z)— b(2)— I i *
(Wi (R0 cwp < HEZ50Y T min W >-2))

b(2) ;:5/*0?— MT) B (I)(K(z) ;j%—uT)}
zigu)[q) B(2) ;5/*(%— W) g K :\;@%—u:ﬁ)}
e e e =)

+ v oK) O_f%”)—wg(z) )

where in the last equation we utilize the joint density of a drifted Brownian motion with mean £¢

= (So+ 4T — K(2))[a(

+ (So — uT + K(2)) exp(—

— oVT exp(—

and its minimum (see, Privault 2014):

2(z —2y)

i el e, 2y
fW;’OgltlgTWt* (l‘)y) I{:B>y}-[{y<0} T\/i { ( ) 9 + }

o 2T
Thus, the function d;(z) admits the form (4.46).

Also, according to Theorem 4.1, we know that

sup B ((S1ar = K (2))") = E*((Srar — K(2)))
PecP*
(S Kl So — ( ) So — ( )

NE K(z))@(si_ﬁ(% - aﬁwaﬁm'z))

_ (50— K (=)= K(=) W

+ovT[o 2R o Bt EE)

and thus z* is the root of the equation (4.48).

) + (S0 + K(2))( )
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As for the value of CVaR hedging strategy at time t < T', we have, for any P € P*,

EP((Sr = K() (g, ~pon L r>1y 1 F)
E(Zr (St — K(é))I{ST>B(z)}I{T>T}|]:t)

Zi
. E(ZT(ST - K(’%))I{ST>I~)(2)}I{T>T}‘Ft)I{T>t}
Z
B E(Z3(Sr — K(é))I{ST>l~;(;3)}I{T>T}|Ft)I{T>t}
= 7

= E*((S1 — K (5,503 Lr>m ) Loy

= F* ((ST — K(é))I{ST>E(2)}I{T>T}|~7:t)-

Therefore, the arbitrage free value of the modified claim is unique and hence it can be

replicated, i.e., 37 and a consumption process C; = 0, V¢ € [0,T], such that
Up = E*((St = K)o, s5ep >y F2) = 7 + 7 Sipr = Vi,

and

dV; = 7} dSinr = 7} I dSt.
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In addition, by some calculations, we have
E*((Sr = K()) (g, 5z >y F2)
=LK [(St + U(WI*“ - Wt*) - K(é))I{St‘FU(W%_Wt*)>5(2)}l{sgl[(i)nt155>O}I{5§EI§F]SS>O}|}—t]

=E*[(Si + oWij_, — K(é))f{gﬁgw;fpg(é)}f{ min. UW;7t>—St}]I{T>t}

0A @
= :2 G 2y) — e (22<yT 2) dydzx
b(z) St St T t)

0Nz $ . 2y) _ (2y z)

22 (o 2512
e 20T-t) — ¢ 2(T-0) )dx

[(St K() se=si \/2m(T — t) (
00 1 a2 (I+2§z)2
+0 fl o # g (T )dx]f{m}

_{(st K( ))@(U (T—t))+(st+K( ))®( T =1

b(2) = Sty _ 4 Sitb() H .

o/ (T —t) o/ (T —t)

Thus, the value of the CVaR hedging strategy at time t is

)

,@\

to (T—t)[¢>(

(S0 — K(2)B(Z2L) 1 (8, + K (2)) (—2HEL)

/=) ] o/ (T—1)
Vi=q 4o /(T—t) {¢(Ub\(;2;%) - ¢(ft+(;(j))}, tel0,7AT);
0, ter,T).
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For t < 7, unites of the stock in the hedging portfolio are

o dVi S —b(2) —S;—b(2),  Si—K()  Si—b&)
7#_dS_é%J@fn)+ﬂgJ@fn)+manananw)
_&+mawSﬁR@)_&—aﬂmsﬁH@)
o/(T—t) o/ (T—t) o/(T—t) o (T—t)

+A$+B@)¢(&+$@))

o/ (T —t) o/(T—1)

S —b(2) —S; — b(2)

B (0 (T—t))+®(m/(T—t))

b(2) —K(2),, S —b2) Sy 4 b(2)
+0‘ (T —1t) [(b(a (T—t))+¢(a (T—If))]7

and values of the riskless asset in the portfolio are given by
7=V, — 78,

Meanwhile, for 7 < t, the option is worthless and hence it is hedged with a void strategy, i.e.,

4.6 Illustrative numerical examples

In this section, numerical examples are provided to compare models (4.1), (4.3), (4.5) in aspects of
perfect option pricing as well as CVaR based partial hedging.

We assume models (4.1), (4.3), (4.5) with following parameters:
So =100, uP3Sy=p=4.

As we have mentioned in Section 4.2, o directly affects the property of the stopping time 7,
and thus in the following, we would assume different levels of the volatility o and the time to
maturity 7' to investigate their impacts. Through the rest of this chapter, we assume 0595y = o

and K = 9.
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Table 4.1 Fair prices of at-the-money call options in the standard Bachelier model, the

Black-Scholes model and the modified Bachelier model.

Bahelier Modified Bachelier Black-Scholes | difference difference

(1) (2) (3) (1)-3) (2)-(3)

T-1/12 o024 0.2764 0.2764 0.2764 5.5279-10~7  5.5279-10~7

T=10 o0=24 3.0278 3.0278 3.0270 7.2651-10~*  7.2651-10~4

T=1/12 o=10 1.1516 1.1516 1.1516 3.9986-107°  3.9986-10°
T=10 o¢=10 12.6157 12.6157 12.5633 0.0524 0.0524
T-1/12 0-30 3.4549 3.4549 3.4539 0.0011 0.0011
T=10 0=30 37.8470 37.2471 36.4744 1.3726 0.7727

Table 4.1 lists perfect hedging costs of call options in those three models. It is observed that
for small values of ¢ and T', both VOB — VOBS and VOM B _ VOBS are negligible. This conclusion is
consistent with the result in Schachermayer and Teichmann (2008) which has indicated that the
Bachelier option pricing formula (4.16) coincides closely with the Black-Scholes formula (4.17) if
oBSV/T is small. Moreover, the Bachelier price VOB and the price in the modified Bachelier model
VOM B are the same. This is because for such small o and T, the possibility that the stock price
would attach zero is extremely low. However, as o and T increase, both VbB — VOBS and
VMB — ViP5 become noticeable and such differences are smaller between the modified Bachelier
model and the Black-Scholes model, which is supported by the Theorem 4.3. Meanwhile, in this
case, VOM B is lower than VOB, since even if the stock price hits zero, it still can bounce back in the
standard Bachelier model, while in the modified Bachelier market, once the stock price hits 0, it
stays there forever, which lowers the probability of payouts.

Moreover, Figure 4.1 displays prices of at-the-money call options as functions of ¢%%v/T in
those three models and Figure 4.2 shows differences between VOB and VOBS as well as differences
between VMB and Vi?9 as functions of o5 VT. Again, they satisfy the relation

[VME — VP < |ViE — ViPS|. Meanwhile, according to the equation (4.23), Vi is always lower
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Figure 4.3 Minimal CVaR for varying levels of initial wealth T'= 10, ¢ = 10.
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Bachelier model.
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than VOBS , however, as the Figure 4.2 shows, VOM B can be lower than or higher than VOBS
depending on the size of ¢%9v/T. When it is large, we have the relation VOM B < VOBS , which is
because of the high chance that the payoff in the modified Bachelier model is 0. Here, we only
show the part oBSVT < 2 that is the usual case in reality.

Furthermore, let us compare models (4.1), (4.3), (4.5) through the CVaR partial hedging. For
fixed a = 0.95, T' = 10, and o = 10, Figure 4.3 displays the minimal CVaR for different initial
wealth (as a fraction of the fair price) in those three models. It is observed that the minimal CVaR
is larger in the Black-Scholes model. In order to compare the standard and the modified Bachelier
model more clearly, we display the difference between minimal CVaR in those two models in
Figure 4.4. Assume T = 10, for a small o (0 = 10), minimal values of CVaR are the same in those
two models. But, when o is large (0 = 30), the minimal CVaR is smaller in the standard Bachelier
model if the same fraction of the initial wealth is allocated. The smaller value of the optimal CVaR
can be explained by the fact that the fair price in the modified Bachelier model is lower than that
in the standard Bachelier model (for o = 30, T=10, we have VOMB = 37.24, VOB = 37.84), and thus
the initial hedging capital is higher in the later model. On the other hand, if the same amount of
initial capital is invested, for example vy = 28, the minimal CVaR in the standard Bachelier model

is 21.6580 and it is larger than that in the modified Bachelier model which is 20.8808.

4.7 Conclusion

The drawback of the standard Bachelier model is that stock prices can take negative values. The
Black-Scholes model overcomes such a shortcoming due to its exponential property. Our main
objective of this part is to provide two additional modifications and compare those models from
points of view of the perfect hedging price as well as the CVaR hedging strategy. The first
modified model is the one with absorption and another one is the model with reflection. However,
there is no an equivalent martingale measure in the market model with reflection and thus we only
focus on the standard Bachelier model, the Black-Scholes model and the modified Bachelier model

with absorption. Comparisons of at-the-money call options’ fair prices among those three models

108



are implemented. Results indicate that when the volatility and the time to maturity are small, fair
prices in those three models are quite close, while as the volatility and the time to maturity
increase, differences among them are no longer negligible. An important finding is that differences
of prices between the standard Bachelier model and the Black-Scholes model are larger than that
between the modified Bachelier model and the Black-Scholes model. Moreover, the partial hedging
problem is also investigated in this paper by employing a coherent risk measure called CVaR.
Explicit forms of the optimal CVaR hedging strategy are provided with the help of the
Neyman-Pearson Lemma and conclusions in Melnikov and Smirnov (2012).

For future research, one can extend approaches in this chapter to modify the class of Levy
processes which gain attentions in the last two decades and are exploited in Mathematical Finance

to model stock prices in the form of their exponent (see, for instance, Cont and Tankov 2004).
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CHAPTER 5

On RVaR based optimal partial hedging

5.1 Introduction

Control of risk is a main and permanent research topic of modern mathematical finance. It gives a
perfect motivation for theoretical developments and is vitally important for practice. According to
the option pricing theory, any contingent claim can be hedged perfectly if the initial wealth is no
less than the fair price of the claim in complete markets or if it is no less than the minimal
superhedging costs in incomplete markets. However, perfect hedging costs are usually too high to
be of practical interest in most cases and that is why the partial hedging comes out. During such
hedging processes, investors allocate initial capitals less than perfect hedging costs and would like
to construct strategies that minimize their shortfall under certain risk measures. Another reason
that makes the partial hedging interesting is that although it has some downside risk, it brings
opportunities to gain benefits. Some financial institutions such as insurance companies indeed
exploit risk to make profits. Follmer and Leukert are pioneers in the filed of optimal partial
hedging. They studied quantile hedging (see Follmer and Leukert 1999) and efficient hedging (see
Follmer and Leukert 2000) in seimimartingale financial market models. Moreover, partial hedging
problems have been discussed in more sophisticated markets. For example, Spivak and Cvitanié¢
(1999) investigated quantile hedging in markets with partial information and in markets with large
investors. Nakano (2011) solved problems of optimal quantile hedging and efficient hedging with

linear loss functions for claims with a single default time. The book of Melnikov and Nosrati
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(2017) discussed several partial hedging methods and their applications in pricing and hedging of
insurance contracts.

One important component that investors need to consider when they construct a partial
hedging is the risk criterion employed. The theory of risk measures was discussed in Artzner et al.
(1999) and was applied to pricing and hedging of contingent claims by Xu (2006), where the
associated optimal portfolio is determined by minimizing a convex measure of risk. We also note
some other works: Bernard et al. (2015) for Law-Invariance risk measures, Madan and Schoutens
(2016) for risk measures generated by distortion functions. In financial institutions, Value-at-risk
(VaR) and Conditional Value-at-Risk (CVaR) are most commonly used risk measures and there is
a long list of references regarding them. For instance, Melnikov and Smirnov (2012) studied
partial hedging with the measure CVaR where the semi-explicit solution of the optimal CVaR
hedging problem in complete markets was given. Cong et al. (2013) discussed VaR based optimal
hedging while, in Cong et al. (2014), the CVaR based optimal hedging problem was solved without
the restriction regarding the completeness of markets. In this part, we would like to implement a
more general tail risk measure named Range Value-at-Risk (RVaR) which was applied to hedging
problems by Cont et al. (2010) and Embrechts et al. (2018). Such a measure includes VaR and
CVaR as two limiting cases and hence it provides insights into connections between these two
other measures and it is more customized since investors can set their risk appetite by choosing
two risk level parameters « as well as 5. Meanwhile, Cont et al. (2010) have indicated that a risk
measure can not be both robust and coherent, but RVaR constitutes a tradeoff between the
sensitivity of CVaR and the robustness of VaR nonetheless.

The main objective of this chapter is to derive an optimal hedging strategy that minimizes the
RVaR of a hedger’s risk exposure subject to an initial wealth constraint and compare it with VaR
and CVaR based optimal hedging strategies to investigate relationships among them. Similar to
the procedure in Cong et al. (2013) and Cong et al. (2014), the optimization problem is solved in
two steps. First, we search for an optimal partition between the hedged loss which is the part to

be hedged with the initial capital and the retained loss that can not be hedged. Then, a hedging
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strategy of the hedged loss should be constructed. It is worth to emphasize that the method in
this chapter can be applied to any arbitrage free market even if it is incomplete and hence our
methodology has some advantages since as was mentioned in Follmer and Leukert (1999) that
deriving explicit solutions of optimal partial hedging in incomplete markets was extremely hard.
In addition, the structure of our optimal partial hedging is independent of the dynamic of the
underlying asset and such a strategy can be easily derived even though the financial model is
complex. Furthermore, as an application, we construct optimal RVaR hedging strategies of life
insurance contracts in Mixed Fractional Brownian motion (MFBM) markets which have the
property of a long-range dependence. Melnikov and Mishura (2011) investigated the quantile
hedging problem in such markets and pointed out that explicit solutions of partial hedging
problems were rather difficult to be derived because of the complicated structure of the martingale
measure. Such a difficulty is overcome by our method. In our opinion, MEFBM markets are not
used yet in Equity-linked life insurance, but they may bring better modelling and pricing
properties in actuarial calculations.

The rest of the chapter is organized as follows. In Section 5.2, we provide the definition of
RVaR and introduce some properties of it . In Section 5.3, we begin with the formalization of our
RVaR based hedging problem and then we derive two explicit solutions of it depending on the size
of the initial wealth. Most importantly, in Section 5.3.2, we show that VaR based hedging and
CVaR based hedging can be seen as two special cases of RVaR hedging. In Section 5.4, a
numerical example is provided to explain our method and to describe how it can be implemented

to hedge life insurance contracts in sophisticated markets. Section 5.5 concludes the chapter.

5.2 Range Value-at-Risk

Let (2, F, P) be an probability space and S be the set of real-valued random variables denoting
loss amounts (a negative value represents gains). A risk measure p(x) is a mapping from S to R.
For instance, VaR and CVaR are commonly used risk measures in the financial industry which are

defined as
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VaRy(L) =inf{v e R: P(L >v) <1-—a}, (5.1)

and
1

—

CVaRy(L) = 1 /1 VaRs(L)ds, (5.2)

where v € (0,1) is the risk level and the random variable L € S.
In this chapter, we would like to investigate a measure called Range Value-at-Risk (RVaR)
that can be seen as a bridge between VaR and CVaR.

The RVaR at the level (a, ) such that 0 < a < a+ 8 < 1 is defined as

RVaRo (L) = { L [&*PVaR(L)ds, if B> 0,
VaR, (L), if B=0,
which is the average value of VaR among specific risk levels [, o + ].

As we have introduced in Section 1.2, a risk measure is called coherent if it satisfies
Monotonicity (1.1), Positively homogeneity (1.2), Subadditivity (1.4) and Translation
invariance (1.5). CVaR is a coherent risk measure, however, Embrechts et al. (2018) have proved
that both VaR and RVaR only satisfy monotonicity, positively homogeneity and translation

invariance while they do not satisfy subadditivity. Instead, for all L1, Ls € S, the following

inequalities hold true:
VaRao,+as (Ll + Lg) <VaRy, (Ll) + VaR,, (Lz), (5.4)

RVaR, 5(L1 + Ly) < RVaRa, g, (L1) + RVaRa, s, (L), (5.5)

where & = oy + ap and 8 = max{fy, f2}. (5.4) and (5.5) are called the special form of
subadditivity.
Desired properties of RVaR are that it is robust and it is a general tail risk measure which

includes VaR as well as CVaR as two limiting cases, i.e.,

RVaRao(L) = VaRa(L) = lim RVaR, 5(L), (5.6)
B—0+
RVaRa1-o(L) = CVaR,(L). (5.7)
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Additionally, all three measures belong to a wide class of distortion risk measures, such that

p(L) = /01 VaRs(L)dh(s), (5.8)
where h(s) called a distortion function is a non-decreasing and left-continuous function from [0, 1]
to [0, 1] satisfying h(0) = 0 and h(1) = 1. Specifically, for a € (0,1), 5 € [0, 1), the distortion
function of RVaR, g is
min {I{5>a}%, 1}, if B8>0,
Iasay, if B=0.

As we know that while VaR and CVaR have some common properties, they are still quite

hap(s) = (5.9)

different and consequently investigating RVaR which is a bridge between them helps us to

understand their connections and to gain a more integrated picture regarding risk criteria.

5.3 Optimal RVaR based hedging and connection with CVaR and

VaR hedging

5.3.1 Optimal RVaR based hedging

Assume that a financial market is arbitrage free but does not have to be complete. In this case,
arbitrage free price of a claim may not be unique and a popular option pricing approach in
incomplete markets is the utility based indifference pricing (UBIP). The idea behind this pricing
method is that all investors’ risk appetite can be fully described by an utility function and all
investors are presumed to maximize their expected utility of wealth. Then, the utility based
indifference price of a claim is the amount that makes no difference to investors’ expected utility
no matter whether they include the claim into their portfolio or not. One important property of
utility based indifference price is that it does not depend on the completeness of the market and in
the special case that a market is complete, it coincides with the fair price of that claim (see
Henderson and Hobson 2009 for more properties regarding UBIP).

Suppose a hedger is exposed to a future obligation X at time 7. Option pricing theorem

points out that a claim can be hedged perfectly if the initial hedging capital is no less than its
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minimal super-hedging price (or fair price in complete markets). However, if the initial hedging
capital 7y is not enough, the hedger is exposed to some downside risk. The main goal of this part
is to find an optimal hedging strategy that achieves the minimal risk under the measure RVaR
subject to an initial wealth constraint.

We start with a partition of the contingent claim X such that X = f(X) 4+ Rf(X). f(X)
named hedged loss function represents the part that would be hedged with the initial capital ¥
and Ry¢(X) called the retained loss function is the payout the hedger retains. Thus, the problem of
optimal hedging can be solved in two steps: first, find the optimal partition f*(X), Rs«(X)
satisfying the initial capital constraint and some assumptions regarding hedged loss functions;
second, hedge the payout f*(X) perfectly. Cong et al. (2013, 2014) considered VaR and CVaR
hedging problems with some restrictive assumptions regarding the hedged loss functions.
Assumptions they imposed are

(a) Not globally over-hedged: f(z) < z for all x > 0;

(b) Not locally over-hedged: f(z2) — f(z1) < x2 — 21 for all 0 < x; < x9;

(c) Nonnegativity of the hedged loss: f(x) > 0 for all = > 0.

Assumption (a) ensures that the hedged loss would be bounded from above by the original risk
to be hedged. Assumption (b) indicates that the increment of the hedged part should be no more
than the increment of the risk itself. Although adding the assumption (b) makes hedged loss
functions less general, it indeed brings advantages. For instance, as we will show later, the
resulting optimal hedged loss function does not depend on the underlying market model if we have
the assumption (b). Assumption (c) is commonly imposed that ensures hedging strategies take
positive values and Cong et al. (2014) mentioned that without the assumption (c) the optimal
partial hedging problem might be ill-posed.

Hence, the admissible set D of the hedged loss function is represented as

D={0< f(z)<z: Rf(z)=z— f(x) (5.10)

is a non-decreasing and left continuous function}.
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Based on the above considerations, the RVaR hedging problem in our setting is

min RVaRa,ﬁ(Rf(X)),
fep (5.11)

s.t H(f(X)) <y < H(X),
where II(X) denotes the utility indifference price of X at time 0.
Depending on the size of the initial capital 9, we represent optimal hedged loss functions of

the problem (5.11) in Theorem 5.1 and Theorem 5.4 correspondingly.
Theorem 5.1. If H(XI{XSVaRa+B(X)}) < ¥g, the optimal hedged loss function satisfies
ff(x) = Tl {p<vg, g} (5.12)

where Vo4 = VaRaip(X).

Moreover, the minimal value of RVaR is zero, i.e.,
RVaR,g(R¢(X)) =0.
Proof. For f*(x) defined as (5.12) , the retained loss function is
Rp(z) =2 — [*(#) =2 — @l z<v, 5} = Tl (zzu,, 4}
which is non-decreasing and left continuous regarding to x and hence the hedged loss function

f*(z) € D and f*(X) satisfies the wealth constraint.

Notice that, for any s < a + 3, we have
P(XI(x50,,) > 0) < P(X > vass)
<(I—(a+p) <1-s,
and consequently, we get
VaR,(XI(xsu,,)) =0, Vs <a+8,
which implies
RVCLRaﬁ (Rf* (X)) = RVaRaﬂ (XI{X>'Ua+ﬁ})
1 [oth
=3 / VaRs(X (x5, 4})ds

=0.
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Furthermore, for any f € D, we have RVaRa13(Rf(X)) > 0= RVaRa.p(Rs+(X)) and hence

we conclude that f* is the optimal hedged loss function. O

Let us now consider the second case: ¥y < H(XI{XSVaRa+5(X)})- To begin with, we need to
recall the definition of stop loss ordering between two random variables X; and Xa:
Suppose X1 and Xy are two random variables with finite means under a probability measure

P. We say X; is smaller than X5 in stop-loss order under P, if
E((X;1—m)") <E(X2—m)T), VmeR. (5.13)
Such a relationship is denoted as X3 gg Xo.

Lemma 5.2. For a given random variable X and any function f € D, let
gf(z) =min {(z — d)™, ﬂ}f{zgvaw}’ (5.14)
where vq = VaRq(X), d = v — f(va) and u is chosen such that
RVaR,5(Rs(X)) = RVaR, g(Ry, (X)) (5.15)

Then, we have
1) g5 is well defined and g5 € D;

2) g¢(X) is smaller than f(X) in stop-loss order under the measure P, i.c., gp(X) <L f(X).

—sl

Proof. First of all, we note that RV aR, g(Rg, (X)) is continuous and non-increasing as a function

of w and for u = 0, we have

Rgf(X) =X > Rf(X)-
Thereby, the following inequality holds:
RVaRa5(Rg; (X)) 2 RVaRas(Ry(X)).
Moreover, for @ = va4g + f(va) — va, We get
(# = d) Tracvy, 3y < Vayp —d)" =14, (5.16)
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which implies
gf(x) = (33 - d)+I{x§va+ﬁ}'

In this case, we have following inequalities

RVaRap(Rg (X)) = RVaRas(X = (X —d) [aco,, )

)N (X <vqs5) T XX >00157)

)

< RVaRygp )I{X<v +ﬁ}) + RVaR, B(XI{X>va+ﬁ})

(
(X
(X
= RVaRy (min{X, d}f{x<va+ﬂ})

<d, (5.17)

where the first inequality is due to (5.5) and the last inequality is because of the monotonicity of
RVaR.
On the other hand, since Ry(z) is nondecreasing and left continuous regarding to x, by

Theorem 1 in Dhaene et al. (2002), we have Ry(VaR.(X)) = VaR,(R;(X)) and hence

RVaR, 3(Ry(H)) > VaRa(R;(X)) = Rp(VaRs(X))
= VaRy(X) — f(VaR (X))

=d. (5.18)

Combining (5.17) and (5.18), we arrive to RVaRq,(Rf(X)) > RVaRqp(Ry, (X)) when
U = Va4 — d and hence there is a 4 € [0,v445 — d] that solves the equation
RVaR, p(Ry(X)) = RVaRyg(Rg, (X))

Meanwhile, by the definition of g¢(z), Ry, () is non-decreasing and left continuous as a
function of x and therefore we have proved gs(x) € D.

In order to show that gf(X) <I f(X), let us introduce a new random variable ul that is
uniformly distributed on [a, o + ] and is independent of all other random variables involved in

this chapter.
If

gr(VaR 5(X)) <l f(VaR s(X)), (5.19)
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holds true, we have, for any m € R, that

E[(gf(X) - m)ﬂ = /01 (97(VaR(X)) — m)+ds

[e% a+p
=/ (gf(VaRs(X))—m)+d5+/ (97(VaR(X)) —m) " ds

«a

(97 (VaR(X)) —m) " ds

" (asVaR(0) = m) s+ 55 [(oy (Var (X) =) |+ [ (=m) s

(F(VaRy(X)) — m) ds + ﬁE[( f(VaR 5 (X)) - m)ﬂ

where the inequality is due to the non-decreasing property of Ry(x) which leads to
VaRs(X) — f(VaR(X)) < VaRa(X) — f(VaRa(X)),
for s < a and hence
97 (VaRy(X)) < (VaRy(X) — VaRo(X) + f(VaR4(X)))" < f(VaRs(X)).

Thus, in order to prove g;(X) < f(X), it is sufficient to show (5.19).
Rolski et al. (1999) indicated that for two random variables X; and X, with finite means, a
sufficient condition for the stop-loss order X1 Sfl X5 is as follows:
(i) B(X1) < E(X3), and
(ii) there exists tgp € R such that P(X; <t) < P(X3 <t) for t < tp while
P(X; <t)> P(Xy <t)fort>tp.
Let us now put that X; = gf(VaRug (X)), Xo = f(VaRug (X)) and prove that these random

variables satisfy above two conditions.
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According to Theorem 1 in Dhaene et al. (2002), we have

RVaR, (R (X ﬂ/ VaR,(Ry(X))ds
/ +(VaR,(X))ds
-3 /a VaRy(X) — f(VaRy(X))ds
= RVaRas(X) — B[ f(VaR 5 (X))|.
Similarly, it is true that
RVaR, 3(Ry, (X)) = RVaRe s(X) — E [gf(vcd%ug (X))} .
Since RVaRe (R, (X)) = RVaRyg(Ry(X)), we conclude that
Elgs(VaR, 5 (X)| = B[ f(VaR,, (X)), (5.20)

which is the desired property (i).

Notice that VaR 5(X) > VaR.(X) and therefore we have
VaR 5(X) — f(VaR (X)) > VaRa(X) — f(VaRa(X)),
which implies that, for any t < u,

P<gf(VaRug (X)) < t) - P(VaRug (X) = VaRa(X) + f(VaRa(X))< t)

< P(f(VaRug (X)) < t). (5.21)

On the other hand, for ¢ > u, we have

P(gf(VaRug(X)) < t) —1> P(f(VaRug(X)) < t). (5.22)

Combining (5.21) and (5.22), we arrive to the property (ii).
As a consequence, we have proved that gy(VaR s(X)) <bf (VaR s(X)) which implies

9r(X) < F(X). O
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Remark 5.3. Let us denote u = d+ 1. Since 4 € [0,v445 — d|, and d = vy — f(va) > 0, we have

d <u < vaqp. Consequently, gr(x) can be rewritten as

gf(x) = min {(:c —d)"u— d}I{szaw}

- [(g; At — (- u)ﬂ Tiacun ) (5.23)
where 0 < d < vy and d < u < voq3.

According to Cong et al. (2014), the utility based indifference price preserves the stop-loss
order, i.e., II(X7) < II(Xa2), if X1 <f X, and therefore Lemma 5.2 indicates that for any f € D,

there is a gy € D such that
RVaR,3(Rs(X)) = RVaR,p (Rgf (X));

I(gs(X)) < I(f(X)).

Thereby, we can focus on hedged loss functions with the form (5.23). Let us formulate another

theorem about the problem (5.11).

Theorem 5.4. If 7y < H(XI{XS%W}); the optimal hedged loss function that solves the RVaR

minimization problem (5.11) is

@) = [ = d)t = @ =) | T, ) (5.24)

where (d*,u*) is the solution to the following 2-dimensional optimization problem

. d+ 1 a+p VaRs(X) —u)td
{Oﬁdﬁva%lﬁrluﬁva+ﬁ T3 Ja (VaR(X) —u)Tds, (5.25)

sit. H([(X At — (X — u)+]I{XSUQ+B}) < .
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Proof. By Remark 5.3, we know that the optimal hedged loss function admits the form (5.23) and

hence the objective function in (5.11) becomes
1 a+p
RVaRqy5(Ry, (X)) = ﬁ/a VaRs(Ry, (X))ds

1 [ots

= /B/a Ry, (VaR(X))ds
1 [oth

-3 / VaRy(X) — g5 (VaRy(X))ds
1 [oth

-3 / VaR,(X) — (VaRy(X) — d) + (VaRy(X) — u)*ds

1 [oth
=d+ 5/ (VaRs(X) — u)tds,

such that d € [0,v,] and u € [d, va4g].

Hence, (5.11) is rewritten as (5.25) and Theorem 5.4 is proved. O

Theorem 5.4 shows that the optimal strategy is to long a knock-out call option on the payout
X with a strike price d* and a barrier v,y while short another knock-out call option with a
higher strike price u* but with the same barrier. If those knock-out call options are available in
the market, our optimal partial hedging is to buy (sell) and hold those options. Otherwise, it is to
dynamically hedge those knock-out call options with the initial capital vg. It is worth to mention
that both Theorem 5.1 and Theorem 5.4 indicate that the optimal strategy does not cover the

extreme loss that exceeds vo4. This is because we only focus on the risk between levels [, o + f3].

5.3.2 Connection among RVaR, CVaR and VaR optimal hedging

As discussed in Section 5.2, VaR and CVaR can be seen as two limiting cases of RVaR. In this
subsection, we want to discuss connections among optimal RVaR hedging, optimal VaR hedging
and optimal CVaR hedging.

By the definition of CVaR, we have

CVaRa(X) = RVaRa1_a(X), (5.26)
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i.e., B =1— « and hence we get
Iix<va,p3 =1 P—as.
According to (5.24), the optimal hedged loss function satisfies the form
Fa)=(z—d" = (@—u)") <o,
=@x-d)t - (z—u)". (5.27)

Cong et al. (2014) considered the optimal CVaR hedging and showed the optimal hedged loss

function f£y,,p admitted the form

fovar(@) = (@ —d)" — (z —u)", (5.28)

which is consistent with (5.27). Therefore, the optimal CVaR hedging can be seen as a special case
of the RVaR based hedging.
As for VaR, we have
VaRy(X) = RVaR,0(X),

i.e., 8 =0. In this case, (5.23) becomes
gf(.%') = min {(x — d)+, E}I{xﬁva}'
On the one hand, we know that

RVaRao(Rf(X)) = VaRa(Rys(X))

= VaRa(X) — f(VaRa(X)). (5.29)
On the other hand, we have

RVaRao(Ry; (X)) = VaRa(Ry, (X))
=VaRo(X) — gf(VaRa(X))
= VaRo(X) — min {(VaRa(X) — d)*, 7}

= VaRo(X) — min { f(VaR(X)),a}. (5.30)
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Since @ is derived from the equation
RVaR, (Rgf (X)) = RVaR, (Rf(X)),

comparing (5.29), (5.30), we have @ > f(VaR4(X)), while, from the previous discussions, we
know @ < VaRa1g(X) + f(VaRa(X)) — VaRs(X). The right hand side is f(VaRq(X)) when
B =0, and hence @ = f(VaRa(X)).

Meanwhile, the following relationship
(ac + f(VaRa (X)) — VaRa(X))JrI{mSVQRa( <y < F(VaRa(X)) = 4,
implies that the optimal hedged loss function has the form
Si(x) =min {(z —d)", u} <0,y
= (x —d) Tip<p,y- (5.31)

This result is consistent with the conclusion in Cong et al. (2013) that the optimal hedged loss

function f7;,p of the VaR based hedging problem has the form

Frar(®) = (& = d) Iz<y,y- (5.32)

and thereby the optimal VaR hedging can be seen as a special case of the RVaR hedging.

5.4 Application to equity-linked life insurance contracts

One important application of partial hedging is to deal with pricing and hedging of equity-linked
life insurance contracts. Well-known papers are Melnikov and Skornyakova (2005), Kirch and
Melnikov (2005), where authors discussed the implementation of quantile hedging and efficient
hedging in this area. In this section, we focus on the RVaR based optimal hedging of life insurance
contracts and would compare RVaR, CVaR and VaR hedging results.

Let (Q, F, P) be a standard probability space. Consider a financial market with a terminal

time 7" € (0, 00) consisting two assets. One is the riskless asset
Sy =e¢mt telo,T], (5.33)
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where r is the constant risk-free interest rate. Another one is the risky asset, (St>te[0,T]7 described

by a Mixed Fractional Brownian motion (MFBM) model:
Sy = Spexp(ut + o1B; + O'QBt}I), Sy > 0, (5.34)

where B is a Brownian motion (BM) independent of a Fraction Brownian motion BH (FBM).
Here H is a real number in (0, 1), called the Hurst parameter. The constant y is the drift, o3 > 0
is the volatility of the Brownian motion B and o9 > 0 is the volatility of BH.

The reason why we assume the risky asset follows MFBM model is that, for H > %, this model
has the property of long range dependence. Since Equity-linked life insurance contracts usually
have long term maturities, the factor of long-term dependence should be included in the list of key
factors having a certain influence on pricing and hedging.

Let us denote the mixed process M{ = By +oBf, t € [0,T] , where 0 = 2. It is well known
that except for H = %, BH is neither a Markov process nor a semimartingale and thus the mixed
process is also not a semimartingale with respect to the filtration generated by the BM and the
FBM. However, Cheridito (2001) has proved that in the case H € (%, 1), the process M? is a
semimartingale with respect to its natural filtration: FM = {FM 0 <t < T},

.7-"tM =o{M7, 0<wu <t}. Moreover, it is equivalent in measure to a Brownian motion. In this
chapter, we consider the filtration FM and assume H € (%, 1), F = .7-"74/[ and hence there is a
Brownian motion {W;}c[o,r) and a unique real-valued Volterral kernal r, € La([0, T1?) such that

the following relationship holds:
t s
MP =W, + / / ro (s, w)dWads, € [0,T], (5.35)
0 Jo
where 7, is the unique solution of the equation:

o?H((2H —1)(t — 5)?H72 = r,(t, 5) —|—/ ro(t, x)re(s,x)dr, 0<s<t<T.
0
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The MFBM market is complete and the unique martingale measure P* is defined by the

relation (see, Melnikov and Mishura 2011):

dP* t _ s
Zf = 7|]__M = exp{ —/ (,u r + 91 +/ rg(s7u)qu>dW5 (5.36)
¢ 0 01 2 0

1L (Y rp—r oy s 2
_2/0 ( - +2+/0 rg(s,u)qu> ds}.

Note that, in this complete market, the utility indifference price of a claim is equivalent to its

fair price, i.e., II(X) = e "T E*(X), where E*(-) is the expectation under the martingale measure
pP*.

According to the Girsanov theorem, the process

~ w—r o1 tors
Wy =W+ ( + ?)t + o (8, u)dW,ds, (5.37)
0 Jo

o1

is a Wiener process under the measure P*.

With the help of (5.35) and (5.37) the stock price process can be rewritten as

t S
S; = Sy exp {,ut + o1 (Wt + / / ro (s, u)quds)} (5.38)
0 JO

5 2
= Spexp {1 Wy + (r — %)t}.

For equity linked life insurance contracts, there are two sources of risk: market risk associated
with the underlying asset price and insurance risk reflected by the insureds’ mortality and hence,
besides characteristics of the financial market, we also need to describe mortality properties of
insureds. Following actuarial traditions, let a random variable T'(z) on an “actuarial” probability
space (€2, F , ]5) denote the remaining life time of a person of current age x and
1Pz = P(T(z) > T) be the survival probability for the next T years of the insured. Since usually
the insurance risk and the financial market risk have no effect on each other, we would take a
natural assumption that (Q, F, P) and (€2, F, 15) can be treated as independent.

Let us consider a pure endowment life insurance contract with the payoff X = max(Sy, K)
provided that an insured is alive at T, where K is a constant guarantee amount. Since the

mortality risk is essentially independent of the financial market, according to Brennan and
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Schwartz (1976), the premium of such a contract is defined as
Uz = E*(e7" " X)EX (Iir(s)>1y) = 192 Vo, (5.39)

where z is the insured’s age, T' is the maturity time of the contract and Vj is perfect hedging costs
of the claim X. According to the most recently published United States 2015 Life Table (National
Vital Statistics Reports volume 67, Number 7), the survival probability 7p, of a given insured can
be found. Obviously, rp. Vo < Vo and thus a perfect hedge of the option is impossible and a
partial hedging strategy should be constructed. With the help of methodologies in Section 5.3, we
derive the minimal value of RVaR that can be achieved with the initial wealth vy = 7p,Vj.

Proposition 5. The fair price of the claim X = max{Sy, K} is

Vb —_ e—TTE*(X)

= S0®(A4(K)) + Ke"To(— A_(K)), (5.40)

where ® is the distribution function of a standard normal random variable and

2
_ ln% +(r+ %)T
o VT

Proof. In the complete MFBM market, the utility indifference price of the claim X = max{Sr, K}

A ()

is equal to its fair price, i.e.,
(X)) =e"E*(X) = e " [E*(Stls,5x}) + EX (K {g,<x1)]-
Note that

- o2
{S7 > K} = {Soe”Wrtt=3)T 5 K}

- 1
={Wr >

= {7, < A_(K)}, (5.41)

3 So (oot
where Z; = —W; ~ N(0,1) under the measure P* and A_(K) = w
1

S
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With the help of the "Multi-asset Theorem" (see Melnikov and Romanyuk 2008), the price of

the claim can be rewritten as:

2
o1

MX)=e"T [E*(Soe”1WT+(’"_7)TI{ Zien_(xk)y) + KP*(Z1 > A_(K))]
0'2 =
= SQ@leTE*(GGIWTI{ZI<A_(K)}) + KeirT(I)( —A_ (K))

= So® (A4 (K)) + Ke " To( — A_(K)),

2
lni%» r+ZT
where A (K) = A_(K) +o1VT = % O

In addition, applying Theorem 5.1 and Theorem 5.4 to a claim X = max{Sp, K}, we arrive to

the following results.

Theorem 5.5. (a) If 5y > Vo8 = ¢ 7T B (XI{XSUQ+ﬁ}), the optimal hedging strategy is a perfect
hedge of the claim XIix<u,, 5y and the minimal value of risk under the measure RVaR, g is 0.

(b) If 5y < VOB the optimal hedging strategy is a perfect hedge of the claim
(X —d)" = (X =) L ix<vn 0y

such that (d*,u*) are points of minimum of the system

. d+ 1 a+p —w)td
{OSdSvﬁglung o s T, (5.42)

s.t. C(d) — C(u) < by,

where
V()é“r,B — e—T’TE* (XI{XSUOH_/B})
= So®@ (A4 (K), —As (vayp), —1) + e TTK®(— A_(K)),

0]2\/[ = J%T + (T%T2H,

S|
In 70+uT
oM

K7 Zf (I)( )S]-_Sa

Vg =
SpetT—omz1-s  otherwise,

Agx = min{A_(d),A_(K)}, Ay =min{A_(u),A_(K)},
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C(z) = So@? (Ayic + o1VT, —As (varp), —1) —2e TP (A, 1, —A_(vasip), —1)

+e (K —2)Te( - A_(K)),

Here, z1_g is the (1 — s) quantile of a standard normal random variable. ®3) (21, 2o, p) denotes
the cumulative distribution function of two jointly normally distributed random variables (Z1, Zs)

with zero means, unit variances and the correlation p.

Proof. By the definition of VaR, we have
vs = VaRy(X) = inf {v: P(max{Sp, K} >v) <1—s}, s€(0,1).

Note that, if v < K, we get

P(max{St,K} >v) =1,

and hence v, satisfies v > K.

For v > K, the above probability can be calculated as

P(max{Sr, K} > v) = P(Sp > v)

(Soe“T+UlM% > )

), (5.43)

where in the last equation we use the fact o1 M7 ~ N(0, 012\4) with 012\4 = O'%T + J§T2H, under the
measure P.

If
In % + pT

o

) <1-—s,
oM

we conclude vy = K. Otherwise, since the equation (5.43) is a decreasing function regarding v, v

is the unique solution of the equation

In % 4 ;T
(v THy g

oM
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in the interval [K, 4+00), which can be rewritten as

Vg = SoellT*Ule—s

Y

where z1_g is the 1 — s quantile of a standard normal random variable.

Let us start with the calculation of V*+5:

Ve = T(X Iix<u,, ) = € " E (X (x<u,, )
=e T [E*(STI{STZK}I{STSUa+I3}) + E*(KI{ST<K}I{K§%+/?})]

= e "B (Srlisp>ky [(sp<va ) T EX (K Is<k})],

where in the last equation we utilize the fact that K < v,4g.

As for {S7 < va4p}, we have

. o2
{ST < varp} = {Soe? W= <5}

2
~ ln YetB _ (p — 2T
< So ( 2) }

g1

where Z3 = % ~ N(0,1) under the measure P* and A_(vq4g) = _ Va4 27

Hence, with the help of multi-asset theorem, we arrive to
2
a —r r—2L %[ o1 W
Verd = e T[S 2 T BN (e Iz en_ (s0) {2222 (va)))
+KP*(Z > A (K))]

= Soq)(Q) (A+(K), _A+(va+ﬁ), —1) + KC_TT(I)( — A_ (K)),

2
n - SJ(:B +(r+071)T
where Ay (votp) = —

Now, let us move to

([(X = d)" = (X = )] x<u,,0) = B (e T[(X = d)F = (X = 0)" ] Ix<u,,0 )

Similar to the derivation of (5.41), we have

{Sr>d} ={Z1 <A_(d)},
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2
S
In =P +(r— )T

where A_(d) = i

And therefore

E*((max{Sr, K} — d)" I{x<y,.,})

= E*((Sr — d)" I, s ky Isp<vars}) + B (K —d) " Iis,<ry Ik <v,. 5))

= E*((St — D) {sp>ayl{sp> k3 [sp<vargy) + B (K —d) " Irs,<k)

= E*(Srl{z,<ny s} [{Zo<—A_(wasp)}) — AP (Z1 < Mai, Z2 < =N (vatp))

+ (K —d)tP*(Sr < K)

= o DB (VT2 T s ey) — 49 (e, —A (v ), 1)
+ (K —d)* (1 - @(A,(K)))

= Spe'To®) (Ad,K + o VT, — A4 (Vats), —1) — do® (Ad’K, —A_(vasp), —1)

+ (K —d)"o( - A_(K)),

‘ In vjiﬁ+(r+§)T
where Ag g = min{A_(d),A_(K)}, and A} (va18) = p—vey

With similar calculations, it is clear that
E* ((maX{ST, K} — u)+I{XSUa+ﬁ})
= S()GTT(I)@) (Au,K + Ulﬁ, —A+(va+5), *1) — u<I)(2) (Au,K, —A_ (va+5), *1)
+ (K —u)"®(— A_(K)),

where Ay, g = min{A_(u), A_(K)}.

Consequently, we arrive to

E* <e*’”T (X —d)" = (X —u)" ]I{nga+ﬁ}>
=e " [E* (max{Sp, K} — d) " I{x <y, 1) — E"((max{Sr, K} — “)JFI{XS”&W})}

— C(d) - Clu),
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where

C(z) = SO<I>(2) (AI,K + alﬁ, —Ay (vatp), —1) —ze " Top®? (Ax,K, —A_(vats), —1)

+e (K —2)T®( - A_(K)).
The proof is completed. O

We illustrate our results with the following numerical example.

Example: Assume a MFBM market with following parameters:
uw=0.1, o1 =0.15, 05 =0.1, Sy =100, H=0.8, r =0.05.

An insured at age 40 buys a 10 years contract X = max {Sp, K} with the guarantee amount
K = 110. By the United States 2015 Life Table, the survival probability of the insured is
10p40 = 0.97462 and hence according to equations (5.39) and (5.40) the premium that the
insurance company can receive is 7U, = 0.97462 % 104.16 = 101.521. For a fixed o = 0.95, Table
5.1 shows optimal hedged loss functions and corresponding minimal values of RVaR for different

levels of f.

Table 5.1 Optimal hedged loss and minimal RVaR for different levels of g

f* (X) RV&R0,95”3

B=10"° | (X —4.3584)" It x<16a1.8} 4.3584
B =10.025 | (X —4.35847) " I{ x <0105.5) 4.358

B=0.04 | (X —4.3588)" I{x<os116) 4.3588

3=0.05 (X —4.3588)F 4.3625

Meanwhile, subject to the same initial capital constraint, we provide optimal hedged loss
functions of VaR based hedging and CVaR based hedging correspondingly.
For VaR based hedging at the level 95%, with the help of the method in Cong et al. (2013), we

derive the optimal hedged loss function which is
Fvar(X) = (X —4.3584)" I x <1641 5} (5.44)
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For CVaR based hedging at the level 95%, according to the method in Cong et al. (2014), we

arrive to the conclusion that the optimal hedged loss function is
Jevar(X) = (X - 4.3588) . (5.45)

Comparing (5.44) and (5.45) with results in Table 5.1, it is not hard to find that, as 8 — 0,
the optimal hedged loss function of RVaR hedging coincides with fy’, »(X), while in another
extreme case 3 = 1 — a, it coincides with f&,,z(X). Such results are consistent with conclusions
in Section 5.3.2. Moreover, for a small value of 3, the optimal RVaR hedging is close to the
optimal VaR based hedging while for a big value of (3, it is closer to the optimal CVaR hedging,

which indicates that the measure RVaR is a bridge between VaR and CVaR.

5.5 Conclusion

In this chapter, explicit forms of optimal hedging strategies that minimize RVaR of a hedger’s risk
exposure subject to an initial wealth constraint are derived. We show that for sufficiently large
hedging budget (H(X) > Vg > H(XI{X@MB})) the optimal strategy is to hedge the entire risk up
to the level v,4. On the other hand, if 99 < H(XI{X<UQH3}), the optimal strategy is to hedge a
bull call spread on the claim itself with a knock out barrier v,4. In both cases, it is optimal not
to hedge at all on the set {X > vo43}. Our RVaR based partial hedging method has some
advantages. First, it can be applied in incomplete markets and the solution can be easily derived.
Furthermore, the optimal strategy is model independent. Most importantly, we demonstrate that
CVaR hedging and VaR hedging can be seen as two limiting cases of RVaR hedging and hence our
RVaR hedging method is more general and it is more customized since investors can set their risk
appetite by choosing two risk level parameters o and 3. Finally, a numerical example is provided
to explain how such a method can be implemented to the area of life insurance even if the

financial model is sophisticated.
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APPENDIX A

An application of the duality method in

partial hedging in incomplete markets

In this appendix, we suppose r = 0 to simplify the notations.
In incomplete markets, the set of densities of equivalent martingale measures is never compact,
and hence the solution of

in E((H-Vp)™), Al
in, (( 7)) (A1)

where
Ao = {(v,m)|(v,7) € A(v),v < vo},

can not be derived by the generalized Neyman-Pearson lemma directly. Such a problem is solve by
Rudloff (2006) as well as Xu (2004) and we would like to summarize their main results here.

Let V(z) be the set of admissible self-financing value processes with initial capital z > 0
¢
V(a:):{V:Vt:x—F/ midSs >0, t€ (0,7}, (A.2)
0

and the set of all contingent claims that can be super-replicated by some admissible self-financing

strategies with initial capital x is denote as
Cz)={ge LU F,P): 0<g<Vp forsome VeV(x)}, (A.3)

where LO(Q, F, P) is the set of all random variables on (2, F, P).

Define the state dependent utility function U: RT x Q — R as



and the primal problem for z > 0 is

u(x) = sup E[U(VT(w),w)]
Vev(z)

= sup E[U(g(w),w)}
g€C(z)

= sup E[H Ag]. (A.5)
g€C(x)
As in Xu (2004), we define the dual space as a set of processes Y such that
V(y)={Y >0: Yy=y and VY is a P-supermartingale YV € V(1)} (A.6)
and the dual extended set D of random variables h is
D(y) ={h € L°(, F,P): 0<h<Yp forsome Y € Y(y)}. (A7)
Let us consider the stochastic conjugate function W : R x Q — R™T such that
W (y,w) = gg{U(x,w) — xy}. (A.8)
By the property of U (A.4) and the fact that W (0,w) > U(0,w), we arrive to
W(y,w) = (1 -y H(w), (A.9)
Consider the following dual problem

w(y) = inf E[W(Yr(w),w)]

Yey(y)

= inf E[W(h ,
Jnf EIW (hr(w),w)

= inf E[(1—h)TH]. A.10
jnf Bl =) H] (A.10)

The utility function U(-,w) and the value function u are concave, continuous and increasing,
while the functions W (-,w) and w are convex, continuous and decreasing. For a fixed w, we
defined the function U: Rt — R* by U(g) = U(g(w),w) for g € C(x) and dU(g) is the
subdifferential of U at g. W(h) : RT — R* for h € D(y) and 9W (h) are defined analogously.

Then the following duality theorem holds true.
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Theorem A.1l. (1) For x >0 and y > 0 an optimal solution g(x) € C(x) of the prime problem
(A.5) exists and an optimal solution h(y) € D(y) of the dual problem (A.10) exists.

(2) The value functions u and w satisfy

w(y) = Sglg{U(w) —zy}, Yy>0,

u(y) = ér;fo{w(a?) +azy}, Yz >0. (A.11)

(3) For x >0 and y > 0 such that y € Ou(x). Then, the relationships

E(gh) = 2y and

hedu(g) or ge —W(j) P— a.s. (A.12)
hold true iff § solves (A.5) and h solves (A.10).

In addition, the structure of a primal solution with respect to a dual solution is given by the

following theorem.

Theorem A.2. Let x >0 and y > 0 such that y € du(x). Let h be an optimal solution to the dual

problem (A.10). Then the optimal solution g of (A.5) satisfies

9= Tjpchary + 015y H
and
E(gh) = xy,
where 0 is a [0, 1] valued random variable.
With the choice # = vo, and ¢ = Iy j, 1y + 01, _yy, the optimal solution g(vo) of (A.5) can be

represented as g(vo) = ¢H.

Finally, the optimal strategy of the problem (A.1) is provided in the following theorem.

Theorem A.3. The optimal strategy (v, ) of the problem (A.1) is a superhedging strategy for

the modified claim @H where

? = Liochary T 0y (A.13)
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such that

E(pHh) = v, (A.14)

where § € u(vg) and h € ID(F) solves
inf E((1—h)"H). Al5
inf (1= k) ) (A15)
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