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ABSTRACT

‘CARﬁlNAL LACUNARY . SPLINE INTERPOLATION

Following the ideas of INpow and Schoenberg on Cardinal

Hermite Interpolation (C H. I P. ) we study here a class of Cardinal

P

Lacunary Interpolation Problems (C.L.I.P. ) A speoial case‘for'quintic

splines has recently been treated by Meir and Sharma and a generali—if

-zation of their results is contained in the work of Demko. ‘The first

v

" Chapter deals in full with the statement of the problem and a complete

solution to the problem of (0 1,.q.,r—2 r) interpolation by g—splines.
When the data is of powem growth, the interpolation prq&lem has a
unique solution. Chapter II is devoted to the problem of the zeros of
the characteristic polynomials which, arise in, the study of C.L.I.P.

These results generalize the theorem of Lipow and Schoenberg on the

zeros of H (A) and supplement it in some ways. In Chapter III we
n,r -

‘study Hankel determinants of Euler-Frobenius polynomials, their

relation with the polynomials Hn r(k) and their generalizations.

4

Chapter 1V deals with a generalization of exponential Euler splines

which arises in a natural way when we consider C.H.I.P. to Ax, A # 1.

_We apply these results in Chapter V to find the Fourier transform of

-{plines for C.H.I.P. introduced by Schoenberg and Sharma in the case

of (0,1) interpplation. The method can be applied to more general

situations.
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INTRODUCTION .

Recently much attention has been given to interpolationuand o P

approximation by spline funétions. The ploneering monograph of I. J.
‘o, » & ‘ . x
',§choenbb;g (10] of 1Q46,_deals with what is now called the Cardinal

. : L}
interpolation problem (C.I1.P.). The subject has been further
e ) SN . Bic
investigated by him recently in [12] and [13]. ,Further.referengesjgnA‘ —

-

C.I.P. can be fdund'in the excellent monograph of I. J. Schoenberg [15].

Let ,n,r be positive integers'with n > 2r - 1. The class Sn . of -
A ; R “n,

Cardinal splines of deg;ee n with integer knots of multiplicity r

cogsists of functiohs S(x) satiéfying R ' ) .
(1 NS(x) e ¢V () |

and . ' o /i 8 R
(2) -'»S(x) is avpolynomial of degree n in eaqh of thé_intervals

[V, vl) forxall intgjé%s V.
In [6] Lipow.and'Schoénberg and in T17] Schoen?erg\and'Sharma

studied the Cardinal hermite interpolation problem (C.H.E.P.).

.l\ . 3
. ! .

Probleﬁl(C.H;I.P;). Given rvbi;infinite sequences of numbers

(3) y @ = (y(\i,?)(i =0, 1, ..., r-1) V integers v, -

find S(x) €S such that
. n.r .

s ta) S(i)(v)-= y(i)(i ='0, 1, ies, r—l) V_ihtegers V.
Recently Meir and Sharma [8) studied the problems of existence,

T

uniqueness and convergence of quintic splines and quintic g-splines

which togéther with their second de®ivatives interpolate a given j
function‘and its second derivative respectively at a finite number of
' . ' . .

_equidistant knots. 1In the usual terminology we shall call this problem

-1- ) ’



the (0,2) interpolq}ion problem. More generally we shall say that S(x)

belongs to the class Sg of Cardinal g-splines of degree n corgsfpond—“
] « -

ing to (0, 1, ..., r-2, r) intétpolation problem when

(5) () ¢ T (e, 7

’ .

\\\"(6) S(x) is a.gglznomial ;f degree n in each of the intervals

[v,v+1] for all v, ' |

and” () s (b4 = s “"r”)“(b-)'(v'é’o;'£1‘,."£2',;, % U

In {19] B. Swartz and R. Varga have ghown that the errér bounds ‘of Meif\

and‘gharma are best possible in some sense. Using,the'technique of

Meir and Sharm;, S. Demko t2] has also éxtended iheir results to higher

degree splines. |
'The main object éf this investigation is.to stud; the problem of.

Meir gnd Sharma for Ca;dinal spiines'of gegree n,Musing the approach of

Lipow and Schoenberg [6]. Howeﬁer we dé not go into the‘cqnvergence

o ]

problem hgre. In the case of C.H.I.P.‘tﬂis approach consists,-firsf of

.all, in finding the eigensplines of the space

(8) .§ . {S(x) € Sn r - S(pbfb) =;0 Y inteégers v (p = O,i,;.;,r-l)}.

n’ ]
o -
IfNS(x) €S, _, 5G) # 0 and i

9) : S(x+1l) = A S(x) V real x, A # O,

then S(x) is called an eigenspl§ne (E.S.) and ) is called the eigen:figffi///

(E.V.). These eigensplines are used.in the construction of fundamental

3

. splines Ls(x)(s =0, 1, ..., r~1) which satisfy .

\) . ' | g.



oy

L(z)(v) =0 ¥ integer v 40 (p =0, 1, ..., rjl);

b
- ' . t

.(10)

sz)(O) =0 (p #.s) and L(:)(oo =1,
.,The C.H.I.P, is eésentially solved once these fundamental splines have

been qohstructed._ C 4 <

.

\

Here, forthe Cardinal lacunary interpolation problems (C.L.I.P.),

the processes of finding the corresponding E.S. and of constructing the
fundamental splines are basically the same as in C.{.I.P. The problem .

of finding the eigensglines reduces to the study of-the zeros of some

characteristic polynomials. Morearec‘_isely let P = ”(Ji)H (i, =0, 1,

2, ...) be the infinite hatrix of the binomial coefficients so that the

chaticteristic matrix is
i 8
(11) P~XI= ||<jr-- A éijll(i,j =0, 1, 2, ...).

S
We shdll denote by P

L, veey i

1" >
0 1 v :A]| the determinant of the sub-
joy jl’ ceny jv _ ' .

’

matrix obtained from (11) by deiéting all the rows and golumns except

those labelled.{io, il, ceny iv% and {jo, 3y % jv} riipectively,

~—

[1gs dppmeers 1 : .
. the corresponding determinant obtained from P.

and by P|. L '
y JO’ jl, seey j\)

In connection with the C.H.I.P. Lipow and Schoenberg\[é] proved that the

\

polynomial

_ r, r+¥1, ..., n
(12) Hn,r(x) P 0o, 1, ..., n~-r

is a‘reciprocal polynomial whose zeros are real, simple and of sign
# - '

(—1)5. ‘They use the technique of reducing the problem to an eigenvalue

‘A

4

9



.:55;4‘1 "

problem and applying a powerful theorem of Gantmacher and Krein on
Cor .

-t .
eigenvalues of oscillating matrices. However this does not yield the

interlacing property of the zeros of"IIn r(A), a phenomenon that oceurs
. » N

8
“rcd
. when £ = 1. This is due to G. Frobeniuys (see [14]).

L2

Summary of Thesis. This work is divided into five'chapters. The

first\chapter gives a full discussion of the special case of
0,1,...,r-2, r) interpolation by g—splineg‘ The corresponding funda—

mental splines are constrncted by a slight modification of the method

of Lipow and Schoenberg [6].

BN

- In Chapter II we give another proof of the theorem ofgiipow and

Schoenberg. Furthermore we show that the zeros of H (A)
\
Hn_ ()\) are indeed interlacing. E*pﬂoiting this interlacing ™

property we are able to prove the corresponding results on the

characteristic polynomiﬁT‘ arising from C.L.I.P,

Chapter III is devoted to.the study of the relations between the

s

characteristic polynomials of C.L.I.P. and the Eul‘r—Frobenius,poly-
I 4 :

nomials Hn(k) = Hn l(k). In particular the Hankel determinant of

-

Hn(k)/n! is related to Hn r()\) of Lipow gnd Schoenberg.

In Chapter IV we study the analogue of the exponential Euler

spline for the case of C.H.I.P. We call them exponential Hermite-

' Efler splines. The polynomial coﬂ%onent of the onential Hermite- -

Euler spline of degree n in the .interval [0,1] turns out to be a -
o N
3 . n - -
linear combination of the polynomials {Ak(xix)}k=n—r+L (the expo
nential Euler polynomials, see Schoenberg [14]). We investigate ‘the
} R . -

convergence as the degree of the spline tend to infinity, for the case

r = 2. Also we make a brief mention of the analogue of exponential

%



. Euler spline in relation to the problem of (0,2) 4gterpolation by g- .
sélines. |

The exponential Euler splines igtroduced by Schoenberg [14] are
extremely useful (see (151, [16]). To demonstraté the usefulness of'
- the exponential Hermite-Euler sPlines inﬁrodﬁced in Cg;ptervlv. an
application is made to compute the Fourier transforms of éhe B~splines
~and fdﬁdémentél'gplines for C.H.I.P. Thip is tﬁe'sthéé%?of Chapter

. Appendix I is a ;gble of examples of the-characferistic poly—-

-

nomials in some special cases. Appendix II contains eiamples of B-
-~

splines for quintic g-splines and ordinmary splineé for (0,2) and (0,3)

interpolation respectively.

”»



CHAPTER I

STATEMENT OF C.L.I.P. AND A SPECIAL CASE

-

We shall begin with the statement of the‘Cardinal'LacunEry

i

Interpolation Problems (C L.I.P.) to be considered in the thes{s. In Lo

o

I
-§¢ we _state. the main_zesults for a Special case whase solution w 1 be

r

accomplished in the course of §§3 ‘and 4.

1. ' Statemerit of problems,

‘Let n,r be positive integerelsuch that n z_Zr—l} Further, let

p,q,k be non-negative integers such that
(1.1) r =ptg, L <p<r, 0<gq <r-1, and p < k < n-r-q+l .
e : ! '

We shall use. the notation k,q = {k,k+l,...,kiq;1} and . -
075559 = £0,1,...,p-1,k, kN, ... ktq-1) o

1f s,t are integers with 0 < t < T and 0 <8 < n;r+1 leﬁ éi?f
denote the class of Cardinal spline functions S(x) satisfying the

following cqnditions

%
(1.2) S(x) is a polynomial of degree n. in each of the intervals

[v,v+1l] (v ='O,tl,t2,...),

Ly seS e Sleme),

# /\

(1.4) (p)(v+) = STD)(v )(p = s+t s+t+l,. ..,n4r+t) v integers_y. a.
= 0 =
If t ,» (1. 3)~and (1.4) together imply that S T S“r
If t = 1 and s = n-r then st r,l1 Sg Sy the class of Cardinal
n,r n,r o 2

g-splines for (0,1,...,r -2 r) 1nterpolation defined in the lntroduction.vtw

]



We shall call the following problem c .I;?. of type
(0,p; k,q) in ss’t-

PROBLEM. Given positive integers p,q,k satisfying (1.1) and r bi-
X ' ‘ e

infinité sequences of numbers

W ¥y = o) wedr Ko

satisfying
“@ oy
e vy = o(lv]™ (€ 0,p; k,@)

for some f“>-0;'to‘find a function S(x) é'Si’z"such'tha:'

(1.7) (i)( ) (i) (1 € 0,p; k,q) V,integers V.

Observe that when k =porgq=20 the C.L.I.P. reduces to the
C.H.I.P. In the case of a finite interval, instead of the whole real
line R, the correspondlng problems of type (0,2) in 35 9 and SS 2 have
been dealt with by Meir and Sharma [8], while the problem of type

0,p, k,q) (k = 2m-r-q) in sZm—l r has been treated by .S. Demko [2].
. . ’

2. A special &ase _ . o ' : -

We shall discuhs in full the Special case of (0 1,...,r 2 ,T)
interpolation by Cardinal g—splines "In our terminology this

corresponds to C.L.I.P. ofbtype «)r 1 r) in Sg c We shall prove

Iheo;em’ZTIT-TIﬁﬁir?Tbi—infinite sequences (1.5) satisfying (1.6) the

C.L.I.P. of type (0,r-1;r) has a unique solution S(x) € ng_iﬁ; such

that

(2.1) S(p)(x) =VO(|x|Y) (bre~0,r—l;;) as |x| + o,



In §4 we shall construct the fundamental functions .

- L8 g 0T 0) i -
Ls(x) H L2m-1,s(x) € SZm-l,r(s € O,F 1,r) which satisfy
¢ .
() T o1
L's vy =0 (g € 0,r-1;r), v = £1,+2 ,*3,... , o
(2.2) | | .

L(g)(O) =0 (p e O0,r-13r), p # s and L(z)(O) = 1.

In terms of these fundamental funétions the spline S(x).in Theorem 2.1
. : :
is given by

oo .

@ sw=1 |21 s v

v=—= |sg 0,rr1;r

3. The characteristic polynomials.

Following Schoenberg, we set

<

(3.1)°S8 = (5@ :s(x) ¢ S8 _,5P)(v) = 0(p € T;r=I;r) V integers v} ,

B -]
and call S(x) ¢ Sg c’ S(x) # 0,an eigenspline (E.S.) if it satisfies

then¥unctional relatibn '
(3.2) S(x+1) = AS(x)} for all x e R, A # 0 . -

The number A is called the eigenvalué (E.V.) of the eigenspline S(¥).

. o . : ,
Lemma 3.1, The space Sg r is a linear space of dimension n-2r+l.
_ Y . :

Proof. It is clear that the class of all polynomials P(x) of degree n -

satisfying

3.» @@ =2 =0 =012,

B \ :

" . o \‘ .
is a Iinear space of dimension n~2r+l. Thus we have only to show that

.

L o



‘ . .
every such P(x) determines a unique spline S(x) ¢ Sg - To this end
Lt . »

+ ~

we set

34 s =P +] P D]+ e QoenG 4.

s

+ z‘c(z}(-x):-x + 2 cfi)(—x-l):-s f
s

where the summations are taken over all s € O,r-1;r. Then

S(x) € Sg . and S(p)(O) = S(p)(l) =0 (p € 0,r-1;r). The conditions

S(p)(2) =0 (p ¢ 0,r-1;r) give -a non-homogeneous system of r equations - -

in r unknowns'c(i)(s e 0,r-1;r) whose determinant is equal to -
L !

1v1p(O~Ts0 -r+2, ... ,n
1121,..(x=2)!r! P( 1. ..,rfz,r)

(s)

which is non-zero. Hence c¢c 1

are uniquely determined in terms of P(x). ,Suppose.c(s)(k = 1,2,...,v-1)v

()

have been so determined Then ¢ are uniquely determined in the same

way by the condltions S(p“!t+l) = 0 (p € 0 r<l;r). By induction all

_ the c(s)(k 2,...,58 € 0,r-1;r) are uniquely determined in terms of

R .
P(x) by the conditions S(S)(v) =0 (v=2,3,sie,8 € 0,r-1,1).

Similarly the c(s)(k 0,-1, —2 ...,s'€ 0,r-1;r) are uniquely determined

by the conditions‘S(p)(v) =0 (v=-1,-2,...,p € 0,r-1;1). 0

Eigenvalnes;
[ . . .
Suppose S(x) ¢ Sﬁ . is an eigenspline satisfying (3.2). Then
) ? . . R

'S(x) is uniquely determined by its polynomial component ?(x)-in {o,1].

‘It follows from (3.1) that

S

.. P =P =0 (edrhn ,

 while (3.2) together with the continuity conditions on S(i) gi&e rise

to the;additional relations’ C . »



10.

3.6 . 2@ = P (0) (o = 1,041,000 nor,ner) | -
( | | (
By 53.5) we can write
. | _ n n n-lul | "o
(3.7) P(x) = ax + al(lzx + ... + an-r—l(n-r;l)x
n . ,.r-1 N
* e ot o)X e )

Writing equations (3.5) and (3.6) epwards with increasing‘p; we obtain
a homogeneous system of (n-r+l) eiﬁatiohs in (n-r+l) unknowns

,a . The_determinant of .the system is. the.

et LA L T -12%p= r+l

(n-2r+1)-th degree polynomial in A given by

(3f8) (A) - P(r l,ril,...,n—}—lnn—r+l’x) = l
r-1 . . i
1 ( 1 ... r_2) (1-») 0 o . 0
r+1 1, r+l, ekl ‘
LoD € Y e o
-£1 ey Y G B 3 0
X .
1. n-r ¢ n-r
1 ( 1 ) ehcesereacssssaavensnns s (nrril) 0
n-r+l > n-r+l
1 < 1 ) . nee e B cevevenanne (n-r—l) (1-2)
n-r+2 o n-r+2 n-r+2
11 ( 1 ) I vereseaTei i e e (n—r-l) (n—r+1)
n : ~ . n n
11 (1) Ctesessesseciocnttseresssanas (n—r—l') (n—r+1)

Thus the E.V.'s of the E.S.'s of the null space Sg are the zeros of
. - .

n8 r(A); Bn §7 we shall prové’the follow1ng

Theorem 3.2. Let n = 2m-1'be'an-odd-integer such that m > r+l

(r = 2,3,..;): 'The polynomial 1% . (A) is a rec1proca1 polynomial of
ST . 2m 1

?



\\e' . ;

degree d\= 2m-2r W§Eh real simple zeros ;Qo of which are of sign

( 1) T an (d-2) of sign»(-l)r._ (For proof see §7 p. ).

C

(A) by {x, } so that

| Let \us label the zeros of ng j j=1

2m-1,r

4v i ;‘.
<euo¥ Am-r< 1 <'Am—r-1< . <.Ad-1

Thé eigenepiines afé cansthEEéd as follows. Let P'(x)}be a solution

3

of the system of equatiohs (3. S) and (3. 6) when \ = j' Then set

S}(x) P .(x) (x € [0,1]) and extend S (x) by the functional relation

)

(3.11) Sj(n+1) ='Aij(x)- (x € R).

It follows thét.for every integer v we have
(3.12) ij(x+v)_= A;Sj(x)' (x € R).

Lemma 3.3, Let Sj(x).be an E.S. corresponding to Aj.

Then 5571 (0) # 0.

|
Proof. Suppose S(j 1)(0) = 0. Then its polynomial component
2u-1 2n-1,_2m-2- " oom-l _r+l
(3.13) Pjﬂx) a x" + al( 1 Yx f oo + ?mer-Z(Zm—r—Z)x

satisfies the relations

(3.14) p®) (1) =0 (p“Tqu os) »

and"

11.



(3.15) P(°)(1)'= A p(?(o) (o = r+1,..;,2m-r-2,2m-r).

Now (3.14) and (3.15) give a system of (2m-r) equations in-

(2m-r-1) unknowns a, (k = 0,1,...,2m—r—2). Since Pj(x) £0, it fol—

lows that f‘ is a zero of Hz -1, +l(A) and,at the same time)a zero of

Lkk ' r- 1 r+1,...,2m- . .‘. - '
n2m—2 r(A) =P 0.1 veuu,2m2- -+ :A}. But then (see §7) all the zeros
of HZm 2,1 (A) ‘are of sign (—l) except the zero (-l)r+l, and all the

, _qyrtl - _yrtl
zeros of H2m-1,r+l(k) are of sign (-1) . Since Aj\# (-1) these
are impossible. .Hence_Sggf;?(Q)a#,O.__,M R
Remarks. 1) The proof of lemma 3.3 also establishes the fact that the
matrix whose determinant is H% -1 r()\j) has rank d-1. Thus the eigen-

splines Sj(x) corresponding to the eigenvalue Aj are uniquely deter-

~ mined up to a constant factor, and so ‘there are exactly d distinct

eigensplines in 32 -1, .

RS

2) By a lemma of Schoenberg and Ziegler ([18], p. 424, lemma
_2) it .can be shown that these eigensplines can have. at most a finite

‘number of eer05'in (0,1).

Sigce the A, (j = 1,2,...,d) are distinct the relation (3.12).

3

gives the following

.Lemma'3.4. The eigenspllnes {S (x)}j =1 are linearly independent and

so form a basis of the vector space- S .
2m-1 ,T

’

We shall normalise the eigensplines so that

3

and ~ ' . N '
. o A . o
- .o R i Y, ) B a
) 2 * “\"{ \ - . o X - s
ri . . 4 A N .

(3.16) . S,(x) > d. (x € (d,é)) ior some 5 > o,

i

1Z.



©

3.17) s Doy = 1. | g ‘ B
J ' a w - ) R

Lemma. 3.5, If S(x) ¢ 32 1,y and S(%) = 0(|x]Y)lfor some y > 0, . .

then S(x) = 0. ' ' » )
~ - -/ 8
\\\»/Proof. By lemma 3.4 we can write S(x) = % chj(x) 'Sincea1k | # 1,
‘ j =1
.the hypothesis of the lemma together with (3.12) implies that cj =0
(3 =1,2,...,d). Hence Sj(x) =0.

S /

4. Fundamental ggiings," T T e

Recall that the fundamental splines L (x) =

b

L%m 1,s (x) ¢ Sg (s e (0,r-1 r-1;r)) should satisfy the following

conditions

. L(Z)(VS,=‘° (o € 0,r-131), v = £1,£2, L.,
(4. y

A L(Z)(O) =0 (p € 0,r-1;r, p # 8) and L(z)(d) =1

We shall construct these fundamental functions in terms of the eigen-
splines obtained in 53. For this purpose let us consider the following
functions'

m-r

.(4y2) P00 o= Z _chj(x)' , o 7' R -4§E}‘

' 2m-2r <§’
(4.3) ¢ F2(x) = z d.s,(x)
j=m-r+l- J.j '

(4.4) P(x) = aéxzm_1.+ a*x2m—2

"and




' 2m-1 2m-2 ’ -r+1 | r-1 , x
(4.5) Q(x) box + nlx Tt b2m—r—2x + b2m-rx + T

(s € 0,r-1;r) .

Observe that F (x) € S (i = 1,2) and Fl(xl4e L1[l,m) while

2m-1,r
'Fz(x) £ Ll(-w,-ll. Also P(p)(O) = Q(p)(O) = 0'(9 e 0,r-1;r and p # s8)

and PV 0) = ¥ (o) = 1.
If we set

(4.6) .P(_p)\(o) = Q(p) 0) (P = r-1l,r+l,.. .,,2ﬁ1'1’."2»2,m"r) .

m-r

jljj
‘and
| ©) 2m-2r ( y - '
.8 QP¢-n = } d S ° (- 1) (0 = 0,1,00.,2 m—r-2 2m—r)
. S J-m—r+1 :

" we obtain a non-homogeneous system of 6m-4r egéations in 6m—4r unknowns

‘ 2m=-2r
{aj,b .j=0f1,;..,2m-r—2,2m-r}, {c.}™F and {d,}° Tm—r+l° We‘want tn

A 3’ 3= 1 33
show- that thiS’System is non—singular. SOBéeziethat the constant terms -

1

' 1 1) o
of this system of equations consist of - (s p)! , Es-p)' which appear in

the last two sets-of-equations (4.7) and (4.8) for p = 0,1,...,s, and
the rest are .zeros. - The’corrayonding homogeneous system corresponds to

the system of equations given by (4 6), (4. 7) and (4.8) 1 v'ichjthe
terms E; are'absent’i P(x)'anu Q(x) . 1f this system is singular we
wouid.obtain a spiine S(a) € §§’;, S(x) # 0, and S(x)‘e Ll(—m’f)', This;»
_is impossible becauge of lemma.3 5. Hence the aboye system is n6n-

.singular; This ‘means that we can find a unique spline L (x) € SZm-l r

(s € O,r—l;:) satisfying .1). -Furthermore-Ls(g) € Ll(—Q,w).



e

The symmetry relation
(4.9) L. = D°L (%) (s 0,r-1;1) . E
]

follows from the_followingvlemma whose proof is immediate.

-~ - _ ~ g
Lemma 4,1, Let Ls(x) Ls( x). Then Ls(xl € Sn'r and satisfies

—

i(g)(v) =0 (p e 0,r-1;r) V- -integers v ; 0,‘£(g)(p) =0 (p e 0,r~13r,

p # s) aﬁd i(:)(O) = (-1)° .

Lemma 4.2. . There exists positive constants A and a depending on m-and - -

I3

r such that

@.10) |L(Z)(x)| <A e—ml:KI (p €0,r-1;r) .

Proof. Recall that Ls(x)’is constructed so that .

m-r
(4.11) L (x) = ] .c

153 (x) (x> 1)
j=1 :

Hence, in view of the relation (4:9), it is clearly enough to prove the

same estimate for S(g)(x) (j =1,2,...,m-r) for x 3;0. v

—

Suppdse v <X < v+l. By (3.12) we have

' ' .(p) WV <) S
.(§.12) S j (x) Aj S j (x-v) | _ . :

and so [s® | Kk B|a, 1Y <BIA AR (= 1,2,...,0-1), where
i J | h \

B = sup S(e)(x)." Hence

0<x<1
: v -1
(0) exp{ - x logIAjI } . '
(4.13)  |s*/(x)| < B , (3 =1,2,...,m-1).
. 3 I ) -
. -1
If we set g = min ‘1og|Aj| » We have P~ .

jél,z,.... . ,m-r

; :

15'



e ' , 10,

4 : : C A

(4.14) lS(g)(x)l < B e—"f—f—ﬁi)— K€ - 1,2,...,m-1), x'>_o .
Hence (4.10) follows from (4.11) and (4.14). 0
—

Proof of Theorem 2.1,

<

\Wévshallnshow'that if

(4.15)  y® = 0(|v[") (o € T,r130) for some y > 0,

then .
w1y sPw= 3| 1 yOLPuw| ¢ et
-= ‘s ¢ 0,r-1,r 8 ;

®

convergés locally uniformly'ﬁnd

.17, s @ = o(xM @ ¢ T T as |x] > =

The proof of (4.16) and (4.17) is the same as in [13] p. 415

-with obvious modifications. 0



CHAPTER II

PROOF OF THEOREM 3.2 AND SOME GENERALISATIONS ~ *

(1) are used in the construction of

the eigensplines for the C.L,I.P, of type (0,r-1;r) in ng—l c This
’

In §3 the zeros of IIg
P 2m-1,r

B chapter is devoted to ‘the proof of theorem 3.2. We shall also discuss
the corresponding results for some general cases. These results
generalise the theorem of Lipow and Schoenberg [6] and also 3ur theorem

3.2.

5. The chdracteristic polynomials for genmeral C.L.I.P..

Lgé:n be a positive integer such that n > 2r-1 and p,q,k be
non-neg®Wive integers satisfying (1.1). Further, let s,t be non-

negative integers with
(5.1) " ktg<s <n-r+l ,0<t <r.

Following the same argument as in §3, we see that for the C.L.I.P. of

© type (0,p; k,q) in Si’t the E.V."'s of the E.S.'s belonging to the null

space

————

-]

(5{2) Si:: diﬁ;;i::by= {s(x) ¢ Ss:; : S(p)(v) =.0

for p € O,p; k,q and v = 0,%1,%2,...}

are the zeros of the characteristic polynomials Hi’; (0,p; k,q: A) where-
N n ’ .

S,t 7 ' -
(5‘37”?n,r(0’p’ k,q:1) = P( 0,1 , ... ,n=k-q,n-k+l,...,n-p’

&, .
\ . ‘ ~

- 17 -

“

r-i,r;t+1,...,n-s-t,n-s+l,_ cee , N ) = -



°
( r-t
1 (1 )nco(l_x) 0 tc--ooooo-ooncn...o.--n-u-c.o--n-.-co
n—s-H-l(E e ® .
1 (n-i—t).-.oonoc-o- (1_A) O .o-........-..‘..........--0
\
r.1 (n-i+1)............--........(l-X) 0 .......'.........0
s—k=-q{ | : C . :
1 (n-i—q)‘.cono'o.acco- .0 . . s o0 (l‘A) 0 -.0-00-0‘
- n-k-q+1. n-k-q+1
1( 1 ) ..'_. e 00 ® o0 0 L 3 . (n_k_q) 0 . L] ..0
B CE : : :
: : ' : < : ‘:
" ) . . . Lo .‘. . .
' . n=k+1 n-k+1 _
| G S s QTT) A A?. 0..0
k"'p : : i : : .'s :
] n=p n-p ‘n-p 1o
1. (1) o e ® e s 000 s e e 000 . LY . (n_ _q) (n_k+1)oo(1 A)
el P s
n n , n n n n n
1 (l) "'(r—t) (n-s—t)"xn-s+l)'(n-k— ) (n—k+l)"(n-p)
~ J e —— ™ n'a — N A
r-t n-s-r+l . .t s~k-q k-p
Wﬁ shall write
— )

S»0, 5 . T.1y"
Hn:r(O,p; k,qik)
(5.3a) . )

t—_
n @,p; K050

Observe that A occurs

—

@5 G

8,t
Hn,rO‘) .

3]

in (n-2r+l)r6ws and (n-2r+l) columns,

and it is clear'th?t H:’E(ajs; k,q:1) is a polynomial in A of degree
T 9 . s

d = n-2r+l.

Hs’s(o,pé k,q:1) are reciprocal polynomials. Some particular cases are
’ . X .

By the same reason as for Hg r()\), the polynomials
? .

18.
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8,0, 7—. T, -
S(CNY k,0:1) e Oy

(5.4) 3 4

Tl G, ein) = 18 ‘
nn,r (0,r-1,r:}) Hn'r(k) .

\

- .1, —— —— . *ok
“2,:’ (0,p;k,0:2) =1 _())

Foibife sakh of conveniencé we shall also write
n,r

(5.

and

850, = 1y = 1" o
5.7 nh’r(O?r 1;r:)) Hn r(A) .

The relation

* %%
(5.8) '(n-r+l)Hn;r(A) =r Hn’r(k)

is a particular case of the following lemma.

Lemma 5.1, Let ‘n > 2r-1 and p,q,k,s,t, satisfy (1.1) and (5.1). Then

(5.9) Hi:;(o,p;K:q:A) = cI

n—q—k+l,Q(o’r_t y,nA=-s—t+1,t:1) ’
n,r

v

n n . n a 0. .0
where C = (n-P)(n—p'l)'..(“‘k+1)(n—k—qu"(1)(0)
(n-r+t)(n—r+t—l)"'(s+t)(s—1)"'(1)(0)

Proof. By taking transpose and the interchanging rows and columns in

the determinant (5.3) we can write Hi’;(o,p;k,qu) =
: H

s



~we

' ' ,
. i o
n P ¢ bl
(n_p) (n__p) ee 0 (l-A) (0] | O ) 0] 0
n | n-1 ..
(n—pr'l) (n_p_l) ) o-.-..# (l-A) .0 s 0] 9]
K L : -
n n- . . . .
(n_k+1) (n_k+l) ® oo 00 00 : :
n +n=1 ' )
(n_k_q) (n_k_q) ® o o a0 0
. _ (0] : (0]
E —t E o P el e .. o (1=J\) . -0 s e
‘ : ' ' r-t+l _ ‘
¥ : | (rogo1) (=0
r—-t+1l r-t
. - Crog-1) (roen)
n n-1 ' n=s+l n-s-t r-é+l r:t
(l) (l) oo;oo ( l ) ( l )--o( l ) (ql)
1 1 1l 1l 1l 1 o
X n n~1 ' n 'n n, ,n
1f we_factor out,(n_p), (n—p—l)""’(n—k+l)’ (n—k—q?""’(l)’ (0) from

the 1st, 2nd and so fortqtuntil the last row feSpéctivel&, and apply the
relatiép. |

G =EH ) @

L L m-k m-k - ’
then factor out 1/(n-:+t)(n-:+t—1);"{s+:+1)(s:t)(éfl)"'(;)(8) from the
columns we obtain (5.9). N : o a

1

6. A determinantal identity,

. For convenience of reference we now state a determinantal

identity and a theorem of S. Karlin which will be used in the sequel:



©

" Consider the following n x (n+2) matrix

. "]
' (1) - (2) (n-2)|
al bl cl dl f 1 f 1 cen f l
! )
1 (2 (n-2)
a, b2 <, d2 f_2 . 2 oo f )
(6-1) S| v ) ‘r. o e .
?; . i . L) . .‘ [ » - . ;
. .. lla b. ) c d f(l) f(2) e f(n-_2)
e n ) n n n n n “n

Let a, b, c, d, 'f(l), cees ¢ (0-2)

~ -~ ~

denoté the column vectofs of (6.1)

and D(a,b,f) E'D(a,b,f(l), cany f(n-Z)) denote the ﬁinors of (6.1)

~ o~ o~ ~ . ~

" formed froﬁ the columns a,b,f(l), . f(n-Z). Then~én idéntity of
S. Karlin ([4]; P. 7) states that
Pa.eD Dyef) 4
6.2) | = @bt

‘, D(2,d,) D(b,d,E)

~ o~ - L

TReorem 6.1 ([4]1, p. 85);. Let A =[laij|| (i,j = 0,1,..,,nf be a triangu-

lar matrix, i.e. a,,=0 for j > i. ' If A(i’i+l""’i+p) > 0 fo
. ij B 0, 1,

~ s ey .

RS s

[a ¢

0 i<n-p, 0<p<n, then A is totally positive. Furthermore

21.



1.,1,,000,1 ’ i< il <l < i
A 01 v > 0 for 0 < ° < 1 < < jv <n
jo jl "1‘ v

jo’jl:*'.’jv

-

whenever jk j_ik (k = 0,1f...‘y; v = Ofl,...,n).
In the case of the matrix P = "(;)H (1, = 0,1,2,..}),,it is
easy to show by induction that (see [6], p. 284) | '

i,i+l§...l,i+P) = 1 (i’p = 0_,l,é,..o)t‘

6.3) P

Lemma 6.2, The matrix P = "(§)||(i,j

Furthermore

1 41 ,00.,1 « o1 o<d, ¢ ... < 4
(6.4) P o’ 1 S 0 for 0O jo < jl < < jv 1
o P <o Y

IA

joxj13'°f’jv

, : ' <
whenever . '3, j_ik_(k = 0,1,...,v).

™~
~
N

We deduce from (5.3) and lemmk‘é‘“().z;thayg

L]

(6.5 15°°(0,p; k,q30)>0 .

S,
n,

7. Proof ‘of Theorem 3.2,

First we establish some identities for thé characteristic
. polynomials.

Lemma 7.1, Let r = 1,2,..; . For n > 2r+l we have

. . = g ’ ' | - 2 -— - v : ’ ’
RV NENPL VL IPNLIR CVIE I L NI D L L PR Lo
" Let r =-2,3,;.. . For m 2 2rtl ’
7.2 T | -1* oo’ Ny -1 oont (A
_( -2) Hn,r-l(‘) n—l,r(X) T n,;( ) n—l,r—l( ) - n,r( ) n-1,r-1 )

0,1,2,...) is totally positive.

22,



and

(A)n (x) - ng Lm0,

€7.3) n (A)nn r+1( ) = a0,

Proof. To prove (7.1) let us consider the following (n-r+l) x (n-r+l)

matrix.

r : r . . .
1 (1) ..._(r_l) (1-») 0 T ¢ o
r+l L r+l r+l, '
l._ ( 1 ) e e (r—l) . ( r' ) (l—ll).-.n" 0 0
' . ... ‘
n-r-1 n-r-1,  n-r-1l, ,n-r-1
(7.4) ‘1 ( 1 .)...(.r_l )‘( r ) ( o+ Yeoo (1-2) -0

n-r n~r n-r ©oa-r i |
1 ( 1) -to'(r_l) (r) (r+l) o e n r- 1) (1 A)

Letvus denote the first and the last columns of (7.4) respec-

(v-1)

'tively by c and d and.its v-th column by f for v = 2,3,...,0-r.

Set. a = (1, 0 . 0)T and b = 0,...,0, l)T. Then after some simplifica-

tions we have D(a,b f) = ( 1HET l(nrl)nn'. M\, D(a{c,f)’= Hn r+l(x)’
_ n-r-1,n n-r .
D(f,f,f) = (-1)" | (r) -1, r(k)’ D(E S f) (—}) nn-l;r(x)’
n- : ) : _ n-r-
D(b,d,0) = =GP, () and D(e,d,H) = (-1) lnn,r(*) )

!
Substltutlng these into (6. 2) we obtain (7 1)

In order to prove (7 2) we again set a = (1, 0,...,0)

T O

and let f°

b = (0,0,...,0,1) denote the v-th column of (7.4) for

t

-

v=1,2,,..,n~r-1, with ¢, d repreéencing the last two columns. Then .

- 23.



Dla,b,5) = (- Dy n 1;r+1‘A)’ D(f,s,f) = DM Lo,

~ o~ o~

D(a,d,f) = (- 1)“"‘l a1 (W) Dby, ) = -1 W) DG,d,6) =

o e ~~~ ~~~

Co” (A) and D(c,d,£) =1 _()). |
. I'l ~ n,r . ¥ -

Replacing r'by (z-1) in the above determinaﬁts, and using the
 identity (6.2) we obtain (7.2). |

_Ip‘ordef to érove (7.3) we use ghe same vectors as iﬁ the
. proof_of (7.2) exceﬁt thét—?iis reélaced by'the;ve¢tor (0,1;0;.:.,0)TI‘

Then (7.3) is obtained by replacing r by r-1. . ' o ' O

Lemma 7.2, If n 2 2r-1, then

(7.5) M () >0 for (-7 >0, T

Proof. A-straightforward computation shows that

_ o - ‘ r+1 n- 2r+1 r+l, ;n-2r :
(7.6) Hn’r(x) =a_[(-1)" "] a, [(- l) Al teeta oo
where : )
S z l,r+v2 ﬂ.,t+vk,n—r+1,..., . n ‘)‘
. P ' '
. ( » Lo mLrtyrhy sy

'(k =1, 2,...,n-2r+1) the summation is over all th (nfir+l) choices of

{ 2, “eaVp } from {0 l,...,n—2r}, and

_peoa-r+tl, . .0, 0o ' ,' ' o
19 4y =Ry : .
Hencé'(7.5) folloﬁsffrom lemma 6.2, N ' o _ g

‘Theorem 7.3, If r 2 1, then for n > 2r+1 the zeros Hn r(A),are real,

simple, of sign (-1)" and interlace'yith the zeros of Hn_llr(k).

24,
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/’

Proof. The proof fqilows'by induction oe n. We shallvgi;e the proof
only for the case when r is even. The case when r is odd een be
treated in the same way. We shall denote the zeres of H (A) by A(n)
' If we set n = 2r+l in (7.1) and take ‘into account that

(A\) =1

-2r-1,r(l?'5 1, we obtain

Mo+, 41

(7.9) (D)1

ve a2
2f+1,r(A) - <2r+1){H2r,r(x)} -'rHZr—l,r—l(A) *

1

Nowné (A) is a reciprocal polynomial of degree 1 which is positive for ‘

A < 0. Hence H (1) 0, and it follows that (r+1)H (1) =

5 -

2r+l,r

(1) <0 by lemma 7.2. But ‘then TI (0) > 0 and therefore

“Mor-1,r-1 2r+l,r

() has a zero in (0,1). Since it is a reciprocal polynomial it
2r+1 ‘ L

also has a zero in (1,»). Thus the zeroseof | ()) interlace with

2r+l,r

the zero of HZr’r(A).

. Let us suppoke that the aséertion has beenvproved for nn'Z r(A)
: . . . ' ' Ly

andfnn;l r(A). Mor precisef;; let us suppose that the zeros of
, .

ﬂn_z’r(}) and Hn—l,r(x) satisfy the relation

: (7.10): 0 < A(; 1) (;-2)< A(;f1)<.f.<.1<2:§?< A(n:i) d = nf2r+l)f‘

' It follows from (7.1) that

ol (“ 1))n

(A (“'1)) (1 = 115:5..,d—1).

Since r' is even,,iemma 7.2 says that the R.H.S. of (7.11) is positive for

r+1(“ n-2,r-1

i= 1,2,;.;,d11. Hence

(7.12) n_ r(xi(“‘l))nh;z r(xi(“‘l))< 0 (1=1,2,...,d1) .

¢



It follows from (7.10) that n.

i = 1 2,...
intervals (
and»thg fac

follows tha

Tt P
WP

,d-1. Hence H

(n-1) (n-1
s A
A - 441

t that H

i

S

(A (n 1)) have alternating signs for

(A) has at least one zero in each of the

))(i ,...,d—Z) By inductive hypothesis
(0) > 0, we have __ (A (“'1)) >0." It
t H (A (n 1))< 0. But then H (0) >0. Hence H (x) ‘has

a zero in .((Q, Al(n 1)) and sinte it is a reciprocal 1t must also hIf\\

n-1)

zero in (A(d 1 » ®). The assertion is proved by induction. o 0
Theorem 7.4, If r > 2, then .for n i_2r+1, H (A)( (0 t-13r:1)) has
real simple zérds, one of which is'(—l)r-1 The remaining d-1 zeroé

are of sign (-1)

¥ and interlace with the. zeros of I

2

r(A).

Proof. We .shall again asslme that r is even, and let us-suppose that

the zeros o

(7;13) 'jf

f Hn_l’r(A) and Hﬁ;r(A} are given

< A(nb-% A(n-l) e A(n_l) < A(n)

1

1

d-

“We can certainly assume this by.theorem-7.3.

implies tha

(

Since'H
’

t

@10 1, 0,

(A(n)) ‘ (A(n)
,*“.

is= 1,2;...,d).

~

by’

Now . (7.2

)nn 1,r-1

) of lemma 7.1

(x(“))

(A(n)) and I a-1,r- l(X( ) are positive for all i = 1,.!.,45

‘1t follows from (7 14) that

,(7.i5)j Sg

P'H _

(A(n))

Sgn H (}(;))

_ . T ‘ ‘ B 3 .
By the same ‘argument as in the proof of theorem 7.3,,Hn‘r(k)

26.



(n) V@)

has exactly one zero in each of the intervals ( i i+1
d=1,2,...,d-1). It cannot have a zero in (0, A(n))or (A(n) @), For

if it has a zero in (0, A(n)) it must also hqxe a zero in (A(g),@ ) and

/

vice versa which is impossible since it is only of degree d. Since
* .

h r(A) is a reciprocal equation: the remaining zero must be =1. The

theorem is thus established. ' o o

W

-~ R . ' o : g N _ n- 1———_ ‘
Theorem 7.5, If r-> 2, then for n > 2r+l, Hn r()\) (= Hn 5’ (0,r-1;1:2))

Vnas feal'zefos two of which are of‘sign (el)r_l\and'(d—Z) of sign (—l)r.

If n is odd the zeros are simple and are separated by the zeros of

Hn r(A). If n is even ( 1) is a double. zero and the. remaining. (d-2).
2 .

zeros are ‘simple and interlace with the (d-1) zeros of Hn r(A) of'sign :
,an _ . , :

(S
' Proof:. Again, we shall assume that r is even.
R LS % ,

(i) n is.odd .
' (n) _

Let wus denote by® {u(n)} , with p° 1, the zeros of -
1 7a=10 VEER H Y N
* .
Hn r(A), By theorem 7.4, we can write
’ ; I ‘
- (@ _ (@ _ @, () _ ,(n)
(7.16) AL <A 1 SH ) Seen< P A

Kﬁ‘

a6, 6Py 6P r+1<u‘9)>(1 12,0

n,

.From (7.3) of lemma 7.1, we have’

Sinee‘u(n) > O'fpf i= 2,3,...?d, it fqllows;lnsing the usuél,argument

i
(n) _(n)

: g ' .y : , N .
that Hn’r(k) haevetvleast one zero in veach of the intervals (u 1 ’ui+lL

(i = 2,3,.0..,d-1). - Thus Hg (A) has at least (d-2) dlstinct positive

- -zeros.

27.
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L B o ]
‘We shall show’that'IIg (A) possesses two distinct negative

" zeros. Let us observe, first of all, that since H (0) and

., rtl

*nn r-1

-1y ("

(0) are both positive, it follows that gn .. (=1) =
n,r+l

2ED/2 gnd sgn . (1) = (D PEFDN2 0 pence, from (7.17)

and the fact-that I (-1) is positive, it follows that T8 (-1) is
. T - . . ’ .

negative. 'But‘iten né '{0) is positive, and therefore N5 (1) must -

n,r , ) , D,T°

‘have a zéro in (¥1,0). Since it is a reciprocal polynomial.it must

-also have a-zero- in (—w =) . Thus we have shown that H,, (A) ‘hds” at ‘/

least two distinct negative zeros and at least (d- 2) distinct positive

zZeros. Since its degree is d we conclude that it has exactly two _

distinct negative and . (d-2) distinct positive zeros which interlace

with the zeros of H ). : , - . T

4 T n,r . . . L .
- (di) n is.even .
(- 1) - n LD = o SThce

In this case_Hn’r;l(-l) = H ,r+l

r(_.-]_) is pasitive, it'follows from (7.3) that (—l) is a zero of

‘Hg (A) By‘the same argument as case (i) we see that Hg (A) has

.>

exactly (d -2) distinct positive zeros which interlace with the (d—l)
positive zeros of_hn’ (l)t Since Hﬁ’r(k) is a reciprocal polvnomial
the remaining zero_must’be';l. Ihus -1 is a zeto,of multiplicity 2;'
.',Hence theotep 7.5 iS‘established. - : ' . o
| »Theorem 3.21f3115§s{e;s;1§ from theoren 5. | o
SN \\;» .

8. Some generalisations

In this section we shall discuss some generalisations of the '

' results in §7. More“ftec1sely 'we' shall discuss the zeros of the



& -

reciproeal polyhomials n:’;(O,p; k,q:)) under certain restrictions on
. [ -

the integers k, q and t. These results can be accomplished by using

the same techniques employed in §7. |

The following theorems generalise theorem 7.3;

Theorem 8.1', If r >.1, then for n > 2r+l the zeros of Hn r(O,p;'

n-r-q+1,q: A) are real, simple, of sign (- 1)p and interlace with the

zeros of 1 atl, r+l(0’p’ n-r-q, q+1 A) (respectively H r(O,p,nAr_Q;S:lz}”_ 

Theorem—8<2 Let p, q, k be integers satisfying (l,l), s,t be integers

14

1 :
with 0 < t < r < k+q <'s < n-r and suppose that q,t a oth even.

—

Then the zeros of the polynomials H ot (O,p,t ,q: A) ; ‘(0,p, ,in)

» —

and Hs -1, t(O,p, k-1,q q A) are real, 51mp1e and of sig (- 1)p Further-

———

_more the zeros ofrﬂs’r(o,p; k, :X! interlace with the zeros of

b

— : \

H::;,r(osp, ERN. (respectlvely H (0,p, *-1.q ,q: A))
?

When q = 0 theorem 8.1 not only reduces to theorem 7.3 but
also says‘that ;he zeros-of nn’r(k) aod‘Hn+1’r+l(0 ,r; u-r,1; A) are
interlacing. Similarly when t = q = 0, theorem 8.2 gives theorem 7.3.

Theorems 8.1 and 8.2 are proved in the same.way as theorem 7.3

using respectlvely the identities

(8.1) (n+1 p)H +1 r+1(0,p,n r- q,q+1 A)H .r(O,p;n—r-q,q:A)

- (n+l)Hn’r+1(0,p;n—r-q-1,qf1:A)Hn’r(Ofp;n—r-q+},q:A)

=.(r+q+1)n (O,p—l'n—r—q—l q+l X) ’Hh+l;f+l(0;p+1;hfreq+1,qzk)

(n.3;2r+1, r = l 2,...) ’

.29,



and ' . o . 'S

-1 (T ok a- s-1,t &— . B :
(8.2) (f\ P)Hn’r(Ofp,k,Q-A)Hn_z’r(O,P.k 1,q:2) ', \

= a2t r(o‘,'p;k',' oSl t(o,p,k “T,q:0) \
/ .= (x- c)n (0,p+l k,q: A)HS ; i 1 O,p-T13k-1,q: x)
(0-<t<rcx< k+q‘§ﬂs'f_n~r). - R -

Ldentities‘(B.l) and (8;2) can be derived from (6.2).

Theorem 7.4 admits the following generalisation which can be

proved in the same way. -

f N ]

. O .
Theorem 8.3 Let n, r, s, t be integers with 0 < t < r-1 € g-2 < n—r—Z

—and suppose t is even. . Then H ’t(O r-1;r: A) has real simple zeros, one
i

of which is (-1)_ . The remaining (d-1) zeros are of.sign (—1) "and

—

interlace with the zeros of H (A)

‘Using theorem 8.3 we shall rove a more general theorem, viz,

Theorem 8.4: Let n; r, k, s, t be integers with

»

' 0.5 t <r-1l < k < s-1 < n-r-1, and suppose that t is -even. Tﬁen_

Hs’t(O r-1;k:A) has real simple zeros, (k-r+l) of which are of sign
n,r ;
r-1.

(-1) -and (d k+r—l) of sign (- -1)". Furthermore the zeros of

.

HS’E(O,r-l,k:A) aqg Hn’r(O,r-l;k+1:X) are separafed forAk=r-1;r,...,s—2.
J 3 - .

Before provihg the theorem, we first establish the following

. Lemma 8.5 Letn, r, k, s, t be integers. such that

0 <t <r-1c<k-1c¢s-3 sn-r-3. Then.

a

" 30,

G



(8.3)

where

(8.5)

Proof.

(o T-1yk: x)ns -1, t(0 T-2;k-2;k:))

’

-n? (o T-1kl: x)ns -1, t(o T-2;K-2,2:))

— 4

(o r-1;k- i]x)ns 1 t(0 r- 2 k-1,2 2:2) ' ‘\‘////’v

s,t R s,t T .
NS @ Tiks NS E ) (0, Thkem13kk1:0)

(0 r-1; k+l A)n ‘(o,r-lgk-l,zgxy‘ \//“

. r— ) s,t m—————
= Hn:r(O,r-l;k-l:k)Hn:r+i(0,r-l;k,2zk)

2] :!m
°

» s

s,t ECI T . =
Tl ’r+1(9,r 1;k-1;k+1:))

r-t+l,.. un-s—t n-s+l,.ec... ;  n- _
P ' HE\ .
0 f..,n-k -2,n-k n—¥12,...,n—r+l
A 1 .

Consider the following matrix of order (n-r+l) x (n-r+2)°

<

31.
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- 32,

Y r-t r-t ‘ ‘
1 D (1-1) 0 0 .iiiiiiiieill
1 (r"iﬂ)............‘....(1-X) 0 trreerennnnnnia0
. ,. 1‘ '. - . R
1 (Y t).............\\.......(l-A) 0..0....0....0
n-s+l, L :
(8.6) 1 " i*)(l-x) 0....0
G e DO R ¢ T )
Tl e’ n ' n ; .
1 (1)"° (n-k—Z?(n k- 1)(n k)( —k+1)(n k+2) (n-r+1)
[ I [ 1] I fl Il Il
g1 (D) . (o-k-1) b g (n k) ...f(“'r“l)
Let f(i)vdenote the i-th column (i = 1,2,..,,n-k-1), a, b, c

.-

denote the (n-k), (n—k+1) and (n—k+2) th columns respectively and f

denote the v-th column'

. If we set d =.(0,...,0,

“d=(1,0,...,

Proof of theorem 8.4

that since Hs’t(O,r—l;r—l:A) =
n,r

theorem 8.4 is true for k =

0)T we get (8.4).

L od

(v 3

= n-k+3,...,n—r+2) of (8 6) as shown above

(v
1)T we obtain (8.3) from (6.2), and if we take
g

The proof follows by induction on.k. Observe

S’Q(A), theorems 8.2 and 8.3 assert that

r<1 and r.



Let us suppose that the assertion is true for

k=r-1l,...,2. W. 1l, o. g. we may agsume that r is even, and let us

) —

) ) S,t =TT, 0 .1 x)
deno;elthe zeros of anr(O,r 1;2:2) by {y i }i 1 S° that
N 1) (1) (%) a-1)_  (2) (2-1)
(B.7) ¥ 'Yy Y et Y € er+1<° Y p-rtl
) ) (2-1)
< 2—r+2 R AF T O

It follows from (8.3) and (8.4) that

(8.8) ni’i(o,f-l; g4+1: y (2))ns -1, t(o T-232-2,21 y(n))

(Z) s-1,t ~——mr ——
1 ’ . .
-n° (0 r- -1;2-1:v hait 1, 0,r-2;8-1,2:y

(2))

n

and

(8.9) Hz’;(o,r—l;l+l (2))HS’ (0 r- 1 °-1,2: Y(E))
S — (z) (2) <
= —Hn’r(O,r—l,l-l )ﬂ ’r+1(0 ,r=1;2, 2 T }

(1=1,2,..%,d, r<2<3-2).

Since ns L (O,r-132-1,2 y(i)) and 177, (0,7-15%,2:y

(2)

(2))

are posifive for 1i = £—r+2,...,d, and Hs 1 t.'(0 r-2;2- 2 2 Y. ) and

n°” -1, t(O r-2;%-1, 2-1,2: y( )) are positive for i = 1 2,...5%-r+l, it follows

n-1l,r i
¥ .
that '

(8.10) Sgn nz’i(o,r—l;£+lzy(:)) = —Sgn-n (0 r-1;2-1: y(z))
. , .

(A =1,2,0..,d).



e,

— oy

Hence H:’;(O r-1;2+1:1) has exactly one zero in each of the intervals

(Y(:)’ Y(ill ) (1 =1,2,...,d=-1). Clearly (8.7) shows that

8yt . 7. (%) 8yt 7. 01
Hn’r(o,r 1;8-1:v 2—r+1) > 0, since Hn'r(o,r 1;2 1.0)i> 0. Hence

—

AT YN ¢ 5yt
Hn’rfoTr 1,¥+1~Y l—r+f’ < 0. But then Hn r(O,r 1;e+1 .0)'> Q. Hence

(2) e
L-r+1’ T p-rt2

the zero of H:’i(o,r-l;£+lzx) between (v ) actually lies
’

in (Y<g)r+1a 0). Since Hs’t(O r—l'£+1:x) is a reciprocal polynomial it
(2

. must_also_have a zero in (~=,Y. 1)) _The,éssertion follows by induction. .

An analogous method éives the following generalisatioﬁ of

theorem 7.5.

Theorem 8.6 Let r 2 2, and let n = 2m-1 be an odd integer such that

o W
m 2 r+l., Then for each integer k with r-1 < k < n-r-1,

H: : l(0 r-1;k: A) has real simple zeros, (k-r+2) of which are of sign
2

(—l)r_1 and,(d;k+r—2) of sign (-l)r. Furthermore, the zeros of

" r (0 r—l k:A) and H (0 r-1; k+1 A) -are separated for

n4r

k = f—l,r,,..,n—r—Z;

[ . :
9. Discussion of the C.L.IL.P.

From the results of §8 we see that if n = 2m-1 is odd, the

——

zeros ‘of the polynomial Hi’;(o,pgk,qzl) are real,-simple and not equal
. . > _ ‘
to 1 for each of the following cases:

©(9.1) " £ =0, k= n-r-qgtl, n 2 2r+l,

i
(9.2) .t and%q are both even and 0 < t < r <.k+q <'s 5_n—r+1;

’



?
»

" Theorem 9.1 Let p,q satisfy (1.1) and suppose that p, q, k, s, t

Aunique solution S(x) £ SZm 1’ .such..that.

0.5 sP = o(x|M) (¢

(9.3) teven, q=1land 0< t<r-1<k<s-1<n-rwith (k-r) odd,

v

(9.4) t=1l4q=1 s = n-r and 0 < r-1 < k < n-r-1 with (k-r) even.

The method of Chapter I leads to the following theorem.

satisfy one of the cohditions (9.1)-(9.4). . Then ginen r bi-infinite

'-sequences (1.5) satisfying (1.6) the C. L.I.P. of type (Olplk,ql>has a

——

0 »q)

as |x| > «,
If one of the zeros of the characteristic polynomial is 1

(ot -1) the corresponding'C.B.I.P. does not have a unique §olution.

Indeed if S (x) is an E.S. corresponding to the E.V. 1 (or ~-1), then

S (x) + S(x) is a solution of the C.L.I.P.. safisfying 9.5, if S(x) is

a soluti@ of the same problem satisfying (9.5).
B . i :

LS "
Remark. - We are concerned here only with a partic#iar'class of C.L.I.P.,
. . ——— N Qo -
namely problems of type (0,p;k,q) i Si’ﬁ in whlch only one gap is%

'allowed in the interpolating conditions. Even in this 5;rt1cular class

we do not completely consider all the cases. Consplcuously absent is

»

the case when q and t are both odd. The only problem of this type -

which we have considered is glven by condition (9.4).

t-('

3
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CHAPTER III

HANKEL DETERMINANTS OF EULER-FROBENIUS POLYNOMIALS

The characteristic polynomials H (5,p, k,q A) play a funda-
mental role in the corresponding C.L.I.P., Since much is known about

the Euler-Frobenius polynomial 1 (A), it is natural to search for

‘relation nbgtween Hn:r(o,p;k”qzk) gnd Hn(A). It turns out'that

, relaFedﬁko a Hankel degegminang of Hn(k). We shalilalso

’étate’withbdfhprbdf'an'expfégsion'fbt théiﬂéhkelmﬁgterminaht of_gxﬁo;
nenti;l Euler”pblyAOmialsj Tﬁis relation also occurs in an interpo-
lation problem with é;rdiﬂal splines, but we shall not dwell upon it

here.
10. - A relation between I -(X) and T ).
v n,r n
))

(a ) the Hankel determlnant of order

Let us denote by Hr+l

(r+1) x (r+l) given by

a_ a ceien _—
a 1 a._, seeee A
(10.1) | Hr+1(an) =1 - . : .
‘ﬁ;_ ' an-: én—r-l seeee 3 oy

-

Determinants of this type in which the entries a are -orthogonal poly-
nomials have been studied by several mathematicians (see [1]-and [3]).

~

If a = Hn(k)/n! we have the following relgtions.

)

R

'36"‘ Do
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Theorem 10.1. Let n and r be non-negative integers suth that -

.

n 2>2r+1., Then .

.r+11‘ “ o
2 r{(n-r)
. n ) (-1) 2131,..r1(1-2) It (A)
(10.2) H ,  ( 2—) = n,rtl
' r+; n! o onl(m=-D!...(n-x)!

- The proof of theorem 10.1_depends'on the following lemma, which is a
particular ecase of a more general identity on Symmetric determinants .
(see [9], p. 372).

Lemma 10.2, For m > 2r+l ﬁe have

. : ‘2 '
(10.3) H (an) H (aneZ) - [Hr' (an—l)] = Hr-l(an—Z)Hr+1‘an) .

e

Proof of Lemma; Thé'lemma isleasily'establisheduusing the determin-

antal identity (6.2) on the following vectors: ¢ and d are the first
and last columns of (10.1) respectively, g(v) the (v+l)-th column

(0,0,...,0,1)T.

(v=12,...,r-1) and a = (1,0,...,0)T, b

Proof of Theorem 10.1, The prbof_will be carried out by induction on

r. First of all, let us observe that

I ) T ()
H (F—r) = 2

1Y . nl ‘n!

_for all n>.1

. \
[ i .
> . . 1

and by (7.1) of lemma 7.1, with r = 2, we have

. ‘ n-1
1,0 DAV

H,(

, ()
2° n! ) T n!(n=-1)}

2 « for all n i.3 .

Let us suppose that (10.2) holds for Hk(Hn(k)/n!)(k =0,1,...,r) and-
we shall prove that (10.2) also holds for'Hr+l(Hh(A)/n!).
Using (10.3) after some calculatioﬁé; we have, for n > 2r+l,

L



. ‘Hn(x) ‘ E%l' )
(10.4) Hr‘fl(T)(-l) n_2.,1___.1(A)_

_ 2031, . (x=2) 1 (z=1)1 (1= 270

al (@-D1... @-1)!

- ([}-r)ﬂn i

_from which we obtain (10.2); with the help of

11, —Some relations-between 2’5 (0,7;K,q:A) and-T-(A). -
: reta n,r R n

SIS I -

(7.1).

<

ni’i(ﬁjE}ifﬁkx) can be derived by the same technique.
oDy .

an ;an-l- {ene
’ . .

24-1  %n-2 oo
(11.1) ‘Hr+1(0,r;k:an) =. S :

n-r an—r-l '
and’ "

a a .ee

a 1 a o .o
y : g ' V= . :
(11.2) Hr+1(an) | ) )

n-r+l n-r

n-r-1 “n-r-2 °°°

3 N B .
)- e

= ’
o

: 2
{n(nn—l,r(x>)

Relations similar to (10.2) involving other polynomials

Set

a
n-r-k .

n-r-k-1

aﬁFZr—k_

38.
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4then using a method similar to that of Theoreﬁ 10.1 we have

Theorem 11.1, Let n,r be positive iﬁtegers. Then

.3§//f’/ . Hn(l)
,(ll. | Hr+1(°’r‘k’—_ET_)

o [Eil A. - \:3 :
D2 o@Dk
n!(n—l)'...(n-r+1)'(n—r—k)' n, r¥l

(0,r§r+k:l>

(n 1'2”._‘,‘_*_1_»; k20

- ‘ ‘[r+1] )
. () 2 : L\ r{n-r)-2
g n _ (=D 1120, .. (r=1) ! (241) 1 (1-2)
. (11.4) Hr+1( n! ) B ‘n!(n—l)!.,.(n-r+1)!(n-rfl)} 8

n r+1(x) (n > 2r+3) ;

1

where the polynomials Hg +1(A) are given by (3. 8) and the polynomials

Hn r+1(0 r,r+k: A) are given by (5.3) and (5.3a).

12. Hankel determinant of exponential Eulef polynomials.

Using the same technique, ‘a. more general form of the relation

. (10.2) .can be obtained in another.dlreption More precisely, if A (x;17)

_are the exponential Euler polynomials (see.§13), then for'r =0,1,2,...,

\'.

n s 2r+l, -
| A s E++n | ¢
D (An(x’*)) = 2 11210t )2, r+1(x »
Al r+1' nt . 7 n!(n-1)!...(n-r)! (1-A)

< -

" where



(12f2? An,r

)

(X§_}\) -

r

(1)......(

1

1

xn_r+1(n_r+1) xn—r' es v e *'s 1 O. LRI ] ....' . o.o

1

xn—r+2(n—r+2)xn—r+1.::.;.:..;:1u 0.. 00,07

n (n) xn-1

Ty 0
R

G PN Gt B ¢ IR Y- Y

n . . n * . L]
( )""""""""f"ﬂ‘ (nfl) (1-2)

. . n .
L R R A I N Y (n_l)x 1

In view of the relation An(O;A) = Hh(x)/(k-l)n (see §13), it is

clear that (10.2)515 a particular case.of (12;1)'when x-= 0. A full

discussion. of the relation (12.1) and the corresponding interpolation -

pfoblems will be discussed elsewhere in a joint paper with A. Sharma-

~ and J. Tzigbalario.’

40.‘



CHAPTER IV

EXPONENTIAL HERMITE EULER SPLINES

.In a‘very interesting_paper'[14j Schoenbérg studied the.CardinalV
.splines thaf interpolate the functions A X at the integers, wherevkﬂis ;
complex number (seé also [15]). Hevcalléd theﬁ the exponep;ialeulér
splines, becaUsé‘they are."periqdic extensions' of tﬁe éxpohen;iai Euléf )
P91¥“°@4413,,én(#;*)‘5¢9?r§?Ed by the ?@%4ti¢vs - |

x-ij X2z - An(X;A)
e = _ -——;—,— F4
) Afez B =0 )

n .

-

' This‘chapter‘deals with Cardinal 5p11nes that iﬁterpolatewthe function A
as well as its consecutive derivatives.. The pfobiem is to‘find‘a spline
L PN (') DAY ' |
;L’r(x).e Sh,r such thap Sn,r(v> f:(lqg AT A for all intege?g, ul
(p = 0,1,...,r-1). '
?

13. The polynomial A r,s(X;K) '.

Let n,r be positive integers such‘that n i;Zr—l- and let
s =,0,1;.;.,r-1' be ;.fixed iﬁteger.x Let us define the polynomials "~

,An,r,s(X;x) for 0 < x <1 as follgws:



(D)

s, - '

(13.1) ‘An,r,s(x‘*) = |
Aa(X;A) An(Q;X) ' n s+1(0 2 An—s-l(O;A) | An—r+1(o;x)

n! ' nl " (n-s+1)! (n=s-1)! , """ (n-r+l)!
A (GN ga 05 A _(050) A0 AL (050)

(n-1)! (n-1)! *t (n-s)! “(n-s=2)! "i (n-r)!

: : ) e

’ . . o r.-' . | .

n r+1(x A) Ah—r+1(0;x) An r--s+2(o A) A“--r s(o A) A 2r+2(0 A)'

(n-r+1)! (n-r+1)! "  (n-r-s+2)! (n-1-s)! ot "(n-2r+2)!

where the exponenti

T Da ox"

e T

;\polynomials An(x;l)

‘a@-EPf‘%‘.
1,0\ - ‘;/

L0, and An(é;a)/n!

]

,éhcx)/nz =

i

Hn(k)/n!(A;i)n (see.[la]).‘ It‘follows.fram (10.2) and (13.1)'t4at

. Jja

( <l> | A0 o
A" a,r S(O A) = B (—-——-——9 = o
a0 L
: [§J+(r-1)(n-r+1) -1!2!.........(r—1)"ﬂ‘ _(\) -
-] (<1) ‘ ' x LT ‘01 .
1 n'(n—l)'..¢..(n-r+1)!(A 1)“"*
-\ | :
Using the relations An(x A)/n! (x'A)/(n—l)!, and
A(p)(l;k) AA(D)(O A) (p = 0,1,...,n-1), it is; easy to " check that
An (x A) satisfy the relations . ' . "

b2,
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' () (p) o o
_(1373) :A n,T,8 (l A) = AA ,r, S(O;A) (p f 0,1,...,n-1), | )

A® @ = a® 000 =0 (0 = 0,1,...,-1,04 5), and

‘

| ' n,r,s n,r,s
(13.4) . o '
al® o, s(o M) /H_ T =1,

provided A # 1 and A is not a zero of n r(A), an assumption'wnicn ve - -
. ’ ' K s ‘
" shall impose throughout this chapter.
_ Observe that when r = 1 {in which case s can téé?ugnlylthgrw
value zero), An,l,O(X;A) £ Ah(x;l)-

14. Tne spline Sn r S(x;A).

Let us define a function Sﬁ r S(x;A) such that

> »
' L : An(O;X)
(14.1) Sn’r’s(x;k) = An,r,s(*;A)/Hg - (0 <x<1), end
Sn . S(>I(+l 1) AS ,r,s(i 3A) for all real x.

It follows from (13 3) and (13 4) that S r S(x;A) e'Cn-r(-ﬁ,m),'and
,

)

i' S (v A)

0 (o= 0,1, 0,r-1,p # ) and
,r,s ' £-t ), and
(1. 2 o

= 0,%1,%2,...).

]
>
~

'(S) (v:k)

- 's0 that it is a Cardinal splee with 1nteger knots of multiplicity r,

and belonging to the class S( A . b(p)(v) =0V integer v;'

p = 0,1,...,r—l; o f,s} .
"Now let us set

S ' r-1 g L

a3 s - SEO.<1og ° 8y s @) GER.

The following theorem is an easy consequence of (14.2).
N " ’_'



Theorem 14.1, The splines S r(x;k)eSn , and satisfy the following
. 1, Ry

intepblatory conditions: ' -~

O . .

© o (14.8) Sﬁpl(v;k) = (log 0P Y | (p = 0,1,...,r=1, and VYV dintegers v).
. . ’ ) . '

15. Cohvergehce of éxpoﬁential"Hermite-Euler splines when r = 2.

When r =1, Sn 1(x;X).E‘Sn(x;)\) are the exponential Euler
, ‘

splines considered by Schoenberg ‘- [14] who proved_that lim.Sn(x;A) = \X
S S . n>o :
‘uniformly for all x belonging to a finite interyal, when A is a non- ‘

negative compiex number. When r = 2 we have the following

Theorem 15.1;‘ If -A is not a positive ‘complex number, then

x (p = 0,1)

(15.1) 1im sﬁpg(x;x) = (log )P 2

n-r-e

uniformly for x belonging to a finite interval.

We shall show that (15.1)‘ is an easy cbnséquence'of the
correspohding results on Sn<2 S(x;A). Let us define two functions -
. Ly - . .
x e-nix sin mx
I

rkx - (log 1) a(x) .

(15.2)  a(x) ‘A

(15.3) B (x)

~ :
Theorem 15.1 clearly follows from éke following -

Theorem 15.2., Let A = ]Aleia . :-If 0 < a.< 27, the foilowing,relations'

hold uniformly for all x belonging to a finite interval:

‘<15,4) iiz Sﬁf;’d(x;x) =  §(0)(x) B _ ® =0,1) ,
ot | |
(15.5) 1im‘séf;;l(x;x) - a(p)(g) - N =0,1) .

n-ro

44,



45.

Lemma 15.3. Let X = |A| e ® and A = log [A| + 1(o+21k) . The following

relations hold uniformly for all x. in_[0,1]:

- A_(x3)) - IR - ;T

(15.6) tm A0 B o o HE (<o cn),

. ' A (x;52) AJA(x51) -
(15.7)  1im AP enol °n (=121 %e 21X (271

1 (-1)I  ~ " al

(-1 < a < 0)

L An_l(x;i) AoAn(X;A)

(458 Um AT S - ) ,=_Qel,)x,‘ﬁ’,‘e,"’i“_i"(-Zn;u_ R
0(0 <at o w) L
Proof. Using the exp;ﬁsion (see [14] p. 399)
we héve
(15;105. A:+1 Anst;x) } (A—l)A—llx E eanik (Aolxk)é+l |

VSince "Ao, < lkkl Vk#0, (15.6) follows frpm (15,10).

Also from (15.9) we have
,Aﬁhl(x;A) _AoAn(x;k)

, n+l o avamlx
(15.11) Al ‘{ -7 o }= (A-1)x "7 x | . T
A n+l ‘
. 1 27kix
x T - AED e .
kgo % e

If -1 <a <0, IAl[ < IXkI VoK # 0,1, and (15.7) follows from

(15.11) . The limit (15.8) is proved in the same way., - A o

Proof of Theorem 15:2. We shall prove only the relation

'h-<l5,12) 1im ?n,Z,O(X;Aj = B(x)

D el

The rest are proved in the same way.:
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n+l n+l
We can write A _1 Ah 2 o(x,A? =

‘n+l n(x A) >‘n-i-l An—l(o;k)
) n! o (n-1)!

a1 A, (0; x) A A _1(050)

(x A) AoAn(x;A) )
-1 (n—2)! “a-DT ]

(n-l)! Y

Xn+1{

}al

'If 0 < a < 7, it then follows from (15.6) and (15.8) that

n+l n+l 2.-2. % p -27ix
(15.13) A" HI7 Ay g 0N > (A 1) AATOAD) G T
Hence ~ﬁ“» f. ‘ - | o ‘
| >‘x()\“"l_)\oe-Znix‘) .
lim § -5 _(x;A) = : =
N n,2,_0 ’ (A—l —Xo) .
(15.14)
’ -2mix
_(Qog X1-e” )y
{ \hi . } (0 <‘a i").
Similarly
: 2rix S e ‘
lim S , 0(x;x) (1 +(l_g »(;ni Dy e
o o n,z, _ . .
' (15.15) S S '
. : -27ix :
- >‘x821r1x{l _ (log ) + Zji)(l e )} (-1 < a < 0).
27d :
Combining (15.14) énd‘(15,15) we bbtain ) \
: T -2mix o
(15.16) 1im S 0.2, O(x A) =M1 - (Log ”‘;ﬂ; )} .
when A= IAIeicl for 0 < a < 2n,lfrom waich (15.12) follows. O

Remarks. For the convergence of the exponential Hermite-Euler splings
we deal 6nly\with the case r = 2. The general results can perhaps be

obtained by the same method. i ‘ S o o
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16. Exponential Euler g-splines.

)

The techniques of the preceding sections can be applied
without difficulty to study C.L.I.P, for the function A ‘For

ﬂinstanCE"“léf‘ﬂs*tunsider~the—problem—eﬁ—ﬁ ‘ng spline : "

sﬁ 5 (%) e‘Sn such that sg(p)(v) = (log A)p AV (p = 0,2, and ¥
’ ’ A

integers v).

In this case we introduce the polynomials

t, . . )
S

( o 2,0 AL, (050)
| ml X (n-2)1
8 4
An 2 O(x A) = o
A G0 A |
(n-2)! = - (n-4)! ’
(16.1) cd | »
Aa (0 A_(0;1)
n_! n!
g Y o
. .Ah,Z,Z(X’A) T o -
o : A2(6N) A (05))
N - [Tt S0 R R .
and Qefiﬂe,the splines
: P (A 050
(16.2) sg NCE A) = (s A)/H _125___.

for x € [0,1], and Sﬁ 2 é(x+1;A) ASg (x A) for all x e R (s=0, 2)

Then Sg (x A) € Sg (s = 0,2), and we have

Theorem 16.1., The épline functioﬁé

£ 016.3) S8 (ver) o B oo 3y 2 o8 i
(16.3)  s% ,(xsn) = sB, [(xs0) + (Log R PRICEY



belong to Sﬁ o and satisfy the following interpolating conditiona:
)] L i

(16.4) Sg(g)(v;k) = (log A)p 2 "(p = 0,2, and V integers v).
I~ H

o
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”suitable modifications to the general C L I«P ‘ A

(17.1) f@(x) = 0(}x'|7)(p =0,1) as |x| »= , y >0,
-'éiﬁn there exiéts a unique spline 52 (x) € 82 1,2 such that
Ir 3

. Toa . : : ¥ 8 e R e
+(17.2). S(p) 1(v) = f(p)(v) G = G 1) V integers v' , .
DA . S T A

» and S

CHAPTER V

FOURIER TRANSFORMS OF B-SPLINES AND‘FUNDAMENTAL SPLINES
Y . \' .
1.

Fourie1 transforms of B-splines and fundamental splines provide
. Al

a powerful tool in the C.I. P (see [7], [101], [12], [15]) As an

application of the exponential Hermite-Euler splines ﬁ% ‘shall compute

C ’

the Fourier transforms of B-splines and fundamental splines belonging

_to 36_2 for (0 1) interpolation. The same method can be applied with

X

o s .8 - . .
17. Fourier transforms of LZm-l,Z,é(x)'. ‘ - R

' e

f;fui-iet us recall that if a_funetioh f(x) sitisfies tﬁe condition

)
-

% ‘ ' .

&

-
>
2%

is given by thé Hérmite intefpolation formula

2m-1(x) _ .
w @ w

;v‘(ﬂ'” 51 ® = 1 £(v) L2 ‘1,2, 0<x v) +=L ') Loy 1 p.40x ) .

v='—m

e

. . : ey - o ‘
where - L2 -1, 2 (x) (s = 0,1) is uﬁiquely'determined by the conditions

»

7.0 19 e -0y seasere coy
(17.§)‘ L 2 1,2 S(v) =0V lntegers v # O_(p‘- 0,1) ,
) 1 GO) oy (s oy o1
2(17.5) L'Zm—l:i,s(o) =0 (p # s) and L 201, % s(0) = ; .
. & . .
. . .y N
te. . 2” ‘ '
’;'Lﬁ?{'l' - 49 - . «



Theorém'l7;1. The Fourier integral representations of the fundamental

-*

splines are given by K‘,?[
( | . )
Lom-1,2,0(9 = . )
- | - 2n-1 -
[ 2 sin /2 2 sin /2
(17°6)< -1 1UXL """TT"’° p2m Z(U) ( u ) p2m--1(u)] du,
27 I
’ - H2(92m(u?)
\ = .
Ry - |
e Lon-1,2,1%)
. o 2m-1
2 sin /2 2 sin u/2
arn( eiux{<——-—‘ o NI O Y O .
N (2.stn “/2)H, (o, (u))
- Wt . -
\ —o

_Prodf. let S

where (using the notation of Séhoenberg [12], p. 178)"

(17.8) 5 _(a) = (2 sin */2)" Z' l/(u+21rj)n

F}

2m-1, s( ) (s = 0,1) be the exponentiqi Hermite-Euler

'splines of Chapter IV with A = e (0 <u-< 2w) Followingchhoenberg

'-_ﬁand g(®)

[16], it is easy to‘sbow that the functions

s

2n ‘ .
7.9 ' Syme1,2,6(¢ e G5y 0,1) -
0
are spline functléns Belonging to S Im-1, 2 ' Furthermore the fusctions

»

(17.9) satlsfy conditions (17 4) and (17 5) in ew of the inter-

-(s) . .
polating conditions S 2m-1, 2,s ( ) = | :
a1, 2,sV5e™) = 0 (0 # 5, v.=40,ti;i2»-;-). Hence from

uniqueness

50.
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)

(17.11) s 1u

2m-1,2,0(%5¢" )

' 1 2m ? iu ,
(17:10) Lypi,2,6™ = EF'J Som-1,2,6(%3¢) du (s = 0,1).

0

From (14.1) we have for 0 < x < 1. Y

. P A1
_ Age1,2,00%5e7)

] Lniug
Aom-1,2,000587)

Using (13.1) and (15.9) we can write -

Clearly Azm_l(xju) is-a 2n-periodic function of ﬁ._ From (17.10),‘(17.12)

I8

and (17.13), on interchanging the ordér~of'ihtegnation'and summation .

. du AZm-l(xiu)

-iux, . Lo -
- (17.12) - e S, 4 (xje” ) = ———r .
‘ ' 2m-1,2,0 ,Azm-l(o’“) )
where :
% v 2 wm v
I ™% w2n0 ™ F 1/(urzng)
. . k=—m ’ : j =00
(;7.13?‘A2m_1(#;u) = . m _
Rk I ¥™ (uram) 2L T 1) (urany) 200
X k=—o = .

(can be justifiéd by Fubini theorem) we obtain e

(17.14) Lome1,2,00 =
. s 5

@ 2T 1(u+§ﬁk)x

L ) j e

2T e e 0 A2m—l(0;_u)
e R L3

——

we obtain

\ I

1/ (ut27k) 2™ ¥ 1/ (ut2nq) 221

j=-.

2m-1 'z 1/ (u+2n

j:-co . -

1/ (ut+27k)

pn?

du;

Since‘AZm;l(O;u) is‘a‘%ﬁJberiodic.function-of u, by aléhange of vgriable,

5'1.'.



N

[

(17-15) Lzm_l’z,o(X) “
eiux[ 1 o 1 1 v 1 J i
1 " jele (ut2 1)2“"2 W e (wnp L]
‘2n 2m 1(0 u)
Mutatis mutandis, we have v
(17.16) L2m-l,2,1(x) = gvl .
tux[ 1% 1 - '
e X - z J da
2m- 2m—1 & ,
EUN [ Mg (uiamp 2Pl 20 L,
2 . . : . .
T 89m-1(050) | |

Straightforward calculation using (17.8) shows that

7

- ] , ‘ ' .
(17.17) 4y, 1(0 W= Si“'u/Z)%mLZI["Zm(“) Pom-2 (W - 9§m¢1(“)]

s go uou . —bmr2 TNy
= (2 sin /2) -H2(02m(u)) s
f i
and (17 €), (17. 7)«follow from (17.15) and (17.16) respectively. g

"Jss

18.1) N _(x) =

.- 18, Fourier Transforms of B-splines.

"The B-spllnes for C.H.I.P. have been studied by I. J. Schoenberg

and’ A. Sharma.[l]] For ‘the case when r =2 gheee B-splines‘NS(x)
"" wzv- ) o : ’ SR

(s.= 0,1) are deflned by

-

(m-2)

Lom-1,2,s V)5

C .. . N
v=-(m-2) ¥ g ) B

.52,
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where co‘are the coefficients of the Euler-Frobenius polynomials
H2m_1’2(l) given by

’ ' Ly A N m-2 "
(18.2) .- ﬂzh_l’z(k) C_(m-2) + c_(m_3)ku+ see e + ... f
‘ 2m-4
¢(m- 2) A (c >0) .
_ - .
For thé B- splines N (x) (s =0 1) we have the following representation

theorem.

Th#bfém 18.1.7 The Fourier integral représentations of the B-splines

‘are given by ) -

(2m- )'(Zm—2)'( l)

(18.3) N (x) =
: ’ [o}

2n
[ (2 sin 9202 (2_stn “/2)
- lux *81n ) Sin . .
e {"’T Pon2 T T Pon- 1‘“>J du.
S ‘ u .
e . - om=1) 1 ~2) ) (- .
(18.4) N, (x) (ZW 1)1(2;"2)'( L) -
'_ A 3
. u . . N l : : “ N . 4
' iUX (Zfiig——LZ)QZm 1( u) - 2m.1 pZm(u{} du.
v , 7
Proof. Using.(17.15) and (18.1) we have
. T : (m-2) . ' L F
(18.5) N (x) = == eiux I c e tou) o
. o, 27 - v . SR
_(m—Z) .
1% 1 1 E 1
e - du ,
x‘ [92;11._00 (ut2n j)2m - u?m 1 & (ut2n j)Zm lJ
o . Bom-1 (05w S : ;



8.8 N (x ) -

(18.6) No(x)_ =5

!
.ok

whence - B . , .
) . . . A

.

1 E 1 1 'E 1
- — du .
[UZm — (u+2ﬁj)2m-2 ‘ u2m—1 - 2m—}J_
x : -

From (10.2) and (15.9) we have after some;easy calculations

iu SR S P VN (e
Typo1,2(6™D = - (z;n-l_:!(zm_—z)!(e -, DT
| = (2m-1)1 (2m-2) ! ie——z—;—il 2m P{CHSE
. ) e - )

It follows from (18,6)‘andf(18.7); after some calculations, that

-

(2m-1)'(2m—)'(1) . ' e

2m
‘.,, | 1'°° 1"" 1 S 1
X Y (2 sin /2) ' '2 —— - Z du,
, » [uzm (u+2n j) . u2m l = (ut2nj )Zm ~1
from which we obtain (18.3), 4 ' , <
Siﬁilarl& starﬁing with‘(i7716),'we-prove (18.4)., o

Remark , The Fourier transforms of the fundamental splines for C L.T. P.

"can also be computed by the same method. For instance if we denote by
2m—l 2 S(s) (s = 0, 2) the fundamental splines of (p 2),interpolation .

;'by cardinal g—splines (r - 2 ‘§2), Fhen-usingAthe-exponential Euler

,»// e K

RPN
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(18.9)

and

 (18.10)

27

1
2w

i

g-splines of §16 we obtain the following representations.

g . o .
Lon-1,2,00%) =

/-
. u,.2m .. e u,, 2m-2
e'ilfx [(%—Q) _p2m;¢£u) - (ﬂ:—“@) pzm_z(u) ] ~du
| [pzm(9>°2m¢4(“) B [P2m-2(“)]2]
© ' . . ‘ ;, .V
8 PR -
. Lzm-l;_z,z(x)
. R 2m- T '2m?2- ‘
iux[,2 sin /2 ‘ 2 sin /2.7 ‘
D g - BT )
,  @em 9/2)2{°2m(")°2mf4(‘i-) - [pZm-—Z(.u);]zl

55,
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Appendix Il.

TABLE OF EXAMPLES

4

Type of C.L.I.P.

- Null Spaces

Characteristic Polynomials

0,2y I.P. in 3, ns L= 7>\2+16>\+7
.9
S§ 2 ‘ has 2 negative zeros
(0,2) I.P. in &, 8,00 = 11x*-1061%-23027
g - Ty ’ ‘ ‘ )
-'“-37;2  '/~X e -l?ék+ll.»has 2 negative
' ' o and 2 positive zeros
(0,1,3) T.P. 85, ;0 = 200%-20047)
o 1
in g8 ' has 2 positive zeros
7,3. R
(0,3) . I.P 800, T;5,D) M, ,OLI) = a3
in- 37 2 ' J—153A2—8A+3 has 2 negativﬁ
s .
and-2 positive zeros -
(0,5)° L.P. §25@,1;5,D) n, 2(0 ;5,1 ) = sa*+176%
in 85, +478>\2+176}\+5 has 4 nega- |-

tive zeros’

i B(Ei;ﬁzb = 34843

has 2 negative zeros

. has 2 negative zeros

7 3(0 153, 2 k)— 6(A +SA+1)

.

n? g(x) s0(AZesA+L)
1

has 2 negative zeros
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Appendix II .

EXAMPLES OF B-SPLINES

1. B-Splines for (0,3) - Interpolation by 85‘2 .
. - v *

,(l',l) The characteristic polyﬁomial; is HS .2(0;3:)\) = 3>\2+14A+3 with
. . 9 L
eigenvalues Al = (=7+2/10)/3 . A2 = (—7—2/1_0)/3 .

- e
-

The spline’ N (x) < 8(1=0)>.~ 2(2:x)° - 10(1 0+ 528

(*_>_0') s No(x) = Nc-’:(-*x) » (x<0) satisfies N, (-1) = e;j
N(0) = 14,8 (1) =3, N <3>( 1 - >(0) By N<3>(Ia‘
has support in (-2,2) » S ‘ ’ i

10- ‘,5 1 '
-3 @03 - L 0 + 2 ot 4

(1.3) The spline N (x)
12 (2~ x)+ , (x>0) ,‘N3(g) ='—N3(ex) , (x<0) sa;isffes N (-1)’=
Ny =Ny =0, NPy =3, 1Py - 10, N(3’<1) -3,

~and has support in (-2,2)

B N C N R NN
Ty
> A iV . S >
x -2 %) 1 2 x .
- : o . 0 1f V#0
(1.4) The fundamental function L (x) satisfying L (v) =
| - e ' ° 1 if - v=0.

L§3)(v) =0 Vv, 1is given by



(3)

The fundamental funciion L3(x) satisfying L (V) =

-{1; 1f =0
L3(v) =0, ¥v, is given by

. V0 % ,Inl _ &
Lyt = 5 2 SR

e

2. B-Splines for (0,2) - Interpolation by S?'Z .
. ) . ! ’

‘fZal)

(2;3)

' The_spiine M2(x) F (x+2)

The characteristic polynomial 15”“H§'2(A)’= 7X2+16A+7"with eigen- "
- 2

0

. walues Yl = (-8 + /15)/7 , Y2 = (-8 -.V/15)/7 .

The spline M_ (x) ‘2) + 12(x+1)5-- 18x6 + 12(x-1)5' -

60x + 20(x-l) + 10(x- 2)

3x=2)] + 10(xt2)] ¥ 20(x41)3

satisfies Mo(-l) =7, Mb(O) 1 . M (1) = (2)( l)

Mgz)(o) = Mgz)(l) 0", and has support in (-2,2) ..

5 5 5 .1, .5
+‘(xf1)+v- 3x+ + (}c-l)+ +;§ (3 2)+

+ w4+ wn

1 3 3.1 iy iat |
-5 (x+2)+ = 13(x+{)+.-.33x - 13(3—1)+ '3 (x 2)+, satisfies

(2 pmn 0 W (2) s (2) 0y _ 5 L M (1
M2 (-1 =7 ? M2 (0) = 16 , M2 '(1? = 7 5 Mzg-l) MZ(Q) = Mz(;)

«=.0 , and has. support in .(-2,2) .-

JMe o M, ()

> A Ae>
% 2 _\/1 1\/2 X

0 1f v#0
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. - ' o , 0. 1f V#0 .
(2.4) _The %Kndamental spline A (x) satisfying Ay(V) = L
A _ o
\ T ‘ 1 1if wv=0
and Aéz)(v) =0 Vv, is given by
Vi5 % Jlnl
O(x) =30 dz-Yl Mo(xfn) . |
The fundamental splinée Az(x) satisfying AZ (v) =4. S
) L 1 1if wv=0
and Az(v) =0 ¥v, is given by ’ T
S S e o L.
B “ - e . Az(x) = :-3.? -Z'Yl . M2(x~n24 R ‘ v; e e SRR ‘_‘;:,

o



