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Chapter 1
Introduction

For some time now, there has been much attention directed to the possibility that
spacetime may have extra dimensions. For example, superstring theory is naturally
formulated in a spacetime with greater than four dimensions (for example, see [1]).
However, the extra dimensions of superstring theory are generally compactified to
being of a very small size, possibly of the order of the Planck length. In 1983,
Rubakov and Shaposhnikov [2] examined the possibility that the universe could be
a four dimensional brane embedded in a higher dimensional spacetime, with all the
regular particles of the theory localized to the brane. A major attractive feature
of such models is that they present the possibility to solve the hierarchy problem,
that being the question of why is the quantum gravity scale of Mp; ~ 10!% GeV
so much larger than the electroweak scale at M., ~ 102 GeV. Arkani-Hamed,
Dimopoulos, and Dvali [3] have shown how this is possible by considering that the
universe actually has 4 4+ d dimensions, with the extra d dimensions being compact
with a radius R, possibly much larger than the Planck length. In such a universe,
the Newtonian gravitational potential at a close distance r (r < R) from a particle

of mass M will be given according to Gauss’s law as

M 1

R) ~ —r— s
S g

(1.1)

with Mpy4+q) the 4 + d-dimensional quantum gravity scale, the Planck mass. Far

away from the particle (r > R), the extra d dimensions will no longer represent a
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CHAPTER 1. INTRODUCTION 2

drop in the field, as R will already have been reached.

M 1

d+2 o
MPT(4+¢) Rer

V(r> R) ~ (1.2)

so we can see that for large r, the regular gravitational scale Mp;4) is given as
2 d+2 d
MPl(4) = P—l+E4+d)R : (1-3)

Thus, if we assume that there might be only one fundamental scale, then setting
Mpy4+dy = Mew, we can see how a very large Mp; can result from this mechanism.
An interesting result of this model is that it opens the possibility of creating black
holes in particle colliders in the near future [4].

In this model, at distances r ~ R, we will begin to see deviations from Newton’s
gravitational law. There have been experiments carried out to examine consistency
with Newton’s gravitational law down to scales less than a millimeter, putting
limits on the maximum size for extra dimensions in such a model [5, 6].

In this thesis, we will be considering black holes in a spacetime with more
than (3+1) dimensions. Using compactified extra dimensions for such an analysis
would most likely lead to very complicated equations, so to simplify things, we
will assume that the extra dimensions are of a size much larger than the typi-
cal size of things we will be considering. This assumption allows us to consider
that the extra dimensions of the theory are of an infinite size, and spacetime is
flat in regions far from the black hole. In particular, most of our attention will
be focused on the higher dimensional black holes found by Myers and Perry [7].
Myers-Perry black holes are similar to Kerr black holes in that they represent a
stationary, asymptotically flat vacuum solution to the Einstein field equations, but
they are generalized to an arbitrary number of dimensions. In a (3+1)-dimensional
spacetime, the Myers-Perry metric reduces to the Kerr metric.

Chandrasekhar [8] once pointed out that the Kerr metric has many properties
that have endowed it with an aura of the miraculous. Some of these proper-
ties include separability of the Hamilton-Jacobi equations of motion for a particle
moving in the gravitational field, discovered by Carter [9], and the fact that the

Kerr spacetime is Petrov type D [10], the same Petrov type as the non-rotating,
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CHAPTER 1. INTRODUCTION 3

Schwarzschild case. Later properties that were added to this were the separability
of the d’Alembertian and the massive Klein-Gordon equations, [11, 12], and further
the separability of the massless higher spin wave equations [13]. Also discovered
was separability of the Dirac equation [14] and later the separability of the equi-
librium equations for a stationary cosmic string near a Kerr black hole [15]. The
property of separability of such equations in the Kerr metric is due to the existence
of a rank two Killing tensor in that spacetime. A Killing tensor of rank ¢ is any

tensor which satisfies
Kppgpin) = 0. (1.4)

In the case of i = 1, then the vector §, which satisfies ,;»y = 0 is called a
Killing vector, and it represents directly a symmetry in the metric g,,, that being
Legu, = 0, with £ being the Lie derivative. For higher rank Killing tensors, there
is no simple geometric interpretation as there is in the rank 1 case, but they still
represent a symmetry of the spacetime (see [16] for a discussion). This symmetry
is manifested by the existence of a conserved quantity K, given as

K=K

12

PHLPH2 ... i (1.5)

K is a conserved quantity for any particle with a momentum P* in geodesic motion.
Note that the identity g,,.» = 0 guarantees that the metric can be considered a
Killing tensor, with an associated conserved quantity —m?, the mass squared of the
particle. Given two Killing tensors A, ,,...,; and By, p,....;, then defining K, )., 5
as

K

B2 iy A(sz"-uiBui+1m+2~"ui+j) ) (1'6)

then K will be a Killing tensor, easily shown by the fact that both A and B
satisfy (1.4). Further, any fixed linear combination of Killing tensors is also a
Killing tensor. Any Killing tensor which can be constructed out of other Killing
tensors and the metric in a combination of these two ways is said to be reducible,
otherwise we call the Killing tensor irreducible.

To understand the importance of a Killing tensor, consider conserved quantities
for particle motion in the Kerr geometry. Since the Kerr metric is stationary and

axisymmetric, one has conserved quantities P, and P,, the energy and z-component
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CHAPTER 1. INTRODUCTION 4

of angular momentum of the particle. Another constant of motion is the mass of
the particle; however, this only gives us a total of three conserved quantities in
a problem with four dimensional motion. Carter’s discovery of the Killing tensor
and associated conserved quantity in the Kerr metric allowed for the reduction of
second order geodesic equations to first order equations for the geodesic motion of
a test particle.

Recently, it has been demonstrated that the five-dimensional version of the
higher-dimensional black hole metrics found by Myers and Perry shares many
of the ‘miraculous’ properties that the Kerr metric has. Frolov and Stojkovié
demonstrated the separability of the massless scalar field equation in the presence
of the gravitational field [17], and the separation of the Hamilton-Jacobi equation
for a particle moving in the gravitational field [18]. Also noted by De Smet was
the fact that this metric has Petrov type 22, the same Petrov type as if it were a
non-rotating black hole, the Tangherlini-Schwarzschild case [19, 20]. Just as with
the Kerr spacetime case, the separability of such equations is connected with the
existence of a rank-two Killing tensor in the five-dimensional Myers-Perry metric
[18]. This thesis will be based mostly on the paper [21], examining the ‘miracle’
of separation of the equilibrium equations for a cosmic string.

In the first part of this paper, we will begin by examining higher-dimensional
black hole metrics, particularly the Myers-Perry metrics, with emphasis on the
four-dimensional (Kerr) and five-dimensional cases, which are known to have rank-
two Killing tensors. Then we will examine properties of topological defects, partic-
ularly on cosmic strings. The analysis of general properties of topological defects
will be primarily done in flat spacetime with (3+1) dimensions, but it will be
made clear how to generalize these results to an arbitrary number of dimensions
in a curved background.

The main portion of the thesis will be considering stationary string configura-
tions near a five dimensional Myers-Perry black hole. Stationary string configura-
tions are of interest if we wish to consider final states of a string-black hole system,
because it is reasonable to assume that many states will eventually settle down
to an equilibrium configuration with the string stationary. For this analysis, we
will be considering the cosmic string as a test object in the background black hole

spacetime, and ignore possible effects that the string may have on the black hole.
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CHAPTER 1. INTRODUCTION 5

In the last chapter, we will generalize our results to Myers-Perry spacetimes
in an arbitrary number of dimensions. It will be demonstrated that some of the
important properties of stationary cosmic strings hold in an arbitrary number of
dimensions, even though it is possible that the spacetime lacks a Killing tensor.
Also we will consider the ‘friction’ effect, demonstrated by [22]. The analysis done
there showed a general result of the slowing of a rotating black hole through an
interaction with any topological defects in the slow rotation limit. We demonstrate
the explicit equations for this effect due to the interaction of a cosmic string with an
arbitrarily rotating black hole in any number of dimensions. Finally, we consider
the higher dimensional black hole spacetimes with a cosmological constant term
found by Gibbons, Lii, Page and Pope [23]. We demonstrate in a special case
that the Hamilton-Jacobi equation for a particle in free-fall and the massive Klein-
Gordon equation allow separation of variables (see appendix D and [24]). We also
show that the Hamilton-Jacobi equation for a stationary cosmic string in these
metrics undergoes a similar separation of variables in this special case.

Throughout this paper, we will be working in a set of units where we have
set the speed of light in vacuum ¢ = 1, but we will explicitly leave in the n-
dimensional gravitational coupling constant, denoted as G™. We will use the sign
convention for curvature defined in [25]. For sign conventions on the metric, we
will be working in a metric with a signature (—, +, +, +), or its higher dimensional
generalization. We will denote indices for vectors and tensors in the bulk manifold
with Greek letters (u,v,... = 0,...,N) and indices for vectors and tensors in the
spatial projection submanifold with lowercase Latin letters from the earlier part of
the alphabet (a,b,... = 1,..., N). We will denote indices on the induced geometry
of an M-dimensional brane embedded in N + 1 dimensional spacetime by capital
Latin letters from the early part of the alphabet (A, B, ... =0, ..., M), and indices
in the space normal to the brane as uppercase Latin letters from the later part of
the alphabet (R,S,... = M +1,...,N). Finally, we will also make use of indices
(i,3, k, ...) for miscellaneous purposes, note that we will use the convention to sum
all repeated indices except for this final type which will always have a summation
symbol when a sum is desired. Explicit tensor calculations for this paper have

been performed using the GRTensor software for Maple [26].
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Chapter 2

Higher Dimensional Black Holes

2.1 Static Black Holes

In this thesis, we will be considering string configurations in the spacetime of a
higher dimensional black hole, so first we will examine some properties of higher
dimensional black holes, starting with the Tangherlini-Schwarzschild solution [27].
In general we may write the line element for any static, spherically symmetric

configuration in an n-dimensional spacetime as
ds* = —f(r)dt* + g(r) dr* + r*dQ2_,, (2.1.1)

with ¢ being a timelike coordinate, r being a radial coordinate, f and g being
arbitrary functions of r alone, and df22 being the line element of a n-dimensional
unit sphere. If we assume a vacuum, then the Einstein field equations give for this

metric

flr)= - (1 - r,%) , (2.1.2)

where o is a parameter with dimensionality [length]"~3. The parameter « is con-
nected to the black hole mass M, by

"o 167G™  8G™MrT I(25t)
T (n—-2A4._s n—2

M, (2.1.3)
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CHAPTER 2. HIGHER DIMENSIONAL BLACK HOLES 7

where A, is the area of an n-dimensional unit sphere and I' is the normal Gamma
function. We can see that the horizon is located at "3 = a, so a > 0 is required
to prevent naked singularities.

In three dimensional spacetime, (2.1.1) is a locally flat metric, consistent with
the fact that in three dimensions both the Riemann tensor and the Ricci tensor have
6 algebraically independent components, so it turns out to be possible to express
the Riemann tensor to be linear in the Ricci tensor [28]. Since vacuum implies the
vanishing of the Ricci tensor, it must imply the vanishing of the Riemann tensor,

and thus locally flat spacetime.

2.2 Stationary Myers-Perry Black Holes

Next we will examine black hole solutions in an n-dimensional spacetime which
is stationary rather than static. This is the consideration of rotating black holes
with a timelike symmetry. The group which represents rotations in N(= n — 1)
spatial dimensions is SO(N). For even N, SO(N) has N/2 elements of the Cartan
subalgebra, while for odd N, the Cartan subalgebra for SO(N) has (N — 1)/2
elements. So physically this means the rotation in an even number of spatial
dimensions can be reduced into rotation within N/2 separate planes of rotation,
each with a spin parameter a;. If instead N is odd then you have (N — 1)/2 spin
parameters with an extra spatial dimension for which there is no spin parameter.
We will define the spin parameter in a plane connected to the angular momentum
in that plane, J;, by

2
J, v 1 Ma (2.2.1)

for both even and odd N. We define (2.2.1) to carry an additional negative sign
because the sign convention adopted by Myers and Perry is opposite to that used
in the Kerr metric. It will be convenient to denote p as the number of planes of
rotation so we may say that ¢ runs from 1 to p in all sums and products in this
section, except where written explicitly.

For most of our analysis, we will be examining Myers-Perry metrics using Boyer-
Lindquist coordinates. The coordinates are given as ¢t being a time coordinate, r

as a radial coordinate, ¢; is an angular planar coordinate associated with the plane
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CHAPTER 2. HIGHER DIMENSIONAL BLACK HOLES 8

that has spin parameter a;, and y; is a direction cosine for the plane i. The p;
are confined to the unit sphere with the restriction ¥; u? = 1. Further, for an
odd number of spatial dimensions, there is an additional direction cosine, i for the
extra spatial dimension, and the restriction is replaced by u®> + ¥, u? = 1. The
value of ¢; ranges from 0 to 27, and the values of ¢; = 0 and ¢; = 27 are identified.
For p; the range is from 0 to 1, and p ranges from —1 to 1.

The solution for the metrics is found separately for even or odd number of

spatial dimensions [7]. For even N

ds® = —dt* + 3 (r + af) (dp + p7de?)

R L dt + 3" a;p2de; : (2.2.2)
M—ar?” " TIL ARGy B “

and for an odd number of spatial dimensions

ds? = —dt* +ridp® + Y (r* + a?)(dp? + pide?)

_|_

I1L o Qr 9 2
T ardr + T (dt + Zi:azuidqbz) : (2.2.3)

In these metrics, II and L are given by

I = T1(r2 + a2 L1 ik 9.2.4
_H(T‘Jr‘a:i), = ZT2+CI,-2‘ ()

i %

The restrictions on the u; and u coordinates tell us that these coordinates are
not independent, so it will sometimes be convenient to denote by 6, independent
coordinates. In even N we may define the coordinates 6, (k =1,...,p— 1) by
p—i
pi = cosbp_iyq H sin 6y, , (2.2.5)
k=1
with the convention that 6, = 0 and if there is ever a product that has a upper
limit less than the lower limit, then that product equals one. One can define a

similar y-@ relationship for odd NV, but we will not need its specific form anywhere.
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CHAPTER 2. HIGHER DIMENSIONAL BLACK HOLES 9

Sometimes we shall also make use of the notation w,, = (6;,¢;) (m = 2,...,N)
for a total set of ‘angular’ coordinates.

These metrics are stationary, meaning that {0, = 0, is a Killing vector for
the metric, called the principal Killing vector. The infinite red-shift surface of the
black hole, which is the external boundary of the ergosphere, is given by £2 = 0,
which is equivalent to

IIL = ar for N odd, 1L = ar? for even N. (2.2.6)

The Myers-Perry black holes are axisymmetric, so that £/, = 8, are also Killing
vectors associated with the planes of rotation. The surface gravity for these black
holes is given by x = —8,(£2)/2, which takes the form

K= ————————BTH — 2ar for N even,
2ar? _
r=ri
rH -
K= ol -a for N odd, (2.2.7)
200 | _,.

with r being the location of the outer event horizon. The event horizon area A
is given as
A= AN_17’+OZ y (228)

in both even and odd dimensional cases. In the next section we will discuss con-

ditions for the existence of an event horizon, and how to locate them.

2.2.1 Singularities and Event Horizons in an Odd Number

of Spatial Dimensions

Similar to the Kerr metric, the Myers-Perry metrics have curvature singularities.
In an odd number of spatial dimensions it is possible to demonstrate that these
singularities will occur whenever the factor ar/IIL diverges [7]. Suppose at least
one of the a; vanish, then II contains a factor of r? causing a singularity at » — 0.

However, if all the spin parameters are non-vanishing then we must first note that
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CHAPTER 2. HIGHER DIMENSIONAL BLACK HOLES 10

we may use the restriction on y and p; to express L as

L=% U (2.2.9)
= i 7~2 n a? 72 /N
So we may see that if 4 = 0, L will contain a factor r? to give a singularity as
r — 0. The singularity at r = 0, & = 0 is essentially similar to the ring singularity
of the Kerr metric. In either case, we must expect an event horizon at r =r, > 0

to avoid a naked singularity. The horizons are located where
II—ar=0, (2.2.10)

and since II is positive, a must be positive to prevent naked singularities.

If at least one spin parameter vanishes, then at r = 0 we have Il — ar = 0 and
ﬂ%—;‘—’ﬁ = —a. Since at large » we will have II grow at least quadratically, then
there must be one r > 0 that solves (2.2.10), and it is a unique solution because
Q%—rgr_) is increasing. This is interesting because it means you can have arbitrarily
large angular momentum with a given amount of mass simply by having at least
one spin parameter vanish.

If no spin parameters vanish then we need more conditions. First, note that
IT — ar|,—o > 0, and both II and %—TTI are positive, increasing functions for » > 0.

To find how many solutions (2.2.10) can have, we must first consider how many

extrema II — ar has. To find the extrema we consider -air—la_r—ml = 0, which is
equivalent to
= =2r) [[(r* +d}) = 0. (2.2.11)
i j#i

%—13 is a monotonically increasing function with %I} = (0 at r = 0, so this equation

has a unique solution at 7 = r, > 0. So Il — ar has just 1 extremum, and this
extremum must be a minimum because for large r, II will grow faster than ar.
The existence of the horizon depends on II — ar at » = r,. We may summarize

this situation as

any a; =0 one horizon

II-ar|,._, >0 no horizons
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CHAPTER 2. HIGHER DIMENSIONAL BLACK HOLES 11

Il -ar|,_, =0 one degenerate horizon
II—-ar|._, <0 two horizons.

(2.2.12)

In the four dimensional case we have o = 2M and r, = M so I—ar|,—-,, = a®>— M?
thus we get what we expect. Namely that a®> < M? gives two horizons, a*> = M?

gives a degenerate horizon, and a? > M? gives no horizons.

2.2.2 Singularities and Event Horizons in an Even Number

of Spatial Dimensions

In an even number of spatial dimensions, the singularity and horizon conditions
are somewhat more complicated. Singularities occur whenever ar?/IIL diverges
[7], so if at least two spin parameters vanish, then II contains a factor r* to give a
singularity as r — 0. If instead there is exactly one vanishing spin parameter then
II contains a factor r2, and expressing L as

L=>)" il (2.2.13)

r2+a?’

%

we can see that as long as the yu; corresponding to the vanishing a; is zero then
there is a singularity as r — 0. So it is a ring singularity similar to the odd N case.
Finally, if all a; are non-zero, then the spacetime is regular for all real values of r,
with a coordinate singularity at r = 0. We may remove this singularity with the
coordinate transformation z = r?, and then it is possible to extend the metric to
negative values of z. Let us consider the value of the smallest spin parameter, call
it ag. If there are two or more spin parameters which share the value ag, then II
contains factors of (z+a2) and so as  — —a3 there will be a singularity. If instead
the smallest spin parameter is unique a; = ao then I has only one factor (z + a?)
and this will be cancelled by the similar factor in L unless the corresponding u;
vanishes. Thus, we have a ring singularity in the subspace u; = 0 as z — —a?.
We will consider event horizons located at positive values of z to prevent the
appearance of a naked singularity. Later we will discuss possibilities for event

horizons at negative « values. In terms of x, the equation for the location of the
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CHAPTER 2. HIGHER DIMENSIONAL BLACK HOLES 12

event horizon reads
II(z) — az =0, (2.2.14)

note that the left side of (2.2.14) is nonnegative at x = 0, and is only zero if at
least one spin parameter vanishes. If o <32, T]; a]2-, then the left side of (2.2.14)
has a nonnegative derivative at x = 0, and since both II(z) and g—g are positive,
increasing functions for z > 0, and the left side of (2.2.14) is nonnegative at z = 0,
we will not have a solution to (2.2.14).

If we assume a > 32, I, aj2~, then we have a negative derivative to the left side
of (2.2.14) at z = 0. Setting the derivative of the left side of (2.2.14) equal to zero

to find extrema, we get

11
% = a, (2.2.15)
which is equivalent to
Y1l +a)) =e (2.2.16)
i g

For positive z, M%%‘—aﬁ must be increasing, so we will get a unique minimum
which will occur in the positive £ domain if a > 37,1, a?, and this minimum
will be given by (2.2.16).

Assume we have a minimum which occurs at z = z, > 0. Since for positive ,
II(z) will grow at least quadratically, then if the minimum of the function

I(z) — az| (2.2.17)

T=Tx !

is a negative number, the dominance of II(z) at large z guarantees a solution to
(2.2.14), and the fact that II(z) — az|,=¢ is positive if no spin parameters vanish,
we will have another solution. If (2.2.17) is a positive number, then there must be
no solution to (2.2.14) at positive z, since the minimum value of the function is
positive.

So to summarize this,

o < 3 [z 05 no horizons
otherwise
(z) - az|,_, >0 no horizons
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CHAPTER 2. HIGHER DIMENSIONAL BLACK HOLES 13

(z) - ax|,_, =0 one degenerate horizon
I(z) — az|,_, <0 and at least one a; =0 one horizon
(z) — az|,_, <0andnoa; =0 two horizons.

(2.2.18)

There can only be one, two, or zero horizons. However, in the case with an even
number of spatial dimensions the vanishing of one spin parameter does not guar-
antee the existence of a horizon since it is possible that o > 3,1, a;z- is not
satisfied. If two or more spin parameters vanish though, then there will be a hori-
zon, because a > 3, [1;4 i = 0 automatically, so II(z) — ax has a negative first
derivative at the origin, and since II(z) — az|,—0 = 0 we will have one horizon at
positive .

In the case of all non-vanishing spin parameters, it is possible to consider avoid-
ing a naked singularity by having an event horizon at a value of z between zero
and —a2, however if the black hole has a positive mass this will not be the case,
and the horizons we have found are the only ones that will hide the singularity.
We may demonstrate this by simply noting that for values of x between zero and
—a3, both I1(x) and —az are positive for a black hole of positive mass. Thus there
will be no solutions of (2.2.14) for values of z less than zero that will hide the
singularity at —a3. It is possible to have black holes of negative mass that have
an event horizon that hides the singularity as well, however these black holes will
contain causality violating regions outside of the event horizon (see [7] for further
discussion).

Considering this analysis in the particular case of five dimensions, we have

2 2
P e ek ’
2
1 2 2y2 2 2
II(z) — az|z—e, = —Z(a — a7 —a3)” +aja;, (2.2.19)

so we see that we must have (a — a? — a3)? > 4 a? a2 to have an event horizon; i.e.

a > (lai] + |ag|)®. (2.2.20)
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CHAPTER 2. HIGHER DIMENSIONAL BLACK HOLES 14

We will have a naked singularity if the inequality is not satisfied, one degenerate
horizon if both sides are equal, or one horizon if a; or a; vanishes, and we will have

two horizons otherwise.

2.3 Gibbons-Lii-Page-Pope Black Holes

In this section, we will consider the metrics examined by Gibbons, Lii, Page, and
Pope [23]. These metrics are a generalization of Myers-Perry metrics to include a
cosmological constant term A. Similar to the Myers-Perry metric, the coordinates
divide up spacetime into p planes of black hole rotation. Using Boyer-Lindquist

coordinates, the metric in an even number of spatial dimensions is given as

1L P gl 2
2= _W(1- Ar®)dt? — —td¢;
ds Wi r)dt +H(1—Ar2)—ar2d +HL <dt §1+A ?d¢l>
r?+a? ) A P r?+a; 2
] £3 ) 1 ) 2 .
+21+A ldpi +pi (dgi— Aaidt)’] + W= A (;HAgudu (2.3.1)
and for an odd number of spatial dimensions we have
- (1 — Ar?) — HL e T+ A2 %) TT O
r? + a A r2 4 g2 \ 2
+Z 1 + A Q[dlu’l—l_u’t (d¢l Aaldt) ] W(l . A'f'2) (Z 1 ¥ A 2,Uf1,d/1"i + r Mdﬂ) y
(2.3.2)
In these metrics, we have defined
P, P g2 P2
= 2 L=1-5 b YK 3.
II g(r +a}), ;r2+a3, W ;HAG%, (2.3.3)

IT1 and L having the same definitions as before. Also as before, the y are not
independent but must obey the restriction 37, 42 = 1 in an even number of
spatial dimensions, and the restriction 3>°%_; u? + u%2 = 1 in odd N. These metrics
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CHAPTER 2. HIGHER DIMENSIONAL BLACK HOLES 15

solve the vacuum Einstein equations with cosmological constant
RMV = NAgyV ) (234)

so A is not equal to the usual cosmological constant but is scaled by the dimensions
(the usual cosmological constant is defined so that R,, = Ag,,). Note that this
metric is axisymmetric and stationary, giving rise to Killing vectors £#0,, = 0, and
£10, = 0y, as before.

2.4 Other Higher Dimensional Black Holes

In a four dimensional spacetime, there are a number of well known uniqueness
theorems that guarantee any vacuum, asymptotically flat, black hole solution will
be uniquely characterized by its angular momentum and mass, and that the event
horizon of such a black hole will have the topology of a sphere [29, 30, 31]. These
theorems demonstrate that the Kerr solution is the only black hole solution we
need if we are interested in studying asymptotically flat vacuum solutions. These
theorems were proved in four dimensional spacetime, and we have seen that the
Myers-Perry metrics are uniquely characterized by their mass and angular mo-
mentum, though with additional angular momentum parameters. It is natural to
ask if these theorems will generalize to higher dimensions, that is to ask if the
Myers-Perry metrics are all we need to discuss properties of higher dimensional
black holes.

It is the case that for static black holes, the Tangherlini-Schwarzschild solu-
tion is unique, in that it is the only static vacuum black hole solution which is
asymptotically flat [32]. Also, Cai and Galloway [33] have proved various theo-
rems restricting the topologies of such higher dimensional black holes, but it is
not so restrictive as to disallow all non-spherical topologies. Later, Emparan and
Reall [34] demonstrated that there is no simple generalization to the uniqueness
theorems by finding a five dimensional asymptotically flat, stationary solution to
the vacuum Einstein equations that is not equivalent to a Myers-Perry solution.
Their solution has a single angular momentum value J and an event horizon with

a topology of 5% x S!, meaning this is toroidal shaped, a ‘black ring’. The angular
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CHAPTER 2. HIGHER DIMENSIONAL BLACK HOLES 16

momentum for the black ring is shown to obey a restriction of

J? 32G®)
ke 0.8437 T

(2.4.1)

meaning that the angular momentum of this five dimensional black hole has no
upper bound, but it has a lower bound. We have seen that in the Myers-Perry
situation, the angular momentum for a five dimensional black hole with a single

spin parameter is bounded from above by a > a?, so using (2.1.3) and (2.2.1), we

get
3 2
M=== =M
8Ga’ J 3 a,
J?  32G®
—_— 2.4.2
S (2:4.2)

so we can even see that there are black hole and black ring solutions with the
same mass and angular momentum, demonstrating that there is no obvious gen-
eralization to the black hole uniqueness theorems. In this thesis, we will focus on
the Myers-Perry metrics, as their four and five dimensional versions are known
to have Killing tensors, although it is possible that other metrics have interesting

properties similar to the ones we will demonstrate for Myers-Perry metrics.
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Chapter 3

Topological Defects

3.1 Domain Walls

We will be interested in studying the configurations of strings in a Myers-Perry
geometry, so now let us examine how topological defects occur and consider some
of their properties. We will do this analysis in a spacetime with (3+1) dimensions,
however it is easy to see how these results would generalize to an arbitrary number
of dimensions. Topological defects are discussed in detail in the book by Vilenkin
and Shellard [35] (also see [36] for a review). For illustrative purposes, we will
begin by 'examining two dimensional topological defects known as domain walls.
Suppose we have a scalar field ¢ obeying a potential V() given as

Vig) = e )2, (3.1

for some given constants 3, 7. Note that this potential has a discrete ¢ — —¢
symmetry. V() has two minima, at ¢ = £n, so certainly ¢(z) = n and p(z) = —9
are ground state solutions to the classical equations of motion, distinguished by
choice of boundary conditions. However, if we choose p(z) = n at z — oo and

¢(z) = —n at £ — —o0, then we can find the solution to the equations of motion

¢(z) = ntanh (\/gnx) . (3.1.2)

as

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. TOPOLOGICAL DEFECTS 18

So the field starts out in the minimum, ¢ = —n, picks up out of the vacuum to
¢ =0 at £ = 0 and falls back into the other minimum at ¢ = 7. Physically, one
might assume that such boundary conditions occur by having different regions of
the universe that were not yet in causal contact when the universe cooled to a
temperature at which the symmetry was broken.

The stress-energy tensor for the scalar field ¢ is given by

T = 0,00, + gu L, (3.1.3)

where L is the Lagrangian density, £ = —19,p0"¢p — V(g). So we may find the

stress energy tensor is given by

Bn

4
2 cosh* <\/—§-nm>

The interpretation is simple, a region of false vacuum is forced into existence by

T+

diag(1,0,—-1,—-1). (3.1.4)

our boundary conditions, this region looks as a wall with thickness \/% %, called a
domain wall. The finite thickness is caused by a balance between the kinetic and
potential terms, and the wall is stable due to continuity of the field ¢.

These walls may occur whenever a discrete symmetry is broken, however, from
a cosmological standpoint, domain walls probably don’t exist. Since the energy
density of walls is proportional to their area times the wall density, we expect the
energy density of walls will drop as R™!, with R being the scale factor. Since
the energy density of radiation drops like R™* and the energy denmsity of matter
drops as R™%, we would expect domain walls to quickly dominate over matter
and radiation. Also domain walls would lead to large fluctuations in the cosmic
microwave background radiation, in contradiction with observations unless 7 is

very small [37][38].

3.2 Cosmic Strings

Just as domain walls arise when a discrete symmetry is broken, cosmic strings are
a one dimensional topological defect that arise when a U(1) symmetry is broken.

Suppose we have a field A, and a complex scalar field ¢ with a Lagrangian density
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of the form
= 1 pox L wv B, . 2\2
L=v=g1—5DupD"¢" = ZF F* = 2(e"0 =), (3.2.1)

with
F.,=0,A, —0,A,, Dyp = 0up —ieA,p. (3.2.2)

Where, as before, 5 and 7 are given constants, and e is a given coupling constant.

This Lagrangian has the U(1) gauge symmetry
1
¢ = pexp(iZ), A, — A, +-0,7, (3.2.3)
e

for any function of spacetime Z. In the vacuum state || = n the symmetry is
broken, and there is a degenerate set of vacuums characterized by ¢ = nexp(iw),
for a constant w.

A stationary solution was first found by Nielson and Olsen [39], it has an

asymptotic form of

@ ~ nexp(iNg), Ay~ %@ In (%) ~ %(ﬁ’, (3.2.4)
with ¢ being the angular coordinate in the z-y plane, and N being an arbitrary
integer, the winding number.

Consider a circle at a large distance from the origin in a solution with a winding
number of 1. This circle maps one to one onto the vacuum ¢ = nexp(iw), but if we
contract this circle continuously to a point, continuity of ¢ will demand that the
solution pick up out of the vacuum somewhere. There will be a region of nonzero
energy density, however it vanishes far away because (3.2.4) implies that D,p — 0
and F,, — 0. This region of false vacuum will be a string lying along the z-axis,

this is our cosmic string.

3.2.1 Cosmic String Dynamics

To study the dynamics of cosmic strings, it would be possible to analyze dynamics

of the field theory; however it will make matters simpler if we consider approxi-
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CHAPTER 3. TOPOLOGICAL DEFECTS 20

mating the cosmic string as an infinitely thin object and find an effective action
for it. The effective action for a cosmic string is derived in [35]. We will highlight
the steps of the derivation here. We begin with the action

1 * 1 14 ﬁ *
S=/£d4x=/{——§D#<pD“g& —ZFWF“ — Z( 90—7)2)2}\/—gd4x. (3.2.5)

Let us assume we have a string worldsheet z#(¢*), parametrized by (4 (4 = (0,1))
as the worldsheet coordinates. The worldsheet has tangent vectors z* , and an

induced worldsheet metric given as
GaB = Guut" 425, (3.2.6)

and we assume that the metric G 4 g has one spacelike and one timelike dimension.
Next we introduce vectors normal to the string nf, (R = 2,3) with ng-2 4 = 0 and

ngr-ns = 0rg. We also define the vectors to be complete, such that
g’ = GABa:’an:”’B + 6%Snknk . (3.2.7)

The fact that these vectors are complete allows us to express any point near that

string worldsheet y* using the coordinates (# and g% as
yH(R) = 2#(¢%) + ok (¢, (3.2.8)

with R® = (¢4, o®). These coordinates are well defined only if y* is closer to the
string worldsheet than its curvature radius R. If we perform a coordinate change
from y* to N, then /—g transforms to

v—gdet (%) =+ —detM, (3.2.9)
where we have defined the new metric M,z as
_ oyt oy 0
Maﬂ = Q;WWW = dlag(GAB, 535') +0 (E) . (3.2.10)
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Defining M = detM and G = detG, then to lowest order we have v—M = /—G.
Also, to lowest order in p/R the fields ¢ and A are independent of (# so that we
may integrate the action as

s=/ {--;-DWDM@* - le-F,“,F’“’ - g( "o — n2)2} o [V=GEC. (3211)
The first integral over ¢ may be performed to get the string energy density —u*.
Unfortunately, except in special cases, it is not possible to find a closed form value
for p*, however it will always be of order n?. The inaccuracies of order (o/R) are
cut off by the exponential fall in the field strength and are reduced to order (§/R)
at large distances where 0 is the string width. The final form for the effective string

action is

S =—u / V=Gd. (3.2.12)

The action functional (3.2.12) is called the Nambu-Goto action for a string. This
action is generally covariant, and will apply in the context of general relativity in

arbitrary dimensions. The stress-energy tensor is defined as

oS
0gu

V=g T+ = -2 (3.2.13)

Varying the string action (3.2.12) with respect to g,,, we get the stress-energy
tensor for the string

VIR (@) = =t [ BN (@ - s QWGP 1, (32.14)

where z#(¢4) is the string configuration. Suppose we have a long string in flat
(t,z,y,2) spacetime lying along the z-axis with an embedding of (* = ¢, (! = z.
The stress-energy of this string is given as

THY = u*6(x)dé(y) diag(1,0,0,—1). (3.2.15)

We can see that the string has a negative pressure equal in magnitude to its energy
density.
Next, we will find the dynamical equations of string evolution. Variation of the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. TOPOLOGICAL DEFECTS 22

action S with respect to the string coordinates z#(¢4) gives one the Nambu-Goto

equations of motion
Oz” + GAPT", ,a’43% =0, (3.2.16)
where we have defined

1
-G

Ox¥ =

Oa(V—GGABopz") (3.2.17)

;

as the D’Alembertian operator on the induced string worldsheet metric G4 g, and
Iy, are the Christoffel symbols for the bulk metric g,,

3.2.2 Cosmic Strings as a Gravitational Source

In linearized gravity, if we have a static distribution of matter with a stress-energy

tensor
T+Y = diag(p, Py, P, P.), (3.2.18)

the Newtonian gravitational potential V created by this matter will obey the Pois-

son equation
VY =4rGWY(p+ P, + P, +P,). (3.2.19)

Consider a cosmic string lying in a straight line along the z-axis. Using (3.2.15) to
be a source of gravity, we see that the Newtonian potential obeys V2V = 0, so we
would expect no Newtonian gravitational field.

The exact solution for the metric near such a cosmic string with finite thickness
has been found and analyzed by Gott [40], the solution inside the string is given
as

ds? = —dt* + r2(df? + sin® dg?) + dz*. (3.2.20)

The coordinates t and 2 take on any real values, ¢ is an angle bounded from 0 to
2m and @ is an angle ranging from 0 to a maximum 6y, < w. The constant ry is
defined by 27 sin 8p,r¢ being the string circumference. The spacetime outside of

the string looks as

2

ds? = —dt® + +r2d¢? + d2?, (3.2.21)

cos? Oy
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Figure 3.1: Embedding of metric (3.2.23) in flat 3-space

with ¢, 2z, and ¢ being the same coordinates as the interior ones, and r being a
radial coordinate bounded below by r¢sin @y, (at which point you enter the string
interior).

The non-zero components of the stress energy tensor needed to generate this
spacetime can be found by use of the field equations to be

1
T = T = ———— | 3.2.22
G2 (3222)
inside, and zero everywhere outside. We can see that we have p = —P,, just as we
expect. One can perform a coordinate transformation ' = —Z—. ¢’ = ¢cosfy to

cosf@pr?
bring this metric into a locally flat form, as one might expect from the Newtonian

potential. However, the locally flat angle coordinate ¢’ runs from 0 to 2w cos 8y,
corresponding to an angle deficit of 27(1 — cos ).
To examine how an embedding of this spacetime would look, let us consider

slices of constant ¢ and z, so the metric takes the form

ds® = r2(df? + sin® 8d¢?) (inside),
ds® = dr” + r2dg? (outside) (3.2.23)
cos? Oy ’ -

The inside metric is a part of a sphere with radius rq, extending from 8 = 0 to
# = 6,4, while the outside metric is a cone tilted at an angle 8,. These two metrics

match up at the border of the string exterior.
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The angle 6,4 is related to the mass per unit length of the string y* as
cosfy =1 —4GWp*. (3.2.24)

If O is greater that 7, then the cone of (3.2.23) turns back on itself and r is
bounded from above by r¢sin ), instead of below. If we assume that the external
universe to the string is to be large, then we must have G®py* < %, which is the
same as p* < 3.37x10~2Kg/m. However, we will see that the cosmic microwave

background gives a much stricter bound on the value of u* for a string.

3.2.3 Cosmic Strings as Cosmological Objects

Unlike domain walls, strings are not “bad” from a cosmological point of view. The
energy density of long strings scales as R4, the same as radiation. We have noted
that the spacetime around a cosmic string is locally flat, but with an angle deficit
of 8tG®y*. This angle deficit allows cosmic strings to act as gravitational lenses,
and cosmic strings moving with velocity v will result in a small Doppler shift of

the cosmic microwave background radiation of

%,T- = 8rG Wy (3.2.25)

So, based on observation, we may say that any strings that exist today must have
G@Wp* < 107 (p* < 1.42x107%2 Kg/m) [41].

Although a cosmic string will have no gravitational effect on matter that is
stationary relative to it, as a cosmic string moves past a distribution of matter it
results in a ‘string wake’, disrupting the matter around it. There has been much
analysis of such models of galaxy formation, for example see [42]-[44].

Analysis of the cosmic microwave background anisotropy has excluded some
proposed scenarios in which cosmic strings are the main source of anisotropy,
in favor of the models where inflation is the main source. However, there have
been models proposed where a mixture of cosmic strings and inflation provide the
anisotropy (see [45]-[47]).

We will also note that in addition to domain walls and cosmic strings, there

are also zero dimensional topological defects known as ‘monopoles’, due to the
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fact that they act as magnetic monopoles in the gauge field. There are also three
dimensional topological defects referred to as textures. Textures are not localized
in space but get their energy density from field gradients rather than a core of
false vacuum. In higher dimensional spacetimes there exist general M-dimensional
topological defects. Collectively, topological defects are known as branes.

There has been much interest on motion of cosmic strings and other topolog-
ical defects near non-rotating gravitating bodies [48]-[53]. As well there has been
analysis done on scattering and capture of cosmic strings moving near a rotating
black hole [54, 55]. We will study the interactions of stationary cosmic strings
with higher dimensional rotating black holes. This is a rare situation in which
there are extended strongly gravitating bodies interacting where the geometrical
symmetries of the system allow for a quite complete analysis. In our analysis of sta-
tionary strings interacting with higher dimensional rotating black holes we discover
a number of interesting properties. We find separability of the string equations in

the five dimensional case, and the existence of principal Killing string solutions.
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Chapter 4

Strings in a Five Dimensional

Spacetime

4.1 Stationary Strings in Stationary Spacetimes

In this chapter, we will examine stationary strings in a Myers-Perry metric, so first
we will consider general properties of stationary metrics. Stationary spacetimes
have a Killing vector field £#9,, = 0, that is timelike somewhere, usually at infinity.
A general metric of a stationary spacetime M can be written in the form

ds® = g,, dz*dz” = —F(dt + A,dz®)? + Hypdzdz®, (4.1.1)

with F' = —£2, A,, and H,; being functions of the spatial coordinates z* (a,b =
1...N). We assume that the spacetime is a foliation of Killing trajectories and de-
note M = M/ G as the factor space, where G is the symmetry group representing

time translation along £&. We can define a tensor

Suby

H;u/ :g,uu+ F (412)

and this tensor will be a projector onto the factor space M with the metric H,s.
Any tensor T which is stationary (LT = 0, where £ is the Lie derivative) can be
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projected onto this factor space by use of the projector operator H as follows,

T f = HoH? - HEHITEY . (4.1.3)

It has also been shown by Geroch [56] that we may consistently define the covariant
derivative in the metric H as

TM':-.-V:)\ = Hg e HEHKTQI:.ﬁ;O- : (414)

Finally, if we have a stationary Killing tensor of rank ¢ in the spacetime given as
K, ....; obeying Killing’s equation (1.4), then its projection K, ...,; will be a Killing

tensor in the metric H, meaning
Kayoai0) =0. (4.1.5)
Let us define H?® to be the matrix inverse of H,;, so that
H, H =&, (4.1.6)
then we have the contravariant components of the metric g given by
gtt= —F 1y F2Hebg g, gto= FolHSbe, gob = Hob, (4.1.7)

We call a two dimensional surface ¥ a stationary surface if £ is tangent to it. A
stationary surface is formed by a one dimensional family of the Killing trajectories
for the field £. Suppose we have a string with a configuration given by x%(o) in the
factor space M and that this string is stationary. Its worldsheet 3 will be given
by propagation of z%(c) forward in time along £. Let us choose coordinates ¢4
(A=0,1) on ¥ with ¢° = ¢ being the affine parameter along Killing trajectories

and let (! = . The induced metric G45 on ¥ is

dy? = Gapd¢*dCB = —F (dt + Ado)? + Hdo?, (4.1.8)
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where A and H are defined as

dz® dz® dzb

A=dagrs H=Ho oo

(4.1.9)

We will consider the string with mass density p* to be a test object in the external
black hole metric, the black hole having a mass M. Certainly such an assumption
will be good for timescales much less than 7 = M/u*. The equation of motion for
a test string worldsheet can be found as an extremum of the Nambu-Goto action

(3.2.12). For a stationary string (4.1.8) tells us that the action reduces to

S =—IAt, (4.1.10)

. [ dze dzb
IZ,U, /dO’ hab%%’ hab—FHab- (4111)

Extremizing the action S is equivalent to extremizing the value of I, telling us

with

that the line z°(o) representing the stationary string is a geodesic in the metric
hqey = FH,,. This means that an equilibrium string configuration has extremized
its length in the metric h, which is different from the spatial projection metric by
a redshift factor F'.

4.2 Properties of Five Dimensional Myers-Perry

Geometry

We will be considering stationary string configurations in a five dimensional Myers-

Perry spacetime. The metric as given by (2.2.2) is

ds? = —dt* + (r* + a?)(dp? + pid¢?) + (r* + a3)(duj + p3ds3)

I1L ar?
+1'I — ar? dr® + ﬁ‘E(dt + al,ufd¢1 + azu§d¢z)2 ) (4.2.1)
with
2,2 2,2
M= +ad)(?+8), L=1--2£ _ Dk (4.2.2)

r24+a? 1?44}
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To simplify the future equations, we will replace the coordinate r by the coordinate
z = r2. We will also transform from the dependent p; values to the independent 6

coordinates. The p;’s must obey the condition
pitps=1, 0<p<l, (4.2.3)
so this will be satisfied if we let 6 be an angle from 0 to 7/2, with the definition
puy =siné, 2 = cosf . (4.2.4)
Further, for simplicity, we will make the defintions
a=ay, b=ay, ¢=¢1, Y=¢s,

p?=1x+a%cos?f+b?sin’f, A= (z+a®)(z+b) - za. (4.2.5)

So the metric takes the form

2
ds® = —dt* + (z + a?)sin? 8d¢? + (z + b?) cos? dyp® + fzdaﬂ + p*db?

2
+% [dt + asin® fdg + beos® 6dy] . (4.2.6)

The infinite red-shift surface of the black hole is defined by the equation £2 = 0,
which is given as ¢ = a — a®cos?8 — b%sin? 6, equivalent to p> = o. The event

horizon of the black hole is located at £ = x, where

1

ze=3la- a® —- b+ \/(a —a? — b?)2 — 4a?b?| | (4.2.7)

so we may see that in order for an event horizon to exist, the parameters of the
black hole will have to obey the restriction a > (|a| + |b])?, consistent with what
we demonstrated previously (2.2.20). The surface gravity « (2.2.7) is given in the

five dimensional case as

A
- =

K (4.2.8)

T=T4
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As well as the principal Killing vector £ = 0;, the metric has additional Killing
vectors by axial symmetry of the planes of rotation. These Killing vectors can be
expressed as & = 0, and &, = 0. It has also been shown that the five dimensional

Myers-Perry metric has a second rank Killing tensor K# [17]

8505 | 046,
sin®f  cos?6

K*" = —(a®cos® @ + b sin? 0)(g*¥ + &}'6Y) + + 858y, (4.2.9)

Finally, if we consider the degenerate case a = b the metric has increased symmetry,
we may understand this symmetry by considering ‘cartesianised’ coordinates on

the planes of black hole rotation, defined as
x =rsinfcos¢ y =rsinfsin ¢
z=rcosfcosyy w=rcosfsiny. (4.2.10)
If we then define ‘rotation vectors’ as
J0, =20, - 20, J50, =20y — w0,

J30,=y0,— 208, Jy0,=y0,—wd,, (4.2.11)

direct calculations show that these vectors J are not Killing vectors, so in this
sense the black hole spacetime does not have total rotational symmetry, however
the vectors {1y = J1 + Js and &) = Jo — J3 are Killing vectors. These vectors
represent a symmetry of rotating the planes of rotation into each other. In Boyer-

Lindquist coordinates, these vectors take the form
§(1)0u = — cos(¢ — ¢)0p + cot fsin(@ — 1)y + tanfsin(d — ¥)dy,  (4.2.12)
and
§(2)0u = sin(¢ — ¥)0p + cot 8 cos(¢ — 1)y + tan b cos(d — ¥)0y, (4.2.13)

equivalent to the Killing vectors previously found by [18].

One can check that in this degenerate case, the Killing tensor obeys the rela-
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tionship
KW =ghes v ehen — 260 ) + e ey + ey €y — €€ — g",  (4.2.14)

demonstrating that the Killing tensor is reducible in the a = b case. This property
is related to the enlarged symmetry in the degenerate case!.

4.3 Stationary Strings Near a Five Dimensional
Black Hole

Expressing the metric (4.2.6) in the form (4.1.1), we can find

F=-g2=" p;o‘, (4.3.1)
aasin?f abcos?
p a—p
2 .2 2
p a absin® @ cos* 6
Hx$:E’ H09=p2’ H¢1/): p2~(1
2 in2 2 2
_ o ocasin“gy\ ., _ o  ab®cos®0 2
H¢¢—~<ZL‘+G +p2—_a—>sm 9, H¢¢—<$+b +W COS8 9,

(4.3.3)
with all other H,; and A, zero. Letting h*® be defined as the matrix inverse of hgp
(defined in (4.1.11), so that h*® = £ H*®, we find that the non-zero components

of h*® are
T p?—a |sin?6 A ’
1 1 (a®> = b*)(z + a?) — d’«
RV = 4.34
pr—a [00320 * A ’ (4.3.4)
oy _ _ aba pee A 66 _ 1
g (P ~a)A’ 402—a’ & pPr—a

We have seen that stationary string configurations will be geodesic in the metric h,

so we will use Hamilton-Jacobi methods to find these geodesics (see for example,

1The author would like to thank D. N. Page for this point.
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[25]). The Hamilton-Jacobi equation is

do ' 2 Bmaw:

oI  1,,,0I 01 (4.35)

By analogy with particles in geodesic motion, we may consider the ‘momentum’

of the stationary string to be given as

ol
9z

P, (4.3.6)

Note that we raise and lower the index of P with the metric h, we also have
P® = dz?/do. The existence of the Killing vectors £30, = 9, £;}0, = Oy guarantees
that Py = 041 and Py = Oyl are constants, we will denote them by ® and ¥,
respectively. We will show that in the metric h (4.3.4) the equation (4.3.5) allows

separation of variables of the form
1
I= —§m20 +Pp+Vp+ I+ I, (4.3.7)

with Iy and I, being functions of § and x respectively. The constant m? = h**P,P,
depends on the choice of the length parameter o. After derivation of the equations
for a stationary string configuration we put m = 1 and use a proper length in the
metric h as 0. Substituting this expression of the action into (4.3.5) and separating

variables, one obtains

dly ’ 2( 2 nc 2 2 1 2 1 2 _
<39—) — m*(a® cos* § + b*sin® 0) + sin20q) + cos20\11 =K, (4.3.8)
and )
dl, 2 -1 2
—K =4A T +m(a—z) — A7 a(a¥ + bD)
+A7(a? - b?) [W2(z + a?) — D*(z + bY)] . (4.3.9)

Here K is a separation constant. These equations are similar to the the separated
equations for particle motion in a five dimensional Myers-Perry metric [17], with
three differences. First, the energy E has been set to zero, second the mass squared

m? has been changed to —m? and third, there is an extra term of m%a in the z-
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equation. The extra term of m2a is due to the redshift factor v/F appearing in
equation (4.1.11).

The fact that separation of variables works in the metric h is connected with
the existence of a rank two Killing tensor K, in the metric. Assuming that the
separation constant K is the conserved quantity connected with this Killing tensor,

we may examine (4.3.8) to see that K** must take the form

Gg05 040y
sin?0  cos?26’

K2 = 5265 — he®(a? cos? 0 + b2 sin? ) + (4.3.10)
then the existence of a constant K = K2 P, P, will be guaranteed. Direct calcu-
lations show that K*® is a Killing tensor in the metric A,y

Rearranging the separated equations (4.3.8-4.3.9), we get

oly oI, X
U v e VX (4311)

with © and x given as

P2 2
sin2f cos?f’

0 = K + m?(a®cos® 8 + b*sin® ) — (4.3.12)
x=A [mQ(x —a)— K] + a(b® + a¥)? + (a® — b?) [<I>2(m +b?) — U3 (2 + az)] :
(4.3.13)
The two sign functions ¢¢ = +1 and ¢, = £1 in the equations can be chosen
independently. In each equation the change of sign occurs when the expression on
the right hand side vanishes.
We can now write the Hamilton-Jacobi action as

_ L1 VX
I————§ma+®¢+\lf¢+§o/\/—@—d0+qm/2Adm. (4.3.14)

By setting the derivatives of I with respect to K, m?, ®, ¥ equal to zero, we get
integral equations for stationary string configurations
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de dz
== | Se7=;) 4.3.15
/ e 2,/X ( )
o= /ggﬁ(aﬂ cos® § + b? sin? 6)df + /%%dm , (4.3.16)
o ®[(a® — b*)(z + b*) + ab?] + aab¥
= ——=df - [ < dz 4.3.17
¢ /Casin20 ) /C 28 o x ( )

v U[(B? — a?)(z + a?) + aa?] + aab®
= ——=df— | < dz . 4.3.18
v /qo cos20/0 /g 2A/X * ( )

By differentiating these equations with respect to o, it is possible to write these

equations in a first order differential form

(P* — )& = &2v/X, (4.3.19)
(P*— ) =cVO, (4.3.20)
(02— a)é = Si;g N ®[(b? — a?)(z + bAz) — ab?] — aab¥ , (4.321)
(0 —a) 9 = co:lze N U[(a? — ) (z + aAz) — aa?] — aab® | (4.3.22)

with a dot denoting differentiation with respect to 0. Now that we have the
configuration equations, m is no longer needed. We now set m = 1, so that o is
the proper length in the metric h.

The normalization condition h,pP*P® = h,p3®2® = 1 and the integrals of
motion &, ¥, and K suffice to determine the 4 initial data for z¢. So K, &, ¥, and
the initial data z*(0) uniquely specify a string configuration. The axial symmetry
of the problem means that two of these quantities ¢(0) and v(0) are cyclic. Thus
a stationary string is completely determined by ®, ¥, and K and z(0) and 6(0).
Unfortunately, it is not likely that there will exist closed form solutions for the
string equations (4.3.19-4.3.22) in the most general case, however we have found

some specific solutions in appendix A.
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4.4 Properties of String Equations

4.4.1 Radial Equation and Asymptotic Behavior

We discuss first properties of the radial equation (4.3.19). Consider x given by
(4.3.13) as a function of = for given values of other parameters. The allowed
configurations must only occur where y > 0, x = 0 gives radial turning points. In

3

the limit of large z, x has a leading term z°, so it is possible for configurations to

extend to infinity. Examining (4.3.19) in the region z — oo, we get
&~ 2T (4.4.1)

So we may say that in the region of large x, we have /r = r ~ ¢. Considering 6
to be expanded in powers of 1/r as 6 = 6y + 6;/r + O(1/r?), we have for (4.3.20)

(4.4.2)

o @(00)+0(1>’

dr r2 r3

Thus, we have 8 ~ 6y — @. The last equations (4.3.21)-(4.3.22) become

do ® 1
dr ~ r2sin? 6, +0 (r_3) ’ (4.43)
i v 1

dr ~ r2cos? b, +0 (ﬁ) ’ (444)

and these equations may be integrated simply. So we may say that in the limit of
x — 00, string configurations which extend to infinity look like

o4
o~V =1r, 6~6— (0),
;
® v
i A (4.45)
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4.4.2 Properties of the § Equation

Similar to the z equation, configurations are only allowable where ® > 0 and
turning points in the 6 equation occur when © = 0. Since © has negative definite
terms of the form (®2/sin%6) and (¥?/cos® ) we see that the string can extend
into the subspace § = 0 only if ® = 0, and can reach the subspace § =
¥ =0.

Consider a special type of configuration when the string is aligned so that 6

T

5 only if

remains constant § = 6. This configuration can occur when

de

O(80) = == (60) =0 (4.46)
This is equivalent to
b2 U2
2.2 2.2 _ _
K + a®cos® 6y + b sin” 6, 70 o h, 0, (4.4.7)
2 2
—(a®* - 0% =0. (4.4.8)

sin?d, costf,
The configuration will be entirely in the § = Z plane only if ¥ = 0 and K = ®*—b%.
Similarly, it is entirely in the § = 0 plane if ® = 0 and K = ¥? — a2,

4.4.3 No Stable Bounded Configurations

Let us consider strings that lie in any bounded configuration outside of the event
horizon at x = z,, possibly a circular configuration or one that appears as an
ellipse. Radial turning points are met at y = 0, and so any such configuration
must occur in a region where x is positive and bounded at either end by points of
x = 0. Let us represent these two points as ¢ = x; and z = x4, with z; < 5. For
the configuration to be bounded, we must have that x be positive in the region
between these turning points. Note from (4.3.13) that x is a cubic in  which grows
to positive infinity in the limit z — oo. If we use the value of 2, from (4.2.7) in

(4.3.13) for x, we get a value of

(4.4.9)

ad bY 2
$++042 .'E++b2 ’

o) = o
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demonstrating a positive definite value. Thus for a bounded configuration to exist,
X must be positive at x,, zero at z;, positive for x in the range x; < z < z2,
zero at xo, and positive at large x. Therefore x(x) must have at least four zeros.
However, x is only a third order polynomial in z, and so it has at most three
zeros. Thus, there are no stable bounded configurations. Note that in principle a
circular solution to the configuration equations could exist at a value of  obeying

the relations

ox
B 0, (4.4.10)

however, since x would be positive for values of z on either side of the z value that

x =0,

solves this, the configuration would not be stable.

4.4.4 A String in the Brane

In a brane world model we have a (3+1)-dimensional universe that exists on a
brane in a bulk spacetime with large extra dimensions. The usual matter of the
theory (fermions, bosons, and gauge fields) is confined to exist on the brane, while
gravity is allowed to propagate into the bulk. Cosmic strings which are composed
of the matter fields must be confined to the brane as well. Let us discuss the
properties of such strings.

In the presence of a (3+1)-brane a stationary black hole can have only one
parameter of the rotation, due to a friction effect [22]. We let b = 0 and let the
brane equation be described as i =const. Since the string must be confined to
the brane, we must have ¥ = 0, so equation (4.3.22) tells us this means ¥ = 0.
Using the radial coordinate r = 1/ again, the remaining string equations (4.3.19)-
(4.3.21) become

(r? + a®cos® — )i = ggc\/(r2 — K —a)(r?+a?—a)+ a2d?, (4.4.11)
2, 2.2 ; 92
(r*+ a“cos®0 — )8 = ¢4/ K + a? cos? 6 — el (4.4.12)
. d
6= (4.4.13)

(r2+ a2 — a)sin®§

To simplify these equations for analysis, we will assume that we have a string lying
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Figure 4.1: Plot of (4.4.16) using normalized units o = 1 witha = 0.75 and ® = 1,
displayed in ‘cartesianised’ coordinates x = rcos¢, y = rsin¢. Also plotted are
the event horizon at r = 1 — a? and the infinite red-shift surface at r = 1.

in an equatorial configuration # = 7/2. We have seen in the previous subsections
that such a configuration demands K = ®2, so we are left with

2 _ 2 __ 2
T
r? —aq
- ¢
= 4.1
¢ r? —a+ a? (44.15)
Meaning that the r-¢ relation for this configuration must satisfy
d¢ d r2—a
— =g : 4.4.16
dr g7"2—oz—+—a2\/r2—oz—i—az——<1>2 ( )

We see that we have dr/d¢ = 0 at 72 = o — a2+ ®2, and at r2 = a — a?. The first
one of these is a turning point where the string has minimal distance to the black
hole, while the second one occurs at the event horizon on the black hole, this is
not a radial turning point but an occurrence of infinite winding of the string at the
event horizon, related with the failure of Boyer-Lindquist coordinates at the event
horizon. This equation also has a singular point at r?> = «, where the string would
cross the infinite red-shift surface. If we have a string configuration with ®2 > a2

then the string encounters its turning point at > = o + ®* — a? outside of 7> =
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and the infinite red-shift surface is never encountered. In the case 2 < a?, then
for the region between 72 = a and r? = a — a? + &2, the right side of equation
(4.4.16) becomes complex, and we will see later that such solutions give unphysical
results. Finally, in the special case ® = a?, (4.4.16) has no singularities anywhere
outside of the event horizon.

To further examine properties of these string configurations, let us consider
the geometry of the string worldsheet of these cosmic string solutions. Using the
conditions b = 0, § = 7/2, ¢ =const, and (4.4.16), we can find the induced metric

on the string worldsheet to be
o [r? :
a® [r? -«
dt + —;— D2 dr] y (4417)

where we have defined + = r2 — o + a? for brevity. The determinant of this metric

gs? — [r%z — ad?ad?

re-a®ae e g2 @
Lz(b_qﬂ)}dr alt-l—r2

is found to be )
r’—q

g=- o p— (4.4.18)
and the curvature scalar for this string worldsheet metric is
R=—2% _ [3(7“2 —a)? + (4r* - 3a)(a® - <I>2)] : (4.4.19)
r4(r? — a)?

We can see that this metric can have curvature singularities only at r*> = a and
r=0.

Examining our three cases from before, we saw that for the case ®% > a?, the
string has its turning point outside of % = «, so this string is regular everywhere.
The case of 2 < a? has its turning point located at a value of 72 less than a, so
this string worldsheet has a singularity at r2 = o. Also we note that the metric
determinant given by (4.4.18) changes sign at this singularity, indicating that the
metric has changed from having one spacelike and one timelike dimension to being
totally spacelike. We can say that such a totally spacelike string is an unphysical
solution. The final special case 2 = a2 has a metric determinant of g = —1 and a
curvature given simply as R = 6c/r*. This metric has a singularity only at r = 0,
the black hole singularity.

The uniqueness of the a2 = ®? solution, being the only solution to cross the
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infinite red-shift surface without singularity, is a general feature. It is demonstrated
in appendix B that the only minimal surface to cross the infinite red-shift surface
and remain regular there is a special class of solutions called principal Killing

strings.

4.5 Principal Killing Surfaces

4.5.1 Principal Null Congruences

In the Kerr metric, it has been shown that the only stationary string that can cross
the infinite red-shift surface into the ergosphere and remain regular is a string which
has a worldsheet generated by the principal null vector and the timelike Killing
vector [57]. Such a surface is called a principal Killing surface. We will begin
this section with a discussion of the principal null vectors in a five dimensional
Myers-Perry spacetime.

The principal null vectors are defined as solutions of the equation

li1oCrpecdllG =0, (4.5.1)

with Cg,sc is the Weyl tensor. In the five dimensional Myers-Perry metric, [ takes
the form [7, 17]
(z + a?)(z + b?) a b

A Oy = ——30y — ——50, | £2//3 0. (4.5.2)

156, =

These vectors obey the equation 414 .» = 0 meaning that the integral lines of
the principal null vectors are geodesic in our metric. By analogy with similar
congruences in the four dimensional Kerr geometry, we call the congruences gen-
erated by 4 principal null congruences. It is interesting to note that in the four
dimensional case the principal null congruence was shear-free, guaranteed by the
Goldberg-Sachs theorem (demonstrated in [58]), however, it has been found that
the congruence generated by these vectors has a non-vanishing shear in five dimen-
sions [17].

It is possible to define a convenient basis by accompanying the two null vectors
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I, and [_ by the vectors m, m and k defined as

P A T PR A

V2 Va2 cos? 0 + b2 sin’ 0 sin26 ®  cos28 ¥
(45.3)
1
¥ = VzVa?cos? § + b?sin® @ (abd, = b0 = ady) (45.4)

and m denotes complex conjugation of m. The primary motivation for choosing
vectors like this is that £, takes the form

€ = AF’ml ;o 2iva? cos?§ + b2sin” (1 — F)
N +pt-v] 02

mp,my , (4.5.5)

with F = —£? the red-shift factor as before. Further, the vectors obey the condi-

tions

(m-m)=(m-m)=0, (m-m)=1, (l.-m)=0,
(k-k)=1, (k-m)=(k-m)=(k-ls) =0,
(I - 12) = —2zp* /A, (I &) =-1. (4.5.6)

We also have
£ﬂ ;Pli = i\/EF,wliua (457)

one can confirm this either by direct calculation, or by comparison with equation
(4.5.5). Due to the property of being an eigenvector of the first derivative of
the principal Killing vector, we call I+ Killing null vectors of the five dimensional
Myers-Perry metric. We can see that in the five dimensional case, the Killing null

vectors and the principal null vectors are equivalent.

4.5.2 Principal Killing Surfaces

Next we will examine stationary surfaces generated by the Killing null vector and
the principal Killing vector £. Our goal is to demonstrate that such surfaces are
stationary solutions to the Nambu-Goto equations. For definiteness, we will use

the ingoing null vector, which is linearly independent from £ at the future event
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horizon and denote it [ = [_. The time symmetry implies that
Ll =€ =0, (4.5.8)

where £ is a Lie derivative. In general the Frobenius theorem states that given

two vectors u and v which satisfy the condition
[u,v] = f(z*) u + g(z*) v, (4.5.9)

with f and g being any functions of spacetime, then there will exist a surface z#({)
which has tangent vectors u and v (for example see [59]). Further in the special
case f = g = 0, there is a choice of embedding coordinates (4(A = 0,1), such
that we have 2"y = u# and 2", = v*. Thus (4.5.8) gives us that there exists a
two dimensional surface ¥ given by z# = z#(C), (¢* = (w, A)) such that =¥, = £,

n

z"\ = —I*. We call such a surface, generated by [ and &, a principal Killing surface.

The coordinate w is the same as the time as defined by the Killing vector £, and
A is an affine parameter along the principal null geodesic.

The metric on ¥ is of the form
dy? = G pdC?d¢? = 2dw? — 2(€ - 1)dwd + 12d)\? . (4.5.10)
Using the metric, one may calculate
2 a 2
{:——F:;ﬁ—l, €-H)=-1, =0, (4.5.11)
so that the metric and inverse metric induced on ¥ are given by

Gpd¢td¢® = —Fdw? + 2dwd), G4Bo,0p = 20,0\ + FO?,  (4.5.12)

with F = 1 — a/p*. We introduce vectors normal to the principal Killing surface,
denoted as n% (R = 2, 3,4). These vectors obey the conditions

Guvgs =0rs,  Guut"4np =0, (4.5.13)
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and these five vectors are complete, in the sense that
g*" = G*Pz" 3" 5 + 6% nknk . (4.5.14)

The principal Killing surface is minimal. Using the equations of embedding in
coordinate form it is possible to directly verify that it satisfies the Nambu-Goto
equations. We will prove that it is minimal by making calculations in a covariant
form. This will be useful in establishing the uniqueness theorem in appendix B.
First we write the Nambu-Goto equations (3.2.16) as

GABa:’fA,B —G484%, 4 o + GABF”VU.’EV,AQTU,B =0, (4.5.15)

where 7%, p is the connection associated with the metric G4p. Contracting this

equation with ng, and using the fact that np -z ¢ = 0 (4.5.13), we have
GABnguaty 4+ G Png,ua’ T*, 275 =0, (4.5.16)
Next, we may replace 2 4, with the directional derivative form z” ,0,2" 5, we get
G*Bnp, (3" 40,5" 5 + 2" ,T#, ,2°5) = 0,

G*Bnp,a” 4(2"5), =0, (4.5.17)
G*PQrap =0,
where we have used the second fundamental form, defined on ¥ as
QRAB = gupnf%:c”’A(x‘fB );,,. (4518)

Thus, ¥ is a minimal surface when the trace of the second fundamental form

Qg = GABQg 4 g vanishes. We will define the vector z as

2 =GB, (ahy) 4, (4.5.19)
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Then we may express {2g as
Qr = G*PQrap = (ng-2). (4.5.20)
Using the indiced metric, z has the form
==L, —IPEE + FIPIE . (4.5.21)

The last term in this equation vanishes because the principal null congruences are
geodesic, while we may use the relation [£,!] = 0 to get

2t = 261 1. (4.5.22)
The fact that ! is an eigenvalue of £, (4.5.7) allows us to express z as
= T F M. (4.5.23)

Since we have defined the vectors n to be orthogonal to !, this means that z-ng =0
and thus Qg = 0. Thus, we have shown that the trace of the fundamental form
vanishes, therefore ¥ is a minimal surface. In appendix A we give the explicit
solution to the principal Killing surface. In appendix B, we show that this X is the

only stationary surface to cross the infinite red-shift surface without singularity.

4.5.3 The Principal Killing String as a Two Dimensional
Black Hole

Up until now we have been working in Boyer-Lindquist coordinates, however, for
the purpose of analyzing principal Killing string surfaces we will now transform
into ingoing Eddington-Finkelstein coordinates, which are regular at the future

event horizon. The coordinate transformation is given by

_ (z + a?)(z + b?)
dv =dt + Wz dz,
S (z+b)a
do = do _2A\/E dr , (4.5.24)
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(z +a)b
20z

In these coordinates, our metric takes the form

d = dip — dz .

ds? = —dv? + p?d6® + (r + a®) sin 0d¢? + (r? + b?) cos? Ody?
+% (dv + asin? 8d¢ + bcos® 9d1/3)2—|—2dr (dv + asin® 8dé + b cos? GdJJ) . (4.5.25)
p

Note that we have reintroduced the radial coordinate r instead of z = r2. Another
convenience of choosing these coordinates is that the ingoing principal null vector
I = I_ now takes the simple form {#9, = —0,. The original Killing vectors 0;, 0
and 0y take the form &,, 05 and 9, respectively.

The principal Killing string, constructed from the vectors £ and [ has a simple

form in these coordinates

0:00a ¢=¢0) ¢=¢0, (4526)

all as constants. We use coordinates of (° = v and ¢! = r as coordinates on X.

The induced metric in these coordinates is

dy? = —Fdv? + 2drdv, F=1— < . 4.5.27
" v+ cardv, r2 4 a2 cos? fy + b2 sin 6, ( )

This is a metric of a two dimensional black hole with an event horizon located at
r? 4+ a® cos® Gy + b?sin®* 6y = a . (4.5.28)

The surface gravity for this two dimensional black hole is x(3) = %F,r evaluated at
the horizon F' = 0. We get

\/ a — a2 cos? By — b2sin? 6,

«

K(2) = (4.5.29)

For comparison, we restate the five dimensional surface gravity s from (4.2.8) in

v C? — 4a2b?
K(s) = \/—
a\/C' ++/C? — 4a2b2

an explicit form

(4.5.30)
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where
C=a—a>-b. (4.5.31)

Next we will demonstrate that the surface gravity of the two dimensional string
hole k() is always at least as large as the surface gravity (s of the bulk black
hole. Begin by defining

2r2 — C
= 4.5.32
firy=""=, (45.3)
and since C' > 0 is a necessary condition for the existence of an event horizon, f

is a monotonically increasing function. f is defined such that

Ky = f(r+), (4.5.33)

where 7, is the location of the event horizon, given as

2 = %(c +VCZ ~ 2a2?). (4.5.34)
Since r, < C'/? one has
s Cl/2
Ky = f(r) < F(C7) = =— < k. (4.5.35)

This relation means that the surface gravity of the two dimensional string black
hole is always at least as large as the surface gravity of the five dimensional black
hole. The equality of k() with k(5) only occurs when

a’®sin® g + b cos® Gy = 0. (4.5.36)

This means that for k() = k5, we must have either a = b = 0 so that the black
hole is non-rotating, or one of the rotation parameters, say b, vanishes and the
string is in the § = 0 plane, orthogonal to the plane with a non-zero rotation

parameter. Finally, we note that for
a® cos® By + b*sin? Gy > 0, (4.5.37)

the metric of the two dimensional black hole remains regular at r = 0.
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Chapter 5

Results in Higher Dimensions

5.1 Principal Killing Strings in Higher Dimen-

sional Myers-Perry Metrics

5.1.1 Myers-Perry Metrics in Ingoing Coordinates

Some of the results we have found can be generalized to Myers-Perry metrics
in an arbitrary number of dimensions. We will restate the metrics for higher
dimensional Myers-Perry metrics here for convenience. For an even number of

spatial dimensions (V) we have p = N/2 planes of rotation and a metric

IIL

2
II—ar? dr

= —d? +Z 2)(dp? + 42 dg?) +

2
017“
+H7 (dt+2az,u2 dqs,) , (5.1.1)

and for an odd number of spatial dimensions there are p = (N — 1)/2 separate

planes and a metric

IIL
II — ar

P
ds® = — dt? + r2dp + Y (r® + o) (dp? + i dg?) + ar®

i=1

2
+H7 (dt+ > i d¢1) : (5.1.2)
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where II and L given by

P

H=ﬁ(r2+af), L=1-)"

2,92
a; Wy
r? 4+ a?

(5.1.3)

These metrics have a principal Killing vector £#9, = 0, as well as axial Killing
vectors £'0, = 0j,.
Let us define /. in these metrics as

—_ P Q;
liaﬂ = (8t - Z 7"2—F—a28¢i) + (97- . (514)
i=1 i
where 1
EzH—ar’ for odd N,
II
== T for even N. (5.1.5)

We will demonstrate that I are the Killing null vectors for the Myers-Perry metrics
and that the integral lines of I, are geodesic. To demonstrate this we will introduce

ingoing (—) and outgoing (+) Eddington-Finkelstein coordinates as

dvy = dt F Edr, (5.1.6)
~ Ea,;
d¢:i:i = d¢’t + r2 n a%dr . (517)

One can use either the upper or the lower sign, but once chosen must be consistently

used throughout the next sections. In these coordinates /. has components
p -~
88, = £8,, liudet =— |dvy + > pla;ds| . (5.1.8)
=1
For odd N the metric takes the form

ar

i (Lepdz*)? £ 2dr(ly,dz?) + ridu? .

(5.1.9)
For even N we have a similar metric, simply by removing the term r2du? and

p ~
ds’ = —dv} + Y (r* + a})(du + uiddl,) +

i=1

replacing ar — ar? we get the metric for even N. The principal Killing vector ¢
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and the axial Killing vectors §; are now given as £#0, = O,,, §'0, = 0, .

5.1.2 Properties of Killing Null Vectors in Higher Dimen-

sions

Now we will demonstrate that the vectors given by (5.1.8) are geodesic. To show

this we must examine

Wiy, =W+ T 6050 (5.1.10)

Using (5.1.8), we see that the only component of % is given as If = £6¥, so we
have )

B =T, = 56" (205 = Grr ) (5.1.11)

By examining of the metric (5.1.9) we can see that ¢,, = 0 and g¢,5, = 0. So we
have that 1414 .» = 0, thus the integral lines of [, are geodesic.
Next we will demonstrate the [ are the Killing null vectors of the Myers-Perry

metric. We begin by considering the product §, 0%

Euwls = Eunlt — T, 615 (5.1.12)

In the Eddington-Finkelstein coordinates we have I = +4; and &* = 6, so this

reduces to

v 1
é.,u.;ul:}; = :l:g;“),r + §(grv,u + Guuvye — gr/,t,'u) . (5113)

The time symmetry guarantees that g,, , = 0, and examining the metric (5.1.9)

gives us g, = 0. The remaining term reads

L1
Eulh = £50u0r - (5.1.14)

Finally, we note that g,, , has only one contribution from the metric, the term in
the metric proportional to (l4,dz*)?, and I, is independent of r. Since Iy, = —1,
we may write that

uv,yr = _gvv,rlip. . (5115)
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This gives us the result finishing the proof,
Y 1
Eull = iﬁarFli;u (5.1.16)

where F = —g,, = —£2.
Note that the time symmetry of the system guarantees the relationship [¢,l4] =
0, so it is possible to consider Killing surfaces generated by the vectors £ and L.

5.1.3 Principal Killing Strings

Consider a principal Killing surface, defined in a manner analogous to previously,
as a surface spanned by the principal Killing vector £ and the Killing null vector
I+ (we will consider strings generated by either of the Killing null vectors in the

analysis here). The equation for the worldsheet configuration is given as
=, zt=r, (5.1.17)

with all the angular coordinates &1 and 6; as constants. This means that our
tangent vectors to the string are given as z#, = {# and z#. = %Ik, as expected.

The Nambu-Goto equations (3.2.16), contracted with g,, for convenience, are
9ur02” + G*Bg, TV, 52%,2°5 = 0, (5.1.18)

with
1

e

The induced metric on the string worldsheet is given as

Oz* =

(v —-GGABoga"). (5.1.19)

G489,0p = FO? £20,0,, V-G =1. (5.1.20)
The first term in this equation reads as

902" = g4, [0-(FO,2") F 20,0,2"] = £g,,.0,F , (5.1.21)
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and the second term reads

GABg'u‘VFVO‘ﬁ ijA "Lﬂ,B = g#VFVaﬂ [F :E?;‘ x,‘i‘ + 2.1,’?:-.’1)&;] = gl“/ (F Pur'r - 2Furv) 1
(5.1.22)
AB v o B 1
G 90 Iap 205 = GF (29ur s = Grrn) = (Gur o + Guoy — Gor ) (5.1.23)
The metric given as (5.1.9) implies that
Gurg =Grr = Gurp = Gorpu=0. (5.1.24)
So, we have

9ur0z” + GABg, TV 42°,2° = £, 8. F — gy - (5.1.25)

Equation (5.1.15) tells us the second term is equal to —gy 4 » o, = 0-F Ly, while
the form of [, tells us that I;, = %g,,. Thus we have that (5.1.25) vanishes and

so this string worldsheet is a solution to the Nambu-Goto equations of motion.

5.1.4 Strings in Higher Dimensions as Two Dimensional
Black Holes

In Eddington-Finkelstein coordinates, the worldsheet configuration of a principal
Killing string is given as

W; = const ¢4; = const. (5.1.26)

We will examine ingoing principal Killing strings, with [ = [_. Using coordinates
¢° = v and ¢! = r for coordinates on the principal Killing surface defined such

that z#, = ¢ and =#, = —I¥#, we have an induced surface metric of

dy? = —Fdv? + 2drdv . (5.1.27)
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This is a metric of a two dimensional black hole with an event horizon at F = 0,
the infinite red-shift surface of the bulk black hole. For odd N one has

ar

Fz_gzz_ngl_ﬁ,

(5.1.28)
So, in the case of odd N, the surface gravity for this two dimensional black hole is

given as

8,(TIIL) —
2ar

[IL=ar

1 O.(IlIL)aur — aIlIL
K = §8TF = ( )

. ETE (5.1.29)

HL=ar

If we have an odd number of spatial dimensions, the surface gravity of the bulk
n~-dimensional black hole is given by (2.2.7)

_OIl-a

n 5.1.30
Fm) 2ar H=ar ( )
For even N, we instead have
2
ar
F=1- H_L’ (5.1.31)
and the surface gravity for the two dimensional black hole is given as
1 .(ML)ar? — 2arTIL 8.(0L) — 2ar
k() = 50 F = 772 =T 5.2
2 F=0 211°L [ L=cr? 2ar NL=ar?
(5.1.32)

In an even number of spatial dimensions, the bulk n-dimensional black hole has a

surface gravity given as (2.2.7)

0. I1 — 2ar

5 (5.1.33)

Kn) =

I=ar?

In both cases L is given by

P a2p
L=1-3 ‘", (5.1.34)
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so we can see that in the case of either N even or odd, if the strings angular
position satisfies the conditions
pia? =0, (5.1.35)

for each 4, then L is identically equal to one, and so () = K(n) for this string.

5.2 Friction Effect of a String with a Black Hole

The general analysis of [22] shows that there exists a friction effect between a black
hole and a brane attached to it that may cause the black hole to lose some bulk
components of its rotation. The analysis done there was for general branes and in
the limit that the black hole has slow rotation. In this section we will analyze the
friction effect between a string and a higher dimensional black hole with arbitrary
rotation. We will do the calculations for one string segment attached to the black
hole, but for the final result we will assume that we have two such string segments,
the second one being an inverse image of the first one ((Z) — q~3+ 7 and additionally
p — —p if N is odd). We assume such a configuration to guarantee that the black
hole will remain at rest during the process.

In this section, we use the angular coordinates mentioned earlier in chapter
two. We will replace the dependent coordinates p; and p with the independent
coordinates 6;, and let w,, represent the total set of angular coordinates (6;, q~5])

Suppose there exists a distribution of matter outside the black hole, with a
stress-energy tensor 7},,. The fluxes of energy and angular momenta of this matter

through a surface r =const are given as
AB=- [T, ¢dm,, AJi= [T, ¢tdm,, (5.2.1)

where £ and &; are the Killing vectors of time translation and rotational symmetry.

The infinitesimal element of surface area dw, is

dw, =1 ,/—gdvdw™ ™, (5.2.2)
with
N
dw™ ™t =[] dws - (5.2.3)
=2
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For a stationary configuration the rate of energy and angular momentum fluxes

through the matter distribution will be constant, and given by

— di - N-1 /— V¢

=== /dw J=gT,Y ey, (5.2.4)
T dJl N-1 v
J.,; = % = /dw v —g T,u &"T’V . (525)

We will assume that we have a situation with an ingoing principal Killing string
captured in the black hole event horizon and calculate the energy and angular
momenta transfer through the string. The stress-energy tensor of a string with a

configuration given by z# = z#({*) is given by equation (3.2.14)
V=T = [ @™ (@ - a(0)

" =v-GG*Pz 2"y, (5.2.6)

with u* being the tension of the string. Using the ingoing principal Killing string
generated by £ and [ = [_, we have

Y = F MY — MY — ERTY . (5.2.7)
We have in particular
tEh = FUI(§-1) - €& 1) - I"(€%),

6 =FUE-1) - €(&- 1) - 1"(6- &) (5.2.8)

We also have
§l=-1, &€=-F, & l=-pla, & &=Q0~-Fla, (529)
which may be used to find that

trer =€, bl =agl(eh—1"). (5.2.10)
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Using these relationships for our original integrals (5.2.4-5.2.5), we get
E=0, J; = —pragul . (5.2.11)

We note that the flux is independent of r, agreeing with conservation of energy
and angular momentum. The loss of angular momentum by the black hole is the
negative of the flux of angular momentum through the string,

JBH — _ ;. (5.2.12)
Using our original definition of the spin parameters a; (2.2.1), and taking into
account the previous assumption that there would be two string segments attached
to the black hole, we get the relationship for the loss of angular momentum from
the black hole;

JBH — _2(N — 1)%@”. (5.2.13)

This result agrees with the special four dimensional case of the Kerr black hole
obtained in [22].

Note that this is a first-order effect on the rotation parameters and mass of the
black hole. After the rotation parameter has changed by an apprecable amount, the
shape of the string will be different due to the modified rotation parameters. For
small p*r, /M this process will be slow. One can describe it as quasistationary, that
is as a slow change from one stationary configuration into another. Dynamics of
this process can be considered as an evolution in the space of rotation parameters.
The friction effect between the string and the black hole will continue until a
stationary configuration is reached with JP¥ = 0 for each plane of rotation i.
(5.2.13) shows that for JB¥ = 0, we must have either JB3¥ = 0, or y; = 0, meaning
that there will be a slowing of the black holes rotation parameters until the strings
angular position is ‘orthogonal’ to any planes of black hole rotation which have a
non-zero rotation parameter. That is, the final equilibrium state must be one which
has a?u? = 0 for each i. Comparing to (5.1.35) we see that the final equilibrium
state will be one which balances the surface gravity of the n-dimensional black
hole with the surface gravity of the two dimensional string black hole. Thus, we

may interpret this as the friction effect tends to a thermal equilibrium of the black
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hole-string system.

To estimate the timescale of this interaction we will consider a special case
which allows a complete analytical solution. Consider that we have a black hole
with only one nonzero rotation parameter a and the cosmic string lies in the plane
corresponding to this parameter, that is y; = 1 for that ¢ and y; = 0 for all
other planes. This is analogous to the string lying in the equatorial plane in the
Kerr case. The symmetry of the problem guarantees that u; will remain constant
so we do not have to consider dynamical changing of the strings angular position.
Assuming that p* is small compared to M /r, so that we may assume the process is
quasistationary and adiabatic, the surface area A of the black hole will be constant.
The surface area is given from (2.2.8) as

16rGIV+)

e Mr, (5.2.14)

A=Ay_1ria= N

with the black hole event horizon r, given for a black hole with one nonvanishing
spin parameter by (2.2.10) or (2.2.14)

a=r¥"*r? +d?%). (5.2.15)

Using the dynamical equation for J (5.2.13), the fact that area is constant (5.2.14),
and the definition for the spin parameter (2.2.1), we can get the equation for the

rate at which the horizon radius changes

327TG(N+1),U* CL2
T T IN - DAy TV 4 a2

(5.2.16)

We can see that r, will increase while J and a decrease, until the process stops
when J and a vanish. Constant black hole area and increasing r also implies that
the black hole mass M will decrease. We will define the dimensionless parameter
B = a*/r?, we may write (5.2.15) with (5.2.14) as

A
= ———1. 2.17
AN_lr_!]Y._l (5 )

B
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We can see that r will increase monotically until reaching the final value of

A 1/(N-1)
rf - (AN——l) 3 (5218)

at which point f = 0 and the process stops. At this point, the mass of the black
hole will reach its final value

AN -1)
f —_— m . (5-2-19)
Differentiating (5.2.17) and using (5.2.16), we can find that 3 evolves as
s _ 2N -1 B
g=- i, AT AT (5.2.20)
We can solve this equation analytically, the solution is given as
BF 1a1uN_:272a2a_/3 2(N — 1)u*
Ing+ (285 22 m0) Wiie, (5.2.21)

N-1 B M;

with C' as an integration constant. The hypergeometric function is for our purposes

given as

N -2 1 ad
F([l’l’m]’p’ﬂ’_ﬁ):(N—1)r(i\’;2-),§ GrDrn  022%2)

In the limit of ¢ — oo, we have § — 0 and so the logarithm is the leading term on
the left. Therefore, asymptotically we have

B ~ a® ~ exp(~2t/T), (5.2.23)

with T' = My /((N —1)u*) as the characteristic time. We can see that the timescale

T is the same as what one would expect from simply examining equation (5.2.13).
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5.3 Separability of String Equations in Gibbons-
Lii-Page-Pope Spacetimes

A recent paper [24] demonstrated that the Gibbons-Lii-Page-Pope metrics men-
tioned earlier have a separation of variables in the even-spatial-dimension case with
all rotation parameters equal, a; = a. For this special case the Hamilton-Jacobi
equations for a particle in free-fall and the massive Klein-Gordon equations un-
dergo a separation of variables (we state the results in appendix D). Here we will
demonstrate that the Hamilton-Jacobi equations for a stationary string also have
a similar separation in that special case.

Since separation has only been demonstrated for a Gibbons-Lii-Page-Pope
spacetime with an even number of spatial dimensions, we will restate only that

metric here

ds® = —W (1 — Ar?)dt? + dr

1L , ar? P oapl
II(1 — Ar?) — ar? L

Lorital o, 2 A (& r’ +af

where, as before,
P

I d 2 2 L 1 a?ﬂ? Wr P <
—izl_Il(?‘ o), a _;r2+a3’ “;H/\a?'

2
%

(5.3.2)

One may examine the metric to see some difficulties that may occur in an attempt
to separate the Hamilton-Jacobi action for a string. First of all, the coefficient W
appears in some inconvenient places from a separation perspective. In the A =0
case, W = 1, so this was not a problem. The other major difficulty is that there
is a new term at the end of expression (5.3.1) which vanishes in the A = 0 case.
However, if we assume that all the spin parameters of the black hole are the same
a; = a, then the final term simply becomes proportional to 3%, p;dy;. If we

differentiate the restriction 3% _; u2 = 1 then we get 3% uidy; = 0. So we may
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see that the metric simplifies to

1—Ar? IIr?
2 - 2 d 2
@ =TT T T A) —ar)
a(r? + a?) a &, Pty & 9 9 2
- (dt 1T e ;ui dgi) + 7 e ;[dﬂ'i + i (dgi — Aadt)”].

(5.3.3)
In order to get the equations for stationary string configurations, we first need the

inverse metric h*® = H**/F. For the metric (5.3.3), we have

1 - Ar? — (r* +d®)A%®  ofr’ +a?)
1+ Aa? I ’

F=—g,= (5.3.4)

and equation (4.1.7) gives us that to find the components H®®, we need only find
the inverse metric g*¥. The components of the inverse metric that we need are

given as
e (I(1 = Ar?) — ar?)(r? 4+ a?)
B IIr2 ’
, 1+Aa? » 1+ Ad? i
i ¢j — ___.__57‘1 B 0-7 = - 61‘7 53-5
(r2 + a?)u? Qg (r2 +a?) ;2 sin? 6, (5.3.5)
where the p; are defined in terms of the 6; as before (2.2.5)
p—i
MHi = COS 9p_i+1 H sin 9]' s (536)
j=1

keeping in mind the earlier definition 6, = 0 and that we use the convention that
in any product which has an upper limit smaller than the lower limit then the

product equals one. We have also defined

Q=- 20°r%a*(1 + Aa®)(L+ Ar2 + Ad®)  ad®(1 + Ar? + 2A0°)
CI(1— Ar)2(TO(1 — Ar?) — ar?)(r2 +a?)  TI(r2+a2)(1 — Ar2)

(5.3.7)

To find stationary string configurations we must find geodesics in the metric h.
We begin as before with the Hamilton-Jacobi equation

OI  1,,,0 I _

55 3" Feam = (5.3.8)
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This metric allows a separation of variables in the action of the form
1 P p—1
I = ——2-m20 + Z q)i¢i + Z Igl(O,) + Ir(r) y (539)
i=1 =1
where we have defined ®; as the conserved quantities associated with the Killing

vectors §; = O,. Using our metric (5.3.5) in the Hamilton-Jacobi equation, we find
a separation of the form

F(r2+a2)m2 (II(1 — Ar?) — ar?) (d],>2 (r2+a2)Qi¢¢) _K
- - P = Ky,

1+ Aa? r2(r2 + a2)P=2(1 + Aa?) \ dr 1+Aa? 22
P p2 Bl 1 dlp. \?
— - ] = K;. 5.3.10
; I " i=1 HZ_=11 sin® 6 ( do; ) ' ( )

We have called the separation constant K in anticipation of a series of separation
constants that happen when the 6; coordinates are separated. The explicit sepa-

ration of the Iy, functions is performed in Appendix C, but the result that we get

I, = cr/\/ﬁdr, Iy, = cei/\/a‘d@',

r2(r2 + a?)P1
(1 — Ar?) — ar?

is

1+ Aa?

P
Fm=Q2 0% =g

1,j=1

R=

Kl) , (5.3.11)

2
i Ki

cos?f; sin?6;’

;= Ki —

1=1,..,p—1.

We have p — 1 separation constants K; > 0 and we denote K, = ®? as the final
constant, so that we don’t have to write out the equation for ©,_, separately. Also
we have defined the sign functions ¢, and ¢, to be all independently +1.

Next we wish to get the equations of configuration from the action

1 P p—1
I=—gmir+ b+ e [ euds; +s. [ VRar. (5.3.12)

We begin as before by setting the derivatives of I with respect to the parameters
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m?2, ®;, and K; equal to zero to get

Fdr

=¢ [ —(=, 5.3.13
7= VR (53.13)
14+ Aa® dr db;
Sr / PrE VR S6, 7o, (5.3.14)
dé;_1 df; .
, =¢p | — =2,.,p—1 3.1
S0, _1 / sin2 01'_1\/@{—__1- So; \/‘@‘; 3 ? yoes D 3 (5 3 5)
(I)l dé -1 P dr
b1 = S, / . £ +<r/ QY d—, (5.3.16)
YJ sin®6, 4 /6,1 ]zz-:l TR
; dOy_i11 P dr .
(bi:gp._,' / 14 +§r\/Q (p'—, 222,...,1),
P+t | cos? Op—it1 \/@p_iJr1 Jz::l VR
(5.3.17)
where we have defined
(1 — Ar?) — ar?\?
R = ( T i 1 (5.3.18)

We may differentate these equations and combine them to get the first order equa-

tions of motion

Fi=¢VR, (5.3.19)
- 1+ Aa? VO
Fb, =c, : . i=1,..,p—1, 5.3.20
gg, <r2+a2) [Ti2 sin? 4y, ' P ( )
. 1+Aa2 (bz P
Fy=|——|— ®, i=1,...,p. 3.
é <r2+a2)u?+Qj§ iy i P (5.3.21)

Note that in the final equation we use the y; notation instead of the § coordinates.
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Chapter 6
Discussion

In this thesis, we have examined properties of stationary string configurations in
higher dimensional black hole spacetimes, in particular Myers-Perry black holes
and their generalization with a cosmological constant. We have demonstrated
that the configurations for an equilibrium string in such a stationary geometry
obey the geodesic equations in a metric conformal to the spatial projection of the
bulk metric, with a conformal factor —£2. For the five dimensional Myers-Perry
metric we have found that the Hamilton-Jacobi equations allow a separation of
variables. The first order equations of possible stationary string configurations
have been found, and some particular solutions are demonstrated. It has been
shown that there is a set of special solutions, referred to as the principal Killing
strings, which share a particular property. The property of uniqueness that these
string solutions share is that they are the only stationary string solutions which
can cross the infinite red-shift surface of the black hole, without developing any
singularity. These solutions pass through the ergosphere and cross into the black
hole event horizon remaining timelike and regular.

It is likely that the ‘miracle’ of separation of variables is something unique
to the four and five dimensional Myers-Perry cases. Examining the metric for
the six dimensional case, one encounters a problem with off-diagonal terms in the
metric. In four and five dimensions all off diagonal components of the metric
were connected with cyclic coordinates, so that they did not get in the way of
separation of variables. In the six dimensional case, the existence of two angular

coordinates leads to off diagonal components of the metric which are not connected
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with a Killing vector. However, it has been demonstrated that the special case
of a Myers-Perry metric with only one non-vanishing spin parameter does allow
separation of the massless scalar field equations, in any number of dimensions [60].
Also, the possibility has been demonstrated that the Hamilton-Jacobi equations
for free test particle motion and the Klein-Gordon equation may separate in the
special case of a set of spin parameters equal and the rest zero [61]. This was found
in any number of dimensions and it would be interesting to see if the stationary
string equations also separate in these cases. However even though separation of
variables might not work in the most general case, we have found that some of
the results we have do generalize to the higher dimensional Myers-Perry cases.
In particular we have demonstrated that the principal Killing strings, generated
by the principal null vector and the principal Killing vector, are solutions to the
Nambu-Goto equations of motion in any number of dimensions.

We studied the worldsheet for a principal Killing string, and examined the
induced geometry on such a worldsheet. We have seen that the induced geometry
on a principal Killing surface is that of a two dimensional black hole with an event
horizon located where the surface crosses the infinite red-shift surface. Further,
it has been demonstrated in five dimensions that the surface gravity of the two
dimensional black hole is always at least as large as the surface gravity of the
bulk five dimensional black hole. It may be possible to argue that the stability
of the principal Killing string is connected with the stability of the induced black
hole. In the case of the Kerr-Newman black hole, it has been shown that the two
dimensional black hole in the induced string geometry can be obtained as solutions
of two dimensional dilaton gravity [57]. A possible future project would be to see
if such an analysis is possible in the five dimensional and higher cases.

It has been demonstrated in [22] that, in general, there is a friction effect be-
tween rotating black holes and branes attached to them. This effect slows the
rotation of the black hole in any planes of rotation that do not preserve the sym-
metry of the brane under rotation of that plane. We have demonstrated this effect
for the particular case of principal Killing strings attached to the black hole, and
have found that the friction effect will slow the rotation of the black hole in any
planes of rotation that the string is not orthogonal to. This is consistent with the

result of [22] in the four dimensional case. The friction effect occurs on a timescale
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proportional to 7 = M/u*, so for light test strings this will be a long time period.
On timescales of the order of 7, the black hole’s rotation parameters will have
changed by an apprecable amount, and then we will have to take into account dy-
namical effects of the string. Certainly in the future an analysis of this effect might
be interesting. However, we may still comment on the possible final configurations
of the string. It is reasonable to assume that the state of the system after a long
period of time would be stationary, and that such a final configuration would have
reached a state such that JB# = 0 for all of the black hole planes of rotation. In
such a case, a principal Killing string will be orthogonal to all of the black hole
planes of rotation that have a non-zero rotation parameter and a principal Killing
string will cross the event horizon at a location where the event horizon coincides
with the infinite red-shift surface. In this case, the surface gravity of the rotating
black hole will be equal to the surface gravity of the two dimensional black hole
induced on the string worldsheet. So it is possible to consider that the friction
effect between the rotating black hole and the two dimensional black hole is a
‘thermalization’ process, reaching equilibrium when the two black holes are at the
same temperature.

Finally, we have demonstrated separation of variables in the Gibbons-Lii-Page-
Pope metrics. The Hamilton-Jacobi equation for geodesic motion of a particle
and the Klein-Gordon equation separated in a special case of an even number of
spatial dimensions with all spin parameters equal. We also demonstrated that
the Hamilton-Jacobi equation for stationary string configurations separates in this
special case. One may consider that there might exist a coordinate transformation
to find a separation in a more general case, but it may also be possible that the
spacetime lacks sufficient symmetry to allow separation in more general cases.
We have also found first order stationary string configuration equations for the
special case. In the future, one may examine these equations and determine some

properties, however lack of time has prevented such an analysis here.
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Appendix A

String Solutions in Five

Dimensions

A.1 Equal Rotation Myers-Perry Case

Consider the degenerate case a = b. In this case, due to the enlarged symmetry
we have additional Killing vectors in the metric h, taking the same form as those
of the bulk five dimensional metric (4.2.12)

§(1)0a = — cos(¢ — )0 + cot(8) sin(¢p ~ )0 + tan(6) sin(¢ — )0y ,

£(2)0a = sin(¢ — 1)0p + cot(f) cos(¢ — )04 + tan(f) cos(¢p — ¥)0, .  (A.1.1)

Also, as with the bulk metric, the Killing tensor K (4.3.10) in the metric h is now

reducible

R = €365+ 6565 — 2657 €) + €06y + €y €ty — 1. (A-1.2)

In this degenerate case, the string configuration equations now take the simpler

form

(:v+a2—a):i:=§w2\/A(m—a—K)+aa2(<I>+\Il)2, (A.1.3)

P2 2
sinf cos2f’

(x+a2~a)é=gg\/K+a2— (A.1.4)
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®  ad(¥+9)
sin’d  (z+a?)? —za’

¥ ad(¥+9)
cos?2 (z+a?)?—za’

(z+a?—a)d= (A.1.5)

(z+a?—a)yY =

(A.1.6)

Note that there is no # dependence in the & equation, so that this equation is a
separable one

/da_l/ (z+a®— a)dz
2 \/(:1: +a2)2(z—a—K) —a(z? —za —zK + a?(® + ¥)?)

. (AL7)

If we denote p;, ps, and ps as the roots of the denominator, so that
(z +a*)*(z — a - K) — a(z? — za — 2K + a*(® + ¥)?)

= (z —p1)(z — p2)(z — p3), (A.1.8)

then we may integrate the equation explicitly

s = e o ([E) )

P2—n b3 —;

ps+al—a ( . (\/w—m) \/prpl)
+————F{ arcsin , , A19
VP33 — D Po—n1 D3 — D1 ( )

where the elliptic functions are defined in the notation of [62] as

E(, k) :/()¢\/1—k2sin2zdz, F(o, k) =/0¢sz“"" (A.1.10)

k2sin® 2z

Next, we may divide (4.3.19) by (4.3.20) and separate to get

dz do
—_— = | —. A.1.11
[iz=17 (A-1.11)
The left hand side can be integrated to get
d.’E _ F (arCSin ( :2__1’11) ’ \/P::P;) (A112)

2/X VD3 —P1 ’
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with py, pa, and p3 the same roots defined in (A.1.8). For the right hand side, the
substitution y = tan? @ changes this integral to

/ @b _ dy , (A.1.13)
VO ) o1 +y)/-0%2 + (K + a2 - 82 - W)y — §2
so we may integrate this equation directly to find
F (aresin (y527) VBR)
VD3 — D1
tan—! ( (K+a?)(sin? §—cos? )+ ¥ -2 )
a a?) sin? @ cos? §— 32 cos? §— W2 sin?
_ VIR (K ) sin? Ocos? 08 cos” 0-W2sin?0 ) 4 14

vK +a?

Now we have implicit solutions for z(c) and (o). To get information on ¢ and ¥

into this, we can make use of our Killing vector &
@) - P =sin(¢ — ¢) Py + cot 0 cos(¢ — ¢) Py + tanb cos(¢ — ¥) Py, = Q, (A.1.15)

with @ = &(9) - P being a constant associated with the Killing vector. We can see
the components of the momentum vector as defined in (4.3.6) are

Ppb=® P,=1

2 2
P(,:‘—;-g-—_—\/éz\/fua?— ¢ v (A.1.16)

sin®0  cos?6°

We may set the value of @) by considering an initial point ¢ = ¥, 8§ = 6,

2 P2
sinZf cos?d + cos(¢ — ) (P cot @ + ¥ tanh)

sin(¢ — w)\/K +a? —

=cotfp® +tanfy V. (A.1.17)

(A.1.9) gives us the relationship between z and o, (A.1.14) gives us a relationship
for 0 as a function of z, and (A.1.17) gives us how ¢ and ¢ vary with 8. Note that
since ¢ and 1 are still coupled in the form ¢ — 9, this is not a complete solution.
One would have to integrate (A.1.5) and (A.1.6) to get a full solution, but since
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the solutions for z involve elliptic functions integrating these equations would most

likely prove difficult.

A.2 0-z Relationship for String Configurations

It is always possible to divide (4.3.19) by (4.3.20) to get
A21
[ %=/ f (A2.1)

which, upon letting u = tan?#6, we can see that

db =l/ du
Ve 2/ Ju+ )W)

where we have defined the polynomial W(u) as

(A.2.2)

W(u) = —9%3 + (K + b — 202 — ®*)u? + (K + a® — U2 — 20%)u — *. (A.2.3)
If we allow g1, g2, and ¢3 to be the roots of W, such that
W(u) = —0(u— g1)(u — g2)(u — ga), (A.2.4)
and we denote py, p2, and p3 to be roots of x, as

x = (x —p1)(z — p2)(z — p3) , (A.2.5)

similar to (A.1.8), then it is possible in the general case to integrate (A.2.1) to get

. \/sec2 0(gz—~q1) (g3+1)(q1—q2) : P2—p1
—F (arcsm ( tan? 6—gqi ’ (324'1)(3:13—3:) . F (arcsm ( p2— Pl) Pz—pl)
\/((12 + 1)(q1 — ¢3)¥? Vb~ h

(A.2.6)
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A.3 Solution for the Principal Killing Surface

Consider a principal Killing string in the five dimensional Myers-Perry case. The
form of the principal null vectors (4.5.2) tells us

(z + a?)(z + b?)

P= A €1, (A.3.1)

is a spacelike vector tangent to the string’s worldsheet, and further that

it = P°. (A.3.2)

Reading this equation off in components, we then get for the string configuration

equations
T = ?2\/5, 0 =0,
. a(z+b) . blz+a?)
¢ = TN Y= —x (A.3.3)

We may say that 8 = , a constant, and comparing these equations with (4.3.19)-
(4.3.22) we may see that the constants &, ¥ and K take the form

® =asin’6y, ¥ =bcos’fy, K = (a*— b*)(sin®fy — cos®6fy). (A.3.4)

By integrating the equations (A.3.3), we can get

r=r'=0, (A.3.5)
2 2 2 2
a ry+b r—ry) ri+b r—r_
- 1 - st
¢ 2(r2+—r3)[ s <+) "~ ln(rw_ﬂwo’ (4.3.6)
b Ti—}-az r—Try 72 + a2 r—1r_
w—2(ri—r3)l T4 ln<r+7”+ S In r4r_ +%0, (A37)

with ¢g and 1 being initial data for the string, and r.. being the horizon locations,
defined in (4.2.7). We see that for a # 0, the value of ¢ diverges in the limit
r — r,, meaning that there is an infinite amount of string winding in this plane
as it approaches the event horizon. For b # 0, there is a similar effect in the 7
plane. These effects are connected with the failure of Boyer-Lindquist coordinates
near the event horizon, this was discussed to explain the singularity in (4.4.16).
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Appendix B
Uniqueness property

In this section, we will demonstrate the uniqueness property of principal Killing
string solutions in the five dimensional Myers-Perry case. That is, these solutions
are the only stationary string solutions to cross the infinite red-shift surface and
remain regular.

We begin by considering that we have a stationary surface, with coordinates
¢4 = (v, A) on its surface. The strings worldsheet in spacetime is given by z#(¢4).
We will define v to coincide with the Killing time, so that dz#/dv = £#. We still
have the freedom v — v + f()) for any function f, and this freedom does not
effect dz* /dv. Let us use this freedom so that L# = —dz#/d) is a null vector. The
metric takes the form

dy* = e2dv* — 2(¢ - L)dvd) . (B.1)

We still have scaling freedom in A as A — g()\), which will not effect L being null.
Since £ - L can only depend on A, we can use this freedom to set £- L = —1. So we

have for the metric
dy? = —Fdv? 4+ 2dvd\, F=-¢, (B.2)

and an inverse metric

GA89,0p = 20,8, + Fd?. (B.3)

Let us denote the set of vectors normal to the surface as ng. We have the rela-
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tionship for the trace of the second fundamental form (4.5.20),
Qr=ng-z, 22!= GABxp,A (wp,B) P (B.4)

o= —2LPEh + FLPLV . (B.5)

Antisymmetry of £, and the fact that L? = 0 guarantees that L -z = 0. If we

assume that our stationary surface is a minimal surface, it means that we have
Qr =GABQrap =0, (B.6)
Q? = §R5Qr0g = 675 (g 2,) (n% 2,) = 67 nkn%(2,2,) = 0. (B.7)
The completeness relation (4.5.14) gives us
Q* = (¢*¥ — GABx‘an:"’B)z#zu =0. (B.8)
Using the form of (B.3), we get for the second term
GABa! ya¥ pzuz, = [2(€- 2)(L- z) + F(L - 2)%], (B.9)

which vanishes since L - z = 0. Thus if our surface is to be a minimal one, z must
be null, g,,2#2" = 0. z being null and orthogonal to L, which is also null, implies

that z and L are parallel, that being
= —2LPEF  + F LPL¥, = qL*. (B.10)
To find ¢, we will multiply this relationship by &, to get
g =28, LP¢* , — FELPLY (B.11)

0= L)y~ FIP(E- L)y + F LMy = o0 (B.12)

Using this value of ¢ in (B.10), we see

26k IF = FLPLF, — ‘(li—l;Lﬂ. (B.13)
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Examining this relation at the infinite red-shift surface ' = 0, we can see that
L is a real eigenvector of ,,. Comparison with (4.5.5) shows that this means it
must be the case that L =1, or L =1_ at F' = (. For definiteness, we will assume
L = I_ at the infinite red-shift surface. Next, if we consider regions close to the

infinite red-shift surface, then we have
L= 14+l +pm+ pm+ vk, (B.14)

where we will consider A, y, and v to be terms much smaller than 1, and thus will
drop any multiple of these two in this analysis. The term proportional to [, does
not appear since L - L = 0. The forms of the vectors m and k (4.5.3-4.5.4), gives

us the following

¢sinf cos @ 9 13
m . fovsnd — b ’ B.15
(m-¢) pV2Va? cos? 6 + b2 sin® 6 (@ ) ( )
ab
k-&)=-— : B.16
(k&) rva2 cos? § + b2 sin* 6 ( )

We also have L - £ = —1. Using L in (B.14), we obtain

1 i(a® — b*)sinfcosb , ab
Va2 cos? 8 + b2 sin® @ V2 r
Contracting (B.13) with m,,, we may use the relationships
(1l — F)vVa? cos? b2sin* 6
myLPE, ip( )Va ;;)s 6 + b?sin | mu ¥ = 1, (B.18)
mLPL* =1 p , — £ (21'\/&2 cos? 0 + b?sin 0 + 7") (B.19)
p =TS ; '
to get
dp
P, —_p_ _
Fllu,=—F — Qu, (B.20)
where we have defined
iv a2 cos2 2 gip?
Q=_22\/a cos?0 + V?sin“0+rF dF (B.21)

P Cdr
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We will define the tortoise coordinate r* as

dr
= 22
e F, (B.22)

so that the infinite red-shift surface lies at 7* — —o0, then we can solve for y as
_ Qr*
p=poe" . (B.23)

However, Re((2) is negative definite in a region near the infinite red-shift surface,
so we must have ug = 0 to get a solution which is regular at the infinite red-shift
surface.

Now, if we contract (B.13) instead with k,, we may use the relationships

k. LPEr, =0, k,JJH=v, (B.24)
k LPLM = —% +10u,, (B.25)
to get
Fllv,=—-F % =-Tv, (B.26)
where we have defined IFF
T = T (B.27)

Using the tortoise coordinate (B.22) again, we may solve this as
v=uygel" . (B.28)

Just as before, Re(T) is negative definite in a region near the infinite red-shift
surface, so we must have 1y = 0 so that our solution is regular at the infinite
red-shift surface.

Thus, we have shown that p and v in (B.14) must vanish identically in some
finite region about the infinite red-shift surface. By analytic continuation, L must
be equivalent to [_ everywhere else as well, so the only regular minimal stationary

surface which crosses the infinite red-shift surface is a principal Killing surface.
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Appendix C

Angular Equation Separation for
a String
Here we demonstrate the separation of the Iy part in the Gibbons-Lii-Page-Pope

metric explicitly (5.3.10). Begin with the equation to separate written out with 6

dependence explicit,

P ®? el dl, \*
i + %) =K. C.1

; cos? Op_iy1 [T521 sin? ; ! sin? 6, ( db; ! (C.1)
Note that this equation guarantees that K; > 0. Next, to make the separation
simpler, we renumber the index on the first sum as ¢ — p— 1+ 1, keeping the sum

running from 1 to p

2 ? = dl, \’
p—i+1 6;
=K. C.2
z;cosw I 1 sin? +Z (d0,~> ' (€2)

1.2, sin? 6y,

Now we are ready to begin separation, first by peeling off the bottom term from

both sums,

@2 dlI P 2 i1 L 1 dly, \*
n : ’ ) =K,. (C.
cos? 6, ( dé, ) 22 os? 6; [];_; sin’ 6; +f2 12, sin® 6y \ db; 1 (C3)
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Note that every term in the sums now has sin? 4, in its denominator. Next, multiply

across by sin?6; and rearrange terms to get

2 .
$2sin? 6
K, sin?6; — (dlol) sin’ 6, — ot il

P mky (dlgt /d0 )2
do, cos? 6, =

(1)12’ z+1 4
= +
cos? 6; H’ ! sin 0 g s1n 29,

(C.4)
Here we see that the left hand side is a function of 6; only, while the right hand

side is not a function of #; anywhere. So we may state that both sides are equal

to a constant we will call K. We now have

(%)2=KI_ K __%

dé, sin®0; cos?6;’
P 82_, S dlp, \
p—i+l 0
. - =K. C5h
; cos? §; H};g sin? §; * Z:Z [T:_% sin? 6 ( do; ) 2 (C5)

The second equation has the same form as (C.2), thus we may see that this sepa-

ration will continue with an inductive form of

2 2
dly, K1 P
= Kj, — it J .
( dak ) k sin2 9k cos? 0k ’ (C 6)

P P2, p1 1 dlp,\*
DL N (B2) =K. e

2 . %
idig1 08?0 T[Ty sin’6; 5, Tlicks sin’ 6

with all K; > 0 and this pattern is valid for all £ = (1, ...,p— 2). For the final step
k = p — 2 in equation (C.7), we may finish expanding the sums to get

dls. . \? P2 2
<__) Kyt~ 2. (C8)

df,—, sin®f, 1  cos?6,

We see that if we use the notation K, = ®%, then all steps have the same form of
(C.6). This finishes the proof of separation.
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Appendix D

Gibbons-Liu-Page-Pope
Separability

D.1 Hamilton-Jacobi Equation

Here we will discuss the separability of the Hamilton-Jacobi equation for particles
in geodesic motion and the separability of the Klein-Gordon equation for a scalar
field in the Gibbons-Lii-Page-Pope spacetime (see also [24]).
The Hamilton-Jacobi equation to find geodesics for a free-falling particle is
given by
o5 1 ,,085 85

“ox 27 aprar
where S is the action associated with the particle and X is an affine parameter

(D.1.1)

along the worldline of the particle. The nonzero components of the inverse metric
in an even number of spatial dimensions when all rotation parameters are equal

are given as
a?r?(r? + a?)

tt_ v
9 =V A AR = A —ar?)

2 2 2
thi _ _ a*aré(1 + Aa?) _ aa
g7 =AY T AP+ Add) —or?) | T = M)
(I(1 — Ar?) — ar?)(r? + a?)
IIr2 ’

Tr
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o 1+ Aa? . e 1+ Aqg? -
$idj = _— " T 5t 8:6; — , 6% D.1.2
I (r? + a?)p? @, 9 (r2 + a?) [, sin® 6, ( )

where V' and @ are defined to be

1+Aa?  a(r?+a?)

V=12 T Wi = AR

20°%a*(1 + Ad®) (1 + Ar* + Aa®)  ad®(1+Ar® +2Ad%)
(1 —Ar?)2(II(1 — Ar?) — ar?)(r2 +a?)  II(r? + a?)(1 — Ar?)

and II = (r? + a®)P, as before.

This metric allows separation of variables. Let

Q= —= . (D.1.3)

p p—1
5= %mﬁ)\ —EBt+ Y B+ S,(r) + 3 5o, (6) (D.1.4)
=1 =1

t and ¢; are cyclic coordinates, so their conjugate momenta are conserved. The
conserved quantity associated with time translation is the energy E, and the con-
served quantities associated with rotation in the ¢; planes are the corresponding
angular momenta ;.

Using this form of the action, the Hamilton-Jacobi equation separates as

p 72
—K3}(14 Ad®) = m*(r? + a®) + V(r® + a?) [E —Aad (I)i}

i=1

o2r? a(l+ Aa?) & 2
T (1 = ArE(I(1 — Ar?) — ar?) [E e ; ®
202 E%r?

TR A A — ) T 1)@ 2 2% (D1)

ij=1
N 20aFE z”: O = Ar?) — ar? [dS, 2
(r2 4+ a?)P~1(1 — Ar?) & ¢ r2(r? + a2)p—2 dr |’

where K? is a positive separation constant, and we get for the § dependence

P @2

i

! 1 dSe.\?
K2 = : + — ( “’i) . D.1.6
! ; ( P~} sin? Hk) cos? 0p_i+1] = T sin? 60, \ db; ( )
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To show complete separation of the Hamilton-Jacobi equation we must finish
separation of the 6 equation. The separation is essentially equivalent to that
done in appendix C for stationary string equations, having the inductive form
fork=1,..,p—2:

, o2,  sin®6, | dSs \?
Klf sin’ O — chgf_,—e—k— — sin? 6y (Tiﬁ) = K,3+1 ,
P @2 p—1 1 ds 2
K2 — P—z+1 + i : ( 0; ) , D.1.7
e+ 1_;& (H; hy18in6; ) cos2l; i Zpia H};}GH sin’@; \ db; ( )

and the final step of

2 2 ds 2
K =2 % +< """). (D.1.8)

1 "
P cos2f, 1 sin’6, ; df, 1

Next, to derive equations of motion, we will use the action in its separated form

4 p—1
S = %mz)\ - Et+) %4 + Cr/ VR)dr +> " g, / \/©i(6,)db; (D.1.9)
=1 i=1

with K2 "
= K2 Zkt1 p—k+1 k=1 . .p— D.11
O k sin®6, cos2fy’ Lowp—1, ( 0)
14+ Ad®)(r® +a®)P %% (r?2 4P 2V RE
R VOTI(1 - Ar2) — ar? II(1 — Ar?) — ar? a;
—m? (r? 4 a2)P1r? 3 2ar?aE i o,
(1 — Ar?) —ar?  (TII(1 — Ar?) — 047"2)(7"2 +a?) &t
20%rt E? Q(r? + a?)P~
- - D, D.1.11
(=K = &) e~ [0 = &%) ~ar) Z @ (D11
o’r a(l+Ad®) Aa?)

— E+ d,
(1 — Ar2)2(TI(1 — Ar?) — ar?)? Cr24a? Z ’
with @ and V defined in (D.1.3). We also denote K? = &7 so that the inductive

definition given above applies for ©,_;.
To obtain the equations of motion, we differentiate S with respect to the param-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



APPENDIX D. GIBBONS-LU-PAGE-POPE SEPARABILITY 83

eters m?, E, ®;, K} and set these derivatives to zero, giving us integral equations
as before. We can then arrive at first order equations by the usual procedure, in

particular for the r and 6; equations, we get

(TI(1 — Ar?) — ar?)VR

=S (r + a2)p1r2

. (1 + Aa?)/©;
0; = <p. - . D.1.12
6 (r2 + a?) ;;11 sin? ( )

Allowed orbits may only exist where R > 0, and radial turning points occur where
R = 0. Analyzing the A = 0 case for »r — 0o, R has an asymptotic form of E2—m?.
Thus we can say that for E2 < m?, we cannot have unbounded orbits, whereas
for E? > m?, such orbits are possible, exactly as one would expect. In the generic
case A # 0, R asymptotically behaves as X‘—; Thus, for A < 0 only bound orbits
are possible, but if A > 0 then unbounded orbits may be possible.

D.2 The Scalar Field Equation

Next we will demonstrate the the Klein-Gordon scalar field equation also has a
separation of variables in the Gibbons-Lii-Page-Pope metrics when we assume an
even number of spatial dimensions with all a; = a. We begin with the Klein-Gordon

equation
1

Ve

For the metric determinant, we have

Bu(v/—gg""8,0) = m’p. (D.2.1)

7.2(1,2 + a2)2p—2
~_BA, B-=
g ’ (1+ a2

p-1 .
, A= T]sin® % 20;cos?¢;. (D.2.2)

j=1

The metric allows a multiplicative separation for ¢ as

p = e et L ¥bip (r) g (B) (D.2.3)
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Then the r-0 part of the Klein-Gordon equation separates as

2a0F P 1 d (1 — Ar? — ar?) dp
2 j : T
(1 — Ar?) o VBdr ( (r2 +a?)p-1r2  dr

2r2(r? + a?) a(l+Aa?) & . 1° 1 + Aa?
_H(l — Ar2)2(TI(1 — Ar?) — ar?) E+ r? + a? z il or + r2 + a2 Kir

=1

20%r*E%(r* + a?) p 12
- - Q’i T
T = ArE(T( = Ar2) —ar?) - Z Pidyor =V [E Aa}, } 2

ij=1 =1
D24
N A= VA dpe ( |
= —0, Ag¥iv D.2.5
=g S e (A 5) . 29

where the constant to separate # from r is K;. The 6 part will also completely
separate as

= T s, (%) (D.2.6)

The 6 separation then steps down inductively as

Ky

ZC+ k Toin®g; k=1,...p—1, (D.2.7)
where
_ 1 d 2p-2i-1 o 9P8;
Ci = g, cos B; sin®P~%=1 9, [Ti %, sin® 6, df; (COSG sin 6 do; (D-2.8)

2
_ q)p—-i+1
cos? §; [T;Z} sin® 6

Then we have the complete separation of the 6; dependence as

Kiyi @2k 1 d dg,
K, = - -F
k7 sin? 0, cos? b + ©g,, cos b sin?P~2%-1g, d9k c0s O sin b db; » (D-2.9)

Here there is a set of constants K; separating out the 6 equations. Finally, we
use the convention K, = —®%. This completes separation of the Klein-Gordon

equation.
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