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ABSTRACT

In this thesis, we discuss two separate topics from the theory of harmonic
analysis on locally compact groups. The first topic revolves around the topo-
logical centers of module actions induced by unitary representations while the
second one deals with the set of topologically invariant means associated to

an amenable representation.

Part T of this thesis is about the topological centers of bilinear maps in-
duced by unitary representations. We give a characterization when the center
is minimal in term of a factorization property. We give conditions which guar-
antee that the center is maximal. Various examples whose topological centers
are maximal, minimal nor neither will be given. We also investigate the topo-

logical centers related to sub-representations, direct sums and tensor products.

In Part II we study of the set of topologically invariant means associated
to an amenable representation. We construct topologically invariant means
for an amenable representation by two different methods. A lower bound of

the cardinality of the set of topologically invariant means will be given.
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Part 1

Topological Centers



Chapter 1

Introduction and some

preliminaries

In 1951, Arens initiated the study of extension of bilinear maps on normed
space and introduced the concept of regularity of bilinear maps (see [1] and
[2]). The study of Arens regularity of bilinear maps and the topological center
problem has attracted some attention. In [41], Ulger showed that the Arens
regularity of a bounded bilinear map can be characterized by its weakly com-
pactness or its reflexiveness and simplified proofs of some old results. For
more recent results, the reader is referred to [14] and [36]. On the other hand,
special attention has been focused on the bilinear maps arisen from Banach
algebras. See [34] and [13].

Our purpose in Part I of the thesis is to study a bounded bilinear map
induced by a unitary representation 7 of a locally compact group G and the
topological center problems related to it. Part I is organized as follows. In
chapter 2, we introduce some notations in abstract harmonic analysis, defining
the bounded bilinear map induced by a unitary representation 7, giving some

preliminary results. In chapter 3, we study cases under which the topological
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center is maximal, minimal nor neither. A characterization of the maximality
of the topological center will be demonstrated and various examples will be
given. In chapter 4, we investigate the topological centers of bilinear maps
induced by direct sums, tensor products, subrepresentations of given represen-

tations.

A locally compact group is a group equipped with a locally compact Haus-
dorff topology such that the group operations are continuous with respect to
that topology, i.e. both the multiplication G x G — G, (z,y) — xy and the
inverse G — G, v — 2~ ! are continuous. Let G be a locally compact group. It
is well-known that G possesses a positive Radon measure m which is invariant
under left translation, i.e. m(FE) = m(xFE) for any Borel set E C G and x € G.
We call such a measure a left Haar measure of the group G, denoted by m,
dm, dm(z) or simply dz. We remark that left Haar measure of the group G
is unique up to a positive scalar multiple. Given a locally compact group G,

we fix a left Haar measure once and forever.

We denote the modular function associated to the group G by Ag or sim-
ply A, which is a continuous group homomorphism Ag : G — (0, 00) from G
into the multiplicative group of positive real numbers. We remark that the

modular function has the following properties:

(1.1) dm(zyo) = Alyo)dm(x),

(1.2) dm(z™") = Az dm(z).

(x,y0 € G; yo is regarded as a constant while x is regarded as a variable)



For 1 <p < oo, let (LP(G), || - ||,) denotes the usual Banach space associ-
ated with G and m. For p = 2, LP(G) is a Hilbert space with the inner product
(flg)y = [ f(x) dx For a function f : G — C and z € G, we define the
left translation of f by x by I,.f : G — C, I, f(y) = f(zy). Similarly, we define
the right translation of f by x by r.f : G — C, r.f(y) = f(yx). Sometime,
we also denote [, f and r, f simply by . f and f, respectively. We denote the
space of all bounded complex-valued continuous functions on G by CB(G).
If f € CB(G), we identify f with its equivalence class in L>(G). With this
identification, CB(G) is a unital C*-subalgebra of L>(G). Let f € CB(G). If
the map G — CB(G), x — [, f is continuous with respect to the || - ||oc-norm
topology, we say that f is left uniformly continuous. We denote the set of all
left uniformly continuous functions by LUC(G). Similarly, we say that f is
right uniformly continuous if the map G — CB(G), « +— 1, f is continuous with
respect to the || - [|[-norm topology. We denote the set of all right uniformly
continuous functions by RUC(G). We remark that LUC(G) and RUC(G) are
unital C*-subalgebras of CB(G). Let UCB(G) = LUC(G) NRUC(G). We say
that f is a uniformly continuous function if and only if f € UCB(G). It should
be noted that in [21], LUC(G) (resp. RUC(Q)) is precisely the space of right

(resp. left) uniformly continuous functions on G.

As well-known, the dual space of LUC(G), denoted by LUC(G)*, can be
made into a Banach algebra as follows. Let m,n € LUC(G)*, f € LUC(G),
x € G. We define myf : G — C by myf(x) = (m,l,f). It is easy to check
that m;f € LUC(G). Define mn € LUC(G)* by (mn, f) = (m,n;f). When
equipped with the product (m,n) — mn, LUC(G)* becomes a Banach algebra.
The reader is referred to Lau [28] for more details. Let M(G) be the Banach



algebra of all the regular complex Borel measures on G. Lau showed that
M(G) can be embedded into LUC(G)* as a closed subalgebra (see [28]). At
later time, Ghahramani, Lau and Losert improved that result and proved the

following lemma in [16].

Lemma 1.1. The map 6 : M(G) — LUC(G)* defined by (0(w), ) = [ f(x) du(z),
(e M(G), f € LUC(Q)) is an isometric algebra homomorphism. Moreover,
we have:

(a) LUC(G)* = M(G) @&, Co(G)*, and

(b) Co(G)* is a closed two-sided ideal of LUC(G)*.

Let X be a Banach space and let GG be a locally compact group. We say
that X is a Banach G-module if G acts on X as bounded invertible operators
with norm less than or equal to one such that the action is continuous with
respect to the norm topology. More precisely, it means that there exists a map

X x G — X with the following properties:
e Foreach{ € X, z,y € G, wehave £ e =& and ({-z) -y =& - (xy).

e For each x € GG, the map £ — £-x is a bounded, invertible linear operator

on X with norm less than or equal to one.

e For each £ € X, the map =z — £ - x is continuous with respect to the

norm topology.

We refer the reader [31] for details.

By a unitary representation 7 of a locally compact group G, we mean
a group homomorphism 7 : G — B(#) from G into the group of unitary

operators acting on some Hilbert space H such that the map =z — w(z) is



continuous with respect to the strong operator topology, i.e. for each £ € H,
the map x — 7(z)¢ is continuous. By integration, we obtain a non-degenerate

*_representation, still denoted by 7, of L'(G) on the Hilbert space H, namely

fra(f) = [ f@)n(z)do.



Chapter 2

Topological Centers of a Left
LUC(G)*-Module Action

In this chapter, we associate a module action to a given unitary representa-
tion. The topological center of that module action will be defined and some

preliminary results will be given.

2.1 Module Actions

Let 7 : G — B(#) be a unitary representation of a locally compact group G.
Bekka and Xu defined a unital C*-subalgebra of B(#) and a bilinear map as
follows. See [4] and [42].

Define a map B(H) x G — B(H) by T -z = w(27!)Tn(z), then B(H) be-
comes a G-module. Define UCB(7) = {T € B(H)| The map G — B(H), = —
T -z is continuous in norm topology. }, then UCB(r) is a unital C*-subalgebra
of B(H). When the G-module action is restricted on UCB(7), UCB(7) be-

comes a Banach G-module.
Lemma 2.1. The mapping UCB(m)* x UCB(7) — LUC(G), (M,T) — MT,
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defined by MT(x) = (M, T - x) is bilinear and |MT || < || M]||T]-

Proof. Let © € G, then [MT(x)| = [(M,T - )| < [MI|[|T - || < [[M][T],
hence MT is a bounded function on G. Let (z,) be a net in G such that
To = x € G, then |MT (z,) — MT(x)| < | M||||T 2o —T - x| — 0. Therefore,

MT is a continuous function. Let z,,z,y € G such that x, — x, then
oo (MT)(y) =« (MT)(y)| = |MT (zay) — MT (zy)]
= M(T - 2)(y) = M(T - 2)()] = |5, M, T - 20 — T - )|
< 0,MT 20 =T -zl < |M[||T 20 =T 2| =0
uniformly about y, where é,M € UCB(x)* is defined by (6,M,T) = (M, T -y).

Therefore MT €LUC(G). The checking of the bilinearity of the mapping
(M, T) — MT is left to the reader. O

Next, we define a map LUC(G)* x UCB(w)* — UCB(7)* by (m, M) —
mM, where (mM,T) = (m, MT), T € UCB(x). It is routine to check that

the map is a bounded bilinear map with [|[mM|| < ||m||||M]|.

Proposition 2.2. With the mapping (m, M) — mM defined above, UCB(m)*
becomes a left Banach LUC(G)*-module with |mM|| < ||m||||M]| and .M =
M.

Proof. Let T € UCB(7), M € UCB(n)*, z,y € G, then
«(MT)(y) = (MT)(zy) = (M, T - zy)
= (M, (T-z)-y) = M(T-x)(y).
Therefore ,(MT) = M(T - x). Next, for all n € LUC(G)*,
m(MT)(z) = (n, o(MT)) = (n, M(T - z))
= (nM,T-z)=(nM)(T)(x)

8



and hence ny(MT) = (nM)T'. Therefore

((mn)M, T) = (mn, MT)

= (m, m(MT)) = (m, (nM)T) = (m(nM), T,
so (mn)M = m(nM). Also

(0cM, T) = (b, MT) = (MT)(e)

= (M, T-e)=(M,T),
hence 6,.M = M. O

Remark 2.3. The bilinear map (m, M) — mM constructed above coincides
with Arens’ construction when G is discrete. We recall Arens’ construction.
Let X, Y, Z be Banach spaces and let § : X x Y — Z be a bounded bilinear
map. Define 0* : Z* x X — Y™, the adjoint of 0, by (0*(Z,z),y) = (<, 0(z,y))
(x € X,y €Y,z € Z*). The above process can be repeated and we define
0 = (0%)* : Y™ x Z* - X* and 0" = ()" : X* x Y™ — 7% If
G is a discrete group, both UCB(7) and LUC(G) have preduals. Namely,
UCB(7) = B(H) = L1(H)*, where L;(#), equipped with the trace-class norm,
is the Banach space of all trace-class operators on the Hilbert space H. (see
[40] Chapter II, Section 1) and LUC(G) = [w(G) = l1(G)*. Define a G-
module action on the space Ly(H) by G x Ly(H) — Li(H), (z,L) — z -
L = n(z)Ln(z™"). By integration, we obtain a Banach [;(G)-module L;(H),
namely /;(G) x Li(H) — Li(H),
(f, L) — f-L:/f(x)x-Ldm:Zf(x)x-L.

zeG

Define a bounded bilinear map 0 : I;(G) x Li(H) — Li(H) by 6(f,L) = f - L.



Let L € Li(H), T € B(H), M € B(H)*, z € G, then

(0°(T.6,), L) = (T,0(6,, L)) = (T, z - L) = tr(Tr(z)La(z"1))

= tr(n(a ) Tr(z)L) = tv((T - x)L) = (T -z, L).

Therefore 0*(T,6,) =T -x and (0**(M,T),6,) = (M,0%(T,0,)) = (M, T -z) =
MT(z), hence §°*(M,T) = MT. Finally, (0°*(m, M),T) = (m,0**(M,T)) =
(m, MT) = (mM,T). Therefore 0***(m, M) = mM.

2.2 Topological Centers

In this section, we define the notion of topological center. Using the notation
defined in the previous section, it is obvious that for each fixed M € UCB(7)*,
the map LUC(G)* — UCB(x)*, m — mM is weak*-weak™ continuous. How-
ever, it is false that for each m € LUC(G)*, the map UCB(7w)* — UCB(n)*,
M — mM is weak™weak® continuous. A natural question arises: For what
m is the mapping M — mM weak*-weak* continuous ? Therefore it makes

sense to define
Z(m) = {m € LUC(G)*| The map UCB(w)* — UCB(n)",

M — mM is weak*-weak* continuous.},

the topological center of the module action induced by m. Note that Z(m)
contains M(G). Before proving this result, we would first state a proposition

which characterizes Z(m).

Proposition 2.4. Let 7 : G — B(H) be a unitary representation of a locally
compact group G and let UCB(m) and Z(m) be defined as above. For each

m € LUC(G)*, the following are equivalent:
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1. For each T € UCB(w), the map Tm : UCB(mw)* — C defined by
(M, Tm) = (mM,T) (M e UCB(w)*) lies in UCB(r).

2. m e Z(m).

3. The map UCB(m)* — UCB(n)*, M — mM is weak*-weak™ continuous
on all bounded parts of UCB(m)*.

Proof. The equivalence of (1) and (2) are clear and the implication of (2)=(3)
is trivial. Now we prove that (3)=-(1). Suppose that the mapping M — mM
is weak*-weak™ continuous on all bounded parts of UCB(7)*. Let T € UCB()
be fixed, then the linear functional T'm € UCB(7)** is o(UCB(7)*, UCB(7))
continuous on any bounded part of UCB(7)*. By [10] [V.5.6], Tm is a c(UCB(m)*, UCB(7))
continuous linear functional on UCB(7)* and hence T'm € UCB(n) by [8] P.125
Theorem 1.3. L

Lemma 2.5. Let 7 : G — B(H) be a unitary representation of a locally
compact group G. Then M(G) C Z(x), where M(G) is regarded as a subspace
of LUC(G)* as in lemma 1.1

Proof. Define a map UCB(7) x LUC(G)* — UCB(m)*™* by (T, m) — T'm,
where (M, Tm) = (mM, T), M € UCB(x)*. The map is clearly bilinear and
I Tm| < ||T||[[m]]. Let m € M(G) with m # 0, T € UCB(w) and € > 0.
First, we assume that the support of m, denoted by K = supp(m) is compact.
Choose a finite partition {F; [i = 1,2,...,n} of K consisting of Borel sets F;
such that ||T"-x — T - y|| < ¢/|m|(K) whenever x,y € E;. This is possible by

the uniform continuity of the map x + T - x on the compact set K. For each
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i, fix x; € E;. Let M € UCB(n)*, then

(M, Tm — Zm )T - x)| = |(m, MT) — Zm(Ez)(M,Tl’zH

=1

:y/MT ) dm/(z Zm WM, T- )l
= yz/ (M, T-x—T-z)dm(z ‘<ZH |m|( 1) = €| M]|.

Therefore || Tm — > " m(E)T - z;|| < e. Slnce T'm can be approximated
by a sequence of elements in UCB(7) with respect to the norm topology,
Tm € UCB(m). If the support of the measure m is not compact, we can choose
a sequence of measures (u,), with compact supports such that ||[m — u,|| — 0.

Then ||Tm — Tyl < [|T||[|m — pal|l = 0, so T'm € UCB(7). By proposition
2.4, m e Z(n). O

Proposition 2.6. Let 7 : G — B(H) be a unitary representation of a locally
compact group G and let UCB(w) and Z(w) be defined as above. Then the

topological center Z(m) is a Banach subalgebra of LUC(G)* containing M(G).

Proof. By proposition 2.4 (1) and the previous lemma, Z(7) is a subalgebra
of LUC(G)* containing M(G). Let (my) be a sequence in Z(7) such that
my, — m € LUC(G)* with respect to the norm topology. Let (M,) be a
bounded net in UCB(7)* such that M, — M € UCB(n)* with respect to the
weak™ topology. Let T" € UCB(7) and let € > 0. Choose K > 0 such that
||M,|| < K for all . Fix k such that ||my — m| < e€¢/(K(||T] + 1)), then

[(mM,, Ty — (mM, T)|

IN

[(m(Mo — M), T)| + [{(m — my)Ma, T)| 4 [((my —m)M, T)|
< |{mg(My — M), T)| + 2e.

Consequently limsup,, [(mM,, T) — (mM, T)| < 2¢ and hence (mM,, T) —
(mM, T), i.e. m € Z(w) by proposition 2.4. Therefore Z(m) is closed. O

12



Chapter 3

Minimality and Maximality of

the Topological Centers

In this chapter we study two extreme cases about topological centers, namely,
minimality and maximality of topological centers. An example whose topo-

logical center is neither minimal nor maximal will be demonstrated.

3.1 Minimality of the Topological Centers

In this section, we state a theorem which characterizes the minimality of a
topological center (i.e. Z(m) = M(G)) in terms of a factorization property. It
follows immediately that the topological center of the module action induced
by the left regular representation of any locally compact group is always min-
imal. Lastly, we give an example that the topological center of a countable

direct sum of finite dimensional representations is minimal.

Before stating the main theorem, we need a few lemmas. The first lemma

may be well known, however, we include a proof for completeness.
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Lemma 3.1. Let G be a locally compact group and let Ky, Ky be two disjoint
compact subsets of G, then there exists a compact, symmetric neighborhood U

of e such that K U and KyU are disjoint.

Proof. First we claim that for any y € K5, there exist open neighborhoods U,,
V, of e such that K U, NyV, = 0. Let y € K be given. For each = € K, there
exist open neighborhoods S, and T, of e such that xS5,S, NyT, = 0. Note
that {zS, |x € K} covers K1, so we may select a finite subcover {z;S,, |1 =
1,2,...,n}. Define U, = N, Sz;s Vy = iy Ty, then U, and V, are open
neighborhoods of e. We show that K U, NyV, = 0. Let x € K, then
r € x;5,, for some i. Consequently xU, NyV, C 2;5,,5,, NyT,, = 0 and hence
KU, NyV, =0.

By the above claim, for each y € K,, we may choose open neighborhoods
U, and V, for e such that K U, NyV,V, = 0. Note that {yV,|y € K}
covers Ky, so we may select a finite subcover {y;V,, |i = 1,2,...,m}. Define

open neighborhoods U = N, U,,, V = (-, V,, of e. Let y € Ko, then

Yir
y € y;V,, for some i. Therefore KU NyV C K U, Ny;V,.V, = 0 and hence
KU N K,V = (. We finish the proof by choosing a compact, symmetric

neighborhood of e contained in U N'V. O]

Lemma 3.2. Let G be a locally compact, non-compact group and let K; and Ko
be two disjoint compact subsets of G. Then there exists a compact, symmetric

neighborhood U of e and a sequence (x,) in G such that:
1. KyWUx;N K Uz; =0 whenever i # j,
2. KyUx; N KUz = () whenever i # j,
3. KiUx; N KUz =0 for any i, j.

Moreover the set {x, |n € N} is closed but not compact.

14



Proof. Without loss of generality, we assume that K; and K, are non-empty.
By lemma 3.1, we choose a compact, symmetric neighborhood U of e such
that KU N KU = () and construct a sequence (z,) inductively. Let z; = e.
Suppose that x1,zs, ..., x, have been choosen such that:

K\Uz;N K Uz; = 0 whenever i # j, and KoUx; N KyUz; = 0 whenever i # 7,
and

K\Ux; N KyUx; = for any i,j € {1,2,... n}.

We assert that there exists y € G such that:

K\Ux;NKUy=0fori=1,2,...,n and
KU, N KyUy =0 fori=1,2,...,n and
K\Uxr;NKyUy=0 fori=1,2,...,n and
KiUyNnKyUx; =0 fori=1,2,...,n.

Suppose the contrary that the assertion is false, then for any y € G, we have

ye (UK K Uz WU Ky KU UU T Ky Ky U UU T KT KU )

=1

and hence
G = UK 'K\ Uz UUT Ky KUz UU T Ky K U WU K KU,
=1

which is a contradiction since the set on the right is compact. Choose x,,11 = v,
where y € G is any element which satisfies the above condition. By induction,
we obtain a sequence (x,) in G. Clearly (i) and (ii) are satisfied by our
construction. For (iii), if i = j, KjUx; N KUz, = (K3U N KU)x; = 0. If
i # j, KiUx; N KyUzx; = 0 by our construction. We show that {z, |n € N} is
a closed, non-compact subset of G. Suppose the contrary that {x, |n € N} is

compact. For the net (x,),, it has a subnet (z,,, ), which converges to a point,

15



say xx in {x,|n € N}. Choose «q such that z,, € Uz, whenever a = ay.
Choose a; such that n, > k+1 whenever a = «;. Choose oy such that as > oy
and ay > ag, then Tp,, € Uxy. Clearly Tp,, € Uty,,. However ng, > k+1
implies that x,,,, # x, contradicting to UryNUzy,, = (). Let (z4)a be anet in
{z,, | n € N} which converges to z € G. We assert that there exists a such that
To = To, Whenever a > ap. In that case, x, — x4, € {x,|n € N}. Suppose
the contrary. Choose an open neighborhood V of e such that VV~! C U.
Choose ag such that z, € Vx whenever a = ag. By assumption, there exist
ay, a9 = g such that z,, # z,,. Note that z,, € Vz and z,, € Vz, so

T, 2, € Vaex 'V~ C U and hence x,, € Uz,,, which is a contradiction. [

Lemma 3.3. Let G be a locally compact, non-compact group and let Ki,Ky
be two disjoint, compact subsets of G. Let U, (x,) be the compact, symmetric
neighborhood of e and the sequence in G respectively as in the previous lemma.
Then there exists f € LUC(G)\Co(G), 0 < f < 1, such that f = 1 on
U,—, Kiz, and [ vanishes outside \J,—, K1Uxy,. In particular, f = 0 on
U~ KUz,

Proof. By Urysohn Lemma, we choose g € Cy(G), 0 < g < 1, such that
g = 1 on K; and g vanishes outside K U. Define f : G — [0,+0oc] by
f(z) =50 g(za;,'). Note that for each x € G, there exists at most one n
such that g(xz; ') # 0. For, if m # n but g(zx,') # 0 and g(xz') # 0, then
rz, ' € KyU and zz,! € K U, hence x € K,Uz,NK Uz, which is impossible.
It is immediate that 0 < f < 1 and f is a Borel function. Let (¢,), be anetin G
such that t, — t € G. Let s € GG be arbitrary. Let e > 0. Choose aq such that
llt.g —t g]| < € whenever « = ag. Let a = . Note that there are at most two
integers n such that the term |g(t,sx, ') — g(tsx, )| is non-zero. Moreover, for

such non-zero terms, we have |g(tosz,; ') —g(tsz; )| < |t.g—t9|| < €. Therefore

16



[t f(s) =t F(S)] = [f(tas) = f(ts)] < 32021 l9(tasay?) — g(tsay )| < 2€, so
f € LUC(G). By the construction, it is clear that f =1 on |J,_, K1z, and
f=0on (U, KiUx,)° In particular, f ¢ Co(G). Since |J,—, K1Ux, and
U~ , KxUx, are disjoint, f =0 on (J 7, KoUxy,. O

Remark 3.4. A similar technique was used by Granirer and Lau. We refer the

reader to [18, lemma 4].

Lemma 3.5. Let G be a locally compact group. Given p € M(G) and f €
LUC(G), we define f-u(x) = [ f(yz)du(y), then f-p € LUC(G). Moreover,

1S~ ttllos < [1f ool 2]

Proof. Let M = ||u|| + 1. Let € > 0, then there exists an open neighborhood
U of e such that |f(z) — f(y)| < ¢/M whenever zy~' € U. First, we assume
that the support of u, denoted by K, is compact. For each y € K, there
exists a symmetric open neighborhood Vj, of e such that V,V,V, C y 'Uy.
Note that {yV, |y € K} is an open covering of K, so we may choose a finite
subcover {y;V,, |1 = 1,2,...,n}. Define V.= (_,V,,. Let x1,25 € G such
that z127,' € V. Let y € K be arbitrary, then y € y;Vy, for some 4. Therefore
(ya)(ya2) ™" = yaouay'y™" € yV, Vo (V) 7'y = wiVy, Ve Vyyr ' € U and

hence |f(yx1) — f(yxs)| < €/M. Consequently

) — f - pulea)] < /K ) — Flyen)] dipl(y) < elul/M < e

This proves that f - p € LUC(G). It is clear that ||f - ]l < ||f|loollpell for
general u € M(G), f € LUC(G). Lastly, if the support of x4 is not compact, we
may, by inner regularity of 1, choose a sequence (u,) in M(G), with supp(uy,)

compact and ||pn — pl| = 0, then |[f - — f - pall < [|flloclltn — pll — 0.
As f - u, € LUC(G) and LUC(G) is a closed subspace of Lo.(G), f-u €
LUC(G). O
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Now, we are ready to state the main theorem in this paper which charac-
terizes the minimality of the topological center Z(7) in terms of a factorization
property. The forward implication of that theorem is inspired by [14, Theorem
3.1] .

Theorem 3.6. Let GG be a locally compact, non-compact group and let m :
G — B(H) be a continuous unitary representation. Let F = {MT|M €
UCB(m)*, T € UCB(m)}, then the following are equivalent:

(a) The linear span of F is norm dense in LUC(G).

(b) Z(r) = M(G).

Proof. We prove that (a)=-(b). Suppose that the condition in (a) holds. Let
Z be the topological center of LUC(G)*, i.e. Z is the subset of LUC(G)* which
consists of all m such that the map LUC(G)* — LUC(G)*, n +— mn is weak*-
weak™ continuous. Recall that Z = M(G) by [28] and we already know that
M(G) C Z(7), so we will finish the proof once we show that Z(7) C Z. Let m €
Z(m). To prove that m € Z, it suffices that the map LUC(G)* — LUC(G)*,
n +— mn is weak™weak™ continuous on all bounded parts of LUC(G)* (see
28]). Let (n,) be a bounded net in LUC(G)* such that n, — n € LUC(G)*
with respect to the weak*-topology. Let f € LUC(G). First, we assume that
f € span F. Write

k
f=>_ MT,

i=1

where M; € UCB(7)* and T; € UCB(7), then

18



= (mn, f).

Then we drop the assumption that f € span F. Let ¢ > 0. Choose K >
0 such that ||n.|| < K and ||m| < K. Choose f, € span F such that
If = follo < €/(K?). Since (mn, fo) — (mn, fo), there exists ag such that

|(mng, fo) — (mn, fo)| < € whenever a = ap. For any a = «y,

[(mna, f) — (mn, f)|
[(mna, ) = (mna, fo)l + [(mna, fo) = (mn, fo)| + [(mn, fo) = (mn, f)|

< Be.

IN

Therefore m € Z.

We prove the direction (b)=-(a) by contradiction. Suppose the contrary
that the closed linear span of F # LUC(G). Pick m € LUC(G)* such that
m # 0 but m vanishes on the closed linear span of F. Note that for any
M € UCB(n)*, mM = 0. In particular m € Z(w). By lemma 1.1, we may
write m = my + my where m; € M(G) and my € Co(G)L. If my # 0, we
obtain a contradiction immediately since ms = m —my € Z(w). Suppose that

ms = 0. We denote m = m; = u € M(G). Now we try to produce another

19



m" € Z(r) with m” # 0 and m” € Cy(G)*, then we will arrive a contradiction.

Note that for M € UCB(n)*, T € UCB(n), z,y € G, we have

(0 M)T(y) = (6. M, T - y) = (62, M(T - y))

= (M -(T-y)(x) = (M,(T-y)-x) = (MT-(yz))

and hence (MT), = (6, M)T. Therefore

[ M) duty) = (. @20T) =0,

for each z € G.

First we consider the case that p is a signed-measure. By Jordan de-
composition theorem, we have y = p* — p~. Furthermore, we assume that
supp(p™) € K; and supp(pu~) € Ky, where K; and K, are two disjoint com-
pact subsets of G. Choose a compact, symmetric neighborhood U of e, a
sequence (z,,) in G, f € LUC(G)\Cy(G) as in lemma 6.2 and lemma 3.3. By
lemma 6.3, f-p € LUC(G). We assert that f - u & Cy(G). Note that the
constant function 1 € F. (For, let T = idy and choose M € UCB(7)* such
that (M,T) = 1), so u(G) = (u,1) = 0. Therefore u*(G) = p=(G) # 0. We
prove that f-u™ = pu*(G) on {z,|n € N} and f-pu~ =0 on {z,|n € N}.
Let y € K; and ¢ € {z,|n € N}, then yx € |J 2, K1z, so f(yz) = 1.
Consequently,

fout(z) = ; flyz) dut(y) = ' (K1) = p™(G)
!
and hence f - pu* = p™(G) on {x, |n € N}. If y € Ky, z € {x,|n € N}, then
yr € oo, Koy, C U~ KoUxy, so f(yz) = 0 and consequently f - p~(z) =
Jx, flyz)dp=(y) = 0. Therefore f-p = f-pu* — f-pu~ = p*(G) on the
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non-compact set {z, |n € N}. In particular f - pu & Co(G). Note that in our

case, || flloo = 1.

Then we consider the case that p is a general signed measure. Denote
A= ||u]] > 0, then u™(G) = p (G) = A/2. By inner regularity of u*, p=, we
may choose positive measures g 1y with supp(pd) € Ky, supp(pg) € Ko,
K1, K5 being compact and 0 < pud < put, 0 < pg < p™, [[u™ — pdl < A/100,
= — poll < A/100. Since p* and p~ are mutually singular, Ki,K> can
be chosen such that K;() K, = (). By the previous argument, there ex-
ists f € LUC(G) with |f|lec = 1 such that f - (ug — o) = pd(G) >
A/2—X/100 = 49X/100 on a non-compact set {z,, |n € N}. Set o = pg — pig ,
then [l1— roll < A/50, 50 |1+ 1= /- trollao < I1f locllt — pio| < A/50. Therefore
|f - w(x)| > 491/100 — A/50 for any = € {z,|n € N} hence f - u & Co(G).
If u € M(G) is a complex measure, we may write g = p; + ius for some
finite signed measures p1, po. Note that at least one of uy, po is non-zero.
Choose f € LUC(G) as before, according to the non-zero measure p;, then
fpuw=(f p)+i(f-p). Note that both f -y, f - us are real-valued and at

least one of them is not in Cy(G), so f - pu & Co(G).

We conclude that there exists fy € LUC(G) such that fo-u € LUC(G)\Co(G).
By Hahn Banach theorem, there exists m’ € LUC(G)* such that m/(fo-u) # 0
while m’ = 0 on Cy(G). Define m” € LUC(G)* by (m”, f) = (m/, f-p). Clearly
if f € Co(G), then f-pu € Co(GQ), so m” € Co(G)*:. m"(fo) = (m/, fo - p) #0,
so m” # 0 and in particular m” € M(G). If M € UCB(n)*,T € UCB(w), then
(m", MT) = (m/, (MT) - ). However (MT) - p(x) = [ MT(yz) du(y) = 0, so
(m", MT) = 0. Consequently, m"M = 0 for all M € UCB(x)*. In particular
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m" € Z(r)\M(G). O

We notice that in our main theorem, if the closed linear span of F is strictly
contained in LUC(G), the m € Z(7)\M(G) constructed has the property that
mM = 0 for any M € UCB(m)*. It is interesting to ask: Is it possible
to find such a m other than that form 7 In the following, we give a sufficient
condition which guarantees the existence of m € Z(7)\M(G) with the property
mM = M for all M € UCB(nm)*.

We recall some facts about Stone-Cech Compactification. Let 2 be a Tychonoff
space (i.e. T1 and completely regular). The Stone-Cech compactification S5
of Q is defined as the Gelfand spectrum of CB(f2), the commutative, unital
C*-algebra of all bounded, continuous, complex-valued functions defined on

Q). Note that €2 has the following properties:

1. Q) is compact.

2. The identity map ¢ : Q2 — pQ is a topological embedding, i.e. ¢(€2) is

dense in Q2 and the map ¢ : Q — ¢(€) is a homeomorphism.

The reader is referred to [8] P.137-138 for more detail. We remark that a
locally compact Hausdorftf space is a Tychonoff space. We identify €2 with
1(Q) and simply write w for ¢(w). The following lemma is probably well-
known. However, we cannot find a proof from standard textbooks, so we

include a proof here for completeness.

Lemma 3.7. Let Q be a locally compact Hausdorff space. Let f € CB({),
then f € Co(QY) if and only if f(w) = 0 for any w € BO\. (f denotes the
Gelfand transform of f.)

Proof. Let f € Cy(€2). We prove by contradiction. Suppose that there exists

~

wp € BO\Q such that f(wy) # 0. Since 2 is dense in £, we may choose a net
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(Wa)a is © such that w, — wp. Fix €y > 0 such that |f(wg)| > €. By passing

o~

to a subnet, we may assume, without lose of generality, that |f(w,)| > €y for
all . Let K = {w € Q| |J/C\(w)| > ¢} which is compact. Choose a subnet
(W) of (wy) such that (we/) converges to some w) € K. However, wy, — wy
and wy # wj, which is a contradiction. Conversely, let f € CB(2) such that
f(w) = 0 for each w € O\Q. Let € > 0 and define K = {w € Q| |f(w)| > €}
Let (wa)o be a net in K. By regarding (w,), as a net in S and by the
compactness of 52, there exists a subnet (wy) of (wy), and wy € B such that

War — wp. Observe that |f(wo)| = limy |f(war)| > €, 80 wg € K. Therefore K

is compact and hence f € Cy(12). O

Proposition 3.8. Let 7 : G — B(H) be a unitary representation of a locally
compact group. Let N ={x € G | T-x =T for any T € UCB(m)}, the kernel
of the G-module action induced by m, which is a closed normal subgroup of G.
If N is non-compact, there exists m € Z(w)\M(G) such that mM = M for
any M € UCB(m)*. In particular, M(G) is strictly contained in Z(r).

Proof. Regard N as a locally compact Hausdorff topological space. As N is
non-compact, we can select wy € SN\N and define a character m on CB(N)*
by (i, f) = f(wo), where we identify the two C*-algebras CB(N), C(BN) via
the Gelfand transform f — f By the previous lemma, (m, f) = 0, for any
f € Co(N). Define m € LUC(G)* by (m, f) = (m, f|n). Let f € C.(G), then
clearly f|y € C.(N). Therefore (m, f) = (m, f|lx) = 0, i.e. m € Co(G)*.
Denote the identity functions on G and on N by 14 and 1y respectively, then
(m,1g) = (m,1y) = 1, hence m # 0. Let M € UCB(m)*, T' € UCB(x) and
x € N, then MT(z) = (M,T-z) = (M, T). Therefore MT|y = (M,T)1y and
hence (imM,T) = (M, T)(m,1x) = (M, T), i.e. mM = M. O

We also remark the following observation.
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Corollary 3.9. Using the above notation, if G is non-compact and the kernel
N of the G-module action is non-trivial, i.e. N # {e}, then the factorization
property in the main theorem fails to hold, hence M(G) is properly contained
in Z(m).

Proof. Suppose that there exists © € N with x # e. Clearly for each M €
UCB(m)* and T € UCB(7), MT(x) = MT(e). Consequently, f(x) = f(e)
for each f in the closed linear span of F. However, by Urysohn lemma, there
exists g € C.(G) € LUC(G) such that g(x) # g(e) and hence g € LUC(G)\

the closed linear span of F. O]
Now we apply our main theorem to some examples.

Corollary 3.10. Let A be the left reqular representation of a locally compact
group G. Then {MT|M € UCB(\)*,T € UCB(\)} = LUC(G), hence Z(\) =
M(G).

Proof. Let f € LUC(G) be given. Define Ty : Ly(G) — Lo(G) be the multipli-
cation operator induced by f, i.e. T¢(g) = gf (9 € L2(G)). We recall that the
map f — Ty is an isometric embedding of LUC(G) into B(Ls(G)). Note that
forany € G, Ty-x =T, ;. Therefore if (z,) is a net in G converging to x € G,
we have ||Tf-zo—Tf-x|| = ||sof—2 fll = 0, hence Ty € UCB()). Fory € G, we
let 9, € LUC(G)* be the evaluation at y. We regard LUC(G) as a subspace of
UCB(\) and let M, € UCB(A)* be any Hahn-Banach extension of 6,. If z € G,
then (M,Ty)(x) = (My, Ty - 7) = (My, Top) = (8, 2f) = floy) = fyla).
Therefore M, Ty = f,. In particular, M. Ty = f. It follows that, by the main
theorem, Z(\) = M(G) if G is non-compact. If G is compact, we always have
Z(A\) = M(G) since LUC(G)* = C(G)* = M(G). O
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Example 3.11. Let G = Z be the discrete group of integers. For each n € N,
let g, : Z — 7Z, be the canonical quotient map and let :\; 2 L, — B(l2(Zy))
be the left regular representation. Let \, = 5\\; o ¢, and define 7 = @) | A,.
Then Z(7) = M(G).

Proof. We identify l5(Z,) = C™ and let 6,(6") (k=1,2,...,n), be the canonical
orthonormal base of l5(Z,). Let H = @~ l2(Z,), then {e,(gn) |n € Nand k =
1,2,...,n} is an orthonormal base of H. For each x € G, W(x)e,(g") = efsix]n,
where [k 4 ], is the unique integer in {1,2,... n} such that [k +z], =k + =
(mod n). First, we claim that for any subset A C NU {0} C G, xa €
{MT|M € UCB(m)*,T € UCB(m)}. Let A C NU{0} be given. Define

T € B(H) by setting

T<€(n)) _ ) % if niseven, k€ {1,2,...,n/2} and k —1 € A
k

0 , otherwise

For cach n € N, we define M, = " @el®™ € Ly (H) C B(H)*. (If&,& € H,

we define a rank-one operator §; ® & on H by & ® &(n) = (n,&2)&. ) Choose
a subnet (M, ), of (M,), such that M, — M € B(H)* with respect to the

weak™ topology. Let z € G. Fix ng € N such that ny > |z|. Note that

M, T(x) = tr(M,T - x)
= tr(Myn(xz ")Tr(x)) = tr(n(x) M,m(z~1)T)

B (2n) (2n) . (2n) (2n)
= tr(6[1+x]2n ® 6[1+x]2nT) - <T6[1+x]2n |€[1+x]2">.

Consider two cases.

Case I: Suppose that x € A. Let n > ng, then 1 < 1+ 2 < 2n, so [1 + x]s, =

2n) _ (2n)

Ltalon = C1talon- Therefore

14z As[l+zx)y, —1=2€ A, Tef

MT(z) = lim(M,_,T-z) = lim (M,, T -z) =1

n—oo
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Case II: Suppose that x € A. Let n > ng. If x > 0, we still have 1 < 14z < 2n,
o[l+4+zla, —1 =2 ¢ A and consequently T€[1+)z] = 0. If z < 0, we have
—n<l-n<l4+xz<0,s0[l+zp,=2n+(1+z)e{n+1,n+2,...,2n}

and consequently Tef1 - = (. Therefore

MT(z) = lim M,T(x)=0.

n—0o0

This shows that x4 = MT.
Then we prove that for any A C {n € Z|n < 0} C G, xa € {MT|M €
UCB(m)*,T € UCB(m)}. Let such set A be given. Define T € B(H) by

setting:

egcn) Jifniseven, ke {§+1,5+2,...,nfandk—-1-nec A
T(ey) =

0 , otherwise
For each n € N, define M, = ¢!*” ® ¢ € Ly (%) C B(H)*. Choose a subnet
(M,,)a of (M,), such that M, — M € B(H)* with respect to the weak™*
topology. Let x € G and fix ng € N such that ng > |z|. We consider two cases.

(2n) 2n)

Case I: Suppose that © € A. Let n > ng, then M, T (z) = <Te 1+x on | fo o)

As[1+zlo, = (14+2)+2n e {n+1,n+2,....2n}, [1+zlp, —1—2n=2 € A.
Consequently, Teflzn) = so M, T(x) = 1. Therefore

+z)2n [14=x]2n

MT(z) = lim M, /T (z) = lim M, T(x) = 1.

Case II: Suppose that x ¢ A. Let n > ng. If x <0, we have [1 + ], — 1 —n =

x & A, so Teffi)gc] =0. Ifz >0, wehave [1+zfp, =1+ & {n+1n+
2,...,2n}. Therefore T'(e; +)x] ) = 0 and hence M, T(z) = 0. Consequently

MT(z) = lim M,T(z) =0,

n—oo
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so x4 = MT. It is now clear that for any B C G, xp lies in the linear
span of {MT|M € UCB(m)*,T € UCB(n)}. Therefore the linear span of
{MT|M € UCB(n)*,T € UCB(m)} contains all the simple functions and
consequently it is dense in [ (G) = LUC(G). By our characterization theorem,

Z(r) = M(G). O

Remark 3.12. In this example, each representation A\, is finite dimensional
and by proposition 3.13.1 below, Z(),) = LUC(G)*. However, Z(D,-, \,) is

minimal, i.e. equals to M(G).

3.2 Maximality of the topological centers

In this section, we give two sufficient conditions, each of which will guarantee
that the topological center is maximal, i.e. Z(m) = LUC(G)*. An example

whose topological center is maximal is also demonstrated.

Proposition 3.13. Let 7 : G — B(H) be a unitary representation of a locally
compact group G. If at least one of the following conditions is satisfied, the

topological center Z(m) is maximal, i.e. Z(mw) = LUC(G)*.
1. dim(7) < 0.

2. For each ¢ > 0, we define N(m,e) = N. = {x € G||[T -z —-T| <
||| for any T € UCB(m)}. Suppose that for each € > 0, there exist
T1,%2, ..., Tym € G satisfying that: For each x € G, there exist i €

{1,2,...,m} and y € N, such that v = x;y.

Proof. Suppose that the first condition holds. Let (M, ), be a net in UCB(7)*

such that M, — M € UCB(7)* with respect to the weak® topology. Since
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dim(7) < oo, UCB(7)* is a finite dimensional vector space and all locally con-
vex topologies coincide. Therefore for any m € LUC(G)* and T' € UCB(n),
[(mMa, T) = (mM, T)| = |[(m, (Mo — M)T)| < |[m|[||Ma — M|[||T]| — 0, hence
m € Z(m).

Suppose that the second condition holds. We assert that for any bounded
net (M,), in UCB(m)*, M € UCB(n)*, T' € UCB(n), ift M, — M with
respect to the weak*-topology, then |M,T — MT|« — 0. Without loss of
generality, we assume that [|[M,| < 1, [|[M| < 1, |T|| < 1. Let € > 0 be
arbitrary. Choose x1,%s,...,x,, € G as in the assumption, then we obtain
a partition {A;, As,..., A} of G with the property that for any = € A,
there exists y € N, such that + = z;y. Let x € A; and write x = z;y for
some y € N, then [|[T-x =T -z|| = |(T-x;) -y —T - x| <¢€||T x| <e
Therefore |MT(x) — MT (z;)| = |(M, T -x =T - x)| < [|M||||T -z —T -z <
e. Similarly, we have |M,T(z) — M,T(z;)| < e. Define \; = MT(z;) and
A = M,T(x;). Since M,T — MT pointwisely, we may choose o such
that |M,T(x;) — MT(x;)] < € whenever i € {1,2...,m} and o = «, i.e.

|Ai—A¥| < e. By the above discussion, it is clear that || MT—> " XX 4,

o S €
and || M,T — > " A¥x 4, |l < €. Therefore
[MoT — MT][o

HMCYT - Z /\?XAZHOO + H Z )\?XAi - Z AZXA1||OO + ” Z )‘iXAi - MTHOO
i=1 i=1 =1 =1

< 3e

IN

whenever o = «g and hence ||M,T — MT|. — 0. Let m € LUC(G)*.
In order to show m € Z(w), by proposition 2.4 it suffices that the map
M — m - M is weak*™-weak™ continuous on all the bounded part of UCB(7)*.

Let (M,)a be a bounded net in UCB(7) and suppose that M, — M with
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respect to the weak™ topology. Let T € UCB(7), then [(mM,, T)—(mM,T)| <
lm||||MoT — MT|| — 0. Therefore m € Z(n). O

Remark 3.14. Let N ={x € G|T -z =T for any T' € UCB(n)}. If |G/N| <
00, the second condition will be satisfied and hence the topological center Z(7)
is maximal. For, suppose that |G/N| = m. We pick an element z; from each
N-coset, then for each € > 0, x1,x9,...,x, and N clearly satisfy the second

condition since N C N..

Identify the quotient group R/Z with [0,1) in a canonical way. Let o €
[0,1)\Q. Tt is an easy exercise to check that the subgroup of R/Z generated

by «, namely {na|n € Z} is dense in [0, 1).

Lemma 3.15. Identify the quotient group R/Z with [0,1). Given sufficiently
small e > 0, a € [0,1)\Q (where « is regarded as an element in R/Z) , we

define Zo = {n € Z|na € (0,¢)}, then
1. Zg is an infinite set, and

2. There exists k € N such that |m — n| < k whenever m,n € Zy are two

successive elements in Zyg.

Proof. Since « is irrational, the map n +— na € R/Z is injective. Since
{na|n € Z} is dense in [0,1), there exist infinitely many n € Z such that
na € (0,¢). This proves the first part. Next, we choose ng € Z such that
0 < noar < €/2. Denote 8 = noa and define Zy = {n € Z|np € (0,¢)}. Let
ny be the smallest positive integer such that nf < 1 < (n; + 1)5. Let m,n
be two successive elements in Z; with m < n. If mpg € (0,e — [3), we clearly
have m8 + 6 € (0,e) son =m+ 1. If mpg € [e — 5,¢), then mf + n,f ~
mp+n,5—1 > (e—f)—p > 0. Note that mpS+n,8 ~ mfB+(n1f—1) < mp <e.

Therefore (m + n1)B € (0,¢) and hence n < m + ny. Lastly, if n € Z;, then
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nB € (0,€), nnga € (0,¢€), so nng € Zg. Consequently ngZ, C Z,. Take

k = ngny, then |m — n| < k for any two successive elements m,n € Zj. O

Example 3.16. Let Z be the usual discrete group of integers. Choose 0 €

0, 27) such that 6/(27) is irrational. Let

cos) —sinfd

sinf  cosd
Let H = C? and let 7 : Z — B(H) =~ My(C) be defined by m(n) = A™. Let
T = €D, , m be the countable direct sum of 7. Let H = D,-, H. Although
Nz = N, = {0} and dim(7) = oo, we still have Z(7) = I*°(G)*.

Proof. Let € > 0. Choose § > 0 such that

cos¢ —sin
¢ ¢ —I|| <€/2,
sing  cos ¢
whenever ¢ € (—9,d) + 2nZ. Therefore
o cos¢ —sin ~ o cos¢ —sin
o =g ) g [ (e —me)
n=1 \ Sin¢ cos¢ n=1 sing  cos ¢

cos¢ —sin
= ¢ ¢ —I|| <¢€/2,
sing  cos ¢

where T is the identity operator on . Define N, = {n € Z|||7(—n)T%(n) —
T|| < €||T|, for any T € B(H)}. Set Zo = {n € Z|nb/(27) € (0,5/(27)) + Z}.

If n € Zg, then for any T € B(H),

[7(=n)T7(n) =T

< |7(=n)T7(n) = Tr(n)[| + | T7(n) = T||
< |7 (=n) = IIIT) + [7(n) = TIIT|
< T,
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_ cosnf) —sinnf cos(—nb)
by observing that 7(n) = € ,7(—n) =P
sinnf  cosnf sin(—n#)

with nf € (0,9) + 27Z and —nf € (—0,0) + 27Z. Therefore Zy C N.. By
the previous lemma, Zg is an infinite set such that the distance between two
successive elements in bounded. As N, is a superset of Zgy, N, has the same

property. Now it clear that condition (2) in the proposition 3.13 is fulfilled,
so Z(m) = 1°(Z2)". O

3.3 An example that M(G) C Z(r) C LUC(G)*

In this section, we give an example that the topological center Z(r) is neither

minimal nor maximal.

Example 3.17. Let G = Z x Z and let ¢ : G — Z be the canonical quo-
tient map defined by ¢(i,j) = j. Let A : Z — B(l2(Z)) be the left regular
representation and let 7 = X o ¢, then M(G) € Z(7w) C LUC(G)*.

Proof. Since the kernel of the G-action induced by 7 is non-trivial, M(G) is
properly contained in Z(w). Let H = l(Z) and let {ey | k € Z} be the canonical
base of H. We show that Z(7) is not maximal. For each i € N, let n; = d¢ ;) €
[1(G) and let n € Io(G)* be any weak*-cluster point of the net (n;). We assert
that n & Z(r). For each j € N, define M; =e_;®e_; € L'(H) — B(H)*. Let
To € B(H) be defined by

To(ex) =
0 ifk<O0
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Let T' € B(H). We observe that

(niM;, T) = (ni, M;T) = (M;T)((0,4)) = (M, w((0, =i)) T ((0,)))
= tr (M;m((0, =2))T7((0,2))) = tr (7((0, 7)) M;m((0, =2))T)

= tr (e,-_j ® ei—jT) = <€z’—j & ei—j7T>a

and hence n;M; = e;,_; ® e;_;. Let M be an arbitrary weak*-cluster point of
the net ();), then we have

(nM, T0> = lim (nzM, T0>

1—00
= lim lim <77,ZMJ, T0> = lim lim <€i,j X €i—j, T0>

1—00 J—00 1—00 J—00

= hm hm <T0€i_j | 6i—j> = 0.
1—00 j—00

On the other hand

Jj—oo J—00 i—00
B jh—>rgo z‘liglo@_j leig) = 1.
Let M;, be a subnet of (M) such that lim, M;, = M with respect to the
weak*-topology. Now it is clear that ni;, / nM with respect to the weak™-

topology and hence n & Z(7). ]
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Chapter 4

Direct Sums and Tensor
Products of Unitary
Representations and Their

Topological Centers

In this chapter, we investigate the relations between the topological centers
of sub-representations, finite direct sums, tensor products with that of the
underlying representations. We prove that if m; is a sub-representation of o,
we always have Z(mg) C Z(m). We also show that for an arbitrary unitary
representation 7, and n € N, the finite direct sum @ ;7 = nm and the
original representation m have the same topological centers. Lastly, we give a

condition which guarantees that Z(m ® m) = M(G).

Lemma 4.1. Let (m,H1), (w2, Ha) be unitary representations of G. Suppose
that m is a subrepresentation of my. Let P : Ho — Hi be the canonical

projection. For each T € B(Hs), we define T" € B(H1) by T" = PoT|y,. If
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T € UCB(my), then T' € UCB(my). Moreover, the map T +— T" is surjective.

Proof. Let x € GG. Notice that

T -z =m(x )T'm(z) = 7 (2" ) P(T)w, )mi(x)

= Proy(a7)Tlma(2) |, ] = P[T - ]|n,-
Let (z,) be a net in G such that x, — x € G, then
|T" 20 =T xllpa) < |PIT - 20 = T 2l[Bas) — 0,

i.e. T € UCB(m). Given Ty € UCB(m), we define T'= Ty o P € B(H,). It is

clear that 7' € UCB(mg) with 7" = Tp, so the map T+ T is surjective. [

Lemma 4.2. Using the above notation, if M € UCB(m)*, we define M €
UCB(mq)* by (M, T)=(M,T"). Then MT = MT' as an element in LUC(G)
for any T € UCB(m,).

Proof. Let x € GG, then
MT(z)= (M, T-z) = (M, Po(T-2)|u)=(MT  z)=MT(z)
]

We now state a proposition relating the topological centers of a sub-representation

and the original representation.

Proposition 4.3. Let (71, H1),(me, Ha) be unitary representations of a locally

compact group G. If w1 is a subrepresentation of mo, then Z(my) C Z(my).

Proof. Let m € Z(my). Let (M,) be a net in UCB(m;)* such that M, —
M € UCB(m)* with respect to the o(UCB(m)*, UCB(m;))- topology. Let
T € UCB(my), then (M, T) = (M,, T') — (M, T’y = (M, T), hence M, —
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M with respect to the o(UCB(my)*, UCB(m3))- topology. Let Ty € UCB(m).
Choose T' € UCB(my) such that 77 = Tj, then

(mM,, Ty) = (m, M,To) = (m, M,T")
= (m, M,T) = (mM,, T) = (mM, T)
= (m, MT) = (m, MT') = (m, MT,)

= (mM, T0>

Hence mM, — mM with respect to the o(UCB(m)*, UCB(m))-topology, i.e.
m € Z(7T1). ]

Next, we consider direct sum of unitary representations. Let 7 be a unitary
representation of G and let 7’ = @, 7 be the direct sum of « (a cardinal) copies
of . It is interesting to ask: How are Z(m) and Z(n’) related 7 Since 7 is a
subrepresentation of 7/, we have Z (') C Z(m) by the previous proposition. In
fact, if « is finite, we can say more. Before stating and proving the proposition,
we first introduce some notations. Let H be the underlying Hilbert space for
7 and let H' = @, H, the direct sum of n copies of H. In order to avoid
confusion, we let Hy; = Hy = ... = H,, = H and write H' = @;_, H;. For
each i € {1,2,...,n}, we let P, : H' — H,; be the canonical projection and let
I; : H; — H’' be the canonical injection. Given T € B(H'), we associate n?
operators on H (here we identify H; ~ Hy ~ ... ~ H,, ~ H) as follow:

For 4,5 € {1,2,...,n}, we define T}; : H; — H; by T;; = P,oT o I;. We
call {T;;]1 <4 < n,1 <j < n} the components of T. Conversely, given n?
bounded linear operators T;; € B(#), we can associate T' € B(H') by

T = Z I oT;j 0 P;.

UL >

We remark that the above processes of decomposition and composition are

converse to each other. More precisely, given T' € B(H'), we first decompose it
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and obtain Tj; € B(H), then use these n? operators T}, to construct T € B(H').
It can be verified that 7 = 7. On the other hand, given n* operators T;; on
‘H, we compose them and obtain = B(H'). It can be shown that ﬁ-j =T,

r€Gand T € B(H') or T € B(H), we denote ' (z~')T7'(z) and (2" T'w(x)

It

by the same symbol T"- x. We then prove few lemmas.

Lemma 4.4. Using the above notations and let T € B(H'), T;; € B(H) the
components of T, then for each x € G, T - x has components T;; - x, i.e.

Proof. Note that

T -z=x(xHTr'(z Zﬂ' Yol 0TjjoPjor(x).
But for each i, 7,

w'(@)oLioTyjoPjon'(x)=Lom(z™!) o Tyjom(x) o Py = Lo (T x)o P
Therefore T -z =, . I; o (I}; - x) o P; and hence (T~ z);; = Tj; - x. O
Lemma 4.5. Let T' € B(H') with components T;; € B(H), then T' € UCB(’)
if and only if for each i,j, T;; € UCB(m).
Proof. Suppose that T' € UCB(n’). Let 2,y € G. By the previous lemma, for
any 1, j,
1T -2 =T - yll = [[(T- )i — (T~ y)usl

= |[Pio(T-z—T-y)o I

< BTz =T-yll[[L;]| =0
as * — y. Therefore T;; € UCB(m).
Conversely, suppose that for each i, j, T;; € UCB(w). Let € G, then

(lioTy0 By) -z = w'(zY) o (I 0 Ty 0 Py) o 7'(2)

= Lon(z7')oTon(z)oPy=1o(T; z)oP,
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so for any z,y € G,

IT-z—=T-y
= Y ((LioTyoP) -z~ (LioTyo0F)-y)|

< D MGINT -« =Ty - yllIBl — 0
as x — y. Therefore T € UCB(7'). O

Then we consider decomposition of elements in B(H')*. We continue to use
the notations defined in above. Given M € B(H')*, we associate n® elements
in B(H)* as follow:

For each i,j € {1,2,...,n}, we define M;; € B(H)* by (M;;,T) = (M, ;0T o

P;). We call M;; the components of M. We remark that if M € UCB(n')*,
then M,; € UCB(m)*.

Lemma 4.6. Let M € B(H')* and T' € B(H') with components M;; and T;;
respectively, then (M, T) =% ,.(M;;, Ti).

iy
Proof. (M,T) =32, (M,1;0Ti; 0 Pj) =3, (M, Tij). 0

Lemma 4.7. Let M € UCB(n')*, T € UCB(n') with components M;;,T;;

K

respectively, then MT = Z M;;T;.

Proof. Letx € G, then MT () = (M, T-x) = >, (Mj, (T-x)i5) = D1 Myj, Ti-
z) = Zz’j M;; T (). [
We also need a lemma which deals with weak*-convergence.

Lemma 4.8. Let (M), be a net in UCB(7')*, M € UCB(w')*. Let M, M
be the components of M and M respectively, then the following are equivalent:
(a) M* — M with respect to o(UCB(7")*, UCB(7"))-topology,

(b) For each i,j, Mg — M;; with respect to o(UCB(w)*, UCB())-topology.
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Proof. Let (M%), be a net in UCB(7’)* such that M* — M with respect to
the weak*-topology. Let i,j € {1,2,...,n} and let T € UCB(n), then

(Mg, T) = (M, L,o T o P;)

177

— (M, ;0T o P;) = (M;;,T).

Therefore Mj — M;; with respect to the weak*-topology. Conversely, let
(M?) be a net in UCB(7')*, M € UCB(n')" such that for each i,j, M7 —
M;; with respect to the weak*-topology. Let T" € UCB(n’), then (M, T) =
DM Tig) — >2(Myj, Tiy) = (M, T). Therefore M — M with respect to

the weak*-topology. O
Now we are able to state and prove the following proposition.

Proposition 4.9. Let 7 be a unitary representation of a locally compact group
G and let 7' = @, 7 be the direct sum of n copies of T (n € N), then Z(m) =
Z(n).

Proof. Since 7 is a sub-representation of 7', we have Z(n") C Z (7). Therefore,
it suffices to show the reversed inclusion. Let m € Z (7). Let (M) be a net in
UCB(7")* such that M* — M € UCB(n’)* with respect to the weak™® topol-
ogy. Let T' € UCB(7"), then (mM®,T) = (m, M*T) = (m, > . MiTi;) =
> (mMg,T;). By the previous lemma, Mg — M;; with respect to the
weak*-topology for each i,j. Since m € Z(w), mM;; — mM; with re-
spect to the weak*-topology. Therefore, >, (mMg, Ti;) — >, (mM;;, T;) =

>ii(my, M) = (m, MT) = (mM, T), hence m € Z(r'). O

In the following, we consider the tensor product of two unitary represen-
tations. Let m : G — B(H;1), mo : G — B(#H2) be unitary representations of a

locally compact group GG. We denote the inner tensor product of 71 and my by
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T & Mo, l.e. m Qmy : G — B(Hl ®%2) defined by T ®7T2(I) = 7T1(ZL’) ®7T2(13),

rzed.

Lemma 4.10. Using the above notations, if T\ € UCB(m) and Ty € UCB(ms),
then T1 @ Ty € UCB(m ® m3).

Proof. Let Ty € UCB(m) and T, € UCB(m,) and let x € G. Note that
(T1@Ty)-z = (m(z7)@m(z )N (T1 QTy) (m (2) @ma(x)) = (71 (z7 1) i1 (7)) ®
(ma(x N Toma(x)) = (T} - ) @ (Ty - ). Therefore, if (z,) is a net in G which
converges to x € G, then ||(T1@T3) -6 — (T1 QTs) x| = |[(Ty - 24) @ (T 24) —
(T1-2)@ (T 2)|| < [[(Th-26) @ (Ty - 2a) = (T1-2a) © (T2 2) |+ (11 2a) @ (T3
)= (Th-2) @ (T 2)|| < Ty wallll T2 wo = To- 2| + T2 - 2|7y - w0 = Th - 2] <
IT[T2 - 2o = To - 2l + | 12T - 20 = Ty - 2] = O O

Proposition 4.11. Using the above notations, if there exists i € {1,2} such
that span{MT | M € UCB(m;)*, T € UCB(m;)} is norm dense in LUC(G),
then Z(m @ my) = M(G).

Proof. Let F = {MT|M € UCB(m;)*, T € UCB(m;)} and F' = {M'T"| M’ €
UCB(m ® my)*, T" € UCB(m ® m)}. We try to show that F C F'. We
simplify our notation and assume that ¢ = 1. The case that ¢ = 2 can be
proved in exactly the same way. Let M; € UCB(m)* and Ty € UCB(m).
Choose My € UCB(mg), such that (M, Is) = 1, where Iy is the identity
operator on the Hilbert space H,. Note that the map UCB(m) x Cl; — C,
(T, M3) — (M, TY(Msy, \ls) = AN(M7,T) is bounded bilinear, so it induces a
bounded linear functional M’ : UCB(m) ® CI, — C. We extend M’ (still
denoted by M’) and obtain a bounded linear functional on UCB(m; ® m3) by
Hahn-Banach Theorem. Define 7" = T} ® I, then 7" € UCB(m; ® m3) by the
previous lemma. If z € G, then M'T"(z) = (M, T" - z) = (M', (T} - x) ® L) =
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(M, Ty - x) = M Ti(x). Therefore the linear span of F’ is norm dense in
LUC(G). If G is non-compact, Z(m ® m) = M(G) by 3.6. If G is compact,
it is automatic that Z(m ® m) = M(G) O
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Part 11

Topologically Invariant Means

for Amenable Representations
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Chapter 5

On the Set of Topologically

Invariant Means

This part of the thesis is devoted to the studies of the set of topologically
invariant means associated to a given amenable representation. The studies
of amenability can be dated back to 1904 when Lebesgue asked whether the
Lebesgue integral is still uniquely defined if the countable additivity is replaced
by just finite additivity. In the classical period, mathematicians mainly con-
cerned about the studies of finitely additive, invariant measures. At that time,
Banach-Tarski Theorem was discovered and the old notion of amenability of a
group was formulated by von Neumann. Later, Day revolutionized the subject
and gave the modern definition of amenability of a group G.

Once the notion of amenability has been properly defined, a natural ques-
tion arises "How large is the set of left invariant means?”. Day [9] and Granirer
[17] initiated the studies of the cardinality of the set of invariant means. Chou
[6] showed that for a discrete infinite amenable group G, the cardinality of

2lGl

the set of all left invariant means on (*°(G) is 2°". Later, Lau and Paterson

[32] generalized this result and proved that for a noncompact, amenable locally
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compact group G the cardinality of the set of topologically left invariant means
on L>*(G) is 229 \where d(QG) is the smallest cardinality of a covering of G by

compact sets. Also see Yang [44], Miao [35], Hu [23] for recent developments.

In 1990, Bekka [4] generalized the classical notion of amenability and gave
the definition of amenable representations. It is natural to ask the cardinality

problem paralleling to the classical version.

We attempt to solve such a problem in two different ways. In the first
method, we mainly focus on the left regular representation of an amenable
[IN]-group. We modify Bekka’s construction and give a “canonical extension”
for each topologically left invariant mean on L*°(G). Consequently, we are
able to estimate a lower bound of the set of topologically left invariant means
on B(H). In the second method, we apply Day’s Fixed Point Theorem (which
is inspired by Lau and Paterson’s paper [32]) to construct topologically invari-

ant means on B(#H).

In part II, unless otherwise specified, G always denotes a locally compact
group equipped with a fixed left Haar measure dx. Let m be a linear functional
on L>(G). m is said to be a mean if it satisfies any two of the conditions:
Im|| = 1, m(1) = 1, m(¢) > 0 whenever ¢ € L®(G) with ¢ > 0. It is well-
known that any two of the above conditions imply the others. If moreover, m
satisfies the condition m(,¢) = m(¢) for each x € G and ¢ € L*(G), m is
said to be a left invariant mean. The notions of left uniform continuity, right
uniform continuity and uniform continuity are defined as in Part I. Moreover,

we still denote the space of left uniformly continuous functions, right uniformly
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continuous functions and uniformly continuous functions by LUC(G), RUC(G)
and UCB(G) respectively. A locally compact group G is amenable if there
exists a left invariant mean on L*°(G). It is well known that G is amenable if
there exists a left invariant mean on any one of the function spaces: LUC(G),
RUC(G), UCB(G). We refer the reader to [19] for detail. In 1990, Bekka
[4] generalized the notion of amenability and defined the notion of amenable
representations. Let m : G — B(#) be a continuous unitary representation.
The representation 7 is said to be amenable if there exists a state M € B(H)*
such that M (7(x)Tw(z~')) = M(T) for any z € G and any T' € B(#). In this
case, M is called a G-invariant mean on B(?) for the representation 7. Let
m € L°(G)* be a mean. We say that m is a topologically left invariant mean
if m(f *¢) = m(¢) for any ¢ € L>°(G) and f € L'(G) satisfying f > 0 and
[ f(z)dz=1. The operator version was defined by Bekka [4] as follow:

Let 7 : G — B(H) be a unitary representation. Let T € B(H) and let
f € LY(G). Define f-T € B(H) in weak sense by the formula:

f-T= /f(x)ﬂ(:v)Tﬂ(xl) dx.

More precisely, f - T is defined as the unique bounded linear operator on H

such that for any &, 7 € H, one has

(f - T(E) | n) = / f(@)(n(@)Tr ()¢ | n) da.

As in part I, we define UCB(7) to be the set consisting all 7' € B(#) such that
the mapping G — B(#H),  — « - T is norm continuous. Note that UCB(r)
is a unital C*-subalgebra of B(?) containing all the compact operators. As
pointed out by Bekka [4], UCB(7) is a non-commutative analog of UCB(G).
By Cohen factorization theorem, we actually have UCB(7r) = L}(GQ) - B(H) =

{f-T|feL"GQ), T € B(H)}. Let 7 : G — B(H) be a unitary representation.
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An element M in B(H)* (resp. UCB(m)*) is called a topologically invariant
mean on B(H) (resp. UCB(7)) if M satisfies:

(i) M is a state,

(ii) M(f-T) = M(T) for any T € B(H) (resp. T € UCB(x)) and f € L*(G)
satisfying f > 0 and [ f(z)dz = 1.
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Chapter 6

G-Invariant Means and

Topologically Invariant Means

In this section, we try to give a lower bound on the size of the set of all
topologically invariant means on B(#) by using two different methods. The
first method works well for the left regular representation of amenable [IN]
groups while the second method works for general unitary representation of

amenable locally compact groups.

Lemma 6.1. Let A : G — B(H) be the left reqular representation, where
H = L*(G). Given f € H, we define a rank-one trace-class operator f @ f by
f® Flg) = (9] f)f. Given ¢ € L™(G), we define Ty € BH) by Ty(f) = of
(f € H). Let U be the set of all open neighborhoods of e, directed under the
reversed set inclusion O. For each U € U, we choose fy € Cc(G) such that
fu >0, [ f& =1 and supp(fu) € U. We denote the net (fu)veu simply by
(fa). Let T € B(H). Define p3(z) = tr(TA(x)(fa @ fo)Max™Y)), then for each
¢ € RUC(G), o1, = ¢ uniformly.

Proof. Let ¢ € RUC(G) be given. Let € > 0. Choose an open neighborhood U
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of e such that |¢p(xy) — ¢(z)| < € whenever x € G and y € U. Denote oy = U.

Let x € GG, then

07, () = (TN @) (fa ® f)N2™H)) = tr(A@™ ) TpA (@) (fa @ fa))
= ( _1)T¢> ( )fa®fa fa |fa> <T¢ = 1(fa>|:v 1(fa)>

- /¢ W) 2 ydy—/wyﬂ

Therefore, %, (2) z)| =1 [, 1o o(2)] f2(y)dy| < € whenever a = ag
and z € G. O

Lemma 6.2. Let G be a locally compact group and let X : G — B(H) be
the left reqular representation, where H = L?*(G). Given a topologically left
invariant mean m on L®(G), we can associate a topologically invariant mean
M on B(H) in such a way that M(T,) = m(¢) for each ¢ € RUC(G), where
Ty € B(H) is defined by Ty(f) = of.

Proof. Let (f,) be the net defined in lemma 6.1. Let D = {2z € C||z| <
1} and let B be the closed unit ball of B(H). Given T' € B(H), we define
¢} € CB(G) as in lemma 6.1. It is routine to check that ||¢}]~ < |||
Let m be a topologically left invariant mean on L*>°(G). Define 6, € D? by
0,(T) = m(¢F). By Tychonoff theorem, we choose a converging subnet of
(6,) which converges to some 6 € DZ. We still denote such a subnet by (6,,).
Define M : B(H) — C by

M(T) = ITNOT/ITID, i T # 0
0, if7"=0

Note that M(T) = lim, m(¢$). By observing that for any 71,7, € B(H),
k€ C, pipim = ko, +¢f,, it follows that M is linear. Note that if T' € B(H)
is positive, ¢ > 0. Therefore, if T' € B(H) is positive, M(T) > 0. If I is the
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identity operator on H, ¢ is the constant function 1. It follows that M (/) =1
and hence M is a mean on B(#H). Denote S, = f, ® f,. Observe that for each
r €@, ge L'G) with g > 0 and [ g(z)dz = 1, we have

g*p7() = /g(y)w%(y‘lfv) dy = /g(y) tr(A(@ ™ y)TA(y ™' 2)Sa) dy
= tr[A(z7) /g(y)k(y)ﬂ(y‘l) dyA(2)Sa] = tr[AMz")g - TA(x)Sa]
= (),
ie. g% = % For T € B(H), we have
M(g-T) = limm(ggr)
= limm(g *¢7)
= limm(e7)
— M(T).

Therefore M is a topologically invariant mean. Let ¢ € RUC(G). By lemma
6.1, ¢, — ¢ uniformly, hence M(T}) = lim, m(4f,) = m(¢). O

We need few lemmas about quotient groups and uniformly continuous func-
tions. Let ¢ : G — C be a bounded continuous function. We remark that
¢ € LUC(G) if and only if for each € > 0, there exists an open neighborhood
U of e such that |¢(yz) — ¢(x)| < € whenever x € G and y € U. Similarly
¢ € RUC(G) if and only if for each € > 0, there exists an open neighborhood
U of e such that |¢(zy) — ¢(x)| < € whenever z € G and y € U.

Lemma 6.3. Let G be a locally compact group and let K be a compact normal
subgroup of G. Let myg be the normalized Haar measure on K and regard
mg as a measure on G in a canonical way. Given ¢ € LUC(G), we define
¢'(x) = [ o(tx)dmk(t), (x € G), then ¢' € LUC(G) and ¢ is constant on

each K coset.
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Proof. Let ¢ € LUC(G). Let € > 0. Choose an open neighborhood Uy of e such
that |¢(yz) — ¢(z)| < € whenever y € Uy and = € G. By the continuity of the
map G — CB(G), t 4 ¢, for each t € K, there exists an open neighborhood
V; of t such that ||y¢ —; ¢|| < € whenever ¢’ € V. By compactness of K, we
select t1,19,...,t, € K such that K C Ui _1Vi,. Define U = N lt_on Let

y€eU,z€G,te K. Choose j such that ¢ € V;,, then

lip(yx) = p(x)] < |1;0(yx) —; ()| + 2[00 —¢ |

< Joltiyt; i) — o(tx)] + 2¢

IN

3€

by noticing that tjytj_l € Up. Therefore |¢'(yx) — ¢'(z)| < [i id(yz) —
o(z)|dmg(t) < 3e. Clearly ¢’ is bounded and continuous and hence ¢’ €
LUC(G). Letx € G, k € K, then ¢/ (kz) = [, ¢(thz) dmg(t) = [, o(tx) dmg(t) =

¢'(x) Therefore ¢ is constant on each K coset. O

Lemma 6.4. Let K be a compact normal subgroup of a locally compact group G
and let Q) : G — G/ K be the canonical quotient map. Define ¥ : CB(G/K) —
CB(G) by ¥(¢) = ¢ o Q, then:

(i)¥(LUC(G/K)) ={¢ € LUC(G) | ¢ is constant on each K coset.},

(1)) V(RUC(G/K)) = {¢ € RUC(G) | ¢ is constant on each K coset.}.

Proof. We prove (i) only. (ii) can be proved in a similar way. Let ¢ €
LUC(G/K). Let € > 0. Choose an open neighborhood U of é = eK € G/K
such that |¢p(y2) — ¢()] < € whenever y € U and © € G/K. Let U = Q™ (U)
which is an open neighborhood of ¢ € G. If y € U, x € G, we have:
(W () (yz) — V() (x)| = [p(y2) — d(2)] < €, so U(p) € LUC(G). It is also
obvious that W(¢) is constant on each K coset. Conversely, suppose that

¢ € LUC(G) such that ¢ is constant on each K coset. Define ¢ : G/K — C
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by ¢(z) = ¢(x), (x € G). Note that ¢ is bounded. Let € > 0, then there exists
an open neighborhood U of e € G such that |p(yx) — ¢(z)| < € whenever
y€Uand x € G. Let U = Q(U) which is an open neighborhood of ¢ € G/K.
Let £ € U, n € G/K be given. Choose y € U, x € G such that Q(y) = £ and
Q(z) =, then [¢({n) — ¢(n)| = [P0 Qyz) — ¢ o Q(z)| = |p(yz) — p(z)| <e.
Therefore ¢ € LUC(G/K) with U(¢) = ¢. O

Let G be a locally compact group and let A C G. We say that A is
invariant (under conjugation) if for each z € G, A = rAzr~!, where zAz™! =
{zyz~! |y € A}. We say that G is a [SIN] group, denoted by G € [SIN], if the
set of all invariant compact neighborhoods of the identity e € G forms a local
base of e. We remark that a locally compact group G is a [SIN] group if and
only if LUC(G) = RUC(G). We say that a locally compact group G is an [IN]
group, denoted by G € [IN] if there exists a compact invariant neighborhood
U of e. Let G € [IN]. Let K be the intersection of all compact invariant
neighborhoods of e. We remark that K is a compact, normal subgroup of G

and G/K € [SIN]. See [20] for detail.

Lemma 6.5. Let G be an amenable [IN] group and let mq, ms be topologically
left invariant means on L>®(G). Suppose that my # mqy, then there exists

v € UCB(G) such that my(p) # ma(p).

Proof. Let K be the intersection of all compact invariant neighborhoods of e.
Let @ : G — G/K be the canonical quotient map. Define ¥ : CB(G/K) —
CB(G) by ¥(¢) = ¢ o Q. Choose ¢y € L>®(G) such that mq(pg) # ma(po).
Choose f € LY(G) with f > 0 and [ f(z)dz = 1, then my(f * o) = mi(po) #
ma(po) = ma(f * ©o). Note that f x ¢y € LUC(G), so we may assume, with-
out loss of generality that ¢y € LUC(G). Define ¢(z) = [, @o(tz)dmg(t),

then by lemma 6.3, ¢ € LUC(G) and ¢ is constant on each K coset. By
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lemma 6.4, ¢ = U(¢) for some ¢ € LUC(G/K). Since G/K € [SIN], we have
¢ € LUC(G/K) = UCB(G/K), so ¢ € UCB(G) by lemma 6.4 again. Re-
gard p = | 90 dmg(t) as a vector valued integral. Note that since the map
t — (g is continuous with respect to the norm topology, the integral can be ap-
proximated by a Riemann integral. Therefore, my(¢) = [ m1(ip0) dmg(t) =

[ M1 (o) dmg (t) = my(gpo). By the same argument, ma(p) = ma(go), hence

mi(p) # ma(p). O

Theorem 6.6. Let G be an amenable [IN] group. Let A : G — B(H) be the
left regular representation of G on the Hilbert space H = L*(G). For each
¢ € L*(G), we define T, € B(H) by Ty(f) = ¢f, where f € H. For each
topologically left invariant mean m on L*(G), we can associate a topologically
invariant mean M,, on B(H) such that M,,(T,) = m(¢p) for each ¢ € RUC(G).
In particular if my # ma, then My, # My, .

Proof. We define M,, according to lemma 6.2. Let m;, mo be topologically
left invariant means on L*°(G) with m; # ms. By the previous lemma, we
may choose ¢ € UCB(G) such that my(¢) # ma(¢). Therefore M, (T,) #
M, (Ty). In particular M,,, # M, O

Corollary 6.7. Let G be a non-compact amenable [IN] group and let X : G —
B(H) be the left regular representation of G on the Hilbert space H = L*(G).
Then the cardinality of the set of topologically invariant means for X is at least
22(1(@)7 where d(G) is the smallest cardinality of a covering of G by compact

sets.

Proof. By [32], the cardinality of the set of topologically left invariant means
on L>(G) is exactly 224 By the previous theorem, the result follows imme-

diately. O]
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Remark 6.8. We say that any topologically invariant mean M on B(H) satis-

fying M(T,) = m(¢) a canonical extension of m.

We introduce the second approach. Let 7 : G — B(H) be a continuous
unitary representation of a locally compact group G. Let L'(#) be the Banach
space of all trace-class operators on H, equipped with the trace-norm norm
|-l L € LY(H) and # € G, we define L -2 = w(z~")Lx(z). Under the
map (L,z) — L -z, L'(#) becomes a right Banach G-module, i.e.:

(i) L-e= L and for any z,y € G, (L-z) -y = L - (zy),

(i) For each = € GG, the map L — L -z is a bounded invertible linear operator
on LY(H) with || L - x|y < || L1,

(iii) For each L € L'(#H), the map = + L - z is continuous with respect to the
|- [li-topology.

Dualize the above G-action, we obtain a left G-module action on B(H), (z,T) —

x-T, where (v-T,L) = (T, L-x), (L € L'Y(H), € G, T € B(H)). Note that

(T,L-2) = tr(TL-x)=tr(Tr(z"")Lr(z))

= tr(n(2x)Tr(z™")L) = tr(z - TL)

Therefore z - T = 7w(z)T'w(z~'). In general, for a fixed T € B(#), the map
x +— x- T is not continuous with respect to the norm topology. We restrict our
attention on the C*-subalgebra UCB(7) which consists of all 7' € B(H) such
that the map z — x - T is continuous with respect to the norm topology. Note
that UCB(7) is a left Banach G-module. We further dualize the G-module
action and obtain a right G-module action on UCB(m)*: (M,z) — M - z,
where (M -2, T) = (M,z-T), (T € UCB(x)). It is clear that:

(i)For each = € G, the map M +— M - x is weak*-weak™ continuous,

(ii)For each M € UCB(7)*, the map x — M - x is weak*-continuous.
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We need a lemma about G-invariant means on UCB(7) and topologically

invariant means on B(#). Recall that if f € L'(G) and T € B(H), we define
f-T=[,fx)x Tdx.

Lemma 6.9. Let f,g € L'(G), x € G, T € B(H). Then:
(i) @f) - T = (a7") - (f - T), where o f(y) = f(xy).
(it)g-(f-T)=(g*f)-T.

(iii) If f >0 and T >0, then f-T > 0.

Proof. ()(of)T = [ flzy)n(y)Tr(y~")dy = [ f(y)n(z™")mw(y)Tx(y~")w(x) dy
=n(z )(f - T)w(x) = (z7')-(f-T)

(i)g-(f-T)=[gwy-(f-T)dy= [g(y)(,f-T)dy
= [[ g fly '2)m(2)Tr(z~ ") dady = [ g * f(z)7(z)Tr(z~")dx
=(gx*f)-T.

(iii) Suppose that f > 0 and T > 0. Let n € H, then (f - T(n) |n)
— [ Fe){Tr(y )| w(y~)n) > 0. Therefore f-T > 0. .

Lemma 6.10. Let m : G — B(H) be a unitary representation of a locally
compact group G on a Hilbert space H. Let UCB(w) be the C*-subalgebra of
B(H) defined in above. Then the map M — M|ycpy is a bijection from the
set of all topologically invariant means on B(H) onto the set of all G invariant

means on UCB(m).

Proof. Let M be a G-invariant mean on UCB(7). We assert that for each
fixed T € B(H), there exists k € C such that (M, f-T) =k [ f(x)dx for all
f € LYG). Let T € B(H) be fixed. Without loss of generality, we assume
that T > 0. Define § € L'(G)* by 6(f) = (M, f-T). By the previous
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lemma, 0|c, (o) is a positive, left translation invariant linear functional, so
f|c.c) is induced by a left Haar measure. There exists & > 0 such that
O(f) =k [ f(zx)dz, f € C(G). As Co(GQ) is ||-]|1 dense in L'(G), it follows that
(M, f-T)=0(f) =k [ f(z)dx, for any f € L'(G). Now fix fy € L'(G) with
fo>0and [ fo(x)dz = 1. Define M’ € B(H)* by (M',T) = (M, f, - T). By
the previous lemma (iii), M’ is positive and (M’ I) = (M, fo-I) = (M, 1) = 1.
Let g € LY(G) with g > 0 and [ g(x) dx = 1, then

(M',g-T) = (M, (fo-(g-T)))
= (M, (foxg)-T)
:<thxmw/hwmmz/m@m
= (M',T).

Therefore M’ is a topologically invariant mean on B(?). Consider the map
M — M|uycs(r) from the set of all topologically invariant means on B(H) to
the set of all G-invariant means on UCB(r). Let M;, M, be two topologically
invariant means on B(H). If My # My, there exists T' € B(#) such that
(M, T) # (M, T). Fix f € L'(G) with f > 0 and [ f(z)dz =1, then
(Mifucnm), [-T) = (M, [ - T) = (M1, T) # (M5, T) = (Ma, - T)

= (Malucsr), f-T), s0 Mi|uce@) # Malucsx). Therefore the map is injective.
On the other hand, given a G-invariant mean N on UCB(7), we fixed fy €
LYG) with fo > 0 and [ fo(z)dz = 1 and define (M, T) = (N, fo - T),

T € B(#H). Note that M is a topologically invariant mean on B(#). Let
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S € UCB(nr), then S = ¢-T for some g € L'(G) and T' € B(H). Observe that

(M,S) = (N,fo-(9-71))

= (N, (foxg)-T)

_ (N.g-T), since /fo*g(a:)dx:/g(x) do
— N(S)

This shows that M|ycex) = N and hence the map is surjective. O
Remark 6.11. The lemma in above is an analog of [39] Proposition 1.7.

Theorem 6.12. Let m : G — B(H) be a unitary representation of an amenable
locally compact group. Suppose that H has a family of mutually orthogonal in-
variant subspaces {H; |i € A}, then for each i € A, there exists a topologically

invariant mean M; on B(H) such that {M;|i € A} are linearly independent.

Proof. For each i € A, pick & € H; with ||| = 1 and define L; = § ® & €
LY(H), then L; > 0 and ||L;||; = 1. Let C; be the convex hull of {L; -z |z € G}
which is invariant under the right G-action. Let C = {Z|UCB(W) |L € C},
where L denotes the canonical image of L under the canonical embedding
LY(H) — B(H)*. Note that C; is a bounded subset of UCB(r)*, so its
o(UCB(m)*, UCB(7))-closure, denoted by K;, is weak*® compact. Note that
when equipped with weak™ topology, UCB(7)* is a locally convex space and
each I; is a compact, convex subset of UCB(7)*. G acts affinely on K; by
(M,z) — M -z, (M € K;, x € G) and the action is clearly separately
continuous. By Day’s fixed point theorem, there exists M; € K; such that
M; - x = M; for each x € G, hence M; is a left invariant mean on UCB().
By lemma 6.10, M; is extended in a unique way to a topologically invariant

mean on B(#H). We denote that topologically invariant mean by the same
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symbol M;. We assert that the means in {M;|i € A} are linearly indepen-
dent. Let My, My, ..., M, € {M;|i € A} and let a; € C, i = 1,2,... n.
Suppose that >  a;M; = 0. Let P, : H — H be the orthogonal projec-
tion onto H;. Since P; commutes with 7(x), it follows that x - P, = P, and
therefore P, € UCB(7). Note that (M;, P;) = 0,;. For, choose a net (L; )3
in C; such that @|UCB(ﬂ) — M; with respect to the weak*-topology. Then
(M;, P;) = limg(L; 3, P;) = 6. Tt follows that a; = (3.7, a;M;, P;) = 0 and

hence My, Ms, ..., M, are linearly independent. O

Corollary 6.13. Letm : G — B(H) be a unitary representation of an amenable
locally compact group G. In order that there exists a unique topologically in-

variant mean M on B(H), it is necessary that w is irreducible.

We recall that a locally compact group G is a Moore group, denoted by
G € [Moore], if every irreducible representation of G is finite dimensional. All
abelian groups and all compact groups are Moore groups and Moore groups are
amenable. In fact, the latter conclusion can be proved easily by Bekka’s theory.
For, if G is a Moore group and 7 : G — B(H) is an irreducible representation,
then 7 is amenable since dim(H) < oo ([4] Theorem 1.3). Now all irreducible

representations of G are amenable, so G is amenable by [4] Corollary 5.5.

Proposition 6.14. Let G be a Moore group. If w : G — B(H) is an irreducible

representation, there exists a unique G-invariant/topologically invariant mean

on B(H).

Proof. We remark that if dim(H) < oo, a G-invariant mean M on B(H) is
automatically a topologically invariant mean. For, suppose that M is a G-
invariant mean on B(#). Suppose that dim(H) < oo, then B(H)* ~ L'(H).
Write M = >0 | ;& ® &, for some o € C, & € H with ||§] = 1, ie.
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(M, Ty =tx(TY" & ®&), (T € B(H)). Let T € B(H) and let f € L}(G)
with f > 0 and [ f(z)dx = 1. Then

(M, f-T) = Z@i tr(f- T ®&) :Zoéi<f'T5i\fi>
- Y / @) T(&) | &) de = / £@) ul(e - T) Y it @ 6 do

- /f(x)(M,m-T> dxz/f(a:)(M,T)da::(M,T>.

Let 7 : G — B(H) be an irreducible representation. Let M;, My be two G-
invariant means on B(#H). Let Ty € B(H). Define £ = B(H) and regard it
as a locally convex space. Let IC be the closed convex hull of {z - Ty |z € G}.
Note that G acts on K affinely by (z,T) — x - T and the action is separately
continuous. By Day’s fixed point theorem, there exists T' € K such that
x-T =T forany x € G, i.e. m(z)T = T'n(z). Since 7 is irreducible, T' = AI for
some A € C by Schur’s lemma. Choose a net (S, ) in K such that S, — T, then
A = (M, M) = lim, (M, S,) = (M;,Ty). By the same reason, A = (Ms, Tp).
Therefore M; = M,. ]

Let A : G — B(H) be the left regular representation of a locally compact
group G on the Hilbert space H = L?*(G). Given a topologically left invariant
mean m on L*(G), we obtain a topologically invariant mean M on B(H) via
the canonical extension by passing to a suitable converging subnet. However,
the original net may have more than one cluster point, so in general, topo-
logically invariant mean arisen from canonical extension is not unique. In the

following, we give such an example.

Example 6.15. Let T be the circle group equipped with the normalized Haar
measure. Let A : T — B(H) be the left regular representation of T on the

Hilbert space H = L*(T). For each n € Z, we associate a character x,, : T — C
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by xn(z) = 2" (2 € T). We remark that {x, |n € Z} is an orthonormal base
of H and for each n € Z, Cy, is an invariant subspace of ‘H. By theorem
6.12, there exists a family {M,, | n € Z} of topologically invariant means which
are linearly independent. By tracing the proof of theorem 6.12, we note
that for each z € T, n € Z, we have: x - (xn ® Xn) = Xn ® Xn. Therefore
M, = Xn ® xn € L'(H). Let ¢ € L=(T) and let Ty € B(H) be defined by
Ty(f) = ¢f, then

Mm T¢>> = tr(M T¢ T¢Xn | Xn>

— [ dz = [ o) ds = m. o),

where m is the unique topologically left invariant mean on L*°(T). Therefore

M,, is an extension of m.

o8



Bibliography

1]

2]

R. ARENS, Operations induced in function classes, Monatsh. Math. 55

(1951), 1-19.

R. ARENS, The adjoint of a bilinear operation, Proc. Amer. Math. Soc.

2 (1951), 839-848.

J. BAKER, A.T.-M. LAU AND J. PyM, Module homomorphisms and

topological centres associated with weakly sequentially complete Banach

algebras, J. Funct. Anal. 158 (1998), 1. 186-208

M. E. B. BEKKA, Amenable unitary representations of locally compact

groups, Invent. Math. 100 (1990), 383-401.

N. P. BROWN, Invariant means and finite representation theory of C*-

algebras, Memoir of Amer. Math. Soc. 184 (2006), .

C. CHou, The exact cardinality of the set of invariant means on a

group, Proc. of Amer. Math. Soc. 55 (1), 1976. 103106

P. CiviN AND B. YoobD, The second conjugate space of a Banach

algebra as an algebra, Pacific J. of Math. 11 (1961), 847-870.

J. B. CoNwAY, A course in functional analysis, 2nd edition, Springer,

1990.

29



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

M. M. DAy, Amenable semigroups, lllinois J. of Math. 1 (1957), 509—
544.

N. DUNFORD AND J. T. SCHWARTZ, Linear operators, Part 1, Inter-

science Pub. Inc., New York, 1964.

E. G. EFFRrROS, Property I' and inner amenability, Proc. of Amer. Math.
Soc. 47 (2), 1975. 483-486

S. FERRI AND M. NEUFANG, On the topological centre of the algebra
LUC(G)* for general topological groups, J. Funct. Anal. 244 (2007), 1.
154-171

M. FiLaLl AND A. I. SINGH, Recent developments on Arens reqularity

and ideal structure of the second dual of a group algebra and some related

topological algebras, General Topol. Algeb. (Tartu) 2001 (95-124), .

M. EsHAGHI GORDJI AND M. FILALI, Arens reqularity of module ac-

tions, Studia Math. 3 (181), 2007. 237-254

F. GHAHRAMANI AND J. LAALI, Amenability and topological centres
of the second duals of Banach algebras, Bull. Austral. Math. Soc. 65
(2002), 2. 191-197

F. GHAHRAMANI, A. T.-M. LAU AND V. LOSERT, Isometric isomor-

phisms between Banach algebras related to locally compact groups, Trans.

Amer. Math. Soc. 321 (1990), 1. 273-283

E. E. GRANIRER, On amenable semigroups with a finite-dimensional

set of invariant means, lllinois J. of Math. 7 (1963), 32-58.

60



[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

28]

E. GRANIRER AND A. T.-M. LAU, Invariant means on locally compact

groups, llinois J. Math. 15 (1971), 249-257.

F. P. GREENLEAF, Invariant means on topological groups and their

applications, American Book Company, 1969.

S. GROSSER AND M. MoOSKOWITZ, Compactness conditions in topo-

logical groups, J. Reine Angew. Math. 246 (1971), 1-40.

E. HEwitt AND K. A. Ro0sS, Abstract Harmonic Analysis Vol.1,

Springer-Verlag New York, Inc., 1963, 1979.

E. HEwitt AND K. A. Ro0sSs, Abstract Harmonic Analysis Vol.2,

Springer-Verlag, 1970.

7Z.-G. Hu, On the set of topologically invariant means on the von Neu-

mann algebra VN (G), Illinois J. of Math. 39 (3), 1995. 463-490

7Z.-G. Hu AND M. NEUFANG, Distinguishing properties of Arens irreg-

ularity, Proc. Amer. Math. Soc. 137 (2009), 5. 1753-1761

Z. Hu, M. NEUFANG AND Z. J. RUAN, On topological centre problems

and SIN quantum groups, J. Funct. Anal 257 (2009), 2. 610-640

P. JOLISSAINT, Invariant states and a conditional fixed point property

for affine actions, Math. Ann. 304 (1996), 561-579.

M. KLAWE, On the dimension of left invariant means and left thick

subsets, Trans. of Amer. Math. Soc. 231 (2), 1977. 507-518

A.T.-M. Lau, Continuity of Arens multiplication on the dual space

of bounded uniformly continuous functions on locally compact groups

61



[30]

[31]

32]

33]

[34]

[35]

[36]

and topological semigroups, Math. Proc. Camb. Phil. Soc. 99 (1986),
273-283.

A.T.-M. LAU AND V. LOSERT, The centre of the second conjugate

algebra of the Fourier algebra for infinite products of groups, Math.
Proc. Camb. Phil. Soc. 138 (2005), 27-39.

A.T.-M. LAuU AND V. LOSERT, On the second conjugate algebra of
LY(G) of a locally compact group, J. London Math. Soc. 2 (37), 1988.
no. 3 464-470

A.T.-M. LAU AND A. PATERSON, Group amenability properties for

von Neumann algebras, Indiana Univ. Math. J. 4 (55), 2006. 1363-1388

A.T.-M. LAU AND A. PATERSON, The exact cardinality of the set of
topological left invariant means on an amenable locally compact group,

Proc. of Amer. Math. Soc. 98 (1), 1986. 75-80

A.T.-M. LAU AND J. PyM, The topological centre of a compactifica-
tion of a locally compact group, Math. Z. 219 (1995), no.4. 567-579

A.T.-M. LAU AND A. ULGER, Topological centers of certain dual al-

gebras, Trans. Amer. Math. Soc. 3 (348), 1996. 1191-1212

T. M1ao, On the sizes of the sets of invariant means, Illinois Journal

of Mathematics 36 (1), 1992. 53-72

S. MOHAMMADZADEH AND H. R. E. VISHKI, Arens reqularity of mod-

ule actions and the second adjoint of a derivation, Bull. Austral. Math.

Soc. 77 (2008), 465-476.

62



[37] G. J. MurpHY, C*-algebras and operator theory, Academic Press, Inc.

, 1990.

[38] T. W. PALMER, Classes of non-Abelian, non-compact, locally compact

groups, Rocky Mountain J. of Math. 8 (4), 1978. 683-741

[39] A. PATERSON, Amenability, AMS Mathematical Surveys and Mono-

graphs Series, 1988.
[40] M. TAKESAKI, Theory of operator algebras I, Springer, 1979.

[41] A. ULGER, Weakly compact bilinear forms and Arens regularity, Proc.

Amer. Math. Soc. 4 (101), 1987. 697-704

[42] Q. XU, Representations and compactifications of locally compact groups,

Math. Japonica 2 (52), 2000. 323-329

[43] Q. Xu, Characterization of amenable representations, Scientiae Math-

ematicae Japonicae 55 (3), 2002. 455-461

[44] Z. YANG, On the set of invariant means, J. of London Math. Soc. 37
(1988), 317-330.

63





