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ABSTRACT

The two design methods for reinfbfced concrete
slabs proposed by ACI 318-71: -Direct Design Method and
Equivalent Ffame Analysis, are compared with an elastic
anaiysis performed by the method of finite differences.
The variables consideréd inclﬁde panel locatioﬂ, column
and slab:geometry, and the stiffnesses of the slab and
supported elements. A procedure for performing
calculations in a systematic manner for the Equivalent

Frame Analysis is developed.

The results of this study show that, in general,
there was reasonable agreement for design purposes between
fhe proposed methods and the elastic solution. However, in
certain instances, substantial differences were observed
and in these cases an alternate procedure, which is more

~general in application, is suggested.
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size of rectangular column in direction
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=15 > moment of inertia about centroidal
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flexural stiffness of a beam; moment per
unit rotation.
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CHAPTER I

INTRODUCTION

1.1 Introductory Remarks

The current edition of the "Building Code

Requirements for Reinforced Concrete (ACI 318—63)"(3)“

divides all reinforced concrete slabs into two categories,
namely, the two-way slabs in which each panel is supported
by beams on all sides of the panel and flat slabs which

are supported directly by columns with or without column
capitals, and drop panels. The requirements for the

design of these two categories are completely different so
much so that they are presented in different chapters of
the Code. This difference stems from the different origins
of each procedure and the underlying philosophy of design
of each. While each type of slab had its own area of use,
experience and laboratory tests indicated that there was a
substantial difference in the factor of safety at both,
working and ultimate loads. Also the current Code does not
contain provisions for considering slabs supported on beams

with a complete spectrum of stiffnesses.

* Numbers in parentheses refer to entries in the list of
references.
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The proposed revisions of this Code, ACI 318—71(5)

are based on the philosophy that both categories of slabs
(that is, slabs with and without beams) should be designed
by a common procedure which gives economical design with

a uniform faétor of safety. This philosophy is to obtain

a total moment from equations of equilibrium,to split

this moment between negative and positive regions,and then
tO‘proportion these moments between middle and column strips
based on stiffnesses of the supporting columns and beams,

if any.

For slabs containing panels that are relatively
equal in size and regularly spaced, thé application of this
philosophy can be éimplified as is. done in the proposed
Direct Design Method in which the propbrtioning of the
total moment is done by a series of simple equations or
coefficients. For slabs containing panels that are less
regulaf in size and spacing a more general procedure known
as the Equivalent Frame Analysis is used. All slabs
considered by the Code are designed by one of these two

procedures.

1.2 Object and Scope of Study

The objective of this study is to examine

critically the proposed procedures contained in ACI 318-71.



This was aécomplished primarily by comparing bending
moments obtainedAby the two Code methods with those from
an elastic solutions. The object was to consider the
range'of agreement of these comparisons, particularly at
the outer values of the limitations specified in the Code,
and, where the agreement was considered unsatisfactory,

to propose an alternate procedure. Where possible, it was
intended to provide design aids to assist in performing

the calculations required by the Code procedure.

A numerical procedure based on assumptions of the
elastic theory of plates was developed to obtain solutions
for comparison purposes. These solutions were checked for
accuracy by comparing with theoretical solutions and
equations of static equilibrium. The scope of the study
also includes using these solutions in order to obtain

better insight into the slab-beam interaction problem.



CHAPTER II

SUMMARY OF PROPCSED REVISIONS

2.1 Introduction

In ACI 318-63%3

there were two procedures for
designing flat slabs, the Empirical Method and Frame
Method and three methods for designing two-way slabs
which involved different sets of coefficients. In the

(5)

proposed revisions, ACI 318-71 these procedures have
been replaced by only two procedures, the Direct Design

Method and Equivalent Frame Analysis.

Although the Direct Design Method is similar to
previous Empirical Method in that both compute a total
moment for a panel, the procedures for distributing this
moment, the range of applicability and the basic philosophy
are different. There is more similarity between the
proposed Equivalent Frame Analysis and the previous Frame
Method for flat slabs, the basic difference being in details
of stiffness evaluation. The basic features of these pro-

cedures are discussed in the following sections.

2.2 Range of Applicability and Definition of Terms

Essentially, the Direct Design Method is a



modified version of the Empirical Method for flat slabs.
Its range of applicability has been changed as. follows:
the panel 1engthbto panel width ratio and the épan to .
successive span ratio are widened from 1.33 to 2.0 and
1.20 to 1.33, respectively. Furthermore, the definition
of the column strip has been changed to be one-half the

shorter span in both directions of a rectangular panel.

The major change in the Equivalent Frame Analysis
is in the definition of an equivalent column. The
flexibility of this equivalent column is defined as the sum
of the flexibilities of the column in flexure and the beam-
"slab combination in the transverse direction, in torsion;

i.e.

1/Kee = (1/K) + (1/K.) (2.1)

This change was necessitated by the recognized
fact‘that_moments "leak" from one panel to another
around fhe column when adjacent spans are unequal in
length or support different loading. The above procedure
also gives more realistic moments in the exterior panel,

particularly in exterior negative region.

2.3 Concept of Minimum Thickness

For two-way construction designed in accordance

with the proposed ACI 318-71 the minimum thickness is



specified in section 8.5.3.1. as follows:

_ 2(800 + 0.005_ )
£ = fy . (2.2)
36000 + 5000 S[H__ - 0.5(1-R_)(1+3)]

but not less than

2(800 + 0.005, )
t = fy (2.3)
36000 + 5000 S(1+R_) -

’,

The thickness need not be more than

2(800 + 0.005, )
t = fy (2.4)
36000

However, the thickness shall not be iess than the following
values:
For slabs without beams or drop panels 5 in.
For slabs without beams but with drop panels 4 in.
For slabs having beams on all four edges

with a value of H_ , at least equal to 2.0 3% in.

It would appear that determination of slab
thickness is somewhat more complicated in the proposed
Code than existed in ACI 318-63 edition:. However, it
should be noted that proposed procedure considers major

variables affecting stiffness and deflections.



The effect of each variable on thickness
determination is shown in Fig. 2.1. To satisfy moment
and shear requirements the minimum thickness is in direct
proportion to the spaﬁ length 2713 thus expression can be
considered as specifying minimum t/¢ ratios and is so
plotted. The increase of thickness for the increase of
reinforcement yield stress is obtained by the coefficient
k. It can be seen that the thickness decreases with in-
creasing continuity factor, Ra. A significant factor is
H__, the average value of the ratios of flexural stiffness

av
of the beam to the flexural stiffness of the slab of panel

'width, for all beams supporting a panel. However, for

values of Havbgreater than 2.0, the lower limit governs

for all values of the continuity factor, R,

2.4 Concept of Total Moment

In 1914 Nichols stated that the total moment
in a panel for a flat plate can be obtained by the
equations of statics. His exppession of the total
static design moment for the inferior panel with round
capital is given in Eqn.(2.5). The assumptions involved
in the derivation were that the reaction is uniformly
distributed around the capital and twisting moments

between slab and capital are neglected.



_ fye; , L.cey,3
Mo = 0.125W21[l - ?ET— + §(ETJ ] (2.5)
Nichols suggested an approximation to the above equation

as follows:
Mo = 0.125Ws;(1-2 S1y° (2.6)
’ 1273 1 :

Based on results of test étructures, Nichols'!
expression for total moment was considered conservative
and ACI Code requirements in 1917 permitted a total
moment in square intefior panels of only 72 percent for
the total moment (Eqn. 2.7). Thisiwas modified in 1956
the introduction of the factor F (Eqn. 2.8), where

F=1.15 - %% but not less than 1.00.

- 2 c1,2
MO = 0.09W21(1—§ El) (2-7)
Mo = 0.09 FWa,(1-2 S1y° (2.8)
- 1 3 21 S

It should be mentioned that the reason the test results
did not verify Nichols' analysis was that the moments
were computed from steel strains on the basis of the

straight-line formula, neglecting the effect of twisting

moments at the column capitals and the effect of unloaded



spans adjacent to the loaded panel.

The total moment specified by ACI 318-71 is

based on Nichols!' analysis as follows:

2
Mo= W_____—_Q,Z,Q,C (2.9)

8
This is essentially the same as the moment
~given by Eqn. (2.5) written in terms of clear span fc.
While the total moment required in ACI 318-71 appears
~greater than previously it is compensated somewhat by the

reduction of the load factors.

2.5 Distribution of Total Moment

By the Direct Design Method the total design
moment is distributed to the negative and positive design
regions by set coefficients for the interior panel and as
a function of the column beam and slab stiffnesses for
the exterior panel. By the Equivalent Frame Analysis the
negative and positive design moments are found directly
by using a moment distribution procedure which considers

the actual applied loads.

- The Code distributes these design moments
obtained by either procedure into middle and column strips

by a set of fuctions which are dependent, for interior
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panels, on the beam flexural stiffness and panel aspect
"ratio and, for exterior panels, on the flexural and
torsional stiffnesses of the beams and the panel aspect

ratio. These fuctions are fully discussed in Chapter V.



\ qu=0.25
003} o.50  003F — 025
= 1.00 R T
e 25 | —— e
t ool ' 002 g *
kT k| -7
Rz0 - Rz0.50
| SIMPLY - SUPPORTED PANEL CORNER  PANEL
001 LAl 1 ] ! I L 001 LA IR 1 ! 1
0.4 0.6 0.8 10 0.4 0.6 0.8 10
/s ]/5
0.03 - HOV. 0.25 003 -

— 0.02
Zk
R:0.75
SQUARE EDGE PANEL INTERIOR PANEL
ool —L 1Lt L1 0o bt— L 1 1 1]
04 0.6 08 1.0 0.4 0.6 0.8 1.0
: 1 : 1
/s /s
b e ¢ e & e ¢ UPPER LIMIT {egh 2.4) k=10 FOR fy = 40 ksi
: , 1.1 60 ksi
cememmm———ms LOWER LIMIT (eq'n 2.3) 1.2 80 ksi

FIGURE 2.1 MINIMUM SLAB THICKNESSES

11



CHAPTER IIT

PROCEDURES OF ANALYSIS

3.1 Introduction

ACI 318-71 proposes two design methods, the
Direct Design Method and the Equivalent Frame Analysis,
either of which can be used for slabs with or without
beams. Also, Code section 13.2.1 gives freedom to the
designer, stating that the slab system may be analysed
by any procedure satisfying equilibrium and geometrical
compatibility, provided it is shown that strength and
sérviceability requirements are met. The numerical
method, referred to in this study as the elastic solution
meets the above requirements and therefore can be con-

sidered as a recognized design method.

In the following sections, the Direct Design
Method, Equivalent Frame Analysis and elastic solution
are discussed. The philosophy on which Direct Design
Method is based is straight forward; hence more attention
is paid to the other procedures. Design aids are pre-
sented for the Equivalent Frame Analysis in the form of
tables for stiffness coefficients. A systematic procedure
for performing the necessary calculations for the

Equivalent Frame Analysis using these design aids was

12
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developed and presented in detail in Appendix A.

The elastic solution is based on the finite
difference equations. Details of assumptions and pro-
cedure are contained in Appendix B. The flow chert and
description of the program reqﬁired for the elastic
solution are outlined in Appendix C. A brief description
of the procedure, the types of variables that can be
considered, and the accuracy of the results are presented

in this chapter.

3.2 Direct Design Method

Within the limitations given in section 13.3.1
of ACI 318—71, a slab system can be analysed by the Direct
Design Method. Essentially this method consists of
determining the total static design moment for the panel,
distributing this moment between the positive and negative
regions and then proportioning these moments to column and
middle strips. The effects of pattern loading are con-
sidered by providing either minimum support stiffnesses or
increasing the positive resistance of the panel. In order
to employ this method, evaluation of stiffness coefficients
K', H and R is required which are parameters defining the
cqlumn flexural stiffness, beam flexural stiffness and

beam torsional stiffness, respectively. Effects of these
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parameters on the design moments is shown extensively in

Chapter V.

3.3 Equivalent Frame Analysis
3.3.1 Choice of Frame

The idea of the Equivalent Frame Analysis lies
in reducing the three dimensional slab-beam-column system
into a two dimensional structure consisting of equivalent
columns and equivalent beams. The structure is then
analysed for the specified loading. Longitudinal and
_trénsverse directions have to be analysed separately
(Fig. 3.1). A suitable method for analysing such bents
is the Moment Distribution Method. Consistent with the
assumptions, the simplified Two Cycle Moment Distribution
Method is often used in practice. However, a method which
~gives an accuracy consistent with the assumptions of the
procedure and based on the slope deflection equations has
been developed (Appendix A). Since this method does not
require the solution of simultaneous equations, it is
suitable for use with desk calculafors. A general example

is given in Appendix A.

3.3.2 Stiffness Evaluation

In order to analyse the equivalent frame, it is
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necessary to evaluate the stiffness factor, carry-over
factor and fixed-end moments for members having variable
cross-sections over their lengths. For the evaluation of
these constants, the moment of inertia of the slab-beam
element or column at any cross-section outside of the joint
may be based on the gross-section. ACI 318-71 specifies
that the moment of inertia of the slab-beam from the centre
of the column to the column face shall be assumed equal to
the moment of inertia of the slab-beam at the column face
divided by the quantity (lfcz/zz)z. In computing the
stiffness of the column Kc, the moment of inertia shall

be assumed to be infinite from the top to the bottom of
slab-beam at the joint. Knowing the moment of inertia
properties of all sections of each member, ahy method

can be applied for the evaluation of the stiffness, carry-
over and fixed-end moment factors. In common use for this
purpose is the Column Anangy Method. Although this
method is not complex, it is rather tedious, especially in
this case, because of non-prismatic members. For this
reason it would be desirable to predetermine and tabulate
values for the carry-over, stiffness and fixed-end

moment factors. Values for these quantities, valid for
the slabs without beams and with rectangular columns, are
presented in Tables 3.1 to 3.4. Some other cases can be

found in Ref. 13. These tables are used in the example
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~given in Appendix A.

- 3.3.3 Loading

Accdrding to ACI 318-71 the structure is to be
analysed for the loads supported where they are definitely
known.. When the live load is variable but does not exceed
three-quarters of the dead load or if the live load will
‘always be applied to all panels, thé structure may be
analysed for uniform live load on ail panels. If neither
of these conditions are met, the maximum positive moment
of a panel may be assumed to occur when three-quarters of
the full design live load is on the panel and on alternate
panels, and maximum negative moment may be assumed to occur
when three-quarters of the full design live load is on
the adjacent panels only, providing that these moments are

~greater than those for the entire slab loading.

3.3.4 Reduction of Negative Moment

The Equivalent Frame Analysis is based on center
to center column distances and therefore negative moments
obtained by this procedure are column centerline moments.
Since the failure cannot occur at the column centerline,
these moments need not be considered critical. While
ACI 318-71 states inAsection 13.4.2 that column faces can

be considered as a critical section, it does not suggest
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any means of reduction of the centerline moment to the

(1)

column face. Corley has suggested the following

expression for reduced moment:
_ 3Ve c3w

Mn = Mé ",[—5_ - Ig—] (3.1)
where Mé and Mn represent moment at column centerline
and the negative design moment at the column face,
respectively. The quantity V represents the total shear,
as determined from the Equivalent Frame Analysis. A
uniform shear distribution around a square column perimeter
was the assumption for deriving Eqn. (3.1). 1In Ref. 11

the following expression has been suggested for reducing

the moment:
Mn:Mé_-— (3.2)

It can be seen that the formula (3.2) is a simplified form
of Eqn. (3.1). Table 3.5 compares the results, for an
interior square panel loaded to 1lk/ft?, obtained by these
two expressions with results obtained by the Direct Design
Method. It should be noted that the Direct Design Method
isAbased on the clear span length and thus gives moments

at the column face directly.
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It appears that several factors have a signif-
icant influence on the reduction of negative moments, and

further research in this field may be necessary.

3.3.5 Column and Middle Strip Split

'The distribution of the design negative and
‘positive moments along the design sections can be made
according to the céefficientslgiven in the Direct Design
Method. Since the Code does not propose any limitations
for the Equivalent Frame Analysis, it would appear that
any slab can be analysed by this method. However, this is
‘a false impression, since distribution of design moments
across critical section into column and middle strip should
be directly limited by section 13.3.1.6 of ACI 318-71.
The necessity of applying the limitations of this section

to the Equivalent Frame Analysis is discussed in Chapter V.

3.4 Elastic Solutions

3.4,1 Introduction

Elastic numerical solutions, based on the finite
difference method were obtained for the purpose of evaluating
the moments obtained from the Direct Design Method and

(15)

Equivalent Frame Analysis. The Newmark plate analog )

which is a physical model approach rather than mathematical



19

technique, was used. Therefore operators are formed from
consideration of equilibrium of the elements of the model.
" This method is preferable when special boundary conditions
are involved. In Appendix B, the procedure is outlined

and characteristic operators are shown.

3.4.2 Type of Slab Analysed

A four panel typical intefior strip was
considered in this study (Fig. 3.3). Utilising symmetry
two half-panels were solved. In the majority of the cases
studied, point columns with finite stiffnesses were con-
sidered. However, a limited number of solutions with

elongated columns (c;/%;= 0.2) were obtained.

3.4,3 Finite Difference Grid Size and

Accuracy of Results

The grid spacing for both interior and exterior
panels was taken as 1/20 of the panel span in each
direction (Fig. 3.4). Using the symmetry about the y-axes
and including fictitious points along three lines, 484
simultaneous equations were required; A Gauss Jordan
elimination technique was used to solve the equations for
the deflections, which in turn were used to solve for the

moments and shears.
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Results were obtained with an IBM 360 MOD/67
éomputer. The program permitted the imput of twelve
variables, involving slab geometry, support stiffnesses
and loading, and output the deflections, bending moments,

torsion moment and shears at each grid joint.

Extremely good accuracy, based on a statics
check for the total moment and total shear, was obtained.
In all cases, for both interior and exterior panel moment
from the analysis was exactly the same as theoretical
value up to 7 significant figures. Therefore, the results
obtained by the elastic analysis were considered without
error for purposes of comparison. Iﬁ addition, solutions
for the moments and deflections were obtained for the
fully fixed plate and compared to those given by

(6)

Timoshenko , obtained by classical procedures (Table 3.6).

The agreement is excellent,
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TABLE 3.4

VALUES OF kc, STIFFNESS COEFFICENTS OF THE COLUMNS
AS DEFINED IN EQUIVALENT FRAME ANALYSIS#*

t/h ke
0.00 4.000
0.01 4,102
0.02 4,208
0.03 4,318
0.04 4,433
0.05 4,552
0.06 4.676
0.07 4.805
0.08 4.940
0.09 5.080
0.10 5.226
0.11 5.379
0.12 5.539
0.13 5.705
0.14 5.879
0.15 6.061
0.16 6.252
0.17 6.452
0.18 6.661
0.19 6.880
0.20 7.109

Stiffness of the column is

Ko = k

c h
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CHAPTER IV

PARAMETERS CONSIDERED

4,1 Introduction

" The parameters used for the elastic solutions
are the same as those used in the proposed revisions of
the Code. In order to reduce the number of variables
considered the Code has combined the parameters to form
"compound variables", such as Kc/(Ks‘+ kb), Hi2,/%2; and
H32,2/Hy212. To establish more clearly the effect of each
parameter on the slab beam interaction problem, elastic
solutions were obtained using the parameters as "single
variables", such as H;, Hy, %22/%;, R, Ke, Ks and Kb. 1In
order to facilitate a direct comparison between the elastic
solution and the Code, however, elastic solutions were also
obtained using the "compound variables". The discussion of
stiffness variables is presented in section 4.3 in the same

order as they appear in Chapter V.

4.2 Panel Location and Aspect Ratio

Since there is substantial difference in the
behavior between interior and exterior panels, it was
desirable to consider both in this study. This was accom-
plished by considering a typical interior strip consisting
of four panels (Fig. 3.3). A typical interior panel was

obtained by using extremely high values for the

31
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stiffness of the exterior column and the torsional stiff-
ness of the exterior beam. With such a stiff column and
beam, the deflections of the plats on the two opposite
sides of the interior column were exactly equal to sixteen
decimal points; therefore, the first interior panel of the
strip analysed can be considered as a typical interior for

all purposes.

Whenever the panel aspect ratio was varied in-
dependently of stiffness quantities, it was taken as 0.5,
1.0, 1.5 and 2.0. In cases when the curve was not clearly
defined by these four values, additional quantities were

chosen.

4,3 Stiffness Parameters

For the study of splitting of the total design
moment into negative and positive regions, the dimensionless
factor, 1/(1 + l/Ké), was varied from 0.0 to 1.0 in incre-
ments of 0.25. This meant that the exterior column stiff-
ness parameter varied from zero to infinity. Following the

1

Code definition, the column stiffness parameter, K , may

also be written as
1
K = z(Kc/Ks)/z(1+H)

By considering the numerator as one variable, the number
1
of variables involving K is reduced from three to two.

These two variables were varied simultaneously in order to
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obtain the above range of values for K'. The flexural

and torsional stiffnesses of supporting beams were con-
sidered equal and taken as 0.0, 1.0 and 5.0 to represent
slabs without beams and slabs supported on intermediate

and stiff beams, respectively.

For the beam-slab inferaction problem, fhe primary
variables are the beam flexural stiffness in the longitudinal
and transverse directions, H; and H,; the panel aspect ratio,
22 /%73 and in addition, for exterior panels, the torsional
stiffness of the exterior beam, R. The effect of the column
stiffness is slight, and for this study a column of inter-
| mediate stiffness equal to three times the slab stiffness
was chosen in all solutions. For interior panels, values
of H; corresponding to 0.0, 0.5, 1.0 and 5.0 were con-
sidered in all combinations with the same values for the
ratio Hy/H; for each of four values of the ratio 22/21
ﬁamely, 0.5, 1.0, 1.5 and 2.0. This.required 64 solutions.
For exterior panels four values of R corresponding to 0.0,
1.0, 5.0 and « were combined with selected values of H; and

H, for the same values of %2,/%; used for the interior panel.

For the study of slabs supported on beams in one
direction only, the Code variable Hj%,/%; or Hy,/%, was

used as follows: 0.0, 0.5, 1.0 and 10.0.

In order to compare ACI 318-71 values with the

elastic solutions, the quantity Hj%, 2; was varied as 0.0,
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0.5, 1.0 and 10.0 while H;%,2/H,%,2 was kept constant as
unity. For the exterior panel the torsional stiffness of
the edge beam was considered as 0.0 and 2.5 with combin-
ations of the above values for the parameter Hj2,/2;.

Again the column stiffness was kept constant and taken as
three times the stiffness of the slab. In order to exémine
Code limitations of variable H2,2/H,2,2, this variable was
taken to be 0.1, 0.2, 1.0, 5.0 and 10.0 for unit values of

H122/21-

4.4 Loading

Although the computer program permitted the
variation of the load on each panel, only. a uniformly
distributed load, w, over both panels was considered in
this study. This load was considered as the total design

load.

4,5 Poisson's Ratio

In the majority of the cases considered in this
study, the value of Poisson's ratio, u, was considered to
be zero. However, for the purposes of comparison of finite

(6)

difference solutions with those given by Timoshenko for
the plate with clamped edges, eleven solutions were obtained

using Poisson's ratio equal to 0.3.



CHAPTER V

PRESENTATION AND DISCUSSION OF RESULTS

5.1 Infroduction

The design moments obtained by the two ACT
proposed procedures, Direct Design Method and Equivalent
Frame Analysis, are compared with the results obtained by
an elastic solution. The requirements for the proportion-
ing of the total static design moment between the negative
and positive regions and the splitting of these design
moments into column and middle strips are critically
examined within limitations given in section 13.3.1 of
ACT - 318—71(5). Special emphasis was placed on the slab-
beam interaction problem and a more general procedure is

suggested which can be extended to slabs which do not meet

the limitations in proposed revisions.

The methods proposed in the new Code, the elastic
solution, and the procedure suggested in this study are

compared by considering the behavior of both interior and

exterior panels for the typical interior strip. The results

of the comparison are presented in the form of graphs,

tables and formulas.

5.2 Total Static Design Moment

For any panel the total static design moment

35
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depends only on the paﬁel size, the column dimensions and
the loading, and can be determined by equations of equi-
librium. Fig. 5.1 shows the variation in the moment co-
efficient, Mo/wz13, with respect to the aspect ratio, 2,/2;,
and the ratio of column size to span length, c3/%;. Since
the total static moment determined by the Direct Design
Method is based on the consideration of the statics, the
fact that the solution obtained by the elastic analysis
agrees exaétly for all values of panel and column aspect
ratios, represents an excellent check for the accuracy of

the elastic solution.

5.3 Negative and Positive Design Moment
5.3.1 Interior Panel

With the Direct Design Method, the design moments
are based on the clear span, %, and for typical interior
panels (which exist in theory only) are considered inde-
pendent of the column stiffness. With the Equivalent Frame
Analysis, however, the design moments are based on the span
equal to the distance between the column centerlines,
and are a function of the column cross-sectional properties.
The column cross-sectional dimensions influence the design
moments in two ways: firstly, by affecting the stiffness
factor for the distribution procedure and secondly, by the
reduction of the centerline negative moment to that at the

column face.
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The negative design moments obtained by Direct
Design Method and Equivalent Frame Analysis are compared
in Fig. 5.2. TFor the case of c¢;/%;= 0, the small dis-
crepancies between the methods resulted from the fact that
with the Direct Design Mgthod the distribution of the total
static moment into negative and positive regions uses
factors 0.65 and 0.35, respectively, instead of the theo-
retical values 2/3 and 1/3. Also, in this case the Equi-
valent Frame Analysis gives the values which are almost

identical to the elastic solution.

For the case where c;/%;= 0.2, small discre-
pancies between fhe Equivalent Frame Analysis and the
elastic solution resulted from the nature of the reduction
of the moment to the column face. In this case Corley's(l)

expression was used. Positive design moments were not

shown since the discrepancies will be of the same order.

5.3.2 Exterior Panel

In the case of exterior panels, in addition to
the loading and slab dimensions, consideration is given to
the flexural stiffness of the exterior column and the
flexural and torsional stiffness of the beams (if any) for
both the Direct Design Method and the Equivalent Frame
Analysis. All of these variables are readily considered

with the Equivalent Frame Analysis, but with the Direct
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Design Method no simple expressions which accurately con-
sider all these factors are available. Figs. 5.3, 5.4

and 5.5 illustrate quantitatively the discrepancies in the
design moments in the exterior panel obtained by the Direct
Design Method and the elastic solution. The design moments
in the interior negative, exterior negative and positive

regions are discussed separately.

Fig. 5.3 shows that stiffnésé properties of the
beam and the column do not influence interior negative
design moments to any great extent. This is not surprising
since it is expected that this negative design moment
would be similar to that of the typical interior panel.
However, it appears that the Direct Design Method under-
estimates these design moments through all the range of
variables considered. Discrepancies are greatest for the
flat slab and amount to almost 15% for very stiff columns.
Here, one should keep in mind that reinforced concrete is
not a linearly elastic material, an assumption on which
the elastic solution is based, but is subject to irreversible
effects, such as cracking, creep, etc. Therefore, one could
consider that a slab for which reinforcement was proportioned
according to the elastic solution could approach Code values
through the changing of its mechanical properties with the
time and loading. Thus these discrepancies could be con-

sidered reasonable.
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Exterior’negative design moment is much more
sensitive on the column, beam and slab stiffness. Elastic
solutions (Fig. 5.4) show that the aspect ratio, 2,/%;,
and the flexural stiffness, H, of the exterior beam do not
infiuence design moments extensively. In sectiog 13.3.3.3
of ACI 318-71 this moment is presented as a linear function
of the nondimensional factor, 1/(1 + l/Ké) and the effect
of the beam torsional stiffness, R, is neglected. Elastic
analysis shows that consideration of this latter factor is
esséntial as illustrated in Fig. 5.4. This is the prime
reason why the Code values are almost incomparable with
" the elastic solutions for all types of slabs. Inclusion
of the torsional beam stiffness was suggested by Gamble(IO)
by altering the definition of K' by using in the numerator
the term Kec rather than the term Kc, Where Kec is defined

(5). However, it would appear that this

by equation 13.5
change would not give solutions which would be closer to
the elastic solutions for all values of the column and
beam stiffnesses. Essentially the moment cannot be taken
as a linear function of the factor 1/(1 + l/Ké) regardless
of whether Ké includes the effect of R. It is proposed
here that the effect of Ké as defined by ACI 318-71 and

R be taken separately by using a formula of this_form

Ke = K;[1/(1+ke)1H/ 1 4 x,[1/(1+1/R) 11/ ™2
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where Ke = negative design moment coefficient for the
exterior panel

K;, Koy, n; and n, = constants.

To fit the elastic solutions, selection of the above
constants as K; = 0.30, K, = 0.35, and n; = n, = 4 would

give:

7Y A LT

Ke = 0.30V1/(1+1/Ke) + 0.35/1/(1+1/R) (5.1)

Solutions obtained by the Direct Design Method, elastic
analysis and analysis by formula (5.1) are compared in

Table 5.1. It can be seen that formula (5.1) is in very

~good agreement with the elastic solution through the whole

range of the variables involved.

Fig. 5.5 presents the coefficients for the
positive design moments. Discrepancies between the Direct
Design Method and the elastic solution are almost of the
same magnitude, but are the opposite sense to those
observed for the negative interior moment (Fig. 5.3). For
the elastic solutions the maximum positive moments, rather
than midspan moments are taken, because the critical
section moves from midspan towards the exterior column as
the stiffnesses of the exterior column and beam decrease.
This offset is of the order of one-tenth of the span, and
for practical reasons, the Code is justified in specifying
midspan since the reinforcement for the maximum positive

moment will cover this region.
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5.4 Distribution of Moments
5.4.1 Slab-Beam Interactioﬁ

In the previous sections it was stated that the
beam stiffness propertiés, H and R, and the panel aspect
ratio, %,/%;, have little or no effect on the total static
moment, positive and negative design moments, except for
the negative design moment at the exterior column. How-
ever, the proportioning of the negative and positive design
moments into column and middle strip moments, aﬁd‘further
splitting of the column strip moment into beam and slab
moments is governed essentially by the flexural and tor-
sional beam stiffnesses and the panel aspect ratio. Figs.
5.6 through 5.9 show the influence of these parameters on
the distribution of moments for an interior and exterior

panel.

The effect of the beam stiffness and panel
aspect ratio on the negative column strip moment for an
interior panel is shown in Fig. 5.6. TFor a slab without
beams the percentage of the total‘negative design moment
assigned to the column strip may be represented by two
straight lines: one for the values of the panel aspect
ratio, %£,/%;, less than unity, and one for the values
~greater than unity. The reason for the flat curve for
aspect ratios between 1 and 2 is due to the definition of

the column strip; namely, one half of the shorter span 2;.
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Introducing a beam only in the direction in which
moments are to be evaluated will cause an increase in the
proportion of the negativé moment assigned to the column
strip, as shown in Fig. 5.6 a. The effect of increasing
beam stiffness H; is to increase moment coefficient in a

~geometrically decreasing rate.

Introducing a beam also in the transverse
direction will decrease the moment éssigned to the column
strip, since there is a tendency to distribute the negative
moment more uniformly across the panel. This effect becomes
more pronounced as the ratio of the stiffness of the trans-
“verse beam to the stiffness of the longitudinal beam in-
creases, as shown in Fig. 5.6. At the limiting case where
H, is very much larger than H; the slab approaches one-way
behavior and the moment is distributed almost uniformly

across the panel.

The proportion of the'positive design moment
assigned to the column strip is shown in Fig. 5.7. It is
noted that the effect on the slab behavior by the intro-
duction of beams in both the longitudinal and transversal
directions is identical to that observed for the negative
column strip moment. The prime difference is that for a
slab without beams, the positive moment at midspan is more
uniformly distributed across the panel. This results in

assigning substantially less percentage of the total positive
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design moment to the column-strip than was the case for
the negative moment. However, this reduction does not

exist to any great extent when beams are present.

For the exterior panels, the total moment across
the discontinuous edge depends primarily on the magnitude
of thé stiffnesses of the exterior column and the longi-
tudinal beam, but the distribution of this moment across
the edge depends primarily on the mégnitudes of the flexural
and torsional stiffnesses of the edge beam. The percentage
of total negative design moment at the exterior edge
assigned to the column strip is shown in Fig. 5.8. In this
figure, the stiffness of the exterior column corresponding
to a medium stiff column was kept constant (KC=3KS). The
effect of the flexural stiffness of the longitudinal beam,
H;, was seen to be negligible, except for the small values
of the span ratio %2,/%; where an increase in the H; causes
a small increase in the percentage of moment assigned to the
column strip. Since in practice the flexural and torsional
stiffnesses of the edge beam are frequently similar, they
are considered equal in Fig. 5.8. Increasing the stiff-
nesses of the edge beam causes a more uniform distribution
of the moments. Varying the stiffnesses of this beam from
zero to infinity decreases the moment assigned to the column
strip from 100% to uniform distribution, as indicated by the

dotted lines in Fig. 5.8.
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The percentage of the negative column strip
moment assigned to the longitudinal beam increases aé the
stiffness of this beam increases, as shown in Fig. 5.9.
It can be noted that the percentage of the design moment
assigned to the beam is essentially independent of the
ratio of transverse to longitudinal beam stiffness and

the panel aspect ratio.

5.4.2 Slabs with Beams in One Direction Only

This type of slab does not meet the limitations
~given in section 13.3.1.6 of ACI 318-71, and therefore
cannot be analysed by Code procedures. The purpose of
this section is to examine the influences of the beam
stiffness properties and the aspect ratio on the design
moment for this type of slab, with the intention of ex-
tending, in later sections, the design procedures to cover
this case. This type of slab is essentially a special case
of those discussed in section 5.4.1 and for the sake of

clarity is presented separately.

From Figs. 5.10 and.b5.11l it can be seen that
when the beam is very stiff, almost all of the moment, in
the direction parallel to the beam, is carried in the
column strip containing the beam, whereas in the direction
perpendicular to this beam, the moment is distributed

almost uniformly, indicating one-way behavior, as expected.
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As the stiffness of the beam decreases, the moments in the
column strip dontaining the beam decrease and the moments
in the column strip perpendicular to the beam increase.

The proportion of the column strip assigned to the beam

is given in Fig. 5.12. It is observed that, for very stiff
beams, almost all of the moment is carried by the beam in
both the negative and positive regions. As the beam stiff-
ness is decreased the proportion carried by the beam
decreases but at a faster rate in the positive region. Any‘
procedure which is proposed for the design of slabs with
the beam in one direction only must account for the

behavior discussed above.

5.4.3 Comparison of Proposed Requirements

with Elastic Solutions.
5.4.3.1 General Remarks

In sections 5.4.1 and 5.4.2 the behavior of
slabs supported on beams and columns was discussed based
on elastic solutions. Parameters representing individual
stiffnesses of the supporting beams and columns and panel
and column aspect ratios were varied individually to
facilitate the interpretation of their effects. In this
section design moments obtained by proposed ACI 318-71
are compared with corresponding moments obtained from an

elastic analysis. A comparison is made using the dimension-
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less stiffness parameters defined by the Code. Comparison

is restricted to the column strip moments, it being under-

'sfood that the remaining part of the total design moment

is assigned to the middle strip. Similarly, discussion is

restricted to the portion of the column strip moment which

‘is assigned to the beam, the remaining portion going to the

slab.

5.4.3.2 Negative Column Strip Moment

The percentage of the interior negative design
moment to be assigned to the column strip by both the
Direct Design Methed and Equivalent Frame Analysis is given

(5)

in section 13.3.4.1 This percentage is a function of
%2/%7 and H; with no limitations for the Equivalent Frame
Analysis, but with the limitations given in section 13.3.1

-for the Direct Design Method. The Solid lines in Fig. 5.13
(5)

represent values obtained by the Code and the dashes
the values obtained by elastic solution. It can be seen
that there is very good agreement for the square panel
(2,/%; = 1) for all the values of the beam flexural stiff-
ness, H;. However, for the rectangular panels without
beams, the Code overestimates the negative moment; for
example, by 12% when £2,/%,=0.5. This means that the

middle strip will be underdesigned. Better correlation

would be obtained if the Code assumed two linear regions:
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one for 0.5< %,/%2;< 1.0 and another for 1.0< 2,/2;< 2.0,
a condition suggested in the final report of ASCE ACT,

Committee 421. However, to limit slab deflections it is
desirable that the column-strip moments, rather than the

middle-strip moments be overestimated.

In the proposed Code, the proportion of the
design moment assigned to the middle and column strip is
based on solutions in which the ratio bf stiffnesses of the
beams in two directions is proportional to the ratio of the
corresﬁonding spans. For this condition the ratio

2 2, ()
Hy2,/Ho%, is equal to unity .

However, to encompass

the range of stiffnesses usually encountered in practice,
the Direct Design Method has established the limits of
this ratio to be between 0.2 and 5.0. In an attempt to
evaluate the validity of these limits, Fig. 5.14 was
plotted. It is observed that the percentage assigned to
the column strip increases at a geometrically decreasing
rate as the value of this ratio increases. It is seen
that the agreement between the Code values and the elastic
solution is excellent when parameter lez/szi is equal

to unity. However, for the values greater or lesser

than unity, the discrepancies increase particularly for
the higher values of the ratio %,/%2;. For the 10Wer 1imit 0.2

the Code assigns less than 10% more to the column strip

which for practical purposes is reasonable. For the
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upper limit, 5.0, the Code underestimates the percentage
.of negative moment aésigned to the column strip and for
values of 2,/2;=2 this underestimation is almost 30% of
the negative design moment. Since assigning less negative
moment the column strip requires more moment redistribution
in the slab and hence greater slab deflections, it would
appear that a smaller upper limit, particularly for higher
values of 2,/%;, may be desirable. From Fig. 5.1h it is
also seen that the percentage of the negative design
moment assigned to the column strip is relatively in-
sensitive to large increases of the stiffness ratio beypnd

the limits established in the Code.

For the éxterior panel the portion of the
negative design moment assigned to the column strip for
the limiting cases given in the Code is shown in Fig. 5.15.
As discussed in section 5.4.3.1 this percentage is a
function of the torsional stiffness of the edge beam, R.

In general, the agreement between Code and elastic
values is satisfactory, the Code overestimating the
negative column strip moment for low values of the ratio

20/%, and underestimating for high values

5.4.3.3 Positive Column Strip Moments

The percentage of the positive design moment

assigned to the column strip for the interior panel is
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~given in Fig. 5.16. The discrepancies between the Code
and elastic values are similar to those for the negative
region and in general are satisfactory for design

purposes.

5.4,3.4 Beam Design Moment

The proportion of the column strip moment
assigned to the beam is presented in Fig. §.17. For the
range of variables studied there is little difference
between the percentage assigned to the beam for the
positive and negative regions. Solutions plotted are all
for values of the ratio lez/szi = 1.0. It should be
noted that the percentage assigned to the beam is dependent
primarily on the ratio Hi%,/%; and increases as this ratio
increases. In every case this percentage increases as the
ratio %,/%; decreases from unity, but is essentially
constant for values greater than unity. Section 13.3.4.Y4
of ACI 318-71 states that: "The beam shall be proportioned
to resist 85 percent of the column strip moment if Hi%,/72%,
is equal or greater than 1.0. For values of H;%,/%; between
1.0 and zero the proportion of the moment to be resisfed
by the beam shall be obtained by linear interpolation
between 85 and zero percent." However, Fig. 5.17 shows

that there is generally poor agreement between elastic
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solutions and Code proposals. For the H;2,/%; = 1.0 and
2,/%; = 1.0 the elastic beam design moments is 62% of the
column strip moment or.23% less than Code value. Moreover,
the moment does not increase linearly with H;%,/%; and the
Code underestimates the beam moment by 10% when £,/2; = 1.0.
This underestimation becomes greater as %,/%; decreases.
In an attempt to obtain percentages for the values of
Hi%2,/%; equal 1.0 and 0.5 and to maintain a simple linear
interpolation, it appears that the Code has established
the percentage assigned to the beam unreasonably high for-
Hy2,/%7 = 1.0 and low for Hj%,/%; = 0.5. Since cracking
and creep will cause redistribution of moment from the
beam to the slab, the actual moment in the beam will be
even less than that indicated by the Code procedure.

This will increase the discrepancy whenever the Code

underestimates the beam design moment.

5.5 Suggested Procedure

This procedure follows the philosophy of the
Direct Design Method except that it modifies the dis-
tribution of moments at the exterior negative region
and between column and middle strips fo_give results that

agree more closely with elastic solutions.

In sections 5.2 and 5.3 it was observed that

the values of the Code for the total static design moment
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for both the interior and exterior panel, and the splitting
of this moment into negative and positive regions for an
interior panel are in good agreement with those of elastic
solution. However, large discrepancies exist in an exterior
panel, especially in the case of the exterior negative
moment. In section 5.3.2. formula (5.1) was suggested and
comparisons between three procedures were made in Table 5.1.
It should be noted again that the suggested formula (5.1)
was derived to fit the elastic solution. On the other hand,
the Code itself is based on elastic slab analyses, some of
which were verified by tests. Therefore, the philosophy
behind all three procedures compared in Table 5.1 is the
same. The fact that ACI 318-71 values are in disagreement
with the elastic solution is mainly due to the lack of
consideration given to the torsional stiffness éf the edge
beam, R. It can be seen from Table 5.1 that formula (5.1)
has taken this effect into account properly, and hence very

~good agreement with the elastic solution is obtained.

Better, although not satisfactory, agreement
was obtained between the elastic solution énd the Code
values insofar as the splitting of the design moments in
the critical sections is concerned. It would appear that
the tables given in section 13.3.4 of ACI 318-71 are
oversimplified, especially for the beam design moments.

With the general computer program, on which this thesis
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is based if would be possible to obtain any desired
accuracy by extending these tables even for the slabs
which do not meet the Code limitations. However, these
extended tables would be significantly larger since

they would be based on four variables: H;, Hj, ﬁ, and
22/%1, rather than three parameters used by the Code,
Hy2o/2,, lei/Hzli, and R. Based on the idea that it is
more convenient to distribute design moments in the
critical sections using coefficients derived from formulas
rather than having fo interpolate between table values,

the following four formulas are suggested.

2
k. = 0.70 + 0.05¢%2) + 922 _ Q.1 0.1 (£5,% (g
ni 21 1+£_ 1+l_. 1+§L 21
Hy Hy Hy
3 0.2 0.3 8, 0.1
kne 0.80 + T¥R ~ 1 10 (ET) - Ij—-—- (5.
R, A4,
kK . = 0.55 + 0.05(%2) + 0:35 _0.05.%5, 0.05.%p,
pi 21 142 141 %1 1+H1 21
. 7H] Ty ,
(5.
k, = 0.40 + 0,10¢%2) + Q¥ 0.1 (o, (s
b ) T Ll
2, i,
where kni’ kne’ kpi’kb are, respectively, coefficilients
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for the interior negative column strip moment, exterior
negative column strip moment, positive column strip
moment, and the beam moment. If desired, the coefficients
in the above formulas may be converted to percentages by

multiplying by 100.

In summary, it should be noted that formula
(5.1) could replace the last equation in section 13.3.3.3
of ACI 318-71, and that formulas (5.2) through (5.5)
represént alternate solutions for the tables given in
section 13.3.4.1, 13.3.4.2, 13.3.4.3 and 13.3.4.4 of the

(5). It is important to note that, although

proposed Code
these formulas require only the same variables as the

Code tables, they are more general in that they are not
restricted by the limitations required in section 13.3.1.6
of ACI 318-71, Tables 5.2 through 5.5 compare results
obtained by these formulas with ACI 318-71 values and the
results of the elastic solution. It can be seen that the
results obtained by formulas 5.2 to 5.4 agree much more
closely with those of the elastic solution, and that indeed
in most cases they slightly overestimate the elastic values.
This is an important factor because the moment in question
here is in the column strip (including beam) where it could
be expected that cracking would take place first. These

formulas are not comples and can be simplified, although

at the expense of accuracy.
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TABLE 5.1

COEFFICIENTS FOR THE EXTERIOR NEGATIVE
DESIGN MOMENT OBTAINED BY DIFFERENT PROCEDURES.

. Suggested

' : Elastic "Procedure

1/(1+1/Ke) R 2,/%; ACI 318-71 Analysis (Eqn. 5.1)

0 0 any 0 0 0

0.25 0 0.5 0.16 0.21 0.21
0.50 0 0.5 0.32 0.23 0.25
0.75 0 0.5 0.49 0.24 0.28
1.00 0 0.5 0.65 0.25 0.30
0.25 0 1.0 0.16 0.22 0.21
0.50 0 1.0 0.32 0.24 0.25
0.75 0 1.0 0.49 0.25 0.28
1.00 0 1.0 0.65 0.26 0.30
0.25 0 2.0 1 0.16 0.24 0.21
0.50 0 2.0 0.32 0.30 0.25
0.75 0 2.0 0.49 0.31 0.28
1.00 0 2.0 0.65 0.32 0.30
0.25 0.5 1.0 0.16 0.40 0.47
0.50 0.5 1.0 0.32 0.48 0.51
0.75 0.5 1.0 0.49 0.51 0.54
1.00 0.5 1.0 0.65 0.52 0.56
0.25 1.0 1.0 0.16 0.4l 0.50
0.50 1.0 . 1.0 0.32 0.52 0.52
0.75 1.0 1.0 0.u9 0.57 0.57
1.00 1.0 1.0 0.65 0.60 0.59
0.25 5.0 1.0 0.16 0.u42 0.54
0.50 5.0 1.0 0.32 0.54 0.58
0.75 5.0 1.0 0.49 0.61 0.61
1.00 5.0 1.0 0.65 0.65 0.63

1.00 o any 0.65 0.65 0.65
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TABLE 5.2

COEFFICIENTS FOR THE NEGATIVE COLUMN-STRIP MOMENT
IN AN INTERIOR PANEL OBTAINED BY DIFFERENT PROCEDURES

. . . %uggested—h
lastic rocedure

Hy Hy 2272y ACL 318-71 Analysis (Egqn. 5.2)

0 0 0.5 0.75 0.63 0.72

0 0 1.0 0.75 0.76 0.75

0 0 1.5 0.75 0.76 0.77

0 0 2.0 0.75 0.76 0.80
1.0 0.5 0.5 0.82 0.77 0.78
1.0 1.0 1.0 0.75 0.75 0.75
5.0 2.5 0.5 0.90 0.81 0.87
5.0 5.0 1.0 0.75 0.74 0.75
1.0 5.0 2.0 0.u45 0.43 0.48
0.5 2.5 2.0 0.45 0.47 0.u46

0 0 2.0 - 0.25 0.30
0.5 0 0.5 - 0.77 0.79
1.0 ] 0.5 - 0.83 0.83
5 0 0.5 - 0.94 0.89
0.5 0 1.0 - 0.87 0.82
1.0 0 1.0 - 0.91 0.85
5.0 0 1.0 - 0.97 0.92

0 0.5 1 - 0.65 0.67

0 1.0 1 - 0.67 0.60

0 10.0 1 - 0.52 0.56

0 o 1 - 0.50 0.55
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TABLE 5.3

COEFFICIENTS FOR EXTERIOR NEGATIVE COLUMN~STRIP MOMENT
IN THE EXTERIOR PANEL OBTAINED BY DIFFERENT PROCEDURES.

. Suggested
Elastic Procedure
H, Hy R 2o/%y ACI 318-71 Analysis "~ (Eqn. 5.3)

[en ool an 2 en ]

[Saldalenmeal

N OO

.

.5 0 0.5 0.5 - 0.85 0.92
.5 0 0.5 1.0 - 0.96 0.91
.5 0 0.5 1.5 - 1.00 0.91
.5 0 0.5 2.0 - 1.00 0.91
.5 2 2.5 2.0 0.55 0.61 0.65
67 1.5 2.5 1.5 0.64 0.68 0.71
0 1.0 2.5 1.0 0.73 0.78 0.76
0 0.5 2.5 0.5 0.82 0.85 0.80
0 0 2.5 2.0 0.75 0.85 0.70
0 0 2.5 1.5 0.75 0.83 0.73
0 0 2.5 1.0 0.75 0.81 0.78
0 0 0 any 1.00 1.00 1.00
.0 1.0 1.0 0.5 0.82 0.80 0.85
.0 1.0 1.0 1.0 0.73 0.83 0.83
0 1.0 1.0 1.5 0.64 0.80 0.80
0 1.0 1.0 2.0 0.55 0.79 0.78
.0 5.0 5.0 0.5 0.82 0.87 0.70
.0 5.0 5.0 1.0 0.73 0.70 0.64
.0 5.0 5.0 1.5 0.64 0.45 0.55
.0 5.0 5.0 2.0 0.55 0.33 0.u8
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TABLE 5.4

COEFFICIENTS FOR THE POSITIVE COLUMN STRIP MOMENT
OBTAINED BY DIFFERENT PROCEDURES.

: Suggested

Elastic Procedure

H,y H, 2y/2, ACI 318-71 Analysis (Egn. 5.4)
0.0 0.0 0.5 0.60 0.50 0.57
0.0 0.0 1.0 0.60 0.60 " 0.62
0.0 0.0 1.5 0.60 0.59 0.67
0.0 0.0 2.0 0.60 0.59 0.70
0.5 0.0 0.5 - 0.68 0.72
0.5 0.0 1.0 - 0.78 0.74
0.5 0.0 1.5 - 0.80 0.77
0.5 0.0 2.0 - 0.85 0.80
1.0 0.0 0.5 - 0.76 0.77
1.0 0.0 1.0 - 0.85 0.80
1.0 0.0 1.5 - 0.87 0.83
1.0 0.0 2.0 -~ 0.90 0.8u
5.0 0.0 0.5 - 0.92 0.86
5.0 0.0 1.0 - 0.94 0.90
5.0 0.0 1.5 - 0.95 0.92
5.0 0.0 2.0 - 0.97 0.93
0.5 0.5 0.5 0.67 0.67 0.73
0.5 0.5 1.0 0.75 0.71 0.75
0.5 0.5 1.5 0.82 0.67 0.77
0.5 0.5 2.0 0.90 0.66 0.76
1.0 0.5 0.5 0.75 0.75 0.77
1.0 0.5 1.0 0.67 0.77 0.82
1.0 0.5 1.5 0.60 0.74 0.84
1.0 0.5 2.0 0.u5 0.73 0.84
1.0 1.0 0.5 0.90 0.75 0.79
1.0 1.0 1.0 0.75 0.74 0.80
1.0 1.0 1.5 0.60 0.67 0.81
1.0 1.0 2.0 0.u45 0.63 0.78
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TABLE 5.5

COEFFICIENTS FOR THE BEAM DESIGN MOMENTS
OBTAINED BY DIFFERENT PROCEDURES,

, Suggested

Elastic Procedure

H, H, 2 %4 ACI 318-71  Analysis ~ (Egn. 5.5)
0.5 0.0 0.5 - 0.53 0.58
0.5 0.0 . 1.0 - 0.62 0.63
0.5 0.0 1.5 - 0.70 0.68
0.5 0.0 2.0 - 0.77 0.73
1.0 0.0 0.5 - 0.72 0.72
1.0 0.0 1.0 - 0.77 0.77
1.0 0.0 1.5 - 0.82 0.82
1.0 0.0 2.0 - 0.87 0.87
5.0 0.0 0.5 - 0.92 0.82
5.0 0.0 1.0 - 0.94 0.87
5.0 0.0 1.5 - 0.96 0.92
5.0 0.0 2.0 - 0.98 0.97
1.0 0.5 0.5 0.42 0.68 0.70
1.0 0.5 1.0 0.85 0.70 0.73
1.0 0.5 1.5 0.85 0.76 0.77
1.0 0.5 2.0 0.85 0.82 0.80
1.0 1.0 0.5 0.42 0.68 0.69
1.0 1.0 1.0 0.85 0.70 0.72
1.0 1.0 1.5 0.85 0.75 0.75
1.0 1.0 2.0 0.85 0.80 0.78
1.0 5.0 0.5 0.42 0.67 0.69
1.0 5.0 1.0 0.85 0.65 0.69
1.0 5.0 1.5 0.85 0.69 0.70
1.0 5.0 - 2.0 0.85 0.72 0.71
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FIGURE 5.13 NEGATIVE COLUMN-STRIP MOMENT, INTERIOR PANEL
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CHAPTER VI

SUMMARY AND CONCLUSIONS

6.1 Summary

This study compares the moments in reinforced
concrete slabs as determined by proposed ACI 318-71 and
an elastic solution based on the finite difference tech-
nique. Discrepancies and similarities are pointed out
and in certain instances alternate solutions are suggested.
A tabular procedure for applying the Equivalent Frame
Analysis which can be easily programmed or solved using a

desk calculator has been developed

6.2 Conclusions

On the basis of this investigation the following
conclusions can be made:

1) Extremely good accuracy is obtained by the elastic
solution based on the static check and comparisons with
tabulated values by Timoshenko(B).

2) For all regions except the exterior negative
moment region, the agreement between elastic solutions and
the values proposed by the Direct Design Method is good
for square panels. 1In general the agreement is less good

for rectangular panels although still satisfactory for

design purposes
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3. The exterior negative design moment by the Direct
Design Method differs substantially from values obtained
by elastic énalysis, and an alternative procedure for |
determining this moment is proposed.

4. The proportion of design moment assigned to the
column strip by the procedure in the Code is in good agree-
ment with the elastic analysis when the ratio lez/Hzi is
. equal to unity. For the lower limit of this ratio proposed
by the Code, namely 0.2, the agreement is still satisfactory.
However, the Code substantially underestimates the coiumn
striﬁ moment for the upper limit of 5.0. It is suggested
that this limit be reduced to 2.0

5. The limitations given in section 13.3.1.6 for the
Direct Design Method should also apply to the Equivalent
Frame Analysis.

6. To extend the range of applicability of the pro-
cedures given in the Code for assigning moment to column
and middle strips, formulas are presented which also give
better agreement with elastic solutions.

7. The portion of the column strip moment assigned
to the beam by the Code differs substantially from the
elastic solution values for all ranges of variables due
to over simplification of the procedure. An expression-
is presented for computing the proportion assigned to the
beam which gives excellent agreement with the elastic

solutions.,
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8. The proposed modifications to the Direct Design
Method labeled "Suggested Procedure" in this study not
only;give results substantially closer to those of the
elastic solution or on the safe side when expected re-
distribution occurs, but also are more general iﬁ
application in that they are not restricted by limitations

~given in Code section 13.3.1.6.
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A.1 Notation®

APPENDIX A

EQUIVALENT FRAME ANALYSIS

sum of the stiffnesses of column above
and below slab at joint j.

~ flexural stiffness of the member j-1

and j-k, respectively.

product of multiplication of the stiffness
and carry-over factors for the member j-1i
and j-k, respectively.

sum of flexural stiffnesses of all members
meeting at joint i, j and k, respectively.

c;/%;, ratio of column length to span
length in direction moments are being
considered.

c,/%,, ratio of column width to span
length transverse to the direction moment
are being considered.

For sake of clarity the notation for this Appendix
is presented separately from the general nomenclature.
Notation used in this appendix is based on Fig. A-1.



j-col

sum of the column bending moments above
and below slab at joint j.

sum of the fixed-end moments in
i, j and k, respectively.

bending moments at the j-th joint of
the member j-i and j-k, respectively.

fixed-end moments at the j-th joint
of the member j-i and j-k, respectively.

rotation, in radians, of the joints
i, j, and k, respectively.



A.2 Derivation of General Expressions for Bending

Bending Moments in Equivalent Frame

According to section 13.4.1.2 of proposed
ACI 318-71 a structure composed of slabs, beams and
columns may be analysed as an equivalent frame. This
frame is assumed to have columns fixed at their remote
ends, and for determining bending moments at a given
‘support, slab-beams which are fixed at any support two
panels distant therefrom, provided that the slab continues

beyond that joint.

For a given geometric properties of the frame
and loading conditions, in order to solve for bending
moments Mj—i and Mj—k at joint j (Fig. A.1) it would be
Anecessary to know rotations of the joints i, j, and k.
Using slope deflection principles, it is possible to write
three equations of equilibrium with three unknowns, ¢,

¢j and > @s follows:

Ki¢1 + kj_lq)j M. = 0
1
1 !
k., .¢. + K.o. + k, . + — = 0 A.l
1—j¢] ]¢j k—j¢k Mj ( )
' + +
BT TR S



At joint j, general equation for the bending moments will

be

J-1 j-i J-1°] Jj-1°1
1]
j-k
Mj—col - kcol¢j
Solving equations (A.l) for ¢5 5 ¢j and ¢, and

substituting these into equations (A.2) the expressions

for the bending moments become:

k 5o
M = = + $p.v. . - M
J-1 j-i J J-1 Kl Ml
k!
j-k
M. | = + . N i S (A.3)
j-k Mj-k J -k Kk Mk
Mj—col = kj—col¢j

where

1 - — 1
K k. . M. - K.K. M. + Kik. M

k3-1 "1 1"k ) j-k

:] 1 > 1 5

b



t
(k. .)2
v. . = k. . -( J—l) '
j-i =i K (A.4)
t
(k. .)2
v = k. - J-1
j-k j-k Kk

The rotation ¢j, for two exterior joints (in
following example joints 1 and 8) becomes indeterminate
and is found by L'Hopital's rule. Solutions are:

for the extreme left joint,
.
pe = TGk (A.5)

J 2

and for the extreme right joint,

k. .M. - KiﬁT
$. = I (A.5)

In the above equations, the coefficients for
the flexural stiffness and for fixed-end moments must
account for variations in the moment of inertia of the
slab-beam members and columns along their axes. Examples

of these coefficients are given in Tables 3.1 to 3.4 for

rectangular columns and in Ref. 13 for when the ratios of

.5



column le
direction
" most sult
lined as

1)

2)

3)

4)

5)

A.3 Nume

span equi

Table A.1

ngth to span length in two perpendicular

s are equal. The complete procedure which is
able for use with hand calculators can be out-
follows:

For given equivalent frame dimensions and
loading conditions calculate stiffnesses and
fixed-end moments using Tables 3.1 to 3.k,
Calculate factors ¢ and v using formulas (A.H4)
br (A.5) and (A.6) for exterior joints.

From formulas (A.3) obtain the beam and column
bending moments.

Check for joint equilibrium.

Reduce negative moments to those at column fac

rical Example

In order to illustrate above procedure a seve
valent frame (Fig. A.2) has been analysed in

. Three loading conditions were assumed: all

e’

n

panel loading, odd panel loading and even panel loading.

It should
at a time
Using the
to obtain
These are

Combining

be noted that only one panel has been loaded
for the second and third loading condition.

procedure derived in section A.2 it is possib
bending moments corresponding fo a unit loadi
listed in columns 19, 20 and 21 of Table A.1l.

these "unit" moments for design dead load and

le

ng.



design live load, negative moments were obtained for the
all panel loading, adjacent panel loading and single panel
loading. These moments are listed in columns 22, 23 and 24.
The critical negative moments are selected from columns 22
and 23 of Table A.1 and the critical positive moments from
columns 22 and 24. Negative moments are based on spans
measured center to center of columns. According to
sections 13.4.2., of ACI 318-71 these can be reduced to the

(1)

face of the columns. Corley's expression was used for

the reduction in this example.
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APPENDIX B

FINITE DIFFERENCE METHOD

The basic assumptions for the ordinary theory
of plates and beams can be found in Ref. 6. Assumptions
involved in the concept of Newmark's plate analog are
listed in Ref., 8 and assumptions required to count for
the effects of beams are listed in Ref. 2. However some
additional assumptions are required for the slab supported
with elongated columns, c;/%2;= 0.2. These can be stated
as follows:

a) Column stiffness in direction transverse to
elongation is considered concentrated along axis.

b) Column cross-section remains as a plane ("line'")
after deformations. This leads to linearly
related deformations along column cross-section.

c) Rotations of column occurs about column centerline.

For the complete solution of slab described in
section 3.4.2, forty finite difference operators, based on

Newmark plate analog were derived.

Figs. B.1 and B.2 represent system of forces in a
plate analog affecting equilibrium of a typical joint and
interior column, respectively. In Figs. B.3 and B.4 finite

difference operators are given for a typical plate joint



and for the plate-column joint one grid spacing removed
from column centerline. It should be noted that R was
used for designation of rectangularity of finite

difference elements (h;/h,) in this appendix only.
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APPENDIX C

COMPUTER PROGRAM

C.1 Description of Computer Program

In order to eétablish the operator coefficients
and solve the resulting éimuitaheous equations for
deflections, moments and shears, forty four subroutines
were employed in coﬁjunction with the main line program.
rBecause of complexity of the computer program and the
large number of statements (1950 statements) detailed
flow charts and listings are not included in this thesis
but can be obtained from the Department of Civil
Engineering, The University of Alberta. A general flow

chart is shown in next section.



C.2 General Flow Dicgram

INPUT of 12variables
related to loading
conditions, geometric
slab properties and

* stiffness quantities of
supporting elements

GENERATE coefficients
for 484 simultaneous
equations containing
deflections as unknowns

SOLVE simultaneous
~equations’

WRITE 484 deflections

COMPUTE internal forces
and obtain equilibrium

check

- WRITE internal stress
resultants at each grid
point and across each
grid line
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