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Abstract

Let X/k be a smooth projective geometrically irreducible variety over a field £,
and CH"(X;Q) := CH"(X) ® Q the Chow group of codimension r cycles, modulo
rational equivalence. A long standing conjecture, due by S. Bloch and fortified by
A. Beilinson, is the existence of a descending filtration on CH"(X; Q), whose graded
pieces detect the complexity of CH"(X; Q). The question then is whether one can
provide an explicit geometric interpretation of this filtration in the situation where
k C C is a subfield. This will involve a candidate filtration introduced by Lewis,
the concept of cycle induced normal functions, and fields of definition of their zero

locus. Towards this goal, we present some partial results, and new lines of enquiry.

il



Acknowledgements

I would like to thank my supervisor Dr. James Lewis for his guidance and
support during this project. 1 greatly appreciate his insightful comments and
suggestions.

I would also like to thank all the excellent staff members in the department,
especially Tara Schuetz, who was always very friendly and helped me on many
occasions.

I greatly appreciate the financial support I received from the University of
Alberta, the Department of Mathematical and Statistical Sciences, from Mexico’s
National Council of Science of Technology (CONACYT) and from my supervisor.

I appreciate the support and help from my fellow graduate students and greatly
appreciate their friendship. I also appreciate the support from all my friends in
Mexico.

Finally, I would like to thank my Family, especially my parents Héctor David
Méndez Ramirez and Ofelia Déavila Avila and my brothers Jairo Andrés Méndez
Davila and Armando Rafael Méndez Davila for their constant support, encourage-
ment and love.

iii



Contents

1 Introduction 1
1.1 Notation . . . . . . . . . . 4

2 Preliminaries 7
2.1 Hodge Theory . . . . . . . . .. 7
2.1.1 Cohomology involving forms . . . . . . ... ... ... ... 7

2.1.2  The two cycle class maps and the Hodge conjecture . . . . . 8

2.1.3 Q-Mixed Hodge Structures and the implementation of twists 10

2.1.16 Alternate take on the Abel-Jacobimap . . . . .. ... ... 13

2.1.17 Hypercohomology . . . . . . .. .. .. .. .. ... ..., 14

2.2 Chow groups . . . . . . . . . 16
2.2.1 Rational and algebraic equivalence . . . . ... .. ... .. 16

2.2.9 Milnor K- theory . . . . . . .. ... oL 17

2.2.10 Twisted version of the cycle class map . . . . . .. ... .. 19

2.2.11 Image and kernel of the Abel-Jacobi map . . . . . . . . . .. 20

3 Normal functions and the Bloch-Beilinson filtration 22
3.1 Deligne cohomology and normal functions . . . .. ... ... ... 22
3.1.1 Definition of Deligne cohomology . . . . . . .. .. .. ... 22

3.1.4 The Milnor cycle class map revisited . . . . . . .. .. ... 24

3.1.5 Introducing normal functions . . . ... .. ... ... ... 25

3.2 Bloch-Beilinson filtration . . . . . . .. ... ... 0L 27
321 Q-spreads . . . .. ... 27

3.2.4 Bloch-Beilinson filtration and arithmetic normal functions . 28

4 Working with arithmetic normal functions 39
4.1 Productcase. . . . . . . ... 39
4.2 An assumption for a more general case . . . . . ... ... ... .. 45
4.3 Working with F?CH;,(X;Q) . .. ... ........... ... 48
4.4 Studying the zero locus of arithmetic normal functions . . . . . .. 53
4.5 The situation restricting to a particular subspace . . . . .. .. .. o7

v



4.6 Incidence equivalence . . . . . . .. ... ... ..
4.7 Incidence equivalence and product case (revisited)

5 Summary results and the bigger picture



Chapter 1

Introduction

Like many areas of mathematics, the approach to studying an “object” of interest is
to introduce some invariants associated to it. In algebraic geometry, where a given
space X is the zero set of a finite set of polynomials over a field k, a natural way
to study it is to look at the irreducible subvarieties on X of a given codimension
r, and form the group 2"(X) of codimension r algebraic cycles defined on it. That
being said, it is really a ring structure (via intersection) that one is seeking. For
instance, how does one define the self intersection of a variety? If X has no singu-
larities, then we can take quotient group modulo a suitable “minimal” equivalent
relation, which in our situation is rational equivalence. This relation is minimal
in the sense that, for any adequate relation ~, we have & ~,4 & = & ~ &. See
[20] for a proof as well as the proper definition of adequate relation. The resulting
group is denoted by CH"(X), called a Chow group. This will allow for a ring
structure on @,>oCH"(X). This Chow group will have a continuous part, denoted
by CH’;lg(X ) (cycles algebraically equivalent to zero modulo rational equivalence),
and a countable part CH"(X)/CH},(X), which contains a very important sub-

alg
group CHy_(X)/CH!,, (X), called the Griffiths group, which involves a first cycle
class map construction below.

alg

Let us assume, for simplicity, that X/C is a projective algebraic manifold
(= smooth projective variety/C). In the 20th century, there are two well-known
maps used to study CH"(X), namely, the classical betti cycle class map, viewing
X as an oriented manifold,

cl, : CH"(X) — H* (X, Z(r)),

with kernel CHy . (X), and for which the Tate twist Z(r) ~ Z, will be explained

hom
later. As X is also a compact complex Kéahler manifold, there is a Hodge



(p, q)-decomposition

H”(X,Z(r)) @ C= € H"(X),

ptq=2r

which reflects the complex structure on X/C. Hodge speculated that those classes
in H*"(X,Z(r)), induced by the inclusion Z(r) < C, that map to H""(X), are
precisely the image of cl,.. This conjecture proved to be false by Atiyah and Hirze-
bruch: they showed that non-analytic torsion integral classes of type (p, p) exist on
certain projective algebraic manifolds, and more recently by others, the existence
of non-analytic, non-torsion integral classes as well. See [20] and the references
cited there. This prompted a revision of the conjecture taking rational coefficients
instead. Even in this case X must be projective algebraic, by a counterexample
due to Mumford in [31], involving a non-algebraic compact torus (a Kéhler man-
ifold). The version of the celebrated Hodge conjecture that still survives scrutiny
is:

Conjecture 1.0.1 (Hodge). For smooth projective X/C,
c,®Q: CH'(X;Q):= CH'(X)®Q — H"(X,Q(r)) := H*(X,Q(r)) N H""(X),

18 surjective.

That cl.(®Q) does not detect all cycles is well-known, for example, the zero
cycles of degree zero (those whose coefficients in a linear combination of points add
up to zero) belong in the kernel of the cycle class map. This led to a secondary
cycle class map, called the Abel-Jacobi map

AJ:CH, (X)— J'(X)

where J"(X) is a compact complex torus called the Griffiths’ jacobian. This will
capture some cycles missed by the cycle class map (for example, in the previous
case, if X is a curve of genus g > 0, the Abel Jacobi map is an isomorphism). For
our interests, we are mainly interested in working with Q-coefficients. Apart form
torsion considerations, the story doesn’t change much but the reason for the change
has to do with the decomposition of the diagonal class Ax € CH"(X x X; Q) into
it’s Kiinneth components, which (assuming exists) can only be guaranteed with
Q-coefficients. This is a motivic story that will be explained later. To connect
both of these maps, one introduces the notion of the category of mixed Hodge
structures (MHS) over Q. This will be explained later in the text. But for now,
the situation is that both maps are described as follows:

cl,®Q : CH'(X; Q) — homums(Q(0), H* (X, Q(r)) := Extyys(Q(0), H (X, Q(r))),
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AJ®Q : ker(cl,®Q) : CH} (X;Q) — J"(X)®Q ~ Extyus(Q(0), H (X, Q(r))),

where the isomorphism, even on the level of Z-coefficients,
J"(X) = Bxtys(Z(0), H (X, Z(r))),
is due to Jim Carlson [5]. The next step then would be to look at a map
CI (X3 Q) = ker(AJ @ Q) = Extiys (Q(0), H*~*(X, Q(r)).

However, it is a given fact that Ext{y(Q(0), H* (X, Q(r))) = 0 for v > 2,
whereas CH', ;(X; Q) can be highly nontrivial (Mumford [28]).

The category MHS is too coarse, whereas a more refined conjectural category
of mixed motives MM is what Beilinson conjecturally proposed in this situation
(more generally for smooth projective X over a field k), namely,

There is a descending filtration (referred to as a Bloch-Beilinson (BB) filtra-
tion):
F°=CH"(X;Q) D F' = CH,,,(X;Q) D F*CH'(X;Q) D --- D F'CH'(X; Q) D {0},

for which

Gri,CH"(X; Q) ~ Ext'\,,((Spec(k), R¥ Y (X)(1))), (1.1)

where A" (X)) is motivic cohomology. Here conjecturally (e.g. assuming the Hodge
conjecture) CH, _(X;Q) = CH}_.(X;Q), where CH] _(X;Q) is numerical equiv-
alence (defined later), and any candidate filtration seems to indicate that

F?CH"(X;Q) Cc CH,;(X;Q) when k& C C is a subfield. It is natural to ask
whether F?CH"(X; Q) = CH’,;(X;Q), and the evidence in [24] supports this. So
the natural question is why this expectation is a reasonable one? To answer this,
let us assume given a smooth projective X/C, with ¢ € CH}_ (X;Q). Now after
adjoining the coefficients of the polynomial equations defining X over say Q, we
can write X = X xx C, where K/Q is finitely generated. One can then spread
X to Z 5 S, where 27, S are smooth quasi-projective varieties over Q, p is
smooth and proper, and if n € Sg is the generic point, then Qn) ~ K via a
suitable embedding Q(n) = C, and X/C = %, Xg( C. Likewise, we may assume

(possibly by enlarging S) that £ defines a class £ € CH]y pom (275 Q), which means
that for any t € S(C), & € CH},, (2:;Q) and that &, = &. The key point here
is that t € S(C) — vg(t) == AJ(&) € J'(Z:(C)) ® Q determines a variational
Abel-Jacobi map called a normal function. It turns out that if in this situation,
the zero locus of v is a countable union of algebraic subvarieties of S over Q,
then F?CH"(X;Q) = CH',;(X;Q). More precisely, we adopt the candidate BB

filtration in [23], that uses a Q-spread idea. It turns out that in this situation
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F?CH"(X; Q) can be described (via a spread) in terms of normal functions. De-
termining the field of definition of the zero locus is a deep problem; albeit easy to
verify if one restricts to the situation of £F2N CHilg(X ; Q), where one can employ a
result of S. Saito ([29]), in proving that F* N CH}, (X;Q) = CH}, 4;(X;Q). The
filtration (|23]) under consideration, only guarantees that F*CH"(X;Q) induces
(via a Q-spread), a space of normal functions, which we refer to as “arithmetic
normal functions’!; however we are unable to characterize F*CH"(X; Q) in terms
of these normal functions for ¥ > 2. From a conjectural standpoint, we expect this
characterization to still hold. Indeed a clue is that from Beilinson’s formula (1.1),
one can show that

Gri,CH"(X; Q) = Ext} v (Spec(k), b (X)(r) [N"" 110> (X)(r))),

an observation first exploited by S. Saito, (op. cit.), and where N® refers to a
coniveau filtration. We explain this in the text. This idea was exploited in [25] in
the situation where X/C = X, x C, X, being defined over Q, but where the cycles
belong to CH"(X/C; Q). In this situation F*CH"(X/C;Q) can be characterized
in terms of arithmetic normal functions. The difficulty then is to analyze the
zero locus of such normal functions. To handle this, we restrict further to a
subspace " N CH;, (X;Q) where we present two arguments showing that the
zero locus of the associated arithmetic normal functions is defined over Q. Finally
we characterize I N CH) (X;Q) in terms of the Abel-Jacobi map of specific
algebraic varieties (just like the case v = 2), involving the Q-spread.

In summary, here are the conjectural goals, for which we aspire to prove, but
provide only partial answers to:

(i) Prove that FYCH"(X; Q) can be characterized in terms of arithmetic normal
functions. (What we do is find a suitable class of X for which this is true.)

(ii) Show that the zero locus of such an arithmetic normal function is defined

over Q. (In this case, we restrict to ¥ N CHJ,,(X;Q).)

(iii) Using the above results in (i) & (ii), characterize FYCH"(X/C; Q) in terms

of the kernel of an Abel-Jacobi map of a variety involving the Q-spread.

1.1 Notation

Definition 1.1.1. Let V be an irreducible variety defined over a field k of finite
transcendence degree over Q. A point p € V(C) is said to be very general if

{a(p) ‘ oc Gal((C/k;)},

'First introduced in [17].



is dense in V(C) is the analytic topology.

e Throughout the rest of the thesis, & C C will denote an algebraically closed
subfield.

e Q(n) = (2mi)"Q is called the Tate twist. Which is a pure Hodge structure of
pure weight —2n and of type (—n, —n).

e We abbreviate the term Q-mixed Hodge structure (defined later) as Q-MHS
or just MHS when the ring of definition Q is understood. Once we define this, for
a given Q-MHS H we put

[(H) := homyns(Q(0), H),

J(H) 1= Extyyg(Q(0), H)

the external classes in the category of Q-MHS not necessarily graded polarizable.

e For a smooth variety over k, H'(X, Q) := H(X(C),Q) in singular cohomol-
ogy. If Y C X is a Zariski closed subset, and n = dim X, we can identify H} (X, Q)
with H,,_.(Y,Q), via Poincaré duality.

e CH"(X) denotes the Chow group of X, that is the groups of codimension r
cycles modulo rational equivalence. CH,,(X) then denotes the subgroup of cycles
algebraically equivalent to zero. These concepts will be introduced in the appro-

priate sections later.

e We will also put CH"(X;Q) := CH"(X) ® Q and define CH},,(X;Q) We also

alg
define CH} . (X;Q) to be the subgroup of cycles in the kernel of the cycle class

map (or homologous to zero).

e Given the Abel Jacobi map (with a proper definition given later)

AJ; CH o (X5 Q) — J(H* (X, Q(r)))-

hom

We denote its kernel by CH',;(X; Q).

e Let K C C be a subfield, and X smooth and projective over K. The coniveau
filtration, denoted by N¥% H'(X,Q), is given by

Ny H' (X, Q) := ker (Hi(X, Q) — ling HY(X\Y, Q)) :

YCX/K,codimxY >v



e Given X a smooth variety over C. Let N4, H'(X,Q) denote the largest
sub-Hodge structure in F*H'(X,C) N HY(X,Q). The general Hodge conjecture
(abbreviated GHC) says that N%H(X,Q) = N, HY(X,Q), if K = C, and is also
the case for K C C, provided that K is algebraically closed.



Chapter 2

Preliminaries

2.1 Hodge Theory

2.1.1 Cohomology involving forms

Let X be a projective algebraic manifold of dimension n, and E% be the C-
space of C° r -forms on X, and associated complex (E%,d). Since the dif-

ferential d : E% — E% satisfies d> = 0, we have the de Rham cohomology
_ ker d:E%—)Egng

HBR<X7 (C) = dE;‘(fl

Recall the decomposition EY = @, ,_, B}’ and we have EY? = E{”. Here,
E&T are the C* (p, ¢)-forms which in local coordinates (z1,. .., 2,) € X are of the
form

Z f[JdZ[ N dEJ f[J C — valued and COO,

[I|=p,|J|=q
I=1<iy<--<,<n, J=1<4 < ---<i;<n,
dZ] :dZil /\/\dZZp, dZ] :dEjl N ---/\dqu
Then, under this decomposition, the differential splits into d = 9 + 0, where
0 E% — E%™ and 0 @ E%? — E%*'. Here we have 7 =0 Then, for a

fixed p, we have the complex (E%*, ) which gives us the Dolbeault cohomology
HP1(X,C) or just H”(X).

Since X is projective algebraic (in fact, for all compact K&hler manifolds) we
have the Hodge decomposition:

H'(X,C)= P H"(X)

ptgq=r



and HeP(X) = HP9(X), where, in fact, from Hodge theory, H?¢(X') can be iden-

EP,
tified with —=d=closed
9oE%

Now, given wq, a r form and ws, a 2n — r form over X, we define

(wl,wQ)H/wl/\wg
X

which induces the following nondegenerate pairings (Poincaré/Serre dualities):

H"(X,C) x H*"(X,C) = C
HPY(X) x H"P"9(X) = C

and thus we can make the following identifications with duality:

H"(X,C) ~ H*™ " (X,C)", Poincaré Duality

HPY(X) ~ H"P"9(X)Y Serre Duality

)

2.1.2 The two cycle class maps and the Hodge conjecture

Now, given a subvariety V' of X of codimension r (thus, having real codimension
2r) we assign it the element cl,.(V) € H*~? (X, C)V defined in the following way:
for {w} € H*"7*(X,C), cl.(V)(w) = [,,. w (where V* is the smooth part of V,
that is V* = V/Vji,, ). One can see that fv* w is indeed finite by taking a desingu-
larization o : V 5 V' so that o*(w) is a C* form on V and thus [,,, w = [; o*(w).
Since V is smooth and projective (thus compact) this has finite value.

Let 2"(X) denote the free abelian group generated from the set of all irreducible
subvarieties of X of codimension k. Extending by linearity, we can define this map
for all elements in z"(X), thus

cl, : 2"(X) = H¥(X,C) ~ H* (X, C)"

which is well defined. cl, is called the fundamental class map. Working with
singular homology with Z-coefficients, the argument above and Poincaré duality,
it follows that cl, : 2"(X) C H*(X,Z). We observe that, for {w} € HP(X), with
p+q=2n—2rif (p,q) # (n—7r,n—r) we have that either p >n—r or ¢ >n—r,
implying we have more than n—r of either dz’s or dz’'s and because dimV* = n—r,
we have [, w = 0. Since we know that cl, (2" (X)) C H*(X,Z), from the previous
argument we have that cl,(2"(X)) C H™"(X) N H?*(X,Z). As mentioned earlier,
there are counterexamples to show that this is not an equality. However, if we
change the statement to rational coefficients, we arrive at the celebrated
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Hodge conjecture cl.(2"(X) ®; Q) = H™"(X,Q) := H"(X) N H*(X,Q).
There is another famous class map due to Griffiths. Using the Hodge filtration

FFH'(X,C)= @ H™(X)
p+q=i, p>r
we can define the rth Jacobian as
) 11X, C) 17X R)
" FrH¥Y(X,C)+ H*Y(X,Z) ~ H* Y(X,Z)

where the isomorphism comes from the real isomorphism

H2r71 (X, (C)
FrH>-1(X,C)

inducing a complex structure on H*~1(X,R). Each Jacobian defined this way is
thus a compact complex torus (called Griffiths Jacobian). Now, applying Serre
duality to each H?4(X) present in H*~1(X,C)/F"H* (X, C), we see that this
latter term is isomorphic to F" "t H2"=2r+1( X C)V. By this, and using the iso-
morphism H*1(X,Z) ~ Hs, 9,,1(X,Z) between singular cohomology and ho-
mology, we can identify this homology group with its image under:

~ H”(X,R)

H2n—2r+1(Xa Z) - Fn—r+1H2n—2r+1(X’ C)V
that maps a given {7} in Hs,_2,+1(X,Z) to the map p, such that, for {w} €

prertiee=2rti (X, €) we have p, ({w}) = [ w (periods). Hence we ignore torsion
in Hop,_o9p41(X,Z). Therefore, we arrive at

Fn—r+1H2n—2r+1 X.C \%
J(X) ~ (X,C)
H2nf2r+1 (X, Z)
We define z{_ (X) = ker(cl,) C 2"(X). We see that given & € 2} (X), then by
definition we must have that £ is the boundary of a chain ( of real dimension 1

greater than that of £ (thus, of real dimension 2n — 2r + 1). Then, we define the
second cycle class map to be

O,z (X)) — J(X)
that, given {w} € FrH H>=2+1( X C) gives us

B(O({w}) = [

¢



taking quotient over the elements of Ha,—o,41(X,Z) (identified in
anr+1H2nf2r+1<X C)V
as said before). Here ( is a chain of real dimension 2n — 2r + 1 such that £ = 0C.

This map is well defined and is known as the Abel-Jacobi map. Details can be
found for example in [20].

2.1.3 Q-Mixed Hodge Structures and the implementation of
twists

The following definitions will be given in terms of Q but they can also be estab-
lished for any subring A C R (Z is a common choice as well).

Definition 2.1.4. A Q-Hodge structure (of weight N € 7Z.) consists of a finitely
generated Q-module V' and a decomposition Ve =V ®¢ C = P VP4 such

that Vr:a = V%P (here the bar is denoting complex conjugation).

ptg=N

Remark 2.1.5. For a Q-Hodge structure, one can define a descending filtration
VeDd--DF' D F™ 5...5{0}

as F"'Vpe = @erq:N,er VPa, We have then Vo = F"'Ve & FN-"tW for all r.
Indeed this filtration datum is equivalent to a Hodge structure of weight N, for we
can set HP9 := FP N F1.

Example 2.1.6. The main example, due to Hodge, of a Hodge structure is H (X, Q)
(of weight i) for a X/C smooth projective.

Example 2.1.7. Another ezample of a Q-Hodge structure is the Tate twist Q(r) =
(2m0)"Q, which is of type (—r,—r).

Example 2.1.8. For smooth projective X/C, H/(X,Q(r)) := H'(X,Q) ® Q(r) is
a Hodge structure of weight i — 2r.

In his famous work on the cohomology of complex schemes, Deligne [6] formu-
lated the notion of a generalized Hodge structure, called a mixed Hodge structure,
namely,

10



Definition 2.1.9. A Q-mized Hodge structure (Q-MHS) is given by the following
datum:

o A finitely generated Q-module V.

o A finite descending "Hodge" filtration on Ve =V ®q C:

VeD---DF DF ™ o...5{0}

o An increasing "weight" filtration on Vi:

{0yCc---CcW_,CcW,C---CVy

such that {F"},cz induces a (pure) Hodge structure of weight [ on
GTlI/VVQ = VV[/VVl_l.

Definition 2.1.10. Let Vi and V5 be Q-MHS. A morphism f : Vi — V5 is a
Q-linear map such that

fWVieQ) CWl,®Q Vi
f(F"Vig) C F'Vae Vr
According to Deligne [6], these morphisms satisfy
f(F"Vig) = f(Vig) N F Ve
fWieQ) =fVieQnWl,®Q
In other words
Proposition 2.1.11. The weight W, and Hodge F* functors are exact.

We will only provide the general idea of the proof.
For a given Q-MHS V', Deligne defines a bigrading V¢ = @n 17 where
Ve = @, (D, I77) and WiVe = @D, <, [P, where [P is defined in terms of
weight and Hodge filtration. Then, given a morphism f : V; — V5, we obtain
fUP(Vic)) C IP9(Vac) for all p, ¢, and the conclusion is immediate.

The following theorem by Deligne [6] will be stated without proof.

Theorem 2.1.1. The cohomology of a complex scheme X carries a canonical and
functorial MHS, which agrees with the aforementioned Hodge structure H'(X, Q)
in the event that X/C is smooth projecive.

As a blanket statement, Deligne’s ideas extend to cohomology with supports,
homology (singular and Borel-Moore); moreover the localization sequence of a pair
(X, Z) is a LES of MHS. If X/C is smooth projective, then H;(X,Q) is a Hodge
structure of weight —i; moreover H;(X,Q(r)) := H;(X,Q) ® Q(—r) is a Hodge
structure of weight 2r — i.

11



Example 2.1.12. Let X/C be a smooth irreducible complex scheme of dimension
n, and Z C X a closed subvariety. Then the Poincaré duality isomorphism

H,(X,Q(r) ~ Hopi(Z,Q(n — 1)) := Ho(Z,Q) @ Q(r — n),

is an isomorphism of MHS. (Here Hon_i(Z,Q(n — 1)) is Borel-Moore homology,
which agrees with singular homology in the event that Z is complete.

Remark 2.1.13. Borel-Moore homology can be defined as follows [19]:
We recall the construction of the simplicial homology. Given a simplicial complex
N with |N| = U,y 0 and triangulation T : [N| — X, we define the space of i-
chains of X with respect to T, denoted by CT(X), to be the vector space consisting
of all formal linear combinations & = ) __y: &0 where Nt denotes the set of i-
simplices in N and the coefficients &, are in the field of definition and only finitely
many of them are non-zero.
A refinement of T' is a triangulation T' : |N| — X such that for each o' € N
there exists some o € N such that T'(0") C T(0). Then, let us define the space
of all piecewise linear i-chains C;(X) to be the colimit of the spaces CI(X) under
refinement. Then, the boundary maps 0 : CH(X) — CL(X) induce boundary
maps 0 : Ci(X) — C;_1(X) with 8* = 0. Then, the simplicial homology in X is
defined by

H.Simp(X) _ 1'<er0 cCi(X) = Ciq1(X)

’ im0 : Ci11(X) — Ci(X)

In the definition of CT(X) if we ignore the restriction that only finitely many of
the coefficients of the linear combinations are non zero, we can define CT((X))
the space of locally finite i-chains of X with respect to T'. We can define C;((X))
and 0 : C;((X)) = C;_1((X)) in the same way as in the simplicial case. Then, the
Borel-Moore homology is defined by

BM kerd : C;((X)) = Ci_1((X))
HP M (X) = -

im0 : C;11((X)) = Ci((X))
When X is compact, any triangulation has N finite and both the Borel-Moore and

the simplicial homology coincide. Since the simplicial homology is isomorphic to
the singular homology, it agrees with the Borel-Moore homology as well.

Example 2.1.14. Let X be a compact Riemann surface (that is, a 1 dimensional
smooth projective variety over C) and 0 # %X C X a finite set of points. Let
M = #|X| and X := X \ . Then we have the exact sequence:

HL(X,Z) — HY(X,Z) - H'(X,Z) = Hi(X,Z) — H*(X,Z) — 0
where we observe that

HL(X,7Z) ~ H\(%,Z(1)) =0,

12



Hi(X,7Z) ~ Hy(%,Z(1)) =~ H*(S, Z(—-1)), and H*(X,Z) ~ Z(-1)

have (pure) weight 2. Then the above exact sequence becomes
0— HYX,Z) = H'(X,Z) — Z(-1)™~* = 0.

And, if we put Wy := HY(X,Z), Wy := HY(X,Z), and Wy = 0, we observe that
Wo /Wy ~ ZM=Y(—-1) is indeed a Hodge structure of weight 2 (and pure type (1,1)).
Also Wi /Wy = HY(X,Z) which has a Hodge structure of weight 1 as noted before.
Thus HY(X,Z) has a MHS (with minimum weight 1).

Example 2.1.15. With the notation of the previous example, if we twisted by Z,(1),
then H*(X,Z(1)) would have a MHS of minimum weight of —1 and a mazimum
weight of 0.

2.1.16 Alternate take on the Abel-Jacobi map

Given X smooth complex projective variety, let £ € CHy (X)), with support [£].

hom

Then, following the idea behind Example 2.1.14, (with the inclusion of twists that
will be justified later), we have the exact sequence:

HE X, 2r)) = B (X, 2(r)) — H> X\ (€], Z(r)

— H (X, Z(r)) = H* (X, Z(r))

But Héﬁ_l(X,Z(r)) ~ Hyy or+1(/€], Z(n — 1)) = 0 since dimg|¢| = 2n — 2r. Now
let

HEZ (X, Z(r))° = ker(H{g (X, Z(r)) = H* (X, Z(r)))
We observe that the cycle class [¢] € H‘%T‘(X, Z(r)), and since £ is homologous to

zero in X we have [{] € H|2§7|"(X, Z(r))°. Then, for this £ we have the diagram

H N X, Z(r)) = HPHX\[E]LZ(r) — Hg(X,Z(r)°
I T T
H* (X, Z(r)) < E — Z[g]
with {F} € Extyys(Z(0), H* (X, Z(r))). Note that
H (X, Z(r)) = Hypor([€], Z(n — 1)),

has (pure) weight 0. We then put ®,(§) := {&}. Carlson [5] proved that J"(X) ~
Extys(Z(0), H* Y X, Z(r))) and that the two definitions coincide.

13



Explicitly, the isomorphism can be explained as follows:
given {E} € Extyus(Z(0), H*1(X,Z(r))) we have the exact sequence (by defini-
tion):

0— H* YX,Z(r)) = E — Z(0) — 0

By exactness of the Hodge filtration, and shifting by —r via twists, we obtain
0— F'H*" Y(X,C) = F'Bc - Z®C=C—0

Thus, there exist an element p € FCE: which is mapped to 1 in C. Like-
wise, over Z, the exactness of the weight filtration implies there exists v € Wy FE
which maps to 1 in Z(0). The difference v — p is precisely the retraction im-
age rc : Ec — H*71(X,C). Note that after “untwisting”, u € F"Ec, and by
Hodge type, it’s effect on F""T1H?"=2r+1(X C) is zero. On the other hand,
E C H* YX\ [£|,Z(r)) ~ Hop_9,41(X, |€],Z(n — 1))V, and v corresponds to the
current W i) C(_)’ where 0( = £. This is precisely the Griffiths Abel-Jacobi
map incorporating the Tate twist.

2.1.17 Hypercohomology

Let P*=% be a complex of sheaves on a 'nice’ space X. Using the Cech coboundary
operator 0 we have the Cech double complex

{C*(U,P*) | d,d}
where U is an open cover of X. We take the associated single complex

{M*(U) = €p C'(U,P"),D = d+56}

i+j=e
with D? = 0.
Definition 2.1.18. The kth-hypercohomology of the complex P® is given by
HE(P?) = liny H5(M?)
U
Double complexes have two associated descending filtrations which are (fil-

tered) subcomplexes of the associated single complex, with two associated Grothendieck
spectral sequences. In this case, we can denote the sequences

By = HY(X, H}(P"))
By = HY(X. H(P)

In the first spectral sequence Hj(P*) denotes the cohomology of P*, which gives us
a way to identify when two complexes have the same associated hypercohomology.

14



Definition 2.1.19. Two complexes of sheaves K3, K3 are quasi-isomorphic if there
1s a morphism h : K — K3 inducing an isomorphism on cohomology

h, : HI(K$) — HY(KS) for all q.

Therefore, by the first spectral sequence above 'E¥?  two quasi-isomorphic
complexes yield the same hypercohomology. Moreover, if a complex P* is quasi-
isomorphic to a complex (K°®, d) of acyclic sheaves (that is, H*(X,K7) =0 for i > 0
and for all ), the second spectral sequence ”E5? tells us that

H*(P*) := H*(H*(X,K))

Example 2.1.20. The complex of sheaves of holomorphic forms (Q%, d) is defined

by
Ox = QY = 0% — -+

Where Ox denotes the sheaf of germs of holomorphic functions and QY denotes the
sheaf of germs of holomorphic differential I-forms. By the holomorphic Poincaré
lemma, this complex is quasi-isomorphic to the acyclic complex

C=0—-0—---
We also have the complex of sheaves of C*®-forms (E%,d):
EY = Ex = E% — -

which, by the C> Poincaré lemma, is quasi-isomorphic to (2%, d).
Therefore, by the previous observations we have

HMX,C) ~H"(C - 0—0— )~ H Q%) ~ H(EY)
Moreover, if we denote by F"Q% and F"ES the filtered complexes

d d
0—=0— - —QF SO 5.

d d
0=0—- =& SEM S

these are quasi-isomorphic as well (see [12]). Then, since E% is acyclic, we have

kerd : F"E% — FrEY™

HF(FrQ%) ~ HYF(E%) ~ pr
X

~ F"HEL(X)

Example 2.1.21. By GAGA, we have a quasi-isomorphism between Q% and Q% ),
which 1s also filtered. Thus we have

H' (FTQ%) ~ H'(FQ% ) =: F"H;

Zar

(X,C)
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2.2 Chow groups

2.2.1 Rational and algebraic equivalence

Let z"(X) denote the free abelian group generated from the set of all irreducible
subvarieties of X of codimension r.

Example 2.2.2. Given that X is of dimension n, the only subvariety of codimen-
sion 0, (that is, of dimension n) is X itself. Thus, 2°(X) =Z{X} ~Z.

Example 2.2.3. The only subvarieties of codimension n (that is, of dimension
0) are the discrete subvarieties, each consisting of a finite set of points. Thus the
wrreducible subvarieties are the one-point subvarieties, and we get

N
2(X)={> npj IN€EN, n; €Z, p; € X}

J=0

Definition 2.2.4. We say that £;,& € 2"(X) are rationally equivalent (denoted
& ~rar & ) if there emists a cycle w € 2"(P! x X) in "general position”, meaning
w(t) := Pro.((t x X) ew) € 2"(X) is defined Vt € P, such that

& — & =w(0) — w(oco).

Definition 2.2.5. We say that &1,& € 2"(X) are algebraically equivalent (denoted
& ~aig &2 ) if there exists a smooth connected curve I', a cycle w € 2"(I' x X) in
"general position”, and points p,q € T', such that & — & = w(p) — w(q).

Let 20 (X) = {£€2"(X) | € ~pat 0} and 2], (X) = {€ € 2"(X) | £ ~ae 0}

rat alg

The quotient CH"(X) := 2"(X)/20,(X) is called the Chow group of X of codi-
mension r and the quotient CHyy,(X) = 2]}, (X) /2], (X) is the algebraic Chow

group of X of codimension 7. It is also the case that CHj, (X) = CH,,(X) for

r = 1 and r = n, but is in general false for 1 < r < n, (that being first demon-

strated by Griffiths [11]).

Another notable group is the group of cycles numerically equivalent to zero,
CH i (X))
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Definition 2.2.6. We say that & € CH (X) is numerically equivalent to zero if
deg(€-v)x =0 for all§ € CH.(X) (where (+)x is the intersection pairing on X ).

We will see that if we assume the Hodge conjecture, a cycle is numerically
equivalent to zero exactly when it is homologous to zero (it is in the kernel of the
Abel Jacobi map). We first recall the hard Lefschetz theorem which will be stated
without proof:

Theorem 2.2.7 (Hard Lefschetz theorem). Let Ly denote the operator of taking
cup product with the hyperplane class of X. For all k, the map

Lyt HI(X;Q) » H"(X: Q)
s an 1somorphism. The result holds true for complex coefficients as well.
And we also introduce
Conjecture 2.2.8 (hard Lefschetz conjecture). The inverse of the map L'y
A HPU(XQ) — HY(X;Q)
1s algebraic
By Hodge theory, we have that the cup product pairing
NpHMX,Q) x N/ " *H> %X, Q) - H*(X,Q) ~ Q

is nondegenerate. Here Nj; denotes the largest sub-Hodge structure in
FTHY(X,Q) :={F'H(X,C)} N H(X,Q). If we replace N} by the coniveau N",
then nondegeneracy requires General Hodge Conjecture (GHC). Note that the
GHC (stated later) = Hodge conjecture = hard Lefschetz conjecture, where the
latter is enough to guarantee that a cycle £ is numerically equivalent to zero exactly
when it lies in the kernel of the cycle class map. As part of the construction of the
Bloch Beilinson filtration below, one needs the hard Lefschetz conjecture.

2.2.9 Milnor K- theory

Given a field F, we have the Milnor K-groups KM (F),n > 0, with K}!(F) := Z,
KM(F) = F* and for n > 2, generated by symbols {ai,...,a,}, with ai,...,a, €
F* such that

F* x - x X — KM(F)
where

(ay,...,an) = {a1,...,a,}
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is a multilinear function, and where {ay,...,a,} =0 if a; + a; = 1 for some i # j.

Accordingly, we define the Milnor sheaf J£, := (O ®---®0x)/_# (r times),
where # is the subsheaf of tensor product generated by sections of the form:

{n®---@n |n+17 =1, for some iand j,i#j}

For example, (%/1]\)4( = O%. Then one has a Gersten - Milnor complex, which comes
from a flasque resolution of JZ, (see [8], [18]).

AN S KYFX) > P KM (FZ) -

codx Z=1

- P K'EF2)- O KE2) - D K'(FZ)-0

codx Z=r—2 codx Z=r—1 codx Z=r

where Ky(F) = Z, K;(F) = F* and K5(F) consisting of the abelian group gener-
ated by the symbols {a, b} with a,b € F*subject to the Steinberg relations:

{alag, b} = {al, b}{CLQ, b}

{a,b} = {b,a} "
{a,1—a} ={a,—a} =1 fora#1

In particular, when the field of definition is C, we have

AN = KMCX) —» P KM(C(2) -

codx Z=1
- P KMcz)ysH P oS P oz
cdx Z=r—2 cdx Z=r—1 cdx Z=r—2

where div is the divisor map of zeros minus poles of a rational function and T is
the Tame symbol map

T P K'C2))- @ cD*

cdx Z=r—2 cdx D=r—1
which is defined as follows: for f, g € C(Z)*, we have
vp(9)
_ N (et (70
T({f.gh) = Y-y (220
D D

where (- -+ ), means restriction to the generic point of D, and vp(h) is the order of
vanishing of a rational function h along D. (To see more details on this complex,
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one can see [14], [8], [18]). It is a Milnor K-theoretic version of the famous work
of Bloch and Quillen using Quillen K-theory.

The corresponding homologies of this complex define the higher Chow groups,
denoted by CH"(X, m) for the cases 0 < m < 2. Specifically, one has in the given
range of m, and due to flasqueness of the Gersten resolution, (proved by Stefan
Miiller-Stach, see [27])

CH"(X,m) ~ Hy"(X, %)

Zar

We have for example that CH"(X, 1) is represented by the classes of the form
§ =>_;(f;; Dj), where codimxD; = r — 1, f; € C(D;)*, and > div(f;) = 0 (and

modulo the image of the Tame symbol).

We observe that CH"(X) := CH"(X,0) is the free abelian group generated
by subvarieties of codimension r in X, modulo divisors of rational functions on
subvarieties of codimension » — 1 in X.

2.2.10 Twisted version of the cycle class map

We can define the cycle class map with Milnor K-theory as follows:

Recall the d log map % — QF, defined by {fi,..., .} = A;d logf;. Then,
by the Poincaré holomorphic lemma, this map induces the following morphism of
complexes which is due to Gabber (or Miiller-Stach, Elbanz-Vincent, see [8])

(N = 0—=0— ) = F'Q%.lr],

in the Zariski topology.

This, in turn, induces
CH'(X) = Hpo(X, %) =H (K - 0—50— )

— HT(F”Qkalg[r]) = ]I-]IQT(FTQB(,aIg) ~ F'H*(X,C).

Later we will see that the image lies in H* (X, Q(r)) giving us a twisted version of
the cycle class map. We observe that Gal(C/Q) acts on both Hy, (X, %) and

Zar
TH" (F TQ;(valg), and hence compatible with this twisted version of the cycle class
map. That explains the need to incorporate twists.
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2.2.11 Image and kernel of the Abel-Jacobi map

It is well known that, for » = 1, the Abel-Jacobi map ®; : CH}_ (X) = J'(X)
is an isomorphism. It is also known that @, : CHp, . (X) — J"(X) is surjective.
However, surjectivity of @, for 1 < r < n rarely holds in general.

The following result concerning the image of the Abel Jacobi map is due to Grif-
fiths (see [11] ).

Theorem 2.2.1. [ Griffiths | [11] If X C P* is a quintic 3-fold, as a general
hyperplane section of Fermat quintic fourfold in P*, then the image of the Abel
Jacobi map AJ : CHy, (X)) — J*(X) contains an infinite cyclic subgroup.

Define Ji),(X) := &, (CH;, (X)), where we recall CHy,,(X) = 201, (X) /21, (X)
is the Chow group of cycles algebraically equivalent to zero, and ®, is the Abel-
Jacobi map. Then, ®, induces a map CHj (X )/CHalg( ) = J(X)/ T (X).

Using Hilbert schemes arguments, we know that the image of this map is count-
able.

Suppose that the degree d of X is large enough (d > 5) so that H*°(X) # 0.
In this case, Griffith showed, by a Lefschetz pencil argument, that ngg(X ) =0
for general X, so that the induced map CH;, (X)/ CHalg( ) — J*(X) cannot
be surjective. So in this example, the Abel-Jacobi map ®, is nontrivial and has
countable image, thus cannot be surjective.

In general the kernel of @, is far from trivial, as proven by Mumford:

Theorem 2.2.2. (Mumford) [28] Let X be a smooth complex projective surface
such that H*°(X) # 0.
Then ker(®, : CHr, (X) — J2(X)) is "enormous”.

Outline of proof Note that in this case CH;, (X) = CHp(X)gego- Looking at
the N-th symmetric product S")(X), we identify it with the connected compo-
nent of the Chow variety of effective 0-cycles of degree N on X. It is known to be
projective algebraic, with singularities concentrated on {p; + --- + py| not all of
the {p; +--- +pn} are distinct} . Let ky : S™M(X) — CHy(X), A+ {A} be the
natural map.

It can be proved that the fibers of this map are c-closed, that is, they are count-
able unions of closed subvarieties. As such, they have a unique decomposition into

irreducibles (as C is uncountable) so we can set dimensions for them. Then we
can define 6y = dim xy(S™) (X)) = 2N — min{ dimensions of fibers of xy}.
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Using H*°(X) # 0, one can show that this is an unbounded sequence, leading us
to conclude that ker(®,) is highly nontrivial.

Looking at the most simple case of the Abel-Jacobi map (®; which turns out
to be an isomorphism as stated above) one would hope for either surjectivity or
injectivity (or both) for the map in general.

Griffiths example shows that, for hypersurfaces of large degree, we can’t expect
surjectivity and Mumford’s Theorem provides that we can’t expect the kernel to
be trivial either. Thus, the Abel-Jacobi map can be very complicated in general.
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Chapter 3

Normal functions and the
Bloch-Beilinson filtration

3.1 Deligne cohomology and normal functions

3.1.1 Definition of Deligne cohomology

Deligne cohomology is defined via the Deligne complex Zp(r) (or more generally,
it can be defined for any subring A C R ) for a complex manifold, which in our
case will be a smooth projective variety X over C:

Zo(r): Z(r) — Ox S 0k 502 4 ... 4 it

Where Ox denotes the sheaf of germs of holomorphic functions and Q. denotes
the sheaf of germs of holomorphic differential [-forms.

Definition 3.1.2. Deligne cohomology Hi(X,Z(r)) is defined to be the ith hyper-
cohomology of the Deligne complex, that is Hy(X, Z(r)) := H (Zp(r)).

Alternatively, we can define the Deligne cohomology using the following con-
cept.

Definition 3.1.3. Let h : (A*,d) — (B*,d) be a morphism of complexes. We
define Cone(A*® KR B*) by the formula
[Cone(A® L5 B*)]? := A" @ B9, §(a,b) = (—da, h(a) + db)

Then, Cone(Z(r) & F™Q% = Q%)[—1] is given by:
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Z(r) = Ox 5 0y & % 02 %9 (n @ i)
S@flteo) S S ey s an

We observe there is a natural morphism of complexes
Zop(r) — Cone(Z(r) & F'% = Q% )[—1]

which is a quasi-isomorphism. Indeed, the cohomology H}(Zp(r)) is obviously
the same as that of H'~!(Cone(Z(r) ® FQ% = 2%)) are obviously the same for
i <r—1. Then, any (a,b) € Qy ® Q% * is mapped to (—da,db —a) € Q™ @ Q.
We observe then that d(a,b) = (0,0) if and only if da = 0 and a = db, but
this is the same as saying just @ = db. Now, Im(0,d) = d0% 2 so, by the holo-
morphic Poincaré lemma, ker 6 /Im(0,d) ~ Q%' /dQ* = H};7 ' (Zp)(r). Then for
(a,b) € Q7 @ Q7! with j > 1, we observe that the elements of ker § are of the
form (db, b), but these can also be writen as §(—b,0). Therefore, the cohomology
of the cone is zero in this case and the result follows.

Since the hypercohomology of two quasi-isomorphic complexes are the same,
we obtain an alternate definition for the Deligne cohomology:

Hi(X,Z(r)) := Hi(Cone(Z(r) ® FrQ% = Q%)[~1])

Let D% be the sheaf of currents acting on C'* compactly supported

(2n — e)-forms, and let DY be the sheaf of currents acting on C*° compactly sup-
ported (n — p,n — g)-forms. Then we have the decomposition D% = €P,,,_, DY’
Recall £%, the complex of sheaves of C-valued C*° forms. Then we have a mor-
phism of complexes £% < D% induced by w — (27i)™" [, w A (—) and with
ERT — DRI compatible with 9 and 0.

Let us denote by C% = Con—e x(Z(r)) the sheaf of (Borel-Moore) chains of real
codimension e. We identify the constant sheaf Z(r) with the complex

Z(r) »0—---—0
and we have the quasi-isomorphisms
Z(r) = CY(Z(r)), Q% > &%  Ex > D%
where the latter two are (Hodge) filtered. From this, we obtain

Hi(X, Z(k)) ~ H(Cone(C (Z(r)) & F'D% = DY)[—-1))
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We also observe that H'(FPQS% ) ~ H'(FPEY) ~ FPH}r(X). Thus, we have

H (Q-<p) H]ZZ)R(X)

FrHpg(X)

And then, applying hypercohomology to the short exact sequence
0— QY"[-1] = Zp(r) = Z(r) — 0

we obtain the short exact sequence

Hi=1(X,C)
7 HE(X, Z(r) + FrH1(X, C)

— Hp (X, Z(r))
— H'(X,Z(r)) N F"H(X,C) = 0

3.1.4 The Milnor cycle class map revisited

Let V C X a subvariety of codimension r in X. Let us denote H°(X,—) by
I'. Then, from the Gersten-Milnor complex, one has the following commutative
diagram due to Lewis [21] where the 27 factors enter in, due to Poincaré duality:

PEMCX)) = T@uayz-1 KN(C(2)) = -+ = D@,y Ki' (C(X))

dlog, f dlog,_, f dlog,
z 1%

X @mi)" l (2mi)n— 1l (27-”')nfrl
d d d

LFDy = LErDyH S 5 LFrD%

where d log,({f1,... fr}) = N\j_, d log f;, and for {w} € H7'>%(X,C) the

vertical map in the right hand is

dlogyw 1
/V Gy~ @y (@)

where we write dy (w fv* w. Note that ﬁév is the same topologically as
the corresponding homology class

(2mi)""™{V} € Hop_o(X, Z(n — 1)) ~ H*(X,, Z(1))

where the latter isomorphism is Poincaré duality. This recovers the (twisted) de-
scription for the cycle class map for Chow groups through Milnor K-theory.
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3.1.5 Introducing normal functions

Looking at the first and second cycle class maps, we have the following commuta-
tive diagram:

k
0 — CHj,.(X) — CH"X) — Cgl?o()(())f) — 0
1o, Ly Ll (3.1)

0 — J"(X) — HE(X,Z(r)) — H"(X,Z(r)) — 0

where we take H"™"(X,Z(r)) as the inverse image of H™"(X) in H* (X, Z(r))
under the map induced by the inclusion Z < C. Here 1), can be explicitly stated
using the mapping cone cohomology interpretation of the Deligne cohomology (|7]):

Hj (X, Z(r)) := H' (Cone(Z(r) ® F'Q% = Q%)[~1])
through which we get the long exact sequence
= HYX,Z(r) @ FFHY(X,C) - H™Y(X,C)

— Hp(X,Z(r)) = H'(X,Z(r)) & F"H'(X,C) — - --

Let ¢ € CH"(X) with support |£|. Then, from the previous long exact sequence
we get the long exact sequence

<o HEN(X,Z(r) @ FTHEY(X,C) — H2/(X,C)

T T r T e=l T
— HE, (X, Z(r)) — H (X, Z(r)) @ FTH (X, C) = Hg(X,C) = -+

We can map & — {£} € Hop_o.(|€],Z(n — 1)) =~ HZ(X,Z(r)) by Poincaré duality.

§
Here {£} — [£] corresponds to zero in H |2§7|"(X ,C) and thus, we have the map

& [(2mi) " ({€}, 0¢)] € ker(F"Hgf (X, C) — Hg(X,C))
But because the real dimension of |£| is 2n — 27, we have

HZ7Y (X, C€) = Hyya,41(€],C) = 0
Then we can define cl,(¢) € HZ' (X, Z(r)) from the injection

HE (X, Z(r)) — HE (X, Z(r)) ® F"Hgj (X, C)
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through the use of the forgetful map
HE)(X, Z(r)) — Hy (X, Z(r))

In terms of the cone complex, cl,(§) can be written as ((27i)"~"{£}, (278)" "0, 0).
Assume & ~pom 0, that is, £ = 0¢ for some ¢ and (27i)" "0 = dS for some
S € FrD*~1(X), then we have

D((2m)" "¢, S,0) = (—(2mi)"~"0¢, —dS, (2mi)" ™" /(—) )
¢
and therefore
D((2m1)""¢, S, 0) + ((2m0)""{&}, (2mi)""d¢, 0) = (0,0, (2md)" ™" /C(—) - 5)

which is an element not in the image of the cycle class map as previously defined.
Moreover, given w € F" "L H*=2r+1(X C), we see that S(w) must be zero (since
S doesn’t act on this Hodge type) and thus, the third element in the previous

expression is
7 |
(2mi)"= J,

which is the Abel-Jacobi map (twisted version) .

Combining these results, we obtain the map ), depicted in the diagram 3.1
rather explicitly.

In the second row of the diagram 3.1, by Carlson’s isomorphism, we can identify
J"(X) with Extyug(Z(0), H* (X, Z(r))) = J(H* (X, Z(r))), and H™ (X, Z(r))
with homyys(Z(0), H*" (X, Z(r))) = T(H* (X, Z(r))).

Now, given a smooth and proper morphism p : X — S, with S a smooth quasipro-
jective variety, we set X; = p~1(t) for t € S. Using the restriction of this morphism
to each fiber and the previous observations, from the previous diagram we obtain:

CH'(X) «— CH,..(X)

1l
0 — JH"YX,Z(r)) — HE(X,Z(r)) — D(H"(X,Z(r)) — 0
{ { {

0 — JH*"YX,Z(r)) — HE(X,,Z(r)) — T(H*"(X,,Z(r)) — 0
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Where CH],om(X) = {& € CH"(X) | £ N X} ~pom 0 in X3}
For any £ € CHT,, (X)), using this diagram, it maps to zero in T'(H*"(X,, Z(r))).

Thus, we can assign it a function v¢ : S(C) = [[ieg(c) J(H* (X, Q(r))).

Definition 3.1.6. v¢ is called a (cycle-induced) normal function.

3.2 Bloch-Beilinson filtration

3.2.1 Q-spreads

Given a smooth projective variety X over C, we can always write X/C = Xg xxC
for some finitely generated K over Q, where Xx denotes the underlying smooth
projective variety over K. Now we can write K = Q(S) for some smooth quasipro-
jective variety S. Then, a Q-spread is a smooth and proper morphism p from
quasiprojective variety 2" (over Q) to S (over Q), p: 2" — S.

The generic point 7 of the scheme S/Q is the "point" of S such that Q(S) = Q(n)
is the residue field at 7, thus K = Q(n), so the fiber 2, of the morphism p
can be identified with Xy, via the embedding Q() = K C C, and satisfies
2y Xk C = X/C, again with respect to the embedding Q(n) = K C C defining
K as a subfield (hence X/C).

Example 3.2.2. : Let

X/C = Spec ( Clo.y, 2] ))

(mady + /7Ty + ex + V2

where, Spec(A) := { prime ideals in A} for a ring A, and put K = Q(7, /7, e,/2).
Observe that X/C = Xk x C.

Let

Q[t7 S’ u7 U:I
(t —s%,02—2)

and put S = Spec(R). Taking K = Quot(R) = Q(S), we can inject it in K C C
via the "evaluation” map: (t,s,u,v) — (7,/7,e,V/2).
Now take

R =

t
%‘ — Spec Q[ZL" y7 27 787 u7 v]
tady + sy? +ux +v,t — s2, 0% — 2
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so we get the map p: X — S (induced by the inclusion). Then, given a generic
point n € S, the fiber 2, satisfies 2, xx C = X/C, and K = Q(n) which is
injected onto K C C.

In general, we can extend this definition to k-spreads using the same argu-
ments, where k is any algebraically closed subfield of C.

The following result is useful:

Proposition 3.2.3. Let X/k be a smooth projective variety defined over an alge-
braically closed subfield k C C. Assume the Hodge conjecture, specifically

CH(X/C;Q) — H"(X(C),Q(r)).
Then CH (X/k;Q) — H™"(X(C),Q(r)) is likewise surjective.

Proof. We have X/C = X}, x;C. Let £ € CH"(X/C; Q). Then from the coefficients
of £ we have £ = £ € CH"(Xg; Q) for some finitely generated field K/k. Note
that K = k(S) for some smooth k-variety S. Since X is already defined over £,
we can define a k spread 2" = S X X, with spread cycle é € CH"(S xx X;Q).
Choose a k point ty € S(k), which is possible since k is algebraically closed. Then,
applying the Kiinneth formula to H?"({S x X}(C),Q), &, and {x take the same
image in H""(X(C),Q(r)). By the Hodge conjecture for X/C, we are done.

U

3.2.4 Bloch-Beilinson filtration and arithmetic normal func-
tions

Let us return to the cycle class and Abel Jacobi maps
cl, : CH(X;Q) — IT'H*(X,Q(r)) := homymus(Q(0), H*" (X, Q(r))

= Extd s (Q(r), H (X, Q(r))),
AJ : CH} (X;Q) — J7(X) ~ Extyys(Q(0), H* (X, Q(r))),

hom

If we write CH ;(X; Q) for the kernel of AJ, we might (naively) think we can get
a filtration on Chow groups following this pattern with a new element coming from
the kernel of some map of the form CH"y ;(X; Q) — Exty;s(Q(7), H*2(X, Q(7))).
However this can’t be the case as for any Q-MHS H;, Hy, Extiys(Hi, Hy) = 0
for ¢ > 1. This fact was proved by Beilinson [3|. For the benefit of the reader,
the following argument should suffice. Carlson’s formula for Extyys(Hi, Ha) show
that Extyys(Hi, —) is right exact. If we assume for the moment that the category
of Q-MHS has enough injectives, then the vanishing of Ext}ys(Hy, Hy) for i > 1
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is clear. In general, one still gets the vanishing via a Yoneda-Ext argument. To
define a candidate BB filtration, we need the Bloch-Beilinson conjecture:

Conjecture 3.2.5. Let X be a smooth projective variety over Q. Then the Abel-

Jacobt map

AJ: CH., (X/Q; Q) — J(H* 1(X(C),Q(r)))

18 injective.

We need a slight variant of this conjecture. Namely,

Proposition 3.2.6. Let us assume the Hodge conjecture. Then X in the above
conjecture can be replaced by a smooth quasi-projective variety over Q.

Proof. Let X/Q be smooth projective, and U/Q C X/Q an open subset, we want
to show that the Abel-Jacobi map CH,, (U; Q) — J(H* (U, Q(r))) is injective.

hom

Put Y = X\U. By a proper modification of X along Y (using blow-ups if nec-
essary), we can assume that Y is of pure codimension one in X (which simplifies
the notation). From the localization sequence on Chow groups, and after applying
Q-coefficients, one has an exact sequence

CH(Y;Q) - CH"(X;Q) — CH"(U;Q) — 0, (3.2)

where Y = Y is a desingularization. Correspondingly from Deligne’s mixed Hodge
theory, the sequence with twists

H> (Y, Q(r — 1)) = H(X,Q(r)) — H*(U,Q(r)) (3-3)
is exact. From the Hodge conjecture, one shows that
CHiom (X5 Q) = CHyon (U5 Q),

is surjective. Here is how it works. We combine (3.2) and (3.3) in a commutative
diagram:

CH(Y;Q) - CH'(X;Q) — CH(U;Q — 0

l l l

H2r—2(f/’ Q(r—1)) — H2T(X, Q(r)) — HQT(U, Q(r))
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So if £ € CH} ,,(U;Q), then we know that & +— ¢ for some ¢ € CH"(X;Q).
Now [¢'] € H*(X,Q(r)) — 0 € H*(U,Q(r)), hence we can find an element of
H?=2(Y,Q(r — 1)) mapping to [¢/] and by semi-simplicity issues, [¢/] — [¢'] for
some [€”] € H™""1(Y,Q(r)). By the Hodge conjecture, we may assume that
¢ € CHM(Y;Q). Thus ¢ —¢" — ¢ and ¢ — ¢ € CHp,,(X;Q). Now, one
defines CH" ™' (Y;Q)° ¢ CH"(Y; Q) such that

CH(Y;Q)° — CH!__(X;Q) — CH} . (U;Q) — 0, (3.4)

hom
is exact. (Explicit:
CH'(Y;Q)° = {w € CH(Y;Q) | 0.(w) € CH},(X;Q)},

where o : ¥ — X is the natural morphism.) Next, consider the short exact
sequence:

HQT_?’({/, Q(r—1)) .. 2r—1 r Hzr_l(X’ Q(r))
ker o, — HTXQ) = o, H7=3(Y ,Q(r — 1))

0—

Y

(3.5)
from which, through the long exact sequence of extension classes of MHS (and
recalling that Ext3;g is zero) we obtain the diagram

CHT;OIIII Y;Q . CH7;OII] X Q
lker c(r* ) - CI—Ihom (X7 Q) — II{EOE)(Y _(é) — 0
1 1 1

2r—3(v r— r— 2r—1 ,Q(r
s(Emgee) o grcnae) o J(EREER ) S
(3.6)

where the vertical arrows are given by the Abel Jacobi map, and by the Bloch-
Beilinson conjecture for smooth projective X/Q, the middle arrow is injective.
Next we observe that the short exact sequence 3.5 is split exact; in particular o,
has a left inverse (call it A.), which by the Hodge conjecture, is cycle induced. We
now argue as follows: Suppose that

e et oo o))

hom

We know that £’ +— € for some ¢ € CH}_ (X;Q), and so

Q) )
o . H3(Y,Q(r — 1)) ’

AJ(E)Y—0¢€ J(
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hence

H (Y, Q(r — 1)))’

ker o,

AJ(EYed <
and so
Moo (AJ(£)) = AJ(E).
By functoriality of the AJ map,

AJ(E) = AT\, 0 0. ().

Interpreted appropriately, this means that if we set £’ = A\,00,(¢’), then ' —¢&" — &
and ¢ — ¢" € lies in the kernel of the middle AJ map of the diagram 3.6. Thus
¢ = 0, and the map in the AJ map on the right hand side of the diagram 3.6 is
injective. Finally, there is a short exact sequence:

H> (X, Q(r))

0— >
o H3(Y,Q(r — 1))

— H" (X, Q(r)) — HZ(X,Q(r))° — 0.

where HZ(X,Q(r))° denotes the appropriate kernel. We observe that this is a
pure Hodge structure of weight 0 and we recall that for a MHS V', J(V') can be
identified with (using the extension class interpretation by J.Carlson, [5])

WoVe
FOWo Ve + WoV

so the AJ maps HZ (X, Q(r))° to zero. This gives us the commutative diagram

CH""!(Y;Q)° N CHj o, (X5Q)
CH"—}(Y;Q) oCH' 1 (v;Q)

hom hom

| l |

TH>2(V;Q(r —1))° — J( X0 ) — J(H* N (U,Q(r)) — 0

—  CHp,(U;Q) = 0

o H2r=3(Y Q(r—1))

where we identify the images of the maps. By the Hodge conjecture, the left
vertical map (cycle class map) is surjective and the middle arrow is injective as
shown before. The proposition follows. O

The concept of Q-spreads is used by Lewis ([24], [25]) to construct a candidate
for a Bloch-Beilinson filtration for Chow groups CH"(X; Q) (for all r).
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Theorem 3.2.1. [ Lewis | [25] Let X be a smooth projective variety over C of
dimension d. Then for all r, there is a filtration

CH(X§Q):FODF1D---DFVDF”‘H3...DFT’DF7"+1:F7"+2:_'_

which satisfies the following

(i) F! = CHy (X5 Q)

(ii) F? C CH,,(X;Q)

(iii) F"'*CH™ (X;Q) e F?CH™(X;Q) C F" 2 CH'"*(X;Q), where o is the in-
tersection product.

(iv) FY is preserved under the actions of correspondences between smooth projec-
tive varieties over C.

(v) Let GrY.CH (X;Q) = F'CH (X;Q)/F"*"'CH (X;Q) and assume that the
Kiinneth components of the diagonal class

[Al= & Ax(p.g)] € H*(X x X,Q(d)))

p+q=2d

are algebraic. Then
Ax(Qd —2r + l, 2r — l)* |GT;CHT(X;Q): 5[7V . Identity

(vi) Let D"(X) := N, F?, and k = Q. If the Bloch-Beilinson Conjecture together
with the Hodge conjecture holds, then D"(X) = 0.

The idea of the construction is as follows: given a spread p : Z° — S, analogous
to the situation of Deligne cohomology, there is a short exact sequence:

0— J(H" Y (2,Q(r)) = Hy (2,Q(r)) — T(H*(2,Q(r))) — 0,

and morphism CH"(27;Q) — H# (2 ,Q(r)) which is injective, under the as-
sumption of the Bloch-Beilinson and Hodge conjectures. We use the Leray spec-
tral sequence associated to p on cohomology to induce a decreasing filtration
F'CH"(2'/Q; Q). Here, HZ' (2 ,Q(r)) denotes the Beilinson’s absolute Hodge
cohomology, which is an analogous to the Deligne cohomology for quasiprojective
varieties, which involves "weights". The graded pieces of this filtration, denoted
by Gry-CH" (2 /Q;Q), map injectively to E%2~"(p) (|2], [17]), the v-th graded
piece of a Leray filtration associated to p. This term fits in a short exact sequence:

0 = EX""(p) = EZ""(p) = E""(p) = 0

[e.9]

where

£ (p) = T(H"(S(C), R ~"p.Q(r)))

o0
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B2 (p) = JW_1H"H(S(C), R p.Q(r)))

- P(GT‘O/VHV—1(S(C)’Rzr—yp*@(r))) C J(H"(S(C), R p.Q(r)))

Recalling here that W stands for the increasing weight filtration with correspond-
ing Grly, := W;/Wi;1. The sheaf Rip.Q(r) is the direct image Leray sheaf associ-
ated to the presheaf that associates U C S open to H'(p~*(U), Q(r)).

The latter inclusion comes from the short exact sequence:
W_ H""H(S(C), B p,Q(r)) < WoH"~H(S(C), B p,Q(r))
— Gryy H""(S(C), R p.Q(r)).
Now, taking the direct limit over open subsets of S/Q we define

F'CH'(Xx;Q) = lim F'CH'(2y/Q; Q)
UcsS/Q

where 2y := p~1(U).
We also define

B (ns) = lim B2 (p)
UcS/Q

and in the same way we define £”*" " (ns) and E2*"(ns), explicitly
L (ns) = T(H"(ns, R p.Q(r)))

_ (W H (s, B p.Q(r)))
L(Gri,H ' (ns, R~ p.Q(r)))

giving us the short exact sequence

57 (ns)

0 — B "(ns) = EZ""(ns) — E"""(ns) — 0

e}

and the injection
GriCH" (Xg; Q) — EZ¥ " (ns)

_ Then, taking the direct limit over all finitely generated subfields K C C over
Q we arrive at

F'CH'(X/C; Q) = liy F'CH'(Xx; Q)

KcC
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which is a candidate Bloch-Beilinson filtration on CH"(X; Q).

We will check that this filtration truncates. Let m := dim X, be the dimension
of the generic fiber. Then, by the hard Lefschetz theorem we have, for all 7, the
isomorphisms

LY Rp,Q(r) = RP™ " p,Q(m — i+ 1)
Which induces isomorphisms
LnX1—2r+u . ngrfl/ :) Egé)2(mf2r+l/)7u

Lm72r+u . Eu,2rfl/ :) Eu,2(mf2r+u)7u
X C= =

[e.9] o0

and thus inducing the isomorphism

~

L§72r+u . EOVC,?T*V A Egc,)2(mf2r+l/)7u
through the diagram

0 — EZ() — BT - E() o 0

o0

L§72r+u \LZ L§72r+u \I/Z L?f2r+u \I/Z

0 — EZ"(p) — ELM™ () — E""(p) — 0

(e o]

Now, with the cycle class map, we define

v : FICH'(20/Q; Q) 1= CH'(20/Q; Q) — B (p) = 7% (p)

e}

where the last equality comes from the fact that £%%"(p) = 0. Then set
FICH'(2u/Q: Q) = ker ¢y
through Lewis’s construction [23] we can define an induced map
vy FICH (20/Q:Q) — EX ! (p)

and set again

FPCH'(2u/Q; Q) = ker ¢y

Proceeding recurrently, we obtain maps
Vi FIOH (20 /@ Q) — B (p)
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where

FHICH (2y/Q; Q) = ker ¢);
Now, with this setting, for any 7 > 1 we have the commutative diagram
FHCH(20/QQ) " B (p)
L§72r+u J/ L?*2T'+l/ J/Z

FT+jCHm+j(%U/@; Q) N Egjmm_k”(p)
where we observe that

ling CH"™"(27/ T Q) = CH™(X,,Q) = 0
ucs

And since F"HLICH" (21/Q; Q) = ker 1, ;, we have

F'HCH (Xk; Q) = FFHICH (Xk; Q) V j > 1

Now, assume S is affine and let V' C S(C) be a smooth, irreducible, closed
subvariety of dimension v — 1. Let py : &y — V be the restriction of p. We have
the following commutative diagram:

2y — 2(C)

pv Lp
V — §(C)

From which we construct the commutative diagram:

GryCH"(Z;,Q) — GrjiCH"(Xk; Q)

1
0 o BETG) o BETG) o BT o 0
1 { 1
0 —  E2(py) - B2 (py) & E" (py) — 0

We observe that the sheaf R?*""py,Q(r) is locally constant, and the weak
Lefschetz theorem for locally constant systems over affine varieties tells us that
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HY(V, R* " py,.Q(r)) = 0 (since the dimension of V' is below the cohomology de-
gree). Thus B2 (py) ~ E%*~(py), so for any ¢ € Gry:CH" (2 /Q; Q) we can
define a "normal function" v, that, to any smooth irreducible closed V' C S(C)
of dimension v — 1, assigns an element v¢(V) € E2* ¥ (py). That is, v¢ treats
the smooth irreducible closed subvarieties of S(C) as points of an open subset of
a paramterizing space (open smooth subvariety of a Chow variety) that form a
domain for v.

Definition 3.2.7. v, as defined above, is called an arithmetic normal function.

Remark 3.2.8. We note that, when v =1 (and V = {t} of dimension 0) , v¢
defines a traditional normal function:

B () € JH({t}, R p.Q(r))) = J(H*(X,, Q(r)))

This next result due to Lewis [24], points toward the main line of enquiry of
my thesis:

Proposition 3.2.2. The following statements are equivalent:

(1) F?CH (X;Q) = CH,,(X;Q) for all smooth projective varieties X over C,
where CHy ;(X; Q) denotes the kernel of the Abel-Jacobi map.

(ii) For any smooth and proper morphism p : & — S of smooth quasiprojective
varieties over Q, and a normal function

ve : S(C) — H J(H* (X, Q(r)))

teS(C)
defined by a cycle ¢ € F'CH (X /Q;Q), the zero locus
Z(ve) = {t € S(C) | ve(t) = 0}

is a countable union of algebraic subvarieties over Q.

(iii) For any smooth and proper morphism py : Zv — V of smooth quasiprojective
varieties over a subfield L C C finitely generated over Q and cycle induced normal
function

ve : V(C) — ]_[ J(H* (X, Q(r)))

teV (C)
defined by a cycle § € F'CH (2yv/L;Q), the zero locus Z(ve) of ve is a countable

union of algebraic subvarieties over L.
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Given the techniques used in this thesis, it is instructive to provide a proof.

Proof. To prove (i) = (ii), we know that Z(v¢) is a countable union of analythic
subvarieties. For p € Z(v¢), we can use its Q closure {p} to define 2oy — {p},

which, using (i), satisfies FQCHT(,%”@J];Q) = CH);(Z57,; Q). Thus, v¢ is zero

over all points of {p}, so {p} C Z(v¢). Since the set of all Q subvarieties of S/Q
is countable, we conclude (ii).

For (ii) = (i), let £ € FICH'(X;Q) = CHj . (X;Q). It is obvious that if
£ € F2CH"(X;Q), by the definition of normal function, v¢ must be zero and thus
®,(¢) = 0 (that is £ € CH,(X;Q)). Therefore F?CH"(X;Q) c CH',;(X;Q).
We now observe that given o € Aut(C/Q), the action of o on CH"(27/Q; Q) is
the identity. But in the limit for a finitely generated subfield K C C, we get
o(FYCH(Xg;Q)) = FYCH"(X,x; Q). Thus, o : F*CH"(X;Q) — F'CH"(X,; Q)
is an isomorphism. Now if we suppose ®,.(§) = 0, it means that the image v¢(t) = 0
in J(H* 1(X;,Q(r)) for some t € S(C). But applying the isomorphisms given
by Aut(C/Q), we can map t to a generic point to. Then if ¢t € Z(vg), o is
also in Z(vg), but there cannot be an algebraic subvariety over Q containing to,
S0 V¢ must be a zero normal function. Thus ¢ € F?CH"(X;Q). We conclude

F?CH"(X;Q) = CH), ;(X; Q).

For (ii) = (iii) we take py : Zy — V with both quasiprojective varieties over
L as required. Let now S — T be a Q-spread of V. Consider the following generic
points: nr € T/Q (so that S, = V/L and Q(n7) = Q(T) = L), and € S/Q
(so that Q(n) = Q(S) = Quot(Q(nr)(S,,)) = L(V)). Then we have a Q-spread
Z — S that fits in the following commutative diagram

%V%%
] 3
Sy = S—= T

So that Z;,, = Zv (where the fiber is taken over the composite and 2y is identi-
fied in 27), and Z,, = 25, , where ny is a generic point of V' (so that L(ny) = L(V)

).

With this construction, we see that for a cycle § € F'CH"(2Zv/L; Q) is the restric-
tion of a cycle £ € F'CH"(27/Q; Q), and if ¥ C S/Q is an irreducible component
of Z(vg), then X, corresponds to a component of Z(v¢) over L in V/L.

Finally, (iii) = (ii) is direct, taking L = Q and V = S. O
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One objective in this thesis is to arrive at a version of Proposition 3.2.2 for
arithmetic normal functions, i.e., regarding F*CH"(X; Q) for v > 2.
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Chapter 4

Working with arithmetic normal
functions

4.1 Product case

We follow the ideas in Lewis [25] rather carefully. Let K C C be a subfield, and
X smooth and projective over K. We recall the coniveau filtration, which is given
by

NYH'(X,Q) := ker (Hi(X, Q) — lig H(X\Y, @))

Y CX/K,codimxY >v

Consider the coniveau subspace Nj “T H* (X, Q(r)) C H* (X, Q(r)).
After possibly shrinking S, this subspace determines a corresponding sub VHS
NV PR 5. Q(r) € R*7p.Q(r), giving rise to the corresponding coniveau at
general points of S, and which by semisimple considerations is a direct summand.
Now let Y C X/K be of (pure) codimension » — v 4 1 such that

Hy™" (X, Q(r)) - N " UH (X, Q(r))

is surjective, with desingularization ¥ — Y and composite map o : ¥ — X.
Then (ignoring twists) we have

HV—Q(?’ Q) N H%T_V(X, Q) _y N;(_V+1H2T_V(X, Q)

since 2r —v —2dim Y =2r —v —2(r —v+ 1) = v — 2. Let us assume there
is a K -cycle induced map

P:H""(X,Q) — H"*(Y,Q)
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such that

P = o, Op . HQT_V(X,Q(T)) s N;{—V—l—lHZT—V(X’Q(T)) C HQT_V(X,Q(T))

is a projector.

With this setting, we have

Proposition 4.1.1. (i) P.Gr},CH (Xk,Q) = 0.
(it) Im(Gry, CH' (Xx, Q) — £ " (ns)) N T(H"(ns, N " R¥p.Q(r))) = 0.
(1) {Gri CH (Xk, Q)
N Im(J(W_rH" ! (ns, Ni " R~ p,Q(r))) — E57 " (ns))} = 0.
Proof. (i) Let [¢] € Gr%.CH"(Xk, Q), so we have
P,([€]) = [P.(€)] = [ow 0 P.(€)] € GrizCH" (Xk, Q)

Now, P, lies in

homyus (H* ™ (Xk, Q), H'*(Yk,Q)) ~ H " (Xk,Q)¥ & H" > (Y, Q)

~ HQT‘—V(XK7 Q) > HV_Q(?Ka Q) = H2d_2r+V(XK7 Q) ¥ HV_Z(Y/K-Q)

so is induced by a cycle in CHd_H”_ngK X Yi:; Q). )

Therefore, P,CH"(Xf;Q) C CH”*I(YKLQ). Then, since P, is compatible with

GrY. by Theorem 3.2.1, we have that [o,.0 P, (€)] factors through [P.(£)] € Gri,CH" ! (Y; Q)
which is zero since FYCH" ! (Y; Q) = F*"'CH" '(Yx; Q) by Theorem 3.2.1 as

well.

Now for (ii) we observe that, since P projects over Ny “**H* (X, Q(r)), we have

Im(Gri,CH"(Xx, Q) — E"*(ns)) (| T(H"(ns, N "' R p,Q(r)))

= Im(P.GripCH (Xk, Q) = E"* (1)) (| T(H"(ns, N " "' R*~p,Q(r)))

which is zero by (i).
(iii) can be proved in a similar fashion. O

For the following result we recall the GHC: NEZH'(X,Q) is the largest sub-
Hodge structure in F* H{(X,C) N H(X, Q).
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Remark 4.1.1. H""(X, Q) is naturally the largest Hodge structure in F" H*" (X, Q).
Since the image of the cycle class map cl, CH (X, Q) coincides with N H*" (X, Q),
GHC (with v =r, i = 2r) implies the classical Hodge conjecture.

Remark 4.1.2. As in the case for the classical Hodge conjecture, when X is
defined over K algebraically closed, the GHC' can be taken substituting C by K.
Let X be a smooth projective variety of dimension n over an algebraically closed
field K. There exists Y a possibly reducible subvariety of X of codimension r such
that
Nj HY(X, Q1) = image(Hy (X, Q(r) — H'(X,Q(r))

with Y over C and X over K. If Y denotes a desingularization of Y, since
both X and Y are pure HS, the images of Hi(X,Q(r)) ~ Hapi(Y,Q(n — 1))
and H=2"(Y ,Q(0)) (given by the composition with the desingularization map and
Poincaré duality) are the same in H (X, Q(r)). Thus, we can work with the smooth
variety Y.

We can form a K spread ) — S offf with p smooth and proper, we can see this
as a C* fiber bundle over S as complex spaces. There is a point t; € S(C) such
that p~1(t1) = Y, and since K is algebraically closed we can find a point ty € S(K).
Since the fibers of the fiber bundle are diffeomorphic, the image H™2 (p~1(t)) —
H(X) is independent of t.

Returning to our situation, we have a cycle induced P as stated above for
K = C. Thus, from the previous proposition we get

Corollary 4.1.2. If we assume the GHC, we have P.Gr},.CH (Xc,Q) =0

Observation: If X is a variety defined over k = k, we can arrange P to be
induced by a cycle over k by using a spread argument.

In the case where 2" is a product (X a variety over k) we can arrive at a
characterization of FYCH" (X, Q) through arithmetic normal functions:

Consider then the product situation with 2 = § x X defined over k, with
K = k(S). Let ns be the generic point of S/k and set:

H2r7u(X’ Q) (7,)>
Ny " THT (X, Q)

where N¥ H'(X, Q) denotes the largest sub-Hodge structure in
FYHY(X,C)N H' (X, Q).

Hy=W_, <HV1(7787 Q) ®
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Lemma 4.1.3. There is a natural map
EZ2 ™ (ns) — J(Ho)
Proof. We assume S/k is affine, and put

Wj = W;(H"(S,Q) ® H" (X, Q)(r)),

WH W (Hu 1(5 ) NIZ_V—HHQT_V(X, Q)(T))

J

We observe that, since H*" (X, )( ) is a pure Hodge structure of pure weight
—v (and thus W (HQT “(X,Q)(r)) =6,_,), we get
W(H” (s Q)@H” (X, Q)(r))
(H” HS, Q) @ H*rr(X,Q)(r))
By W (5.Q)) © Wy(H(X.Q)(1))
Dy 1 Wo(H"H(S,Q)) @ Wy (H> (X, Q)(r))
W (S,Q) @ W (HP (X, Q)()
W, (H"71(S,Q)) @ W_,(H*(X,Q)(r))
_ W(H(S,Q)
Wu—l(HV_l(Sa Q))
— Gy B (5.Q) @ HY (X, Q)(r)

Let V = Gri,H""(S,Q). We "untwist" things by observing that, with the
previous observation, I'(GrY,) can be identified with

0 _
Gry, =

® H (X, Q)(r)

homys(Q(—r), V @ H' 7"(X,Q))
which in turn we identify with {V @ H* (X, Q)}(T’T).

Next, we observe that F*H"~1(S) = 0, since there are no closed v-forms in
H"71(S) together with Deligne’s Hodge theory description of F involving holo-
morphic forms with simple poles along S\ S. Thus F*V¢ = 0 as well.

We know that the minimum weight of H*~!(S,Q) is v — 1 so this holds true
for V' as well, and thus

{V ® HQT-_V(X’ Q)}(r,r) - VV—1,1 ® Hr—u+1,r—1(X) DD V1,u—1 ® Hr—l,r—u—i—l(X)

But since F*Ve = 0, we have
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V(C — Vl/fl,l DD Vl,ufl

Let V¥ be the dual space of V', which is a Hodge sructure of weight —(v — 1).

The dual action of V¥ on V leads to a corresponding action on {V @ H* (X, Q)}"",
whose image must be a Hodge structure and hence lies in Nj; “"'H¥ (X, Q).
Therefore,

{V ® HQT‘—V(X’ Q)}(Tﬂ’) C V ® N[?}—V—i-lHZr—u(X’ Q)

From which we obtain I'(Grjy) C T'(Grj,x). Since the other containing is
obvious, we get I'(Gry,) = I'(Gri,u).
Using VVJ-H — W;, we have the following commutative diagram:

0— WH — W — Gri,u —0
1 1 1

0— W1 — Wy — Griy — 0

Then, from the long exact sequences that arise after applying the Ext operator,
we obtain the commutative diagram:

D(Griu) — JWH)

L(GrYy) — J(W_))

From which we get the natural map

var—v, y_ J(W-1) J(W_1)
B0 = N, )

Where the last equality comes form applying the Ext operator to the short
exact sequence

= J(Ho)

0 — W —W_, — Hy — 0

43



Now let ¢ € FYCH"(Xk, Q) with its corresponding class in the chow group
also denoted by £ € CH"(S %, X, Q) for some affine §. For a smooth affine closed
V' C §(C) we restrict ourselves to ny :="V Nns”, and let A¢ be the corresponding
arithmetic normal function where

JW_y [H" (v, Q) @ H (X, Q)(r)])
L(Gry, [H (v, Q) @ H (X, Q)(r)])

We denote by A, the so called reduced arithmetic normal function, which has
the characteristic property that its values lies in

Ae(V) €

X))

which via lemma 4.1.3 is the image of A¢(V').

av) e (W [ @)

Theorem 4.1.3 (Lewis). In the case where X is a smooth projective variety over
k, and under the assumption of the GHC, the filtration {F"CH (Xk,Q)},>0 is
characterized by the germs of reduced arithmetic normal functions.

Proof. Tt is obvious that if 0 = { € GrpCH" (X, Q) we have A, = 0, so we aim to
prove the converse.

Since k = k, the GHC tells us that N, """ H> (X, Q) = Nj; """ H* (X, Q).
If Ay = 0, {& must lie in Ny "t H? (X, Q) so, using the terminology from
Proposition 4.1.1, £ = P.£. But then, by part (i) of the same Proposition 4.1.1,
A¢ = Ap,e = 0. Therefore A, =0 < A¢ = 0.

Now, recall that \¢ = 0 implies 0 = [¢] € E“*""(ns). Thus, [£] € EZ*"(ns),

and when its value is zero, we have 0 = ¢ € GT?CHT(X i, Q). But from the proof

of lemma 4.1.3 and reusing its terminology, we have jg%;}; = J(Hy), which to-
~1

gether with part (iii) from Proposition 4.1.1 tells us that [{] = 0 € J(H,) implies
0 = [¢] € EX*“(ns). Since the converse is obvious, we get [¢] = 0 € J(Hp) <

0=[¢] € B (ns)-

From the affine Lefschetz theorem, we see that
H2r7u(X’ @) ( )
r
Nr—u+1 HQT‘—V(X’ @)
HQT‘—V(X’ @)
NT7V+1H2747V(X, Q)

Vii=H"'(nsQ) ®

= H" (v, Q) ® (r) =: V2
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is injective. From this we have the short exact sequence
0= W Vi > W4 VoW 1(Vi/Va) =0

Then, applying the Ext operator, together with I'(W_;(V;/V3)) = 0 (since I maps
to zero weight ) we obtain an injection

J(Ho) = JW_1Vi) = J(W_1V2)

Thus, if A = 0, we have that [£] is mapped to zero in J(Hy).

Therefore, for § € FYCH"(Xk;Q), A¢ = 0 if and only if the image of ¢ in
E%?="(ns) is zero. But the latter implies that £ is zero in Gr%CH" (X, Q), which
is the same as saying £ € FYT'CH" (Xg; Q)

U

4.2 An assumption for a more general case

Let us now consider a more general case with p : 2~ — S over k = k, K = k(S)
and generic fiber Xk. Let s be the generic point of S/k.

Proposition 4.1.1 still works in this case, but for Lemma 4.1.3 T will add an
additional restriction:

Let

Ho— W, ( H" " (ns, B~ p,Q(r)) ) ’

H""Y(ns, Ny " R = p,Q(r))
Wy = W;H" (s, B~ p.Q(r)),

W= W (s, Nig R pQ(0)

During the rest of this work, we will often use the following

Assumption 4.2.1. With the above notation, let us assume that
LGriy Wi =TGr{, Wy, in JW_;) Vv

Remark 4.2.2. This assumption holds if Z = S x X as shown in the proof of
lemma 4.1.3, but this might not hold true in general since for the general assump-
tion involving higher Chow groups Lewis provided a counterexample. Yet, there
are still cases outside the product case in which this assumption holds true like the
following:
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Let PN parameterize all hypersurfaces of degree d and dimension n in P"*1, and
X = {(t,x) e PN xP" | x € X,}, the universal family of hypersurfaces of degree
d and dimension n. Putp = Pri: Z — PN =: S. Note that Pry : Z — P!
is a PN~'-fibered projective bundle. Therefore H* (2", Q(r)) is zero (since 2r-1
is odd). Note that H**~(Z,Q(r)) maps surjectively to W_H* (2", Q(r)), and
that non-canonically as MHS ([1]), H* 12", Q(r)) ~ ®pig—2r—1 HP (S, R1p.Q(r)).
Thus W_1H"=Y(S, R*~p,Q(r)) = 0.

Obviously PGry" H* (S, N " R> = p,Q(r)) and TGrYy H*~1(S, R* " p,Q(r))
are zero in J(W_1H" 1S, R*p,Q(r))), so assumption 4.2.1 holds in this case.

Lemma 4.2.3. With the above notation, if we assume assumption 4.2.1, then

there is a natural map
B (ns) — J(Ho)

Proof. The proof is basically the same as the second part of the proof for Lemma

4.1.3
Since VVjH — W;, we have the following commutative diagram:

0 — Wi — Wy — Grjpu — 0
1 1 1

0 — W, — Wy, — GrfYYy — 0

Then, from the long exact sequences that arise after applying the Ext operator,
we obtain the commutative diagram:

D(Griu) — JWH)

L(Gryy) — J(W_y)
From which we get the natural map

_ J(W_1) J(W-4)
B2y = — = J(H,
Where the last equality comes form applying the Ext operator to the short
exact sequence

0 — W —W_, — Hy — 0

46



O

Now let ¢ € FYCH"(Xg, Q) with its corresponding class in the chow group
also denoted by ¢ € CH"(Z",Q) for some affine S. For a smooth affine closed
V C §(C) we take ny to be the generic point of V| with the diagram

pv Lp
V — §(C)
and let A\¢ be the corresponding arithmetic normal function where
JW_i [H" (v, R p.Q(r))])

L(Gryy [HY = (v, B p.Q(r))])

We again denote by A, the so called reduced arithmetic normal function, which
has the characteristic property that its values lies in

e (1 [ e )

which via lemma 4.2.3 is the image of A¢(V).

Ae(V) €

Theorem 4.2.1. In the case where X is a smooth projective variety over k, and
given Assumption 4.2.1, together with the GHC, the filtration {F* CH (Xk, Q) },>0
1s characterized by the germs of reduced arithmetic normal functions.

Proof. It is obvious that if 0 = { € GrpCH"(Xk, Q) we have A, = 0, so we aim to
prove the converse.

Since k = k, the GHC tells us that Nz “ ™ R p,Q(r)) = Ni “T' R p,Q(r)).
If Ay = 0, {£ must lie in N "t H?=7(X,Q) so, using the terminology from
Proposition 4.1.1, £ = P,£. But then, by part (i) of the same Proposition 4.1.1,
)\5 = )\p*g = (. Therefore Ag =0« )\g =0.

Now, recall that \¢ = 0 implies 0 = [¢] € E”*""(ns). Thus, [£] € 2" (ns),

and when its value is zero, we have 0 = ¢ € GT?CHT(X i, Q). But from the proof

of lemma 4.1.3 and reusing its terminology, we have jg%;}g = J(Hy), which to-
~1

gether with part (iii) from Proposition 4.1.1 tells us that [¢] = 0 in J(H,) implies
[€] = 0 in E2* " (ns). Since the converse is obvious, we get [£] = 0 € J(Hy) if and
only if 0 = [¢] € EZZ" " (ns)-
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Now, by semisimplicity considerations, we can write R*~"p,Q(r) as
[Nr—u—i—lRZr—up*@(T)] EB [Nr—u—l—lRQr—up*Q(,r)]i (Where [Nr—u—i—lRQr—up*@(T)]L de_
notes the orthogonal complement), so we write:

v H" '(ns, R p,Q(r)))

= H"1(ng, NT="+1R>—v p,Q(r)) = Hy_l(nsa [NT_VHRZT_VP*Q(T)]L)

and similarly, for very general V,

vy B p.Q00)

.: Hufl(nv NT7V+1R27’71/p Q(T’)) - Hy_l(an [Nr_y+1R2r_Vp*Q(T)]l)

Thus, from the affine Lefschetz theorem, we see that
Vi = H" Y(ns, [NT"FLRY = p,Q(r)]Y) <= HY (v, [N FLR¥ = p,Q(r)]*) = Vs
is injective. From this we have the short exact sequence
0—=>W_ Vi > W_ Vo - W_1(Vi/Va) — 0

Then, applying the Ext operator together with I'(W_;(V;/V3)) = 0 (since I" maps
to zero weight ) we obtain an injection J(Hy) = J(W_,V}) — J(W_1V3). Thus, if
A¢ = 0, we have that [¢] is mapped to zero in J(Hy).

Therefore, for § € FYCH"(Xk;Q), A¢ = 0 if and only if the image of ¢ in
E%?7¥(ns) is zero. But the latter implies that £ is zero in Gr.CH" (X, Q), which
is the same as saying & € F*T'CH"(Xg; Q)

]

4.3 Working with F°CH], (X;Q)

alg

Let, F?CH},(X;Q) := F?CH"(X;Q) N CH},(X;Q). The following is due to S.
Saito, [29].

Proposition 4.3.1. F?CH,,(X;Q) = ker(AJ : CHy,,(X;Q) — J(H* (X, Q(r))))

Proof. We know F?CH"(X;Q) C ker(AJ : CH} . (X;Q) — J(H*1(X,Q(r))) by
Theorem 3.2.1 part (ii). Thus, we have

F?CH!,,(X;Q) C ker(AJ : CH,,(X;Q) — J(H* (X, Q(r)))

alg alg
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thus we just need to prove the "2D" inclusion.

For this, we first observe that, by Theorem 3.2.1 part (i),

F'CH},(X;Q) = CH(X; Q)

alg

Let £ € ker(AJ : CH},(X;Q) — J(H*~1(X,Q(r)))). By definition of alge-

braic equivalence, there exists a smooth projective curve C' and wy € CH"(C' x X)

such that £ = wp.(P') — w.(Q') for some P, Q)" € C, where we remember that

wo(t) = Pro.((t x X) e wp). Thus, & € wy,(CHL®(C)). We observe that
CH'®(C) =~ CHL,,(C) ~ CH;,.(O)

alg

and that the Abel Jacobi map is an isomorphism in this case.

(Indeed, if ¢ is the genus of C', CHY2(C) can be “identified” with S :=
C9/Sym(g), where Sym denotes the action of the symmetric group on g let-
ters. Then, fixing py in C, we can map each element p; + --- +p, € S to
p1+---+p;—gepy € J(C) which can easily be checked to be a birational mor-
phism, via the Riemann-Roch theorem).

Using this, (P’ x X) e wy and (Q' x X) e wy correspond to (P x X) e w
and (Q x X) e w for some P,Q € J(C) and some w € CH"(J(C) x X). Thus
€ € wy.(J(C)) and £ = w.(P) — w.(Q). But since J(C) is an abelian variety, we
have £ = w,(P — Q).

Let B be the connected component of the identity in the kernel of
[w) : J(C) = J(H" 71X, Q(r)))

which is given by the composition of w, with the Abel Jacobi map. If dim B = 0,
then [w], has finite kernel. Since we supposed that [w].(P — Q) = AJ(§) = 0,
taking P — @Q € B we conclude that P — @ = 0 and thus £ = 0 € F*CH],,(X; Q).
Assume b :=dim B > 1, and let wg := w|gxx, so we have

¢ € wp.(CHY¥(B; Q) C CH,(X;Q)

alg
This is preserved on the graded level with
CH;®(B;Q) = CH{"™(B; Q) = F'CHy(B; Q)

that is
{¢} € Image([w]. : GrpCHy(B; Q) — Gr.CH'(X;Q)).
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Since w has codimension 7, we see that [wg] € CH"(B x X) and we can
decompose it into it’s Kiinneth components: [wg] = @~ [wz](l, 2r — 1) where

[wg](l,2r —1) € H(B) ® H*(X)

~ homyus(H'(B)Y, H" (X)) ~ H*(B) ® H*"/(X)

We see that by Theorem 3.2.1 part (v) the Kiinneth components depend only
on cohomology and when restricting to Gri. we have

AX (2d —2r + l, 2r — l)* ‘Gr},CH’"(X;Q): 51,1 . Identlty
and similarly for GrLCHy(B; Q) ~ Gr.CH"(B; Q) :
AB<2Z) —2b+ l, 2b — l)* ‘GT‘%‘CHO(B;Q): AB<Z, 2b — l)* |GT‘115‘CH0(B;Q): 51,1 . Identlty

Thus
[wB]* = [wB]* © (AB<17 2b — 1)* |G’7"}3CH0(B;Q))*
= (AX(Qd - 2T + 1, 2T - ].) |GT‘11U‘CHT(X,Q))* (6] [UJB]* - [wB](l, 2T - 1)*

But since B is in the kernel of [w],, at least the Kiinneth component from the
induced [wg], that maps over J(H*~'(X,Q(r))) must be zero. This Kiinneth
component is

[wp](1,2r — 1), € HY(B) @ H*(X)
~ homymus(H'(B)Y, H*Y(X)) ~ H*Y(B) @ H*}(X)
as we see that

H*(B) I 5B x X) 18 g2-ter(p o x)

PTQ,* r—
~ H2d+2b7(2b71+2r)<B X X) —= Hogor41(X) ~ H? I(X)
so [wp]s = 0 and thus {¢} = 0. Therefore ¢ necessarily lies in F>CHY,(X; Q).
U

alg

For any V' C S(C) smooth, irreducible, closed subvariety of dimension v — 1,
we have that the minimum weight of H*~(V, Q) is v —1 and we have the sequence:

Hy b (V,Q) —» H NV, Q) — W, H 7V, Q)

which taking direct limit gives us
0— N'H"Y(V,Q) — H" V,Q) = W,_1H" ' (nv,Q)
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so we obtain

Hu—l(V Q)
W, H" Y (ny,Q) ~ -
O Q= S g)
Let a smooth variety M/k parametrize a family {V;}ens € S(C) of smooth,
irreducible, closed subvarieties of dimension v — 1.

Such an M arises naturally. For example, the universal family of smooth com-
plete intersections in any P™ is defined over Q: recall that any homogeneous
hypersurface F' contained in P™ of degree d in the coordinates [z] = [z, ..., Zpn] 1S

of the form
> e

a€Zd [o]=d
where [a] denotes the sum of the coordinates of « and a, denotes the o indexed

coordinate of a € CN@, with N(d) = (m +; -1
defined over Z. Now, let S/k C P™ be a complete intersection that doesn’t lie
inside some P!, We can then write X = V(F, Fy, ..., F,), where the F; are
homogeneous hypersurfaces of degree d; in the coordinates [z] = [z, ..., zp|. Then,

if we write F; = Zaezd la]=d a; o2% with a; € CN(@) we can consider the product

variety W/ := PN1)-1 »  x PN@r)=1 which is defined over Z as well. We identify
P x PNA)=1 o PV~ with P™ x W and consider

). In the variables a, z, it is

W= {(2], [a], s @) €P" X W[ Y a0z =0 Vi}

a€Z™ [a]=m

which is defined over Z. Then, intersecting W with & x W’ defines the universal
family of degree m complete intersections of S, with W N {S x W'} — W’ all de-
fined over k, and it can shown it is smooth and proper over an open subset U C W',

We can then define an arithmetic normal function v¢ for any cycle

¢ € FYCH'(S x X;Q):
e M — [T I x X, 0(0)

and each Jacobian by lemma 4.1.3 can be written as

H2r7u(X’ @)
)

I, (H“m, Q)
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Now, consider the kernel of

HQT_V<X, @)
N[zfqulHQr,l,(X’ @) (T‘))) (41)

CH, (T x X, Q) = JOV. (H”-lom, Qe

where V; can be assumed to be a smooth projective closure of V;. The map in
(4.1) factors through CH,,(V; x X, Q); moreover the restriction
CH;, (V; x X,Q) — CH}(V; x X, Q) is surjective. In general, we have:

Lemma 4.3.1. Let U C W be an inclusion of smooth varieties of the same di-

mension. Then the restriction CHy, (W) — CHyy, (U) is surjective.

Proof. Let j : U — W denote the inclusion map. We observe that if £ € CH"(U)
is algebraically equivalent to zero, then there exists a smooth connected curve I"
and a cycle w € 2" (I' x U) such that £ = w(p) —w(q) for some p,q € I'. Now take
the closure w € 2"(I' x W), and put £ = W(p) — W(g). Then j*(§) = £ and the

result is immediate. Therefore, CHy,, (W) — CHy,

)
w(q
).

O

From this, we conclude

Corollary 4.3.2. A class £, € CHy,(V; x X, Q) is in the kernel of the Abel-Jacobi
map in (4.1) iff it’s restriction § € CHy,(V; x X, Q) is.

Now consider £ € FYCH"(S x X;Q), with corresponding ;. Let us assume
for a given such fixed t € M, & € CHa1g(Vt x X;Q). Assume its closure &, €
CH},(V; x X,Q) is in the kernel of the Abel-Jacobi map in (4.1). We want to
prove that it belongs to F QCHalg(Vt x X,Q). This is based on semi-simplicity
considerations.

We observe that

L )

NIZ—V+1H2r7u(X’ Q

N 1 HQT‘—V(X’ @)
— u—lH (tha Q) ® N;;VJFIHQT_V(X, Q) (T‘)
FV,Q) o HTXQ)
T N'H"Y(V,,Q) ~ Nt HTv(X,Q)
where
Hufl (Vt’ Q) HQTHJ(X, Q)

- Hy_l(vta Q)a

(r) € H"(X,Q)(r)

NlHyfl(Vt, @) N;Ifu+1H2r7u<X7 @)
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Thus, by semi-simplicity considerations we have

HQT‘—V(X’ @)
NITVJrlHQr—u(X’ Q

I, (H”*(nvt, Qe ><r>)> s JHTN(T, x X,Q()),

which by the Hodge conjecture, is cycle induced.

Therefore, we can consider the Abel Jacobi mapping to J(H* ~'(V, x X, Q(r)))
since this doesn’t alter the kernel. Thus ve(t) = 0 € J(H* 1V, x X,Q(r)))

hence by Proposition 4.3.1, ¢, € F?CH!(V, x X,Q). Consider the case k = Q

alg
We observe that, from Proposition 3.2.2, together with Corollary 4.3.2, this result

tells us that for any arithmetic normal function

Y

ve : M — HJ(HQT*I(V} x X,Q(r)))

defined by the aforementioned cycle &, v¢(t) is zero as in (4.1) iff v¢(o(t)) is zero
as in (4.1), for all o € Gal(C/Q).

Proof. Observe that, since F2CHL,, (V; x X, Q) is compatible with Gal(C/Q), the

alg

kernel of the Abel-Jacobi map on CH!, (V; x X, Q) is Galois invariant. This also

alg
applies to the projectors defining the inclusions above.

O

In summary, we arrive at

Theorem 4.3.2. Let X be a smooth projective variety with Q-spread p: S x X =
2 — S. For any arithmetic normal function

ve : M — HJ(HZT_l(W x X,Q(r)))

defined by a cycle ¢ € FYCH (S x X/Q;Q) satisfying & € CH,, (Vi x X;Q) for
all t € M, the zero locus of ve is a countable union of algebraic subvarieties over

Q.

4.4 Studying the zero locus of arithmetic normal
functions

The nature of the zero locus of the normal functions have been studied in several
papers by Brosnan, Pearlstein and Schnell, for example in their work together [4].
The following is essentially taken from [15].
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Theorem 4.4.1. Let £ € F'CH (Xs,Q), with the zero locus of the associated
normal function Z(ve) defined over K /k (finitely generated). Then Z(ve) is defined
over a finite extension of k.

Remark 4.4.1. Note if V =t € S(C) is a point, then H*(V, R* 'py,.C) = 0
means that H*~1(X;,C) = 0, which would imply that all normal functions over S
are zero. Thus this theorem is most useful when dimV > 1.

Proof. By [4], we know the zero locus is an algebraic subset of S. Let V' € Z(1)
be an irreducible component.

We recall the Gauss-Manin connection \7 = 0 ® 1 which gives rise to the
following flask resolution of sheaves:

R¥1p,C = O3 R* p,C L QL@ R™ 'p,C L ...
From which we obtain the Gauss-Manin cohomology (For V, H'(V, R*~p,C)),

which can be described algebraically as follows:

Let {Qf% /S d} be the complex defined inductively by the sequence
0= p'Qs @05 = % = Qs = 0

where we can write Q% = A" Q) and similarly Q% ¢ = A" Q% /.
We can define the de Rham cohomology groups as

H})R(X) = Hi(XZarQS() = Hi(SZaraRP*QS()v

HBR<X/S) = Hi<XZar ;(/S) = Hi<SZaraRp*QB(/S>
where Xy, and Sz, denote the respective spaces in the Zariski topology. Now,
if we define F™Q% = Im(QZ @ Q5™ — QF), by the short exact sequence previ-
ously presented, we deduce that

mQOP p—m
LQXNQ?@)L ~ QI 5T
10P — -m—-1 — X/S
Fm+ QX Q}S ® Qg( m /
And we have
F108 Qe Qe
0 — Fmi — ﬁ — ﬁ — 0

4 I i
0%

0 — Q}9®Q;{/}; — e — O%s — 0
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From which, taking hypercohomology, we obtain the connecting homomor-
phism

v+ Hpp(X/S) = Qg ® Hpp(X/S)

which is the Gauss-Manin connection. It can be extended to get

V 1 Qf ® Hpp(X/S) = Q5" @ Hpp(X/S)

Note that 2% /s is a filtered complex with F. The corresponding spectral se-
quence is BV = QL@ HY, ,(X/S) = H%H(Xs/k). This is really the Leray spectral
sequence. We have analogously EV? = Qf ® F" PH}, ,(X/S) = HZT(XZarQ;(iT/k).

Since the Gauss-Manin connection is algebraic, it commutes with the elements
of Gal(C/k), that is, for any o € Gal(C/k) we have 5y o0 = 0 o 57. Now given
a cycle £ we denote by &y its restriction to V', and by [{y] the corresponding
fundamental class. Then, if we denote the action of o over V' by V7. By the
compatibility of the Gauss-Manin connection with Gal(C/k) we see that, since
the invariant part of [€y/] is zero (because V is in the zero locus), the invariant part
of [§y-] is also zero. We must show that V7 is in the zero locus as well. But before
doing so, see remark in passing that another possible way to prove that [{y-] is
zero is by using the fact that the Leray spectral sequence is motivic, which was
proved by Arapura [1]. With this we have that Gal(C/k) acts naturally on the
Leray filtration with C-coefficients as described above and we proceed similarly
from here.

Now, for a given ¢ € FICH"(Xs,Q) we have the following commutative dia-
gram:

F'CH"(Xs, Q)

i
0 - B o B s B o0
1 1 1
0 — EY ) - EXpv) - E"" Ypy) — 0

where p : Xs — S is the spread with which the normal function associated to
¢ is defined, and py denotes the restriction to V.

By hypothesis, there are no global sections over V, and thus EL* ' (py) ~
J(H°(V, R* 'py.Q(r))) is zero.
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We also have BV (py) = T(HY(V, R*py.Q(r))) and thus the lower part

of the diagram givego us the short exact sequence

0 — J(H (VR pvaQ(r))) = B Hpv) = T(H (V. R pv.Q(r))) — 0

with the left term being zero, from which we see that (by our construction of
normal functions) the restriction of the normal function v¢ to V' takes values on

LHYV, B py.Q(r))).

By our previous observations, and since the actions of the elements of Gal(C/k)
take flat sections to flat sections, we get the exact sequence:

HO(V?, By €) = BY2 Y pye) = T(HU(V", By Q(r)) = 0

where the left term is zero again. Then, the action of o takes V to another
component V? € Z(vg). But since we are working with Q (or a finitely gener-
ated k), Z(v¢) has only a finite number of components, and since Gal(C/k) is

uncountable, Z(v¢) must necessary be defined over a finite extension of k.
O

For the general case involving arithmetic normal functions, if we substitute the
hypothesis that H°(V, R*~!py,C) = 0 for V in the zero locus (in other words,
that there are no global sections over the zero locus) with a similar condition,
then we can carry the proof in a similar way. Let us assume given a smooth
morphism 7 : & — M over k, and where 7~'(¢) is smooth affine for t € M(C).
Then technically speaking, V C M(C). We put V := 7~1(V) C §(C), and set
pv = ply : Xv =V C 8(C). Our assumption then is H*~'(V, R*py,C) = 0.

For a given £ € FYCH"(Xs, Q) we have the following commutative diagram:

F"CH"(Xs,Q)

1
0 - EZ) - EBETG) s BT o0
\J 3 !
0 o EFTv) o B Tv) o EPTy) o 0

where, again, p : Xs — S is the spread with which the normal function asso-
ciated to ¢ is defined, and py denotes the restriction to V.

26



Since B2 (pyv) C J(H"Y(V, R¥* " py,Q(r))) where, by hypothesis, the lat-
ter part is zero, and recalling that £ " (pyv) = ['(H"(V, ¥ pv.Q(r))), the

bottom part of the previous diagram becomes

H" (V. R*" " py,C) — EX " (pv) = T(H(V, R pv.Q(r))) = 0

with the left term being zero, from which we see that (by our construction of
arithmetic normal functions) the restriction of the arithmetic normal function v
to V takes its value in T'(H"(V, R py,.Q(r))), which must be zero as V is a
component of the zero locus of v.

By our previous observations, H*~'(V?, R*¥py.C) = 0 and since the ac-
tions of the elements of Gal(C/k) take flat sections to flat sections we have
Ev*=(pye) ~ D(H"(V?, R* ¥pysQ(r)). As with the earlier case, another ap-
proach to this uses the fact that the Leray spectral sequence is motivic ([1]), with
the Galois action being natural on the Leray filtration. Then, on M (C), the action
of o takes V' to another component V7 of Z(v¢). But since we are working with
Q (or a finitely generated k/Q), Z(v¢) has only a finite number of components,
and since Gal(C/k) is uncountable, Z(v¢) must necessary be defined over a finite
extension of k. Thus, we conclude the proof as in Theorem 4.4.1.

Proposition 4.4.2. For ¢ € FYCH (Xk,Q), with zero locus of the associated
normal function Z(vg) defined over K/k (finitely generated) and assume that
H"Y(V,R*py,C) = 0 for any V € Z(v¢). Then Z(v¢) is defined over a fi-
nite extension of k.

4.5 The situation restricting to a particular sub-
space

We recall our setting of an arithmetic normal function v¢ for any cycle § €

GryCH" (X k; Q):

, J(W_y [H" Yy, R* py; . Q(1))])
ve: MO —  fam iiin, op00)

where M is the aforementioned family of {V; }icarc) C S(C) of smooth, irreducible,
closed subvarieties of dimension v — 1.
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Let

C_HZZQ(XK;Q) = image( hﬂ CH;lg(%U;Q) — CHT(XK;Q))
unv, Ucs

Lemma 4.5.1.
CHy (Xk; Q) = image(CH, (2 Q) — CH' (Xk;Q)),

where 2 is any smooth compactification of Z .
We first use the well-known:

Lemma 4.5.2. Let Wy, Wy be smooth projective varieties of the same dimension
over k =k, and f : Wy — Wy a generically finite morphism of degree N. Then
[t CHL (Wh) — CH,, (W) is surjective.

Proof. We have f, f*CH,(W;) = N - CHj,,(W>). Indeed, we can guarantee that
there is a nonempty Zariski open subset U of W, for which F'~!(y) consist of N
points for every y € U, in particular, for U small enough we have f.(1) = N.
Then, by the projection formula, f,f*(¢) = £f.(1) = N&. Using divisibility of
CH,, (W) for any smooth projective W/k, we have CH}),(W2) = N - CH}, (W2).
We conclude

CH],

alg

(Wa) = N - CH,

alg

(Wa) = fof"CHLe(Wa) = f.CH, (Wh).

alg alg
U

Proof of lemma 4.5.1 . Now let 27, and 25 be tWOﬂI}OOth compactifications
of 2. Then we can find a smooth compactiﬁcatiin/ 2" that dominates them.
The push-forward maps then induce ¢, : CHglg(% ) — CHglg(% 1) and ¢, :
CHglg(?l) — CH},,(Z»). By the above lemma, these maps are surjective. Then
for i = 1,2 we have

image(CHr (7/; Q) — CH"(Xk; Q)) = image (CHT (%7 Q) — CH"(Xk; Q))

alg alg

And the result follows. O

Now we want to prove

Theorem 4.5.1.
F'CH!, (Xk;Q) =

~=Zalg

ker (AJ : F"_lﬂzzg(XK; Q) —



for a very general V' of dimension v — 1 corresponding to a very general point
t € M(C). Moreover this is independent of any Galois conjugate of V.

Proof. Since W, is an exact functor, we observe that

W H (v, R ~p. Q) ") - Wy (v B~ .Q(r)))
S\ By N TR, ) ) T WO e N TR p.Q()))

and thus, we see that

W, ( H" Y(nv, R*"p,Q)
H" (v, N "R p,Q

) <r>)> o Wy (B (s R .Q(r))

by weight and semi-simplicity reasons. Now, since the minimum weight of

H" Yy, R?p,Q(r)) is —1, we can deal with this in a similar way: that is, for
any V' C S(C) smooth, irreducible, closed subvariety of dimension v — 1, we have
the sequence:

HY LV, R p.Q(r) = H NV, R p.Q(r)) —» Wo H (VR p.Q(r)

which taking direct limit gives us

0— N'H" YV, R "p,Q(r)) — H" *(V,R* " p,Q(r)) — W_1H" *(ny, R* " p,Q(r))

so we obtain

v— r—v HV?I V’ RQT?V *Q
W_H 1(77v, R? P*Q(T)) = ,,,(1 5V 2r7pu )
NLH"=Y(V, R ~p,Q)

where we observe, by semi-simplicity reasons, that

(r)

Hufl(v’ RQT*VP*Q)
N%Hufl <77 R2r7up*(@>

and so we have

(r) = H” Y (2w, Q(r))

Hufl (77V7 R2r7up*Q)
Hv=Y(ny, N R v p,Q

IO, ( )<r>)> s I (T, Q).

The rest of the proof follows from the ideas behind Theorem 4.3.2. O
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4.6 Incidence equivalence

Given a cycle { € CHp,(X), we say that it is incident equivalent to zero if for
all smooth projective varieties S and all cycles w € CH" "™ (S x X) we have

Pri((S x &) ew) = 0. We observe that this induces the commutative diagram

CH’,.(X) 5 CHL_(S)

alg alg

AJ | 3~

[w]*

JI(X) — J(S)
From which we see that CH;, (X) a7 is contained in CHyy, (X )ine, where CHyp, (X )ine

alg alg

and CHJ,,(X)as denote the elements of CHJ),(X) that are incident equivalent to
zero and Abel-Jacobi equivalent to zero (that is, contained in the kernel of AJ)

respectively.

We can find a complete curve C and a cycle z € CH"(C' x X, Q) such that its
composition with the Abel-Jacobi map

AJ o [Z]* . CI‘I1 (C, Q) — Jalg(HQT_l(XaQ(T)))

alg

is surjective. This produces the following commutative diagram.

CHoe(C,Q)  —  CH(X,Q)

alg alg

AJ 4 AJ 4

[Z]* r—
JHC) = Jag(H"H(X,Q(r)))
where the horizontal map in the bottom is induced by H*(C,Q) — H* (X, Q).

Let Lx be the operator of taking cup product with the hyperplane class on X.
The strong Lefschetz theorem tells us that L'y * : HY(X,Q) = H?>"7(X,Q), for
i < n. Now, assuming that the inverse A%y *: H**7(X,Q) & H'(X,Q) is alge-
braic, we have the isomorphism L% : NPH*(X,Q) = NP [{?"~(X Q) with
inverse A% .

It follows from this (by Hodge-Riemann bilinear relations, using the fact that
it is closed under the Lefschetz decomposition) that the cup product pairing
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NPHY(X,Q) x NP H*= (X Q) — H*"(X,Q) ~ Q is nondegenerate and we
can write (N?PH(X,Q))Y ~ NPT [{?"~(X Q).

Now, focusing on the (1,2r — 1) Kiinneth component of z we have the map
[z : HY(C,Q(1)) - N ' H* (X, Q(r))
that when dualized gives us
[ N H (X QU — 1) o H'(C.Q)
Tensoring with Q(1) this becomes
[2]" s N"THHOTITHX, Q0 — v+ 1) = HY(C,Q(1)
Then we observe that

Jag(H'(C,Q(1))) = J(H'(C,Q(1))) = J(N"H'(C,Q(1)))
and Joo(H* (X, Q(r))) = J(N"TH?*1(X,Q(r))), so we construct the following

commutative diagram:

CH™." (X, Q) AN CHL,(C,Q)

alg
LA AJ |~

L g 00)))

And since n —r+ 1 depends only on r, we can construct this diagram replacing
n—r -+ 1 with r:

J(N"THHDTH X, Q(n = r 4 1))

alg (X Q) 2_*> alg(C Q)

b Ay AJ |~
JINTLHE(X, Q) S J(HY(C,Q(1)))

Then, any § € CHy,, (X, Q)ine will be mapped algebraically to zero in CH}11 (C,Q).
Thus, £ is mapped to zero in Jug(H*~"(X,Q)) meaning that £ € CHy, (X )AJ.
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We conclude that CHy, (X )ine = CHpo(X) ay
Now, like in the previous sections, let p : Xs — S be the spread with which
the normal function associated to £ € F*CH"(Xs, Q) is defined. Then, if ¢ € S(C)
we can write & € CHJ,,(Xy; Q) for the corresponding intersection.
Suppose that v¢(t) = 0 for a general ¢, in other words, that the Abel-Jacobi map
is zero for the general fiber. Then &; is mapped to zero in J(H°({t} , R*1p.Q(r)))
and thus & € CHL(X})ay.

alg

It is known that Gal(C/k) acts on CH.}, (X )i so, for o € Gal(C/k) we have

alg

CH},(X¢)ine — CH(Xo(r) )ine With the correspondence & — Eo¢. If V denotes
the k-Zariski closure of t in S, we see that v¢(t) = 0 for all general ¢t € V' and

therefore v¢ will be the zero normal function.

We conclude that if the general fiber of ¢ is in the kernel of the Abel-Jacobi
map, then the associated normal function is zero. Since the converse is obvious
(recalling that the image of the normal function lands on a variation of jacobians),
we have that the general fiber is in the kernel of AJ iff the normal function is zero.
We recall that ¢ comes from a class in CHy,,(X; Q) so this gives an alternate proof
that F?CH},(X;Q) = CH,,(X;Q)as, based on the hard Lefschetz conjecture
assumption. Since the BB filtration already requires the hard Lefschetz conjecture

assumption, this becomes a moot issue.

4.7 Incidence equivalence and product case (revis-
ited)

Let X be a projective algebraic variety of dimension n. To simplify notation, for
general t € M let us write V = V;,. We can find a complete curve C' and a cycle
z € CH"™"(C x V x X;Q) such that its composition with the Abel-Jacobi map
AJo[z], : CHY(C; Q) — Jug(H*m )=V x X, Q(n+v —r))) is surjective. This
produces the following commutative diagram.

CH,,(C;Q) = CHI"(V x X, Q)
AJ t L AJ
[]

JHNC,QW) = Ja(H (V. Q) @ HHDH(X, Q)(n — 7 +))
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where the bottom map is induced by H'(C,Q) — H*"+)~1(V x X, Q).

We see that the map
2], - HY(C,Q(1)) — Nrtv=r=lg2n=r+)=L (o X Q(n —r 4 v))
when dualized gives us
[ : N"T'HP NV x X, Q(r — 1)) — H'(C,Q)
Tensoring with Q(1) this becomes
[2]" « N'TTTHTTH(V x X, Q(r)) = HY(C,Q(1))
By the Kiinneth formula, we arrive at:
NTHHTHV,Q) @ H (X, Q)(r) — H'(C,Q(1)
and observing that
Jag(H"H(V,Q) @ H" (X, Q)(r)) = J(N"H(H"(V,Q) @ H" (X, Q)(r))),

we construct the following commutative diagram:

CH,(V x X, Q) 5 CHL(C,Q)
LA AJ |~
[2]*

JINTHHPHV x X, Q(r) = J(HY(C,Q(1)))

closure

We observe that, by Lemma 4.3.1, the map V x X —— V x X induces
CHy(V x X, Q) — CHy, (V x X, Q). Thus, we can extend the diagram as follows:

alg

CHL,(V N7s X X, Q) « CH,(V x X, Q) — CH},(C,Q)
AJ | L Ag AJ |~
Jaig(A) < J(NTHHTNV x X,Q)(r)) = J(HNC,Q))

where AJ is the composition of the Abel-Jacobi map with the (2n—2r+v, 2r—v)
Kiinneth projector,
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e V.Y o HTMXQ) o).

Né/@Hu—l (f/7 @) Nr—u+1H2r—u<X’ @

and where we view

Hu—l (V’ @) H2r—u(X’ @) (T)
Né/@H,H%V’ Q) Nr—u—}—lHZr—u(X’ Q)

imbedded in B
H* YV x X,Q(r)),

via semi-simplicity considerations.

Now consider ¢ € CHY,, (VNnsx X; Q) as arising from a class in F¥CH?, (Xk; Q).

alg ~=zalg
It naturally maps to Jug(A) via AJ. £ is also in the image of some

€ € CHL,(V x X;Q), and we observe that AJ(¢) = AJ(€) € Jag(A). Indeed,

alg
using the same construction as the projector in Proposition 4.1.1 we get the map

HH(V,Q) @ H"(X,Q)(r) » N ' (H"1(V,Q) ® H" (X, Q)(r))

which is cycle induced if we assume the Hodge conjecture. Then applying the

Abel-Jacobi maps takes AJ(&) to the algebraic Jacobian
J(NTTHHTH(V x X,Q)(r)))

Similarly, AJ(&) lies inside Jug(A). Then, using the (2n — 2r + v, 2r — v) Kiinneth
projector, we can identify Jug(A) embedded in J(N"'(H*~1(V x X,Q)(r))) so
by cycle induced projectors and left inverses, we can assume the image of both
AJ(€) and AJ(€) is the same in J(H* 1V x X,Q(r))) and thus in J,e(A). With

this arrangement, we see that AJ(§) = 0 if and only if AJ(£) = 0, but the right
side of the diagram implies that this is equivalent as £ € CH] (V' x X;Q).

mc

Since § comes from a class in F"CH,),(Xr; Q), Gal(C/k) acts on all these objects.

Now let t € M with V; € S(C). Let us write § € CH.(V; x X;Q) for the

alg
corresponding intersection. Suppose that v¢(V;) = 0 for a general ¢, in other words,
that the Abel-Jacobi map is zero for the general fiber. Then &, is mapped to zero
in J(H""Y(V; x X,Q(r))) and thus & € CH](V; x X,Q)a;. But then we have

alg
& € CHL, (Vi X X, Q)ine = CH, (Vo X X, Q)ine 3 &()- Let Z denote the k-
Zariski closure of V; in the zero locus of the arithmetic normal function. We see
that v¢(V;) = 0 for all general V; € Z and therefore v will be the zero normal

function.
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In the same way that in the previous section, we have that a general fiber is
in the kernel of AJ iff the normal function is zero. Since £ comes form a class in
FYCH!, (Xk;Q), we conclude that a general fiber of ¢ is in the kernel of AJ if and

~=2alg

only if £ € F**1CHY, (X, Q).

alg

Proposition 4.7.1. Given ¢ € FYCH,, (Xk;Q), we have that ¢ € F* "' CH, (Xk; Q)

~=Zalg —~==alg
if and only if any given general fiber of & is in the kernel of AJ.
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Chapter 5

Summary results and the bigger
picture

We focus in the following diagram:

X = Z
o] 65.1)
S <« S,

where all varieties are defined over Q, Fix a polarization Og(1) of S, and for
integers {d; < dy <--- < dy_; < dy}, where N := dim S, consider the variety of
full flags:
FS)={VHeWc - CV,CVy1 SO},

where Vy := S§(C) and for j < N, V; € S(C) is a j-dimensional complete inter-
section of multi-degree (dy,...,dy_;). With this setting, F(S) is defined over Q.
We can restrict F(S) to define F(S), as well as at the generic point F(ns), where
ns denotes the generic point. Observe that very general points of F(S), survive
under restriction to F(ns). For such a very general point, each V; is irreducible
and smooth (Bertini’s theorem states this for any general hyperplane section not
equal to S), except possibly for V. By Bezout theorem, the number of intersec-
tion points of the hypersurfaces is equal to the product of their degrees (counting

multiplicities), so Vy will consist of degg-H;V:l d; distinct and very general points.
Now let X/C be a smooth projective variety and § € CH"(X/C;Q). Recall

that there is a finitely generated field extension K with C D K D @Q, such that
X/C = XK XKC and f € CHT(XK,@)
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Also note that CH"(Xg; Q) — CH"(X/C; Q) with
FYCH"(Xk; Q) = {FYCH"(X/C;Q)} N CH"(Xk; Q)

Now spread X out as in diagram (5.1), and accordingly let £ e CH' (2 /Q; Q) be
the spread of § such that { — ¢ € CH"(Xk; Q). Then K is given by an embedding
Q(S) — C, defined by evaluation at a very general point p, and hence Xy = Z,,.

Now choose a very general point in F(S) corresponding to a sequence:
PEVaCViCVaC - C Vi € Vv :=S(C).

For simplicity, let us take p = Vp, and put Voo = (. Then, by definition,
sy = £p = X Next, it is clear that by restriction,

y=0¢€ HZT(%?SQW,Q(T)) =~v=0¢€¢ Hzr(t%nsnvi,(@(r)) for i < j.

and using the functoriality of the Abel-Jacobi map, we have

[ =0€ JH" (s, Q) = [1] = 0 € J(H"H(Zsewv:, Q1)) for i < j.
And regarding the converse,

Conjecture 5.0.2 (Lewis). Let £ € CH"(Xg; Q).
Then ¢ € FYCH"(Xg;Q) &

(i) [E],, ., ]=0€H"(Z, . Qr), and

(ii) AJ (4], ) =0€ J(H" N Zysy, ,» Q1))

”{’YSOVD,Q

But, using the fact that a topological invariant is defined by its normal function,
and

Assumption 5.0.3. Assume the zero locus of a cycle induced normal function
respects the field of definition of the cycle.

we can write instead:

Conjecture 5.0.4 (Lewis, Version II). Put F°CH"(Xf;Q) = CH"(Xk;Q) and
FICH" (Xk;Q) = CH},,,(Xk; Q). Let £ € CH"(Xg; Q). Then for v > 2,
€€ F'CH (Xi; Q) &

(i) € € F""'CH (Xg;Q), and
(i) AT(E],, ) =0 J(H T Zng,, QU)).
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Proposition 5.0.5. Assuming the above assumption, then both conjectures are
equivalent.

Proof. For v = 0, and v = 1, the result is immediate by Theorem 3.2.1, so we
proceed by induction. Assume the conjectures are equivalent for v — 1, and we

have v > 2. If we have [é‘ 2 ] = 0 and AJ(E‘ - ) = 0 then, as noted
SnsnVy_1 NSOV, o
before, we have [é %}SOVV_J = 0 and AJ(g %nsw,_g) = 0, which by induction

hypothesis implies ¢ € F*"'CH"(Xg; Q).

Now, let ¢ € FYCH"(Xk;Q). Theorem 4.2.1 implies that the corresponding
reduced normal function (and thus the normal function itself) associated with ¢ is
zero over Zp.nv, .. Under Assumption 5.0.3, the image under the normal function
is defined over the same field of definition as . Therefore, [é =0.

o
ZngnV,_1

Thus, Conjecture 5.0.2 and 5.0.4 are equivalent.

We prove the following theorem:

Theorem 5.0.6. Assume given the product situation, and the GHC. Then the
conjectures hold for CH (Xy; Q) replaced by CH (Xk; Q).
Proof. Let § € CHy),(Xk; Q) and suppose we have (i) and (i7) of Conjecture 5.0.4
in terms of CH,,. Observe that the fibers of the corresponding arithmetic normal
function of ¢ can be identified in 2~ with inverse images of smooth subvarieties of
S of dimension v — 2. Then, by Proposition 4.7.1 the result is immediate.

O

Example 5.0.7. For v = 2, we have nsnvy, , = p and since Z, = Xk, this
conjecture states that & € F?CH (Xk;Q) if and only if ¢ € F'CH (X; Q) and
AJ(€2,) =0 € J(H* Y(Xk,Q(r))), that is, the general fiber is in the kernel of
the Abel Jacobi map. This is Proposition 4.7.1.

Example 5.0.8. For v = 3, the conjecture involve varieties V' of dimension 1.
We say that & € F?CH (Xg; Q) if and only if § € F>*CH (Xk;Q), and
AJ(S ., ) =0 € J(HQT’I(%SW,Q(T))) for a choice of general V> p of

. "g’r_’YSmV
dimension 1.
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