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Abstract 

Investigating the flow-behavior in microfluidic systems has become of interest due to the need for 

precise control of the mass and momentum transport in microfluidic devices. In multiphase flows, 

precise control of the flow behavior is much more challenging as it depends on multiple 

parameters. The following thesis focuses on two aspects of microfluidics discussed in two 

chapters: the flow reversal phenomenon in streaming potential flows and the magnetic fields 

generated by electroosmotic and streaming potential flows. In the first chapter, the proposed 

microfluidic system consists of an aqueous solution between a moving plate and a stationary wall, 

where the moving plate represents a charged oil-water interface. A numerical model was 

developed to predict the streaming potential flow created due to the shear-driven motion of the 

charged upper wall along with its associated electric double layer (EDL) effect. Additionally, 

analytical expressions were derived by solving the nonlinear Poisson-Boltzmann equation along 

with the simplified Navier- Stokes equation in order to describe the effect of the EDL on the shear-

driven flow of the aqueous electrolyte solution. Results show that the interfacial charge of the 

moving interface greatly impacts the velocity profile of the flow and can reverse its overall 

direction. The numerical results were validated by the analytical expressions, where both models 

predicted that flow can reverse its overall direction when the surface potential of the oil-water 

interface exceeds 120mV.  

For the second chapter, models were constructed for the transient electrokinetics, for both the 

electroosmotic flow and for the shear driven streaming potential flow, in a charged nanocapillary 

channel. Additionally, the transient effects of ionic currents and the magnetic field generated both 

inside and outside the microchannel were evaluated, and the results compared with known 
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analytical solutions for verification purposes. In order to correctly simulate the above models, the 

following partial differential equations are solved together for the electrolyte continuum to capture 

the physics of the problem: a) the Navier-Stokes equation for the fluid flow b) Poisson-Nernst-

Planck equations for the electric potential distribution and ion transport and c) Ampere-Maxwell’s 

law for the associated magnetic field. The obtained results showed that the magnetic field detected 

outside of the nanochannels can be used as a secondary electromagnetic signal for biomolecules 

as a part of a sequencing technique.  

Keywords:  

Microfluidic devices; electrokinetics; electroosmosis; streaming potential; electric double layer; 

magnetic fields; ionic currents. 
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1 Introduction 

1.1 Microfluidic devices 

The lab-on-chip devices are a promising field of technology operational on the micro- and 

nanoscales, advancing applications in the biomedical and chemical sectors [1,2]. They are 

microdevices that create laboratory techniques on a single chip that is no bigger than a few square 

centimeters in size [1,2], allowing for the integration of entire biological and chemical experiments 

and tests on the single chip [3]. Their fabrication became possible after the booming of silicon 

microfabrication devices in the 1980s, which gave room to the development of the lab-on-chip 

devices [4]. The development of the lab-on-chip devices is expected to have a revolutionary effect 

in the chemical and biological fields as circuits had in the electronics field [3]. The size of these 

lab-on-chip devices allows for the manipulation of microscale reagents such as those found in 

DNA analysis, cell sorting, automation, among other techniques [5]. The lab-on-chip devices allow 

for both single-unit operations, such as droplet generation, mixing, separation, detection and 

heating or a combination of multiple operations that are integrated together [4]. These lab on chip 

devices are able to do those laboratory techniques due to their integration of both active and passive 

components with microfluidic channels [3]. Because of their size, lab-on-chip devices allow for 

minimally invasive procedures because they require only a very limited number of samples to run 

their tests, making them environmentally friendly as well. However, due to the degree of precise 

system integration that goes into them, they need continual technological developments to ensure 

the optimum results [3]. 

The fundamental notion of lab-on-chip devices is based on the science and engineering of fluid 

flow in microscale ranges, known as microfluidics [1]. Microfluidics is the science and technology 
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of manipulating microchannels with at least one dimension that is one mm or less [4,6], with small 

amounts of fluids ranging between 10−9 − 10−18 L [6]. It is a platform that has profoundly been 

shaping the interdisciplinary fields of chemical and biological sciences, including chemical 

analysis, separation, and detection techniques [4,7]. This was all enabled by the very small 

volumes of samples and reagents that are needed in microfluidic devices, such as the lab-on-chip 

devices [4]. Fundamentally, microfluidics is a subdiscipline of fluid dynamics as the underlying 

equations that describe the physics of the fluid motion in fluid dynamics at larger scales are 

identical to those of microfluidics [8]. However, the main obvious difference between fluid 

dynamics and microfluidics is the much smaller size of the microchannels in microfluidic systems, 

which makes the physics of fluids much more different [8]. For example, fluid flow in 

macrochannels is predominantly turbulent; however, they are mainly laminar in microchannels. In 

addition, other phenomena such as surface tension become more significant in microchannels due 

to the negligible effects of gravitational forces. Since the effects of turbulence and gravitational 

forces are not considered in microfluidics, the physics of fluids becomes a simplified version of 

the more complex non-linear inertial physics associated with general fluid flow [8]. However, 

other forces play a substantial role in microfluidics which makes studying physics a lot more 

challenging. In particular, electrostatic interactions and diffusion of ionic species are two aspects 

that make the intrinsic characteristics and nature of fluid flow in microscale different than that in 

macroscale.  
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Figure 1.1 Schematic of a typical microfluidic chip 

1.1.1 Is the continuum approach valid for microfluidics? 

The momentum and continuity equations are typically used to describe macroscopic flows where 

the fluid is treated as a continuum. Similarly, microfluidic flows can also be described using the 

continuum approach. However, one needs to calculate Knudsen number, 𝐾𝑛, which is a 

nondimensional parameter that compares the mean free path of the fluid molecules to the 

characteristic length of the problem. This is done to ensure the validity of the continuum 

assumption. The continuum assumption is only valid for flows with Knudsen number lower than 

0.1.  

 
𝐾𝑛 =

𝜆

𝐿
 

                                      (1.1) 

 

𝜆 = (
𝑀

𝜌𝑁𝐴
)

1
3
 

                                      (1.2) 
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Where 𝜆 is the mean free path, 𝐿 is the characteristic length of the flow, 𝜌 is the density, 𝑀 is the 

molar mass and 𝑁𝐴 is Avogadro’s number. 𝜆 is typically assumed to be identical to the 

intermolecular distance for fluids. For water, the average intermolecular distance is around 

0.3𝑛𝑚[9]. In this study, the continuum assumption is applicable as 𝐾𝑛 is comparably smaller than 

0.1; 𝑘𝑛 ~ 3 𝑥 10−4.  

1.2 Electric double layer 

In microfluidic devices, the main phenomenon that is crucial for electrokinetic transport and 

revolves around particles in the electrolyte is known as the electric double layer. This layer has a 

central role in the electrostatic stability of colloidal particles. When positively charged ions are 

adsorbed on the surface of a colloidal particle, the surface of the particle becomes positively 

charged. The now positively charged particle will attract surrounding negative counterions. The 

layers of charge surrounding the particle are what make up the electric double layer, which has an 

overall neutral electric charge [10,11]. The formation of this layer is due to the microchannel’s 

ability to acquire polarity when putting into contact with an electrolyte [11]. The electric double 

layer can be divided into two regions with different charges: the stern layer and the diffuse layer. 

The stern layer consists of immobile counterions that attach themselves to the charged surface of 

the microchannel; they have an opposite charge to the surface charge [11,12]. The diffuse layer, 

on the other hand, contains free mobile ions that have a lower concentration as compared to the 

stern layer’s counterions concentration, Figure 1.2 [10].  
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Figure 1.2 Electric double layer showing both the stern layer and the diffuse layer. 

When the diffuse layer begins experiencing an electrical potential gradient, the layer of mobile 

ions begins to move, carrying the electrolyte with it. The applications of this process are abundant 

in dewatering techniques, wastewater management and the treatment of colloidal suspensions [11]. 

Together, the thickness of the stern layer and the diffuse layer, known as the electric double layer, 

is described by the Debye-Huckel equation. The characteristic length of the electric double layer 

is referred to as the Debye-layer thickness, 𝜆𝑑, and is described using the following equation  

[13]: 
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𝜆𝑑 =  (

𝜖𝐾𝐵𝑇

2𝑒2𝑧2𝑛∞
)

1/2

 
                                      (1.3) 

Where 𝐾𝐵 is the Boltzmann constant, 𝑛∞ is the bulk ionic concentration, 𝜖 is the electrical 

permittivity of the medium, 𝑒 is the electron charge, 𝑧 is the valency and T is the temperature. It 

is important to note that the Debye length is a characteristic of the electrolyte solution, and gives 

information about the valence and bulk concentration of the ions and dielectric permittivity of the 

solvent.    

1.2.1 Zeta potential 

Another important characteristic of the electric double layer is the zeta potential. When a colloidal 

particle flows in an electrolyte, some of the electrolytic solutions adhere to the surface of the 

particle. The boundary that forms within the electric double layer between the particle and the 

electrolyte is referred to as the shear plane, or the slipping plane, where the velocity of the liquid 

is zero [10,14]. The value of the electric potential in the electrolyte at the shear plane, which is 

located between the stern layer and the diffuse layer, is defined as the zeta potential [10,15]; the 

streaming potential phenomenon is a good method for measuring the value of the zeta potential 

[16]. The zeta potential, 𝜁, is a function of the streaming potential, U, pressure difference between 

the sides of the microchannel, 𝑝, the relative permittivity of the liquid, 𝜀, the permittivity of 

vacuum, 𝜀0, the viscosity of the fluid, 𝜇, and the conductivity of the electrolyte, 𝑘𝑏 [16].  

 
𝜁 =

Δ𝑈

Δ𝑝
 

𝜇

𝜀𝜀0
  𝑘𝑏 

                                        (1.4) 

Understanding the properties of the zeta potential makes it a great tool for numerous fields, 

including fluid dynamics, such as colloid stability, the flow of colloidal suspensions and measuring 

the charge of membranes’ surfaces [10,14]. For example, the stability of colloid suspensions can 
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be determined by the zeta potential; this is done by understanding the interactions between the 

fluid particles [14]. Moreover, the polarity of the zeta potential can change from positive to 

negative as the pH level of the electrolyte increases; this attribute can influence fouling in 

membranes, where charged particles are accumulated on the surface of the membrane [16]. 

Additionally, it is an essential factor in determining the velocity of an electrolyte in microfluidic 

applications. When modeling applications of microfluidics and running simulations, zeta potential 

values become important factors for setting boundary conditions [14].  

1.3 Electrokinetic phenomena in microfluidic devices 

The renewed interest in electrokinetic transport phenomena principally stems from the necessity 

of moving fluids in extremely narrow confinements or channels. The capability of driving fluids 

through macroscopic channels, using pumps, for instance, is inapplicable in microchannels where 

there needs to be a great pressure difference for fluids to be transferred through capillaries on the 

microscopic scale. For this reason, great efforts have been put into trying to find alternative 

methods of transferring fluids through microchannels without the necessity for such high 

pressures; electrokinetic transport phenomena was selected as the most viable solution for this 

problem [12].  Electrokinetic flow refers to the flow of an electrolyte moving in narrow channels 

between two charged surfaces, driven by the combined effects of electric fields and fluid flow 

pressures [7,17]. The phenomena of electrokinetic transport occur when the free layer of ions in 

the electric double layer, explained later in this section, is sheared off. Following this, the charged 

ions in the free layer consequently move in a certain direction, carrying the solvent along with 

them. An electric field is usually induced when there is motion between the charged surfaces and 

the electrolyte. There are numerous phenomena that can take place when there is relative motion 
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between the charged surfaces and the electrolyte; the following thesis will only focus on 

electroosmosis and streaming potential [12]. 

1.3.1 Electroosmosis  

Electroosmosis occurs when the electrolyte bulk solution is carried against the charged surface due 

to an external source of an electric field [18,19]. An electroosmotic pressure is a pressure needed 

to counterbalance the electroosmotic flow [12,20]. If the capillary wall is negatively charged, then 

there will be an excess of positive ions in the electrolyte. Due to the applied electric field, the 

positive ions in the electrolyte will begin moving towards the cathode, drawing the electrolyte 

along with them and resulting in a fluid flow in that direction [12,21]. The magnitude of the 

resulting fluid velocity depends on a parameter called electroosmotic mobility which is described 

by the following equation [21]. 

 
𝜂𝑒𝑜𝑓 =

𝜖𝑒𝜁

4𝜋𝜇
 

                                      (1.5) 

Where 𝜂𝑒𝑜𝑓 is the electroosmotic mobility, 𝜖𝑒 is the electrical permittivity of the fluid, 𝜁 is the zeta 

potential of the capillary walls, and 𝜇 is the fluid viscosity. If the electroosmotic mobility is large 

enough, it can drag all the different species within the electrolyte downstream, regardless of the 

polarity of their surface charge [21]. Helmholtz-Smoluchowski utilized electroosmotic mobility to 

explain the electroosmotic flow phenomenon. His theory proposed that the applied electric field 

acts on free mobile ions in the diffuse part of the double layer, explained later in this section, which 

drags the fluid to produce an effective slip velocity outside the double layer, given by the following 

Helmholtz-Smoluchowski equation [22]. 

 𝑉𝑒𝑜𝑓 = 𝜂𝑒𝑜𝑓𝐸                                       (1.6) 

Where 𝑉𝑒𝑜𝑓 is the electroosmotic slip velocity and 𝐸 is the applied electric field strength. 
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1.3.2 Streaming potential 

Streaming potential flow is an electrokinetic phenomenon that arises due to the relative motion of 

the fluid with respect to a charged wall in a microfluidic channel. Net charges near the charged 

wall are carried by the fluid giving rise to a convective current in the downstream direction called 

streaming current. 

The streaming potential phenomenon is considered as the reciprocal process of the electroosmosis 

phenomena [12,16,23]. When an electrolyte is forced to move through a stationary charged 

capillary, either by relative motion between the electrolyte and the charged wall surface or a 

difference in reservoir pressures from opposite ends of the capillary, an electrical potential 

difference is formed between the ends of the capillary [12,23]. This electric potential is often 

referred to as the streaming potential. The counter-ions, ions in the electrolyte that are opposite to 

the charged surface, are carried away with the motion of the electrolytic fluid. This motion causes 

the charges to accumulate at the ends of the capillary and induce a streaming potential and, in turn, 

an electric field. The motion of ions, due to the fluid flow, gives rise to a convective current often 

referred to as the streaming current [12,23]. Movement of an electrolyte in thin microchannels, 

driven by a pressure gradient, is considered as one of the most common ways of moving fluids in 

porous media and microchannels [7]. The streaming potential flow is the underlying concept of 

membrane-based separation of electrolytes. The streaming potential flow leads to the rejection of 

the ions in the microchannel and creates a different gradient of ions between the two ends of the 

capillary, thus allowing for the membrane-based separation [7]. A common application of the 

streaming potential phenomena is in seawater desalination [12].  
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1.4 Magnetic fields 

There is ample literature discussing the flow dynamics of an electrolyte in microchannels, both in 

electroosmotic flow and streaming potential flow. However, not much literature is found on the 

magnetic fields that are induced by the electrokinetic flows in the said microchannels. The 

magnetic fields in the charged microchannels are induced by both time-varying electric fields and 

ionic currents, even though the ionic currents do not have a definite linear path to flow in (e.g. 

wire) [24]. The governing equations for the induced magnetic fields are the Poisson-Nernst-Planck 

equations, responsible for the transport of ions by convection, diffusion and migration, Naiver-

Stokes equations, responsible for the flow dynamics of the electrolyte, and Ampere-Maxwell law, 

responsible for the induced magnetic fields. In Chapter 3, the magnetic field along with the ionic 

currents generated due to electrokinetic flows will be discussed with the aid of numerical models. 

1.5 Literature review 

The above concepts are all very important building blocks for the two chapters introduced in this 

thesis. Those building blocks have been studied in relation to one another in previous works.  

Sheffer et al. [25]worked on three-dimensional modeling of streaming potential for single-phase 

flows. They were able to develop a 3D finite volume algorithm for calculating the streaming 

potential distribution resulting from fluid flow in a porous medium. This satisfied the need for 3D 

modeling capability to precisely capture the flow regime in problems of complex geometry. 

However, their work focused on the pressure-induced streaming potential and did not discuss 

multilayer oil-water systems. Sherwood et al. [26] looked at the streaming potential developed by 

a bubble passing through a capillary. They were able to develop a numerical model that can predict 

the streaming potential generated first by a single charged particle in a charged capillary, and then 
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by a line of particles in the same capillary. However, they concluded that their model cannot be 

used to analyze streaming potentials due to flow adjacent to oil-wet surfaces.  

Kuang et al. reported a thorough assessment of the transient effects of electroosmotic flow in a 

microcapillary [27]. Yang et al. presented the transient effects of electroosmotic flow within slit 

microchannels [28]. They derived the analytical solutions for fully developed laminar 

electrokinetic flow of liquids subjected to an applied voltage. Likewise, Rice et al. researched the 

analytical solution for the current distribution that occurs in microcapillaries for different channels 

and electrical double layer lengths [29]. The analytical studies that have been conducted around 

the steady-state effects that occur inside electroosmotic flow driven devices, due to current and 

magnetic fields, have been a great aid for advancements in applications using solid-state charged 

nanopores, such as DNA sequencing, biomedical analyses and genetics’ research [30–34]. The 

magnetic fields and ionic currents, induced by the applied electric potentials and generated from 

the flow of single charged biomolecules, such as DNA, RNA and proteins, can be used to produce 

a unique electronic signal. The generated electronic signals can be used for direct label-free 

sequencing of biomolecules. Nevertheless, current research is still being conducted on how to 

reduce the translocation velocity in order to allow for more accurate sensing of DNA molecules 

[35,36]. 

Together, both the first and second chapters aim to address topics that were not thoroughly studied 

in the literature. Some of the pertaining issues with literature in electrokinetic flow are the 

predominant assumptions of steady-state flow during transport and microchannels having infinite 

lengths. Such assumptions do not allow the understanding of the effect of charges present at the 

inlet and exit of the microchannel. Moreover, the assumption of an infinite microchannel enables 

the assumption of only a radial change in ion concentration, using the one-dimensional Poisson-
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Boltzmann equation, and ignores the variation of ion concentration in the axial direction, which 

can be studied using the extended Nernst-Planck equations. Both the first and second chapters 

ensure an accurate analysis of flow in microchannels with suitable boundary conditions and 

assumptions. This is done to study the flow reversal in shear driven streaming potentials (first 

chapter) and the induced magnetic fields in electroosmotic flows and shear-driven flows (second 

chapter). The first chapter focuses on Flow Reversal in a Shear Driven Charged Slit Microchannel. 

As previously mentioned, streaming potential occurs when there is a pressure gradient in the 

electrolyte between the inlet and exit of the microchannel, leading to a flow of the electrolyte 

against the stationary charged surface [12,23]. This chapter studies the concept of a shear driven 

slit, where both the electrolyte and charged surface are moving, mimicking the motion between an 

oil-water interface. Over the years, many researchers have studied the effect of streaming potential 

in single-layer flows and multi-layer flows, but the analysis never fully enveloped a 3D model for 

multi-layer flow in an oil-water microchannel system [25,26,37,38].  

The formation of an electric double layer in a fluid-liquid interface is similar to that of a solid-

liquid interface. In a fluid-liquid interface, the electric double layer is formed on the water interface 

because of the ions present in the water [39,40]. However, the difference between a fluid-liquid 

interface and a solid-liquid interface is the mobility of the fluid-liquid system, representing a 

moving charged surface [41]. In a solid-liquid interface, the solid is immobile, representing a 

stationary charged surface. In addition to studying the fluid-liquid interface with a shear driven 

multi-layer flow, this chapter focuses on 3D modeling a slit microchannel with a finite length and 

includes a transient analysis. Pertinent assumptions in the literature include the analysis of steady-

state flows in microchannels with infinite lengths [7]. Such assumptions are used to simplify the 

more complex interactions of an oil-water system, and so fail to accurately model the exact flow 
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in the multi-layer systems that have known inlet and exit conditions and transient flows. The 

second chapter of this thesis proposes a numerical model to evaluate the transient effects of internal 

and external magnetic field strengths for both the electroosmotic flows and shear driven streaming 

potential flows in charged nanochannels. Literature has previously proposed numerical models to 

evaluate the internal and external magnetic fields in pressure-driven streaming potential flows, but 

with little or no information about the transient effects of current distributions and their effect on 

the generated magnetic fields [24]. Another main objective of the second chapter is to evaluate the 

transient effects of ionic currents and the magnetic field generated both inside and outside the 

microchannel and verify the obtained results by comparing them with known analytical solutions.  

1.6 Thesis objectives 

The thesis objectives can be divided into two parts. The first part deals with analyzing the flow 

field of multilayered streaming potential flows while the second part is concerned with the ionic 

current and magnetic field generated due to electrokinetic flows.   

The specific goals of the first section are to: 

a) Understand the shear driven streaming potential flow in multilayer flows, i.e. oil-water 

interface;  

b) Model the flow reversal phenomena that takes place in shear driven streaming potential 

flows, while incorporating inlet and exit boundary conditions and transient fluid flows in 

the system. 

The specific goals of the second section are to: 
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a) Construct a model for transient electrokinetics for electroosmotic flows in a charged 

nanocapillary channel using a described system of equations explained more in-depth 

within the chapter; 

b) Construct a model for the transient electrokinetic effects inside a charged nanoslit channel 

for a shear driven streaming potential flow inside a slit microchannel using the same system 

of equations;   

c) Evaluate the transient effects of ionic currents and the magnetic field generated both inside 

and outside the microchannel and compare these results with known analytical solutions 

for verification purposes. 

1.7 Overview of the thesis 

The thesis is divided into two chapters in a paper-based format. The general idea of this thesis is 

to model different types of electrokinetic flows for different geometries of microchannels. In 

Chapter 2, a time-dependent numerical model governed by the Navier-Stokes and Poisson-Nernst-

Planck equations was developed for a shear-driven slit microchannel. The model addresses the 

transient behavior of multilayer flows, i.e. oil-water in a finite length slit microchannel. The model 

also predicts the flow reversal phenomenon that occurs in streaming potential flows. In Chapter 3, 

the model was then extended to include the transient effects of the magnetic field and net ionic 

current induced due to electrokinetic flows. An electrical analogy was made to analyze the 

magnetic field distribution both inside and outside of the microchannel. Finally, in Chapter 4, a 

summary of the work done as well as directions for future work are presented.  
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2.1 Introduction 

The popularity of lab-on-chip devices has been advancing in recent years as they are becoming of 

importance to biomedical applications such as clinical testing, DNA analysis [42–44] and 

electrophoretic separation [45]. Understanding the flow behavior in microchannels of the lab-on-

chip devices is fundamental to the development of accurate and reliable measuring instruments. 

Precise control of the mass and momentum transport in microfluidic devices has allowed for faster 

analysis and processing times. These improvements enabled lab-on-chip devices to profoundly 

transform chemical analysis, separation and detection techniques in various applications. 

Common techniques for sample separation and detection are stream potential flows and 

electrophoresis. The capacity of electrophoresis in clinical analysis was studied by Shang et al., 

where they concluded that it was one of the leading developments in separation science [46]. The 

injection and separation of biosamples, such as proteins and DNA, is an example of a separation 

technique utilized in lab-on-chip devices, where electrokinetics play an important role. 

Stream potential flow is an electrokinetic phenomenon that arises due to the relative motion of the 

fluid with respect to a charged wall in a microfluidic channel. Net charges near the wall are carried 

by the fluid giving rise to a convective current in the downstream direction called streaming 

current. These charges accumulate downstream setting up an electrical potential, which causes an 

electrostatic force to act on the charges in the fluid and impact the flow dynamics and regime. This 

trans-capillary potential, created by the imbalance of charges near the entrance and exit, generates 

a conduction current in the direction opposite to the streaming current that travels through any 

electrical path available. At a steady state, the conduction current cancels out the convective ionic 

flux; the transcapillary potential generated at the ends of the channel is called streaming potential.    
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The streaming potential phenomenon has been observed several decades ago where the fluid flow 

coupling with electrical potential is often referred to as electrokinetic coupling [47]. Over the years, 

many researchers have studied the streaming potential for single-phase flows in microchannels. 

Titov et al. investigated the streaming potential and polarization effects that take place in porous 

media and oil pumping [37,38]. Sheffer et al. worked on three-dimensional modeling of streaming 

potential for single-phase flows [25]. As for multiphase flows, Sherwood et al. looked at the 

streaming potential developed by a bubble passing through a capillary [26]. However, no light was 

shed on the impact that streaming potential has on the flow distribution. 

Electroosmotic and electrophoretic transport for a single-phase flow has been extensively 

investigated both theoretically [48][12] and experimentally [49–51]. However, numerous 

microfluidic devices rely on electroosmotic and electrophoretic transport of multiphase flows 

despite their more complex nature. Ding et al. investigated the use of multiphase flows in 

nanofluidic channels for electrokinetic energy conversion [52]. Ding et al. proposed using the 

streaming potential induced by two immiscible fluids to harvest energy, and suggested a theoretical 

model to measure the performance of their device. However, the model primarily focused on 

calculating the efficiency of energy extraction and did not explore other aspects associated with 

the multiphase flow within the device, such as the development of the streaming potential and the 

electrokinetic flow profile. To the extent of our knowledge, no model addressing these issues has 

been found in the literature.  

In order to understand the effect of streaming potential on multiphase flows, one must first look at 

the reason behind the existence of electrokinetics in two-phase flows. It is renowned that the 

electrostatic charges on a solid-liquid interface are the reason behind the formation of an electric 

double layer (EDL) [53]. Similarly, the liquid-fluid interface can also be electrically charged due 
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to the presence of the dissolved ions or colloidal particles [39,40]. For an oil-water interface, the 

EDL is formed on the water side of the interface since only the water has ions. However, the only 

major difference between solid surfaces and liquid fluid interfaces is the fact that fluid-liquid 

interfaces are mobile and thus act similar to a moving charged surface. For example, if a DC 

electric field is applied to the oil-water system, an electrophoretic force will be exerted on the 

mobile interface dragging the charges and causing the entire interface to move. This mobile charge 

interface phenomenon has been studied by Wang et al. recently for the case of an oil bubble in 

water [41]. However, no model was proposed to explain the effect of streaming potential on the 

multiphase flow of the oil bubble in water. The following paper will propose a model for 

multiphase flows in a slit microchannel. The proposed system consists of an aqueous solution 

between a moving plate and a stationary wall, where the moving plate represents the charged oil-

water interface. The model will be mainly used to study the development of streaming potential 

and the electrokinetic impact of the moving interface has on the velocity profile. 

2.2 Problem statement  

2.2.1 Geometry 

A simplified geometry of the microchannel was used to analyze the flow behavior analytically, 

where the upper charged wall (i.e. the oil-water interface) represents a moving wall with a velocity 

of U, as shown in Figure 2.1 (a). Figure 2.1 (b) shows a more realistic geometry that was 

implemented in our numerical model. The geometry consists of two reservoirs, where the bulk 

conditions of the aqueous solution dominate, connected by a slit microchannel of length L and 

height H. The slit microchannel has an aqueous electrolyte solution flowing within it, sandwiched 

between a stationary electroneutral plane and a moving charged wall. The microchannel moving 
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wall is treated as a dielectric material having a surface charge that corresponds to a surface 

potential; this is explained using the following relation: −0.19 𝑛𝐶/𝑐𝑚2  equals to −25 mV in the 

one-dimensional semi-infinite case of a solid–fluid interface [7]. This geometry depicts all the key 

features in a typical microfluidic device, including the entrance and exit effects, and avoids the 

need to implement artificial boundary conditions at the inlet and outlet of the device. These 

artificial boundary conditions stem from the assumption of an infinitely long microchannel which 

was adopted in the simplified geometry for analytical derivation. To the extent of our knowledge, 

this geometry has been originally adopted by Daiguji et al. [54,55] for steady-state problems and 

later adapted to transient problems by Mansouri et al. [24,56]. 

 
Figure 2.1 (a) Schematic of the proposed model showing the oil-water interface as a moving 

charged wall creating a charge buildup near the channel ends (b) Schematic for the numerical 

model where 𝐿 = 50𝜅𝐻 𝑎𝑛𝑑 𝐻 = 10𝜅𝐻. 
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2.2.2 Governing equations 

The electrokinetic flow in a shear driven slit microchannel is governed by three different types of 

physical models: a hydrodynamic Couette flow, electrical potential distribution and conservation 

of ions principle [57]. These three different types of models are coupled together allowing the 

development of an electrokinetic flow that induces a streaming potential and possibly a flow 

reversal phenomenon. 

The hydrodynamic Couette flow was modeled using the Navier–Stokes momentum equations, 

where an electrical body force is added, as shown in Eq. (2.1) [12]: 

𝜌 (
𝜕𝐮

𝜕𝑡
+ 𝑢. ∇𝐮) = −∇𝑝 + 𝜇 ∇2𝐮 − 𝜌𝑓∇𝜓 (2.1) 

Where ρ is the fluid density, 𝐮 is the velocity vector, μ is the viscosity, 𝜌𝑓 is the charge per unit 

volume (free charge density) and 𝜓 is the electrical potential. It is common to ignore the convective 

term 𝑢. ∇𝐮 for creeping flows, which is typically the case in most microfluidic channels [58]. 

The electrical potential distribution was modeled using the Poisson equation highlighted in Eq. 

(2.2): 

∇2𝜓 =
−𝜌𝑓

ε
 (2.2) 

Where ε is the dielectric permittivity of the liquid. The free charge density is related to the 

concentration of the electrolytic solution through Eq. (2.3): 

𝜌𝑓 = ∑𝑧𝑖𝑒𝑛𝑖 (2.3) 

Where 𝑧 is the valence, 𝑒 is the elementary charge and 𝑛𝑖 is the ionic number concentration of the 

𝑖𝑡ℎ ion in the solution. 
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The permittivity and all other fluid properties are assumed to be constant and uniform across the 

domain. This is a valid assumption for a very dilute homogenous aqueous solution which is 

typically the case in most microfluidic devices. 

The ion conservation can be implemented using the flux conservation equation, Eq. (2.4): 

∇. 𝑱𝒊 = 0 (2.4) 

Where 𝑱𝒊 is the total flux for each ionic species. Ion transport, in the electrolyte solution under the 

effect of an electric field, is described by the Nernst–Planck equation. The total flux of ions in the 

solution can be represented as the vector sum of convective, diffusive and migration fluxes 

highlighted by Eq. (2.5): 

𝑱𝒊 = 𝑛𝑖𝒖 − 𝐷𝑖∇𝑛𝑖 −
𝑧𝑖𝑒𝑛𝑖𝐷𝑖

𝑘𝐵𝑇
∇Φ (2.5) 

Where 𝐷𝑖 is the diffusion coefficient of the 𝑖𝑡ℎ species, 𝑘𝐵 is the Boltzmann constant and 𝑇 is the 

absolute temperature. 

A list of values for the parameters used in both the analytical and numerical solutions is presented 

in Table 2.1. 

Table 2.1 Parameter values used in the present work 

Parameter Symbol Unit Value 

Solvent permittivity 𝜖 𝐶2/𝑁𝑚2 78.54 × 8.854 × 10−12 

Moving wall potential 𝜉 𝑚𝑉 −25 𝑡𝑜 − 250 

Dimensionless channel gap 𝜅𝐻 - 10 𝑡𝑜 100 

Ion valence 𝑧𝑖 - 1 

Ion diffusivity 
𝐷 𝑚2/𝑠 1 × 10−9 

Temperature 𝑇 𝐾 298 

Fluid viscosity 𝜇 𝑁. 𝑠/𝑚2 0.001 

Magnitude of the electron charge 𝑒 𝐶 1.602 × 10−19 

Boltzmann constant 𝐾𝐵 𝐽/𝐾 1.381 × 10−23 

Moving wall velocity U 𝑚𝑠−1 0.001 
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In order to optimize the size of the computational domain and to generalize our numerical solution, 

all the governing equations presented were non-dimensionalized using the Debye length for 

symmetric binary electrolytes. 

The definition of the Debye length for a symmetric electrolyte is:  

𝑘−1 =  (
𝜖𝐾𝐵𝑇

2𝑒2𝑧2𝑛∞
)

1/2

 (2.6) 

Where the scaling factors are presented in Table 2.2. 

Table 2.2 Scaled parameters of the governing equations along with the scaling equations [59] 

Parameter Non-Dimensional form  Relation Equation 

Axial coordinate 𝑥 𝜅𝑥 

Vertical coordinate 𝑦 𝜅𝑦 

Time 𝜏 𝜅𝐷2𝑡 

Gradient ∇ κ−1∇ 

Pressure  𝑝 
𝑧2𝑒2

𝜖 𝜅2𝐾𝑏
2𝑇2

𝑝 

Velocity 𝐮 
1

𝐷𝜅
𝒖 

Fluid viscosity 𝜇  
𝑧2𝑒2𝐷

𝜖 𝐾𝑏
2𝑇2

𝜇  

Fluid density �̅� 
𝑧2𝑒2𝐷2

𝜖 𝐾𝑏
2𝑇2

𝜌 

Ion concentration 𝑛𝑝, 𝑛𝑛 
𝑛𝑝

𝑛∞ 

,
𝑛𝑛

𝑛∞

 

Free charge density 𝜌𝑓̅̅ ̅ 
1

𝑧𝑒𝑛∞

𝜌𝑓 

Electric potential 𝜓
𝑑

 
𝑧𝑒

𝐾𝑏𝑇
𝜓 

 

The non-dimensionalized parameters were substituted into the momentum equation (Eq. (2.1)) 

and, with ignoring the convective term, the resulting non-dimensional form is:  
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�̅�  
𝜕𝐮

𝜕𝜏
= −∇ 𝑝 + 𝜇 ∇

 2
𝐮 − 0.5 (𝑛𝑝 − 𝑛𝑝) ∇ 𝜓

𝑑
 (2.7) 

Where 𝑛𝑝  and  𝑛𝑛 are the scaled concentrations of the co-ions and counter-ions, 

respectively for a symmetric binary electrolyte solution. Moreover, the non-

dimensional form of the Poisson equation is: 

 

∇
2

 𝜓
𝑑

= −0.5 (𝑛𝑝 − 𝑛𝑝)  (2.8) 

And finally, the non-dimensional Nernst–Plank equations for the positive and negative 

ions are presented by Eq. (2.9) and Eq. (2.10), respectively: 
 

 
𝜕𝑛𝑝

𝜕𝜏
= −∇ . ( 𝑛𝑝 𝐮 − ∇ 𝑛𝑝 −  𝑛𝑝 ∇ 𝜓

𝑑
) (2.9) 

𝜕𝑛𝑛

𝜕𝜏
= −∇ . ( 𝑛𝑛 𝐮 − ∇ 𝑛𝑛 +  𝑛𝑛 ∇ 𝜓

𝑑
) (2.10) 

Two important points must be noted in our simulations. First is the presence of time-dependent 

terms in all the governing transport equations, which highlights the coupled transient dependence 

of the physical models involved. Second, our simulations initially start from a quiescent point at 

zero flow conditions and then the transient behavior of the system is traced until it has reached a 

steady-state flow.  

2.2.3 Boundary and initial conditions 

All the boundary conditions employed for each of the governing equations are depicted in Figure 

2.2. Figure 2.2 (a) shows the boundary conditions for the Navier-Stokes equations where the flow 

setting is based on a flow from left to right. The inlet boundary condition (A-B) and the outlet 

boundary condition (G-I) were set to the same pressure to ensure that there is no pressure difference 

between them that can create any auxiliary flows. The flow is thus primarily caused by the slip 
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velocity boundary condition applied to the upper wall of the slit microchannel (D-E). The reservoir 

boundaries (B-C, F-G, A-N, and J-I) were assigned slip boundary condition to mimic the behavior 

of a semi-infinite reservoir. For all other boundaries, a no-slip boundary condition was employed 

to emulate the behavior of a stationary wall. With respect to the Poisson equation, as shown in 

Figure 2.2 (b), a scaled surface potential was applied to the upper microchannel wall (D-E). This 

is equivalent to having a constant charge density boundary condition applied for the upper wall in 

a semi-infinite solid-fluid interface. A reference potential of zero was set at the flow inlet (A-B) 

as this boundary represents the “bulk” conditions far from the inlet and exit of the microchannel. 

Zero potential gradient was applied for all other boundaries to mimic a far-field condition with no 

variation in the field. Finally, for the Nernst–Plank equations in Figure 2.2 (c), the inlet and outlet 

boundaries were assigned an electrically neutral electrolytic solute with a scaled ion concentration 

of 1 representing the bulk ion concentration. All other boundaries were impermeable for the ions 

and therefore were assigned a zero normal flux condition.  

The steady-state solution of the Poisson and Nernst–Plank equations along with the no-flow 

quiescent state were used as the initial conditions for the transient flow simulation. This allowed 

us to investigate the role of ion movement and the streaming potential in forming a new equilibrium 

state under a steady flow condition. All our numerical results were simulated using a value of 𝜅𝐻 =

10. This translates to the height of the channel being ten times bigger than the Debye length 

calculated using the values in Table 2.1Table 3.2. The scaled length of the microchannel, 𝜅𝐿, was 

set to 50 while the scaled lengths of the inlet and outlet reservoirs (A-N and J-I) were assigned a 

value of 25. This yielded a total length of 100 for the entire microchannel and reservoirs’ length 

(A-I) and a length to height ratio of around 5 for the microchannel. It is evident that with these 

dimensions the electrokinetic transport phenomena can be accurately represented [7].  
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Figure 2.2. Boundary conditions for (a) momentum equation (b) Poisson equation and (c) 

Nernst–Plank equations. 

2.3 Numerical methodology and validation 

In this section, a detailed steady-state analytical model is presented. The analytical model is used 

to predict the evolution of streaming potential and development of an electrokinetic velocity profile 
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as opposed to that of a typical shear driven flow problem due to EDL effects. The analytical model 

predicts the flow reversal phenomenon observed for high surface potentials which will be 

discussed thoroughly in this section. The analytical results were validated using a transient 

numerical model that is also capable of determining the reformed velocity profile and the induced 

streaming potential. The results obtained for both models were compared to one another and all of 

the simplifying assumptions used in the analytical model were tested against the numerical model. 

The governing non-linear partial differential equations were solved using a commercial fully 

coupled finite element solver incorporated in COMSOL Multiphysics (V 5.3) [60]. The solution 

methodology involves a segregated solution method in which both the steady-state solutions for 

the Poisson and Nernst–Plank equations are obtained for the no-flow case in order to get the 

quiescent electric potential and ion distributions. After which these distributions were inputted as 

the initial values for the fluid flow equations in order to solve for the velocity domain. From that 

initial point until the steady-state condition is reached, all the four governing equations, i.e. Eqs. 

(7-10), were solved together in a coupled manner in order to capture the axial ion displacement 

within the channel which would ultimately lead to the development of the induced streaming 

potential. In our transient simulations, the steady-state condition is thought to be achieved when 

the potential difference between the two reservoirs for two consecutive time steps became almost 

the same to within a preset tolerance. 

All the results presented in this section are mesh independent. The mesh was systematically refined 

until the solution became mesh independent at around 10,000 elements. All the simulations were 

conducted using at least 20,000 elements on a personal computer with a 4 core 3.4GHz processor 

and 32 GB RAM, highlighting the efficiency of the chosen computational domain. The meshing 

was performed using quadratic triangular elements with a finer mesh implemented as we approach 



27 

 

the upper wall; this is the region where the largest gradient in the electrical potential and the 

velocity is expected and thus the results depend highly on the number of elements near the upper 

wall. A second order discretization scheme was used for the velocity, electric potential and ion 

concentration while a first order scheme was used for the pressure. The minimum element quality 

used in this mesh was 0.4173. A constant newton method was used for linearization while a 

backward differentiation formula was used for time stepping. 

2.4 Results and discussion 

2.4.1 Analytical model for high surface potentials 

In this section analytical results are presented. The analytical results were obtained for the transport 

of a symmetric electrolyte in a straight slit microchannel of infinite length with a surface potential 

on the upper wall of the channel, shown in Figure 2.1 (a). The analytical model was simplified to 

neglect any entrance/exit effects and axial concentration gradients. Here we summarize the key 

steps of the pertinent derivation. 

The electric potential (Φ) at a location (x, y) is considered to be the sum of the potential due to 

surface charge of the microchannel wall, or simply due to the electrical double layer near the 

charged surface (𝜓(𝑦)) and the potential developed by the streaming effects (𝜑(𝑥)). 

Φ(𝑥, 𝑦) ≡ 𝜓(𝑦) + 𝜑(𝑥) (2.11) 

𝜑(𝑥) =  ∅0 − 𝑥𝐸𝑥 (2.12) 

The above superposition is valid if the variation of the electric potential in the axial direction is 

much smaller than the variation in the transverse direction. This can be a reasonable assumption 
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for a microchannel with a large aspect ratio (𝐿 ≫ 𝐻), where L and H are the channel length and 

height respectively.  

The motion of the ionic species in the solution is governed by the Nernst-Plank equation which at 

steady state is given by: 

∇. [𝑛𝑖𝒖 − 𝐷𝑖∇𝑛𝑖 −
𝑧𝑖𝑒𝑛𝑖𝐷𝑖

𝑘𝐵𝑇
∇Φ] = 0 (2.13) 

Applying Eq. (2.13) in the y-direction, where 𝑢𝑦 = 0, results in the Boltzmann distribution for the 

ionic species, 𝑛𝑖 = 𝑛𝑖∞
𝑒𝑥𝑝(− 𝑧𝑖𝑒 𝐾𝐵𝑇⁄ 𝜓(𝑦)) with 𝑛∞ being the bulk ionic concentration.  

𝜌𝑓 = 𝑒(𝑧+𝑛+ + 𝑧−𝑛−) (2.14) 

𝜌𝑓 = 𝑒𝑧𝑛∞(−2 sinh(𝑧𝑖𝑒𝜓 𝐾𝐵𝑇)⁄  (2.15) 

Introducing the expression for the electric potential and ionic distribution given into Poisson’s 

equation gives the nonlinear Poisson-Boltzmann equation as: 

𝑑2𝜓(𝑦)

𝑑𝑦2
=

2𝑧𝑒𝑛∞

𝜖
𝑠𝑖𝑛ℎ (

𝑧𝑒

𝐾𝐵𝑇
𝜓(𝑦)) (2.16) 

The boundary conditions for Eq. (2.16) are 𝜓 = 𝜉 at   𝑦 = 𝐻 and 𝜓 = 0 and 𝑑𝜓 𝑑𝑦⁄ = 0 at 𝑦 = 0. 

The solution to this equation is: 

Ψ(𝑦) = 4 𝑎𝑟𝑐𝑡𝑎𝑛ℎ(tanh (Ψ𝑠 4⁄ )𝑒𝑥𝑝(−𝜅(𝐻 − 𝑦))) (2.17) 

Where 𝜅 is the inverse double layer thickness, 𝜅 = (2𝑧2𝑒2𝑛∞ 𝜖𝐾𝐵𝑇⁄ )1 2⁄ , Ψ(𝑦) and Ψ𝑠 are 

dimensionless potentials defined as Ψ(𝑦) = 𝑧𝑒 𝐾𝐵𝑇⁄ 𝜓(𝑦) and Ψ𝑠 = 𝑧𝑒 𝐾𝐵𝑇⁄ 𝜉. 
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2.4.1.1 Flow velocity 

In order to predict the velocity profile within the slot microchannel, additional physics had to be 

employed along with the Poisson-Boltzmann and Nernst-plank equations to capture the fluid flow. 

The flow field is governed by the modified Navier-Stokes equation including the electrical body 

force as: 

0 = 𝜇
𝑑2𝑢𝑥

𝑑𝑦2
+ 𝜌𝑓𝐸𝑥 (2.18) 

Where 𝜇 is the viscosity of the electrolyte solution, 𝑢𝑥 is the axial velocity, 𝜌𝑓 is the free charge 

density within the liquid and 𝐸𝑥 = −𝜕Φ 𝜕𝑥⁄  is the induced electric field in x-direction. Navier-

Stokes equations were implemented assuming no turbulence effects and negligible inertial effects 

similar to that of Stokes flow.  

Making use of Poisson’s equation (𝜖∇2Φ = −𝜌𝑓) along with   

𝑢𝑥(𝑦) =
1

𝜇
[ε𝐸𝑥Ψ(𝑦) + 𝐶1𝑦 + 𝐶2] (2.19) 

Solving Eq. (2.19) with boundary conditions where at 𝑦 = 𝐻 , 𝑢𝑥 = 𝑈 and  𝑦 = 0 , 𝑢𝑥 = 0 results: 

𝑢(𝑦) = 𝑈 (
𝑦

𝐻
) +

𝜖𝐸𝑥

𝜇
[Ψ(𝑦) − 𝜉 (

𝑦

𝐻
)]  (2.20) 

Eq. (2.20) shows that the velocity profile consists of two main components, one is of the linear 

shear driven flow while the other is due to the electroosmotic backflow. In order to obtain a final 

expression for the electric potential and flow distributions, it is required to evaluate the induced 

electric field,𝐸𝑥. The expression for the electric field 𝐸𝑥 can be obtained by studying the total 

electric current within the liquid.  
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2.4.1.2 Streaming potential 

The total current flow per unit width of the channel can be expressed as 𝐼 = ∫ 𝑖𝑥𝑑𝑦
𝐻

0
, where the 

current density in the x-direction is given by: 

𝑖𝑥 = 𝑒𝑢∑𝑧𝑖𝑛𝑖 − 𝑒∑𝐷𝑖𝑧𝑖

𝑑𝑛𝑖

𝑑𝑥
+

𝑒2

𝐾𝐵𝑇
𝐸𝑥∑𝑧𝑖

2𝐷𝑖𝑛𝑖  (2.21) 

In the present analysis, it is assumed that there is no ion concentration gradient in the axial 

direction(∂ni ∂x⁄ = 0); hence, Eq. (2.21) can be written as 𝐼 = 𝐼𝑠 + 𝐼𝑐. The first term in the 

expression of the total current, 𝐼𝑠 = ∫ 𝑢∑𝑧𝑖𝑒
𝐻

0
𝑛𝑖𝑑𝑦, referred to as the streaming current, is due to 

convective transport of the excess ions in the mobile double layer region (diffuse layer) near the 

charged interface, where the electroneutrality term ∑𝑧𝑖𝑛𝑖 is not zero. The second term,𝐼𝐶 =

𝑒2

𝐾𝐵𝑇
𝐸𝑥 ∫ ∑𝑧𝑖

2𝐷𝑖𝑛𝑖
𝐻

0
𝑑𝑦, is referred to as conduction current and is due to electric conduction 

through the liquid along the channel.  

Assuming the same diffusion coefficient (𝐷+ = 𝐷− = 𝐷) and bulk concentration (𝑛+∞ = 𝑛−∞ =

𝑛∞) for the positive and negative ions, the conduction current can be written as: 

𝐼𝐶 = 2
𝑧2𝑒2𝐷

𝐾𝐵𝑇
𝑛∞𝐸𝑥 ∫ cosh (

𝑧𝑒

𝐾𝐵𝑇
𝜓(𝑦))

𝐻

0

𝑑𝑦  (2.22) 

Considering the electric conductivity 𝜎∞ as: 

𝜎∞ = 2
𝑧2𝑒2𝐷

𝐾𝐵𝑇
𝑛∞ (2.23) 

We find that substituting Eq. (2.17) into Eq. (2.22) leads to: 
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𝐼𝐶 = 𝜎∞𝐸𝑥𝐻 ∫ cosh (4 𝑎𝑟𝑐𝑡𝑎𝑛ℎ(tanh (Ψ𝑠 4⁄ )𝑒𝑥𝑝(−𝜅𝑦)))
𝐻

0

𝑑𝑦 (2.24) 

Which can be further simplified into: 

𝐼𝐶 = 𝜎∞𝐸𝑥𝐻 𝐹𝑐𝑠   (2.25) 

In the above expression, 𝐹𝑐𝑠 is a parameter that shows the non-electroneutrality of the solution 

(∑𝑧𝑖
2𝑛𝑖 ≠ 0) due to the formation of the electrical double layer near the charged wall. For a more 

thorough understanding of the 𝐹𝑐𝑠 parameter, the electrolyte solution’s conductivity changed due 

to the formation of an electric double layer where the new conductivity is defined by 

𝜎𝐹𝑙𝑢𝑖𝑑𝑤𝑖𝑡ℎ𝐸𝐷𝐿 = 𝜎∞𝐹𝑐𝑠.   

Figure 2.3 shows the variation of the Fcs parameter with surface potential for different 𝜅𝐻. Figure 

2.3 shows that increasing the surface potential leads to an increase in Fcs′𝑠 value. This is because 

of the higher polarization effect created by increasing the surface potential of the wall. This surface 

potential causes more ions to build up in the electric double layer leading to more deviation from 

the electro-neutral state within the fluid layer. Moreover, Figure 2.3 also highlights the effect of 

𝜅𝐻, 𝑡ℎ𝑒 𝐷𝑒𝑏𝑦𝑒 𝑙𝑒𝑛𝑔𝑡ℎ, on the Fcs value, where Fcs decreases and approaches unity as 𝜅𝐻 

increases. Increasing 𝜅𝐻 translates into a thin EDL which based on the relation, 𝜎𝐹𝑙𝑢𝑖𝑑𝑤𝑖𝑡ℎ𝐸𝐷𝐿 =

𝜎∞ 𝐹𝑐𝑠 , means that the bulk conductivity is more dominant over the EDL conductivity. This leads 

to the expectation that the conductivity of the electrolyte solution tends to be the same as that of 

an electrolyte solution with no EDL (with an electroneutral wall).  
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Figure 2.3 Variation of the 𝐹𝑐𝑠 with surface potential for different κH. 

 

The streaming current can be represented as 

𝐼𝑆 = ∫ 𝑢 (−𝜖
𝑑2𝜓(𝑦)

𝑑𝑦2
)

𝐻

0

𝑑𝑦 (2.26) 

For the case of streaming potential flow, the streaming and conduction current cancel out each 

other at steady-state resulting in a no net electric current through the liquid. 

Setting total current to zero, 𝐼 = 𝐼𝐶 + 𝐼𝑆 = 0, and solving for Ex give the strength of the induced 

electric field as: 

𝐸𝑥 = −𝜇𝑈Ω (2.27) 

Where 

Ω =
𝐶1𝜅𝐻 + 𝜉

𝜇𝐷(𝜅𝐻)2𝐹𝑐𝑠 + 𝐶2𝜅𝐻𝜖 − 𝜖𝜉2
 (2.28) 

and the constants 𝐶1 and 𝐶2 are 
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𝐶1 = −2 (
𝐾𝐵𝑇

𝑧𝑒
) 𝑠𝑖𝑛ℎ (Ψ𝑠 2⁄  ) (2.29) 

𝐶2 = 8 (
𝐾𝐵𝑇

𝑧𝑒
)

2

𝑠𝑖𝑛ℎ2 (Ψ𝑠 4⁄  ) (2.30) 

Finally, substituting the above expression for Ex in Eq. (2.20) gives the scaled local velocity field 

within the channel: 

𝑢∗(𝑦) =  
𝑢(𝑦)

𝑈
= (

𝑦

𝐻
) − 𝜖 𝛺 (𝜓 − 𝜉 (

𝑦

𝐻
)) (2.31) 

Eqs. (2.27—2.31) provide the conditions for the streaming potential flow. For a known applied 

moving wall velocity, Eq. (27) provides the axial electric field engendered by the shear-driven 

flow. From this field, knowing the length of the microchannel, one can determine the potential 

difference set up across the microchannel, which is the streaming potential.  

Figure 2.4 depicts the effect of changing the non-dimensional surface potential and varying the 

Debye length on the induced electric field. The graph shows that for lower values of 𝜅𝐻, which 

translates into a more diluted solution (higher electric double layer thickness), the induced electric 

field (streaming potential) increases. This could be simply explained by the fact that for a diluted 

solution the ionic concentration, 𝑛∞, is lower. Since the conduction current is directly proportional 

to the ionic concentration, and the total current in our system must be zero at the steady-state 

condition   𝐼 = 𝐼𝐶 + 𝐼𝑆 = 0, a higher 𝐸𝑥 is expected in order for the conduction current to cancel 

out the streaming current at the steady-state condition. Moreover, increasing surface potential 

causes 𝐸𝑥 to increase as well. Increasing the surface potential causes an increase in the ionic 

concentration of the electric double layer as shown in Figure 2.5.  
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Figure 2.4  The effect of varying the non-dimensional surface potential and κH on the 

corresponding induced electric field. 

 

The increase in ions in the electric double layer leads to more ions moving due to the shear driven 

flow. This, in turn, causes a larger buildup of ions near the ends of the channel resulting in a higher 

electric field. It is worth noting that in Figure 2.4 as we increase the surface potential to any value 

greater than 10, Ψs > 10, the electric field starts to become uniform and stable along the channel. 

For a detailed explanation of this phenomenon, the ion concentration distribution and the electric 

double layer potential distribution for different surface potentials are presented in Figure 2.5 (a) 

and Figure 2.5 (b), respectively. Figure 2.5 (a) shows that as the surface potential, Ψs, increases, 

its effect on the electric potential distribution becomes less and less significant. This is clear as the 

shift in the electric potential distribution from Ψ𝑠 = 3 to Ψ𝑠 = 6 is much more substantial than 

that from Ψ𝑠 = 9 to Ψ𝑠 = 12. Consequently, since the ionic concentration distribution is highly 
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dependent on the electric potential distribution, Figure 2.5 (b) shows the same behavior. Similarly, 

as the surface potential, Ψs, increases, its effect on the ionic concentration distribution becomes 

less noteworthy (compare graphs for Ψs = 9 and Ψs = 12 ). Therefore, the ionic concentration in 

the EDL reaches a constant value regardless of the value of the surface potential, which translates 

into the same amount of ions buildup near the end of the channels. This behavior leads to the 

induced electric field becoming stable and more independent of the surface potential at values of 

Ψ𝑠 > 10. 

 

Figure 2.5 (a) the effect of different surface potential on the ionic concentration distribution 

along the height of the channel. (b) The effect of different surface potential on the electric 

potential along the height of the channel. 

Figure 2.6(a) and 6(b) illustrate that the change of dimensionless flow velocity profile arises from 

shear stress and electroosmotic effects, respectively. From these figures, it is observed that the 

shear driven flow is independent of 𝜅𝐻 and exhibits a linear behavior. This behavior is that of a 

typical Couette flow as this is a classical lid-driven flow problem in fluid mechanics. As for the 

electrokinetic velocity profile, for a small surface potential of Ψs = 1, the velocity profile starts to 

deviate slightly from linear behavior and becomes dependent on 𝜅𝐻 value [61]. 
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Figure 2.6 Velocity profile. (a) Shear driven velocity profile (b) Electroosmotic velocity profile. 

2.4.1.3 Electro-viscous effect 

The volumetric flow per unit width of the slit microchannel is given by: 

𝑄 =  ∫ 𝑢𝑥

𝐻

0

(𝑦) 𝑑𝑦 (2.32) 

Substituting Eq. (20) and performing the integration leads to: 

𝑄 =  
𝑈𝐻

2
+

𝜀𝐸𝑥𝜁

𝜇
[
−𝐻

2
+

4tanh( Ψ𝑠/4) (1 − 𝑒−𝑘𝐻)

𝑘𝜁
+

4tanh3(
Ψ𝑠

4 )(1 − 𝑒−3𝑘𝐻)

3𝑘𝜁
] (2.33) 

Figure 2.7 (a) highlights the electroviscous effect, as discussed by Kim et al. [62]. The graph shows 

the impact of 𝜅𝐻 on the non-dimensional volumetric flow rate. The flow rate was scaled by the 

volumetric flow rate in the simple shear driven flow case with the absence of any electrokinetic 

effect 𝑄𝑠𝑐𝑎𝑙𝑖𝑛𝑔 =
𝑈𝐻

2
. The graph shows that the induced streaming potential reduces the volumetric 

flow rate for intermediate values of 𝜅𝐻. This reduction in the volumetric flow rate gives the 

appearance of an increased viscosity for the fluid, hence the term “electroviscous effect”. The fluid 

acts as if it has a higher viscosity because of the additional force opposing the flow. Finally, Figure 
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2.7 (b) shows that increasing the surface potential increases the “electroviscous effect” reducing 

the volumetric flow rate even more at intermediate κH values. For a surface with zeta potentials 

of around 75mV (Ψ𝑠 = 3), the electroviscous effect can reduce the flow rate by more than 35 

percent. 

 

Figure 2.7 (a) A plot of normalized viscosity 
𝜇𝑎

𝜇
 versus κh for Ψ𝑆 = 1 at κH = 10 (b) A plot of 

non-dimensional flow rate versus κh for different surface potentials at κh = 10. 

2.4.1.4 Flow reversal for high surface potentials  

Flow reversal is a phenomenon that is observed when the electroosmotic backflow is larger than 

the shear driven forward flow. The electroosmotic backflow is proportional to the surface potential 

while the shear driven flow is proportional to the slip velocity of the moving plate. Figure 2.8 

shows the different velocity profiles that can be obtained by varying the surface potential for the 

same slip velocity 𝑈 = 0.001 𝑚/𝑠. It is clear that as the surface potential increases, the average 

flow velocity decreases until 𝜓𝑆 = 5. For scaled surface potentials greater than 5 (125 mV), the 

velocity profile reverses direction and we start seeing negative velocities in areas further away 

from the moving charged wall. 



38 

 

Figure 2.8 shows that increasing 𝜅𝐻 or decreasing the Debye length causes the surface potential 

to get screened quickly and therefore results in a lower peak that takes place in a lower position 

with respect to Y. Another important observation is the presence of a stationary point for situations 

where there is a reverse in the flow direction.  

 

Figure 2.8 the effect of various 𝛹𝑠  on Velocity profile at 𝜅ℎ=10. 
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Figure 2.9 (a) The velocity profile for Ψ𝑠 = 6  and different values of 𝜅𝐻. (b) The shear driven 

component of the velocity profile for Ψ𝑠 = 6 and different values of 𝜅𝐻. (c) The electroosmotic 

velocity profile for Ψ𝑠 = 6  and different values of 𝜅𝐻. 

2.4.2 Comparison of numerical and analytical results 

2.4.2.1 Electric field 

To validate the finite element formulation, we compared the predictions from the steady-state 

numerical model against existing analytical results for streaming potential flow in an infinitely 

long slit microchannel. The analytical results were obtained for the transport of a symmetric 

electrolyte in a straight slit microchannel of infinite length with a surface potential on the upper 

wall of the channel. To calculate the induced electric field over a given length of the slit 

microchannel using the numerical approach, the right-hand side of Eq. (2.34) was evaluated 

employing the same channel height, surface potential, and other conditions applied to our 

numerical simulations. This value of the streaming potential was employed to calculate the induced 

electric field 𝐸𝑥 over the length L using: 
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𝐸𝑥 =
∇𝜓

𝐿
 (2.34) 

The electric field calculated using the analytical expression, Eq (2.27), is compared with the 

electric field between the two reservoirs obtained from the numerical simulations, using Eq. (2.34). 

This comparison is done for different values of scaled surface potentials found in Figure 2.10. In 

our analysis, the streaming potential was measured near the centerline of the channel. Under these 

conditions, it can be concluded from Figure 2.10 that the numerically and analytically evaluated 

electric fields across the channel are in good agreement. The numerical prediction shows similar 

values to the analytical results for all values of surface potentials within a 15 percent margin of 

error.  

 

Figure 2.10 Comparison of the numerical and analytical calculations of the streaming potential 

for different surface potentials. 

2.4.2.2 Velocity profile 

The velocity profile obtained from the numerical simulations was also compared to that of the 
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analytical expression in Eq. (2.31). Figure 2.11 (a) shows that velocity deviates slightly from the 

initial behavior as time progresses. The velocity decreases as ions start to move across the channel 

inducing an electric field opposite to the flow. This induced electric field creates an electroosmotic 

backflow that opposes the shear driven flow causing a flow retardation effect. This behavior agrees 

with the analytical velocity profile obtained in Figure 2.9. However, it can be noted that the 

numerical simulation slightly overestimates the velocity reduction effect when compared to the 

analytical result. This can be mainly attributed to the entrance/exit effect as it is clear that at the 

initial time step 𝜏 = 0, the velocity distribution is not perfectly linear. This linearity prediction 

fails because our assumption of infinitely long plates breaks down in real life microchannels 

making the numerical results more reliable than our simplified analytical model. 

 

Figure 2.11 (a) Velocity Profile for Ψ𝑆 = 1  (b) Velocity Profile for a 𝛹𝑆 = 6 showing the flow 

reversal phenomenon. 

 

Figure 2.11 (b) shows the effect of having a high surface potential (Ψ𝑆 = 6) on the velocity profile. 

Again, the numerical solution shows an agreement with the analytical results and fully captures 

the flow reversal phenomenon. Moreover, it shows the dynamics of the change in flow direction 
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and the time scale associated with this occurrence. At the initial time step 𝜏 = 0, the flow is in the 

forward direction and follows the same trend predicted by the shear driven flow. During that initial 

step, there is no electroosmotic backflow as the induced electric field across the channel is nearly 

zero and has a no-to-negligible effect on the velocity profile. At the first time step, 𝜏 = 100, the 

ions starts to move in the axial direction creating a buildup of positive ions in the right reservoir. 

This buildup creates a streaming potential that consequently induces an electric field which 

restrains the flow as the electroosmotic body force acting on the fluid is proportional to the induced 

electric field and the free charge density that occurs within the electric double layer near the wall 

as highlighted by Eq. (2.35). At the time steps  𝜏 = 200 to 300, the flow starts to stagnate as the 

electroosmotic backflow becomes almost equal to the shear driven flow in the central part of the 

channel. The electroosmotic flow starts to dominate over the shear driven flow in the following 

time steps 𝜏 = 103 to 104 and flow reversal is observed near the central part of the channel closer 

to the charged wall. It is clear that the time scale needed to capture the later features of the flow, 

such as flow reversal, is much bigger than that at the beginning (velocity reduction). This can be 

mainly attributed to the ion movement within the electric double layer. At the initial steps 𝜏 =

0 to 300, all the ion movement within the EDL is in the positive direction, creating more and more 

ion buildup at the reservoirs which induces a higher electric field, hence promoting the 

electroosmotic backflow. However, during the late time steps 𝜏 = 103 to 104, we start observing 

both ion movement in the positive and negative hydrodynamic flow directions, as the ions closer 

to the wall in the EDL move in the positive direction those near the end of the EDL move in the 

negative direction causing a slower increase in ion buildup and thus a smaller increase in the 

induced electric field. This process keeps on going until this complex ion movement balances out 
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and there becomes no longer a net ion movement in the axial direction, leading to a stable electric 

field and achieving the steady-state condition at 𝜏 = 105. 

 

The reasonable agreement between the numerical and analytical results not only serves as a 

validation of the numerical model but also provides considerable insight into the development of 

streaming potential across the slit microchannel. First, the comparison of the two solutions was 

performed based on conditions, particularly the velocities, determined at the mid-section of the 

channel. Secondly, the streaming potential in the analytical solution was based solely on the 

streaming and conduction current, whereas in the numerical calculations it was obtained 

considering all three modes of ion transport (convection, diffusion and migration). It is interesting 

to note that in the numerical simulation a considerable diffusive flux exists in the axial direction 

owing to the ion concentration differences between the two reservoirs across the channel. Plots of 

the pressure distribution and the recirculation streamlines can be found in the Appendix. 

2.4.3 Development of streaming potential: transient analysis 

2.4.3.1 Streaming potential and ion concentration 

This section will primarily focus on how the electrokinetic flow is developed beginning from an 

initial quiescent state after applying the moving wall boundary condition. As explained in Section 

2.2, the Poisson–Nernst–Planck equations are initially solved using the no-flow condition to get 

the initial stationary electric potential and ion concentration distribution. The results presented in 

this section will be for the case of constant interfacial charge density corresponding to an interfacial 

electric potential of −1. Both the streaming potential and axial ion concentration exhibit similar 

behavior for both high and low interfacial potential and therefore only the case for low surface 

𝐹𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑜𝑠𝑚𝑜𝑖𝑡𝑖𝑐 = 𝜌𝑓𝐸𝑥 (2.35) 
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interfacial is presented here. After solving for the initial distributions, the transient Navier–Stokes 

equations were solved coupled with Poisson–Nernst–Planck equations beginning from an initial 

no-flow condition. The transient analysis was performed using a diffusion-based time scale τ =

𝜅𝐷2𝑡 where 𝑡 is the dimensional time. For the parameters used in our simulation, 10 𝜇𝑠 

corresponds to around τ = 1. One could also nondimensionalize the governing using a 

hydrodynamic-based time scale τ =
𝜇

𝜌𝐻2
 where τ = 1 would correspond to around 25 𝜇𝑠. 

However, it more convenient to use this diffusion-based timescale in our simulations as it would 

enable us to capture both the evolution of electrochemical transport variables as well as the 

hydrodynamic variables. 

Figure 2.12 depicts the predictions of the numerical model spanning the initial stages of the 

evolving electrokinetic flow. Figure 2.12 (a) depicts the scaled axial variation of the electric 

potential while Figure 2.12 (b) depicts the scaled co-axial concentrations along the centerline of 

the channel where the solid lines represent the counter ions concentration while the co-ions are 

represented by the dashed lines. The red line represents the initial state for both the electrical 

potential and the ion concentration. At the initial state, the electrical potential is almost constant 

across the channel as there is no axial variation of ions. Figure 2.12 (a) shows the electrical 

potential having a constant negative value at the initial state which could be attributed to the 

negative surface potential applied at the upper wall. This surface potential wouldn’t have been 

fully screened at the center of the channel as it is still quite close to the wall (𝑦 = 5𝜅ℎ) creating 

this slight negative bump. Moreover, Figure 2.12 (b) shows that at the initial state the co-ions are 

less than bulk concentration (
𝑛

𝑛∞
= 1) while counter ions are greater than the bulk implying that 

center of the channel experience the same behavior as that in the EDL. This agrees with the 
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previous observation that surface potential hasn’t been fully screened at the surface of the channel. 

As time progresses, one could observe the development of the streaming potential across the 

channel. It can be also observed how the streaming potential at the first-time step τ = 100, the 

streaming potential reaches half of its steady value while at the second time τ = 200, the streaming 

potential increases significantly less. This decrease in the rate of development of streaming 

potential could be assigned to electrokinetic effects impacting the flow velocity leading to a 

reduction in the overall flow rate as shown in the previous section. Another factor would be the 

development of a backward conduction current limiting the ionic buildup near the ends of the 

channel which is the primary root behind the development of the streaming potential. This is 

confirmed by Figure 2.12 (b) as it shows the positive ions accumulating near the exit of the channel 

while the negative ions are more abundant towards the entry. This variation in the axial ion 

concentration is what eventually leads to the rise of streaming potential. Figure 2.12 (c) shows a 

contour plot of co-ion concentration giving us a better image of the process.  
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Figure 2.12 (a) Development of streaming potential across the channel (b) Scaled ion 

concentration across the channel where the dashed line is for the co-ion concentration while the 

solid lines are for the counter-ion concentration at the centerline (c) Contour plot of a scaled 

counter ion concentration. 

2.5 Concluding remarks 

In this paper, analytical expressions as well a numerical model were proposed to model two-phase 

flows, i.e. oil and water, in microchannels where the interfacial charge plays an important role in 

determining the overall velocity profile. The proposed model consists of an aqueous solution 
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between a moving plate and a stationary wall, where the moving plate represents the mobile 

charged oil-water interface. The results show that the interfacial charge of the moving interface 

significantly impacts the velocity profile of the flow and can reverse its overall direction. Both 

numerical and analytical models agree that flow reversal takes place when the interfacial potential 

exceeds 120 mV. 

Moreover, other features concerning the induced streaming potential were examined. Our 

analytical analysis provides a detailed understanding of the characteristics of the two-phase 

streaming potential flow. The model shows the dependence of the streaming potential on both 

Debye’s length and the interfacial charge density. It also demonstrates the reduction in the overall 

flow rate due to electroviscous effects. Finally, the numerical model shows the transient 

development of the streaming potential filling the gap that is present in the literature regarding 

two-phase microfluidic flows. 

  



48 

 

Chapter 2 

3 Investigating Magnetic Fields of Electrokinetic 

Flows in Microchannels 
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3.1 Introduction 

Microfluidic devices have become widely popular over the past decade in the area of biomedical 

and chemical analysis due to their advantageous properties [34,63–66]. Transporting liquids in 

microfluidic devices and nanofluidic devices can be mainly achieved by either a pressure gradient 

or an external electric field, i.e., pressure-driven flow or electroosmotic flow [67].  

In microfluidic devices, channel walls develop electrostatic charges on their surface when they 

come into contact with an aqueous electrolyte solution. This causes the free ions in the solution to 

attach to the charged surface forming a layer of immobile counterions, called the Stern layer, 

followed by a diffuse layer of mobile ions [12,68]. Together these two layers form what is known 

as the electric double layer whose thickness is described by the Debye-Huckel equation. In 

electroosmotic flows, the external applied electrical field creates a force on the excess counter-

ions in the diffuse layer, which leads to the flow of the bulk liquid due to viscous effects. The 

Electroosmotic flow usually has a plug-like velocity profile in microfluidic devices where the 

thickness of the electric double layer is several times smaller in magnitude than that of the 

channel’s dimensions. This velocity profile can be obtained using the Helmholtz-Smoluchowski 

theory. However, if the dimensions of the channel are in the nanoscale and are comparable to the 

thickness of the electric double layer, then the electric double layer from opposite channel walls 

may overlap and the plug-like velocity profile is no longer valid [13]. Electroosmotic flow in 

nanoscale channels has been analyzed both analytically [69] and experimentally [70] and the 

velocity profile has been determined and correlated to the migration of ions for different channel 

lengths and electrolyte solutions. These studies also relate the electric double layer thickness to 

the mechanism of ions transport. For thick electric double layers the transport is dominated by 

buffer cations while for thin electric layers it is caused by neutral/anion particles. Kuang et al 
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presented a detailed analysis of the transient effects of electroosmotic flow in a microcapillary 

[27]. Yang et al discussed the time-enhanced effects of electroosmotic flow within slit 

microchannels [28]. They derived the analytical solutions for the fully developed laminar 

electrokinetic flow of liquids subjected to an applied voltage. Rice et al. also studied the analytical 

solution for the current distribution in microcapillaries for different channels and electrical double 

layer lengths [29].  

These analytical studies of current and magnetic field distributions inside electroosmotic flow 

driven devices led to the use of solid-state charged nanopores in breakthrough applications, such 

as DNA sequencing, genetics’ research and biomedical analysis [30–34]. The ionic currents and 

magnetic fields generated from the flow of single charged biomolecules, e.g., DNA, RNA and 

proteins, through the nanopore due to the applied electric potentials can be used to generate a 

distinctive electronic signal. These signals can be used for direct label-free sequencing of 

biomolecules. However, current research trends revolve around trying to reduce the translocation 

velocity in order to allow for more accurate sensing of DNA molecules [35,36]. Mansouri et al. 

proposed a numerical model to evaluate the internal and external magnetic field strength in charged 

nanochannels for the cases of pressure-driven streaming potential flows [24,71]. They also 

investigated the use of electromagnetic sensing tools to produce secondary non-invasive electronic 

signatures of biomolecules to improve the current DNA sequencing technology. However, many 

aspects regarding streaming potential and electroosmotic flows in small nanochannels are not well-

understood, such as the transient effects of the current distributions and its relation to the generated 

magnetic fields. 

In this paper, we propose a numerical model to evaluate the transient effects of internal and 

external magnetic field strength in charged nanochannels for the cases of electroosmotic flows and 
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shear-driven streaming potential flows. We also investigate the use shear driven flows to lower the 

translocation velocity which will improve the system’s capability to differentiate between short 

length DNA and RNA molecules without sacrificing the capture rate or signal-to-noise ratios 

[72,73]. 

In order to analyze electrokinetic flows inside nanochannels, the hydrodynamics of the electrolyte 

solution along with the transport of ions by diffusion, convection and migration must be solved in 

a coupled manner [54,74–76]. The transport of ions within the nanochannels leads to current flows 

that generate magnetic fields both inside and outside the channel. In order to correctly simulate 

this model, the following partial differential equations are solved together for the electrolyte 

continuum to capture the physics of the problem: a) the Navier-Stokes equation for the fluid flow 

b) Poisson-Nernst-Planck equations for the electrical potential distribution and ion transport and 

c) Ampere-Maxwell’s law for the associated magnetic field. The main objectives and novelty of 

our work can be summarized as follows: a) construct a model for transient electrokinetics for 

electroosmotic flows in a charged nanocapillary channel using the described system of equations, 

b) construct a model for the transient electrokinetic effects inside a charged nanopore for a shear 

driven streaming potential flow inside a slit microchannel using the same system of equations and 

c) evaluate the transient effects of ionic currents and the magnetic field generated both inside and 

outside the microchannel and compare these results with known analytical solutions for 

verification purposes. 
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Figure 3.1 Schematic of the proposed model showing the oil-water interface as a moving charged 

wall creating a charge buildup near the channel ends. 

3.2 Problem statement 

Due to an applied electric field or a shearing motion, the mobile free ions in the electric double 

layer near the walls of the capillary experience a force causing them to move and generate an ionic 

current and consequently a magnetic field, as shown in Figure 3.1. Analytical expressions along 

with a numerical model for the induced current and magnetic field are presented in the subsequent 

sections.   

3.2.1 Geometry 

The geometries implemented in our numerical model are presented in Figure 3.2 and Figure 3.3. 

It consists of a microchannel of length L and height H that can be either a slit or a capillary 

connecting two reservoirs, where the bulk conditions of the aqueous solution dominate. The 
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aqueous electrolyte solution flows from one reservoir to the other due to the applied driving force. 

The walls of the microchannel are treated as a dielectric material having a surface charge that 

corresponds to a surface potential of  −0.19 𝑛𝐶/𝑐𝑚2  and a zeta potential of −25 mV in the one-

dimensional semi-infinite case of a solid-fluid interface [7]. The microchannel is surrounded by a 

domain of air used to evaluate the induced magnetic field outside the microchannel. Both 

geometries include all the necessary features in a typical microfluidic device and its surrounding 

environment, including the entrance and exit effects, and avoids the need to implement artificial 

boundary conditions at the inlet and outlet of the device. To the extent of our knowledge, this 

geometry has been originally adopted by Daiguji et al. [54,55]  and by Mansouri et al. [24,56] . 

 

Figure 3.2 Schematic of the proposed model for electroosmosis in nanocapillary channels. 
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Figure 3.3 Schematic for the numerical model for a shear-driven slit microchannel. 

3.2.2 Governing equations 

The magnetic electrokinetic problem is governed by four different equations: a hydrodynamic 

flow, an electrical potential distribution, electromagnetics and conservation of ions physics [57]. 

These four different types of equations are solved together in a coupled manner to allow the 

development of an ionic current flow that induces a magnetic field distribution inside and around 

the microchannel.  

The hydrodynamic problem can be modeled using the continuity and momentum equations, more 

specifically the Navier–Stokes equations, where an electrical body force is added, as shown in Eq. 

(3.1) [12]: 

𝜌 (
𝜕𝐮

𝜕𝑡
+ 𝑢. ∇𝐮) = −∇𝑝 + 𝜇 ∇2𝐮 − 𝜌𝑓∇𝜓 (3.1) 

Where ρ is the fluid density, 𝐮 is the velocity vector, μ is the viscosity, 𝜌𝑓 is the charge per unit 

volume (free charge density) and 𝜓 is the electrical potential. It is common to ignore the convective 
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term 𝑢. ∇𝐮 for low Reynolds number flows, which is typically the case in most microfluidic 

channels [58]. 

The electrical potential distribution was modeled using the Poisson equation highlighted in Eq. 

(3.2): 

∇2𝜓 =
−𝜌𝑓

ε
 (3.2) 

Where ε is the dielectric permittivity of the liquid. The free charge density is related to the 

concentration of the fluid through Eq. (3.3): 

𝜌𝑓 = ∑𝑧𝑖𝑒𝑛𝑖 (3.3) 

Where 𝑧 is the valence, 𝑒 is the elementary charge and 𝑛𝑖 is the ionic number concentration of 

the 𝑖𝑡ℎ ion in the solution. 

The permittivity and all other fluid properties are assumed to be constant and uniform across the 

domain. This is a valid assumption as we are typically dealing with a very dilute homogenous 

aqueous solution in most microfluidic devices. 

The ion conservation can be implemented using the flux conservation equation, Eq. (3.4): 

∇. 𝑱𝒊 = 0 (3.4) 

Where 𝑱𝒊 is the total flux for each ionic species. Ion transport, in the electrolyte solution subjected 

to induced electrical fields, is described by the Nernst–Planck equation. The total flux of ions in 

the solution can be represented as the vector sum of convective, diffusive, and migration fluxes 

highlighted by Eq. (3.5): 

𝑱𝒊 = 𝑛𝑖𝒖 − 𝐷𝑖∇𝑛𝑖 −
𝑧𝑖𝑒𝑛𝑖𝐷𝑖

𝑘𝐵𝑇
∇Φ (3.5) 
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Where 𝐷𝑖 is the diffusion coefficient of the 𝑖𝑡ℎ species, 𝑘𝐵 is the Boltzmann constant, and 𝑇 is the 

absolute temperature. 

Magnetic fields are induced when there is a flow of ions or electrons or due to the presence of a 

time-varying electric flux density. In electroosmosis and streaming potential phenomena, the ionic 

currents that flow within these nanochannels generate magnetic fields both inside and outside the 

nanochannel. The Ampere-Maxwell law, used in our simulation, relates the curl of the magnetic 

field strength, 𝐇, to the ionic current density and time-changing magnetic field as shown in Eq. 

(3.6). The magnetic flux density, 𝐁, relates to magnetic field strength by, = μ0μr 𝐇 , where μr is 

the relative permeability of air and  μ0 is the permeability of free space. 

∇ X 𝐇 = ∑ 𝑒 𝑱𝒊 + ε
𝜕𝑬

𝜕𝑡
 (3.6) 

For the shear driven flow phenomena, there are two cases that need to be considered. The first case 

is the streaming current mode where the two reservoirs are electrically connected with one another 

by a short circuit. This essentially means that the electrical potential is the same in both reservoirs 

and therefore no streaming potential can be generated. This is experimentally attainable by placing 

two electrodes in the reservoirs and connecting them by an electrical wire. This will prevent charge 

build-up in the reservoirs and consequently prevent inducing a flow-induced electric field as any 

charge imbalance will lead to chemical reactions at the electrodes. The second case is that of the 

streaming potential mode that we discussed in the first chapter of our work. In this mode, the two 

reservoirs are not electrically connected which leads to an axial variation of charge density 

generating a flow-induced electric field. This leads to a conduction current that is equal but 

opposite in magnitude to flow-induced current leading to a null net current. The total flux of ions 

in the streaming potential mode is given by 𝑱 = (𝑛𝑃 − 𝑛𝑛)𝒖 +
(𝑛𝑃−𝑛𝑛)𝐷

𝑘𝐵𝑇
∇Φ, while in the streaming 
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current mode it is given by 𝑱 = (𝑛𝑃 − 𝑛𝑛)𝒖, where 𝑛𝑃, 𝑛𝑛 are the ionic number concentration for 

positive and negative ions, respectively. 

In order to optimize the size of the computational domain and to generalize our numerical solution, 

all the governing equations presented were non-dimensionalized using the Debye length for 

symmetric binary electrolytes. 

The definition of the Debye length for a symmetric electrolyte is:  

𝑘−1 =  (
𝜖𝐾𝐵𝑇

2𝑒2𝑧2𝑛∞
)

1/2

 (3.7) 

Where the scaling factors are presented in Table 3.1. 

Table 3.1 Scaled parameters of the governing equations along with the scaling equations [47] 

Parameter Non-Dimensional form  Relation Equation 

Axial coordinate 𝑥 𝜅𝑥 

Vertical coordinate 𝑦 𝜅𝑦 

Time 𝜏 𝜅2𝐷𝑡 

Gradient ∇ κ−1∇ 

Velocity 𝐮 
1

𝐷𝜅
𝒖 

Fluid viscosity 𝜇  
𝑧2𝑒2𝐷

𝜖 𝐾𝑏
2𝑇2

𝜇  

Fluid density �̅� 
𝑧2𝑒2𝐷2

𝜖 𝐾𝑏
2𝑇2

𝜌 

Ion concentration 𝑛𝑝, 𝑛𝑛 
𝑛𝑝

𝑛∞ 

,
𝑛𝑛

𝑛∞

 

Free charge density 𝜌𝑓̅̅ ̅ 
1

𝑧𝑒𝑛∞

𝜌𝑓 

Electric potential 𝜓
𝑑

 
𝑧𝑒

𝐾𝑏𝑇
𝜓 

Electric Field 𝐸𝑥 
𝑧𝑒 𝐸𝑥

𝐾𝑏𝑇𝜅 
 

Magnetic Field Strength 𝐻 

1

𝑧𝑒𝑛∞𝐷
𝐻 

Magnetic flux Density �̅� 
𝑧𝑒 𝐷

𝐾𝑏𝑇
𝐵 

Current 𝐼 ̅
𝜅

𝑧𝑒𝑛∞𝐷
𝐼 



58 

 

Current Density 𝐽 ̅
1

𝑧𝑒𝑛∞𝐷 𝜅
𝐽 

 

The non-dimensionalized parameters were substituted into the momentum equation (Eq. (3.1)) 

and, with ignoring the convective term, the resulting non-dimensional form is:  

�̅�  
𝜕𝐮

𝜕𝜏
= −∇ 𝑝 + 𝜇 ∇

 2
𝐮 − 0.5 (𝑛𝑝 − 𝑛𝑝) ∇ 𝜓

𝑑
 (3.8) 

Where 𝑛𝑝 and  𝑛𝑛 are the scaled concentrations of the co-ions and counter-ions, 

respectively. The term comes from the assumption of the symmetric binary electrolyte 

solution, which will be explained more thoroughly in the following section. 

The non-dimensional form of the Poisson equation is: 

 

∇
2

 𝜓
𝑑

= −0.5 (𝑛𝑝 − 𝑛𝑝)  (3.9) 

The non-dimensional Nernst–Plank equations for the positive and negative ions are 

presented by Eq. (3.10) and Eq. (3.11), and the non-dimensional Ampere-Maxwell 

equation is presented by Eq. (3.12), respectively: 

 

 
𝜕𝑛𝑝

𝜕𝜏
= −∇ . ( 𝑛𝑝 𝐮 − ∇ 𝑛𝑝 −  𝑛𝑝 ∇ 𝜓

𝑑
) (3.10) 

𝜕𝑛𝑛

𝜕𝜏
= −∇ . ( 𝑛𝑛 𝐮 − ∇ 𝑛𝑛 +  𝑛𝑛 ∇ 𝜓

𝑑
) (3.11) 

∇ 𝑋  𝐇 =  ∑ 𝑰𝒊
̅̅ ̅ + 0.5

𝜕𝐄

𝜕𝜏
 (3.12) 

 

Two important points must be noted in our simulations. First is the presence of time-dependent 

terms in all the governing transport equations, which highlights the coupled transient dependence 
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of the physics involved. Second is that the system’s transient behavior is traced until it has reached 

steady-state flow conditions from a starting quiescent point at no-flow conditions.   

A list of values for the parameters used in both the analytical and numerical solutions is presented 

in Table 3.2. 

Table 3.2 Parameter values used in the present work 

Parameter Value/Range 

Solvent permittivity, 𝜖 78.54 × 8.854 × 10−12 𝐶2/𝑁𝑚2 

Moving wall potential, 𝜉 −25 𝑚𝑉 

Dimensionless channel gap, 𝜅𝐻 10 𝑡𝑜 100 

Ion valence, 𝑧𝑖 1 

Ion diffusivity, 𝐷 1 × 10−9𝑚2/𝑠 

Temperature 298 𝐾 

Fluid viscosity, 𝜇 0.001 𝑁. 𝑠/𝑚2 

Electric Field Strength, 𝐸𝑥               2.6695 × 103 𝑉/𝑚 

Magnitude of the electron charge, 𝑒 1.602 × 10−19 𝐶 

Boltzmann constant, 𝐾𝐵 1.381 × 10−23 𝐽/𝐾 

Moving wall velocity, U 0.001 𝑚𝑠−1 

Vacuum permeability, μ0 4π  ×  10−7 N/A2  

Relative permeability of air, μ𝑟  1 

 

3.2.3 Boundary and initial conditions 

The boundary conditions employed for electroosmosis are described in Figure 3.4. Due to axial 

symmetry, only half of the domain is considered to correctly model the problem. Figure 3.4 (a) 

shows the boundary conditions for the Navier-stokes equation where the electrolyte solution flows 

from left to right. The inlet and outlet boundaries (A-B and G-I) are set to the same pressure so 

there is no pressure difference; this allows us to model the purely electroosmotic flow case. The 

reservoir boundaries (B-C and F-G) were assigned slip boundary conditions to mimic the behavior 



60 

 

of semi-infinite reservoirs. All other wall boundaries are assigned a no-slip boundary condition. 

Figure 3.4 (b) describes all the boundary conditions employed for the Poisson equation. The walls 

of the nanochannel (C-D, D-E and E-F) were set to a scaled surface potential of 1, which is 

equivalent to a zeta potential of 25mV. The outflow boundary is set at a reference potential of zero 

while the inflow boundary is set at a specified potential of 1. This is equivalent to applying a scaled 

electric field of 0.01 in the axial direction. Figure 3.4 (c) depicts the boundary conditions for the 

Nernst–Plank equations. The inlet and outlet boundaries (A-B and G-I) were assigned an 

electrically neutral electrolytic solute with a scaled ion concentration of 1, representing the bulk 

ion concentration. All other boundaries were impermeable for the ions and therefore were assigned 

a zero normal flux condition. For all three governing equations, axial symmetry was imposed on 

the boundary AI. 

As for the shear-driven streaming potential case, the boundary conditions applied are described in 

chapter 1 of our work. The only major difference is for the electrical boundary condition at the exit 

outflow boundary (G-I), which is done to differentiate between the cases of the streaming current 

and the streaming potential modes. The electric potential of the outflow boundary was set to zero 

electric potential to simulate the streaming current mode, while the zero electric potential gradient 

was used in the streaming potential case. In electroosmosis, the inflow boundary was set to a 

specified potential while the outflow boundary was set to zero to mimic an applied electric field 

using two flat electrodes. 

The steady-state solution of the Poisson and Nernst–Plank equations for the no-flow quiescent 

state were used as the initial conditions for the transient flow simulation. The numerical results 

were simulated using a capillary radius that is five times bigger than the Debye length, 𝜅𝑎 = 5. 

The scaled lengths of the inlet and outlet reservoirs were assigned a value of 25 while the scaled 
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length of the capillary, 𝜅𝐿, was set to 50. This yielded a total length of 100 for the entire 

microchannel and reservoirs’ length (A-I), and a length to height ratio of 5 for the microchannel. 

 

Figure 3.4 Boundary conditions for (a) momentum equation (b) Poisson equation and (c) Nernst–

Plank equations for electroosmosis. 

3.3 Numerical methodology and validation 

3.3.1 Numerical methodology  

The governing non-linear partial differential equations were solved using a commercial fully 

coupled finite element solver of COMSOL Multiphysics (V 5.3) [60]. The numerical methodology 

involves a segregated numerical method in which both the steady-state solutions for the Poisson 

and Nernst–Plank equations are first obtained for the no-flow case to get the quiescent electric 
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potential and ionic distributions. After which these distributions were used as the initial values for 

the fluid flow equations in order to solve for the velocity domain. From that initial point until the 

steady-state condition is reached, all the five governing equations, Eqs. (3.8—3.12), were solved 

together in a coupled manner in order to capture changes in ionic currents and the generated 

magnetic field until the steady-state solution is reached. 

The generated mesh consists of two domains, as shown in Figure 3.5. All the five governing 

equations are solved together in the electrolyte domain, highlighted in Figure 3.5 (a), while only 

the Ampere-Maxwell equation is considered for the air domain shown in Figure 3.5 (b). At least 

20,000 elements are needed to reach mesh independence. The simulations were conducted using 

38,221 elements on a personal computer with a 4 core 3.4GHz processor and 32 GB RAM, 

highlighting the efficiency of the chosen computational domain. Quadratic triangular elements 

were used with a mesh refinement implemented near the upper wall; this is the region where the 

largest gradient in the electrical current and magnetic field is expected, and thus the results depend 

highly on the number of elements near the upper wall.  
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Figure 3.5 Meshed elements showing concentrated locations of the mesh showing (a) fluid 

domain (b) air domain 

3.3.2 Validation 

In this section, a detailed steady-state analytical model is presented. The analytical model is used 

to predict the evolution of streaming potential and development of an electrokinetic velocity profile 

as opposed to that of a typical shear driven flow problem due to electric double layer effects. The 

analytical model predicts the flow reversal phenomenon observed for high surface potentials, 

which will be discussed thoroughly in this section. The analytical results were validated using a 

transient numerical model that is also capable of determining the reformed velocity profile and the 

induced streaming potential. The results obtained for both models were compared to one another 

and all the simplifying assumptions used in the analytical model were tested against the numerical 

model. 
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3.4 Results and discussion 

3.4.1 Analytical model for purely Electroosmotic flows  

The analytical model and derivation for pure electroosmotic flow are presented in this section. The 

analytical model assumes a symmetric electrolyte solution transported by electroosmosis in a 

nanocapillary channel of infinite length with a surface potential on the walls of the capillary. The 

model only ignores axial concentration gradients and therefore neglects any entrance/exit effects. 

Here we summarize the key steps of the pertinent derivation. 

The Poisson equation, Eq. (3.13), relates the electric potential distribution, Φ, with the free charge 

density, 𝜌𝑓 , where 𝜖 is the dielectric permittivity of the bulk liquid. 

𝜖∇2Φ = −𝜌𝑓 (3.13) 

Here, the electric potential (Φ) at a location (x, r) is considered to be the sum of the potential due 

to surface charge of the wall, or simply due to the electric double layer near the charged surface 

(𝜓(𝑟)) and the potential developed due to electroosmotic effects (𝑥𝐸𝑥). This superposition 

assumption is only valid if the variation in electric potential in the transverse direction is much 

bigger than the variation in the axial direction. This is a realistic assumption for 

nano/microchannels with very large aspect ratios (𝐿 ≫ 𝑎), where L and 𝑎 are the channel length 

and radius, respectively. 

Φ(𝑟, 𝑥) ≡ 𝜓(𝑟) + ∅0 − 𝑥𝐸𝑥 (3.14) 

  

The free charge density is defined as 𝜌𝑓 = ∑𝑧𝑖𝑒𝑛𝑖, where 𝑧 is the valence, 𝑒 is the elementary 

charge and 𝑛𝑖 is the ionic number concentration of the 𝑖𝑡ℎ ion in the solution. The movement of 

the ionic species in the solution is governed by the Nernst-Plank equation, which at a steady-state 
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is given by Eq.(3.15) where 𝐷𝑖 is the diffusion coefficient of the 𝑖𝑡ℎ species, 𝑘𝐵 is the Boltzmann 

constant and 𝑇 is the absolute temperature.   

∇. [𝑛𝑖𝒖 − 𝐷𝑖∇𝑛𝑖 −
𝑧𝑖𝑒𝑛𝑖𝐷𝑖

𝑘𝐵𝑇
∇Φ] = 0 

(3.15) 

 

Applying Eq. (3.15) in the 𝑟 direction, where 𝑢𝑟 = 0, results in the Boltzmann distribution for the 

ionic species, 𝑛𝑖 = 𝑛𝑖∞
𝑒𝑥𝑝(− 𝑧𝑖𝑒 𝐾𝐵𝑇⁄ 𝜓(𝑟)), with 𝑛∞ being the bulk ionic concentration. 

Therefore, the free charge density can be expressed as: 

𝜌𝑓 = 𝑒(𝑧+𝑛+ + 𝑧−𝑛−) (3.16) 

𝜌𝑓 = 𝑒𝑧𝑛∞(−2 sinh(𝑧𝑖𝑒𝜓 𝐾𝐵𝑇)⁄  (3.17) 

Introducing the expression for the electric potential and ionic distribution, given in Poisson’s 

equation, gives the nonlinear Poisson-Boltzmann equation as: 

1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝜓

𝜕𝑟
) =  𝑘2𝑠𝑖𝑛ℎ (

𝑧𝑒

𝐾𝐵𝑇
𝜓(𝑟)) (3.18) 

In which the Debye length is defined as 𝑘−1 =  (
𝜖𝐾𝐵𝑇

2𝑒2𝑧2𝑛∞
)

1/2

 . 

The boundary conditions for Eq. (3.16) are 𝜓 = 𝜉 at   𝑟 = 𝑎 and 𝑑𝜓 𝑑𝑟⁄ = 0 at 𝑟 = 0. The 

solution to this equation is: 

𝜓(𝑟) = 𝜁 
𝐼0(𝜅𝑟)

𝐼0(𝜅𝑎)
 (3.19) 

Here 𝜅 is the inverse double layer thickness, 𝜅 = (2𝑧2𝑒2𝑛∞ 𝜖𝐾𝐵𝑇⁄ )1 2 ⁄ and 𝐼0 is the first kind 

modified Bessel function. 
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3.4.1.1 Flow velocity 

The flow field is governed by the modified Naiver-Stokes equation including the electrical body 

force as shown in Eq. (3.20). Naiver-Stokes equations were implemented assuming stokes flow 

with negligible inertial and turbulence effects.  

0 = 𝜇 
1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑢𝑥

𝜕𝑟
) + 𝜌𝑓𝐸𝑥 (3.20) 

Where 𝜇 is the dynamic viscosity of the electrolyte solution, 𝑢𝑥 is the axial velocity, 𝜌𝑓 is the free 

charge density within the liquid and 𝐸𝑥 is the applied electric field in the x-direction.  

In order to derive an equation for the velocity profile, Poisson-Boltzmann and Nernst-plank 

equations are needed to capture the fluid flow due to electroosmosis. Making use of Poisson’s 

equation (𝜖∇2Φ = −𝜌𝑓) along with Solving Eq. (3.20) with boundary conditions: 𝑟 =  0,
𝜕𝑢𝑥

𝜕𝑟
=

0 and  𝑟 = −a , 𝑢𝑥 = 0 results in the following: 

𝑢(𝑟) = −
𝜖𝜉

𝜇
[1 −

𝐼0(𝜅𝑟)

𝐼0(𝜅𝑎)
] 𝐸𝑥  (3.21) 

Eq. (3.21) presents that velocity profile due to purely electroosmotic flow. The velocity is 

maximum at the center of the channel and its magnitude is directly proportional to the applied 

electric field, the electric permittivity of the electrolyte solution and the zeta potential of the 

capillary wall. The velocity is also opposite to the direction of the applied electric field and 

inversely proportional to the viscosity of the fluid.  
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Figure 3.6 Shows Plot showing scaled velocity at the midplane of the nanochannel versus scaled 

radius for purely electroosmotic flow case. 𝜅𝑎 = 5. 

 

Figure 3.6 shows good agreement between the numerical and analytical results of the velocity 

distribution. The numerical results show that scaled electroosmotic velocity is maximum and has 

a plug-like velocity near the center. This plug-like velocity can be attributed to the fact that the 

free ion density is almost zero near the center of the channel. Therefore, the electrokinetic force 

applied to the electrolyte molecules near the center is significantly weak, creating no shearing 

effects i.e., zero velocity gradients. The analytical results show slightly lower values than the 

numerical results, mainly due to the simplifying assumption of having a one-dimensional flow that 
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was implemented in the analytical model [13]. Plots of the pressure distribution can be found in 

the Appendix. 

3.4.1.2 Electrical current 

The total current flow per unit length of the channel can be expressed as:  

𝐼 = 2π ∫ 𝑖𝑥 𝑟 𝑑𝑟
𝑎

0

  (3.22) 

Where the current density in the x-direction is given by: 

𝑖𝑥 = 𝑒𝑢∑𝑧𝑖𝑛𝑖 − 𝑒∑𝐷𝑖𝑧𝑖

𝑑𝑛𝑖

𝑑𝑥
+

𝑒2

𝐾𝐵𝑇
𝐸𝑥∑𝑧𝑖

2𝐷𝑖𝑛𝑖  (3.23) 

In our analytical derivation, we assumed that there is no ion concentration gradient in the axial 

direction (∂ni ∂x⁄ = 0). Therefore, the total current consists of only two terms. The first term in 

the expression of the total current is referred to as the streaming current and is caused by the 

convective transport of the excess ions in the mobile double layer region (diffuse layer) near the 

charged interface, where the electroneutrality term ∑𝑧𝑖𝑛𝑖 is not zero. The second term, referred to 

as the conduction current, is due to electric conduction through the liquid along the channel.  

Assuming the same diffusion coefficient (𝐷+ = 𝐷− = 𝐷) and bulk concentration (𝑛+∞ = 𝑛−∞ =

𝑛∞) for the positive and negative ions, the conduction current can be written as: 

𝐼𝐶 = 4𝜋
𝑧2𝑒2𝐷

𝐾𝐵𝑇
𝑛∞𝐸𝑥 ∫ cosh (

𝑧𝑒

𝐾𝐵𝑇
𝜓(𝑟))

𝑎

0

𝑟 𝑑𝑟  (3.24) 

Considering the electric conductivity 𝜎∞ as: 

𝜎∞ = 2
𝑧2𝑒2𝐷

𝐾𝐵𝑇
𝑛∞ (3.25) 

We find that substituting Eq. (3.18) into Eq. (3.23) can be further simplified into: 
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𝐼𝐶 = 𝜎∞𝐸𝑥𝐻 𝐹𝑐𝑠   (3.26) 

In the above expression, 𝐹𝑐𝑠 is a parameter that shows the non-electroneutrality of the solution 

(∑𝑧𝑖
2𝑛𝑖 ≠ 0) due to the formation of the electrical double layer near the charged wall. The 

electrolyte solution’s conductivity can be considered to have changed due to the formation of an 

electric double layer where the new conductivity is defined by 𝜎𝐹𝑙𝑢𝑖𝑑𝑤𝑖𝑡ℎ𝐸𝐷𝐿 = 𝜎∞𝐹𝑐𝑠.   

𝐹𝐶𝑠 = 1 + (
𝑧𝑒𝜉

𝐾𝐵𝑇
)

2 1

𝐼0
2(𝜅𝑎)

 ∫ 𝐼0
2(𝜅𝑎 .  𝑅) 𝑅

1

0

 𝑑𝑅 (3.27) 

The streaming current can be written as:  

𝐼𝑆 = ∫ 𝑢 (−𝜖
𝑑2𝜓(𝑟)

𝑑𝑟2
)

𝑎

0

𝑑𝑟 (3.28) 

3.4.1.3 Magnetic field 

In order to find an analytical expression for the magnetic fields, we applied Ampere’s law for a 

closed circular loop of radius “r” around the nanochannel. The magnetic field must have a constant 

magnitude around the loop due to the symmetric nature of the problem, as shown by Eq. (3.29) 

∮ 𝑩 .  𝑑𝑙 = μ0Itotal, ; 𝐵 =
μ0Itotal

2𝜋𝑟
, 𝑟 > 𝑎  (3.29) 

It is clear from Eq. (29) that the magnetic flux density decreases as we move further away from 

the nanochannel. However, the behavior of the magnetic flux density inside the nanochannel is 

more difficult to predict. This is mainly because of the non-uniformity of the current profiles within 

the nanochannel caused by non-uniform streaming current profiles. Here we show the analytical 
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approach to generate internal magnetic fields. In order to find the magnetic field inside the 

nanopore, we need to integrate the non-uniform streaming current density for r < R, as shown here: 

∮ 𝑩 .  𝑑𝑙 = μ0Ienclosed, ; 𝐵 =
μ0Ienclosed

2𝜋𝑟
, 𝑟 < 𝑎    (3.30) 

Ienclosed = 4𝜋
𝑧2𝑒2𝐷

𝐾𝐵𝑇
𝑛∞𝐸𝑥 ∫ cosh (

𝑧𝑒

𝐾𝐵𝑇
𝜓(𝑟))

𝑟

0

𝑟 𝑑𝑟 + ∫ 𝑢 (−𝜖
𝑑2𝜓(𝑟)

𝑑𝑟2
)

𝑟

0

𝑑𝑟     (3.31) 

It is important to note that these analytical expressions do not take into account the transient effects 

and can only be used to validate the steady-state magnetic flux density. Also, the expression is 

based on an assumption of an infinite nanochannel length, and thus the results are only a function 

of radius. Therefore, these results can only be compared to the 2-D numerical results at the mid-

length of the nanochannel. Similarly, analytical expressions can be obtained for the shear-driven 

streaming potential using Ampere’s law and the ionic current expressions defined in Chapter 2 of 

our work. 

∮ 𝑩 .  𝑑𝑙 = ∫ μ0 𝐽𝑡𝑜𝑡𝑎𝑙  𝑑𝐴 ; 𝐵 = μ0𝐽total(𝐻), 𝑦 > 𝐻 ; 𝐵 = −μ0𝐽total(𝐻), 𝑦 < 𝐻 (3.32) 

It is clear from these expressions that the magnetic flux density is almost constant outside of the 

nanoslit, which makes it ideal for non-invasive sensing of biomolecules. Also, due to the non-

symmetric nature of this case, the magnetic field inside the nanoslit is predicted to vary 

nonlinearly.  

 

3.4.2 Comparison of numerical and analytical results 

The results highlighted in this section are divided into two areas. In the first part, we interpret the 

electrokinetic aspects of the flow, mainly the ionic current distribution, for both streaming potential 
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and electroosmotic flows. This sets the stage for analyzing the magnetic fields generated due to 

these ionic currents that flow within the nanochannels. The second part is focused on analyzing 

the magnetic field distribution generated inside and outside of the nanochannels. These analyses 

are beneficial to determine the effect of the magnetic field on the transport path of any 

biomolecules with induced dipoles; they can be used as a secondary electromagnetic signal as part 

of a sequencing technique. As mentioned previously, shear driven streaming potential flows have 

two modes of operation. Results for both the streaming potential mode (no net current between the 

reservoirs) and the streaming current mode (no net electrical potential between the reservoirs) are 

presented in this section.  

3.4.2.1 Electrical currents 

The steady-state electrical current distributions for both the shear driven streaming potential flow 

and electroosmotic flow are plotted. The ionic current density was obtained for our simulation at 

the midplane of the nanochannel and therefore avoiding any entrance or exit effects. These 

numerical results were compared against the analytical expressions presented in the previous 

section in order to determine the validity of our simplifying assumptions.  

The electrokinetic flow of electrolytes in nanochannels with charged walls induces streaming 

currents inside the nanochannel. The fluid flow creates a tangential force applied on the 

hydrodynamically mobile part (diffuse layer) of the electrical double layer, which transports the 

free ions along the flow direction. This ionic convective flux is labeled as the streaming current. 

The streaming current phenomenon has been extensively employed in surface characterization 

devices, mainly for estimating zeta-potentials. However, accurate measurement of these currents 

has been significantly challenging. Figure 3.7 shows the current density distribution for the shear 

driven streaming potential flow. The numerical and analytical results for both streaming and total 
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current densities are in good agreement; however, there is a discrepancy in the conduction current 

density near the moving wall. The streaming current density has its peak value (2.9 𝐴/𝑚2) near 

the moving charged wall and then decays to zero, as it is mainly dependent on the Debye length 

and flow velocity as shown in Eq. (3.28). Moreover, the streaming current density is mostly in the 

same direction as the flow, while the conduction current is in the opposing direction as predicted 

by our analytical model. However, the analytical model shows the conduction current density is 

higher than the numerical model, near the moving wall. In order to determine the reason for this, 

the electric field distribution must be analyzed. It is important to note that the analytical model 

assumes that the induced electric field is constant along the width of the channel. However, the 

numerical model shows that the electric field is not constant throughout the channel width and 

decays to zero near the moving charged wall. This, in turn, affects the conduction current density 

distribution as it mainly depends on the electric field and free charge density as shown in Eq. 

(3.26). Therefore, we can conclude that the assumption of a constant electric field is not valid. 

Figure 3.8 shows the current density distribution for the streaming current flow case using the 

same exact conditions stated for Figure 3.7. The only difference between these two cases is that 

the streaming potential mode has a zero overall current while in the streaming current mode, a net 

current exists based on the electrical connection. Figure 3.8 shows that the total current density is 

always in the positive direction, suggesting the presence of net total current. The streaming current 

density has its peak value (2.3 𝐴/𝑚2) in the vicinity of the wall while the conduction current 

density is nearly zero along the entire channel width. It should also be noted that the maximum 

induced electric field is much lower for the streaming current case (600 𝑉/𝑚) than that of the 

streaming potential case (2750 𝑉/𝑚). This consequently significantly decreases the generated 

conduction current density for the streaming potential mode. Figure 3.9 shows the electrical current 
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density distribution for electroosmotic flow in a nanocapillary. Streaming current density is 

directly proportional to the free charge density and the flow velocity. Figure 3.6 shows that velocity 

is maximum at the center and has a plug-like shape that decays to zero at the capillary walls while 

the free charge density is maximum near the charged walls. This combined effect causes the 

streaming current to reach its peak value (0.021 𝐴/𝑚2) at a location between the center and the 

walls of the capillary, depending on the Debye length. Furthermore, Conduction currents are 

significantly dominant over streaming currents in electroosmotic flows, while streaming currents 

dominate for streaming potential flows as presented by Figure 3.7 and Figure 3.9. 

Moreover, the numerical and analytical results for streaming current density are in good 

agreement, while there are discrepancies for both the conduction and total current densities, 

particularly near the charged walls. The reason behind this disagreement is again in the assumption 

of zero electric field variation along the radial direction. It is clear from our simulation results that 

the electric field is zero near the capillary walls; this results in a zero conduction current near the 

wall. The analytical model, on the other hand, assumes an average constant electric field that leads 

to the prediction of a peak conduction current near the walls. This assumption is physically 

unattainable, as having an ionic flux at the wall of the capillary essentially breaks down the no-

slip condition for the walls.   

 



74 

 

 
Figure 3.7 Plot showing numerical (solid lines) vs analytical (dashed line) solution for streaming, 

conduction, and total current distribution for shear driven streaming potential flows (streaming 

potential mode). The inset plot shows the electric field distribution along the non-dimensional 

height of the microchannel. 𝜅𝐻 = 10 ψS = 1. 

 
Figure 3.8 Plot showing numerical (solid lines) vs analytical (dashed line) solution for streaming, 

conduction, and total current distribution for shear driven streaming potential flows (streaming 

current mode). The inset plot shows the electric field distribution along the non-dimensional 

height of the microchannel. 𝜅𝐻 = 10 ψS = 1. 
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Figure 3.9 Plot showing numerical (solid lines) vs analytical (dashed line) solution for streaming, 

conduction and total current distribution for electroosmotic flows. The blue plot shows the 

electric field distribution along the non-dimensional height of the microchannel. 𝜅𝑎 = 5 ψS = 1. 

3.4.2.2 Magnetic field 

In the previous section, we discussed and analyzed different aspects of electrokinetic flows and 

ionic currents in nanochannels for both streaming potential and electroosmotic flows. In this 

section, the magnetic fields induced by the different current fluxes for both electroosmosis and 

streaming potential are investigated. The results presented in this section were obtained using the 

same simulation parameters that were used to evaluate the ionic current densities. 

Figure 3.10 shows the magnetic flux density distribution inside and outside of the nanochannel for 

electroosmotic flow. The vertical line at a scaled radius, 𝑅 = 5, represents the outer surface of the 

nanocapillary. The most significant qualitative observations are that, in the mid-length of the 

channel, the magnetic flux density is only a function of the radial coordinate, the peak value of the 

magnetic field is in vicinity of the charged walls of the nanocapillary, and extends outside of it 

where it can be possibly measured by a micro-electromagnetic sensor [77]. The reason behind the 
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magnetic flux reaching its maximum near the nanocapillary walls is due to the total current that 

flows within the channel. The total current is simply the integral of the total current density 

presented in Figure 3.9. Figure 3.9 shows that the total current density inside the nanocapillary is 

never zero and therefore the total current continues to increase until the outer radius is reached, 

where the magnetic flux density reaches its maximum of 680 fT. It should also be noted that this 

peak value eventually decays to zero at the centerline of the nanocapillary due symmetry and in 

the far-field as we move further away from the nanocapillary. It is also worth comparing the 

magnitude of our numerical results with the analytical results of the idealized case of an infinitely 

long capillary. Figure 3.10 shows excellent agreement between the numerical and analytical results 

for the magnetic flux density. This level of agreement can be attributed to making the comparison 

at the mid-length of a relatively long nanocapillary. 

 

Figure 3.10 Plot showing numerical (solid lines) vs. analytical (dashed line) solution for the 

magnetic flux density distribution for electroosmotic flows at the mid-plane of the microchannel. 

The vertical line at R=1 represents the outer surface of the microchannel.  𝜅𝑎 = 5 ψ𝑠 = 1. 
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Figure 3.11 and Figure 3.12 present the internal and external magnetic flux density distribution for 

streaming potential and streaming current flow, respectively. Both figures show that the magnetic 

flux density is zero inside the nanochannel near the moving charged wall. This is mainly attributed 

to the non-symmetry of the flow leading to a non-uniform current density distribution as 

highlighted by Figure 3.7 and Figure 3.8. The total current is higher near the walls for the streaming 

potential mode (2.9 𝐴\𝑚2) than for the streaming current mode (2.3 𝐴\𝑚2). This leads to the 

location of the zero magnetic flux density shifting slightly upwards from the streaming current 

mode (27.47) to the streaming potential mode (27.55). Based on our simulations, the external 

magnetic flux density is constant, except in the area close to the inlet and outlet of the nanochannel. 

The constant value does not depend on the distance from the channel. Also, it is noted that the 

maximum value of the magnetic flux density is in the vicinity of the upper charged wall and 

extends outside of the nanochannel where it can potentially be recorded. The maximum value for 

the streaming current mode (52.9 fT) is higher than for the streaming potential mode (50.3 fT).  

Now that we predicted the presence of both internal and external magnetic fields in nanochannels, 

two possible applications for biomolecules with an induced dipole are envisioned. The first 

application is the use of these external magnetic field readouts as a non-invasive electronic 

signature for biomolecules. This can help with enhancing the current RNA/ DNA sequencing 

techniques. Magnetic fields, as small as Femto Tesla, which is in the same range as our simulation 

results, are detectable and measurable for both electroosmotic and shear-driven streaming potential 

flows in nanochannels[77–79]. An important advantage for using shear driven slit microchannels 

over electroosmotic flows in nano-capillaries is that the external magnetic field is constant and 

thus can be detected more precisely. The second application is in using the internal magnetic field 

as a method to segregate and manage the transport of biomolecules. A biomolecule with an induced 
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dipole entering the nanochannel will be subjected to an electromagnetic radial force that can cause 

the biomolecule to be displaced to specified radial locations and move along with the local axial 

flow velocity. These proposed applications are supported by experimental findings in the field of 

medicine and biology. [77–79].  

 

 

Figure 3.11 Plot showing numerical for the magnetic flux density distribution for streaming 

potential flows in microchannels (streaming potential case). The blue arrow shows the direction 

of fluid flow.  𝜅𝐻 = 10 ψS = 1. 
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Figure 3.12 Plot showing numerical solution for the magnetic flux density distribution for 

streaming potential flows in microchannels (streaming current case). The blue arrow shows the 

direction of fluid flow.  𝜅𝐻 = 10 𝜓𝑆 = 1. 

 

3.4.3 Development of electrokinetic effects: transient analysis 

3.4.3.1 Transient analysis of currents for streaming potential flows 

Figure 3.13 shows the average current density versus scaled time for streaming potential shear 

driven flows for both the streaming potential mode and the streaming current mode. As expected, 

the streaming current mode has a larger average current density (0.132 𝐴/𝑚2) than the streaming 

potential mode (0.022 𝐴/𝑚2). This is because of the electrical connection employed between the 

two reservoirs in the streaming current mode that prevents charge buildup and induced streaming 
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potential. However, in the streaming potential mode charges accumulate downstream, setting up 

an electrical field which in turn acts on the charges in the fluid impacting the overall current 

distribution. This trans-capillary electric field, created by the imbalance of charges near the 

entrance and exit, generates a conduction current in the direction opposite to the streaming current 

that travels through any electrical path available. At steady state, the conduction current cancels 

out the convective ionic flux. Our numerical simulation, however, shows that at steady state there 

will be a small net current in the streaming potential mode that might be indetectable. 

 

Figure 3.13 Plot showing the average total current density over time for streaming potential and 

streaming current flows in microchannels.  𝜅𝐻 = 10 𝜓𝑆 = 1. 
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3.5 Concluding Remarks 

In this paper, a numerical model validated by analytical expressions was proposed to model the 

internal and external magnetic field generated by the ionic current in electrokinetic flows in 

nanochannels. The proposed model involves solving a set of Poisson, Nernst-Planck, Ampere-

Maxwell’s and Navier-Stokes governing equations to simulate the generated internal and 

external magnetic field in electrokinetic flows. The results show that the magnetic fields outside 

shear driven slit microchannels remain constant, making it suitable for taking reliable non-invasive 

external magnetic fields’ readouts. These readouts can be employed in various applications to 

determine the zeta potential of surfaces or to perform DNA sensing and sequencing. The results 

also show that maximum magnetic field readouts for electroosmotic flows takes place at the 

surface of the nanochannel and then decays rapidly outside of the nanochannel. 

Moreover, other features concerning the ionic currents in electrokinetic flows were examined. The 

results highlight some problems with the constant electric field assumption employed for most 

analytical models used in the literature. It also examines the transient effects of the generated ionic 

currents. Finally, our analysis provides a detailed understanding of the characteristics of the 

magnetic field and ionic currents generated by electroosmotic and streaming potential flows. The 

model proves the existence of detectable levels of magnetic fields in electrokinetic flows.  
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4 Conclusion and Future Work 
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4.1 Conclusion 

Lab-on-chip devices have gotten increasing attention for their promising applications in fields like 

DNA analysis and other biomedical applications. A lot of research has been conducted to further 

understand that flow behavior in microchannels in lab-on-chip devices. The physics of the fluid 

motion involved in microchannels is a subdiscipline of fluid dynamics, with adjustments made 

based on the smaller size of microchannels. The field of electrokinetics, involved in the motion of 

fluids, overarches two important phenomena that are discussed in this thesis: streaming potential 

flow and electroosmotic flow. The first chapter of the thesis discussed flow reversal in shear driven 

streaming potential flows. Based on the numerical model that was developed and the analytical 

expressions that were derived from the governing set of equations, results showed that the 

analytical expressions were able to fully support the validity of the numerical expressions. The 

results show that the interfacial charge of the moving interface greatly impacts the velocity profile 

of the flow and can reverse its overall direction. Both the numerical model and the analytical 

expressions anticipated the occurrence of the flow reversal phenomena in shear driven streaming 

potential flows at a surface potential above 120mV between the fluid-liquid interface of the oil and 

water system. 

The second chapter focused on the magnetic fields induced by the flow of electric charges through 

the microchannels, both in the case of electroosmotic flows and streaming potential flows. The 

effects of ionic currents on the induced magnetic field both inside and outside of the microchannels 

were modeled and compared with known analytical solutions. The results also show that the 

maximum magnetic flux density readout for electroosmotic flows takes place at the surface of the 

nanochannel and then decreases exponentially outside of the nanochannel. Moreover, other 

features concerning the ionic currents in electrokinetic flows were examined. The results highlight 
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some issues with the constant electric field assumption employed for most analytical models used 

in the literature. Finally, the obtained results proposed that the notion of using the magnetic field 

detected outside of the nanochannels as a secondary electromagnetic signal for biomolecules as a 

part of a DNA sequencing technique. 

4.2 Future works 

The future direction of research can be investigating the rheological effects of the electrolytes used 

in electrokinetic flows, modeling a network of nanopores, and an electrokinetic power conversion 

system as follows: 

1- Simulating a network of nanopores connected between two reservoirs to model 

electrokinetic transport in porous media where there is a heterogeneity in the porous 

microstructure. This can help to analyze the ion rejection mechanism in membranes’ 

porous network.  

2- Most of the electrolytes employed in lab-on-chip and microfluidic devices are of non-

Newtonian nature. Implementing a power-law model for dilatant and pseudo-plastic fluids 

is worth investigating.    

3- Investigating the use of electrokinetic flow microchannels as a way of harvesting energy 

for nano-sized applications. 
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Appendix 

The following figures show the results for the electric potential, velocity and magnetic field 

distributions for both the 3D and 2D models developed for electroosmotic flows: 

 

Figure 0.1 3D plot of the steadt state electric potential distribution for electrosomotic flow inside 

a capillary where each end of the reservoirs has an electrode that creates an electric field. 𝜅𝑎 =

5 ψ𝑠 = 1. 
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Figure 0.2 2D plot of the steady state electric potential distribution for electrosomotic flow inside 

a capillary where each end of the reservoirs has an electrode that creates an electric field. 𝜅𝑎 =

5 ψ𝑠 = 1. 
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Figure 0.3 2D plot of the steady state velocity distribution for electrosomotic flow inside a 

capillary where each end of the reservoirs has an electrode that creates an electric field. 𝜅𝑎 =

5 ψ𝑠 = 1. 



98 

 

 

Figure 0.4 2D plot of the steady state magnetic flux density distribution for electrosomotic flow 

inside a capillary where each end of the reservoirs has an electrode that creates an electric field. 

𝜅𝑎 = 5 ψ𝑠 = 1. 
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Figure 0.5 2D plot of the steady state pressure distribution for streaming potentail flows inside a 

slit microchannael. 𝜅𝐻 = 10 ψ𝑠 = 1. 
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Figure 0.6 2D plot of the steady state pressure distribution for electroosmotic flows inside a 

capillary where each end of the reservoirs has an electrode that creates an electric field. 𝜅𝑎 = 5 

𝜓𝑠 = 1. 
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Figure 0.7 2D plot of the recirculation streamlines for streaming potential flows inside a slit 

microchannel where flow reversal takes place. 𝜅𝐻 = 10 𝜓𝑠 = 7. 

 

 


