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Je  souhaite seulement que dans une question qui regarde si de pres le bien 

de l ’humanite, on ne decide rien qu’avec toute la connaissance de cause 

qu’un peu d ’analyse et de calculpeut fournir.

D a n i e l  Be r n o u l l i
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Abstract

H um an T-cell Leukaem ia/Lym phom a Virus Type I (HTLV-I) is a retrovirus identi­

fied as the causative agent of the neurological disease HTLV-I-associated myeolopa- 

thy/tropical spastic paraparesis (HAM /TSP) as well as Adult T-cell leukaem ia (ATL). 

This virus infects primarily CD4+ T  cells, but other cell lineages are also suscepti­

ble. Using a compartmental approach, some aspects of the infection dynamics are 

modelled. Since the infectious (horizontal) transmission requires cell-to-cell contact, a 

model that considers a generalised incidence form was proposed and analysed. It was 

concluded that the global dynamics is governed by a basic reproduction num ber R q. 

Clinical experiments show that mitotic division may play a relevant role in HTLV-I 

infection. A model that considers the mitotic (vertical) transmission was proposed 

and investigated. U nder biologically sound conditions, the m odel exhibits a back­

ward bifurcation. It has been clinically hypothesized that CD34+ progenitor cells are 

a reservoir for the virus. A model that contemplates such a reservoir was proposed. 

The global dynamics of such a m odel was proved. It also has been observed that 

H A M /T SP patients harbour high levels of activated CD8+ cytotoxic T  cells (CTL). 

A model that considers the CTL response to HTLV-I was proposed and analysed. 

The global dynamics depends on the values of the basic reproduction num ber in the 

absence (resp. presence) of CTL response. The values on these param eters may help 

to differentiate H A M /TSP patients from  asymptomatic carriers.
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Chapter 1

Introduction

1.1. HTLV-I and Related Diseases
H um an T-cell Leukaem ia/Lym phom a Virus Type I (HTLV-I ) is a retrovirus rec­

ognized as the causative agent for Adult T-cell Leukaem ia/Lym phom a (ATL) and 

chronic inflammatory disease, term ed as HTLV-I-Associated M yelopathy/Tropical 

Spastic Paraparesis (HAM /TSP) [9, 27, 41]. Recent evidence suggests that HTLV-I 

is associated with other inflammatory diseases such as uveitis, myositis and alveoli­

tis [28, 39, 42, 51]. HTLV-I-carriers can rem ain in an asymptomatic stage throughout 

life and a  small proportion (< 5%) develop ATL or H A M /TSP [22,27].

The num ber of HTLV-I-infected people is estimated to be between 15 and 25 

million worldwide. There are m any regions where the infection is endemic, namely 

Japan , the Caribbean (Jamaica, Trinidad, Martinique, Barbados, Haiti), the equato­

rial regions of Africa (Ivory Coast, Nigeria, Zaire, Kenya Tanzania), South America 

(Colombia), Middle East (Iran) and M elanesia [27, 41]. In  Jap an  only, over one mil­

lion people are infected and m ore than 700 cases of ATL are reported each year [50].

HTLV-I virions carry viral RNA, tRNA, transcriptase and integrase surrounded 

by a host-derived lipid envelope em bedded with glycoprotein spikes (see Figure 1.1). 

Viral envelope proteins interact with the host cell receptor GLUT-1 and lead to 

HTLV-I entry via m em brane fusion [36, 47]. Once inside the cell cytoplasm, reverse 

transcriptase synthesizes viral DNA using RNA as a template. Viral integrase incor­

porates the viral DNA, which is called provirus, into the host-cell genome. Once inte­

grated, the provirus can rem ain latent for some time after which the cell will produce
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7. 7. HTLV-I and Related Diseases 2

viral components [7, 14]. Encoded within HTLV-I genome is the multi-functional 

protein referred to as Tax. This protein regulates viral transcription, controls cell 

proliferation, activates cellular oncogenes and inhibits apoptosis [19, 41, 52, 59].

lien erse Transcriptase

Envelope

Figure 1.1. HTLV-I virion structure.

HTLV-I targets prim arily CD4+ T cells, but other T cells can be infected includ­

ing immature cells [9, 41]. HTLV-I is transmitted by cell-to-cell contact [27, 47]. Free 

virions are not so infectious and rarely found in plasma [44]. Because of the routes 

of HTLV-I transmission, proviral loads are crucial for the infection dynamics, and 

viral loads are norm ally ignored. Furthermore, the proportion of peripheral blood 

m ononuclear cells (PBMCs) that carry a provirus is particularly high. Normally, 

asymptomatic carriers have 0.1-1.0 copies per 100 PBMCs, whereas H A M /T SP  pa­

tients harbour 5-10 copies per 100 PBMCs [4].

Shortly after infection, HTLV-I-infected people show high levels of antibod­

ies [37, 41]. Fifty percent of infected people produce detectable levels of antibodies 

to the Tax protein. Also, the majority of FITLV-I carriers m ount a  strong cytotoxic 

response to the virus, which is mainly directed to the Tax 11-19 peptides [6, 19]. In 

particular, H A M /T S P  patients exhibit remarkably high levels of anti-HTLV-I cyto­

toxic T  lymphocytes in the peripheral blood [27].
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1.2. HTLV-I and H IV  Retroviruses 3

7.2. HTLV-I and H IV Retroviruses
A  piece o f bad news wrapped up in protein.

Sir Peter Medawar

In 1980, Gallo and colleagues discovered the first human retrovirus: HTLV-I .

A  couple of years later, a second hum an retrovirus was found by them  and named 

HTLV-II. These discoveries had a trem endous effect on virological research, and 

prom ptly another retrovirus was found: H IV , which was formerly designated as 

HTLVTII [15, 46]. In the rest of the section, we will describe relevant diferences 

between HIV-1 and H TLV -I.

The general genetic structure of HTLV-I is analogous to H IV  However, both 

retroviruses cause dissimilar diseases, and the two infection processes differ from each 

other significantly. In  H IV , for instance, virions can infect CD4+ T cells, and it has 

been calculated that about 1010 viral particles are produced every day [21]. In  contrast, 

HTLV-I transmits mainly by cell-to-cell contact and HTLV-I virions are inefficient at 

infecting CD4+ T cells and are seldom found in plasma [44].

The error-prone process of reverse transcription rapidly generates mutations in 

the viral genome after few rounds of replication. Despite this, and surprisingly, 

HTLV-I exhibits an extraordinary genetic stability. It is estimated that the reverse 

transcriptase misincorporation rate for HTLV-I is 7 x 10-6 bases per replication cycle, 

whereas for H IV  it is 3.5 x 10-5 bases per replication cycle. Furtherm ore, HTLVT- 

infected patients show remarkably high proviral levels. Based on these observations, 

W attel et al. [40] hypothesized that mitotic division of infected CD4+ T  cells plays a 

relevant role in the infection process.

The high production rate of H IV  virions compromises cell integrity and, ulti­

mately, provokes host destruction. In  contrast, HTLV-I Tax gene products have the 

capacity to immortalize T cells by suppressing apoptosis [59]. M oreover, cells carry­

ing HTLV-I proliferate in the absence of external cytokine stimulation. Because of 

these proliferative effects, HTLV-I is classified as an oncovirus.
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1.3. Modelling HTLV-I Infection 4

1.3. Modelling HTLV-I Infection
Mathematicians are like Frenchmen: whatever you say to them they translate 

into their own language and forthwith it is something entirely different.

Johann Wolfgang von Goethe

For viral infections, mathematical models try to mimic cellular mechanisms of in­

fection, proliferation and elimination. The analysis of these models reveals the spread 

of the infection, and may help to elucidate relationships betw een different observable 

quantities. The conclusions drawn from the m odel analysis m ay suggest mechanisms 

for viral eradication or control, and, ultimately, help to design vaccination strategies. 

For instance, in 1995, researchers pasted mathematical m odelling and clinical exper­

iments together to study HIV-1 dynamics [21, 55]. Since then, numerous models 

have been proposed to clarify HIV-infection dynamics, as well as to suggest optimal 

treatm ent and vaccination strategies [10, 24, 25, 26, 45, 53, 56, 57].

Throughout this thesis, we will use a com partm ental approach to model HTLV- 

I-infection dynamics. M ore precisely, from a specific cell population, e.g. CD4+ T 

cells, we classify each cell depending on its state viz. healthy, infected, etc. This 

classification partitions the total cell population into different compartments. Note 

that within each com partm ent cells may differ by age, activation level, markers speci­

ficity, etc. However, these differences are replaced by the simplified abstraction of an 

average infected or healthy cell. We try to emulate cellular events such as cell prolif­

eration, infection process, cell elimination within the m em bers of the compartments.

A system of ordinary differential equations describes the transfer of cells from one 

com partm ent to a  different one.

Com partm ental models have been widely used in epidemiology models. In 

many of these models, an im portant threshold is the basic reproduction number R q, which 

determines w hether a disease can persist in a susceptible population. Anderson and 

May [2] define R q as ‘the average num ber of secondary infections produced when one 

infected individual is introduced into a host population where everyone is suscepti­

ble’. This definition implicitly assumes that the infected individual spends his whole
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1.3. Modelling HTLV-I Infection 5

infectious period within the susceptible population [20]. This threshold param eter has 

been adapted to viral infections w here individuals are replaced by cells (in our case 

CD4+ T cells). M ore precisely:

The basic reproduction num ber, R q, represents the average num ber of sec­

ondary infections caused by a single prim ary infected CD4+ T  cell intro­

duced into a pool of susceptible CD4+ T  cells, during its entire infection 

period.

If < 1 > each infected T  cell produces, on average, less than one new  infected cell 

over the course of its infectious period, and the infection cannot grow. Conversely, if 

R 0 > 1, each infected T cell produces, on average, more than one new infected cell 

and the infection will take off.

In  any system of ordinary differential equations, the local stability analysis is of 

prim ary interest. Roughly speaking, the stability of an equilibrium describes the be­

haviour of the solutions in a neighbourhood of such a point. Routh-Hurwitz criterion 

is traditionally used to prove local asymptotic stability of the equilibria. In  some m od­

els, the basic reproduction num ber is a sharp threshold param eter; this m eans that the 

value of R q determ ines completely the num ber of equilibria and their stability. In  such 

cases, the models exhibit a ‘forward bifurcation’. However, some of our models have 

multiple stable equilibria when R q < 1; thus, there are m ore param eters involved in 

the infection control. This phenom enon is referred to as ‘backwards bifurcation’, and 

it can show catastrophic behaviours.

The determ ination of the global dynamics in systems of more than  two dim en­

sions is mathematically nontrivial. A pparently  simple systems can lead to chaotic 

dynamics e.g. Lorenz system. In  our models, we expect a  rather simple global be­

haviour i.e. if R q > 1 there will be only one equilibrium point and it is globally 

asymptotically stable in a feasible region. In  biological terms, this m eans that when 

R q > 1, any detectable level of HTLV-I-infected cells will reach and stay at an equilib­

rium level making the infection chronic; such an equilibrium level could be reached
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1.4. Immune System 6

by dam ped oscillations. Conversely, if R q < 1 the infection-free equilibrium is glob­

ally stable in a feasible region. Biologically this means that HTLV-I-infected cells will 

die out regardless of their initial level. Lyapunov functions have been used to prove 

global stability problems in three-dimensional or higher dimensional systems [35], 

bu t as Ian Stewart [35] points out ‘Lyapunov functions are extrem ely powerful -w hen 

they exist- although there is a definite art to finding them ’. Alternatively, the method 

developed by Li and M uldowney [29, 32] to prove global stability can also be ap­

plied. The method has been used to resolve the global stability in several classes of 

models [11, 12, 13, 17, 30, 31, 33, 34, 38, 54]. Both the m ethod of Lyapunov functions 

and that of Li and M uldow ney are used in the thesis to tackle the problem  of global 

stability.

We have roughly described the milestones of our mathematical modelling viz. 

basic reproduction num ber, stability of the equilibria, global dynamics and bifurca­

tions. It is equally im portant to interpret our mathematical conclusions in their biolog­

ical context. O ur theoretical implications try to elucidate what the basic mechanisms 

of the infection are. For example, m odel conclusions may offer a simple explanation 

for the high proviral loads found in HTLV-I-infected people. O ur theoretical rea­

soning may even be used for param eter estimation e.g. the responsiveness could be 

calculated in terms of the proviral load and the CD8+ T-cell levels. Recently, some 

vaccination attempts have been reported  targeting the activation of the cytotoxic re ­

sponse [49]. With adequate clinical data, our theoretical results m ay usher vaccination 

strategies.

1.4. Immune System
The immune system protects the organism averse to infections; it responds to the 

presence of pathogens with an innate and if necessary also adaptive immunity. Innate 

immunity refers to the agents that eliminate foreign organisms based on their ‘typical’ 

pathogenic structure; it exists even before infection and its responses are always in the 

same manner. At cellular or m olecular level such agents are: phagocytes (neutrophils,
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1.4. Immune System 7

macrophages), natural killer cells, blood proteins (including com ponents of the com­

plement) and cytokines. A daptive immunity refers to the cells (lymphocytes) that 

eliminate targeted pathogens. Lymphocytes bind to certain regions of the pathogen, 

which are called peptides, and induce actions to eliminate cells harbouring such pep­

tide. Adaptive immunity establishes a highly specific response to antigens; it also 

‘memorizes’ the antigen to avoid future infections. There are two types of adaptive 

imm une responses: humoral, which is mediated by antibodies produced by B cells, 

and cell-mediated, which is m ediated by T cells. The adaptive responses require time 

to adjust to the foreign antigen.

Innate

Immunity.

Phagocytes 
Natural Killer Cells 
Cytokines 
Complement

• Humoral ■
Adaptive:

• Cell-mediated;

- Antibodies (B cells) 
-CD4+T cells

' CD8+ T cells

Figure 1.2. Classification of the Imm une Responses.

Normally, innate im m unity wipes out microbes before adaptive responses ac­

tivate. In  contrast, longer lasting viral infections require the co-operation of both 

immunities to eliminate infected cells and reduce viral load [8, 16].

Lymphocytes are the m ost im portant cells of the adaptive im m une system. Adap­

tive immunity relies on the T-cell capability to distinguish betw een self and non-self 

peptides exhibited on the surface of the cells. T lymphocytes attack cells carrying 

non-self peptides. B and T  lymphocytes that have not yet interacted with an anti­

gen are referred to as naive cells. Interaction of naive lymphocytes with an antigen 

induces these cells to proliferate and differentiate into effector or m em ory cells. Ef­

fector cells exit the lymph organs and enter the blood stream to locate and eliminate 

antigen-bearers at any site.
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Figure 1.3. Imm une System Responses.

T lymphocytes recognize foreign antigen when it is attached to major histocom­

patibility complex (MHC) molecules on the surface of antigen-presenting cells. T  

cells expressing the m em brane molecule CD4, which are called CD 4+ T  cells or 

helper cells, recognize antigen bound to class II  M H C  molecules, whereas T cells 

expressing the m em brane molecule CD8, which are called CD 8+ T  cells or cytotoxic 

cells, recognize antigen bound to class I M H C molecules. CD4+ T  cells stimulate
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1.5. Summary of Related Literature 9

effector mechanisms such as antibodies and phagocytes to eliminate altered cells e.g. 

virus-infected or tum ourous cells. CD8+ T  cells eliminate infected cells using proteins 

(cytokines, cytotoxic granules) that limit the viral replication or lyse infected cells [1,

8]. Figure 1.3 summarizes all these concepts.

1.5. Summary of Related Literature

Literature on the dynamics of HTLV-I infection is scarce. We proceed to describe 

some of the theoretical work on the subject.

Nowak and colleagues have proposed and investigated several models of viral 

infections [23, 43, 55, 58]. In  particular, [58] considers a  m odel for HTLV-I infection 

and assumes that CD 4+ T  cells can be either healthy or actively-infected; latency in 

the infection is ignored. The CTL response is considered, and conclusions are drawn 

based on numerical simulations. Using Lyapunov’s direct m ethod, [23] establishes the 

global dynamics of the chronic-infection equilibrium of several models with different 

type of cytotoxic responses. The analysis does not contem plate the equilibria on the 

boundaries.

Bangham and Asquit [3, 5] have proposed and analysed different interactions o f 

CTLs with HTLV-I-infected T cells. [3] considers cytokine production of CD8+ T  

cells and it carries out the local stability analysis.

Stilianakis and Seydel [48] consider a m odel that includes healthy, latently-infec­

ted and actively-infected CD4+ T  cells. Progression of CD4+ T  cells to ATL is also 

considered. Local stability analysis and numerical simulations are carried out.

Wang et al. [54] consider Stilianakis and Siedels’s m odel and give a complete 

mathematical analysis for the global dynamics.

In [18], G6mez-Acevedo and Li consider Stilianakis and Siedel’s model with a  

general incidence form. The global results of W ang et al. [54] are generalised.
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1.6. Thesis Overview
In  C hapter 2, we start with a basic m odel for HTLV-I infection. We divide the infected 

CD4+ T-cell population into two com partm ents. The first compartment contains cells 

that are latently-infected; this m eans that they do not produce viral proteins; thus 

they cannot transmit the infection. In  contrast, the second compartment contains the 

cells that can infect other cells by contact. We consider a general incidence form of 

horizontal transmission, in which both the bilinear and standard incidence forms are 

special cases. We prove that the basic reproduction num ber R q is a sharp threshold 

param eter for the infection, and it completely determines the global dynamics of the 

system.

In  C hapter 3, we propose and investigate a m odel that includes the mitotic divi­

sion of CD4+ T  cells. The high proviral loads in the peripheral blood together with 

the genetic stability of HTLV-I suggest that the mitotic division of HTLV-I-infected 

T  cells may play a role in the infection dynamics. Based on the two-step process 

hypothesis proposed by Wattel et al. [40], we show that a backwards bifurcation can 

occur, and we describe some possible consequences of this phenomenon.

In C hapter 4, we propose and analyse a m odel that incorporates the infection of 

hem atopoietic stem cells by HTLV-I to our basic model. Clinical experiments show 

that the CD34+ stem cells are susceptible to HTLV-I infection. Since these cells can 

evade the imm une system surveillance, G rant et al. [19] hypothesize that CD34+ act 

as a reservoir for HTLV-I-infection. We investigate the global dynamics of the m odel 

and simulate numerically the solutions. We illustrate how the CD34+ reservoir can 

induce high levels of provirus in the peripheral blood and bone marrow alike.

In  Chapter 5, we analyse a m odel that includes the cytotoxic response to HTLV-I 

infection. H A M /TSP patients exhibit rem arkably high levels of CD8+ T cells in the 

peripheral blood. Moreover, there is evidence of CD8+ T cells in the cerebrospinal 

fluid. The cytokines released by CTLs cause axonal degradation and inflammation. 

These facts question how protective the CTLs are in the course of infection. We es­

tablish the global dynamics of the model. Furtherm ore, we hypothesize that when
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HTLV-I infection is chronic, i.e. R q > 1, the basic reproduction num ber in the pres­

ence of CTL response, R \,  m ay determ ine the possibilities of an asymptomatic carri­

ers to develop H A M /TSP .

In  Chapter 6, we summarize our conclusions and point out lines for future re­

search.
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Chapter 2

A Basic Model for HTLV-I Infection

2.1. Introduction
H um an T-cell Leukaem ia/Lym phom a Virus Type I (HTLV-I ) was the first hum an 

retrovirus identified. HTLV-I causes several illnesses, mainly Adult T-cell Leukaem ia/ 

Lym phom a (ATL) and HTLV-I-Associated M yelopathy/Tropical Spastic Paraparesis 

(H A M /T S P ) [7, 13]. Free HTLV-I viruses are not very infectious and rarely found in 

plasma. The infection spreads mostly through cell-to-cell contact [22].

HTLV-I virions have an almost spherical core of about 100 nm in diameter. 

Inside the core, virions carry viral RNA, tRNA and enzymes such as reverse tran­

scriptase and integrase. The interaction between the virus surface and the receptor 

GTLU-1 allows virus attachm ent and entry [20]. Following entry, reverse transcrip­

tase transcribes a chain of DNA from  the viral RNA. Subsequently, a double-stranded 

DNA is formed and viral integrase places it into the host DNA. The integrated viral 

DNA, which is called provirus, can rem ain without producing viral proteins for a  pe­

riod of time. During this latency period, the host cell cannot transm it the infection. 

U pon stimulation, a provirus-carrier cell starts expressing viral proteins on its surface 

and transmitting HTLV-I infection to bystander cells [4].

M ore than 90% of the proviral load in peripheral blood from  infected patients 

is found in CD4+ T  cells [13]. HTLV-I carriers show high levels of antibodies soon 

after the infection [15]. Experim ents also show that the bulk of the proviral load 

comes out from relatively few clones [7]. This clinical evidence may suggest that few 

HTLV-I-infected cells are able to survive the imm une system attack.
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2.2. A Mathematical Model 19

Using a com partm ental approach, we propose and analyse a basic m odel for 

HTLV-I infection. We assume that newly infected cells can stay in a latent state for 

some period of time. We also consider a general expression for the horizontal inci­

dence that includes both the bilinear and the standard incidence as particular cases.

Viral Proteins

/ r j a ^

Reverse TranscriptionViral DNA Integration
Provirus

Figure 2.1. HTLV-I Infection Process.

2.2. A Mathematical Model
We partition CD4+ T cells into three compartments: healthy, latently-infected, and 

actively-infected. Latently-infected cells are not infectious because they are either in­

tegrating the provirus into their own D N A  or not producing viral proteins. Actively- 

infected cells can infect healthy ones. Let x,  y,  z  denote the num ber of suscepti­

ble, latently-infected, and actively-infected CD4+ T cells, respectively. Let N  de­

note the total num ber of C D 4+ T  cells that participate in the infection transmission. 

Since HTLV-I infection occurs by  the infectious route i.e. cell-to-cell contact between 

actively-infected cells and uninfected ones, the incidence term can be m odelled anal­

ogously as in the population m odels for infectious diseases. Two com m on incidence 

forms are the bilinear f ixz ,  and the standard p x z j N .  In our model, we assume the 

incidence form depends on the total CD 4+ T-cell population. M ore precisely, we de­

fine the incidence form as p C ( N ) x z / N ,  where /3 is the num ber of adequate contacts,
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i.e. contacts sufficient for transmission, of a cell per unit of time, and C (N)  is the 

contact function C (N)  = N x~£ with e E [0,1]. The contact function represents the 

rate of effective contacts betw een a susceptible and an actively-infected T  cell [23]. 

For the sake of simplicity, we write our incide form as / 3xz f (N) ,  where f { N )  = N ~ £ 

with e E [0,1]. W hen e =  0 and 1, our incidence form reduces to the bilinear and the 

standard incidence, respectively. Soon after the prim ary infection, HTLV-I-carrier 

cells confront a strong hum oral response (targeted mainly to Tax proteins) [3, 15]. 

M oreover, the low mutation rate observed during HTLV-I replication, com pared to 

the mutation rate observed during HIV-1 replication [16, 19], suggests that only a 

fraction o E [0, l] of newly infected cells by contact will survive the hum oral immune 

response. The transmission dynamics is depicted in the following diagram:

A
-<*>

o f i x z  f { N )

(1 -  c ) f i x f ( N )

ay

Figure 2.2. Transfer diagram.

The maintenance of the T-cell population may involve proliferation of m ature 

cells in the periphery or m aturation of progenitor stem cells [8]. In  this model, we 

assume the simplest scenario in which CD4+ T cells are produced at constant rate A 

and all of them are susceptible. Since the probability of lymphocyte elimination in 

function of time is not known [21], we assume that the per capita elimination rate is 

a constant pi.  This condition m eans that the probability of cell elimination at time t 

is given by an exponential distribution with expectancy l / p \  [5, 9]. The param eters 

p 2 and p ri  may include the loss resulting from the adaptive-immunity attack. The 

param eter a  is the transmission rate at which latently-infected CD4+ T cells becom e 

actively-infected; thus 1 /a  can be regarded as the m ean latent period. All param eters 

in the model are positive constants.
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Based on the transfer diagram and our assumptions, we derive the following 

system of nonlinear differential equations:

x' =  A — j i \x  — f 3xz f {N) ,

y' =  o / 3 x z f ( N )  -  (piz + a)y,  (2.1)

z' = a y  — n^z .

Here

From (2.1), we obtain:

f { N )  = N ~ E, 0 < £ < l .  (2.2)

x < X — iiix ,

N ' < A — Ji(x + y  + z ) , 

where Ji =  min {}i \ , ji2 > ^3} • f t follows that

lim sup ;c(/) < —  and limsupA^(i) <
/—> oc Fl t—>00 P'

The feasible region for (2.1) is

A =  | ( j:j , z ) 6  1 + : a: <  — , x + y + z  <  =  1 .
I P J

The region A is positively invariant with respect to (2.1) and the model is well-posed. 

The basic reproduction num ber for (2.1) is given by:

-  -  j e u _ .  °*P f A V ~ £ , . . .
0 (p.2 +  a ) p 3  \ P i J

Heuristically, we derive Ro as follows: in the absence of infection, T-cell popula­

tion approaches the constant N * — X/]i\,  thus, the contact function approaches 

C(N*) — N * f ( N * ) .  A fraction a/(pi2 +  oc) of cells leave latency and becom e in­

fectious. The average infectious period of actively-infected cells is I / / / 3 . A  fraction a 

of newly infected CD 4+ T  cells that evade the immune system. Finally, multiplying 

the previous quantities by the contact rate /5 gives Rq [12, 18, 24].

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



2.3. Equilibrium Points 22

2,3, Equilibrium Points
We will establish that when R q < 1, no chronic HTLV-I infection of T  cells is possible, 

and the only infection-free equilibrium P q =  (A ///], 0,0) is globally asymptotically 

stable in the feasible region. W hen R q > 1, a  prim ary HTLV-I infection in T cells 

always leads to chronic infection, and a unique chronic-infection equilibrium P\  =  

(x*,y*,z*) is globally asymptotically stable in the interior of the feasible region.

T h e o re m  2.1. If Ro <  1, system (2.1) has only the infection-free equilibrium Pq =  

(A /^ i,0 ,0 ). If  i?o > 1> there exists exactly one chronic-infection equilibrium P\ =  

(* * ,/ ,* * ) .

Proof. Clearly P q exists for all the positive param eters. Any chronic-infection equilib­

rium  point should satisfy:

* A {p2 + ac)n3 *
X =  z  ,

Hi oap. i

/  =  ^ z *, (2.3)
a

where N * = x *  + y* + z*. Define

h ( x )  = ( v i ± 2 ) B - x  (2.4),
Hi oap,\

and
/ Y) -  +  a ^ 3 ( A  +  ( i  | ^  (P2 +  a ) P 3 \  x '

o a fi \ } i \  V a  a a ji\ J  t

1  (1 + d X ) ‘ ,

(2.5)

piRo  

where
d = t i ( l  + t l -  (^ 2  + a)fi3' 

A \  a  o a p , \

In  term s of (2.4) and (2.5), conditions (2.3) imply

h(z ‘) =  g & ) .  (2.6)
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Note that h(0) = k / j i i, and g(0) =  X/{ji\Ro) = h(0)/Ro.  Also h{X)  is a straight line of 

negative slope, whereas g [ X ) is increasing or decreasing depending on the sign of d.

I: d  > 0. In  this case g  is non-decreasing. Graphs of g  and h have no intersection 

point if ̂ (0) > h(0 ), i.e. if Ro < 1 > and have exactly one intersection if g ( 0 ) < h(0), 

i.e. if R q > 1, and when ,g(0) =  h(0), i.e. when Ro =  1, the only intersection is at 

2 * =  0 .

II : d  < 0. In  this case g  is decreasing and concave down in its domain [0 ,— 1/d]. 

M oreover, h[X\)  =  0 implies X \  =  — , and g [ X 2) =  0 implies
[ji 2 +  a)n  3

1 o a k  1 „
  ----------- — > X ] .
oajxi  +  a ^ i^ 3  \

+ «) J

Therefore, the possible intersections of the graphs of g  and h are:

(a) no intersection when R q < 1;

(b) exactly one intersection when R q > 1. W hen Ro =  1 the only intersection is at 

2 * =  0. See Figure 2.3.

q.e.d.

2 d  [p2 + a)ti3 1 -

h(X)

Case I: d > 0.

h(X)

Case II: d  < 0.

Figure 2.3. Uniqueness of the chronic-infection equilibrium when R q > 1.
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2.4. Global Dynamics
In  ecology, it is im portant to determ ine the survival or extinction of species within 

the same environment. A particular species of size x(t) persists (coexists) when

lim inf x(t) > 0 provided x(0 ) > 0.
/-» 00

However, persistence does not guarantee the survival in biological terms [5]. A m ore 

precise definition is uniform persistence that requires a positive bound for population 

size. We proceed to define this concept formally.

D efin ition . Suppose the mapping x F(x) from an open subset B  C R n to R" is 

such that each solution x( t ,xo) to the differential equation

x' =  F{x),  (2.7)

is uniquely determ ined by its initial value x(0) =  xq. Furthermore, suppose that a 

closed set A  C B  is positively invariant with respect to (2.7). The system (2.7) is
O

called uniformly persistent in A  (see [6, 10]), if there exists sq > 0 such that for all
O

xo £  A ,

lim inf d(x( t ,xo) ,dA) > eo, (2.8)
/-> 00

where d  is a distance function and d A  is the boundary of A.

Uniform persistence can be used to characterize chronic infection of CD4+ T  

cells. M ore specifically, condition (2.8) m eans that levels of CD4+ T cells will never

reach the boundary of the feasible region A. In particular, the infected cells will

rem ain at positive levels, provided that there were originally infected cells in the 

blood.

T h eo rem  2.2. If R q < 1, the infection-free equilibrium Pq is globally stable in the 

closed region A. If  Ro > 1, then Pq is unstable and system  (1) is uniformly persistent 

in the interior of A.
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Proof. Consider a Lyapunov function L  =  ay  +  (yi2 +  a)z - We have

L'  =  ay'  +  [p.2 + a )P  =  z [ o a f x f ( N )  -  (p.2 + a ) ^ ]

. . ( o a B x f ( N )  \

<  {ji2 +  « )^ 3 2  [R q — 1) <  0 ,  if R q <  1.

The maximal compact invariant set in { (^ ,y ,z )  E A : L! =  0} is the singleton {Po} 

when R q < 1. The global stability of P q follows from the LaSalle Invariance Prin­

ciple [14]. M oreover, if R q > 1, then L ' > 0 for those points in the interior of A 

that are sufficiently close to P q. Solutions in A starting sufficiently close to P q leave 

a neighborhood of P q except those on the invariant x-axis, where solutions converge 

to the infection-free equilibrium point Pq. In particular, the largest compact invariant 

set on the boundary of A is the singleton {Po}. The uniform persistence follows from 

Theorem  4.3 of [10] by setting X  =  R 3, E  —  A and noticing that the singleton [Po] is 

isolated, and P q is unstable when Po > 1.

q.e.d.

Theorem  2.2 establishes the basic reproduction num ber Po as a sharp threshold 

param eter; when Po < 1, the infection of T  cells always dies out, whereas when 

Po > 1, it becomes chronic.

Theorem 2.3. Suppose that Po > 1. Then the unique chronic-infection equilibrium 

Pi =  (x*,y*, z*) is globally stable in the interior of A.

Proof. We will use the general m ethod of Li and Muldowney to establish the global 

stability of Pi (see Appendix B). We note that uniform persistence of (2.1), together
O

with boundedness of solutions, implies the existence of a compact absorbing set in A
O

(see [6]). M oreover, since P i is the only equilibrium in A, conditions (HI) and (H2) 

of Theorem  B.l are fulfilled (see A ppendix B). We need to construct a 3 x 3 m atrix­

valued function Q, and choose a suitable vector norm  [ • | in R 3 =  R© such that the 

corresponding Lozinskil measure p, and q2 satisfies (see Appendices A and B).
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T h e ja c o b ia n  m atrix  o f (2.1) along a solution {x,y,  z) is given by:

J  =
- j i i  -  f i z ( f { N )  + x f ' ( N ) )  ~ /3 x z f ' {N)  - f i x [ f { N ) + z f ' { N ) )  \

o /5z{ f {N)  + x f ’{N)) c p x z f ' { N ) - { p 2 + a) o p x ( f [ N )  +  z f ' ( N ) )  J  , 
0 a - p 3 j

and its second additive com pound matrix (see A ppendix A)

f f j n  c p x ( f ( N )  + z f ( N ) )  fix ( f { N )  + z f ' ( N ) )
J m =  [ a  jn  - / 3xz f ( N)

\  0 ofiz(f{N) + x f (N) )  733

where
j  11 =  ~H\ ~  f iz f { N )  - {p2 +  a) -  p x z f ' { N ) { l  -  o),

J 22 =  -pi i  -  P z f { N )  -  f i x z f ' ( N )  -  p 3, and 

733 =  o f i x z  f ' ( N )  -  [p2 + a ) - ) i 3 .

Define the m atrix Q =  Q ( x , y , z ) =  diag { o , o y / z , y / z } .  Then

Q f Q ~ l =  diag {0, y ' / y  -  z ' / z , y ' / y  -  z ' / z ] ,

where O f  is the m atrix obtained by replacing each entry qij in Q  by its directional 

derivative in the direction of f .  Thus, the m atrix B  =  Q j Q ~ l + Q J ^ Q ~ l can be 

written in block form as
(  B n  B n  \
V -®2i B 22 )  ’

where

B n  = - p i  ~  f i z f { N )  -  ( +  a) -  p x z f { N ) [  1 -  o),

Ba = [ { o p x z f ( N )  + o M W ) y  - ( ° P x z f m  + ° P * f W ) - ) ,

i?2i = ( « p 0 )  , and

f e  =  d i a g / y
I t  ‘  y  z J

+

—pi  -  f i z f { N )  -  / 3xz f ' (N)  -  jj.3 - o P x z f ' { N )
P x z f ' l N ) + f l z f ( N )  o f } x z f ’[N)  -  (fi2 + a) — p.3
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Choose a vector norm  in R 3

\{x,y,z)\ =  m ax{|x |,|y | +  \z\} 

and let p  denote the corresponding Lozinskil m easure. We have the estimate (see

[17])

p(B)  < m ax{ ^ 1, ^ 2 }, (2.9)

where

gi  =  +  I - S 1 2 I ,  g 2 ~  \B2i\ +

Note that /i*(i?22) is the Lozinskil measure of the 2 x 2  matrix B22 with respect to 

the Q\ norm  in R 2, [ B 1 2 I  and |5 2i| are the operator norm s of £12 and #21 w hen they 

are regarded as m appings from R 2 to R and from  R to R 2, respectively, and R 2 is 

endowed with the Q\ norm . Note that

p*{Bn ) =  B n =  ~ p \  ~  f i z f { N )  -  {p2 +  a) -  ( 5 x z f {N) {  1 -  a). (2.10)

The function f ( X ) =  X ~ 8 (e G [0,1]) satisfies f ' { X )  < 0 and for X  > 0

\ X f ( X ) \  < f ( X ) .

Since x  < N ,  the previous expression yields

/(A O  + x f ' { N )  > f [ N )  + N f ' [ N )  > 0. (2.11)

Thus, f i z f ( N )  + f 5 x z f ' ( N )  >  0 and

|£ ,2| =  \af ixzf (N)  +  a fix f ( N) \ -  =  (af ixzf(N) + af i x f (N) )y

Rewriting the second equation in (2.1) as

~  = o x f { N ) -  ~  (p-2 +  «), 
y  y
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and substituting into g \,  we obtain

gi = ~  f i z f { N )  -  (/i2 + a) -  f 3xz f ' {N) ( l  -  a)+

(o p x z f ' ( N )  +  o f t x f ( N ) )  —

= -]* i +  y  “  Pz f ( N ) ~  Px z f ' [ N ) ( l  - o )  + (o f i x z f [ N ))^ 2̂ ' 12^

Z

On the other hand, we have

< - / z i  +  —, by (2.11). y

y  z
= ------------ ^3 -  m in {^ i,^2  + «}•y z

and |^ 2i | =  a y /z .  Rewriting the third equation in (2.1) as

z' y
— =  a  ^ 3,
z  z

and substituting into g 2 , we obtain

■v /  z' . r ,
g 2 = a -  +   ----------- ^ 3  -  m in{jui, ^ 2  +
* z y z

I  
y

From (2.9), (2.12) and (2.13), we conclude

=  — -  m in ju i, ii2 + a}.
y

(2.13)

y
o

where 8  =  m in { /ii,/i2 +  a} > 0. Let K  C A be the compact absorbing set. Then 

there exists 1 > 0 such that (x(0),y(0),z(0)) € K  implies (x(t),y[t),z[t)) 6  K  for all 

t > t. Therefore, for t > 1,

pi(B)ds — 8
t - 1

for all (x(0),y(0), z(0)) G K ,  which implies q2 < - 8 / 2  < 0, proving Theorem  2.3.

q.e.d.

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



2.5. Discussion and Conclusions 29

2.5. Discussion and Conclusions
In this Chapter, we present a complete mathematical analysis for the global dynamics 

of a model for HTLV-I infection of CD4+ T cells. In  our basic model, the CD4+ T-cell 

population is partitioned into three subclasses: uninfected (susceptible) x, latently- 

infected (infected bu t not yet infectious) y, and actively-infected (infectious) 2 . Unlike 

other retroviruses, HTLV-I requires cell-to-cell contact to infect other cells in vivo [13]. 

Once an infectious contact is established, it may take some time for the newly infected 

cell to start the production of viral proteins and becom e infectious.

We consider a generalized incidence form that includes the standard and bilin­

ear incidences. M ore precisely, the incidence form  is f 5 C { N ) x z / N , where ft is the 

num ber of adequate contacts and C{N) = N l~E with s  G [0,1] is the contact function. 

This function represents the rate of effective contacts betw een a susceptible and an 

actively-infected T  cell. W hen e =  0, we have a bilinear incidence, whereas when 

e = 1, we get a standard incidence. Also, based on clinical evidence, we assume that 

the immune system is able to eliminate a proportion of newly infected cells.

O ur analysis proves that the basic reproduction num ber Ro governs HTLV-I 

infection dynamics. If R q < 1 no chronic infection is possible, and the HTLV-I- 

infected T cells are wipped out. W hen R q > 1, a  chronic infection is established and 

the unique chronic-infection equilibrium is globally stable. Thus, our model exhibits a 

forward bifurcation (see Figure 2.4). This implies that changes in R q gradually modify 

the proviral load.

UnstableStable

Figure 2.4. Forward Bifurcation.
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We will show how R q and z* change with different choices of f { N )  in the in­

cidence, as defined in (2.2). Assuming that all the parameters are fixed except s.

The normal CD4+ T-cell count in a  healthy individual is about 1000 cells/m m 3 [11]. 

Thus, it is reasonable to assume that X/ p \  > 1. From  its definition, we can see that 

R q is a decreasing function of s. Furthermore, since HTLV-I-infected cells keep most 

of their functional capabilities [7], we can assume that p\  = p i  = p 3 . Thus, at the 

chronic-infection equilibrium we have

—  > N *  = x*+y* + z* = — {l + dz*),  
p i  P 1

This implies d  < 0, and analyzing the intersection of the graphs of g  and h (see

Figure 2.3), we conclude that z*  is an increasing function of e. Hence, changes in

the contact function can reduce the basic reproduction num ber, but they will increase

the level of HTLV-I-infected T  cells. It is worth m entioning that, for epidemics in

hum an populations, experim ental data seem to indicate that s  =  1, i.e. the standard

incidence, is m ore realistic [1,2, 12].
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Chapter 3
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Mitotic Division of HTLV-I-infected T Cells

3.1. Introduction
Lymphocytes reproduce by duplicating their contents and then dividing into two. 

Cell division, or mitosis, involves several phases, one of which is the nuclear division. 

During nuclear division, cellular polymerases replicate the D N A  with a particularly 

low mutation rate.

HTLV-I-infected cells that undergo mitosis will p roduce clones with (almost) 

identical provirus. In  contrast with this meticulous proviral copy, HTLV-I infec­

tious transmission, i.e. by cell-to-cell contact, involves the error-prone viral reverse 

transcription (see Figure 3.1). Consequently, newly infected cells will show proviral 

mutations after a few rounds of (infectious) transmission. In  comparison with other 

retroviruses, HTLV-I exhibits an extraordinary genetic stability. For instance, the av­

erage mutation rate per base per replication cycle for HTLV-I is 7 x 10-6 and that for 

H IV  is 3.5 x  10-5 [23,36].

Generally, HTLV-I-infected patients harbour a  rem arkably high proviral load 

-asym ptom atic carriers can have up to 1% of peripheral m ononuclear blood cells 

(PBMCs) infected [27, 37]. M oreover, most of the proviral load emanates from few 

clones [28].

To reconcile the paradox of having a retroviral infection with high proviral loads 

and genetically stable proviruses, E. Wattel and colleagues [28, 35] hypothesize that 

HTLV-I infection is a two-step process consisting of a  transient phase of reverse tran­

scription followed by a  persistent clonal expansion of HTLV-I-bearing T cells.
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INFECTIOUS TRANSMISSION

Reverse Transcriptase

Provirus

MITOTIC TRANSMISSION

DNA Polymerase

Provirus

Figure 3.1. Transmission of HTLV-I infection.

In this Chapter, we propose and investigate a model that incorporates mitotic division 

of cells. Since HTLV-I antigens continuously restimulate the cellular immune system 

in vivo [38], we allow the infectious transmission to be present during the whole course 

of infection. As in C hapter 2, we incorporate the genetic stability to the model by
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reducing the infection rate. Recall that such an infection rate summarizes the overall 

effects of infectious transmission, e.g. contact rate and effectivity of transmission.

U nder biologically sound conditions, we show that our model exhibits a backward 

bifurcation. Thus, multiple stable equilibria exist w hen the basic reproduction num ber 

is below one. This bifurcation has “catastrophic” behaviours, e.g. abrupt changes in 

the solutions when param eters are slightly perturbed. We will simulate numerically a 

reduced model. Finally, we will explore the plausibility that such a bifurcation occurs 

in the HTLV-I-infection dynamics.

3.2. A Mathematical Model
We partition CD4+ T-cell population into com partm ents as in C hapter 2, i.e. sus­

ceptible (#), latently-infected (y), and actively-infected (z). We assume a bilinear in­

cidence J3xz for the infectious transmission, i.e. cell-to-cell transmission. M oreover, 

we consider that only a fraction a  € [0,1] of newly infected cells by contact will sur­

vive the immune response. Clinical evidence suggests that T-cell division is density- 

dependent, and it slows as the T-cell count gets higher [18, 31]. Therefore, it is reason­

able to assume that cell proliferation obeys a logistic type of growth. M ore specifically, 

we represent cell division in the susceptible com partm ent as v i*(l — N / K ) ,  where vi 

is the maximum proliferation rate, jV =  x-l-y  +  z is  the total CD4+ T-cell population, 

and K  is the level at which mitotic division stops. We include an analogous growth 

term  for the latently-infected com partm ent. We depict the transmission dynamics in 

the following transfer diagram:

vi*(l -  f ) S ~ \v 2y{l -  f )(1 — o)j3xz

o(5xz
}1\X

Figure 3.2. Transfer diagram.
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In contrast with the model (2.1) in C hapter 2, here X denotes the production of T 

cells exclusively by maturation within the lym ph organs, viz. thymus, bone m arrow 

and spleen; we assume that such a cell production is constant. The rem oval rates for 

uninfected, latently-infected, and actively-infected CD4+ T cells are pi ,  p 2, and p%, 

respectively. The rem oval rates p 2 and p 3 m ay include the loss resulting from natural 

causes or induced by the humoral- or adaptive-immunity. The rate at which infected 

cells leave latency and become actively-infected is a ; therefore, the average latent 

period is 1 / a .  All parameters in the m odel are positive constants.

Based on the transfer diagram and our assumptions, we obtain the following 

system of differential equations:

1  ̂ x + y + z \
x  =  A +  V i x l l  j?   I — p \ x  — p x z ,

, (  x +  y +  z \  (3.1)
y  =  o p x z  + V2y  I 1 -----------—  ) -  p i y  -  ay,

z ' =  a y -  z .

In  the absence of infection, i.e. y  =  0 and  z  =  0, system (3.1) reduces to

*' =  / ( * ) ,  (3.2)

where

f ( X )  =  \  + ( v , - m ) X - ^ X 2. (3.3)

Let xo be the positive root of /(x ) . Then, a  phase-line analysis shows that solutions of

(3.2) satisfy lim s u p ^ ^  x(t) =  xo

Adding up the equations from (3.1) we get

( X +  y +  z  \
1 -------- ——  J — p(x + y  + z),

where v =  max{ v i , V2 }, and p, = min { ^ 1, p 2 , P 3 } • It follows that

lim sup x(t) + y{t) +  z(t) < N ,  
t-> 00
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where N  is the positive roo t of the quadratic equation A +  (v -  p )N  -  -^?N2. Thus, a
K

feasible region for (3.1) is:

T =  j(a :,y ,z) G R+ : x < xq, x + y + z <  w j  .

The region T is positively invariant with respect to (3.1) and the model is well-posed.

HTLV-I-proviral DNA production (amplification) has two sources: infectious 

transmission (cell-to-cell contact), and mitotic transmission (cell division) [11, 28]. Ac­

cordingly, the basic reproduction num ber consists of sum m ands for each one o f these 

transmissions; we label the infectious (horizontal) and mitotic (vertical) transmissions 

by R q[o), and R q, respectively. Thus,

M o )  = K ( o )  + XS =  aa/ X0 +  ( l  -  | )  , (3.4)
[}i2 + «)^3 P-2 + a  \  K I

where xo is the postive root of the polynomial f  defined in (3.3).

Heuristically, we obtain R q ( o )  as in Chapter 2; that is: R q {o )  is the product of 

the contact rate /3, the average latent period of infected cells a/(pi 2 + a), the frac­

tion o of newly-infected CD4+ T  cells that evade the immune system, the average 

infectious period of actively-infected cells 1/ ^ 3, and the T-cell population xo in  the 

absence of infection. We obtain Rq as the product of the m ean (death-adjusted) latent 

period 1 /(y.% + a), and the average num ber of latently-infected T cells produced by 

the division of a prim ary latently-infected cell V2(l — xq jK )  (see [17, 26, 33]).

We will show that, under certain conditions, the m odel exhibits a backward bifur­

cation. Roughly speaking, this means that there exist multiple stable equilibria w hen 

R q(o) <  1, and “close” solutions may approach abruptly to different steady states.

An equilibrium point (x , y , z } satisfies:

(  x + y + z N  0 =  A + v i x l l  —----  1 -  fi\x — pxz,

n a + y  +  zN (3.5)
0 =  o p x z  +  V2y  I I --------——  1 — p.2y ~ ay,

0 =  a y  — JJ.3Z.
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For any choice of param eters, there exists the infection-free equilibrium point Pq 

(*0 ,0 ,0), where ;co is the positive root of f .

Assume y > 0. From  the third equation of (3.5) we have:

a
z  =  — y.  

]l 3
(3.6)

Substituting (3.6) into the second equation of (3.5) gives

o B a  (  x + y  + z
-X + V2 ( 1 —

which leads to

a K

K
j  -  (/z2 +  a) =  0,

v2(/i3 +  a)

From the first equation of (3.5), we obtain 

A +  (vi -  f i \)x  -  x2 =

(3.7)

v\{fi3 +  a) + f5aK  
~aK

x z . (3.8)

Combining (3.7) and (3.8), we conclude that a chronic-infection equilibrium must 

satisfy:

f [ x ) = g o { x ) ,  (3.9)

where

g J X )  =  »

and
vi//3 +  v ia  +  j3aK

X ,

d =
v2(/i3 +  a)

Define the polynomial

m„(X)  =  f ( X ) -  g a(X)  =  A + m xX  +  m 2 ( o ) X 2,

(3.10)

(3.11)

(3.12)

where

m \ = v \  — y . \ — #[v2 -  (p,2 + a)], 
o f i a K  -  v2^ 3

m 2 {o) = ~  - d

(3.13)

(3.14)
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The positive roots of m a(X ) represent the ^-co-ordinate of the equilibria. Multiple 

chronic-infection equilibria can occur only when

Note that m 2 (a) > 0 implies

m \ < 0 and 7722(0 ) > 0.

o fia K  < V2 P.3 .

(3.15)

(3.16)

W hen (3.15) holds, the global m inimum of m a{X) occurs at

mi
X (a )  =  -

27722(0 ) 2 [v\JJ.3 +D(o/3<xK ~ V2ll3)\
> 0 .

Note that X (o) is an increasing function of its parameter. M oreover, the value of 

m a(X(cs)) increases as o  increases. The graph of m a intersects exactly once the posi­

tive W-axis when:

Boo such that m \  — 4Am2(ao) =  0.

O r equivalently, when

o 0 =
V2/73 P3
fia K  fiad

Vi
4A K

V2JI3 ( 4 A / f a  -  {p-3  +  q ) 7 7 2 j )

4A/3a(vi(/i3 +  a) + f5aK)
(3.17)

Thus, when o  < 0 0 , the polynomial m a has no real roots; when o =  0 0 , the polyno­

mial m a has exactly one positive root. Finally, w hen o  > 00 we will have two positive 

roots x*(o) < X (o )  < x*(o) (see Figures 3.3 and 3.4).

x*(o) | x*(o)

Figure 3.3. Roots of m c( X ) when a > cq

X
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Note that x*(o) is an increasing function. Therefore, there exists oc >  g q  such that 

Tn0c[xo) =  0. M ore precisely,
_ V2/Z3 M y* ~  (^2  +  a)) 1Qx

° c J3aK (3axo
R em ark . Formally, g q  and g c can assume any value. However, we impose the

condition

oq > 0 and oc <  1. (3.19)

As param eter o  varies, we obtain the following cases (see Figure 3.4)

(i) 0 < o  <  o q .  There is no chronic-infection equilibrium point.

(ii) o = go. There is exactly one chronic-infection equilibrium point.

(iii) o q  <  a  <  oc. There are two chronic-infection equilibria P* =  (x*,y*,z*) and

p*  =  (x*,y*,z*), x* < x*, y* > / ,  z* > z*.

(iv) a > oc. There is a unique chronic-infection equilibrium P* ~  (x*,y*,z*) in the 

feasible region T.
o  <  o q  o q  < a < o,

0 =  00

o =

Figure 3.4. Positive roots of the polynomials m a(X ) as o  varies.

We summarize this analysis in the following result.

Theorem 3.1. System (1) always has the infection-free equilibrium Pq =  (*o,0,0) .  

Assume the conditions (3.15) and (3.19) are satisfied. Then the num ber of chronic- 

infection equilibria is determined by o. M ore specifically,

(i) if 0  < o < o q ,  there are no chronic-infection equilibria;

(ii) if o = o q , there is a unique chronic-infection equilibrium;

(iii) if o q  <  a < oc, there are two chronic-infection equilibria P* and P*\

(iv) if o > oc, there is a unique chronic-infection equilibrium P*.
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3.3. Local Stability Analysis of the Equilibria
We will prove the local stability of the equilibria using Routh-Hurwitz criterion. Suppose 

the m apping x F(x) from and open subset B  C R 3 to E 3 is C l . Let J (x )  =  D F (x ) 

be the Jacobian m atrix of F . Suppose xo is an equilibrium point of the differential 

equation

where C2 is the sum of the principal 2 x 2  minors of J [ x o).

Theorem 3.2. The infection-free equilibrium point Pq is locally asymptotically stable 

when i?o(o) < 1, and is a saddle w hen Ro[o) > 1.

Proof. We can write the Jacobian  m atrix of (3.1) at P q as

x ' =  F{x).

Then, by the Routh-Hurwitz criterion (see [6 ]), Xo is locally asymptotically stable if 

and only if

(i) Tr J{xo) < 0,

(ii) D e t / ( x 0) < 0 ,

(iii) Tr 7 (x 0) • c2 < D et f { x Q),

\  0  a  - } iq /

Note that v2 1 -  ^  -  {p-2 +  «) <  (^2  +  «)(-So(<7) "  1)- Thus, condition (i) is fulfilled 
L K  J

(p2 +  a) o fix  o

when R q{o ) < 1. We also have

D et J (P 0) = - ( -  + V̂f ) T > e t A ,  (3.20)

where

Using the definition of the basic reproduction num ber (3.4), we get

D et A  = -pi3(pi2 + «)[-fto(cO ~  !]•
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Therefore, condition (ii) holds if and only if R q{o ) < 1 . M oreover, this implies the 

instability of Pq when R o [ o )  > 1. From the definition of C2 , we obtain

c2 =  - A  +  Vi*°
xq K ] hi1- Xo

K \
-  {p2 + a)  -  p 3 + Det A. (3.21)

Condition (iii) follows from  (3.20), (3.21) and condition (i). Therefore, by Routh- 

Hurwitz criterion, the disease-free equilibrium point is stable when R q{o ) < 1 and 

unstable for R q{o) > 1. q.e.d.

T h eo rem  3.3. (i) If R q{oq) < R q(o) < 1, then P* is locally stable whereas P* is a 

saddle, (ii) If PoO?) > 1, then P* is locally asymptotically stable.

Proof. The Jacobian m atrix of (3.1) at the equilibrium point P  =  (x,y, z)  is given by:

_  . i n  — {%;+
J{P) =  [ o f i z -  | y  722 o  jBx -  f  y 

0 a  -7/3

where the diagonal elements are given by:

7ii =  vi

J 22 =  V2

1 -  

1 -

x +  y + z  

K

x +  y + z
K

— p i  — [52 — -^rx, and
K

-  {p2 + a ) ~  j ^ y .

Note that x, y, 2 are positive. Thus, condition (i) of the Routh-Hurwitz criterion 

holds because

. A vj , _xz v 2 A
; i i =  — x < 0  and m  = - o p —— — y < 0 .
J x  K  J y  K y

The determinant of J[P)  is given by 

D e ty (P )

=  -  ( c f z  -  ^ y )  [713 ̂ x  +  a  +  [ j  x] + 711 [ - 7/3722 -  a ( o f x  -  ^ y ) ]

=  - ( a / ? * - | j )  [ ,* £ *  + a ( £ + / ) )
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—/i3 ~  % y )  ~  a (o p x  -  ^ y )

’ o p a K  -  v2p,3 
d K )  [(^3 + a ) ^  + P a

/  \  v 2 x z  + j n [ p 3 + a )— y

z
a K

( o f a K  -  V2/Z3) [(f*3 + a ) ^  + f a  

+{ji 3 +  a)v2p  3 Vl \  ~  I f  )  ~  -  p \  -  j^ { y  + z) -  f z

[pi3 + a)v2p.3z  f  o f ia K  -  v2^i3 Q „ 
aAT 1  *

o fta K  -  V2 fi3 . . , ,
-x + v2 — [qi2 + a)

1*3 K

}

}
{ji3 + a)v2ji3z  f 

a K  V
■6 ■f P a K - w  '

]13 K

_  ( ^ 2 M 3 £  ^  +  m ]  _

Note that m'a (**) < 0 implies condition (ii) of the Routh-Hurwitz criterion, whereas 

m'a{x*) > 0 implies the instability of P* (see Figure 3.3). Since j u  < 0, we obtain:

Vi / 1)2 \ / V2 \
c2 =  711722 +  j£X  ( o f z  - £ $ ) -  M j n  +  722) -  «  [a fix -  — y J

=  711722 +  { o f z  -  j t y }  -  ji3j n -  (}i3j 22 + a  ( o f x  -

. . Vl / v2 \ (/i3 +  a)v2 _
=  J i i j 2 2 + g X [ o p z - — y ) - p 3 j n  + K -y

' A  V! . 
k  K xK o p a  „ V2 \  Vl / V2 \

K y )  K x  { ° P z  -  K y )  -  +

(/i3 + a)v2
K  ■

-  °J3 l U  +  ^ 2) J -  ^ 2  4 .  VJ S £ * * (/i3 + a)v2 .
+  ~yPJ~  +  - f f - x z  -  / 2 3 7 1 1  +  " ~ t r '  ~ J  >  ° -  |13 \  A /  A X  K  K

Finally, we will show that the condition (iii) of the Routh-Hurwitz criterion holds. 

Write

-T r  J(P) ■ c2 =  ( - 7  11 -  722 +  m )  c 2
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V2 _\ , (723 +  a)v2 \y )
K(

V\ /  V2 \
711(722 -  ^ 3) + [ o f z  - £ $ ]  +

, . . \ , f  ■ / . \ (^3 + a)v2 A  , T^vi f  o f a K  - V 2 E i \  - -
=  (-711 - 722)c2 +  7i3 ^7ll(722 - ^ 3 )  +  ----- ^  J  j  +  -------J ^

(3-16b . \ f  ■ / ■ \ (^3 +  a ) v 2 \
■ -y)  +> \ - j n  -  722)^2 +  ^ 3  ^711 (722 -  7 2 3 ) + 7T

+ + p a )  , ,

•2 / . \ (^3 + «)V2 . . V] /  o f a K  -  v2^ 3  \  _  .
=  “ 7 n (722 -  723) -------^  JF7n -  ^ -------- — £  j  x y jn  -  J 22C2

+ w  ( y l l f e  -  , 3) -  +  + (>a) { ° PaKp^ )  *>

■2 / • X Vl ( O p a K  -  V2/ i 3 \  _  .
=  - 7 i i ( / 2 2  -  /23) -  —  ^ ---------— --------- J  ^ 7 n  -  J 2 2 C 2

+723 ^ 711(722 -  723) +  _  Det y (£ )

( vi ( o B a K  — V2 m \  \  .2
711722 +  ^  ^ ^ -------  I * ? ) *  7117*3 -  722C2

+7^3 ^ 711(722 -  ^ 3) +  -  Det J{P)

. ( .  . viv2 \ V i o f a _ .  ,2
=  -7 1 1  (711722 -  ~]f2 xy )  ~  ~ ff fx ~ xy J n  711^3  -  722C2

+7*3 ^ 711(722 -  7̂ 3) +  -  D et / ( P )

. ( c B a  j . vi n \ Av2 v i a / 3 a _  , .2

"  " 2 ' 1 ( A+ F * ) +  - W  + J ' ^

- J 22C2 + F3 ^u O '2 2  -  W) +  _  D et J(P)

=  B — D et J{P) ,

where B > 0; thus, P* is locally stable. q.e.d.

We summarize the preceding analysis in the bifurcation diagram shown in Fig­

ure 3.5, in which solid lines indicate stable equilibria, and dashed lines indicate 

unstable equilibria. Note that P* has a  smaller y* and lies in the middle branch,
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whereas y * lies on the top branch. By its definition, Rq{o)  is an increasing function 

of o \ moreover, Ro{oc) — 1. Thus, oq < a  < oc <=> Rq{oq) < R q [ o )  < 1, and 

o > oc <=* Ro(o) > 1. We see that R q ( o )  still behaves as a threshold param eter in 

that if Rq(o)  < 1, the infection-free equilibrium Pq is stable, whereas if R q[o)  >  1 , Pq 

becomes unstable and a unique chronic-infection equilibrium P* is stable.

The bifurcation diagram  in figure in Figure 3.5 shows the standard features of a 

backward bifurcation (see [7, 8 , 12, 13, 21, 20, 24, 25, 32]); namely, multiple chronic- 

infection equilibria exist when the basic reproduction num ber is below unity. Such a 

bifurcation possesses certain “catastrophic” behaviours:

•  W hen Rq{o)  increases through 1, the num ber of infected cells can suddenly 

change from low level to a high persistent level. This may lead to a sudden 

infection outbreak am ong T-cell population.

•  W hen R q[o ) decreases through 1, the level of chronic-infection rem ains high.

-------- a ------- ----V --------------
R { oq) R { oc) =  1 R{o)

Figure 3.5. Backward Bifurcation.

This is in a sharp contrast to the standard forward bifurcation as the one obtained in 

Chapter 2. A serious complication associated with a  backward bifurcation is: lowering 

the basic reproduction num ber Ro below unity may no longer be a viable control 

measure, hence, different prevention and control measures have to be contemplated.
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x{t) y{t) +  z{t)
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(d )
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Figure 3.6. MATHEMATICS simulations of system (3.1). In  (a) and (b) R{o) < R[oq), all 
the solutions approach to Pq. In  (c) and (d), R[oo) < R{o) < 1, the solutions approach 
either Pq or P* depending on the initial conditions. Finally, in (e) and (f) R(o) > 1, all 
the solutions approach P*.
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3.4. Global Dynamics of a Reduced Model
In  this section, we amalgamate the two compartments of latently- and actively-in fec- 

ted cells into one, which, generically, we refer to as infected-cells com partm ent [y). 

There are several benefits from this reduction. Firstly, the dynamics of the reduced 

model mimics that of the “full” model in the sense that a backward bifurcation can 

also occur. Secondly, it facilitates the global analysis of the system.

It is worth m entioning that the relevance of latency for HTLV-I infection is hith­

erto unclear. Bangham and colleagues [2, 16] claim that HTLV-I is no t latent based 

on the following facts:

•  Newly HTLV-I-infected cells express viral proteins within 6  hours which con­

trasts to the average lifespan of a naive CD 4+ T cell (normally scaled in years [5]).

•  There are persistent hum oral and cell-mediated immune responses to Tax viral 

proteins in asymptomatic carriers and H A M /T SP patients [19, 22].

Thus, our reduced m odel can be intepreted as a m odel without latency.

Theorem s 3.1 and 3.3 underpin reduced m odel’s local stability. We will sketch 

relevant changes. The reduced model is given by:

(3.22)

A  feasible region for (3.22) is

where x q  is the positve root of (3.2), N  is the positive root of the polynomical A +

(v -  p ) N  -  ~ ^ N 2, v =  max{vi,V2 ], and fi =  m infyU i,^}- The basic reproduction 
K

num ber for system (3.22) is given by:

(3.23)
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An interpretation of this basic reproduction num ber follows that of (3.4). For any 

choice of positive param eters, system (3.22) has the infection-free equilibrium  point 

p Q =  ( x q , 0 ) .  A chronic-infection equilibrium point (x,y) must satisfy

(3.24)

where

and

(
O  (5K — V2

K  

V] -I- f3K

X  +  V2 -  p 2 X ,

V2

(3.25)

(3.26)

The positive roots of the following polynomial give the ^-co-ordinate of the equilibria 

m a{X) = f [ X )  -  g a{X)  =  A + r h \X  + m 2(a )A 2,

where

m i  =  vi -  p i  -  2?i[v2 -  ^ 2],
o f K  — V2

m 2{o) = ~  - 0 i
K

(3.27)

(3.28)

Multiple chronic-infection equilibria occur when the following conditions hold

m i <  0 and m 2(o) >0 , (3.29)

and

oq > 0  and oc < 1 .

The corresponding expressions for oq and oc are given by

v2{4Xf -  m \)
o  0 = and Or =

_  V2 V2 — p. 2

(3.30)

4A/3(vi + 0 K )     f K  Pxq '

The following theorem establishes the global dynamics of the system (3.22). 

T h eo rem  3.4. Assume that conditions (3.29) and (3.30) are satisfied. Then
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(i) when 0 < Po(<?) <  R o (o q ),  the infection-free equilibrium P q is globally asymptot­

ically stable in T i;

(ii) when R q(oq) <  R o { o )  < 1, system (3.22) has two attractors in Tj, the infection- 

free equilibrium P q and the chronic-infection P*. Their basins of attraction in the 

interior of Fi are separated by the stable manifolds of the saddle point P*;

(iii) when R q(o )  > 1, the unique chronic-infection equilibrium P* is globally asymp­

totically stable in the interior of T j.

Proof. We first rule out periodic orbits in the interior of Ti using D ulac’s criterion (see 

[14, 15]). We choose a  Dulac multiplier a[x ,y ) =  1 jx y . Let (P ( x , y ) , Q{ x , y )) denote 

the right-hand-side of (3.22). We have

d {a P) d(aQ) =  _  / _A_ _v^_ j> 2 _ \

dx  dy  K y  K x )

for all x > 0, y  > 0. Thus, (3.22) has no periodic orbits in Ti. A simple application 

of the classsical Poincare-Bendixson theory shows that every solution in Fj converges 

to a single equilibrium. The rest of the theorem follows from  the local stability of 

equilibria as stated in T heorem  3.3. q.e.d.

In Figure 3.7, a phase-portrait of (3.22) for case (ii) of Theorem  3.4 is numerically 

generated using MATHEMATICS. Three equilibria are marked with dots, with P q on the 

#-axis, and P *  sitting betw een P* and P q. The heteroclinic orbits from  P* to P* and P q 

are identifiable, as well as the basin boundaries, which are the stable manifolds of the 

saddle point P*. In this case, R q{o ) < 1, but the fate of the infection critically depends 

on the initial conditions. If  the initial point lies in the basin o f attraction of P q, then 

the infection will die out, whereas the infection will persist if the initial point lies in 

the basin of attraction of P*. This behaviour does not occur in virus-host models that
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have forward bifurcation [10, 34].

Po-

X

Figure 3.7. Phase-portrait of (3.22) showing multiple stable equilibria.

3.5. Numerical Simulations of the Reduced Model
In this section, we give some biologically relevant conditions to ensure that (3.29) and 

(3.30) are verified. Firstly, we expect that in the absence of infection, the equilibrium 

level xq of T cells is less than the carrying capacity K ,  namely

It is known that HTLV-I-infected cells are functionally similar to ther healthy counter­

part [4]. Therefore, it is reasonable to assume that healthy and infected T  cells have 

similar natural growth and rem oval rates:

xq < K . (3.31)

P-l ~  P-2 i Vi a  v2. (3.32)

We choose the unit time in system (3.22) as day, and follow a scaling law suggested 

by Perelson [30]:

/3 K  =  1 (day). (3.33)

U nder (3.32) and (3.33), conditions (3.29) transform into:

(3.34)
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Finally, we assume that vi — and V2 — ]i2 are in the following range:

Vi /A (3.35)

It can be shown that conditions (3.32)-(3.35) imply (3.29) and (3.30). In  fact, we can 

establish the following result.

C o ro lla ry  3.5. Conclusions of Theorem  3.4- holds under the assumptions (3.32)-

(3.35).

Proof. From  (3.32) and (3.33), we have ^  1 +  L  > 1 ; thus, fh\ ~  (vi - ^ i ) ( l  - $ i )  < 0. 

Note that m 2 {o) ~  this observation and (3.34) yield

o <
Vl

Vl +
-  <==4 (vi + l)(v j — o) > v2 <=4 ^1 + (vi -  a) > Vi 

vi -  d(o -  vi)
<=4

K
> 0 ;

therefore, condition (3.29) is verified. Condition (3.30) follows from (3.32), (3.33) and

(3.35) since

Vl

oq

4A/2 -  (vi -  /ii)2 ^1 -
vi +  f3K  \

Vl
Vl 4A/3 -  (vi -  p.i )2

f 2K 2

+ f i K )  

4Av2 -  (vi -  j i j f K  > Q

4A/3(vi + pK)

4Avi(vi + f K )

Finally, condition (3.30) follows from  (3.33), since oc < ~  V2 <  1. q.e.d.

Next, we will produce numerical simulation of system (3.22). Several researchers 

have studied CD4+ T-cell dynamics because of its relevance for HIV-1 infection. O ur 

param eter estimation follows that of Nelson et al. [29]. We choose the production 

rate of CD4+ as A =  25 cells/m m 3, and the removal rate of CD4+ as jj,\ = jj.2 ~  

0.03 day-1 . In the absence of HTLV-I infection, the number of CD4+ T  cells is ex­

pected to be constant and has a norm al count around 1000 cells/m m 3 [1, 9], and a
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q  q

carrying capacity constant K  =  1150 cells/m m  . This gives us x q  ^  1000 cells/m m  , 

or f ( x o) ~  0. Using (3.2) we can then estimate that the proliferation constant for 

CD4+ T  cells as vi =  V2 ~  0.038 day-1 . To estimate we use the scaling relation 

(3.33), f5K  ^  1 day. We choose (5 = 1.03 x 10~3 m m 3 /cells/day . O ne can verify 

that, with these param eter values, condition (3.29) holds, and condition (3.30) gives a 

range (0.0123,0.0243) of o  for backward bifurcation to occur, and Rq{oq)  =  0.58869. 

Therefore, infection is able to persists at an equilibrium level if Rq{oq)  >  0.58869. 

Equivalently, total infection control is achieved only when Ro(oo) < 0.58869.

Numerical simulations of the m odel using these param eter values are carried 

out on MATHEMATICAL In  Figure 3.8a and 3.8b, o  =  0.015 and R q =  0.68066 are in 

the range of bistability, and we see that small initial infection leads to total recovery 

in 3.7a, and higher initial infection leads to persistent infection in 3.7b. In  Figure 

3.8c, all param eter values are the same as in 3.8a and 3.8b except o =  0.03 and 

Rq[o)  =  1.19527, which belong to the persistence range. We see that even a low 

initial infection leads to persistent infection in this case. From 3.8c, we conclude that 

between 10 — 20% of the CD4+ T  cells will carry the provirus, which is consistent with 

clinical data [3, 4, 11].
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Figure 3.8. MATHEMATICS simulations of system (3.22) with parameter values j i \  =  
ji2 =  0.03, vi =  v2 =  0.038, A =  25, K  =  1150, p  =  0.00103, * 0 =  999.25. (a) 
and (b) show the critical dependence on initial conditions due to the instability w hen 
o  =  0.015 and Rq  =  0.68066. For o  =  0.03 and R q  =  1.19527, (c) shows then persis­
tence even when the initial load of infected cells is low. The infected load stabilizes 
approxim ately at 20% of the original CD4 T-cell load.
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Figure 3.9. MATHEMATICS simulations showing a sudden jum p of infection 
level with small change in R q.  Param eter values are p,\ =  0.03, vi =  V2 =  
0.038, A =  25, K  =  1150, f  = 0.00103, x0 =  999.25. In  (a) j j l 2 =  0.032,
R q  =  0.92115 and infection remains low. In  (b) ji2 =  0.02, Rq  =  1.47385 and 
infection has a sudden jum p.

In Figure 3.9, simulations are run to demostrate the catastrophic effect of the 

backward bifurcation. The same set of param eter values are used. We choose o  =  

0.0238 and ]x2 =  0.032. In  Figure 3.9a, R q  =  0.92115, y(0) =  10, and infection level 

rem ains low for 2000 days. In  Figure 3.9b, o  =  0.0238 remains the same, and we 

lower jj,2 from 0.032 to 0.02 so that Rq  =  1.47385. The same initial infection level 

y(0 ) =  10 leads to a huge jum p in infection level within a  year.
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3.6. Conclusions
It is known that HTLV-I infection of CD4+ T cells is through direct cell-to-cell con­

tact [4, 11]. Current clinical research supports the following theory (see [3, 27, 28, 

36]): HTLV-I infection consists of two steps: a transient phase of reverse transcrip­

tion and a phase of persistent multiplication of infected CD4+ T  cells. W hen an 

infected cell multiplies, the provirus is passed to the daughter cell, as a form of verti­

cal transmission. This two-step process can explain the observed high proviral load 

and low genetic variability in HTLV-I-infected T cells. In  this Chapter, we propose 

and analyse a mathematical model for the infection of CD4+ T  cells by HTLV-I based 

on this two-step process theory. The model incorporates both infectious (horizontal) 

transmission and mitotic (vertical) transmission. We also assume that a fraction o  of 

infected cells survive the immune system attack. The genetic stability of HTLV-I sug­

gests that the fraction o should be very low (o  <3C 1). Also, the high proviral load in 

HTLV-I infection suggest that the rate of cellular division should be high (v2 > JJ-2)- 

U nder biologically sound assumptions, our model exhibits a bifurcation diagram that 

predicts persistent infection for an extended range of the basic reproduction num ber 

Ro(oq).  However, somewhat surprisingly, the same bifurcation diagram shows that 

the m odel undergoes a backward bifurcation as o  increases: a stable chronic-infection 

equilibrium P* exists when the basic reproduction num ber Ro(o) is below unity for an 

open range of param eter values. The global dynamics for the corresponding param e­

ter range show that P* and the infection-free equilibrium Pq are co-existing attractors 

whose basins of attraction partition the feasible region. Even when the basic repro­

duction num ber Rq[o)  < 1, w hether an infection persists or dies out critically depends 

on which basin of attraction the initial point lies in. This clearly demonstrates the 

catastrophic behaviour that accompanies the backward bifurcation.

Backward bifurcation in compartmental models have attracted serious research 

attention only recently. Several mechanisms have been shown to lead to backward 

bifurcation in epidemic models, see [7, 8 , 12, 13, 20, 21, 24, 32]. Dushoff et al. [8 ] 

provided an intuitive mechanism for backward bifurcation to occur: an increase in
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infected population does not lead to a decrease in susceptibles. In our m odel, vertical 

transmission through cellular division allows the infected to grow w ithout decreasing 

uninfected. This seems to agree with the intuition in [8 ]. We want to comment, how­

ever, that the loss of infected T  cells due to immune response after viral replication 

is also important; backward bifurcation does not occur in our m odel w hen o  =  1. 

W hen a = l ,  our model is the same as a SI epidemic m odel with migration and 

logistic growth, and bilinear incidence. It is known that such a  m odel only has for­

ward bifurcation and no bistability occurs. In  this sense, our analysis indicates that 

backward bifurcation is a byproduct of the two-step process of HTLV-I infection.

In a standard forward bifurcation (c.f. [10, 34]), when R q  passes through 1, the 

level of chronic infection rem ains low. In  contrast, as dem onstrated in the bifurcation 

diagram in figure 3.5, a backw ard bifurcation results in the following catastrophic 

effects:

•  W hen R q  increases through 1, the num ber of infected T-cell population may 

experience a sudden outbreak.

•  W hen Rq  decreases through 1, the level of chronic-infection rem ains high.

As a result, the standard infection-control measure of lowering R q  below 1 is no 

longer viable; Rq  needs to be below i?o(tfo) to achieve infection control, which may 

be very difficult. O ther infection-control measures need to be investigated. Based on 

our model and analysis, such measures might include

•  lowerering the level of chronic infection y* to unharmful levels;

•  increasing the value R q [oq) to close to 1, and hence reduce the param eter range 

for backward bifurcation to occur;

•  identifying basin of attractions and basin boundaries as shown in Figure 3.7. This 

m ay help to design tests for developm ent of chronic infection.

In conclusion, our m odel and analysis suggest that backward bifurcation may be 

intrinsic to HTLV-I-infection dynamics. O ur theoretical results w arrant further inves­

tigation of the HTLV-I-infection dynamics using more realistic models and through 

verification by clinical data.
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CD34 Stem Cells as a Reservoir 
for HTLV-I Infection

4.1. Introduction
Blood cells originate from  stem cells (also called hematopoietic cells or CD34+ cells) in the 

bone marrow. U nder cytokine stimulation, hem atopoietic cells either renew them ­

selves or differentiate into distinct lineages. CD34 hem otopoietic cells can differenti­

ate into lymphoid progenitors, which ultimately turn into lymphocytes, dendritic cells 

and natural killer cells [1, 2, 4, 10].

In vitro experiments show that CD34+ stem cells are susceptible to HTLV-I-infec- 

tion. Furthermore, CD 34+-infected cells preserve the proviral genome when they 

differentiate into m ature hem atopoietic lineages, e.g. lym phoid progenitors, in vitro 

and in vivo [9]. These experim ents support the hypothesis that infected CD34+ cells 

can produce infected T  cells.

The normal trafficking of T  cells between the peripheral blood and bone marrow 

facilitates the interaction betw een HTLV-I-infected T cells and CD34+ hematopoietic 

cells. This interaction m ay lead to a viral invasion of the CD34+ population in the 

bone marrow. M oreover, in situ PC R  analyses show that H A M /T SP patients harbour 

high levels of HTLV-I provirus in the bone m arrow  cells, even though these cells do 

not show any viral RNA [12, 14]. These analyses suggest that there is a latent HTLV-I 

infection in the bone m arrow  m aintained by the CD34+ cells. Thus, it is reasonable 

to consider that CD34 hem atopoietic cells act as a reservoir for HTLV-I infection, as 

suggested by Grant et al. [11].
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In this Chapter, we propose and analyse a model that incorporates such a reser­

voir in our basic transmission model.

Bone Marrow

C :• m k

C D 34+ Cell

Infected Cell

Latently Infected CD34+

Differentiation

Infectious
Transmission

C D 4+ T  Cell

Figure 4.1. CD34+ act as a reservoir for HTLV-I infection.

4.2. A Mathematical Model
As in previous chapters, we partition CD34+- and CD4+-cell populations into com­

partm ents. We use the same notation for the CD4+ T-cell com partm ents; namely, x 

denotes the num ber of healthy cells and y  its infected counterpart. For the CD34+ 

compartments, x/, and y\x denote the num ber of healthy and HTLV-I-infected hem ato­

poietic cells, respectively. We assume that CD34+ cells are produced at a constant 

rate A, and newly generated cells are not infected. We consider a bilinear incidence 

form f}\Xhy for the infectious transmission among the CD34+-cell population, where 

is the transmission rate. The rem oval rate for hem atopoietic cells is denoted by
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ph- Since CD34+ differentiation depends primarily on cytokine stimulation, it is rea­

sonable to assume that uninfected and infected CD34+ cells mature at the same rate 

b. The assumptions on CD4+ T-cell param eters are the same as in Chapter 2. The 

diagram below depicts the transmission dynamics:

W K

(1 — o)j3xy o fixy

Figure 4.2. Transfer diagram.

The removal rates for uninfected and infected CD4+ T cells are p \  and p 2, re ­

spectively. The removal rate p i  is due to natural causes, viz. cell aging and posi­

tive/negative selection; whereas, p i  m ay account for elimination of HTLV-I-infected 

cells by the immune system. In the above model, all the parameters are positive 

constants.

From our assumptions and the transfer diagram, we obtain the following system 

of non-linear differential equations:

x'h = A -  f i ixhy  -  {b + ph)xh, 

y'h = P \xhy -  {b + H)yh,
(4.1)

x  =  bxh ~  p \ x  — /3xy,

/  =  byh +  o/3xy -  p^y.

Adding up the first two equations in (4.1) we obtain

{x/i + yh)' =  A -  (b + ph)[xh +yh ),
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which implies that, for the initial condition =  ^*(0 ) + yh{0),

*a(0  =  +  £ exP H &  + Ph)t) ~ Jh{t)-

Therefore, system (4.1) can be rewritten as the following non-autonom ous system of 

differential equations:

y'hk) =  A  (^bTpTh +  ^ exP(“ (6 +  ^ ) i )  - yh{t)j  y[t) ~ { b  +  Vh)yh{t),

x{t) = b ( 7 -7 - — + £exp(-(fr + Jih)t) - yh{t) \ -  piix[t) -  f5x(t)y{t),
\ b  +  }ih )

y'{t) =  byh{t) + afix[t)y[t) -  Ji2y{t).

System (4.2) is an asymptotically autonomous system [18,25]. By the theory of asymp­

totically autonomous systems [7, 26], we know that the asymptotic behaviour of (4.2) 

can be obtained by studying its limiting system as / —> 0 0 .

y W )  =  A  ~  yh^ )  y ^  ~ ^ b +

x'{t) = b ~  y h i ^  -  M t )  -  Pxflyit)*  ^

y'{t) =  byh{t) + o/5x(t)y(t) -  }i2y{t).

If  we add up the last two equations of (4.3), we conclude that

lim sup *(/)+;>(/) < ^  . ,
<-oo p[b +  l*h)

where Ji =  m in { ^ i, pi2 } • Thus, we can define a feasible region for (4.3) as: 

r, f / N ^  A bA ^  bA  1
{<*■*■>>6 R+ :yk ~  b ^ h ' x  -  M b ^ r x + y ~  W ^ )  I '

I t  can be shown that T is positively invariant with respect to (4.3).

HTLV-I-infected cells can arise from “m aturation” of infected CD34+ cells or 

from contact between uninfected and infected CD4+ T  cells. Accordingly, the basic 

reproduction num ber consists of two summands. The first summand, i?Q, represents
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the infectious (horizontal) transmission, and the second one, 7?q, represents the m ature 

(vertical) transmission:

* 0 =  JJJ +  i i S = ^ + (4.4)
]l 2 H2\b+pih)

where *0  and xho represent the levels of CD34+ and CD 4+ cells in the absence of 

infection. M ore precisely,

*o =  ' and Xho — • (4.5)
ji\[b  +  jih) b+p,h

Heuristically, we obtain R q as in previous chapters: *s Ihe product of the

contact rate the proportion o  of CD4+ cells that evade the immune response, the 

average infectious period 1 / ^ 2  and the CD 4+ T-cell population xo in the absence 

of infection. Likewise, 7?o is the product of the contact rate the mean (death- 

adjusted) maturation period 1/(5 +  }ih), the m aturation rate b, the average infectious 

period l / / i 23 and the CD34+-cell population in the absence of infection Xho (see [13, 

20, 27]).

4,3, Equilibrium Points
We will use the following technical result:

L em m a 4.1. Consider the polynomials f ( x ) =  a x 2 + bx + 1, g(x) = cx + d , a > 

0, b > 0, d  £  (0,1). There is at least one positive intersection between f  and g  if and

only if c >  £, where £ =  2a ^J - — — + b. W hen d  =  1, there is exactly one positive 

intersection if and only if c > £.

Proof. Put c =  £ +  e and e >  0. The polynomial f[ x )  — g(x) =  ax2 +  (b — c)x +  1 — d  

has a discriminant:

(b — c f  — 4a(l — d) =  [ 2a \ f - — — + e ] — 4 a(l -  d) > 0. (4.6)
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Since c > b, f ( x )  — g(x) has at least one positive root (see Figure 4.3). W hen d  =  1, 

the inequality (4.6) is strict if and only if e > 0, i.e. when c >  £. Thus, there is exactly 

one positive intersection if and only if c > £. q.e.d.

Figure 4.3. Positive roots of f ( x )  — g[x) when d  €  (0,1).

For any selection of param eters, there is the infection-free equilibrium point Pq = 

(0,xo,0). Any chronic-infection equilibrium point P* =  (y*h,x * ,y *) m ust satisfy:

0 = / ! , ( A

b + ph  

A

- y * ^ ) )  y* ~ ( b  +  p h ) y l ,

(4.7)

(4.8)

0 = 6 ,
\ b  + p.h

0 =  byl + o/3x*y* -  p.2y*, 

and yh > 0, y  > 0. From  the first equation of (4.7), we have:

A A/
{b + }ih){p\y* + b + }ih)

Combining the second equation of (4.7) and (4.8), we get:

X {fiy* + in){fiiy* + b + ph)' ^

Finally, substituting (4.9) in the third equation of (4.7), we conclude that y* must 

satisfy:

* pi2{b + ]uh)
° p { b  +  p-h) +  P i p i  +  f i i fiy* bA

■(/3/ +  pi)[Pi y* + b + ph),
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or equivalently

f ( y * )  =  g(y*)>

where

g {Y ) = R 0 +  J  and f ( Y ) = ( ^ - Y + l \ ( - r ^ — Y + l ) . { 4 . 1 0 )
p tiM b  + Hh)2 J \ F i  J \ b  + Fh )

Assume Ro <  1 . Since

6 A M  P P fi fl, M  / ( l - J i o ) y i ( 6 + y J
nim(b + in ° ~ p i in b + ftf. in(b + pk)y  M

in virtue of the Lemma 4.1, there are no positive roots when R q < I. On the other 

hand, when > 1, we have exactly one positive root, see Figure 4.4.

/o n

Figure 4.4. Existence of a chronic-infection equilibrium.

We have proved:

T h e o re m  4.2. If Ro < 1, system (4.3) has only the infection-free equilibrium Pq = 

(0,*o,0). If Ro > 1, there exists exactly one chronic-infection equilibrium P* =

4.4. Global Dynamics
T h e o re m  4.3. If Ro < 1, then the infection-free equilibrium Pq is globally stable 

in the closed region T. If R 0 > 1, then Pq is unstable and system (4.3) is uniformly
O

persistent in T.
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Proof. Define L  =  [b + jif iy  + byn- Using the definition of T, when R o <  1, we obtain:

l- -  ( i .  „ i y  *  «  -  # .  ( *  *  -  i )

< (6 + pih)p.2y{Ro -  1) <  0 , since x < x q .

The maximal compact invariant set in {[yh,x,y) 6  T : L' = 0} is the singleton {.Po}, 

when Ro < 1. The global stability of P q follows from LaSalle Invariance Principle [15]. 

M oreover, if Ro > 1, then L' > 0 for those points in the interior of T that are close 

enough to P q. Solutions starting sufficiently close to P q leave a neighborhood of Po 

except those on the invariant x-axis, where solutions converge to the infection-free 

equilibrium point P q. In particular, the largest compact invariant set on the boundary 

of T is the singleton {-Po} - Uniform persistence can thus be established as in the proof 

of Theorem  2.2. q.e.d.

Theorem 4.4. Assume Ro > 1 and 2ofixo < min {}i\ , ji<2 }, where xq is defined in (4.5). 

Then the unique chronic-infection equilibrium P* = [y*h,x*,y*) is globally stable in 

the interior of T.

Proof. We will apply the general m ethod of Li and Muldowney to establish the global 

stability of P* (see A ppendix B). Note that uniform persistence of (4.3), together with
O

the boundedness of solutions imply the existence of a compact absorbing set in T (see

[5]), which verifies the assumption (H2) of Theorem  3.5 of Li and M uldowney. By
O

Theorem  3.1, P* is the only equilibrium point in T, therefore the assumption (Hi) is 

also fulfilled. We need to construct a 3 x 3 matrix-valued function Q, and select a 

suitable vector norm  | • | in R 3 so that the corresponding Lozinskil measure /i in such 

a way that q2 < 0 (see Appendices A and B).

T hejacob ian  matrix of (4.3) along a solution {yh,x,y) is:

J  =
f  ~ P \y ~ { b  + }ih) 0  fa

A
yn

b + }ih
b —p.\ — f y  - f i x

\  b c jiy  o f i x - p .2
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Its second compound matrix, is given by:

j n  - f i x  Pi

c f i y  J 22  

- b  - b

A
b + ph 

0

733

y h

where
j i i =  - ( b  +  p h) - p i - ( f i  +  P i ) y ,

722 =  ~{b +  p-h) -  p i t -  P iy  + o p x , 

7 3 3  =  ~ p i  -  p < i -  p y  + o p x .

Set Q  =  Q(yh,x , y)  =  diag | l , c r ,  y | .  Thus,

where Qf  is the matrix obtained by  replacing each entry qij in Q by its directional 

derivative in the direction of f .  Therefore, the matrix B — QfQ~l + Q J ^ Q ~ l can 

be written in block form as
f  B n  B 12 \
\  -#21 B 22 J  ’

where

B u = ■(b +  p h ) ~  p i  -  {p +  p \ ) y  - o p x  \
P y  ~{b +  p h ) ~  P 2 ~  P i y  +  o p x  J ’

B n  = {^-P i
A

b + p h
yh L

yh

T

, 0 ^  , B 2\ = ° b ^ y )  and B<12 = ~ V l ~

P 2 — Py  +  o P x +  — -  —.
yh y

Choose the vector norm  in

\{x ,y,z)\ = m ax { |x | +  |y |,|z |}, 

and denote p  the corresponding Lozinskil measure. We have the estimate [19]:

p{B) <  m a x { g i,g 2}, (4.11)
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where

g i =  +  |5 i2| and g 2 =  |J52i I +  ]a*{B22).

Here, p*{Bu) is the Lozinskil measure of the 2 x 2 m atrix U n with respect to the 

Q\ norm  in R 2, [^121 and \B2\\ are the operator norm s of B \2 and B 2\ when they 

are regarded as mappings from  R to R 2 and from  R 2 to R, respectively, and R 2 is 

endowed with the Q\ norm . Since B22 is a scalar, its Lozinskil m easure coincides with 

itself, i.e.

}i*{B22) =  -  f)y+  o fix  -  pi2 + A - t
yh y

D irect calculations yield

pi*{Bn) = ~{b + ph) ~  fi\y  + 2 a / l x - m i n { ^ 1, ^ 2 } and \B2\\ = by±
y '

A

Furthermore, since yh < A / (b + jjh),

\B i2\=  P\
L o + }ih

We can rewrite the first equation of (4.3) as:

yh L
yh

h .
yh

A
b + jih

yh L
yh

-  {b + Vh),

and the third equation of (4.3) as:

y-  = o p x - y i 2 + b y— .
y y

If  we substitute the above expression into g i, we obtain:

g ! =  - ( b 4- j ih) -  P iy  +  2o p x  -  m m { j i U }i2} + {b + pih) + ^ -
yh

-  ~P i y  +  2 c p x - m i n i m i ,  ji2) + — <  - 6  -  /fiy + — ,
yh yh

where 8  =  ]i\ m in{p .\, }i2} ~  2 a p A  > 0. O n the other hand, we have: 

g 2 =  ~ n \  -  p y  +  o p x  -  +  — -  — + b —  =  + —
yh y  y  yh

(4.12)

(4.13)
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Relations (4.11), (4.12) and (4.13) imply

M-B)
yh

0
where <5j =  min{yUi,<5} > 0. Let K  C T be the com pact absorbing set. Then there 

exists I  > 0 such that (y/j(0),x(0),y(0)) G K  implies [yh[t)^x[t),y[t)) G K  for all t >1. 

Therefore, for t > I,

r t t - 1
jj.[B)ds <  -  In — =r +  -  n[B )d s  — 8 \ —

1 yh\t) 1 Jo 1

for all {yh{0),x[0),y{0)) G K ,  which implies q2 <  -<5i/2 < 0, proving Theorem  4.4.

q.e.d.

In terms of our original system (4.1), we obtain the following result:

T h eo rem  4.5. If R q < 1, system (4.1) has only the infection-free equilibrium P q =  

(*o/i)0 ,* 0 )0 ) and it is globally stable in the closed region T. If > 1, there is a unique 

chronic-infection equilibrium P* = {x*h,y*h,x*,y*), which is globally asymptotically 

stable in the interior of T.

4.5. Numerical Simulations
In this section, we will investigate numerically the consequences of the CD34+-cell 

reservoir in HTLV-I infection. Although many param eters in the model are unknown, 

we will show that under reasonable assumptions, there is a  slow invasion of the bone 

marrow by HTLV-I-infected cells and such invasion generates high levels of proviral 

load in the bone m arrow  and peripheral blood alike.

The time scale selected is days. We choose the production rate of CD34+ cells as 

A =  25 cells/day /m m 3, which is in the same order of m agnitude as the one proposed 

by Nelson et al. [22] for CD4+ T  cells. Since the functional properties of infected and 

healthy CD4+ T cells are similar [6], we assume the rem oval rates equal i.e., fi\ =  fi'i', 

according to Nelson et al. [22] such a rate is 0.03 day-1 . Hematopoietic cells can stay
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in a resting phase before proliferating [16]; thus, it is reasonable to assume that their 

life expectancy is longer than that of CD4+ cells. We pick pih =  0 .0 2  day-1 .

In the absence of infection, the norm al CD4+ T-cell count is approximately 

1000 cells/m m 3 [1, 10]. Using the scaling relation proposed by Perelson [24], we esti­

mate (5 — 10-3  m m 3 /cells/day. Viral proteins on the surface of HTLV-I-infected cells 

bind to the receptor GLUT-1 and initiate the infectious process [17]. Such a receptor 

is expressed after lymphocyte activation [23]. The lack of lymphocyte receptors in 

CD34+ cells suggests that the infectious transmission is less effective in the CD34+ 

cells than in the CD4+ T cells. Therefore, we assume =  J3/3 in our simulations. 

Following the param eter values for o  in C hapter 2, we put o =  0.015. Finally, we set 

the m aturation rate of CD34+ cells as b =  0.2 day-1 . O ne can verify that the condi­

tions for Theorem  4.4 hold, i.e. Rq  =  1.06749 and o /5xq  =  0.0113636 < 0.015 =  p . \ / 2 . 

Figure 4.5 depicts the solution of (4.1) with initial conditions #(0) =  1000, y(0) =  5, 

*a(0) = 5, yh {0) = 0.
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Figure 4.5. MATHEMATICS simulations of system (4.1). (a) shows the count 
of HTLV-I-infected cells in both the peripheral blood and bone marrow.
(b) shows cell counts for the healthy compartments. Param eter values are 
jii =  ]i2 =  0.03, jxh — 0.02, A =  25, y0 =  0.001, /fi =  f i /3  and b  =  0.2.

We proceed to analyse numerically the relevance of the CD34+ reservoir to

HTLV-I infection. We allow the m aturation period, b,  to change in a feasible range

while the rest of the param eters are fixed. The mean maturation period ought to be

less than the life expectancy of the CD34+ cells, i.e. 1 Jjih > 1/6- Thus, with the

above choice of param eters, a biologically sound interval for b  is [0.02, oo). Note that

when b  —> oo the m ean m aturation period l / b  —> 0. This extreme case implies that

the reservoir is non-existent and the dynamics of (4.1) reduces to the one established

in Chapter 2 (with no latency). The graph of the basic reproduction num ber R q as a
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function of b is depicted in Figure 4.6. From  (4.5), we obtain

j?o(°o):=  1™ Ro{b) =  ° ^ .
b~> oo P-\P'2

R q[oo) represents the basic reproduction num ber as described in Chapter 2, i.e., with­

out production of infected cells from the bone marrow. Note that R q{0.2) =  1.06749 > 

1 > R q{oo) =  0.416667. Thus, the continuous feedback of infected CD34+ cells m ain­

tain a chronic infection that otherwise would have been eliminated by the im m une 

system.

0.02
Figure 4.6. Graph of Ro{b). The gray region represents the biologically 
admisible values for b. O ther param eters are the same as for Figure 4.5.

Figures 4.7a and 4.7b depict the percentage of HTLV-I-infected cells in the pe­

ripheral blood and the bone marrow, respectively, as b varies. In particular, w hen 

b — 0 .1  day-1 , the percentage of infected cells in the bone m arrow is almost linear 

and stabilizes after 2 or 3 years; during that time, the viral load in the CD34+ popula­

tion changes from 1% to 11%, whereas in the peripheral blood increases from  1% to 

33%. These proviral load levels coincide with those in the literature [3, 12]. In  Figure 

4.8 appears the predictions hypothesized by  G rant et al. [11]. Note that the long term  

behaviour of the proviral load coincides with our predictions.
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Figure 4.7. MATHEMATICS simulations showing the proviral invasion of pe­
ripheral blood (a), and bone m arrow (b), w hen the m ean m aturation period 
6  changes. The rest of the param eters are the same as in Figure 4.5.
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P r i m a r y  C l i n i c a l

I n f e c t i o n  L a t e n c y  H A M / T S P

PB

m o n t h s  m o n t h s - y e a r s

Figure 4.8. Hypothesized correlation between the peripheral blood (PB) and 
bone marrow (BM) proviral DNA load during HTLV-I infection. (Grant et 
al. [11]. Copyright ©2002 Wiley-Liss Inc. Reprinted with permission).

4.6. Conclusions
The main target of HTLV-I infection is the CD4+ T-cell population. Lymphocytes 

routinely circulate in the lymph organs, including the bone marrow. Clinical evi­

dence demonstrates that hematopoietic CD34+ cells are susceptible to HTLV-I infec­

tion. Furtherm ore, HTLV-I-infected CD34+ cells preserve the proviral genome after 

differentiation into distinct cell lineages [9, 12]. These findings suggest that CD34+ 

hematopoietic cells may act as a reservoir for HTLV-I infection.

In this Chapter, we propose and analyse a model that considers CD34+ cells as a 

reservoir for HTLV-I infection. In  the model, CD34+ cells are infected by direct con­

tact with CD4+ T cells harbouring the provirus. Therefore, we assume a bilinear inci­

dence term  fiiXhy, where f4\ is the infection rate. In contrast with the incidence term  

for CD4+ T cells, this incidence term does not suffer a  reduction a  by the immune 

system attack. This consideration is in accordance with the fact that HTLV-I-infected 

CD34+ cells escape the immune system surveillance because of their lack of viral ex­

pression [11]. Both populations, uninfected and infected CD34+ cells will mature at
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the same rate, b, and will incorporate into their respective CD 4+ T-cell compartment. 

The dynamics of the m odel is governed by a basic reproduction num ber R q. That is, 

when R q < 1 HTLV-I infection eventually disappears, whereas when Ro > 1, HTLV-I 

infection becomes chronic.

O ur model analysis set forth the relevance of the CD34-cell reservoir to HTLV- 

I infection. Not surprisingly, the inclusion of the reservoir will augment the basic 

reproduction num ber with its concomitant consequences. We simulate the model nu­

merically under reasonable param eter values. From  the simulations, we note that the 

proviral load can increase drastically with changes in the m aturation rate. Paradox­

ically, such an analysis implies that the longer the CD34+ keep undifferentiated, the 

higher the proviral load levels will be. This is because HTLV-I-infected cells in the 

bone m arrow evade the immune system attack and m antain a constant source which 

populates the CD4+ infected pool. From the simulations, we also obtain considerable 

high proviral loads in the range observed in HTLV-I-infected patients [6 , 8 , 21, 28].

In summary, our m odel and its analysis suggest that the CD34+-cell reservoir 

plays a relevant role in keeping high proviral loads in HTLV-I patients. It is still 

necessary to tune the param eters with clinical data to get a better understanding of 

the HTLV-I-infection dynamics.
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Chapter 5 

Cytotoxic Response to HTLV-I Infection

5.1. Introduction
Cytotoxic T  lymphocytes (CTLs), which normally have the C D 8 + m arker, are the 

m ost im portant effector agents of the im m une system. W hen a CTL recognizes viral 

peptides on an infected cell, it secretes proteins which either limit the replication of 

the virus or drive the infected cell to apoptosis. In  addition to the cytotoxic function, 

CTLs produce cytokines such as Interferon-y (IFN-y), and Tumour Necrosis Factor 

(TNF-a). IFN-y activates macrophages and promotes adhesion of T  cells to vascular 

endothelium, whereas TNF-a recruits neutrophils, induces inflammatory response 

and promotes the adhesion of leukocytes to endothelial cells [1, 7].

HTLV-I-infected patients harbour different levels of CD 8 + CTLs in the periph­

eral blood. Namely, ATL patients show almost negligable levels of anti-HTLV-I 

CTLs, whereas asymptomatic carriers exhibit high concentrations of C D 8 + T cells [2, 

15]. Furtherm ore, H A M /TSP patients show extraordinarily high levels of CD 8 + CTL 

in the peripheral blood and even HTLV-I-specific CTLs have been detected in the 

cerebrospinal fluid [14, 18, 21].

CTLs target Tax 11-19 proteins expressed in HTLV-I-infected cells [25,30]. Clini­

cal evidence suggests that there is a correlation between the HTLV-I proviral load and 

the frequency of HTLV-I Tax-specific CTLs in H A M /TSP patients [18, 30]. Further­

m ore, it has been noticed that Tax plays an im portant role in ATL by accelerating cell 

growth and inhibiting apoptosis of HTLV-I-infected cells [28]. Therefore, CTL-driven 

elimination of Tax-expressing CD4+ cells m ay imprint in HTLV-I-related aetiology.
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Cytokines
CD8+ T Cell

CD4+ T Cell

Apoptosis

Proliferation

TN F-a

Figure 5.1. CD 8 + T-cell response in brief.

Interestingly, an elevated CTL level induces cytokine overproduction in the blood 

stream that m ay facilitate the migration of T  cells across the blood-brain barrier [11]. 

Once in the central nervous system, HTLV-I-infected CD4+ T  cells induce C D 8 + T 

cell attack with the concomitant production of inflammatory cytokines such as IFN-y 

and TN F-a. These cytokines degenerate neurons causing axonal degradation and de- 

myelination [4, 12]. It is still unclear w hether the CTL invasion in the central nervous 

system causes H A M /TSP or vice versa. Bangham and colleagues hypothesize that a 

strong CTL response reduces proviral load and protects against H A M /T SP [4, 13].

Given the relevance of the C D 8 + T  cells in the developm ent of HTLV-I infection 

and related diseases, we analyse a m odel that explicitly incorporates the cytotoxic 

response in the basic transmission m odel (see C hapter 2).
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5.2. A Mathematical Model

As in the previous chapters, we partition T-cell population into compartments. We 

use the same notation for CD4+ T-cell compartments; namely, x  denotes the num ber 

of healthy cells and y  its infected counterpart. We add an extra compartment, z , that 

denotes the num ber of HTLV-I-specific C D 8+ T  cells. Because of the cytotoxic ac­

tions of CD8 + T cells, we consider a CTL-driven elimination of infected CD4+ cells 

of the form y y z , where y is the rate of CTL-mediated lysis; such a rate accounts for 

the overall effects of HTLV-I-infected cell elimination viz. contact frequency and ef­

ficiency of pore-forming proteins released by C D 8+ cells. Anti-HTLV-I CTLs may 

reduce the proviral load, but this reduction would imply less stimulation for CTL 

proliferation. Therefore, it is reasonable to consider that C D 8 + T-cell proliferation 

is density-dependent [23]. Following Wodarz et al. [29], we assume a CTL prolifer­

ation of the form v y z / ( z  +  1), where v denotes the cytotoxic responsiveness. The 

CTL responsiveness depends on the contact frequency and attachment effectivity be­

tween T-cell receptors and M H C-I molecules. Figure 5.2 illustrates the transmission 

dynamics.

removal rate ji\ is due to natural causes. Since the model incorporates explicitly 

humoral and adaptive im m une responses, p i  represents the removal rate attributable 

to natural causes, e.g. cell aging, positive/negative selection. The corresponding 

removal rate for HTLV-I-specific CD 8+ T cells is p%.

A
m

(1 — o)fixy y y z
v y z / ( z  +  1)

Figure 5.2. Transfer diagram.

The removal rates of uninfected and infected CD 4+ T  cells are p \ and p 2- The
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Based on our assumptions and the transfer diagram, we obtain the following 

system of differential equations:

x' =  A -  j i \x  -  fixy,

y  =  o flx y  — }i2y  — y y z , (5.1)

z  + 1

Adding up the above three equations, we obtain:

y z
{x + y  + z )’ < A -  }i\x  -  }i2y  ~  y y z  +  v - -  -  }J,3Z < X -  n{x + y  + z),

when

y >  v, (5.2)

and Ji =  m in { /ii,//2 , ^ 3 }- Condition (5.2) is likely to be true for biological systems 

because of the effectiveness of the cytokines released by the C D 8 + T  cells [1, 9]. It 

follows that lim s u p ^ ^  x(t) < \ / p \  and

limsup(x(f) + y{t) +  z(t)) < —.
*->oo T

Thus, we will consider the dynamics of our system in the following region:

r =  | ( x , y , 2 ) G R + : x <  ^ - , x  + y + z  < p j  .

The region T is positively invariant and thus, the model is well posed.

The basic reproduction number Ro in the absence of CTL response is given by

«o =  — • (5.3)

Note that the previous expression coincides with the basic reproduction number de­

fined in Chapter 2-w ithout considering latency in the CD4+ cells. The parameter

(5.4),
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is the basic reproduction number in the presence of CTL response plays an essential role in the 

dynamics of (5.1)(see [24]).

T h eo rem  5.1. If R q < 1, the only equilibrium point is the infection-free equilibrium 

P0 =  (A /^ i,0 ,0 ). If R] <  1 <  R q, there is a chronic-infection equilibrium point 

p l =  (x,y,0)  with y  > 0. If R \  > 1, there is another chronic-infection equilibrium 

point P2 =  (x* ,y* ,z*) with y* > 0  and z* > 0 .

Proof. The infection-free equilibrium Pq — (A / p i ,0 ,0 ) exists for all the parameters.

Let P  = {x,y,  0) be a chronic-infection equilibrium point, i.e. y  > 0. We obtain the 

following relations:

x  =  E L  = A

f  (5 .5)

Suppose that a chronic-infection equilibrium point (x*,y*,z*) exists with z* > 0. Such 

a point m ust satisfy:
0 =  A — n\x* — fx*y*,

0  = o f x * y * - p 2y * - y f z * ,  (5 .6)

n y*z *0  =  v— —  -  jiQZ . 
z  -F 1

From  the second and third expressions of (5.6) we have:

yz* + p-2 ^  p-2 A j  *  ^ 3 (2 * + 1) , ^
x =  ----- > —a =  — p- and y  = -------- ------- . (5.7)

o f  o p  p i Ro v

From  the first expression of (5.6) and (5.7), we obtain that z* should be a non-negative

root of the quadratic polynomial:

M  =  A -  -  2  ( —  + _  2 2 ( m \
^  o f  O V  Z \  o f  o v  J \  o v  J

=c R l - l - z [ —  +y  , Pv*  yJv *
1/  \ M w

where

p 2 p \ v  +  f p z )  \ p 2 { p i v  +  f p . 3 )

o f v
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The graph of g  is concave down, also g'(0) < 0. These conditions imply that there is 

exactly one positive root of g  if and only if R \ > 1 (see Figure 5.3). q.e.d.

C(Jii - 1)

Figure 5.3. Uniqueness of the chronic-infection equilibrium.

5.3. Local Stability Analysis of the Equilibria
T h e o re m  5.2. W hen R q < 1, the infection-free equilibrium point is locally asymptot­

ically stable, whereas when R q > 1 it is unstable.

Proof. TheJacobian m atrix at the infection-free equilibrium point is given by:

/ -jJLx 0

J{P 0) =  0  ( R o -  1 ) / p 2 0
V 0  0  -yU3

The conclusion follows from the definition of R q. q.e.d.

T h eo rem  5.3. W hen R\ < 1 < R q, the chronic-infection equilibrium point P\ is 

locally stable, whereas when R \  >  1 it is locally unstable, and P<± is locally stable.

Proof. Suppose R\ < 1 < Ro. The Jacobian matrix at P\ =  (x ,y ,0) is given by

/  - ] i \  -  p y  - p x  0
J ( P \ ) =  I  o p y  o p x - p i 2 - y y

\  0 0 v y — jiQ

I  p .

o h i (Rq - \ )  0

0

Y}i i (Rq ~  1)

\

\ 0 0
p,\v +Ppi3

(* , - 1) J
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Our hypothesis together with

n t r / n , oA(F l v + p m ) ( R o - W i - D  j  o{3\(R o — 1)D ety (P i) =  r-  -̂------------------- , and c2-= -----------  ,

show that conditions (i)-(iii) of the Routh-Hurwitz criterion hold (see Section 3.3).

Finally, assume thati?i > 1. At the chronic-infection equilibrium P2 , thejacobian  

m atrix is given by:

j w =

/  - 7/1  -  P f - f x * 0

o f y * 0 - r y *

0
z* f z *

V -------------
z*-F 1 v {z* + 1)2

From  the above expression we obtain

r i . t v y i m  H-

-  — ( F T i p --------------------------—  < 0>

and
v (//1 +  fy*)y*z* vyy*z*

c2 = o f 2x*y* + ' Kr\ ' r  j  {n ~ +
(2* + 1 )2 2* +  1 ’

Thus, we have:

(  n * vy*z* \  (  9 * * v(/2i +  f iy*)y*z * vyy*z* \
( w  ■+ P f -+ + - V T W -  +  - & T )

o v f 2x*y*2z* vy(p-1 + /3y*)y*z * 
> (z* +  I )2 +  Z *  +  1 ’

which proves the conditions (i)-(iii) of the Routh-Hurwitz criterion. Therefore, the 

chronic-infection point P2 is locally asymptotically stable when it exists. q.e.d.

5.4. Global Dynamics
T h eo rem  5.4. If R q < 1, then the infection-free equilibrium point Pq is globally stable 

in the closed region T.

Proof. Consider the Lyapunov function L  — y. We have:

/  o  Bx \
L! =  /  =  o f x y  -  p.2y  -  y y z  < y{opx  -  p.2) <  ^ 2y  -------1 j  < p-2y{Po -  1) < 0.
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The maximal compact invariant set in {(x , y , z ) 6  T : L! =  0} is the singleton {Po} 

when R q <  1. The global stability of Pq follows from the LaSalle Invariance Princi­

ple [19]. q.e.d.

T h eo rem  4.5. If R\ < 1 < R q, the equilibrium point P\ =  (x,y,  0) is globally stable in 

the closed region F.

Proof We define a Lyapunov function (see [8 , 16, 17])

_  1 _  y z
V  =  V{x , y ,  z) =  x  — x ln  x  -I— {y — y ln y ) +  — .

It can be verified that V  is well defined x  and y  positive. M oreover, V  has a global 

minimum at the equilibrium po in t P\. Using the relations (5.5), we obtain:

a t \  x  j  o  \  y  j  ov

= (A -  j i \x  — fixy) +  ( jlx y  — ^ - y  — ^ y z 'j  ~  ^ A - — p \x  -  pxy^j

( a -  p-2 — y ~  \  , y y z  y w

From the first equation of (5.1), it follows that A =  ji{x  + fix y .  Therefore,

d V  , _  n  , /  m  Y \ (  x 2 0 x 2y  _
—  = {jux  + f x y  -  j i xx) -  y—  y  +  - y z )  -  ( m  —  + ~  p i x  -  f ixy

( B -  y -  \  , y  y z  m
- { P xy - - y - ~ y z ) + o J T i - - ^ z

— y,\x ( 2  -  -  -  +  p x y  -  P K i. + p x y  _  p Xy +  — ( y -  y)
\ x x  J x  a

, y y z  y y _  y \iq
+ — P—  -  — yz  -)— y z ---------z .

a z  + 1 a  a  o v

Since o p x  =  ^ 2, we have
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From the second equation of (5.5) and the definition of R \, we obtain

£  =  M  ~  = )  +  _  1)z -  >2 £ L  <  0 .
d t r  r  J \  x x j  o f v  o ( z  + 1)

For the last step, we use the geometric- and arithmetic-mean inequality. q.e.d.

T h eo rem  5.6. If R\ > 1, the equilibrium point (x*,y*,z*) is globally stable in the 

closed region F.

Proof Consider the Lyapunov function

V { x , y , z ) — {x — x* In a:) -I— [y — y* Iny) + - -  — — -(z — z * ln z ).

We obtain

dt \  x J o \  y J ov  

=  (A -  ji\x -  fxy)  + i^fxy ~ ~ y ~  ^ y z )

Using A =  pi\x* + (ix*y*, we get

d v   ̂ i m  , y \  , (y{z* + 1) y z  r i z * + l )p3
dT = ^ J ’ + i - ?- ITT ? r ~

-  ^  ^  -  p .**  -  />**?) -  ( /> * / -  f  /  -  £  a )

_  ( /U *  + 1)
\  o z  +1 ov  J

=  P „ *  ( 2  -  -  -  4 )  +  /? * * /  -  +  /!**> -  / j * /  +  ( r  ( /  -  7 )
\  X X J  X CJ

+ r (/2 -  ,*) + (z£± i>  JL . -  3 '
a  y V 0  z + 1  av

/  y(z* + 1) yz* y(z* + l)pi3

z

■z

0  z + 1  o v
-z*
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From the second equation of (5.6) w e get

W  = ' “ ** ( 2  ”  7  "  ? )  +  ~  pX~ f  + ^  ~  p x f

+ (/>** -  f ' )  ( ? ' - ? )  + £ ( A  -  y ‘ ) +  ( / ( V V + i  -  £ / * )

/  / ( 2 * +  1) yz* /  *

=  < „ ,*  + /3a:*/) ( 2  -  7  -  ? )  +  -  >*> 0  -  T T f )

=  < ^ * + K / )  ( 2  -  £  -  i )  -  ^  <  0

This proves the global stability of P2 when R \ > 1. g.e.d.

5.5. Relevance of CTL-related Parameters to HTLV-I Infec­
tion
Based on our model (5.1), we will analyse the relevance of CTL-related parameters 

to HTLV-I infection. For instance, we will prove that changes in CTL responsive­

ness affect the basic reproductive num ber R \, and the C D 8 + CTL equilibrium lev­

els. MATHEMATICS simulations show fluctuations in the proviral load when the rate of 

lyse changes. These observations outline the importance of CD 8 + CTL response in 

HTLV-I-infection process.

Recall that the basic reproduction num ber in the absence of CTL response, R q, 

determines whether HTLV-I-infected cells establish a chronic infection or not. Thus, 

a reasonable control strategy should consider a reduction of R q below 1 (e.g. a reduc­

tion in the ratio M acchi et al. [20] have shown that the reverse-transcriptase

inhibitor zidovudine (AZT) inhibits transmission of HTLV-I to PBM Cs, i.e. reduces 

f  / fi2- Therefore, Rq can be reduced with help of reverse-transcriptase inhibitors.

O n the other hand, the basic reproduction num ber in the presence of CTL re­

sponse, R \, determines whether the anti-HTLV-I CTL response is established or not. 

W hen R \ < 1, CD8 + T-cell levels eventually vanish and the proviral load reaches a
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steady state. Even though the infected cells are not cleared out, the low level of C D 8+

T cells m ay imply equally low levels of cytotoxicity in the peripheral blood. Thus, we 

hypothesize that asymptomatic carriers are m ore likely to have R \ < 1 . In  contrast, 

the high level of C D 8+ in H A M /TSP patients suggests that R \ should be bigger than 

1 for most of them . M oreover, when R \ > 1, we write the relation (5.7) as

/  =  \ ( z '  +  1). (5.8)

V
where k =  — . This condition corroborates the positive correlation between the 

m
proviral load and the CD 8+ T-cell level claimed by Nagai et al. [21]. Furtherm ore, 

condition (5.8) also implies that an im paired C D 8 + responsiveness, i.e. v <5C jj.3 , can 

generate high proviral loads. Also note that

where h = — . Thus, when the CTL responsiveness augments, R \ decreases and so 

does the C1^8+ C TL level; consequently, the chances of developing H A M /T SP are 

lessened.

W hen R \ > 1, the comparison betw een the equilibrium level y* and y  is cum­

bersome. However, under certain conditions, we will show that y* < y. Thus, as 

suggested by Bangham  and colleagues [4, 29], C D 8 + CTL response plays a protective 

role in HTLV-I infection.

C o ro lla ry  5.7. Assume R \ > 1 and ^ 2  =  /•  Furtherm ore, suppose that the equilib­

rium level z* > 1. T hen y* < y.

Proof. Define h  and k  as before. The value of z* is given by

,  l / ( 1 + A T l )  + m , ^ 1 ) { h T k ) ~ { 1 + h T k )
z  =   ------------------------------------------------------------------------- -

2 h 
h  + k

(a+t) y   ,—
< J  — ^=y£(s„-u-i=yVA.

h + k
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Since z* =  ky* — 1 >  1, the above inequality yields y* < y. q.e.d.

For our numerical simulations, we select the time scale as days. We choose a  pro-
o

duction rate A =  20 cells/m m  /day , which is similar to the value selected in previous 

chapters. Also, we assume that the removal rates of infected and uninfected CD 4+

T cells are equal i.e., }i\ =  pi2 , and we select such a rate as 0.015 day-1 ; this rate  is 

in the same order of magnitude to the value given by  Nelson et al. [22]. We also as­

sume the death rate for HTLV-I-specific C D 8 + cells equal to the CD4+ i.e., =  pi\.
Q

The average CD 4+ T-cell count in a healthy adult is approximately 1000 cells/m m  . 

Using Perelson’s scaling relation [26], we assume (i =  10-3  m m 3 /cell/day . In  accor­

dance with our analysis in Chapter 2, we assume that a small fraction a (=0.05) of 

HTLV-I-infected cells are able to clonally expand and proliferate.

In  Figures 5.4-5.7, we select the clearance rate, y, of infected CD4+ T  cells by 

CD 8 + CTLs as y =  0.2 m m 3/cell/day . We change the responsiveness v betw een 

0.0001 and 0.0081 m m 3/cell/day . Note that these values agree with the condition 

(5.2). Figure 5.4 shows the changes in the num ber of CD 4+ T  cells as v varies. W hen 

R\ is below 1, the level of CD4+ T cells approaches to one third of the norm al CD 4+ 

T-cell count. In  contrast, when R \ > 1 the equilibrium level is attained by dam ped 

oscillations approaching to normal CD4+ T-cell counts.

Figures 5.5 and 5.6 depict the changes in the proviral load and CTL level as v 

varies. W hen the CTL response is not established, i.e. R \ < 1, CD8+ T cells even­

tually disappear and proviral level augments reaching its equilibrium level. O n  the 

other hand, when R \  > 1 the proviral load reduces significantly and CD 8 + CTLs 

persist at the equilibrium level. Note that the CD 8 + T-cell equilibrium level also re­

duces as the responsiveness augments. This means that high proviral levels estimulate 

anti-HTLV-I CTL proliferation.
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Figure 5.4. MATHEMATICS simulations of the healthy CD4+ T-cell count as the respon­
siveness v changes. Param eter values are p,\ =  //2  =  p-3 =  0.015, X =  20, f  =  0.001, 
and y =  0.2. The values of R \  are 0.404, 3.57 and 3.95 respectively. The initial 
conditions are x(0 ) =  1 0 0 0 , y(0 ) =  10 and z(0 ) =  1 .
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The rate of CTL-driven elimination, y, does not affect the values of R \  nor R q. 

Nevertheless, y can reduce CD 8 + CTL levels. M ore precisely,

C o ro lla ry  5.8. Assume R \ > 1. The CD 8 + T-cell level at equilibrium z * is a decreas­

ing function of y.

Proof Write g  as

g{z) = c -  {y + b ) z -  a y z 2,

where a , b, and c are adecuate positive constants. Let z * =  z*(y) be the positive root 

of g.  Then,
dz* _  —b(y + b) — 2acy  +  b f { y  + b)2 +  4acy  ^  ^ 

dy  2ay 2 f { y  + b)2 +  4acy

This proves the corollary. q.e.d.

Biologically speaking, this means that as the rate y augments, CTLs lyse m ore 

effectively HTLV-I-infected CD4+ T cells; then, the stimulation of CD 8 + decreases 

and so does the equilibrium level z*. It is worth m entioning that changes in y  also 

produce dam ped oscillations in the solutions. Similar oscillations have been observed 

in the proviral load of H A M /T SP patients [27]. Also, patients treated with the reverse 

transcriptase inhibitor lamivudine show similar oscillations in the proviral load [6 ].

In Figures 5.7-5.9, we change the rate of CTL-driven elimination, y, keeping the 

o ther param eters fixed.
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5,6, Conclusions
CD 8 + cytotoxic T  lymphocytes eliminate infected cells by releasing pore-forming 

proteins and inflammatory cytokines such as IFN -y and TNF-a. In HTLV-I infection,
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CD 8 + T cells target prim arily the Tax proteins expressed on the surface of infected 

CD4+ T cells [25, 30]. It has been observed that Tax genes accelerate cell growth 

and delay apoptosis in ATL patients [28]. Asymptomatic carriers and H A M /T SP pa­

tients harbour abundant levels of anti-Tax CD 8+ cells. Furtherm ore, HTLV-I-specific 

C D 8 + T cells have been found in the CNS of H A M /T SP patients [21]; this raises the 

question whether the high levels of CD 8 + T  cells contribute to the pathogenesis of 

H A M /T SP or vice versa.

We propose and analyse a mathem atical model for the CD 8 + T-cell response to 

HTLV-I infection. The m odel considers that HTLV-I-infected cells are eliminated at 

rate y. Since infected T  cells stimulate CD 8 + to proliferate, we consider a density- 

dependent proliferation with v as the average rate of proliferation (also called respon­

siveness) [23]. We dem onstrate that the num ber of equilibria and the global dynamics 

of system (5.1) depends on the basic reproduction num ber in the absence of CTLs,

Ro, and the basic reproduction num ber in the presence of CTL, R \.  The threshold 

param eter R q determines the widespread of HTLV-I infection am ong the CD4+ T- 

cell pool. On the other hand, the param eter Ri  determ ines whether the CD8 + CTL 

response is maintained active or not.

Based on the high levels of C D 8 + CTL in H A M /T SP patients, we hypothesize 

that those patients are m ore likely to have > 1 , whereas asymptomatic carriers 

should have R\  with values below 1. M oreover, when R\  > 1, we demonstrate that 

there is a positive correlation between the proviral load and the C D 8+ T-cell level at 

equilibrium. This correlation has been clinically verified in H A M /TSP patients [21]. 

Therefore, a reduction of R i  would be a  control m easure for asymptomatic carriers 

to avoid H A M /TSP developm ent.

There are two im portant param eters to measure the effectivity of the CD 8 + CTL 

response: the rate of lysis of infected cells by HTLV-I-specific CTLs, y, and the CTL 

proliferation rate, or responsiveness, v [3, 24]. We prove that HTLV-I-infected pa­

tients with a low responsiveness exhibit high proviral levels. W hereas, patients with 

a strong responsiveness have smaller values of Ri  and, consequently, they reduce
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their chances of developing H A M /TSP . O ur numerical simulations and Corollary 

5.7 suggest that the proviral levels are reduced when the responsiveness augments. 

Such a HTLV-I proviral reduction corroborates the protective role of CD8 + CTLs 

in HTLV-I infection claimed by Bangham et al. [5, 10, 29]. Interestingly, the rate of 

CTL-mediated lysis, y,  can be changed without affecting the basic reproduction num ­

ber in presence of CTL response R\ .  But, it can be verified that the equilibrium level 

of anti-HTLV-I CTLs, 2 *, is a decreasing function of y. Thus, as the lysing efficiency 

augments, the num ber of CTLs required to eliminate infected cells also declines. In 

our numerical simulations we show that an increase in the rate of lysis reduces the 

infected CD4+ and C D 8 + T-cell loads alike.

In summary, based on our analysis and simulations, we conclude that the cyto­

toxic response to HTLV-I-infection can

•  reduce the num ber of infected cells,

•  increase the abundance of healthy CD4+ T  cells, and

•  keep low levels of CD 8+ CTLs,

when the rate of lysis and proliferation rate are carefully adjusted. Therefore, the risk 

of developing H A M /T SP is m ore likely to be related with the ability of the individual 

to m ount an appropriate immune response as suggested by Bangham et al. [3, 5, 29]. 

Unfortunately, in our model the relevance of C D 8 + T-cell response to ATL is not 

evident.
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Chapter 6

Conclusions

6.7. General Discussion
H um an T-cell Leukaem ia/Lym phom a Virus Type I (HTLV-I) is the causative agent of 

adult T-cell Leukaemia (ATL) and HTLV-I-Associated Myelopathy/Tropical Spastic 

Paraparesis (HAM/TSP) [8 ]. HTLV-I is endemic in several regions around the world, 

including Japan  and Caribbean Islands. It is estimated that between 10 to 20 million 

people are infected. HTLV-I is a retrovirus with genetic structure similar to HIV. 

However, HTLV-I spreads horizontally by cell-to-cell contact and its virions are not 

very infectious. The main target of HTLV-I infection is the CD4+ T-cell population.

During the course of HTLV-I infection, the immune system activates different 

processes to control the viral replication. Antibodies against HTLV-I either inhibit the 

virus attachment to cellular receptors or interfer with mem brane fusion that allows 

viral RNA entry to the cytoplasm [9]. These antibodies are detected within a few 

weeks after the prim ary infection [5]. Also, asymptomatic carriers harbour high levels 

of anti-HTLV-I cytotoxic T  cells (CTLs) in the peripheral blood [1]. Intensification 

of the host immune response might lead to prevention of ATL and H A M /T SP [6 ]. 

Therefore, it is im portant to understand the dynamics of the transmission in order to 

propose effective strategies for the control of HTLV-I infection.

We have proposed and investigated several mathematical models that m ay help 

to elucidate the infection dynamics. O ur approach is based on the com parm ental 

models amply used in theoretical epidemiology. We have adopted m any key concepts
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and terminology from epidemiological models such as basic reproduction number, 

contact rate, incidence form, etc. In spite of these similarities, immunological models 

in this thesis have peculiarities that deserve their own analysis and interpretation.

In C hapter 2, we analysed a basic model for HTLV-I-infection dynamics. We 

assumed that the incidence form depends on the total CD 4+ T-cell population. The 

horizontal transmission proposed includes both the bilinear and standard incidence 

forms alike. We have proved that the basic reproduction num ber R q governs the 

global dynamics of the system. M ore specifically, w hen R q <  1 infected cells always 

die out. W hen R q > 1, a chronic infection is established. This type of behaviour is 

common in m any compartmental models and it is referred to as ‘forward bifurcation’. 

Interestingly, our analysis showed that the standard incidence form induces higher 

levels of HTLVT-infected CD4+ T cells than the bilinear one.

In C hapter 3, we proposed an extension to our basic m odel that incorporates 

mitotic division. Unlike other retroviruses such as H IV , HTLV-I shows an extraor­

dinary genetic stability and the bulk of the proviral load is m ade up of relatively few 

clones [7]. The high levels of HTLV-I-carrier cells in the peripheral blood may suggest 

that the high proviral loads are maintained by the mitotic division of HTLV-I-infected 

cells. We proved that under biologically sound conditions, the m odel exhibits ‘back­

ward bifurcation’. This bifurcation has ‘catastrophic’ effects on the dynamics, in which 

a reduction in the basic reproduction num ber is no t necessarily the best measure to 

control the infection.

In Chapter 4, we proposed and analysed a m odel that considers the infection of 

CD34+ stem cells with HTLV -I. Clinical evidence shows that the CD34+ hematopoi­

etic cells are susceptible to HTLV-I infection in vitro. Also, infected CD34+ cells can 

turn into CD4+ T  cell and preserve the viral DNA [2]. Thus, CD34+ hematopoietic 

cells act as a reservoir for HTLV -I. We proved the global dynamics of this reservoir- 

type of model. We showed that there is a slow invasion of the bone marrow. This 

invasion may provoke the persistence of the infection and ultimately the high proviral 

levels observed in HTLV-I-infected patients.
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In  C hapter 5, we have analysed a m odel that incorporates CD 8+ T-cell immune 

response to our basic model. CD 8 + cytotoxic cells release inflammatory cytokines 

and pore-forming proteins to eliminate infected cells. However, an overproduction 

of these proteins can damage bystander cells. H A M /T SP patients show extraordinar­

ily high levels of activated C D 8+ T  cells in the peripheral blood [3]. Furtherm ore, 

C D 8+ T  cells can be detected in the cerebrospinal fluid of H A M /TSP patients. These 

findings have opened a controversy about the protective role of the CTL response in 

H A M /T SP prognosis. We concluded that the global dynamics of the CTL response 

is determ ined by two parameters: the basic reproduction num ber in the absence of 

CTLs R q, and by a basic reproduction num ber modified by the presence of CTLs R \ . 

Also, we proved that when an active CTL response is present, the proviral load and 

level of CTLs have a positive correlation (see (5.8)). Furtherm ore, the same condition 

can be used to calculate the responsiveness in term s of the proviral load and CTLs 

level. We hypothesized that H A M /TSP patients are m ore likely to have R \ > 1, 

whereas most of the asymptomatic carriers should have R \  < 1. This also suggests 

that, in a chronic infection (i.e. R q > 1), keeping R \  < 1 m ay be a m ore realistic 

strategy for preventing the developm ent o f H A M /T SP  .

M athematically, we strive to establish rigorously the global dynamics of our m od­

els. Global stability is a highly nontrivial problem  in the theory of Ordinary Differen­

tial Equations. Traditionally, Lyapunov’s direct m ethod is used to address that issue. 

For models where no Lyapunov function has been discovered, the method developed 

by Li and M uldowney to prove global stability is an alternative to address that prob­

lem. Both the Lyapunov’s direct m ethod and the m ethod of Li and M uldowney are 

used in our global analysis.

Finally, this work migh have shown the relevance of the mathematical m odelling 

in HTLVT-infection dynamics. At the present, HTLV-I-infection and related diseases 

have not been as profusely studied as H IV  and AIDS. To our knowledge, our m od­

elling param eters have not been calculated experim entally for HTLV-I. It is our wish 

that this thesis will motivate further interdisciplinary research on HTLV-I infection.
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6.2. Future Research
We have proved that proviral loads can be obtained by either mitotic division 

of HTLV-I-infected CD4+ T cells or by m aturation of CD34+ hem atopoietic cells. 

It may be necessary to clarify which route is m ore im portant and easier to control 

experimentally.

An extension of our models to include ATL progression is necessary. As any 

other hematological malignancy, transform ation from  an infected cell to an oncogenic 

one is a multifactorial process. Nonetheless, the proliferation rate of cancer cells 

deserves further investigation. The analysis of such a ‘generalised’ m odel m ay usher 

chem otherapy strategies [4].

Generalisations to our models will pose new challenges for m odel analysis and 

give ample opportunities for developing new  m athematical m ethods and techniques 

to analyse systems of non-linear differentia] equations.

It would be fruitful if further research is done to establish any cause-effect rela­

tionship between HTLV-I-infected cells and the imm une system response. It is hoped 

that other researchers in the area will be encouraged to make use of the models we 

used in this exploratory effort.

It is in our best interest to motivate interdisciplinary research to get a better 

understanding of HTLV-I infection, since it affects so many people in this world.
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Appendix A

A. 7. Lozinskii Measure
Let A  =  (aij) be a n x n  real matrix. For a vector norm  | ■ | in E n, the matrix norm  of 

A  induced by | • | is defined as

\A\ = sup|A *|.
I*N

The Lozinskii measure p  of A  with respect to | • | is defined as

p(A)  =  lim I k t M z I ,  
n  /—*o+ h

where l n denotes the identity matrix. It can be verified tha t p  satisfies

p(aA)  = acp{A) if a > 0,

< \A\,

p ( A  +  B) < p(A)  +  p{B).

For some standard vector norm s, the matrix norms and the Losinskil measures are 

given below.

X \A\ p{A)

sup;. Xi suP i Z *  M supz. (a n  + Yuktei la ^ 0

Z i Xi \ SUpA \aik\ sup* (akk +  Z I (kk )

V ( Z i  M 2) Square root of largest 

characteristic root of A* A

Largest characteristic 

roo t of A * + A)

For properties and calculations of Lozinskii measures we refer the reader to [2].

A.2. Compound Matrices
Let T  be a linear operator on and A  its matrix representation with respect to

2
the standard basis { e i , . . . , e n }. Let A T  denote the exterior power of the operator
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2 2 
T  on ARn(see [1,3]). T  induces canonically a linear operator on ARn. M ore

specifically, for any decomposable elem ent v\ A V2 we have

T ^ { v i A V2) = T{v  1) A V2 +  v\ A T(v2).

The m atrix associated to 7 ^  with respect to the canonical basis {e t- A e j } z<y is denoted 

by and called the second additive compound matrix of A . This is an Q) x (") m atrix 

and satisfies the property [A +  B ) ^  =  A ^  +  B In the special case w hen n  =  2, we

have yl]2' =  Tr A . For n  =  3, the second additive compound matrix of A  =  (afj) is

For a detailed discussion of com pound matrices and their proporties, we refer the 

reader to [2]. A comprehensive survey on com pound matrices and their relations to

[1] O . A. BlBERSTEIN, Fundamentos de Variedades Diferenciables, Instituto Politecnico 

Nacional, Mexico, 2001.

[2] M. FIEDLER, Additive compound matrices and inequelity for eigenvalues o f stochastic ma­

trices, Czech. M ath.J., 99 (1974), pp. 392-402.

[3] S. LANG, Real and Functional Analysis, Springer-Verlag, 3rd. ed., 1993.

[4] J .  S. MULDOWNEY, Compound matrices and ordinary differential equations, R o c k y  

M ou n ta in  J . Math., 20 (1990), pp. 857-872.

0-23 

<Zll +  033 
<221

differential equations is given in [4].
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Appendix B

Li and Muldowney’s Method for Global Stability

We quote a general m ethod of Li and M uldowney for proving global stability. 

For a detailed presentation of the result see [1].

Let C E n be an open subset and / :  Q. —> R n be a C 1 function. Consider the 

autonomous differential equation

*' =  /(* )•  (E)

An equilibrium point x* of (E) is called globally stable in Q if it is locally stable and 

all trajectories in Q. converge to x*. Let x( t , xo) denote the solution of (E) satisfying 

x(0,a:o) — *o and D f ( x )  the Jacob ian  m atrix of f  at x. Assume that (E) satisfies the 

following two conditions:

(HI) (E) has only one equilibrium point x* in Q.

(H2) (E) has a compact absorbing set K  C f i .

Let x i—> P(x) be an (£) x Q) matrix-valued function that is C 1 on Assume that 

P ~ l {x) exists and is continuous for x E K .  For a Lozinskii m easure jx, a quantity q2 is 

defined as
-  1 r /q2 — lim sup sup -  jj. (B(x(s,xo))) ds ,  (1)

* -> o o  x0e k  t  J o

where

B  = Pf P ~ l + P [ D f ) [2]P ~ \

and the matrix P j  is obtained by replacing each entry pi j  in P  by its direction deriva­

tive in the direction f ,  V p * j f .  The m atrix D f ( x ) ^  is the second additive compound 

m atrix of the Jacobian m atrix D f ( x )  (see A ppendix A).

The following global-stability result is due to Li and M uldowney (see [1, Theorem  

3.5]).
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T h eo rem . (Li and Muldowney). Assume that £2 is simply connected and that the 

assumptions (HI) and (H2) hold. Then x  is globally stable in £2 if there exists a 

function P(x) and a Lozinskil measure p. such that q2 defined in (1) satisfies q2 < 0.
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