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Abstract

Given a conformal superalgebra <7 over an algebraically closed field k of charac-
teristic zero, a twisted loop conformal superalgebra £ based on ¢/ has a differen-
tial conformal superalgebra structure over the differential Laurent polynomial ring
D = (k[t*'],4). In this context, £ is a D,,,/D—form of &/ @, D with respect to
an étale extension of differential rings D — D,, = (k[t*], 4), and hence is a
D /D—form of &7 ®y D for D= li_r)n D.n. Such a perspective reduces the problem
of classifying the twisted loop conformal superalgebras based on .27 to the compu-
tation of the non-abelian cohomology set of its automorphism group functor.

The primary goal of this dissertation is to classify the twisted loop conformal
superalgebras based on .« when &7 is one of the N = 1,2, 3 and (small or large)
N = 4 conformal superalgebras. To achieve this, we first explicitly determined
the automorphism group of the D-conformal superalgebra .o/ @y D in each case.
We then computed the corresponding non-abelian continuous cohomology set, and
obtained the classification of our objects up to isomorphism over D. Finally, by
applying the so-called “centroid trick”, we deduced from isomorphisms over D to
isomorphisms over k, thus accomplishing the classification over k.

Additionally, in order to understand the representability of the automorphism
group functors of the N = 1,2,3 and small N = 4 conformal superalgebras, we
discuss the R—points of these automorphism group functors for an arbitrary dif-
ferential ring R = (R,d). In particular, if R is an integral domain (with certain
additional assumptions in the small N = 4 case), these automorphism groups have

been completely determined.
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Notation

N

> O T
3

D 9 9
3

Spec(R)
Mat2 (R)

the set of integers

the set of nonnegative integers

the finite cyclic group of order m

an algebraically closed field of characteristic zero

the field of rational numbers

the field of complex numbers

the Kronecker symbol, whichis 1if i = j andis 0 if ¢ # j
the sign of a cycle (¢, j, k), where ¢, j, k € {1,2,3}

a square root of —1 in k

27i

the standard m-th primitive root of unity ink, i.e., (,, = e
the Laurent polynomial ring k[t*!]

the ring k[¢*7] which is an étale extension of D
the ring lim D,,

—

the k—differential ring (D, %)
the k—differential ring (D,,,, 4)
the k—differential ring (lA) Y
the spectrum of R

the set of 2 x 2-matrices with coefficients in the ring R



Chapter 1

Introduction

Infinite dimensional Lie (super)algebras emerged in the study of theoretical physics
in the 1960s. They turned out to be one of the most useful mathematical tools to
describe supersymmetric phenomena. Presently, there are (at least) two families of
infinite dimensional Lie (super)algebras of particular interest in physics: one is the
family of affine Kac-Moody algebras and the other is the family of the so-called

superconformal algebras.

Kac-Moody algebras appeared in mathematics as a generalization of finite di-
mensional simple Lie algebras over the field C of complex numbers. In Kac-Moody
theory, the affine Kac-Moody algebras play a very special role. While a general
Kac-Moody algebra is defined by Chevalley-Serre relations (a useful approach, but
one that makes it impossible to see what the objects look like), an affine Kac-Moody
algebra (derived modulo its center) has a beautiful explicit realization as a twisted
loop Lie algebra of the form L(g, o) for a finite dimensional complex simple Lie
algebra g with respect to an automorphism o of g of finite order m (cf. Chapters 7
and 8 of [Kac90]). Concretely, one may assign a natural structure of a Lie algebra
on g ®@c C[t*] by defining

[a®@rb®s|=a,b®rs, abecgrsecCltEnm].

The automorphism o of g is extended to an automorphism o ® 1) on the Lie algebra
g ®¢ C[t*m], where

W Cltfn] = ClEFn], 6 o Gltom,

and (,, is an m-th primitive root of unity. The twisted loop Lie algebra L(g, o) is
defined to be the sub-Lie algebra of g ®¢ C[tii} consisting of elements fixed by
o ® .

These twisted loop Lie algebras have been further generalized to twisted multi-

loop Lie algebras by replacing the Laurent polynomial ring C[t*!] with the multi-
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loop ring C[t5™, - - - | £X1]. Such generalizations play an important role in the theory
of extended affine Lie algebras (cf. [ABFP09]).

In recent years, inspired by the twisted loop construction of an affine Kac-
Moody algebra, algebraic-geometric methods, including non-abelian Galois coho-
mology and descent theory, have been brought into the study of affine Kac-Moody
algebras and twisted multiloop Lie algebras. The basic ideas behind these methods,

which are succinctly exposed in [Pia05], are the following observations:

e Every twisted loop Lie algebra L(g, o) is not only a Lie algebra over the field
C, but also a Lie algebra over the Laurent polynomial ring C[t*1].

e Viewed as a Lie algebra over C[t*!], every twisted loop Lie algebra L(g, o)
is a twisted form of the untwisted loop Lie algebra g ®c C[t*!] which is
“trivialized” by the étale extension of rings C[t*!] — C[t*w]. Furthermore,

the affine Kac-Moody Lie algebras account for all the twisted forms.

This point of view has prompted two avenues of investigations. One is the
exploration of the structure and representation theory of a twisted (multi)loop Lie
algebra by applying descent theory to the corresponding untwisted (multi)loop Lie
algebra. This idea has been successfully used in the research occurring on the

following topics:
e the central extensions of twisted forms of Lie algebras in [PPS07, Sun09],
e the derivations of twisted forms of Lie algebras in [Pial0],

e the conjugacy theorem of maximal abelian diagonalizable subalgebras (ana-
logues of Cartan subalgebras) of twisted loop Lie algebras and affine Kac-
Moody algebras in [Pia04, CGP11, CEGP12],

e the finite-dimensional irreducible representations of a twisted form of a Lie
algebra in [LaulO, LP13].

The other is the investigation of the automorphism groups of Lie algebras and
the torsors of an affine group scheme over Spec(C[t*!]). In the classical theory
of twisted forms, every isomorphism class of twisted forms of g ®¢ C[t*!] which
are split by an étale extension of C[t*!] corresponds to an element in the non-
abelian étale cohomology set H (C[t*!], Aut(g)), where Aut(g) is the automor-
phism group functor of g. In the situation where g is a finite dimensional Lie alge-

bra, Aut(g) is representable by an affine group scheme of finite type. In addition,

2



the classes in H (C[t*!], Aut(g)) can also be interpreted in terms of torsors over
Spec(C[t*!]) under Aut(g). This lead to a detailed study of the automorphism
group schemes of Lie algebras or Lie superalgebras (cf. [GP04, GPO8b]), and of
the theory of torsors of reductive group schemes over Spec(C|[t*!]), or more gener-
ally over Spec(C[ti, - - -, t1]) (cf. [CGP12, GP0OS5, GP07, GP08a, Pia05]).

In 2009, V. Kac, M. Lau, and A. Pianzola [KLLP09] found that the above strategy
for studying twisted loop Lie algebras by cohomological means can be used to un-
derstand the so-called twisted superconformal algebras in theoretical physics. This
discovery is the main motivation for the work presented in this dissertation. Super-
conformal algebras are infinite dimensional Lie superalgebras used to describe su-
persymmetries in conformal field theory. Many important examples, including the

Neveu-Schwarz algebra, and the Ramond algebra, have been known for decades.

The key feature of such a Lie superalgebra is that its Lie superbracket involves
the operator product expansion of formal distributions. In the 1990s, V. G. Kac in-
troduced the notion of conformal superalgebras to deal with Lie superalgebras with
operator product expansions. In subsequent work of V. G. Kac and his collabora-
tors, finite simple conformal superalgebras over C (the field of complex numbers)
were classified (cf. [Kac98a]).

Along with the usual (untwisted) superconformal algebras, physicists have also
created another family of Lie superalgebras called twisted superconformal algebras
in [SS87] and [STVP88]. The readers are encouraged to look at these papers for
the relevance to the physics of the objects we will study. Based on Kac’s theory of
conformal superalgebras, a twisted superconformal algebra is the Lie superalgebra
induced by a twisted loop conformal superalgebra. Analogous to the classification
of twisted loop Lie algebras in terms of torsors, one of the main observations used in
[KLPO9] to study twisted loop conformal algebras is that a twisted loop conformal
algebra based on a given C—conformal superalgebra .o/ has a conformal superalge-
bra structure over the differential Laurent polynomial ring D := (C[t*], d;), that
is the pair consisting of the ring C[t*!] and the derivation d; := %. The derivation
d; has been introduced here because the commutative associative algebra structure
on C[t*1] is not sufficient to define the affinization of a conformal superalgebra (or
more generally, is not sufficient to define the change of base rings for conformal

superalgebras).

As a result, conformal superalgebras over the field C were generalized to differ-
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ential conformal superalgebras over a differential ring (that is, a pair consisting of
a commutative associative algebra over the base field k together with a derivation).
With this generalization, one can define the “change of base” over differential rings,
and this turns out to be the correct (and crucial) ingredient needed in the conformal
superalgebra situation to deal with “local triviality” in the étale sense. As expected,
every twisted loop conformal superalgebra is a twisted form of the corresponding
untwisted loop conformal superalgebra with respect to an extension of differential
rings of the form D := (k[t*], 4) — D,, := (k[t*w], 4).

Additionally, the change of base differential rings motives the definition of the
automorphism group functor Aut(.e/) of a given conformal superalgebra <7 over
a base differential ring R. It has been proved in [KLP09] that, for faithfully flat
extension S/R of differential rings, the R—isomorphism classes of S/R-twisted
forms of a conformal superalgebra .7 over R bijectively correspond to the classes
in the non-abelian cohomology set H'(S/R, Aut(%)).

Unlike the case for a usual finite dimensional algebra, the automorphism group
functor Aut(«/) of a k—conformal superalgebra <7 fails to be representable in the
usual sense. Nonetheless, since our primary concern is the classification of twisted
loop conformal superalgebras based on .27, we may specialize extensions of differ-
ential rings to be the extension D — D,,, for some positive integer m. Moreover,
instead of considering the extension D — D,, for each m individually, we may

consider D := lim D,, and the extension D — D. The result is that all twisted loop
*)

conformal superalgebras based on &/ can be classified by H'(D/D, Aut(</)) up
to isomorphism of conformal superalgebras over D.

When o7 satisfies a certain finiteness condition, the non-abelian cohomology
set H{(D/D, Aut(«)) can be further identified with the non-abelian continuous
cohomology set H(l:t(z, Aut(;z%)(ﬁ)) where Z = lim Z/mZ.

In the context of the differential conformal supi:ralgebra theory developed in
[KLPO9], this dissertation will focus on the classification of twisted loop conformal
superalgebras based on .o/, where <7 is one of the N = 1,2, 3 and (small or large)
N = 4 conformal superalgebras.

One of the key ingredients in the classification is to find the automorphism group

Aut(o/ )(ﬁ) for each of the conformal superalgebras <7 listed above. In fact, for

the N = 2 or small N = 4 conformal superalgebra 7, Aut(</)(D) has been
determined in [KLP09]. We will explicitly compute Aut(<)(D), where < is
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one of the N = 1,2,3 or large N = 4 conformal superalgebras. Summarizing
our results and the automorphism group of the small N = 4 algebra obtained in
[KLPO9], we have the following Table 1.1:

Table 1.1: automorphism groups

o N=1,2,3| small N =4 large N =4
Aut(e)(D) | 0x(D) | TESH0 | (TSP < (D)) w222

where D = lim k[ti%], and Oy, SLs, G, are the group scheme of NV x N orthogo-
_>

nal matrices, special linear group scheme, and additive group scheme, respectively.

A~

These results seem to suggest that the automorphism groups Aut(<)(D) are
closely related to the B—points of certain affine group schemes. With this as a mo-
tivation, we further study the relationships between the automorphism group func-
tor Aut(</) and affine group schemes whose R—points yield the abstract group
Aut(«)(R) for an arbitrary k—differential ring R. For one of the N = 1,2,3
or small N = 4 conformal superalgebras <7, we found that the automorphism
group functor Aut(.2/) has a subgroup functor GrAut(<), which coincides with
Aut(«/) when evaluated on a k-differential ring whose underlying ring is an
integral domain. Moreover, GrAut(</) can be obtained as a lift of an affine
group scheme (viewed as functors from the category of commutative associative
k-algebras to the category of groups) by composing certain functors from the cate-
gory of k—differential rings to the category of commutative associative k-algebras.

After determining the automorphism group Aut (<) (73) we move on to com-
pute the non-abelian continuous cohomology set H., (Z, Aut(</)(D)). In the case
where Aut(«)(D) coincides with the D-points G(D) of a reductive group scheme
G, the non-abelian cohomology set H!, (Z, G(IA))) can be further identified with the
non-abelian étale cohomology set He (D, G) (cf. [GP08a]). Such an identification
allows us to connect our problem to the theory of torsors over the punched affine
line Spec(D) under G.

Once we determined H',(Z, Aut(</)(D)), we obtained the classification of all
twisted loop conformal superalgebras based on .7 up to isomorphism over D. The
passage from isomorphism over D to isomorphism over k can be done by using
the so-called “centroid trick”, which was developed in [KLP09]. We will discuss
them in Section 2.5 where we will provide a new explicit description of the cen-
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troid of the twisted loop conformal superalgebras under certain assumptions (cf.
Propositon 2.12). These assumptions are fulfilled by any twisted loop conformal
superalgebra based on each of the k—conformal superalgebra o7 listed in Table 1.1.

The structure of this dissertation is as follows. In Chapter 2, we will provide
a review of the general theory of differential conformal superalgebras and their
twisted forms, which is part of the preliminaries required for our subsequent dis-
cussions. In Chapter 3, we will review basic terminology and facts from non-abelian
Galois cohomology theory. Chapters 4,5, and 6 comprise the main body of this dis-
sertation. In Chapter 4, we will focus on the N = 1,2, 3 conformal superalgebras
n: we will deduce the structure of the automorphism group functor Aut(.#y),
complete the classification of twisted loop conformal superalgebras based on %},
and discuss the Lie superalgebras determined by these non-isomorphic twisted loop
conformal superalgebras. In Chapter 5, we will concentrate on the properties of the
automorphism functor Aut(%#) of the small N = 4 conformal superalgebra #/,
and provide a review of the classification of twisted loop conformal superalgebras
based on # obtained in [KLP09]. A similar classification for the large N = 4
conformal superalgebra .# will be completed in Chapter 6 based on an explicit
computation of the automorphism group Aut(.# )(13) and the non-abelian coho-
mology set H. (Z, Aut(.)(D)).



Chapter 2

Differential Conformal Superalgebras

This chapter is a review of the general theory of differential conformal superalge-
bras developed in [KLP09].

2.1 Conformal superalgebras

Before going into a discussion on differential conformal superalgebras, we first re-
view some facts about conformal superalgebras over the base field k, and identify
the relations between conformal superalgebras and formal distribution Lie superal-
gebras. The terminologies and notions presented in this section were introduced by
V. Kac in [Kac98b].

Let g be a Lie superalgebra' (usually infinite dimensional) over k. A g—valued

formal distribution is a formal series a(w) of the form
a(w) =Y aw™, a, €g. (2.1.1)
nez

Two g-valued formal distributions a(w) and b(w) are called mutually local if there

is a positive integer /V such that

(z —w)V]a(z),b(w)] = 0, (2.1.2)
where
(a(2), b(w)] = > [am, ba)z™ " w7, (2.1.3)

if a(w) =3,y aw™" Fand b(w) = >, byw "
It has been shown in Corollary 2.2 of [Kac98b] that two g—valued formal distri-

butions a(w) and b(w) are mutually local if and only if [a(z), b(w)] can be written

'T will not restate the definition of a Lie superalgebra here since it can be easily found in many
literatures such as the long paper [Kac77] by V. G. Kac, and the book [CW12] by S. Cheng and W.
Wang.



as a finite sum

[a(2), b(w)] = Y ¢;(w)dPd(z — w), (2.1.4)
JELy
where 0, is the formal derivative with respect to w, oY) = & /4!, and
iz —w) = Z wz " (2.1.5)
nez

The expansion (2.1.4) is called the operator product expansion (OPE) of [a(z), b(w)],
and the ¢;(w), j € Z, are called the OPE coefficients.

A formal distribution Lie superalgebra overk is a pair (g, F) consisting of a Lie
superalgebra g over k and a set F of mutually local g—valued formal distributions
such that g is spanned (as a k—vector space) by coefficients of elements in F.

Given a formal distribution Lie superalgebra (g, F), one strategy to investigate
the properties of the Lie superalgebra g is to consider the operator product expan-
sion of formal distributions in F.

To illustrate, we consider the centreless Virasoro algebra v = &,,czkL, with
the Lie bracket defined by

Ly, L] = (m —n)Lpin, m,n €Z. (2.1.6)
Then v (as a k—vector space) is spanned by the coefficients of the formal distribution

L(z) =) L,z "7 (2.1.7)
ne”Z
i.e., if we take F = {L(z)}, then (b, F) is a formal distribution Lie algebra. By

considering the operator product expansion, we have
[L(2), L(w)] = (0uL(w))d(z — w) + 2L(w)0y,0(z — w). (2.1.8)

Let F = span, {0’ L(w)|j € Z,}. Then all OPE coefficients of [a(2), b(w)] for
a(z),b(z) € F are contained in F, i.e., F is closed under taking OPE coefficients.
Hence, the OPE yields an algebraic structure on F, which motivates the definition
of a conformal superalgebra.

In a Z /2Z—graded k—vector space V' = V5 @ Vi, we always use p(a, b) to denote
the sign (—1)?@?®) for two homogeneous elements a and b in V, where p(a) and

p(b) are the parity of a and b, respectively.
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Definition 2.1 (Definition 2.7 of [Kac98b]). A (Lie) conformal superalgebra over
k is a Z/27Z~graded k[0]-module </ = <f; @ <7, on which there is a k-bilinear
product —(,,)— for each n € Z, satisfying:

(CO) a@myb = 0forn >0,

(C1) (0a)myb = —nam-1)b,

Mg

(C2) amb = —p(a,b) > (=1)1"09) (biy.5a),

0

J
(C3) a(m)( n)c) ; ( )(a(] )m—l—n—j)c_'_p(a’a b)b(n)(a(m)c>’

where V) = 07/;!, a,b,c € o/, and m,n € Z,.

One can also define an associative conformal superalgebra by modifying axioms
(C2) and (C3) above (cf. Section 2.10 of [Kac98b]). Since all conformal superal-
gebras considered in this thesis are Lie conformal superalgebras, we simply say a
conformal superalgebra instead of a Lie conformal superalgebra.

For convenience, we also use the A\-bracket notation for all n—th products of a

conformal superalgebra o7
[axb] = ZA (a(mb (2.1.9)

for a,b € o, where ) is an indeterminate and A := A" /n!. Adopting this nota-
tion, the axiom (CO0) is equivalent to that [a,b] is a polynomial in A with coefficients
in &7 . The axioms (C1)-(C3) can be rewritten as

(C1)y [(Oga)rb] = —A[anb].
(C2), [axb] = —p(a,b)[b_r—o_a].
(€3 [oBucl) = [oxblaeac] + p(a BBylasc])

As an example, the set of formal distributions F associated to the centreless
Virasoro algebra v form a conformal superalgebra ¥, on which the n-th product
a(w)n)b(w) is defined to be the n-th OPE coefficient in the OPE of [a(z), b(w)] for

9



a(w),b(w) € F. The conformal superalgebra ¥ is called the centreless Virasoro

conformal algebra. More precisely,
¥V = k[0]L (2.1.10)
is a free k[0]-module of rank 1, on which the A-bracket is given by

[LAL] = (8 + 2)\)L. (2.1.11)

Another example is a current conformal superalgebra. Let g be a finite dimen-

sional Lie superalgebra over k. Then
Cur(g) = k[0] ®x g (2.1.12)
is a conformal superalgebra under the n-th product defined by
amyb = dnpla, b, (2.1.13)

where a,b € g,n € Z,.

The passage from the centreless Virasoro algebra v to the centreless Virasoro
conformal algebra ¥ can be generalized to all formal distribution Lie superalgebras
as follows. For a formal distribution Lie superalgebra (g, F), the closure F (the
minimal set of formal distributions which is closed under OPE and contains F) is
equipped with a structure of a conformal superalgebra through OPE. This conformal
superalgebra is denoted by <7 (g, F) (cf. Section 2.7 of [Kac98b] for an explicit
description of this passage).

Conversely, a conformal superalgebra 7 over k also realizes a Lie superal-
gebra. Such a realization requires us to consider the affinization of a conformal

superalgebra.

Throughout this dissertation, [ always denotes the Laurent polynomial ring
k([t*!]. Given a conformal superalgebra <7, there is a conformal superalgebra struc-

ture on the k—vector space o/ ®, D given by
5(a®7°) =0y(a) @7+ a® dy(r), (2.1.14)
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fora € o/ ,r € D, and the n-th product

(@a@1)m(b®s) =Y (apeyb) @ dP (r)s, (2.1.15)
JELy
for a,b € &,r,s € D, where d; = % is the derivative with respect to ¢ and

dgj )= d/ /j!. The resulting conformal superalgebra is denoted by 27p := &7 ® D,
where D = (D, d;).

The conformal superalgebra o7p determines a Lie superalgebra
Alg(e?) := (o @ D)/ @ D) (2.1.16)

with Lie superbracket induced by the 0-th product of .« ®; D. Furthermore, if
of = 4/ (g, F) is the conformal superalgebra associated to a formal distribution
Lie superalgebra (g, F), then Alg(«?) = g as Lie superalgebras over k (cf. Theo-
rem 2.7 of [Kac98b]).

Analogous to the twisted loop construction for Lie algebras, we may define
twisted loop conformal superalgebras. Starting with a conformal superalgebra .o
and an automorphism o of &7 of order m, we define the conformal superalgebra
o Ry Dy, using (2.1.14) and (2.1.15), where D,, = k[ti%] and D, = (D,,,d;).

We then extend o to an automorphism o ® ¢ of &7 ®y D,,, where
Wi Dy — Dy, tin > ()

and (,,, is an m-th primitive root of unity. Let I be the group generated by o ® ).
Then the set of fixed points of &/ ®y D,, under I

L(e,0) = (F @ D) ={n € R Dpl(c@)(n) =n} (2.1.17)

is a sub conformal superalgebra of .« ®y D,,, called the twisted loop conformal
superalgebra based on < with respect to o. In particular, when ¢ is the identity
map, L(<7,id) = o/ @ D.

More explicitly, since o is of finite order m, <7 is decomposed into a direct sum
with respect to 7, i.e., & = ®";' o, where o, = {a € |o(a) = (,a} fori € Z.
In particular <7, = <7, and hence

L( o) = P @ ktm). (2.1.18)

1€EZL
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Similar to (2.1.16), the conformal superalgebra £(.<7, o) also yields a Lie su-
peralgebra
Alg(o o) := L(,0)|OL(A , 0), (2.1.19)

with Lie superbracket induced by the O-th product of £(<7,0). The Lie super-
algebra Alg(<7, o) is not necessary a formal distribution Lie superalgebra in the
usual sense, but rather is interpreted as a ['-twisted formal distribution Lie super-
algebra (cf. [KLP09]). Moreover, the central extensions of these Lie superalge-
bras realize the so-called twisted superconformal algebras in physics literatures (cf.
[SS87, STVPS8]).

2.2 Differential conformal superalgebras

Recall that a twisted loop Lie algebra is not only a Lie algebra over the base field
k but also a Lie algebra over the ring k[t*!]. Differential conformal superalgebras
arose from the efforts to adapt the concept of a twisted loop conformal superal-
gebra to a structure over k[t*1]. The critical obstacle is that the ring structure of
#1);

k[t*!] is not sufficient to define a concept of conformal algebra over k[t*!]: one

requires a differential structure, i.e., to consider the derivation % on k[t*!]. In other

words, one can define differential conformal superalgebras over (k[t*'], 4) and,
more generally, over a differential ring R = (R,d). In this section, we will re-
view the definition of a differential conformal superalgebra, which was originally

introduced by V. Kac, M. Lau, and A. Pianzola in [KLPO09].

Let k-rng denote the category of unital commutative associative algebras over
k. A k—differential ring is a pair R = (R, dg) consisting of an object R in k-rng
and a k-linear derivation dg : R — R. For example, 0 is a derivation on every
object R in k-rng, i.e., (R, 0) is a k—differential ring. In particular, k (viewed as a
k-differential ring) refers to the k—differential ring (k, 0). The Laurent polynomial
ring D = k([t*!] paired with the derivation d; = < (the derivative with respect to ¢)
gives a k—differential ring D = (D, d;).

A morphism f : R = (R,dg) — S = (S5,ds) of k—differential rings is a

12



morphism f : R — S in k-rng such that the diagram

RN

oy

dp dg

<—

=y

— S

commutes. The collection of all k—differential rings together with the morphisms

given above form a category, which is denoted by k-drng.

Definition 2.2 (Definition 1.3 of [KLP09]). Let R = (R, d) be an object in k-drng.
A differential (Lie) conformal superalgebra over R is atriple (.47, 0.7, (—(n)— )nez,. )

consisting of

(i) aZ/2Z-graded R—module of = o5 ® o,
(ii) ak-linear map 0., : &/ — o preserving the Z/27—grading of <7,
(iii) a k-bilinear product (a,b) — agb, a,b € o7 foreachn € Z,,
satisfying the following axioms for r € R, a,b,c € &/, and m,n € Z,:
(DCO) agmyb = 0 for n > 0,
(DC1) Oy(a)mb = —na@m-1)b and ()0 (b) = 0 (am)b) + nag—1)b,
(DC2) Oy (ra) =rdy(a)+d(r)a,
(DC3) a(m)(rb) = r(amyb) and (ra)mb = Zjez+ d®) (1) (a(n45)b)s
(DC4) agyb = —p(a,b) ez, (—1)74709 (b ja). and
(DC5) am)(bmye) = 22720 (7) (@) b) m+n—s)¢ + p(a, b)bm) (agm)c),
where d) = d7/;! and 82) =&,/ forj € Z,.

The axioms (DC4) and (DC5) are the analogues of the supersymmetry axiom
and Jacobi identity that hold for a Lie superalgebra. One can also define a differ-
ential associative conformal superalgebra over R by replacing (DC4) and (DCS5)
with an appropriate conformal associativity axiom (cf. Section 2.10 of [Kac98b]).
In this thesis, all differential conformal superalgebras over R are assumed to be

differential Lie conformal superalgebras. Hence, for the remainder of this thesis,

13



we will say an R—conformal superalgebra instead of a differential Lie conformal
superalgebra over R.

The 'R—conformal superalgebras are natural generalizations of conformal super-
algebras over the field k, since every conformal superalgebra over k described by
Definition 2.1 is a k—conformal superalgebra (i.e., a differential conformal superal-
gebra over (k, 0)).

Let <7 be a k—conformal superalgebra and o an automorphism of .7 of finite
order. As is also the case for a twisted loop Lie algebra, the twisted loop con-
formal superalgebra £(.</, ) is not only a k—conformal superalgebra but also a
D-conformal superalgebra, where D = (k[t*!], d;).

Let o/ and % be two R—conformal superalgebras. A homomorphism of R—
conformal superalgebras is a map ¢ : &7 — A satisfying:

(i) ¢ is R-linear and preserves the Z/27Z-gradings,
(i) P(amyb) = ¢(a)myo(b), forall a,b € o/ andn € Z,.

(iii) 0go ¢ = dody.

A homomorphism of R—conformal superalgebras ¢ : & — 2 is called an iso-
morphism if it is bijective. In particular, an isomorphism of R—conformal algebras
¢ o — of is called an R—automorphism of <7 . The set of all R—automorphisms
of &7 is a group under composition, and is denoted by Autg conf(7).

2.3 The automorphism group functor of a conformal

superalgebra

Analogous to the affinization of a conformal superalgebra, one can define the change
of base differential rings for differential conformal superalgebras.

Let o/ be an R—conformal superalgebra and R = (R,dr) — S = (S5,dg) a
morphism in k-drng. We define o7s := &/ ®z S to be the S—conformal superalge-
bra with underlying Z/27Z—graded S—-module ./ ®p S, on which the derivation is
given by

Owors(@a®s) :=0y(a) ® s+ a®ds(s), (2.3.1)

14



fora € o/, s € S, and the n-th product is defined by

(@@ ®s) =D (amipb) ®dY(r)s (23.2)
JELy
fora,be o, r,s €S, Whereds = d% /5.

The above change of base differential rings defines a functor from the category
of R—conformal superalgebras to the category of S—conformal superalgebras. Ev-
ery homomorphism of R—conformal superalgebras ¢ : o/ — .of, determines a
homomorphism of S—conformal superalgebras ¢ ® id : & g S — P Rr S.

The change of base differential rings is associative. Concretely, let f; : R; =
(R;,dgr,) = S = (S,ds),7 = 1,2 be morphisms in k-drng such that S is an R;—
Ry—bimodule, and let h : Ry — &’ = (5’,ds/) be a morphism in k-drng. For an

R,1—conformal superalgebra .o/, we have
(o @, S) Or, S' = o Og, (SOr, S'), (2.3.3)

where S @z, S’ = (S ®g, S',ds ®id +id @ dg/).

Given an object R in k-drng, we consider the category R-ext, in which an
object is a morphism f : R — § in k-drng and a morphism from f; : R — & to
fa : R — Sy is amorphism A : S; — Ss such that the diagram

S —"r S,

N

commutes. We simply use S to represent an object f : R — S in R-ext since f is
determined by the R—module structure on S.

Let <7 be an R—conformal superalgebra and & : S; — S» a morphism in R-ext.
Then / induces a group homomorphism

Auts, cont(Hs,) = Auts, cont(Hs,), ¢+ hi(o), (2.3.4)

where h.(¢) : s, — s, is the homomorphism of Se—modules defined by
ha($)a®1) = a; @ h(s,), (2.3.5)
ifp(a®1) =) a;®s; for a € <. This leads to the definition of the automorphism
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group functor of an R—conformal superalgebra o7
Aut(g/) : R-ext — grp, S — Autgs cont(s). (2.3.6)

In fact, the category k-ext is equivalent to the category k-drng, and the auto-
morphism group functor of a k—conformal superalgebra o7 is a functor from the
category k-drng to the category of groups.

Additionally, since a homomorphism f : R; — R, naturally induces a functor
Ro-ext — Rq-ext, the automorphism group functor Aut(e/ ®xr, R2) is nothing but
the restriction of Aut(.27) to the category Rq-ext, i.e., Aut(o/r,) = Aut()g,.

For the remainder of this thesis, we will be particularly concerned with the auto-
morphism group functor Aut (<) of a k—conformal superalgebra 7. The follow-
ing technical lemma will be repeatedly used in the computations of automorphism
groups Autg contf(97%) when o7 is one of the N = 1,2, 3, (small or large) N = 4

conformal superalgebras.

Lemma 2.3. Let &/ = k[0] ® V be a k—conformal superalgebra which is a free
k[0]-module such that V' has a Z]2Z—grading V = V5 & Vi. Let R = (R,dR)
be an arbitrary object in k-drng and 9 an arbitrary R—conformal superalgebra.
Then:

(i) Every homomorphism of R—conformal superalgebras ¢ : o @ R — A is
completely determined by its restrictionto V = (k@ V) @ k C o @ R.

(ii) Let ¢ : V @ R — % be a parity-preserving R-linear map, then ¢ can be
uniquely extended to gz@ : A R R — P such that ngS 0 Dyg,r = Oz 0 (ﬁ In
addition, if $([(v® Dx(w @ 1)]) = [¢(v ® 1)ad(w @ 1)] for all v,w €V,

then qg is a homomorphism of R—conformal superalgebras.

The above lemma is a restatement of Lemma 3.1 of [KLP09], which gives the
same result in the special case that = .o/ ® R and ¢ is an automorphism.
Automorphisms of the centreless Virasora conformal superalgebra and the cur-

rent conformal algebras were studied as examples in [KLPO9].

Proposition 2.4. Let V' be the centreless Virasoro conformal algebra over k and
R = (R, d) an object in k-drng such that R is an integral domain. Then

AlltR_Conf(/y/ QK R) =1. (237)
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This was proved in Proposition 3.19 of [KLPO09] for the case in which R = D.
The general case easily follows by repeating the proof in [KLP09].

Proposition 2.5 (Corollary 3.17 of [KLPO9]). Let g be a finite dimensional Lie
superalgebra over k and R = (R,dg) an object in k-drng. If g @y R is a semi-

simple Lie superalgebra over R (i.e., g Qx R has no nontrivial abelian ideal), then
AutR_Conf(Cur(g) Rk R) = AutR_Lie(g Rk R) (238)

Remark 2.6. If g is a finite dimensional semi-simple Lie algebra over k, then g =
91D - - D g,, where g; is a simple Lie algebra over k fori = 1,--- ,n (cf. [Bou75,
1,§6.2]). Further, every ideal of the Lie algebra g ® R is of the form

a= (g1 @) ® S (g, B 1), (2.3.9)
where [; is anideal of R,i = 1,--- ,n. Hence, a is abelian if and only if /2 = 0 for
all 2 = 1,---  n. In particular, if g is a finite dimensional semi-simple Lie algebra

over k and R is an integral domain, then (2.3.8) holds.

Similarly, if g is a finite dimensional simple Lie superalgebra over k and R is an
integral domain, (2.3.8) holds as well. However, if g is a finite dimensional semi-
simple Lie superalgebra, (2.3.8) is not necessarily true since a finite dimensional
semi-simple Lie superalgebra can not be decomposed as a direct sum of simple Lie

superalgebras in general (cf. Section 5.1 of [Kac77]).

2.4 Twisted forms of conformal superalgebras

We will discuss the theory of twisted forms of differential conformal superalgebras
in this section. The theory of twisted forms of a usual (associative or Lie) algebra
can be found in Section I1.8 of [KO74].

Definition 2.7 (Definition 2.1 of [KLP09]). Let < be an R—conformal superalge-
bra and R — S a morphism in k-drng. An R—conformal superalgebra % is called
an S /R—form of o7 if

BIRS= A xS, (2.4.1)

as S—conformal superalgebras.
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In particular, the twisted loop conformal superalgebras can be understood as

twisted forms, i.e., we have the following:

Proposition 2.8 (Proposition 2.4 of [KLP09]). Let o/ be a k—conformal superal-
gebra and o an automorphism of </ of order m. Then the twisted loop conformal
superalgebra L(< | 0) is a D,/ D—form of &/ &y D, i.e.,

L( o) Rp Dy = (A Rk D) @p Dy = o R Dy, (2.4.2)

1

as D,,—conformal superalgebras, where D = (k[t*],d;) and D,, = (k[t*=], d;).

Recall from (2.1.17) that the twisted loop conformal superalgebra L(.<7, o) is a
sub conformal superalgebra of &7 ® D,,,. Thus the isomorphism in Proposition 2.8

can be given as follows:

¢ : L(,0) @p D, = Z Qi D,
>oa;, @1;) @ s+ Y a; 1;s. (2.4.3)

Since every twisted loop conformal superalgebra £(</, c) of a k—conformal
superalgebra < is a D,, /D—form of o/ ®y D, the first step in the classification of
the twisted loop conformal algebras of <7 is to classify the D,, /D—forms of .&7 @} D.

In order to interpret how the twisted forms of a differential conformal super-
algebra are classified in terms of non-abelian cohomology, we recall some basic
concepts from the theory of commutative rings. Let R — S be a homomorphism
of unital commutative rings. The scalar extension — ®g S is a functor from the
category of R—modules to the category of S—modules. The homomorphism R — S
is called flat (resp. faithfully flat) if the functor — ®p S is exact (resp. exact and
faithful)’.

Let ./ be an R—conformal superalgebra and R = (R,dg) — S = (5,dg)
a faithfully flat morphism in k-drng (that is, a morphism in k-drng such that the
morphism of underlying rings is faithfully flat). We will introduce the notion of
the first non-abelian cohomology set H'(S/R, Aut(4)) as an analog of the Cech
cohomology for a sheaf of groups over the fppf topology (cf. [Mil80, IIL,§3]). Since

“More properties of a faithfully flat ring extension can be found in [Bou72, 1,§3]
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Aut(«) is a functor, the following morphisms in R-ext,

P:S—=>8SxS, s—s®1,
pr:S—=>SrS, s—1®s,
P2 SRS > SRIRSOrS, "TR®s—Hre®sEI1,
P23 SRS > SRAIRS®rRS, "TR®s—1R7r® s,
P13 SORS > SRS S, "Rs—»>reles,

induce group homomorphisms
pi t Aut()(S) —» Aut(H)(S®r S), i=1,2,
and

pij t Aut()(S ®r S) = Aut(F ) (S r S®r S), 1<i<j<3.
We say that an element 3 € Aut(«/)(S ®% S) is a 1—cocycle if

013(3) = p23(3)P12(3)- (2.4.4)

The set of 1-cocycles is denoted by Z'(S/R, Aut(<7)). Two 1-cocycles 3 and 3’
are called cohomologous, notation 3 ~ 3, if there is an element 39 € Aut(<)(S)
such that

3 =02030) -3 p1(30) " (2.4.5)

The cohomologous relation on Z'(S/R, Aut(/)) is an equivalence relation.

The non-abelian cohomology set is defined to be the set of equivalent classes
zZ! Aut(o/
HY(S/R, Aut(w)) = 2SR Aut()) (2.4.6)

~Y

Theorem 2.9 (Theorem 2.16 of [KLP09]). Let <7 be an R—conformal superalgebra
and R — S a faithfully flat morphism in k-drng. Then the set of isomorphism
classes of S| R—forms of < bijectively corresponds to H'(S /R, Aut(«)).

To understand the correspondence in the theorem, we briefly explain how the

correspondence is established. Let % be an S/R—form of <7, i.e., there is an iso-
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morphism of S—conformal superalgebras
A RS > BRI S. (2.4.7)
Applying the change of base differential rings:
M:S—>8SrS,s—s®landpy: S > SRR S, s~ 1®s,
we obtain two isomorphisms of S ®% S—conformal superalgebras:
G A IRSQORS > BRIRS@rS, i=1,2.

Let
3i=¢rlod A RSORS = A IS xS (2.4.8)

Then it can be verified that 3 € Z'(S/R, Aut(«/)) C Aut()(S ® S), i.e., the
S /R—~form A defines a 1-cocycle 3.

Conversely, given a 1-cocycle 3, one can define
@3 = {Z(li X s; € o Rr S|3(Zaz X 8 X 1) = Zai RKI1I® Si} . (249)

It can be verified that %, is an R—conformal superalgebra and an S /R—form of <7
Indeed, the map

By, IS = A S, (a; Q) s> a; ® ;S

is an isomorphism of S—conformal superalgebras.

In addition, for two 1-cocycles 3,3’ € Z'(S/R, Aut(«)), %, is isomorphic to
By as R—conformal superalgebras if and only if 3 is cohomologous to 3'.

Given a k—conformal superalgebra <7, a key step towards classifying the twisted
loop conformal superalgebras £(<7, o) is to classify the D,,, /D—forms of .o/ ®y D.
As a result of Theorem 2.9, the classification problem is reduced to computing
HY(D,,/D, Aut(<7)). The methods for computing this non-abelian cohomology
set will be reviewed in Chapter 3.

To conclude this section, we determine a 1-cocycle 3 € Z'(D,,/D, Aut(«))
that represents the class in H'(D,,, /D, Aut(«)) corresponding to £L(., o). Recall
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that .7 has the decomposition

m—1
g =P, o={acd|o(a)=_a}. (2.4.10)
=0
Let ¢ : L(o,0) @p D,, — o Q D,, be the isomorphism of D,,—conformal
superalgebras given by (2.4.3). We have ¢! : & @ D,, — L(,0) @p D,,. In
fact,
o a@r) = (a@tn) @1,

ifa € o ford{ =0,---,m—1and r € D,. Applying the changes of base
differential rings p; : S — S @ S,i = 1,2to ¢! and  respectively, we obtain

o1t A Ry Dy @p Dy — L(A,0) @p Dy @p Dy,
a®r®5r—>(a®t%)®t’£r®s, ifa € 9,
@2 : L(,0) @p D, @p Dyy = & @k Dy, @p Dpy,
Doa;i®s8) TS+ Y.0; T ® ;8.

Hence, we obtain a 1-cocycle associated to £(.7, 0):

3229020901_1:d®kDm®DDm_>~Q{®kDm®'DDm7
ARTR s a@t mr@tms, ifac (24.11)

In Section 3.1, we will provide an alternative description of 3 as a continuous
1-cocycle of Z/mZ in Aut(</)(D,,).

2.5 The centroid of conformal superalgebras

Given a k—conformal superalgebra o7, the classification of the twisted forms of
o/ Ry D yields the classification of the twisted loop conformal superalgebras based
on &/ up to isomorphism of D—conformal superalgebras. To complete the clas-
sification up to isomorphism of k—conformal superalgebras, one needs to deduce
from isomorphisms over D to isomorphisms over k. An essential tool to realize this
passage is the centroid trick introduced in [KLP09].

The centroid trick has been used to deduce from D-linear isomorphisms to k—

linear isomorphisms in the case of twisted loop Lie algebras in [ABP0O4]. A more
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general discussion on the centroid of extended affine Lie algebras can be found in
[BNOG]. In this section, we will focus on the centroid of conformal superalgebras.

Let &7 be an R—conformal superalgebra, the centroid of <7 is defined to be the
set Ctdg (/) consisting of R—module endomorphisms x : &/ — < such that x
preserves the Z/27—grading on <7 and

X(amyb) = amyx(b), (2.5.1)

for all a,b € 7. By axiom (DC3), Ctdz(.2) is an R—module. Furthermore, there
is a canonical map
R — Ctdg (&), 1+ 71y, (2.5.2)

where r, 1 &/ — o, a +— ra.
The R—conformal superalgebra <7 can also be viewed as a k—conformal super-

algebra via the restriction of scalars. Thus
Ctdgr (&) C Ctdy (), (2.5.3)
and we obtain a canonical map R — Ctdy ().

Proposition 2.10 (Proposition 2.35 of [KLP09]). Let <7, and <5 be two R—conformal
superalgebras. If

(i) Auty(R) =1, and

(ii) the canonical maps R — Ctdy (<) are k—algebra isomorphisms fori = 1,2,

then <7 and <#5 are isomorphic as k—conformal superalgebras if and only if <f;

and <7y are isomorphic as R—conformal superalgebras.

Every twisted loop conformal superalgebra is a D—conformal superalgebra for
D = (k[t*'], 4). We immediately see that the automorphism group Auty(D) is
trivial since the only automorphism of the k—algebra k[t*!] commuting with the
derivation % is the identity map. For each of the N = 1,2, 3 and (small or large)
N = 4 conformal superalgebras .27, it has been shown that the centroid of each
twisted loop conformal superalgebra £(.«7, o) is isomorphic to k[t*!] (cf. [CP11],
[KLPO9], and [CP13], respectively). In the rest of this section, we will prove a

general proposition which covers all of these results.
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Lemma 2.11. Let o7 be a k—conformal superalgebra and L. € of;. If <f is gener-
ated by {ay, - - ,a,} as a k[0]-module and [Lya;] = (0 + A;N)a; with A; # 0 for
i =1,--- ,n, then, for an arbitrary object R = (R, d) in k-drng,

oI :spank{(ai®ri)(~)(8(Z)L®1)|j =0,1,r; € Ryi=1,---,n, >0}
= span, {1 (0L @ 1)|n € r,j = 0,1,£ > 0}.

Proof. Since </ is generated by {ay,- - ,a,} as a k[0]-module, every element of
/5 1s a k-linear combination of elements of the form (Eyai) ® s; with s; € R.
Hence, it suffices to show (9%a;) ® s; can be written as a k-linear combination of
elements of the form (a; ® r;)(;y(0“L ® 1) with 7; € Rand ¢/ > 0

Since [Lya;| = (0 + AjN)a;, from (C2), we deduce that

o)

(a:) (0" L = = (=17 OB (0" DL gy as)
k=0

: 1 (k+7
k=

(U(A; = 1)+ o Da,, if L= j,
0, if £ < g,

forj > 0and ¢ >

If A; # 1, we have

(a; @ si))(L® 1) = Aja; @ s;,
(@i ® 5:)0)(@YL® 1) = ((a:)50L) @ dV(s;)

j=0
= (A =D+ 1) Vg, @ s,
{+1
+ Z — 1)+ 1) + O g, @ d9(sy),

forall ¢ > 0. Since A; # 0, 1, using induction on ¢, we obtain every 0Wa, ® s;is a

k-linear combination of elements of the form (a; ® 7;)(;) (9L @ 1) with £ > 0
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Similarly, if A; = 1, we deduce that

(a; ®@s;)(L®1) =a; ® s,
(ai & Si)(l) (8(@11 X 1) = Z((az)(j+1)8(f)L) X d(])(Sz)

Jj=0

(] + l)a(é_j)ai X d(])(Sl)

<
Il
o

M-

¢
Oa; ® s; + Z(] + 10 e ®d9(s;).

j=1

for ¢ > 1. Again, by induction on ¢, every 0¥a; ® s; is a k—linear combination of
elements of the form (a; ® 7;)(;)(0“'L ® 1) with ¢/ > 0. O

In a k—conformal superalgebra 7, an element L. € .o is called a Virasoro
element if [LyL] = (0 + 2\)L. An element a € <7 is called a primary eigenvector
with respect to L of conformal weight A if [Lya] = (0 + AN)a.

Proposition 2.12. Let o/ be a k—conformal superalgebra and o an automorphism
of < of order m. Suppose </ and o satisfy all of the following conditions:

(i) </ has a Virasoro element L. € <f; fixed by o, i.e., o(L) = L.
(ii) < is a free k|O|-module of finite rank that has a basis {a1 = L,as, -+ ,an,}
such that [Lya;) = (0 + Na;, fori =2,--- ,ng.
(iii) There are by, - -+ ,b,, € off generating <7 as a k[0]-module such that [Lb;]
= (04 ALN)b; with A, £ 0 fori=1,---  ny.

Then Ctdy(L(</,0)) = D.

Proof. We denote L(.o/,0) by A. For r € D, there is an element 74 € Ctdy (%)
given by v — v, and hence D C Ctdy(Z). Conversely, let x € Ctdyx(#). We
will show that  is of the form r4 for some r € D.

We consider the k-linear map’

m—1

]‘ 7
T, — G, 10 E;(U(EW) (n),

3The k-linear map 7 is neither a homomorphism of k—conformal superalgebras in general, nor
a homomorphism of D—conformal superalgebras.
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where ) : Dy, — Dy, tw > (- 'tw. Then B = m(atp, ).
Observing that o(L) = L, we obtain that 7(L® 1) = L® 1 € A. We first claim
that y(L ® 1) = L ® r for some r € D.

We write
x(L@l)= Z 0%a; @ sq,
=L o
where s;; € D,, and all but finitely many s;; = 0.

Since  is an element in the centroid, we have

Lel)=2yL®1l), (2.5.4)
L®1)gxLo1)=0. (2.5.5)

—~
b2y
—
~
—~
—
—
=
—~

From (2.5.4),

2 ), Mu@si= ), Lel)y@Ta®s)
1=1 no

e T
=> (t+2)0%a @su+ Y (+1)0Ya; @ sy
20 =2, ,ng

£20

We conclude that s1y = 0 for ¢ # 0 and s,y = O fori # 2,--- ;ngand ¢ # 1. Hence,

no
X(L® 1) :L®soo+28ai®si1.

1=2

Further, we deduce from (2.5.5) that

no o
0=(L®1)p <L®500+Zaai®5il> :2Zai®3il-

=2 1=2

This yields s;; = 0 fori = 2, -+ ,ng, and hence, x(L ® 1) = L ® r where r = sqq.
Note that since L ® 1 € &, we obtain that r € D.

Next, we will show that y = r4. We first observe that
(- x(O9Le1) =x(Le 1) Lel) = (Le)ex@“ Lel),
for all / > 1. By induction, we obtain
xOYL®1)=0YL®r, (>0.
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Recall that # = 7 (/p,,). Since o(L) = L, by assumption (i) we have

3

3=
™

Ty (0L ® 1)) = (0 @) (N (0L @ 1))

0

-
I

3

I
3=
1]

(0 @v)' ()o@ ) (0L e1)

3

3=

(0 @) () w@YL 1)

o

i=

(M (0L ®1),

N

forn € o/p, and k = 0,1,¢ > 0. Since &/ satisfies (ii) and (iii), by Lemma 2.11,

we deduce that

B = W(%pm) = Spank{ﬂ(n)(k) (a(é)L ® 1)’77 € Jy'Dm> k= 07 1,£ P 0}7
= spang {1j(, (0L @ 1)|n' € B,k = 0,1, > 0}.

‘We also deduce that
Xy (0L ® 1)) = gy x (0L & 1) = 0y (0L @ 1) = r(ney (0L @ 1)),
forne B and k =0,1and ¢ > 0. Hence, x = r4. O

Although the conditions in Proposition 2.12 seem complicated, they can easily
be verified if the concrete descriptions of a k—conformal superalgebra o7 and the
automorphism o are known. We will use this proposition to determine the centroid
of all twisted loop conformal superalgebras based on each of the N = 1,2,3 and
(small or large) N = 4 conformal superalgebras in Propositions 4.13, 5.12, and 6.8,
respectively. It is also obvious that these conditions are satisfied by the centreless
Virasoro conformal superalgebra paired with any of its automorphisms of finite or-
der. However, it can not be applied to a twisted loop conformal superalgebra based

on a current conformal algebra Cur(g) due to the absence of a Virasoro element in

Cur(g).
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Chapter 3
Non-Abelian Galois Cohomology

Following the general theory of twisted forms of differential conformal superal-
gebras as described in Chapter 2, one of the key steps in the classification of the
twisted loop conformal superalgebras based on a k—conformal superalgebra 7 is
to determine H'(D,,,/D, Aut(#p)), where D = (k[t=1],d;), D, = (k[tE7],d;)
and m is a positive integer. In this chapter, we will review the methods for com-
puting this “differential” type of H!, which were used in the case where . is the
N = 2 or small N = 4 conformal superalgebras in [KLPO09].

Let us briefly outline these methods. First, since D,,/D is a Galois extension,
the non-abelian cohomology set H'(D,,/D, Aut(/p)) can be identified with the
non-ableian continuous cohomology set H., (Z/mZ, Autp,, cont(“/p,,)). Further, to
classify all twisted loop conformal superalgebras based on .7, we have to deal with
extensions D,, /D for all m. Instead of working on the extension D,,, /D for each m
individually, we take D= 1ig1 D,,, and consider D /D. Consequently, our problem
is reduced to computing H/, (Z, Auts . (95)).

In concrete examples, Auts_ . (%75) is related to the ZA)—points of certain affine
group schemes, which suggests that we should compute HY, (2, G(IA))) for an affine
group scheme G. When G is a reductive group scheme over D, this set can be

further identified with the non-abelian étale cohomology set H. (D, G) .

3.1 Non-abelian continuous cohomology

We will explain in this section how non-abelian continuous cohomology emerges
into the study of conformal superalgebras. Let [" be a profinite group, that is, a topo-
logical group isomorphic to the inverse limit of a projective system of finite discrete
groups. A topological group G is said to be a I'-group if there is a continuous action
I'x G — G, (v,9) — "gsuch that "(g192) = 7917 ga.

Given a profinite group ' and a I'-group G, one may define the non-abelian

continuous cohomology of I" with coefficients in G as follows: a 1-cocycle is a
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continuous map 3 : I' = G, vy — 3, such that

Sy =3 MG), Yy, el (3.1.1)

We usually write 3 as (3,),er, and the set of 1-cocycles is denoted by Z (T, G).
Two 1-cocycles 3, 3" are cohnomologous (denoted by 3 ~ 3') if there exists an element
g € G such that

3v=9 "3, 7g,Vyel. (3.1.2)

It can be verified that the cohomologous relation is an equivalence relation on

ZL (T, G). The set of equivalent classes
HL(T,G)=ZL([T,G)/ ~ (3.1.3)

is called the non-abelian cohomology set of 1" with coefficients in G. For 3 €

ZL (T, G), we use [3] to denote the cohomology class in H. (T', G) containing j.

Remark 3.1. H(T', G) does not have a group structure in general (unless G is
commutative). However, we observe that I' — G, ~ + 1 is a 1-cocycle, where 1 is
the identity element in G. This 1-cocycle is denoted by 1 and its cohomology class
[1] in HY(T', G) is called the distinguished element of HL (T, G).

Before moving on to a discussion on conformal superalgebras, we state several

basic properties of H., (T, G) below. The proofs can be found in the book [Ser02].
Proposition 3.2. Let I" be a profinite group.

(i) If Gy and Gy are two I'—groups, then Gy X Gy is also a I'=group with the

piecewise I'=action. Moreover,

HL(T,Gy x Gy) = HL(T',Gy) x HL(T', Gy). (3.1.4)

(ii) For a I'—group G,
He(I', G) = lim He, (/T a, (3.1.5)

where I runs over all open normal subgroups of T and G is the set of points
in G fixed by I, i.e. GI' = {g € G|"g = ¢g,Vy € I"}. ([Ser02, 1.5.1])
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(iii) Let 1 — Gy — Gy — G3g — 1 be a short exact sequence of I'-groups. Then

the sequence of pointed sets
0— Gl = G} = Gy = HL (I, Gy) — HL (T, Gy) — HL (T, G3) (3.1.6)

is exact. ([Ser02, I. Proposition 38])

(iv) With the same assumption as in (iii), if in addition G is central in G, then

the sequence of pointed sets

0 =Gl — G — G}

— HL(T,Gy) — HL(T, Gy) — HL (T, G3) — HZ(T',Gy)  (3.1.7)

is exact. ([Ser02, I. Proposition 43])

Now, we move on to the discussion on conformal superalgebras. Let .o/ be
a k—conformal superalgebra. In order to compute H'(D,,/D, Aut(«)), we first
observe that D,,/D is a Galois extension of rings with Galois group Z/mZ in the

following sense:

Definition 3.3 (Proposition 5.6 of [KO74]). Let R be aring and S/R a ring exten-

sion. Let I" be a finite group of R—automorphisms of S. Then S/R is said to be a

Galois extension with Galois group I' if S'is a faithfully flat R—module and the map
|T'| copies

S@rS =9 x---xS, 5@ (V(51)82)rer, (3.1.8)

is an isomorphism of S—algebras.

For the Galois extension D,,/D, the action of Z/mZ = (1) on D,, = k[t*m]
is given by L = Q,;lt%, and which is compatible with the derivation d;. Hence,

there is an isomorphism of k—differential rings

m copies
7\

D,, @p D,y — Dy X -+ X D,y . (3.1.9)

Under this identification,

Aut(7) (D, @p Dy) = Aut(.e?)(Dyy X -+ - x Dyy)
= AUtD —conf(dD”) X X AUtD —conf(JZ{D )

m n m m
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Hence, a 1-cocyle 3 € Z'(D,,/D, Aut()) C Aut()(D,, @p D,,), as defined
in (2.4.4), yields an m-tuple (3,)-ez /mz under the above isomorphism. In fact,
(3+)~ez/mz defines an element in ZX(Z/mZ, Autp,, cont(%p,,)). It has been proved
in [KLPO9] that this indeed yields an isomorphism

HY(D,,/D, Aut(=)) = HL(Z/mZ, Autp,, cont(p,)). (3.1.10)

Given an automorphism o of o7 of order m, the twisted loop conformal super-
algebra £(.«7, o) corresponds to the cohomology class [3] € H(D,,/D, Aut(«)),
where 3 € Aut(</)(D,, ®p D,,) is given by

33d®kDm®DDm_)%®kDm®DDm7
a®r®sr—>a®t’%r®t%s,

ifa € o = {a€ lo(a) =(al.

By applying the isomorphism in (3.1.10), the cohomology class [3] can be iden-
tified with the cohomology class [3'] € HL(Z/mZ, Autp, cont(9p,,)), where 3/ =
(3 )iez/mz is determined' by 37 = 0 ® idp,, € Autp,, cont(p,, ).

Conversely, given a 1-cocycle 3’ = (5})icz/mz € Za(Z/mZ, Autp,, cont(#p,,)),

the D,,,/D—form of «7p associated to [3'] can be written as

PBy = {77 € o @y Dl3('m) =n,Vi € Z/mZ} :

To classify all twisted loop conformal superalgebras based on .o/, we will com-
pare L(«7,0) and L(.</, 0'). If o is of order m and ¢’ is of order m’, L(.<7, o) (resp.
L(<f,0"))is a D,,/D—form (resp. a D,,,/D—form) of <7p. Considering the canon-
ical inclusions D,,, < D,y and D,y < Dy, both L(of, o) and L(<7, 0') are
Dyume / D—forms of o/p. In order to deal with all twisted loop conformal superalge-
bras based on .« at once, we let D = lin D,,. Then every L(o7,0) is a D /D—form
of @p. Thus it is natural for us to compute H'(D/D, Aut(«)).

On one hand, the inclusion D,,, — D naturally induces a map

HY(D,,/D, Aut(«)) — H{(D/D, Aut()),

'The 1-cocycle 3’ is determined by 3} since Z/mZ is a cyclic group.
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for each m. This equation in combination with the isomorphism (3.1.10) yields a

map
lim HY,(Z/mZ, Autp, cont(p,,)) — H'(D/D, Aut()). (3.1.11)
—

On the other hand, since Z/mZ acts continuously on D,,, the profinite group Z =
lim Z/mZ acts continuously on D = lim D,,. This action is compatible with the
— —

derivation d;, so 7 acts on Aut 5_Conf(d5) continuously. From Proposition 3.2 (i),

we have
lim HY(Z/mZ, Autp,, cont(p,,)) = Hy(Z, Auts oo () (3.1.12)

Moreover, the following proposition ensures that the map (3.1.11) is indeed a

bijection when &7 satisfies a certain finiteness condition.

Proposition 3.4 (Proposition 2.29 of [KLP09]). Let o7 be a k—conformal superal-
gebra which is a finitely generated k[0]|-module. Then

H' (D/D, Aut(ap)) = HY, (Z, Auts,, (). (3.1.13)

This proposition reduces the difficulties in classifying twisted loop conformal
superalgebras based on ./ to two key computations: the automorphism group
Autg . (275) and the corresponding non-abelian continuous cohomology set. We
will concretely address these issues for the N = 1,2, 3 and (small or large) N = 4

conformal superalgebras in subsequent chapters.

3.2 Affine group schemes

According to our computations from concrete examples in the chapters to follow,
the automorphism group Auts_ .(.2%5) often turns out to be the lA)—points of certain
affine group schemes. In this section, we will review the basic definition of an
affine group scheme and state some known results on the non-abelian continuous
cohomology set H}:t(z, G(lA))) for an affine group scheme G.

Let R be aring. An affine group scheme G over R is a representable functor
G : R-rng — grp, (3.2.1)
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where R-rng is the category of commutative associative unital R—algebras and grp

is the category of groups. The functor G is called representable if

G = Hom p.mg(R[G], —), (3.2.2)

for some R[G] in R-rng, which is called the coordinate ring of G. By Yoneda’s

Lemma, the group structure on G is translated to the coassociative Hopf algebra

structure on R[G] (cf. [Wat79]). For an object S in R-rng, we call the elements of
G(.5) the S—points of G.

Example 3.5. Let R be a ring and .S an object in R-rng. We present several affine

group schemes by describing their S—points and their coordinate rings.

(1)

(ii)

(i)

(iv)

v)

(vi)

(vii)

The multiplicative group scheme G,,,:

G, (S) = S* is the group of multiplicative units in S.

R[G,,] = R[t*!].

The additive group scheme G,:

G.(S5) = S is viewed as a group under addition.

R[G,] = R[t].

The general linear group GL,, forn > 1:

GL,,(9) is the group of invertible n x n—matrices with entries in .S.
R[GLy] = Rlxy, det(zi;) ™ i<ij<n-

The special linear group SL,, forn > 1:

SL, (.S) is the group of n x n—matrices with entries in S and determinant 1.
R[SLy,] = Rlxij]i<ij<n/ (det(zi;) — 1).

The orthogonal group O,, for n > 1:

0.(5) = {A € Mat,(S)|AAT = I}, where AT is the transpose of A and
I,, is the n X n identity matrix.

R[Oy] = Rlzlicijen/ (3121 Tawj — 05]1 < i, < ).

The special orthogonal group SO,, forn > 1:

SO, (S) = {A € Mat,,(S)|det A =1, AAT = I,,},

R[SO,] = R[O,]/(det(z;;) — 1).

The group scheme p,, of the n-th roots of unity for n > 1:

1, (S) ={a € Sla™ =1}.

Rlp,] = R[]/ (t" = 1).
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These group schemes will be used in our description of the automorphism group
functors of certain concrete conformal superalgebras. Now consider the automor-
phism group functor of an algebra A over R, where A is a projective R—module of

finite rank. More precisely, for each .S in R-rng,
Aut(A) (S) = Auts_alg(A SR S),

where Autg.,(A ®p S) is the group of automorphisms of the S—algebra A ®p S.
It is known that Aut(A) is an affine group scheme over R (cf. [DG70a, II §1.2.6]).
For a concrete example, let A be the Lie algebra sly(k) over a field k of charac-
teristic 0. Its automorphism group functor Aut(sly(k)) is an affine group scheme.
To understand Aut(slz(k)), we consider the natural action of GLy(S) by conju-
gation on sly(S) := sly(k) ®; S for S in k-rng. This action yields a morphism of

group scheme
GL, — Aut(sly(k)). (3.2.3)

It is known that this is a quotient map” with respect to the étale topology, i.e., for
every R in k-rng and every ¢ € Aut(sly(k))(R), there exists an étale cover’ S/R
such that ¢g is of the form

¢s(r) = AzA™,  Va € sly(9), (3.2.4)

for some A € GLy(S). Furthermore, since k is of characteristic 0 and det(A)

is a unit in S, there is an étale extension S’/S and an element s € S’ such that
s* = det(A). Let B = s7'A € SLy(S5’), then

gbs/(l') = AI’A_I = BZEB_I, Vr € 5[2(5/)
Hence, we may assume in (3.2.4) that A € SLy(.S).

We now return to our discussion of non-abelian continuous cohomology. Let R
be aring and G an affine group scheme over R. Suppose S/ R is a faithfully flat ring
extension and I is a profinite group acting continuously on S by automorphisms of

S which fix R. From the functoriality of G, the action of I" on S induces an action

’The definition of quotient requires sheafification which depends on a topology, see Expose V,
of [DG70b] for more details.

3The definition and basic properties of étale morphisms and étale covers of schemes can be
found in many books. We refer to [Mil80].
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of T on G(S). This leads us to consider H., (', G(.9)). In order to classify twisted
loop conformal superalgebras, we restrict our attention to the special case where
R=D=k[t*'], S =D =k[t?|g € Q, and [ = Z = l{iLnZ/mZ, which acts on
D by
T — ¢Gtm, Ym,n € Zym # 0.
The fact that k is an algebraically closed field means the Laurent polynomial

ring D has the following advantageous properties:

Proposition 3.6 (Corollary 2.10 of [GP08a]).

(i) Every finite connected étale cover of D is isomorphic to D,, = k[ti%] for

some positive integer m.

(ii) Spec(D) is simply connected, i.e., D has no non-trivial finite étale cover.

(iii) Let a = Spec(k(t)) be the geometric point of Spec(D), where k(t) is an
algebraic closure of k(t). Then the algebraic fundamental group*

m1(Spec(D), a) = lin Z/mZ =7.

The above results have been generalized to the case of the Laurent polynomial
ring in n variables k[ti', .-, ¢] over a field k of characteristic zero, which is
not necessarily algebraically closed (cf. Lemma 2.8 of [GP13]). For an affine
group scheme G over D, the above proposition provides us with the possibility of
connecting the non-abelian cohomology H}:t(z, G(IA))) with the non-abelian étale
cohomology H} (D, G), a set which parameterizes étale G—torsors over D up to

isomorphism. More explicitly, we have

Proposition 3.7. Let D = k[t*'] and let a = Spec(k(t)) be the geometric point of
X := Spec(D) as in Proposition 3.6.

(i) If G is an extension of a twisted finite constant group by a reductive group’,
then
H. (71 (X,a), G(D)) = H. (D, G). (3.2.5)

(cf. Corollary 2.16(3) of [GP0S8a])

4The theory of algebraic fundamental groups of a connected scheme was developed in [GR71],
while a brief introduction to these objects is available in Chapter I, §5 of [Mil80].
3In this thesis, all reductive group schemes are assumed to be connected.
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(ii) For every reductive group scheme G over D,
HL(D,G) = 1. (3.2.6)
(cf.- Theorem 3.1 of [Pia05])

The above results will be repeatedly used in our concrete computations.

3.3 Twisting

In the section, we briefly review the twisting techniques from the theory of non-
abelian continuous cohomology.

Let G be a '-group. The group Aut(G) of automorphisms of the abstract group
G is also a I'—group, where the action of I" on Aut(G) is given by

A9 ="(fC"9), ~veT,feAut(G),geC.

Let 3 = (31)yer € Z4 (T, Aut(G)). We define a new I'-group ,G as follows:
the underlying group of ;G is G and the new I'-action is given by

Tig=3,("g9), vel,geG.

We say that ;G is the I'-group obtained by twisting G using 3.

It is easy to verify that for 3,3’ € ZL (T, Aut(QG)), 3 is cohomologous to 3’ if and
only if ;G is isomorphic to ,G as I'-groups. However, since the isomorphism of
I'—groups is not canonical, we can not define ;G for [3] € H. (T, Aut(G)). More
precisely, the action of I' on ;G does depend on the 1-cocycle 3.

Now every g € G defines an automorphism Int(g) of G which is given by con-
jugation, i.e., Int(g)(¢') = gg'g™" for ¢’ € G. Hence, a 1-cocycle 3 = (3,)er €
ZY(T',G) yields a 1-cocycle (Int(3,))er in Z% (T, Aut(G)). The I'-group ob-
tained by twisting G using (Int(3,))er is also denoted by ,G. In this situation,

7'59237'79'3;17 ’YEF,QGG.

Proposition 3.8 ((KMRT98, 28.8]). Let G be a T—group and 3 € Z*(T', G). Then
the map
0, HL(T,,G) = HLT,G), [5] > [(50)-er) (331
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is a well-defined bijection, which takes [1] in H (T, |G) to [3] in HY (T, G).
Moreover, the map 6; is functorial in G. In fact, if we are given a homomor-
phism of I'-groups f : G; — Gg, it naturally induces a map
f* : Z§t<F7G1) - cht(rv GQ)
and a map
f* : Hclzt(F7 Gl) — H(l:t(r7 GQ)

If we twist G by f.(3), then f : Gy — ; )Gz is also I'-equivariant as can be

easily verified. In addition, the following diagram commutes:

f
HY(T, ;,Gl) —= H}, (T, f*(g)G2>

eal lef* (3)

Het (T, Gr) —— He (T, Go)

Since both ¢; and 6, ;) are bijective, the fiber of H} (', G1) — H (T, Gs) over
[f«(3)] bijectively corresponds to

ker (H (T, ,G1) = HL (T, ;. G2)) -

We now move on to discussing the compatibility of twisting and exact sequences
of I'—groups. Let
153G 5 Gy 5 Gy—1, (3.3.2)

be a short exact sequence of I'-groups and let 3 := (3),er € Z4(I', Ga). Then
3" = (J(3+))rer € Z4(T,G3). On the other hand, we may identify G; with a
normal subgroup of Go, thus every 3, induces an automorphism of G; given by
conjugation, i.e.,

3,:G1—=Gi, g 3,95

It is known that 3 = (3/),er € Z4(I', Aut(Gy)). The exact sequence (3.3.2)
remains exact after twisting G1, G, and G3 by 3,3 and 3", respectively, i.e., the

following sequence of ['-groups is exact:
]_ — 3/G1 i} 3G2 i) 5”G3 — ]_
Applying Proposition 3.2 (iv) and Proposition 3.8 to this sequence, we obtain
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Proposition 3.9 ((KMRT98, 28.11]). Let 1 — Gy — Gy — G3g — 1 be a short
exact sequence of T—groups and 3 € H., (T, Gy), then the diagram

o (s Gy)T —— HL(T, , Gy) —— HY (T, Gy) —— HY (T, ,,Cy)

Qél leéu

G HL (T, Gy) —— HY (T, Gy) —— HY (T, Gs)

is a commutative diagram with exact rows. Consequently, the fiber of H. (T, Go) —

HL (T, G3) over [3"] bijectively corresponds to the image of the map
ct
Hit(I 73’G1) ’ Hit(I >3G2)'

The above proposition will play important role in our computation of the non-

abelian continuous cohomology sets. In particular, we consider the situation where
1—)G1—>G2£>G3—>1

is a split exact sequence of ['-groups, i.e., the morphism p has a section s : Gz —

G,. From Proposition 3.2 (iii), we have an exact sequence of pointed sets
1= Gl — Gy = Gy = HL(T,G;) —» HL (T, Ga) = HL(T,G3).  (3.3.3)

Since the section s of p induces a section s, : H (T, G3) — HL (T, Gy), it follows
that p, is surjective. If Gy is an abelian group, then both G; and G3 are abelian
groups and hence H., (T, G;) is a group for i = 1,2,3. The exactness of (3.3.3)
implies that the fiber p;'([3]) over each [3] is a coset of the subgroup ker(p,) in
H. (T, Gy). Unfortunately, Gy is not an abelian group in general and H (T, G,)
is not a group. The exactness of (3.3.3) only tells us that the fiber of p, over the
trivial class is measured by H. (T', G;). The above twisting technique is useful for

characterizing the fibers p,!([3]) over a non-trivial class [3] € HL, (T, G3).

Remark 3.10. For a short exact sequence of ['-groups
122G =Gy =Gy — 1

with G, central, one can use the twisting trick to characterize the fiber of H., (T', G3) —
HZ (T, G;) over some [3] € H% (T, Gy) (cf. Corollary 28.13 of [KMRT98]).

Next we describe how twisting looks like in the case of affine group schemes.
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We focus on the following situation: let R be a ring, S/ R be a faithfully flat ring
extension, G = Homp.mg(R[G],—) be an affine group scheme over R, I' be a
profinite group, which acts continuously on S by the ring automorphisms which
fix R. Then the functoriality of G induces an action of I' on G(.S). Indeed, for
g: RG] - Se€G(S)andy: S — S €T, the action of T on G(S) is given by

Tg=7vo0g.

If we further identify G(S) = Homp.mg(R[G], S) with Homg mg( RG] ®r S, S),

then the action of I on G(S) can be rewritten as
Tg=~ogo (id®~y1). (3.3.4)

forg: RIG]®r S — S € G(S) and v € T'. In the rest of this section, an element
g € G(9) is understood as a homomorphism of S—algebras g : R[G] ®g S — S.

Now, G(.S) (viewed as an abstract group) with the I'-action is a I'-group. We
will reinterpret the twisting trick in terms of the twisted forms of an affine group
scheme. Recall that I" acts on Auty,,(G(S)) (the automorphism group of the ab-
stract group G(5)) by

("o)(g) ="(0(" 9))

fory € I',0 € Auty, (G(5)), g € G(95).

On the other hand, for the affine group scheme G, one can define its automor-

phism group functor®
Aut(G)(S') = Auts/_Hopf(R[G] XRnr S/)Op,

for S” in R-rng, where Auts pop(R[G] ®pr S')°P is the opposite group of the
automorphism group of the S’-Hopf algebra R[G] ®g S’. In particular, for the
given faithfully flat extension S/R with I'-action, we define an action of I" on
Aut(G)(S) by

Tp=(d®y)opo(id®y™),
foryeland ¢ : R[G] ®r S — R[G] ®r S € Aut(G)(S5).

Since every ¢ € Aut(G)(S) induces an automorphism o, of the abstract group

G(95), namely, 0,(g) = g o ¢, for g € G(5), we have a canonical homomorphism

®Note that Aut(G) is a sheaf of groups, but not necessarily a scheme.
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of groups
Aut(G)(S) = Aute,(G(S)), ¢ o, (3.3.5)

This map is ['-equivariant:
N(00)(9) = (0,07 9) = "(0,(v " 0 g0 (id® 7))
="(vogo(id®v)oyp)
=~07 togo(id®y)opo (idey)
=go’y
= 0vp(9),

for g € G(S), p € Aut(G)(5),and vy € I.

Let 3 = (31)yer € Z4(T, Aut(G)(S)). Applying (3.3.5) to 3, we obtain a 1-
cocyle (0, )yer of I in Auty,, (G(S)). Let (G(S)) denote the I'-group obtained
by twisting G(S) by (0, )er. Then the action of I' on (G(.5)) is given by

Tig=o0, (Tg)=70go(id®@y ") o3,

fory eI, g € G(S).
Since Aut(G)(S) = Autg.pepr( RG] ®rS)P, the 1—ocycle 3 defines a twisted
form of the R-Hopf algebra R[G], namely,

A :={x € RG] ®r S|3,("x) = 2,Vy€T}.
By faithfully flat descent, A is a Hopf algebra over R and the map
T:A®rS — RG|®rS, (Da;®s)®s— > a;® s;8, (3.3.6)

is an isomorphism of S—Hopf algebras.

Now, we define a new affine group scheme
3G’ = HomR-rng(A7 _)a

which is a functor from the category R-rng to the category of groups. We also
conveniently identify (;G)(S) with Homg.;g(A®R S, S). Analogous to the action
in (3.3.4), the action of I' on S induces an action of I" on (,G)(S5):

"h=voho(id®~y1),
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for h € (

diagram

3G)(S), and v € T". Moreover, we have the following commutative

Homg.mg(R[G] @5 S, S) —— Homg.mg(A @ S, S)

o |

Homg_mg(R[G] KR S, S) T) Homs_mg(A Xpr S, S)

where 7* is the group isomorphism induced by 7 from (3.3.6). Equivalently,

is commutative, i.e., 7* is ['-equivariant. Therefore, (G(5)) (the abstract group
G(S) with the twisted I'-action defined by 3) and (,G)(S5) (the set of S—points of
the twisted form of G associated to 3 with the natural ['-action) are isomorphic as
I'—groups. We will not distinguish them and denote this I'-group by ,G(S).
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Chapter 4
The N = 1,2, 3 conformal

superalgebras1

In this chapter, we will focus on the automorphisms and the twisted loop conformal
superalgebras based on each of the N = 1, 2, 3 conformal superalgebras % .

A brief description of % using Grassmannian superalgebras will be reviewed
in Section 4.1. We then concentrate on the descriptions of the automorphism groups
of #yr := #n Rk R for an arbitrary object R = (R, d) in k-drng in Section 4.2.
In particular, when R is an integral domain, all automorphisms of the R—conformal
superalgebra J# r will be explicitly constructed for N = 1,2, 3.

In Section 4.3, we will deduce the group Autp (% 5), N = 1,2, 3 by spe-
cializing the k—differential ring R to D = (121 k[tEm], 4

sification of twisted loop conformal superalgebras based on .# by computing the

), and complete the clas-

corresponding non-abelian cohomology set and applying the centroid trick.

As a supplement, we will deal with the passage from twisted loop conformal
superalgebras L£(#y, o) to the Lie superalgebra Alg(.#y, o) in Section 4.4. We
will show that non-isomorphic twisted loop conformal superalgebras £(#y, o) ob-

tained in Section 4.3 induce non-isomorphic Lie superalgebras Alg(. %y, o).

4.1 The N = 1,2, 3 conformal superalgebras

Physicists usually define a superconformal algebra by generators (also called fields
by physicists) and relations. Such definitions for the N = 1,2, 3 superconformal
algebras are given in [ABD*76], while the twisted N = 1, 2, 3 superconformal al-
gebras are described in [SS87] based on an observation of the global automorphism.
As stated in Section 2.1, these Lie superalgebras are the Lie superalgebras induced

by twisted loop conformal superalgebras. Realizations of the N = 1,2, 3 confor-

I'A version of this chapter has been published. Zhihua Chang and Arturo Pianzola 2011. Com-
munications in Number Theory and Physics. 5:751-778.
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mal superalgebras were obtained by V. Kac in [Kac98b], using the Grassmannian
superalgebras A(N) in N variables &, ..., Ey.

Note that A(N) is generated by &, - - - , {y as an associative algebra. It has both
a Z/27Z-grading given by setting each &;,7 = 1, ..., N to be odd and a Z-grading in
which each §;,7 = 1,..., N has degree 1. For a homogeneous element f € A(N)
with respect to the Z-grading, we use | f| to denote the degree of f.

Consider the k—vector space
Hn = k[0] @ A(N), 4.1.1)

where k(0] is the polynomial ring in one indeterminate 0. Then %} is a Z/27Z—
graded vector space and a k[0]-module. Further, there is a conformal superalgebra

structure on %y with the n-th product defined as follows:
1 Ly

g = §|f|—1 8®f9+§(—1) Z(aif)(8¢9)7 (4.1.2)
=1

fva = (5061+1a) = 2) 13 @13)

f(n)g = 0, n 2 2, (414)

where f,g € A(N) are homogenous with respect to the Z-grading, and 0; is
the derivative with respect to &, ¢ = 1,..., N. The k—conformal superalgebras
1, Ha, Hs are called the N = 1,2, 3 conformal superalgebras?, respectively.

In the rest of this chapter, we will use % % to denote the R—conformal super-
algebra %y ®y R for an object R in k-drng.

4.2 The automorphism group functor

In this section, we will compute the automorphism groups Autg.conr(-#n ) for
N = 1,2,3 and R = (R,d) in k-drng, and discuss the representability of the
group functor Aut(.#y).

We observe that £y = k[0] ®x A(N) is a free k[0]-module. The Z/2Z—graded
k—vector space A(N) = A(N)s @ A(N)z can be naturally identified with the sub-

These terminologies come from physics. In particular, .} is also a conformal superalgebra,
but it is neither isomorphic to the small N = 4, nor isomorphic to the large N = 4 conformal
superalgebra considered in the following two chapters.
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space k ®x A(N) of H#y. Similarly, we identify A(/NV) ®y R with the subspace
k®xA(N)®x R of % . Instead of considering the whole group Autg_cont(-#n.z),

we first concentrate on the subset

GI‘AU.)E(JIC/NJQ)
= {¢ € AutR_Conf(%N,R)‘¢ (A(N) R R) - A(N) Rk R} . (421)
It is obvious that GrAut(.#y z ) is closed under the composition of automorphisms.

Indeed, it is a subgroup of Autg cont(-#n ). To prove this, it suffices to show that

GrAut(#y ) is closed under taking inverse, which follows from the lemma below.

Lemma 4.1. Let V' be a finite dimensional k—vector space and R = (R,d) a k-
differential ring. Suppose

¢ k[0 @k V @k R — k[0] @ V @k R

is an invertible R—linear map satisfying ¢05 = gogb, where ) = 0®1®1+1®1®d.
Ifp(V @x R) CV @y R, then g7 (V @, R) CV @y R.

Proof. Let {vy,--- ,v,} be abasis of V. Since ¢ is R-linear and satisfies ¢ o 0=
do ®, ¢ is completely determined by ¢(1®v; ®1). Similarly, ¢~ is also completely
determined by ¢~ !(1 ® v; ® 1). Note that ¢(V ®y R) C V ®y R, we may write

p(1ev®1) Zl@vj@w“w

1oy 1) = Z ' ®@v; @ sy,

£>0
j=1,,n

for r;;, s;50 € R. Hence,

1euel=¢"91vel)= Y Qv dr;spm:

20
Gik=1,n
Let A = (74)1<i,j<ns Be = (54j,0)1<ij<n- Then
ABy=1,, and AB, =0, (>1.

It follows that A is invertible and B, = 0 for ¢/ > 1. We conclude that ¢! (V ®x
R) CV ® R. O
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We have seen that GrAut(.#y ) is a subgroup of Autg.cont(-#nr). More-
over, the construction of GrAut(.#y ) is functorial in R. We thus obtain a sub-
group functor GrAut(#y) : R — GrAut(.#xyx). The computation of the auto-
morphism group Autr.conr(-#v z) can be completed in two steps: first computing
GrAut(#y ) and second describing the relationships between GrAut(#y ) and
Autg cont(HNR)-

To simplify the notation, for a given R = (R, d) in k-drng, we set 0:=0®
id +id ® d on #x z. And for convenience we identify f € A(V) with its image
(1® f)®1in Fyxr.

Proposition 4.2. Let R = (R, d) be an arbitrary object in k-drng. There is an

isomorphism of groups
ur:01(R) = GrAwt (A R), a— ¢, (4.2.2)
where ¢, € GrAut(.#] ) is given by:

(1) =1 and ¢.(&) =6 ®a. (4.2.3)

Proof. For a € O1(R), we first show that the formulas in (4.2.3) define a homo-
morphism of R—conformal superalgebras. Since A(1) = k1 @ k&, formulas (4.2.3)
define an R-module homomorphism A(1)®x R — A(1)®g R. It can be uniquely ex-
tended to an R-module homomorphism ¢, : #xr — “#£n r, which is also denoted
by ¢,, such that do Gy = Pg © 9. To show ®q 1s @ homomorphism of R—conformal
superalgebras, by Lemma 2.3 (ii), it suffices to verify that

Ga([(m @ Da(ne @ 1)]) = [ga(m @ 1)aga(nz @ 1)], 4.2.4)

where 71,72 € A(1) run over a basis of A(1). This follows immediately from a
direct computation. Hence, ¢, is a homomorphism of R—conformal superalgebras.
For a,b € O;(R), we also have

Pa 0 Pp(n @ 1) = dap(n ® 1),

and
p(ne1)=n®1,
for n € A(1). By Lemma 2.3 (i), it follows that ¢, o ¢, = ¢a and ¢; = id.
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Hence, ¢, is an automorphism of the R—conformal superalgebra .#; » since it has
the inverse ¢,-1 and ¢ : a — @, is a group homomorphism.

Moreover, ¢, = ¢y, for a,b € O;(R) implies

E®a=¢(601)=¢(&i®1) =& @D,

which yields a = b, i.e., ¢ % is injective.

It remains to show that ¢; » is surjective, namely that given an automorphism
¢ € GrAut(J#] ) there exists a € O1(R) such that ¢ = @,.

Since ¢ € GrAut(J# ) and (% )1 = k[0]¢1 ®k R, the restriction of ¢

¢l k& @ R—> k&G ®R
is an isomorphism of R—modules. Hence, there is a unit a € R such that
P& ®1) =& ®a.
We thus deduce that
P(1) = —2¢(&)0)0(&1) = 1 ® a”.

Finally, ¢(1)1)¢(1) = —2¢(1) implies that a* = a?, which yields a® = 1 since a is
a unit in R. Therefore, we obtain a € O;(R) and ¢ = ¢,. O

Proposition 4.3. Let R = (R, d) be an object in k-drng such that R is an integral

domain. Then the inclusion
GrAut(J r) C Autgcon(H17)
is an equality.
Proof. Let ¢ € Autg cont(-#1 = ). It suffices to show
P(A(1) @k R) € A(1) @k R.

Since (1 r)1 = k[0]&1 ®k R and ¢ preserves the Z/27Z-grading of %] r, we may
assume that

M ~
Za €1®Sn
n=0
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where s, € R,n =0,..., M and s, # 0. Then

(P& )ap(&1)] = —= Z Z 3 + A)™"(1 ® $,8,), while

mOnO

osnad =0 ((-3)1) - —%cb(l)-

The leading term (i.e., the term with highest degree with respect to \) in the right-
hand sides of above two equations are $(—1)*1A\2M(1 ® s3,) and —1¢(1), re
spectively. Since R is an integral domain, sy; # 0 implies s3, # 0. Therefore,

[0(€0)x0(&)] = d([€12&]) yields M = 0, ie.,
(&) =& ®s0, 0#s)€R,
and ¢(1) = —2[6(£1)x¢(&1)] = 1 ® s7. Hence,
¢ (A(1) @ R) C A(1) @y R.

This completes the proof. O

Remark 4.4. The integral assumption in the Proposition 4.3 is not superflous. Con-
sider R = (R,d), where R = k @ k7,72 = 0 (the algebra of dual numbers) and
d = 0. For the R—conformal superalgebra

Hr =k[0] @ (kD ké1) ®x R,
it is easy to verify that

, s € R,

P11 ®s)=01®s+0 @715, £=0
{>0,s € R,

P06, ®5) =0 ®@s+ 0T @78,

define an element ¢ € Autg cont(-#1,r ), Which is not contained in GrAut(#; z).

Proposition 4.5. Let R = (R, d) be an arbitrary object in k-drng. There is an

isomorphism of groups
LaR : OQ(R) :> GrAut(Ji/g,R), A= (aij)2><2 — (bA, (425)
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where ¢4 € GrAut(#, ) is given by:

Pa(l) =1+ & @, Pa(&1) =& @ an + & ® ag, 4.26)
Pa(1&2) = &€& @ det(A), ga(&e) =& ® arn + & @ ag,
and
( 0 T) — 2d(A)A”. 4.2.7)
—r 0

Proof. Using similar arguments as in Proposition 4.2, the formulas (4.2.6) define
an automorphism ¢4 € GrAut(#; ) for A € O,(R). It is easy to show that

tor : O2(R) — GrAut(Far), A da

is an injective group homomorphism. We next show that 5 % is surjective, i.e.,
every ¢ € GrAut(#2 ) is of the form ¢4 for some A € Oy(R).

Since ¢(A(2) ®x R) C A(2) ®k R and ¢ preserves the Z/2Z-grading of /%5 ,

we may write

P(&1) =& ®an + & ®ag, and ¢(&) = & @ arp + & @ ag,

where a;; € R,1,j = 1,2.
Let A = (a;j)2x2. Since ¢ has an inverse in GrAut(.#; ), the matrix A is

necessarily invertible. Now

P(&162) = —0(§1)(1)P(&2) = §1€2 ® (aniaza — aza1z) = §16 @ det(A).

Choose ¢, € Rsuchthat ¢(1) = 1®c+& & @7, From ¢(1)(1y9(6:62) = —0(&162)
we deduce that ¢ - det(A) = det(A). Since A is invertible, det(A) is a unit in R

and therefore ¢ = 1.
Since (&) 0)0(&;) = —3¢(1), we have

Cl%j —+ (I%j = 1, and r= 2(d(a1j)a2j — aljd(agj)), j = 1, 2,

while ¢(£1)0)0(&2) = —%5¢(§1§2) implies that ajjai2 + aziay = 0. Thus
A= (aij) € O2(R) and

r= (d(an)am - a11d(@21)) + (d(am)am - a12d(a22))
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(d ai1)as — a11d(a21)) + (d(a12)<l22 - a12d(a22)) + d(ai1as1 + arzag)
2(d((111)(121 + d((llg)agg)

0 r T
(2 1)-sor

It follows that p(n ® 1) = ¢pa(n ® 1) for all n € A(2). Hence, ¢ = ¢4. O

1.e.,

Proposition 4.6. Let R = (R, d) be an object in k-drng such that R is an integral

domain. Then the inclusion
GrAut(Hsr) C Autr-conf(H2R)
is an equality.
Proof. Similar to the proof of Proposition 4.3, it suffices to show that
¢(A(2) @ R) € A(2) @ R,

for every ¢ € Autg.cont(-#2,r). We firstly write

M

d(&&2) ZZ (1® sm)+ 1,

m=0

where ) € k[0|£1&s ®k R, s;p € R,m =0,..., M, sy # 0.
Then

0 = [0(&1€2)20(&162)]

M
= Z 8—1—)\ )'N(—=01 ® SimSp — 2@ d(Sm)Sn — A2 ® $,8,)
_M N M R
+ D 0" @sman| + | Y 0" A® )| + ).
m=0 m=0

Since (Har)s = (k[0]1 @k R) & (k[0]&1€2 @« R) and all terms in the last row of
the equation above are contained in k[\] ®y k[0]&1&2 ®x R, it follows that

0= (=N)™(0 + A" (01 @ $mSn + 2 @ d(5)Sn + A2 S )-

m,n=0
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By comparing the coefficients of A\, we conclude that s3, = 0, and hence s;; = 0

since R is an integral domain. This contradicts our assumption that s,; # 0. Thus

M’

P(€1&2) = Z (&162 ® cm),

m=0

where c,, € R,m =0,..., M’ cpp # 0.

Similarly, we may assume that

Mo Mo
= Z O (L@ ry,) + Z 0" (&1&2 ® ),
m/=0 m=0
where 7/, 1, € R,m/ = 0,...,M’,m = 0,...,M. Then
[A(1)r¢(&:&2)]
_ Z Z O+ N (D4 Nérby @ 11 e + 16 R d(1)en).
m=0 n=0
From

[D(1)r0(6162)] = — (9 + Nd(€162),

we deduce that r;q/cM/ — 0if M’ + M’ > 0. Since ¢y # 0 and R is an integral
domain, 7"3\7, — 0 if M’ + M’ > 0. Thus, M =M = 0,1i.e.,

P(&162) = &i&a @ c,

o(1) =171 + Z 57”(5152 ® Tm),

m=0

—~

where 0 £c€ R,0#4r € Randr,, € Rm=0,..., M.

Now we consider the odd part (%2 z)1 = (k[0]& @ k[0]&2) @k R. Write

Mlj MQJ

i) = Z 0™ (&1 ® arjm) + Z 0" (&2 ® agjn),
m=0 n=0
where a;;,, € R,4,j = 1,2, and m = 0,..., M;;. A similar consideration on

[BENB(EE)] = ~30(6) and [B(E)d(E&)] = 506,
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yields

P(&1) =& ®an + & ®ag, and ¢(&) = & ®@ arp + & @ ag,

where a;; € R,i,7 = 1,2.

Next, we consider ¢(1). We deduce from

BN(E)] = —(F+ SN)6(E), = 1,2

that ¢(1) = 1 ® r’ + 1€ ® ro, where 7/, 7y € R. It follows that
6 (A(2) @ B) C A(2) @ R

ie., ¢ € GrAut(#r).

O

Proposition 4.7. Let R = (R,d) be an arbitrary object in k-drng. There is an

isomorphism of groups

(4.2.8)

4.2.9)

(4.2.10)

(4.2.11)

(4.2.12)

L3R : Og(R) = GIAUt(%,R), A= (aij)gxg — ¢A,
where ¢4 € GrAut(#5 ) is given by:
3
¢A(1) =1+ Z Emnlgmgn X r,
=1
3
Pa(§;) = Zél ® a; + 16283 ® 55,
=1
3
Pa(&is) = €t Z EmntEm&n ® Aui,
r=1
Pa(§16283) = §1€283 @ det(A),
1,7 =1,2,3,1 F# j, Ay is the cofactor of ay; in A and
0 T3 —T9 0 S3 —S9
—ry 0 1 | =2d(A)AT, | —s3 0 s | =2(det A)ATd(A).
T2 —T 0 S92 —S1 0
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Proof. Analogous to the proof of Proposition 4.2, the formulas (4.2.9)-(4.2.13) de-
fine an automorphism ¢4 € GrAut(.#; ), and it can be shown by a direct compu-

tation that 13z : A — ¢4 is an injective group homomorphism. It remains to show
that every ¢ € GrAut(.#3 z) is of the form ¢4 for some A € O3(R).

Observing that (%3 z)1 = k[0] @k A(3)1 ®x R, where A(3)7 is the k—vector
space spanned by {&1, &, &3, £162€3}, and ¢(A(3); @k R) C A(3); ®k R, we may
assume that

A(&) =& Q@ ay; + & ®ag; + & ® agj + L1686 @ 55, (4.2.14)

where a;;,5; € R,1,j =1,2,3. Let A = (a;;)3x3. It follows that

P(&&5) = —o(&)9(&))
= §& © (a15a2; — ag;a15) + £283 @ (agias; — asias;)
+ &8 @ (agiaz; — asiaz;)
= €jk(&1& @ Asp + £263 ® Avg + £361 ® Agy), (4.2.15)

for i« # j, where A;; is the cofactor of a;; in A. Similarly,

P(§16283) = —20(§182) (1) (&3)
= 1663 ® (Aiza13 + Aazass + Aszass)
= £1663 ® det(A). (4.2.16)

In particular, det(A) is a unit in R, and hence A is invertible.

Note that A(3); is the k—vector space spanned by {1, £1&2, £2&3, €361} and
P(A(3)p ®k R) € A(3)p Rk R.
We may write
P(1) =1®c+ & ®rs + 68 @+ &6 ®@ 1, (4.2.17)

where c,7; € R, j = 1,2, 3.

First, we show that ¢ = 1. In fact, from

(1) (1)(§16283) = —%Cb(flfﬁs),
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we deduce that ¢ - det(A) = det(A). Hence, ¢ = 1 since det(A) is a unit in R.

Second, we show that A € O3(R), i.e.,
a1;015 + 2095 + as;az; = 0;j,

for 7,7 = 1,2, 3. These equalities follow from

1
P(&)0e(&) = —Eﬁb(l)
when ¢ = 7 and from )
H(E)09(&) = —500(6&)
when i # j.

Finally, we determine r;, s;,j = 1,2, 3. Since

BHE) = —20(6).5 = 1,2,3,

we obtain |
§€lmn(a'mjrn - anjrm) = d(alj), (4.2.18)
and
r1Q1j + radg; + 3035 = Sj, (4.2.19)

for[,7 = 1,2,3. Writing the (4.2.18) in matrix form, we obtain

1 0 T3 —T9
5 —T3 O T1 A = d(A)
T2 —T1 0

Since A € O3(R), the first equality in (4.2.13) follows.

A direct computation shows that

2ATd(A) = 247d(A)AT A

0 T3 —T2
= AT —T3 0 1 A
T —T1 0
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3 3
0 oA =Y rAp
=1 =1
3 3
= -=> nAs 0 > orAp
=1 =1
3 3
dYorAp =Y rAn 0
=1 =1

Since A € Og(R), Ai]’ = det(A)al-j, Z,j = 1, 2, 3. So

3 3

Z TlAlj = det(A) Z riap; = det(A)sj.

=1 =1

Hence, the second equality in (4.2.13) follows. Summarizing (4.2.14)—(4.2.17), we
obtain ¢(n) = ¢4(n), forall n € A(3). Hence, ¢ = ¢ 4. O

Proposition 4.8. Let R = (R, d) be an object in k-drng such that R is an integral

domain. Then the inclusion

GrAut(H#s ) C Autr-con(HaRr)
is an equality.
Proof. Let ¢ € Autg. conr(-#5 ). We have to show

d(A(3) ®x R) C A(3) ®k R.
We first consider the action of ¢ on the even part of %5 ». Let
% = k(0] @k (k&1&2 @ kéols @ k&3é1),
which is isomorphic to Cur(soz(k)) as k—conformal superalgebras and,
(Hsr)o = (k[0]l @k R) © Pr.

We may assume

M
6(6i&) = D 0" (1@ s) +mij, 1 # J

m=0

where s,, € R and n,; € %g. Since By, is an ideal of (75 )5 and

[P(&:&5)r0(&:&;)] = 0,
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we deduce that s3, = 0. Then s); = 0 since R is an integral domain. It follows that
¢(&i&j) = mij € Br.

Hence, ¢|z, is an automorphism of the R-conformal superalgebra %r. Since
% ~ Cur(sos(k)) and so3(k) is a finite dimensional simple Lie algebra, by Propo-

sition 2.5, we obtain

P(&&5) = €j1(&1& @ by + &€ @ by + &8 @ by), 1 F# J, (4.2.20)
where (bl/l)gxg c GLg(R)
Next we consider ¢(1). We claim that
(1) =1+ & @13+ Eobs @11+ E36 @ 1a, (4.2.21)

where r1, 79,73 € R.

Indeed, we can write

o(1) = 0"(1®sy) +1

with s; € R,i = 0,...,M,n € PBr. We may assume s;; # 0 since ¢ is an

isomorphism. Then

[BWAG(D)] = D~ (=A™ + N (—01 @ S50 — 2@ d(510) 85 — A2 ® 55,)
+1> "1 @ su)an| + | > 0"(1® s,) | + [,

Note that all terms in the second row of the above equation are contained in k[\] ®
Br. If M > 0, we deduce that s3, = 0 by comparing the coefficients of \2*1
in [¢(1)0(1)] = —(0 + 2\)¢(1). Since R is an integral domain, sy = 0. This
contradicts s); # 0. Hence, M = 0, i.e,, ¢(1) = 1 ® sop + n with n € HBg.
Simplifying the computation for [¢(1),¢(1)] above, we have

[p(1)rd(1)] = =01 ® 57 — 2@ d(s)s0 — N2 ® s
+ [(T® s0)an] + [na(1 @ s0)] + [man],
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—(D+20)6(1) = =01 ® 50 — 1 @ d(s0) — A2 ® 50 — (D + 2\)1.

It follows that s% = 5o, and hence sy = 1 since sy # 0 and R is an integral domain.
Therefore, ¢(1) = 1 + n withn € SBx.

We further write
n= Zgl(flé ® r3 + &8 ® ru+ &6 @ ),
>0

where 7; € R,7 = 1,2,3 and all but finitely many r; are zero. Combining with
(4.2.20), we obtain

[p(1)r0(&:€5)] =
— €1 (0 + N)(&1&2 @ bsp + &85 @ iy + 361 @ bay)

3
+eign Yy (=N ey @ (ribj — riubi).

120 k'=1

Then the equalities [¢(1)ro(&&;)] = —(§+ No(&;),i,5 = 1,2,3,1 # j imply
that

€iji(rabje — i) = 0,

forall¢,j,k =1,2,3,7 # 5,1 > 1. In the matrix form, these are equivalent to

0 —ry 1y b1 bz bis
31 0 —Tu bor bay b3 | =0, VI=1
—Ta  Tu 0 bs1 b3z bss

Hence, ry; = 79 = 13y = O for all [ > 1 since (bij)gxg € GLg(R), 1.e.,

A(1) =1+ &€ @ 130 + £283 @ 110 + 361 @ a0,

where 119, 720, 730 € R. This completes the proof of the claim.

Next, we consider the action of ¢ on the odd part (%3 z )1. First, the equalities

[P(§:&5)aP(£1&283)] = 0
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for all ¢ # j yield that

M

$(6168) = D 0" (€166 ® cm),

m=0

where ¢,,, € R. Considering

Br0(6&E)] = —(0+ T )0(Eikats),

we deduce that

P(€16283) = §1€263 @ ¢, (4.2.22)
where 0 # ¢ € R.

Finally, we apply a similar argument to ¢(&;). From

[P(§)rD(€16263)] = €jimn@(Embn)

and
[B(1)ad(&)] = —(0 + A)<b(é})

we obtain

H(&) =& @ ay; + & ®agy + & ® asj + E168 @ 55, (4.2.23)

where a;;,s; € R.

Summarizing (4.2.18) to (4.2.23), we obtain
¢ (A(3) @k R) € A(3) @k R.

This completes the proof. ]

To sum up the results in this section, we have the following theorem:

Theorem 4.9. For the k—conformal superalgebra % with N = 1,2, 3, the follow-

ing statements hold:

(i) For every object 'R in k-drng, there is an isomorphism of groups

ILNR : ON<R) — GI‘AUt(r%/NJQ). (4224)
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(ii) The isomorphism v R is functorial in 'R, i.e.,
Oy of = GrAut(#y), (4.2.25)
as functors from k-drng to grp, where
f: k-drng — k-rng, R = (R,d) — R. (4.2.26)
is the forgetful functor.
(iii) For an object R = (R,d) in k-drng such that R is an integral domain,

GrAut (%/NJQ) = Autn_wnf(f%/]v,n). (4227)

Proof. (i) and (iii) are merely summaries of Propositions 4.2-4.8.

For (i), let h : R = (R,dg) — S = (S5,ds) be a morphism in k-drng.
It induces a homomorphism of groups GrAut(.#y ) — GrAut(#ys). From
(2.3.5) and Lemma 2.3, the image of ¢4 under this map is ¢p(4) for A € On(R),
i.e., the diagram

On(R) —2 GrAut(Hy »)

ON(h)l J/AUtC%/N)(h)
is commutative. Hence, (ii) follows. OJ

Remark 4.10. From Theorem 4.9, the subgroup functor GrAut(.#y) for N =
1,2, 3 has two nice properties:

(i) GrAut(#y) = Oy o fis a lift of Oy (viewed as a functor from k-rng to
the category of groups) by composing the forgetful functor § from k-drng to

k-rng. In particular, Oy is an affine group scheme of finite type.
(i) GrAut(#y) gives the whole automorphism group Aut(#y)(R) when eval-
uating at an R = (R, d) with R an integral domain.

In general, for a k—conformal superalgebra 7 whose underlying k[0]-module
is free and of finite rank, there is a finite dimensional Z/27Z—graded vector space
V = V5 @ V7 such that &/ = k[0] ®x V as a k—vector space. Choose such a
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k—vector space V', we can define
GI‘AUtv(eﬂZ{R> = {gb € AutR_Conf(@fRﬂgzﬁ(V ®]k R) Q Vv ®]k R}, (4228)

for each R in k-drng. It is a subgroup (see Lemma 4.1), and is functorial in R. In
other words, GrAuty (&) is a subgroup functor of Aut(<7), which assigns each
R in k-drng the group GrAuty (o).

However, the definition of GrAuty (<) depends on the choice of V. Neither
the assertion (i) nor (ii) in Remark 4.10 is necessarily true for GrAuty (7). It
is also not known, for a given k—conformal superalgebra .o/, whether there exists
a suitable k—vector space V' such that GrAuty (&) satisfies at least one of these
properties. As we have seen, for V' := A(V), these properties are both fulfilled
by GrAut,y () in the situation of the N = 1,2, 3 conformal superalgebras.
The small N = 4 conformal superalgebra % also has a subspace V', for which
GrAuty (%) has nice properties similar to (i) and (ii). This will be discussed in
Section 5.2.

The following example shows that GrAuty (2% ) may not satisfy property (ii)
in Remark 4.10 for a “bad” choice of V.

Example 4.11. Consider the N = 2 conformal superalgebra .. Besides the real-
ization described in Section 4.1 by using the Grassmannian superalgebra A(2),

can also be realized as follows (see [Kac98b, section 5.10]):
s = K[0] ©x (Der(A(1)) @ A(1)),

where A(1) = k @ k& and Der(A(1)) is the superalgebra of all derivations of A(1).

The n-th product for n € Z, on J#; is given as follows:

amyb = 0nola,b], aw)f =al(f), awmf=—0upla, f)fa,ifn>1,

where a, b € Der(A(1)), f,g € A(1).
Let

V .= Der(A(1)) @ A(1) = (kd% e kg%) & (k & k).

Then % = k[0] ®x V. We define ¢ : #; — %5 to be the unique homomorphism
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of k[0]-modules satisfying

d d d d d

It is easy to verify that ¢ is a homomorphism of k—conformal superalgebras and

¢ = id .
Although k is an integral domain, we have

GrAuty () C Auty cont(#2),

since ¢ € Auty conf(#2), but ¢ & GrAuty (J£3).

4.3 Twisted loop conformal superalgebras

In this section, we classify the twisted loop conformal superalgebras based on %y
for N = 1,2, 3. Recall that every twisted loop conformal superalgebra L(. %}, o)
based on ¥y is a D/D-form of N p, Where D = (k[t’,q € Q],d,) and D =
(K[t1],d;). We first classify the D/D—forms of N p up to isomorphism of D—

conformal superalgebras.

Theorem 4.12. Let N = 1,2, 3. There are exactly two 73/ D-forms (up to isomor-
phism of D-conformal superalgebras) of #yp = K Q D. These are L( Ky, id)
and L(Hn,wn ), where wy : Hn — Ky is the automorphism of the k—conformal
superalgebra ¥\ given by

wi l—1, &= =&,

Wy ! =1, &1 — =&,
§2 > &, §1&2 — —&1&2,

ws 11, §— —¢&,71=1,2,3,
§i&j > &yt # 7, §16283 — —£16283.

Proof. By Theorem 2.9, the ZS/D-forms of Jnp are parametrized by the non-
abelian cohomology set H' (D /D, Aut(.#y)). Since Ay is a free k[d]-module of

finite rank 2%, Proposition 3.4 allows the following identification
H'(D/D, Aut(#x)) = Hy(Z, Auts (K 5)).
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Our problem is thus reduced to compute HY, (Z, Auts (7 NP))-

The twisted loop conformal superalgebras L£(.#},id) and L£(#x,wy) corre-
spond to the classes [3] and [3] in H}, (2 Auts (A, Nﬁ)) given by the 1—cocycles
3.5 7 — Autp o (A p) determined by 1 — id and 1 — wy, respectively.

Since the isomorphism ¢ 5 : O N(f)) — Autp o (Hy 5) of Theorem 4.9 is
equivariant under the action of Z, we are reduced to determine H (2, O N(ﬁ))
The classes in Hit(z, O N(lA?)) corresponding to [3] and [3'] will be still denoted in
the same way.

Consider the split exact sequence of 2—gr0ups

1 — SOyN(D) — On(D) 2% 7/27. — 1, 4.3.1)
where Z acts on Z /27 trivially and “det” is the determinant map. It yields the exact

sequence of pointed sets
H.(Z,80x(D)) — HL(Z,0n(D)) - HA(Z, Z,/27). (4.3.2)

Since Z acts on Z/27Z trivially, we have H.(Z,7/2Z) ~ Z/27Z. Since the short
exact sequence (4.3.1) is split, 1> admits a section, and hence is surjective by general
considerations. This is also explicitly clear in our situation since 1) visibly maps [3]
and [3] to the two distinct classes in HL(Z, Z/27). It remains to show that t is
injective.

From the exactness of sequence (4.3.2), the fiber of 1) over the trivial class of
H.(Z,7/27) is measured by H', (Z, SO N(ﬁ)) , while the fiber over the non-trivial
class is measured by H, (Z 7S50 N(ZA))) where ;SO is the group scheme over D
obtained from SO by twisting by 3. By Proposition 3.7 (ii), H} (D, G) vanishes

for every reductive group scheme G over R, in particular for SOy and ;SO . On

the other hand by the Proposition 3.7 (i), we have
HL(D,G) = H}(Z,G(D)). 4.323)

This finishes the proof of injectivity. [
Proposition 4.13. Let N = 1,2,3 and # = L( Ky, 0) be a twisted loop confor-

mal superalgebra of J with respect to an automorphism o of finite order. Then
Ctdg(A) = D.

Proof. As ak[0]-module, #y = k[0] @y A(N) is free of rank 2V. It has Virasoro
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element L = —1 € A(N) and the monomials in A(NN) form a set of generators
of #y as a k[0]-module satisfying all the assumptions of (ii) and (iii) of Proposi-
tion 2.12. From Theorem 4.9, and the explicit construction of automorphisms of
' in Propositions 4.2,4.5, and 4.7 in the case of N = 1,2, 3, respectively, we
know o(L) = L. By Proposition 2.12, Ctdy (%) = D. O

Theorem 4.14. There are exactly two twisted loop conformal superalgebras (up

to isomorphism of k—conformal superalgebras) based on each %Ny, N = 1,2, 3,

namely, L(H#y,id) and L(H )y, wn).

Proof. Each twisted loop conformal superalgebra based on #} is an D /D—form
of #np. It follows from Theorem 4.12 that there exist exactly two of them up to
isomorphism of D—conformal superalgebras, namely £(.#},id) and L( A, wy).
By Propositions 2.12 and 4.13, we conclude that £(.#}, id) and £(#y, wy) remain

non-isomorphic when viewed as k—conformal superalgebras. [

4.4 The corresponding twisted Lie superalgebras

In the previous section, we have shown that, for each N = 1,2, 3, there are only
two twisted loop conformal superalgebras based on % up to isomorphism of k—
conformal superalgebras, namely £(.#%,id) and £(#,wy). Recall from (2.1.19)
that every twisted loop conformal superalgebra £(#y, o) determines a Lie super-
algebra

Alg( Ay, 0) = L(Hy,0)/OL(Hy, o),

with Lie superbracket induced by the 0-th product of £L(#y,c). Hence, the two
non-isomorphic twisted loop conformal superalgebras £(.#}y,id) and L(.#y,wy)
determine two Lie superalgebras Alg(.#y,id) and Alg(.#x,wy), respectively. As
claimed in [CP11], the two Lie superalgebras Alg(.#y,id) and Alg(#y,wy) are
not isomorphic for N = 1,2, 3. However, the proof in [CP11] is inaccurate. We
will provide amended proofs in this section.

We first prove some basic properties of the centreless Virasoro algebra v. Recall
from (2.1.6) that v has a k-basis {L,|n € Z} satisfying [L,,, L,] = (m — n)L,1n

form,n € Z.
Lemma 4.15. Let v be the centreless Virasoro algebra. Then the following hold:
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(i) Every abelian Lie subalgebra of v has dimension at most one.
(ii) Let ¢ : v — v be an endomorphism of v. Then either ¢ = 0 or ¢ is injective.
In particular, every injective endomorphism ¢ is of the form

1
O(Lin) = 50" Lim, Y € Z,

for some non-zero integer { and some nonzero a € k.

(iii) Every automorphism ¢ : v — v is of the form
¢(Lm) =+a"Ly,,, Vm € Z,
for some nonzero a € k.

Proof. (i) It suffices to show that for 0 # =,y € v, [z,y| = 0 implies that = and y

are proportional. Write
x=aly +2', andy = bLy + v/,
such that a,b # 0, 2’ € vy := Ppcpkl,, and 3y € v . Then
0 = [z,y] = [aLy+2',bBLy+Yy'] = ab(M—N)Lyryn+a[Las, y']+0[2', Ly]+[2, ).

Note that [Lys, o], [/, Ln], [/, Y] € v<pryn. Hence, ab(M —N) = 0,i.e., M = N.
Now, we know that [z, bx — ay] = 0 and bx — ay € v.j;. We thus conclude that

br — ay = 0, i.e., x and y are proportional.

(i) Since v is a simple Lie algebra and ker ¢ is an ideal of v, we know that either
¢ = 0 or ¢ is injective.

Now we assume that ¢ is injective. We first claim that ¢(Lg) = %LO for some
nonzero integer /. It has been shown in [Su02] that every three dimensional subal-
gebra of v is of the form kL._,, & kL, ¢ kL,, for some nonzero n € Z. Since ¢ is
injective, ¢p(kL_, @ kLo @ kL,,) is a three dimensional subalgebra of v for every

0 # n € Z. Hence, there is 0 # m,, € Z such that
o(kL_, ® kLo ® kL,) = kL_,,, ®kLy®KkL,,,.
The injectivity of ¢ also implies that there are n # n’ € Z such that m,, # m,,.
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Hence,
o(Lo) € o(kL_,, ® kLo & kL,,) N gb(kL_n/ ® kLo P kLn/) = kLo,

i.e., (Lo) = bLg for some 0 # b € k. Furthermore, we deduce from

—¢(L1) = [¢(Lo), ¢(L1)] = b[Lo, ¢(L1)]

that ¢(L;) is an eigenvector of ad(Ly) with eigenvalue —+, which is an integer.

Hence, b = % for some nonzero integer ¢. This proves the claim.

Note that ¢(L,,) is an eigenvector of ad(L,) with eigenvalue —% = —/n. It
follows that ¢(L,,) = %anLgn for some 0 # a,, € k. We put a = a;. Then

2¢(L0) = [¢(L1)7 ¢(L—1)]

implies thata_; = a L. Similarly, we deduce that a,, = a” for all n € Z. Therefore,
¢ is of the form
1

¢(Lim) = 50" Lom, Y € Z,

for some nonzero integer ¢ and nonzero a € k.
(iii) Let ¢ be an automorphism of v. By (ii), ¢ is of the form ¢(L,,) = %angm

for some nonzero integer ¢ and nonzero a € k. We deduce that

$(0) = D kL,
meZ
which is equal to v only if ¢ = £1. Since ¢ is an automorphism, we conclude that
¢ = +1. This completes the proof. 0

Remark 4.16. The assertion (iii) in the lemma above is a special case of the auto-
morphisms of generalized Virasoro algebras, which has been determined in [Su02].

We give the proof of this lemma here since part (ii) was not established in [Su02].

In fact, the assertion (ii) was stated in [Zha92]. However, the proof for (ii) in
[Zha92] is invalid since the Lemma 10 of [Zha92] is inaccurate. For the Virasoro
algebra © = v @ ke (a central extension of v), Lemma 10 of [Zha92] states that
for x € v, if adz has infinitely many linearly independent eigenvectors, then x €

kLo@®ke. A counterexample to this is the following: we consider x = Lo+L_; € v,
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then
i m+1
m — Ll L*7
=3 (1) e

is an eigenvector of x with eigenvalue —m for each positive integer m.

Next we will describe the Lie superalgebras Alg(#y,id) and Alg( Ay, wy),
and prove these two Lie superalgebras are not isomorphic for each N = 1,2, 3.

We always use @ to denote the image of a € L(.#x, o) under the canonical map
L(HAy,0) = Alg( Ay, 0) = L(Hy,0)/0L(Hy, o), where o = id or wy.

Case N = 1:

In Alg(.71,id), we let L,, := —1 @t form € Z and G,y = 26, ® s
for m’ € 1 + Z. Then Alg(.%1,id) has a basis {L,,, Gow|m € Z,m’ € § + Z},
satisfying

(Lo, Ln] = (m — n)Lingns [Lim, Gl = (3m — 1n")Gopinrs [Gonrs Gor] = 2L 4,

2

form,n € Z,and m’,n’ € % + Z.
For Alg(#7,w1), we know that wy (1) = 1 and wy(&;) = —&;. Hence,

LA, w1) = (K1 @i k[=1]) @ (k[]6 @ 12k [E)).

SetL,, =—-1®t"*+ and G,, =25 ® tm+3 for m € Z. Then {Lpn, Gpu|m € Z} is
a basis of Alg(J#1,wy), satisfying
[Lmy Ln] = (m - n>Lm+na [Lm7 Gn] = (%m - n)Gerna [Gmp Gn] = 2Lm+n’

form,n € Z.

Proposition 4.17. The two Lie superalgebras Alg(.#1,id) and Alg(#;,w,) are not

isomorphic.

Proof. Suppose that ¢ : Alg(#1,id) — Alg(.#7,w,) is an isomorphism. We first
observe that the even parts Alg(#7,id)g and Alg(#7,w; )5 are both isomorphic
to the centreless Virasoro algebra v. Then ¢ induces an automorphism of v. By
Lemma 4.15 (iii), ¢(Lo) = £Lo.
Note that
Alg(,w1)1 = kG,

neL
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and Lo, G,] = —nG, for all n € Z. It follows that if z € Alg(.#],w;)1 such
that [Lo, ] = ax for some a € k, then a is an integer. We consider ¢(G %) €
Alg( 1, w1)1. It satisfies

[£Lo, #(G1)] = [¢(Lo), 9(G1)] = —50(G

592Gy,

1
2

=

which yields a contradiction since % is not an integer. Hence, Alg(.%#],id) and

Alg(.#], wq) are not isomorphic. O

Case N = 2:
The Lie superalgebra Alg(.#5,id) has a basis consisting of

L, = —-1®tm*l, U, = 2155 @™, G =G +iH)® s,

where m € Z and m’ € % + Z. The Lie superbracket is written as follows:

[Lma Ln] = (m - n)Lern’ [Lma Un] = _nUm+na
[Lim, Gi] = (%m - n/)Gi+n,, (U, qu;'] = :I:Gi—l-n’
[Um7 Un] - O, [G,jn/, Gj{/] - [G’;l/7 G;/] - O,

[G:;’? G'r_L’] = Lm’+n’ + %(ml - n/)Um’-i-n’
for m,n € Z and m/,n/ € 1 + Z. The Lie superalgebra Alg(.%3,id) is indeed
isomorphic to the N = 2 Neveu-Schwarz algebra (modulo the center), which is
also isomorphic to the N = 2 Ramond algebra (modulo the center) as claimed in
[SS87].

In a parallel manner, we recall from Theorem 4.12 that

wo(l) =1, we(&r) =&, wa(&) = =&, and we(&1&e) = —61&e.

Hence,

L (A, wa)y = (K[O]1 @y k[t*)) @ (K[0]1&> @ t2K[E)),
L(A,ws)7 = (K[OG @k k[tF]) @ (K[D])Es @y t2k[tF]).

In Alg(#3, ws), we set
Lin = —1®@ "1, Uy =26& @17, Gh, =26 @ "3, G2 =26 ®@ "3,
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form € Z and m’ € 1 + Z. Then {L,,, U, G}, G%|m € Z,m’ € Z} is a basis
of Alg(.#3, wy), satistying the following relations:

Lm,Ln =\m-—-n Lm_;,_n, Lm,Un/ = —n’Um n's Um/, Un/ = 0,

+
[Lﬂ”w G711’] = <%m - n/)G}n-i—n” [Um/’ lez’] = G?n’—i—n” [G71n’7 Grlz’] = 2L 4,
[Lm7 G?@] = (%m - n)Gng—n’ [Um’v G?’L] = _G}n’+n’ [G?m G?@] = 2Ly 1n,

[G71n/7 G?z] = (n - m,)UmUrn,

form,n € Zand m',n’ € %+Z.

Proposition 4.18. The two Lie superalgebras Alg( %5, 1d) and Alg(#5, ws) are not

isomorphic.

Proof. We will show that the two Lie superalgebras Alg(.#5,1d) and Alg(.#2, ws)
indeed have non-isomorphic even parts.

Let o be one of the automorphisms id and w,. Note that Alg(%, 0)g is iso-
morphic to the semidirect product® 5(o) x v, where v = span, {L,,|m € Z} is iso-
morphic to the centreless Virasoro algebra and s(0) = span, {U,,|m € ¢ + Z} C
Alg(#5, 0)5 is an abelian ideal of Alg(.#3,0)g, where e = 0if 0 = id and e = £ if
o = ws.

Suppose that ¢ : Alg(#5,1d)g — Alg(#s, ws)p is an isomorphism of Lie alge-
bras. Then the composition

&1 Alg(Hs,id)g S Alg( A, ws)g — Alg( A, ws)o/s(ws) = v,

is a surjective homomorphism. It follows that ¢(s(id)) is an abelian ideal of v. Since
b is a simple Lie algebra, we conclude that ¢(s(id)) = 0, i.e., ¢(s(id)) C s(w,).
Indeed, ¢(s(id)) = s(wy) since the same argument shows ¢! (s(ws)) C s(id).

Hence, the surjective homomorphism gz~5 induces a surjective homomorphism
¢ 0 =2 Alg(Ha,id)g/s(id) — Alg(Ha, ws)/s5(ws) =2 b,

which is indeed an automorphism since v is a simple Lie algebra. By Lemma 4.15
(iii), we know ¢(Lo) = £Lg, i.e., ¢(Lg) = £Lo + x for some z € 5(w,).

3Given two Lie algebras g, ¢’, and a Lie algebra homomorphism g’ — Dery(g) (the Lie algebra
of derivations of g), one can define the semidirect product Lie algebra g x g’ (cf. [Bou75, 1,§1.8]).
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Since ¢ is an isomorphism,

Alg(A5,w)s = G(Alg(H5,1d)5) = @D (k(Lin) @ kp(Uyn)),

meZ

satisfying [¢(Lo), ¢(Ly,,)] = —me (L) and [¢(Lo), ¢(U,,)] = —me(U,,) for all
m € Z. We deduce that if y € Alg( %3, ws)5 such that [¢p(Ly),y] = ay for some

a € k, then a is an integer. However, U 1€ Alg (5, wo)y satisfies

U,
2

[¢(Lo), Us] = [£Lo + =, U] = :F%

1
2

in which $ is not an integer. This is a contradiction. O

Case N = 3:
The Lie superalgebra Alg(.#3,1d) has a basis consisting of

Ly, = —1 @t Gi, =26 @13,
T}, = 2ie;&;6 @ ¢, Uy = —2i6 66 ® t7'73,
where i = 1,2,3,m € Z,m’ € % + Z. The Lie superbracket on Alg(.%#3,id) is

given by:

Loy L] = (m — 1) Loy, [L,,, T4] = —nT! [T, TI] = ie;;, T

m—+n> m—+n?
[Lma \Ijn’] = _(%m + n/)\llm—‘rn’, [Tin, \I/n’] =0, [\Ijm’a \Ijn’] =0,
[Lm, G;Ll/] = (%m - n,)GinJrn/, [Tinv Gil,] = iEijkanJrn/ + (Sijm\IIern/,
Gl W) =T s (Gl G] = 204 Ly + ieiu(m’ — n')TE, .,

form,n € Z,m'.,n’ € %—I—Z,i,j =1,2,3.
For Alg(#3,ws), we know that ws acts on the even part (#3)5 as the identity
and acts on the odd part (#3); as —id. Hence

L(A,ws) = (Ha)o Qi klt,t71]) & ((H5)1 @x t2klt,t7]). (4.4.1)
In Alg(#3, ws), let
Ly, = —1® t™F, Gl =26 @t™s,

T, = 26 @ 7, U, = —2i66083 @ 12,
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fori = 1,2,3,m € Z. Then {L,,, T¢ ,G! W,.|i = 1,2,3,m € Z} is a basis of
Alg (3, ws), satisfying

[Lma Ln] = (m - n)Lm—irm [Lma T;L] = _nTinJrn’ [Tlr'm Tib] = ieijkanJrn’
L, U] = —(%m + 1)V s [Tfn, v, =0, (W, ¥,] = 0,

Lo, Gl = (3m = 1) Glps [Thy GI] = i€ Gy + 055m W pn,

[G;n, \Ifn] = Tin+n’ [G:ﬂ, Gzl] = 2(51‘ij+” —+ ieijk(m — n)TfnJrn,

fori,7 =1,2,3and m,n € Z.

To prove the two Lie superalgebras Alg(.#3,1d) and Alg(.#3,ws) are not iso-
morphic, we first observe that both the two Lie superalgebras have the isomor-
phic even part g, which is isomorphic to the semidirect product of Lie algebras
g =5 X b, where 5 := sly(k) @y k[t*!] is the loop Lie algebra based on sly(k) and
v = span {L,,|m € Z} is the centreless Virasoro algebra, which acts on s via

L, 2 ®t"] = —nx @ "™,

form,n € Z and x € sly(k).

Lemma 4.19. Let g = s X v as above and ¢ : g — g an automorphism of the Lie
algebra g. Then
(i) ¢(s) = s. Hence, the restriction of ¢ to s yields an automorphism of s;

(ii) ¢(Lg) = £Lg + x for some x € s.

Proof. (i) Since ¢ is an automorphism, the composition
~ ) ¢ ~
¢:g—=g—>g/s=0v,

is a surjective homomorphism of Lie algebras.

Note that s = 51 @ s5 @ 53, where 5; = span, {T% |m € Z} is an abelian
subalgebra of g for i = 1,2,3. From Lemma 4.15 (i), we deduce that ¢(s) C
d(s1) + d(52) + ¢(s3) is an ideal of v of dimension at most three. Hence, ¢(s) = 0,
i.e., #(s) C 5. Applying the same argument to the automorphism ¢!, we know
that ¢~1(s) C 5. Hence, ¢(s) = s.

(i1) By (i), the surjective homomorphism ¢ induces a surjective homomorphism

b:v=g/s—g/s >0,
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which is indeed an automorphism of v since v is simple. By Lemma 4.15 (iii), we
know that ¢(Lg) = %Ly, i.e., (Ly) = £L¢ +  for some z € s. O

Next we consider the odd parts Alg(#3,1d); and Alg(#3, w3);. We will show
that for o = id or o, the k—subspace of Alg(.#3, o)1 consisting of elements annihi-
lated by all ad(y),y € s is exactly equal to the vector space spanned by {¥,|n €

€+ 7}, where ¢ = % if o =id and € = 0 if 0 = ws, i.e., we have the following

Lemma 4.20. Let o be one of the automorphisms id and ws. Let s = span, {T? |i =
1,2,3,m € Z} C Alg(#3,0)5. Then the k—subspace

C(s, Alg(A5,0)1) := {u € Alg(H3,0)1|ly, u] = 0,Vy € s}
is spanned by {U,|n € € + Z}, where ¢ = 5 ifc =id and e = 0 if 0 = ws.

Proof. Tt is obvious that any k—linear combination of {V,,|n € € + Z} is contained
in C(s, Alg(#3,0)7). It suffices to show that every u € C(s, Alg(#5,0)7) is a
k-linear combination of {V,,|n € ¢ + Z}.

Since u € Alg(. %5, 0)1, we write

Uu = a1G71n1 + - +apG71np +51Gil + - +BQGZq +71G21 + - +77"Gir +ula

where oy, 0, 81, , B¢, 71, -, € koare all nonzero, m; < --- < my,
ny < --- <ngky <--- <k, and v is a k-linear combination of {W,|n € ¢ + Z}.
Suppose that one of p, ¢, > 0. Without loss of generality, we assume p > 0.
Then
[T, u] = a1 W41 + -+ + W 41+ u" #0,

where u” € span, {G!,|i = 1,2,3,m’ € 1 + Z}. This contradicts the assumption
that [y,u] = 0 for all y € s. Hence, p = ¢ = r = 0, i.e.,, u = u' is a k-linear
combination of {W,|n € ¢ + Z}. O

Proposition 4.21. The two Lie superalgebras Alg(.#3,1d) and Alg( 5, ws) are not

isomorphic.

Proof. Suppose that ¢ : Alg(.#5,id) — Alg(#3,ws) is an isomorphism of Lie
superalgebras. Then it induces an automorphism on g = s x v, which is isomorphic
to both of the even parts Alg(#3,1d)g and Alg(.#5,w)s. By Lemma 4.19, ¢(s) = s.
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Let u € C(s, Alg(#5,1d)1). Then

[6(y), o(w)] = ¢([y,u]) =0, Vye€s.

It follows that ¢(u) € C(s, Alg(.#5,ws)1) since ¢(s) = s.

We know from Lemma 4.20 that C(s, Alg(#;,ws)1) = span, {¥,|n € Z}, in
which [Lg, ¥,,] = —nV¥,, for all n € Z. It follows that if v € C(s, Alg(#5, w3)1)
such that [Lg, u'] = au’ for some a € k, then a is an integer. By Lemma 4.19 (i),
¢(Lo) = Lo + x for some x € s. Considering SRS C(s, Alg(#5,1d)1), we have
¢(V1) € Cs, Alg(A3, ws)7) satisfying

—50(0y) = [6(Lo), 6(¥})] = (Lo + 7, 6(

)] = £[Lo, p(V1)],

1 1 1 1
2 2 2 2

which yields a contradiction since % is not an integer. [

Remark 4.22. It was inaccurately stated in Lemma 5.1 of [CP11] that, for the
Lie algebra g = s x b, every automorphism ¢ of g satisfies ¢(Lg) = +Lo. A
counterexample to this is the following: we consider the standard basis {h, e, f} of

sly(k) satisfying

[h7e] = 2e, [h7f]:_2f7 [evf]:h'

Then we can verify that for a fixed ¢ € Z, the linear transformation ad(e ® t) is
locally nilpotent on g. It follows that 0 = exp(ad(e ® t¢)) is an automorphism of
g. More explicitly,

(L) = Ly + le @ t™*,
oc(h@t™) =h@t™ —2e @™,
cle@t™) =ext™,
o(f@t™) = fRt"+ht" —e@ ™

form € Z. If £ # 0, we know o(Lg) = Lo + le @ t* # £L.

We also observe that such an automorphism ¢ does not come from an auto-
morphism of the conformal superalgebra o7 associated to g. In other words, given
a conformal superalgebra <7, the automorphism group of its associated Lie su-
peralgebra Alg(.e7,id) is not necessarily equal to the automorphism group of the
conformal superalgebra o7
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Chapter 5

The small N = 4 conformal

superalgebra1

In this chapter, we will concentrate on the small N = 4 conformal superalgebra 7,
which is simply called the N = 4 conformal superalgebra in general. We emphasize
the small N = 4 conformal superalgebra here to distinguish it with the large N = 4
conformal superalgebra that will be discussed in the next chapter.

Indeed, the twisted loop conformal superalgebras based on % have been clas-
sified in [KLP09] by computing the automorphism group Auts_  .(#5), where
W5 =W Qx D is the D—conformal superalgebra obtained by the change of base
differential ring k — D.

The key ingredient of this chapter is to characterize the automorphism group
functor Aut(%#’). We will consider the group Autg conf(#%) for an arbitrary R =
(R,d) in k-drng and prove that Aut(%') has a subgroup functor GrAut(%#")

which has nice properties similar to (i) and (ii) in Remark 4.10.

5.1 The small N = 4 conformal superalgebra

The (small) N = 4 superconformal algebra was described in [SS87]. The corre-
sponding conformal superalgebra 7, which is called the small N = 4 conformal
superalgebra, can be defined as follows:

As a Z/27Z~graded k[0]-module, # = #; ® #7, where

#5 = Kk[O]L @ k[9]T' @ k[9]T? & k[9]T?,
#; = k[0]G! & k[0]G2 @ k[9]G @ k[9]G .

The \-bracket on # is given by

I'A version of the first two sections of this chapter has been submitted for publication. A preprint
version [Chal3] is available on Arxiv.
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[LAL] = (0 + 2)\)L, [LAT] = (0 + \)TY,

LG = (020G LT = (0420 T
[TP\T9] = ie;; T, [GP,GY] = [G”Aéq] =
[TAGP] = 2 q= 1aqu [Tl } =3 Zq 1 qp

[GP\G"] = 20, — 20+ 20) 30 o? TV,

i=1"pq

where 7,7 = 1,2,3,p,q = 1,2, and ¢*,i = 1, 2, 3 are the Pauli spin matrices:

01:<0 1)7 02:<? _i>, 03:<1 0), (5.1.1)
10 i O 0 -1

Before computing the automorphism group Autg_conf(#%) for an object R =
(R,d) in k-drng, we first introduce some notations to simplify the relations above.
These notations will be used to explicitly write down the automorphisms of the

R—conformal superalgebra #7% in a nice matrix form.

For x = (l'ij)gxg € S[Q(k) and u = (Uij)QXQ < Matg(k), we set

T(X) = (1'12 + ZE21>T1 + i(l’lg — Igl)TQ + 2ZE11T3,
G(ll) = UQQGI + UHGI — U,12G2 + u2152.

Then # is a k[0]-module generated by L, T(x), G(u),x € sly(k),u € Maty(k).
The M\-bracket on # can be rewritten as follows:
[LaL] = (0 + 2)\)L,

LiTx)] =0+ MT(x),  [TLT(y)] = T(x y]),
[LAG(u)] = (8 + 3)\) G(u), [T(x)\G(u)] = G(xu),
)

[G(u),G(v)] = 2tr(uvi)L + (9 + 2A)T(uv’ — vuf),
where x,y € sly(k), u, v € Maty(k), tr : Maty(k) — k is the trace map and

T Mata(k) — Mata(k), u= (u;)— ul = ( 22 _“12> (5.1.2)

—U21 Ui1
is the standard sympletic involution on Maty (k) (cf. [Row80, 2.5]).
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5.2 The automorphism group functor

This section encompasses a detailed discussion of the automorphism group functor
Aut(#) of the small N = 4 conformal superalgebra %'

As for the N = 1,2, 3 conformal superalgebra %, we fix the k—vector space
V spanned by {L, T(x), G(u)|x € sly(k), u € Maty(k)}. Then # = k[0] ®¢ V is
a free k[0]-module of rank 8. We identify 1 with the subspace k ® V' in #. For an
object R = (R, d) in k-drng, we define

GI‘AHt(WR) = {¢ S AutR_Conf(WR)W(V R R) CV ®x R} (5.2.1)

Then GrAut(#%) is a subgroup of Autgr cont(#%) and the construction is functorial
in R, i.e., we have defined a subgroup functor GrAut(%#') : R — GrAut(#%).

We first concentrate on determining GrAut(#%) for an given R = (R, d) in
k-drng. In #%, we use d to denote O ® id 4+ id ® d. We also conveniently write
T(rx) := T(x) ® r and G(ru) := G(u) ® r forr € R, x € sly(k),u € Maty (k).

Lemma 5.1. For an arbitrary object R = (R, d) in k-drng, there is a group homo-
morphism
LR : SLQ(R) X SLQ(R()) — GI’AUt(Wn% (A, B) — 0A,B7 (5.2.2)

where Ry = kerd, and 04 5 € GrAut(#R) is defined by

0a5(L) =L+ T(d(A)A™), (5.2.3)
045(T(x)) = T(AxA™), (5.2.4)
045(G(u)) = G(AuB™), (5.2.5)

forx € sly(k),u € Maty (k). In addition, the homomorphism ix, is functorial in R.

Proof. The formulas in (5.2.3)-(5.2.5) define a homomorphism 64 p of R—modules
V ®r R = V ®¢ R. It determines a homomorphism of R—modules #r — #%
which preserves the Z/27Z—gradings and satisfies dod aB =0ap0 0. This map is
also denoted by 04 p.

To show 04 p is a homomorphism of conformal superalgebras, by Lemma 2.3,
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it suffices to show

Oa8([(m @ Da(nz ® 1)]) = [0as(m @ 1)r04,8(n2 @ 1)) (5.2.6)

for all ny, o € V. This can be accomplished by a direct computation.

For instance, let u, v € Maty(k), then

045([G(u)AG(V)])
=045 (2tr(uv’)L + (9 + 2\)T(uv' — vu'))
= 2tr(uv!)L 4 2T (tr(uv’)d(A) A1)
+ (0 + 20 T(A(uvt — vuh A1),
[04,5(G(1))x04,8(G(v))]
= [G(AuB 1),G(AvB™)]
= 2tr(AuB ! (AvB~ "L
+ (0 +2\)T(AuB Y (AvB™)! — AvB~!'(AuB™"))
+2T(d(AuB N (AvB™H — AvB~'d(AuB~)1).

A straightforward computation shows that

o (uv)" = viuf for u,v € Maty(R).
o uvl + vu' = tr(uv’)I for u,v € Maty(R), where I is the identity matrix.

o Al = ATif A € SLy(R).

Hence, AuB~1(AvB~1) = AuB !BviA~! = AuviA~L. Note that d(B) = 0
and d(A~!) = —A~1d(A)A~L, we obtain

2(d(AuB™M)(AvB™ ) — AvB~'d(AuB™H))

=2(d(A)uB™'BviA™! — AvB~'Bu'd(A™))

=d(A)(uv’ —vuh)A™ + A(uv! — vul)d(A™)
+d(A)(uv’ +vu)A™ — A(uv’ 4+ vuf)d(4™)

= d(A(uv’ — vuA™) + tr(uvl)(d(A) A~ — Ad(A™))

= d(A(av’ — vu)A™) + 2tr(uv’)d(A4) A~
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It follows that
04,8([G()AG(V)]) = [04,8(G(1))r048(G(V))].

Similarly, it is easy to verify that equation (5.2.6) holds for all 7,7, € V.
Hence, 04 p is a homomorphism of R—conformal superalgebras.

It can also be directly verified that

9A1A2,Ble(77 ® 1) = 9141,31 © 9A27Bz (77 ® 1)7
Orin®l)=n®1l,

for all n € V. It follows from Lemma 2.3 that 04, 4, ,B, = 0a,,B, © 04, 5, and
6; 1 = id. Hence, 64 p has the inverse 6 41 g—1, which implies 04 5 € GrAut(#%).
It also follows that ¢ : SLo(R) X SLo(Ry) — GrAut(#%) is a group homomor-

phism. From the definition of 64 5, we know that ¢ is functorial in R. ]

Lemma 5.2. For every object R = (R, d) in k-drng,
ker(tr) = po(Ry), (5.2.7)
where Ry = ker d. Additionally, the isomorphism is functorial in R.

Proof. Let (A, B) € ker(ig), where A € SLy(R) and B € SLy(Ry). Since
Oap =1id,

T(x) = 045(T(x)) = T(AxA™),
for all x € sly(k). Hence, Ax = xA for all x € sly(k). It follows that A = al for
some a € py(R).

Then
G(u) =04 5(G(u)) = G(AuB™),

for all u € Mats(k), so that au = Au = uB for all u € Maty(k), and so B = al
and a € Ry as B € SLy(Ry). Therefore, (A, B) = (al,al) for a € p,(Ry).

Conversely, for a € p,(Rp), it is obvious that (al,al) € ker(tz). Hence,
ker(ir) = po(Rp). O

By Lemmas 5.1 and 5.2, we obtain the following theorem:

75



Theorem 5.3. For every object R = (R,d) in k-drng, there is an exact sequence

of groups
1 — py(Ro) — SLy(R) x SLy(Ry) & GrAut(#%), (5.2.8)
where Ry = ker d. Furthermore, the exact sequence is functorial in R. O

In general, 1 fails to be surjective. However, it has properties analogous to
the surjectivity of the quotient morphisms of k—group schemes. More precisely, we
have the following Propositions 5.4 and 5.5. We say a morphism R = (R,dgr) —
S = (5, dg) in k-drng is érale if the homomorphism R — S of rings is étale.

Proposition 5.4. Let R = (R, dg) be an object in k-drng such that R is an integral
domain, and ¢ € GrAut(#r). Then there is an étale extension S = (S, ds) of R,
an element A € SLy(S), and an element B € SL4(Sy) such that

¢s =0a =1s(A, B), (5.2.9)

where Sy = ker dg, and ¢s is the image of ¢ under GrAut(#z) — GrAut(#s).

Proof. We first write ¢(L) = L ® r + T(xg), where € R, xq € sly(R). Then

S([LaL]) = (9 + 20)(L ® r + T(xo)),
[(L)rd(L)] = (8 + 2))(L @ r2 + T(rxq)).

We deduce from ¢([LyL]) = [¢(L)r¢(L)] that r* = r and rxo = xg. Since R is an
integral domain, » = 0 or 1. If » = 0, we obtain xo = rxo = 0, and so ¢(L) = 0.

This contradicts the injectivity of ¢. Hence, r = 1, i.e.,
o(L) = L+ T(xo). (5.2.10)

Recall that {o?,i = 1,2, 3} is a k—basis of sly(k). Let £ be the k[0]-submodule
of # generated by T(c"),i = 1,2,3. Then 4 is isomorphic to Cur(sly(k)). We
write ¢(T(0%)) = L@ r; + T(x;) forr; € R, x; € sly(R),i = 1,2, 3. Thus,

S([LAT(0")]) = (D + \)(L @ r; + T(x;)),
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[HL)AG(T(0")] = (0 + 2L @ ri + (0 + A\ T(x;)
+ )\T(TiXO) + T(Tzd(Xo)) + T([Xo, Xz])
We deduce from ¢([Ly\T(c%)]) = [¢(L)x¢(T(c%))],i = 1,2,3 that r; = 0 and

d(x;) = [x0,%;], @ = 1,2, 3. It follows that ¢(T(c")) = T(x;),7 = 1,2, 3. Hence,
O(PBr) C PBr and ¢|z, is an automorphism of Ax.

By Proposition 2.5, there is an R-linear automorphism ¢ of the Lie algebra
sly(k) ®y R = sly(R) such that ¢(T(x)) = T(¢(x)) for all x € sly(R).

It is known that SLy(R) acts on sl (k) ®j R functorially via conjugation, which
yields a morphism 7 : SLy — Aut(sly(k)) of k-group schemes. From (3.2.4),
there exists an étale extension S of R and A € SLy(S) such that

dg(x) = AxA™!,  x € sly(S). (5.2.11)

Since R — S is an étale ring homomorphism, there is a unique k—derivation dg
of S extending dz. Hence, S = (5, dg) is an étale extension of R (cf. Chapter 0,
Corollary 20.5.8 of [Gro64], or Lemma 1.16 of [Gil02]).

Now we consider the image ¢s of ¢ in GrAut(#s). From (5.2.10) and (5.2.11),

we obtain
¢s(L) = L+ T(xg), and ¢s(T(c")) = T(Ac'A™Y), i=1,2,3.
Then we deduce from [¢s(L)xés(T(09))] = (3 + N)és(T(o%)) that
ds(Ac'A™) =[x, Ac'A7Y], i=1,2,3.

Hence, a direct computation shows that xq = dg(A)A™.

Let 1) = ¢s 0 0, Then ¢y € GrAut(#s) and ¥|(y;), = id. Next we consider
Y| (#);- Suppose

$(G(u)) = G(r(u)), ue Maty(S5),

where v : Mat(S) — Mato(S) is a bijective S-linear map. Now we deduce from
P([TEAGW)]) = [P(T)a(G(u))]

that x - v(u) = v(xu) for all x € sly(.S) and u € Maty(.S). Then a straightforward
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computation shows that there is an element B € GLy(S) such that v(u) = uB™*
for all u € Mat,(5).
Next we show B € SLy(S)). Let u, v € Maty(k), then

P([G(u)1yG(v)]) = 2T (uv' — vu'),
[W(G(w) ¥ (G(v))] = 2T(uB ' (vB™!) —vB~ (uB ™))
= 2T(det(B~ ) (uv' — vu')).

It follows that det(B~!) = 1, so B € SLy(S).

For u € Mat,(k), we consider

sG] = (304 31) Glus™)
[W(G(u) (L)) = (%a + gx) G(uB™) + gG(ud(Bl)).

These yield that d(B~") = 0, and hence B € SLy(S,). Therefore, ¢ = ¢so06,; =

QI,B,i.e., ¢$:01,309A,1:0A,B. O

Proposition 5.5. Let R = (R, d) be an object in k-drng. If R is an integral domain

and the étale cohomology set H (R, p,) is trivial, then vy is surjective.

Proof. Given ¢ € GrAut(#%), as in Proposition 5.4, its restriction to %Ar yields
an R-linear automorphism ¢ of the Lie algebra sl,(k) ®y R, where & = k[0]T! @
k[0]T? @ k[0]T? = Cur(sly(k)). It is known that there is an short exact sequence

of k—group schemes
1 — po — SLy — Aut(sly(k)) — 1,
which yields a long exact sequences:
1 — p2(R) — SLy(R) — Aut(sly(k))(R) — HL (R, py) — -+

Hence, the triviality of H} (R, u,) yields that ¢ is the image of an element A €
SLy(R). i.e.,
#(T(x)) = AxA™" x € sly(R).

Then the proof of this proposition can be completed by similar arguments as in

Proposition 5.4. [
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Proposition 5.6. Let R = (R, d) be an object in k-drng. Then
Bo(R) = po(Ro), (5.2.12)
where Ry = kerd.

Proof. Itis obvious that p,(Rg) C py(R). Conversely, let r € py(R), then r? = 1.
Thus 2rd(r) = 0, and so rd(r) = 0, from which we obtain d(r) = rrd(r) = 0, i.e.,
r € Ry. This yields that r € p,(Rp). Therefore, po(R) = po(Ro). O

Theorem 5.7. Let R = (R,d) be an object in k-drng with R an integral domain.
Then
GrAut(WR) = AutR_Conf(WR). (5213)

Proof. Let ¢ € Autgr_cont(#%). It suffices to show ¢p(V @, R) C V @y R.
Recall that Z = k[0|T(c!) & k[0 T(0?) @ k[0]T(c3). If we write

&(T (o)) = Z 9™ (L ® Tim) + i,

rim € R,m; € Br,i=1,2,3, then

where 7, € k[\] ®x $r. By comparing the degree and coefficients of A in

S([T(e T (0")]) = [(T(e")ad(T(0")] i = 1,2,3,

we obtain M; = 0 and rfMi =0,7=1,2,3. Thusr;p;, = 0,7 = 1,2, 3, since R is an
integral domain, i.e., (T(c")) € PBr. Since B = Cur(sly(k)), by Proposition 2.5,

#(T(c") C (kT(c") kT (0?) @ kT(0%)) @x R CV @ R.
More precisely, there is an R-linear automorphism of the Lie algebra sly(R)
¢ :slh(R) = sh(R), o'+ x;i=1,23 (5.2.14)
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such that ¢(T(¢")) = T(x;),7 = 1,2, 3.
A similar argument using ¢([L,L]) = [¢(L)\¢(L)] yields that

S(L) =L+ > 0" T(ym),

for yu, € slo(R). Then ¢([LnT(0")]) = [¢(L)x¢(T(c"))] implies
[Ym,%i] =0, fori =1,2,3,m > 0.
Applying the inverse ! of the automorphism ¢ given by (5.2.14), we obtain
[ (ym),0'] =0, fori=1,2,3,m > 0.

Since {0*,i = 1,2,3} is a basis of sly(k) and ¢~ (y,,) € slo(R), we deduce that
0 Y (ym) =0form > 0,and soy,, = 0,m > 0. Hence,

¢(L) = L+ T(yo),

ie., (L) € V @y R.

Next we consider the odd part. By considering
O([LaG(u)]) = [#(L)rd(G(u))],
for u € Mat,(k), we obtain ¢(G(u)) € V ®x R. Hence, ¢ € GrAut(#z). O
Corollary 5.8. Let R = (R, d) be an object in k-drng. If R is an integral domain

and H.,(R, p2) is trivial, then

SLQ(R) X SLQ(R())

AutR-conf( WR) = Mo (RO) ,

(5.2.15)
where Ry = kerd.
Remark 5.9.

e Since k is an algebraically closed field of characteristic zero, H} (k, p2) is

trivial. Hence,

Attbycont(#) T A (5.2.16)
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e For D = (k[t?]q € Q] 4), the étale cohomology set HL(D, po) is trivial
([GP08a, Theorem 2.9]) and lA)o = ker(%) = k. Hence,

~

SLy(D) x SLy(K)
(=12, —12))

which is the result of Proposition 3.69 in [KLPO9].

1%

Auts . (#5) : (5.2.17)

Recall that, for one of the N = 1,2,3 conformal superalgebras %, the au-
tomorphism group functor Aut(.#y) has a subgroup functor GrAut(.#}y) satis-
fying nice properties (i) and (ii) of Remark 4.10. For the small N = 4 confor-
mal superalgebra %, Aut(#’) also has a subgroup functor GrAut(%#") defined
by (5.2.1). Analogous to property (ii) of Remark 4.10 in the N = 1,2, 3 cases,
Theorem 5.7 shows that GrAut (%) coincides with Aut(%’) when evaluating at
R = (R, d) with R an integral domain.

Next we will discuss the properties of Aut (%) analogous to (i) of Remark 4.10,
which states that GrAut(#y) = Oy o f, where

f:k-drng — k-rng, R = (R,d) — R (5.2.18)

is the forgetful functor, and O is the group functor of NV x N—orthogonal matrices.
In particular, O is representable by an affine group scheme of finite type. Base on

the result:

~

Auts o (#5) = (SLa(D) x SLy(k))/((—I, —I2))

obtained in [KLP09], it was conjectured in [CP11] that GrAut(#') = Gof, where
G = (SLy x SLy(k))/p,, and SLy(k) is understood as the affine constant group
scheme defined by the abstract group SLy (k). Theorem 5.3 shows this conjecture
fails to be true.

Besides the forgetful functor § defined by (5.2.18), there is another funtor

t: k-drng — k-rng, R = (R,d) — Ry := ker(d), (5.2.19)

involved in our discussion on GrAut(%#'). For R = (R,d) in k-drng, it is easy
to show that Ry = ker(d) is a commutative associative ring over k. R, is usually
called the ring of constants of R ([Gil02]).

Now the functor GrAut(%#) can be described by using the language of group
functors as follows:
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Proposition 5.10. The group functor GrAut(¥#') fits into the exact sequence® of

group functors
1 — pyof— (SLyof) x (SLyot) = GrAut(¥#). (5.2.20)
Moreover, 1 satisfies properties in Proposition 5.4. O

Proposition 5.10 is an analogy of the property (i) of Remark 4.10. Combining
with Theorem 5.7, we observe that the automorphism group functor Aut(%#) is
closely related to affine group scheme of finite type. These relations can be under-

stood as the “weak representability” of Aut(%#).

5.3 Twisted loop conformal superalgebras

Analogous to the N = 1,2, 3 conformal superalgebras, once the automorphism
group Autgs . (#5) is known, we can classify the twisted loop conformal superal-
gebras based on #. This classification has been completed by V. G. Kac, M. Lau,
and A. Pianzola in [KLPO09]. For the sake of completeness, we state their results in

this section without repeating the proof.

Theorem 5.11 (Theorem 3.71 of [KLP09]). The k—isomorphism classes of twisted
loop conformal superalgebras based on W bijectively correspond to conjugacy
classes of elements of finite order in PGLy (k). In particular, there are infinitely

many non-isomorphic twisted loop conformal superalgebras based on W .

Recall that Auts  (#5) = % and the group Z acts on SLy (k) triv-

ially, it has been proved in [KLP09] that the pointed set H., (Z %) is
identified with the set of conjugacy classes of elements of finite order in PGLy (k).
This gives the classification of twisted loop conformal superalgebras based on #
up to isomorphism of D—conformal superalgebras.

To deduce from isomorphisms of D—conformal superalgebras to isomorphisms
of k—conformal superalgebras, the centroid of each twisted loop conformal super-
algebra L(#', o) has been explicitly computed in [KLP09]. This result can also be

obtained by applying our Proposition 2.12.

%A sequence of functors from the category k-drng to the category of groups is called exact if it
is an exact sequence of abstract groups when evaluating at each R in k-drng.
For two functors F and H from k-drng to the category of groups, their direct product F x H is
defined to be the functor assigning each R to the direct product of abstract groups F(R) x H(R).
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Proposition 5.12. For every o € Auty.con(#') of finite order, the canonical homo-
morphism D — Ctdy(L(#, o)) is an isomorphism.

Proof. From Remark 5.9 and the explicit construction in Lemma 5.1, every k—
automorphism o fixes L, i.e., (L) = L. In addition, % is a free k[0]-module gener-
ated by Land T*,i = 1,2, 3, where each T* satisfies [L\T°] = (0+\)T%,i =1,2,3.
On the other hand, 74 is a free k[0]-module generated by G, G2, G, G_, and they
have the same conformal weight % with respect to L. Applying Proposition 2.12,

the assertion follows. O]
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Chapter 6

The large N = 4 conformal

superalgebra1

In this chapter, we will focus on the large N = 4 conformal superalgebra .#. The
central extensions of the Lie superalgebra induced by the untwisted loop conformal
algebra L(.# ,id) are called the large (or big, or maximal) N = 4 superconformal
algebras in physics literatures. They were discovered in [STVP88] and have in-
spired subsequent work such as [DST88], [Van91], and [Ras02]. In particular, the
global and local automorphisms of the large N = 4 superconformal algebras have
been studied in [DST88], based on which a twisted large N = 4 superconformal

algebra has been created in [Van91].

The purpose of this chapter is to complete the classification of twisted loop
conformal superalgebras based on .# . Since .Z is a free k[0]-module of rank 16.
The computation of the automorphisms of the large N = 4 conformal superalgebra
is more complicated than the computation for the N = 1,2 3 and small N = 4
conformal superalgebras. Nonetheless, the automorphism group Auts_  (.#5)
will also be explicitly determined, where .Z5 will always denote .# ® D in this
chapter. It is relevant to point out that our work shows that the automorphism group

Auty cont(#) is in fact larger then the one described in the physics literature.

The main results of this chapter are Theorem 6.5, which characterizes the au-
tomorphism group Auts . (.#5), and Theorem 6.9, in which the classification
of the twisted loop conformal superalgebras based on .# have been completed.
We will also pass to the two Lie superalgebras induced by the two non-isomorphic
twisted loop conformal superalgebras based on .# and show that there is no col-

lapse occurring to the isomorphism classes of Lie superalgebras.

A version of this chapter has been submitted for publication. A preprint version [CP13] is
available on Arxiv
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6.1 Thelarge N = 4 conformal superalgebras

In this section, we will review the definition of the large N = 4 conformal super-
algebra ./, and re-formulate the generators and relations of .#. With new gener-
ators, all automorphisms of the D-conformal superalgebra .#z will be explicitly

written down in a nice matrix form.

We start with the definition of the large N = 4 superconformal algebras, which

are a family of Lie superalgebras g(y) parameterized by one parameter v # 0, 1.

More precisely, g(v) = g(7)s @ 9(7)1, Where
a(7)o = spany, {E, Ly, T ﬁm‘z =1,2,3,m € Z} :

a(7)1 = span, {éﬁﬂ, an/

p=1234,m §+Z},

¢ is a central element of g(y) and the superbracket on g(~y) is defined in [STVP88]

as follows:
= 3

[Emv in] = (m — )Lty + 5557 0m,—nC, [T#a T;J] =0

12

Lo, Unl = —nUppsns Lo, T = —nTE,

(T3, T) = € Tl — 12=0i0m, -0y [T, U,] =0,

(T To] = e Tolin = i 0iidm,nCs [Ums Un] = —f55857,

(Lo Q) = = (3m + 1) Qs U, Q2] =0,

Lo, G2 = (3m =) G U, G2) =m0

Qb Q] = — oy, T3, Qi) = Sy 0 Qo
[T, Gh) = Yoay 0 (GE L — 201 = 1)mQL ),

[T, Gh ] =30 0 (GE L+ 29ymQY ),

[anu é?ﬂ] = 6qujm/+n’ +2 2?21 (OfHT—H - a;;’f_i ),

pq m/+n/ ml+n/
[(N}Zw é?ﬂ] - 25pqim’+n’ + %5pq5m’,—n’(m/2 - 1/4)5
+4(n" —m') Z?Zl(”ya%Tﬁ}Jrn, + (1 - ’y)alj;T;l’}Jrn,),

fori,j =1,2,3,p,q = 1,2,3,4, m,n € Z, m',n’ € %+Z, and o* are 4 x 4—
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matrices given by

o1 1
O‘zij - i§(5ip54q — 0ig0sp) + o Civa-
By setting
Ly, =Ln+ (v — D(n+ 1)U,, T =T, U, =U,,
G =G +200 =) +3)Qu QU =QL c=g5a=6

forn € Z,n' € § + Z, the Lie superbracket on g() is written as
(Lo, L) = (m = )L + ™56, [T+ T9] =0,

Loy Un] = —0Uppn — 2515, (2 — )¢, [Lyp, TE] = —nTE

m+n>

[T;f,Tf{j] = eijkT+k - %5m,—n5ij(1 - V)C, [Tff, Un] =0,

tn
[T, Tl = €ije T, — B0m,—ndigyC, [Un Un] = =% 0m,—nC,
L, Qu] = — (zm +n') Qs [Unm, Q] = 0,

Lo, G = (3m —n') GE ., [Un, GoJ] =mQ) s

(@, QL] = = 30pg0m, s (T Qo] = gt g Qs
[T Gh = > o (G —mQE ),

[T Gl = 2oy g (Gl + mQ ),

[Qrs Gy = 0pg U + 2 Z?:l (O‘;qiTH - O‘;iT_i )

m’> m’+n’ q —m/+n’

2n/+1 1
- n3 5m’,—n’5pq(7 - 5)0’

2m’)?2—1
[an/, G;I_L/] - 25pqu/+n/ —‘I— ( 1)2 5777/,—7’1/ pqc

+2(n' —m/) Z?:1(04;;T+i cAa T ),

m’+n pq —m/+n’

fori,j=1,2,3,p,¢q=1,2,3,4,m,n € Z,andm’,n’ € 1 +Z.

The Lie superalgebra g()/ke is called the centreless core of g(7). We observe
that all the g(v)/ke’s for v # 0,1 are isomorphic. We denote this common Lie

superalgebra by g. In other words, every g(~) is a central extension of g.

To the Lie superalgebra g, one associates the conformal superalgebra .#, whose
underlying 7 /27Z—graded k[0]-module is

A = (k[0] @ Vg) @ (k[0] ® Vi),
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where V5 = kL & @;_, (kT' © kT~') & kU and V; = @, , (kG” & kQP). The
A-bracket on .# is given by:

[L\L] = (0 + 2)\)L, [
[LAU] = (0 + MU, [
[T=ATH] = €T, [
[LAQY] = (9 + 3A) @7, [UAQ7] =0,
[LAGP] = (8 +34) G, [
[QP,Q7) = [
[THAGP] = 24 ap (GT=AQ7), |
[

q=1 ""pq

Q] = T 0
TAGP) = Yoo 0y (G1 4 AQY),

QP\GY] = 6,,U + 2 ZZ 1(04”T+i — ozquiT*").

[GPAGY] = 20,,,L — 2(0 + 2)) ZZ l(oﬁqiT“ + oz;;T_i),
fori,7=1,2,3,and p,q =1,2,3,4.

To simplify computations, we introduce the following notation:
(x) )T
(x) == —i(219 + 22) T+ (212 — 291) T2 + 21z, T2

G(u) = i(uia + o1 )G — (u12 — u21)G? — i(ugy — ug)G?
Q(u) = i(u2 + U21)Q1 - (Uu - U21)Q2 —i(un — Uzz)Q3

—i(x12 + 221 (x12 — 3521)TJr2 + 2izy T

+
+
+ (u11 + ug)G*
+ (w11 + ug)Q*
forx = (x;;) € sla(k),u = (u;;) € Mato(k). With this new notation, the A\-bracket
on .7 is rewritten as:
LyL] = (0 + 2\)L,

[ [

[L\U] = (0 + MU, [LyT*(x)] = (0 + A\)T*(x)
[T*(x), T*(y)] = T*([x, y)), [T(x),U] = [UxU] = 0
[LAQ()] = (0 + 3)) Q(u), [U,Q(u)] = [Q(u),Q(v)]
[LAG(u)] = (0 + 3)) G(u), [UxG(u)] = AQ(u)
[T+(x)\G(w)] = G(xu) = AQ(xu),  [T*(x),Q(u)] = Q(xu),
[T~ (x)\G(w)] = —G(ux) = AQ(ux), [T~ (x)x\Q(u)] = —Q(ux),
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[Q(u),G(v)] = 2tr(uv’)U — T (uv’ — vu') + T~ (ulv — viu),

[G(u),G(v)] = 4tr(uv’)L + (9 + 2X) (T (uv! — vu') + T~ (u'v — viu)),
where x,y € sly(k),u,v € Maty(k), and { : Mate(k) — Maty(k) is the standard
sympletic involution defined by (5.1.2) in Section 5.1.

6.2 The automorphism group

We will determine the automorphism group Auts . .(.#5) in this section by ex-

plicitly constructing all automorphisms of the D—conformal superalgebra .Z5.

To simplify notations, we write 0:=0®id+id® d; for short. We always
use V' to denote the k—vector space spanned by {L, T** U, GP, QP|i = 1,2,3,p =
1,2,3,4}. Note that #Z5 = k[0] @i V ®x D as k—vector spaces. V' can be identified
with the subspace k ® V' ® k in .#5. Hence, we also identify an element n € V
with its image 1 ® n ® 1 in 5.

Lemma 6.1. There is a group homomorphism
11 : SLy(D) x SLy(D) — Autg,,, (M), (A B)r O, (6.2.1)
where 04 p is the automorphism of the ﬁ—conformal superalgebra M5 given by
0a,(L) =L+ TH(dy(A)A™) + T (d(B)B™),
045(TT(x)) =TT (AxA™), 04p(T (x)) =T (BxB™),
045(U) =1, 0.4,5(Q(n) = Q(AuB™),

045(G(u)) = G(AuB™!) — Q(d;(A)uB~! — Aud,(B™1)),
for x € sly(k),u € Maty (k).

Proof. Recall that the underlying D-module of Mz is k[0] @ V @k D. The for-
mulas define a D-module homomorphism V' &y DV Rk D, which is uniquely
extended to a D—module homomorphism 04 p : A5 — M5 satisfying dob AB =
Oapo 0.

Based on Lemma 2.3, it can be proved that 04 p is a homomorphism of D—

conformal superalgebras by verifying

Oa5([(m @ Da(ne @ 1)]) = [0a,5(m @ 1)r04,5(n2 @ 1)]
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for all n;,m, € V. This can be accomplished through a direct computation. As an

example, we show the proof for ; = Q(u) and 17, = G(v) with u, v € Mats (k).

04,5([Q)1G(V)])
= 2tr(uv)04 p(U) — 04 5(T (uv’ —vu')) + 04 5(T" (u'v — viu))
= 2tr(uv)U — T (A(uv! — vu')A™) + T7(B(u'v — viu)B™),
[04.5(Q(1))r04,5(G(v))]
~ [QUAUB\(G(AVE ) — Qd (4B~ — Avd,(B~)))
= 2tr(AuB~ ' (AvB~ YU
— T (AuB ' (AvB™")! — AvB~'(AuB™ 1))
+ T ((AuB ) AvB™ — (AvB™ ) AuB™)
= 2tr(uv)U — T (A(uv! — vu')A™) + T (B(u'v — viu)B™),

A similar computation also shows that

9141731 © 9142,32 (77 ® 1) = 0141142,3132 (77 ® 1)7

~

for Ay, Ag, By, By € SLy(D) and all n € V. We thus deduce by Lemma 2.3 that

04,8, © 04,8, = 04,4588,

We also observe that 0y, ;, = id, where I, is the identity matrix. Hence, the above

equality implies that 64 j is invertible and
11 : SLy(D) x SLy(D) — Auts_ . (M5), (A, B) = 04

is a group homomorphism. [

Lemma 6.2. There is a group homomorphism

1y 1 Go(D) — Aty (Ap), s> T, (6.2.2)
where T is the automorphism of the ﬁ—conformal superalgebra .M defined by
(L) =L+U®s, 7(T"(x)=T"(x), 7(T7(x)) = T (x),
7(U) = U, 7:(G(u)) = G(u) + Q(su),  7(Q(u)) = Q(u),
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for x € sly(k) and u € Mats (k).

Proof. An analogous argument as in Lemma 6.1 shows that the formulas define a
homomorphism of D—conformal superalgebras 7, : .#5 — M5 for every s € D
and 7,5, 0 Ts, = Ty s, LOT S1, 82 € D. Observing that 7y = id, we obtain that 7, has

an inverse 7_4 and ¢y is a group homomorphism. 0

Lemma 6.3. There is an automorphism w of the ﬁ—conformal superalgebra Mz

such that
w(L) =L, w(T™(x)) =T (x), w(T™(x)) = T"(x),
w(U) = -1, w(G(u)) = G(uh), w(Q(u)) = —Q(u"),

forx € sly(k) and u € Maty (k). In addition, w* = id.
Proof. The proof is similar to that of Lemma 6.1. [
Lemma 6.4.

(i) For A, B € SLy(D) and s € G4(D), 750045 = 0450,

(ii) For A, B € SLg(lA?), woblspow="0pa.

~

(iii) For s € G,(D), woTsow = T_.
Proof. (i) From Lemma 2.3, it suffices to show
Ts © QA,B(n ® 1) = QA,B OTS(T] ® 1),

for all n € V. This can be verified by a direct computation. The proofs for (ii) and

(iii) are similar. ]
Theorem 6.5. There is a group isomorphism:

SLy(D) x SLy(D)
(=12, —12))

At (M) = ( X Ga(f))> X 7,/ 2Z. (6.2.3)

Proof. From Lemmas 6.1-6.4, there is a group homomorphism:

L (SL2(E) % SLa(D) x Ga(f))> X 7)2Z — Auts, (M),

(A, B,s,e) — 45 0Ts0uw".
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We claim that ¢ is surjective, i.e., every gb € Auts . (#5) is of the form
04,5 o Ts ow* for some A, B € SLQ(D), se€D,ande € {0,1}.

To prove the claim, we first consider the action of ¢ on the even part (.#5)s.

We observe
A5 =k[0|L & € @ k[0]U,

where ¢ = @?_, (k[0] T ®k[0]T ). Moreover, 8 := € ®k[0]U is an ideal of .4
and 4 is isomorphic to the current Lie conformal algebra Cur(sly (k) @ sly (k) @ k).

Next we show that ¢(Bgz) C Bs. Letn = T, i =1,2,3 or U. Write

M o~
= Z I"(L®ry,)+17,

m=0

where 7, € D and 1y’ € Az. Then

= ¢([mn]) = [p(n)rd(n)]

M
= ) (=N™@+ N0+ 20)L @ty + 2L @ dy (1 )1)
m,n=0
M M N
+ ) NML @ )]+ (0 + )" A (L@ )] + [ 31
m=0 n=0

Since [(L @ rp)an'], [0'x(L & 1)), [7',31'] € k[A] @k B3, we deduce that

0= (=N)™@+N"((0+2NL ® 17y + 2L @ de(ryn) 1)

m,n=0

Comparing the coefficients of A and noting that Disan integral domain, we obtain
M =0andry = 0,ie., ¢(n) =1 € Bp. Since T+ i = 1,2,3 and U generate A
as a k[0]-module and ¢ is a D-module homomorphism satisfying ¢ o d=20o 0,
we conclude that ¢(%5) C HBp.

Furthermore, we deduce from T#% (o) T*/ = ¢;;, T** that
€ijkd(T™) = O(T*) 00(T™) € (B5)0)(PB5) C Cp,
for k = 1,2,3. It yields that ¢(¢5) C €5.
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Therefore, the restriction (;5|<g15 is an automorphism of €. It is known that
€5 = Cur(sly(k) @ sly(k)) 5.

Given that sl (k) @ sly(k) is a semisimple Lie algebra over k, by Proposition 2.5,

~

there are two elements A, B € GLy(D) such that either of the two following con-
ditions is satisfied
o(T*(x)) = T*(AxA™), and ¢(T~ (x))
H(T*(x)) = T~ (AxA™), and 6(T~ (x))

T (BxB™), (6.2.4)
T (BxB™"). (6.2.5)

Since any unit of Disa square, there is no loss of generality in assuming that
A, Be SLQ(ﬁ). We take 1) := qﬁo@Af}B if ¢ satisfies (6.2.4), or ) := ¢ow002}3 if ¢
satisfies (6.2.5). Then ¢ is also an automorphism of the D-conformal superalgebra

Mz and always satisfies
YT (x)) = T*(x), and (T~ (x)) = T (x), (6.2.6)
for all x € sly(k).
To determine 1/(U), we observe that k[0]U @y D is the center of Az, which
is preserved under ¢. Hence, ¢(U) = P(9)U, where P(0) is a polynomial in

the indeterminate O with coefficients in D. Then the bijectivity of v yields that
P(8) = r is a unit element in D, i.e., ¥»(U) = U @ r for a unit element r € D.

Next we consider the action of ¢ on the odd part (.#5)1. Suppose

P(G) =Y 0"G(um(w) + > 0"Q,(w)),

~

where v,,,, ), : Matq(k) — Maty (D) are k—linear maps. Then

([UaG(0)]) = [$(U)xip(G(u))]

yields



Comparing the coefficients of )\, we obtain M; = 0, i.e.,

¥(G(u)) = G(ro(u)) + i 0"Q(v,(w)),
d%QOﬁ)Z(QWMﬂu»-nO
Similarly, we deduce from
P([TT)AG()]) = [H(TT (%) (G(u))]
that My = 0 and
vo(xu) = xvp(1),  vh(xu) = xvj(u), rip(xu) = xvp(u), (6.2.7)
for x € sly(k), u € Maty(k). Furthermore,
YT x)AGW)]) = (T~ (%) (G(u))]
yields that
vo(ux) = m(u)x, vh(ux) = vj(w)x, rp(ux) = rp(u)x, (6.2.8)

for x € sly(k), u € Maty(k).

From (6.2.7) and (6.2.8), we conclude that » = 1, and there are s, s9 € D such

that vo(u) = s;u and vj(u) = sou, i.e.,

(G(u)) = G(s1u) + Q(sou),  P(Q(u)) = Q(s1u), ¥(U) =U.

Finally, the equality

P(Q(u)) ¥ (G(v)) = ¥(Q(u)0)G(V))

implies that s; = +1; while the equality



yields /(L) = L + U ® s155. Let s = 5159, we obtain

(L) =L+Uxs, P(G(w)) = G(s1u) + Q(s15u), (6.2.9)
¥»(U) =, P(Q(u)) = Q(s1u). (6.2.10)

Summarizing (6.2.6) and (6.2.9)-(6.2.10), we conclude that ¢ = 7, 0 07 5, 7. Hence,
¢ =Ts 0 eA,sB - QA,slB O Tg, OF ¢ =T50 HA,slB oW = HA,slB OTsOW.
We complete the proof of the surjectivity of «.

Next we will determine the kernel of «. On one hand, it is obvious that
(=15, —15,0,0) € ker.

On the other hand, we will show that (A, B, s,e) € ker: will lead to A = B =
+1,,s =0ande = 0. Infact, (A, B, s,¢) € keris equivalent to 4 po7sow® = id.
Hence,

U=6spo01s0w(U)=(-1)°U,

where € = 0 or 1. It follows that £ = 0.

Similarly, 64 p o 75(L) = L yields that s = 0, and hence

045(TH(x)) = T+(AXA D =T (x),
048(T"(x)) =T (BxB™") = T (x),
04,5(Q(n)) = Q(AuB™") = Q(u),

for all x € sly(k) and all u € Maty(k), i.e.,
Ax = xA, Bx = xB, and Au = uB,

for all x € sly(k) and all u € Maty(k). This yields that A = B = +1I,. Hence,
kert = ((—1z, —15,0,0)). Therefore, ¢ induces a group isomorphism

<SL2(E) % SLy(D) x Ga(ﬁ)> 7,27,
(=12, —15,0,0))

_ ( SLy(D) x SLy(D) -~
~ ( A AT Ga(D)> x 7,/ 2.

Autﬁ—conf(%’ﬁ) =
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]

Remark 6.6. The above theorem gives an explicit description of the automorphism
group of the D-conformal superalgebra .#5. Using the same arguments, we also

can obtain the automorphism group of the k—conformal superalgebra .# . In fact,

SLQ (k) X SLQ (k)
(=12, —12))

Aty cont( M) = ( x Ga(k)) 1 7,)27. (6.2.11)

6.3 Twisted loop conformal superalgebras

The classification of the twisted loop conformal superalgebras based on .Z will be
completed in this section. We will first compute the non-abelian cohomology set
H. (Z Autﬁ_conf(.//lﬁ)> , which yields the classification of the twisted loop confor-
mal superalgebras based on . up to isomorphism of D—conformal superalgebras.
Then we will derive the classification up to isomorphism of k—conformal superal-

gebras using the centroid trick (see Section 2.5).

Proposition 6.7. Every Z/)\/D—form of Mp is isomorphic to either L( ,id) or
L(A ,w) as D—conformal superalgebras, where w is the automorphism of the k—

conformal superalgebra .4 defined in Lemma 6.3.

Proof. Based on Theorem 2.9 and Proposition 3.4, D/D—forms of .#p are param-
eterized by the continuous non-abelian cohomology set H, (2, Autﬁ_conf(%ﬁ)>,

where Z := lim Z /mZ and the continuous action of Z on Autg (A7) is induced
H
by the continuous action of Z on D given by 't#/¢ = G PtP/4. Hence, the crucial

point of the proof is to compute the cohomology set HY, (Z Autﬁ_com,(//ﬁ)> .

By Theorem 6.5, there is a split short exact sequence of groups

1 —G— Auts

(M) = 127 — 1, (6.3.1)

where

~ ~

SLy(D) x SLy(D)
<(_[27 _12»

We observe that Z continuously acts on G through the action on D and Z acts

G:=G; x Ga(ﬁ), and G, =

on 7/27 trivially. With these 2—actions, the homomorphisms in (6.3.1) are all
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Z—equivariant. Hence, the exact sequence (6.3.1) induces an exact sequence of

non-abelian continuous cohomology sets

HL (2, G) — Y (Z, Autp o (p) ) " HL(Z,2/22). (6.3.2)

Since the exact sequence (6.3.1) is split, p has a section, and hence p is sur-
jective. Recall that Z acts on Z/27 trivially, we have H. (Z,7Z/27) = 7./27 =
{[0], [1]}. Since (6.3.2) is exact, the fiber of p over [0] is measured by Hit(z, G).
To compute Hit(z, G), we observe that 7 piecewise acts on G = G X Ga(f)). It
follows that

HY(Z, G) = HY{(Z,G1) x HY(Z, Go(D)). (6.3.3)
The group G fits into an exact sequence of groups

~ ~

1 — Z/27Z — SLy(D) x SLy(D) — Gy — 1.

Since Z/27 = {(—I5,—1I5)) is central in SLy(D) x SLy(D), it yields an exact

sequence of pointed sets

H.,(Z,7/2Z) — HY(Z, SLy(D) x SLy(D)) — H.(Z,G1) — H2(Z, Z./2Z).

Since SLos x SLs is a semi-simple group scheme, by Proposition 3.7 (i), the
non-abelian continuous cohomology set H., (2, SL,(D) x SLQ(ﬁ)) can be iden-
tified with the non-abelian étale cohomology H} (D, SLy x SLy), which vanishes

according to Proposition 3.7 (ii). Hence,
T, (Z, SL,(D) x SLQ(B)) ~0.

H2,(Z, 7./27.) also vanishes since it can be identified with HZ (D, w,), which is the
2-torsion of the Brauer group H%(D, G,,,) = 0. Therefore,

&
H.(Z,G1) = 0. (6.3.4)
From [Ser(02, 1.2.2, Proposition 8], we deduce that
H!\(Z. Gu(D)) = limH}\(Z/mZ, Go(Dy)).
Since D,,,/ D is a Galois extension with Galois group Z/mZ, H., (Z /mZ, G,(D,,))

96



H}(Dy/D, G, p) (see [KLP09, Remark 2.27] for details). Now, H} (D,,/D, G, p)
can be viewed as a subset of H} (D, G, ), which vanishes because our base scheme,
namely Spec(D), is affine (see [DG70a] 111.4.6.6). Hence,

H.(Z,G.(D)) = 0. (6.3.5)

Summarizing (6.3.3), (6.3.4), and (6.3.5), we obtain Hit(z, G) = 0, i.e., the fiber
of p over [0] contains exactly one element.

Next we consider the fiber of p over [1]. Twisting the Z—groups in (6.3.1) with
respect to the cocycle j : Z Auts (#5),1 — w, we deduce that the fiber of
p over [1] is measured by Hit(i,z,(}). As Z—groups, ;G =Gy x 3Ga(f)). Hence,
we also have

H.(Z,,G) = H\(Z, ,G1) x HY(Z, ,G4(D)). (6.3.6)

~

To compute H, (Z, ;G1), we also have an exact sequence

1 — Z/27 — ((SLy(D) x SLy(D)) — ,Gy — 1.

~ ~

Since w trivially acts on the subgroup ((—15, —1I5)) of SLy(D) x SLy(D), it follows
that [(Z/2Z) = Z/2Z. Hence, there is a long exact sequence

Hi\(Z,2/2Z) = Hy(Z,,(SLa(D) x SLy(D))) = HY(Z,,Gr) — HE(Z,Z/27).

We have seen that H2 (Z, Z/2Z) = 0. Further, by the same reasons given above
H! (Z 5 (SLQ(IA)) x SLy (lA)))) can be identified with the non-abelian étale cohomol-
ogy Hi (D, ;(SLy x SLy)), which vanishes since ;(SLy x SL) is also a reductive

group scheme over D. Hence,
H.,(Z,,G1) = 0. (6.3.7)

To understand Hit(z, 3Ga(l3)), we first observe that ;G is a twisted form of
G, (more precisely of the D-group G, p) associated to the cocycle 3 : 7 —
Aut(Go(D)), 1~ —id, viewed in a natural way as an element of H, (D, Aut(G,)).

The natural D-group homomorphism G,, — Aut(G,) yields a map
¢ :Hy (D, Gp) — Hiy(D, Aut(Gy,)).
Since the class [3'] of 3’ is visible in the image of ¢ and H, (D, G,,) = Pic(D) =0,

(S
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we deduce that ;G is isomorphic to G, (or rather G, p to be precise). This yields
that
H.(Z,,G.(D)) C Hy(D,,G,) = Hy(D, G,) = 0. (6.3.8)

From (6.3.6), (6.3.7), and (6.3.8), we deduce that Hit(z, ;G) =0, i.e., the fiber
of p over [1] also contains exactly one element.

Consequently, H., (Z AUtﬁ-conf('///ﬁ)> contains exactly two elements, which
correspond to L£(.# ,id) and L(A ,w). O

Proposition 6.8. Let 7 := L(.# ,0) be the twisted loop conformal superalgebra
based on M with respect to an automorphism o of order m. Then Ctdy (%) = D.

Proof. From Remark 6.6, and the explicit constructions of automorphisms of .Z
in Lemmas 6.1-6.3, we observe that o satisfies either one of the following two
conditions:

Condition I: ¢(L) = L and ¢(U) = U.

Condition II: ¢(L) = L + aU for some « € k and o(U) = —U.

If o satisfies Condition I, then L is a Virasoro element in .# which is fixed by o.
Moreover, .#; is a free k[0]-module on the basis {L, T** U|i = 1,2, 3}, and each
of T* or U has primary weight 1 with respect to L. .# is also a free k[0]-module
with the basis {G?, QP|p = 1,2, 3,4}. Each G? has primary weight % = 0, and each
QP has primary weight 3 # 0. By Proposition 2.12, Ctdy (%) = D.

If o satisfies Condition II, we replace L by L, := L + U and replace G” by
G = GP 4 §QP for p = 1,2,3,4. Then ./ is also a k[J]-module generated by
Lo, T U,GP,QP,i = 1,2,3,p= 1,2, 3,4, and in .#, we have

[LoaLo] = (0 + 20N Ly,  [LoaTE] = (0 + T, [L,aU] = (0 + MU,

LoaGEl = 0+ 50GE, L@ = (04 5)Q

Then L,, T* i = 1,2,3,U,GE,QF,p = 1,2, 3,4 also give a set of generators of
A as k[J]-module and they satisfy all assumptions in Proposition 2.12. Hence,
Ctdx(#) = D. [

Theorem 6.9. Every twisted loop conformal superalgebra based on the large N =
4 conformal superalgebra .# is isomorphic to either L( ,id) or L(M ,w) as

conformal superalgebras over k.
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Proof. As pointed out in Section 2.2 that every twisted loop conformal superalge-
bra L(.#,c) based on .4 is a D/D-form of L(.#,id) = .#p (Proposition 2.8).
By Proposition 6.7, there are only two D /D—forms of .#p up to isomorphisms of
differential conformal superalgebras over D. They are L(.#,id) and L(A ,w).
From Proposition 2.10 and 6.8, we deduce that every twisted loop conformal su-
peralgebra based on .7 is isomorphic to either £(.# ,id) or L(.# ,w) as conformal

superalgebras over k. [

6.4 The corresponding twisted Lie superalgebras

As we have seen in Section 2.1, every twisted loop conformal superalgebra L(.# , o)
based on .# determines an infinite dimensional Lie superalgebra Alg(.#, o). In
particular, the untwisted loop conformal superalgebra £(.#,id) yields the Lie su-
peralgebra g described in Section 6.1, which is the centreless core of the large
N = 4 superconformal algebras created in [STVP88].

There is another twisted loop conformal superalgebra £(.# ,w) not isomorphic
to L(A ,id). L(A ,w) gives rise to another Lie superalgebra Alg(.#,w). In this
section, we will explicitly state the generators and relations of Alg(.Z,w), and
prove that it is not isomorphic to Alg(.#,id) as Lie superalgebras over k.

Recall that

L(AM, w) = @J//z ®kt%,
LeZ

where 4, = {a € M |w(a) = (—1)*a}. It can be directly computed that

k[0] @y span, {L, T+ + T, G*, Q*|i = 1,2,3}, if £is even,
k[0] ®j span, {U, T+ — T~* G*, Q'|i = 1,2,3}, if {is odd.

'%Z:

As a vector space, Alg(.#,w) = £(///,w)/5/j(///, w). We use 7] to denote the
image of an element ) € L(.#,w) in Alg(.# ,w). Then the following elements,

L, =L®tm, U =Utm,

T =(TH+T %) @, Ty = (TH =T @ 1™,
G — Gl O, = G4 @ tmF3,

Q= Qi @3, W = QP @ ™3,
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fori=1,2,3,m € Zandm' € %~|—Z, form a basis of Alg(.#, o). The superbracket

on Alg(.# ,w) can be written as:
Lo, L] = (m = 1)L g,
(Lm, T3] = =n'T5,,
L, Gy = (5m = )Gy
L, Qul = =(Gm +n)G,, s
(U, Un] = 0,

(U, Gl = m'Ql

[Um/7 Q’Z] = 0’
[T:,,T7] = € T
[T:TH Gf—u] = EijkG]:n+n/ — méij‘I/ern/,

[T, Q1] = €, QF, 10,
[‘]zn Jj ] = Eijka

1y Jdpt m/4+n'>

7 _ i
m’ an’] - Qm/+n/’

1

] J1 ! k
U:n’? Gn’] = 5ijq)m’+n’ —m EiijmUrn/?

Qi W] =0

QL. GY)) = 04U + €

[\Dm/, G;L.L/] - _’]:‘Z

m/+n’s

G! @] = (n—m')J!

m’+n?

[an/, G;,] = 25iij/+n/ — eijk(m’ —

m+n’’

[Lm7 Un’] - _n/Um-l-n’a
[LTﬂ?JZ’L/] - _n,Ji

m~+n’?

[L'rm q)n] = (%m - n)q)m+n7
Loy W] = — (2 4 0) Uy,
[Umlv T:L] = [Um’a J;/] - Oa

[Um’y (I)n] = m,‘llm’+m

[Upr, V] = 0,

[Th 3] = €ijad by,
(T3, ] = mQ} 4,

(T3, O] =0,

[Jis QU = 055V,
e, @] = =Gl
Q. Q1 =0

(W, U] = 0,

[ imq)n] = Tin—i—n’

[\Ijm’a (I)n] = Umurna

[(I)ma cI)n] = 2Lm+na

k
m/+n’>

fori,j=1,2,3,m,n € Zand m’,n’ € %—i—Z.

In fact, the twisted large /N = 4 superconformal algebra described in [Van91] is

isomorphic to a central extension of the Lie superalgebra Alg(.Z,w).



Proposition 6.10. The two Lie superalgebras Alg(.# ,id) and Alg(.# ,w) are not

isomorphic.

Proof. We will show that the two Lie superalgebras Alg(.#,id) and Alg(.#,w)
indeed have non-isomorphic even parts Alg(.Z,id); and Alg( A, w)s.

Recall from Section 6.1 that
Alg(A ,id)g = spany {L,,, T U, |i = 1,2,3,m € Z},
in which v := span, {L,,|m € Z} is isomorphic to the centreless Virasoro algebra,
s5; .= span, {T/" T, /l/m € Z}, i=1,2,3, and 5 := span, {U,,|m € Z},
are all abelian Lie subalgebras. They satisfy

Alg(%,id)ﬁ = 0D 5y D51 D52 D s3.

Similarly, we know that

Alg( M ,w) = spany {Ly,, T" | J , Uli =1,2,3,m € Z,m' € % + 7},

m>»Ym’»

in which b := span, {T? ,Ji ,, U,|i = 1,2,3,m € Z,m’ € + + Z} is an ideal.

Suppose ¢ : Alg(.#,id)y — Alg(4 ,w)p is an isomorphism of Lie algebras.
We consider the composition

b0 Alg(,id)y S Alg(,w)g — Alg( A ,w)s/b = v,

which is an endomorphism of the centreless Virasoro algebra. By Lemma 4.15 (i1),

either ¢ = 0 or ¢ is injective.

If = 0, ¢(v) C b. Foreach i = 0,1, 2, 3, we consider
;50— Alg(t,id) & Alg(t,w) — Alg( M, w)p/b = v,

which is a homomorphism from an abelian Lie algebra into the centreless Virasoro

algebra. By Lemma 4.15 (i), the image of ¢; has dimension at most one, i.e.,
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for some x; € Alg(.#,w);. It follows that
o(Alg( A ,id)5) C d(0)+P(s0)+P(51)+P(52)+0(83) C kwo+kr +kag+krs+b,

which contradicts the fact that ¢ is an isomorphism.

Hence, we conclude that ¢ is injective. It follows from Lemma 4.15 that ¢(Lg) =
Lo for some nonzero integer /, i.e., ¢(Ly) = Lo + x for some x € b. Note that
Alg(.# ,id); has a k-basis {L,,, T" U, |i = 1,2,3,m € Z}, and

[Lo, L] = —mLy,, [Lo, TE] = —mTE . [Lo, Up] = —mU,,.

We deduce that if z € Alg(.#,w); = ¢(Alg(#,id)s) such that [¢(Ly), z] = az

for some a € k, then a is an integer. However, for U 1 € Alg( A ,w)p, we have

[6(Lo), U] = [3Lo +a,Us] = —5U

1
57

which yields a contradiction. Hence, Alg(.#,id)g is not isomorphic to Alg(.# , w)g.
O

Remark 6.11. Let .# () be the conformal superalgebra associated to g(y). From

the relations

[LAL] = (0 + 2)\)L + %)\30, and [L\U] = (0 + A\)U — % (7 - %) e,

in . (), we observe that the automorphisms 7, with s € k as defined in Lemma 6.2
and w of .# created in Lemma 6.3 can not be lifted to an automorphism of .Z ()
if v # % This would seem to justify the absence of one-dimensional central exten-
sions of Alg(.#,w) in [STVP88] when vy # 1.

In contrast, both the automorphism 7, and w of .# can be lifted to automor-

phisms 7, and & of .#(3). The action of 7, and & on . (3) is explicitly given

by:
rs(L) =L+ sU — %c, 7+ (U)=U— ic, As(Tﬂ) _ Tii7
Af(G(u» = G(u> + Q(Su)7 AS(Q(U)) = Q(U_), As(C) =cC
“(L) =L, &(U) = -, &(T*) = T#,
&(G(u)) = G(u), &(Q) = —Q(u'), &) = ¢,



fori =1,2,3,u € Maty(k).

There is a natural (injective) group homomorphism from Auty_conf (/// (7)) —
Aut (g(y)) The above considerations applied to the case v = % show that the group
of automorphisms of g(%) is indeed larger than the one described in the physics

literature.
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Chapter 7

Conclusion

The main ingredients of this dissertation are the automorphism group functors and
the classification of the twisted loop conformal superalgebras based on each of the
N =1,2,3 and (small or large) N = 4 conformal superalgebras over k, which are
the conformal superalgebras of particular interest in theoretical physics.

For the N = 1,2, 3 conformal superalgebra %y over k, we have completely
determined the automorphism group of the R—conformal superalgebra #y @y R
for an arbitrary k—differential ring R = (R,d) with R an integral domain (see
Theorem 4.9). We did the same for the small N = 4 conformal superalgebra
W with the additional assumption that HZ (R, ) is trivial (see Corollary 5.8).
On the one hand, these results allow us to observe relationships between the au-
tomorphism group functor Aut(<7) and certain affine group schemes (see Theo-
rem 4.9, 5.7, and Proposition 5.10) for &/ = %y with N = 1,2,3 or #. Such
relations are analogies of the representability of the automorphism group functors
of usual finite dimensional algebras and motivate us to further investigate such re-
lations in a general setting, such as for an arbitrary finite simple conformal su-
peralgebra. On the other hand, specializing these results to the situation where
R =D = (k[t?]q € Q) 4), we obtain the automorphism group Autz (% @ D),
which is used in the classification of twisted loop conformal superalgebras. With
the intent of classifying twisted loop conformal superalgebras, we also derived the
automorphism group Auts (A4 ®y 23) for the large N = 4 conformal superal-
gebra .7 (see Theorem 6.5).

All of the above results concerning automorphism groups were obtained by ex-
plicitly constructing all of the automorphisms. In order to write down these au-
tomorphisms, we made an appropriate choice of generators which simplified the
defining relations for the small N = 4 and large N = 4 conformal superalgebras.
In the small N = 4 case, such a choice simplifies the description of automorphisms
of W Ry D given in [KLPO9] and enables us to consider the automorphisms of
W ®y R for an arbitrary k—differential ring R in Chapter 5.

104



Using the results on automorphism groups, we completed the classification of
the twisted loop conformal superalgebras based on <7 up to k—linear isomorphism
for each of the N = 1,2, 3 and (small or large) N = 4 conformal superalgebras
&/ in Theorems 4.14, 5.11, and 6.9, respectively. The main idea behind the clas-
sification comes from the general theory of twisted forms of differential conformal
superalgebras developed in [KLP09]: each twisted loop conformal superalgebra
based on .7 is viewed as a D /D-twisted form based on &/ ®y D and then they
are classified (up to isomorphism of D—conformal superalgebras) in terms of the
non-abelian cohomology sets H, (Z, Auts (A @k ﬁ))

Finally, we deduce the classification up to isomorphism over D to the clas-
sification up to isomorphism over k using the so-called “centroid trick”, which in-
volves justifying that the canonical map D — Ctdy(L(<7, o)) is a bijection for each
twisted loop conformal superalgebra £(.<7, o). In order to prove this, we obtained
a more general result about the centroid of a twisted loop conformal superalgebra
satisfying certain properties (cf. Proposition 2.12).

The research presented in this dissertation is part of the increasingly active in-
vestigation of infinite dimensional Lie theory which makes use of non-abelian Ga-
lois cohomology and descent theory. Such methods are based on the viewpoint that
a twisted affine Kac-Moody algebra (derived modulo its center) is a D / D-twisted
form of g ®, D, for a finite dimensional split simple Lie algebra g over k. This
viewpoint allows one to investigate twisted affine Kac-Moody algebras using de-
scent theory. In the conformal setting, we also hope to use descent theory for the

investigation of twisted loop conformal superalgebras in the near future.
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