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Abstract

This study formulates a host-pathogen model driven by cross-diffusion to examine
the effect of chemotaxis on solution dynamics and spatial structures. The negative
binomial incidence mechanism is incorporated to illustrate the transmission process by
pathogens. In terms of the magnitude of chemotaxis, the global solvability of the model
is extensively studied by employing semigroup methods, loop arguments, and energy
estimates. In a limiting case, the necessary conditions for chemotaxis-driven instabil-
ity are established regarding the degree of chemotactic attraction. Spatial aggregation
may occur along strong chemotaxis in a two-dimensional domain due to solution explo-
sion. We further observe that spatial segregation appears for short-lived free pathogens
in a one-dimensional domain, whereas strong chemotactic repulsion homogenizes the

infected hosts and thus fails to segregate host groups effectively.

Keywords: host-pathogen model; chemotaxis; boundedness; aggregation; segregation

MSC codes: 92D30; 92D50; 35B35; 35K57

*Corresponding author. Email: hao8@Qualberta.ca



1 Introduction

Pathogenic organisms including viruses, bacteria, fungi, parasites, and helminths have sig-
nificant effects on the dynamics of their host as demonstrated in a series of theoretical
studies beginning with the work of Anderson and May [1-3]. Microbial pathogens continue
to be a prominent etiological factor underlying infectious diseases affecting both humans
and animals, as well as plants. In recent years, mathematical and computational approaches
have effectively been employed to investigate host-pathogen models from several perspec-
tives [4-8].

In [5], Dwyer proposed a host-pathogen model in a one-dimensional space to compare
the spatial spread of the viruses Gilpinia hercyniae and Oryctes rhinoceros in the form of

the following system of equations:
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Here, v1 = vi(x,t) and vy = wy(x,t) are the density of susceptible and infected hosts at
position = and time ¢, respectively. vs = v3(x,t) is the concentration of the pathogen in an
external environment at position z and time ¢. The underlying modelling assumptions are
that (i) hosts move randomly with constant diffusion rate D > 0 while pathogens exhibit
no capability for movement; (ii) hosts adhere to the principle of logistic growth with the
intrinsic growth rate » > 0 and the carrying capacity K > 0; (iii) susceptible hosts can
only be infected by pathogens obeying the mass-action law Svivs with 5 > 0, and infected
hosts reduce at the rate # > 0; (iv) pathogen particles are produced by vy at the rate

v > 0, and diminish at the rate & > 0. We mention that model (1.1) includes the density-
+ Vg V1 + Vg

vy and —r V9, Which

dependent host population dynamics due to the terms —rvl
is a modification of Aderson and May’s model in [3]. It is found in [5] that the introduction of
host movement behavior also gives rise to the possibility of cycles of outbreaks in space and
time simultaneously, illustrating the profound effect of spatial and temporal heterogeneity

on population dynamics.



However, it is acknowledged that the mass-action law may not always be appropriate
for describing the transmission processes of diverse infectious diseases. For example, it fails
to incorporate the saturated effect of the population in certain scenarios. Therefore, the
saturated incidence emerges as a more applicable mechanism to illustrate the transmission
of diseases among hosts, which takes the following form [9,10]:
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where o > 0 is a positive constant used to measure the saturation degree, and § > 0 is the
infection rate by infected hosts. It is clear that f(vi,v9) — Bvivy as o — 0, and can be
viewed as a generalized version of mass-action law. In [11], McCallum et al. investigated how
to model pathogen transmission and outlined a negative binomial transmission mechanism

between susceptible hosts and pathogen particles:

g(v1,v3) = kv In (1 + %) :

Here 5 > 0 is the infection rate by pathogens, and the parameter k£ > 0 plays a critical
role in this mechanism. The impact of this mechanism on disease transmission can vary
depending on the values of k. As demonstrated in [11], small k£ corresponds to highly
aggregated infection, while g(vy, v3) — Svivs as k — 0o. In [12-14], the authors also studied
this mechanism through numerical simulation. To the best of our knowledge, there are no
existing efforts providing a robust theoretical analysis on the negative binomial transmission
mechanism in host-pathogen models.

The cross-diffusion term xV - (uVv) is commonly applied to depict the phenomenon
of chemotaxis [15, 16] between two different species or two biological groups u and v. It
captures how the movement of one species is influenced by the concentration gradient of
another species. Here, y € R measures the magnitude of such effect. If x < 0, then u will
be chemotactically attracted to v; while v will be chemotactically repulsed by v if x > 0.

The combination of chemotaxis and negative binomial transmission will pose a challenge
to the problem. To simplify the analysis, we make a slight adjustment in the reaction term
for susceptible hosts by replacing the logistic growth in system (1.1) with a simpler com-

bination of recruitment and death rates. We now consider a reaction-chemotaxis-diffusion



host-pathogen model in a bounded domain @ C R™(n > 1) with smooth boundary 052,

taking the following form:

lé?tvl — diAvy = XV - (1yVy) + A(x) — pvy — 61(?1;1;22
— kviln (1+5(?U3>, reQ t>0,
By09 — dyAuvy — % + vy In <1 n B(?W’) vy, TEQ, t>0, (12)
O3 — d3Avs = Yvg — aws, re, t>0,
Vv -n=Vuvy-n=Vuvz -n=0, xr €, t>0,
Lv1(2,0) = vig(x), va(x,0) = va0(x), v3(z,0) = v3o(x), x€Q.

Here, n represents the unit outward normal vector at = € 0€). The distinct positive constants
di1, ds, and d3 are the respective diffusion rates of v, v9, and vs, where vy, v, and v3 have
the same meanings as those in model (1.1). We apply the saturated incidence rate between
v1 and v9, and the negative binomial transmission mechanism between v, and v3. Taking
spatial heterogeneity into consideration, the parameters A(x), d(z), and 5(z) exhibit spatial
variation, where A(z) is the recruitment rate of hosts, 6(z) is the infection rate by v, and
B(x) is the infection rate by vs. p and 6 are positive constants, where y measures the natural
death rate of susceptible hosts, and 6 denotes the death rate of infected hosts. The positive
constant  means the death rate of pathogens in an external environment. Infected hosts
can produce pathogens with the rate v > 0. In model (1.2), we use the linear function
A(x) — pvy to denote the external source (or supply) for susceptible hosts. One may refer
to [17] and the reference therein. It is found in [17] that the external source can influence
the dynamics of the population. We assume that susceptible hosts can only recognize the
higher density of infected hosts by their symptoms of infection, while those are unable
to perceive the higher concentration of pathogen particles because they are undetectable
by ordinary observation. Homogeneous Neumann boundary conditions are applied to the
system to represent the zero-flux across the boundary. In this paper, when y is positive, the
chemotaxis term indicates that susceptible hosts exhibit a behavioral tendency that they
tend to move away from regions with a higher density of infected hosts. When x is negative,

the chemotaxis term may represent a case that in some special domains such as epidemic



areas or hospitals, susceptible hosts shall move to regions with a higher density of infected
hosts. The chemotaxis effect disappears as y tends to zero. Throughout the whole paper,
we make the following assumption:

(H1) Parameters A(z), 6(z), and 3(x) are positive Hélder continuous functions on €.

(H2) The initial data vi(z), vao(z), and vso(z) are nonnegative. In addition, [, [veo(x)+
vgo(x)]dz > 0.

The cross-diffusion xV - (v;Vuy) serves as a mechanism employed by susceptible hosts
either to avoid infection by staying away from infected hosts (known as the repulsive chemo-
taxis phenomenon), or to approach infected hosts for providing treatment (known as the
attractive chemotaxis phenomenon). The chemotaxis term has been widely shown to exert a
strong effect in driving solutions of the underlying models to blow up in finite or infinite time,
as can be seen in the extensively studied Keller-Segel chemotaxis systems [18,19]. Therefore,
the global solvability of model (1.2) is an important consideration. Horstmann and Winkler
investigated the boundedness and blow-up of the solution in a chemotaxis system, and they
determined the critical blow-up exponent for a Keller-Segel type model in [20]. In [21], Li
et al. applied the chemotaxis term to a reaction-diffusion susceptible-infected-susceptible
model with a frequency-dependent incidence mechanism. With the key observation that the
solution of the infected component is always bounded, they established the global existence
and boundedness of the classical solution. In [22], Bellomo et al. applied the chemotaxis
term to a May-Nowak model, where they used loop arguments to get the global boundedness
of the solution for the weak chemotaxis effect. Most recently, Li and Xiang made use of a
series of energy estimates to obtain the boundedness of an epidemic model with the chemo-
taxis term and power-like incidence mechanism by imposing restrictions on the magnitude
of the chemotaxis and the power of the incidence in [23].

The spatial heterogeneity of environments and mutual interactions of individuals may
result in different spatial structures [24], including aggregation and segregation. Spatial ag-
gregation is a pattern where the species exhibit significant concentration at specific positions.
Spatial segregation is a phenomenon where two similar species segregate each other in their
habitat [25]. We are interested in whether the chemotactic host-pathogen model allows for

the formation of spatial structures.



The rest of the work is organized as follows. In section 2, we investigate the global
existence and boundedness of the solution to model (1.2) in three cases: zero y, small x,
and arbitrary x (including large x). In section 3, threshold dynamics are established in
terms of the basic reproduction number. Additionally, under the chemotactic attraction, the
chemotaxis-driven instability of a limiting case as ¢ — 0 and k — oo is explored. In section
4, we present a series of numerical simulations to verify the global existence and boundedness
of the solution in one- and two-dimensional domains. Spatial aggregation and segregation
phenomena are illustrated with respect to varying values of y. The analytical and numerical

results are summarized in the final section.

2 Boundedness of the global solution

We consider the global solvability and boundedness of the solution to (1.2) regarding the
magnitude of the chemotaxis effect. It includes three cases in this section: zero y, small y,
and arbitrary x. For notational convenience, we use || - ||, to represent the norm || - || ¢(q)
of L1(Q) for ¢ > 0. Denote u* := max,q u(z), where u(z) can be taken as A(x), 6(x), and
B(x). Let || denote the volume of 2.

For any Y, it is not difficult to obtain L!-estimates for the solution.

Lemma 2.1. Assume (vi9, vag, v39) € C(Q,R3). The following L*-estimates hold.

A*|Q
/vlda:, /'Ugdﬂf, /vgdx < max{l,l} </ (v10+vgo)dx+.—||) —|—/v30d:c
Q Q Q «Q Q min{u, 0} Q

= M, Vt>0. (2.1)

A*Q
limsup/vld:v, limsup/vgd:v, lirnsup/vgd:v < max{l,z}# = N;. (2.2)
Q Q Q min{y, 0}

t—o00 t—o00 t—o00 (07

Proof. 1t follows from the maximum principle that the solution (vy, vo, v3) of model (1.2) is
nonnegative. Adding the first two equations of (1.2) and integrating the result over Q by
parts lead to

(v + vo)dz = /

A(x)dx — /(,uvl + Ovg)dx < A*|QY] — a/(m + v9)dx, V't > 0.
Q Q Q

dt Jo



where a = min{y, 6}. Then Gronwall’s inequality says that

A*[Q
/(Ul + Uz)dili < Gat/(’l)lo + ’UQ(])dl’ + | |(1 — eiat), Vit>0. (23)
Q Q

a

Integrating the third equation of (1.2) over Q by part gives

d
—/vgdwgv/vgdx—a/vgdx, Vit>0.
dt Jo Q Q

Applying Gronwall’s inequality again, we have

d
/ vgdr < eat/ vgodr + M(l —e ™), Vit >0. (2.4)
Q Q «
Combining (2.3) and (2.4), we readily obtain (2.1) and (2.2). O

2.1 The case of zero y

When x = 0, model (1.2) decays to a standard reaction-diffusion system. With reference to
the standard theory for parabolic equations in [26], we give the following lemma on the local

existence and finite-time blow-up of the classical solution to (1.2).

Lemma 2.2. For any (vig,v20,v30) € C(Q,R3), model (1.2) admits a unique nonnegative
classical solution (vi(-,t),va(-,t),v3(-, 1)) defined on Q x [0, Tiax) With Thax < 00. Moreover,
if Tax < 00, then

i (ffor (s )lleo +feal 8)lloo + s+, Dllec) = 00
Theorem 2.1. For any (vig, va0, v30) € C(Q,RY), model (1.2) admits a unique nonnegative

classical solution (vy(-,t),va(+, 1), v3(+,t)) defined on Q x [0,00).

Proof. The uniqueness and nonnegativity of the local solution to (1.2) are demonstrated
by Lemma 2.2. It suffices to verify the global existence of the solution. For i = 1,2, 3,
let T;(t) be the semigroup generated by the operator A; in C(£2) with Neumann boundary
condition, where A; = 1A — p, Ay = dsA — 0, and A3 = d3A — «. It is well-known that
1 75()]|oo < e Y, where \; > 0 is the principal eigenvalue of —A; with Neumann boundary

condition for ¢ = 1,2, 3. In view of the first equation of (1.2), we see that
t

Ul(', t) S Tl(t)vlo —f-/ Tl(t — S)A(')dé‘, Vit c [0, Tmax)-
0
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This results in

t
[o1(, D) le < ||T1(75)Hoo||vlo|!oo+/\*/ T3 (t — 5)[oods
0
A*
< e Moyl + (1 — M)
A

*

A
lv1o]00 + ~ =: Ky, Vte[0,Thax) (2.5)
1

IA

It follows from the second equation of (1.2) that

(5?]1(', t)Ug(', t)
1+ O'UQ(', t)

V(1) = To(t)vay + /Ot Ty(t — s)(
+kvy (-, ¢) In (1 + w> )ds, V t € [0, Tax)-

Consequently, by virtue of In(1 + u) < u for v > 0 and (2.5), we have for all ¢ € [0, Tyyax),

t
[o2(, )l < €A2t|\vzo\loo+/0 eI [o|[villoo + B [[01(, 8)lloclvs (-, 5)lloc)ds

0K t
< el + —— + 7K / e Jus(:, 5)|oods. (2.6)
0—)\2 0
In a similar manner, we obtain
t
[03(-, ) lloo < € [Jug0]loo + 7/ e [0z (-, 8)|oods, ¥ T € [0, Tnax). (2.7)
0

Taking 0 < A, < min{22, A3} and substituting (2.7) into (2.6) produce

K1(8%/0 + B*[|vsollo0)
A2

t S
1K, / ()/ e g (-, 7)|Jcodrds
0 0

K1(0* /o + B*[|vso]|o0)
A2

o2, )loo < € |vao]| 0 +

IN

|20 |00 +

t t
9K [ Ol [ s
0 T

Ki(0%/o + 8*[|vsol|)
A2

t
/ e)‘mT||U2(-,7')||OOdT, YVt e [0, Tax)- (2.8)
0

IN

V20|00 +

BryKyeAmt
Ao — A

Then by Gronwall’s inequality, if T},.x < 0o, we can calculate
|v2(, 1) |loe < are®@™me =1 Ky, ¥V t € [0, Thnax), (2.9)
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with a; = [|vaol|sc + Klw*/atf*llvw\\w) and ay = {255, By (2.7) and (2.9), we get

K
e, Dlloe < Hoslloo + 55220 ¥t € [0, T (2.10)
3
According to (2.5), (2.9), (2.10), and Lemma 2.2, we know T, = 00 as desired. O

We now turn to derive the ultimate boundedness of the solution independent of the initial
data. To this end, the following LP-estimates independent of the initial data for the solution

are necessary.

Lemma 2.3. For any p > 1, there exists a positive constant N, independent of the initial

data such that

lirtnsup(HUQ('at)”ﬁ + ||US('7t)||§) < Np.
—00

Proof. We first give the ultimate boundedness of v (x,t) for t large enough. It follows from
the first equation of (1.2) that

8,51]1 S dlAvl + A — HUT .

By the standard comparison principle and Lemma 1 in [27], we infer that

lim sup v, (x,t) < lim o, (x,t) = — =: N, uniformly for z € Q,
t—00 t—o0 H

where 7, is the solution of

atﬁl - dlA’(_Jl =A"— ,u*le, T € Q, t> O,

Vo -n =0, xed, t>0,
01(z,0) = vy0(x), x € .
This implies
limsup ||v1 (-, 1) ||eo < N. (2.11)
t—o0

We then prove the following claim.
Claim. For any m > 0, there exists a positive constant Nom independent of the initial data
such that
ligiilolp(llvz(wt)l\gz +vs (-, 1) [[3m) < Na. (2.12)



We employ the induction method to prove this claim. It follows from (2.2) in Lemma 2.1
that (2.12) holds in the case of m = 0. Suppose that (2.12) holds for m — 1 (m > 1), i.e.,

there exists a positive constant Ny»-1 independent of the initial data such that

2777,71 2m71

lim sup(fJvz (-, €)l[zm-1 + llvs(-; £)[|2m-1) < Nom-r. (2.13)
t—o00

Multiplying both sides of the second equation of (1.2) by v2m71, and integrating over ()
by parts, then according to (2.11), we obtain that there exists T > 0 such that

1 d m d 2m - 1 m—1 O m <

—i—ﬁ*N/ vy lugdr — 9/ v dx, Yt > T,. (2.14)
0 Q

It follows from Young’s inequality with epsilon that

/vgmlvgd:cg el/vgmd:c—i—Ael/vgmdx, (2.15)
Q Q Q

where €¢; = and A, is a positive constant depending on €;.

B* N+
We multiply both sides of the third equation of (1.2) by U§M71 and integrate over ) by

parts to find

]. d m d3<2m - 1) m—1 m__
Q_mﬁ QU% dx < —W/Q]va ’2d$+VAU2U§ 1dx
—oz/vgmdx, Vit>1T. (2.16)
Q

It follows from Young’s inequality with epsilon again that

/ vevs tdr < e / vi'dx + A, / vs dx, (2.17)
Q Q Q
where €; = ¢; and A, is a positive constant depending on 5.

Recall the following interpolation inequality: for any € > 0, there exists C. > 0 depending

on € such that

||u||% < e||Vu||g + CE||u||% for any u € Hl(Q). (2.18)

Applying (2.18) with €5 = % to the first term of the right-hand side of (2.16), we get

2
_63/ (V2" Pde < —/vgmdx + A, (/ U%m_ld:c) : (2.19)
Q Q Q

10



da (2 —1)

I N5 N A T Ay 1) to the first term of the right-hand

We apply (2.18) again with e, =
side of (2.14) to estimate

2
_64/ (V2" Pdr < —/vgmdaj—i—A64 (/ vgmlda:) : (2.20)
Q 0

Therefore, according to (2.14)-(2.17), (2.19), and (2.20), one has

1 m m m m—1 2 o
2m; (v2 Y 2 Ydr < —/(v% +U§ Ydz + A, </ 2 dx> + 6N
t Q Q

2
+(8*N + *NA,, + A, + 1) A, (/ 2" 1d:1:) Yt > T
Q

Then by (2.13), Gronwall’s inequality entails

L sup([[vs (-, £) |2+ s < VEN 4 (A + (0N + Ag + Ary + 1) AL)Now 1 = Ny,
t—o00

and thereby completes the proof of the claim. With aid of the continuous embedding L9(€2) C
LP(Q2) for ¢ > p > 1, the assertion of Lemma 2.3 holds. O

By a standard analytical semigroup method, we can obtain the ultimate boundedness of

the solution, which implies the existence of a global attractor for (1.2).

Theorem 2.2. There exists a positive constant N4, independent of the initial data such that

the solution of (1.2) satisfies
lim (fon ) o + oo Ol + o 8)oc) < Noc (2.21)
Moreover, there exists a connected global attractor in C(Q,RR3).

Proof. The ultimate boundedness of vy (x,t) is given in (2.11). To derive the ultimate bound-
edness of vy(z,t) and vs(z,t) for x € 2 and t large enough, we employ the results of frac-
tional power space. Let Jy(t) be the analytic semigroup generated by A, in LP(2) with
D(Ay) = {u € W?P(Q) : Vu-n =0 on 90N}, and X, 0 < o/ < 1 denote the fractional
power space with graph norm. Pick p > ¢ and o/ > % such that X, € L>®(Q). It follows
< & for all t > 0. Using (2.11)

from [28] that there exists N, > 0 such that ||AS Jo(t)|

and Lemma 2.3, there exists T, > 1 such that

lor (- 8)lloo < N and [fu (-, ) s [fos (- £)]l,, < Nf V> T (2.22)

11



In view of the second equation of (1.2), we know
t
02<t) < J2(t)v2('at - 1) + / ‘]2<t - 3)<5U1('7 S)UQ('a 8) + 6”1('7 S)US(U S))ds7 Vit>To+ 1
t—1
By virtue of (2.22), we then calculate

1A ) < A R(e)ea(-.t D),
t
+max{5*,@*}N/ ||AS‘,J2(1€—5)(112(-,8)+v3(-,s))des
t—1

1 ~ 1 t—1 N ,
< No Ny +2max{5*,5*}NNpp/ (t—ads
t

_ S)Oél
1

< NyNJ (14 2max{0*, B IN(1—a/)7Y), Vt> T +1.  (2.23)

In a same manner, let J3(¢) be the analytic semigroup generated by Az in LP(€2) with

D(A3) = D(Ay). We also have

t
A5 vs (- )l < A5 Ja(t)vs(- T — 1)||p+v/ 1 A5 Ja(t = s)va(-, s)l[pds
t—
< N NF (14~ —a)7h), for t > Ty + 1, (2.24)

Then by (2.23), (2.24), and the continuous embedding X, C L>(2), we get the ultimate
boundedness of vy and v3. This shows that (2.21) is valid.

Let ®(¢t) : C(Q,R3) — C(,R3), ¢ > 0 be the semigroup generated by the solution of
(1.2). Then (2.21) implies that ®(¢) is point dissipative. Furthermore, ®(t) is asymptotically
smooth. Then by Theorem 3.4.8 in [29], we obtain the existence of a connected global

attractor. O

2.2 The case of small y

In this subsection, we study the boundedness of the solution when the chemotaxis is relatively
mild. We use the Neumann heat semigroup method to state some estimates. The following

lemma on the Neumann heat semigroup can be found from Lemma 1.3 in [30].

Lemma 2.4. For d > 0, let (e!%);50 be the Neumann heat semigroup and \g > 0 be the
principal eigenvalue of —dA on Q. Then there exist some positive constants k;(i = 1,2,3,4)

depending on d and €2 such that the following smoothing LP-L? type estimates hold:

12



(i) If 1 < q < p < oo, then for any u € LI(S),

nl

e, < ki (1 + m(r%)) lully, ¥ ¢ > 0.

(i) If 1 < q < p < o0, then for any u € LI(Q),

1 n/1
2%q

Ve, < ks (1 s *—%>) et ull,, Wt > 0.

(1) If 2 < q < p < oo, then for any u € Wh4(Q),

nel_ 1

[Vetddy|, < ks (1 + t_5(6_5)> e[V, V ¢ > 0.

() If 1 < ¢ < p < oo, then for any u € (LY(2))" and u-n =0 on 0N,

1 _n 1

HetdAv i qu < /{:4 (1 + t*5*5(575)> e—AotHqu, Vi>0.

Similar to the proof of Theorem 3.1 in [20], we can obtain the following lemma on the
local existence and finite-time blow-up of the solution to the reaction-chemotaxis-diffusion

system.

Lemma 2.5. Assume vig,vso € C(Q) and vyg € WH(Q) for ¢ > n. There exists a unique
nonnegative solution (vi(-,t),va(-,t),v3(-,t)) of (1.2) defined on [0, Tiax) with Tyax < 00
such that

v1,v3 € C(QX[0, Tinax) )NCHH QX (0, Thnax)) and va € C([0, Tax); WH(2)NC*H (2% (0, Thax))-
Moreover, if Tha.x < 00, then

i (flos (- 8)llo + vz D)llwray + l[vs (-5 8)lloc) = 00

— max
Now, we use the loop arguments in [22] to bootstrap the boundedness of the solution.
The following auxiliary lemmas assert that we can achieve some estimates for vy, Vu,, and

vg depending on the bounds for v; and v3 as assumed for a local time interval.

Lemma 2.6. Assume vig,v30 € C(Q) and vyg € WH(Q) for ¢ > n. Given T* € (0, Tyax),

assume there exist positive constants Ly and L3 depending on T such that

[01(5 D) lloe < L, flus(:,8)]lee < Ls, ¥V T € (0,T7). (2.25)

13



Then there exist positive constants By, By and Bs independent of Ly and L3 such that
[Vva (-, t)llg < By + ByLy + B3Li L
— =1
for p = -~ € (0,1).

Proof. According to the second equation of (1.2), we derive

t 5*
Vg (-, 1) = el 22Dy +/ elt=9)(d2A-6) <;vl(‘, s) + B vy (-, s)vs (-, 3)) ds, ¥t e (0,T).
0
Further, by (ii) and (iii) in Lemma 2.4, one has

ds

q

t
IVeal Ol < VeSO, +
0

0% ko

6*
Telt—s)(d25-0) (;m(., s) + B i (-, s)vs(-, 8)>

N

t
/ e—(t—5)9(1 + (t—s)"2)|lvi(-, 8)]|4ds
0

< ksllvaollwra +
t

+B*k2/ e 0 (1 4 (¢ — s)_%)Hvl(-, s)vs(-, 8)|qds, V€ (0,77). (2.26)
0

An application of Holder’s inequality gives

[or (s s)vs(8)llg < lloa(s 8)lloolvs (-, 5) g

< a8l llvs ()5 llos ()77 Vs € (0,T7). (2.27)

Note that (2.1) is also valid for vy € W4(Q2). Then by means of (2.1) and (2.25), inserting
(2.27) to (2.26) produces

0% koby

g

Vo (-, )]l g < Esllvaollwia + Ly + B koby M, PLy L5, ¥ t € (0,T7),

where by == [;7(1 + s72)e"%%ds. This completes the proof with

0% koby

By = ks||vao|lwra, B = and By 1= B koby M, ",
]

Lemma 2.7. Assume vig,vs0 € C(Q) and vyg € WH(Q) for ¢ > n. Given T* € (0, Tax),
assume (2.25) still holds. Then there exists By independent of Ly and L3 such that

lvs(, t)]loo < Ba(1+ Ly + L1 L), VYVt € (0,T7), (2.28)
where p € (0,1) is as in Lemma 2.6.
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Proof. As q > n, we have W14(Q) C L>*(Q). Then by Poincaré’s inequality, we know that

there exists some positive constant C' such that
lulloc < Cllullwra@) < C([[Vullg + llully), (2.29)

for any p’ > 1. Note that (2.1) is still valid for vy € W4(Q), ¢ > n. By Lemma 2.6 and

(2.1), we now choose p’ =1 in (2.29), and hence
lva(-, )|l < C(By + BoLy + BsL L) + CMy, ¥t € (0,T7). (2.30)

Set v3(x,t) ;= max {||Ugg\|oo,max {1, g} [C(By 4+ BoLy + BsL,L%) + CMl]} for (z,t) € Q x
[0,7%). In view of (2.30), we then have

(8@3 — d3Av3 + av3 — YUy = QU3 — YU9
> 0 = dyvg — d3Avs + avs — Yo, (x,t) € Q@ x (0,T7),
Vi3 -n= Vo -n=0, (x,t) € 002 x (0,T7),
L 03(2,0) > [lvsollee > v30, x € (.

The standard comparison principle enables us to derive v3 < 73 in Q x (0,7*). Thus, (2.28)

holds with

B, = max{||v30||oo,C(Bl + Ml)max{l, 1} ,Bgmax{l, 1} ,Bgmax{ ,1}} )
Q Q e
]

Lemma 2.8. Assume vig,v30 € C(Q) and vyg € WH(Q) for ¢ > n. Given T* € (0, Tax),
assume (2.25) holds with Ly > 1. Then there exists By independent of Ly and Lz such that

o1 ) lloe < Bs[(LTLE + Dlx| +1], ¥ £ € (0,77), (2.31)
where p € (0,1) is as in Lemma 2.6.

Proof. We apply variation-of-constants formula to the first equation in (1.2) to calculate for

all t € (0,T%),

t t
v1(-, 1) < AWy 4y / et BA=G . (y) (-, 5)Vuy(-, 5))ds + A*/ et A=) g,
0 0
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Hence, by (iv) in Lemma 2.4 and the maximum principle,
t
U1l [ I V10|00 X e M let e (U1, 8 U2\~ S oS
o1 B)]lee < [J010]loc + | !/0 | BAT - (v (-, 8) Vs (-, 8)) [lood

t
+A* / e HE=9) g
0

NI

IN

t
Jonllc+ Rslyl [ €14 (1= ) E) V- 01 5) (e
0

t
+A” / e HI=9) s
0

< Jviollos + kaba|x|L1(By 4 ByLy + BsLiLE) + N, ¥V t € (0,T%). (2.32)

e [t —dip(t—s) IR o y . .
where by 1= [ e (1+(t—s) ¢)ds due to ¢ > n. As Ly > 1, by Cauchy’s inequality,
one gets

1 1
ngL$+Z§L§L§+Z.

As a consequence, (2.32) becomes

- B
[1(, O)lloe < llviolloo + N + Kabs {(Bl + By + B3)LiLf + Il} X-
Taking Bs := max{HleHOO + N, kibo(By + By + Bs), %}, (2.31) follows. H

On the basis of the above conduction, we can get the global existence and boundedness

of the solution by giving a constraint on the magnitude of y.

Theorem 2.3. Assume vig,v30 € C(Q) and vog € WH4(Q) for ¢ > n. There exists a positive
constant xo such that whenever |x| < xo, model (1.2) admits a global classical nonnegative

solution in the following sense:

vy, v3 € O x [0,00)) N C*(Q x (0,00)) and vy € C([0,00); WH(Q)) N C*1 (2 x (0, 00)).

Moreover, there exists a positive constant Lo depending on the initial data such that
010 D) lloo + [v2( D) lwrag) + [[vs(, )l < Lo, ¥V ¢ > 0.

Proof. We choose B; > 0 large enough such that

Ly > ||UIO||ooa L, > 4B5 (233)
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On the other hand, we choose L3 large enough such that
L3 > HU30H007 Ls > (SB4L1>1TP, Ly > 4B,. (234)

Let
Ly
Xo -

= . 2.
1B (1200 1 1) (235)

Given |x| < xo, let (v1,v9,v3) be the corresponding maximally extended solution of (1.2) in

Q x (0, Thpax) With Ty < 0o. We then define
['={T € (0, Toax) : [v1(-,t)[loc < La, [lv3(,)llec < La, ¥Vt € (0,T)}.

The continuity of v; and v3 guarantees that I' is nonempty and 7" = sup I is a well-defined

element of (0, 00]. According to (2.33), (2.35), and Lemma 2.8, we can obtain
2rp Ll *
lr (s D)llee < Bs(LTL5 + 1)lx| + Bs < —, V¢ € (0,17).
In view of (2.34) and Lemma 2.7, one has
p Ls *
lv3(+, )|loo < Ba+2B4Ly L5 < > Vite(0,T7).
It follows from the continuity of v; and vs again that T' = T,,,, and
Hvl('>t)”oo < Ly, “U3(7t)HOO <Lz Vte (OaTmaX)'

Moreover,

Vs (-, £)|ly < By + BoLy + BsLi L4, ¥ t € (0, Tonas).

An application of the Poincaré’s inequality gives that
|va|lwray < C(By + Baly + BsLy L) =: Lo.
By Lemma 2.5, we infer that T},., = co. We complete the proof by taking

LD = maX{Ll, LQ, Lg}
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2.3 The case of arbitrary y

In this subsection, we consider the boundedness of the solution for arbitrary y for Q C R!.
In this case, |x| can be large. First, we introduce the Gagliardo-Nirenberg interpolation

inequality [31,32].

Lemma 2.9. (Gagliardo-Nirenberg interpolation inequality). Letr and s be integers fulfilling

0<r<s, andletlgp,qgoo,0<m§ooandggcglsuchthat

1 1 1
——ch(——£>+(1—c)—.
m n p n q

Then for any u € W*P(Q) N LI(QY), there exists a positive constant C' depending only on
Q, s,p,q,n satisfying the inequality

1D ullm < CUIDullpllullg™ + [lully).

with the following exception: if 1 <p < oo and s —r — % 1s a nonnegative integer, then the

above inequality holds only for c fulfilling - < ¢ <'1.

By Lemma 2.9, similar to the proof of Lemma 3.6 (i) in [23], we immediately obtain the

following estimates.
Lemma 2.10. Let Q C R! be a finite interval. For ¢ > 1, e > 0, there holds

4 _2q_
lor + 1]l¢" < O V(v + 122+ C,

Loy + D In(oy + 1)y < €| V(o + 122+ C, (2.36)

2
lor + 1 < e V(o1 + )23+ Ce, ¥p < q—ql
\ =

Moreover, for all ¢ > 1, there holds
5q

loalld™ < C[Av23 + [ Voa]l3 + 1), (2.37)

59

lvsllé < C(||Avsl5 + [[Vusl3 + 1). (2.38)

Note that Lemma 2.5 is valid for all y # 0 guaranteeing the existence of the local solution

for model (1.2). Based on Lemma 2.10, we explore the higher-order regularity of the solution.
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Lemma 2.11. Let Q C R! be a finite interval. The local-in-time solution of (1.2) satisfies
[(01 (- 8) + 1) In(os (1) + Dy + [V )l + [[Vos(, 8]l < C, V E € (0, Tinax)- (2.39)

Moreover, there exists a positive constant C' such that
[03(+,8)]lo0 < C, ¥ t € (0, Trna)- (2.40)

Proof. We test the first equation of (1.2) by In(v; + 1) + 1 and then integrate by parts to
derive that

pr (vl + 1) In(vy + 1)dx + 4d1/ |V (v + 1) |*dx

OV Vg Bus
—l—/Q L p + kvy In (1 + T)} In(vy + 1) + 1]dz

= X/Q[Ul —In(vy + 1)]Avedx + /QA[ln(vl + 1)+ 1)dz, Vt € (0, Thax). (2.41)

We test the second equation of (1.2) by Awy and then integrate by parts to obtain

2dt/ |Vv2|2dx+9/ |V dx—i—dg/ | Avy |2 dz

dv1Vg Pus
= — 1 14+ —= . 4
/Q L g~ + kv; In ( + ? Avgdz, ¥Vt € (0, Tinax) (2.42)

Similarly, testing the third equation of (1.2) by Awvs and then integrating by parts produce

2dt/ |Vv3|2dx+oz/ |Vus| dx—i—dg/ |Avs|*dr = —7/1}2Avgdx YVt € (0, Thax)(2.43)

We now try to bound the terms on the right-hand sides of the equalities (2.41)-(2.43) in
terms of the dissipation terms on their left-hand sides.
According to Cauchy’s inequality and (2.36), one has

X/Q[vl — In(vy + 1)]Avodz + /QA[ln(vl +1) + 1]dz

2
< g / [v1 — In(vy + 1)]*dz + X—/ | Avy |2 dx + A*ez/ |V (v1 + 1)%\2d3: +A*C,,
Q 461 Q Q
2
< o [ i AP+ e [ 90+ i+ A,
< (Ce + A*eg)/ |V (v + 1)5|2dx + E/ |Avy [’ dx + Cey + A*C.,. (2.44)
Q 1.Jo
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Again applying Cauchy’s inequality to the right-hand side terms in (2.42) leads to

0v1Uy 5 3
— kvyln |1+ —= Avod
/szl1+002+ vln( + k)] Vo dx

*)2 *)2
@/ |Av2|2dx+@/ vadz + ~—— (s /v%v%dm. (2.45)
2 Ja dy Jo dy Jo

For ¢ > 6, by Holder’s inequality and Young’s inequality, one has

/v1v2dx < ||U1+1||2A||U2||§
Q .

10gq
63HU2H T Cllon +1H5q 50

IN

< Csl|Ava3 + Ces||Vulf3 + Ces + eaCl ||V (01 + 1)2 (3 + Cey ey (2.46)

where we use (2.36) and (2.37). Analogously, one has

/ vivdde < Ces|| Avs[l3 + Ces||Vus|3 + Ces + 6Co IV (01 + 1)2[3 + Cope (247)
Q

where (2.36) and (2.38) are used.
By Holder’s inequality and Young’s inequality again, and according to (2.37), we have

d3 2 7 2
—y | vAvzdr < — ]Av3| dx—l—— U2d$
Q

< /|Avg|das+ RPN

2

< /|Av3|dx+ srellalli + €

v’
S ? /Q |AU3|2dl’ + 2—d3067[HAU2”§ + ||VU2H§ + 1] + 067 2d (248)
In summary, by (2.41), together with (2.44), one has for all ¢ € (0, Tipax),

pr (vl + 1) In(vy + 1)dx + 4d1/ V(01 + 1) *dz

< (061 + A*EQ)/ ‘V(Ul + 1)5’2d$ + —/ |AU2’2d$ + 061 + A*CGQ
0 de1 Jo

< (Ce + A*ez)/ IV (vy + 1)22dz + Cl(el)xz/ |Avy |2 dz + Co(eq, €2).  (2.49)
0 Q

It follows from (2.42) and (2.45)-(2.47) that for all ¢ € (0, Tiax),

th/ Vs dx—l—G/ |va|2dx+d2/ | Avy |2 da

S ?/'AU22 d) |:C€3HA1}2”3+C€3HVU2H§+C€3+64063HV(7)1+1)%H§—|—C€3764:|
Q 2
*\2
+(5d) [065!\Av3||§ + Ces || Vus||2 4 Ces + e6Cs ||V (01 + 1) 2|2 + Cls | - (2.50)
2
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According to (2.43) and (2.48), clearly, we have

1d
——/ ]va\Qd:v—l—a/|V1)3|2da:+d3/\A’03|2d:B
2

d 04 gl
< 53 /Q | Avg|*da + 2—613067 1A, 13 + [[Vos|3 +1] + 0672_613

do min{20,d>} _ d3min{20,d>}
8@ )2C 7= T 120

LVt € (0, Tinae)(2.51)

,and e; = 22} qding (2.50) and (2.51), we

Taking e3 = 10520

have

d
E Q(‘VU2|2 + U3|2)d$

in{26, d in{2a, d
+w/(,W2|2+‘sz,Q)dHM/(,WBM‘AUSPW
Q Q

(5*)206364 (5*)206566
< 2
< ( Zaty B

) / |V(’01 + 1)%|2dl‘ + Cg, Vite (O,Tmax), (252)
Q

dy

where Cj5 is a positive constant depending on €3, €4, €5, and €. Selecting ¢, = %, €2 = 4,

€4 = W and e = % then multiplying (2.49) by min{26, d,} and (2.52)

by 2Cx?, adding the results, we obtain for all ¢ € (0, Tipax),
%/ﬂ [min{26, do}(v1 + 1) In(vy + 1) +4C1x>(|Voo|* + [Vus]?)] da
+/Q {min{26, do}[di (v1 + 1) In(vy + 1) + 2C1x*|Vo|?] + 2C1 x* min{2a, d3 }| Vus|* } da
+ /Q Cix*[{min{260, do}| Avy|* + 2min{2a, ds}|Avs|*]dz < min{26, dy}Cy + 4C, O3>

Solving this standard Gronwall’s inequality, we directly obtain the uniform estimate (2.39).

By Poincaré’s inequality, we have
[os (-, D)l[2 < ClIVs(-,)[l2, V't € (0, Tnax)-

Hence, vg is bounded in W1%(Q). Then the continuous embedding W'%(Q) C L>(Q) for
n = 1 says that
1030+, B)[loo < o3 (- D) lwr2) < O, ¥t € (0, Tnax)-
O
Lemma 2.11 plays a crucial role in establishing the boundedness of the solution for n =1
and arbitrary y. It should be noted that the subtle inequalities (2.46) and (2.47) only hold

for n = 1. If n # 1, we cannot get the estimates as (2.46) and (2.47). Now, we dedicate to
obtaining the boundedness of v; in L?(2). The boundedness of Vv, in L*(Q) is also derived.
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Lemma 2.12. For Q C R', the local-in-time solution of (1.2) satisfies
loi (-, t)||l2 + [[Voa (-, t)||s < C) ¥Vt € (0, Thnax)- (2.53)

Proof. Multiplying the first equation of (1.2) by v; and integrating by parts leads to

1d 9 dvivs Bus

—— [ wvidz+d, | |Vui|d 1d/k211—d

thQle—l—l/g|v1| x—i_/gl—l—aw +Qv1n + T

= —X/val-vadx—i-/Avlda:
Q Q

< dl/ vide + = /U1|V02|2d:ﬁ+A*/U1dﬂC, Vit € (0, Thax)-
) dy @

4

We may invoke Lemma 2.1 to see that

1d 2 3d1 (5'1}1'112 / 61)3
—— dx kviln {1+ —
5% vidr + — /|V ]dm+/1+002 + g vIn 1+ ’

2
< 2; ]Vw\zdx F A My, YVt € (0, Tin)- (2.54)
1 JQ

Taking gradient of the second equation of (1.2) and multiplying it by Vv;|Vuy|* and then

integrating by parts, we obtain

th/ Vo) dx+d2/ |V|Vv2|2|2dx+2d2/ (Vo D202 dx+20/ Von|'da

_ d2/89|vu2\ |vv2|2.nds—2/915i1;’2 Avo| Vs |2dz — 2 /9151“’2 Vs - V|Vus|2dw

_2/ kv In (1 + %) Avy|Vuy P d — 2/ kv, In (1 + %) Vuy - V|V, |2 dx
Q Q

= To+Th+Lo+Zs+ 1y, VteE (0 Tha),

where we utilize the identity

2Vu - VAu = A|Vu|? — 2| D?ul?.

Here, |[D?ul* = 71", 8:?3;]_ 2. With reference to [33], we can deal with the boundary term

2
I, < e/|V|Vv2|2|2dx+C'€ (/|Vv2|2dx>
Q Q

< 68/|V|Vv2|2|2dx—|—6'68.
Q

as follows
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Note that

5* 0"
Il —|—IQ S 2/—’UlAUQHVUQ‘ZdI"FQ/_‘vlv/UQ'v’VUQ‘Z’dx
Q

5512
/\Am Vool + (d ) /vf\wgﬁdx
Q
s

4
+—2/|V|Vv2|2]2da:+ () /vﬂva]Qda:.
4 Q d2

IN

Similarly, one has

Is+1y < 2/\ﬁ*vlngngVUQFdx—i-Q/|ﬁ*vlvg,va-V|va]2|dx
Q Q

d *)2 2
—2/ A Voo + M) Nl ”“3||°°/vf|w2|2dx
nJa da Q

d 4 *\2 2
+—2/ |V\va|2|2dx+M/v%]Vdem.
4 Q d2 Q

IN

As a result, we conclude that
. d
ZL- < 2d2/ | D?vy|? | V| *da + (32 + es) / IV [V ?2da
i=0 L &

n+4 5\ %12 2 2 2
+— — ) +(B) vl 01 |Vug|“dx + C. (2.55)
2 2 Q

Now, by one-dimensional Gagliardo-Nirenberg interpolation inequality, for ¢ > 1, p < =

17

we know
o1l < €l Vo3 + Ce,
and
[[Vs]? HqT ClIVIVve |5 + C.
Thus, combining with the above inequalities, we get

[ v < Il 19

IN

e[ Va2 +069Hv1HQq“

A

0469” |VU2‘ ||2 + 0469 + €10 €9||V”01||§ + 0697610. (256)
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Therefore, in view of (2.55), it is clear for all ¢t € (0, Ti,ax) that
th/ \VUQ\A‘dx—i——/ ]V!VUQIQ\de—i—Q@/ |Vuy|*de < 611/ (Vo 2dx + C.,,. (2.57)

Moreover, taking €19 = ;5= and substituting (2.56) to (2.54) yield

4C
1d v vs Bus
—— [ Ve 4+ = d L= d Ev’ln 1+ ==
5 dl + /|VU1| $+/1+OU2 x—i—/Q vln(—i— k;)
e / 9|02 2+ C, ¥ £ € (0, Tona), (2.59)
Q

where C'5 depending on €9 and Cy depending on €y and € are positive constants.

We multiply (2.57) by < 805 to annihilate the first term on the right-hand side of (2.58).

The choice of €7 is done in such a way that ‘12—1 — 805% = dzl. We then observe that

i 0+ 1l

1)
e / (|Vv1|2 Vel + V|Vl +
[} 1 ‘|‘0

2
1Y + kv? In (1 + %)) dx
(%) k

< O, Vite (0, Thax)-

We employ Poincaré inequality in estimating

d dv2vy ) Bus
pr (U1 + | Vo |*)dz + C/Q (1 e + kovyIn (1 + T)) dx

< —C/(Uf + | Vue|YYdz + O, V t € (0, Tax)-
0

Then by Gronwall’s inequality, (2.53) is readily derived. O

Since the spatial dimension is one, we can get the boundedness of the solution without

any restriction on y.

Theorem 2.4. For Q) C R, assume vig,v30 € C(Q) and vy € WI4(Q) for ¢ > 1. Then

there exists a unique global classical solution of (1.2) in the sense of Theorem 2.3.

Proof. We employ the boundedness of v; in L?*(€2) and vz in L>(£2) to derive the boundedness

of Vg and vy in L*>®(Q2). Applying the variation-of-constants formula and then taking the
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gradient for the second equation, one has

t
Voo (-, )]|ee < VelldzA=0),, - /
Vet t)loe < | oll + | o

t 5*
CHVUQOHOO + / ve(t—s)(dzA—G) (; + 6*1)3) U1
0
1

t 1 0*
< ClVumlle+ [l (6= (L gl ) olads
0

Velt—8)(d28-6) [ 0v Vg + ko, In (1 n %)} H ds

ds

IN

[e.9]

IN

C+ C’/ (1+ T_%)G_HTCZT
0
< OVt E (0, T, (2.59)

where we have used Lemma 2.4 (ii) and the estimate (2.40). Applying the variation-of-

constants formula to the first equation of (1.2), we have
t
vi(-t) = el DAy 4 X/ U= BANT L (v, V) ds
0

t §
+ / elt=s)(d1A—p) {A— Y% gy In (1 + &)] ds, ¥V t € (0, Thax)-

By use of Lemmas 2.4, 2.11 and 2.12, we proceed to check that
t
o Olle < €3 Mgl + [x| / el =N AETIT - (1, Vy) | ods
0

(=) (d1 ) [A+ dv1vy koo (1+ @)1 H

_.|_
1+ ovy

< C+k4\x|/ (t — 5)"271)e M9 ||, V| ods
1 e, (9 o
+kq / (14 (t—s)"7)erl [A (; + 05 ||U3||oo> ||v1||2} ds
0
< O,V t € (0, T (2.60)

By (2.40) and (2.60), we know that v; and vz are bounded in L>°(Q2). By (2.59), v, is bounded
in Wh4(Q) for t € [0, Thax) and ¢ > 1. Then by Lemma 2.5, we conclude T}ax = 00, implying

the global existence and boundedness of the solution. O

We make a brief summary of the existence and boundedness of the solution to model (1.2).
When there is no chemotaxis, we establish the global existence of the solution. Furthermore,
the ultimate boundedness and the existence of a global attractor are also derived. When |x| is

sufficiently small, the global existence of the solution is obtained for all n. As a compromise,
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when there is no restriction on y, we can only acquire the global existence of the solution

for n = 1.

3 Threshold dynamics

We now demonstrate the threshold dynamics of model (1.2) in terms of the basic reproduction

number.

3.1 Basic reproduction number

It follows from Lemma 1 in [27] that (1.2) admits a pathogen-free equilibrium Ey = (V,0,0),

where V' is the unique positive solution of
diAvy + A(x) — pvy =0, € Q,
Vv -n =0, x € 0f.

We linearize (1.2) at Ey to get

(8,51)1 — d1Avy = —pvy — 6(x)Vuy — B(x)Vs, reQ t>0,
Oy — daAvy = 0(x)Vug + B(x)Vug — vy, ref, t>0,

{ Oz — d3Avg = yug — s, ze€N, t>0, (3.1)
Vv -n=Vu-n=Vuy -n=0, red, t>0,

\vl(x,()) = v10(T), va(x,0) = voo(x), v3(z,0) = v39(x), x € Q.

Following the next-generation-operator approach [34], by virtue of (3.1), we define L =
diag(—do A, —dsA),

Vo pv g 0
F(x) = , Vi(x) =
0 0 -«
Let W(t) : C(Q,R?) — C(Q,R?) be the solution semigroup generated by L — V. Suppose
that the distribution of initial infection is () = (2(z),¥3(z)). Then the distribution of

new infectives is

L) () = / " P (@)U ().
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Hence, the basic reproduction number of (1.2) is defined by
Ro = T(E),

where (L) is the spectral radius of £. It then follows from standard arguments in the theory

of dynamical system [8,35] that we have the following threshold dynamics in terms of Ry.

Proposition 3.1. The following assertions hold.
(i) For arbitrary x, if Ro < 1, then Ey is globally asymptotically stable.

(ii) For zero x, if Ro > 1, then system (1.2) is uniformly persistent. Moreover, (1.2) admits

at least one positive steady state.

With reference to Theorem 3.4 in [34], we can define the basic reproduction number for

model (1.2) in a spatially homogeneous environment.

Proposition 3.2. If A(x), §(z), and 5(z) are independent of the position x, then

oA A
_ oA BAy

Ro= 10" ot

(3.2)

The first part of Ry denotes the infection spread by infected hosts, as Ry gets larger with
0 increasing. The second part of R represents the disease transmission from pathogens. R

fluctuates in response to the changes of S.

3.2 A limiting case

In this subsection, we explore the limiting case when ¢ — 0 and & — oo in (1.2) with A, 4,

and [ independent of z. Model (1.2) is then written as

(

Oy — diAvy = XV - (01 V) + A — pvy — dvyvg — fovs, x €, t >0,

Oyvy — doAvy = dv1v9 + [Svrv3 — Oug, reQ, t>0,

O3 — dsAvs = yvy — aws, zeN, t>0, (3.3)
Vvi-n=Vuvy-n=Vuz-n=0, r e i, t>0,

v1(x,0) = vig(x), va(x,0) = voo(z), v3(x,0) = V30(2), x €.
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The basic reproduction number for (3.3) can be defined as identical to (3.2). The pathogen-
free equilibrium of (3.3) is Fy; = (%,0,0). If Ry > 1, the endemic equilibrium of (3.3) is
E* = (v, vs,v}), where

g wzvﬁ
V" Sa+ 8y 0 3 a

We now consider the case y < 0, which represents the chemotactic attraction between
the hosts. In order to analyze the Turing pattern formation of (3.3), we then work with a
non-dimensional version of (3.3) to reduce the number of parameters and simplify some of

the analysis. The non-dimensional dependent species variables are given by

U1 V2 U3
‘/1 == ) ‘/2 == R ‘/23 - )
1 2 U3

and the non-dimensional space variable X = (Xj, ..., X;,) € R" and time variable 7 € R are

set as

T Ht,

where H and H; are positive constants which will be chosen later. Substitute the non-

E, 1 = 1, N,

dimensional variables into (3.3) to get

( let XHt’U; HtA
OV — < AVs = SV - (VVVe) + == — uHiVA
— SHwi Vs — BHwiVI Vs, XeQ >0,

doH, H,vtvt -
0.V — v, — smivive + Py gy, Xeq 7o,

f& s 3 (3.4)
0.Vy — Bt Ay, = T2y gy XeQ, r>0,

H? V3
VVi-n=VVy-n=VV;-n=0, X eo, t>0,
\V1<X’ O) = VlO(X)v VZ(Xa O) = VQO(X)v VB(X> O) = V30<X)> X € Q>

where Q = {% RS Q} Let

1 dy  ~ A Hwl -~ 0
H, = —, H2::_1’A: *,X::X t2v2’ =,
I 7 puy H 7
doH dsH, ~ vy - vl
Dy = 2—;, Ds = 3—2'5, 0= UQ, = 5011)37 a=2
H H % o3 %
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Then (3.4) becomes

(

O Vi —AVi =XV - (ViVVa) + A = Vi = 6VilVa — (A =1 - §)ViVs, X €Q, 7> 0,
0-Va — DaAVy = (6 — B)ViVa + BViV5 — OV5, XeQ, >0,
0. Vs — DsAVs = a(Vy — Vs), XeQ >0,
VVi-n=VV,-n=VV;-n=0, XedQ, t>0,
Vi(X,0) = Vig(X), Va(X,0) = Vao(X), V3(X,0) = Vao(X), X e

(3.5)

After simplifying (3.3), it is straightforward to check that in the absence of spatial variation
(3.5) admits the following two equilibria: pathogen-free equilibrium E; = (A,0,0), and
endemic equilibrium E* = (1,1, 1) for A>1.

The Jacobian matrix of (3.5) at E* is

—A—1? 54+ x —(A-1-9)
J(E) = 0 5 — Dyl? 5
0 a —d — Dyl?

Here, 12 := 171, where 1 € R” is the wave number. The corresponding characteristic polyno-

mial of J(E*) is

P(\) = M4+\ [(1 + Dy + D3)I” + (d+5+f\)]

X
+ ((& +B)A + 59) } + {DzDglG + <D2d + Dyfi + DyDsA + >Z§D3> [
+ ((DQd + D3B)A + Dad + id) P+ ad(A - 1)]
= X+ [N+ gA+h,
where

F=0+Dy+ D)2+ (a+F+A) = Hl®>+ fo,

g = (Ds+ Dyt DoDy)l* + <D2d 4+ D3B+ (Dy+ Dy)A+a+ B+ xé) 2+ ((d + A+ Sé)
= gil* + gol* + g5,
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h = DoDsl® + (DQd + D33 + DyDsA + >2§D3) 4+ ((DQ@ + D3B)A + Dyd + ;2&) 12
+ad(A —1)
= h1l6 + h2l4 + h3l2 + h4.

It is obvious that fi, fa, g1, g3, h1, and hy are positive, while gs, hs, and hs may be
nonpositive. Note that patterns may occur in a reaction-chemotaxis-diffusion system in
the neighborhood of a spatially homogeneous steady state provided the conditions for the
chemotaxis-driven instability are satisfied. The conditions are:

(A1) The steady state is linearly stable in the absence of diffusion and chemotaxis;

(A2) The steady state is linearly unstable in the presence of diffusion and chemotaxis.

It follows from Theorem 4 in [36] that (A1) is satisfied for (* = 0. According to the
Ruth-Hurwitz stability criterion for a cubic polynomial, we know E* is stable if and only if
f,9,h >0 and fg > h. Thus we give the necessary conditions to guarantee (A2) holds for
the steady state of (3.3) as follows.

Proposition 3.3. Given x < 0, the chemotazis-driven instability occurs for (3.3) if at least

one of the following conditions holds:

(i) x < — ((Ch + dy)a N (dy + d3)Byvy N (dy + dg)A>
fv; abvs Ovr s

)

. didyor  dy fryvy doA
< _ .
(i) x < (dg(%; abv} * Ovivy )’
dyA  dspyN dso
(m‘)xg—( A daby +—3).

* ok 29%
HU Uy pOTVg «

Proof. Applying the Ruth-Hurwitz stability criterion for P()\), we can infer that one way
that E* of (3.5) may become unstable is at least one of gy, hy, and hg is nonpositive. Thus,

either

(P]') g2 S 07 i'e'7 X S - (

D%O[JFD%BJraTB)%Or

0

(P2) hy <0, ie, g < — [ 220 0 Dt
Ds6 0 0

(07 (07

- DsBA  Dsb
(P3) hs <0, ie., ¥ < — <D2A+ 2PA | —35>

As a consequence, conditions (i)-(iii) in Proposition 3.3 are equivalent to conditions (P1)-

(P3). O
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4 Spatial aggregation and segregation

We now proceed to verify the results of boundedness for different y numerically within one-
and two-dimensional domains. Additionally, spatial aggregation and segregation phenomena

will be illustrated.

4.1 Spatial aggregation

In this subsection, the parameter values are taken as follows: dy = dy = k =0 = a = 1,
d3=p=0.1,A=10,v =2, and § = 0.5. For the one-dimensional simulation, we take 2 as
a finite open interval Q; := Q = (—10, 10). For the two-dimensional simulation, model (1.2)
will be numerically solved on a square domain Qy := Q = (—10,10) x (—10, 10).

We first consider the case without chemotaxis in model (1.2). For the one-dimensional
simulation, the initial values are taken as (vig, vag,v30) = (1006"5’3'2, 106"“2,506"5’3'2), T €

1, and we assume
d(z) = 0.3cosz +0.32, f(z) =0.5sinz + 0.53, = € Q.

For the two-dimensional simulation, the initial values are taken as (v1g, v29, v30) = (100, 10, 50),

(x,y) € Qq, and we assume
d(z,y) = 0.0003 cos zsiny + 0.16, S(z,y) = 0.0005sinzcosy + 0.1, (z,y) € Q.

Actually, the parameter values chosen in this way guarantee that Ry > 1 by Proposition 3.2.

When the chemotaxis is absent in model (1.2), that is, y = 0, the numerical results are
depicted in Fig. 1. By observing Fig. 1(a)-(c), at the initial stage, both the hosts and
pathogens are highly concentrated in the neighborhood of x = 0. However, the solution
tends to a steady state as time evolves. Fig. 1(d)-(f) illustrates the spatial distribution of
infected hosts in a square at different time moments. Since the infection rates are taken as
periodic functions of spatial variables x and vy, the solution also performs periodicity at the
steady state, as displayed in Fig. 1(g)-(i). The solution remains bounded regardless of the
spatial dimension of the domain, and its ultimate bound is independent of the initial data,

which are consistent with Theorems 2.1 and 2.2.
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(a) Spatiotemporal evolution of v, (b) Spatiotemporal evolution of v, (c) Spatiotemporal evolution of Vg
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Fig. 1: x = 0 in model (1.2). (a)-(c): the spatiotemporal evolution of the solution for the
one-dimensional domain. (d)-(f): the spatial distribution of vy at ¢ = 1,5,80 for the two-
dimensional domain, respectively. (g)-(i): the phase portraits of the solution at the steady

state.
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(a) Spatiotemporal evolution of v, (b) Spatiotemporal evolution of v, (c) Spatiotemporal evolution of vy
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Fig. 2: x = 0.1 in model (1.2). (a)-(c): the spatiotemporal evolution of the solution for the
one-dimensional domain. (d)-(f): the spatial distribution of vy at ¢ = 1,5,80 for the two-
dimensional domain, respectively. (g)-(i): the phase portraits of the solution at the steady

state.
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We then explore the case of weak chemotaxis by taking y = 0.1. For the one-dimensional
simulation, the initial data are taken as (v1g, V29, v30) = (100 4+ 2,10 4+ 0.52,50 4+ x), = € )y,

and the infection rates are
d(z) =0.3cosz +0.32, f(z) =0.5sinz +0.53, = € Q.

For the two-dimensional simulation, the initial data are the same as those in the case without

chemotaxis, and the infection rates are taken in this way:
d(z) = 0.03sinz + 0.05, S(y) = 0.05siny + 0.07, (z,y) € O,

where the infection rate of infected hosts is periodic in x, whereas the infection rate of
pathogens is periodic in y.

The numerical results are presented in Fig. 2. From Fig. 2(a)-(c), the hosts and
pathogens highly concentrate at the position x = 10, while the distribution of the steady
state behaves periodically in z. Fig. 2(d)-(f) shows the spatial distribution of the infected
hosts at different time moments in the two-dimension domain. It can be observed from
Fig. 2(g)-(i) that the solution has more obvious periodicity in y. Irrespective of the spatial
dimension of the domain, the solution is also bounded and tends to a steady state for the
weak chemotaxis effect. This aligns with Theorem 2.3.

We now take y = 10 to represent that the chemotaxis effect is strong. The initial
data is chosen as (v19,v20,v30) = (100,10 + o(x),50 + o(x)), where o(z) is random noise
uniformly distributed in (—1,1). The infection rates are selected as constant in the whole
domain, where § = 0.003 and # = 0.005. The numerical results are displayed in Fig. 3. We
introduce perturbations to the initial data of infected hosts and pathogens, but the solution
still converges to a steady state in the one-dimension domain by Fig. 3(a)-(c). Additionally,
the solution is bounded, in accordance with Theorem 2.4. For the two-dimension simulation,
we find that infected hosts highly concentrate at certain positions when ¢ is small and y
is large. When ¢ exceeds 0.05, the solution appears to experience a numerical blow-up
(synonymously referred to as finite-time blow-up), rendering it noncomputable within the
desired tolerance. Biologically, this highly concentrated phenomenon before the blow-up is

explained as spatial aggregation [22]. In fact, by virtue of Theorem 2.4 and Proposition
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(a) Spatiotemporal evolution of v, (b) Spatiotemporal evolution of A (c) Spatiotemporal evolution of Vg
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Fig. 3: x = 10 in model (1.2). (a)-(c): the spatiotemporal evolution of the solution for the

one-dimensional domain. (d)-(f): the spatial distribution of vy at ¢t = 0.03,0.04, 0.05 for the
two-dimensional domain, respectively. (g)-(i): the spatial distribution of vy at ¢t = 0.1,1, 100

after the regularisation of the chemotaxis.
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3.1(i), we understand that the blow-up of the solution may occur for Ry > 1 and large
X in a two-dimensional domain. Mathematically, a standard approach to deal with this
phenomenon is to introduce a regularisation term to (1.2). We shall use a density-dependent

sensitivity regularisation, studied in [37-39]. Our new governing system becomes:

( v o(x)viv
Oy — diAvy = (14 €)XV - (1 —|—151)1 Vv2> + A(z) — pvy — %{;@;
—kvlln(l—i—B(xT)%), reQ, t>0,
)
8t112 - dQAUQ = M + ]CUl In(1 + /B(x)v?) - 6’027 x € Q, t> 0,
1+ ovsy k
Oyv3 — dzAvs = yv9 — s, reQ, t>0,
Vv -n=Vuvy-n=Vuz-n=0, r eI, t>0,
L1(7,0) = v1o(x), va(z,0) = voo(x), v3(,0) = v30(x), x € .
(4.1)
According to [39], the notation of effective chemotaxis of model (4.1) is:
14
X T e X

Note that Y — 0 as v; — oo. For large but bounded vy, x — x as ¢ — 0. The effective
chemotaxis in model (4.1) serves to maintain the boundedness of the solution. By the
regularisation of the chemotaxis as (4.1), the numerical results are illustrated in Fig. 3(g)-
(i), where ¢ is taken as 0.1. It is evident that the solution of the model remains bounded
after the regularisation of the chemotaxis.

Nevertheless, further explanation is required to establish a connection between the blow-
up of solutions and real-world process behavior, as blow-up phenomena are not observed in

reality [18].

4.2 Spatial segregation
We apply the segregation indices introduced in [40] to measure the degree of segregation:

77(% U) = ma,X{u - U} ’ mlp{u - U}a
€ z€Q

and

e = ol
rR\UV) = —/———m
() = Rl Tl
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for u(z),v(x) € C(2). Here, n € R and 0 < k < 1. There is no segregation if n > 0 or
k=0. If n <0 and k > 0, the segregation gets stronger as k tends to one, while it gets
worse as £ tends to zero. In this subsection, we always assume §(z) = 0.3cosz + 0.5 and
B(x) = 0.5cosx + 0.7 in the one-dimensional domain 2 = (0, 27). Clearly, the infection rate

is the highest at positions z = 0 and 27 and the lowest at position x = .

a) =0.8 b) =10 (c) =1000
50 @« 20 ®) a S 25
—V1 Y]
45 ; 18 _\/ 1
) _V2
40 V3 16 A

35
30
25
20
15
10

14

12
10

N A O
.>

Fig. 4: The distribution of the steady states for model (1.2) with varying values of oz when
x = 0.1.

As assumed in model (1.2), susceptible hosts can only recognize infected hosts by the
symptoms of infection, while they cannot recognize the pathogens because they are too small
to detect. We choose xy = 0.1 in Fig. 4, and the other parameter values are the same as
those in the subsection 4.1 except for the death rate of pathogens in an external environment
a. To better understand the segregation between susceptible and infected hosts, we give the
distribution of the species according to «, which is illustrated in Fig. 4. The elevated
mortality rate of pathogens is attributed to their difficulty in surviving independently of a
host organism. It is noticeable that susceptible hosts are the highest at position z = ,
where the infection rates are the lowest. It can also be observed that the concentration of
pathogens decreases significantly with the increase of the mortality rate of pathogens, and
eventually tends to zero as a approaches co. Correspondingly, the density of infected hosts

decreases with the decrease of the concentration of pathogens.
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Table 1: Segregation indices and infection fraction for different c.

fo% vodz
fo% (v1+ve)dx

0.8 | 277.0429  0.7650 0.8825
10 | 131.3565  0.5077 0.7539
1000 | —51.3745  0.1409 0.4736

a | n(v,ve)  K(vg,ve)

It follows from Table 1 that there is no discernible segregation between susceptible and
infected hosts due to the positive values of n when the death rate of pathogens are 0.8 and
10, while the segregation phenomenon is observed when o = 1000. This suggests that when
pathogens cannot survive in an external environment for a long time, spatial segregation
between susceptible and infected hosts can appear because newly infected hosts are mainly
produced by the transmission of infected hosts. We find from Fig. 4(c) that the fraction of
pathogens is rather small when o = 1000, which is helpful to observe the segregation between
susceptible and infected hosts. On the contrary, it is hard to segregate the hosts when the
death rate of pathogens is small because the infection by pathogens can also increase the
density of infected hosts to a large extent. Thus, there is much more significance by selecting
a high death rate of pathogens to study the segregation phenomenon between susceptible
and infected hosts.

We then turn to explore the effect of chemotaxis on the segregation between susceptible
and infected hosts. In the following scenario, « is taken as 1000. Therefore, the infection
caused by pathogens can be ignored. When there is no chemotaxis, the numerical result is
given in Fig. 5(a). The parameter y > 0 demonstrates that susceptible hosts will move away
from regions with a higher density of infected hosts. From Fig. 4(c) and Fig. 5(b), we can
observe that the density of susceptible hosts decreases notably at positions z = 0 and 27,
but increases abruptly at position x = 7 with the increase of the values of y. In addition,
the strong chemotaxis significantly contributes to the homogenization of the distribution of
infected hosts and the heterogenization or dehomogenization of the distribution of susceptible

hosts, which can be seen from Fig. 5(c).
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Fig. 5: The distribution of the steady states for model (1.2) with different values of y when
a = 1000.

Table 2 reveals that there is segregation between susceptible and infected hosts due to the
negative values of 7. However, the segregation is weak because the values of x are small and
close to zero. Although the segregation gets better as x increases, it has a limited impact

on reducing the total infection number by comparing the infection fraction.

Table 2: Segregation indices and infection fraction for different y.

fOQW vodx
X | n(vi,v2)  K(vr,v2) JZ (v14v2)da

—32.6879  0.1114 0.4837
1 | —108.8713  0.2039 0.4512
10 | —140.9571  0.2284 0.4421

5 Discussion

In this work, we explored a reaction-chemotaxis-diffusion host-pathogen model including
two distinct transmission processes, where we applied the saturated incidence to describe
the disease transmission between hosts, and the negative binomial incidence to illustrate the
infection by pathogens. The chemotactic response was employed to represent the directed
movement of susceptible hosts either towards or away from already infected hosts. Never-
theless, susceptible hosts cannot move to or away from pathogens cognitively or directionally

due to the undetectability of pathogen particles.
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We have shown analytically the solvability of the model regarding the magnitude of y.
The model reduces to a reaction-diffusion model when x is zero. Accordingly, the global
existence of the solution and the existence of the global attractor in all dimensional domains
were verified, contributing to the threshold dynamics in terms of the basic reproduction
number. When y is constrained within a narrow interval, we were also able to prove the
global boundedness of the solution in any spatial dimension, while the bound of the solution
depends on the initial data. When the constraint on y is removed, we can only provide the
boundedness of the solution in a one-dimensional domain. These theoretical findings enrich
our comprehension of the dynamic properties of chemotactic host-pathogen models. We
performed a series of numerical examples to explore the spatial aggregation and segregation
caused by the chemotactic response. There is no spatial aggregation and the solution is
always bounded when Yy is zero or small in one- or two-dimensional domains according to
Figs. 1 and 2. Similarly, the solution is also bounded in the one-dimensional domain when
x is large from Fig. 3. The numerical results are consistent with our theoretical results in
Theorems 2.1-2.4. Nevertheless, when Y is large, it is found that the hosts take on aggregation
phenomenon in the two-dimensional domain, and the solution blows up at finite time in the
two-dimensional domain by Fig. 3. However, after the regularisation of the chemotaxis, the
solution remains bounded. Whether the finite-time blow-up of solutions occurs for n = 2
mathematically is still an open question. In addition, the boundedness of the solution for
arbitrary y still requires further exploration for spatial dimension n > 3. We refer interested
readers to [20], where some mathematical reasons for the occurrence of unbounded solutions
for n > 2 were provided in a chemotaxis system. In the limiting scenario where o approaches
zero and k tends to infinity, we considered the chemotaxis-driven instability for the positive
constant steady state when x < 0. Proposition 3.3 introduced three necessary conditions
regarding the degree of the chemotaxis attraction for this scenario. For a more detailed
exploration of Turing patterns, we recommend referring to [41] and the cited references
therein.

We also studied whether the directed movement driven by the chemotaxis effect leads to
spatial segregation. Our findings indicate that spatial segregation can appear if pathogens

cannot survive in an external environment for a long time, while the strong repulsive chemo-
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taxis among hosts alone does not effectively segregate susceptible and infected hosts, which
is in obvious contrast to segregation observed in previous studies [40,42]. This contrast
can be attributed to two key factors. On one hand, the chemotaxis effect is not sufficiently
suitable for describing the diffusion with cognition because we find that strong chemotactic
repulsion can homogenize the distribution of infected hosts. On the other hand, there is
only directed movement of susceptible hosts caused by the chemotactic repulsion of infected
hosts, yet there is no corresponding directed movement of infected hosts. Consequently, it
becomes challenging to spatially separate susceptible and infected hosts well. Therefore, the
chemotaxis effect holds limited significance in reducing the total infection number. In future
research, we will devote ourselves to developing host-pathogen models that incorporate en-
hanced cognitive diffusion mechanisms to explore the spatial structures driven by directed

movement.
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