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ABSTRACT

Y oA
1:‘3 "‘
Thi:  systhetic, concsptunl study develops Bome of the
. ' P R

. » _
cducat tonal aspects of thee  concept of mathosis, o1

humanistic mat hematios, fn' it a4  heuristic framework, or

propacdéut ic paradkgm, © tor the conntruction ot mathesis

0

curtreula s - outlined, elaborated, 1llustrat &d and-:

N os

rationalized. The stuady bridges two different approaches to

thbf alea  of -mathesisi. the  philosophical, concerning the

v - ®

A

.n‘M\i:a of: mathesis and the practical, xvldtiﬁé\xo the™

Wy

‘humanlta%q of . mathematics curricula. Two pervasive themes

¢
N

are those of man as 'active organism' and Popp?f's epistemic’

method of ﬁbﬁj?@fur@* and refutatlons. The "dissertation is

séen as Lé’nq a broad, 1mprﬁq ionistic apd lnifialiﬁtatemént

' ’: . 7 ) 7 "

regarding math951s;; mor@ dpta119d consideration of Certdln
1 . B

L

i

aspects of the'étudy areﬁplﬂnneﬂ._ o '

Céﬁﬁta;afé the c ept of humanlﬁm ‘ate . the 'eqqentlal

Yy o

attributest . of ménf his capacxt{es for raﬁlonal fhought

symbol mﬁklng, qocla} organlzaflon, technlcal producflon and

> a

gamefplayinq, wathemaflcs is| Considered to be the sc:ence of

A -

structurea The humanistlc aspects of mathematics centrPd on’

; Taoe
L& .‘ B :

persons and prOCeSSeS, ra;her than on products, is« refenréd‘

)

to  as‘) athesis~ The ten compdngnts of the mathesls paradlgmA

N - c -‘;.%" : T
are " 1listed. . *Tts pw foundatlo@ pxeces ape: “the
. R T ’ S

¢

. epistemological andapSyCholqucal bases.,POpper s ’Crltlcab

Fallibilisg' is the theory of” knowledge thCh underlles the
[ " " ¢ ‘ . \

-

&~



patadiqgm  aad  the  study  as A who les, The cognitive
. -

t5
N - )

poychological basiis 1 provirlﬁl by Piagetss wu; and th-

aftective  Danaa R)Y t he W1t ings ot the third f o e
prychologlats such A5 Maslow, The remalniog componsnts ar e
the process blas, the poatentially-tich siituation matilx, the
pedaanglo mod e andg frve charactaristics, genatis,

| e . e 8
interdisciplinary, Contoeaporary, hiab-1ntormation and

intrinsic=interast

- ;) Ussing  Dewey's  1dea ot raflective N thought, the
Simportance  of  problems and problﬁm~:olvihq to humanistic
education is argued. Pen characteriztic:s of potentially-rich
~
:;ihxa%’i()n:lic the  component of  the paradigm mnost closely

related to ptoblémfﬁolviﬁq, are also given “here. Th

e =
characteristics are: accessibility, ' preadth, depth,

connectivity, -generalizability, pattern-latency, concrete

rﬁptéseﬂtability, empiricality, - identifiability and

symbolizability. Examples of two particular potentially-rich

. situations, polytopes and poljpminéés, are given and are

i

1

examined in’detail.

3

dn analysissof the mathesis paradigm, in particular

from the viewpoint of validity and utility.. Does the

5 -

paradigm'do what it purports;ko do, ana how useful is it'_at

Fe)

' doing this? The structural aspects of the validity and

»

‘dgﬁlity of mhé‘ paradigm are judged by using infofmai?

2

interprgtations ofe the formal concepts of 'copsisbency}

\ . i~



M »

S

completeness and  1ndependence.  Iadications are found that

the parad igfh  has  fome  measiure  of 0 Fcoompleteness' a [xd

P

*constataney . I appeats that.the nou-independence ot "the
X » ‘ ) , N
1
(‘Ou\pnnunt.‘i may be ascential to 1he auccesnfal im})’ﬂrmﬂmmzt 100
[ .. . M . ‘ - . .
ot the paradigm. The non-stiuctural aspects ot the  paradigm

are examlined s 1 ng the ¢craiteria ot texistencet  and

*falsifiabilityt. The work of Davis, Papsrt and the memboers
ot the A:’.:;-o'(:} ation of Tedchers of Mat hemahlos ate taken as

*partial-existence! -examples of mathemgqticsn  curricula. The
~ ' o

importance of the role 6t the individual teachor in mathepis

curricula is-emphasized.,

A
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This  itudy 15, by natur., open, and nynthetico. It

A

N . . . A
attoempts to <g1ve an overall, ilmpressionlstlc View, from an
|

' (
aducational sitandpoint, of the extremely targe and virtually

-

unconsldered prﬂblum of thumani stic mathematicos* .

Tn consmidering this question it would Seem that there
are two disttapct approaches one mlght fdkﬁ.l From a purely
philosophic positiacn  one  <could look at the *What ins

] N - I
humanlistic mathematics?® problem in detail, ‘%rom A Vﬂ&?ly

practical vantage one might proceed by examining éfiﬁt}ﬂq

practice 4in mathematics education for its humanistic
aspects, Ip this study a position which combines aspects of

hY .
poth of these approaches is taken, At the beginning . of the

study. the nature of humanistic mathepatic

ey

By

is  briefly

oq;linéd, aﬁdé a{ the end of it. classroom practice 1i:

< B
considered. The main purpose .of the work is, however, to

]
[

present a framework wvhich will bridge these two different

aspects of the problem. The bulk §fﬁ{hé_stﬁay is tlierefore .

- #

3dgyobedttb‘the statement, elaboraf&on, and apnalysis of a:
pqradiqm. for the prbdu¢tion 'of humanistic mathematics
’cﬁrriculq. It is intended that at a later date more complete
statements of the paradigm énd "the philosophical an@

& - ’

practical aspects of the problem will be given.

- viii
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The question of assumptions 15 one which 1s crucial to
»

the study. Fundamental -to almost all of the dissertation .is5

the © conception of mAn  AS ab AcCtive olyAanisim. This
] . #
aspumption, which 15 closely connected to the long-standing
\

philosophical dispute between determinilsm and free w111, is

by itselt sufticient to hringsthe :::fudy into contlict with

mach of contemporary *learning theory*, which is5 altimately
based on a vision of man as a reactive grganism, The  stody
can be sesn, 1in mapy ways, as %f dttempt to build a position

from  a  set  of fundameptal assumptions. Tf one assumes

¢

certain things about the npature of mathematics and the

nature of man, then what are the implications of these

ansamptions for education? ! . /

The scope of the study 1s such that it has not been

feasible f? refer in the text of the dissertation to all of

the sources which have been influential 4in the construction

i

a it 5

k@]
a

u

of the paradignm. ecau emed desirable to have a

record of these influences available to the reader, a list

of some of  the maijor écurCés has been included ih the
 %difSéftati0n ‘as Appendix Ope. %hé sources have heen

classified ‘'as falling idﬁi one of fin" majdr areas:
Iﬂatﬁematics, Philoso?hy;i Psychology, Social Issues, _ or

Education. These ateas in —turn have been subdivided into

|
”

some twenty-five Sub-areas. Readeks wishing, for example, to
follow up creferences on Popper should consult some of the

3%

ix.
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literatare
’Phi lostphy
"

GXCeption:,

appendix.

, s
in the Philos«iphy of Sclence subsection

area. For [easons of  space, with
- ’ .t
prioyity has been given to book titles
"
N »
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i
£
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The  motivation for thisn work lies i a complex ot
socipnl and cultural ftactors currantly present in the Wwestopn

5 N ‘. - =
world. For  a pumber ot reasons nocia 1$ and ~ducat Loha 1
LY

planner:s havye rneepn 11t to recommend  that educational

institutions apd their curricula become more  *hamanistic'.

Despite these recommendations there meems, at the momant, to

be Tew comprehennive plans  which ﬂﬁﬁéfih? how thins
humanization might be brought about, This study 1is an
attempt to cCop: Jd*‘r the problém of humanistic curricula in
relation. to the diﬁciplinﬁ of mathematics, The major part of
the F‘a’f:ldy 1s given over tp fﬁv pf% entation apd analysis of

éaf dﬁéi as A

of humanistic

mathemgtics curricula,

.4 B Bl

5

In the flrsf part of ‘this Lhapter the Social bavkground
- i

. -

Ao and motlvatlon for the study is descrlbed. hlq is

followed by a short descrlptlon of humanlom and’ mathematlcs-'

The way in uhich these two concep;s are rekated 1is briefly.

.\ i ) % ; .
examined 1in the next section and it is/'suggested that the

word  ‘*mathesis can  be’ dgéi to ' mean thumanistic

I “.‘- i ' r '
mathematics'. ‘The: chapter concludes wlth two sectlons which

By ; -

ot 6 : _— ; I
' ’,? . . . A Y !
L . v, g :
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~0f  the world, taken place in-décades or even years. The

M

define the terms *curriculum' and ‘paradigm'  a:s thay are

used  an the study, and a Concise overview of the study an o

0 for the Study

V.72 The tSocial packqround to and _Motivation
hw ¥

\
The roots ot the demands tor sducational reform <an bhe

tound  1n  the uappreocedented rate of social change which has

occurred throughout the world in the Lagpt quarrer~centhry.

a

”

Variations 4n patterns ;of 1aving thdh in the pasit miqght
B B ¥ 7”\7 H
cd over a period of centwries have, in many parts

’ . i -

po
<

have evo

'.ﬂrivinﬁ - force bhehind this social change has, heen  the

N 5

e

tecdnadogical application .of scientific research. The!

gemeral direction of this change has heen toward qrowing

]

urbanization, qreater industrialization, and increased

PR

=
=
b
o
T
>
fog
2
o]
gl
fg
o
4]
o
2
o
fo]
ol

considerable improvement in the

standarcd of living, 5t least in the western world,~ during

a

thiSrpétiOdi social Cfiti?éﬁhaVi‘pOiﬁiéa out that +this has

A

been purchased,at great cost, ‘both to individuals 5hd to the

g

environment. The concomitant hazards of this Tapid social

Chanqe and the forces which have brought it about have now

3

become ' better known. The spectre of an over-populated,

famine-threatened, environment-exhausted world, ménﬁceﬂ by
nuclear -annihilation, is one which intelligent beings of the

y
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D""ffn
A
\ Proetecn-seventics ate only too familiarg . e
Tn Fecant years  there  has beon  1ncleased publice

aMarenets of what may pe called humanint ic iscuck. Thece are
Sltuations which necessttate g reconnideration  of the

- Concept of human nature. Several of these issues have arisen
i

(Tom  the results ot bio-medical research. The reality of

“fiective birth-cont rol meat hods, the advept of *transplapnt!
technology and tha prospect of Yxeroxed: beinpgs® brought into
the world byrﬁloninq techniques has challenqged many pecple's
2as5: of humann%Sﬁ, The question of ipherent characteristics
in  humans hag sarcfaced, noticeably in relation to the

problem of sexual and racial discrimination. The man-nature

relationship  has. undergone renewed scrutiny because of

nce,

i
e
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growing concern for the ecolc
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path of , world deve&lopment might ben Among the’ forecasts of
this group of futupists there is, as might be expected, a

wide range of possible scenarios. In spite of this there ’

seems toabe'general agreement onr’féut spoints: the ,only
v ' c?;tainty ébout the future ié that it will involve
continuing’change, that there is a stréng' possibility that
man as a 'species will cease toiﬁxist;ithat this passibility

of -éxtinction will be decreased if the people of the%westérn
‘world will“lessen their emp hasi s on materialistic values,

5

A
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and  that at thée  moment tew dndividuals  are adequately

’
\

prepared to cope with chanqge.

] e .
L)

CThe last oqnelusion leads most of the tuturists tao o be
% v *
quitc  critical dJt; .contemporary educational institutions.
o

-

This 15 a char@cte;}?ﬂﬁc they share with many other writers,

. - U
A large numbet sof B‘gg,cila I' critics, academics, teachers, and

. » it ) . ;
student s haver ‘f.’oc}xsed their attention on the pl‘r«sént*day
; Fi ;

Syntem of education, Hhile the prognoses may differ, the

diagnoses sound uncannily the same.  Schools as joyless,
boring, %rchaic, destructive, impersonal and mindless places
are among the most dehumanizing iﬁstitutions of our culture,
They do litflg to help their Cliéntﬁ'a*:iéVé thedr potential

and even less to ald them'in coping with the world around

them, E b

I3

Rducatiopal planners, obviously influenced by both the

futurists and the egritics of s

i

fhovllﬂq have produced
reports which prescribe educational systenms With a strong
hhmaﬁistic flavour. The Hall-pPennis Commiision iniiODtario{
(1968) with 1ts theme of a "Child*centredilearnianéﬁﬁiiquumf
(ﬁ. 179’"; the #Worth commission in Alberta (1972) with ité
P
‘"alternative future...a pérson-centted society (p. 31)" rénd
the Faure Commission (UNESCO) (1973), which sees ‘the
fundamental _aim for education as being "the pbysicai,
intellectual, emotiénal émd\ ethical 4integration of the

T}

individdal into a complete man (p. 156) ™, "can be rseén as

}

¢
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examples ot this phepomenon.

o The immediate response by the educational establishment
A .
to this criticism  has  not, in general, been particularly
Cogqent. Many of the proposals for hunanizing education have
been exceedingly vaqgue; others ha%e concentrated on trivial
aspects of the problem. Few writers seem to have dealt at
A
all  successfully with the problem in its totality. This
probably reflects the tact that ftew of them have qu@ 1t

clear just what they mean when they use the term humanistic:

It is this question which we consider in the pnext section.

¢

A

1.3 On Humapism ' R

_~ —_—
Y

The word Cﬁ'humanistiC'; is dixectly derived fron

a _ ) ﬂ",,,'g
‘humapist® which .in turn is . di rectly derived from " 'human®.
Hence one's interpretation éf"humaniétic' depends éﬂtifiiy

on what one understands by: the word ‘*human!'. Thé problem

thus reduces k to defining what it ‘means to be human, or

€quivaleptly, to describing 'human pature’, or o describlng

b
how man differs from his fellow animals. .

Unfortunately, this is one of the oldest and most

disputed proklems known to man. The proposed answems to it
. LY A N

have been - many and varied. . At different +times and in
2 . )

B

different piaces the case 'has been made for man as: the

I”
thinking reed, the tlme-blndlng anlmal, ‘the anlmal who knows

he is golng to &ie, and the anlmal wlth a soul. From ancient



&

times many thinkers have proposed man as animal rationale

o ————atmm

while more recently the cases have been argued for homo
faber and homo politicus. From a mathematical point of view
the positions of Cassirer (1970) and Huizinga (1971) seen

'S

particularly attractive. They make \Stropq; cases  for,
: . ' - ' 4 * .

respectively, animal §19Q91;§gg, man the symbol-making
s F

animal, and homo ludens, man the qamé~pli/inq animal.

To tie oneselt to a single*characteristic view of human

hature 15, however, to put oneself in a vulnerable pOS%TiOﬂ.

(As Plato is‘reputéd to have found when he defineq man as .a

)

\ :
‘featherless biped* only to have Diogénes produce a p 1icked

rooster Célled *Platc's manp® (Laertiuss -1853,§ p-231),) A F

]

flore reasonable.! position would seem to be that, taken by
P .
- Fromm and Xirad (1968) who consider humangnature in terms of

not one, but several 'essential at@tibufeﬁ'; such as the

capacity for symbcl—makingg They state:

of Course man is not wholly definable, but what we
have termed his "essential attributeos" can'give us
an approximate, and at the same ‘time, rather
accurate approach to what we may call man's nature
(p- 9.

We ‘accordingly take the view in this study that man is an
active  organism whose nature is to ‘a great extent
characterized by his capacities for symbol-making, rational

thought, social organization, technical production and game- - no

A

playing.

s

In many historica} periods groups of men have’

declared

<
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themselves to bhe philosophical humanists. Traditionally
[y
there are two Wways ot arriving at a humanist position.
=
Panotsky (1970) has written:

Historically the word humanitas has had two
clearly distinguishable meanings, the first
arising from a <ontrast between man and what |is
less than man; the second between.man and what is
more. In the tirst case humanitas means & value,
in the second a limitation...Tt is from this
ambivalent conception of humanitas that humanisnm
wvas born. It is not 50 much a movement as an
attribute which can be defined as the conviction -
of + the dignity of man, based both on the
insistence on human values (rationality and
freedom) and the acceptance of human limitations
(tallibility and fraility): from this tvc
postulates result -~ responsibilty and tolerance
(pp- 23~24).

Ab

The first of these humanist groups arose during the
Renaissance 1m reaction to the strict docrrinés’%f the

mediaeval church. Perhaps the most recently-formed - humanist

school is that of the Third-Force psychologists; this group
was formed 1atgé1y as a reaction’ to +the docgtrines .of
Behaviourism and Freadianisn. Although separated by a period

of several hundred years, these humanist groups share a

dedication to anti-authoritarianism, a high regard for the

Creations of'man and a faith in the potential of man-.

That not all humanist groups have eimphasized the same

E , o
aspects of humanness can be seen ffon the mnames they have

‘useé to descrihe themselves. At one time or another, there

v

»

have been movements known as Existential humaniss, Christian

I3

‘humanism, Evolutionary humanism, Naturalistic humanism,’

‘;‘.‘”? “
"

D , ‘ ;A



Academic humanism, Marxist humanism, Pragymatic humanism and

*

Scientitic humanism. dhile each of these mnovenent s ha s

[ : .
streased different aspects of man's "essential attributes',
(]

Thpré are several value positions to which all of then

édherelvit is this core of value posit?ﬁns which co&sfﬁtutps

a humaniétjc position 1np this stady. Hence a humanist here

is an individual who is concerned for the worth, Qelfare and

dignity ot the individual; sees man as active, capable nnq

regg?nsihie; and who values man's essential attributé%jlfhé
o R

capacity for rational thought, symbol-making, technical

production, social organization and game-playing.

From this baslc statement many ‘tcorollaries' about

humanism follow. For example, because of their faith 1in

iz ‘ | o
man's capacity for rational thought, humapnists have a high
regard for the methodology of science., However, because of

their copcern for human welfare, they willot use this

(9]

méthodolégy indiscriminately; they would not ac%ept a#putély

rationalist position which would argue for  value-free

\ sciegce. In a sSimilar manner one can show that while

humanists respect the achievements of man dand are in ' that
sense traditionalists, they do notpaccept authoritar{antsm
f

and thus cannot be regarded as being conservaﬂivas.

Agt follows that in thiﬁ'Study, curricula, educatie¢nal
goals, and educational systemé can be said to be humanistic

if they are cdnsistenﬁ,with this humanist value position.

|
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In =0 tar as humanists view man as b@inqh active,
responsible  for  his own actions and capable ot intluencing
his destiny, they have what Reese and  Overton (1970)  have
called "an active organism model of man (p. 133)". This
holistic 5r organtsmic model differs radically froh the
mechanlstic  or  "reactive  orgdnism model™ which seas map's
activity as a  “"result of external or peripheral forces
(p~ 131)." Reese apnd Overton contend that these two world
vi%ws are "3oqiﬁally independent and canpnot be assimilated.
to ﬁacﬁ other., They reflect different ways of looking at the

wvorld and, as such, are ipcompatible in their implications

(p- 116) "

An immediate apnd important conse e of this

3
i~
]
fol
Y

contention is that much of:contemporary *educational theory*

i

is simply not applicibléi to. humanistic edugation. For

I
]

example, most *learning thecries* are diréctly derived fronm

the Treactive model of man. To attempt to evaluate the
. o

results of work done within the context of one world view by

; / '
the criteria/ developed within the framework of another world

view is to ilmnvite confusion.

. o r‘"l‘
,ri ‘t
) {
1.4 On Mathematics
i . N ) H /’j

L ) .
' The gap between the practitioner and the-§eneral, public
is probably greatetf in mathematics +than in any other
discipline. The general public ,has 'Nirtu&llj no idea of

-~
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elther what contemporary mathematics is about or what it  is

that research  mathematicians do  (Halmos 1968; Friéqmdn

1966) . The view that mathematics is developed in an  ultra-

.
togical fashion by a select group of brilliant but cold

researchers 1s quite mistaken but  widely held nometheless

(Hudson, 1970) .

For many people the subiect of mathematics hasj@%@te
unplxasant associations. Traditional mathematics teaching
with 1ts5 emphasis on alﬁulaflon did much to dggelop these

misconceptions and negative associations (Hénry, 1966). Tt

+was hoped, therefore, that the 'new math! caurriculum reforms

of the last decade might succeed in qlvlnq students a more
"Q
valid picture of the nature’of mathematlcq and in promoting

more positive attitudes toward the subject. Unfortunately,

w that "thi

L

o H

the so- calygﬁ@‘mewhmath
5 : : ' ﬁw 3 AT 8 &

evolution' would appaar in many ways to have bgsn akw medla—

sh has

e
kZ)]

apnd  failure. Bell (1972)° as;aga"iw?

"disillusionment, pﬁzzlement (p. 153)# . and DavJ.s 931970)

writes 0‘? the "dissemination problem...?émehow ve. can't do

very often “ana in very many places at once what we can do in

a few places now and then (p. 7)". Sarason (197}) qoncludgsl‘

his examinafion of the introdqction of new math programﬁes‘

as follows: Lo - 3
It is perhaps too chéritaﬁle‘to conclude that 'thé

more things change the more they remain the same';
if only because so many. people continue “to be



unaware that basically nothing has changed; in -
addition, and perhaps more to to the point, many
ot those who are aware that intended outcomes have

. mot been achieved have no clear understanding of -
“the factors contributing to tailure (p. 46).

o)
Tt 1s d1fficult to give a satistactory definiticn of

mathematics. Those given by professional mathematicians have
»

often seemed unnecessarily enigmatic or cryptic. Russell
¥rote (1970) that mathematics is "the subject in which we
! A

newer Kknow what we are talking about, 'nor whether what we

are saylng 15 true (p. 60)"™, and Benjamin Pierce (1881)
~ Called it "the science which draws hecessary conclusions
(p- 9?)"- In this study mathematics is considered to be the

&)

science of structure. This view of mathematics is the one’
vhich has been advanced by the polycephalous Nicholas

Bourbaki (1950) and it has now come to be the one accepted

by many influential . Contemporary mathematicians (Albert,

Browder, , Herstein, Kaplansky, and Maclane, 1965; Welssinger,

1969) . This structuralist view subsumes the earlier
conéeption of mathematics as the ééieﬁce of number and
spacé. (If the sciénce of structure view proves difficult to
grasp, ‘énelcan go a long way thinking of mathematics as the

study, im the abstract, of patterns and relationships

i

(Sawyer, 1963; _Whitehead, 1941).) as well as haéing proved
to be’ a ‘powerful conceptﬁal teol in pure and 'applied

mathematics, ' the étrucfhralist} approach . has fielded
impressive results when applied to such diverse fields as
psychology (Piaget, 1971a), anthropology (Levi-Sttauss,

%
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1967) and finquiéfics (Chomsky, 1965) . Information~
IE ~

processinq,g both by machines (Cherry, 1970) and by humans -

(Bigas, 1971, Miller, 1970), 1is. another area where the

structuralist approach has been fruitful.
il , ' !

In .this study making mathematics 1s considered to be a

natural human activity (Gatteggno, 1970) . In this way it 1is

)
seen a8 being similar to tields like art, literature and

~ music in that it is an activity in .which all humans can
participate. Some people, the research mathematicians, will
necessarily be highly skilled in this activity. However,
their ' existence shouldr not diminish the satisfaction the

amateur mathematician gets from his work any more than the
\ )
existg&ce of professionals limits the satisfaction possible

for amatseurs in any other field. The view that a learner of
A An 8

mathematics 415 ’‘capable of doing authentic mathematical

H
\\ Fl

acxivigy is‘bOrne out :by Hadamard's (1954) statement:

! Between the work of the student who trles to solve
a problem in geometry and algebra and a work of
invention, one can say that there is only a
difference of degree,.a dffference of level, both

w% works tbeing of a similar nature.

‘e Ep

-

b The sources Of mathematics. are seen to lie in human

expgriéhke. Von Neumann 9(1361f" has stated, "mathematical/
ideas onmglnate in empirics; al though' the  gene61§gy‘is
sometlmes long and obscure (p- 9)" Since ' human expetiénce
is to a; great ‘extent culturally determined, this view seems

“¢o be 'conﬁkstent with Hilder s ’(1955)‘ contentlon that:

!

oo . . .
P O . a

L N “ .

Lo ; o ‘ o BRI
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"mathematics is what we make it (p-. 299)" and that (Wilder,
) ‘Q w

1952), "the state and direction’s of qgrowth of pathematics

are determined by the geperal complex of cultural f.gces

both within and without mathematics (p. 270)".

.5 On Mathesis i

’ l

Having described  what the terms humanism and

mathematics are to mean in the study, we can povw turn to a

conslderation of possible intefpretations of ‘*humapistic
mathematics*. Does: 1t make sense to speak of humanistit
mathematics, or are the terms mutually c?nttadictory? What,
to use Ryle's [(1968) phrase, 1is .the "logical geography
(p- 9" of the | feiaticnshipr between humanism and

mathematics?

1]
I

We have stated that pan's humanness is closely bound up

- s h
with his capacity for rational thought, for symbol-making

and for game-playing. Strong cases can b7 -made  for

1

mathematiés as being the purest prodgct of rational thoughz;

the most SOphlstbcated symbol-system man has created and the

.
b

highest fornm ofipamet In this study it is therefore assumed

that the term humaniétic mathematics 155;n no way 1nherently

!
. .

contradictory.

Etymolodfeally”the word mathematics is ,-osely related
to ,the concepts of thlnklng and leatning for it is derxved

from the Greek root 'math i Heaning 'to’ learn' . ‘The
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assumption in the part ot the Greeks that mathematics was in

some way at the heart of  rational activity was  also

retlected by the tact that their word ‘*reason' meant both

‘to think logically' and *to calculate.arithmetically'.
oSFP/;TOY example, Plato's Repablic, 1971, p. 292). Until
fairly recently this same idea was expfessed in the English
language by the word 'mathesis'h meaning "learning, mental
discipline, especially ma thematics (Webster's New
International Dictionary, Second Upabridged Edition)™. 1In
this sense, and often personalized in VErSe,‘it was used by
" Peele in 1593, "And clothest Mathesis 1in rich ornaments,/
That  admirable nafgémati¥;e skill, (Oxford = English

Dictionary)®™, and by Pope (1966), in 1742, in The Dunciady,

"Mad Mathesis alone was upconfineq,/ Too mad for mere’

i &

material chains to bind (p. 5571)". The polymathic Leibnitz

started to formulate ,h foundation for reasoning in all of

’

the sciences which he called *mathésis universalis'.

Many. .seventeqnth "and eigh teenth-century thinke:s
perceived an intimate relationship between rational\thoJﬁﬁ;
and mathematics. John Locke (1966) wrote:

. . i i .

W#would you have a man reason well, you must use hinm

to it betimes, exercise ‘his mipd in observing the
connection of ideas and following them in train.
Nothing ‘does this better than mathematics, which
therefore I think should be taught to all those

who have the time and the opportunity, not as much

. as to make them mathempaticians as to make thenm
. reasonable’ creatures (p. 4). ‘ '

Condorcet expresSeG\Qditéﬁsimilar thoughts (quoted in Polya,
. s T uw“?l‘ ‘.‘ : . i

is

v
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Mathematics 15 the  science that yields t he hest”
opportunity to .obsdrve  the working of the
mind...and  has  the advantaqg@ that by cultivating
It we  may  acquire  the  habit ot a4 method of
Feasoning  which may te applied attorwardss to the
study of any subiject and  can yguide us in the
pursuit ot 1ifa's object (p. TN

! ':P’\'§€i" <y

s
v
§

3
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The "most dl;tlnqul‘h%d contemporary propohbent of the

Lockae-Condorcet schaool of thought 15  Polya (1957, 1967,
, 7 !
196.8) w ho ihﬂldﬁ t hat through mafhﬂmaficﬁ one can teach

Y people how t o thinka Papért/xlvlza, b, ), who talks of
having «children '1carn hUH to 1earn' uses mathematics as 4
- .
) ¥ehicle for this  purpose, and” Brunér and  Kenpey  (1965)
suggernt tﬁéf "learping mathematics may be viewed as a
miorocosm of intellectual developmemt (p, 59)". The recent
vork of FPiaget on the pﬂ'fiblﬁ isomorphism between cognitive
5 ’ o - . 7
and  mathematical structugres .(Beth apd Piaget, 1966) and the
position of the Chomskiap school of lipguistics - (Lyons,
1970)  with  its viow meptal
i abilities, may both bring suppéft t view if
A 7 o 7 ;
- research bears out their conjectures. ¢
The distinction between knowledqé and learping is one
3 $/ “ v
that has been made many tlmes. xh;s distinction, as Panefsky
(1970) polnts out, has exlsted ‘at 1east sxncgnRoman times.
A .subtle differemnce exists- in , Latin between
scientia and eruditio, and in, Edgldsh between
knowledge and learning. Sc;entla:’and . knowledge,
denoting a mental possession rather than a .mental
i process,’ can be 1dent1fiaﬁ1;fftﬁ ‘the " natural
sciences; eruditio andﬁrlga;'ingg denoting a
‘ \ R R D '
ﬁg’%’ A ;‘,_lv‘
2! [

!



process  rather than a possession, . with the
humanities. The ideal aim of science would seenm to
be  something like mastery, that ot the humanit je-
something like wisdom (pp. 49-50) .

~

Although mo:st Mictionaries  now  consider  the word

mathesis to be obsolete, it will be used in this study to

denote humanistic mathematics, It is the sruditio and  not

the  pelepntla aspect  of mathematics; the learning part and

not the knowledge part: the process  but  got  theé product,

Mathesis 15 wQ T e qualitative  than quaptitative, more

Mrectad to wisdom than to mastery; it is mathematics as a

humanity, 1t is  the rational, thinking, rsaéoninq part of
: i :
apimal symbolicum and exists in every member of the

AN - —— A A

cles

s}

Y

p

¥ho has mastered natural language.

ician of po small aptitude, whep he wrote,

] ]

ek
O
o]

ifically, T appoint that five of the

21 5] ursacies® given for 1

oy ta ay n
1

{ . .

Cohsiderable debate has been waged within educational
circles in recent years .concerning the nature of curriculum.
A number of models fpr curriculum development have been
proposed. and seyeral approaches to curriculum.theofizing

Have emerged (Short apnd Marcomnit, 1969). As of yet,
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however, produced a unitied approach.

anﬁondld

g : RAETE

B : 0 R
Curri¢ig e f‘ g S ving may be ‘
<hnldc ﬁyﬁﬂ an in a rather formative 8

. <0ndltldﬁé ‘4@9 “susnpect that theory would he
tocused a ﬂh! al 613nxly 1dentit ied Fealn ot
phenomena. ¥ Untortunately this 15 wnot  so i
curricualum for the detinitions ot curriculum  are
A narros  as 'the subject matter to he learnped!
and ars broad as 'all the experiences students have
in school® (p. 196) .

In this study the term curriculum is used to refer to a

dynamic wystem which has as component s3 teachers, feartners,

conta (, setting, values, goals and inter-relationships

L.

f curriculum which is

=

among i these components. This view ¢
holis iﬁ» Mynamic, person-centred and multi- dlmf'siénal,

differs ~consSiderably fronm RAany of the contemporary

curriculum  models, such as Johnson's (1967), which tend to

be  reductivist, ‘goal-centred, sStatic

ObjPCtl SE

When ‘used in  conqjunction uith humanistic and
mathematics,  the term curriculum indicatd®s ‘that the
relations  hetween humanismﬁand mathematics’are being viewed
from, and will ge utilized = inm, éome educational context.

This educational context need . not - neccessarily be
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institutional.

The central problem of the study is  concerned  with
humanistic mathematics curricula. The conceptual mechanism
which hags been ChosLh to approach this problen is théﬁ of . a4
pnrndlﬁm. Ftymologically qerived from a Greek word meaning
‘1o show side by side', the term pa?adigm has traditionally
been used 1o mean a paftern, a model, or an exemplar. 1t is
51111 widely used in this sense in fields -such %ﬁ grammar
and philosophy (Black, 1ﬁ62: Wittgenstein, 1967) . In the
last few years, however, the term kas been used in a much
wider sense Si: %ociolaqists such as Merton (1967), ﬁﬁd

philosophers of science such as Kuhn (1970) -

idea of

g

foFaédiutic or

heuristic paradigm. It 15 this conception of paradigm which

is used throughout the study. In this sense a paradigm isz
an explicitly structured set of assumptions,
definitions, typologies, conjectures, analyses,
and gquestions giving both a framework and a
pattern of relationships: it is Halfiway Petween an,
analogy +and. a model, more rigorous tham an
analogy, not a model, relevant to the subject, but
not a theory. It is a set of dinterrelated
questions, typologies, conjqctures, speculations,
‘tentative theories, jptuitions, . insights, lists
and so on which cover a supject as abdut as_far as .
you capn go. It offers you a framework, at least,.
for thinking abcut the sub%;ct (p. 89) .’
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This concepfion of a paradigm differs from Kuhn's
(1270) highly stimulating but rather amoIphous (Masterman,
1970) idea of a *paradigm of science' in that 1t is pxplici{
rather than being idmplicit. The Commynity aspect  of a
paradigm of science 1§, however, al%o '1mportant to
propaedeutic paradigns, ;incé many ot the dinsights and
intuitions will be derivad trom the experliences of a qroup

of practitioners who share the basiye assumptions.

<3
1
1=
Jat
o
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s
I
<
>
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1.8 Summary

A
In the 6 previous sections .of this chapter we have

xamined some of the forces militating for the introduction

e

of humanistic curricula in education and have indiceeed the
criteria which these curricula must meet. The two copcepts
[

fundamental to the study, humanism and mathematics, have

been briefly revieved and sofe comments Fé?ardinq the nature

]
r
M
I4]
o

of humanistic mathematics have peen made, It ha
suqqestéd that mathesis cah: be used to mean humanistic
mathematics and it has beep implied that mathesis curricula

may sServe as vehlcles for the 'achievement of humanistic

goals in education. The way in which the terms_ curriculum

and paradignm 'are to, be used throughout the study have been
<
noted. We now turn to the consideration, in the remainder of

the dissertation, of the mathesis curriculum paradigm: a

framework which will facilitate. the., construction and

B

P . . s .
implementation of humanistic mathematlics cui 1

cula.

v

| o
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The next chapf@r 1s devoted to the presentation of the
components of th@‘paradiqm; in the third chapter we examine
oné ot these components in depth. In the last  two Chapters
we  analyse  the paradigm with respect to its validi ty and
utility. In the tourth chapter the apalysis is ot the

structural aspects ot the paradigm and in the titth Chapter

its non-structural aspects are examined.
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The purpose of this chapter 18 to outline the mathesis

curriculum  paradigm (hereafter referred to as the mathesis
paradigm): a framework which educators «can employ to
! ' . 14

construct humanistic mathematics curricula, The paradidgm is

.made up of ten components. They are, in the order in which

 ¥héY will be considered: the epistemological and
psychoi%qical bases; the process bias; the potentially-rich
situation matrix; the five characteristics, dgenetic,
intetdiscipliﬂary, con temporary, '§iqh~information,

intrinsic-interest; apd the pedagogic mode. No.attempt is
— "

made, at this stage, to rationalize the choice of the

components ©or to analyze their inter~relationships; this is

consistent with the pature of propaedeutic paradigms.

It is possible that one may grasp the essential 1deas
of some of the components morezeﬁsily if one compares and
contrasts the implications of the <component uiﬁh .current
préctiée in mathematics ‘education. In the examﬁles éiven to
illuétrate aspects of some of the components, the ‘learners
‘in most cases‘gré assumed, using Piagetian terminology;-to
have reached -the staée of 'férmal Qperations'; This should
nat be%taken‘to imply that fhe paradigm is inapbroﬁriate‘for

3 .
54
p
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constructing curricula for youngel learners.

2.2 The Epistemologqical Basis

The . epistemological position wvhich sesms most .
appropriate as a basis for mathesis curticula 1= that ot
"Criticai Fq}lib{liém'. This theory of the origin, nature,
limits and methéds.ot knowledée 1s  due  to Popper (TQAH,
196.9) . According +to Popper «ariticism is fundamental to
knowledge. He writes:

The process .of 1learning, of the gqrowth of
subjective kpnowledge, is always fundamentally the
_ same. Tt is imagipative c¢riticism. This is how we
“transcend our local and temporal environment by
trying to think of circumstances beyond our
experience: by criticizing the upiversality , or
"~ the structural necessity of what may, to us appear
- (or wmhat philosophers may describe) as the t'given'
or as ‘'habit'; by trying to find, construct,
invent, nev situations - that is test situations,
critical situations; and by .trying to 1locate,
detect and challenge our prejudices and habitual
agsumptions. ' :
This is how we lift ourselves by our bootstraps
out of the morass of our ignogapce (1972, p. 148). :

The rack and pinion of this critical approach is the method
of conjectures and refutaticns. Popper's position is that:

The way in which knowledge progresses, and
"especially our'  scientific knowledge, . is by
unjustified (anpd unjustifiable) anticipations, 'by
guesses, by tentative solutions to .our problenms,
by conjectures. These conjectures are controlled
by, criticism; that is, by attempted refutations,
which include severely critical tests. They may
survive these tests; but they can never be
positively  Jjustified: they can neither be
established as ‘certainly trune nor even as
"probable' (in ' the =sense of -the probability
calculus). Criticism of our 'conjecttires is of
. decisive importance: by bringifig out our mistakes
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it makes us understand the ditficulties of the
problem we are trying to solve, This 18 how we
become bhetter acqualinted with our problem, and
able to propose mole mature solutions: the very
retutation of a theory - that 1s, of any serious
tentative solution to cur proplem - 1is always a
step torward that takes us pearer to the truth,
And this i1s how we can learn from our mistakes
(1969, p. ix) -

Popperts theories have been submitted to quite severe
tests 1n several disciplines; in mathematics by Lakatos

(1963), 1n education by Dawson (1969) and in sclence by

]

M

nedawar (1969b) and Fcocles (1970) . In none of these ‘test:
have his conjectures been refuted. Popper himself has shown
how his general @pistemic approach can bé applied to history
(1961) apd to political sclence (1966). Putting Popper's
theories 1into practice” in mathesis curricula would mean
placing a pré@ium on such activities as qéner%tinq problems

about

i
@]

from given mathematical situations, making conjecture

the ‘solutions to these problems, testing and modifying thess
conjectures and constructing alternate methods of solving

these problems.

i

11

1o

Popper sees mistakes in a very positive 1light;
‘our knowledge grows only through the correcting of our
‘mistakes X(1969, p. ix)n. This is antithetic to the position
taken 1in most of today's schools. Holt (1969), Hénry (1966)
and Bell (1972) have documented the’ intensity of 7$tudent's
commitment to the *right dnswer4please the tedcher' game in

.

today's school%. That this’ is by no .means a recent

5

QQ:_



phenomenon can be deduced from the fact that forty years ago
Dewey  (1933) vas warning teachers of the dangers of having
students ";dfisfyinq the teacher anstead of  the problen
(p-*ﬁi)". TwWoO mathematics educators, who have uged
'Popperiar' techniques are Davis (196€) vithxis idea of
"torpedoing (p- 11 )" and Papert (1972bf1 who uses a
"debugging (p- Z261)y" approach to problem-solving with

computers.

Papert's highly personalized approach to problem~
s01ving 1S quite consistent with the views of Polanyi (1964,
1967), another philosopher of science whose ideas are of

relevance to pmathesis. 0f particular interest are his

remarks on scilentific objectivity and intellectual passions
and his concepts of personal kncwledge and tacit knowing. Tt
is Polanyl's contention that "we know more than we can tell

and we can tell nothing without fél%inq on our awareness of

i

things we may not be able to tell (1964, p. x) *,

From an affective standpoint thé wogk of the third-
force psychologists is particularly apposite "for mathesis
curricula. Rogerst's (1961) conception: of a "helping
relationship" which he defines as being"oné in which 1"at
least one of the parties has the intent of promoting the

growth, development, ma turity, improved functioning,
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improved coping with life of the other (p- 40)", would seen
to be a useful one ter humanistic teachers. His work  on
methods  of  heilghtening selt-awareness and improting inter-

personal skills also seem appropriate.

Something of a more theoretical base for the aftective
aspects  of humanistic education can be found in the writing
of Maslow (1968, 1970, 1971) . The theory of the hierarchy of
basic human needs (Maslow, 1970 ; Gobhle, A972) and his
concept of self-actualization {1968) are fundamental to
Maslow's position. According to Maslow (1971) =

the goal of education ~ the- human goal, the

humanistic goal, the goal so far as human beings

are conpcerned - 15 ultimately t he "self-

actualization™ of a person, the fully becoming

human, the development of the fullest height that

the human species ¢an ~ stand ‘up to Or that the

particular individual <an come to. In a less

technical way, it is helping the person to become
the best that he is able to become ( pp. 168-169) .

From a quniﬁivé viewpoint m%thésis curricula ican be
built on the foundation provided Ey the ;esearch of Piaget
(Piaget, 1963; Pilaget, 1970; Piaéet, 1971b; Piaget and
Iﬂhelder, 1569;'Beth and piaget, 1966; 1nﬂé1det and Piaget,
1§58). Of the many aspects of Piaget*s work which mathes%sil
curriculunm deyelopefé need to consider,  two are‘.&f
particular Aimportance. The first | of ?hése is the
équilibration procesé and the second concerns the relatioﬁs

betveen cognitive structures and mathematical structures.

The assimilation-accommodation model of equilibration, which

kel



is tundamental to Piaqer;s theoryfiof cognitive growth,
strongly reflects his academic backéround‘ in  biology. 'It
also shows clearly that Plaget (1?68) has an *active' view
of man; he sees man as interacting with' his "environment

rather than reacting to it,. subdulng 1t, or submitting

4

passively to 1t. He has written:

equilibriam is not an extrinsic or  added
characteristic but rather an intrinsic and
constitutive property of organic and mental life.
A pebble may be in states of stable, unstable, or
indifferent equilibrium with respect to its
« Surroundings and  this makes no difference to its
nature. By contrast, am.-organism presents with

respect to its milieu, multiple forms of
equilibriam, from postures to homeostasis. These
forms are necessary to its 1life, hence are
Intrinsic characteristics; durable disequilibria
copnstitute ~n pathological organic or mental
states...all behavior - is an assimllation of

reality to prior - schemata (schematda “which, 'in
varying degrees, are due to heredity) and all
behavior is at the same time an accommodation of

is that developmental -~theory necessarily calls"
apon  the concept of equilibrium, sin@ all -
behavior #ends  toward assuring an equilipbrium .
between internal and external factors or, speaking
more generally, between assimilation and
accommodation ( pp- .102-103). :

&~

Henée-cogﬁitive structures change through "the assimilative
activity, of incorporating objects into ongoing schemes and
the accommodative activity of modifying the sthemes to new

objects (Overton, 1972, p. 107)".
B R (&%

The second aspect of'Piaget's vork to which we wish to
draw attention is his  conjecture that mathematical
structures and cognitive ‘structures are closely related.

- Although it wquld seem that thils conjecture éhquld be of

LI
e
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. 3
great interest to mathematics educators since it raises, for

example, interesting questions about the nature ot
'mathematical aptitudet', 1t hés attracted minimal attention.
Little research seems to have been done to follow up the
hypothesis. The conjecture does, however, strongly support
the mathetlic ~view that cogpition and mathematics are
intimately connected. The Bourbakist school, as has been
noted earlier, sees mathematics as the science of structure.
It is their contention (Bourbaki, 1950) that all mathematics
stems from three "mother-structures"™; algebraic structures, -
order structures and topological structures. The group is
the prototype of the algebrait structures, the lattice of
the order structures and the topological space of the
topological structures. By combining two or three of the
mother-étructures in sodme fashion,: complex® maihematicél
entities, . or "multiple-structures", suéh as t@bcloqical

algebras are formed.

Piaget ,,(Befh»;pnqq Piaget, 196p) . had independently
concluded that "thgre dre three ﬁindS' of | elementary
structﬂres in . the chilé, corresponding to operators of
classes (then of numbers etc.), relations and cbntinuous‘
transfqrmétions (p. 186)". on hearing Dieudgnne, one of the
‘leading Bourbakisté, expound the ﬁother-strucfufes view,
"Piaget w§§z undépstandéblyr "astééished by the resemblance
betw‘een&hése tvwo types o? strnuf:ttire' (Ri'%e”-and Rockcastle,

1964, _p. 36)". After' investigating  the two sets  of
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structures in détail Piaget concluded that the three
mathematical mother-structures "correspond to something in
natural intelligence and specifically in the thought of the
child (Ripple and Rockcastle, 1964, p. 35)". piaget contends
that this correspondence can be represented:

under the heading , not of a formal isomarphism

(which would be  untenable from the viewpoint of

generality and wvalidity) but of a genetic

relationshlp (Beth and Piaget, 1966, p. 188).

There are two other remarks about Piaqe} and his work
which should be made here. The first which has not been
videly noted, is tha{ Piaget considers an 'éctive' approach
to learning to be apﬁfOPriafé for adults as well as for
éhildren (Ripple and Rockcastle, 1964, p. 3). The second is
to recognize that Pgagetvhas become to a; great extent an

£

educatiopal cult: figure. Many writers, particularly those

from his theories of genetic epistemology seem not to-:have

fully appreciated the Weltanschauung from which Piaget's

work emerges. Those writers who criticize Piaget's work on
the basis of his 'unsound' research methodology are pérhaps

/ N .

the most flagrant offenders here.

Much gf ‘Piagetian® research in North America bhas
focused on’ the acquisition of conservation concepts. Piaget
seems to find this emphasis, with its concomitant assumption-

that it is des;rable to accelerate‘.this ‘process, . somewhat

' bemusing. He refers for it as "the American guestion (Es
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Hall, 1970, p. 30)". Mchonald (1964)  has  illustrated  how
much  of the wids*:‘.prﬁd(i_ acceptance of Dewey*s philosophy din

L
the ecarly years of Uhis century was  a  result  of  Dewey!

N
catching  "the spirit of the times in a way that Th()l‘\dik“
d1d pnot (p. M4y " In a mimilar way  Plaget  smeemns to o lm\n
cauaght  the 4‘~dur‘;ﬂ lonal Zeitqgeist of  today. 1t would be
unfortunate 1t ﬁDH\F“ of the pore wret hv(i ("‘X(“Ff1:;é?f'1 carried

aut  1n Dewey's pame were to be perpetuated in our time by

educators who put a particular ihtorbfﬁtation on  Plaget'n

research. The recommendations made by educators on the basis

of tPiagetian researcht + should be entertained with

»

considerable skepticism, Tt is directly on  the work of

i
piaget and  ‘bhis  Genevan hOllHaQRTf and not on any
S . ; t R
textrapolation! of this work that the mathesis paradigm is
sed.

2:4:Phe Proge

, e
Mathematics teaching has traditionally been
ofiented, In mathesis curricula the bias will be toward

-t

process’ leafﬁing. ‘The rma‘fhemafical processing abilities

+which a learper brings to bea: on a new problem will Dbe

con%idered more important than the mathematlcaﬁ products to .

whlch he has been exposed Thus teachers o@ﬁhathesxs will beés

person, ptocess and : present-oriented 'vhepeas mathematics

teachers: tradltlonally have been subject, produat and past-

oriented. Parker and Rubin '(1965b), vho'define content as  "a

i A

i
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rhetoric  of conclusions to  be transferred to the student
(p- 2)" and process as "all the random or ordered operations
wh;cﬂ; can  be  associlated  with knowledge  and  with  human
Activit ies (b~ )" point  out  that the difter ence hetweann
content and process learning is cssentially "the ditferepce
between  passive  and active approaﬁ%ii to 1ﬁa£niﬂ§ (p~ ).
They alno observe that "where the strems Ls upon  process,
the  ansimilation of knﬂwiﬁdqﬁ 15 not derogated, but qreater
Importance is attached to the methods of 1ts acquisition and
to 1ts subsequent utilization (P~ 2)". Tn fact, one capnot
lhRVﬁ process  without ﬁﬁﬁfﬁnt, for content is the grist of
thé process mill .

=~

. - The rationale for process-basad curriculum in general
has bheen jargued b Bbruner (1968), and by PBiggs (1971, 1973 .
L Y Y .

The 4dmplications of process~based curricula ip mathemat ios

Commond y ac%ép€éﬂ processing abilities in mathemat ics are, :
Clé§§ifyiﬂgr symbolizing, detecting pattetgs making

Ctﬂré

(‘Ch

GOl

m

jéctur

\5‘

S, testing conj

’J‘

¢ 9enefalizing and proving.

The th extrenes wlthln the prOCeSb educatlon camp are
th; Aprocess ~purist posltlon and the product~through- proceqs
position. For proceqSApurists content serves solely éé a
vehlcle for the improvement of general process abilities,

Product *hrough pr0cess advocates see the utilization/ of

i - A . b
"o : -

oy



e

31

process  skills as the most effective means of learnipng some
given piece of content. The two ditferent stances  may  well
only retlect dispositions toward difterent typess  of

educational goal. Mathesis curricula will bee bilased  toward

[y »

the  process-purist position. Mathematical processes will be
emphasized, but ot to the exclusion of mathematical

,
content .

e R Sl SN =gl SR . n B N S
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2.5 The Potentlally-Rich Situatlion Matpix

The operating matrix in which mathesis curricula will

is  that of the potentially-rich -situation. A

4
b
el

be

potentially-rich situation 1is an environment with a high

mathematical content which 15 conducive +tg the posing

a
i ]

problems apd the making and testing of conjectures about the

)
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tially~-rich: situations

solutions to thase problems., FPote
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potentially-rich situation as is a pack of playing cards,

the film Dapnce-Squared (Jodoin, 1965) and a set of building

‘blocks. Unlike the *other components of éhé paraaigm, the

concept of a 'potentially-rich situation®' per se, 1s unique

~

to this study. In light of this, And of the fact that it is

” ]

fundamental to mathesis curricula, most of the following

chapter will be Qevoied to an elaboration of this concept.
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ficult to

understand  mathematics and mathematicians is that they have

few 1nsights into the Yay 1n which mathematicians

work. They

have little conception of what problems mathemat icians work

on, how they work on tlem, or why they should want to work

on them in the first place (Halmos, 1968; Friedman, 1966) .

(To a lesser extent the » Bame thing 15 trye

in science

(Medawar, 1968a; wWatson, 1968)) . This is largely due to the

deus ex machina Style of many mathematical documents which

give little evidence of the "days, weeks or even

fumbtings, doubts, certainties, minute eoxami

&

ct
o
ol
g
j&]
¥

pations  of

Special cases (Gatteqno, 1970, p. 137 which preceded their

publication .

‘hot merely to impart. to the reader what T have to
say, but'above all to convey to him +the reasons,
subterfuges and dlucky hazards which led me to my
discoveries. When Christoper Columbus, Magellan
and the Portuguese relate how they went astray on
their Journeys, we not only forgive them, we would

regret to miss their narrative (quated in
1969, p. 23). ‘

|

In a  somewhat

that "Nothing is mcre important than to see the

A\

Tahta,

imilar velin, Leibniz is known to have felt

sources of

invention "'which a €, in my'opinion, more interesting than
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the 1nventions themselves (quoted in Polya, 1957, p. 123 n.

In mathesils curricula a genetic, historical or holistic
approach will be taken. Tn ceeing the way their own work
.#" i
develops learners ‘may come to understand the way in which
mathematics as a whole grows. Learners will be encouraged to
present. the whole prceblem, from motivation to conclusion,
including wrong Conjécturqﬁ and mistaken assumptions. If an
4 -

A

alea has veéjgknown historical roots then they will be
revealed. 'Why was this mathematician interested in this
dugstion?', ‘What were his personal ,skills and interests
vhich made him want to work on this particular problem?',
*Why was the question an important one at Fhé fimé?;,. '¥hat
weré the egsential Steps which led to the solutibn of the
iéfoblém?'l

Mills (1972) bhas written that "the sociolcgical
imagination éniblés us to grasp: history and biéggéphy and
the relations %étweén the two within society (p. 6)", . and
that "no social study that does not come. back to the

problems of bioqrabhy, of history and of their intersections

I

! B R .
within a society has completed its intellectual journey
6) ", dsind‘ this terminology, the "sbciological

(p-

imagination” will be important in mathesis ‘curricula " since

]

mathesis can only be fully understood within the context of

the relationship between an individual and his society.
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It therefore tollows that the history of mathematics
will be ijQ}Tdn* in mathesis curricula. This is another way
in  which ’ﬁathes]ﬁ curricula will ditter ftrom contemporary
mathematics curricula (Wilder, 1972). mMany mathematicians,
smuch as  Abel, Babbage, Condorcet, Dpescartes, Galois and
H1en5r have led most unusual and yet high}y productive
lives. Tn mathesis curricula the bistorical focus will be on
the mathematician as well as on his resdlts. The fact that
one of Gauss's sons became a milliopaire shoe dealer in  St..
Louis and another helped tranéiate the Bible into Sioug (T.

Rall, 1970) is of mathetic kut not of mathematical inté;esti

The question:
A undertakes to throw at least one six in a single
throw with six dice; B 1in the same way to throw at
least two sixes with twelve dice; and C ' to throw
at least three sixes with eighteen dice. Which has
: the Dbest chapce of succeeding (Chrystal, 1961,
Q p. 59N) 2 : |
seems a failrly typical mathematical problem. This question
. has a history, however, which makes it mathetically quite
interesting. In 1693 the problem was being hotly debated
f' , : : : §
"among men of numbers (Pepys, 1926, p. 75) " in London. One
of those having a financial interest in its fesolqtiOn mMas
, . 7
Samuel Pepys. :-Pepys appealed to his friend Newton to advise
him about the problem and a long correspondence resulted.
Pepys did not prove to have a natural flair for probability,

‘ "pray bee favourable to my unreadiness 'in keeping pace with

you therein, and give mee one line of further helpe

T
ﬁ

%
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(p- 82)". It was only after much "chawing of the question’
(p- 77)" that Newton was able to persuade Pepys to see  the
strength ot At position. This result was not particularly
pleasing to Pepys who had put hils money on A, B, and. C
having equal chances, Rhen  last  heard trom in  the

correspondence he 15 planning to  welch on the original

i 4

wager.

.
~Mathematics educators have ftol some time arqued the

merits of a genetic approach to mathematics instruction

(Ahltors et al, 1962; Kline, 1972). Pdlya has wrpitten:

having understood how the human race has acquired
the knowledge of certain facts or concepts we are
in a better position to judge how the human child
should acquire that kncwledge (1968a, p. 132).

ite this urging there seems to have been ldttle progress

7

D

q

s

ol

made in mathematics education toward achieving this goal.

2.7 The Interdisciplinaxy Characteristi

I
e
:](‘]\

Hathesis'curricula'will be characterized by a strong
'interdisciplinary bias. The 1links which, mathematics has with
many other disciplines will be stressed. The 1links between

’mathematics.and the physicil sciences and engineering are

well known. The Man-Made World (1971), the text produced by
the Engineering ' Concepts Curriculum Project, . illustrates
many ' of these links very well.  Many of. the practical

situations considered in such a text, for exampleée, the

‘Traffic-Light*' problem (pp. 3-19), wcould be regarded as
o : ‘
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belng potentially-rich situations in the mathesis sense.

The links between mathematics and art and between
mathematics and music are vnfy strong, although not widely
réﬁoqnizod. Many =oclal =sciences have become highly
‘mathematized® in  recent years. The role which mathematicos
plays in these areas will be examined in mathesis curricula.
The interdisciplinary characteristic of mathesis curricula
reflects the humanistic assumpt ion ;hat man 1is an integrated
belng. It runs counter to the high degree of spacialization

and compartmentalization now current in academic fields,

As an example of the type of interdisciplinary material
which might be used in a mathesis ocurriculum consider The

(1 )6). ‘Th1i

booklet was written in 1611

4]
o

Six-Sided Snowflak

o]
Jen

by Kepler, "Mathematiclan to His Imperial Majesty", as a

New Yeap's Gift" for his "Master and Benefactor!". The

booklet provides fascipating 4insights into the fields of

i

maﬁheﬁatics, the histOty and philosophy of science, physics,
chemistry, c%ystalloqraphy, cosmology, biology, latin and
late fenaissance history. It is reasonable to expect that
students working in a potentially-rdich situation with either

*packing' or ‘*symmetry' aspects to start - to pose problems

similar ' in nature to the ones Kepler raises.

-

3



In contrast to most current mathematics curricula
mathesis curricula will be contemporary. There are tuwo
arnpects to this contempéraniety- A topila can be contemporary
in the sense that i1t is of Chtrent interest to a significant
number ot research mathemat lciaps, or it <an be contemporary
in the =sense that 1t 15 of current use to laymen in the
culture. We can refer to these two related aspeats of

contemporaniety as the research and relevapce aspects, The

T

basic npumerical operations are xampl

aq

s + of relevant -
contemporary topics. The advent of the computer has
stimulated many research-contemporary topics such ‘as the
analysis of algorithms and integer optimization. Other

,

earch-contemporary . branches  of mathematics inglude

N

re

operations research, 9game theory, petwork analysi

S’J‘

1]

; group

2

Von Neumann (1961) has 5Suggested a very provocative

Eal

analogy between the  btranches of mathematics and

architectural styles. His idea is. that 'while branches of

mathematics have their roots in *realistic' problems:
.once they are so conceived the supject begins to
live a peculiar 11 of its OWn...as a
mathematical disciplife +travels far from its
empirical sources, or till more, if it 1is a !
second and third eneration 'only indirectly
inspired by ideas coming from "reality" it is
beset with grave dangers. It becomes more and
more...ltart pour l'art.., at the .inception _the
style is usually classical; when it shows signs of
becoming baroque, then the: danger signal is up
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(p- 9)-
It would be absurd to contend that students can  appreciate
all contemporary mathematics. For example, it is extremely
unlikely that a secondary school student is going t5 be able
to comprehend homological algebra. It is possible, h%@kver,
for students  at this level to get some insights into "t hose
branches of mathematics which are, in von Neumann's ‘terms,
classical, for here the links with reality are still clear.
For instance, the DES;C concerns of algebraic coding theory
can be. understood by adolescents. The realistic problen
which gave rise to this iﬁportant branch of contemporary
mathematics 1s, ‘*How can messages be sent from one copputer

to apother with maximal efficiency; that is with errors and

cost  both minimized?*'.  With more established areas of

mathematics, such as number theory, ‘the learner may only be
able to see the c¢lassical "“trank and not the more
sophisticated outgrowths of later generations.

"In any case, the impott;nt thing is that in mathesis
curricula it will be féalizéé that mathematics is a growing
and vibrant di§Cipline; peorled by active intellectuals who
are oftén $truggiing with quite practical problegs; The
brooks by Stein (1969) and Beck, Bleicher and Crowe (1969
give g§0d,insights, at an elementary level, into the way in
which Eontémponary mathéiaticians operate.

[
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2.9 The High-Information Characteristic

Mmathesis curricula will be high-intormation curricula,

hoth in +terms of being rich in physical resources and 1in
[¢]

consciousl attempting to gaximize *personal-information’,
Y p ped

LY

that i=s in emnphasizing inter-personal interaction and

information exchange. Teachérs and learners will have easy
access to good .library faclllt%is, manipulative aids,
stationery and equipment such as duplicating machines.
Technological devices, particufarly electronic computers,
will be available, tbut will be seen as powerful tool% sather

S ¢ , o , I , i
than as mastéréﬁgﬂhe work of Papert (1972,a,b,0) is of

interest 4in this conpection. He shows clearly how computers

can be effectively .used to help <children ‘'learn hov to
learnt.
s acher, either

All learners, including the t e
individually br in small groups, vill be encouraged to
prqduce materials to reveal their investigations. These may
takérthé form . of written reports, displays, film~-loops,

newsletter articles cr multi-media presentations. There will
- ik ;

. _
be no textbook per  se; in the <cases where a learner's

r~

-

investigation takes him into a well-known area he w}ll be
‘encouraged to seek out original sources. The papers of
highly-C&eatiVe mathematicians often have an aura of ‘?6;2;‘
which almost never filters ‘through in textbook;. Eu;ér's ,
'61953) paperiéq‘the Koégigsberg,Bridge probleﬁ, from which

-
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the areas of graph theory and topology bhoth developed is an
example ot such p' piece’” of work. lLearning to find and
utilize intormation effectively will be seen as being an

integral part of mathesis curricula.

Kuhn §1970) has compented critically on the fact that
in science teaching a ‘unitext' approach 1s almost universal
and that original scurces are seldom referred to. This same
*low-intormation?' situation with similar, 4if perhaps not
more severe; consequences can be observed in mathematics
curricula.. By looking only at the end product of mathetié
"activity, that 1s, the formalized mathematical struc?ures,
and not at the mathetic activity' vhich ’proahced these
structures,” the leargér finds it difficult to fully c<ome io
understand the natufefanqimethods of mathematics. Only by
considering © .the long~term development of mathematical
structures can they be completely ﬂﬁdéfStOOa; The réaa to’
formaiization has almost always been ar rocky one for
mathematical topics. Unfortun?tely, at tke moment, good
descriptions of the evolutioﬁ of Qatheﬁatical topics, such
as Lakatos's (1963) .work on 'Eué;r's Relation' and Kiernan's
(1972) description of the deveiépment of the Géldﬁs Theory,vﬁ
~are not easily accessible since they can only be found in

relatiyely esoteric joérnals.
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2.10 The IELEEQ%Q:EDJQXES_S. Characteristic
*

Hathes{E\curricula will be intrainsically Pnjoyable-
Since intrinsic enjoyment is to a great extent a function of
the ‘*beholder's eye', this will operationally mean that
students of mathesis will never have topics forced on .- them.
This 1s pot to say that mathesis will necessarily be the
'mathé@a*ics of Joy* or that it will not involve much “hard
work. It 1is only to recognize that significant léAfninq is

unlikely to occur against-the learner's will,.‘or as. Plato
(1971) wrote, "knowledge which is acquired under compulsion
' A
. : Y. . . . .
obtﬁins no hold on the mind'" (p. 306)". This intrinsic-

Al

interest aspect of mathesis curricula would seem to be in
line with the Jencks Report recommendation that the “prihary
basis for evaluating-a schocl should be whether the teachers

and students find it a satisfying plhce to' be (Bane and
Jencks, 1972, p. 41", It seens as ygll to be comsistent

with projections about a forthcoming \'féisqre society!
5 P
(Gabor, 1970). ‘ ; 7 \
: 5 \

i

Plato also advocated that teachers shouldglet their
"children's lessons take the form of play (p. 306)". More
i X ,

recently, Thom (1971) has stated, "only those topics which

. 4 ,’5 -
have a quality of *play® have educational value (R- 696) ".

With the exception of Dienes (1971, houevef,ﬁigttle has
Co. . . R N I E y

been done by mathepatics educators to take  explicit:
: L

éévantage of the learning potential offered by play and,thé\
7 ‘ N ' ’ . ! . \ ,
- ‘ : A

3
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essential humap attribute of the capdcity for game-playing.

In mathesis «curricula an attempt will be made to utilize

this potential.

Many mathematicians have stated that they see the

aesthetic factor as being a very important one in
mathematics. In mathesis curricula this aspect of
mathematics will be emphasized. The mathesis teacher may

vell adopt here the attitude held by Mary Boole (1972) that

the teacher should Jleave learpners "alone with pure Truth

(p- 14)".

The subject of mathetic activities and the -way in wvhich

they will be approached will, to a Tgreat extent, be

o

etermined by the preceding nine components ofﬁkhé,paradiqﬁa
For example, to be corisistent with the Piagetian basis of

the paradigm a maﬁ%esis teachetﬂgpuld have tqi%?e that much

of the work done by the learmers was carried in small’
groups, '”fo‘r ‘th"is is p'art of Ppiaget's co_ncépti@”of

oy *

tactivityf. He has stateds: . : -

. . k2 o . ! f&
When I sgy ‘active' I mean it in two senses. One
is actjng On material things. But the other .means
doing things in social gollaboration, in a group
effort. This leads to a critical frame Jt“mind,
vhere children must communicate with each ‘Other.
This 1is an essential factor in "' dintellgctual.
development. Coopg¢ration is indeed co-operation
(Ripple and Rockcastle, 1964, p. 4). : -

e | . .
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Dﬁﬂpifﬁ ;hqv;CCﬁStfﬂintS introduced by the nine
components, howevel, math wgif: curricula  «ill he strongly
int luencéd by the inteer:;t:: and per sona Iitiess of  both tha
teachers © and  learners  involved. Tn tact,v it will be

impossible to tully separate *teacher® and *curciculum’ 10

mathesnis  curricula.  The  sipgle 5ipe qua, pon tor mathesins

r
£
]

. ' - . '

"teachers will be that they gepuinely enjoy and actively
participate 1n mathesis Humanistic educators should not
regqard the teacher-student relationship as belng essentially

different from any other human r<lations hjp they enter into.

At the momept, perhaps the closest model we Have for an

tideal' mathfiesls ‘classroom' isethat of an art studio . where
oo A

# i ' :
learners come voluntarily to work with a practitioner who

v
derivesusatisfaction both from his work and ‘from showing
S e - Cee o, ! )
other, usually ‘yoynger; ,péoplﬁi how they too  might get

F -
satisfaction from the area aiCCT ﬁmpUTﬂfY practice in some

isk intant and qupior schools might well give mathesis

Brd

educators some ideas as to how to work effectively with

learners. One pair of Amepican obSé§Vérﬁg(ﬂurrpw and Murrow,

8

[

T@?jr saw th@ basis of this app cach as:

an attitude “;which deals  with children 'as
individuals who have a right to enjoy learning and
to be themselves- In order to teach in.,,this
fashion, the teacher must look beyond new prdjects
and curriculum ideas to the basic needs and
interests of jeach child. He must find ways in
"which to mesh the children's interests with his
own to promote forms of learning 1mportant to then
all, (p 252) , 7

~

it

&
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This approach 1s further described 1n Featherstone ™ (1971)
and  Silberman (1970) and  an  particular in relation to
mathemat1cs teachihg in E. Bilgygs  (196Y)  and Biggs and

Mac Lean (1969)

The  experience of fh<; Madison Project, as described by
Davis (1972), is alsno pf relevance to humanistic  educators.
Amonq the  elements common to classiroomns  where I’r<rjccs
clanses went particularly well ware:

the teacher respected the cohildren...there was

generally 'an intormal tone to the classroom...the

teacher usually held bigh expectations for thle
quality = and sophistication of the ehildren's

work...children's vork was tredted “with
respect,..the study of  math was undertaken as a’
joint exploration by teacher and

children,..mathematics was seen by teacher apd
student as something ycu do, something you use
your ingenuity on, something you create, explore
and " invent,..the children had bona fide
participation in making a good mapny significant
decisions  ..-.0ne topic of study grev out of
‘ another,..,methods ,-0f solving problems were ALWAYS
devised by the CHILPREN.,.(pp. 20n22). '

) ot /
mutandis, d ption would seem to he a valid




ON POTENTIALLY-RICH SITUATTONS

3.1 Introduction -

HWe have noted An a prec ~ding chapter that two of the
most lmportant ahpvotﬁ ot humanistic education are a high
reqgard  for man's capacity for rational thought and a
commitment to the goal ot bhelping the learnern reach his full
pﬁﬁentialA These two aspects are, 1in  fact, quité closely
related, for from a humanistic point ot view téachinq one's
full poteftial in the contemporary vo}ld depends largely on

one's being able to  mpake full use of one's capacity for

rational thought. This is pecause the contemporary world is

[dn!

characterized by rapid change, and rapid change on the

societal level means increased decision-making at the level

o]
>
ol
i)
lo]
log
it
7T
E\
4]
>3
o]
H\
g\
‘T
o]
=]
’U
JJ
s}
i
pd
pun)
gl
<
g
fied
iy
&
i
e
et
‘o]
=
i
)=
=
i
~»

mak e

good decisions apd this in turn means using one' thinking

& ‘

apacity éfféCtiVély; Bence humanistic education in:today!s
' L)

world must be, to a great ‘extent, education -ip problem~

~solving, decisidn~makinq,ana rational thought.

The majority of this chapter is devoted to . that

component of the mathesis paradiqm which is' most élosely

.
'

COﬁnected to problems and problem solv1ng, the potentially-v'

rich situation. A~ characterization of potentially-rich

t
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situations follows an examipation of the role of problems
énd prleem*solvinq 1n\ mat hematics, and in education 1in
general . The chapter epds  with the description, in some
detail, of two  potentially-rich sSituations. The tirst
description 15 a  hypothetical one in  the sense that 1t
OuflinﬁﬂlSOmﬂ ways in which a potentially-rich situwation
might be developed. The second desc;iptlon is based on the

actual response of a group of stadents 10 a potentially-rich

situation which was presented to them.

example, regards préblémﬁﬁzlvinq as "the basic mathematical
activity (p- 130)" and feels that "mathematical activities

theory building and

on problem=50lving

(p. 130)". 1In

1900 Hilbert (1902) considered the importance of problems to

mathematical research. He stated:

The deep significance of certain problems for the
advance of mathematical science in general and the
important role which they play in the work of the
individual investigator are not to be. denied. AS

. long as a branch of science offers an abundance of
problems, s0 long is it alive; d lack of problems
foreshadows extinction or the cessation of
independent development. Just as' every  human

~, undertaking ° pursues certain obijects, so also
mathematical research reguires its problems. It is
by the solut1on pfaproblems that the 1nvestlgator



tests the temper of his stesl; he finds new
methods and new  outlooks, and gains a wider and
treer horizon (p. 438) .

~

The precociousness of many of 1its famous practioners

has always bden a characteristics of mathematics. Gauss, who

'répurédly (Bell, 1965, p. 242) corrected his father's pay-

roll accounting before he turned three years old, and Wiener

(1966) who held a Harvard doctorate at age eighteen are

amnong the best kncwn of  these prodigies. Mathematical
2

precocity usually 15 revealed in relation to problems, Polya

anl Kilpatrick (1973) pote that:

mathematical ability can be tested at a
comparitively early age becaude it is manifested
‘not so much . by the amount of accumul ated

knowledge as by the originality of mind displayed
in the game of qgrappling 'with difficult though
~lepentary problems® (p. 628)".

Taton (1962) fteels that it 4is not only in solving \

£

problems, but also 1in posing problems that mathematical \

aptitude reveals itself, H writes:

iyl

One of the particular '~ characteristics of
mathematics is the fact +that dipmn it 4dinvention
starts from the very' moment that a pupil is
confronted with a problem that he has. to solve.
Fvidently this is a case of a minor effort of
invention in which the subject is set in advance,
and where the anticipated result should lead to no
new elements. But although this is not a discovery
in the proper sense of the word, the pupil must
nevertheless attempt a discovery in so far as he
has to produce rigorous arguments permitting him
to pass from known eleménts to the 'proposition to
be proved or demonstrated, or to the solution to
be determined. If the pupil ignores the actual
questions that are asked, but would rather make
original remarks on the problem. that he has to
solve or if, still better, he himself poses the

»

K



problems, then his work can no londér be
distinguished from that » ot the creative
mathematician, except Ly degree. The very fact of
posing  problems is a £1gn of, interest in research
and a curiosity of mind, which are but some of the
fundamental gualities - characteristic of the
creative mathematician (pp- 26-27) .

That problems are dmportant to mathematics is pot
surprlsing. What i1s perhaps more surprisning is the number of
other tilelds where practioners consclously view themselves

as probloﬁ or puzzle-solvers, Ayer (1971 wiites "the

>hilosophér's busipness...18 rather to *solve UZZlest than
P

to discover truths (p. 34) " and Loeb on being asked whether
he was "a npeurologist, a Chemist, a physicist, a
psychologist, or a philosopgéf answered only "I solve
problems (queted in Goble, 1972, p. 21) ", Kuhn (1970) views
alm@st all scleptific activity to he puzzle-solving within

the framework of a given sclepntific ﬁaradiqm or "Normal

Science as Puzzle-~Solving (p- 35 ™. (Musgrave (1971) is one
of Kuhn's critics who feels that, in so far as there are no
assured solutions to the questions sclepntists work on,

" "puzzle-solving" should disappear, and  "problem~solving"

‘resume  its place, as .the most 'adequate description of

scientific research (p. 293)".) Polya (1968a) and Popper

(1972) gb mach farther; they “see, respectively, that

"solving problems can  be regarded  as the most
characteristically human activity (p. ix) " .and "life is
problem~solving and discovery -~ the discovery of new facts,

of new possibi{itigs, by vway of trying out pew possibilities



conceived on our 1magination (p. 148) .

Several  very  prominept  sclentists have substantiated
tﬁ&mxuhnldn view of sclence by repudiating the concept of
‘fho sclientitic method' and” by presenting science  as
ploblﬁm— solving on a larqge scale. In Poppert's view "sclence
is gperely common sense Wwrit large (Magee, 1971, p. T7)" and
Finstein (1950) wrote that "the whole of science is nothing
more than a refinement cof everyday thinking (p. 59)".
Medawar (1969b) suggests that if one asks:

A scientist what he conceives +the scilentific
thod to be, he will adopt an expression that is
nce solemn and shifty-eyed: solemn, because he
1s he ought to declare an opinion; shifty-eyed,

ause he is wendering how to conceal  the fact
has no opinion to declare (p. 11).
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Another Nobel prizéﬁwiﬁnét, Bridgman (1950) felt that
scientific method was "pothing more thanp doing one's
damnedest with one's @mind, no holds barred (p- 351)",:and
Conant (1952) has-biuntly stated "there is no %uch thing as

the cient f' method...what the scientist does 1in his

’JJ\
>-1\

laboratory is simply to carry over into another frame of

reference habits that go back to the caveman (p. 22)".

Tﬁé reflection of these views has been evident in the
trend toward inquiry*based or discovery—ériénted‘.curricula
which have been developed in the'iast decade, particularly
in the"sciences. VThe Educational Policies Commission

(Wolfle, - 1966) £dr example, advocated that - the goal of

education should be Ythe development of ' persons whose



approach to lite as a whol2 1s that of a person who thinks -
a  rational person (p. 1697)". To reach this goal ‘the
Commission recommended that all ot education be "infused
with the spirit of science" or "the values of rational
thouaht". Their definition of the spirit of sclence was:
In terms of seven upderlying valuss: longing to
know and to understand; questionong of all thingys;
search for data and their meanling; demand for
verification; respect_ftor logic; consideration of

premises; and consideration of consequences
(p- 1697). :

Exhortations to have education focus on problem-solving
and the inculcation «ef rational wmethods of thought have,
however, ‘"been common 1in educational literature for a very

long time. The most explicit statement of the ‘education-

14

for-thipking® position has come from Dewey, especially in

his book How HWe Think (1933). Because he states his position

I

51s A

qr
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quite cogepntly and also because his th very similar

o

the cognitive basis of th

sl

to that"‘f Piaget and hence t

mathesis paradigm, we summarize his views here. Dewey sees

L}

“reflective thought as:

Active, persistent, and careful consideration of
any belief or supposed form of knowledge in the
light of the grounds -that support it and the
further conclusions to which it tends (p- 9).
The origins of reflective thqughf lie 1in ‘'pre-reflective!'
situvations which ., are ‘characterized. by "obscurity, doubt,

conflict, disturbance of some sort “(p. 100)"." This can be

séen td be quite similar to: the environmen t leading to

Ay
;

‘*cognitive perturbations' in a Piagetian sense. Involved in

i
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T
rational thinking is  '"an g{t of searching, hunting,
, J
inquiring, to tind material that will resolve the doubt,

settle and  Adispose of the perplexity (Dewey, 1933, p. 14"
hence transtorming the 'pre-retlectiver, contlict-inhabited

initial situation to the "harmonious and coherent” W. 100)"

al

*post-reflective situation. Dewey (1933) claims that there
are tive phases or aspects of reflective thought between the
'préxréf19C1XVé' and *post-reflective' states. These Y“states
ot thinking" he summarizes as being:

(1) sugqgestions, Ain which the mind leaps forward
to a possible solution; (2) an intellectualization’
of the difficulty or 'perplexity that has been felt
(directly experienced) 1into a problem to be
solved, a question for which the answer pmust be
sought; (3) the use of one suggestion after
another as a leadipg 1idea, or hypothesis, to
initiate ana guide observation and other
operations 1in collection of factudl material; (4)
the mental elaboration of the idea or . supposition
as an 1idea or suppositionm ( reasopind,  in. the

sense in which reasoning is a part, not the whole,

(S
of inference); and (5) tésting the hypothesis by
—~ v - )

ert. or imaginative action (p, 107 -

DeweYy (1933) sees T reflective thought as belng essential

—

to intelligent life:

It emancipates us from merély impulsive and merely
routine activity...it enables us to direct our
activities with foresight and to plan according to
ends-in-view, or purposes of which we are aware.
It enables us to act in deliberate and intentional
fashion: to attain future objects or to come into
command of what is now distant and lacking...It
enables jus .to know what we are about when we act. »
It converts action that 1is merely appetitive,
blind, ., and impulsive into intelligent action
(p- 17)- -

Phe implication of this for education is uite clear to
p : -€ q

=

(" b
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Dewey. He states  emphatically that "uponeats intellectual
side education consists an the formation  of wide-awake,

[
caretul, tho¥ough habits ot thinking (p. 78)."

And yet, despite this rhetoric ftrom some of the most
i'll'rxrl\mnt}al of educators, the contemporary reality 1s that
curricula based on problem-solving have not bheen  very
‘ﬁffﬁﬁTiVF in producing good problem-solvers. "Like the
weather, problem-solving has been more talked about tThan
predicted, controlled or understood (Kilpatrick, 1969,

p- 923)". %hﬁ imagination, ingenuity and tepnaclty shown by

.  problem-solvers in extra-curricular situations (s5ees, for

example, De Bono, 1973), has rarely been matched within

3
fo Y]
el
9]
ol
o
i

)

jonal contexts. It is to a conjecture as to why 1his

3

has been true apd to a consideration of how this might be

rem~died to which we pow tuIln.
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what wmost educators
have COﬂsidéfed to be *problems® are not problems atrail, at
least in any real seﬁse 5f the term. In 1964 Getzels made an
inté:estinq catéqotiiatién of problems from an educational
ﬁ”viewpoint. In this categorization theré are eight types of
problem according to wvhether or not: the problem is
explicitlyhstatea; the learner knows some particular met hod
of ‘handling the= problem; and the teacher (or someon& in
socﬁety) knows some method of handling the prbbiém. Getzels
makes the point that in educatioAal situations only one’of



these eight possible types is  typically considered: the
explicitly-stated problem with ‘tapproved' amethod known to
both the teacher and the leaxn;rﬁ- Unfortunately, this type
of problem requlres {little '‘reflective  thought! in #«
Deweyian sense, no real *disequilibrium* in  a Piagetian
sense  or "a minimum of ipnovafion or creativeness (Getzels,
1964, p. 242)". Of the eight +types of problem this ftypﬁ
bears the 1least resemblence to a 'rﬁal;life problem*. Tn
fact these 'problems' are rteally ‘exercises' or "pseudo-

probléhs (Getzels, 1964, p. 242)" apd not tyue problems at

all., P

fogl

6) calls such *problems' ®"routine (p. 126)",

r
&

lya (19

bémoans the "overdosage" of them [in most textbooks and

claims that "the routine prchlem has practically no chance
to contribute to the mental development of the student .

(p- 126)". He goes on to say to teachers of mathematics:

I shall not explain what is a nonroutine
mathematical 'problem: 1if you have never solved
one, if you have never expsrienced the tension and
triumph of discovery, and if, after some years of
teaching, you have not yet observed some triumph
and tension in one of your students, look for

another job and stop teaching mathematics
(p- 127) -
-To teachers these ~“exercises may well have  been

meaningful and relevant; too often from the student's
viewpoint they have représented only traps in the, form of

empty verbiage and totally tunreal' situations. Dewey (1933)

-

foresaw this difficulty arising:

.. Probably the most frequent cause of failure in
' school to secure genuiné thinking from students is

’ : ;
1

2
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: the failure to ensure the existence of an
experienced situation of such a nature as to call
) ’ out thinking in the way in which...out-of-school

situations do (p. 99) -

P Polya (19¢€6) has also stressed that problem-solving can be

?
7an effective educaticnal technique only 1if the prcblens

R

‘appear "meaningtul and relevant from the student's viewpoint

' [
fp- 127) .
., . ;f i
The reason as to why 'execoises' have come to be the
L - r

.predominant form of 'problem® in educational curricula is
not hard to find. The essential position held by educational
4, ‘psychologists in North America for the last fifty years or

' .so has been a behaviourist ope in one or another of its
“
A forms ., Learning theories constructed from this
i ' '
¢'. authoritarian, reductivist, ‘'man as reactive organism®

17?ifviewpoint focus on concepts like drive-reduction, sequencing

ff‘iland S5~R {Stimulus;résponée) interactions. One does not need
;," 4 to have an explicit statement of what Kaplan (1964) has

called "the 1aw ‘of the dinstrument -~ givé a small boy a

-

hammer, and he will find that gveryihing he encounters needs .

T

popddiﬁg'(pi 28)" to realize tha? *problems® ‘'with precisely
4controiled stimuli and equglly precisely determfned
_responées, that is, 'exercises'\ start }oabecome the essence
@f‘ problem-solving curricula COnstructed withih a

behaviourist framework. ,
g . . & 7

'To argue’ about the efficacy 'of such "problem-solving!

&

methods is realﬁy to argue about educational aims. To some
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ot the .more c¢ynical educational «c<ritics, such as Reimer
(1971), who sees the main purpose ot schools as beling
custodial care, social selection and indoctrination, the

*exercise' method may well be quite appropriate. Henry
, ‘

(1966ﬂ who contends that thiough school curricula children

learn "the essential nightmare. To be successful in our
J I

“

culture one must learn to dream of failure (p- 296)", would
probably concur. There 15 no question, however, that thHis

approach is antithetical to humanistic education. The

authoritarian and passivF bases, the framework which is so

conducive to destructive competition, the freqguent lack of
relevance to the learner and the failure to make fdll use of
/

the learner's capacity for rational thought all run contrary
i

to a humanistic approach. Humanistic education must start

with problems which the learner perceives, and not with

ready-made problems. As Dewey (i?BB) has noted:

Thinking is not a case of spontaneous combustion;
it does not occur just on ‘general principles'.
There 1s something that occasions and evokes it.
General appeals to a child (or to a grown'-up) to
think, irrespective of the existence in his . awn
experience of some difficulty that troublesihinm
and disturbs his equilibrium, are as. futile as
advice to 1ift himself by his. boot-straps
{p- 15)...1it is artificial so far as +thinking 1is
concerned, to start with a'ready-made problem...in
reality such 'a ‘'problem® is simply an assigned
*task' (p. 108) . ’

Addressing~himself to h similar ’ﬂuestioh Whitehead (1963)

concluded: o 4 .
. - ) ’/ : B ! \ : .
First-tand Kknowledge is/ the -ultimate basis of ,
“intellectual life, To a Jarge extent book-learning
conveys second-hand, information,  and as such' can

yo

-
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never rise to the 4importance of immediate
practice...the second-handedness ot the learned

world 1is the secret of jts mediocrity. It is tame
because it] has never been scared by facts (p- 73) .

Wason and Johnson-Laird (1968) indicate another redson why
ther~ is 1ittle future in educating for exercise-solving:

The readings in this book may all be regarded as
studyes of how people solve problems. But a more
imgortant skill is the ability to find problems 1in
the first place -~ to discovex, invent, oOF
recognize a problem. Once probléms have been
formulated, computers are ificreasingly ‘able to
solve them. But the day when computers are able to
ri%d worth-while problems is remote (p. 13). .

!
Il

Where the advocates of exercise-solving have failed 1in

attempting to prbmote rational thinking on ‘the part of

learners is in ignoring the first two of Dewey's five stages
of rgflecfiie thought. In ﬁresentinq a ready-made problem

t hey hav¥jcut out the 'suggestion® and vintellectualization®

phases of the process and im so doing they have frequently

eliminated the chance of any significant learning taking

place. The primary task of the humanistic educator is,

I

"therefore, to provide theqproblem—sdlvinq situations 'where

»

the learnef canj:fully participate in the 'suggest&on'%and

‘intellectualization® phases. The problems which emerge then

“should be learner-problems and not teacher-problems. . In the |

terminology of some, Piagetian schbolars (for example,

phillips, 1969, p. 110) these learner-problems should be

much closer to being "optimally discrepant" rélative to the

learner's cognitive structures than the ready-made  or .
B Co . ! \
teaéher—pro@uced'pnoblgms haveibeenQ'iccordingItkaiaget:

a
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The: goal 0 educat ioon 15 not to increase the

amount ot khowledge, hut to Creat e the
pos=sibhiiitren 1ol a child tol 1nvent and
dlsicover. .. teaching  means Creating situations
vhers. structal eg <Can ber discovered? 1t does not
meapn transmitting structures which may he

ansimitated  at ,nothing other than a verbal 1evel
(Ripple and Rockcantle, 1968, po 3.

Dowey (193 3) snecs the essential task ot providing  thene
fituations in term:s of conditilons and curiosity. He writes,
“"the problem of  method in forming habits of roetlective

thought 15 the problem of establishing conditions that will

o

rouse and guide Cugiﬁﬁi,fy (p- 56')'".

It 15 to a <onmsideration "of what  would characterize
< " "’ -
shch  situations 1

1 the fiﬁld of mathesis to which we now

-y

turn, While 1t irs ohvious that no one field can claim to he

the exclunive domain
effectively, 1t is the positior
is a y goed area in which t9¢ do so, In

history and political sciepce, values ate of immediate and
overwhelming importance, In mathesis human values ape
important, but thtv ?mérqi only after mathetic activity has

begun, and they :knd to be individualizgd values like

d& commitment rather than sovlal Vﬂlﬂ?b. Hence, in

tepnacity an
a sense, mathesis 1is seen }o be a primary area for

humanistic educationi’ an area where a learner can have not

only strong CErebral, but alsaq strong emotlonal gxperiences. .
ty -
For -herd, in a non-competitive, non-destructive situation ‘it

) :
is possible for a learner to experience joy, frﬁstratioﬁj




)

h<u>n,' humility, anxiety, 1h:%itht, awe . anger and contidence.
To understand fully and  tirst-hand 15 to have a stiong
emot 1onal exper rence. The cognltive ~dtfwﬂ*iy" qa’p L1 by  no
means  an o wide  as some anti-rat idonalists would k;arvr" no
believe,. (1t is not hy chance  that Maslow®'s first tne)lf-

actualizers*t  were  intellectuals,) it feemst reasonable to
O

hope that an a result of mathetic activity a ‘!G"al’h(«x“ mA 'y
become  a  more reasonable anpd tolerant- ipdividual. For, an
Coleman (1969) has written:

Anyone who ha%® spent hours vainl§ trying to

A well-posled problem in mathematics, if he has any
sense  at all, will not imagine that the vaque,

. 11l-~detined and important problems’ of rteal life
can  be resolved by sgome simple-minded panacea

. !

(p. 4). /

/

making and testing of conjectures about the solations to

t hese problems,, we théﬂti&llY“fiCh situations, They

are the "copditions that [will arouse and guide cufiosity

(Dewey, 1933, p. 56)° /in mathesis. Since all mathetic
activity originates in, and is formed by, such enpvironments,
potengially%ri¢h situations can be. regarded . from an

#

operational point of view as being the'fundamentalimatricps

of mathesis curricula. , .
i ' g v| 1 " i 7 EY
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The Begree and quality of mathetic activity to  which
Any  glven poh'«rntiallyﬂri,«:h pltuation sitimulat &5 a learner
will vary a great deal from individual to andividual. The
‘richnesst of any given situation for a learner will depend

V -

larqgely on personal factors such g5 the oxtent to which thf*r
learner 15 motivated and hils prior experience. A :’.;,ituatikon
which 15 rich for one learner, and in this sense  ‘optimally
diﬂf’;(?rfipa pt*  relative to ‘hi':*' cognitive structures, may be
‘much” less pich for his neighbour. It is clear, however, that
léémﬁ mituations are, on the wholo, much rLchﬁf than others.:

\ In _ L
These  situntions are the ones which stimmlate nearly all

learners to pose significant problems apnd to investigate

these  problems by hbringing thelr mathematical processing

the more of these characteristics vhichi a potentially~rich

situation exhibits,

the greater is the probability that the
potential of | the sitwation will' be actualized by the
learner. : ;, : ' : <
| . : , .

The  chardactefistics of a potentially-rich situation

are: (1) Accessibillity:  learners at all lévéls find'zit

feasible fairly soon after encountering the %itﬂ@ti@n

to pose some|problem  redated to it which they are
s 7 : ‘ :
capable of investigating;

leafﬁers will initially pose
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§

dit I’f‘l'f‘nt t-ypf‘.‘i of problems related  to  the situation
and  over time any one learner vill consider different
types of problem;
(i11) Dbepth: problemn qﬁnvlu:t(wl from the s2tuation Aare
hierarchical, with the sinpler problems lminq‘ solvable

e
by most learners  with  relative  case,  but with the
higher~order problems being more diffilcult to solve;
(iv) Copnectivity: the links between different types of
problem and bﬁfﬁ;ﬁéﬂr the lavels of any one gliven type ol
probléem Are ﬁaﬁilf a1Sﬁétniblﬁ, from both the width apd

heiqght viewpoints the problems are visibly connected

»3

S R el av Ao Ly

(v) Geperalizapility: dim retrospect initial problems
a! 5

can be seen to be special casesp of a  clasn  of  Mmora

genaral prohlems which are

varying the parameters;

rh

(vi) Pattern-latepncy: patterns of varying levels o

1

complexity, some of which  are quite visible, ar

inherent in the situation;
(vii) Concrete-representability: the situation lends
itself easily tc representation by one oxr more types of

material, at least the lower levels of some problems

p ok v
generated from the situation have * physical!®
nanifestations; \

(viil) Emplricality: the problems generated from ‘the



A1

situation  lend theaselyves easily  to o the making of
confectures and to the experimental  testing  of  these
conjectures, at least SOMmee oaf the conjectures are

provable;

(1x) ldentitiabilitys the problems generated  from  the

situwation can b~ assoclated »~ Wwith some  paticular

mat hematician or branch of mathematios, referencesn to

| similar problems and thelr evolution exist ;in
mathematical Fiterature and the learner can  understand
the gist of the Aarguments found there;

(x) Symbolizability: in working on the problems he héﬁ
generated from the given situation the learner finds it
convenient o invent and modify terms and  symbols for

it?é é;ﬁﬁéptf hé has identified. |

L] ,

fore turning to some ﬁxam?lﬁﬁ! tvo general points
about p@téntiailyetiéh Sitﬁafiénﬁ should be made, The first

%

is that’ the geffective utilization of potentially~rich

N

ﬁiﬁuafiéﬁﬁ depends very much on the mathesls te aghét, Tt is
essential that he stress the geperative and openness aspects
of pot ent1ally rich situaticns and illustfate théy irn his
owﬁ work. The authoritarian teacher, bent on right " answers
and closure, can stéNilize a potentiall y-rich éituationqvery
quickly.. Potentially-rich situaticnszéhoﬂlde@ Vié"éd‘b§ aii
learners as dynamic learning sources and not as static areas
to cover.' In short, there 1s a thow'! to potentia%ly~ri¢h

situations as well as a '"what!'.

- "



The second poilnt 15 that 1t 1 worth disstinguishing
hetweernn 1 he initiral, or kernel, activator presented to the
learnars and the potentially-rich situation to which 1t 15
related.  The potentially-richesituation is the whole family
of relationships which underlls the kernel-~activator and to
which the  learner may bhe led by his 1nvaﬁt{qarions- Henoe,
for 1%5?5“@“, in thes fTollovwing section we will speak of  the
potentially-rich =situvation of 'polytopes*' although this term

would certainly not he used when introducing learners to the

situations Kernel-activators, even tg

~

the msame potentially-

rich situwation, may take many forms. Usually they wills.
R 1

N N 7 . . . . . le B . ’
“consist of a  rpequest to  'investigate' some Circumstance

¥hich has been presented as  a mechanism, a film-loop, a

b
i

Thg remaining two .sections of this chapter are given
N :‘ - - :\7 - V
over to the ‘description of a pair of potentially-rich

situations. Tn the cxamples the characteristics of
potentially-rich situations ace approachead from two
differ@nt vantage points. In the first = take a

poténtia]ly;tﬂﬂ\{pmuatién and illustrate how
eaéh of the given characteristics by describing the m hetic
acfivity which llearﬁers might engage in related to the f
sihﬁgtien, fm'thé second example Students:® %éactioﬂs to  a
given  potentially-rich éituation are described and then
these reactions égé reléted to the given charactériStics:

Fisd
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rally-kich 'Huxtlon- Polytopes

-

To illustrate the charactaristics of a potentially-rich
s1tuation we will  consider  the example  of ’!)()l}'f()p(‘ﬁ. A
polytope 15 a geometrical figurs bounded by a tinite pumber
of line segments, polygons or hyperpolygons. A polygon 1s a

«
two-dimensional  polytope and a  polybedron 15 a  three-
dimAnsiopal  polytope. To iptroduce learners to thins
particular potentially-rich situwation a mathesis teacher
would first make available to ths learnars a wide. variety of
materials such as: plipe-cleancrs, straws, wire, card,
acetate sheet, sclssors, pante, tape, ~lastic bands, several
diftﬁrénf sizes and  grids of graph paper, and supplies of

various ‘dimepsion-—compatitle polygons 1n card and :in

piépv“fi es of the figures constructed.

From this starting-point we can examipe some of the

possible reactions of learners to this request in 1light of .

the characteristics of potentially-rich situations. We will
consider thé characteristics in the order in which we have
listed them in the preceding section.

LI

)

materials mentioned and the foregoing rubric, that learnens

Accessibility: It seems féirlyg clear, given the

i
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at almoxst any level can firat of all construct some Sort ot
mathemat ical tiqure, and  then  ank quesitions about that
figure.  Young lealners, for example, wil) brobably have had
experience with '‘hlocks' which may influence their choice of
problem. Among the most inv&tjnq problemss here are the ones
related to 'EonﬁtrUFtability'; the learners might will
connider whet her or not they ‘can make a figure using only a
certain type of polygon ©br a set nuaber of polygons of

various types.

Breadth: One obvious aspect of the breadth of this
situation - is  the cholce the learners must make, at least

initially, beatween  constructing two-dimensional figures,
8 g 7
'mosaics®*, Oor three-dimepsional figures, 'solids*, Some

1

learpers may pose what are, to ‘start with, essentially

combinatorial problems, such a5, 'How mapy different nets
are there for square boxes? With tops? Without tops?t'. These
particular questions miqght ﬁéon( become basically ones

relating to symmetpic and group-theoretic concepts.

()
Other learners, influﬁnceq by - personal factors, may

pursué problems which have their oﬁigins in gambling ("My
father has these npeat twelve-sided dice."), geology  ("Did
you ever see my quartz crysgals?") or travel (Tiasé summer
ve sStayed at a hotel withg the %unniest %ilinqgon:thé
bathroom floor."). What starts off as a mathemétical figﬁre

for one  learner may come to be much more of

i

an artistic

"



production by the taime he has finlshed.

)epth: Some learners may use one  type  of  polygon to
consatruct mosaics and others to construct solads, They will
both find their tasks easy when thay u~» reqgqular triangles
and regular quadrilaterals. The Fi()lid"ﬂ}ﬂkf‘r’ﬁ will pr.obably
find the pent@®onal case Aitficult and definitely find  the
hexagonal Cﬂﬁ; impossible. The mosaic-makers will npnot be

able to find a,péntaqonal pattern, but they wilill be able to

find a hexagonal one. Neither group is going to have any
luck in looking for figures using only regular n-gons  with

LY

more than six sides. They.-may then try to proed this fact,

pyramid-makers and prism~builders using reqular

polyaons for basesn will encounter po such daifficulties,

Mosalctmakers using non-reqular tiles are 9o0ing to find

major classification (iffiiﬁlﬁiéﬁ:bf th;:tlmé they start @ to
vork . with pentagons. They may well, in fact, pot ever reach
this péint‘fot some time Aif they become invélféﬂ in the
tiling .properties of trianéles‘:and ‘quadrialterals. Both
‘tfuncators' and 'stellators! will find that their tasks

\\vary in ‘difficulfy fros solid to solid.

Connectedness: Learners will probably find as they

progress that what appeared to be unrelated problems are, in

reality,_closely—related ones. One learner startihg from the

*packing' properties of tetrahedra will find tfat his 'milk

cartons' are very similar to the *triangular dice' of the
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learn

1 who

polyhedra.

the <

Anot her

some

orrner:s

solids

st art ed

The-

ottt a ¢

constructed

may

maode )

from 1 he
pl'()d(l(‘v(l
ubet will be

from octa

lead learners to

probability propertiesn of

by one learner by '(ﬂxb;q>1nq
very much 11ke 1 he * house !
agons and triangles, Nets for
1o :)'f tor mosailc patterns

and vice-versa. The learner who wol ks fir:ss on the symmetric

aspect of

will

£ ind

solids,

that t

‘anq then s

he one part

radically affected by the other.

at i

the

later is

point
félatibnships
certain
pérhapé the

questions arise

sort

Geperalizability:

Tt is 14

rst

the n

they

learners

dimensional

of figures

it Pfﬁbaglé;

at prop

amber o

should

def initional

" best
in
try

cases

will

to

unconsciously build in

with which they are

for examplea,

tarts to look at truncation,

of his dinvestigation 1isn

kely that most leoarners will

certain assumptions  aboat

going to work, Only

that mapy learners will

'rfiiﬁ 1ike CfiVﬁfi77 and upiformity place
ctions on the pannﬂblr types of fiqure
f possible constructible figures, At this
perhaps be able to see that some
generallz@ within the limits imposed by
. constraints. Euler's rélation is
example- of this. Several interesting.
.this potentially-rich ‘sifuation when '
generalize from the +two and three-
'.tov th gdlmenslonal case. (For. two

particularly gaod 1nvestxgat10ns of this type by secondary

school students see the

@)

papers

&

@

: )
by lay (1973) and Zveig



Pattern-latency:  The  visual patterns, particularly in
the  two-dimensional  case,  are guite strikipng in this
potentially-rich mitmation. By choosing a  good ‘%Olhur*
Bcheme' a learnel can emphasize the symmetri ¢ Awppcfg'of his
mosalc or solid., Numerioal patterns, =such as those related
Yo angle-sums and the  vertex-face-edge relationship also
permeate the sttuation. Other patterns, iust as  eagy to
Adef iinﬁ, may prove exceadingly difficuft to unpravel. Taks~,
for instance, the scquence which represents the Vnumbﬁr of

difterent ways a plane, convex n-gon <¢an be divided into n-?

triangles by n~3 non-intarsecting diagopals. The first three

terms of  this ﬁﬁfh*ﬁﬁﬁi for triangles, quadrilat

~raln

nd

o]
o
o]

pentagons respeotively, are ofe, two and five,. " Things get

more  complex  falply rpapidly from -this point, howevér, and

oncrete-representability: As presented, this

potentially-rich sithatién is particularly representable .in
concrete form. Polytopal figures can be constructed from a
large number éé diverse types of material. Frequently the
type of material wused influences the p%obability of a
learner discovering a certain sort of relationship. %ér
r .
example, because ‘Of the -tvisibility “factor!, 1learners
Cpnstructing‘soiids from acetate sheetrana adhesive tape may

well hit on the'dualiéy coqcept before those learners who

are constructing. the same solids from caxd. Almost all

~
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1initial  problem:s  about pelytopes  will have a dir ect
connect ion to 50 De }ﬂxﬁ?ifdl model . Even  in *higher -
jﬂimﬁnﬁinnal' problems, the arquments will usually proceed by

analogy with the two and three-dimensional cases.

Fmapiricality: This situation lends itself easily to the
rabrication ’0{ conjectures which can e investigated .
ﬁxpﬂrfmpntdlly. 1t 1= llkfly that many of these conjgctures
will be capable  of proof . memﬁ ot proof which ar e

particularly associated with this situation are: proot by

les
A
o'l
,‘?

example (there exists least one convex s0lid having four

disproof by counter-example can frequently

(there exist only seven convex solids having equilateral

i

triangular faces).

s .
lggﬁgiﬁigggiigz: The ' problems which the learners
generate from this situation stand a good <chance of beingA'
identifiable. Polytopes in  their various forms have

frequently been the focus of intellectual interest since

very early times. The Greeks identified fire, éarth, air,

water and the‘dnivetsé with the fi%e pPlatonic solids and

P ’ N i

Kepler constructed 'a ' fascinating but false model of the
C |

1 : . " ! N

A - J



s0lag system using  the Same solids. In elementary
matfematical jJournals polygons and polyhedra nlvrfh; sub ject
of a large number ot articles, and hooksn have been wlittan
on polytopes aimed at auvdiences as  diverse as jelementary
school <hildren and \réSEATﬁh wathematicians (Mold, - 19673
Grunbaum, 1967) . The situation has an larqge nupber of
applications “n different disciplines, . ranging from
architecture and ngb (Critchlow, 19712 FEscher, 1970) ,
thrcuéh CryStSl]ﬁ@faphy- and chenistry (Loeb, 1968; ¥Wells,

1968) .

A

J
=

Symbolizability: In this potentially-rich situatic
learners are llkely to reach a point in theilr investlgations

wheTe thelr initial terminology, - perhaps of fboxes',

110

thouses', or *triangle patterns', 1is inadequate, Tt may he

inadequate either becau

4]
T

1t does npot distingulsh among
several different figures af the same basic type, or because,

it does s0 in a very awkward manner, They may 'well then

1]

start to look for some systematic way of naming their

figures. This experience would stand them in good stead when

LU R
i

of the many symbol systems commonly used

* thre encounter sofe

o, },A; . . )
1. %h?s area, such as the n-tuple representation of mosaics
{ ! - ¥ i
and - the prefixing system' used in naming the various
polyhedra.

A

)

\
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The potentially-rich situation utilized in this second
: ”

example 1x that 0f polyominoes, shapeg conposed  of  various

-

panbers of connected squares. In the description which

follows, the reactions of a class of  tourteen learners to

this particular potentially-rich situation are outlined. The
learners were third-year undergraduates at the University of

Alberta who were preparing to ’become secondary school
A 7 3y

mathematics teaChels

.

- Most of them had completed the
equivalent of three or four ccz;Séﬁ in university-level

mathematics.
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vas discussgd and the students
‘worked in small qroups-oh the polyominoe situation for about

an hour and a @Elf:‘In the second session for approximately
} i ; B a.' V £ )
the first hour problems génerated from the situationm by the

five different groups were described and indications wvere
~ ' . ] . B \ . - i
given of directions in which the group's 4investigations.

might = proceed. ; The students - then - continued their
investigations of their problems and the session ended with
a ' discussion of the group's reaction to the concept and of

the implicatiOHSNOf the implementationrof such a technique

“in schools.

*



T o the Tollowing pages we shall outdline and, tondicat e

e -

some ol thae conhoectirans ot the pirablem:s  geneerated by the

tive group. Following this, theso roactlons ajee examined n
- < N .
Liqht of the-chavacteriatics ot potent ally-tieh situations.

"Fou purponcs ol v Hast pation we flast degieribe 1n mone

4

(14:‘1 Al bk the conneatlons of the E’)Ii')l}l“mfi qenerated by o ne o f
i

2 . : .
the tive groups. Although they ares most Anteresting an well,

I3

the problems of  the other four groups and the connbctions of
thesa probhloms will be Anserihad much mote bhrief ly.

Thre learnery had  available  to then supplisn fof

3

tronetric and:s nquake-sdrid qgraph papor, agaonbroardn, ~lastic

S

) N , ) .
bands fnds a number of opn=inch cuab~r, The kernel=-activator
with which thay were oremepted was the tollowinpgs o
ol
. &
in,
Tt 5h hereithat 1t would bha wrop onclude
E : £ i A )
fron Ehf acgount that the aroups fdund 1t nasy to
5 Y : !
1rolate and investigate thedir pf@b ma the
 E s R - = - f &
Bﬁﬂ TT?V}(UF in this forptr. of learning
deT1v1TY and of thelr investigation:s some

of tht indivdduals insthe class found the openness and | lack

' . . ‘ 5 o g ) ) . 7
of iany eoxplidit direction to be frustrating. This reaction

4id not, however; apppar to last very long.,
Lo T . ,

- [ A e
[, :

—
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Weeturn now to o a descriptioln ol the problems  gencpated

e
Hy the groups. The outline: given of the problems and thein
conpections cuammarize the activity and resalts ot the it
sestroh and the rmtial  halt ot the second sennion. It

reflects therotore, the progrens made by theno groups in A

total period of something like thisoeo hour:. {

Group Az Thi: group, which had four members, genarated
1: 3
A type of problem @®hich we  may ldentity a5 *probloemns of
4
mathematical ceologyt. The  enseptianl  quesition  was  the
followina; *Given a certaln polyjonal  onclosure,  how  many

one-celled  anpimals can be put in it subiect to certain

conntraintaz'. Typical of the constraintn connidered  were

thofe we canp <all the ‘broathing-room' constraint mnd the

“ne

e{im;f and - what method- will’ "

place: animals fpgimalf Euwiihim'?iﬁf given édnclosure?', Tn
: B ! . e , :

investigating this type of .problem the members of the group

EC

drev 7diaqramﬁ like Figure Qpne. This diagranm illustratoes one’
way ‘of putting four GTE??’C?*%EEG animals into a squaré four by

i

, , ’ L
four enclosure. ' E v ; Kﬂﬂ
‘ - i B
] K @!
ld . 4
% i.’ | -
Z ! B [ 7
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Lt - . ’ /
Faiguare Onpm Fn<;urfﬂ€§‘wn /

With *ha electric-fence conftraint  ode-colled animals  are

allowed to touch each other, hut not mor~ than ona polint on

. o
; . , ; ] oA ) i
any dnimal may come 4ip ccntact  With  the sides of o the

*

encleosure, In investigating the relationshipn among types of

numbar of animaln  encloned,. the

Ams ) Fiaure THa, dingram

m

roblems aré very similar in, form to problems: in

W important branches of contemporaty mathematics,

e ¥

algebraic coding theoryland-number theory. The problem the
A ’ - ) ) = . )

group has  isolated by N applying , the breathing“roon

constraint, as in Figure One, is almpst ideptical :to ‘the

-

7pfébl?m,iﬁ:cbﬁiﬁérfheﬁfy of finding perfect errtor-correcting
codes in. the Lee metric. For the coding version of the
—‘\‘“ T ) % -



(X, 7) ~has a ~high fprobability of heing correctly recelvad,

:ﬁut that the

Tu

problem instead of thinking of U,,.‘ animals having hie-athing

x
room, one  thinks o 1h terms of code-wordn having a fsopheret

about them. A perdect eode i oone  dn which  the  'rpheres

pack  olosely, that 1:, ,ﬁhry completaely cover the opoclonure

w1t hout any overlapping.

t
in the Leo metric a *rnphere? Of fadins one about A
codr-word is the set of all *words® with co-ordinates which

diffor from thome ola the code~word in At mor st ope  Co-

ordinate and then by not more than one in any direction.

3 = N -
Heuce, if ip the two-dimensional cane, A7 (a,h) imn " a <opde-
word, then .the Leo metric mphere of radius one about A 1

' , . - S o ,
the set of.wordn: Aa,b), (a,b=1), (a,br1) ., (a=1,b), (arl, b),

Suppose that cach co~ordinate ot a code-word, tranamittcd as

an alphabet of five symbols. suppdse that the alphabet ig A,

B, €, D, E; then encede apd transait: A as (0,0), B as
. Yoo ' ' : .
(1,2), Cas (2,%, D as (3,1 and £ ag (4,3).
3 ) r
. , , - L
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s Flgure Three
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, From Figure Three we can siee that, (mod 5), we have a
Lee-metric sphere of radius one about each of the code-words
and that therse npheres pack closely. This encoding therefore

: ! ;7
: since  (2,0) 1% in the Lec-metric sphere of radius ome ahout
‘ C. ’
# T N [
% - : '
There are important pr?&cfical {ssues involv ed here. One
- Q‘ can generalize’ th(‘ 51tuat10n b}( varying then dimensions, the
& ™ ) Py
oyt 5 T ’:?
- cadius of the sphere or 'thé anumber of symbr:]s in the
alphabéti The maia results in this area can e found in
. . A : t
” - [ . R L 8 - 7, -
Berlékamp (1968) , Golomb and Posner (1964) and Golomb and
. H N é’ |
igblch (1970) 5 i :
9
; ‘ » '
" 4 " R + v ! T
éx |
£ - o
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The Avarner 1nvestigat ing the Jectpro-tence conntraint
proplem may well come to conaslder problem:s: very  dmillag '

form o two  well-known problem: in the theory of numbepr:s.

The farat and mors =Significant of A hiesie it known as  the

Carels problem and the other 19 Pick s problem. The osmornen

p of the Cirele problen s to 11y to oxtablash a4 relatronship
)

bhetweaonn the numb ey af lattice points (that ds polnts with

inteqgral co-ordinates) inside and  on a circele, and the

N . ;)
radiun of the circle. Tn considering this problem ¥t becomes
convenpiont, to  set up a ope-td@one correspondenca betwaap

3 . ' "x! o (

N ~ R _ L 5 P LY S -
lattice podnts and unit aquare and then torconslder diﬂ’@‘ﬂmﬁ
likn Flqure Four.,

: 4 4
E - a
, - \
A
i N
¥ ke
4 i D £
Figuare Four ' N
37 : T '1 =
' I : i 5 = ,‘ Ar = foe s 5 = J' / —
The similarity between Figure Four: apd the case of -
- » LY
eléctric;ﬁfenCé~coﬁstﬁint problem where .the given enclosurl
’ :. s s z s V 2 . ' ',7 : —i : = ‘ ,,i— j o : b
! ra clrcle s quite marked. Thé Circle problem”is, in turn,
FEN ; : g A -
“iptimately connected with another clasSical number-theoretic:
E) . - z - [ H e N | N ) L .
- o - ) ’ . * !
' : @ 7 : S i P
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probiem, that of the tum of tWo  square-s, Mot secondary
school student o “hould bye capable ot starting 1o i
charactoeryize Intoqgetrs which are oxpressible am the  sam of

two  squares.  That 15, they should be able to prove “that no
integer which loa veri a remalnder of thres uy pon beoing divided

by foutr can be oxpressed as the sum of two :';qlmx"f"- numbhers |

) 7
The Circle problem has a long and interestihg  history,

the tant chapter ot which =t1ll remaifs to be written,
Conmidar the circle uf + v =N and let R (N) depnote  the
A number  'of  lattice . points  inside and on the circle. Tt is

possible to prove  in quite g straightforward ~manner

i
i . N

(Andrews, 1971)  that in the limit (that is as N ipncreasen

without bﬁu%ﬂ) F(N) i ﬁyua] to MN, Tp Tfact, it can  be

shown that wf A N that ft(N) difters from

i
o

ircle

=
-
T
|
o
1
ik
:,._J\
te!
H
‘@)
r
[}
2
=
b
2y
]
o]
=
u]
g
[y
=
-
il
7
o]
et
(]
2
i
<
I
=t
%]
;)
&
ey
ﬂ

. ' - problem since it was Gauss, using some of his ‘own number-

théotéﬁiﬁﬁfeﬁﬂltﬁ, who first Shbvéd (183H} thaf*

T ; 'R(Nj = TN + o(nniz)

In_‘l&uq,f in 'relhfiﬁn’ to hisgWork on qQadratic residues,’

P H .
3

Elsenstaln derlved a method of attacklng the problig Afterg B
s I > )
Elsénstélﬁ—s death Layley (1857) franélated this paper 1nﬁ

EngllSh and noFed ulth respect to Flsensteln s, approach to

.4

”f«u_u' ' thi Clrrle problem, that ¥he ﬁormulah

A
1 ~
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muyst, 1 think, have besseny entablist ey by
gqeometrical conside)qt lons=; ... but, a: i do  not
per el v how this 19 to b done, T hal) tollow A

Levelsae coulse, and ostablloh The  thegrean ti1om
conslderat ions based  op the theory O number s
(p- 3.

Hermit.s 1887y also worksd on the problem, hut it Was not
unt jl 1906 whoeor fiklé’frpin:f;ki “howed that of < 1/'1, that any
MAYOY progresn was made. HorK ing Independant Ly, Hardy (191%)
and Lnn«l?nu proved that .:7( > 14 an« in thee npx} thes
decades the valus of K was very :;]ﬁw}y pq:”;h ~ down., Van der
Cmf'put m;d Nielandt taok 11‘ to 27/82 in 1923, Titchmarsh
) . . -
(19373 t;:; ;’llﬂ/ur‘,{ ten Years later, and Hua Feducad 3t still
further, to- 13/80, in 1942 Vinogradov claimed inp 1937 to
have a pfﬁﬁfrwhiﬁh qave
bﬁﬂ am  Huaa ., (19482) ;CGmmﬁﬁtﬁa, thin  proof e ntained "an

incurable mistake (p-

]

teonjecturedithat the v

but at the moment o proof
f@rthﬁéminﬁﬁ’
R :

A seocond 1

ey

ttice problenm ip the theory of

H\
ol
=
=
los
]
g
5]
A
o
=
(o]
=

is closely related to the electric-fence-constraint problemn

A i [

is | ﬁlck'ﬁ pr@blém. In this problem onpe ﬁ?éks{é

relatlonshqp betweén The area of a quéﬁ polygonal’ ﬁquré‘bn

4 a ldtflce and the number of 1apticé points insiderand’cn the
- . VL |

‘bqundarx “of [ the figgré. The "relathn H is f‘ a

&

Straiqhtférwérdﬁénp anq'thé prcbleﬂli particulariy apposite

for "learners as it lends itself ert:emel ”




At cmprlacal appfoach (Kieren, A968) 0 Thy o penalt appearsn to
have bevn tirst 1 ecorded by G. Prock an 1899, Thee ooxt enis 1on
Ot thit  problenm tao the third and hlgher dimen: ion: e,
however, decidely non-trivial a:s ths papers by eeove (1957,
MacDonald (1963 and Niven and Zack < nan (19679 ll‘lu‘i‘f rate
(lo%}n Itz This paAr‘ ol learn~r:s 1solated and Tonsidered

t WO ot t e classical polyominoe problems (Colomb, 1966a) ,

thoso ol *ropumeration' and ‘classification'. Having  deceided

atter <O me ~xperimentation to  define pn-celled animals as
~ ! - B 5
%«mqlow rates of ona-~called animils joined by who cdgnn,

2
e
e
it
<,
o
fow
-
el
el
1
Zh
fan
=
2]
=
or
U
~3
b 1]
a
=
—
ol
—
fongl
>
s
>
ol
w
g
w*
-
o
o
el
o
=

nf

A
(Havary, 1969). A= latéizﬁﬁiff‘;??,j)tfi “;:mrml mathema* i
wlﬁréj ~able to find the T,llimtwrkf!T: .—1‘ 1#d apimals for the
" first tipe only by the aﬁpllcatlon of gn iderable ingq nuify
; Qf‘andhglatqp amoun ot Lompufu: time, ’ f"lathéx_x\atiA-ca,l researchers
~_'who hraVé‘ addressed themselves :T‘C this | problem in rééeﬁnt
N Y@a"rﬂ'\ginclude Read (1962} Harary snd ‘Read, 1970), Klarner
ﬁ(—i%’i;;z?a{na Lunnon (1971, 1972a,b)., .& . ~
The second pnoblem these learners; consideted was ' that
\ e
: . 5

NS
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80

aft clascrtying the D-ce b lesd gt mals fhey had founds They
foimulated conjrctures pomgarding thee  Sx1:tanee ot anitmal:
which counld be deicrabed s *traltaghtt . Y one-hentt, *two-
bentt, *rtalr-ntep® and *sguare for ditfarent valuoan of n .
;T They  tound  the  standard S valphabet i me thod ot RS DRI
Cpolyomy noe s ily) b e ot interet 1n T lat 1on t o thedd
symbolizing  work., Thee  pagparsn ol Golomb (1966L, 1970), in
which he clanstfics polyominoes according 1o their *1ling
propert les, ar~ Alro to the dnvantigations of thins

group.

riel /’1’ tedd

o
. F

learners

concoerneaed

. ' ) : . - 1 ; i "-,,, n X ) R
determining the humber "o 'Sﬁa@%ﬁt“ﬂ‘uarf' animals contained
+ ! t e O L st ) & 4 . .
U ; ;f - DURAR F 2 i o 1
in a 'large-sguare' npecelled s animal. This “question. they

recognized - as’

¢

‘the;squares ot

being essentially that of-findinqkéh@ sum of

A ; n‘q
the first n patural numbers,  put’ ‘they were

unable either. to recall or to reconstruch iﬁé’{iotmﬁlaii A

~third problen

X &

.. .Aanalogue

i

‘they -considered .was- the isometric . grid

4

of the preceding problem, that is; ‘HOW many




#1

N
somal ey trrandgulal animal o ale cont alned in - A 1!;;,;..
trianqgulor animal of  sxde npzt's Tn this case they were not

able 1o tecoanize any pattoegg ar 1O conntruct A genaeral

-

Iouhul.a‘ ”'Th-*y di1d 1v.111’24~, however, that -the casos with n
odd wepse wmsepntially At tarant than ths ocanen t o1 whilch 1§

wan  even, The last problem has recently boeen the subject of

’

ons by Cerpriah (1970) an which a very

two Journal articles;
F N
cumb e raome formula wa: devalaped, il another by 'We 113

h s

D . P LT :
(1971, Hellasts much aore compact renalt wari  deww loped 1n

conjunctidon with the work of a clans of ptadents . n
: N I i
T:',
+ 'Group . D: Thﬁ: pair of ; "lrarners 'Qi s

PR #

oxXperimenting for Soma time with threo-di

turnod  to  confider two tgenerating! problems,

an.offeative method of  going

from a specitied sect of iﬁpu"f:ﬁ@@ a related met of outputs;

this method should ag well be ble of béiﬁa procisely

#

described and it should end after a finité number of steps.

Tn-shogpt fh%y vere seeking an algorithm. Currently the focus

of qreat interest because of - their Cent}ality to the field

of computihq ‘sciepce,/” algorithms have always been of
' ’ _ . ;

considerable importance in mathematics. The books by Knuth
; . : ) a
_ S ‘ L A
(19685 1969, 1973), give the most comprehemsive contemporary
treatment of algorithmes Aﬂd despite 'the fact ghat they
. ' | . d '

i
i

i
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conptagh no ‘amimal-generating algorithmt, they wuu}t( he o ot

(‘(')n,"u]i*lilblf'- interest to thvee Yerarne g,

+
Thes Decond problem t heseo learnerss constdered was that
. ‘ b
ot seqgquencd generation. They bhad ldentifled  one one-col led
/
animal one t W=l L end Al mal two three-celled animaly
r / r r

" / K
2 ftour tour~felled animals and olglt five-colled animaln, The-

i
5

A‘hlum Hwy: posied for investigation here wasnz P How does thea
v ] . / v .

sequence Y, 1, 72, 4,08 contlinue?t, Their conjecturs was that

"

t he Tirst twWo ~tapms afi 'given* and then cach f the
. LY

;A% l -
followling terms 15 the ﬁiim/ﬁf all of the terms which ' precede

. The ~rrors in their ﬁ#ﬁifiﬁal data notwiths 'ﬂﬁdlnq, this
D K / , f
nequence~gensarating  conjecture  is one which could hes
o .
followtd up bﬁﬁﬁfiiiaLﬁy by these learners. The propertios,
o ' A
. 6f this pnrtj cular qfnv ating rule may he relatively
! i
"ohvi iou, h\j? firtai "1; Tﬁi:" f i IY Cl( lat~d met hod Lif
B i : _ i
ﬁ:ﬁﬁfatlnq Fihon raccei fﬁ(ﬂﬁﬂiiﬁ leads into a0 vast
. i o /. ; . _ .
and ! fﬁﬁﬁinafiﬁq mthematical area. farners. who have
invented and inyestigated their own: Fibonacci-1like
- é‘r * ; Lot . o P _ .
qpneratlnq rules wguld probably find many of the articles in
the Fibonac Quayt glx to be of interest.
n;( 1 ' i A -
» | L : i
. Group.! E: /Phe four members of this qroup con51dered a
nr / o .
very»'vﬁtal, “r@t ‘quiter ccemplex pr@blem in mathematlcal
‘blolggy, tha't of 'reptoaﬁction ; Quesxloné this group
" ' ' - i

Consldered wdre ones llka- 'Doe§ an anlgal have an 'axls of:
2 a - R P ) .
reproducmioq*, and 1if " so, how' might 'thisﬁbe related to

2. . - . . 2! ) 'i 517' R

!
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»”

symmetry; 1t o n>1 doses oan n-cellad animal agrow to b e o men an
n+1-cedfed Anlgal, 1 doe o it splat 1nto two o Ce ] Led

anlimals, or does 1t bhecome a 2n-ce ]l led anlimal 2t

Thee problems are gifticult ones to resolve and in the

period of an hour and a halt the Jearners in this group smere ©
only able to start to det ine them préecinely and LIPS,
. - s,
investigat e them, A These questions ale similar 2n many way:
tx those raised by reisntists tiyina to  construct  self-

reproducing  machines, The papars  of Peprose (M99 , Ulan

(1962) and Kemeny (1955) are of aspecial  interest in  this

. 4 ,
af&a; The branch of contemporary mathematics which underlios
this arsa 15 that ot automata theory, Sources fc which ¢ henes

learners could be/directed inclule Burks (i@?fé“ana P rkhoffl

i B

TARd Hartee (1970) . ' ' * ~
k] i3 t
He o can  now  briefly consiffer the initial reacticps of
, S \

fhﬁﬁﬁ learpers to the polyominoe situation in light  of the

. S
-

(9]
A
"i\
~

G

characteristics we have listed. It seems clear that these
learners found this ’'situation qulte, accessible and very
broad ’'since they posed a ‘&EFQé namber of different bat

"mathematically quite significant problems 4in a .relatively

short period 6f; time. While several of the problemd

)

D

conslidered were standard jones 1in the polyominoe aféa,,ﬁabméi

é;hticularly \&hose. Qéhéfdtéd by Group A,\wéré‘(uifp novel
, it@% the p01§pminoe viéwpoin;; Almost -all thk fﬁrénésk
gene%afed pfébiémﬁ ‘that wére‘ hierafchiéal in n,thre,gaﬁd

\ . : A

SR ) '
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"the

some of  the problem: considered

£2yen ) el Ch mathematiclans.

s1tuation  was  dllustrated by

connsidered more than one type of

there was consmldarable averjap among

a:: tor instancs, 1n the

At leant two ol the groups

situation to conflider animals

fiorth ot thesme groups
h

queat ions they had raised about &he

meaningful, the conclusions they

“tiaons often did ﬂ@j:ﬁﬁﬁ?’ifﬂlif’.ﬁ
&

there are

quey

“ﬁxamﬁjf"ﬂ vhile flV*'

¥

H
=
=
~
-
o
i
=
o

als  made

A

ni cells,

imals where

]
ek
o
Py
=
1
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]
.
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fori
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haye
The
t hﬁﬁJ Tact

problem

aptmal-enumerat ion

general 1zed
who me
real iz ed

Square
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|
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copnectivity
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initial
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aqraph paper and qeoboards the groups found that many/ of

{héir problem 5 :had €hé1§ afiﬁiﬁs

3 : A

" how, some visual patterns might: continue. Sever
patterns were investidated. as well, particu
» Ld ! ’#
summaftion viewpoiit.

H
i
%

: , : L
The.learners were able: to Wwork

lowerfléVEl cases of their

tound that ‘the hlqher ~level cagses

%

o : : \ n

pfohlémsfabht

were

vnpt am

;:emplplcal 1nve€thation.£30me of the COﬂjéquré
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tor example, about the existence 'of f*stair-case' animals,
’ . I
wvere proved to bé/.val}d- One type of problem 4in the

polyominoe situation which nong ot the groups considered in

the .time period concerned is that of tiling space with

animals. There are a nunber; of excellent. places for proving
~ ,.'/ , .
conjectures in this area. Most of the groups developed their

L

own - t@rmfnoloqy to refer to the different animals and the

difterent classas of apimal theg were comsidering. The
. " ,

general  problem of classification was one which most groups

\ .

contronted in one way or another and this stimulated much of

the symbolmaking» activity.

7 0f  the ten &haracrerlstl cs of a potentially-rich
Situation, -perhaps the onpe which has been exhibit?d most
» - . )v L4

str}kiﬁqu here iSVBEA ldentifiability. L Without  exception,
ié?cﬂ;:of ¥he' fiVFﬁ groups has raised at least ,one problem
. ' ~ -
whigh is high}y ibemifiqmé in 'some branch of mathematics.
Linksu with Some'of:théswoFld'S most prodéétivs~mathematical

mninds qaﬂ easily ‘be' made. The learngrs Considéning the
E 7 ] 3 ;
summation problems, for example, would probably be in a good

-

position to apﬁrec1ate 'JaCOb ‘Berpouilli's (1967) semlnal

vork in this area,’ thCh dates from 1713, 'and the posers of

: ® &

'the reproduction problem coylad be'referred to some of von

‘

kueumann's (1963) orlglnal papﬁms. The learners follow1ng up

-~

references . in the work of " Golomb and Kmuth ulll flnd
themselves becomingf“qéquainﬁed with two. of the . most

- productive and ve?Satile‘yadﬁg mathematicians of thé.day.



3.6 Summacy -

In this chapter we have made a case for the importance

-

- . . . 3 I.)\
of problem-solving 1n humanistic educat ion in which we have

' b

stressed  the  necessity ot having the lﬁdlheﬁ i'solate and
iy

articulate  his owh problems. The primary task of the

>

humanistic educator «is to  provide and maintain the

a7}

environments which will allow and epcourage learners to

define  and investigate problems. In mathesis such

enpvironments-are called potcntiallyikich sltuations., In  the

- o

firs of these two examples some hypothetical instances of

» ;
mathetlc activity were Considered and in the second the
ipitial activity of a ' group of learners in relation to a

) ,
particular pOt?nfia%éY“fiCh sitwation was described.

e

3
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" CHAPTER FOUR
STRUCTURAL ANALYSIS CF THE MATHESIS PARADIGH ,
3
4 .90 Introduction
___________ -

Having now presepted, elaborated on, and illustfated
the CONPOU@D?SV of the mathesis paraqiqm ‘we turn in the
remainder of the study to an analysis 0; the paradigm. The
two central questions generallyvéddbessed here are thése‘of
validity and utility. To ask if the §aradigm is valid"isb to
ask' it it is suited to the {ask tor which it hés‘been

C[ented,!‘ﬂhat reasens are there +to believe that this
. ’
paradigm can, be used to construct curricula which are both
I i - ¥ B

humaniétic'aﬁd mathematical? To cogsifle? the utility, of the.

\

paradigm is/ to ask ‘how  useful it is in cbrrying out the

i F i A 3
required task. Can the paradigm be  easily utilized to
L : ( o
construct mathesis chrricula, of\. does it appear that the

-
-

‘costs' of using it are very high? How .feasible is it to
s o v

think.of implementing the paradigm?

a1 B \ F:‘!,i* F

3

The analysisg' of  the mathesis paraQiém which is

i

describeé in the following pages has been carried out  using

?étgo basic assumptions. The firstbofvtﬁese relates to the
- primacy of fvo oflthe ten cbmponenfs of the paradigm. The
‘sééond qsgﬁmption .céncerné the brecision wvith vﬁiéh the
tefms ofthepa;adiém have{peen“deﬁéped. The epis@émolqgical
-and psygho}ogioal bases, which Pfoiide'a‘fOHndatiOn for ‘the

- . n Lt ‘-: o » ‘— ; .
S . ) o - ’ ; 4
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paradigm . as a yhole, are seen as being the most fundahéntgl
components of the paradigm. The five characteristics
similarly,‘ are seen, 1in this sense, to be 'ﬁe least

. i
fundamental. In the amalysis ot .. patadigm, therefore,

moreé attention has been devoted to the bases than to the

, &

The terms used 1n the mathesis paratigm have not been
defined with any qrzft degree ot precision. This is partly

because of the ingunabular stage ot the paradigm. 1t also
- ol [ ’

reflects, however, the assumption that a lack of

A

‘detfinitional precision may' well be beneticial, particularly
at fhis stage of the development of the paradigm. it ;é felt
that the activity of initially defining terms is subject
éuite rapidly io the law of diminishing teturns,‘and that it

<£9 better to act soon with a somewhat fuzzy set, of

components “than to act late;7with a more sﬁafply«defined
set. This essumption is consistent with the view of "Popper
who has been very critical of the Logic¢al Positivist school

"of philosophy for what he considers to be the protracted
4 c . < ‘
attention they have given to definitions. (In-this context

Y ! e A - » - 3
-he has even proclaimed "the emptimess of. definitions" and

P

P

spoken of the "superstition that if.ﬁe want to pfecise ve
‘must define our terms (Magee, 1971, p. 79)".) A techniquea

" usdd in ﬁhe.fnllowihg.analysis is to exémine‘the=§arahigm'in

>

‘light of criteria developed to 'judge the 'validity and -

utility: of formal axlo§atlzed'systems; However, .because the
B . - ) . a‘\‘\: : ‘[v . e 4“, H I _—

¢ . . : 44.”‘ ) : o

B Nty RS o BRI
. L PO 'Y Lot

o w v ) B A



A

‘terms of a tormal axiomatized system must he Lf’iqoro\us—;lz .
L ] ) . , , ) L . S
defined, it should be realized that. this examiffation can
. -

' & e

k! .

only be an informal cne.

e " . '
o .

Tn this chapter we concarn ourseélves mainly with the

question ot validity. We do this by brietly revfewind the

,

relationship between models and paradigms and by  examining i

the pmathesis paradigm according to the «criterfa: which -

characterize an idealized, tormal axiom system. The focus of

N

. . | ‘ »
the chapter is therefore on the internal, structural aspects B
e . ’ ‘é‘f‘: ‘ o
ot the‘gnradiqm. Most of the issues related to the\ utility
M N ,
questiol and the question of existence are considered in the %

A

final chapter.

Cor .

——— e P ol = e n Sy
o~ -

¢ _ / :
, The conceptual tool which has been chosen to handle the
- | ' . ) ! .

problem ' of humanistic mathematics is that of a paradiqm- Tn -
this study, as - previously indicated, a paradigm is a

framework which is "half\g,avy :"béti\;iéén an analogy and a Vmodel,
more rigorous than an analogy, not a:modél kKéhh and r Bruce-
Briggs, 1972, p. 89)". Unfortunately, thewférm ‘model' has

come to be used, particuldrly in the social sciences, 1in a

nunber of different ways. Some writers use therord to mean

an analogue or a replica, while for others it indicates an
[ » * ) -

‘ideal’ or norm. The term 'is also used on occasion'as a

nsfﬁonym"fét ‘antested theory". P:efixed'"by the word -

*mathematical', a model can be'aﬁYthing from a‘quantifiéd

'
‘



empirical theory to a formal axlomatized system.

. &
R _%
. -

T téct, what we are calling a‘paraﬁigm would flikely he

‘called a mode ] by sbme‘uriters; ‘In The Lipits to Growth

|

(Meadows and Meadows, 1972), tor example, it is assumed
'y

that:

Every person approaches his PEoblems, wherever
th@y PCCUr on the space-tine graph, with the help
ot models. A model is simply an ordered set of

assumptions  about a complex system. It is an
attempt to understand some aspect of the
1ntinitely varied world by selecting ' from
perreptloﬂs and past experience a set of general
observations applicable ‘to the problem at hand
(p- 26) .

Of the several meanings of the term ‘'model’, the most

rlqorously defined is the idea of a model in connection with
a  formal ax1omatlzéd syqtbm. It is this meaning of the term
thch is implied when it is stated that a paradigm isr more
than an  ana1qu, but less than a'model. In attemptinq to
axiomatize:an§ theoretical system orf® collects a4 number of
fundamental,postulatés, propos?tions,,orfcoméonents, usually
¢$11€d’ 'axioms" which form théfnucleus of;thé\SJStem. One
tries to ChQOSe components s0 that all 'theorems' of the

theorotlcal system can be derived from them hy some Sequence
!

5 of logical transformations. An ideal formal axiomatized K °

sistem{would‘satisfy three criteria:fthose, of COngistenéy;

kY

j“compleféness and independence. A sYstem is conéiStent if the

‘3 axioms . are. free  fron contradiétidh It is complete if the,

4 . Y

.:ax)oms are suff1c1ent to generate all xhe theorems of ;the

syste@,\“anq it is ,independeqt*'i§7’all'of the'éxidﬁ§ndfé



necessary to generate the theorems of the systen.
4

. .

In the following analysis we consider the components of
) ’ - N N

the matheslis paradigm to be, 1n a, sense, t he taxxiomnst  of

mathesis, and a mathesis curricuwlum to be the associated

theoretical system. We then look at the mathesis paradigm

rs

from the point of view of ‘consistency', 'completeness' and

*independence’'. Since it can be profoundly difficult to show

that even a well-defined findte system satisfies these

L]

Ccriteria, 1t 1s quite 1iapossible for wus to think of
establishing the consistency, completeness and independence
of the mathesis paradigm in any precise sense. We establish

informal interpretations of these <criteria  for  our

hl "

particular set of axioms, and assume that the structural

”

validity of the mathesis paradigm varies directly with the

degree to which its compone nts satisfy these criteria.

4.3 On the Consisténcy of the Mathesis Paradigm

. L . ' : o
In considering the ‘consistency' of the wmathesis
pParadigm we wish to show, as far as is possible, that one

‘cannot proceed to establish the validity of both'a 8951t10n'

5

and, its converse by a process of logical deduction from the
[ 4 !

Components, Fer 1nstance, ope should not be able to use the
S " ST ! \ A ' W
components, of the paradigm to ratlonallxe both”‘criterion-_

referenced ‘and nora- referenced modes %s the central methods

of 1earner evaluatlon in mathesls currLcula. we assume that

v
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there are two tasic necessary conditions which the
/ : ‘ :

components of the paradigm 'must satisfy in order for the
. paradigm as a whole to have any measure of ‘'consistency'.
The  tirst is  that each component of the paradigm be

consistent with the fandamental areas of humanism and

a

. . ¢ .
mathematics. The second is  that the components bhe  self-

consistent; that is, that any one component is r'not
inherently in contlict with some other one. The remainder of

this section 1s given over to an examination of the
components of the paradigm from the s}andpoxpt of these two

basic necessary conditions for the ‘'consistency' of the

paradigm. We consider first the consis‘%ncy of the\

components with the f%ndamental areas of mathematics and
humanisn.

The Popperian epistemological basis of théang;digm has
strong and clear links wifh*both humanisy and mathemaﬁics.
POPP?E; Who is a member of the Advisory Council of the

British Humanist Association'(Ayer, 1968, p-. 3),'considers
: X 7 , ,

that it is the . acceptance of the standards of rational
Al

‘criticism and of objective truth "which creates the dignity

of the individual man; which makes him responsible morally

as ,weli "as intellectually (1969, p- 384)". TIn light of -

Papofsky's (1970) contention that wunderlying humanism are

7

'tﬁe fdhr fundamental congepts of rationality, freedon,

fallibillty and frailty, Critical Falllblllsm would seem to

P |

hg 2 gartlcularly humanlstlc ep1stem1c p051t10n.‘Commentlng

"



on this position Popper (1969) has stated:

»
As we learn from our mistakes our knowledge grows,
even though we may never know - that is ‘know for

. certain. Since our knp¥ledge can qrow, there can

be no reasdn here for Jespair of reason. And since
we can never 'kpow tor certain, there can be no
authority here for any c¢laim to authority, for

“conceit over knowledge, dr ftor smugness (p. ix).

Flaborating on the importance;to man of the acceptance

the

of

standards of rational criticism and objective truth

popper, (1969) writes:

These standards may help him to discover how
little he kpows, and ®&ow much there is that he
does not know. They may help him to grov 1in
knowledge, and also to realize that he is groving.
They may help him to become aware of the fact that
he owes his growth to other people's criticisas,
and that reasonableness 1s readiness to listen to

criticism. And in this way they may even help him

to transcend his animal past, and with it that
subjectivism and voluntarism in which romantic and
irrationalist philosophies may ' try to hold him
captive. This is the way in which our mind grows
and transcends - itself. If humanism is concerned
with the‘grouth\offthe human mind, what then .is
the #radition of humanism'if not a tradition of
criticism and reasonableness (p. 384).

I

The relation between Critical Fallibilism

and

mathematics has been most clearly documented by Lakatos

(1963), a stddent of Popper'sn . in’  hik 'Proofs and

L}

' Refutations. Lakatos's stated aim in this work is:

to €Waborate the point thak informal, ‘quasi -

‘empirical, mathématics does not grow through a

monotonous  increase in the number .of indubitably

" established theorems, but through the ‘incessant

.. improvement of guesses. by  speculation and

criticism, by the 16gic of proofs and refutations

(pe 6o - S
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Polq&yi, thef'ether philosopher of scignce ;eose works
contribute to the episJ%molcqical basis! o% ihe paraligm,
§eem;%particularly aWare of the rdle of emotional commitment
in the development of mat hématics. He write;l(1966) of the
"emot ional colour of mathematics (p. 188) " and ,Claims that
in no other field "is intellectual beauty so (keply felt and‘

fastidiously appreciated in its various grades and qualities

(p- 188)". In _.another passage he reveals how similar, at

) N . S .
least in this{particular aspect of his theory. his view of
' ) - . T
of mathematics 1is to that of Popper and
; L)
assade he writes (1966) of: Py

the developmeqt

Lakatos. In this

The image of a living science, groping its way
towards the satisfaction of the intellectual
passions upholding its values. We see it
oriyinating thousands of venturesome guesses which
had long obsessed their 4uthors until they
laboriously brought then to the test of
completion, and often battled { for them against
protracted objections, until they finally gained
their established places in theé textbooks. And
again we see the curious contrast between this
image and the ideal|of casting the result of this
heuristic process - And by implication any further
continuation of . it into a. strictly formalized
system of axioms and symbolic operations (p. 190).

We ' bave already noted that the basic structural

1approach hsed;be Piaget is one€  which is- ~essentia11yg

mathematlcal iq nature. This is reflected,‘for_instance, in

the emphasis he placee on-‘trapsformatlons in‘flntelllgence
f and also in the fact that the relatlons between certaln pf,,

these transformatlons are frequently of an algebralc type‘" :.

0

The 'jset“;Oﬁ*"relat1ons ‘ampng ‘tﬁe four fundanental

-

B . : L P




-~

95

) o
s

transformations of Identity, Negation, Reciprocity and
Correiativity, wvhich 1is isomorphic tolthe Klein-Four grdup
is perhaps the mnost obvious i;lustraiion of such
relationships. While less uidgly diséﬁséed, it seems no more
difticult to identify"Piaget's research positioﬁ as being
humanistic. He is eésehtially,‘concerned v}th children as
théy are, and with what they will become naturally, and not

with what they cian bé made to be. On one of the few
f . ;

occasions when Piaget (1964) commented directly on education

.and its aims he ‘contended that:

The “principal goal of education is to create men
who are' capable of doing new things, not simply of ™
repeat;ng what cther generations have done -~ men
who are creative, inventive and discoverers. The
second goal of education is to form  minds ‘- which
can ' be critical, 'can verify, and not accept
. everYthing theyp are offered. The great" danger
- today is of logans,” collective opinions, ready
made trepds of thoughts. We . have been able to
resist individuwally, to criticize, to distinguish
‘between what is provenyand what 'is not. So we need
' pupils 'who are active,?who learn¢early to find out
t by themselves, partly 'through their own
' spontaneous ‘activity and partly through material
we set up for them; .who learn, early to tell what
is verlflable -and what is simply the flrst idea to
come to them: (p. 5). -

/

/" With its emphasls on spontaneousﬁpctiv1ty, the utlllzatlon'

. ‘g ‘ V : ‘
‘of man's Crlticalf faculties_ and  the rejectlon*r of

‘;"' -

/ “!authorltarlan1sm, ghls 9031tlon can- be ‘seen to be quite

. ::humanistlc 1n nature,xi- “; , L
: {0 o ' . . s -

/l ﬂ i ' /' ‘ . B !i. '-.,‘rv‘r“ Ly B :"/ a : :" ' “}-,‘._,‘;
' He take it fd

3{15 conéistent v1th hunanlsm since they‘

.}forca psychglqgi§

‘granted that the pos1t10n of’the third—vﬂ



' \
concern themselves erp11c1tly with thosé\lssué§ which™ relat;

to -human welfare and the actuallzat;on of human potentlal.

The terms *third-force!* ana ‘humanistic*® are, in fact, used

interchangeably to describe this school. While_ few people

LY

would immediately identify mathematics as being one of the

disciplines most closely connected with third-force
o y ' " ‘
A psychology, the two fields are by no means oppugnant. In

fagt Maslow, the most perspicacious of the third-force

psycholegists, has on two sSeparate occasions singled out

mathematics as an area of potential for humanistic

education. On one of these occasions he wWrote:

nathemagics can 'be just as beautiful, just as
peak-producing as “music; of ‘course, there are
mathematlcs teachers .who have devoted themselves
to preventlng this. I had | no glimpse of
. , mathematics as a study in aesthetics until I read
some books on the subject (1971, p. 178).

'On the other occasion he stated: AR .

What I am really interested in is the new kind of
2 . education which we must Wlevelop which moves toward
- fostering the new kind, of _human being that we
need, ti® process person, tha.creative person, the -
, 1mprovis1ng person, the self-t¥rusting, ceourageous
i persgn, the autonomous person. It just happené to -1
Lot be a historical accident that the art educators‘
are the ones who: went. off in this direction first.
It cpuld dust as eacllg be true of mathematical .
©  education and I hope it will .be. one day (1971 e
L ‘ P 100) SR .

VIn the forego1nq quotat1on naslow 1ﬁént1fles "the new
kind of hunan belng that ve need" wlth the "process person“

A pchess b1as seems a natural one to hold as fan’«as both

humaulsm ahd mathenat1cs are concernea. From a hunanlstlc

'AJ . ‘."".‘ " ) 3 2 (‘,

S
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viewpoint an individual desefves respect for what he is as a

person, for ;hat he is aPi? to ho, for the?pro@eéses he, has
b . master?d, and not for the pesition he holds, the products he
;dntrols, or -for the the power he wields. Many
mat hematicians would contend. that mathematics c;n besi' be
seen as a process. Gauss 15 an 1ntere€t1ng case in point

here. In many ways he epitomized the mathematics-as-content

position. His motto vas pauca sed gggggg and he left a.great
4
deal of his work‘unpublished. His contention was that "after

-

., a structuré was completed onekshould:no¢ﬁbe'able to,see the
N ) s -7. +
. . ; N e
scaffolding (Dunnington, 1955, p. 208)", and in his papers

2 he removed "every trace of the~anqiyéis by which he reached

b

k"l

4& -.. his results, and studies to "give :a proof which, while'
. ! / :
rigorous, shall be as concise and synthetical as’ possible

(Ball, 1960, p. hsu)" (His 1Qf1uence, in th1s respect, on

&

the format of sc1ent1f1c papers has been profound andJ&ong—

lasting.) And ye%yvdespxte this emphasis on.product an the

steps ' he took Yto eradicate all signs of process from~h%s

. 5 0 ) N “ "'\: ) R
papers, it was actually from the viewpoint of mathematics-
o ' ' ' ' .

AS*process and not as produdt that Gauss ,gdined most of his

/ovn @ersonal satlsfactlon. This is shown clearly. ‘in a letter'
B ‘uQ’ .

.

o he qrote in 1808 to his fr1enﬁ;Bolya1.

Tt is not knowle&ge, but éi% act of lea&nlng, ‘not
‘posse551onl but - the Act. of getting there, whlch T
. 'grants - the greatest enjoyment. When 1. ' have *
Y " clarified ' and 'ethausted, a ‘subject, then I rarn.
‘ . away from it, in:otder tolgo into. darkness agaln,
‘the never satlsfleﬂ man is so strange ‘- if he. has,
- ;1j,‘j}conpleted a str%cture, then it is not ia order to
Gl dwell in 1t efully, but in order to'begln‘

eac

i R
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another. I imagine the world conqueror must feel
thus, wvho, after one kingdom is scarcely
conquered, stretches out his arms again for others
(Dunnington, 1955, p. 416).

while this by no means 1implies that Gauss ~considered

"process' to be more important than 'product‘, it does show

that even for this most ‘productive? mathematician,
'mafhematicalrprocessind' was ‘more enjoyable than refiéctinq

. 4

on the results of mathematical processing

.0f contemporary mathematlcians, Davis has articulated

_the process interpretation most clearly. He has written:

Mathematics is in fact a process. It is not a
collection of  facts, definitions, algorithms, or
explifcit procedures, although each of these will
find | its place in any effort to carry out the
process of . actually "dg@ing mathematics". This
process is the important thing, and not its’

PPy

,"result"™ or "the answer" (1967, p. 4).

~

i}

Ip the ' previous chapter we have seen  how  the

i

potentially~fich si%satiqn . matrix of the paradigm can lead
o"léarnegs becoming ifivolved with significant 'mathematical

'problems. Thisléomponent is huménigtic ip,thatgit recognizes

4 i N
the unique‘abilities and insights each individual brings to:

. ‘ * o ‘
4 learning situation, and. i't permits him the freedom to

—ihvestiQate.vthe prcblems he perceives rather than the ones

" instractor ' sees. The  ; coptemporary, ‘genetic,'*ﬁhigh—
i 4 ‘ ! . i

ifgformation, _/intrinsic—inkerest,
) ! v R . ' 0!

and interdisoiplindry_
characteristics of the paradigm . dre

consistent _ with
o e

jnpthematigb' bkcause they. each . reflect, in one way or

o

,7

A, r
=
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/paradigm can be sald to be humamdstic because it stresses
—
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another, the way in which mathematical knowledge grows. They

are humanistic in that +they emphasize the 1role of the

individual in this development. (bee sections 2.6 to 2.10 in

Chapter Two.) The pedagogic mode we have outlined for the

Ji

t he individual needs, abilities , and ' interests of the
learners. It is consistent with mathematics in | that it 1is

more conducfive to theé active *doing' of mathematics than to' .
\ - F AL' :
the passive acceptange of mathématical regsults.

&

¥ith regard to the ’interhilﬁ consisténcy of the

¥ . : Lo ‘ L
. paradigm, we look at the twWwo areas vhere it seems most

.| critical that the components be self-consistent. We first

A 4

" examine the relationship befﬁéén the piagetian psychological

base and the Popperian epistemologiéal base, ahd second we
look at the degreel of coﬁggtaﬁilitz ] betweégf the
characteristics ofﬁpotentially;iich situations and the ‘other
components of the éaﬁadigm.

~

fThe theories of Popper and Piaget share:a q;mbgr of
impértant qﬁgracteristics and seem to be quifé cgmpatible in
geﬁerél, Because of "the exténsive research(‘he has: carried
out wvith -young yleérnefs, we have categorized Piaget as a
‘psychologist. To do 'this is, of course, quiF; arbitrary,
,since‘ésseﬁtiallywEiaget,"like]?bpper, is an epistemologist.
In so far as Piégetnhas‘takeh an 'expefimental' éppfoach to.

the déve1opmept of his theory, we can rtegdrd him as an



4
¢'appiied' epistemologist, and Popper as ﬁ;gfiu'pure'
éhistemoloqisti From an operational st;ndpoint, howe:er, it
is probably Popper'srtheory vhich is the more t‘applicable!’
of the two. His conjeeture~rqtutation ‘'process ‘seems nmore

amenable to @&irect educational 1implementation than does

'Pja et*s equilibraticn process.

The  conjecture-refutation process and the

a commodgtionﬂassimilation process appear, in many ways, to

be wariations on a single theme. TIn both situations the

general trend 1is toward the construction of new schema.ip

which pre-existing schema ére embedded. Thé® need for the

construction o} new schema comes when, over a period of

time, anomalies arise following testing of §he schenma .

Copsidering the  stature of  these 'two éontemporary

nphiloéophers, it i‘is somewhat surprising that the
similagities between their epistemic positions seem not to

Have:been‘directly recognized in the literature, and neither

lhinkér appears to have commented gt!any length on fhe work

of .the other.rBoth writers have had their work compared with.
Kuhnfs, hovever, and these comparisons are of intetest here.

’Controvéfgy over the / extent to whiéh Kuhn's theofy of the
growth of éci;ntifiti¥n6¥i;dée is conéruen}l with 'POpfer's

W

theories ‘emerged 4n scientific and philospphical cirgles
, 0 + | - o

\ .

shortly after the publication of Kuhn's The Strucfure  of
‘ . . » ‘ DR 2 .

‘Scientific Revolutions 1in 1962. The question was dirtectly
.answered a few years later by,Kuhn-(1970p) when he stated: .
! ; o "~ ‘:/ I
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A
Sir Karl's'view of science and my own are very
nearly identical. We are both congerned with' the
dynamic prétiess by which scientific knowledge  is
acquired rather than with the logical structure of
the prodmcts ot scientific research (p. 1).

v : .
Mischel (1911) .thas commented on the similarities between

Kuhn's theorles andvtﬁose of Piaget. He writes:
W v‘ -
Tn both.caseg .the "normal" tendency to assimilate
anomalies "to accepted paradigms through minor
accommodatiions’ provides for the continuity of o
thought; ‘and the development of novel systems of
thought, which differ in important ways from thdse
which preceded (Kuhn's ""scientific revolutions"
and Piaget's major ‘'stages"), is explaiped . in
terms of a need for reconstructing the accepted
systems. of concepts so as to coordinate new
1nslghts with the intellectual gains of the past

(p- 326). ~

Wg:.Lave ouﬁ}imeq;'teﬁ characteristics of potentially-
rich sitdé@ibﬁs. Wé}né; ;ish to indicate some of the ways in
which tke characteristics of this component relate 7£o the
otherr components of the paradiém- Since ne'have‘sho;ﬂ, in
the first part of this setgionﬁ how the other components of
the paradigm ; can be seen as . being consistent ';'h
'mathématics and humanism, we 'will be éshowmq here,/ by
*transitivity®, that the characterlstlcs of, potentlallg‘rlch
situafioné"are cohnsistent wlth matpemat1¢s and hu;anlsm,
Conqréte*repDeSenfability felates directly to the Piagggia;
psychoiogical baSis of the pérédigm, vkile‘empiricality}and
"pattern- 1atency are partlcularly 51gnif1cant from the pdint

-

of view of the Popperlan bqgls. Potentlally rich 51tuatlons‘

LY

 uhich,are broad and deepaare likely to be tpose .whlqh wlll“

contribute to the dintrinsic-interest 'component of ‘the -
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paradigm, while those situwations which are connected are
1igély to contribute to  the . interdisciplinary
characteristic.” The accessibiliiy of a potentially-rich
situation is linked to the cont%mporafy characteristic of
the paradigm while those situationgyihich.xare particularly
generalizable and symbolizable ac¢entuate the process bias
of oathesis curricula. The high-information component of the
poradiqm is, Irélated to the identifiability and
symbolizabilitf of .pot¢ntially-rich situations.' The
jdentifiability of potentially-rich situations is linked to

the genetic characteristic of the.poLadigm.

4.4 op the Completermsss of the M

wo consioer tﬁé"compﬁﬁteness'lof éhe motoesisnparodigm
by observing the relationship between .the 'parodigm and
humanistic educational goals. It }S assumed that &he
‘completeness' of the paradigm is directly rélatedlto'the
number of humanistic eduoational goals wvhich 'tpetic‘
activity helps leorners to achieve; Hence,vif there a;pear.
to be humanlstlc educatxonal goals fer, vhich all com'onenfs
~of the paradlgm are 1rre1evant or' antlthetlc wve can say that
‘the paradi-gm is "lncomplete' ‘slmllarly, -1if mmathetic
actlvléy 1ends itSelf ?%ell to méeﬁing 'anY humanistio
‘educational goal we can suggest, then we can take this as an

fllndlcatlon that ‘the parad1gm is relatlvely 'complete' in

'thls section some general humanlstxc goals are outllned and

-




A

-
¥ays 1n which experience in mathesis curricula might help a

learner to achieve these goals are suggested.

It is not possible 'to give an éxhaustive list of

&
humanistic educational goals which would meet with universal
f‘ ’ +F

acceptance. Tt would seem reasonable to expect, however,
. -

that the five following goals shouﬁf be considered

fundamental. Any humanistic, educatlonal system should

provide its learners with the Opporrunrty to beconme:
0o :

A

¢,
. (a) coping persons, individuals’ tho' can  make
enllghtene% autonomous declslons,, o
(b) socially-aware persons, individuals who are

conscious of the factors which inf'luence the society in
which they live, underctandlng persons;

(c) self-aware persons, individuals wRo appreciate the
factors which make them what they are, tolerant
persons; o

(d) humanistic ‘persons, individuals who utilize and
value the essential attributes of humanness persons
wvho are compassionate and curious;

(e) self-fulfilled persons, individualé who have

actualized their potential ip some  area  or areas,
persons vho obtain emotional and intellectual
satisfaction from the way they spend their time.

et

7.

Let us now consider how currioula generated from the

‘:mathesls paradlgm mlght help a learner achieve these five

fundamental humanxstlc ‘goals. The coping person ‘is'

1

.essentlally an 1ndlv1dual who is a good problem solver. In

general,‘,when‘ he finds hlmself in a situation where he is
faced with some ,broblem, a cognitiie pertu:bation} a

situation ' where he must accommodate rather than assimilate,
S C ) " w0 : LN . s
LN

A0 e

¢

3
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the coping person is able to eftébtivelyq resolve the
ditficulty. The experience a learner gains in mathesis
curricula sthld help him consideraply in becoming a <coping
person. Because ot their generality, fhe problem-solving
techniques of mathesis are applichble go broblem solving in
bther .éreas. fhe lJearner's experience in perceiQing, and
articulating problens, in isolat ing zthe Constituent
vafiables and in applyiﬂg the hypothetico~deductive‘process

of conjeétutes and refutations will, mutatis mutandis, help

—_—
A

make him a better problem solver in real 1life, and hence

nore of a coping person.

-

By far the single most '~ lmportant ;influencé§ in

A

determining the nature of contemporary western soclety is

that of science and technology. Science and techﬁolng in

turn are almost totally dependent on 'mathematics. . The
, l .
learner who gains inslghts into the nature of mathematics,

particularly by noting the historical origin of many
brancheé of mgthematics in physibal‘problems; is in ‘a good
position ‘'to ~understand science \aﬂd its! impact on’ his
‘soclety. He 'is also in a better pOSltlon tQ understand the
dynamlcs of change, both soclal and technologlcal Because.d

¢

mathematlcs 1§’ perhaps’ the most 'transcultural' of all .
\ .

vGISClpllnES,. the mathes1s 1earner w1ll have the opportunlty

“‘to have a 'wlndou' 1nto cultures whlch digfer exten51velf&

“‘from' his own.. (The numerous proofs of the 'Pythagorean

Prop051tlon' (Loomxs, 1968), can be taken as a case in Qﬁlnt

4

L]
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here.) Mathesis curricula, with their genetic and

interdisciplinary characteristics, can therefore contribute

subStantially toward making a learner socially-aware and
1 L v

upderstanding.

,
4

In mathesis curricula learners will spend considerable
time iorking in close conjunction with other individuals.
They <cannot help <cbserving that their reactions to, and

interpregations of, the kernel-activators of  various

4

L ) : .
poteéntially-rich situations are often significantly
different from those of their colleagues. In reflecting "on

why +this® is'so, they may come to realize many things about
themselves as indivlduals. They may well also come to know

R

that "right answers" are only "r1ght" relative to initial
assumptions and constraints, and that some "conflicts are
only *word deep'. Thé'learnérs may also fiﬁd tﬁat the names:
' ’ ! ”
one nges objects and the symbols one uses for doncepts "can
+ w

greatly affect the development of theories 1nVolv1nq these

]

objects and concepts. Students of mathesis will get pr;ctlce
@ at evalnating thelr cwn progress and at deciding what paths

L , are7 vorth pursulng and which are not. Inherent in maﬁhesxsv

y :

§ curricula are many 0pportunities fgfrthe learner +to becom%a
‘ . N )

»

more self-aware and tolerant person. ; [

o ¥ Hath981s curricula ace spec1f1ca11y structured so as to

A

give the 1earner a, chance to utlllze actlvely his capac1t1es

for rat1opal thought,rsymbol-naking, tgghnlcgl prodaction,

O . . Y : PR oo ) -
. v v 1 : o s s B A
U . . VY . : P
N
'
I

PRI
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social organization and game-playing. In this sense mathesis
curricula offer explicit and extensive opportunikies for
learners to ﬁtilize and to” value the essential attributes
and therefgre to become humanistic persons. Mathesis
curritula also offer a learner tpe chance to identify \with
mafhemafi;ians of former times. A SenSé‘ﬂOf personal
continuity with what has gone before is an important aspect
of humanism. Hatpesis curricula ghould encourage learners to
be curious, “to want to know, to fully wunderstand
rerationshi;s, but they should also instil an awareness of

. 9’

- vhen it is best to temper reason with compassion .

Mathesis curgicula will provide, for some learners, a
. direct,méans to complete self-fulfillment. Others will not,
for various reasons, find self-fulfillment in matgesis, b?t'
they should at least become aware that mathema?ics, iike'
nusic and art, is an area ﬁhere any individuaiv c§n3
parficipate, and where some will experience intense
emotional’ and intellectual saéis}actioﬂ. g@is saa}sfactiqn
vill be linked to things liké the great‘aesthétic depth of
the discipline and the opportunities ft ‘offeré for,
" challenges, arimg; and commitment. Mathesis cubficdla, it
therefore seé;s, address themselées vell t;-ﬁhe problems of /

having learners achieve self—fulfilimentl

A {
&y H

The foregoing . does not consider the question _of
cdmpleténéss‘f:om the 'point of view of the subject matter 'of '

T '
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mat hematics. This is _not to deny the importance of

mat hematical Content- In fact, potentially-rich situations

4

5 : .
can be used to generate any important area of mathematics
such as calculus (Toeplitz, 1963), geometry (Stewart, 1970,
and sections four and five of the previous chapter) and the

mathematics of dailly 1ife (Paling, Banwell and Sauanders,

-

1968) . ’ &

4.5 0on the Independence of the Mathesis Paradlg_

Pp-i=4 —__——SAmmesE RS mes

The 4independence criterion for the axiomatization of a

system i1s by far the least important of the three we have
mentioned. In <particular,. ,vhen one 1is concerned in the
¥ -

initial stages of develepment with the operational aspects

of the ‘system, it is not essential that fhis cfigerion be

- meét. The motlvat§%n for conslderatlon of this crlﬂ%;lon is

aesthetlc in natnte- redundancy is not compafgfle 1ﬁ @he

€

M ‘u e
A e

for assei§ipg the ‘'consistency' and 1com leteness' of”the
pdradigm the,

-

for the independence criterion. ; e

It is ciear, -hdwever, that the components rofythe'

paradlgm are. not totally 1ndependent° there r}é overlapping

EEE

‘from one component to another. One place where thls happens,‘ f'

. as ‘wei have :.nqted,, is ;,wlth ‘the . Plagetian cogn;tive,

re seems to be nb obyiousl equlvalent technlgue”“'



108

e ~ psychological basis‘and with the Popperian epistemologigcal
_ bgs{s- ‘The p®dagogic mode, which as we have indicated,
depends ‘largely on the c¢ther nine com?onenfs of ithe
/ o pafadién,' may well be non—independent- The sucggé§ful
irplementation of the mathesis paradigm will depend falmost
entirely on the individual mathesis ;eecher. To a cérte{;
extent, it is Iikeiy‘that hé will be successful to the
., degree  that  he is personally able"to intleate “and
illustrate the dbmponents of the paradign. In a seuse,
therefore, non-independencq is an essential crite:ion’fot
the successful“implementation oflthe mathésis paradigm. We
have noted previously how several of the characteristlcs o;
potentlally -rich s1tuat10ns are very closely related to sope
components of tue paradigm. It might Pe possible: to argue,
for instance; that the dinclusion of the contemporary
chafacteristic of the paradigm,6 immediately implieéJ the

accessibility'of potentially-rich situations.

It' should be noted here as well, however, that 1t is-
felt that any redundancy that exists 1n the paradlgm has. a
deflulte upper hound.' There is no questlon that the whole .

'paradlgu is depehdent on the humanistac foundation of the j

.system. uany 'axioq systens' vlth components qu;te dlfferent ‘

Qf.vﬂﬁfrom those of the uathesx# paradlgm could be assembled and

N o o R
- Stlll produce humanistic currlcula.4 : B
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4.6 §g_g~£§{9£' the Structural Analysis of the mMathesis
Paradifim -
A

We -have considered in this chapter, from a structural

£/ ‘
viewpoin®{, the question of the validity of the ‘'mathesis
{ ‘ .
paradigm, Taking a quasi-formal approach we have examined

P

the. paradigm for evidence og 'consistency' '‘completeness',
“and | alndependence' We have uncovered some fairly
substAntial reasons for believing tkat the paradigm and its
compo;ents | have | a | measufe | of 'consistency'?‘ and
‘compieteness'. It would not appear to 'be clear that
'1ndependence'vls even a de51rable property for the paradlgm

14

to have.
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CHAPTER FIVE

_ 9 :
EXISTENTIAL ANALYSIS OF THE MATHESIS PARADIGHM

—————.

QA

5.1 Introduction

The analysis of the mathesis paradigm in the preceding
chapter focused on its structural aspects|in relation to the
question of validity.ffn this chapter we consider ‘some of

g
thg noo—structural aspects of the utlllty and validity of
the paradigm, in particular from the polnt of view of the
existence of mathemagics curricula which have oatoetic

aspects. In addition weé also consider some of the broad

educational connecticns of the mathesis paradignm.

5.2 On giis ence, Testing and a151f1ab111ty

In: considering the structural validity of the mathesis

P

paradigm use, was‘made of three .standard criteria - in this.

-

area. 1In thlS chapter » in an analogous way, .use is made of -

»
LY

tvo futther criteria, one of uhlch is agai a' standard one

in the fleld} and the second of which is spec1facally due to

> '

Popper. fourth standard criterlon which an ax1om system‘k

linust neet, Qt least to be cons1derbd ,any;,sort .of usefnl

 systen, that is to have any ntillty, is kﬁat of exlstence.‘hf

vset' of axioms may be' perfectly valld,a ih that 1t is

‘a,‘ ;‘

“consistent, conplete and 1ndependent,‘ but"lf it 'i -:not~-‘

-
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axioms, then the set of axioms has no utility. Since our
structure is explicitly defined as being less tﬁan a fully
axiomatized system, it is not necessary for ﬁs to.show the
existence of any system yhich satisfies all the components
of»;the mathesis paradigm. Once again, however, the accepted
criterion can serve as the standard which we will strive to
achieve in a quasi-formal way. To consider the question of
~existence we will see to what extent we can find evidence of

mathematic‘ carricula which satisfy the components of the

mathesis paradigm.

The concept of Popper' of which we wish to make use in
considerihg the non-structural valldlty and utllity cf the
Iparad1gm is that of falslfiablllty. According to Popper"a,
theory is sCientific if and only if it man.be falsified: if

B - . ¥y !
it can be tested. and  refuted. If it is impossible “to,

} . v
conceive of" clrcumstances thch would 1mply the refutation
of the theory,vthe theory is "not . scientific. 1In Popper's

view no number of 'conflrm1ng instances’' can show thé

.-truth' of a theory and the‘ sc1entific xnovledgé ‘oeﬁ"

glven perlod ls 51mp1y Qhe aggregate of those theories whlch
“have_ thhstood ‘the nost serious tests. The theorles whlch
_‘sc1entists haVe tr1ed hardest«to falslfy wlthont belng ablee

" to succeed are said to have theu most verlslmllltude. We'cane‘

L . -

'ense Athe concept ct falsltiability as a neans of assess1ng(

. K:;fthe non~strnctura1‘validity and utillty of the mathe51s

‘fraradign i‘king Inw~erns of f3151f1ab111ty nay be usefulﬂ{



’ in helping to answer sole of the following questions. What

reasons do we have to think that "this paradigm &an be useful

¥ M

B to curriculum developers hoping to, meet humanistic aims? Why
) &

% do we think that it is worthwhile to try to falsify this
f: 'theory'? How sSevere are the testsg to. vhich 1t has been
Y] ' :

Q%*“ﬂsquecfgd thus far? What sort of evidence is there that the
paradigm has a dedree of verisimilitude? Is it realistic ta,
think that the mathesis paradigm is clearly enough

articulated t® have curriculum deweloped from it?

i

R .
" & - v /
“ e g v « g
‘Vl ¥ "\‘ ! : » i
\ . W
_Emm xR

.',/ N
I

4 - - ' P
In practice the‘question of exhibiting the existence of

L)
L)

a.théorétical system which satisfies a given axiom set 1is
not -ope which troubles mathematicians unduly. The reason for
’ 4 B !
this is that Gustomarily the process of axiomatizing follows.. .
ra  fadirly long period of time dyrinq wvhich matheﬁaticiéns "
have become familiarized with the properties of the system.’
' In a ',;sréns,e therefore, the focmalﬁture, of a system
developihgffron a set of axioas is preqi;ely thé:qonvérse of

. the historical picture in : uhich the éxioms are the end

résult of the process ang- npt the beginnlng. The case of

1»,«/% YoLta,
0y Al -y .
group theory can be taken as,&nfexample here.

Since we are baslcally starting from the axion end with '

the mathesis’ rparadlgm, " the 'exlsteqce'i éuestlon ,is ROt .

I

‘trivial ' for wus. There are no, fea 11 e pathesis currlcula
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which we can give as examples of systems which fully satisfy
the components ot the paradigm.: There are, however, many
mathematics curricula which have aspects which are
consistent. with some of the components of the mathesis
paradigm. In this;éection 2ome of these 'partial-existence!

examples are noted. In particular, four different types of

1]

*partial-existence' example are considered. First, son
individual recommendations which aré highly congruent with a
pafticular component of the paradigm are noted. Second,
speciftic mathematics  curricula vwhich are makhéfiéally
oriented and which can be -identified with one particuiar
mathematics educator are examined. Thira, the existence of a’
large’ community of mathetically inclined educaters is
observed, and finally, some specific tests of the mathesis

paradigm, per se, are mentioned.

\

‘Mathematids educators have  made

Te dat ons for

"curricular change which Woﬂld. make mathematics curricula

more like mathesis curricﬁlaiif they were to be implemented.

Pollock - (1966) has sugggstéd?khat in addition to the well-
charted exepcisgisolvingflhnd theprem—proviﬁg aspects of
f R . ‘ .

< z

' mathematics courses, learners should also do some.'cross-

count%y' mathematics starting. from the position of "Here is
a situation think about it (p. 117)". He elaborates:

If one wishes. to giyé an honest picture of what
mathematics ‘is really '3ike, if one wishes to
prepare, the students. ¥$or applications of the
mathematics 4in. the" rich variety that is
characteristic of the current work in engineering

i
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'ﬁphysical sciences, and if

" the best available pedagogic

- eha “§d¢m 31tdan1bn, then one - must

E ;ﬁﬁgﬁﬁe opgbatunlty to explore for
’.”?ﬁ%@ns, both within mathematics .
j:fﬁzrs (p 17) .

The slmllarltfesﬂ between the intent of Pollock's idea and
the concept of a potenfially—rich situation are quite

marked.

Another ‘mathematician who has considered the
difficulties of qettin& learners involved in- ad&hentic
mathematical activity and who bas proppsed generating
situations Af the potentially-rich situatiéh type is May
(1972a) . He «calls his  situations "dangling problems" and
g%;es ds an examble the  highly ‘identifiabie _problem of
"Galileo sequences". According to na} this is a typical

dangling problem in that: \\\
: L

It can be presented with 1little symbolism, is
gasily understood, has intuitive appeal, apd is {
#ide.open to student initiative in experimenting,
formalating gquestions, . conjecturing and proving.
Dangling such a question before a class may leaqd
to general participation in class " discussion,
group projects,’ or on individual efforts. At  the
very least 1t provides the students with a
participatory glimpse of mathematics in the
making. At Dbest it may "turn on" a potential
mathematician (p. 68). '

o . e .

" Even the Report of the ‘Cambridqe Conferemce on School

nathematics (Educational Services Inc., 1963), a generally

quite content¥oriented docdment "included a recommendatién

that "every opportunity be taken -to 1et _he students explo:e

mathematlcal sltuatlons on" thelr own (p. 80)". The necesslty
N f . ' . v ' '
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k.

we have mentioned of having a teacher of m;thesls being
vitally interested in the subject of mathematlgs aha the
consequent benefits to the students‘of mathesis.resulting
from this <contact with an authentic practitioner,’ are
similar to suggestions made by Davis (1967b) regarding the

possibilities of "éésident mathematicians* and an ' "acadenmy

of mathematics (p- 69)".

While +the foregoing recommendations are of undoubted
merit there are few indications that they ha;e been adopted
on a broad scale. There are, however, mathematics educators
whose thinking is to a considérable degree consistent with
the npathesis paradigm and whose ideas are currently being
implemented. We have airéady referred to the +two North
American  educators who fall most naturally into this
category, Davis and Papert. Davis's ideas have been made

available to the mathd&atics education community through his

extensive writing. and the publicatidns of +the Madison

Project. Among the cognitive or smathematical 6bjectiVes of

13

the Madison Proiject were:

(1) the. ability to discovék pattern in abstract
_Situvations; . . L o
gil) the ability (or propensity) to use,
independent ckeative explorations to extend ”open—
ended" mathematical situations; .

(iii) < the posgession of a suitable set of mental
symbols that ‘erve ~'to '~ picture mathematical
situations in pseudo geometrlcal, pseudo-
lsomorphlc fashaon...(p. 158)“

{

While these objectlves are in tﬂ@mselves guite compatible

r

,ulth a* mathetic approach, 1t is. 1n the sgatement of the
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-

-

"more general objectives"™ that the humanistic side of the

goals of the Madison Project become more apparent. These

i

"more general objectives" include:

(1) a belief that mathematlcs is d;ggglgggglg-

(1i) a realistic assessment of one's own ability
to discover mathematics;

(1ii1) an "emotional" recognition (or "acceptance")
of the open-endedness of mathematics;: .

(1v) honest personal self-critical ability;

(v) a personal commitment to the value of abstract
rational analysis;

(vi) recognition of the valuable role of "educated
intuition"; ‘ R

(vii) a feeling that mathematics 4is “fun" or
"exciting" or "worthwhile®.

Actually, there is another 1mportant obiective. We
want the child to know who he is in relation to
the human cultural past (pp. 158-159). )

o]
}
Ik

Davis's monograph, Mathematics Teachin

Reference gg Epistemological Problems (1967c), in which he

considers some of the wider philosophical problems related
to mathematics instruction, is most relevant for mathesis
curriculum developers. pawson (1969), in analyzing the

Madison Project from @ Popperian viewpoint,  concluded that

it exhibited "strong Fallibilistic tendencies' (p. iv)".

The ideas of Papert are less well known in the

. mathematics K education world since he ‘has turned his:

attention only fairly recently to the area. His recent

-

vriting inithe field has evolved from his ‘research 4in . the

fleld of - artificial intelligence. His - approach is,

~

characterlzeﬂ by the hlghly 1mag1nat1ve ‘usé of ' computers.
Papert (1972a) wrltes4of a:

| grander: viéi¢n of an educational systenm in which.

ith special

i
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technology is msed not in the form of machines for
processing children but as something the «child
himself will learn to manipulate, to extend, to
apply to proijects, thereby gaining a 4greater and
more articulate mastery of the world, a sense of
power of applied knowledge and a self-confidently
realistic dimage of himself as an intellectual
agent (p-. 2). )

In looking for vehicles to have 'children acquire a
"mathematical way of thinking (1972b, p. 250)", Papert has
been led'to invent "Turtle Geometry: A Piece of Learnable
and Loveable Mathematics (1972b, p. 252)". He and his
colleagues at the M.T.T. Artificial Intelligencqv Laboratory
(Papert and Solomon, 1972; Bamberger, 1972)‘ha$ alsoc used
computer~linked "music boxes" as a sort of po%entially*rich
situation. As befitsﬁa former colleague of Piaget's, Papert
strongly advocates an iFtive, learner-centred approach to
mathematics Ainstruction. He writes that "children learn by
dbingiand by thinking about tht they do (1972a, p. 2)", and
that "being a méthematiciaﬂ, aqaié like being a poet, or a
composer or an engineer, means doing rather than knowing or

understanding (1972b, @~ 249)".
B ( -

In considering the large g%.le rcommun ityt aspect of

the paradigm, ., that | is, in looking for evidence' of

matﬂématics curricula which 'manifest a  high degree .of

lr

mathetic content and which also involye a relatively large

percentage of the total teachidg force, paftQ§ﬁﬁaF1Y,%t the

elementary ‘school' ‘level, it is necessqu=to ﬂook to the

.

‘Unifed‘Kinngm, As wq-baVe-nbtedfpréiiouSIY. reports of the

o
N

.
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general atmoé@hefe of many British primary and junior
Schools indicate that ' they are intended‘ to be quite
humanisfic. The work in mathematics in ‘these schools;
particularly those intluenced by the Nutfield Project (1967)
and by Biggs (1968,1969), is very mathetiaec. From the guhnian
'comﬁunity' view of paradiqm, however, it is the gréup of
mathematics educators who are active in the Association of
Teachers ofﬁnathematics vho provide‘the strongest indication
that mathesis curricula can be idplemented-hhlthoéqh a large
'perceﬁtage of 1ts *inner core' and Executive eomes from the
- faculties of  Teacher's Colleges and University Departments
of Education, the Association has members from almost all

levels and areas of education in Rritain. The general

mathetic bias of the Associatibn; wvhile never explicitly

stated' in these terms, can be seen in its.publications. The
[

major publications of +the Association are thé quarterly
journal,  Mathematics Teaching, and . K the collections, Some

Less s'i Mathematics (1965), " Notes on nathematlcs ;n

-_.. _._ ———— i e

Prlmarx Schools (1969) and Mathematical Reflections (1970y.#

A few members  of  the = Association  have publiéhed

independently; the series by Paling, Banwell and Saunders,

'uaklng Mathematics (1968),-and the book Sta t1_g Points, by

Banwell, Saunders and Tahta (1972),-are perhaps the best

kpown‘ of  these; they probably com;“as' near to’ bging

"pathetic textbooks* as is possible.”

R ‘ K

A
iy
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introductions

Schools (1969) and Some Le

it ==~

and detailed statement of its

-

statements

from

the‘Association ha§

to

come to making a complete

philosophy. By noting some

these introductions we can see how the

orientation of the Association to mathematics instruction is

essentially a mathetic oné.

"

Because mathematics is made by men and exists only

in their minds,

mind

of

it must be made or re-made in the
each pérson vwho learns i1it. In this sense

mathematics can anly be learnt by being created.
We do not believe that a clear distinction can be
drawn between the activities of the mathematician
inventing

new
mathematics,which is newv to

mathematics and the child learning
him. The <child has

different resources and different experiences, but

both

are

involved

creative acts. We want to

stress that the mathematics a.child knows is, in a
real sense, his possession, because by a personal

act

has

created

We believe that the

learning of mathematics has to be seen in this way

as individual
taking

place

in a

creative

re-creative) acts
context ... We are

concerned with the creative side of the c¢child's

learning
interference
insists ' on

seen

value

to

of

~and with
with this.

his

fit, he  nibbles
ability to act mathematically.
the child‘'s mathematics; that he should

.minimizing the teacher's
Every time a teacher

doing a piece of

mathemati¢s, rejecting any responses which do not
away at his pupil's

We believe in the

have freedom to make it and use it and talk about

it (1969, PP-

Mathematics does
theorem in the textbook'

(1965, p. 2).

The‘experience,

2-5).

not

size;

’

with the finished

it starts from situations

e

and iﬁfluence vof the

Assoc1atlpn of Teachers of nathematics can serve as a strong

ind;catlon

that

mqthesis

currlcula can be COnstructed and
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carried out (in a vay t*lived') at many educational levels.
In a sense we can take their experience as a Popperian test
which the mathesis paradigm has survived. Two things should
be poted here, however. The first is ‘that the experience of
the Association ot Teachers of Mathematics is that the
process of developing a  group of humanistic teachers is
quite difficult and can take place only over a fairly long
period Qt time. It seems in some ways that it is only after
twenty years of existence that the  bulk of British
mathematics teachers have even started to realize some of
the implications of the Association's basic position 6n

mathematics instruction. The editor of Mathematics 1

i=}

Schools, a publicatiqn of the more traditional Mathematical
Association,  started his review of Starting Polnts as
follows:

¢ This book will shock, perhdps even startle: some
older members of the Association, for it does not
fit in with the commonly accepted philosophy (held
implicitly by most mathématics teachers) which, to
put it in its simplest terms, is mainly concerned
'with the acgquisition of knowledge and 'skills
appropriate ‘for an examination or other agreed
syllabus. There 1is no K explicit 'statement of
philosophy, but Starting Points is a mapifesto for
a new approach to teaching mathematics (Reynolds,
1972, p. 33). C

The second point to note is that although many of the ideas

/

for the mathesis paradign have come from the §SSociation'

this ' does nbt imply +that. the members of the Association
- v , v . ‘ | , ‘

¥wou1d.accept1;he pafadigh as a whole. The Piagetiaf basis.

’

'véhld,‘pfdbably”’ﬁe ‘qﬁesiicnédﬂ by some"iembéfs, vand‘the, .

k)

VA
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Popperian basis by others. Nor is 1t likely that the members
of the Association would  universally accept that it 1is
necessarily a good thing to formalize one's assumptions;

that is, to construct an explicit paradigm.

The mathesis paradigm as such has been mitted to
Popperian-type tests of moderate severity and has survived.
This would seem to inéicate that tﬁe paradigm should now be
submgtted vto some more-severe tests to see if 1£, or somé
parts of it in particular, can be falsiﬁigd, Two of these
short-term tests have been carried out with prospective
teachers. The one, with progpectivé Imatﬁematics teachers,
has been described at some length in the third chapter of
this dissertation. As ;e observed at that poTnﬁn‘this group
vas abie to start from a boteﬁtially*rich situatgon and pose
‘and investigate significant mathematical problems. The
mempers of this group were generally quite enthusiastic
about the concept of potent1311Y*r{Ch situations relative to

their own mathematical development,

The second session was in some ways an even-more severe

test;qu the wviabiligy of the ‘paradigm as a.curriculum-
geneféting devicé,;The parédigﬁ was used . to cOnstruct; in
‘outline - form, some units of a join£ ﬂathematic$~Act
.curriculumJ'Thése‘ units  were 'disquSedl.and investigated

dﬁring two onééand#one?hdlf‘houx petiods yith,a‘class‘qf Art

‘EdﬁCati?n students. In a sense this session tested the

i
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interdisciplinary component in particular while the first
session tested especially the potentially-rich situation
component. In spite of the fact that the Art students vere
generally not positively disposed toward the subject of
mathematics at the beginning of their-three-hour exp?rience,
at the end of it.the large majority of them said that they
vpuld like to be involved, és teachers, in a Mathematics-Art

R /
curriculum of the type outlined. (It was assumed that there

would be two 'teachers, an artist and a mathematician,

working in the curriculum.)

Py
In 1l1ight of the éuestions raised a?out vays of getting
prospective mathematics teachers actively involved in
significant m;;themati_cs (May, 1972b; -‘Walter and Brown,
11971), it would seem that one possible place for the
immediate implementation of the‘mathesis paradigm might be

at teacher‘ edﬁ;étion institutions. In fact, since the
indiv®dual teacher is by; far the most important singie
factor in determining the guccess 6: failure of a mathesis
: cprricdlum, it may vellrbe esséntiai‘7hat thevimplemehtatioé

in teacher-education
_ el N

of the .mathesis = paradiga start

| . .

programmes. Miss B. Blackall, 'a dogtoral sﬁnden; Wiﬁ*yihe

' Department of Eiementary BduéatisA ?t "the University of

Albe:ta, has used the-mathésis par%ﬁigm as-ian. organizing

- : ..
framework for 4 cnufse: in Early Chlldhood ‘Mathematics
Educatlon and has. reported that for her 1t proved to be a

usgful dev1ce for plannlng the course. The parad1gm has been_

~



discussed with mathematics educatorg/at sgveral different
levels of institution. Several short sessions on certain
potentially-rich situations have béen spent by the writer
with junior-high school and seéondary-schooi mathematiqs
students. These sessions have helbed“to produce the paradigm

in the form in which it novw exists.

5.4 Op Approaching Mathesis ‘ i

/
2 /

The fact that some spécificlmathematiq%,eddcators and a
/
group of mathematics educators have beén singled out for

‘ \ , .
identification in the last section does npt imply bx any

.means//that these are the only mathematics%éducatofs who can

y
be considered as having a mathetic approach. 1In fact, all

mathematics. educators exhibit, to some fdegree or another,

mathefic tendencies. To make this statemepnt’ sqﬁe%ﬁatiﬁmore

vmeaningful, we can 100k at what might be considered staées—

.

‘exhlbit we find the follouing ninet

on the approach to mathesis. For this purpose ve identify

some "highly-v151ble' fea tures of mathesis curricaula, and

then -consider mathematlcs curricula which share these

¥~

features ‘ot qharacteristics to a,greéter or lesser degree.,

S N o i ’ ’ . T
- Among the 'f@ptureS“which aly

mathesis qurricula will

AR ' ,
L (a) process orlentatlon' a tendency to have ‘a - process~-‘ﬂ
e ientation rather than a content¢qrientat10n,}, :

uill be used, a w1de range of sougces w111 beiut1lize‘

(b) textbook—lndependency°\ ine general no s1ngle tegt‘fn
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g e

(c) interdisciplinary «bias: the = 1%ne between

disciplines will not .be finely drawn;

(d) maté%&als orientation: a large number of divefée,

inexpensive materials will be used" by the learners in-

almost all parts of the curriculum;
L 4 .

(e) self-evaluation bias: learners .will be expected and
encourzged to: evaluate their own work, formal and
external evaluation taking place over a fixed time
period wil} be minimal; ’

(f) learner responsibility: learners will play the
ma jor part in determkining what they spend their time on
and hov they spend their time;

. (g) learner interaction: there will be considerable
interaction between 1learners and between Jgroups of
learners;

(h) within-group deviation: within any given dgroup or
fclass' 'learners will' be involved: in quite diverse
activities at different times.

(i) person-centredness: the interests and abilities of
the teacher and the students strongly influence the
curriculum.

The foregoing are things which Jdbservers would perceive
as- belng guite promlnent features of a mathe51s currifulu-.
From here it is not dlfflcult to suggest what an 'anti-

mathetic' cﬂrfﬁCglum would look like. For if nmathesis
) * ’ | % K
curricula exhibit these bharacteristics to a very great

‘extent, let us 1nag1ne a cu r1culum, let us say ‘Curriculum

A“,( which is~‘character1zed by the opp051te of these nine’

.

feq}ures. 'Currlculum AY 'vould then (pe] a nathematlcsﬁf

NS

ﬁ;curricnlum uith a strong content bias in whlch the teachero’y

folloved a 51ngle textbook very clogely, and in whlch tbe;‘1

y

fllne between vhat is mathematlcs and(ggft is not mathenatlcsfnzw

\( b

.fiié; finely drawn. ‘In this currlculum the students would n3e1c7‘
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) %
no materials of a manipulative sort and formal, external

evaluation would be stressed. The learners would have no say
in determining what topics they studied; they would wofk
completely independently and all learners would always be
doing the same things at the same time. The curriculum would
not be influeneed in any significant way byﬁthelinterests
and abilities of different teachers and learners associated

with it.

While aware of the dangers of creating a ‘'straw-man',
it would seem . that the anti-mathetic, non-humanistic
&mathemafics *Curriculum A' bears a very strong ‘resemblence
to.a ;traditional' mathematics curriculum.- In fact, te say

merely that thesé curricula are non-humanistic because they

J

are non-interdisciplinary and that. they stTess external '
i ~ )

evaluation techniques is to. understate the case

¢

considerably. These curricula with their Conments of . the

'Marks will be deducted for the use of trlgonohetrlc methods

on the algebra part of the paper' genre, eVen fragmented the
YA
subject of nathenatlcs. The anti-humanistic. tendenc1es of a

i

B -
-system- where years of 1nvested time are 'wasted' if orne

»

#
’

overstressed. ' ' : e

Pt

"34,:'3where‘arejof course many‘positions' which lie : betveen
K . (-.t' 9 ""\

R t@e”fhaihefic' end 'tradltlonal' ones. If, relative to these~‘ :

;;nine features, nathesls anrlcula 1qepresent“/6§e eftreme

performs badly ‘in‘ a' given qthreeﬂ‘hqur period,ecahnot be
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poéition on a c¢ontinuum and ‘traditional® cgrricula the
lother, we panh consider ‘'what some of the intermediate
positions might ‘be. oOn é five-unit scale, for instanée,
running from very-low for ‘'traditional*™ to very-high for
mathesis, it | would be ’easy to consider the  ‘curricula
répresented by the low, moderate and high positions. We
suggest that 4in . the same way that we dgsignateﬁjxge onéi
position *'traditional®, we can suggest that these thfee
other * types of mathematics curriculum could be described as
‘modified-traditional®, 'structured—laboratory;‘ and
*unstructured-laboratory'. Because it is obviously.easlier to
change some of ‘thesé 'fégtures, such as the materials
orientation, than it is to change others, it seenms un likely
that we haverany sort of='linea%'fsituation heref The refore

»

qnly quite general trends can be safely extracted from this

.particular ‘model'. It would seem reasopnable, however,'to
p

expect a mathematiCs teacher to be. able 4o  approximately
locate . his own PraCtlce on thls continuum. Hiypould also
perhaps make use of the scale te to make hlS thematlcs

gurriculb more *humanistict if he wished to do so.
™ Co

PER

5.5 General Comments oh the Mathesis P Eidigp
*. E

ASRLD FELS ' .
] o ﬁf‘ 5
iﬁ . In th1s, the penultlmate section of the dissertation,

. A
,,A v
. . "

we ulsh to make somef general comments&won[ the mathesis
Yo o 1\ : s

,\pamadigm.‘ Tn particular; we wish to.‘nbte}lfohe general

\

reasons fof ‘thinking that the paradigm has utility, and ‘to
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mention three paradigm-related areas which seen especially

prémising for further researcp{

Examining current educational ‘trends, there are a
number of reasons for thinking that mathesis will become an
increasingly attractive subject drea fogwﬁlearne%s nto work
ih, dndﬂfor educational institutions to offer. One of these
relates to the cost of education; the COHSidetaéiOn of which
has recently become the foqus of public attention, apd which
promigesato remain there for some time. Mathesis curricula
are viable from an economic vieypoint because théy are
relativFly inexpensive. ‘' Using computer terminology, the
introduction ?f mathesislcurficula is more of a 'software?
change than ofi a ‘hardwafé' changé. A mathesisr,téacher

functions as a mathematician and an exemplar, not as a

classroom policeman. To bglld up a colleftlon of reference

bOOhS_yCOStS little mbte . than buylnq !CléS§*Sé£§ of

textbooks, and the materials ﬂeeded for mathesis are quite

' inexpensive. , ; ,

%nother ‘contemporary educational trend 1s .the one
t0ward 'life- long education'. The potential of mathesié' for
opsimathy 1is cons1depab1e. Mature learners will be able to
bring'rﬁheir dlvense background experlences véo _bear to
acéenfqate the 1nte£dlsc1p11nary aspect !of m&fhésis. To

learners ‘looking- to, education as‘a’meahs to .'self-knoWledge

“.and | sélﬁ-fulfillment, rather than as a, cbilgétion  of -

.,
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credits, mathesis will be especially attractive. Because df

their administrative flexibility , mathesis curricula could

4

Ch

fit well into the sort of educational frameworks Tllich

(1971) calls "Learning Webs (p. 72)".

Two other reasons for thinking that mathesis curricula

are not only

n
feasible, but perhaps even likely, for

A
educational institutions of the future are that they help to

answer two long-standing educational problems. In mathesis

curricula the person-centredness does not apply only to +the

students -but

to the “teacher as well. Hence the mathesis

teacher (or teacher-learner) can see the opportunity here

for personal

opportunity is

gro‘th, both intellectual and emotional. This

i)

not always obvious when teaching traditional

mathematics curricula. K -Mathesis . curricula also do much to

bridge the gap

betweén child~centred and subject*centréd

. programmes, for they are, essentially curricula which are

siﬁultanééusly

Aristotelian

educators writing about *humanizing®  education, that

curricula must
not one which
‘appear gquite

*humanistice*,

. ) Vo
child-centred and subject-centred. The

assumption, apparently accepted by most

A

be either subject-centred or child-centred is

seems to stahd up under examination. It would
: L c ‘ '
inappropriate, in fact, - to label as
* . ' ~

curricula «hich ignore or underestimate the

learner's human’ capacity for reason.

The concept of a mathesis curriculum raises a number of

2

1
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questions about the preparation of teachers who would be
capable of implementing the mathesis paradigm. To
. succéssfully operate as a teacher in a mathesis curriculum
/
an individual Rmust be quite competent in working both with -
people and with mathematics. The abilities, knowledge and
attitudes which the mathesis teacher will need are not the
ones which are needed to teach most contemporary mathematics
curricula. Specific recommendations as to how these
abilities and attitudes wight be developed are beyond the
scope of this study. In‘genéral, however, it would seem that
a mathetic 'Math E4' programme would be required to develop

&

teachéxs capable of doing justice to a mathesis curriculun.

»

i

Of the many areas toucheﬁ on this study, we wish to

A

mention here three which woyld seem ' to be particularly

attractif;\fﬁt\fjéther inves ion. The first of these has
\ T

to . do viﬁh thé nature of mathésis@rié have chosen to give
tairly curéory attention to this question here, but it would
appear to bé one whiéh needs considerable thought given to
S it. A numbép‘-qf the vworld's greatest mathematiciaqs have
held -quite Mum%nistic attituhes, in ‘particuiar toward

3

education. Bhi&ehead (1963), for example, wrote, in a rather:

'third-force! \vein, of the education of the'ingiVidual,as

the achievemen aof the -"potentialitieé of  that 1living

creature (p- 48) . His colleague, Russell, wrote that:
the 'humanistic éqnception 'régards‘ a child as a .
. gardener regagds a young tree, i.e., as something
. Wwith:a certai ihtninsic;nature,wﬁich‘wi;l develop-

)
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into an édmirable form given proper soil and air
and light (Chomsky, 1972, p- 46)v.

(Russell developed this image further on another occasion
when he observed that "the soil and freedom required tor

man's jrowth are lmmeasurably more difficult to discover anq

’

to obtain (Chomsky, 1972, p. u7)".)

And yet, despite this consciousness, very few

mathematicians seem to have directly addressed the question

»

of the humg&istic aspecls of mathematics. One exception to -
this genéféln rule 15 Wilder (1968) who considers the
"humanistic aépec{s%of nathematics (p. 6)" to be related to
the aesthetic pursuit of mathematics, "mathematics for its

own sake (p. 6)". Another mathematician who considers some

i

of the humanistic connections of mathematics is Sarton. He
writes (195&):

The main reason for studying this history of
mathematics, orp the history of science, is purely
humanistic. Being men we are interested in other
men, and especially in such men as helped us to
fulfil our highest destiny. As soon as we realize
the great part played by individual men din.
mathematical discoveries - for, however these may
he determined, they cannot he brought about except
by means of human brains - , we are anxious to
know all their circumstances (p. 22).

It would gppeér, however, that the only mathematician

< i ) R . ’
to fully consider mathesis, humanistic mathematics, although

L

it seeﬁs‘,that‘ he did not use the term thisjuay,'is Keyser
(1922, 1933, 1971). The similarity of  Keyser's outlook . to
the ane taken ‘in this study.. is shown in the foilowing

-
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statements about education and mathematics.

Education may be characterized by its aim, and its
aim is nothing less than that of qualifying men
and women to realize in fullest measure, ané to
represent it worthily, in their 1lives, ‘their
personalities, and their work, the potential
dignity of man (1933, p. 99).

Nothing is better entitled to rapk as one of the
great Humanities than fathematics itself ... For
what is the test? I hold it to be this! those
subjects are best entitled to membership in the
assembly of the Humanities which (1) best disclose
the essential nature, the defining characteristic,
of man and (2) best serve to guide our humpan life
(1933, p. 101)."

i

. It would seem that Keyser's 'work would present gﬂqood

}

stepping off point for any researcher interested in

exploring the nature of mathesis.'

A second area of the paradigm which would seem to be a
fruitful research area Ais that of the potentially~rich
sityation component. Worthwhile activities here would seenm

to be the collecting of a wide range of potentiall y-rich

. situations and investigating the reactions of different

groups of learners to the same situation. Other questions
’ ' " .
£

here. concern the completeness of the’ system of
characteristics of. potentially-rich situations and the
nature of the form of kernel-activators for optimal respoﬂse

from learners.

A third  immediate~interést research area_coneernsvthe
"efficacy”7dfn paradigms as gemeral curriculum;generating
devices. Propaedeutic paradigms ‘would seem to have the merit .

1

~ ,
Y
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of revealing assumptions which underlie curricula. It would
seem that many of the debates.regarding curriculum reform in
the last decade would not have been ' necessary had
participants realized that underneath ghe disputes ‘lay
fundamental disagreements abéut educational goals. It would

A

seem that the wuse of paradigms as curriculum-generating

deviéés<might lead to a QTther higher-level of -~curriculum
debate.. }he question as to vhag aspects of the mathesis
paradigm can be generalized to serve as components for
humanistic ' paradigms in other subject areas 1is an
interégting‘ one. To attempt to cénstpuct . a *Kuhnian

paradigme!' for curriculum development, as Heimer (1971) has

done, seems, however, to be unnecessarily ambitious.
A

-1

o o .

In this chapter we have a@témpted to outline some ' of
the reasons for thinking that the mafhe§is paradiém, from a
' non-structural Mviewpoint, can be thought of 'as having
vaiidity and utiiity; The relation of parts of the pafadigm
;o confempora;y practice in matﬁematigs.edqution has been

noted. The Association of Teachers of Mathematics has been

singled out as a group of mathematics educators vwhose

approach is gquite mathetic. Some indications of where'

mathesis .curricula liegh in relation to ‘contemporary
mathematics curricula have been given. Observations‘of how

mathesis’ curkricula .are . consistent ' with contemporary
o ' ‘ 7 S '



133

educational trends have been made and some particularly

inviting areas for further research have been indicated.

’

At this point tt ié pergaps advisable to .stress the
fact that +this study is seen as being logical rather than
hortatory in nature. It is an attempt to outline a position
consistent with a certain set of initial assumptions.‘It is
hoped that it will provide a foil in which mathematics
educators at all levels can exémine their own Dbasic
assumptions about the nature and aims of the activity which

occupies much of their tinme.

13

Mathematics exists,” not as a defined entity in
some logician's or philosopher's textbook, but
first and foremost as a living reality, as a fact
of life. We strive to understand it as we strive
to understand all the other manifold aspects of
our experience, from physical nature to the nature
of poetry. And we find ourselves faced with the
same ' mixture of answered and nnanswered questions
of insight and . puzzlement, that is everywhere
characteristic of the human situation (Wittenberg,
1963, p. 1097). '

/ ‘ - .
In closing, we would suggest that Wittenberg's words provide
an accurate picture of the world of mathesis for those of us
who have chosen  to pursue humanistic goals ‘through

mathematics.
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A large number of sources from a wide Trange of
disciplines bave influenced the formation of the mathesis
paradigm. A partial listing of these sources is given in
this appendix . The sources vary considerably in the
directiop and in the degree to which they have' contributed
to the paradigm. For ease of reference the sources have been
subdivided into five pmain classes and twenty-five sub-
classes. ' ,

The sub~classes. are as follows:

Az MATHEMATICS

T2 The Nature of Mathematics
(a) The Foupdations and Philosophy of Mathematics
(b): Surveys

11. The History of Mathematics
(a) Surveys f O
(b) Biographical

+IX1. Aspects of Contemporary Mathematics
(a) Research-Contemporary Mathematics
(b). Scme Interdisciplinary Connections
IVv. Problems in Hathemétics
(a) Academic Problenms
(b) Recreational Problems
V. Mathematical Literature
(a) Bibliographies
(b) Journals °

VI. Mathematics Education

PSYCHOLOGY

o

3. Piaget

I1. Humanistic Psychology \

I1I. Thinking, ?roblem—solving and Credtiz%ty
A
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dJV. General

€z PHILOSOPHY ’
1. The Philosophy of Humanism ‘.
11. Popper, Polanyl and Paradigms
TIT. Philosaphy of 3clence
IV. General ’
D: EDUCATION
I. Criticism
TI. Curriculum > o ‘ o

T1T. Humanistic Fducation .

IV. General

E: SOCJAL ISSUES

1. mhérFﬂtuté

TTI. General

1

g
]
Ut

The sub-classes cortespond quite closely in some case

to particular components of the paradigm. For the sake of

brevity, titles have been listed only once even though many

could be considered to be relevant to at least two ' subo

classes: book titles have been given priority over jourpal-
article titles. ' ) ,

*
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