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Preface

At first, it was not my intention to write a mathematical book let
alone one of this magnitude. One day I stumbled upon a web page
that has many difficult mathematical problems used in the
international and national competitions that had not been solved in
decades. I offered to help out and solve them. However, as time
has gone by, I have accumulated as huge quantity of these
solutions and there are almost no place organized enough for me to
post them, and I thought the best way to bring these solutions to
the students in the world is to compile them into a book.

I also included the solutions to the problems used for admission to
many of the most prestigious colleges that are equally difficult to
help the prospective college students with their entrance exams.
Many of the problems in this book can be found in the web page
www.mathlinks.ro. 1 have donated some of my solutions to the
Mathematical Association of America http:/www.maa.org/ for
them to sell and raise funds.

Many of my previous work have been published at www.cut-the-
knot.org. It’s the world’s largest and most complete mathematical
website that has won more than twenty awards from scientific and
educational publications.

My books show the global readers how to solve the problems by
examples and provide the narrative and analysis to accompany and
explain the solutions in details wherever possible. My previous
books are now at many technical college and city libraries around
the world. See the back pages for the list of some of these libraries.

Steve Dinh
a.k.a. Vo Duc Dien
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Problem 1 of the United States Mathematical Olympiad 1973

Two points, P and Q, lie in the interior of a regular tetrahedron
ABCD. Prove that angle PAQ < 60°.

Solution

Let the side length of the regular tetrahedron be a. Link and extend
AP to meet the plane containing triangle BCD at E; link AQ and
extend it to meet the same plane at F. We know that E and F are
inside triangle BCD and that £ PAQ = £ EAF.
Now let’s look at the plane containing triangle BCD with points E
and F inside the triangle. Link and extend EF on both sides to meet
the sides of the triangle BCD at I and J, I on BC and J on DC. We
have ZEAF < ZIAl.
But since E and F are interior of the tetrahedron, points I and J
cannot be both at the vertices and IJ <a, LIAJ < ZBAD = 60°.
Therefore, £ PAQ < 60°.

1
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Problem 1 of the United States Mathematical Olympiad 2010

Let AXYZB be a convex pentagon inscribed in a semicircle of
diameter AB. Denote by P, Q, R, S the feet of the perpendiculars
from Y onto lines AX, BX, AZ, BZ, respectively. Prove that the
acute angle formed by lines PQ and RS is half the size of £ XOZ,
where O is the midpoint of segment AB.

Solution

Let AZ intercept BX at C, PQ and RS intercept at I. The acute
angle formed by lines PQ and RS is ZPIS = ZPQY + £ SRY —
Z/ QYR = ZPQY + ZSRY - (180° — ZQCR) = /£ PQY +
ZSRY — ZRCB.

But £ RCB subtends arcs AX and BZ; £ PQY = £ PXY subtends
arc AY; Z SRY = Z SZY subtends arc BY.

Therefore, / PIS subtends arc AY + BY - AX — BZ = arc XZ
=1/ XOZ.
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Problem 1 of the International Mathematical Olympiad 2006

Let ABC be a triangle with incenter I. A point P in the interior of
the triangle satisfies ZPBA + ZPCA = ZPBC + ZPCB. Show
that AP > Al, and that equality holds if and only if P = 1.

Solution

C

We have Z/BPC = ZA + ZPBA + ZPCA and 4ZBIC = LA +
ZIBA + ZICA. The problem gives us ZPBA +ZPCA = ZPBC
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+ ZPCB ="%(ZABC + ZACB) = ZIBA + ZICA, and ZBPC =
Z/BIC.

Draw a circle with center A that passes through I and intersects AC
at K. We have ZMPK =360° — ZBPC — ZMPB - ZKPC (i)

But ZBPC = £ZBIC, ZMPB = ZMIB - ZIMP — ZIBP, ZKPC
= /ZKIC + ZIKP + ZICP, ZIBP =%/ ABC — ZPBC, ZICP =
ZPCB-"%/ACB.

Now equation (i) becomes £ MPK = 360° — ZBIC — ZMIB +
ZIMP+ Z1IBP - ZKIC — ZIKP — ZICP =360° — £ZBIC —
/MIB+ ZIMP + %/ ABC — ZPBC — ZKIC — ZIKP +
./ ACB — ZPCB.

But since (£ ABC + Z ACB) = ZPBC + ZPCB, ZMPK =
(360° — ZBIC — ZMIB —ZKIC) +ZIMP — ZIKP, or
/MIK = 360° — /BIC — ZMIB -~ ZKIC = 90°, or

Z/MPK =90°+ ZIMP — ZIKP =90° + ZIMP — ZILP.

Also since ZILP > ZIMP, we have Z/IMP — ZILP <0, or
ZMPK < 90°. Therefore, point P is outside the circle with center
A and AP > AL

It’s easily seen that equality holds when P = 1.

The reverse direction is fairly straightforward.
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Problem 4 of the United States Mathematical Olympiad 1975

Two given circles intersect in two points P and Q. Show how to
construct a segment AB passing through P and terminating on the
two circles such that APxPB is a maximum.

Solution

Let E and F be the centers of the small and large circles,
respectively, and 7 and R be their respective radii. Also let M and
N be the feet of E and F on AB, respectively, a = Z APE and =
Z BPF.

We have APXPB = 2rcosax2rcosf} = 4rRxcosaxcosp; APxPB is a
maximum when the product cosaxcosf is a maximum, and we
obtain cosaxcosf = Y2[cos(a + ) + cos(a — PB)].

But a + = 180° —ZEPF and is fixed, so is its cos(a + ).

So its maximum depends on cos(a — ) which occurs when o = .

To draw the line AB:

Draw a circle with center P and radius PE to cut the radius PF at H.
Next, draw a line to parallel EH that passes through P. This line
meets the small and large circles at A and B, respectively.

5
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Further observation

The problem below is derived from the above problem:

Two given circles intersect in two points P and Q. Show how to
construct a segment AB passing through P and terminating on the

AP
two circles such that the ratio B equals the ratio of the two radlii.
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Problem 4 of the United States Mathematical Olympiad 1979

Show how to construct a chord FPE of a given angle A through a

1 1
fixed point P within the angle A such that P T PE 1S @ maximum.

Solution

A a N F

LetEP=p, FP=¢q, AF=a, AP=[,AE=b, ZEAP =0qa, ZFAP =
g, ZEPA =1, ZEFA =y. Extend FE and from A draw a perpen-
dicular line to intercept this extension at G. Now let AG = /.

1, 1 1 1 p+g o _prPtqg _
pE " P =5 + 7" pq The law of the sines gives us Sin(0+g)
b b sinnm p+g bsin(a+¢€) sin(a+ g)xsinm

—__and_=_.__,0r = : = : : ut o
siny = p  sina Pq pgxsiny gsinyXsina

1 1 sin
and ¢ are constants, so — + — is a maximum when s isa

P q gsmy

: . ) h sin
maximum. We also have sinn = 7 and siny = —, and now ST
a gsiny

ha a . a. . . a.
=—, but / is constant, so —; is a maximum when the ratio — is a
qlh gl ql q

) a sin(180°—mn) sinn
maximum, but ~ = - =
q sing sing

a maximum when sinmn is a maximum or equal to 1 when n = 90°
as line MN represents.

and with angle ¢ fixed, % is

7
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Problem 4 of the United States Mathematical Olympiad 2010

Let ABC be a triangle with £ A =90°. Points D and E lie on sides
AC and AB, respectively, such that £ ABD = ZDBC and £ ACE
= ZECB. Segments BD and CE meet at I. Determine whether or
not it is possible for segments AB, AC, BI, ID, CI, IE to all have
integer lengths.

Solution

B

A D C

Applying the law of the cosine function, we have

1

BC? = B + CI? - 2 BIxCIxcos / BIC. But /BIC = 180° ~ 3
1

(180° = ZA)=135°,and cos ZBIC =-1\2.

The above equation becomes BC> = BI* + CI* + \/5 BIXCI, or
A\[2 BIXCI = BC? — BI> - CI2,

Now assume that it is possible for segments AB, AC, BI, ID, CI
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and IE to all have integer lengths. BC? is then also an integer
because BC? = AB? + AC? which, in turn, requires \/5 BIxCI to be

an integer. Since \/E is an irrational number, the product of \/5
with an integer is not an integer. Therefore, our assumption was
not possible, and it’s not possible for segments AB, AC, BI, ID, CI
and IE to all have integer lengths.
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Problem 5 of the United States Mathematical Olympiad 1990

An acute-angled triangle ABC is given in the plane. The circle
with diameter AB intersects altitude CC’ and its extension at points
M and N, and the circle with diameter AC intersects altitude BB’
and its extensions at P and Q. Prove that the points M, N, P, and Q
lie on a common circle.

Solution

We already have AP = AQ and AN = AM. To prove the four
points M, N, P and Q to lie on a common circle, it suffices to prove
AM = AP. Because AC is the diameter, £ APC = 90°, and we have
AP?=AC?—PC? or AP?= AC’?+ CC’2 — PC? (1)
and AM? =AC? + C’M? (i1)

Substituting AC? from (i) to (ii) to get
AM? = AP? - CC?+PC* + C’M2.
So to prove AM = AP, it suffices to show CC’? = C’M? + PC?(iii)

10
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We also have PC2=B’C?+ PB’2=B’C?>+ PB’xB’Q =B’C? +
AB’xB’C=B’C (B’C + AB’) = B’CxAC = CMxCN. (iv)

Substituting PC? from (iv) to (iii), we then need to prove
CC?=CM?+ CMxCN (V)

But CC’ =CM + MC’, and (v) becomes
CM? +2 CMxMC’ + C’'M? = C’M? + CMxCN (vi)

Or we now need to prove
CM? + 2 CMxMC’ = CMxCN (vii)
or CM(CM + 2MC’) = CMxCN.

Because C’M = C’N, CM + 2MC’ = CN, the problem is solved.

Therefore, the points M, N, P and Q lie on a common circle with
center A and radius AP.

11
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Problem 5 of the United States Mathematical Olympiad 1996

Triangle ABC has the following property: there is an interior point
P such that ZPAB =10°, ZPBA =20°, ZPCA = 30°, and
ZPAC =40°. Prove that triangle ABC is isosceles.

Solution

30°

C

Extend CP to meet AB at S. From A draw a line to meet the
extension of BP at R and CP at Q such that [IQAP = 10°. We have
BR = AR, and

ZBRQ=40°, ZQAC=30°, ZAQC=120°, ZPQR =60°,
ZQPR=280°, ZPSA=100°, ZQPB=100°and £BSP = 80°.

It suffices to prove the two triangles QSA and QPB are similar
since if they are similar we have ZQBP = ZQAS =20° and
ZQBA =40°, ZBQA = 120° = £ZBQC and the two triangles
BQC and BQA are congruent and thus BC = BA and the triangle
ABC is isosceles.

To prove those two triangles that already have the two equal

12
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angles ZQSA = ZQPB = 100° similar, it suffices to prove that

QP _PB .

QS SA M
P PS

Since AP is bisector of ZQAS, we have 8 A= SA (i1)

QP PS _ QS QP QS

QA SA QA +SA’°"QS T QA +SA

A PB
Combining with (i), we now need to prove Q;+SA SA

QA-PB QR+PR

QA ~ QA (since BR = AR), or it suffices to prove
QR+PR PB
—Q A SA (111)
Using the law of the sines, we have

QP QR PR~ QR+PR d PS PB
sin40° ~ sin80°  sin60° _ sin60° + sin80° 4™ §in20°" sin80°> '
_ (QR + PR)sin40° _ PBsin20°
QP = sin60° + sin80° ° and PS =

sin80° -

Substituting QP and PS to (ii), it becomes

QR + PR sin40° B @ sin20°
QA  “sin60° +sin80° SA"sin80°
sin40° sin20° .
So now we have to prove Sin60° + Sin80° — sin80° (iv)
sin20°  sin40° — sin20° sinl0° sin20° o o
O §in80° — sin60° > OT5in30° ~ sin80> F sin10°sin80° =

1
sin30°sin20°, or E(cos70° —¢0890°) = c0s60°cos70°, or

1
5= c0s60°, and this is obvious!

13
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Problem 5 of the International Mathematical Olympiad 2004

In a convex quadrilateral ABCD the diagonal BD does not bisect
the angles ABC and CDA. The point P lies inside ABCD and
satisfies ZPBC = ZDBA and ZPDC = ZBDA. Prove that
ABCD is a cyclic quadrilateral if and only if AP = CP.

Solution

a) Assume point B is already on the circle

Extend DP to intercept the circle at Q and BP to intercept the circle
at E.

Let’s consider two quadrilaterals ABPD and CQPE.
Since ZABD = ZEBC = AD =EC,

14
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/ ABE = /DBC = /DQC,
Z/DPB = ZEPQ, and
/ ADQ= /BDC = /BEC.

Therefore, ZDAB = ZECQ since the sum of the angles of a
quadrilateral is 360°.

Two triangles DAB and ECQ are congruent since £ DAB =
ZECQ, AD =EC and AB = CQ implies DB = EQ

Therefore, triangles DPB and EPQ are also congruent (two angles
on each side of DB and EQ are equal which gives us PB = PQ.

Therefore, triangles ABP and CQP are congruent since AB = CQ,
PB = PQ and the two angles £ ABP and £ CQP are equal which
implies AP = PC.

b) Assume AP = PC and prove ABCD is a cyclic quadrilateral

Proof using contradiction

Assume we already have triangle ADC with A, B and C on the
circle. From C draw a line that intercepts the circle at E and that
CE = AD.

Point P can be chosen anywhere, and draw a line to connect E and
P and extend it to cut the circle at B to satisfy the first condition
Z ABD = ZPBC since CE = AD.

Now let point O be the center of the circle. We note that OP is the
center line of symmetry of AD and CE. Extend DP to intercept the
circle at Q.

Assume AP # PC (contradict with fact) then CQ # AB since Ox
(extension of OP) is the line of symmetry. Since Q is on the circle
and AB # CQ, ZADB # ZPDC which implies that B is not
symmetrical of point Q with respect to Ox. Therefore, B is not on
the circle.

15
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So P has to be on Ox for B to be on the circle or AP = PC, and then
ABCD is a cyclic quadrilateral.

16
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Problem 2 of the International Mathematical Olympiad 2009

Let ABC be a triangle with circumcenter O. The points P and Q are
interior points of the sides CA and AB, respectively. Let K, L and
M be the midpoints of the segments BP, CQ and PQ, respectively,
and let I" be the circle passing through K, L and M. Suppose that
the line PQ is tangent to the circle I'. Prove that OP = OQ.

Solution

QP tangents with the small circle at M, we have £ QMK =
ZMLK. M, K and L are midpoints of PQ, BP and QC,
respectively; therefore, KM || QB, KM = 2QB (1)
ML || PC, ML = A2PC (i1)
and Z QMK = ZMQA, or ZMLK = ZMQA.

17
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ML || PC and KM || QB; therefore, Z QAP = ZKML.

The two triangles QAP and KML are similar since their respective

| L and ML _ KM
angles arce equal, an QA—AP

From (i) and (ii), APXPC = QAxQB (1i1)
Extend PQ and QP to meet the larger circle at U and V,
respectively.

In the larger circle UV intercepts AB at Q, we have

QUxQV = QAxQB, or

QUX(QP + PV) =QAxQB (iv)
UV intercepts AC at P, we have

UPxPV = APxPC, or

(QU + QP)xPV = APxPC %)

From (iv) and (ii1), QUX(QP + PV) = APxPC

Therefore, from (v), QUX(QP + PV) = (QU + QP)xPV.

Or PV = QU and M is also the midpoint of UV and OM L UV.
Hence, OP = OQ.

18
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Problem 4 of the International Mathematical Olympiad 2007

In triangle ABC the bisector of angle BCA intersects the
circumcircle again at R, the perpendicular bisector of BC at P, and
the perpendicular bisector of AC at Q. The midpoint of BC is K
and the midpoint of AC is L. Prove that the triangles RPK and
RQL have the same area.

Solution:
A
s
R L
\\\\(\;\) F

P
[l [1
T B K C

From R draw the two lines perpendicular to BC and AC and
intersect them at T and S, respectively. From P also draw the
perpendicular line and intersect AC at F.

To prove the two triangles RPK and RQL to have the same area, it
suffices to prove TKxPK = SLxQL (1)

We know KPC and FPC are two congruent triangles, so are the
two triangles TRC and SRC. As a result TK = SF and PK = PF,

19
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and equation (i) becomes SFxPF = SLxQL which is what is

PF SL
required to be proven or ;- QL™ SF (i1)
SL R
but SF— £ since all three lines RS, QL and PF are parallel, and
PF RQ QL RP
equation (ii) becomes ~1 QL RP’ or pp = E (1i1)
L QC
which we still need to prove. Also note that % = %; equation
C RP
(111) can now be written as PC ~RQ (iv)
QC=QP +PC, and RP =RQ + QP.
P
Equation (iv) is equivalent to 1 + % =1+ % we still need to

P QP
prove, or p~ “RQ
is what needs to be proven.

or PC=RQ (v)

Now let's prove it

Note that O is the center of the circle. From O draw a line to
perpendicular to RC and intersect it at M.

ZMOP =ZPCK (because their sides are perpendicular) and
ZMOQ =ZPCF for the same reason.

Since ZPCK =ZPCF, ZMOP = ZMOQ are equal, and triangles
MOP and MOQ are congruent; therefore, OQ = OP (v)

Note that OR = OC, and since O is the center of the circle and
ZROM = ZCOM, then ZROQ =2ZCOP (vi)

The three conditions (i), (ii) and (iii) make triangles ROQ and COP

congruent; therefore, PC = RQ which is the equation (v) required
to be proven.

20
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Problem 4 of the International Mathematical Olympiad 2009

Let ABC be a triangle with AB = AC. The angle bisectors of

Z CAB and Z ABC meet the sides BC and CA at D and E,
respectively. Let K be the incenter of triangle ADC. Suppose that
ZBEK =45°. Find all possible values of ZCAB.

Solution

A

B D C

Extend CK to meet BE at H. Let H be the center of the incircle of
triangle ABC. HM = HD. It’s easily seen that the two right
triangles HDC and HMC are congruent. Therefore, ZHMK =
ZHDK = 45°, There are two possibilities for ZMHE. It’s either
0° or positive.

a) Case 1 ZMHE = 0°
The foot of B on AC is also the midpoint of AC, thus triangle ABC
is equilateral and £ CAB = 60°.

b) Case 2 /MHE > 0°

Problem also requires £ HEK = 45°; thus the circumcircle of
triangle HMK will have point E on it. Draw the circumcircle and
we note that HE is the diameter since £~ HME = 90°. Point K is

21
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seen as the midpoint of the bottom arc HE. Therefore, ZKHE =
45°, ZBHC = 180° — ZKHE = 135°, or £B =22.5°.

In triangle ABC we have ZA +2 2B =90°.
Therefore, £ A =45° or £ CAB =90°.

22
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Problem 7 of the Canadian Mathematical Olympiad 1971

Let n be a five digit number (whose first digit is non-zero) and let
m be the four digit number formed from # by deleting its middle

digit. Determine all » such that , 18 an integer.

Solution

Let n = abcde where a, b, c, d and e are positive integers from 0 to
9and a #0.

We then have m = abde, and
n=10000a + 10005 + 100c + 10d + e,
m=1000a + 1005 + 10d + e.

n . .
If P k is an integer, we have

10000a + 10005 + 100c + 10d + e =
1000ak +100bk +10dk + ek (i)

Now assume that £ > 10 or £ =10 + p where p is a positive integer;
equation (i) becomes

10000a + 100056 + 100c¢ + 10d + e = 10000a + 10005 + 100d + 10e
+1000ap + 100bp + 10dp + ep (i1)

Now let’s find the possible value for p. We have

100c —90d — 9e )
P =70002 + 100b + 10d + & but since a # 0 and b, ¢, d and e are

all non-negative integers, the denominator is then greater than or
equal to 1000 and the numerator is less than 1000, so p < 1, and
k> 10 is not possible.

90d + 9¢ — 100c
1000a + 100b + 10d + e

argument k < 10 is not a possibility. Therefore, £ = 10.

Similarly, if £ <10, p = . With the same

23
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Substituting £ = 10 into (i), we have 100c = 90d + 9e which
requires product 9e to be a multiple of 10 which is not possible.
This equation has the only solution c=d =e=0. So n=ab000

where a and b are positive integers where a =1 — 9 and
b=0— 9. The numbers n are

10000, 11000, 12000, 13000, 14000, 15000, 16000, 17000, 18000, 19000,
20000, 21000, 22000, 23000, 24000, 25000, 26000, 27000, 28000, 29000,
30000, 31000, 32000, 33000, 34000, 35000, 36000, 37000, 38000, 39000,
40000, 41000, 42000, 43000, 44000, 45000, 46000, 47000, 48000, 49000,
50000, 51000, 52000, 53000, 54000, 55000, 56000, 57000, 58000, 59000,
60000, 61000, 62000, 63000, 64000, 65000, 66000, 67000, 68000, 69000,
70000, 71000, 72000, 73000, 74000, 75000, 76000, 77000, 78000, 79000,
80000, 81000, 82000, 83000, 84000, 85000, 86000, 87000, 88000, 89000,
90000, 91000, 92000, 93000, 94000, 95000, 96000, 97000, 98000, 99000.

It’s a total of 90 numbers.

24
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Problem 9 of the Irish Mathematical Olympiad 1994

Let w, a, b, c be distinct real numbers with the property that there
exist real numbers x, y, z for which the following equations hold:

xt+tytz=1

xa® +yb* + zc* =w?

xa® +yb* +zc* = w?
xa'+yb*+ z¢t = w

Express w in terms of a, b, c.

Solution

Multiplying both sides of (i) by a2, a® and a*, we have
xa® +ya® +za’*=a’

xad +ya’ tzad=a’

xat + ya4+za4 =q"

Subtracting (i1) from (v), (iii) from (vi) and (iv) from (vii),
@ = b*)+z(a®> — c*)=a* —w?

@ —b)+z(@ - c)=a—w?

wa'—b*) +za* -t =a"—w'

Now multiplying both sides of (viii) by a* + b,

ya' = b') +2(e - e +b) = (@@ v e + )
Subtracting (x) from (xi), we have

2@ = )b~ ) = (@ ~ Wb — )

2+ab +b?
Multiplying both sides of (viii) by %’
24 ab + b2 2+ab + b?
wa® = b*) +z(a® - 02)a - =(a*— W2)a .

Subtracting (xiii) from (ix), we have

2 4+ b+b2
z(a—c)[(a+c)%—a2—ac—cz] =
2 4+ b+b2
(a—w)[(a+w)%—a2—aw—w2]

Now dividing (xiv) by (xii), we have
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2+ b+b2
(a+c)a ai—b —a*—ac—c
(a+o)(b* =) B
2_|_ b+b2
(aer)%—az—aw—w2
@+ w)b*—w) ()

Expanding (xv) and canceling the same terms to get
ab’ + b’c —ac’—bc’  ab’ + b’w —aw’ — bw?
@tobr-c) —  (@rwpr-w) >

(ab + ac + beyw? — c*(a + b)w — abc* = 0.

Solving for w,

c r
W=20h +ac + bo)lc@t D= \Jc¥(a + b)?* + 4ab(ab + ac + bc)].

But c¢*(a + b)* + 4ab(ab + ac + bc) = (ac + bc + 2ab)? ; therefore,
C

WZZ(ab T ac + bo) [c(a + D) £ (ac + bc + 2ab)], or
b
w=c¢c,orw=- m which requires ab + ac + bc # 0.

Substitute w = ¢ into (i) and reverse the above processes; multiply

both sides of (ii) by ¢ and subtract it from (iii), etc... We found

that when w = ¢, a = b = ¢ which is not allowed by the problem.
abc

Therefore, the only possible solution is w = b+ ac + be-
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Problem 9 of the Middle European Mathematical Olympiad 2009

Let ABCD be a parallelogram with ZBAD = 60° and denote by E
the intersection of its diagonals. The circumcircle of triangle ACD
meets the line BA at K#A, the line BD at P£D and the line BC at
L+#C. The line EP intersects the circumcircle of triangle CEL at
points E and M. Prove that triangles KLM and CAP are congruent.

A

E

Solution

60°
A D

: ) KL BL
Since K, L, A, Cand M, L, E, C are concyclic, we have 7= =75

AC~ AR’
AP _AE dﬂ_& ML _ECxBLxDE
CD DE Y EC “BE°' AP~ BEXAExCD

But also because E is the intersection of the diagonals of the
parallelogram ABCD, BE = DE, AE = EC.
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It follows that % = % = % = % (1)
We also have ZLPD = ZLCD = ZBAD = 60°.

Now chase the angle ZKILM = ZKLP + ZMLP = ZKLP + 60°
- ZLMP = ZKLP + 60° — ZLME = ZKLP + 60° — ZLCE =
ZKLP+ ZACD = ZKLP + ZKLC (since AB || CD and KC =

AD) = ZCLP = ZCAP (subtending arc CP).

Combining with (i), the two triangles KLM and CAP are similar.
Furthermore, since DL = AC (diagonals of isosceles trapezoid
ADCL) = DK (diagonals of isosceles trapezoid ADCK).

But since £/ BAD = 60°subtends arc DK, it follows that KDL is an
equilateral triangle, and KL = DK = AC. This makes the two
already similar triangles KLM and CAP congruent.
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Problem 2 of the Ibero-American Mathematical Olympiad 1998

The circumference inscribed on the triangle ABC is tangent to the
sides BC, CA and AB on the points D, E and F, respectively. AD
intersect the circumference on the point Q. Show that the line EQ
intersect the segment AF on its midpoint if and only if AC = BC.

Solution

B D C

a) The case of AC = BC

Extend FQ to meet AC at H and EQ to meet AB at P. Let AD

intercept EF at G. Applying Ceva’s theorem for the three lines AG,
AP FG EH

FH and EP, we have PFGE AH " 1.

So, to prove point P, the intersection of EQ and AF, to be the
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FG EH .
midpoint of AF, it suffices to prove that == GE AH ™ =1 (1)

Let ZFAG=0, ZGAE=y, ZAFQ=p, ZAFE= /AEF =¢
_|_
and ZEFC Za—2¥.

We then also have £ QDE = o (since AB || ED) = ZQFE =
Z QEA (they subtend the same arc QE) and £ AFQ = ZQEF =

Z QDF = B (subtending the same arc QF).
FG AG GE FG
sina.  sing  siny’ °'GE ™

Applying the law of the sines to get

sing andEH = FHx> and AH = FHx _[3_1n buta+vy=
siny’ sin(a + )
180° — 2¢, and sm(a + y) = sin(180° — 2¢) = sin2¢ = 2singcose =
ZA +
2sinecos(90° — L L A) = ZSinssinT = ZSiHSSina_z’K, or AH =
sin . .
FHx Y The equation (i) required to be proven becomes
2sinesin 5
sin*osin(o +7y) ..
sinysinB ! @)

AF FD sma FD

But in triangle AFD, Sinp sinor © s1n[3 AR and in triangle
sino.  AE aty FK
AED, 7 — siny ~DE Also in triangle AFK, sin 2 T AF with AE =

AF. Equation (ii) then becomes FDXEF = DEXAF, but FD = EF, or
it suffices to prove that EF? = DEXAF.

Let’s prove it

Again using the law of the sines, in triangle AFK to get

FK EF . EJ EJ
‘ A ' LA:AF’ and in triangle FEJ, sin/ EF] | A
Sin—— ZSIHT Sin——
LA
EF, or EF? = . LAXAFX2smT =2EJxXAF = DEXAF.
sin——
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b) The case of AP = FP

Since AC is not yet equal to BC, we let ZQDE =y = ZQFE =

FG sina
Z QEA (they subtend the same arc QE). We have GE ~ siny’ EH
FHXSi.n} 5, AH = FHx sinf} an sin(xsir'lwsi'n(a +ty) !
sing aty sinysinf}

2singsin
2

which leads to 2EKxXFD = DExAF, or FDXEF = DEXAF, or

EJ
FD = A which only occurs when AC = BC.
sinT
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Problem 2 of the Ibero-American Mathematical Olympiad 2001

The inscribed circumference of the triangle ABC has center at O
and it is tangent to the sides BC, AC and AB at the points X, Y and
Z, respectively. The lines BO and CO intersect the line Y Z at the
points P and Q, respectively. Show that if the segments XP and XQ
have the same length, then the triangle ABC is isosceles.

Solution

We have ZBOQ = ZBCO + ZOBC =4(180°— LA)= LYZA
= /ZZ7Z0A, and £0ZQ = £ZAO (2 sides perpendicular to each
other), or ZBOQ + £BZQ = £ZYZA +90° + £ZAO = 180°

Hence, BZQO is cyclic and ZBQO = ZBZO = 90°. Similarly,
Z CPO =90° and since £ BX0 = ZCXO =90°, BZQOX and
CYPOX are both cyclic. We also note that BQPC is also cyclic.

Therefore, ZQX0 = ZQBO = ZPCO = ZPXO and triangles
QXO and PXO are congruent which leads to OQ = OP and
ZQO0X = ZPOX, or ZQBX =180° - ZQOX =180° - LPOX =
ZPCX (1)

Since Z0QP = Z0PQ (OQ=0P)and £L0ZY = LOYZ (OZ =
OY = radius of the circle), triangles OZQ = triangle OYP or ZQ =
YP. Furthermore, £ZQX =180° — £ZXQP = 180° — LXPQ =
ZYPX and AZQX = AYPX which leads to £ZXQ = L YXP.

Adding £ 7ZBQ to both sides of (i) £QBX = ZPCX to get
L7ZBX=/7BQ+/ZQBX=47ZXQ +ZQBX = ZYXP +ZPCX
= ZYCP +/ZPCX = ZYCX, or AB = AC and the triangle ABC is
isosceles.
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A
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Problem 1 of International Mathematical Talent Search Round 8

Prove that there is no triangle whose altitudes are of lengths 4, 7
and 10 units.

Solution

A

B M C

Let H be the orthocenter of triangle ABC, M, K, N be the feet of H
onto BC, AC and AB, respectively. Assuming such a triangle in
the problem exists, we have BK =4, AM =7 and CN = 10.

The area of the triangle is 2AMx*BC = /2BKxAC = 2CNxAB, or
7BC =4AC = 10AB.

Applying the law of sine, we get
BC sinA 4 AB sinC 4 4

4. 10
AC _sinB 734 °AC = §inB ~ 10 OF SInA =73sinB ="sinC.
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However, ZA =180° - £ (B + C), sinA =sin[180° - Z(B+ C)] =
sin(B + C) and sin(B + C) = sinBcosC + cosBsinC; the above
equation becomes

) R 1 lcosB . 1
sinBcosC + cosBsinC = 7smB, or 4cosC + 2<sinB xsinC = 7, or

1 1 1
ZcosC + 10 cosB = 7
HK HN
But cosC =sinZ CAM =, cosB =sinZ BAM =+, and the

AH” AH’
above equation is equivalent to

1HK 1 AN 1 leK +LXHN_1X AH
4°AH 10°AH 7°°T4 10 A

Now, applying the Ptolemy’s theorem to the cyclic quadrilateral
ANHK, we get ANXHK + AKXHN = NKxAH.

The two previous equations yield

1 1 1
AN AK=77and NK=7.

s 10 7
Applying the law of cosine, we obtain

NK? = AN? + AK? — 2ANxAKcosA. Substituting the values for
AN, AK and NK into this latest equation, we get

1 1 1 1 1
29-16 + 100~ ZXZXECOSA. From here, we solve for cosA

1021
which is cosA = 980 1.04, and there’s no such angle A to

satisfy cosA = 1.04.

Therefore, there is no triangle whose altitudes are of lengths 4, 7
and 10 units.

Further observation

This method can be used to verify the altitudes of other triangles.
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Problem 4 of the International Mathematical Olympiad 2010

Let P be a point inside the triangle ABC. The lines AP, BP and CP
intersect the circumcircle I" of triangle ABC again at the points K,
L and M, respectively. The tangent to I" at C intersects the line AB
at S. Suppose that SC = SP. Prove that MK = ML.

Solution

S
Let E be the intersection of I and SP. Extend SP to meet I" again at
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SB SP
F. Since SC = SP, SP? = SC? = SBxSA, or SP ~SA” and ASBP is

similar to ASPA which causes £ SPB = ZSAP, or arc BK = arc
BE + arc FL, or arc EK = arc FL.

From S draw the perpendicular line to meet PC at H. Since SP =
SC, SH is also the bisector of Z/ PSC. Since OC L. SC and SH L
PC, ZHSC= Z0CM = ZOMC.

But ZHSC = ZHSP. Therefore, ZHSP = ZOMC, or SF_L OM,
or MF = ME.

Combining with FL = EK, we have MK = ML.
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Problem 2 of the Korean Mathematical Olympiad 2007

ABCD is a convex quadrilateral, and AB # CD. Show that there

. : AB MA MB
exists a point M such that CD_MD ~ MC

Solution

Extend BA a segment of AE and AB a segment of BF such that
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AE =BF = CD. Link E with C and D with F. From A draw a line
to parallel EC and meet BC at Q. From B draw a line to parallel
DF and meet AD at P.

We have
AB_AB_BQ_AB_AP |
CD _EA _QC_BF _PD (@)

Construct the harmonic subdivision for segment AD by drawing
the two circles with incenters D and A and with their radii being
DP and AP, respectively.

Draw an arbitrary line from circumcenter D to cut its circle at I,
and from A draw AJ (J on the circle with center A) so that AJ || DI.
Link and extend 1J to meet the extension of DA at K. The four
points D, P, A and K are said to be in harmonic order, and we have

AP AK
PD DK

Similarly, construct the harmonic subdivision for segment BC, we

BN
get the point N such that Qg CN-

Draw the circles of Apollonius with diameters KP and NQ. These
two new circles will intercept at two points (in our graph) M
whereas, by Ray’s theorem (see proof on the next page), we have

MA AP AB
ZAMP = ZDMP, or T~ MD - PD - CD —n (according to (1)), and

MB BQ AB

ZBMQ = ZCMQ, or MC ~QC~ CD’

A
and at long last CD - MD_ MC
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Proof

-

First construct the harmonic subdivision for segment AB using the
method on the previous page. Connect and extend 1J to meet the
extension of AB at D. Next, draw a so-called Apollonian circle
with diameter DC. The locus of the points on the plane, for which
the ratio of the distances to two fixed points A and B is a constant,

o AC .
in this case equals to CB s the Apollonian circle.

Indeed, pick an arbitrary point P on the Apollonius circle. Draw a
line through point C that is also parallel to PD; this line meets AP
at E. Link and extend PB to meet the extension of EC at F. By
Ray’s theorem, EC/PD = AC/AD and CF/PD = BC/BD. We have
7/R (the ratio of the two radii) = BC/AC = IB/IA = BD/AD (since
IA || IB), or AC/AD = BC/BD, and thus EC = CF. Also because EF
|| PD, and £ CPD =90°, ZECP = 90°, and APCE is congruent to

APCF, implying that PC is bisecting 2 EPF.

herefore PA_AC
erefore, o =g
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Problem 3 of Hong Kong Mathematical Olympiad 2002

Two circles intersect at points A and B. Through the point B a
straight line is drawn, intersecting the first circle at K and the

second circle at M. A line parallel to AM is tangent to the first
circle at Q. The line AQ intersects the second circle again at R.

a) Prove that the tangent to the second circle at R is parallel to AK.
b) Prove that these two tangents are concurrent with KM.

Solution

Iz

"/ = |
‘B

M

C>

v

7N

Vi

®)

F

a) Let the first circle on the left and the second circle on the right
be C7 and C2, respectively. Also let their centers be I and J, in that
order. Now let QI meet C7 at E and RJ meet C2 at F.

Since I and J are the centers, we have ZQAE = 90° and the three
points A, E and F are collinear.
Therefore, ZBQE = ZBAE = ZBRF 6))

Since NQ || AM = ZQNB = £ AMB, and since £ AMB and
/ ARB subtend the same small arc AB of C2,
/ZNMA = ZARB (i1)
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Therefore, ZQNB = ZQRB (i1),
or BQNR is cyclic, and since BQKA is also cyclic, we have
KDxBD = QDxAD, and NDxBD = QDxRD.

F h i h ND_KD AK || NR
rom those two equations, we have o5 =35, or [ .

b) As a result of BQNR being cyclic, we have

ZQBN = ZQRN (1i1)
Also in triangle BQN, ZQNB+ ZQBN+ ZBQE=90° (iv)
Substituting £ QNB from (ii), ZQNB from (iii) and £ BQE from
(1) into (iv), we have

ZQRB+ ZQRN+ /BRF =90°, or RN _L RJ, or RN is tangent
to C2.
Therefore, the three segments QN, KM and RN are concurrent.

Further observation

Let RB intercept C2 at P. Since BONR is cyclic, ZONB =2 QORB.

ZQNB subtends arc QB — arc QK = ZQRB subtends arc OB —
arc AP. From there we conclude that QK = AP, or QP || AK.
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Problem 1 of Hong Kong Mathematical Olympiad 2002

Find the value of sin?1° + sin?2° + ... + sin?89°.

Solution

Let S =sin?1° + sin?2° + ... + sin?89°.

We can group the sum of the squares as follows:

S = (sin?1° + sin?89°) + (sin?2° + sin?*88°) + (sin?3° + sin?87°) +

... 1 (sin?44° + sin?46°) + sin?45°.

Every group inside brackets (total of 44 groups) has the form of
sin’a + sin’h where a + b = 90°.

We have N = sin’a + sin?b = (sina + sinb)? — 2sinasinb =

+b -b
4><sin2aTcoszaT + cos(a + b) — cos(a — b).

. ..athb
With a + b =90°, 4xsin? 5 = 2, and cos(a + b) = 0.
a—b
We now have N = 2xcos? 7~ cos(a —b).
b

But cos(a — b) = 2xcos™ ; —1; hence N = 1.

1
There are 44 groups plus sin*45°; and S =44 + 5= 44.5.
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Problem 4 of Austria Mathematical Olympiad 2000

In the acute, non-isosceles triangle ABC with angle C = 60° let U
be the circumcenter, H be the orthocenter and D the intersection of
the lines AH and BC (that is, the orthogonal projection of A onto
BC).

Show that the Euler line HU is the bisector of £ BHD.

Solution

[

60

L J

Let the circumcircle of triangle ABC be called I'. Let K be the foot
of B onto AC. Extend BK to meet I" at I. Extend IU to meet I at
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M, AU tomeet I" at L, AD to meet I" at J.

Since U is the center of ', triangles AUC and BUC are isosceles
with ZUAC = ZUCA, ZUBC = £ZUCB, and with ZACB = 60°,
we have ZBAL = 30°.

Also because I is the image of the orthocenter H across AC, KI =
KH and with ZHAK = 30°, triangle AHI is equilateral and £ AHI
=60°.

To prove that the Euler line HU is the bisector of the ZBHD is
equivalent to proving HU being the exterior bisector of £ AHI.

Since £ AHI = 60°, the arc (BJ + Al) = arc (BL + JC), or arc BJ +
arc Al = arc BJ —arc LJ + arc JC, or arc Al + arc LJ = arc JC, but
arc JC = arc BL, and we then have arc Al + arc LJ = arc BM + arc
ML, but arc ML = arc Al. We now get arc LJ = arc BM, or ZLAJ
= /BIM which, in turn, causes triangles AUH and IUH to be
congruent and £ AUH = ZIUH, or HU is the exterior bisector of
Z AHI, and the proof is complete.
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Problem 2 of the Irish Mathematical Olympiad 2010

Let ABC be a triangle and let P denote the midpoint of the side
BC. Suppose that there exist two points M and N interior to the
sides AB and AC, respectively such that |AD| = |DM| = 2|DN|,
where D is the intersection point of the lines MN and AP. Show
that |AC| = |BC|.

Solution

A

B P C

From B draw a line to parallel MN and to intercept AC at Q’ and
AP at G’. Also draw the median BQ to intercept AP at G.

BG' DM 2
Since BQ’ || MN, =~ GQ DN —1° and G the centroid of triangle

BG 2 BG' BG
ABC, G_Q_l’or GQ'=GQ or GG’ || QQ’.

Therefore, G>’=Gand Q=Q’.

3 3
Now since AD = DM, AG =BG, and AP = 5 AG= 5 BG =BQ,
and APAB = AQBA implying AQ = BP, or |AC| = |BC]|.
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Problem 2 of Australia Mathematical Olympiad 2008

Let ABC be an acute triangle, and let D be the point on AB
(extended if necessary) such that AB and CD are perpendicular.
Further, let ¢4 and ¢B be the tangents to the circumcircle of ABC
through A and B, respectively, and let E and F be the points on ¢4
and ¢B, respectively, such that CE is perpendicular to z4 and CF is
perpendicular to ¢B.

CF

Prove that CE_CD

Solution

We see that ADCE and BDCF are both cyclic which cause
ZDFC = ZABC (1)
and ZDEC = ZBAC (i1)

/BAE+ ZDCE = ZABF + ZDCF = 180°, but ZBAE =
Z ABF (both subtend larger arc AB); therefore, ZDCE = ZDCF.

However, £/ ACB subtends smaller arc AB; hence, Z ACB =
ZDCE = ZDCF since £ ACB also combines with £ BAE
to be 180°.

Now with the addition of (i), the triangles ABC and DFC are
similar because their respective angles are equal.

Similarly, combined with (i1), the two triangles ABC and EDC are
also similar for the same reason.

| . CD_CF
Therefore, triangles DFC and EDC are similar, and CE—CD
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I8
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Problem 6 of the British Mathematical Olympiad 2009

Two circles, of different radius, with centers at B and C, touch
externally at A. A common tangent, not through A, touches the
first circle at D and the second at E. The line through A which is
perpendicular to DE and the perpendicular bisector of BC meet at
F. Prove that BC = 2AF.

Solution

Let R and r be the radii of the large and small circles, respectively.
Also let M be the midpoint of BC. From B draw the altitude to EC
to meet it at G.

Consider two right triangles GBC and MFA, ZGBC = ZMFA
(their sides are perpendicular to each other).

Therefore, AGBC is similar to AMFA, and we have
BC BG GC R-r

AF - MF AM = AM @
R_

But AM +7=R~ AM, or AM =5

Equation (i) becomes AF 2 R_, %0 BC =2AF.
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Problem 4 of the British Mathematical Olympiad 1995

ABC is a triangle, right-angled at C. The internal bisectors

of angles BAC and ABC meet BC and CA at P and Q,
respectively. M and N are the feet of the perpendiculars from P and
Q to AB. Find angle MCN.

Solution

A

135°

C P B

Extend NC to meet MP at I (not shown on graph). Since QN || PM
(because both | AB), /CNQ = Z/CIM.

Besides, ZMCN = ZCIM + £ CMP, we then have
/MCN = ZCNQ + / CMP ()

Observe that ~ AAPM = (congruent to) AAPC, and
ABQC = (congruent to) ABQN.

We then have AP | CM and BQ | CN.
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AP | CM results in ZCMP = Z/MCP, and BQ . CN results in

/ CNQ = /NCQ.

Equation (i) becomes ZMCN = ZNCQ + £ZMCP.
However, ZMCN + ZNCQ + £ZMCP = 90°.
Or, ZMCN = 45°,

Further observation

We can prove CP = MP which results in ZCMP = ZMCP by
using a different method using the angle bisector AP.

Since AP is the angle bisector of £ BAC, we have

CP_AC

PB  AB-

Furthermore, the two triangles ABC and PBM are similar making
MP _AC

PB  AB-

Those two previous equations give us CP = MP.

Similarly, CQ = NQ resulting in ZCNQ = ZNCQ.
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Problem 3 of the British Mathematical Olympiad 1996

Let ABC be an acute triangle, and let O be its circumcenter. The
circle through A, O and B is called S. The lines CA and CB meet
the circle S again at P and Q, respectively. Prove that the lines CO
and PQ are perpendicular.

Solution

CP
The intersecting secant theorem gives us CPxCA = CQxCB, or @

CB
=CA which implies that triangle CPQ is similar to triangle CBA,

and ZABC = ZQPC.

Extend QP to meet the circumcircle of triangle ABC at I on top
and J on bottom. Since £ ABC subtends smaller arc AC, and
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Z QPC with P inside the circumcircle of triangle ABC subtending

arc Al plus arc JC, we have arc AC = arc Al + arc JC, or arc Al +
arc IC = arc Al + arc JC, or arc IC = arc JC, or IC = JC.

Furthermore, O is the circumcenter; therefore, CO _LJI, or

co_LPpQ.
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Problem 5 of the British Mathematical Olympiad 1996

Let a, b and ¢ be positive real numbers,

a) Prove that 4(a® + b*) = (a + b)?
b) Prove that 9(a®* + b* + ¢*) = (a + b + ¢)?

Solution

a) To prove that 4(a®> + b*) = (a + b)?, it suffices to prove
4(a®*+ b*) = a® + 3a*b + 3ab* + b, or

3(a® + b*) = 3a*b + 3ab?, or

@+ b= a*b + ab?, or

ad—-a*b+b>—ab*>0, or

a(a*—b*) + b(b*—a*) =0, or

(a—b)(@— b >0, or
(a —b)(a—b)(a+b)>0, or
(a—bYa+b)>0.

Since (a—b)*=0anda+bH>0,
(a — b)*(a + b) = 0 is always valid.

b) To prove that 9(a® + b* + ¢*) = (a + b + ¢)?, it suffices to prove
9@+ b+ c*)—(a+ b+ c)=0. Expanding this latest inequality,
we have 9(@* +b*+c*)—(a+b+c)* = 0.

@+ b+ c?)—(a®>+ b*+ A+ 3a*b + 3ab* + 3a’c + 3ac® + 3b*c +
3bc* + 6abc) > 0.

Rearranging the terms as follows
3a® —3ab®> —3a*b + 3b* + 3a® — 3ac* — 3a*c + 3¢ + 3b* —3bc* —
3b%c +3c3 +2a3 + 263 + 2¢3 = 6abce, or

3(a-b)a*—b*) +3(a—c)a*—c*)+3(b—c)(b*>—c?) +2a° +2b* +
2¢3 = 6abce, or
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3la-by(a+b)+3@—-c(a+c)+3(b—-cP(b+c)+2a>+b*+
c*) = 6abc which is the inequality we need to prove.

But (a-b)*=0,and a+b> 0,0r (a—b)(a+b)=0.
Similarly, (a—c¢)*=0,and a+c¢> 0,0r (a—c)(a+c)=0.
(b—cP=0,and b+c> 0,0or (b—c)(b+c)=0.

Adding these three inequalities to get
(a—by(a+b)+(a—c)a+c)+(b—c)(b+c)=0,or
3(a-b)(a+b)+3(a—-c)(atc)+3(b—c)(b+c)=0 (1)

Now applying the AM-GM inequality to get
a;d+b+c> 33 a*b’c® =3abc, or
2(a®+ b* + ) = 6abc (i1)

Adding (i) to (ii) to get
3la-b)(a+b)+3a-c)y(atc)+3(b—cP(b+c)+2a®+ b+
c®) = 6abc.
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Problem 3 of Austria Mathematical Olympiad 2002

Let ABCD and AEFG be two similar cyclic quadrilaterals (labeled
counter-clockwise). Let P be the second point of intersection of the
circumcircles of the quadrilaterals. Show that P lies on the line BE.

Solution

Let R, O1 and r, O2 be the radii, circumcenters of the circumcircles
of quadrilateral ABCD and AEFG, respectively. Also let £ ABD =
a, ZADB =y and ZBAD =3.

The similarities between the two quadrilaterals give us

AG r
AD- R ZAEG=ZABD=0a, ZAGE= ZADB=y.

But both £ APG and £ AEG subtend small arc AG, and both
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/ AGE and Z APE subtend small arc AE, and we have £ APG =
ZAEG=a=ZABD, ZAPE= ZAGE =y= ZADB.

Furthermore, since point P being on both circles and

AG
AD -~ ﬁ, the three points P, G and D are collinear.

Therefore, Z BAD =§ = ZBPG.

Now, let’s add the three angles ZAPE + ZAPG + ZBPG=y+a
+ 8 which are the three angles of triangle ABD, and £ APE +

Z APG + ZBPG = 180°, or the three points E, P and B are on the
same straight line, or point P lies on the line BE.
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Problem 8 of the Irish Mathematical Olympiad 1991

Let ABC be a triangle and L the line through C parallel to the side

AB. Let the internal bisector of the angle at A meet the side BC at

D and the line L at E, and let the internal bisector of the angle at B

meet the side AC at F and the line L at G. If |GF| = |DE]|, prove that
|AC| = |BC].

Solution
G C E G L
D
F
B
B' A
BC AC

From the law of sines, . Without loss of

sin/ CAB ~ sin/ CBA
generality (WLOG) assuming that BC > AC as shown on the
graph, we then have sin £ CAB > sinZ CBA, or ZCAB > ZCBA.

Since BG and AE are internal bisectors, we have the following
FC BC DC AC
equalities =1 FA - AB’ and g DB-AB-
. BC_AC FC_DC
As assumed earlier BC > AC, AB~ AB’ and FA - DB (1)
) FC FG DC _ DE
But also because line L || AB, FA- FB° and DB DA -

o FG _ DE .
Inequality (i) becomes B ~ DA (i1)
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Given FG = DE by the problem, inequality (ii) now becomes

FB <DA. Adding FG to the left and DE = FG to the right of it, we
have FB + FG < DA + DE, or BG < AE (1i1)
Bur since ZCAB > ZCBA, 2/ CAB >/ CBA,

or / CAE > ZCBG,

or 180° -2/ CAE < 180° -2/ CBG,

or ZBCG > ZACE.

Picking point G’ as mirror image of G across C on line L, and B’
as the mirror image of B across the vertical line perpendicular to
AB through C, we have BG = B’G’. It’s evidenced that from BC >
AC and GC = BC (triangle GCB is isosceles since ZCBG =
ZCGB due to line L || AB) > CE = AC, or G’C > CE and B’C >
AC.

Combining with ZBCG = ZB’CG’ > £ ACE, we obtain B’G’ =
BG > AE which contradicts with the result in (iii).

Therefore, the assumption that BC > AC is false; likewise, the
assumption in the opposite direction AC > BC will also be false by

following the same argument, and the only possible scenario is that
AC=BC.
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Problem 1 of the British Mathematical Olympiad 2000

Two intersecting circles C7 and C2 have a common tangent which
touches C1 at P and C2 at Q. The two circles intersect at M and N,
where N is nearer to PQ than M is. The line PN meets the circle C2
again at R. Prove that MQ bisects angle PMR.

Solution

i)

Let I and J be the centers of C7 and C2, respectively. From M draw
a line to parallel IP and to meet PQ at E. We have ZPME =
ZMPI, and ZQME = ZMQ)IJ. Observe that ZPNM + ZRNM =
180°, or the arc PM on C7 is equivalent to arc RM on C2, and
angles subtending small arc PM on C7 equals the one subtending
small arc RM on C2, or ZMIP = ZMIR, or 4(180°~ZMIP ) =
%5(180°- £ZMJR), or ZMPI = ZRMI. Finally, ZPMQ = ZPME
+ ZQME = ZMPI + ZMQJ = ZRMJ + ZQMJ = ZRMQ, and
MQ bisects angle PMR.
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Problem 8 of the British Mathematical Olympiad 2001

A triangle ABC has ZACB > ZABC.

The internal bisector of ZBAC meets BC at D.
The point E on AB is such that ZEDB = 90°.
The point F on AC is such that ZBED = ZDEF.

Show that / BAD = ZFDC.

Solution
C2
A
Ci
o (04
I E
6’6
9) N
4
F &
J C D B
K

Let .= ZBAD = ZDAC,B= ZBED= ZDEF,y=f -0 =
Z ADE.

We have Z AFE = 180° — 2o — Z AEF = 180° — 2a. — (180° — 23)
=2(B— o) =2y.

Let's draw the circumcircle C1 of AAEF, and let point O be the
intersection of the perpendicular bisector of AE and Ci. It’s easy
to understand that £ AOE = £ AFE =2y as O lies on Ci. Now use
O as the center, draw the circle C2 with the radius of OA = OE.
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Since ZADE =y =1/ AOE, point D is also on C2. Extend AO to
meet C2 at K.

Observe that AOFE is cyclic in C7, AKDE is cyclic in C2, and we
have

/ AOF + / AEF = 180°, or £ AOF = 180° — / AEF = 2p.
Z AKD + Z AED = 180°, or % £ AOD + Z AED = 180°, or
1,/ AOD = 180° — ZAED =P, or ZAOD = 2p.

Thus £ AOF = ZAOD, and the three points O, F and D are
collinear. Now extend DO and BC to meet C2 at I and J,
respectively. It’s easily recognized that EDJI is a rectangle, and
ED=1J. ZBAD and ZFDC subtend arc ED and arc 1J,
respectively on C2; therefore, ZBAD = ZFDC.

Further observation

The problem can also be solved by

a) Proving that AACD ~ (is similar to) ADCF to imply £ BAD =
ZDAC = ZFDC. This can be done by proving that CD? =

CF*xCA, or proving the perpendicular bisectors of FD and AF
meet on ED.

b) Proving that AAFD ~AADB to imply ZAFD = £ ADB which,

in turn, causes ZDFC to equal £ ADC making the two triangles
in method a) similar. This can be done by proving that AD? =
AF*AB.

These tasks are left for the reader as exercises.
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Problem 5 of Austria Mathematical Olympiad 1988

The bisectors of angles B and C of triangle ABC intersect the
opposite sides at points B" and C’, respectively. Show that the line
B'C’ intersects the incircle of the triangle.

Solution

A

B C

Let I be the incenter, Link Al to meet the incircle at J as shown.
It’s easily recognized that point J is in the interior of triangle
AB’C’ and on the bisector of angle BAC. Now link CJ and extend
it to meet AB at K. K must be between A and C’ because J is in the
interior of triangle AB’C’. Furthermore, since AC is tangent to the
incircle; therefore, with K on the other side of AC, B’K must
intersect the incircle.

However, since both C’ and K are on AB and K is between C’ and
A, C’ is at a lower altitude compared to K; i.e., distance from C’ to
BC is shorter than that from K to BC. Therefore, because B’K
already intersects the incircle, B’C’ also intersects the incircle.
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Problem 7 of the British Mathematical Olympiad 2003

Let ABC be a triangle and let D be a point on AB such that

4AD = AB. The half-line 0 is drawn on the same side of AB as C,
starting from D and making an angle of o with DA where o =

/ ACB. If the circumcircle of ABC meets the half-line 0 at P,
show that PB = 2PD.

Solution

Extend PD to meet the circle at Q. Since o = £ ACB subtending
arc AQB = Z ADP subtending arcs AP + arc QB, AP = AQ.

From A draw the diameter AF for the circle. Let AF and PQ meet
at E. We do have PE = QE, ZABF = ZDEF =90°, and BDEF is
cyclic which implies ADXAB = AEXAF = AE(AE + EF) = AE? +
AEXEF (1)
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But AEXEF = PEXQE = PE?, and equation (i) becomes
ADxAB = AE? + PE? = AP?

Given AB =4AD by the problem, we then have AP? =4AD?, or
AP

AD "~

PB AQ AP
The similarity of AADQ and APDB gives us 5~ PD_AD _AD =2,

or PB =2PD.

Further observation

PB_AQ _
Let M be the midpoint of AB; we have to prove that 5~ PD - AD —
AP

1D =2, or AP = 2AD = AM which makes PAM an isosceles

triangle with AP = AM. Extend PM to meet the circle again at N.
We will need to prove arc AP + BN = arc AQON, or BN = ON, or

BM
PN the bisector of £ BPQ which, interestingly, would cause DM~
PB

D= 2, and this is a fact.

One can also solve this problem by proving that BO L ON, or the

circumcircle of triangle BDP tangents with AP at P to achieve the
statement AP? = ADXAB.
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Problem 1 of the British Mathematical Olympiad 1997

N is a four-digit integer, not ending in zero, and R(N) is the four-
digit integer obtained by reversing the digits of N; for example,
R(3275) = 5723.

Determine all such integers N for which R(N) = 4N + 3.

Solution

Let N = abcd where a, b, ¢ and d are positive integers from 0 to 9,
and d # 0 as required by the problem. R(N) = dcbha.

R(N) =4N + 3 is now written in terms of @, b, c and d as

1000d + 100¢ + 10b + a = 4000a + 400b + 40c + 4d + 3, or

3999a = 996d + 60c — 390b — 3 (1)

Observe that a is maximum when d and ¢ are maximum and d is
minimum, or the maximal possible value for a is the integer value

996x9 + 60x9 —3
not greater than 3999 ,ora<2.

Also observe that the right expression of (i) is an odd number;
therefore, 39994 must be an odd number as well, or ¢ must be an
odd number smaller than 2, and in that case a = 1.

Substituting @ = 1 into (i) to get
4002 = 996d + 60c — 390h (i1)

Now observe that the units digits for 60c and 3905 are both zero;
therefore, the units digit of 9964 must be 2. Hence, d =2 or 7.

When d =2, we have 2010 = 60c — 3905 which has no solution in ¢
and b as maximal value for 60c is only 540.

When d =7, substituting it into (ii), we have 395 =297 + 6¢, and
the minimum value for b must be 8. Also observe that 297 + 6¢ is
an odd number, so b=9 and ¢ = 9.

Answer: N=1997.
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Problem 8 of the Russian Mathematical Olympiad 2010

In a acute triangle ABC, the median, AM, is longer than side AB.
Prove that you can cut triangle ABC into three parts out of which
you can construct a rhombus.

Solution

P A D E —_ N

Geometrically, we know that any right triangle can be cut into
three parts to form a rhombus. Let’s draw a circle with center M
and diameter BC as shown. From A draw a line to parallel BC and
meet the circle at D. Now denote (€2) the area of shape Q.

We have (DBC) = (ABC).
Let N be the mirror image of M across the diagonal DC. It’s easily
seen that DNCM is a rhombus with (DNCM) = (DBC) = (ABC).

Let I and J be the midpoints of AB and AC, respectively. We have
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1J || BC, and IJ = /2BC. Now move the rhombus DNCM to the left
so that the midpoint of NC coincides with J. Point D — P, N — E,
M—Qand C —F.

Next, cut the triangle ABC into the three pieces with shape IBQ,
AIQFJA and JFC. It’s easily seen that AIBQ = AIAP and AJFC =
AJEA, and the three pieces fit into the rhombus PEFQ.

Further observation

P//\A\ E

B

Q F C

Now that the problem has been solved, it’s easier to summarize the
way to cut the triangle into three pieces which together form a
rhombus. It is as follows:

Pick the midpoints I and J of AB and AC, respectively. Draw two
identical circles with centers I and J and with their diameter being
half the length of BC. They intercept BC at Q and F, respectively.
Draw the line to parallel BC through A. This line should intercept
the extensions of QI and FJ at P and E, respectively. The rhombus
is PEFQ.

This solution does not cover all the configurations of triangle ABC.
There are cases where vertex A is higher than the highest point of
the circumcircle of triangle DBC.
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Problem 3 of the Middle European Mathematical Olympiad 2010

We are given a cyclic quadrilateral ABCD with a point E on the
diagonal AC such that AD = AE and CB = CE. Let M be the center
of the circumcircle £ of the triangle BDE. The circle & intersects
the line AC at points E and F. Prove that the lines FM, AD and

BC meet at one point.

Solution

Extend AD and BC to meet circle & at J and I, respectively and to
meet each other at P. Since ABCD is cyclic, we have ZDAC =
Z/ DBC, but ZDAC subtends arc = JF minus arc DE on circle k&
while £ DBC subtends arc IE minus arc DE; therefore, IE = JF.

Also since CB = CE, CEB is an isosceles triangle and BF = IE, or
JF =BF.

From M drop the three altitudes MX, MY and MZ to BP, AF and
AlJ, respectively. Because AM and CM are the angle bisectors of

ZDAE and ZBCE, respectively, it’s easily seen that MX = MY =
MZ, or M is on the angle bisector of ZBP]J.

With M being the circumcenter of k&, MP is perpendicular to BJ as
a result, and combining with JF = BF, we conclude that the three
points P, M and F are collinear, or that the lines FM, AD and

BC meet at the same point P.

Note: It’s the author’s intention to solve the problem this way and
not applying the facts that BFMC and MFDA are cyclic
quadrilaterals and that the lines FM, AD and BC meet at the
radical center of £ and two circles.

Further observation

This problem can also be solved by drawing the segment CQ with
Q on AD satisfying that PC = PQ, and proving that QC || PM.
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Problem 1 of the Ibero-American Mathematical Olympiad 1999

Find all the positive integers less than 1000 such that the cube
of the sum of its digits is equal to the square of such integer.

Solution

Let the integer be N = abc where a, b and c are integers from 0 to
9. The problem can be solved by claiming N to be a cube itself as
has been done by other authors. Let’s solve the problem by not

applying this fact.

Observe that the maximum value for @, b and ¢ is 9, and the
maximum value of the cube of the sum of its digits is 27° = 19683.

So the maximum value of the square of N is 19683, or

(100a + 106+ ¢)* < 19683, 0ra < 1.

Now assume a =1, (100 + 106+ c)>*=(1 + b + ¢)*, or

10000+ 97b* +1997b +14bc +197¢ = b + ¢* + 3bc* +3b*c +2¢* + 1.
Observe that the maximum value for the expression on the right is
5995 when b =c¢ =9 is less than 10000 which is the minimum
value of the expression on the left; therefore, the above assumption
of a =1 is not possible.

Now let a =0, we now have (105 + ¢)>* = (b + ¢)*, or

10002 — b* = ¢ + (3b — 1)c® + (3b — 20)be (i)

With b =9, substituting it into (i) to get
7371 = ¢* + 26¢* + 63¢ < 3402 which is not allowed.

Continue to substitute the other values for b, we have the solutions
of N=1, 27.
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Problem 3 of Japan’s Hitotsubashi University Entrance Exam
2010

In the xyz space with O (0, 0, 0), take points A on the x-axis, B on
the xy plane and C on the z-axis such that ZOAC = Z0OBC =6,
Z AOB =260, OC = 3. Note that the x-coordinate of A, the y-
coordinate of B and the z-coordinate of C are all positive.

Denote H the point that is inside AABC and is the nearest to O.
Express the z-coordinate of H in terms of 0.

Solution

Let [®@] denote the plane containing shape ®. Since BE[xy],
OC_LOB. ABOC = AAOC (having 3 respective equal angles and
common segment OC). Hence, OA = OB and AC = BC.

Let M be the midpoint of AB. Since point H is nearest to point O,
OH L [ABC], H must lie on MC (H €MC), and OH | MC. Let’s
draw the two-dimensional graph for [MOC] as shown in Figure 2.

Next draw the altitude HI to OC. We then need to find OI, which is
the z-coordinate of H, in terms of 0. Since AOHI = (is similar to)

AMCO, Ol = o e

MC
But in figure 2,
OC Oom?
OH = OMXM—C, or Ol = 3XMC2 (1)

Also in figure 1,
OA = OC/tan0 = 3/tan0,
OM = OAxcos¥ Z AOB = OAxcos0 = 3cos0/tand = 3c0s20/sind
4
cos O

MC =4/OM?+0C? =3 >t 1

sin” 6

Substituting these values to (i) to get
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3cos' 0
sin” 0
Ol= 7= > _, and this completes our analysis.
cos 0 sin
1+— 1+—3
sin” 0 cos 0

y

_|_
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Problem 24 of the Iranian Mathematical Olympiad 2003

In an acute triangle ABC points D, E, F are the feet of the altitudes
from A, B and C, respectively. A line through D parallel to EF
meets AC at Q and AB at R. Lines BC and EF intersect at P. Prove
that the circumcircle of triangle PQR passes through the midpoint
of BC.

Solution
A
C
v
08
F
o+7
5+7
O(O(
s+7 R
E Y H
U
Kot 9o+
) 5|6 L
C 7 a+7 \pat? o 9
P D N M B
Q 180°- (5+7)
°- (6+
I (
Ci
J

Let H be the orthocenter of triangle ABC. Because ABDE, ACDF,
BCEF, AEHF, BDHF and CDHE are the cyclic quadrilaterals, we
have the following results when assigning the Greek letters to the
angles:
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a= ZBAD= ZBCF = ZFEB = ZDEB,

8= ZABE= ZACF = ZADF = ZADE,

y=ZCAD= ZCBE= ZCFE= ZCFD,

and 8 +y= ZAEF = ZABC = ZAQR (since FE || RQ).

From there, ZRBC = ZRQC = 180° — (8 + ), and BQCR is
cyclic which implies BDxDC = RDxDQ = PDxDM (1)
Let the circumcircles of triangle PQR and BEC be C and C1,
respectively, and let M be the intersection of C and BC.

Extend ED and FD to meet the circle C7 at [ and J, respectively.
We easily see that ED = DJ and FD = DI, and BDXDC = FDxDJ =
FDxDE.

Combining with (i) above to get

PDXDM = FD*DE, or o2 - 2E
- U ¥~ DM

Now in addition with ZFDP = ZMDE = a + v, the two triangles
FDP and MDE are similar which implies that £ DFP = ZDME.
But ZDFP = ZDFB + ZPFB = /DFB+ £ AFE = 2(a. + 3), or
ZDME =2(a. + ) =2 £ ACB.

Because BC is the diameter of C; and ZDME =2/ ACB, we
conclude that M is the midpoint of BC.

Further observation

The four points P, B, D and C form a harmonic sub-division. Draw
a circle with center P and radius PB to meet EP at K, and another
circle with center D and radius BD to meet QR at L. The reader
can attempt to prove the fact that the three points K, L and C are
collinear. The circle Cl1 is called an Apollonius circle. For more on
this, see the previous problem 2 of the Korean Mathematical
Olympiad 2007 in this book.

We also have the following equation as a result of the Apollonius
circle

BD DL DC
PB-PK_ PC’ and £ZPIB = ZDIP, ZPJB = ZDJP.
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Problem 5 of Taiwan Mathematical Olympiad 1999

The altitudes through the vertices A, B, C of an acute triangle ABC
meet the opposite sides at D, E, F, respectively, and AB > AC. The
line EF meets BC at P, and the line through D parallel to EF meets
the lines AC and AB at Q and R, respectively. N is a point on the
line BC such that Z/NQP + £ NRP < 180°. Prove that BN > CN.

Solution
A
C
Y
F
5+7
5+7
6+7 R
E Y H
b
At 4
0 0|6
Cl o+ \pot? o 0
P D N M B
Q
180°- (5+7)
Ci
J

This problem and the previous one are closely related. In the
previous problem, we proved BM = CM. And since PQMR is
cyclic, ZMQP + ZMRP = 180°. To satisfy the requirement that
ZNQP + ZNRP < 180°, point N has to be on the left side of point
M on line BC, and we have BN > BM = CM > CN, or BN > CN.
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Problem 4 of Hong Kong Mathematical Olympiad 2009

In figure below, the sector OAB has radius 4 cm and ZAOB is a
right angle. Let the semi-circle with diameter OB be centered at [
with IJ || OA, and 1J intersects the semi-circle at K. If the area of
the shaded region is T cm?, find the value of T.

Solution
B
Ci F
Q I K J
§
C: ~
I
%
C 7 o /2=2cm E N A

D

Draw the full circle with center O and radius » = OA = OB, and
assign it circle Ci. Let’s also assign C2 the circle with center I and

1
radius 10. It’s easily seen that the radius of C2 equals PRE Extend
AO and BO to meet circle C7 at C and D, respectively.
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Pick E as the midpoint of OA. From E draw the segment EF (F on
(1) to parallel with OB. It’s also easily seen that the two
trapezoids OEFB and OIJA are congruent, and AJ = BF.

Extend JI to meet the circle C7 at Q. The two segments JQ and BD
intercept at I inside a circle, and we have [JxIQ = IBxID.

3r

But IJ = IQ, and ID = 3IB =5, or ) = 3IB2, and IJ = /3/2.

Now let N be the foot of J onto OA; we have JA2=JN? + NA2=

1 1 1
272t (= ONpR =772+ (=P =772+ (r—n[3/2) or

In the right triangle JKF with KJ = KF, JF=JKA[2 = (IJ - IKR/2

2-1[3.

Hence, JA = JF = BF, and the area bounded by arc JA and the

1 1
straight segments OJ and OA is 1 (Cn= Enrz.

1 1
The area of the triangle OlJ is 5 <0 = 3 r”'\/g
The area bounded by arc BK and straight segments BI and IK is

1 1
4 ()= 16 .

The area of the shaded region is a quarter of the area of C; minus
1 1 1
the total of the above three areas which is ;, w? — 77w — ¢ rl\/g

1 1
~Tem= 2972 [5t—6\3].

1
Using the given value r =4 cm, T = 3 [5mt— 6\/3] cm.
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Problem 1 of the Vietnamese Mathematical Olympiad 1992

Let ABCD be a tetrahedron satisfying

a) ZACD + ZBCD = 180°, and

b) ZBAC+ £ZCAD + ZDAB= ZABC + ZCBD + ZDBA =
180°.

Find value of (ABC) + (BCD) + (CDA) + (DAB) if we know AC +
CB=kand ZACB = a. Note: (Q) denotes the area of shape Q.

Solution

Let [®@] denote the plane containing shape ®. Lay AABD, AACD
and ABCD flat on the plane of AABC (JABC]) in figure 1. The
segments are dotted to show that they lie on the same plane [ABC].
Point D of triangle ACD is now at D’; the same point D of triangle
BCD is now at D”, and that of triangle ABD is now at D”’.

We are already given ZACB = a. Now let ZACD =, £BCD
=y, ZD’AB=p, ZBAC=¢, ZCAD’ =3, ZCD’A=y,
ZABD”’ =)\, ZABC = ¢, ZCAD” =y, AD =a, BD = b and
CD = ¢ (as shown in figure 1).

Since ZBAC + ZCAD + ZDAB= ZABC+ZCBD + ZDBA =

180°, which can now be writtenase +d+pu= ¢+ 1+ A =180°,
the three points D’, A and D’’’ form a straight line, so do the three
points D”, Band D*”’.

Also note that AD=AD’=AD’" =aq,
BD=BD”=BD’" = b,
CD=CD’=CD”=c,

and since A and B are the midpoints of D’D’”’ and D”D’”’,

respectively, AB || D’D”, and AB = 2D’D”’.

Draw the altitude DK to the extension of D’C. Since £ ACD +
ZBCD (B + ) =180°, or ZACD’ + ZACK = 180°, we have
/D”CK=/ZACB=a,and ZD’CD” = 180° — a, and thus
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AB =1%D’D” = cxcoslaa (1)
Dl"

Figure 1. Two dimentional layout.
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Now lay flat the two triangles ACD and BCD to share the same

side CD as shown in figure 2. Applying the law of sines for
AABC,

AB AC BC AC +BC kxsina

= = = —— ,orAB=—_—"—"—"— (i)
sinol  Sm@  sine  sing + sine sme + sine

Equating the two values of AB in (i) and (ii) to get

. kxsino
cxcoshoo=—"__— ., or
sing + sing
kxsino
cX(sing + sing) = = 2kxsin%2a, or
(sing ) costaa ’

2cxsin¥a(@ + €)cosv2(@ — €)= 2kxsinY2a, or
2cxcosv2oxcosla(p — €) = 2kxsinYz0a, or
cxcosla(p — €) = kxtan/za (111)

Figure 2

Let S be the value of the area (ABC) + (BCD) + (CDA) + (DAB).
S=(D’'D”"D’”’) - (D’CD”) = 4(ABD’”’) — (D’CD”).

But (ABD’””) = 2ABXxD’”’H (H is the foot of D’’’ on AB). Now
let D’”’H = A, and using AB in (i), we have (ABD’”’) = }acx
cosv20xh.
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On the other hand, (D’CD”) = 2D”Kxc¢ = Y2c?sina.. Therefore,
S = 2chxcos¥a — Yac?sino. = 2¢h xcosYao — ¢2sinv20.cosv400 =
cxcoslaa (2h — csin'z2a).

Now from C draw the altitudes CE and CF to AB and D’D”,
respectively, and let CE = i, CF =. The above expression for S
becomes S = ¢(2h — j)cosVao = ¢(2h — j)cos ZCD’D” =

c@h-)) 5,

= (2h - j)*AB = (h + i)xAB = 2(ACBD"”").

This result shows that S = 2[(ACD’) + (BCD”)] = 2(ABD) as
shown in figure 2.

Let H’ be the foot of D on AB and #’= DH’, we obtain
S =h’x (AC + CB) = kh’ and need to relate /4’ to k£ and a.
Indeed, because AB || D’D”, we have

p:y+%, and

o
A=y + 25 OF
H—A=y—y (iv)
Andsince e+ 0+ pn= ¢ +n+A=180° it follows that
e—e=0+u—A—m. (v)
Substituting 1 — A from (iv) to (v) and note that v — n =3, we have
p—e=7y+d- (vi)

However, in AACD’ and ABCD” with § +y = 180°, v + & = 180°
— B, and (vi) becomes @ — & = 180° — 23, or "2(p — &) = 90° — .

And equation (iii) becomes c¢xcos(90°— ) = c¢xsinf = ktan’za..

And now S = h’x(AC + CB) = kh’ = kXxcsinf = k*tan’sa. This
completes our analysis.
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Problem 2 of the British Mathematical Olympiad 2005

Let x and y be positive integers with no prime factors larger than 5.
Find all such x and y which satisfy x> —)? = 2k for some non-
negative integer k.

Solution

Since x and y are positive integers with no prime factors larger than
5, we can express them as follows x = 29 x37 x5¢ and y = 29 x3¢ x

5/ where all the values a, b, ¢, d, e and f'take on the values of

either 0 or 1, and the possible values for x* and )? are
x*=1,4,9,25, 36, 100, 225, 900.
»=1,4,9,25, 36, 100, 225, 900.

The problem requires x > y and the difference of x> —)? to be an
even number. Therefore,
@2, %) =(9, 1), (25, 1), (225, 1),

(25,9), (225, 9), (225, 25),

(36, 4), (100, 4), (900, 4),

(100, 36), (900, 36),

(900, 100),
and finally
x,y)= 3, 1),(51),(15,1),(5,3),(15,3), (15, 5), (6, 2), (10, 2),
(30, 2), (10, 6), (30, 6), (30, 10).
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Proof of Carnot’s theorem for the obtuse triangle

Let ABC be an arbitrary obtuse triangle. Prove that DG + DH = R
+ r + DF, where » and R are the inradius and circumradius of
triangle ABC, respectively, D the circumcenter of triangle ABC,
DF, DG and DH the altitudes to the sides AC, AB and BC,
respectively.

(Carnot's theorem is used in a proof of the Japanese theorem for
concyclic polygons.)

Solution

Let E be the incenter of AABC and I, J and K be the feet of E to
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AC, AB and BC, respectively. We have » = EI = EJ = EK, and Al
= AJ, CI =CK, BJ =BK. Let a = BJ = BK, and denote () the area
of shape Q.

Since DG || EJ, EJ L AB, AGEJ and ADEJ have the same base r =
EJ and the same altitude GJ, hence (GEJ) = (DEJ).
Similarly, (HEK) = (DEK).

Adding those two equations to get (GEJ) + (HEK) = (DEJ) +
(DEK).

Now adding (BJEK) to both sides, we obtain (BGEH) = (BJDK).
But since G and H are the midpoints of AB and BC, respectively,
(BGEH) = 4(AECB), and (BJDK) = (DJB) + (DKB) = 4DGxBJ +
%2DHxBK, we then have 2(AECB) = 2DG*BJ + 2DHXBK, or
(AECB) = DGxBJ + DHxBK = a(DG + DH).

Moreover, (AECB) = (AEB) + (BEC) = ar(AB + BC), and now
the above equation becomes Y2r(AB + BC) = a(DG + DH).

Also note that B + BK =AB+BC-AJ-CK=AB+BC-AIl-
CI, or 2a = AB + BC — AC, and the previous equation can now be
written as 7(AB + BC) = (AB + BC — AC)X(DG + DH).

Rearranging the above equation to get
(AB + BC)X(DG + DH - r) = ACX(DG + DH) (1)

Now note that BGDH is cyclic and by Ptolemy’s theorem

GH xBD = DGxBH + DHxBG, but GH = 2AC and BD = R, and
RxAC DGxBC DHxAB

we have 5 - 5 - 5 or

RxAC = DGxBC + DH xAB (ii)

But since (ADCB) = (ADC) + (ABC), DF xAC + (AB + BC +
AC) = DG*AB + DHxBC (iii)

Adding (i1) and (ii1), we get
AC(R + r+ DF)=DG(AB + BC) + DH(AB + BC) — (AB + BC),
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or AC(R + r + DF) = (AB + BC) x(DG + DH — 7) (iv)

From (i) and (iv), we finally have
ACx(DG + DH) = ACx(R + r + DF), or DG + DH = R + r + DF.

Further observation

This proof was made possible by requests from the readers of my
previous book even though the proof of the Carnot’s theorem for
the acute triangle is already available at the website www.cut-the-
knot.org.

It was brought to the author’s attention that for an obtuse triangle
the proof'is much more complex compared to the existing proof in
the website. And for that purpose, the author has intentionally
resorted to a more difficult way to prove the theorem instead of
basing on the already existing method which used the similarities
of the triangles as you have seen it in the above website.
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Problem 1 of Hong Kong Mathematical Olympiad 2007

Let D be a point on the side BC of triangle ABC such that AB +
BD = AC + CD. The line segment AD cut the incircle of triangle
ABC at X and Y with X closer to A. Let E be the point of contact
of the incircle of triangle ABC on the side BC. Show that

a) EY is perpendicular to AD,
b) XD is 2xIM, where I is the incenter of the triangle ABC and M
is the midpoint of BC.

Solution
N
B8 o8
7
R
C2 o
B oty
p "y
E
ot
P g R
el v, R
1
M
Ci
D
0% a
o Y 77 S B gy
A Q C K

a) Let the incircle be C1. Draw the external circle C2 with center O
for triangle ABC that tangents the extensions of AB and AC at N
and K, respectively. It’s easily seen that BN = BD, CK = CD and
OD LBC. Now leta = £ZBAI= ZCAI=%ZBAC, = ZABI=
ZCBI=%/ZABCandy= ZACl= ZBCI="%./ACB. We have
o+ p+y=90°.

Now let P and Q be the tangential points of C7 with AB and AC,
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respectively. We then also have a. = ZQPI, = ZEPL

Note that since OC and IC are the angle bisectors of £ DCK and
Z ACB, respectively, ZDCI+ £DCO =% 2 ACK =90°, or
ZDOC =y, ZDOK =2 2DOC = 2y.

Therefore, £ DNK = y (subtending arc DK).

Since both C7 and C2 tangent AB and AC with the points of
tangent on AC at Q and K, and ray AD cuts C7 and C2 at X and D,

X
respectively, we have % = % where » and R are the radii of C7 and

(2, respectively.

Therefore, ZXPQ = ZDNK =y, and ZEPX = ZEPI+ ZQPI +
ZXPQ=p+a+y=90° and because PEYX is cyclic, ZEPX +
ZEYX =180°, or ZEYX =90°, and EY is perpendicular to AD.

b) Since AP = AQ, BP = BE, CE = CQ and CE = CD + DE, the
given equation AB + BD = AC + CD is equivalent to AP + BP +
BE + DE = AQ + CQ + CD. Canceling equal terms on both sides,
we get BE = CD. Therefore, the midpoint M of BC is also the
midpoint of DE, and since ZEYX =90°, EX is the diameter of C1/,
or E, I and X are collinear, and I is the midpoint of EX.

I and M are midpoints of EX and ED, respectively; therefore,
XD = 2xIM.
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Problem 4 of the Estonian Mathematical Olympiad 2007

In square ABCD, points E and F are chosen in the interior of sides
BC and CD, respectively. The line drawn from F perpendicular to
AE passes through the intersection point G of AE and diagonal
BD. A point K is chosen on FG such that AK = EF. Find ZEKF.

Solution
A a B
04
45° G X
E
K
D F N C

Observing that the whole configuration depends on the length of
segment BE. Let’s calculate the lengths of other segments as
functions of variable BE.

Let BE = x, the side length of square ABCD be g, and oo = £ AEB.
From B draw a line to parallel with GF and intercept DC at N.
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Since GF L AE, BN L AE, and ZBAE = ZCBN (angles with
perpendicular sides), or AABE = ABCN, and BN = AE.

Per Pythagorean theorem, AE = GA + GE =4/a? + x? (1)
GE GB BE
and since AD || BC, we have S (i1)

GA GD_ AD a
or GA = GEx~..
X

x}[az + x2

Now substituting GA into (1), we get GE = 4t

GF GD
And because GF || BN (=AE), 5= Bp -

But BD is the diagonal of the square ABCD, and now we have

GD GD
GF = AExgH =~[a? + x2x NG (iii)

Now combining GB = GDx-. from (i) with

242
GB+GD=BD=a\/§,wegetGD=ML.

atx
oy . . aNa+x*
Substituting GD into (iii), we obtain GF = Jtx and now
2
EF?=GE*+ GF* = ( Ty ) = AK? = GA?+ GK?, or
_atx N +x2 a 2
G2 = (257 (G = (R
2( H2 + 2
% = GE?, or GK = GE and KGE is a right isosceles

triangle, and £ GEK = 45°.

Finally, ZEKF = ZKGE + ZGEK = 135°.
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Problem 4 of Hong Kong MO Team Selection Test 2009

Two circles C1, C2 with different radii are given in the plane, they
touch each other externally at T. Consider any points A€C1 and
BeC2, both different from T, such that £ ATB = 90°.

a) Show that all such lines AB are concurrent.
b) Find the locus of midpoints of all such segments AB.

Solution

a) Let O1, » and O2, R be the circumcenters and radii of C1 and C2,
respectively. Extend BA to intercept the extension of O201 at L.
Let IB intercept C1 and C2 at E (other than A) and F (other than
B), respectively, IT intercept C1 at J (other than T) and C2 at K
(other than T). Also let o= ZATIL, = £ZBTO2.

We have o + 3 = 90°. But since JT and TK are the diameters of the

two circles, we also have ZJAT = Z TBK = 90°. Therefore,
ZAJT=p,and £LBKT = a, and AJ || BT, AT || BK all of which,
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. B_IT 1B _IK
in turn, cause =Ty, and 4 =77, or

IT IK D+JT IT+TK 1+2_1+ 2R

p I g oI "t T T Ty @t
r 2r? .

D D+27 Ot IJZEandlsaconstant.

We conclude that all such lines AB meet at point I at a distance of
22

R—-r
two circumcenters, or they are concurrent.

away from fixed point J on the line that passes through the

b) Pick O3 and M as the midpoints of O102 and AB, respectively.

O3M = 5(A01 + BO2) = Y4(r + R) and is constant no matter where
A and B are on the two respective circles C1 and C2 as defined by

the problem.

Therefore, the locus of midpoints of all such segments AB is a

circle with center O3, which is the midpoint of the two
circumcenters, and with radius of 2(r + R).
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Problem 3 of Tokyvo University Entrance Exam 2006

Given the point P(0, p) on the y-axis and the line m: y = (tan0)x on
the coordinate plane with the origin, where p > 1, 0 < 0 < /2. Now
by the symmetric transformation, the line / with slope o as the axis
of symmetry, the origin O was mapped the point Q lying on the
line y = 1 in the first quadrant and the point P on the y-axis was
mapped the point R lying on the line m in the first quadrant.

a) Express tan in terms of o and p.

b) Prove that there exist the point P satisfying the following
condition, then find the value of p.

Condition: For any 0 (0 < 0 < 1/2) the line passing through the
origin and is perpendicular to the line | is y = [tan(6/3)]x.

Solution

a) Extend QR to meet the y-axis at U; let H be the intersection of
the line / with OQ, T and W be the feet of R and Q on the x-axis
and S be the foot of P on RT, M and N be the feet of R and Q on
the y-axis. Also let PU = a.

Since UV L OQ and UO L. OW, the slope OW/QW = [a|, but QW
=1, and OW = |a/. Applying the Pythagorean’s theorem to get OQ

=\ +1.
The slope OH/UH = 1/|a|, or OQ /[2/UO? — 0Q?¥4 ] =

Aoz + 1/[27(a + py — (o2 + 1)/4 1= 1/|ol], or a2 + 1 = 2(a + p), or
a+p=(a*+1)2.

Since both PR and OQ are perpendicular with line /, implying PR ||
OQ which makes PR/a = OQ/ (a + p), or PR = a xOQ/ (a + p).

2412
Furthermore, RS/PR = QW/OQ, or RS = a/(a + p) = %

(*+1-2p) (a*+1-2p)
= 2_RS2= - =
[herefore, PS PR? - RS \/ 2+ 1 (02 + 1)
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y

m: y=(tanQ)x
T U
a
MH R
P L]
L y=[tan(6/3)]x
p 1 Q
N
H
. [
[: y=0x+ ¢
a(a;j‘—i_ll—zp)_ Finally, tanf = RT/ OT = (RS + p)/PSZﬁ-F'I%
L _pe+) _ opth+l-p

. The negative sign is

a ofr+1-2p) oo+ 1-2p)
taken since a is negative, and the slope for line m tan@ is positive.

b) Since 0= ZROW =32Q0OW, ZROQ =22QOW. Let L be
the foot of O on UQ, we must have AOLQ = AOWQ, and ZLOQ
= ZWOQ = ZLOR = 6/3. The point P exists to satisfy the

condition when RQ = 2QW. However, RQ = PO = p; therefore,
p =2, and P(0, 2) satisfies the given condition.
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Problem 5 of Korean Mathematical Olympiad 2006

In a convex hexagon ABCDETF triangles ABC, CDE, EFA are
similar. Find conditions on these triangles under which triangle
ACE is equilateral if and only if so is BDF.

Solution

E

Figure 1

LetI=ACNBF,J=ACNBD,K=BDNCE,L=CENDF,P=
DF N AE, Q = BF N AE. When both triangles ACE and BDF are
equilateral, the six 60° angles make the following quadrilaterals
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cyclic ABJQ, BCKI, CDLJ, DEPK, EFQL and AFPI.

Let ZBIC = o and £ BJA = B; we then also have ZAIF = ZFPA
= /EPD= /ZDKE= ZCKB=q, and ZAQB= ZFQE = ZELF
- /DLC= /CJD=§.

Therefore, the smallest triangles that have the 60° angles are all
similar (=) ; ABIJ = AAIQ = AFPQ= AEPL = ADKL = ACKIJ.

Suppose the two similar AABC and ACDE are not congruent,
super-impose them as seen on figure 2 below. Let C’ be the
previous C of ACDE. Join the two points B and D together (even
though B = D both letters are used to differentiate between the two
triangles), and make BI €DK, BJ €DL.

Since AC=C’E, ZBIC= ZDKE =a and ZBJA= ZDLC’ =§,
we have such a configuration as shown with AC || C’E. Let R =
ACNDC’and S=AC N DE.

B,D (B=D)

C' (or C of triangle CDE)

Figure 2

Since AABC = AC’DE, there are three options for £ ABC:
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Z/ ABC = Z/DC’E (i)
Z/ ABC = ZDEC’, or (ii)
ZABC = ZC’DE (iii)

Option (i): When ZABC = ZDC’E = ZBRC, the other angle of
AABC, ZBAC has the options of

Z/BAC =/ C’DE (i-a)
ZBAC = ZDEC’. (i-b)

(i-a) But when ZBAC =Z C’DE, the remaining angle ZBCA
=/ DEC’ which is not possible since ZDEC’ = ZBSA = ZBCA
+ ZCDE, or ZBCA < ZDEC"’.

(i-b) When ZBAC = ZDEC’ = £ BSA, the remaining angle
ZBCA =ZC’DE, and in AABC, ZABC > 60° (a condition for
ABCDEF to be a convex hexagon), ZBCA = ZC’DE > 60° (*)
(also another condition for ABCDEF to be a convex hexagon), and
ZBAC =180° - ZABC — ZBCA < 60°. Hence, ZBSA =
ZBAC <60°. But ZBSA = /ZBCA + ZCDE, or ZBCA +

Z CDE < 60°, or ZBCA < 60° which contradicts with condition
(*) above. Hence, this option is also not feasible.

Therefore, option (i) is not allowed.

Option (ii): It is equivalent to option (i) with the sides switched.

The only other possible option is

Option (iii): When ZABC = Z C’DE, since AABC and AC’DE
share the same length for AC = C’E, the two triangles must be
congruent with either AB = C’D and BC = DE, or AB = DE and
BC =C’D.

Now let’s go back to figure 1.

a) When AB = CD and BC = DE, we also have AB = CD = EF,
and BC = DE = FA. The three triangles ABC, CDE, EFA are then
congruent with the above conditions in addition to AC = CE = EA.
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b) When AB = DE and BC = CD, B and D are symmetrical with
respect to the CF axis since F is a vertex of the equilateral triangle
BDF; therefore, AF = FE and EFA is an isosceles triangle which
causes the other two congruent triangles ABC and CDE to also be
isosceles with AB = BC and CD = DE.

The two results in a) and b) are conditions on these triangles under
which triangle ACE is equilateral if and only if so is BDF.

Other graphical configurations such as the one in figure 3 below
can be proven in a similar manner.

B,D (B=D)

60°

C' (or C of triangle CDE)

Figure 3
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Problem 5 of Taiwan Mathematical Olympiad 1995

Let P be a point on the circumscribed circle of AABC and H be the
orthocenter of AABC. Also let D, E and F be the points of
intersection of the perpendicular from P to BC, CA and AB,
respectively. It is known that the three points D, E and F are
colinear. Prove that the line DEF passes through the midpoint of
the line segment PH.

Solution
N
F
S
A
P
K
M
E J b

Q

H

T

O

B D /C

Let the circlebe C. Let N=CNBH,Q=CNCH,I=CNPF,]J
=QCNDF,S=BNNPF,K=BNNAC, T=PENQC,M=PH
N DF and L = FP N BC (shown with arrow to the right).

Since CH | AB and FP | AB, FP || QC and PC = QI and QIPC is
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an isosceles trapezoid, and £ QIP = ZIPC, or £ZFIQ = ZPCJ.
Furthermore, since BIPC and BFPD are cyclic, we have
LPxLI =LCxLB and LPxLF = LDXLB, or

LI LC
LE_ LD IC || FD.
Coupling with FP || QC, FICJ is a parallelogram, and FI = JC.

Combining with PC = QI and ZFIQ = ZPC]J proven earlier to get
AFIQ = AJCP, or QF = PJ.

However, point Q on the circumcircle C of AABC is the image of
of'its orthocenter H across AB by definition, and F is on the
extension of BA, QF = FH. Therefore, FH = PJ, and FPJH is a
parallelogram.

Hence, M = FJ N PH is the midpoint of PH, and line DEF passes
through the midpoint of the line segment PH.

Further observation

Because FP || QC and BN || PT, the problem can be proven by
proving that the line DEF passes through the midpoint of the line
segment ST, and yet another way to prove the problem is to show
that KM || NP since K is the midpoint of HN, thus M is the
midpoint of PH.
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Problem 4 of Taiwan Winter Camp 2001

Let O be the center of excircle of AABC touching the side BC
externally. Let M be the midpoint of AC, P the intersection point
of MO and BC. Prove that AB = BP, if ZBAC=2/ACB.

Solution

O

Since O is the circumcenter of the external circle, AO is the angle
bisector of ZBAC. Let Q = AO N BC, J be the foot of O on AC
and let ZBAQ = a.. We then also have ZCAQ = ZACB =

a, ZAQB = Z0QC = 2a. And since OC is also the angle bisector
of ZBCJ, ZBCO =90° — a/2.
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Applying the law of sines for AAQC to get
AQ AC ~_AC AQ  sino )
sin. sin(180° - 20))  sin2a.’ >’ AC  sin2a M

Now for AAMO, we have
AM MO AM  sinZQOP

sinZ QOP “sina’ ©" MO sino (i)
MC MO
For ACMO, we have & 7/ 6p = Sin(o +2QCO)
MO MO MC sinZCOP
sin(90° + 0/2)  cosa/2> % MO~ cosa/2 (i)

With AM = MC, equations (ii) and (iii) give us
sinZQOP  sinZCOP sin/QOP  sina, .
sin. coso2 %" sin/COP ~ cosa/2 (iv)

For AQPO, we have
QP PO QPxsin2a

sin/ QOP  sin2q * O Sin<QOP =54 v)
CP PO PO

For ACPO, we have &7 qp = sin(90° — 0/2)  cosa/2 > "

. CPxcosa/2 )
sinZ COP = ~— 70 (vi)

. . sinZQOP  QPxsin2a ..
From (v) and (vi), we obtain sin/ COP — CPxcosa/2 (vii)
. . sino. . QPxsin2a.

From (iv) and (vii1), we have cosa/? ~ CPxcosa/2 > OF
QP _ sina
CP ~ sin2o (vt

A P
Now from (i) and (viii), £ = % implying that Z QAP =

ZCAP,and ZBAP=a+ £ZQAP=a+ LCAP = ZBPA, or
ABP is an isosceles triangle and AB = BP.
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Problem 9 of the British Mathematical Olympiad 1999

Consider all numbers of the form 3»#% + n + 1, where n is a positive
integer.

a) How small can the sum of the digits (in base 10) of such a
number be?

b) Can such a number have the sum of its digits (in base 10) equal
to 1999?

Solution

a) Let such a number be N. First of all the sum of the digits (let’s
denote it S) can not be zero because the number then is zero.
Observe that 3n* +n+ 1 =n(3n+ 1) + 1 is an odd number because
n(3n + 1) is an even number.

Now assume S = 1, then one scenario is # = 0, but this is not
allowed because # is required to be positive by the problem.

So if S =1, N must have the form of N = 10...0 (all zeros after the
first digit 1). In such a case 3n*> + n=n(3n + 1) = 9...9 (all digits
are 9’s) which is not allowed since n(3n + 1) is an even number.

Now assume S =2; N is now in the form of N = 10...01 (again
because N is odd). We then have N—1=3n*+n=n(3n+1)=
10...0. Since n and 3z + 1 must not be both even or odd, the
possible scenarios for N — 1 are N — 1 = 5x2, 25x4, 254,
20...0x5, 40...0x25... for which we find no solutions.

Now assume S = 3; N is now in the form of N =20...01. We then

have N—1=3n>+n=n(3n+ 1)= 20...0. The possible scenarios

for N—1are N—1=8x25= 8(3x8 + 1), and n = 8. Thus, the sum
of the digits is as small as 3.

b) Let n =3...3 (666 numbers 3’s), 3n + 1 =10...0 (666 numbers
0’s). 3n*+n+1=13...30...01 (666 numbers 3’s followed by 665

numbers 0’s), and such number has the sum of its digits equal to
1999.
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Problem 6 of Uruguay Mathematical Olympiad 2009

Is the sum 127+ 272°% 1 3299 ¢+ 1 2008%°% divisible by 7?

Solution

We can group the expression as
12009 1 5082009 4 52009 | 5172000 12009 4 502009

10042009+ 10052009: [(17)7 ]41 + [(20087 )7 ]41 +[(27 )7 ]41 +
[(20077)7 ]41+[(37)7 ]41 + [(20067)7 ]41+ o+ [(10047)7 ]41 +

[(10057y 1*.

Now observe that x*' + y41 =(x+ y)(x40y0 — x39y1 + x38y2 — x37y3
2.38 1.3 , 0 40)

t...tX Yy —xy +xy
Hence, [(a7 )7 ]41 + [(b7 )7 ]41 has one of its two factor being
(a7 )7 + (b7 )7 , and so on (a7 )7 + (b7 )7 has one of its two factor

being a+b'.

Wealsohavea +b' =(a+b)a*—a’b+d*b* —’b® +d*p*-

ab’ + b*).

Therefore, the above expression has 1004 pairs of sum of two
numbers that have 2009 as their common factor (a + b =2009),

2009
and 7 = 287, and thus the whole expression is divisible by 7.
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Problem 3 of the Japanese Mathematical Olympiad 1995

In a convex pentagon ABCDE, let S, R, T, P and Q be the
intersections of AC and BE, AD and BE, AC and BD, CE and BD,
CE and AD, respectively. If all of AASR, ABTS, ACPT,

ADQP and AERQ have the area of 1, then find the area of the
following pentagons

a) The pentagon PQRST.
b) The pentagon ABCDE.

Solution

C D

a) Let (Q2) denote the area of shape Q. We have (BTA) =1 +
(BSA) = (BRA), or the altitudes from T and R to AB have the
same length, or RT || AB. Similarly, SQ || AE, RP || DE, TQ ||
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CD and SP || BC.
TD
Now let a = BD Y= (STR), y = (ABS) and z = (PQRT).

It’s easily seen that since TR || AB,
TD TR TS SR DR d
““BD “AB AS BS DA™

= (i)
(ATR) x+(ASR) X+l .
(ATB)  y+(BST) % , 71~ & (i)
(ATD) _ x+z+2
(ABD) x+y+z+3 —4 (1i)

g DTR) __ z+1 ] ,
(DBA) x+ty+z+3 4 (iv)

From (i) and (ii), xy = 1. Substituting this into (i), ay =1, or x =a;
therefore, y = 1/a.

z+
ora+tz+2=

: z+ 1
Also from (ii1) and (iv), x +z+ 2 = ,

,and z
_a?t2a-1
 l-a
3a—1
Therefore, (PQRST)=x +z= 1-a

CS
Without loss of generality (WLOG), let b = CA if we had started
CS TD
out the process using the ratio b = CA instead of ratio a = BD

-1
and (ARE) = 1/b.

(PQRST)=
3 —1 2 3b -1 2
So now la I——I,and m=1——l,ora=band
——1 ——1
a b

D CS
(ARE) = 1/a. Writing a and b in ratios again to get o~ BD —CA"

TD S DR
BD “DA ; therefore, ~+ CA “DA:Of SR || CD.
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Similarly, with the same argument, we have CE || AB || TR.

Th llel i CE_CS
¢ parallel segments give us 5 =", or

SR N A

(CAE) (BCS) l-a 'a _a

(ABC)~ (ABSy ™ 2 7 1%
a a

a® + 2a* — 1 = 0. Solving this equation to get
1
47 2c0836%

a,=-1, and

1
a, = -1 - 2c0s36° 3 solutions.

.. .. o1
Only positive solution is acceptable, and we take a = 7c0336°"

Therefore, the area of the pentagon PQRST is

3a—1 3 —2c0s36°
l—a 2co0s36°—1

(PQRST)=x +z= =2.24.

b) The area of the outer pentagon ABCDE, (ABCDE) is the sum of
all the areas, and we have
(ABCDE) = 15.33.

Further observation

This is a difficult problem, and there was no solution for it in the
web when this solution is release. Below is my further analysis of
the problem.

. . D 1 i .
By finding the ratio a = BD ~ 2c0s36° which is the inverse of the
area of y (area of triangle ABS), we conclude that the pentagon
ABCDE is a regular pentagon, meaning that all its angles are
equal ZABC = ZBCD = ZCDE = ZDEA = ZBAE = 108°,
and all its sides have the same length; i.e., AB = BC = CD = DE =
AE.
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Subsequently, the segments at each vertex of pentagon ABCDE

divide its angles equally, i.e., ZBAC = ZCAD = ZDAE =
TD

108°/3 = 36° which is the angle in solution for a, the ratio BD -

Following is yet more analysis:
The parallel of the segments SQ || AE, RP || DE, TQ || CD and

S4_SB SR_RQ
ST~ SR* RE_ RA’
SA ST x SB

SP || BC give us

RA~RE xRO (v)
RE RAXRS

Similarly, @ QD < OP (vi)
OD ORxQF .
PD ~ PT x PC (vii)
PC _PD xPQ
TC~ TB x IS (viii)
TB TC x TP
SB~ SA xSR
RO + OD

Since RT || AB, 7% -
RO, QD _IP PD

or RATYRATTB TTB-

Substituting the values from (v), (vi), (vii) and (viii) above for the
terms from left to right of the above equation, respectively, it
becomes

ST><SB+QE><SR S4 < SR PCXST
SA xRE = RE x PQ SBxT1C " TC x PO
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1 STxSB QExSR. 1 SAxXSR PCXxST

O Rel~sa "= po ! =7¢! 5B T PO /
| ST xSBxPQ+54xSRxQE

o REl SA % PO /=
1S4 x SR x PQ + ST x SB x PC
rc! SB x PO I

But SA*SR = ST*SB, and the above equation becomes

PQ+QE PQ+PC PE (PDE) SAxRE (RDE)
SAxRE ~ SBxTC’° QC~ (ODC) ~ SB x TC ~ (IDC)"

From D draw the altitudes DH and DK to BE and AC,

. (RDE) DH X RE
respectively. We have (TDC) = DK < TC' and

SAxDK = SB*DH, or (SDA) = (SDB).

Hence, DS is also the median of triangle ABD. Extending DS to
meet AB at M, we have AM = BM.

Obviously, the finding of ABCDE being a regular pentagon makes
this point moot.

The following problem is derived from the above problem:
Express the solutions of equation a* + 2a’ — 1 = 0 in terms of the

trigonometric functions of an angle that has its degree as an
integer.
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Problem 2 of the Czech and Slovak Mathematical Olympiad 2002

Consider an arbitrary equilateral triangle KLM, whose vertices K,
L and M lie on the sides AB, BC and CD, respectively, of a given
square ABCD. Find the locus of the midpoints of the sides KL of
all such triangles KLM.

Solution
A a D
A R b/2 : v .
3000{
K 30°
30°
b/2
c
30° P
Q
H 300300
60°
B L C
Figure 1

Let the side length of the square ABCD = a, the side length of
equilateral triangle KLM = b, N a point on AB such that NM || AD,
ZILMC = a, ZNMK = B. Now let P, Q and R be the midpoints of
LM, KL and KM, respectively.
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Since BKPL, KQPM and NQPM are cyclic, ZKBP = ZKLM =
60°, ZBNP = ZKMP = 60°, ZQNM = £ QLM = 60° and

Z QNP = ZQMP = 30°, and thus BNP is an equilateral triangle
and NQ is the angle bisector of ZBNP implying QP = QB, £ZQPB
= Z/QBP and NQ | BP. Now extend NQ to meet BP at H. We
now have BN = NP = BP = MC, and ZQNB = ZQNB = /MNP
= 30°.

Notice that QMCL is also cyclic which causes £ZQCM = £ QLM
= 60°.

Therefore, point Q lies on the fixed straight line that contains QC.

To find the locus we use the worst scenario where point M is at D

as in figure 2. Let E, F, N and N’ be the midpoints of AD, BC, CD
and AB, respectively.

We have ZLMC + ZAMK (o + B) =90° — ZKML = 30°, but in
triangle AHP in figure 2, we also have Z QAP (30°) + L APK

(B) + ZKPQ (30°) + £ QPB (ZQBP) = 90°, or £ QPB + f = 30°,
or ZQPB=a = ZLMC.

Also note that since BQ is the median of triangle KBL, BQ = 2KL
= 2b = MP, or the two triangles BQH and MPN are congruent
which causes QH = NP.

However, NP = a — N’P (the altitude of the equilateral triangle

3 2 /3 2 /3
APB), orNPZa—a\z/_Za( 2\/_), and thus QHZA%), and

a\/g_a(z;\/g):a(\/g_l).

2

AQ=AH-QH=

Therefore, the locus lies on the straight line that contains QC and is

from point Q on line AQ such that ZBAQ =30° and AQ = a(\/_ -
1) to point P’ which is the mirror image of P across the vertical

axis EF of the square ABCD, or P’ is a distance of a(2 —\/3)/2 on
the horizontal line away from the midpoint of AB on its left side.
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The reason point P’, the mirror image of P across EF, is used for
the other end of the locus is that when we flip triangle KLM
vertically, with respect to EF, we create the other worst case (or
best case depending on how we look at it), and point Q will be at
P. But since we only consider one side of the configuration, we
pick point P’ for the other end of the locus.

a
— p
A DM

77
E B30
30° R
04
K =30°
30° b/2
P\p
N' X X N
P
locus i
o~ Q
to P’
H
600
330°
0 30 60°
30° n 309
B F L C
Figure 2

112



Narrative approaches to the international mathematical problems

Iceland’s problem for International Mathematical Olympiad

For an acute triangle ABC, let H be the foot of the perpendicular
from A to BC. Let M, N be the feet of the perpendicular from H to
AB, AC, respectively. Define /A to be the line through A
perpendicular to MN and similarly define /B and /C. Show that /A,
/B and [C pass through a common point O. (This problem was
proposed by Iceland and was never chosen for testing by the IMO
organization.)

Solution

Let K and E be the feet of B and C on AC and AB, respectively, D
and L be the feet of K on AB and BC, respectively, F and J be the
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feet of E on BC and AC, respectively, M and N be the feet of H on
AB and AC, respectively, X=IANBC,Y=BNAC,Z=IcN
AB, P be the orthocenter of triangle ABC, o= ZEHA, 8 =

ZKEC and y = ZEKB.

By definition of a triangle and because of the parallel segments, we
also have

o= ZAHK = ZFEH = ZHKL,

B=ZCEH= ZMHE = ZEKD and

y=4ZBKH= ZKHN = ZJEK.

Since MH and CE are perpendicular to AB, MH || EP, and we have

AE AP
AM - AH- Also since BK and HN perpendicular to AC, PK || HN,

and we have AP/AH = AK/AN. The last two equalities give us
AE/AM = AK/AN, or EK || MN, or /A LEK, and ZBAX =

B, ZCAH =Y.

Similarly, ZCBY =a, ZABY =, and LACZ =7y, ZBCZ = q.

Applying the law of sines to triangles ABX and ACX to get
BX  AX CX  AX BX _ sinBxsin £ ACB
sinf _ sinZABC’ siny sinZACB’ " CX ~ sinyxsinZABC’

Similarly, for the other triangles

CY sinaxsinZBAC AZ  sinyxsinZ ABC

AY ~ sinfxsin Z ACB and g7 = sinaxsin Z BAC’
Multiply the last three equalities, we get 2§ iz gé
sinfxsinZ ACB sinoaxsinZBAC sinyxsinZ ABC
sinyxsinZ ABC = sinfxsin Z ACB *sinaxsin Z BAC

Therefore, AX, BY and CZ (or /A, IB and [C) are concurrent per
Ceva’s theorem. Let them meet at a point I.

Note that o = ZIBC = ZICB, B = ZIAB= ZIBA andy = ZIAC
= / ICA make the three sides IA = IB = IC, and I is also the
circumcenter of triangle ABC, or I = O which is the common
designation for the circumcenter of a circle as is done in this
problem.
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Problem 3 of Hong Kong Mathematical Olympiad 2008

For arbitrary real number x, define [x] to be the largest integer less
than or equal to x. For instance, [2] =2 and [3.4] = 3. Find the

value of [1.008° x100].
Solution

First get the square of 1.008; we have 1.008> = 1.016064 which is

smaller than 1.017 and greater than 1.016.
Or 1.017*>1.008%> 1.016",

We now pick these values of 1.017 and 1.016 with the smallest
possible numbers after the decimal points to be able to perform
manual multiplication.

We then have 1.017%=1.0698, and 1.016"= 1.0656, or
1.017*x100 = 106.98, and 1.016*x100 = 106.56.

Therefore, 106.98 > 1.008% x100 > 106.56. In other words, 1.008*
%100 is in the range of (106.56, 106.98), and [1.008® x100] = 106.
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Problem 6 of Hong Kong Mathematical Olympiad 2007

If R is the remainder of 1° +2° + 3% + 4° + 5° + 6° divided by 7,
find the value of R.

Solution

S
LetS=1%+2%+3%+4%+ 5%+ 6° Denote R[7] the remainder of S
divided by 7.
But there exists the formula

a®+b°=(a+b)a —a'b+d’b* - a’b’ + ab* — b) + 2b° = (a + b)F

+2b° where F is the factor equals a” — a'*b + @’b* — &°b” + ab* - b°.
Therefore,
6°+1°= (6 + 1)F +2x1°=7F  +2x1°,
50+2°= (5 +2)F, +2x2°=TF, + 2x2°,
4°+3%= (4 +3)F, +2x3°=TF, +2x3°,
16 426 436
and R(S/7) =R[2 Xf], and the terms inside the bracket is

now manually calculable; it is

19 +2° +3° 1588
R[2x———=——]=R[~5]=6.

So the remainder of 1° + 26+ 3° + 4% + 5° + 6° divided by 7 is 6.

116



Narrative approaches to the international mathematical problems

Sample problem for the Irish Mathematical Olympiad

Prove that, for every positive integer n which ends in the digit 5,
20" + 15" + 8" + 6" is divisible by 2009. (This problem was just an

example and has never yet been used in any competition.)

Solution

Let the expression 20" + 15" + 8" + 6" be E.
E is equivalent to E = 5"x4" + 5"x3" +2"x4" +2"x3" =

574" +3%)+ 2" (4" +30)=(5" +2M)@" +3").

When 7 ends in digit 5, we can write n = 5(2m + 1) where m is an
integer. E then becomes

E= [55(2m+ D 25(2m+ 1)][45(2m+ DL 35(2m+ 1)].
But note that

2 ™™ = @+ b)(@™™b'— a2 b + 2?2 L+ a’h?™ 2

—a'b®™ '+ a%”™) = (a + b)F where

F= (""" a® b +a2m 2p? — . +a? b2 2 ! p2m T 40 P,

Therefore, [5°*™ ") +2°2™* D)= (5% + 2°)F = 3157xF, and
5m+1) | A5@m+ 1) 45, A5\

[4 +3 1= (@ +3°)F, = 1267xF,.

And E = 3157x1267xF xF, = 2009x1991<F xF,.

Therefore, 20" + 15" + 8" + 6" is divisible by 2009 for every
positive integer n which ends in the digit 5.
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Problem 10 of Hong Kong Mathematical Olympiad 2008

Let [x] be the largest integer not greater than x. If a =
[(\/§ —\/5)2009] + 16, find the value of a.

Solution

Observe that+/3 —4/2 = 1.732 — 1.414=0.318, and the

exponent of a number smaller than 1, no matter to any power of,
will always be less than 1, or (\/§ — \/5)2009< 1, or

[\/3-4/2)*"1=0, and

[(3 =2)°"] + 16 = 16, or a = 16.

118



Narrative approaches to the international mathematical problems

Problem 3 of Hong Kong Mathematical Olympiad 2007

208208 =8°a + 8'b + 8 ¢+ 8 d + 8e + f, where a, b, ¢, d, e and f

are integers and 0 <a, b, ¢, d, e, f < 7. Find the value of axbxc +
dxexf.

Solution

Note that all the terms on the right side are positive, and 8°x7 =
229376 > 208208, or a < 7.

Now assuming that a = 5 and all other values b, ¢, d, e and fare
equal to the maximum, or b = ¢ =d = e = f= 7, the maximum of §

x5+ 8'b+8 c+82d+8e+f=163840 + 28672 + 3584 + 448 +
56 +7=196607 <208208. Therefore, a > 5, and a = 6.

We then have

8'h+8c+8°d+8e+f=208208 — 196608 = 11600, or

8(8°b+8%c+8d+e)+f=11600, and we know
8x1450 + 0 = 11600, and f=0.

From there, we have 8° b + 8¢ + 84 + ¢ = 1450.
Now b < 3; let’s pick b =2, and we get

82c+8d+e=8(80+d)+e=1450—1024=426=8><53+2,
ore=2,and 8¢ +d=53,orc=6and d=>5.

These values of a, b, ¢, d, e and fsatisfy 0 <a, b, ¢, d, e, f< 7, and

the value of axbxc + dxexf= 6x2x6 + 5x2x0 =72.
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Problem 8 of Hong Kong Mathematical Olympiad 2007

Amongst the seven numbers 3624, 36024, 360924, 3609924,
36099924, 360999924 and 3609999924, there are n of them that
are divisible by 38. Find the value of n.

Solution

Observe that all the given seven numbers are even, and 38 =2x19;
dividing the seven numbers by 2, they become 1812, 18012,
180462, 1804962, 18049962, 180499962 and 1804999962.

Note that to find if a number is divisible by 19 we multiply 14 by
number of hundreds minus two last digit number. We have

1812 — 18%x14 — 12 = 240, and this number is not divisible by 19.
18012— 180%14 — 12 =2508, 2508— 25x14 — 8 =342, 342—
3%14 — 42 =0, and this number is divisible by 19.

180462 — 180462 — 18012x10 (ten times the previous number is
divisible by 19) = 342. As in previous case, it is divisible by 19.
1804962 — 1804962 — 1804620 = 342, and it is divisible by 19.
18049962 — 18049962 — 18049620 = 342, and it is divisible by
19.

180499962— 180499962 —180499620 = 342, and it is divisible by
19.

1804999962 — 1804999962 —1804999620 = 342, and it is
divisible by 19.

There are six of them that are divisible by 19, and n = 6.

Further observation

The reader should prove or disprove this statement on another
method to verify if a number is divisible by 19:

To find if a number is divisible by 19 we add two times the last
digit to the remaining leading truncated number. If the result is
divisible by 19, then so is the first number. Apply this rule over and
over again until we can verify it without resorting to a calculator.
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Problem 2 of the Iranian Mathematical Olympiad 2010

Let O be the center of the excircle C of triangle ABC opposite
vertex A. Assume C touches AB and AC at E and F, respectively.
Let OB and OC intersect EF at P and Q, respectively. Let M be the
intersection of CP and BQ. Prove that the distance between M and
the line BC is equal to the inradius of AABC.

Solution

Let I be the incenter of triangle ABC, J and N be the feet of I and
M on BC, respectively, D be the intersection of BC and EF (on the

right out of the picture with arrow pointing to), o = ZBAI =
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/CAI="%/BAC,B= ZABI= ZCBI=%/ABCandy=
ZACI= /BCI=%/ACB.

Since O is the circumcenter of the excircle C, the three points A, [
and O are on a straight line, and BO, CO are also the angle
bisectors of ZEBC and ZFCB, respectively. We then also have
ZICO = £ZBCI+ £ZBCO = 4180° = 90° (or IC L CO).

Similarly, ZIBO = 90° (or IB L BO) (i)
o+y=Z/EBO= ZO0BC, o+p=/BCO= ZFCO.

Because ZBIO = ZBAI+ ZABI=a +p, £ZBIJ=90°- ZCBI
=a+y, ZJI0O=Z2BIO- ZBU=a+B—(a+y)=p—7. Also
because E and F are tangent points, we have AE = AF, and
EF L AO. Combining with IJ L BC, ZCDF = ZJIO = —y.

Now ZCQF = ZBCO- ZCDF=a+p - (B—v)=a+y. This
makes £ CQF = ZCBP, ZEBO = ZEQO and both BQOE and
BCQP cyclic. But since ZBEO =90°, ZBQO = 90° (or BQ

1 CO), and we have ZBPC =90° (or CP L BO) as a result of
BCQP being cyclic and BQ L CO.

Combining with (i), IC || BQ and IB || CP, or BICM is a

parallelogram which makes IJ = MN = r which is the inradius of
the triangle ABC.
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Problem 1 of Belarus Mathematical Olympiad 2004 Category B

The diagonals AD, BE, CF of a convex hexagon ABCDEF meet at
point O. Find the smallest possible area of this hexagon if the areas
of the triangles AOB, COD, EOF are equal to 4, 6 and 9,
respectively.

Solution
A B
4 H
X
F 7 ﬁ C
5%\
9 6
E D

Letaa= ZAOB, = ZBOC and y = ZCOD. We then also have
ZDOE = o, ZEOF = B and £ AOF = 1. Denote (Q) the area of
shape Q. Draw the altitude AH from A onto OB. We have

(AOB) =4 =1,AH*OB = 20Ax0OBxsina, or OAXOBxsina. = 8.
Similarly (COD) = 6, or OCxODxsiny = 12, and
(EOF) =9, or OExOFxsinf} = 18.

We also have 2(BOC) = OBxOCxsinf}, 2(DOE) = ODxOExsina
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and 2(AOF) = OAXOFxsiny.

Per AM-GM inequality, 2(BOC) + 2(DOE) + 2(AOF) >

31/OBXOCxsinpxOD*OExsinaxOAxOFxsiny, or
3
(BOC) + (DOE) + (AOF) > 3

3
{JOAXOBxsinaxOCxODxsiny<OEXOFxsinB =5

[2(AOB)=2(COD)=2(EOF) = 18.

The smallest possible area of (BOC) + (DOE) + (AOF) = 18.
Therefore, the smallest possible area of this hexagon is the smallest
possible area of (BOC) + (DOE) + (AOF) plus the areas of
triangles AOB, COD, EOF =18 +4+ 6 +9 =37.
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Problem 5 of Hong Kong Mathematical Olympiad 2007

AD, BE, and CF are the altitudes of an acute triangle ABC. Prove
that the feet of the perpendiculars from F onto the segments AC,
BC, BE and AD lie on the same straight line.

Solution
A
I
E
F J
H
K

Let the feet of the perpendiculars from F onto the segments AC,
BC, BE and AD be I, L, K and J, respectively. Also let H be the
orthocenter of triangle ABC.

. CE_CH CD_CH
Since FI || HE and FL || HD, we have Cl~— CF and CL_Cp°F
CE_CD

1 = cL> O DE | LIand ZFIL =/ BED.

On the other hand, since both AEDB and AIJF are cyclic and
ZBED = ZBAD and ZF1J =ZBAD, or ZBED = ZFIJ, or
ZFIL= ZFIJ, or Jis on LI. Similarly, ZFLK = ZFLI, or K is on
LI The four points L, K, J and I are collinear.
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Problem 4 of the British Mathematical Olympiad 2006

Two touching circles S and T share a common tangent which
meets S at A and T at B. Let AP be a diameter of S and let the
tangent from P to T touch it at Q. Show that AP = PQ.

Solution

B

Let O1 and O2 be the circumcenters of the two circles S and 7,
respectively, and I the intersection of the vertical tangent of the
two circles with O102 as shown. Let this vertical tangent meet PQ
and AB at E and F, respectively.

Since AB is also tangent to both circles, AF = IF = BF and as a
result, £ AIB = 90°. On the other hand, AP is the diameter of S
and ZPIA =90°, or P, I and B are collinear implying that £ O1IP
= ZO2IB, or ZO1PI= Z02BI (since both O1IP and O21B are
isosceles triangles), or AP || O2B.

Now extend BO2 to meet circle 7 at K. The three points A, I and K
are also collinear since BK is the diameter and £ BIK = 90° =
Z AIB.
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Because both PQ and AB tangent 7, we get PQ? = PIxPB and AB?

PIXPB.
= AIXAK, or (AB) AIXAK"
PI BI PB
But since AP || BK as proven earlier, 3~ NG KI =AK
PQ BI
The previous equation becomes ( AQB)2 = (KI) A% KI

AP BI
We also have 7 AB_KI =7 since he two triangles APB and IBK are

similar. Therefore, AP = PQ.

Further observation

Let C=SNAQand D = TN AQ, since ZPAQ = £ PQA and PQ

PC 1
tangents T, we have A oD =R - Where r and R are the radii of the

circles S and T, respectively.
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Problem 2 of the Estonian MO Team Selection Test 2004

Let O be the circumcenter of the acute triangle ABC and let lines
AO and BC intersect at point K. On sides AB and AC, points L
and M are chosen such that KL = KB and KM = KC. Prove that
the segments LM and BC are parallel.

Solution

A

Extend AO to meet the circle at N. From K draw the altitudes KE
and KF to sides AB and AC, respectively. Since AN is the

diameter of the circle, NB L AB, and NC L AC.

Therefore, BN || EK and CN || FK impl h AE_AKR dAK
erefore, I an | implying that 7 AB ~ AN Ad Ay

AF AE AF d | AE AF _
“ACTAB T AC OF EF || BC and as a result T3 EB_ FC (1)
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But since KL = KB and KM = KC, the two triangles BKL and
CKM are both isosceles, KE and KF are also their medians,
respectively. Or EB = EL and FC = FM.

o AE AF
Equation (i) becomes EL- Fm O LM || EF. But EF || BC, as
proven earlier, LM || BC.
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Problem 1 of Uruguay Mathematical Olympiad 2009

What is the highest 8-digit number ending in 2009 and is a
multiple of 997

Solution
Let the number be N = abcd2009, or

N =10000000a + 100000056 + 100000c¢ + 100004 + 2009 = 99n
where n is an integer.

N =9999990a + 10a + 999999b + b + 99990c¢ + 10c + 9999d + d +
1980 +29=99(101010a + 101015 + 1010c + 101d + 20) + 10a +
b+ 10c+d+29.

Therefore, the remainder R =10a +b+ 10c +d +29=10(a + ¢ +
2) + b+ d + 9 must be divisible by 99.

The maximum value of 10(a + ¢+ 2)+ b +d+91is 227, so the
three numbers under 227 that are divisible by 99 are 0, 99 and 198,
and since the units digit for 198 is 8 is less than and the last digit 9
of 10(a+ c+2)+b+d+9, the highest possible value for a + ¢ +
21is

a+c+2=18,ora+ c=16, and the highest value foraisa=19
whenc=7,and b+d+9=18.

The highest value for b is b =9 and, in turn, d = 0.

Answer: The highest 8-digit number ending in 2009 and is a
multiple of 99 is 99702009.
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Problem 4 of Hong Kong Mathematical Olympiad 2007

Given triangle ABC with £ A =60°, AB = 2005, AC = 2006. Bob
and Bill in turn (Bob is the first) cut the triangle along any straight
line so that two new triangles with area more than or equal to 1
appear. After that an obtused-angled triangle (or any of two right-
angled triangles) is deleted and the procedure is repeated with the
remained triangle. The player loses if he cannot do the next
cutting. Determine, which player wins if both play in the best way.

Solution
A

60° \
E

200572

2005 H 2006

2005 /32

C B

Denote (Q2) the area of shape Q. To play in the best way, let’s pick
the side of the triangle that is longest. Let’s use the law of cosines
to find the distance BC.

BC?>= AB? + AC? - 2AB*xACxco0s60° = 2006> + 2005* —
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1
2x2006x2005 x5 = 20062 +2005% — 2006x2005. From this, it’s

easily seen that 2005 < BC <2006, or AC < BC < AB. So let’s
pick side AB = 2006 to start the cutting, and to cut ABC into two

triangles we have to cut through C. The best way is to cut so that
(ACE)=1.

Draw the altitude CH of triangle ABC. Since £ A =60°, AH =

2005 20053
VAC == and CH = 42[

4
ACE) = CHXAE = 1, or AE = :
(ACE) = 4CHx , or 200533

As long as the cut is above the altitude CH with the distance of

4
2005 \/5, the resulting triangle ACE will have the area equal to 1

and it has the obtuse angle AEC that can be discarded away. And
we note that as soon as the cut through C goes below line CH, the
bottom triangle will have the obtuse angle that must be discarded.

AH
So the distance AH determines the number of cuts n, and n = AR

2005+/3
2005 XJ = 870360.94

8

Bob is the first to start, and he cuts the odd numbers of cuts; Bill
cuts the even numbers of cuts. When Bob cuts the 870361 time,
he encroaches into triangle CHB, discards the lower triangle since
it has the obtuse angle and leaves the area of the last remaining
triangle exactly equal to 1. He wins.
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Problem 4 of the Czech-Polish-Slovak Math Competition 2009

Given a circle k£ and its chord AB which is not a diameter, let C be
any point inside the longer arc AB of k&. We denote by K and L the
reflections of A and B with respect to the axes BC and AC. Prove

that the distance of the midpoints of the line segments KL and AK
is independent of the location of point C.

Solution

L

Let M, N, F and E be the midpoints of KL, BL, AB and AK,
respectively; EF || BK, EF = 12BK, MN || BK, MN = 2BK.
Therefore, MN || EF and MN = EF and MNFE is a parallelogram
implying that ME || NF and ME = NF.

However, the two right triangles AEB and ANB share the same
hypotenuse AB, and thus EF = NF = /2AB which is constant.
Hence, MNFE is a rhombus and its side length, ME is one of them,
is independent of the location of C.
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Problem 1 of the British Mathematical Olympiad 2006

Find four prime numbers less than 100 which are factors of 3** —
2%,

Solution

Applying the formula a*— b* = (a + b)(a — b) to get
(30 + 2'%x6817x97x13x5x1.

Number 1 is not considered as a prime, whereas 5, 13 and 97 are
prime numbers. We need to find another prime number as a factor

of the product (3'° + 2'%)x6817.

Let’s check the divisibility of the smaller number 3® + 2° = 6817 by

other prime numbers in the increasing order from 2 to 89 (97 is
already found).

This number 6817 is odd and is not divisible by 2.
It’s a sum of two numbers and the first number 3° is divisible by 3

while the second number 2% is not, and 6817 is not divisible by 3.

It does not end with 0 or 5 and is not divisible by 5.

It’s not divisible by 7 since 5xnumber of hundreds (68) — 2 last
digit number (17) is not divisible by 7; 68x5 — 17 = 323 is not
divisible by 7.

It’s not divisible by 11 since 10xnumber of hundreds (68) — 2 last
digit number (17) is not divisible by 11; 68x10 — 17 = 663 is not
divisible by 11.

The prime number 13 is also already found.

It’s divisible by 17 since 2xnumber of hundreds (68) — 2 last digit
number (17) is divisible by 17; 68x2 — 17 = 119 is divisible by 17.

Thus the four prime numbers less than 100 which are factors of 3>
—2%are 5,13, 17 and 97.
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Problem 5 of the British Mathematical Olympiad 2006

For positive real numbers a, b, c, prove that
(@+b*)=2@+b+c)at+b-c)b+c—a)(c+a-D>).
Solution

(a+b+c)a+b—c)=(a*+b*—c*+2ab),
(b+c—a)(c+a—>b)=-(a*+ b*—c*—2ab), and
(atb+c)atb-—c)b+c—a)ct+a—-b)=-[(a>+Db*—c*)P -
(2ab)?].

So now we have to prove

(a*>+ b*»)* = -[(a® + b* + ) — (2ab)*], or

(@ + bR > -(a? + b?P — ' = 2(a® + b?) + 4a?b?, or
2@+ b2 > ¢t = 2(a? + b)) + da?h?, or

2(a* +b*)>-c* —2(a* + b*)c? which is obvious since

2(a* +5*)>0, and -¢*— 2(a? + b?)* < 0.

Equality occurs whena =b=c=0.
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Problem 6 of the British Mathematical Olympiad 2006

Let 1 be an integer. Show that, if 2 + 24/1 + 12#2 is an integer, then
it is a perfect square.

Solution
2+ 2\/1 +12n2 =2(1 ++/1 + 121?), and for it to be a perfect square
1 +4/1 + 12n* = 2m? where m is an integer, or

1 +12n* =2m? — 1. Now squaring both sides, we get
1+ 12n2=4m"— 4m? + 1, or 3n2 = m* — m?> = m*(m? — 1), or
3xuxn =mxm>*(m—1)(m + 1).
Now if m is odd, both m — 1 and m + 1 are even and their
difference is 2, and we must have n>=(m —1)(m +1)=m?>— 1, or

m=1andn=20.

Now if m is even, both m — 1 and m + 1 are odd and their
difference is 2. Therefore, we have the following possibilities:

a) 3x5x5=m—1)(m + 1)*mxm,orm—1=3, m+1=5,orm=4,
and 3x5x5 = 3x5x4x4 which is not true.

b) 1x3xnxn=(m —1)(m + 1)Xmxm,orm =2 and n = 2.
Whenn=0,2 + 2\ﬁ = 4 or 0 which are both perfect square.

Whenn=2,2+ 2\/4_9 =16 or -12 of which -12 is not a perfect
square.

Further observation

The problem should’ve stated that 2 + 2\|1 + 12n?is a positive

integer instead of just being an integer.
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Problem 1 of the British Mathematical Olympiad 2007

1* +2007* +2008*
12 +2007° + 2008

Find the value of

Solution

1* +2007* +2008*
12 +2007* + 2008
(12 +2007% +2008%)* — 2x1?x2007* — 2x1% %2008 — 2x2007*
x2008% = (1> +2007> +2008%)? — 2 +2 — 2x2007* — 2x2008* —
2x2007% x2008% = (12 +2007* +2008%)* —2(1% +2007*+ 2008%)
+2 - 2x2007%x2008* = (1> +2007* +2008%)*—2(1* +2007* +
2008%) — 2(2007% x2008* — 1).

LetN = . We have 1* +2007* +2008* =

Therefore,

2007 x2008% — 1

12 42007 +2008%

(2007x2008 — 1)(2007x2008 + 1)
17 +2007% + 2008

N=12+2007> +2008> -2 -2

12 +2007% +2008% —2 —2x

But 12 +2007° +2008% = 1> +2007* + (2007 + 1)* = 1* +2007°
+2007% +2x2007 + 1 =2(2007% + 2007 + 1) = 2(2007x2008 + 1),
and N becomes

N=2(2007x2008 + 1) — 2 — (2007%x2008 — 1) = 2007x2008 + 1=
4030057.

Further observation

This problem can be applied for any two consecutive years after
number 1 or any two numbers to replace 2007 and 2008.
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Problem 2 of Pan African Mathematical Competition 2004

Is 47/4 — 2/3 +1/97 — 567/3 an integer?

Solution

We have 4 — 24/3 = (1 —~[3)? and 97 — 56\[3 = (7 — 4[3)%.
Therefore, \4 — 243 = +(1 —[3) and \J97 — 5613 = (7 — 4[3).

We can choose

44— 22[3 = -4+ 43 and\[97 - 567[3 =7 — 4[3.

Thus 4\/ 4 - 2\/3 + \/ 97 - 56\/§ = 3 which is an integer.
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Problem 1 of the British Mathematical Olympiad 1993

Find, showing your method, a six-digit integer » with the
following properties: (i) # is a perfect square, (i1) the number
formed by the last three digits of 7 is exactly one greater than the
number formed by the first three digits of n. (Thus n might look
like 123124, although this is not a square.)

Solution

Let n = abcdef = k* where a, b, ¢, d, e, f and k are all integers; b, c,
d, e, fare from 0to 9; a is from 1 to 9 (a # 0, if @ = 0 then it’s only
a five-digit integer).

Let’s consider the case where ¢ < 8. We have n = abcab(c+1), and
100000a + 100005 + 1000c + 100a + 10b + ¢ + 1 = k% or
100100a + 100106 + 1001c =k>—1, or

1001(100a +10b+ )=k —-1=(k—1)(k+ 1) (1)

7x11x13%x(100a + 10b + ¢) is a product of two consecutive even
numbers or consecutive odd numbers k£ — 1 and & + 1. Therefore,
100a + 105 + ¢ must be a product of two numbers X and Y such
that the product 7x11x13xXY contains exactly two factors and
their difference is equal to 2. Let’s find those values for X and Y.
One of the possible scenarios is that

7x11X - 13Y =2 (ii)
XY = 100a + 105 + ¢ (iii)

From those two equations, X, Y and ¢ must be all even or all odd.

We first assume that they’re all odd. Note that the units digit of &>

are 0, 1,4, 5, 6 or 9, and the units digit of &* — 1 are then 9, 0, 3, 4,
5 or 8 and with this assumption, k* — 1 is odd and its units digit are
9, 3 or 5. From (i), we know that this units digit is the same as the

value of ¢; however, ¢ < 8. Therefore, ¢ is either 5 or 3.

139



Narrative approaches to the international mathematical problems

Now let’s proceed withc =5. Let X=2m + 1l and Y =2n + 1
where m and n are both integers. Equation (iii) can now be written
as

Cm+1)2n+1)=2C2mn+m+n)+1=100a + 105 + c.
With ¢ =5, the units digit of 2mn + m + n must be 2 or 7. To
satisfy this requirement one of the scenarios is for the units digit of

m to be 5 and that of » to be 2.

Now rewrite (ii) as 7x11x(2m + 1) —13x(2n + 1) =2, or 26n —
154m = 62.

Substituting m = 5 found above into this latest equation, we get
26n — 154x5=62, orn=32. From there, X=11and Y =65, a =
7,b=1,c=5,n="715716 = 846> = k* and k = 846.

Answer: n=715716.
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Problem 4 of the Czech and Slovak Mathematical Olympiad 2002

Find all pairs of real numbers a, b for which the equation in the
domain of the real numbers x

ax?—=24x+b
x2—-1 -

has two solutions and the sum of them equals 12.
Solution
Expanding the equation, we get x* —ax*> +23x—-b =0 (1)

Since it has two solutions and the sum of them equals 12, let the
solutions be ¢ and d; we have (x —¢)(x —d) =0, and ¢ + d =12, or

x?—(c +d)x + c¢d = 0. Now multiplying both sides by x,

X¥—(c+tdx*+cdx=0 (11)
Equating (i) and (i1), we get

a=c+d=12 (iii)
cd =23 (iv)
b=0.

Answer: a=12, b= 0.

Now let’s confirm! From (iii) and (iv), we get ¢ — 12¢ +23 =0, or
(c;d)= (6 +/13,6 —[13), or

(c;d) = (6 13,6 ++[13),

andc+d=12.
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Problem 1 of the Brazilian Mathematical Olympiad 1995

ABCD is a quadrilateral with a circumcircle center O and an
inscribed circle center 1. The diagonals intersect at S. Show that if
two of O, I, S coincide, then it must be a square.

Solution
A E B
/// \\\
/// \\\
S ; T
\
/ \
/ \
/ \
/ \
/ \
K F
‘ ;
\ M 9 /
\ /
\ /
A /
\ J
\Y% 4 U
7
\\\ //
D L C

First, assuming that O =1 (O coincides I). Let E, F, L and K be the
feet of [ onto AB, BC, CD and AD, respectively. Since I is the
incenter, ZIAE = Z1AK, ZIBE = ZIBF, ZICF = ZICL and
Z1IDL = ZIDK. Moreover, since I is also the circumcenter, IA =
IB = IC = 1D, and all the triangles AIB, BIC, CID and AID are
isosceles making all the eight angles above equal, and each is equal
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1
tog of 360°, or 45°. This implies that all the angles of ABCD are

right angles, and its diagonals also make a right angle, and thus it
is a square.

Next, assume that O = S. It’s easily seen that ABCD is a rectangle
and not necessarily a square because a rectangle has its diagonals
meet each other at a point equidistant to its vertices such as
rectangle STUV on the graph.

Lastly, assume that I=S. A, I, C and B, I, D are sets of collinear
points. Again, since I is the incenter, ZIAE = ZIAK, ZIBE =
Z/1BF, ZICF = ZICL and ZIDL = ZIDK. Furthermore, the
opposite angles of a cyclic quadrilateral combine to be 180°, and
/BAD + ZBCD =180°, or ZIAE + ZIAK+ ZICF + ZICL =
180°, or 2( LIAE + ZICF) = 180°, or ZIAE + ZICF =90°, and
ZABC =180° — (LIAE + ZICF) = 90°. Thus all the angles of
ABCD are right angles making it a rectangle. Moreover, since the
mid-segments EL and KF are also equal, ABCD is a square.
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Problem 4 of China Mathematical Olympiad 1997

Let quadrilateral ABCD be inscribed in a circle. Suppose lines AB
and DC intersect at P and lines AD and BC intersect at Q. From Q
construct the two tangents QE and QF to the circle where E and F
are the points of tangency. Prove that the three points P, E, F are
collinear.

Solution

Let the circumcircle of ABCD be I', O be its center, Let [ = OQ N

I'and J = OQ N EF. By definition I is the incenter of triangle QEF

since QE and QF are tangents of I, and we also have QO L EF and

EJ =FJ. Since ZQEO = ZQFO =90°, EOFQ is cyclic inscribed

in a circle which we name C. Let L = QP N C. Since QO is the
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diameter of C, ZQLO = 90°, and thus OPLJ is cyclic and QLxQP
=QJxQO (1)

1t suffices to show that PB*xPA = PLxPQ for us to conclude that
the three points E, F' and P are collinear since then PBXPA =
PL*xPQ = PF*PE, and E must be on the extension of EF.

But since ABCD is cyclic, PBXPA = PCxPD, or we need to prove
that PCxPD = PLXxPQ, or DCLQ is cyclic. To do this, we need to
prove ZCLP = ZABC, or BCLP is cyclic or QLxQP = QCxQB.
Moreover, QCxQB = QDxQA, and combining with (i), we now
must prove QDXQA = QJxQO. Now extending QO to meet I" at N,
QDxQA = QIxXQN. We need to prove QIXQN = QJxQO = QJx(QJ
+J0O) = QJ> + QJIxQO (ii)

However, the intersecting of two segments EF and QO at J inside
C gives us QJxQO = EJxFJ = FJ2 Therefore, equation (ii)
becomes QIXQN = QJ? + FJ? = QF? (111)

Again, since QF is tangent to I', and [ and N are on I" and on the

straight line containing Q, equation (iii) is obvious, and the proof is
complete.
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Problem 5 of the Irish Mathematical Olympiad 1988

A person has seven friends and invites a different subset of three
friends to dinner every night for one week (7 days). In how many
ways can this be done so that all friends are invited at least once?

Solution 1

All possible combinations of seven friends numbered 1 to 7 being
invited are as follows with 0 being not invited and 1 being invited

Combination

1 2 3 4 5 6 7 Number
0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 2

0 0 0 0 0 1 0 3

0 0 0 0 0 1 1 4

0 0 0 0 1 0 0 5

0 0 0 0 1 0 1 6

0 0 0 0 1 1 0 7

0 0 0 0 1 1 1 8 X
0 0 0 1 0 0 0 9

0 0 0 1 0 0 1 10

0 0 0 1 0 1 0 11

0 0 0 1 0 1 1 12 X
0 0 0 1 1 0 0 13

0 0 0 1 1 0 1 14 X
0 0 0 1 1 1 0 15 X
0 0 0 1 1 1 1 16

0 0 1 0 0 0 0 17

0 0 1 0 0 0 1 18

0 0 1 0 0 1 0 19

0 0 1 0 0 1 1 20 X
0 0 1 0 1 0 0 21

0 0 1 0 1 0 1 22 X
0 0 1 0 1 1 0 23 X
0 0 1 0 1 1 1 24
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25

26

27
28

29

30
31

32

33

34
35
36
37
38
39
40

41

42

43

44
45

46

47

48

49

50
51

52
53

54

55

56
57
58
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59
60
61

62
63

64

65

66

67

68

69
70

71

72

73

74
75

76
77
78
79

80

81

82
83

84
85

86
87

88
89
90
91

92
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93

94
95

96

97

98

99

100

101

102
103

104

105

106

107
108

109

110
111

112

113

114
115

116

117

118

119

120

121

122

123

124

125

126
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1 1 1 1 1 0 127
1 1 1 1 1 1 128

There are 35 combinations marked with ‘%’ that it could be done.

The simpler way to find the combinations is to group the two
friends and then add in the next one, and then the next; then move
on by replacing the second friend in the first group with a different
one and so on... We will get the same combinations:

1 2 3 2 3 4 4 5 6
1 2 4 2 3 5 4 5 7
1 2 5 2 3 6 4 6 7
1 2 6 2 3 7
1 2 7 2 4 5 5 6 7
1 3 4 2 4 6
1 3 5 2 4 7
1 3 6 2 5 6
1 3 7 2 5 7
1 4 5 2 6 7
1 4 6
1 4 7 3 4 5
1 5 6 3 4 6
1 S 7 3 4 7
1 6 7 3 5 6
3 S 7
3 6 7
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Problem 1 of the British Mathematical Olympiad 1996

Consider the pair of four-digit positive integers

(M, N) = (3600, 2500).
Notice that M and N are both perfect squares, with equal digits in
two places, and differing digits in the remaining two places.
Moreover, when the digits differ, the digit in M is exactly one

greater than the corresponding digit in N.

Find all pairs of four-digit positive integers (M, N) with these
properties.

Solution

Let M be represented by four digits abcd in that order where a, b, ¢
and d are all integers from 0 to 9. Number N will then be
represented by four digits (a + 1)(b + 1)cd in that order.

The problem gives us

1000a + 1006 + 10c + d = m?, and
1000a + 1006 + 10c +d + 1100 = n?

where m and n are integers.

Subtracting the two equations above to get
(m+n)(m—-n)=1100

Now either value m + n or m — n can be a combination of the

product of these number(s) where 0 denotes no-selection and 1
denotes selection of the multiplier.
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152

2 2 5 5 11 m+n m-—n

0 0 0 0 0 1 1100

0 0 0 0 1 11 100

0 0 0 1 0 5 220

0 0 0 1 1 55 20

0 0 1 0 0 same as a combination above
0 0 1 0 1 same as a combination above
0 0 1 1 0 25 44

0 0 1 1 1 275 4

0 1 0 0 0 2 550

0 1 0 0 1 22 50

0 1 0 1 0 10 110

0 1 0 1 1 110 10

0 1 1 0 0 same as a combination above
0 1 1 0 1 same as a combination above
0 1 1 1 0 50 22

0 1 1 1 1 550 2

1 0 0 0 0 same as a combination above
1 0 0 0 1 same as a combination above
1 0 0 1 0 same as a combination above
1 0 0 1 1 same as a combination above
1 0 1 0 0 same as a combination above
1 0 1 0 1 same as a combination above
1 0 1 1 0 same as a combination above
1 0 1 1 1 same as a combination above
1 1 0 0 0 4 275

1 1 0 0 1 44 25

1 1 0 1 0 20 55

1 1 0 1 1 220 5
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11 m+n m-—n

0 same as a combination above
1 same as a combination above
0
1

100 11
1100 1

—_— e ND
— e [N
—_t = = O
——_ O O |

We found solutions as follows

m+n= 110, m-n=10 m =60, n=>50
m+n= 50, m-—n= m =36, n=14
m+n=550, m-n=2 m=276, n=274

Therefore, the solutions are

(M, N) = (3600, 2500);
(M, N) = (1296, 0196);

Note that for (M, N) = (76176, 75076) where M and N have more
than 4 digits is eliminated.
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Problem 1 of Poland Mathematical Olympiad 1997

Let ABCD be a tetrahedron with £ BAD = 60°, ZBAC = 40°,
Z/ ABD = 80°, Z ABC = 70°. Prove that the lines AB and CD are
perpendicular.

Solution

Let [®@] denote the plane containing shape @. Lay triangle ADB on
[AABC] as shown on the next page. Point D is now D’. From D’
draw the altitude D’I to AB and extend it to meet AC at C’. Since
Z/BAD’ =60°, ZBAC =40° and £ ABC = 70°, we have £ AD’I
=30°, LAC’I=50°.

\3

Now let AD = a. It’s easily seen that Al = 2 and D'l =a 7 -

2
Applying the law of sines, we get
w3 pr=2 3xsin10°
2xsin80>> ~°  2xsin80° ’

a\/3xsin10°

D’B =

AB=Al+BI=5+

27 2xsing0° > "
, a ___a
AL = 2xsin/ AC’1  2xsin50°
Now let’s prove that
1 in10°
L. \/§?<s1n1)0 Q)
sin50 sin80
L__ ., 23xsinl0°
sin50° cos10° > '
1
= =" t+tanl0°
\Bsins00 A3 oo
1
. . —=tan30° + tan10°
\ﬁsinS 0o AN an10°, or
1 sin(30° +10°) sin40°

\[3sin50°  c0s30°xcos10° ~ cos30°xcos10° "
\Esin50°xsin40° = c0s30°xcos10°, or
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D

70°\B

40°

107 40

Figure (not to scale)
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sin50°xsin40° = \/—cos30°><cole° or

L A3

sm50°><s1n40°—\/— D) cos10°, or

sin50°xsin40° = Y2cos10°, or

-%(c0890° — cos10°) = Y2cos10°, and finally this is obvious
because c0s90° = 0.

Now multiplying both sides of equation (i) by %, we get

a _ a_\[3><sin10°

a
2xsin50° 2 T 2xsin80° -

Therefore, AC’ = AB and ZAC’'B= ZABC=70°,0or C’
coincides C, and the three points D, I and C are collinear, and DC

€[AIDC]. This confirms that AB perpendiculars CD.

Further observation

In three-dimensional geometry, when one line falls or lies in a
plane that is perpendicular to the other line, we say the two lines
perpendicular to each other. A line is said to perpendicular a
plane when it is perpendicular to two intersecting lines belonging

to the plane.

1
The reader is encouraged to prove the equation Sins0° 1+

3 xsinl0°
sin80°
where N is the intersection of the bisector of £ ABD’ and AD’.

geometrically based on the fact that ANXAD’ = AB?
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Problem 1 of British Mathematical Olympiad 1991

Prove that the number 3" + 2x17" where n is a non-negative
integer, is never a perfect square.

Solution

Forn=0,3" +2x17"=1+2 =3 and is not a square. Now let m be
a non-negative integer.

For n =1 + 4m, the units digits of 3" and 17" are 3 and 7,
respectively, and the units digit of 2x17" is 4. Therefore, the units
digits of 3" +2x17"is3+4=7.

Similarly, for n = 2 + 4m, the units digits of 3" and 2x17" are 9
and 8, respectively, and the units digit of 3" +2x17" is9 + 8 =7.

And for n =3 + 4m, the units digits of 3" and 2x17" are 7 and 6,
respectively, and the units digit of 3" +2x17" is 7+ 6 = 3.

Finally, for n =4 + 4m, the units digits of 3" and 2x17" are 1 and
2, respectively, and the units digit of 3" +2x17" is 1 +2 = 3.

Thus the units digits of 3" +2x17" are always either 3 or 7, and

note that the units digits of perfect squares are either 0, 1, 4, 5, 6 or
9. Therefore, 3" +2x17" where n is a non-negative integer, is
never a perfect square.

Further observation

Expanding the idea, we can make a conclusion that for non-
negative integers a, b, n, p and ¢, the number (10°p+ 3)" + 2x(10”

+ 7)" is never a perfect square.
q p q
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Problem 4 of Poland Mathematical Olympiad 1996

ABCD is a tetrahedron with ZBAC = ZACD, and ZABD =
/BDC. Show that AB = CD.

Solution

In the figure on the next page that is not drawn to scale, the top
part depicts the three-dimensional graph while the bottom one
shows the two-dimensional layout. Let oo = ZBAC = £ZACD and
B=ZABD= ZBDC and denote [®] the plane containing shape
.

Lay AABD flat on [AABC]; its vertex D becomes D’ as shown.
Then lay ABDC flat next to AABD’ on the same plane. Its vertex
C becomes C’. These two triangles share side BD’. Since 3 =
ZABD’ = ZBD’C’, AB || C’D’.

Now lay flat AACD on the same plane. This triangle shares side
C’D’ and its vertex A moves to C”. Since AB || C’D’ and ZBAC
= /ACD= 2ZD’C’C”=a, AC || C’C”. However, AC =C’C”
(and equal the original AC on the top graph); therefore, the new
quadrilateral ACC’C” is a parallelogram.

Now let M and N be the midpoints of AC” and CC’, respectively.
Since BC=BC’, AD’=D’C”, D’ is on EC’ and on the
perpendicular bisector of AC” while B is on AF || EC’ and on the
perpendicular bisector of CC’, and AC” = CC’, we thus have MD’
=NB, or AD’ = BC’ (the reader should try to prove these easy
claims), and AD’C’B is a parallelogram, and thus AB = C’D’, or
AB = CD on the three-dimensional graph.
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Problem 6 of Hungary Mathematical Olympiad 1999

The midpoints of the edges of a tetrahedron lie on a sphere. What
is the maximum volume of the tetrahedron?

Solution

D

Let the tetrahedron be ABCD with base triangle ABC, r the radius
of the sphere, (Q2) denote the area of shape Q, [®] denote the plane
containing shape ®, M, N, L, P, Q, K the midpoints of AD, CD,
BD, AB, BC and AC, respectively, H the foot of D onto [ABC]
and 4 = DH, the height of D above [ABC].

Since M, N, L, P, Q and K are the midpoints, ML = 12AB = KQ,
NL = %BC = PK, MN = 2AC = PQ. The two triangles MNL and
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PQK are congruent, and (PQK) = “4(ABC), or (MNL) = “4(ABC).
But the three points M, N and L are on the sphere or on a circle
that lies on a sphere, (MNL) is maximum when it is an equilateral
triangle which causes ABC to also be an equilateral triangle.
Combining with AMNL = APQK and [MNL] || [PQK], [MNL] and
[PQK] are equidistant from the center O of the sphere. Therefore,
H is the centroid of both triangles ABC and PQK, and OE = 2EH
(E is the centroid of triangle MNL).

Because the triangle MNL cuts across the mid-section of the

1
tetrahedron, 4 = 2DE, or OE = 2EH = Zh'

Now let F the foot of N on ML, a the side length of the equilateral
triangle MNL, d = NE. Per Pythagorean’s theorem, NF? + MF? =

3d 3d 3
MN2, or (5 )2 + (5 = a2, or 5 = alzi, or a = dn[3, and hx(MNL)

2

3d 3
= 1/2h><a><7 = l4£a2h.

h
However, in triangle OEN, »* = EN? + OE?, or * = d* + (Z)z, ord=
1 1
A /161/2 —h? ora =7 [3(1672 — h?).

1 4 3
The volume is V=7 hX(ABC) ><hX(MNL) \/— l£><h

(1672 — h?) and is maximum when the product 4(167* — h*) = 16hr?
— h* 1s maximum.

Since r is fixed, taking the derivative of 167> — h* with respect to
h gives us (16Ar* — h*)’ = 16r* — 3h?, and 1612 — 3h* = 0 when h =

%, anddz—»\i /16r2h2=r\[2,a=d\/§=r\/§.

4 16 8
Finally, the maximum volume is V i - —=(16r*— D=2,
max 16 \/_

Further observation

The tetrahedron is a regular tetrahedron and AB L DC, BC L AD
and AC L BD.
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Problem 5 of International Mathematical Talent Search Round 18

Let a and b be two lines in the plane, and let C be a point as shown
in the figure below. Using only a compass and an unmarked
straight edge, construct an isosceles right triangle ABC, so that A
is on line a, B is on line b, and AB is the hypotenuse of triangle
ABC.

Solution

Let lines a and b meet at D, a = ZADB, ¢ = ZADC, un= ZBDC
and / = DC. Draw the altitudes CI and CH from C onto the lines a
and b, respectively. Assuming that the isosceles right triangle BCD
has been constructed, let d = AC=BC, h=CH, k=CIL, x=BD, ¢
=DH, B = LCAD,y= ZCBD and 8 = 180° - f = ZCAL

Applying the law of sines to the triangles ACD and BCD, we get

d_sing_siny .
[ sinp  siny M

However, in the quadrilateral ACBD with £C=90°, B +y=270°
—a, ory=270°— (o + B) and siny = sin[270° — (o + B)] =
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sin[180° — (o + B —90°)] = sin(a + B — 90°) = -sin[90° — (a. + B)] =
-cos(a + P).

sing  sinu sinu  -cos(a + f3)
sinp _ -cos(o + By O sing  sinp

: : k. h
Furthermore, since sing = 7o sinu="7 and cos(a + ) = cosacosf —

Equation (i) becomes

sinasinf3, the above equation is now equivalent to

sinasinf} — cosocosf3

b =si t B =t
X sinp sino — cosacotf, or cotf = tano —

ey

kcosa

h
Note that cotd = cot(180° — ) = -cotfp = Toosa tana.. But cotd =

Al h
oot Al = kcotd = cosa ktana..
Since £ and k are fixed and we can calculate cosa., tano, we can
find the length Al using only a compass and an unmarked straight
edge by following this procedure:

1. Pick a point E on line a, draw a circle with diameter EC to
meet a at point [.

2. Similarly, pick a point F on line b, draw a circle with diameter
FC to meet b at point H.

3. Next, draw a circle with diameter DI to meet b at J.

4. tano = II)—JJ and cosa = D_i are then determined.

5. From there we can calculate the value of Al
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Problem 2 of Austria Mathematical Olympiad 2004

Solve the equation

x2

Va—x\a— 2T - 7) = 2=

(all the square roots are non-negative)
Solution
The problem makes it simple by allowing us to ignore the negative

roots. Since all square roots are non-negative, 5x — 6 —x? = (x — 2)
(x+3)>0, or 2 >x and x > 3 which is not possible, or 3 >x > 2.

Wehave 1 + (x—5)(x—7) = (x— 6> and\[1 + (x = 5)(x - 7) =6 —x
instead of x — 6 since it’s negative when 3 > x > 2, and

V4 — G- 20T +Ga-5a-7) =4 - (x-2)6-xn)=\&_xp=4

— x instead of x — 4 for the same reason.

And\4—x\J4— - 21+ (- 5)r - ) =G 2 =x 2.
Equating the two sides, we get

2

56—
L or®—3x+2 =0,0r (x— 1)(x=2)=0. Orx =

x—2= >

1lorx=2.

But x = 1 is outside of [2, 3] and must be rejected. Therefore, x =2
is the only solution.

164



Narrative approaches to the international mathematical problems

Problem 3 of the Vietnamese Mathematical Olympiad 1962

Let ABCD be a tetrahedron. Denote by A’, B’ the feet of the
perpendiculars from A and B, respectively to the opposite faces.
Show that AA’ and BB’ intersect if and only if AB is
perpendicular to CD. Do they intersect if AC = AD = BC = BD?

Solution

Let’s denote [®] the plane containing shape .

When AB is perpendicular to CD, draw the altitude AH onto CD

with H on CD. Since CD L AB, CD 1. AH and both AB and AH

form the plane ABH, CD is perpendicular to plane of triangle ABH
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(denoted CD L [ABH]). Therefore, CD does perpendicular to any
line that lies on that plane, and CD L BH. Also because CD L
[ABH] and [BCD] contains CD, [ABH] L [BCD].

Combining AA’ | [BCD] with [ABH] L [BCD] to get AA’
€[ABH].

Similarly, BB’ [ABH], and since both AA’ and BB’ are on the
same plane [ABH] and are the altitudes of triangle ABH, AA’
and BB’ intersect.

When AA’ intersects BB’, AA’ and BB’ are on the same plane
containing AB. Since AA” L [BCD], AA’ L CD. Similarly, because
BB’ L[ACD], BB’ L CD. Together, CD perpendiculars with the
plane containing AA’ and BB’, but this plane contains AB;
therefore, AB 1. CD.

They do intersect if AC = AD = BC = BD. In such a situation, the
two isosceles triangles ADC and BDC are congruent because of all
their respective sides are equal, but A and B are still on the plane

[ABH].
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Problem 8 of Georgia MO Team Selection Test 2005

In a convex quadrilateral ABCD the points P and Q are chosen on
the sides BC and CD, respectively so that ZBAP = ZDAQ. Prove
that the line, passing through the orthocenters of triangles ABP and
ADAQ, is perpendicular to AC if and only if the triangles ABP and
ADQ have the same areas.

Solution

Let I and J be the orthocenters of triangles ABP and ADQ,
respectively, and M, H, K, N, G and L be the feet of Q onto AD, A
onto CD, D onto AQ, P onto AB, A onto BC and B onto AP,
respectively. Our mission is to prove that IJ L. AC. To do that we
will prove that

A+ CPP=AP+CJ% or

AJ*+ CG* +1G*= AI* + CH? + JH? or

AP+ AC? - AG*+ 1G* = AI> + AC?>— AH? + JH?, or
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AP — AG>+ 1G> = A — AH? + JH?, or
AP — AG* + 1G> = AP — (AJ? + JH? + 2AJxJH) + JH?, or
= A2~ AJ? — 2AJxJH, or

2A)>+1G* = AP + AG* - 2AJxJH, or
= Al + (A? + 1G* + 2AIXIG) — 2AJxJH, or

2AJ> = 2AP + 2AIXIG — 2AJxJH, or
AJ + AIXJH = AP + AIXIG, or
AJ(AJ + JH) = AI(AI + IG), or
AJxAH = AIXAG.

In other words, we need to prove that the quadrilateral JHGI is
cyclic.

The problem gives us that the areas of the two triangles ABP and
ADQ are equal, or QMxAD = PNxAB (1)

Furthermore, we’re also given that ZBAP = ZDAQ. Now it’s
easily seen that the two triangles AMQ and ANP are similar
because all their respective angles are equal which implies that

QM PN .
AM ~ AN (i)
From (1) and (i1), we have ANXAB = AMxAD (111)

However, since the two quadrilaterals MDHJ and NBGI have their

opposite angles being the right angles, they are cyclic, and we have
ANXAB = AIXAG and AM*XAD = AJxAH.

Therefore, equation (ii1) becomes AIXAG = AJxAH, or JHGI is
cyclic and we’re done.

The reverse process is fairly straightforward; the reader is
encouraged to prove it.

Further observation

We can prove that the quadrilateral JHGI is cyclic by applying the
law of cosines.
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DK BL
AD ~ 4B

Because the two triangles ABP and ADQ having the same areas,
DK*xAQ = BLXAP. The last two ratios give us ABxAP = AD xAQ,

or ABXAPxcos ZBAP = AD*xAQ %cos £ DAQ (iv)

Since ZBAP = £ DAQ, sin ZBAP = sin ZDAQ, or

The law of cosines gives us
BP? = AB? + AP?— 2AB xAP *cos ZBAP, and
DO? = AD? + AQ? — 2AD*AQ % cos .~ DAQ.

Combining with (iv), we get
BP?—AB?— AP?> = DQ?— AD?— AQ>

Now the Pythagorean’s theorem yields

BP?— AB?— AP? = BL? + LP?— BL?— AL? — AL? — LP? — 2XALXLP
=—2A4L%— 2ALXLP.

Similarly, DQ? — AD? — AQ? = — 2AK? — 2AK xKQ. Therefore,

AL? + ALXLP = AK? + AKxKQ, or ALXAP = AK*XAQ. This
implies that KLPQ is cyclic.

Combining with the two adjacent cyclic quadrilaterals JKOQH and
LIGP on either side of the cyclic KLPQ, JHGI is cyclic.
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Problem 4 of Hong Kong MO Team Selection Test 1994

Suppose that yz + zx + xy =1 and x, y, and z > 0. Prove that

M=)+ 521 )+ 21 - <4

Solution

Expanding the expression on the left, we get

K1 =321 =2) + (1= 2)(1 =) + (1 =21 ) =
x+ty+z—z(®+xz+yz)—y(x*+xy + yz) + xpz(xy + xz + yz).

Now substituting yz +zx=1—-xy, yz+xy=1—-xzand yz +zx + xy
= 1 into the previous expression, we get

X(1=y2)(1 = 2) + (1= 2)(1 =)+ 2(1 =) (1 —?) =
x+ty+z—z(®—xy+1)—py®—xz+1)+xpz.

Next, regrouping this expression to get
x+ty+z—z(x®—xy+1)—py?—xz+1)+xpz=
x(1 —xy—xz + 3yz) =4xyz.

A3

3
Now it suffices to prove that 4xyz < 4 g - OrXYzZ="g

Applying the AM-GM inequality for the non-negative values yz, zx
and xy, we get yz + zx + xy > 3\3/x2y222, or

3 1 \/3
> 21,22 <= >
1 >3+/x3222, or xyz < 77 9 and we’re done.
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Problem 5 of the Iranian Mathematical Olympiad 2000

In a tetrahedron we know that the sum of angles of all vertices
is 180°. (e.g., for vertex A, we have ZBAC + ZCAD + ZDAB =

180°.) Prove that the faces of this tetrahedron are four congruent
triangles.

Solution

Figure (not to scale)

Leta= ZDAB, p= £ZCAD,y= £ZBAC, 8= ZACD, ¢ =
ZACB,e= ZBCD,n= ZADB, u= ZADC and y = ZBDC.
Wehavea +B+y=30+¢@+e=m+pu+y=180°.
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The top part of the graph on the previous page depicts the three-
dimensional tetrahedron while the bottom one the two-dimensional
layout of its triangles on the plane that contains the triangle ABC,
denoted [ABC], except that the triangle ABC has been flipped
180° counterclockwise around axis AB. Point C of AABC moves
to C’.

Now lay flat AABD but keep side AB at the same position on
[ABC], point D of AABD — D’. Continue doing the same for the
other two triangles, laying flat AADC (side AD is now AD’) on
[ABC], and then ABCD (B— B’,D — D’,C — C”))

The angles transform to the two-dimensional graph as follows
a=Z4ZD’AB, = ZC’AD’,y= £LBAC’,5= LAC’D’, ¢ =
Z/ACB,e= ZBC’D’,n= ZAD’B, p= ZAD’C and y =
ZB’D’C”. And these sides are equal BC = BC’ =B’C”, BD = BD’
=B’D’, AC=AC’=AC".

Since o + 3 +y = 180° the three points C’, A and C” are collinear,
so are the three points B, D’ and B’ since n + p + vy = 180°. Also
because 6 + ¢ + £ = 180°, BC’ || B’C”. Thus BB’C”C’ is a
parallelogram and BB’ = C’C”. With D’ and A being the
midpoints of BB’ and C’C”, we have BD’ =D’B’ =C’A = AC”
and AB = C”D’. Therefore, the four triangles in the two-
dimensional graph ABC’, ABD’, ACD’ and B’C”’D’ are congruent
because all their respective sides are equal, and the faces of this
tetrahedron are four congruent triangles.

Further observation

As we have seen, we did not touch the vertex B of the tetrahedron.
Only three vertices with each having the sum of its angles being
180° is enough for all the faces to be congruent. So we conclude
that the sum of angles on the last vertex must also be 180°, and
thus we arrive with this problem “Three vertices of a tetrahedron
with each having the sum of its angles being 180°, prove that the
sum of the angles at the remaining vertex is also 180°.”
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Problem 3 of Moldova Mathematical Olympiad 2002

Consider an angle ZDEF, and the fixed points B and C on the
semi-line EF and the variable point A on ED. Determine the
position of A on ED such that the sum AB + AC is minimum.

Solution

D

E B C

Let oo = ZDEF, x = EA.

Applying the law of cosines to get

AB = \/x2 + EB? — 2xxEBcosa and

AC =+[x* + EC? — 2xxECcosaL.
AB+AC= \/x2 +EB*-2xxEBcosa. + \/x2 +EC>-2xxECcosa.

The extreme values of AB + AC is found by first taking its
derivative with respect to x. We have

(AB + AC)’= (/x> +EB*~2xxEBcosa) "% x(x — EBxcosa) +
(\/)c2 +EC2—2x><ECcosoc)'1/ 2 x(x — ECxcosa).

Now setting this derivative to zero, we get
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(x— EB><cos0L)\/x2 +EC?>-2xxECcosa + (x — ECxcosa)*

\/x2 +EB*-2xxEBcosa. = 0, or

(x— EB><cosoc)\/x2 + EC? — 2xXECcosa. = -(x — ECXcosa)
\/x2 + EB? — 2xxEBcosa.

Now squaring both sides, we obtain
(x — EBxcosa)*(x* + EC? — 2xxECcosa) = (x — ECxcosa)*(x* +
EB? — 2xxEBcosa).

Expanding it and we get
x(EC? — EB?) — 2EBXECcosa(EC — EB) — xxcos?a(EC? — EB?) +
2EBXECcos’a(EC — EB) =0, or

(EC — EB)xsin*a[x(EC + EB) — 2EBXECcosa] = 0.

However, neither EC — EB nor sina is zero since EC > EB and o is

not zero, and we must have

2EBXEC

x(EC + EB) — 2EBXECcosa = 0, or x = — £

2EBXECcoso 2EB*XECcosa
EB + EC and x > EB + EC the value for AB +

2EBXECcosa

EB + EC

Forx <

AC is greater than that of AB + AC when x =

We conclude that the position of A on ED such that the sum AB +

R , 2EB*ECcosa
AC is minimum is when EA = EB + EC
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Problem 15 of Moldova Mathematical Olympiad 2002

In a triangle ABC, the bisectors of the angles at B and C meet the
opposite sides Bi and C1, respectively. Let T be the midpoint AB1
Lines BT and B1C1 meet at E and lines AB and CE meet at L.
Prove that the lines TL and B1C1 have a point in common.

Solution

Let I be the incenter of AABC, J and K be the feet of I onto AB
and AC, respectively, T” and B’ the symmetrical points of T and B
across Al, respectively, F the intersection of BT and Al

We have AT = AT’, AB = AB’, and it’s easily seen that the three
points T°, F and B’ are collinear just like the other three points T, F
and B which are also collinear.

Without loss of generality, assume £ ABC > £ ACB, or AC > AB
= AB’. Vertically, F is at a higher altitude than E (both on the same
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segment BT); B’ is obviously also at a higher altitude than C;
therefore, T’ is at a higher altitude than L. And because T” and L
are on AB, AT’ <AL, or AT <AL.

We also have AT = TBi1 (T is the midpoint of AB1 as given by the
problem), but TB1 > TK =T’J > LC1.

- AT _AL _AL
enee, TR, = TB1 ~LCi -

Since T is the midpoint of AB1 and L is not the midpoint of ACi,
TL is not parallel to Bi1Ci, and they will meet and have a common
point.
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Problem 7 of Moldova MO Team Selection Test 2003

The sides AB and AC of the triangle ABC are tangent to the
incircle with center I of the AABC at the points M and N,
respectively. The internal bisectors of the AABC drawn

from B and C intersect the line MN at the points P and Q,
respectively. Suppose that F is the intersection point of the lines
CP and BQ. Prove that FI | BC.

Solution
A F
o 04
N P
5
QL]
M 54
L'\ /E

D

Leta=%ZABC, B ="%ZACB, y=%2ZBAC, K be the foot of I

onto BC. We have a + 3 + y=90°. Link MK, AI, KN and extend
both MK and Al to meet at D, IC to meet KN at E and MN to meet
Al at].
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Since Al, BI and CI are the angle bisectors of ZBAC, £ ABC and
Z ACB, respectively, and M, N and K are points of tangencies, we
have AT_LMN, BI_L MK and CI_L KN. These angle equalities
result from their sides being perpendicular to each other ZKMI =
ZMBI=a, ZENI= ZNCI= and ZJMI= ZMAIl= ZJNI=
ZNAI =Y.

We have ZMDJ = 180° — ZMJD — ZDMI - ZNMI = 180° — 90°
—o—y=p.

However, ZMDIJ = ZNPI because their respective sides
perpendicular to each other; therefore, p = ZNPI = ZNCI, and
CINP is cyclic which results in ZIPC = ZINC = 90°, or BP L FC.

Similarly, ZEQN =180° — ZQEN — ZKNI - ZMNI = 180° —
90° - B —y=o. But ZEQN + ZMQI = 180°, or oo + ZMQI =
180°, or ZMBI + ZMQI = 180°, and BMQI is cyclic resulting in
ZBQC = ZBMI=90°, or CQ_LFB.

Combining with BP_L FC found earlier and with point I being the

intersection of BP and CQ, it is the orthocenter of ABFC, and thus
FI_L BC.

178



Narrative approaches to the international mathematical problems

Problem 20 of Indonesia MO Team Selection Test 2009

Let ABCD be a convex quadrilateral. Let M, N be the midpoints
of AB, AD, respectively. The foot of perpendicular from M to

CD is K, and the foot of perpendicular from N to BC is L. Show
that if AC, BD, MK and NL are concurrent, then KLMN is a cyclic
quadrilateral.

Solution

Let I be the intersection of MK and NL. Extend CB and KM to
meet at F, CD and LN to meet at E. Link EF and extend CI to meet
EF at H. Also denote (Q2) the area of shape Q.

Since EL L FC and FK | EC, I is the orthocenter of AEFC, and
thus CH L EF. Now draw the altitudes MT to FC and NV to EC.

FM MT (MBC
We then have FI - IL — ((IBC))' But since M is the midpoint of

AB, (MBC) = (MAC), and the previous equation becomes
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FM _ (MAC)
FI ~ (IBC)
onto AC, respectively (h1 and h2 not shown on the graph). Again,

since M is the midpoint of AB, h2= 2hi, and

. Now let h1 and h2 be the altitudes from M and B

FM (MAC) hixAC AC ,
FI ~ (IBC) hxIC _ 2xIC (i)

Similarly, let h3 and h4 be the altitudes from N and D onto AC,

respectively (again, they’re not shown on the graph). We also have
h4a= 2h3, and

EN NV (NDC) (NAC) hixAC AC
El IK ~ (IDC) ~ (IDC) ~ huxIC ~ 2xIC’

N FM _EN
Combining with (i), we get FI - EL-

Therefore, MN || EF and ZNMK = ZEFK. But ZEFK = ZHCE
because I is the orthocenter and because KILC is cyclic (opposite
angles being right angles) ZHCE = ZNLK.

Hence, ZNMK = ZNLK and KLMN is a cyclic quadrilateral.

Further observation

Let J be the intersection of MN and H; hi, h2, hs and h4 turn out to
be MJ, BI, NJ and DI, respectively. Also since ZNMK = ZNLK =
ZICK, KIMC is also a cyclic quadrilateral. And since BD || MN ||
EF, ZAIB = 90° and with M being the midpoint of AB, MI = MA
= MB and LAMJ = ZLIMJ, or ZABI = ZIMJ = ZEFK =
ZHCE, or ZABD = ZACD, and thus ABCD is also a cyclic
quadrilateral.
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Problem A5 Tournament of Towns 2009

Let XYZ be a triangle. The convex hexagon ABCDEEF is such that
AB, CD and EF are parallel and equal to XY, YZ and ZX,
respectively. Prove that the area of triangle with vertices at the
midpoints of BC, DE and FA is no less than the area of triangle
XYZ.

Solution

Without loss of generality (WLOG), let’s assume YZ > XZ > XY.
Move the AXYZ so that its longest side YZ coincides with side CD
of the hexagon ABCDEF; Y =C and Z =D as shown. Let M, N
and P be the midpoints of AF, BC and DE, respectively. Denote
(Q) the area of shape Q.
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To prove (MNP) > (XYZ), we need to prove that (ABNM) +
(MFEP) + (MNCX) + (MPDX) > (ABNM) + (MFEP) + (NPDC).
In other words, the area of (ABCDEF) minus the area occupied
by (XYZ) is greater or equal to the area of (ABCDEF) minus the
area occupied by (MNP), or (MNCX) + (MPDX) > (NPDC), or

(NXC) + (NXM) + (PXD) + (PXM) > (NDC) + (NDP), or
(NXM) + (PXM) > (NDC) — (NXC) + (NDP) — (PXD) (i)

Draw the altitudes XK, DL onto BC, the altitudes NI, XJ onto DE.

Let h1 = XK, h2 =DL, h3 = XJ and s+ = NI. Extend AX to meet DL
at G and FX to meet NI at H. It’s easily seen that 42— 47 = DG and

h4— h3 = NH, and the equation (i) becomes

(NXM) + (PXM) > CNxDG + %DPxNH (ii)

Now pick points N’ on AX and P’ on FX such that XN’ = CN and
XP’ = DP. Equation (ii), which is still required to be proven, is
equivalent to (NXM) + (PXM) > (DXN’) + (NXP’).

Now let’s compare (NXM) with (NXP’). They have the same base
NX; since ABCDEEF is convex, the altitude MS from M to NX is
greater than that from F to NX (FT on the graph), and because XP’
= DP < DE = XF (or P’ is on the interior of XF), FT is greater than
the altitude P’R from P’ to NX. Or the altitude MS from M to NX
is greater than the altitude P’R from P’ to NX, or (NXM) >
(NXP?).

Whereas APXN’ and ADXN’ have the same base XN’, but again
since ABCDEF is convex, the altitude from P to N’X is greater
than that from D to N’X which is DG, or (PXN’) > (DXN’). Now
compare (PXM) with (PXN”) using the common base PX. The
altitude from M to PX is greater than that from N’ to PX; therefore,
(PXM) > (PXN’), or (PXM) > (DXN’). Combining with (NXM) >
(NXP’) found above, we get (NXM) + (PXM) > (DXN’) + (NXP’)
which is the equation required to be proven. Equality is achieved
when AF = BC = DE =0, and finally

(NXM) + (PXM) > (DXN’) + (NXP’).
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Problem 16 of Moldova Mathematical Olympiad 2002

Let ABCD be a convex quadrilateral and let N on side AD and
BM
ND ~ MC- The lines AM

and BN intersect at P, while the lines CN and DM intersect at Q.
Prove that if SaBp + Scpq = Smneq, then either AD || BC or N is the
midpoint of DA.

AN
M on side BC be points such that

Solution

D

Draw the altitudes BE, MF and CH to AD and let 47 = BE, h2=
MF and /3 = CH. Denote (Q2) the area of shape (2. We have Sasp =
(ABP), Scpq = (CDQ) and Smneq = (MNPQ), and that
(MNPQ) = %h2xAD — (APN) — (NQD) and
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(ABP) + (CDQ) = %hixAN + Y%h3xND — (APN) — (NQD)
For them to equal (MNPQ) = (ABP) + (CDQ), we must have
h2xAD = hixAN + h3xND, or

h2xAN + h2xND = hixAN + h3xND, or

AN(h2— h1) = ND(h3— h2).

The conditions to satisfy the above equation are either

a) AN = ND, or N is the midpoint of AD and h2— h1 = h3— h2, or
2h2= hi + h3. These two conditions AN = ND and 2h2= hi + h3
must simultaneously exit. Draw two segments MM’ and CI to
parallel and equal segment AB (MM’ || AB || Cl and MM’ = AB =
CI). It’s easily verified that when AN = ND, AM’ = M’ (NM” ||
DI) and BM = MC, % = % which is a condition given by the

problem that is also satisfied by having AN = ND.

b) h2— hi = h3—h2=0, or hi= h2 = h3. This occurs when AD || BC
and it does not depend on the lengths of AN and ND since any real
values multiplying by zero is zero.

c) AN = h3— h2and ND = h2— hi. Let L and K be the feet of B onto
HC and FM, respectively, and J the foot of M onto HC. AN = h3—

AN JC MC
h2=JC,ND =KM, ND KM BM (because the two triangles

BM
BKM and MJC are similar) = MC (required by the problem), or

BM = MC and AN = ND. So this condition can only happen when
AN = ND and BM = MC just like conditions in a) above.

Further observation

| AN _BM
If we had not been bound by the requirement that ND ~ MC then

the third condition in c) AN = h3— h2 and ND = h2— h1 is one of
the conditions for Sasp + Scpo = Sunpo to occur. We can also
apply the Carpet theorem to solve this problem even though it’s
very much similar.
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Problem 3 of Hungary-Israel Binational 1994

Three given circles have the same radius and pass through a
common point P. Their other points of pairwise intersections are A,
B, C. We define triangle A’B’C’, each of whose sides is tangent to
two of the three circles. The three circles are contained in triangle
A’B’C’. Prove that the area of triangle A’B’C’ is at least nine
times the area of triangle ABC.

Solution
A D E B'
oty g+Y
A
r r
r-B aﬁtx
Ol g / b 67 OZ
r
o I M H?’ﬁ r
L P
8 F
(o
T 5\"] X
C/~7 7 \B
oClo/B
r Os 7
N
K

ot
CV

Let 7 be the radius of the circles, O1, O2 and O3 be the centers of
the circles where O1 is nearest to A’, O2 nearest to B’ and O3
nearest to C’ as shown. Let () denote the area of shape Q. Draw
the altitudes O1D onto A’B’, O2E onto A’B’, Oi1L onto A’C’, O3N
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onto A’C’, O3K onto B’C’, O2F onto B’C’, O1l onto AC and O3]
onto BC. Let Q = AP N 0102 and H=CP N AB.

Now let o = ZCAP, B = ZBAP, y= Z ACP. We then also have
a= Z0201] (sides L with those of ZCAQ)= ZPBC (angles
subtending same arc PC on identical circles) = £ JO302 (sides L
with those of ZPBC);

B = ZB020s3 (angle at center of circle subtends one-half arc PB) =
Z BCP (angles subtending same arc PB on identical circles) =
ZB0302 (BO302 an isosceles triangle with BO3 = BO2=r) =
Z0103]J (sides L with those of ZBCP), and

y= 20301l (sides L with those of ZACP)= ZA010:2 (angle at
center of circle subtends one-half arc AP) = £ ABP (angles
subtending same arc AP on identical circles).

Therefore, in triangle ABC, o + 3 + 7 =90°, and we also have
ZA0103+ £ZB0301=2(a + B + 7)= 180°, or AO1 || BO3, and

in triangle ACH, ZHAC + ZACH=a+ B +y=90° or ZAHC=
90°, or CP_L AB. But CP L 0102; therefore, AB || 0103 || A’C’.

Similarly, AC || 0203 || B’C’ and BC || 0102 || A’B’. Hence,
AABC is similar to AC’A’B’, and the ratio of their areas

% equals the square of the ratio of their respective sides.
For our purpose, we pick the ratio of their respective sides being
A'B' (AA’B’C’) A'B”

BC and now we have to prove that (AABC) = BC? >9, or
AB

BC =~

However, A’B’=A’D+DE+EB’=A’D+ 0102+ EB’=BC +
AB' N A'D + EB’

A’D + EB’, and BC 1 BC and it suffices to show
A'D + EB’ )
— BC 2 2 (1)

Note that because O102 || A’B’, 0103 || A’C’ and 0203 || B’C’,
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ZANBC =201003=B+7v, ZB’A’C’ = £020103 = o + 7.
Furthermore, since A’O1and B’Oz2 are the angle bisectors of
ZB’A’C’ and ZA’B’C’, respectively, ZDA’O1 = Y5(a + y) and
ZEB’02 = %(p +v), and we have

A’D = O1Dxcot[¥2(a + y)] and EB’” = O2EXcot[4( + )] , or
A’D = rxcot[a(a. + 7)] and EB’ = rxcot[Y4(B + 7)].

Also in ABJO3, BJ = O3Bxcos £ JBOs3, or BJ = rxcosy, or BC =
2BJ = 2rxcosy.

Therefore, the equation still requires to be proven (i) becomes
A'D + EB’  rxcot[2(a +7)] + rxcot[2(B +v)]
BC 2rxcosy
cot[2(B +7)]
2cosy
cot[2(a + y)] + cot[ /(B + y)] > 4cosy.

>2,0r

Now expanding the lest side, we get

cot[2(au +y)] + cot[V2(B + v)] = [cos’2(a + y)xsin’a(P +y) +
cos’a(B + y)xsin’2(a + v)]/[sin'a(a + y)xsin'a(B +v)] =
[l/zsm(—zE +v) — Vasin —E 1/2sm(—2E +7v)+ %Sinoc_;ﬁ]/

[sina(a + y)xsina(B + v)] = sin(—zﬁ + v)/[sin’a(o+y)*

sina(B +v)].

But because o + 3 + 7 =90°,

atP

5 +v=45°+vy/2, and

+
sin(OL—zE +7v) = sin(45° + y/2) = sin45°cos(y/2) + cos45°sin(y/2) =

\/E/Z[Sin(y/Z) + cos(y/2)]. We then need to prove
\/E/Z[Sin(y/Z) + cos(y/2)]/[sin¥a(a + y)xsin¥a(P + v)] > 4cosy, or
sin(y/2)+ cos(y/2) > 4\/§cosy><sin1/z(oc + y)xsin%2(P + 7).

However, cosy = cos?(y/2) — sin*(y/2) = [cos(y/2) + sin(y/2)]x
[cos(y/2) — sin(y/2)], and the previous inequality becomes
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sin(y/2)+ cos(y/2)> 4\/§[cos(y/2)+ sin(y/2)]x[cos(y/2)— sin(y/2)]
xsin’2(o + y)xsin’a(B +y), or
1> 4\/§[cos(y/2) — sin(y/2)]xsin’z(a + y)*xsin2(P + 7) (i1)

Similarly, cos(y/2) — sin(y/2) = sin(90° — y/2) — sin(y/2) =
200s45°sin(45° — y/2) =~[2sin(45° — y/2), and

sin¥s(a + ) = sin(45° — B/2) and sin’2(P + y) = sin(45° — a/2), and
equation (ii) becomes

1 > 4\[2x\[2sin(45° — y/2)xsin(45° — B/2)xsin(45° — 0/2), or

1/8 > sin(45° — y/2)*sin(45° — B/2)*sin(45° — a/2), or

1/4 > [cos(a/2 + 3 — 45°) — cos(45° + a/2)]xsin(45° — a/2), or

1/4 > sin(45° — a/2)*xcos(45° — o/2 — B) — sin(45° — a/2)xcos(45° +
o/2)], or 1/2 > sin(90° — o — B) + sinf — sin90° + sina, or

1/2 > cos(a. + B) + sinf — 1 + sina, or

3/2 > c0s(90° —y) + sinf + sina, or

sina + sinf + siny < 3/2. Now let’s prove it.

Let’s assign a function f{x) = sin(x) on [0, 90°]. We have f’(x) =
cosx, f”'(x) = -sinx < 0, so the curve of the function is concave and
we can apply the Jensen’s inequality which proclaims that

(o) +AB) +ANV3 < f (o + B +7v)/3].

Given (a + B +v)/3 =30°, f[(a + B +v)/3] = f30°) = sin30° = 1/2.
[fla) + fA(B) + fA(y)]/3 = (sina + sinf} + siny)/3 < 1/2, or

3
sina + sinf + siny < 5 and the inequality is proven.

Equality occurs when o = 3 =y = 30°, and this completes our
analysis.

Further observation

ABOs301, ACO30:2 and BCO10: are all parallelograms, and
triangles ABC and 010203 are congruent. By proving that sino +
sinf + siny < 3/2, we indirectly proved that 1/8 > sin(45° —

v/2) xsin(45° — B/2) xsin(45° — o/2) when o + B + y = 90°.
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Problem 21 of Moldova Mathematical Olympiad 2002

Let the triangle ADB1 such that £ DAB1# 90°. On the sides of this
triangle externally are constructed the squares ABCD and
AB1Ci1D1 with centers O1 and Oz, respectively. Prove that the
circumcircles of the triangles BAB1, DAD1 and O1AO2 share a
common point differs from A.

Solution

Let I', @ and IT be the circumcircles of ABAB1, ADAD1 and
AO1AO2, respectively. Also let a and b be the side lengths of the
squares ABCD and AB1C1D1, respectively, 71 and 72 be the radii
of the circumcircles of squares ABCD and AB1C1D1, respectively.

It’s easily seen that ZBAB1= ZDAD1=90° + ZBAD1, and
ABAB1 = ADAD:I. Therefore, I' = (identical to) ® and

Z APB = Z APD (subtending arcs with same length @) and

Z APB1 = Z APD: (subtending arcs with same length b). Thus the

three points P, B and D are collinear, so are the three points P, D1
and B1.

Furthermore, it’s easily seen that % = %: 2,and Z01AO2=
Z01AB+ ZBADi1+ £ZD1AO2=45° + ZBAD1+45° = ZBABI.
Therefore, AO1AO2 = (similar to) ABABI1 and because £ APD =
Z APO1and ZAPB1 = £ APOg2, point P must also be on circle I1,
and the circumcircles of the triangles BAB1, DAD1 and O1AO2
share a common point P differs from A.
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Problem 2 of Hungary-Israel Binational 2001

Points A, B, C and D lie on a line /, in that order. Find the locus of
points P in the plane for which £ APB = ZCPD.

Solution

n ew /
A

Assume that a point P has been established. Let o = Z APB =
ZCPD, B= 4ZBPC,n= £BAP, ¢ = £ZBCP, y = ZCDP. Pick

point E on the interior of BC such that ZBPE = ZEPC = g and let
CE =x.

The problem becomes finding the locus of points P for which
Z APE = ZEPD. Our first task is to find where point E is. Let’s
find it.

Since PE is the angle bisector of both £ APD and £ BPC, we have
BE_BP DP DE |
CE~ CP AP~ AE M

But the law of sines gives us
BP AB BP — ABxsinn

_ CDxsiny
sinm  sina’ a and

. Similarly, CP - ,
sino

BP ABxsinn BE ABXsinn
CP ~ CDxsiny’ > CE ~ CDxsiny’
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sinn DP

The law of sines also gives =, and now
siny AP

BE ABXxDP
CE — CDxAP- From (1), we get

BE ABxDE _ AB(CD +CE)
CE ~ CDXAE ~ CD(AB + BC - CE)’

Substituting CE = x and BE = BC — x into the above equation, we
now have

BC—x _ AB(CD +x)
x CDAB+BC-x)°r

(AB — CD)x* + 2ACxCDx — ACxBCxCD = 0.

Solving for x, we get

X=AB_CpDACCD £ \JABxACxBDxCD), but x is positive,

and the only valid root is

1
X =25 _cpC-ACXCD + \JABXACxBDxCD)

So the locus is the circle of Apollonius 11 with the diameter EF
shown on the graph. To draw the circle of Apollonius first draw
circle I with radius AE after we have determined the location of
point E from the equation above given the locations of points A, B,
C and D; next draw circle ® with the radius DE. We then draw two
arbitrary parallel segments originating from the centers A and D of
the two circles I and @ to intercept them at I and J, respectively.
Link and extend 1J to meet the extension of AD at F. Then draw
the circle of Apollonius with the diameter EF. This circle I1 is the
locus of points P in the plane for which £ APB = ZCPD. See the
proof of the Apollonius circle in the second problem of the book.
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Problem 11 of Moldova Mathematical Olympiad 2002

Consider a circle I'(O, R) and a point P found in the interior of this
circle. Consider a chord AB of I that passes through P. Suppose
that the tangents to I" at the points A and B intersect at Q. Let M
QA and N €QB such that PM | QA and PN L QB. Prove that

1 1
the value of PM PN doesn't depend of choosing the chord AB.

Solution

I

LetI=OQNT,H=0QNAB,a=QA=QB,b=QH,c=AH=
BH, o= ZQAB = ZQBA = ZQOA = ZQOB, R the radius of
the circle I' and denote (Q2) the area of shape Q. We have
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OA OB_(0AQ) (OBQ)
R(PM PN) PM T PN~ (PAQ) T (PBQ) -

But (OAQ) = (OBQ) = Y%2axR, (PAQ) = 12bx AP, (PBQ) = 2b*xBP,
and we obtain

(OAQ) (OBQ) axR 1 1 _axR AP+BP _
(PAQ) " (PBQ) ~ b APTBP T h “APxBP

R_AP+BP R 2c 2R _cR 2R
sino.. APXBP ~ sino, APXBP ~ APxBP AH _ APxBP> '

1.1 2R
PM PN APxBP-

Because point P inside the circle I', the product APxBP is always
constant no matter where A and B are as long as AB passes

through point P, and obviously R is constant. Therefore,

1 1 2R
PM T PN~ AP<BP is constant and does not depend on choosing

the chord AB.
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Problem 3 of Hitotsubashi University Entrance Exam 2010

In the xyz space with O(0, 0, 0), take points A on the x-axis, B on
the xy plane and C on the z-axis such that ZOAC= Z0OBC =

0, £ AOB =20, OC = 3. Note that the x coordinate of A, the

y coordinate of B and the z coordinate of C are all positive. Denote
H the point that is inside AABC and is the nearest to O. Express
the z coordinate of H in terms of 6.

Solution
z
C
3
o, H ’
60 0
0 I B
M
A
X
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OC OC
Observe that AC=—"— AO= . and since the two triangles
sin@’ an@
AM OC oC
CAO and AOM are similar, we get 5~ AO _AC:OT AM = OAXx AC

Also the two triangles OCA and OCB are congruent because all
their corresponding angles are equal and they share side OC.
Therefore, AC = BC and let M be the midpoint of AB. It’s easily
seen that H is on the segment CM, and CM _L AB. We then have
CM?2=AC? - AM2

The Pythagorean’s theorem also gives us OM? = OA? — AM>.
Draw the altitude HI to the xy plane; the z coordinate of H is HI,

HI_HM
oCc Cw

HM
or HI = OCx

and we have CM-

However, the two triangles OHM and COM are similar, and we get

HM OM om? oM OA?— AM?
oM — ow O HM =g and HE= 00y = 003 o “ane
2 2
OA2 - OAAXC?C 2 2 2 2
. _ OAAC? - OA>¥0C? _
OA’x0C*> " AC* — 0A>xOC?
AC - &
AC
81 81 )
; sin’Otan?0  tan®0 3cos’0
X =
81 81 1-—sin%Ocos?0°

sin*0tan?0 tan*0
3cos*0

The z coordinate of H in terms of O 1is m .
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Problem 4 of Moldova Mathematical Olympiad 2006

Let ABCDE be a right quadranular pyramid with vertex E and
height EO. Point S divides this height in the ratio ES:SO = m. In
which ratio does the plane [ABS] divide the lateral area of triangle
EDC of the pyramid.

Solution

Let the plane containing A, B and S cut the triangle CDE at K and
L with K on ED and L on EC, respectively. Now let M, N and I be
the midpoints of AB, CD and KL, respectively. From S draw a
segment SJ to parallel ON with J on the plane of triangle CDE.
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ES 1 1 1 1
EO EO ES+SO_ L SO~ L
ES  ES ES 'Tm

We have &~

Now let’s look at the triangle EMN. We also have
1 S] SJ EJ

IN_MN_ 20N~ 2EN (1)
o Bl ES 1 U 1
u = = or~—-—_ 4 .
2EN ~ 2EO 1O IN 1
21+ 21+
U E-U EI

Also from (1), 7o IN_2EN—IN _El+ EN- '

EI+EN IN 2+g 1+EN 2+2 EN 2
El U TR m °" EI ~
Therefore, =< EN- 2 and the ratio of the areas of the two

1+—
m

EIl
triangles EKL and EDC is the square of this ratio EN' Hence, the

ratio the plane [ABS] divides the lateral area of triangle EDC of

o 1 m
the pyramid is 2 —(m Jr2)2.
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Problem 4 of Tokyo University Entrance Exam 2010

In the coordinate plane with O (0, 0), consider the function

1 1
Cy= Xt sz + 2 and two distinct points P,(x,, y,), P,(x,, »,)

on C.

a) Let H. (=1, 2) be the intersection points of the line passing
through P. (i = 1, 2), parallel to x-axis and the line y = x.
Show that the area of AOP H, and AOP,H, are equal.

b) Let x, < x, . Express the area of the figure bounded by the part

of x, < x < x, for C and line segments P,O, P,O in terms of y,, y, .

Solution

y

P,

4
=

a) Denote (Q2) the area of shape (). We have

1 11 /1 1 /1
(OP H)= Eyl(yl— X)) = 5 (E X, + lez + 2)(-5 x,+ lez +2)

11 1
=5G22 =1
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) ) 1 11 /1 1
L1kew1se, (OPsz) = —Jz zz(xz_yz) = 5 (5 X, + szz + 2)(-5 x2+
1 11 1
\/3%° D=5’ +2-p,) =1

Therefore, (OP,H,) = (OP,H,), or the areas of AOP,H, and AOP,
H, are equal.
b) Let the area bounded by the part of x; < x < x, for C be A. We

X, .

1 1 17
haveAZJ(Ex-ir Zx2+2)dx=§f(x+\/x2+8)dx=

x

X 1

1

1 1
2+—x\/ X2+ 8 + 2In(x +/x* + )] Z(xzz—xlz)Jrz(x2

X

A /xzz +8—xn\ /xlz +8) + 2[In(x, +/x,* + 8) — In(x, + /x> + 8)]

1 1 1 1 Yy
=5 X, — Xt 2[In(2y,) — In(2y))] =5 X, — Xyt 2ln(y—).
1

Whereas,
X 0
Yy 1 by 1
(OPx,) = x—zx dx = 5 X2, and (OPx)) = x—lx dx = —3 Xy
0 X

1
And the area of the figure bounded by the part of x, < x < x, for

C and line segments P,0O, P,O is A — (OP,x,) — (OPx,) which is

Yy
the shaded area on the graph, and it equals 2ln(y—2). The reader is
1

encouraged to find the areas when both x,and x, are either on the
left or right side of the y-axis.
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Problem 1 of Tokyvo University Entrance Exam 2010

Let the lengths of the sides of a cuboid be denoted a, b and c.
Rotate the cuboid in 90° the side with length b as the axis of the
cuboid. Denote by V the solid generated by sweeping the cuboid.

a) Express the volume of V' in terms of @, b and c.
b) Find the range of the volume of V' witha + b+ c=1.

Solution

b
/
C
D - c
/// \\\\
>
CV
B' a - ~
—~ \\
\ \
A c O\
_— N B
/
c e
¥/ \
/ a \
/ \
/ \
a C
A D C
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a) After the 90° rotation, point A moves to A’, Bto B’, C to C’ as
shown. The volume of the solid generated by sweeping the cuboid
equals the height b times the combined areas of triangles A’B’D,
BCD and area formed by arc BB’ and the two segments B’D and
BD.

The areas of triangles A’B’D, BCD equal the area of the rectangle
ABCD = ac. Now easily note that the angle formed by the two
segments B’D and BD is 90°. Therefore, the area formed by arc
BB’ and the two segments B’D and BD equals a quarter of the area

of the circle with radius of/a? + ¢? and it is Yan(a® + ¢?).
Therefore, V= blac + Yan(a* + ¢*)] = abc + Yanb(a® + ?).

b) Let’s write V' = abc + Vanb(a® + ¢*) = abc + Yanb[(a + ¢)* — 2ac]
= abc(1 - 'am) + Vamb(a + c)*.

With a + b + ¢ = 1, the maximum of the product abc occurs when a

1
=b=c=3.

Now let’s find the maximum of the other product P = b(a + ¢)*. Let
x=band y =a + c. The task reduces to finding the maximum of P
=x)? givenx +y=1.

P=x(1 —x)?, and P’ =1 — 4x + 3x> = 0 when x = 1/3. Carrying out

the procedure we found that the maximum of P also occurs when x

=1/3,y=12/3, or when a = b = ¢ = 1/3, and the range of the volume
1 +%mn

of Vis 0 < VST.

Further observation

For your information only: Because a’> + ¢> > 2ac, V > abc +
Yomabe = abce(1 + Y2m), but this does not help in determining the
minimum value of V since when b — 0, V— 0.
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Problem 3 of the Vietnamese Mathematical Olympiad 1990

A tetrahedron is to be cut by three planes which form a
parallelepiped whose three faces and all vertices lie on the surface
of the tetrahedron.

a) Can this be done so that the volume of the parallelepiped is at
9
least 20 of the volume of the tetrahedron?

b) Determine the common point of the three planes if the volume

11
of the parallelepiped is 30 of the volume of the tetrahedron.

Solution

Denote () the area of shape Q2 and [®] the plane containing shape
®. Let the parallelepiped be BEGF-KPQL where E is on AB, F on
BC, G on [ABC] (EG || BC and EG = BF), K on BD, P

on [ABD] (KP || AB, KP =BE), L on [BCD] (KL || BC, KL = BF).
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Extend KP and KL to meet AD and DC at M and N, respectively.
Q, therefore, is on MN and is on [ADC]. Drop the altitudes DH
and QI to plane [ABC]. Let # = DH and & = QI, the heights of the
tetrahedron and the parallelepiped, respectively. Now also let x =
BE, y = BF, z = EP (the three dimensions of the parallelepiped), i =
NC, j = DN, ¢ and d the lengths of the altitudes from A and E onto
BC, respectively.

a) We are required to prove whether that the volume of the

9
parallelepiped Vp is at least 20 of the volume of the tetrahedron

Vt. In other words,
99 1 hbe 3hbe v 3 h
Vp=kdy 236Vt =30"3"2 =780 » " b 2307k O

KPQL) 3 &
K(ATQC)Z > 20°% is the condition that needs to be satisfied.

Now note that these triangles are similar to one another AABC,
AMKN, AMPQ and AQLN because all their corresponding sides
parallel to one another, and [MKN] || [ABC] which implies that
k NC i h itj '

i
A-DC i+ %k 4 M

Also note that dy = (BEGF) = (KPQL) = (MKN) — (MPQ) —
(QLN), and the ratios of the areas of similar shapes as

(MPQ) &  MQ@?
(MKN) (e+x)> MN>»
QLN) P A2
(MKN) ~ (7 yp - NQOMN

(MKN) (e+x)> MN> j2

(ABC) &  AC* (i+))*

Therefore,

(MPQ)/(ABC) = [e/(e + x)]*}[(e + x)/a]* = €*/a* = MQ*/AC?,
(QLN)/(ABC) = [fI(f + y)I**[(e + x)/a]* = NQ*/AC>.

(KPQL) (MKN) (MPQ) (QLN) . .. ..
(ABC)  (ABC) ~ (ABC) (ABC) //UH/F~
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MQ>/AC? — NQ*/AC? = /(i + j)* — (MQ? + NQ?)/AC? =
JE+ )= [(MQ + NQ)* - 2MQ*NQ)J/AC? =

G+ j) — (MQ + NQ)/AC? + 2MQXNQ/AC? =

P + P — MNYAC? + 2MQXNQ/AC>.

However, MN?/AC? = j%/(i + j)?, and the above expression becomes

KPQL
(( A];QC)) =2MQx*NQ/AC=. Finally, we need to find the condition to

3 MN MQ
satisfy 2MQxNQ/AC? = EX—ZL Now let z = AC 2~ andw= AC

N + 1
We have z —w = Ag’ l l.J =1_2- and the previous inequality

3
becomes 2w(z — w)(1 —z) = 7~ 20 6))

or 80wz — 80w? - 80wz + 80w?*z — 3 > 0.

We see that the two variables w and z are independent of each
other. Let’s treat z as a constant and w a variable. Taking the
derivative of f{w) = 80wz — 80w? — 80wz* + 80w’z — 3 with respect
to w, we get

f’(w) =80z - 160w — 80z + 160wz. Equating it to zero, we get
Sw)=@w—2)z—1)=0but 1 >z thus w=>5.
We have filw = %) =20z*(1-z) — 3. Again, since 1 > z,f(%) > -3,

We also find that f{0) = f(z > %) = -3; therefore, the maximum value

of f{lw) is 20z*(1- z) — 3 occurring at w = % Now we need to verify

that 20z%(1 —z) — 3 > 0 (ii) as required.

Let g(z) = 20z*(1- z) — 3. Again taking the derivative of g(z) we
2
have g’(z) =40z — 60z2. It equals zero when z = 3 And we have g(z

) 27, 2(0) = g(1) = -3. Therefore, the maximum value of g(z)

205



Narrative approaches to the international mathematical problems

1
is 57 and is negative, and the inequality (i1) can not be satisfied.

9
Thus the volume of the parallelepiped can not be at least 20 of the

volume of the tetrahedron under any circumstances.

11
b) For the volume of the parallelepiped to be 30 of the volume of

the tetrahedron, let’s set the new value 30 for equation (i), and in

this case it’s an equality.

111 1
2wz - w)(1 - 2) = 53X (iii)

The equation is equivalent to
300(z— 1)w?*—=300z(z— 1)yw—11=0.

' 1 / 11
Solving for w, we get w =7 [z 4 [z + 75(z - 1) I.

So there are potentially more than one solutions meaning that a
tetrahedron can be cut by three planes located at many different

11
locations to form the parallelepiped with the volume being 30 of
the volume of the tetrahedron.

. 2 . . 3
Let’s pick z = 3as found in the previous case to find w = 10 So the

1
height of the parallelepiped is one-third (5) of that of the

3
tetrahedron and vertex Q is located such that MQ = 10 AC.
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Problem 3 of Spain Mathematical Olympiad 1994

A tourist office was investigating the numbers of sunny and rainy
days in a year in each of six regions. The results are partly shown
in the following table:

Region Sunny or rainy Unclassified
A 336 29
B 321 44
C 335 30
D 343 22
E 329 36
F 330 35

Looking at the detailed data, an officer observed that if one region
is excluded, then the total number of rainy days in the other
regions equals one third of the total number of sunny days in these
regions. Determine which region is excluded.

Solution

The total number of sunny and rainy days for all regions is
336 + 321 + 335 + 343 + 329 + 330 = 1994 days.

Let the number of sunny or rainy days in the region excluded to be

994 —
n; the number Tn must be an integer.

Thus 7 has to be an even number for 1994 — n to be divisible by 4.
So n is either 336 or 330, and only 1994 — 330 = 1664 is divisible
by 4.

Therefore, the region excluded is region F.
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Problem 26 of India Postal Coaching 2010

Let M be an interior point of a triangle ABC such that £ AMB =
150°, ZBMC = 120°, Let P, Q, R be the circumcenters of

the triangles AMB, BMC, CMA, respectively. Prove that (PQR) >
(ABC).

Solution

P c

Let BC = a, AB = ¢, the length of the altitude from Q to BC be 4,
(QQ) denote the area of shape Q.

Because PA, PB, PM are the radii of the circumcircle of triangle
AMB, QB, QC, QM are the radii of the circumcircle of triangle
BMC and RA, RC, RM are the radii of the circumcircle of triangle
CMA, these triangles are congruent PMQ and PBQ, PMR and
PAR, RMQ and RCQ (because all their respective sides are equal.)
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Therefore, (PACQB) = 2(PQR). We can now prove that (PACQB)
>2(ABC).

But (PACQB) = (ABC) + (ABP) + (BQC). It suffices to prove that
(ABP) + (BQC) = (ABC) (1)

Now note that because P is the circumcenter and £ AMB = 150°,
Z APB =2(180° — 150°) = 60°. Combining with the fact that PAB
is an isosceles triangle with ZPAB = ZPBA, ZPAB= ZPBA =
60° and PAB is then an equilateral triangle.

Similarly, because Q is the circumcenter and ZBMC = 120°,
ZBQC =2(180° — 120°) = 120° and with BQC being an isosceles
triangle with ZQBC = ZQCB, ZQBC = ZQCB = 30°.

The altitude of an equilateral with side length c is known to be

3 3
c%, and (ABP) = Vzcxclzi = %cl\/g . In the mean time, (BQC) =

a2
=

Vsaxh = Yaa*tan30° = Y \/5 Now draw the altitude AH from A onto

BC, (ABC) = YaaxAH = Ysacxsin £ ABC, and the inequality (i)
required to be proven becomes

2 3 2
Vi3 + %) = 34£(c2 +5)> Vhacxsin Z ABC

Applying the AM-GM inequality, we get
3 2
¢+ < > Yac, and (i) becomes Ysac = Ysacxsin £ ABC.
4 3

Because the sine value of any angle is less than or equal to 1, and
the previous inequality is true.
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Problem 4 of the International Zhautvkov Olympiad 2010

Positive integers 1, 2, . . ., n are written on a blackboard (n > 2).
Every minute two numbers are erased and the least prime divisor
of their sum is written. In the end only the number 97 remains.
Find the least n for which it is possible.

Solution

Noting that any prime divisor not equal to 2 is an odd number, the
sum of two such prime numbers is an even number, and the prime
divisor that is also an even number is number 2.

To find the least possible » we should keep a free adder, a number
originally on the board in the series 1, 2, . . ., n that is free from
any calculations until the end to add to the last prime divisor. Since
adding two odd numbers or even numbers creates a new even
number that has 2 as its least prime divisor, the problem requires
the addition of a prime number to number 2 to become another
prime number.

Furthermore, unlike the additions of the even numbers, the total
odd numbers in the series 1, 2, . . ., n have to be in pairs plus one
more. The pairs of the odd numbers help adding up to exact even
numbers in order for us to get 2 as their prime divisors. The two
consecutive prime numbers under 97 that satisfy these conditions
are 41 and 43, 59 and 61. We pick the pair 41 and 43 to give us the
least n and n = 57.

Erasing the numbers this way: first erase all the odd numbers in
pairs from 1 to 39, their pairings are of no significance, to get 2 at
the end, leave number 41 alone. Next erase the rest of the odd
numbers from 43 to 57 to get another number 2 on the board (we
should have a total of three numbers 2 now.) Then erase all the
even numbers except number 54 (which is the free adder.) The
remaining numbers on the board are 2, 41, and 54. Now erase 41
and 2 to get 43. Then erase 43 and 54 to get 97.
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Problem 6 of the Iranian Mathematical Olympiad 1995

In a quadrilateral ABCD let A’, B’, C’ and D’ be the circumcenters
of the triangles BCD, CDA, DAB and ABC, respectively. Denote
by S(X, YZ) the plane which passes through the point X and is
perpendicular to the line YZ. Prove that if A’, B’, C’ and D’ don't
lie in a plane, then four planes S(A, C’D’), S(B, A’D’), S(C,
A’B’) and S(D, B’C’) pass through a common point.

Solution
S(B, A'D")

A \ D

(D, B'C")

Let [®@] denote the plane containing shape @, / be the line that is
perpendicular to [ABC] at B and & the line perpendicular to
[A’DC’] at D, respectively, E=BD N A’C’. It’s easily seen that /
=S(A,C’D’) N S(B, A’D’) and k= S(C, A’B’) N S(D, B’C’).

But since A’ and C’ are the circumcenters of the triangles BCD,
and DAB, we have A’B = A’D and C’B = C’D. Therefore,
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triangles BC’A” and DC’A’ are congruent because they also share
segment A’C’. It follows that triangles BC’E and DC’E are
congruent and we get ZBEC’ =90°, or BD L C’E and C’E
perpendiculars to the plane containing lines /, k£ and segment BD.

Now assume point B’ does not lie on a plane that contains the
other three points A’, C’ and D’. Since /, k and BD currently lie on
the same plane perpendicular to C’E, folding this plane along C’E
would make the two line / and £ to intersect each other, and we
conclude that the four planes S(A, C’D’), S(B, A’D’), S(C, A’B’)
and S(D, B’C’) pass through a common point on [BED] after
folding.

Further observation

It’s also easily seen that B’D’ L AC with the same analysis.
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Problem 8 of Hong Kong Mathematical Olympiad 2008

Let Q =log, +\/ﬁ(2 —4/2% - 1). Find the value of Q.

Solution

The equation is equivalent to (2 +\/2% — 1 WX =2- \22-1.
But we have (2 +\/22—-1)2-1/22-1)=1,0r

1

ﬁ=2— 22—1,o0r
Q+22-1) =2-~22-1.

Therefore, Q = -1.

213



Narrative approaches to the international mathematical problems

Problem 9 of Hong Kong Mathematical Olympiad 2008

log(1 +F
LetF=1+2+2>+2*+ .. +2°and T= 01 . Find the
og?2
value of T.
Solution

Wehave 1 +1+2 =27
1+1+2+22=2°
1+1+2+22+2°=2% etc...
1+F=2+2+22+2%+ .. +25-2°" and

s+1
_ flog+F) . [log@27)
T= log2 log2 s+l
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Problem 2 of Netherlands Dutch Mathematical Olympiad 1998

Let TABCD be a pyramid with top vertex T, such that its base
ABCD is a square of side length 4. It is given that, among the
triangles TAB, TBC, TCD and TDA one can find an isosceles
triangle and a right-angled triangle. Find all possible values for the
volume of the pyramid.

Solution

A 2 M 2 D

\E%

5 sphere S:

O sphere S 4

B 2 N 2 C

Figure 1. Floor plan of [ABCD] looking down from top

Let [®] denote the plane containing shape @, () denote the area
of shape Q, O, M and N be the midpoints of AB, AD and BC,
respectively, H the foot of T onto [ABCD], and # = TH, the height
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of point T above [ABCD], V'and V__the volume and the

maximum volume of the pyramid, respectively.

Let’s ignore the scenarios that cause the pyramid to be degenerate
or T to be on [ABCD] or the scenarios that make the volume of the

pyramid to be zero except for the special circumstances. Also
ignore any scenario where the volume is the same because of
symmetry. Note that the volume of the pyramid is given by the

1
equation V' = ghX(ABCD). The possible scenarios that give rise to

the different possible values for the volume of the pyramid among
the triangles TAB, TBC, TCD and TDA with one being an
isosceles triangle and another the right-angled triangle are:

Scenario 1: ATAB with ZTAB = 90° and ATAD isosceles with
TA =TD. For TA =TD, T has to be on the plane that is
perpendicular to [ABCD] and passes through M and N and T must
also be on the plane that is perpendicular to [ABCD] and
containing segment AD. In other words, T must be on the infinite
line that perpendiculars [ABCD] at M. Therefore, in this scenario,
h is anywhere from near zero to infinity, and the volume of the
pyramid is, therefore, also from near zero to infinity, ¥ (0, o).
This is the same scenario if we replace £ TAB with £ TBA and
ATAD with ATBC because of symmetry, or replacing ATAD with
an isosceles ATBC with TB = TC.

Scenario 2: Same as scenario 1, ATAB with Z TAB =90° and
ATAD isosceles but with TA = AD, or TD = AD. We find that in

either case, the maximum value of / is the side length of ABCD, &

64
=4, occurring when H = (coincides) A or H = D, and V.. .= 30

64
V e(, ?]. This is the same scenario if we replace £ TAB with
ZTBA and ATAD with ATBC because of symmetry.
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Scenario 3: Same as scenarios 1 but with ZATB = 90° and ATBC
isosceles with TC = BC = 4 which is depicted in figure 1. We find
that T must be on both the sphere S; with the center O and the
radius of 2 and the sphere S2 with the center C and radius of 4. It’s
easily seen that T must be on the plane [OTC] perpendiculars to
[ABCD] as shown on figure 2 on the next page, and we have these
equations

OT? = h*+ OH?,

CT?=h*>+ CH?,

OC=O0H + HC and

OC? = OB? + B(? (see figure 1). Solving these equations with OB

=0T =2,BC=TC=4, we get OC = 2\/3 making the two circles

2 8 4
h fi 2 orth LOH=—"F,CH="F,h="F
shown on figure 2 orthogonal, O \E’C \/g,h \/g and

the volume V= ﬁ This is the same scenario if we replace

ZTBC with ZTAD because of symmetry. Also note that this

scenario where TC = BC = CD = 4 also includes the situation for
ATCD being isosceles with TC = CD.

Scenario 4: Same as scenarios 3 but TB = BC. This is the scenario
that causes the volume ¥ to be zero but is worth included here. In
this scenario, the sphere S and the sphere with center B and radius
of 4, the side length of ABCD do not meet at any point except
point A. Therefore, V= 0.

Scenario 5: Same as scenarios 3 but in ATCD, TC = TD. It’s easily
seen that the highest point T occurs when H= O and 4 = 2. The

3 32
maximum volumeis V__ =" or V €(0, 5.
max 3 3
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circle C>
circle Ci of S:
of Si T
I————
4
2/ \n
H
O H
2\/5
\
[OTC]

Figure 2. Cross section of plane [OTC]
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Problem 6 of Austria Mathematical Olympiad 2001

We are given a semicircle with diameter AB. Points C and D are
marked on the semicircle, such that AC = CD holds. The tangent
of the semicircle in C and the line joining B and D intersect in a
point E, and the line joining A and E intersects the semicircle in a
point F. Show that FD > FC must hold.

Solution

E

A @) C
Let O be the center of the semi-circle, N = OC N AD. Because AC
=CD, AN =ND and OC L. AD. Furthermore, because AD | DB
CEDN is a rectangle, and CE || AD, and it follows that £ CEA =
ZEAD.

Applying the law of sines for triangle ACE, we get
AC  CE CD  CE
sin/CEA sin/CAE’* sin/EAD sinZ CAE'

But CD is the diagonal of rectangle CEDN; therefore, CD > CE,
and to satisfy the previous equation, sin ZEAD > sin £ CAE, or
/EAD > Z CAE. Since ZEAD subtends arc FD and £/ CAE
subtends arc FC, FD > FC.
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Problem 3 of Tokyvo University Entrance Exam 2008

A regular octahedron is placed on a horizontal rest. Draw the plan
of top-view for the regular octahedron.

Let G1, G2 be the barycenters of the two faces of the regular
octahedron parallel to each other. Find the volume of the solid by
revolving the regular tetrahedron about the line G1G2 as the axis of
rotation.

Solution

First, a regular octahedron is a Platonic solid composed of eight
equilateral triangles, four of which meet at each vertex. Let the
regular octahedron be ABCDTS where ABCD is the square in the
middle, T and S are the vertices at top and bottom, respectively.
By definition, these triangles are equilateral TAB, TBC, TCD,
TAD, SAB, SBC, SCD and TAD.

Let [®@] denote the plane containing shape ®, M and N be the
midpoints of AB and CD, respectively, Gi and G2 be the
barycenters located on the parallel triangles TAB and SCD,
respectively, P and Q the midpoints of G1G2 and TD, repectively.
Now let a be the side length of the equilateral triangles, o =
ZMTN, B= ZTNGi1andy=ZTMN = ZTNM = ZMNS =
ZNMS =90° 5.
Since M and N are the midpoints, we have TM = TN = l/za\/§ , and

2
with G1 and G2 being the barycenters, we get TG1 = gTM =SG2 =

%. Now let’s find cosa.. Applying the law of cosines, we obtain
3
MN? =TM? + TN? — 2TMxTNxcosa., or a*> = Eaz(l — cosa.), or

1
cosoL =73. We need to verify that GiG2 is perpendicular to both
[TAB] and [SCD]. Armed with the value of cosa, we can get the
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S

length of segment G1N which is now GiN? = TN? + TG1? — 2TNx

3
TGi1xcoso = Zaz, or GIN = TN and thus ZTGIN= ZMTN = q..

We also have ZGING2= ZTNS-B=2y-B=180°-a—p = o.
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Combining with the fact that the points T, G1, M, S, G2 and N are
coplanar and Z TGIN = a, TM is parallel to SN. We now find the
length G1Ga.

2 2
G1G22 = GIN? + G2N? — 2G1INxGaNxcosa = gaz, or GiG2 = % a.

3
It follows that GIN? = G1G2? + G2N? = Zaz, or G1G2 L SN. Because
TM || SN, we also have G1G2 L TM.

Now since [TGiIMSGaN] L CD, we get GiD = G1C =

A/GIN? + DN? = g = CD. The triangle CG1D is congruent with
other triangles of this regular octahedron, and since Gz is the

barycenter of an equilateral triangle, G2D = SG2 = %. We now
have GiD? = a®> = G1G2> + G2D?, or G1G2 L G2D.

Combining with G1G2 L SN, we conclude that GiG2 is
perpendicular to both parallel planes [TAB] and [SCD], and
combined with the fact that P is the midpoint of G1G2, TP =BP =
AP =PC=PD=PS.

Using G1G2 as the axis of rotation, we now need to find the farthest
points away from G1Gz2 of this regular octahedron, and they are T
and S which are equidistant from G1G2. Meanwhile, Q and the
midpoint of SB are the shortest and equidistant from Gi1G2. When
revolving the octahedron forms a volume that is symmetrical with
respect to the revolving line PQ, and the total volume equals twice
the volume obtained by revolving TM and PQ as seen on the graph
on the next page.

Now let’s find PQ. As previously discovered, TP = PD and

a

TP =+/TG12 + PG12 =~/ TG1? + %G1G2? = % TQ=%TD=7.

Therefore, PQ =+/TP? - TQ? = %.
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The volume of the regular octahedron when revolving is now
1
V = 2xgn[Rd + %) ~12d | where R = GIT, r = PQ, d is the

distance from the intersection of the extensions of TQ and G1Gz2 to
P. Because of the similar triangles, we have

d PG d_a!2+3[3!
PQ~ TGi-PQ ' “" o

1
Finall = 3(7+2V3).
inally, V 18\/61ta (7 \/5)

T Q S

a/2

a/2

wis @ wis
o8
=
o8

wiR R ws

T S

Cross section of the regular octahedron when revolving around
GiGo2.
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Problem 2 of the British Mathematical Olympiad 2007

Find all solutions in positive integers x, y, z to the simultaneous
equations

xty—z=12
xX*+y*—z2=12

Solution

Equating the two equations, we get
xty—z=x*+)y? =2 or(y—z)(l -y—z)=x(x—1).

But since all solutions x, y and z are required to be positive
integers, x(x — 1) = 0 because two consecutive integers must have
the same sign. Therefore, (y —z)(1 —y —z) =0, or both y —z and 1
—y — z must have the same sign. Either both must be smaller than
or equal zero, or both greater than or equal zero.

Wheny—z <0,ory < z, lety+ a =z where a is a non-negative
integer, we then have

x—a=12,orx>=a*+ 24a + 144,
X*+y*—z2=x*—2ay—a*=12.

Substituting x*> = a*> + 24a + 144 into the bottom equation, we get
a(12 —y) =-66, or a = -66/(12 — y). Since a is an integer, and 66 =
1x2x3x11,12-y=1,2,3,6,11,22,33,66,ory=11,10,9, 6, 1
(negative values for y are ignored). The values for a with respect to
the values of y =11, 10, 9, 6, 1 are then a =-66, -33, -22, -11, -6,
and x =a +12 =1, 6 (negative values for x ignored). Hence, (x, y,
z)=(1, 6, -5) and (6, 1, -5) which are rejected because z < 0.

Wheny—-z20,1-y—2z>0,0ry<1-z but both y and z are
positive, and whenz> 1,y <1 -z <0, or y < 0 and not allowed.

Thus there are no solutions in positive integers.

If all integer solutions are accepted, we should have
(x,y,2)=(1,6,-5), (6, 1, -5), (11, -54, -55), (-54, 11, -55).
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Problem 6 of the Vietnamese Mathematical Olympiad 1982

Let ABCDA’B’C’D’ be a cube (where ABCD and A’B’C’D’ are
faces and AA’, BB’, CC’, DD’ are edges). Consider the four lines
AA’, BC, D’C’ and the line joining the midpoints of BB’ and DD’.
Show that there is no line which cuts all the four lines.

Solution
A"

AHH

Figure 1. The three dimensional cube.

Let the side length of the cube be a, the midpoints of BB’, DD’ and
AA’ be M, N and P, respectively, [®@] denote the plane containing
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shape @. If there is a line, assigned letter /, that cuts both lines
containing AA’ and BC, / has to belong to all the planes that
perpendicular [ABCD] and sweep from one end point at infinity of
the extension of BC on the left to another end point at infinity of
extension of CB on the right (see figure below).

this
quadrant
e
-
' !
C,C - B,M, B
/ /
/ //
/ //
// 4
/ s
/ /
/ //
/
/ e
/ s
/ /
// ///
/ /
// 2
/ /
I /
\V /
/ N
D, N, D' A',A, PP,
" ! m
P", A", A

Figure 2. Floor plan of ABCD.

Similarly, if there is a line / that cuts both lines containing AA’ and
D’C’, I has to belong to all the planes that perpendicular [ABCD]
and sweep from one end point at infinity of the extension of C’D’
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on the bottom to another end point at infinity of extension of D’C’
on the top.

To satisfy those two aforementioned conditions, / must belong to
the planes that perpendicular [ABCD] and are in the quadrant of
space encumbranced by the plane that perpendiculars [ABCD] and
on the left side of AB and also the plane that perpendiculars
[ABCD] and on top of half-line AD (see figure 2). In other words,
/ must originate or end at the line that perpendiculars [ABCD] at
A. Therefore, the opportunity for / to also cut the line containing
MN only occurs from M to N or segment MN. Now let’s check the
scenarios for point A.

If A is at A” which is at or above A, to cut BC and D’C’ line / (line
A”1J in figure 1) will miss segment MN (it cannot cut segment
MN).

If A is at A’’’ which is at or below A’, to cut D’C’ and BC again
line / (line A’”’KL in figure 1) will miss segment MN.

If A is at P’ which is at or above P but below A, to cut MN and
D’C’ line / (line P’Q’ in figure 1) will miss the half-line BC from
B to its left.

If A is at P” which is at or below P and above A’, to cut MN and
BC line / (line P”Q” in figure 1) will miss the half-line D’C’ from
D’ to the top.

Therefore, there is no line which cuts all the four lines AA’, BC,
D’C’ and the line joining the midpoints of BB’ and DD’.
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Problem 1 of British Mathematical Olympiad 2011

Let ABC be a triangle and X be a point inside the triangle. The
lines AX, BX and CX meet the circumcircle of triangle ABC again
at P, Q and R, respectively. Choose a point U on XP which is
between X and P. Suppose that the lines through U which are
parallel to AB and CA meet XQ and XR at points V and W,
respectively. Prove that the points W, R, Q and V lie on a circle.

Solution

P
AX CX
Since AC || UW, we get 7~ UX -~ WX w and since AB || UV, we get
AX_BX It then foll h X _BX CXXVX =BXxWX
UX — vx It then follows that 3= =~ or .

On the other hand since X is inside the circle, CX*RX = BXxQX.
The two previous equation imply RXxWX = QXxVX, or
WRQV is cyclic, or W, R, Q and V lie on a circle.

CX BX

Note: 75 WX~ VX

—~ implies that VW || BC.
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Problem 3 of the Vietnamese Mathematical Olympiad 1981

A plane p and two points M, N outside it are given. Determine the

AM
point A on p for which AN 1s minimal.

Solution
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Let [®@] denote the plane containing shape @, H and B be the feet
of M and N onto [p], respectively, a= AM, b =AN, c=BH, d =
NH, e=MN, 2 =MH, x = AH, o = ZBHN, = ZAHN. All
points given thus far are on the plane [A] that perpendiculars [p]
shown on top of the previous graph. The bottom of the graph
shows the floor plan looking down from an infinite point on top,
away from M, N.

Assume that HM > BN or point M is at a higher altitude above

plane [p] than point N. We first find the location of point A on [A]

AM
where the ratio AN % is minimal. For the case where point A is

on H or on its right side (x = 0), applying the Pythagorean’s

theorem, we get

a*> = x*+ h?, and the law of cosines gives us

b* = x>+ d* — 2xdcosP = x* + d* + 2xdcoso. = x* + d*> + 2¢x, and

a2 x2 + h2

- Rt t dex but note that except for x, all segments 4, d and
. a, .

¢ are constant, and the ratio 218 at an extreme value when its

> X2+ h?
derivative (z)’ is zero, or (—2 TPt

vu'-uv'

Based on the formula ( ; ) =

x>+ h 0 2[ex + (d* = WP)x — hc]
e+ = (> + d? + 2cx)?

, we have

=0 when

cx? + (d* — h*)x — h*c =0, or when

|
x=5s [P —d4N\d* -2+ h* + 4hc?) (i)

We Veriﬁed and confirmed that at this point A on [A] where x =

AM
AH——[h2 P \[d* ~2h + h* + 412c?] the ratio S is

minimal. This scenario is for x > 0. Now we note that if point A
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happens to be on the left side of H such as point A” on the top part
of the graph, we see that A”M > h whereas A”N < NH; therefore,
A"M h AM h
AN 4 Z (keep in mind that 577 AN d —when x =0).
Another important piece of argument is that for any point A such
as this same point A” that positions on the left side of H, we can
always find a symmetrical point A’ with respect to the vertical
segment MH on the right side of H such that A’M = A”M and

. A"M A'M a ,
A’N > A”N which causes g AN AN b — (since A’ £ A).

We conclude that the minimum ratio AN indeed occurs at point A

as defined by equation (i) when A is on the plane [A].

Now let’s expand this idea to three dimensional space and verify

'

A M
whether 77 AN b also holds true for any point A’ on the plane [p]

where A’ # A.

Let C1 and C?2 be the circles with center H and radius A’H and
center B and radius A’B. Indeed, if point A is now at A’ on the
bottom part of the graph, we can find a point C on the extension of
BH such that CM = A’M and A’N < CN (A’N equals the distance
from the intersection of C2 and HC to N, see the bottom part of the

h h A'M CM .4
graph), so that 5 AN- CN- b

AM
We finally determine that the point A on [p] for which AN is

minimal happens to be at A on the right of the extension of BH that
is a distance AH = x given by the equation (i), and this completes
our analysis.

Further observation

This problem is derived from the above problem:

A plane p and two points M, N outside it are given. Determine the
point A on p for which AM + AN is minimal.
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Problem 5 of International Mathematical Talent Search Round 4

The sides of triangle ABC measure 11, 20, and 21 units. We fold it
along PQ, QR, RP where P, Q, R are the midpoints of its sides
until A, B, C coincide. What is the volume of the resulting
tetrahedron?

Solution

A

11/2 10

1172 10

2172 21/2

It’s easily seen that after just a single fold on each side points A, B
and C coincide. Let H be the foot of the tetrahedron after folding
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and h=AH=BH=CH, p=PH, ¢g=QH, r=RH, a = ZQHR, B =
Z QHP.

Since AH is perpendicular to the plane of triangle PQR, applying
the Pythagorean’s theorem, we get
121

hZ=AP2—PH2=T—p2
h*=AR?2-RH?=100—»?
441
h2=AQ2—QH2=T—q2,or
121 , 441 .
T—leOO—rZT—q (1)

Now the law of cosines gives us
RQ?*=r*+ ¢* - 2rgxcosa,
PQ?=p? + ¢*> — 2pg*<cospP and
PR? = p? + 12— 2prxcos(a. + BB)

Orderly substituting in the real values for RQ, PQ and PR, we get

121 =4r* + 4¢*> — 8rg*cosa (i1)
100 = p* + ¢* — 2pg>cosP and (1i1)
441 = 4p* + 4r* — 8prxcos(a. + PB) (iv)

1
Substituting » = 7\ |4g* — 41 from (i) into (ii), we get
44> — 81
162 = 84> — 4qn\|4¢> — 41xcosa, or cosa, = m
and p =+/¢* — 80 from (i) into (iii), we get

90 = \ ¢2 — 80
P —q\G* cosf3, or cosP} = m

and r and p from above into (iv), we get

401 = 4¢> — 2\/(¢* — 80)(4¢> — 41)xcos(a + B), or
44> — 401

> 80)(4q” — 41)

cos(a+ B) = 2\/@

Applying the trigonometric formula of the cosine of the sum of
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two angles cos(o + 3) = cosacosf} — sinasinB we get
4> — 401 44> — 81 -90

2\/(¢ - 80)(4q? —41) 2q\[4q>— 41 q\/q —80

(4481 (4> = 90)°
4q%(4g* - 41) ~ ¢%(q* - 80y

Simplifying the above equation, we obtain

4437
16" — 583242 + 531441 = (¢* — 81)(484q2 —6561), or4g*>=—"75"

13

Therefore, 4 = —*\/441 — 44> \/— and the volume of the

1
tetrahedron is V = gAh where A is the area of the triangle PQR and
it is given by the Heron’s formula A = \/s(s —a)(s—b)(s—c¢)
where s is semi-perimeter of the triangle, a, b and c are its side
lengths, or

A= \/s(s —a)(s—b)(s—c) 212—5\/1_3.

Finally, the Volume of the resulting tetrahedron is

1—5\/_ \/— = 45 cubic units.

Further observation

The trick here is to determine that the foot H of A, B, C after
folding falls outside the area of triangle PQR so that £ PHR =
o+ p.
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Problem 4 of International Mathematical Talent Search Round 7

In an attempt to copy down from a board a sequence of six positive
integers in arithmetic progression, a student wrote down the five
numbers

113, 137, 149, 155, 173

accidentally omitting one. He later discovered that he also
miscopied one of them. Can you help him and recover the original
sequence?

Solution

The differences of the numbers in sequences are 24, 12, 6 and 18.
We notice that the difference of the first two numbers is 24 and is
twice that of the difference between the next two; 24 also equals
the difference of the middle number and the last number; i.e, 24 =
173 — 149.

Therefore, the common difference in the arithmetic progression
should be one-half of 24 which is 12, and the original sequence
should be

113, 125, 137, 149, 161, 173.
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Problem 1 of British Mathematical Olympiad 1990

Find a positive integer whose first digit is 1 and which has the
property that, if this digit is transferred to the end of the number,
the number is tripled.

Solution

Let n, m, p, q, r and s to be non-negative integers. Let the positive
integer in question be N = 1...n.

We start out with the equation 3x1... n=...nl. Therefore, n =7 in
order for 3x7 = 21 to have a units digit being 1.

Now we get the next equation to be 3x1... m7 = ...m71; the value
of m must be m =5 in order for us to get 3x5 + 2 = 17 where 2 is
the carry-over from 21 above.

Now we get the next equation to be 3x1... p57 = ...p571; the value
of p must be p = 8 in order for us to get 3x8 + 1 =25 where 1 is
the carry-over from 17 above.

Now we get the next equation to be 3x1... g857 = ...¢g8571; the
value of ¢ must be g =2 in order for us to get 3x2 + 2 = 8 where 2
is the carry-over from 25 above.

Now we get the next equation to be 3x1... 72857 = ...728571; the
value of » must be » = 4 in order for us to get 3x4 =12 (no carry-
over) with the units digit being 2.

Now we get the next equation to be 3x1... s42857 = ...s428571;
the value of s must be s = 1 in order for us to get 3x1 + 1 =4
where 1 is the carry-over from 12 above; s is also the most
significant digit of number N.

Thus the number 1s 142857.
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Problem 2 of the British Mathematical Olympiad 2008

Find all real values of x, y and z such that
(x+1)yz=12,(y + 1)zx=4and (z + 1)xy = 4.
Solution

Expanding the last two equations, we get
xz +xyz=xy+xyz=4, or x(y — z) = 0. This occurs when either x =
Oory=z.

If x = 0, the last two equations in the problems would not be valid
because 0 # 4; therefore, y = z.

Let w =y =z, and replacing y and z with w in the first two
equations of the problems, we then have

(x+1mr=12

(w+ Dwx =4, or

wH+w —8w—-12=0,0or (w-3)(w+2)*=0.

From there, we get

1
(x,y,z)= (g, 3,3),(2,-2,-2).
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Problem 1 of International Mathematical Talent Search Round 15

Is it possible to pair off the positive integers 1, 2, 3, ..., 50 in such
a manner that the sum of each pair of numbers is a different prime
number?

Solution

The sum of each pair of numbers is required to be a different prime
number. There are 25 pairs and thus there must be 25 different
prime numbers with the largest prime number just smaller than the
sum of the two largest numbers in the series 50 + 49 =99 or 97.

We know that there are 25 prime numbers smaller or equal to 97,
and they are 2, 3, 5,7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53,
59,61,67,71,73,79, 83, 89, and 97.

However, the minimum possible number after pairing is 1 +2 = 3.
So the number 2 in the group of the 25 prime numbers above is
excluded, and there are only 24 different prime numbers left for 25
pairs.

Therefore, it is not possible to pair off the positive integers 1, 2, 3,

..., 50 in such a manner that the sum of each pair of numbers is a
different prime number.
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Problem 4 of International Mathematical Talent Search Round 15

Suppose that for positive integers a, b, ¢ and x, y, z, the equations
a* + b* = c* and x> + )* = 2? are satisfied. Prove that

(a+x2+(b+yP<(c+zp,
and determine when equality holds.
Solution

Applying the AM-GM inequality for positive integers a, b, c, x, y,
z, we get a®y* + b*x* > 2axby.

Adding a*x* + b*y* to both sides, we obtain

ax* + a*? + b** + bH? = a’x* + 2axby + b»?, or

(a* + b*)(x* + y*) = (ax + by)>. Because a> + b*> = ¢? and x* +)? = 22,
c*z? 2 (ax + by)?, and with integers a, b, c, x, y, z positive, we get
cz > ax+ by.

Now multiplying both sides by 2 then adding ¢ + z* to get
c*+2cz+2z>>2ax + 2by + c* + 22

Replacing ¢? and z? on the right side with ¢* = a*> + b? and 2> = x> +
)2, it is now equivalent to

c*+2cz+ 222 a*+ 2ax + x>+ b* + 2by +)?, or

(a +x)*+ (b +y)*<(c+ 2> Equality holds when ay = bx.
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Problem 1 of International Mathematical Talent Search Round 17

The 154-digit number, 19202122 . . . 939495, was obtained by
listing the integers from 19 to 95 in succession. We are to remove
95 of its digits, so that the resulting number is as large as possible.
What are the first 19 digits of this 59-digit number?

Solution

Let’s write the 154-digit number as
192021222324252627282930313233343536373839...939495.
First remove the first digit 1 which is the most significant digit
(MSD), we then have the number
92021222324252627282930313233343536373839...939495, and
there are 94 more digits to remove.

We note that from number 9 in 19 to another number 9 in 29 there
are 19 digits. This is also true from number 9 in 29 to another
number 9 in 39, etc...

Therefore, let’s remove those 19 digits

2021222324252627282 between the number 9’s, and we get
993031323334353637383940414243444546474849...939495, and
there are 75 more digits to remove.

Repeat the same process three more times and we get
999996061626364656667686970717273747576777879...939495.

There are 18 more digits to remove, and it’s one digit short
between the number 9’s. We note that the next highest digit in the
series 960616263646566676869 is 8; therefore, we remove 17
more digits to get

9999986970717273747576777879...939495.

There is now 1 more digit to remove, and we pick number 6
between numbers 8 and 9. Finally, after all the removals, we have
the number 999998970717273747576777879...939495, and the
first 19 digits of this number are 9999989707172737475.
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Problem 2 of International Mathematical Talent Search Round 17

Find all pairs of positive integers (m, n) for which m? — n* = 1995.
Solution

m?—n*>=(m—n)(m+n)=1995 = 1x3x5x7x19, Therefore, all the
possible values for m — n and m + n are

m-—n mtn m n

1 1995 998 997
3 665 334 331
5 399 202 197
7 285 146 139
15 133 74 59
19 105 62 43
21 95 58 37
35 57 46 11
57 35 46 -11
95 21 58 -37
105 19 62 -43
133 15 74 -59
285 7 146  -139
399 5 202 -197
665 3 334 -331
1995 1 998  -997

All pairs of positive integers (m, n) for which m? — n*> = 1995 are

(m, n) = (998, 997), (334, 331), (202, 197), (146, 139), (74, 59),
(62, 43), (58, 37), (46, 11).
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Problem 4 of International Mathematical Talent Search Round 17

A man is 6 years older than his wife. He noticed 4 years ago that
he has been married to her exactly half of his life. How old will he
be on their 50™ anniversary if in 10 years she will have spent two-
thirds of her life married to him?

Solution

Let m and w be the current ages of the man and his wife, YMP,
YMC, YMF be the numbers of years the couple had been married
4 years ago, have been married currently and will be married in 10

years, respectively. We get m = w + 6 because he’s 6 years older.

The number of years the couple had been married four years ago is

-4
YMP ="
And presently, they have been married for
m—4 m+4
YMC = YMP + 4 years, or YMC = 5 4= 5 years.
Therefore, in 10 years, they will be married for this number of

m+4 — 2 . :
years YMF = 5 T 10 which is equal to 3 of the wife’s life at

that time, and in 10 years, the wife’s age will be w + 10, so we get

2 +4
Sov+10)="5= =+ 10.

Combining with the top equation, we solve and obtain m = 56. So

+ 4
currently they have been married for YMC = mT = 30 years.

Their 50™ anniversary will occur 20 years later, and he will be m +
20 =76 years old.
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Problem 3 of Spain Mathematical Olympiad 1985

Solve the equation tan*2x + 2tan2xtan3x = 1.
Solution

It is understood that the solutions that make either tan2x or tan3x to
equal oo are not accepted. Among them are x=+30° and x = 45°.

Method 1

sin?2x sin2x sin3x
cos22x | % cos2xcos3x
sin?2xcos3x + 2sin2xcos2xsin3x = cos?2xcos3x, or
cos3x(sin*2x — cos?2x) + sindxsin3x = 0, or
-cos3xcos4x + sindxsin3x = 0, or tan3xtandx = 1.

Expanding the equation to get , or

O 7 7
n M
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It is here that we see the direct relationship between trigonometry
and geometry when we can describe the equation tan3xtandx = 1
with the geometrical graph as shown where segment AB tangents
to a circle with center O and radius » at A and a vertical line
starting at B cuts the circle at E and F with £ ABF =90°, ZBAE

BE
=3x and Z/ BAF = 4x. We have AB? = BExBF, tan3x = AB and
BE_BF

BF
tandx = AB and thus tan3xtandx = AB AB 1.

Let M be the midpoint of arc EF; it’s easily seen that since BF ||
OA, OM || AB and ZMAE = Ysx, or ZMAB = 3.5x = 45°,

o

Therefore x = -

Method 2

Solving the equation tan?2x + 2tan2xtan3x = 1 for tan2x, we get

o sin3x .
tan2x = -tan3x ++/tan?3x + 1. Now substituting tan3x = cos3y Into
, sin*3x + cos?3x
the solution, we have tan2x = -tan3x + \/ c0s%3x = -tan3x

1 -sin3x=£1 sin2x  -sin3x £ 1
cos3x  cos3x *Tcos2x cos3x
-sin3xcos2x £ cos2xcos0°. Applying the formula sina + sinb =

.atb a-b : . : :
2sin 5 0S5, we get sinSx + sin(-x) = -sin5x — sinx £ (cos2x

, Of Sin2xcos3x =

+ cos2x), or sinSx = £cos2x. We then have either

o

a) cos(90° — 5x) = cos2x, or 90° — 5x = 2x, or x = 7 or

b) cos(90° — 5x) = -cos2x, or 90° — 5x = 180° — 2x or x = -30° ,

o

The only acceptable solutions are x = 7 and others based on the

formulas cos[(2n + 1)180° — x] = -cosx and cos[2nx180° — x| =
cosx where 7 is a non-negative integer.

The reader is urged to find the rest of the solutions.
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Problem 5 of International Mathematical Talent Search Round 8

Given that a, b, x and y are real numbers such that
a+b=23,

ax+by="179,

ax*+ by* =217,

ax’ + by* = 691.

Determine ax* + by*.

Solution

Multiplying both sides of a + b =23 by x, we get

ax + bx = 23x. Subtracting ax + by =79 from it,

b(x —y)=23x-79 (1)
Now multiplying both sides of @ + b = 23 by x%, we get

ax* + bx* = 23x*. Subtracting ax* + by* =217 from it,

b(x*—y*)=b(x—y)(x +y)=23x>-217 (11)

Now multiplying both sides of a + b =23 by x*, we get
ax® + bx* = 23x3. Subtracting ax® + by* = 691 from it,

b(x* —y*) = b(x — y)(x> + xy +3?) = 23x° — 691 (iii)
e . . 23x2—217 .
Dividing (ii) by (i), we obtain x + y = 5379 (x#y) (iv)

e . ) ~ 23x° - 691
Dividing (iii) by (i), we obtain x> + xy + y* = 79 (v)
79x —217

From (iv), y = 53x_79 5 hOwW substituting this into (v) yields

79x — 217 79x —217 . 23x*-691 . . . .
X (93, 79X T (337 -79) = 3¢ 79 - Simplifying this
equation, we come up with x> —x — 6 =0, or x = 3, -2 which cause
y=-2, 3 accordingly.

When (x, y) = (3, -2), substituting them into ax + by = 79, we come
up with the sets of equation 3a — 2b = 79, along with the existing
equation a + b =23 make a =25, b =-2.
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When (x, y) = (-2, 3), substituting them into ax + by = 79, we come
up with the equation -2a + 3b =79, along with the existing
equation a + b =23 make a = -2, b = 25.

These set of symmetrical solutions are expected since a, b are
interchangable, so are x and y.

Therefore, ax* + by *=25%x3* - 2x(-2)*=1993, and
ax* +by* =-2x(-2)*+25%3* = 1993 which is the same answer.
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Problem 1 of Yugoslav Mathematical Olympiad 2001

Vertices of a square ABCD of side 25/4 lie on a sphere. Parallel
lines passing through points A, B, C and D intersect the sphere at
points A’, B’, C’ and D’, respectively. Given that AA’ =6, BB’ =
10, CC’ = 8, determine the length of the segment DD’.

Solution

Figure 1. The sphere containing the square (not to scale)

It is easily seen that ABB’A’, BCC’B’, CDD’C’ and ADD’A’ are
all trapezoids because the parallel lines cut the sphere in equal
segments; i.e., AB=A’B’, BC=B’C’,CD=C’D’ and AD =
A’D’, and they are, therefore, all cyclic. If we cut the sphere across
the planes of each of these trapezoids, we would get the surfaces of
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round circles that circumscribe the trapezoids. Now let o =
Z CBB’ and put all the trapezoids on the same plane on a two-
dimensional layout as shown in figure 2.

D 4

25/4

A 6

—_ ]

25/4

10

BV

25/4

C
Figure 2. The two-dimensional layout (not to scale)
Let H be the foot of C onto BB’ and I of D onto AA’. We have BH
=1(BB’ — CC’) = 1. Hence, cosa. = 4/25. However, because AA’ ||
Al 4
BB’ and AD || BC, ZDAA’ = a., cosa. =

AD 25 °OF Al=1.
Therefore, DD’ = AA’ — 2Al =4.
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Problem 16 of the Iranian Mathematical Olympiad 2010

In a triangle ABC, I is the incenter, BI and CI cut the circumcircle
of ABC at E and F, respectively. M is the midpoint of EF. C'is a
circle with diameter EF. IM cuts C at two points L and K and the
arc BC of circumcircle of ABC (not containing A) at D. Prove that
DL _DK

IL  IK-

Solution
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Let C1 be the circumcircle of triangle ABC. Extend FL to meet C1
at P. We will first prove that £ DFP = £ CFP, or DP = PC.

Let DK intercept C1 at Q. Angle £ FQE subtends arc FDE equals
arc FB + arc BC + arc EC (1)

But since I is the incenter of AABC, BI and CI are angle bisectors
of ZABC and Z ACB, respectively. And we have arc FB = arc
FA, and arc EA = arc EC.

Statement (i) becomes: £ FQE subtends arc FDE equals arc FA +
arc BC + arc EA = ZFIE.

Also since that M is the midpoint of FE, and with ZFQE = ZFIE,
rotating AFIE 180° clockwise causes F = E, E =F and [ = Q.
Or IM = MQ, and EIFQ is a parallelogram which gives us ZFEQ
= £ EFI, or EQ || FC making arc FQ = arc EC (i1)
Now notice that EF and LK are diameters of circle C, ELFK is a
rectangle which makes ZFLM = ZLFM or

arc EC + arc PC = arc FQ + arc DP (111)

Subtracting (iii) from (ii), we have arc DP = arc PC which implies
that ZDFP = ZCFP, or DP = PC.

Similarly, extending EL to meet C7 at J, we have ZMLE
subtending arc JD + arc EQ = ZMEL = arc FB + arc BJ (iv)

Since EIFQ is a parallelogram, IE || FQ, we have EQ =FB  (v)
Subtracting (iv) from (v), we have BJ = JD, or ZIEL = ZDEI.

With E and F on circle C, ZDFP = ZCFP (or £ZDFI= ZIFL)

and Z1EL = ZDEL as have been proven, and LK being the
diameter of circle C. This circle C is known as a circle of
Apollonius, and the four points D, L, I and K form a harmonic
subdivision from which we can make a conclusion that

IL K DL DK

DL DK IL ~ K-
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Problem 2 of the United States Mathematical Olympiad 1997

ABC is a triangle. Take points D, E and F on the perpendicular
bisectors of BC, CA and AB, respectively. Show that the lines
through A, B and C perpendicular to EF, FD and DE, respectively
are concurrent.

Solution

[
B I D C

Since D, E and F are the midpoints of BC, AC and AB,
respectively, we have EF || BC, DF || AC and DE || AB. The lines
through A, B and C perpendicular to EF, FD and DE, respectively,

are the altitudes of triangle ABC, and they must be concurrent at a
point called the orthocenter.

We can also prove the altitudes of a triangle are concurrent as
follows:

Let the altitudes from A, C and B of triangle ABC be Al, CJ and
BK, respectively. Let’s assume that BK does not pas through H
which is the intersection of the other two altitudes.

Since BIHJ and ACIJ are cyclic quadrilaterals, we have
ZJBH= ZJIH, and ZJIH= ZJCA, or ZJBH = ZJCA.

But ZJCA + ZBAC=90°, or ZJBH + ZBAC = 90°.

On the other hand, ZJBK + ZBAC =90°, or

ZJBH = ZJBK, or the three points J, H and K are collinear, and
the altitudes of a triangle are concurrent.
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Problem 7 of the British Mathematical Olympiad 1999

Let ABCDEF be a hexagon (which may not be regular), which
circumscribes a circle S. (That is, S is tangent to each of the six
sides of the hexagon.) The circle S touches AB, CD, EF at their
midpoints P, Q, R, respectively. Let X, Y, Z be the points of
contact of S with BC, DE, FA, respectively. Prove that PY, QZ and
RX are concurrent.

Solution
A \ P . B
\ 7
\ 7/
\ .
\ 7
\ e
\ e
4 \ / X
\ 7/
\ 7/
\\ e
\ /
7/
Feido_ o 1
//\\\\\‘ s
s \\ O T -]
R 7 \ T C
// \
// \\
7 \\
E< \
\
\
\
) Q
Y \
\
\
\
\
\
\
D

The distances from a point outside the circle to the points of
tangent on either side on the circle are equal. We are also given
that the circle S touches AB, CD and EF at their midpoints P, Q
and R, respectively; therefore, we have
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AP =PB=AZ=BX,
CQ=QD=CX=DY,
ER =RF=EY = FZ

Since AAPO and ABPO are right triangles with AP = PB and share
PO, they are congruent, and we have OA = OB and £ AOP =
ZBOP, or £ZOP = £ZXOP, and PX = PZ.

Similarly, QX = QY and RY = RZ.

As aresult, PY, QZ, RX are the angle bisectors of AXYZ and thus
are concurrent at its incenter.

Further observation

Prove that AD, PY and QZ are also concurrent.
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Problem 1 of Hong Kong Mathematical Olympiad 2000

Let C be the circumcenter of a triangle ABC with AB > AC > BC.
Let D be a point on the minor arc BC of the circumcircle, and let E

and F be points on AD such that AB_| OE and AC L OF. The lines

BE and CF meet at P. Prove that if PB = PC + PO, then ZBAC =
30°.

Solution 1

Draw circle Ci with center P and radius PC to meet BP at K. We
have ZBPC = ZPEA + Z/DFC=2/EBA +2/FAC=2/BAC
= ZBOC, and the four points B, C, P and O are concyclic.
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Extending KP to meet C: at L, since BCPO is cyclic, ZBPO =
ZBCO = ZCBO (OB = OC = R, the radius of C) = 90°-

¥ ZBOC =90° - ¥, ZBPC = ZCKP, or KC || PO, and ZBPO =
ZCKP = ZKCP (PK = PC = r, the radius of C1) = ZOPF. And
since O and P are the circumcenters and OP L CL, point L is
mirror image of C across OP, and thus L also lies on C. Angle
ZBLC now subtends minor arc KC on C: and minor arc BC on C.

KC
Therefore, BC ™ % From ZKCP = ZBCO, ZBCK = ZOCF.

KC PC
Combining with BC 1—7; =00 ABCK and AOCP are similar, but
given PB = PC + PO by the problem, we then have BK = PO and
ABCK = AOCP implying BC = OC =R, and BOC is an equilateral

triangle causing £ BOC = 60° =2 ZBAC, or ZBAC = 30°.
Solution 2

As shown in solution 1, BCPO is cyclic which, by Ptolemy’s
theorem, gives BPxOC = BCxPO + PCxOB, or BPxR = BCxPO +
PCxR, or Rx(BP — PC) = BCxPO. Given PB = PC + PO, the
previous expression becomes RxPO = BCxPO, or R = BC, and
BOC is an equilateral triangle, and we get the same result.

Further observation

We have proven that 2 BAC = 30° which implies £ EOF = 30°.
We also have ZKPO = ZBCO = 60° = ZBOC = ZBPC. The
angle ZOPF is then also equal to 60° (180°— £ BPC — 2 BPO,).
Or PO is the angle bisector of £ EPF. Furthermore, given PB =
PC + PO, or BE + EP = CF — PF + PO. But BE = AE, and CF =
AF. We then have AF + EF + EP = CF — PF + PO, or EF + EP =
— PF + PO, or PO = EF + EP + PF. Thus in the quadrilateral
EPFO, PO = EF + EP + PF, ZEOF = 30° and PO is the bisector
of ZEPF. This leads us to the next similar problem:
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Problem 3 of British Mathematical Olympiad 1990

The angles A, B, C, D of a convex quadrilateral satisfy the relation
cosA + cosB + cosC + cosD = 0. Prove that ABCD is a trapezium
(British for trapezoid) or is cyclic.

Solution
. atB a—P
Applying the formula cosa + cosP} = 2cos 5 CosT 5, we get
A+B A-B
cosA + cosB = 2cos 5 CosT 5 and

C+D C-D
cosC + cosD = 2cos 5 CosT 5 .

a) The equation in the problem is equivalent to

A+B A—BJr C+D C—D_0 .
COS™ 5 COS™ 5 COS™ 5 COS— 5 = (1)

However, in an quadrilateral the four angles sum up to equal 360°,
A+B C+D
or A+B=360°-(C+D),or 7 =180° — 5 , and

A+B C+D C+D

cos 5 = cos(180° — T) =-cos 5, and equation (i)
becomes

C+D ,A_B+ C+D 'C_D—O A-B
-COS™ 5~ COS™ 5 cos— 5 cos— 5 =0,0rcos— 5 =cos
C-D C .
7 ,orA—B=C-D,or A+D=B+ C=180° which implies

that ABCD is a trapezoid.

b) The equation in the problem is also equivalent to

A+D A-D  B+C B-C_,

Similarly, we get cos 5~ cos, ,orA+C=B+D=180°

which implies that ABCD is cyclic.
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Problem 5 of the Irish Mathematical Olympiad 1990

Let ABC be a right-angled triangle with right-angle at A. Let X be
the foot of the perpendicular from A to BC, and Y the mid-point of
XC. Let AB be extended to D so that |AB| = |BD|. Prove that DX is
perpendicular to AY.

Solution
D
X
E
B
X
% Y
A C

Since ZBAC is a right angle, and AX is perpendicular to BC, we
have AX? = BXxXC =2BXxXY.

Extend CB a segment of BE = BX, the above equation now
becomes AX? = EXxXY. Therefore, ZEAY is a right angle, and
since B is the midpoint of both EX and AD, AEDX is a
parallelogram, or EA || DX, and DX is perpendicular to AY.
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Problem 7 of the British Mathematical Olympiad 1998

A triangle ABC has ZBAC > ZBCA. A line AP is drawn so that
ZPAC = ZBCA where P is inside the triangle. A point Q outside
the triangle is constructed so that PQ is parallel to AB, and BQ is
parallel to AC. R is the point on BC (separated from Q by the line
AP) such that ZPRQ = ZBCA.

Prove that the circumcircle of AABC touches the circumcircle
of APQR.

Solution

To pick point R, let’s pick point R’ to satisfies PR’ || AC and QR’ ||
BC. Draw the circumcircle S, of triangle QPR’ to cut BC at R

(nearer to point C). Let S, be the circumcircle of triangle ABC, R

and r be the radii of S, and S,, respectively. Let ZPAC = a; we
also have Z/BCA = ZPRQ =a.
Now letI=AP N BQ,I’=APNS,,and I”’=AP N S,.

We’re starting out with the understanding that the three points B, Q
and I are on a straight line (collinear).

Since BQ |[AC, ZAIB = ZAIQ = q. (1)
Now with I’ on S,, ZPI’Q subtends arc PQ, and £PI’Q=2£PRQ =

a.
Combining with (i), I’ = (coincides) 1.

Also with I” on S|, Z AI”B subtends arc AB, and ZAI"B =
Z/ ACB = .

Again, combining with (i), I” = (coincides) 1.
Therefore, the three points I, I’ and I coincide, and let’s refer to
them as I only from this point on.

Also since ZPRQ = ZBCA and ZPRQ subtends PQ on S,, and
ZBCA subtends AB on S, we have
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I In

P |
]S_A = £= % . Let O1 and O2 be the circumcenters of S1 and S

23

respectively. Link QO,. From B draw a line to parallel to QO, to

10, at D. We h o _9 - R = ID. From th
meet 10, at D. We have 57 =75°= & or R=ID. From there,

ID =10, or D=0,. The three points I, O, and O, are collinear.

Therefore, we finally conclude that the circumcircle of AABC
touches the circumcircle of APQR.
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Problem 3 of Austria Mathematical Olympiad 2000

Determine all real solutions of the equation
Il x2=x—=1|=3[=5]=7]-9]-11]|-13]|= x*-2x—48
Solution

Since the absolute value on the left must be non-negative, x> — 2x —
48 = (x — 1)*> — 7> must be non-negative, or

x—-1>7= (x>8),orx—1<-7= (x<-6).

When x > 8
x*—x—1>55, and all the other terms inside the absolute value
signs are positive. In other words,

|x*-x-1|-3]>52>0,

| x2—x-1]-3]-5]>47>0,
[[x*=x-1[=3]-5|-7[=40>0,
Mx=x-1]-3]-5[-7]-9]>31>0,

x> =x-1]-3|=-5]-7]-9|-11|>20>0, and
x> =x-=1]=3|=5|-7|-9]|-11]-13|>7>0,

and we can then write
M x*=x-11-3|=-5[-7|-9|-11|-13|= x*—x—49. Now
the original equation becomes

xX*—x—49 = x*—2x—48, or x =1 which is not greater than or
equal to 8. Therefore, there’s no solution when x > 8.

When x <-6
x?—x—1>41, and all these other terms inside the absolute value
signs are positive. In other words,

| x*—x—-1|-3]>38>0;
llx>~x-1]-3|-5|>33>0;
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l[x*=x-1]-3[=-5[-7|=26>0;
Mx2=x—-1]-3]=5|-7|-9]|>17>0;
x*-x-1[-3[-5[-7|-9]-11|>6>0, and

We can then write
Ix*=x=1]=3[-5]-7]-9]-11]| asx*—x—36
and [[[ll[| x*=x~1]=3[=5]-7|-9|-11|-13] as
||x*—x—-36|—-131].

Observe that x> —x — 36 <-13 when -4.32 <x < 5.32.
This range is outside of x > 8 and x < -6.

And that x> — x — 36 > 13 when x > 7.52 and x < -6.52.
In this range, we did find x =1, and it was not an acceptable
solution.

And x> —x —36 <13 when -6.52 <x < 7.52.

Let’s only consider the range [-6.52, -6] since -6 < (-6, 7.52] < 8.
When -6.52 <x<-6, || x*-x—-36|-13|=-x>+x+49 =
x?—2x—48,0r2x>—3x—-97=0.

Solving for x, we have x = 7.75 and -6.25.

Answer: x = -6.25.
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Problem 2 of Belarus Mathematical Olympiad 1997 Category D

Points D and E are taken on side CB of triangle ABC, with D
between C and E, such that ZBAE = ZCAD. If AC < AB, prove
that ACXAE < ABxAD.

Solution

C D E B

Leta= ZABC,B= LACB,y= ZAEC,8= ZADBand ¢ =
ZBAE = ZCAD. To prove ACXAE < ABxAD, it suffices to

AC AD .
prove A5 < Ag (1)

. . . . sina. _ siny
Applying the law of sine function, (i) becomes _sinB < sing’ OF

sinaxsind < sinf*siny, or

-Y5[cos(a + 8) — cos(a — 8)] <—V2[cos(P + y) — cos(B —v)], or

cos(a + &) — cos(a — 0) > cos(P +y) — cos(P —7) (i1)
but o+ 8= 180°—- LBAD = 180° — ZDAE —¢& =+ vy and (ii)
becomes -cos(a — d) > -cos(p — ), or

cos(a— ) < cos(P —17), or cos(d — a) < cos(y — B) (111)
But we’re given AC < AB which makes f>aando=f+e>a+¢
=y,ord—oa>¢g,andy— P <g ord—a>7y—P,and (iii) is a reality.
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Problem 6 of Belarus Mathematical Olympiad 2004

Circles S, and S, meet at points A and B. A line through A is
parallel to the line through the centers of S, and S, and meets S,
again at C and S, again at D. The circle S, with diameter CD meets

S, and S, again at P and Q, respectively. Prove that lines CP, DQ,

and AB are concurrent.

Solution

S S?

Extend CP to meet the extension of AB at I. Link ID to meet S, at

Q, and S, at Q,.

We have IPXIC =1Q,xID since C, P, Q; and D are on S, (1)

IPxIC =IBxIA since C, P, B and A are on S, (i1)

1Q,<ID = IBxIA since A, B, Q, and D are on S, (iii)
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From (ii) and (iii), IPxIC = 1Q,xID (iv)
From (i) and (iv), 1QxID = 1Q,*ID, or
1Q, =1Q,.

But S, and S, only meet at a single point Q; therefore, Q; =Q, =
Q, or the three CP, DQ, and AB are concurrent.

Further observation

Line CD does not have to parallel to the line through the centers of
S, and S,. The result is still the same regardless.
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Problem 4 of the Vietnamese Mathematical Olympiad 1962

Let be given a tetrahedron ABCD such that triangle BCD
equilateral and AB = AC = AD. The height is /4 and the angle
between two planes ABC and BCD is a. The point X is taken on
AB such that the plane XCD is perpendicular to AB. Find the
volume of the tetrahedron XBCD.

Solution

Let’s find the area of triangle XDC denoted (XDC) and the length
segment XB. Let a be the side length of triangle BDC and » = AB
= AC = AD. Drawing the altitude AM to BC and applying
Pythagorean’s theorem, we have

2

1
AM? = p* — az, or AM= 5 4h — a?, and BC? =CX?+ BX?2, or
a?>=CX?+ BX2
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Since M is the midpoint of BC and ABC is an isosceles triangle
with AB = AC and triangle BCD is equilateral, o = £ AMD.

BM BX a
2

Now solving the two equations, we have BX = ;_b’ CX = 2a—b><

\/4b* — a*. Applying Heron’s formula for (XDC), taking into
account that CX = DX, we then have

(XDC) =[5(s — a)(s — CX) where s =5 + CX =5 + 5[40 — 2,

a a a
S—CX=2,s—a=-2+2b 4b? — a?.

2
After a few computations, (XDC) = —*\Zb [3b? — 2.
The volume of the tetrahedron XBCD, by definition, is

4
1 a
= g (XDC)XBX = 24b2 3b2 — a2.
DM 3h2 — g2
Furthermore, /> = AM? — HM? = AM? — ( 3 Y= 3 a . or

W& a'h3
h= 3 The volume is now V = EEYTERE (1)

h 6h 6h
Buttana=HM=a\/§ , ora=tana\/§’ and b2 = AM2 + BM2 = /2 +

a’ a  a? a’ 4h?
HME = eyt g = 3 or D = e g
Substituting the values of a and b? into (1), the volume of the

613

tan?o(tan®o + 4) -

tetrahedron XBCD =
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Problem 4 of the Vietnamese Mathematical Olympiad 1986

Let ABCD be a square of side 2a. An equilateral triangle AMB is
constructed in the plane through AB perpendicular to the plane of
the square. A point S moves on AB such that SB =x. Let P be the
projection of M on SC and E, O be the midpoints of AB and CM,
respectively.

a) Find the locus of P as S moves on AB.
b) Find the maximum and minimum lengths of SO.

Solution
M
0]
2a
2a
2a a
g 1
2 8
G
S 2a
7 0
A a F a D

Let o =ZMCP, B =ZECP and I be the midpoint of CE. The
lengths of the other segments are calculated to be CA =CM =

2\[2a, CE =[5, IC%CE:%a\/E, ME = a\[3, SE=x—a, MS =

(x—a)?+3a*, SC=+/x*+ 4a>.
a) Applying the law of the cosine function, we have
MS? = CM? + SC? — 2CMxSCxcosa., or
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(x—a)y*+3a*>=8a*+x*>+4a*— 4\/§a><\/x2 + 4a**cosa., or

+4 CP
cosaL = %, but cosa. = oM therefore, CP = 21/2ax
xtd4a  a(x+4a)

N2 +4a?) ¥ +4da?

Again, the law of the cosine function gives us

SE? = CE? + SC? — 2 CExSCxcosB, or (x — a)> = 5a> + x> + 4a> —
x+4a

2a\|5(x* + 4a*)cosp, or cosP = \/7
5(x* +4a

IP? =1C? + CP? — 2 ICxCPxcosp, or

a*(x +4a)? a(x + 4a) x+4a S5a?
2 — + - —
IP== 4 x* +4a? a\/g \/x2 + 44> \/5(x2 + 4a?) 4t

1
IP = 5 5 which is a constant, and the locus of P is part of the

1
circle that has its center at I and radius of 54 5 that passes through

point E and is from B to Q where Q is the intersection of the circle
and CA.

b) Since I and O are the midpoints of CE and CM, respectively,
10 || ME, and the plane containing the three points M, C and E is
perpendicular with the plane of the square, IO is then perpen-
dicular with CE and SO? = 10? + SI2.

1 1
But IO = 7 5 is fixed; the extreme values of SO depend

2
on SI. As S moves on AB, SI is a minimum when S is at the
midpoint of EB (SI = a), and is a maximum when S is at A when
SI? = AI> = AF? + FI> where F is the midpoint of AD.

Now let G be the midpoint of AC.

sME=73

13a

SP=AF+(FG+Gl)=a*+(a+ )2 = , and
5 13a>2 9 3
SO? :_a =L a,orSO = and
max 4 4 2 max \/_
S5a? 9a? 3a
Sozmin:4 ta= 4’0rSO in_ 2°
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Problem 4 of the Irish Mathematical Olympiad 2006

Given a positive integer n, let b(n) denote the number of positive
integers whose binary representations occur as blocks of
consecutive integers in the binary expansion of n. For example,

b(13) = 6 because 13 = 1101,, which contains as consecutive
blocks the binary representations of 13=1101,, 6 =110,, 5=101,,
3= 11, 2= 102and 1= 1,.

Show that if n <2500, then b(n) < 39, and determine the values of
n for which equality holds.

Solution

Note the first row of number right below. Starting from number 1
on the right, the next number equals the previous one multiplied by
2 from right to left.

2048 1024 512 256 128 64 32 16 8 4 2 1 n__
1 0 O 1 1 1 0 0 01 0 0 2500
0 1 1 1 1 1 0 1 1 0 O 0 2008

The sum 2500 equals 2048 + 256 + 128 + 64 + 4. On the middle
row, the number 1’s are placed below the numbers on the top row
that sum up to be 2500 and the numbers 0’s are under the other
numbers as we have seen. But let’s pick number 2008 (bottom
row) which is smaller than 2500 and 2008 = 1024 + 512 + 256 +
128 + 64 + 16 + 8, and put the number 1°s below these numbers
that sum up to be 2008.

Therefore, if n = 2008, the number of positive integers whose
binary representations occur as blocks of consecutive integers in
the binary expansion of n are

1, (1024)

11, (1024, 512)

111, (1024, 512, 256)

1111, (1024, 512, 256, 128
11111, (1024, 512, 256, 128, 64)
111110, (1024, 512, 256, 128, 64, 32
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1111101, (1024, 512, 256, 128, 64, 32, 16
11111011, (1024, 512, 256, 128, 64, 32, 16, 8)
111110110, (1024, 512, 256, 128, 64, 32, 16, 8, 4)
1111101100, (1024, 512, 256, 128, 64, 32, 16, 8, 4, 2)
11111011000, (1024, 512, 256, 128, 64,32, 16, 8, 4,2, 1)
total of eleven numbers so far in addition to the next six numbers
11110, (512, 256, 128, 64, 32

111101, (512, 256, 128, 64, 32, 16

1111011, (512, 256, 128, 64, 32, 16, 8)
11110110, (512, 256, 128, 64, 32, 16, 8, 4)
111101100, (512, 256, 128, 64, 32, 16, 8, 4, 2)
1111011000, (512, 256, 128, 64,32, 16,8,4,2, 1)
plus the next six numbers

1110, (256, 128, 64, 32

11101, (256, 128, 64, 32, 16

111011, (256, 128, 64, 32, 16, 8)

1110110, (256, 128, 64, 32, 16, 8, 4)
11101100, (256, 128, 64, 32, 16, 8, 4, 2)
111011000, (256, 128, 64,32, 16,8,4,2, 1)

plus the next six numbers

110, (128, 64, 32

1101, (128, 64,32, 16

11011, (128, 64, 32, 16, 8)

110110, (128, 64, 32, 16, 8, 4)

1101100, (128, 64, 32, 16, 8, 4, 2)

11011000, (128, 64,32, 16,8,4,2, 1)

plus the next six numbers

10, (128, 64, 32

101, (128, 64,32, 16

1011, (128, 64, 32, 16, 8)

10110, (128, 64, 32, 16, 8, 4)

101100, (128, 64, 32, 16, 8, 4, 2)

1011000, (128, 64,32, 16, 8,4,2, 1),

and add in four more numbers 1100, 11000, 100 and 1000.

The total of all the numbersis 11 +6+6+6 +6 +4 =39, and
when n = 2008 < 2500, b(n) = 39 as required. The value of n for
which equality occurs is n = 2008.
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Problem 1 of the Canadian Mathematical Olympiad 1992

Prove that the product of the first » natural numbers is divisible by
the sum of the first » natural numbers if and only if #n + 1 is not an
odd prime.

Solution

The product of the first #» natural numbers is

1.234.........(n— Dn.

The sum of the first n natural numbers is

1+24+3+4+.+(n—1)+n=0.5nn+1).

Let & be the resultant of the product divided by the sum, we have
1234.. . (n—=1n 2234.(m—-1)

i

The following are possibilities for n + 1.
1) n+1 is an even number
Letn+1=2k;orn—1=2k—2=2(k— 1), and

0 2234.(mn-1) 2234. (n-2)2(k-1)

B n+1 B 2k B
2234, . (k—Dk(k+1)... m=3)n—-2)(k—1)

k

=2234...(k—2)k—1)(k+1)k+2)...(n=3)n—2)k—1)
So the first case of n not being an odd prime satisfies the problem.

2) n+1is an odd number

a) It’s a prime number

When n + 1 1s a prime number it can not be factored out to smaller

numbers, and thus the product is then not divisible by the sum.
2234...(n—1)

k= 1 :

b) It’s not a prime number

When n + 1 1s not a prime number it can be factored out to two or

more numbers that are smaller than itself n + 1 = m(m + I)(m +

p)... and (m + p) <n — 1, and thus the product is then divisible by

the sum.

Note: » in the problem must be > 2.
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Problem 1 of the Ibero-American Mathematical Olympiad 1988

The measures of the angles of a triangle is an arithmetic
progression and its altitudes is also another arithmetic progression.
Prove that the triangle is equilateral.

Solution

C

Let I, J, and K be the feet of A, B and C on BC, AC and AB,
respectively. Now let BC=a, AC=b, AB=c, Al=d, B] =¢, CK
=f,Bl=g,CJ=i,BK=h, ZBAC=0, ZABC=fand ACB =Y.
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Assume a is the smallest angle of the triangle and ¢ is the angle of
common difference. We have f = a + €, y = a + 2¢, but the sum of
the angles is 180°, we then have 3(a + &) = 180°, 0or f=a+¢e=
60°, and o = 120° — .

Now it suffices to prove a = ¢ for the triangle ABC to be
equilateral.
Since B = 60°, we have a = 2h, ¢ = 2g and f* = a®> — h* = 312, or

-5 -l

3
5 -

3
Similarly, d = cA2£ and since d, e, and f form another arithmetic

+d 3
progression, we have e :fT =(a+ 0)345 (1)
. e ) e
We also have sino = - and siny = 2 °r
. . o 3@ e e ..
sino = sin(120° —y) = 5 cosy +5 =" (i1)
.. \3i e e
but cosy = o (i1) becomes 20 T2a" ¢ (111)

Applying the Pythagorean’s theorem to right triangle BJIC, we have
i=\a?- e
Now substituting i and e from (i) to (iii), we have

4, 4 3 3 22
a +tc tactac —4a” ¢ =0, or

(a—c)*(a® +3ac+c*)=0,ora=c.
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Problem 2 of the Ibero-American Mathematical Olympiad 1997

In a triangle ABC draw a circumcircle with its center I being the
incicle of the triangle to intersect twice each of the sides of the
triangle: the segment BC on D and P (where D is nearer two B),
the segment CA on E and Q (where E is nearer to C) and the
segment AB on F and R (where F is nearer to A). Let S be the
intersection of the diagonals of the quadrilateral EQFR, T be the
intersection of the diagonals of the quadrilateral FRDP and U be
the intersection of the diagonals of the quadrilateral DPEQ. Show
that the circumcircles of the triangles FRT, DPU and EQS have a
unique point in common.

Solution

It is easily seen that BR = BD, and BI the angle bisector of £ B
cuts RD in two equal segments.

Since we also have BF = BP, D and P are symmetrical images of
R and F, respectively with respect to BI, and FRDP is a isosceles
trapezoid, and T is on BL.
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Similarly, EQFR and DPEQ are also isosceles trapezoids, and S
and U are on segments Al and CI, respectively.

With I being the center of the larger circle, £ RID =2 Z RFD, or
ZRFT = ZRIT and FRTI is cyclic.

The same arguments apply to DPUI and EQSI. Therefore, the
circumcircles of the triangles FRT, DPU and EQS have unique
point I in common.
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Problem 1 of Tournament of Towns 1987

A machine gives out five pennies for each nickel inserted into it.
The machine also gives out five nickels for each penny. Can Peter,
who starts out with one penny, use the machine in such a way as to
end up with an equal number of nickels and pennies?

Solution

Peter inserts the penny and gets 5 nickels. The process is now for
Peter to insert m number of nickels into the machines and still keep
n remaining nickels where both m and n are integers from 0 to 5
andm+n=>5.

He now has 5m pennies and » nickels. Next he would insert a p
number of pennies into the machine where p is an integer. He now
has 5m — p pennies and 5p + n nickels. To end up with an equal
number of nickels and pennies, he must have Sm —p =5p + n, or
Sm=6p+n.

However, m = 5 — n, and the previous equation 5m = 6p + n
becomes 25 = 6(p + n) which is not possible because 6(p + n) is an
even number.

Peter now continues with the process; he inserts a ¢ number of
nickels and gets 5m — p + 5¢ pennies and still has 5p +n — ¢
nickels. Again to end up with an equal number of nickels and
pennies, he must have Sm—p +5¢=5p+n—q,or5Sm—p=>5p +
n — 6q, or 25 = 6(q — p + n) which is again not possible.

The process continues to give us the equation that is the same as
the previous one with the addition to the right hand side of a
product of 6 and the number of pennies or nickels Peter inserts
previously. Therefore, he always ends up with an equation that has
an odd number 25 on the left side and an even number on the right
side which is never possible, and Peter will never be able to end up
with an equal number of nickels and pennies.
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Problem 1 of the Canadian Mathematical Olympiad 1981

For any real number ¢, denote by [7] the greatest integer which is
5

less than or equal to ¢. For example: [8] =8, [x] =3 and [-5] =

-3. Show that the equation

[x]+[2x] + [4x] + [8x] + [16x] + [32x] = 12345

has no real solution.

Solution

Let x =i + fwhere i is the integer part or integral part and f'the
fractional part of x. We have /<1, and [x] + [2x] + [4x] + [8x] +
[16x] + [32x] = 63i + [f] + [2f] + [4f] + [8f] + [16/] + [32f].
Since < 1, [f] = 0, and we have

63i + [f] +[2f] + [4f] + [8f] + [16/] + [32f] = 63i + [2f] + [4f] + [&f]
+ [16f] + [32f] = 12345 = 63x195 + 60.

Therefore, i = 195, and [2f] + [4f] + [8f] + [16/] +[32f] =60 (i)

Since maximum value of [nf] = n — 1, the maximum value of
[2/] + [4] + [8/] + [16/] + [32/] =1 +3 +7 + 15+ 31 = 57.

Therefore, equation (i) is not possible, and there is no f'that
satisfies the equation in the problem, and thus there is no x.

Further observation

We can change the number 12345 to 12344 or 12343 and the
problem is still valid.
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Problem 1 of Asian Pacific Mathematical Olympiad 1993

Let ABCD be a quadrilateral such that all sides have equal length
and angle ABC is 60°. Let / be a line passing through D and not
intersecting the quadrilateral (except at D). Let E and F be the
points of intersection of / with AB and BC respectively. Let M be
the point of intersection of CE and AF. Prove that CA? = CMxCE.

Solution

B

Let a be the length of the equilateral triangle ABC and ACD as
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shown and ZAEC = o and ZACE = .
We have o+ = 180° —ZEAC = 180° —120° = 60° (1)

We also have AE || CD and AD || CF; therefore, the two triangles

EA
EAD and DCF are similar which causes P é. This makes the

two triangles EBC and BCF to also be similar, and as a result
a= ZCAF.

Therefore from (i), ZCAM + B =60°, and £ AMC = 120°.

From there the two triangles EAC and AMC are similar because
their respective angles are equal. Hence,

CE CA

CA - COM ©Of CA?=CMXxCE.

Further observation

The problem below is derived from the above problem:

Let ABCD be a quadrilateral such that all sides have equal length
and angle ABC is 60°. Let | be a line passing through D and not
intersecting the quadrilateral (except at D). Let E and F be the
points of intersection of | with AB and BC respectively. Let M be
the point of intersection of CE and AF. Find the locus of point M.
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Problem 1 of the Asian Pacific Mathematical Olympiad 2010

Let ABC be a triangle with £ BAC # 90°. Let O be the circum-
center of the triangle ABC and let I" be the circumcircle of the
triangle BOC. Suppose that I intersects the line segment AB at P
different from B, and the line segment AC at Q different from C.
Let ON be a diameter of the circle I'. Prove that the quadrilateral
APNQ is a parallelogram.

Solution

N

Let the circumcircle of triangle ABC be C, M be the midpoint of
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AC and E the intersection of C with PC. Also let » and R be the
radii of C and T', respectively.

Consider two right triangles MOC and QON with £ ONQ =
Z OCQ (subtends arc OQ). They are thus similar; therefore,

MC QN MC QN AC
OC ON'°" » " 2rR"°TQN

= or ZABC = ZNPQ.

We also have £ PQN = Z PBN (subtends PN) = 180° — Z OBN —
Z ABO =90° — Z ABO, but Z ABO = ZBAO, Z0OBC =
Z0CBand Z0OAC= Z0OCA,or ZOCB+ Z0OCA=ZACB=
90° — Z ABO = Z PQN.

Now / BAC = 180° — / ABC — Z ACB = 180° — / NPQ —
Z/ PQN = Z PNQ.

Moreover, ZPNQ = ZPCQ = £ZBAC, or AP =PC and BE || AC,
and since BN is tangent to C, Z NBE = £ BCE = Z BNP
(subtends arc BP), or BE || PN.

Along with BE || AC, we have PN || AC. Combining with £ BAC
= ZPNQ, we conclude that APNQ is a parallelogram.
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Problem 1 of Spain Mathematical Olympiad 1998

A unit square ABCD with center O is rotated about O by an angle
o.. Compute the common area of the two squares.

Solution

D!

A
E “\F "B
/ \ /
\
——— D St
\ / \
/ A\
\ / éﬁ
< \» 7 X
/ \ 2
/ \ Qb 7
\ / ch /
r—— r——=4<
/ \ (X \
\ \ /
/ \ /
N %4 \
y————x > y————x
/ /
/ \ / \
/ \ / \
\ / \ / \
r———x r————x .
\ / /
\ \ /
\ / \ /
/ \ /
———— r———— r————x
/ / \ '
/ \ / \
/ \ / \
\ / \ \
> —— y————x H
/ \ /
\ / \ /
\ / \ /
) H
r————= ——
\ / \ /}
/ \
/ \
/ \

(:!

Let the side length of the square be /, the rotated square be
A’B’C’D’ and its sides to meet the sides of ABCD atE, F, G, H,
I, J, K and L as shown. We are asked to compute the common
area EFGHIJKL.

Let’s draw the circumcircle I of the squares. Since A’B’C’D’
rotates about O, AA’=BB’=CC’=DD’ and A’B=AD’.
Combining with the fact that the triangles A’BE and AD’E are
similar (since AA’BD’ is cyclic), we conclude that those two
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triangles are congruent which gives us AE = A’E. This causes the

two already similar triangles AAEL and AA’EF to be congruent

(similar triangles with the two equal side lengths) and AAOE =

AA’OE (all respective sides are equal) which implies that £ AOE
1

=50 Similarly, OF is the bisector of ZBOA’, and ZBOF = 45° —

1
>0

With the same argument, all these triangles are congruent to one
another AAEL, AA’EF, ABGF, AB’GH, ACIH, AC’1J, ADKIJ and
AD’KL.

We now need to find the area of one of these triangles. Let a = EF,
b=EA’ and ¢ = FA’. It suffices to find the product bc.

Since AAEL = AA’EF = ABGF, b = AE and ¢ = BF, or the sum of

the perimeter of AA’EF equals the side length of the square and

equals ,ora+b+c=1 (1)

Also because £ AFA’ = ZBFB’ subtends the equal arcs AA” and
b

BB’, ZAFA’ = a.. We now have tano = P (i1)

And the right triangle A’EF gives us a? = b* + ¢? (111)

1 1
From (ii1), we have a®> = (b + ¢)* — 2bc , or bc = 5[(b +c)—a*]= 5

[ /
[(b+cP—(U-b-c)y]=1b+ C—E) = Z(E—a).
The area of EFGHIJKL is equal the area of the square minus four
b
times the area of triangle A’EF = /> — 4X70 =[>—2bc =2al.

Now let’s find a. Applying the law of sines to triangle EOF, we

binEF @ __OE OE -
Ot i /EOF ~ sin45° ~ sin/EFO _ sin(ZEBO + ZFOB) _
OE OE
= =OEXsecg

1 2
sin[45° + 5(90o —a)] cos%
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OE
Similarly, in triangle AOE the law of sines gives us Sind5°
OA OA _ OA
sin/ AEO sin(ZEBO + ZEOB) a
2

sin[45° + 5 +90° — o]

OA OA

Sin[90° — (5~ 45°)]  cos(y — 45°)

From the previous two equations, we come up with

OAXxsin?45°
a= = . However, OA is half length of the diagonal

o o o
cos, cos(2 —45°)

Lo e 2 o o a
of the square and OA = \/5, cos(2 —45°) = 2 (cos2 + sm2) and

1 /
sin?45° = 5 We then have a = T a and
200s25 + sina
2al = £ = 2° hich is th
al = 1 =1+ sino + cosg, Vhich is the common area

coszz + Esina

of the two squares.
2

1 + sina + coso’

When /= 1, the common area is
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Problem 4 of the British Mathematical Olympiad 1987

The triangle ABC has orthocenter H. The feet of the perpendicu-
lars from H to the internal and external bisectors of angle BAC
(which is not a right angle) are P and Q. Prove that PQ passes
through the middle point of BC.

Solution

D

Q A

N

Let O, G be the circumcenter and centroid of triangle ABC,
respectively, M the midpoint of BC. Extend OM to meet the
circumcircle at D and N, D on top and N on bottom as shown. The
Euler line contains the orthocenter, centroid and circumcenter of a
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triangle and H, G and O are collinear and that GM = 2AG, or OM
= 2AH. But since AQ and AP are segments belonging to the
external and internal bisectors of angle BAC, Z QAP = 90° and
APHQ is a rectangle. Now let E be the intersection of the
diagonals of the rectangle APHQ; we have AE = /2AH = OM.

However, since AI L BC and OM L BC, AE || OM and AOME is
then a parallelogram which implies that OA || EM.

Now let o = ZADN and B = ZAND, a + B = 90° (because DN is
the diameter of the circle). Since Al || DN, g = ZIAN = ZHQP, or
a= ZAQP = ZDAO which implies that OA || QP.

Combining with OA || EM, we conclude that the three points Q, P,
M are collinear, or PQ passes through the midpoint of BC.
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Problem 5 of India postal Coaching 2010

A point P lies on the internal angle bisector of ZBAC of a triangle
ABC. Point D is the midpoint of BC and PD meets the external
angle bisector of ZBAC at point E. If F is the point such that

PAEEF is a rectangle then prove that PF bisects £/ BFC internally
or externally.

Solution
E A
J
K
P O
F
| |
B I D C

N
The result of the previous problem indicates that F is the ortho-
center of triangle ABC. Therefore, ZPFC = ZPAB and ZPFJ =
ZPAC and, but AP bisects £ BAC, or ZPAB = ZPAC. Thus
ZPFC = ZPFJ, or PF bisects £ BFC externally.
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Problem 1 of the International Mathematical Olympiad 1998

In the convex quadrilateral ABCD, the diagonals AC and BD are
perpendicular and the opposite sides AB and DC are not parallel.
Suppose that the point P, where the perpendicular bisectors of AB
and DC meet, is inside ABCD. Prove that ABCD is a cyclic
quadrilateral if and only if the triangles ABP and CDP have equal
areas.

Solution

Let AC intercept BD at J, AB intercept CD at I, E and F be the
midpoints of AB and CD, respectively.

We have 2 EAJ = ZEJA, ZEBJ = ZEJB, ZFDJ = ZFID,
/FIC = ZFCJ and JE = AB, JF = 1%CD.

Since triangles ABP and CDP have equal areas, we get PEXAB =
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PE CD JF

PFxCD, O bE = AB "~ JE (1)
But ZEJA+ ZEJB+ ZFID+ ZFJC=180°,
Or ZEJB+ £LFIC=180°—- £LEJA - ZFJD.

Therefore, £ EJF = ZEJB +90° + ZFJC = ZEBJ +90° +
ZFCJ=180°—- LEIF = ZEPF.

Combining with (1) and the fact that they share segment EF, the
triangles JEF and PFE are congruent, and EPF]J is a parallelogram.

It follows that PE = JF = DF and PF = JE = AE, and the two
triangles AEP and PFD are congruent which causes PA = PD, or P
is the center of the circumcircle passing through A, B, C and D.
ABCD is then a cyclic quadrilateral.

Conversely, if ABCD is a cyclic quadrilateral, P is the center of the
circumcircle. Since AC is perpendicular to BD, the sum of the
angles subtending arcs AB plus CD equal 90°.

Therefore, £ APB + £ CPD = 180°, or £ APE + ZFPD =90°, or
Z APE = Z DPF and the two triangles APE and DPF are
congruent (similar triangles with PA = PD). Hence, triangles ABP
and CDP with each having twice the areas of the triangles APE and
DPF, respectively, have equal areas.
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Problem 2 of Austria Mathematical Olympiad 2005

For how many integer values a with |a| <2005 does the system of
equations

xX*=y+a
y=x+ta

have integer solutions?

Solution

Subtracting the two equations, we have x> —)? =y — x.

a) When y # x, we can write (x + y)(x —y) =y —x,orx=-y—1, so
now we know that if a solution of x is an integer, y will also be an
integer.

Now substituting x = -y — 1 into y* = x + a, we have

¥y*+y+1 —a =0 which has roots as y = ¥(—1 £1/4a - 3) (1)

v has real solutions when 4a — 3 > 0, and it has integer solution
when 4a — 3 = m? where m is an integer.

Since |a| <2005, —2005 <a <2005and 0 <4a—-3 <8017 (i)

Values of integers m to satisty (ii) are 0 < m < 89, or the values for

4a -3 are 17,32, 5%, 7%, ..., 89%. Among these values we have to

find the squares that makes a an integer. Let m = pg where q is the
100p* + g> + 20pg + 3

units digit. We have a = Ly 4 &l :

Note that both 100p? and 20pgq are divisible by 4; therefore, g* + 3
has to be divisible by 4, or when units digitg =1, 3,5, 7 or 9. So
all the squares of the odd numbers from 1 to 89 will make a an

integer and \/4a — 3 an odd number which, in turn, makes y in (i)
an integer. That’s a total of 45 numbers for a.
b) When y = x, substituting it into the second equation, we have
Y-y—a=0
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which has roots as y = Y5(1 £1/4a + 1)
v has real solutions when 4a + 1 > 0, and it has integer solution
when 4a + 1 = n* where n is an integer.

Since |a| <2005, -2005 <a <2005,and 0 <4a +1 <8021  (iii)

Similarly, values of integers » to satisfy (iii) are 0 <n < 89, or the

values for 4a + 1 are 12, 32, 5%, 7%, ..., 892. Among these values

we have to find the squares that makes a an integer. Let n = pg
100p* + ¢> +20pg —1

where ¢ is the units digit. We have a = )
100p> + g> + 20pg — 4 + 3
2 .

Note that 100p?, 20pg and —4 are divisible by 4; therefore, g* + 3
has to be divisible by 4 which ends up with the number of integer a
being the same as above, 45 of them.
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Problem 4 of Indonesia MO Team Selection Test 2010

Let ABC be a non-obtuse triangle with CH and CM are the altitude
and median, respectively. The angle bisector of ZBAC intersects
CH and CM at P and Q, respectively. Assume that £ ABP =
/PBQ= ZQBC.

a) Prove that ABC is a right-angled triangle, and
BP
b) Calculate ~

CH"
Solution
C
K /26 3o~ D
20 ﬁ
Q
P a
g o
5 T y y X
A H M ‘ B

a) Extend BQ to meet AC at K. Let o = ZABP = ZPBQ =
ZQBC, p= £ZBAD = ZDAC. Applying the Ceva theorem, we
CK AM BD CK BD CK
gt AR BMCD =1, but AM =BM, and - AKCD ~ =1, Or A =
CD
BD
ZDAB = 3 and AKD an isosceles triangle meaning that AK =
CK CD CK CD CK DK
DK, and AK—BD o becomes =~ DK - BD ' CD~ BD-

CK sin3a DK
Now by applying the law of sines, we obtain ~~ D™ Sin2p and BD

o implying that KD || AB which, in turn, makes Z KDA =

sino sin3a.  sino ) )
== , OF —. = , or 2sin3acosa = sin2f3.
sin2a”  sin2P  sin2a
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Squaring both sides, we get 4sin*3o.cos?o. = sin?2f3 (1)
Assuming that ABC is a right triangle with £ C = 90° and 3o +

23 = 90°. Per Pythagorean’s theorem sin?3a + sin?2f3 = 1, or sin?2f3
=1 —sin*30.

Substituting sin*23 = 1 —sin?3a into (i), we have
1 —sin?3a = 4sin*3acos?a., or sin*3o(4cos’a+ 1) —1=0, or
sin?3a[4(1 —sin?a) + 1] — 1 =0, or sin?30(5 — 4sin%a) — 1 = 0 (ii)

Furthermore, sin3a = sin(2a + o) = sin2acosa + cos2asino =
2sinacos?a + (cos?a — sinat)sina = sina(3cos?a — sin’al) =
sina[3(1 — sin?a) — sina] = sinay(3 — 4sina).

Equation (ii) becomes sin*o(3 — 4sin®o)*(5 — 4sin’at) — 1 =0 (iii)
Now let x = sin’a; equation (iii) is equivalent to

x(3 —4x)%(5 —4x) — 1 =0, or 64x* — 176x> + 156x2 —45x + 1 =0,
or (x — 1)(64x* — 112x* + 44x— 1) =0.

Since x = sin®at # 1 (a0 # 90°), 64x> — 112x2 +44x — 1 =0.
Solving this cubic equation for x using the Cardano’s method, we
get x; = 0.0241970181, x, = 1.177318838, and x, = 0.548484143.

When x, =0.0241970181, sina. = 0.155553907, o = 8.948922449°,

or 3a.=26.84676735°, and 23 = 63.15323265° and £ ACB = 90°.
When x, = 1.177318838, sina. = 1.085043242 and it’s impossible.

When x, = 0.548484143, sina. = 0.740597153, o = 47.78230871°,

or 3o = 143.3469261° and the sum of the other two angles is not
90°.

Hence, the first part of the problem is proven when £ C =90°,
Z A =63.15323265° and £ B =26.84676735°.

Note: The angle measurements are for your information only. The
contestant is only required to prove that there exist angles A and B
such that their sum is 90°, or in this case sin’A + sin’B = 1.

BP  cot3a

b) CH ~ coso 2.
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Problem 5 of Spain Mathematical Olympiad 1987

In a triangle ABC, D lies on AB, E lies on AC and £ ABE = 30°,
Z/EBC =50°, ZACD =20°, ZDCB = 60°. Find ZEDC.

Solution 1

Since the sum of all angles in a triangle is 180°, ZABC = ZACB
=80°, /A= ZACD =20°, ZEBC = ZBEC = 50°, and all three
triangles ABC, EBC and ADC are isosceles triangles. Now let a =
AB=AC,b=AD=CD, c=BC=EC, d=BE and e = BD.

Applying the law of sines:
e c d c

In triangle BDC, = 5 = <700 in triangle BEC, = ac = =10,

& _ sinS0°sin60° _ \[35in50°
¢ 3™ s5in40°sin80° ~ 25in40°sin80°
sinZ DEB sin/DEB _ ~[3sin50°

e
d~ sin/ EDB’ therefore, sin/EDB  2sin40°sin80°

Also in triangle BDE,

Replacing ZDEB = 150° — ZEDB into the equation above to get
sin(150° — ZEDB) A[3sin50°
sinZEDB - 2sin40°sin80°
sin150°cos ZEDB — cos150°sin £ EDB \/551n50°
sinZEDB " 25in40°sin80° *

3[3 50°
sin150°cot Z EDB — cos150° = sin

2s5in40°sin80°

B

1
Now note that sin150° = sin30° = 5 and cos150° = -cos30° 7

3sin50°
We then have cot ZEDB + \/_ &

sin40°sin80° °F
sin50°
cot ZEDB = \/g(sin40°sin80° - D.

However, sin50° = c0s40° and sin80° = 2sin40°cos40°.
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A

20°

The previous equation is equivalent to

c0s40° 1
cot EDB =\3Ggraa0ecosans ~ 1) = V3 Gemags — D=
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1 —2sin%40° cos80°
3 simea0e ) = V3agiage  OF

25in*40°  2sin*40°  4sin®40°cos10°
\ECOSSOO \/gsinIOo 2\/§sinlO°coleO
4sin*40°cos10°  4sin*40°cos10°

\Esin20° - \/5(:0370O

tan Z EDB =

4 4 4
But ﬁsin240°cos10° = $005250000510° = %
2 2 1
c0s50°c0s50°cos10° = —3cos500(cos60° + c0s40°) = $c0550°(§
+ cos40°) =

1 2 1 1
$c0s50° + $c0550°cos40° = $c0550° + ﬁ(cos%C> + cos10°)
1 2
= %(cosSOO + cos10°) = % €0s30°c0s20° = c0s20° = sin70°.

sin70°

cos70°
ZEDC =70°- ZBDC = 30°.

Therefore, tan Z EDB = = tan70°, and ZEDB = 70°, or

Solution 2

Draw the segment DF with F on AC such that DF || BC. We have
ZCDF = ZBCD = 60°. We can solve the problem by proving that
DE is the bisector of £ CDF to imply that ZEDC = ', 2 CDF =

DF EF
30°. To do that we need to prove P Now let’s do it.

In trianele BEF EF b b _ bsinl0°
n triangle BEF, ‘G170° ~ sin130° ~ sin50° * °F *F T §in50°
EF bsinl0° DF
It suffices to show that — = S.m S="7 .
¢ ¢sin50 b

o b sin80° EF  bsinl0°
However, in triangle BCD, ¢ sindo> AT =0 200 =
sin80°sin10°  2sin40°c0s40°sin10°  2c0s40°sin10°
sin40°sin50° sin40°sin50° N sin50° B

296



Narrative approaches to the international mathematical problems

2¢0s40°sin10° P
c0s40° = 2s1n10°.
On the other hand, in triangle CDF,
DF  sin20° sin20° sin20° sin20°

b ~sin/CFD sin(180° — ZAFD) sin/AFD sinZ/ACB
sin20°
sin80°"

sin20°

= 1 O
We now need to prove that Sin80° 2sinl10°, or

sin20° = 2sin80°sin10°.

But 2sin80°sin10° = c0s70° — c0s90° = co0s70° = sin20° and our
objective is achieved.
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Problem 2 Asian Pacific Mathematical Olympiad 1992

In a circle C with center O and radius r, let C1, C2 be two circles
with centers O1, O2 and radii 1, 72 respectively, so that each circle
Ci is internally tangent to C at Ai and so that C1, C2 are externally
tangent to each other at A. Prove that the three lines OA, O1A2, and
O2A1 are concurrent.

Solution

Extend OA to meet A1A2 at B. From O1 and O2 draw the altitudes
0O1G and O2H to OB, respectively. From O draw tangential lines to
C1 and (2 and to meet them at E and F, respectively.

Use the law of the sines, we have
A1B _ OB _ OB _ A2B
sinZAIOB sinZOAIB sinZ0A2B  sinZ A20B’
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016
AIB sinZAiOB 010 0:G 020 )
°"A2B sin/A20B O2H 010 O2H (@)
020

Because the two triangles GO1A and HO2A are similar, we have

011G O2H 001G ri .
OA - O0A % OH ™ 1o and (i) becomes

AIB 71 020 r r—nr A1B %) xl"—l"l
AB 200 mr—-m% AB r—r n

=1.

Therefore, per Ceva’s theorem, the three lines OA, O1A2, and O2A1
are concurrent.

299



Narrative approaches to the international mathematical problems

Problem 6 of Russia Sharygin Geometry Olympiad 2008

In a plane, given two concentric circles with the center A. Let B be
an arbitrary point on some of these circles, and C on the other one.
For every triangle ABC, consider two equal circles mutually
tangent at the point D, such that one of these circles is tangent to
the line AB at point B and the other one is tangent to the line AC at
point C. Determine the locus of points D.

Solution

Let O1 and O2 be the circumcenters of the equal circles on the left
and on the right as shown, respectively, d be their radius. Also let
R, r be the radii of the larger and smaller concentric circles,
respectively and / = AD.

Per Pythagorean theorem, we have
d*=A012—r2=A022-R?, or AO12+ R>= A02? + 12 (1)
and per Stewart’s theorem, we have AO1?2xD0O2 + AO2*xDO1 =
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0102(AD? + DO1xDO02), or d(AO1? + AO2?) = 2d(* + d?), or
AO12+ AO2 =2( + d?).

Substituting @> = AO2? — R? into the above equation, we obtain
AO12 + AO22 =2 +2A022 - 2R?, or
AO”?+R*=A02*+ 2P - R? (i1)

/1
From (i) and (i1), we get 2P =R*+1?, or [ = E(RZ + ).

Thus the locus of points D is a circle with center A and radius of

/1
SR+ 7).
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Problem 2 of the Canadian Mathematical Olympiad 1977

Let O be the center of a circle and A a fixed interior point of the
circle different from O. Determine all points P on the circum-
ference of the circle such that the angle OPA is a maximum.

Solution

P1

P2

Let point P = point P1. Applying the law of the sines, we obtain
OA/sin Z OP1A = r/sin £ OAP1, or sin Z OP1A = OAXx

sinZ OAP1/r. Since angle OP1A has a side passing through the
center of the circle, it’s an acute angle, and therefore, the angle

Z OP1A is a maximum when sin Z OP1A is a maximum.
Furthermore, since r and OA are constants, sinZ OP1A is a
maximum when sin £ OAP1 is a maximum, and the maximum of a
sine of an angle is 1 which will happen when £ OAP1 = 90°.

Another point P = P2 which is the mirror image of P1 across A also
satisfies this requirement.
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Problem 2 of the Canadian Mathematical Olympiad 1978

Find all pairs a, b of positive integers satisfying the equation
2a*>=3b°.

Solution

The product on the left side 2a? is an even number, so 35° has to be
an even number, and 53, therefore, has to be an even number, or b

to be an even number. Let b = 2n where 7 is a positive integer.
2

. a
We then have 5% = 4n?; now rewrite 24 = 353 as 2= 3, or

2 2 2
4—32 =3b, orﬁ =3b, or a*> = 6bn>.

Since @? and n? are already squares of two numbers, 65 must be a
square of another number. Let it be 6b = m?, or b = 6k*> where k is a

positive integer. Now substituting it to the original equation to get
3

3b
@> === 3%6(K?, or a = 18K,

And the solutions are (a, b) = (183, 6k*) where k is a positive
integer. For example, for k=23, a = 18x233=219006 and b =
6x232= 3174 is a set of solution when 2x219006* = 3x3174° =
95,927,256,072.
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Problem 2 of the United States Mathematical Olympiad 1976

If A and B are fixed points on a given circle and XY is a variable
diameter of the same circle, determine the locus of the point of
intersection of lines AX and BY. You may assume that AB is not a
diameter.

Solution

Y

Draw the tangents of the circle at A and B to meet at I. Let IO
intercept the circle at E between I and O.
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We have ZAIO + ZAOI=90°, but ZAOl= LAOE =%/ A0B
= Z AYB (O is center of circle and both £ AOB and ZAYB
subtends arc AB).

It follows that £ AIO + Z AYB = 90°.
On the other hand, since XY is the diameter of the circle
Z/XAY =90° = ZPAY, or
Z APY + ZAYP =90°.
Therefore, / APY = ZAPB = ZAIO =%/ AIB, or P
is on the circle with fixed center I and fixed radius IA.

The locus is then a circle with center I and radius IA.
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Problem 2 of the United States Mathematical Olympiad 1993

Let ABCD be a convex quadrilateral such that diagonals AC and
BD intersect at right angles, and let E be their intersection. Prove
that the reflections of E across AB, BC, CD, DA are concyclic.

Solution
HY
SN T T —
/ T~
/ T~
/ B ——
v ~— _
v H —-—_ G
v
/ A /
/ /
/ G /
r y
\ /
\ ! /
\ /
\ F /
\ /
\
\ /
\ //
\ /
\ /
D \ F y C
\ /
\ /
\ /
\ /
\ /
\ /
\ /
Ny
N/
FV

Let the feet from E to the four sides AB, BC, CD and DA be H, G,
F and I as shown. Instead of proving the reflections of E across
AB, BC, CD, DA (H’, G’, F’, and I’) are concyclic we can prove
H, G, F and I are concyclic because each foot is the midpoint
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of the distance from E to its reflection, and the two quadrilaterals
are similar.

The four quadrilaterals EHBG, EGCF, EFDI and EIAH are cyclic
since they have opposite right angles; we have

ZEHG = ZEBG, ZEFG = ZECG, ZEFI= ZEDI, and ZEHI =
ZEAL

But since AC L BD, we have ZEBG + ZECG = 90° and
ZEDI+ ZEAI=90°, or

ZEHG + ZEFG + ZEFI + ZEHI = 180°, or
ZTHG + ZIFG = 180° and H, G, F and I are concyclic.

Further observation

The problem below is derived from the above problem:

Let ABCD be a convex quadrilateral such that diagonals AC and
BD intersect at right angles, and let E be their intersection, and C
be the circumcircle of triangle FGH where F, G and H are
reflections of E across AB, BC and CD, respectively. Let I and J
are points where DC intercepts the circle C and K is where the
altitude line of triangle EDC from E intercept the circle C. Prove
that E is the orthocenter of triangle KI1J.
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Problem 3 of Austria Mathematical Olympiad 2005

In an acute-angled triangle ABC two circles C1 and C2 are drawn
whose diameters are the sides AC and BC. Let E be the foot of the
altitude hb on AC and let F be the foot of the altitude ha on BC.
Let L and N be the intersections of the line BE with the circle C1
(L on the line BE) and let K and M be the intersections of the line
AF with the circle C2 (K on the line AF).

Show that KLMN is a cyclic quadrilateral.

Solution

C3

C4

C2

Let D be the foot of the altitude from C to AB. Since E is on the
circle C2, BE L AC and because AC is also the diameter of C1,
AC is then the perpendicular bisector of LN. Therefore, CN = CL.
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Similarly, since BC is the diameter of C2 and F is on circle C1, BC
is perpendicular bisector of KM and CK = CM.

Now it suffices to prove CM = CN so that the four points K, L, M,
and N will lie on a circle with center at C and radius CN = CM =

CK =CL.

Since the two triangles AFC and BEC are similar, we have

F CA
% = (CjJ_B’ or CFxCB = CExCA, or CF(CF + BF) = CE(CE + AE),

or CF? + CFxBF = CE? + CEXAE (i)

But BMC is a right triangle at M and F its foot on BC, we have
CFxBF = MF>.

Similarly CEXAE = NE2.
Now, rewrite (i) as CF? + MF? = CE? + NE?, or
CM? = CN?, and we’re done.

Further observation

Draw circle C3 with center A and radius AN = AL and circle C4
with center B and radius BM = BK. Let them intercept each other
at J and G with G inside the circles. We can conclude that the four
points D, H, G and C are collinear since CM? = CN? = CGxCJ.
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Problem 3 of the Canadian Mathematical Olympiad 1973

Prove that if p and p + 2 are both prime integers greater than 3,
then 6 is a factor of p + 1.

Solution

Since p and p + 1 are prime integers, they are not divisible by 2
and we can express

p =2k+1 (kis an integer),

p+2=2k+3,or

p+1=2(k+1),or

2 is a factor of p + 1,

and since they are not divisible by 3,

p=3n+1,or
p =3n+2(nis an integer), but if
p=3n+1,then

p +2=3(n+ 1) which is divisible by 3, so the only option is
p=3n+2,andp+2=3n+4,or
p+1=3(n+1),or3isalso afactor of p + 1.

Both 2 and 3 are factors of p + 1 then 2x3 = 6 is a factor of p + 1.
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Problem 3 of the Canadian Mathematical Olympiad 1978

Determine the largest real number z such that
xty+z=5
xy+tyz+xz=3

and x, y are also real.
Solution
From the top equation, z =5 — (x + »). To find the largest real

number z we will find the numbers x and y such that x + y is
smallest.

i 3-xy 3-xy
From the bottom equation z = Xty ,or 5S—(x+y)= Xty

Rearranging this equation, we have y? + (x = 5)y+x>*—5x +3 =0
which has two roots as y = ¥4(5 —x i\/m).
Therefore, x + y =x + (5 —x:t\/M) =nS+x=+
NETFRT RN

And x + y is at extreme when its derivative is equal to zero
(5+x++/-3x2+ 10x +13)’ =0, 0r | + 1/2\/

(-6x +10)=0.

_ 2+
3¢t 10x 13 3%

10x+13) =1 +!
x+13) 3% 1 10x 113

Rearranging this equation and square both sides, we have

1
3x? —10x + 3 = 0. This equation has solutions x = 3, and x = 3

Substitute these x values to x +y = V4(5 + x £4/-3x% + 10x +13)
Whenx=3,x+y=6and 2.

2
When x = 3 XtYy=3 and 3 Therefore, x + y is a minimum when

2 13
xty=3, and the largest value of z is 3

311



Narrative approaches to the international mathematical problems

Problem 4 of the Ibero-American Mathematical Olympiad 2002

In a triangle ABC with all its sides of different length, D is on the
side AC, such that BD is the angle bisector of £ ABC. Let E and
F, respectively, be the feet of the perpendicular drawn from A and
C onto the line BD and let M be the point on BC such that DM is
perpendicular to BC. Show that ZEMD = ZDMF.

Solution

A

B M C

From B draw altitude to AC and meet it at H. We have the
following cyclic quadrilaterals AHEB, BHDM and MDFC.

Hence, /BHE = ZBAE=90°-%/B= /ZBDM = ZBHM

/ BHE = / BHM,; therefore, H, E and M are collinear,

and we have ZEMD = Z/HMD = Z/HBD = Z/HBE = EAH =
ZEAD = ZDCF (AE, CF both perpendicular EF) = ZDME.
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Problem 3 of the Canadian Mathematical Olympiad 1980

Among all triangles having (i) a fixed angle A and (ii) an inscribed
circle of fixed radius r, determine which triangle has the least
perimeter.

Solution

A

LetB= ZA,a= 4B, y= ZC, r be the radius of the incircle, D, E
and F are the points the incircle tangents with BC, CA and AB,
respectively. Now let a = BC, b= AC, c = AB and d = AF = AE.

Note that BF = BD, CE = CD and we have
at+b+c=2d+2BD+2CD=2d+2(BD+CD)=2d+2a (i)
Since Z A and r are fixed, d is also fixed, and the minimum value

of a + b + cis obtained when a is a minimum.
From (i),a=b+c—2d (i1)

Now applying the law of the sines, we obtain
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a b c bsiny
=" =", 0rCc="__.__.
sin sino.  siny’ sina

Substituting them into (ii), we have

bsiny 2d bxsina + siny J ><sinoz + siny
—2d= —2d=a

a=b+— - -
sina, sina. sinf3

—2d, or

2a 1 .1
a= SinB[cosz(oc — y)s1n2(a +7v)] —2d, or
2dsinf3

a= :
1 1
2cos§(a — y)sing(a +v) — sinf3

: . 1 .
Since d, sinf} and smz((x + v) are all constants, a is minimum when

1 . ) .
cosz(oc —v) is a maximum or when it’s equal to 1, or when o —y =

Oora=y.

The triangle has the least perimeter when £ B = £ C as in triangle
AlJ shown on the graph.
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Problem 3 of Canadian Mathematical Olympiad 1983

The area of a triangle is determined by the lengths of its sides. Is
the volume of a tetrahedron determined by the areas of its faces?

Solution
There are two methods to prove this problem. One using a
mathematical volume calculation, the other is easily proven using

visual effect beyond doubt.

The first method

The volume of a regular tetrahedron is given generally as

3,

2
V = Area of basexheight of altitude/3 = %2[ where a is the side of

the tetrahedron. The area of an equilateral triangle which is the
base of a tetrahedron depends on its side. So the volume of a
tetrahedron depends on its area.

The second method

Assume having two tetrahedra ABCD and A’B’CD’ with different
side lengths @ and b and a > b as shown in the graph where they
both are laying flat and being looked straight down. It’s called the
floor plan.

We can always make one of their vertices to coincide (vertex C in
this case) and the sides A’D’C to lie completely on the plane of
ADC and the same for B’D’C to lie on the plane of BDC. The
volume of tetrahedron ABCD, therefore, completely covers that of
tetrahedron A’B’CD’. So the area of the faces ABC and A’B’C of
the tetrahedra determine their volumes.
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AH

D"
B" D b
DV
B B' C

Or from A’, B’ and D’ draw projections A”, B”, and D” to plane
ABD, the volume of the tetrahedron ABCD is greater than that of
A’B’CD’ at least the volume of A”B”D”A’B’D’ which is the area
we can calculate without resorting to the formula above.
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Problem 3 of the Irish Mathematical Olympiad 2007

The point P is a fixed point on a circle and Q is a fixed point on a
line. The point R is a variable point on the circle such that P, Q and
R are not collinear. The circle through P, Q and R meets the line
again at V. Show that the line VR passes through a fixed point.

Solution

Let C be the circle where the fixed point P is on. Link QR and VR
and extend them to intercept C at U and S, respectively. Let I and
IN be the center and the diameter of the circumcircle of triangle

PQR, respectively. Now let B = £ SPU. We also have B = ZSRU
— /VRQ = ZVPQ, and let o, = ZPRQ = ZPVQ = ZPNQ.
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We have ZSPQ = ZUPQ + £SPU (1)

But O and I are centers of the two circles and P and R are their
intersections, we then have ZIOP =% ZROP = ZPUQ, and
similarly ZOIP = ZPQU. The two triangles OPI and UPQ are
then similar, and £ OPI= ZUPQ.

Equation (i) is now equivalent to

/SPQ= /OPI+B=/OPl+ /VPQ= /OPI+180° — / PQV
~ /PVQ= ZOPI+180° — ZPQV — ZPNQ= ZOPI + 180° -
Z/PQV - (90° — ZNPQ)= ZOPI+ 180° — ZPQV —90° +
/NPQ = ZOPQ +90° — ZPQV.

Since both angles £ OPQ and ZPQV are constants, £ SPQ is then
constant and VR passes through a fixed point.
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Problem 3 of the British Mathematical Olympiad 2005

Let ABC be a triangle with AC > AB. The point X lies on the side
BA extended through A, and the point Y lies on the side CA in
such a way that BX = CA and CY = BA. The line XY meets the

perpendicular bisector of side BC at P. Show that £ BPC +
ZBAC =180°.

Solution

Since BX = AC and AB = YC, we have AX = AY. Let /BXY =
a, we also have ZAXY = ZAYX = ZPYC=a. Now let p =
ZBAY; = LAXY + LAYX = 2q.

From B draw a segment BJ such that BJ ||AY and BJ = AY. ABJY
is a parallelogram, and AB=YJ=YC and ZBAC = ZJYC = 2q,
or2a=/PYC+ ZJYP=0a+ ZJYP,or ZJYP =oq.

Now link JC and extend XY all the way to meet JC at N. Triangle
JYN = triangle CYN.

Since they share YN, YJ =YC and £ZJYN = ZCYN. Therefore,

YN _LJCand PB=PC=PJor P is the circumcenter of triangle
BCl.

Now draw the circumcircle of triangle BCJ, extend CA to meet the
circle at I. Since P is the circumcenter, £ BPC =2 / BIC because
both angles subtend the same arc BC. And since BJ || IC, BI=JC,
we have JI=BC and ZBIC = ZJCI = § as shown.

These two equations ZBPC =2 /BIC and ZBIC = ZJCI=§
giveus ZBPC =2 /ZJCI = 23.

But26= ZJCI+ £ZYJC= £LAY].
Since ABJY is a parallelogram, ZAYJ + ZBAC = 180°, or
26 + ZBAC =180°, or ZBPC + ZBAC = 180°.
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Problem 3 of the British Mathematical Olympiad 2006

Let ABC be an acute-angled triangle with AB > AC and ZBAC =
60°. Denote the circumcenter by O and the orthocenter by H and
let OH meet AB at P and AC at Q. Prove that PO = HQ.

Solution
A
6
J
R
N
P
G 0
o H
E -I R
I‘ N M
C K M B
D

Let R be the radius of the circle, M and N the midpoints of BC and
AB, respectively. Extend OM to meet the circle at D, CH to meet
AB at ], BH to meet AC at I and the circle at E.

Since ZBAC =60°, ZABE = ACJ = Z ACE (subtends arc AE) =
Z CAD (arc CD = Ysarc CB) = 30°, or CE || AD.
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We also have £ COD =22 CAD = 60° and OC = OD = R make
OCD an equilateral triangle and since CM L OD, we have Z OCB
= /ZDCM = ZOBC = 30°

ZABE=/ZABO+ Z0OBE = Z0OBC = ZCBE + ZOBE = 30°,
or ZCBE= ZABO= Z0OAB.

Combining with ZCBE = ZCAK = Z1AH, we have
Z0OAB = ZIAH.

Since AIB is a right triangle and N is the midpoint of AB, we have
AN =NB = NI, and with ZBAC = 60°, triangle ANI is equilateral
and Al = AN.

Now two right triangles AIH and ANO are congruent since all
their corresponding angles are equal and ATl = AN.

Therefore, AH = AO = R and since AH || OD it makes AODH a
rhombus and the diagonal lines AD | HO.

Also since 2 AIN = 60°, and 2 IAD = 30° makes AD L IN; we
now have IN || HO, or ZANI= ZAPQ = ZAIN = ZAQP = 60°.

The two triangles AHQ and AOP have all their corresponding

angles equal to one another and its sides AH = AO and are
congruent.

Therefore, PO = HQ.
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Problem 3 of Romanian Mathematical Olympiad 2006

In the acute-angle triangle ABC we have £ ACB = 45°, The points
A,and B, are the feet of the altitudes from A and B, respectively.
H is the orthocenter of the triangle. We consider the points D and E
on the segments AA | and BC such that A D=A E=A B,. Prove
that

2) A B, =\[(A B+ A 2.

b) CH =DE.
Solution
A
45° D
B1
45°
H
c 45 45 = 5
E Al

a) Since ZACB =45°, ZCAA, =45°,A\C=A/Aand A\D=
A E causes ZAED = ZA DE =45°.
AB+AC=AB-AA?+AC - AA =

AB?>+ AC* - 2AA 2 (1)
But 2AA 2= AA >+ A,C?= AC? and (i) becomes
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A B+ A C=AB? (i1)
Since ZAB B= ZAA B=90°, AB,A B is cyclic, and the two
AB, HB,
triangles HB, A, and HAB are similar, we have AB _ HA-
Furthermore, the three triangles A ED, B/ AH and A CA are also
o AB, AD AA, HB,
similar, we have DE _ DE _ AC _HA:
Hence ﬂ = il
> AB DE °
Equation (ii) now becomes A B> + A C* = DE?.
We also have 2A | E? = A E* + A D*> = DE?, or
A B+ A C=2AFE=2A B2

or AB = DE.

Therefore, A, B, =1/(A1B> + A1C?)/2.

b) We have A H= A B (right isoceles triangle A;HB), and
ZHCA, = ZBAA, (sides perpendicular), ZCA H= ZAA B=
90°; the two triangles CHA | and ABA jare congruent and CH =
AB = DE (AB = DE from part a).
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Problem 4 of the Canadian Mathematical Olympiad 1976

Let AB be a diameter of a circle, C be any fixed point between A
and B on this diameter, and Q be a variable point on the
circumference of the circle. Let P be the point on the line

AC QC
determined by Q and C for which B~ %_P Describe, with proof,
the locus of the point P.

Solution

QC

) ) ) AC QC
Let D be the intersection of the circle and BP. From CB - Cp’ Ve
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AC CB
have @ =Cp and triangles ACQ and BCP are similar since we

also have ZACQ = ZBCP.

AC QC AQ
The similarity of the triangles gives us ~~= CB_ CP_ BP’ and AQBD
is a rectangle and AQ = BD, ZAQP = ZBPQ, ZQAB = ZABP,
AQ || BP and QB || AD.

Now pick the point C’ as the image of point C across center O of

AC_BC'_AQ_BD
the circle. We have =5 ="c5"=gp = Bp-

Let » and O be the diameter and center of the circle, respectively.
Link OD and from P draw a line to parallel with OD to meet AB
extension at O’.

OD BD AC ,. ODxCB rxCB OB
op BP B OP="ACc ~Tac ™oB

We have 5=

OD AC
oP CB,orOB O’P.

We conclude that the locus of the point P is a circle (only portion
rxCB

bold arc shown) with center at O’ and radius R=0O’P = AC
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Problem 4 of the Ibero-American Mathematical Olympiad 1997

In an acute triangle ABC, let AE and BF be its altitudes, and H the
orthocenter. The symmetric line of AE with respect to the angle
bisector of angle A and the symmetric line of BF with respect to
the angle bisector of angle B intersect each other on the point O.
The lines AE and AO intersect again the circumscribed
circumference to ABC on the points M and N respectively. Let P
be the intersection of BC with HN; R the intersection of BC with
OM; and S the intersection of HR with OP. Show that AHSO is a
parallelogram.

Solution

Let G be the midpoint of AB. Draw line ¢ linking G and O. The
problem gives us ZBAO = ZEAF = ZFBE (sides perpendicular)
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= / ABO, or OA = OB. So the center of the circumcircle is on line
t. The problem also gives us ZBAM = £ CAN and the arcs
BM = CN, or BC || MN and £ AMN = 90° and AN is the diameter

of the circumcircle. AN intercepts line 7 at O, and O is thus the
center of the circumcircle.

Since H is the orthocenter, point M on the circle is, therefore, its
image across BC.

We also have HE = EM, and since BC || MN, HP = PN. P and O
are midpoints of HN and AN, respectively, we have OP || AE
which is one of the requirements for AHSO to be a parallelogram.
The second requirement is for AO to parallel HS.

Since HM || OS and R is on symmetric segment BC, HS = OM =
radius of the circle = OA.

Therefore, AO || HS and it is the second requirement.
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Problem 3 of the Canadian Mathematical Olympiad 1977

N is an integer whose representation in base b is 777. Find the
smallest positive integer b for which N is the fourth power of an
integer.

Solution

Let’s writt N=7b+7b+7=7(b* +b+ 1)=n*,or b* + b+ 1=

4 . .. .
7> xm® where m is a positive integer.

The smallest positive integer b for which N is the fourth power of
an integer is when m =1, or b> + b+ 1 =7 ,or b(b + 1) = 342.

We have 18%x19 =342, or b = 18, and then
N=7(18 +18+1)="7*.
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Problem 3 of Belarus Mathematical Olympiad 2004

Find all pairs of integers (X, y) satisfying the equation
Yty =2y —x—y) = (x +y)y(x — ).

Solution

Expanding, eliminating and combining terms, we have

YAy —x)* = x4y + x).

Therefore, y + x must be a square of an integer. Let y + x = n?
where 7 is an integer.

The above equation can be written as y(y —x) = +nx.

Let’s look at the case where y(y — x) = nx.
Substituting y = n*> — x into the above equation, we have

2x2 = n(3n+ x +n* = 0. Now solving for x, we have

x= %[311 + 1 +/n? + 61 + 1] which requires n> + 6n + 1

to be a square of another integer. Let n* + 6n + 1 = m?.

Solving for n, we have n = -3 £4/m? + 8.
Now m? + 8 must be a square or m ==+ 1which makes n =0 or
n =-6.

When n=0, x=y=0.

When n=-6,x=27,y=9
x=24,y=12.

And the other case y(y —x) = -nx.

Similarly, the same procedure gives us n =3 ++/m? + 8§,
and we end up having the same pairs of (x, y’) as above.

Therefore, the three pairs of integers to satisfy the equation are
(x,¥)=1(0,0), (27,9) and (24, 12).
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Problem 2 of the Vietnamese Regional Competition 1977

Prl P41 100°+1 . 3

Compare »_ 1" 3_1 - 1003_1w1th§.

Solution

Rewrite the o R I S 100° + 1
ewrilte t eglven eXpreSSlon 23_1. 33_1. .. 1003_1 as

] 4+ 100°+1 1

@D 3T o1 9110001

3] A+ 100°+1 241 ,
P 1" 3 1" 99 _1°100°_1 ()

Note that @® + b* = (a + b)(a* — ab + b*) and @® — b* = (a — b)(a*® +
ab + b?).
Withb=1,wehavea*+1=(a+1)(@*>—a+1)and (a—1)*-1=

a+1 a+1
(a—2)(a2—a+1),and(a_1)3_1=a_2.

We then write (i) as
3+1 4+1 100+1 241 99x101 23+1 _§x 9999
3-274-2"""100-2" 1001  2x3 "100°~1 27999999

22+1 3341 1002+1 3
We conclude that »_1-3_1 " 100-1 2

331



Narrative approaches to the international mathematical problems

Problem 3 of Asian Pacific Mathematical Olympiad 2002

Let ABC be an equilateral triangle. Let P be a point on the side AC
and Q be a point on the side AB so that both triangles ABP and
ACQ are acute. Let R be the orthocenter of triangle ABP and S be
the orthocenter of triangle ACQ. Let T be the point common to the
segments BP and CQ. Find all possible values of

Z CBP and ZBCQ such that triangle TRS is equilateral.

Solution

B I C

Let a be the side length of equilateral triangle ABC and ZCBP =
a, ZBCQ=p, £LSBR=3, ZABS =0, ZTBR =y.

BT  a ___asinP
Wehave g = sin(o+ By " BT ~ sin(a + p)
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BP PC

sin60° ~ sina
sin(a + 60°) = cosy.

a
sin(a + 60°)° But a + 60° = 90° — y; therefore,

_ asin60°

BP — _asino, NP

AP=—"—"0
siny

and PC

= r
cosy cosy’

sina

NP = APxsiny = (a — PC)siny = asiny(1 — cosw)'
TN =BP - BT — NP.
_asin60° _ asinf . i sina
~ cosy  sin(o+ B) asiny(l - cosw)
RN BN
Now for RN: =—= or RN = BNxtany = (BP — NP)tany.
siny  cosy
asin60° ) ina
RN=[ cosu asiny(1 — cosw)] tany
N, . asin60° _ asinf . B sina
TR?2=TN?+ RN?=[ cosy  sin(o.+ B) asiny(1 COSW)] +
asin60° sina
& _ 24012
cosy asiny(1 cosw)] tan?y.

Using the same process to find TS, we have

asin60° asino, . sin
TS?2=TM?+ SM? = coso sin(o+P) asino(1 — c0SO

[asin60° sinf3

— asino(1 — )]*tan®c.
COSG COSG

)*+

So for TR =TS one obvious solution is that a = 3, y = ¢ to make
the corresponding terms of TR? and TR? above equal, and when
o = B the points P and Q are symmetrical across Al where I is the
foot of A to BC.
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Since SA =SB and CG L AB and CQ L AM, we then also have
/ABS=ZSAB= ZTCS =o0.

Also because SA = SB and CG is perpendicular to AB and CQ
perpendicular to AM, we then also have Z ABS = ZSBA =
ZTCS =o0.

Assume a solution has been attained and that £ CBP = a1 and
ZBCQ = P are the angles required for triangle TRS to be
equilateral. We will prove that for every unique value of angle au
there is one and only one corresponding angle B1 to satisfy the
problem.

Indeed, let’s keep angle o1 and increase £ BCQ. As we do so point
T moves to T’ closer to N and RT’ < RT, or RT decreases.

We also know that ZMAN = a + . So ZMAN increases by the
same amount of the increase of £ BCQ, and simultaneously
Z GAS also decreases by the same amount. Therefore, as we

increase £ BCQ, point S moves to S’ closer to point G and
RS’ > RS, or RS increases.

The same but opposite effect occurs if we decrease ZBCQ.
Therefore, TR will no longer equal SR if ZBCQ # 1. So for every
angle a there is only one unique angle B to satisfy the condition for
triangle TRS to be equilateral.

We also know that £ CBP = £ZBCQ is a condition for ST = RT.
So point T has to always be on Al or a.= 3. Now let’s find Za.

Since triangle TRS is equilateral, and R is on the bisector BH of
Z ABC, we have SR || BC, ST || AC and RT || AB, or BH is the
bisector of £ SBT or & = y. We now have 6 =30° -3 =30° -y =
a. We also have ZBCG =0¢ + 3 =30°.

Therefore, a=p=086=0c=y=15° or ZCBP = £ZBCQ = 15°.
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Problem 3 of the Balkan Mathematical Olympiad 1988

Let ABCD be a tetrahedron and let d be the sum of squares of its
edges' lengths. Prove that the tetrahedron can be included in a
region bounded by two parallel planes, the distances between the

d
planes being at most 1/2\/;

Solution

A

Let E, F and M be the midpoints of AC, AB and DC, respectively;
also let the edge’s length of the tetrahedron be 1

From D and M draw the altitudes to the plane containing triangle
ABC and to meet it at H and I, respectively. We will prove that the
tetrahedron fits into the parallel planes with DC and AB on either
plane.

The sum of squares of six lengths is 6/>=d, or [ =~/d/6 .

Consider the equilateral triangle DAC, DE?*= > —[?/4, or
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DEZIAzE

. We also have BE = DE and since H is also the centroid

_ ~BE DE AH/3
of triangle ABC, HE = 3 -3 6
. . . 32 3P
Consider right triangle DHE where DH? = DE?> — HE? = 4 736"

2r 2o fd. [2_Ad
3,0rDH—\/;—\/;>< 3773

d
Now FM? = MI? + FI? = (DH/2)* + (2HE)* = 1/2\/;, but as we can
see FM is orthogonal to AB (in triangle BMA) and it’s also
orthogonal to DC (in triangle DFC).

Therefore, the plane containing AB and the plane containing DC
that are both orthogonal to FM are parallel to each other. The
tetrahedron, therefore, fits into the two planes being at most

d
1/2\/% apart.
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Problem 3 of the Canadian Mathematical Olympiad 1992

In the diagram, ABCD is a square, with U and V interior points of

the sides AB and CD respectively. Determine all the possible ways
of selecting U and V so as to maximize the area of the quadrilateral
PUQV.

Solution

A E D

B F C

Let the side of the square be a. From P and Q draw perpendiculars
to AD and BC, respectively, and let PE = p and QF = ¢. Let’s also
denote () the area of shape Q.

Note that the area of the quadrilateral PUQV is maximum when
the total of the shaded areas is minimum.
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It’s easily seen that the total areas shaded with honey and bricks
(AUD) + (BUC) = %2a (AU + UB) = %2a? and is constant. So now
the total areas shaded with squares (PDV) + (QVC) must be
minimal.

But also note that (PDV) + (QVC) = (ADV) + (BCV) — (APD) —
(BQC) = %a’— (APD) — (BQC)
so (PDV) + (QVC) is minimal when (APD) + (BQC) is maximal.

(APD) + (BQC) = Y2a(p + gq) so the requirement now is for p + g to
be a maximum.

Since both EP and QF || with the vertical sides of the square, we
have

DE a-AE AE AU + DV
AUT o @ U a Tl bv o Pagepy b
AU x DV
or P=AU+DV
o BU x VC
Similarly, I=BULVC

AU xDV BU x VC
PY4= AU+DV "BU+VC

AU xDV xBU + AU xDV xVC + AU xBU xVC + BU xVC xDV

AU x BU + AU x VC + DV x BU + DV x VC
AU XBU (DV +VC) +DV xVC (AU +BU)
“AUxBU +AUXVC+DV xBU+DV xVC
AU x BU +DV x VC
AU xBU + AU x VC + DV x BU + DV x VC

Now divide both numerator and denominator by sum of products
AUxBU + DVxVC, we have

\ s AUXVCHDVxBU
prg=all+ xGXBU +DV x VC

for p + b . AU x VC+ DV x BU h
50 now for p + ¢ to be a maximum, 5T BT v < v hasto

be a minimum. Let it be £.
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But AU=a—-BUand DV =a- VC, and now

 AUXVC+DV xBU
“AUxBU + DV x VC becomes

k

_ (a=BU) VC + (a— VC) BU
~(@-BU)BU+(a_VC) VC

k

_ a(VC+BU)- 2VC xBU
~a(VC +BU)— (VC2 + BL?)

B 4 (VC + BU)— 2 VC x BU

=2 (VC +BU)— 2 VCxBU — (VC — BU)?
B (VC-BUY?

=l - Vc+BU) -2 vexBU |

for k£ to be minimum the denominator of
(VC-BU)? " " . q
a (VC+BU) -2 VCxBU as to be a maximum an

VC-—BU)?
a (VC JF(BU) ) )VCXBU to be a minimum. Note that the

denominator is not zero, and the square (VC — BU)? is always
greater than or equal to zero, and it’s a minimum when it’s zero or
when VC = BU.

So to maximize the area of the quadrilateral PUQV, U and V has to
be on a horizontal line between the top and bottom sides of the
square ABCD. The maximal area of PUQYV is then equal

a® — Yea? — Ya(al2)xa = Vaa®.

Further observation

We can also resort to the Carpet theorem for a simpler analysis.
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Problem 4 of the International Mathematical Olympia 1960

Construct triangle ABC given A4, hb (the altitudes from A and B)
and ma, the median from vertex A.

Solution

ha Ma

o

Al
Draw line /. Both points B and C will be on this line. Pick an
arbitrary point H on /. From H draw a segment HA perpendicular
to / and with a length equal 4a. Draw a circle with center A and
radius ma to intercept line / at M. Extend AM and pick point A’ at
the extension so that MA’ = MA. (A’ is point symmetry of A
across M).

Draw a circle C with center A’ and radius /5. Then draw the
tangential line from A to circle C. This tangential line will
intercept line / at C. Point B is the image of C across point M.
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Problem 5 of the Ibero-American Mathematical Olympiad 1999

An acute triangle 4ABC is inscribed in a circumference of center
O. The highs of the triangle are AD; BE and CF. The line EF cut
the circumference on P and Q.

a) Show that OA is perpendicular to PQ.

b) If M is the midpoint of BC, show that AP> = 2ADxOM.

Solution

a) Extend HE, HF and HD to meet the circle at K, J and I,
respectively. Since H is the orthocenter of triangle ABC, the three
points K, J and I are images of H across the three sides AC, AB
and BC of the triangle ABC, respectively.

Therefore,

HE = EK and HF =FJ, or FE || JK and arc KQ = arc JP;
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Z PEB (subtends arcs KQ and PB) = £ JKB (subtends arc JB) =
/JCB = Z/BAI

Extend AO to meet the circle at L. Since AL 1s the diameter of the
circle, AI_LIL and IL || BC, BI=CL, and ZBAI= ZCAL =
Z PEB. In addition to AC | BE, OA L PQ.

b) Let PQ intersect AO at T. Since OA L PQ, we have AP = AT?
+ PT?=AT?+ (PF + FT)? = AT? + PF? + FT? + 2PFxFT =

AT?+ PF(PF + FT) + FT? + PFxFT = AT? + PFxPT + FT? +
PFxFT = AT? + PF(PT + FT) + FT? = AT? + PFxFQ + FT2 =
AT?+ AFXFB + FT? = AF?> + AFXFB = AFx(AF + FB) =
AFxAB.

But FHDB is cyclic and we have AFXAB = AHXAD =2 ADxOM.

Also since triangles AHG and MOG are similar and G is the
centroid of triangle ABC, MG = 2AG.
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Problem 6 of the Canadian Mathematical Olympiad 1971

Show that, for all integers n, n*> + 2n + 12 is not a multiple of 121.
Solution

Assuming n? + 2n + 12 is a multiple of 121, we have
(n+1)>+ 11 = 121k where k is an integer, or
(m+1)?=121k—11=11(11k-1).

Since 11 is a prime integer, for (n + 1)> = 11(11k— 1) to occur we
must have 11k —1 = 11m? where m is also an integer, or

11(m* — k) =-1, or m* — k=-1/11 which is a fraction and is not
possible.

So the assumption that n? + 2n + 12 is a multiple of 121 is not
possible.
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Problem 6 of the Ibero-American Mathematical Olympiad 1987

Let ABCD be a plain convex quadrilateral. P, Q are points of AD
. AP_AB_BQ

and BC respectively such that PD_DC_ QC

Show that the angles that are formed by the lines PQ with AB and

CD are equal.

Solution

B

A
E F P Q
I
D
J
C

From P draw a line || to DC and intercept AC at I. Link 1Q. We
have 1Q || AB. We then have ZQEC = ZQPIl and ZQFB = ZPQI
To prove that the angles that are formed by the lines PQ with AB
and CD are equal,

we then need to prove ZQPI= ZPQlor IP =1Q.

From I draw a line || to AD and intercept DC at J. We have
IQ IC JC AB 1IQ

We also have DC_PD_IC’ therefore, IP =1Q.
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Problem 6 of the United States Mathematical Olympiad 1999

Let ABCD be an isosceles trapezoid with AB || CD. The inscribed
circle w of triangle BCD meets CD at E. Let F be a point on the

(internal) angle bisector of / DAC such that EF | CD. Let the
circumscribed circle of triangle ACF meet line CD at C and G.
Prove that the triangle AFG is isosceles.

Solution

A B

Let w be the circumcircle of triangle ACF.
Draw the incircle of triangle ADC with center at I’; this circle is
symmetrical of the incircle of triangle BDC with respect to the axis
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passing through centers of AB and DC. Draw the circumcircle w1
of triangle ADC to intercept AF at M.

Since AF is the bisector of Z/ DAC, we have MD = MI’ = MI, and
M is the center of circle w2 as shown.

From M draw line perpendicular to DC and meets it at N. Since N
is the midpoint of EE’, MI’ = MF and therefore, F is on circle w2.

For circle w1, we have APxPM = DPxPC (1)
For circle w, we have APxPF = GPxPC (11)
From (i) and (ii), PM/PF = DP/GP (i11)
or MD || GF and

MD/GF = PM/PF
or GF = MDxPF/PM (iv)
For circle w2, we have IPXPF = DPxPC (V)
From (v) and (ii), we have IP/AP = DP/GP (vi)
From (vi) and (iii), we have ~ IP/AP = PM/PF (vii)
From (vii),
IP/AP = PM/PF = (IP+PM)/(AP+PF) = MI/AF (viii)

From (iv) and (viii), = GF = MDxAF/MI = AF

Therefore, triangle AFG is isosceles.
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Problem 7 of Belarus Mathematical Olympiad 2004

Let be given two similar triangles such that the altitudes of the first
triangle are equal to the sides of the other. Find the largest possible
value of the similarity ratio of the triangles.

Solution

A

[ ]
a

Let the first triangle be ABC and the feet from A, B and C to the
opposite sides be D, E and F, respectively. Now let BC = a, AC =
b, AB=cand AD=d, BE=eand CF =/.
Without los of generality, assume a > b > c. Because twice the area
of triangle ABC = ad = be = cf, our assumption makes /> e > d.
To find the largest possible value of the similarity ratio of the

triangles we need to find the largest possible ratio 5 or largest
possible cos ZFCB.
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The similarity of the triangles ADB and CFB gives us

d_f .
Pl (1)
and similarity of triangles AEB and AFC,
e .
. :g (11)

And because the altitudes of the first triangle are equal to the sides
of the second, we also have

g o (iii)

From (ii), e = Ef ; substituting it into (iii), we then have b* = ac.

Now the law of cosines gives us »* = a* + ¢ — 2acxcos £ ABC,

a’+c? —ac
or ac =a?>+ ¢ — 2acxcos £ ABC, or cos Z ABC = T ooue

a’+c? 1

2ae 5 - But Z ABC + ZFCB =90°; therefore, cos ZFCB =

sinZ ABC = \/ 1 —cos?Z ABC . Hence, cosZFCB is largest
a’+c?

when cos?>Z ABC is smallest or when ac 2 1s smallest, or

24 02
when ch is smallest which happens when a = ¢ (per AM-GM

inequality) which makes IS —
inequality) which makes 2ac =1.

Thus, the largest possible cos ZFCB =4/1 - V4 = 1/2\/5 when
a = b = ¢ and the triangle ABC and its similar triangle are both
equilateral.

Further observation

1t depends on how one defines the similarity ratio, the similarity
ratio could be the ratio of the side of the larger triangle to the
corresponding side of the smaller one. In such a case, the

similarity ratio is the inverse of the above result which is 2\/5/3 .
This ratio is the largest and could be the solution required.
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Problem 7 of the Canadian Mathematical Olympiad 1969

Show that there are no integers a, b, ¢ for which a® + b> — 8¢ = 6.
Solution

Adding 2ab to both sides, we have (a + b)* =2(ab + 4c + 3), or
ab + 4c + 3 =2d? where d is an integer. Since 24 is even, the
product ab must be an odd number and both a and b must be odd
numbers.

Now let a =2m +1 and b = 2n + 1 where m and n are integers.
Substituting them into the original equation, we have
2m+1)*+2n+1)>=2(4c+3),or
Am*+4m +4n* +4n+2 =2(4c + 3), or
m*+m+n*+n=2c+1,or

mm+1)+nn+1)=2c+1 (1)

Now note that the product of two consecutive numbers is always
an even number since one of them is an even number.

Therefore, the sum on the left of (i) is an even number whereas the
one on the right is an odd number. So the original requirements of

both a and b being odd numbers are also not possible.

Therefore, we can not find integers for a, b and c to satisfy the
problem.
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Problem 1 of Austria Mathematical Olympiad 2004

Determine all integers a and b such that (¢ + b)(a + b*) = (a + b)".

Solution

Expanding the equation and canceling the same terms, we have
(b*—4)a*>—6ab—4b>+1=0.

2b*+3h-2 -2b* +3b +2
Solving for a, wehavealz p:_4 -and a2= 4
22 +3b-2 2b
fa,=—p5;"4 (b;é 2)=2+3—5 (b#2)

which is an integer When b =1,b=3and b = 5.

2B 43642 2b+1 3
4 T br20FD= 25 (072

which is an integer when b =-1, b =-3 and b = -5.

If a,=

Answers: (a, b)=(-3,-5), (-5, -3), (-1, -1), (1, 1), (5, 3) and (3, 5).
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Problem 2 of the Irish Mathematical Olympiad 1994

Let A, B, C be three collinear points with B between A and C.
Equilateral triangles ABD, BCE, CAF are constructed with D, E
on one side of the line AC and F on the opposite side. Prove that
the centroids of the triangles are the vertices of an equilateral
triangle. Prove that the centroid of this triangle lies on the line AC.

Solution

a) Leta=AB,b=BCandc=a+b,and letJ, K, R, H and G be
the feet from A to BD, C to BE, E to BC, A to CF and C to AF,
respectively. Also let X, Y and Z be the centroids of equilateral
triangles ABD, BCE and ACF, respectively.

From X and Z draw perpendicular lines to meet CG and CK at P
and Q, respectively.

Observe that AX = GP, HZ = CQ, XP = AG = HC = ZQ =%,

1
and GZ = 3 5 CG= 2\/3 and AX = \/g

PZ_GZ-GP_GZ-AX c-2a
XP~ XP AG ~ \fze

c—2a
Similarly, tan £ QZY =
imilarly, tan £ Q \/gc

Now let Z/PXZ = o, tano. =

Butc=a+b,orc—2a=2b-c, and
tano = tan £ QZY, ora = £ QZY.

Since XP || AF and ZQ || FC, XP and ZQ will intercept each other
at an angle of 60°, and XZ and YZ also intercept each other at the

same angle.

—2a 2b-
With the addition of PZ = cz \Ea \/— =QY and XP =ZQ as

mentioned earlier, the two triangles XPZ and ZQY are congruent
which makes XZ = ZY and thus XYZ is an equilateral triangle.
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E

F

b) Now let S and M be the feet of X on AB and YZ and XM
intercepts AC at L.
We have to prove that IX =1Y or IS?+ XS?=1R?+ YR? (i)

2 2

b
But XS?= f—z, YR?2= 12 IR :% — IS, and (i) becomes
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1994 L= Eoisp+ Zor1s =2 s what we h

o= (G- ISy+ 15, or IS === is what we have to prove.
IS

But we also have tan /£ SXI = tan(60° + o) = XS (i1)

sin60°cosa + cos60°sina
c0s60°cosa — sin60°sina.

tan £ SXI = tan(60° + a) =

C — Za C
’ 2\/5 ’ ’

sin60°cosa + cos60°sino, \/§ XP+PZ 2c—a
cos60°cosa —sin60°sina. ~ XP —+[3PZ  [3a °

- B . a_ 2c—a 2c—a
From (ii), IS = XS tan(60 +(1)—2\/§ \/§a T 6

So now it suffices to prove 2c —a=b + ¢, or c = a + b, and this is
obvious.
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Problem 2 of Poland Mathematical Olympiad 2001

ABC is a given triangle. ABDE and ACFG are the squares drawn
outside of the triangle. The points M and N are the midpoints of
DG and EF, respectively. Find all the values of the ratio MN : BC.

Solution
G

B C
Let P, Q, I and J be the midpoints of AC, AB, AD and AF,
respectively. We observe the following QP || BC, QP = 2BC, 1Q ||
AE, 1Q ='%AE,NJ || AE, NJ = %AE, IM || AG, IM = 2AG, JP ||
AG, JP =1AG.
From there, 1Q || NJ and IQ =NIJ, IM || PJ and IM = PJ, AMIQ =
APJN, and we have MQ = NP, and ZIMQ = ZJPN (1)

On the other hand, since IM || PJ, ZIMP = ZJPM.

Combining with (i), we have ZQMP = £ NPM, and with MQ =
NP as proved earlier, MNPQ is a parallelogram. Therefore, MN ||
QPand MN=QP,or MN: BC=1:2.

For a triangle ABC with obtuse angle BAC, the proof is similar.

Further observation

Prove that MNPQ is a square.
354



Narrative approaches to the international mathematical problems

Problem 3 of Balkan Mathematical Olympiad 1993

Circles Ci1 and C2 with centers O1 and Oz, respectively, are
externally tangent at point C. A circle C3 with center O touches Ci
at A and C2 at B so that the centers O1, Oz lie inside Cs3. The
common tangent to C1 and C2 at C intersects the circle C3 at K and
L. If D is the midpoint of the segment KL, show that £ ADB =
Z0100:2.

Solution
P
K B
A Cs
O . 0
Ci C:
D O

E

L F

Observe that £ 01002 = Z AOB.
355



Narrative approaches to the international mathematical problems

Let the tangents of Ci and C2 at A and B, respectively, meet at P. P
is on the extension of LK.

Since OA L PA, OB L PB and because D is midpoint of KL and O
is the circumcenter, OD L KL.

The two quadrilaterals APBO and PBOD are cyclic implying that
ABOD to also be cyclic on the same circle. Therefore, £ AOB =
Z£01002= ZADB.

Further observation

From the result we have arc AB*x2 = arc AB + arc EF, or arc AB
= arc EF, and since OD is on the diameter of the circumcircle, E
and F are images of A and B across the diameter, respectively,
which makes KL to be the angle bisector of £ ADB.
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Problem 5 of the Canadian Mathematical Olympiad 1972

Prove that the equation x* +112 = ) has no solution in positive
integers x and y.

Solution

Rearrange the equation to (x — y)* + 3x%y — 3x)? =-113 or
(-0 — 02+ 3] = 112

Since 11 is a prime integer, y — x will take on the possible values of
1, 11,112 0r 113,

1330 .. .
Ify—x=1,then3xy=11>-1=1330, or xy =Twh1ch is not an

integer, and this is not a possible scenario.

If y —x =11, then 3xy = 0 and either x or y must be 0 and not
positive as required.

If y —x =112 then 3xy =11 — 112, or xy <0 and either x or y must
be negative and not both being positive as required.

If y—x =113 then 3xy =1 — 113, or xy <0 which is the same as in
the previous case.
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Problem 5 of the Canadian Mathematical Olympiad 1969

Let ABC be a triangle with sides of lengths a, b and c. Let the
bisector of the angle C cut AB in D. Prove that the length of CD is

2ab><cos%

atb

Solution

A

D

F B a C b E

Extend BC to the right a length of CE = AC = b. From A draw the
perpendicular to AE to meet the extension of CB to the left at F.

Since AC = CE, ZAEB="%ZACB= ZDCB and CD || AE and

CD a axAE .
wehaveﬁzm,orCDzaer (1)

We also have £/ AFE =90°— £ AEF =90°- ZCAE = ZFAC or

C AE

CAF is isosceles with CA = CF = b and oS5 = oS / AEF = b
C
C Zachosz
or AE = 2b><cosz, and (i) now becomes CD = B
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Problem 2 of the Ibero-American Mathematical Olympiad 1985

Let P be a point in the interior of the equilateral triangle ABC such
that PA =5, PB =7, PC = 8. Find the length of the side of the
triangle ABC.

Solution

~
T

[ [ ]
B M N C

There is an existing formula relating the distances from a point
inside a triangle to its vertices expressed as follows

a?+ b*+ c*=3(d* + e* + £ — 3m?) where a, b and c are the lengths
of the sides of the triangle, d, e and f'the distances from that point
to the vertices, and m the distance from that point to the triangle’s
centroid.
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Let a be the side length of the equilateral triangle; applying the
above formula, we have a®> = d* + e* + 2 — 3m?.

In our case let d =5, b =7 and f= 8 as given by the problem, we
now get a*> = 138 — 3m? (1)

Now let’s find m = PG as shown on the graph. Let AJ = b, we have

2 4 4
m2=PJ2+PK2=25—b2+(§h—b)2=25 + oh* — 7hb where h =

o 3
a3
2

is the equilateral triangle’s altitude.

4
Substituting m? into (i), we have a*> = 63 — ghz + 4hb (i1)

Now substituting /4 into (ii), we have

2a*— 63
262 =63 + 2ab\[3 , or b = ;a\/E (iif)
. . . a+15
Now let s be the semi-perimeter of triangle PBC, s = 5 and

the area of triangle PBC using Heron’s formula is

area of triangle PBC = \/(a + 15)(a + 1)(a—1)(15 — a) = 2a(h — b),
or (& — 225)(a® — 1) = -4612(92E by (iv)

Substituting b from (iii) into (iv), we have

363
(> = 225)(@* — 1) = -4a*(— —M)Z.

Let x = a?; the above equation reduces to a quadratic equation
x2—138x+ 1161 =0, or x> =9 and x2 = 129. Therefore, a =3 and a
= 11.36. Length a can not be less than 5; we then pick 11.36 as the
answer.
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Problem 3 of the Ibero-American Mathematical Olympiad 1992

In a equilateral triangle of length 2, it is inscribed a circumference
C.

a) Show that for all point P of C the sum of the squares of the
distance of the vertices A, B and C is 5.

b) Show that for all point P of C it is possible to construct a
triangle such that its sides has the length of the segments AP, BP

and CP, and its area is %\/3.

Solution
A A'
5| Q
1 P'
C
S M
1
1 G
I
B i i C

J

a) Let G be the centroid of triangle ABC, m = GP. The existing
formula relating the distances from a point to the vertices of a
triangle is a* + b* + ¢* = 3(d? + €* + f* — 3m?) where a, b and c are
the three sides of the triangle and d, e and f are distances from the
point to the triangle’s vertices. Applying the formula to this case

withm =GP =r= 1/\/§ , 4= AP>+ BP>+ CP? - 3/3, or AP> + BP?
+ CP?=5.
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b) Rotate triangle ABC 60° clockwise around point C. We have A
— A’,B— A, P — P’ and AP’ =BP, PC=PP’=P’C and the
triangle AP’P has its side lengths of the segments AP, BP and CP.

Now draw triangle ABC’s circumcircle, and let Q be the
intersection of AP’ with the circumcircle. Since after the rotation,
triangle ABP = triangle A’AP’, £ ABP = £ A’AP’, the three
points B, P and Q are collinear. Let H be the foot of P to AP’,

the area of the triangle APP’ = 2PHXAP’. Now extend AP to
intercept the two circles at [ and J, respectively. We have PQxPB =
APxP]J, but since the two circles share the same centers, AP =1J
and PQxPB = APxAl = AM? = 1.

However, PB=AP’, and £ AQB = ZBQC = 60°, and
PH = 2PQ\/3 , the area of the triangle APP’ = /2PHxAP’ =
(VaPQn[3 )xPB = Y3 PQxBP = VA3 .

Further observation

The following are drawn from this problem:

1. The sum of the distances from point Q to vertices of triangle
ABCis AQ? + BQ? + CQ* =8 (i)

since GQ = 2r = 2A[3 or BQ? =8 — AQ* — CQ’.

2. Using the law of the cosine function AC* = AQ? + CQ? — 2
AQ*CQ cos120° or AQ* + CQ? + AQXCQ =4 (ii)
or (AQ + CQ)? =A0xCQ + 4 (iii)

Now subtract (ii) from (i), we have BQ? = AQ*xCQ + 4
Combining with (iii), we have BQ = AQ + CQ.

3. The area of triangle with length segments AP, BP and CP is
always constant as long as P is on the inner circle. One can
derive another problem to find the locus of the points P in the
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plane of an equilateral triangle ABC for which the triangle formed
with PA, PB and PC has constant area.

4. The problem can be reversed.: If for every point P in the interior
of a triangle, one can construct a triangle having sides equal to

PA, PB and PC then the triangle is equilateral.

5. In triangle ABC, AB is the longest side. Prove that for any point
P in the interior of the triangle, PA + PB > PC.
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Problem 3 of the Ibero-American Mathematical Olympiad 2002

Let P be a point in the interior of the equilateral triangle ABC such
that £ APC = 120°. Let M be the intersection of CP with AB, and
N the intersection of AP and BC. Find the locus of the
circumcenter of the triangle MBN when P varies.

Solution

Since ZMPN = 120° and ABC is an equilateral triangle and
Z ABC = 60°, BMPN is cyclic.
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We also noted that the circumcircle of triangle MBN has to pass
through I, the incenter/circumcenter/centroid/orthocenter of
triangle ABC.

So, the circumcenter of triangle MBN passes through two fixed
points B and 1.

Thus the locus is on line /, the bisector of Bl and / || AC, and is
from E to F excluding points E and F where EF = AC, the length
of the triangle ABC, since beyond those two points the circles do
not cut the side of triangle ABC.
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Problem 3 of the International Mathematical Olympiad 1960

In a given right triangle ABC; the hypotenuse BC, of length a, is
divided into n equal parts (» an odd integer). Let a be the acute
angle subtending, from A, the segment which contains the
midpoint of the hypotenuse. Let 4 be the length of the altitude to
the hypotenuse of the triangle. Prove that

__4nh
tano = : — Da

Solution

|n-1

ENF

B H Pl M,/ Q n C

Let the two left and right segments meeting at A to make up angle

a meet BC at P and Q, respectively. We have PQ = %. Let H be the

foot of A to BC, and let AH be 4.

From P draw a line to perpendicular to and meet AQ at J. Draw a
circle with radius PQ and let its radius be 7. From A draw AF to
tangent the circle at F; from H draw AE to tangent the circle at E.

Weh _PI_PIxAQ PIxAQ PIxAQ
ehave tano =y =2 AQ " AFZ  AMZ_ 2
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PIXAQ PIXAQ PIXAQ

AH?+ HM?— 2~ AH?>+ HE? ~ AH? + HPxHQ'

But PJxXAQ is twice the area of APQ, and it is also equal AHxPQ;
we then have

AHXPQ AHxPQ
tand ="\ re - HPxHQ

a a_
AH?+ (MH — Zn)(MH + 2n)
ha ha ha 4nh

a? a’ @ @ (n* —1a-
n(AH? + MH? — ﬂ) n(AM? — @) n(z - 4—112)
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Problem 1 of Tournament of Towns 1993

Point M and N are taken on the hypotenuse of a right triangle ABC
so that BC = BM and AC = AN. Prove that the angle MCN is
equal to 45 degrees.

Solution

A M N B

Let o = ZACM, B = £ZBCN and x = ZMCN. Since BC = BM
and AC = AN, both triangles ACN and BCM are isosceles with
Z ACN= ZANC and ZBCM = £ZBMC, or

ZANC =x+ a and ZBMC =x + 3, and we have

ZANC=x+a=4B+ 4ZBCN= 4B+ (1)
ZBMC=x+B=ZLA+ ZLACM= LA +a (i1)

Substituting o from (i) into (ii), we get

x+tB=ZLA+4LB+B-x,or2x=LA+ £LB=180°- LACB=
90°, or x = 45°, and £ MCN = 45°,
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Problem 2 of the Canadian Mathematical Olympiad 1981

Given a circle of radius 7 and a tangent line / to the circle through a
given point P on the circle. From a variable point R on the circle, a
perpendicular RQ is drawn to / with Q on /. Determine the
maximum of the area of triangle PQR.

Solution

1Q P

b

S

Let O be the center of the circle. Link and extend PO to meet the
circle at S. Now let B = Z QPR and o = £ QRP. We then also
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have B = ZPSR and oo = Z RPS. Let d = PR and denote (Q) the
1
area of shape Q. We have (PQR) = EPQXRQ.

1
But PQ = dsina, RQ = dsinf, and (PQR) = EdzsinocsinB (1)

d RS
But in triangle PRS, sinf} = 5 and sina, = EP

Substituting them into (i), we have

&**RS
(PQR)="¢ > (ii)

With radius 7 being a constant, to find the maximum value of
(PQR) we now need to find the maximum value of function f{d) =
d?><RS, and we’re stuck. But there’s a trick. Recall that a function
reaches its extreme (maximum or minimum) points when its
derivative is zero?

However, the function f(d) above has two variables d and RS. Now
let’s try to reduce it to a single variable d by relating RS to variable

d and to eliminate RS. We have RS =+/47* — d* so now f{d) = d*x

\4r? — d@* and ”(d) is the derivative of f{d) with respect to the
changing variable d, and it is the derivative of the product of two
differentiable functions. We have the formula for derivative

Dx(u . v) = u. Dxv + v. Dxu.

Therefore, f(d) = [d\4r* — & | = dP[\4P — > ] + [\m 1%

(&%), but we also have Dx(x" ) = nxn_l, and now

F@=0

—_— — + — =
o) D4 — &) + 342 = &

d
1 & — 4 _

d
The derivative f’(d) = 0 when ﬁ = 3d"\|4r* — d? , or when
4r2 — &2
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& =3(4r> — &), or when d? =312 or d = 3.

We know the minimum of (PQR) occurs when it’s a degenerate
triangle either by having RatP (R=Pandd=0)orRatS (R=S

and d = 2r) and (PQR) = 0. Neither is the case when d = r\/§ when
(PQR) is a maximum.

d 3
When d =mr\/3, sinf} = > 125, or 3 = 60° as seen on the graph,

and the maximum area of triangle PQR is

d3\/m2 3 wm ;\/7

(PQR)max =
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Problem 2 of Canadian Mathematical Olympiad 1985

Prove or disprove that there exists an integer which is doubled
when the initial digit is transferred to the end.

Solution

Assume that there is such an integer N.

LetN=nynn,...n _ n (n,#0)and2n,n n, ... n

NOTRN (N N Since the number on the left is even, the units

digit of the number on the right must also be even, or n,is an even
digit. Expanding the above equation, we have

21, x10" + 21, % 10" + 20, x 10" +. . +2n_ x 10+ 20 =
nx 10" +nyx 10"+ 4 x102+n % 10+n,.

Now regroup them all to get n,, (2x10" = 1) — 8n 10" — 8n, %

-2 .
10""—...—8n_x10—8n,=0 (i)
Since n,, is even, n, =2, 4, 6 or 8.

When n,= 2, divide the left side of (i) by 2, we have

n-2

2x10" =1 = 4n, x 10" —4n,x10"7 = ... —4n_ x10—-4n_ =0.
n—-1 n

We see that the left side is now an odd number which is not zero,

son, # 2.

When n,= 4, dividing the left side of (i) by 4, we have

2x10" =1 = 2n, % 10" = 2n,x 10" = .. =2n_ x 10 —2n_=0.
Again the left side is an odd number and not zero, so n,, # 4

When 7, =6 or 8, the second numbern n, ... .. n _qn,n, has
one more digit than the first number nynyny ...n. N ,80n,#6

and n, # 8.

We conclude that there exists no integer which is doubled when the
initial digit is transferred to the end.
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Problem 2 of Canadian Mathematical Olympiad 1987

The number 1987 can be written as a three digit number xyz in
some base b. If x +y+z=1+9+ 8 + 7, determine all possible
values of x, y, z, b.

Solution

Converting the number xyz in base b to base 10, we have
xb*+yb+z=1987,butx+y+z=1+9+8+7=25.

Subtracting the two equations, we have
(b—D[x(b+1)+y]=1987 —25=1962 = 2x3x3x109, and all
these numbers are prime.

We can only find solutionof 5—1=19—1,andx(b+ 1)+ y =
5%(19+1)+09.

z=25-5-9=11(orz=B).

Answer: x=5,y=9,z=Band b= 19.
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Problem 2 of the International Mathematical Olympiad 2007

Consider five points A, B, C, D and E such that ABCD is a
parallelogram and BCED is a cyclic quadrilateral. Let | be a line
passing through A. Suppose that | intersects the interior of the
segment DC at F and intersects line BC at G. Suppose also that EF
= EG = EC. Prove that | is the bisector of angle DAB.

Solution

Based on Simson-Wallace's theorem the feet of projections of E
down onto the three sides of triangle BCD are M, L and K are
collinear as seen on the graph.

Since L and K are midpoints of FC and CG, respectively,
therefore, LK || FG, and triangle ACG has LK intersect AC at its
midpoint M. Therefore, M is also midpoint of DB since ABCD is a
parallelogram.

Thus there is only one unique point M to satisfy conditions that M
is on DB and also collinear with K and L, and M is also the foot of
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E to DB. Extend EM to cut the circle at I. Since EI is the
perpendicular bisector of DB because DM = BM it is understood
that I is midpoint of arc DB. Therefore, £ DCI= ZBCI= £ 4 as
denoted on the graph. EI is also the diameter of the circle.

Therefore, Z/ ECI = 90°.
Z1CB = Z CEK (they both have sides perpendicular to each
other),or £4 = /5 (1)

In triangle EFL: £1+ £2+ £3=90°
In triangle EFG: 2x(Z£ 1+ £2+ £5)=180°, or
1+ 22+ Z5=180°. Therefore, /3= /5.

From (i), £3= Z4,0or £L3=%/ZDCB=%2ZDAB or AG is
bisector of £ DAB which is the answer.
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Problem 4 of Austria Mathematical Olympiad 2009

Let D, E and F be the midpoints of the sides of the triangle ABC
(D on BC, E on CA and F on AB). Further let HaHbHc be the
triangle formed by the base points of the altitudes of the triangle
ABC. Let P, Q and R be the midpoints of the sides of the triangle
HaHbHc (P on HbHc, Q on HcHa and R on HaHDb).

Show that the lines PD, QE and RF share a common point.

Solution

Hb

Let I be the intersection of DP and EQ. Since BHcC and BHbC are
right triangles, BHcHbC is cyclic, and with D being the midpoint
of diameter BC, DHc = DHb.

Combining with P being the midpoint of HbHc, we have
DP | HbHc.
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Similarly, AHcHaC is cyclic, EHc = EHa and EQ . HaHc. Also
FR _L HaHb.

Since I is on DP and EQ and DP | HbHc, EQ | HaHc, we have

[Hb = [Hc and IHa = [Hc or [Ha = IHb or IR L HaHb since R is
also the midpoint of HaHb.

Combining with FR | HaHb, the three points F, I and R are
collinear, or the lines PD, QE and RF share a common point I.
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Problem 4 of Asian Pacific Mathematical Olympiad 1995

Let C be a circle with radius R and center O, and S a fixed point in
the interior of C. Let AA’ and BB’ be perpendicular chords
through S. Consider the rectangles SAMB, SBN’A’, SA’M’B’, and
SB’NA. Find the set of all points M, N°, M’, and N when A moves
around the whole circle.

Solution
M P A N
Q
O
Il '
B a b B
N' A’ M

Let r be the radius of the circle, a = SB and 5 = SB’. Also let MA
and MO intercept the circle at P and Q, respectively.

Now let MQ = ¢. Since MA || BA, we have BP =B’A, ZPBB’ =
ZAB’B, or ZPBM = ZAB’N, and triangle PBM = triangle
AB’N. Therefore, MP = NA =SB’ = b.

From point M outside the circle, we have MPxMA = MQx(MQ +
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2r), or axb=c (¢ +2r),or ¢+ 2rc—ab =0, and we have c=-r £
\/m. Therefore, OM =c +r= \/m.

The same proof can be used for other points N', M' and N; we have
OM = ON' = OM' = ON =~/R* + ab.

Since S is a fixed point inside circle C, the product ab is fixed.
From there we conclude that the set of all points M, N’, M’, and N

when A moves around the whole circle is a circle with the radius

R=0M =+/R?+ ab.
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Problem 4 of Asian Pacific Mathematical Olympiad 1998

Let ABC be a triangle and D the foot of the altitude from A. Let E
and F be on a line through D such that AE is perpendicular to BE,
AF is perpendicular to CF, and E and F are different from D. Let
M and N be the midpoints of the line segments BC and EF,
respectively. Prove that AN is perpendicular to NM.

Solution
A
F
O‘
0 N
B D M C
H1

Let wl and w2 be the circles with diameter AB and AC,
respectively. E is on wl because AE is perpendicular to BE and F
is on w2 because AF is perpendicular to CF. Let AN intercept wl
at Q and w2 at P. Point N is outside w1, and we have NEXND =
NQxNA since N is midpoint of EF, NFXND = NQXNA (1)
For w2, we have NFXND = NPxNA (i1)
From (1) and (i1), NQxNA = NPxNA, or NQ = NP.

Combining with MB = MC, we have MN || PC. Since AP is
perpendicular to PC and MN || PC, AN is perpendicular to NM.
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Problem 4 of the Canadian Mathematical Olympiad 1970

a) Find all positive integers with initial digit 6 such that the integer
1

formed by deleting this 6 is 23 of the original integer.

b) Show that there is no integer such that deletion of the first digit

1
produces a result which is 35 of the original integer.

Solution

a) Let N=N,NN,........ N, (n — infinity) be such integers.
N, =6, and N=6NN,........ N .

N
By deleting the initial digit 6, we have M =NN,........ N, and M-

25,and N-M=60........ 0 (n number of 0’s) = 24M, or

N-M 60...0 6x10...0
24 =M= 24~ 6x4 =10...0/4=250...0(n —2

numbers 0’s).

So N =625, 6250, 62500, 625000, 6250000, 62500000, etc...

b) With the similar approach, assuming there are such integers

N=NyNN,....... N, (n — infinity) where Ny=1— 9
(integers), and N=N /N N,........ N.

N
By deleting the initial digit, we have M = NN,........ N, M- 35,
and N — M = NO...0 (»r numbers 0’s) = 34M, or
N-M NO...0 Nyx10...0
TZMZ 34 - 034 ,andsinceNOtakesonthe
integer values of 1 — 9, N x10........ 0 1s not divisible by 34.

Therefore, there are no such integers N as we assumed there were.
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Problem 4 of Canadian Mathematical Olympiad 1971

Determine all real numbers a such that the two polynomials x* + ax
+ 1 and x* + x + a have at least one root in common.

Solution
-a+ jaz —4
The roots forx>+ax+1=0arex = 7 , and the roots for
-1 £4/1-4a
xX*+x+a=0arex= 2 .

Equating the roots of the two equations, we have

—at\@*—4=-1%£\1 —4da,ora®>-2a+1=a>—4+1-4a+
2\[-4a* + a> + 16a — 4, or
Ra+4y=4(-4a*+a*+16a—4),ora®—3a+2=0 (1)
or @®—2a*+ta+2a*—4a+2=(@+2)(a*—2a+1)=(a+2)a—-
1)? =0, or the solution for (i) are a =-2 and a = 1.

Whena =-2

Theroots forx* +ax+1=x*-2x+1=(x—-1=0isx=1.
Theroots for x> +x+a=x*+x-2=(x-1)(x+2)=0arex=1
and x = -2, so their common root is x = 1.

Whena=1
The roots for x> + ax + 1 =x* +x + a =x*+x + 1, so they are the

. . -1+£4/-3 : .
same equation and their roots are x = 5 and -3 is negative

so they have no real roots.
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Problem 6 of Tokyvo University Entrance Exam 2010

Given a tetrahedron with four congruent faces such that OA = 3,

OB =+/7, AB =2. Denote by L a plane which contains three
points O, A and B.

a) Let H be the foot of the perpendicular drawn from the point C to
the plane L. Express vector OH in terms of vectors OA and OB.

b) For a real number ¢ with 0 <7 <1, let Pt, Qt be the points which
divide internally the line segments OA, OB into ¢ : 1 —¢,
respectively. Denote by M a plane which is perpendicular to the
plane L. Find the sectional area S(¢) of the tetrahedron OABC cut
by the plane M.

¢) When ¢ moves in the range of 0 <¢ < 1, find the maximum value
of S(¥).

Solution
ON=1

OK = 1/7
[M] = [EPQ/]

o=
m

I
/a1

el

O~ —1: Qr VT -1+t B

6@/

6=/HOK ‘¢ V7 [L]

Figure I (not to scale)
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Denote () the area of shape Q and [®] the plane containing shape
®. Let the angles facing sides with length 3 be o, angles facing
sides with length 2 be 3 and angles facing sides with length \ﬁ be
v. In other words,

a=2ZABO=ZACO= £ZBAC= £ZBOC,
B=~2LACB=ZLA0OB= ZCAO= ZCBO,

y=/ZABC= ZA0C= ZBAO = ZBCO.

Now let’s compute the angles a., 3, and y B based on the law of
cosines on triangle ABO,

cosa = (AB? + BO? — AO?)/(2xABxBO) = 1/(2\[7), or o.=79.11°,
cosP = (AO? + BO? — AB?)/(2xA0xBO) = 2A[7, or = 40.89°,
cosy = (AB? + AQ? — BO?)/(2xABxA0) = 1/2, or y = 60°.

Figure 2 (not to scale)
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Now let’s look at the triangle ABO as shown on figure 2 above.
Let PAQ: intercept OH at I, HK and HN be the altitudes from H
onto OB and H onto OA, respectively. Let 2 = CH be the height of
the tetrahedron, k£ = EI where E is the intersection of plane M with
CO or E be the highest point of plane M cutting the tetrahedron, ¢
=CK, d =HK, e=HN and m = OH.

We have BK? + ¢2=BC?, or BK?2 + ¢?=9 and

(OB — BK)? + ¢ = 0C?, or (/7 — BK)* + ¢* = 4.
These two equations give BK = 6/\ﬁ ,C= W ,and OK = 1/\ﬁ .
Similarly, ON?>+CN? =4 and (3—ON)*+CN? =7, or ON =1, CN= \/§

Now let 8 = ZHOK, p= ZHON (now B =8 —p), ¢ = ZPQiO
and y = ZQPP:O. We have
1 de 2

cosP = cos(d + ) = cosdcosp — sindsinpl = \/—— - ==.
Tm* m \ﬁ

However, in AKHO and ANHO, m?>=¢e?>+ 1 =d? + 1/7, and the
previous equation becomes m*(3m* —4) =0, or m = % From this
we have e = 1A[3, d = 5A[21, h* = OC>—m?, or h = 2\[2/3, cosd =
1/2\/% and cosp = \/5/2, or 6 =70.89° and p = 30°.

a) So the relationship between vector OH and OA, OB is that OH
=m= %where u=2ZAO0OH =30° and 8 = ZBOH = 70.89°.

b) In figure 1, [M] cuts the tetrahedron at E on OC, P: on OA and
Q: on OB as shown. And on figure 2, as the author understands,
OP:=tand OQ: = 1 — ¢ (if not, the reader can change these
numbers accordingly.)

Let’s also assign ¢ = ZP«Q:0 and y = £ QPO. We then obtain
PQP =+ (1 — 1) = 2¢(1 — f)cosP = 2 — 2t + 1 — 4t(1 — )A[T =
26(t — 1)(1 + 2Af7) + 1, or PQi=~[21(¢ — 1)(1 + 2A[7) + 1.
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Applying the law of cosines to triangles PO and QAO, we get
IP2 = 10? + £ — 2I0xtxcosp = 10? + £ — IOxA3.

1Q2 = 10? +(1- 1)> —210(1— f)cosd = 10 + (1— £ — I0(1 — n3/7 ,
Solving these equations noting that IP: + PQ:= 1Q:, we get

\JIO? + 2 — TOXA[3 +~/26(t — 1)(1 + 2A[7) + 1 =
\JI0? + (1 — £) — 10(1 — tn[3/7.

Solving this equation for 10 and letting the value of IO be v[t]. We
kOl
have 3 =57 » or k= O2 =~/2v[1].

The area of triangle P/EQ: is
(PEQ) = VakxPiQr= Y\[2v[1]\ 26t — 1)(1 + 2A[7) + 1, or
S(f) = Y2VIPN 242 — 1)(1 +2R[7) + 1.

¢) To find the maximum value of S(f) when ¢ moves in the range of
0 <t <1, we will need to take the derivative of S(¢) with respect to
¢ and then find the local maximum.

S (0)]y.,ey = L2V 26— (1 +2R[T) + 1) ..

Further observation

The measurements in degrees of angles that are not apparently
easily recognized are not really necessary, not required and are
for reference only as contestants were not allowed calculator
access. This solution shows the details to solve the problem. The
reader is urged to carry out the calculations which prove to be
lengthy. With the proper understanding of the problem, however,
the equations could have been less complex than they really are.
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Problem 22 of Tournament of Towns 2008

A 30-gon A1A2 ...A3o is inscribed in a circle of radius of 2. Prove
that one can choose a point Bk on the arc AkAk+1 for 1 <k <29 and
a point B3o on the arc A30A1, such that the numerical value of the
area of the 60-gon A1B1A2B2...A30B30 is equal to the numerical
value of the perimeter of the original 30-gon.

Solution

D

Let’s work on a 3-gon (a triangle) then expand the idea to a 30-

gon. Let O and 7 be the circumcenter and circumradius of AABC,
a, b and c the side lengths of A2A3, A1A3 and A1A2, respectively,
M, N and K the midpoints of A2A3, A1A3 and A1A2, respectively.
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Denote (€2) the area of shape Q, and num([#] the numerical value of
n.

Extend OM, ON and OK to intercept the circle at D, E and F,
respectively.

We have num[(A1B1A2B2A3B3)] = (A1A2A3) + (A1B1A2) +
(A2B2A3) + (A1B3A3), or
a+b+c=(A1A2A3) + (A1B1A2) + (A2B2A3) + (A1B3A3) (1),

but OD = OE = OF = r =2, and we have

num[a] = ax1 = ax0D/2 = (A20A3D), num[b] = bx1 = (A10A3E)
and num[c] = (A10A2F), and

a+ b+ c=(A20A3D) + (A10A3E) + (A10OA2F) = (A1A2A3) +
(A1FA2) + (A2DA3) + (A1EA3), and equation (i) becomes

(A1A2A3) + (A1FA2) + (A2DA3) + (A1EA3) = (A1A2A3) + (A1B1A2)
+ (A2B2A3) + (A1B3A3), or

(A1FA2) + (A2DA3) + (A1EA3) = (A1B1A2) + (A2B2A3) + (A1B3A3)

To satisfy the above equation, we need to choose point Bi at F, B2
at D and B3 at E, the midpoints of arcs A1A2, A2A3 and A1As3,
respectively. In such a case, the numerical value of the area of the
hexagon A1B1A2B2A3B3 is equal to the numerical value of the
perimeter of the triangle A1A2As.

This solution also applies to a 30-gon. Just choose points Bk at the
midpoints of arcs AkAk+1 for 1 <k <29 and point B3o at the
midpoint of arc A3oA1; the numerical value of the area of the 60-
gon A1B1A2Bz2...A30B30 is then equal to the numerical value of the
perimeter of the original 30-gon.
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Problem 2 of British Mathematical Olympiad 1988

Points P, Q lie on the sides AB, AC respectively of triangle ABC
and are distinct from A. The lengths AP, AQ are denoted by x, y
respectively, with the convention that x > 0 if P is on the same side
of A as B, and x < 0 on the opposite side; similarly for y. Show that
PQ passes through the centroid of the triangle if and only if

3xy = bx + cy where b = AC, ¢ = AB.

Solution

M C

3xy =bx +cy
J

Let G be the centroid of triangle ABC, M, N and K the midpoints
of BC, AC and AB, respectively. Let I be the intersection of AM
and CP.
2x—c

> -
Here, we will show that when PQ passes through the centroid of
the triangle ABC then 3xy = bx + ¢y.
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Indeed, per Ceva’s theorem when PQ passes through G, we have

AK PI CQ c PI CQ
PR CLS AQ =1, ory el y =1, or cx CQ>< —2xy—cy,or

cXCQXa =2xy—cy (1)

PI
or cXCQXa +xy = 3xy —cy.

We’re required to prove that 3xy = bx + ¢y, or 3xy — cy = bx. The

. . PI
assignment now is for us to prove that cXCQXa + xy = bx, or

PI
x(b—y) = xxCQ = cXCQXCI, ors=cr.
PI 2xy—cy

However, from (i), Cl~ ox cQ and it suffices to prove that
2xy—cy x 2x-c

X=""CQ ,or)—/— cQ (i1)
From C draw a segment to parallel PQ and intercept the extension
of AB at J. We geti = % (iif)
But since G is the centroid of triangle ABC, GC = 2GK, and
because GP || CJ, ;)IJ( GK =2 and PJ =2PK = 2x — ¢, and (iii) is

equivalent to (ii) and we’re done.

The reverse direction is fairly straight-forward, and the reader is
encouraged to prove it.
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Problem 2 of Austria Mathematical Olympiad 1989

Find all triples (a, b, ¢) of integers with abc =1989 anda +b —c =
89.

Solution

Note that abc = 3x3x13%17 and we have all these possible
combinations of (a, bc) which are

(a, bc) = (-1, -1989), (-3, -663), (-9, -221), (-13, -153), (-17, -117),
(-39, -51), (-51, -39), (-117, -17), (-153, -13), (-221, -9), (-663, -3),
(-1981, -1), and on the positive side

(1, 1989), (3, 663), (9, 221), (13, 153), (17, 117), (39, 51), (51, 39),
(117, 17), (153, 13), (221, 9), (663, 3), (1981, 1).

When a =1 and bc = 1989, b — ¢ = 88, we get b> — 88bh — 1989 =0,
and b = 44 ++/3925, and b is not an integer because 3925 is not a
perfect square.

Similarly, when a = 3 and bc = 663, b — ¢ = 86, we get b> — 86b —
663 = 0. Following the same process we have b = 43 +4/432 + 663,
and b is not an integer since the units digit of 432 + 663 is 2 which
is different from the units digit of a perfect square of an integer
which is either 0, 1, 4, 5, 6 or 9 (this is a quick way to verify if a
number is a perfect square without having to carry out the
calculation).

When a =9 and bc =221, b — ¢ =80, b*— 80b — 221 =0;
when a =13 and bc =153, b—c =76, b*>—76b — 153 = 0;
whena=17and bc=117,b—-c=72,>—-72b— 117 =0, and there
are no solutions in integers for the above three quadratic equations.

When a =39 and bc=51,b—c =50, b>*—-50b - 51 =0, and b =25
+4/676 =51 or -1, and the solutions are (a, b, ¢) = (39, 51, 1), (39,
-1, -51).

Whena=51and bc=39,b—-c=38,b>—-38b—-39=0,and b= 19
+4/400 = 39 or -1, and the solutions are (a, b, ¢) = (51, 39, 1), (51,
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-1, -39).

Whena=117 and bc=17,b—c=-28, b* +28b—17=0;
when a =153 and bc =13, b —c=-64, b>+ 64b - 13 =0;

when a=221and bc=9,b—-c=-132,b*+ 132b-9=0;
when a =663 and bc=3,b—c=-574,b*+574b -3 = 0;

when a=1981 and bc=1,b—-c=-1892, b> +1892b—-1=0, and
there are no solutions in integers for the above five quadratic
equations.

When a=-1 and bc =-1989, b — ¢ =90, b>—90b + 1989 =0, and b
=45+ 6 =151 or 39, and the solutions are (a, b, ¢) = (-1, 51, -39),
(-1, 39, -51).

When a =-3 and bc =-663, b —c =92, b* - 92b + 663 = 0;
when a@ =-9 and bc =-221, b —c =98, b*—98b + 221 =0;

when a =-13 and bc =-153, b — ¢ =102, b* - 102b + 153 = 0;
whena =-17 and bc =-117, b — ¢ =106, b*— 1066 + 117 =0, and
there are no solutions in integers for the above four equations.

When a=-39 and bc =-51,b—c =128, b>—128b+ 51 =0., and b

=25 +4/676 =51 or -1, and the solutions are (a, b, ¢) = (39, 51, 1),
(39, -1, -51).

When a =-51 and bc =-39, b — ¢ =140, b>— 1406 + 39 =0, and b
=19 +£4/400 = 39 or -1, and the solutions are (a, b, ¢) = (51, 39, 1),
(51, -1, -39).

When a=-117 and bc =-17, b — ¢ =206, b> —206b + 17 = 0;
when a =-153 and bc =-13, b —c =242, b> - 242b + 13 =0;
when @ =-221 and bc =-9, b — ¢ =310, b*-310b + 9 =0;

when a =-663 and bc=-3,b—c=752, 6> -752b +3 =0;
when @ =-1981 and bc = -1, b — ¢ = 2070, b*—2070b + 1 =0, and
there are no solutions in integers for the above five equations.

The solutions are (a, b, ¢) = (-1, 51, -39), (-1, 39, -51), (39, 51, 1),
(39, -1, -51), (51, 39, 1), (51, -1, -39).
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Problem 3 of Canadian Mathematical Olympiad 1975

For a positive number such as 3.27, 3 is referred to as the integral
part of the number and .27 as the decimal part. Find a positive
number such that its decimal part, its integral part, and the number
itself form a geometric progression.

Solution

Let x and y be the integral and decimal part of the number to be
found, respectively, and r the common ratio of the geometric
progression. We are given y» =x and xr =x + y.

Now divide the latter equation by the former one, side by side, to
Y

t2=1+
get = 1+7

,butizrandwenowhaverz—r —1=0,0rr=

1 £4/5
2-

1 +4/5

When r = 5 . hote that since y is the decimal part and is

1+4/5
always smaller than 1, y <1 and yr <r,but yr=x<r= 5 =

1.618. However, x is the integral part and is less than 1.62, it must

and the whole number to be found is 1.618.

1-+/5

When r = 5 < 0, since y is the decimal part and is always non-

negative, yr = x causes x to be non-positive which is outside the
scope of the problem.
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Problem 1 of International Mathematical Talent Search Round 16

Prove thatif a + b + ¢ = 0, then a® + b* + ¢ = 3abc.
Solution

There exists a formula
a;+b+ct=(a+b+c)a®+b*+c*—ab—ac—bc)+ 3abc.

Soifa+b+c=0,then a®+ b+ ¢ = 3abc.
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Problem 3 of British Mathematical Olympiad 1991

ABCD is a quadrilateral inscribed in a circle of radius r. The
diagonal AC, BD meet at E. Prove that if AC is perpendicular to
BD then

EA? + EB? + EC? + ED? = 4,2 (*)
Is it true that if (*) holds then AC is perpendicular to BD? Give a
reason for your answer.

Solution
A D
r E r
S T
r 14
r O r
Vv U
r r
B C

Let O be the center of the circle. Per Pythagorean’s theorem, we
get EA% + ED? = AD? and EB? + EC? = BC% Now applying the law
of cosines, we have

AD?=0A? + OD? - 20Ax0Dcos Z AOD = 2r*(1 — cos £ AOD).
Likewise, BC? = 2r%(1 — cos ZBOC).
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But since AC L BD, together smaller arcs AD and BC subtend half
the circle, or ZAOD + ZBOC = 180°, and cos ZBOC = cos(180°
— ZAOD) = -cos ZAOD.

Therefore, BC? = 2/2(1 + cos £ AOD), and EA? + EB? + EC? + ED?
=2r*(1 — cos ZAOD) + 2r2(1 + cos £ AOD) = 4,2,

It is not true that if (*) holds then AC is perpendicular to BD. Let a
rectangle STUV with ST > TU being inscribed in the same circle.
In this case E = (coincides with) O, AC is SU and BD is VT, EA? +
EB?+ EC? + ED? =08 + OT? + OU? + OV? =472, but SU is not
perpendicular to VT. If SU is perpendicular to VT, STUV would
become a square and ST = TU which is not the condition we
assumed earlier.
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Problem 3 of the British Mathematical Olympiad 2000

Triangle ABC has a right angle at A. Among all points P on the
perimeter of the triangle, find the position of P such that

AP + BP + CP is minimized.

Solution

B
P3

P

A P2 C

There are six possible positions to cover all the scenarios for point
P: P is at point A, point B, point C, between AB, between AC, and
between BC.

Case 1 When P is at point A (P coincides with A),
AP +BP +CP=AB + AC.

Case 2 When P is at point B (P coincides with B),
AP +BP + CP=AB + BC.

Case 3 When P is at point C (P coincides with B),

AP +BP + CP=AC + BC.

Since the shortest distance from C to AB is AC, for these three
cases, AB+ AC <AB + BC, and AB + AC < AC + BC, and cases
2 and 3 are eliminated.
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Case 4 When P is between A and B, AP + BP + CP = AB + CP1>
AB + AC. This case 4 is also eliminated.

Case 5 When P is between A and C, AP + BP + CP = AC + BP2>
AC + AB. This case 5 is also eliminated.

Case 6 When P is between B and C, AP + BP + CP = BC plus the
distance from A to BC, but the minimum distance is the perpen-
dicular AP3, and AP + BP + CP = BC + AP3. Now we’re proving
that BC + AP3> AB + AC (1)

Indeed, assume (i) is a true statement. Let’s square both sides; we
have BC? + AP3? + 2XxBCxAP3 > AB? + AC? + 2xABxAC (i)

The Pythagorean’s theorem gives us BC? = AB? + AC?, (i)
becomes AP3? + 2xBCxAP3 > 2xABxAC (1i1)

Observe that ABXAC is twice the area of triangle ABC = BCxAP3;
the inequality (iii) then becomes AP3* > 0, and this is a fact.

Therefore, this final case 6 is also eliminated, and the position of P
such that AP + BP + CP is minimized is when P is at point A.
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Problem 9 of Canadian Mathematical Olympiad 1970

Let f(n) be the sum of the first # terms of the sequence
0,1,1,2,2,3,3,4,4,5,5,6,6, ...

a) Give a formula for f(n).

b) Prove that f{s + ¢) — f(s — t) = st where s and ¢ are positive

integers and s > ¢.

Solution

a) Since f{i) = 0 does not belong to the sequence, f(n + 1) is really
f(n) in a sense, so we have to subtract 1 from the n sequence, and

-1 n-1
havef(n)=nT(n2 +1).
+t-1 s+t—1
b) Therefore, f(s+t)=s 7 2 7 , and

—t—1s—-t+1
f(s—l)ZS > > 5 st
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Problem 1 of British Mathematical Olympiad 1988

Find all integers a, b, ¢ for which
(x—a)(x—10)+ 1= (x+ b)(x + ¢) forall x.
Solution

Expanding both sides and group them to get

xX*—(a+10)x+10a + 1 =x*+ (b + c)x + bc. Now by equating the
same terms, we getb+c=—a—-10 and bc=10a + 1, or
b*+(a+10)b+10a+1=0.

1
Solving for b, we obtain b = 5(-41 — 10 £4/a*>—20a + 96). So now

for b to be an integer, a*> — 20a + 96 = (a — 10)*> — 4 must be a
square of an integer. Let that integer be n, we must have
(a—10—-4=n*or(a—10)*=n>+4.

This only occurs when (¢ — 10)>=4 and n*> =0, or a — 10 ==£2, or
(a,b, c)=(12,-11,-11), (8, -9, -9).
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Problem 1 of Canadian Mathematical Olympiad 1973

. ) .. 1 )
a) Solve the simultaneous inequalities, x < Ar and x <0;i.e, find a

single inequality equivalent to the two given simultaneous
inequalities.

b) What is the greatest integer which satisfies both inequalities 4x
+ 13 <0 and x* + 3x > 16?

¢) Give a rational number between 11/24 and 6/13.

d) Express 100000 as a product of two integers neither of which is
an integral multiple of 10.

e) Without the use of logarithm tables evaluate 1/10g,36 +
1/log,36.

Solution

1
a) Because x < 0 multiplying both sides of x < ar by x, we get x* >

1 1 1 1
1 Hence, x > Horx < 2 However, x < 0; therefore, x < -

b) 4x + 13 <0 gives x < -3.25 and the greatest integer to satisfy this
inequalities is -4. Now the derivative of x* + 3x — 16, or (x> + 3x —

3
16)’ =0 when x = o) and the minimum value of x> + 3x — 16 occurs
3 1
atx=-5, and x> + 3x — 16 = 0 when x =§(-3 +4/73) or x? + 3x >
1 1
16 when x > 5(-3 +4/73) or when x < -5(3 ﬂ/ﬁ), and the greatest

1
integer that is smaller than -5(3 ﬂ/%) is -6. Therefore, -6 is the

greatest integer to satisfy both inequalities 4x + 13 <0 and x* + 3x
> 16.

, 1 6 . . . .
c) Let’s convert 4 and 13 into ratios with the same denominators,
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11 286 6 288
we have 24~ 604 and 13~ 624 Therefore, the rational number is

287 11 286 287 288 6

624 DeCAUSE 1 = o < 1 <624~ 13-

Another easy way to do this is by adding the numerators together

to get the new numerator 11 + 6 = 17 and adding the denominators

together to get the new denominator 24 + 13 = 37, and the rational
11 17 6

.17 117 6
number is 37- We do have 24 < 37 < 13

d) 100000 = 5x2x5x2x5x2x5x2x5%2 = 32x3125.

1 1 1 1 1

e + = + =
)log236 log,36  log,(3%3x2x2)  log,3x3x4) 2+ 2log,3
1
+—————=2 +1log,3 +1og,2)/[2(1 +1og,3)(1 +1og,2)] =
2+ 2log,2 ( g g;2) / [2( g,3)( g2;2)]

(2 +log,3 +log,2) / [2(1 + log,3 + log,2 + log,3xlog,2)] =

1
(2 +log,3 +1og,2) / [2(2 + log,3 + log,2)] =5-
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Problem 4 of the British Mathematical Olympiad 1995

ABC is a triangle, right-angled at C. The internal bisectors of
angles BAC and ABC meet BC and CA at P and Q, respectively.
M and N are the feet of the perpendiculars from P and Q to AB.
Find angle MCN.

Solution

A

135°

C P B

Extend NC to meet MP at I (not shown on graph). Since QN || PM
(because both | AB), /CNQ = /CIM.
Besides, Z MCN = Z CIM + £ CMP, we then have

ZMCN = ZCNQ + £ZCMP (1)
Observe that ~ AAPM = (congruent to) AAPC, and

ABQC = (congruent to) ABQN.

We then have AP L. CM and BQ L CN.
AP L CM results in ZCMP = ZMCP, and BQ _L CN results in
ZCNQ = 4ZNCQ.
Equation (i) becomes ZMCN = ZNCQ + £ZMCP.
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However, ZMCN + ZNCQ + £ZMCP = 90°.
Or, ZMCN = 45°,

Further observation

We can prove CP = MP which results in £ CMP = ZMCP by
using a different method using the angle bisector AP.

Since AP is the angle bisector of £BAC, we have

CP_AC

PB  AB-

Furthermore, the two triangles ABC and PBM are similar making
MP_AC

PB  AB-

Those two previous equations give us CP = MP.
Similarly, CQ = NQ resulting in ZCNQ = £ZNCQ.
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Problem 1 of Hong Kong Mathematical Olympiad 2009 (Event 3)

Find the smallest prime factor of 101°% + 303'%",

Solution

101303+ 303101 — (101101)3 + 101101><3101 — 101101[(101101)2 + 3101]
=101x101'%[(101'"")* + 3'%"] = 3x37x101"°[(101""")* + 3'71].

Therefore, the smallest prime factor is 3.
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Problem 1 of Hong Kong Mathematical Olympiad 2009 (Event 2)

p=2-2*-2"_2*— . —2° 2"+ 2" find the value of p.
Solution

We have -2'0=-2x210+210= M 4210 and p=2-_22 —2% _2* _

—22 M 420y pll=p 02 3 ot 2 + 210
Similarly, -2° = -2x2° + 2° = -2'° + 2° and we now get
p=2-2"-2 -2 22 +20=p_22_2 2t _2°

210429 4+ 210=p 22 PR A

Continue with -2% = -2x2% + 2* = -2° + 2* 'and p becomes p =2 —
22t 28 =0 02 0 ot o 2700+ 08
+29=2—22—23—2‘*—...—27+28.

Now 27 =-2x2"+27=2%+2" andp=2-2>-2° —2* - 2°-2°
+27.

Next, -20=-2x20+2°=2"+2% andp=2-2% —2° —2* —2°_2°
+27=02-027 23 242727420+ 27=0_27 23 _2*_2°+
2° . We now proceed with -2° = -2x2° +2°=-2°+2° andp=2 —

p R, L

Finally, with -2* = -2x2* +2*= 2"+ 2% p=2-2% —2° —2*+2°=
2-22 -2 2424427 =222 _23+2'=2-4-8+16=6.
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Problem 2 of the British Mathematical Olympiad 1994

In triangle ABC the point X lies on BC.
a) Suppose that ZBAC =90°, that X is the midpoint of BC, and

that ZBAX is one third of ZBAC. What can you say and prove
about triangle ACX?

b) Suppose that ZBAC = 60°, that X lies one third of the way
from B to C, and that AX bisects £ BAC. What can you say and
prove about triangle ACX?

Solution
B
B
d X
30°
A C
(i)
X
30°
60°
A C
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a) Since ZBAC =90°, AABC can be circumcircled by a circle
that has BC as its diameter and X its circumcenter.

Therefore, XA = XB = XC and AACX is an isoceles triangle.

1
Combining with ZBAX = gé BAX =30°, ZCAX =60°, and
AACX becomes an equilateral triangle.

b) Applying the law of sines for AABX and AACX, we have

BX  AX 4 CX__AX
sin30°  sinZ B’ ™% in30-  sin/C’

respectively.

But CX = 2BX; we then have 2sin £ C = sin £ B = sin(120° —

3
ZC), or 2sin £ C = sin120°cos £ C — ¢0s120°sin £ C = lzicos ZC

1 3
+§sinLC, or\/gsinLC =cosZC,ortanZC =l3£, or ZC =30°.

And AACX is an isosceles triangle with £ C = ZCAX = 30°.
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Problem 3 of Hong Kong Mathematics Olympiad 2009

In the figure below, if ZA=60°, ZB=/2D=90°,BC=2,CD =
3 and AB = x. Find the value of x.

Solution

D

60°
A X B

Let a = AC, b =BD and ¢ = AD. Since the sum of two angles £ B
and £ D is 180°, ABCD is cyclic and £ C=180° — £ A = 120°.

Applying the Ptolemy’s theorem to a cyclic quadrilateral ABCD,
we get3x +2c=ab. Buta®>=x>*+4=c*+9,ora=~x*+4,c*=x*

—5andc=\/x2—5.

Now applying the law of cosines, we get b> = BC? + CD? —
2BCxCDcosZ/ C =19, or b =4[19.

Substituting the values of ¢, a, and b into 3x + 2¢ = ab to get 3x* —
52x*—256 = 0. Solve for x*> and we have x> = 64/3, or x = 8/\/5.
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Problem 7 of Canadian Mathematical Olympiad 1975

A function f{x) is periodic if there is a positive number p such that
f(x+ p) =flx) for all x. For example, sinx is periodic with period
27. Is the function sin(x?) periodic? Prove your assertion.

Solution

Assuming the function sin(x?) is periodic, we then have sin(x* + 0)
= sin(x?) where 0 is a fixed angle. Applying the formula for sine of
a sum of two angles, we get

sin(x? + 0) = sin(x?)cos0 + cos(x?)sinO, and now
sin(x?)cos0 + cos(x?)sinO = sin(x?), or
sin(x?)(cosB — 1) = -cos(x?)sind, or

sin(x?)(cosB — cos0°) = -cos(x?)sin0.

0 ©
But cosO — cos0° = —2sin2§ and sinO = ZSinzcosz. The above

equation then becomes

0 )
sin(xz)sinzz = cos(x2)51n§cos—, or
sin(xz)sinz = cos(xz)cosz, or

0
- _ 2
tany cot(x?).

0
From there, 5= tan” [cot(x?)], or

0 =2tan™ [cot(x?)] which is a function and not a fixed angle.
Therefore, the function sin(x?) is not periodic.
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Problem 3 of Austria Mathematical Olympiad 1985

A line meets the lines containing sides BC, CA, AB of a triangle
ABC at E, P, I, respectively. The points F, Q, J are symmetric to E,
P, I with respect to the midpoints of BC, CA, AB, respectively.
Prove that F, Q and J are collinear.

Solution

According to Menelaus’ theorem, the three given collinear points

E, P and I give us moxrat _ |
, Pand I give us g3 5>pr = 1-

But because the points F, Q, J are symmetric to E, P, I with respect
to the midpoints of BC, CA, AB, respectively, we have EB = FC,
EC=FB, CP = AQ, AP = CQ, Al = BJ, Bl = AJ. Now replace all
the segments on the above equation with their counterparts to get

FC AQ BJ

And again, per Menelaus’ theorem, the previous equation implies
that the three points F, Q and J are collinear.
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Problem 3 of British Mathematical Olympiad 2010

Let ABC be a triangle with £ CAB a right-angle. The point L lies
on the side BC between B and C. The circumcircle of triangle ABL
meets the line AC again at M and the circle of triangle CAL meets
the line AB again at N. Prove that L, M and N lie on a straight line.

Solution

Since ABLM and ALCN are cyclic, ZBLM = 180° — ZCAB =
90° and ZCLN = ZCAN =90° = /BLM, but B, L and C are on
a straight line; therefore, L, M and N are also on a straight line.
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Problem 1 of the Uzbekistan Mathematical Olympiad 2008

Let triangle ABC with AB = ¢, AC = b, BC = q, R the circum-
radius, p the half perimeter of triangle ABC.

acosA + bcosB + ccosC~ p
asinA + bsinB + ¢sinC ~ 9R

then find the value of cosA.

Solution

B

A C

The problem does not specify whether we need to find the value of
cosA as a function of the other parameters of the triangle or the
value of cosA as a specific number. Let’s find the value of cosA as
a number.

Assuming ZB =90°, cos ZB =0 and sin£B = 1, and the left side
acosA + beosB + ccosC
asinA + bsinB + ¢sinC

of the equation in the problem becomes

acosA + ccosC
asinA + b + ¢sinC
sinA and sinC = cosA, and the equation of the problem is now
acosA +csinA ~ p
asinA + b + ccosA IR’

T ¢ atb+c __a
Now substituting smA—b, cosA—b,p——2 andR—2SinA

Note that because ZA + ZC =90°, cosC =

equivalent to
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b . 2ac__ _atbtc
=3 into the previous equation to get P+ 9, ° or

18abc =(a + b + c)(a* + b* + ).

The Pythagorean theorem gives us a? = b — ¢2 or a = /b — ¢2, and
the above equation is now equivalent to

9\[b? — 2 = b(b + ¢ +1/b* — ¢®). Now dividing both sides by
B =@ to get 9¢ = H(—m=e 1 1) = h——2e— 4y 1) =
s NI NG+ o)b-o)

b+
b( b_c + 1). Again, divide both sides by b, and we have

—-C

1 + cosA 1 + cosA
- - _ 2 _ - -0
“\ / |~ cosA’ or (9cosA — 1) |~ cosA’ or

81cos?A — 99cosA + 20 = 0. Solving for cosA and we obtain

11 £+/41
COSA = T We conclude that there are at least two values of
cosA if ZB = 90° to satisfy the requirement by the problem that

acosA + bcosB + ccosC - p
asinA + bsinB + ¢sinC ~ 9R’
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Problem 3 of the Irish Mathematical Olympiad 2001

Prove that if an odd prime number p can be expressed in the form

/4 +1 »v+1
x° —°, for some integers x, y, then L 5 - . > for some odd

integer v.

Solution

Note that x° — y'= (x — y)(x* + X’y + x3* + x)° + ). Because p is
an odd prime number, there are two possibilities when either x* +
Xy +x5%+x°+y*=1and p=x—y is the odd prime number, or x
—y=1andp=x"+xy+x*+xy’ +*is the odd prime number
itself.

Let’s consider the case when x* + x’y + xzy2 +x)° + y4 =landp=
x —y is the odd prime number. But x— y > 1, or x >y, and (x, y) =

dp+1 v+1
(1, 0) satisfies the equation —% =5 - However, p=x—y

=1 is not a prime number as defined.

If y # 0, expand the expression x* + x’y + xy* + xp° + y* to get x* +
Xy + 27 x4 yt= o p) - w300+ )l
Now there two scenarios for x and y: both having the same sign

(positive or negative) or opposite signs (one positive and the other
negative or vice-versa).

When both x and y are having the same sign, every term on the left
side of the previous equation is positive and its left side is greater
than 1.

On the other hand, when both x and y are having the opposite

signs, -xy is positive and the right side of the previous equation is
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also positive and is greater than 1. Therefore, the case when x* + x’

y+ xzy2 + xy3 +y* =1 is not possible.

Now we consider the other case whenx—y=1,orx=y+1,and p
=xt+ 0y + Y = D O D DY

4p+ 1
DY+ 34 = 5% + 10y + 102 + Sy + 1, and 5 — = 40 + 2 +

4p+1 24 ]
22+ Lot [Te =40 + 2P+ P )+ =T o

1607 + 27 + 27+ y) + 4= (P + 1)

But v is some odd integer; let v=2n + 1 where 7 is an integer. We
then have

1604 +207 + 202+ ) + 4= [2n+ 12+ 117 = 16(n* + 2n° + 21> +
n)+4,orn=y,and v=_2y+ 1 which is an odd integer.
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Problem 3 of Poland Mathematical Olympiad 2008

Disjoint circles I'1 and I'2, with O1, Oz as their respective centers,
are tangent to the line k at A1, A2. The point C on the segment
0102 satisfies £ A1CA2=90°. Let Bi1 be the second intersection
point of A1C with I'1 and B2 be the second intersection point

of A2C with [ 2. Prove that BiBz is tangent to the circles I'1, I .

Solution

N

Extend A20:2 to meet [ 2 at N. Link B2N to meet 0102 at D. Draw
the altitudes A2E and NF to O10z2. Let oo = ZO1A1B1 = Z01B1A1,

B= ZCA1A2 (a.+ B =90°), r and R be the radii of I'1 and I,
respectively. Also denote (Q2) the area of shape Q.

Since O1A1 L A1A2 and A1C L A2C, oo = £ A1A2C, and also since
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NA2 1 A1A2 and NA2is the diameter of ['2, NB2 | A2B2 which
causes A1B1 ||[NB2and o = Z02NB2 = Z02B2N. Because
Z A101B1 = 180° — 2a. = £ NO2B2 and O1A1 || O2N, O1B1 || O2Ba.

The parallel segments cause these triangles to be similar AA101B1
= (similar to) ANO2B2 and ACO1B1 = ADO2B2 which give rise to
the ratios

A1B1 O1B1 r CBi _ O1B1 r A1B1 _ CBi _
NB: 02B2 R™DB.  0:B:” R"°"NB2 ~DB2
A1Bi—CB1 CA1 DB2 CBi1

NB:—-DB: ND’°"ND ~ CAr

Also note that AA2EO2 = ANFO2 (similar triangles with A2O2 =
NO2 = R ). Therefore, A2E = NF, and A2ExCD = NFxCD, or
(A2CD) = (NCD).

However, (A2CD) = 2DB2xCA2 and (NCD) = 2CB2xND, and we
have DB2xCA2= CB2xND.

Rewrite th ) ) DB2 CB2 B DB2 CBi d
ewrite the previous equation as ND _ CAx ut ND _ CA,; a0

CB: CB
C_Ai = C_All implying that ACBiB2= ACAI1A2, or ZCB1B2=

ZCA1A2=, or ZO1BiB2=a. +  =90°, or BiB2 is tangent to the
circle I'1.

We had proven earlier that O1B1 || O2B2, or BiB2 s also tangent to
the circle I 2.
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Problem 1 of British Mathematical Olympiad 2009

Find all integers x, y and z such that
X*+)y?+z2=2(z+1)andx +y +z=4018.
Solution

Rewrite x> +)? +22=2(yz+ 1)asx* +)*—2yz +z>=2, or x>+ (y —
z)?=2.

Since all x, y and z are integers, we must have x> = (y — z)*> = 1 and
the only four possible combinations of x and y — z are

(x,y—z) = ('17 '1)5 ('1’ 1)7 (1’ '1)5 (17 1)

Whenx=-landy—z=-1,y+z=4018 —x=4019, 2y =4018, or
v =2009, and (x, y, z) = (-1, 2009, 2010).

When x=-1and y—z =1, 2y =4020, or y= 2010, and (x, y, z) =
(-1, 2010, 2009).

Whenx=1and y—z=-1,2y=4016, or y =2008, and (x, y, z) =
(1, 2008, 2009).

Whenx=1andy—-z=1,2y=4018, or y=2009, and (x, y, z) =
(1, 2009, 2008).

Al integers x, y and z are (x, y, z) = (-1, 2009, 2010), (-1, 2010,
2009), (1, 2008, 2009) and (1, 2009, 2008).
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Problem 2 of Spain Mathematical Olympiad 1996

Let G be the centroid of a triangle ABC. Prove that if AB + GC =
AC + GB, then the triangle is isosceles.

Solution

B M C

Let M, N and K be the midpoints of BC, AC and AB, respectively,
a= ZLKAG, B= £ZAGK, 5= ZAKG, ¢ = £LNAG, y= ZAGN
and n= ZANG.

Since G is the centroid of the triangle ABC, we have GC = 2GK,
GB = 2GN, and the given equation AB + GC = AC + GB becomes
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AK + GK = AN + GN. Now applying the law of sines, we get
sind sino.  sinf  sino + sinf
AG GK AK GK+AK -

Similarl sinm _ sin@ siny sing + siny sind
mIArY: 'AG = GN ~ AN~ GN+ AN’ “sing + sinp
AG AG sinn

GK + AK ~ GN+ AN ~ sing + siny’

However, 6 = 180° — (a + B), sind = sin(a + ), and sinn = sin(p +

h . sind _ sinnm
V), the equation sino. + sinf  sing + siny

sin( + B)  sin(¢ +7)

is now equivalent to

sino. + sinp  sing + siny M
: . .ot a-p . .
Furthermore, sina + sinf} = 2sin 5 0S5, sing +siny =
+ — o+ o+
2sin¥cos507x and sin(a + ) = 2sin 5 Bcos 7 B, sin(p +7vy) =
+
+ + Cosa_zﬁ
ZSinucosu. The equation (i) can now be writtenas —
2 2 oa—p
cos
2
_l’_
cosu

== _.It’seasilyseenthata +B=¢p+yanda-B=¢—7is
cos™

a solution of the above equation, or a. = .

sin/ABC AM
sino. =~ BM

Again, applying the law of sines, we obtain

AM sinZACB
CM  sing

, or sin/ ABC = sin Z ACB.

But because these two angles are both less than 180°, therefore,
Z ABC = ZACB and ABC is an isosceles triangle.
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Problem 6 of Spain Mathematical Olympiad 1996

A regular pentagon is constructed externally on each side of a
regular pentagon of side 1. The figure is then folded and the two
edges of the external pentagons meeting at each vertex of the
original pentagon are glued together. Find the volume of water that
can be poured into the obtained container.

Solution

Figure 1: Two-dimensional graph (not to scale).

Let the regular pentagon be ABCDE and I be its center. By
definition, all their angles are equal; i.e., ZA= ZB=2ZC= 4D
= /E=180°x3/5=108° and ZIAB = ZIBA = 108°/2 = 54°. Let
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N, J, K, L and M be the vertices of the external pentagons as
shown in figure 1. It’s easily seen that NJ || AB and £ ANJ = 180°
— ZNAB = 72° (before folding in figure 1). After folding their
vertices coincide to make another pentagon NJKLM with center O
as shown in figure 2 where point O is directly overhead of point I,
and Ol is the shortest distance between the two pentagons.

i
A <, Q
) 54 H
M J
36°
E O /36° B

)i 72° )i

/D

L K
Figure 2: Three-dimensional top view after folding the external

pentagons, ABCDE on the bottom plane and NJKLM on the top
plane that parallels to the bottom one.

Now let / = AB = AN and draw the altitude IH onto AB and the
AH AB L

altitude OQ onto NJ, we get sin36° = 1A = o1A0 OF 1A= 75in36° -
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NJ
2sin36°°

Similarly, in triangle ONQ, ON =

In figure 1, drawing the altitude AF to NJ, we get NF = ANX
cos Z ANF, NF = [c0s72° and NJ = AB + 2NF = /(1 + 2¢c0s72°).

11 +2c0s72°) ) 11 +2co0s72°
ON becomes ON = 25im36° ON-JA = 25im36°
/ [cos72° 1A 1

25in36° ~ sin36° M ON_ 1A ~ 2cos72° -

O N
]

P

Figure 3: Two-dimensional cross section of O, N, A, I (not to
scale).
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On the other hand, figure 3 depicts the two-dimensional cross
section of O, N, A, I where ON || IA and the two segments NA and
Ol meet at P. Let d = Ol and 4 = PL.

We have d = \/ AN? — (ON - [A)? (per Pythagorean’s theorem) =

, [cos’72° l\/ sin?36° — c0s272° h 1A 1
P Si36° ~ sin36° and J=ON_1A ~ 2cos72°
R/sin?36° — c0s?72°
or b= 2sin36°cos72°
o o [ NJ
Furthermore, in triangles IAH and ONQ, tan36° = T m, or

B ~_NJ (1 +2c0s72°)
= 2tam36e AN OQ =50 136~ 2tan36°

IH

Since we’ve been dealing with AONJ whose area equals one-fifth
that of pentagon NJKLM and with AIAB whose area also equals
one-fifth that of pentagon ABCDE. The volume of one-fifth of the
water that can be poured into the obtained container is the volume
of tetrahedron PONJ minus that of tetrahedron PIAB, and it is

1 1

gV =3 [(h + d)xArea of AONJ — hxArea of AIAB], or
5

V=3 [(h+ d)xArea of AONJ — hxArea of AIAB] =

5

5 [(h + d)xOQxNJ — hxIHxAB].

Substituting in the values, we obtain

V= 5 R/sin?36° — c0s?72° N Rsin?36° — c0s272° (1 + 2c0s72°)
=6 (7 2sin36°cos72° sin36° ) 2tan36°
[sin?36° — c0s72° [ _ 5P[sin’36° — c0s*72°

2sin36°cos72° 2tan36° 1 24sin36°tan36°cos72° [+
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5P/sin?36° — cos?72°

2co0s72°)P - 1]= 125i136°tan36° (4c0s?72° + 6¢0s72° + 3),
orV= S—P\/4sin636° — 9sin*36° + 65in236° — 1x(16sin*36° —
12sin?36°

28sin?36° + 13) =
- \/ (4sin?36° — 3)* — 125in?36° +11%[(4sin?36° — z)z n 3]
48sin?36° 4l

According to the result of the previous problem, an isosceles
triangle with each equal base angle of 36°, its base length of b, the

1
length of each equal side of a, we have a = Eb(\/g —1),or

2a . 1 1 3[25 — 11325
b =—F=—.From there, sin36° = a*—-b*= .
51 a 47 3-\n>2

Substituting this value of sin36° into the latest equation of V to get
V = 2.55 cubic units.
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Problem 2 of Junior Balkan Mathematical Olympiad 1998

Let ABCDE be a convex pentagon such that AB=AE=CD =1,
ZABC = ZDEA =90° and BC + DE = 1. Compute the area of the
pentagon.

Solution

D!

[ ]
E \ D

Pick a point D’ on the extension of CB such that BD' = DE. Now
we have CD'=BC+DE=CD = 1.

Furthermore, the two right triangles AED and ABD' are congruent
because their corresponding sides are equal AE = AB and BD' =
DE. Therefore, AD = AD'.

Now the two triangles ACD and ACD' are congruent because their
corresponding sides are equal AD = AD’, CD = CD' =1 and the
common side AC. Therefore, the area of triangle ACD equals that
of triangle ACD', or the area of the pentagon is twice the area of
triangle ACD’ which is ABXxCD' = 1.
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Problem 4 of International Mathematical Talent Search Round 19

Suppose that f'satisfies the functional equation

2f(x)+3f( 2 2~ 100x + 80.

Find 1 (3).

Solution

Trying x = 3 into the equation, we get 2/ (3) + 3/ (35) = 380.
Now trying x = 35, we get 2/ (35) + 31(3) = 3580.

The two above equations give us f(3) = 1996.
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Problem 2 of the Central America Mathematical Olympiad 2011

In a scalene triangle ABC, D is the foot of the altitude through A,
E is the intersection of AC with the bisector of £ ABC and F is a
point on AB. Let O be the circumcenter of ABC and X =AD N
BE, Y =BE N CF, Z=CF N AD. If XYZ is an equilateral triangle,
prove that one of the triangles OXY, OYZ, OZX must be
equilateral.

Solution

Let a. = %2/ B and r be the radius of the circumcenter of AABC. If
AXYZ is equilateral £ XYZ = AYXZ = ZXZY =60°= ZBXD
= / AZF, Z/BCF =90° — ZCZD = 30° and CF . AB. Therefore,
o=30° ZB=60°, ZBAX =30°. Since a. = ZABX = ZBAX =
30°, AXAB is isosceles with AX = BX. Because AOAB is also
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isosceles with OA = OB =r, ZOAB = ZOBA, we then have
Z0OAX = Z0BX and AOAX is congruent with AOBX or ZAOX
= /BOX and OX is the bisector of £ AOB and OX | AB.
Combining with CF L AB, OX || CF, or ZOXY = ZZYX = 60°.

Similarly, because ZYCB =30° = £ YBC, AYBC is isosceles and
YB = YC; AOBY is congruent with AOCY or ZBYO = ZCYO
and OY is the bisector of ZBYC and OY _L BC. Combining with
AD LBC, OY || AD, or ZXYO = ZZXY = 60°.

Hence, ZXOY is also 60° and OXY is an equilateral triangle.
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Problem 1 of the Irish Mathematical Olympiad 2001

Find, with proof, all solutions of the equation 2"=al+ bl +clin

positive integers a, b, ¢ and n. (Here, ! means “factorial”.)

Solution

Since 2" is an even number, the possible scenarios for a!, b! and c!

are that one of them an even number while the other two odd
numbers or all of them are even numbers.

Let’s examine the former scenario where one of the factorial is an
even number while the other two odd numbers. Without loss of
generality, let a! be an even number while both 5! and ¢! be odd
numbers. A factorial of a number is an odd number when the
number itself equals to 0 or 1; 1.e., b! =c! =1 when b =c =0 (by
definition 0! = 1) orb=c=1, and 2" =4l + b + ¢! becomes 2" =
al al al
2(1 + ?), and > must be an odd number that makes 1 + 7 apower

of 2. We find a = 3 to satisfy this requirement.

Also because a!, b! and ¢! are interchangeable, we have drawn the
following conclusion:

(a, b,c,n)=(0,0,3,3),(0,3,0,3),3,0,0,3),(1,1,3,3),(1,3,1,
3),(3, 1, 1,3).

Now let’s look at the scenario where all the factorials a!, b! and c!
are even numbers. Let a! =2p, b! =2q and ¢! = 2s where p, g and s
are all integers. We now have

2" =2(p+q+s),orp+qg+s=2""" Notethatp+q+s>3,and

n > 2. Once again, the possible scenarios for p, ¢ and s are that one
of them an even number while the other two odd numbers or all of
them are even numbers.

Assume p is even with p = 3x4m (3 and 4 are the next two factors
of the factorial) where m is an integer and both q and s are odd. In
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this scenario, both ¢ and s must be equal to 3, and we have
2= 2(3%4m + 3 + 3) = 2x3(4m + 2), and this is not possible since

there is no factor of 3 on 2" on the left side.
Now in the scenario of all p, g and s being even numbers, they all
must have 3 and 4 as their factors. This is the same as the previous

scenario right above where there is no factor of 3 on 2"

Therefore, the only solutions are (a, b, ¢, n) = (0, 0, 3, 3), (0, 3, 0,
3),(3,0,0,3),(1,1,3,3),(1,3,1,3),(3, 1, 1, 3).
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Problem 2 of the Irish Mathematical Olympiad 2001

Let ABC be a triangle with sides BC, CA, AB of lengths a, b, c,
respectively. Let D, E be the midpoints of the sides AC, AB,
respectively. Prove that BD is perpendicular to CE if, and only if,
b*+ c?=5a>

Solution

A

Ny
N o~

B a C

Let I be the intersection of BD and CE, e=1E, d =ID and o. =
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ZBIC. Since D and E are the midpoints of AC and AB,
respectively, DE || BC and DE = BC/2 = a/2, and triangles IDE and

L ID_IE_DE 1 _
IBC are similar, and we have B-IC BC 2 Therefore, IB = 2d

and IC = 2e.

Now let BD perpendicular to CE. Applying the Pythagorean
theorem to get BC? = IB? + IC?, or

a*=4d* + 4e*, or 5a*> = 204> + 20e* = 164> + 4e*> + 16¢€*> + 4d* =
4BE* +4CD? = ¢* + b2

Conversely, let b* + ¢* = 5a*. Applying the law of cosine, we have
BC?=1B? + IC? - 2IBxICcosa., or a?> = 4d? + 4e* — 8decosa. and
5a* =20d? + 20e* — 40decosa. (1)
However, BE? = IB? + [E? — 2IBxIEcos(180° — a), or

4 =4d? + e — 4decos(180° — o) = 4d? + €* + 4decosa, or
c*=16d* + 4e* + 16decosa. Similarly, b*> = 16¢* + 4d* + 16decosa.

Adding the two previous equations, we obtain
b* + ¢ =20d* + 20e* + 32decosa (i1)

Now equate (i) and (ii) to get 72decosa. = 0. This only occurs when
cosa =0, or a = 90°, or BD is perpendicular to CE.
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Problem 2 of the Canadian Mathematical Olympiad 1979

It is known in Euclidean geometry that the sum of the angles of a
triangle is constant. Prove, however, that the sum of the dihedral
angles of a tetrahedron is not constant.

Note. 4 tetrahedron is a triangular pyramid, and a dihedral angle
is the interior angle between a pair of faces.

Solution

Let’s prove this by adding all the dihedral angles of a regular
tetrahedron with all its faces being equilateral triangles, and of a
right tetrahedron with three of its faces being right isosceles
triangles and with their right angles sharing the same vertex and
the remaining face being an equilateral triangle as shown on the
graph on the next page.

For the regular tetrahedron, let a be its side length and H be the
midpoint of BC. The measures of all six dihedral angles are the
same and equal a. = £ AHD. Applying the law of cosines to

triangle AHD, we get AD? = AH? + DH? — 2AHXDHXxcosa., or

3 3 1
a*= Zaz + Zaz - ZXZcszcosoc, or cosoL =7 The sum of all the

1
angles is 60, = 6cos™ 3= 423.17°.

Whereas, in the case of the other tetrahedron already defined, the
sum of the angles equals three times the right angle plus three

times the angle  where p = Z AHD, but AH = %BC = % and DH
3 . .
=2a> - a*2 = a\/:, and the law of cosines gives us
1
AD? = AH? + DH? — 2AH*xDHxcosp, or p = cos™ % , and the sum

1
is equal to 3(90° + B) = 270° + 3cos™' % =434.21°. Clearly, the

two sums are different.
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A regular tetrahedron with four congruent equilateral-triangled
faces (above) and a tetrahedron with three congruent right
isosceles triangles having their right-angles joining at A (below).
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The measures of the sums in degrees are for your information only.

To prove the difference between the sums, let’s compare one-third
of 6a or 2a to 90° + 3.

A

|

B

As seen on the graph above, we can compare the angles ¢ and
1 instead because ¢ = 180° — 2o and 1 = 180° — (90° + ). Again,
2

7
applying the law of cosines, cosp = 9 # cosn = 3
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Problem 5 of Malaysia National Olympiad 2010 Muda Category

Find the number of triples of nonnegative integers (x, y, z) such
that x> + 2xy +)? —z>=9.

Solution

X*+2xy+)*—z>=(x + y)* —z> =9 can only happen with non-
negative integers (x, y, z) when

(x+yP=9andz2=0, or (x +y)>=25 and 22 = 16, or
x+y=+3andz=0,orx+y=45and z =+4.

The answers are (x, y, z) = (a, -3 — a, 0), (a, 3 —a, 0), (a, -5 — a,
-4),(a,-5—a,4),(a,5—a,-4), (a,5—a,4), where a is an integer.
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Problem 2 of the Iranian Mathematical Olympiad 1993

In the figure below, areas of triangles AOD, DOC, and AOB are
given. Find the area of triangle OEF in terms of areas of these three
triangles.

Solution

Let (©2) denote the area of shape Q, 1=0E N DC, J =OF N BC, a
= (AOD), b = (DOC), ¢ = (AOB) which are the three areas given
by the problem, d = (COJ), e = (BO)J), f=(IDE), g = (ICE), h =
(CJF), i = (BJF).

OA «a c bc )
Wehave&zzz(a”e),ordvte:; (1)
bc
. ) (EBO)_g+(ICO)+a__
ow note that (EDO)~_ f+(IDO) —a’ or
ag + bc + (ICO)a = c(f + (IDO)) (i1)

(EDC) (EAC) f+g [f+g+ta+h

= , Or =
(BDC) ~ (BACY ™ % N %

, Or
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jrg=Aarhata :( Cb )_(‘;,; 2 (iii)
g _(Co) .

/7~ (1DO) )
and (IDO) + (ICO) = b )

Solve four equations (ii), (ii1), (iv) and (v) with four unknowns f; g,
(ICO) and (IDO). By substituting (ICO) = b — (IDO) into (iv) and
(1) we get

g__b __u

£=(Do) ~ 1 or (IDO) “T+g and

ag + ab + bc — (IDO)a = ¢(f + (IDO)), or

(f+g)ab +ag+ bc—cf)=bfla +c) (vi)

Now substitute f+ g from (iii) into equation (vi) to get
(a + b)(ab +ag + bc) = f(bc + 2ac — ab) (vii)
b(a+b)a+c)

and by substituting g = ac—b) finto equation (vii)
b(a + b)(a + ¢)? bc(a + b)*(a + ¢)

J= = bY@+ be + 2a0) ™ &= 4(c— by (@ + be + 2ac)

[ alato)
g clatb)

Therefore,

B bf b bc(atb)
(ICO)_b_erg_f_l_1_a2+2ac+bc'

g _(atb)atc)
(ICO)  a(c—-b)

d+h+b ite dteth+i+bh

We also have (viii)
c atc
h+ti htitdte+tc .
b+d+e a+b (ix)

b
Substitute d + e = ;c from (i) into (viii) and simplify to get
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ath+i) alh+i +c)+bc
ab+bc a(a +b)

,or a’(h+i)(a + b) = ab(h+ i)(a+c)+

bc(a + b)(a + ¢)
a(a*—bc)

bc(a+b)(a+c),orh+i=

On the other hand, substituting the values of d + e and 4 + i into

bc(a +b)

equation (viii) gives d+ h = 2 —be -

Ll ok (IFO) (IFE) (IFO)+(IFE) _ (OEF)
astly, we also have (ICO) = g = (ICO)+g o (ICO)+¢g

but (IFO) = (ICO) + d + h, and the area of triangle OEF in terms of
areas of these three triangles is

(OEF) = [(ICO) + g]x[(ICO) + d + h]/(ICO) = [1 + (Té%)]x[(lcm

_ (at+b)a+tc) 1 1
td+n =+ a(c —b) Pbela+ D) a0 T be T @ — be

2bc(a + b)(a + ¢)
(c—=b)a*—bc) *

Finally (OEF) =
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Problem 6 of the Irish Mathematical Olympiad 1993

The real numbers x, y satisfy the equations

X =3x2+5x-17=0 (1)
V=32 +5y+11=0 (i1)
Find x + y.

Solution
Let’s try the monic formula for roots for the cubic equation that

has the form of x* + ax? + bx + ¢ = 0. The solutions for this
equation are

13
-3 2 12a* — 9ab + 27¢ +~[ (2@ — 9ab + 27¢) — 4(@ — 3b) ]

13
3 % [2a* — 9ab +27¢ —\| (2a® — 9ab + 27c)* — 4(a* — 3b)’ ]

a 1+i43

w

=2
N [ —
~

2a*—9ab + 27¢c — \/ (2a®> —9ab +27c)* — 4(a* — 3b)* |

a 1-inN3
BE3 T X

3
\/ 21207~ 9ab +27¢ —\[ (2@’ — 9ab + 27c) — 4(a> — 3b)’ |
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where only x, is the solution in real number.
In equation (i), a=-3,b=5,c=-17 and _%: 1,2a®—9ab +27c=

-378, 4(a* — 3b)* = -864, and the solution x in real number is x = 1
13 13
~37\-189 + 33433 - 37/-189 - 33433,
a

Similarly, in equation (ii), a =-3,b=5,c=11 and 3 1,2a%—
9ab + 27c =378, 4(a* — 3b)* = -864, and the solution y in real

number is y = 1 —%3\/189 +33433 —%3\/189 —3333.

But 3\/—189+33\/3_= 3\/189—33\/§ and - -189 - 33133 =
3\/ 189 + 33\/@; therefore, x +y =2.
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Problem 1 of Mediterranean Mathematics Olympiad 2008

Let ABCDEF be a convex hexagon such that all of its vertices are

on a circle. Prove that AD, BE, and CF are concurrent if and only
..AB CD EF

T BC*DEFA ~ I

Solution

Leta= ZACB= ZADB= ZAEB = ZAFB, B= ZBAC =
/BFC= /BEC=/BDC,y= ZCBD= ZCAD = ZCFD =
/CED, 8= /ABF= /ACF= Z/ADF = / AFF, ¢ = Z/ EAF =
/EBF= /ECF= ZEDF, p= Z/DCE= /DBE = /DAE =
/DFE, K = AD N BF, M =BD N CF, and N = BE N DF as
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shown on the graph.

AB CD EF
Given the equation 1, ~ BCDE FA — =1, let’s prove that AD, BE, and

CF are concurrent. Per Ceva’s theorem, AD, BE, and CF (or DK,

BN and FM ¢ and onl fBK FN DM
an ) are concurrent if and only i FK DN BM

BK sin( +7v)
But according to the law of sines, in triangle ABK, AK " sing

FK sin(e+p) BK sinasin(p +
*AK ™ sina * % FK  sindsin(e + p)’
Similarly FN  sinesin(a + 5) an DM _ sinysin(e + p)

*DN  sinpsin(B +7) BM  sinfsin(a + )

and in triangle AFK

N ol the thre ¢ . tBK FN DM sinasin(f +7)
OW Muiply the three tetms 1o 8L Ek "DN"BM ~ sindsin(e + p)

singsin(o. + 0) sinysin(e + p)  sinasinysing

sinpsin(B +7v)  sinfsin(o. + 8)  sinPsinpsind’

sinasinysing

sinfsinpsind

Again applying the law of sines to triangles ABC, CDE and AEF,
sino.  AB s _y_ CD sine  EF

It suffices to prove that

we get sinp BC’ sinp  DE DE 4 §ins sind  FA’

AB CD EF sinosinysing
The problem gives us 7~ BC DE FA — 1, or sinBsinpsind =1,or
BK FN DM

KXWXW =1, and we’re done.

The reverse process is fairly straight-forward. If the three segments
BK FN DM

are concurrent, apply Ceva’s theorem to get TKDNBM —

From there we follow the same path as we have done above to

.. AB CD EF
come up with BCDEFA —
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Problem 1 of International Mathematical Talent Search Round 2

What is the smallest integer multiple of 9997, other than 9997
itself, which contains only odd digits?

Solution

Let U(m) denote the units digit of integer m, n be the smallest
integer multiple of 9997 that contains only odd digits; » must be a
product of 9997 and an odd number that has an odd units digit a,
anda=1,3,5,7or9.

Whena=1
....9997
X __edchl
....9997

9997hgf
99979997

When a =3
....9997
X edch3
... 29991

9997hgf
99999991

Whena=7
....9997
X edchb7
... 69979

xxxxhgf
xxxx9979

Whena=9
....9997
X edcb9
... 89973

xxxxhgf

f=U(7b) must be an even number for 9 + f'to be

an odd number, so are g and 4. Hence, b=0,c=0
and d = 0. The next digit e must be odd and
smallest for the integer multiple to be odd and
smallest, and e = 1. The multiplier edch1 is now

edcb1l = 10001 and n =99979997.

Similarly, f= U(7b) must be an even number, so
are gand A, or b =0, ¢ = 0 and d = 0. The next
digit e = 1, and edcb3 = 10003 > 10001. Number
99999991 is greater than 99979997 when a =1,
and this result is rejected because it’s not the
smallest integer multiple.

Similarly, /= U(7b) must be an even number, so
aregand h,orb=0,c=0and d =0 and edch7 =
€0007. Whatever the next digit for e will make
edcb7 to be greater than 10001 when a = 1.

Similarly, /= U(7b) must be an even number, so
aregand A, orb=0,c=0and d =0, and edch9 =
€0009. Whatever the next digit for e will make
edch9 to be greater than 10001 when a = 1.
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When a =5

... 9997

X __edcb5

... 49985 Similarly, /= U(7b) must be an odd number,
xxxxhgf andb=1,3,5,70r9.

Whena=5,b=1
....9997
X __edcl5
... 49985
9997
149955 Now ¢ =0, d =0 in order for fand g to be even
xxxgf numbers and edc15 = e0015 > 10001 when a = 1.

Whena=5,6=3
... 9997
X __edc35
... 49985
29991
349895
xxxgf ¢ must be odd for ftobeoddandc=1, 3, 5,7, 9.
Whena=5,b=3andc=1
....9997
X edl35
... 49985
29991
349895
9997
1349595 Now d = 0, and whatever digit for e will make
xxhgf e0135> 10001 when a = 1.

Whena=5,b=3andc=3
....9997
X ed335
... 49985
29991
349895

447



Narrative approaches to the international mathematical problems

349895 (same number from the bottom row of last page)
29991
3348995 Nowdisoddandd=1,3,5,7,9.

Whena=5,b=3,c=3andd=1
....9997
X el335
... 49985
29991
349895
29991
3348995
x9997
13345995 Now e is odd and ¢1335 > 10001.

Whena=5,b=3,c=3andd=3

... 9997
x_e3335
... 49985
29991
349895 When the multiplier dcba = 3335, the integer
29991 multiple is 33339995, and it contains only
3348995 the odd digits and is smaller than 99979997.
29991 This is the new number we use to compare with
33339995 the rest of the results encountered, if there is any.

Whena=5,b=3,c=3andd=5, 7 or 9 even if we find an
integer multiple that contains only the odd digits, it is still greater
than the previous result because 5, 7 or 9 is greater than 3, and
these cases are ignored.

Whena=5,b=3andc=5
... 9997
X __ed535
... 49985
29991
349895
49985

448



Narrative approaches to the international mathematical problems

49985 (last line copied to here)
5348395 Now d is odd, and let’s try d = 1.

Whena=5,b=3andc=5andd=1
....9997
x__el535
... 49985
29991
349895
49985
5348395
x9997
15345395 Now e is odd, and e1535 > 3335.

Whena=5,b=3,c=5andd=3,5, 7 or 9 even if we find an
integer multiple that contains only the odd digits, it is still greater
than integer multiple 33339995, and these cases are ignored.

Whena=5,b=3andc=7
... 9997
X __ed735
... 49985
29991
349895
69979
7347795 Now d =0, and e0735 > 3335.

Whena=5,b=3andc=9
... 9997
X ed935
... 49985
29991
349895
89973
9347195 Now d =0, and e0935 > 3335.

Whena=5,b6=5
....9997
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... 9997 (last line copied to here)
X __edc55
... 49985
49985
549835 Now ¢ must be an odd number; c=1, 3, 5, 7, 9.

Whena=5,b=5andc=1
... 9997
X edl55
... 49985
49985
549835
9997
1549535 Now d =0 and e0155 > 3335.

Whena=5,b=5andc=3
....9997
X ed355
... 49985
49985
549835
29991
3548935 Now d must be an odd number; d=1, 3,5, 7, 9.

Whena=5,b=5,c=3andd=1
....9997
X el355
... 49985
49985
549835
29991
3548935
x9997
13545935 Now e must be odd and e1355 >3335.

Whena=5,b=5,c=3andd=3,5, 7 or 9 even if we find an
integer multiple that contains only the odd digits, it is still greater
than integer multiple 33339995, and these cases are ignored.
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Whena=5,b=5andc=5
... 9997
X __ed555
... 49985
49985
549835
49985
5548335 Now d must be an odd number; let’s try d = 1.

Whena=5,b=5,c=5andd=1
... 9997
X el555
... 49985
49985
549835
49985
5548335
x9997
15545335 Now e is odd, and e1555 > 3335.

Whena=5,b=5,c=5andd=3, 5,7 or 9 even if we find an
integer multiple that contains only the odd digits, it is still greater
than integer multiple 33339995 because all 3555, 5555, 7555, 9555
or higher multipliers are greater than 3335, and these cases are
ignored.

Whena=5,b=5andc=7
... 9997
x__ed755
... 49985
49985
549835
69979
7547735 Now d =0 and e0755 > 3335.

Whena=5,b=5andc=9
... 9997
X ed955
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X ed955 (last line copied to here)
... 49985
89973
9547135 Now d =0 and e0955 > 3335.

Whena=5,b=7
....9997
X __edc75
... 49985
69979
749775 Now ¢=0, d=0and edcl5 =e0015 > 3335.

Whena=5,b6=9
....9997
X edc95
... 49985
89973
949715 Now ¢=0,d =0 and edcl15 = ¢e0015 > 3335.

Finally, we conclude that the smallest integer multiple of 9997,
other than 9997 itself, which contains only odd digits is
9997x3335 =33339995.
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Problem 6 of Canadian MO Qualification Repechage 2011

In the diagram, ABDF is a trapezoid with AF parallel to BD and
AB perpendicular to BD. The circle with center B and radius

AB meets BD at C and is tangent to DF at E. Suppose that x is
equal to the area of the region inside quadrilateral ABEF but
outside the circle, that y is equal to the area of the region inside
AEBD but outside the circle, and that o = Z EBC. Prove that there
is exactly one measure a, with 0° < o < 90°, for which x =y and

1 1
that this value of o satisfies 5 < sina. < —=.
2 NG

Solution

Let’s shade the areas x and y as shown on the graph and denote (Q2)
the area of shape Q. Also let the circle and its radius be I" and 7,
respectively, a = AF = EF, b =BD and ¢ = ED.

The area bounded by I' and segments AB, BE i IS 3600 00 (90° — o),

,,.2
and x = (ABEF) ~ 305 (90° — a0,

- o
Similarly, y = (BED) — 360° When x =y, we have
2

T2 2o
~360° (90° — a) = (BED) ~360° OF

(ABEF)

1 o 1 T
ra —5¢) =300 (90° = 20), or a —5¢ =345 (90° — 2a), or
180° 1

o =45°+ (20 a) (1)

Now draw the altitude FH onto BD. Applying the Pythagorean
theorem to get (a + ¢)> =7+ (b —a)?, and b = > + =

72+ 2 72— 2
From there, we have b = < ,C= a4 andb=a+c.
2a 2a

2

D)

Substitute ¢ into equation (i) to get o =45°(1 + a

1l r 5 a 1 o 5 o
o =45°(1+ a EX;) =45°[1+ Ecot(45°— 5) — ;tan(45° —5)].
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P

b=a+c

_ o H
o= 34.39° 4 C

B\b D
I

However, cot(45°— %) = cos(45°— %)/sin(45°— %) and cos45° =

sin45°, and we now obtain cot(45°— %) = (cos% + sin%)/(cos% —

sin%) and tan(45°— %) = (cos% — sin%)/(cos% + sin%). Equation

(i1) is equivalent to oo = 45°[1 — (2 —3sina)] (1i1)

TICOSAL
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The angle a in this expression is unique in the first quadrant (0° to
90°), and there is exactly one measure a to satisfy this condition.
(For your information oo = 34.38129675° even though we 're not
asked to find its measure.)

1 1
To prove that this value of « satisfies 5 <sina < %j extend EF a

segment to equal itself, FP = a; draw segment AK || FP with K on
BF. Now let I = AF N BP, Q = AK N BP, the area made up by
segments EF, F1, IJ and I" be w and the area made up by segments
AlLIJandI'bez (x =w + z)..

: [ N :
Note that sina, = b a+c Provingy <sina is equivalent to
proving 5= L tcora<c Assuming that a = ¢, then the area

. . ) 1 .
inside triangle BEF but outside I" equals y (or X = v). This is not
true because x = y; therefore, a < c.

1
Next proving sino < @ is equivalent to proving o < 45° or 45° +

180°
o

£ D, the two isosceles triangles AFP and BDF are similar and

Z APF = ZBFD, or AP || KF, PF = AK and PF > AQ because AK

> AQ. Since the two triangles PIF and QIA are similar with

PF > AQ, we conclude that (PIF) > (QIA) > (JIA) > z. Therefore, w

+(PIF)>w+z=x=y,0or2a>c.

1
(5¢ — a) <45° (from (i)), or 2a > c. Indeed, since Z AFP =

Further observation

It’s easily seen that the two triangles BHF and FEB are congruent
which causes ZHBF = ZEFB and the triangle BDF is isosceles
with b = a + c. The area of the quadrilateral ABDF equals the sum
2 71-,,.2
of a quarter of the area of the circle /%), xandy,orx +y+ =

2 2 2

w o r 1
2x + Vi 2[ar ~360° (90°- )] + Vi (ABDF) = Er(a +b),orb
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,,.2_|_ 2

=3a—%(l—ﬁ) ="n 0r5a2—m”(1—%)a—r2=0, orr?—

Sa’ = m"(% — 1l)a, and we come up with the same equation (ii).
By proving that a < 45°, from (iii) we obtain 2 — 3sina > 0, or
2 1
sina < 5 which is even smaller than —=.
3 \2

As an exercise, we should try to solve the equation oo = 45°[1 —

(2 — 3sinay)].

Icos o
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Problem 7 of Australia Mathematical Olympiad 2010

On the edges of a triangle ABC are drawn three similar isosceles
triangles APB (with AP =PB), AQC (with AQ = QC) and BRC
(with BR = RC). The triangles APB and AQC lie outside the
triangle ABC and the triangle BRC is lying on the same side of the
line BC as the triangle ABC. Prove that the quadrilateral PAQR is
a parallelogram.

Solution

The way the three triangles APB, AQC and BRC are similar,
/ZPAB= ZPBA= ZQAC= ZQCA = ZRBC = ZRCB, and let
1 1 1
them equal o.. Now let B =90° —a = 54 APB = 54 AQC = 5
ZBRC.
e . . ) BP AB
The similarity of the mentioned triangles gives us BR_ BC-

Combining with ZPBR =a + ZABR = Z ABC, the two triangles
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PBR and ABC are similar. Applying the exact same argument, the
two triangles ABC and QRC are also similar. Therefore, the two
triangles PBR and QRC are similar to each other which implies
that ZBPR = ZRQC, and ZAPR =2 - ZBPR=2p - ZRQC =
ZAQR.

Furthermore, the similarity of the triangles also gives ZBRP =
ZACBand ZCRQ= ZABC.

Successively, ZPRQ =360° -2 — ZBRP — ZCRQ = 180° —
2B + 180° — (LACB + £ ABC) =20+ ZBAC = ZPAQ.

Combining with the earlier result £ APR = £ AQR, we conclude
that the quadrilateral PAQR is a parallelogram.

Further observation

Now that PAQR is a parallelogram, AP = QR; the two triangles
BPR and RQC are congruent.
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Problem 5 of Turkey Mathematical Olympiad 2007

Let ABC be a triangle with £ B = 90°. The incircle of ABC
touches the side BC at D. The incenters of triangles ABD and
ADC are X and Z, respectively. The lines XZ and AD are
intersecting at the point K. XZ and circumcircle of ABC are
intersecting at U and V. Let M be the midpoint of line segment
[UV]. AD intersects the circumcircle of ABC at Y other than A.
Prove that |CY| = 2]MK|.

Solution
A
J i
O
1 I 4 M
K
N\ X H
U
B E D F P C

Y

Let the incircle of triangle ABC touch the side AB at I, H and F be
the feet of Z onto AD and CD, respectively, N and E the feet of X
onto AB and BD, respectively, L the midpoint of AY and O the
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circumcenter of triangle ABC. We need to show that the two
incircles of triangles ABD and ACD are tangent to each other at H
or K. To do this we need to prove that AH = AN.

It’s easily seen that AC + AD + CD = 2(AH + DH + CF), or

AH = "5(AC + AD + CD) — (DH + CF) = "4(AC + AD — CD).

Similarly, AN = 2(AB + AD — BD), and AH = AN when AB +
CD = AC + BD, but AC = Al + CD, and the previous equation
becomes AB = Al + BD (1)

Since BD = Bl is the inradius of triangle ABC, the equation (i) is
true. Therefore, the two incircles of triangles ABD and ACD are
tangent to each other at H. The tangential point is also on the line

connecting the two centers, and H coincides with K, and AK L UV.

Because M is the midpoint of UV and O is the circumcenter, OM
L UV. Combining with AK L UV, we have LK || OM.

It’s also because £/ B =90°, AC is the diameter of the circumcircle
and ZAYC =90°. Since O and L are the midpoints of AC and
AY, respectively, OL || CY and OL = 42CY, and thus we also have
OL_LAY, or OL || MK and OMKL now becomes a rectangle
which implies that OL = MK.

Therefore, we finally have |CY| = 2|MK].

Further observation

Extend FZ to meet the incircle of triangle ACD at J as shown. Now
link and extend AJ to meet BC at P. By definition, we should now
have DF = CP.

Since the problem is already proven, we can also draw conclusion
that DE = DF = CP. Now extend BX to meet F.J at Q. Since DE =
DF, the incenter of triangle ABC is also the midpoint of XQ.

We also see that if S is the incenter of triangle ABC, these triangles
are similar to each other: triangles AXD and ASZ, triangles AXS
and ADZ.
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Problem 2 of Turkey MO Team Selection Test 1996

In a parallelogram ABCD with £ A <90°, the circle with diameter
AC intersects the lines CB and CD again at E and F, and the

tangent to this circle at A meets the line BD at P. Prove that the
points P, E, F are collinear.

Solution
// \\\
.7 J \\\
4 N
4 N
// h
N\
/
I\, D \\C
//// // \\\\ \\
/ . O \
/ N \
/ \ |
41 \ ‘
1 \ !
|
|
A ! B ;
\\ \ /
\ ! /
\ | /
/
\
\ / /
\ / y
\ / /
AN
AN / E //
N / Ve
> AN -
\\\ // ~ //

— —_ ~ //
- \\ //

Extend PA and CE to meet at K, CF to meet PA at I, AD to meet
PC at J, PC to meet the circle with diameter AC at L. Since O is
the midpoint of AC, per Ceva’s theorem, 1J || AC. Also note that
Al || CK because ABCD is a parallelogram.

PI PJ] PA

That brings us to PA-PC PR " PA?=PIxPK.
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However, because AECL is cyclic and A is the tangential point,
PA? =PLxPC. Therefore, per the intersecting secant theorem
PIxPK = PLxPC, or IKCL is also cyclic as shown.

We also have CFxCI = CF(CF + FI) = CF? + CFXFI = CF? + AF? =
AC?=CE?+ AE? = CE? + CEXEK = CE(CE + EK) = CExCK.
This makes IKEF a cyclic quadrilateral.

Combining with LCEF being cyclic and both KI, CL intersecting
at P, we conclude that the three points P, E, F are collinear.

Further observation

The proof of IKCL being a cyclic quadrilateral is just a bonus, it’s
not required to prove the problem.
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Problem 6 of Pan African 2009

Points C, E, D and F lie on a circle with center O. Two chords

CD and EF intersect at a point N. The tangents at C and D intersect
at A, and the tangents at E and F intersect at B. Prove that ON L
AB.

Solution

Draw the circle with radius OA; extend ON to meet this circle at
point H. We do have ZOHA = 90° and per the intersecting chord
theorem (when two chords intersect each other inside a circle, the
products of their segments are equal), ONXNH = DNXNC because
both D and C are also on this circle. We are also given the fact that
the four points C, E, D and F lie on a circle, and thus ENxXNF =
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DNxNC, or ONXNH = ENxNF. This makes H to be on the circle
that has OB as its diameter as shown, or £ OHB = 90°. We then

have ZOHA + ZOHA = 180°, or the three points A, H and B are
collinear.

In other words, ON is perpendicular to AB.
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Problem 7 of Belarus Mathematical Olympiad 1997

If ABCD is a convex quadrilateral with £ ADC = 30° and BD =
AB + BC + CA, prove that BD bisects £ ABC.

Solution

Draw the circumcircle & of triangle ACD with center O and let R
be its radius. Because £ AOC =22 ADC = 60° and OA = OC =R,
AOC is an equilateral triangle with side length R.

Extending DO to meet the circumcircle of the equilateral triangle
AOC at B; ABCO is cyclic, and by Ptolemy’s theorem, we get
OBxAC = ABxOC + BCxOA, or OBXR = ABxR + BCxR, or OB
= AB + BC. Now add DO = R to both sides to get BD=R + AB +
BC = AB + BC + CA, and we have found point B to form the
convex quadrilateral ABCD described in the problem. Also since
both angles £ OBA and £ OBC subtend equal arcs OA = OC,

Z0OBA = Z0OBC = 60°, and BD bisects £ ABC.
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Problem 2 of the Vietnamese Mathematical Olympiad 1986

Let R and r be the respective circumradius and inradius of a regular
R 1
1986-gonal pyramid. Prove that 2 1+ a1 and find the total
€05 1986

area of the surface of the pyramid when equality occurs.

Solution

c/2 M c/2

FLOOR PLAN

For easy visualization, the graphs depict a hexagon BCDEFG
instead of a 1986-gon BCDEFG....

Let A be the peak of the pyramid and M its foot onto the base
which is a 1986-gon, a the side length of the 1986-gon and « = AB
= AE = ..., b the altitude from A to the sideand b= AH=AK = ...
(see I-J cross section), ¢/2 = BM = ME = ... is the radius of the
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circumcircle of the base, # = AM the altitude from A to its base (or
the height of the pyramid), K = MH (MH L BC) the shortest
distance from the center of the base to its side. Also let O and I be
the center of the circumsphere of the pyramid and center of the
sphere inscribing it, respectively, a = ZBMH= ZCMH = ..., 3 =
ZBOM = ZEOM, y= ZAOB = LAOE, 2n= ZAHM, orn =
ZTHA = ZIHM.

A
R
h
4 7
@)
BB
d
| ]
B G M r E
C
B-E CROSS SECTION
: . : : R 1
Now notice that in the inequality of the problem — > 1 + =
r cosa

1 + cosa - cosal th 1 able i hi lse i
——orr <7 the only variable is r; eve ing else 1s
cosal 1 + cosa y ’ rything

fixed. We, therefore, are required to find that the maximum value
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Rcosa ) .
of » must be equal to 7. The trick here is that we must find
1 + cosa

a relationship between  and another single variable of the
configuration, if there is any, so that we can take the derivative of
with respect to this variable, then set the numerator of the
derivative to zero in order to find the extreme value of ». And now
let’s attempt to find this variable.

In the I-J cross section below, since IH is the bisector of £ AHM,
r Al r+AIl h

wehavetann—k— b~ k+bh k+b-

R+d R+d .
Buth=R+dandnowr =k b 1+bk (1)
A

1-J CROSS SECTION
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360° n c |
7%1986 — 1986 K = 7*cosa, ¢ = 2Rsinf3,

2

& R_2d2 =R+

dy*+ k> orb=+/(R+dy+ i, and%z\/l +—cos§x:Rd—d)'

R+d

N R+d
cos*’o(R — d)

Now notice that 7 is a function of a single variable d, the distance

from the center of the circumsphere of the pyramid to its base M.

From the floor plan o =

or k= Rcosasinf, d = Rcosp, sin’ = 1 — cos?p =

Substitute these values into (i) to get r =
)

We’re only interested in finding the value of d at which the
derivative of r, denoted ’, is zero and are ignoring the
denominator of 7’. The numerator of the derivative of » with
respect to d is

Con [ _Rid R(R + d) |
cos?o(R —d)  cos’oR — d)> \/ R+d

cos’a(R — d)

and is equal to zero when

kg |1 Rd o Rtd
cosa(R —d) cosa(R —d) °°° (R —dy cos?oR — cD]
—R(R+d)=0.
Replace d with Rcosp to get
1 + cosfP
2 _ 2 2 _ 2
cos?a(1 — cosP) \/1 + ~cosp) + cos?a(l — cosP)[ 1

cos?asin?B(1
1 + cosP

cos?ay(1l — cosB)]
Now multiplying both the numerators and denominators of the
ratios with 1 + cos3, we have

cos?a(l — cosB)”\/ oS ocs1n2B + cos?au(1 — cosP)’[1 +
(1 + cosP)?

coszocsinZB] — (I +cosf) =0, or

(1 +cosp)=0.
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(1 —cosP)?
cosasinf3
1+ 2
+ (1 - cosB)Zg.—CSSEL— (1 +cosp) =

sin’f3
1 — cosP)?
cosaLX .
sinf3
sin’f} — (1 + cosB) = 0.

cos?aX \/ cos?asin®P + (1 + cosP)? + cos?a(1 — cospP)?

X \/coszocsinzﬁ + (1 + cosP)? + cos?a(l — cosP)* +

Next, multiply both sides by sinf3 and rearrange the terms to obtain
cosox(1 — cosB)”\/cos%csinzB + (1 + cosP)? = sinB(1 + cosP) —
cos?asinf(1 — cosB)? — sin*f = 0.

Now divide both sides by cosax(1 — cosp)?; the result is
sinB(1 + cosP)
cosa(l — cosP)?

\/cos20csin2[3 + (1 +cosp)*=
sin®P

cosa(l —cosP)*”

— cosasinf} —

Continue by squaring both sides and deleting the equal terms
sin?B(1 + cosP)? sin°p

(1+cosp)*= cos2a(1 — cosf)*  cos?ol —cosp)*
sin?B(1 + cosP) sin*B(1 + cosp) + o sin*B
(1-cosBy> " cos?a(l — cosp)* (1 —cosp)*”

Now divide both sides by (1 + cosf)? knowing that sin* = (1 +
cosP)(1 — cosP), sin*B = (1 + cosP)*(1 — cosp)? and sin®p = (1 +
cosP)*(1 — cosP)?, to transform the equation into, terms by terms

B sin’f} N 1 + cosf y »
~cos?o(l —cosp)t  cos?a(l —cosP) 1 —cosB
1 + cosf B 1 + cosf
cos?a(1 — cosP)? t2or0=1+ cos?a(1 — cosf)?
1 + cosf 1 y 1 + cosf
cos*a(l —cosP) “"1—cosp " cos?ol —cosB)?"

We proceed by multiplying both sides by cos?a(1 — cosp)? to get
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0 = cos?a(l —cosP)®* + 1 + cosP + (1 + cosP)(1 — cosP)? — 2cos?ax
(1 —cosPB)*>—2(1 + cosP)(1 —cosP), or 0 = (1 + cosP)[cos*p —
cos?a(1 — cosB)?].

But 1 + cosP # 0; hence, cos?p — cos?a(1 — cosp)*= 0, or
(1 — cos?a)cos?B + 2cos?acosP — cos?a = 0.

cosa. -COsOL
lving fi = =
Solving for cosf}, we get cosf3 1+ cosq cosp 1 — cosa
. . cosa
From there we verify and confirm that with cosp =7 the
1 + cosa

value of the radius r attains its maximum (refer to a calculus book
on how to do this).

Replaci e e R+d ith
epacmgcosB—l+COSOL1nor—1+ - zeg M
cos’oR — d)
R L
d = Rcosf3, we get r = % which is the result we seek, and the

first part of the problem is proven.

Rcosa
1 + cosa
which is the 1986-gon is 1986 times the area of triangle BCM, and

When equality occurs or when r = , the area of the base

1 1 1
it equals 1986><EXBC><k = 1986><§><csina><§c><cosoc (where ¢ =

1+2
2Rsinf) = 1986R2Xsinacosax¢saz. Whereas the total area
(1 + cosa)
of the isosceles, equal and slanted triangles that share the common

vertice A is 1986 times the area of triangle ABC.

1 1
This area equals 1986X§><BC><b = 1986X§c><sin0w\/ (R+d)y*+ I?

- ) 21 cos’a, cosa .,
1986R smoc><sm[3><\/cos all —(1 n coscx)Z] +[1+ T+ cosa cosoc]
1 + 2cosa cosaL
2q7 - = _ 2q1 —=
1986 R?*sinax 1+ cosal 1986R*sinay(1 + 1t cosa)'

The total area of the surface of the pyramid when equality occurs is
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1 +2cosa 1 +2cosa
2 ] S 2q1 —_
1986R ><s1n0tcosocx(1 T cosaL)’ 1986R>sinax 1+ cosal
v _cosa ., _ e ro_
1986R**<sino(1 + 1+ cosa 1986R**<sinoy(1 +R)
. _ _ T
1986sino(R + r)*> = where o = 1986°
Further observation
_ ) _ _Rceosa B .
When the inner sphere is largest or r = 7+ cosa’ d = Rcosp =
R
Jﬂ = r. We conclude that the centers of the two spheres
cosa

coincide with each other, or the spheres are concentric.
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Problem 5 of British Mathematical Olympiad 1990

The diagonal of a convex quadrilateral ABCD intersect at O. The
centroids of triangles AOD and BOC are P and Q; the orthocenters
of triangles AOB and COD are R and S, respectively. Prove that
PQ is perpendicular to RS.

Solution

C

Extend AR and DS to meet at I, BR and CS to meet at J. Let G and
H be the centroids of the other two triangles AOB and COD,
respectively, E and F the midpoints of BO and DO, respectively, T
the intersection of CS and BD, V the intersection of DS and AC.

Since both BR and DS are perpendicular to AC, RJ || SI. The same
can be said about RI and SJ, or RI || SJ, and RISJ is a parallelo-
gram.
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On the other hand, since P, G, Q and H are the centroids, we obtain

PG AG 2 2 1
PG || BD and ¢ EF _AE 3 O PG = 3XEF = EXBD. The same

reasoning applies to QH and BD. We then have QH || BD || PG and

1
QH = gXBD = PG. Therefore, PGQH is also a parallelogram, and

h h PG BD
we have the ratio =~ GQ =AC

Now because AR L BD and PG || BD, AR L PG, or RI_LPG. With
the similar reasoning RJ 1 GQ.

The similarity of the four triangles BJT, DST, CSV and AIV gives
ST JIT ST+JT SJ] SV VI Sv+Vl SI SJ

YSHDTT™ BT BT+DT BD CV AV CV+AV AC sl
BD PG PG

Therefore, the two parallelograms RISJ and PGQH are similar with
their respective sides perpendicular to one another RI_L PG,

RJ L GQ, and thus their respective diagonals must also be
perpendicular to each other and PQ L RS.

Further observation

Because PQ _L RS, we also have MN _L RS since PQ || MN.
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Problem 9 of Russia Sharygin Geometry Olympiad 2010

A point inside a triangle is called "good" if three cevians passing
through it are equal. Assume for an isosceles triangle ABC with
AB = BC the total number of "good" points is odd. Find all
possible values of this number.

Solution

’ N ’
A M C

Let the cevians from A, B and C be AD, BM and CE, respectively.
The problem gives us AD = BM = CE. Apply the law of sines to
get AD/AB = sin Z ABC/sin £ ADB = CE/BC = sin £ ABC/
sinZ CEB, or ZADB = ZCEB and £BAD = ZBCE which
makes the two triangles ABD and CEB to be congruent.
Subsequently, AD meets CE at a point I on the cevian BM which is
also the bisector of £ ABC. So there is only one unique segment
length AD = CE = BM, and only one “good” point.
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Sample Mathematical Olympiad Problem

Given triangle ABC, its orthocenter H and its altitude AD, BE and
CF such that the perimeters of the triangles AHB, AHC and BHC
are the same. Prove that triangle ABC is equilateral. (This problem
was proposed but has never been selected for any competition.)

Solution

Superimpose the two triangles ABH and CBH where the vertex C
of triangle BHC coincides with vertex A of triangle AHB, and
vertices B and H of triangle BHC are renamed to B" and H’,
respectively as shown. Assuming that AB # BC and AH # CH, the
problem gives us

AB+AH=AB'+ AH".

Therefore, BB’ = HH', and BH must intercept B'H' at a point. Let’s
call it I, inside triangle ABH’ and certainly inside angle BAH.

Assign the Greek letters to the angles as shown. From I draw the
altitudes IP and IQ to BB’ and HH’, respectively. It’s easily seen
that IB > IB’ and IH > IH’, or BH > B'H’ which causes the
perimeters of triangles ABH and CBH to be different.

Therefore, our assumption that AB # BC and AH # CH is not
possible, and thus AB = BC.

The same argument can be used for one of these triangles and
triangle ACH making AB = AC.

ABC is then an equilateral triangle.

Further observation

There are possibly many other methods that can be utilized to
solve this problem.
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A
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Problem 10 of Russia Sharygin Geometry Olympiad 2010

Let three lines forming a triangle ABC be given. Using a two-sided
ruler and drawing at most eight lines construct a point D on the

AD BC

side AB such that BD ~— AC-

Solution

A

B

C

Draw the perpendicular bisector of segment AB and name it / as

shown. Locate point C” which is the symmetrical point of C across

[. Next, draw the bisector of angle AC’B to meet segment AB at
R AD_AC' _BC

D. Since C’D is the bisector, we get BD _BC _AC and D is the

point that needs to be constructed.

Further observation

Finding a point is probably a more appropriate term than
constructing a point. One should construct a line and not a point
as is the term used in the problem.
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Problem 1 of the Russian Mathematical Olympiad 2008

Do there exist 14 positive integers such that, upon increasing each
of them by 1, their product increases exactly 2008 times?

Solution

Let the 14 positive integers be a, a,, a,, a,, as, ag, a,, ag, a4, a,,

Ay, Ay Ay and a,.

11° 712

We are given [(a, + 1)(a,+ 1)(ay+ 1)(a,+ 1)(as+ D)(a,+ 1)(a, +
D(ag+ D(ag+1)(a,,+ (@, + D(a,+ )(a,;+ 1)a,+ 1)]/[a1a2 a,

a,asa,a,a,a4,a,,a,,4a,,a,,4a,,] = 2008, or

RPN TORURS IO N TURURS IV FONS §
(1+ al)(l + az)(l + a3)(1 + a4)(l + 05)(1 + a6)(l + a7)(1 + ag)(l +
1 1 1 1 1 1
A+ +—/) A+ )T +—)(1 +—)=2008 i
pr U U S U Uy ()

It’s easily seen that we must have at least seven integers a’s with
all their values equal to 1’s. Because if only six a’s or less with all

their values equal to 1’s, without loss of generality, let a, = a, = a,
=a,=as=a,= 1, we then have
1 1 1 1 1 1 1 1
2°(1+ )1+ ) (1 + )1+ )1+ )1 + )1+ )1 +—
a7 dg dg a9 ) i) a3 Ay

1
< 26X(1 + 5)8 = 1640.25 (when the rest of the remaining a’s are

minimum and equal to 2’s) < 2008.

Now since seven values of a’s are 1’s, the equation (i) reduces to

27(1 41+ (1 + (1 + )1 + )1+ )1+ ) = 2008,
dg g o 1 12 13 14
or 16(a8+ 1)(a9+1)(a10+ D(a,, + 1)(a,,* 1)(a13+ D(a,+1)=

2Blagaga,ya aya,5a,,
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Because 251 is a prime number, it’s only natural to let one of the
terms on the left side equal 251. Again, without loss of generality,

leta,,+1=251, ora,, = 250, and the above equation becomes

8(ag+ 1)(ay+1)a,,+ 1)(a,,+ 1)a,+ a,;+1)=125a,aya,,a,,

X = 3 XHX
a,a,3=5%X5%5agaya,,a,, Gy, a;.

Next leta,, = a,, = a,; =4, and the previous equation is equivalent
to (ag+ 1)(ay+1)(a,,+ 1) = 8agaya,, And now we can see that

with ag = a, = a,, = 1 this latest equation is also satisfied.

Therefore, there exist 14 positive integers such that, upon
increasing each of them by 1, their product increases exactly 2008

times and they are a, =a,=a,=a,=a,=a,=a,=a;=ay,=a,,=

l,a,,=a,=a;=4anda,,=250.
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Problem 6 Tournament of Towns 2008

Let ABC be a non-isosceles triangle. Two isosceles triangles
AB’C with base AC and CA’B with base BC are constructed
outside of triangle ABC. Both triangles have the same base angle
¢. Let C1 be a point of intersection of the perpendicular from C to
A’B’ and the perpendicular bisector of the segment AB. Determine
the value of £ ACIB.

Solution

Let M, H and D be the midpoints of BC, AC and AB, respectively,
F=A'B’N CiC,O=MH N CiC, P=A’B’ N CiD. Draw the
circle I' with diameter C1P. Now let K=CIANT, U=CiBNT,E
=AB N Ci1C, R=KU N CiC. Since CB’HF and CA’MF are
cyclic, ZHFCi1 = ZMFCi1=%/ZAB’C=%/ZBA’C=90° - o,
and because M and H are the midpoints as defined, MH || AB,
OH/OM = EA/EB. For CiP is the diameter and also the bisector of
Z ACiB, extensions CiK = C1U and KU || AB. From there, we get
OH/OM = RK/RU.

Now extend FH and FM to meet the circle I and assume that these
extensions do not meet I" at K and U, respectively. Instead we
assume they meet at points J and T on the left side of K and U,
respectively and then L and V, on the right side of K and U,
respectively, and then prove that these are not true.

First, assuming that J=FHNTand T=FM NT. Let G=CiCN
JT,I=CiIKNJT,S=CiUNJT. Since ZHFCi1 = ZMFC1, we
have C1J=CiT or JT || AB || KU, and OH/OM = EA/EB = GI/GS
= GJ/GT = (GJ — GI)/(GT — GS) = 1J/ST =1 (because 1J = ST);
therefore, GJ = GT which is false because G is not on the diameter
C1P.

Now assume that L=FHNTand V=FM NT.LetQ=CCi N
LV,N=CiIL N KU, W=CiV NKU.
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JKL B'
I
A T
[
// ¥ N \\
/ N \
/ \

A!

With the similar analysis, we get RN = RW which is again not true
because R is not on the diameter Ci1P. Therefore, the three points F,
H and K must be on a straight line, and so are the three points F, M
and U which imply that ZACiB = ZKCiU = 180° — ZKFU =
180° — ZHFM = 180° — ZAB’C = 2¢.
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Problem 4 of Bulgaria Mathematical Olympiad 2011

Point O is inside triangle ABC. The feet of perpendicular from

O to AB, BC, CA are D, E, F, respectively. Perpendiculars

from A and B, respectively to DF and ED meet at P. Let H be the
foot of perpendicular from P to AB. Prove that D, E, F, H are
concyclic.

Solution

A

B E-—_ — N C

Let the intersection of AP and DF be I, the intersection of BP and
DE be J. Now draw the circumcircle I' of triangle DFH to intersect
AC at Q, BC at N (I" is known as the pedal circle of point O) and
apply the intersecting secant theorem (when two secant lines
intersect each other outside a circle, the products of their segments
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are equal) to get ADXAH = AFxAQ. We will prove that this circle
also passes through point E.

Indeed, since ZDHP = ZDIP = ZDJP =90°, D, I, P, J and H are
concyclic and we have ADXAH = AIXAP, and thus ADxAH =
AFxAQ; therefore, FQPI is also cyclic and because £ FIP = 90°,
ZFQP = 180° — ZFIP = 90°.

Since PH L AB, PQ L AC and H, Q are on the pedal circle I', we
conclude that point P is the isogonal conjugate of point O, denoted
O*, and I' is also the pedal circle of point P, or O*. Hence, by
definition, PN L. BC and ZENP = 90°, and EJPN is also another
cyclic quadrilateral because the sum of two of its opposite angles is
180° which causes BJxBP = BExBN.

However, because D, H, J and P are concyclic, the intersecting
secant theorem also gives us BJxBP = BHxXBD, and now BHxBD
= BExBN to imply that the four points D, H, E and N are on the
same circle I" and the problem is proven.

Further observation

Let’s try to solve this modified problem:

Let K, I1, L and M be the intersection of OF and HP, the
circumcircle of triangle DEH, the circumcenter of 11, and the
circumcenter of T, respectively. Prove that Z OBK = 2 DML.
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Problem 4 of Hong Kong Mathematical Olympiad 2004

In the figure below, BEC is a semicircle and F is a point on the
diameter BC. Given that BF:FC =3:1, AB =8 and AE = 4. Find
the length of EC.

Solution

I

Per the intersecting secant theorem, ADXAB = AEXAC, or 2AD =
AC=4+EC; CD?>=AC?- AD? or CD?=4AD? - AD?>=3AD? or

2CD = \/5(4 + EC). Draw the other half of the circle and extend
EF to meet it at I. We have BE = Bl and EC = IC. We also have

BF:FC = (BE:EC)x(BLIC), or BE = EC\E. The area of the area of

triangle ABC is 4BEXAC = 4CDxAB, or ECA[3(4 + EC) = 4\[3(4
+ EC), and EC =4.

485



Narrative approaches to the international mathematical problems

Problem 2 of Hong Kong Mathematical Olympiad 2009

1
Let n be the integral part of 1 1 1 find the
1980 " 1981 "+ 2009

value of n.
Solution

_ 1 1 1 _
Let D be the denominator and D = 1980 + 1981 +... + 2009
1 1 1 1

1
(71980 2009 "(1980+1 720001 " - T (1980+14 T2009_12*

Note that D is a sum of 15 pairs of the sums of two numbers inside
the brackets, and

! |
T (1994 T 1995 =

1 1 1 1

D =930 * 2009 "(1981 *2008) " -
3980 398 3989

1980x2000 T 1981x2008 - ** T 1994x1995"

N 3980 3989 3989
3989 3989
Therefore, 15%795052009 ~ P > 15*7994x1995°

1994x1995 1 _ 1980%2009

1
15x3980 D 15x3989 - Or 71.232>3>71.228.

and

We conclude that n = 71.

Further observation

Keep the number at one end of the denominator constant, find the
number at the other end such that the problem is still valid. In
other words,
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1
Let n be the integral part of 7 7 7 find the

7980 " 7981 T

maximum value of integer m that makes n a unique integer, or

1
Let n be the integral part of 7 7 7 find the

m 1981 T 2009

minimum value of integer m that makes n a unique integer.
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Problem 3 of Hong Kong Mathematical Olympiad 2009 (Event 2)

Given that x is a positive real number and x-3* =3"%. If k is a
positive integer and k£ <x <k + 1, find the value of £.

Solution

The problem asks us to find the integral part of the value of x that
falls in between k and & + 1. Basically, find the estimate value of x.

=318—X

From x-3" =3"%, we get x . Now note that when x increases,

18— .
37" decreases and vice-versa.

When x = 15, we have 3'* *=3*=27.
When x = 16, we have 3'* *=3%2=9,

Because 27 > 15.... > 9, so when x € (15, 16), x =3"* ",

Therefore, k= 15.
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Problem 6 of Mongolian Mathematical Olympiad 2000

In a triangle ABC, the angle bisectors at A, B, C meet the opposite
sides at A, B, C,, respectively. Prove that if the quadrilateral
AC AB BC

BA B, C, is cyclic, then AB+BC AC+CB 'BATAC:
Solution
B
[
BB
Ci Al
Ty

o Uiy
e B YT
A B1 C

Let I be the incenter of triangle ABC, I the circumcircle of qua-
drilateral BA B,C,, a =2 /BAC, B =2 ZABC, y= "/ ACB and

n=4BB,C,. We have o +  +y=90°.

Since BA B,C, is cyclic and BB, is the bisector of £ C,BA , BB,
must be the diameter of I', and = ZA,C,B,= ZC /A B,
ZBC B, = ZBA B, =90°to imply that /B,AC,+ ZAB,C, =
20+ LZAB,C, =20+ /4C+ £B,C,C=2a+y+ £BCC=
90°.
Combining with oo + B +y=90°, we get o+ B C,C=B =
ZACB =ZACC+ 4£BCC,ora=2ACC,and ACAC
is also cyclic which implies thaty = ZAA C,.
However,y= ZAAC, = ZIAC,= ZIC A = ZCCA, =
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a, and ABC is an isosceles triangle with AB = BC and BB, L. AC
which gives us ZAB,C, =B. Butn+ =90°, orn =2a.

™ . dioh AC___AB
€ equatlon requirc to € proven AB+BC AC~+CB

_BC o reduces to AC - 2AB_ AB, 2
BA + AC how reduces to 53 5= 35" =, Or a7 = ZAB],or

1+AB

2
- <« 2 =
cos2o. = 1 +2c0s2a’ or 2cos?2q, + cos2a— 2 = 0.

Now let’s prove it. Indeed, let N be the intersection of BB, and

B,C IB1 _ _
A,C,, cos2a = BC =B (because IC is the bisector of ZBCB)) =
AC BN B,C AC
ﬁ = H On the other hand, we also have cos2o = BC ~2BC

AC BN
AR A B ~5BN o (because

A,C, || AC). Those two previous results give us 2BN = A B,.

(because CC, is the bisector of £ ACB) =

BN AB AB, AB
AB BB, “2AB BB/

- BB LB A8,
2A,B°= A\B,BB,= 2BB,*~2A,B/", or pp =2~ 25 % or

2cos?2a + cos2o. — 2 =0, and we’re done.

We also have cos} =

Further observation

1
Solving for cos2a, we, get cos2o = Z(\/]_7 —1),ora=19.33°
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Problem 3 of Spain Mathematical Olympiad 2003

The altitudes of triangles ABC meet at H. We know that AB = CH.
Determine the angle BCA.

Solution
A
ol B
E
F

H
7 Y
8 - o

B A' C

Let (Q2) denote the area of shape Q. Note that BDHE is cyclic
because the sum of its opposite angles is 180°.

Applying the intersecting secant theorem, we get CDxBC =
CHXxCF.

But AB = CH; therefore, CDxBC = ABxCF =2(ABC) = ADxBC,

or AD = CD, and ADC is a right isosceles triangle, and angle BCA
is 45°.
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Problem 3 of Spain Mathematical Olympiad 2006

ABC is an isosceles triangle with AB = AC. Let H be a point on
the circle tangent to the sides AB at B and AC at C. We call a, b,
and c the distances from H to the sides BC, AB and AC,
respectively. Prove that a*> = bc.

Solution

Let the feet of H onto BC, AC and AB be D, E and F, respectively,
Let a = ZFBH, p = ZDBH. Because BDHF is cyclic (sum of
opposite angle is 180°), we also have a. = Z FDH (subtends same
arc FH as ZFBH does) and p = ZDFH.

However, /BCH and £ CBH also subtend arcs BH and CH,
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respectively, we have o = ZBCH and = ZECH.
Also because CDHE is cyclic, oo = ZDEH and p = ZEDH.
Now applying the law of sines to triangle DFH, we get

~a_ b bsinf

= _,ora="—_._.

sinf  sina sinal

And in triangle DEH, we get
a c csinou

sino, sinp’ & ¢ sinp -

Multiplying those two previous equations gives us a* = bc.
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Problem 3 of Spain Mathematical Olympiad 2004

ABCD is a quadrilateral with P and Q the midpoints of the
diagonals BD and AC, respectively. The line through P and is
parallel to AC meets the line through Q and is parallel to BD at O;
X, Y, Zand T are the midpoints of AB, BC, CD and AD,
respectively. Prove that the four quadrilaterals OXBY, OYCZ,
OZDT and OTAX have the same area.

Solution

W
D Z C

Let () denote the area of shape Q and I be the intersection of the
diagonals of ABCD.

Since P and Q are the midpoints of BD and AC, respectively, the
triangles ABQ and CBQ have the same base length AQ = CQ and
same height from B to AC; therefore, (ABQ) = (CBQ). The same
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situation applies to the triangles AOQ and COQ, and we have
(AOQ) = (COQ), or (ABQO) = (CBQO).

Expanding the areas of both sides to get

(AOX) + (BOX) + (BOQ) = (CBQ) + (COQ).

But because X is the midpoint of AB, (AOX) = (BOX), (COQ) +
(CBQ) = (BOY) + (COY) — (BOQ) =2(COY) — (BOQ), the
previous equation becomes

2(BOX) + (BOQ) =2(BOY) — (BOQ), or

%[2(BOX) + (BOQ)] = 4[2(BOY) — (BOQ)], or

(BOX) + A(BOQ) = (BOY) — 2(BOQ), or

(BOX) = (BOY) - (BOQ) = (BYOQ) (@)

Similarly, on the left side of the configuration, we get

(AOX) = (ATOP) (ii)
And because (AOX) = (BOX), equations (i) and (ii) give us
(ATOP) = (BYOQ).

Now note that if we consider OP the base of triangle AOP; OP is
also a side of parallelogram POQI, and because IQ || OP, the height
of triangle AOP is the same height of this parallelogram from IQ to
OP; therefore, (AOP) = 12(POQI).

Similarly, (BOQ) = 2(POQI), and (AOP) = (BOQ).
Finally, (OXBY) = (BOX) + (BOQ) + (BYOQ) = (AOX) + (AOP)

+ (ATOP) = (OTAX), and the first two of the four quadrilaterals
are proven to have the same area.

The above result implies that (AOT) = (BOY), but (DOT) = (AOT)
and (COY) = (BOY), and now (DOT) = (COY) (1i1)

Now proceed with the same argument; (CDP) = (CBP) because P
is the midpoint of BD; expand the areas of both sides of the
equation to get (COZ) + (DOZ) + (DOP) + (COP) = (BOY) +
(COY) + (BOP) — (COP).

But (COZ) = (D0OZ), (BOY) = (COY) and (DOP) = (BOP), and we
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now have (COZ) + (COP) = (BOY) = (BOQ) + (BYOQ),

But (COP) = (BOQ) = 2(POQI); successively, (COZ) = (BYOQ).
Adding (COY) to both sides, we obtain

(0YCZ) = (BYOQ) + (COY) = (BYOQ) + (BOY) (iv)
From (1), (BYOQ) = (BOX), and equation (iv) is equivalent to

(OYCZ) = (BOX) + (BOY) = (OXBY), and the next two of the
four quadrilaterals are proven to have the same area.

Finally, (OYCZ) = (COZ) + (COY) = (DOZ) + (DOT) (because
(COY) = (DOT) in (iii)) = (OZDT).

We now have (OXBY) = (OTAX) = (0YCZ) = (OZDT).
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Problem 2 of Spain Mathematical Olympiad 2002

In a triangle ABC, A’ is the foot of the vertex A onto BC and H the
orthocenter.

'

AA
a) Given a positive real number £ such that HA — k, find the

relationship between the angles B and C as a function of £.
b) If B and C are fixed, find the locus of the vertex A for each

value of k.
Solution
F
s
§
B A' C

a) Let the feet of B and C onto AC and AB be E and F,
respectively, o« = ZBAA’ = ZBCF, 3= LZCAA’= ZCBE, y=
/ ABE = Z ACF.

AA' HA'  AA’ tan/B
We have tan/ B =5, tanfl = g, and [ =k = tanf
EBxtan /B
8 = tan / Bxtan Z C.
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AA' AA'
b) k=tan/BxtanZ£C = BAYAC Now draw a circle I" with

diameter BC to cut AA’ at X.
AA' AX +A'X
We have BA’A’C=A’X? and k= (A'X) (T)Zz(l

AX
'X) Of T 'X \/7(—1

So when B and C are fixed, the locus of the vertex A for each

AX
value of £ satisfies the condition \/7( Ax T 1. Pick any point X
on the circle I', A is a point above circle I" such that AX L BC and

A_;i(:\/}_l
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Problem 1 of British Mathematical Olympiad 1985

Two circles Si and S2 each touch a straight line p at the same point
P. All points of S2, except P, are in the interior of S1. A straight
line ¢ (1) is perpendicular to p; (i1) touches S2 at R; (iii) cuts p at L;
and (iv) cuts S1 at N and M, where M is between L and R.

a) Prove that RP bisects angle MPN.

b) If MP bisects angle RPL, find, with proof, the ratio of the areas
of St and So.

Solution

S>

Si

a) Let » and R be the radii of S2 and S1, respectively, PR meet Si1 at
S,PM meet S2atl, o = ZRPM, = ZRPN and y = ZMPL. Since
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both LR and LP tangent to S2 at R and P, LR = LP, and because
ZRLP =90°, RLP is a right isosceles triangle; hence, ZLRP =
Z/ LPR =45°.

We now have oo = ZRPL —y=45°—y,and p = ZLRP — ZLNP
45° — ZLNP. But ZLNP subtends arc MP of Si, or ZLNP =Y.

Therefore, a. = 3, or RP bisects angle MPN.

b) Note that o subtends arc RI on S2 and SM on Si. Because of
R SM
this, = RD and the ratio of the areas of S1, denoted A(S1), and

A(S1) ©R® R* SMP
AS2) w2 2 RE

S2, denoted A(S2), is

However, ZMSP = ZLNP subtends arc MP on Si and ZIRP =y
= /NP subtends arc IP on S2, ZMSP = ZIRP =y. And when
MP bisects angle RPL, o = =y =45°/2 =22.5°, MSP, IRP, RNP
are all isosceles triangles, and SM = MP, RI=IP, NR = RP, RI ||
SM || NP.

. A(S1) SM? MP? NM?
We now obtain A(S2) =RE - IP? ~ NR-

Avolvine the law of s NM  NM NP
pplymng (he law oL Snes, . /NPM ~ sin45° ~ sin/NMP _

NP NP NM_NPXsin45°
sin(90° +22.5°) ~ sin112.5> %" "MV T ginl12.5°
Similary —NR__ NP NP N o NPxsin22.5°
TMHALY, §in22.5° ~ sinZNRP _ sin1352 T 7 ginl35°
gy AGSD  NM?_ (sinl359xsind5o)
Aty "A(S2) ~ NR2? ~ (sin112.5°%sin22.5°) -

at+tb . a->b

Applying the existing formula cosa — cosb = -2sin 5 sin

A(S1) (cos180° —cos90°)*
A(S2)  (cos135°—co0s90°)>

2 s

2.
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Problem 5 of British Mathematical Olympiad 2010

Circles S1 and S2 meet at L and M. Let P be a point on S2. Let PL
and PM meet S1 again at Q and R, respectively. The lines QM and
RL meet at K. Show that, as P varies on Sz, K lies on a fixed circle.

Solution

Letoao= ZMPL, B = ZQMR = ZQLR (because they subtend the
same arc QR on S1) and y = ZMKL. Since P is on S2, a subtends
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fixed arc ML on S2 and is always a fixed angle. Furthermore, it
also subtends arcs ML plus arc QR on Si; thus the length of arc QR
is also constant even though their locales vary. Therefore, 3 which
subtends arc QR is also always a constant.

We also have oo = ZMKP + ZLKP + ZKMP + ZKLP =7y + 28,

or y = a — 23 is constant. We conclude that K is on a fixed circle
with ML as a chore.

Because I, S1 and Sz share the same chore ML, their centers are
collinear. Let O, J and I be the centers of I', S1 and S2 and R’, R
and r the radii of these circles in the exact same order. O, J and I
lie on a straight line that is also the perpendicular bisector of ML
as shown.

From M draw a line to parallel KL to meet S1 at S; we have arc SR
= arc ML, and now y subtends arc SR — arc QR = arc SQ.

'

R ML ML
Subsequently, R %’ orR>=0L= %XR, and thus we have

been able to determine the center and radius of circle I that is the
locus of point K.
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Problem 4 of the Vietnamese Mathematical Olympiad 1989

Are there integers x, y, not both divisible by 5, such that x>+ 19y”=
198x10"% 2

Solution

There are four possible combinations for x and y: x and y are both
odd numbers, x odd y even, x even y odd, or x even y even.

When x and y are both odd, let x=2m + 1 and y =2n + 1 where m
and n are both integers. The equation in the problem is written as

@m+ 1)*+19Q2n + 1)>=198x10"", or 4[m(m + 1) + 19n(n + 1)]
+20 = 4x25x198x10""" . Dividing both sides by 4, we get m(m +
)+ 19(n+1)+5= 25%x198x10'*7 and this equation is not
allowed because the two products m(m + 1) and n(n + 1) of
consecutive numbers are even, and the expression on the left is an
odd number while 25x198x10"*" is an even number.

When either one of them is odd and the other even, which are the

middle two combinations, the sum of x* + 19y” is an odd number

whereas 198x10'%%

When x and y are both even, and x is divisible by 5 while y is not; x
must have the units digit 0; therefore, the units digit of x* must also

is an even number which again is not allowed.

be 0 which makes the units digit of y* to be 0 because the units

digit of 198x10" is 0, or that of y to be 0, and thus y is divisible
by 5, and this scenario is not allowed by the problem.

When x and y are both even, and y is divisible by 5 while x is not.
Applying the similar argument, because y is even and is divisible
by 5, its units digit must be 0 which makes the units digit of 19/% to
be 0 which requires that of x* to be 0, and thus x is divisible by 5,
and this scenario is also not allowed by the problem.

Further observation

Try to solve the problem with neither x nor y divisible by 5.
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Problem 2 of Tournament of Towns 2008

Twenty-five of the numbers 1, 2, ..., 50 are chosen. Twenty-five of
the numbers 51, 52, ..., 100 are also chosen. No two chosen
numbers differ by 0 or 50. Find the sum of all 50 chosen numbers.

Solution

For the first set of 50 numbers from 1 to 50 let’s choose the
numbers from 1 to 25.

For the second set of 50 numbers from 51 to 100 let’s choose the
numbers from 76 to 100.

No two chosen numbers differ by 0 or 50. The minimal difference
between the two numbers is 1, and the maximal difference between
the two numbers is 100 — 1 = 99.

The sum of all 50 chosen numbers is (1 +2 + ... +25)+ (76 + 77

+ ...+ 100) = 25[(100 + 1) + (99 + 2) + ... + (76 + 25)] = 25x101
=2525.
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Problem 4 of Turkey MO Team Selection Test 1997

A convex ABCDE is inscribed in a unit circle, AE being its
1
diameter. f AB=a, BC=5b,CD =¢, DE=d and ab =cd = e

compute AC + CE in terms of a, b, ¢, d.

Solution

Leta= ZACB= ZAEB, = £ZBAC= £ZBEC, 5= ZCAD =
ZCED, ¢ = ZDAE = ZDCE and O be the circumcenter of the
unit circle I'. We then have o + = ZADC and 6 + ¢ = ZCBE.

a b

Applying the law of sines to triangle ABC, we get sino.~ sinp
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AC  AC___AC
sinZ ABC  sin(90°+ 8+ @) cos(5 + @)’

However, in any

triangle Sine 2R where R is the radius of its circumcircle (this is

easily obtained by applying the law of sines to triangle ABE).

In our case R =1 and 2, or AC =2cos(d + o).

AC
cos(S+ @)
Similarly, CE = 2cos(a + ). Adding the two terms to get

AC + CE =2[cos(a. + B) + cos(d + ¢)] = 2[cosacosP — sinasinf +
cosOcos(p — sindsing] (1)

Now extend DO to meet " at F; 8 = ZCFD, and cosd =5, == =
l’\/4R2 —c2= l*\/4 —c?
2 2 :
1 1 1
Similarly, cosp =5\/4 — &*, cosa =574 — @, cosp = E\/Tba

b ) d
sino = % = %, sinf3 = > sind = % and sinp = 5

1
Also given ab = cd = e equation (1) is now equivalent to
AC+CE= —[\/(4 )4 — d?) — cd + \/ (4 —a?)(4 - b*) —ab] =
257
—»\/ (4—a®)(4-b*)+ —»\2 [4=A@E-a) - — -+

257 L
\/ 64 ¢ 44

Ny
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Problem 1 of Spain Mathematical Olympiad 1999

The lines 7 and ¢’ are tangent to the parabola of equation y = x? at
points A and B intersect at point C. The median of the triangle
ABC corresponds to the vertex C has length m. Determine the area
of triangle ABC in terms of m.

Solution

I
m b

vo ‘ x

& o

Graph not drawn to scale

Let’s pick a worst case scenario where point A is on the left side of
the y-axis, B on its right side. Let the coordinates of point A be (a,
a?), those of point B be (b, b*) and of point C be (c, f(c)).

The equation of a tangent to a curve through a point with
coordinates (p, f(p)) having slope f’(p) is, by definition, expressed
as y —f(p) =1 (p)(x — p) where f’(p) is the derivative of the curve at
point (p, fip )), and in this case f’(x) = (x*)” = 2x.
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Applying the equation to the two tangential lines # and #’, we get
t. y—a*=2a(x—a)and ’: y—b*=2b(x - b), or

t: y=2ax—a*and t’: y=2bx—b*

At point C where the two lines meet, we have 2ac — a*> = 2bc — b?,
or 2c(a—b)=a>—b*>=(a—b)(a + b), and since a # b, ¢ = Yo(a +
b), and the x-coordinate of point C is the midpoint of the segment
connecting the x-coordinates of points A and B.

In addition to point M being the midpoint of AB, the segment CM
is vertical and is parallel to the y-axis. The y-coordinate of C is f{c)
=2ac—a*=a(a+ b)—a*=ab.

The equation for the line that passes through points A and B is

2 2

WAB) ="—-x+d = (a+b)x+d. At point A(d, &%), we have a* =
(a +b)a+d,ord=-ab, and y(AB) = (a + b)x — ab.

To find the area of triangle ABC, denoted (ABC), we move the x-
axis down and make it pass through point C. Since a is negative in
this case, to move it up we add a positive length -f(c) = -ab; the
equation of the curve become y = x* — f{c) = x* — ab; the equation
for ¢ becomes y(¢) = 2ax — a* — ab, for t’: y(t’) =2bx — b*— ab, and
V(AB) = (a + b)x — 2ab.

c b
The area is now (ABC) = [[¥(AB) — y(0)]dx + JT(AB) — p(¢)]dx =
a C
c b
S(a+b)x —2ab ~(2ax—a>—ab)dx + [[(a+b)x —2ab—(2bx—b*-ab)]dx =
a C

c b
JU(b —ayx +a—ab)dx + [[(a— b)x + b*—abldx = [%(b —a+

a C

c b
1
ax(a — b) + constant] | + [E(a — b)x* + bx(b — a) + constant] | =
a c

%(b —a)c* +ac(a—Db)— %(b —a)a*—a*(a—b)+ %(a - b)b*+
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1 1 1 1
b*(b—a) - E(a —b)c>—be(b—a)=(b—- a)(zc2 —ac— Eaz +a? - §b2
1 1 1

+b*+ Ecz —bec)=(b- a)><(5a2 + Ebz + c? —ac — bc).

1 1 1 1
However, ¢ = E(a + b), and (ABC) = (b — a)[Ea2 + Ebz + Z(a +b)? —
1 1 1 1 1 1 1
S(a+by]=(b-a)5a* +5b* = 4(a+ by] = (b - a)[5a* + 50— 4(a

1 1
+2ab + b)) = 4(b - a)a®* - 2ab + b*) =4 (b - a)’.

1 1
Meanwhile, m = E(a2 —ab+ b*—ab)= E(b —a).

Finally, (ABC) = m\/%

The reader is encouraged to try this problem with both points A
and B on the left or the right sides of the y-axis.
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Problem 2 of the Irish Mathematical Olympiad 2006

P and Q are points on the equal sides AB and AC respectively of
an isosceles triangle ABC such that AP = CQ. Moreover, neither P
nor Q is a vertex of ABC. Prove that the circumcircle of the
triangle APQ passes through the circumcenter of the triangle ABC.

Solution

B C

Let the circumcircle of triangle APQ intercept the bisector of £ A
of triangle ABC at I. We have ZPAI= Z QAl and PI1= QL

Since AQIP is cyclic, we have ZAQI+ £ API=180°, or 180° —
Z API= Z AQIL Now consider the two triangles BPI and AQI, we
have BP = AQ, PI=QI, and ZBPI=180°—- ZAPI= ZAQ]I,
thus they are congruent and thus Al = BI.

Since Al is the bisector of ZBAC and ABC is an isosceles triangle

with AB = AC, Al is also the altitude to BC, and BI =CI. Hence,
BI=CI = Al or L is the circumcenter of triangle ABC.
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Problem 2 of the Irish Mathematical Olympiad 2007

Prove that a triangle ABC is right-angled if and only if sin?A +
sin’B + sin*C = 2.

Solution

Let the three side lengths of triangle ABC be a, b and c. Applying
the law of the sines, we obtain
a’ b? c? a+b*+c? a+b*+c?
sin?A sin’B sin?C  sin?A + sin?B + sin?C 2 ’
and the law of the cosines gives us a®> = b*> + ¢* — 2bc*xcosA.
Now substituting a? into the above equation
a a2+ b+c 2b* A+ — bexcosA)
sinA 2 B 2

= b?+ ¢ — bcXcosA,

or a® = (b* + ¢ — bcxcosA)sin?A,
b* + ¢* — 2bcxcosA = (b* + ¢ — bexcosA)sin?A, or

(b* + A)(1 — sin*A) = bexcosA(2 — sin?A),
(b* + c*)cos?’A = bexcosA(l + cos?A),

(b* + c®)cosA = bex(1 + cos?A),

bcxcos?*A — (b* + ¢*)cosA + be = 0.

Solving for cosA, we have cosA = P and %; this implies that either
angle B or angle C is a right angle.
Now if the triangle is right-angled, we have one of the angles being
90°. Without loss of generality, assume it’s angle A and sin*A =1,
. b2 . CZ . . b2 + 02
we have sin’B = — and sin’C = —, and sin’B + sin’C=—"5, =1.
a a a

Therefore, sin?A + sin?B + sin?C = 2.
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Problem 2 of the British Mathematical Olympiad 2005

In triangle ABC, ZBAC = 120°. Let the angle bisectors of angles
A, B and C meet the opposite sides in D, E and F, respectively.
Prove that the circle on diameter EF passes through D.

Solution

Let BE meet CF at I and J be the foot of I on BC. From E draw the
perpendicular to CF to meet CF and BC at K and N, respectively.
Also let CF meet ED at T, BE meet FD at V. We have /BID =
ZABI+ ZBAI=90°—-%/C= ZJIC, or ZBI] = ZDIC.

It’s easily seen that ZEIK = (£ B +4£C) = 30°, or ZBIC = 150°
and Z1EK =90° — ZEIK = 60°, and since CI is the perpendicular
bisector of EN, IE = IN and £ INE = 60°. It follows that IEN is an
equilateral triangle and ZNIK = 30°. We now have

ZIND= ZNIK + % /ZC=30°+%2C=30°+(30°— % 4B)=
60° - % /B, and ZDIN = ZDIC —30° = ZBIJ —30° =90° —
%/ B—=30°=60°—'%/B, or ZIND = ZDIN, and DE is bisector
of ZIDN.

Similarly, on the other side, DF is bisector of ZIDB.

Therefore, ZFDE = 90°, and the circle on diameter EF passes
through D.
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Problem 3 of Asian Pacific Mathematical Olympiad 1989

Let A}, A,, A, be three points in the plane, and for convenience, let
A=A, A=A, Forn=1,2, and 3, suppose that B_is the

midpoint of A A__,, and suppose that C_ is the midpoint of A B .
Suppose that A C . and B A, meetatD , andthat A B  , and
C. A, ., meetat E . Calculate the ratio of the area of triangle D, D,

D, to the area of triangle E E,E,.

Solution

A2. As C2 B2 A3

Connect and extend A D, to meet A,A; at A, A,D, to meet A A,
at B and A;D, to meet A A, at C.

Applying Ceva's theorem for the three lines A,C,, A;B, and A,B,
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A2C2XA3BXA1B1
we have = 1. Since A3C2 =3xAC, and AB, =
A3C2 xA B *xA,B,
AlB 1 AIC1 1
A B, we have ——=7and = 7. Therefore, BC, || A A,,
271 A3B 3 A2C1 3 1 2773
CB AC A,B,xA;BxAC, 1
= =Zand =1><3><§=1.
ANy AA, A;B,xABXA,C,

Hence, per Ceva's theorem point E, is on A,B.

With the same argument, E, is on A,C and E; is on A A.

Now applying Ceva's theorem for the three lines E,B,, A,D, and
E D, _ E,D,

AD; A,D,

A,D, that meet at G, we get or DD, || AJA,.

Similarly, D,D, || A|/A, and DD, || A A,. For the three lines GB,,
GE; GE,

ALE, and ALE, that meet at D,, we obtain
E,E; [| AA;.

Also similarly, E E, || A|/A, and E\E, || A|A;; AD D,D

D, 3andAE1E2

E, are similar triangles since their corresponding sides are parallel

ED, DD, DD,
to each other. The parallel lines give us = = =
EA, AA, 2AC

2

AID1 A2D1 A2D1 A2B ElA2 + EIB ElB
= , Or = = =1+ =1+
2A1C2 2A2B 2E1D1 EIA2 EIA2 E1A2
C.B 1 5 ED ED 4 E D 2
1 =1+Z=Z’Or2 1 1=2#=§,and : 3=§
A2A3 Ale A3D3 A3D3
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ED, 7 AD+ED, 74
Adding 1 to both sides to get 1 + L3 3, or =3 13 5
A;D, A;D,
E/A, 7 A;D; 3 D,D, 5
5 7 A
A.D, E A, EE

Thus the ratio of the corresponding sides of the two similar

5
triangles AD D,D, and AE E E, is equal to 7 Therefore, the ratio
of the area of AD,D,D,; to the area of AE EE is equal to the

25
square of the ratio of their corresponding sides and is (7)2 =29
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Problem 3 of Asian Pacific Mathematical Olympiad 1990

Consider all the triangles ABC which have a fixed base BC and
whose altitude from A is a constant 4. For which of these triangles
is the product of its altitudes a maximum?

Solution

A

From B draw line perpendicular to AC and from C draw line
perpendicular to AB. We have the altitudes i and j, respectively.
The problem asks for the product 4 times i times j to be maximum.
But / is constant, so ixj must be a maximum.

The area of the triangle ABC is also constant since base BC is
fixed.

But twice the area of triangle ABC = 71xAC = ixAC = jxAB. From
there, ixACXjxAB equals the square of twice the area of triangle
ABC and is constant.
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The multiplication of two products (i%;) and (ACxAB) is a
constant, for one to be maximum (i%j) the other has to me
minimum, we must find AC and AB so that ABXAC is a
minimum.

Let R be the radius of the circumcircle of triangle ABC, and a, b
and c as the lengths of its sides, there exists the formula:
abc

Area of ABC = AR

Area of ABC is fixed as we know, so for the product of the three
sides to be a minimum (one side is already fixed, or the product of
the two sides to be a minimum) the denominator R has to be

minimum, or the circumcircle has to be smallest (A — A’) and
A’B = A’C. The triangle is isosceles.
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Problem 3 of Asian Pacific Mathematical Olympiad 1995

Let PQRS be a cyclic quadrilateral such that the segments PQ and
RS are not parallel. Consider the set of circles through P and Q,
and the set of circles through R and S. Determine the set I of points
of tangency of circles in these two sets.

Solution

S/\ R ' J

Extend PQ and SR to intercept each other at J. Since PQRS is a
cyclic quadrilateral ZPSR + ZPQR = 180° or ZPSR = ZRQJ.
Similarly, ZSPQ = ZQRJ.

And the two triangles JPS and JRQ are similar; therefore,
JQ IS

TR = Ip Of JQXIP = ISXIR.

From J draw the two lines tangential to the bottom and top circles
and assume that the two tangential points are different,
respectively, are I’ and I”” on the bottom and top circles as shown.

We have JI’2 =JRxJS, and JI'? = JQxJP.
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With the assumption that the tangential JI” and JI” are not
coincided, the two circles are either overlap or not touching each
other at all which is not true with the given condition of the
problem. Therefore, for the two circles to tangent I” must coincide
I” and also coincide with I, or JI? = JRxJS which is a constant.

So the set of points of tangency of the two circles is a circle with

center at J and radius r =~/JRxJS or r =4/JQxJP.
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Problem 3 of Asian Pacific Mathematical Olympiad 1999

Let Cr and C2 be two circles intersecting at P and Q. The common
tangent, closer to P, of C7 and C2 touches C1 at A and C2 at B. The
tangent of C7 at P meets C2 at C, which is different from P, and the
extension of AP meets BC at R. Prove that the circumcircle of
triangle PQR is tangent to BP and BR.

Solution

Let C3 be the circumcircle of triangle PQR and I be the center of
circle C.

We have ZRAQ + ZIPQ =90° (they combine to cut half the
circle). Therefore, ZRAQ = ZQPC (1)
But ZQPC = ZQBC, and ZRAQ= ZRBQ, or A, B, R, Q are
concyclic.

We have ZBPR = ZBAR + £ ABP (i1)
But ZBAR = ZBQR (because of cyclic ABRQ) and

Z ABP = ZPQB, and equation (ii) becomes £ BPR = ZPQB +
ZBQR = ZPQR, or BP is tangential to circle C3.
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Now extend Al to intercept circle C7 at D. Link PD to intercept C3
at M. We have ZDAQ = ZDPQ = ZMRQ (111)

and ZPAB+ ZAPI=90° and ZAPI+ ZRPC=180°- ZIPC
=90°, or ZPAB = ZRPC (iv)

Combining (i) and (iv) we have ZQAB = ZQPR
But ZQAB + £ZDAQ = 90°; therefore, £ QPR + £ZDPQ =
ZMPR =90°, or MR is the diameter of C3.

In the cyclic quadrilateral ABRQ ZQAB+ ZQRB=180° (v)
Adding ZDAQ and subtract ZMRQ from (iii) to the left side of
(v), we have ZQAB + £ZDAQ + ZQRB — ZMRQ = 180°, or
90° + ZMRP = 180°, or ZMRP =90°.

Since MR is diameter of C3 as proven earlier, therefore, BR is also
tangential to circle Cs.
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Problem 1 of Turkey MO Team Selection Test 1998

Squares BAXX’ and CAYY’ are drawn on the exterior of a
triangle ABC with AB = AC. Let D be the midpoint of BC, and
E and F be the feet of the perpendiculars from an arbitrary point
K on the segment BC to BY and CX, respectively.

a) Prove that DE = DF.

b) Find the locus of the midpoint of EF.

Solution

B K D C

a) Since both squares are congruent because AB = AC, AB=AX =
AC =AY and ZXAC =90° + ZBAC = ZBAY. Therefore, the
two isosceles triangles XAC and YAB are now congruent and
ZAXC= ZABY or XC LBY. Also since the two squares are
symmetrical with respect to the AP axis, BPC is a right isosceles
triangle and PFKE is a rectangle. Draw the two perpendiculars
from D to meet BP and CP at I and J, respectively; I and J are
midpoints of BP and CP, respectively and DI = DJ. The parallel
segments give us

El BE EI+BE BI (CJ JF

Combining with DI = DJ, the two right triangles DIE and DJF are
congruent and we finally have DE = DF.
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b) Since PFKE is a rectangle and M is the midpoint of diagonal
EF, it is also the midpoint of diagonal PK. Therefore, its distance
from BC is always constant and equals one-half the altitude from P
to BC. We conclude that the locus of the midpoint of EF is the
segment 1J.

523



Narrative approaches to the international mathematical problems

Problem 2 of the Argentine MO Team Selection Test 2008

Triangle ABC is inscribed in a circumference I'. A chord MN =

1 of T intersects the sides AB and AC at X and Y, respectively,

with M, X, Y, N in that order in MN. Let UV be the diameter of I’

perpendicular to MN with U and A in the same semi-plane respect
34 7

to MN. Lines AV, BU and CU cut MN in the ratios >3 and I3

respectively (start counting from M). Find XY.

Solution

u A

B yv C
It’s difficult to draw the graph for this problem, but let’s start by
drawing chord MN across the circle. This chord MN will dictate
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the rest of the configuration. Draw the diameter UV to perpen-

ML 3
dicular MN. From V draw AV to cut MN at L such that 7 IN 2

MK 4
From U draw BU to cut MN at K such that 7 KN -5 and from U

MJ] 7
draw CU to cut MN at J such that N6 All points M, N, U, V,

A, B and C are on the circle. Let | = MN N UV; I is the midpoint
of MN and MI=NI=7

>
) ) 3 2 4 5 7
The ratios give us ML = 3 LN = 3 MK = 9 KN = 9 MJ = 13 —5 and
_6
IN = 13

Let the two chords MN and UB intersect at K inside the circle I,
dweh MK MU MB
and we have 1y = UN BN

MK 4 MB
But MU = UN and subsequently 7~ KN 5 BN
ML _MA MV ML 3 MA

Similarly, IN_ ANSVN but MV = VN and T IN 2" AN
MX MA MB 3 4 6

Continue with XN _ ANBN 2557 5

6
Furthermore, MX + XN = 1, and we then obtain MX = 11

MJ] MU MC MC 7
With the same argument, we have 75 IN_ UNSCN - CN & and
MY MA MC 3 7 7
YN ANTCN 276 4

7
Once again, with MY + YN =1, we get MY= 11

Finally, XY= MY — MX = — _ 6 _L
Ihatly, 11711 11
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Problem 4 of International Mathematical Talent Search Round 2

Let a, b, ¢, and d be the areas of the triangular faces of a
tetrahedron, and let /a, /b, he, and ha be the corresponding altitudes
of the tetrahedron. If V" denotes the volume of the tetrahedron,
prove that

(atb+tct+d)(hat hb+ he+ ha)>48V.
Solution

Applying Cauchy-Schwarz’s inequality, we have

(e + B2 + e + \@)A[ha? + [l + [k +[h?) = (\Jaha +
bhb +~\[che +~\[dhay.

But the volume of a tetrahedron is given by

1 1

1 1
V= gaha = gbhb = gchc = gdhd, or aha = bhb = che = dha, and the

above inequality becomes

(@ + B + e+ \[@)[ha + [l + A7 +[h) = (4n[ahay =

16aha = 48V.

In other words, (a + b + ¢ + d)(ha + hb + he + ha) > 48V
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Problem 3 of International Mathematical Talent Search Round 3

Find £ if P, Q, R and S are points on the sides of quadrilateral

AP CR DS
ABCD so that 5 PB % RD ~SA = k, and the area of quadri-

lateral PQRS is exactly 52% of the area of quadrilateral ABCD.

Solution

C

n
J B

iy

A P

2 3
This is the graph for k = 3 the next graph is for k = >

Let (Q) denote the area of shape Q. From C and Q draw the
altitudes CH and QJ to AB. From P draw PE (E on BC) such that
PE || AC. Point Q is now on BC such that BQ = CE. From Q draw
QF (F on CD) such that QF || BD. Point R is now on CD such that
CR = DF. From R draw RK (K on AD) such that RK || AC. Point S
is now on AD such that DS = AK.

1 1 1
We now have (BPQ) = 5% QJxPB = —XQBsinL QBJxPB = 5%

CH CE AP AP _
QBxg*PB = L &L pp - xCHxPBx— = (BCP)3

2 BC 2
1
(BCP)Xm = (BCP)><1 PB = (BCP)x l: (BCP)><1 R
AP AP 5%
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or (BPQ) = (BCP) x k

1 +k 0
. (BCP) _(BCP) PB__PB 1
OWEVEL, (BCP) + (ACP)  (ABC) AB~ PB+AP o AP
PB

1 k
T+r and equation (i) is now equivalent to (BPQ) = (ABC)X1 s

1 k
Tk~ (ABOX 7 Similarly, (CQR) = (BCD)x

k
I+k (1+ kP

k k
(DRS) = (ACD)X{ . . and (APS) = (ABD)X— .

Adding up all these areas (BPQ) + (CQR) + (DRS) + (APS) =
[(ABC) + (BCD) + (ACD) + (ABD)] = x2(ABCD).

k k
(I +ky (I +ky

But (BPQ) + (CQR) + (DRS) + (APS) = (ABCD) — (PQRS), or
(PQRS) = (ABCD) - 3 f 77 2ABCD).

PQR 2k 1+ i 2
From there we obtain (( QRS) _ >

ABCD) " (1 +kP (1 +kp 100"
6k* — 13k + 6 = 0. Solving this quadratic equation for k, we get k =

3
30 OF k= 5 Both of these solutions are acceptable.
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Problem 13 of the Iranian Mathematical Olympiad 2010

In a quadrilateral ABCD, E and F are on BC and AD, respectively
4
such that each of the area of triangle AED or triangle BFC is 7 of

the area of ABCD. R is the intersection point of diagonals of
o AR_3 BR S
ABCD. It’s also given that RC ™ 5 and RD ™6

a) In what ratio does EF cut the diagonals?

AF
b) Find D'

Solution

Let (Q) denote the area of shape Q, N be the intersection of the
extensions of DA and CB, S be the intersection of BD and EF (if
there is such an intersection), n, m, p and k be the positive real
numbers. The different sets of dimensions of the segments can be
represented in proportions of these numbers as shown on the graph
on the next page.

(ADR) AR 3 (CDR) RD 6 (ADR) 3 6 18

We have (cpRr)y =RC =5 (CBR) "BR ~5° (CBR) 575 25’
(CDR)+(CBR) (BDC) 5 25 55
From there, ™= 4Ry =(ADR) "3 T 18 T 18

(ABR) AR 3 (CDR) 6 (ABR) 35 1

=—X—-=—

Similarly, (CBR) _RC 5 (CBR) _ 5> or (CDR)~ 56~ 72
From there, (CDI({I)XEI({():BR) = Eig% =2+ g = 13—1

Adding the two terms Eggg; + Eggg; = Egg[c)g = % + %
1+ (55~ (3bey 135 or{anen) s nd
(&BCI]))) -1-2-3 Sinceé%%=%>%=é%’ as given
by the problem, point F must be closer to point N than point D is.
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Graph drawn to scale.

(CDR) _6 (CDR) _6

5
Follow the same procedure, we get (CBR) ~ 5 (ABR) _ X3 =

(ABR)+ (CBR) (ABC) 1 5 4 (CDR)
C

From there, (CDR) =(CDR) 2 + 6= 3 Or (ABC)

ADR) 18 ADR) 6
Similarly, the previous results %ﬁ% =755 and (Aﬁ% =3 give us

(ABR)+(CBR) (ABC) 5 25 20 (ADR) 9

2.
3
4-

(ADR) (ADR) 6 18 9°°T(ABC) 20
. (ADR) (CDR) (ACD) 3 9 _
Adding the two terms to get (ABC) " (ABC) ~(ABC) 4720~
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(ACD) (ABCD)
(ABC) ~ (ABC)

6
5 and 1 +

BFC
(ABCD) s given by the problem.

52 9T(ABCD) 11 °

6_11 (ABC) 5 4
5 7

Therefore, point F must be further away from point N than point A
is. Combining with the earlier result that point F must be closer to
point N than point D is, we conclude that F must be on the interior
of segment AD.

(ABC) (ABCD) 5 11
On the other hand, 1 + (ACD)~ (ACD) 1+ 6= 6"

(ACD) 6 _ _(AED)
(ABCD) 11 7 - (ABCDY
Because of this, point E must be further away from point N than
point C is; in other words, point E is on the extension of BC. Thus
EF does not cut the diagonal AC but does cut the diagonal BD. We
only need to find the ratio that EF cuts the diagonal BD into.

, (AED) (BFC) 4 AED) 4
The problem gives us (ABCD) ~ (ABCD) _ = or %ﬁ% =7

(BFC) 48 32

21 37 and (BDC) 775~ 35"

From F and D drop the two altitudes FH and DK onto BC where
(BFC) h1
(BDC)  h2

and

8
3

we let FH= /&7 and DK = A2 as shown. We then obtain

32
=35 Likewise, from E and B drop the two altitudes EI and BJ
onto DA where BJ = h3 and EI= h4. We also found earlier that

(AED) h4
(ABD) ~h3 21
. . RG
Now extend RA a segment AG to equal itself, AG = AR. Since RC
_RD
=rp PO || BC. If we let DG = 6k, AR = AG =3p, AD =3n,RD

= 6m, we will have BC = 5k.

NA AG 3
The parallel segments give us 3~ AD_AC g O NA = 8n.

DG 3
Similarly, CN_8 and with DG = 6k, CN = 16k, or NB = 11k.
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hi NF 32 32

32
Because /1 ||h2’h2_ND_35’ or NF = 35><ND 35><11n. We

32
then have AF =NF —NA =5-x11n—-8n = and FD = AD —

35
72n  33n
35~ 35°
AF AF 72n 24
The ratio FD becomes == FD 33111

72n 352 NF 32
Segment NF = NA + AF = 8n + 3—5}7 g Sn, and the ratio 7~ D~ 3

NE NF _32
Now extend EF to meet DG at L. We have 77 =51 = =3 (1)

. _(ABD) h3 21 hs NB
As we found earlier (AED)  h4 32 Because /3 || h4, 7= O

NE—2 NB—2 11k = 3;%k,andnowBE NE — llk—ﬂc.

21 21
. 3 3 352k 11k
From (1), DL = 3—2><NE 32501 7

35 ’
AF =3n-

121k

The ratio that EF cuts the diagonal BD is =g DS DL Tk BER

Further observation

Let’s find the ratio of the areas of ABCD and NDC.

RG 24R 6 RD
RC~ RC ~ 5 BR
NC AC AC AR +RC RC 5.8

theratzoDG 1G - AR~ AR 1+ AR ]+§=§,or

* therefore, DG || BC which directly gives us

NC ~ 8 AN~ (ANC) ~ (AEN)’

(NDC) (ADC) + (ANC) (ANC) s 11
Wealsohave(ADC) (ADC) I+(ADC) 1+ 3= 3
BN 1+@ ]+g_]] n (ANC) (ABC)+(ABN)_]+
BC BR 5 5 (ABC) (ABC)

532



Narrative approaches to the international mathematical problems

(ABN) . BN . 1l 16 (ABC) 5

ABC) 1T BT TS =5 " uNe) T 16
/ ] ] (ANC) AN
Moreover, ABN) = ﬂ: 7] ]6’ or (NDC) =DN™
]+(ABC) 1+BC 1+5
1 I 8 (ABC) (ABC) (ANC) 5 8 5
AD - 311 °"(NDC) ~ (ANC)"(NDC) ~ 1611 ~ 22
I+50 1+%
AN 8
(ADC) + (ABC) (4BCD) 3 5 1
Therefore, (NDC) = (NDC) =77t =0 the area

of quadrilateral ABCD equals one-half the area of triangle NDC.
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Problem 1 of International Mathematical Talent Search Round 4

Use each of the digits 1, 2, 3,4, 5, 6, 7, 8, 9 exactly twice to form
two distinct prime numbers whose sum is as small as possible.
What must be this minimal sum be? (Note: The five smallest
primes are 2, 3, 5, 7 and 11.)

Solution
Wehave2 +5 -3 -4+ 7x8 - 9x6 =2 and

9-4+8-3+7-2+6-1

5 -1=3
in which each of the digits 1, 2, 3,4, 5, 6, 7, 8, 9 was used exactly
twice to form two distinct prime numbers 2 and 3 whose sum is 5
which is as small as possible.

The minimal sum is 5.
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Problem 4 of International Mathematical Talent Search Round 4

Let AABC be an arbitrary triangle, and construct P, Q, and R so
that each of the angles marked is 30°. Prove that APQR is an
equilateral triangle.

Solution
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Draw two equilateral triangles ABE and BCF; C and E are on
opposite sides of AB; A and F are on opposite sides of BC.
Because the two isosceles triangles ACQ and BCP are similar and
. . : QC_AC_AC
with the two new equilateral triangles, we have PC _BC _CF
and £ QCP = £ C +2x30°= £ ACF, triangles QCP and ACF are

similar which implies AF - AC

QA _AC_AC
Also because of the same reason as above, RA - AB_ AE and
Z QAR = £ A +2x30° = £ CAE, triangles QAR and CAE are

o similar which aives u QR - QA _QC_ QP .
also similar which gives us =g =A== AC = AF (1)

Furthermore, again because of the two new equilateral triangles,
we have AB=BE, Z ABF = /B +2x30° = Z EBC and BF = BC
which make the two triangles ABF and EBC to be congruent
which implies AF = CE.

C . QR QP
Equation (i) is now equivalent to CE_Cp°r QR =QP.

With the similar approach, we also get QR = PR, and APQR is an
equilateral triangle.

Further observation

This problem is somewhat similar to the Napoleon’s theorem. It is
also similar to problem 1 of Hong Kong Mathematical Olympiad
2010 described as “ABC is an arbitrary triangle. Draw three
regular polygons on the external part of ABC with three edges.
Find all possible n, so that the triangle formed by the three centers
of polygon is equilateral”.
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Problem 3 of International Mathematical Talent Search Round 41

3x 1 3
Suppose e~ for some angle x, 0 <x < <z Determine s1p = for
cosx 3 -2 sinx
the same x.
Solution
A
X
X\X F
(04
H
- Y 7
B D E C

Draw the two right triangle ABC and ABD with the right angle at
B and AC = 3AD. The bisector of £ CAD meets BC at E. From D

draw the perpendicular to meet AE and AC at H and F,

AB AB

AD  >*AC™

3cos ZBAC, orx= ZBAD, 3x = Z/BAC and 2x = £/ CAD. Now
let ZADB = a, ZCDF =§,

and ZACB =y, ory=90° — 3x.

respectively. We then have cos ZBAD =

It’s easily seen that the three right triangles ABD, AHD and AHF
are congruent because they each have a right angle, the same
angles x and triangles ABD, AHD share side AD while triangles
AHD, AHF share side AH. Now let a = AD, 3a = AC, 2a=FC, b
=BD = DH = HF. We now have a. + § =90° +x.

2a . 2b

or
smB siny’

Applying the law of sines to triangle CDF, we get =~

a b b cos3x
sinp  cos3x’ ®'a” sinp
However, ABDH is a cyclic quadrilateral because £ B = ZAHD =

90°, or B = ZBAH = 2x.
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Th d cos3x . b cos3x
€ equation —._,_ = sinx becomes - _~_
4 sinf3 sin2x

sin2xsinx = cos3x = cos(2x + x) = cos2xcosx — sin2xsinx, or

2sin2xsinx = c0s2xcosx, or 4sinxcosxsinx = coS2xcosx, or

1 b
4sin?*c = cos2x = 1 — 2sin?x, or 6sin*x = 1, or sinx = % =,

= sinx, or

CD
Again apply the law of sines to triangle ACD, we get - 5-=

¢ 3a 3a _ 3a CD
2sinxcosx  sin(a + B)  sin(90° +x)  cosx’ *" 2sinx
CD = 6asinx.

= 3a, or

Now without loss of generality, let b= 1, a = \/6, AC= 3\/6, CDh=

1 BC 7
6\/EX% = 6. Hence, BC =BD + CD =7, and sin3x = AC ﬁ
7
3 7
Flnally, s1n3x = —\{_ =3
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Problem 1 of International Mathematical Talent Search Round 41

Determine the unique positive integers m and n for which the

approximation = 2328767 is accurate to the seven decimals; i.e.,

0.2328767 < % <0.2328768.
Solution
2328767 2328768
0.2328767 = 10000000 and 0.2328768 =10000000" We are now

need to determine the unique positive integers m and n for which
2328767 m_ 2328768
10000000 = » ~ 10000000

.m 2328767 + 2328768 4657535 931507
The answer is . "=75000000 + 10000000 ~ 20000000 ~ 2000000

931507
because 0.2328767 < 4000000

=0.23287675 < 0.2328768 as

required.

Further observation

The above method can be used to solve the problem 3 of the British

Mathematical Olympiad 1987 where it is asked to find a pair of
45 59

integers r and s such that 0 <s < 200 anda > f > 30 Also prove

that there is exactly one such pair.

45+59 104
The answer is 61180 141 and it satisfies the problem because

45 104 59
51> 141730 where 141 < 200 as required.
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Problem 4 of the Vietnamese Mathematical Olympiad 1964

The tetrahedron SABC has the faces SBC and ABC perpendicular
to each other. The three angles at S are all 60° and SB=SC = 1.
Find its volume.

Solution

B

Pick point D on side SA such that SD =SB =SC=1; SBCD is a
regular tetrahedron with all four faces being equilateral triangles
and side length of 1. Therefore, if H is the midpoint of BC, SH and
DH are the altitudes of congruent equilateral triangles SBC and
DBC, respectively, and SH = DH.
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3
Per the Pythagorean theorem, SH = DH =+/SB? - BH? = 325 Now
leta= ZASH = ZSDH and 180° — 2a. = £ SHD. Applying the

. SD DH SD
law of sines, we get sin/ SHD _ sinZ ASH’ *" sin(180° — 201)
SD SD DH SD SD  SD.
sin2o. 2sinacoso  sina’ O 2cosal = DH; cosa =5 =751

Substituting in the values for SD and SH, we now obtain cosa =

1 SH
% =SA (because the faces SBC and ABC perpendicular to each

3
other and SH | AH), or SA =[3xSH =3, AH =+[SA% — SH? =

29
9 3 A6
44 2
AH is also the height of tetrahedron ASBC with SBC as its base
triangle. The volume of tetrahedron SABC, or tetrahedron ASBC

1 1 1 46 1
is given as V' = —AHX(Area of SBC) = —AH><—BC><SH = —Xix X

2 3579
\3 2
1><2=8.
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Problem 5 of the Vietnamese Mathematical Olympiad 1964

The triangle ABC has perimeter p. Find the side length AB and the
area S in terms of ZA, ZB and p.

Solution
A
e
F E
c b
f r
Lo
R

Let a =BC, b= AC, ¢ = AB and R be the circumradius of triangle
ABC. For simplicity, let’s denote A= ZA,B= ZBand C= ZC.

We have 2R = siLnA’ and according to the law of sines,

a b ¢ c B c B
sinA  sinB  sinC  sin[180° — (A +B)] sin(A+B)
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atb+c B atb+c B
sinA + sinB + sinC ~ sinA + sinB + sin[180° — (A + B)]
at+b+c psin(A + B)

sinA + sinB + sin(A + B)’ ® €~ sinA + sinB + sin(A + B) which is

the answer for the first question of the problem.

Similarly,
B psin(B + C)
4~ sinB + sinC + sin(B + C)

psin(A + C)
sinA + sinC +sin(A + C) -

and b =

However, the sum of B+ C =180° — A, and sin(B + C) = sin(180°
psinA
sinA + sinB + sinC’

— A) =sin A; therefore, a, b and ¢ become a =

psinC
sinA + sinB + sinC’

_ psinB
" sinA + sinB + sinC

b

and ¢ =

Per Heron’s formula if s =§ is the semi-perimeter of triangle

ABC, its area is \/S(S —a)s—b)(s—c)= \/g(g — a)(g — b)(g —0);

EE- G -nE-o=Fp 200 -2b)p 20

4
P (sinB + sinC — sinA)(sinA + sinC — sinB)(sinA + sinB — sinC)
16 (sinA + sinB + sinC)?

2
N 15 S RN S 1
5= \/2(2 ~ DG DG =)= *GnA + sinB + sinC~
\/ (sinB + sinC — sinA)(sinA + sinC — sinB)(sinA + sinB — sinC)

sinA + sinB + sinC

Replace sinC with sin(A + B) in order to have S in terms of £ A,
ZB and p.
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Problem B6 of British Mathematical Olympiad 1974

X and Y are the feet of the perpendiculars from P to CA and CB
respectively, where P is in the plane of triangle ABC and PX = PY.
The straight line through P which is perpendicular to AB cuts XY
at Z. Prove that CZ bisects AB.

Solution
X
(04
P
g
9% F A
Z E 8
D
« 0
04 ¥
Y B C

Since the altitudes from P to CA and CB are equal, PX =PY, P is
on the bisector CP of Z ACB, and ZPXY = ZPYX. Now let o =
ZPXY = LPYX, B = £LXPZ = £BAC (their respective sides
perpendicular to each other), y = ZYPZ = £ ABC (for the same
reason), 6 = £ XCZ, and ¢ = LYCZ.

XZ
Applying the law of sines to triangles PZX and PZY, we get A

sinf3 YZ siny ) XZ sinf
Sino. and PZ " sino respectively, or YZ ~ siny’
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A XZ__sind
Similarly, in triangles XZC and YZC, we have CZ ™ 5in(90° — a)

YZ  sing XZ sind sin  sindsiny 1
CZ  sin(90° — )’ vz~ sing  siny’ or sinfsing

and

AD
However, in triangles ACD and BCD, the law of sines gives us D
_ sind d BD sing AD sindsiny
“sinp ¢ CD ~ siny’ ® BD ~ sinBsing
bisects AB.

1, or AD=BD and CZ
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Problem 3 of Austria Mathematical Olympiad 2001

In a convex pentagon, the areas of the triangles ABC, ABD, ACD
and ADE are all equal to the same value F. What is the area of the
triangle BCE?

Solution

D C
Let (©2) denote the area of shape Q and = AC N BD.
Since (ABC) = (ABD) the altitudes from C and D to AB are equal
which means AB || CD and (AID) = (ABD) — (AIB) = (ABC) —
(AIB) = (BIC).
Similarly, (ABC) = (ACD) makes the altitudes from D and B to
AC to be equal and with (AID) = (BIC), we have Al =IC.
Combining with AB || CD, ABCD is a parallelogram.

Also since (ADE) = (ABD) the altitudes from E and B to AD are
equal. Let it be 4.

We have (BCE) = 22hxBC = 2F.
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Problem 4 of Spain Mathematical Olympiad 1994

In a triangle ABC with £ A =36° and AB = AC, the bisector of
the angle at C meets the opposite side at D. Compute the angles of
ABCD. Express the length a of side BC in terms of the length b of
side AC without using trigonometric functions.

Solution

A

36°

72°

36°

72° a 36°
B C

Since ABC is an isosceles triangle and ZBAC =36°, ZB= ZC=
¥%5(180° — 36°) = 72°. CD bisects £C and ZBCD =36°, ZBDC =
72°. BCD is then an isosceles triangle itself with BC = CD = a.
Also because ZBAC = ZACD=36°,CD=AD =a.
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Now applying Stewart’s theorem, we get AC?xBD + BC*<AD =
AB(CD? + ADxBD), or b*x(b — a) + a*> = b[a* + a(b — a)], or
a*—2ab*+ b*=0.

However, @ — 2ab* + b* = a® — ab* — ab* + b* = a(a®> — b*) — b*(a —
b)=(a—-b)a*+ab—-b*)=0.

1
But a # b or a®> + ab — b* = 0. Solving for a, we get a = Eb(\/g -1).

Further observation

We can measure sinl8° from this result. Draw the altitude from A
of triangle ABC.

R |
sinl8 :%:Z(\E‘U'
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Problem 7 Baltic Way 1995

1

Prove that sin®18° + sin?18° = 3

Solution

1
Based on the result of the previous problem, sin18° = Z(\/g -1),
1 1
we have sin®18° = [Z(\/E — 1)’ and sin?18° = [Z(\/E —1)]?, and
1 1 1
sin®18° + sin®18° = [Z(\/E ~ DA + Z(\/E ~1]=353- \[5)(3 +
1 1
V5) =533 -5 =5
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Problem 1 of the Vietnamese Mathematical Olympiad 1982

Determine a quadric polynomial with integral coefficients whose
roots are cos72° and cos144°.

Solution

We have cos72° =2c0s*36° — 1 =2(2co0s*18° - 1)>*— 1=
2(4cos*18° — 4c0s218° + 1) — 1 = 8cos*18° — 8cos218° + 1.

Based on the result of the previous problem, sinl8° = %(\/g -1),
sin?18° = [i(\/g ~Dp= %(3 —~/5), cos?18° =1 — sin?18° = %(5 +
A[5), cos*18° = 3%(3 +1/5).

Let’s find the value of cos72°, cos72° = 8cos*18° — 8cos?18° + 1 =
8c0s*18° — 8cos?18° + 1 =§(3 +1/5)=5-5+1= i(-1 +1/5),
and cos144° = 2¢0s?72° — 1 = 2[%(-1 +[5)]p-1= %(1 +1/5).

Now write the quadric polynomial as (x — cos72°)( x — cos144°) =

P31+ 01 3] = (1 A3+ 1 5) =
+1P-5=4x>+2x-1=0.

Answer: The quadric polynomial with integral coefficients whose
roots are cos72° and cos144° is 4x* +2x — 1 = 0.
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Problem 5 of the Vietnamese Mathematical Olympiad 1994

S'is a sphere with center O. G and G’ are two perpendicular great
circles on S. Take A, B, C on G and D on G’ such that the altitudes
of the tetrahedron ABCD intersect at a point. Find the locus of the
intersection.

Solution

Let [®] denote the plane containing shape ®, G and G’ be the
vertical and horizontal great circles with radius R = OA = OB =
OC = OD, G to touch the westernmost and easternmost points of
the sphere at M and N, respectively, the altitudes of the tetrahedron
ABCD to intersect at L. Extend AL to meet [BCD] at I, DL to meet
[ABC] at H, DI to meet BC at E.
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Let’s analyze the triangle ADE. According to the Pythagorean
theorem, OL? = OH? + HL?, but OH? = OD? — HD? = R* — HD*. We
then have OL? = R> — HD> + HL? = R> — (DL + HL)> + HL? = R> —
DL? - HL?-2DLxHL + HL? = R? - DL? - 2DLxHL = R* -
DL(DL + 2HL) = R? — DLxDH — DLxHL.

Now extend EL to meet AD at P; quadrilateral AHLP is cyclic
because of its two opposite right angles, and this gives us DLxDH
= DPxAD. Hence, OL? = R* — DPxAD — DLxHL (1)
Since Al L [BCD], AI_LBC, and since DH_L[ABC], DH_LBC.
Now because BC is perpendicular to both Al and DH with both
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Al and DH lie on the plane [ADE], BC L [ADE]; therefore, when
we rotate the plane [BCD] around the BC axis counter-clockwise
an angle £ DEP which equals angle ZDAI, AD L [BCP]. Thus,
AD L [BCP] or AP L BP, and point P is on the circle that lies on
[ABD] with radius AB.

With the similar reasoning, if P’ and P are the counterparts of
point P on BD and CD, respectively that are obtained by going
through the same process, we will also get OL? = R — DP’xBD —
DLxHL = R? — DP”xCD — DLxHL (i1)

In addition, we also have BD L AP’ and BP” L. CD, or point P’ is
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also on the same circle mentioned above, and both points P’ and P”
are on the circle that lies on [BCD] with radius BC. With the same
argument, both points P and P” are on the circle that lies on [ACD]
with radius AC.

The two equations (1) and (i1) together give us R? — DPxAD —
DLxHL = R?* — DP’xBD — DLXHL = R?> — DP”xCD — DLxHL, or
DPxAD = DP’xBD = DP”’XCD.

With this result, we conclude that the three circles with radius AB,
BC and CD are equal, or AB = BC = CD, and ABC must be an
equilateral triangle. Therefore, if the two great circles are kept
stationary as they are, point D must always be at either M or N, the
westernmost and easternmost points defined and depicted earlier.

The side length of the equilateral triangle ABC circumscribed in a

circle with radius R is a = R\/§ . In the previous graph, DE? = R* +
2

5R? R\5
OE2=R2+(£)2=— or DB =23 BIDE = BOXEA =

5 2,orEI

R [R5 R _ 3R ~ _ 3R
= DI=DE-EI= —\/— 2\/— DLXOD—DIXDE—z\/g

5 2
NG 3R 3R R
X%E,orDL S ,orOL=0D-DL=R-""= 7.

The locus are two points L and L’ that lie on diameter MN, on
: : 1 R .
either sides of center O, are equidistant and are 4 from point O, the

center of the sphere and ABC is an equilateral triangle.

If we rotate the great circles to cover the entire sphere, the locus
: . . . R
will be a concentric sphere with the same center O and radius 208

quarter of the radius of the original sphere given in the problem.
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Problem 2 of Tournament of Towns 1984

Prove that among 18 consecutive three digit numbers there must be
at least one which is divisible by the sum of its digits.

Solution

Note that among 18 consecutive three digit numbers there must be
one number which is a multiple of 18 which are 18, 36, 54,..., 990.
These numbers can be denoted abc where 100a + 10b + ¢ = 18n
and n is an integer. The above case does not apply for numbers
from 0 to 17 which we can pick number 2 that is divisible by the
sum of its digits which is also 2.

If we start the 18 consecutive three digit numbers from 19, the 18"
number is 36 which is twice the amount of 18, etc... , and the sum
of the digits of one of these numbers that are multiples of 18 is
always either 9 or 18;i.e,a+b+c=9,0ora+ b+ c=18. This

1000
fact can be manually verified because there are only [T] =55

such numbers. ([m] denotes the largest integer not greater than m.)
Therefore, 100a + 10b + ¢ = 18n is divisible by a + b + ¢ which is
either 9 or 18, and among 18 consecutive three digit numbers there

must be at least one which is divisible by the sum of its digits.

Further observation

This problem is really a trick with the usage of the language.
Instead of asking that any three digit number that is a multiple of
18 is divisible by the sum of its digits, the author resorted to a
more tricky way with the usage of the language to make it really
more interesting and to divert the attention of the contestant in a
way to make the problem harder than it should be.
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Problem 4 of Canada Students Math Olympiad 2011

Circles I'1 and I'2 have centers O1 and O2 and intersect at P and Q.
A line through P intersects ['1 and [ 2 at A and B, respectively,
such that AB is not perpendicular to PQ. Let X be the point on PQ
such that XA = XB and let Y be the point within AO102B such
that AYO1 and BYO: are similar. Prove that 2 Z01AY = £ AXB.

Solution

Extend XA and XB to meet I'1 and 2 at D and C, respectively,
and let £ AXB = 2a, E and F the midpoints of arcs AD and BC,
respectively.

Per the intersecting secant theorem, we obtain XAxXD = XPxXQ
= XBxXC. Therefore, ABCD is cyclic and since XA = XB, AD =
BC and AB || CD. Now respectively let CD cut ['1 and [ 2 at T and
J, O be the circumcenter of ABCD. Next, let Al meet BJ at Y, M
and N be the midpoints of arcs PI and PJ, respectively. It’s easily
seen that AD = PI = BC = PJ because AB || CD.

Extend IP to meet XA at K and JP to meet AB at L. Since Kl is a
line symmetric of KD across KO1 and KO1 || XO, KI || XB, or

Z AKP = Z AXB =2a. Since E and M are the midpoints of arcs
AD and PI, respectively as we defined, O1E L KA and O1M _LKP,

1
or ZO1EM = ZQ1ME = LOlKEZELAKPZOL.

Now rotate £ O1EM clockwise around center O1 an amount that
equals arc EA or half that of arc AD. Point E will move to A and

1 1
M will move to I because arc EA = 5 arc AD = 5 arc Pl = arc ML
In other words, ZO1AI = ZO01AY = Z0O1EM = q..

Similarly, on circle I'2, we have £02BJ = Z02BY = ZO02FN =
/LB = /Z0XB=a,or ZO1AY = Z02BY =, and ZAO1l =
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Al R
Z/B02J =180° - 2a., or B~ where R and r are the radii of I'1

and I 2, respectively.

Also since AR (DAY _YL_AY+YI_Al_R_AO:
S0 since I "BY YJ BY+YJ BJ r BO»

Figure 1
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Combining with the earlier result Z01AY = Z02BY = q, the two
triangles AYO1 and BYOz2 are similar which gives us the
configuration described by the problem.

Figure 2 (enlargement of vital portion of figure 1)

1
And as proven earlier, ZO1AY = Z02BY = a. = 54 AXB, or
2/ 01AY = £ AXB, and we’re done.
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Problem 2 of the Russian Mathematical Olympiad 2001

Let the circle w1 be internally tangent to another circle w2 at N.
Take a point K on w1 and draw a tangent AB which intersects w2 at
A and B. Let M be the midpoint of the arc AB which is on the
opposite side of N. Prove that the circumradius of the triangle
KBM doesn't depend on the choice of K.

Solution

03 w3

'3
M [] B
K e
ri

O2 O1 N

A
W2 Wi

Let w3 be the circumcircle of triangle KBM, O1, O2, O3 and 71, 2

and 73 be the circumcenters and radii of wi, w2 and w3, respectively.

Link BN to meet w1 at C. Since £/ BMN subtends arc BN on w2
BN

)
and arc BK on w3, BK Also note that because Y2 Z BO3M +
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Z/BKM = 180°, or ZB0302+ ZBKM = 180°, ZB0302 =
ZBKN.

Moreover, ZBNK = ZBNM = £ B0203 (because £ BNM
subtends arc BM while ZBO:2M =2 ZB0203 with £ZB0203
subtending half the same arc BM on w2), the two triangles BO203

- C OsB 3 BK B

and BNK are similar which implies that OB BN 3T
><BK
rXgN-

Now according to the intersecting secant theorem with BK being
BC

the tangent to wi, BK* = BCxBN, or 73 = r2x BN-

Furthermore, since O1K L AB and O:M L AB, OiK || O2M and

ZKOIN = ZMO2N, but ZKCN = 180° — %4 ZKOIN = 180° —

¥ ZMO2N = ZMBN which implies that KC || MB.

) CN KN 71 OIN
That result gives us BN MN O O 0O1C || O2B and we

E_OzOl_1 ri
BN~ 0N~ T

Therefore, r3=r2\ [ 1 — % =1/ r,(ry—r,) and is independent of the

locations of point K.
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Problem 2 of Austria Mathematical Olympiad 2001

Determine all real solutions of the equation

@ D2 4+ 12 (0= 2) + (x + 1)1 (x 2)°
b e DR =)™+ (e D(x=2)2 % 4 (x—2)™! = 0.

Solution

Let S=(x+ D™ +x+ D™ @x-2)+(x+ 1) x-2)°
+ . +‘(X‘+ 1)2(X<—2)1999 +‘(X‘+ 1)(x-—2)2000 +_(x__2)200y
And also let

(x + 1)2001 =n,

x+ )@ -2)=n,
1999 2 _
(x+1)77 (x-2)"=n,,

(x+ 1)2 (x 2)1999 _
(c+ D -2 =
(x _2)2001

50000
2001°
= Dypos -

Let’s compare term by term n, with n,,, n, with n, ., n, with

Ny0000 N, With n etc...

We have

1999

x+1

3
2001 _ —2 2001
/M0 = (x 2) _(l+x—2) ;

n./ (1 +_ )1999’

201 )

1997
)

n,/ (1+ s

3000 )

1995
)

n,/ (1+ ,

4/M 1999 )

3
Ifx=0.51+_—5 =-1,and
x—2
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_ 2001 _ B
n,/ny,= (1+ ) )" =-1,and n =-n,,,,
3 199
n,/n,, = (1 +-— 5 ) =-1,and n,=-n,,,,
n./n =(l+i)1997=-1 and n,=-n
32000 x—2 ’ 3~ o0’
_ 1995 _ B
n,/n,460 = (1 +x—2) =-1,and n,=-n,,,

or n,+n,+...+n =-(n1002+n + ...+

1001 1003 1 T yp00),

and thus x = 0.5 is a solution.

Similarly,

3
Now if x <0.5, 1 + = >-1,and (1 + = **!

x—2 x—2 > -1, or

n, = Ny,

Ny > Ny

N3 > -Ny5005

N, > -Nyg90,

And S > 0.

3
fos5<x<2,1 +x——2 <-1,and (1 +x—2

)2001 < _1’ or

n; < -Ny5,

n, <Ny

Ny < Ny

N,y <-Nyg90

And S <0.

Ifx=2,5=3""">0.
If x> 2, all terms of S are positive and S > 0.

Hence, x = 0.5 is the only solution.
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Problem 1 of Tournament of Towns 2007 Senior Level

A, B, C and D are points on the parabola y = x* such that AB and
CD intersect on the y-axis. Determine the x-coordinate of D in
terms of the x-coordinates of A, B and C, which are a, b and ¢,
respectively.

Solution

Assuming that the altitude of point A is higher than that of point B
and AB intersects CD at point P(0, p) on the y-axis as shown. Now
from B draw the horizontal line to meet the y-axis and the vertical
line that passes through A at D and E, respectively.

PD BD - b
We have = =3r, orhzb_a,andp=-ab.

: . : -
The equation of line CD is y ., = " i + p=(c+d)x + p where
PD
¢ +d is its slope. However, the slope of this line also equals ~~ =

CD
u=_2+c.Therefore,c+d=-E '§=a_

+c,ord= )
- c c c
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Problem 1 Set 6 of India Postal Coaching 2011

Let ABCD be a quadrilateral with an inscribed circle, center O.
Let AO=5,BO=6,CO=7,DO =8.If M and N are the

oM
midpoints of the diagonals AC and BD, determine ON-

Solution

B

Method 1 by finding the radius of the incircle

Let I" be the inscribed circle, r its radius, I" touches AB, BC, CD
and AD at E, F, G and H, respectively, o« = ZOAE = ZOAH, B =
Z0OBE = ZOBF,y= Z0OCF = Z0OCG, and 6 = Z0DG =

Z ODH. It’s easily seen that 2(a + 3 + v + 8) = 360°, the total sum
of four angles of ABCD, or o + 3 +y + 6 = 180°. We then have

r r r r 3[25 —r?

sino = 35 sinf} = 5 siny = 7 sind = 3 and coso. = G
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cosP} = @, cosy = @, cosd = 3@

Applying Stewart’s theorem, we get OA2xMC + OC*<xMA =
1
AC(OM? + MAxMC), but MA = MC = EAC’ and we now have

1
OA* + OC? = 2(OM? + 7AC?), or
OM? = (OA2 +0C?) - —AC2 (i)

1
Substitute the values to get OM? =37 — ZACZ.

1 1
Similarly, OB? + OD? = 2(ON? + 7BD?), or ON* = 50 — 3 BD".

4
OM  [148 - AC?
The ratio becomes ‘5 ="\ 500 _ gp=

Furthermore, the law of cosines gives us

AC?=0A2+ 0C?-20Ax0Cxcos ZAOC =25 + 49 — 70x
cos(£ZAOB + £ZBOC) =74 — 70(cos £ AOBxcos £ BOC —

sin Z AOBxsin ZBOC) = 74 — 70{cos[180° — (a. + 3)]*cos[180° —
(B +v)] —sin[(180° — (o + B)]xsin[180° — (B + y)]} = 74 — 70%
[cos(a + B)*xcos(P + v) — sin(a + B)*sin(B + y)] = 74 — 70cos(a + B
+ B +v)=74—70c0s(180° -5+ ) =74 + 70cos(p — 0) =74 +

36 — 64 —r?
70(cosPcosd + sinPsind) = 74 + 70(\/ : \/ S g g’) -

4—8[74x48 +70(\36 — *x[64 — > + 1?)], and

1
148 — AC? = o [74x48 — T0(\/36 — rx\[64 - + )],

Meanwhile, BD? = OB? + OD? — 20BxODxcos £ BOD = 36 + 64
—96xcos(£LAOB + ZAOD) = 100 — 96(cos £ AOBxcos £ AOD —
sin Z AOBxsin Z AOD) = 100 — 96 {cos[180° — (o + B)]*cos[180°
— (o0 + )] —sin[(180° — (o + B)]*sin[180° — (v + 3)]} = 100 — 96%
[cos(a + B)*cos(a + ) — sin(a + B)*sin(a + d)] = 100 — 96cos(a +
B+a+6)=100-96cos(180°—y+ a)= 100 + 96cos(a —y) = 100
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257 197
+ 96(cosacosy + sinasiny) = 100 + 96(\/ 5 X\/ 7 — ?x%) N

1
35 [100 + 96(\/25 — r>x2[49 — 12 + )], and

1
200 — BD? = 32x[100%35 — 96(\/25 — r*x7\[49 — 1* + 1?)]. Hence,

OM 35[74x48 — 10\ 36 — r>\[64 — 12 + )] )
ON ~ (11)
48[100%35 — 96(1/ 25 — 12x\[49 — 12 + 12)]

At this point we note that there is an existing theorem that gives us
the formula for the inradius that can be found at the this web link
http.//forumgeom.fau.edu/FG2010volumel0/FG201005.pdf where
it says that
If u, v, x and y are the distances from the incenter to the vertices of
a tangential quadrilateral, then the inradius is given by the
(M — uvx)(M — vxy)(M — xyu)(M — yuv)
uvxy(uv + xy)(ux + vy)(uy + vx)
M= uvx + vxy ; xyu + yuv.
Applying this formula to the problem, we get
IX6XT + 6X7X8 + 7x8X5 + 8x5%6
M= > = 533, and
(533 -210)(533 —336)(533 — 280)(533 — 240)
168030 + 56)(35 + 48)(40 + 42) B
11x17x19x23x197%x293
Z\/ 1680%86%83%82 =4.38034787, or
, AXLIXIT7x19%x23x197%293
orr = 1680%86%83%82
From this value of 72 we find that

formula r = 2 where

r=2

74x48 + 10(\36 — r>\[64 — 1 +1?) 35
T 48
100 + 96(7[25 — r2xA[49 — 12 + 12)

OM 35
Therefore, from (ii) we finally have ON — 48
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Method 2 by applying inversion and without having to find the
radius

Let’s inverse the points A, B, C and D with respect to center O to
become A’, B’, C’ and D’, respectively. By the inversion formula,
OAXOA’ = OBxOB’= OCxOC’ = ODxOD’ = r2. This implies that
all AA’B’B, BB’C’C, CC’D’D and DD’A’A are cyclic quadri-
laterals which cause ZOA’B’ = ZOBA =, ZOA’D’ = Z0ODA
=3,0or ZB’A’D’= LZOA’B’ + LOA’D’ = + 8.

Similarly, Z/B’C’'D’= ZOBC+ Z0ODC=p+3§,0or ZB’A’D’ =
ZB’C’D’. By the same token, ZA’B’C’= ZA’D’C’ =, + v, and
A’B’C’D’ is a parallelogram. Let its diagonals A’C’ and B’D’
bisect at [ which is also their midpoints.

Now note that because OAXOA’ = OCx0OC’ =r2, AA’C’C is

cyclic which implies that the two triangles OA’C’ and OCA are
. OA' OC A'C' oOC s oc'

similar, and we have OC' ~OA’ AC’~ OA» OF AC = ACXOA.
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Again, applying the Stewart’s theorem to triangle OA’C’ with [
being the midpoint of A’C”, we get OA’*xIC’ + OC*?%X]A’ =

1
A’C’(O> + IA’XIC”), but IA’ = IC’ = EA’C’, and we now have

1 1 1
OA?+0C?=2(0I* + ZA’C’Z), or O = E(OA’2 +0C™?) —ZA’C’2,

but OA’2x0A% = 0C*2x0QC? = r4, and now
4 4 4

OP? = l( . + _ ) — lAC2><(OCV)2 = . [l(OC2 + OA?) —
2'0A%  OC¥ 4 OA’7  OAZx0C*2

1 r . 72

ZACZ] = WXOM2 (see equation (1)), or Ol = WXOM.

Similarly, applying the Stewart’s theorem to the other triangle
OB’D’ and follow the same procedure, we would end up with

r2
OI=58x0p ON-

’,.2
Equating the two expressions for OI, we get mXOM =

LxON OM OAxOC 35 hich is th 1
OBxOD » OT'9GN ~ OBxOD __ 48 Whic 1s the same result

harvested in the first method.

Further observation

The first method involves rigorous calculation. It is included,
however, to show the reader that there is actually a different
approach to solve the problem besides the inversion method which
appears to be less complicated.
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Problem 5 of International Mathematical Talent Search Round 21

Assume that triangle ABC, shown below, is isosceles, with £ ABC
= Z/ ACB = 78°. Let D and E be points on sides AB and AC,
respectively, so that ZBCD = 24° and £ CBE = 51°. Determine,
with proof, ZBED.

Solution

B C

Because ZABC= ZACB =78°, £BCD =24° and ZCBE =51°,
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ZDCE = 54°, ZDBE = 24° and ZBEC =51°.

Draw the bisector for Z DCE to meet BE at F; / DCF = ZECF =
27° = ZDBE. Therefore, BCFD is cyclic, and as a result £ CDF =
Z CBF = 51°. The two triangles DCF and ECF are now congruent

because all their respective angles are equal and they also have
common side CF.

Hence, DF = EF, and DEF is an isosceles triangle with £ DEF =
Z/ FDE. However, ZDFE = ZDCE + ZCDF +/ CEF = 54° +
2x51°=156°,

1
Finally, Z BED = /FED =5(180° — Z DFE) = 12°,
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Problem 4 of International Mathematical Talent Search Round 22

As shown below, a large wooden cube has one corner sawed off
forming a tetrahedron ABCD. Determine the length of CD, if AD
=6, BD = 8 and area of triangle ABC = 74.

Solution
\
\
\
\
\
|
\
| B
\
\
| a
| 10
/L o N _
// 8 C
-~
/// ﬁ””’
-~ c
7 ,/”’
A 6 D

Leta = BC, b= AC and ¢ = DC. Per Pythagorean’s theorem, AB?
= AD?+ BD? =100, or AB = 10. Let s be the semi-perimeter of

1
triangle ABC, s = 5(10 +a+b).

Per Heron’s formula, the areca of ABC is \/s(s —a)(s—b)(s—c)=

1
Z\/(10+a+b)(10+a—b)(b+a— 10)(b—a + 10) =74, or
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A0+ a + b)(10 + a — b)(b + a— 10)(b — a + 10) = 296, or

(10 +a + b)(10 +a — b)(b+a—10)(b — a + 10) = 2962, or

[(10 + a)? — b?][b* — (a — 10)?] = 2962, or

(100 + 20a + a2 — b?)(b* — a? + 20a — 100) = 296> @)

Furthermore, the Pythagorean’s theorem also gives us
a?=BD?*+c¢*=64+c?and b*=AD*+ *=36 + 2

Substituting a* and b? into (i) to get (100 +20a + 64 + ¢* — 36 —
)36 + 2 — 64 —c*+20a—100) = (20a + 128)(20a — 128) = 2962,

2962 + 1282
or 400a*> — 128> =296, or &> =~ 5

200 =260, or 64 + ¢*> = 260,

or c = 14.
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Problem 5 of International Mathematical Talent Search Round 27

Is it possible to construct in the plane the midpoint of a given
segment using compasses alone (i.e., without using a straight edge,
except for drawing the segment)?

Solution

A M / B

The answer is yes. Draw two identical circles @ and I" with centers
A and B and their radius equals the length of segment AB. Let
these circles meet at a point C. Triangle ABC is equilateral because
AB = BC = CA. Next draw another circle A with center at C that
touches segment AB at a point, say M. The length of this segment
can be calculated as it is the altitude of equilateral triangle ABC.

Point M is the midpoint of the given segment AB.
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Problem 1 of International Mathematical Talent Search Round 22

In 1996 nobody could claim that on their birthday their age was the
sum of the digits of the year in which they were born. What was
the last year prior to 1996 which had the same property?

Solution

Assume that in 1996 someone could claim that on their birthday
their age was the sum of the digits of the year in which they were
born, and the four digit of the year in which they were born is abcd
where all a, b, c and d are integers with a from 0 to 1 and the
others from 0 to 9. With this assumption, their age on their
birthday in 1996 is 1996 — 1000a — 1006 — 10c —d=a+ b+ c +d,
or 1996 — 1001a — 1016 — 11c¢ - 2d = 0.

Judging the above equation, we know that a can not be equal to 0
because in such a case even with b = ¢ =d = 9 which make 1015 +
11c + 2d a maximum, the left side of the equation is still positive.
Therefore, a = 1, and the previous equation becomes 995 = 1015 +
1lc+2d.

With similar reasoning, we get b =9, ¢ =7 and 2d = 9. Since 2d is
an even number and can not equal 9 our assumption is false. In
fact, no one in the world was able to make that claim in 1996.

Our goal is to find the year prior to 1996 by following the similar
approach to finally get the value of 2d to be an odd number. We
found 1985 to be that year because in 1985, their age on their
birthday is 1985 — 1000a — 100b — 10c —d=a + b + ¢ + d, or 1985
—1001la—-101b—11c—-2d =0. Againa =1, and 984 =101H + 11c
+ 2d which forces b=9 and 75=11c + 2d, or ¢ = 6 and 2d = 9.

The reader is encouraged to find the last year prior to 1985 which
had the same property by following this approach.
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Problem 3 of the Vietnamese Mathematical Olympiad 1982

Let be given a triangle ABC. Equilateral triangles BCA1 and
BCA:? are drawn so that A and A1 are on one side of BC, whereas
Az is on the other side. Points B1, B2, Ci, C2 are analogously
defined. Prove that S(A2B2C2) = 5S(ABC) — S(A1B1Cr).

Solution

For simplification, let’s denote () the area of shape Q instead of
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S(Q) as seen in the description of the problem. Let M be the mid-
point of B1C, I the foot of C1 to BiC, K the intersection of AC1 and
B1C, N the foot of A1 to Bi1C and H the foot of Ci to Ai1C. Also let
BC=a, AC=b, AB=c, h, h1, h2, h3, h4, hs, he be the altitudes
from A to BiC, A2 to BCz2, B2 to A2C, C2 to AB2, A1 to BiC, Ci to
BiC and C1 to A1C, respectively. We also employ the letter A for
Z/ BAC, letter B for £ ABC and letter C for £ ACB.

From the graph, we have

Z A2BC2=360° — B — 120° = 240° — B, and sin £ A2BC2 =
sin[180° — (B — 60°)] = sin(B — 60°).

Similarly, ZB2AC2 =240° — A and sin £ B2AC2 = sin[180° — (A —
60°)] = sin(A — 60°),

Z A2CB2 = 120° + C and sin £ A2CB2 = sin(60° — C).

1
Hence, /1 = asin £ A2BC2 = asin(B — 60°) = Ea(sinB — \/gcosB),
. . 1 .
h> = bsin Z A2CB2 = bsin(60° - C) = 5b(x[3cosC - sinC),
. . 1.
h3 = ¢sin Z B2AC2 = csin(A — 60°) = Ec(smA — \/gcosA).

The areas of the triangles A2BC2, AB2C2 and A2B2C are

1 1 1
(A2BC2) = 7h1xBC2 = 5hic = yac(sinB - [3cosB),

1 1 1 .
(A2B2C) = §h2><A2C = zhza = Zab(\/gcosC —sinC), and

1 1 1
(AB2C2) = §h3 xAB2 = §h3b = Zbc(sinA — \/gcosA).
And note that A2BC, AB2C and ABC: are the equilateral triangles

aL\E bl\/g cL\ﬁ
4 0 4 and

4 respectively.

and their areas are

Now the area of triangle A2B2C21is
(A2B2C2) = (ABC) + (A2BC) + (AB2C) + (ABC2) + (A2BC2) +
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(AB2C2) — (A2B2C) = (ABC) + lE(a2 +b*+?)+ i[ac(sinB — \/§

3
cosB) + bc(sinA — \/gcosA) — ab(\ﬁcosC —sinC)] = (ABC) + l4£
1
(a*+b*+ )+ Z[ac(sinB — \ECOSB) + be(sinA — \/gcosA) +

ab(sinC — \ECOSC)] (1)

However, acsinB = besinA = absinC = 2(ABC), and according to

1 1
the law of cosines, accosB = E(a2 + ¢*— b?), becosA = E(b2 +c? -

1
a?), abcosC = E(a2 + b*— c?).

5 3
Equation (i) becomes (A2B2C2) = E(ABC) + lgi(a2 +b*+?) =
5 1
5(ABC) +5[(A2BC) + (AB2C) + (ABC2)] (i1)
Now let’s calculate the area of triangle A1B1C1.
ZAICB1=60°+ ZACA1=60°+ 60°—-C =120° - C, and

sin Z A1CB1 = sin(60° + C).
Therefore, h4 = asin £ A1CB1 = asin(60° + C), and

1 1 1 3
(AIBIC) = hsb = 5absin(60° + C) = 7ab(\[3cosC +sinC) = %E

| 3 1 NE |

xcosC + 7absinC = T =cosC + S(ABC) = (a2 + b? — ¢2) + =x
4 4 2 8 2
|

(ABC) =5[(ABC) + (A2BC) + (AB2C) - (ABC2)].

/MAK = ZMAC - ZCAC1 =30°— (A — 60°) = 90° — A.

Since 4 is the altitude of an equilateral triangle with side length b,
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h— bﬁ hs CiK  CiK

ysand S == i but cos £ MAK = cos (90° — A)

o h 3 NE -
=SIinA = c+CIK~ 2(c+CiKy orc+CilK= 2sinAs ©OF CiK =
3 3 3
2ﬁsir% —c,and hs = blzi — csinA. Similarly, 46 = alzi — csinB.

bl\/_ bcsinA bl\/_

1 1
(Bi1CCi) = Ehsb = Eb(bi csinA) =

2
(ABC) = (AB2C) — (ABC).
1 1 3 ) ar\/3 acsinB al\/g
(A1CCr) =§h6a = 551(032[ csinB) = i - 2~ a4

(ABC) = (A2BC) - (ABC).

(A1B1C1) = (A1B1C) — (A1CC1) — (B1CCr) = lgé(a2 +b*—c*)+

%(ABC) — %E + (ABC) - %B + (ABC) = %(ABC) — ﬁg@

i i 5(ABC) J(ABC) + (AB2C) + (ABC2)] (i)

Adding equations (ii) and (iii) yields

(A2B2C2) + (A1B1C1) = 5(ABC), or

(A2B2C2) = 5(ABC) — (A1B1C1), or as expressed with the notation
used in the problem S(A2B2C2) = 5S(ABC) — S(A1B1C1).

Further observation

The problem description the reader may have found in the web and
elsewhere when it says that S(ABC) + S(A1Bi1C1) = S(A2B2C2) is
not correct as the proof of this problem has attested. The author
has not only proven that fact but also come up with the correct
equation S(A2B2C2) = 5S(ABC) — S(A1BiCli).
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Problem 1 of Canada Students Math Olympiad 2011

In triangle ABC, ZBAC = 60° and the incircle of ABC touches
AB and AC at P and Q, respectively. Lines PC and QB intersect at

G. Let R be the circumradius of BGC. Find the minimum value of
R

BC"

Solution

A

Let I, O and H be the incenter of AABC, circumcenter of ABGC
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and the foot of O onto BC, respectively, o = ZOBC = Z0OCB and

ZBOC = 180° — 2a.. Applying the law of sines to triangle BOC,
BC R BC R

sin/BOC _sinZOBC ' sin(180° —2a1)  sina’

we get

But sin(180° — 2a) = sin2a and the previous equation becomes
BC R d the rati R sino  sino 1
sin2o. sino 0 ¢ TMO BC T gin2a - 2sinacoso. | 2cosol

which is minimal when cosa is maximal or cosa =1, or oo = 0°, or

1
O = H, the midpoint of BC. In such a case, R = EBC and ZBGC =
90° when A = B or A = C. But this would cause the triangle ABC

R
to be in a degenerate state. So the lower limit of BC when B — A

orC—>Ais%.
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Problem 1 of British Mathematical Olympiad 2011

One number is removed from the set of integers from 1 to n. The

3
average of the remaining numbers is 401. Which integer was

removed?
Solution
. n(n+1
From the equation 1 +2+...+n= ;22, we note that n can

not be any number because if # is too large, the average of the
remaining numbers will also be too large. Therefore, there’s a limit
on how large n is, and let’s find that limit.

The minimum average after removing a number in the series 1 + 2
+ ...+ n, with the exception of the first number 1 and the last

nn+1) (n—1)
2 VT 3 + 1 3
number 7, is 1 §4OZ, or%gﬂl or 2n? —

1
165n+167 <0, 0orn 51(165 +1/165% - 1336) = 81.48, or n < 81.

Now let the integer that is removed be m. The average of the

(n+1) 3 163
remaining number is A = [n n2 —m}/(n—1)= 40y =—,=, or

163
nn+1)—2m ZT(n— 1), or 2n*—161n—4m + 163 = 0.

Solving this quadratic equation for n, we get

1
n=7(161=/32m +24617).

1
Therefore, 1(161 +4/32m +24617) <81, or

\/32m + 24617 < 163, or 32m + 24617 < 26569, or m < 61.

32m + 24617 is a perfect square when m = 1, 61, and we conclude
that the integer that was removed was 61 and n = 81.
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Problem 4 of Morocco Mathematical Olympiad 2011 (Day 3)

Two circles Cr and C2 intersect at A and B. A line passing
through B intersects C at C and C2 at D. Another line passing
through B intersects C: at E and C: at F; CF intersects C7 and

C2 at P and Q, respectively. Make sure that in your diagram, B, E,
C,A,PE CrandB,D, F, A, Q € (2, in this order. Let M and N
be the midpoints of the arcs BP and BQ, respectively. Prove that
if CD = EF, then the points C, F, M, N are concylic, in this order.

Solution

Ci

01

Extend AB to meet CF at G. We are going to prove that BG is the
bisector of £ CBF. We have CBxCD = CQxCF, and FBXEF =
FPxCF.

CB
Dividing the two above equations, knowing CD = EF, we get B

- G CG
= F_}Q’ We also have PGxCG = GBxGA = QGXFG, or g_G ~to -
QG+CG_CQ
PG+FG PF’
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CG CB
It follows that TG _FB° / CBG = Z FBG and BG is the

bisector of £ CBF.
So now the three bisectors CM, FN and BG coincide. Let them

IM
meet at [ on BG. We now have IMXIC = IBXIA = INXIF, or ™=

IF
1C Oof the two triangles IMN and IFC are similar, meaning £ IMN

= /IFC, but ZIMN + Z CMN = 180°, or Z CMN + ZNFC =
180°. Therefore, C, F, M and N are concyclic.

Further observation

Let’s prove that MN || 0102 where O1 and O: are centers of Ci
and C», respectively. Since £ CBG = ZFBG, we have £ ABD =
ZFBG, or AD = AF.

Let K be the midpoint of arc FD, AK is then the diameter of C2.

ZMCP = % £ BCP = %arc (DF — BQ) = arc (KF — NQ), or
ZMCP + ZNFQ = arc FK. Extend MN to meet C2 at L, 2 LNF
= /MCP.

Therefore, £ KNL = ZNFQ = £ BAN (subtending arc NB = NQ).
But ~ ANK = 90°, or AN L NK; hence, NL L AG or MN || O10..
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Problem 3 of Austria Mathematical Olympiad 2005

In an acute-angled triangle ABC two circles k7 and k2 are drawn
whose diameters are the sides AC and BC. Let E be the foot of the
altitude /#» on AC and let F be the foot of the altitude /4« on BC.

Let L and N be the intersections of the line BE with the circle &7 (L
on the line BE) and let K and M be the intersections of the line AF
with the circle k2 (K on the line AF). Show that KLMN is a cyclic
quadrilateral.

Solution

ki L

A I D B

Let H be the orthocenter of AABC; i.e., H= AF N BE. Extend CH
to meet AB at I. We have CI_L AB, and I lies on both k7 and k2. By
the intersecting chord theorem: in circle k7, HCxHI = HNxHL, and
in k2, HCxHI = HKxHM. Or HNxHL = HKxHM. Therefore,
according to the intersecting chord theorem, KLMN is a cyclic
quadrilateral.

Further observation
Prove that the two segments NK and ML meet at a point on AB.
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Problem 3 of pre-Vietnamese Mathematical Olympiad 2011

Two circles I' and IT intersect at A and B. Take two points P, Q on
I and II, respectively, such that AP = AQ. The line PQ intersects I
and IT, respectively at M and N. Let E, F, respectively be the
centers of the two arcs BP and BQ (which do not contain A). Prove
that MNEF is a cyclic quadrilateral.

Solution

P

Since AP = AQ, APQ is an isosceles triangle. Let o = Z APQ =
Z AQP. Because both £ AEM and £ ABM subtend arc AM of T’
we also have Z AEM = Z ABM = a.. Similarly, because both

Z AFN and Z ABN subtend arc AN of IT we also have £ AFN =
Z/ ABN = a, or ZABM = ZABN = q, and AB is the bisector of
/ MBN.

Furthermore, since E and F are the midpoints of the two arcs
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BP and BQ, we get ZBME = ZNME = ZBAE = ZPAE = 3 (let
them equal B), and ZBNF = ZMNF = ZBAF = ZQAF =y (let
them equal y), or ME and NF are the bisectors of ZBMN and

Z BNM, respectively.

Therefore, the three bisectors AB, ME and NF of triangle BMN are
concurrent and let them meet at point H on AB. H is thus the

incenter of triangle BMN.

Now applying the intersecting chord theorem, we get MHXEH =
AHxBH = NHxFH, or MNEF is a cyclic quadrilateral.

Further observation

Now let C=AE N FN, D = AF N EM and K = AB N EF. We will
prove that H is also the orthocenter of triangle AEF.

Indeed, since ZAEM = ZAFN = a, ZCED = ZAEM = ZAFN
= L CFD = awhich implies that CEFD is also cyclic and ZECF
= ZEDF.

However, ZECF = ZEAF + ZAFN =+ y+ o, and ZEDF =
EAF + ZAEM = B+ y+ a, or ZECF + ZEDF =2 ZECF = 2(B
+y+ o) = LPAQ + LAPQ + ZLAQP (the three angles of
triangles APQ) = 180°, or ZECF = ZEDF = 90°. This implies
that ED | AF and FC L AE, and H is the orthocenter of triangle
AEF.

It also makes AK L EF and EF || IJ where I and J are the centers
of circles I' and I1, respectively.

This problem is reminiscent of the previous two problems where
the three angle bisectors meet outside the circles and the two
segments intersecting on the other segment connecting the two

points where the circles meet.

Inversion can be used to solve this problem.
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Problem 3 of International Mathematical Talent Search Round 4

Prove that a positive integer can be expressed in the form 3x? + y?
if and only if it can also be expressed in the form u* + uv +12,
where x, y, u and v are positive integers.

Solution

Express ©? + uv + 12 in the form (ax)* + ax(bx + cy) + (bx + cy)* =
a’x* + abx* + acxy + b*x* + 2bcxy + ¢*y* = 3x* +)2.

From there, we get a*+ab +b*=3,a=-2band c*=1, or
(a,b,c)=(2,-1,%1), (-2, 1, £1) and

(2xy + 2x(x +y) + (x +y) = (2x)* + 2x(-x = y) T (x —y)* =
(-2x)° + (-2x)(x T p) + (x +y)* = (2% + (:20)(x —y) + (x —y)* =
332+ )2,

Therefore, (u, v) = (2x, -x +y), (2x, -x — ), (-2x, x + ), (-2x, x — ).

The reader is encouraged to prove the problem in the other
direction.
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Problem 5 of International Mathematical Talent Search Round 13

Armed with just a compass — no straightedge — draw two circles
that intersect at right angles; that is, construct overlapping circles
in the same plane, having perpendicular tangents at the two points
where they meet.

Solution

Draw arbitrary circles I" with center O1 and ® with ® larger than I"
and overlapping I at two points A and B as shown. Next, draw
circle A with center A and radius AO1. Continue by drawing circle
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A with center O1 to tangent circle A at a point; let this point be C.
It’s easily seen that the three points O1, A and C are collinear and
that AO1 = AC.

Proceed by drawing two identical circles X and =. These circles
have the same radius that is less than O1C but greater than O1A
with center O1 and C, respectively. They meet at point O2 with

both points O2 and B on the same side of O1C.

Finally, draw circle IT with center O2 and radius O2A. Because X
and Z are identical, O2C = 0201 and O201C is an isosceles
triangle. Also since A is the midpoint of O1C, O2A is perpen-
dicular to O1A. Similarly, O2B is perpendicular to O1B.

The lines O1C, 0102, O2A, O1B and O2B are only drawn with the

straightedge to show that the two circles I" and IT intersect at right
angles.
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Problem 10 of Austria Mathematical Olympiad 2006

Let A be a nonzero integer. Solve the following system in integers:

x+y2+z3=A (1)
1 1 1 1 ..
FASTAEIY )
X'z = A (iii)

Solution

From (if), with x # 0,y # 0, 2 #0 ll.z-4

rom (ii), with x # 0, y # 0, z # 0, we get ¥ AD

. N 11
Now substitute A —z° =x + y2 from (i) into it to obtain s ; =

- 412 4+ 2 _ 442
L) or 3 = B0 o0 A+ 9) = 007+ 37, or

(x + ) (A +x7) = 0.

The only relevant scenario is x + y* = 0, or x = -)”. Substituting x +
y* =0 into (i) we end up with A = z°. Successively, substituting A
=2 into (iii), we get x)* =2°, but x = -)* and now A = x> = -y* =
2 =<0.

For this condition A = -y* =z < 0 to prevail, we must have

A =-n " where n is a nonzero integer.

From there, we conclude that (x, y, z) = (-n6, +n , -n4) or (x,y,z)=

(12 22, -n?),

Further observation

Solve the problem when both x and z are positive integers.
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Problem 7 of Malaysia National Olympiad 2010 Sulung Category

A line segment of length 1 is given on the plane. Show that a line

segment of length 4/2010 can be constructed using only a straight-
edge and a compass.

Solution

Given a line segment of length 1, we can draw segments AH and

HB with all three points A, H and B on a straight line such that AH
=30, HB = 67. Pick A’ as the point symmetry of A with respect to
point H. Next, draw circle IT with center I which is the midpoint of
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AH and radius r greater than one-half of AH but smaller than AH.
Continue by drawing circle ® with center J which is the midpoint
of A’H and the same radius r. Let these circles IT and @ meet at E
and F. It’s easily seen that EF L. AB. Now draw the circle I" with
diameter AB. Extend EF to meet I" at the two points C and D.

According to the intersecting chord theorem, AHxHB = HCxHD,
but since H is on the diameter and CD | AB, HC = HD, and
AHxHB = HC?, or

HC?>=30%67 = 2010, or HC =+/2010.

We have only used a straightedge and a compass.
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Problem 4 Set 4 of India Postal Coaching 2011

Let C1, C2 be two circles in the plane intersecting at two distinct
points. Let P be the midpoint of a variable chord AB of C2 with the
property that the circle on AB as diameter meets Ci1 at a point T
such that PT is tangent to C1. Find the locus of P.

Solution

Let Ci1, C2 intersect at two distinct points E and F. Draw circle C3,
and let 71, 72 and 73 be the radii of Ci1, C2 and C3, respectively. Also
let O1 and O2 be the centers of Ci and Cz, respectively, and O be
the midpoint of O102.

Per Stewart’s theorem, in triangle O1EO2, we get
O1E*x002 + O2E*x001 = 0102(0OE? + 001x002) (1)
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1
But O1E = r1, O2E =2, 001 = 002 = 50102, and (i) becomes

1
r?+r2?=2(0E* + 201022) (i1)

Now in triangle O1PO2, the Stewart theorem gives us
01P2x002 + 02P?x001 = 0102(0OP? + O01x002).
Similarly, this equation transforms into

1
O1P? + O2P2 =2(0P? + 201022) (1i1)
However, applying the Pythagorean’s theorem to get O1P? = O1T?
+ TP? = r1? + 132, and O2P? = O2B? — BP? = 12? — 132, and equation

1
(ii1) is equivalent to 712 + r2? = 2(OP* + 201022) (iv)

1 1
Comparing (ii) and (iv), we obtain OE? + ZOlOz2 = 0P + 101022,
or OP = OFE, and it is fixed.
Therefore, the locus of points P is part of a circle with center at the
midpoint of the segment connecting the centers of the two circles
C1 and C2 and with radius being the distance from this midpoint to

one of the two distinct points these two circles intersect at each
other.

Further observation

As we know that the locus is not the whole circle I as shown, the
reader is encouraged to find the limit of this locus on I
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Problem 8 of Malaysia National Olympiad 2010 Bongsu category

Find the last digit of 7' x 72 x 7% x ... x 7299 x 72010,

Solution

1y, =2, =3 2009 ,, 72010 _ ~1+2+3+...4+2009 +2010 _ ~52010x2011/2

T XXX X T X T =T =7
2021055

7 .

Now denote u(m) the units digit of m where m is an integer; we
have u(7%) =1, w(7") =7, u(7)=9, u(7*) = 3, u(7*) = 1, and the
process repeats itself... In other words, u(7*") = 1, u(7*" ) =7,
w7 =9, u(7" ") =3 wheren=0, 1,2, 3, ....

We have 2021055 = 3 (mod 4), or 72213 = 740526343 ‘Therefore,

(701055 = 3

Answer: The last digit of 7' x 72 x 7> x ... x 7209 x 72010 jg 3,
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Problem 9 of Malaysia National Olympiad 2010 Bongsu category

3
Show that there exist integers m and » such that % = \/\/R) +7-

\R50-7.

Solution

Note that there exists the formula (@ — b)(a* + ab + b*) = a® — b>.
Let a =[50 + 7 and b =/~/50 — 7. Multiply \[\/50 + 7 —
3507 by 07+ ANEO + 1507 /507y
V50 + 77+ A0 + 750 -7 + (/50 -7
(50 + 7y ~A[o[50 -7y _
e R R
1

W50+ 77+ W50 + AR50 - 7 + 350 - 7)°
14
399+ 70N2 + 1 499 7072

Now by putting 99 + 70n/2 in the form of (\[2)* + 3x(c\[2)%d +
3\2d + & = (¢ + d), we get 2¢ + 3cd? = 70 and 6¢3d + & = 99,
or d(6¢* + d?) = 1x3x3x11.

From there, ¢ = 2, d = 3, or 99 + T0\2 = (3 + 23/2)%, /99 + 7072
—3+24/2,7[99 - T2 =3 - 2\/2.

m
to get — =

m 14 2p

Finally, L7 D where p is an integer. We conclude that there

3 3
exist integers m and n such that % = \/\E) +7 —\/\/5) -17.
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Problem 2 of the Vietnamese MO Team Selection Test 1985

Let ABC be a triangle with AB = AC. A ray Ax is constructed in
space such that the three planar angles of the trihedral angle ABCx
at its vertex A are equal. If a point S moves on Ax, find the locus
of the incenter of triangle SBC.

Solution

B S —=S" to infinity ——=

M =c¢

I'M =¢’

90° - O

0 =/MI"J =/MOJ

Two dimensional floor plan on top and section cutting across line
AM on the bottom.

Let the moving S on Ax be S', I and M be the incenter of triangle
ABC and midpoint of BC, respectively, I' be the incenter of
triangle S’BC, H be the foot of M on Ax, ZSAM =a, AB=AC =
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a, BC=2b,IM=¢c, AM=h,SB=S'C=d,I'M=¢",SM =h"and
Z1'MH =1v. When S' gets to infinity, let it be S" and I" be the
incenter of triangle S"BC. At that point we consider "M = BC/2 =
b, S"B || S"C and S"M || S"A. Now draw the perpendicular bisector
of II" to meet My, the extension of HM, at O. Let ZI'MO =3 (or
+ v =180°), J be the midpoint of [I"and d =1J =JI", e=MJ, f=
OM, g=0J,r=0I1=0I",8 = ZMI"] = £LMOJ (because I"IMO is
cyclic in circle denoted IT with Z1'JO = Z1"MO = 90°). Let (Q2)
denote the area of shape Q.

We will prove that the locus of the incenter of triangle SBC is the
boldface arc II" from I to I" (when S moves from A to infinity on
Ax) of the circle denoted I" with center at O and radius 7.
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Indeed, in triangle ABC, (ABC) = hb = c(a + b). Similarly, in
triangle S'BC, (S'BC) = h'b = c'(a'+ b).

. . n_cda+tb .
Dividing these two equations to get Y, (1)

Now applying the law of cosines to triangle ’'MO, we have
OI% = c” + 2 - 2c'f xcosP = ¢ + r* — b* — 2c'fxcosP.

Our goal is to prove that OI' = r. From the above equation, we now
need to prove that 0 = ¢ — b* — 2c'f*xcosP = ¢ — b* + 2c'f Xcosy, or

b MH _si
Cv2 = b2 _ 2CTXCOS’Y, or 1 — (E)Z _ 2£XCOSY, but COS'Y _ T _ S;ll;la

c'
and 1 = (22 _ oL Jisina
c ¢ h

Let’s find the value for f.

(ii)

sind ~ sin(180° — o)

Applying the law of sines to triangle II"M,

2d .« _ csing
sinee O sind = 2d
Next, apply the Stewart theorem to the same triangle with median
MJ = e; we get ["M2x1J + IM2x1"J = I[I"(MJ? + IJxI")), or b* + ¢* =

1
2+ ), or @ =50 + )~ P (iii)

Furthermore, according to the law of cosines, in the same triangle,
11" = I"M? + IM? — 2xI"MxIMxcos Z IMI", or 4d? = b*> + ¢* — 2x

1
bccos(180° — a) = b* + ¢ + 2bccosa., or d = E\Ib2 + ¢ + 2bccosa.

1 1 1
Equation (ii1) becomes e¢* = E(b2 +cA)-d*= E(b2 +c*) — Z(b2 +c*+

1 1
2bccosa) = Z(b2 + ¢*—2bccosa), or e = E\/ b* + ¢* — 2bccosa. .

Continue by applying the law of sines. In triangles I’"MJ and OMJ,
e e d d e e

sin/MI"J ~ sind  sinZ1"MJ *" sin/MOJ ~ sind

g _ g

sin(90° + Z1"MJ)  cos Z1"MJ’

we have

respectively, or g = X

sind
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" — € _ cin2 " — € _M:L
cos Z1"MJ E\/l sin® Z1"MJ = 2\ /1 s

e2 2
\Je? — d?sin3, and g? =

— d*. Therefore, ¥ =d* + g*> =
and r =

sin*d sin*d
sind’

We should also open a note here to say that since I"JMO is cyclic
in circle IT and triangle I"JM is circumscribed in I1, the diameter of

MJ e C
IT equals sin/ MI'T % " = sing which is the same result.

Substitute in the values for e and sind obtained earlier, we get

d 1
r= —\/b2 + ¢* —2bccosa. = m\/ b* + ¢* — 2bccosax

csinol

1
\/ b*+ ¢*+ 2bccosa = m\/ (b* + c*)* — 4b*c*cos*a..

Successively, 2 = r* — b* [(b* + ¢*)* — 4b*c*cos*a —

~ 4¢%sina

4b*csinta] = [(b> + ¢ — 4bc?] = (b — 2, or

4¢%sino 4c%sina,

f - ).

~ 2csina

Now substituting ¢' from (i) into (ii), equation (ii) that is still
required to be proven becomes

_ h*b*(a' + by’ 2Xhz(b2 —c*)(a' + b) sina _ h*b*(a' + by
~ h?c(a+ by 2h2c(a+ bysina. > R2c(a+ by
P> —c)a' +b) h? b(a'+b)y (b*—c*)a'+b)
2a+b) % R T (a+bp T a+b
' + '
But from (1), 6; b E'_h and the previous equation is equivalent to
cch”  bch” ch'

2 o (b*—c? o Next, by making the denominators the

same and then dividing both sides by c/’, we get
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el ch

= e sy sy o CC_Ch=ch ¢ bbb bb
cc?h' = ch'b? — c'hb* + c'c*h or b= ol —ch Orbxb_gxﬁ EXE
b"b bbb

Now let 26 = ZABC, 2§ = ZS’BC. It’s easily seen that both 2¢
c h c'

and 2§ are different from 90°. We then have b tane, b= tan2e, b

= tang, D= tan2&, and the above equation that is still required to be

proven can be written as

tanetan2& — tanétan2e

tanEtan2& — tanstan2¢’ ot

tanetang(tan&tan2& — tanetan2¢) = tangtan2& — tantan2e, or

tanetan®Etan2& — tan&tan’etan2e = tangtan2& — tan&tan2e, or

tanetan2&(tan’€ — 1) = tan&tan2e(tan’e — 1), or

sing sin2& sin’E sin§ sin2e sin’e

cosaxcos2E}cos2§ -7 COS&XCOSZ‘ZKCOSzS

sing _ 2sinfcosf  sin*E —cos’E  sing  2singcose  sin’e — cos’e

cosaxcos2§ — sin2§\ cos?g 4 ~cos&’ cos?e — sine’  cosZe )

or sinsxsiné’; _ sin§ sing
cose cos§ cosg cose’

equality, and we’re finally done with our analysis.

tangtan& =

—1),or

or tanetan& = tan&tane which is a true

Further observation

Inversion can be used to find the locus of the incenter of triangle
SBC by inverting the line Ax with respect to point O’, which is on
the extension My such that OO’ = r, and some radius R. Let K be
the incenter of triangle SBC when S is at H and E the intersection
of Ax and O’I’. We can show that O’KxO’H = O’I’<O’E. The
inversion of the line Ax is part of the circle I', and the locus is the
smaller arc I on the circle when S moves from A to infinity as
shown.
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Problem 3 of Italian Mathematical Olympiad 2002

Let A and B are two points on a plane, M be the midpoint of AB,

r be a line, R and S be the projections of A and B onto ». Assuming
that A, M, and R are not collinear, prove that the circumcircle of
triangle AMR has the same radius as the circumcircle of BSM.

Solution
C
B
M
A
B A
R N S

Extend RM and SB to meet at C. Since both AR and BS are per-
pendicular to r, AR || BC. Therefore, £ ARM = ZBCM. Now let
N be the foot of M on r, because M is the midpoint of AB, N is the
midpoint of RS, and the two triangles MRN and MSN are
congruent, so are the two triangles MRA and MCB. Together they
give us MR = MS = MC and ZARM = ZBCM = ZBSM.

We know that the diameter of the circumcircle of triangle AMR,
AM  BM = BM
sinZARM  sinZBCM  sinZBSM

diameter of the circumcircle of triangle BSM denoted IT as shown.

denoted I', is which is the
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Problem 3 of Italian Mathematical Olympiad 2003

A semicircle is given with diameter AB and center O. Let C be an
arbitrary point on the segment OB. Point D on the semi-circle is
such that CD is perpendicular to AB. A circle with center P is
tangent to the arc BD at F and to the segment CD and AB at E and
G, respectively. Prove that the triangle ADG is isosceles.

Solution

D

I1
PrF
TI
A O C G B

Let the semicircle be I' and the circle with center P be I1, R and r
be the radii of I" and II, respectively, O be the center of I', ZBOD
= qa, and I be the intersection of IT and OP.

Applying the law of cosines to get AD* =2R?*(1 + cosa). We need
to prove that AD? = AG?, or 2R*(1 + cosa) = (R + OG)* = R* +
2Rx0G + OG?, or R* + 2R*cosa. = 2Rx0G + OG? (1)
oC 0OC
But cosa = oD~ R’ and (i) becomes R* + 2RxOC = 2Rx0G +
OG?, or R —2R(0OG — OC) = OG?, or R* —2RxCG = OG>
However, CG = EP = r and the previous equation is equivalent to
R*—2rR =0G?, or R(R — 2r) = OG?, or R(OF —IF) = OG?, or
OIxOF = OG> Because OG is tangent to the circle IT at G, this
statement is true according to the intersecting chord theorem.
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Problem 4 of Italian Mathematical Olympiad 2002

Find all values of n for which all solutions of the equation x* — 3x +
n = 0 are integers.

Solution

Given a, 3, v as roots, we then write x* —3x + n =0 as
(x—o)(x = P)x—v)=0,or
= (a+ B +yx*+(aff + Py +ay)x —apy=0.

Equating the coefficients to get

atf+y=0,
afy + By + ay =-3, and
afy = -n.

From there, (o + f +v)* = o + p* +y* + 2(aff + Py + ay) =0, or
o>+ +y*=6.

Therefore, (02, B ) is a permutation of (4, 1, 1), and the only
values for n are n =2 or n = -2.
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Problem 6 of Austria Mathematical Olympiad 2003

Let ABC be an acute-angled triangle. The circle & with diameter
AB intersects AC and BC again at P and Q, respectively. The
tangents to k at A and Q meet at R, and the tangents at B and P
meet at S. Show that C lies on the line RS.

Solution

A F R

T

Extend AB and PQ to meet at T. Consider quadrilateral ABQP as a
hexagon AABQQP with lengths AA = QQ = 0 and as a hexagon
ABBQPP with lengths BB = PP = 0. Both hexagons are inscribed
in circle k.
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According to Pascal’s theorem, the extensions of the opposite
segments of a hexagon meet at points which lie on a straight line.
Therefore, for hexagon AABQQP, the three points R = AA N QQ,
T=AB N PQ and C = AP N BQ are on a straight line.

Similarly, for hexagon ABBQPP, the three points S = BB N PP,
C=AP N BQand T = AB N PQ are also on a straight line.

Therefore, the three points R, C and S are also on a straight line.
Or C lies on the line RS.
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Problem 2 of Australia Mathematical Olympiad 2010

Let the number of different divisors of the integer n be N(n); e.g.
24 has the divisors 1, 2, 3, 4, 6, 8, 12 and 24, so N(24) = 8.
Determine whether the sum

N(1) +N(2) +...+N(1998)
1s odd or even.
Solution

Let’s recall the property of a divisor function: For a non-square
integer every divisor d of n is paired with divisor n/d of n and N(n)
is then even; for a square integer one divisor (namely \ﬁ) is not
paired with a distinct divisor and N(n) is then odd.

For example, the non-square integer 24 = 1 x2x3x4x6x8x12x24, 1
is paired with 24/1, 2 is paired with 24/2, 3 is paired with 24/3, 4 is
paired with 24/4. For a square integer 64 = 1 x2x4x8x16x32x64, 1
is paired with 64/1, 2 is paired with 64/2, 4 is paired with 64/4= 16,

8 is not paired with any other divisor, and 8 = \/a

From 1 to 1998 there are 44 square integers because 44> = 1936 <
1998 and 452 = 2025 > 1998. Hence, there are 1998 — 44 = 1954
non-square integers.

Therefore, there are a sum of 1954 of sums of even divisors and
another sum of 44 of sums of odd divisors combining to make the
sum N(1) + N(2) +. ..+ N(1998) an even number.

Further observation

Find the sum of divisors of N(1) + N(2) + ... + N(1998).
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Problem 2 of the Ibero-American Mathematical Olympiad 1987

In a triangle ABC, M and N are the midpoints of the sides AC and
AB respectively, and P is the point of intersection of BM and CN.
Show that if it is possible to inscribe a circumference in the
quadrilateral ANPM, then the triangle ABC is isosceles.

Solution

A

B c B

Since M and N are the midpoints of the sides of triangle ABC, area
of the triangles ABN = area of triangle ACM = ' area of triangle
ABC. These two triangles also share the same incircle; therefore,
their perimeters are also equal since the area of a triangle equals
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pne-half the product of radius of incircle with the perimeter. We
then have AM + BM + BN + AN =AM + MC + NC + AN,

or BM + BN=MC + NC (1)
We know that MN || BC; let’s pick point B’ as mirror image of B
with respect to the perpendicular bisector of MN and is also

perpendicular to BC, and assume B’ # C.

If B’ is on the right of C then BM + BN = B’M + B’N > MC + NC
since B’M > CM and B’N > NC.

If B’ is on the left of C, then BM + BN < MC + NC. So to satisfy

(1) we must have B’ = C (B’ coincides with C), and therefore, BM
= CN, and the triangle ABC is isosceles with AB = AC.
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Problem 4 of Mongolian Mathematical Olympiad 1999

Is it possible to place a triangle with area 1999 and perimeter 19992
in the interior of a triangle with area 2000 and perimeter 2000>?

Solution

Let the sides of the second triangle with area 2000 be a, b and ¢, R
be its inradius and 7 be the inradius of the first triangle with area
1999.

1 1
The area of the second triangle is ER(a + b+ ¢)=2000, or ERX

1
20007 =2000, and R = 1000°

2
Similarly, the inradius of the first triangle is » = 1999 which is
greater than that of the second triangle, » > R.
Therefore, it is not possible to place a triangle with area 1999 and
perimeter 19992 in the interior of a triangle with area 2000 and

perimeter 20007 because the inradius of the former is greater than
that of the latter one.
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Problem 4 of International Mathematical Talent Search Round 18

Let a, b, ¢, d be distinct real numbers such thata +b+c+d=3
and a*> + b* + ¢* + d*> = 45. Find the value of the expression

a b c
@-bla-c)a—d) (b-a)b—cNb-d)  (c—a)c—b)c—d)
dS
(d—a)d-b)d—c)y

Solution
b’ -’
b—a)b—c)b—d)  (a—b)b—c)b—dy oW Iers
a b’
add the first two terms @—b)a-ca—d @-bb-—ob-d
b (a® — b*) + cd(a® - b°)— ab(c + d)(a* — b*) ~
(a—b)a—c)a—d) (b—c)b-d) -
a*bX(a* + ab + b)) + cd(a* + a’b + a*b* + ab’ + b
(a—c)a—d)(b—c)(b—-d) N

ab(c + d)(a + b)(d® + b
@—o\a—db-ob—d (these two terms should be written as a

Note that

single ratio but the width of the page does not allow it).

With the denominator as (a — ¢)(a — d)(b — ¢)(b — d), the numerator
of the first two items can be expressed as a*b* + @’b’ + a’b* + a*cd

+ a’bed + a*bPed + ab’cd + bcd — a*be — a*bd — i*bc — a*bPd — o
b’c— a’b*d —ab'c — ab*d = (b—c)(a'b + &’b* + a*b* — a*d— a’bd -
ab’d — a’b*d) — b*c(a — d).

The sum of the first two terms becomes

a*b +a’b* + a*b* — a*d — a’bd — ab’d — a*b*d b'c
(a—c)a—d)(b-d) (a—c)b—-c)(b—d)
ab(a* + ab + b%) a‘d bc

T (@-ob-d) (a-c)a—-d)b-d) (a—c)b-c)b-d)
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Now let’s add in the other two terms. The whole expression is
equivalent to

ab(a* + ab + b*) a*d bc
(a—c)(b5—d) _(a—c)(a—d)(f—d)_(a—c)(b—c)(b—d) i
c d

(c—a)c—b)c—d)  (d—a)d—b)d—oc)

ab(a*+ab+b’) .
Leave the first term @a—o)\b—d of this new expression alone

and continue by adding the last four terms

a‘d b e

) (a—C)(a—aO(b—d)_(a—C)(b—C)(b—aO+(C—a)(c—b)(6‘—d)
d B a‘d bc

+(d— a)(d—sb)(d— ) (a—c)a N d)(b—d) (a—c)(b-c)b-d)
c d

+ —
(a=o)b-c)c—d) (a—d)(b-d)c—d)
cd(b* == bA(B* - ) cd(a’ - dY) - ad¥ (@’ - &)
(a=c)b-c)b—d)c—d) (a—c)a—d)(b-d)(c—-d)
cd(b* + )b + ¢) — bA(b* + be + ¢7)
(a—c)b—d)c—d) -
cd(a® + d*)a + d) — ad*(d* + ad + d°)
(a—c)(b—d)c—d)
Be+b*’P+ b+ dd+dPd+ ad - Pd - Fd - od
(a—c)(b-d)
Now add in the term we left out to get the original sum again, and
_ ab(a* + ab + b*)
it equals a—ob-d
Pe+ b+ b+ dd+a’d + ad’ — d —Fd - cd 1
(a—c)(b—d) ~(@a-o)(b-4d)
x[a’(b—d)+d*(b* - &)+ ab’ - &) - (b -d) - (b — d°) - (b’

1
~d)] = (a_c)[a3 S+ (@ ADb+d) +(a—c)(b’+bd+d)] =
a;+b+c*+d*+ab+ac+ad+bc+bd+ cd.
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However, 2(ab + ac + ad + be + bd + cd) = (a + b + ¢ + d)* — (a* +
b*+c*+d*)=3>-45=-36,0rab +ac+ad+ bc + bd + cd = -18.

Finally, the value of the expression is a> + b* + ¢* + d* + ab + ac +
ad+bc+bd+cd=45—-18=27.

Further observation

1t’s easily seen that if (a, b, ¢, d) is a permutation of (3, -4, 2, 0),
thena+b+c+d=3anda’>+ b*>+c?+d?=45. Wecan
substitute these values into the expression of the problem to verify
our result, and it also equals 27.
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Problem 3 of the Korean Mathematical Olympiad 2000

A rectangle ABCD is inscribed in a circle with center O. The
exterior bisectors of £ ABD and / ADB intersect at P; those of
ZDAB and ZDBA intersect at Q; those of £ ACD and

/ ADC intersect at R, and those of ZDAC and £ DCA intersect
at S. Prove that P, Q, R, and S are concyclic.

Solution

Let a be the line that starts from D and passes through A, b be the
line that starts from A and passes through D, ¢ be the line that
starts from D and passes through B, d be the line that starts from A
and passes through C, e be the line that starts from A and passes
through B, and f'be the line that starts from D and passes through
C.Leta= ZABQ= ZQBc= ZDBP= ZPBe, B = LSAa =
ZSAC, ZQAa= ZQAB= ZRDb= ZRDC =90°/2 = 45°,
Since ABCD is a rectangle, we also have a = ZACS = ZSCf=
ZDCR= ZRCd, 3= ZPDb= ZPDB.

The two triangles ABQ and DCR are congruent because AB = CD
(parallel sides of rectangle ABCD), ZQAB = ZRDC =45° and

Z ABQ = ZDCR = a. So are the two triangles ACS and DBP
because AC = BD (the diagonals of ABCD), ZSCA = ZPBD =«
and ZSAC = ZPDB = . Furthermore, the two triangles ABQ and
DCR are symmetrical across axis MN where M is the midpoint of
AD and N the midpoint of BC. So are the two triangles ACS and
DBP; they are symmetrical across the same axis MN. Hence, QS =
RP, QR L MN and SP L MN, or QR || SP.

Therefore, P, Q, R, and S are concyclic.

Further observation

It’s also easily seen that PORS is a rectangle.
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Q

615

AW



Narrative approaches to the international mathematical problems

Problem 1 of International Mathematical Talent Search Round 27

Are there integers M, N, K, such that M + N =K and

a) each of them contains each of the seven digits 1, 2, 3, ..., 7
exactly once?

b) each of them contains each of the nine digits 1, 2, 3, ..., 9
exactly once?

Solution

a) Note that if M, N and K each contains each of the seven digits 1,
2,3, ..., 7 exactly once, the sum of all the individual digits is 1 +2
+3+4+5+ 6+ 7=28 which is not evenly divisible by 3.

However, M =1 (mod 3), and N = 1 (mod 3). This should give us
K =M + N =2 (mod 3). But the sum of all the individual digits of
K is also 28 which contradicts with the previous statement K = 2
(mod 3). Therefore, the answer is no. There are no integers M, N
and K to satisfy the condition required for this part.

b)Since 1 +2+3+4+5+6+7+8+9=45,and M =0 (mod 3),
N =0 (mod 3) and K =0 (mod 3). Now let’s try to subtract the two
integers 987654321 — 123456789 = 864197532 which satisfies the
requirement for this part.

Therefore, for this part the answer is yes, and M = 123456789, N =
864197532, K =987654321.
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Problem 1 of Italy Mathematical Olympiad 2003

Find all three digit integers n which are equal to the integer formed
by three last digit of n>.

Solution

Let the three digit integer n be abc where a is the hundreds digit, b
the tens digit and c the units digit. We have n = 100a + 106 + ¢ and
n?=(100a + 105 + ¢)* = 10,000%a* + 1,000%2ab + 100x(2ac + b?)
+ 10x2bc + 2 (1)

Denote the units digit of an integer m be u(m), its tens digits be
#(m) and its hundreds digit be 4(m). It’s easily seen that u(n*) =
u(c?) from equation (i). We also note that the units digit of a
integer that equals the units digit of its own square is when the
integer equals 0, 1, 5 or 6 because ©(0%) = u(0) =0, u(1?) =u(l) =
L, u(5%) = u(25) = u(5) =5 and u(6®) = u(36) = u(6) = 6.

Let’s try ¢ = 0 to see if there is any three digit integer n ending
with 0 that satisfies the problem. From (i), b = #(n) = (10x2bc) =
u(2bc). However, ¢ = 0, and u(2bc) = 0. Thus b = 0. Also
according to (i), a = h(n) = u(2ac + b*) = 0 because ¢ = b = 0.
Hence, for ¢ = 0, the three digit integer is n = 000.

Now try ¢ = 1. Again, from (i), b = #{(n) = u(2bc) = u(2b). In order
for b =u(2b) to hold, b = 0. And a = h(n) = u(2ac + b*) = u(2a), or
a = 0. Hence, for ¢ = 1, the three digit integer is n = 001.

Now try ¢ =5, ¢* =25, u(n) = u(25) = 5. The carryover is 2 and b =
t(n) = u(2bc +2) =u(10b + 2) = 2 and the carryover is also 2.
Now a = h(n) =u(2ac + b*+ 2) =u(10a + 4 + 2) = 6. Hence, for ¢
=5, the three digit integer is n = 625.

For ¢ =6, ¢> =36, u(n) = u(36) = 6. The carryover is 3 and b = #(n)
=u(2bc +3)=u(12b +3)=u(2b + 3)="7. Thus b =7 and the
carryover is 8. Now a = h(n) = u(ac + b> + 8) = u(12a + 49 + 8) =
3. Hence, for ¢ = 6, the three digit integer is n = 376.
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Problem 3 of Spain Mathematical Olympiad 1988

Prove that if one of the number 25x + 3y, 3x + 7y (where x, y € Z)
is a multiple of 41, then so is the other.

Solution

Z means a set of integers, and 2 = {..., -3,-2,-1,0, 1,2, 3, ... }.
We have found that for x =5 and y = 13, 25x5 + 3x13 =164 =
41x4,

However, 3x5 + 7x13 = 106 # 41xn where n is an integer.
Therefore, the problem is not valid.

Further observation

The problem description was copied from the web at this link
http://www.imomath.com/othercomp/Spa/SpaMOS88.pdf

It could be an error made by the moderator who entered the
problem’s description into the web.

To test for divisibility by 41: Subtract four times the last digit from
the remaining leading truncated number. If the result is divisible
by 41, then so was the first number. Apply this rule over and over

again as necessary. For example: 30873 —> 3087 — 4 %3 = 3075 =

307 —4x5 =287 = 28 — 4x7 = 0; remainder is zero and so
30873 is also divisible by 41.
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Problem 4 of Germany Mathematical Olympiad 1998

Do there exist three consecutive odd integers whose sum of
squares is a four-digit number having all its digits equal?

Solution

Let the three consecutive odd integers be 2n + 1, 2n + 3 and 2n + 5
where 7 is an integer. The sum of their squares is (2n + 1)* + (2n +
3+ (2n+5)=12n*>+36n + 35.

Assuming there exist three consecutive odd integers whose sum of
squares is a four-digit number having all its digits equal, we then
have 12n* + 36n + 35 = aaaa = 1000a + 100a + 10a + a where a is
a digit from 0 to 9.

Denote the units digit of an integer m be u(m). We must have a =
u(12n* + 36n + 35) = u(2n* + 6n + 5). Now let’s set up this table to
list all the possible units digit values of this term.

n u(on) u(n®)  un®) a=u2n>+ 6n+5)
0 0 0 0 5
1 6 1 2 3
2 2 4 8 5
3 8 9 8 1
4 4 6 2 1
5 0 5 0 5
6 6 6 2 3
7 2 9 8 5
8 8 4 8 1
9 4 1 2 1

So the only possible values for digit a are 1, 3 or 5 as seen, or aaaa
= 1111, 3333 or 5555. We now need to solve the three equations
12n?+36n+35=1111, 12n* + 36n + 35 = 3333, and 12n> + 36n +
35 =5555, or 3n*+9n —269 =0, 6n* + 18n — 1649 = 0 and n* + 3n
—460 = 0. The only equation that has the integer solutions is the
last one with n = 20, -23, and the three consecutive odd integers
are 41, 43, 45 or -45, -43, -41.
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Problem 5 of International Mathematical Talent Search Round 25

As shown in the figure on the right, PABCD is a pyramid, whose
base, ABCD, is a rhombus with Z/ DAB = 60°. Assume that PC? =
PB? + PD2. Prove that PA = AB.

Solution

Leta= ZPAC,B= ZPAB,y= Z/PAD,a=AB=BC=CD=
AD. Since ABCD is a rhombus with £ DAB = 60°, both ABD and

BCD are equilateral triangles and BD = a, AC = a\/§ .
According to the law of cosines, we have

PC?2=PA2+ AC? - 2PAXACcosa. = PA% + 3a%? — 2aPA/3cosa,
PB?=PA?+ AB? - 2PAxABcosf} = PA? + a* — 2aPAcosp, and
PD?=PA? + AD? - 2PAxADcosy = PA? + a*> — 2aPAcosy.
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We are given PC? = PB? + PD?, or

PA% + 3a* — 2aPA+/3cosa = 2PA? + 2a* — 2aPA(cosf + cosy), or
a’— 2aPA\/§cosoc =PA? - 2aPA(cosp + cosy), or

a*—PA*= 2aPA(\/§cosoc — cosP — cosy).

Now let’s assume that P is on the plane that is perpendicular to the
plane of rhombus ABCD and passes through AC. In other words,
assuming 3 = v, the previous equation becomes

a? — PA? = 2aPA(\[3cosa — 2cosp) (i)

From P draw the altitude PH to the plane of ABCD, the altitudes
HE to AB and HF to AD where E and F are on AB and AD,

AE +/AH?-EH?

respectively. We then have cosf} = PA - PA and
080 — AH  AHcosBp ~  cosp cosP ~_cosfB
PA +/AH2 - EH? EH2 /1 —sin?30° ¢0s30%
SRUNTE

or4/3cosa — 2cosP = 0. From equation (i) we now get a®> = PA?, or
PA = AB.
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Problem 3 of Italy Mathematical Olympiad 2009

A natural number 7 is called nice if it enjoys the following
properties:

* the expression is made up of 4 decimal digits;

« the first and third digits of » are equal;

» the second and fourth digits of »n are equal;

« the product of the digits of »n divides n?.

Determine all nice numbers.

Solution

Let a be the first and third digit and b the second and fourth digit
of n. In other words, n = abab. The value of n is n = 1000a + 1005
+10a +b5=1010a + 1015.

The product of the digits of n divides »n? gives us the equation
(1010a + 101b)2 = 1012(10a + b)* =0 (mod a*b?), or
1012(

Now substitute the values for b from 1 to 9 to find the
corresponding ones for a, if there is any.

)2 = 1012(7 + ;)2 = m> where m 1is an integer.

10 1 1
When b =1 DL 10+ is an integer when @ =1 and n = 1111.

> b
10 l 1 . .
When b =2, Bt 5+ ,, 18 an integer when a =1 and n = 1212.
10 1 10 1 10 1
When b =3, 10 +—= 10 +—; there is no value for a to make 19 +=
b a 3 a 3 a
an integer.
10 1 10 1
When b = 4,7 =t 1s an integer when a =2 and n = 2424.
10 1
When b = 5,?+; 2+~ 1s an integer when a = 1 and n = 1515.
10 1 10 1
When b =6, b 2" 6 a2 is an integer when a = 3 and n = 3636.

Similarly, when b =7, 8 or 9, there is no value for a to make b an
integer.
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Problem 2 of Spain Mathematical Olympiad 1992

Given two circles of radii » and 7’ exterior to each other, construct
a line parallel to a given line and intersecting the two circles in
chords with the sum of lengths /.

Solution

Let the two circles be I" and I1, their respective radii be » and 7’,
the given line be ¢ as shown, I and J be the centers of I" and I,
respectively. Draw the altitudes IE and JF to ¢. The line parallels to
t that needs to be constructed cuts IE, I', IT and JF at A, B, C and
D, respectively with B and C between A and D. Now let a = IE, b
=JF, d = EF, and the values of these segments a, b and d are given.
Also let /1 = AB, [2=CD. We’re also given 2(/1 + [2) = 1.

Applying the Pythagorean theorem, DJ =+/r"? — [22; DF =b - DJ =
b—~r*—1*=AE. Fromhere,AI=a—AE=a—b+\m.
Similarly, we have Al = \/flﬂ, or \/flﬂ =a-b+ \/flﬁ
Now square both sides of the previous equation to get
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rr—12=(a-by+2(a—by\r*—I12+r?—12 or
rP—r2—I12+12—(a—-bP=2(a—-byNr*—-12,or
[P —r?=12+ 12— (a— b)) =4(a— b)X(r?*—12?) (1)

In addition to equation (i), as mentioned earlier, we also have the
expression 2(/1 +12) =1 (i1)

In other words, we have two equations (i) and (i1) with two
unknowns /7 and /2. Solving those equations to get the individual
values for the unknowns. IA then can be found and the line can be
constructed.
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Problem 5 of Spain Mathematical Olympiad 1992

Given a triangle ABC, show how to construct the point P such that
ZPAB = ZPBC = ZPCA. Express this angle in terms of £ A,
Z B, ZC using trigonometric functions.

Solution

Leta= ZPAB= /PBC= ZPCA,a=BC,b=AC,c=AB,d=
AP, e=BP and /= CP.

Applying the law of sines, in triangle APB, we get
e c c csina )
sino sin[180° —a— (£B — a)] “sin/B % ¢ sin/B M
asino

sinZ C’

Similarly, in triangle BPC, /=
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. bsina, L a sinZA
In triangle APC, d = sin A’ and in triangle ABC, ¢ sn C
B 0 (D) b __asinasinZC
quation (i) becomes e = sin/ Axsin/ B

Now applying the law of cosines to triangle BPC to get
a?= e+ f2 — 2efcos ZBPC = 2 + f2 + 2efcosC.
Substituting e and f'into the previous equation gives us

, _ _@sin’osin? ZC N a’sin’o . 2a%sin?axsin £ Cxcos £ C
@ sin/ Axsin? /B sin?ZC " sin/ Axsin/ BxsinZC

) sin?ZC 1 2cos ZC .
or 1= S1n2oL(sinz /Axsi® /B si? /C | sin/ Axsin/ B) (i)
However, sin>Z C = sin?[180° — (LA + £ZB)] =sin’( LA+ £B) =
(sin £ Axcos £ B + cos £ Axsin ZB)? = sin? £ Axcos? Z B +
2sin /. Axcos /. Bxcos Z Axsin /B + cos? Z Axsin?> / B. Hence,
sin?Z C

sin?Z Axsin®?Z B

=cot2? /B + 2cot £ Axcot £ B + cot>2 L A.

and 1 =sin>/ C + cos*Z C, or =1+cot>?ZC.

1
sin?/ C
Lastly, cos £C = cos[180° — (LA + £B)] =-cos( LA+ £B) =
-(cos £ Axcos £ B — sin Z Axsin £ B) = sin £ Axsin ZB —

2c0s £ C
sin/ Axsin/Z B

sin?/ C 1
sin?/ Axsin*Z B * sin?/ C -

cos Z Axcos Z B, and =2 —2cot/ Axcot Z B.

Adding all the three terms to get

2c0s ZC
sin/ Axsin /B
Therefore, equation (ii) is equivalent to
1 = sina(3 + cot? ZA + cot? ZB + cot?£C), or
) 1

wne \J3+cot LA +cott/B+ cot?/C o
=sin’! L )

\/3 +cot? LA +cot? /B + cot?ZC
Based on this result we can construct the segments PA, PB, PC and
the point P such that o = ZPAB = ZPBC = ZPCA.
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Problem 2 Asian Pacific Mathematical Olympiad 2003

Suppose ABCD is a square piece of cardboard with side length a.
On a plane are two parallel lines /, and 7, which are also a units
apart. The square ABCD is placed on the plane so that sides AB
and AD intersect /, at E and F respectively. Also, sides CB and CD

intersect /, at G and H respectively. Let the perimeters of triangle
AEF and triangle CGH be m and m, respectively. Prove that no

matter how the square was placed, m, + m, remains constant.

Solution

A F a D

L H

B M G C

It’s easily seen that the two triangles AEF and CHG are similar.
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HC GC

We have = AE ~ AF-

Pick points M and N on BC and DC, respectively such that NH =
AE and MG = AF.

We then have Ty or GH || MN.

C GC
NH ™~ MG’
From H draw a line parallel to AD and intercept MN at L.
Triangles AEF and HNL are congruent. Therefore, AE = NH, AF
=LH =MG, EF = LN, GH =ML, and

m, = AE + AF + EF,
m,=HC + GC + GH.
m, +m, = AE + AF + EF + HC + GC + GH = NH + HC + GC +

MG + ML + LN =NC + MC + MN, orm,+m
triangle MCN.

, 1s the perimeter of

From F draw a line perpendicular to and intercept GH at J, we have
FJ = a as given by the problem. Similarly, from A draw a line
perpendicular to and intercept MN at I, we have FJ = Al = a.

That proves to us that line MN is tangential to the circle with
radius a and center A. Therefore, the parameter of triangle MCN

equals BC + DC = 2a, or m  + m, is a constant.

Further observation

Let K be the foot of incenter of incircle of triangle MCN to MN.
Prove that IK = MN — 2xKN.
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Problem 2 of Asian Pacific Mathematical Olympia 2004

Let O be the circumcenter and H the orthocenter of an acute
triangle ABC. Prove that the area of one of the triangles AOH,
BOH and COH is equal to the sum of the areas of the other two.

Solution 1

A

From the vertices of triangle ABC A, B and C draw the altitudes to
OH and let them intercept the extension of OH at M, G and P,
respectively.

Since the three triangles AOH, BOH and COH have the same base
OH, to prove the area of AOH is the sum of the areas BOH and
COH, it suffices to prove that AM = GB + PC (1)
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Extend CO to meet the circle at D. Since CD is the diameter of
the circle, we have / DAC = Z/DBC = ZBFC = Z AIC = 90°.
Or AD || HB, and DB || AH; therefore, AD = HB.

O and E are also midpoints of DC and AC, respectively, we have
OE = %AD, or OE = /2HB. Let J be the midpoint of BH; from J
draw the altitude to OH and cuts the extension of OH at K. We
have KJ = 2GB (i1)
HJ = HB = OE and ZKHJ = ZOHF = ZNOE.

From E draw the altitude to OH and intercept it at N. The two
triangles JKH and ENO are then congruent; we have KJ = EN.

Draw the line parallel to OH through E and intercepts AM and PC
at L and Q, respectively; we then have

KI=EN=LM =QP,

AL=QC (i11)

Combining with (i1), we get GB + PC =2 KJ + QC — QP.
From (iii), GB + PC=LM + QP + AL — QP, or GB + PC = AM
which is the condition (i) we set out to prove.

Solution 2

From the three vertices A, B and C of AABC draw orthogonal lines
to OH and intercept it at M, G and P, respectively. The three
triangles AOH, BOH and COH share the same base OH, so to
prove the areas of AOH to equal the areas of the other two it
suffices to prove AM = GB + PC.

Let J be the midpoint of BC. AJ intercepts OH at N. From J draw
the line to perpendicular and intercept OH at K. We see that GB +
PC =2JK. We then need to prove AM = 2JK. Note that in a
triangle, the three points centroid, orthocenter and circumcenter
collinear; therefore, N is also the centroid of AABC

Hence, AN =2NJ, or AM = 2JK because the two triangles AMN
and JKN are similar.
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A
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Problem 4 of the Ibero-American Mathematical Olympiad 1989

The incircle of the triangle ABC, is tangential to both sides AC and
BC at M and N, respectively. The angle bisectors of the angles A
and B intersect MN at points P and Q, respectively. Let O be the
incenter of the triangle ABC. Prove that MPxOA = BCxOQ.

Solution

A

B N C

We have ZAO0Q =ZABO+2ZBAO ='(180°-4£C)= LZHMC =
ZMOC and Z0OMQ = ZMCO (2 sides perpendicular to each
other), or ZAOQ + ZAMQ = ZHMC +90° + ZMCO = 180°

Therefore, AMQO is cyclic and £ZAQO = ZAMO = 90° and
triangles AQO and CHM and MHO are all similar.
Similarly, £ APB = 90°.

OA CM CN OM ,
These similarities give us 0Q MH_ MH_ OH (1)
On the other hand because £ APB =90°, APNB is cyclic and
Z OBN + ZOPN = 180°, or ZOBN = ZOPH, or the two
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triangles OBN and OPH are also similar.

BN ON OM

We have 5 =G = on

Combining (i) and (i1), we obtain
OA CN BN CN+BN BC

0Q MH _PH_ MH+PH _ Mp: °f MPXOA =BCx0Q.

633

(ii)



Narrative approaches to the international mathematical problems

Problem 6 of Austria Mathematical Olympiad 1990

A convex pentagon ABCDE is inscribed in a circle. The distances
of A from the lines BC, CD, DE are a, b, c, respectively. Compute
the distance of A from the line BE.

Solution
F
B
a
H o C
§
A K
X
b
B
I
c
04
X
J
N E D

Let F, I, N, K be the feet of A onto BC, CD, DE and BE,

respectively, a = Z AEK = Z ANK (because ANEK is cyclic) =

Z ACB (subtends same small arc AB), p = ZAKN = ZAEN (also

because ANEK is cyclic) = Z ACD (subtends same arc AED), AK

= x which is the unknown we need to find. The law of sine gives us
X c csino

- orx= sinf3

=", . But in the right AACF and AACI,
sina,  sinf3

. AF  a Al b ac
sinaL == AC,smB AC - AC OTX=7
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Problem 6 of the British Mathematical Olympiad 2000

Two intersecting circles Ci and C2 have a common tangent which
touches C7 at P and C:2 at Q. The two circles intersect at M and N,
where N is nearer to PQ than M is. Prove that the triangles MNP
and MNQ have equal areas.

Solution

Ci

Extending MN to meet PQ at I, From P and Q draw the
perpendicular lines to MI to meet it at E and F, respectively.

We have [P? = INxM = 1Q?, or IP =1Q. The two triangles PIE and
QIF have all their respective angles equaled and also have the
same length for sides IP = 1Q; therefore, they are congruent.

As aresult PE = QF. The two triangles MNP and MNQ have equal
areas because they have the equal altitude PE = QF dropping down
to the same base MN.
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Problem 3 of Austria Mathematical Olympiad 2001

We are given a triangle ABC and its circumcircle with center O
and radius r. Let K be the circle with midpoint O and radius 27, and
let ¢’ be the tangent to K that is parallel to ¢ = AB and has the
property that C lies between ¢ and ¢’. Analogously, the tangents a’
and b’ are determined. The resulting triangle with sides a’, b°, ¢’ is
called triangle A’B’C’. Prove that the lines joining the midpoints
of corresponding sides of the triangles ABC and A’B’C’ pass
through a common point.

Solution

B' a’ M el

Since AB || A’B’, BC || B’C” and AC || A’C’, the two triangles
ABC and A’B’C’ are similar which gives us
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AB BC AC .
AB ~BC~ AC @
Link A’A, B’B, and let their extensions meet at I. Let T and P be
the midpoints of AB and A’B’, respectively. The three points I, T

and P are, therefore, collinear.

IB AB
And we then have B- AR

Combining with (i), we now have % = ]5—8 = AA,—g, , or the three
points I, C and C’ collinear. Therefore, if R, M, S and N are the
midpoints of BC, B’C’, AC and A’C’, respectively, I, R, and M are
collinear. The same conclusion can also be made for the three
points I, S and N.

Thus the lines joining the midpoints of corresponding sides of the
triangles ABC and A’B’C’ pass through a common point I.
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Problem at Art Of the Problem Solving website 2011

There is a point P inside a rectangle ABCD such that £ APD =
110°, ZPBC =70°, ZPCB = 30°. Find ZPAD.

Solution
A B
20°
X b C 70°
P
110°/\80°
a a
X
30°

D C

Leta=AD=BC, b= AP, c=BP, ZPAD =x, ZADP = qa.

638



Narrative approaches to the international mathematical problems

. . a b .
Applying the law of sines for AADP, we get sinl10° ~ sing (1)
: a __c c 1 .
and for triangle BCP, Sin80° ~ sin30° > °T 2~ 2sin80° (11)

But for triangle ABP, —2— = ——S—— =€ .4 equati
ut for triangle  Sin20° ~ sin(90° —x)  cosx’ and equation

. a ¢sin20° ¢ sin20°sin110°
(1) becomes — = ,Or COSX =X - .
sin110°  sinocosx a sino.

Substituting the ratio 2 from (i1) and sin110° = c0s20° to the

) . 1 sin40° 1
previous equation, we get cosx = 2sin80°x Jsina = Z
sin4(° 1 1
X— - =X or
2sinasind0°c0s40° 8 sinocos40°
N
SINOL = 8> 5s40°Cosx and
cosol = lx—l \/ 64co0s*40°cos’x — 1
8 cos40°cosx

On the other hand in triangle ADP, cosx = cos(180° — ZAPD — a)
= co0s(70° — o) = cos70°cosa + sin70°sina.

Substituting sina and cosa above into this equation, we get
64c0s240°cos * x — 16c0s40°(4c0s270°c0s40° + sin70°)cos?x +1 = 0.
The only acceptable angle is x = 53.92°.

Further observation

This method applies to any angle measurements for all the given
angles in the problem.
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Problem 1 of the Asian Pacific Mathematical Olympiad 1991

Let G be the centroid of triangle ABC and M be the midpoint of
BC. Let X be on AB and Y on AC such that the points X, Y, and G
are collinear and XY and BC are parallel. Suppose that XC and GB
intersect at Q and Y B and GC intersect at P. Show that triangle
MPQ is similar to triangle ABC.

Solution

B IY; C
Let N and D be midpoints of AC and AB, respectively. Since XY ||
BC, we have YC/YN = GB/GN, or (YC/YN)*x(GN/GB) = 1. Also

because M is midpoint of BC, we have
(MB/MC)x(YC/YN)*(GN/GB) = 1.

Per Ceva’s theorem, the three segments MN, GC and BY are then
concurrent and meet at Q. Since MN || AB and D is midpoint of
AB, P is then midpoint of MN. We have MP || AB.

With the same argument, Q is midpoint of MD and MQ || AC and
PQ || DN. In addition with DN || BC, we have PQ || BC.

Triangle MPQ has the three sides parallel to those of triangle ABC;
therefore, they are similar.
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Problem 1 of the Asian Pacific Mathematical Olympiad 1992

A triangle with sides a, b, and ¢ is given. Denote by s the semi-

: . atb+tc . o
perimeter, that is s = - Construct a triangle with sides s —
a,s — b, and s — c. This process is repeated until a triangle can no
longer be constructed with the side lengths given. For which
original triangles can this process be repeated indefinitely?

Solution

Draw the incircle of triangle ABC to tangent with the sides BC,
AC and AB at D, E and F, respectively.

Let BC=a, AC=b, AB=c,

BD=BF=d,
CD=CE=e,
AE=AF=f
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atb+c
WehaveszT =d+tetf=a+f=b+d=c+e.

Sonowwehaves—a=f, s—b=d,ands—c=e

For the three sides to form a non-degenerate triangle, the sum of
any two has to be greater than the third. So we must have

f+rd=c>e, fte=b>d, or d+te=a>f.

Forc>e, = c>s—c=>2c>s = 4c>a+b+c =
3c>a+tb.

Similarly, forb>d = 3a>b+c,anda>f = 3b>a+c.

If one of those conditions is met, the process can be repeated, and
the triangle can be constructed.

To construct the triangle draw a segment with the length of
distance e; the ends of this segment are the vertices of the triangle
that is under construction. Then from each end draw the circles
with radii of d and f. These two circles intercept at another vertex
of the triangle.

If the original triangle is equilateral, it will meet those conditions
indefinitely since for an equilateral trianglea=b=candd=e=f
making the subsequent triangle also equilateral and the process
keeps repeating forever.
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Problem 1 of the British Mathematical Olympiad 2008

Find all solutions in non-negative integers a, b to\[a +/b =

~/2009.

Solution 1

Squaring both sides, we geta + b + 2\/a_b= 2009; rearranging and
squaring them again, we have (a + b — 2009)? = 4ab, or a*> — 2(b +
2009)a + b*+2009? —4018b = 0. Solving for a, we obtain a = b +

2009 £1/2x4018b = b + 2009 + 141/41b.

For a to be an integer, 415 has to be the square of an integer, or b =
41n* where n is an integer. Now a = 41n* + 2009 + 14x41n = 41n?

+ 2009 + 574n.

Note that a or b can not exceed 2009 and must not be negative, we

have the following solutions whenn =1, 2,3, 4,5, 6 and 7.

(b, a) = (41, 41%36), (41x4, 41x25), (41x9, 41x16), (41x16,
41x9), (41x25, 41x4), (41x36, 41), and (41x49, 0), and since
\/:z and \/Z are commutative, another series of solutions are

(a, b) = (41, 41x36), (41x4, 41x25), (41x9, 41x16), (41x16,
41x9), (41x25, 41x4), (41x36, 41), and (41x49, 0).

Solution 2
Let’s write \/:z + \/7) =4/2009 as \/;z + \/Z = 7@. From here \/;z
takes on the values 0, \/ﬂ , 2@ , 3\/ﬂ , 4\/ﬂ , 5\/ﬂ , 6\/ﬂ

and 71/41 whereas \/Z takes on the corresponding values 7\/ﬂ ,

6\AT . S\AT AT, AT, 23T AT and 0.

The same results as above are drawn.
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Problem 1 of the Canadian Mathematical Olympiad 1969

a, a, a, a .,
Show that if == =-==-"and p,, p,, p, are not all zero, then (b_)
1

n n n
pia, tpa, tpya, L
~ for every positive integer n.

- n n
by +p,by + psb,

Solution
N . .9
Adding D ratio to the left onto the already existing equation b
1 1
4, 4 4, 4 4, 44
—=—toget =T =T"="".
b, by by b, b, by

Now raising to the n power for all, we get
Gn_ T fan g
G =G =G =G

Multiply both sides of different ratios with equal numbers p’s
n n n n n n
(a1)n Piay Py, Pidy Pia; TPpyd, T psds
- n - n - n - n n n -
by by pby piby pibytpyby tpsby
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Problem 1 of the Canadian Mathematical Olympiad 1971

DEB is a chord of a circle such that DE = 3 and EB = 5. Let O be
the center of the circle. Join OE and extend OE to cut the circle at
C. Given EC = 1, find the radius of the circle.

Solution

B

A

Extend CO to intercept the circle at A. Let » be the radius of the
circle; we get OE=r—1, OA =r.

Applying the intersecting chord theorem to get BEXEC = AEXED,
or 15=2r—1)x1,orr=_8.
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Problem 1 of the Canadian Mathematical Olympiad 1972

Given three distinct unit circles, each of which is tangent to the
other two, find the radii of the circles which are tangent to all three
circles.

Solution

The three distinct unit circles are congruent with radii equal to 1.
It’s easily seen that the three centers X, Y and Z make an equi-
lateral triangle since its lengths XY =YZ=7ZX=1.

The same point incircle, centroid and circumcenter I of this
triangle will be the centers of the two circles which tangent to all
three circles. For the larger circle C: that tangents all three circle,
itsradiusis R=IP=YP + 1Y =1 + IY. But IY = [Z = 2/3 altitude

of triangle XYZ =2/3 ZJ = 2\[ZY? —JY?/3=2A[3,s0 R=1+
2/\/§ . For the small C2 that tangents all three circle, its radius is » =
R-2YP=1+2A[3-2=2A3-1.
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Problem 1 of the Canadian Mathematical Olympiad 1975

Simplify

3/ 124+248+...+n2n4dn
1.39+2.6.18+...+n3n

Solution

We have
1.24+248+...+n2ndn=24(1°+23+33+...+nr® and
1.39+2.6.18+...+n3n9n =39 (13+23+33+ ... +n,

24 23
and the ratio becomes 39~ 3»0r

\3/ 124+248+... +n2ndn

2
1.39+2.6.18+...+n3n%n 3
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Problem 1 of Canadian Mathematical Olympiad 1982

In the diagram, OBIi is parallel and equal in length to A A, , for

i+1

i=1,2,3and 4 (A;=A,). Show that the area of B,B,B,B, is

twice that of A1A2A3A 4

Solution

B4

Let () denote the area of shape Q. If we move the triangle OB, B,
with B, = A;and O — A,, (OB B,) = (A A,A,) since they have

the equal base A, A, = OB, and the same altitude from A, (or B,
after the move).

We will see the same effect if we move triangle OB,B, (B, — A,
and O — A,), (OB;B,) =(AAA)).

Now adding the two areas

(AA,A5) + (A AA,) = (OBB,) + (OB;B,) (1)

Next, move the triangle A A A, (A; = Oand A, — B)),
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(A;A,A,) = (0B, B,), and move the triangle A,A;A,
(A; — Oand A, — B,), (A,A;A,) = (OB,B,).

Adding the previous two areas
(A AA) +(AA4A,) = (0B B,) +(0B,B,)

Now adding the sides of (i) and (ii) to get
2(A,A,AA ) = (B,B,B;B,).
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Problem 1 of the Canadian Mathematical Olympiad 1986

In the diagram line segments AB and CD are of length 1 while
angles ABC and CBD are 90° and 30°, respectively. Find AC.

Solution

A

BC CD
We have AC?=1 + BC? and sn/D _ sin30° 2, or
) 1 AC+1 AB 1 2
sin/D= 2BC. We also have sin120° sin/D _sin/D_BC

AC +1
\/— \/7 or (AC+1)y(AC—-1)=3,0r
AC*+2AC* 2AC + AC2—4=0, or
ACAC*—2)+2(AC*—2)=0,0r
(AC*-2)(AC+2)=0,but AC+2>0.

Therefore, AC* -2 =0, and AC = i/E

Further observation

This problem is the same as problem 3 of the Irish Mathematical
Olympiad 2010.
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Problem 1 of the Irish Mathematical Olympiad 2007

Let 7, s and ¢ be the roots of the cubic polynomial

p(x)=x*—2007x + 2002
r—1s—1t-1
r+1s+1t+1°

Determine the value of

Solution

Expanding

r—1 s—1t—1 3rst—3+rttsttrs—s—r—t .
r+ 1 s+1t+1 rst+rt+st+rs+s+r+e+1 (1)

Since r, s and ¢ are the roots, we can write p(x) as
x—rx-5)x—0O=x*—(s+r+o)x>+ (rt+st+rs)x+rst=
x*—=2007x + 2002, or

s+r+t=0,rt+st+rs=-2007, and rst = -2002.

Substituting them into (i), we have
r—1s-1¢t-1 -3x2002-3-2007 -8016 5
r+1s+1t+1  -2002-2007+1  -4008 ~
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Problem 1 of Romanian Mathematical Olympiad 2006

Let ABC be a triangle and the points M and N on the sides AB and
BC, respectively, such that 2CN/BC = AM/AB. Let P be a point on
the line AC. Prove that the lines MN and NP are perpendicular if
and only if PN is the interior angle bisector of £ MPC.

Solution

B

Q N
a) Assume MN and NP are perpendicular.

CN AM
Since 2XE =AB’ pick point Q on BC such that QN = CN and

MQ || AC. Let E and F be the midpoints of MP and MA,
respectively. We have EF || AC but N is also the midpoint of QC
and MQ || AC; therefore, FN || AC and F, E and N are collinear.
We then get £ ENP = ZNPC.

But EN = EP = EM (E is midpoint of MP and £ MNP is right
angle) causing £ ENP = Z EPN, or Z EPN = ZNPC, and PN is
the interior bisector of £ MPC.

b) Assume PN is interior bisector of ~MPC.

ZEPN = ZNPC and since MQ || AC and F and N are the
midpoints of MA and QC, respectively, we have FN || AC.
Therefore, £ FNP = ZNPC, and E is the midpoint of MP. It
follows that £ EPN = £ ENP and EN = EP = EM or Z MNP =
90° and MN is orthogonal to NP.
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Problem 2 of the British Mathematical Olympiad 2007

Let triangle ABC have incenter I and circumcenter O. Suppose that
Z AIO =90° and £ CIO = 45°. Find the ratio AB : BC : CA.

Solution

1
Let the incircle tangent AB at D and r be its radius, a = ELA, B=

Z%LC. We have oo + B+ LB = ZAIC =90° + 45° = 135° and
A+ /ZB+ ZC=180° or ZB =90° and the circumcenter O of
triangle ABC is the midpoint of AC. Now let %AC =0A=0C=
OB = R be the radius of the circumcircle, Ol = b and £ AOB =«.
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Applying the law of the sines for triangle OIC, we obtain
R
sind5° smB

b
but in triangle AOI, R = sina’ , and the previous

. R Rsina ) . .
expression becomes Sind5°  sinp ’ or sina. = \/EsmB (1)

We also have o + 3 =45°, or sin(a + ) = sin45°.

NG

Now expand it, sinacosf3 + cosasinf = 7

Substituting sina from (i), we have

NE

. 2 )
sinoicos(45° — a) + 5 cosasinoL ="5, or
sina(cosa. + sina) + cosasina = 1, or
2sinoicosco. = cos?al, or 2sino. = cosal., or
but DI = r, and AD = 2r, Al = 1[5, cos £ A =

cos?a — sin*oL = (R AD, ( ) 3 5- However, cosZLA= AB_3
AI Al CA™ &

tano = 2 AD’

Now applying the Pythagorean formula CA? = AB? + BC?, we

BC
have CA? —( PXCA? + BC2, or =~ =0.8.

CA

Finally, AB: BC: CA=3:4:5.
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Problem 2 of the British Mathematical Olympiad 2008

Let ABC be an acute-angled triangle with £ B = ZC. Let the
circumcenter be O and the orthocenter be H. Prove that the center
of the circle BOH lies on the line AB. The circumcenter of a
triangle is the center of its circumcircle. The orthocenter of a
triangle is the point where its three altitudes meet.

Solution

Let ¢ = ZHAB, we then also have e = ZHAC = ZABO (since O
is center of circle), and ZBOH = ZBAO + £ ABO = 2¢. Now let
the circumcircle of triangle BOH intercept AB at E.

We then have ZBEH = ZBOH = 2¢ (these angles subtend the
same arc BH)
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Since ZHBC + ZACB =90°= ZHAC + £ ACB, we have
/HBC = ZHAC =¢,and ZHAB + ZABC =90° or ZHAB +
ZABO+ Z0OBH + ZHBC =3¢+ ZHBO =90° = ZEBO +
/HBO + ZBEH, or ZEBH + ZBEH =90°, and / BHE = 180°
— ZEBH — ZBEH =90°, or BE is the diameter of the circle BOH,
or the center of the circle BOH lies on the line AB.
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Problem 2 of the British Mathematical Olympiad 2009

In triangle ABC the centroid is G and D is the midpoint of CA.
The line through G parallel to BC meets AB at E. Prove that

Z AEC = ZDGC if, and only if, £ ACB = 90°. The centroid of a
triangle is the intersection of the three medians, the lines which
join each vertex to the midpoint of the opposite side.

Solution
A
M D
E F
B i 1 C
If / ACB = 90°

Let EG intercept AC at F. Since EF || BC, ZAEF = ZABC,
ZDGF = ZDBC, and ZFEC = ZECB.
We have ZAEC= ZAEF+ ZFEC= ZABC + ZECB

But since M is the midpoint of AB and £ ACB = 90°, M is also the
center of the circumcircle of triangle ABC and AM = MC = MB
and ZABC = ZMCB

Therefore, Z AEC = ZABC + ZECB= ZMCB + ZECB

But since EG || BC and MB = MC, we have ZMBG = ZMCE, or
Z/ECB= ZDBC, or ZAEC= ZMCB + ZECB = ZMCB +
ZDBC = ZDGC,
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If ZAEC= ZDGC

We have ZAEC = ZABC+ ZECB= ZEBG+ ZGBC +
Z/ECB, and /DGC= ZGBC+ ZGCB = ZGBC + ZGCE +
ZECB, or ZEBG = ZGCE, or EGCB is cyclic.

Combining with EG || BC, we have EB = GC, and EGCB is an
isosceles trapezoid, and ZEBC = £ GCB, or MBC is an isosceles
triangle and MB = MC = MA.

Therefore, Z MBC = ZMCB and £~ MAC = ZMCA, or ZMCB
+ ZMCA = 4180° = 90°.
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Problem 3 of Canadian Mathematical Olympiad 1986

A chord ST of constant length slides around a semicircle with
diameter AB. M is the mid-point of ST and P is the foot of the
perpendicular from S to AB. Prove that angle SPM is constant for
all positions of ST.

Solution

P 0)

As the chord ST slides around AB, we note that triangle SOT
rotates around O, and its shape remains constant, so is ZSOM.
Since M is the midpoint of ST, SM = MT.

We also have OS = OT equals the radius of the semicircle. The two
triangles SOM and TOM are congruent because of their three sides

are equal. Therefore, ZSMO = ZTMO = %4180° = 90°.

So the quadrilateral SPOM is cyclic since ZSPO + ZSMO =
180°. Therefore, ~ SPM = / SOM is constant.
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Problem 4 of Austria Mathematical Olympiad 2008

In a triangle ABC let E be the midpoint of the sides AC and F the
midpoint of the side BC. Furthermore let G be the foot of the
altitude through C on the side AB (or its extension). Show that the
triangle EFG is isosceles if and only if ABC is isosceles.

Solution

Let CG intercept EF at I. We only solve the problem with one
geometrical configuration. Other configurations can also be solved
similarly.

First assume that the triangle EFG is isosceles and GE = GF,
Z GEF = ZGFE.

Since E and F are the midpoints of AC and BC, respectively, EF ||
AB, ZGEF = ZAGE and ZGFE = ZBGF. Combining with CG
1 AB, we have ZEGC = ZFGC.

The two triangles EGC and FGC are then congruent since they also
share GC. It follows that EC = FC and AC = BC or triangle ABC
is isosceles.
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Now assume triangle ABC is isosceles, AC = BC and EC = FC,
/BAC= ZABC.

Since ZAGC = ZBGC = 90°, the two triangles AGC and BGC
are congruent and AG = BG which leads us to ZACG = £ZBCG.
The two triangles EGC and FGC are then congruent since they also
share GC.

It follows that EG = FG and triangle EFG is also isosceles.
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Problem 6 of Austria Mathematical Olympiad 2008

We are given a square ABCD. Let P be different from the vertices
of the square and from its center M. For a point P for which the
line PD intersects the line AC, let E be this intersection. For a point
P for which the line PC intersects the line DB, let F be this
intersection. All those points P for which E and F exist are called
acceptable points.

Determine the set of acceptable points for which the line EF is
parallel to AD.

Solution
A B
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Link EB. Since ABCD is a square and AC is the perpendicular
bisector of BD, and E is on AC, ED = EB and Z/ EDB = ZEBD.

Furthermore, since EF || BC, EFBC is an isosceles trapezoid and
ZECF = ZEBD, or ZECF = ZEDB.

We also have ZFCB + ZECF =45°, or
/FCB+ ZEDB =45°, or
/FCB = ZEDC, and
FC L. DP, or ZDPC = 90°.

So all the acceptable points form a circle with center O being the
midpoint of DC and the diameter equals to the side length of the
square ABCD.
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Problem 6 of Australia Mathematical Olympiad 2010
3 3
Prove that \/6 +[845 +[325 + \/6 +[847 +1[539 =
3 3
\/4 +3[245 + (175 +\/8 + /1859 +[1573.

Solution

Observe that 845 = 132x5, 325 =52x13,
847 = 112x7, 539 = 7?x11,
245 = 72x5, 175 = 52x7,

1859 = 132x11, 1573 = 11°x13

and 6 + /845 + /325 =(\3/T?3)3 +3(\3/T?3)2><
ori/6+i/%+i/%=\3/173—3 +\3/§.
3 3 3
Similarly, \/6+i/@+i/@=\/173—1+\/z,
{/8+3 1859+i/ﬁ=\3/173—3+\3/173—1.
Therefore,</6+i/%+ilﬁ+</6+i/%+i/§=
</4+i/%+i/m+</8+m+i/ﬁ_
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Problem 6 of Belarus Mathematical Olympiad 2000

The equilateral triangles ABF and CAG are constructed in the
exterior of a right-angled triangle ABC with £ C =90°. Let M be
the midpoint of BC. Given that MF = 11 and MG = 7, find the
length of BC.

Solution

Loty BC
etx = K

Applying the law of cosines, we have

GM? = x2 + ¢ — 2xcxcos( L ACB + 60°), or

GM? = x2 + ¢? — 2xc %Xc0s150°, and FM? = x2 + b? — 2xbx
cos( £ ABC + 60°).

AB=5band AC =c.

Expanding those two equations with MG = 7 and MF = 11,
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cos( £ ABC + 60°) = cos Z ABCx*co0s60° — sin £ ABCxsin60°,

1 3 3
c0s60° =7, sin60° = i cos150° = i

> I =-"5 and observing the

Pythagorean theorem, we have 49 = ¢ + x> + xC\E .

121 = b — x* + x\[3.

> =+ 44X

Solving for x, we obtain x = 6 or BC = 12.
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Problem 8 of the Canadian Mathematical Olympiad 1970

Consider all line segments of length 4 with one end-point on the
line y = x and the other end-point on the line y = 2x. Find the
equation of the locus of the midpoints of these line segments.

Solution

y y=2x

S
)

2a

0 a X b

Let the segment be PQ, P on y = 2x and Q on y = x, the midpoint of
PQ be M. We have PQ = 4. Because point Q is on line y = x, its
coordinates is Q(b, b), and the coordinates of P is P(a, 2a) because
it’s on y = 2x line. To use the least numbers of unknowns possible,
let’s pick the half segment MQ for the calculation. We have
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MQ2= (b~ XP + (b Y = (52 =4

a+b a_v b dY_2a+b
5 Loy =X-5and Y ="">

Besides, X = =X+

0r§=2X—Y, orb=4X-2Y.

Substituting b into (i), we have 13Y? — 36XY + 25X? —

18X \/52 X2

13 13

18X \/52 X2

13 13

18X 4/52-X2

13 13

When X <0,Y =

When X >0,Y =

(1)
a
5 =2X-=
4=0, or

Note that the locus only goes from point N(\/S_ i) to

13
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Problem 2 of the Canadian Mathematical Olympiad 1971

Let x and y be positive real numbers such that x + y = 1. Show that
1 1
(1+ x)(l +y) >9.

Solution

Applying the AM-GM inequality, we have x +y > 2\/5/ (1)
or (x +y )*>4xy, or

1 > 4xy, or xy > 4x*?, or \/gz > 2xy, or 4\@ > 8xy.

Since x +y =1, (i) can also be written as 1 > 2\/5/, or2> 4\/5/ >
8xy.

+y+1
x+y+128xy,orx—xyL28.
1 1 1
—+-+—> 8.
Xy oxy

1 1 1 1 1
l+-+-+—=>9,0or(1+2)(1+7)>9.
Xy Xy X Y
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Problem 2 of the Canadian Mathematical Olympiad 1973

Find all the real numbers which satisfy the equation [x + 3| — |x — 1
=x+ 1. (Note: |a|=aifa>0; |a|=-aifa<0.)

Solution

For x € (-0, -3] (including point -3), the equation can be written
as-x—3+x—1=x+1,orx=-5.

For x € (-3, 1] (including point 1), the equation can be written as
x+3+x—-1=x+1,orx=-1.

For x € (1, +o) (excluding point 1), the equation can be written as
x+3—-x+1=x+1,orx=23.

All the real numbers which satisfy the equation |[x + 3| — |x — 1| =
x+ 1 are -5, -1 and 3.
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Problem 2 of the Canadian Mathematical Olympiad 1969

Determine which of the two numbers \c¢ + 1 — \/Z', \/Z’ —AJc—11is

greater for any ¢ > 1.

Solution

Since ¢ > 1, we always have ¢ >/ — 1, or 2¢ > 22/ — 1, or
4e>2c+ NAE—T=nJc+ 1+1Jc— 12 or Ne>afe + 1 +4fc— 1,
oryfe—fe—1>~fe+1-~fc.
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Problem 2 of the Auckland Mathematical Olympiad 2009

Is it possible to write the number 12 + 22+ 32+ ... + 12? as a sum
of 11 distinct squares?

Solution

We note that 52 + 122 =25+ 144 =169 = 13> and

12+22+ 32+ ..+ 122 =12+ 22+ 32+ 42+ 62+ 77+ 82+ 92+ 10°+
112+ 132 which is the sum of 11 distinct squares.

Also note that 3% + 4% = 52, the expression can be written as a sum

of 10 distinct squares 12 +22+ 32+ ...+ 122=12+22+ 52+ 6% +
7P+ 8+92+ 102+ 112+ 132
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Problem 3 of Austria Mathematical Olympiad 2004

In a trapezoid ABCD with circumcircle K the diagonals AC and
BD are perpendicular. Two circles Ka and K¢ are drawn whose
diameters are AB and CD respectively.

Calculate the circumference and the area of the region that lies
within the circumcircle K, but outside of the circles Ka and Kc.

Solution

Let () denote the area of shape €, AC intercept BD at 1. Since
AB || CD and ABCD is cyclic and also a trapezoid, it is an
isosceles trapezoid. Triangles ABD and ABC are then congruent
and ZABD = ZBAC, AD =BC.

Let a = AD =BC, b= AB, ¢ = CD. Because AC LLBD, Z/BAC =
ZABD = ZBDC = ZACD = 45°,

Since ZBAC = 45° it subtends a quarter of the circumference of
circle K or arc BC = arc AB = Va(nxdiameter of K).

Similarly, ZBAC = £ ABI = 45° and each subtends a quarter of
the circumference of circle Ka, and £/ IDC = ZICD = 45° and
each subtends a quarter of the circumference of circle Kc.

Construct squares BCEF, AIBG and DICH with E and F on circle
K, G on circle Ka and H on circle Kc, respectively. BE is the

diameter of K. We then have BE* =24, or BE = a\/E.

The circumference in question = %5 circumference of K + 2
circumference of Ka + ' circumference of Kc = '2 the sum of all

circumferences of three circles = Vz(an\/i +bn+cm) = n(a\/i +b
+c).
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Ka

Kc

H
Applying Pythagorean’s theorem, we have a*> = AI* + DI>?=BI* +

CPor2a*>=b*+c* or a\/z =A[b%+ 2.

Therefore, the circumference is (b + ¢ ++/b* + ¢2).

674



Narrative approaches to the international mathematical problems

Now the area of the region in question, let’s call it A, has been
shaded. One half of its area is equal to the area covered by BC and

1
the smaller arc BD of circle K, this part equals to 1 [the area of
1
circle K — (FBCE)] + (BIC) — 1 [the area of circle Ka — (AIBG)] —
1 1
1 [the area of circle Ka — (CIDH)] = 1 [(radius of K)**m — a?] +

BIXCI —
CP].

1 1
1 [(radius of Ka)*xmt — BI?] — 4 [(radius of Kc)*xmt —

c
But we also have 2BI? = b?, and 2CI?> = ¢?, or Bl = \/— and CI= T

o] 1 & bc
Therefore, half the area of the region is EA = Z(nt— —a*)+ 4
1. b 1 c A (m=2)2a® — b~ ) +4be
4y ) Ty )= 16

bc bc
4,orA K

1
But again 2a* = b* + ¢, and EA
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Problem 4 of Austria Mathematical Olympiad 2002

We are given three mutually distinct points A, C and P in the
plane. A and C are opposite corners of a parallelogram ABCD, the
point P lies on the bisector of the angle DAB, and the angle APD is
a right angle. Construct all possible parallelograms ABCD that
satisfy these conditions.

Solution

A B

D E C

We know that point D is on the line Px perpendicular to AP at P.
Since AP is the bisector of ZDAB, ZDAP = ZBAP. The sum of
two consecutive angles of a parallelogram is 180°, or

ZBAD + ZADC = 180°, or 2ZDAP + ZADP + ZPDC = 180°.
But ZDAP + £ ADP = 90°; therefore, ZDAP + ZPDC = 90°.

It follows that £ ADP = ZPDC. Now extend AP a segment PE to
equal itself AP = PE. Since the two right triangles DAP and DEP
are congruent, point E is on DC. Now link and extend CE to meet
the perpendicular line Px at D.

Link AD and draw other sides of the parallelogram ABCD.
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Problem 3 of the Canadian Mathematical Olympiad 1977

N is an integer whose representation in base b is 777. Find the
smallest positive integer b for which N is the fourth power of an
integer.

Solution

Let’s write N=7b+7b+7="7(b" + b+ 1) =n",

Orb* +b+1="7"xm" where m is a positive integer.

The smallest positive integer b for which N is the fourth power of
an integer is when m =1, or b> + b+ 1 =7 ,or b(b + 1) = 342.

But 18x19 =342, or b= 18, and then N =7(18* + 18 + 1) = 7"*.
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Problem 3 of Austria Mathematical Olympiad 2008

The line g is given, and on it lie the four points P, Q, R, and S (in
this order from left to right).

Construct all squares ABCD with the following properties:
P lies on the line through A and D.
Q lies on the line through B and C.
R lies on the line through A and B.
S lies on the line through C and D.

Solution

It is easily recognized that A must lie on the circle with diameter

PR, D on circle with diameter PS, and C on circle with diameter

QS.Let DS=d,CS=c¢, AP =a and DP = b.

For ABCD to be a square, AD || BC, DC || AB,and b—a=d —c.
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d c d—c CD b a
WethenhavePS:QS:PS—QS:PS—QSandPS:PR:
b—a AD

PS— PR PS-PR

d(PS—QS) h(PS—PR)
PS ~ ps ¢

Now CD = AD gives us

,_b(PS—PR)
~PS-QS -

We also have b* + d*> = PS% From those two equations, we have

4o 4 P(PS —PR):

+ (PS—QS)? =PS?or
2, (PS—QSy+ (PS—PRY* |
b (PS— QS) =PS?, or
b PS(PS — QS)

“A[(PS_QS):+(PS_PR

The square is then defined. Its mirror image A’B’C’D’ across g is
also a solution.
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Problem 7 of Belarus Mathematical Olympiad 2000

On the side AB of a triangle ABC with BC < AC < AB, points B,
and C, are marked so that AC, = AC and BB, = BC. Points B, on
side AC and C, on the extension of CB are marked so that CB, =
CB and CC, = CA. Prove that the lines C,C, and B, B, are parallel.

Solution

CI

N

C B2 A

Observe that BB, and C|A are parallel as given by the problem
which makes 2 B,BB, = ZC AC,. It suffices to prove that the two
triangles B,BB, and C,AC, are similar which makes /C,C A =
/B B,Band C,C, | BB,.
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Given /B,BB, = £ C AC, as mentioned, it only suffices to prove

BB, _ BB,
AC, AC,

BB, ¢B
But since BB, || AC,, we have —2_= .

AC, CC,
The problem also gives CB = BB, and CC, = AC = AC,,.

BB, BB, BB,

Therefore, = , , and the proof is complete.

or =
CC, AC, AC, AC,
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Problem 2 of the Ibero-American Mathematical Olympiad 1991

Two perpendicular lines divide a square in four parts; three of
them have area equal to 1. Show that the area of the full square is
four.

Solution
A E P J B
]
F
Q
F!
O
M- $ N
I
H
S
HV
N
D K G R C

Let the square be ABCD and the two perpendicular lines dividing
it into four parts intercept each other at I and let them divide the
square into AEIH, DHIG, CGIF and BFIE whereas the areas of
AEIH, DHIG, CGIF are all equal to 1.

Divide the square into four equal squared quadrants AJOM,
MOKD, JBNO and ONCK. We only prove the problem with the
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location of I in a single quadrant MOKD. Note that there are four
possible distinct locations for I to cover all the scenarios of the
problem:

(1) Tislocated above line SQ or on MO (I on line HF)
(2) Tislocated on segment SO (I coincides with T)
(3) I'is located below line SQ (I on line H’F”)

Case (1) 1is located above line SO or on MO (I on line HF)

From O draw a line parallel to EG to intercept AB and DC at P and
R, respectively and draw another line parallel to HF to intercept
AD and BC at S and Q, respectively.

In two quadrilaterals APRD and CRPB, £ APR = £ CRP and
mid-segments OM = ON; therefore, the two quadrilaterals APRD
and CRPB are congruent and their areas are equal.

The two quadrilaterals DSQC and BQSA are congruent and their
areas are equal.

These two perpendicular lines PR and SQ divide the square into
four equal areas since AP= CR=DS=BQ. Now let SQ intercept EG
at T, MN intercept EG at U and let (€2) denotes the area of €2,

we have

(AEIH) = (APOS) — (EPOU) — (UOT) — (HITS) (i)
(HIGD) = (SORD) — (UORG) + (UOT) + (HITS) (ii)

Since (AEIH) = (HIGD), (APOS) = (SORD) and (EPOU) =
(UORGQG), subtract (i) from (ii) we have (UOT) + (HITS) = 0.
This is impossible; therefore, this case is not possible.

Case (2) 1is located on SO (I coincides T and H coincides S, F
coincides Q)

(AETS) = (APOS) — (EPOU) — (UOT) (iii)
(STGD) = (SORD) — (UORG) + (UOT) (iv)
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Subtract (iii) from (iv) we have (UOT) = 0; this is also impossible;
therefore, this case is also not possible.
Case (3) 1 is located below line SQ (I on line H'F")

Let V and W be the intersections of H’F” and OK, and H’F’ and
PR, respectively. We have

(H’I’GD) = (SORD) — (SOVH’) — (VOW) — (GI'WR) V)
(CGI’F’) = (CROQ) — (VOQF’) + (VOW) + (GI'WR) (vi)

Since (H’I’GD) = (CGI’F’), (SORD) = (CROQ) and (SOVH’) =
(VOQF’), subtracting (v) from (vi) yields (VOW) + (GI’'WR) =0
which is also impossible; therefore, this case is also not possible.

Therefore, the only prevailing scenario is for I to coincide with O
and the four parts to be equal as proven earlier and the total area is
3+1=4.

Further observation

The problem below is derived from the above problem:

Two perpendicular lines divide a square into four parts, three of
them have equal areas. Prove that all four parts have equal areas.
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Problem 2 of the British Mathematical Olympiad 1993

A square piece of toast ABCD of side length 1 and center O

is cut in half to form two equal pieces ABC and CDA. If the
triangle ABC has to be cut into two parts of equal area, one would
usually cut along the line of symmetry BO. However, there are
other ways of doing this. Find, with justification, the length and
location of the shortest straight cut which divides the triangle ABC
into two parts of equal area.

Solution

B

Mi
M
— yi
N
A H O Ni C
b 1
D

There are two ways that we can consider. One way is to cut across
the two lines AB and BC. The other is to cut through AB and AC.

685



Narrative approaches to the international mathematical problems

a) For the former way, let’s use letters M and N on the figure.
Let’s denote (€2) the area of the shape €. For the two areas to be

1 1
equal, (MBN) = '42(ABC) = 2 Or BMxBN = 5

1
But MN? = BM? + BN? = BM? + ABMZ

= 2BM- %BM™=0

1
The derivative of MN2? = [BM2 + 4BM2]

1
when 4BM*- 1 = 0, or when BM = P 0.707.
4

So then BN =0.707, and MN = 1.
b) For the latter way, we denote M1 and N1 in the figure.

Cut through AB at M1 and AC at N1. Let H be the foot of M1 onto
AC. We have

MiH AM:

BO  AB' M1H\/_ AM1.

1 1
And the area of AMIN1 is (AMIN1) = 2 Or AN1xM1H = 5> OF
ANIXAMIA/[2 = L or ANIXAMI =, or ANI =
2 NG \/_ 2AMI

Now applying the law of cosines, we have

MiNi1?2 = AN1%2 + AM1%2 - 2xAN1xAMicos45° = AM1? +

2AMe L

To find the minimum value of MiN1, we can take the derivative of
its square, and it is

1
(MIN1?)’ =2AMi1 — =0 when AM1 = =0.84.

1
AMP
\2
And the value of the square of MiN1 is
MiNi12=0.41, or MiN1 = 0.64.

The value of MiN1 in this case is smaller than its previous value of
1 in the previous case, so the shortest straight cut which divides the
triangle ABC into two parts of equal area has M1 on AB ata
distance of 0.84 away from A, and MiN1 = 0.64.
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Problem 9 of the Irish Mathematical Olympiad 1998

The year 1978 was “peculiar” in that the sum of the numbers
formed with the first two digits and the last two digits is equal to
the number formed with the middle two digits, i.e., 19 + 78 = 97.
What was the last previous peculiar year, and when will the next
one occur?

Solution

Let the “peculiar” year be abcd where a, b, c, and d are the integer
digits from 0 to 9. We then have 10a + b+ 10c +d=10b+c,ora

9b—-—c)—d
= l(c) . Observe that a is an integer from 0 to 9; therefore,

9(b — ¢) — d must be divisible by 10. To satisfy this, we must have
b—c=0,orb=c,d=0,a=0,or
b—c=1,d=9,a=0,or

-

“
-

-
»

\.
-

-
u

I
O NNk WL
QU QX
Il
I A I I
Q Q@ Q Q & & &
I
NNk W
o
=

\.
-

b—
b —
b—
b—
b —
b—
b —
b—

[S I o T o NN o N o N o N o NN

=9, d=1,a=8.

The actual values for abcd are (Was 0000 used as a year?)
0000, 0110, 0220, 0330, 0440, 0550, 0660, 0770, 0880, 0990,
0109, 0219, 0329, 0439, 0549, 0659, 0769, 0879, 0989,
1208, 1318, 1428, 1538, 1648, 1758, 1868, 1978,
2307, 2417, 2527, 2637, 2747, 2857, 2967,

3406, 3516, 3626, 3736, 3846, 3956,

4505, 4615, 4725, 4835, 4945,

5604, 5714, 5824, 5934,

6703, 6813, 6923,

7802, 7912,

The last previous peculiar year is 1868, and the next one occurs on
2307.
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Problem 2 of Austria Mathematical Olympiad 2005

A semicircle 4 with diameter AB and center M is drawn. A second
semicircle £ with diameter MB is drawn on the same side of the
line AB. Let X and Y be points on & such that the arc BX is one
and a half times as long as the arc BY. The line MY intersects the
line BX at C and the larger semicircle /4 at D. Show that Y is the
midpoint of the line segment CD.

Solution

k

A M B

Since arc BX is one and a half that of arc BY, £ YMB =2/ XBY,
and since Y is on the semicircle k, ZMYB =90° and ZYCB =
90° — /XBY.

Also, since D is on the semicircle h, Z ADB =90° and /MDB =
90° - ZADM =90° - %4/ YMB =90° - £/ XBY = ZYCB, or
triangle CBD is isosceles with CB = DB.

Therefore, BY is also the perpendicular bisector of £ CBD, or Y is
the midpoint of the line segment CD.
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Problem 1 of Japan’s Kyoto University Entrance Exam 2010

Given a AABC such that AB =2, AC = 1. A bisector of ZBAC
intersects BC at D. If AD = BD, then find the arca of AABC.

A 1 E 1 B
=

C
Solution 1 (Applying Stewart’s theorem)

1
Let AD=BD=x,CD= . Applying Stewart's theorem to the

1 2
problem, we get x> =2 — Exz, or—5- = 2,3x2=4, or

21

BD=AD=x= andBCZ\E. We now have

3 ’
AB?2=AC? + B(?, or ZACB is a right angle, and the area of
\3
AABC = K

Solution 2 (Using perpendicular bisector)

From D draw its altitude DE to AB. Since AD = BD, DE is
perpendicular bisector of AB and thus AE = BE = 1= AC.

Combining with £ CAD = ZEAD, the two triangles CAD and

EAD are congruent which implies £ ACD = ZAED = 90°, and we
end up with the same result as above.
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Problem 1 of the Canadian Mathematical Olympiad 1977

If f{x) = x* + x, prove that the equation 4f{a) = f(b) has no solutions
in positive integers a and b.

Solution
The problem gives us 4a*> + 4a — b*— b = 0.

Solving for a, we have a = Ya(-1 £[b> + b+ 1)

We now need to prove that b2 + b + 1 is not a perfect square.
Assuming it is a perfect square, we have

b*+ b+ 1 =m?> where m is an integer, or

b*+b=bb+tl)=m>-1=m(m+1)—m -1 (1)
+ 1

But 1+2+...+n :ﬂnz_l’ and we can write equation (i) as

20+2+...+b)=2(1+2+...+m)—m-1 (i1)

Since b*> + b + 1 =m?> = m > b, and (ii) becomes

0=2[b+t1H+(B+2)+....+m]-m—1,o0r
0=2[b+t1H+B+2)+....+m—1]+m—1,0r
1=2[b+1)+(b+2)+....+(m—1)] +m.

b is positive as required by the problem; therefore, the right side of
the above equation is greater than 1 (even when m = b + 1), and

our assumption of 5> + b + 1 being a perfect square is not possible.

Therefore, the equation 44f(a) = f(b) has no solutions in positive
integers a and b.
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Problem 4 of the Vietnamese Mathematical Olympiad 1990

A triangle ABC is given in the plane. Let M be a point inside the
triangle and A’, B’, C’ be its projections on the sides BC, CA, AB,
respectively. Find the locus of M for which MAXMA’ = MBxMB’
=MCxMC’.

Solution

1
B A' D C

Leta= ZMAB’, = ZMBC’, y = ZMCA’. Extending AM, BM
and CM to meet BC, AC and AB at D, E and F, respectively.
From MAXMA’ = MBxMB’ = MCxMC’, we have

MA' MB' | MB' MC' | MA' _MC

MB = MA _$"% Mc = MB =S M T MA TSIt
Therefore, ZMBA’ =a, ZMCB’ =, ZMAC’ = y.

Since the three angles of AABC =2(a+ B + ), a+ B+ % =90°,
and Z ADC = ZBEA = ZCFB =90°, or AD, BE and CF are the
three altitudes of AABC, and M is its orthocenter. Therefore, the
locus of M for which MAXMA’ = MBxMB’ = MCxMC’ is just
the orthocenter of AABC.

691



Narrative approaches to the international mathematical problems

Problem 3 of the British Mathematical Olympiad 2007

Let ABC be a triangle, with an obtuse angle at A. Let Q be a point
(other than A, B or C) on the circumcircle of the triangle, on the
same side of chord BC as A, and let P be the other end of the
diameter through Q. Let V and W be the feet of the perpendiculars
from Q onto CA and AB, respectively. Prove that the triangles
PBC and AWV are similar. Note: The circumcircle of the triangle
ABC is the circle which passes through the vertices A, B and C.

Solution

Since ABPC (with four vertices on the circle) and AWQV (with
opposite right angles) are cyclic, we have ZBPC = Z WAV
(because each added to ZBAC to be 180°).

Furthermore, since AWQV is cyclic, ZAVW = ZAQW = 90° —
ZWAQ=90°—(180° - £LBAQ) = £ZBAQ —90°. Since ZBAQ
subtends arc BPQ and PQ is the diameter, angle ZBAQ — 90°
subtends arc BPQ — arc PQ = small arc BP and is equal to ZPCB,
or ZAVW = ZPCB.
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Problem 1 of the Irish Mathematical Olympiad 2001

In a triangle ABC, AB =20, AC =21 and BC =29. The points D
and E lie on the line segment BC, with BD =8 and EC = 9.
Calculate the angle ZDAE.

Solution

20 21

B D E C

Observe that BC2= AB*> + AC?, or ZBAC =90°.

Since BD = 8 and EC =9, DE = 12. The two triangles BAE and
CDA are isosceles with BA = BE and CA = CD, and

/BAE = ZBEA and ZCAD = ZCDA, or

2/BEA+ ZB=180° and 2 ZCDA + ZC = 180°.

Adding these two equations, we have 2(£BEA + ZCDA) + ZB
+ £C=360°.

Now combining with £B +2C =90°, we have ZBEA +ZCDA
=135°, or ZDAE =45°,
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Problem 1 of the Irish Mathematical Olympiad 1997

Find, with proof, all pairs of integers (x, y) satisfying the equation
1 +1996x + 1998y = xy.

Solution

Let x = y + n where n is an integer. The given equation can now be
written as 1 + 1996(y + n) + 1998y = (y + n)y, or

V2 +(n—1997x2)y —1996n—-1=0
Solving for y, we have

n 1
Viga = 1997 =5 = S[n2—4n +4(1997> + 1)

So now n* —4n + 4(1997% + 1) has to be a perfect square. Let
m?*=n*—4n+4(1997> + 1), or m*> = (n — 2)*> + 4x19972, or
m*—(n—2)*=(2x1997)?, or

(m+n-2)(m-—n+2)=(2x1997)

The possible combinations of values for (m + n—2, m —n + 2) are
(m+n-2,m—n+2)=(1,4x1997%), (2, 2x1997?), (4, 19973,
(1997, 4x1997), (2x1997, 2x1997), (4x1997, 1997), (19972, 4),
(2x19972, 2), (4x19972, 1).

But observe that (m +n—2) + (m —n + 2) = 2m is an even number.
The above combinations reduce to
(m+n-2,m—n+2)=(2,2x1997%), (2x1997, 2x1997),
(2x19972, 2).

Solving for m and n, we have

Form=1+1997%, n=3—19972, and for m = 1997x2, n = 2.

The corresponding x and y values are

(x, ¥) = (1999, 1996 + 19973), (1998 — 19972, 1995), (3995, 3993),
(1, -1).
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Problem 1 of the Irish Mathematical Olympiad 1991

Three points Y, X and Z are given that are, respectively, the
circumcenter of a triangle ABC, the midpoint of BC, and the foot
of the altitude from B on AC. Show how to reconstruct the triangle
ABC.

Solution

Link XY and YZ.

Draw a line / perpendicular to XY through X. We know that B and
C are on line /. However, since ZBZC is a right angle, the
circumcircle of triangle BZC will have the diameter BC and
circumcenter at X.

Draw the circumcircle with center X and radius XZ; it will meet
line / at B and C as shown. We next draw the circumcircle with
center Y and radius BY to meet the extension of CZ at A.
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Problem 3 of the Canadian Mathematical Olympiad 1990

Let ABCD be a convex quadrilateral inscribed in a circle, and let
diagonals AC and BD meet at X. The perpendiculars from X meet
the sides AB, BC, CD, DA at A", B', C', D', respectively. Prove that
|A'B'| + |C'D'| = |A'D'| + |B'C'|.

(JA'B'| is the length of line segment A'B', etc.)

Solution
A
ol
A g~ D
o I 5 b
ol "
B
0
6 1
F G
X| X X
X o 0)
B B' c

Let ZXAD=a, ZXDC=p, ZXBA =y and £ZXCB = 6.
Because the following quadrilaterals ABCD, AA’XD’, A’BB’X,
B’CC’X and DD’XC’ are cyclic, we then also have
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/XAD=/XBC=/ZXA'B’= ZXA’D’ =0, ZXDC = ZXAB
= ZXD'A’= LXD’C’ =, LXBA= £LXCD = £ZXB’C’ =
ZXB’A’ =y and LXCB= ZXDA = /ZXC’D’= ZLXC’B’ =4.
In other words, XA’, XD’, XC’ and XB’ are the angle bisectors of
ZB’A’D’, ZA’D’C’, ZB’C’D’ and £ A’B’C’, respectively.

From X draw the altitudes XE, XF, XG and XH to A’D’, A’B’,
B’C’ and C’D’. We then have XE = XF = XG = XH = / as a result
by the angle bisectors.

Let (Q) denote the area of shape Q2. We then have

(A’XE) = (A’XF), (B’XF)=(B’XG), (C’XG) =(C’XH) and
(D’XH) =(D’XE), or

(A’XF) + (B’XF) + (C’XH) + (D’XH) = (A’XE) + (D’XE) +
(B’XG) + (C’XQG), or

(A’XB’) +(C’XD’) =(A’XD’) + (B’XC’), or

hxA’B’ + hxC’D’ = hxA’D’ + hxB’C’, or

|A'B'| + |C'D'| = |A'D'| + [B'C'.

Further observation

Leta=AB,b=CD’,c=AD’,d=B'C,e=AB,f=B'X, g=
AX h=BB,i=DD’,j=CX, k=DX,[=DC’,m=A4A4", n =
AD’,p=B’C,q=CC’,s=BX, t=DX, u=AXandv =CX as
shown in the graph on the next page.

By Ptolemy’s theorem

axs = exf + gxh,or a=(exf + gxh)ss,

bxt=ixj + kxl,or b=(ixj + kx/,

cxu = mxk + nxg, or c =(mxk + nxg)/u,

dxv = fxq + jxp,or d=(f*q + j*p)/v.

The problem confirms that |A'B'| + |C'D'| = |A'D'| + |B'C'|, or
at+tb=c+d or

(exf Tgxh)fs + (ixj +hkxD)/t = (mxk +nxg)/u+ (f*q +j*p)/v,
or

[texf +gxh) +s(ixj +kxD)]/(sxt) = [v(m*k +nxg) + u(f>q +
TP /(wx).
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But since ABCD is cyclic, we have s <t = uxv, and the above
equation becomes

tlexf +gxh) +s(ixj +kxl) =v(mxk +nxg) +u(f>*q +j>p)

A
m n
u
Av C E D
i
D
g k b
a t
[
e O ‘]
X '
Vo d
S
r
/ q
h p
B B’ C

1t’s also beneficial to know that the sum of the radii of the incircles
of AABC and AADC equals to the sum of the radii of the incircles
of AABD and ACBD.
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Problem 1 of International Mathematical Talent Search Round 7

In trapezoid ABCD, the diagonals intersect at E. The area of
triangle ABE is 72, and the area of triangle CDE is 50. What is the
area of trapezoid ABCD?

Solution
D I C
]
E
]
A J B

Figure (not to scale)

Let (©2) denote the area of shape Q, I and J be the feet of E onto
CD and AB, respectively. We have

2(CDE) = EIxCD = 100 and 2(ABE) = EJxAB = 144,

Since ABCD is a trapezoid, AB || CD and the two triangles AEB
and CED are similar resulting in the ratio

El CD (CDE) EP 100 EI CD 10 5

EJ AB'°"(ABE) EF 144 °EJ"AB 12 6

5
The area of the trapezoid is (EI + EJ)X(CD + AB)/2 = (EJ + 6

5 11 11
XEI)(AB + 2xAB)/2 = (- ¥ET<AB/2 = () 144/2 = 242,
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Problem 2 of the British Mathematical Olympiad 2005

Let x and y be positive integers with no prime factors larger than 5.
Find all such x and y which satisfy x> —)? = 2k for some non-
negative integer k.

Solution

Since x and y are positive integers with no prime factors larger than
5, we can express them as follows

x=29%3"45 and y = 29x 3° x5/ where all the values a, b, ¢, d,
and ftake on the values of either O or 1.

Therefore, the possible values for x* and ) are
x*=1,4,9,25, 36, 100, 225, 900.
v=1,4,9, 25,36, 100, 225, 900.

The problem requires x > y and the difference of x> — y* to be an
even number. Therefore,

(2,17 =9, 1), (25, 1), (225, 1),
(25, 9), (225, 9), (225, 25),
(36, 4), (100, 4), (900, 4),
(100, 36), (900, 36),
(900, 100), and

(x, )= (3, 1),(5 1), (15, 1), (5, 3), (15, 3), (15, 5), (6, 2), (10, 2),
(30, 2), (10, 6), (30, 6), (30, 10).
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Problem 2 of Poland Mathematical Olympiad 2010

The orthogonal projections of the vertices A, B, C of the
tetrahedron ABCD on the opposite faces are denoted by O, I, G,
respectively. Suppose that point O is the circumcenter of the
triangle BCD, point I is the incenter of the triangle ACD and G is
the centroid of the triangle ABD. Prove that tetrahedron ABCD is
regular.

Solution

Let the circumcircle of triangle BCD be I', the incircle of triangle
ACD be I, R and r be the radii of I and IT, respectively. We then
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have R = OB = OC = OD. Since OA is perpendicular to the plane
containing triangle BCD, apply the Pythagorean theorem to get
AB?=0A?+0OB?=0A%*+ R>*=AC?>=AD? or AB=AC=AD.

Now let AC, AD and CD touch ITat L, N and E, respectively. We
have AL =AN, r=IL=IN=1IE, AN = AL and BL>=7+ BI>’=
BN = BE?, or BL = BN = BE. The two triangles ABL and ABN
are congruent to give us ZBAC = ZBAD. Combining this with
AC = AD and the common segment AB, the two triangles ABC
and ABD are also congruent which implies BC = BD.

Similarly, respectively let M and N’ (not shown on graph, but N’
will be proven to coincide N) be the midpoints of AB and AD. We
get AM = AN’. Now the two triangles ABN’ and ADM are
congruent because AM = AB/2 = AD/2 = AN’, AD = AB and they

1 1
share angle BAD. This gives us BN’ = DM or gBN’ = gDM, or

MG = N’G. Next, CM? = CG* + MG? = CG* + N’G*=C’N?, or
CM = CN’. This directly causes the two triangles ACM and CAN’
to be congruent and we then get ZBAC = ZDAC. With this
additional requirement, the two triangles ABC and ADC are
congruent and BC = CD. In addition to BC = BD that was

obtained earlier, BCD is now an equilateral triangle and ZBCD =
ZBDC = ZCBD = 60°.

The two triangles BDE and BDN are now congruent because BE =
BN, DE = DN and a common segment BD. This gives us ZBDA
= ZBDC = 60°.

Combining ZBDA = 60° with the fact that ABD is already an
isosceles triangle with AB = AD, ABD is now also an equilateral

triangle, or AB = AD = BD.

We finally have AB=AC=AD=BC=BD=CD and ABCD is a
regular tetrahedron.
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Problem 2 of Italy Mathematical Olympiad 2004

Two parallel lines r, s and two points P € rand Q € s are given in
a plane. Consider all pairs of circles (Cr, Co) in that plane such
that Cp touches r at P and Cog, touches s at Q and which touch each
other externally at some point T. Find the locus of T.

Solution

O
L

P \
/ d|
/ |
(
\ @)
\

\

S
\\7//Q

Let O1 and O2 be the centers of the circles touching  and s,
respectively, L be the common point of these circle. Since triangles
O1PL and O2QL are both isosceles, ZO1LP = ZO1PL = (180° —
ZPO1L)/2, and £02LQ = £02QL = (180° — £Q0O2L)/2, or
ZOILP + Z02LQ = 180° — (£LPOIL + £QO2L)/2. But because
O1P || 02Q and O1LO2 are collinear, ZPOIL + £ QO:2L = 180°.
Successively, ZOi1LP + Z£02LQ =90° and ZPLQ =90°.

Therefore, the locus is part of the circle above line » from point P
to point S that has diameter PQ. Both points P and S are on line 7.
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Problem 4 of Germany Mathematical Olympiad 1996

A pupil wants to construct a triangle ABC, given the length ¢ =
AB, the altitude /¢ from C and the angle € = a — 3. Here ¢ and Ac¢
are arbitrary and satisfies 0 <& < 90.

a) Is there such a triangle for any c, Ac and &?
b) Is this triangle unique up to the congruence?
c) Show how to construct one such triangle, if it exists.

Solution

a) Draw the circumcircle of triangle ABC with center O and radius
rand pick point C” on it such that CC” ||AB. Let a = ZBAC, =
Z ABC. The angle ¢ subtends arc BC’C less smaller arc AC.
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However, arc AC = arc BC’ because CC’ || AB,e=a - =
ZCBC’. Now respectively let M and H be the midpoints of CC’

and AB. We then have BH = 5 and e=/COM= ZCOM.

So for any ¢, Ac and g, there always exists a circumcircle with arc
CC’. Any angle subtending arc CC’ will have the value ¢.

b) This triangle ABC, as we have seen, is not unique. There are
many such triangles since there are an infinite number of angles e.

OM  he+d _hetd
[ AT
On the other hand, by applylng the Pythagorean theorem we get 2

c) Let d = OH, cose =

_n ¢ (hetdy o _
d2+4,0r cose d2+ , or (he +d)? = cosa(d2+4) or

4sin?ed? + 8hexd + 4h? — c*cos?e = 0.

. 1 \/ﬁ
Solving for d to get d = 2sine (-2he £ cose\|4hP + c*sin’e).

These values for d are constant, and we can find the values for the
radius 7. From there we can construct such triangles ABC.
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Problem 3 of Germany Mathematical Olympiad 1997

In a convex quadrilateral ABCD we are given that £ CBD = 10°,
ZCAD =20°, ZABD =40°, ZBAC = 50°. Determine the angles
ZBCD and ZADC.

Solution

We have ZADB=180°- ZDAB - ZDBA =70° and ZACB =
180° — Z ABC — ZBAC = 80°. Let AC and BD intersect at E.
ZAEB=180°- ZABD — ZBAC =90°.

Draw a segment CF such that F is on BD and BF = CF; BFC is
isosceles and £ CFD = 20°, ZECF = 70°. Also because /BAC =
Z/ ABC =50°, AC =BC. Now let a = BF = CF and b = AC = BC.
b B b B
sin/BFC  sin(180° — ZCFD)

Applying the law of sines,
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b b a asin20°
sin/ CFD  sin20°

~sin10° °t b= sin10° (1)

Now in the right triangle CEF, CE = asin20° and EF = asin70°.
Since ZACF = ZADF =70°, ADCF is cyclic and we have % =
sin/ACD EA b—asin20° sin20°(1 —sinl0°)
sin/BDC EF  asin70°  sin70°sin10°
sin20°(sin90° —sin10°)  sin20°(2c0s50°sin40°)

sin70°sin10° B sin70°sin10° B
4sin10°c0s10°c0s50°sin40°  8sin10°cos10°c0s50°sin20°c0s20°

sin70°sin10° B sin70°sin10° B
8c0s10°c0s50°sin20°c0s20°
c0s20°

= 8c0s10°c0s50°sin20° =

c0s80° + ¢c0s60°
7 =

8c0s10°c0s50°c0s70° = 8c0s50°x

1
4c0s50°(cos80° + E) = 4c0s50°c0s80° + 2¢0s50° =

130° + cos30° 3
4(COS > £0S )+ 2c0s50° = 2(cos130° + l2£) *+2c0850° =

2c0s130° +14/3 + 2c0s50° = \/§ + 2(cos130° + cos50°) = \/5 +
\3
2 sin60°
1 sin30°

4c0s90°cos40° = \/§ =

2
Hence, sin Z ACD = sin60° and sin Z BDC = sin30°, or £ ACD =
60° and £ BDC =30°, and Z/BCD = ZBCA + ZACD = 80° +
60° = 140° while ZADC = Z ADB + ZBDC = 70° + 30° = 100°.
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Problem 1 of Mongolia Teacher Level 1999

In a convex quadrilateral ABCD, £ ABD = 65°, ZCBD = 35°,
Z ADC = 130°, and BC = AB. Find the angles of ABCD.

Solution

Draw the circumcircle of AABC and extend CD to meet it at E.
Angles £ AEB and 2 BEC subtend same 40° arc length. Since

Z ADC = 130°, ZEDA = ZEAD = 50° and AD | BE. Therefore,
EB is the perpendicular bisector of both £ AED and £ ABD, or
ZBAD = ZBDA = (180° — 65°)/2 = 57.5°. This causes £ CAD =
57.5°—-40°=17.5°, ZACD =50°—17.5°=32.5°, or ZBCD =
72.5° to go with ZABC = 100° and ZADC = 130°.
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Problem 3 of Germany Mathematical Olympiad 2001

Let be given a circle of radius 1 and points J, A, B on it. We denote
by k the arc AB of the circle not containing J. For every point P on
k, point P" on the ray JP is such that JPxJP’ = 4. Describe and draw
the locus of points P’.

Solution

Solution 1

Apply the principal of inversion. Point A on the circle is inverted
to point A’, B inverted to point B’ and point P on the circle
between arc AB is inverted to point P’ while point C such that JC’
=2 or JC’ is the diameter of the circle is inverted to itself, C = C’.
All points P on the circle will be inverted to a line and the locus is
segment A’B’ as shown.

Solution 2

With JAXJA' = JPxJP' = JBxJB' = 4, the quadrilaterals AA’P’P,
BB’P’P and ABB’A’ are all cyclic. We then have ZJA’P’ =

Z JPA which subtends arc JA while £ JP’B’ = £ JBP which
subtends arc JB = arc JA +arc AP = ZJA’P’ + £ A’JP, or the
three points A’, P and B’ are collinear. Therefore, the locus is
segment A’B’.
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Problem 2 of Kvoto University Entrance Exam 2012

Given a regular tetrahedron OABC and points P, Q, R on the sides
OA, OB, OC, respectively. Note that P, Q, R are different from the
vertices of the tetrahedron OABC. If triangle PQR is an equilateral
triangle, then prove that three sides PQ, QR, RP are parallel to
three sides AB, BC, CA, respectively.

Solution

A

Leta=PQ=PR=QR,a= Z0PQ, = Z0ORQ, y= Z0QR

and 6 = ZOPR. Applying the law of sines, a/sin £ AOB = a/sin60°
= 0Q/sino = a/sin ZBOC = OQ/sinf. However, because both a.
and [ are in the range of (0, 120°), oo = 3. Similarly, B =y =0 and
OQ = OP = OR. Therefore, PQ || AB, QR || BC and RP || CA.
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Problem 3 of Kvoto University Entrance Exam 2012

When real numbers x, y moves in the constraint with x* + xy +)? =
6. Find the range of x?y + x)* — x> —2xy — >+ x + y.

Solution

Xyt —xt =2y -y txty=xyxty) -y Haty=
(c +Y)[xy - (x +y) +1].

However, x> + xy +)? =6 gives us (x + y)*=6 + xy, or xy = (x + y)?
— 6, and the expression (x + y)[xy — (x + y) + 1] becomes (x + y)[(x
tyy-(x+y) -5

Now let z = x + y, the expression is equivalent to z(z2 —z — 5) =23 —
z?> — 5z. This expression attains its extreme values when its
derivative equals zero, or (z> — 22— 5z)’ =322 -2z—-5=0.

5
Solving for z, we getz =7, -1.

175 175
Therefore, 57 = z2—z2-5z<3,0r 57 = X2y + xy* — x* —2xy —

yV+x+y<3.
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The author’s previous books are now at many college and city
libraries around the world. Below is a partial list of these
libraries:

The World Cat libraries
http://www.worldcat.org/title/how-to-solve-the-worlds-

mathematical-olympiad-problems-volume-
1/oclc/693533166&referer=brief results

http://www.worldcat.org/title/hard-mathematical-olympiad-
problems-and-their-
solutions/oclc/747808929&referer=brief results

Hong Kong City libraries

http://libcat.hkpl.gov.hk/webpac _eng/wgbroker.exe?20111014002
30500011335+-accessttop.all-materials-
pagetsearch+open+T+how%20t0%20s0lve%20the%20world's%2
Omathematical%200lympiad%20problems%23%23A:NONE%23
NONE:NONE::%23%23

City libraries of Auckland, New Zealand
http://search.aucklandlibraries.govt.nz/?g=how%20t0%20solve%2
0the%20world's%20mathematical%200lympiad%20problems&ref

x=&uilang=en

City libraries of Dublin, Ireland

http://libcat.dublincity.ie/02 Catalogue/02 004 TitleResults.aspx?
page=1&searchTerm=How-tto+solve+the+world's+Mathematical+
Olympiad+problems%2c+Stevet+tD&searchType=1&media=&refe
rrer=02 001 Search.aspx

Technical University of Munich, Germany
Universitétsbibliothek TU Miinchen University Library TUM
Miinchen, D-80333 Germany

https://opac.ub.tum.de/InfoGuideClient.tumsis/start.do? Login=wot
um&Query=-1=%22steve%20dinh%22
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http://www.worldcat.org/title/hard-mathematical-olympiad-
problems-and-their-
solutions/oclc/747808929 &referer=brief results

The Indian Institute of Technology library, Mumbai, India
http://www.library.iitb.ac.in/newsearchbook/ca_det.php?m_doc_n
0=299557

The Michael Schwartz library at the Cleveland State
University, Cleveland, Ohio, U.S.A.
http://scholar.csuohio.edu/search~/a?searchtype=t&searcharg=how
+to+solvet+thetworld%27s+mathematical+olympiad+problems&S
ORT=D

The Auburn University at Montgomery, U.S.A.
http://ehis.ebscohost.com/eds/results?sid=b606fa0e-5fc4-4315-
a88b-
d9841cf2327b%40sessionmgrl4&vid=1&hid=5&bquery=((how+A
ND-+to+AND+solve+AND+the+AND+world%26%2339%3bs+A
ND-+mathematical+AND+olympiad+AND-+problems))&bdata=Jn
R5¢GUIMCZzaXRIPW VkeylsaXZ1

http://aum.lib.auburn.edu/cgi-

bin/Pwebrecon.cgi?DB=local &«BOOL 1=all+of+these&FLD1=Key
word+Anywhere+(GKEY)&CNT=50+recordst+pert+page&SAB1=
2693533166

Buffalo State College E. H. Butler library, U.S.A.
http://bsc.sunyconnect.suny.edu:4380/F?func=find-
b&find code=035&request=747808929

The National library of Australia
http://trove.nla.gov.au/result?g=how+to+solve+thet+world%27s+m
athematical+olympiad-+problems

City libraries of Sydney, Australia
http://library.cityofsydney.nsw.gov.au/opac/default.aspx
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The city libraries of Santa Cruz, California, U.S.A.
http://aqua.santacruzpl.org/default.ashx?g=How-+to+solve+the+wo
11d%?27s+mathematical+olympiad+problems

The city libraries of San Jose, California, U.S.A.
http://catalog.sjlibrary.org/search~/a?searchtype=X&searcharg=Ho
wttotsolvet+thet+world%27s+mathematical+olympiad+problems&
search-submit=Go&SORT=D&searchscope=1

The Santa Clara County libraries, California, U.S.A.
http://sccl.bibliocommons.com/search?g=How+to+solve+the+worl
d%?27s+mathematical+olympiad+problems&submit=Search&t=ke

yword

http://sccl.bibliocommons.com/item/show/1475137016 hard math
ematical_olympiad problems and_their_solutions

Multnomah County Library, Portand, Oregon, U.S.A.
http://catalog.multcolib.org/search/a?searchtype=Y &searcharg=ho
wttotsolvet+thet+world%?27s+mathematical+olympiad-+problems&
SORT=R&searchscope=1&submit=Search+catalog
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