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A b s t r a c t

The research of this thesis deals with facility maintenance manage

ment strategies. Quantitative approaches are employed in main

tenance decision making to realize the minimum maintenance cost 

per unit time.

An optimal preventive maintenance (PM) and repair model for a 

deteriorating system with a bathtub-shaped failure rate function is 

developed to determine optimal replacement time and maximum 

allowed failure rate. PM is performed whenever the system reaches 

its maximum allowed major failure rate. If the system fails, either 

a minor repair or a major repair is carried out on it. The optimal 

system replacement time is the last major failure time.

Joint optimization of block replacement (BR) and periodic-review 

spare parts provisioning policy with used items is developed for 

a series system. The system BR time is coupled with the spare 

parts provisioning period. Spare parts are ordered and inventoried 

according to the demand for a BR as well as random failures before 

recycling the used items. The used items are selected from the 

immediately previous BR activity and recycled in the later part of 

the BR period.
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N o m e n c l a t u r e

cr replacement cost

C m inor cost of a minor failure repair

C m ajor cost of a major failure repair

Cp cost of an instance of preventive maintenance

C.R. cost rate of the system

W the length of a life cycle of the equipment

X n the time interval between the (n — l)th  major failure and the nth

major failure

hmajor the major failure rate function of the system

hmljor the major failure rate function of the system after the n th  major

failure repair

hminor the minor failure rate function of the system

rin the adjustment factor for the slope of major failure rate function

whenever the n th  major failure happens 

7n the reduction factor for the virtual age reduction of the system

whenever the n th  major failure is repaired 

tn the hypothetical point in time at which the major failure rate function

reaches £

Qn the time interval between successive PMs in the n th  major repair

cycle
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N  the number of major failures experienced by the system in order for

a replacement to be warranted 

£ the specified level of the major failure rate that triggers a PM

activity

Vn the number of PMs conducted within the n th  life cycle, X n

the time between the last PM in X n and the (n +  l) th  major 

failure

c replacement cost connected with a random failure

K  setup cost of placing an order

p cost of a PR for a component

s price of one new spare part

h cost of holding one new spare part per unit time

z cost per unit time due to one spare p art’s being unavailable when needed

T  time interval between two consecutive PRs

t lead time for new spare parts procurement

<5 time interval for performing failure correction with used spare

parts

S  the maximal stocking level of new spare parts during a PR period

51 the maximal stocking level of new spare parts immediately after 

a PR action

5 2 the maximal stocking level of used spare parts during a PR period

F(t) the probability distribution function associated with a component’s

lifetime

f ( t )  the probability density function associated with a component’s

lifetime

H(t) the renewal function of a new spare part
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h(t) dH (t)/dt, the renewal density function of a new spare part 

H2(t) the renewal function of a used spare part

h2{t) dH2(t)/dt, the renewal density function of a used spare part

gi(-) the probability density function of demand for new spare parts

g2(-) the probability density function of demand for used spare parts

E (xn) average demand for new spare parts in a PR period

Var(xn) variance of demand for new spare parts in a PR period

E(yn) average demand for used spare parts in a PR period

Var(yn) variance of demand for used spare parts in a PR period
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C h a p t e r  1

I n t r o d u c t i o n

1.1 M otivation

Many facilities in manufacturing and processing industry are subject to de

terioration and random failures related to usage and age. This may lead to 

a higher risk of production loss and to safety problems. Maintenance activ

ities are performed on these facilities to enhance or restore efficiency and to 

alleviate risks before or after breakdown; however, traditional maintenance ac

tivities are rarely scheduled in an optimal manner with a systematic approach. 

The approach, if there is one, is likely slight and merely quantitative (A.K .S . 

Jardine [1]). As a result, maintenance activities upon components and systems 

may be insufficiently scheduled, or too frequently repeated. Due to lack of a 

systematic approach to scheduling maintenance activities, maintenance may 

be erroneously carried out on like/similar units. Improper maintenance could 

result in a large waste of resources and manpower in heavy industries, such 

as refineries, power plants, chemical plants, mines, and airports, for which the 

cost of maintaining and replacing facilities constitutes a significant portion of 

annual operational budgets.

In addition, due to globalized competition and re-engineering management,
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1.2 Background 2

companies in heavy industry are facing escalating challenge to reduce their op

eration cost. One important aspect of the challenge in reducing these costs 

is keeping the cost of maintenance down while maximizing the availability of 

the physical assets. Traditional research on maintenance policy seldom con

siders spare parts provisioning and inventory policies. To prevent loss through 

unexpected equipment breakdown, spare parts are often overstocked for pos

sible maintenance activities. Sometimes, this may result in a large volume of 

particular spare parts being held in warehouses to ensure assets being kept in 

operation, because equipment breakdown would incur huge production losses. 

If the spare parts are expensive, a large amount of capital may be tied up due 

to overstocking (Khailil F. Matta [35]).

The purpose of this research is to address the above two aspects of mainte

nance management of plants and equipment. Stochastic mathematical models 

are developed to improve system reliability, prevent unexpected system failures 

and reduce maintenance costs.

1.2 Background

1.2.1 M aintenance M anagem ent

Over the past several decades, failure mechanisms and failure diagnostic meth

ods for equipment have been extensively investigated. This allows maintenance 

activities to be performed in many ways. Correspondingly, various mainte

nance policies are developed to deal with different maintenance requirements. 

From the viewpoint of management, however, all maintenance policies com

monly used in heavy industry can be categorized into only three maintenance 

management approaches ( Yam et al [2]):
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1.2 Background 3

1. Failure-driven maintenance (FDM),

2. Time-based maintenance (TBM), and

3. Condition-based maintenance (CBM)(see Figure 1.1).

Failure-driven maintenance (FDM) is a reactive maintenance approach to 

equipment breakdown or production interruption. The target of this approach 

is reducing maintenance costs as much as possible by avoiding maintenance 

activities. Due to the unpredictability of failures, such maintenance practice is 

often ineffective. It may prove extremely expensive in the continuous-process 

heavy industry. Thus this maintenance approach is undesirable in modern 

industry.

Time-based maintenance (TBM), which is also known as periodic preven

tive maintenance (PPM), is a planned maintenance approach to performing 

maintenance at fixed intervals regardless of equipment condition. Such mainte

nance practice assumes the mean time between function failures (MTBF) dur

ing normal usage has been statistically or experientially made known ( Gerts- 

bakh [3]). This maintenance approach is very effective if there are a large 

number of identical units. Thus this management approach to maintenance is 

still commonly used in many companies.

Condition-based maintenance (CBM) involves maintenance actions based 

on actual equipment condition (objective determination of need) obtained from 

in-situ, non-invasive tests, operating and condition evaluation (Bengtsson [4]). 

Condition-based maintenance can be planned or on request. Its management 

is flexible and controllable; its maintenance practice is highly effective. As a 

result, such maintenance management is very popular now. The success of 

CBM lies in the accuracy of measuring or monitoring indicator of equipment
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1.2 Background 4

Maintenance Management (MM)

Unplanned

Planned

Failure-driven Maintenance (FDM)

r —  Time-based Maintenance (TBM)

— Condition-based Maintenance (CBM)

Figure 1.1: Three commonly used approaches to maintenance management

condition which is associated with some failure mechanisms.

Maintenance activities can also be categorized as corrective maintenance 

(CM) or preventive maintenance (PM). CM is the maintenance that occurs 

when a system fails. Some researchers refer to CM as repair, which is usually 

driven by the failure of a component or system. PM is the maintenance that 

occurs when a system is operating. It can be performed in a time-based or 

condition-based manner. In this thesis, maintenance is a general term and may 

represent either CM or PM. Replacement is a perfect maintenance. Repair and 

CM will be alternatively used throughout this thesis.
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1.2 Background 5

1.2.2 R eliability C oncepts in M aintenance

One of the objectives of this research is to use the quantitative approach in 

maintenance decision-making using known facts to reduce reliance on subjec

tive judgement in maintenance management. Research has shown that reliabil

ity centered maintenance (RCM) could offer the most systematic and efficient 

process for the optimization of plant and equipment maintenance (Deshpande 

& Modak [5]). In reliability theory, stochastic models are applied to main

tenance problems to obtain optimal decisions for scheduling PMs and cost- 

effective system replacement. Significant reliability terms used in this research 

are system, series system, reliability, failure rate and failure mode. Their defi

nitions are as follows:

1. Sys tem :  the overall plant or equipment that provides a specific function.

2. S er ie s  sys tem :  system has multiple subsystems (components) with 

a series configuration when failure of any one subsystem results in the 

failure of the system.

3. Reliability:  the probability that an item (system) will function satis

factorily when used according to specified condition for a specified time 

interval. It is denoted by R(t).

4. Failure rate: also called hazard  rate, this is determined as follows:

(11 )

where

h(t) is the failure rate,
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1.3 Problems in Maintenance Management 6

R(t) is the reliability at time t, and

A t  is the time interval.

The term failure rate designates equipment mortality. The study of 

failure rates gives us insight into the behavior of equipment failures, and 

enables us to make predictions about future performance (Narayan [6]). 

To some extent, it represents the health condition of the equipment in 

a specified time interval (Jardine et al [7]). Three typical failure rate 

curves of deteriorating systems are shown in Figure 1.2: bathtub curve, 

linearly increasing curves, and nonlinearly increasing curves.

5. Failure mode: the condition or state which is the end result of a par

ticular failure mechanism. A failure mode can be managed if the failure 

mechanism is understood (August [8]).

1.3 Problem s in M aintenance M anagem ent

The primary function of maintenance management is to control the condition of 

equipment in order to obtain maximum availability and minimum operational 

cost. In this research, we deal with the following issues:

• Time intervals for performing preventive maintenance

• Failure repair policies

•  C o n d itio n  of eq u ip m en t (ch arac terized  by  fa ilu re ra te )

• Replacement policies

• Reliability considerations

• Spare parts provisioning rules
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1.3 Problems in Maintenance Management 7

Nonlinearly 
increasing 
failure rate

Linearly 
increasing 
failure rate

Bathtub 
failure rate

Region II Region IIIRegion I

Figure 1.2: Typical failure rate curves. Region I: Infant mortality period, 
Region II: Normal period, Region III: Wear-out period
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1.4 Research Goal 8

•  Spare parts inventory

Steps in the application of the quantitative approach to maintenance man

agement problems usually include setting objectives, modeling the behavior of 

the specific system and solving the model. The objective may be to maximize 

the availability of the system or to minimize the cost rate of the system oper

ating under some constraints. Once the objective is formulated, an evaluative 

mathematical model can be constructed to determine the best way of operat

ing the system to achieve the defined objective. Then the model is solved by 

an analytical technique or a numerical procedure. The results obtained can be 

used to guide the maintenance management.

1.4 Research Goal

The goal of this research is to develop new mathematical models for assisting 

management decision-making on the maintenance of equipment according to 

known facts. The purpose of this research is to improve maintenance function. 

The results of the research can address the maintenance management problems 

presented in the last section (see page 7). Considering the scenario of the 

maintenance problems, two research topics based on two different technical 

systems are studied.

The first is to model maintenance of a system with a bathtub-shaped failure 

rate and to find an optimal criterion for conducting condition-based PM and 

an optimal time for performing replacement so as to minimize the cost rate of 

the system (total operation cost/unit lifetime).

The second is to develop a model for optimizing both preventive mainte

nance and spare parts provisioning policy for a series system with used items. 

Decision variables include the optimal time to conduct periodic PM, the opti
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1.5 Scope o f Research 9

mal time-to reuse unfailed items, and the optimal number of new spare parts 

ordered in one PM period. Optimal solutions to the model can be obtained 

by minimizing the operational cost rate of the system.

1.5 Scope of Research

Facilities are subject to deterioration and random failure with usage and ag

ing. Any random failure of equipment may stop production and incur severe 

economical loss. Planned maintenance activities are often carried out at the 

time that maintenance will have the minimum impact on production; there

fore, the cost of planned maintenance is always much less than the economic 

loss of maintenance in response to unexpected failure.

This study is expected to have applications in the maintenance manage

ment of most sophisticated technical systems. They may include:

• facilities in paper mills, refineries and chemical plants

• assembly lines in the manufacturing industry

• steel fabrication

• complex electro-mechanical medical equipment.

1.6 O rganization o f Thesis

This chapter provides an introduction to the motivation of the present research, 

the background of maintenance management and the reliability concepts as

sociated with maintenance. Chapter 2 introduces the literature on the basic 

models of the effects of failure and maintenance on deteriorating systems and 

reviews some previous optimal maintenance models which are relevant to our
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1.6 Organization of Thesis 10

present research. In Chapter 3, we develop an optimal repair and PM model 

for a system with a bathtub-shaped failure rate function and two failure modes. 

Details are given explaining how the condition-based PMs are scheduled and 

the model is formulated. Numerical solutions to the model, obtained by Monte 

Carlo simulation, are provided. In Chapter 4, we develop a joint optimal model 

of preventive replacement and periodic spare parts provisioning policy with re

cycling used items for a series system. The designed inventory strategies for 

the new spare parts and the used spare parts are described. We also provide 

an algorithm to solve the model and a numerical solution example. Finally, 

research summaries and recommendations for future research are provided in 

Chapter 5.
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C h a p t e r  2

L i t e r a t u r e  R e v i e w

2.1 Introduction

A significant part of the recent literature on maintenance management is re

lated to the deteriorating technical systems which are ubiquitous in industry. 

Typically such a system exhibits an increasing failure rate (IFR) curve or 

bathtub-shaped failure rate curve in its life cycle (see Figure 1.2). The failures 

due to deterioration usually accelerate the system’s degradation. Maintenance 

is employed to prevent failure or slow the degradation of the system’s opera

tional condition. Research on the process of deterioration and its associated 

failure mechanisms helps maintenance engineers carry out maintenance effec

tively in many ways. Various optimal maintenance models have been developed 

to determine optimal maintenance strategies according to a system’s charac

teristics. In the next section, we briefly describe system failure mechanisms 

and maintenance impact on the failure rate function of the system. In Section 

2.3, we survey previous relevant optimal maintenance policies for both single 

unit systems and multi-unit systems.
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2.2 Deteriorating Systems: Failure Rate and Maintenance 12

2.2 D eteriorating Systems: Failure R ate and M aintenance

A sophisticated technical system often degrades with age and usage. Failures 

due to degradation are inevitable if the system operates long enough. On fail

ure, one of two possible actions can be taken: repair or complete replacement 

of the failed system. To reduce the frequency of failure, PMs are carried out 

on a system between two consecutive failures and between the last repair and 

complete replacement. In practice, maintenance managers or engineers have 

to face many management problems if they are to make maintenance activities 

effective and keep maintenance costs low. Their problems may include when 

to perform a PM, how often to conduct PMs and when to carry out a complete 

replacement of a system. In order to address these problems, it is imperative 

to understand the nature of failure and the characteristics of the deteriorating 

system.

2.2.1 System  H ealth Condition and Failure R ate Function

As we have mentioned before, condition-based maintenance management is 

highly effective and is preferred by most industries. The key to its success 

lies in accurate and timely measurement of the condition of the system. In 

reliability theory, the general health condition of a system is described by 

its failure rate function and its effective age. The failure rate function can 

be estimated from the measured data. The higher the value of failure rate 

function, the worse the system’s health condition (Lin, Zuo and Yam [12]).

Xie & Lai [10] propose an additive Weibull model to characterize a deteri

orating system with a bathtub-shaped failure rate function, which is expressed 

as the sum of two failure rate functions of Weibull form. Usually there are dif

ferent failure modes associated with a system. The system fails because of the
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2.2 Deteriorating Systems: Failure Rate and Maintenance 13

occurrence of a failure mode. Xie & Lai assume that the system is affected by 

two major failure modes, each corresponding to a Weibull distributed failure 

time, but with different parameters. Thus their model can flexibly characterize 

the failures of a system. For example, the initial failures are usually caused 

by design faults and initial problems, which lead to a decreasing failure rate. 

The late part of the bathtub-shaped failure rate is usually caused by material 

fatigue or component aging, and this corresponds to an increasing failure rate. 

The system failure rate function is the sum of the two failure rate functions 

which are associated with the two different failure modes.

Wang et al [11] describe a sophisticated system whose degradation comes 

from four major failure mechanisms, (1) random failure: failure incurred due 

to intrinsic weakness or/and sudden change in environmental conditions; (2) 

cumulative damage: failure induced by deterioration of the strength of the sys

tem due to continuously applied stress; (3) man-machine interface: the result 

of interaction between human learning and system failure behavior; and (4) 

adaptation: the process of the condition of the system as mating components 

or subsystems adapt to each other. Wang et al assume that each failure mech

anism has its own independent failure rate function and that the failure rate 

function of the system is a summation of all failure rate functions based on its 

failure mechanisms. This presents a bathtub-shaped curve. The explicit form 

of this bathtub-shaped failure rate function is rather complicated, therefore 

the assumption mentioned above is too ideal to be realistic.

2.2.2 Effects o f PM  and Repair on Deteriorating System s

The action of repairing a failed system is often passive and thus is hard to 

control or plan in advance. In maintenance management, this situation is
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2.2 Deteriorating Systems: Failure Rate and Maintenance 14

not desired. PM is introduced to prevent or decrease random failures. To 

understand the effects of PM and repair on the health condition of the sys

tem, researchers have investigated them and have produced cornerstone results 

which are extensively applied in designing maintenance policies.

Lie & Chun [14] and Nakagawa [15] introduce the concept of adjustment 

factors in hazard rate function and effective age in modeling the effects of 

PM. Nakagawa [16] proposes two PM models assuming that the required time 

for PM is negligible. Later Lin, Zuo and Yam [12] and Monga [17] extended 

the two PM models in their maintenance strategies. The following is a brief 

description of the two PM models.

1. Hazard Rate PM Model: W ith the hazard rate concept, a PM restores 

system performance to some extent; However, after each additional PM 

the slope of the failure rate function increases. This effect can be ex

pressed in the following explicit form. During the zth PM interval, the 

hazard rate of the system is hi{t):

hi(t) — ©j • (2.1)

where ho(t) is the original failure rate function of the system and 0 , is 

the failure rate deterioration factor of the deteriorating system due to 

PM action. ©t must satisfy the following two conditions:

•  ©i =  l

•  ©;+i > ©i, where i =  1, 2, • • •.

2. Age Reduction PM Model: W ith the virtual effective age concept, a PM 

action reduces the effective age of the system to some extent. Assume
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that the system’s current effective age is 7); if a PM is conducted at this 

moment the system’s effective age, Tj,  is reduced to <xZ}, where a  is the 

age reduction factor of the deteriorating system due to the PM, such 

that, 0 < a < 1.

In many practical instances, the deteriorating system is degrading with 

usage even though the PMs improve its operational condition to some extent. 

Based on this observation, Lin, Zuo, and Yam [12] propose a hybrid PM model 

that combines the advantages of the age reduction PM model and the hazard 

rate PM  model. In the Hybrid PM Model, the effects of each PM on the 

system’s operational condition are dual: the system’s effective age is reduced 

immediately but, on the other hand, the deteriorating process is accelerated 

when the equipment is put into use again. W ith this Hybrid PM Model, the 

failure rate function after the ith  PM can be written as

hi(Ti +  t) =  Oih(aiTi +  t ) (2-2)

where Tj is the time interval between the (i-1 )th PM and zth PM, 0 <  cq < 1, 

and 1 <  ©j < oo.

Kijima [18] develops two general repair models for a repairable system by 

using the idea of the virtual age process of the system. The models characterize 

the effects of the repair action on the system by adjusting the virtual age of 

the system. They are described as follows. Let A n be the degree of the nth 

repair effect on the system and take a value between 0 and 1. Two models 

are constructed depending on how the repair activities affect the virtual age 

process, {Hn}g°.
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Model I: The nth repair cannot remove the damage incurred before the 

(n — l) th  repair. It reduces the additional age X n to AnX n. Accordingly the 

virtual age after the nth repair becomes

Vn = Vn- 1 + AnX n. (2.3)

Model II: At the nth failure, a virtual age of Vn- i  +  X n has accumulated. 

The nth repair affects the virtual age so that

Vn = An (Vn- i  + X n). (2.4)

In both models, if A n — 0 for all n > 1 then one has a perfect repair model; 

whereas, if A n =  1 for all n > 1, then it agrees with a minimal repair model. 

An has an average value at the nth repair for specific equipment in the long 

run. Some applications and modifications of the models can be found in Jiang 

et al. [19], Stadje & Zuckerman [20] and Zhang et al. [36].

2.2.3 Concluding Remarks

This section has described the potential failure mechanisms of a deteriorating 

sophisticated system and its bathtub-shaped failure rate function. The failure 

rate of the system may be associated with different failure modes. Each failure 

mode may be induced by one or more different failure mechanisms. Each failure

m ode affects th e  sy stem  in d ifferen t ways. R esearch on  fa ilu re m odes and  th e ir  

related failure mechanisms helps us understand the effects of PM and repair on 

a system’s health condition. The effect of a PM on a system’s health condition 

is modeled by using the virtual age reduction concept or hazard rate concept 

or their hybrid. The effect of a general repair on the system’s condition is
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characterized by using the concept of accumulated previous damage or the 

concept of accumulated virtual age reduction.

2.3 O ptim al M aintenance Policies

Research on maintenance problems has generated many models of optimal 

maintenance policies. All of them can be categorized into two classes: optimal 

maintenance models for a single unit system and optimal maintenance models 

for a multi-unit system. This classification is amenable to current theoretical 

development and helps practitioners select the most appropriate model for 

their maintenance problems ( Wang [9]). The classification can also serve as 

guidance for us in defining our present research on maintenance management 

problems.

2.3.1 One-unit System  M aintenance

The major maintenance management problems associated with a single unit 

system mainly include how to schedule the PMs and when to perform a re

placement to ensure minimum system operational cost. For these purposes, 

the optimal maintenance models are developed to determine such decision 

variables as the operational time, the accumulated failure number, or the total 

PMs that have been performed on the system.

Lam [21] & [22] introduces the geometric process to characterize the be

havior of a repairable deteriorating system. Two optimal replacement policies 

are proposed: one is based upon the accumulated working time and the other, 

on the accumulated failure number of the system. Explicit expressions of the 

long-run average cost per unit time under each replacement policy are derived. 

Under some mild conditions, Lam has proved that the optimal policy based
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upon the number of failures is better than the optimal policy based upon the 

operational time. Afterward, Zhang et al [23] incorporated preventive mainte

nance (PM) activities into the failure-number-based replacement model. The 

PMs are carried out at a fixed time interval. The effect of PM is to restore 

the system to the same condition just after the last failure repair action, but it 

does not restore the system to its condition at time zero. A numerical example 

with a constant failure rate function is given to demonstrate the feasibility of 

this model.

Park et al [24] propose a periodic PM and minimal repair model for a 

repairable system. Under this policy, each PM releases stress temporarily and 

hence slows the rate of system degradation. The PMs are performed at fixed 

time intervals. The system is replaced at the A th PM time point. If the system 

fails between PMs, it undergoes only minimal repairs, i.e., the failure rate of 

the system remains the same as before the minimal repair. The optimal PM 

number and the optimal interval of performing PM are the decision variables 

that minimize the system operational cost per unit time over an infinite time 

span. Explicit solutions for the optimal periodic PM are given for the Weibull 

distribution case.

Unlike the periodic PM policy, a system is preventively maintained at un

equal time intervals under a sequential PM policy. The time interval for per

forming PMs becomes shorter and shorter as time passes because most systems 

need more frequent maintenance as their ages increase. Nguyen et al [25] in

troduce the sequential PM policy concept. If no failure occurs by some specific 

time, ti, a PM is performed. The specific time, U, is the maximum time that 

the system should be left running without maintenance after the last repair or 

replacement action. Under this policy, the system is repaired at the time of
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failure or at age ij, whichever occurs first, and it is replaced at the kth  repair. 

Lin et al [12] build a hybrid imperfect PM model, which uses both effective 

age reduction and acceleration of deterioration after each PM to characterize 

the effect of PM on a system. They also introduce two new failure modes 

for a complex system: maintainable failure mode and nonmaintainable failure 

mode. PMs are performed at sequential intervals and can change the hazard 

rate of only the maintainable failure mode. W ith a fixed level of failure rate, 

which is used to indicate the health condition of the system, the optimal PM 

policy is determined by minimizing the average cost rate with respect to the 

total number of PMs being performed on the system.

In Chapter 3, we will extend the work of Lin et al [12] by considering a 

system with a bathtub-shaped failure rate function. The failures taking place 

during its life cycle will be classified into minor failures and major failures in 

terms of their effects on the health condition of the system after corrective 

actions. Periodic PMs are conducted between two consecutive major failures 

and the PMs’ frequency depends on the current health condition of the sys

tem. The decision variables considered will include the total number of major 

failures and a specified critical level of the major failure rate.

2.3.2 M ulti-unit System  M aintenance

Research on multi-unit system maintenance policies has been gaining increased 

attention recently, because multi-unit systems are widely used. Examples of 

such systems include chemical processing facilities, power plants and produc

tion lines. For multi-unit system, the cost of unavailability (one-time un

planned shutdown of the system) is often much higher than the maintenance 

cost; therefore, performing maintenance on several subsystems jointly requires
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less money and/or time than would each subsystem separately. It is determin

ing the optimal PM and the most cost-effective replacement schedules that 

constitute the primary maintenance management problems for the multi-unit 

system.

One of the important PM strategies for this system is block replacement 

policy. Block replacement policy derives its name from the commonly em

ployed practice of replacing a block or group of units in a system at prede

termined times, kT, {k = 1,2, ■ ■ •), independent of the failure history of the 

system. This policy can address very well the economic dependency problem 

in multi-unit system maintenance activities; however, it may be rather waste

ful since sometimes almost new units are replaced at the instant of performing 

block replacement. To alleviate the drawback of this policy, it has been ex

tended to allow for reusing unfailed units which were taken out as parts from 

previous preventive replacements (see Tango [30]). Under Tango's policy, block 

replacements are performed by using new items at times k T , k — 1, 2, • • •. If a 

failure occurs in the time interval [(k — 1)T, kT  — 5), 0 < 5 < T, the failed item 

is replaced by a new one. If a failure occurs in the time interval [ kT  — 5, kT), 

the failed item is replaced by a used one. The objective function of this model 

can be minimized by searching for optimal values for (T, 5). Murthy & Nguyen 

[29] modify T ango’s model by considering the fact that reused items may have 

different ages. The modification makes use of all used items and can improve 

Tango's model to some extent. Kadi & Cleroux [28] append an idle period to 

Tango's model to delay the block replacement time. During the idle time, the 

system still works but may not work as efficiently as before the idle period. 

Sheu & Griffith [31] apply the block replacement policy involving used items 

to a shock model. It is worth mentioning that all these block replacement
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policies assume spare parts are available whenever needed. There is no limit 

on the number of new spare parts and used spare parts being supplied when 

performing random failure replacement and block replacement. In practice, 

there is usually a large demand for spare parts during block replacement and 

between two consecutive block replacements. Inappropriate spare parts pro

visioning and inventory policy may delay block replacement or extend system 

unexpected shutdown time. Both will lead to heavy operational losses.

Chelbi & Ait-Kadi [26] propose a model that can jointly optimize block 

replacement and spare parts provisioning over an infinite time span. The sys

tem is made up of n  identical components. The block preventive replacements 

are performed at predetermined instants, T, 2T, ..., regardless of the age and 

the state of the components. If a failure occurs between two consecutive block 

preventive replacements, the failed component is replaced by a new one imme

diately if the latter is available. An (R , s) inventory control strategy is used 

in their spare parts management. The total operational cost is the sum of the 

block replacement cost and the spare parts inventory management cost during 

a block replacement period. The minimal expected cost rate can be obtained 

by searching for the optimal block replacement interval, T; the optimal re

plenishment cycle, R  — kT, (k = 1,2,...); and the minimum ordering spare 

parts level, s. Under this spare inventory policy, a reorder is placed as long as 

the stocking level of the spare parts is less than or equal to s. Brezavscek & 

Hudoklin [27] report a model similar to that in Chelbi & Ait-Kadi [26]. The 

only difference is that it is the (R , S) inventory control policy that is used in 

Brezavscek & Hudoklin [27]. Under this policy, at each review time, a sufficient 

quantity is ordered to bring the level of the available inventory up to the max

imum inventory level, S. By letting R  be equal to T, Brezavscek & Hudoklin's
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model can closely couple the periodic PMs and the spare-provisioning policies. 

In practical applications, the (R, S) policy is the most commonly used periodic 

review policy. Its operation is simple. It results in a predictable work load on 

the purchasing or production scheduling departments, in contrast to the (R, 

s) policy where the number of orders released at a review time fluctuates de

pending on the relative position of the available inventory with respect to the 

order point. In addition, the computation of the controls, R  and S, is simpler 

than the computation of R  and s (see Hax & Candea [39]).

In Chapter 4, we will report an improved model based on Brezavscek and 

Hudoklirts work, one which recycles the unfailed spare parts selected from the 

immediately previous block replacement. An (R ,S 2 ,S)  inventory control pol

icy will be proposed. The value of the maximum reused spare parts inventory 

level, S2, is determined by the block replacement interval, T, and the time in

terval of employing the used spare parts, S. The decision variables of the new 

model will include T, <5 and the maximal stocking level of new spare parts, S.
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C h a p t e r  3

A n  O p t i m a l  P r e v e n t i v e  M a i n t e n a n c e  A n d  

R e p a i r  M o d e l  F o r  a  S i n g l e  U n i t 1

3.1 Introduction

In this chapter, we propose a preventive maintenance and repair model for a 

single unit system with a bathtub-shaped failure rate function. There may be 

different causes of system failures. A system failure can be ascribed to either 

the result of the adaptation of the system or interaction between the system, 

its subsystems and its working circumstance, or the result of accumulated 

damage due to aging (Xie and Lai [10]). Taking into account improvement in 

adaptation and increment in accumulated damage as the system’s operational 

time increases, failures during the system life cycle are classified as being either 

of minor failure mode or of major failure mode. The minor failures are de

scribed by the minor failure rate function, which monotonically decreases with 

time. The major failures are characterized by the major failure rate function, 

which monotonically increases with time. The two types of failure produce 

completely different impacts on the performance of the system. An imperfect

xTwo versions of this Chapter have been subm itted for publication (see Zhang et al [36] 
& [37])
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repair is carried out to restore function to the system as soon as a major failure 

occurs. A minimal repair is conducted to restore the system to the state just 

prior to the failure when a minor failure occurs. Since the major failure rate 

describes the system wear-out failures, which predominate in the later period 

of a life cycle, its level indicates the system health condition. PM is performed 

when the major failure rate reaches a specified critical level so as to improve 

the health condition of the system and, hence, to extend its total lifetime.

In this new model, the whole cost rate is formulated as a function of both 

the number of major failures that the system has experienced in a life cycle 

and the specified critical level of major failure rate. The optimal policy may 

be obtained by minimizing the whole cost rate with respect to the number 

of major failures that the system experiences in a life cycle and the specified 

critical level of major failure rate. Finally, the Monte Carlo method is employed 

to conduct a simulation study of the model. Numerical results reveal that this 

model is effective and feasible for maintenance decision-making.

The rest of this chapter is organized as follows. Section 3.2 describes the 

characteristics of the system and its failure rate behavior. Section 3.3 describes 

the repair policy and the PM policy. Section 3.4 builds up the optimization 

model for the system. Monte Carlo simulation is conducted in Section 3.5 and 

a numerical example illustrating the procedure is provided as well. Concluding 

remarks are presented in Section 3.6.

3.2 System  Characteristics

The failure rate function of a complex system, h(t), often exhibits a bathtub 

shape and is referred to as a bathtub-shaped curve. Failure rate is an important 

concept in reliability analysis since it represents the instantaneous probability
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of failure over the next instant of time of a system. Traditionally, the bathtub

shaped failure rate is divided into three different phases, namely, the infant 

period, the normal period, and the wear-out period. Most researchers have 

explored the three phases independently; however, in many practical situa

tions, it is necessary to consider the whole life span including the three phases, 

simultaneously.

In the additive Weibull model (Xie and Lai [10]), a bathtub-shaped failure 

rate function is formulated as

h ( t )  =  atb_1 +  c t d~l ,

where a > 0, b > 1, c > 0, and 0 < d < 1 (see Figure 3.1).

Taking into account whether or not some damage caused by a failure re

mains after a repair, we classify all failures of the system into two categories: 

major failures and minor failures. The major failure rate is defined as

h m a jo r { t )  = a t b~ l , (3.1)

where a > 0 and b > 1. The minor failure rate is defined as

hminor(t) =  C^-1 , (3.2)

where c > 0 and 0 < d < 1.

As shown in Figure 3.1, the minor failure rate decreases with time, while 

the major failure rate increases with time. Consider a newly installed electro

mechanical system, such as a medical Computed Tomography (CT) machine. 

During the first few weeks or months of use, the supplier is often called in
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Figure 3.1: The bathtub-shaped failure rate (the point line) as a sum of the 
major failure rate (the star line) and the minor failure rate (the triangle line)
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because of some unexpected electrical or display faults. These faults are usu

ally due to operating mistakes of the novice, calibration error, or inadequate 

burn-in time. The average repair costs of such faults are relatively low and, 

after such service calls, the equipment can be regarded as being as good as 

it was before the minor failure. That is, after repair the minor failure rate 

remains the same as before the minor failure. As the equipment enters its sta

ble operation period, such faults and operating mistakes occur less frequently; 

however, with equipment usage and aging, major faults in its machinery or its 

critical components start to appear. The average repair costs of such faults are 

usually high. In addition, the condition of the repaired equipment is no longer 

as good as it was just before the major failure. Hidden damage due to such 

failures accumulate and make the equipment deteriorate faster. As a result, it 

is the major failure rate that determines the health condition of the system.

After a major failure, if no replacement is warranted, a major repair has 

to be carried out. A major failure and its repair produce the following effects 

illustrated in Figure 3.2.

1. The slope of the major failure rate is steepened due to the damage which 

remains after each major failure.

2. The major failure rate drops immediately by a certain amount due to 

the reduction of the system’s virtual age which results from the repair of 

a major failure.

3. The capacity for reduction of virtual age of the system decreases as the 

number of major failures increases.

At the beginning, the system deteriorates slowly, and the damage done 

by major failures due to such deterioration is small. W ith usage and aging,
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major (V
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Figure 3.2: The effects of a major failure repair on the major failure rate 
function
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the speed of deterioration accelerates and the corresponding damage due to 

random major failure increases.

Similarly, the system’s maintainable capacity, which to some extent causes 

a reduction in the virtual age of the system, is high during the earlier life of 

the system. W ith increased deterioration of the system, this capacity becomes 

progressively smaller.

During the earlier stage of the system’s life, major failures occur less fre

quently. The total operating cost is low. As the equipment ages, the number 

of major failures increases and the accumulated cost of major repairs increases. 

The total operating cost will eventually become excessive and the system will 

have to be replaced. As can be seen, there is a trade-off between the number 

of major failures that the system experiences and the cost of its replacement.

3.3 Preventive M aintenance

To a large extent, the major failure rate function determines the general health 

condition of a piece of equipment. Its value depends on its effective age. For 

deteriorating equipment, the higher the effective age, the worse the health 

condition. In practice, PM is often performed to improve equipment’s health 

condition; it plays an important role in decreasing the effective age and slowing 

down the rate of deterioration. As stated earlier, minor failures do not leave 

equipment damaged after minimal repairs. The minor failure rate tends to be 

small and stable as the equipment enters the period of normal use. Thus, a 

PM has little impact on the minor failure rate. As a result, we ignore this 

effect. PM does, however, influence the major failure rate, which increases 

monotonically.

Too few PMs will not effectively slow down the rate of equipment dete
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rioration. On the other hand, higher operational cost will be incurred if too 

many PMs are performed, therefore, it is important to determine an optimal 

PM policy, one capable of reducing the total operating cost of the system. In 

our model, whenever the major failure rate function reaches a specified value, 

£, the equipment is maintained preventively. Thus, there is a trade-off between 

the specified failure rate level, £, and the total cost of the system over its life 

cycle.

Further, it is assumed that, in the sense of failure rate, performing a PM 

between the (n—l) th  and the nth major failure can restore the health condition 

of the system to the state just after the repair of the (n — l) th  major failure, 

but never better than that because its maintainable capacity is determined by 

the (n — l)th  major failure and its repair. In fact, a major repair always results 

in an overhaul of the system, hence it determines the maintenance capacity 

and health condition of the system. The possible effect and history of PMs 

combined with major failure repairs are shown in Figure 3.3.

Now, we are ready to present the PM and repair model.

3.4 System  C osts and Problem  Formulation

Assumptions:

1. The planning horizon is infinite.

2. When the n th  major failure occurs, the damage incurred accelerates sys

tem deterioration and hence makes the major failure rate curve steeper. 

After the n th  major failure repair, the system’s virtual age is reduced to 

some extent, and the major failure rate function of the system is (also
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Figure 3.3: Effect of PMs between the (n — l) th  major failure and the nth 
major failure
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3.4 System Costs and Problem Formulation 

refer to Figure 3.2)

32

hmljorit) = hmajor(r]n(t -  7A ) ) ,  n =  1, 2, . . . , (3.3)

where

r)n is the adjustment factor for the slope of major failure rate function

whenever the n th  major failure happens,

7n is the reduction factor for the virtual age reduction of the system

whenever the n th  major failure is repaired,

4>n is the time between the last PM in X n and the (n +  l) th  major

failure (refer to Figure 3.3).

3. The system is to be replaced at the iVth major failure.

4. The cost of a minor repair is smaller than that of a major repair, which 

in turn is smaller than that of a replacement.

5. Whenever the major failure rate function reaches the specified level, £, 

PM is performed.

6. The time needed for PM, minor failure repair, major failure repair, or 

replacement is negligible.

7. Let X n be the time interval between the (n — l)th  major failure and the 

n th  major failure. Each PM within X n restores the health condition of 

the system to the state just after the (n — l)th  major failure repair.
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According to the above assumptions, as a random variable, the length of 

the life cycle of the system is

W  = j ^ X n, (3.4)
71=1

where X n is the interval time between the (n — l) th  major failure and the nth 

major failure (refer to Figure 3.3).

X n = VnQ.n +  n =  1,2, . . . ,  N  (3.5)

where Fln is the time interval between successive PMs in the n th  major repair 

cycle, and Vn is the number of PMs conducted within the n th  major repair 

interval X n.

The replacement cost in a life cycle is cr. The major repair cost is cmajor 

and the total major repair cost in a life cycle is cmajor(N  — 1). Since PM and 

imperfect repairs do not affect the minor failure rate function, the expected 

number of minimal repairs over a life cycle is

rw  (w  c
Hminor(W ) =  hminor(t)d t=  c td~l dt = ~ W d.

Jo Jo u

Let cminor be the minimal repair cost. The total cost of minimal repairs in a 

life cycle is then cminorHminor{W ). Let cp be the average cost of each PM. The 

total cost of PMs in a life cycle is cp Xjn=i Thus, the cost rate over a life
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cycle is

N

E  Cr Crnin0r H m in o r  ( I P ) 4 “ C m a jo r i^E  1 ) 4 ” Cp )  ) V n

f ( N ,  0  = 71=1

E ( W )

As usual, f {N, £)  serves as the objective function to be minimized by searching 

optimal decision variables N  and £.

After the n th  major failure and its repair, the major failure rate function 

could be formulated as follows:

where tn is the hypothetical time point for the major failure rate function to 

reach £.

If no major failure occurs again after the n th  one, then a PM is performed 

whenever the major failure rate function, hmajor̂n(t), reaches £. As a result, 

we have

b- i
^majori^n} a Vn Cn 'Jn&n , n = l , 2 , . . . , l V  (3.6)

i = 1

(3.7)

and

In summary, we have the following optimization model:

N

cr 4~ cminorE ( W  ) 4- cmaj or (.N - i )  + Cl, Y . E ( V n)
W , o  =

71=1 (3.9)
E ( W )
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where cr , cminor, cmaj or, cp and £ > 0, W , X n and Zln are determined by (3.4), 

(3.5) and (3.8), respectively.

Since a closed form of E ( W d) in (3.9) is not available; in the next section, 

Monte Carlo simulation will be employed to evaluate E ( W d).

3.5 M onte Carlo Sim ulation

Due to the ongoing development of computer power, Monte Carlo simulation 

has become a powerful tool for performing realistic reliability and availability 

analysis of complex systems (Labeau and Zio [32]). It is relatively straightfor

ward to use Monte Carlo simulation to propagate uncertainty in the values of 

random variables of earlier events to current event.

The following outlines the procedure of Monte Carlo simulation for evalu

ating EiyV) and E ( W d) in equation (3.9).

1. Set Tjn — gn~1, 7„ =  un and £.

2. Given a, b, g , u and £,

3. Set n — 1 and £n =  £.

4. Find tn by setting h ^ ajor(t) in equation (3.7) equal to £„.

5. Find by setting h ^ l jor(t) in equation (3.8) equal to £n.

6. Generate a random number denoted by R  that follows the Weibull distri

bution with the failure rate function given in equation (3.6). If R  > Qn, 

another random number is generated in the same way until we obtain a 

random number that is less than or equal to Qn. Let i denote the num

ber of such random numbers generated and let the sequence of random
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numbers generated be denoted by i?2, . . . ,  and Iit. Then, we have 

14 =  i 1, and X n VnCln T $ n.

7. Set n = n +  1 and =  £n_i -  / i^ “10)r (<I>n-i -  7„_ i$ n_1). If £„ < 0, go to 

the next step; otherwise go to the previous step.

8. The simulation procedure is complete. We have obtained Vi, V2, . . . ,  

I4 - i, W  =  X \  + X 2 +  . . .  +  -W -i, and W d. The complete procedure 

can be repeated, say, M  times. We would then have M  observations of 

W, W  • • •, 14-i, W, and W d. From these observations, we can find the 

averages Vi, V2, • • •, W -i, W, and W d, which can be used to approximate 

£(W ), E(V2), . . . ,  E(Vn- 1), E{W),  and E ( W d).

In order to demonstrate the robustness of our model, several different sets 

of the parameters are tested. The number of simulation iterations, M, is set 

at 2000; and let cr =  2000, and cmaj or = 100. Thirty five simulation runs are 

conducted. The numerical results are listed in Table 3.1. The optimal cost 

rate is the average of the 35 cost rates obtained from the simulation runs. The 

confidence interval, 7 , indicates that there is a 95% confidence that the real 

cost rate is within ± 7  of the average cost rate.
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In Table 3.1, as can be seen in cases 1, 2, 3 and 4, the optimal cost per 

unit of working time, C.R.* and decision variables N* and £* vary with the 

different sets of g and u. As g increases while u decreases, the maintenance 

cost rate, C.R.*, increases. Meanwhile, the optimal decision variables N* and 

£* become smaller. This tells us how the magnitude of the damage caused by 

each major failure and the reduction of virtual age due to major failure repair 

affect the lifetime and the minimal operational cost rate of the system. Cases 

5, 6 and 7 demonstrate that the values of the optimal decision variables vary 

also with the change in shape of the bathtub curve.

Based upon the data set in case 4, the cost per unit of working time as 

a function of £ and N  is plotted in Figure 3.4. For a specified failure rate 

level, £, the value of the objective function varies with the number of major 

failures allowed, N,  and reaches a minimum value at the optimal value of N.  

For example, for a specified £ value of 0.20, when N  takes the value of 7, the 

cost rate reaches its minimum of 88.239 (see Table 3.2). For a specified N,  

the value of the objective function varies with the value of £ and reaches a 

minimum value at the optimal value of £. For example, for a specified N  value 

of 16, when £ takes the value of 0.50, the cost rate reaches its minimum of 

89.557 (see Table 3.3). When both N  and £ take their optimal values of 10 

and 0.35, respectively, the value of the objective function reaches the minimum 

of 86.026. Therefore, Figure 3.4 gives us a guide for making decisions on how 

to choose the failure rate level when conducting PMs and when we should 

replace the system.
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Table 3.1: Optimal cost rate and decision variables with different parameters
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Figure 3.4: Cost rate against the number of major failures and the major 
failure rate level

Table 3.2: Cost rate with each specified £

case specified £ N* cost rate
1 0.10 5 95.208
2 0.15 7 90.783
3 0.20 7 88.239
4 0.25 8 86.918
5 0.30 10 86.317
6 0.35 10 86.026
7 0.40 10 86.085
8 0.45 11 86.684
9 0.50 12 86.989
10 0.65 13 87.493
11 0.60 12 88.431
12 0.65 13 89.422
13 0.70 13 90.113
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Table 3.3: Cost rate with some specified N

case specified N r cost rate
1 5 0.20 90.701
2 6 0.25 88.581
3 7 0.30 87.313
4 8 0.25 86.638
5 9 0.35 86.115
6 10 0.35 86.026
7 11 0.40 86.253
8 12 0.40 86.754
9 13 0.40 87.442
10 14 0.50 88.024
11 15 0.50 88.777
12 16 0.50 89.557
13 17 0.60 90.515

3.6 Concluding Remarks

This chapter presents a new preventive maintenance and repair model for a 

deteriorating system with a bathtub-shaped failure rate function. By consider

ing the minor failure mode and the major failure mode of the system, the cost 

rate of the life cycle is formulated as a function of the total number of major 

failures that the system is allowed to experience before being replaced, and a 

specified critical level of the major failure rate. The minor failure rate becomes 

lower and lower and the major failure rate becomes larger and larger as the 

system ages and deteriorates. After a minor failure repair, the system regains 

the same condition it had before the minor failure. If the system experiences 

a major failure, system deterioration is accelerated. After a major failure re

pair, the major failure rate is reduced to some extent. Thus the system health 

condition is determined by the level of its major failure rate. Performing PMs 

cannot, however, reduce the failure rate of the system to a state lower than its
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state after the last major failure repair. As a result, the frequency with which 

PMs are performed is determined by the health condition of the system. The 

optimal strategy is to minimize the whole cost rate with respect to the time to 

replace the system and the critical level of major failure rate. Finally, Monte 

Carlo method is employed to conduct a simulation study of the model. The 

numerical results reveal that the model proposed is effective and feasible.

In the next chapter we focus on building an optimal maintenance policy 

considering the spare parts provisioning strategies for a series system, a typical 

multi-unit system. The model will consider the salvage value of the used spare 

parts.
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C h a p t e r  4

P e r i o d i c  P r e v e n t i v e  R e p l a c e m e n t  a n d  S p a r e  

P a r t s  P r o v i s i o n i n g  P o l i c y  F o r  a  S e r i e s  

S y s t e m 1

4.1 Introduction

It is of great importance to prevent the failure of a system during actual oper

ation when such an event is costly and/or dangerous. In practical situations, 

one important area of interest in reliability theory is the study of various main

tenance policies in order to reduce operating cost and the risk of a catastrophic 

breakdown. One of the well-known PM policies is periodic preventive replace

ment (PR)(also called block replacement). Under such a policy, an operating 

system is preventively replaced by a new one at time k- T, fc =  1, 2, • • • regard

less of its operational history. This policy is commonly used when there are a 

large number of similar systems in service; however, it cannot completely elim

inate random failures between two consecutive PRs. To ensure availability of 

the system and reduce its operational cost, an optimal spare parts provisioning 

strategy within the maintenance-scheduling policy is imperative. Researchers 

XA version of this Chapter has been subm itted for publication (Zhang et al [38]).
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have developed several maintenance and inventory policies, but relatively little 

effort has been expended on their joint optimization.

Block replacement policy enhances system reliability and prevents excessive 

unexpected failures, but, on the other hand, it cost a great deal if spare parts 

are expensive. As Section 2.3 of Chapter 2 indicates, sometimes almost new 

units are replaced and discarded when performing a block replacement. To 

alleviate this drawback, one of the widely used strategies in industry is to 

reuse unfailed units which were taken out in previous preventive replacements. 

Several papers have addressed this maintenance management problem. All of 

them assume that both new spare parts and used spare parts are available 

as soon as they are needed and that there is no limit on the number of used 

spare parts being supplied, even though these used spare parts are presumably 

selected from the previous block replacements. This is apparently unrealistic 

in practice.

This chapter extends Brezavscek and Hudoklin’s model [27], providing a 

new model of which can jointly optimize block replacement strategy and peri

odic review spare parts provisioning policy by recycling used items. Section 4.2 

summarizes the assumptions, the model, and the equations reported in Breza

vscek and Hudoklin [27] because they will be used or extended in later sections. 

The model this thesis proposes is presented in Section 4.3. In order to make 

the problem clear, the new model has been decomposed into two sub-models. 

One is the new spare parts inventory model which is described in Subsection 

4.3.1. The other is the used spare parts inventory model which is described 

in Subsection 4.3.2. Section 4.4 presents the algorithm developed in order to 

solve the proposed equation of the problem. Numerical illustrations for the 

new model are given and discussed in Section 4.5. The concluding remarks for
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this chapter are then presented in Section 4.6.

4.2 Brezavscek and H udoklin’s M odel (2003)

The system considered is made up of n  independent and identical components. 

The components are subject to wear-out failure, so the component failure rate 

increases with time. The downtime of any component due to shortage of spare 

parts represents a loss of the system availability.

Maintenance of the system is performed according to block replacement 

(BR) policy. Under a BR policy, all components of the system are replaced 

at predetermined time intervals of length T.  Failed components between two 

consecutive BRs are replaced immediately by spares, if they are available. The 

replacement time is negligible. If spares are not available, failed components 

are replaced as soon as the inventory of spares is replenished. The downtime of 

any n components due to shortage of spares (time between the moment of the 

component failure and the next order arrival) represents a loss of the system’s 

operational time.

The inventory of spares is replenished at a single time point according to 

the periodic review (R , S) inventory policy. The reordering time point of 

spares is chosen at time instants i - T  — t , i = 1, 2, • • where r  is the lead time 

of spare part procurement. At each reorder point, enough spares are ordered 

to bring the inventory level up to S.

A ssum ptions U sed in This Paper Include:

1. The procurement lead time, r , is constant and shorter than the PR 

interval, T.
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2. The procurement lead time, r , is independent of the quantity of spares 

being ordered.

3. There is no quantity discount; thus the spare part cost does not depend 

on the ordered quantity.

4. The inventory of spares for a given component type is replenished en

tirely independently of inventories of spares for other types of system 

components.

5. The holding cost in a given cycle is proportional to the part of this 

cycle where the inventory-level > 0, and to the average inventory on 

hand during this cycle (that is, the average number of spares physically 

located in the inventory during the cycle).

6. The shortage cost in a given cycle is proportional to the cumulative 

downtime due to shortage of spares during this cycle.

7. During the cycle, the inventory level decreases linearly.

M odel Formulations:

Let xn be the number of component corrective repairs that the system 

experiences during time interval T. Then xn is a random variable with a 

probability density function (pdf) of g(xn). The g(xn) could be approximated 

by a normal pdf with mean

E(xn) =  n ■ E(x)  (4.1)

and standard deviation

yjVar(xn) =  \Jn • Var(x)  (4.2)
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where x  is a random variable representing the number of corrective repairs if 

the system has only one component. The random variable x  as a function 

of T  can be described by the ordinary renewal process. A renewal process 

can be characterized by a renewal function H(t), which is equal to the mean 

number of failures that occur up to the instant t ( Gnedenko et al. [33]). E(x)  

is equal to the value of H(t)  at time point T ; however, for any type of pdf, the 

computation of H (t ) in the wear-out period is rather tedious.

In this paper, H(t)  is calculated by using a discrete approach according to 

the recurrence relation (Jardine [1]).

time; T  = 1,2,...; H (0) =  0.

Choosing an appropriate unit of T  can make the length of each interval 

(i,i +  1), i =  0, ...,T  — 1, in equation (4.3) sufficiently short so that no more 

than “1 component failure” occurs within any interval. Calculation of H ( T ) 

according to equation (4.3) is not difficult, irrespective of the type of f( t ) ,  and 

of the values of the pdf parameters (integer or not).

The variance, Var(x),  which is used to determine the standard deviation 

of g(xn), can be calculated as follows (Gnedenko et al [33]):

merical differentiation of the discrete function (4.3). The definite integral in

(4.4) is solved numerically using the trapezoidal rule.

(4.3)

where f ( t )  is the probability density function of a given component failure

where h(u) is the renewal density and defined as d!̂ :‘. It is obtained by nu-
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M odel D evelopm ent

System operational costs include cost of maintenance, of spare parts or

dering and of inventory management. The objective function of the model 

represents the total operational cost of the system per unit time.

Ctotal — Cr +  Cs (4-5)

Cm = (4.6)

where Ctotai is the total cost in a PM cycle, Cm is the cost rate, Cr repre

sents system maintenance costs, and Cs represents spare parts ordering and 

inventory management costs.

Let p be the preventive replacement cost of a component and c be the 

failure repair cost of a component. Then the maintenance cost of a system 

with n components is

Cr = n ■ p + E(xn) • c — n ■ p + n • H(T)  • c. (4.7)

The spare parts ordering and inventory management costs, Cs, consist of 

the ordering cost, C0; holding cost, Ch', and shortage cost, Csh- They are 

determined by equations (4.8), (4.9) and (4.10) respectively.

C0 = K  + s - ( n  + E{xn)) = K  + s - n - {  1 +  H(T))  (4.8)

where K  is the setup cost for placing an order and s is the cost of purchasing 

a spare part.
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Immediately after the ordered spare parts arrive, n spare parts are used 

for the BR of the operating components. These spares cause no holding cost, 

therefore, in calculating the expected holding cost in a cycle, only spares needed 

for the corrective repair are considered. Assume that the maximal inventory 

level is S  and the expected inventory level just after realization of a planned 

BR is S' .  Considering assumption (7), Figure 4.1 shows that when there 

is no shortage of spares, the average inventory on hand during the cycle is 

S ’ — (ccn/2). From Figure 4.2, it can be derived that in a shortage of spare 

parts, Tj =  ( S ' / x n ■ T ), and the average inventory on hand during the cycle 

is S ' / 2. Therefore, considering both possible variants of a cycle, Ch can be 

written as:

rS ' x  roo Q' 2
Ch = h ■ T  ■ [ (S'  -  -//) ■ g(xn)dxn +  / --- ----- g(xn)dxn]. (4.9)

Jo 2 JS' 2x̂ 1

Figure 4.2 shows the shortage of spare parts during the cycle. Considering 

assumption (6), the shortage cost depends on the cumulative downtime due to 

shortage of spare parts during the cycle. From Figure 4.2, the average value 

for the cumulative downtime is

T2 .(Bn^L) = ( ^ L . T ) . (^=sL) .

The Csh in a cycle, allowing for both possible variants of a cycle, is expressed

as:

0 if x n < S'
Csh = { ;a (4.10)

z - T  •  ̂ ■ g(xn)dxn otherwise

where z represents the cost of downtime due to a shortage of spare parts per
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Figure 4.1: Excess of spare parts during a cycle
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Figure 4.2: Shortage of spare parts during a cycle
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component per unit time.

According to equation (4.5), the objective function of the model is expressed

as

Ctotal — Cr + C0 + Ch + Csh. (4-11)

Cm = ^ - [ n - \ p  + H ( T ) - c + ( l  + H(T) ) - s}  + K  +

rs ' x  r00 S'2
+ h - T  ■ ( (S' -  ■ g(xn)dxn +  /   -----g(xn)dxn)

Jo I  Js' 2xn
roo (y —

+  z - T ■  g(xn)dxn]. (4.12)
Js' 2xn

S' = S  — n — n-  (H ( T ) -  H( T  -  r)) =  n ■ H(T) .  (4.13)

Optimal values for the decision variables T  and S  can be obtained by min

imizing the expected total system maintenance cost per unit time.

Num erical R esults

Brezavscek and Hudoklin [27] develop an iterative procedure to calculate 

the decision variables (DV), T  and S, and the cost rate, Cm. In order to verify 

our basic program, we try to duplicate the results reported in their paper. 

The programs are coded in Matlab language. The results are listed in Figure 

4.3. The following discussions are based on the assumption that the results 

reported in Brezavscek and Hudoklin [27] are accurate.

Around the local optimal points, the results produced by our program are 

quite close to the results reported in Brezavscek and Hudoklin [27]. Let S* 

be a local optimal decision variable for a specific T. When S  > S*, with S
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increasing, the deviation errors between the results produced by our program 

and theirs are very small; however, when S  < S*, with S  decreasing, this 

deviation gets large gradually. One major reason is that the shortage cost 

used for model testing is much higher than other costs incurred by maintenance 

management. When there is a shortage of spare parts, the calculated cost is 

very sensitive to the values of the mean and the standard deviation of the 

probability density function in the shortage equation (4.10). Nevertheless, 

both the mean and the standard deviation are calculated according to the 

numerical methods. The error cannot be totally eliminated if the values of the 

mean and the standard deviation produced by our program are not identical 

with those produced by the original author’s program.

4.3 The B R  and Hybrid Spare Parts Inventory M odel

In many practical situations, spare parts are expensive. Block replacement 

policy may result in almost new components being replaced if they are installed 

a short time before BR actions ( Wang [9]). Sometimes this is rather wasteful. 

To reduce the operational cost of the equipment, Brezavscek and Hudoklin’s 

model [27] is extended by recycling the unfailed spare parts obtained from 

a previous BR activity. Under the new BR policy, the time interval T  is 

divided into two time subintervals. If random failures occur during the first 

time subinterval [(k — 1 )T ,kT  — 5), k = 1,2, • • •, the failed components are 

replaced by new spares as long as they are available in the warehouse. If the 

random failures take place during the second time subinterval [kT — S, k T ), the 

failed components are replaced by used ones. Reemploying the used items too 

early may, however, result in a high frequency of unexpected failures in the 

time subintervals [kT — 5,kT).  This will increase operational costs. Clearly,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

2 ?
d 5  ‘ 

p

CD

CO S\T 12 13 14 15

a
/—*

B&H Dupli B&H Dupli B&H Dupli B&H Dupli
120 2462.1194 4729.014

5—•

’H .
121 1115.8922 1348.500
122 1046.9491 1053.262 1115.3621 1009.585 1175.4073 1042.170 1314.1411 1233.287

O
P 123 1046.6183 1045.975 978.2488 974.436 929.4614 919.703 908.9967 898.452
e*+- 124 1047.2161 1046.383 974.5089 974.245 914.8204 914.324 866.7016 865.795
O*
Q 125 975.0715 974.708 915.0662 914.705 865.1456 864.754

O
•-h

126
127

865.699 865.224

c+-
P^
CD

128
129

O 130

0rq_ S\T 19 20 21 22
P*
P B&H Dupli B&H Dupli B&H Dupli B&H Dupli

124 1584.346 1707.338
Q- 125 971.1222 1012.704
P
c~F 126 788.4 798.819 1216.411 1017.434 1658.8874 1768.488
P 127 748.3502 750.039 862.6882 799.033 1052.0736 1098.977

3 128 742.4809 742.422 755.482 739.784 814.6946 831.182 1432.5877 1270.081
C“t“ 129 742.3607 742.032 730.7411 727.861 738.956 743.526 981.5812 911.513
P - 130 742.9057 742.516 726.8427 726.478 719.9047 720.776 796.5431 771.063
o
£ 131 726.8502 726.823 716.5099 716.477 732.8639 725.198
i-i 132 716.4768 716.261 714.8972 713.130

O 133
134

716.9993 716.740 711.2306
710.996

710.898
710.976

P

F-S
O

135
136
137

711.4671 711.489

CTQ
f-s 139 B&H: data abstracted from orignal paper
P Dupli: duplicated data by our own Matlab program

16
B&H

1923.8374
933.3759
832.8391
824.1101

824.26

23
B&H

1341.5162
963.5263
798.0829
735.7406
715.9461
710.9493
710.2583
710.6095

17 18
Dupli B&H Dupli B&H Dupli

1719.150 1923.8374 2703.9490
966.407 1028.609 1253.0333
836.401 822.7651 866.1575 1230.6002 1072.5936
823.931 792.533 797.3276 857.0822 819.0567
823.766 790.3396 790.1483 775.5949 769.3049
824.265 790.7931 790.1758 763.9509 763.1660

790.6895 763.3577 763.1376
763.8839 763.6534

24
Dupli B&H Dupli

1623.893
1099.1225

854.6562 1336.6449 1486.627
755.8894 983.9158 1059.715
721.8834 817.5241 851.483
712.2321 748.3556 761.659
710.2668 723.4124 727.868
710.3243 715.8777 717.066

714.2379 714.390
714.3075 714.177

714.602

00

Sct>
da

§Q.

cr£
ol
•a3
CD

5Ct-Cd
6I
0

1a
CD

Cn
CO



4.3 The B R  and Hybrid Spare Parts Inventory Model 54

finding the optimal time to start reusing the unfailed items, that is, finding 

the optimal 5 value, is highly desirable.

Figure 4.4 shows the possible spare parts inventory level behavior, accord

ing to (T, 5, S ) control strategy with a procurement lead time of t < 5. In this 

case, since the time point of reordering spare parts takes place after the period 

during which the new spare parts are used, the demand for the ordered spare 

parts during [(k — 1 )T, kT  — 5) is explicitly determined. The total number of 

reordered spare parts is clear and is equal to the sum of component corrective 

repairs (CRs) during ((k — 1)T, kT  — d) and the spare parts required for a BR.

Stocking
Level

2T 3T

-*
T - S  S  T - S  S  T - 8  8

—► ■*—► ■*—
r

Figure 4.4: Stocking level behaviors according to (T, 5, S ) control strategy with 
a procurement lead time of t  <  8
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Figure 4.5 shows the possible behavior of the spare parts inventory level 

according to (T, 8, S) control strategy with a procurement lead time of r  > 5. 

In this case, an order is placed before the end of corrective repairs utilizing new 

spare parts; hence, the demand for new spare parts during the time interval 

[kT — r, k T  — 5) has to be estimated if an appropriate order is to be placed. The 

total number of reordered spare parts includes the spare parts used in a BR, 

the corrective repairs during ((fc — 1)T, kT  — r) and the estimated corrective 

repairs during [kT — r, kT  — 8).

Stocking
Level

S

S,

2T 3T

<
T - S  S  T - S  S T - S  5

< ► ■* ► * ►
T T T

Figure 4.5: Stocking level behaviors according to (T, 5, S ) control strategy with 
a procurement lead time of r  > 8

At each time point, kT,  enough spare parts ordered brings the inventory
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level of new spare parts up to S. The n  of them are used immediately, due to 

the BR. As a result, the inventory of new spare parts decreases to Si. At the 

same time, some unfailed spare parts are selected from among the replaced 

components and are kept in inventory. Let S 2 be the inventory level of the 

used spare parts. An S2 starts at the end of the immediately previous PR. It is 

drawn upon during [kT — 8, kT). When a new PR is completed, the inventory 

of used spare parts is refilled to £2. Since S 1 and S2 are refilled independently 

and are used in different periods, their inventory level behaviors are indepen

dent and can be modeled separately. In Subsection 4.3.1, the new spare parts 

inventory model is presented. In Subsection 4.3.2, the used spare parts inven

tory model is developed. The final objective function of our maintenance and 

spare parts inventory model is the combination of these two models.

4.3.1 The N ew  Spare Parts Inventory M odel

For simplicity, let us investigate only the inventory behavior of spare parts 

during the time interval [T, 2T). Under the new BR policy, the ordered spare 

parts are used only in the time interval [T, 2T —S). After the block replacement 

at time point T, there is only S\ = S  — n  new spare parts in stock for corrective 

repairs during the time interval [T,2T — 8). The behavior of the new spare 

parts inventory level is shown in Figure 4.6.

For the new spare parts inventory model, the assumptions in this thesis 

are the same as those of Brezavscek and Hudoklin’s model. As a result, most 

formulas can be obtained by simply substituting T  by T  — 8 and S'  by Si 

in their derived equations; however, an additional holding cost for new spare 

parts during [2T — 8,2T) has to be considered if some new spare parts have 

not been used during the time interval [T, 2T — 8). These new parts have to
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Figure 4.6: Spare parts stocking level behavior
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be kept in inventory for the next BR cycle. Let Chi be the holding cost of the 

new spare parts incurred during [2T  — S, 2T). It can be easily derived as

On
h • 5 ■ f,?1 (Si -  xn) ■ gi (x n)dxn if x n < S x 

0 otherwise

Since performing corrective repairs with the used spare parts is assumed 

to strictly start at 2T  — 5, other cost items remain the same as those from 

Brezavscek and Hudoklin’s model. Thus the following expression of the cost 

rate related to the brand new spares inventory model is obtained.

Cnew = ^  • [n • \p + H  (T -  8) ■ c + (1 +  H ( T  -  5)) • s] + K  +
p S  1 rp roc Q f

+  h - { T - 5 ) - {  (Si -  - ^ )  ■ gi(xn)dxn + /    gi(xn)dxn)
Jo 2 Jsi 2xn

f Sl+  h ■ 6 ■ (Si -  xn) ■ gi(xn)dxn 
Jo

roO (rn   9  2̂
+  csh- (T - 5 )  ■ -dh- gi(xn)dxn\. (4.14)

J  S \

4.3.2 The U sed Spare Parts Inventory M odel

In order to prevent almost new components being replaced by BR activity at 

time 2T  and to decrease the quantity of new spare parts ordered, some un

failed spare parts are selected from the BP activity at time T  and stocked for 

performing corrective repairs during the time interval [2T — 5, 2T).  Figure 4.7 

shows the different situations involving performing corrective repairs during 

[2T — 5, 2T). The behavior of the used spare parts inventory level is shown as 

Figure 4.8.
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Component 1 Y  YA  TC
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X The failed com ponent is a new  one w hen installed

(X) The failed com ponent is a reused one w hen installed

Figure 4.7: Replacement of failed components during one BR interval, with 
regard to used spare parts
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Figure 4.8: Used spare parts stocking level behavior
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Assum ptions for Used Spare Parts

The assumptions for the used spare parts inventory model include the as

sumptions for the new spare parts inventory model and the followings.

1. The planning horizon is infinite.

2. Spare parts for re-use are selected from the immediately previous pre

ventive replacement activity; all unfailed spare parts that have not been 

used more than once are inventoried for re-use.

3. Old spare parts which are not reused during the immediately prior BR 

period are not inventoried for the next BR period.

Formulations o f the U sed Spare Parts Inventory M odel:

Suppose that y is a random variable representing the number of corrective 

repairs during a time interval, [2T — 8,2T), when the system has only one 

component. Unlike previous sections, y as a function of 8 cannot be directly 

described by the ordinary renewal process. To calculate the expected value, 

E(y), and variance, Var(y), of y, we must consider two types of component 

failures during the time interval [2T — 8,2T) (see Figure 4.7). The first type 

is caused by a new component. It is replaced immediately by a used spare 

part. After the first failure replacement, any failures before time point 2T  are 

considered to be due to the reused components. The failure replacements of 

the reused components can be described by a new ordinary renewal process.

Let H^iT — z) be the renewal function of a used component during the time 

interval [2T — 8,2T) and z be the instant of the first failure during the time 

interval [2T — <5,2T). Then the average number of renewals in this interval is 

1 +  7/2 (T — z) (see Daoud Ait Kadi and Robert Cleroux [28]). The expected 

number of failures during [2T — 8,2T) can be calculated by
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E(y) = f  [1 +  H2(T -  z)]^(z)dz  (4.15)
J T —5

where ip(z) is the probability density function of a used component failure at 

time z, and ip(z)dz is the probability of a used component failure between z 

and z + dz. Let y =  1 + H2(T — z). The variance of y is calculated by (see 

Gnedenko[ 33])

Var(y) = E (y2) -  E { y f  (4.16)

where

E (y2) = [ T [1 +  H2(T -  z ) M z ) d z .  (4.17)
J t - s

Now let us find the expression of ip(z)dz. Suppose that

• Ei — {the event that the first failure of a new component installed at 

t =  0 occurs in (z, z + dz) for z G [2T — <5,2T)};

• E 2 =  {the last renewal in [T, 2T  — S) occurred in (v, v +  dv) and the 

new component installed at that time fails between z and z + dz , where 

^ € [2T — 5, 2T)}.

We have

ip(z)dz = Pr(Ei) + P r(E 2) (4.18)

where Pr(E i) = f(z )dz , f ( z )  is the pdf for a new component failure time. 

P r(E 2) = h (v )f(z  — v)dvdz , h(v) is the new component renewal density. 

Then
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E(y) =  [  [l + H2( T - z ) ] f ( z ) d z
J T - 5

rjI ^

[  [1 +  H2(T -  z)]h(v)f(z -  v)dzdv.
J T - 5

+ (4.19)

E (y2) = ( T [1 + H2( T - z ) ] 2f(z )d z
J T —S

+  [  [  [1 +  H2(T — z)]2h (v )f(z  — v)dzdv. (4.20)
Jo Jt —5

In that case, according to equation (4.16), the variance, Var(y), is obtained.

Suppose that yn is the number of corrective repairs during the time interval

S. Then yn is a random variable with pdf g(yn)- W ith E(y) and Var(y), g(yn) 

can be approximated by the normal pdf with mean

E(yn) = n ■ E(x)  (4.21)

and standard deviation

yjVar(yn) =  y/n ■ Var{y). (4.22)

Under our maintenance policy, the failed components in [2T-5, 2T) are im

mediately replaced by used spare parts. For simplicity, we assume that all used 

spare parts being selected have a common age, T, and hence the density of the 

residual life length is f r i f )  = f ( t  + T)/[  1 — F(T)] (see Ait Kadi et al., 1988). 

In fact, a used spare part may have an age varying from 5 to T. Nevertheless, 

evaluating the used spare parts demand with an assumption of a common age
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T  can guarantee a slightly higher inventory level than the actual demand. If 

the shortage cost is very high, a safety margin for the inventory level is always 

desirable.

To D eterm ine The Used Spare Part Inventory Level S2

Our principle of selecting used spares is as follows: according to assumption 

)J2, any component, as long as it fails during the time interval [2T — S,2T), 

must be scrapped regardless of whether it is functional or not at time point 

2T. Only the components which do not fail during [2T — 6, 2T) are recycled 

for the next BR interval.

Let 4>(z)dz be the probability of a component’s surviving (having never 

failed) at the instant z E [2T — <5, 2T ), and let Pr  represent the probability that 

a component does not fail during time interval [2T — 5,2T). This probability 

can be calculated by

Let dn be the total number of recyclable spare parts from a block replace

ment. Then its expected value, E(dn), can be calculated by (see Shirmoham- 

madi et al. [34])

When T  and S are fixed, E(dn) is explicitly determined. Let S2 be the 

expected inventory level of used spare parts just after completion of a planned 

BR. According to assumption jJ3, S2 is equal to the recycled spare parts from 

the immediately previous BR, i.e., S2 = n ■ Pr.

Pr

(4.24)
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The O bjective Function:

The operational cost rate of the used spare parts, Cused, is given as follows:

C»,ti  =  C"  +  ° “• (4.25)

where Cur represents the system maintenance costs during [2T  — 8, 2T)  and 

Cus represents the used spare parts ordering and inventory management costs.

The maintenance cost [2T —5,2T) is only induced by random failure repairs. 

Assume that the cost of a corrective repair involving a used spare part is the 

same as that involving a new component. Then the maintenance cost of the 

system with n components during [2T — 5, 2T) is

Cur = E(yn) • c =  n ■ E (y ) ■ c. (4.26)

The spare part ordering and inventory management cost, Cua, consists of 

an ordering cost of Cuo, a holding cost of Cuh and a shortage cost of Cush■ All 

these are determined by equations (4.27), (4.28) and (4.29) respectively.

There is no ordering cost for the used spare parts; therefore, we have

Cuo =  0. (4.27)

The holding cost of the used spare parts includes the cost of stocking them 

during the time intervals [T, 2T  — 5) and [2T — 8,2T). In our policy, we recycle 

all the reusable spare parts. Thus, their holding cost according to equation
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(4.9) is given as

Cuh =  h-[ (T  — 8) • S2

+ (5)- f (S2 -  • g2 {yn)dyn +  f ~  • 9 2 {yn)dyn]- (4.28)
Jo Z JS2 Zy î

The shortage cost of the used spare parts according to equation (4.10) is 

given as

0 if yn < S'.2
Cush = { , _  (4.29)

r 00 ( y n - S  
2 2 yncsh • (5) • J|? (Vn2vS2)2 • g2 {yn)dyn otherwise.

According to equation (4.25), the system operational cost rate during [2T- 

5,2T)  is expressed as

Cused= J  ■ [n ■ E(y) ■ c + h ■ (T — 5) ■ S2

+ h - S - ( /  ( s 2 ~  yy) ■ 92(yn)dyn +  f  ■ g2(yn)dyn)
Jo Z J So ZlJrt,s2 2 yn

Z . S . T  . g2(yn)dyn} (4.30)
JS2 2 yn

where S2 =  n ■ Pr.

Combining the new spare parts inventory model and the used spare parts 

inventory model, we obtain a hybrid spare parts inventory model for mainte

nance management. The inventory level of the used spare parts may be higher 

or lower than the inventory level of the new spare parts. Their inventory level 

behaviors are shown in Figure 4.9 or Figure 4.10.

It is apparent that the new spare parts inventory and the used spare parts 

inventory are independent; therefore, the total operational cost rate for the
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Stocking
Level

•*
T - S  5

Figure 4.9: Stocking level behavior in a hybrid spare parts model (Si > S 2 )
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Stocking
Level

2T
->

T - S  5

Figure 4.10: Stocking level behavior in a hybrid spare parts model (Si < S 2 )
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system in any specific block replacement period is given as

dm ISnew "t~ Cused' (4*31)

The objective function is explicitly expressed as

Cm =  ^ ■[ n - \ p  + H ( T - 8 ) - c  + (l + H ( T - 5 ) ) - s ]  + K  +

rS  1 q. r oo Q 2
h ■ {T — 5) ■ ( (S-L -  -T) ■ g i(xn)dxn +  /   gi(xn)dxn)

J O  2* J  S i

S i

+ n ■ E(y)

+ h ■ (T —

+ h - 5 • f
Jo

+

+ z - ( T -

+
rz ■ 5 ■

0 92 (yn)dyn)
S2 ^Vn

°° (xn -  SO2
- ■ 9 i{xn)dxr7si 2x. 

00 (yn -  S2)2
1S2 2 yn

where

92(yn)dyn] (4.32)

Si
S - n - n ■ (H (T  - 5 ) -  H( T  -  5 -  (r  -  5))) =  n • H( T  - 5 )  if 5 < t < T  

S  — n = n ■ (H( T  - 5 ) )  if 0 < t < 5

and S2 — n ■ Pr.

Optimal values for the decision variables, T, <5 and S, can be obtained by 

minimizing the expected total system maintenance cost per unit time.

In Brezavscek and Hudoklin (2003), the authors develop an iterative pro

cedure to solve the objective function (4.12).

This thesis also uses an iterative procedure to solve the objective function 

(4.32). The algorithm for this is described in the next section.
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4.4 A lgorithm

Calculation procedure is designed (see Figure 4.11) and described as follows:

1. Let S  = n + i, where i — 0, 1, 2, • • •

2. The procedure is initiated with a low value of 5 and with T  =  To (6 < To). 

5 is then incremented by AS  until it reaches a certain predetermined 

value, 5C.

3. At each iteration, Hi and cq are computed using equations (4.1) and (4.2). 

/i2 and cr2 are computed using equations (4.21) and (4.22). Meanwhile, 

E(dn) is calculated by (4.24).

4. Then Cnew is obtained according to (4.14) and Cused according to (4.30). 

The total cost rate is Cm = Cnew +  Cused-

5. Find the local minimal Cm and write down its optimal value (S*, S*).

6. Increment T  with A T  until T  reaches a certain predetermined value, Tc\ 

then find out the optimal value, T*. Letting i = i + 1, iterate steps 1, 2, 

3, 4, and 5.

4.5 N um erical R esults

We employ the model parameters listed in Brezavscek and Hudoklin (2003) 

to test our model except for increasing the unit purchasing price. This is 

because it is more reasonable to assume that the spare parts are expensive 

when considering whether to reuse the old but unfailed spare parts.

The example that Brezavscek and Hudoklin (2003) uses for model testing 

is comprised of 30 electric locomotives of the same type, working in a similar
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n , p , c , K , s , h , z , t ,  u ,  <j ,Tc , 8

1
E { x n ),

E ( y „ ) , V a r

f
V a r ( x n )

(.y n ) ’ E (d n )

r

Ml,crb R 2 ’cr2

1 f
Cm (T  , S , S )  —  Cnew + Cusej

r<-r  +1

S < - S  + l

Cm ( T ,S * ,S * )  = min[Cm ( T ,S ,S ) ]

1f

D e te rm in e  T

Figure 4.11: Computation procedure
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regime. Each locomotive contains 4 identical arcing chambers operating in 

series. All 30 locomotives must be in operational condition. A failure of any 

arcing chamber leads to a degradation failure of the system and causes a heavy 

financial loss.

The values for the model parameters are listed as follows:

• Total number of the components of the system: n = 120

• f {t )  is the normal probability density function. The values of the pa

rameters of f ( t )  are fj, = 44 weeks and a = 12

• The procurement lead time: r  =  12 weeks

• The cost of performing component replacement: p =  58.2 units

• The cost of performing component corrective maintenance: c =  800.5 

units

• Set-up cost for placing an order: K  = 20

• The holding cost per spare part per unit time: h — 0.6 units/week

• The downtime cost due to shortage of spare parts per component per 

unit time: z = 5196 units/week

• Unlike Brezavscek and Hudoklin (2003), this thesis sets the cost of a spare 

part purchased at s =  1800 units.

The optimal values for the decision variables, T, 5 and S, are computed 

by the algorithm outlined in the last section. The Cm is calculated according 

to the objective function (4.32); the results listed in the following tables are 

obtained according to different values for decision variables.
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T able 4.1: C ost rates w ith  th e  num ber o f ordered spare p arts, S, increasing

T 5 S
37 6 150 8171.9139
37 6 151 8106.8759
37 6 152 8069.3986
37 6 153 8049.0347
37 6 154 8038.7124
37 6 155 8033.9503
37 6 156 8032.0901
37 6 157 8031.6559
37 6 158 8031.8809
37 6 159 8032.3924
37 6 160 8033.0208
37 6 161 8033.6941
37 6 162 8034.3836

Table 4.1 shows that when the block replacement period, T, and the time 

interval, 5, are fixed, the system’s operational cost rate, Cm, reaches the min

imum value as long as an appropriate inventory level of the new spare parts, 

S, is selected.

Table 4.2 presents how the system’s cost rate varies with the length of the 

period, T, when the time interval, <5, and the inventory level, S', are predeter

mined. The system cost rate increases very quickly as T  increases when T  is 

greater than its optimal value, 37. As T  increases, T  — 8 will increase corre

spondingly, resulting in a greater demand for the new spare parts for corrective 

repairs. Since S is fixed, the shortage of new spare parts is aggravated as T  

increases.

Table 4.3 shows that we can find an optimal value for the decision variable 8 

which will minimize the system’s operational cost rate when T and S  are fixed. 

From the data given in Table 4.3, we can easily conclude that both excessive 

shortness and excessive length of 8 result in a large system operational cost
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T able 4.2: C ost rates w ith  th e  p eriod  o f B R , T, in creasin g

5 S T Cm
6 157 31 8380.0988
6 157 32 8270.7643
6 157 33 8183.5851
6 157 34 8116.9682
6 157 35 8070.3352
6 157 36 8041.9318
6 157 37 8031.6559
6 157 38 8049.0194
6 157 39 8215.3777
6 157 40 9064.2311
6 157 41 11582.5871
6 157 42 14623.6217
6 157 43 20952.6674

rate. The reason is that an overly short <5 causes a shortage of new spare parts 

and increases the cost of holding recycled spare parts; while an overly long 

5 results in a shortage of used spare parts. A shortage of spare parts means 

that the system is in downtime. A long downtime usually results in a heavy 

economic loss.

Table 4.4 compares the minimum system operational cost rate, Cm, and 

the optimal values for corresponding decision variables, T  and S, under various 

values for the time interval, 5. When 5 =  0, our model is identical to Brezavscek 

and Hudoklin1 s model (2003). It is noteworthy that the data in Table 4.4 are 

obtained by assuming the price of purchasing a spare part, s =  1800. It 

is a p p a re n t th a t  th e  sy stem  has a  h igher o p tim a l o p e ra tio n a l cost r a te  w ith  

8 =  0 in comparison with those cases where recycling the used spare parts has 

5 < 12. Thus, our maintenance management policy is more effective than the 

policy proposed by Brezavscek and Hudoklin in 2003. When, however, 5 > 13, 

the system operational cost rate is higher than is the case when 5 =  0. Thus,
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T able 4.3: C ost rates w ith  th e  tim e in terval, 8, in creasin g

T S 5
37 157 1 32136.5697
37 157 2 18987.0079
37 157 3 11491.3828
37 157 4 8643.5344
37 157 5 8084.4646
37 157 6 8031.6559
37 157 7 8036.8281
37 157 8 8063.1699
37 157 9 8109.8975
37 157 10 8174.8692
37 157 11 8257.7256
37 157 12 8351.20259
37 157 13 8464.54337

it is imperative to determine an optimal time interval, 5, for implementing the 

new maintenance management policy if one wishes to decrease the operational 

cost rate of the system.

4.6 Concluding Remarks

In this chapter, we extended the model of joint optimization of block replace

ment and periodic review spare parts inventory policy, proposed by Brezavscek 

and Hudoklin (2003), by taking into account recycling the used spare parts. 

The performance of the new model is evaluated in terms of the total aver

age cost per time unit over an infinite horizon. In the new model, the period 

of performing block replacement is divided into two time subintervals. New 

spare parts are used in the block replacement and corrective repairs during the 

first time interval. Used spare parts, which are selected from the immediately 

previous block replacement activity, are used for corrective repairs during the
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T able 4.4: C om parison  o f m in im um  cost rates under th e  different 8s

T S 8 Cm
36 188 0 8407.9587
35 176 1 8357.1934
36 175 2 8240.8865
36 169 3 8155.8414
36 163 4 8094.1277
36 158 5 8055.6220
37 157 6 8031.6559
37 152 7 8033.8084
38 151 8 8056.6575
38 146 9 8095.3563
38 143 10 8152.9809
39 141 11 8229.0886
39 147 12 8315.9110
39 143 13 8417.7158
40 143 14 8533.8285
40 140 15 8657.3896

second time interval. The model takes into account the costs incurred in per

forming maintenance and managing the spare parts inventory. An iteration 

computation procedure is developed to search for the optimal values for the 

block replacement period, T*, and the time interval for performing corrective 

repairs with the used spare parts, 8*, and the new spare parts inventory, S*, 

in order to minimize the operational cost rate of the system.

By model testing and comparison, we can draw the conclusion that the new 

model is more economical and practical in guiding maintenance management 

than is Brezavscek and Hudoklin (2003) ’s model when the price of one unit is 

expensive.
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C o n c l u s i o n s  a n d  F u r t h e r  R e s e a r c h

This chapter highlights the goals that were accomplished in the research for 

this thesis. A summary of the overall results is covered in the conclusion. Some 

suggestions are made for future research based on current developed models.

5.1 Conclusion

Maintenance and replacement activities on a deteriorating system aim to im

prove its availability and reduce failure frequency during its service. Unap- 

propriate maintenance activities on the system may, however, increase the 

system’s operating cost while not effectively improving the system’s reliabil

ity. This research, by studying stochastic behavior of the system under var

ious maintenance policies, develops optimal maintenance models for provid

ing support to maintenance management decision-making. The formulations 

presented in this research incorporate the concepts of condition-based main- 

tenance(CBM), random failure corrective repair (CR), and block replacement 

(BR) into a comprehensive model which calculates the optimal quantitative 

health condition indicator of the system in order to guide PM policy making, 

especially with regard to optimal PM intervals and optimal system replace
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ment time. To make the developed models best fit the maintenance problems, 

this research takes into account the difference of emphasis between maintaining 

single-unit systems and maintaining multi-unit systems.

For a single-unit system, our research focuses on determining the optimal 

system replacement time and optimal level of critical failure rate, where a PM 

action is triggered whenever the failure rate reaches this level. According to 

system’s failure mechanisms, failures taking place during system’s life cycle 

are classified into two failure modes: minor failures and major failures. Their 

corresponding failure rates are defined as the major failure rate and the minor 

failure rate. Minor failures predominate in the infant period of a system and 

do not cause it to deteriorate as long as they are totally corrected. As a 

result, the minor failure rate decreases as system operating time increases. 

Major failures predominate in the wear-out period of the system. They result 

from the degradation of the system’s performance and usually expedite the 

degradation rate of the system. That is why the major failure rate indicates 

the health condition of the system. It will increase as the system ages. A 

bathtub-shaped failure rate function of a system can be flexibly decomposed 

into these two types of failure rates. PMs are purposely performed in order 

to improve the health condition of the system. Therefore, PMs aim to affect 

the major failure rate. They are performed according to the optimal level of 

major failure rate for reducing the frequency of a system’s major failures in 

operation. W ith on-going performance degradation, PMs are not as effective 

as before but they increase a system’s operational cost. That is why a system 

is replaced at the N th major failure where the system’s operational cost is 

minimal.

For a multi-unit system, block replacement is regarded as one of the best
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PM strategies for decreasing operational cost. To improve the availability of 

the system, maintenance management considers not only its PM policy but also 

its spare parts provisioning strategy. In this research, we extend Brezavscek 

and Hudokliri's model(2003) achieving joint optimization of BR and periodic 

review spare-provisioning policy, by recycling used spare parts selected from 

the immediately previous BR. Under the new maintenance policy, the BR 

interval, T, is divided into two periods. In the first period, the new spare 

parts provisioning policy is designed to meet demand created by regularly 

scheduled BR as well as by random failures of units. In the second period, 

selected unfailed spare parts are reused to meet the demand for spare parts 

created by random failures. The used spare parts are kept in inventory during 

the first period and are reemployed during the second period to avoid wasting 

expensive new spare parts. The new model includes three decision variables, 

the BR interval, T; the time interval for replacement with used spare parts, 

<5; and the maximum inventory level of the ordered spare parts, S. By finding 

optimal values for T, S, and S, the operational cost rate of the system can be 

minimized.

5.2 Future Research

Along the research line of this thesis, further work can be done in the following 

directions.

In our PM and repair model for a single-unit system, we consider only two 

failure modes during the system’s life cycle. Further research may consider 

three or more failure modes (see Wang et a/(2002)). By understanding the 

physical mechanisms of these failure modes, the most effective repair action on 

each of them can be determined. These different maintenance effects could be
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incorporated into the extant model, possibly making the model more accurate 

in calculating decision variables. Another extension along this line of research 

line could modify the extant model, making it suitable for designing warranty 

policy by taking into consideration the expected sales function of the system 

according to marketing needs.

Our maintenance management model for a series system can be extended 

to other types of maintenance polices and to different system configurations. 

One possibility is the incorporation of minimal repair or imperfect repair into 

the model. This could further reduce the demand for ordered spare parts and 

decrease the inventory level of new spare parts, thereby decreasing the total 

operation cost of the system. Another possible direction for research is to 

extend the current model to a general A;-out-of-n system.
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