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- estimation»of parameters in'therpresence of one‘or more spurious

. observations. - - B S,

“® . "ABSTRACT
‘Much workwhas been done on. Outliers in normal populations and

recently in exponential populations. Here we extend the study to the

v . %

examination of outliers in three competing life-testing distributions.

P

:xAssuming the exchangeable model of random variab%es ‘e examine the
:concepts of outlier—prone and outlier-resistant families as they apply -

to the Gamma, Lognormal and Weibull families of density functiOns. We

¢,

examine also the detection of outliers for these distributions and the 3

‘<
£

. -
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CHAPTER I
OUTLIERS AND OUTLIER-PRONENESS
What isvan outlier and what is thewéutlier pfoBlem?

To qpoté Ferguson (1961):

In a sample of moderate size taken from a céptain population
it appears that one or two values are surﬁriéihgly far way
from thé main group. The experiméﬁterAis‘tempted to throw
away the apparently erroneous values, aﬁd‘ngt because he is
certain that the vaiues are épuriou§: oo Ifkigx(§ﬁher |

because he feels that other>exp1anations are more pla&giblg:

~

and that the loss in the accuracy of the experiment. caused by\\\\

throwing away a couple of good 'values is small compared to

- the loss caused by keeping even one bad value.

o

e

Barnett and Lewis (1978) indicate that in the light of develgpments in

~outlier methodology over the last 15 years, Fergusoﬂ's formulatibn’may

be_unduly_reStrictive. Outlying values need not be "bad" or

~ “erroneous”; in fact tHe_y may be ?;elcomed as indicating a useful

treatment or a strain that wag unexpectedly good.

X __l'_

=



1.1 ~What is an outlier?

Wﬁ;t do we ﬁean by’an.“outlier"? We éhall use Barnett and Lewis'
definition (1978): “an outlier in a set of data (is) o
observation (or subset of observations) which appears to be
inconsistent with the:remainder of that set of data.” We use the term
"outlier” Eb chafac&erize an observation that scan&; out in céntrast to
the rest of tﬁe data and is nOt;consistent with Qhat our mind feels
constitﬁtes a reasonable data seg; nor with our ini£ial view of an
appropriate probabiliﬁy mpdel to describe the generation éf our data.l
An observation is "spurious” if it is statistically”unreasonablé on the
basis'of sbme'prescribed pgobabilityimodel. This would'include an
ébservation known to be ggnerated by a different probability model;

however a spurious observation will not necessérily show up as an

outlier.



1.2 The outlier problem Vo

Experimental scientists and ofhgrs who deal\yith détavare forced
>to make decisions about outliers - whe:hef or not \to include thém in
analysis, whether to méke allowances’for them on sdme comprémise bgsis!
etc. What.yorries an ekperimenter'is whethér‘or noé\séme_observations
are genuine members of the'ﬁain population. If thesé\obserQations
appéar in the midst of the déta they‘may_not be conspﬁcubus and'are
unlikely to distort infgré“tes geriously. HoWévé;,‘sLould the oﬁflier_,
appear exfreme,.it'could_create problems in attempfs to represent the
'population and it could contaﬁinaté'estimates’aﬁd tests of pdbulatidn
parame:érss |

bnce we decide that outliers exist in a qaté set, we mﬁét decide
‘quho& to»reacﬁ’to them. Methods:to sﬁpport outright rejection or to -
' adjustfvalueé, p:iQr to proéessing the principal méss of data will be
 fe1a£ed.tQ ény postuiated ﬁodel'for'that populétion; We are céncefned
with whether‘tﬁe éxtrémé'valﬁes é;elso extreme:as to be unreasonable

under our oriéinal model.- This'may ihdicate‘the daté\gqntains a
N ) - IO - . T ' .

—

"mipfake" (that should be %ejected'or correqted).or it may'indiCate an
alternative model for whichithe complete ‘data Setvappears as a -
_homogeneous sample. The outlier may be a'ff§reign"random>inf1uehce in

" an otherwise homqgeneouavdata?set - interesting to study in itself or

t

dniy séf&iﬁg»to OBStrucﬁ analysis of the @ain daté.@aés;
| » Aﬁ'aésessmentlof théidiscorddncy:qf some'oﬁtiieréuis qut thé '
kfirst sfage:of the’$tudy‘of oﬁtliefs.* Onée'én ogtiief~is-judged Y
FAiscordgﬁf we may: ‘ - |

1) detide'tpAfeject (6r correct) it énd analyse‘ﬁhe remaining'

(modified) déta Qn'the.briginalfmodel,



iy — ’ ) .
N /ff/ 2) decide to modify the model to. incorporate the outliers in a

' .
‘ ’f\\\\\\\\ non-discordant‘manner,

3) refine the analysis of the entire data set to accommodate

outliers (i.e. render the analysis relatively impervious to
their presence);

4) focus attention on the discordant outliers becigse they

: identify" factors of uneXpected valhe.
{

‘ d
} ‘ As examples of each of these situationq‘ consider the following

Fifteen residuals (about a simple model) of observations of
»

the_yertical‘semi-diameter of-Venus,.in Qecqnds, made by Lt. Herndon in

‘1846;nere¢ﬁ'j o,
n w30 0.06 1-0.05
046 40.63 ,'-fo.zo
ML 013 40.18 ”
H.48 <140 40.39
S o o 400

jChauvenet (1863) declared‘—l 40 and +1.01 outliers. We may choose to’
.reject them as gross errors 3 incorEorate them by changing our model .
.'to a non—normal one or,.accommodate them by using a. robust estimation
technique that emnloys Winsorization or an a—trimmed sanple
Consider also the data described by Pearson and Pearson (1931) on

the capacity (in c. c ) ‘of a.sample of 17 male Moriori'skulls.

Q



1230

1348

*1540

The observation 1630 is suspicious~and as such may be rejected as a

1318

1380

1260

1380

1470

1364

1420

1445

1410

1630

1360

1545

1378

1410

¢

meaSurement/recording error; or we may incorgorate it in a non-

discordant way by assuming a non—-normal model (since biological data

often require skew distributions); or identification of the outlier may

reflect the presence of a small number of another species in the

_ population being studied.

*




1.3 Models for discordancy

-

There are several possible models for discordancy.

, 5:"

i) Deterministic: thisI50ver5'the cases of outliers caused by obvious
identifiable gross measurement efrors, etc. ‘If the data set {xi}?=1
".contains one observation, X clearly resulting fron
.measurement/recording error, we reject H: all 'xi € F‘ in favor‘of‘f

ler all %y« F (j#1) and X, 1s different (requiring rejection or

‘correction):

i1) Inherent: here we reject H; all observations are from F ing

favor of Hl: allnobservations are from G, where G has more or

different inherent variability than F.
. é -

1ii1) Mixture: this model allows contamination_of the sample"by'a few

fmembers of a population other than F. We reject H: alluxi € F in

favor of le all X, € pF+(1—p)G. Thus .outliers reflect probability

.1-p that. observations arise from G.

iv) Slippage: " here H1A states all observations apait from some small

number m arise independently from the initial model F indexed by

location and scale parameters T and 9, while the remaining m  are
& g ,’ LAY

T
v e
Fos

'3ndependent observations from a modified version of F in vhichh 1 or

B

6 . is shifted Whieh observation(s) come(s) from the shifted

distribution is not specified. In most published work, F repres%nts.

the normalidiStribution.

V) ~Exehangeable: this is an extension of the slippage alternative."A

set of _n observations ' ﬁ {xl,. 4‘ h} ideally comes from a target

7population P with probability density function {p.d. f ) (%3 e)

However the suspicion is that one of the observations, say. xi s is not -



. ' C | | 7

from the target population P but from a different population Q with

. p.d.f. f(x ). tor to the experiment,<there_is no way to identify

. ) R . . . . -

the possible (at most ode\ggnrious'observation). Hence, a priori, each

. observatibn is equally likel;\tb~be the discordant one. Thus the
random variables xl,.;.,xn. are\;;;\I;EZEEHaéﬁE but are exchangeable.
! » . : : e
For one outlier,.the likelihood of the sample is given by‘

W~

=|~

.
] f(x i,a> m£(x38) -

. L(xle £) j,
: 1 j#

i

Definition 1.3.1: Let 7 ve a family of absolutely continuous

univariate distribution functions {F(x 6)) indexed by a parameter
v .

Q e,@. "Then the :andom vatiables >Xi,...,xnt are said to be

[3

o

exchangeable random variables based on ffif'tneir joint p.d.f. is of

1

the form o A S : . R
. . : . o L : A
S
=1 T F' (x ;9 )F (x ,e ), 2 €0
r=1. i#r ; .
' Vi e .
where. F! (x;e) = F(x'e). -

't:Anscombe (1960) used this model for f(x 9) s. N(x‘ezi and f(x 5)

| as N(v+a6 6 Y. | Guttman and Smith (1969 1971) and Guttman (1973a) used
1t for E(x;9) as N(r, o7 ) and E(x;E) - as N(r+a o). Kale and,

8 Sinha (1971), Joshi (l972b), Kale (1974), Chikkagoudar anu Kunchur
(1980) and Rauhut (1982) have used it for f(x;fp-as_ EXP(6) “and_'ﬂve3
£(x; E) as EXP(G/k*), 0 < k* < 1._ ; | A

, For ‘m outliers, we . assume'.xi'_,xi ,..;,xi .,; come,fronVa‘target°
: B n-m ' L
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N Fs ’ 8
population P with p.d.f. bf(xig), while 'xi - _,r-l;xi come from
i : o ' n-mtl . n
populations Ql’QZ""’Q with p.d.f. f(x;&l),.--, (x Em) Some or
all of the gij 1=1, - may be identical (i e. E_ £). The

association of the different obserations with the different
&
distributions is assumed to occur at random‘ For the case. of all.

’-gi & 1 =.)...,m, the likelihood of the sample s

. \' ' ) ) ‘ ‘ : ' ' ‘
. v '.- 1
Lx88 = = ] n f(xi,a T £(x;8)
‘ o ( ) €7'i€I : jéI
‘m ,
SN
" where 1= (il’ 2,-;i,i.)“ is a selection of m integers from N

{1, 2,...,n} and T is the set of all (3) possible such choices.~
Certain relationships must exist between f(x 6) and £(x; g) for it to
be reasonable that the suitability of the mOdel will be reflected in »,fﬁ
‘outliers. ‘For the case of\one outlier ~we need. the discordant

‘ ,jobservation from VQ to show up -at one of the sample extremes. The’

3 exchangeable model also assumes that the maximum number of possiblei

. outliers is known-vli]



1.4 The concept of outlier—proneness | o

Related to model development _though not‘actuelly a nodel to r;
‘;describe the occurrence of outliers, 1s a concept introduced by Neyman ~
n‘“and Scott (1971) and furthered by Green (1974 1976) and. Kale (197Sb
1975¢, 1976)5 These papers considered u:method of.distinguishing'gﬁ
between femiliesrof“distributione by examining the extent toiwhich'they
Qare liable to exhibit Outliers. | )

Let s be a sample ofv n > 3 observetions endliet x(l),ﬂ..;g(ﬁ)f

- be theforder-stetisticé'for this sample.‘ o ' ‘,_

‘hf'Definitionulﬂﬁ 1'. For a positive number k;ix(hgbgjsn is?&\k—outliér:

/

“on the right if x( ) = Xagy > k{x( i) ("’)f}..«i The’,'definition of a

'k-outlier on the left is analogous ‘(i.el X, . € Sﬁ s a'keoutlier’on.n

.”(1)“,
}

',the left if x > k{x

_ (2) (1) (n ) (2) , A R
d:Let P(k an) denote the probability that a sample of . n-obserVationsj-

2 from a distribution F will: contain a k-outlier on the right. :

;} Then, for jointi;‘érstributed random variables

5

"TV-P<k nIF> - J J J ey X YKy )
R e e (kT Ve e () (=1 ()
T g, 07 /
R R 'f';dxtnoqx(15dX§nfl)'V;f
o B R
’ Q;FWhere‘ g(x(l),x(n'l),x( )) is the marginal joint pe. d f. of h_}&

<1>'» (n-l)’.'( y siven b f; '.-;{_‘l-": /'



| » 1) %3y A
g(x(l),x(n_l),x(n)) :jx ,r:,jx f(yif,;;;yn)dyz...dyn_z/
o 1y  ~ay = .

‘where f is the joint p- d f. of Xl,...,X
' For the special case of i i d._random variables we would have
‘ k)r+'y n=2

dF(x)J ) "—j F(x)}  dF(y).
: b . e R o

K ‘; ?(kjﬁlF)'= n(n-l)f
-7 be the family of distributions and let n (k n[?) beithe. :

least upper bound of probabilities P(k n[F) for F eﬁr ;Di

Definition 1 4 2 A family 7 of distri?gfiohs is‘i(k;n)—outlierfaj B

prone on the right if H (K, nL?) =1,

Definition l 4 3 A family ?' of distributions is (k,n?}outlier-j*

resistant on the right if Hl(k an) < l.lgif

Definition 1 4. 4 If ‘a family 7' of distributions is (k n)-outlier-'tV

prone on the right Vk >. 0 Vn > 2 it is Outlier-prone completely

on' - the right (o p c r. )

Lo

e

' resistant on the right Vk > O Vn > 2 it is outlier—resistant

L

completely ‘on the right._ (o r. c r )

Definition 1.4 5, If a family ,f of distributions is (k n)—outlier-"v;r_:n
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-?
Theérém 1.4.6: (Green (1974)) .
L - If 7 1is a family of distributions and Sn 1sq random sample of
n i.1.d. observations from F ¢}, then f"is outlier-prone

completely on the right (o.p.c.r.) iff F 1is (k,n)-outlier-prone on -

the right for some k > 0, n > 2.

For i1.i.d. observations, Theorem 1.4.6 shows that it is not

S

- _ necessary to distinguish between the concepts of "(k,n)-outlier—prone

b4 .
on the right” and "outlier-prone completely on the right”. This leads

to the following definitions and theorem for cases in which the
observations are i.i.d.
5 » o

Definition 1.4.7: With respect to a random sample of n i.1.d.

L .

" . o ».
observations a-family * 1s outlier—-prone on the right (o.p.r.) 1iff it
is (k,ﬁ)—outlfqr—prone on thé right for some k > 0 and n > 2, or,
equivalently, iff it is outlier-prone completely on the right.

5

Definition 1.4.8: With respect to a random sample of n i.1.d.

obéefvatiohs a family 7 1is outlier—resistad.'gigihe right (o.r.r.)

1ff 1t+is not O0.per.
» " . /

Theorem 1.4.9: With respect to a random sample of n i.i.d.

observations a family % is o.r.r. Iff Hl(k,nf?) <1 for some-

k>0, n>2, Fe ¥.



Proof: 1)

ii)

We will

12

Assume that family 7 is o.r.r. . Then 7 is notbo.p.r.
Therefore [ (k,n|#) #1 Vk >0, vn > 2.

i.e. There exists at least one k' > 0, n' > 2, F ¢ 5 >

sup P(k',n'"|F) < 1
F

Assume Hl(k,n|?) <1 for some k > 0, n > 2, FeF. Then
0(k,nlf) #1 Yk >0, ¥n> 2

+
Therefore 7 is not o.p.r.

From Definition l.4.8 it follows that 7 1is o.t.r.

use the same definition of a (k,n)-outlier on the right

4
\

when Sﬁ' represents n observations from the ekchangeable model.

The implication is that for an outlier resistant famjly we are

-

justified in seeking out and eliminating outliers. On the other hand,

outlier-prone families should be used to model cases where outliers are

common and i
outiers.

~Neyman

n these cases wg\should'seek'ways of accommodating

. ‘\‘

and Scott (1971) showed that in general families differing
¢ ) N TThe——

only in location or scale parameters are outlier-resistant. Thus we

may limit st
?

scale. Both

and variance

(centered at

resistant.

¢

P

udies to subfamilies with standard values for location and
the family N(r,ez) or normal distributions (witﬁ mean T
92) and the family C(E,0) of Cauchy distributions

£ and having scale parameter 6) - are outlier-



N CHAPTER II
SURVEY OF THE LITERATURE

Most studies of the outlier-problem assume an initial distribution

that is either exponential or normal.

-13-
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2.1 Detection of outliers in exponential and normal families using the"
exchangeable model. '
A semi—Baye;ian approach was used by Kale (1969), Kale and Sinha
(1971), Chikkagoudar and Kunchur (1980), and Rauhut (1982) with respect
to the one-parameter exponéntial family. It was assumealthat

X ,Xn were such that n~1  observations were from

12
f(x;0,) = L exp{—z—}, x >0, 6, >0 while one of the X.,'s was

AR | 61 61 - 1 i
distributed as f(x;ez), 92 2_91 (i.e. -62 = Gl/k* , 0(kf§}). é

‘priori, each Xi was equally like;y to be distributed as f(x;ez).

Kale and Sinha (1971) calculated u(r;n,k*), the probability that X (ry»
the rth order statistic, corresponds to the spurious observation

distributed as f(x;ez). It was shown that
SN

_ k*I'(n)T'(n-r+k*)
T(n+k*)T(n-r+l)

u(r;n,k¥*)

was monotone increasing in r and hence ’X(n) had maximum posterior

probability of being an outlier. Mount and Kale (1973) generalized

v

this result for the case of n-1 observations with distribution

»

function F and one with distribution function G where F and G

~are stochastically ordered (G<F), where gigfiori each observation ié'

equally likely to be the §puridus one, and where V¥(x) = %%— is

monotone increasing in ' r. Kale (1974a) generalized these results for

the case of m (>1) possible outliers, where a priori each group of m

- observations (Xi ’Xi ,...,Xi ) is equally likely to come from

1 2 m

.»dis;ributionlfunctiqn G. ?hen (x(n_m+1),...,x(n))‘ hii maximum

[

Bk
%
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posterior probability of corresponding to the set of spurious
A ) :
observations, provided ¥ is monotone increasing. Kale restricted the

distributions to the single-parameter ‘exponential family. 1In another
paper, Kale (1974b) gave a cOmpletely'Bayesian apbroach where n-m
observations were distributed as f(x;8), m, obse;vations were from

1,2,...,m1,'6jls 8, and @, observations were from
’
1’2 .oo,mz, elze’ m = ml‘an

single-parameter exponential family. Under the exchangeable model, it

£f(x;0.), j
(x J) 3

[

f(X;el), L and f belonged to the

was shown that {(x(l)"'"X(m))’(x(n1m+1)""’X(n)>} had maximum
posterior probability of being the set ‘of spurious observations.

For the case of the normal family of distributions, a completely
Bayesian approach has been used' by Box and Tiao (1968) where £(x;8) is

N(=, 9 ) and f(x;8,) is N(t,k*e ), k* > 1 (Model A) and by

h|
Dempster and Rosner (1971) where £(x;8) 1is N(T,ez) and f(x;gj) is
N(T.;Gz), j=1,2,...,m, Tj 2T (quél B). For m = 1, Model B has
~been” handled as a slippage test by ‘Ferguson (1961), Kudo (1956) and

Paulson (1952).

5

(o
-
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2.2 Estimation in the presence of outliers.

Anscombe (1960) suggested a premium—prbtection approach (see
Appéndix 1) to estiﬁation‘thét has subsequently Seen used by Kale and
Sinha (1971), Joshi (1972b), Chikkagoudar and Kunchur (1980), and
Rauhut (1982) for estimation of the mean.in the single-parametér
exponential distribution and by Guttmaﬁ and Smith (1969, 1971, 1973a)
and Veale and HunCSbergér (1969; for estimation in the normal |

distribution.

2.2.1 Estimation for the single-parameter exponential distribution.

n
‘ ' o ‘ izikxi
Under homogeneity, the optimal estimator of 6 is To,n st
However, under the exchangeable model with one outlier, '
4211 2 1-k*42
*) = ‘® . *
MSE(To’nlk ) =0 {n+1 + (5= ) } » = as k* » 0.
: . - n-m A
Among restricted L-type estimators T(g) = X _lj (3) which ignore .
, e .

the largest m obéervations,,Kale and Sinha (1971) and Veale and Kale

(1972) advocated the one-sided Winsorized mean

n-m ,
b O™

s ) '"/;.f»n—m-*'l

for which MSE(T(R)|k*=1) is minimum and ,MSE(Tm nlk*(l) shows é.gain

in efficiency relative ‘to -To‘n for k* sufficiently small. 'Joshi

(1972(b)) g&nsidéred choice‘of m .and -showed for k*{small,

. substantial géins;in relative efficiency are possible.  Samp1es up to

. . . K ’ . ’ . 4 R
size n = 200 were considered? - , L
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Kale (1974a) considered maximum likelihood estimation (M.L.E.) for

the exchangeable model with m pdssible upper outliers and obtained \

n—m
Vox
A 1:1 (i) ' ' .
8 = ————— , the trimmed mean, as MLE of 6. In comparing the
o m,n n-m . ! .
n-1
» . 121 (1) .
trimmed mean 61 v B with the Winsorized estimator
. y . . .
n-1 —
2 X, t x \ '
MR COMEC D | |
T .= = - for the case of a single upper outlier, it was
? . .
shown'fhat : ' _ : .

v B ] A' . - 1 ]
. *) o=
but 1lim MSE(Bl,n]k ) n_1»< 1im MSE(T,

MSE(Ol’nlk*=1) > MSE(Ti’nlk*=1)

Xy, G :
a0 o ’an ) Thus' 1,n provides

more protection than T1 n butgfor a higher premium (See Appendix I).
, . T

Rauhut (1982) suggested two 'testimatofs?:

(‘T , 1f x

o, Xy ey ey ay!

Des(x = | | ‘ ' u

1 n*ly

’izl x(i) ’ '
(= It- y Otherwise
T, i 'x(n5'< cx, C> 0
Tk (®) = ST

‘ T , otherwise

andbshowed Tk*(E). iS‘prefer?gdaovgr ,Td,n"it - and _Dk*»fsince-phg

 premium is.smail comparéd to>the protectidnvit prdVidés.‘
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. ' . R n R
Chikkagoudar and Kunchur (1980) proposeéd-using 8 = Y w0
: : ' CK 45 i1
1 .
L x, ,
- 'jii ry v
where 61 =L W T TSI r, = rank of Xy in the complete

sample. This estimator is more efficient than:

TABLE 2.2.1 ~ [Alternative Estimator
To,n _ ' : Tﬁgﬁ | el,n‘ ]
ok, k*<. 75 N6, .40<k*<.75  |all m, K*>.45
When - - = == T -

L0 1h=3,k*<.70 =45, .35¢k*<.75

use = ' - =

0 n=2,k*<. 65 =3, .30<k*<.70

CK - - - N,

n=2, .35¢<k*<,65 | g oo

and it is indepéndent of k*.

[N

‘2.2;2 Estimation for the normal distribution
Kale (1974a) has shown that the methods of méximuﬁ likelihood

applied to ‘the exchangeable model involving normal distributions with

- .change in location leads to estimators that are trimmed means.

For the case of n-1 observations from: N(T,GZ) and one

observation from N(r+k*6;92) , kx>0 ; x is UMVUE,.MLE for T if
oo L _ s _ >'62k*2 ' '
k* = 0 but x  1is biased and MSE(x) =

if k* > 0. Thus an-

alternative estimator might be T(E) where T(x) 1s one of ‘the

following:v.
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nil
X
MRS
i=1 -7
n t
S B n—-1
T(x) = n {izl *(1) * X(n—l)} - Tl,n
ax) = | X 1f Xny x £ CS
.: ) n-1 |
121 () |
T otherwise 1

The premium paid for using T 1instead of x is given by

L MSE(T|k*=0) - L MSE(E]k*=d);
92 e2

The protectidn obtained by using T‘;instead of X 1s given by

L MsE(x[kwoy - L

2 | o

MSE(T|k*>0).
A detailed study‘qf the accommodation of outliers in slippage models
" appears in Guttman ahd Smith (1969,’1971) and»Guttmani(1973a), using
premium-protectipn. ;fhey consider thrée methods fot estimating the
mean y = %} | 7 “ |
1) modified t;imﬁing, b, (A-rule)
ii) ‘modified‘wipsorizatioh ‘ﬁw (W—gule)'

114) semi-winsorization ‘&S © (S=rule)’

-(seE'Appendix I).
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Table '2¢2.2. Comparison of &A’&S and ﬂw

.Form of H1 (one or two outliers)

Location—slippage' ' Scale-slippage
L NCerer, 62y kw0  N(T, 07kH)  k*51.
My Best for large k* Not a contender
ﬁw Best for intermediate k* Best for large k*
ﬁs Best for small k* éest for small k*

\
\

-

20,'62 = Uz known,

The results are based on sample sizes up to n

and only for n = 3, when 62 is unknown.

Guttman and Smith (1971) defined dispersion estimators 8;, &; and
’ AZ "2 . ~ » ~ ’ ~ S A2
- Og qf 0 analogously to Bps My and Hg (see Append;x I); Sy is

- mot worth considering when p = ¢ is known, 8% and 62 are not

worth considering when t 1is urknown.

@



CHAPTER ITI
The Gamma Distribution

!

One of the most common life—testing distributions is the gamma
;istribution. We shall examine the ‘exchangeable model based on the
gamma distribution and show that in ‘the case of a shape change, it is
outlier—prone completely. For changes in shape or scale parameter we

shall determine which observation is most likely to be the spurious

one. We shall also consider estimation in the presence of an outlier.

“ s

T2l
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3.1 Characteristics of the Gamma Distribution

Consider the three-pafametér gamma distpibution gi&en by

f)
- _xr
. N o § 0 o N
f(X;'e) Ny T) = (x 1:3] 2 ’ X > Ty 9,'0 > 0) - .{ 1< o,

We may -denote this’p.d;ff"by GAM(G,n,r).’ The shape parameter is ),
- the scale parameter 6, and the location parameter t. For 1 =0 or

knoVn, this reduces to the two-parameter gamma distribution where

_x
L_oe S

f(x;8,n) = Ly X2 0, n,8 > 0.

- 8"'r(n) .
o . & L . , . s
For the exponential distribution with parameter 6 and.
for inf} e have the Erlang distribution. For n<1l and fixed
8, the'p .{decréasing in x and unbounded (n<1) near the
origin. .fan_is 87, variance is ezn; E(Xr)_= AJ gg:;r) and the,d
moment-ge : [ing.functionlisﬁ Mx(t) s,(l—@t)'“;b ;'<-%>; The shape

»’paramétefﬁf 15 thefreciproéalidf'the éduared.coefficient'éf -
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Y

If T denotes_the waiting time until the nth occurrence in a

-

PoissonlproceSS withlintensity ;X; then T ~ GAM(G l ,. n,O); The
waiting time until the first occurrence may be denoted as

GAM(8 = x ,1 0) which is EXP(G = % )\ Thus the gamma distribution is
‘a natural extension of the exponential distribution. The two-parameter

‘exponential may be\aenoted as GAM(G'?<% K 1, r) where ‘f is a

&

location parameter.

LIE Xp,eenX) 1.4.d. GAM(B,m,0) then ¥ = Z X,

~ GAM(G Z L O) Consider the case-of a,cOmponent with}‘n-l spare

i=1 o _ _ A
parts. lf Xib’ i =.1 2 ..,n denote the lifetimes of the component o
/42’4/
;agdothe spares and if each is distributed GAM(G 1 0) EXP(G = -0,

=

then the lifetime of the system, assuming use of the 'n-1 'Spares, isf"

: 2. :

Y = 2 X, ~ GAM(G n 0) or %3 Xanf Note also that Af
i=1 7 . : L
.ngﬂ GAMGQ,n,O) then Yf~~x2 -+ The hazard function (H?)

h(x) K'*,%' for n=1; h(x) A" as x> for n<1 and

h(0) =.0; h(x) > x a5 x> @ ‘and h(0) = ® for > 1.7 L

' Consequently the gamma distribution ‘can, model systems in a regular :*'

Omaintenance program where ‘the failure rate is likely to: increase
f»initially but then stabilize.“‘-'::" ‘ ‘,_4

13

' Outliers in gamma samples arise in any context where Poisson

;processes are appropriate basic models, e.g. traffic flow, biological:""

3

‘aggregation failure of electronic equipment They also occur: in the o

-

'context of a shifted exponential or gamma distribution.; Outliers in
~xgﬂ samples arise in ANOVA, 0utliers in gamma samples of arbitrary

»lfshape parameter arise with skew—distributed data, for which the gamma

. ri"err'fhufv-(nn U Al eae e v -



3.2 Outlier-proneness of the exchangeable model with the Gamma
~
distribution.
Neyman and Scatt (1971) showed that fof f.i.d.r.v.'s the family of
gaﬁma distributions iandexed by shape parameter n 1is outlier—prone

completely on the right. Let us consider now the exchangeable model.

>

" CASE I: Scale change

Kale (1975b) showed that the exchangeable model with (at most) one
spurious observation for scale parameter families for non—-negative
random variables invélving a possibie chégge<in scale is.outlier—prone
completely. This would apply to the exchangeable model involving the

gamma distribution with possible change in scale parameter -6.

CASE II; Shape change .

Now conéider the exchangeable model with (at most) one spurioﬁs

“observation based on the gamma distribution with possible change in the

shape parameter n. Without loss of generality (w.l.o.g) we may take
6=1, t=0. |

Thed n-1 observations have pad.f. f(x;6) wh;cqfiﬁijAM(l;n,O)
and one observation has p.d.f.  f(x;§) which is GAM(l;k*ﬂ,o) where

k* > 1. We-shall show that this model is outlier-prone completely on

QL

the right.

1

Now we may write the likelihood as

R
I f(x,;mf(x_3k*n), x, >0, k* >1, n> 0
i r i~ -~ .
r=1 i#r

| c—13

1
e )Xn; Thk*) = H

»

(k*>1 since we are considering «x as a-pogsible outlier). Letting

(n) -

2 a
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E denote the event that x(n) is a (k,n)-outlier on the right and

P(k,nIL) = P(E[n,k*), we must show that sup P(Efn,k*) =1 1in order
0
k*>1

for this family to be (k,n)-outlier-prone.

The joint p.d.f. of the order statistics X(l)""’x(n) is given

.by
B(X(qys e sX(yinsk*) = n!L(x(l),...,x(ﬁ);ﬁ,k*)
)
= (n-1)! I f(x,, ;nf(x, . ;k*n),
r=1 1i#r (1) ()
0 < x(l) <. < X(n) (=
Thus i

P(E|n,k*) = JE i(x(i),...,x(n);n,k*)dx(l)...dx(n)

‘0'
4
n .
- L J, (DY T EGr s m Gy sikamdr g e
n
= ] I_(nk%)
r=1
kx +x
1) "(n)
an§ E 1s such that 0 < x(l) < x(z) < ... < x(n—l) < BT
< X(n) { =
e
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o

. Lemma '3.2.1: og»'ir(n,k*) < u(r;n,n,k*) where u(rin,n,k*) = P,

"is the "spiiiiji:/9b§€;§ation whose p.d.f. is f(x,k*n)}.

3

)

Proof:

k*n)dx ., dx where

u(r;n,n,k*) = (n-1)!/ 1 f(x(i);n)f(x (n)

S 12 ()’ (1"

S 1s,such that. 0« x(l) < X(Z) <. K X(n—l) < x(n) < =,

Now Ir(n,k*) = (n—l)!jE igr f(x<i);n)f(x(r);k*n)dx(l),...dx(n) where
' kx, . +x
(1) "(n).
E 1s such that 0 < *(1) < X(Z) < ... < x(n—l) < S
< X(n) { o,

Since E < 5, 0 S_Ir(n,k*) Su(r;n,n,k*), r =1,2,...,n.

&

Theorem 3.2.2: 1lim u(r;n, n,k*)
k *>o

@

) {P;(y;n)'}r-ll{l—F(y;n)}n—rf(y;k*n)dy
0

Proof: Now u(r;n,n,k*) = (r-l

i y
‘where F(y;n) = JJ £(x; n)dx.

bad® 4

Consider now

® y -x_n-1 -y _k*n-1 :
-1 e
u(nsn,n,k*) = [ [ E_X_ gu)" < dy, k* > 1, n>o0 .
y=0 x=0 F(n) F(k n) '

i

(without loss of generality 6 =1, 7t =0)"

Let
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I;(ﬂ,k*) =/ {J E—-———---—--dx}n“1 e Yy'dy for v = k*n-l.

Now setting y = vt, dy = vdt
® vt e—xxn_1 n-1 -t v
I'(n,k*) = | {j = dx} e (vt) vdt
n _ - T'(n)
t=0 O
- vv+1 j o(v,t)ev(’m t—t)dt
t=0 =
where
vt -x n-1
_ e 'x n-1
d(v,t) = [JO ) dx] .

E3

and where there is no loss in generality in assuming v > O (i.e.

k*n > 1) since we are interested in 1lim I'(n,k*).
k*so

For O S_t}i a, (v,0) Ld(v,t) <J(vya) and 0O < d(v,t) <1 for all

v,t'band J(v,t) > 1 a.e. in t as v > o (i.e. as k* » ®). We may

- ‘ 1 |
write " | c?(v,t)ev(kn t t)dt = | d(v,t)e
: 0 , 0

v( in t—t)dt

+ ] 9, eye VI BTy

, 1
For each of the integrals on the right hand side, the dominant part

occurs in the neighborhood of the pggnt when -fn t-t 1s maximum, i.e.
t = 1. Following Copson (1967, p. 36 £f), since 0 < d(v,t) < 1 for

all v and t _and 'y(v,t) 1is continuous and increasing in t there



is a number t0(0<t05}) such that
1 v(in t-t) ) ' L
j J(v,t)e dt = 0(v,t0) J ev(Jln t--t)dt: ,
0 , 0

We cannot have

1

[ 3(v,t)e
0
and
] ®(v,t
1
Thus

t, =0 since §(v,0) = 0 while

0

1 .
dt > | 9(v,t)e
5 N

v(2n -t-t) V(lnt—t)dt

1
1oL T T TR D)

>—0(v,‘-2—e >0

.
lim | g(v,t)e

are 1

v(4n v(in t-t),

e t-t)dt

: ’ a
lim d(v,t,)] e (& £ty
1 '

>

8

J 0(v,t)év<£n e~ J e V(A e
0 -0

P 4

29

[
t, 1 S_tl a
vV > © KT\‘)
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(see Appendix II). As a result, we may write

L'(n,k*) ~ v

and

u(n;n, n,k*) = -T?E;;ﬁ—- where. v = k*n-1

For wu(r;n,n,k*), r =

vl o T(v+l) -
1"‘:;:{‘ T'(vtl) as v »

I;(n,k*)

!
*1 as v +>o (i.e. as k* » =),

1,2,...,n~1 we have

© .y -x 7l
Y gX T

0 Cutrimymke) = (1)) () S A ax)th

v =k*n-1, y = vt, dy

r-1 y=0 0 r'(n)

y ~x nl1 - =y k*n-1

L-f & X VT ey

| o T(m [(k*n)

L
r-17 T(k*n)
where .
LT vt e_x‘xn-1 r-1 vt e-xxn-l n-~r -vt wl v
. I'(T},k*) = j {J ____dx} {1 - J ————-—dx} e v t dt,

r £=0 0 r(n) , 0 I'(n) ‘

vdt and again we assume v > 0. Therefore

‘.?'j ; ™
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"Ié(n,k*) =W+1j 9(v,t)e V(A0 £
. o »

= v Un [ g(v,e)e VO £y,
a* 0

- ‘ : .{Jvc e—xxn-l -}n*l{ Jvt e—xxn-l }n-r _
Now J(v,t) = dx L - 75— dx; " <1 and as
o T(m : 0 I'(n)

k¥ » » v » ®» 3zpnd d(v,t) > 0 aimost everywhere on [0,«]. Since

d(v,t) is continuous and bounded for all t

a ! o . )
3(v,00e " T L ogey e yf o VIRt C0<t. <a
0 0 SR = 0=
“ (i t-t), T(vHL)-
_S 19(\),!20)] e dt = (2(\),110) _Tf- .
0 v
() w1 O(v,EDT(w) 1
Therefore 0 < u(r;n,n,k*) < v li% ) = -1
| kkn) P -
Lin 9(v,t0). But  (*72) 1tm 9(v,e) >0 as v+ o (iie: as k* » w)
S r-1 . 0 ‘ :

and hence u(r;n,n;k*) >0 as v ~» wA;for r = 1,2,...,n—1.

" Theorem 3.2.3: The exchangeable model with (at most) one spgrious
observatioﬂ\based on the gamma distribution with a change in shape '

. parameter is outlier—pyone completely on the right.

Q-

Proof: - We need to show sup P(E[n,k*) =1, !
. v 0 ‘
k*31
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Since P(E|n,k*) = Ir(ﬂ,k*),

Ho~2

r=1

n .
lim P(E[n,k*) = ] lin T (n,k*).
k*—)@ i:l k*-}m
From Lemma 3.2.1, 0 < I_(nk*) < u(rsn, mk*), © =1,2,...,n.
' S0 L, r=1,2,.. 0,01

By Theorem 3.2.2, lim wu(r;n,n,k*) =

* :
kxoew - vl y T

1
=3

Thus lim I (n,k*) =0, r =1,2,...,0-1

k* o
and lim P(E[n,k*) = lim I (n,k*).
K* 30 k*xso O

\

: * : ' . - :
Now we need only show that 1im In(n,k*) =1 in order for this model
k* >

to be outlierﬁprbne completely on the right.

But

In(n,k*)v= (n-1)!{ 1 f(x(i);n)f(x<h);k*n)dx(l) ...'gg(n)

E i#n
N -7
v L —x‘b . =X
S e
= - { .
‘(n'l)JE ifn ) TR dx(l) dx(n)
kx(15+x(n)

‘where E  1s such that 0 < x(l) < X(Z) < va <-X(n-1) <‘—_—E:T_——_

/ﬁn)”".

Let S ATERET N denote the Qrdgr statist;cs,‘x(l),...,x(n),

- respectively. Then we may write



ky1+yn )

' k+1 e—xxn-'1 yl e
I (n,k*) = (n-1) [f {J Ty & JO

O<y1<yn<qD 0

-y AR
1 n1 o nyk m™1

33

y1 n d ’d
T(m Ty 1%
. n ky.+y
1 n-2
=] () (D {F(=5— 5n)-Fysm " £y, 5m)dy, ]
0 0 kH1 1 1 1
Y yl‘l yl
cLk
f(yn,k n)dyni
e-y T]'l '
Yhere'f(y;n) = T, y > 0. Thenl
1 ® nkn—l :
* = -
y =0, : o
‘n
Yn : ky, +y - " " ,
9y ) =) (n—l){ (2 3 n)-FCy 5 m 1 e Cy,5 md Settin
n’ - k+]. -,’ yl!n kD yl" yl' g .
y =0 .. ’ [ : “ .
1 ‘; ]
y, = vt where v = k*n-1, we obtain
, ‘ MRS -
\g ..
L | ’ " "
e : / S V(Rn t- t) 4
. % . K =
Vo g Oy v(in t-t) ’
RETEN) 1im J; ogy,t?g AR ¥
T e 0
where 0(v t) = 0<v_f:> =] (D) {F('H—l‘.' ;n)- F(yl,m} .‘-ff,('yl;n).dy-l--
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As k* » ®, Vv > ® and the major cgntribution to»this,integrallin-:

3.2.1 occurs in the neighbofhood of 't =1. Also O S_J(v,t)_gll for

all v,t and J(v,t) » 1 a.e. on [0,®) as v » o ({i.e. as k* '+ ®),

since
- . )

: ky,+vt . -
ii: Flggr—s"-FO;sm] = 1-F(y 51 a.e. on [0,).

. vt ky1+yt 02
If £ =0, 9(vt) = (=) [Flggg— sn)-F(y sm ] £y 5mdy, and -
0 .

B(V,O) = 0. But J(v,t) 1s nonnegative, bounded, increasing and:
’ | « v(fn t-t)
 absolutely continuous in t. Thus 3t0 € [0,®)5 . | S(v,t)e " dt
' : 0
\ :

«
= 0(v,t0) | ev(ln t—t)dt:. On the other hand for any 0 < £ <1
0 .

£
a . 1 ’
J t?(\),t:)e‘v(Jln t—t)dt > | d(v,t)e’
0 : 4

(in t-t);it

v

5 9(v, e " ETB) (g gy

- > 0.

B Therefore tO # 0.

a © '
0(V,t)ev(%3 t~t)dt ~ | ev(in t—t)dt - IO as , v > o

- Thus | = =
N 0 NN
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and~ \ )\ i X .
’ . 2 3 .
, % " . .
- v ' v(Rn t= t) T
I (n,k*) = lim d(v, t e. g
: n(n;x ) F(\H‘l) J ( ) TR N
. } { ‘ = Lowen Lo, -
\ o . S no
. e .

) B ’ N \ ‘ ; " = \)-f-l ) l R % I :
- ~SL o [‘(\H-l) * oy
lﬁF(V+1)4uM,V 7 ?s' Vo= (i e. as t{ > ).
. . ‘ . . \ X ‘\. - R o . Sy ({\ v . ) o
- "\ F"-; B )‘. ’ Qﬂ ’ “‘" > A ‘ .
lim I (n k*) = 1 and ﬂm I (n k*) 0,,r = 1,2,...,n—1 ‘and -,

Since
! k*-)aa k*‘*‘”

o Vn SRR ) T .
p(&l n, k*) Z 1 (mk*) R G R
£ N s, h o v
' \.-‘\) ) " ' . ‘ . P”
‘: Sup P(E,n k*) d_ . ‘ . ,' ;.,.w‘" .
om0 _:@,. AwemER TR
" ‘ 5, ‘ _\.H@ o . p - R N R
. N LS : L, . ..k [ ? . ] . §
L :“3 . .
\ and .the family is thlietprOne-completely on the right. i
L) [l \ . " & wn
b . ',_ ,". 3 , . «" 4 s

> Wi N

Thus fbr either a,scale or ahape\chaﬂge, the exchangeable model

K

with at mogt one- Spurious~observation based on the gamma distribution
‘ \ P ‘. e 4\- N .
is outlier-prone completely on the,right ,% .
e - : N 4‘;\ ‘\
Ny
. T
. ‘ § 'y
. S : e
) ) v“'ég,, “
' ' \* ’ .‘(‘ | ‘ai
tb .‘- E .
<@ .
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Mount ang f):considered a g;neral model, assuming
| Xl,...;' » n-1 of tﬁem are distributed witQ
distrisl  ?(d.f) F(x) and one is‘distributed with d.f.
G(x), '? }J‘ G are stochastically ordered, f.e. G K F. A
Eriori,v _;has probability %- of being the spurious observation
diétributé.  . vtet YW(x) = %%-.' If Y¥(x) 1is monotone increasing,

then u(l;n, Q< u(2;n,k*) < ... < u(n;n,k*) where u(i;n,k*) = P(Xy

is the spurig  observation in a sample of size n with k*. the .

CASE I: Scale change: Consider a situation where n-1 observations

are from GAM(O,§lB) and one is from GAM(k*8,1,0), k* > 0. Tf k* = 1

we have homogeng q,wta. Now

and

>0 1f k%> 1

k¥ 0 T <0 1F kX <T

Thué;>if  k* > 1, ¥(x) 1s ‘monotone inéreasingjand-‘X(n)'”has maximum

probability of being‘spuribus; 1f k* < 1, ¥ 1is monotone decreasing-

and X has maximum‘probabiiity of'being'SpuriOus. o

(1)
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CASE II: Shape change: If n-1 observations come from GAM(6,n,0)

and one is from GAM(8,k*n,0), k* > 0, assuming the exchangeable ‘ v
model, E ,
3 -
dG X ﬂ'ﬂr( ) .
> ¥(x) dF = _k*n-n.
) 8 nI‘(k*n)
and
LKl (>0 Lf k* > 1 :
w1 (50, = DCmlir-1)x” T . .
* . . . ' A
! T e ™ L (o 4 w1 . /
Thus, 1f k* > 1, ¥(x) is monotOne increasing and X( ) has maximum i
probability of being spurious; for 0 < k* <1, Wx) aud u(r;n,k*) >ff7'
ﬁ? are monotone decfeasing and X(l) has méximum.probabilty of being -‘ffﬁ;;;
suurioué. ) iuﬂrff
This now  shows that the spurious observation resulting from a o

scale or shape change 1s most likely to occur at the sample extremes

‘_i.e. it tends to show up as an outlier. B %

o . A
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3.4 Estimation for,Gammaﬂparameteré
3.4.1 Standard Estimators

The gamma distribution is a member of the exponential class, .

: ©on — :
consequently ( 2 X1; §$ in Xi). are complete sufficient statistics

. =1 "=l -

for (G,n);

For known shape mn, the MLE XMLE of A =-% is

R which is
ot » DB o

CERE

’». : ‘:'biaSeo"but con§istgnt and asymptotically N(K,%;). Thus the UMVUE for

/
d

o

Jlef

g 7 19 (n known) 15

: For unknown n, we obtain

NS P o o o o
-Q~;-Whérelﬁk’fffrﬂ.;ni)n ‘and  ¢(z) is Eu}gr:s;psi function i.e.

—dt= Sy + 24z | Fi(ir)) T where
S LU =TT I S
’*n',ﬂ. o kS

v L ..,~' . c T m

“.5772157 (Euler 5. constant) These equations nust be. solvflf

‘"ifsee Choi and We;te (1969)) For large TMLE’ Linhart

n:a}(1965) suggested approximating Rn nMLE'Z_ ¢(nMLE by (ZnML -1/3)

S

,__‘
ekl
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Moment estimators give

These have lower asymptotic

showed that for

n <20, n > 2, the

39

= ((fn 3=t D) H1/31172.

efficiency than MLE's bug Lilliefors (1971)

MSE's of the moment estimators are

close to those of the MLE's. Both the MLE's and the moment estimators

are biased. To approximate zero bias and smaller MSE, Lilliefors

suggested the following corrections:

TABLE 3.4.1 Lilliefors' improved

s
15

5

&3

estimators of n and A =1/8

Based on

M.L.E. Moment Estimators
A L M5
1+3/n 1+2/n ¢
2 "MLE M 1
(1+=) ] x )X
o 1 f=p *
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Thom (1968) has given estimators very similar to the MLE's for

n> 1.
1 +4/1 + 2
n* = 2
- 4M
X
g% = =
where M = ln(;/;) = —%n S1 and S1 is sufficient for n and

Independent of 6. Bain and Englehardt (1975) have a chi-square

approximation for M wvalid for all 1 (6 acts as a nuisance

parameter).

ZHHMC ~ Xidf 0
2
. _, E@y _ ™ (mmw(an) v =g [EGD]T
where W = 2nmM, c¢ = Var(w) nwz(n)-wz(nﬂ) and- v = 2 Var(W)

[nwl(n)-wl(nﬁj]c and wl(z) = Zz[Rn z-d(z) }, WZ(Z) = 2z{z¢"(z)-1}
where ¢(z) 1s the psi function. As 0 >0, W >y 1y,

° 1
1+t 0<n<2
+2.59° %7
wz('n)= .
1+ﬁ ,1’]22
\V ’ 1
T oLt
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3.4.2 Estimators suggested for use

Case I: Scale Change
Assuming the exchangeable model where n-1 observations are
distributed as GAM(6,n,0) and one is distributed as GAM(6k*, n,0), 7

known, k* > 1, we have for k* = 1, homogeneous data and the best

n
i . 121 "1
linear unbiased estimator (BLUE) for 6 1is eMLE = - and
- N - » 2 9°
E(OMLE) = 0 and MSE(SMLE) = Var(eMLE) + {Bias(eMLE)} = o For
2 1 % n-1 1
* = > Lt L Lk
the heterogeneous case ‘k >1), Ehet(eML Q - izl( = ot = k en)
= 6 - * | o = e(k*—l) * @ ©
= H(n 1+k*) and Biashet(eMLE) = . As k* » o this bias » «.
: ) - : 2
Now MSEhet(eMLE) = Varhet(eMLE) + {Biashet(eMLE)} and
Var, (6. ) = —2t Ii Lt S (k*0) %}
het® MLE 2 n n
(nn)~ 1i=1
2
- & ).
n n
2 2 2
2 6 2 87 (k*~1)
= — * - N
therefore MSEhet(eMLE) nzn (k*"4n—-1) + nz

2 .
=3 {k*2+n—l+n(k*-l)2}

2
nm
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n
~ A 121 Xi
* ™ : @ 8 = —-————- .
As k* » o MSEhet(eMLE) > and hence MLE o proves to be a

poor estimator“of 8.
If we consider a rapdom sample of size n where n-m
observations are from GAM(6,n,0) and m are from GAM(k*8,n,0), k* > 1
(1.e. same shape but a chanée in scale parameter) and a priori each
a

subset of m observations is equally likely to be the "outlier

subset”, then the likelihood

. e -3 o
—
. xiél 0 -1 xielk ° . 1
e I xn e I xn )
£T 1 €l i
1 Xy X
L(x| 8, n,k*,1) = — — —
() {T(m) 7 {T(n)(k*6) )
o 4 %
-[ ] =+ zrﬂ
: X, ¢1 x. el 1
n 1 i i
I x?— e
_ 1 4=l
n \ n n(n-m) ,mm
(m) {I“.Fn)} ) 8

(G

L

for k*06 = 0, where I = (x, ,X, ,ee+,X, ) and T ¢ 7; the collection
1 il i2 im :

of all possible combinations of m ‘observations out of n. (I

represents the subset of m spurious observations). To maximize

L(Eje,n,k*,l) for 6,1 >0, I ¢ 7, k* > 1 we use the fact that

_ dG(x)
) = T

* ‘ 21 = ’
?2?_L(§J6,n,k ,I) occurs at I I (x(n-m+l)""’x(n))', Therefore

is monotone increasing for k* > 1 and hence



-{ngm X(i) . § x(i)}
n . & 0 o 8
m ol el i=n-mt] "1
i
L(x| 6, n,k* 1) = L=l =)
b7y ™o n n, n(n-m) ,mm
(@) {r(m)"e 8]
and <
K(x]6,n,k*,I} = 2 L(x|6,n,k*,I)
n n~m X ) n
=C+(m ] mx - ] Dy
oo1=1 i=1 i=n-m+1
- nin I(n) - n(n*m)in 8 - min 61 .
P
Assuming
i) 8, 91 and n are unknown, we obtain:
K E nl''(n) ) .
— X - ———— - -—T. +
3n 4 in X I‘(n) {(n-m)fn 9 m,@ 61}
w . .- | -
x9NI e
oL¢] {=1 e2 6
X _-F ) m ,
6, - 2 8
1 i=n-m+l 61 L .

Setting the above three equations equal to zero, we obtain
e

43
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'2 X(i) | ' O

D>
Pt

- & nl'' (1) -
= - ~< +
h(m) = Lnoxyy - T+ nas g
i=1
n-m n’
121 @) i=n§m+1
- (n=m) fn n
~-m m
i1) for the case of known n, we obtain
~n§m " le
X X
~ i=1 (1) - i=n-m+l (1)
0 = ———o . and B, = ——————
n(n-m) 1 mm
which are trimmed means. /
N
Xi
i1i) for the case of known 8, we may use Yi =5
‘ {1 vy, + 1 oy /x¥)
| omloadr b g d
I yy e
1 i=1
L(y;n,k*,I) = - —
{r(n)} "

m



«

and
n—m n
{0 vyt 1 ¥ qy/k*}
n - 2 @ L ()
o Y? . 1=l i=p-wtl
L(y;n,k*,I) = 111 et . ‘ 5
(%) {T(n) ) e ™
and
) K(y; n,k*,1) - nL(y;n,k*,1)
' ri . v {n—-m ©n
=C'+ (D] my -{] y. .+ I vy
=1 b s T
- n fnT(n) - m A k*.
~ Then
LS R VL€, N
on - Lk M T Ty T
1=1
x L) _m
*
Ok*  entmil k2 K
and thus

and

.a ) y
kx o 1=n-mtl (1)

mn

I
y

n AP (1)
min A= X in y, - m in 1=nmtl

i=1 - n ;

45
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iv) for the casé of known k*

~

n \i
X . z n x, - al’(n) _ (n-m)fn 6 - m Ln(k*H)

LU 1 r'(n)
X X
o _ an (1) O B m ,
% =t f=n-utl k*e’ o o
K - K
Setting 5;-= 0 and 35 0, we obtain
n-m a n B
1 4
‘ . Z X + —T*— X ’ X
A L T e C
né =
n
n
) i X; - m tn k*
5. 0'(n) _ i=1
fn B — =
r(Aa) n

Case IT. Shape change
Assuming n-l1 observations distributed as GAM(6,n,0) and one

. distributed as GAM(0,k*n,0), k* 2 1, we have, for heterbgeneous data

(k*>1),
A X 5 a1 1 |
= — | ——— -_— *
. Ehet(pMLE) E(n) nmn 121( n ,en * n S*n)
o | | okr-1)
oV R —
] v = 9 -|- -—(___—__). .

n



As k* > o bias > o, Al\‘so
A ‘ ,
S ¢ -
AI, . N N X 1\ N
Var, (8 ) ='var(3) = Y Var(X,)
het' "MLE Y n2n2_1=1 1 o
1 v /1 o2 1 2 X
= L (== 6% += 8%k#n)
2 2 - N
nn" 1=l . bt
o .
= — *— ‘
5 (ntk*-1), ,«}’ﬂ
nn . e
Then
. L R
MSE et (g = VaTpe () + (Blas Chp))
) . _ - ‘
. . - ¥
- 92(n+k*-1) n(kr-1)> . N
B 2 + 2 ‘ s e

n'n nn

_ 68 (k=L (kew-1) %)

2
nn

Bl LR

. * - M A
As k* > o MSEhet(eMLE)

estimator of 6 (We have assumed n known).

+  and hence 6 = proves to be a poor
Consider now the egchangeable model where n-m 'observations are
from GAM(6,%,0) and m observations are from GAM(8,k*n,0), k* > 1

(1.e. possible. change in shape; scale constant). Then

»*
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~

n
 “where. T.= ,xiv, I =

i=1

v 1 @

i 438
. X X :
2 1 1
- —_ — * - —_— x e
DI . Log o el
, I SN x, €l 1
. e b kA e 1 * et
* =
L(x[ 8,m,k*,T) - /n n-m, .1, n-m n-m,  k*n m
(m) {T(m}™ (8. {T(*n)}™ (6™
- -T/e - . N
*
v e - 1 xn_.l n xk i
: X, ¢1 1 X, el 1
. _ 1 1 1
. = —wHk*m
(0 N O € D) e S T LI e

5o

(*13; Xg seennX, } and I ¢ 7, the collection

of all pdésible.subsets of m observations out of n. To obtain

Ve

MLE'é, note that Y(x)

%% is monotone increasing and, by Kale

(1975E), we knpw max L(x[e,n,k*,l)” occurs at I = i(e,n,k* fixed)

and

L(x|6,n,k*,1) =

Iej _
Vherg I = (ﬁ(n—m+1)""’x(n))‘ Thus
max L(x|0,n,k*,1) = max L(x|0,n,k*,1)
K*>1 k*>1
Ié?

n-m n ‘
- * -
e T/6 0 x L I1 k*n~1

i=1 (1) i=n—m+1x(i)
) AP} (Dkrn) Yoy PR *

(

n
m

Using 'nl = k*n ( > n since k* > 1)

Y

O RGE 8 mon, 1) = an (x| 6, , 1)
: i T n;m ‘ _ ? R
X =C-Z%(n-1) } anx + (n,-1) ) n x
o A N R (1)



49
)
= (n-m)&n I(n) - m fn I‘(nl) - {(n-m)n fn 6 - mnljln 8]

and

1) assuming 8, n, and Ul unknown, we obtain

X_T _(mn_ Th °‘ |
26 92 ) 8 ’ . A v
i’ . ‘ " / .
n-m’ £ f
oK ) (n-m)T''(n) °
= In x, -7 —— - (n-m) n 6 5 :
oo T ey r(n) |
n ol (n,)
oK Z
— = fn x -mfin § .
an1 i=n-m+] 1) I n1 ) '
Now —g% = 0 implies & = — T — and
. (n-m)n + mry
" nem
o z n x
: NN (1)
' =
2—17(1 = 0 implies I En) + in 6 = 1 ln—m and
) I'(n)
n
R in x
. I'(n) . - _Z (1)
X _ -0 implies 1y g b - Lo :
an . A m
1 r(n) ,,

~11) for the case of known shape pvaramet,er my

X _T  _ (n-m)n _'mk*n
o] 2 ) )

and

D

5)



3K R T'(k*n)

= = q § n - 13X n)

Ok* - i=n:m+1 x(i) m T'(k*n) on tn 8
(\ ,) - ¢ i | T
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;. A - T
:g N(n-mmk*) and
)
N An x
I' (k*n) t=n~ml (D)
2(K*) = - =
(k*) (&) + in 6 p =0
. g . = : x1 .
g ii1) for the case of known 6., we may use Yi 35 and hence obtain
4 ) n-m ‘
»" B : A z R’n y
o ) F'(n) - i=1 (1) .
X NCO NN
B andf
LY J ’ o | An -
‘.‘»i"-‘ ! .:‘ . ) F'(nl) _ i-_-n.E.m_*.l y(i) f : wa
oy reay) mo ’
g
Lo
Qf .. 1v) for the case of known k* -
! I' '_.' ‘; g .
A#?f ; KT _(nm)n _ mk#n
B 25 R 06 2 .8 9
s ‘ - 6
A
L
. :/i,\tf S -
o900
L - (omm)T'(n) _ mk*T'(k*n)
, W) T AT T T e
' /
;1_9;!,"
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an_d thus 6 = n{n—m(l‘k*)}. \_ S

% ; . |- A- o 2 . .
g %, = BTRITICR) | mRAT (kAR

ngm . n
in x + k* Z
1=1 W07 enien

W, T IR T T T

&

Voae

PR N

Tan
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The Lognormal'Distribution

- We now examine the lognormal distribution as a life-testing

-

distribution that is a competitor to the gamma distribution. We shall

S show that the exchangeable model involving the lognormal family of
: f,fi,distributions indexed by ‘the shape parameter ¢ is~outlier-resistant
| h completely on the right. We shall then determine that"as_

\heterogeneity increases the spurious observation tends to appear as an

- dqutlier and we shall determine where it will most likely appear.' We

’

shall also consider estimation in the presence of this outliet.

[+
. . .- . &
. R .o : .
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4.1 Characteristics of the Lognormal Distribution.

If a random variable X has the lognormal distribution with

location parameter u and shape parameter o, then the probability

density function of X ig given by
1
— exp{ (in x-u) } » X220, 0>0, ~o< p< o

oxv/2n 207 ‘
f(x;u,0) =
: 0 y elsewhere
. :
We shall write X ~ A(p,0). The following table summarizes some some

of 1ts properties:

Table 4.1.1

17

mean e
02 02 2
variance e (e” -1)e“H
- —02

mode et
median et
coefficient (ebz-l)l/z
of variation
| ' 2 2
skewness r(ed +2)(eO —1)\1/2

4.0 3. 2 o ’
kurtosis wHwHw -6, w=e 9

The lognormal distribution has monotone likelihood ratio (MLR) in

Tl(x) =fnzx, o known and in T (x) = (Ain x—p) ¢ known but not
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n
MLR in x for u known and nonzero. 'I‘l = X n X, is a complete
i=1
v 2
sufficient statistic for u (o known) and (T2 = Z (in Xi) s T1
1=

1 N (; R
in xi) are jolntly complete sufficient statistics for (p,oz).
1

i o~

i
P 2 2

T, = ) (in xi-p) is sufficient for o (p known). The lognormal
i=1 0 ,

w

distribution can assume shapes from severely right—skeq'd to

esgsentially symmetrical.
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2
If X ~ A(p,0) then Y = fn X ~ N(p,0").
For some data, the lognormal distribution 1is a competitor to the
gamma distribution. The lognormal p.d.f. is unipodal, vanishes at
2

x =0 and its mode is at x = e ° < 1. As 02 increases, the mode

converges to zero. From the above graph where. o =2, the lognormal
p-d.f. appears monotonically decreasing for almost all x > O afid when
o =5 the mode is virtually zero.- This may be compared to the gamma
distribution with.shape parameter 17 < l. Here the dénsity is infinite
at zero and monotonically decreasing thereafter. The lognormal
distribution‘has a non-monotonic failure rate.

Neyman and Scott (1971) document data from rain-making experiments
where the data is nonzero rainfall per experimental unit (an
experimental day or storm). Here the distributions are reverse

J-shaped with long "tails” and frequently display substantial

e
N

"outliers”. They suggest that an outlier-prone diétribution such as
the gamma or iognormal might appropriately model this data.

Nelson (1977) points out the usefulness of the lognormal
distribﬁtion for approximating distributions of inp:t variables such as
costs, sales, market shares, etc. required for Monte'Cario simulations
of business decisions. This distribution has been used by Howard and
Dodson (1961) and Peck (1961) to stﬁdy semiconductor deyices and by
Goldwaithe (1961) in small-particle statistical economfg; and biology.
Singpurwalla and Keubler (1966) u;ed it to study phe lifetimes of high
speed steel drills since the,faildre rate first increases and then
decreases, indicating the drill c;uld resharpen itself and prdlong its

life. It has wide applicability to reliability, especlally

maintainablity and fracture problems. If X, < X2’< veo < X » denote

.

<
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sizes of a fatigue crack at successive stages of its growth and XO
the initial size of the crack, assuming a “proportional effect model”
for growth of ‘the crack (kao (1965)), this implies crack growth at

stage 1, Xi —‘Xi_l,'is'randomly proportional to the size of the

e

(i.e. X, -X =

{ i “1X1—1’ i=1,2,...,n where m, are

crack, X i

i-1

independent), and the item fails when crack size reaches Xn. It can

be shown that‘.JZn,Xn is asymptotically normal and hence Xn is

)

_lognormal. This model is also true for the distribution of oil pool

e

sizes by the same argument on how the pools are initially formed.

@

1y
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4.2 Outlier-proneness of the exchangeable model with the Dbgnormal
distribution R
Neyman aﬁd Scott (1971) have demonstrated that for i.i.d.r.v.'s
the family of lognormal distributions indexed by o 1s outlier-prone
completely on the rigﬁi. If we now consider the exchangeable modél
with at most one outlier, we have n-1 observations from A(p,0) and
one observation from A(ul,O), By 2 1 (Case I) or n-1 observationsv

from A(p,0) and one observation from A(p,cl), 0112 0 ,(Case II).

Case I: Scale change
We first consider the exchangeable model based on the loénormal

distribution with possible change in g Then f(xgﬁ) is. A(p, o) and
£(x;8) 1is A(ul,c) where W= k*p, k¥ > 1. Kale (1975b) proved that
thé exchangeable model with (at most) one possible butlier observation
for scale parameter families for non-negative random variables
involving a possible change in scale is ;utlier;prone completely on the

' »

right. ' Thus the model wé are considering would be outlier—brone.

Sl
- 2
¥

Case II: Shape Change

Consider the exchangeable model based on the lognormal

distribution with possible change in shape parameter o. Then £(x;98)

is A(0,0) and £(x;8) . 1s A(O;cl) where ci = k*dz, k* 2°1. The

likelihood may be written as
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L(x; 0,k*) =% R OE(x 5B, X, >0, k> 1,

=] {#r

IM::

ci = k*02 . | ,2,...,n

(k* > 1 since we are considering X(n) as a possible outlier). Then

the joint density of the order statistics may be written as

p N
n f(x _;0.) n

Y==n! § ——LI_+ g £(x;,0)

f .
Tayortm) TRt L e 1

and

B (1) X (m-1) "% (n)

) f(a-1) *(n-2) *(3)
N | f(x

. o %

(n-1)! S h (x(l),x(n 1),x(n))

(1)’""x(n))dx(Z)"'dx(n-Z)

L4 ' N

fx ;0 )  n

" where h (X(l),x(n 1),X(n)) JS m— Hl f(xi,d)dx ---dxn_z
n-3

FOI'_ _]’.' =.2,o-o,n"2

] R f(x(l);o)f(x(n_l);c)f(x(n);c)
(1)’ (n-1)" (n) . (r-2)!(n-r-2)!

hr(x

(continued)
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v

*(n-1) 2
. - - . r= . - —2
jx [Fx ()i Fx g )30 ] [F(x(n_l),o)—p(x(r);c)]“ r
(1) -
F %y
while

hl(

X(1)*(a-1)%(n)”

v

L -3
B [F(x(n_l),c)—F(x(l);c)1n
(n)” ™

(n=3)1 o

??xz15;ol)f(x(n_l);c)f(x

P11y X a1y % ()
SN . -3
[F(x(n_l),c) F(X(l),c)]n

(n-1)791 £y ) Y .
/

f(xﬁl);o)f(x

and

Py ) @y : ~ o,
| , Rk, o)Fex ‘,0)19—3@ S
= . oo . (n-1)? ()’ .
f(x(l),G)f(x(n_l),o)ffx(n)xcl) . .5'_(n;3)36 (.? - .
Thus, letting t(y) = f(y;o) ,aﬁ& s(y) = £€y;00) '
' . LA S
e . Cge PR
8 P . . it &
¢ ; , 3
. @ . & P }
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(6.2.1) . . . . g(x(l),x(n_l),x(n))

= (o-1)! {t(x )t(x(n_l))t(x(n))

(1)

X | ‘ n~r-2
L Mgy ) T(xq )17 [T(x(n-1>)'T(¥(r)>] s(x (1))

(r) dx

(r-2)!(n-r-2)! (r)

X
r=2 x

(1

HIS 08 IECr (g )IEGE VECR ) () DG )

(1)

[T(x( ) -T(x

O 1) )ECx )8 (x))] —— ) 371

(&)

4

- In 4.2.1, we'may>replace the letter of integration in the definite
integrals by _zz_and_usé the fact that

n-2 r—2 n-r- -2

. B o (a-1)t n-4
(“'1?'r22 (r-2)'(gfr-2)!‘~ )7 (7

-‘ AJto » give
'(x e ) oo 1) {(n 3)t(x' S?é#" Jt<x | 1) x
& <1>' ( —1)’ ) -G 3>' (1) n 1) (n )

| ,'; | [T(x( 1)> T(x )>] {S(x(n 1)) S(X(1)>1?*7 .

“{continued)
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‘ ‘ _ . g ey n-3

+ t(x(f)zt(x(n_l))S(x(n)?][T(X(né%)) T(x(l))] }

. _1n ! R -4

- %ETE%T {T(x(n_l))—r(xm)}n {

R O o)) )
..[S(#(n_l))-s(x(l))] + [S(x(l))t(x(n_l))t(x(n))+tGX(i))S(X(ﬁ_1))t(x(n))

Py
(]

O MO )8 G T G y)TCx g T

[ - A

Leﬁ’ ' ;-.' : ,i | e ‘
.
PPy 2 (DR gy “ Ry
@»xl(n-l) @ “ : ; | ':’: i
= [ [ g(x, x> o ix, )dx, dx,..dx, ..
R : _ (1Y (a=1) T () T () () T (=)
T AR

and let x = xki) lané y = x(nLIS".

> (k+1)X

Theorem 4.2.1: If p = P{X(n) (n-1) —.kx(l)})Fhen, for non-~

N negative random variables, o
. ® y n-3
p < 1-k(n-1)(n-2)[ t(y)] SCx{T(y)-T(x)}" ~t{(k+l)y~kx}dxdy
. -0 0
where S and s are, respectivelii the distribution function and
© o : .

probability density function of the spurious observation and T and

_— . R

t

£
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are, respectively, the distribution function and probability density

function of the non-spurious observations.

Proof:
P = Py > (DX 0= kX)) '
© x(n—l) ®
= j J J : g(x(l » X » X )dX dx dx
- )’ (0=1)""(n) 7T () (1) F (n-1)
00 ‘ (k+l)x(n_1) kx(1>
X
@-1) ° (D

: n-4
= T joj‘o {T(x(n_l))-T(x(l))}

| {<n—3)t<x(1)>c<x(ﬁ_1))[1-T{(k+1>x(n_1)4kx(1)}1[S(x(n_1)>—s<x(l)>]

!

+ (s(x(l))t(x(n_l))[1—T{(k+1)x(n_1)ka(l)}]

+ t(x<1))s(x(n‘l)y[l—T{(k+1)x(n_l)-kx(l)}]

~

+ t(x(l))t(x(n;l))[1-S{(k+1)x(n_l)-kx(1)}])

[ 4

IO o )T ) g ey
(n-1)1 o o
S con {Il+12f13+14 - (15+16+17+18)}..



Let x = x(l) y ¥ = x(n_1>

H—
[}

. ® y
= @) SO )10 axdy.
0 0

~(-3)) LSOO e T(y)-T(x) 1" dydx
0 X

(T(y)}"3

= ooy [ g a

@

eSO TN - (11(00) P g
0 3 o

2y : h;3
I, =) ] ATyn)-Tx) ™ s(x)t(y)dxdy
D0 :

£

= | s {T()-T)Y 3e(y)dydx
0 X

>

Integrating by parts where u = {1,—T(x)}n-2

© du = -(n-Z)F(x){l—T(x)}n_3dx v

my “ _
T =3t TG)-T(x0 1 (s (y)-5 (x) Ydxdy
00

~T(x) Y3

dv = s(x)dx.

EY
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dx

S(x)



then
. @

I, = jO:S(x)t(x){l—T(x)}n‘3dx.

—
]

®y . ,
jOJO {T(Y)'T(X)}n—3t(x)s(y)dxdy

© ’ y ’
fo s(y) | {T(y)‘T(X)}n-3t(x)dxdy -
0 : | ‘

]

{T(x) "2

JO S(X)‘fzﬁ:ij_—t dx

Integratihgvbyfparts where u = {T(x)}n—z dv = s(x)dx

du = (-2){T(x) " Se(x)dx v = $(x)

1 ® .;: j" . ’ _ .
SRR CROTLOMN ddx

I3
ey S FR
I, = JOJO E(R (N AT(y)-T(x)}" " dx
T Jo,t<k)1‘ I (T)-T(x) )" Paydx '”
AR X e .
{I—T(x) }n—z!’; e
w2 .
:
S -
| . )
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_ 1
" (n-1)(n-2)

. ' 1 1
Therefore I, + I, + I 6+ 1, = +
® 1 2 3 4 (n-2) (n=1)(n-2)

- n
(o-1)(n=2)

: =y i n-4 ’
I = JOJO (a=3)eCOt(TI=TE0IT T{H)y-k(x) HS (y)=5(x) }dndy

c‘\.?ut% 3

. °y - |
; z_JOJO (n—3)t(X)t(Y){T(Y)‘T(X)}n’aT(y){S(y)-S(x)}dxdy

© . ' y S ““;f‘i . ’
- JO'<n-3>t<y>T(y)s<y>Jo t(x){T(y)-T(E?E“‘4dxdy
=] @)ESE)  ET(T(0) ) Jdydx
0 X |
NCOEOUGEEY £(y) (T ()R
. o x .
&3

S 2 t(x)T(k>s(x){T(x)}“’34x ‘ I B2 £0s (0 (1-10x) 12

= RS0 (1-T(x) )" Pax.
0 S



Therefore
—

Io > | e(x)SG){T(x))" 2ay -
0

. ®y S
I,>] ] t(X)S(Y)T(Y){T(Y)-Esssvn—3dxdy z
- 00 . .

A
Ped

(n (n-3)
(n-2)

A <]

0

© y
2osMTW] e {T(y)-T(x) ) 3dxd
0 0

= j S(X)T(x) —{l(—x—_)}~__

(n-2)

{T(x) )"t

| =j S(X)——T;:z—r-dx

0
Integrating by ‘parts where

)

' l

JO t<(g§§)> (rr)™

T =,

dx -

. u =

{T(x) ™1

j £(x)S(x) {1-T(x) 24

= ] tOTE)S (%) (1-T(x) )V 3 dx

dv = skx)dx

du = (n-l)t(x){T(x)}n—zdxl v

-1
Zﬁ_—_'— (n_z) j t(x)s(x){T(X)}

. y ' ! ..,_
I 2.1610 DS YHT()=T(x) )" dxdy

A - \\‘};

of

S (%)
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~—L__ ) n-2
=) JO t(x)$(x) {T(x)}" “dx.

@®

. y. _
6 Jo t(y)JO s(x) {T(y)=T(x)}" 3T{(k+l)y—kx}dxdy

—
]

Integrating by parts where

u = (T0)-T00 I T (e y-lex) av = s(x)dx

x4

du =&{T(y)—T(x)}n_3t{(k+1)yhkx}{-kdX} v = S(X5

+ (=3 {T()-T(x) 4T { (k1 Y y—kx }=t (x) }dx

@

y
I, =:k Jo t(y) | S(x){T(y)—T(x)}“’3c{(k+1)y-kx}dxdy
0 A

(%)
[e ]

2 y . R ‘
* D) ) S () {T(y)=T(x) }" T { (k+1 )y=kx } t (x)dxdy
0 : '

® oy
2k jo t(y) ] S(x){T(y)—T(x)}“'3t{(k+1)y-kx}dxdy
0 , _ ;

L

+ (973)10 ()] SITY)-T() ) *T(y)t (x)dxdy .
- -0 B

-



But

(1’1":_3)J
.0

. ) y _
t(y)) S(x){T(y)-T(x)}" "%
0

T(y)t(x)dxdy

(0-3)] (S| () (T(3)-T(x)}* aydx
! 0 .

X

@©

+ (n—3)] t(x)T(x)S(x)]
0]

X

& J E()S(x) (1-T(x) )" Zdx

E{T(r)-T(x) )" *dydx

+ 17 e 0T 08 (0 (110001 P
0

52_2) J LS () 1-1(0))™

+ /eS8 (x) {1-T(x)} " 3ax
. 0 |

Therefore I_ + I+ I +Ig> ]

= £(x)S (x) {1-T(x) }" "2
"0

5 6

(n-3)

@®

Zax = | (0800 (1-T(x) 172

0

t<f5$<x>{T<x)}?'2dx

@

0

(continﬁed)

dx + | ()8 (x) (1-1(x) )" 2ax
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‘e

= ] e)S(x0) {1-T(x) )Y Bdx
0

@©

y -
+ k)] sx){T(y)-T(x))}" 3t{<k+1.)y-kx}dxdy
0 0 \

E: g; j £(x)S (x) {1-T(x) }™ 2dx - | tosx) (1-T(x)}" " %d

+ | t(0)S(x) (1-T(x) )" Ddx + —L
0

-1 B @ ' -
E:‘:—Zg j t(x)S(x){T(x)} + m jo t(x)S(x){T(x)}n dx
Therefore .
’ 1
p < (n—l)(n 2)[

(n- 1)(n-2) (n=2)

@

y .
- k) t(y)] S){T(y)-T(x))}" 3t{(k+1)y-kx}dxdy]
= O ‘ 0

== k(mD@2)] €9 SGIIT(-TO ™ e (k41 )y dxdy
. 0 S 0 . ,

Th§0rem 4.2.2: The exchangeable model with (at most) one spurious

obsérvation based on the lognormal family of distributions indexed by

shape parameter ¢ 1s outlier—resistant completely on the right.
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e
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Proof: From Theorem 4.2.1 we know that 1if

> DX - k)

LY

B P{X(n)

then, for non-negative random variables,

]

y n—-3
p<1 - k(n-1)(n-2)] t(y)] S(x){T(y)-T(x)}
: 0 .

0

where x =‘x(1)’, y = x(n—l)’ S and s are, respectively, the

distribution function and p.d.f. of a spurious observation,

71

t{(k+l)y—kx}dxdy

t -are, respectively, the distribution function and p.d.f. of a non-

spurious observation. If, for all k » 0, n > 2

family is outlier-resistant completely on the right.

"It is then sufficient to show thét -

>
@

. . y. -
(4.2.2) H = k(2-1)(n-2)] t(y)] S(x){T(y)-T(x)}"
o o

-~

’ > 0.
Y
Let <] = R'n X ] = R'n_z
1 o 2 a
dx _ dy |
dSl = X0 ' d82 = E}T

sup p < 1-then the

3t{(k+y)y—kx}dxdy

If ¢ and & respectively denote "the standardized normal p.d.£f. and

d f. then expression (4.2.2) becomes .

o

and T and

Y
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32 “‘._ , ) 052 dsl. _
k(n-l)(n—Z)j osp)]  Busy) {aCsy)-acs ) |72l e Toke ]
5'.iy
gs
-~ e dslds2
8 . as as .
. - (k+1)e 2-ke 1
) ‘ds
. 5 : 2 <I>(vs1)e =3
zk(n—1)<n-2)}3 o(s,) | 55y, {@(sz)—qxsl)}
: (k+1)e ~ke

os as,
5 2 1
n[(k+l)e “-ke "7,.
g X q,{ T }dslldsz
In this fegion, S, > 3‘, 8, 20, 8, 21+ s;+ Therefore <I>(vs1) 2 1/2
08,

for all v(i.e. for all 0’1), e 21, _

A —Q'sz L O »

@(82) = ®(s,) > 3(3) - &(2) and e >e U & e

o= = NP
) ) v ’-‘F.(;Q
Then . . ‘ I

5’ .
k(n~1)(n-2) l o} In(k+1)
2Ty {@m @(2>} 2 213‘ o(sy)0(s,+ BE )gy
]
Let u '=“-&-n%ﬂ Then u > 0 gince k > 0 and
. S,%u/2 2, 9

5 . 5 -1/2] —] —u®/4
30 ‘ 2n 3 2n -
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P (s
= & — = | #(z)dz
2 V2 Y2(3+u/2)
~u2/4 :
= — [o0/2(5+/2)) - 2(/T(3+u/2)}]
2/n
o |

Then for all k.> 0, n > 2, v = 0/01 >0, H> 0 and p = 1-H { 1 and

thgngore//éup p < 1. Thus the exchangeable model with (at most) one
spurious observation involving the lognormal fémily of distributions

indexed by shape parameter g .Ti outlier-resistant completely'on the

right. . . o
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4.3 Detection of Outliers n ¥ 4
.Case I: Scale changeﬁ , o o ; o , ‘ )
If n-l_ obSefvatiqns are from Ay, o) and'énexobservation is
from A(pl,c), u1‘¥ k¥, ‘k*é§_1 ';heﬁ S roo , CTw N
\ = 8 , | ;
- L =) ?
¥xy = 600 | ox/2m Lo L
' dF(x) . =« fn x=p 2. ‘ -
1 =) .
oxvV2n
A Coe - &
1 2 2
= exp [- — {(fn X=py)"=(in x=p)“} ] *
. 20 a : . ’
N ‘ v 'V -). '-:" p’ -p'- P
2 gy LT ‘ .
;(ul-uvgv 2 ,
;o G ® @ »
= [exp {- *‘—.'2*—} X
, 207 .
. &
Nl‘u : . 2
’ : TR -1 . .
e ' 1 ' g - 1 2 2.y
and ¥'(x) =»( 3 )xf? , exp{~ ——5-(p1-u )} . ?
. e o] / N 2a : S ‘ .
o >0 af po>y
"Thys ¥'(x) PR |
o <0 1if <

;- : 4 . : o ‘ > . o
Consequen;ly X(n)‘ has maximum probability of being the spurious.

» pbséfﬁgt;oh if By > Q; X(l)” has maximum;probability of being the :

[y

.“.



.

Case II: . Shape change»f~ﬁu;_ . o Nfﬁ”*»:“\mfﬂ‘
L ? ‘ . v - ,"._-‘; " . . N N E e ey ‘\"T‘-..,NQ‘ . .- | sy - N _,.‘. R

_— o n R A, »':,»:»-w;'._»; ?- . REE SN .
o 7 o : ., el O _ X

'; CIf n?L observations -are from A(u,d) _and ‘onie observation is

-~ < from Ay, o “),g ;= k*oz, k* >l theﬂ o

is nOt monotone in _>f-i-;v ; ,}.ff[_f\~ ) _}i' s
ConSider u(r n ) k*) = P(X( ) is the spurious observation) (i e.'
: —“f.'

-
"

A » ( ) is the order’ statistic whose distribution has parameter foij.‘
Then . ’"‘g%‘ : :3“.

. o .—"b . . R ‘,_-‘ »

v : i . . S
B - -t R o . .
By . P o . x,."’ Lk . . ) LT R
& NN A - R .

’u'g(};a;g,k*5;= (::i)Jf*{éfi;g)} {l-F(x,c)} f(y,ﬁ )dy
o TRy

s ' 'where & iiSKEhé.#fgndafd¢nétﬁafﬁdisttibnfibn fnn¢gion:;




"and setting x = y%u we have

N

u(r;n, o,k*) = (

" Now

< a(x/iF) <1

Tberefore

k>

-1y, " ‘ﬂn y; T
- (1)) [of(Bt) i)
- -0 1
2
1/ dn y-
exp - 2—( Gy u)
1 d‘y
Gl‘y/Z‘n’.

]

o

@

and lim ®(x/k*). =

kkso -

. u"f' o
'y

m

* By the dominated.convergence theorem

::i)] {®<x/ix)}r:}{l-¢xx/ii)}n;r

+ {@(xf—)}r 1{1 cis(x/k*)

©
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2
exp{- 53~} -
— dx .
Y2nw ¢
® T
1f, x.< 0 o
if x >3§ . o
;“.» -x /2‘
{1 @( /k*)}“ T2 4
\1;42ﬂ
xZp

n~t e
¥

R

et

A -

:———-a—dx}% D
e T2y '

\.g o
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¢ L]
é ' 2] —X2/2 -
. lin&u(n n, g,k*) = j e dx = 1/2 ‘
e k* >0 0 27
\ 0 e*xz/Z
1lim u(l;n,o,k*) = —_— dx = 1/2
o k* o Coome 2
S §C
»’ )qéiffor any other r = 2,... n-1
{@QXVE Y ﬁs a(x/k®)}" T 50 as k* > o |
. . : - l’«; . ) -
. 80 that, by tHQTdominated convergence theorem, - '
. ‘_" . ~ B l." n 1 _xz/z
. lim u(r;n, o,k*) = ( )] 03— dx = 0, r =2,.. n-1.
o k*"m - /21r )
5 It thus appears that the spurious'observation'tends to bccur at
either X(1) or X(ny with equal probability (apprcﬁching 1/?.;,as the
.( -

*

shape parameter of the spurious observation increases.

’
. . . 1]
- ; 1

A
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4.4 Estimation for Lognormal parameters
4.481 Standard Estimators

, If X ~ A(p,0), M.L.E.'s of p and. ¢ may be obtained from
M.L.E. of W= fn X since W ~‘N(p,02)m Thus the M.L.E.'s of u and

- g are

SRR S €

. . ‘ . i
Since p and- d% are based on complete sufficient statistics, we can |

. , ‘ L o — . oo
obtain best linear estimators I and s2 =29 and E:l-sz has

’ N ' ‘ . n-l n+1 \
minimum MSE among eetimators\of 62 of the form ksz. The BLIE _.v\

» ~2 \ ~

estimators of p and '02 are o and o =-E§T o . Asymptdtically,ﬂ

all three estimators are eqﬁivalent; However, using the'property of

~

MLE's that if Y 1is MLE of vy, g(?) is MLE of g(y), we may

obtain 'M L.E.'s of the mean and variance of the lognormal to ‘be

v

, ‘A2' N coe - e
respec;iﬁely,; e and e2utc (e 11). ; o "“, N o

To. obtain confidence bounds for parameters of the two-parameter
: , oL _

: lognormal distributions, we use '\ i - o e *iilf ..

S , v : TR o S o Lo
\
N

Gen : Lo S . Y ‘v
et SRR st :
gp L : A , e



o p=W~ N(p,cz/n).

(o8

Thus, for 02 known, a (l-a) 100%Z confidence interval (C.I.) for

is given by

797,

B

- S = [}
vtz — < ulw —_—
: /2 /I—l 1 a/2 /E
% 2 a2 . i
w, - nw :
For o unknown, B9 - izl : ~ 2 at o
° » T2 7 -1
o o : .
and i - N é
S o//n ~ o (n-1) b
and a two-sided (1-a) 100% C.I. for u 1is - .
w +bta/2 n-1df < 5-; 1—a/2 -1df <
S T T | B /”"
4402 Estimators<suggested'for use BRI ,
‘?‘CaSe I: Scale change
v %rl SRR .
: : ¢ SR *
o b I"\_ al L i o e /
Consider the estimator u =, T . -~ Under the homogeneous
; . . ‘ : v L "0'2 T | ",‘ E “io'z » "-. R
‘model,” E() = u jand"Var(ﬁ),? E—-.'“Thus-its MSE(p) = E_;;* Under .

e



the exchangealfle model with (at ﬁbst)lone possible outlier,

[V

(1

2|

Phet

and ‘ ' . -

. ’ . o 1

80

N\ )
. . _ ' . L A
We then obtain  MSE (;):--Vaf (ﬁ)‘+ {Bias"n(ﬁ)}z EE -
‘ ' het ™™ he§'= v het \ M R o
A u(k*-1),2. )
- = E*‘f.ﬁ~—j;-;;L'~. N
""! 4v .. . n’/' ’I. ' ‘ .
‘/L. [ FE
?Qd, asv kf > ?’jM$Eﬁéf(gX 7'p'i f??“§“f§:f3  S -9  f
“poor, estimator in thisfinStAQC§;‘7'9'" " T
:i" ; , ! - A‘h '.
“."l | ':'. ’( .j‘

P
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Assuming the exchangeable model with m outliers (generaliy .
!

m € 10Z of the sample size), we have n-m observations with p.d.f.

f(x;p,0) = exp -~ ——}-2— (in x—p)2 ‘and m observations with p.d.f.

xov21 20 o
f(x;ul,'.c), W 2 U Thet joint likelihood may be written as

-3

1 ‘ Sy 1 ‘ )
exp - —= } (fnx-w)flexp ~ = T (i %x,-p,)
A 7 1 7 1M
20 x, €1 207x,, €l :
1 1 Xy
L% Wy 0y, 0,1) — ; |
. . (m) i oxi/;Zn: o oxi/Zn'
' xiﬂ ) ' xieI .

()

We wish to obtain me:>7t_ L(.’E;“’“’p 0,1) where 7 1is the collection of
I .

| BB
' - >0

* [

all possible subsets of m outliers in a sample of s_i_zé ‘n. , Kale
(1974b). has shown for ¥Y(x) = ,d'G(X) monotone increasing in x

B AF (x) ; >
I = {'x(n-m+1)""’)f(n)} has maximum probability of being the set of

spurious observations. For p1'> B, ¥(x) 1is monotone increasing and

hence-
" max Lex; p, by 6,I1) = max L(x; u,ul,o.i)--
4 1] S u1>p '
u1>“ ' T o0
o0 : :

Now K(x;u,py,0,1) = fn L(z;u,ul,c.f)

1 {“i‘“‘ § 2 ‘2‘ 2
=C - —— (fn x, . =p) + (n x, . ~u)"}
26% 1=1 (1) i=n-m+l ‘"(i) 1 ;
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AR ;
; m \
-n/2 & 206" - Y mx, .
S, . i
AN i=1» .
S XK 1 nm S :
Then +— == ) (fnx ) _
op 02 =1 (1) ﬁgi
n .
oK 1 2
e S (fn x ) -
' S 02‘i=n—m+1 (1)1
P
a o '
. n-m n .o .
oK ' 2 ; 2
A O O N TN
d0d’ o i=1 ~ i=n-mt+l g
n-m Xn'x : ,
. . 1)
'and hence Mat = ) e—t

{=1 n-m

% .
In x
ﬁ o i=nrm;i (1)
1het o X
\
n-im 2 IZI . 2
(o x,, - )"+ (fn x,, -0 )
o 82 - i=1 (1) “het i=n-m+l (1) lhet
het ‘ n .

. Thus it appears .that maximum likelihood estimation suggests

trimmed means as estimators of i and p (u1>u) and a pooled
estimator, for - 2

0, that utilizes these trimmed means.
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Case II. Shdpe change
y t th
\ 2‘ In Xy
Under the homogeneous model, E(p) = E(i=1 -} = 4 and
02 . . | , ' : ~—
Var(p) = — Under the exchangeable model with at most one possible
outlier, “
e n
. , X n Xy n :
N {=] 1 n-1 1
\het(“)=E( .0 ) 1 z (n W Hﬂ) B
; v i=1
:n ) :
. izl in =1 o, - N i
and Varhet(u) = Vaxf( = ) = ;7 1:.—1 Varhet(Rn xi)

/’ - 02\(n-1+k* .
| .2 : ) g

! -n Gr 7

g

: Thus‘ M.SE'het(u) Var, (W) + (Biéshet(u)}

_ az (_n-1+k* )
———
n

] ™

. which tends to infinity as k* » =. Thus L appeéars to be a poor

estimator of .
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Since in. this instance the spurious observation tends to appear at

X(i) or at X(n), an estimator of- u based.on the A-rule, W-rule, or

n

| ‘ J ' ox
e N : N i::]_ 1
« S-rule (see Appendix I) would ‘appéar preferable to ho= m—
'Similar estimators for 02 ~appear prefegable to éz

R “fn x °
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CHAPTER V o q

. * ~ The Weibull Distribution

. We shall show that for.1, i der.v.'s the family of Weibull
distributions, indexed hy the shape parameter n, 1s outlier-prone
completely on the right. On the other hand we shall show- that the
exchangeable model based on the Weibull family of distributions indexed
by the shape parameter is outlier-resistant completely on the right
For this exchangeable model we shall‘;etermine which observation is
most likely to be the Spurious one and find asymptotic limits for these

Aprobabilities as heterogeneity increases. Also we shall examine the

i

‘problem oﬁ estimation 1in the presence oﬁ\outliers.

a ’ ‘ ’ . o . . IS s

-85-



5.1 Characteristics of the Weibull Distribution
The random variable X 'is said to have the three—parame;er

Weibull distribution if the probability density functiou of’ X s -

PR

2 =T exp-‘-(%i)”',‘ x> 1, n>0, 850, T30
£(x;8,Mm7) = " 7 | "
L -0 o S ) ., otherwise, ' ~

. ' : . T A

,glving a d.f. of F(x;0,n,7) = 1= exp{-(zgiéﬂ}e,vend hazard rate

o ‘ S ‘ _n(x-t)n-l o e BT

‘ (intensity) of h(x;e,n,r),= — In this case we write
X~WEI(9 T],T) o ,

Figure 5 1 1 illustrates the shape of the probability density

&

'.function f(x 1,n,0) ‘°for var10us values of n,‘
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The Weibull distribution has many .applications in life-testing or
- in problems where a skewed distribution is required It may be

¢

considered to beva generalization of the gamma distribution to allow
the hazard rate to\depend on a power of X. In contrast to the ‘
,fexponential distribution with constant hazard (failure) ‘Tate

h(x; 98) =,% (i.e.\ n=1), the Weibull distribution allows decreasing

hazard rates“(i.e. n < 1 implies work- hardened materials) or

\

increasing hazard rates (i e, n > 1 implies wearout) Many items,

’ 'especially nonelectronic parts, exhibit increasingmfailure ratesl '
:Leiblein and- Zelen (1956) used it to model ball bearing failures, Kao
(1959) USed it to model vacuum-tube failure. Weibull (195\> derived it .

- in the analysis of breaking strengths., Whatever the underlying ' P

L e
: distribution.for positivevrandom variables the Weibull distribution is

- one of only two possible limit laws for min(Xl,...,X ) as n > @ As ‘f

f‘such it is used to model metal fatigue breaking strength where strength

o is that at the weakest flaw (e g breaking strength of chain, ceramics,-'

uhiylumber, concrete, aircraft parts, etc ) In many applications the

‘ . location parameter T is known and without 1oss of generality we may

I

take 1= 0. .

- There exists a rel,tionship between WEI(B,n O)»and the Extreme-

_Value distribution ‘EV (E b) given by F(y) 1"exp{ SEBSZ:él}

'g—w <y < o, -o < g <:m B> 0. Ifgvx ~ wrx(e,n,o)’ then



Y = in X ~EV; (g = %n 6, -b~=ﬂ1/n). Thdsﬁthe WeibulludiSCribution

competing" with the 1ognormal distribution is similatﬂggdthe EV

vdistribution competing with the normal distribution. For .-

£ . L 22 A ‘.v S
'Y ~. EV (&,b), E(Y) - by and Var(Y) = “6b‘f:where y = L5772

*

(Euler 8 constant)

-

For knodn sHape parameter Ny we ‘may use the transformation .

'Y = Xn "to obtain Y ~ EXP(Gn) = GAM(Qn 1 0) Outliers hete may be

‘Handled” using methods for the single parameter:exponential family (see
. \ ' . B ’

-

Chapter II).
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. S. 2. Outlier-proneness of the Weibull and‘related models

1 -
. First, let ‘ug’ restrict ourselves to.the standard 9ubfamily indexed

onl b shape parameter n The probability density function is -
y Y § e

L o e T
T L k>0, >0
£(x;n) = B
o 0, otherwise L.

The corresponding distribution function (d f ) will be denoted as | {9

F(x n) and’the family:of'such distribution functions‘as F. In thﬁ§
\ e A, L SR

,model-we consider i.i.d. random variables . xi,r;;,xn with order .

statistica | X(l)_<,x(2) < .,.'< X(n)’

o | ;»»

Theorem.Sfffl “7For.. i i d. random variables the family of Weibull K

'\\ \d{\tributions is outlier-prone o the right. ‘.' . vk\"i .
ST T gl

order to proﬁefTheoremegz}l'we notﬁce thati -

) ;’”,X<1>ﬂ>;o?.; SR
>mea@y>§?)+km 0

-+ k(X

- Py 1) <1>"X<1>

e T P{X< )7 (' 1+ )" <1>)}P{X( 18 > O'X ',X<é=ix;ff'

.
o, . A ’

X4 ) > °'X<n) X -1y

"

'Y'P{ k" k(X( )Tx(fi)}'fil



- %9 thst,

%

. C . [ oo . - ; ’
. . . ‘
’ . - : o
. L ' ‘o
. : : . a

.

following Neyman and Scott (1971),

¢ \ S+ k(X(n 1y (1)) N .x‘q‘) > 0} .

/

gy 2 e ”?(n—,,l’)“}_’f Weynfm..

-

P
ERE

f .

Thus it is sufficient to prove the stronger assertion that as ﬁ.é“o;_..f1-'
(k nln) > 1 ,fi"‘;f[wf'ﬁ t ‘ R . S '

Q(k nln) =n ! F“,l(kﬁl m)f(x,n)dx ST

L : T , : S , N
',.Setting“‘u_= 1 ~e ‘k+l we obtain ’ -

QCk,nfm = n(Hy ) W1 D Pl TR
ST R0 T

7 nI‘(n)I‘{(k+n) }(1<+1)n
s I‘{n+(k+1) 8

v..,': P

It then follows that, ass n > 0 Q(k n]n) > 1 and thus P(k nln) > 1 o
-and Ul(k nfji)

Since this result holds for all k- > 0 n-> 2

‘ family of Weibull distributions is outlier-prone on, the right.



" and

-4‘.
1 s

Cossider now the exchangeable model with (at most) one outlier

v

‘~'observation. Kale (l975b) has shown that the exchangeable model

£

based On scale parameter families for}non-negative random variables

- . ~

with a possible change in scale 1s outlier-prone completeiy on. the - -_
- -

right. This weuld apply&ko the exchangeable ‘model based on_ the Weibull

distribution with possible change in the scale parameter 6."Let‘ds-

consider the other possibility - the exchangeable model involving the _’ﬂ,

Weibull distribution with possible change in the shape parameter‘ n.

‘ E

We shall show that this model is outlier-resiatant completely on the

right.;;h'g' o }:?;»a] ‘,;'n'> ;i_' " ‘
Consider the situation where n—l observations are from

v

ffiWEI(l n,O) and one observation is from WEI(I k*n,O) 0 < E; < 1 and

~ Then f(x e) As ws1(1 n,O) and f(x g) is ;WEIfl,kfn,O) ,andithe

“; the joint density of the order statistics may be wrigten as. -f_.,

o ' : . . . \'

. A T ‘n fgx ,nk ) :* - -
F(R,, (s ene,X, ()= — ¢ n! ). -—-—————47 H f(x ,n)

oy

’a griori each observation is equally 1ikely ‘to. be the spuriOus one. ';;;.'

"likelihoed may be written as _‘.; o S i e “ / S
(x,n.k*) =17 0 f(xi,e)fo: ,F,), x, >0, 0. < k* < S i
/ : S . ~r=l i#r : : // -

{(k* < 1 ‘sﬂnce e, are considering X(l) as a possible outlier) fhenaf'i'



'}g(x(l),x(n_l);x(ni)"5 ‘
Xy e Y3
o0 EEEE I TRT ¢

RN <1)'x(2>’ SRR eedR gy
T o *ay ey

;',1=-<#+%>f.r§1 h ‘x(l)'x<n 1>’x(n>’

Cfwhere T
L . ’ f(X ’ﬂl) '
" ‘x(1>’x< 1)”‘<n>> , JS ??E“?7if‘i
_ . o3 =
s i s e e
a‘m.d" Sn_3 | 8. the regi?n x( ) < x(z)i <__ . < x(n'-',z).'ﬁ{'?t(n"l,)-.-f?i

IR s Bt

‘ . '7&1; k ,ﬂ)f(x ,n)f(x n)
(1) (ne 1) (“)’
h (x(l),X( 1),X(n)) <r.“,,2.)'(n'.‘ AR

; (n—l) v B S . H -2
‘ J _ {F(x( ),n) F(x(l),n)} {F(x( 1),n) F(x( ),n)}n r

SO

?§’ﬁf :'f

fv lwhil§x», ; ; r‘,.:

m: f(xi,ﬂ)dx( ).vfdx(é%?)? -;}g:¢_‘.:
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N

by (X0 %1% ()

\

[F(i(n_l); n)'F(X(l ); 1] n-3

h

= f(x(1);“1)f(x(n-1);“)f(x(n); } (=31
and 1
grl(x(l)’x(n-l)’x(n))
< L .
P ] —3
[F(x sm)=F(x,. ;)"
. , x ) (n+1) (1)
= f(x(l):n)f(x(n;l),ﬂl)f(x(n):Tl) (n_3)!
/
(>
and : i
. T
: . -~
P E 1y R (a-1) % () w
' \
. : -3
S PR, 3 m=F(x M
. ) ] (n-1) (1)
= f(x(l),ﬂ)f(x(n_l),n)f(x(r})sgﬂl) 3} (n_3)' ; <

K
13

Letting t(y) = f{y;n) and s(y) évf(iﬁnl) we obtain again expression

(4.2.2) and, setting

o .
[}

POy > DRy = KRy b
;ﬁg;
o *(n-1) = i, 3
=/ - g(x(1 X (o1)*¥ n))dx(n)dx(l)dx(n—l)
00 (RHL)® gk gy Ly |
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X

and x and y = x(n;l) , from Theorem 4.2.1

(1

LN
w©

y _ .
1 = k(n-1)(n-2)] t(y)] S(x) {T(y)=T(x) "t {(k+1)y~kx}dxdy
2 . d

N

o
I

where S and s are, respectively, the distribution function and
probability density function of the spurious observation and T and t

are, respectively, the distrfbutidn function and.probability density

function of the non-spurious observations. o \

<

»Theorem 5.2.2: The exchangeable model with (at most) one spurious

observation based on the Weibull family of distributions indexed by.
N S .

shape parameter mn 1is outlier-resistant completely on the right.

. .

_Proof: From Theorem 4.2.1 we know that if‘

p=P{X > (k+l)X(n_1) - KXy}

(r

then, for non-negative random variables

y. o A '
t(y)] s {T(y)-T(x)}" 3¢ {(kH yy-kx }dxdy
0 0 »

p gi - k(n-1)(n-2) |

<]

where x = x(l), y.= x(n—l)’ S and s are,\respectively,‘thg
distribution function and p.d.f. of a spurious observation and T
and t are, respectively, the distribution function and p.d.f. of a

‘non-spurious observation.
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If, for all k > 0, n > 2 .sup:p < 1 then the family is outlier-
. \;:‘

s

resistant completely on the right. It is then sufficient lo\show that

- |
) @ Yy n-3 '\ -
(5.2.1) J = k(n-1)(n-2) [ t(y)] S(x){T(y)~T(x)] t{(k+l)y~kx }dxdy -
0 0 . . . A\
. \
> 0.
Now
I R
nyn_le y.’ y>.0 - "
t(y) =3 '
' ‘0 elsewhere
_ n
™ 1 — 1
Ny X e . y, x>0
s(x) =
0 elsewhere
< )
1=  ,b>0.
T(b) = §~- —
0 elsewhere
_bnl -
N 1-e >, b>0
S(b) = ,
(0 * elsewhere
Then ghe leff hand side of expression (5.2.1) becomes
o S S . 1 o= 3
(5.2.2) J = k(n=1)(n-2) e [ (1= Y{(=eT )-(1-e7X )}

ny
0 . 0

(continued) ~



.97

o e
x n{(kt1)y-kx} T Lo "L (KFL)y-kx] dxdy.

2 | _ n1, n n o~ 3
(1-e * Y{(1-e™ )=(1-e7* )}

_ M
1e y J
’ 1

s
J > k(n-1)(n-2)) ny"
S -3

i n
n{(k+1)y-kx}ni1e-[(k+1)y_kx] dxdy.

¢

Now for n >0, k>0, m >0, 3<y<5 1<x<2

(1-e_x' ) 2_(1fe—1 )y =1 - é—) 0 1independently of ™ > 0.

\

. B I I PO S S
{(1-e y )‘_ (1-e X )}n 3 _ {e X —e y }n 3 > fe 27 o 3 }n 3 >0
' b o L)yl | (1)3-2k07 (kt3) ™
(e1)y e} T = (e)y-kx} < TAFD)5%) - Takrs] > O
_ ean o gy
(DL S R s LN /
. , ; g /
‘Thereforé ‘ E . '//
“ . . " ‘, N N /
2 ‘ Ky - n . oM ‘ - n
32k (1) (ne2) 37 - Hie™? -e'3?}“ P
o ' . _ n ’
L | L ettt

>0 for all'k >0, n>2 , n, W > 0.
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Thus the exchangeable model with (at most) one spurioﬁs observation
based on the Weibull family of distributions indexed by shape parametéf

1

'n 1is outlier-resistant completely on the righ?.
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5.3 'Dgtéction of Outliérs

Cbnsider\a sitﬁation where n-1 observationg are distributgd as
WEI(l,n,O)'aﬁd one 1is ﬁistributed as WEL(l,k*n,0), 0 < k <1 and we
have the exchangeable model. If k* <1 we have exactly one spurious

*
™

. de Kkn=n —(x" | |
-observation. Then Y¥(x) = ri k*x e 18 not monotone.

Letting u(r;n,n,k*) = P(X(rj "is the spurious‘bbservétion), we have

o . B - k*n .
A -1 - -1 - - k*n-1 -
u(r;n, n,k*) = (:_1)] (1-e X ) (e * Y e T e ™ ax
; c0
Lo k*n
and, setting y = e X ', we obtain
- o ‘n41' L - =(2n i/y)l/k* f;I —kln 1/y)l/k* n-r, .
u(rsn,k*) = (7)) (1-e7U7 007 )T (e )" dy

. v e SR v g
- which 1s independent of .M. Therefore, without loss of generality

(w.l.0.8.), we may take T = 1/k*, giving

1/k*
-x

A-°°;‘ | l/k* g )n-_r-e-x

-X )r—l(e

aGmnn = (1) ax

r 1. 0

and in pdrticulér
‘°°‘  1/k*
-x

u(izn,kty = | (e )FL7X
00

dx

s
Vi



® . *
! A 1y
= ——-——,—-vk* e e dv
(n=1)"7 0 v .
1 ' 1
= -’—-—TL(U =v1/k*, p = —‘k*,)
(n-1) (n-1) A
. . . \
. ® _Qk —pv SR _.u
where L(u,p).= | e e PVav is the Laplace transform of e v
.0 R :
(Re u > 0). 3 | :
o - -xl/k* n-1 -x
- Now - u(l;n,k*) = j (e' ) e Tdx e 0>l

i ' T N
o ) Tl *
RGO CR I
§ £
m=0 0
1/kc*

and setting t = (n~1)x1 . we obtain

o
| =y et ki¥§+1)51
Coumksy = ) D e ke B
' r« S m=0 ™ =0 (n-l)k*(m¥fffl -
.7 DU TcmA))
~m§o-- ! (n-1)F (@) n2l
S '(-1)ﬁr{k*(§+1)+1}1f‘-' R
(5-3-1) . = 2 — - - ., n >1
| =0 (m+l)!(n-D)"(F) 2

For computational'accuracy to the thiid decimal piace,

we would rquire"‘
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. . o b . * '
q terms where q 1is chosén such that T{k*(qt1)+1}
0 . (q+1)!(n-1)

(Apostoi 1964). For fixed n, as k* + = (heterogeneity increases) gq-

e (arTy < 0-0005.
increaseé; as k* » 1 (heterogeneity decreases) q decreases.

Table 5.3.1. shbws.Aq values fofisome ‘selected (n,k*) values.

Table 5.3.1  Number of terms required to, calculate u(l;n,k*)

/

accurate to third déciﬁal

- : " Sample size n
. 0 5 10 20 50
" Coeffictent 174 |5~ 5 . & &
of spuriosi%j 1/2 5. 4 3 37 ; _ - ‘,%
h . 0 . ‘ ) ) . .
ok efs 332
“ 1 |5 3 2 1 ;

We can also deVelop'a recﬁrsive formula fdr“«u(r;n,k*a in term8—of'
,u(l;j,k*),-j‘\ﬁ_n.v'From EQuation,5.3.15we haye

B » .

 §  <—1)mr{k*(m+1)+1}v
- i (ar)

u(lin,k*) = n >l
c s om=0 (wtl)!(n-1) .

aﬁd? fOr:;hélcase 0f~‘n =’libwe‘méy defigé u(l;i,kf)~$ 1.  Fotlthé
" s e

S

 special case of r = n- . we may write © =~ =

SR S e .-xl/k* n-1 e ‘ R
o ammen = ) e ) R,
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t . eon-l R Y L
S 1L T e e
‘n~-1 ® 1/k* _
=1 + jX1 (n?]l)(ﬂ)_jf(') e-ij e Xix
. "n-1 - © _ m @ - l/k*
=1+ ] (njl)(‘l)“_j ) %——J x"e jx dx
j=1 w0 0
n-1 _ - ® m. * N ,
ST (et 7 DT i)
‘ o1 3 by Y (@)
' n-1 _ N w m. *
=1+ J ("Yend g (-1)" D{k*(m+1)+1)
ge1a m=0 ()t k¥ (i) o
‘ “on—l' . :
=1+ I (MDA e
. j=1 . .
' ]
ol 'n;l- ”j | '
= .ZO ( 5 )(—1) u(l; 3+1,k*) where u(l;1,k*) = 1 by
J=v- . , .
definition. L
.For" r = .2',3,..‘. ,n-1 :
. S = | _'  m"‘~,___f~1:/k*‘__ .
- _u(r;n,k*‘) -_-(:_]i)go (rjl-)(_1)~jjd (e x ‘)n ?+jé X ix
B N RV
=T (Pent p o e gy
3=0 . m=0 T 0. -

<

LN
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-

- r-1 _ B ™ ‘; o - .
G G ISP Gl UG 12 Ve Y

1]

=10 n=0 (m+1‘)!(q—r+j)k’*(m+1)
r-1 _
= (D T CDEDdmeregi eny
j=0 :
~
Thus we max_yfite
. s Ea .
(—l)mf{k*(m+l)+1} | for r‘= 1, n> E ."fg/
m=0 (m+1)!(n-1)<*(mFL) T s
. s -
u(r;n,k*) = 1 if o« =1, n=1
1,5 -1 | |
"(2i1) Lo j )('l)ju(l;n—r+j+1,k*) forr =2,...,n °
"7 3=0 S |
0. 'othérwise_ )
a

(See Appendix IV). Consider now

3

- lim u(rjnjk*) =
4o k*l

_ Thus we find that
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lim u(r;n,k*) = , o |
* : . R - 4
k*>1 ) | (1-e Xy T 1e x(n_r+1)dx ,E = 2,001

» otherwise

. s BN
=<~ -4 . ) ) v ) |
F(r)F(n—r+1) . o
. -
\O SR othérwise ’ ' , S
- . . ERREE .%

I

The interpretation of this result is that és K* > I (k* =1 is the

1

‘case of homogeneous data), the heterogeneity ‘of the data is decreasing’

and. the probability of any order statistic being Spurious approaches
“1/n, 1. e.;all equally likely.

, Now*consider lim u(r n k*) ‘We.have-
: - k*»0 '

oo ldm u(r n k*) = : SR '
c k*+0 : .xl/k* _1;, 1/k* n—f-*x ~
' (1= )?; (e»_ ) e dx

.,h‘otherwise3,-
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lim u(1;n,k* ) lim | (e
K*0 kka0 0

- ® 7 a o
14 -1)" - m -x" o
o = o7 N

(- 1)“’r{k*(m+1>} |
‘ k*fO m=0 m'l——'(n 1)k (mr+1)

‘, n>1l 4

(41)mk*(¢+1)r{k*(m+1)} _ o
ic* @D e j.-\\

1im
“k*+0 m=0 (m+l)'(n 1)

(- 1)mr{k*(m+1)¥1}
k* (m+1)

'lim X‘
k*+0 ‘m=0 (m+1)'(n—1)

N
B “.'

[

B s e

"{fagbl —‘yl ; .63 .
o e

- For r=n .

» . AU l/k* T
lim u(n n k*) = lin' | (1-e ) e Tax S
k*ao k20 0T T SR
limFE(j)(w( e Tax,
'\ k¥>0 0 j=0 7. L - R



A

'}

; lim )

ka0 j.='11

i
P e N
&~ 1
—

--,-ﬁ;1 :"_' s
".%9§'Z.j(#3¥)(—;13_7‘(“

: _ .ﬁ—i _ ' .l/k* f
= lim X (n 1)( l)j / e_—jx T .
k*0 3=0 A o

| o trrlks“',:‘_‘rlt . ™ '
1 [ (TNend ) e s
ka0 gal T R

0

. x.

1/k*
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&

0.
B

(utl)!

; //‘

Loy e

" . o
’ (™ )( l)j[ Z 1) I‘{k*(m+1)+1}
E m=0 (m+1)'j

eI <_1>__£§_ﬂ_>} fi

k* (m+1)

(#}.-1."_)(('1')3_(14 kS f j+-‘1 a

X
e.

dx

+ 1

o J1)° $ L1
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o AN
® 1/k* .r~1 1/k* n-r f
L -X =X . -X

dx

[]
=
[ Y
—
=]
I
-
f—
—
N
Pb
|
[¢]
m®

 1dm u(r;n,k*)
kx>0 k*-0 0

n—]_ @ r— . . 1 /k* J+ﬂ- ‘ i
: -1 _—
() JO ZO (‘ D™ )T e

1
= .
Heoooo
B
FammnY

. 1 ‘
n (7)) 1 _(r 1)(—1>j

1]
\ [l
N - H

. { 7 D] Dok (mil)} }
w=0 . m' |—|(j+n r)k (m+1) A ‘

b

Gl (j)< ) n{z 1) ety } |

Ty 3T T soles (m+1)! (o) (D)

ey "}(’;iif'z"ii 5 )él 1> 11 & P bt :

j=0

v

APIPR ¢ SR

"; ‘ '; ~; = r;i?‘;i LT
c e T o]
: ~v,_Jv=,=0v e

i ‘7’:_(“‘1)-<v1-'1 Hewy
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Thus, as k* > 0 (i.e. one observation with Weibull shape parameter

1im u(r;n,k*) = -

k*-0 —
////’ \

i,

O =

a

b

nuch smaller.than the rest), we have

otherwise

&

In this situation, heterogeneity is more evident and the probability

that the fi:sﬁ order statistic is, spurious approaches 1 —‘%3= .63, the

probabilit§ that the last order statistic is spurioué approaches

'le= .37, and the probabilityvfhat any other statistic is spurious
e ,

approaches zero.
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5.4 Estimation for Weibull pafameters
5.4.1 ,Standardlﬁstimators

Complete sufficient statistics do not exist for the Weibull |
distributionf Much of the estimation for the Weibull distribution
falls into one of ;hree categories: ’ s
i? i) For M.L.E's, the distributional ‘results are not
mathematically tractable hence Monte Carlo simulgtion is needed to
tabulate percentage points. While the M.L.E.'s have optimality

properties as ‘n increases, they are not in closed form and require

computer solution to obtain

-

.
n A~
. Y Xtn x §ox]
‘ . (=1 i i p n ~1 . 1=1 i
3 n= { : -=— 7 wmx, ¢} and 8" = .
‘ n n o i n
Ny 5‘ XT} i=1
Wy ) i
11 J
2

For n > 100, n is asymptotically N(n, iéggﬂ—) [see gohen’(l965) and

?

Harter and Moore (1965)]. Inference procedures based on M.L.E.'s

~ »

and 7 Rn(gJ [see Thoman, Bain and

33>

depend on pivotal quantities

Antle (1970)]. ’
1i) Best Linear Estimators have properties similar to M.L.E.'s.
Mann and Fertig (1973) considered BLIE for the parametef b of EVI.

J r - . -
The BLIE BLIE = 121 éi,r,n X(i) is_a'linear functipn of the. BLUE and

e~
(e}

? .
a maximal invariant since {r.n = 0. (r is the size of the
) LI .

i=1
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~

bBLIE

b
and E. Ménn and Feftig (1977) also took Hassanein's (1972)

‘censored sample). The distribution of is indepenaent of b

~

asymptotically unbiased optiﬁum estimators b, = z b, ., X ,
- k {=1 i,k (ni)

.ni = [Yi kn] + 1 and obtained, for small samples, the unbiased
, .

) b
bt = X
bk,n
b 3 ] v_(0,1 g 2b* )2

where bk,n = E[izl bi;kz(ni) g where Zi ~ E I( ,1) and =— ~ X2/c
and the BLIE b#* - where ¢ = Var(gi)

BLIE e, k,n b /.

’

111) Simple estimators; such as good linear unbiased estimators
(GLUE's) and modified GLUE'S; are identical to BLUE's if r - 2 and
similar but not identical 1f r > 2, where r 1is the size of the
censored sample.” They are essentially equivélent to M.L.E.'s for
censored sampling but are élighfly less efficient for the complete

samble case. Bain (1973) suggested using the approximate BLUE

r ‘ r-1

) 12]_ IY(i)'Y(r)l (:"1)}'(1.) - ile.y(i)
b = = —
B nk . nk '
r,n r,n
-1 ,

[]

where Yy~ EVI(E,b)v and kr { arg'

: 1
0 - E'E{LX (wi-wr)} -Wwhere w

i=1
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A~

B 2
the order sta;istics of EVI(O,I). Then 2r1k1_’n T X23kr ndf (if
, .
: S nkr n-l ‘ R :
— 14
_r/n < 1/2) and nB HE;—;F; is approximately unbiased for n. For
2

~

complé;e samples (i.e. r = n) , bB has zero asymptotic relative

"efficiency. -
r .
L el
Englehardt and Bain (1973) suggested bS = T as an
: s,r,n - .

improvement where

4 /
R.n 2<n L1 and r > .9n
n-1 16 < n < 24
s = '
[-892n] +1, 225
e ", r< .o . ,
boe .
d h—~ Y where h = 2 .
an b h df 0 B
Var (b—-)

H

For ﬁ-? 0 (very heavy censoring) as n > @ . 53 and M.L.E. B

appear to agree. Compéred to b has relative efficiency ranging

B "
from 1 (n=2) to 0.82 (n=25):

(=
4]

Mann and Fertig (1975) converted Bain's estimétor to an’

' S 2 o . .

approximate BLIE. For n > 20, ~ % where '
: - 2 2/%  _df.
l‘,n . r,n e
r : ' .
. _121 ¥(sy 7 (1) . b, -
bs = TR . »and‘approximate BLIE .bMFf= T where
s,r,n r,n
‘ o»
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%' Ss 1 ) ~ 1r nb2
= o T et . = bl .
lr,n Var(b ) . Then MSE(bMF) 50 For heavy
' “s,r,n r,n
censoring (r << n), . bMF is closer to bMLE then -bs.
In terms of the Weilbull shape parameter m, af = a(t;fj is
o byp
. h-Z » 1 AR \
unbiased for n if a = w7 and dn = d(:f—) has minimum MSE 1if
' b
MF

A 4

h-4 h+2

‘ 2
d = —5 where —— =1+ 2 (1.e. h = ).
h T,n - Var Bs7bi

Englehardt and Bain (1977a) proposed, as a new simple unbiased .

=

~

estimator for complete samples to replqgé bs,

( LYyt ] y(i->>

i=s+l

EB T nk
_ n

.

where s = [qn], 0 <q <1 1s chosen to minimize the asymptotic

~ variance of BEB. This results in

s*= [.84n]
and
- EE - Euce
kK =E[- ] w,  += /n, w, ~EV(0,1)
n 1=1 (i} n-s i=s+1 (i) i = -
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and ¥ is‘Euler's‘cbnstant. Then

{2

s S ST

begy Vst e T

n Var( ) =
b (n-s)k>
. » 7 s n : n o, nnz
where VS = Va;(izl w(i)), US+1 = Var(i=§+1 w(})), Va;(izl w(i)) =
| | | . - bep
To obtain an approximate BLIE (or MLE) we may use. bEB = ——
14+Var (T)

Three other simple estimators have been_guggested., Menon (1963) -

used the transformation Z = ln(%ﬂn where X ~ WEI(8,n,0) and
. : »2 _

_ . 6s 1/2 A
;gn X ~EV (E,b). He suggesFed by = Q—f?}%i) ‘and by = A 8
- n X s . Y
= i:l;————i-+ YBM . Then ﬁMN = %;‘~ N(anLJ%%LJ- ahd béMN = egM
o 1.2b20% o I
~ N(8, ——er——). Dubey (1967).sugggsted es;imating n by using.

percentiles. -Based upon two percentiles;

 ma{-ta(l-p)))-n{-t(1-p,))

S T T ——
, _ Ty ,

2

 where p1.= 17% and p, = 97% ninimize Var(ﬁD)vand

x, . if np ‘is an integer = - |

ya\\{(‘np),“‘p e o 2
x[ﬁp]+1 if np is not ap integer- -

AN

%
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Asymptotically ﬁD ~ N(h,

nz(.91627479))
N n )

Murthy and Swartz (1975) used an approach similarnﬁo Dubey but used the

EV. - distribution and obtéined an estimator of b based upon two. order

statistics

szbé‘{ln T(j) - Xﬁ T(l)} B(N,X,j)

~ | W T, - T o |
wheté B(N, %, 1) = iﬁ and = Y = — (ng‘ (2 . .This is MVUE and

" has relative efficiency w.r.t. the Cramer-Rao lower bound’ {CRLB)
approadhingv 70%Z. The foliowing:Table_5.4.1_31Ves the optimum values

for . and L.
Table 5.4.1

1

Optimal Order\Statistics for Murdngﬁartz EstiméE6f of b = =
N TR ENE AR o
2&ng¢s L m !

6 <n <10 n 2
Jur<n<ie n 3
' 17 <n £ 23 n 4
N 24. < 'n £ 26 n 5

5:4.2} Estimators suggéstedifor'use. :
~ Under the'exchangea$ie model with a shape,change;,we‘ass&mef‘nQI

RS



* observations are governed by f(x;6,n) =

115

1 n

» ’ E__ exp{-(X) }, x> o0,

oN

@ %

7,6 > 0 and one observation is governed by f(x;6,k*n), 0 < k* < 1.

‘ . .
If 00< k* < 1, we have exactly one spurious observation. We are
' 1
1 ©ase, b = ?P.

From Table 5.4.1, for 2 < n <26, the optimal form of the

interested in estimating n (or in the EV

" Murthy-Swartz estimator uses the ldrgest order statistic. Dubey's

‘estimator involves one or both ofégﬂe smallest and iargest'order

statistics f6r 2 < n 5_33;, Also Bs’ 2 {n <15, BB and BEB all

_involve these’ two highly sﬁSpect values. Menon's estimator

o - 02 o
v MSE(bMN) = Var(bMN) + {Bias(bMN :

X : | , . - :
under the homogeneous model. -However, with the above exchangeable

. -

model,
o
0 V3 {Wx + bo(;)} [see ‘Cramer' (19\46),,‘ 2-7f7,"1]

o~



'Taking 1im MSE,

‘5

) we might consider

116

and as k* » 0, blas »> =.

: _ A - » 2
Also MSEhet(bMN) = Varhet(bMN) + {Bias(bMN)} and

- 6 MM L : ‘
(b = ——-——-+'0(—?)}x [see Cramer (1946), 27.7.2]

1

2 4 WM = 4(2.404)y(n-1+ -—)(n-1+ k*)
=6 |3 {.’L( k*,)+ , k*
,ﬂz 2ﬂ2\ 15 n - < a?
1.2
“ZY (nt —p) (-1t ) e =2 T (ne1+ 12
+ k* C_ _ . k* } .
'_' . n3 o vna, o ‘ 36n2

(see Appendix V)

- (b ), wé find MSE(B) > = as ke '+no.* Thus
k*0 -

'this estimation technique seems poor if an outlier is present.. Also

n % w0uld be strongly affected by the presence of an Outlier
n ¢

. occurring: at (1) or at ’ (n) and these are precisely’the values.

wherel‘u(r'n k*)"is largeSt‘as ok* + 0. We might obtain a more robust

‘ estimator by using trimming, winsorization or semi-winsorization.' Tpus

-



; 68; 1/2 .
(1) bRw = (-;7)“ and £ =
4 ) 652172
1) beg =-("'§) and Lpg =
Y = b= L f =
where Yi‘- An Xi sy b - ,’E In 6
are as defined in Appendix I and vy

~

Hg

“w + YbRw

+ YbRS
and ~r2 ~2 A2

i3 Euler's constant.

ar % 9 o ﬁA%

117

~

Mg and Ho

(N
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We could seek M.L.E's of 6 and 1 under the exchangeable model
/
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‘Appendix I: The A-, W-, and S-Rules and Premium/Protection.

We adopt the following notation:
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* Anscombe's Rule (A-Rule):

.§ ' if Iz(n)l < Cs ’and Iz(l){ < Cs
ny = §(1) 1f 12(1)| > Cs,‘and' |z<1)| > lz( )l B
y(n) 1f lz(n)t Z_‘CS ‘;«md‘- Iz(n)'> lz(l)]
» DszA :%fvz%1> { 332- and Z%h).< K52 ’
N - L2 2. 2
2 2 2 > Kg -and z >z,
"GA = :‘.Ds(l) ?fw z(l)'f- B (L .~(n)
2 . 2 L2 22
PS(ny . 2(qy 2K and 2y 22,

(m) =
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Wiﬁsorization {(W-Rule):
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v 12(1)| < Cs and, [z(n)] < Cs
Ty = Y(2.1) if lz(l)l > Cs and [z(l)] > Iz(n)l
Wat,ny ¥ 12yl 20 vand 2y [ > 2y,
Dszt if  Z%l) < Ks2 and Z%n) é K52
2 2 2 ' 2 2 2 2
cw = D.max{s(z’l), S(n,l)] 1f. z(1> 2 Ks and z(l) > z(n)
: 2 2 2 2 2
D max[s(l’n), S(n—l,n)] if ;z(n) ZﬂKs and ?(n) > z(l)
Semi-Winsorization (S—Rulé);
¢ —
y. if Iz(l)l < Cs and |z )I < Cs
. (n- l)y(1)+(y CS) :
Bo = 4 —3 if 'z(l)l'z Cs and lz(l)l > h(n)l
(n=1)y , H(F+Cs) oo | -
\ — if lzgn)l > Cs and lz(n)l > lz(1>| .
_( s’ 1f z%l) < ks® and z%n) < Ke?
o = _DT {(n 2)s<1) +.Ks»‘}, if z%})jz Ks? and z%l) > z?ﬁ)
11_ {(n= 2)3( ) +, ks?) 1E 22 S Ks® and z%n) > 2%1) '

“(n) = -



131

If we adopt the prémium‘protection approach suggested by Anscomb

o

e
(1960) we define

Premi . MSE(new estimator)-MSE(old estimator)
_ emium MSE(old estimator)

. 1
assuming homogeneous data

and

Protection = MSE(0ld estimator)-MSE(new estimator)
otection MSE(old estimator)

assuming spurious values(s) are present.

ﬂ:m
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"Appendix II: -Asymptotic approximation for F(§+l)

| | S -u v .

Consider T(wvtl) = [ e "u du. Setting u = vt, du = vdt and
o - - ‘

T(v+l) = | e "eve) Vvt = vv+lj o V(~t+in t)dt.
0 0

of the form | 0(t)th(t)dt" where v 'is-a large positive .constant
0 » . : : - \ o
: i

and J(f) and h(t) are real and continuous in [0,®). "Now
h(t) = -t + 0.t which has a single maximum at t =1 with

h'(1) =0, h"(1) = -1. Applying theﬁiﬁplace approximation to the two

intervals 0 <t <1 and 1 Lt (= we obtain the following:

© ' . \ 1 - : ® _
| ev( ?jln t)dt = ev( t+4n t)dt + e‘v( t

0 éée 0 1 .

Since h(t) has a maximum at t = 1, the main contributios\q\-to.,;gs‘_ftwoi
integrals on the right occur 1in the neighborhood of t = 1. \we may

I T ¢ l-¢ ' 1 o ' :
. - —-t+ : . - .
rewrite | ev( t+in t)dr: = | ev( t_xnt)dt + ev( t+in t)dt - and
‘ 0 _ 0 y 1-¢ :
7 V(-t+in t) 1+6 v(-t+n t) . ® v(-t+2n t)
] e’ Tlde = e ' dt + [ e -
1 C 1 o 1+6 . ’
x2 = h(l) - h(t), 2xdx = -h'(t)dt and expanding h(tL,'inwa Taylor's
Sertes, h(t) = h(1) + h'(1)(t-1) + h"(8) LR 1 ¢ g ¢ 14, we-

\ :
dt. Setting

2!

(t-1)2

obtain x° = h(1) - h(ti= -h"(E) ° >—— and e

L 132-

This last iﬁtegral s
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" Now

kThus

C 146 S
-t+
N o V(ttin t)dt_= |

t=1

"1 h'(t) = " (E)(E-1) .

~

2 2\/7*‘"(5’ -

YO hCE(E-1)

T
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latter integral occurs in the neighborhood of x = 0_.v Thus -

B Y. R
J e V(TtHn t)c'lt:\".f e T [ e ¥ dx
1 - 0.

| /[ T - S N
: ’ , o .o o o

"Similarly we can show. | e\-’(' t ,Qn t:)dt: = e__“v L
v 1-g . R B R

o L o
V+1U .. ev(-—t+ln. t‘) d.t + J e ,V(-t+ln‘t')id_t},- ’

I R

]
<

T(v+l)

P

™
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- Appendix III: Evaluation of j ¢(x)®(vx)dx.

-~=CD

Theorem: | ¢(g)®(vx)dx = 1/2.

-0

Proof: . Let’ £(v) = | ¢(g)¢(§g)qx;
Then_f'(vj = | ¢(x)§(vx)xdx 
*l/Z(x2+v2x2)

._l_

© /2n :
v oy : X 2
S 1 Syt T )
o Ju — e - : oxdx
'~*372n1{1¥v2'—0 3/2ﬂ. '

I -.

- r'.‘ﬁl I'—' 8

~ and Settingﬂfu!é lefy?-ye;dbtéih»‘r

o Tﬁenv f(N)‘- ¢ for all v. B . e :  Ly P“,7Tif

:'“:In pafticﬁ1ér;;if v = 1;"\" L e o f:g:;;.

N

= S e 5ex)2
= f(l) =c = | ¢(x)<I>(x)dx =-_®_(§) ke

- .

= ,’Ihus_'f(G)EQ’l/z'fog'aii o SRR
-;yr\-_,T o e
teen ] ,¢<x>¢(g§5dx = 1/2. e

R L



Appendix IV

Tables of u(i;n,k*) = P( is spurious in a sample of nlk*)

L)

where the exchangeable model of Weibulls with at most one outlier

(involving shape'change) is assumed.

™

"]?36‘ . @
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Appendix v Evaluation of moments of EVI(E,b)
. By definition, for p > 0

bpy = DR
‘ () T'(p) '

But, for any positive integer k

I'(k)(‘l)) = j xpfl'exp(-x)(ﬂn x)kdx'
o 0 ST

- and v ; S : .
. . - , ‘ . <

P(k)(i) = k1 = | (,anx‘)e-X dx .
o KA

In general, define )\i = j (ﬂn‘ x)ie—x dx. In particulaf }\1 = 1—1<1)(1)
' SRR F 0 , B B

= -y = =.5772. From Jahnke (1960) (p. 12)

L 105 S s S
o L k=0 (24k)

‘and, by differéﬁtiating 8 ccéssivéiy éﬁd settiﬁg;'2>=.1;

S T e
o) = D Nertgen), vhere g0 18 Riemann's zeta function. =

1

Using values of ~C(k) [Jahnke (1960, p. 37)], we have
| SR -

! - B
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‘Under the homogeneoué,model, we obtain v - e ‘

LS

A

. . - 'E_' 2, 20
b, = E[nX — E(n X)] - b (*2 A -
; S

3

R PR 3. ;'; o
Cny T BTN = <2,4036D
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b, 2kl
= 6Oy 3N) = 16461198
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R

Ty

J(seev{Menon (1963)]. ’Héfefv
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R

= 235601,

S : 'Hovevef,;hnder_thé exChéﬁgeablévmodei’ usihgv‘Y‘= £n xy

e = Tl - 1

b

o ?FhetKY.) ="n6nn{“"'lA+ ——"}7+.Lj¥ (n _[1 ¥ —~)}":

9 B o o . A [N IR e
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3, (2)(1) . l_(k*)a (2)(1) |

t

o3 ;
Epee (¥ ( b)*

o ﬁﬁan¥%in_l;J;}
‘0_ ‘. - , n"", R k*3'

L Ehet(Y‘)~#'§__<b )¢‘3)<1> + ( )4 (3’<1)

',- (3)(1)(b ){ .+_l_}." S ‘-";a‘;@g
e N

wHere Ev(Yr) .v‘= —b ¢(r)(1) [see Pafél et al (1976)]
homogeneous e L e EE
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\ N

Program A was used’to compute u(:,n k*) for the Weibull

distribution using the recﬁnsive formula from Chapter V~3 103.ﬂt

e

Extended precision Fortran was used to per?%rm the calcuxations.
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”fC=f7k? B L |
X FwRITE(é 200) ~ ST A T

: o

o Program A

: IMPLICIT LOGICAL*l (A-z) S
- "DIMENSION U(50,50),, EFUN(SOI) UBAR (50)
- 'REAL*16 U, :EFUN; UBAR,\SUM
”]INTEGER I J, N, RO

.- . e B

200 FORHAT(' Enter K (with dec;mal poxnt) and N

1 : (Bﬂéeger)_/ each followed by a comma")

READ(5 100) K, .N

* 100,  FORMAT (F7.5, 12)

" WRITE(7, 201) K, N ‘._
201 FORMAT( 1K = ' F7 5 /' N =" 12 / 0 )

C INITIALIZATIONS P

D0 300 1= 1, N
DO 301 J-1 N R T
U@, = o, OQO T e
3Q1'] CONTINUE R R
€ONTINUE

S YINCR = (1 Qo/soo QO) , S
DO 302 I=1,501. PR (R
Y = QFLOAT(I- 1)*YINCR BN
CIF (Y .GT. 1. Q-3o) GO- TO 3021
EFUN(I) = o oqo S L ,ﬂ,a"»;;
. 66 10302 N ORI

1 EFUNGD - QEXP( (ous(owcu QO/Y)))*’*(I Qo/x))

CONTINUE :

'CALCULATE VALUES OF U-BAR (FIRST COLUNN OF U)
USE SIMPSON'S (1/3) RULE .FOR. THE INTEGRATION
DO 310 R=I;N . o

- IF (EFUN(I) 1 Q 70) EFUN(I) - 1 Q 70
_SUM = EFUN(I)**(R 1) .
DO 311 J=1,249 - e SR
- IF. (EFUN(Z*J) LT 1 Q- 70) EFUN(Z*J) -\1 Q- 70

IFo(EFUN(Z*J+1) /LT." 1.Q-70): EFUN(2*1+1) - L Q 70 ‘;g"

-SUM = SUM + 4. QO*EFUN(Z*J)**(R 1

slui' ‘ o, QO*EFUN(2*J+1)**(R 1)
311 CONTINUE SO

SUM = SUM + 4, QO*EFUN(500)**(R 1) +. EFUN(SOI)**(R~

UBAR(R) = SUM* (. 002Q0/3 QO)
310 CONTINUE L
C . '<.> . ,-‘! .
¢ SET 1sT conuNN 0F U EQUAL 0. HBAR
pO3IS T=UN
U@, - UBAR(I)
315 coNTINUE

K, C, Y, YINCGR

’

1),-77"
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250« FORMAT(14( o', F8 5)/ 3(3x 14(1x F8. 5)/)/)

C

' DO 320 I'2 N

| 3ézﬁfL*

321

320,

S

300

CoSTOP . o g ,<f.,.,_

- END ol

 'SUBROUTINE COMB(I J c)‘

- -IMPLICIT REAL*16 (A—H K, 0- z)
-,ZREAL*16 K(15) L

”CONTINUE

NRITE(7 250) U(1 1)

- C CALCULATE THELREST OF U AND WRITE IT OUT
. C : .

PO 321 R=2,1°
'SUM = 0.Q0
DO 322 J=1,R
" CALL COMB(R 1,3-1, c)

'u CONTINUE.
‘CALL COMB(I 1,R-1 c)
U(I ‘R) = c*sun o
CONTINUE '

WRITE(7,250) (U (I, R, R1, I)Lf"

CONTINUE

‘“ff5no 300 1R=1,15

. K(K) = 0 QO

-§

.LSTOP - MINO(I J, J)

ﬂ¢fL-1 :.,ut

j N-QFLOAT(L) |
_ PD=QFLOAT (L),

”’:f?f331017

.j/

~ PD=AYD
o M=ISL*L
*WQA-QFkOAT(M)

- IF. (LSTOR, .LE: 0) GO TO 3999‘,95;“ e
DO. 3000 L=1, LSTOP” S

'A-QFLOAT(L)b

 PN=AEN :
.1no 3001 1R=1,15

R(IR) = K(IK)+1 ﬁéufj}jiiif’;

- CONTINUE - B

CIF (R(1) NE 2 QO) GO TO 3101
FACT=2.Q0 :
Ph=BN/FACT - o
" PD=PD/FACT -~ " -,

| K(l) = 0. Q- R

" CONTINUE s Lo

IF(K(2): NE 3 QO) GO 10 3102
FACT=3.Q0 _
PN-PN/FACT
. PD=PD/FACT -
K(Z) = 0. QO

SUM~= SUM + C*(( 1)**(J 1))*UBAR(I R+J)i_‘a..

“190 .. .
A
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3102 * CONTINUE |
‘ IF (K(3) .NE. 5.Q0)
FACT=5.Q0
PN=PN/FACT .
PD=PD/FACT !
K(@3) = 0.Q0 . g :
3103  CONTINUE 3! A
_ IF (K(4) .NE. 7.Q0) GOVTO 3104
FACT=7.Q0 : ‘
PN=PN/FACT
PD=PR/FACT !
K(4) = 0.Q0 . d
3104 - CONTINUE * | N
IF (R(5) .NE. 11.Q0) GO TO 3105 ‘
- FACT=11.Q0 . \ .
PN=PN/FACT ‘ L .
PD=PD/FACT : .
, K(5) = 0.Q0
3105 CONTINUE :
IF (K(6) .NE. 13.Q0) GO TO 3}p6
FACT=13.Q0 /'\
PN=PN/FACT : . (w/ -
- PD=PD/FACT
K(6), = 0.Q0 ~—
3106 .CONTINUE , -~
© ,IF (R(?) .NE. 17.Q0) GO TO 3107
FACT=17.Q0
PN=PN/FACT -
PD=PD/FACT . ’
K(7) = 0.Q0
3107 CONTINUE
IF (R(8) .NE. 19.Q0) GO TO 3108
FACT=19.Q0 oo .
" PN=PN/FACT ' ,
PD=PD/FACT " . e
K(8) = 0.Q0 .
3108  CONTINUE :
‘ IF ¢R(9) .NE. 23,Q0) GO TO 3109
+  FACT=23.Q0 .
PN=PN/FACT s
PD=PD/FACT -
K(9) = 0.Q0 )
3109 CONTINUE - } .
IF (K(10) .NE. 29.Q0) GO TO 3110
FACT=29.Q0 &
.PN=PN/FACT & .
PD=PD/FACT ~
K(10) = 0.Q0 -

GO nq'3103



3110 CONTINUE : : :
IF (K(11) .NE. 31.Q0) GO TO.3111
. FACT=31.Q0
PN=PN/FACT
PD=PD/FACT
K(11) = 0.Q0"
3111  CONTINUE
IF (X(12) .NE. 37.Q0) GO TO 3112
FACT=37.Q0 '
PN=PN/FACT
PD=PD/FACT
- K(12) = 0.Q0
3112  CONTINUE

~ IF (K(13) .NE. 41.Q0) GO TO 3113

FACT=41.QQ
PN=PN/FACT
- PD=PD/FACT
~ K(13) = 0.Q0
3113 CONTINUE A
IF (K(14) .NE. 43.Q0) GO TO.311l4
FACT=43.Q0
PN=PN/FACT ®
* PD=PD{FACT
K(14) = 0.Q0
3114 CONTINUE
IF (K(15) .NE. 47.Q0) GO TO 3115
FACT=47.Q0
PN=PN/FACT
PD=PD/FACT
K(15) = 0.Q0
3115 CONTINUE
3000 CONTINUE
3999 CONTINUE '
C=PN/PD
RETURN
END

4
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Program B wal ﬁsed to generate 25 random samples each of size 5
with one outlier starting from a uniform (0,1) distributi%ﬁ\ The
samples of Weibulls are printed out as X s and transformed&to W's

‘samples of EV. , by a n transformation. For each sampie' w and

I

.82 are computed. Also for each sample the smallest observation is
replaced by the second smallest an&\by the ‘largest and the new means

- = . 2 2 | |

w(2,1)f w(n,l) and variances 5(2,1) , S(n,l) are- computed. Also the
largest ‘observation 1s replaced by the second largest observation and

by the smallest ogservation and again means ;(n—l ny 5(1 n)l and
. . ’ H

2
variances s 2

(n-1,n) * °(1,n)

are computed for each sample.

-
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Program B . .

This program computes Weibull and EV variables,

every fifth one spurfious.

It prints out samples. of size 5

along with mean and variance.

For each sample it also computes

the Winsorized mean and variance

by replacing the smallest

observation ‘or the largest observation.

IMPLICIT REAL*8 (A-H,0-Z)

DIMENSION X(125), W(125), W21(125), W51(125),

W45(125), W15(125)

DIMENSION WB(25), WV(25), W21B(25), W21v(25),
W51B(25), W51v(25)

DIMENSION W45B(25), W45V (25), W15B(25), W15V (25)

REAL RAN(125)

INTEGER ISEED(2)

INTEGER*2 HSEED(3)

REAL*8 DSEED

EQUIVALENCE (ISEED(2),HSEED(1))

OO0 0o0nn

WRITE(6,200) .
200 FORMAT(' Enter BETA and K')
READ(5,100) BETA, C
100 FORMAT(2F12.5)
WRITE(7,201) BETA,. C : . :
201 FORMAT('1 BETA = ',Fl12.5,"' K= "',F7.5)
BETAC = BETA*C
NSIZE = 5
NSAMP = 25,
NTOTAL = NSIZE*NSAMP "

Get random number depending on time of day into DSEED

OO0

CALL TIME(4 0, ISEEb)

HSEED(3) = HSEED(I)

HSEED(1) = HSEED(2)

"HSEED(2) = HSEED(3)

DSEED'= DABS(DFLOAT(ISEED(Z)))

Call *IMSL routine GGUBS to get NTOTAL random
numbers into RAN

aon h

NR = NTOTAL:
CALL GGUBS(DSEED NR RAN)
o . _ 5
, v

o . . "" ' R 'A o «
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C Compute Weibull r.v.'s X and W
C . N
DO 301 K=1,NTOTAL ¢
FACT = BETA , \
IF (MOD(K,5) .EQ. 0)  FACT = BETAC :
X(K) = DBLE(-ALOG(RAN (K)))**(1.DO/FACT)
. W(K) = DLOG(X(K))
301 CONTINUE
C .
C Print out X and W
C
WRITE(7,202)
202 FORMAT('- X'/
WRITE(7,203) X -
203 FORMAT (25(3X,5(1X,E13. 6)/)3
 WRITE(7,204) ,
204 FORMAT('0O = W")
. WRITE(7, 203) W
C
C Compute Means and Variances for each sample of size
C NSIZE in X and W
C
K =1
DO 310 KK=1,NSAMP ‘ o
CALL STAT(W K, NSIZE, WB(KK) WV (RK))
- K ="K+NSIZE R
310 CONTINUE D - \ ,
C - N
C Find the smallest, second smallest, largest, and" sgcond
C largest entry in each of the samples in W, , \\\\
C : : ! R \\\\\
DO 320 KK=1, NSAMP o o _ e )
WMIND = 1.D25° - T ST
WMAX1 = -1,D75 ’ - . :
 DO-321-Kl=],NSIZE :
IF (W(K) .GE. WMIN1) GO TO 3211
WMIN2 = WMINI L
WHMINI = W(K).
KMIN = KR~ o o . ,
, "Go TO 3212 U o
3211  CONTINUE S ' IR
' IF (W(K) .GE. WMIN2) GO TO-3212 ' R .
WMIN2 = W(RK) ‘ T ' :
3212 CONTINUE =



3216

3217

321

IF (W(K)
_WMAX2 = WMAXI
"WMAXL = W(K)-
RMAX = K

. GO TO 3217

"CONTINUE

IF (W(K)

" WMAX2 = W(K)

CONTINUE |

_ =K+ 1
CONTINUE

.LE. WMAX1)

.LE. WMAX2)

GO TO 3216

GO TO-3217 '

Replace the- smallest and largest entries w1th
the second smallest :

and largest and with the second largest and
‘smallest entries to

form the altered samples w(21)"w(51)
Recompute the mean and variance for each of
the altered samples

oo nNoano

K = K - NSIZE _ R
DO .322 KI=1,NSIZE" o o :

w21(K) = w(K)

IF (K .EQ. KMIN)

W51(K) = W(K)

“IF (K .EQ. RMIN)

W45(K) = W(K) .-
IF (K .EQ. KMAX)

W15(K) = W(K).

IF (K .EQ.- KMAX);
' K=K+ 1

322 CONTINUE ‘
320 CONTINUE .
C ‘ ST

]

W21 (K) WMIN2

W51 (K) = WMAXI

W45 (K) = WMAX2

]

WIS(R) = WMINI .

K=1 .
DO 330 KK=1,NSAMP

W(45), and N(15).

330

CALL' STAT (W21,
‘CALL STAT (W51, K,
CALL STAT (W45, K,
'CALL STAT (W15, K,
"K'= K + NSIZE

-CONTINUE

WRITE(7,225)

K, NSIZE,

W2IV(RK))
"W51V(RK)) = -
W4A5V(KK)) -
WI5V(RK))

W21B (KK) ,
NSIZE, W51B(RK),
NSIZE, W45B(KK),
NSIZE, W15B(KK),

-

196
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{ \‘
225 FORMAT (' S**SFORMAT=FMTL1 FONTNEXTIMAGE= |
' 1200.MEDIUM.9.FIXED" LANDSCAPE.1"')
WRITE(7,250)
250 FORMAT('l Sample WBAR ; o\
. WVAR W(21)BAR W(21VAR - W(51)
" BAR W(51)VAR  W(45)BAR w(45)VAR “
W(15)BAR W(15)VAR ‘ o S
DO 350 J=1,NSAMP - : v
C §
C Reasslgn these so the WRITE statement will [
C fit on one 11ne - _ |
c ‘ - ) !
| WL=WB(3) ¥
W2 = WV (J) '
W3 = W21B(J)
W4 = W21V (J)
W5 = W51B(J)
W6 = W51V (J)
W7 = W45B(J)
W8 = W45V (1)
W9 = W15B(J)
W10 = W15V(J) . . R S
WRITE(7,255) J, W1, W2,.W3,: W4, W5, W6, -
. . W7, W8, W9, W10 . = . SRR
255 FORMAT (6X, 12, 2%,5( -';2(F8L5,1X)),”')W5_jx=
: 350 CONTINUE = R T A
- STOP.
',END A ' '
SUBROUTINE STAT(X KK, NSIZE, XBAR XVAR)
. IMPLICIT REAL*8 (a-H,0-Z)-
- DIMENSION X(125) =~ '
. KSTOP = KK + NSIZE —-1-j‘
- SUM = 0.0B0
'SSQ = 0.0D0- ‘
DO 300 K=KK,KSTOP
SUM = SUM + X(K) =
... 78SQ = S8Q + (x(x)**Z)
300 “CONTINUE .
" XBAR = SUM/DFLOAT(NSIZE)
. XVAR = (ssqQ - ((sun**z)/DFLOAI(NSIZE)))/
: (DFLOAT(NSIZE) -1 :
.fREanA,- o



