
 

 

 

Unsaturated Soil Property Func tions for High 

Volume Change Materi als  

 

 

 

by  

 

Feixia Zhang  

 

 

 

 

A thesis submitted in partial fulfillment of the requirements for the degree 

of Doctor of Philosophy 

 

in 

Geotechnical Engineering 

 

 

Department of Civil and Environmental Engineering 

University of Alberta 

 

 

 

 

© Feixia Zhang, 2016 



ii 

 

Abstract  

Unsaturated soil property functions are necessary for numerical modeling 

of geotechnical engineering problems including transient seepage or 

contaminant transport involving unsaturated soils such as tailings or mine 

wastes. The accuracy of the input of material properties significantly 

influences the correctness of the numerical modeling results. Therefore, it 

is important to use appropriate unsaturated soil property functions in the 

numerical modeling of geotechnical engineering problems. The existing 

soil property functions proposed in the literature by many researchers are 

based on an implicit assumption that the soil does not undergo volume 

change as soil suction changes. These estimation techniques may 

produce reasonable results for soils that do not undergo volume change 

as soil suction changes (e.g., sands and silts). However, they are not 

suitable for the estimation of the unsaturated soil property functions for 

soils that undergo significant volume change as soil suction changes (e.g., 

Regina clay and Oil Sands Tailings). Revisions to the conventional 

methodology are proposed to accommodate the need of estimating the 

unsaturated soil properties for soils that undergo volume change as soil 

suction changes. 

 

The research in this thesis is restricted to the study of hydraulic and 

volume-mass properties related to the water phrase. The primary objective 

of this thesis is to develop and verify a revised methodology for estimating 
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the coefficient of permeability function and the water storage function for 

soils that undergo volume change as soil suction is increased during a 

drying process. The scope of this thesis is directed at a theoretical study 

and research program investigating the hydraulic and volume-mass 

properties of soils that will change volumes as soil suction changes (e.g., 

Oil Sands Tailings). Laboratory data sets collected from the literature on 

Regina clay and Oil Sands Tailings have been used to verify the proposed 

theory. An experimental program has been carried out on Bulyanhulu 

tailings and Devon silt. Data collected has been used for verifying the 

proposed theory. A complete set of experimental data for each soil sample 

includes measured data of the SWCCs, shrinkage curves and the 

relationship between the saturated permeability versus void ratio. 
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Chapter 1. Introduction  

 

 

1.1 Statement of problem  

 

Unsaturated soil mechanics plays an important role in geotechnical 

engineering practice involving unsaturated soils, such as foundation 

design for buildings constructed on unsaturated expansive soils, design of 

a highway built on unsaturated compacted soils, design of cover systems 

for mine waste and design of paste tailings storage facilities. There are 

two advancements in research history of unsaturated soil mechanics that 

make the implementation of unsaturated soil mechanics into geotechnical 

engineering practice possible. One is the advancement of numerical 

computing techniques that provides a means to solve the mathematical 

problems with complexity and high nonlinearity where unsaturated soil 

mechanics is applied, and the other is the appropriate mathematical 

description of constitutive relationships to fully characterize the simulated 

system for the project involving unsaturated soils, such as the volume-

mass constitutive relationships, shear strength constitutive relationships 

and hydraulic conductivity constitutive relationships (Fredlund, 1999). 

 

Proper unsaturated soil property functions are necessarily required for the 

numerical modeling of geotechnical engineering problems involving 

unsaturated soils. Many geotechnical engineering problems such as 

seepage related to tailings and mine waste can be reduced to a series of 

partial differential equations. Each partial differential equation contains 

material properties that are either constants or mathematical functions. 

The material properties must be provided properly in order to obtain 

reasonable results. Most computer software available in geotechnical 

engineering practice is partial differential equation based (e.g., SVOFFICE 

2009, GEOSTUDIO 2012, etc.). The correctness of the numerical 
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modeling results depends largely on the accuracy of the input of the 

material properties. It is important to use appropriate soil property 

functions when modeling geotechnical engineering problems. 

 

Unsaturated soil properties include shear strength properties, heat flow 

properties, hydraulic properties for the water phase (liquid phase), and 

fluid flow properties of the air phase. The research in this thesis is 

restricted to the study of hydraulic and volume-mass properties related to 

the water phase. Primary emphasis is on the coefficient of permeability 

function and the water storage function. 

 

The coefficient of permeability function (saturated/unsaturated coefficient 

of permeability function) and the water storage function constitute two of 

those necessary unsaturated soil property functions in the numerical 

modeling simulation of the drying process where the sludge material is 

deposited and allowed to dry in order to increase its shear strength. Direct 

measurement of the coefficient of permeability and water storage for an 

unsaturated soil is expensive, time-consuming and technique demanding. 

Direct measurement is only adopted for the purpose of research or large 

costly projects of high risks. Numerous estimation techniques have been 

proposed as alternative approaches in the literature to empirically predict 

the coefficient of permeability function and water storage function. These 

are based on an implicit assumption that there is no volume change as the 

soil suction is increased (e.g., sands and silts). The van Genuchten-

Burdine (1980) equation, van Genuchten-Mualem (1980) equation and 

Fredlund-Xing-Huang (1994) permeability function are three well-known 

equations for the estimation of the unsaturated coefficient of permeability 

function in geotechnical engineering practice. The existing unsaturated 

coefficient of permeability functions are often estimated from volumetric 

water content soil-water characteristic curve (q-SWCC) in conjunction with 

a measured constant coefficient of permeability. These conventional 
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estimation methods produce reasonable results for soils that do not 

undergo volume change as soil suction changes (e.g., sands and silts). 

The assumption of no volume change may be suitable for sands or 

coarse-grained materials, but it is not acceptable for some fine-grained 

silts and clays, particularly soils that are deposited as slurry and then left 

to dry and increase in strength. Oil Sands Tailings constitute one such 

type of materials where large volume change occurs as soil suction is 

increased (Fredlund et al., 2011).  

 

 

1.2 Objectives of research program  

 

Conventional estimation methods may make an inaccurate prediction of 

the coefficient of permeability function for a soil that undergoes high 

volume change as soil suction changes when the implicit assumption is 

violated. The inaccuracy in the estimation of the coefficient of permeability 

can cause erroneous numerical modeling results and affect subsequent 

engineering decisions significantly. An accurate coefficient of permeability 

function with the consideration of both desaturation and volume change is 

necessary for the correct numerical modeling simulation of the drying 

process when optimizing deposition strategies of thickened or paste 

tailings. Revisions to the conventional estimation methodologies are 

required for the appropriate estimation of the coefficient of permeability 

function for soils that undergo volume change as soil suction changes 

(e.g., Regina clay or Oil Sands Tailings). 

 

The objective of this thesis is to develop and verify a revised methodology 

to estimate the coefficient of permeability function and the water storage 

function for high volume change materials. Both degree of saturation and 

void ratio are taken into account when developing the revised technique 

for the estimation of the coefficient of permeability for soils that undergo 
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volume change as soil suction is increased (e.g., Regina clay and Oil 

Sands Tailings). The scope of this thesis is limited to a theoretical study 

and a research program investigating several soils that change volume as 

soil suction is increased for the verification of the proposed theory.  

 

 

1.3 Organization of Thesis  

 

The dissertation is presented in the paper-based format and consists of 6 

chapters, supplemented by one appendix. The first chapter serves as an 

introduction, and each subsequent chapter (Chapter 2 to 5) except for the 

final chapter is an independent article with its own abstract, body of text 

and bibliography. The final chapter (Chapter 6) presents conclusions and 

recommendations. Chapters 2 and 3 have previously been published in 

peer-reviewed journals and are presented here as part of the dissertation. 

The chaptersô text, font type, size and margin sizes are formatted as the 

dissertation requires, but the content of the chapters is the same as 

published in the journals. Chapter 4 has been submitted for publication in 

a peer-reviewed journal and is presented as submitted. Chapter 5 is 

prepared for submission to a peer-reviewed journal.  

 

Chapter 2 presents a study of the effect of the lower limit of integration on 

the calculation of the permeability function. Comparisons are made 

between starting the integration from various values below the AEV and 

starting the integration from the calculated air-entry value, AEV. A 

mathematical algorithm is also proposed for the calculation of the AEV for 

integration purposes. 

 

Chapter 3 modifies the Fredlund-Xing-Huang (1994) estimation procedure 

and develops a revised methodology for the estimation of a coefficient of 

permeability function for a soil that changes volume as soil suction is 
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changed. Both void ratio and degree of saturation are considered in the 

revised estimation technique. A laboratory data set for Regina clay is 

presented and interpreted using the revised methodology.  

 

Chapter 4 is an extension of the study of the revised methodology for the 

estimation of a coefficient of permeability function for volume-change soils 

during a drying process. The revised methodology is applied to thickened 

oil sands tailings. The measured gravimetric water content soil-water 

characteristic curve, w-SWCC of thickened oil sands tailings exhibits a 

bimodal feature. As a result, a simplified bimodal w-SWCC equation is 

used to obtain a proper best-fit for the w-SWCC. Effect of best-fitting of the 

degree of saturation soil-water characteristic curve, S-SWCC, on the 

estimation of the permeability function is explained. 

 

Chapter 5 presents test results on Devon silt and Bulyanhulu tailings from 

an experimental program. The revised methodology is used to estimate 

the coefficient of permeability functions of Devon silt and Bulyanhulu 

tailings as a means of verification and illustration. Shrinkage curves, w-

SWCCs and the relationships of saturated coefficient of permeability 

versus void ratio for Devon silt and Bulyanhulu tailings were collected from 

the testing program. 

 

Chapter 6 summarizes the entire study with conclusions and suggests 

recommendations for future research.  

 

 

1.4 Publication related to this research  

 

Journal papers and conference papers published from the results of this 

research work are listed below.  
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Zhang, F., Fredlund, D. G., and Wilson, G. W. (2016). ñWater Permeability 

Function for Soils that Undergo Volume Change as Suction Changesò. 

Indian Geotechnical Journal. 46 (3): 210-227. doi:10.1007/s40098-016-

0187-5. (Chapter 3: Published) 

 

Zhang, F., Wilson, G. W., and Fredlund, D. G. (2016). ñPermeability 
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Zhang, F., Wilson, G. W., and Fredlund, D. G. (2016). ñEstimation of the 

permeability function for Devon silt and Bulyanhulu tailings with a revised 
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Conference papers: 
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Conference on Soil Mechanics and Geotechnical Engineering, Paris, 

France, Sept 2-6. 

 

Zhang, F., Fredlund, D. G., Wilson, G. W., and Sedgwick, A. (2014). 

ñDetermination of the permeability function for drying oil sands tailings 

undergoing volume change and desaturationò. Proceedings of the 4th 
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and 7th Canadian Permafrost Conference, Quebec City, Sept 20-23. 

 

Zhang, F., Fredlund, D. G., and Wilson, G. W. (2015). ñHydraulic 

properties for soils that undergo volume change as soil suction is 

increasedò. Proceedings of AP-UNSAT 2015, Guilin, China, Oct 23 ï26, 

pp. 383-392. 
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Chapter 2. Examination of the estimation of relative permeability for 

unsaturated soils   

 

 

2.1 Introduction  

 

The unsaturated coefficient of permeability function is required when 

modeling saturated-unsaturated soil systems. Direct measurement of the 

unsaturated permeability function is costly, technically-demanding, and 

time-consuming. As a result, the measurement of the unsaturated 

permeability function is reserved for research studies or large projects 

where substantial risk may be involved. Considerable research has been 

directed towards the estimation of the unsaturated coefficient of 

permeability function. There are four categories of models used for the 

estimation of unsaturated coefficient of permeability functions (Fredlund et 

al. 2012), namely: (i) empirical models, (ii) statistical models, (iii) 

correlation models, and (iv) regression models. Empirical models and 

statistical models appear to be most extensively used in geotechnical 

engineering. The past decades have witnessed a rapid increase in the 

combined modeling of the saturatedïunsaturated portions as a soil 

continuum (Fredlund et al. 2012). Considerable effort is expended in 

measuring the saturated coefficient of permeability of each soil layer and 

then the unsaturated soil permeability functions are generally estimated 

based on one of the preceding models. Often the numerical modeling is 

followed by a parametric study or a probabilistic analysis that quantifies 

the effect of variations in the permeability function on the final outcome of 

the analysis. In any case, the estimation of the permeability function has 

become an integral part of assessing the hydraulic soil properties 

associated with seepage analyses. Empirical models utilize the similar 

character of the SWCC and the permeability function to estimate the 

unsaturated coefficient of permeability function. The Brooks and Corey 
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(1964) equation is one example of an empirical model. Statistical models 

make use of the fact that the permeability function and the SWCC are 

mainly controlled by the pore-size distribution of the soil. Consequently, 

the permeability function was developed based on the interpretation and 

application of the SWCC. Childs and Collis-George (1950), Burdine (1953), 

and Mualem (1976) are three commonly used integral formulas of relative 

permeability based on different physical models. 

 

The van Genuchten (1980) equation and the Fredlund and Xing (1994) 

equation are two well-known mathematical equations for the SWCC. The 

van Genuchten SWCC equation was introduced into the Burdine (1953) 

equation and the Mualem (1976) integral formulas to obtain a permeability 

function. This gave rise to two closed-form solutions for the unsaturated 

soil permeability equation. The Fredlund and Xing (1994) SWCC equation 

was also introduced into the Childs and Collis-George (1950) integral 

formula, yielding an integral solution for the permeability equation. These 

combinations have given rise to three unsaturated soil permeability 

functions commonly used in geotechnical engineering. The three 

methodologies for the relative permeability function are referred to as ( i) 

the van GenuchtenïBurdine (van Genuchten 1980) equation, (ii) the van 

GenuchtenïMualem (van Genuchten 1980) equation, and ( iii) the 

Fredlund et al. (1994) (hereafter referred to as ñFredlund, Xing, and 

Huangò) permeability function. In each of the preceding cases, the 

unsaturated soil permeability function is obtained by combining the 

saturated coefficient of permeability and the relative coefficient of 

permeability. The Fredlund, Xing, and Huang permeability function has the 

advantage that the integral permeability function retains the independence 

of the SWCC fitting variables when estimating the coefficients of 

permeability. On the other hand, the van Genuchten permeability functions 

are closed-form and simpler to use in engineering practice.  
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The original relative permeability theory published by Fredlund et al. (1994) 

specified the air-entry value (AEV), ɣaev, as the lower limit of the 

integration. However, implementations in engineering practice appear to 

have used other values between zero and ɣaev as the starting point of 

integration when calculating the relative coefficient of permeability. It does 

not appear that any study has been undertaken to assess whether the 

choice for the lower limit of integration influences the calculation of the 

Fredlund, Xing, and Huang permeability function.  

 

This paper investigates the error caused by using various values for the 

lower limit of integration. The effect of the lower limit of integration is 

examined in terms of the effect of each of the SWCC fitting parameters 

(i.e., af, nf, mf, ɣr) on the resulting error. An empirical procedure for the 

determination of the AEV is also described. The definition of the 

ñpermeability errorò is described, followed by a study of the impact of the 

fitting parameters on the magnitude of the error in the permeability 

function. 

 

 

2.2 Determinati on of AEV from degree of saturation SWCC ( S-SWCC) 

 

The SWCC for a soil is defined as the relationship between the water 

content and soil suction (Williams 1982), and is commonly used as the 

basis for the estimation of unsaturated soil properties (e.g., the 

permeability function for an unsaturated soil). Different designations for 

the amount of water in the soil generate different forms of SWCC, such as 

gravimetric water content SWCC, volumetric water content SWCC, 

instantaneous volumetric water content SWCC, and degree of saturation 

SWCC. The volumetric water content is the water content with the volume 

of water referenced to the original total volume of the soil specimen. The 

instantaneous volumetric water content is the water content with the 
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volume of water referenced to the instantaneous total volume of the soil 

specimen. Each form of the SWCC provides similar information to the 

geotechnical engineer if the soil does not undergo volume change as soil 

suction is increased. When soil undergoes volume change, as is the case 

for soft clays and slurry soils, the gravimetric water content SWCC, 

instantaneous volumetric water content SWCC, and degree of saturation 

SWCC are distinctly different from one another. The volumetric water 

content SWCC is not of significance when the soil undergoes high volume 

change. Conventional permeability functions (e.g., the Fredlund, Xing, and 

Huang equation; van GenuchtenïBurdine equation; van Genuchtenï

Mualem equation) produce reasonable estimations using the volumetric 

water content SWCC when there is no volume change during drying. The 

volumetric water content SWCC is no longer appropriate in the estimation 

of the relative permeability function when soil undergoes volume change. 

It is important to know that the relative coefficient of permeability function, 

as well as the AEV, must be estimated from the degree of saturation 

SWCC (Fredlund et al. 2011). This paper uses the degree of saturation 

SWCC to calculate the appropriate estimation of the relative permeability 

function. 

 

Various forms of mathematical equations have been suggested to 

characterize the SWCC. The equation proposed by Fredlund and Xing 

(1994) has been shown to have sufficient flexibility to best-fit laboratory 

data reasonably well over the entire soil suction range from near zero to 

106 kPa, provided the material behaves in a mono-modal manner. The 

form of the Fredlund and Xing (1994) equation written in terms of degree 

of saturation, (i.e., S-SWCC) is shown in Eq. [1]. 
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where ɣ is the soil suction. S(ɣ) is the degree of saturation at a soil 

suction of ɣ. S0 is the initial degree of saturation at zero soil suction, and 

af, nf, mf, ɣr are four best-fitting parameters controlling the shape of the 

SWCC.  

 

The shape of the SWCC (e.g., described by the air-entry value, slope, 

residual conditions) are influenced by the four fitting parameters (i.e., af, nf, 

mf, and ɣr) in a combined and complex manner. There is no simple one-

on-one connection between the fitting parameters and the features of the 

curve, although af affects the AEV in a significant way, while nf significantly 

influences the slope of SWCC. Bharat and Sharma (2012) studied the 

validity limits of the FredlundïXing parameters and found that small values 

of ɣr influenced the SWCC near saturation and mf also influenced the 

residual portion of the SWCC. In other words, these variables affect the 

shape of an SWCC in a coupled manner. 

 

The AEV of the soil is the suction at which air begins to enter the largest 

pores in the soil (Fredlund and Xing 1994). Vanapalli et al. (1998) 

proposed an empirical, graphical construction technique to estimate the 

AEV from the SWCC. The AEV must be determined from the degree of 

saturation SWCC (Fredlund et al. 2011). 

 

A mathematical algorithm is proposed in this paper for the determination 

of the AEV based on the graphical construction suggested by Vanapalli et 

al. (1998). The following steps are outlined with respect to the analysis for 

the AEV. 

 

Step 1ðFind the best-fitting SWCC for the degree of saturation SWCC 

using the Fredlund and Xing (1994) equation (Figure 2-1). 
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Figure 2-1. S-SWCC for a hypothetical soil plotted using semi logarithmic 

coordinate. 

 

 

Step 2 ð Through use of a variable substitution technique, the Fredlund 

and Xing (1994) best-fitting equation can be transformed into a 

substitution equation (i.e., Eq. [2]). The substitution equation describes the 

relationship between the degree of saturation and the logarithm of soil 

suction to the base 10 (Figure 2-2). The shape of the curve for the 

substitution equation plotted using arithmetic coordinates is the same as 

the shape of the curve for the best-fitting equation plotted using a semi 

logarithmic coordinate system. The arithmetic plot of the substitution 

equation has the same inflection point as the semi logarithmic plot of the 

best-fitting equation. 
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Figure 2-2. Arithmetical plot of substitution equation.  
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where, ɝ is the log10(ɣ); SS(ɝ) is the degree of saturation at a soil suction 

of ɣ; and ɣ is soil suction. 

 

Step 3 ð Determine the point of maximum slope (or the inflection point) 

on the arithmetic plot of the substitution equation. The point of maximum 

slope is also a point of zero curvature. Therefore, the second derivative of 

Eq. [2] can be set equal to zero as shown in Eq. [3]. 
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Solving Eq. [3] for the ɝ value of zero curvature point and substituting the ɝ 

value into Eq. [2] yields the corresponding term, SS(ɝ). The determined 

point of zero curvature has coordinates (ɝi, SS(ɝi)) (Figure 2-2). 

 

Step 4 ð Draw a line tangent to the curve through the point of maximum 

slope (Figure 2-2). The point of maximum slope is (ɝi, SS(ɝi)) and the 

maximum slope is SSô (ɝi). The equation for the tangent line is as shown in 

Eq. [4]. 

 

                                 () ()( ) ()'

i i iTL SS SSx x x x x= - +                                  [4] 

 

where TL(ɝ) represents the function of the tangent line. 

 

Step 5 ð Draw a horizontal line through the maximum degree of 

saturation. The intersection of the two lines indicates the AEV (Figure 2-2). 

The horizontal line is given by Eq. [5]. 
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Step 6 ð Back-calculate the AEV through use of the relationship ɝ = 

log10(ɣ). The AEV for the soil can be written as follows. 
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2.3 Statement of the integration problem associated with the 

Fredlund, Xing, and Huang permeability function  

 

Fredlund et al. (1994) suggested a mathematical function for the 

estimation of the relative coefficient of permeability based on a physical 

model proposed by Childs and Collis-George (1950) (see Eq. [7]). 

 

                                     

                  [7] 

 

where kr
s(ɣ) is the relative coefficient of permeability at soil suction of ɣ. 

The superscript S means that the degree of saturation-SWCC is used for 

the estimation of the relative permeability in Eq. [7]). b is the upper limit of 

integration (i.e., ln(1 000 000)), y is the dummy variable of integration 

representing the logarithm of suction, S is the degree of saturationïSWCC 

equation, Sô is the derivative of the degree of saturationïSWCC equation, 

and ey is the natural number raised to the dummy variable power. 

 

The denominator of Eq. [7] is an integral, the lower limit of the integration 

of which is the AEV, ɣaev. Although the original theory (Fredlund et al. 

1994) specified the AEV as the lower limit of integration, other values 

between a value close to zero and ɣaev have been used as the starting 

point for integration while estimating the relative permeability function. The 

arbitrarily selected small value for the starting point of integration appears 

to have been used because no closed-form analytical procedure had been 

proposed for the calculation of the AEV. Details on how the integration 

using Fredlund et al. (1994) permeability is to be carried out can be found 

in the original paper. In addition, the importance of using the degree of 
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saturation SWCC for calculating the permeability function has not been 

clearly emphasized in the research literature. 

 

If a suction value ɣi between (near) zero and ɣaev is used as the lower 

limit of integration, the permeability function of Eq. [7] takes on the form 

shown in Eq. [8]. 
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where, kri
s(ɣ) is the relative coefficient of permeability at soil suction of ɣ, 

when a suction value ɣi is used as the lower limit of integration for the 

integral in the denominator of the Eq. [8]. 

 

Childs and Collis-George (1950) proposed the use of a statistical model. 

There are three common assumptions for a methodology characterizing 

the statistical models: 

 

The porous medium may be regarded as a set of interconnected pores 

randomly distributed in the sample. The pores are characterized by their 

length scale called ñthe pore radiusò. 

 

The HagenïPoiseuille equation is assumed valid at the level of the single 

pore and thus used to estimate the hydraulic conductivity of the 

elementary pore unit. The total hydraulic conductivity has to be 

determined by integration over the contributions of the filled pores. 

 

The SWCC is considered analogous to the pore radius distribution 

function.  The capillary law is used to uniquely relate the pore radius to the 
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capillary head (Mualem and Klute 1986). The AEV of the soil corresponds 

to the largest pore radius. The change of the lower limit integration implies 

a change in the largest pore radius of the soil and thus a change in the 

pore radius distribution function. 

 

The relative coefficient of permeability obtained using Eq. [7] is 

theoretically correct and is used as the reference value in the present 

study. An error in the estimation of the relative permeability is introduced 

when using Eq. [8], along with a variety of the lower limits of integration in 

the denominator. The slope in the SWCC, prior to the AEV (as defined by 

the degree of saturation SWCC), contributes to the error in the computed 

permeability function. 

 

The Fredlund, Xing, and Huang permeability function was developed 

based on the interpretation of the SWCC. Figure 2-3 illustrates a situation 

where the effect of the starting point for integration is small. Starting 

integration at any point from 0.1 kPa to the AEV results in the computation 

of essentially the same relative permeability function. Figure 2-4, on the 

other hand, shows how the starting point for integration can have a 

significant effect on the computed permeability function. The difference 

between the results shown in Figures 2-3 and 2-4 appears to be mainly 

due to a change in the nf (or steepness of the SWCC) variable. 
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Figure 2-3. Relative coefficient of permeability obtained using Eq. [8] with 

different lower limits of integration for a soil with af = 500 kPa, nf = 4, mf = 

1, ɣr = 10000 kPa for SWCC. 
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Figure 2-4. Relative coefficient of permeability obtained using Eq. [8] with 

different lower limits of integration for a soil with af = 500 kPa, nf = 1, mf = 

1, ɣr = 10000 kPa for SWCC. 

 

 

The shape of the SWCC greatly influences the errors that could be caused 

in the estimation results for the permeability function. Therefore, it is 

important to study the effect of each of the four fitting parameters, af, nf, mf, 

and ɣr, on the errors in the permeability function that is introduced by 

using a small value as the lower limit of integration. The objective of this 

paper is to examine the effect of each of the fitting variables, af, nf, mf, and 

ɣr, on errors in the relative permeability function that is caused by using 

various small values for the lower limit of integration. 
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2.3.1 Definition of the error introduced by using an inappropriate lower 

limit of integration 

 

ERR(ɣ, ɣi) is the mathematical function used to quantify the error 

introduced as a result of selecting various values for the lower limit of 

integration. More specifically, it is the change in permeability introduced by 

using Eq. [8] with a lower limit of integration other than the AEV in the 

denominator. The comparison is made to the permeability obtained when 

using Eq. [7] with the AEV as the lower limit of integration in the integral in 

the denominator. The mathematical form of the error ERR(ɣ, ɣi) is given 

by Eq. [9]. 
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      [9] 

 

The error is defined in terms of orders of magnitude. ERR(ɣ, ɣi) in Eq. [9] 

is the common logarithm of the ratio of the permeability at any soil suction, 

ɣ, estimated by Eq. [7], to the permeability estimated by Eq. [8] with ɣi set 

at various lower limits of integration in the denominator. The lower limit of 

integration ɣi in Eq. [8] is a suction value between the AEV and a lower 
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suction. The definition of ERR(ɣ, ɣi) implies that the closer the value 

ERR(ɣ, ɣi) is to 0, the smaller the error. The error ERR(ɣ, ɣi) remains at 

a constant value equal to ERR(AEV, ɣi) for soil suctions greater than the 

AEV. ERR(AEV, ɣi) is the upper bound of the error ERR(ɣ, ɣi) and it 

represents the largest error across the entire soil suction range when 

using various ɣi values as the lower limit of integration rather than the 

AEV in Eq. [8] when calculating the relative permeability. 

 

The error at the AEV, ERR(AEV, ɣi) rather than the error, ERR(ɣ, ɣi), 

across the entire suction range is studied in a parametric manner. Figure 

2-5 illustrates the meaning of the error at the AEV, ERR(AEV, ɣi) in terms 

of orders of magnitude caused by using ɣi as the lower limit of integration 

in Eq. [8]. 

 

 

 

 

Figure 2-5. Error at AEV in terms of orders of magnitude caused by using 

ɣi equal to 1 kPa as the lower limit of integration in Eq. [8]. 
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2.4 The sensitivity of ERR (AEV, ɣi) to changes in the best -fitting 

parameters af, nf, m f, and ɣr for the SWCC  

 

A parametric study was undertaken to investigate the empirical 

relationships between the best-fitting parameters af, nf, mf, and ɣr of the 

SWCC and the error of ERR(ɣ, ɣi), associated with the Fredlund, Xing, 

and Huang permeability function. The error at the AEV, ERR(AEV, ɣi), 

rather than the error, ERR(ɣ, ɣi), across the entire suction range is 

studied for simplification. Table 2-1 summarizes the parametric study in 

matrix form. 

 

 

Table 2-1. Matrix of fitting parameters used in the parametric study. 

Figure No. 

Designated values 

nf mf af (kPa) ɣr (kPa) 

Lower limit of integration 

(in terms of Log10 cycles 

less than the AEV) 

Figure 2-6 1 1 10 2000 various 

Figure 2-7 1 1 100 2000 various 

Figure 2-8 0.5 - 12 1 10 2000 various 

Figure 2-9 0.5 - 12 1 100 2000 various 

Figure 2-10 0.5 - 12 1 various 2000 4 

Figure 2-11 2 0.5 - 4 10 2000 various 

Figure 2-12 2 0.5 - 4 100 2000 various 

Figure 2-13 2 0.5 - 4 various 2000 4 

 

 

2.4.1 Influence of nf value on ERR (AEV, ɣi) 

 

The sensitivity of the error in the permeability function at the AEV to the 

change of the nf value on the SWCC is studied for permeability functions 
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obtained using Eq. [8]. Seven different lower limits of integration ɣi were 

selected for the integral in the denominator. These seven different lower 

limits of integration are 10, 4, 2, 1, 0.5, 0.2, and 0.1 log10 cycles less than 

the empirical AEV. Figures 2-6 and 2-7 show the errors in the estimation 

of the relative coefficient of permeability caused by using various lower 

limits of integration when af = 10 kPa and af = 100 kPa, respectively (Note: 

nf = 1; mf = 1; ɣr = 2000 kPa). 

 

 

 

 

Figure 2-6. Error in estimation of relative coefficient of permeability caused 

by various lower limits of integration (af = 10 kPa; nf = 1; mf = 1; ɣr = 2000 

kPa).  
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Figure 2-7. Error in estimation of relative coefficient of permeability caused 

by various lower limits of integration (af = 100 kPa; nf = 1; mf = 1; ɣr = 

2000 kPa). 

 

 

The empirical relationships between ERR(AEV, ɣi) and the corresponding 

nf value for various ɣi are plotted in Figures 2-8 and 2-9. A value of 1 on 

the vertical coordinate refers to one order of magnitude change in the 

coefficient of permeability at the AEV, and a value of 4 would mean four 

orders of magnitude. Figure 2-8 reveals the influence of nf on the errors 

when af = 10 kPa; mf = 1; ɣr = 2000 kPa. Figure 2-9 shows the influence 

of nf on the errors when af = 100 kPa; mf = 1; ɣr = 2000 kPa. In Figures 2-

6 to 2-9, the curve denoted by SP1 in the legend is related to the error 

caused by using a value four log10 cycles less than the empirical AEV as 

the lower limit of integration. The curve denoted by SP2 in the legend is 

for the error caused by using a lower limit of integration that is two log10 

cycles less than the empirical AEV. The other notations (e.g., SP3, SP4, 
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SP5, and SP6) can be interpreted in the same way as interpreted for SP1 

and SP2. 

 

 

 

 

Figure 2-8. Influence of nf on errors caused by using various lower limits of 

integration (af = 10 kPa; nf = 1; mf = 1; ɣr = 2000 kPa).  
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Figure 2-9. Influence of nf on errors caused by using various lower limits of 

integration (af = 100 kPa; nf = 1; mf = 1; ɣr = 2000 kPa).  

 

 

Figures 2-7 and 2-8 show a similar pattern when different af values are 

selected. The results show the errors in the estimation of the relative 

permeability at the AEV when using Eq. [8] with different lower limits of 

integration ɣi instead of using Eq. [7] with the AEV as the starting 

integration point. The results in Figures 2-7 and 2-8 reveal that the error 

decreases with an increase in the nf value, particularly when the nf value is 

smaller than 2. The slope of the change of the error versus the nf value 

becomes much steeper at small nf values. This is particularly true for 

errors caused by using a lower limit of integration that is beyond two log10 

cycles less than the AEV. The results also show that using a value of 

more log10 cycles separated from the AEV as the lower limit of integration 

produces a greater error in the estimated permeability function for a 

particular SWCC. This phenomenon is more apparent when the nf value is 
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smaller than 2. In this case, the estimated relative permeability is 

significantly influenced by the selected lower limit of integration for a 

particular SWCC. It is important to use the correct lower limit of integration 

(i.e., the computed AEV), in the estimation of the permeability function. 

 

Figure 2-10 presents errors caused by using a lower limit of integration of 

four log10 cycles less than the AEV for permeability functions obtained 

from SWCCs with various af values. The purpose of arranging the results 

in this manner is to show how the af value affects the error in the 

estimation of the permeability function when an inappropriate lower limit of 

integration is used. The starting point for integration is denoted in terms of 

the log10 cycles less than the AEV. It was found that the af value does not 

have much influence on the error caused by using the inappropriate lower 

limit of integration. However, the error is more sensitive to the af value 

when it is combined with small nf values. Table 2-2 presents the range of 

the magnitude of the error in the estimation of permeability when the nf 

value changes from 0.5 to 12, with mf = 1 and ɣr = 2000 kPa. The table 

shows that if af is equal to 1 kPa and the integration starts from a value of 

10 log10 cycles less than the AEV, the error would range from 0.1 to 10 

orders of magnitude when the nf value changes from 0.5 to 12, 

respectively. 
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Figure 2-10. Influence of nf on errors caused by using a lower limit of 

integration of four log10 cycles less than the AEV in cases of various af 

values.  
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Table 2-2. Range of the magnitude of the error in estimation of 

permeability when nf value changes from 0.5 to 12. (mf = 1; yr = 2000 kPa) 

Integration starts 

at this number of 

Log10 cycles less 

than the AEV 

Error when af is a designated value 

af = 1 

kPa 

af = 10 

kPa 
af = 50 kPa af = 100 kPa af = 200 kPa 

10 
0.107~

10.424 

0.107~

10.434 
0.110~10.495 0.113~10.527 0.124~10.521 

4 
0.107~

4.418 

0.107~

4.427 
0.109~4.487 0.112~4.519 0.119~4.512 

2 
0.107~

2.367 

0.107~

2.375 
0.109~2.425 0.111~2.451 0.117~2.443 

1 
0.107~

1.262 

0.107~

1.267 
0.109~1.301 0.110~1.316 0.114~1.309 

0.5 
0.107~

0.659 

0.107~

0.662 
0.108~0.681 0.108~0.689 0.110~0.683 

0.2 
0.106~

0.272 

0.106~

0.273 
0.106~0.281 0.105~0.284 0.104~0.281 

0.1 
0.091~

0.137 

0.091~

0.138 
0.090~0.142 0.090~0.143 0.089~0.142 

 

 

2.4.2 Influence of mf value on ERR (AEV, ɣi) 

 

The sensitivity of the error in the permeability function (at the AEV) to 

changes in the mf value is studied for permeability functions obtained 

using Eq. [8] with various lower limits of integration. The results are shown 

in Figures 2-11 to 2-13. Figures 2-11 and 2-12 are for different af values 

and show the errors in the estimation of permeability at AEV caused by 

using Eq. [8] with different lower limits of integration ɣi instead of the AEV. 

Figure 2-13 presents the errors in a different manner to show the effect of 
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the af value on the error in the estimation of the permeability function when 

an inappropriate lower limit of integration is used. The errors in the 

comparison at particular mf value are for permeability functions obtained 

from SWCCs with varying af values. 

 

 

 

 

Figure 2-11. Influence of mf on errors caused by using various lower limits 

of integration (af = 10 kPa; nf = 2; ɣr = 2000 kpa). 
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Figure 2-12. Influence of mf on errors caused by using various lower limits 

of integration (af = 100 kPa; nf = 2; ɣr = 2000 kpa). 

 

 

 



33 

 

 

 

Figure 2-13. Influence of mf on errors caused by using a lower limit of 

integration of four log10 cycles less than the AEV in cases of various af 

values. 

 

 

The results show that the error caused by a lower limit of integration of 

several log10 cycles less than the AEV does not change much with 

changing mf values for the SWCCs. In other words, the mf value of the 

SWCC has limited influence on the errors in the estimation of the 

permeability function that may be caused by a low starting point of 

integration. The greater difference the lower limit of integration has from 

the AEV, the larger the error for the permeability function for a particular 

SWCC. Figure 3-12 also shows that the influence of the af value of the 

SWCC having on the error is small when nf, mf, and ɣr are fixed. The 

smaller the af value, the less the error caused by using a lower limit of 

integration below the AEV. The influence of the af value on the error is 

relatively apparent at small mf values. Table 2-3 shows the range of the 
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magnitude of the error in the estimation of permeability when the mf value 

changes from 0.5 to 4 with nf = 2 and ɣr = 2000 kPa. 

 

 

Table 2-3. Range of magnitude of the error in estimation of permeability 

when mf value changes from 0.5 to 4. (nf = 2; yr = 2000 kPa) 

Integration 

starts at this 

number of 

Log10 cycles 

less than the 

AEV 

Error when af is a designated value 

af = 10 kPa af = 50 kPa af = 100 kPa af = 200 kPa 

10 0.317~0.323 0.321~0.326 0.325~0.339 0.333~0.374 

4 0.317~0.323 0.320~0.324 0.324~0.333 0.331~0.353 

2 0.317~0.322 0.320~0.324 0.323~0.330 0.329~0.344 

1 0.309~0.315 0.311~0.316 0.313~0.317 0.317~0.324 

0.5 0.262~0.270 0.263~0.270 0.264~0.271 0.266~0.271 

0.2 0.156~0.164 0.156~0.164 0.156~0.164 0.156~0.164 

0.1 0.090~0.096 0.090~0.096 0.090~0.096 0.089~0.096 

 

 

2.4.3 Influence of ɣr/af value on ERR (AEV, ɣi) 

 

The influence of the ɣr/af value on the error in the permeability function at 

the AEV was also studied using Eq. [8] with different lower limits of 

integration. The results show that the magnitude of the error caused by a 

small value for the lower limit of integration (i.e., log10 cycles less than the 

AEV) does not significantly change with the ɣr/af value except when the 

ɣr/af value is smaller than 10. Also, the influence of the af value on the 

error is negligible.  
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2.4.4 Comparison of influences of nf, mf, and ɣr/af values on magnitude of 

error 

 

The error in terms of orders of magnitude caused by using an 

inappropriate lower limit of integration that is 10 log10 cycles less than the 

AEV can vary from 0.1 to 10 when the nf value changes from 12 to 0.5 

with mf = 1 and ɣr = 2000 kPa. The change in the magnitude of error is 

within 0.05 orders of magnitude when the mf value changes between 0.5 

to 4 with nf = 2 and ɣr = 2000 kPa. There is a change of about 0.5 orders 

of magnitude in the error when the ɣr/af value changes from 1 to 1000 kPa 

with nf = 2 and mf = 1 kPa. 

 

The analysis reveals that the influence of the nf on the error caused by 

using too low a lower limit of integration is much greater than the influence 

of the mf and ɣr/af values. The af has limited influence on the error. The 

lower the starting point of integration below the AEV is, the greater the 

calculation error. 

 

 

2.5 Conclusions  

 

Following is a summary of the conclusions that can be drawn from the 

study related to the starting point of integration for the Frendlund, Xing, 

and Huang (Fredlund et al. 1994) permeability function. 

 

1. If a lower limit of integration used in the integral of Fredlund et al. 

(1994) is smaller than the AEV, the computed results will 

underestimate the relative coefficient of permeability. The smaller 

the value used for the starting point of integration compared to the 

AEV, the greater will be the difference between the computed 

results and the relative permeability. 
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2. The error caused by using a small value for the lower limit of 

integration is influenced by the fitting parameters of the Fredlund 

and Xing (1994) SWCC equation, namely af, nf, mf, and ɣr. The 

analysis reveals that the influence of the nf value is much greater 

than the influence of the af, mf, and ɣr/af values. 

 

3. The difference caused by a particular lower limit of integration, 

defined in terms of a particular number of log10 cycles less than the 

AEV, decreases with an increase in the nf value when the values of 

af, mf, and ɣr are fixed. This is particularly true when the nf value is 

smaller than 2. 

 

4. The mf value for the SWCC has limited influence on the difference 

in the estimation of the permeability function that may be caused by 

a low starting point of integration. 

 

5. The difference in the estimation of the relative coefficient of 

permeability caused by using a particular low starting point of 

integration usually does not change much with the change in the af 

value. However, the difference becomes more sensitive to the af 

value when it is combined with small nf and mf values. 

 

6. It is recommended that the AEV always be used as the lower limit 

of integration when estimating the relative permeability function with 

the Fredlund et al. (1994) estimation procedure. 

 

7. Further studies regarding the importance of the AEV in the 

estimation of the relative permeability function are recommended to 

be undertaken where other physical models are used along with 

other SWCCs.  
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Chapter 3.  Water permeability function for soils  that undergo volume 

change as suction changes  

 

 

3.1 Introduction  

 

Geotechnical engineering problems involving transient seepage and 

contaminant transport can be reduced to the solution of a partial 

differential equation. Most computer software packages available in 

geotechnical engineering practice are partial differential equation based 

(e.g., SVOffice 2009, GeoStudio 2012). Each partial differential equation 

contains material properties that are either constants or mathematical 

functions. The correctness of the numerical modeling results depends 

largely on the accuracy of the input of the material properties. In other 

words, the material properties must be accurate in order to obtain 

reasonable output results from the computer software. The permeability 

function (i.e., saturated/unsaturated coefficient of permeability function) 

constitutes one of the soil property functions necessary for numerical 

modeling simulations.   

 

Direct measurement of the coefficient of permeability for an unsaturated 

soil is time-consuming and expensive. Numerous estimation techniques 

have been proposed in the literature to obtain the unsaturated 

permeability function. These estimation procedures have been based on 

the implicit assumption that the soil undergoes negligible overall volume 

change as soil suction is increased. Leong et al. (1997) examined 

permeability functions for unsaturated soils with no volume change. The 

existing unsaturated coefficient of permeability functions have been most 

often estimated from the volumetric water content soil-water characteristic 

curve (q-SWCC) in conjunction with a measured constant saturated 

coefficient of permeability. The van Genuchten-Burdine (1980) equation, 
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van Genuchten-Mualem (1980) equation and Fredlund-Xing-Huang (1994) 

permeability function are three well-known equations used for the 

estimation of the unsaturated permeability function. The assumption of 

zero overall volume change with suction increase may be suitable for 

sands or coarse-grained materials, but it is not acceptable for some fine-

grained soils and initially slurry clays. Many of the studies have noticed the 

influence of both the degree of saturation and the void ratio on the 

coefficient of permeability function for a deformable soil. Huang et al. 

(1998) developed a coefficient of permeability for a deformable 

unsaturated porous medium considering only the volume change before 

desaturation. Huang et al. (1998) proposed to account for the effect of 

void ratio on the saturated coefficient of permeability, but the relative 

permeability was obtained from the volumetric water content SWCC, 

which is not appropriate for a volume-change soil. Parent et al. (2007) 

conducted SWCC test on deinking by-products (DBP), a highly 

compressible industrial by-product which have been successfully used as 

a cover material in both landfills and mining applications as well as a soil 

structural enhancement material in agricultural applications. 

 

The presently existing methods are not adequate for estimating the 

permeability function for a soil that undergoes high volume change as soil 

suction changes. Inaccuracies in the estimation of the unsaturated 

permeability function can cause erroneous numerical modeling results and 

consequently affect engineering decisions. The estimation procedure for 

the permeability function should take into consideration both desaturation 

and volume change when estimating the permeability function. Only then 

is it possible to undertake a reliable numerical modeling simulation of high 

volume change soils.  

 

This paper presents a revised estimation method for the prediction of the 

saturated/unsaturated coefficient of permeability function for soils that 
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undergo volume change as soil suction changes. The proposed 

methodology is based on the Fredlund-Xing-Huang (1994) permeability 

function. Both void ratio and degree of saturation are taken into account 

as factors that affect the estimated unsaturated permeability function. 

Experimental data for initially slurry Regina clay (Fredlund 1964) are 

presented and interpreted for the illustration of the revised estimation 

methodology. Regina clay initially in a slurry form undergoes significant 

volume change when the soil is saturated before reaching the air-entry 

value (AEV) during a drying process. The proposed methodology can also 

be applied to soils such as DBP that continue to undergo considerable 

amount of volume changes when the applied suction exceeds the air-entry 

value.  

 

 

3.2 Literature review  

 

The shrinkage curve and the soil-water characteristic curve are two soil 

property curves pivotal to the estimation of the coefficient of permeability 

function for high volume change materials. Numerous research studies 

have been undertaken related to the shrinkage curve, the soil-water 

characteristic curve and the unsaturated coefficient of permeability 

function. A brief summary of findings follows.   

 

The shrinkage of a soil involves the process of drying a soil under 

increasing soil suction. Researchers in the early 1900s undertook studies 

to investigate the character of shrinkage (Tempany 1917).  Efforts were 

made to define the shrinkage process of soils (Bronswijk 1991, Haines 

1923, Keen 1931, Stirk 1954). Structural shrinkage, normal shrinkage, 

residual shrinkage and zero shrinkage are four shrinkage phases that 

were identified. A detailed interpretation of the shrinkage curve was 

presented by Haines (1923). The study focused on normal shrinkage and 
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residual shrinkage. Terzaghi (1925) studied shrinkage behavior and 

compared shrinkage to the compression of a soil. Sridharan and Rao 

(1971) discussed the physical mechanism involved in the process of 

shrinkage in a clay soil. The shrinkage behavior was explained through 

use of a modified effective stress concept. Marinho (1994) carried out a 

comprehensive study of shrinkage curve functions. Fredlund (2000) 

presented a mathematical equation describing the shrinkage curve and 

also provided a theoretical method for estimating the shrinkage curve. The 

shrinkage curve equation proposed by Fredlund (2000) is later used in the 

development of a revised theory for the estimation of the coefficient of 

permeability function for high volume change soils. 

 

The soil-water characteristic curve (SWCC) is an unsaturated soil property 

that shows the relationship between the amount of water in a soil and 

various applied soil suction values (Fredlund and Rahardjo 1993). SWCC 

has been commonly used for the estimation of other unsaturated soil 

property functions such as the unsaturated coefficient of permeability 

function, the water storage function, and the shear strength function. It is 

important that the SWCC be accurately represented by the proposed 

mathematical equation. Numerous equations have been proposed in the 

literature by various researchers (Assouline et al. 1998, Assouline et al. 

2000, Brooks and Corey 1964, Brutsaert 1967, Bumb et al. 1992, 

Campbell 1974, Farrell and Larson 1972, Fredlund and Xing 1994, 

Gardner 1958, Groenevelt and Grant 2004, Kosugi 1994, Laliberte 1968, 

McKee and Bumb 1984, McKee and Bumb 1987, Pachepsky et al. 1995, 

Parent et al 2007, Pereira and Fredlund 2000, Pham and Fredlund 2008, 

Russo 1988, van Genuchten 1980). Each equation has been developed in 

response to the desire to provide a representation of a soil-water 

characteristic curve that better represents the characteristics observed in 

natural soils.  

 



43 

 

The Brooks and Corey (1964) equation, the Gardner (1974) equation, 

three forms of van Genuchten (1980) equation and the Fredlund-Xing 

(1994) equation appear to be the six most commonly used SWCC 

equations in geotechnical engineering. The Brooks and Corey (1964) 

equation takes the form of a power-law relationship starting at the air-entry 

value for the soil. Although the Brooks and Corey (1964) equation has the 

advantage of simplicity in form, it has the primary drawback that it is 

discontinuous at the air-entry value where desaturation starts. The 

Gardner (1974) equation is a continuous function originally proposed to 

best-fit laboratory unsaturated soil permeability data to form a coefficient 

of permeability function. (The Gardner permeability function was later 

used to define the SWCC).  Van Genuchten (1980) originally developed a 

three-parameter SWCC equation with the flexibility to fit a wide range of 

soils. Simplification of the van Genuchten (1980) equation was made by 

prescribing a fixed relationship between the m and n fitting variables. The 

proposed simplifications made it possible to obtain a closed-form 

permeability function for an unsaturated soil when substituting the SWCC 

equation into the Burdine (1953) and the Mualem (1976) integral formula 

for the unsaturated permeability function. The two-parameter van 

Genuchten (1980) equations have less mathematical flexibility than the 

original three-parameter van Genuchten (1980) equation when best-fitting 

the experimental SWCC data. The van Genuchten (1980) equation 

provides a reasonable fit for laboratory test data at high and medium water 

contents but does not apply to suctions higher than the residual conditions 

(Zhang 2010). The Fredlund-Xing (1994) equation is a four-parameter 

equation which has increased flexibility in fitting a wide range of soils. The 

equation is capable of fitting experimental data over essentially the entire 

range of soil suctions. The Fredlund-Xing (1994) SWCC equation is later 

used in this paper to develop a revised estimation procedure for the 

permeability function. The development of the revised method for the 

permeability function focuses on the drying (or desorption) curve; however, 
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in general, the proposed methodology also applies for the wetting (or 

adsorption) curve. 

 

Research directed towards the estimation of the unsaturated coefficient of 

permeability function has been extensive. There are four categories of 

models that have been proposed for the estimation of unsaturated 

permeability function; namely, empirical models, statistical models, 

correlation models and regression models (Fredlund et al. 2012). 

Empirical models and statistical models are the most commonly used 

models. Empirical models utilize the relationship between the character of 

the SWCC and the unsaturated permeability function to empirically 

estimate the unsaturated permeability function from the SWCC. The 

Brooks and Corey (1964) equation is one of the empirical estimation 

equations. Statistical models are based on the assumption that both the 

permeability function and the SWCC are primarily determined by the pore-

size distribution of the soil under consideration.  

 

Childs and Collis-George (1950), Burdine (1953) and Mualem (1976) are 

three commonly used integral formulas that have been used for the further 

development of various statistical models. Three well-known statistical 

models have been obtained in the form of the relative coefficient of 

permeability equations. These are referred to as the van Genuchten-

Burdine (1980) equation, the van Genuchten-Mualem (1980) equation and 

the Fredlund-Xing-Huang (1994) permeability function. These permeability 

equations were developed by introducing, i.) the van Genuchten (1980) 

SWCC equation into the Burdine (1953) formula, ii.) the van Genuchten 

(1980) SWCC equation into the Mualem (1976) formula, and iii.) the 

Fredlund-Xing (1994) SWCC equation into the Childs and Collis-George 

(1950) formula. Table 3-1 presents these three well-known statistical 

equations. A constant saturated coefficient of permeability is generally 
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combined with the relative coefficient of permeability functions to generate 

the continuous unsaturated coefficient of permeability function. 

 

 

Table 3-1. Three well-known statistical equations for the relative 

permeability. 

# Equations 

van Genuchten-

Burdine 

equation (1980) 

  

van Genuchten-

Mualem 

equation (1980) 

 

Fredlund-Xing-

Huang (1994) 

permeability 

function  

 

Notes:  

 

 

The estimation methods for the prediction of the coefficient of permeability 

function for an unsaturated soil have been based on the assumption that 

soil does not undergo volume change as soil suction is increased. The 

Fredlund-Xing-Huang (1994) permeability function is revised (in this paper) 

for the development of a coefficient of permeability function that can be 

used for materials that undergo volume change as suction is changed. 
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3.3 Theory  

 

The theory section deals with the relationship between the soil-water 

characteristic curve and the shrinkage curve for a soil, as well as the 

consistency that must be maintained with respect to the designations of 

volume change and water content change. 

 

 

3.3.1 Designations of water content and basic volume-mass relationships 

 

Water content can be designated in terms of either mass or volume as a 

ratio that quantifies the amount of water contained in a soil. There are four 

designations of water content that are used to define the amount of water 

in a soil: 

1.) Gravimetric water content, w; 100%w

s

m
w

m
= ³ , where mw is the mass of 

water and ms is the mass of solids. 

2.) Volumetric water content, ɗ; 100%w

to

V

V
q= ³ , where Vw is the volume of 

water and Vto is the original total volume of the soil specimen.  

3.) Instantaneous volumetric water content, ɗi ; 100%i
w

ti

V

V
q= ³ , where the 

volume of water, Vw is referenced to the instantaneous total volume of 

the soil specimen, Vti; 

4.) Degree of saturation, S; 100%w

v

S
V

V
= ³ , where the volume of water, Vw 

is referenced to the instantaneous volume of voids in the soil specimen, 

Vv. 

 

The most commonly used designation of water content in geotechnical 

engineering practice is gravimetric water content w. The degree of 
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saturation S is another variable commonly used to indicate the percentage 

of the voids filled with water. Volumetric water content, ɗ, has been most 

commonly used in soil science and agriculture-related disciplines. 

Volumetric water content, ɗ, has little meaning in unsaturated soil 

mechanics except under conditions where there is no overall volume 

change during a process. In this case the volumetric water content, ɗ, 

becomes equal to the instantaneous volumetric water content, ɗi.  

 

The four different quantitative measures of water content are connected 

by three basic volume-mass relationships as shown below: 

 

swG
S

e
=                     [10] 

 

0 01 1
swGSe

e e
q ==

+ +
                   [11] 

 

1 1
s

i

wGSe

e e
q ==

+ +
                  [12] 

 

where:  

Gs = specific gravity of the solids,  

e = void ratio referring to an instantaneous state of a soil specimen, and 

e0 = original void ratio referring to the original state of a soil specimen. 

 

Gravimetric water content is usually measured in most laboratory tests 

due to the convenience of the mass measurements. Other designations of 

water contents are usually obtained indirectly using basic volume-mass 

relationships based on the measurement of the gravimetric water content 

and the shrinkage curve. 
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Water content in a dimensionless form can be obtained by dividing each of 

the defined water contents by the value at its original wetted (or zero 

suction) state. Four types of water content in a dimensionless form are 

presented as the following equations.  

 

0 0

0 0 0

d
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0

d
S

S
S =                      [16] 

 

where, 

 

d = subscript of d means dimensionless, 

0 = subscript of 0 refers to the original state, 

wd = dimensionless gravimetric water content, 

ɗd = dimensionless volumetric water content referenced to the original 

total volume of the soil specimen, Vto  

ɗid = dimensionless instantaneous volumetric water content referenced to 

the instantaneous total volume of the soil specimen, Vti.. 

Sd  = dimensionless degree of saturation, 

w0 = gravimetric water content at the original state, usually referring to the 

saturated gravimetric water content corresponding to the initial state of a 

specimen, 
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ɗ0 = volumetric water content at the original state, usually referring to the 

saturated volumetric water content at the initial state of a specimen, 

ɗi0 = instantaneous volumetric water content at the original state, which is 

equal to ɗ0. 

S0 = degree of saturation at the original state, usually referring to a value 

of 1 (or 100%) representing the saturation of a specimen. 

 

If a soil specimen does not change volume during a testing process, it 

means the void ratio of the specimen remains constant. 

 

0e e=                     [17] 

 

Substituting Eq. [17] into Eqs. [13] to [15] and comparing the results to Eq. 

[16] leads to the following equality for a soil with no volume change. 

 

d d id dw Sq q= = =           [18] 

 

Eq. [18] reveals that the four types of water content are the same when 

presented in their dimensionless forms for a soil that does not change 

overall volume during a process.  

 

If a soil changes overall volume during a testing process (such as the 

drying of the soil) when measuring the SWCC, the void ratio is changing 

as well and it is concluded that,  

 

0e ȩ           [19] 

 

Combining Eqs. [13] to [16] and Eq. [19] can produce the following results 

for a soil that undergoes volume change during a process. 
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d id dw Sq̧ ¸          [20] 

 

d dw q=          [21] 

 

Eq. [20] indicates that wd, ɗid, Sd 
are different from one another when there 

is volume change. Eq. [21] indicates that wd is still equal to ɗd 
when a soil 

undergoes volume change. However, volumetric water content, ɗ (or ɗd) 

does not have any meaningful value when a soil undergoes volume 

change.  

 

 

3.3.2 Shrinkage curves 

 

Shrinkage tests are usually conducted in the laboratory in order to record 

how the void ratio of a soil changes with changes in gravimetric water 

content during a drying process. A shrinkage curve establishes the 

relationship between void ratio and gravimetric water content. 

 

Fredlund (2000) proposed the use of a hyperbolic equation to define the 

shrinkage curve. The equation is as follows.  

 

()

1

1

sh sh
c c

sh

sh

w
e w a

b

è øå õ
é ù= +æ ö
é ùç ÷ê ú

                   
[22] 

 

where: 

ash = minimum void ratio, emin,  

ash/bsh = slope of the line of tangency, 

csh = curvature of the shrinkage curve, and 

w = gravimetric water content.  
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The Fredlund (2000) equation has the following relationship between the 

fitting parameters and the volume-mass properties. 

 

0

sh s

sh

a G

b S
=                     [23] 

 

where: S0 = initial degree of saturation.  

 

The Fredlund (2000) shrinkage equation describes the shrinkage behavior 

quite accurately for most soils. The equation is a one-piece smooth curve 

with

 

() sh

sh

a
e w w

b
=  as its asymptotic line. The shrinkage curve moves closer 

and closer to a straight asymptotic line as the gravimetric water content 

increases.   

 

Defining the shrinkage curve becomes particularly important when solving 

geotechnical engineering problems that involve high volume change 

materials where the total volume changes at various soil suctions must be 

known.  

 

 

3.3.3 Soil-water characteristic curves 

 

Soil-water characteristic curves, SWCCs, describe the relationship 

between the amount of water in a soil and various applied soil suction. 

The SWCC forms the basis for the estimation of unsaturated soil property 

functions such as unsaturated permeability function and water storage 

function. The amount of water in a soil can be defined using four different 

designations as discussed above. As a result, the SWCC can accordingly 

take four different forms; namely, gravimetric water content-SWCC (w-

SWCC), volumetric water content-SWCC (ɗ-SWCC), instantaneous 
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volumetric water content-SWCC (ɗi -SWCC), and degree of saturation-

SWCC (S-SWCC). 

 

 

 

 

Figure 3-1. Fredlund-Xing (1994) SWCC fit to experimental data for GE3 

(Data from Brooks and Corey (1964))  

 

 

For soils that do not undergo volume change as soil suction changes, all 

four SWCCs provide the same information to the geotechnical engineer 

when estimating other unsaturated soil property functions (Figure 3-1). 

However, for a soil that undergoes volume change as soil suction changes 

during a drying process, w-SWCC, ɗi-SWCC and S-SWCC are different 

from one another. The w-SWCC and ɗ-SWCC provide similar information 

for a soil that undergoes volume change, but it should be noted that ɗ-

SWCC has no meaningful value in the case where soils undergo high 
































































































































































































































































































































































































































