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Abstract

Optimizing an objective function over convex sets is a key problem in many dif-
ferent machine learning models. One of the various kinds of well studied objective
functions is the convex function, where any local minimum must be the global mini-
mum over the domain. To find the optimal point that minimize the objective convex
function, a natural choice for the search direction is the negative gradient. The
resulting algorithm, usually called the gradient descent method, is widely used to
approach convex optimization problems. Given the entire objective function or the
first-order information (gradient), it is straightforward to do the line search follow-
ing the chosen direction. However, another scenario exists where the algorithm has
no access to such entire function or the first-order information, except evaluation of
some queried points. Then there comes the bandit optimization problem, which is
also known as zeroth-order or derivative-free optimization.

Algorithms for bandit convex optimization often rely on constructing noisy gra-
dient estimates, which are then used in appropriately adjusted first-order algorithms,
like gradient descent, replacing actual gradients. Depending on the properties of the
function to be optimized and the nature of “noise” in the bandit feedback, the bias
and variance of gradient estimates exhibit various tradeoffs. For example, the gra-
dient estimate with a small bias tends to have a large variance, while the estimate
with a small variance could have a large bias. Considering that both the bias and
variance of the gradient estimate might jeopardize the optimization algorithm. It

is worthwhile to measure their influences in a quantitative pattern, and study if the
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optimization error basing on a certain gradient estimate can be further improved.
This thesis proposes a novel framework that replaces the specific gradient es-
timation methods with an abstract oracle. The oracle directly interacts with the
algorithm, outputting biased, noisy gradient estimates satisfying some predefined
properties. In this way, we abstract tradeoffs of the bias and variance, skipping the
details of constructing gradient estimates. With the help of the new framework we
unify previous works, reproducing their results in a clean and concise fashion, prov-
ing the upper bound of the optimization error with the Mirror Descent algorithm.
Meanwhile, perhaps more importantly, the framework also allows us to show a
lower bound of the optimization error, which can match the corresponding upper
bound under certain conditions. This formally demonstrates that, to achieve the op-
timal root-n rate for the bandit convex optimization, either the algorithms that use
existing gradient estimators, or the proof techniques used to analyze them, have to

go beyond what exists today.
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Chapter 1

Introduction

Bandit optimization schemes, also known as derivative-free or zeroth-order opti-
mization, have a long history in machine learning. In the earlier work (Nemirovskii
and Yudin, 1983), an overview of both first-order and zeroth-order methods was
given for convex optimization problems. In the zeroth-order setting, only func-
tional (zeroth-order) information is available — rather than first-order gradient in-
formation. Such procedures are desirable when explicit gradient calculations may
be impossible or computationally unfeasible. Applications of bandit problems in-
clude online auction, controlling an unknown system, and many examples provided
by simulation-based optimization (Spall, 2005). Additionally, in graphical model
inference (Wainwright and Jordan, 2008), the objective function can be defined in
a variational way so that the explicit differentiation is difficult.

Despite the long history and abundant study in bandit optimization problems,
a precise understanding of their convergence behavior remains elusive. This thesis
presents and analyzes a novel framework with biased, noisy gradient oracles, which
enable us to study the performance of a certain kind of methods, where the algo-
rithms observe noisy point-evaluations of the objective function and use these to
construct gradient estimates. We will see how the performance will be influenced
and whether the optimal rate can be achieved under this framework.

In this chapter, we state our problem in Section 1.1. Relevant work is reviewed
in Section 1.2, which also explains the motivation of our work. Our contributions
are presented in Section 1.3, as well as a brief discussion of the gradient oracle

model. Section 1.4 summarizes the organization of the thesis.
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Figure 1.1: The interaction of the algorithm and the environment in bandit opti-
mization.

1.1 Problem Statement

We consider bandit convex optimization in the stochastic setting as well as online
setting.

In the stochastic bandit convex optimization problem, the environment chooses
a single fixed objective function f : K — R, where K C R? is a non-empty
closed convex set. In each round ¢, the algorithm queries at the point X; € K, and
observes the noisy evaluation of f(X;). The goal of the algorithm is to minimize

the optimization error

Ay =E[f(X)] - inf f(a),

zek
where X,, € K is chosen by the algorithm after n rounds, and n is given to the
algorithm at the beginning of the game.
In the online bandit convex optimization problem, a sequence of loss functions
fi,-.., fn are chosen by the environment. In round ¢, the algorithm queries at
Y, € K!, and suffers the loss fi(Y:). The goal in online BCO is to minimize the

expected regret

R, =E

> fY)| —inf}filx).
t=1 t=1

'For simplicity, in some cases we allow f; to be defined outside of /C and allow Y; to be in a
small vicinity of /C.




Note that in bandit optimization, the algorithm can only observe noisy samples from
the objective function, instead of accessing the full gradient or function.

In this work, we would like to bound the optimization error (or regret) in a
minimax fashion. The study of bounds under certain types of assumptions is not
unprecedented. In fact, both upper bounds and lower bounds are widely studied
under different models and environment settings. It is known that the optimization
error of a convex Lipschitz function after n rounds of queries scales as O(\/M)
(Shamir, 2012). Yet, to the best of our knowledge, at present time there is no algo-
rithm that comes even close to obtaining the desired dependence on the dimension
while simultaneously having the O( \/1/_n) convergence rate. Among various kinds
of algorithms, we are particularly interested in “gradient”-based algorithms (Flax-
man et al., 2005), where the gradient estimate is constructed basing on noisy bandit
feedback, and then substitutes the true gradient in some gradient descent algorithms.
In Section 1.2 we will discuss why we choose to study the “gradient”-based algo-
rithm, and give an overview of the background and state of the art of the bandit

convex optimization problem.

1.2 Motivation and Related Work

For a general convex objective function, the minimax rate for bandit convex op-
timization in both stochastic settings (optimization error) and online settings (ex-
pected regret) is known to be O(y/n). The lower bound is given by Shamir, 2012.
The existence of such a upper bound is proved by Bubeck et al., 2015 with a non-
constructive algorithm.

To achieve the optimal rate, many algorithms have been proposed, which mainly
fall into two categories: One is ellipsoid methods, the other is “gradient”-based
methods. Ellipsoid methods are able to achieve the optimal square-root rate in
terms of time complexity, whereas has very large dependency on the dimensions,
such as O(1/d33/n) (Agarwal et al., 2013) and O(1/d"*/n) (Liang et al., 2014).
These methods are generally based on a random walk on the epigraph of the func-

tion. They suffer from the high dimension and are not actually used in practice. As



to the “gradient”-based method, the gradient here is quoted because the algorithm
actually uses an estimate of the gradient, rather than getting the first-order informa-
tion directly from the environment. Not surprisingly, the performance of this kind
of algorithms depends heavily upon the bias and variance of the gradient estimate.

Recall that in each round the algorithm queries at X and receives a noisy func-
tion value Z = F (X, &), where £ is the noise from a given set or distribution. Ne-
mirovskii and Yudin, 1983 (Chapter 9.3) developed a randomized sampling strategy
that estimate the gradient V F'( X, £) via randomized evaluations of function values
at points on the surface of an Ly-sphere center at X. Flaxman et al., 2005 built
on this approach and established the upper bound as O( W) for bandit convex
optimization in the online setting.

Although convergence rates of “gradient” methods for general convex func-
tions are sub-optimal, they can be improved under certain assumptions. For the
smooth function, the upper bound is improved to O(</d?/n) (Saha and Tewari,
2011). For the smooth and strongly convex function, the upper bound is shown to
be O(+/d?/n) (Hazan and Levy, 2014), which already matches the lower bound.
The difficulties inherent from estimating gradient using only a single function eval-
uation can also be alleviated when the function F'(-, £) can be evaluated at multiple
points, as noted by Agarwal et al., 2010 and Nesterov and Spokoiny, 2011. In par-
ticular, when the noise can be kept fixed between queries, the optimization error can
be optimal (Duchi et al., 2015). This is because the gradient estimation can benefit
from the controlled noise, and present better bias-variance tradeoff. >

Now we see that there remains a big gap for bandit convex optimization in
the general sense, without assuming the strong convexity of objective functions or
controlled noise in the feedback. One of the appealing questions may rise up: Can
we do better with a clever gradient method? Current work has demonstrated the
sub-optimal upper bounds of gradient methods, whereas the lower bounds are still
missing. One may assume to get the optimal rate by designing an algorithm that
makes better use of the gradient estimate. However, if we could find the matching

lower bounds with regards to upper bounds, this assumption must be invalided. In

2We will discuss gradient estimation with controlled noise later in Chapter 4.
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Figure 1.2: The Gradient Oracle Model: interaction of algorithms with the gradient
oracle and the environment.

the next section, we will introduce how we figure out the lower bound with the help

of the gradient oracle model, which is one of the main contributions of this work.

1.3 Contributions and the Gradient Oracle Model

This thesis studies the convex optimization problem in a novel framework of Gra-
dient Oracle Models, for both stochastic and online settings. In the oracle-based
framework, the algorithm, upon selecting point X;, receives a noisy and potentially
biased estimate G, € R? of the gradient® of the loss function f from the gradient
oracle. To control the bias and the variance, the algorithm can choose a folerance
parameter ¢; > 0 (in particular, we allow the algorithms to choose the tolerance

parameter sequentially). A smaller &; results in a smaller “bias” 4

, while typically
with a smaller d;, the “variance” of the gradient estimate increases. In the online
setting, the oracle also gives a response point Y; in the vicinity of the query point
X, which serves as the point where the cost is incurred.

The main feature of the model is that the information flow between the algo-
rithm and the environment (holding f, or fi.,) is mediated by a stochastic gradient
estimation oracle. In this way, we extract the bias-variance tradeoff from gradient
estimation techniques extensively used in the literature, mostly for the case when
the gradient is estimated only based on noisy observations of the objective function
(Katkovnik and Kulchitsky, 1972; Kushner and Clark, 1978; Spall, 1992, 1997;
Dippon, 2003; Bhatnagar et al., 2013; Duchi et al., 2015). As we shall see, numer-

ous “gradient” approaches to bandit optimization and online learning essentially

3More generally, an estimate of a subgradient of f, in case f is not differentiable at X,
4For the precise meaning of bias, we will consider two definitions, see Section 2.2.



using gradient estimates and first-order methods fit in this framework (Polyak and
Tsybakov, 1990; Flaxman et al., 2005; Abernethy et al., 2008; Agarwal et al., 2010;
Nesterov and Spokoiny, 2011; Agarwal et al., 2013; Hazan and Levy, 2014).

In addition to reproducing existing results in a unified approach, perhaps more
importantly, we provide lower bounds on the minimax optimization error (or regret)
for several oracle models. In particular, for optimizing smooth, convex functions,
we have matching lower and upper bounds. For instance, under the type-I oracle’,

the minimax optimization error for L-smooth, convex functions is

*,type—I \/_ 2p(irq 2;)#(7 -5t
A (Cl, 02) =0 dCl 02 n Zrta )

FrL,0.mn

where the bias of the gradient estimate is bounded by ¢; = (6P, the variance is
bounded by ¢, = C3079, (', Cy, p, g are some constants relative to the properties
of gradient estimates. In Chapter 4, we will see using the state-of-the-art gradient
estimation techniques, we can obtain p = 2,¢q = 0 for controlled noise, and p =
2,q = 2 for uncontrolled noise. This reproduce the optimal rate @(\/1/_71) for
controlled noise (Duchi et al., 2015), and shows that if the noise is uncontrolled,
gradient methods can not surpass the sub-optimal rate ©( {’/1/_71)

Note that our oracle model does not capture the full strength of the gradient
estimates used in previous work, but it fully describes the properties of the estimates
that so far have been used in their analysis. As a consequence, our lower bounds
show that the known minimax regret of \/n (Bubeck et al., 2015; Bubeck and Eldan,
2015; Shamir, 2012) of online and stochastic bandit convex optimization cannot be
shown to hold for any algorithm that uses current gradient estimation procedures,
unless the proof exploited finer properties of the gradient estimators than used in
prior works. In particular, our lower bounds even invalidate the claimed (weaker)

upper bound of Dekel et al. (2015) (see Section 3.5).

1.4 Organization

The thesis is organized as follows: We formally define the biased, noisy gradi-

ent oracle model in Chapter 2. Upper and lower bounds under this framework are

SDetailed definitions will be given in Section 2.2
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provided in Chapter 3. Theorems and proofs are presented for different settings, in-
cluding stochastic versus online optimization, smooth versus strongly convex func-
tions, and type-I versus type-II oracles. Chapter 4 is devoted to describing gradient
estimation methods. In addition to general propositions, some widely used exam-
ples of estimates are illustrated, which can apply to stochastic and online BCO in

Chapter 5 and 6. We close the thesis by summarizing conclusions in Chapter 7.



Chapter 2
Gradient Oracle Models

This chapter gives a detailed description to the biased, noisy gradient oracle model,
which will be used to derive the optimization error and regret later. Section 2.1
defines all the notations and concepts we will use in the following chapters. Sec-
tion 2.2 proposes two types of oracles to catch properties of different gradient esti-
mation methods listed in Chapter 4. The relationship of the two types of oracle are
explained in Section 2.3, where we will see one type of oracles actually can be re-
duced to another under some mild assumptions. In Section 2.4, we review previous

work on gradient oracle models and highlight the novel features of our work.

2.1 Notations

Capital letters will denote random variables. For 7 < j positive integers, we use the
notation a;.; to denote the sequence (a;, a;t1,. .., a;).

We let ||-|| denote some norm on R?, whose dual is denoted by ||-||,. Let £ C R?
be a non-empty closed convex set.

Given the function f : K — R which is differentiable in K°, ! f is said to be

p-strongly convex w.r.t. a norm || - || (u > 0) if
Dy(z.y) > §llz —yl?

forallz € K,y € K°, where Dy(z,y) = f(x) — f(y) — (Vf(y),x — y) is the
Bregman divergence associated with f between points x and y. Similarly, f is u-

strongly convex w.r.t. a function R if Dy(x,y) > £Dg(z,y) forallz € K,y € K°,

'For A ¢ R%, A° denotes the interior of A.



where £° C dom(R) and R is differentiable over K°. A function f is L-smooth

w.r.t. a norm || - || for some L > 0 if
Dy(w,y) < 5lle -yl

for all x € K,y € K°. This condition is equivalent to that V f is L-Lipschitz, that
is, [Vf(z) = Vf(y)|, < Lz —y| (Nesterov, 2004, Theorem 2.1.5).

We let F,, = (K) denote the class of functions that are yi-strongly convex w.r.t.
R and L-smooth w.r.t. some norm ||-|| on the set K (typically, we will assume
that R is also strongly convex w.r.t. ||-||). Note that , , x(K) includes functions
whose domain is larger than or equal to . We also let F;, ,(K) be Fy , =(K)
with R(:) = 1 |- || Then, the set of convex and L-smooth functions with domain
including IC is Fp, o(KC).

Besides the standard O(-) notation, we will also use O(-): For a positive val-
ued function f : N — R,, O(f) contains any g : N — R, such that g =
O(log?(n) f(n)) for some p > 0. (As usual, we abuse notation by writing g = O(f)
instead of g € O(f).)

Finally, we will denote the indicator function of an event £ by [ {£'}, that is

I{E} = 1if E holds and equals zero otherwise.

2.2 Type-I and Type-II Oracles

We will use two classes of oracles. In both cases, the oracles are specified by
two functions ¢, ¢z : [0,00) — [0, 00), which will be assumed to be continuous,
monotonously increasing (resp., decreasing) with

(151_r>r(1) c1(9) =0 and (151_1[)% c2(8) = +00.

Typical choices for ¢y, ¢y are ¢1(0) = C167, c2(6) = Cy6~ 7 with p, g > 0.

Our type-I oracles are defined as follows:
Definition 1 ((c1, c) type-I oracle) We say that v is a (¢, ¢2) type-1 oracle for F,
if for any function f € F,2 € K,0 < § < 1,yreturns G € R?and Y € K random

elements such that ||z — Y| < ¢ almost surely (a.s.) and the following hold:



1. |E[G] = Vf(x)], < c1(0) (bias); and

2.E[|G-E [G]Hﬂ < ¢9(0) (variance). 0

The upper bound on ¢ is arbitrary: by changing the norm, any other value can also
be accommodated. Also, the upper bound only matters when X is bounded and the
functions in F are defined only in a small vicinity of .

The second type of oracles considered is as follows:

Definition 2 ((c1, c2) type-II oracle) We say that «y is a (¢y, ¢2) type-1I oracle for
F, if for any function f € F,z € K,0 < d < 1,yreturns G € R?and Y € K
random elements such that ||z — Y| < § a.s. and the following hold:

1. There exists f € F such that Hf— fHOO < ¢1(8) and E [G] = V f(z) (bias);

and

2.E[|G-E [G]Hﬂ < ¢9(0) (variance). 0

We will denote the set of type-I (type-II) oracles satisfying the (¢, ¢;)-requirements
given a function f € F by I'1(f, ¢1, ¢2) (resp., I'a(f, c1, ¢2)).

Note that while a type-I oracle returns a biased, noisy gradient estimate for f,
a type-II oracle returns an unbiased, noisy gradient estimate for some function f
which is close to f. Note that f is allowed to change with the inputs (not only by
f, but also with = and 0) in the definition. In fact, the oracles (in both cases) can
have a memory of previous queries and depending on the memory can respond to
the same inputs (x, §, f) with a differently constructed pair.”> The oracles that we
use will nevertheless be memoryless.

As noted above, even a memoryless type-II oracle can respond such that f de-
pends on x or d. A type-II oracle is called a uniform type-II oracle if f only depends
on f (and possibly the history of previous queries), but not on x and d. The type-II
oracles that will be explicitly constructed will all be uniform.

We call an oracle (type-1 or II) unbiased if E [Y] = z in the above definitions.

Note that if the oracle is unbiased and the loss function is smooth, an algorithm

%For oracles with memory, in the definition (and in the proofs provided later in the paper) the
expectation should be replaced with an expectation that is conditioned on the past.
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does not loose too much from suffering loss at Y instead of the query point = since
in this case E[f (V)] — f(z) <E[(Vf(2),Y —z) + L |Y — 2|?] < Lé*/2.
Examples of specific oracle constructions will be given in Chapter 4. We also
note that for type-II oracles we only need properties of the function class which
the surrogate function f belongs to, the assumption f € F is only included to
simplify the definition (e.g., some oracles work for non-convex functions f for

which a suitable convex surrogate and the associated oracle exists).

2.3 Reduction Between Two Types of Oracles

As the next result shows, type-I and II oracles are closely related. In particular, a
type-I oracle is also a type-II oracle (although not a uniform type-II oracle). On the
other hand, type-II oracles need to satisfy an alternative condition to become type-I
oracles as the closeness of f and f is insufficient to conclude anything about the

distance of their gradients:

Proposition 1 Definition 1 is a sufficient condition for Definition 2, given a bounded

K. In particular, letting R = sup,ci ||y||, for any f, ci1, co such that f + (c,-) € F

Jor any |[c||, < ¢i(1), it holds that T'\(f, c1,c2) C Da(f, Ry, co). Furthermore, if
H]E— f”oo < ¢1(0) is replaced by

IVf = VI, < eld) @2.1)

in Definition 2 (for all x € K and 0 < § < 1), then any oracle satisfying this

modified definition is also a (cy, c2) type-I oracle. 0

PROOF The second part of the claim is immediate from the definitions, hence it
remains to prove the first part. Let y be a (¢, ¢2) type-I oracle. Fix z, §, f and let

the oracle’s response be G, Y. Define f : K — R by

fy) =E[f(y) +(G = Vf(z),y)],

where the expectation is over the randomness of GG (note that f depends on x and

8). Then, Vf(y) = Vf(y) — Vf(x) + E[G] and thus substituting z for y we get

11



that V f(z) = E[G]. Further, using ||E [G] — Vf(z)||, < ¢1(8), we have, for any
y e,

1f(y) = FW)l = [E[G =V (), 9)]] < [[E]G] = V(@) lyll < Rea(d).

showing that  is also an (Rcy, ¢o) Type-II oracle, since feF by the conditions of

the proposition. n

While in the online convex optimization setting algorithms are compared based
on their minimax regret in the stochastic convex optimization setting, they are com-
pared based on their minimax error (sometimes, also called as the “simple regret”).
Both are defined with respect to a class of loss functions F, and the bias/variance
control functions ¢y, co. The worst-case regret of algorithm A interacting with
(1, ¢2) type-I oracles for the function class F is defined as

Ré,n(ch c2) = sup sup Rﬁ(fl:na Yim)

fl:ne]:n 'Yterl (ft:clvc2)
1<t<n

where R;;‘( fi.n, 71:n) denotes the expected regret of A (against fi.,,71.,), and the

minimax expected regret for (F, c1, c3) with type-1 oracles is defined as
R, (c1,c2) = inf R, (c1, ¢2)
F.n C1,C2 H}l F.n C1,C2),

where A ranges through all algorithms that interact with the loss sequence fi., =
(fi,-.., fn) through the oracles ~;., (in round ¢, oracle ~; is used). The minimax
regret for type-II oracles is defined analogously.

In the stochastic BCO setting, the worst case error is defined through

AR (cr,c0) =sup  sup  AX(f,7), (2.2)
fE.F"/EFl(f,Cl,CQ)

where A(f,) is the optimization error that A suffers after n rounds of interaction

with f through (a single) y as described earlier, and the minimax error is defined as

Falcr, c2) = inf AZ ,(c1,02),

where, again, .4 ranges through all algorithms that interact with f through an oracle.

The minimax error for type-II oracles is defined analogously.

12



Consider now the case when the set I is bounded and, in particular, assume that
K is included in the unit ball w.r.t. ||-||. Assume further that the function set F is
invariant to linear shifts (that is for any f € F, w € RY, x — f(z) + (z,w) is also
in F). Let A¥Pe~1 and A%Pe~II denote the appropriate minimax errors for the two

types of oracles. Then, by the construction in Proposition 1,
AP er, o) < AR (Rey, 0s) 2.3)

Note that R may depend on the dimension d, e.g., for K = [—1, 1]d, R = Vd
when using the Euclidean norm. To clarify the different ¢; used by type-I and II
oracles, we will present the upper and lower bounds separately for the two oracle
types, although the type-I upper bound can actually be derived from type-II (and the
type-II lower bound can be derived from type-I). Also note that for either type of
oracles, A% (c1,¢2) < R, (c1,c2)/n. This follows by the well known construc-
tion that turns an online convex optimization method .A for regret minimization into
an optimization method by running the method and at the end choosing X, as the
average of the points X1, ..., X, queried by A during the n rounds. Indeed, then
f (Xn) < % >, f(X;) by Jensen’s inequality, hence the average regret of A will
upper bound the error of choosing X, at the end. A consequence of this relation is
that a lower bound for A%, (c1, c2) will also be a lower bound for R}, (c1,c2)/n

and an upper bound on R, (c1, cz) leads to an upper bound on A% (c1, ¢z). This

n
explains why we allowed taking supremum over time-varying oracles in the defi-
nition of the regret and why we used a static oracle for the optimization error: to

maximize the strength of the bounds we obtain.

2.4 Previous Work

Gradient oracles have been considered in a number of papers before: Several previ-
ous works assume that the accuracy requirements hold with probability one (d’ Aspremont,
2008; Baes, 2009; Devolder et al., 2014) or consider adversarial noise (Schmidt
et al., 2011). Gradient oracles with stochastic noise, which is central to our de-
velopment, were also considered (Juditsky and Nemirovski, 2011; Honorio, 2012;

Dvurechensky and Gasnikov, 2015); however, these papers assume that the bias

13



and the variance are controlled separately, and consider the performance of special
algorithms (in some cases in special setups). A full comparison between these ora-
cle models is given by Devolder et al. (2014). For illustration, here we only review
the model of this latter paper as a typical example of these previous works.

The model of Devolder et al. (2014) assumes a first-order approximation to
the function with parameters (J, L). In particular, given (z,d, L) and the convex
function f, the oracle gives a pair (¢, g) € R x R such that ¢ + (g, - — x) is a linear

lower approximation to f(+) in the sense that

0< F) ~ {t+ gy~ )} < 2 lly—al +5.

Devolder et al. (2014) argue that this notion appears naturally in several optimiza-
tion problems and study whether the so-called accelerated gradient techniques are
still superior to their non-accelerated counterparts (and find a negative answer). The
authors study both lower and upper rates of convergence, similarly to our paper.

A major difference between the previous and our settings is that we allow
stochastic noise (and bias), which the algorithms can control, while the oracle in
these previous paper must guarantee that the accuracy requirements hold in each
time step with probability one. This is a much stronger requirement, which may be
impossible to satisfy in some problems, such as when the only information avail-
able about the functions is noise contaminated. Some works, such as Schmidt et al.
(2011) allow arbitrary sequences of errors and show error bounds as a function of
the accumulated errors.

Our proof technique is actually essentially the same (as can be expected). How-
ever, the noisy case requires special care. For example, Proposition 3 of Schmidt

et al. (2011) bounds the optimization error for the smooth, convex case by
O(1/n*(lxy — 2*|* + A7),

where A, = O(3__, t|le:]|), e; being the error of the approximate gradient. This
expression becomes @(# S, t?*) & n assuming that errors’ noise level is a pos-
itive constant (in all our result, this holds). This clearly shows that the noisy case

requires (somewhat) special treatment. Similar, but simpler noisy oracle models
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were introduced (Juditsky and Nemirovski, 2011; Honorio, 2012; Dvurechensky
and Gasnikov, 2015), but these models lack the bias-variance tradeoff central to
this paper (i.e., they assume the variance and bias can be controlled independently
of each other). The results in these papers are upper bounds on the error of certain
gradient methods (also to some very specific problem for Honorio (2012)), and they

correspond to the bounds we obtained with ¢ = 0.
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Chapter 3

Main Results

This chapter has the most essential contributions of our work. Upper and lower
bounds are presented for both stochastic BCO (optimization error) and online BCO
(expected regret). We have structured the analysis in such a way that the role of
objective functions and gradient estimates becomes clearer in our results, i.e., F
specifies the class of objective functions, the type-I or II oracle illustrates the prop-
erties and bias-variance tradeoff of gradient estimates. Table 3.1 summarizes the
upper and lower bounds' for two specific choices of p and ¢ (relevant to applica-
tions in Chapter 5 and Chapter 6). These bounds can be inferred from the results

in Theorems 1 and 2.? In Section 3.5, we apply our gradient oracle model to give a

"Note that when R is the squared norm and K is the hypercube (as in the lower bounds), D =
©(d) in the upper bounds and also that C;, Cy may hide dimension-dependent quantities for the
common gradient estimators, as will be discussed later.

ZWhile it appears that for the strongly convex case the error becomes smaller with a larger di-
mension, in most applications C7, Cs will hide dimension dependent constants, and the lower bound

Type-I Oracle Convex + Smooth Strongly Convex + Smooth

\ Upper bound \ Lower bound \ Upper bound \Lower bound

d-bias, 6 —2-variance (012021)2)1/4 (CfCQdQ) 1/4 (CfC2D) 1/3 (ClgCQ) 1/2
p=1qg=2)

n n n n

2 e 2 . 1/3 1/3 1/2 2/3
d%-bias, 0 “-variance (Cﬁ’g\/ﬁ) / <0102\/d_3) / (C’ﬂ*g@) / (016’2) /

p=2,9=2) n n n

n

Table 3.1: Summary of upper and lower bounds on the minimax optimization er-
ror for different smooth function classes and gradient oracles for the settings of
Theorem 1 and Theorem 2.
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Algorithm 1 Mirror Descent with Type-I/II Oracle.
Input: Closed convex set K # (), regularization function R : dom(R) — R,
K° C dom(R), tolerance parameter d, learning rates {7, }7—".
Initialize X; € K arbitrarily.
fort=1,2,--- ,n—1do
Query the oracle at X, to receive Gy, Y;.
Set X1 = argmin, i [1:(Gr, ) + Dr(x, Xy)] .
Return: X,, = Ly X

lower bound to the algorithm proposed in Dekel et al., 2015, which invalidates their

upper bounds and enhanced our statement about gradient methods.

3.1 Upper Bounds of the Minimax Error

First we give an upper bound for the mirror-descent algorithm shown as Algo-
rithm 1. In the algorithm, we assume that the regularizer function R is a-strongly
convex and the target function f is smooth or smooth and strongly convex. We give
results for polynomial oracles, that is, when c¢; and ¢, are polynomial functions (in
particular, monomial functions) of their argument. The reason, as we will see, is
that existing oracle constructions give rise to polynomial oracles for the function

classes that we consider.

Theorem 1 (Upper bound) Consider the class F = Fi of convex, L-smooth
functions whose domain includes the bounded, convex set K # (), K C R%. As-

sume that the regularization function 'R is a-strongly convex with respect to (w.r.t.)

some norm ||-||, and K° C dom(R). For any (ci,c2) type-I or any memoryless
uniform (cy, ca) type-II oracle with c¢1(0) = C10P, c2(§) = C2079, p,q > 0, the
worst-case error (and hence the minimax error) of Algorithm I run with an appro-

priate parameter setting can be bounded as
_ 1 49  _P _ p
AMD,type I(Clu 62) <K,D:? Cl2p+q C;erqn p¥q (31)

FrL,o.mn
+2 (B[ - )] + 2),

actually increases with the dimension increasing.
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AEPPe () 0y) K| D5 O O3 om0 (3.2)
1 . DL
+ 1 (2o - s + 22).

where D = sup, ,cx Dr(x,y). For the class F = Fp,r of pu-strongly convex

(w.r.t. R) and L-smooth functions, with o > 2L/ u, we have

FL,u,Rom n

o » (logn+1+ 25\
AP SKgDﬁmeiquiq< - ““”) (33)

+ %JE [f(Xl) —;g,f;f(‘”)] ‘

}—L,;L,Rvn n

_p_
o » f[logn+ 1+ 2L\ Pt
AMPyperIl )y < KLOPTTORT ( op—2L (3.4)

+ g [f(Xl) - ;g,fcf(fﬂ)] .

Above, the constants Ky, K|, Ky and K} depend on p, q, o, .

If the oracle is unbiased (but may be non-uniform and may have memory) and
either (i) the oracle is of type-I or (ii) the oracle is of type-1I and all functions in F
have bounded gradients* then, for F C Fp,q, the regret of Algorithm I run with an

appropriate parameter setting can be bounded as
L up s AT (e~
—R7"(c1,c0) = O | D#ra Oy Cy" ™ ™ 2o+a
n

where p = min{p, 2}, Cy = CyT{p < 2} + (L/4)I{p > 2} for type-II oracles and
Cy = RO\ {p < 2} + (L/A)1{p > 2} for type-I oracles where R = sup, . ||z’
In the strongly convex case, that is, when F C Fy ,, an appropriate parameter
setting of Algorithm 1 yields a regret bound®

1 P 2 2
—R¥P(c1,60) =0 (Cf*q CIran 7 (1 + log n)pL> :
n

P
. —a_ —_ 9
3 In particular, K, = 2279 (a‘l + 2« 2<P+q>) (2}’2#) S K] =
4 _p apt
3 (2 =+ %) 2pFa a72pﬁq <42P2;‘1) 2p+q’ Ko = Qﬁa_ﬁufﬁ and Ké = Q#Ofiﬁﬂiﬁ-
“4This follows from the smoothness if, for example, the functions in f are bounded.
. . . L. . a2
SThe coefficient associated with the dominating term of the bound is 21+ T, (2p +
q)(2pr) " Frag T

6 The coefficient associated with the main term of the bound is (p + ¢)p~ 7a g~ 7ra (ap)” 7ra.
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The proof of this theorem follows the steps of the standard analysis of the mir-
ror descent algorithm and is provided in Section 3.2, mainly for completeness and
because it is somewhat cumbersome to extract from the existing results what prop-
erties of the oracles they use. Comparing the bounds on the optimization error and
the regret for the non-strongly convex case, note that p plays the same role as p
and C’l as (7. The reason for the difference is that the extra loss introduced by
using Y; instead of X in the regret minimization case brings in an extra L /2 term
(as discussed at the introduction of unbiased oracles), and this term dominates the
(10" bias term when p > 2, and increases its coefficient for p = 2; p and Cy are
obtained as the exponent and the coefficient of the dominating term from these two.
On another note, the dependence on D for type-I oracles seems different for the
optimization and the regret minimization cases. However, by the strong convexity
of R, R < \/m (when R is also L'-smooth, R > \/m, so R is of the
same order as v/D); applying this inequality gives the same dependence on D for
both types of oracles (for p > 2, the main term scales with a smaller power of D

for regret minimization due to the approximation issues discussed beforehand).

3.2 Proofs of the Upper Bounds

In this section we prove Theorem 1. First we derive the bounds for the optimization

settings and then for the regret.

3.2.1 Stochastic Optimization

The proof for the stochastic optimization scenario is based on Lemma 1 stated be-
low. This is essentially Theorem C.4 of Mahdavi (2014), and also identical to The-
orem 6.3 of Bubeck (2014), who cites Dekel et al. (2012) as the source. For com-
pleteness, the proof of the lemma is given in Section 3.2.3. The lemma is somewhat
more general than what we need (we will only need it for the case when 3; = 0);
the general form is presented because its proof is not significantly different than the

simpler form and it may find other applications in the future.

Lemma 1 Let (§;); be afiltration such that X, is §,-measurable. Let G; = E [G,|T]
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and assume that the nonnegative real-valued deterministic sequence (Pt)1<t<n IS

such that ||@t - Vf (Xt)”* < B; holds almost surely. Further, assume that R

(x,y) < oo, and let

a : .
N = 57 Jor some increasing sequence (a))i=] of numbers Then, the cumulative

loss of Algorithm 1 for a fixed convex and L-smooth function f can be bounded as

£S5 - £(&)| SBIA(X) - Fla)] + /2 Zﬁt

n—1
D(an_1+ L 2
+ ( 1 )+ Oy

where at = [”Gt GtHﬂ is the “variance” of Gy.
If f is also p-strongly convex with respect to R with i > 2L/« then letting
2
nm = " and a; = aut/2 — L > 0, the cumulative loss of Algorithm 1 can be
0

bounded as

E Zf(Xt)_f(I) <E[f(X: +\/52Bt+22at )

Now we can easily prove the theorem. First we consider the case of smooth and

convex functions. We select
m=af(a + L)
as in the lemma with a; = at” for some 0 < r < 1. For type-I oracles, the
result immediately follows by substituting 5; = C17, 07 = C50~ %, using that
ST S [T <l (1= )

1 n ' n
_E Zf(Xt) — ln’fCZf(a;)]
" t=1 s
1 . DL Da Cusei
<= B DL L b ca
< (B [ron o]« ZF) 4o T g0
(3.5)
Choosing
_ pt
r = ﬁ,
a4 = 23D (2;;_Zq>m D‘%Cf%*qc;p%q

1 2 1
_1 2p+ - __1
d = a2+ (—%qu) o C, 1O I
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the last 3 terms in (3.5) are optimized to

K1D1/2C’f/(2p+Q)Cg/(2p+Q)n_p/(2p+q) 7

with K, = 27@ 7 (of1 + 2a_2<r’14)> (21;;‘1) i . This implies (3.1).
For type-II oracles, from the bias condition in Definition 2 and using that the

oracle is memoryless and uniform, we get

g zn:f(xt)—ig’fczn:f(x)] S%E zn: (X)) —mfo + 20407 .
t=1 t=1 t=1

Given G; = E[G,] = Vf(X,), where f € Fj is convex and smooth, the

result immediately follows by applying Lemma 1 to f . Substituting 5, = 0 (since
we have a type-II oracle), 02 = C50 79, respectively, and using the bias condition

again, we obtain

Zth—mfo ]

1 1 DL Da Cgé_q
< —(E|f(X;)— inf — e ——nT" 20,67
_n< _f< ) ;glcf(:v) * a )+ a +2a(1—r)n 2010
(3.6)
1 [ ) 1 DL Da Cyo™¢ 2
< —(E|f(X;)— inf )+ = " (24 2| O
_n( f< 1 ;gKf(x)—l- oz)+ a +2a(1—r)n +( +n)01
(3.7)
Choosing
a = (2+ %) 2p+q (21;%) + (g) p+q Cl + CQ +

2\~ 227 (204q\ T (D3 T T, g
=(2+3) » (%) (B)% % €, P Cymtin” e,

the last 3 terms in (3.7) are optimized to

K! pr/2p+a) Cil/ (2p+q) Cg/ (2p+a) ), —p/(2p+q) ’

where K| = 3 (2 + %) e <2”+q> i o~ %+, This implies (3.2).

2p

21



When f € F, R is L-smooth and p-strongly convex, for n, = 2/(ut) and
Co (10gn+1+ 2L)
V2 ,uC’ln

oPte = , we similarly obtain, for type-I oracle,

lg > FX) - mfo ——E[f(Xn—gg,fCﬂx)

2D Cy6—9 2 1
<4 —Cq6P
< o 1 + apn tz: B %

—1¢
ap
< /@Olép %5 Jogn+1+au/(ap—2L)
o n
logn + 1+ A\
e _2de _ p __a -l P ap — 2L
< 220+9) o 20eta) gy pra D2+0) Clp qCQP a
n
Ca(logn+1+ oy
For type-II oracle, choosing 67t = ( ngcl(n ﬁ) 2L) , we get
1| :
TDWEIRTS W ] =060~ g 1
n—1
2 Cy71 1
< (24 —)Ci6” +
n aun ; . 2L
ap
2 C 1 1 — 2L
<o+ 50y _25q0gn+ + o/ (op — 2L)
n n
ap e
1 1+ ——
ogn+ 1+ ap — 2L

q
4 _» _p
< 2vtaqy” oy pra KpOPH Ot
= 21 2 n

where the bound is optimized in the last step via the choice of 9.

3.2.2 Online Optimization

The proof in this section follows closely the derivation of Saha and Tewari (2011).
First we consider the case of type-II oracles.
Let §; denote the o-algebra of all random events up until and including the

selection of X;. Since the oracle is unbiased, that is, E [Y;|§;] = X, we have

E /1Y) = FX0)I8:] < E [(VAX). Y = X0) + 51X - YillA15] < £0%/2.
(3.8)
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This inequality, the definition of type-II oracles, and the convexity of fi implies, for

any x € IC,
E Z LY | — Z fi(z) <E Z f:t(Yt> - Z ﬁ(x) + 2nC4 0"
t=1 t=1 Lt=1 t=1
- -~ L5
<E|Y fi(X) =Y filz)| + 200007+ ©
t=1 t=1
S .
<E Z<Vft(Xt)aXt —x)| 4+ 2nC10* + n 25
Lt=1
(3.9)
. 2
=E |) (G, X, — x)| +2nC1" + (3.10)
| t=1

Instead of Lemma 2 used in the optimization proof, we apply the prox-lemma (see,

e.g., Beck and Teboulle, 2003; Nemirovski et al., 2009):

1 Gy||?
(G, Xy —x) < U_(DR(x;Xt) - DR(antH)) + M | 2;”* . (3.11)
t

Summing up the above bound for all ¢, the divergence terms telescope, since

n—1

Z (Dr(z, X,) — Dr(z, Xi11))

t=1

1 1 1
m N2 M
1 1 1
| D, X) ( - ) ~ L e x)
-1 Nn—2 Nn—1
n—1
D 1 1
Lipy (_ - _)
m — \Tt  Th-1
D
= (3.12)
Nn—1

where the inequality results from the fact that {7, } is non-increasing.

To bound the last term in (3.11), we use the assumption ||V f(z)]|, < M for all
x € K to obtain

E (162 5] < 22 |60 - vi| + |[vic)

i &] < 2(MP + Cy79),
(3.13)
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Combining the latter with (3.10), (3.11), and (3.12), we obtain, for any x € I,

E () fi(Y)

M2+ Oyt nLé>
th )< ;mTJr%Cléer <
(3.14)
Setting the parameters

§ = (i)%iq(cép)ﬁn_%h—q ,
2p' aC?

where p = min{p, 2}, C; = C1T1{p < 2}+(L/4)I{p > 2} (i.e., pis the dominating

exponent from 67 and 62, and C‘l is the coefficient of the dominating term),

Ptaq q C b A== ptq
Ny = D2ﬁ+q(§)2ﬁ+q(—2) 2+a ) 209 T 254q |
D o

When f, € Fp for all ¢, it gives that
1 n

L (E SR
t=1

, i
where the coefficient of the main term equals K = o1+ 2its (2p+q)(2pa) ™ Wraq %,

—mfz filz ) (CW(C D)#ran~ +) (3.15)

When the set of functions is also strongly convex, in (3.9) we can use strong

convexity instead of linearization:

F(X)—fx) < (V] Xt—x>—gDR(x, X,) =E[(G), X, — ac)]%t]—gDR(x, X,).

Combining this with (3.11) and (3.13) gives the well-known variant of (3.14) for
strongly convex loss functions (Bartlett et al., 2008) for the choice n; = 2/(tpu):

- - G L§?
E th(Y;t) —th Z H t“ —|—2nC’1(5p+n2
t=1 t=1

2
maxy [HGtH*](l—i—logn)+2n015p+ nLd
Qap

2(M? 4 Cy6 1 Lé&?
( Z,u 2 )(1+10gn)+2n01(5p—|—n .

Setting 0 = (M)Hq we obtain

auCipn
1
E (]E — lanft > (Op+q0p+qn p+q(1+10gn)p+q) ,

> A
= (3.16)
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A

where the coefficient of the leading term is K’ = (p + ¢)p Fa q 7ta (a,u)*ﬁ%q.
For a type-I oracle, we need a slightly different derivation. Using the oracle’s

definition, similarly to (3.10), we get for evry x € K,

n n ['n n ‘L52
E (DAY | = D fila) SE D flX) = D fila)| + =
t=1 t=1 Lt=1 t=1
& nLd?
<E _;<Vft<Xt)a Xi—x)| + 5
1= 2
=E | (G, X; — 2) + (VX)) = Gr, X —2) | + ”’;5
| t=1
[ ] nL§?

<E|D (G X, —2)| +C16" Y E[|X; —zf] +
t=1

t=1

n L62
< ]E Z<Gt7Xt — CE> + 2nR015p + n

Lt=1

. (3.17)

where the second to last inequality holds by the Cauchy-Schwarz inequality, and
in the last step we used our assumption that sup ., ||z| < R. We now proceed
similarly to the type-II case, applying the prox-lemma (3.11), but bound the second

moment of GG, differently:

E [HGtHi 3] <2E[||G: —E [Gt|3t]||ﬂ +2||E [G4|F] — V(X
< 2(C76% + Cy079), (3.18)

Combining this with (3.11), (3.12), and (3.17) yields

n 2 $2p —q " 2
S ) . D G+ Gy nLé
t=1

3 filz) < > e+ 2nRC107 +
t=1
Now, the main terms in the above inequality are identical to those of (3.14) ex-

E

_ (0%
Nn—1 —1

cept that instead of C'; we have RC, here. Thus, optimizing the parameters of
the algorithm for this case, (3.14) holds for non-strongly convex loss functions with
Cy = RC{I{p < 2}+(L/A)I{p > 2}. Similarly, (3.16) holds with the latter choice

of C for p-strongly convex loss functions and type-I oracles.

3.2.3 The Mirror Descent Lemma

Before the proof, we introduce a well-known bound on the instantaneous linearized

"forward-peeking" regret of Mirror Descent.
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Lemma 2 Forany x € K and anyt > 1,

1
<Gt7 Xit1 — 95) < 77_ (DR(% Xt) - DR($7Xt+1) - DR(Xt+1,Xt)) )
¢
where X1 is selected as in Algorithm 1. o

PROOF The point X, is the minimizer of ¥, (x) = n,(Gy, x) + Dg(x, X;) over

K. Since the gradient of W, () is
VUi (z) = Gy + VR(z) — VR(X,),
by the optimality condition, for any = € I,
Gy + VR(z) — VR(Xy),x — X44q) >0,

which is equivalent to the result by substituting the definition of the Bregman diver-

gence Dy. n

With this, we can turn to the proof of Lemma 1. From the smoothness and

convexity of f, and using the strong convexity of R, we get

f(Xeq1) = f(2)
< f(Xy) +(VF(X), Xepr — Xp) + g 1 X1 — Xo||? = {F(X) +(VF(X), 2 — X))

= (VF(X0), Xt = 2) + 5 [ Xes = X
<A(VF(Xe), Xep1 — ) + gDR(Xt—i—la Xi) . (3.19)
Writing Vf(X;) = (Vf(X;)—G;) +&+ G, where & = G, — G is the “noise”, and
using the Cauchy-Schwartz inequality and the strong convexity of R, we obtain
(VI(Xe), Xeyr — 2) = (VF(Xe) = Go) + & + Gi, Xo1 — )

<|NXe — 2| [|[Vf = Gi|, + (& Xesr — ) + (G, X1 — @)

2D
< 51&\/ o + (&, Xep1 — ) + (Gy, Xop1 — )

After plugging this into (3.19), the plan is to take the conditional expectation of
both sides w.r.t. §;. As X, is §;-measurable and E [¢;|§;] = 0 by the definition of &,

and G;, we have

E [<€t7 Xig1 — 5E>|3:t] = ]\E [<5t, X — 517>|3tl+E [<§t, X1 — Xt>|§t] .

-~
=0
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The second term inside the expectation can be bounded by the Fenchel-Young in-

equality and the strong convexity of R as

1 2 1 2 924
e Xom—x < & (18 i - ) < LIS 2 kL x))
2 a 2 ag «

Applying Lemma 2 to bound (Gy, X;,1 — ), and putting everything together gives

E [f(Xet1) = f(2)[8:] < ﬁt\/ﬁ ! E[Hft“ 5] + (DR($ Xi) = Dr(z, Xi11))

a+L 1
+ ( L —> Dr(Xii1, X3) (3.20)
(. o /r’t vl
=0
Finally, we sum up these inequalities for ¢ = 1,...,n — 1. Since the divergence

terms telescope, recall (3.12), by the tower rule and using o7 = E [||&; ||z] , we obtain

E > f(X) - flo)

n—1 2

<E[f(X; +\/EZ@ o
t=1 “t

When f is L-smooth and p-strongly convex, we can rewrite (3.19) as

F(Xen) = £ (@)
N L A
< FOXD) + (G X = X0) + 5 1 Xens = XlP = { FX0) + (Grw = X + EDrle, X }
A L
= (Ge. Xers = @) + 5 | Xers = Xl = £ Dr(e, X))

A L
< (Gr, Xen —2) + ~Dr(Xe1, Xo) = §Dr(w, X0)

Now, similarly to (3.20), we obtain
2D
E[f(Xiy1) — f(2)|S] < B/ — + —E [1EN7 3]
1 u 1
——=|D X,;) - —D X
. 2) (0 X0) = = Dr(r Xie)
L+ a 1

(
( - ——) Dr(Xis1, X1) .

Ur

_|_
+
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1 t L

Since — = % _ by definition, summing up theses inequalities for ¢t =
Tt o

1,2,...,n—1, we get

n

Zf(Xt) — [(z)

t=1

SE[f(X) — f@)) + 23 g+ Y 20—

2043 Th—1
n—1 n—1 2
<E[f(X1)— f(z)] + \/%Zﬁﬁzé%’
t=1 t=1

which finishes the proof.

3.3 Lower Bounds of the Minimax Error

We next state lower bounds for both convex as well as strongly convex function
classes. In particular, we observe that for convex and smooth functions the upper
bound for the mirror descent scheme matches the lower bound, up to constants,
whereas there is a gap for strongly convex+smooth functions. Filling the gap is left

for future work.

Theorem 2 (Lower bound) Let n > 0 be an integer, p,q > 0, C;,Cy > 0, K C R?
convex, closed, with [+1,—1]* C K. Then, for any algorithm that observes n
random elements from a (cy, cy) type-I oracle with c1(0) = C16P, co(§) = Cy079,

the minimax error (and hence the regret) satisfies the following bounds:

e F10(K) (Convex and smooth) w.rt. the Euclidean norm || - || with L > 1

*,type—I \/_ 9Ta ITa, — gt
A (01,02) > K dCl 02 n 2rta,

FrL,o.n

q p
* type—II 55— A Zptq N 2pta, — 5
AIL’O’n (c1,¢9) > Kgd?Fa CPH1CH" 0" 2t

o F1.1(K) (1-strongly convex and smooth) with L > 1

2q

2p 9
type—I __2p
A;}Lyfi (Cl, CQ) > K4 Cl2p+q C;p+q n 2rtq

2p

2q
t —II —_q __2p
A;}Lyfz (Cl, CQ) > Ky D 2r+a C’prrq C;p+q n 2rta.

Above, the constants K| and K, depend on p and q only.” o

7 : _ 2p+q)° _ o3l 2p+q)°
In particular, K5 = ﬁ and Ky = 22rFa ﬁ
2q2p+a (4p+q) 2p+a q2pP+a (6p+q)2rta
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By continuity, the above claim can be extended to cover the case of ¢ = 0
(constant variance). For the special case of p = 0 and C; > 0, which implies a
constant bias, it is possible to derive an 2(1) lower bound by tweaking the proof.
On the other hand, the case of p = 0 and C; = 0 (no bias) leads to an Q(d/+/n)
lower bound. The proof of the lower bound, presented in Section 3.4, is obtained in
the usual way by providing a family of functions and a type-I oracle such that any
algorithm suffers at least the stated error on one of the functions.

In particular, for F, o with L > 1/2 we use
fvm(fp) =€ (fE - U) + 262 1n (1 + e_%> ,

withv = +1, € > 0, and x € K C R for appropriate €. Note that for any ¢ > 0,
foe € Fiy20 \ UocacijaFao-

Remark 1 (Scaling) For any function class F, by the definition of the minimax

error (2.2), it is easy to see that

A;(Mfa 01762) = MA:; (]:a Cl/u762/ﬂ2) ’

where i denotes the function class comprised of functions in F, each scaled by
i > 0. In particular, this relation implies that the bound for p-strongly convex
function class is only a constant factor away from the bound for 1-strongly convex

function class. O

3.4 Proofs of the Lower Bounds

In this section we present the proof of Theorem 2. Note that we will only prove
lower bounds with the type-I oracle. According to Proposition 1, lower bounds
for type-1I can be directly attained by replacing C of type-1 with C}/ Vd, given
[+1,-1]¢ Cc K.

3.4.1 Smooth Convex Functions

We will use a novel technique that will allow us to reduce the d-dimensional case

to the 1-dimensional case (see later). Thus, we start with the one-dimensional case.
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Proof in one dimension: We first prove the theorem for F = Fo(K) N {f :
R — R : dom(f) = K}, where by the assumptions of the theorem, L > 1/2, K is
convex and [—1, 1] C K, thereby proving a slightly stronger result than stated. For
brevity, let A* denote the minimax error A% (F, ¢y, ¢o). Throughout the proof, a
d-dimensional normal distribution with mean p and covariance matrix . is denoted
by N(u, X).

We follow the standard proof technique of lower bounds: We define two func-
tions f,, f_ € F with associated type-I gradient oracles ., ~y_ such that the ex-
pected error of any deterministic algorithm can be bounded from below for the case
when the environment is chosen uniformly at random from {(f.,~v+), (f—,7-)}.
By Yao’s principle (Yao, 1977), the same lower bound applies to the minimax error
A even when randomized algorithms are also allowed.

The proof uses (c1, ¢2) type-1 oracles which have no memory. In particular, we
restrict the class of oracles to those that on input (x, J) return a random gradient
estimate

G(z,0) =7(x,0) + & (3.21)

with some map 7 : K x [0, 1) — R, where ¢ is a zero-mean normal random variable
with variance c5(6) := Cy6~ 9, satisfying the variance requirement, and drawn inde-
pendently every time the oracle is queried.® The map 7, which will be chosen based
on f to satisfy the requirement on the bias. The Y value returned by the oracles is
made equal to x.

Next we define the two target functions and their associated oracles. With a
slight abuse of notation, we will use interchangeably the subscripts + (—) and +1
(—1) for any quantities corresponding to these two environments, e.g., f. and fi;

(respectively, f_ and f_;). Forv € {£1}, let
fo(z) == €(z —v) + 263 In <1+6_%> , v eK. (3.22)

These functions, with the choice ¢ = 0.1, are shown in Fig. 3.1a. The idea un-

derlying these functions is that they approximate e|x — v|, but with a prescribed

8The argument presented below is not hard to extend to the case when all observations are from
a bounded set, but this extension is left to the reader.
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smoothness. The first and second derivatives of f,, are

1—e < e~ e
e— = and f(x) = 6—2
L4em <1+6_%)

(the functions were designed by choosing f/). From the above calculation, it is easy
to see that 0 < f”(z) < 1/2; thus f, is %—smooth, and so f, € F.

For f,,v € {—1,+1}, the gradient oracle we consider is defined as 7,(x,0) =
(2, 8) + & with & ~ N(0, %) selected independently for every query, where 7,
is a biased estimate of the gradient f,. The derivatives of f, and f_ are shown in
Fig. 3.1a; we define the “bias” in 7, to move the gradients closer to each other:
The idea is to shift f° and f’ towards each other, with the shift depending on the
allowed bias ¢;(0) = C0”. In particular, since f| < f’, f’ is shifted up, while f”
is shifted down. However, the shifted up version of f’ is clipped for positive = so
that it never goes above the shifted down version of f’, cf. Fig. 3.1b. By moving
the curves towards each other, algorithms which rely on the obtained oracles will
have an increasingly harder time (depending on the size of the shift) to distinguish

whether the function optimized is f, or f_. Since

0< fl(x) = filz) < sup fL(x) —inf £ (z) = 2e,

we don’t allow shifts larger than € (so no crossing over happens), leading to the

following formal definitions:

_ Ji(x) 4+ min(e, C167) , ifz <0;
’)/+(£B, 5) = . ’ . , . .
min { f (z) + min(e, C107), f’ (z) — min(e, C167) } , otherwise,
(3.23)
and
5 (2,0) " () — min(e, C107) ifz >0;
x,0) = ‘
7= max { f’ (z) — min(e, C167), . () + min(e, C167) } , otherwise .
(3.24)

We claim that the oracle 7, based on these functions is indeed a (¢, o) type-I

oracle, with ¢;(8) = C107 and c(0) = 2. The variance condition is trivial. To
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R " [[ ____________
| Y i B
L ij% 4
‘ ‘ z (b) Plot of f and f/ with e = 0.1. The
10+ dashed lines show 7,(-,0) for C10P = ¢,
(a) Plotof f, and f_ withe = 0.1 ve {£l}.

see that ¢;(0) = (0P works, notice that v,(z,0) = —y_,(—x,0) and f/(z) =
—f.,(=x). Thus, |7, (z,0) — fi(x)| = |7_(—=,0) — f_(—=)|, hence it suffices to
consider v = +1. The bias condition trivially holds for z < 0. For x > 0, using that
F1(@) < f (2). we get f} () — min(e, C167) < 7, (x,8) < J} () + mine, C;57),
showing |7 (z,6) — f\(z)| < C16P. Thus, ~, is indeed an oracle with the required
properties.

To bound the performance of any algorithm in minimizing f,, v € {£1}, notice
that f, is minimized at z¥ = v, with f,(v) = 2¢?In2. Next we show that if z has
the opposite sign of v, the difference f,(z) — f,(z}) is “large”. This will mean that
if the algorithm cannot distinguish between v = +1 and v = —1, it necessarily
chooses a highly suboptimal point for either of these cases.

Since v f, is decreasing on {z : zv < 0}, we have

M, := min f,(z) = fo(v) = f,(0) — fo(v) =€ (_“ +2¢ln +26> '

x:xv<0

v

1+e-

Let h(v) = —v + 2¢ln
that is, h(v) = h(—v). Indeed,

. Simple algebra shows that / is an even function,

sl4ee 1+e -
h(v):—v+261n<ee e ):—U+2€E+261n +2€ = h(—-v).
€

2
Specifically, h(1) = h(—1) and thus

1+ec
M+:M:€<—1+261H +26 > :

1
From the foregoing, when zv < 0 and € < o’ we have
n

folx) = folx}) > € (—1 + 2¢ln 1 +266> >

€
5 .
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Hence,
folx) = folzt) > gﬂ{xv <0} (3.25)

Given the above definitions and (3.25), by Yao’s principle, the minimax error

(2.2) is lower bounded by
~ € ~
£ s . < g € .
AY > 1rjf E[fv(X,) ;g)f( fv(z)] > 1ij 5 P(X,V <0), (3.26)

where V' € {41} is a random variable, X,, is the estimate of the algorithm after
n queries to the oracle ~y for fy, the infimum is taken over all deterministic algo-
rithms, and the expectation is taken with respect to the randomness in V' and the
oracle. More precisely, the distribution above is defined as follows:

Consider a fixed (cq, ¢2) type-1 oracle v satisfying (3.21) and a deterministic
algorithm A. Let x7! (respectively, 67') denote the map from the algorithm’s past
observations that picks the point (respectively, accuracy parameter ¢), which are
sent to the oracle in round ¢. Define the probability space (€2, B, P, ) with 2 =
R™ x {—1, 1}, its associated Borel sigma algebra 3, where the probability measure
P4, takes the form Py, := pa,d(A x m), where A is the Lebesgue measure on

R™, m is the counting measure on {£1} and p 4 , is the density function defined by

1
pA,’y(glzna U) = 5 (pA,’y(gn ‘ gl:nfl) R pA,’Y(gnfl | gl:an) I pA,’y(gl))
1

= 5 (pN(gn - 7($ﬁ(91;n—1)7 5;;1(91:7171))7 62((5;:‘(91:%*1)))

X i x pn (g1 —7(95’14,6{4),02(514))),

where v € {—1,1} and py(-,0?) is the density function of a N(0,c?) random

variable. Then the expectation in (3.26) is defined w.r.t. the distribution

P:= (PA;\H_]I{U = —|—1} + PAﬁ_]I{v = —1})

N | —

and V : Q — {&1} is defined by V(g1.,,v) = v.° Define P, (-) :=P(- | V = 1),

9Here, we are slightly abusing the notation as IP depends on A, but the dependence is suppressed.
In what follows, we will define several other distributions derived from IP, which will all depend on
A, but for brevity this dependence will also be suppressed. The point where the dependence on A is
eliminated will be called to the reader’s attention.
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P_(-):=P(- | V = —1). From (3.26), we obtain

* : € % Y
A, zinf S (]P+ (X, < 0) +P_(X, > 0)) , (3.27)
. €
>inf = (1= Py = P-lpy), (3.28)
Sinf S (1- (2pg (PP : (3.29)
_II}t 4 9 kl (L4 L= ) .

where (3.27) uses the definitions of P, and IP_, ||-|| ., denotes the total variation
distance, (3.28) follows from its definition, while (3.29) follows from Pinsker’s
inequality. It remains to upper bound Dy, (P, |P-).

Define (G, to be the tth observation of A. Thus, G; : Q — R, with G;(g1.n,v) =
gi- Let P! (g1,...,qg:) denote the joint distribution of Gy, ..., G, conditioned on
V = +1. Let P{(- | ¢1,...,9:—1) denote the distribution of G, conditional on
V=+1land G|, = g1,...,Gi_1 = ¢g;—1. Define Pﬁj(' | g1,...,g4—1) in a similar

fashion. Then, by the chain rule for KL-divergences, we have

D (P |P-) Z / D (PL(- | 91— PL(- | gr4-1)) dPL(gra1). (3.30)
Rt—1
By the oracle’s definition on V' = +1 we have

Gy ~ N7 (2 (Gra—1), 6, (Gra-1)), c2(6,(Gra-1)))

i.e., PL( | g1:4—1) is the normal distribution with mean 7, (271 (G1.4-1), 67 (G1.4-1))

and variance c5(67*(G1._1)). Using the shorthands

a2t = 2 (gram1) 67 = 67 (g14-1)

we have

(7-&—(1;247 524) -7 ('Tt 75A))
202((5{4) ’

Dy (Pj-( | gra—1)|PL(- | g1;t71)) -

as the KL-divergence between normal distributions N(p;, 0?) and N(p2, 02) is equal
(1 — pi2)”
202
It remains to upper bound the numerator. For (x,d) € R x (0, 1], first note that

to
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Y4 (,0) < v_(z,0). Hence,

74 (,8) = 1 (2,8)] = 7 (2,6) — 72 (2, 0)
< supvy_(z,9) — iIﬂ'le Y4 (x,0)
= Q}irgo - (2,0) = lim 74(z,9)
=e—eNCLP — (—e+eNCLP)
= 2¢ — 2e N C1 7

< 2(e— Co")t, (3.31)

where (u)" = max(u, 0) is the positive part of w.
From the above, using the abbreviations z7* = 27 (g1.,_1) and 67* = 6/ (g1._1)

(effectively fixing gy.,; for this step),
2{(e = CL (&) T} (67

Du (Pi( | gl:tfl)HPE(‘ | gl:z%l)) < A (3.32)
2 — P)\+12 §q
< sup 2HEZC1ON)TIT 0T (3.33)
50 Cy

where inequality (3.32) follows from (3.31). Notice that the right-hand side of the
above inequality does not depend on the algorithm anymore.
Now, observe that sups.{(e — C107)T}?0% = sup(./c,)1/s5550(€ — C107)%09.

From this we obtain

5 _a \" 334
*_<Cl(2p+Q)) ' (539

Note that C;67 < ¢, hence maxsso{(e — C107)T}257 = (e — C167)?6%. Plugging
(3.33) into (3.30) and using this last observation we obtain
2n 9
Dy (Py|P-) < oA (e — C16y)7 ot (3.35)
2

Note that the above bound holds uniformly over all algorithms .4. Substituting the

above bound into (3.29), we obtain

G (€ — 0155)53/2 € 2ptq
> — J— -_— = — —_ P
Az 2 (1 Jn ¥ e : (1 Sk es ) , (3.36)
_ 2 %
where K = \/Cg(gpw) (01(23%«1)) :
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2p

By choosing ¢ = (2—1”)) T we see that

VnKi(dp+q

_2p 2
A > 2Pt 2p ))zw B (2p+q) Cfﬁchp%qn_ﬁ.

" T 4(4p +q) (\/ﬁKl(4p+ q

4p+gq

B 4qﬁq+q (4p + q) 2p+q

(3.37)
Now, when p = 1 and ¢ = 2, the lower bound in (3.37) simplifies to

1 1/2 ~1/4 —1/4
ey YA
3\/§ 1 2

On the other hand, for p = ¢ = 2, we obtain

A% >

Ar > 23 (%)1/3 CM3CM3p103

Generalization to d dimensions: To prove the d-dimensional result, we intro-
duce a new device which allows us to relate the minimax error of the d-dimensional
problem to that of the 1-dimensional problem. The main idea is to use separable
d-dimensional functions and oracles and show that if there exists an algorithm with
a small loss for a rich set of separable functions and oracles, then there exists good
one-dimensional algorithms for the one-dimensional components of the functions
and oracles.

This device works as follows: First we define one-dimensional functions. For
1 < i < d, let K; C R be nonempty sets, and for each v; € V := {1}, let
K — R Let K = x4 K;and forv = (vy,...,v4) € V4 let f, : K — R be
defined by

d

fol) =D fO(x), zek. (3.38)

Without the loss of generality, we assume that inf, cx, fé”(xz) = 0, and hence
inf%,exgz1 k. fo(z) = 0, so that the optimization error of the algorithm producing
X, € K as the output is fél)(f(m) and f,(X,), respectively. We also define a
d-dimensional separable oracle ~, as follows: The oracle is obtained from “com-
posing” the d one-dimensional oracles, (%(,?)Z In particular, the 7th component of

the response of 7, given the history of queries (zy,dy, ..., 21,01) € (K x [0,1))" is
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defined as the response of %(,,f) given the history of queries (z¢;,0,...,%14,01) €
(KC; x [0,1))%. This definition is so far unclear about the randomization of the ora-
cles. In fact, it turns out that the one-dimensional oracles can even use the same ran-
domization (i.e., their output can depend on the same single uniformly distributed
random variable U), but they could also use separate randomization: our argu-
ment will not depend on this.  Let I')( féf), c1,¢2) denote a non-empty set of
(¢1, o) type-T oracles for objective function féf) : K; — R, and let us denote by
Lsep(fus €1, c2) the set of separable oracles for the function f, defined above. We
also define Fiep = {f : f(x) = Zle £ (x:),z € K,v; € V;}, the set of compo-
nentwise separable functions. Note that when ||-|| = |[|-]|, is used in the definition
of type-I oracles then I'se, ( £y, cl/\/a, ca/d) C T(fy,c1,c2).

Let an algorithm A interact with an oracle 7. We will denote the distribution of
the output X, of A at the end of n rounds by F 4., (we fix n, hence the dependence

of F' on n is omitted). Thus, the expected optimization error of .4 on a function f

with zero optimal value is

LA(f,7) = / f(2)Fas (dr)

Note that this definition applies both in the one and the d-dimensional cases. For

v € V% we introduce the abbreviation
LA(v) = LY (for m) -
We also define
EAw) = [ 19 Fa (a0

so that

Also, for v; € V and a one-dimensional algorithm .4, we let

L) = LA 8-

v.

Note that while the domain of [~/Z-A is V%, the domain of L;* is V/, while both express

an expected error measured against fﬁf). In fact, f/Z-A depends on v because the
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Figure 3.2: The construction of algorithm A} used in the proof of Lemma 3.

algorithm A uses the d-dimensional oracle +,, which depends on v (and not only
. . . G) ., -

on v;) and thus algorithm A could use information returned by /', j # i. In a way

our proof shows that using this information cannot help a d-dimensional algorithm

on a separable problem, a claim that we find rather intuitive, and which we now

formally state and prove.

Lemma 3 (“Cross-talk” does not help in separable problems) Let (f,),cvd, fo €
Feps (Vo) vevd, Yo € Fsep( fu, €1, c2) be separable for some arbitrary functions c1, s,
and let A be any d-dimensional algorithm. Then there exist d one-dimensional al-

gorithms, A%, 1 < i < d (using only one-dimensional oracles), such that

Alp) > Af Ad
rileech (v) > max Lit(v) +---+ max L (va) . (3.39)
O

PROOF We will explicitly construct the one-dimensional algorithms, using .A. The
difficulty is that A is d-dimensional, and the ith one-dimensional algorithms can
only interact with the one-dimensional oracle that depends on v; but does not de-
pend on v_; := (vy,...,v;_1,Vit1,-..,0q). Hence, to use A we need to supply
some values v*; replacing v_; so that we can use the full d-dimensional oracle,
which A needs.

Before the construction, we need one more notational convention: Slightly
abusing notation, we let v = (v;,v_;) and when writing (v;, v_;) as the argument
of some function g, instead of g((v;, v_;)) we will write g(v;, v_;). The decompo-
sition of a vector into one component and all the others will also be used for other
d-dimensional vectors (not only for v € V).

To define A?, consider the solution of the following max-min problem:

max min L (v;, v_;)) .

v v—;
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Let the optimal solution of this problem be denoted by (v}, v*,); we will use v*;
replacing the missing values v_; when we create a one-dimensional oracle from a
d-dimensional. We also collect (¢}); into the vector 9* € V<.

Now, algorithm A is constructed as illustrated on Fig. 3.2. Fix v; € V;. Then,
algorithm A’ interacts with oracle 71(,1 as follows: In each round ¢, algorithm A}
produces a pair (X¢,d;) € K x [0,1). In particular, in the first round, X7, d; is the
output of A in the first round. In round ¢ + 1, given the pair X;, J; produced in the
previous round, the ith component of X; and ¢, are fed to oracle 7,(,? (the 7th compo-
nent of oracle v, ), whose output we name G ;. The other components of X;, namely
X, together with ¢, are fed to oracle fy(* _) which produces a d — 1-dimensional
vector of all but the ith component of 7(,, ,+ ), which we call G, _;. The values G,
G¢,—; are put together to form the d-dimensional vector G; = (G, Gt—;), which
is fed to algorithm .A. We then set (X;.1,0,11) to be equal to the output of A. At
the end of the n rounds, A is queried to produce X,,, whose ith component, )A(w-, is
returned as the output of A?.

By construction, L7" (v;) = L#(v;, v*,). Now, notice that

magL (v, 07;) = L0, 0%,) < Li(e7,0%,) = L' (0%)
v; €

where the equality uses the definition of ¥, while the inequality uses the definition

of v*,. Thus,

d d
Ax = 4w A 4
> a1 (0) < 3T LA = 1AW < max IA).
i=1 i=1
which was the claim to be proven. .

Now, let
FO ={f, v eV}, i=1,....,d.

The next result follows easily from the previous lemma:

Lemma 4 Let ||-| = ||-||, in the definition of the type-I oracles. Then, we have that
A]:Sep n\C1; C2 Z A]:(L) Cl/\/a Cz/d)
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PROOF By our earlier remark, o (fo, ¢1/Vd, ca/d) C T(f,c1,¢z). Hence,

A}Sepm(cl, ¢2) =infsup  sup A;j‘(fv, ) > inf sup sup A;L“(fv, v) .
veV veTl(fv,c1,c2) A pev 'Yersep(fvycl/\/g702/d)
(3.40)
Foreachi =1,...,d, ple’}/vZ € I'(f,,,c1/Vd, c3/d) such that A* (FD ¢, /v/d, ¢y /d) =
inf 4 sup,, vy, Aﬁ(fvi, 7 ) Forv € V, let v, € Tsep(fo, c1/V/d, c3/d) be the oracle
whose “components” are %5?, t=1,...,d. Now, by Lemma 3,

d

sup Aﬁ(fvaf%)) > Zlnf sup AA( v 7,}/% ZA]—'(7) cl/\/a C2/d>

UGV i=1 v’LEVL

This, together With SUD,cy SUD, 1 (1, c1 /v/d.ca/d) A (fory) = supyey A (fo, 70)
and (3.40) gives the desired result. n

Main proof: Let K C R such that x;K; C K, {+1} C K; C R, Fy = Fr0(K),
where recall that . > 1/2. Forany 1 <i < d, z; € K,

FO () 1= € (2 — v7) + 2¢2In (1 n e—”?’i> . (3.41)

ie., fv(f) is like in the one-dimensional lower bound proof (cf. equation 3.22). Note
that f, € JF, since f, is separable, so its Hessian is diagonal and from our ear-
lier calculation we know that 0 < 88—;2 £5D (x;) < 1/2. Let A" denote the min-
imax error A% . (C167, £2) for the ;l—dimensional family of functions F;. Let
FO = {79 r9%. As it was noted above, f, € F, for any v € {1} Hence,

by Lemma 4,
d
D> A%, (ﬁ 326 ) (3.42)
i=1

Derivation of rates:
Plugging the lower bound derived in (3.37) for the one-dimensional setting into the
bound in (3.42), we obtain a v/d-times bigger lower bound for the d-dimensional

case for any p,q > 0:

2 2 9 _p __DP
A’S“Ld)* Z \/_ ( p+ Q) 012p+q C22p+qn 2p+q (343)

4p+q

2q 2p+q (4p + q) 2p+q
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The above bound simplifies to the following for the case where p = 1 and ¢ = 2:

A@Dx >2(012C2)1/4 \/anfl/ll'
n = 3\/§

On the other hand, for the case p = ¢ = 2, we obtain

1/3
Ad)* >3 (0102> Vdn~1/3.

"OT10\ 25

3.4.2 Strongly Convex + Smooth Functions

We follow the notational convention used earlier for convex functions in one dimen-
sion. Let F = F,;(K), where L > 1 and K contains 1. We consider functions
fo, forv € {—1,+41}, defined as

fo(z) = %gﬂ —vex, z€K. (3.44)

It is easy to see that {f,, f_} C F.

Clearly, f, is minimized at x}, = ve. By the definition of f,, we have
2
ful@) = f(@) = ST{av <0} (3.45)
We will consider the oracles v, defined as
Yo(x) = & — ve + v min(e, C107) + &, (3.46)

where & ~ N(0, %); as with f,, we will also use v, (y_) to denote v (resp., y_1).

The oracle is indeed a (c1, ¢) type-I oracle, with ¢;(§) = C107 and ¢y (6) = £2.

Using arguments similar to those in the proof of lower bound for convex func-

) , (3.47)

Note that P, (resp. P_) is IP conditioned on the event V' = +1 (resp. V = —1).

tions, we obtain

D=

2 1
W A*>inf e (1o (2
An . An _lgf 9 <1 <2Dk1 (P+||P_))

Observe that, for any = € R, f’ (z) — f’ (z) = 2¢ and hence

71 () = 7- (@)] = | £} () — min(e, C167) — (f' (x) + min(e, C167))| = 2(e — C167)*.
(3.48)
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From the foregoing,

2{(e — C107) " }?0f

Dy (Pfr( | 91:t—1)||Pf(' | glzt—l)) < C ) (3.49)
2
where the inequality (3.49) follows from (3.48). Thus, we obtain
— (6P T 12549
Du (P.]P.) < 2n sup &= GO} (3.50)
5>0 Co
Substituting the above bound into (3.47), we obtain
2 - C 57’)+5‘1/ 2
AWx > (1 — v/nsu (¢ ! ) . (3.51)
T2 \/_ 6>%) V C(2

Derivation of the rates uniformly for all ): As in the proof of the lower bound
for F1,o(KC), we replace the positive part function in (3.51) and optimize over J to

obtain that the right-hand side of (3.50) is optimized by

5, = —4 v 3.52
*(01<2p+q>) | (552

From the above, we have

_ p\ §9/2 2 p+g
AD* > € (1 _ ﬁﬂ) - (1 _ \/5K163> ,

[\

2 e
where K7 = P 7 ( q 7 )21)
VCs(p+§) \2Ci(p+3)
Pluseine i 4p e btai
= t
ugging in € ((6]9 n q)\/ﬁ[ﬁ) , we obtain
- 2 3 29 2p »
AS)* > 2§p+q (2p +q) — Cprha C«;pﬂn—ﬁjq_ (3.53)

q2p27-(iz—q (6p + q) 2p+q

Now, when ¢ = 2 and p = 1, the lower bound in (3.53) simplifies to

AS)* > 01021/271—1/2.

N | —

On the other hand, for p = ¢ = 2, we obtain
(1) 2\ a3 o3 s

42



Generalization to d dimensions: Recall that in this result,

| = [+ The
proof in d dimensions for strongly convex functions is the same as that for the
case of smooth convex functions with the difference that we use (3.44) in defining
the functions f{. Then, for any v € {£1}¢, f, € F,1(K). Indeed, f,(z) =
Zle fD(z;), hence V2f,(x) = Ijxq, Where Iy q is the d x d identity matrix.
Thus, Apin(V2fo (7)) = Mnax (V2 S, (7)) = 1. From (3.42) and (3.53) we get

AD* > ADx (3.54)

3.5 Application to the Averaging Algorithm

As mentioned in Chapter 1, our gradient oracle model can be applied to invalidate
the claim that the averaging gradient estimates can be used to improve the bias-
variance tradeoff. It is emphasized again that to achieve the optimal rate, algorithms
or proofs have to go beyond the current scope.

We consider the problem of iterative optimization of a convex function f : R —
[0, 00) using a gradient oracle. In every round, the optimizer can query the gradient
oracle g, at some point z;, and the goal of the algorithm is to find a point x7. after
T steps such that 27 is a function of 1, g;(z1), ..., 27, gr and E [f(a%) — f(a*)]
is small where z* is the minimizer of f, that is, f(z*) = min, f(z). Assume
flz) = g(x — 1)? and g;(x) = e(x — 1) + C10% + & where & are zero-mean
iid random variables with variance Cy/§2. Note that g,(z) — f'(z) = C16* + &,

therefore, the bias of the gradient oracle is
E[g:(z) — f'(2)] = C16%,
while the variance of the oracle is
E [gi(z) — f'(z) — C16%] = EE* = C /5>

Note that the above bias-variance bounds (with inequalities instead of equalities) are
used in bandit convex optimization in papers that consider gradient methods using
estimated gradients, including (Dekel et al., 2015), and they do not use anything

else about the gradient estimates.
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Next we consider two algorithms, SGD with the gradient estimate g; and the
method using the average gradient estimate g;. With a slight abuse of notation, we

will write g; = g;(x;), and we define k™ = max{k, 1}.

Algorithm 1: x; | = x; — ngy;

. _ 1 _
Algorlthm 2: [ K——{—]_ Zi:(t_K)Jr Js and Tyl = T — NGy
Proposition 2 Assume Algorithm I or 2 is run to produce x; fort = 1,2, .... Then
C, 62
Ty = w(()t)xl +1-— w(()t) — 16 (1-— w(()t)) — wit)fl — wgt)& — = wgt_)lft,l ,
(3.55)
for some weights w(()t), e ,w§?1 satisfying w(()t) =1- e(wg) +ot w,ﬁt_)l). 0

PROOF Assume Algorithm 1 is used. Then

Ty =(1 —ne)ay +ne — 7701(52 —né
=(1—mne) 1 +ne+ne(l —ne) + - +ne(l—ne) ™

— 82 (n+nl—ne)+-+n(l—ne))

& —n(l—ne) &y — - —n(l—ne) g
=(1—ne)zy+1—(1—ne) — 0152% (1—(1=ne")
& —n(1—ne) &y — - —n(1—ne) &,

showing that the proposition holds with w(()tﬂ) = (1—ne)t and wi™™ = n(1—ne)'—*
fors=1,...,t.

To prove the proposition for Algorithm 2, we use induction. It is obvious that
(3.55) holds for ¢ = 1 with w{"”) = 1. Assume that (3.55) holds for t = 1,2,...,n,

we will prove that it is also true for ¢ = n + 1. Given the expression of z;, we have

g =€(xy — 1)+ C16% + &

= ew((]t)xl — ew(()t) + 0152w(()t) - ewgt)gl — = ew,gt,)lﬁt,l +& .
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Therefore,

In K+1Z Z gz

1 n
e — e+ 015 ()
= o1 Z w w; &i
i=(n—K)+ =1 j=max{i+1,(n—K)T}
Z -
i=(n—K)*

Then, following the algorithm, by the induction hypothesis we have

Tpt1l = Tp — ngn

n ne - : 0 ne - :
= wé)—K+1 Z wi m1+1—wé)+K+1'_(z_:K+wéj)

i=(n—K)*

C16° n » .
e (R OB S )

K+1
‘ R R o
n—1 n n
Uy T 16i>n—K)}| g
K+1 Z Wi +K+1{Z—n b
=1 j=max{i+1,(n—K)*}

Letting

n+1
W) — ) K+1_ZK u

n

(n+1) _ . (n) ne ©) Ui : _ .
w, = w; K1 Z w, +—K+1]I{22n K}, i=
j=max{i+1,(n—K)*}
(1) _ T
Wn K+1’
we get

n n 1 n " "
Tntl = w(() a1 w(() - 01522(1 - w(() Y Ve —w( e, —

Now we only need to prove that w(™™" =1 — Y7 w™*". Given that w}’ =
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Thereby, (3.55) also holds for ¢ = n + 1, finishing the proof. n

Now we assume that the sequence of estimates x; satisfies Proposition 2. Then,

(T+1)

letting w; = w; , the final estimate z7 1 has the form

0%

$T+1:wox1—i—1—w0— (1_w0)—wlfl—wzfz—“-—waT

where

wozl—e(w1+~~~+wT).

Since {&;} is independent, E [§;] = 0, E [¢7] = ?2 , the regret is
B[R] =E [S(ar1 — 1]
C,6? 2
€ 52 € Cg 9 9
= 5(@1—1)— (6I1—6+Ol )(w1+...+wT)) —1—55—2 (w1_|_..._|_wT>
(3.56)
€ 2 2 €(Cy1 )
> B ((z1 = 1) = (ex1 — e+ C16*) (w1 + - +wr)) " + = 5 T(w1+ 4 wp)
€

2
where we introduced the shorthand notation W = w; + --- + wyp. Using that
aW? + bW + ¢ > ¢ — b?/(4a), we get
e(z; — 1) Cs
2 Cy 4 62T (exy — € + C102)?
€(ry — 1)? Co
2 Co + 2(xy — 1)2T62e2 4 202166

E[R] >

>

Now, for Algorithm 2, using the parameter choice ¢ = T of Dekel et al.
(2015), we can choose ¢ = T 15, leading to the lower bound E [R] = Q(T5/16),
contradicting the upper bound O(7T~3/8) of Dekel et al. (2015).
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Chapter 4

Gradient Estimation Methods

A common popular idea in bandit convex optimization is to use the bandit feedback
to construct noisy (and biased) estimates of the gradient. In this chapter, we provide
a few examples for oracles that construct gradient estimates for function classes that
are increasingly general: from smooth, convex to non-differentiable functions.

Firstly, we will formally define the noise in the feedback. In the bandit setting,
the algorithm sequentially chooses the points Xi,..., X,, € K while observing
the loss function at these points in noise. In particular, in round ¢, the algorithm
chooses X; based on the earlier observations Z1,...,Z;_1 € Rand Xy,..., X;_1,
after which it observes Z;, where Z, is the value of f(X};) (or more generally f;(X}))
corrupted by “noise”.

Previous research considered several possible constraints connecting Z; and
f(X). One simple assumption is that { Z,— f (X;) }s isan { F; }s = {0(X1.4, Z1.0-1) }4-
adapted martingale difference sequence (with favorable tail properties). A specific
case is when Z;, — f(X;) = &, where (§;) is a sequence of independent and iden-
tically distributed (i.i.d.) variables. A stronger assumption, common in stochastic

programming, is that

Z = F(X0 W), fla) = / Far, ) Py (di), @1

where U, € R is chosen by the algorithm and in particular the algorithm can draw
Y, at random from Py. As in Duchi et al. (2015), we assume that the function
F(-,9) is Ly-smooth Py-a.s. and the quantity Ly = +/IE[L2] is finite. Note that

the algorithm is aware of Py, but does not know how different values of v affect
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the noise &(x, 1) = F(x,v¢) — f(x). Nevertheless, as the algorithm can control 1)
and thus &, we refer to this as controlled noise setting and to the others as the case
of uncontrolled noise. As we will see, and is well known in the simulation opti-
mization literature (Kleinman et al., 1999; Duchi et al., 2015), this extra structure
allows the algorithm to reduce the variance of the noise of its gradient estimates by
reusing the same W, in consecutive measurements, while measuring the gradient at
the same point, an instance of the method of the method of common random vari-
ables. As creating an estimate from K points (which is equivalent to the so-called
“multi-point feedback setup” from the literature where K points are queried in each
round) changes the number of rounds from n to n/K, which does not change the

convergence rate as long as K is fixed.

4.1 One-point Feedback

Given x € K, 0 < 6 < 1, common gradient estimates that are based on a single
query to the function evaluation oracle (the so-called “one-point feedback™) take

the form 7
G:EV’ where Z = f(x 4+ 6U) + &, 4.2)

where (U, V,€) € R? x R? x R are jointly distributed random variables, ¢ is the
function evaluation noise whose distribution may depend on x+ 46U but E[{|V] = 0,
and G is the estimate of V f(x) (f : K — R).

In all oracle constructions we will use the following assumption:

Assumption 1 Let K C D° C RY, where f : D — R. Foranyz € K, x +6U € D
a.s., and E [||V||ﬂ, E [HU||3} < 4o00.

Note that here the function domain D can be larger than or equal to the set C, where
the algorithm chooses . This is to ensure that the oracle will not receive invalid
inputs, that is, queries where f is not defined. When the functions are defined over
IC only and K is bounded, the above constructions only work for ¢ small enough.
In this case, the best approach perhaps is to use Dikin ellipsoids to construct the

oracles, as done by Hazan and Levy (2014).
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The next proposition, whose proof is based on ideas from Spall (1992) shows
that the above one-point gradient estimator leads to a type-I (and, hence, also type-

II) oracle.

Proposition 3 Let Assumption I hold and let y be the one-point feedback oracle de-
fined in (4.2). Assume further that U is symmetrically distributed, V' = h(U), where
h : RY — R% is an odd function, E V] = 0, and E[VUT| = I. Then, in the uncon-
trolled noise case, 7 is a (¢1(0), co(9)) type-1 oracle given in Table 4.1, where Cy =
4E [|[V'[I}] (ess sup E[E|V] + sup,ep f*(2)), and Cy = SE[| V]|, [U||*] when f €
Froand Cy = BE[|V|, |U|]] for f € C* where By = sup,cp |V f(2)];

where ||-|| ;- denotes the implied norm for rank-3 tensors.

Another possibility is to use the so-called smoothing technique (Polyak and
Tsybakov, 1990; Flaxman et al., 2005; Hazan and Levy, 2014) to obtain type-II
oracles. Following the analysis in Flaxman et al. (2005), one gets the following
result, which improves the bias of the previous result from O(d) to O(6?) in the

smooth+convex case:

Proposition 4 Let Assumption 1 hold and let vy be the one-point feedback oracle
oW

defined in (4.2). Define V- = ny (U )W , where W C R" is a convex body with
boundary OW, U is uniformly distributed on OW, ny, (U) denotes the normal vec-
tor of OW at U, and |-| denotes the appropriate volume. Let Cy > 0 be defined as in
Proposition 3. Then, if f is Lo-Lipschitz, v is a memoryless, uniform type-II oracle
with ¢1(8) = C16, ca(8) = Cy/6* where Cy = Losup,cy ||w||. Further, assuming
W is symmetric w.r.t. the origin, if f is L-smooth, then v is a type-1 (and type-
1l oracle) with ¢(8) = C16% c3(6) = C3/0% where Cy = (L/|W]) [, lw]]*dw,

and, if in addition f is also convex (i.e., f € Fr ) then y is a type-I oracle with

01(6) == 01(52/2 and 02((5) == 02/62. m]

Note that the improvement did not even require convexity. Also, the bias is smaller
for smoother functions, a property that will be enjoyed by all the gradient estima-

tors.

49



Noise — Controlled Uncontrolled
Function (see (4.1)) (see (4.4))

1

Props 3,5: (C46, %)
Convex + Smooth | (C10,C5)

Prop 4: (C142, %)

fecd (C162, %) Props 3,5: (C162, %)

Table 4.1: Gradient oracles for different function classes and noise categories.

4.2 Two-point Feedback

While the one-point estimators are intriguing, in the optimization setting one can
also always group two consecutive observations and obtain similar smoothing-type
estimates at the price of reducing the number of rounds by a factor of two only,
which does not change the rate of convergence. Next we present an oracle that uses
two function evaluations to obtain a gradient estimate. As will be discussed later,
this oracle encompasses several simultaneous perturbation methods (see Bhatnagar

et al., 2013): Given the inputs x € IC, 0 < ¢ < 1, the gradient estimate is

Zt -7

where ZF = f(X*) + 5, X+ =2 £ 65U, U,V € R%, £ € R are random, jointly
distributed random variables, U, V' chosen by the oracle in the uncontrolled case
and chosen by the algorithm in the controlled case from some fixed distribution
characterizing the oracle (depending on F'), and £ being the noise of the returned
feedback Z* at points X*. For the following proposition we consider 4 = 2 x 2
cases. First, the function is either assumed to be L-smooth and convex (i.e., the
derivative of f is L-Lipschitz w.r.t. ||-||,), or it is assumed to be three times continu-
ously differentiable (f € C?). The other two options are either the controlled noise

setting of (4.1), or, in the uncontrolled case, we make the alternate assumptions
E[¢t —¢7|U, V] = 0 and
E[(Er =& )| V] < 07 <. (4.4)
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The following proposition, whose proof is based on (Spall, 1992, Lemma 1) and
(Duchi et al., 2015, Lemma 1), provides conditions under which the bias-variance

parameters (c;, ¢2) can be bounded as shown in Table 4.1:

Proposition 5 Let Assumption 1 hold and let vy be a two-point feedback oracle
defined by (4.3). Suppose furthermore that E[VU"| = 1. Then v is a type-I ora-
cle with the pair (c1(0), c2(9)) given by Table 4.1. For uncontrolled noise and for
controlled noise with f € C3, C| is as in Proposition 3 and Cy is 4C from Propo-
sition 3. For the controlled noise case with [ € Fp o, C1 = ZT‘I’E[HVH* |U 7] and
Co = 2B + SR [V U], with By = sup,exc |V ()]l -

Popular choices for U and V':

o If we set U; to be independent, symmetric +1-valued random variables and V; =
1/U;, then we recover the popular SPSA scheme proposed by Spall (1992). It is
easy to see that E [VVUT] = I holds in this case. When the norm ||-|| is the 2-norm,
Cy = O(d?) and Cy = O(d). If we set ||-|| to be the max-norm, C; = O(v/d) and
Cy = O(d).

o If we set V' = U with U chosen uniform at random on the surface of a sphere
with radius v/d, then we recover the RDSA scheme proposed by Kushner and Clark
(1978, pp. 58-60). In particular, the (U;) are identically distributed with E [U;U;]| =
0if i # j and E[UTU| = d, hence E [U?] = 1. Thus, if we choose ||-|| to be the
2-norm, C; = O(d?) and Cy, = O(d).

o [f weset VV = U with U the standard d-dimensional Gaussian with unit covariance
matrix, we recover the smoothed functional (SF) scheme proposed by Katkovnik
and Kulchitsky (1972). Indeed, in this case, by definition, E [VUT] = E [UU"] = I.
When ||-|| is the 2-norm, C; = O(d?) and Cy = O(d). This scheme can also
be interpreted as a smoothing operation that convolves the gradient of f with a

Gaussian density.
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4.3 Proofs for Gradient Estimates

In this section we present the proofs of the previous propositions for gradient esti-

mates.

Proof of Proposition 3 Case 1 (f € C3):
We use the proof technique of Spall (1997). We start by bounding the bias. Since
by assumption E [£|V] = 0, we have

()]

50 - x v (L0

implying that

By Taylor’s theorem, we obtain, a.s.,

Flx+6U) = flz) + SUTVf(z) + %2 U™V2f(2)U + § R (z,8,U) (U,U,U),

where
1
R*(z,6,U) = / V3 f(x + s6U)(1 — s)*ds. 4.5)
0

In the above, V? f(-) is considered as a rank-3 tensor. Letting By = sup,.p, || V? f(2)]],"
we have ||RT(x,6,U)|| < Bs/3 a.s. Now,

Jlz+oU) Jg 5U>1 ~E [v@} +E VU Vf(z)] +E [g VUTsz(fOU]

E[v
+E {%ZVR+(L5, U)(UeU® U)]
= Vf(z)+E [%QVRJ’(I,(S, U)(U®U®U)] :

The final equality above follows from the facts that E [V] = 0, E [VUT| = I and for
anyi,j =1,...,d, E[V;U?] = 0 since V is a deterministic odd function of U, with
U having a symmetric distribution. Using the fact that |RT (z, 0, U)(UQU QU)| <
IR (2, 6,U0)]|| |U]||°, we obtain

IE[G] = VI(@)ll, < C1 6%,

"Here, ||-|| is the implied norm: For a rank-3 tensor T, | T'|| = sup, , . %
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BsE[|V|. U]
6

Let us now bound the variance of G: Using the identity E || X — E[X]|* <
4R || X ||, which holds for any random variable X,> we bound E |G — EG||> as

where C =

follows:

E|G - EG|? < 4E|G|?

_4E (Hvui ((ﬁ) #2(5) (F5) + (f(xgw)f))

—E (HVHi (§)> i (P2 e

<&
_627

where Cy = 4E [||V|2] (02 + B3), where 0 = esssup E [¢2|V] and By = sup,¢p f ().
The equality in (4.6) follows from E [ | V] = 0.
Therefore, for f € C3, v defined by (4.2) is a (C162, Cy/5?) type-I oracle.

Case 2 (f is convex and L-smooth):

Since f is convex and L-smooth, for any 0 < § < 1,

f@ +bu) — f(x)
o

— (9 (@) <

0<

Lé
Denoting ¢(, 8, u) := LEHI=IE (7 f(2) u), we have |p(z, 5, u)| < ) ]|,

Then, given E [VU "] = I, E[V] = 0, we obtain

[ f(x +0U)
)

= ||E v (M - —UTVf(x))]

5
= ||E :v <q§(m,(5, U)+ @)}

= [E[Ve(z, 6, U
<4, 4.7)

IEG) - Vi), = |E v] _E[VUTV ()

*

*

*

2When ||-|| is defined from an inner product, E || X — E[X]||> = E {HXHQ} — |E[X]|* <

E {HX ||2} also holds, shaving off a factor of four from the inequality below.
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where C = gE VI, U ||2] . The claim regarding the variance of G follows in a
similar manner as in Case 1, i.e., f € C3.

Therefore, for f convex and L-smooth, v defined by (4.2) is a (C,6, Cy/5?)
type-I oracle, where (' is given by (4.7) and ) as defined in Case 1.

Proof of Proposition 4 Before the proof, we introduce a fundamental theorem of
vector calculus, which is commonly known as the Gauss-Ostrogradsky theorem or
the divergence theorem . A special case of the theorem for real-valued functions in

R™ can be stated as follows.

Lemma 5 Suppose W C R" is an open set with the boundary OW . At each point of
OW there is a normal vector ny, such that ny (i) has unit norm, (ii) is orthogonal
to OW, (iii) points outward from W. Suppose f : R™ — R is a function of class C*

defined at least on the closure of W, then we have

/ VFdW = | oy dow . .
ow

PROOF Given that E [||V||?] and E [¢?] are bounded, the variance of G' remains the
same as stated in Proposition 3.
As to the bias, let f be a smoothed version of f,i.e., Vo € K,

fo) =Bl oV = [ flo+ani,
vew W]

where the expectation is w.r.t. V, which is a random variable uniformly chosen
from W. The second equality interprets the expectation as integral. Now we want
to prove that for any given z € K, G is an unbiased gradient estimate of f at z.
Since U is uniformly distributed over OW, the expectation of G can be written as
[OW]
Wl

du

Elel= ]

1
- oU \Y oU
S+ a0 W) g = [ Vi 80 G

IaWI
where the second equality follows from Lemma 5, by replacing the gradient of
A 1

flu) = Sf(ac + ou) with V f(xz + du). Then, the order of the gradient and the

integral can be exchanged, because fW f(xz + 0U) dU exists. Consequently, we

obtain E [G] = V f(x).

54



Moreover, f and f are actually close. In particular, for any z € IC,

dw

4.8
- (4.8)

/f:c+5w f(o)2

When f is Lo-Lipschitz, |f(z + dw) — f(x)] < Lo ||w]|, which combined with
(4.8) gives that y is a type-II oracle with ¢1(0) = C46, where Cy = L sup,ew ||w]|-
When f is convex and L-smooth, 0 < f(z + dw) — f(x) — (V f(z),dw) <

L
552 |w||. Given that T is symmetric, [,,,(V f(z), dw) dw = 0. Hence, one can

L
easily get that v is a type-II oracle with ¢, (§) = C}6%, where C] = SV Jo llw]* dw.
Finally, if f is L-smooth,
[vitw) = Vi@, < [ 194+ 50 - Vsl 55

dw ,
<L52/ |w]|* == ] = 201 6*

with the same value of C] as before. So « is also a type-I oracle with ¢;(J) =

2C16%. »

Proof of Proposition 5 Case 1 (f € C?):
We use the proof technique of Spall (1992) (in particular, Lemma 1 there). We start
by bounding the bias. Since by assumption E [¢t — £~ |V] = 0, we have

E[V (632—55”” o,

CuE ey

implying that

E[G] =E {v %

By Taylor’s theorem, using that f € C®, we obtain, a.s.,
5 53
flx£0U) = f(x) U " Vf(z)+ 5} UTVQf(x)U + 5} Ri(x,é, U)(U,U,U),
where, as in the proof of Proposition 3, R* (x,6,U) is defined as follows:

1
R*(x,6,U) = / V3 f(z £ s0U)(1 — s)ds. (4.9)
0
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Letting By = sup,.p ||V f(z)]||,we have | R*(x, 4, U)|| < B;/3 a.s. Now,

fX) = f(X7) |, fz+0U) = fla = 0U)
. 5?
= VU V(@) + TV (RY(2.0,U) + R (2.6, 0)(UeUa ).

Vv

and therefore, by taking expectations of both sides, using E [VU'] = I and then
|RE(2,6,U)(U® U @U)| < ||[R*(z,6,U)|||U||’, we get that

IE[G] = VI(@)ll, < C1 6%,

BsE[|[V,IIU|°]

where ] = 5

Using arguments similar to that in the proof of Proposition 3, the variance of G

is bounded as follows:

E||G - EG| < 4E|G|?

t—e\? o Xy — f(X~ X)) — (X))
o (nvni ((5 ¢ ) . (g ¢ ) (f( )1t >) . (f( )1t >> ))
. 2 (€8 =€) oy (f(XT) = f(XT) ’
= 4F <||V||*< 55 ) ) +4E (IV[[}) ( 5 ) (4.11)
where Cy = 4E [HVHz] (02 + span(f)) and span(f) = sup,cp f(2)—infeep f ().
The equality in (4.11) follows from E [¢t — £ | U, V] = 0.
Therefore, for f € C3, y defined by (4.3) is a (C}6%, Cy/6?%) type-1 oracle.

Case 2 (Controlled noise and I is convex and L.,-smooth):
The proof follows by parallel arguments to that used in the proof of Lemma 1 in
Duchi et al. (2015) and we give it here for the sake of completeness.

For any convex function f with an L-Lipschitz gradient, for any 6 > 0 it holds

that

(Vf(2),0u) _ fla+6u) = f(2) _(Vf(x) du) + (L/2) ||dul
20 - 20 - 20 '

Using similar inequalities for f(x — du), we obtain

B L6 ||ul? < f(z 4 ou) — f(z — du)

L ||ull®
2 = 2 '

(Vf(z),u) ;

<(Vf(z),u) +
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Letting ¢(z, 0,u) := 3 <W —(Vf(x), u>>, we get

L
Using E [VUT} = [, we obtain

E {v (ﬂx +9U) 2_5“3” - 5U))} —E [VUTVf(z) + d¢(z,0,U)V]

=V f(x) + 06(x, ),

~ ~ L
where §(z, 8) satisfies H¢<m,5)H* < SE(VI. U]

F(Xﬂw)fF(X—,w))

Applying the above expression to F'(-, ¥) and recalling that G = V/ ( 55

we have, for P-almost every ),
E[G] = VF(x,¥) + 06(x,0),

~ ~ L
where, as before, ¢(z, §) satisfies qu x,é)H < %E[HVH* 1U|?).
Using the fact that E[V F(z, V)] = V f(x), we obtain

T T e ) ]

< O|E[Ve(z,d, U,

SL
< ZER(VIL 01

*

and the claim for the bias follows by setting C'; = %E[HVH* U7
We now bound E [||G||?] as follows:

E|G|* =E||V (6¢(z,5,U) +UTVf )H

2
(HVUTVf(I)H* 2L, HU||2>

—2
2
"L qu

< 2B |[VUVI@)IE] + 2R IVIE )Y

-2
and the claim for the variance follows by setting Cy = 2B? + ZXE [|V||||U||]
with B = sup, . ||V f()]..
Therefore, for the case of controlled noise with a convex and L,;,-smooth ', we

have that «y defined by (4.3) is a (C10, C5) type-I oracle.
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Chapter 5

Application to Stochastic Convex
Optimization

The main application of the biased noisy gradient oracle based convex optimization
of Chapter 3 is bandit convex optimization. We introduce here briefly the stochastic
version of the problem, while online bandit convex optimization will be considered
in Chapter 6.

In the stochastic BCO setting, there is a single objective function. We now con-
sider stochastic BCO with a L-smooth function over a convex, closed non-empty
domain K. Let F denote the set of these functions. Duchi et al. (2015) proves
that the minimax expected optimization error for the functions F with uncontrolled
noise is lower bounded by Q(n~'/2). They also give an algorithm which uses two-
point gradient estimates which matches this lower bound for the case of controlled
noise. For controlled noise, the constructions in the previous section give that for
two-point estimators ¢;(0) = C16? and co(d) = Cy0~ 7 with p = 1 and ¢ = 0.
Plugging this into Theorem 1 we get the rate O(n~'/2) (which is unsurprising given
that the algorithms and the upper bound proof techniques are essentially the same
as that of Duchi et al. (2015)). However, when the noise is uncontrolled, the best
that we get is p = 2 and ¢ = 2. From Theorem 2 we get that with such oracles, no
algorithm can get better rate than Q(n~'/3), while from Theorem 1 we get that these

rates are matched by mirror descent. We can summarize these findings as follows:

Theorem 3 Consider F, o, the space of convex, L-smooth functions over a convex,

closed non-empty domain IC. Then, we have the following:
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Uncontrolled noise: Take any (6%,0~2) type-I oracle ~y. There exists an algorithm
that uses «y and achieves the rate O(n~/3). Furthermore, no algorithm using v can
achieve better error than Q(n='/3) for every (0%, 672) type-I oracle .

Controlled noise: Take any (0,1) type-1 oracle ~y. There exists an algorithm that
uses  an achieves the rate O(n=/%). Furthermore, no algorithm using -y can

achieve better error than Q(n~'/?) for every (9, 1) type-I oracle . o

For stochastic BCO with uncontrolled noise, Agarwal et al. (2013) analyze a
variant of the well-known ellipsoid method and provide regret bounds for the case
of convex, 1-Lipschitz functions over the unit ball. Their regret bound implies
a minimax error (2.2) bound of order O (W) Liang et al. (2014) provide
an algorithm based on random walks (and not using gradient estimates) for the
setting of convex, bounded functions whose domain is contained in the unit cube
and their algorithm results in a bound of the order O ((d'*/n)'/?) for the minimax
error. These bounds decrease faster in n than the bound available in Theorem 3,
while showing a much worse dependence on the dimension. However, what is more
interesting is that our results also shows that an O(n~'/2) upper bound cannot be
achieved solely based on the oracle properties of the gradient estimates considered.
Since the analysis of all gradient algorithms for stochastic BCO does this, it is no
wonder that the best known upper bound for convex+smooth functions is O(n~/3)
(Saha and Tewari, 2011). (We will comment on the recent paper of Dekel et al.
(2015) later.)

The above result also shows that the gradient oracle based algorithms are op-
timal for smooth problems, under a controlled noise setting. While Duchi et al.
(2015) suggests that it is the power of two-point gradient estimators that helps to
achieve this, we need to add that having controlled noise is also critical.

Finally, let us make some remarks on the early literature on this problem. A
finite time lower bound for stochastic, smooth BCO is presented by Chen (1988)

for convex functions on the real line. When applied to our setting in the uncontrolled

noise case, his results imply that £ [|Xn —z* ] , that is, the distance of the estimate
to the optimunm, is at least ©(n~'/3). Note that this is larger than the error achieved

by the algorithms of Liang et al. (2014); Bubeck et al. (2015); Bubeck and Eldan
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(2015), but the apparent contradiction is easily resolved by noticing the difference
in their error measure: distance to the optimum vs. error in the function value
(in particular, compressing the range of functions makes locating the minimizer
harder). Polyak and Tsybakov (1990), who also considered distance to optimum,
proved that mirror descent with gradient estimation achieves asymptotically optimal

rates for functions that enjoy high order smoothness.
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Chapter 6

Application to Online Convex
Optimization

In the online BCO setting a learner sequentially chooses the points X1,..., X, € K
while observing the losses f1(X1),. .., fn(X,). More specifically, in round ¢, hav-
ing observed f1(X1),..., fi_1(X;_1) of the previous rounds, the learner chooses
X; € K, after which it observes f;(X;). The learner’s goal is to minimize its
expected regret E [ | fi(X}) —inf,exc Y 1, fi(x)]. This problem is also called
online convex optimization with one-point feedback. A slightly different problem is
obtained if we allow the learner to choose multiple points in every round, at which
points the function f; is observed. The loss is suffered at X;. The points where the
function is observed (“observation points” for short) may or may not be tied to X;.
One possibility is that X; is one of the observation points. Another possibility is
that X, is the average of the observation points (e.g., Agarwal et al. (2010)). Yet
another possibility is that there is no relationship between them.

The oracle constructions from the previous section also apply to the online BCO
setting where the algorithm is evaluated at Y}, though in this case one cannot employ
two-point feedback as the functions change between rounds. This also rules out the
controlled noise case. Thus, for the online BCO setting, one should consider type-I
(and II) oracles with ¢1(0) = C10P and ¢3(0) = Cy6~ 7 with p = g = 2. For these

type of oracles, the results from Theorem 2 give the following result:

Theorem 4 Let F}, o be the space of convex, L-smooth functions over a convex non-

empty domain K. No algorithm that relies on (6%,0~2) type-I oracles can achieve
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better regret than )(n?/3). O

With a noisy gradient oracle of Proposition 4, Theorem 4 implies that this regret
rate is achievable, essentially recovering, and in some sense proving optimality of

the result of Saha and Tewari (2011):

Theorem S For zeroth order noisy optimization with smooth convex functions, the
gradient estimator of Proposition 4 together with mirror descent (see Algorithm 1)

achieve O(n?/) regret. o

This optimality result shows that with the usual analysis of the current gradient
estimation techniques, no gradient method can achieve the optimal regret O(n'/?)
for online bandit convex optimization, established by Bubeck et al. (2015); Bubeck
and Eldan (2015). Note that this shows a contradiction to the recent result of Dekel
et al. (2015), who claimed to achieve O(n°/®) regret with the same (62, 6~2) type-II
gradient oracle as Saha and Tewari (2011), but their proof only used the (62, 52)

tradeoff in the bias and variance properties of the oracle.
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Chapter 7

Conclusions

We presented a novel noisy gradient oracle model for convex optimization. The
oracle model covers several gradient estimation methods in the literature designed
for algorithms that can observe only noisy function values, while allowing to handle
explicitly the bias-variance tradeoff of these estimators. The framework allows to
derive sharp upper and lower bounds on the minimax optimization error and the
regret in the online case. It not only encompasses “gradient” methods, reproducing
the state-of-the-art upper bounds in a unified and clear fashion, but also gives the
lower bound, implying the best possible rate the algorithm can achieve only with
access to the biased, noisy first-order information.

In particular, we obtain matching upper and lower bounds for optimizing smooth,
convex functions under the framework. This result is worthwhile because it claims
it impossible to design an algorithm that can make better use of current gradient
estimates. Therefore, to achieve the optimal O(\/l/_n) rate for smooth, convex
functions with uncontrolled noise, other approaches must be considered. For in-
stance, a gradient oracle with constant second moment bound (¢ = 0) must be
designed, or some extra properties of gradient estimates must be exploited beyond
the bias-variance tradeoff. It is also possible to design a non-gradient method which
achieve optimal rates with a reasonably low complexity.

Back to the big picture of bandit convex optimization, some cases are already
well understood, including the linear case, the general convex case with controlled
noise, and the strongly convex, smooth case. Nevertheless, for the general convex

case with uncontrolled noise, a big gap remains. Our results make a theoretically
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progressive step towards bridging this gap. It is pointed out that current gradient
methods are essentially sub-optimal in terms of designing or analyzing the gradient
estimation properties. To find an optimal algorithm, one must go beyond the scope

of bias-variance tradeoff analysis, and find other directions.
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