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Abstract

In the first part of this dissertation, we prove a generalization of a theorem of
Drinfeld’s [Dri85] which allows one to rebuild the Yangian of an arbitrary simple Lie
algebra starting from any of its finite-dimensional modules satisfying a non-triviality
condition. This is achieved using the so-called R-matrix formalism, and the resulting
realizing of the Yangian is called its R-matrix presentation. When the underlying
module is assumed to be irreducible, our result coincides with Drinfeld’s and, in
particular, makes available a proof of his theorem — which has never appeared in the

literature.

In addition, we provide a detailed study of the algebraic structure of the extended
Yangian and prove several generalizations of results which are known to hold in the
special case where the underlying module is the vector representation of a classical

Lie algebra.

In the second part of this dissertation, we address the problem of classifying
the finite-dimensional irreducible representations for twisted Yangians associated to
orthogonal and symplectic symmetric pairs of Lie algebras. We lay the foundation
needed to solve this problem by developing a highest weight theory and proving that
the highest weight of a finite-dimensional irreducible module necessarily satisfies a
set of relations involving a distinguished complex scalar and a tuple of polynomials

whose set of roots are invariant under certain reflections.

Our main results on this topic provide a complete classification of finite-dimensional
irreducible modules for twisted Yangians associated to a large family of orthogonal

and symplectic symmetric pairs.
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Chapter 1
Introduction

Let g be a simple Lie algebra over the complex numbers C, and let g[z] denote
the polynomial current algebra associated to g. That is, g[z] is the Lie algebra of

polynomial maps f : C — g, with Lie bracket given pointwise.

The Yangian Y (g) associated to g is a quantum group of affine type which provides
the canonical filtered Hopf algebra deformation of the enveloping algebra U(g[z]). In
particular, it is a filtered Hopf algebra over C, with associated graded algebra grY(g)
isomorphic to U(g|z]) as a graded Hopf algebra:

U(glz]) = grY (g).

Yangians originally appeared under the guise of their representations in the work
of mathematical physicists studying the quantum inverse scattering method (see
[KS82a, KS82b], for instance). They were later formally introduced by V. Drinfeld
[Dri85], who laid the rigorous foundation for what has grown into a captivating theory.
Since Drinfeld’s pioneering work, this theory has become entangled with many differ-
ent areas and topics in mathematics and mathematical physics. For instance, various
applications of Yangians to the theories of classical Lie algebras [Naz91,NT94, Naz98,
Mol06, Mol07], finite W-algebras [RS99, Rag01, BR01, BK06, BK08, Bro09, Broll],
classical W-algebras and affine vertex algebras [MM14, MM17, Mol13] have been
discovered. In addition, the representation theory of Yangians and affine quantum
groups has now manifested itself in many geometric settings [Var00,Nak13, KWWY14,
KTW*15,SV17,SV18,YZ18a,YZ18b, FKP*18,MO19, Li19]. Many of these develop-



ments are in some way related to the fundamental fact that representations of Yan-
gians produce rational R-matrices — rational solutions of the quantum Yang-Baxter
equation (see (2.2.9)).

In this dissertation, we consider two different topics in the representation theory

of Yangians related to R-matrices.

In its first part, we consider the topic of the R-matrix formalism for the Yangian of
an arbitrary complex simple Lie algebra. Our main goal, which is realized in Chapter
2, is to prove a generalization of a theorem of Drinfeld’s [Dri85] which allows one
to rebuild the Yangian from any finite-dimensional, non-trivial, representation. This

goal, and our approach to realizing it, is described in detail in §1.1 below.

In its second part, we focus on the representation theory of orthogonal and sym-
plectic twisted Yangians. Twisted Yangians are coideal subalgebras of Yangians as-
sociated to symmetric pairs of Lie algebras and are intimately linked to an elegant
relation called the reflection equation. The orthogonal and symplectic Yangians which
we consider were introduced by N. Guay and V. Regelskis in [GR16], and are built
inside a special instance of the R-matrix presentation of the Yangian constructed in
Chapter 2. Our goal, which is realized in Chapters 4 and 5, is to lay the ground-
work needed to solve the problem of classifying the finite-dimensional irreducible
representation of these twisted Yangians. In fact, we solve this classification problem

completely for a large family of twisted Yangians. This is described in §1.2.

1.1 The R-matrix presentation of the Yangian

1.1.1 Background and motivation

Yangians admit at least three important presentations: Drinfeld’s original (or “J”)
presentation, the R-matrix (or “RTT”) realization, and Drinfeld’s new (or “current”)
presentation [Dri85, Dri88, FRT90]. Here, we will be primarily concerned with the

R-matrix presentation.

The general construction of the R-matrix presentation of the Yangian and its
equivalence with Drinfeld’s original (or J) presentation was succinctly explained in
[Dri85, Theorem 6].



Drinfeld’s construction begins with a fixed finite-dimensional irreducible repre-
sentation V' of Y(g), where g is any simple Lie algebra and the Yangian Y (g) is in
Drinfeld’s original presentation (see §2.2). Starting from this data, one may define a
Hopf algebra X (g) — the extended Yangian — whose generators are organized into a
matrix

T(u) € EndV ® X(g)[uv™],

with defining relations encoded in the ternary matrix relation
R(u — v)T1(w) T3 (v) = To(v)T1(u) R(u — v),

called the RTT-relation. Here R(u) is a solution of the quantum Yang-Baxter equa-

tion associated to V', which comes from evaluating a formal series

R(u) € (Y(g) @ Y(g)[u™],

called the universal R-matriz of the Yangian, on V ® V. After being translated to fit
our informal setup, Theorem 6 of [Dri85] can be expressed as follows'.

Theorem A. There is an epimorphism of Hopf algebras
: X(g) > Y(o)
whose kernel is generated by central elements {c,}ren which satisfy

Ale(w)) = c(u) ® c(u),
where  c(u) =14+ cu" € X(g)[u™']

r>1

and A is the coproduct for X (g).

The R-matrix presentation of the Yangian associated to V is then defined to be

the quotient
Yr(g) = X(g)/(c(v) — 1),

where (c(u) — 1) denotes the ideal generated by {c; }ren-

1) This is stated more precisely in Theorem 2.7.2.



There are, however, many important aspects of this construction which remain

mysterious:

(a) Yg(g) has only been explicitly studied in the special cases where g is a classical

Lie algebra (i.e. g = sly,s0y or spy) and V is the vector representation C.
(b) A proof of Theorem A has never appeared in the literature in full generality.

(c) No general expression for the central series ¢(u) has been given, nor has any

alternate procedure for describing Ker(®).

(d) It is not clear how well Theorem A generalizes when the irreducibility assump-

tion on V is dropped.

This brings us to the first main goal behind our work in Chapter 2: To address
the points (b)-(d) in detail and, in particular, to show that Theorem A admits a

generalization where the irreducibility assumption on V is removed.

Our second goal concerns understanding the algebraic structure of the extended
Yangian X(g). To provide some context, let us temporarily narrow our focus to the

setting of (a). In these cases, X (g) has the following properties:

(e) The series c(u) may be chosen so that it’s coefficients {c, },en are algebraically

independent and generate the center ZX(g) of X(g). In particular,
ZX(9) = Cle]ren = Cley, 03, .. ]
(f) X(g) admits the tensor product decomposition
X(9) = ZX(9) ® Yr(9) = Cler]ren ® Yr(g)-
(g) There is an isomorphism of graded Hopf algebras
U(glz] © Clz]) = grX(g)-
(h) There is a family of automorphisms {m} C Aut(X(g)), indexed by

f=f(wel+u'Clu,

4



such that Yz(g) is equal to the subalgebra of X(g) fixed by all my:

Ya(e) ={Y € X(g) : my(Y) =Y V f(u) €1+u'Clu""]}.

When g = sly, such a c(u) is provided by the quantum determinant qdetT(u) (see
(2.7.7)), while if g = son or spy, one may take c(u) to instead by the series z(u)
defined by (2.7.17). Proofs of the above assertions may be found in [Mol07, Chapter
1] for g equal to sly and [AMR06, AACT03] for g equal to soy or spy.

Many known applications of Yangians are specific to the case where g = sly and
make extensive use of X (sly), which is often denoted Y (gly) and provides a filtered
deformation of U(gly[z]). In particular, the fact that X(sly) has a large center
governed by qdetT'(u) has led to many interesting results: see [Mol07, Chapter 7].

Our second goal in Chapter 2 is to prove that (e)—(h) admit a generalization which
holds for any complex simple Lie algebra g, with the underlying module V' chosen to

be any finite-dimensional Y (g)-module satisfying a non-triviality condition.

1.1.2 Main Results

We now provide a description of the of main results of Chapter 2, which realize both
goals laid out in §1.1.1. Let g be an arbitrary simple Lie algebra over C, and fix V to
be any finite-dimensional Y'(g)-module which has a non-trivial irreducible summand

when viewed as a module over g C Y(g).

The extended Yangian associated to V', which we will denote by Xz(g), can be
constructed as in §1.1.1 (see Definition 2.4.1) and has a natural filtered Hopf algebra
structure. Here 7 is an indexing set satisfying

|I| = dim Endy(g)V

and is omitted as a subscript of Xz(g) when V is irreducible. We then define the
Yangian Yg(g) as the quotient

Yr(g) = Xz(9)/(Z2(u) — 1),
where  Z(u) = S3(T(u))T(u+ 1cy)™" € EndV @ Xz(g)[u™'].



Here Sz is the antipode of Xz(g) (see (2.4.2)), ¢, is the eigenvalue of the Casimir
element of g in the adjoint representation, and (Z(u) — 1) is the ideal generated by
the coefficients of Z(u).

Our first collection of results, summarized in the following theorem, provide strong

justification for this definition.

Theorem B. The Yangian Yr(g) has the following properties.
(1) There is an epimorphism of filtered Hopf algebras
® : Xz(g) —» Y(9)
with kernel Ker(®) = (Z(u) — 1). In particular, ® induces an isomorphism
@ : Yr(g) = Y (9)-
(2) There is an isomorphism of graded Hopf algebras U(g[z]) = grYr(g).

(8) The center ZYr(g) of Yr(g) is trivial: ZYg(g) =C- 1.

In §2.5, this theorem is broken into three distinct parts: see Theorem 2.5.2, The-
orem 2.5.5 and Corollary 2.5.6. We note that Part (1) does not immediately imply
Theorem A, as it does not state that Z(u) is a central, grouplike series multiple of

the identity matrix when V is assumed irreducible.

The next theorem realizes our second goal described in §1.1.1 by providing gen-
eralizations of (e), (f), (g) and (h).

Theorem C. Let ZXz(g) denote the center of Xz(g). Then:

(1) There is an isomorphism of filtered Hopf algebras
X1(g) = Cly{ hezren @ Ya(e).
(2) There is an isomorphism of graded Hopf algebras

U(glz] @ 3zl2]) = grXz(g),
where 3z is a commutative Lie algebra of dimension |I| = dim Endy V.
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(8) The matriz Z(u) belongs to
Endy )V ® ZXz(g)[u™"],
and its coefficients generate a polynomial algebra (C[Z,(\T)],\ez,rgz satisfying

Clz{rezrs2 = ZX7(8) = Clyrezren.

(4) There is a family of automorphisms {ms} C Aut(Xz(g)) which are indexed by
f=f(u) € I +EndyV @u'Clu™],
such that Yr(g) is equal to the subalgebra of Xz(g) fixed by all ms:

Ya(e) ={Y € Xz(g) : me(Y) =Y Vf(u) € I +EndygV @u'Clu™]}.

This theorem is a stripped down combination of Theorem 2.6.3, Proposition 2.6.6,
Theorem 2.6.7, Proposition 2.6.9 and Theorem 2.6.11.

The relation between the elements {zy)} rezr>2 of Part (3) and Z(u) is given

precisely by

Zu)=I+ Z X5 ® z\(u), where 2z(u)= Z zg\r)u—r

AT r>2

and {X3}xez is a fixed basis of Endy4)V containing the identity operator I.

Similarly, the central elements {y,(\r)}xez,TeN from Parts (1) and (3) are encoded
as the coefficients of a matrix J(u). This matrix is realized explicitly as the unique

solution of the formal difference equation
V(u+1ilc)Z(w)=Yu) in I+EndygV @u ' Xz(g)[u ]

The image of Y(u) and Z(u) under the coproduct, counit and antipode of Xz(g) is

explicitly computed in Lemma 2.6.8 and Corollary 2.6.10. In particular, one has

Az(Y(u)) = V()W (u) and Az(Z(w)) = Vy(w) 2 (w)Dy(u+ 3¢)7",  (1.1.1)



where the notation is as in §2.1 and Az is the coproduct for Xz(g).

Let us now explain how the above results imply Theorem A. Suppose that V is
irreducible. Then Endy 5V = CI and the matrices Z(u) and Y(u) necessarily take
the form

Zu)=2(u)-I and Y(u)=y(u)-I,
where z(u) € 14+u ' X(g)[u™'] and y(u) € 1+u " X(g)[u™"]

In addition, the formulas (1.1.1) collapse to

Az(w) = 2(u) ® 2(u)  and  Ay(u)) = y(v) © y(u).

Combining these observations with Part (1) of Theorem B gives the following theorem,

which is a summary of the first two parts of Theorem 2.7.2.

Theorem D. Theorem A holds with c(u) taken to be either z(u) or y(u).

More generally, Part (1) of Theorem B, combined with Part (3) of Theorem C and
(1.1.1) should be viewed as a generalization of Theorem A. This is explained further
in Remark 2.7.3.

Our proofs of Theorems B, C and D are based on the construction of “matrix”

presentations for the Lie algebra g and for an auxiliary Lie algebra gz satisfying

gz = 9Dz

They are obtained in §2.3 by studying EndV as a g-module equipped with an adjoint
action, and provide the g-analogues of the R-matrix presentation of the Yangian
and of the extended Yangian. In particular, Proposition 2.3.4 gives a procedure for
rebuilding g from the evaluation of its Casimir two tensor {2 € g ® g on the tensor

square V ® V of any fixed finite-dimensional, non-trivial, g-module V.

These realizations of g and g7 naturally lead to the so-called r-matrix presenta-
tions of the current algebras g[z] and gz[2]: see Propositions 2.3.9 and 2.3.16. Our
treatment of these topics in §2.3 appears to be novel, and leads to interesting results

even for the simple Lie algebra g.



1.2 Representations of twisted Yangians of types
B, C and D

1.2.1 Background and motivation

The goal of the second part of this dissertation, which is contained in Chapters 3-5, is
to address the problem of classifying all finite-dimensional irreducible representations

for twisted Yangians associated to symmetric pairs of types B, C and D.

Twisted Yangians provide one of the main examples of quantum symmetric pairs of
affine type and can be defined starting from any symmetric pair structure (g, g°) on a
simple Lie algebra g, where g® denotes the Lie subalgebra of g consisting of elements
fixed by a given involution ¥ € Aut(g). A twisted Yangian Y (g,g”)®™ associated
to such a pair is a certain left coideal subalgebra of Y'(g) which provides a filtered
deformation of the enveloping algebra U(g[2]®), where ¥ is the non-trivial extension

of 9 to an involution of g[z] given by

v

Wf)(2) =d9(f(=2)) V z€C

and g[z]” is the subalgebra of g[2] consisting of elements fixed by 9. The left coideal
property means that the restriction of the coproduct A of Y (g) to Y (g, g°)* satisfies

A(Y (g,8°)™) C Y(g9) ® Y (g, g")™

and the filtered deformation property means that there is an isomorphism of graded

algebras
U(glz]”) = grY (g, 8°)™

compatible with the isomorphism of Hopf algebras U(g|[z]) = grY (g).

For a general definition of Y (g, g®%)®* given in terms of generators and relations
which is compatible with Drinfeld’s original presentation of the Yangian, we refer
the reader to the recent work of S. Belliard and V. Regelskis [BR17]. Our approach
to studying twisted Yangians of orthogonal and symplectic type will instead follow
[GR16], where they are constructed within the R-matrix presentation of the Yangians

Y (soyx) and Y (spy) associated to the vector representation CV (as in (a) of §1.1.1).



A complete list of symmetric pairs of types B, C and D is given by

BO: (502n+1a502n+1)a DO : (502na502n)a CO: (5p2na5p2n)a
BI: (809n+1,502n+1—q © $04), DI : (809,509, ® 50,), CIIL: (8pay, SPon—q D SPy),
CI: (span,gl,) and DIII: (s02,,9l,),

where ¢ is necessarily even for the type CII pairs and the labeling comes from Car-
tan’s classification of symmetric spaces: see [Hel01, Chapter X]. Our focus will be
entirely on twisted Yangians associated to symmetric pairs which arise from inner
automorphisms. By Table II and Theorem 5.16 of [Hel01, Chapter X], this includes
all symmetric pairs from the above list except for those of the form ($0s,,, 502, ,®50,)
with ¢ taking odd values. The pairs (g, g%) which we do consider are therefore given
by the list

(g2n,9l,) and (gn,ON—qDg,), wWhere 0<g< N and gqE€2Z

Here (and henceforth) gy always denotes either soy or spy, where N > 2if gy = spy

and N > 3 if gy = soy. In particular, we include the non-simple case s04 = sl; & sls.

The problem of classifying finite-dimensional irreducible representations of Yan-
gians and twisted Yangians has a history dating back to Drinfeld’s work in the 1980’s.
In [Dri88, Theorem 2], it was established that the finite-dimensional irreducible rep-

resentations of Y (g) are classified up to isomorphism by tuples of monic polynomials
(P € Cpu™so,

which have since been called Drinfeld polynomials. Drinfeld’s classification result was

reproved for symplectic and orthogonal Yangians in their R-matrix presentations in

[AMRO6]: see §4.1.

For twisted Yangians of type A (see §3.4), the analogous classification problem
was solved by A. Molev for symmetric pairs of type Al and AII [Mol92, Mol98, Mol07]
and by A. Molev and E. Ragoucy for symmetric pairs of type AIIl [MRO02]. The
resulting classifications are again given in terms of monic polynomials, but these
polynomials are now subject to additional conditions and, when sl%, has a center,

there is a complex parameter which also plays a role.
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A common theme in the above results is that the polynomials at the heart of
each classification manifest themselves in certain relations satisfied by the highest
weight of a finite-dimensional irreducible module. Therefore, it should not come
as a surprise that our approach to addressing the problem of classifying the finite-
dimensional irreducible representations of Y (gx, g%)® will involve first developing
a highest weight theory. Moreover, following Molev and Ragoucy, we shall work
almost exclusively with the extended twisted Yangian X (g, g% )™, which is a coideal
subalgebra of the extended Yangian X (gy) whose relation to Y (gy, g% )% mirrors
X (gn)’s relation with Y (gn).

1.2.2 Main Results

In Chapter 3 we will give a detailed survey of Guay and Regelskis’ construction of
the twisted Yangian Y (gn, g% )™ and of the extended Yangian X (gy, g%)®. For the
sake of the reader, we will include several proofs to illustrate how many results can
be obtained as an application of the general theory of Chapter 2.

In Chapter 4, we develop a highest weight theory for X (gn,g%)® and demon-
strate that it provides the right tool for distinguishing finite-dimensional irreducible
modules. The definitions which form the basis of this theory are given in §4.2.2. For

the moment, it will be sufficient to know that highest weights take the form of tuples
p(w) = (i(w))iezx € I (ga+u™'Clu™]),
i€y

where I} ={2n— N+1,...,n} for n=|N/2]

and the g;; take values in {+1} determined by the underlying involution 4.

One may define a Verma module M (u(u)) associated to any such p(u) and, pro-
vided it is non-trivial, it has a unique irreducible quotient V' (y(u)). Our main results
of Chapter 4 include a characterization of precisely when M (p(w)) is non-trivial, and

a proof that every finite-dimensional irreducible module is of highest weight type:

Theorem E. The Verma module M(u(u)) is non-trivial if and only if the relations

Bi(w)fi(—u +n — 1) = fip1 (w)Bipr (—u +n — 1)

(1.2.1)
u-g (u)fio(k — u) = (k — u) g(k — u)fio(u)

11



hold for all i € I \ {n}, where k = cyy/4. Moreover, every finite-dimensional

irreducible module V' satisfies
V2V (u(u))

for a unique tuple p(u) solving the relations (1.2.1).

The auxiliary tuple fi(u) = (f; (u))iezj(, which appears in (1.2.1) is defined by

Bi(u) = Qu—n+9u(u)+ > mw) V ieIf,
e=it1
and g (u) is a rational function of u determined by ¥: see (3.3.3). Theorem E will be
a consequence of Theorem 4.2.6, Proposition 4.2.9 and Theorem 4.4.4.

The second assertion of Theorem E reduces the problem of classifying the finite-

tw

dimensional irreducible representations of X (gy,g% ) up to isomorphism to the

problem of determining an explicit description of the set

{,u(u) € [] (g + v 'Clu™]) : dim V(u(u)) < oo}.

€Ty,

Our first main result of Chapter 5 provides a list of conditions on p(u) which are

necessarily satisfied whenever it belongs to the above set. Set 6 = 0y opy -

Theorem F. Suppose the X (gn, g%)®-module V (u(u)) is finite-dimensional. Then

there exists monic polynomials Py(u),. .., P,(u) in u, with

Pi(u) = Pi(—u+ K + 2%,

(1.2.2)
P(u)=P(—u+n—-:i+2) V 2<i<n,

together with a scalar o € C\ Z(Pygy+1(u))* such that

ﬁi—l(u)_R-(uH)( o—u )5’”“““ v 2<i<n,

fi(v)  Pu) \atu—°¢
v fa(k—u) _g(k—w) P(u+d) ( a—u )%(9’),0
k—u  [p(u) g (u) P(u) \a4+u—k+d—2%

2) Z(P(u)) denotes the set of roots of a fixed polynomial P(u): see Definition 5.2.3.

12



Moreover, if 9 is non-trivial and g% is semisimple, then o satisfies

91-8 (a — JZ) eZ.

The symbols a,b,d and %(G) all take non-negative integer values and are defined
at the beginning of §5.2.2. The statement of the above theorem will be proven in
Propositions 5.2.5 and 5.2.13.

The freeness of the scalar o which appears in Theorem F is controlled by the
existence of non-trivial one-dimensional representations for Y (g, g% )®. This obser-
vation motivates our second main result of Chapter 5, which provides a classification
of all one-dimensional representations of X (gx, %) and Y (gn,8%)®. The below

theorem summarizes the Y (g, g% )® version of this result.

Theorem G. In what follows, V(G) denotes the one-dimensional representation of
Y (gn, g%)% obtained by restricting the counit of Y (gn)-

(1) If g% is semisimple, then every one-dimensional representation of Y (gn, g% )™

is isomorphic to V(G).

(2) If g% has a one-dimensional center, thenY (g, g%)™ has a one-parameter fam-

ily of representations

{V(®)}aec with dimV(a)=1 V aeC.

Additionally, a Y (gn, §%)"-module V is one-dimensional if and only if there is
a € C such that
V=V(a).

Note that every symmetric pair (gy, g% ) under consideration satisfies the hypoth-
esis of either Part (1) or Part (2) except if g% = 502 @ 505, in which case gy is the
non-simple Lie algebra so4. This exceptional case is discussed in Remark 5.3.7. Part
(1) of Theorem G is stated as Corollary 5.3.2 in §5.3, while Part (2) is a combination

of Corollaries 5.3.6 and 5.3.11 from the same section.

The final set of main results of Chapter 5 are also the most significant results con-

tained in the second part of this dissertation. They provide a complete classification
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of all finite-dimensional irreducible representations of X (gy, g%)®* and Y (g, g%)%,

up to isomorphism, for all symmetric pairs (gn, g%) of the form

(502n+1,502),

(gn,9n), (92n,9l.) and (son,S0n_2 D 502),

For those pairs appearing on the second line above, the necessary conditions of Theo-
rem F' are also sufficient conditions and give rise to the desired classifications. These
results are proven in §5.4. Here, we will only present those results which pertain to
pairs (809541, 502,), where n > 2.

Given a, 8 € C such that a — 8 € Z, define the string S(a, §) C C by
S(a,B)={B+k :k€Z and 0<k<a-pg-1}.

The next theorem provides a complete description of when the X ($02,11,502,)%-

module V' (u(u)) is finite-dimensional.

Theorem H. Let p(u) = (pi(w));ers L, Satisfy (1.2.1). Then the X (509541, 502,)" -
module V (u(u)) is finite-dimensional if and only if there exists monic polynomials
Pi(u),...,P.(u) in u satisfying (1.2.2), together with « € C\ Z(Py(u)) such that

N -1
a— 5 €35%,

S(a,§ —a)US(a+§,§ —a+3) C Z(P(w),

~ ] _ % — 8,
Pioa(u) _ Fi(ut1 2)( a—u ) "V 1<i<n
fi(u) Fi(u) atu—mn

This theorem will be proven in §5.5 as Theorem 5.5.7. By applying it in conjunc-
tion with certain structural properties of X (502,,41,502,)", we will be able to prove
the classification results stated in the next, and final, theorem of this section.

Theorem I. Let (1 + u~CJu=1])™* denote the subset of 1 + u~*C[u~'] consisting
of series invariant under the transformation u — k — u. Then

(1) The isomorphism classes of finite-dimensional irreducible representations of
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X (802n11,502,)" are parameterized by tuples
(9(u); (e, (Fi(u)iy)) € (1 +u™'Clu™])™* x C x Clu]”
which satisfy the following set of conditions:

each P;(u) 1is monic,
a € C\ Z(Pi(u), a-1Telz,
S, ¥ —a)uS(a+1, ¥ —a+1l) c Z(P(v),
Pi(u)=Pi(—u+Kk+1) and Pu)=PFP(-u+n—i+2)Vi>2

(1.2.3)

(2) The isomorphism classes of finite-dimensional irreducible representations of

Y ($020,41,509,)™ are parameterized by tuples
(@, (Pi(u))is) € C x Clu]”
which satisfy the conditions (1.2.3).

Parts (1) and (2) of this theorem will appear as Proposition 5.5.8 and Corollary
5.5.9, respectively, in §5.5.2.

In Chapter 6, we will provide an indication of how well the above results generalize
to the twisted Yangians associated to the remaining symmetric pairs of types B, C
and D. We will also briefly comment on some natural problems which are motivated

by both parts of this dissertation.
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Chapter 2

The R-matrix Presentation of the

Yangian

In this chapter, we develop the R-matrix formalism for the Yangian associated to an
arbitrary simple Lie algebra g and prove the results outlined in §1.1.2. The various
pieces of Theorems B, C and D will be proven in §2.5, §2.6 and §2.7, respectively.

The rest of this chapter will proceed as follows. Section 2.1 serves as a preliminary
section where relevant notation and basic facts are gathered. That section will also
serve, in part, as a preliminary section for the rest of this dissertation. In §2.2, we
recall the definition of Y(g) in Drinfeld’s original presentation and survey some of its
main properties, following [Dri85]. In §2.3, we construct the r-matrix presentations of
the current algebras g[z] and gz[z] by first developing a matrix formalism for the Lie
algebras g and gz. The results of this section should be viewed as classical analogues
of Theorems B, C and D.

In §2.4, we introduce the extended Yangian Xz(g) and the R-matrix presentation
of the Yangian Yz(g) associated to a fixed finite-dimensional Y (g)-module V. In
addition, we establish some of their basic algebraic properties. After proving our
main results in §2.5, §2.6 and §2.7.1, we conclude Chapter 2 in §2.7.2 by explaining
in more detail how the results of §2.6 generalize results which are known to hold in
the special case where g = sly, soy or spy and the underlying Y (g)-module V is the

vector representation CV.
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2.1 Preliminaries

2.1.1 Simple Lie algebras and their polynomial current alge-

bras

Throughout this chapter we assume that g is a finite-dimensional complex simple
Lie algebra with symmetric non-degenerate invariant bilinear form (-,-). Following
the notation of [Dri85], we fix an orthonormal basis {X)} ea of g with respect to
this form, where A is an indexing set of size dimg. Let {a],}x,~ea be the structure

constants with respect to this basis:

(X5, X)) =D o, X,

YEA
In particular, of, = —a7, and o}, = —aX, for all A\,v,y € A, the second of these
equalities being a consequence of the invariance of the bilinear form (-, -).
Let 2 and w denote the Casimir elements

Q=) X, ®X,eg®g and w=)Y X;ecU(y),
AeA AeA

and let ¢, denote the eigenvalue of w in the adjoint representation. Here U(g) denotes
the enveloping algebra of g. More generally, the notation U(a) will be used to denote
the enveloping algebra of an arbitrary complex Lie algebra a, and A will denote the

standard coproduct on U(a).

The polynomial current algebra of a complex Lie algebra a is the Lie algebra which

is equal to a[z] = a ® C[z] as a vector space, with Lie bracket given by
(X ® f(2),Y®g(2)] =[X,Y];® f(2)9(2) VX,Y €a and f(2),9(z) € Clz].

Equivalently, a[z] is the space of polynomial maps C — g with Lie bracket given
pointwise. If a = g is a complex simple Lie algebra, then the enveloping algebra

U(g|z]) is isomorphic to the unital associative algebra generated by elements {X,2" :

17



A € A, r > 0} subject to the defining relations

[Xx2", X,2°] = Y 0], X,z VA ueA and r,5>0. (2.1.1)

YEA

The Lie algebra a[z] is graded: we have a[z] = @y 02", with a2F = a@C2*. Ifa =g

is simple, then g[z] is generated as a Lie algebra by g and gz.

In addition to having the structure of a Lie algebra, g[z] admits the structure of

a Lie bialgebra determined by the classical r-matrix

Ty =— Z X\ @ Xou™F! € glv]®g(u ).
AEAE>0

That is, its Lie bialgebra cocommutator § : g[z] — g[z] ® g[z] = (g ® g)[v, u] is given
by
0(f(2)(v,u) = [f(v) ®1+1Q f(u),re] V [f(2) € gl2].

That the right-hand side of the above expression indeed belongs to (g®g)[v, u] follows

from the observation that r; may be identified with the element

- Yokt e (39.9) @ (Cl) ],

U—7 k>0

together with the fact that [A(X),] = 0 for all X € g. The statement that ry is
an r-matrix is meant to indicate that it is a solution of the classical Yang-Baxter
equation with spectral parameter: see [ES02, §6.3.2], as well as §6.2 of loc. cit. for a

more complete description of the Lie bialgebra structure on g|z].

A deep understanding of the bialgebra (g[z],d) will not be needed here, although
the r-matrix % will play a significant role. We, however, adapt the viewpoint that
this element be treated as a rational function in u — v which can be expanded as a

formal series in (g ® g) ® C[v*!, u*'] in various ways: see Remark 2.3.10.

2.1.2 Matrix, formal series, and miscellaneous notation

In what follows, all vector spaces and algebras are assumed to be over the complex

numbers C, and we will maintain this assumption for the remainder of this thesis.
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Suppose that W is an arbitrary vector space and that V' is a finite-dimensional
vector space of dimension N with a fixed basis {e1,...,en}, and let {E;;}i<ij<n
denote the elementary matrices of EndV with respect to this basis. We will often be
working with spaces of the form (EndV)®™ @ W, with m > 1. Given

N
A= ZE@'@aijEEndV@W

3,j=1

and 1 < k < m, we set

N
A = Z 18(%-1) X E,;j (%9 18(m—Fk) ®a;; € (EIldV)®m QW.

3,j=1

If W is a formal power series ring or if more generally A = A(u) depends on a formal

parameter u, we will indicate this by writing A,(u) in place of A, (and rather than
A(u),).
Similarly, if o is a unital algebra and B =3"7_, 0,®b; € d@A with1 <k <l <m
and m > 2, then we will denote by By; the element
Bk:l — Xr: 1®(k—1) Ra; ® 1®(l—k;—1) ® bz ® 1®(m—l) c 91®m.
i=1

We instead write By (u) if B = B(u) depends on a formal parameter w.

Throughout this thesis, we will consider embeddings of elements A(u) € EndV ®
Afu~'] into EndV ® (4 ® of)[u~]. With this in mind, given

Au) = ﬁ’: E;; ® a;j(u) € EndV ® d]u']

ij=1
and 1 < k < 2, we define
N
A[k] (u) = Z Eij ® 1®(k_1) ® CL,;j(’U,) ® 1®(2_k) € EIldV ® (9« ® 91) [[U_l]].
ij=1

Now suppose that W; and W5 are arbitrary vector spaces, and let ¢ : W; — W5 be a
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linear map. Then, given

a(u) =) au " e Wi[u™'] and blu)=> buT" € WoluT],

r>0 r>0

we will write ¢(a(u)) = b(u) to indicate that ¢(a,) = b, for all r > 0. Conversely,
we will use expressions of the form ¢(a(u)) = b(u) (understood in the same way)
to define linear maps, algebra homomorphisms and anti-homomorphisms. Similarly,

expressions of the form

$(A(v)) = (id ® ¢)A(u) = B(u)

with A(u) € EndV @ Wi[u™!] and B(u) € EndV ® Wa]u™'] will be used to define

and interpret transformations ¢ : W; — Wa.

For any two vector spaces Wy and W, let
ow,w, - W1 @ W — We @ W)
be the canonical permutation operator, which is defined on simple tensors by
ow,w, (W1 @ we) =we @w; Yw, € W) and wy € Wa.

In practice, we will drop the subscripts and simply write o = ow, w,; the underlying

vector spaces will always be clear from context. We will also write
Ry ZO'(R) eEWo@W; VReW; W,

Finally, for any unital associative algebra o1 we denote by Lie(sf) the Lie algebra
which is equal to o as a vector space and has Lie bracket equal to the commutator
bracket:

[al,aQ] = @149 — G2a1 \ a,a; € da.
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2.2 The Yangian of a simple Lie algebra

In this section we recall the definition for the Yangian of g in its J-presentation, as
well as some of its properties which will play a role in §2.5 and §2.6. Aside from
Proposition 2.2.2 and a few brief remarks, all of the contents of this section appeared

in Drinfeld’s seminal paper [Dri85].

Definition 2.2.1 ([Dri85]). The Yangian Y (g) is the unital associative C-algebra
generated by the set of elements {X, J(X) : X € g} subject to the defining relations

XY -YX =[X,Y],, J(X,Y])=[J(X)Y], (2.2.1)
J(cX +dY) = cJ(X) + dJ(Y), (2.2.2)
(), I, 2] - [X, [7(), (2)])

= X (16300 [ X, 12, XD (X X X0 (223)
IX), T 12, )] + [(2), WL X, T(V)]

= ¥ (LX) 12w %) (22.4)

+ (12,500, W, X, [, Y], X)) {0, X, TG},

for all X,Y,Z,W € g and c,d € C, where

1
{$1,$2,$3} = 21 Z Tr(1)Tx(2)Tr(3) V1,732,735 € Y(g).
TESS

The algebra Y (g) is equipped with an ascending filtration F’ defined by
degX =0 and degJ(X)=1 VXeg.

For each k > 0, let Fj denote the subspace of Y (g) spanned by elements of degree less
than or equal to k and denote by X and J(X) the images of X and J(X), respectively,
in Fj and F{/F], respectively. By convention, we also set F/; = {0}. A proof of
the following well-known result, dating back to [Dri85], was made available recently
in [GRW19a].
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Proposition 2.2.2 ([GRW19a, Proposition 2.2]). The associated graded algebra

grY (g) = D Fi/Fi_
k>0
is isomorphic to U(g[z]). An isomorphism @y : U(g[z]) = grY(g) is provided by the

assignment

Xz — J(X)\), X, l—)Xx VAeA

We pause momentarily to comment on the relations (2.2.3) and (2.2.4). It was
pointed out in [Dri85] that

(a) when g = sl the relation (2.2.3) follows from (2.2.1) together with (2.2.2), and
(b) when g 2 sl, the relation (2.2.4) follows from the relations (2.2.1)-(2.2.3).

One way of seeing this is to appeal to the proof of [GRW19a, Theorem 2.6]. A careful
reading of that proof together with [GNW18, 3(ii)] shows that if g 2 sl, then the
relation (2.2.4) can be omitted and the relation (2.2.3) can even be replaced with the

relation 1
[T(R), J(W)] = § > a)B(R)zzzt, z5zf] Y hh €,

a,BeA
where h denotes the Cartan subalgebra of g, A, denotes the set of positive roots of
g, and for each o € Ay < € gy, are such that (z},z;) = 1. If instead g = sl,, then
the proof of [GRW19a, Theorem 2.6] found in Appendix A of loc. cit. shows that the
relation (2.2.3) can be omitted and (2.2.4) can be replaced with

[J(e), J(F)], J(h)] = (F T (e) = I (f)e)h,

where {e, f, h} is the standard slo-triple and (-,-) has been normalized to equal the

trace form.

By [Dri85, Theorem 2], Y (g) is a Hopf algebra with comultiplication A, counit e,
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and antipode S given by

AX)=X®1+1QX,
AJX)=JX)®1+10J(X)+1iX®1,9,
e(X) = e(J(X)) =0,

S(X)=-X, S(J(z)) =-J(X)+ i X,

(2.2.5)

where X is an arbitrary element of g. A proof that A is an algebra homomorphism
may be found in [GNW18].

The enveloping algebra U(g[z]) has a one parameter family of Hopf algebra auto-

morphisms 7., indexed by ¢ € C, which are determined by
Te: X2' =5 X(z4+¢)” Vr>0 and X €g.

The Yangian Y (g) also possesses such a family of Hopf algebra automorphisms which
can be viewed as quantizations of these shift automorphisms. Explicitly, for each

c € C, there is a Hopf algebra automorphism 7, of Y (g) given by the assignment
X—X JX)»JX)+cX VXeg. (2.2.6)

By replacing ¢ € C with a formal variable u, we obtain an automorphism 7, of the
polynomial algebra Y (g)[u] or even of the formal power series algebra Y (g)(u™1)).
Given complex numbers c,d € C and formal variables u, v, we will write 7.4 = 7. ® 74
and 7y, = 7, ® 7,. We will also denote by A°P the opposite coproduct of Y'(g); that
is,

A® =¢0o A, where o = Uy(g),y(g).

The next corollary follows immediately from the definition of the antipode S given in
(2.2.5).

Corollary 2.2.3. The square of the antipode S is given by S* = 7_ Leg:
We are now prepared to introduce the universal R-matrix of Y (g).
Theorem 2.2.4 ([Dri85, Theorem 3]). There is a unique formal series
R(u) =1+ Riu™ € (Y(g) @Y (9))[u ]

k=1
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satisfying the relations

70, AP(Y) = R(u) N1, A))R(u) VY €Y(g). (2.2.8)

The series R(u) is called the universal R-matriz of Y(g) and it also satisfies the
quantum Yang-Bazxter equation

R12(U — ’U)R13(’U,)R23(’U) = R23(’U)R13(U)R12(’U, — ’U), (229)

as well as the relations

Riz(w)Rar(—u) =1, 7.4R(u) =R(u+d—c), (2.2.10)
Ru)=1+Qu ™+ ) (J(X)) ® Xo — X @ J(Xy))u™? + 3%~
AeA (2.2.11)
+O(u™3).

Note that (2.2.8) should be viewed as a relation in (Y(g) ® Y(g))(v')) and the
quantum Yang-Baxter equation (2.2.9) can be interpreted as an equality in the space
(Y(g) ® Y (g) ® Y (9))[v™, w*].

In addition to those properties of R(u) listed in the above theorem, standard
arguments show that

([d®SRu) =R(u)™ and (id®e€)(R(u))=1. (2.2.12)

We end this section by recalling a result which concerns the uniqueness and rationality
of R(u) when evaluated on any two finite-dimensional irreducible representations. Let
pv and pw be finite-dimensional irreducible representations of Y (g) on the spaces V'

and W, respectively, and set

Ryw(u) = (pv ® pw)R(—w).

Theorem 2.2.5 ([Dri85, Theorem 4] and [GRW19a, Theorem 3.10]). Up to multi-
plication by elements of C[u™'], Ryw(u) is the unique solution R(u) € End(V ®

24



W)[u™] of the equation

(ov © pw ) (TuwA(J (X)) R(u — v)

(2.2.13)
= R(u — v)(pv ® pw) (T ,AP(J(X))) VX €.

Additionally, there exists a formal series f(u) € 1 +u CJu™!] such that

f(w)Ryw(u) € End(V @ W) ® C(u).

The negative sign which appears in the definition of Ry w(u) does not play an
important role in this result and has been included so that, up to multiplication by a
formal series, Rew o (u) coincides with the R-matrix R(u) given by (2.7.4) if g = sly
and (2.7.15) if g = soy or spy: see [GRW19a, Proposition 3.13].

2.3 The r-matrix presentation of the current alge-

bra gz]

An important ingredient needed to prove the isomorphism between the Drinfeld Yan-
gian Y (g) and the RTT-Yangian Yr(g) (see §2.4) is a presentation of the polynomial
current algebra g[z] which is determined by the image of the Casimir element 2, or
more precisely the classical r-matrix of g[z], under a fixed representation of the Lie
algebra g. In this section we obtain such a realization of g[z] (see Corollary 2.3.7
and Proposition 2.3.9), and also for the current algebra (g @ 37)[2] of a certain trivial
central extension g@® 3z of g (see Proposition 2.3.16). The polynomial current algebra
(g @ 37)[2] will play an analogous role to g[2] in the study of the extended Yangian
Xz(9)-

2.3.1 Setup

Let V be a finite-dimensional g-module with associated homomorphism

p:g—gl(V).
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Set N = dim V/, and assume that V' is not isomorphic to a direct sum of N copies of the
trivial representation. The following setup will be used throughout this chapter, with
the exception that from §2.3.3 onwards V will be assumed to be a finite-dimensional
Y (g)-module.

As in the preliminary section, we fix a basis {e;}1<i<y of V and let {E;;}1<;j<n
denote the usual elementary matrices with respect to this basis. Let (), denote the

image of {2 under p ® p:
Q= (p®p)(Q).

Since g is simple and Ker(p) C g, the homomorphism p is injective, and hence

{X3 = p(X2) }aea

is a linearly independent set in gl(V') which spans a Lie subalgebra p(g) isomorphic to
g. The Lie algebra gl(V') acts on itself via the adjoint action, and we may restrict this
action to g = p(g) to obtain a finite-dimensional representation of g. We denote the
resulting g-module by ad,(gl(V')), and we let p denote the corresponding Lie algebra
homomorphism:

0:g— End(gl(V)).

We use the same notation when ady(gl(V)) is viewed as a U(g)-module.

The space span{ X} } ea forms a submodule of ady(gl(V")) isomorphic to the adjoint

representation of g. Accordingly, we will write

ad(g) = span{X3}}xea

when the space on the right-hand side is viewed as a g-submodule of adg(gl(V)).

We will extend the basis {X3}xea of ad(g) to a basis {X3}rcae of EndV which
respects the decomposition of ady(gl(V')) into irreducible submodules. Consider the

subspace of intertwiners £; defined by
&y = End,V.

This is a submodule of adg(gl(V')) isomorphic to a direct sum of copies of the trivial

representation C4 of g. As & intersects with ad(g) trivially, the direct sum ad(g) ® &,
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is also a submodule of ady(gl(V')). By complete reducibility, there is a submodule W’
of adg(gl(V')) complimentary to ad(g) ® &;. Let

W=Wd W, (2.3.1)

be its decomposition into a direct sum of irreducible g-submodules of ady(gl(V')), and

set W =&; @ W'. In summary, we have the g-module decomposition
adg(gl(V)) =ad(g) ®W =ad(g) @& oW =ad(g) @ Ed Wi @ -+ - @ W,

Note that, by definition, every trivial subrepresentation of adg(gl(V)) consists of
endomorphisms which commute with p(g), and hence is contained in &;. In particular,
this implies that W; 2 C, for any 1 <4 < m. Let J and A, for each 1 < ¢ < m, be
indexing sets such that {X3}\c7 is a basis for &, and {X}}aea, is a basis for W; for
each fixed 1 <7 < m. We then set

AN=JUMU---UA, and A*=AUA"

. . A A . ° . .
Finally, we define a family of complex scalars {cj;,a;; : A € A®, 1 <4,5 < N} by

N
X3 = cyE; and E;= ) ajXy. (2.3.2)
1,5=1 A€A*

2.3.2 The Lie algebras g7, g, and their polynomial current

algebras

We now turn to giving a presentation for the enveloping algebra of g which is governed
by €2,. This naturally leads to the desired presentation of the polynomial current

algebra g[z]: see Corollary 2.3.7 and Proposition 2.3.9.

2.3.2.1 U,(g) and the extended enveloping algebra U;(g)

We begin by defining an algebra U7(g) which can be viewed as an extension of U(g).
It will be proven in Proposition 2.3.6 that this algebra is isomorphic to the enveloping

algebra of the Lie algebra g ® 3, where 37 is a commutative Lie algebra of dimension
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dim End,V'.

Definition 2.3.1. The extended enveloping algebra U(g) is defined to be the uni-
tal associative C-algebra generated by elements {F;J7 }i<ij<n subject to the defining
relation

[F, F] = [, F{] in (EndV)®*®Us(g), (2.3.3)

where FJ =Y. E;;® F;] € EndV ®Uz(g) and , has been identified with ,®1.

For each A € A®, set Xy = 3N, a}F; (see (2.3.2)) so that

i< i

F7 =3 X;® XY,
AEA®

and let K = Y1, Ei; ® k; be the element of EndV ® Uz (g) defined by

N
K=Y E;®k;=)Y X1®Xy. (2.3.4)
1,j=1 A€AC
Given an arbitrary vector space U and A = Ef};zl E;; ® u;; € EndV ® U, define
N
CU(A) = Z LU(Eij) X® u;; € EndV ® U, where LU(EZ'J') = Q((U)(Eij),
ij=1

and let V : EndV ® EndV — EndV denote the multiplication (or composition) map.

Lemma 2.3.2. K satisfies the following properties:

(1) The coefficients ki; of K are central,
(2) [Q,, K3] =0=1[Q,, K] and w(K) =0,
(8) X{ =0 for all A € A°\ J. In particular, K = Y 5c7 X3 ® XY .

Proof. Consider first (1). After setting F = F7 — K € ad(g) ® Us(g), (2.3.3) gives
(K1, F5] = [Q,, F] — [F1, Fy] € ad(g) ® EndV ® Us(g). (2.3.5)

Since [K1, F5'] € W ® EndV ® U4(g), both sides of this equality must vanish, which
proves (1).
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Proof of (2). By Part (1) and (2.3.5), we have
[Q,, K2] = [Fa, Q] + [F1, F2] € ad(g) ® ad(g) ® Us(g). (2.3.6)

As W is a submodule of ady(gl(V)), [, K2] € ad(g) ® W ® Us(g). Therefore
[, K] = 0, and applying the permutation operator ¢ ® 1 to both sides of this
equality gives [Q,, K1] = 0. These two relations also imply that

0= (V®1)([Q, K, — Ki]) = X AZ N X3, X3, X3)] © X = w(K).

Proof of (3). On each irreducible component W; of W’ (see (2.3.1)), w operates as
multiplication by a scalar ¢;. Hence, from the equality w(K) = 0 and the fact that
w(X}) =0 for all u € J, we obtain

0=Zci(z X;®X;7) = ) X)®cX7, (2.3.7)
i=1 HEA; pEANT

where in the second equality we have defined c,, for each p € A°\ J, to be equal to
¢; for the unique ¢ € {1,...,m} such that g € A;. It is well known result from the
classical theory of simple Lie algebras over C that the Casimir element operates as a
nonzero scalar in every non-trivial finite-dimensional irreducible module. Therefore,
¢i # 0 for all 1 < ¢ < m and (2.3.7) implies that X/ =0 for all u € A°\ J. O

The next lemma gives two equivalent definitions of K and proves that there is a

morphism U(g) — Us(g).

Lemma 2.3.3. The matrices F7 and K satisfy the identities

[QP7F§7]:[F{7F§7]:[F{’QP]’ (2'3'8)
FI —2c,' (VO )F,FJ] =K = F7 — ¢;'w(F7). (2.3.9)

Moreover, the assignment Xy — —X3 for all A € A extends to a homomorphism

vy U(g) = Us(9)-
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Proof. Applying the permutation operator o ® 1 to [F{, Fy| = [Q,, FY] gives
_{}qj’}g7]:: KlpaPETL

which implies (2.3.8).
By Part (2) of Lemma 2.3.2, F7 — ¢;'w(FY) = K. Since

(Ve DFY, F]=(Ve1)Q, Fy],
the relation (2.3.8) yields
(VO UF, FY] = 3(V e 1)(Q, F] - [, F{']) = qw(F7),

which proves (2.3.9).

As for the second part of the lemma, we obtain from Part (2) of Lemma 2.3.2 and
(2.3.6) that [F1,Fo] = [Q,,Fs], where F = FY — K. Expanding in terms of the basis
{X3 ® X }auen of ad(g) ® ad(g) gives

(X9, X1 => o X7 == 0], X7 VApcA
YyeEA YyeA

Thus, the assignment X, — —X ;\7 , for all A € A, extends to a homomorphism
7 :U(g) = Us(g). O

We now simultaneously define the algebra U,(g) as a quotient of Us(g) and prove
that it is isomorphic to the enveloping algebra U(g).

Proposition 2.3.4. Let U,(g) be the quotient of Us(g) by the two-sided ideal gen-
erated by the coefficients of the central matrix K. Equivalently, U,(g) is the unital
associative C-algebra generated by elements {Fi; }1<ij<n subject to the defining rela-
tions

[F17 F2] = [Qpa F2]7 (2310)

F = c;'w(F), (2.3.11)

where F = E” 1Eij ® Fij € EndV ® Uy(g).

30



Then U,(g) s isomorphic to the enveloping algebra U(g). An isomorphism ¢, is
given by
ép:Uy(g) = U(g), Fr——(p1Q. (2.3.12)

Proof. Set F =YN_, Ei; ® Fi; = —(p ® 1) By (2.3.2), the element F;; = ¢,(F;;)

i,j=1
is equal t0 — X yep ¢ Xn-
Step 1: ¢, is a homomorphism of algebras.
Recall that [, A(X)] =0 for all X € g. This implies that, in g ® g ® g, we have
the identity [Q3, Q23] = —[Q42, Q23]. Applying the homomorphism p ® p ® 1 to both

sides of this identity, we obtain the relation
[.Fl,fz] = [Qp,]:z] in (EndV)®2 ®g.

Hence, the assignment (2.3.12) preserves the relation (2.3.10).

Since we also have F = — Y ,cp Xy ® X, € ad(g) ® ¢, and w acts on ad(g) as

multiplication by the scalar cg, the relation F = c;lw(]-" ) is satisfied, and thus ¢, is

a homomorphism.
Step 2: ¢, is an isomorphism.

For each A € A®, define X{ to be the image of Xy under the natural quotient
map ¢ : Uz(g) - Uy(9)-

Since ¢(K) =0, X{ =0 for all A € A°. Let ¢ = qovz : U(g) — U,(g), where
vy : U(g) = Ugs(g) is the morphism from Lemma 2.3.3. Then ¢, 0 ¢ = idyg, and
to see that 9 o ¢, = idy,(g) it suffices to note that { X3} ca generates U,(g), which is

immediate since it is the image of the generating set { Xy }xeae of U (g). This proves
that ¢, is an isomorphism with inverse . O

Remark 2.3.5. After expanding Q, = ¥, M E;; ® Ey, we may rewrite the
relations (2.3.10) and (2.3.11) of U,(g) more explicitly in terms of the generators Fj;.
They are

N
[Fyj, Fral =D (CffFal - C?;Fka)
=y (2.3.13)
Fy = 20;1 Z[Fiaa Faj
a=1

for all 1 <4,5,k,1 < N, where to obtain the second relation we have employed that,
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by (2.3.9), ¢;'w(F) = 2¢;1(V @ 1)[F, Fa).

Let g, be the Lie subalgebra of Lie(U,(g)) generated by {X%}xea, or equivalently
by {F;;}1<ij<n. Then Proposition 2.3.4 implies that (2.3.10) and (2.3.11) are defining
relations for g, and that ¢,|,, is an isomorphism of Lie algebras g, -+ g. Consequently
U(g,) = U,(g), and we will henceforth exploit this fact and denote U,(g) instead by

U(gp)-
We now return to the study of the algebra Us(g). Define 37 to be the commutative
Lie algebra with basis {K{ }xc7, and identify the enveloping algebra U(37) with

ClKy : xe J).

We will denote the matrix Y,c7 X3 ® Ky € EndV ® 37 by %Y.

Proposition 2.3.6. The assignment FJ +— F + X7 extends to an isomorphism of

algebras
b7 :Us(g) = CKY : Ae T ®@U(g,). (2.3.14)

Proof. Since X7 € & ® 37, we have [Q,, 5] = 0. As the coefficients of X7 are
also central and F satisfies (2.3.10), F + X satisfies the defining relation (2.3.3) of
U7(g). Thus the assignment F7 — F + X7 extends to a homomorphism

¢7:Uz(g) =» CIK{ : Xe T ®@U(g,).

Since the coefficients of K are central, we deduce that there is an algebra homomor-
phism 1, : CIK{ : A € J] = Us(g) given by X7 — K. Let L = 170 ¢,: U(g,) =
Uz(g). Since [¢(X), 4, (Y)] =0 for all X € U(g,) and Y € CIKy : X € J], there is

a unique homomorphism
Yy =1, ®@:CIKS : A€ J]®U(g,) = Usl(o)

satisfying ¥ 7(X7) = K and ¢ 7(F) = F, where we recall that F = FJ — K. As ¢ 7 is
completely determined by ¢7(K) = X7 and ¢;(F) = F, it follows immediately that

Yy =¢7. O

Define g to be the Lie subalgebra of Lie(U7(g)) generated by {F; }1<; j<n. Then
the restriction ¢ 7|y, (see (2.3.14)) and its composition with id @ ¢, (see (2.3.12))
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produce isomorphisms
87 = 9, D37 > 9 D37, (2.3.15)

and we have U(gs) = Us(g). Accordingly, we will henceforth denote U (g) by U(g7).

2.3.2.2 The polynomial current algebras g,[z] and g;|?]

As a consequence of Proposition 2.3.4 and the comments following Remark 2.3.5, the
current algebras g,[z] and g[z] are isomorphic. Similarly, Proposition 2.3.6 and the
isomorphism (2.3.15) imply that gs[2] = (g ® 37)[2]. The former identification leads
to the so called r-matrix realization of g[z], as we will illustrate in this subsection.

Corollary 2.3.7. An isomorphism ¢7 : g,[2] — g[2] is provided by the assignment
¢ FM s —(p@1)(Q2") V7 >0, where

N
FO =3 E;®F;2" € EndV ®g,[z] and Q2" =Y X, ® Xp2" € g @ gl2].
Py AEA

In particular, U(g[z]) is isomorphic to the unital associative C-algebra generated by
the family of elements {Fi(jr) =F;;z" 1 1<14,j <N, r € Zxo} subject to the defining

relations

[FO O =[Q,, Fy9] Vr,s>0, (2.3.16)
FO =clw(FM) Vr>o0. (2.3.17)

Proof. The corollary follows from Proposition 2.3.4, the three sentences following
Remark 2.3.5, and the definition of the current algebra g[z] (see (2.1.1)). O

Remark 2.3.8. The relations (2.3.16) and (2.3.17) are, of course, just the defining
relations of U(g,[2]). Omitting the relation (2.3.17) gives the definition of U(gs[2]).

Introduce the generating matrix

= ..Z E; ® Fyj(u) € EndV ® (g,[2])[u™"], where
. (2.3.18)
=S FQu € (gl [u"].

r>0
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Using this notation, we can express the defining relations of g[z] (or more precisely
Q

u—v

those of g,[2]) using the classical r-matrix associated to its standard Lie bialgebra

structure.

Proposition 2.3.9. The defining relations (2.3.16) and (2.3.17) are equivalent to the

relations
Q,
u—1v’

F(u) = ¢ 'w(F(u)). (2.3.20)

[F1(u), F2(v)] =

Fi(u) + Fy(v) |, (2.3.19)

The relation (2.3.19) independently serves as the defining relation of U(gz[#]).

Proof. 1t is clear that the relation (2.3.20) is equivalent to (2.3.17). To prove the
equivalence of (2.3.19) with (2.3.16), we will expand

(u—v)"' =Y Pu P e (Ch])[u], (2.3.21)

p=>0
view (2.3.19) as an equality in the space (EndV)®2® U (g,[z])[v**,u~!], and compare
the coefficient of v*u™" on each side for s € Z and r € Z>o. Note that (2.3.21) is not
the unique expansion of (u —v)~! in C[v*!, u*!], and thus there are other equivalent

ways of viewing (2.3.19): see Remark 2.3.10.
Expanding (2.3.19) using (2.3.21), we obtain

5 (F,
r,8>0
= 3 (9 FOWrur o 4 0, FO e )

p,a,6>0

(2.3.22)

Comparing the coefficient of v "1v7*"! in both sides, for r,s € Zsy, we obtain
(2.3.17):
7, F9) = (9, ] V520,

We must also compare the coefficient of v*u™" (for 1, s € Z>¢) in both sides of (2.3.22)
to guarantee that this relation does not imply any additional relations which are not
satisfied in U(g,[z]). If 0 <7 < 2 or s > r — 2, the coefficient of u~"v* on both sides
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of (2.3.19) is zero. Otherwise, we obtain
0= [, B2+ 10, I,

which is also a consequence of (2.3.16): this can be deduced from (2.3.16) in the same
way that the relation (2.3.8) of Lemma 2.3.3 was deduced from (2.3.3). O

Remark 2.3.10. In the proof of Proposition 2.3.9 we have expanded the rational
expression (u —v)™! as an element of (C[v])[u™!] and then interpreted (2.3.19) as an
equality in (EndV)®2 ® U(g,[2])[v**,u*]. As mentioned in the proof of the propo-
sition, this is not the only way we could have proceeded. Working in a more general
framework, (2.3.19) should be viewed as an equality in (EndV)®2QU (g,[2])[v*!, uw*!].

1

In particular, (u — v)~" can be expanded as the formal series —3 59 wPvP7L in

(C[u])[v™1], leading to an equivalent set of defining relations.

An alternative expansion involves multiplying both sides of (2.3.19) by the polyno-
mial u—v and then expanding both sides as elements of (EndV)®2QU (g,[z])[u?, v!]:
see for instance §1.1 of [Mol07].

2.3.3 The extended Lie algebra g7 and its polynomial current

algebra

In this subsection we consider an algebra Uz(g) which is constructed from a fixed
finite-dimensional Y (g)-module. Like U(gs) = Us(g), it is an extension of the en-
veloping algebra U(g,), but the role played by EndyV is instead played by Endy V.
Consequently, Uz(g) encodes certain information about the underlying Y (g)-module

structure which U(gs) does not.

Henceforth, we assume that V is a finite-dimensional Y (g)-module with corre-
sponding homomorphism p : Y(g) — EndV. We also assume that V' contains a
non-trivial irreducible submodule. This hypothesis guarantees that V has at least
one non-trivial irreducible component when viewed as a g-module (via restriction),
and hence that we are in the situation of §2.3.1. In particular, all the definitions and

results of the previous subsection apply.

Going forward, we will need to specialize our basis { X} }re7 of & = Endg(V). Let
€ C &; denote the subspace of Y (g)-module endomorphisms, and let £ be a subspace
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of £ complimentary to &:
&= Endy(g)V C&, &E=E@E..

We may then partition J = Z U Z, and choose { X3} cs in such a way that {X3}rez

is a basis of £ and { X3}z, is a basis of &..

2.3.3.1 The extended enveloping algebra Uz(g)

Following our convention of labeling X°* = p(X) for each X € g, we will write
J(X*) for the image of J(X) in EndV under p. In addition, we define a module

homomorphism
J :ad(g) = adg(gl(V)), X°—=J(X*) VX e€g.

Definition 2.3.11. Define Uz(g) to be the quotient of U(gy) by the two-sided ideal
generated by the relation K, (1 ® J)(2,)] = [K1,(J ® 1)(Q,)]. That is, Uz(g) is
the associative unital C-algebra generated by elements {Fg}lg,js ~ subject to the

defining relations

[FII’ F2I] = [va F2I]’ (2.3.23)
(K3, (1 J)(Q,)] = [KT, (J ® 1)(2,)] (2.3.24)

where FX = 3._, Ej; ® F: € EndV @ Uz(g) and K* = FT — ¢ 'w(FT).

irj=1

We now work towards establishing an analogue of Proposition 2.3.6. For each
A € A®, let XT denote the image of Xy in Uz(g). Explicitly, XT = =Y., a FZ (see
(2.3.2)) and we have FZ = Y",cpe X3 ® XZ. In fact, by Part (3) of Lemma 2.3.2, we
have

K=Y X;®Xy and F'= Y X3®Xj.
AT AEAUT

As a first step, we construct for each z € £ a g-module W (z) which is either zero or
isomorphic to ad(g), but which cannot have a nonzero intersection with ad(g). Fix
z € & and let

W (x) = span{[z, J(X3})]} rea-
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Note that W(z) is a submodule of the g-module ady(gl(V')), and that there is a

module homomorphism
v :ad(g) = W(z), X5+ [z,J(X3)] VAe€A.

This homomorphism is surjective and, by Schur’s lemma, it is either an isomorphism
or the zero morphism. We also have E={z € &; : ¢, =0} ={z € & : W(z) = 0}.

Lemma 2.3.12. There does not ezist x € & such that W(z) Nad(g) # {0}.

Proof. Suppose that z € &; satisfies W (z) Nad(g) # {0}. Then W(z) is irreducible
and, since the same is true for ad(g), we have W (z) = ad(g). In particular, ¢, must be
an isomorphism, and by Schur’s lemma, every module homomorphism W (z) — ad(g)
is a scalar multiple of @;! : [z, J(X})] — X3. As the identity map provides such a
homomorphism, there exists ¢ € C* such that [z, J(X})] = cX3 for all A € A. After

re-normalizing x if necessary, we can assume that ¢ = 1. Consider the linear map
ad,; : EndV — EndV, X~ [z,X] VX € EndV.

Since ad,(J(X3)) = X and ad,(X3) =0 for all A € A, we deduce from the fact that

ad,; is a derivation that it restricts to a linear map

ad, s : p(Y(g)) = p(Y (9))-

Given a monomial X in the variables {J(X3), X} ea, we denote by £(X) the degree
of this monomial with respect to the assignment deg X3 = 0 and deg J(X3) = 1. For
each k > 0, let Hy, denote the subspace of p(Y(g)) which is spanned by monomials
X such that £(X) < k, i.e. Hy = p(F{), where F/ = {F{}4>0 is the filtration defined
below Definition 2.2.1. We then have ad,;(Hy) = 0 and ad,(Hy) C Hj_; for all
k > 1. This follows from the facts that ad, ,(J(X3)) = X3 forall A € A, ad,-(X5) =0
for all v € A, and that ad,, is a derivation. We will break the remainder of our proof

into two steps:
Step 1: There exists k > 1 such that ad’;,z =0.

Note that Hy_; C Ker(ad’;@) for all k£ > 1. Indeed, since ad, ;(Hy—1) C Hy_5 for
all k > 1 (here H, = {0} for all a < 0), we obtain inductively that ad} ,(H_) C
H_, = {0}. Since p(Y(g)) € EndV is finite-dimensional, it has a finite basis
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{Bi,. -, Bamp(v(g)} consisting of monomials B; in the variables {J(X3), X—;})\,'yeA-
Let ¢ denote the finite integer max{¢(B;) : 1 < i < dimp(Y(g))}. Then each B; be-
longs to H, and hence so does all of p(Y (g)). Since ad; ;' (H,) = 0, ad}\ is identically

zero.
Step 2: The image of ad’;,w contains p(g) = g for every k > 1.

For each k > 1 and k-tuple aq,...,ax € A, set

Aoy, = [J(X5y)s [J(X5,) -+ [T(XG, 1) JXG1 -1l
a1, o7 [ 1a[ as)? "7[ Ol 17 ]]]
If £ =1, then it is understood that A, = J(X?2) and Y, = X?.
Claim: adf (Aa,,.. ) = kY, . o for all k> 1.

We will prove the claim by induction on k. If £ = 1 then it is just the statement
that ad,;(J(X2)) = X3. Suppose inductively that the claim holds whenever k = [,

and consider adlp'j'm1 (Ag,,...cr4,)- We have
2 ) = 32 (1) o K2 0 ()]
=0

Since ad? ,(J(X3,)) = 0 and ad} (Aa,,.a,) = 0 (since A € H;), the only
term of the sum on the right-hand side which does not necessarily vanish corresponds
to j = 1. As ad,,(J(X3,)) = X3, and, by induction, adi,,z(Aaz,___,aHl) = Yoy, ....cu1>

al

0250041

we have

Y,

a*dl_'_l(Aal,...,al_,_l) = (l + 1)l [X. ag,...,al+1] = (l + 1)!Ya1,...,al+1-

ay?

This completes the proof of the claim.

To complete the proof of Step 2, it remains to note that, since p(g) is a simple Lie
algebra, it is perfect and thus spanned by the collection of elements {Y5, . o tasen
for any fixed k£ > 1.

We can now finish the proof of the lemma. By Step 1, there exists £ > 1 such
that ad’;’ac = 0. By Step 2, p(g) C ad’;,z(p(Y(g))) = {0}, which is a contradiction.
Therefore there cannot exist « € &, such that W(z) Nad(g) # {0}. O
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This leads us to the following analogue of Part (3) of Lemma 2.3.2.

Lemma 2.3.13. We have XZ =0 for all p € I... In particular, KT = ¥z X3 XZ.

Proof. Since [X};, J(X3)] =0 for all 4 € T and X € A, (2.3.24) is equivalent to

Y XeXLIXDeXxi= YO XLJX)eXie Xt  (23.25)

AEA,LET, AEA UEL,

Let’s first show that for any fixed A € A, {[X}, J(X3)]} ez, is a linearly indepen-
dent set. Suppose that

> aulX;, J(X3)] =0 for some {a,},uez. C C.

MEIC
Then z = ¥ ¢z, a, X, must belong to £, because ¢, cannot be an isomorphism as its
kernel contains X3. Since z also belongs to &, we must have x = 0. The assertion

then follows from the linear independence of the set {X}}, ez, .

Next, we deduce that, for any fixed A € A, the set {X3,[X}, J(X3)|}renuez.
must also be linearly independent. Indeed, if 0 # 3°,c7, a,[X}, J(X3)] € ad(g), then
T = Y,ez, 0, X, is such that W(z) Nad(g) # {0}. By Lemma 2.3.12, no such
can exist, and hence we have shown that span,.z {[X}, J(X3)]} intersects trivially
with ad(g), from which the linear independence of {X73,[X}, J(X3)]}yea uez. follows

automatically from the previous assertion and the linear independence of {X;}7€ A

Let {fu}ucas C (EndV)* denote the dual basis to {X3}rcae C EndV. By the
linear independence of { X3, [X}, J(X3)]}en uez., aPPlying fi ® id ® id to both sides
of (2.3.25) for a fixed A € A yields

> x5, J(X)] © XF = 0.

MGIC

The linear independence of {[X?, J(X3)]},ez, then implies X2 = 0 for all p € Z.. [

We define 37 similarly to 3: it is the commutative Lie algebra with basis {KZ}sez.
We identify its enveloping algebra with the polynomial ring C[K% : )\ € Z], and set
FHT = Y,z X3 ® KE € EndV ® 37. We are now prepared to state the analogue of
Proposition 2.3.6.
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Proposition 2.3.14. The assignment FZ +— F + X extends to an isomorphism of

algebras
¢z : Ur(g) = C[KS : A e Z]®U(g,)- (2.3.26)

Proof. Let m: C[KY : XA € J] — CIKZ : X € Z] be the surjection given by

ST — {K;}( if AeZ,

0 if A\ eZ.
Consider the tensor product 7®id : C[KY : A € J|®U(g,) - C[KZ : X € Z|®U(g,).
Its kernel is precisely the ideal generated by {K¢ }rez., which is the image of the
ideal generated by {X ,{ }uez, under the isomorphism ¢; of Proposition 2.3.6. By
Lemma 2.3.13 and the definition of Uz(g), this ideal is contained in the two-sided
ideal J of Us(g) generated by the relation [K3, (1 ® J)(Q,)] = [Ki1, (J ® 1)(2,)],
hence Ker((r ® id) o ¢7) C F. Since [HZ, (1 ® J)(Q,)] = [FF, (J ® 1)(Q,)] trivially
holds in C[K% : A € Z]® U(g,), we indeed have the equality Ker((r ®id) o ¢7) = F.
Thus (7 ® id) o ¢7 induces an isomorphism ¢z : Uz(g) = C[KZ : A € Z] ® U(g,)
which is given by FZ — F + XZT. O

We conclude our discussion of Uz(g) by emphasizing that Proposition 2.3.14 can be
naturally interpreted at the level of Lie algebras. Letting gz denote the Lie subalgebra,
of Lie(Uz(g)) generated by {F7}1<ij<n, we find that ¢zs, and its composition with

id ® ¢, induce isomorphisms
9z = 9p D 3z = 9 D37, (2.3.27)

and moreover that U(gz) = Uz(g). With this in mind, Uz(g) will be denoted U(gz)

from this point on.

2.3.3.2 The extended polynomial current algebra gz|z]

By (2.3.23), (2.3.24) and (2.3.27), the enveloping algebra U(gz[z]) is isomorphic to

the unital associative C-algebra generated by elements {]Fg) = F%z” 1 <4,5 <

40



N, r € Zxo} subject to the defining relations

[]E\gT), ]ng)] e [Qp, ]Fgl'+s):| V ,r., S 2 0, (2.3.28)
K, (10 2)(Q,)] =K, (Jo1)(Q,)] Yr>0, (2.3.29)

where F(®) = Eﬁfjﬂ Ei; ® ]FE;) € EndV ® U(gz[z]) and K@ = F@ — c;lw(]F(“)) for
all a > 0.

Following (2.3.18), let us define

N
F(u)= Y E; ® F;j(u) € EndV ® (gz[2])[u""], where
b=l (2.3.30)
Fij(w) = 3 Fi ™™ € ([ [w 7]
r>0
Recall that, foreach A € A®, XT =3, ; af‘JFg € gz, where the family of scalars {af‘j} is
defined in (2.3.2). To every A € A® we associate the series X (u) = 3,59 Xf\r)u_’“_l €
(9z]2])[u""], where X{? = X7, .
Finally, we set K = k%21, so that U(3z[2]) & CIK : A € Z, 7 > 1], and
define
H(u)=> Xy ®Ki(u), where Ky(u)= ZIC&T)U_T.

AET r>1

We can now state the polynomial current algebra version of Proposition 2.3.14:

Proposition 2.3.15. The assignment F(u) — F(u) + X (u) extends to an isomor-
phism of algebras

0% : Ugzl2]) = CIKY : A e Z, r > 1] @ U(g,[2]). (2.3.31)

Proof. The isomorphism g7 = g, ® 37 furnished by Proposition 2.3.14 (see (2.3.27))
extends to an isomorphism gz[z] <= (g, ® 3z)[2] = 9,[2] ® 3z[z], which induces the

desired isomorphism ¢% between the corresponding enveloping algebras. O

Setting K(u) = Y, KMy, we have ¢%(K(u)) = H(u) and K(u) = F(u) —
c; 'w(F(u)). By Lemma 2.3.13, K(u) can be equivalently defined by K(u) = Yyez X3®
X)\(’U,)

We will end this section by rewriting the defining relations of U(gz[z]) using the
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classical r-matrix formalism, which is achieved with the use of Proposition 2.3.9.

Proposition 2.3.16. The defining relations (2.3.28) and (2.3.29) are equivalent to
the relations

Fu(w), Fo(0)] = |2 Fy(w) + Fa(o)| (2332)
Koo, (1© J)(@)] = [Ka(w), (] @ ()] (2333)

where K(u) = F(u) — ¢ 'w(F(u)).

2.4 The R-matrix presentation of the Yangian Y (g)

We have now reached the second and main part of this chapter, where we will focus
on establishing the Yangian version of the results of §2.3 and studying them in more
detail. In this section specifically, we define the extended Yangian Xz(g), the RTT-

Yangian Yg(g), and we then study some of their basic properties.

We continue to assume that V is a fixed finite-dimensional Y (g)-module with
corresponding homomorphism p, and that V" has a non-trivial (not necessarily proper)
irreducible submodule. We let R(u) denote the image of the universal R-matrix
R(—u) (see Theorem 2.2.4) under p ® p:

R(u) = (p® p)R(—u) € End(V ® V)[u™].

We adapt all of the notation from §2.3. In particular, we fix a basis {ej,...,enx} of
V and we let {E;;}1<ij<n denote the usual elementary matrices with respect to this
basis.

2.4.1 The extended Yangian Xz(g)

In this subsection we define and study a Hopf algebra X7(g) larger than Y (g) which

we will eventually prove (in §2.6) is a filtered deformation of U(gz[2]).
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2.4.1.1 Definition of the extended Yangian

We begin with the definition of X7(g) as an algebra.

Definition 2.4.1. The extended Yangian Xz(g) is the unital associative C-algebra
generated by elements {tg) : 1 <4,5 < N,r > 1} subject to the defining RT'T-
relation

R(u — v)T1(uw)T(v) = To(v)Ti(uv)R(u — v)

(2.4.1)
in (EndV)®? @ Xz(g)[v", ut],

where T'(u) = 30y Ey; ® tij(u) with ti;(u) = 65 + 1 tg)u"" forall 1 <i4,j <N,
and R(u — v) has been identified with R(u —v) ® 1.

Remark 2.4.2. An equivalent definition is obtained by replacing R(u) by f(u)R(u)
for any fixed f(u) € 1+u~'CJu~']. In particular, if V is irreducible then, by Theorem
2.2.5, R(u) can be replaced with a rational R-matrix.

Since no explicit description of the coefficients Ry of R(u) is known, R(u) can-
not be computed directly by evaluating R(—u). In practice, R(u) is obtained by
instead solving the equation (2.2.13). By Theorem 2.2.5, this determines R(u) up
to multiplication by elements of C[u~], provided V is irreducible. See for example
[GRW19a, Proposition 3.13].

Note that Xz(g) comes equipped with a natural action on the underlying Y (g)-

module V. Namely, there is an algebra homomorphism

Xz(g) = EndV, T(u)+— R(u).

A standard argument (see [Mol07, Theorem 1.5.1] and [FRT90]) shows that X7(g)

is a Hopf algebra with coproduct Az, antipode Sz, and counit ez given by
Ar(T(w) = Ty(WTg(), ST@W)=TW™, a@W)=1 (242

respectively. Expressing Az in terms of the generating series ¢;;(u) and the generators

tg) , we have

N
AI(tij (U)) = Z tia(u) ® taj (U) and AI t(r) Z Z t(b) (%9 t(r b)
a=1

a=1b=0
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where t,(c(l)) =0 forall1 <k,I<N.

2.4.1.2 Automorphisms of X7(g)

The extended Yangian Xz(g) has at least three important families of automorphisms.
The first family we will discuss turns out to be closely tied to the Yangian Yx(g), as

we will make precise in §2.6.2.

Recall that £ = Endy )V C EndV, and consider the tensor product E@u~'C[u"].
This space can be identified with [[ycz(u 1CJu1]),, i.e. the collection of all tuples
(r(w))aez C u*CJu""], the identification being given by

(fa(w))rez € /\I_II(U_l(C[[U_l]]),\
= u) =Y X5 ® fi(u) € E@u'Clu™].

el

(2.4.3)

Here (u~!C[u~1])x just denotes a copy of v~ CJu~!] associated to A\. The follow-
ing lemma demonstrates that Xz(g) admits a family of automorphisms indexed by

hez(u'Clu™x.
Lemma 2.4.3. Let (fa(u))rez € [Dez(v 'Clu™])x and set f(u) = I + £°(u). Then

the assignment
me : T(u) — f(u)T(u) (2.4.4)

extends to an automorphism ms of Xz(g).

Proof. Using that f(u) € £ ® C[u'] and R(u) € (p(Y(9)) ® p(Y(g)))[u"], we can
conclude that f(u) satisfies the defining RT'T-relation of Xz(g). Indeed, by definition
£ is the centralizer of p(Y (g)) in EndV, which implies R(u — v)f,(u) = £,(u)R(u —v)
for a € {1,2}. Moreover, [fi(u),fz(v)] = 0, from which the assertion follows easily.
Applying this observation in conjunction with [f;(u), T2(v)] = 0 = [f2(v), T1(w)],
we deduce that mg extends to an algebra endomorphism of Xz(g). The invertibility

of my¢ follows from the invertibility of f(u) as an element E[u™]. O

The second family of automorphisms is indexed by the complex numbers. For

each c € C, the assignment
T(u) — T(u—c) (2.4.5)
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extends to an automorphism of Xz(g). These automorphisms are closely related to
the automorphisms 7, of Y (g) defined in (2.2.6). The third family of automorphisms

will be introduced in Chapter 3: see Lemma 3.2.4.

2.4.1.3 The associated graded algebra grXz(g)
By (2.2.11), the R-matrix R(u) admits an expansion

Ru)=I+> R®y~*
k>1

(2.4.6)

=I-Qu + ((J®1-10J)(Q) + 32)u 2+ > R®u™
k>3

with R®) = (—1)*(p ® p)(R%) for each k > 1. Setting T°(u) = T'(u) — I, the defining

relation (2.4.1) can be rewritten as

17 (), T3 (v)]

_ b ([Q,,, T7 (w)] + [Qp, T5 (v))] )

+ Q17 (u) T3 (v) — T3 ()17 (w)2, (2.4.7)

+Y ([T;w), R®) + (T3 (u), B¥)
+T30)TE ()R — ROT? ()T <v>) ,

where (1, and R® have been identified with ,®1 and R® ® 1, respectively.

The degree assignment
degt) =r—1 V1<4,j<N and r>1 (2.4.8)

equips X7(g) with the structure of a filtered algebra. Let Fy(Xz(g)) (or FZ for
brevity) denote the subspace spanned by elements of degree less than or equal to &,

fg) to be the image of £ in FZ_, /FZ_, C grXz(g).

and set y

Proposition 2.4.4. The assignment

er FO Vi vi<ij<N, r>1 2.4.9
% i
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extends to a surjective morphism of algebras ¢z : U(gz[2]) > grXz(g).

Proof. Let ’]I‘(u) = Ek21 ’][‘(k)u—k, where T®) = EN Eij R 51(,;9)

i,j=1
Step 1: The relation [Tq(u), T2(v)] = [%,Tl(u) + T2(v)] is satisfied.
For each k > 0, we expand (u — v)~* as an element of (C[v])[u~"]:

w—v)*F=¥" (k T 1) vk, (2.4.10)

S

Note the following simple fact: if

Au,v) = Y Agpu® ™  with Agp € (EndV)®*?*@FL,,_,,

a,b>1

then we have

1
WA(“’ v)= > B.su v,  where
€Lk 41,bEL (2.4.11)

B,y € (EndV)*?* @FL,, . Va,b>0
and FZ, = {0} for all ] € N. Here c is assumed to be a fixed positive integer depending
on A(u,v).
For each [ > 0, set

Fi(u,v) = (EndV)®**®@ [[ Fi_w ™" C (EndV)®*® Xz(g)[v*,u™],

GEZZO,bEZ

and note that F;(u,v)/F11(u,v) can be naturally identified with

(EndV)®*® [ (grarpiXz(@)u™v™ C (EndV)®* ® (grXz(g))[v*,u7],

anZOabGZ
where gr; Xz(g) denotes the k-th graded component of grXz(g), which is understood
to equal zero if £ < 0.

We will simultaneously show both sides of (2.4.7) belong to Fy(u, v) and compute
their images in the quotient Fy(u,v)/F3(u,v). By the above observation this yields
an identity in (EndV)®? ® (grXz(g))[v*?, u=1].
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If A(u,v) = Q,T7(w)T5(v) or A(u,v) = Ty (v)TT(u)S2,, then the integer ¢ (see
(2.4.11)) is equal to 2 and hence (u — v) *A(u,v) =0 mod F3(u,v).

If instead A (u,v) is equal to one of the terms that appears within the parentheses
on the second line of the right-hand side of (2.4.7) (i.e. a term involving R*) with
k > 2), then ¢ = 1 or 2 but k > 2. Therefore the observation (2.4.11) yields that
(u—v)*A(u,v) =0 mod F3(u,v).

Since [T (u), T3 (v)] and [, TP (u) 4 T3 (v)] belong to Fa(u,v) with images

Q
M) o] and | P T+ )
in Fo(u,v)/F3(u,v), respectively, we obtain the relation

Q
[T1(w), Ta(v)] = lu_pU’Tl(U) + T2(U)] :
Note that Step 1 implies that there is a surjective algebra homomorphism

U(gslz]) - grXz(g).

To verify that it factors through U(gz[z]), we must show that the assignment ¢z pre-
serves the relation (2.3.33). In order to state this more precisely we define, following
(2.3.2),

N
=3 o}t vieA® and k21
ij=1

Then the statement that ¢z preserves (2.3.33) is equivalent to the statement that,
foreach k> 1, D® =%,/ X3 ® f()\k) satisfies

D, (1® J)(2,)] = D, (J ® 1)(2,)]. (2.4.12)

Step 2: the relation (2.4.12) is satisfied for every k > 1.
We will divide this step of the proof into a few smaller steps.

Step 2.1: The relation

T (Jo1-1®J)(Q,)] =-[TP,(Je1 -1 J)(Q,) (2.4.13)
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holds in grXz(g) for all k > 1.

We will prove (2.4.13) by expanding (2.4.7) in two different ways. First, we com-
pute for each k£ > 1 the v%u~*=2 coefficient of both sides of (2.4.7) modulo F%_,, using
the expansion (2.4.10). Using (2.4.11), it is not difficult to deduce that no term on
the right-hand side of (2.4.7) involving R*) with k > 3 makes a contribution, and
the same is true for the terms T (v)T7 (u) R® and RAT? (u)Tg (v). As the coefficient
of vu=*%=2 in [T?(u), T5(v)] is zero, we are left with the equivalence

0 =[Q,, TV] + [, T

k
+ 3 Q,rF T — T T Y0, (2.4.14)

a=1

+ 1%, RO+ (b + 11", B®] mod Ff_,.

Next, we compute the u%v=*=2 coefficient of both sides of (2.4.7) modulo FZ_, after
expanding (u — v)™" as an element of (Clu])[v~!] and viewing (2.4.7) as an equality
in (EndV)®? ® Xz(g)[u*?,v~!]. Using the symmetry and skew-symmetry between u
and v in the relation (2.4.7), we deduce from (2.4.14) the equivalence

= — [Q, T1" ] — [, T3 )
k
— S (Q,TOTHFY _ =0T ) (2.4.15)
b=1

+ (k+1)[TP, R®] + 13, R®]  mod FZ_,.
Adding (2.4.14) and (2.4.15) and dividing by k + 2, we obtain

757, R = —[11”, R?]  mod F_,
= (137, R¥) = (11", R®] in grXz(g).
Recall from (2.4.6) that R® = (J®1—1® J)(€,) + 3Q2. Substituting this into the
above equality gives

[T, (J©1 - 10 J)(@,)] + 5 (T3, 2]

= [T, (Jo1-10J)(Q,)] - 3TH, 02, (2.4.16)
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Since T®) is a homomorphic image of F7 2%~ € U(g|[z]), Lemma 2.3.3 yields
[Tgk)a Qp] = _[Tgk)a QP],

from which the identity

! [T(k) ] _1 [T(k) ]
follows directly. Therefore the relation (2.4.16) implies the relation (2.4.13).
Step 2.2: We have

D, (Jo1-10J)(Q,)] = -[DP,(Jo1-18 J)(Q,). (2.4.17)

for each k > 1.

For each k > 1, set L® = T® — D® g0 that L®) = 3., X3 ® I, Using that
J : ad(g) — ady(gl(V)) is a morphism of g-modules, it is straightforward to derive
from the relation [(2,, ng’“)] = —[Q,, ]Lgk)] that

LY, (Jo1-10J)(Q,)] = —[L¥,(Je1-18 J)€,). (2.4.18)

Subtracting (2.4.18) from (2.4.13) yields (2.4.17).

Since D™®) is a homomorphic image of Eﬁ’jzl E;; ® K;;2F! € EndV ® U(gs|2]),
Lemma 2.3.2 implies that [Q,, ]ng)] =0=[Q,, ]ng)]. We thus also have

DS, (J ®1)(Q,)] = 0= [DP, (1 ® J)(Q)].

Subtracting this identity from (2.4.17) leaves us with the equality (2.4.12).

By Step 1, Step 2 and Proposition 2.3.16, the assignment (2.4.9) extends to an
epimorphism ¢z : U(gz[z]) = grXz(g). O

We will prove that (7 is in fact an isomorphism, but this will be delayed until
§2.6.1.
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2.4.2 The RTT-Yangian Yg(g)

Our present goal is to give an exposition of Yz(g) analogous to that given for Xz(g)

in the previous subsection.

2.4.2.1 Definition of the RTT-Yangian

Let us begin with the definition of the Yangian Yx(g):

Definition 2.4.5. The RTT-Yangian Yr(g) is the quotient of Xz(g) by the two-sided

ideal generated by the elements zz(; ), for 1 <4,5 < N and r > 1, defined by

Z(u) = Z Ei; ® zi;(u) = S2(T(w))T (u + %cg)_l, (2.4.19)

i,j=1

where 2;;(u) = 055 + > o1 zf; )u~ for each pair of indices 1 < i, j<N.

The ideal of Xz(g) generated by {zg) : 1<4,5 <N, r>1} will be conveniently
denoted by (Z(u) — I). Note that it is not obvious that this ideal is a Hopf ideal,
and hence that Yr(g) inherits the structure of a Hopf algebra from X7(g). This will,
however, be a consequence of Lemma 2.5.1 and Theorem 2.5.2, which will be proven

in the next section.

We will denote the images of £7, £;;(u) and T'(u) in Yz(g) by 7, 7:;(w) and T (u),

i1 i
respectively.

For each ¢ € C the automorphism (2.4.5) factors through the Yangian Yz(g)
yielding an automorphism given by the assignment 7 (u) — T (u — ¢). We will prove
in §2.6.2 that each automorphism ms of Xz(g) (see Lemma 2.4.3) also induces an
automorphism of Yz(g), but that these turn out to all be equal to the identity map.

This fact will be used to give an equivalent characterization of Yg(g).

2.4.2.2 The associated graded algebra grYz(g)

The RTT-Yangian Yg(g) inherits an algebra filtration from X7(g) via the quotient
filtration; this is equivalent to assigning deg Ti(;) =r—1. Let 7"'1-(;) denote the image
of 73 in Fr_y (Ya(9))/Fr-2(Ya(9)) = gr,_1Yr(0).
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Proposition 2.4.6. The assignment
FOY 70D vi1<i i< N, r>1
P Ly '_)sz L) N, T2
extends to a surjective algebra morphism ¢ : U(g,[z]) — grY¥r(g)-

Proof. We will take a slightly more explicit route than taken in the proof of Proposi-
tion 2.4.4 and work directly with the generators 7; ( ) of grYr(g). By (2.3.13), Corollary
2.3.7 and Proposition 2.4.4 it suffices to show that

(r) — -1 E[ z(;‘), (1) Vor>1. (2.4.20)

In Yr(g) we have, by (2.4.19), the relation T (u+ 3c5) = S3(7 (u)) where S3(T (u)) is
understood to equal the image of S%(T'(u)) in Yz(g) under the natural quotient map.

(u + %cg)_lc = Z (k e 1) (—%cg)su_s_k VE>1,

520 8

Since

the w™* coefficient of 7;;(u + 3¢;) is equal to
o™ — e mod Fr_o(Yz(g))- (2.4.21)

Let T = YN By ® fg) denote the u™" coefficient of T'(u)~!. In particular, T
can be determined inductively from the relation

T = _ 3 7O — 3 Z Ey; ® (Z ti0 b)>
b=1 b= ].’L,J 1

By definition of the antipode Sz, we thus have
(1) ®)ptr+1-) . ~0))700)
S3(t Z Z tia tos =3 Szlte; :

b=1a=1 b=1a=1

Expanding the right-hand side and using that S7 is a filtration preserving map with

St =82 = & mod FZ, Vs>1,
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we obtain

('r-+1)) — Z Z S (i\('r.—i-l b) (b) + Z Zt(d)f(b_d))

b=1a=1 d=1c=1
r+1 r1=b),(5) | d) Nr+1—d
=t — Z Z DA Ztﬁc)tﬁﬁ ) mod FL,
b=1a=1 d=1c=1
=7 4 Z Z[t("+1 ? ¢ mod FZ_,
b=1a=1

Combining this with the relation [T{", T$] = [Q,, TS ™| of grXz(g) (which holds

by Proposition 2.4.4), we arrive at the relation
S2(S) =45 o Z[t,%), "] mod FZ_,

As the same relation must hold in Yz(g) /F,_2(Yr(g)) with each generator t( *) replaced
by Tkl , equating the resulting expression with (2.4.21) and subtracting 7-( ™D from
both sides gives (2.4.20). O

We conclude this section by noting a simple, but rather useful, corollary of Propo-
sition 2.4.6.

Corollary 2.4.7. The algebra Yr(g) is generated by the elements TZ-(;) with1 <1,j <
Nandl1l <r<2.
Proof. Since U(g,[#]) is generated by (FO F( )}19-,751\; and ¢ : U(g,[2]) — grYz(g)

’LJ ’ '1,_7
is surjective, grYz(g) is generated by { Tis , m }1<Z J<N If 'r > 2, then we may write
( )asa homogeneous polynomlal Q in the variables {Tkl ,Tkl }1<Z j<n of degree r—1.
Let P Dbe the polynomial in {Tkl ,Tkl }1<z ,j<n obtained from @ by replacing r,ﬁl) with

) for s =1,2 and 1 < k,I < N. Then P € F,_;(Yx(g)) and
Ti(;) —Pe F’r—2(YR(g))‘

The result thus follows by a straightforward induction on r > 1. m
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2.5 Equivalence of the two definitions of the Yan-
gian

In this section we prove that, irrespective of the choice of V', we always have Yg(g) =

Y(g). In the process we prove that the surjection ¢ : U(g,[2]) — grYr(g) from

Proposition 2.4.6 is an isomorphism, yielding a Poincaré-Birkhoff-Witt theorem for

Yr(g): see Theorem 2.5.5. This in turn implies that the center of Yz(g) is trivial, as
will be explained in Corollary 2.5.6.

The first step in proving the equivalence of the two Yangians is the construction
of a surjective Hopf algebra homomorphism Xz(g) - Y(g), and this is the content

of the next lemma.

Lemma 2.5.1. The assignment
®:T(u) = (p®1)(R(—w)) (2.5.1)
extends to a surjective homomorphism of Hopf algebras P Xz(g) - Y(9)-

Proof. The lemma follows from the same kind of arguments as used to prove [GRW19a,
Theorem 3.16]. By (2.2.9), R(u) satisfies

Ri2(v — u)Ri3(—u)Ras(—v) = Ras(—v)Ris(—u)Riz2(v — u).

Applymg the homomorphism p ® p ® 1 to both sides of this relation we obtain that
®(T'(u)) satisfies the defining RT'T-relation (2.4.1). Therefore, ® extends to a homo-
morphism & : Xz(g) — Y(g). By (2.2.11),

R(—u) =1—Qu™" + ) (J(X)) ® X) — Xo\ ® J(X)))u~
AeA (2.5.2)
+10%7% + O(u™3).
After applying p ® 1 to both sides, we obtain that
&) =F; and B@1))=J(F;) modFj ¥1<ij<N, (2.5.3)

where we recall that the elements F;; € g, which were defined in the proof of Propo-
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sition 2.3.4, are determined by Egjﬂ Ey; ® Fij = —(p®1)Q.

Since F = U(g) is generated by {F;}1<ij<n, this shows that ® is surjective.
The proof that ® is a coalgebra morphism commuting with the antipodes of Xz(g)
and Y (g) follows from the relations (2.2.7) and (2.2.12): see the proof of [GRW19a,
Theorem 3.16]. O

We are now prepared to prove that Yz(g) and Y (g) are isomorphic.

Theorem 2.5.2. The homomorphism ® factors through the quotient algebra

Yr(g) = Xz(9)/(Z(u) — I)

to yield an isomorphism of algebras
®:Yr(g) > Y(g), T(u)— (p@1)(R(-uw)).

Proof. By Corollary 2.2.3 the relation S? = 7_ Leg is satisfied in Y (g) and by the
second identity of (2.2.10) we have (1® 7_1, )(R(-u)) = R(—u — 3Cg)- This shows
that

(1®S)(R(—w))R(—u—3¢,) " = 1.

Applying p ® 1 to both sides of this equality and using that disa morphism of Hopf

algebras, we arrive at the relation
B(2(u) = B(SHT W) B(T(u + 3¢p)) " =1I.

This proves that (Z(u)—I) C Ker(®) and hence that ® factors through Yz(g) to yield
an algebra epimorphism @ : Yz(g) = Y(g) determined by 7 (u) — (p ® 1)(R(—u)).

By (2.5.3),

®(rj)) = Fy and o(ry))=J(F;) modU(g) V1<ij<N

O
ij
a filtered homomorphism. To conclude that ® is an isomorphism, it is enough to show

Since, by Corollary 2.4.7, Yr(g) is generated by { Tig-z)}]_sz"js ~, this shows that ® is

that the associated graded morphism gr(®) : grYz(g) — grY'(g) is an isomorphism.
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Set
po = (¢2) " 0 7" 0 gr(®) : gr¥a(g) — U(g,[2]),

where ; is the isomorphism U(g[z]) =+ grY(g) of Proposition 2.2.2 and ¢ :
U(g,[z]) = U(g[z]) is the isomorphism of Corollary 2.3.7. This morphism sends
T'i(;) to Fi(f_l) = Fjzrtforalll1 <r <2and1<4,j <N. Consider the compo-
sition ¢, 0 ¢ where ¢ : U(g,[2]) — grYr(g) is the epimorphism of Proposition 2.4.6.
This composition sends Fi(jr) to Fi(f) for r = 0,1 and hence is equal to the identity

morphism. Therefore gr(®), and thus ®, is an isomorphism. ]

In particular, we have shown that the ideal (Z(u) — I) is the kernel of the Hopf
algebra morphism &3, and hence is a Hopf ideal. The Yangian Yg(g) thus inherits
from Xz(g) the unique Hopf algebra structure such that ® becomes an isomorphism

of Hopf algebras. Explicitly, it has coproduct Ag, antipode Sg, and counit e€r given
by

Ar(T () = Ty (w) T (u), Se(T(w) =T @)™, er(T(w)=1I. (2.5.4)

As was noted in Remark 2.4.2, the coefficients Ry of the universal R-matrix R(u)
have not been explicitly written down, and consequently the elements <I>(Ti(f)) do not

in general admit an explicit description. Nonetheless, such a description does exist for

1
o
Yr(g). Since the J-presentation Y(g) of the Yangian is defined only in terms of

the images of the elements { Tig-z)}lsi,js ~ which, by Corollary 2.4.7, do generate

degree one and degree zero generators, it is perhaps more natural to rephrase this
observation by stating that ®~! can be concretely described, which is the purpose of

the next corollary.

Corollary 2.5.3. For each 1 <i,5 < N let {bgj)}lgk,lSN C C be defined by

(J®1)(F) = i Ei; ® (i bl(cilj)fkl) .

i,j=1 k=1
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Then &' is determined on the generators {F;;, J(Fi;) hr<ij<n of Y(g) by

Fij — 7'1(31),

N 2.5.5
J(]:”),_) (2) %Z (1) (1)_|_ Z b(m) (1) ( )

a=1 k=1

foralll1<1i,7 <N.

Proof. For each r > 1, set T = Egj=1 E; ® T,-(jr) and define

N
J(F)= Y E;®J(F;) € EndV QY(g).
irj=1
Then, using the expansion (2.5.2) we find that ®(7®) = F and ®(7T?®) = J(F) —
(J ® 1)(F) + :F?2. Thus,

N(J(F) = T = LTOP + (o 1)(TW),

which implies (2.5.5). O

Remark 2.5.4. When g is a symplectic or orthogonal Lie algebra and V is its vec-
tor representation, it was proven in Proposition 3.19 of [GRW19a] directly that the
assignment (2.5.5) extends to an isomorphism Y (g) = Yg(g). In that case, and
more generally in any case where p(J(X)) = 0 for all X € g, the term involving the

b( J)

coefficients n (2.5.5) vanishes and we have

J(Fy) s 7 22 NG

In the process of proving Theorem 2.5.2 we have also shown that the homomor-
phism ¢ of Proposition 2.4.6 is injective. We thus obtain the following Poincaré-
Birkhoff-Witt type theorem for Yz(g):

Theorem 2.5.5. The surjective homomorphism ¢ : U(g,[2]) — grYr(g) of Proposi-
tion 2.4.6, which is given by F(T DN Tz(;), is an isomorphism of algebras. Conse-
quently, the assignment

Fym1y) V1<ij<N
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defines an embedding U(g,) — Yr(g).

The above theorem can be employed to obtain a complete description of the center
of YR(g)
Corollary 2.5.6. The center of Yr(g) is equal to C - 1.

Proof. The center of the universal enveloping algebra U(g,[z]) = U(g[2]) is known
to be trivial: see for instance [Mol07, Lemma 1.7.4]. As a consequence of Theorem
2.5.5, the same must be true for the associated graded algebra grYz(g), and thus
the Yangian Yg(g). See also [Ols92, Theorem 1.12], [Mol07, Theorem 1.7.5], and
[AMRO6, Corollary 3.9] for the version of this result corresponding to the case where

g is equal to sly, s0y, or spy and V = CV, which is proven in the exact same way. [

2.6 Structure of the extended Yangian

Using the results of the previous section one can extract a fair amount of information
about the extended Yangian Xz(g), and in fact prove several results which are known
to hold when g is a classical Lie algebra and V is its vector representation. Making

this explicit is the main goal of the current section.

2.6.1 The tensor product decomposition, the center, and the
PBW theorem

In this subsection we will prove that Xz(g) is isomorphic to the tensor product of
a polynomial algebra in countably many variables with the Yangian Yg(g). This
will allow us to deduce a Poincaré-Birkhoff-Witt type theorem for X7(g) and also to

obtain a complete description of its center.

For brevity, we shall write
Clu b =Cly\” : AeZ,r>1].

Definition 2.6.1. We define the auxiliary algebra Xz(g) to be the tensor product of
Cly () with Ya(o):
%z(g) = Clyi I ® Yr(0).
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Our present goal is to prove the deformed version of Proposition 2.3.15. Namely,
we will prove that Xz(g) and Xz(g) are isomorphic algebras. Define Y(u) € £ ®

(Cly ) [w™] by

Yu) =1+ Z Xy ®yr(u), where yi(u)= Zy(f) -

AET r>1
It will also be useful to expand
N
Yw) = Y B ®yi(u), where yy(u) =8+ ) cyn(u)
i,j=1 AeT

and the c); are as in (2.3.2).
Set
I (u) = Y (u)T (u) € EndV ® Uz(g)[u],

and denote by 4;;(u) = ij + X1 L) ™My~ the (i, 7)-th entry of I (u) (that is, T (u) =
>N Yi=1 Bij ® 4;5(u)). We then have

t0 =70 44O 4 Z Zy(c) k=9 V1< j<N,r>1 (2.6.1)

a=1 c=1

The degree assignment
degyW =r—1 VAeI and r>1

defines a grading on the polynomial algebra (C[y )] Ar- Let Gy denote the subspace
spanned by monomials of degree equal to k and denote the direct sum ®%_ Gy by Hy.
In particular, we have g( N e G, 1 forallr>1and 1 <i,j5 < N. After equipping
Xz(g) with the tensor product filtration defined by

Fi@z(e) = 3 Hi@ FilYale)) = ) Gu ® F,-(Yl®))

it becomes a filtered algebra with gr¥z(g) = Cly "], ® gr¥a(g). It is immediate
from (2.6.1) that the following relations are satisfied in grdz(g):

I =70+ g, V1<i,j<N,r>1

ij
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Here fi( ") and y”) denote the images of {; ) and ym , respectively, in

Fr1(Xz(9))/Fr-2(Xz(g)) C gr¥z(g).

It follows from Theorem 2.5.5 that the assignment

(y-z(;)a z(;")) (y-z(;)vﬂ(; 1)) Vr > 1 and 1 < i’j < N

extends to an isomorphism grXz(g) = Cly r)])\'r ® U(g,(2]). Composing with the

inverse of the isomorphism ¢% of Proposition 2.3.15 (after identifying IC( ") with y(r))

yields an isomorphism
oz : @1z(9) = Ulgzle]), &) =BG = Fzr (26.2)

Remark 2.6.2. In Step 2 of the proof of Proposition 2.4.4, it was useful to ex-
pand T'(u) with respect to the basis {X3}xeae of EndV. It is also sometimes more
natural to expand 9 (u) and T (u) in this way. Setting ¢\ = P laf‘Jtz(Jr ) and
7 = i1 0% 7'( ") for each A € A® and 7 > 1, we obtain

T =TI+ > X3@Hh(w) and T =I+ ) X;Qn(u),
A€A® A€A®

where (£3(u), Ta(u)) = (Cr>1 t(r) Y1 ’7')\ u~") for all A € A®. We then have

7A€ A,
IV =130 ifrer,

0 otherwise,

in graz(g), and the isomorphism g from (2.6.2) is also determined by 7" — X%
forall A € A and 4 — X for all A € T: see §2.3.3.2.

The next theorem is the first main result of this section, and, as previously sug-

gested, it may be viewed as the Yangian analogue of Proposition 2.3.15.

Theorem 2.6.3. The assignment T'(u) — I (u) extends uniquely to yield an algebra
isomorphism
®1 : Xz(g) = %z(9) = Clyi I+ ® Yr(0).
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Proof. Since % (u) € £&(Cly”]x,)[u""] and T (u) satisfies the RTT-relation (2.4.1),
the same argument as used to prove Lemma 2.4.3 shows that J (u) = Y (u)T (u) also
satisfies (2.4.1). Therefore, @7 : T'(u) — I (u) extends uniquely to an algebra homo-
morphism Xz(g) — Xz(g). By (2.6.1), ®z is filtration preserving. To prove that &z
is an isomorphism, we will follow the same argument as employed to prove Theorem
2.5.2 and show that the associated graded morphism gr(®z) is an isomorphism.

The composition gr(®z) o ¢z, where oz : U(gz[z]) = grXz(g) is the epimorphism
of Proposition 2.4.4, sends ]Fg_l) to 1_,'1(;) forall? > 1and 1 <4,j < N. Composing
with the isomorphism @y : grdz(g) = U(gz[2]) defined in (2.6.2) therefore gives the
identity map idy(g,[,). This implies that gr(®z) is indeed an isomorphism, and the

same must be true of ®7. O

Our next goal is to use Theorem 2.6.3 to obtain a complete description of the
center of Xz(g), and to prove a Poincaré-Birkhoff-Witt theorem for Xz(g). We will

need a few preliminary lemmas, the first being a consequence of Theorem 2.5.2.

Lemma 2.6.4. We have
T(u) € p(Y(9)) ® Yr(g)[v '] C EndV ® Yr(g)[u"].

Consequently, the commutation relations

YW)T(w) =TWwYw) and YW)T(v) =T ()Y (u)
are satisfied in EndV ® Xz(g).

Proof. Since R(u) € (Y(g9) ® Y(g))[u], Theorem 2.5.2 implies the first part of the
Lemma. As Y (u) € £® (Cly{]x,)[v""] and € is the centralizer of p(Y (g)) in EndV,

(Y (u), T(w)] = 0= [¥(w),T (u)]. =

Next, define Y(u) to be the preimage of Y (u) under ®1:
V() =T+ X3®uyx(u) =8 (Y(u)) € £ @ Xz(g)[u™'],
NeT
and write yy(u) = X5 yy)u_". As was the case for Y (u), we shall also make use of

the expansion of Y(u) with respect to the basis of elementary matrices { E;; }1<ij<n-
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That is, we may write

N
3,j=1 A€T

For each A € Z (resp. 1 < 4,5 < N) and r > 1, the element y,(\r) (resp. y”))

belongs to FZ_,, and we will denote by y/\) (resp. y( )) its image in the quotient

1/F'r' 2 = &l 1XI(g)

Lemma 2.6.5. The following statements hold:

(1) Z(u) = Y)Y (u+ 5¢5) " € € ® Xz(g)[u™],
(2) 2 (TH) €FL  forall1<4,5< N andr >0 (where FX, = {0}),

(3) z(r+1) fcgyfj) V1<4i,5<Nandr >0, where z( ™) denotes the image of

L in g, Xalg).

Proof. Consider (1). Since Y (u) is an invertible element of
(€@ Clud’h)ls7 1= £ ® (Clul ) w1

we obtain an automorphism Sq; of (C[y )] x which is determined by Y (uv) — Y (u)™*
Consider the tensor product Sy = Sy ® Sg, where we recall from (2.5.4) that SR is
the antipode of Yz(g), and it is given by 7(u) — T (u)~!. Then Sy is the anti-
automorphism of the algebra Xz(g) = C[yy)] ar ® Yr(g) completely determined by

Sx(T (W) =Y W) T () =Tw) Y@ =T ()™,
where in the second equality we have appealed to Lemma 2.6.4. Consequently,
SchCI>1=<I>IoSI.

Since @ : Yr(g) — Y(g) is a Hopf algebra morphism and (1 ® S?)R(—u) = R(—u —
3¢4), we have S3(T (u)) = T(u+ 3¢4). Therefore,

07(2(w)) = @z(S7(T ()T (u + 3¢5)7)
= Sz(T ()T (u+ 5¢5) " = Sz (Y (W)Y (u+ 5¢5) 7"
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Since Sy restricts to an automorphism of (C[yA )] Ar (namely Sy) and Sy (Y (u)) =
Y (u)~t, we have Sz (¥ (u)) = ¥ (u), and we may thus conclude that

O7(Z(w) = Y (WY (u+ 5¢9) 7

and hence that Z(u) = Y(u)Y(u + 3¢5)~*. Since £ = Endy )V is an algebra, Z(u)
also belongs to £ ® Xz(g)[u~']. This observation concludes the proof of (1).

Proof of (2). The (i, j)-th entry of the w™"* coefficient of Y(u + 3¢;) ™" is equal to
yz(; D" mod F7_,

It is a straightforward consequence of this fact that the ™! coefficient of the (4, j)-th

(r+1)

entry of Y(u)Y(u + 3¢g)™", which is equal to z;; ', is contained in FZ_;.

Proof of (3). The argument we give is similar to the proof of Proposition 2.4.6. By

(1), we have

Zw)Y(u+ 3¢5) = Y(u).
Taking the (¢, j)-th coefficient of both sides yields

D Zia(W)Yai(u + 3¢) = i ().

a=1

Writing ya;(u + 3¢5) = Zr>o yo( "y, we have ya]( N e FZ | for each r > 0 and

?ng ’LL) Z Zia u)yaj(u + cg)

a=1

= yij(u + 3¢4) + 2i5(w) +Z > sz)yzgs) —k—s

a=1k,s>1

(2.6.3)

By (2), sz)yo(s) € FL . ;. Thus, the coefficient of u™"~! in the summation on the

right-hand side of the above equality is contained in FZ_,. On the other hand, the

same argument as used to establish (2.4.21) allows us to deduce that the u—"*

co-
efficient of y;;(u + 3¢,) is equivalent to y( ) _ fcgy” modulo FZ ,. Thus, (2.6.3)
implies that

yf}"“) = yz(;'i_l) + z(r+1) cgyz(J) mod FZ_,,
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and hence that EZ.(;_H) = gcggjg) forall1<i,5<N,r>0. O

For each A € A*, set z)(u) = X, zy)u_r with zy) = Efj:l af‘jzi(f-‘). Then, by
Part (1) of Lemma 2.6.5,

Zu) =T+ > X3®2(u) =1+ X;Q z(u).
AEA® A€l

The following Proposition gives a complete description of the center of Xz(g) in terms
of the coeficients 2" of Z(u).

Proposition 2.6.6. Let ZX7(g) denote the center of Xz(g). The set of elements
{yy)} reZr>1 18 algebraically independent and generates ZXz(g), and the same is true
of the set {zy)} rezr>2. Consequently,

Cy” : AeZ,r>122Xz(g) 2C" : AeZ,r>2]

Proof. By Corollary 2.5.6, the center of Xz(g) is equal to the polynomial algebra
(C[yg\r)] Ar- Since the isomorphism ®; of Theorem 2.6.3 satisfies

3y =y? VYA€ and r>1,

the set {yy)}m,rzl must be an algebraically independent set which generates the
center of Xz(g). In particular, ZXz(g) = (C[yy) cANEZ, r>1].

(r) (r+1)

Since the coeflicients {z/(\r)} AeZ,r>2 are central, the assignment y,’ — z; '/, for all

A €7 and r > 1, extends to an algebra endomorphism
Opr: ZX2(9) 2 CRY : Ae T, r > 1] = ZX1(g).

By Part (2) of Lemma 2.6.5, ¢, , is a filtered morphism, and by Part (3) of Lemma
2.6.5 the associated graded morphism gr(ep, .) is just the rescaling automorphism of
Cly” : A €T, r > 1] determined by

yV s 2rey) 'y VAEZ and r>1.

Thus ¢, , is an automorphism of ZX7(g) and hence {z,(\r)} AeZr>2 I8 an algebraically
independent set which generates the center ZXz(g) of Xz(g). O
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With the help of Theorem 2.6.3 or, more accurately, its proof, we obtain the
following Poincaré-Birkhoff-Witt theorem for Xz(g):

Theorem 2.6.7. The surjective homomorphism ¢z : U(gz([z]) — grXz(g) of Proposi-
tion 2.4.4, which is given by ]F;"j_l 15 s an isomorphism of algebras. Consequently,

i 7
the assignment
1 ..
FIstl) V1<i,j<N (2.6.4)

defines an embedding U(gzr) — Xz(g), while the assignment
Fy— 6 —2¢729 ¥1<ij<N (2.6.5)
defines an embedding U(g,) — Xz(g).

Proof. The injectivity of ¢z was proven in the course of the proof of Theorem 2.6.3,

and that (2.6.4) defines an embedding follows immediately.

As for the last statement of the theorem, consider the embedding
tr: Yr(g) = Xz(g), T(u) = Y(u)"'T(u).
It sends Ti(jl) to tg-) — yz(Jl ) forall 1 < t,7 < N. Composing with the embedding
U(g,) = Ya(g), Fyr— 7y V1<ij<N
of Theorem 2.5.5, we obtain an injection
Ugy) = Xz(g), Fy—t —y§ V1<i,j<N.

The proof that this coincides with (2.6.5) is completed by noting that, by Part (3) of

Lemma, 2.6.5, we have yf]l) = 2c;1zi(f) forall 1 <4,j5 < N. O
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2.6.2 The Yangian as a Hopf subalgebra of the extended Yan-
gian
By Theorem 2.6.3, Yg(g) may also be identified as a subalgebra of Xz(g) via the

embedding
tr: Y(g) = Xz(9), T(uw) = V()" T(u), (2.6.6)

which played a role in the proof of Theorem 2.6.7. In this subsection we study Yz(g)
from this viewpoint, our main goals being to show that ¢ is a Hopf algebra morphism,
to study the behaviour of the center under the coproduct Az, and to show that Yz(g)
can in fact be realized as a fixed point subalgebra of Xz(g).

In order to distinguish between the identifications of Yz(g) as a quotient and as a
subalgebra of Xz(g), we shall denote by Yz(g) C Xz(g) the isomorphic copy of Yz(g)
obtained from the embedding tz. We also set

T(w) =YW T(w) =3 Ey @ 7y(u).

Y]

The first and main step in showing that ¢r is a morphism of Hopf algebras is to
study the behaviour of J(u) under the coproduct, counit, and antipode of Xz(g).
This is the purpose of the next lemma.

Lemma 2.6.8. The central matriz Y (u) satisfies
Az(Y(w) = Vy@a ), SzYVW) =YW, () =1

Proof. We have already demonstrated in the course of the proof of Lemma 2.6.5 that
Sz(Y(u)) = Y(u)~t. More precisely, we showed that Sq (% (u)) = Y (u)~!, where Sq
is the antiautomorphism of Xz(g) determined by Sg (9 (u)) = T (u)~!. Since

Sq = @10 570 B,

this implies that Sz(Y(uw)) = Y(u)™ .

The Hopf algebra axioms dictate that ez o Sz = ez, and hence ez(Y(u)) =
ez(Y(u))~L. The equality ez(Y(u)Y(u)~!) = I then implies that ez(Y(u))? = I. Since
the identity matrix I is the unique square root of itself belong to I +u 1 (EndV)[u!],
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we can conclude that ez(Y(u)) = I.

It remains to see that Az(Y(u)) = V3(u)Yy(w). Let Ag be the algebra morphism
C[y&r)]m — C[yg\r)]x,r ® (C[yg\r)] A determined by

Aq (%Y (1)) = Y (w) Y2 (v) € €@ (Clu ] ® Clu ) [u™]:

We then obtain an algebra morphism
Ag = 0930 (Ay @ Ag) : Xz(g) = Az(g) @ Az(g),

where 043 = idC[ui')]x,r ® 0 ®idy,(g) and o : Yr(g) ® Clu{ e = Clu 1y ® Ya(g) is
the flip map. By definition,

Ag (T () = Y (@)Y () Ty (w) Tz (w) € EndV @ (Xz(9) ® Az (9))[u "]

Since Ypoj(u) commutes with 7p;j(u), we can rewrite this as

Ag (T (u)) = Y (w) Ty (w) Y2y (u) Tigg (w) = Ty () gy (w),

and hence (&7 ® &1) 0o Az = Ag 0 ®7. This implies that Az = (&7 ® &) 0 Ag 0 O,

and consequently
Az(Y(w)) = (27" ® O7") (Y () Yz (w)) = Vi () iz (w)- O

The above lemma, leads us to the first main result of this subsection. Let ey be
the homomorphism C[yg\r)] ar = C, Y(u) — I, and recall that &7 : X7(g) — Xz(g)

is the algebra isomorphism of Theorem 2.6.3.

Proposition 2.6.9. C[yg\r)] Ar 95 a Hopf algebra with coproduct Ay, counit ey and
antipode Sy, and if Xz(g) is equipped with the standard tensor product of Hopf al-
gebras structure, ®1 : Xz(g) — Az(g) becomes an isomorphism of Hopf algebras. In
particular, The embedding tg : Yr(g) — Xz(g) is a morphism of Hopf algebras.

Proof. Az(g) becomes a Hopf algebra, and &7 a Hopf algebra isomorphism, after
being given the coproduct (®7 ® ®7) o Az o &7 (which, by Lemma 2.6.8, is Ag),

counit ez o ®7* (which, by Lemma 2.6.8, is ey ), and antipode ®7 o Sz o ®7' (which,
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by Lemma 2.6.8, is Sg). Since the tuple (Aq, €y, Soy) coincides with
(Ag |C[u(;)],\,r’ €x |C[uy)]x,r’ Sx |C[u(;)]x,r)’

it endows (C[yA )] Ar With the structure of a Hopf algebra.

Since Ay = 0230(Ay @AR), e = no(ey ®er) (where n : C®C — C is the natural
isomorphism), and Sy, = Sy ® Sg, the Hopf algebra structure on Xz(g) induced from
Xz(g) via ®7 coincides with the Hopf algebra structure obtained via the standard

tensor product of Hopf algebras construction. O

Before moving onto the last main result of this subsection, we note the following

corollary of Lemma 2.6.8.

Corollary 2.6.10. The central matriz Z(u) satisfies

Az(Z(u)) = V() 2 (W) + 365) 7
S7(Z(w) =Y() " V(u+ic) and e(Z(w)=1.

Proof. By Lemma 2.6.5, Z(u) = Y(u)Y(u + 3¢5)". Therefore, by Lemma 2.6.8, we
have

Az(Z(w)) = Vi (u) V) (W) Viay (u + 5¢g) " Yy (w + 5¢5)
= Yy (w) 2y (W) Ny (v + 369) ™
Similarly, ez(Z(u)) = e(Y(u))e(V(u+ 3¢4)) ! = I. Lastly, since the restriction of Sz

to the center ZXz(g) is an automorphism,
Sz(Z(u)) = Sz(Y(w)Sr(V(u+ 5¢) ™" = Y(u) "V (u + 3¢). 0

Recall that, by Lemma 2.4.3, for each (fx())rez € [Thez(u "Clu~"])x there is an
automorphsim mg of X7(g) determined by the assignment (2.4.4). The next theorem
proves that Y5(g) can be realized as a fixed point subalgebra of Xz(g).

Theorem 2.6.11. The Yangian Yr(g) is equal to the subalgebra of Xz(g) fized by all

automorphisms mg:

el

?R(g) = {Y € Xl(g) . mf(Y) =Y V (f)\(u)))\ez € H(U_I(Cl[’u_l]]))\} . (267)
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Proof. Recall from (2.4.3) that (fx(w))rez is identified with the matrix f°(u) =
Yoaez X3 ® fa(u), and that, by (2.4.4), me(T(u)) = £(u)T(u), where f(u) = I +£°(u).
Let us denote the right-hand side of (2.6.7) by Xz(g)™.

For each (fx(u))aez € ITaez(u™*CJu1]),, the assignment

Y(w) = £(w)Y ()

extends to an automorphism my of (C[yy)] s Consider the automorphism m§ =

m¢ ®id of Xz(g). It satisfies
mg (T () = mg (Y (w))mg (T (u) = £(u)F (w),
and thus m¥ o &7 = &7 o mg. It follows that
me(Y(u)) = £(u)Y(u) (2.6.8)
for every tuple (fa(x))aez. Therefore, for each (fr(u))xer € [Iaez (v *Clu™])a,

me(T (w)) = me(Y(u)) " 'me (T (u))
= V()7 (w) ()T (w) = Y(u) "' T(w) = T (u).

This proves that Yz(g) C Xz(g)™.

To obtain the reverse inclusion, we employ similar techniques as used to prove
[AMRO06, Theorem 3.1]. Suppose towards a contradiction that there is X € Xz(g)™\
Yz(g). By Theorem 2.6.3 we may write X as a polynomial in the variables {yf\r) hrezr>1
with coefficients in ?R(g). This polynomial is non-constant by assumption. Only
finitely many variables can appear in this polynomial, so there is m > 1 such that X
depends only on the variables {yy)} AeZr=1,..m- We take m to be minimal with this

property, and we fix p € T such that X depends on y&m).

Let X = 3,50 Xa(yl(]n))“ be the expansion of X as a polynomial in the single
variable y,(]”) and set P(y&m)) = Y1 Xa(yl([”))“. The polynomial P(yl([”)) has degree

at least 1, as otherwise X would not depend on y,gm). For each w € C, define
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£ (u) = (fa(u))rez by

H(u) =

wu™™  if A=p.

{o it A p,

As a matrix in £ ® u™'Clu™"], f5(u) = X ® wu™™. Note that
fuo(w)Y(u) = (I+ X, ® wu"™)Y(u) = Y(u) + X, @wu™™ + (X/: Q wu™™)Y°(u),

where Y°(u) = Y(u) — I. This implies that, for 1 < r < m and X\ € Z, the image of
(r)
A

Yy~ under mg, is given by
oy _ | it (A7) # (1,m),
me, (Y) ) = .
Yy +w i (A1) = (g,m),

Consequently,
X =mg, (X) = Xo + mg, (P(yl(tm))) =Xo+ P(y&m) +w) VYweC.

Here P(yl([") + w) is the polynomial obtained from P(yl([")) by substituting yl(f”) —
ylgm) + w. This allows us to deduce that

P(y&m)) = P(y&m) +w) VYweC. (2.6.9)

For each w € C, let ev,, be the algebra endomorphism of C[yy)] Ar given by y/(\r) > yy)

for all (A,7) # (p,m) and y{™ +— —w. Note that NyecKer(evy,) = {0}. We can
extend ev,, to obtain an endomorphism ev of Xz(g) by setting evl = ev,, ® id. We
then have Ker(evy) = Ker(ev,,) ® Yzr(g) and NyecKer(evk) = {0}.

The equality (2.6.9) implies that evX (@I(P(yl([n)))) = 0 for all w € C. This shows
that @I(P(yl([”))) = 0, and thus that P(yl([")) = 0. This contradicts the fact that
p (yl(]n)) is a non-constant polynomial of degree at least 1. Thus no such X can exist,
and we may conclude that Ygr(g) = Xz(g)™. O
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2.7 Drinfeld’s theorem and classical Lie algebras

When V is assumed to be irreducible, one can recover from the results of §2.4, §2.5
and §2.6 a proof of [Dri85, Theorem 6]. Our first task is to formalize this statement:
this will be accomplished in §2.7.1. We will conclude in §2.7.2 by explaining how
many of the results of this chapter reduce to, and have been motivated by, results

which are known to hold when V is the vector representation of a classical Lie algebra

g.

2.7.1 Drinfeld’s theorem and the irreducibility assumption

We now restrict our attention to the setting where the underlying Y'(g)-module V
is irreducible. As has been explained in Remark 2.4.2, this situation has additional
practical value, since, at least in principle, R(u) can be computed by solving the
equation (2.2.13) and, after a suitable re-normalization, is equal to a rational R-

matrix.

Since V is irreducible, Schur’s lemma implies that
E= Endy(g)V =C-1I.

In particular, the indexing set Z contains a single element, say ¢, and the basis element
X? of £ can be chosen to equal the identity matrix I. With this in mind, we shall
henceforth denote Xz(g) simply by X (g) whenever V is assumed to be irreducible.

Set

2w) =14+ zu"=1+2(u) and y(u)=1+> yu" =1+y(u). (2.7.1)

r>2 r21

The observation made in the previous paragraph implies the first part of the following

result.

Corollary 2.7.1. The matrices Z(u) and Y(u) are equal to z(u) - I and y(u) - I,

respectively. In particular, z(u) is uniquely determined by the relation

ST ()T (u+ 5¢5) ™" = 2(u) - I = T(u+ 5¢5) 7" S7(T(u))-
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Proof. The relation z(u)-I = S2(T(u))T(u+ 3¢,) " is immediate from (2.4.19). This
relation, together with the centrality of z(u), implies that

2(W)T(u+ ¢q) = T(u + 365)2(u) = ST(T(u)),
and hence that z(u) - I = T'(u + 1¢g) " S2(T(u)). O

These simplifications allow us to write down a proof of the following theorem,

whose first two parts are precisely the statement of [Dri85, Theorem 6].

Theorem 2.7.2 ([Dri85, Theorem 6]). The following three statements are satisfied:

(1) There is an epimorphism of Hopf algebras ® : X(g) — Y (g) such that

&(T'(u)) = (p® 1)(R(~w))-

(2) There is a series c(u) = 14 Y51 ¢;u™", whose coefficients {c, }r>1 are central

and generate Ker(®) as an ideal, which satisfies
Az(c(u)) = c(u) @ c(u). (2.7.2)

(8) The coefficients of c(u) generate the center of X(g), which is a polynomial

algebra in countably many variables.

Proof. The first statement is precisely Lemma 2.5.1, which we have seen holds even
when V is not irreducible. Let us turn to (2). There are two natural candidates for
the series c(u), the first being z(u) and the second being y(u), and both satisfy the
desired properties. If c¢(u) = z(u), then by Corollaries 2.6.10 and 2.7.1 we have

Az(z(u)) = (y(u) ® (1 ® 2(u))(y(u + 3¢5) ™ ® 1) = 2(1) ® 2(u),

while Theorem 2.5.2 gives Ker(®) = (z(u) — 1). If instead c(u) = y(u), then it is
immediate from Lemma 2.6.8 and Corollary 2.7.1 that c(u) satisfies the grouplike
property (2.7.2). As the ideal (y(u) —1) generated by the coefficients {y, }»>1 is equal
to (z(u) — 1), we also have Ker(®) = (y(u) — 1).

As for part (3), Proposition 2.6.6 and Corollary 2.7.1 guarantee that both {2z },>2
and {y,}»>1 are algebraically independent sets which generate ZX(g). O
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Remark 2.7.3. More generally, when V is not assumed to be irreducible, we have
shown that C(u) = Y(u) € I + & ® wXz(g)[u~!] has central coefficients which
generate the ideal (Z(u) — I) = Ker(®), and moreover that C(u) satisfies A(C(u)) =
Chj(u)Clo(u). This should be viewed as a generalization of (2), and the statement
that the coefficients yy) of C(u) are algebraically independent generators of ZXz(g)

(see Proposition 2.6.6) should be viewed as a generalization of (3).
Remark 2.7.4. In the special case where g = soy or spy and V = CV, Theorem

2.7.2 follows from [GRW19a, Theorem 3.16] and the results of [AMRO6].

In the proof of Theorem 2.7.2 we have observed that the series z(u) is grouplike.
It is thus also the case that Sr(z(u)) = z(u)~! (as can also be seen from Corollary

2.6.10). The next corollary summarizes these results.

Corollary 2.7.5. When V s irreducible the formulas of Corollary 2.6.10 reduce to
Az(z(w)) = 2(u) ® 2(u), Sr(2(w)) =2(uw)™, er(2(w)) =1.

We conclude this subsection by noting that, since £ = C - I, every automorphism
mg (see (2.4.4)) takes the form

T(u) = f(u)T(x) (2.7.3)

for a series f(u) € 1+u~'C[u~'] uniquely determined by f(u) = I ® f(u). With this
in mind, we will denote m¢ by m; whenever V is assumed to be irreducible, which

will henceforth be the case.

2.7.2 The vector representation of the Yangian of a classical

Lie algebra

We now narrow our focus to the case where g is a Lie algebra of classical type and V'
is specialized to its vector representation, our goal being to briefly highlight results in
the literature which have motivated some of the results of this paper, with emphasis
on the results of §2.6.

We remark that these specializations fall into the slightly more general framework

in which the representation V' of Y(g) is irreducible as a g-module. Considering
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only such modules leads to fairly significant simplifications. For instance, gz always
coincides with g and hence §2.3.3 and Step 2 of the proof of Proposition 2.4.4 are no
longer needed. There are, however, examples where R(u) has been computed when

V is not irreducible as a g-module: see [CPI1].

2.7.2.1 The special linear Lie algebra sly

Fix N > 2, let {ey,...,en} denote the standard basis of C¥, and view g = sly as
the space of traceless N x N matrices. Fixing the invariant form (-, ) to be the trace
form, we have
1
QP:P_NI and c; = 2N,

where P = Egjzl E;; ® Ej; is the permutation operator o on C¥ ® CV. Additionally,

we have g7 = g7 = gly.

It is well known that the sly-module CV admits a Y (sly)-module structure defined
by allowing J(X), for each X € sly, to act as the zero operator: see for instance
Example 1 of [Dri85]. In this case (p® p)(R(—w)) is, up to multiplication by a formal

1

series in 4™, equal to Yang’s R-matrix

R(u)=I— 5, (2.7.4)

as can be deduced by directly solving the equation (2.2.13) with V = W = C¥. The
associated extended Yangian X (sly) is usually denoted Y (gly) in the literature, and
has been studied extensively. Using the above rational form of R(u), one deduces that
the defining RTT-relation (2.4.1) can be rewritten in terms of the series {t;;(u) }1<i j<n

), )] = - (t @) — ts@)ta(w). (2.75)

In what follows we do not attempt to provide a full account of the history behind
each result, but instead refer the reader to the appropriate results in the monograph

[Mol07] where a detailed bibliography is given.
The central series y(u) and z(u) (adapting the notation from (2.7.1)) both admit

rather concrete descriptions. The series y(u) is equal to the series d(u) which has

appeared in the proof of [Mol07, Theorem 1.8.2]: it is the unique central series in
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1+ u"1ZX (sly)[u™'] such that

d(u)d(u—1)---d(u — N +1) = qdetT(u), (2.7.6)

where qdetT'(u) is the quantum determinant of the generating matrix T'(u): see Def-
inition 1.6.5 of [Mol07]. By [Mol07, Proposition 1.6.6], it is given by

qdetT'(u) = Y sign(m) - tr)1(w) < - - trvy,n(u — N + 1). (2.7.7)

TESN
The series z(u) is related to the series

2(u) = qdetT(u — 1)
qdetT'(u) ’

which was defined in [Mol07, (1.68)], by z(u) = z(u + N), as can be seen using
[Mol07, Theorem 1.9.9]. The relation z(u) = 1 is equivalent to qdetT'(u) = 1, as was

pointed out in the original statement of [Dri85, Theorem 6.

Theorem 2.6.3 reduces to the statements of Theorems 1.7.5 and 1.8.2 of [Mol07],
and Proposition 2.6.6 follows from these same results together with [Mol07, Corollary
1.9.7]. The Poincaré-Birkhoff-Witt theorem for X (sly) (Theorem 2.6.7 with (g,V) =
(sly, CN)) is given in [Mol07, Theorem 1.4.1].

The description of Yz(sly) as the subalgebra of X (sly) consisting of all elements
stable under all automorphisms of the form my, which is provided by Theorem 2.6.11,
was actually taken as the definition of Ygz(sly) in [Mol07]. It was then proven in
Corollary 1.8.3 of [Mol07] that Yg(sly) could be equivalently characterized as in
Definition 2.4.1. According to [Mol07, Bibliographical notes 1.8], the description of
Yr(sly) using the automorphisms my is originally due to Drinfeld, as is the more
general fact that Yg(sly) can be realized as a subalgebra of X (sly): see Theorem
1.13 of [Ols92].

2.7.2.2 The orthogonal and symplectic Lie algebras soy and sps,

Still assuming N > 2, let n € N be defined by N = 2n (if N is even) and N = 2n+1
(if N is odd). We now assume that gy = g is either equal to soy or spy, where N
is necessarily even in the latter case. It is convenient to relabel the standard basis of
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C¥ using the indexing set
Iy ={-n,...,—1,(0),1,...,n}, (2.7.8)

where (0) = 0 if N = 2n+1 and should be omitted otherwise. That is, we denote the
standard basis of CV by {e_,,...,e_1,(e0),€1,...,en}. Let t : EndCY — EndC¥

denote the transposition determined by

1 if = S0pN,
(Eij)t = OijE_j,_,- where Oz = { N N (279)

sign(i)sign(j)  if gv = spw.

The Lie algebra gy can then be realized as the Lie subalgebra sl% of sly consisting
of elements fixed by the involution 6 € Aut(sly) defined by

0(X) =Xt VX €sly. (2.7.10)

We will see below that this realization of gy is consistent with that given by Propo-
sition 2.3.4.
Letting (-,-) be equal to one half of the trace form, we have 2, = P — @ and

cg = 4k, where

P = Z Eij ® Ejz', Q = Pt2 = Z OijEij X E—i,—j

,J€EIN 1,J€IN
N/2—1 if gy = sow, (27.11)
and k=
n+1 if gN = SPnN.

We will also write k = N/2 F 1, where F+ = —(+£) and

+ if = S0y,
+= G =son (2.7.12)

— if gy =spn.

The presentation of gy furnished by Proposition 2.3.4 takes the following explicit
form: Firstly, the above data implies that the relation (2.3.10) is equivalent to

[Fij, Fra] = 6 Fa — 0aFrj + 05, 10:i Fy—i — 0; —i0i; F_j.
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As for the relation (2.3.11), using (2.3.13) and the above relation, we deduce that it

is equivalent to the set of relations
+Fy; = 6ytr(F) F05F 5 Vi,5 €In.

Taking ¢ = j and summing over i € Iy gives tr(F) = 0, and hence (2.3.11) implies
that
-quj + eijF_j,_,,; - 0 V ’L,j € IN

Since this relation clearly implies that tr(F) = 0, it is equivalent to (2.3.11). In
summary, gy is isomorphic to the Lie algebra generated by {F;;}i jezy, subject only
to the relations

[Fij, Fra] = 6 Fs — 0 Frj + 05,105 Fr.—i — 6i—k0ij F_j1

(2.7.13)
Fjij + OijF_j,_i =0

for all 4,5,k,l € Ty. As hinted at earlier, this recovers the realization of gy as the
fixed point subalgebra s1%;, with 6 as in (2.7.10). Indeed, the identification is given
by

Fyj=Ey—6,E_;_;=E;; +0(E;) Vi,jely. (2.7.14)

As in the g = sly case, it is well known that the vector representation CV of gy
extends to a representation of Y (gy) by setting p(J(X)) =0 for all X € gy. For an
explicit proof see [GRW19a, Proposition 3.1]. The R-matrix (p ® p)(R(—u)) can be
computed from (2.2.13) and is equal to

R(u)=I—£+ @

U uU—kK

(2.7.15)

up to multiplication by an invertible element of CJu~!]. This has certainly been
known for a long time (see [KS82b] and [Dri85, Example 2]), but for a complete proof
we refer the reader to Proposition 3.13 of the recent paper [GRW19a]. The RTT-
Yangian Yg(gn) and the extended Yangian X (gn) have not been studied to the same
extent as their sly analogues, although there has been an increase in efforts over the
last fifteen years [AACT03, AMRO06, MM14, MM17, GRW19a,JLM18]. In [GRW19a],
a proof of Theorem A was given in [GRW19a] using the algebraic theory developed
in [AMRO6]. Using (2.7.15), the defining relation (2.4.1) of X(gy) can be rewritten
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in terms of the generating series {¢;;(u)}; jezy @8

[tij(w), tra(v)] :uiv (tkj (w)ta(v) — tr; (U)tz’l(u))

1
= Y (G Buatag (W)t-a(0) = BBt o (0)tia(w) ).

U=V =K

(2.7.16)
It was proven in [AACT03] (see also [AMRO06, (2.26)]) that there is a central series
z(u) € 1 + v ZX(gn)[u""] determined by

z(u) - I = T*(u + k)T (u) = T(u)T"(u + k),
where T'(u) = > (Ey)' ®ti;(u).

i,J€IN

(2.7.17)

By comparing (2.31) of [AMRO06] with the relation S2(T'(u)) = z(u)T(u + 2k) of
Corollary 2.7.1, we can conclude that

2w
z(u + k)

z(u)

Conversely y(u) is equal to the central series y(u) defined in [AMRO06, Theorem 3.1]:
it is uniquely determined by

y(uw)y(u+ k) = z(u). (2.7.18)

It was also noted in the statement of [Dri85, Theorem 6] that, when (g,V) =
(son,CN), the coefficients of z(u) — 1 generate the kernel of the epimorphism &
from Lemma 2.5.1 as an ideal.

Theorem 2.6.3 with (g, V) = (gn, CV) is precisely Theorem 3.1 of [AMRO06], while
Corollary 2.6.6 is deduced from that same theorem of [AMRO06] together with [AMRAO6,
Corollary 3.9]. The Poincaré-Birkhoff-Witt theorem for X (gx) when V = CV was
stated and proven in Corollary 3.10 of [AMRO6]: see also [AMRO06, Theorem 3.6],
which is exactly Theorem 2.5.5 in the particular case being discussed.

Just as was the case for g = sly with V = CV, the authors of [AMRO06] first
defined Yz(gn) as the fixed point subalgebra of X (gy) under all automorphisms my,
and then in [AMRO06, Corollary 3.2] proved that it could be equivalently defined as a
quotient of X (gx).
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To conclude this subsection, we would like to mention that there is an alternative
route to proving that Yz(g) and Y (g) are isomorphic when g = sly, soy or spy and
V = CN. This alternative uses the Gauss decomposition of the generating matrix

T'(u) of X(g) to construct an isomorphism

®p : Yr(g) = Yp(9),

where Yp(g) denotes the current (or “Drinfeld’s new”) realization of the Yangian. For
g = sly, such an isomorphism was constructed by J. Brundan and A. Kleshchev in
[BKO05] (see also [Mol07, §3.1]). For g = soy and g = spy this has been achieved in
the recent paper [JLM18] of N. Jing, M. Liu and A. Molev.

One may then compose ®p with the inverse of the isomorphism Y (g) = Yp(g)

from Theorem 1 of [Dri88] to obtain an isomorphism
Yz(g) = Y(9)-

Although a proof of [Dri88, Theorem 1] did not appear in Drinfeld’s original paper,
one has recently been made available in [GRW19a, Theorem 2.6], where Yp(g) was
denoted Y (g).
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Chapter 3
Twisted Yangians of Classical Type

We have now reached the second part of this thesis, where our attention will deviate
from the study of the Yangian Y (g) itself and instead focus on the theory of twisted
Yangians — certain coideal subalgebras of Yangians associated to symmetric pairs
(g,9”) of Lie algebras.

In this chapter, we provide a introduction to the theory of twisted Yangians asso-
ciated to symmetric pairs of classical type, with emphasis on those of type B, C, D

of the form

(92117 g['n) and (GNa gN—q S gq) with 0 S q< N7 qc 27. (301)

Here gy always denotes the symplectic Lie algebra spx or the orthogonal Lie algebra
soy, as in §2.7.2.2. These twisted Yangians, introduced by Guay and Regelskis in
[GR16], are built inside the special instance of the R-matrix presentation of the
Yangian considered in §2.7.2.2. Our exposition will mostly follow [GR16], though
we will present the theory in a manner more consistent with the general theory of

Chapter 2 where possible.

One novel feature of our exposition is §3.2, where a general construction of sym-
metric pairs (coming from an adjoint action) is given which is consistent with the
R-matrix formalism of Chapter 2. This construction should form the basis of a more
general construction of twisted Yangians inside the R-matrix presentation of the Yan-

gian, which does not yet exist.
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The rest of this chapter will unfold as follows. In §3.1.1, we gather notation which
is specific to the setting of §2.7.2— this is the setting in which we will be working
for the remainder of this thesis (excluding §3.2.1). In §3.2.2, we construct explicit
realizations of the pairs (3.0.1). The twisted Yangians X (gn, g%)™ and Y (gn, g%)%
associated to symmetric pairs (gy, g%) of the form (3.0.1) are then defined in §3.3,
which is the main section of this chapter. That section gives a detailed survey of the
algebraic theory of twisted Yangians of types B, C and D, and should remind the
reader of many of the results we have encountered in Chapter 2. In §3.4, the last
section of this Chapter, we give a very brief introduction to twisted Yangians of type

A, which play an important role in Chapters 4 and 5.

3.1 Notation

As indicated above, the remainder of this thesis will take place within the framework of
§2.7.2, and almost exclusively in the special case where g is of orthogonal or symplectic
type. In this section, we introduce and recall notation which reflects our narrowed
focus. We will break from this notation only in §3.2.1, where a general construction
for symmetric pairs is given which is compatible with the R-matrix formalism of
Chapter 2.

In addition to this specialized notation, we shall also frequently use the following
standard terminology. Suppose that of and 98 are unital associative C-algebras, V is

any %-module, and V¥ is an algebra homomorphism
U:d— %.

Then we denote by ¥*(V) the sf-module which is equal to V' as a vector space and

has module structure given by
X v=YX)w V Xed and veV.

In other words, ¥* is the usual restriction of scalars functor associated to W.
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3.1.1 The Lie algebras gy and gy

As in §2.7.2.2, we fix N > 2 and define n € Nby N =2n+ 1 or N = 2n, depending
on the parity of N. Except for in §3.4.2, we will always label the standard basis of
C¥ using the indexing set

Iy ={-n,...,—1,(0),1,...,n}
defined in (2.7.8). In addition, we introduce the set of non-negative integers

I = Iy N Zso.

We will continue to write gy for either soy or spy and we will always assume
that these Lie algebras are in the presentations given by Proposition 2.3.4 with p
the vector representation. As demonstrated in (2.7.13), this means that gy is the

complex Lie algebra generated by {F;;}; jezy, subject to the defining relations

[Fij, Fra]l = 6 Fa — 0aFrj + 05,1055 Fx—i — 6; —i0i; F_jy,
-Fij + OijF_j,_i =0.

In this presentation, a natural choice of Cartan subalgebra is given by

by =spanc{F;; : 1 <i<n}. (3.1.1)

The theory developed in Chapter 2 is also valid for complex semisimple Lie al-
gebras which are not necessarily simple, provided the underlying representation V' is
faithful. In particular, our fixed realization of gy holds for so, = sly @ sl;. It also
holds for the one-dimensional Lie algebra so0,, though we will assume that n > 2 when

working with Yangians and twisted Yangians associated to soy,,.

By (2.7.14), gn can be viewed as the fixed point subalgebra sl%; (see (2.7.10)) by
identifying
.F,;' = E,;j — Efj = Eij — GijE_]-_i v Z,] S IN,

where the transpose ¢ is defined in (2.7.9). We will also continue to employ the
notation «, + and F: see (2.7.11) and (2.7.12).
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Consider now the Lie algebras (gx)s and (gn)z from §2.3. As CV is irreducible
as a gy-module, both of these Lie algebras coincide and are trivial one-dimensional

central extensions of gx. We denote both of these Lie algebras by g and set

F= > E;® oij, where F”:Fg

1,J€IN

and {F]}i jezy are as in Definition 2.3.1. With this notation, §y is the complex Lie

algebra generated by {ﬁl‘j}i,jelm subject to the defining relations
[ﬁ'z'j, ﬁ'kl] = 5jk13'il - 5izﬁ'kj + 5j,—19ijﬁ'k,—i - 5¢,—k9ijﬁ’—j,l-

The matrix K (see (2.3.4)) takes the form K = K - I for a central element K € gy

and, by Proposition 2.3.6, we have the Lie algebra decomposition
dn = gn © CK,

where the generators F;; of gy are related to F,] and K by

o

Fj=F;+6;K V 4,7€Iy.
Moreover, the second relation of (2.7.13) implies that K is determined by
Fy+ 0,5 _; = 26,;K.
Taking the sum over ¢ = j € Zy gives the equivalent expression

K:imﬁ.

For the generators of the current algebra §y[z], we will adopt the notation used
for (gn)z[2] in (2.3.30). That is, we set Fg) = F;2" and then define

F(u) = Z E;; @ F;j(u), where F;;(u)= Z ]Fg)u_r_l.

i,7€IN r>0

In addition, we will write K, = Kz" and K(u) = 3,50 K,u™"", so that in the notation
of §2.3.3.2 we have K(u) = K(u) - I.
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To conclude this subsection, we record vector space bases of gy and §x. Introduce
By CIn XTIy by

By = {(ZJ) €EINXIy:t+j2 5gN,soN}- (3.1.2)

As gy = gy ® CK with F = F + K - I, it follows from (2.7.14) that gy and gy have

bases
{Fij}apeBy  and  {Fij}upesy U {K}, (3.1.3)

respectively.

3.1.2 The Yangians X(gy) and Y (gy)

Henceforth, X (gn) shall be as in §2.7.2.2 of Chapter 2. It is generated by {t§§)}¢,jezN,
subject to the defining RT'T-relation (2.4.1) with {1,..., N} replaced by Zy and R(u)
taken to be the rational R-matrix (2.7.15). That is,

P Q

.
R(u) o T

with P, @ and « as in (2.7.11). The defining relation (2.4.1) can be equivalently

expressed in terms of the generating series {¢;;(u)}; jezy as in (2.7.16).

It will be useful to note that the operators P and ) satisfy

PP=1, Q@*=NQ@, PQ==%Q=QP

(3.1.4)
PAl = AQP, QAl = QA; and QAlQ = tI‘(A)Q,

where A € End(CV). In particular, %Q is a projection operator whose image is the

one-dimensional subspace Cvg of CV @ CV, where

Vg = Z Oiei Xe_; (315)

1€IN

with 6 sign (1) if gy = spn,
1 if gN = S0n.

As a consequence of the first three relations in (3.1.4), the R-matrix R(u) satisfies

R(w)R(—u) = (1- ulz) I and R() =R(x—u), (3.1.6)
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where the transpose ¢ is as in (2.7.9) and is applied in either the first or second tensor

factor.

As we will be exclusively working in the R-matrix realization of Y'(gx) associated
to CN (as in §2.7.2.2), we shall henceforth write

Y(gn) = Yr(on),

where the underlying R-matrix R(u) is understood to be given by (2.7.15), as above.
As the J-presentation of Y (g ) introduced in §2.2 will no longer appear, this notation
should not cause any confusion. In addition, we will usually drop the subscripts “Z”
and “R” which featured prominently in Chapter 2. In particular, the coproduct,
antipode and counit for both X(gn) and Y (gn) will be denoted

A, § and e

respectively. These are defined explicitly in (2.4.2) and (2.5.4).

We will also follow the same notational conventions for the Yangian and extended
Yangian associated to sly, with the role of §2.7.2.2 played instead by §2.7.2.1. In
particular, in this case R(u) is given by Yang’s R-matrix

P
Ru)=1-—
(W=I-",
and the defining RTT-relation of X (sly) = Y (gly) is given in terms of {t;;(u)}: jezy
in (2.7.5).

3.2 Symmetric pairs and twisted current algebras
Our first order of business is to introduce a presentation for the symmetric pairs
(3.0.1) which is compatible with the R-matrix formulation of the Yangian studied

in Chapter 2. In fact, we take a more general route applicable to a wide range of

symmetric pairs.
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3.2.1 Adjoint action and symmetric pairs

Let us for a moment return to the general setting of §2.3.2, where g is an arbitrary
simple Lie algebra and V is a finite-dimensional, faithful, g-module of dimension N,

with g-action given by p: g — gl(V).
Let G(f2) be the subgroup of GL(V') defined by

G(Q) ={G € GL(V) : Ad(G:1G2)(2,) = Q,},

where Ad(G)(X) =GXG lforall Ge GL(V®V)and X € gl(V®V).

Let exp(g) denote the image of p(g) = g under the matrix exponential map
exp : gl(V) — GL(V)
and define G C GL(V) to be the subgroup generated by exp(g):

G = (exp(g)) C GL(V).

Recall that U(g7) = Ug(g) is the extension of U(g) introduced in Definition 2.3.1,
and U(g,) = U,(g) is the presentation of U(g) obtained in Proposition 2.3.4. The

following simple lemma will give us a familiar source of automorphisms of U(g).

Lemma 3.2.1. The group G is a subgroup of G(2). Moreover:
(1) For any G € G(R), the assignment
Ads(G): F7 — GFIG™

extends uniquely to an automorphism Ad7(G) of U(gys).
(2) If in addition G € AG for some \ € C*, then the assignment

Ad,(G): F— GFG™!

extends uniquely to an automorphism Ad,(G) of U(g,).
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Proof. Suppose that G = exp(p(X)) for some X € g. Then

Ad(G1G2) () = Ad(exp(p(X) ® 1+ 1 ® p(X)))(€2,)

= exp ((p ® p)ad(A(X))) (2,)
=qQ,

where the last equality is a consequence of the relation [A(X), 2] = 0. It follows that
G C G(9).

Suppose now that G € G(€2). We must show that the assignment Ad 7(G) preserves
the defining relation (2.3.3) of U(gys). We have

[GLFY G, GaFY Gy ' = GiGo [ FY 516 Gy = GiGalQ,, F5T1G G5
Since G,G™! € G(R), we have
G162, FY1G7Gy " = GiGa(Q,F5 — FQ,)G7'Gy ' = [Q,, G Fs G511,

Thus, the assignment Ads(G) extends to an algebra endomorphism of U(gy). As it
is invertible with inverse Ad 7(G™!), Part (1) holds.

To prove Part (2), it suffices to assume G € G. We claim that the automorphism
Ad;(G) fixes the matrix K from (2.3.4). Indeed, by Lemma 2.3.2, K € £, ® U(gs),

where £ = EndgV'. Hence, we have
[exp(p(X)), K] =0 VX €g,

which implies that GKG~! = K. The relation (2.3.9) of Lemma 2.3.3, together with
the decomposition F'V = F' + K (see Proposition 2.3.6), then gives

Ady (G)(K) = Ady(G)(F7 — cj'w(F7))
=GFG '+ K — cglw(gFg_l +K) =K,

where the last equality follows from

w(K) =0, Ad(G)(p(g)) Cp(g) and GFG™ €ad(g) ® Us(g),
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the third fact being a consequence of the second fact and that F' € ad(g) ® U(gy).

As U(g,) is isomorphic to the quotient of U(gy) by the ideal generated by the
coefficients of K, we can conclude that Ads(G) induces an automorphism of U(g,)
as in Part (2). O

Remark 3.2.2. It should be emphasized that Ad;(G) and Ad,(G) are given by
conjugating F7 and F, respectively, in the first tensor factor, and not the second

(which would have no meaning in general).

Suppose now that V is also a Y (g)-module, as in §2.3.3. Since the automorphism
Ads(G) of U(gy) fixes K for any G € MG, it also preserves the relation (2.3.24) of
U(gz) = Uz(g). We thus obtain the following corollary.

Corollary 3.2.3. Suppose that G € AG for some A € C*. Then the assignment
Adz(G) : FT — GF*g™
extends uniquely to an automorphism Adz(G) of U(gz).

It will be useful for us to note that Lemma 3.2.1 also admits a Yangian analogue.
Let R(u) be as in §2.4, and define the group

G(R) ={G € GL(V) : Ad(G:1G2)(R(u)) = R(u)}

We then have the following result.

Lemma 3.2.4. The group G is a subgroup of G(R). Moreover:

(1) For any G € G(R), the assignment
Adg(G) : T(u) — GT (u)G ™

extends uniquely to an automorphism Adgr(G) of Xz(g).
(2) If in addition G € AG for some X € C*, then the assignment

Adg(G) : T(u) — GT (w)G ™}

extends uniquely to an automorphism Adg(G) of Yr(g).
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Proof. The relation (2.2.8) implies that [R(u), A(X)] = 0 for all X € g. Hence, the
same argument as used in the proof of Lemma 3.2.1 to show G C G(€2) can be used
to show G C G(R).

Consider now Part (1). For any G € G(R), we have

R(u —v)GiT1(v)Gy 'GoT2(v)G5 " = R(u — v)GiGoTh (w) T3 (v)G1 'G5
= GiG2R(u — v)T1 (w)T3(v)G1 'G5
= G1GoT>(v)Ti (u) R(u — v)G1 'G5
= G, T(v)G5 "G Ti(u)G1  R(u — v).

Therefore, the assignment Adg(G) uniquely extends to an algebra endomorphism of
Xz(g), which is invertible with inverse Adg(G~1).

To prove Part (2), it suffices to show that Adgr(G) € Aut(Xz(g)) from Part (1)

satisfies
Adr(9)(2Z(u)) =Z(u) V GeGQG, (3.2.1)

where Z(u) is as in (2.4.19). Since the antipode Sz commutes with Adg(G), we have
Adr(9)(2(w) = GSHT(w))GT'GT (u+ 3¢,)7'G ™ = GZ(u)G".

By Lemma 2.6.5, Z(u) € & ® Xz(g)[u™"], where & = End,V. As G is in the group
G = (exp(g)), it commutes with all g-intertwiners. Therefore, GZ(u)G™! = Z(u),
and we may conclude that (3.2.1) holds. O

Let us now shift our focus to symmetric pairs of Lie algebras. We continue to
assume V is a finite-dimensional Y (g)-module which is faithful as a g-module. Let us
fix an element G € G(Q2) which belongs to AG for some A € C* and satisfies G2 = I.
Let 9 be the involution

¥ = Ad,(G)|g, € Aut(g,). (3.2.2)

From any 9 as above, we obtain a symmetric pair of Lie algebras

(gp,g’z), where gﬁ ={X eg, : ¥(X) =X}
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Such a pair is always associated with an eigenspace decomposition
g=¢’®p where p={Xeg,: IX)=-X})

Each symmetric pair of type B, C and D (i.e. when g = soy or spy) can be realized
in the form (g,, gg), with (p, V') the vector representation of Y (gx) on CV as in §2.7.2.
We shall spell this out explicitly in §3.2.2 for all pairs of the form (3.0.1). For the
moment, we shift our attention to twisted polynomial current algebras, which are the

classical analogues of twisted Yangians.

Let v : C[z] — C[z] be involution given by
v:f(z)— f(—2) V zeC[z].

The tensor product ¥ = ¢ ® v is then an involution of g,[z] = g, ® C[z], which is
given by
HF(u)) = —GF(—u)G™, (3.2.3)

where F(u) € EndV ® (g,[2])[u""] is as in (2.3.18).

The twisted polynomial current algebra associated to this data is

8,[2]° = {f(2) € g,l2] : V(F(2)) = f(2)}
= D(g; Cz") & P Cz") (3.2.4)

n>0 n>0

= gp12%] & 2p[2?].

There are two important extensions of 9 to an involution of gz[z] which occur in

the theory of twisted Yangians:

(1) The extension obtained by replacing ¢ by Adz(G)|,, in the definition J.

(2) The extension obtained by replacing ¥ with
'191 = 0K ©O Adj(g)|gI

in the definition of 1§, where o is the involution of gz & g, ® 37 which fixes g,
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and satisfies ox (K%) = —K7 (see §2.3.3). Equivalently, 97 is given by

I7(FY) = GFG™ — K* = GF*Gg™! — 2K™.

The extension (1) is relevant to the theory of twisted Yangians of type AIII considered
in §3.4. However, it is (2) which occurs in the theory of orthogonal and symplectic
twisted Yangians introduced in [GR16], and we will therefore only consider it in our

current discussion.

Observe that with the above definition of ¥z, the commutative subalgebra 3z

belongs to eigenspace for the eigenvalue —1, which is
pDiz.
Let us set ¥ = 97 ® v € Aut(gz][2]), as suggested by (2) above. If
F(u), K(u) € EndV ® (gz[2])[u"]
are as in (2.3.30), then we have

J(F(w) = 2K(~u) - GF(—u)G~",
HF(W) = —GF(—w)G™", F(K()) = K(~u).

In particular, ¥ € Aut(gz[z]) does indeed restrict to the automorphism J € Aut(g,[2])
(see (3.2.3)), which justifies our choice of notation. In addition, we find that

gz2]° = 60127 @ 2p[2%] ® z32[27]. (3.2.5)

The next lemma provides a useful spanning set for p, gg, 9o [z]1§ and gz[z]‘g.

Lemma 3.2.5. Define

N N
F*=3 E;®F;=FG-GF, F’=3} E;®F;=FG+(F,

i,j=1 i,j=1

F(u)? = i Ey; ® Fyj(u)® = F(u)G — GF(~u),

i,j=1
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F(u)® = i Ei; ® Fyj(u)® = F(u)G — GF(—u) + 2K(~u)G,

3,j=1

Then p, gﬁ, g,,[z]1§ and gz[z]“§ are linearly spanned by the coefficients of F*?, F?, F(u)”
and ]F(u)’é, respectively.

Proof. By (2.3.10), g, is spanned by the coefficients F;; of F. As G is invertible, g,
is also spanned by the coefficients of F'G. As

HF°) =F°, O(F°)=—F",
and 2FG = F®+ F*,

it follows from the decomposition g, = g% @ p that g (resp. p) is the linear span of
the coefficients of F* (resp. F*). The argument is similar for F(u)? and F(u)?. O
3.2.2 Symmetric pairs of type B, C and D

Let us now return to the special case where g = gy is 5oy or spy and (p,V) is the

vector representation of the Yangian Y (gy) in the space CN. We henceforth assume

all notation is as in §3.1; in particular, the indexing set {1,..., N} is replaced with
Iy (see (2.7.8)).
Define
GN((C) = {A € SLN((C) : AAT = I}, (326)

so that GN((C) = SON(C) if gN = SON and GN((C) = SPN(C) if gN = SPN. By
(2.7.14),
gy ={X €sly : X = —-X"},

and hence the exponential map exp : gy — G has image contained in Gy (C). As

Gn(C) is a connected Lie group, we have
G = (exp(g)) = Gn(C).

We shall be particularly interested in those involutions ¢ as in (3.2.2) for which

the underlying matrix G is diagonal. When this is the case, we will write Ad(G) in
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place of Ad,(G)lgy, so that
9 = Ad(G).

The following lemma provides justification for this notation.

Lemma 3.2.6. Let G = ¥, jez 9i5Ei; € AGn(C) for some A € C*. Then, under the
identification
Fij = Eij — 0;;E_j . € sly,

we have

Ad,(G)(Fy;) = G'Fy;(G)™", where G'= Y g;FE;.

1,J€EIN

In particular, if G satisfies G = G', then
Ad,(G)(F;) =GF;G™' V 4,j€Iy.
Proof. Assume that G € GLy(C) is arbitrary and write G~' = 3, jez, 65;Eij. Then

gEz’jg_1: Z 9aiGspFap- (3.2.7)

a,bely

If in addition G € AGy(C), then by (3.2.6) we have G* = \2G~1. It follows that

gﬂjg—1= Z gaig;bE”'b_eij Z g—b,—jgii,—aE—b,—a: Z gaig;bFab-

a,beTn a,beTn a,beTn

On the other hand, (3.2.7) implies that

Ad,(G)(F)= ) ( > gaig;bEab) QF;= Y E;® ( > giag;jFab)-

4,J€IN a,ben ,JEIN a,ben
Therefore, Ad,(G)(Fij) = Xapezy JiaGsiFar = G'Fij (G)) . O

Another benefit to working under the hypothesis that G is diagonal is that, by

Lemma 3.2.5, the Lie algebras g%, gn [z]ﬂ and gy [z]1§ all admit simple descriptions.

In particular, it is not difficult to write down bases of these Lie algebras using (3.1.3).

Given A € C* and G € AGy(C) such that G* = I, we define B}, B; C By by
B ={(i,j) € Bn : gis =g;;} and Bz ={(3,7) € Bn : gii = —gj;},
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where G = Y7, giiFii. As G is diagonal, it has entries in {£1} and (3.1.3) together
with Lemma 3.2.5 imply that g% and p have bases

{Fij}(i,j)ets’;r and {‘Fij}(i,j)eBEa (3.2.8)

respectively. Let {Fij(u)ﬁ}i,jgN and {IE‘ij(u)&}i,jgN be as in Lemma 3.2.5. We will
expand these series as

Ry = DED and Byl = X EQu

>0 r>0

Corollary 3.2.7. The Lie algebra gN[z]1§ has basis

{ES Y gpeng rvo Y AFS Y syetg rs0r (3.2.9)
while ﬁN[z]’§ has basis given by

{]F(?r)}(z,])EB + >0 U {]Fgrﬂ)}(i,j)ezsg 750 U {Kari1}ro0. (3.2.10)

Proof. Consider first gy[2]®. By (3.2.4) and (3.2.8), it has basis given by

{F; @) }(i,j)eBg,rzo U {F;l(]?r-i-l)}(i,j)eBg,rZO’
On the other hand, Lemma 3.2.5 gives

B = (gj+ (-1)gu)Fy ¥ 4,j€Iy and 120,

which implies that (3.2.9) is indeed a basis.
As for ﬁN[z]&, (3.2.5) and (3.2.8) imply that it has basis

2r 2r+1
{F( )}(i,j)eBg,rzo U {Fz(g " )}(z’,j)eBg,rzo U {’C2r+1}r20-

That (3.2.10) also provides a basis is then a consequence of the relations

FED = (gi + 935)F — 2g550KCar
= (gu + 95 Fy",
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]\F"IE?TJ’_I) = (gjj - gu)]Fgr) + 2gjj5ijIC2r+1
= (g5 — gz-i)l*}g?”) +29;30:Kory1. ]

We will now fix particular choices of G which will lead us to an explicit realization

for the symmetric pairs (3.0.1).
Given g € 27 satisfying 0 < ¢ < N, we define two distinct matrices G by

g - Z(E“ - E_i’_i) € GLG(C), (3211)
=1
q/2
gG=1-2 Z(EN+1—a,N+1—a + Ea—N—l,a—N—l) S GLN((C) (3212)
a=1

In both cases, we will continue to write

Gg= Z 9ijEij = Z 9ii B

1,JELN i€EIN

Proposition 3.2.8. Let ¥ € Aut(gy) be as in (3.2.2) and set p = N —q. Then:
(1) If G is as in (3.2.11), then /—1G € Gn(C) and

gl = g3, = spanc{F}; = (gii + 9;5)Fyj : 4,5 € Ton}
=spanc{F;; : 1 <14,5 <n}.

(2) If G is as in (3.2.12), then G € Gn(C) and

9 D9 = oi = Spanc{ﬂ’; = (9 + 9;5)Fi; : 1,7 € In},
where

gp =spanc{Fi;: t,j € L,} and g4 =spanc{F;: [, |j| >n—q/2}.

Proof. Consider first Part (1). Setting

D

o/ —
X = ; 2 (B — E_i i) € p(g2n),

we have v/—1G = exp(X) € Gn(C). Alternatively, by (3.2.6), vV—1G € Gy(C)
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follows from G = —G* and det(G) = (—1)". By Lemma 3.2.5, we have
g5, = spanc{F}; = (¢i + ¢;;)Fyj : 4,5 € Ion} = spanc{Fy; : 1 <4,j <n}.
The defining relations (2.7.13) imply that
[Fij, Fri) = 0 Fu — 0uFr; VY 1<4,5,k,l<n.

Hence, there is a Lie algebra homomorphism gl,, — g5, given by E;; — F; for all

1 <4,j < n. Since {Fj;}7;_; is a linearly independent set, it is an isomorphism.

Consider now Part (2). Setting

q/2
X =Y mV—-1(ENt1-aN+1-a — Ba-N-1,0-n-1) € p(gN),
a=1

we have G = exp(X) € Gy (C). Alternatively, G = G and det(G) = 1 imply that
G € Gy(C). Next, by Lemma, 3.2.5, we have

g = spanc{F}; = (gi + g;;)Fyj : 4,5 € In}
= spanc{Fi; : 4,5 € Ly} + spanc{F;; : |il, |7| > n —q/2}

The defining relations (2.7.13) imply that both summands above are Lie subalgebras
of gn and, moreover, that the sum is in fact a direct sum of Lie algebras. It is clear
that

g, = spanc{Fy; : 1,5 € I} C g%

An isomorphism of Lie algebras g, == spanc{Fj; : |i|,|j| > n — ¢/2} is given by
Fij = Fipsign(i)(n—q/2) tsien()n—a/2) V 6J €1q. 0
Henceforth, we will assume that the symmetric pairs

(g2n,0l,) and (gn,8,Dgy), Where 0<¢g< N and g€ 2Z,

are of the form (gy,g%) with ¥ = Ad(G) as in (3.2.2), and G as in (3.2.11) or
(3.2.12). These choices of G are not unique, and we refer the reader to [GR16, §3.1]
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for a discussion of this point. They are chosen due to the fact that they are diagonal,
which leads to a very simple description of g3 and also simplifies the treatment of

the representation theory of twisted Yangians given in Chapters 4 and 5.

3.3 Twisted Yangians of type B, C and D

In this section, we recall the definitions and main properties of the orthogonal and

symplectic twisted Yangians associated to the pairs (g, g%) of §3.2.2.

We introduce the following notation: For any G € GLy(C) for which /—1G or G
belongs to Gn(C) (see (3.2.6)), we define (£)g € {£} by

GG" = (£)gl.

In all cases we consider, G will be of the form (3.2.11) or (3.2.12) and we will write
(£) = (£)g. Explicitly, we have

(4) = {+ if (g, %) = (8,8 D 8o),

- if (gNag'lIZI') = (g2nag[n)'

3.3.1 The matrix G(u)

The starting point for defining a twisted Yangian using the R-matrix formalism is a

matrix

G(u) € End(CM)[u™!]

which is the expansion at u = oo of a End(C")-valued rational function of u, and is

a solution of the so-called reflection equation. For us, this equation takes the form
R(u —v)G1(u)R(u + v)Ga(v) = Go2(v)R(u + v)G1(u) R(u — v), (3.3.1)

where R(u) is given by (2.7.15). The matrix G(u) will equip the corresponding twisted
Yangian with a trivial representation, and will also provide the necessary ingredient

for rebuilding it using the reflection algebra formalism: see §3.3.5.

The desired source of solutions to (3.3.1) is provided by Lemma 4.1 of [GR16].
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Given G as in (3.2.11) or (3.2.12), we define

Glu)= Y gi(w)Ey;= W. (3.3.2)

,JELN

Lemma 3.3.1 ([GR16, Lemma 4.1]). The matriz G(u) given by (3.3.2) is a solution
of (3.3.1). Moreover, G(u) satisfies the unitary relation

G(u)G(—u) =1.

Hereafter, we will assume that G(u) is always given by (3.3.2). We also define

N —4u . Sy
g(u) = { tr(G) — du it (g, 8v) = (9,80 © 84), (3.3.3)

-1

u if (gNag?;/') = (92nag[n)'
In particular, if tr(G) # 0, then g (u) is uniquely determined by
tr(G(u)) = g (w)tr(G). (3.3.4)

The rational function g (u) will play an important role throughout this thesis, as will

the series pg(u) defined by the following lemma.

Lemma 3.3.2 (|[GR16, Lemma 5.1]). There is a unique series pg(u) € Clu™'] satis-
fying the relation

QG1(w)R(2u — K)Gy H(k — u) = Gy ' (k — w)R(2u — K)G1 (1)@ = pg(u)Q.  (3.3.5)
Proof. Multiplying both sides of (3.3.1) by Ga(v)~! yields
Ga(v) ' R(u — v)G1(u)R(u + v) = R(u + v)G1(w) R(u — v)Ga(v) L.
Multiplying both sides by u + v — & and taking the limit as v +— & — u yields
Ga(k — u) 'R(2u — k)61 (u)Q = QG1(w)R(2u — k)Ga(k — u) .

As @ projects CN ® CV onto a one dimensional subspace, the above equality implies

that there is a unique series pg(u) satisfying (3.3.5). O
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In the special case where G = I, the relation (3.3.5) reduces to
QR(2u — k) = R(2u — k)Q = p;(u)Q. (3.3.6)

Since PQ = +Q = QP and Q% = N, we find that

(uw) =1 ! + N
P = T o~k T u— 2%
Equivalently, 0 .
_u  K—2u¥F
pr(u) = T v (3.3.7)
Using this observation, we can compute pg(u) in general.
Proposition 3.3.3. pg(u) satisfies
pr(w)pg(u)™ = g(k —u)g(u) ™" (3.3.8)
and is given explicitly by
1 tr(G(u
po(w) = @)1 5 - + ZIW) (33.9)

2u—k 2u—2Kk

Proof. Suppose first that tr(G) = 0. In this case, G(u) = G and Lemma 3.3.2 gives

G2R(2u — k)G1Q = pg(v)Q.

By (3.1.4) and G? = I, the left-hand side is

Q tr(G)Q Q
92610 F 2u—/$+ 2 — 2k BT u—kK
and hence we obtain .
po(w) = (F)1F 5 — .

This proves (3.3.9) when tr(G) = 0, and the expression (3.3.8) is easily obtained using
(3.3.7) and (3.3.3) in these cases.

Suppose now that tr(G) # 0. Left multiplying (3.3.5) by @G2(k — u), we obtain
QR(2u — k)G:1(v)Q = pg(u)QG2(k — u)Q.
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Since G(u)t = G(u), (3.3.6) and QGa(u) = QGy(u)? yield the identity

Pr(w)QG:1(4)Q = pg(u)QG: (k — w)Q,

which by (3.1.4) is equivalent to

pr(u)tr(G(v))@ = pg(u)tr(G(x — u))Q.

Using the relation (3.3.4), we can conclude that (3.3.8) holds.

It remains to show that (3.3.9) holds whenever (gn,8%) = (gn,8p ® g,) With
p # q. This was proven in [GR16, Lemma 5.1] directly. Below, we offer a different
proof using (3.3.8).

From (3.3.7) and (3.3.3), we obtain

gw) _ v N-4du tr(G)—4k+4u
glk—u) K—u tr(G)—4u 2k — 4u

pg(u) = pr(u)

As lim, o pg(u) = 1, pg(u) admits a partial fraction decomposition of the form

21 22 3
=1
pg(u) Tk a2 u—tr(G)4’

(3.3.10)

and the coefficients z; are readily computed and found to be

4k — N 1 N — tr(G)

A =0g angy #=Fy 2= Ty

On the other hand, we have the partial fraction decomposition

tr(G(u)) N —4u % 23

% — 2 tr(9) (tr(G) — 4u)(2u — 2k) “a—rTuz tr(G)/4

Substituting this identity and the value 2z, = F3 into (3.3.10) returns (3.3.9). O

The last property of pg(u) which we will need is given by the next corollary.

Corollary 3.3.4. The series pg(u) satisfies

1

g2 (3.3.11)

pg(u)pg(k —u) =1
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Proof. By (3.3.6) and (3.1.6), py(u)pr(k — u) is uniquely determined by
1
Npr(w)pr(k —v)Q = QR(2u — k)R(k — 2u)@ = N <1 - (2U_’f)2) Q.

This proves that pr(u) satisfies (3.3.11). In the general case, (3.3.8) yields

1

pg(u)pg(k —u) = pr(u)pr(k —u) =1 — Qu—r? —~

Remark 3.3.5. We will often suppress the subscript G of pg(u) and simply write

p(v) = pg(u).

3.3.2 Definitions and first properties

We are now prepared to define the twisted Yangians associated to the symmetric pairs
(gn,9%) of the form (3.0.1).

Definition 3.3.6. Let G(u) be as in (3.3.2). Then:

(1) The extended twisted Yangian X (gn, g5 )™ is the subalgebra of X (gy) generated

by the coefficients {sg) }Vijezy ren Of

S(u) = T(U — k/2)G(W)T (—u+K/2) € End(CN) ® X (gn)[u™],
where S(u) = Y Eij ®si(u) and  sy(u) =g+ > s(r) —r (3.3.12)

1,JEIN r>1

(2) The twisted Yangian Y (gn, g5%)® is the subalgebra of Y (gx) generated by the

coefficients {Ug)}i,jezN,reN of

S(u) = T(U — £/2)G(W) T (—u+r/2) € End((CN) R Y (gn)[u],
where S(u) = > E;j®oy(u) and  oy(u) =gij + U(r) -r

1,J€IN r>1

(3.3.13)

Let us discuss some immediate consequences of these definitions.
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Since T'(u) = y(u)T (u), the relation (2.7.17) implies that

S(u)S(—u) =w(u)-I and S(u)S(—u) =1,
where  w(u) = z(u — k/2)z(—u — k/2) € ZX (gn)[u™?].

The first relation above implies that the coefficients of w(u) belong to the center
ZX(gn, 8%)% of X(gn, g% ). We shall expand w(u) as

w(u) =1+ Z wou T €1+ u"2ZX (gn, o)™ [u?]. (3.3.14)

r>1

We may then define g(u) =1+ 3,51 ¢,u™" to be the unique solution of the equation
w(u) = q(u)q(u+£) in  1+uZX(gn,o%) ™ [u""]. (3.3.15)
The uniqueness of g(u) together with (2.7.18) yields
qiu) =q(k —u) and q(u) =y(u—k/2)y(—u+ k/2). (3.3.16)
In particular, Y (gn, g%)% is a subalgebra of X (gn, g% )® and we have
S(w) = q(w)S(u).

The following lemma, which is a restatement of Proposition 3.2 and Corollary 3.2 in
[GR16], shows that both Y (gn, g% )% and X (gn, g% )™ have a coideal structure.

Lemma 3.3.7. The twisted Yangians X (gn, g%)™ and Y (gn, g%)™ are left coideal
subalgebras of X(gn) and Y (gn), respectively. That is, we have

A(X (gn, 93)™) C X(gn) ® X (gn, 8%)™,
A(Y (gn, 8%)™) C Y(gn) ® Y (gn, 8%)™

The lemma follows from (2.4.2), (2.5.4) and Lemma 3.3.1, which give

A(S(w) = Thy(u — £/2)Spy(w) Ty (—u + £/2),
A(S(w)) = Ty (u — £/2)Sp (u)’ﬁf](—u + k/2).
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These formulas are expanded in terms of s;;(u) and o;;(u) as

A(s5(u)) = Z Opjtia(u — K/2)t_j _p(—u + £/2) ® sap(u),

a,beln

A(oi(u)) = Z OpiTia(u — K£/2)T—j —p(—u + £/2) @ oap(w).

a,beln

(3.3.17)

As alluded to in §3.3.1, the restriction of the counit € of X(gx) to X (gn,g%)™ and
Y (gn, g%)% is given by the matrix G(u):

e(Sw) =G(u) and €(S(u)) = G(u).

This equips both X (gn, %)™ and Y (gn, g%)* with a trivial representation: a one-
dimensional representation with action given by e. We will always denote this repre-
sentation by V(G).

In Chapter 2, an important role was played by the automorphisms my (see (2.4.4)
and (2.7.3)) of X(gn). A similar story unfolds in the twisted Yangian setting. By

definition of S(u), we have

ms(S(w)) = f(u—£/2)f(—u+x/2)Sw) ¥ f(u)€l+u'Clu™].

Consequently, m; restricts to an automorphism of X (gy, g%)™. Note that for any

f(u) € 1 +u ICJu"] the corresponding series

g(u) = f(u—k/2)f(—u+ K/2) (3.3.18)

satisfies
g(u) =g(k—w) and mg(S(u)) = g(uw)S(u).

Conversely, if g(u) € 1+« 'C[u"!] is an arbitrary series satisfying g(u) = g(xk — u),
then we may construct f(u) such that ms(S(u)) = g(v)S(u). Indeed, we can take
f(u) to be the unique series in 1+ «»~'C[u~'] satisfying

9(w) = f(u)f(u—K/2).

As g(u) = g(k — u), the uniqueness of f(u) implies that f(u) = f(—u+ «/2), and we
thus have m;(S(u)) = g(u)S(u), as claimed.
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Hence, for any g(u) € 1+ u~'C[u~"] satisfying g(u) = g(k — u), the assignment
vg : S(u) — g(u)S(uw) (3.3.19)
extends to an automorphism v, € Aut(X (gn, g%)™) with the property that

Vg = mf|X(9N,g}?,)“”

for any f(u) satisfying (3.3.18). Moreover (2.6.8), (3.3.15) and (3.3.16) imply that
ve(q(w)) = g(u)q(u) and  yy(w(u)) = g(u)g(u + K)w(u). (3.3.20)

As a corollary to the above discussion and Theorem 2.6.11, we obtain the following

characterization of Y (gy, g% ), which was partially given in [GR16, Corollary 3.1].

Corollary 3.3.8. The twisted Yangian Y (gn,g%)™ is equal to the subalgebra of
X (gn, 8%)™ fized by all automorphisms v,:

Y(an, 03)" ={Y € X(gn,80)™ : 5(Y) =Y ¥V g(u)},

where g(u) varies over the subset of 1+u " C[u~!] consisting of series invariant under

the transformation u — Kk — u.

A second family of automorphisms for X (gy, g%)™ is provided by Lemma 3.2.4.
Suppose that A € AGy(C) (see (3.2.6)) for some A € C*. Then the automorphism
Adg(A) of X(gn) satisfies

Adr(A)(S(u)) = AT (u — k/2)A7'G(u) (A7) T (—u + k/2) A
= AT (u — k/2) A7 G (u) AT (—u + k/2) AL,

where we have used that A=! = \2A¢. If in addition A~'GA = G, then

_tr(G) —4uATIGA

A~G(u)A 2(C) — 4u

G(u).
We can thus conclude that, for every A satisfying

AeC*.Gy(C) and AGA'=g,
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the assignment
Ady(A) : S(u) = AS(u)A™! (3.3.21)

extends to an automorphism Ady(A) € Aut(X (g, g%)®) which satisfies
Ady(A) = Adr(A)|x(gy,g8)%-

Moreover, the second part of Lemma 3.2.4 implies that Adg(A) restricts to an auto-
morphism of Y (gx, g%)%.

3.3.3 Poincaré-Birkhoff-Witt Theorem

Thanks to Theorems 2.5.5 and 2.6.7, it is not difficult to establish a Poincaré-Birkhoff-
Witt type theorem for X (gn, g%)® and Y (gy, g%)™. Recall from (2.4.8) that the
filtration {Fx(X (gn))}x>0 on X (gn) is given the degree assignment

degtg-):r—l V 4,j€Zy and r €N

Both X (gn, 9%)®™ and Y (g, g%)® inherit a filtered structure from X(gy), and we

denote the corresponding filtrations by
{Fo(X(on, %)™ )tiz0  and  {Fu(Y (g, 83)™) 0.
It is immediate from the definitions of S(u) and S(u) that
s € Fra(X(an,03)™)  and o) € Fra(X (g, 83)™)

for all 4,7 € Iy and r € N. Let Eg) and 55) denote the images of sg) and ag) in
gr,_1 X (gn, g%)™ and gr,_,Y (gn, 9%, respectively. We then define

S(u) = > 8®u~* € End(CY) ® (grX (g, o3)™)[v ],

k>1
S(u) = Y- E®u* € End(C") ® (@Y (g, g8)™)[u '],
k>1
where §® = Y E;® Eg-“) and X® = > E;® 657).
4,j€IN ij€IN
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The below theorem was given in [GR16, Proposition 3.3] for Y (gy,g%)". Let
Res,(G(u)) denote the residue of G(u) at u = 0. Explicitly,

tr(G)

Res,(G(u)) = (G — I)T.

Theorem 3.3.9. Let F(u)® and F(u)® be as in Lemma 3.2.5. Then:

(1) The assignment )
0 : F(u)? = $(u) — Res,(G(u)) (3.3.22)

extends to an isomorphism of graded algebras
oo - U@nlal’) = gxX (g, o).
(2) g restricts to an isomorphism of graded algebras
Ulgnle]’) = erX (gn, 63",
which is given by F(u)” — X(u) — Resy(G(w)).

Proof. Let s denote the restriction of the isomorphism ¢z : U(gn[z]) = grX(gn)
from Theorem 2.6.7 to the subalgebra U(§n[2]®) C U(§n]2]). This is an injection

s : Uan[2]%) < grX(gw),

and hence to prove Part (1) it suffices to show that ¢, has image equal to the subalge-
bra grX (g, %)™ of grX (gy), and that it is indeed given by the formula (3.3.22). As

the coefficients of $(u) generate grX (gx, g% )%, it suffices to prove the latter assertion.

Note that $(u) is the image of

S(u) — G € End(C) ® [[ Fro1(X(gn))u™"

r>0

in the space

End(C") ® ] er,_1(X(gn))u™" C End(CY) ® (grX (gn))[u"]- (3.3.23)

r>0
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On the other hand, the image of T'(u — £/2)G(u)T*(—u+ K/2) — G is easily seen to be
T(u)G + GT*(—u) + Resy(G(u)),

where T(u) is the image of T'(u) — 1 in (3.3.23), as in the proof of Proposition 2.4.4.
As ¢7(F(u)) = T(u), we thus have

vy (S(u) = F(u)G + GF'(—u) + Resy(G(u))

(3.3.24)
= F(u)G — GF(—u) 4 2K(—u)G + Res,(G(w)),

where we have used that
F(u) = F(u) + K(u), F'(u)=-F(u) and K'(u)=K(u).

The second equality above is a consequence of the relation in (2.7.13), while the third
equality is due to the fact that K(u) = K(u) - I is a central series multiple of the

identity matrix.

Combining Lemma 3.2.5 with (3.3.24), we obtain the desired equality
po(F(w)?) = $(u) — Resu(G(u)).
Consider now Part (2). It is enough to prove that
@o(F(u)’) = B(u) — Resu(G(w)).
It follows from the second equality in (3.3.16) that
g =(1+(-1)")y. mod F,_(X(gn))- (3.3.25)

For each r € N, let 4, denote the image of y, in gr,_; X (gn), so that pz(K,—1) = ¥
As q(u)S(u) = S(u), we obtain

©5"(S(w) = F(w)’ + Resy(G(w)) = 05" ((w)) + K(w)d + K(-u)G.
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As K(u) commutes with G and F(u) = F(u) + K(u), this gives

F(u)g — GF(-u) + K(-u)G — K(u)G + Resu(G(u))
(w)G — GF(—u) + Resu(G(u))
(u)? + Resy (G (u)). O

g (5(u)

F
F

Remark 3.3.10. The above theorem shows that X (gx, g%)® and Y (gn, g%)® are
filtered algebra deformations of the enveloping algebras U (gn[2]?) and U(gn|2]?), re-

spectively. In fact, they are filtered coideal deformations of these enveloping algebras.

Indeed, the Hopf algebra structure on X (gy) is filtered, and induces a Hopf struc-
ture on grX(gy) = U(gn|[z]) such that the isomorphism ¢z of Theorem 2.6.7 is an

isomorphism of Hopf algebras. In particular,

(pz ® 1) 0 Aoz = gr(A),

where A is the standard coproduct on U(§x/[2]). The coideal structure on X (g, g%)*”
given by Lemma 3.3.7 then induces the trivial coideal structure on U(§n[z]®) C
U(gn[z]) given by its standard Hopf subalgebra structure. That is, we have

(pz ® o) 0 A|U(§N[Z]ﬂ§) oy = gr(A|X(sN,g}’v)“”)‘

Now let us briefly discuss a few consequences of Theorem 3.3.9.

As U(g%) C U(gn[2]®) © U(gn[2]®) consists of elements of degree zero and
Fo(X (gn, g%)) embeds into grX (gx, g%)%, Theorem 3.3.9 yields an embedding

U(gh) = Y (gn, %)™ C X(gn, 03)""
In order to make this explicit, let us write

tr(9)

Gij = (9 — 5i')Ta

so that Resu(G(u)) = X jezy GijEij. In addition, we recall from Lemma 3.2.5 and
Proposition 3.2.8 that

Fj=(9u+gi)F; Y i,j€y.
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Corollary 3.3.11 ([GR16, Corollary 3.3]). The assignment
ooy —gy=s3 -85 ¥ ijely (3.3.26)
extends to an injective algebra homomorphism

U(e%) = Y(on, 83)™ C X(gn, %)™

As any graded basis of the associated graded algebra gr(of) (o being a N-filtered
unital, associative C-algebra) may be lifted to a basis of df, an important consequence
of Theorem 3.3.9 is that graded bases of U(§n|z]”) and U(gn[2]®) may be lifted to
bases of X (gn, g%)™ and Y (gn, g%)™, respectively.

Using Corollary 3.2.7, the formula (3.3.22) and the relation (3.3.25), we obtain
the following version of Theorem 3.2 and Corollary 3.4 from [GR16].

Corollary 3.3.12. Fiz any total orderings on the sets

_ (2r-1) (2r)
By =10i “}upestren U0 Yages; e
2r—1 2r
Bx = {sz(j )}(i,j)ezsg,reN U {Sz(j )}(i,j)eza;,reN U {Q2r}reN .
Then the set of ordered monomials in the elements of By is a basis of Y (gn, %)™,
and the set of ordered monomials in the elements of Bx is a basis of X(gn, g%)™.

3.3.4 Tensor product decomposition and the center

By Proposition 2.6.6, the center ZX (gn) of X (gy) is isomorphic to the polynomial al-
gebra Cly,],en. Similarly, the subalgebra W (gy, g%) of ZX (gn) generated by {g, }ren

is isomorphic to the polynomial ring C|goy]ren-

Lemma 3.3.13. The algebra homomorphism
ow : Clza]ren = W(gn, 0%), Tor— @2 VT EN.
is an isomorphism.

Proof. The injectivity of ¢y follows from Corollary 3.3.12, though we will not make
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use of this here. We view C|xs,|ren as a graded (and thus filtered) algebra by setting
degzo,=2r—1 V reN.

The homomorphism ¢y is then filtered, and to prove it is an isomorphism it suffices
to prove that
gr(ow) : grClza]ren = Clzgp]ren — ng(BN,QT’J;r)

is an isomorphism.

By (3.3.25), the image of ¢, in the associated graded algebra

gW (gn, %) C 12X (gn) = Clyr]ren

is (1+(—1)")y,, and thus grZ X (gn) = Clyer|ren. Therefore, gr(vw) can be identified

with the isomorphism
Clzor)ren = Clyorlren, Zor —2y2r Vr €N O
It follows from (3.3.15) that W (g, g%) is also generated by {ws, }ren and that
Clgzrlren = W (gn, gi) = Clwzrren-

Employing this identification and restricting the isomorphism

X(gn) = ZX(gn) @ Y(9n) = Clyrlren ® Y (8n),

of Theorem 2.6.3 to the subalgebra X (gn, g%)®, we recover [GR16, Theorem 3.1].

Theorem 3.3.14. The identification S(u) = q(u)S(u) induces an isomorphism
X(on,950)"™ = Clgarlren ® Y (g5, g)™ == Cluwzrlren © Y (g, 93)™-

One consequence of this theorem is that we may realize Y (gn, g%)® as a quotient
of X(gn,g%)™. Let

€5 = lwygz) ®id : X(gn, 03)™ — Y (g, 85)™, (3.3.27)
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where, as usual, € denotes the counit of X(gy). As e(q(u)) = e(w(u)) = 1, the kernel
Ker(e|W(gN’g}9v y) is generated as an ideal by the coefficients of g(u) — 1 or, equivalently,
by the coefficients of w(u) — 1.

Corollary 3.3.15. The epimorphism €y induces an isomorphism

X (gn, 93)"/ (w(w) — 1) = Y (g, g3)™"

The same assertion holds with w(u) replaced by q(u).
Remark 3.3.16. In fact, this is how the twisted Yangian Y (gy, g%)® was first
defined in [GR16].

We have not yet shown that W(gn,g%) is the whole center ZX (gn,g%)™ of
X(gn, g%)™. By Theorem 3.3.14, this will be true if Y (gy, g%)® has trivial center.
This is proven using the argument used to prove Corollary 2.5.6 after replacing the
role of [Mol07, Lemma 1.7.4] by [GR16, Proposition 3.4]. The following corollary

summarizes this result.

Corollary 3.3.17 ([GR16, Corollary 3.5]). ZY (gn, 9%)™ and ZX(gn,g5%)™ satisfy

ZY(gNag}?\T)tw =C- 17
ZX(gNa g%)tw = W(gNa g%) = C[Q2r]'r€N = (C[w2'r]'r€N-

In particular, Theorem 3.3.1/ implies that

X (g, o%)™ = ZX (9w, %)™ ® Y (g, g3)™-

3.3.5 The reflection algebra construction

Though we have been able to prove many fundamental properties of the twisted Yan-
gians X (gn, g%)™ and Y (gn, g%)", we have not yet given a set of defining relations
for either algebra in closed form. This was achieved in [GR16, §4-§5| using the re-
flection equation algebra formalism, which is intimately tied to the theory of twisted

Yangians.

In this subsection, we survey this construction. Although the techniques used to

develop it are very similar to those we have used in Chapter 2, our exposition will

110



be less complete than in §3.3.2-§3.3.4, where the results consisted almost entirely of

corollaries to our earlier work on (extended) Yangians.

We begin by defining the so-called refiection algebra associated to the symmetric
pairs (g, g%) from (3.0.1). We continue to assume that G is as in (3.2.11) or (3.2.12).

Definition 3.3.18. The reflection algebra X(gy,g%)™ is the unital associative C-
algebra generated by {sg)}i,je;rN,reN, which are subject to the defining reflection equa-

tion

R(u — v)S1(u)R(u + v)S2(v) = Sa(v)R(u + v)S1(u) R(u — v)

3.3.28
in  End(CY)®? @ X(gw, g3)™ [u™, v*], ( )
where S(u) € End(CY) ® X(gn, g%)™[u"1] is given by

S(U) = Z Eij ® sij(u), with sij (U) = gij + Z sg)u_r_l.

t,j€IN r>1

By Lemma 3.3.1, X(gx, %)™ has a one dimensional representation given by the

matrix G(u) (see (3.3.2)). Equivalently, there is an algebra homomorphism

ex : X(gn, 9%)™ = C,  S(u) — G(u). (3.3.29)

The reflection algebra also admits analogues of the automorphisms (3.3.19) and
(3.3.21) of X(gn,g%)™. Indeed, for any g(u) € 1+ u *CJu~!], the assignment

vy : S(u) = g(u)S(u) (3.3.30)

extends to an automorphism v, € Aut(X(gy, g%)™). We will see in a short while that
these automorphisms induce the automorphisms v, € Aut(X(gn,g%)™) defined in

(3.3.19), which will provide justification for our notation.

Similarly, if A € G(R) satisfies AGA™! = G, then the same type of argument as

used to prove Part (1) of Lemma 3.2.4 shows that the assignment
Ads(A) : S(u) — AS(u)A™* (3.3.31)
extends to an automorphism Ads(A) € Aut(X(gn, g%)™).

111



Remark 3.3.19. If AGA™! is not equal to G, then the assignment (3.3.31) does not
preserve the unit. However, AS(u)A* will still be a solution of the reflection equation
(3.3.28).

The following theorem, which combines Proposition 5.1, Theorem 5.1 and Theo-
rem 5.2 of [GR16], can be viewed as universal version of Lemma 3.3.2. Let p(u) =
pg(u) be as in (3.3.9).

Theorem 3.3.20. There exists a unique central series

C(U) =1+ Z CTU_T_I el+ 'U:_IZX(gN) gl’l;/')tw[[u_l]]

r>1

satisfying the relation
QS:(w)R(2u — k)S; (k — u) = S3(k — w)R(2u — k)S1(1)Q = p(u)c(u)Q. (3.3.32)

Moreover, c(u) is uniquely determined by

S(u) + tr(S(w)) - I

p(u)c(w)S(k — u) = S*(u) F T

(3.3.33)

Proof. The same argument as used to prove Lemma 3.3.2 shows that there exists a

unique series x(u) € X(gn, g%)™ [u~1] satisfying
QS1(u)R(2u — k)S5 1 (k — u) = S; 1 (k — w)R(2u — k)51 (¥)Q = x(u)Q.

We then define c(u) = p(u)~'x(u). Applying the homomorphism ex from (3.3.29) to
both sides of the above and appealing to Lemma 3.3.2, we find that ex(c(u)) = 1,

and hence c(u) has constant term 1.

The proof that c(u) has coefficients belonging to the center ZX(gn,g%)™ of
X(gn, g%)™ is more complicated, and we refer the reader to [GR16, Theorem 5.1]

for complete details.

Consider now the relation (3.3.33). If it holds, then it uniquely determines c(u)
as S(k — u) is invertible. Let us prove that it indeed holds. By (3.3.32), we have

QS:1(vw)R(2u — k) = p(u)c(u)QS2(k — u).
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Using the relations from (3.1.4) to expand the left-hand side, we find that

Sa(u) n tr(S(u)) - I

< (Sé(“) Tou—r " 2u—2s ) = p(u)c(u)QSz(k — u).

Fixing 4, j € Zy and applying both sides of the above to e_; ® e; gives

b-00® (55-5-s0) % 22+, 75N — g & plurctuisy(e - ),

where vg and 0_; are as in (3.1.5). As vg is nonzero, these relations are equivalent to
(3.3.33). O

As a corollary to the above theorem, we obtain a universal version of the relation
(3.3.8) from Proposition 3.3.3.

Corollary 3.3.21. The central series c(u) € X(gn, g%)™[u™] the equivalent rela-

tions

c(u)p(uw)tr(S(k — w)) = pr(w)tr(S(w)),
c(u)g(u)tr(S(k — ) = g (rx — u)tr(S(u)).

These relations uniquely determine c(u) when tr(G) # 0.

(3.3.34)

Proof. Taking the trace of both sides of (3.3.33) gives the first relation in (3.3.34).

That this is equivalent to the second relation is due to (3.3.8). Since
tr(S(u)) € tr(G) + v X(an, 83) ™ [u™"],

the series tr(S(x —u)) will be a unit in X(gn, g% )™ [u~1] provided tr(G) # 0, in which

case

Cgs—w)  6(S@)
@="gw  wGm-w) -

We are now in a position to state the main theorem of this subsection, which
relates the extended Yangian X (g, g% )™ to the reflection algebra X(gy, g% )™ and,

consequently, gives a concrete set of defining relations for the former algebra.

Theorem 3.3.22 ([GR16, Theorem 4.2]). The assignment S(u) — S(u) extends to
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an epimorphism of algebras

@5 : X(g, %)™ > X (gw, o0)"™
with kernel Ker(®y) = (c(u) — 1).

Proof. We will not give a complete proof, but we will show S(u) — S(u) defines an

epimorphism ®, which induces a surjection

®5 : X(gn, 83)™/(c(u) — 1) - X (gn, g)™. (3.3.35)

These results have been established in Lemmas 4.2 and 4.3 of [GR16], though our ar-
guments will differ slightly. To show that there is an epimorphism as in the statement

of the theorem, we must show S(u) satisfies the reflection equation (3.3.28).

By (2.7.17), we have
T(u) = z(u — K)T(u — k)71, (3.3.36)

and hence, by the centrality of z(u) and the definition of S(u) (see (3.3.12)), it suffices
to prove that

R(u — v)Ty(4)G1 (v)T1 (%) " R(u + v)To(4)Ga(v) Ta (D) !

R(u —v)Ty(v) Ty (u)~
R(u —v)Ty(v) ' Ty(u) ™

(3.3.37)
= T5(0)G2(v)T2(d) * R(u + v) Ty (@) G1 (w) T1 (%) ' R(u — v),
where & = u — k/2 and & = —u — k/2. We will make use of the relations
To(v) ' R(u — v)Ti(u) = Ty (u)R(u — v)Ta(v) 7},
Ti(v) " R(u — v)Ty(uv) = To(u)R(u — v)T1(v) 4, (33.38)
V= Ty (w) ' (v)  R(u — v),
T(

u) T (v) T R(u — v).

The first and third relations follow immediately from (2.4.1), while the second and
fourth relations follow from the first and third, respectively, after applying the per-

mutation operator ¢ ® 1 (here 0 = o¢~ ¢~ in the notation of §2.1).
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As ¥ — 4 = u + v, the second relation of (3.3.38) implies that

R(u — v)T1(4)G1 (u) Ty (4) " R(u + v) Ta(8) G2 (v) Ta(D) ™
= R(u — v)T1 (%) T2 (0)G1 (w) R(u + v)Ga (v) Ty (&) " To () *
= To(®)T1(4) R(u — v)G1(u) R(u + v)Go (v) Ty (&) " Ta(d) 2,

where to obtain the last equality we have applied (2.4.1). By Lemma 3.3.1, G(u) is a

solution to the reflection equation. Therefore,

R(u —v)T1(4)G1 (w) Ty (4) "  R(u + v)T2(9) G2 (v) Ta(0) *
= T5(0)T1(%)G2(v) R(u + v)G1(u) R(u — v) T} ('&/)_ITQ('l.))_l
= T5(9)G2(v) Ty (&) R(u + v)T2(0) "' G1 (u)T1 (@) " R(u — v),

where to obtain the last equality we have employed the fourth relation of (3.3.38). A
single application of the first relation in (3.3.38) then completes the proof of (3.3.37).

To prove that ®y(c(u)) = 1, it is enough to show that
QS1(v)R(2u — k) = p(u)QS2(k — u). (3.3.39)

Indeed, by the proof of the relation (3.3.33), this will imply that (3.3.33) holds with
c(u) replaced by 1 and S(u) by S(u).

Since QT1(u) = QT%(u) (see (3.1.4)), the left-hand side of (3.3.39) is equal to
QG1(W) T3 (u—r/2)T{ (—utr/2)R(2u—k) = QG1(u) R(2u—r)Ti(—u+r/2) T3 (u—r/2),

where we have used (3.3.36) together with the last relation of (3.3.38). By (3.3.5)
and (3.1.4), we thus have

QS1(u)R(2u — k) = p(u) QT (—u + £/2)G2(k — u)T; (u — K/2)
p(u)QTy(—u + k/2)Ga(k — u)Th(u — K/2)
= p(u)QS2(k — u).

Therefore, ®4(c(u)) = 1, and we can conclude that &4 induces ®§ as in (3.3.35).

Now let us provide a partial sketch of the proof that ®§ is an isomorphism, using
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the recurring ideas of Chapter 2. One defines a filtration on X(gy, g% )™ by assigning
filtration degrees
degsg):r—l vV reN.

This induces a filtration on the quotient X(gx, g% )™ /(c(u)—1) such that ®5 is filtered.

It thus suffices to prove that the associated graded morphism

gr(@5) : gr(X(gw, 63)™/(c(w) — 1)) = grX(gw, 63)™ = U(§nl2]®)

is an isomorphism. This is achieved by composing gr(®5) with an epimorphism

U(gnl2)®) - gr(X(aw, 93)™/(c(u) — 1))

and showing that the resulting map is an automorphism of U(§y[2]?). To construct
an epimorphism as above, one needs to identify defining relations for U(gy[2]?). This

can be done in general using a variant of the construction given in §2.3.

In [GR16], this was first done for Y (g, g%)® rather than X (gn, g%): see the
proof of [GR16, Theorem 4.1]. O

Corollary 3.3.23. The extended twisted Yangian X (gn, 9%)® is isomorphic to the
unital associative C-algebra generated by {sg)}i,jezN,reN, subject only to the relations
R(u — v)S1(u)R(u + v)Sa(v) = Sa(v)R(u + v)S1(u)R(u — v), (3.3.40)

p()S (s —u) = §'(u) F o)y TOW) T

(3.3.41)
where S(u) € End(CY) ® X (gn, g%)™[u~] is given by

Swy= 3 Ey@syw), with syw)=gj+ 3 sHu1,

1,j€EIN r>1

The defining relation (3.3.41) will be called the symmetry relation for X (gx, g% )™.

It is equivalent to

sij(u) | o tr(S(w))
2u—n+5”2u—2m v

p(u)sij(k —u) = 0ij5_j,—i(u) F i,j € In,
with p(u) = pg(u) given explicitly by (3.3.9).
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Using the expansion (2.7.15) of R(u), one can also expand the reflection equation
(3.3.40) in terms of the generating series {s;;(u)};jezy. This yields the following
relations for all ¢, j,k,l € In:

[si5(w), sk1(v)]

- L - (skj (u) sit(v) — s (V) sa (u))

o i - EI;N (5kj Sia() sa(v) — 8t $a(V) S (u))

- ! I (ska(u) sat(V) = Ska(v) saz(u))

_ u_vl_ﬂ aezI;N (5,6,_1. Oia Saj (1) S—a1(v) — 01, Bas Sk—a(v) 8ia(“)> (3.3.42)
o (B k(@) 5a(0) — Otk (0) 515(w)

g > (5k,_i $—j,a(®) 8a1(v) — 01— Ska(v) 8“’_i(u))

(u+v)(u—v—kK)
i (3hes @) 500 — 3 (0) 50w
Z (5k,_i Saa(U) $—j1(v) — 81— Sk,—i(v) saa(u)).

_ i
(u—v—k)(ut+v—k) T

By Corollary 3.3.15, to obtain defining relations for Y (g, g% )™, one replaces sg),

sij(u), and S(u) by ag ), 0;j(u) and S(u), respectively, in Corollary 3.3.23 and imposes

the additional unitary relation

S(u)S(—u) =1.

As a consequence of Corollary 3.3.21, one can equivalently characterize the sym-
metry relation (3.3.41) in terms of the trace of S(u) provided tr(G) # 0. This is

spelled out in the next result.

Corollary 3.3.24. The symmetry relation (3.3.41) implies that
g(u)tr(S(k — u)) = g(k — u)tr(S(u)).
If tr(G) # 0, then this relation is equivalent to (3.3.41).
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Next, as promised, we explain how the automorphism v, of (3.3.30) induces the
automorphism (3.3.19) of X (g, g%)®, following [GR16, Proposition 5.2]. Let g(u) €
1+ u 'CJu™!]. By (3.3.32), we have

vg(c(u)) = g(u)g(s — u)~c(u). (3.343)

Consequently, v, fixes c(u) if and only if g(u) = g(k — u). When this is the case,
Theorem 3.3.22 implies that v, induces an automorphism of X (g, g% )® which is nec-
essarily determined by S(u) — g(u)S(u), and hence coincides with the automorphism
(3.3.19).

The reflection algebra X(gy, g% )™ has many other interesting properties which we
are not able to discuss in detail here. For instance, the subalgebra generated by the

coefficients of c(u) is a polynomial algebra Clce,—1]ren, and there is an isomorphism

X(gw, 8%)™ = Clear—1]ren ® X (gn, o)™

which identifies X (gn, g%)® with a subalgebra of X(gn, g%)™ fixed by a subfamily
of the automorphisms v,. The reader is referred to §5 of [GR16] for more details.

3.3.6 Equivalent presentations

We now address two potential ambiguities which arise with our definitions of the
twisted Yangians X (gn, %)% and Y (gn, g% )®.

Suppose first that (g, g%) is of the form (g, g,  g,), where in addition to our
usual assumption that 0 < ¢ < N is an even integer, we assume p = N — ¢ is even
and strictly less that N (in particular, N = 2n). In this case our definition of the
automorphism 9 (see (3.2.2)) can take as input the matrix G = G, or G = G,,, where

q/2
Gg=1-2 Z(EN+1—G,,N+1—G, + E4N-14-N-1),

a=1
p/2
gp =1-2 Z(EN+1—a,N+1—a + Ea,—N—l,a—N—l)-

a=1
Definition 3.3.6 then gives two different extended twisted Yangians associated to the

pair (gn,8p D gq). The first takes as input G(u) = G4(u) and the second is defined
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using G(u) = Gp(u). We follow the convention that g, is always the right summand,
so X (gn, 8, D gq)™ corresponds to G,(u) and X (gn, g, D gp)™ corresponds to G,(u).
Such a distinction is only necessary when the underlying involution ¥ = Ad(G) is not

specified. As
9 D 8q = 8¢ D Gp,

one would hope that there is an isomorphism

X (o8, 8q D 0p)™ = X (g, 9p D 9g)™

which induces an isomorphism between Y (gn, gq @ gp)™ and Y (g, gp ® gg)™. Our
first goal of this subsection is to construct such an isomorphism explicitly.

For each a € {p, q}, let

(P(4)a, g(u)a, w(w)a, S(t)a)

be the tuple (pg, (u), g (u), w(u), S(u)) corresponding to X (gn, gn_a ® ga)™. Set

A= Z(Ei,n—i+1 +E_i_nyi-1)

i=1

The matrix A belongs to Gy (C) (see (3.2.6)) and satisfies
quA_1 = quAt =—G, and A2 =1.

Proposition 3.3.25. The assignment

tr(G,) — 4u

Opq : S(u), — (tr(gq)—l—élu) AS(u) At (3.3.44)

extends to an isomorphism

Opq : X (8N, 8, D GP)tw -5 X(gn,0p ® Gq)tw-

Moreover, ©, , induces an isomorphism between Y (gn, ;P 8,)™ and Y (gn, 8pDgq)™ -
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Proof. First note that

G,(u) = tr(Gp)l — 4uG, _tr(gq)AAt — 4uAG, A

tr(G,) —4u —tr(G,) — 4u
_ (tr(Gg) —4u u) At
(g 7 40) A5

In particular, the assignment ©, , defined by (3.3.44) preserves the unit.

Since A € Gy(C) C G(R), (3.3.31) and Remark 3.3.19 imply that AS(u),A™?,
and thus ©,,,(5(u),), satisfies the reflection equation (3.3.40).

Next, note that
tr(Gy) —4u __ g(u)
tr(Gg) +4u  g(u)

and consider the symmetry relation (3.3.41). We have

AS(u) At tr(AS(u),AY) - I

2u — K 2u — 2K

p(w) AS(k — u) A = AS*(u), A" F

It follows that ©,,(S(u),) will satisfy (3.3.41) provided

P(u)g (wpg (u)g" = p(w)pg (5 — w)pg (k- u);".

This relation is a consequence of the relation (3.3.8) of Proposition 3.3.3. Therefore,
(3.3.44) defines a homomorphism ©,,,. It is easily seen to be an isomorphism: in fact,

it satisfies
@q,p =0,.

y20

Since O, 4 also satisfies
Opq(W(u)p]) = Bype(S(w)pS(—u)p) = AS(w)S(~u)A’ = w(u)y,

Corollary 3.3.15 implies that it induces an isomorphism between Y (gn, g, ® g,)™ and
Y(gn, gp © 99)™ O

Remark 3.3.26. Proposition 3.3.25 provides justification for the restriction p > ¢
which was imposed in [GR16, GRW17, GRW19b]. We will, however, not impose this
condition until Chapter 5, as it will not have any bearing on our results until that
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point. One reason for working in this generality is that the restriction of scalars
functor ©}, , does not commute with the notion of highest weight module to be defined
in Chapter 4, but instead interchanges the role of highest and lowest weight theory.

Let us now consider instead those symmetric pairs which are of type BI. That is,

(gn, 8%) = (802n11,50, ® 50,),

where p = N — q = 2n+ 1 — q is necessarily odd. In [GRW17, GRW19b], the type BI

classification was refined into

Bl(a) : (s02n+41,50, @ s0,) with p > g,

BI(b) : (s02n+1,50, ® s0,) Wwith p < gq.

In the latter case, the underlying matrix G used to define the pair was replaced with
—@G, where G is as in (3.2.12). That is,

gGRWZ—g=I—2 Z Ea.a,-
a€ly
Such a refinement is in fact not necessary, and the definition given in this thesis leads
to a more uniform theory. However, we should still show that the definition given here
is consistent with that from [GRW17, GRW19b]. In other words, we should establish

an isomorphism
X (509n41,50, D 504)™ = X (§020,11,50, D 50,)5% (3.3.45)

whenever p < ¢, where X (s025,41,50, ® 50,)%  is defined by Definition 3.3.6 with

G(u) replaced by

G (W)amy = ™ ) G(u).

Gorw)I — 4uGerw [ tr(G) — 4u
tr(Gorw) —4u  \tr(G) + 4u

tw

Let S(u)arw be the generating matrix S(u) corresponding to X (s02,.+1,50, ®50,)2% .

We then have the following proposition.
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Proposition 3.3.27. Suppose p < q. Then the assignment

tr(Gerw) — 4u

BI(b) .
0, : S(u) — (tr(gGRw) "

) S

extends to an isomorphism
BI(b tw ~ t
O510) : X (502n11,50, B 509)™ =2 X (509041, 50,  504)7 .

In addition, GQBI(”) induces an isomorphism

tw

t
Y(502n+1,50p S 50q) v Y(5°2'n+1a50p 6950II)G,RW'

Proof. The proposition is proven in the same way as Proposition 3.3.25, verbatim. [J

3.4 Twisted Yangians of type A

We conclude this chapter by providing an unfairly brief introduction to twisted Yan-

gians associated to symmetric pairs of type A. These pairs take the form

AO: (5[1\{,5[1\]),
AIIT : (sly,sl, @ gly) = (sly,sl, ® C @ sly) = (sly, gl, @ sly),
AT: (5[N,50N) and AIl: (5[N,5PN),

where 0 < ¢ < N and p = N — q. It will be convenient for us to enlarge the AIII
family as
AL : (sly,sl, @ gl,) with 0<g<N,

so that the special case ¢ = 0 encodes the trivial pairs (sly,sly) of type AO.

The pairs (sly, sl, ® gl;) can be explicitly realized using the construction of §3.2:
one takes ¥ = Ad(G) = Ad,(G)]s1y (as in (3.2.2)) with

p q
G=23Eswu—-I=1-2% En_as1N-at1, (3.4.1)
a=1 a=1

where in this case we replace Iy by {1,...,N}.
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We have already seen the symmetric pairs (sly, gn) of Al and AlI realized using
the involution 6 introduced in (2.7.10). Indeed, this is precisely our fixed realization
of gn: see §3.1.1. We note that € is not an inner automorphism, and thus not equal

to an involution of the form (3.2.2).

In what follows, we will write Y (gly) for X(gly), as is the convention in the
literature: see §2.7.2.1 and §3.1.1. In this section alone, R(u) will always denote the
rational R-matrix (2.7.4).

3.4.1 Twisted Yangians associated to (sly,gy)

Fix N > 2if gy = spy and N > 3 if g = son. The definitions and results given below
are borrowed from [Mol07], though we shall proceed in an order consistent with the

previous sections.

Definition 3.4.1. Let ¢ be the transpose (2.7.9). Then:

(1) The extended twisted Yangian X (sly,gn)™ is the subalgebra of Y (gly) gener-

ated by the coefficients {sg)}i,jeZN,reN of

S(u) = T(u)T*(—u) € End(C") @ Y (gly)[u""],
where S(u) = Y E;;®s;(u) and  s;(u) =6+ > s(T) -,

1,j€ELN r>1

(2) The twisted Yangian Y (sly, gn)™ is the subalgebra of Y (sly) generated by the

coefficients {O'g)}i,jeIN,reN of

S( ) = T (u)T*(—u) € End(CY) ® Y (sly)[u""],
where S(u)= > E;j®o0;(u) and  o0y(u) =6; + Za(r) -

1,J€ELN r>1

The center of the twisted Yangian X (sly, gn )™ can be described using the Skiyanin
determinant sdetS(u), which serves as a twisted Yangian analogue of the quantum

determinant qdetT'(u) given by (2.7.7). To define it, we introduce the scalar series
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ay(u) by
1 if gy = spn,

an(u) =9 2u+1
2u — N +1

The series sdetS(u) is then given by

if gy =son.

sdetS(u) = ay(u)qdetT (u)qdetT(—u + N — 1) € ZY (gln)[u™"] (3.4.2)

By Proposition 2.5.1 and Theorem 2.5.3 of [Mol07], the coefficients of sdet.S(u) belong
to X (sly, gn)™, and thus to its center ZX (sly, gn)™.

Now recall from §2.7.2.1 that the central series y(u) from (2.7.1) is equal to the
series d(u) uniquely determined by (2.7.6). Set

d(u) = y(u)y(—u) =1+ doru™ € 1+ v ZY (ghv)[u™"].

r>1

Then ¢(u) is the unique solution of
ay(u)'sdetS(u) = ¢(u)d(u —1)---§(u — N +1)
in 1+ 4™ 1ZY (gly)[u"], and it thus has coefficients in ZX (sly, gn)™. As
S(w) = 4(u)S(u),

the natural embedding Y (sly, gn)™ < Y (gly) does in fact have image contained in
X (sln, gn)™. Analogously to Theorem 3.3.14, restricting the isomorphism of Theo-

rem 2.6.3 leads to a tensor decomposition

X(sly, gn)™ = ZX (sly, gn)™ @ Y (sly, gn)™ = Cldar)ren ® Y (sly, o)™,

which in turn implies that
Y (sly, gv)™ = X (sly, gn)™ /(d(w) — 1) = X (s, on)™/ (e (u) 'sdetS(u) — 1).

The twisted Yangian X (sly, gn)® may also be reconstructed using the reflection

algebra formalism; however, one must alter the underlying reflection equation. The
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following theorem, which is a consequence of [Mol07, Theorem 2.4.3] and [Mol07,

Proposition 2.15.1], provides the desired presentation.

Theorem 3.4.2. The extended twisted Yangian X (sly,gn)™ is isomorphic to the

unital associative C-algebra generated by {Sg)}i,jeIN,reN; subject only to the relations

R(u — v)S;(u) Rt (—u — v)S3(v) = Sa(v) R (—u — v)S1(u) R(u — v), (3.4.3)
St(u) = S(—u) + M

44
- (3:44)

where S(u) € End(CN) ® X (sly, gn)™[u"!] is given by

i,j€In r>1

The relation (3.4.4) is called the symmetry relation for X (sly, gn)™. The defining

reflection equation (3.4.3) may be expanded explicitly as

[ s:5 (), s(v)] = ” i 5 (skj (u) sa(v) — sk;(v) s (u))
~ i » (Ok,_j 8i,—k() 8- (V) — 0i 1 8,—i(v) 51,5 (u)) (3.4.5)

+ ivz 0i,—; (Sk,—i(u) s—a(V) = s6-i(v) 541 (u)>’

u2
where 1, j, k, [ take values in Zy.

A truly remarkable property of the twisted Yangians X (sly, gn)® is that they
admit evaluation homomorphisms onto the enveloping algebra U(gy). These are

defined in the following proposition.

Proposition 3.4.3 ([Mol07, Proposition 2.1.2]). The assignment
1 -1
ev:sij(u)|—>5ij+ﬂj (U:I:2> A i,jEIN

extends to an algebra epimorphism ev : X (sly, gn)™ — U(gn), called the evaluation

homomorphism. Additionally, the assignment

Fy—sy Y ijely
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extends to an algebra embedding ¢ : U(gn) — X (sly, gn)*™ which satisfies

evol = idU(gN)-

For the above formulation of [Mol07, Proposition 2.1.2], we refer the reader to
[Mol07, (2.106)].

The algebras X (sly, gn)™ and Y (sly, gn)™ were introduced by G. Olshanski in
the 1991 paper [Ols92], where they were denoted Y*(N) and [Y*(N)], respectively.
In [Mol07], they are denoted Y (gn) and SY (gn). It was in [Ols92] where the terminol-
ogy twisted Yangian was first used. In this subsection, we have barely even scratched
the surface of Olshanski’s original work. Since then, there have been extensive ad-
vances — including several interesting applications of the evaluation homomorphisms

of Proposition 3.4.3. We refer to the reader to [Mol07] for a more satisfying exposition.

3.4.2 Twisted Yangians associated to (sly,sl, ® gl;)

We now fix N > 2 and replace Zy by the indexing set {1,..., N}. In addition, we fix
an integer 0 < g < N andset p=N —q.
Definition 3.4.4. Let G = Y., g;;E;; be given by (3.4.1). Then:

i,j=1

(1) The extended twisted Yangian X (sly,sl, @ gl,)™ is the subalgebra of Y (gly)

generated by the coefficients {bg)}lsms Nren Of
B(u) = T(w)GT(—u)~" € End(CY) ® Y (gly)[u "],

N
where B(u) = Y E; ®by(u) and  b(u) =gij + Y bg)u_r.

ig=1 r>1

(2) The twisted Yangian Y (sly,sl, ® gl,)™ is the subalgebra of Y (sly) generated

by the coefficients {O'g )}15“3 Nren Of

B(u) = T(u)GT (—u)™! € End(C") @ Y(sly)[u™],

N
where B(u) = > E;; ®o;;(u) and  0y(u) = g5+ ) ag)u_r.

3,j=1 r>1
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Remark 3.4.5. We have included the value ¢ = N in order to simplify our lives in
§4.4. However, in this case our notation becomes a bit misleading as the underlying
symmetric pair is of course not actually (sly,gly), but rather (sly,sly). This will
not cause any confusion; after all, X (sly, sly)™ and X (sly, gly)* as defined above
are equal as subalgebras of Y (gly), with the generating matrix B(u) of both equal
up to a negative sign. The same assertion holds for Y (sly, sly)®™ and Y (sly, gly)™.

Like in the (sly,gn) case, there is a Sklyanin determinant sdetB(u) which may
be used to describe the center ZX (sly, sl, & gl,)™ of X (sly, sl, ® gly)™. We will not
take this approach here, and instead refer the reader to [MR02, Roz10].

Recall that y(u) = d(u), where d(u) is as in (2.7.6), and define

d(u) =ywy(—uw) =1+ ¢u T el +uZY(gln)[u "]

r>1

It is not immediate from this definition that the coefficients of ¢(u) actually belong
to X (sly,sl, @ gl,)™. However, they do generate a subalgebra of

ZY (glv) = Clgp]ren

isomorphic to the polynomial ring C[ga,—1]-en in the odd coefficients of g(u). Indeed,

this is just a consequence of the fact that

a4 =Yr — (_1)Tyr mod F'r—2(Y(g[N))-
Moreover, ¢(u) satisfies the relation
B(u) = §(u)B(w).
Restricting the isomorphism of Theorem 2.6.3 to X (sly,sl, @ gl,)™ thus gives an
injection
X (sln, sl @ gly)™ < Cldar-1]ren ® Y (sln, 51, @ gly)™,

which is easily seen to be surjective by considering the associated graded map. In
particular, the coefficients of §(u) do belong to (the center of) X (sly, sl, @ gl,)™ and

127



the proof of Corollary 3.3.15 shows that
Y (sly, sl, @ gly)™ = X (sly, s, @ g1,)™/(4(w) — 1).

It was argued in the proof of [MR02, Theorem 3.4] that Y (sly, sl, @ gl,)* has trivial

center, and hence we also have

X (sly,sl, ® gl,)™ = ZY (sly, s, @ gly)™ ® Y (sly, s, @ gl,)™,
and  ZY (sly, sl ® gl)™ = Cldar—1]ren-

Now let us turn to the reflection algebra formalism for X (sly, 50, ® gl,)™.

Definition 3.4.6. The reflection algebra X(sly, sl, ® gl,)™ is the unital associative
C-algebra generated by {b,g")}i’jelN,reN, which are subject to the defining reflection

equation

R(u — v)B1(u)R(u + v)Ba(v) = B2(v)R(u + v)B1(u) R(u — v)

in  End(CY)® ® X(sl i (3.46)
Nas[P@g[Q) I[’U, y U ]]7

where B(u) € End(CY) ® X(sly, 51, ® gl,)™[u!] is given by

B(u) = Z Eij ® bij (U), with bij (U) = 0ij + Z bg)’u_r_l.

i,J€IN r>1

By expanding R(u) in (3.4.6), we find that it is equivalent to
i), bia(0)] = - (brg()bie(v) — biy (¥)baw) )
LS (b)) b b)) (@47)

a=1

_ 11,211)2 z:‘sij (bka(u)bal(v) o bk“(v)bal(u)>,

u—+v

where 14, j, k, [ take values in {1,..., N}. In Proposition 2.1 of [MR02], it was shown

that there exists an even central series

() € 1+ u " X(sly, s, @ gl,) ™ [u "]
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uniquely determined by
B(u)B(—u) = f(u)I.

One then has the following analogue of Theorem 3.3.22 and Corollary 3.3.23, which
is equivalent to [MR02, Theorem 3.1].

Theorem 3.4.7. The assignment B(u) — B(u) extends to an epimorphism of alge-
bras
X(sly, 50, ® gly)™ — X (sly, 5L, @ gly)™

with kernel equal to (f(u) — 1). Consequently, X (sly,sl, @ gl,)™ isomorphic to the

unital associative C-algebra generated by {b,g;)}lsi,jg N,reN, subject only to the relations

R(u — v)B1(u)R(u + v) B2(v) = Ba(v)R(u + v) By (u)R(u — v),
B(u)B(—u) =1,

where B(u) € End(CY) ® X (sly, sl, ® gl,)™[u~'] is given by

Bu)= ¥ Ey®by(u), with bi(u)=gy+ > bPu"",

,J€EIN r>1

Reflection algebras of type AIIl were introduced by E. Sklyanin in the 1988 pa-
per [Ski88], while the twisted Yangians X (sly,sl, & gl,)®™ and Y (sly,sl, ® gl,)™
were introduced by A. Molev and E. Ragoucy in [MR02], where they were denoted
B(N, q) and SB(N, q), respectively. This notation was also used in [GRW16, GRW17,
GRW19b], where B(N, q) was called the Molev-Ragoucy reflection algebra. They have
been less studied then their type AI and AII counterparts, but will play a very im-
portant role in Chapters 4 and 5 below.
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Chapter 4

Highest Weight Theory for Twisted

Yangians

We now turn to studying the representation theory for the twisted Yangians of types
B, C and D introduced in §3.3, with a emphasis on the finite-dimensional irreducible
representations of the extended twisted Yangian X (g, g%)®™'. Our goal in this chap-
ter is to lay the foundations needed to classify the finite-dimensional irreducible rep-
resentations of both X (gn,g%)® and Y (gy, %)™ — a classification which will be

partially achieved in Chapter 5.
The first ingredient needed is a highest weight theory for X (gy, g%)® compatible

with its finite-dimensional irreducible modules. Such a theory is developed in §4.2
using a familiar approach. In §4.2.2, we give the relevant definitions and first results,
including a proof that every finite-dimensional irreducible module is of highest weight
type: see Theorem 4.2.6. In §4.2.3, we introduce Verma modules and study the
compatibility of our notion of highest weight module with the coideal structure of
X (gn,g%)™: see Proposition 4.2.11 and Corollary 4.2.12.

In §4.3 and §4.4, we construct two other tools instrumental to the study of finite-
dimensional irreducible X (g, g% )®-modules. The first of these tools, developed in

§4.3, addresses the problem that there is no obvious embedding

’19 w w
X (gn-2,052)™ < X(gn, g5)™.

1) The emphasis on X (g, g% )*, rather than Y (gn, g%)*, will be explained in §4.2.1.
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(Here our notation is as in §4.3.) Our solution to this problem, which is inspired by a
result of [MR02], is to show that one can still build a X (gn—2, Q%E)Q)tw-module struc-
ture on a subspace of any X (gn, g% )*-module V, in a manner which is compatible
with highest weight theory: see Proposition 4.3.4 and Corollary 4.3.7.

The tool constructed in §4.4 is similar, but the role of X (gy_a2, g}‘i,(?z)tw

instead by a twisted Yangian X (sl,, sl ®gle)*™ of type AIIL see Proposition 4.4.1. We
)tw

is played

use this tool to prove Theorem 4.4.4, which characterizes exactly when a X (gx, g%
Verma module is non-trivial. In addition, it will allow us to associate a (n—1)-tuple of
polynomials (P;(u))2,, together with a scalar «, to any finite-dimensional irreducible

module: see Proposition 4.4.5.

Our approach to the representation theory of X (gx, g%)® depends, in many ways,
on the representation theory of the extended Yangian X (gy), which has been studied
by D. Arnaudon, A. Molev and E. Ragoucy in [AMRO6]. For this reason, we have

included an exposition to their results in the first section of this chapter.

4.1 Representations of X(gy) and Y (gy)

Let us begin by recalling some of the results developed in [AMRO6] for the extended
Yangians X (gn) and the Yangian Y (gn).

4.1.1 Representations of X (gy)

A representation V of X (gy) is a highest weight representation if there exists a nonzero
vector £ € V such that V = X(gn) € and

tm(u)f =0 V i< ] € IN,

where, for each i € Zy, \;i(u) is a formal power series in C[u~!] of the form
XN(w) =1+ 20, AP ec.

r=1
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The vector £ is called the highest weight vector of V and the N-tuple A(u) = (Ai(u))iezy
is called the highest weight of V.

Theorem 4.1.1 ([AMRO06, Theorem 5.1)). Every finite-dimensional irreducible rep-
resentation V' of X (gn) is a highest weight representation. Moreover, V contains a

unique highest weight vector, up to multiplication by a nonzero scalar.

Given an N-tuple A(u), the Verma module M (A(u)) is defined as the quotient of
X (gn) by the left ideal generated by all the coefficients of the series

tij (U) with 1< ] € IN,

It is not the case that M(A(u)) is always non-trivial. However, there is a precise

classification of when this occurs due to Arnaudon, Molev and Ragoucy.

Proposition 4.1.2 ([AMRO06, Proposition 5.14]). M(A(u)) is non-trivial if and only
if the components of the highest weight satisfy

)\_z(u) _ )\i+1(u —K+n-— ’L)

Mia(u)  N(u—Kk+n—i) for i€ Iy\{n}. (4.1.1)

The following simple lemma from [GRW17] will play an important role in estab-
lishing the X (gn, g% )"-analogue of the above result in §4.4.

Lemma 4.1.3. Fiz a tuple (\i(w));ery with Mi(w) € 1+ 'Clu™"] for each i € Iy,

and let v(u) be any series of the same form. Then

(1) If N = 2n + 1, then there is a unique N-tuple A\(u) extending ()‘i(u))iez;g with
the property that the X (gn)-module M (A(u)) is non-trivial.

(2) If N = 2n, then for each fized k € I3 there exists a unique N-tuple \(u)
extending ()\,(u))zeq with the property that \_i(u) = v(u) and the X(gn)-
module M (A\(w)) is non-trivial.

Proof. Suppose first that N = 2n + 1. The condition (4.1.1) forces us to define

_ do(u—£K+n)
A_l(u) = m)\o(u)
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and recursively

Ai(u — K +n—1)
)\i+1(u—/<a+n—i)

Acimi(u) = Aiu) V 1<i<n-1.
In this way we can associate a unique N-tuple A(u) to ()‘(“))zezjg satisfying the claimed
properties.

If instead N = 2n, then the condition (4.1.1) alone no longer uniquely determines
an N-tuple A(u) from ()‘(u))iezj(,' However, fixing k € Zf; and setting A_x(u) = v(u),
a simple modification of the argument used in the N = 2n + 1 case shows that the

condition (4.1.1) does produce a unique 2n-tuple with the desired properties. O]

If M(A(u)) is non-trivial, then it has a unique irreducible (non-zero) quotient
L(\(u)), and any irreducible highest weight X (gy)-module with the highest weight
A(u) is isomorphic to L(A(w)). In particular, by Theorem 4.1.1 above, every finite-
dimensional irreducible module is isomorphic to a module of this form.

Theorem 4.1.4 ([AMRO06, Theorem 5.16]). Let A(u) satisfy (4.1.1), so the Verma
module M (A\(u)) is non-trivial. Then the irreducible X (gn)-module L(A\(u)) is finite-

dimensional if and only if there exist monic polynomials Py(u),..., P,(u) in u such
that Moa(w)  Put1)
i—1(U i\U ,
= 2<1<
() P(u) for all <i<n,
and in addition
= i = 509n41,
)\1(U) Pl(U) f gn 2n+1

)\_1(’11,) . Pl(u—|—2) . .
)\l(u) - Pl(’U,) Zf ON = SP2n,
)\_1(U) . P]_(u + 1)
)\g(u) o Pl(u)

if 9N =509,

The polynomials P;(u),..., P,(u) are called the Drinfeld polynomials associated
to L(A(u)): they are uniquely determined by the highest weight A(u).

Theorem 4.1.4 gives rise to an elegant parameterization of the set of isomorphism

classes of finite-dimensional irreducible X (gy)-modules. To make this precise, let us
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introduce the notation

Irrepea (X (gn)) and  Irrepw(Y(gn))

for the set of isomorphism classes of finite-dimensional irreducible X (gx) and Y (gn)
modules, respectively. In general, we shall write [V] to denote the isomorphism class
of a module V. However, we will drop the brackets when making use of the natural

identification
Irrepea (X (gn)) = {L(A(w)) : dim L(A(u)) < oo} ?

in order to emphasize L(A(u)) 2 L(A*(u)) for A(u) # M (u).

We may now define a function
Irrepsa(X (gn)) — {(Pi(w)), € Clu]™ : P;(u) monic} (4.1.2)

which assigns to L(A\(u)) the Drinfeld polynomials (P;(u))?_; furnished by Theorem
4.1.4.

It is not difficult to show (using Lemma 4.1.3, for instance) that this is a surjective
function. It is not, however, injective: Two finite-dimensional irreducible modules
L(A\(u)) and L(M(u)) share the same n-tuple of Drinfeld polynomials if and only if
there is f(u) € 1+ v 'CJu~'] such that

L(N(u)) = m3(L(A(w))),

where m¢ is the automorphism (2.7.3) (see also (2.4.4)).

The next proposition explains how to modify (4.1.2) to account for this observa-
tion. Recall that y(u) € ZX(gn)[u~'] is the central series defined in (2.7.1) (see also
(2.7.18)).

Proposition 4.1.5. The isomorphism classes of finite-dimensional irreducible repre-

sentations of X (gn) are parameterized by tuples

(f (w); (P(w))iy) € (14w "Clu™]) x CuJ",

2) On the right-hand side it is implictly assumed that L(\(u)) exists, and thus that A(u) satisfies
(4.1.1).
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where each P;(u) s monic.

The underlying correspondence I'x (g, 5 given

Lx(gn)(L(A(w)) = (f(w); (Pi(w))ie1)),  where (4.1.3)

(a) f(u) € 1+ u*CJu'] is the unique scalar series such that
Y( )l @) = 1dm3 @ @)-

(b) (P;(u))™, is the n-tuple of Drinfeld polynomials associated to L(A(u)).

Proof. Assume that L(A(u)) is finite-dimensional. As y(u) is a central series, it oper-
ates in L(A(u)) as multiplication by a scalar series f(u)) € 1+u'CJu~]. By (2.6.8),

we have
ms(y(u)) = f(w)y(w) VY f(u) € 1+u 'Clu™, (4.1.4)

and hence f(u) = f(u)y" is the unique series such that y(u) operates as the identity
operator in m}(L(A(u))). This justifies the existence of f(u) as in (a), and thus the
existence of I'x(yy) as in (4.1.3).

We now establish the bijectivity of this correspondence. By (4.1.4), we have

mi(L(A(w))) = (h(w) ™1 f (w); (Pi(w))is)-

Note that for any fixed A(u) (and thus fixed (P;(u))%,), h(u)~'f(u) can be made to
take arbitrary values in 1+u~'C[u~!] by varying h(u) appropriately. The surjectivity
of I'x(gy) thus follows from the surjectivity of (4.1.2).

As h(u)~'f(u) = f(u) if and only if h(u) = 1, we can also conclude from the

discussion preceding the statement of the proposition that I'x(g,) is injective. m

The following result, which in fact plays a crucial role in the proof of Theorem
4.1.4 (see [AMRO6, Theorem 5.16]), illustrates that I'x (g, ) translates tensor products
of modules to multiplication of polynomials.

Proposition 4.1.6 ([AMRO06, Lemma 5.17]). Let £ € L(A\(u)) and & € L(\(u)) be
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highest weight vectors. Then the X (gn)-module
X(gn)(€ ®€") C L(\(w)) ® L(N(u))

is a highest weight module with the highest weight vector (A(u)X! (u))iezy - In partic-
ular, if L(\(u)) and L(X(u)) are finite-dimensional with

Cx(ew) (L) = (f(@), (P(w)iz)  and  Tx(gy) (LN (W) = (F(w), (PH(w)in),

then the irreducible quotient V of X (gn)(€ ® &) satisfies

Px(aw) (VD) = (F(w) f*(w), (Bi(u) P (u))1y)-

4.1.2 Representations of Y (gy)

Let us now focus on the finite-dimensional irreducible representations of the Yangian
Y (gn). Due to Theorem 2.6.3, one can obtain a classification of such modules from
the results of §4.1.1 with little effort.

Let
& : X(gn) > Y(gn), T(u)— T(u)

be the natural quotient map. Here the notation comes from the observation that

under the identification
X(gn) =Clyr : 72 1]0Y(gn) £ ZX(9n) @Y (9n)

given by Theorem 2.6.3 and Proposition 2.6.6, we have €, = ey ® id with ey equal to
the restriction of the counit € of X (gn) to ZX(gn) (see above Proposition 2.6.9).

Corollary 4.1.7 (JAMRO06, Corollary 5.19)).
(1) The function

T : Irrepsa (Y (gn)) — Trrepra(X (onv)),  [V] = [e,(V)]
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is injective with image equal to
{L(A(u)) € Irrepea (X (gn)) : ¥(uw)|zow) = idrauy (4.1.5)

(2) The isomorphism classes of finite-dimensional irreducible Y (gn)-modules are

parameterized by tuples of monic polynomials
(Pi(u))iz1 € Clu]™
The parameterization is given by I'y(gy) = I'x@gy) o T

Proof. 1t is clear that I is injective with image contained in (4.1.5). Suppose that
L(X(u)) is finite-dimensional and that y(u)|L\w)) is the identity operator. Consider
the Y (gn)-module ¢*(L(A(u))), where ¢ : Y(gn) — X(gn) is the embedding (2.6.6)

(as usual, we drop the subscript R).

As T (u) operates as T'(u) in ¢*(L(A(u))), it is an irreducible Y (gy)-module which
satisfies

& (" (L(A(w)))) = L(A(u)).
Hence T'y (o) ([¢*(L(A(u)))]) = L(A(u)), and we may conclude that Part (1) of the

corollary holds.

As for Part (2), observe that (4.1.5) is mapped bijectively onto the set of tuples
(1; (Py(u))i=,) under I'x(y,), which can naturally be identified with the set of n-tuples

of monic polynomials in u. Hence, the desired conclusion follows from Part (1). [

We conclude this subsection with a brief discussion of some of the most elementary

finite-dimensional irreducible Y (gy)-modules: the fundamental representations.

Definition 4.1.8. Fix a € Cand 1 < i < n. The fundamental representation L(i : )
is the unique, up to isomorphism, finite-dimensional irreducible representation of

Y (gn) satisfying

Py(ew)([L(i : @)]) = (Pj(u))j=, where Pj(u)=(u—a)%.

These representations play an important role in the representation theory of the

Yangian, where they serve as a basic building block. This is illustrated in part by the
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following simple, but deep consequence of Proposition 4.1.6 and Corollary 4.1.7.

Corollary 4.1.9 ([AMRO06, Corollary 5.20]). Suppose that V is a finite-dimensional
irreducible Y (gn)-module. Then there ism >0, 1 <14,...,im <n and aq,...,Qy, €

C such that V is isomorphic to the unique irreducible quotient of
Y(gn)(&® - ®&m) C Li1: 01) @+ @ L(im : i),

where, for each 1 <k <n, & C L(i : a) is a highest weight vector and both sides are

tdentified with the trivial representation if m = 0.

For an explicit description of the fundamental representations L(i : «) compatible
with the R-matrix presentation of the Yangian, the reader is referred to [AMRO6,
§5.4].

4.1.3 From Drinfeld polynomials to dominant integral gy-

weights

Let us now recall some aspects of the representation theory of gy. Following §4.2 of
[Mol07], for any n-tuple
A=A, M) €C

we denote by V()) the irreducible gy-module with the highest weight A. That is,
V() is the irreducible module generated by a nonzero vector £ such that

F;§=0 V i<jely,

Fif=M& V 1<k<n.

The module V'()) is finite-dimensional if and only if

)\i_l—)\,’EZZO V 2<i<n and
-\ EZ if = Spn,
1 >0 gN PN (4.1.6)
=2\ €Zxy if gn = $02n11,

—)\1 — )\2 € ZZO if gN = S02,.

138



We can express this in terms of a more standard Chevalley-Serre type Cartan basis
as follows. Following [GRW19a, §3.1]3, we set

(diyhi) = (1,Fic1i-1— Fy) V 2<i<n and

2, —2F; if = Spn,
( 11) 9N = SpN (4.1.7)
(dlahl) = (1/2, —F11) if gy = 50241,
(1, —F11 — F22) if gN = S09,.
Then the conditions (4.1.6) are equivalent to the requirement that

By Theorems 2.5.5 and 2.6.7 and the relations (2.7.17) and (2.7.18), the assignment

1 1 1 ). 9
Fy o 1y) =t — b = gty = Oigt—j—s) Vi,j €Iy

extends to an embedding U(gy) — Y (gn) C X (gn), and consequently we may regard
any X (gn) or Y(gn) module as a gy-module. Using this embedding and the relations
of Theorem 4.1.4, we deduce the following corollary.

Corollary 4.1.10. Suppose that L(A(u)) is finite-dimensional with highest weight
vector & and Drinfeld tuple P = (P;(u))?,. Then the gn-module U(gn)E is a highest

weight module with highest weight Ap = (Ap ), whose components are given by

Ap; = )Ap — Z degP,(u) V 1<i<mn, where

a=2
— deg P1(u) if 9N = Sban, (4.1.9)
Ap = | —3 deg P (u) if 9N = $02n41,

+(deg Py(u) —deg Pi(u))  if gn = S02,.

Equivalently, we have

dz-_lhi(f) =degP(u)§ €Z>f V 1<i<nm.
3) To obtain the formulation given in [GRW19a], (d;, h;) should be replaced with (d;—1, hi—1)-
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4.2 Highest weight theory for twisted Yangians

In this section, we develop a highest weight theory for representations of the extended
twisted Yangians X (g, g%)® of type B, C and D considered in Chapter 3.

4.2.1 From twisted Yangians to extended twisted Yangians

Before getting into the heart of the matter, it is worth taking a moment to explain
the emphasis on the extended twisted Yangian X (gy, g% ) rather than the twisted
Yangian Y (g, g% ) itself. Let

€91 X (g, 0%)™ = Y(on, 8%)™, S(u) — S(u)

be the natural quotient homomorphism, as in (3.3.27). Recall that, under the iden-

tification
X(gn, 05)™ = ZX (g5, 8%)™ ® Y (gn, g%)™

provided by Theorem 3.3.14, €9 = €|zx(gy,g8 )t ® id, where € is the counit of X(gn).

Equivalently, €5 = €| X(gn.g%,)w> Where €y is as in §4.1.2.

Following §4.1.2, we will use the notation

Irrepsa (X (g, 0%)™) and  Trrepa(Y (gw, 83)™)

to denote the set of isomorphism classes of all finite-dimensional irreducible represen-
tations of X (gn, %)™ and Y (g, g%)%, respectively. As in §4.1, we will generally

write [V] for the isomorphism class of a module V.

Lemma 4.2.1. The function
I”: Irrepga(Y (g, 6%)™) — Irrepra(X (g, 83)™), V] = [e5(V)]
is injective with image equal to

{[V] € Lrrepua(X (gw, g%)™) : ¢(uw)lv = idv}.
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Moreover, for each [V] € Irrepsa(X (g, 9%)™), there exists a unique series
g(u) € 1+u™'Clu™"] with g(u) = g(k — u)
such that [V} (V)] € Im(I"?).

Proof. The first part of the lemma is proven using the same argument as used to
establish Part (1) of Corollary 4.1.7. It thus suffices to show that, if V' is a finite-
dimensional irreducible X (gy, g% )"-module, then there is a unique element g(u) of
1+ 4 'CJu~!] with g(u) = g(k — u) and

a(w)vv) = idpz vy (4.2.1)

As g(u) is a central series, it operates in V' as multiplication by a scalar series gy (u).
Since g(u) satisfies ¢(u) = q(k — u), we also have gy (u) = gv(k — uw). By (3.3.20),
q(u) satisfies

ve(q(w)) = g(w)g(w) V g(u) € 1+u™'Clu™"] with g(u) = g(x —w).

Therefore, g(u) = qy(u)™! is the unique series such that (4.2.1) holds. O

Remark 4.2.2. By Corollary 3.3.8, v;(V) and V' are always identical as Y (g, g% )t-

modules. A right inverse to I['? is thus given by

V1= [6(V)];

where (y is the natural embedding of Y (g, g%)® into X (gn, g3)%™.

Our goal is to develop a highest weight theory for X (gn, g% )" which will al-
low us to simultaneously classify the finite-dimensional irreducible representations of
X(gn,o%)™ and Y (gn, g%)® using the above lemma, in the same way that Part
(1) of Corollary 4.1.7 allowed us to pass from the parameterization of Irrepw (X (gn))
given by Proposition 4.1.5 to the parameterization of Irrepg(Y (gn)) by Drinfeld poly-
nomials given in Part (2) of Corollary 4.1.7.
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4.2.2 Definitions and first results

Definition 4.2.3. A representation V of X (gn, g% )™ is called a highest weight rep-

resentation if there exists a nonzero vector ¢ € V such that V = X (g, g%)™¢ and

Sij(’l,b)f =0 V 1 <j € IN,
si(w)€ = pi(u)é vV eIy,

where each p;(u) is a formal power series in C[u™'] of the form

g”JrZu(r) P ec.

The vector & is called the highest weight vector and (N —n)-tuple p(u) = (4i(w));ert
is called the highest weight.

Given a highest weight representation V' with highest weight vector £, a natural
question to ask is whether or not ¢ is a simultaneous eigenvector for the diagonal
elements s_; _;(u) with 1 < ¢ < n. This is indeed the case. By the symmetry relation
(3.3.41) we have

S_"'a—l(’u’ 211,— Zs_g —e\U
4.2.2)
i (u) (
= ik —u) £
p(u)sis(r —u) U —k 2u— XI:JF
N
Summing over 1 < i < n yields
2u — 2k + n)
— S—o—e(u
Z( st =) 520 ) = P S ) .
= p(u)sp(k —u) + — Spe(u
et 2u— kK 2u—2/$e€l;;

Substituting this equation back into (4.2.2) leads to the following result.

Proposition 4.2.4. Let V be a highest weight representation of X (gn, g%)™ with
the highest weight vector £ and the highest weight u(u). Then £ is an eigenvector for
the action of s_; _i(u) for all 1 < i < n. More explicitly, for each 1 <1i < n we have
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the relation:
(26 —2u — n)s_; _;(u)€

= Zﬂze (P(U pe(s —u) £ m> E+ ) pe(u)g,

LeTt

N

(4.2.4)

where Big(u) =1 if £ # 4 and Big(u) = (26 — 2u — n + 1) otherwise.

Given a highest weight p(u), we shall frequently make use of the corresponding

tuple fi(u) = (ﬁZ(u))zte(, whose components are given by

i (u) = (2u — 1+ 9) i (u) + Z pe(u) YV ie€Tf. (4.2.5)
l=i+1

The following proposition imposes one important restriction on fig(u).

Proposition 4.2.5. Suppose that gy = $09,+1 and let V' be a highest weight repre-

sentation of X (gn, 9%) with the highest weight u(u). Then the series Jig(u) satisfies

ug(u)fio(k — u) = (k — u) g(k — u)fio(w), (4.2.6)
where g (u) is the rational function of u defined in (3.3.3).

Proof. Let £ € V be a highest weight vector. By the symmetry relation (3.3.41) we
have

So0(u) B tr(S(u))

u—r 2u—2k’

so0(uw) = p(u)sgo(k — u) +
which can be rearranged to

n

1 1
(1 - t o 2H)SOO(U Z

2u— kK
= (4.2.7)
2u — Zs b ~e(u).

= p(u)Soo(k — u)

Multiplying both sides of this relation by (2x — 2u — n) and substituting in relation
(4.2.3), the right-hand side becomes:

p(u) ((2ﬁ — 2w — n)seo(k — w) + 3" saelk — u))

=1
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1 n n n
+ <2u Kk 2u— 25) ;sa(u) oy — QRSOO(U)'

Therefore, on C¢, (4.2.7) can be expressed as

p(w)ito(k — u)

= (2u —n) (—1—2U1_H)M0(U)+( U_E)ZM

Using Proposition 3.3.3, we deduce that the relation (4.2.6) follows from

1 K—u

o =p() (428)

which is readily verified using (3.3.7), as in the type CI and DIII instances of Propo-
sition 3.3.3. O

Recall from Lemma 3.2.5 that the family of generators {F}}};jezy C U(g%) are
defined by

F=(gi+9i5)F; Y 4,j€ly.

Using the embedding of Corollary 3.3.11, we may restrict the adjoint action of
Lie(X (gn, g%)%) to g%. Appealing to the explicit form of the reflection equation
(3.3.42), we find that the resulting g%-module structure on X (gy, g%)% is given by

[F5, ske(v)]

(4.2.9)
= (9is + 9j5) (OkjSie(v) — Giesk;(v) — Op,—ibi55—je(v) + Op,—;0555k,—i(v)) -

Recall from (3.1.1) that our fixed choice of Cartan subalgebra for gy is
by = spanc{Fy; : 1 <i<n}.

As the involution 9 satisfies
ﬁ'bN = ide?

by is also a Cartan subalgebra for g%. For each 1 < i < n, define ¢; € b% by
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In addition, define auxiliary elements o € b} by
oy = sign(k)e —sign(f)ey YV k, € € Iy,
where ¢ is the zero functional. Then from equation (4.2.9) we obtain
[F, ske(v)] = 2935 (8 — Gie — G-k + 8 —¢) Ske(v) = i o(F)Ske(v) (4.2.10)

forall1 <i<nandk,/€ly.

Let Ay be the standard set of positive roots of gy for our choice of hy (as in
[AMRO06]), so
A+ = {Ozk,g : k< {leIyand (k,g) € BN},

where By is defined in (3.1.2). Let < be the corresponding partial ordering on h%.
That is, < is defined by

PN <= A—peQi= Y. Zxoa.

a€A

We are now in a position to prove the first theorem of this section.

Theorem 4.2.6. Fvery finite-dimensional irreducible representation V of the twisted

tw

Yangian X (gn, 9%)™ is a highest weight representation. Additionally, V contains a

unique highest weight vector £ up to scalar multiplication.
Proof. Define the subspace V° of V by

VO={¢eV s;u)=0 Vi<jeIy}

Step 1: V? is nonzero.

Via the embedding g% — X (gn, §%)®, we may view V as a g3-module. Since V
is finite-dimensional, the FY have a mutual weight vector £. Let L be the set of all
weights of the g&-module V, so L is a nonempty finite set. Therefore, there exists
p € L such that p+ oy is not a weight for any £ < £ € Zy. Then the py-weight vector
¢ must belong to V°. Indeed, suppose there exists k < £ € Iy such that sge(u)¢ # 0.
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Then from (4.2.10) we obtain:

Fy) (ske(v)€) = (o + ) (F)ske(v)é

for all 1 < i < n. This contradicts the maximality of x, and so we must have ¢ € V0.

Therefore V° is nonzero.

Step 2: The subspace V?° is preserved by the operators sy(u) for all i € Zf;.
We will consider separately the cases when N is even and when N is odd.

Step 2.1: N = 2n.

By definition of V°, we must show that se(u)ss;(v) =0forallk < £and 1 <i<mn,

where = denotes equality of operators on V°.

Claim: It suffices to show that
ske(w)sii(v) =0, s_ge(u)si(v) =0 and s_;;(u)siu(v) =0

forall 0 < k < £ and 4,57 > 0.
This claim follows from the symmetry relation (3.3.41).
Step 2.1.1: sgp(u)s;(v) =0forall 0 < k < £ and ¢ > 0.

Assume first that k£ < i. Then it is immediate from (3.3.42) and the relation

ske()8ii(v) = [sre(w), si(v)]

that sge(u)si;(v) =0 unless ¢ = £. If i = £, we obtain

1 n
Ske(u)see(v) = uto (;ska(u)sag(v),
and thus for a > ¢ > k, (3.3.42) yields
1 n
u—+v bt

Ska(1)8ae(V) = [Ska(U), Sae(v)] = Skb (1) Spe(V) = Spe(w)See(v).
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Therefore we obtain

(1- "2 sutwsuto) =o.

u+v
and so we must have sgp(u)sy(v) = 0, as desired.

If instead k > 4, then we write [sgo(u), si(v)] = —[s:(v), sge(u)]. Relation (3.3.42)

then gives

[si1(v), see(u)] = > 2 X;(Ska(v)sae("«t) — Ska()Sae(v))
= <U(Zku - ) > ska(v)sae(w) + Zska EMC)

From the above proof that sge(u)sg(v) = 0, we see that the right-hand side of the
previous line is = 0. This completes the proof that sxs(u)s;(v) =0forall 0 < k < £
and ¢ > 0.

Step 2.1.2: s_4(u)si(v) =0forall i >0and ¢ >k > 0.

This is an immediate consequence of relation (3.3.42) unless © = £ or i = k. The
case ¢ = £ is similar to Step 2.1.1, so we concentrate on the case ¢ = k. By (3.3.42)

we have

u

S_kp(u)skr(v) = — —i—m Z: S—qa,0()Sqr(v)

X (4.2.11)

+ (u+v)(u—v—~k

] Zn: S—0,a(U)Sax (V).
a=k

Since s_g () Sak(V) = [S—ae(t), Sak(v)], for a > k we have

n

(v)

S—a Z(u)sak(

=%

1 Zs )s6x () Lz:s (u)spr (V)
py— b, (1) Sk wt v 2 St ok (V
5a€ =

S_pp(w)Spr(V) + S_polU)Skr(V).
utv 2,6(u) sk (V) ke (W) Skr (V)
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Substituting this result back into (4.2.11), we obtain

(1 + ""““) 5o (W)5(v) = 0

U—v—K
and so we must have s_g ¢(u)skk(v) = 0 whenever 0 < k < /.
Step 2.1.3: s_; j(u)s;(v) =0 for all 4,5 > 0.

To begin, it is an immediate consequence of (3.3.42) that s_; ;(u)s:(v) = 0 unless

i = j, so without loss of generality we may assume 7 = j. We have

[s—i,i(u), su(v)] = ( —_ ! ) > 5 ia(t)sai(v

u+v u+v ’LL—’U—K, —
( )( a=t (4.2.12)

Z 8-a,i(1)Sai(v)

ll_'L

Let us compute s_q;(u)S,4i(v) for a > i. From (3.3.42) we see that

S—q,i(U)Sqi (v)

1
Zs b,i (1) 505 (V) Zs—zb ) Sp; (v

— K (u—i—v)( u—v—K) =

[s—i,i (’U,) ) su

a=i

where the second equivalence follows from (4.2.12). Substituting this result back into
relation (4.2.12), we get

= <u j_ o _Z:;;_(i_l_ v)> Zn:s—i,a(u)sai(v),

a=1

from which we obtain

Z S_ia(®)Sai(v) (4.2.13)

a=1

[s—i,i(u)a Su ’LL +o
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By (3.3.42), we have that for all a > ¢

1 n
S_ia(u)Sai(v) = uto > s_ip(u)swi(v).

b=i

Substituting this into (4.2.13) leads to [s_i:(u), 8i(v)] = 0. This completes the proof
of Step 2 when N = 2n.

Step 2.2: N =2n+ 1.

The argument is essentially the same in this case. By the symmetry relation
(3.3.41), it suffices to show that

see(u)si(v), s—ke(w)si(v), s—j;(u)si(v) and  so;(u)si(v)

all vanish on V° whenever 0 < k < ¢, 5 > 0 and ¢ > 0.

Step 2.2.1: spe(u)s4(v), S—ke(u)su(v) and s_;;(u)s;(v) operate as zero on VO when-
ever 0 <k </, j>0andz:>0.

The same arguments as those given for the N = 2n case show that
ske(w)sii (V) = s_ge(w)siu(v) = s—;j(w)su(v) =0

whenever i, j > 0 and ¢ > k > 0. Moreover, given the same restrictions on 7, ¢ and k,

the reflection equation (3.3.42) immediately yields

S_t,e(w)S00(v) = 5_j,(u)se0(v) = 0.

Additionally, if 0 < k < £ then sge(u)seo(v) = —[s00(v), ske(u)] and (3.3.42) gives

000, 0] = 33 3(owa(0)3ue) = sta(Wouc)

By the same argument as in Step 2.1.1, the right-hand side vanishes.
Step 2.2.2: soj(u)six(v) =0 for all j > 0 and > 0.

Assume first 4 > 0. Then (3.3.42) implies that sg;(u)s;(v) = 0 unless i = j.
Moreover, the proof that syj(u)s;j(v) = 0 proceeds identically to the proof that
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S_ke(u)sy(v) =0 forall £ >k > 0.
To prove that so;(u)se(v) =0 for all j > 0, note first that

$0j(1)s00(v) = —[S00(v), So5(u)]

and hence, by (3.3.42), we have

[s00(v), S0j(u)] = (1 _ + L ) B(v,u)

v—u V—UuU—K

B(u v) — Z S—q,0(V)Saj(u

(4.2.14)

+
v —

where B(u,v) = 2 S S0a(4)s4j(v). However, since so;(u)s;;(v) = 0 by the previ-
ous step, (3.3.42) yields

1
U+UZSOa sa,j( ):B(’U,,’U),

a=)

0 = s05(u)sy5(v) =

and the symmetry relation (3.3.41) gives

Zs_ao V)8qi(u) = p(v)(n—v—l—u)B(ﬂ—v,u):l:;_'_u

. B(v,u) = 0.

Therefore, by (4.2.14) we have sg;(u)s;;(v) = 0 for all j > 0.

Step 3: Viewed as operators on VY, s;;(u) and s;;(v) commute for all 4,5 € Zf.
Again, we will treat the cases N = 2n and N = 2n + 1 separately.

Step 8.1: N = 2n.

Let us define the operator A;;(u,v) on VO by
Aij(u, ’U) = Sij(U)Sji(’U) — Sij(’l))Sji(’LL). (4215)

As a consequence of (3.3.42) we have:

1 n
o > Aia(u,v). (4.2.16)

a=i

Aii (’U,, ’U) =
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On the other hand, for 0 < ¢ < j we have s;;(v)s;;(u) = sj;(u)s;(v) = 0, and hence

we can rewrite A;;(u,v) as

Aij(u,v) = [8i5(w), 85:(v)] + [85i(w), 855(v)]-

Using (3.3.42) to compute [s;;(u), s;:(v)] and [s;i(u), si;(v)], we obtain

Ay 0) =—— ((si(w), 5350)] + [535(1), 55(0)])

u—v

L n (4.2.17)
. (; Aio(u,v) + ;:; Ajqo(u, ’U)) :
We apply (3.3.42) again to compute
1 n
[sii(uw), sj5(v)] = — 22 ZAja(u, v), (4.2.18)
a=j

from which it follows that [s;;(u), s;;(v)] + [s;;(w), si;(v)] = 0. Combining this with
(4.2.16), equation (4.2.17) can be rewritten as

Aij(u,v) = Ai(u,v) + Aji(u,v). (4.2.19)

Taking the sum as j goes from 7 + 1 to n and adding A;(u,v) to both sides we arrive

at the relation

n

> Aij(u,v) = (n— i+ 1) Ay(u,v) + Xn: Aji(u,v).

=i j=i+1

However, by (4.2.16), the left hand side is equivalent to (u + v)A;(u,v), so we may
rewrite the above as

(u+v—n+i—1)A;u,v)= Y Ajuv).
j=it1

A simple downward induction on i then proves that A;(u,v) = 0 for all i € Zj,.

Since Ay(u,v) = [si(w), si(v)], this proves that s;(u) and s;;(v) commute for all
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i € If;. Moreover, combining equations (4.2.18) and (4.2.16), we have that

1

[si(u), sj;(v)] = 2 X_:Aja U, V) = —TAM(U v) =0 (4.2.20)

for all j >4 > 0.
Step 8.2: N =2n+ 1.

The arguments from Step 3.1 show that [s;(u), s;;(v)] = 0 whenever 1 < ¢,j < n,
so it suffices to show that [seo(u), s;;(v)] = 0 for all 5 > 0. Suppose first that j > 0.
Then by (3.3.42) and (4.2.20), we have

[500(1), 835 (v)] = — v2 ZAJa(u P oAy =0. (4221)

Hence, it remains to see [sgo(u), Sgo(v)] = 0. The same calculations as those used to
obtain (4.2.17) give

Apj(u,v)

(u,v) Vj>0. (4.2.22)

a—O

Summing this expression over 1 < j < n and adding Ago(u,v) to both sides yields
Aoo(u,v) = (u+v — n)Agj(u,v) Vj>D0. (4.2.23)

It follows from (3.3.42) that

1 1 1
=|1- A
( u—v+u—v—ﬁ)u+v—n O

Z(S—ao u)Sa0(V) — S0a(V)S0,—a (1))
1 Z Saa 500 )]

S (u—v—rK)(utv—k) =,

(4.2.24)
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Since [Sqq(u), S00(v)] = 0 for any a > 0, the symmetry relation (3.3.41) implies that

5-aa(0), s(®)] = — - ! — é[s_b,_,,(u), s00(v)]. (4.2.25)

Taking the sum of both sides as a goes from 1 to n and adding Ag(u, v), we obtain
the two identities

(1 +o 2&) bz:;)[s_b’_b(U)7 s00(v)] = Ago(u, ), (£226)
(2 — 2u — n)[s_q4,—a(u), S00(v)] = Aeo(u,v),

for any a > 0.

On the other hand, the explicit form of the defining reflection equation (3.3.42)
implies that

[s—a,—a(u), S00 (1})] = 1

u+v—K)

1 n

T —? I)Z%AO”(“’ v+ (u —v)(
1

= s (5-a0()sa0(v) = 50a(v)30,a(¥))-

Ape(u,v)

Multiplying both sides by (u+ v —n) and appealing to (4.2.22), (4.2.23) and (4.2.26)
we obtain

<2Z J—r ;u_—nn T i v (u- v)(ul+ v — n)) Avolt, )
== (3o ) Can s ~ sm()s0-s(w)

for any @ > 0. Taking the sum of both sides as a goes from 1 to n, adding

—%Aoo(u, v), and then multiplying both sides by m’%z we get

n(u+v— k) nlu+v—r) n ~ -
(2&—2u—n w—v)ut+v—n) (u—v)(u+v—n) l)Aoo(a)

n

=— ;}(S_a,o(U)Sao(’U) — 50a(v)S0,—a(u)). (4.2.27)
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Substituting (4.2.27) and (4.2.26) into (4.2.24), we obtain a relation of the form
fu,v)Agp(u,v) =0  with f(u,v) € 1+u 'Cv][u].
This implies that we must have Agy(u,v) = 0.

Step 4: V is a highest weight representation.

By Step 2, we may view {sg )}iel'g} ren as a family of linear endomorphisms of Vo,
By Step 3, this is a commutative family, and hence has a common eigenvector £ € V°.
That is, there is {u” Viezt ren C C such that

si(w)é = p(uw)é, where pi(u) =g+ Y puTT VieIf,
r=1
Therefore, the submodule X (g, g% )¢ is a highest weight representation with high-
est weight vector £ and highest weight (/‘i(u))iezj(,- As V was assumed to be irre-
ducible, we must have V = X (gx, g%)®€. This proves that every finite-dimensional
)tw

irreducible representation of X (g, g% ) is a highest weight representation.

Step 5: Uniqueness of the highest weight vector.

Let 1 € b} be the weight of the g”l;,—module V' corresponding to &, so
w(Fy) = p —gs ¥ 1<i<n.

As the central series ¢(u) must act as a scalar series multiple of idy, Corollary 3.3.12
implies that V is spanned by elements of the form

) ...

J1,%1

sm) ¢ (4.2.28)

j'rn. ,im

S

with 7o > t4, (Ja,%a) € By (see (3.1.2)), 7, > 1foralll <a <m,and m > 0. It
follows by (4.2.10) that v € V' can only belong to the p-weight space V, if v € C -,
thus V), is one dimensional, and moreover any other weight A of V satisfies A < . [

We now determine how the coefficients of the distinguished central series w(u)

(see (3.3.14)) act on any highest weight representation of X (gn, g%)%.
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Proposition 4.2.7. Let V be a highest weight representation of X (gn, g%)™ with
the highest weight p(u). Then

w(u)lv = pn(—u)pin(u)idy.

Proof. Let £ € V be the highest weight vector. Since the coefficients of w(u) belong to
the center ZX (gn, g%)® and V is spanned by elements of the form given in (4.2.28),
the action of the 2r-th coefficient ws, of w(u) on V' is completely determined by its
action on ¢. By (3.3.14) we have the relation S(u)S(—u) = w(u) - I. Applying the

(n,n)®™ entry of both sides to the highest weight vector £ we obtain
w(u)é = Z $ne(W)Sen(—U)E = Snn(U)Sun(—u)§ = pin(—u)pn(w)§. O
eTN

4.2.3 Verma modules and tensor products

We now introduce a universal highest weight module associated to any highest weight.

As usual, these are called Verma modules.

Definition 4.2.8. Let p(u) = (pi(w))iery With pi(u) in gi + u IC[u!] for each
i € I;. We define the Verma module M (u(u)) over X (gn, g% )™ as the quotient

M (u(u)) = X (gn, 8%)™ /3
where J is left ideal of X (gx, g%)® generated by the coefficients of

Sij(U) Vi< J €Iy,
se(w) — pk(u) VkeZy.

We will see in Theorem 4.4.4 below that, similarly to the Verma modules for
X (gn) (see Proposition 4.1.2), some choices of u(u) may result in M(u(u)) being
trivial. In fact, by Proposition 4.2.5, we already know that in the type B case fig(w)

necessarily satisfies the invariance relation (4.2.6) whenever M (u(u)) is non-trivial.

If M(u(u)) is non-trivial, then it is a highest weight module with the highest
weight p(u) and the highest weight vector 1,y equal to the image of the identity
element 1 € X (gy, g% )™ under the natural quotient map X (gn, g%)% — M (u(u)).
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As a consequence of Corollary 3.3.12, M (u(u)) is spanned by elements of the form

() .. (rm)

Sj1i1 """ Simytm tu(w)

with 74 > a, (Ja, %) € By (see (3.1.2)), 1o > 1 for all 1 < a < m, and m > 0. Using
this fact, together with the commutator relation (4.2.10), one can prove the following
standard result.

Proposition 4.2.9. Suppose p(u) = (“Z(“))zezj(, is such that the Verma module
M (u(w)) is non-trivial. Then

(1) If K is a submodule of M(u(u)), then K = @, K, where

Ka={veK:Flv=M\v V 1<i<n}=M(u))NK.

(2) If K is a proper submodule of M(u(u)), then K C @y, M(u(u))x, where

)
K= (#z( ) — gz‘i)iezj;,-

(8) M(u(uw)) admits a unique irreducible quotient V (u(u)).

(4) Any irreducible highest weight X (gn, g% )" -module with the highest weight u(u)
is isomorphic to V(u(u)).

Recall from the proof of Theorem 4.2.6 that, given an X (gy, g%)®-module V, V°

is the subspace
VO={¢eV :s;(u)¢=0 Vi<jeIn}

The next corollary follows from a modification of the proof of the uniqueness of the
highest weight vector in Theorem 4.2.6 and is analogous to Corollaries 3.2.8 and 4.2.7
of [Mol07].

Corollary 4.2.10. Assume that the Verma module M(u(u)) is non-trivial and let
¢ € V(u(u)) be a highest weight vector. Then V (u(u))® = C¢.

Since X (gn, %)™ is a left coideal subalgebra of X(gy), the tensor product of
an X(gy)-module L and an X(gn,g%)™-module V inherits the structure of an
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X (gn, g%)"-module via the coproduct A (see Lemma 3.3.7). More explicitly, for
all z € X(gn, 9%)™, the action on L ® V is given by

z-wu=A(z)(w®v) YVweLandvelV.

In particular, we may take L = L(A(u)) for some N-tuple A(u) = (A\i(u));ez, satisfy-
ing (4.1.1), and V = V(u(u)), where p(u) is such that the Verma module M (u(u)) is
non-trivial. If L(A\(u)) has the highest weight vector £ and V' (u(u)) has the highest

weight vector 7, then we may consider the X (gy, g% )®-module

X(gn, 00) ™ (E @ ).

Our present goal is to show that this module is of highest weight type, and to compute
its highest weight explicitly.

Set t;;(u) = 0;5t_j,_i(u) for all 4,5 € Ty. After rewriting

[ti(w), ta (v)] = —[tu(v), ;5 ()],

the defining relation (2.7.16) of X (gy) takes the form

[ti5(w), thy (V)] =viu (ej,—kti,—k(u)t/—j,l (v) = Oi ity _;(v)t_1 (U))
o X (Brta@t) - B 0)ta)):

U—U—I‘&aeIN

(4.2.29)

Recall that, given a tuple of series u(u) = (Nz’(u))iezj(, , o(u) = (ﬁi(u))iezj(, is the

corresponding tuple whose components have been defined in (4.2.5).

Proposition 4.2.11. Let £ € L(\(u)) and n € V(u(u)) be highest weight vectors.
Then X(gn, 8%)™ (€ ® n) is a highest weight X (gn, 9%)"-module with the highest
weight vector € @ n, and the highest weight v(u) = (v; (U))iezj\; whose components are
determined by the relations

Fi(uw) = mi(uw)hi(u — k/2)A_i(—u+K/2) ¥V i€ If. (4.2.30)

Proof. We will use the symbol = to denote equality of operators on the spaces C(£®1n)
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or C¢. We begin by showing that
sij(w) - (E®n) =0 Vi<j.

By the symmetry relation (3.3.41), it is enough to consider the cases where i < 0 < j
or 0 <i<j. By (3.3.17), we have

A(sij(u)) = Z tia(u — h;/2)t§,j(—u + k/2) ® Sap(u).

b<a

Moreover, we have t;;(v){ = 0 whenever b < j, so we can assume b > j. Since
i < j <b<a, wehave t;,(u)¢ = 0 and also a,b > 0 since j > 0. By (4.2.29), we have

(Sa,b
uU—v+kK

i tio(u)te; (v). (4.2.31)

c=j

tia(u)ty;(v) =

Taking a = b in the above and summing over a > j gives

n—j+1&
u—v+/<aa:j

tia(u)ty;(v).

> tialult (0

It follows from this that the right-hand side of (4.2.31) vanishes. This completes the
proof that A(s;;(u))(§ ®n) =0 for all i < j.

Next, we compute A(s;(u))(€ ® n) for all i € Z;. Using computations similar to
those above, one can argue that t;,(u)t;;(v)€ = 0 whenever a > b. Thus,

A(sii(u))(§ ®n)
n (4.2.32)
= X_:tia(u — K/2)to;(—u + £/2)€ ® Saa(u)n = (8:(u)E) ® ),

where §;;(u) is the operator defined by the formula

55(0) = 3 pa(u)tia(u — R/2)LLy(—u + K/2).

a=1i

As a consequence of our work so far, it remains only to determine the eigenvalue ;(u)

of the operator §;;(u) corresponding to the vector £. Define the operator A;(u) by the
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formula,

Ai(uw) = itia(u — K/2)t(—u+ K/2). (4.2.33)

a=1

We first show that A;(u)é = pf(u)€ for some scalar series pf(u). By (4.2.29), for all
a > 1 >0, we have

tio(u — £/2)t;(—u + k/2)

— ;u (z"; bin(u — R/t~ + 1/2) = 3 oy~ + £/ 2)toa( — 1/2)

b=1: b=a

) (423

This implies that

Adu) =t (u = 1/2) i (—u+ 5/2) + 2 Afw) — - Y Ba(u)
2u 2u Sy
where .
Bo(u) =Y to, (—u + K/2) the (u — £/2).
b=a
Consequently,
%_2’:—'_%141(&) =ty (u—K/2)t,; (—u+K/2) — 21 Z B,(u). (4.2.35)
a=i+1

Using the same method, one shows using (4.2.29) that

2u—n+1
2u

L

o znj Au(w) (4.2.36)

a=i+1

Bi(u) =ty (u — /2) t;; (—u+ K/2) —

for all i € Z};. An easy downward induction then shows

Substituting this result back into (4.2.35), we obtain

2u—n-—+1
2u

L

o 3 Au(w). (4.2.37)

a=i+1

Ai(u) =ty (u— /2) ti,(—u+ K/2) —

It follows by downward induction on i € Z} that there is a tuple of formal series
pt(u) = (/J'z,(u))ielf(, such that A;(u)€ = pg(u)€ for all ¢ € Z3;. Moreover, the compo-
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nents of u*(u) are determined by the relations
I (u) = 2ui(u — k/2)Ai(—u+k/2) V ieZIf.
As B;(u) = A;(u) for all i € Tf;, we may express (4.2.34) as
fia(t — /2t (—u + 1/2) = 21u (Ai(w) — Au(w) Va>i.
This gives 8;;(u)é = vi(u)€ with

() = ()Mt — K/DA (/) 4 o 3 o) () — )

a=i+1
We now want to obtain the formula (4.2.30). Since
W= (Bw- X
/”/i - 2’LL -n + /’l’z S /”/a )

equation (4.2.38) implies that

2u—n-+1
(2u — n +1)yi(u) = oy M i (w) i Zl’v
J>z+1
1 2u—n+1
—— > piw)ps(u) — > i (w)ps(
2u a,j>it1 ! u j>it1 ? J

A straightforward downward induction on ¢ € Z,, then shows that

> )=y X mw) + L )

j>i+1 a,j>i+1 j>i+1

Combining this with (4.2.39) proves that (4.2.30) holds for all i € Z};.
Define the non-negative integers € and % by

0 if , 7
f={ i (ow,gh) = (@angb),

q/2  otherwise,

(4.2.38)

(4.2.39)

(4.2.40)

An important instance of Proposition 4.2.11 occurs when p(u) = (gs(w)) iezt> in which
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case V(u(u)) coincides with the trivial representation V(G) with action given by the

counit e.

Asthe X (gy, g%)*-modules L(\(u)) and L(A(u))®V (G) are naturally isomorphic,
(4.2.30) provides formulas for the highest weight of the X (g, g%)®-module

X (gn, g3)™€ C L(A(w)).

Corollary 4.2.12. Let £ € L(A\(u)) be a highest weight vector. Then X (gn, g )€ is
a highest weight module with the highest weight p(u) = (“Z(“))zelj(, whose components

are determined by

) {2uxi<u—n/2>x_i<—u+n/2> i (@ogh) = @moh)

2ugi(u)hi(u — 6/2)A_i(—u+Kk/2) if (gn,0%) = (9n,8p D 8q)

where g;(u) is the rational function of u

g(u) if i <k,
4i(uw) = (tr(G) + 4u s
<tr(g)—4u> if i>k+1.

Proof. If (gn, 9%) = (92n, 8ln), then Gy (u) = 2u for all i € Zj;, and Proposition 4.2.11
gives
fi(u) = 2ui(u — k/2)A_i(—u+Kk/2) Vie L.

Suppose instead that (gn, g%) is of the form (gy, g, ® g;). Then

It follows that g;;(u) = g;(u) for all 4 > %, and

Falw) = (u—¢) (tr(@—‘w) e (tr(g) + 4u>

tr(G) — 4u tr(G) — 4u
_ tr(G) + 4¢ —4u)
= u( 2(G) — 4u ) = 2ug(u)
for all 4 < %. Hence, (4.2.41) follows from (4.2.30). O
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4.3 Lowering the rank

Given a positive integer m < n — &gy s0.,,, consider the natural embedding

tm : ON—2m = ON, Fij—= Fy; Vi, € In_om.

This injection satisfies Lm(g’;\,(zgm) C g%, where

'19(17’1,) = Ad(gm) and gm = Z gz]E”

%,J€EIN—2m

In particular, ¢, can be viewed as an embedding of symmetric pairs

Hm
b (ON—2m, Oomam) < (9, 0%)-

Any g%-module V can be studied as a g?v(’_n%m-module via the functor ¢;, which sends

V to ¢, (V), the g’;\,(g)m-module equal to V' as a vector space, and in which
F;j(v) = tm(Fij)v V4,5 €ZIn_om and ve V.

Restriction functors of this type play an important role in the finite-dimensional
representation theory of semisimple Lie algebras as they preserve information about

highest weight theory and can be used for inductive arguments.
Unfortunately, one cannot mimic the above in the twisted Yangian setting as the
assignment s;;(u) — s;;(w) for ¢, j € Iy_om does not extend to a homomorphism

X (N—2ms G o)™ — X (g, g%) P

In this section, we show that, despite this fact, there is a functor* from the cate-
gory of finite-dimensional X (gy, g% )®-modules to the category of finite-dimensional

X (gN-2m, Q%Tz)m)tw-modules which plays a role entirely analogous to ¢¥,.

4) We will not make any explicit reference to a functor below, but this interpretation should be
implicitly understood.
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9
4.3.1 From X(gy,g%)™ to X(gN_gm,gN(T_nz)m)tw
Let 1 <m < n — 04y 505, In what follows we will consider
X(gNa g%)tw and X(gN—2m7 Q%Tgm)tw

simultaneously, and for this reason it will be convenient to employ the notation p,, (u)
for the rational function pg,, (u) defined in (3.3.9). That is,

1 + tr(Gm(u))

_ tr(Gm)I — 4uGn,
u— K 2u — 2K’ ’

pm(u) = (£)1F where G, (u) = t2(Grn) — du

For each 4, j € Zy_sm, define s57(u) € gi; + v~ X (gn, g})™[u~"] by
om my, % % m
sij (U) = s'ij(u + 5) + 5 Z Saa(u + 5) (431)
2U a=n—m+1

Given an arbitrary representation V of X (gy, g%)%, let Vi4,m) C V be the subspace
Viem) ={v €V : s5(u)v =0 Vi<jwithn-—m+1<j<n} (4.3.2)

If V is finite-dimensional and nonzero, then it contains an irreducible submodule and
hence, by Theorem 4.2.6, a highest weight vector § € V(). In particular, V(4 ) is
nonzero.

Our goal is to show that V(. ) can be given the structure of a X (gn—_om, Q%Tz)m)tw'

module using the series (4.3.1). This will be realized in Proposition 4.3.4 after treating

the m = 1 case in Lemmas 4.3.1 and 4.3.3 below. In this setting, we will write
Vi=Vuy and sj(u) = sfjl(u) Vi,7 €Ins.
Lemma 4.3.1. Let V be an X (gn, g% )-module. Then
(1) V. is stable under the action of {s{;(u)}ijezy_,- That is, we may view

s5;(u) € End(Vy)[u™'] Vi,j € Ina.
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(2) Setting
sij(u) - v=sy(u)v VYveV, and i,j € Iy (4.3.3)

equips V. with the structure of an X(gn_2, g’;v(g)tw-module.
Proof. The proof of the Lemma is straightforward, but very technical.
Step 1: s5;(u) € End(Vy)[u™"] for all 4, j € Iy_s.
We will use = to denote equality of operators on V.. We first show that
Skn(u)sij(v) =0 Vk<n and 4,5 € In_o.

Since Sgn(u)sii(v) = —[si;(v), Skn(uw)], it is enough to show [s;;(v), skn(u)] = 0. By
(3.3.42),

[54(v), Skn (u)]

5kj dij

= Usin(v)snn(u) T (8kn (V) Spn (1) — Skn (1) Spn(v))
Ok~ i —nS—n.i(V)Spn(u Ok~ i —iS—in(V)Snn(u
o u— s () F Gy ey i (©)sun ()

By the symmetry relation (3.3.41), it remains only to see S, (v)Sp,(u) = 0 for any

¢ € ITy_5. Using the expansion (3.3.42), we compute

Son(V)Spn(u) = Son (V) Spn (). (4.3.4)

v4+u

Therefore, $4,(v)spn(u) = 0 for all £ € Ty_y. This completes the proof that V, is
stable under the action of all s;;(v) with ¢,j € Zy_o. Moreover, it shows that V, is
stable under the action of the operator s,,(u). Thus, by definition V, is also stable

under the action of all operators s;(u).

Step 2: The action (4.3.3) defines an algebra homomorphism

X(gn-2, 9%1)2)“" — End(V}).
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First observe that

[S—n,—n(6), $Snn (V)] =0,  [Snn(u), Spn(v)] =0 and [spn(w),s;(v)] =0  (4.3.5)

for all 4, j € ZTy_5. To see this, note that by (3.3.42) we have

1 1 1
u—v u+v u2—1v?

(1), 52 ()] = ( ) [s2n (), 5mn )]

which implies [$p, (), Spn(v)] = 0. Furthermore,

u? — 2

[8i5(w), Sun (V)] = — [Snn (W), Snn (V)] =0 Vi,5 € In_s.
The symmetry relation (3.3.41) together with the second and third equivalences of
(4.3.5) then give

- (),5on@)] = 5o 3 [0, mn(0)] =~ g5 a0, (o))

a=—n

Hence, [s_n,—n(u), Snn(v)] = 0.
Now let ¢,7,k,f € Iny_o. As a consequence of the second and third equivalences
in (4.3.5), we have
[s35 (), sxe(v)] = [34;(2), ske(D)],
where

t=u+1/2 and d=v+1/2.

Thus, appealing to (3.3.42), we obtain the expression

5, (u), s5e(v)]
L (g ()3u(®) — a5 (0) ()

L S (Busia(8)50(8) — Guesial®) 03 (6)

u+v a€IN_2

0ij D (ska()8ae(®) — Ska(®)sae(ir))

N2 2
U v a€In_2

1 . . . .
—————— D> (O —ibiaSej (1) 5_ae(D) — 01,—;0a;Sk,—a(?)Sia (1))

Uu—v— KJGGIN_2
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_#(0, kSi,—k(U)S_je(0) — 0; _gSk,—i(D)5_g,(1))

U+0—

(’U, + ’U)?Z,_i 0 — /4;) ; (5k,—i3—j,a,(’&)sa,g( ) de —Jska( )Sa,—z(l&))
D= hrs@)5-D) — (D)5 D)
- (d—v— HG)Z(J’& +0—k) ; ((sk’_is““(a)s—j’l( ) — 6 ,—3 5k, —i(0)84a (1))

e B 50a(9) — Gt (D50 () (4.3.)

- ,&26_ B2 (Skn(’UI)Sng(’U) - Skn( )Sne( )) (437)
_ u_i_ﬁ (8 i85 3 (0)30e(8) — 81,—;0-n 1580 (8)3i (@)  (4.3.8)

(’U, + fv)?;’_i D — lﬁ)) ((5k,—i3—j,n(ﬁ)8n£(’5) — (55,_j8]m( )sn, (u)) (4.3.9)

02.7 g 2)s_ . $)s )
B (4 —o— ﬂe)(,&_l_ﬁ — k) (‘sk,—z —n,—n( ) —J,Z( ) — & —J —z( )S—n —n( )
_ (/& — H)z(J,& = H) (Jk’_isnn(’&)s_j,g(ﬁ) — 53,_j8k,_i(13)8nn(’&)) .

We now need to rewrite (4.3.6)—(4.3.9) in a way that will enable us to compare the
right-hand side above with the right-hand side of the reflection equation (3.3.42) for

X(gN—Za gN(l)z) with {szlj (U’) }’iijIN—2 replaced by {S?j (u) }i,jGIN—z :

Step 2.1: Re-expressing (4.3.6).

Using the reflection equation (3.3.42) for [s;, (), Spe(v)] with ¢ € Zy_5 and rear-

ranging the terms yields

1 ) 8ne(D) = . 1)346() — Spn (8)8i0(t
ﬁSin(U)SnZ('U) == ﬁ)("g‘"’ﬁl_ 1 (8 (1) 85¢(D) — Spn (D) 830(1))
taroario s Sa®al® (43.10)
die

T Gar i@t o= 1) S(d)sem(@):

This computation, together with (4.3.5), implies that the expression (4.3.6) can be
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rewritten as

iy 5 Cersin(050s(5) = Besen(8)5ng (1)
1
= o\ /o P (516' (snn(/&)siﬁ(lb) - snn(lb)sié(/&))
(U—v)(u+v—1)( !
+ G son8)s1g(0) — sma(@sig(@) ) 5
1 .
+ G+ (at+o—1) ae%_z (O Sia (1) Sae (D) — OieSka(D)Sas(%)) -
Step 2.2: Re-expressing (4.3.7).
Similarly, (4.3.10) and (4.3.5) imply that (4.3.7) can be expressed as:
s (S @)302() = st (e
5 (4.3.12)

T (@ 1‘32)(1.‘1. +b—1) Y. (ska(@)sae(0) — Ska(D)sae(2)) -

a€ln_o

Step 2.3: Re-expressing (4.3.8).

An analogous but more lengthy computation to that used in obtaining (4.3.10)

gives the relation

O s@50a(3)
= _1‘1—1};—5 ae%_z 6 aSa;(1)S_q,(0) + JU_HH_n’ann(v)s_n (@)
e (B (05 5o0) — O a5}
Tl vf(_g :Jv K) a€§_2 3—sa(1)30e(9) (4.3.13)
B v;}(_: St i@ — +0f5; (’z_ijé_e 5 ) S (©)3un(@)
Oonci (g (2)5_14(5) — Sunl®)5_5(8)

Z (Saal u)s—ﬂ(v) ‘55,—jsnn('5)3aa('&))-

GEIN

167



Similarly, since sgn(0)8i,—n(%) = —[8i,—n (%), Skn(?)], we have

t—0—kKk+1 i i
—————8kn(0)8i,-n (1)

U—0—K
= _% Z oa,—nsk,—a(’&)sia(’&) + #ei,—ns—n,—n(/&)snn(i})
U—U—lﬁ)aeIN_2 Uu—v—~K
1 . . . .
+ oo = o Ok Sik(8) 00 (9) = OinSk,—i(0)$—n,—n (1))
oin o o
+ @+0)@—6—r) ae%\;_z) Ska(0)Sa,~i(11) (4.3.14)
Oir, . o OinOk,—i o o
+ (,& n ’5) (,& 55— K',) Skn(v)sn,—z (u) (,& + 1‘}) (& 55— K)) Snn(u)snn(v)
ein ° o o o
- (@ — o) @+ o — k) (8k,—i (W) Snn (D) — 8k,—s(D)8nn (1))
oi,—n

Z (Ok,—i5aa (%) Snn (V) — Sk —i(0)Sqa()) -

(@ —0—k)(U+0— k) e

Using the two equivalences (4.3.13) and (4.3.14), together with (4.3.5), we obtain the

following expression for (4.3.8):

-1 . . . .
55— o Okibli—nS—nj(%)5ne(0) = 0,—j60—njSkn(0)Si,—n(12))

= fo(u,v) Y (Ok-ibiaSa; (%)S—a,e(D) — 81— j0ajSk,—a(D)Sia (1))

a€ln_o
_ u7v ) o ) o
0, L) S (5 s a()50() = oy Sta(D)50,—i(8))
U + v a€Ln_o
f-(u,v . . X .
#5005 (sl 50(6) — B30 s0) ()

(4.3.15)
+ f(u,0)0k,—i (0555 —n,—n(©)5—j (V) — b5 —£5nn(0)5_¢;(12))

+ f+(uyv)0e,—5 (05,-k8i,—k (1) Sun (D) — Oijsk,—i(D)S—n,—n (%))

s T (5 (0)53000) — s (9)5_50(8)

sty D (i) (6) — 1) ()

f-(u,v)

—0. . c .
7’7.7 ’U,+’U

(Ok, 565 (@) 5,(B) — 8o, Skn (D) 8n,—i(2)) ,
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where fy(u,v) is given by

1
Gxo—r)G—D—r+1)

fe(u,v) = (

Step 2.4: Re-expressing (4.3.9).
If we add the last line of (4.3.15) to (4.3.9), we obtain

07‘7_.7
@+o)(@—6—r+1

) (Ok,~i8—j,n (@) Sn,e (D) — Ot,—8kn (D) Sn,—i(10)) -

We can also re-express this using (4.3.10) and (4.3.5). This yields

0i—j
G+ d)(a—6—rt1)

= 0T (s 50(8) — son(8) 53

(Ok,—i5—j;n (%) 8n,e(D) — Op,—Skn (D) Sn,—i (1))

005851 (50 (5) 31, -40) — 5054, (5))
+ei,_j’;f’jr’? S Ok —i5—ja(@)Sa(5) — 01— Ska(D)5a—i(10)), (4.3.16)

a€IN_2
where f(u,v) is given by

1
@+o—1)@—9—r+1)

f(u,v) =

Step 2.5: The reflection equation (3.3.42) is preserved.

Next, observe that the following identities hold:

1 1 1

it T @r0ato—-1) uto’
1 1
f_(u7v)_ o o - - )
U—vYV—K Uu—vYv—K
1 F(wv) | Fwv) 1

(G+0)(u—0—k) G+ t+0  (u—v—k)(u+v)’

where & = k—1is %¢;,_,. Therefore, combining the new expressions (4.3.11), (4.3.12),
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(4.3.15) and (4.3.16) and substituting them back into (4.3.6)—(4.3.9) gives:

[s35(w), ske(v)]

(815 (1) sie(D) — sk (D)sie())

uU—v
1 o o o o
s > (OkjSia(t)sae(D) — bse5ka(®)Sa; (1))
a€InN_2
5i' o o o o
u? — v2 Z (814 () Sat(D) — Ska(D)Sae(1))
a€IN_2
1 . . . .
oz 2 (Onifiases(@)s-ae(D) = 81—i0as5k-a(0)sia(d))
a€ln_o
1 o o o o
N u + v — /%'/ (OJ,—ksz,—k(u)S_J,g(U) - ezv_eskv_"'(’u)s_ex] (u))
01 _.7 o o o o
’ 6—73 —J,a — 0 —j a a,—1i
+ (u+v)(u—v— &) GE%—Z( k,—~iS—j,a (%) 802 (D) 0, Ska(0)Sa,~i (1))
0’& —3 o o ) )
(w—0)(u Fos %) (sk,~s(8) 55 (0) = 85,-i(0) (%))
0i; . . N
— - - Ok,—iSaa(0)S—j (V) — 0g,—;Sk,—i(V)Saa(t
(U—U—ﬁ)(u+v—ﬁ)a€%_2(k () Jl() £,—j°k () ())
+ B(u,v),

where B(u,v) is defined as the operator

B(u, vﬁ)
= 55 (Sun()52(8) — $0m(D)3:(1))
b () 345(0) — 5o (@)585(9))
ato_ '%)1(“ - 8,—i (03jS—n,—n()5_j,4(8) — O; —gSnn(D)s_g;5(10))
o= o) Ok r ()30 (E) = Bk, s(5)3 ()
BCEDC f_‘s =g Cm(@)s5(®) = smm()s—50(8)
0;.—0¢,—j

"=t - ) —uv—g) i@)5n(?) = 8,-i(0)sn(1))
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03,30k, —i
+
(u—v)(u+v)(u—v—~&

) (8nn(©)8—56(D) — Snn(D)s—j (1))

=it Snn (0)Sk,—i (%) — Spp (W) S, —i(D
+ (U—’U)(u;-v)(u—v _ H) ( nn( ) k,—z( ) nn( ) ,—z( ))
T v Rt v g Oemitomen(8)3-ial8) = mg-i(B)3-nn(8)
by iSnn (1) S_j o(V) — Sk, —i (V) Spn (U
- (u v — °)(u—|—v — H) (‘Sk,—z nn( ) —J,E( ) 66,—1 ,—z( ) nn( ))

Adding terms together, and applying (4.3.5) where necessary, we obtain the equiva-

lence of operators

B(u,v)
= 2 o @58) — 5on(8)50()
+ u25i 2 (8nn(0) 8k (%) — Spn()ski(?))
S oy /%)l(u s s @50 (0) + By (Do) (g1
TRy 70t O @5-05() + B @)3(5)
T @ Uz)(u’%jk;,_i_eig(u - (nn(@)5—je(D) — Snn(D)s—j,e(1))
Kop,—;0; —;

" D)t D= &) (Snn(D)8k,—i(G) — Spn(T)Sk,—i(D)) -

Let D(u,v) be the expression on the right-hand side of the reflection equation
(3.3.42) for X(gn-2,Gn-p)™ with {s}(u)}ijezy_, replaced by {sj;(W)}ijezy . A
lengthy computation using the definition of the elements s;(u) and again appeal-

ing to (4.3.5) where necessary yields the equivalence
D(’LL, U) = [ng (U), SZZ(IU)] - B(U, U) + A(U, U),
where A(u,v) is the operator defined by:

A(u,v)

uzé‘fjvz (Snn(/&)siﬂ(la) - Snn(i})sié('&))
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0i

+ (Snn(ﬁ)skj (@) — Snn(’&)skj (0))

w2 — 02
(wtov— ,g;)l(u e 0t,—5 (05,—kSi, k(1) 8nn (D) + 0358k, (0) S (1))
- (wto— K)l(u pT—y Ok, —i (0i -1 (0)S—g,5 (%) + 6;jSnn(T)S—; (D))
B (B ison(0530(8) = G554
T @ Uz)(u’%ik;i_ei};)j(u p— (8nn (1) 5—j,e(D) — Sun(D)s—je(4))
e (@) () ~ s ()5 (5)
6,(N - 2)

- 5—inn°—'°_5—' —'L'o'rmo-

2u(u —y — ’%)(u+v _ "%) ( k7 s (U)S J;‘e(v) ev Jsky (U)S (u))
Therefore, to complete the proof of the lemma, it remains only to see A(u,v) = B(u, v).
Comparing the above expression for .A(u, v) with (4.3.17), we see that it is enough to
show

I%eij + Oi,_j — OU(% — 1) =0

This follows from the identities

N N
K’ZE:FL 5—1:K/—1:|:1:I2):|:1 and ei’_j::tei,j. ]
Remark 4.3.2. The definition of the operators {s;(u)}:jezy_, are motivated by
the proof of [MR02, Theorem 4.6], where a similar result to Lemma 4.3.1 played an
integral role.

One could postulate that the action of the reflection algebra X(gy_a, g?v(g)t‘” on

V., given by Lemma 4.3.1 factors through X (gn_o, g}z,(i)z)tw. We will soon see that if
(gn, %) = (92n, gln), then this is indeed the case. However, if the pair (gn, g4;) is of
the form (gn, g, P g4), then the operators (4.3.1) fail to satisfy the defining symmetry

relation (3.3.41) of the algebra X (gn_o, gocy)™.

The next Lemma shows that this issue can be avoided by replacing sf;(u) with
h(u)sg;(u) for a suitable formal series h(u) € 1+ u~'Clu™].

Lemma 4.3.3. Let V be an X(gn, g%)"-module such that V, is nonzero, and fix
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h(u) € 1+ v CJu]. Then
sij(u) - v =h(u)sy(u)v YveV, and i,j € Iy (4.3.18)

defines an X (gn_2, gfv(i)z)tw-module structure on V. if and only if

h(w)h(k — 1 —u)™" = pi(u)p(u + L)% (4.3.19)
Moreover, a solution h(u) of (4.3.19) ezists in 1 +u~C[u™!].

Proof. Let us equip V, with the X(gy_a, g?\,(g)t‘”-module structure given by Lemma,

4.3.1. By Theorem 3.3.22,
X (gv-2, N 2)™ = X(gN—2, Gu o)™/ (c(w) — 1)

and thus the first assertion of the lemma is equivalent to the statement that c(u)
operates as the identity operator in the twisted module v;(V,) if and only if h(u)
satisfies (4.3.19). By (3.3.43), the automorphsim v}, satisfies

vn(c(w)) = h(k — u) " h(u)c(u), where &=k — 1,
and it therefore suffices to prove that
c(w)|v, = p(u+ L)p(u)idy, . (4.3.20)

Fix i € Iy_5. Since s3(u) € gy + v 'End(V,)[u™!] is invertible, it follows from
(3.3.33) that the action of c(u) on V(4 ) is completely determined by

3?,' (U) EkGIN—2 szk (U)
2u— K 2u — 2k

pr(u)c(w)sz(k —u) = 52, _;(u) F

The identity (4.3.20) will therefore hold if

(w) su(u)  kezy_, Sti(u)

4.3.21
2u— k& Qu—2& ( )

p(@)s;(k —u) = s,

—i,—1%
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where & = u+ 1. By (4.3.1), we have

o ( ) Sii (u) EkEIN—2 Skk (U’)

s . .
—h 2u—K 2u — 2K
o 4.3.22
=S . ( o) S’L’L (’&l) EkEIN—Z Skk (’U,) (u) Sn’n (u) ( )
—1,—1 ¢ — K 2 — 2% I ou

where p;(u) = pr,_,(u). By the symmetry relation in X (gy, g%)®,

oo ey ey sii(@) t(S(a)- T
p()sji(k —4) = s_j,—;(4) F u— i + 90 — 9% — 1 Vjely.

This implies that

p(@)s5(k — u)

p(%)

= p(4)sy(k — ) + 5% — 94 Snn(K — )
o ° Sis (/&) ZkGIN_2 Skk (,&)
= sl @) F 5 T 2u — 2%

1 1 1 .
+ (2u i1t 2—2u T 2 —2u)2u—2k— 1)) 8-n,n()

1 o
+ (Qu k-1 Qu—R)(2k—20)  (2u— 2%k —1)(2k — gu)> S (0)
_ > $i(0) | Lkezy_ Skik(1) Snn ()
=@ F o et w2k W75

where in the last line we have used (3.3.7). Comparing with (4.3.22), we deduce that
(4.3.21) holds.

We now turn to establishing the existence of h(u) € 1+ u C[u~!] satisfying
(4.3.19). Set
c(u) =pu+ p1(w)t €1+ uw'Clu"].

Let h(u) be the unique solution of h(u)? = c(u)™! in 1 4+ !C[u~1]. It follows from
(3.3.11) that c(u) satisfies

c(f—u) =p1(wp(u+3)" =c(u)™

174



Hence we have
1=c(u) e(k—u)™" = (h(u)h(k —u))>.

As 1 is the unique square root of itself in 1 + u='C[u~!], we can conclude that
h(u)h(k — u) = 1, and thus that

h(w)h(k —u)™" = h(u)* = c(w) " = pr(w)p(u+3) . a
We now once again assume that 1 < m < n — d;3y 50,,- The next proposition
generalizes Lemmas 4.3.1 and 4.3.3.

Proposition 4.3.4. Let V be an X (gn, g%)®-module. Then
(1) Vi4m) is stable under the action of {s7"(u)}ijety - That is, we may view

s3"(u) € End(Vig,m))[u™'] V4,5 € In—om.

(2) For any h(u) € 1 +u~'CJu~"], setting

sij(u) v =h(u)si"(u)v VYveVim and i,j € In_om (4.3.23)

9(m) )tw

equips Vi m) with the structure of an X(gn—om, Sy —am) ™ -module.

(8) Provided V(4 ., is nonzero, (4.3.23) descends to an X(gn—om, g%@m)tw-action

if and only if
h(u)h(k —m — u) ™" = pm(u)p(u+ 2) 7. (4.3.24)

Moreover, a solution h(u) of (4.3.24) exists in 1+ u~'CJu~!].
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Proof. First note that if ¥ +1 < n — gy s0,, then, for each 7, j € In_sk41), We have

o 0; o
Sif(u + %) + ﬂsnk k,n— k(u + 2)

2u
5 & .
=sij(u+ 51 + Tjrl Zk lsaﬁ(u +57)
a=n—k+
i@ B S k(g k) (4.3.25)
2 n—k,n 2u + 1 = aa 2

5. m
_s”(u+k+1)+ﬁ > sk (u+ B

a=n—k

— °(k+1)( ).
By the existence statement for h(u) in Lemma 4.3.3, we may choose
{ha(u)}oz, € 1+u™'Clu™]
satisfying the set of relations
ha(uha(k —a —u) ™" = pa(W)pe—1(u+1)™" V1i<a<m. (4.3.26)

Combining Lemmas 4.3.1 and 4.3.3 with the relation (4.3.25) and the definition of

V(4,m), we deduce using a simple induction argument that
sij(u) v =d(u)sgi" (u)v Vv € Vim and i,j € IN om (4.3.27)
defines an X (gn—_am, goa 2m)“"—module structure on V{; ), where
d(w) = hm(Whm—1(u+ 3) - by (u + 5).

Since d(u) is invertible, this implicitly implies that Part (1) holds.

Consider now Part (2). Replacing {s;;(4)}ijezy_am 0Y {5:(©) }ijezy o in (4.3.27)

equips V(4m) with an X(gn—_om, g?\,( 2)m) -module structure in which c(u) operates as

the identity.

Given a fixed series h(u) € 1+u~'CJu~'], set g(u) = h(u)d(u)~ . Then the action
of X(gn-2m, Q%Tz)m)t‘” on the module v;(V(; m)) is given by (4.3.23), and thus Part

(2) holds.
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Now let us turn to proving Part (3). By (3.3.43), we have

vg(c(w)) = g(k —m — u)g(u) "'c(w).
It follows that the central series c(u) operates as

g(k —m — u)g(u)_lidVH’m) = h(k —m —uw)h(u)"td(k — m — u)_ld(u)idVH,m)
in v3(V{4,m)). Thus, the action (4.3.23) descends to an X (gn—_2m, gf\,(Tz)m)tw-action if
and only if
h(k —m —wh(u)™ = d(k —m — uw)d(u) ™ .

By (4.3.26) and the definition of d(u), the right-hand side is

m—1
H hm—o(k —m —u+ %)hm_a(u + %)_1
a=0

m—1

= [I pm-o(u+ &)Pm—q_1(u+ )™
a=0

= pm(u)p(u+ 2) 7"

Since h(u) = d(u) is a solution to (4.3.24), we may conclude that Part (3) of the
Proposition holds. O

4.3.2 Highest weight properties

In this subsection we show that in the special case where V' = V(u(u)), additional

information is encoded in the X (gn—om, g, )t

-module V{4 ) of Proposition 4.3.4.
First, we prove that there is a particular series h(u) which can be regarded as the
most natural solution of (4.3.24).

Let g,(u) be the rational function from (3.3.3) associated to (gn—om, g}"(,(’_”gm).

That is,

N —2m —4u

T i (g, %) = (v, 80 D 90),
) = | @)~ 1 (B8 = (O ©0)

u_l if (gNagl‘?V) = (g2n’g[n)‘
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Proposition 4.3.5. Fix 1 <m <n — gy s0,,- 1hen the series

h(u) = gm(u)g(u+2) €l4+u'Clu™] (4.3.28)

m
u+2

satisfies (4.3.24). If (gn,0%) = (8n,8p D 9q), this is the unique choice of h(u) with

the property that
V(Gm) = VI(G)+m),

where the X (gn—am, o ) -module structure on V(G)(+,m) is given by (4.3.23).

Proof. Let us first show that h(u), as defined in (4.3.28), satisfies the equation
(4.3.24). By Proposition 3.3.3 and (3.3.7), we have

k—u . pIN—2m(u) . p(u + %) . g-m(u)
Fut ] p@td) e gt ])
_p(u+%)
Pm(u)

h(k —u) =
h(u),

where £ = k —m. Thus, h(u) satisfies (4.3.24).

Suppose now that (gn, 8%) = (gn, g, D g,) and let A(u) be an arbitrary solution

of (4.3.24). Since V(G)+,m) = V(G) as vector spaces, V(G) is a X(gN_zm,g}g\,(T_nz)m)tw—

module with action given by (4.3.23). Equivalently,

sij(u) - & = h(u)gi"(u)€ V' i,5 € In_om,

om m 5”’ j = m
where  g7™(u) = g;;(u+ 3) + 24 > Gu(u+2)
U a=n—m+1

and ¢ is any nonzero vector in the one-dimensional space V(G). In particular,

V() 4m) = V ((h(w)g5™ (u) iezy_an) -

Since any highest weight u(u) is completely determined by the corresponding series
fi(u) defined in (4.2.5), V(G)(4,m) is isomorphic to V(Gy,) if and only if

h(u)gi™(u) = git(w) Vi € If o, (4.3.29)
where G (u) = X, jezy_,, 957 (W) Eij. The equality (4.3.31) proven in Corollary 4.2.10
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below gives g™ (u) = gis(u + ) for all i € Tf;_,,,. Since there is at most one h(u)

satisfying the above equations, we are left to show that h(u) given by (4.3.28) satisfies
h(u) = g7 (W)ga(u+5) " Vie Iy o,

If i« < %, then the proof of Corollary 4.2.12 shows that the right-hand side is

u m\—1

as desired. If instead ¢ > % + 1, then we also have # < n — m, and the proof of
Corollary 4.2.12 gives

g (W) Falu+3)™ =

e i) (5@ o)

o tr(G) — 2m — 4u
~u+ 2 \tr(G) + 2m — 4u

u 1
g 4 my1, O

Remark 4.3.6. When (gn,9%) = (920, 9l2,), the expression (4.3.28) collapses to
h(u) = 1. Though this is certainly the most natural solution of (4.3.24), it does not
preserve the trivial representation in the sense described in the second assertion of
Proposition 4.3.5. In fact, no solution to (4.3.24) does: solving the system (4.3.29)

yields
u

2

for which (4.3.24) does not hold.

Henceforth, given a X (gy, g%)®-module V and fixed positive integer m < n —

9(m) )tw

Ogn 502, We Will write V() for the X (gn—om, Gx_om)"’-module which is equal to

Viem) ={v €V : s5(u)v=0 Vi<jwithn-—m+4+1<j<n}
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as a vector space, and has module structure given by

sij(u) v =h(u)sii*(u)v Vv € Viym and i,j € Iy_om,

where
u —
hu) = gm(w)g(u+3) L (4.3.30)
2
dij < .
sy (w) = si(u+ ) + i Y Swaw+ ) Vi,j€In_om.
a=n—m-+1

If in addition V' is isomorphic to a module of the form V(u(u)), we will write V, for

the cyclic submodule

’19 m w
Vm = X(gN—ZmagN(—gm)t g C ‘/(m)’

where £ € V(u(u)) is any highest weight vector.

Corollary 4.3.7. Fiz a positive integer m < n — gy s0,, and let & € V(pu(u)) be a
highest weight vector. Then

(1) V(u(u))m is a highest weight module with the highest weight
h(u)p™™ (w) = (b(w)ps™ (u))iezt_,
where the components of u°™(u) are uniquely determined by

p(w) = fi(u+2) Vi€ZIH_on (4.3.31)

(2) V(u(u))m is the unique highest weight submodule of V (u(u))my. In particular,
if V(u(u)) is finite-dimensional then

V((w)m = V(R(w)p™ ().
Proof. Tt is clear that V(u(u))n, is a highest weight module with the highest weight

(B (W))iezy. ., Where

om m 1 = m .
p (w) = ps(u+ F) + 2u > pa(u+ ) VieIf o
a=n—m-+1
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To prove Part (1), it thus suffices to show that, for each i € Z;_,, ., the corresponding

series ;g™ (u) is indeed given by (4.3.31). By definition,

) = Qu—ntm () + Y h™w)

k=i+1
=(2u—n+m+u(ut )+ D m(u+)
k=i+1
2u—n+m+i n—m-—1 - m
+< 2u * 2u ) 2, Halut7)

a=n—m-+1

= Q) - nt DY pa(ut )
a=i+1

= fi(u+ %)

Now let us turn to proving Part (2). Suppose that K is any highest weight submodule
of V(u(w))(m), and let {x € K be a highest weight vector. Since V' (u(u))(m) is equal

to V(u(u))(4,m) as a vector space,
sij(u)éxk =0=s_; ;(u)éxg Vi<j with n—-m+1<j<n.
Since £k is a highest weight vector of K, we must also have
sij(u+ 3)x =0 = s;5(u)fx =0 Vi< j€In_om,

Combining these two facts gives s;;(u)éx = 0 for all i < j € Zy, and thus { €
V(u(u))°. By Corollary 4.2.10, V(u(u))? = C¢ and therefore £k is a nonzero scalar
multiple of €. As £ generates V (u(w))m, this implies K = V(u(u))m.-

The second assertion of Part (2) follows from the first assertion and the fact that,
if V(u(u))m, is finite-dimensional, every proper nonzero submodule K C V(u(u))m

must contain an irreducible submodule, and hence a highest weight vector. O]
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4.4 Reduction to type AIII

Consider now the embedding
tg: 8l = 9N, Ej—F; V1<i,j<n.

Let ¥y be the involution of gl,, defined by ¥y = Ad(Gy), where

n * n
Ga= > 9iE; =Y Es;— > Ejy

ij=1 i=1 i=h+1

and % is the non-negative integer defined in (4.2.40). In particular,
glle = gl @ gle

and ¢y may be viewed as an embedding of symmetric pairs

Lot : (80, 8 © gle) = (g, %)-

*

gl
and apply it to study highest weight X (g, g% )®-modules. Analogously to the last

Our goal in this section is construct a twisted Yangian analogue of the functor ¢

section, this will involve constructing an X (sl,,sly @ gl¢)*-module structure on a
(generally proper) subspace of any X (gn, g% )?’-module, where X (sl,, sl @ gle)* is
the extended twisted Yangian of type AIII from §3.4.

4.4.1 From X(gn,g%)™ to X(sl,,sls @ gle)™

Let V be an arbitrary representation of X (gn, g%)®, and define J be the left ideal
in X(gn,g%)™ generated by the coefficients of the series s_; j(u) with ¢ € Zf; and
1 < j < n. We define V'’ to be the subspace of V annihilated by J:

Vi={weV: s jlupwy=0 VieIf and 1<j<n}. (4.4.1)

Note that if V is finite-dimensional or a highest weight module, then V7 always

contains a highest weight vector and hence is nonzero.

Proposition 4.4.1. Let V be an X (gn, g%)®-module. Then
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(1) V7 is stable under the action of {sij(u)}1<ij<n- That is, we may view

sij(u) € End(V))[u™] V1<i,j<n.

(2) Setting
bij(u) - v =s;;(u)v YveV’ and 1<i,j<n (4.4.2)

equips V7 with the structure of an X(sl,, sly ® glg)™-module.

(8) Setting
bij(u) -v=o0y(wv YveV! and 1<i,j<n (4.4.3)

equips V7 with the structure of an X (sl,, sls @ gle)*-module.

Proof. We begin with Part (1). We must show that s_; j(u)sge(v) =0 mod J for all
i € Z¥ and 1 < j, k,£ < n, or equivalently

[s—i;(u),ske(v)] =0 VieZIy and 1<j, k£ <n, (4.4.4)

where = is used to denote equality of operators on V. Let us first show the above
equivalence holds assuming 1 < ¢ < n. This is immediate if & # 4,5 by (3.3.42).

Consider the case where i = j = k. As a consequence of the relation (3.3.42), we have

a0, s = (Uj e - ) 3 saludsuls)

Z S—a,i U)SGZ

’U,—’U—KJ

(4.4.5)

Computing s_,q(u)sqe(v) for a # i, we obtain

[5-ai(w), Sar(v)] = — Zs b,i () spe(v)

—v—K{
D
+ S—ip(u)spe(v
(ut+v)u—v—rk) =
1 n

= [s_4i(u), sue(v)] —

S—ip(6)spe(v),

u—l—vb=1

where the last equivalence is a direct consequence of equation (4.4.5). Substituting
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the above result back into (4.4.5), we get
[s—si(u), sie(v)]
1 1
- <u+v + (u—i—v)(u—v—n)) 2 5-ia(W)sar(v

n n—l

~ o ls-ii(w) se(v)] + (u+0)(u—v—r) Zs_zb )see(v)
n n
= (14 sy =) e e sald) i) )
which implies that
[s_ii(u), si(v =7 P Z S_ia()Sae(v). (4.4.6)

By (3.3.42), for all a # ¢ and a > 1, we have the relation

1 n
“+Ub=1

S_ia(t)Sqe(v) =

S—ip(u)spe(v) = [s—ii(u), sie(v)]-

Substituting this into (4.4.6), we arrive at

n
u—+v

[s—i,6(w), sie(v)] =

[5—i,i(u), sie(v)],

which allows us to conclude that [s_;;(u), si(v)] =0 for all 1 <i < mn.

Now, let us consider the case i # j. As a consequence of relation (3.3.41), it is

enough to consider the case where j = k. By (3.3.42) we have:

Z S—z a U)Sag

[S—w(u) Sﬂ u—l—v

However, by (4.4.6), the right-hand side of the above is equivalent to 0. Thus, we
have shown that (4.4.4) holds for 1 <i < n.

If gn = 509,11, then we must also show

[ng(’LL), Skﬁ(v)] =0 V 1 S ja kag S n.
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This is immediate from (3.3.42) unless j = k, and in this case we obtain

Z 50a(©)Sqe(v (4.4.7)

805 (1), sje(v = ut v

However, the same computation shows that

1

800 (1) Sae(v) = - g:l S0b()spe(v) = [05(w), 8¢(v)],

and so (4.4.7) yields

(1 __" ) [s0j(u), sje(v)] = 0.

u—+v
This completes the proof of Part (1).

Consider now Part (2). By (3.3.42), we have the following equivalence of operators
forall 1 <z,j,k,l <n:

" i 5 (855 (w)sie(v) — spj(v)sa(u))

n

[sij(w), sm(v)] =

i8ia(4)Sal (V) — GitSka(v)Sai(w))

- 2iU2 2::1 0ij (Ska()8a1 (V) — Ska(V)sa (1)) -

U

This is precisely the explicit form (3.4.7) of the defining reflection equation for the
algebra X(sly, sty @ gle)™. Hence, Part (2) of the Proposition holds.

As for Part (3), since the generating series o;;(u) = g(u)™!s;;(u) for the subalgebra
Y(gn, o%)™ of X(gn, g% )™ satisfy the defining relations (3.3.40) and (3.3.41), Part
(2) implies that setting

bij(u) v =0;;(u)v YveV’ and 1<i,j<n
equips V7 with a X(sl,, slg @ gl¢)™-module structure. By Theorem 3.4.7, we have

X (sl,, slg @ gle)™ = X(sl,,, sy @ gle)™/(f(u) — 1),
where  f(u)l = B(u)B(—u).

Hence, it suffices to show that Y-0'_; 04 (u)0ej(—u) = &;; for all 1 < ¢,j < n. This is
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a consequence of the relation Y ocz, 0ia(u)oqi(—u) = 8; in Y(gn, g%)™. O

Remark 4.4.2. The above proposition has been inspired by the proof of Proposition
4.2.8 in [Mol07], where a similar result was established with X (g, g% )™ replaced by
X (sln, gn)™ and X (sl,, sl @ gle)™ replaced by Y (gl,).

In order to apply Proposition 4.4.1 to study highest weight representations of the
twisted Yangian X (g, g%)%, we first must recall some of the representation theoretic
results for X (sl,, sl @ gle)* developed in [MRO2].

4.4.2 Representations of X (sl,,sls @ gle)™

A representation V' of X(sl,,sly @ gl;)™ is a highest weight representation if there
exists a nonzero vector £ € V such that V = X (sl,, sl @ gle)™¢ and

bi(wé=p(w)¢ V 1<i<n,

where, for each 1 < ¢ < n, p;(u) is a formal power series in C[u™'] of the form
() = g+ S uOur, 40 e
pi(u) =g+ i u, p €C.
r=1

As usual, we call p(u) = (ui(w))?, the highest weight of V', and the vector ¢ the
highest weight vector. By [MR02, Theorem 4.1], every finite-dimensional irreducible

module V is a highest weight representation.

Given an n-tuple p(u) = (ui(u))?,, the X (sl,, sl ®gly)™ Verma module M (u(uw))
is defined as the quotient of X (sl,,,sls @ gle)™ by the left ideal generated by all the
coefficients of the series

When it is non-trivial, M (u(u)) is a highest weight module with the highest weight
p(u) and highest weight vector equal to the image of the unit 1.
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A classification of non-trivial Verma modules was obtained by Molev and Ragoucy
in [MR02]: By [MRO02, Theorem 4.2], M (u(u)) is non-trivial if and only if the com-
ponents of the highest weight u(u) satisfy the relations

fn (W) pin(—u) = 1, (4.4.8)
fi(w)ii(—u +n — i) = fip1 ()i (—u +n — 1) (4.4.9)

for all 1 <4 < n, where the components of fi(u) are defined in (4.2.5).

For each n-tuple pu(u) = (u;(u))?_; whose components satisfy (4.4.8) and (4.4.9),
the Verma module M (u(u)) admits a unique irreducible quotient V(u(w)). Up to
isomorphism, it is the unique irreducible highest weight module with the highest
weight p(u). In particular, every finite-dimensional irreducible module is isomorphic

to a module of this form.

One of the main results of [MR02] is a complete classification of finite-dimensional
irreducible representations of X (sl,,sly @ gle)*. By [MRO02, Theorem 4.6], V' (u(u))
is finite-dimensional if and only if there exists monic polynomials P (u), ..., P,(u) in
u, with

P(u)=P(—u+n—-i+2) V 2<i<n, (4.4.10)

together with a scalar a € C such that Py1(a) # 0 and

~ . _ Sit
ui_l(U) _ R(u+1) ( a—u ) RV <i<n. (4.4.11)
i (w) Pi(u) \atu—¢

Remark 4.4.3.

(1) When # =0or # =n, we have # +1 ¢ {2,...,n} and «a plays no role in the
above classification. In particular, (4.4.11) becomes

fia(w) _ Pi(u+1)

i = V 2<i<n.
i () Fi(u)

(2) In [MRO2], the condition ¢ < n/2 was assumed. However, this condition can
be removed and the proof of Theorem 4.6 in [MR02] goes through after only a

small modification.
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4.4.3 Applications to X (gy, %)™

Using Proposition 4.4.1 and [MR02, Theorem 4.2], we may now make precise the
sufficient and necessary conditions on the tuple u(u) = (u; (u))igx which results in a

non-trivial X (gy, g%)™ Verma module M (u(u)).

Theorem 4.4.4. The X (g, g%)" Verma module M (u(u)) s non-trivial if and only

if the relations
Bi(w)gi(—u +n — 1) = Gip1 (wfiia (—u +n — 1) (4.4.12)
ug (u)ho(k —u) = (k —u) g(k — u)fo(u)

hold for all i € Zf; \ {n}, where the second equation is omitted if gn # $02n41-

Proof. Suppose that V' = M (u(u)) is non-trivial and recall that 1,y € M(u(u)) is
a highest weight vector associated to the highest weight p(u). If gy = 502,41, then
the second relation of (4.4.12) follows immediately from Proposition 4.2.5. Thus, to
show that the relations of (4.4.12) are necessarily satisfied by (), it suffices to show
that

fii(w)ii(—u +n — i) = Gy (Wi (~u+n—19) V i€y \{n}.

Since 1, belongs to the subspace V7 of V (see (4.4.1)) VY is nonzero and by
Proposition 4.4.1 admits the structure of a X (sl,, sls, @ gl¢)*-module. Consider the
submodule

W = X(ﬁ[n,slk D g[e)twlu(u) c Vv,

As the central series g(u) is uniquely determined by
w(u) = q(u)q(u + £),
Proposition 4.2.7 implies that
qw)lv = qu(w)idy, where g, (u) € 1+u'Cu™].

As 0i5(u) = q(u)tsi(u), it follows that W is a highest weight representation of
W = X(sl,, sls, @ gly)®™ with the highest weight

ph(u) = (gu(w) ™ pa(w))izy.
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Therefore, the X (sl,, sl @ gl¢)™ Verma module M (uf(u)) is non-trivial, and by
(4.4.9), we have

i(w)fi(—u +n — i) = flip1 (w) B (—u +n — 1)
forall 1 <i<n-—1. If gy = 509,41, then we must also show that

In fact, the same argument as used in [MR02] to establish (4.4.9) can be applied to
show that (4.4.13) holds. Let us recall the main steps of this argument. Define

Bi(u,v) = sia(w)sai(v) V i€IF
Using = to denote equality of operators on C1,,), we have

ﬂi(ua U) - /Bi(va U) = Z Aia(ua U) = 07
where the definition of A;;(u, v) has been given in (4.2.15), and the second equivalence
has been proven in Step 3.1 of the proof of Theorem 4.2.6 for i > 0, and in Step 3.2 of
the same proof for ¢ = 0. As a consequence, we have f;(u,v) = B;(v,u) for all 1 > 0.
From (3.3.42) we obtain

Bi(u,v) = si;(u)si(v) + uiv Xn: (Saa(1)8ii (V) — Saa(v)sii(u))

a=i+1
1 n
u+v a;—l (/B'L(U’a ’U) - ﬁa(va ’LL)) )

which is equivalent to

(u"'z_l__:"_’) Bi(u,v) = si(u)ss(v) — - i - a;ﬂ Ba(v, )
L (4.4.14)
+ u—v Z (Saa ()85 (V) — Saa(v)sii(w)).

a=i+1

189



Subtracting (4.4.14) with ¢ = 1 from (4.4.14) with ¢ = 0 and rearranging, we obtain

U —I— v —
uto (50(“ v) — Bi(u, U))
= s00(u)S00(v) —I— — Z(Saa ©)800(V) — Saa(v)S00(w))
— sna(Wsn(e) - i . z:(sm(msmm = sua()su(w).

Substituting v — n — u, the left-hand side becomes the zero operator and, after

applying both sides to 1,,), we arrive at the relation

n

(u)po(v) — pa(v)o(u))

to(u)po(v)

pa(u)pa(v) (W) p1 (v) = pa(v) 2 (w)).

N =2
By expanding equation (4.4.13) (using the definition of fi;(u)), we see that it is equiv-
alent to the above relation. Therefore, we may conclude that the relations (4.4.12)

are necessarily satisfied when M (u(w)) is non-trivial.
Conversely, suppose that the components of u(u) = (Ni(“))iezj(, satisfy (4.4.12).
Let h(u) be the rational function in u defined by

tr(G) + 4¢ — 4u
tr(G) + 4u

h(u) = (4.4.15)

Note that h(u) satisfies the relation h(u)h(€ — u) = 1. Define

(u u)) R ———— Fiw) ') n
fi(u) = (h(w)) et (1) vV oieZ{\{n}.

Then, by the first relation of (4.4.12), we have
filw)filn—u—i)=1 V ieZy\{n}

Thus, for each i € Zy \ {n}, there exists g;(u) € 1+ u~*CJu~'] such that

fi(u) = gi(u)gi(n —u — i)™
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We will use these series to construct a non-trivial X(gy) Verma module M (\(u))
containing an X (gx, g%)® highest weight module with the highest weight pu(u).

If N =2n, fix Ap(u), \on(u) € 1 + u*CJu™"] satisfying the relation

(0= (A9

tr(G) — 4u ) An(t = K/2)A-n(—u + £/2) (4.4.16)

For each i € Zf; \ {n} define \;(u) € 1+ u*CJu~?] recursively in terms of \;;1(u) by
Xi(u—k/2) = gi(w)Ahip1(—u — k/2+n —14)7L,
By Lemma 4.1.3, there is a unique N-tuple A(u) extending (A_,(u), A1 (1), ..., An(u))

with the property that the X (gn) Verma module M (A(u)) is non-trivial.

If instead N = 2n + 1 then, by the second relation of (4.4.12), there exists Ao(u)
in 1+ 4 'CJu~'] such that

Io(u) = 2ug(u)Ao(u — k/2)Ao(—u + K/2). (4.4.17)

For each i € Zy \ {n}, define \;;1(u) in 1 + u='C[u~'] recursively in terms of );(u)
by
Aiv1(—u—k/2+n—1) = gi(u)i(u — K/2)7".

Then, by Lemma 4.1.3, there is a unique N-tuple A(u) extending (Ai(“))iezj\; such
that the X (gn) Verma module M (A(u)) is non-trivial.

In either case, we have produced a nontrivial X (gx) Verma module M (A(u)) with

the highest weight A(u) whose components satisfy the relations

i () — h(u) Ai(u — £/2) A1 (—u— K/24+n —1)
Fiv1(u) Aiv1(u — £/2)Ni(—u — K/2 +n — 1)
_ h(u)‘s"ﬁ Xi(u — £/2)A_i(—u+ k/2)
Ai+1(’u — KJ/2))\_1’_1(—U + 5/2)

for all i € Z¥ \ {n}, in addition to the relation (4.4.16) if N = 2n and (4.4.17) if
N =2n+1.

By Corollary 4.2.12, the module X(gn,9%)™1xw C M(A(u)) is a non-trivial
highest weight module with highest weight is equal to p(u). It follows that the
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X(gn,g%)"™ Verma module M (u(u)) is non-trivial. O

We conclude this chapter with a second application of Proposition 4.4.1, which

gives a first hint at what a classification of finite-dimensional X (g, g% )-modules
will look like.

Proposition 4.4.5. Suppose the X (gn, g% )™ -module V (u(u)) is finite-dimensional.

Then there exists monic polynomials Py(u), ..., Py(u) in u, with
P(u)=P(~u+n—i+2) Y 2<i<n, (4.4.18)

together with a scalar a € C such that Pey1(a) # 0 and

%ﬂg)zfﬁa;n(ailﬁeYMH

Proof. Let & € V(u(u)) be a highest weight vector. As in the proof of Theorem 4.4.4,
one uses Proposition 4.4.1 to construct a X (sl,, 51z, @ glz)* highest weight module

2<i<n. (4.4.19)

X (51,518 @ gle)™€ C V(u(u))”

with the highest weight u*(u) = (g, (uv) " ui(u))™,, where g,(u) € 1 + v 'CJu~!]. As
V (u(u)) is finite-dimensional, the same must be true of the X (sl,,, 5lg, @ gl¢)*-module
V (¢*(u)). Therefore, the proposition follows from [MR02, Theorem 4.6]; see (4.4.10)
and (4.4.11). O
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Chapter 5

Finite-Dimensional Irreducible
Modules

Our work so far reduces the problem of classifying finite-dimensional irreducible
X (gn, g%)t*-modules to the problem of determining precisely for which highest weights

p(w) = ((W)iezy € II (93 +w ' Clu™])
€Ty

the irreducible highest weight module V' (u(w)) is finite-dimensional. By Theorem
4.4.4, the set of all such u(u) is contained in the subset of izt (gii + uIClu™])

consisting of u(u) satisfying

fi(w)ii(—u +n — 1) = flipa (w) i1 (—u +n — 1),
ug(wio(k —u) = (k — u) g(k — u)fio(w),

where [i(u) = (#:(u));ezt s defined by (4.2.5). Indeed, if these conditions are not
satisfied, then V(u(u)) does not even exist. In addition, Proposition 4.4.5 tells us
that, if V(u(w)) is finite-dimensional, there is a tuple

(@, (Pi(w))is) € C x Clu]”

satisfying the relations (4.4.18) and (4.4.19).

In this chapter, we strengthen these necessary conditions significantly (in §5.2),
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classify all one-dimensional representations of X (g, g%)tw (in §5.3) and, for pairs
(gn,g%) of the form

(82n,812), (On,9n), (SON,50N—2 @ 502) and  (§0241,502n),
we obtain a complete classification of all finite-dimensional irreducible representations

of X (gn,8%)™ and of Y(gn, g%)™ (in §5.4 and §5.5).

Our proofs of these results will, in part, rely on a detailed study of twisted Yangians

associated to the low rank symmetric pairs
(sp2,sp3), (s0s3,503) and (s04,50%),

which is carried out in §5.1. Such a study is possible due to the existence of isomor-
phisms, constructed in [GRW16], between twisted Yangians of the above pairs and
twisted Yangians of type A associated to the pairs (sly, sp2) and (slz, 502).

Henceforth, we will assume that for symmetric pairs
(ov,9p ®9g) Wwith N,p,q€2Z,

we have g < p. At the level of the symmetric pair this assumption changes nothing,
but it fixes a unique choice of twisted Yangian corresponding to each pair: see §3.3.6
and, in particular, Proposition 3.3.25 and Remark 3.3.26. We note, however, that the
arguments we give in this chapter do apply in the g < p case after making only very

small modifications.

5.1 Low rank twisted Yangians

The isomorphisms of low rank classical Lie algebras

gl = C = so,,

slo = s03=sp, and so4 = sly P sly
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induce isomorphisms of symmetric pairs

(sp2, gli) & (slp, 500) = (503, 50,),
(82, 5p2) = (slp, 5p2) = (s03,503),
(504,502 @ 503) = (slp,502) D (slz, 505),

(s504,9l2) = (slo,5p2) © (sl2,502) and  (504,504) = (sl2, 5p2) D (sl2,5p2).

In [GRW16], we constructed the twisted Yangian analogues of these isomorphisms.
In this section, we use the isomorphisms of [GRW16], together with the classification
results for finite-dimensional irreducible modules of the twisted Yangians associated
to (sly, sp2) and (slz,502) [Mol92, Mol98, Mol07], to study the representation theory

of extended twisted Yangians of type B, C and D when the rank of gy is one or two.

Throughout this section, we will make use of the following terminology: A g%-
module V is said to be a highest weight module with the highest weight (u;)?, C C*

if it is generated by a nonzero vector £ such that

Fl¢=0 V i<j€Iy,
Fel=mw¢ V 1<i<n.

5.1.1 Low rank twisted Yangians of type AI and AII

The definitions and main properties of the (extended) twisted Yangians X (sly, gn )™
and Y (sly, gn)™ were briefly surveyed in §3.4. In this section, we will only be con-
cerned with the N = 2 case. For the sake of clarity, we will denote the generators of
X (sly, g2)™ (resp. Y(sly, g2)™) by {Ssj(r)}i,je.’lz,reN (resp. {U%(T)}i,jezz,reN)- Similarly,
we will write

S°(u)= Y E;®sj(u) and S8°(u)= > E;®oj(u), where

4,J€T2 1,J€IL2

si(u) =05+ Y Si;T)U_T and  of;(u) =8+ afj(T)u_T Vi, j €.

r>1 r>1
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In addition, we will exploit the following explicit formulas for the Sklyanin determi-
nant sdetS°(u) (see (3.4.2)) which can be found in [MNO96, §4]:

o 2u+1 /. . . .
sdetS°(u) = Su 1 (8_1,_1(u —1)s%; 1(—u) Fs2;,(u— 1)51,_1(—u))
2u + 1 o o o o
— m (811(_u)511(u — ].) :F 81,_1(_1,11)8_1’1(1,[/ — ]_)) . (5.1.1)

We now give a brief overview of those results from the representation theory of
X (sl2, g2)*" which will be applied in §5.1.2-§5.1.5. For a more complete survey,
we refer the reader to Chapter 4 of the monograph [Mol07].

A representation V of X (sly, go)®™ is called a highest weight representation if there
exists a nonzero vector £ € V such that V = X (sl5, g2)™¢,

s211(w)€ =0 and sy (w)€ = p(u)f

for a scalar series pu(u) € 1+u~CJu~!]. As usual, we call u(u) the highest weight of
V and the vector ¢ a highest weight vector.

Given an arbitrary series u(u) € 1 + v !CJu!], the X(sls, g2)* Verma module
M (u(u)) is defined to be the quotient of X (sl, g2)* by the left ideal generated by

the coeflicients of the series

511,1(“) and  s7;(u) — p(u).

Contrary to the X (gn, g% )% case, the X (s, go)® Verma module M (u(u)) is always
non-trivial. It admits a unique irreducible quotient V(u(w)), and any irreducible
highest weight module with the highest weight p(u) is isomorphic to V(u(u)). In
particular, every finite-dimensional irreducible X (slg, g2)"-module V is isomorphic

to V(u(u)) for some p(u).

The following theorem is a restatement of Theorems 4.4 and 5.4 of [Mol92] (see
also Theorems 4.3.3 and 4.4.3 of [Mol07]).

Theorem 5.1.1. The X (sly, g2)*-module V (u(w)) is finite-dimensional if and only

if there exists a monic polynomial P(u) together with a scalar v € C such that

P(v) #0,



P(u) = P(—u+1),
p(—v) _2u+1 Plu+1) u—vy
pu)  22uFl  Plu) uty

(5.1.2)

Remark 5.1.2. If go = sp,, then the symbols + and F take their upper values and
(5.1.2) reduces to

p(—w) _ Pu+1)
wu)  Pl)

In this case, the scalar v and the condition P(y) # 0 play no role in the above

theorem and should be omitted. Additionally, the polynomial P(u) is always uniquely

determined by p(u) and, if g = 505, then the pair (v, P(u)) is unique.

Consider now the twisted Yangian Y (sly, g2)*. The highest weight module V' (u(u))

remains irreducible when restricted to Y (slp, g2)®. Moreover, in complete anal-
ogy with Lemma 4.2.1, the isomorphism class of any finite-dimensional irreducible

Y (sly, g2)"-module has a unique representative of the form V (u(u)) with

sdetS® (u)|v (u@w) = v (u(u))-

By (5.1.1), the above condition means precisely that

2u+1
2u+1

p(—u)u(u—1) = 1. (5.1.3)

By [Mol07, Corollary 4.3.4], Theorem 5.1.1 implies that the isomorphism classes of
finite-dimensional irreducible Y (slg, sp2)*-modules are parameterized by monic poly-
nomials

P(u) € Clu] with P(u)=P(—u+1).

Similarly, by [Mol07, Corollary 4.4.5], the isomorphism classes of finite-dimensional

irreducible Y (sl, 502)"-modules are parameterized by pairs

(7, P(u)) € C x Clu,
where P(u) is monic, P(u)= P(—u+1) and P(y) #0.
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5.1.2 Low rank twisted Yangians of type C

We now begin our analysis of twisted Yangians associated to symmetric pairs of type
B, C and D in the low rank setting. In this subsection, we consider the symplectic
pairs (sp2,sp5). That is, (gn, g% ) takes the form

(sp2,9l1) and  (sp2,5p2).

Let K = Ey3—E_; _; € End(C?). By [GRW16, Corollary 4.2], there are isomorphisms

of algebras

Voo X (5pa, 5p2)t = X (sla, 5p2)t,  S(u) v S°(w/2 — 1/2), (5.1.4)
vor : X (sp2, gh)™ = X (sla, 500)%,  S(u) = S°(u/2 — 1/2)K. (5.1.5)

Moreover, these isomorphisms induce algebra isomorphisms
Y (spa, 5p2)™ 2 Y (sly,6p2)"™ and  Y(sp2, gh)™ = Y (slo, 502)™.

With the help of these isomorphisms and Theorem 5.1.1, we can now prove the
following classification result for finite-dimensional irreducible representations of the
extended twisted Yangian X (sps, 5p3)™.

Proposition 5.1.3. Let u(u) € 1 +u~'CJu']. Then the irreducible X (sp,, sp3)-
module V (u(w)) is finite-dimensional if and only if there exists a monic polynomial
P(u) in u, with

P(u) = P(—u+4),

in addition to a scalar o € C with P(a) # 0 if spy = gly, such that

p2—-uw) Plu+2) 2-u

i) Pl  wu if  spy = spa, (5.1.6)
ﬁ(2—u)_P(u+2). a—1u ; B
W) -~ P@) atu—2 ¥ sp3 = gh. (5.1.7)

Moreover, when they ezist, the polynomial P(u) and the scalar o are uniquely deter-

mined.

Proof. We will only include a detailed proof for the case sp) = gl;; the sp) = sp,
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case is very similar.

The isomorphism ¢q from (5.1.5) defines an equivalence between the highest
weight representations of X (sp, gl;)®™ and those of X (sly,502)™. To see this, given a
series (1°(u) € 1+u~'CJu~1], let V(u°(u)) denote the irreducible X (sl,, 505)**-module
with the highest weight u°(u), as in §5.1.1.

Then, viewed as a X(sls,502)"-module via ¢¢;, the irreducible X (sps, gl;)™-
module V' (u(u)) is isomorphic to V (u°(u)) with

Ko (u) = p(2u +1).
Indeed, if £ € V(u(u)) is the highest weight vector, then we have

30—1,1(“) &= 80511(531,1@))5 =s511(2u+1)§ =0,
s51(u) - € = g (s71 ()€ = s11(2u + 1) = p(2u + 1)E.

By Theorem 5.1.1, the X (sl5, 505)**-module V' (u°(u)) is finite-dimensional if and only
there exists a pair (Q(u),7y), where Q(u) is a monic polynomial in v with Q(u) =
Q(—u+1), v € C is such that Q(y) # 0, and

po(—u) _ 2u+1l Qu+l) u—v
pe(u)  2u—1  Qu) u+ny

Rewriting this condition using p(u) and substituting u — 5, we obtain the expres-

sion

w()  Q(YFY) (w—1)+2y
Set P(u) = 248QwQ (“T_l) and o = 2y+1, so that P(u) is a monic polynomial with
P(u) = P(—u+4) (since Q(u) = Q(—u+1)) and P(a) = 238%™ Q(v) # 0. Then, by
(5.1.8), we have shown that V (u(u)) is finite-dimensional if and only if there exists a

pair (P(u),a) as in the statement of the proposition, satisfying

B(2 —u) _ P(u—|—2). a—u
(u) Plu) a+u—2

The uniqueness of the pair (P(u),a) follows immediately from the uniqueness of
(Q(u), a) (alternatively, it follows from Lemma 5.2.1 below). O
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We conclude our brief analysis of the twisted Yangians associated to (spz,sp3)

with two applications of Proposition 3.4.3. Recall that
FY = (g + 95)Fiyy € U(spY) Vi,j € T

Composing the isomorphisms (5.1.4) and (5.1.5) with the evaluation morphism ev
from Proposition 3.4.3, we obtain the following.
Proposition 5.1.4. The assignments

eVeo @ Sij(u) > ;5 + Fg(u -2

ever : Si(u) = gi + Fgu_l,
for all 1,5 € Iy, extend to algebra epimorphisms

eVao : X(slp, 5p2)™ — U(spz) and  evg : X(sly,509)™ — U(s0s).

For any v € C, let V() denote the irreducible highest weight representation of
sp? with the highest weight . That is, V() is the irreducible module generated by
a nonzero vector £ such that

F?6=0 and Fué=+t.

If spy = gly, then U(s0z) is a polynomial algebra in one variable and V (v) is always

one-dimensional.
We may view V() as an X (spy, 5p5)*-module by pulling back via the evaluation

homomorphisms evg, and evg;.

Corollary 5.1.5. Given u € C, V(v) is isomorphic to the irreducible X (spy, sp3)™-
module V (u(u)) with

14 2u(u—2)"1  if spf =
w=1{7 pu(u —2) if spy = spa, (5.1.9)
1+ (2u)u? if spy = gl.

We will see in Corollary 5.3.11 that the family of one-dimensional representa-

tions {V () },ec yield a complete list of one-dimensional Y (sp2, gl;)*’-modules, up to
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isomorphism (in the notation of §5.3.3, V() is V(a) with o = 2v).

5.1.3 Low rank twisted Yangians of type D0 and DIII

We now consider those symmetric pairs (504,505) of the form
(s04,504) and (s04,gk).

The isomorphisms constructed in [GRW16] which concern these pairs involve the

tensor products
Y(5[2,502)tw ® X(E[z,ﬁpz)tw and Y(ﬁ[z,ﬁpg)tw X X(ﬁ[z,ﬁpz)tw.

To distinguish between the two tensor factors, we will write of;(u) = of;(u) ® 1 and

s3j(u) = 1 ® s;(u). Similarly, we will denote
S°(u)=8°(u)®1 and S*(u)=1Q S°(u).
Let V = C? ® C? with ordered basis given by
Vo=e_1Re1, v_1=e.1®e, v1=eRe_; and v =—e€; Re;.

By identifying V with C* equipped with canonical basis {v;}icz,, We can consider
S(u) as an element of End V ® X (s04,50%)®[u~], where s0} is either gl; or s04. By
Corollaries 4.9 and 4.13 of [GRW16], the assignments

©po : S(u) = 8°(u—1/2)S*(u — 1/2),
pmr : S(u) = 8°(u—1/2)K15°(u — 1/2),

where we recall that K = Ey; — F_; 4, extend to algebra isomorphisms

©Opo : X (504,504)™ =5 Y (sly, sp2)™ ® X (sla, 5p2)™, (5.1.10)
omr : X (504, gla)™ 2 Y (sly, 502)™ @ X (sly, 5p2)™. (5.1.11)
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These isomorphisms can be recovered from embeddings

Poo : X (804,504)" — X (sly, 5p2)™ @ X (812, 5p2)™,
S(u) — S°(u—1/2)S%(u —1/2),
Pom 1 X (504, gl2)™ =% X (slz, 502)™ ® X (sla, 5p2)™,
S(u) = 8°(u—1/2)K1S*(u — 1/2),

(5.1.12)

by composing with the natural quotient map X (slz, g2)** — Y (sla, g2)™ in the first
tensor factor. Here S°(u) is identified with S°(u) ® 1.

By Corollaries 4.10 and 4.14 of [GRW16], the restrictions of ¢p, and ¢py; to the
twisted Yangians Y (s04,50%)" yield isomorphisms

Y (s04,504)™ 2 Y (sly,5p2)™ @ Y (sly, 5p2)™,
Y (s04, glo)™ =2 Y (sly,502)™ @ Y (slp, 5p2)™.

Using the above isomorphisms, we obtain the following classification result.

Proposition 5.1.6. The irreducible representation V (u(u)) of X (s04,50%)™ is finite-

dimensional if and only if there exist monic polynomials P(u) and Q(u) in u, with
P)=P(-u+2) and Qu)=Q(-u+2)

in addition to a scalar o € C with Q(a) # 0 if 50 = gla, such that

fu(u) _ P(u+1)

O On (5.1.13)
ﬁl/:(v;(;)u) = Q(C;(I)l) = ; “ if 0} = S0y, (5.1.14)
ml-u) Qutl) azu e o (5.1.15)

Fa(u) Qlu) a+u-—1

Moreover, when they ezist, the pair (Q(u), P(u)) and the scalar o are uniquely deter-

mined.

Proof. We will give details of the proof only for the case 503 = gl,.

It is a general fact that any simple finite-dimensional module over a tensor product
A ® B of two associative unital C-algebras A and B is of the form M4 ® Mg, where
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M4 (resp. Mp) is a simple, finite-dimensional module over A (resp. over B): see
Theorem 3.10.2 in [EGH*11]. We show more precisely that the X (so4, gl;)**-module
V(u(u)), viewed as a Y (sl,502)™ ® X (slp, 5ps)*-module via the isomorphism @py;,
is isomorphic to

VA (u) @ V(A (u),

where the X (slz, 502)"-module V(\°(u)) is viewed as a Y (slp, 505)* by restriction,

and the series A°(u) and A*(u) are completely determined by the two relations

AW (u—1) = 5; (A*(w) = X (-u)A*(u - 1)

(5.1.16)
= pa(=u +1/2)pa(u - 1/2),
X(u) = po(u 4+ 1/2)A°(u) ™! (5.1.17)
Equivalently, A°(u) and A*(u) are completely determined by
()X (u—1) =1,
fo(u) = 2uX°(u — 1/2)A\*(u — 1/2), (5.1.18)

f1(u) = 2uX°(u — 1/2)A*(—u + 1/2).

We will need the following explicit formulas for the images of the generators s;;(u)

under the isomorphism ¢p;; from (5.1.11):

s-g,—2(u) = —02; _;(@)s; (%),

)

s—,-1(u) = =02y _;(8)s%, (),
s—2,1(u) — 021, (W)s2y 4 (),
S—22(u) = —02y 4 (@)% (%),

s—1,-2(u) = —02, _(¥)s] _,(8),

s-1,-1(u) = —02; (@)1 (),
)
)

s_11(u) =0 11( )31 _1(),

s_12(u) = —0o 11(“)511(u)

s1,-2(u) = —o7 _;(@)s%; _; (),
s1,-1(u) = —o7 _1(8)s2, 1 (),

s11(u) = 071 (@)s2, 4 (w),
1.1(@),
SI, 1 (@),
s11 (@),

so1(u) = —o7, ()] _4 (%),

S12(U) — —o1(U)S_
12{ (@ (5.1.19)

)

)

)

) )s?

S2,-2(u) — 07 (%)

s2,-1(u) — 07 (%)
) )
)

s22(u) — o7, (@)s3; (@),

where @ = u — 1/2. It is explained how to obtain these formulas from the definition
of ¢pm (see (5.1.11)) at the end of the proof of Proposition 4.8 in [GRW16]. These
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formulas together with the expression (5.1.1) and the fact that sdetS°(u) =1 give

Poin (311(—6)822(17) - 81,—2(—6)8—1,2(’17))
= (o5 (—w)oty(u = 1) = 03 s (—w)o2y,(u—1)) %y _y(~w)shy(u—1) (5.1.20)

=2y 1(—w)shy(u—1).

Letting £ € V(u(u)) denote the highest weight vector, this gives

s2y,-1(—w)siy (v — 1) = pa () pa ().

Employing the defining symmetry relation (3.4.4) of X (sly, 5p2)™, we can rewrite this
as

(s32(w) — & (s1(w) — st1(—w)) %y (u — 1)E = p (—W)pa(@)E.

By induction on the coefficients sﬁr) of s};(u), this implies that there exists
A(w) € 1+u'Clu™]

such that s}, (u)¢ = A*(u)€, and A°*(u) is determined by (5.1.16). Again appealing to
the formulas (5.1.19), we have @pm(s22(u)) = 091 (%)s}; (@), which implies that £ is
an eigenvector for the action of of;(u) with weight A\°(u) determined by the relation
(5.1.17). Notice that it now follows immediately from the explicit formulas (5.1.19)
that

Ugl,l(“)ﬁ = 311,1(“)5 =0.

Conversely, any vector 7 with the property that o°, ;(u)n = 5%, ;(u)n = 0 and which
is a weight vector for s§;(u) must be a highest weight vector of the X (soy4, gl;)™-
module V' (u(u)) by (5.1.19), hence a scalar multiple of £. Thus, by the irreducibility
of V(u(u)) we can conclude that

V(p(w) 2 VOC([w) ® V(A (1) (5.1.21)

To see that (5.1.16) and (5.1.17) are equivalent to the relations given in equation
(5.1.18), we observe first that relation (5.1.17) is clearly equivalent to

fo(u) = 2u A°(u — 1/2)A*(u — 1/2).
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Notice also that we may rewrite (5.1.16) as

A @)X (u—1) — 5= (A*(u) = X*(—u)) X°(u — 1)

(5.1.22)
= 1 (—u+1/2)A°(u — 1)A*(u — 1).

Since sdetS°(u) = 1, by (5.1.3) we have A\°(—u)™ = X\°(u — 1). Using this, we may
rewrite (5.1.22) as

A (—u + 1/2)A°(w — 1/2)
— 1ou (A (= +1/2)X°(u = 1/2) = A*(u = 1/2)X°(u — 1/2)) = pu (u),

which is equivalent to
2uX*(—u+1/2)A°(u — 1/2) = (2u — ) (w) + pa(u) = fa(u).

As a consequence of the isomorphism of Y(slz,502)™ ® X(slz,sps)*-modules
(5.1.21), we can deduce exactly when V' (u(w)) is finite-dimensional. Indeed, by The-
orem 5.1.1, V(X°(u)) ® V(A*(u)) is finite-dimensional if and only if there exists v € C
together with monic polynomials P°(u), P*(u) such that

P°(y) #0, P°(u)=P°(-u+1), P°(u)=P*(-u+1) (5.1.23)

and the following equalities hold:

A(-v)  2u+l P°(u+1) u—1vy
A(uw)  2u—1  Po(uw) u+7y’
X(—u)  P(u+ 1).

A(u)  P*(u)

(5.1.24)

In this case, the triple (v, P°(u), P*(u)) is unique. Since

pi(u)  2u-X°(u—1/2)A(—u+1/2)  X*(—u+1/2)
ba(w)  2u-X(u—1/2)A(u—1/2)  X(u—1/2) "’

the second equation in (5.1.24) is equivalent to

fir(u)  P*(u+1/2)  P(u+1)

W)~ Pu—1/2) = Plu) where P(u) = P*(u—1/2),
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which is precisely (5.1.13). Similarly, since

A(l-w) 21— wX(~u+1/2X@w—-1/2) 1-u X(-u+1/2)

fo(u) — 2uX(w—1/2A(u—-1/2) = u xe(u—1/2)°

we may rewrite the first equation in (5.1.24) as

pr(l—u)  Pu—-1/24+1) y+1/2—u
f2(w) — P(u—1/2) u-—1/2+4«
Qu+1l) a-—u

Qu) a+u-—1

where we have set @ = v+ 1/2 and Q(u) = P°(u — 1/2). This is precisely (5.1.15).
Moreover, by (5.1.23), we have Q(a) # 0, P(u) = P(—u+1) and Q(u) = Q(—u+1).

Finally, we note that the uniqueness of the triple (o, Q(u), P(u)) is immediate
from the uniqueness of (7, P°(u), P*(u)). O

We now turn to the construction of evaluation morphisms
X (s504,504)™ — U(sos) and  X(sog4,gl)™ — U(gl).

Let Qs be the Casimir element of U(so,) if 505 = s04, or of U(sly) C U(gly) if
504 = gly, defined by

Q F2 + F2% — 2F5 + 2F Fio + 2F, _1F_15 if 50} = soy,
19 ==
%(Fzz - F11)2 + FioFo1 + Fo1 Fia if 50}19 = glo.

Here we recall that U(s0}) C U(so,) is generated by F = (gii+gj;)F;; for all 4, j € Z,.
If s0% = gly, define the auxiliary central element z € U(gly) by

z=F} + F2 + FioFy + Fo1 Fig = Q9 + s(Fui + Fy)?.

In the following proposition it will be convenient to denote the Casimir element 2y

corresponding to 50§ = s04 simply by €.
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Proposition 5.1.7. The assignments

F?  (F°)2—2F?—2Q-]

evpo 1 S(u) — I+ = + 2w —1)? , (5.1.25)
F'  (F?)?—2z-1
€Vpin S(U) =G+ ? + gm, (5.1.26)

extend to algebra epimorphisms
eVpo : X (604,504)™ —» U(s04) and  evpy : X (504, gly)™ — U(gly).

Proof. Suppose first that s0§ = gl,. Consider the Lie algebra so; @ sp,. Denote the

generators of 505 in this direct sum by F7,

The Lie algebra so, is one-dimensional with basis F7;, while sps is three-dimensional

and those of sp; by Fj, where 4,5 € Is.
with basis {F7;, F2; 1, FT_;}. Let ® be the isomorphism so, ® sp2 = gly given by
Ffl —> F11 + F22, Fl.l —> F22 — Fll; F:l,l —> —2F12, Fl.,—l —> —2F21.

It induces an isomorphism & : U(s0s) ® U(spz) = U(gly), and we thus obtain an

algebra epimorphism
B o (ev ®ev) : X(slz,502)" ® X(sly, s5p2)" — U(gly),

where ev : X (slp, g2)™ —» U(g2) is as in Proposition 3.4.3. Writing this map explicitly,
we have s;(u) — 0 for 4 # j, and

Fi1 + Fy Fiy — Fp 2Fy,

° —_-]— % . 14 = . —_ —
Fi1 + Fy Fo — F1y 2Fy

° —_ 14— = * —_14 s * —_ —

[e]
where s3;

(u) is identified with sf;(u) ® 1.

The proof is now completed as follows: Composing @o(ev®ev) with the embedding
@pm from (5.1.12) gives a homomorphism evpy; : X (804, gl2)™ — U(glz). It remains
to see that it is given by the assignment (5.1.26) and that it is surjective. However, if
it is indeed given by (5.1.26) then it must be surjective, so it remains only to check the

former claim. This can be shown by a direct calculation using the formulas (5.1.19).
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For instance, since

¢D111(3—2,—2(U)) = _531,—1(1‘ - 1/2)5.—1,—1(’“ —-1/2),
we have

F; F: Fy, — F
Vo (5—2-2(u)) = — (1 1+ 22) ( 1; - 122)
2F59 n F F2 — I+ 5y
u(u —1)
On the other hand, since F}; % = (gi + gj;)Fi; and Fy; = —F_; _; in s04, the coefficient
of E_y _5 in the right-hand 31de of (5.1.26) is given by

(5.1.27)
=—1+

2F22+—2F222 — 2F19Fy + F2 + F% + FioFyy + Fy Fig

-1
+ u u(u — 1)
:_1+2F22+F121_F222+F22—F11
u u(u—1) ’

which coincides with (5.1.27). The images of the remaining generators can be verified

similarly.

If instead $0% = s04, the argument is similar. Denote the generators corresponding

to the first copy of sps in the direct sum sp, @ sps by F, and those corresponding

zj’
to the second copy of spy by Fj;, where in both cases ,j € Zp. A basis for sps @ sps
is then given by the union of {F7;, F°,,, FY_;} and {F?;, F*;,,F}_;}. Let ® be the

isomorphism spy D spy = S04 given by

Ffl — Fll + F22, Ffl’l — 2F_2’1, Ff,—l — 2F1’_2
Fl.l — Fho — F11, F:l,l —> —2F12, Fl.,—l — —2F5.

® induces an isomorphism & : U(sps) ® U(sps) = U(soy), and so the composition
Po(ev®ev) is a surjective homomorphism X (sly, 5p2)" ® X (slz, 5p2 )™ — U(s04). The
composition of this map with the embedding @p, from (5.1.12) gives a homomorphism
evpo : X (504,504)" — U(s04). If it is indeed given by the assignment (5.1.25) then it
is surjective, so we need only verify that this is the case. This can be shown directly by
first computing the explicit images @po(s;;(u)) (as in (5.1.19)), and then performing
computations similar to those carried out in the sof = gl, case. O
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Given py, pz € C, let V(uy, po) denote the irreducible s03-module with the highest
weight (w1, p2). The pull-back of V(ui, ug) via the appropriate epimorphism from
Proposition 5.1.7 is an irreducible X (s04, 50%)*-module, which we call an evaluation
module.

Corollary 5.1.8. Given ui,ps € C, the evaluation module V (uy, ps) s isomorphic
to the X (504,50%)™-module V (i1 (), pa(u)) where

2 | ] — 13+ — e
=14+
#(w) + u + w(u — 1)

P
if soy = gly,
2p2 | M3 —pi+pe—
=142
Ha(u) + U + uw(u — 1)
2 2 _ ,2
ple) =1+ 20+ (0
vu—1 (u—1) 9
5 2 o if 50y = 504.
MZ(U) — 1+ W2 l’l‘2 :u‘l

u—1 " (u=1)

Proof. Consider first the case where s0% = gl. We first show that z acts on V' (uy, u2)
as the scalar p? + u2 + p1 — po. Since z belongs to the center of U(gly) and V (uy, uz)
is a highest weight module, z acts by scalar multiplication. Therefore, it suffices to

determine how z operates on the highest weight vector £&. We have

(FE + F2, + FioFo1 + For Fio)é = (F4 + Fap + Fiy — Fpp)€
= (41 + 3 + 1 — ),
as desired. The formula(5.1.26) now shows £ is a highest weight vector for X (soy4, 5l5)*
with the highest weight (u1(w), u2(u)) as in the statement of the corollary.

If instead s0% = s0,, observe that the Casimir element 2 operates on V (i1, o)
as multiplication by the scalar u? + pu2 — 2us. The corollary now follows from the
formula (5.1.25). O

5.1.4 Low rank twisted Yangians of type DI

In this subsection, we consider the extended twisted Yangian associated to the sym-
metric pair

(QN,Q’;V) = (504,502 D 503).
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The story unfolds similarly to §5.1.3; the only difference is that the fixed point sub-
algebra g% is commutative of dimension 2, which leads to an extra parameter in the
classification given by Proposition 5.1.9 below.

By [GRW16, Corollary 4.17], there is an isomorphism of algebras

o1 : X (504,502 D 502)™ =5 Y (sly,502)™ @ X (slp, 509)",

(5.1.28)
S(U) — —Sf(u — 1/2)K185(’U, — 1/2)K2
This isomorphism can be obtained from the embedding
Por : X (504,502 D 502)™ — X (slp,502)™ ® X(sls,502)™, (5.1.20)

S(u) s —S°(u — 1/2) K183(u — 1/2) K.

by applying the natural quotient map X (sla,502)™ — Y (slz,502)™ in the first tensor
factor. Here it understood that all notation is as in §5.1.3. The sign difference
between (5.1.28) and (4.59) of [GRW16] is due to the fact that the matrix G that we
use equals the matrix —G’ used in [GRW16].

Proposition 5.1.9. The X (504,505 @ 502)"-module V (u(u)) is finite-dimensional
if and only if there exists monic polynomials Q(u) and P(u) together with scalars
a, B € C, such that

P(a) # 0 # Q(B),
P(u) = P(-u+2), Qu)=Q(-u+2),
~1(u)=P(u—|—1). a—1u
2(u) Plu) a+u-—1
fu(l-w)  uw  Qu+l) B-u
fio(w) 1-uw  Qu) B+u-1

SIS

Moreover, when it exists, the tuple (o, 8, Q(u), P(u)) is uniquely determined by p(u) =
(1) ez

Proof. The proof of this proposition is very similar to that of Proposition 5.1.6.
We begin by showing that the X(so04,502 @ 502)"-module V(u(u)), viewed as a
Y (sl,502)" ® X (sly, 502)"-module via the isomorphism ¢y, is isomorphic to

V(i (u) ® V(i (u)),
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where the pair (u°(u), u*(u)) is completely determined by the relations

p(up(l—u) =1,
Po(u) = —2u p®(u —1/2) p®(u — 1/2), (5.1.30)
() = (2u— 2) i (u — 1/2) pi*(—u + 1/2)

Writing the map (5.1.28) explicitly we have that

oo { s11(u) — o7, (1) 5.—1,—1(6), s_12(u) — ‘731,1(77) s11 (%), (5.1.31)

saa(u) — —o71 (@) 811 (), s1,-2(u) = —o7 _, (W) 2, _, (%),
where @& = u — 1/2. Moreover, a computation analogous to (5.1.20) shows that
Por 1 81,-2(—1) 5-1,2(@) — s11(—U) 822(8) = 83 _y(—u) 3y (u — 1).
Letting £ € V(u(u)) denote the highest weight vector, this in turn implies that
311,—1(‘“)311@ —1)§ = —p(—) p2() €.

Using the symmetry relation (3.4.4) for X (slp,502)™, we can rewrite the equality
above as

(st + O ZEED ) o 4 16 = (- e

By induction on the coefficients s}\" of s31(u), this implies that there exists u®(u) in
1+ u CJu"!] satisfying
st ()€ = p*(w)é.

Moreover, u®(u) is uniquely determined by the relation

(u’(u) AC ;f(‘“)) (= 1) = —p (=) pa(). (5.1.5)

Moreover, (5.1.31) implies that £ is also an eigenvector for the action of o¢; (u) with
weight p°(u) defined by
pa(u) = —p (@)’ (a@). (5.1.33)
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The relations (5.1.32) and (5.1.33) are in fact equivalent to (5.1.30). Indeed, since
sdet 8°(u) = 1 we have p°(—u)™! = u°(u — 1), and using this relation we can rewrite
(5.1.32) as

() = (@) (- + E O EED),

This relation, together with p°(—u)™! = p°(u — 1) and (5.1.33), yields (5.1.30). On
the other hand, it is easily seen that (5.1.30) has a unique solution; hence the claimed

equivalence holds.

Finally, since [07;(u), s3;(v)] = 0, it follows immediately from the definition of £

and the two formulas

¢pi(s-12(w)) = 00—1,1@) s11(@) and  ppi(s12(u)) = Ufl(ﬁ)s.—l,l(ﬁ)

that 0°,,(u)¢ = s*;;(w)§ = 0. Thus, by the irreducibility of V(u(u)) we can
conclude that

V(p(w) = V(e (w) @ V(1 (u)).
with (p°(u), #*(u)) the unique solution of (5.1.30).

We can now use the isomorphism above to determine exactly when V(u(u)) is
finite-dimensional. By Theorem 5.1.1, the module V(u°(u)) ® V(u®(w)) is finite-
dimensional if and only if there exists a tuple (7°,~*, P°(u), P*(u)), where v°,7* € C

and P°(u),Q*(u) are monic polynomials in u such that

P°(v°) #0 # P*(v°),
P°(u) = P°(—u+1), P*(u)=P*(—u+1),

and the following equations hold:

po(—u)  2u+1 P°(u+1) u—19°

) 2u—1  P(u) u+q°
pt(—u)  2u+1 P(u+1) u—19"°

p'u)  2u—1  P(u) u+~q*

(5.1.34)

Set P(u) = P*(@), Q(u) = P°(@), @ =v* + 5 and B = 7° + ;. Substituting u — 4,
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the above relations become

pe(—1u) _2u Plu+l) u-—a
p(@) 2u—2 Pu) uta-—1
D) _ 2 Qutl) u-p

pe(@)  2u—2 Q) u+pB-1

By (5.1.30),

) _2-2u p(-w) . E(l-w) (-9

fo(w)  2u pt(@) fio(w) — pe(@)

Therefore, (5.1.34) is equivalent to

ﬁl(u)=P(u+1)' a—u and i(l—uw) v Qu+l) S-u

fio(u)  P(u) uta-1 fo(w)  1-u Q) u+B-1

Moreover, (o, P(u)) satisfies

P(u) = P*(u— 1/2) = P*(—u+1/2+ 1) = P(~u + 2),
P(a) = P*(a—1/2) = P*(v*) #0.

and the same is true of (8, @(u)). Finally, the uniqueness of («, 8, Q(u), P(u)) follows
either from the uniqueness of (v°,v°*, P°(u), P*(u)) or Lemma 5.2.1 below. O

We now construct an evaluation morphism X (504,505 @ $02)" — U(s02 @ $02).
Note that the fixed point subalgebra U(sos @ s03) C U(so4) is generated by the
elements Fi1 and Fa,.

Proposition 5.1.10. The assignment
evpr © 8ij(u) = gij + 29 Fyju™ + 6;(F2 — Fap)u™? (5.1.35)
defines a surjective algebra homomorphism
evpy : X (504,502 @ $502)™ —» U(s0y @ 505).

Proof. The Lie algebra so, is one-dimensional and hence so, @ so, = CFy; @ CF,

where F7; and F7; denote the generator Fy; for the first and second copy of soo,
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respectively.

Let ® be the isomorphism

® : 50, B 505 = 503,
Flol — F11 + Fag, Fl.l — Fyo — Fiq.

Then ® induces an isomorphism
® : U(s0y) ® U(s0z) = U(s02) = U(s0, @ 505),
and so the composition do (ev ® ev) yields a surjective homomorphism
B o (ev ® ev) : X(slz,502)" ® X (sly,502)" — U(s0, @ 505),

where ev : X (sly,505)™ —» U(s0,) is given by Proposition 3.4.3. Composing ® o (ev®
ev) with the embedding @p; from (5.1.29), we obtain evy, as in (5.1.35). O

The morphism evy; allows us to equip any s0; @ s0,-module with the structure
of a X (504,502 @ 502)™-module. As usual, modules obtained this way are called
evaluation modules. Let V(u, p2) denote the irreducible 502 = 505 @ 50, module
with the highest weight (11, p2). This is the one-dimensional representation of sof in
which Fj; acts as multiplication by u; € C. The corollary below follows directly from
the formula (5.1.35).

Corollary 5.1.11. For any pi,ps € C, the module V(uy, u2) is isomorphic to the
X (504,509 @ 502)™-module V (u(u)) with

pi(w) = g + 2gupru™t 4 (43 — p3)u™?  for 1<i<2.

The collection {V'(p1, tt2) } 41 uzec Provides a family of one-dimensional represen-
tations of X (s04,502 @ 502)™ indexed by C x C. Note that the trivial representation
V(@) may be recovered in the special case where (u1, u2) = (0,0). In Remark 5.3.7, it
will be explained that these are essentially all of the one-dimensional representations
of X (504,509 @ 505)™.
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5.1.5 Low rank twisted Yangians of type B

Our discussion of low rank twisted Yangians concludes in this subsection with an
analysis of the finite-dimensional irreducible representations for the extended twisted
Yangians associated to the pairs (503,503). That is, (gn, g%) takes the form

(so03,503) and (s03,502).

The latter pairs correspond to (§095,1,502,—1 D $02) with n = 1, as so; = {0}. We
begin by recalling the relevant isomorphisms from [GRW16].

Let V be the three-dimensional subspace of C? ® C? with basis {v; }icz, given by
vo1=e_1®e_y, VU= %(6_1 ®er1+e1®e—;) and v =—e ®ey.
Upon identifying V with C? we may view
= Y E} ®si;(u) € End(V) ® X (s03,509)"[u"],
1,j€13

where Ei‘]/-v;c =0;xv; V  1,j,k €.

Let R°(u) € End(C? ® C?) denote the rational R-matrix (2.7.4) corresponding to
N = 2. That is,

R°(u) =1— P°u, where P° = Z Ez'j X Eji

1,j€Lo
and Zy = {£1}. The operator
Qv = iR°(-1) = L(I + P°) € End(C? ® C?)

is then a projector of C2 ® C2 onto the subspace V. By Proposition 4.3 of [GRW16],
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there are isomorphisms of algebras

©Bo ! X(503,503)tw = X(ﬁ[z,ﬁpz)tw,
S(u) = QvS;(2u — 1)R°(—4u + 1)!S5 (2u),
@1 : X (503,502)" = X (sly, 509)™,

1—4u
§(u) = 1+ 4u

(5.1.36)

QvSf(2u - 1)R°(—4u + 1)tS§(2’U,)K1K2

where the transpose ¢ is that corresponding gp in X (sls, go)®, and it is applied to
either the first or second tensor factor of Ry,(—4u+1). In addition K = Ey; —E_; _q,

as in the previous subsections.
Remark 5.1.12. The discrepancy between the definition of ¢g; and that of the
isomorphism from [GRW16, (4.34)] and [GRW19b, (3.11)] is due to the factor

tr(Gerw) —4u 1 —4u
tr(gGRw) + 4U 1 + 4U

which appears in Proposition 3.3.27.

By [GRW 16, Proposition 4.3|, the isomorphisms ¢z, and ¢g; induce isomorphisms
Y(503,503)tw = Y(5[2,5p2)tw and Y(503,502)tw = Y(5[2,502)tw,

though these will not play an important role in this subsection.

Before applying (5, and g, to study the representation theory of X (s03,503)%,
we pause to explain how the definitions (5.1.36) should be interpreted. Let’s first

consider pg,. Setting & = u — 1/2, we have

s-1,-1(u) '_>30—1,—1(26)30—1,—1(2U) - 41,,%1531,1(21’1)8(1),—1(2,”) )
s_1,0(u) "’%50—1,—1(26)331,1(271)
+ Ty (4u 8211 (202, 3 (2u) — 5%,1(20)s5,(2u))

s-11(u) = — 4331531,1(277)331,1(2“%

80,-1(u) H%S({,—l (277)311,—1(271)
+ iy (4w s 1 (20)s5 _, (2u) — 53,(20)s5 -, (2u)),

s00(u) "’ﬁ (4u 8211 (2T) — s9,(2%))s3; (2u)
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+ ﬁ(élu s11(2) — 531,—1(217))331,—1(2“)
+ 3 (53 -2 (2)5%1,1 (2u) + 521, (2)53 4 (2u)),
so1(u) — — %331,1(217)3?1(21‘)
- m (4U s11(20)s2 1,1 (2v) — 521,—1(277)521,1(2@) )

31,—1(U') == 432131—1(26)8?,—1(2'“) ’

s10(u) > — J55,(20)s5 _, (20)
— Jry (4u s} 1 (20)s5, (2u) — 8§, (28)2, 1 (2u))

s11(u) =57, (2)s7; (2u) — ﬁs$,—1(2a)sil,l(2u)'

To obtain the above from the assignment given in (5.1.36), one must expand S(u)vg
and @g,(S(u))vg, for each k € I3 = {0,%1}, as linear combinations of the basis

{vi}iez, of V and then compare coefficients.
As an example, we consider the case where k = 1. Since

S(u)vr =Y v ® sin(u),

i€Z3

this computation will allow us to compute the images of s_j 1(w), So1(u) and s11(u).

Since v; = —e; ® ey, a straightforward computation shows that

uo(S(u))vy = — QvSy(2u — 1)R°(—4u + 1)'S5 (2u)(e; ® e;)
= gz (er®@er+e1 @ er) ® sp;(2u — 1)s7 (2u)

1,k€L,

) (er ® e+ € Q er) @ sy (2u — 1)s3 (2u). (5.1.37)
i,k€To

From this expression we can easily compute the X (sly, spe)™-coefficients of v_; =
e_1 ® e_; and v; = —e; @ ey, which must coincide with the images of s_;;(u) and
s11(u), respectively. We obtain
Po(8-1,1(u)) = _%521,1(2U - 1)321,1(2U)7
Pro(s11(u)) = s11(2u — 1)s7,(2u) — 41}7_18‘5,_1(21& —1)s211(2u).
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Similarly, the coefficients of e_; ® e; and e; ® e_; in (5.1.37) are both equal to

s (821 -1(2u —1)s%; 1 (2u)+s2, 1(2“ — 1)s7:(2u))
e (824 1(2u —1)s7; (2u) + 53, (2u — 1)s24 ;(2u)).

Since vy = %(6_1 ®e; + e ®e_1), the image of sp;(u) must coincide with the above
expression multiplied by /2. After rearranging, this gives

Pro(s01(1)) = — %831 1(2u —1)s7, (2v)

\f(4 )(4’“3(1)1(2“ —1)s%y1(2u) — 82y (2u — 1)s2, 1 (2u)).

The remaining images can all be computed by repeating this procedure with £ = 0
and k= 1.

Similar calculations show that the images of the generators s;;(u) of X (s03,505)"

under (g, are given by the following formulas.

s_1,-1(u) — i.ﬁizsil 1(2@30—1,—1(2’“) 4u+13 1 1(2U)31 _1(2u),
s-10(w) = 7 (3555 21,1 (20)s%4,1(2w)
+ s (5210 (20)5%1 (2u) + dus?, 5 (2)s2, _, (2u)),
s-1,1(u) — 43.4_1 -1, 1(2a)s2 1, 1(2u),
so,-1(u) % (iuff) s7,-1(2u)s2; 1 (2v)
- m (3§1(2ﬁ)3c1> _1(2u) +4u s, —1(26)5;,—1(2@),
Soo(u) gZJr; (5 1,1(2U)s7, 1 (2u) + 57 _;(2@)s4 1(2U))
+ 8u+2 (821,_1(20) + 4u s7,(21))s%; _;(2u) (5.1.38)
+ gu+2 (4u s 1, _1(22) + 57,(24))s7; (2u),
so1(u) — ms—l,—l(%ﬁ)s—l,l(m&)
+ %(iﬁj) s2,1(28)s7; (2v) + %S(ﬂ (28)s24,1(2u),

s1,-1(u) = 4311 81, 1(2U)31 _1(2u),

s10(u) = %(ﬁ) 511(24)s7, 1 (2u)
~ Jagaarn (453 1(20) 831 (2u) + 87,4 (20) 54,1 (2w),

s11(u) — iuffsil(Qﬁ)scl)l (2u) — ﬁsi,—lma)sil,l@’“)-
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The last ingredient we will need is the following lemma.
Lemma 5.1.13. Suppose that p(u) = (ui(u))ig; satisfies (4.4.12). That s,

fro(u)fio(1 — w) = fia (w)fin (1 — u)
ug(w)iio(1/2 —u) = (1/2 — u) g(1/2 — w)fio(w).

Then there exists a unique series p°(u) € 1+ u~Cu™'] satisfying

fia () = 2u g (u)p® (2u)p® (2u — 1),

fio(u) = 2u g (u)p®(2u)p° (1 — 2u),

1—-4u

where  g(u) =< 1+4u
1

(5.1.39)

if 505 = 509,

if $05 = 503,

Proof. 1t suffices to prove the lemma in the case where s05 = so3. Indeed, if in-
stead s05 = 505, then we may define the X (s03,503)® highest weight uf(u) from the
X (s03,502)™ highest weight u(u) by

fib(w) = g(w) ' Ho(w) and B (u) = G(u) "' (w).

Since g (u)g (1 —u) = g (u)g (1 —u), pf(u) satisfies the assumptions of the lemma for
509 = 503, and a unique solution pu°(u) of (5.1.39) for uf(u) gives a unique solution

of (5.1.39) for p(u).

Next, note that if h(u) € 1 + v 'CJu"!] and v € C, then there exists a unique
series k(u) € 1 + u !CJu™'] such that

h(uw) = k(u)k(u + 7).

This is readily observed by expanding both sides.
Now let u(u) be a X(s03,502)™ highest weight satisfying the assumptions of the

lemma and set

_ Bo(u)
flu) = B (U)

By the above observation, there is a unique series A(u) € 1+ 4 !C[u~!] such that
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p1(u) = A(w)A(u — 1/2). Set p°(u) = A(u/2). Then

fia (u) = 2u p® (2u)p® (2u — 1).

The uniqueness of A(u) guarantees that u°(u) will be the unique solution of (5.1.39)
provided it satisfies

fio(u) = 2u p°(2u)p° (1 — 2u).

Since f(u)f(1 —u) = 1, there exists a series d(u) € 1 + 4 !C[u~!] such that
f(w) =d(1 —2u)d(2u — 1)~

For instance, d(u) = f (I_T”), where f (u) is the unique solution of the equation

fw?=f) inl+u'Cl™],
has this property. Set g(u) = d(2u — 1)p°(2u — 1)"L. Then

fay = PO =201 ) _ 2up(2u)p(1— 2u)g(1 — w)g(w)”
uo2u — Dg(u) () ’

which implies that fip(u) = 2u p°(2u)p°(1 — 2u)g(1 — u)g(u)t. Since fip(u) satisfies
wiig(1/2 —u) = (1/2 — u) fip(u), we obtain

91 — u)g(w) ™ = glu+1/2)g(1/2 — ).
This implies that k(u) = g(1 — u) is the unique solution of
kE(u+1/2)k(u) = g(u+1/2)g(u) in 1+u'Clu™].
Therefore, we must have g(u) = k(u) = g(1 — u). Hence

fio(u) = 2u pi° (2u)u°(1 — 2u)g(1 — w)g(w) ™
= 2u p°(2u)p’(1 — 2u). O

Proposition 5.1.14. Suppose that p(u) = (ui(u))id; satisfies the condition (4.4.12).
Then the X (503, 503)* -module V (u(u)) is finite-dimensional if and only if there exists
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a monic polynomial P(u) in u, with
P(u) = P(—u+3/2),

in addition to a scalar a € C with P(a) # 0 if 50§ = s0,, such that

fio(u)  P(u+1/2)

i) Pl) if 503 = s05, (5.1.40)
%; - P(qg(ru;/m " i;ﬁ [ i 503 =s0s. (5.1.41)

Moreover, when they exist, the polynomial P(u) and scalar a are unique.

Proof. We will include a detailed proof the 05 = s0,; the proof in the s0§ = s03 case
is nearly identical and is spelled out explicitly in [GRW17, Proposition 5.8].

By Lemma 5.1.13, there is a unique series u°(u) € 1+ v 1CJu"] satisfying

- 1—4u\ o
i) = 20 (1 ) Qu)n"(2u = 1),
144u 51.49
_ =3\ oo 0t (5.1.42)
fiow) = 20 (o ) W (2u)p®(1 - 20).
Since fip(u) = (2u — 1) po(u) + p1(w) and fiy(u) = 2u p1 (u), these relations are equiv-
alent to
1—4uN o
i) = (1o ) i@ 2u— 1),
()= oo (s 2w (~20) + o1 °(20)) °(20) B
Bl = oa \qu g1 W VT2 T g g B W B,

where we recall that & = u — 1/2.

Let V(u°(u)) denote the irreducible highest weight X (sls, 502)"-module with the
highest weight u°(u) and let £ denote its highest weight vector. We may view V' (u°(u))

as a X (803, 502)"-module via the isomorphism g, from (5.1.36). It is immediate from
(5.1.38) that s;;(u)§ =0 for all ¢ < j and

1—4u
1+ 4u

su(e = (14 ) KA RuE = m (W, (5.1.44)
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To compute sgo(u)¢ we need to use the following formula, which follows from (3.4.5):

[311,1(2@, 3?,-1@“)] = ﬁ (s§1(2u) 511(28) — 331,—1(2@ 311,—1(271))
+ ﬁ (3§1 (2u) 531,—1(26) — s7,(2u) 5(11,—1(2’“)) .

Combining this formula with the equality [sg;(u), s§;(v)]§ = 0 for all 4,5 € {£1}, we
obtain

soo(w)€ = 4u1+1 (4u sy _5(20) + 53, (20)) 53 (2u)é. (5.1.45)

By the defining symmetry relation (3.4.4) of X (sly,509)®, we have
o ~ 1 o ~ o ~
s21 -1(2u) = 10 ((4u — 3)s3;(—2%) + s7,(2)) -
Substituting this into (5.1.45) and appealing to (5.1.43), we obtain

S00 (U)f

1 (4u—3 4y — 1

— o (o 2w (-2m) + o u°(2a)) 1°(2u) = po(w)E.  (5.1.46)

Equalities (5.1.44) and (5.1.46) show that, as an X (so03,505)"-module, V (u°(u)) is
isomorphic to V' (u(u)).

We can now use this isomorphism to determine exactly when V' (u(u)) is finite-
dimensional. By Theorem 5.1.1, this occurs precisely when there exists a monic
polynomial Q(u) together with v € C such that Q(y) # 0 and

Qu) = Q(-u+1),
p°(—u) _2u+1 Qu+l) u—v
po(w)  2u—1 Q) u+ty

Using (5.1.42), the second relation above can be rewritten as

Fio(u) _Au-3 p°(1 —2u)
Gi(u) 1—4u p°(2u—1)
Q2u) y—-2u+l Plu+1/2) a-wu

T QRu—-1) y+2u—1_ Pl atu-1
where .
P(u) =27%¢QQ(2u—1) and a= 7‘5 (5.1.47)
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With this definition of (o, P(u)) we have P(a) # 0 and P(u) = P(—u + 3/2) as
desired. Finally, the uniqueness of (o, P(u)) is guaranteed by the uniqueness of

(7, Q(w)). 0

As in §5.1.2-§5.1.4, we conclude this subsection with a brief discussion of evalua-

tion homomorphisms and evaluation modules. Let (2 denote the Casimir element
Q == F121 — Fll + 2F10F01

of the Lie algebra so3, and set

¥u) = (41&4;r 1) Q

Recall that F? =%, .oz, Ei; ® F5 € End(C?) @ U(s03).

Proposition 5.1.15. The assignments

' u F? (F%)2 —2F% —2Q(u) - I
eVBO.S(u)|—>I—|—U_3/4<U_1/4+ 2u—1/ay ), (5.1.48)
evg 1 S(u) = G(u) — m (4u F° + (FP)%- I) , (5.1.49)

extend to algebra epimorphisms
eveo : X (503,503)" —» U(so3) and evy : X(503,502)™ —» U(s0,).

Proof. Consider first the sof = so; case. We identify s0, = CFy, in its standard
realization with sof via the isomorphism F? — FY. Composing the evaluation
morphism ev from Proposition 3.4.3 (where gy = s03) with g from (5.1.36) and
using the aforementioned identification, we obtain an epimorphism

ev o g : X (503,509)" — U(s02)

which satisfies s;;(u) — 0 if ¢ # j and

1—14u 4 " 9 "
s Ol v (du + 1) (P23 )+ 4uF?y ),

8u
F° Fy,
(1—4u)(1—|—4u)( Y+ )

S()(](’U,) —1-—

223



- (1 + 4u)§(1 _ 4u) ((Fﬂ + 4u Ffl,—l) Fﬂ + (Ffl,_l —+ 4y Fﬁ) Ffl,—l)
A(FR)?
- (dut1)2
. 1—14u _ 4
1+4u  (du+1)2

s11(u) ((Fﬁ)2 + 4“}711191) :

Hence, ev o g, gives evg; as in (5.1.49).

Suppose instead that 505 = s03. Let ® : U(spy) = U(s03) be the isomorphism
given by
Ffw2Fy, F2 - 2V2F 1o, Fo_ v~ 2V2F, 4,

where the usual generators of go = spy are denoted {F};}; jer,- We thus obtain an
epimorphism

evg, = ® 0 ev o g, : X(503,503)™ —» U(s03)

To complete the proof of the proposition, it remains only to see that this map agrees
with evg, as given in (5.1.48). This can be checked directly using the explicit formulas

for ¢go(sij(u)) (see above (5.1.37)) and that ev is given by

1 -1
sgi(u) = 0y + F (u — 2) :

For example,

Fyy Fi 1 Fy_4 F 1o
1 1 _ ) 3
sulu) = ( = 3/4) < = 1/4) 2u—1/2 (u - 3/4) <u - 1/4)
U ( 2Fy F — Fyy — ﬁ(Ffl — Py + 2F0,—1F—1,0))

u—3/4\u—1/4 (u—1/4)?

=1+

Conversely, since Fg = 2F;; for all 4,5 € I,, the coeflicient of Ey; on the right-hand
side of (5.1.48) is

1+ U 2F11 2F10Fp1 + 2F121 — 2F11 — 4111_1 (F121 — i+ 2F10F01)
u—3/4\u—1/4 (u—1/4)2
— 14 U 2Fy F121—F11—i(F121—F11—|—2F10F01)
u—3/4\u—1/4 (u—1/4) '

As FyoFyy = Fy_1F 1, this shows that evgy(si1(w)) is indeed given as claimed in
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(5.1.48). The images of the other generators can be checked similarly, or one can use
(4.2.9) and the fact that X (so03,503)" is generated by the coefficients of s11(u) and
the elements F;; € so3. O

Let V(1) denote the irreducible s05-module with the highest weight 4 € C. As
a consequence of Proposition 5.1.15, we can, and will, view V(i) as an irreducible

module over X (s03,505)%.

Corollary 5.1.16. Let u € C. Then, as an X (503, 503)*-module, V (i) is isomorphic
to V(u(u)) with

_ (du+1) — (4p)?

po(u) = (du +1)? if so? — 50
)= Gt 4071 e
! (du + 1)2
u+1)+4u—1
Hou) =1 — 164 M(ELU - 3))(4u —1)
if $05 = s03.

p+2u—1

i) =1+ 160 =

Proof. This follows from (5.1.48) and (5.1.49) after observing that 2 operates on V(1)
as scalar multiplication by u? — pu. O

When 505 = s0,, V(p) is always one dimension with Fy; € s0% operating as y - id.
In analogy to the two-parameter family {V (11, 2) }, poec Of the previous subsection,
the one-parameter family {V (1)} .ec of X (s03,502)**-modules, which includes V(G) =
V(0), contains every one-dimensional representation of X (s03,502)™ up to twisting
by automorphisms of the form v,. Indeed, this will be shown in Proposition 5.3.5

below, where V(i) corresponds to V(o) with a = —p — 1/4.

5.2 Necessary conditions in the general setting

Henceforth, we will assume that (g, g%) is any of the orthogonal or symplectic pairs
introduced in Chapter 3 which is not equal to (504,502 ® s03). That is, (gn,g%)

belongs to one of the families

(g2n,0l) and  (gn,9p D 9g), Where (gn, 8p D 9q) # (504,502 D 505),
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and 0 < ¢ < N takes even values and satisfies ¢ < p if p = N — ¢ is also even.

In this section we use the machinery developed in Chapter 4, together with the
results of §5.1, to obtain a set of conditions on the highest weight u(u) of the
X(gn, 8%)-module V(u(u)), which are satisfied whenever this module is finite-
dimensional: see Propositions 5.2.5 and 5.2.13. The extended twisted Yangian as-
sociated to the pair (so4,502 @ 505) has been studied in §5.1.4, and is exceptional
due to its two-parameter family of one-dimensional representations, which exist as a
consequence of the fact that so}f = 509 D $0, is a two-dimensional commutative Lie

algebra.

As a prerequisite to our study, we begin by proving two elementary results per-

taining to polynomials satisfying certain symmetry relations.

5.2.1 Preliminaries on polynomials

The two technical lemmas presented below are inspired by similar results which ap-
peared in Chapters 3 and 4 of [Mol07]. They will play a small, but important, role

in the next chapters.

Lemma 5.2.1. Let o, € C, |l € Z and m € Q. Suppose that P(u) and Q(u) are

both monic polynomials satisfying

P(u)=P(-u+l), Qu)=Q(-u+l),
P(a) # 0 # Q(B),
P(u+ m) a—u _ Qu+m) B—u

P(uy a+u—Il+m Q) B+u—Il+m (5.2.1)

Then P(u) = Q(u) and o= 5.

Proof. This is a generalization of a result proven as part of the proof of [Mol07,
Theorem 4.4.3]. There the statement of the lemma was proven in the special case
where [ = m = 1. The same argument works in the general case, and we repeat it
here for the sake of the reader.

If @ = 3, then
Plu+m) Q(u+m)

Pw) Q)
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which implies that the rational function f(u) = Q(u)/P(u) is periodic. This is
impossible unless f(u) is constant. Since P(u) and Q(u) are monic, we can conclude
that f(u) = 1, and hence P(u) = Q(u).

Therefore it suffices to show that an equality of the form (5.2.1) is impossible
unless a = . We prove this by induction on k, where k = (deg P(u) + deg Q(u)).

If £ = 0, then this follows from the fact that (5.2.1) collapses to

a—1u _ B—u
at+u—Il+m BHu—Il+m’

Suppose inductively that (5.2.1) is impossible whenever a # § and k < M for some
M € N. Assume now k = M. By symmetry, we may assume without loss of generality
that deg P(u) > 2. Additionally, without loss of generality we may assume that P(u)
and Q(u) have no common roots. Let ug be a root of P(u) such that ug + m is not a
root. Then (5.2.1) implies ug =1 —m — S.

Write P(u) = P*(u)(u — up)(u + uo — 1) and set 8% =1 — up. Then we have

Pi(u +m) a—u _ Qu+m) B —u
Plu) a+u—Il+m Q) Bt+u—Il+m’

and a # B' due to the fact that P(8¥) = 0. By the induction hypothesis, this is

impossible. [

Lemma 5.2.2. Let « € C, |l € Z and m € Q. Suppose that P(u) is a monic
polynomial such that P(u) = P(—u+1). Then there exists a pair ({2, PT(u)), where

al)’ta

0" € Zso and PP (u) is a monic polynomial, satisfying

Py'(u) = P (—u+1), Pl(a—miy)#0,
P(u+m) a—u _ Pl(u+m) (a0 —mlT) —u
Plu) a+4+u—-Il+m  Pru) (a—mlt)4+u—I1+m’

(5.2.2)

Moreover, the pair (€7, P™(u)) is unique with P™(u) equal to P(u) divided by
em—1
Q)= ] w—a+km)(u—1+a—km). (5.2.3)
k=0

Proof. We first define the pair (7, P*(u)) and show that it satisfies the desired

a’)”T a
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properties. For each a > 0, set

POw) = [ w—a+ k'er’L(;z’)u Tt a—km) €W (5:2.4)

where PO)(u) = P(u). Note that P (u) will be a monic polynomial in u satisfying
P (u) = P@(—u+I) whenever P(u) is divisible by IT¢_3 (u—a+km)(u—I+a—km).
Define

0 0 if P(a)#0,
mings1 {P* Y (a — (k—1)m) = 0, P®)(a — km) # 0} otherwise.

It a straightforward consequence of the above definitions that P®(u) is a monic

polynomial in u satisfying P®) (u) = P (—u 4 1). We may now set
"=¢ and PM(u)=P9@).
By definition of £7, we have P7*(a — m{2') # 0. Moreover,

Plu+m) Pru+m) ITas' (u—o+(k+)m)(u—Il+a—(k—1m)

Pu) —  Pr(u) s (w— o+ km)(u — I + a — km)
_ Pu+m) (o —fm) —u atu—Il+m
~ Prw)  (a—frm)+u—I+m a—u '

which implies that (5.2.2) holds.

Finally, note that the uniqueness of (/7 P™(u)) is an immediate corollary of

al)T o

Lemma 5.2.1. ]

The statement of Lemma 5.2.2 did not explicitly appear in [Mol07], but similar
ideas were needed in the proof of Theorem 4.4.14 therein. We note that the assump-
tion that m € Q is not necessary in either of the above two lemmas. However, we

will only be concerned with this case.

We conclude this brief subsection by introducing some convenient notation related

to polynomials.

Definition 5.2.3. Let P(u) € Clu] and «, 8 € C such that o — 8 € Z.
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(1) We denote the zero set (or zero locus) of P(u) by Z(P(u)):

Z(P(u)) ={2€C : P(z) =0}.
(2) We define the string S(a, 8) C C to be the set

S(a,ﬁ)_{{ﬁaﬁ'i'la'--aa_l} ifa—ﬁeZ>0, (525)

0 otherwise.

5.2.2 Associating polynomials to V(u(u))

Let us now define auxiliary parameters a,b € Z}; and d € Q by

(1,1,2) if gy = spn,
(a’ b’ d) = (07 17 1/2) if ON = 50241, (526)
(1, 2, 1) if gN = 5024,

These parameters are chosen so that, in the notation of (4.1.7), we have
hl = _Faa - be and d= dl.

Moreover, with this notation the second set of relations in Theorem 4.1.4 may be

expressed uniformly as
Aa(w) _ Pilutd)
Ap(u) Pi(u)

(5.2.7)

We will also set
k(g) = ké‘g,gt and 5 = égNrgpN.

For the next lemma, we briefly return to the low rank setting of §5.1.

Lemma 5.2.4. Let (gn, g%) be a symmetric pair from §5.1 not equal to (504,502
502). Then, if V(u(u)) is finite-dimensional, there exists a monic polynomial Q(u) in
u together with a scalar a € C\ Z(Q(uw)) such that

Q(u) = Q(—u + k +2%),
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u .ﬁa(m—u)_g(m—u),Q(qud)( a—u )%»0

k—u  fip(u)  g(u) Qu) \atu—r+d—20

Proof. If gy = sps or gy = s04, then this follows from Propositions 5.1.3 and 5.1.6
together with the definitions of k, d, 6 and g(u). If instead gy = s03, then by
Proposition 4.4.4, we have

v foln—u) g() _ f(u)
r—u  I(uw) gk—u) H(u)

and the lemma follows from Proposition 5.1.14 together with the facts that K =1/2 =
d and 2° = 1. O

Using this lemma, we can improve upon Proposition 4.4.5 of Chapter 4.

Proposition 5.2.5. Suppose the X (gn, g% ) -module V (u(u)) is finite-dimensional.

Then there exists monic polynomials Py(u),. .., Py(u) in u, with

Pl(u) = Pl(—u-l- K+ 26),

(5.2.8)

P(u)=P(—u+n—-1+2) V 2<i<n,

together with a scalar o € C\ Z(Py(gy+1(u)) such that
fira(v) _ Pi(u+1) ( a—u )""’“1 :
= 2<i< 2.
1 () P(u) \a+u-—¢ v 2sisn (52.9)
u  fa(k—u) g(k—u) Pi(u+d) a—u %1(9).0

i) : ( ) . (5.2.10)

k—u  [ip(u) g (u) P(u) \at+u—k+d—2°

Proof. The existence of P(u),...,P,(u) along with a € C\ Z(Py41(u)) (provided
%(G) # 0) satisfying (5.2.8) and (5.2.9) was established in Proposition 4.4.5. There-
fore, it suffices to show that there exists P;(u) (together with o € C\ Z(Pi(uw)) if
%(G) = 0) satisfying P;(u) = Pi(—u + & + 2°) as well as the relation (5.2.10).

For this, we will make use of the results of §4.3. Define

m=n—2 if gy==s50y, and m=n—1 if gy =5ps, Or S02,41-

230



The symmetric pair (gn—2m, Q%Tz)m) (see §4.3) is then given by

(on-2m; Oli-m)  if (g, %) = (G2n, g1n),
Hm .
(gN—ZmagN(—2)m) = (gN—2magN—2m) if (gNag'l]Z/') = (gN,gp @ gq)a p> ]-a

(503, 502) if (gn,9%) = (502n+1,502,).

Here we note that ($02,41,509,) = (§09,+1,501 ® 502,) and that the symmetric pair
(504,502 @ 505) does not appear in the above list.

As V(u(u)) is finite-dimensional, the X (gn_om, gi,(f_nz)m)tw—module V(u(w))m from

Corollary 4.3.7 is finite-dimensional. Moreover, it is isomorphic to V (uf(u)) with

ph(w) = (h(w) g™ (u))iezy—am»

where h(u) is given by (4.3.28) and (pi™(u))iczy_,,, i determined by (4.3.31). By
Lemma, 5.2.4, there exists a monic polynomial Q(u) in u, with

Qu) = Q(—u+ Kk —m+2°, (5.2.11)

together with a scalar & € C\ Z(Q(u)) such that

v h(E-u) _ gm(A-u) Qu+d) & —u 84(9m),0
Fou i) gm(w) Q) <&+u—ﬁ:+d —26> , (5:212)

where & = kK — m. By definition of pf(u), the left-hand side is equal to

ut+?  gm(f-u) g+F) F(k—u-—7)

k-u—9  gm(u) gk-u—-%) [b(u+3)

Substituting this back into (5.2.12), shifting u + u — 3, and using dz(g),0 = 0x(Gm),0,

we obtain

u .ﬁa(ﬂ—U)_a(ﬂ—u).Q(u—?N)( G+ —u )‘Sﬂwm
k—u  fp(u)  g(u) Qu—-") \G+2+u—k+d—2°

Setting a = & + % (if £(G) = 0) and Py(u) = Q(u — 7), the relation (5.2.10) holds,
we have a € C\ Z(P1(u)) (provided #(G) = 0), and by (5.2.11) the first identity in
(5.2.8) holds. 0
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At this point, it is clear that finite-dimensional irreducible X (gy, g% )?-modules

are intimately connected to tuples
(o, (Fi(u))i;) € C x Clu]”

which satisfy certain conditions. In light of this, it is desirable to have terminology
which enables us to quickly translate between the language of highest weights and

that of finite sequences (o, (P;(u))% ) of the form described in Proposition 5.2.5.

Definition 5.2.6. Suppose that (P;(u)); C Clu]" is an n-tuple of monic polynomi-
als in w such that

Pl(’U,) =P1(—’U/+K/+26),
P(u)=P(-u+n—i+2) V 2<i<nmn,

Then, given a0 € C\ Z(Py(g)+1(u)), we say that pu(u) is associated to the tuple
(o, (P;(u))_,) if the relations (5.2.9) and (5.2.10) of Proposition 5.2.5 are satisfied
and additionally (4.2.6) holds when gy = 502,+1.

Remark 5.2.7. If (gn, 9%) = (gx, 9n), then the parameter a plays no role in Propo-

sition 5.2.5 or in the above definition, and should be removed.

Note that it follows from the relations (5.2.8), (5.2.9), (5.2.10) and (4.2.6) that
(4.4.12) holds, and hence that if x(u) is associated to a tuple (o, (P;(u))?% ) then the
irreducible module V' (u(u)) exists: see Theorem 4.4.4.

In the case where V(u(u)) is also finite-dimensional, we follow the convention in
the literature and call (a, (P;(u))?™,) the Drinfeld tuple associated to V(u(u)) and
the polynomials P;(u), ..., P,(u) the Drinfeld polynomials.

Lemma 5.2.8. Suppose that p(u) is associated to (a, (P;(u))™,). Then this is the
unique tuple associated to u(u). Moreover, if u*(u) is also associated to (o, (P;(u))?,)
then there exists g(u) € 1 + u'Clu™1] such that g(u) = g(k — u) and

V(ih(w)) 2= vy (V (u(w)))-

Proof. The uniqueness of (a, (P;(u))?,) is an immediate consequence of Lemma 5.2.1.

Let’s turn to the second statement of the lemma. Suppose that pf(u) is also associated
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to (o, (Pi(u))?,). We need to show there is g(u) € 1 + 4 !CJu~"] such that

g(u) =g(r—u) and [if(u) = g(u)i(u) VieIf.

If this is true, then V' (u*(v)) and v} (V (u(u))) will have the same highest weight and
hence be isomorphic. From (5.2.9) and (5.2.10) we obtain the equalities

fiio1(u) _ 1 (u) i<n an fla(k —u) _ it (k —u)
1 U,) - ﬁg(u) vV2<is d ﬁb(u) ﬁg(u) ) (5.2.13)

Setting g(u) = pf,(u)pn(u) !, we obtain from the first relations in (5.2.13) that

fi(u) = g(w)ii(u) VieZ§\{0}.

If gnv = $094+1, then the relation (4.2.6) together with the second relation of (5.2.13)
gives

fio(u) _ fib(u)

Aa(w)  H(u)

and hence fif (u) = g(u)fio(u) also holds.

To complete the proof, note that the second relation in (5.2.13) now implies that

g(u) = g(k — u), as desired. O

We conclude this subsection by providing a general description of the relationship
between a tuple (o, (P;(u))?,) associated to a X (gn,g%) highest weight u(u), and
the corresponding tuple (af, (P(u))*=™) associated to the highest weight zf(u) of the
X (N—2m, 02 Yw_module V (u(w))r, from Corollary 4.3.7.

Corollary 5.2.9. Suppose that u(u) is associated to (o, (Pi(u))i,), and let 1 <

9(m) )tw

M < N — 84y s00,- Then the highest weight ub(u) of the X (GN—2m; Oy om)” -module

V(p(u))m ts associated to the tuple

(o, (P w)i5™) = (o — 2, (P(u+ )™,

. . o O
where off = o — 5 1s omitted if g N(m) = gN—2m-

Proof. It is clear that (P}(u))?=" satisfies (5.2.8) and that Pfg(gm) +1(af) # 0. Hence,
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it suffices to show that the relations (5.2.9) and (5.2.10) hold for

pi(u) and (o, (PH(w)iT™).

7

By Corollary 4.3.7, pf(u) = h(u)u®™(u) with h(u) given by (4.3.28) and p°™(u)
determined by
B () = Fi(u+2) Vi € Ty

The relation (5.2.9) then implies that, for each 2 < i < n — m, we have

ljg—l(u) _ Bia(u+%)  F(u+ 3 +1) a—"—u 8, a1
fw B+ Bu+?) <a+’;+u—€)
_ Plu+1) ot —u ditt1
- ﬁm>(ﬁ+u—W—mQ

It remains to show (5.2.10) holds when (fia(u), fib(u), g (u), Pi(u), o, k) is replaced by

(ﬁﬂa(u)a ﬁﬂb(u)a 'g-m(u)a Pl(u + %)7 o — %a K — m)

This is shown by repeating the computation done in the proof of Proposition 5.2.5. [

5.2.3 Conditions on «

Our aim for the rest of this section is to show that if («, (P;(u))™,) is a Drinfeld tuple
then o — N/4 must take half integer values whenever g3 is semisimple. This will be

made precise in Proposition 5.2.13. First, we proceed with two lemmas.

Lemma 5.2.10. Suppose that the X (gn)-module L(A\(w)) is finite-dimensional with
Drinfeld polynomials (Q;(w))?_; and that u(u) is associated to a tuple (o, (Py(u))™ ;)
such that o, ¢ Z(Qu(g)+1(u — £/2)), where

a =

. |mate+1l RG>,
—a+Kk+2°  if R(G)=0.

Let £ € L(M(u)) and n € V(u(u)) be highest weight vectors. Then the highest weight
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v(u) of the X (gn, g% )" -module

X (g, 83)™ (€ ® 1) C L(A(w)) ® V(u(u))

is associated to the tuple (o, ((Qs © P;)(u)):,), where

(—1)%eQ Q;(u — k/2)Qi(—u+n—i+2—k/2) P(u) if i>1

Q: © B)(u) =
( )( ) {(_1)degQ1 Ql(u _ ﬁ/2)Q1(—U+ I‘L/2 + 25) R(u) Zf i—=1.

Proof. By Propositions 4.1.2 and 4.2.11, we have

Fi—1(w) _ fii(uw) Aica(u—K/2)A(-u—k/24+n—i+1)
Fi(u) ai(u)  AN(u—k/2A1(—u—k/24+n—1i+1)
_ Qi(u—k/2+1)Q(—u+n—i+1-k/2) Put+1l) ( a—u >5i,k+1
Qi(u —k/2)Qi(—u+n—i+2—K/2) P(u) \a+u-—¢

for all ¢ > 1. Similarly,

iy W) Al
v glr—u)  Fo(u)

_ Aa(s/2—u) Qi(u—k/2+1) Pl(u—l—d)( a—u )516(9),0
Ab(6/2—u) Qi(u—k/2) P(u) \a+u—rk+d—2°

Thus, it suffices to show that

Aa(k/2—u)  Qi(—u+£/2+2°—d)
Ap(k/2—u)  Qi(—u+K/2+2%)

(5.2.14)

If gy = spw, then a = b and the above holds by (5.2.7). If instead gxy = son,
then b = a+ 1 and Proposition 4.1.2 gives

A(u—k+n—a) dp(u—rK+n-—a)

A_p(u) B A_a(u)

If gy = 5035, then substituting u — —u + § and using (5.2.7) yields (5.2.14). If

gN = S09;,41, then a = 0 and after shifting v — —u + g, we can rewrite the above as

M(/2—=u)  Mp(—u+k/24+1/2)
Aop(k/2—u)  do(—u+kK/2+1/2)
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By (5.2.7), this coincides with the right-hand side of (5.2.14). O

Remark 5.2.11. If a or o is a root of Q(g)+1(u — £/2), then (a, (Q; ® B;)(w));;)
will still satisfy the relations of Proposition 5.2.5, except that the condition

a ¢ Z((Qrg)+1 © Prgy+1)(v))

will fail to hold and one must apply Lemma, 5.2.2 to obtain the correct tuple associated
to y(u).

To state the next lemma, we recall from §5.1 that a g%-module V is said to be
a highest weight module with the highest weight (u;)?,; C C™ if it is generated by a
nonzero vector £ such that

Fl¢=0 V i<j€Iy,
Fil=pé& VvV 1<i<n.

Lemma 5.2.12. Suppose that u(u) is associated to (o, P = (P;(u))’,), and let & be
a highest weight vector in V(u(u)). Then the g% -module U(g% )€ is a highest weight
module with highest weight pn = (p;)?_, given by

1
Hi = 5Apys +42G) V¥V 1<i<n, (5.2.15)

where Ap; is as in (4.1.9) and pS(i) € C is given by

N .
(=) o (awsh) = w5, 900,
D=1a—x
2

P
Zf (gNa g}’;l) = (g2n7 g[n)

Proof. Tt follows from Corollary 3.3.11 that U(g%)¢ is a highest weight module. Tt
thus suffices to show that, for each 1 < i < n, the Fj;-weight of £ is given by (5.2.15).

Assume first that (gn,9%) = (g, 8, D 9,)- Let po(u) = (l‘a,i(“))iezj(, be the
X (gn, g%)™-highest weight determined by

2u g (u) if 1<%,

5.2.16
2u-g () ( (5:210)

/jaz(“) = t—a—u

) if i >%k+1.
-«
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As p,(u) satisfies the relations of Theorem 4.4.4, the irreducible module V (u,(u))

exists.

Since P;(u) = Py(—u +n — i+ 2) for all i > 2, there exists monic polynomials
Q2(u), - .., Qn(u) such that

Pi(u) = (~1)* %®Qi(u — 5/2)Qi(~u+n—i+2—K/2).
Similarly, since P, (u) = Py(—u+ k+2?), there is a monic polynomial Q; (u) such that
Pi(u) = (—1)%8AMQ, (u — k/2)Q1(—u + £/2 + 2°).

Let L(A(u)) be a finite-dimensional irreducible X (gy)-module with Drinfeld polyno-
mials (Q;(u))7;, and suppose & € L(A(u)) and 7 € V(uq(u)) are highest weight
vectors. Then, as a consequence of Lemmas 5.2.8 and 5.2.10, there is g(u) € 1+
u~'C[u"] such that g(u) = g(k — u) and v}(V(u(u))) is isomorphic to the irre-
ducible quotient of X (g, 8%)™ (¢! ® n). As g% acts identically in 1}(V(u(u))) and
V(u(u)), we can assume without loss of generality that g(u) = 1.

Observe that

(1) e -
1 wi— € i i<k,
Resu(ﬁa,i(u)) = {,u ’

2u us) if i >R +1,
tr(G) — N
Res,(g(u) = "L~V — ¢,
Res“(“d%) — ¢,
Uu—uo

where Res, denotes the formal residue operator at u = 0. We thus obtain from

(5.2.16) the relations
0 ifi<#,
D = { = (5.2.17)

20 —2a if t>Fk+1.

Since F = 2g;;Fy, Corollary 3.3.11 yields

tr .
20iilbai + (9 — 1)Elg) = uf,lz vV oieZf,
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where fi,; denotes the Fj;-weight of . Combining this with (5.2.17), we obtain

0 if i<k,
MHayi = N .
a—73 ifi>k+1

Since
Fu('®n) = Fu' @+ pes(t@n) V i€y,

The relation (5.2.15) now follows immediately from the formulas (4.1.9) of Corollary
4.1.10 and the fact that deg P;(u) = 2deg Q;(u) for each .

If instead (gn, §%) = (g2n, 9l), then one should replace (5.2.16) by

a—K

Pai(u) =1+ V 1<i<n.
The Fj-weight of & ® 7 is then given by
F # . § a—K # . +
#(§®@n) = Fy¢ ®77+T(§ ®n) V ie€Iy

and hence (5.2.15) again follows from Corollary 4.1.10. O

Now let us restrict our attention to the setting where g% is semisimple, but not

the whole Lie algebra gx. This means that

(on,0%) = (On, Bp D 9,) With g, Z S0, and g #0. (5.2.18)

where we recall that we always assume q € 2Z and that p > q whenever p € 27Z. Let
{dg:}e 1 C Qand {h,;}t_; C gor N be given by

(dgir hgs) = (1, Froqic1p4i-1 — Fryinti) V 2<1 <68,

2, —2F; if = 5PN,
(dq,l, hq,l) _ {( k+1,k+1) gn PN

(1, —Fat1p+41 — Frizp42) if gy =son.

Let p(u) and £ be as in Lemma 5.2.12. This lemma implies that U(gae)§ C V(u(u))
is itself a highest weight module with highest weight determined by

1 .
d;ilhq,i(ﬁ) =3 deg Py i(w)é V 2<i<¢,
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(% —a— %)\P,k+1)£ if gy = spn,

(% — 2a — %)\p,ﬁ,_H — %)\P,k+2)£ if gN = S0N.

d;ihq,l (f) = {

If in addition V' (u(u)) is assumed to be finite-dimensional then, by (4.1.8), the coef-
ficients of £ on the right-hand sides of the above equations must take non-negative
integer values. As deg P;(u) € 2Z for each 1 < i < n, this observation together with
(4.1.9) yields the following proposition.

Proposition 5.2.13. Suppose that (gy, g%) is as in (5.2.18) and let u(u) and (o, P)
be as in Lemma 5.2.12 with V (u(u)) finite-dimensional. Then o satisfies

91-9 (a — JZ) eZ

in addition to the relation

R4l
4a— N <2) degP,(u) if gy =sbn,
a=1
A1
4a — N < deg(Py(u)Ppya(u)) +2 ) degPu(u) if gy = 502011,
a=2
Atl
4a — N < deg(Py(u)Pa(u)Paya(uw)) + 2> deg Pa(u)  if gn = 5024,
a=3

where we recall that 6 = dgy epo,, -

5.3 One-dimensional representations

In this section we classify the one-dimensional representations of all twisted Yan-
gians of type B, C and D considered in this thesis. In particular, we will prove that
X(gn, 8%)™ (and thus Y (gn, g% )™) admits non-trivial one-dimensional representa-

tions if and only if g% has a non-trivial center. This occurs precisely when

(gn, O%) = (820, 8ln) and (g, 8%) = (0N, 50N_2 D 502).

In these cases, Y (g, g% )% admits a family {V(a)}sec of one-dimensional represen-

tations, which we will construct explicitly in §5.3.2 and §5.3.3. These one-parameter
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families will play a crucial role in the classification results for finite-dimensional irre-
ducible representations of X (gay, gl,)™ and X (son,50x_o D 502)™ to be presented in
§5.4.2 and §5.4.3, respectively.

In what follows, we continue to assume that (g, g%) is not equal to (504, 50,®s03).

5.3.1 The semisimple setting

We begin by classifying the one-dimensional representations of X (g, g% )™ under
the assumption that g% is a complex semisimple Lie algebra. Under this hypothesis,

we have

(gNa ggl) = (gNa gp @ gq) with gq ?’g 502.

Proposition 5.3.1. Assume that g%, is a complex, semisimple Lie algebra. Then, a

representation V of X (gn,g%)™ is one-dimensional if and only if
V =y (V(9))
for some g(u) € 1 +u 'Clu™] with g(u) = g(k — u).

Proof. Suppose that V is a one-dimensional representation of X (g, g% ). By Propo-
sition 5.2.5, V' can be assigned a tuple (a, (P;(u))~,), where the scalar a should be
omitted if g% = gny. As g% is semisimple, it admits no nontrivial one-dimensional
representations. Consequently, when viewed as a g%-module, V is isomorphic to the
trivial representation. Therefore, relation (5.2.15) of Lemma 5.2.12 becomes equiva-
lent to
N .
—Ap; = 0i>p (2a—2) V 1<i<n,

from which it can be deduced that

20—  if a=k+1,
deg P(u) = ?

otherwise.

If g% = g, then (P;(u))%, isequalto 1 = (1,..., 1), the Drinfeld tuple corresponding
to the trivial representation V(G). In this case, the desired conclusion then follows

from Lemma 5.2.8.
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Therefore, we may assume without loss of generality that g% = g,®g, with ¢ > 4.
It suffices to show that
deg Py+1(u) =0,

as this will imply (o, (P;(u))%,) = (¥, 1). Since V(G) is also associated to this tuple,

the desired conclusion will follow from Lemma 5.2.8.
Case 1: £ > 0.
Suppose first that £ > 0, and set M = N — 2¢€ + 2. By Corollary 4.3.7, we may

regard V = V;_; as a one-dimensional representation of X (g, gp—2 @ g2)™. By
Corollary 5.2.9, the highest weight of this module is associated to

t—1

(v, (Q:i(w)¥!), where y=a — o

Pop(u+ 52 if =R +1,

1 otherwise.

wi 00|

By Proposition 4.4.1, we may then also regard V = (V;_1)’ as a one-dimensional
representation of the twisted Yangian X (slg11,5ls @ gl;)*. This representation cor-
responds to the tuple (v, (Q;(u))i') in the classification given by [MR02, Theorem
4.6] (see (4.4.10) and (4.4.11)).

Since the X (slg 41,5l @ gl1)*-module V is one-dimensional, it inherits the struc-
ture of a X (sl, gl)™ = X(slz, sl; & gl;)*-module by setting

bij(u) - v =biyp-1j+a—1(u)v Vv eV and 1<4,5<2.

This can be verified directly, but it also follows from a more general result observed in
the first part of the proof of [MR02, Theorem 4.6]. The resulting X (slz, gl;)**-module
has Drinfeld tuple (v, Qg+1(u)).

The twisted Yangians X (sly, gl1)™ and X (slz, s02)* are isomorphic (see [MR02,
Proposition 4.3] as well as the remarks concluding [MR02, §4.2]), hence V' can also
be viewed as a one-dimensional representation of X (sls,502)™. The arguments used
to prove [MR02, Proposition 4.4] show that this irreducible X (slz, $02)*-module cor-
responds to the pair (y — 1,Qs41(u + %)) under the correspondence of Theorem
5.1.1. On the other hand, Corollary 4.4.5 of [Mol07] implies that V = V(y —1) as a
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Y (slz,505)™-module, where V(y — 1) is the one-dimensional representation obtained
by restricting the irreducible X (sly, 502)"-module with the highest weight

1+ (y—1/2)ut
1+ 1/2u1

v(u) =

(see equation [Mol07, (4.21)]). This module corresponds to the pair (y — ,1), so we

obtain
deg Pp+1(u) = deg Qa+1(u) = 0.

Case 2: % =0.

In this case, V = V;_; is a one-dimensional representation of X (s03,502)* which,
by Corollary 5.2.9, is associated to the pair (v, Q1(u)) = (a—%2, Pi(u+%1)). More-
over, it can be made into a X (sly,502)*-module via the isomorphism (5.1.36), and
the proof of Proposition 5.1.14 shows that, as a X (sly,$05)*’-module, V' corresponds
to the pair (2y — 1,298@1Q;(%$1)): see (5.1.47). Repeating the last part of the ar-
gument of Case 1, we are able to conclude that deg P;(u) = 0, which completes the
proof of the Proposition. O

The below corollary of Proposition 5.3.1 now follows immediately from Lemma
4.2.1.

Corollary 5.3.2. Assume that g% is a complexr semisimple Lie algebra. Then, up
to isomorphism, V(G) is the unique one-dimensional representation of the twisted

Yangian Y (gn, g5%)%.

5.3.2 Twisted Yangians associated to (soy,s0n_s @ 502)

We now turn to the twisted Yangians associated to pairs of the form

(gn, %) = (50N, 50N_2 @ 502) = (s0N,50n_o ®C) with N #4.
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Given a € C, define

K(Ua a) = k(u) (I - u2_uaE—n,—n - u—|-Zu—2dEnn> ) ( )
o)t ) 5.3.1
where k(u) = (u—dy?

and d = trig) =N/4-1.

Lemma 5.3.3. For each a € C, the assignment
S(u) = K(u;a) € End(CY) ® Clu™]
defines a one-dimensional V(o) of X (son,s0n_s @ 605)™.

Proof. The proof is straightforward, but highly technical. We begin by showing that

K (u; o) satisfies the reflection equation
R(u — v)Ki(u; ) R(u + v) K2 (v; @) = Ka(v; o) R(u + v) K1 (u; &) R(u — v).

Notice that we only need to show this for k(u) 'K (u; ). Denote

2u 2u
G(u) = — E_,_,————F,,, 5.3.2
(u) U— ’ u+a—2d ( )

so that K(u;a) = k(u)(I + G(u)). Since I is a solution to (3.3.40), our task is to
show that

R(u —v) G1(u) R(u +v) + R(u — v) R(u + v) Ga(v)
+ R(u — v) G1(u) R(u + v) Ga(v)
= G2(v) R(u+v) R(u — v) + R(u + v) G1(u) R(u — v)
+ G2(v) R(u + v) G1(uw) R(u — v).

(5.3.3)
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We first show that

-2 Y (e (1--22) + (1- -2 6uw)
uU—v u+v U+ v
+Gﬂm(1—uiv)axm)+fu%m

OO A R oY
+G2(v) (1 - uiv) Gl(u)) (1 g ) ’

u—v

(5.3.4)

where H(u,v) is given by

8uv(a — d)
(u—a)(v—a)(u+a—2d)(v+a—2d)

(B—yn®Ep—n— Enn®E_pnp). (5.3.5)
The equality (5.3.4) reduces to

[P, 2v Ga(u) — 2u Ga(v) — (u — v) Ga(u) G2(v)] = 0.
This follows from the following computations:

20G(u) — 2uG(v) — (u —v) G(u) G(v)

_ ( 4uv 4uv ) B ( 4uv 4uv ) B
o uv—a v—a) " u+a—2d v+a-—-2d) ™
_ dww(u—v) Eone Quv (u — v) B, =0,

(u—a)(v—a) (u+a—2d)(v+a—2d)

thus implying (5.3.4). Next we use
Q@*=NQ, (1-v'P)Q=>1-v)@Q,

QRG1(u)Q = QG2 (v)Q = g(u) Q,

2u 2u
where  g(u) = tr(G(w) = == = 04

and subtract (5.3.4) from (5.3.3). Then (5.3.3) holds if and only if the following
expression equals H (u,v):

G1(w) @+ QGa(v) + G1 (1) QGa(v)  Ga(v) @ + Q Gi(u) + Ga(v) @ Ga(u)

UuU+v—~K u+v—=kK
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Ga(u) Q + Q G2(v) + Ga(u) Q Ga(v) + G2(v) @ + Q Ga(u) + Ga(v) Q Ga(u)

(u—v)(u+v—K) (u—v)(u+v—K)
N Q (Gi(u) + Ga(v) + G1(u) G2(v))  (G2(v) + Gi(u) + Ga(v) G1(v) @
_ Q(Ga(u) + Go(v) + Ga(u) Ga(v)) | (G2(v) + Ga(u) + Ga(v) Ga(u) @
(u+v)(u —v—K) (u+v)(u —v—K)
L I Q@+ NQG) +9(u) QGa(v) _ NGa(v)Q+9(u) Q@ +g(u) G2(v) @
(u—v—kK)(u+tv—Ek) (u—v—kK)(u+v—k) '

Since [G(u), G(v)] = 0, that the previous long expression is equal to H(u,v) is equiv-

alent to

H(u,v)
_ [G1(u) — Ga(v), Q] + Gi1(u) Q G2(v) — Ga(v) Q G1(v)

U+v—K
n [Q, G1(v) + Ga(v) + G1(u) G2(v)]
U—V—K (5.3.6)
n [Q, Ga(u) — Ga(v)] + Ga(v) Q G2 (u) — Ga(u) Q Ga(v)
(u—v)(u+v—kK)
_ 1@, Ga(u) + Ga(v) + Go(w) G2(v)] | (N +9(1)) (@ Ga(v)]
(u+v)(u—v—rk) (u—v—kr)(u+v—kK)

Now observe that G*(u) = —u (2d — u)"'G(2d — u), which implies that

U {7
Giw)Q = —5— 24— w)Q,  QGi(u) = —5— QGa(2d —u).
Moreover,
4uv
GZ(U)QG2(U) =(’U, _ Ol)(’l) _ Oé) En'n ® E—'n,—n
duv
+ E’n,—'n ® E—'n,n
(u—a)(v+a—2d) (5.3.7)
n 4uv E % E o
(ut+a—-2d)(v—a) ™" "

+ 4uv
(u+a—2d)(v+a—2d)

E—n,—n ® Enn-
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Using (5.3.5), (5.3.7) and k = 2d + 1 we compute the following identity

Gl(’U,)QGz(U) — Gg(U)QGl(’U,) n G2(U)QG2(U) — G2(U)QG2(U)
u+v—kK (u—v)(u+v—k)

_ 4w ( 1 B 1 )
vtv—k\(u—a)lv—a) (u+a—2d)(v+a—2d)
+(B-nn ® Ep,-n — En,-n ® E_nn)
n 4duv ( 1 _ 1 )
(u—v)(u+v—k) \(u—a)v+a—2d) (v—a)(u+a—2d)
(Benn®Epn—Epn®E_pnp)
. Buv(a — d)
 (u—a)v—a)(u+a—2d)(v+a—2d)
= H(u,v).

(E—n,n ® En,—n - En,—n ® E—n,n)

By combining the identities above and denoting % = u (2d — u)™!, we can rewrite
(5.3.6) as

WGy(2d —u) + Gov) ,  Galu) = Ga(v)

@ utv—~K (u—v)(u+v—k)
N (N+9g(w)Ga(v)  8G2(2d —u) — Ga(v) + UG2(2d — u)G2(v)
(u—v—EK)(u+v—EK) U—v—kK

_ Gz(’U,) + Gz(’U) + Gz(U)Gz(’U)

(u+v)(u—v—kK) =0

Denoting the commutator above by [@,1 ® F(u,v)] we only need to verify that
F(u,v) = 0, which follows by a direct computation using (5.3.2), the explicit form
of g(u) and Kk = 2d+1 = N/2 — 1, as we now illustrate. After reorganizing
the various terms and multiplying by (v — v — k)(u + v — k), we obtain, with
F'(u,v) = (u—v—K)(u+v—K)F(u,v):

F'(u,v)
_26vG(u) 2w (G(2d —u)
u? — v? 2d — u
1 1 K
+2u<1_u—a _u+a—2d+u2—v2>G(v)
_(utv— E)<uG’(2d— u)G(v) + G(u)G(v))
2d —u U+ v
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:4uv<_ (u-l—o}— 2d (U—a)gﬂ _v2))E_n,_n
1 K
— (u—a B (U+a—2d)(u2 _v2)>Enn

1 1 K 1 1
—11-= — E—n—n — E’nn
( u—a u—l—a—2d+u2—v2)(v—a ’ +v—|—a—2d )
B utv—kK (u+a—2d) — (u—a)(u+v)

(u—a)(u+a—2d)(u+v)
(u—a)— (u+a—2d)(u+v)
E’nn

v+a—2d

2d+1—k 2d+1—k

= (U—a)(u+a_2d)E—n,—n+ (U—a)(’l)+a—2d)Enn =0.

_|_

This completes the proof that K (u; ) is a solution of the reflection equation (3.3.40).

Our work thus far shows that there is an algebra homomorphism
Bo : X(s0N,50N_2 B 502)™ — C, S(u) — K(u;a).
By Corollary 3.3.24, to complete the proof of the proposition it suffices to show
g(Wtr(K (x —u; 0)) = g(k — w)tr(K (u; ).

Since tr(G) = N —4 and K = N/2 — 1, we have

g(k—u) _ N-4s+4u  tr(G) —4u _ (U+ 1 _N/4)2. (5.3.8)

g(u)  tr(G)—4k+4u N —4du u— N/4

By definition of K (u; ),

tr(K (u; a)) = k(u) (N - u2_ua w4 iu_ 2d>

_ N(u—oa)(u+a—2d) — 2u(2u — 2d)
- (u—d)?

Let P(u) be the numerator of the right-hand side. Using that N = 2« + 2 and
2d = k — 1 we find that

Puy=Nu—a)lu+a—k+1)—2uf2u—rk+1)
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= N(u—a)(u+a— k) —2u(2u — 2k) — Na,
and hence P(u) is invariant under the substitution u — k — u. This implies that

tr(K (u; ) (n—u—d>2:( u— N/4 )2,

tr(K(fi—u;oz))= u—d u+1—N/4

which, by (5.3.8), yields the desired result. O

The importance of the family {V(a)}aec given by Lemma 5.3.3 is encoded in the
following corollary.

Corollary 5.3.4. Let a € C. Then V(a) = V(v*(u)) with v*(u) = (’7?(u))ielf(,

defined by s
. O‘)((z;)_l:;j =2 v ez (5.3.9)

where d = '“STQ) = N/4 — 1. Moreover, V(a) is associated to the Drinfeld tuple
(v, Pi(w), ..., Po(uw) = (k —a,1,...,1). (5.3.10)

Proof. The first part of the Corollary follows immediately from Lemma5.3.3 and the
definition of K (u,a): see (5.3.1). The Drinfeld tuple associated to y*(u) is then
readily computed using (5.3.8) and that

(u— a)((=1)%u+a — K+ i)
(d—wu)?

Vi (u) = 2u- V ieIf. 0

The last two results of this subsection provide a complete classification of one-
dimensional representations for X (soy,s0x_2 @ $02)™ and of Y (soy,s0n_o @ 502)™
when N # 4.

Proposition 5.3.5. Let N # 4. Then a representation V' of X (s0n,50n_2 @ 502)*

is one-dimensional if and only if
V=y(V(a)

for some o € C and g(u) € 1+ u'Clu™] with g(u) = g(k — u).
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Proof. Let V be a one-dimensional representation with highest weight associated to
(o, (P;(u))?r_,). It suffices to prove that

deg P(u)=0 V 1<i<n.

Indeed, if this is the case then, by Corollary 5.3.4, V and V(k — a) share the same
Drinfeld tuple and hence V = v;(V(x — @)) by Lemma 5.2.8.

If N = 3, this is a consequence of the £ = 0 case in the proof of Proposition 5.3.1.

Suppose instead that N > 5. In this case, soy_2 is semisimple and thus V is
equal to the trivial representation when viewed as a s0x_o-module. Since s0, is one-
dimensional, F),, operates in V as multiplication by a scalar 7. In particular, the
highest weight of V as a (s0y_2 ® s03)-module is (u;)?; = (0,...,0,7). The relation
(5.2.15) of Lemma 5.2.12 therefore implies that

N
deg Pi(u) =0 V1<i<n and dean(u):2a—§—2'y.

To complete the proof, we need to see that deg P, (u) = 0. This can shown using the

same argument as given in the £ > 0 case of the proof of Proposition 5.3.1. O

Corollary 5.3.6. Let N # 4. Then a representation V of Y (son,50n—2 B $09)™ is
one-dimensional if and only if there is a € C such that V =V (a).

Remark 5.3.7. If V is a one-dimensional representation of
X (504,505 @ 505)™

then there exists (u1, p2) € C? and g(u) € 1 + uCJu?] such that g(u) = g(k — u)
and

V = y(V(p, b)),

where V(u1, p2) is as in Corollary 5.1.11. This follows from the isomorphism (5.1.28)
together with the fact that the family {V(y)},ec, which appeared in the proof
of Proposition 5.3.1, provides a complete list of the isomorphisms classes of one-

dimensional representations of Y (sl, s02)™. This fact follows from Corollary 4.4.5 of
[Mol07).
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5.3.3 Twisted Yangians associated to (ga,, gl,)

We conclude this section with a study of the one-dimensional representations for the

twisted Yangians associated to symmetric pairs of the form
(span, gl,) with n>1 and (so02,,gl,) with n> 2.
We begin with the analogue of Lemma 5.3.3. For each a € C, set

I
a:“g. (5.3.11)

K(u;a) =G+ g
u
Lemma 5.3.8. For each a € C, the assignment
S(u) = K(u;a) € End(C*) ® Cu™"]
defines a one-dimensional representation V(a) of X (gon, gln)™.
Proof. We begin by showing that K (u, ) satisfies the reflection equation (3.3.40):

Ris(u —v)(G1 +au™ 1) Ry (u+ v)(Ga + av 1)
= (G2 + av™ ) Ria(u +v)(G1 + au™ I}) Rya(u — v).

As the matrices G and I are themselves solutions of (3.3.40), it suffices to show that

’U_1R12(’LL — U)Q1R12(u + ’U) + u_lRlz(U — ’U)Rlz(u + ’U)g2

. . (5.3.12)
=Uu g2R12(u + ’U)Rlz(u — ’U) +v Rlz(u + ’U)glRlz(U - ’U)-
Notice first that
(-am)a () (5 () o
U— U+ U= u+v (5.3.13)

~ G, (1—uiv) (1—ufv)u—1+(1—uiu)g1 (1= )

This is verified by expanding both sides. After subtracting (5.3.13), the left-hand
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side of (5.3.12) becomes

1 (ng PGiQ n QG  PQG, )

utv—rk\ v (u—v) u (u—v)u

1 (le QGuP QGQ )

u—v—r\ v vu+v) (U+v—kKw

1 (Qg2_ QPG n Q%G )

u—v—K\ u (u+v)u  (u+v—kK)u

while the right-hand side becomes

1 (ng_ G2 PQ _|_ng_ Png)

u—v—k\ u  u(ut+v) v (u+v)v
1 <Q2Q G.QP G2@? )
- +
utv—K\ U uw(u—v) ulu—v—EkK)
1 <Qg1 QG P RG:1Q )
— + .
ut+tv—kK\ v (u—v)v v(u—v—kK)

Multiplying both sides by (u+v—&)(u—v—k)(u?—v?)uv and equating the coefficients

of u'v?, we see that it suffices to establish the following relations:

26QG2 + QPG — Q°Gs + PQGa = 26G2Q + GaQP — GoQ* + G2 PQ,  (5.3.14)
Q01+ QG2 — G1Q + QG2 = G2Q — QG1 + G2Q + G1Q, (5.3.15)
—QGP + QPG + PG1Q + PQGs = GoQP + QG P + G2 PQ — PG1Q.  (5.3.16)

Since @? = NQ and PQ = QP = +Q, (5.3.14) is equivalent to
(26 — N)(QG2 — G2Q) = F2(QG: — G2Q),

and since k = N/2F 1, this equality is indeed satisfied. As PG; = GoP and G* = —@,
we have

—G:Q = (PG)" = (G2 P)"* = G2Q.
Similarly, @G; = —QG». The relation (5.3.15) follows from these identities.
Finally, relation (5.3.16) holds since

szzglp, Pg1:g2P and PQ:QP
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This completes the proof that K (u;a) = G+ au™'I is a solution of (3.3.40).
We are left to show that

K(u;a)  tr(K(u;a)) -1
2u—kK 2u — 2K

1
where p(u) =—-1F S — "

p(u)K(k—u;0) = K(u;0)° F

)

Since this identity holds if K (u;a) is replaced with G, it suffices to show that it also
holds if K (u;a) is replaced with u=I. This reduces to the identity

up(u) = (k —v) pr(v)
which was proven in Proposition 3.3.3. O]

As an immediate consequence of Lemma 5.3.8 and the definition of K (u;a) (see

(5.3.11)), we obtain the following corollary.

Corollary 5.3.9. Let a € C. Then V(a) = V(78 (u)) with v*(u) = (Wf‘(u))iezﬁ

defined by N
U+«

vi'(u) =

In particular, V() is associated to the Drinfeld tuple

V i€

u

(7, Pi(u),...,Py(u) =(k+a,1,...,1).
We now turn to establishing the (ga,, gl,) versions of Proposition 5.3.5 and Corol-
lary 5.3.6.

Proposition 5.3.10. A representation V of X (gon, 8l,)™ is one-dimensional if and

only if
V =y (V(a)

for some a € C and g(u) € 1 +u 'Clu™?] with g(u) = g(k — u).

Proof. As in the proof of Proposition 5.3.5, it suffices to show that the Drinfeld tuple

associated to any one-dimensional X (gay, gl,)*-module V is of the form

(o, Pi(u),...,Py(u)) = (e, 1,...,1).
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Let V' be such a representation. As a slp, C gla, module, V' must be isomorphic to

the trivial representation. Thus
pi— i1 =0 V 1<1<n,

where (u;)?_, is the highest weight of V' as a gly,-module. By Lemma 5.2.12, this
implies that
)\P,l = )\p,z =...= )\p’n.

Using (4.1.9), we find that deg P,(u) = 0 for all ¢ > 2. It remains to see that
deg P;(u) = 0.

Set m = n — 217¢, so that

(sp2,gl1) if gon = SPan,

(s04,9l2) if gon = S02,.

(92(n—m)ag[n—m) = {

By Corollaries 4.3.7 and 5.2.9, we may regard V = V,,, as a one-dimensional repre-

sentation of X (g2(n—m), 8ln—m)™ which is necessarily associated to
(o, (PHu))i=™) = (a = 5, (Pilu+ 3)E).

If go, = SPa2n, then we view V as a X (sls, 502)*-module via the isomorphism g
of (5.1.5). The proof of Proposition 5.1.3 shows that, as a X (sls,502)*-module, V'

corresponds to the pair

<aﬂ —1 Pl2u+ 1)) '

2 ' gdegPl(u)
On the other hand, as indicated in the proof of Proposition 5.3.1, a one-dimensional

representation of X (slp, $02)™ must have Drinfeld polynomials all equal to 1. Hence,
deg P}(u) = deg Pi(u + "5) = deg Pi(u) = 0.
If go,, = 509, then we instead view V as a representation of
Y (slz,502)™ ® X (sla, sp2)™

via the isomorphism ¢py; of (5.1.11). By [Mol07, Proposition 4.3.2], X (sly, 5p2)™ has
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no non-trivial one-dimensional representations. It follows that
VevieC

as a representation of Y (slz, 502)* ® X (815, 5p2 )™, where C is the trivial representation
of X (slz, 5p2)®™ and V¥ is a one-dimensional representation of Y (sly, 502)®. The proof
of Proposition 5.1.6 shows that the Y (sl,, 502)®*’-module V*# corresponds to the pair

1 1
L(eed)
(a 2, 1\U + 9
Therefore, we may conclude as in the go, = $pa, case that deg P;(u) = 0. O

Corollary 5.3.11. A representation V of Y (gon, 9ln)"™ is one-dimensional if and
only if there is a € C such that V 2 V(a).

5.4 Classification results: 1

In this section, we will obtain a complete classification of all finite-dimensional irre-

ducible representations for twisted Yangians associated to the symmetric pairs

(gn,0n), (G2n,0L.) and (son,son_o D 502),

where, as usual, we omit (s04,502 @ s02). Of all the twisted Yangians of type B,
C and D we have considered, those associated to the above three families of pairs
are exceptional in that only for them are the necessary conditions established in

Proposition 5.2.5 in fact sufficient conditions.

For the remainder of this chapter, it will be useful to employ notation intro-
duced in §4.2.1. We recall that Irreps (X (gn, 9%)™) and Irreps (Y (g, g%)®) denote
the set of isomorphism classes of all finite-dimensional irreducible representations of
X(gn,o%)™ and Y (g, g%)", respectively. As in §4.2.1, we will write [V] for the
isomorphism class of a module V', but we will drop the brackets when making use of
the identification

Irrepsa (X (gn, 9%)™) = {V (u(w)) : dim V (u(u)) < oo}
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given by Part (4) of Proposition 4.2.9.

5.4.1 Twisted Yangians associated to (gn,gn)

We begin by focusing on the case where ¥ = idy,, and thus (gn, %) = (gn,gn)-
Only in this setting is there no complex parameter o present in the conditions of

Proposition 5.2.5 (see Remark 5.2.7), and this is reflected in the following theorem.

Theorem 5.4.1. Let pu(u) = (pi(u))iert satisfy (4.4.12). Then the X (gn, on)™-
module V(u(u)) is finite-dimensional if and only if there exists monic polynomials

Pi(u),..., P.(u) in u satisfying (5.2.8), in addition to the relations

fii(u) _ B(u+1)

AW P 2Sisn (5.4.1)
fia(k—u) _P(utd) k—u
f(w) — Pi(u) w (5.4.2)

where a,b and d are given by (5.2.6).

Proof. First note that, by (3.3.3) and (4.2.40), #(G) = # = n and g (u) = 1. Hence,
the relations (5.2.9) and (5.2.10) collapse to (5.4.1) and (5.4.2), respectively. The
assertion of the theorem is thus equivalent to the statement that V(u(u)) is finite-
dimensional if and only if u(u) can be associated to a tuple (P;(u))?; (see Definition
5.2.6).

If V(u(u)) is finite-dimensional, then Proposition 5.2.5 implies that p(u) is asso-
ciated to a tuple (P;(u))%,.
Conversely, assume that u(u) is associated to (Pj(u))?,. We will argue that

V(1(w)) is necessarily finite-dimensional. As a consequence of (5.2.8), there are monic

polynomials Q;(u), ..., Qn(u) satisfying

Pi(u) = (—1)%891Q; (u — k/2)Q1(—u + K/2 + 2%),

(5.4.3)
Pi(u) = (=1)%89%Q,(u — k/2)Qi(~u+n—i+2—k/2) ¥V 2<i<n.

Fix A(u) = (Ai(uw))iezy to be a X(gn) highest weight with the property that L(A(u))
is finite-dimensional with Drinfeld polynomials (Q;(u))’,. Such a A(u) exists by
Proposition 4.1.5.
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Let £ € L(A(u)) be a highest weight vector. Then, by Lemma 5.2.10 applied with
V(u(u)) = V(G), the highest weight pf(u) of the X (gn, gn)?-module

X(on,9n8)™€ C L(A(w))

is associated to (P;(u))’ ;. By Lemma 5.2.8, we thus have

V(p(w) = vy (V (4 (w))

for some g(u) € 1+u 'CJu] with g(u) = g(k—u). As L(\(u)) is finite-dimensional,

we can conclude that V(u(u)) is finite-dimensional. O

Remark 5.4.2. When gy = 809,41, the second relation of (4.4.12) implies that

(5.4.2) is equivalent to
fio(u) _ Pi(u+3)

) Pi(u)

We would now like to translate Theorem 5.4.1 into a parameterization of the form
given by Proposition 4.1.5 for the extended Yangian X (gy). Consider the automor-
phism ref,, of C[u~!] which sends each f(u) € C[u~'] to f(k — u). Let us denote

(1 +u'Clu])™* = {g(u) € 1 + v 'C[u™] : ref.(g(u)) = g(u)}.

Of course, this is precisely 1+ (u—x/2)"2C[(u—x/2)~2], but we shall favor the above
notation which emphasizes the fixed point nature of the underlying set.

Proposition 5.4.3. The isomorphism classes of finite-dimensional irreducible repre-

sentations of X (gn,9n)™ are parameterized by tuples

(9(u); (P(w))iny) € (1 +u™'Clu™'])™™ x Clu]",
where each P;(u) s monic,

Pi(u)=P(-u+x+2°) and Pu)=PFP(-ut+n—i+2) Vi>2
The underlying correspondence I' is given

[%(V(p®) = (9(w); (Fi(w)i,),  where (5.4.4)
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(a) g(u) € (1 +u tCJu~t])*™* is the unique scalar series such that
(W)l v () = 1y v ae)-

(b) (Pi(u)), is the tuple of Drinfeld polynomials associated to V(u(u)).

Proof. Assume that V' (u(u)) is finite-dimensional. By Lemma 4.2.1, there does indeed
indeed exist g(u) as in (a). Moreover, by Lemma 5.2.8, the tuple (P;(u))?, associated
to w(u) is unique. From these two observations, we can conclude that there is a well-

defined correspondence I'y as in (5.4.4).

We now prove that '} is a bijection. Fix (g(u); (P;(u))%,) as in the statement
of the proposition. The proof of Theorem 5.4.1 shows that there is u*(u) such that
V (*(u)) is finite-dimensional and

% (V (6 (w))) = (f (u); (Pi(u)izy)

For some f(u) € (1 +u 'Clu])**. Let h(u) = f(u)*g(u) and p(u) = h(u)uk(u).
Then V(u(u)) = vi(V (uf(u))) is finite-dimensional and

T% (V ((w))) = (9(u); (Pi(w))iy)-
Hence, I'% is surjective. The injectivity of I'% follows from Lemma 5.2.8. O

Using the above parameterization and Lemma, 4.2.1, we obtain the following clas-

sification of finite-dimensional irreducible representations for Y (gn, gn)™.

Corollary 5.4.4. The isomorphism classes of finite-dimensional irreducible repre-

sentations of Y (gn, 9n)™ are parameterized by tuples

(Pi(u))iz1 € Clul,
where each P;(u) s monic,

Pi(u)=P(-u+x+2°) and Pu)=PFP(-u+n—i+2) Vi>2
Proof. By Lemma 4.2.1 and Proposition 5.4.3, the composition
Y =I%oI?
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provides a bijection between Irrepg (Y (g, gn)*) and the set of tuples (1; (P;(u))™,)
with (P;(uw))?; as in the statement of the corollary. This yields the desired parame-
terization. [

We end this subsection by proving a Y(gn, gn)*-analogue of Corollary 4.1.9.
Recall from Definition 4.1.8 that, for each 1 < ¢ < n and a € C, the fundamental rep-

resentation L(i : ) is the unique, up to isomorphism, finite-dimensional irreducible
Y (gn)-module with Drinfeld tuple (P;(u))?_,, where

Py(w) = (u— ).

Corollary 5.4.5. Let V be a finite-dimensional irreducible Y (gn, gn)*”-module. Then
there ism >0,1<14q,...,%,m <n and ay,...,0, € C such that V is isomorphic to

the unique irreducible quotient of
Y (g, 0n)" (62 ®@ - ®&m) C L1 : 1) ® -+ ® Lt : ),

where, for each 1 < k < m, & C L(i : @) is a highest weight vector and both sides

are identified with the trivial representation if m = 0.

Proof. Let (P;(u))?%, be the unique Drinfeld tuple corresponding to V under the pa-
rameterization of Corollary 5.4.4. Let L(Q) denote the unique, up to isomorphism,
finite-dimensional irreducible Y (gy)-module with Drinfeld tuple Q = (Qs(v))?r 4,
where Q is any solution of the equations (5.4.3) (see Corollary 4.1.7).

By Corollary 4.1.9, there is m, (ix)fr, (ax)p; and (&)p, such that L(Q) is

isomorphic to the unique irreducible quotient of
Y(gn)(61® - ®&n) C L(i1: 01) ® -+ + ® L : Qi)

Let £ denote the image of £, ® - - - ® &, in L(Q) under the natural quotient map. The
proof of Theorem 5.4.1 then shows that the irreducible quotient of the Y (gn, gn)™-
module

Y(gn,on)™€ C L(Q)

has Drinfeld tuple (P;(u))i,, and hence is isomorphic to V. As this irreducible
quotient is also isomorphic to the irreducible quotient of Y (gn, gn)™ (€1 ® - - @ &),
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we are done. ]

5.4.2 Twisted Yangians associated to (gz,, gl,)

We now shift our attention to the twisted Yangians associated to symmetric pairs of
type CI and DIII. That is, we assume

(v, 8%) = (920, 8ln),

where n > 1 if go, = spo, and n > 2 if go, = 502,.

We note that the proofs of the results stated in both this subsection and in §5.4.3
are similar to those given in §5.4.1, and thus, to avoid redundancies, we shall omit

details where possible.

Theorem 5.4.6. The X (gon, gl,)™-module V (u(w)) is finite-dimensional if and only
if there exists monic polynomials Pi(u),...,Py(u) in u satisfying (5.2.8), together
with a scalar oo € C\ Z(Py(u)) such that

fi-i(u) _ B(u+1)

i (w) Py ¢ 2sism (5.4.5)
ﬁa("é—u)_Pl(u-i—d) a—1u
ip(w)  Pu) atu—r (5.4.6)

where a,b and d are given by (5.2.6).

Proof. Note that, as £(G) = 0 and g(u) = u™!, the relations (5.4.5) and (5.4.6)
are equivalent to (5.2.9) and (5.2.10), respectively. Therefore, if V(u(u)) is finite-
dimensional then Proposition 5.2.5 implies that there is (a, (P;(u))%,) as in the

statement of the theorem.

Conversely, assume that p(u) is associated to a tuple (a, (Py(uw))r,). We will
argue that V(u(u)) is finite-dimensional by modifying the argument used to prove
Theorem 5.4.1.

By Proposition 4.1.5, there is A(u) = (Aj(w))iez,, such that the X(gs,)-module
L(\(u)) is finite-dimensional with Drinfeld tuple Q = (Q;(u))% ,;, where Q is a fixed
solution to (5.4.3) (such a solution exists by (5.2.8)). Let & € L(A(u)) be a highest
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weight vector, and let 1 be any nonzero vector in the one dimensional representation

V(a — k) given by Lemma 5.3.8.

By Lemma 5.2.10 and Corollary 5.3.9, the highest weight uf(u) of the X (g2, gl ) -
module

X (gan, 91:)™(E ® 1) C L(A(u) @ V(a — k)

is associated to the tuple (o, (P;(u))?;). The desired conclusion thus follows from
Lemma 5.2.8 and the fact that V(u*(u)) is finite-dimensional: see the proof of Theo-
rem 5.4.1. O

The above theorem can be translated to give a parameterization of all finite-
dimensional irreducible X (g, gl,)*-modules and Y (g2,, gl,)*”-modules. This for-
mulation is given, without proof, in Proposition 5.4.7 and Corollary 5.4.8 below. For
the proofs of these results, we refer the reader to their counterparts in §5.4.1: see
Proposition 5.4.3 and Corollary 5.4.4.

Proposition 5.4.7. The isomorphism classes of finite-dimensional irreducible repre-

sentations of X (gan, 8l,)™ are parameterized by tuples

(9(u); (o, (Pi(u)izy)) € (1 +w ' Clu™ )" x C x Clu]",
where each P;(u) s monic,
a € C\ Z(Pi(u)),
P(u)=P(-u+x+2°) and Pu)=PFP(-ut+n—i+2) Vi>2

The underlying correspondence T is given

T%(V(u(w)) = (9(u); (@, (Pi(w))i=y)),  where

(a) g(u) € (1 +u tCJu~])*™ is the unique scalar series such that
4l v () = 1y Guw)-

(b) («, (Pi(u))?,) is the Drinfeld tuple associated to p(u).

Corollary 5.4.8. The isomorphism classes of finite-dimensional irreducible repre-
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sentations of Y (gon, 1) are parameterized by tuples

(@, (Fi(w))iz1) € C x Clu]",
where each P;(u) is monic,
ae€C\ Z(Pi(u)),
P(u)=P(-u+k+2°) and Pu)=P(—u+n—i+2) Vi>2.

We conclude our analysis of the twisted Yangians of type CI and DIII with the
following analogue of Corollary 5.4.5, which can be proven in the same way after

taking into account the use of the one dimensional representations V' («) in the proof
of Theorem 5.4.6.

Corollary 5.4.9. Suppose that V is a finite-dimensional irreducible representation
of Y (gon, 81,)". Then there ism >0, 1 <iy,...,im <n and a, ay, ...,y € C such

that V' 1is isomorphic to the unique irreducible quotient of
Y(QZnag[n)tw(gl Q- é.'m ® 77) C L(Zl : 041) - ® L(Zm : a‘m) ® V(Ol),

where, for each 1 < k <m, & C L(i : a) is a highest weight vector and n € V(a) 1is

any nonzero vector.

5.4.3 Twisted Yangians associated to (soy,s0n_s @ 502)

For the remainder of this section, we assume that
(gn,0%) = (Son,50Ny_o D s05) with N #4 and N >3,

Theorem 5.4.10. Let pu(u) = (ui(u))iery satisfy (4.4.12). Then the irreducible
X (son,50n—2 D $02)™-module V(u(u)) is finite-dimensional if and only if there ex-
ists monic polynomials Py(u), ..., P,(u) in u satisfying (5.2.8), together with a scalar
a € C\ Z(P,(u)) such that

= mw atasy) v oesise @D
U .ﬁa(n—u) _ <U+1—JZ>2P1(u+d)( a—1u )al,n

, (5.4.8)
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where a,b and d are given by (5.2.6).

Proof. If V(u(u)) is finite-dimensional, then by (5.3.8) and Proposition 5.2.5, there

is (a, (P;(u))™,) as in the statement of the theorem.

To prove that V' (u(u)) is finite-dimensional whenever p(u) is associated to a tuple
(o, (P;(u))r_,), one employs the argument given in the proof of Theorem 5.4.6. The
only modification required is that one must replace the one-dimensional X (gay,, gl,)™-
module V(a — k) by the one-dimensional X (soy,s0y_2 @ $02)*“-module V(k — a):
see Lemma 5.3.3 and Corollary 5.3.4. O

Remark 5.4.11. When N is odd the relation (5.4.8) is equivalent to

fio(u)  Pi(u+3) ( a—u )51,11.

pi(vw) Pu) \adtu-—1

If N is even, then the existence of Pj(u) satisfying P;(u) = Pi(—u + n) and condi-
tion (5.4.8) can be replaced by the equivalent requirement that there exists a monic
polynomial @Q;(u) such that @Q1(u) = Q:1(—u+n), n/2 € Z(Q1(w)) and

fu(k—u) _Qi(u+1) K—u
fia (u) Q1(v) u

We conclude this section by presenting the analogues of Proposition 5.4.7, Corol-
lary 5.4.8 and Corollary 5.4.9. For more details, we refer the reader to the proofs
given in §5.4.1.

Proposition 5.4.12. The isomorphism classes of finite-dimensional irreducible rep-

resentations of X (son,S0n_o @ 602)™ are parameterized by tuples

(9(w); (@, (Pi(w))iy)) € (14w Clu™"])™™ x C x Clu]",
where each P;(u) is monic,
a € C\ Z(Py(u)),
Pi(u) =P (—u+k+1) and Pu)=PFP(-u+n—i+2) Vi>2

The underlying correspondence T'% is given

T (V(u(w))) = (9(u); (o, (Pi(w))izy)),  where
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(a) g(u) € (1 +u tCJu~t])*™* is the unique scalar series such that
(W)l v () = 1y v ae)-

(b) (o, (Pi(w))?,) is the Drinfeld tuple associated to p(u).

Corollary 5.4.13. The isomorphism classes of finite-dimensional irreducible repre-

sentations of Y (soy,50n_o @ $02)™ are parameterized by tuples

(@, (Pi(w))isy) € C x Clu]",
where each Pj;(u) s monic,
a € C\ Z(P,(u)),
Pi(u) =P (—u+k+1) and Pu)=PF(-u+n—i+2) Vi>2

Recall that, for each a € C, V(a) denotes the one-dimensional representation

given by Lemma 5.3.3 (see also Corollary 5.3.4).

Corollary 5.4.14. Suppose that V is a finite-dimensional irreducible representation
of Y (son,50N_2D502)". Thenthereism >0,1<14y,...,im <nanda,qay,...,Qy, €

C such that V is isomorphic to the unique irreducible quotient of
Y(son,50n—0 ®502)" (1@ - ®E&n®N) C L(i1: 01) ® -+ ® Ll : ) ® V(a),

where, for each 1 <k <m, & C L(i : @) is a highest weight vector and n € V(«) s

any nonzero vector.

5.5 Classification results: II

When g%, is a complex semisimple Lie algebra which is a proper Lie subalgebra of gy,
the necessary conditions of §5.2 are no longer sufficient for determining exactly when

the irreducible X (g, g% )t-module V (u(u)) is finite-dimensional.

In this section, we illustrate this explicitly by focusing our attention on the twisted

Yangians associated to pairs

(gn, 8%) = ($02n41,500,) With n > 2.
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The culmination of our effort is a classification of all finite-dimensional irreducible
modules for both X (§09,41,502,)™ and Y (09,41, 502,)™: see Theorem 5.5.7, Propo-
sition 5.5.8 and Corollary 5.5.9. Our first step towards proving these results is to
study how a certain automorphism 1), interacts with highest weight modules of
X (809541, 509,)™. This will play a critical role in the rest of this section, one that is
similar to the role played in the analogous classification for the twisted Yangian of

the symmetric pair (slg,, $02,) by the automorphism (4.69) of [Mol07].

5.5.1 Permuting finite-dimensional modules

For any n > 1, let &g,,1 denote the symmetric group on the set Zy,,; and let
0 € Gany1 be the transposition (1,—1). That is

—i if i€ {&1},
O'(Z)—{ { } A i612n+1.

) otherwise

Define the involutory permutation matrix A, by

A, = D FEisi) € GLans1(C).

1€Lan+1

Since A® = A, = A;' and det(4,) = —1, —A, € G2p11(C) = SO2011(C) (see
(3.2.6)). As we also have A,GA: = G, (3.3.21) implies that the assignment

Yy 1 S(u) = AgS(u)AL
extends uniquely to an automorphism ¥, of X ($02,,11,502,)*. We will write

Yy = s (5.5.1)

when it is necessary to emphasize the rank n of s09,,;. This is not to be confused
with the n-th power (¢,)" of ¥,.

Our present goal is to determine the highest weight of the twisted module

V(u(w)? = 5 (V(u(w)
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under the assumption that V' (u(u)) is finite-dimensional. We will first address this
problem for the low rank pair (502,+1,502,) = (§03,503).

Lemma 5.5.1. Suppose that the X (s03,502)"-module V(u(u)) is finite-dimensional
with Drinfeld tuple (o, P(u)), as in Proposition 5.1.1/. Then

V(pw)” =V (d(w),

where the components of u*(u) are uniquely determined by the relations

3—2u—2a 2u—20+2
2 —2u 2u+2a-1’
2u—2a+1 2u—2a+2 (5'5'2)

u+2a0—2 2u+20—1

fio(u) = fio(w) -

~4 ~

pi(u) = fir(w)

In particular, V (u(w))¥ has the Drinfeld tuple (3 — o, P(u)).

Proof. We appeal to the isomorphism ¢g; : X (s03,502)™ =5 X (sl, 502)™ of (5.1.36),

which we recall is given by

1—14u

1+4u
1

where QV = iRo(—l), K = Ell - E_1,_1.

S(u) — QvS;(2u — 1)R°(—4u + 1)'S85(2u) K1 Ko,

(5.5.3)

Let A= E;_; — E_1,, and let 84 be the automorphism of X (sl, 502)™ given by
Ba: S°(u) = —AS°(u)AL.
More explicitly, 54 is defined on generators by the assignment
sg(u) > (L)% () Y ij €T
We claim that 84 and v, are related by
Par © Ba© Y1 = Yo (5.5.4)

Applying B4 to the right hand side of (5.5.3) and performing a few straightforward
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manipulations, we obtain

1—4u
1+4u

Qv(AlAg)Sf(ZU, — 1) c1)2(—41,1, + 1)tS§(2U,)K1K2(A1A2)

It follows that

(51 © Ba o pur)(S(w)) = Ay S(u)Ay,
where Ay = QvA142Qy € End(V) = End(C?).

We have Ayv; = —v_; for all ¢ € I3, so

Ay == Ei,q) = —Ao.

1€l3
Since AyS(u)Ay = AyS(u)A,, the relation (5.5.4) does indeed hold.

Now let V(u(u)) be as in the statement of the lemma. The proof of Proposition
5.1.14 shows that there is an isomorphism of X (sls, 502)"-modules

()" (V(p(w) = V(4 (),

where p°(u) € 1 + ™ C[u!] is uniquely determined from the two relations

() = 2u (1 ) W@ 2u = 1),

1+4u
i (o) weupne(1 — 20),

qu +1

By Lemma 4.4.13 of [Mol07], the twisted module 84" (V (u°(w))) is isomorphic to
V(u*(u)), where p®(u) is given by

U — 2 + 2

pt(u) = p°(u) ut2a—1

As a X (s03,502)"-module, V (u®(u)) is isomorphic to V (uf(u)), where

1—4u

*(2 *Qu—1
) @O 2= 1)
20u—20+1 2u—2a+2
2u+2a—2 2u+2a—1’

At (w) = 2u

= [i1(u)
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4u — 3
~f o . o1
Ablu) = 2u ({5 ) i up (1~ 20)
~ 3—2u—2a 2u—2a+2
= fo(u) -

20 —2u  2u+2a—1
As @5l 0 B4 © g = 9, we can conclude that V(u(u))¥ is isomorphic to V (u#(u))
with pf(u) as in (5.5.2).

Finally, since jib(u) satisfies (4.2.6), P(3—a)#0, P(u) = P(—u+3) and

ih(w) _fo(w) G-a)—u a+u—1
ﬁg(u) i1 (u) a—u (g —a)+u—1
_Pu+3) (G-ao)-wu
Pu) (G-o)+u-1

the module V' (p#(u)) = V(u(u))?~ is associated to (3 — a, P(u)). O

We now generalize Lemma 5.5.1 to pairs (502,41,509,) for all n € N.

Proposition 5.5.2. Suppose that the irreducible X (s02p41,502,)"-module V (u(u))
is finite-dimensional with Drinfeld tuple («, (P;(u))™,). Then

V(pw)” = V(6 (),

where the components of ut(u) = (wi(u))serz L, are determined by

phu) = m(u) VvV 2<i<n, (5.5.5)
2u—2a+1 2u — 20+ 2

SN T () . .

() =) o N1 ut2a—N+2 (5.5.6)

» _ N —2u — 2« 2u — 20 + 2

b (w) = fio(u) - (5.5.7)

20 —2u 2u+20—N+2

Proof. Since V(u(u))¥e has finite dimension and is irreducible, Theorem 4.2.6 and
Proposition 4.2.9 imply that it is isomorphic to V (u#(u)) for some p#(u). Throughout
the proof, we fix highest weight vectors ¢ € V(u(u)) and &, € V (u(u))¥-.

Set m =n — 1. Since

Vo (8ij(1) = So(i)o)(w) V 4,5 € Tony1,
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the two subspaces V(u(u)),m) and (V(u(u))¥)(4.m) of V(u(uw)) (see (4.3.2)) are
identical. Consequently, the identity map provides a C-linear isomorphism

id : (V (1) o) *> = (V (1)) ) my) (5.5.8)

where we have used the notation (5.5.1), and the X (so03,50,)*-modules V (u(u))(m)
and (V(p(u))¥")(m) are defined in §4.3: see (4.3.30).

The first step of our proof is to show that this is also a X(s03,502)"-module

isomorphism.
Step 1: The identity map (5.5.8) is an isomorphism of X (503, 502)*”-modules.

To prove that this is the case it suffices to show that the generating series
{sij(u)}ijez, C X(s03,502)" [u™]

operate identically in (V( u(u))(m))“/’flr and (V ((u))¥")(m) (Which coincide as subspaces

of V(u(w)))-
Since s;;(u) acts in V(u(u))mm) as the operator h(u)(sii"(u)) (see (4.3.30)), it
operates in (V (1(u))(m))?* as the operator

5y & .
B0 (snt 0+ )+ 52 3 s+ )
a=2

As o(a) = a for all a > 2, this is also equal to h(u)y}(si"(u)) which is precisely the
operator by which s;;(u) acts in (V (p(u))¥ ) (m). This completes the proof of Step 1.

Next, by Corollary 4.3.7, we can form the finite-dimensional irreducible modules

V(p(w))m = X(5°3,502)tw§ - V(M(U))(m),
(V(1(u)¥*)m = X (503,502)€, C (V (11()) %) m)-
Step 2: £, is contained in V (u(u))m and (V (1(w))m)?* = (V (12())%?) .

Since the X (503, 502)"-module (V (14(u))ym)? is finite-dimensional and irreducible,
it is generated by a highest weight vector &8 € (V (1u(u))m)%>.

Since (V (u(u))m)¥* is a submodule of (V' (u(u))m))¥?, Step 1 shows that & is also
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contained in (V (1(u))¥*)(m) and generates a highest weight submodule. By Part (2)
of Corollary 4.3.7, this submodule must be equal to (V(u(u))¥?),, and thus & must
be proportional to &,. This implies that &,, being a scalar multiple of !, is contained

in V(u(w))m-
Next, Let W be the image of the module (V (i(w))m)¥ under the isomorphism

(5.5.8). As W is the irreducible submodule of (V' (u(u))¥?)(m) generated by &,, it is
equal to (V (u(u))¥? )m.

Step 8 p(u) = pi(w) for all 2 < i < n.
Let us temporarily denote the standard family of generators of X (s03,505)™ by

o (T‘)

Sij" 1i,j€Ta,reN C X(503,502)tw.
)tw.

This will distinguish them from the generators {S,E;")}i’j€1'2" +1reN C X (502n41, 502,

Since V (u(w))m is a X (s03,502)™ highest weight module, it is generated by mono-
mials of the form

(§(”)---§(T‘?))-§, where i, > j, €T3 and 7, € N V1<a<eg,

11J1 icje

and c takes non-negative integer values. By definition of the X (so3,502)"-action,

this implies V' (u(u))y, is also spanned by monomials of the form

s glrede (5.5.9)

111 icje

with the same restrictions on the indices. In particular, by Step 2 the highest weight

vector £, must be a linear combination of such monomials.

Let J, be the left ideal of X (502,11, 502,)" generated by the coefficients of

In particular, V(u(u))m) is, as a vector space, equal to the subspace of V(u(u))
annihilated by J,,,. For every 2 < k < n and pair 4,j € Z3 with j < 4, the defining
relation (3.3.42) implies that

[skr(uw), si(v)] =0 mod Jp,
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and hence the action of sgx(u) on a monomial of the form (5.5.9) is given by
e () (5173 -+ 5758 = siT3 s (ome()€) = ()17 -+ 5L26).
Since Sq(k)o(k) (v) = skx(u) for all 2 < k < n, the above observation yields that
Vo (ske(u))ée = m(w)és V. 2<k<n.
Hence, pi(u) = ph(u) for all 2 < k < n.

Step 4: The formulas (5.5.7) and (5.5.6) hold.

To compute (uh(w), 44 (u)), we use Step 2 in conjunction with Lemma 5.5.1. By
Corollary 4.3.7, we have

V(p()m =V (h(u)p(w)  and  V(h(w)m =V (h(u)p (u)),

where h(u) is given by (4.3.28), and p°(u) = (/,L,?(U))iezg-, pt(u) = (N;(“))zez; are
uniquely determined by

ﬁf(u)=ﬁi(u+n7_1> and ﬁ;(u)zﬁg(u—l—’%l) vV eI

By Corollary 5.2.9, V/(u(u))m is associated to the tuple

(o= o5t p+ 5).

and by Step 2, we have the sequence of isomorphisms

V(R(u)u® (u)¥ = (V ((w))m)¥ = (V ()% ) 2 V (6 () = V (R(u)p ().

It thus follows from Lemma 5.5.1 that

3—2u—2a+n—-1 2u—2a+n+1

20—n+1-—2u . 204+ 200 —n
2u— 20+ n 2u—2a+n+1

2u+2a—n—1' 2u+20—n

fib(u+ "54) = fio(u + 754 -

(w4 25Y) = fia(u+ 252) -

Substituting u — u — %51 we obtain the formulas (5.5.7) and (5.5.6). O
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Henceforth, we assume that n > 1, so that (s02,1,502,) is not equal to (so03,505).

Proposition 5.5.3. Suppose that V(u(u)) is finite-dimensional with Drinfeld tuple
(@, (Pi(u))ie1)- Then

N -1
a— 5 €54,

S, ¥ —a)uS(a+ i, T —a+1)C Z(Py(u).

Remark 5.5.4. By definition, the strings S(e, ¥ — @) and S(a+1,¥ —a+1) are
empty unless a > % Therefore, the condition

S, ¥ —a)uS(a+L, ¥ —a+1l)C Z(P(u))

a2

is vacuous whenever o <

Proof of Proposition 5.5.53. It was shown in Proposition 5.2.13 that o € %Z + %

However, we will not assume this in our proof.

As a consequence of Proposition 5.5.2 we have V (u(u))% = V(uf(u)) where p*(u)
is as in (5.5.5)—(5.5.7). Since p(u) is associated to (e, (P;(u))%), the components of
fi*(u) satisfy the relations

B _ P@+) (F-o)-u

= , (5.5.10)
‘uﬁ(u) Pl(u) U+ (% - Ol) —n
) Pu+l) 2u—2a+1 2u — 20 + 2 (55.1)
Buw P 2u+20—N+1 2u+2a—N+2’ -
i P 1
Rialy) _Btl) g (5.5.12)

Aw B
On the other hand, since V(u#(u)) is finite-dimensional, Proposition 5.2.5 implies
that u#(u) can be associated to a Drinfeld tuple (o, (Q;(u))%,). Consequently, from
relation (5.5.11) we obtain the equality
Q2(u+1) (n—a)—u  P(u+1) (a—3)—u

Qu) u+t(m—a)—-n+1  Pu) ut+(a—3)-n+1

Applying Lemma 5.2.2 to both sides (with m = 1 and | = n) we find that there exists
monic polynomials @Q3(u) and Pj(u), together with non-negative integers £p and /g
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such that Py (u) = Py(—u +n), @3(u) = Q3(—u +n), and

Qu+1) (n—a—4Lg)—u _P(u+1) (—3 —4p) —u
Q) u+t(n—a—-4Lg)—n+1 P3(u) u+(a—Li—tp)—n+1’

with Q3(n — @ — £g) # 0 and Py(a — ; — ¢p) # 0. By Lemma 5.2.1, we must
have Qz( ) = P3(u) and n — o — £g = o —  — £p. The latter relation implies that
2a — 5 = £p — g € Z, and thus that

If in addition o > %, then
N
EPZEP—£Q=2OZ—E>O.

Since (£p, P5(u)) is the pair (€5_, 5, Py_1/5(1)) from Lemma 5.2.2 (where P(u) =
Py(u)), Pj(u) is equal to Py(u) divided by the polynomial Q(u) from (5.2.3) with
m =1 and « replaced by a — 1/2. Therefore, P»(u) is divisible by the polynomial

)
Q

ev
&
I
|
o=

[
=

(u—a+1/2+k)(u—5+a—k)

B
Il
=)

(5.5.13)

I
Q

I
o S

I
—

(u—a+1/24+k)(u—a+1+k).

b
Il
o

The proof of the proposition is completed by observing that the roots of P,(u) are
precisely the elements of

S@¥—a)uSa+1 ¥ —a+l). O

Remark 5.5.5. The statement of Proposition 5.5.3 is much stronger than that of
Proposition 5.2.13 (in the case (gn,9%) = (502n41,502,)). The latter tells us that
a € 1Z+ % and that @ — & < 1(deg Pi(u) + deg P>(u)) but says nothing about the
roots of Py (u) In fact, since the strings S(a, ¥ —a) and S(a+1, § —a+ 1) are disjoint
and both have length 2a — ¥, Proposition 5.5.3 implies that o — & < 1 deg Py (u).
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Provided a > &, the polynomial P,(u) from (5.5.13) satisfies the relation

Py(u) = 2u—2a+1 2u—2a+2 (5.5.14)
Py(u+1) 2u+2a—N+1 2u+2a—N+2 o
If instead o < %, let P (u) be the polynomial
F—20-1 ¥ —20-1
Pouy= J] w—n+a+k)u—a-k)= [[ w—a—-1-k)(u—a-k),
k=0 k=0

where the equality P, (u) = 1 is understood to hold if & = §. Then P, (u) satisfies

the relation
Pyu+1)  2u—2a+1 2u — 200+ 2
P;(u) 2u+2a—N+1 2u+2a—N+2
These observations together with the relations (5.5.10)—(5.5.12) imply the following

corollary.

Corollary 5.5.6. Suppose that the X (5095,11,502,)"-module V (u(u)) has finite di-
mension and Drinfeld tuple (o, (Pi(uw))?,). Then the Drinfeld tuple of the finite-
dimensional irreducible module V (u(u))¥e is

(5 - Fw).

where PH(u) = P,(u) for alli # 2 and

Phu) = {P2(“)P°‘_ (W) Fass, (5.5.15)

Py(u)/Py(u) if a> L.

Observe that these formulas together with those of Proposition 5.5.2 imply that,
under the assumption that V(p(u)) is finite-dimensional with u(u) associated to
(@, (Pi(u))iz1), we have

V(a(w) & V(a@)* = a=7,

and the same assertion remains true at the level of Y (§09,11,502,)"-modules.
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5.5.2 Classification of finite-dimensional irreducibles

With Proposition 5.5.3 at our disposal we can now classify the finite-dimensional

irreducible representations of X ($02,,11,502,)™. We continue to assume that n > 1.

Theorem 5.5.7. Let pu(u) = (1i(v));erz ,, Sotisfy (4.4.12). The X (509541, 502,)"-
module V(u(u)) is finite-dimensional if and only if there exists monic polynomials
Pi(u),...,P.(u) in u satisfying (5.2.8), together with « € C\ Z(Pi(u)) such that

N -1
a— 5 € 5%,

N 1 N 1 (5516)
S(a’a 9 Oé) U S(Of + gy — & + 5) C Z(Pz(u)),
Bica(u)  Pu+1-1%) ( o—u )51.,1 '
- < < . J.
i () P;(u) atu—n V 1<i<n (56.5.17)

Proof. Since ¢ = %(G) = 0 and (4.2.6) holds, (5.5.17) is equivalent to the relations
(5.2.9) and (5.2.10). Hence, if V(u(u)) is finite-dimensional, Propositions 5.2.5 and
(5.5.3) imply that there u(u) is associated to a tuple (c, (P(u)?_,)) as in the statement

of the theorem.

Conversely, suppose that u(u) is associated to a tuple (a, (P;(u))™,) as in Defi-
nition 5.2.6, which in addition satisfies (5.5.16). We will show that V' (u(u)) is finite-

dimensional, splitting our proof into two cases.
Case 1: a < %.

Define the auxiliary tuple (P?(u))?,; C Clu|™ by

P (u) = By(u) Vi>1,
N/2—2a—1

Pr(u) = Py(u) kl:IO (w—Y+ 5w -

N[

).

Note that Pf(u) satisfies Py (u) = PP(—u+ §) = P°(—u+ x+1) and

Pf(u—i—%). T—u :Pl(u—l—%). a—u

PP(u) T4u-—n P(u) a4+u—n

(5.5.18)
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Therefore, by (5.2.8), there are monic polynomials Q1 (u), ..., Qn(u) satisfying

Py (u) = (=1)*E9Q1(u — £/2)Qi(~u + £/2 + 1),
PP (u) = (—1)%89%Q;(u — k/2)Qi(—u+n—i+2—k/2) V 2<i<n.

By Proposition 4.1.5, there is an X (s02,11) highest weight A(v) = (Xi(%))iczyn,, With
the property that L(A(u)) is finite-dimensional with Drinfeld polynomials (Q;(u))%;.
Let £ € L(A\(u)) be a highest weight vector.

Then Lemma 5.2.10 applied with V' (u(u)) = V(G), along with (5.5.18) and Re-
mark 5.2.11, imply that the finite-dimensional highest weight module

X(502n+1a5°2n)tw£ - L()‘(u))

has highest weight v(u) which is also associated to (o, (Pi(u))%,). We may thus
conclude that V(u(u)) is finite-dimensional using Lemma 5.2.8 and same argument

as given in the proof of Theorem 5.4.1.

Case 2: o > .

Let pf(u) = (uf(u))zea_,;‘ ,, be the tuple determined by (5.5.5)~(5.5.7). Since
S(e, ¥ —a)uS(a+ i, ¥ —a+1) C Z(P(w),

the polynomial P,(u) from (5.5.13) divides P2(u). By (5.5.10)—(5.5.12) and (5.5.14),

p*(u) is associated to

(5 — o, (P(w)L,), where
Pi(u) = Py(u)/Py(u) and Plu)=PFu) V i#2.

Since ¥ —
By Proposition 4.7, V(uf(u))¥> is isomorphic to V(u(x)), and thus V' (u(u)) is also

finite-dimensional. O]

a < %, the argument of Case 1 implies that V (u*(u)) is finite-dimensional.

Using the above theorem and the arguments of §5.4.1, we obtain a parameteri-
zation of finite-dimensional irreducible representations of both X (502y,11,502,)* and

Y (802,41, 509,)™. This is presented in Proposition 5.5.8 and Corollary 5.5.9 below;
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all notation is as in §5.4.1.

Proposition 5.5.8. The isomorphism classes of finite-dimensional irreducible repre-

sentations of X ($02n41,5020)" are parameterized by tuples

(g(w); (@, (P(w))iey)) € (14w 'Clu™"])™™ x C x Clu]",
where each P;(u) is monic,
a € C\ Z(P(u), a-7% €iZ,
S, ¥ —a)uS(a+ i, ¥ —a+1) CZ(Pw),
Pi(u) =P (—u+kKk+1) and Pu)=PF(-u+n—i+2) Vi>2

The underlying correspondence I' is given

T%(V(u(w) = (g(u); (o, (P(w))iy)),  where

(a) g(u) € (1 +u tCJu~t])* is the unique scalar series such that
4]y v () = 1y e)-

(b) (o, (Pi(w))?_,) is the Drinfeld tuple associated to p(u).

Corollary 5.5.9. The isomorphism classes of finite-dimensional irreducible repre-

sentations of Y (502+1,502,)" are parameterized by tuples

(o, (Fi(w)isy) € C x Clu]",
where each P;(u) s monic,
a€C\Z(P(u), a-7Fe€;iZ,
S, ¥ —a)uS(a+:,¥—a+1) CZ(P(w),
Pi(u) =P (—u+k+1) and Pu)=PF(-u+n—i+2) Vi>2

We now turn towards obtaining a result analogous to Corollary 5.4.5 for the
twisted Yangian Y (s02,,41,509,)™. Since every automorphism of the form (3.3.21)
restricts to an automorphism of the twisted Yangian Y (gy, g% )%, we may view 1,

as an automorphism of Y (502,11, 502,)".
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Givenm >0, 1 < iy,...,%n < n, and ay,...,a, € C, we can form the tensor

product of Y (s02,+1) fundamental representations
L(iy: 1) @+ Q L(im : am), (5.5.19)

where L(ig, ax) is as in Definition 4.1.8. For each 1 < k < m, let & be a highest

weight vector of L(ix : o, ) and consider the Y ($09,+1,502,)"-module
Y(502n+1,502n)tw(£1 R R® Em) - L(Zl : Oéil) ®---Q L(Zm : Olim), (5520)

where both sides are identified with the trivial representation if m = 0.

Corollary 5.5.10. Let V be a finite-dimensional irreducible Y (802,41, 502,) % -module
with Drinfeld tuple (o, (P;(u))%). Then

(1) V is isomorphic to the unique irreducible quotient of a module of the form
(5.5.20) if and only if o < %,

(2) ¥%(V) is isomorphic to the unique irreducible quotient of a module of the form
(5.5.20) if and only if @ > &.

Proof. If V is isomorphic to the irreducible quotient of the module (5.5.20), Lemma
5.2.10 and Remark 5.2.11 with V(u(u)) = V(G) imply that o = § — %, where £, is
a non-negative integer. This proves the (=) direction of (1).

Suppose now that the representation ¢*(V') is isomorphic to the irreducible quo-
tient of the module (5.5.20). By Corollary 5.5.6, ¢%(V) is associated to the Drinfeld
tuple
3 — o, (Pu)Ly),

2 i
where P}(u) = P;(u) for all i # 2 and P}(u) is given by (5.5.15). Hence, the same
argument as given in the previous paragraph shows that % —a< %, thus proving
the (=) direction of (2).

The («<=) direction of (1) and (2) is now proven using the same argument em-

ployed to prove Corollary 5.4.5, with the role of the proof of Theorem 5.4.1 played
by the proof of Theorem 5.5.7. O
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Chapter 6
Conclusion

In this thesis, we have considered two topics in the representation theory of Yangians.
In Chapter 2, we constructed the R-matrix presentation of the Yangian starting
from any fixed finite-dimensional Y (g)-module which has a non-trivial irreducible g-
submodule. Our results in this chapter provide a generalization of [Dri85, Theorem 6]
and, in particular, make available a proof of that result. In addition, we have proven
several structural properties for the extended Yangian which generalize results which
have played an important role in the special case where the underlying module is the

vector representation of a classical Lie algebra.

In Chapters 3-5, we have focused on the problem of classifying all finite-dimensional
irreducible representations for twisted Yangians associated to orthogonal and sym-
plectic symmetric pairs of Lie algebras. Our main results include a complete solution

to this problem when the underlying pair is of the form

(802141, 5602,),

(on,9n), (82n,80,) and (soy,s0n_2 D 509).

To conclude, we now provide a brief discussion of some natural questions which

arise from our work.

278



6.0.1 On the universal R-matrix of the Yangian

The construction of the R-matrix presentation of the Yangian carried out in Chapter
2 depends heavily on the existence of Drinfeld’s universal R-matrix R(u), which is
provided by [Dri85, Theorem 3]: see Theorem 2.2.4. Drinfeld’s proof that such a
remarkable series exists is based on deformation theory and, unfortunately, has not

!, Due to the non-constructive nature of the argument,

appeared in the literature
there is no known expression for the evaluation of R(u) on the tensor square V®V of
a given finite-dimensional Y (g)-module V' (see Remark 2.4.2). This discussion raises

the following questions:

(Q1) Can the existence of R(u) be proven constructively?

(Q2) Given a fixed finite-dimensional Y'(g)-module V' and a suitable R-matrix
R(u) € End(V @ V)[u™],

can the results of Chapter 2 be proven with (p® p)R(—u) replaced by R(u) and
without otherwise appealing to R(u)?

(Q3) If the answer to (Q2) is positive, can R(u) be rebuilt from R(u) using the

R-matrix formalism?

It turns out that each of these questions has a positive answer. Question (Q1) is
addressed in the forthcoming work [GTLW] of S. Gautam, V. Toledano Laredo, and
the author. Therein, we construct explicitly a formal series R (u) by identifying each

factor in its Gauss decomposition
RE(u) = R ()R’ ()R~ (u) € (Y(9) ® Y (9)) [u™"]- (6.0.1)

The commutative factor R°(u) was constructed by Gautam and Toledano Laredo
in [GTL17]. The triangular factors R*(u) are related by R*(u)~! = Ry (—u) and
arise as the unique solutions of two related consistent systems of partial differential
equations, as is spelled out in detail in [GTLW]. We then prove that R%(u) satisfies
the defining properties of R(u), the main ingredient (supplemental to [GTL17]) being

1) However, the author has been informed that such a proof will appear in forthcoming work of
P. Etingof and M. Gardini.
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that R~ (u) intertwines the so-called deformed Drinfeld coproduct and the standard
coproduct on Y (g). By the uniqueness assertion of Theorem 2.2.4 (a result proven in
[GTLW)), it follows that R%(u) coincides with Drinfeld’s universal R-matrix R(u)?.

Consider now (Q2) and (Q3). Though these questions both have positive answers,
they have not yet been afforded a proper treatment in the literature. For the sake of

the reader, we provide a sketch of some of the relevant ideas below, with emphasis on
(Q2).
Let V and p be as in §2.4 and set

Ri=Q and Ry=) (J(X»)®X)— X, ®J(X)))+ 397,
A€A

as in the expansion (2.2.11). Next, suppose we are given

Ru)=I+> R®y™* eI +u"End(Ve®V)[u™]

k>1

satisfying

(1) R® = (-1)*(p® p)(Re) for k=1 and k = 2,

(2) R12 (’LL — ’U)R13(’U,)R23(’U) = R23 (’U)R13 (U)R12 (’LL — ’U),
®) (Rl 3ey) ") = R,

where t is the standard transposition Efj = FEj and is applied in the first tensor
factor.

Given the above data, we may define Xz(g) and Ygr(g) exactly as before. The
relation (3), called the crossing symmetry relation, is imposed so that the represen-
tation

0: Xz(g) = EndV, T(u)~ R(u),

which exists by (2), descends to a representation of Yz(g). Due to the condition (1)
on R(u), Propositions 2.4.4 and 2.4.6 still hold and give surjections

¢z : U(gz[z]) » grXz(9) and ¢ :U(g[z]) —» gr¥r(g).

2) More precisely, we prove that RC(u) = R(—u)™!.
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The Poincaré-Birkhoff-Witt theorem for Yz(g) and the isomorphism Yz(g) = Y (g)
can still be proven simultaneously, but one must replace the arguments of §2.5, which
make extensive use of R(u). This can be achieved by constructing filtered homomor-
phisms

®r : Yr(g) = J] Endepuy,..un (VE [us, . .. un]) < Y(g) : ©5

neN

as follows. If Py denotes the natural projection

Py : H Endcju,.,...un] (VE w1, - . - ts]) = Endeus,...u (VO uy, ... u)),

neN

then ®; is uniquely defined by the requirement that
PLo®;=p%0(r,,® - ®T,,)0 AFD Y (g) - Endcju,,...,u (VE*[uy, .. ug)),

where all notation is as in §2.2. The homomorphism ®5 is defined similarly, with p

replaced by ¢ and 7, replaced with the formal analogue of (2.4.5).

It is not difficult to prove that the composite of gr(®g) with ¢ is injective, which
implies that both ¢ and ®z are themselves injective. Similarly, ®; is injective. Using
degree zero and one generators together with the condition (1), one then argues that
®r and ®; have the same image, which implies that the composites <I>}1 o ®r and

®,' o ®; are both isomorphisms.

The rest of the constructions of Chapter 2 can now proceed without any serious
modifications. As for (Q3), the universal R-matrix R(u) can now be rebuilt from
R(u) via a fusion type procedure, with a little effort, in the presentation of Y(g)
provided by ®r(Yr(g))-

Remark 6.0.1. We emphasize that the above discussion of (Q2) and (Q3) is not
intended to be rigorous. A more complete, and rigorous, picture will hopefully be

given in future work of the author.

6.0.2 A general R-matrix approach to twisted Yangians

Our approach to symmetric pairs in §3.2, together with our proofs of several results
in §3.3, has hopefully left the impression that is possible to give a general theory
of twisted Yangians using ideas from Chapter 2. Such a theory should allow one to
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construct a twisted Yangian Y (g, g°)* from any involution ¥ = Ad,(G)|,, (see (3.2.2))
both as a coideal subalgebra of Yz(g) and as a quotient of a reflection equation algebra
(as in §3.3.5). We hope to pursue this direction in future work.

Right now, there are at least two missing ingredients needed for carrying out this

construction in full generality:

(1) A gp[z]é—analogue of Proposition 2.3.9.

(2) A source of solutions
G(u) € G+u ' (EndV)[u]
of the reflection (or boundary Yang-Baxter) equation

Ri2(u — v)G1(u) Ra1 (u + v)Ga(v) = Ga(v) Ria(u + v)G1(w) Rar (v — v).  (6.0.2)

Note that the reflection equation (6.0.2) reduces to (3.3.1) when R(u) is symmetric,
as is the case in Chapter 3. Both of the above ingredients are needed for describing

Y (g, 9°)™ precisely as a quotient of a reflection algebra.

The problem of proving that there exists a universal source of solutions to the
reflection equation (6.0.2) is closely related to the (open) problem of establishing
the existence of a universal K-matrix for Y (g, g%)*
Yangian analogue of R(u): see [BK16,Kol17,Lil9).

, which would serve as a twisted

6.0.3 On the classification problem for twisted Yangians of
types B, C and D

Finally, let us briefly comment on the current state of the classification problem which

has been at the core of our work in Chapters 4 and 5.

Our main results of Chapter 5 do not provide a complete solution to this problem
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when the underlying symmetric pair is of the form

(5p2n75p2n—q ®5pq) with 2 S q S 2n — q,
(502n, 502, D 50,) with 3<¢g<2n-—g, (6.0.3)

(802n+1,502n11—q D S0,) With 3<¢qg<2n—2,

where in all cases ¢ is assumed to be even (see (3.0.1)). When (gy, g%) is any of
the above pairs, the necessary conditions established in §5.2 are not sufficient for
determining precisely when the X (gy, g% )®*-module V(u(u)) is finite-dimensional.
However, there is a version of the machinery developed in §5.5.1 for X (802,11, 5025, )™
which is applicable to X (gy, g% )™ for any pair (gn,g%) of the above form. It has
recently been discovered by the author, in joint work with N. Guay and V. Regelskis,
that this type of approach leads to a complete solution to the underlying classification

problem for all twisted Yangians
X(5p2n7 5p2n—q S 5pq)tw and Y(5p2m 5pZn—q S 5pq)tw7

where the same restrictions on ¢ are imposed as in (6.0.3). These results will be

presented in the forthcoming paper [GRW].

For the twisted Yangians associated to the symmetric pairs in (6.0.3) of orthogonal
type, there are additional complications which arise. One difficulty involves showing

that, in the notation of Definition 5.2.6, if pu(u) is associated to the tuple
(N/4—1/2,(P(u))~;), where P(u)=1 V 1<i<nmn,

then V(pu(w)) is finite-dimensional. By Lemma 5.2.12, any V(u(u)) with this prop-
erty is closely related to the spinor representation of so, with the highest weight
(—1/2,...,—1/2). For the twisted Yangians associated to (§02,1,502,) studied in
§5.5, this difficulty does not arise as such modules can be obtained by restricting the

spinor representations for Y (§0g,1) which are given by [AMRO06, Lemma 5.18].
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