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Abstract

Let G be a semi-simple algebraic group over C, B a Borel subgroup, and T
a maximal torus contained in B. In the first part of this thesis, we examine
the singular loci of rationally smooth T-orbit closures X = T -z in the flag
variety G/B in types A and D. In type A, we prove that a T-orbit closure X
in G/B is smooth if and only if it is rationally smooth. In the type D case,
where this statement is known to be false, we investigate how the method used
to prove the type A case fails. In particular, for y € X, S := T, the stabilizer
of y (assumed to be connected), and Y = S -z, we give a description of the
S-weights of the tangent space T),(X), where ¥ C Y is any irreducible S-stable

surface containing y.

In the second part of this thesis, we examine the maximal singularities of affine
Schubert varieties X (w) in the affine flag variety G/B in type A1), which are
equipped with the action of a particular torus T. Let E~(X(w),u) be the
set consisting of the T-curves C' in X (w) which contain a T-fixed point wu,
but whose T-fixed point set CT = {u,v} satisfies u < v < w. We obtain
a partial characterization of the set E~(X(w),u), where the T-fixed point
w is a maximal singularity of X (w). Furthermore, we provide a necessary
condition for a T-fixed point of a rationally smooth affine Schubert variety

to be a maximal singularity. Finally, we prove that the affine permutation w

i



corresponding to any rationally smooth, but singular, Schubert variety X (w)
in G/B contains the pattern 3412. Using this result, we provide a proof of a
conjecture by Billey-Crites that states that a Schubert variety X (w) in G/B
is smooth if and only if it is indexed by an affine permutation w that avoids

the patterns 3412 and 4231.
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Chapter 1

Introduction

In this thesis, we investigate the smoothness of certain rationally smooth sub-

varieties of flag varieties in two different contexts.

Our first context is the classical algebraic group theory setting: given a semi-
simple algebraic group G (eg. SL,(C)) and a Borel subgroup B (eg. for G =
SL,(C), the subgroup of upper triangular matrices) of G, we form the flag
variety G/B. The group G, and hence any subgroup of G, acts as a group of
transformations on G/B (via left translation). One subgroup action of partic-
ular interest is that of a maximal torus T (eg. for G = SL,,(C), the subgroup
of diagonal matrices) contained in B. The irreducible T-stable subvarieties
of G/B enjoy the structure of what we call in this thesis a T-variety (See
Definition below). Many authors have examined the homogeneous space
G/B. Important examples of irreducible T-stable subvarieties of G/B that
often arise in these explorations are T-orbit closures and Schubert varieties
X (w), i.e. closures of B-orbits of T-fixed points w of G/B. Properties of T-
orbit closures have been examined by Morand in [33] and by Carrell and Kurth
n [I4]. A good resource for information on Schubert varieties is the book [3]
by Billey-Lakshmibai.

A great deal of attention has been paid to characterizing the smooth loci of
T-stable subvarieties of G/B (as well as other partial flag varieties of G),
but there is also a substantial amount of interest in determining the loci of

rationally smooth points of such varieties and in relating the two properties
(See Definition [2.13.1|below). In the case of Schubert varieties, significant work



on these topics has been done by Kazhdan-Lusztig (see [23],[24]), Lakshmibai-
Seshadri (see [30]), Carrell-Peterson (see [12], [13]), Kumar (see [27]), Arabia
(see [1]), Boe-Graham (see [7]), and Carrell-Kuttler (see [15]), amongst others.
A considerable amount of the notable research on the singular loci of Schubert
varieties and rational smoothness of Schubert varieties has been included the
aforementioned book [3]. In the more general context of arbitrary varieties
with torus actions, rational smoothness has been studied by Arabia (see [1])
and Brion (see [9], [10]).

Carrell-Peterson showed that a Schubert variety X (w) in G/B is rationally
smooth at a T-fixed point z if and only if the number of irreducible T-stable
curves (T-curves) containing y is equal to the dimension of X (w) for all x <
y < wlf that is, the Bruhat graph of X (w) is (dim X (w))-regular at = and
all vertices above x (See Theorem E in [I3]). More generally, Brion (see [9])
showed that a T-variety X is rationally smooth at an attractiveﬂ T-fixed point
x if it is rationally smooth in a punctured neighbourhood of x and the number

of T-curves in X containing x is equal to the dimension of X.

Dale Peterson showed that, when working over the field C of complex numbers,
if G is simply laced (i.e. of type A, D, or E), then all rationally smooth
Schubert varieties in G/B are nonsingular (more generally, Peterson showed
that the smooth and rationally smooth loci coincide for such Schubert varieties;
see [15]). This was originally proven for type A by Deodhar (see [18]). From
the research of Carrell-Kuttler, it is known that Peterson’s theorem does not
extend to arbitrary T-varieties in G/B, when G is simply laced. Indeed,
Carrell-Kuttler have produced an example in the type D case of a T-orbit
closure X in G/B containing a T-fixed point at which X is rationally smooth,
but singular (see Example 7.1 in [15]).

In this thesis, based on the work of Carrell-Kuttler in [I5], we considered this
problem for T-orbit closures in G/B in the type A case. In [15], Carrell-
Kuttler obtained a sufficient condition for an attractive T-fixed point of a 7T-
variety to be nonsingular (see Theorem 1.4 in [I5] or Theorem below).
This condition involves so-called Peterson translates along curves. Peterson

translates have figured prominently in our work throughout this thesis. Using

lwhere < denotes the Bruhat-Chevalley order on the Weyl group W.
2See Definition below. Note, any T-fixed point of a T-variety in G/B is attractive.



Carrell-Kuttler’s condition, we have proven that, in type A, a T-orbit closure
in G/B is rationally smooth if and only if it is smooth (see Theorem [3.9.5]
below). We remark that some preliminary investigations on this problem were
carried out by Yasmin Omanovic as part of an undergraduate summer research
project supervised by Jochen Kuttler, but our work is independent of these

investigations.

The second context appearing in this thesis is an infinite dimensional analogue
to the situation above which is referred to as the Kac-Moody setting. The flag
variety under consideration is G/B, where G = SL,(C((z))) and B = ev™!(B),
where ev : P := SL,(C|[z]]) — SL,(C) is entry-wise evaluation at x = 0 and
B is the Borel subgroup of SL,(C) consisting of upper triangular matrices.
The quotient G/B is an ind-variety, that is, a direct limit of finite dimensional
projective varieties over C. In this case, G, B, and hence G/B are equipped
with the action of the product torus T=TxS$S , where T' is the subset of
G consisting of the diagonal matrices with constant entries, which acts by
translation on G, and S = C* which acts on G through its obvious action on
C((x)) (i.e. (s- f)(x) = f(s-x)). This torus plays a role analogous to the

maximal torus in the classical G/B framework.

In this context, there is a natural generalization of the concept of a Schubert
variety known as an affine Schubert variety. Once again, there is interest in
describing the singular and rationally smooth loci of affine Schubert varieties
and, in particular, knowing to what extent the results in the classical setting
carry over to the affine context. One particularly influential such result from
the classical backdrop is due to Lakshmibai-Sandhya. In [29], they introduced
the concept of pattern avoidance for permutations in S, and proved that a
classical Schubert variety X (w) in the type A case is smooth if and only if
its associated permutation w avoids the patterns 3412 and 4231 (see Theorem
1 in [29] or Theorem below). This result was generalized by Billey-
Postnikov to all types (see [4]). Also in [29], Lakshmibai-Sandhya formulated
a conjecture that would identify the maximal singularities of X (w) with those
permutations having a specific combinatorial relationship to either the 3412 or
4231 pattern in w (by a maximal singularity of X (w) we mean a singular fixed
point for the action of the maximal torus which is maximal with respect to the
Bruhat-Chevalley order; note that these points determine the singular locus

of X(w)). This conjecture was later proven concurrently and independently



by Billey-Warrington (see [5]), Cortez (see [16]), Kassel-Lascoux-Reutenauer
(see [22]), and Manivel (see [32]).

Returning to the affine setting, in [2] Billey-Crites defined the concept of pat-
tern avoidance for affine permutations and then used it to give a full character-
ization of rationally smooth Schubert varieties in G/B for n > 3 (see Theorem
1.1 in [2] or Theorem below). From this theorem, they proved that a
Schubert variety X (w) in G/B is singular if its corresponding affine permuta-
tion w contains either of the patterns 3412 or 4231 (see Corollary 1.2 in [2]
or Corollary below). Furthermore, they conjectured that converse is also
true, which would mean that a Schubert variety X (w) in G/B is smooth if and
only if it is indexed by an affine permutation w that avoids the pattern 3412
or 4231 (see Conjecture 1 in [2] or Conjecture[6.1.6] below). They have verified
this up ton = 5.

In this thesis, we provide a proof of the Billey-Crites conjecture (See Theorem
below). This conjecture was independently proven by Richmond-Slofstra
in [35] using a different method from the one used in this document. Our work
on this project began with some initial discussions with Andrew Crites, one of
the coauthors of [2], during which a general strategy was developed for finding
the proof. However, the proof, as presented in this thesis, is more involved and
provides a more detailed description of the maximal singularities of singular
rationally smooth Schubert varieties in G/B than was initially discussed. In
order to prove this conjecture, it sufficed to show that the affine permutation w
corresponding to any rationally smooth, but singular, Schubert variety X (w)
in G/B contains the pattern 3412. Our approach to solving this problem
involved an examination of the maximal singularities of singular rationally
smooth Schubert varieties in G/B.

Our work on maximal singularities is both geometric and combinatorial in
nature, involving T- weights of certain tangent spaces, irreducible T-stable
curves and surfaces, and the Bruhat-Chevalley order on the affine Weyl group
. While Peterson translates are crucial to the proof of our main result in
the classical G/B setting, they figure far more prominently in our work in
the affine setting. In addition, our results on irreducible T-stable surfaces in
G/P as presented in [I1] are central to our research here. In Theorem [5.9.5

we provide a necessary condition for a T-fixed point of a rationally smooth



Schubert variety X (w) in G/B to be a maximal singularity. Specifically, we
showed that the Bruhut graph of X (w) contains one of two “kite patterns”

(see Definitions|5.8.1{and [5.8.2] below) going through each maximal singularity.

Now, for every maximal singularity of X (w), the maximal T-fixed point (with
respect to the Bruhat-Chevalley order on W) appearing in its kite pattern
contains the pattern 3412 (see Theorem below). Using this, we are able
to show that w contains the pattern 3412 (See Theorem below).

Regarding the structure of thesis, in Chapter [2, we provide some general back-
ground material which applies to our work in both the classical and affine set-
tings. Specifically, we recall some standard facts about linear algebraic groups
and varieties, including facts concerning torus actions and 7T-orbits and their
closures. It is in this chapter that we introduce and review some well-know
results about those objects which are central to our work, namely, T-varieties,
T-curves, T-surfaces, attractive T-fixed points, and Peterson translates. None

of the material presented in this chapter is original to this thesis.

Our main result in Chapter 3| is that, in the (classical) type A case, a T-
orbit closure X in G/B is smooth if and only if it is rationally smooth (see
Theorem [3.9.5). The structure of this chapter is as follows: after providing
some well-known background information on the general G/B context, we
introduce the notion of combinatorial reqularity (see Definition below)
for points of T-varieties. We work with this notion since it is equivalent to
the concept of rational smoothness for T-orbit closures in G/B under the
assumption that all stabilizers in T are connected (which we show using a
result of Brion, see Theorem , but is more user-friendly for the methods
deployed in this chapter. Then, to each point y in a T-orbit closure X we
associate a subvariety Y of X which has the structure of an S-variety, where
S is the stabilizer of y in T". Using well-established techniques, we relate the
(combinatorially) regular loci of X and Y. We then use an inductive argument,
which reduces to applying the methods of Carrell-Kutter to Y (see Theorem
1.4 in [I5] or Theorem below), to prove that X is regular whenever
it is combinatorially regular (see Theorem . Our main result follows.
The statement of Theorem [3.9.5] is known to be false in general in the type
D case owing to an example of Carrell-Kuttler (see Example 7.1 in [15]). As
such, in Section [3.10, we analyze the failure of the method we used for type

A in the type D context. Specifically, in the type A case, all S-surfaces in Y



through y are nonsingular, whereas in the type D case this is no longer true
(see Examples and . For an S-surface ¥ which is singular at vy,
the tangent space T,(X) has at least three S-weights. In Lemma , we
give a description of the possible S-weights of 7}, (X).

Chapter [ is primarily dedicated to describing the G/B context and present-
ing the background material required for our work in Chapter 5[ on maximal
singularities of Schubert varieties in G/B. Although most of the chapter con-
tains previously-known results there is some original material presented there,
including Example [£.8.11], Lemma [£.9.4] and the material in Sections and
413

Chapter [5] is where we present our work on maximal singularities of Schu-
bert varieties X (w) in G/B. Much of our effort is focused on describing the
set £~ (X (w),u) consisting of the T-curves in X (w) which contain a T-fixed
point u, but whose T-fixed point set cf = {u,v} satisfies u < v < w. De-
scribing B~ (X (w),u) in turn gives descriptions of weights of T, (X (w)), the
tangent space of X(w) at u. Indeed, almost all characterizations of the ele-
ments of £~ (X (w), u) are accompanied by the corresponding characterizations
of the roots associated with the T-curves. In Section [5.2) we define four types
of root/f -curve pairs: Type I (strong, weak), Type II, and pseudo Type II.
These root/f -curve pair types stem from our work in [I1] on T-surfaces in
G/P. Using these pair types, we obtain a partial characterization of the set
E~(X(w),u), where the T-fixed point u is a maximal singularity of any sin-
gular Schubert variety in G/B (see Theorem and Theorem [5.6.3). In the
case that X (w) is rationally smooth, we prove that E~ (X (w),u) contains a
strong Type I pair of T\—curves, again when the T-fixed point u is a maximal
singularity (see Theorem . From this, we obtain our main result of this
chapter: a maximal singularity u € X (w)? of a rationally smooth Schubert
variety X (w) in G/B satisfies one of two “kite properties”, that is, the Bruhut
graph of X (w) contains one of the two aforementioned kite patterns passing
through u (see Definitions [5.8.1] and [5.8.2] and Theorem [5.9.5)).

In Chapter 6, we first review the work of Billey-Crites on pattern avoidance
and (rationally) smooth Schubert varieties in G/B as presented in [2]. We
then define the notion of a wide affine permutation (see Definition be-

low) and develop some theory regarding wide affine permutations related to



the Bruhat-Chevalley order on the affine Weyl group W and to our work on
maximal singularities (and kite properties) in Chapter [5| specifically Theorem
5.9.5. Wide permutations are significant since they all contain the pattern
3412. Using the theory of wide affine permutations we prove that the affine
permutation w corresponding to a singular rationally smooth Schubert variety
X (w) in G/B contains the pattern 3412 (See Theorem [6.5.1). We conclude the
chapter by providing a proof of Conjecture (See Theorem below).

Before we go any further, we will establish some notation and state our univer-
sal assumptions used in this thesis. We will always work over C. We will view
varieties as sets of closed points and assume all algebraic groups are affine.
The coordinate ring of an affine variety X will be denoted by C[X] and, if X
is irreducible, its quotient field will be denoted by C(X). The tangent space
of a variety X at a point x € X will be denoted by 7,(X). When we specify
that an algebraic group acts on a variety, we assume it acts morphically. For a
variety X with the action of an algebraic group T, we will write X7 for the set
of T-fixed points of X. For a point z € X, we will use T, and T - z to denote
the stabilizer of x and the orbit of x, respectively. Given a finite-dimensional
complex vector space V', we will often identify V with the associated affine
space A(V). In particular, this will enable us to talk about subvarieties of V.

Finally, if S is a set, then |S| denotes the cardinality of the set.



Chapter 2

Preliminaries

In this chapter, we will provide the general background information which
underlies both of our research projects. None of the material presented in this
chapter is original to this thesis. We will review some basic facts regarding
linear algebraic groups and varieties, many of which can be found in the books
by Borel (see [§]), Humphreys (see [20]), and Hartshorne (see [19]). In [I1], we
stated some well-known results in these areas and provided a few of the proofs
as a convenience to the reader. As many of those results are also relevant to
this thesis, we will state them again here, but this time without proofs. In
some instances, we will refer the reader back to [I1] as an example of where

certain proofs can be found.

2.1 Tori

Definition 2.1.1. A torus T' is an algebraic group isomorphic to G, for some
n € N. A diagonalizable group is an algebraic group which is isomorphic to a

closed subgroup of a torus.

For example, the set of all n x n diagonal matrices in the general linear group
GL,(C) is a torus. As a closed subgroup of G,,, the group p, of n'® roots of

unity is a diagonalizable group.



Every connected diagonalizable group over C is a torus. Homomorphic images
of tori are again tori. Notably, any connected subgroup of a torus and any

quotient of a torus by a torus is again a torus.

2.2 Characters and One-Parameter Subgroups

A character of an algebraic group G is a homomorphisms x : G — G,,,. The
set of all such homomorphisms, denoted X (G), has the natural structure of
an abelian group (we use additive notation (x1 + x2)(9) = x1(9)x2(g), for all
g € G). The set X(G) can be identified with the group-like elements of the
Hopf algebra C[G].

If 9 : G — H is a homomorphism of algebraic groups, then there is an in-
duced group homomorphism ¢* : X(H) — X(G) given by ¢*(x) = x o ¢
(alternatively, restrict the C-algebra homomorphism ¢* : C[H] — C[G] to the
group-like elements). Thus, we have a contravariant functor from the category

of algebraic groups to the category of abelian groups sending G to X (G).

Restricting this functor to the subcategory of diagonalizable groups yields
an anti-equivalence between the latter category and the category of finitely
generated abelian groups, under which the n-dimensional tori correspond to
free abelian groups of rank n. In particular, X (G) is the free abelian group
on the n projections

(c1,Coy .0 Cn) = i

In the other direction, a homomorphism A : G,, — G is called a one-parameter
subgroups (or cocharacter) of G. If G is a diagonalizable group, then the set
Y (G) of all one-parameter subgroups also has a natural structure of a free
abelian group of finite rank ((A; + A2)(c) = A1 (c)A2(c), for all ¢ € G,,). In this

case, there is a pairing
X(G)xY(G)— X(G,) ~Z

given by
(O A) = 06 A),



where (x, ) is the integer such that (y o A)(c) = ¢XN. If G is a torus T,
then the pairing is non-degenerate, that is, it identifies X (7') with Y (7T)* =
Homy (Y (T),Z). In particular, if T is an n-dimensional torus, then Y(T) is a
free abelian group of rank n. Concretely, Y (G,,) is the free abelian group on

the n cocharacters
c— (L,1,...,1,¢e,1,...,1).

2.3 Representations of Algebraic Groups

Finite-dimensional complex vector spaces with torus actions play a prominent
role in our work as we will often be able to reduce questions involving varieties

with T-actions to problems concerning vector spaces.

Let V be a C-vector space. A (rational) representation p : G — GL(V') induces
a linear action of G (as an abstract group) on V given by ¢ -v = p(g)(v). In
this case, we say that the vector space V' is a G-module and that the algebraic
group G acts on V. Of particular interest to us, is the case in which G is a

torus 7T'.

We will now recall some well-known results concerning 7T-modules. We begin
with a fundamental fact, which we will use frequently. Let V be a T-module.

Then V' has a weight space decomposition:

V=P V.

aeX(T)

where
Vo={veV|t-v=a(t), foral teT}.

The « for which V,, # 0 are called the weights of T in V and V,, is called a
weight space. We denote the set of weights by Qr(V') or simply Q(V) if the

torus involved is clear.

Remark 2.3.1. More generally, it suffices in the above discussion that 7" be

a diagonalizable group.

10



If v=> v, €V, where v, € V,, then the set

s(v) == A{a | v, # 0}

in X(7) is called the support of v. Also, a T-module V is called multiplicity
free if dimV,, = 1, for all o € Q(V).

Any G,,-module V has an induced Z-grading defined by V; := V,,, where

a(c) = ¢?. For an arbitrary torus T, we obtain a G,,-module structure on a

T-module V' by fixing a A € Y(T') and defining ¢ - v := A(¢) - v. This in turn
induces a Z-grading on a V' by setting

V= EB V...

aeX(T)
(a,\y=d

Using this Z-grading, we define

Vo=V, Vo :=EPVa and V. =PV
d=0

d<0 d>0

If W is a T-stable subspace of a T-module V| then both W and V/W in-
herit T-modules structures from V. They are endowed with the weight space

decompositions

W = W, where W, =WnNV,,
(T)

aeX

and
V/IB= @@ (V/W)a,  where (V/W)y="Va/W,.

aeX(T)

In particular,
W), QV/W) C V).

In the event that V' is multiplicity free, these decompositions become

W:@Va

ael

11



and

VW= @ V.

a€Q(V\I

for some I' € Q(V').

In addition, the dual space V* inherits a T-module structure from V' via the
action (- f)(v) = f(t™'-wv), forall t € T, f € V*. It is clear that V*

decomposes under this action as

V= P v,

aeQ(V)

where the weight of (V,,)* is —«, and hence

2.4 Algebraic Group Actions on Varieties

Let G be an algebraic group and let X be a variety. By a (left) action of G on
X, we mean a morphism G x X — X that equips the underlying set X with
a left action of the abstract group G. We will write ¢ - x to denote the image

of (g, z) under such a morphism.

A map f: X — Y of varieties with G-actions is called G-equivariant if

g-(f(@)=f(g-2)
forallz € X, g € G.

Example 2.4.1. To give an action of an algebraic group G on a finite-
dimensional C-vector space V is equivalent to giving an action of G on the
affine space A(V).

Example 2.4.2. If V' is a G-module, then the action of G on V induces an
action of G on the projective space P(V'), where G acts on each line [v] by the
rule g - [v] = [g - v].
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We will use X9, G-z, and G, to denote the set of fixed points of G, the orbit
of x, and the stabilizer of x, respectively. The following basic facts can be
found in chapters 7 and 8 of [20]:

Lemma 2.4.3. Let G be any algebraic group and let X be variety with a
G-action.

1) G-orbits are open in their closures.

2) G-orbits are irreducible, if G is connected.

3) G-orbits are smooth.

4) G-orbit closures are G-stable.

5) Ewvery G-orbit closure contains a closed orbit.

6) XY is closed in X.

7) Gy is a closed subgroup of G, for all x € X.
From Property 1) of Lemma we observe that G' - z can be equipped

with the structure of a locally closed subvariety of X. The Orbit-Stabilizer

Theorem is then valid, i.e the natural map
G/G, —- G-z

is a G-equivariant isomorphism of varieties.

In addition to G-actions on varieties, we also want to consider G-actions on

structures associated with varieties.

Let X be a variety with G-action and let € X“. There is an induced action
of G on the tangent space T,(X): let g € G and also use g to denote the map
g : X — X defined by y — g -y, with differential d,g : T,(X) — T,(X),
then the induced action of G on T, (X) is given by g -6 = d,g(5). If Y is any
G-stable subvariety of X containing x, then 7,(Y") is a G-stable subspace of
T.(X).

13



In the case that X is an affine variety with G-action, there is an induced

G-action on the coordinate ring C[X] given by

(9 Plx) = ft" - 2),

for all ¢ € G, f € C[X], and € X. This, in turn, induces a G-action on the
field of rational functions C(X) in the obvious way. Moreover, if v € X%, then

the maximum ideal m, in C[X] of functions which vanish at z is also G-stable.

The action of G on C[X] is locally finite, that is, for each f € C[X], there
exists a finite dimensional subspace of C[X]| containing G - f. In particular,
this yields that C[X] is the union of finite dimensional G-stable subspaces,
upon each of which G acts rationally. In the case that G is a torus T, we

obtain a weight space decomposition

ClX]= @ ClX]a.
)

aeX(T

If f,g € C[X] are elements of weight o and 3, respectively, then f/g € C(X)
has weight a — . Furthermore, in light of the given G actions on C[X] and

T.(X), the canonical isomorphism
m,/m3 o~ T,(X)*,

where the coset f +m? is identified with d, f, is G-equivariant when =z is fixed

by G. In particular, taking G to be a torus 7T yields that
Q(T,(X)*) = Q(m,/m2) C Q(Clz]).

This is significant as it enables us to apply results about the weights of C[X]
to the weights of T,,(X)* and, subsequently, to the weights of T,.(X), when X

is an affine variety with T-action.
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2.5 Torus Orbits and Torus Orbit Closures

In this section, we will review some useful facts concerning 7T-orbits and their
closures, including some lemmas which will be utilized in our work on torus
orbit closures in Chapter [3]

In addition to satisfying the properties listed in Lemma [2.4.3] T-orbits are also
affine, which follows from the Orbit-Stabilizer Theorem and the fact that T is

commutative.

In the context of T-modules, we have a convenient tool for computing dimen-

sions of T-orbits:

Lemma 2.5.1. If v is an element of a T-module V' with support s(v), then
dim T - v = rank M, where M is the Z-module generated by s(v).

Proof. See for example Lemma 2.9 in [I1]. O
As a consequence, a T-orbit T'- v is one dimensional if and only if the elements
of s(v) are proportional over Q and at least one is nonzero.

One of the benefits of working with affine T-orbit closures X is the connection
between the geometry of the T-action on X and the representation of 1" on

C[X] described in the following well-known lemma.

Lemma 2.5.2. Let X be an affine variety with T-action. The following are

equivalent:

1) X has finitely many orbits.
2) X has an open dense orbit.

3) C[X] is multiplicity free.

Proof. For example, see Lemma 2.15 in [I1]. ]

More can be said in the case of affine T-orbit closures, as indicted in the next

lemma:
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Lemma 2.5.3. If X is an affine variety with T-action containing an open
dense orbit T - x, then X \ (T - x) is pure of codimension one, that is, every

irreducible component of X \ (T - x) has codimension one.

Proof. More generally, it is well known that if U is a dense open affine subva-
riety of a variety X, then X \ U is pure of codimension one. In the case where
X is normal, this may be deduced from Proposition 6.3 A in [19]. The general

case then follows by passing to the normalization of X. m

Consequently, in light of Lemma [2.5.2] the dimension of T-orbits in an affine
T-orbit closure X go down by one, in other words, if dim X = n, then there

is a T-orbit of dimension 7, for all 0 <17 < n.

Now, if T is a torus with closed subgroup S and X is a variety with T-action,
then
s-(t,r):=(ts' s 1)

defines an action of S on the product T' x X. Taking the quotient of T'x X by
this S-action we obtain 7" x° X, the contracted product of 7" and X, whose
points are identified with the S-orbits in 7x X . The variety T'x* X is equipped
with an action of T' by setting

t'(t,x) == (t't, x)

Furthermore, the product (7/5) x X is equipped with a T-action by defining

t'-(t,x) = (t't,t' - x)

A routine calculation shows the following:

Lemma 2.5.4. Let T act on T x° X and (T/S) x X as above. Then the map

Y :T x5 X = (T)S) x X

(t,LC) = (zat : Z')
1s a well-defined T'-equivariant isomorphism.

Now, for any S-stable closed subvariety Z of X, we can again form the con-
tracted product T' x° Z. Equipped with a T-action on the left factor, T' x° Z
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is a T-stable closed subvariety of 7 x* X. Thus, if we fix an S-stable closed

subvariety Y of X, we obtain an inclusion preserving map

0 S-stable closed R T-stable closed
' subvarieties of Y subvarieties of T x° Y
Z—Tx°7

Given a T-stable closed subvariety of W of T x° Y, let Z denote its preimage

under the natural map

Y 5T x°Y
y— (1,y)

A straightforward calculation then shows that the map sending W to Z is an

inverse of 6, so that:

Lemma 2.5.5. 0 is a bijection.

We now consider a special case of this situation. Suppose that we are given a
T-equivariant morphism f : X — 7/S and let u € T'/S. Then S acts on the
fibre Y := f~(u).

Lemma 2.5.6. The map

n:Tx%Y = X

(ty) —t-y

1s a well-defined T-equivariant isomorphism.

Proof. The map
T'xY =X

(ty) = t-y

is constant on S-orbits since it send s - (t,y) = (ts7',s-y) to t -y. As such, n
is well-defined. Furthermore, it is clear that 7 is T-equivariant. Now consider

the diagram
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TxSY = TxSX —% (T/S) x

R

The first horizontal map on the left is the inclusion of T x° Y as a closed

subvariety of 7' x° X, and the map 7 is the projection

m:(T/9)xX =X

(t,x) = x

It follows from the definitions of n and v that this diagram commutes. Now
let I' C (T/S) x X be the image of T x° Y in (T/S) x X under the closed
embedding formed by the horizontal composition. By the commutativity of
this diagram, 7 is an isomorphism if the projection 7 induces an isomorphism
I' = X. According the definition of v, T' consists of pairs (¢,t - y) such that
teTandy €Y. Now, let z € X. Then x = ¢ -y for some ¢t € T and some
y € Y. Indeed, setting f(x) := w € T/S, we know that there exists at € T
such that t~lw = u and hence f(t™'-z) = t-1f(2) = t~lw = u. Therefore,
x=t-(t71-xz), where t € T and t~! - x € Y. Consequently, since

fla) = f(t-y) =tf(y) =tu,
I' is the graph of the morphism

X —-T/8
r = flo)u™

As such, the projection 7 yields an isomorphism from I to X, as required. [J
The subsequent lemma provides us with a nice relationship between T-orbit
closures and S-orbit closures of elements of the fibre Y := f~!(u).

Lemma 2.5.7. Let T be a torus with subgroup S, let X be a variety with
T-action, and let f : X — T/S be a T-equivariant map. If x,y € f~1(u), for
someuw € T'/S, then x € T -y if and only if x € S - y.

Proof. One direction is immediate since S'-y C T - y.
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Now consider an element a = (1,y) € T x% Y. The T-orbit closure T - a in
T x°Y is the smallest T-stable closed subvariety of T'x°Y containing a. As a
result of Lemma , this is equal to T'x* Z, where Z is the smallest S-stable
closed subvariety of Y containing y. However, S -y is the smallest S-stable

closed subvariety of Y containing y. Ergo, T-a = T x° S -y. Furthermore,
by Lemma the map

n:Tx%Y - X
ty) =ty

identifies T - @ with T - y. Hence, if x € T -y, then (1,z) €T -a =T x5S - y.
Consequently, (1,z) = (t,w), for some t € T and some w € S - y. This means
that s- (1,2) = (s, s-2) = (t,w) for some s € S. In particular, we have that

1

s-x =w and so x = s~ - w. Finally, since S -y is S-stable, we obtain that

x € S -y, as required. n

Before we state the last fact of this section, we will first define some notation
which appears in the lemma. Given a morphism f : G, — X of varieties, the

expression

lim f(g) =y
g—

is used to mean that we extend f to a morphism f : A’ — X, by defining
f(0) = y. This gives us the usual notion of a limit when working in a vector

space.

Lemma 2.5.8. Let X be an irreducible affine or projective variety with T -
action that contains an open T-orbit T - x. Then for any y € X, there exists
a X € Y(T) such that lin(l))\(g) cxeT-y.

g—

Proof. See [25] and Lemma 2.1 in [14]. O

This lemma, which is a version of the Hilbert-Mumford criterion, is significant
as it gives us a method in concrete examples of determining which T-orbits

are contained in a given T-orbit closure.
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2.6 T-Varieties

We now consider an important type of variety with T-action:

Definition 2.6.1. A T-variety X is an irreducible variety with a T-action
such that X7 is finite and for all # € X7 there is an open T-stable affine
neighborhood of x, which we will denote by X,.

Remark 2.6.2. If X is a T-variety, then any closed irreducible T-stable sub-
variety Y of X is also a T-variety by taking Y, := Y N X, for all y in the finite
set Y =Y NnXT.

A key example for our purposes is:

Example 2.6.3. If V is a multiplicity free T-module of dimension n + 1, then
any closed irreducible T-stable subvariety of the projective n-space P(V) is a

T-variety. (See Lemma 2.13 in [I1], for example.)

This can be generalized as follows:

Example 2.6.4. As a corollary of Sumihiro’s Theorem (see [36], [37]), if Y is a
normal variety with T-action, then any closed irreducible T-stable subvariety
X with finite T-fixed point set X7 is a T-variety.

2.7 T-Curves

Definition 2.7.1. Let X be a variety with T-action. A curve in X which is

the closure of a one-dimensional T-orbit is called a T'-curve.

Example 2.7.2. If C' is a closed irreducible curve with T-action for which
C # CT, then C is a T-orbit closure and hence a T-curve. In particular, any
closed T-stable irreducible curve in a T-variety X is a T-curve.

A specific type of T-curve of interest to us is:

Definition 2.7.3. A T-curve in a variety X with T-action is said to be good

if C =T -z, where X is nonsingular at z.
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One useful fact pertaining to T-curves is given in the following lemma.

Lemma 2.7.4. If V is a multiplicity free T-module such that no two weights
are proportional, then the only T-curves contained in V' are the weight spaces

V.
Proof. See, for example, Lemma 2.20 in [I1]. ]

Let X be a variety with T-action. Denote by E7(X) the set of all closed
irreducible T-stable curves in X and denote by Er(X,x) the set of all closed
irreducible T-stable curves in X containing a T-fixed point x. If the torus
involved is clear, we will denote these sets simply by E(X) and E(X,z), re-
spectively. Moreover, if X is a T-variety, then both F(X) and F(X, ) consist

entirely of T-curves.

From Lemma [2.7.4] we know that if V' is a multiplicity free T-module where

no two weights are proportional, then E(V,0) is a finite set.

In the event that F(X) is a finite set such that |CT| = 2 for all C' € E(X),
then X has an affiliated graph I'(X), called a Bruhat graph, whose vertex set
is X7 and edge set is E(X). More precisely, two T-fixed points x and y are
connected by an edge if and only if there is a T-curve C' in E(X) such that

C" = {z,y}.

When working with T-varieties of dimension at least 1, we are guaranteed by
the following lemma, that there is at least one T-curve passing through each
T-fixed point.

Lemma 2.7.5. If v € X7, where X is a T-variety, then |E(X, )| > dim X.
Proof. See Lemma 2 in [I3] or Lemma 2.4 in [15]. O

In particular, this means that the Bruhat graph of X has at least dim X edges
attached to every vertex. It was proven in Lemma 2.3 of [I5] that the Bruhat

graph of a projective T-variety is connected.

Furthermore, in the T-variety setting, there is also a useful relationship be-
tween the T-curves in E(X, z) and the T-stable lines in T, (X) as explained in

the next lemma.
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Lemma 2.7.6. Let X be a T-variety, let v € XT, and let L be any T-stable
line in T,(X). If X is nonsingular at x, then there exists a C' € E(X,x) such
that T,(C') = L.

Proof. Let Ly be a T-stable line in T,,(X). Therefore L; C T,(X),, for some
a € Q(T,(X)). Let fi € C[X,]_o such that d,f, spans L}. Now choose T-
eigenvectors fo, ..., f, € m, such that d, f1,d, fa, ..., d,f, is a basis of T,,(X)*.
Let L; := Span(f;), then

T.(X) =P L:
i=1
Let C, := Z(fa,... fn) € X,. Thus,
dimC, >dimX - (n—1)=n—(n—-1)=1

since X is nonsingular at z. Furthermore, since

Tm<cx) = ﬁker(dmfz) = L17
=2

we have that dim C, < 1 and hence dim C, = 1. Clearly, z € C, and since the
fi are T-eigenvectors, C, is T-stable. Now, since x is a nonsingular T-fixed
point of C,, the irreducible component of C, containing x is a T-stable curve.

Thus, replacing C, with this irreducible component if necessary, and taking
C =C, C X, wehave C € E(X, ) such that T,(C) = L as required. O

2.8 T-Fixed Points

Thus far and in much of what follows, a great deal of emphasis has and will be
placed on the set of T-fixed points of a variety with T-action. Indeed, T-fixed
points are a useful diagnostic tool, in particular, when working with projective

varieties. Borel’s fixed point theorem guarantees that:

Lemma 2.8.1. Every nonempty closed T'-stable subset of a projective variety
X with T-action contains a T-fized point. In particular, XT # (.

Proof. See Theorem 10.4 in [§]. O
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Hence, whenever the set of all points with a specific property forms a closed
T-stable subset of X, if there is a point with that property, then there is a
T-fixed point with that property. Thus the T-fixed points are indicators of

whether or not a projective variety possesses certain properties.

Of particular interest to us is identifying the presence of singular points. The
set Sing X of singular points of a variety X is a proper closed subset of X (see
Corollary 17.2 in [§]). If X is endowed with a T-action, then Sing X is clearly
T-stable. Hence,

Lemma 2.8.2. For any projective variety X with T-action, the set Sing X of
singular points of X is a proper closed T-stable subset of X which contains a

T-fized point, if nonempty.

Thus, determining if a projective variety with T-action is singular or nonsingu-

lar can be accomplished by checking if any of the T-fixed points are singular.

2.9 Attractive T-Fixed Points

Much of our work relies heavily on the following aptly named object:

Definition 2.9.1. Let X be a T-variety. A T-fixed point x and X, are called
attractive if there is a A € Y(T') such that (o, ) > 0, for all o € Q(T3,(X)).

Remark 2.9.2. Let X be a T-variety with attractive T-fixed point z and
let A\ € Y(T) such that (a,A) > 0, for all @ € Q(T,(X)). If Y is a closed
irreducible T-stable subvariety of X which contains x, then z and Y, := Y NX,
are attractive in Y since (a, A) > 0, for all v € Q(T,(Y)) € Q(T,(X)).

The justification for the term “attractive” is apparent from statement 3) of
Lemma below. However, attractive points/neighbourhoods are also de-
serving of their names based upon their usefulness, as evidenced by the fol-

lowing lemma:

Lemma 2.9.3. If X is an affine variety with T-action, then there is a T-
equivariant embedding X — V', for some T-module V. In the case that x s
an attractive fived point of some T-variety X, then X, embeds into T,(X).
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Proof. For example, see Lemma 2.23 in [11]. O

Remark 2.9.4. If x is a nonsingular attractive T-fixed point of a T-variety
X, then

(T-equivariantly).

Remark 2.9.5. If Y is a closed irreducible T-stable subvariety of X contain-
ing the attractive T-fixed point z, then one can choose T-equivariant embed-
dings Y, — T,(Y) and X, < T,(X) compatible with the natural embedding
T,.(Y) — T,(X), that is, such that the diagram below commutes:

Y,=YNnX, — X,
{

{
L) = TJ(X)

We will state two equivalent notions of attractiveness. In order to do this, we
first make a clarifying remark: a subset S of (V') is said to lie on one side
of a hyperplane in X(7T) ® Q ~ Q™ if there is a linear function on Q" that is

strictly positive on S.
Lemma 2.9.6. Let X be a T-variety and let x € XT. The following are

equivalent:

1) z is attractive.
2) Q(T.(X)) lies on one side of a hyperplane in X (T) ® Q.

3) There exists a A € Y(T) such that liII(l) Mg)-y==x, forally € X,.
g—

Proof. For example, see Lemma 2.25 in [I1]. O

Remark 2.9.7. The equivalence of 1) and 3) can be made more precise as
follows: let A € Y(T'). Then (o, \) > 0, for all & € Q(T,(X)) if and only if
lim A(g) -y = z, for all y € X,.

g—0
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There are two immediate consequences of the equivalence of 1) and 3) worth

noting.

Corollary 2.9.8. Let X be a T-variety and let v € X7 be attractive. The

open neighbourhood X, is unique.

Proof. See, for example, [11]. O

Corollary 2.9.9. Let X be a T-variety and let v € X7 be attractive. The
only T-fixed point in X, is x.

Proof. Clear. m

Furthermore, keeping in mind that X, embeds into T,(X), an attractive T-
fixed point x is equal to 0 when viewed as element of T,(X). Indeed, write
T =) Vs € X, for some o; € Q(T,(X)), and let A be an element of Y (7')

which makes x is attractive. Therefore,

x = lim A(c x—hmg a; (A —hmg v, =0,
c—0 c—0

since d; 1= (ay, A) > 0.

Additionally, in subsequent chapters we will require the following result per-

taining to attractive fixed points. This is Lemma 2.1 in [I5].

Lemma 2.9.10. Given a map f : X — Y of affine T-varieties, where X

contains an attractive T-fized point x, then f is a finite morphism if and only

if the fibre f~(f(x)) is a finite set.
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2.10 7T-Orbit Closures with Attractive
T-Fixed Points

Now let X be a T-variety which contains a dense T-orbit T'-y and suppose that
xr € X7 is attractive. By Lemma , there is a T-equivariant embedding of
the attractive affine neighbourhood X, into T,(X). Clearly, T -y C X, since
X, N (T -y) is nonempty and T-stable. Therefore, we also have X, = T -y
in 7,(X). It now follows from Lemma that C[X,] is multiplicity free.
Recall that if m, is the ideal in C[X,] of all functions vanishing at z, then
T.(X)* ~ m,/m? (T-equivariantly) under the assignment d,f + f. As a
consequence, T,(X) is multiplicity free as well. Specifically, this means that

T.(X) has a weight space decomposition

T,(X) = @ To(X)a.

ael
where I' = Q(TI(X )) and each T,(X), has dimension 1. Certainly, if we
know I' and dim X, we can determine whether or not a 7T-fixed point x € X
is singular. (For example, if we know the support s(y) of y, viewed as an
element of T,(X), we can compute dim X, = dim X using Lemma and
then compare dim X with |I'| = dim 7,(X).)

More can be said about I' if we take into account the fact that

T = Q(TL(X)") € ACIX,)).

Before we elaborate further, we will gives some clarifying remarks.

Let h € T,(X)*, then since X, embeds in T,(X), we can restrict h to X,.
Computing the differential of h|x, at z, we obtain that d,(h|x,) = h. In light

of the above assignment, we also have h|y, € m,. In addition, if h|x, = 0,
then d,(h|x,) = h = 0 or equivalently, if h # 0, then h|x, # 0.

Returning to our previous discussion, there is a convenient relationship be-
tween the weights ' of T,(X) and the restrictions to X, of the variables on
the weight spaces T5(X),.
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Lemma 2.10.1. Let {aq, an,. .., CQT(X)) and let z,, € C[X,] be the
restriction to X, of a variable on T,(X),,, for each i. If

m m
E ;0 = g biu;,
i=1 i=1
where a;, b; € Ny, then
m m
a; b;
e~
i=1 i=1

up to scalars.

Proof. We first note that the weight of z,, is —a;. Let

m
d=— E ;0.
i=1

Then,

i=1 =1
Since X, is a T-orbit closure, by Lemma [2.5.2] the integral domain C[X,] is a
multiplicity free T-module. Therefore,

Z3r, H 2 e ClX,]a

for some ¢ € C (which we assume to be 1 by an appropriate choice of variables).
]

From the relationship specified in the previous lemma, we obtain another well-
known fact about the weights I" of T,,(X), which is a useful tool when attempt-
ing to identify the elements of I':

Lemma 2.10.2. Let X be a T-variety containing a dense open T-orbit and

let v € X7T be attractive. Any linear combination Z a;cy; of weights of T,,(X),
i=1

with m,a; € N and Zai > 1 is not a weight of T,.(X).
i=1
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Proof. Let aq, s, ..., an, be weights of T,(X) and let z,, € C[X,] be the
restriction to X, of the variable on T,(X),,, for each i. Now, suppose that
w = Y a;q; is a weight of T,(X), such that Y a; > 1, and let z, € C[X,]
be the restriction to X, of a variable on T,(X),. Therefore, z, = c¢[] zgt, for
some ¢ € C, by Lemma [2.10.1] As was discussed above, z,, € m,, for each .
Thus, since Y a; > 1, we obtain that [] 2% € m? and consequently d,z, = 0

(in m,/m?2), which is a contradiction. O

2.11 Peterson Translates

One particularly useful method for determining the regular locus of T-variety
is presented by Carrell and Kuttler in [I5]. The key construction in this
method is an object known as a Peterson translate: let X be a T-variety, let
x be an attractive T-fixed point of X, whose attractive neighbourhood will
be denoted X,, and let C' € E(X,x), which we will assume is smooth. As
a T-curve, C is a T-orbit closure, say C = T - z, for some z € C. The set
C, = X,NC =T -zU{x} is an open affine T-stable attractive neighbourhood

of x in C' (see Remark [2.9.2)).

Now, for any t € T, the map ¢t : X — X given by z — ¢ - z is an isomorphism
and hence the differential d.t : T.(X) — Ti..(X) is an isomorphism for any
c € X, but in particular for any ¢ € C'\ CT. Thus, the tangent spaces T.(X)
along the open orbit C'\ CT have a common dimension, which we will denote

as d.

Furthermore, since the attractive neighbourhood X, embeds into T, (X), the
differential of this embedding at any ¢ € C'\ C7 enables us to view T.(X) as
a subspace of T,,(X), for all c € C'\ C7.

Let V := T,(X) and set G(d,V) to be the Grassmannian of d-planes in V.
Then the map ¢: C'\ CT — G(d,V), given by ¢ — T.(X), extends uniquely
to a map ¢ : C, — G(d,v). The point @(z) of G(d, V) is the following object:
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Definition 2.11.1. The Peterson translate of X along C'is the limit

To(X, z) == lim T,(X),

c—T

where c € C'\ C7.

Now, for allt € T, set t : V' — V to be the map given by v + ¢ - v (which can
be restricted to X, ). In this setting we have

X, = V T.(X) <= V
ti it dctl it
X, =V Tio(X) — V

where the diagram on the right is obtained from the one on the left by taking
differentials at the appropriate points. From the commutativity of the right
diagram it follows that ¢ is T-equivariant, which implies that o(C \ C7T) is
T-stable.

Let Ty, := {(c,¢(c))} denote the graph of ¢ in C'\ CT x G(d, V). Since ¢ is
T-equivariant, I',, is stable under the diagonal action of T on C\C* x G(d, V).
Its closure Ty, in C, x G(d, V) is the graph of the unique extension @ of ¢ to
C, and is therefore equal to I', U{(z, 7¢(X,z))}. In particular, T, is T-stable
under the diagonal T-action on C, x G(d,V’). Since I', is also T-stable, it
follows that (z, (X, z)) is a T-fixed point. Therefore, the Peterson translate
To(X, ) is a T-stable subspace of V = T, (X).

From the construction of the Peterson translate of X along C| it is clear that
dim X < dim7¢(X,z) < dim7T,(X).
Hence, if X is nonsingular at =, then
To(X,x) = T (X)

for all C' € E(X, x).
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Furthermore, if C' is a good T-curve in X, that is C' = T - z, where z is a

nonsingular point of X, then

dim 7¢(X, ) = dim X.

In addition to constructing Peterson translates for X, we can also construct
them for any closed irreducible T-stable subvariety Y of X. If X and Y both
contain an attractive point x and a smooth curve C' through z, then there
is a convenient relationship between the two Peterson translates 7o(Y, z) and
To(X, z). In order to describe this relationship, we first identify 7,(Y) with a

subspace of T,,(X) in the usual way and fix a commutative diagram

V,=YNX, = X,
!

I
T.(Y) < Tu(X)

of T-equivariant embeddings as in Remark

Lemma 2.11.2. In the situation above, we have that 7¢(Y,z) C 7¢(X,x) as

T-modules.

Proof. Let d be the common dimension of the tangent spaces T.(X) for all
c € C\CT and let m be the common dimension of the tangent spaces T.(Y") for
all c € C\C”. Let F,, 4 be the closed subvariety of G(m, T,(Y)) x G(d, T,,(X))
consisting of points (A, B) such that A C B, that is,

Faa = Flag(m, 4, T,(X)) N (G (m, T.(Y)) x G(d. T(X))),

where Flag(m, d,T,(X)) is the variety of (m,d)-flags in 7,(X). (Recall that
we are identifying 7, (Y") with a subspace of T,(X).) Since C' is smooth and
Fn.4 is projective, the map p : C'\ CT — F,, 4 given by ¢ — (TC(Y),TC(X))

has a unique extension p : C, — F,, 4.

Now let 7, : Fiq — G(m,TI(Y)) and 7y : Fpq — G(d, Tx(X)) be the

projection maps. The composition map
Pmi=Tmop:C\CT = G(m,T,(Y))
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has a unique extension
P i Co = G(m, T,(Y)).
By definition, @,,(x) = 7¢(Y, z). Likewise, the map
pa=mgop: C\C" = G(d,T,(X))

has unique extension

Pq: Cp — G(d, Ty(X)).

Again, by definition, ¢,(z) = 7¢(X,x). By the uniqueness of the maps in-

volved, we obtain that the following diagrams commute:

c\NCT—2  ~F,., C\CT ——=F,,
N
C, —— G(m, T,(Y)) C, Tc(d, T,(X))
As a result,

p(a) = (Pm(), 2u(2)) = (Te(Y.2), 70(X, 2)).
Since the image of p lies in Flag(m, d, T,(X)), it follows that
oY, ) C 10(X, x).
0
Corollary 2.11.3. The tangent space T,,(C') is a T-stable subspace of 7c(X, x).
Proof. The fact that C' is smooth, in conjunction with Lemma [2.11.2] yields

T.(C) =1c(C,x) C 70(X, x).
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In addition to Peterson translates, we will also use the following structure:

Definition 2.11.4. Let X be any T-variety with T-fixed point . The tangent
space to E(X, ) at x is the subspace of T,(X) given by

TE(X,z):= Y T.(C).

CEE(X x)

In the case that z is a nonsingular point of X, Lemma gives that every
T-stable line in 7, (X) is tangent to some T-curve in E(X,z) and therefore

TE(X,z) = T,(X).

Since 7¢(X, ) and TE(X, z) are both subspaces of T, (X), it is natural to ask
if there is any connection between them. If x is in the regular locus of X, then
the two coincide for all C' € E(X,z). Conversely, one is lead to ask: are there
circumstances under which 7¢(X, z) = TE(X, z) implies that X is nonsingular

at 7 One particular set of such conditions is given in the following theorem.
(This is Theorem 1.4 in [15].)

Theorem 2.11.5. Let X be a T-variety with an attractive T-fixed point x.
Assume that E(X, ) contains only smooth curves and that for any distinct
C,D € E(X,x), the T-weights of T,(C) and T,(D) as T-modules are not
equal. If either

1) TE(X,z) = 1c(X, ) for at least two good T-curves C € E(X,x), or

2) X is Cohen-Macaulay at x and TE(X,z) = 17¢(X,z) for at least one
good C € E(X,x),

holds, then X is nonsingular at x.

2.12 T-Surfaces

In regards to Theorem [2.11.5] matters can be simplified further by considering

surfaces. Let X be a variety with T-action and let C be a closed irreducible
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T-stable curve in X. We define ¥7(X,C) (or simply (X, C) if the torus
involved is clear) be the set of all closed irreducible T-stable surfaces in X
which contain C'. If X is a T-variety, then whenever C' is a good T-curve, the

Peterson translate 7¢(X, x) of X depends on the Peterson translates 7¢(X%, ),
for ¥ € ¥(X, C) as outlined below (cf. Lemma 5.1 in [15]):

Lemma 2.12.1. Let X be a T-variety, let x € X be an attractive T'-fized
point, and let C € E(X,x) be good. Then

To(X,x) = Z (X, ).

TEX(X,0)

This is a powerful result as it enables us to reduce our considerations to the

T-stable surfaces contained in X.

Due to a result by Brion, one of the benefits of working with surfaces with
T-actions is that they often contain exactly two closed irreducible T-stable

curves.

Lemma 2.12.2. Suppose ¥ is an irreducible surface with T-action which con-
tains an attractive point x such that |E(X, x)| is finite. Then |E(X, x)| = 2.

Proof. See Corollary 1 and Corollary 2 in Section 1.4 of [9]. O

As is the case for curves, we are particularly interested in those surfaces which

contain a dense open T-orbit.

Definition 2.12.3. Let X be a variety with T-action. A surface in X which

is the closure of a two-dimensional T-orbit is called a T'-surface.

For example, any irreducible T-stable surface in a variety X with T-action for
which both X7 and F(X) are finite is a T-surface.

Now let ¥ = T -y be a T-variety and suppose that ¥ contains an attractive
T-fixed point x. We will also assume that E(X, z) is a finite set which contains
only smooth T-curves. By Lemma [2.12.2] we know that |E(X,z)| = 2, so let
C, D be these two T-curves. Finally, we will also assume that the T-weights
of T,(C) and T, (D) as T-modules, say a and 3, respectively, are not equal.

33



By Lemma there is a T-equivariant embedding of ¥, into 7.(X) and
since C' and D are smooth, by Remark C, ~T,(C) and D, ~ T,(D).
We have

Ca, Dy = Xy = To(2) = P Ta(D)a,

ael

where I' = Q(T,(X)). As in Section2.10, we have that ¥, = T - 2 when viewed
in 73,(X) and hence that 7,,(X) is multiplicity free. Thus, T,(C) = T,,(X), and
T:(D) = T(X) .

For simplicity, we will write V,, := T,(¥), and Vs := T,(X)3

Let 24,25 € C[X,;] be the restrictions to X, of the variables on V,, and Vj in
T,(X), respectively. As such, z, and zz have weight —a and —f3, respectively,
in the T-representation on C[X,]. The following lemma is a version of a fact
that is presented in the proof of Proposition 5.2 in [I5]. This lemma will,
once again, enable us to use a result regarding coordinate rings to understand

weights of tangent spaces.

Lemma 2.12.4. Let —w € Q(C[3,]). Then there exists an N € N such that
N(—w) = a(—a) + b(=p), for some a,b € Ny.

Proof. Let p : ¥, — V, @ Vg be the restriction to X, of the unique 7-
equivariant projection p : T,(X) — V, @ V3, so that d,p = p. Since z is
attractive, x = 0 in 7,(X), and hence p(z) = 0. If the fibre over 0 is infinite,
then its dimension is at least 1. Moreover, by attractiveness, every irreducible
component contains z. Therefore, by Lemma [2.7.5 it contains at least one
T-curve passing through x, which we may assume is C,. Thus p(C,) = 0,
which yields that d,p(T,(C;)) = 0, which in turn implies that

ﬁ(va) = lb<Tm(Oa:)) = 0.

As this is clearly a contradiction, the fibre over p(x) is finite and thus by
Lemma , p is a finite morphism. As such, since V, @ Vj is affine,by
definition the Clz,, z]-algebra C[¥,] is a finitely generated C|z,, z5]-module,
that is, p* : Clz,, 23] — C[X,] is a finite ring homomorphism. In particular,

p* is integral and so C[%,] is integral over C|z,, z3].
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Let f # 0 € C[¥;]_s. There is an N € N such that
SN = by afN T haf + e,

where hy_; € Clzqa, 23] , for 1 < i < N, and hg # 0. Since C|z,, 2g] has a

weight space decomposition with respect to T,

hvi= Y hyoiw

reX(T)

where hy_;,, € Clza, 25],. Also, as f € C[X,]_,, we know that fV has weight
N(—w) and hence

N
= Z hv—ii-w)
i=1

where ho n(—w) # 0 and each summand has weight N(—w). Therefore, N(—w)
is a weight of C[z,, 2g]. O

Consequently, we have:

Lemma 2.12.5. Let w € Q(Tx(E)) Then there exists an N € N such that
Nw = aa + bB, for some a,b € Nj.

2.13 Rationally Smooth Varieties

Definition 2.13.1. Let X be an equidimensional variety. A point x € X
is said to be rationally smooth if there is an open neighbourhood U, of x in
the analytic topology on X such that for every y € U,, the relative singular
cohomology group H’(X, X \ {y},Q) is 0 when j # 2dim X and isomorphic
to Q otherwise. We say that X is rationally smooth if it is rationally smooth

at each of its points.

The locus of rationally smooth points on a variety X is open in the Zariski
topology on X and contains the smooth locus of X (see [26, p471]). The
notion of rational smoothness turns out to be useful for studying singularities
of Schubert varieties and their torus orbit closures. Later we will give some

equivalent conditions for rational smoothness in the latter context.

35



Chapter 3

In the Context of G/B

In this chapter we consider the singular locus of a rationally smooth T-orbit
closure X in G/B in types A and D. If every point of X has a connected
stabilizer in T, then it follows from the work of Brion that rational smoothness
is equivalent to a more concrete notion which is referred to as combinatorial
regularity (see Definition below). Using this, we show that in type A,
a T-orbit closure in G/B is rationally smooth if and only if it is smooth (see
Theorem below). In type D, Carrell and Kuttler have shown in [15] that
there are rationally smooth T-orbit closures in G/B that are singular (see
Example 7.1 in [15]). Nonetheless, we have studied the case for type D, in
particular, how the techniques applied in the type A case fail for type D.

3.1 Notation and Terminology

Let G be a connected semi-simple algebraic group, B a Borel subgroup, and
T C B amaximal torus. Let W := Ng(T')/T denote the Weyl group of (G, T).
It is well-known that W is a finite group. The group W acts homomorphically
on T by conjugation, which induces (left) actions of W on the character group

X(T) and the cocharacter group Y (T') in the obvious way.

The homogeneous space G/ B, known as the flag variety of G, is an irreducible

smooth projective variety with a T-action defined in the obvious way. As a
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projective variety, we know from Borel’s fixed point theorem that
(G/B)" #0.

Moreover, (G/B)" is a finite set. Indeed, there is a well known one-to-one
correspondence between the Weyl group W and (G/B)T under which w cor-
responds to wB, where w is a representative of w in Ng(7T'). Henceforth, we
will identify the T-fixed points of G/B with the corresponding element of W
by simply writing w for wB. (For example, we will write e for the coset rep-
resented by the identity element of G.) Moreover, the natural action of G on
(/B determines a transitive action of W on (G/B)T. With the identification
above, this action corresponds to the transitive action of W on itself by left

multiplication.

Since G/ B is normal (even smooth), it follows from Example that G/B
and any of its closed irreducible T-stable subvarieties are T-varieties in the
sense of Definition [2.6.1} Concretely, for any w € (G/B)7,

(G/B)y = (wU™) e

is a T-stable open affine neighborhood, where w € Ng(T) is a representa-
tive of w and U~ is the unipotent radical of B~, the Borel opposite B. For

convenience, we will use the notation U, to denote (G/B),,.

Furthermore, for any closed irreducible T-stable subvariety X of G/B and any
w € X7, the set
Xo =U,NX

is an open affine T-stable neighborhood of w in X.

3.2 Weight Space Decompositions

Let g, b, and b denote the Lie algebras of GG, B, and T, respectively. Since G
is semi-simple and we are working over the characteristic 0 field C, g is also
semi-simple. By restricting the adjoint representation Ad : G — GL(g) to T,

we obtain an action of T" on g which yields the root space decomposition:
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g= (@90) &b,

aced

where g, = {g € g | t-g = a(t)g, for allt € T'}. The elements of ® := Q(g)\{0}
are called the roots of G with respect to T'. It is well-known that dimg, =1,
for all a € .

The natural action of the Weyl group W on X (T') restricts to an action of W
on ®. For any w € W and a € &, we have

Juwa = wga

(here w is any representative of w in Ng(T'), acting on g through the adjoint
action of G).

Let @« € ®. We will denote by s, the unique reflection automorphism in
X(T) ®z R which sends a to —a. The natural map

is injective and identifies W with the subgroup of Autg (X (T) ®z R) generated
by the s,. (See Theorem 27.1 in [20].)

There is a notion of positivity defined on ® which arises from the root space

decomposition of b: the set of positive roots, denoted &7, is
ot :={a€d|g, Cb}
This is equivalent to setting
ot :={a € ®| (a,\) >0},

where A\ € Y(T) that depends on the choice of Borel subgroup B. The set
of negative roots will be denoted by ®~. The notation a > 0 indicates that

a € & and o < 0 indicates that o € ®~. Therefore, since we also have h C b,

g/b:@ga-

a<0

we obtain that
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Tangent spaces are crucial in the study of singularities and in the G/B context

they have useful descriptions. For the T-fixed point e € G/B:

Te(G/B) 2E/b = @ga-

a<0

For an arbitrary w € (G/B)T we have:

T.(G/B) ~ g/wbw ™' ~ @ Ja-

Also, ® is a reduced root system and, as such, the roots in ®~, or more
generally in w(®~), for any w € W, are nonproportional. In particular, this
means that the T-curves in T,,(G/B) are the weight spaces g,, by Lemma
2.7.4

From the characterizations above, an important fact about G/B can be ob-

tained:

Lemma 3.2.1. Every element of (G/B)T is attractive.

Proof. From our notion of positivity on ®, we know that there is a A € Y(T')
such that (a, A\) < 0 for all @ < 0 and hence (a, —A) > 0 for all & < 0. Thus,
the 7-fixed point e is attractive since Q(7.(G/B)) = ®~. An arbitrary T-fixed

point w is also attractive, since for any a € Q(T,,(G/B)) = w(®~), we have
w(a) < 0, so that {a, w(—\)) = (w™(a),=A) > 0. O

As a consequence of Lemma|3.2.1] in conjunction with Remark|[2.9.4] we obtain
that for every w € (G/B)7,

Uy ~ Tu(G/B).

Moreover, in view of Lemma we observe that G/B can be covered by
the attractive T-stable open affine neighbourhoods U, for w € (G/B)T.
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3.3 T-Curves in G/B

As G/B is a T-variety, we know that every irreducible T-stable curve in G/B
is a T-curve, that is, the closure of a one dimensional T-orbit. The T-curves in
G /B are very well understood objects. Recall that, for any T-stable subvariety
X of G/B, the set E(X) consists of all T-curves in X.

Lemma 3.3.1. Let X be a nonempty T-stable subvariety of G/B. Then the
following hold:

1) E(X) is finite.
2) Every element of E(X) is smooth.
3) Ewvery element of E(X) contains exactly two T-fized points.

4) If C # D are elements of E(X) with nonempty intersection, then
CnND ={xz}, for somex € XT.

Proof. See Theorems D and F in [13]. O

As a result of Lemma [3.3.1] we obtain a nice description of certain surfaces in
G/B: since (G/B)" and E(G/B) are both finite sets, the T-stable irreducible
surfaces in G/B are T-surfaces, that is, they are closures of two-dimensional
T-orbits.

A more precise characterization of each T-curve in G/B can be given in terms
of its T-fixed points. Recall that E(G/B,w) is the set of T-curves in G/B
which pass through the T-fixed point w. Also, let U, be the unique connected
T-stable subgroup of G with Lie algebra g,.

Lemma 3.3.2. Let w € (G/B)T and let C € E(G/B,w). Then C = U, - w,
for some a € ®, and CT = {w, sqw}, where s, is the reflection in the Weyl

group W corresponding to . Moreover, T,,(C') = go and Ty, .,(C) = g_q.

Proof. This also follows from Theorems D and F in [13]. O
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Taking into account that all T-fixed points in G/B are attractive, for any
C=U, we E(G/B,w), we in fact have

Cw = Tw(C) = ga.

Lemma 3.3.3. There are precisely d T-curves through w € (G/B)T, where
d = dim G/B.

Proof. The assignment C' — (', gives a one-to-one correspondence between 7T-
curves in G/ B passing through w and T-curves in the open subset U,, passing
through w. Since U, is T-equivariantly isomorphic to 7,,(G/B) (with w being
mapped to 0) the claim follows from Lemma . n

3.4 Combinatorially Regular Points

In order to introduce the notion of combinatorial regularity, we will first es-
tablish some notation. For a T-variety X, we specify a partial order <x on

the elements of X by setting

z<xw if and only if T -2CT-w.

We shall use the notation

ZRx W

to denote when two points of X are equal under this partial order. Note that

2RIy W if and only if zeT - w

Let w € X with stabilizer T,,. Define

Xrw={¢eX|weT, q}.

41



It is immediate that X, is a T;,-stable subset of X which contains only one
T,,-fixed point, namely w. Now, Xr,, is a well-known object, in particular, it is
known that X7, is locally closed. We provide a verification of this for T-orbit

closures in G/B below. The argument for a general T-variety is similar.

Definition 3.4.1. A T-variety X with a dense T-orbit is said to be combina-

torially regular at z if, for all w >x z, Xp,, is irreducible and
|ETw (XT,wa w)\ = dlIIl XT,w'
X is combinatorially reqular if it is combinatorially regular at all z € X.

Let v € G/B and set X :=T-z. Fix y € X, let S =T, be the stabilizer of y,
and set Y = Xr, :={qg € X|y € S-q}. Suppose S is connected.

The significance of the set Y goes beyond its appearance in the definition
above. We will show in this chapter that for any point z € Y, X is combinato-
rially regular at z if and only if Y is combinatorially regular at z. Furthermore,
z is a nonsingular point of X if and only if z is a nonsingular point of Y. Using
these facts, the problem of determining if a combinatorially regular X is non-
singular at z has been reduced to determining if the combinatorially regular
Y is nonsingular at z. The benefit of this is that Y possesses properties that
simplify the process of identifying nonsingular points. We would like to note
that the results and techniques appearing in Sections through includ-
ing the two facts mentioned above, are refinements of well-established ideas to

our context. We begin by examining some of the properties of Y.

3.5 Properties of Y

In this section, we will continue to use the notation as defined in the previous

section. As mentioned above, Y is an S-stable subset of X containing y such
that Y5 = {y}.

As y € G/B, it is contained in an attractive T-stable neighbourhood U, of
some T-fixed point p € G/B. Now, T'-z C X NU,. It is straightforward
to show that ¥ C X N U, and that, for every z € Y, y € S -z, where the

closure is taken in U,. Thus, in what follows, we may assume that X is affine
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by replacing X with the affine T-variety X NU, = T - z, where the closure is

taken in U,. Consequently,

Y C X CU = T(U) 2 V = T,(G/B) = D) g

acd

for some subset ® C ®.

By Lemma [2.5.8) there exists a A € Y/(T') such that
limA(g)z €T -y
g—0

and hence there is a ¢t € T such that

lim A(g)(t - z) = v.

g—0

Replacing = with ¢! - z, we have

lim A(g)z = v.
g—0

We use A to obtain a G,,-action on V' and hence a Z-grading on V. Thus we

may write:

V=V aheV, = P e P e P

<oil§)q;0 (ao,é)% )qu <acf§)q)>0
As an element of V, x =2x_ 4+ 29+ 2z, wherex_ € V_ xo € Vy,and z, € V.
Since the above limit exists, x_ = 0, which yields that x € V5 & V, and
consequently
X=T-zCVyaV,.

Furthermore,

lim A(g)x = o,

g—0

but since it is also equal to y, we have xy = y. Thus

rT=Y+Ts
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and, moreover, y € V, i.e. y is a fixed point under the G,,-action induced by

A. Hence A\(G,,,) € S and therefore
AeY(S).
Now, for any v = vo +vy € Vo & V., liII(l) A(g)v exists. Specifically,
g—
él_r{(l) A(g)v = vp.

Consequently, viewed as a map on Vo V., lirr(l) A(g) is the T-equivariant linear
g—
projection
Vo Vi =V

In particular, f(z) =y and f(y) = y. Subsequently,

JX)=fT-2) S f(T-2)=T-f(x) =Ty

and thus we obtain f(X) C T -y. In particular, this gives us that the points
of f(X) are S-fixed points.

Let
Xy ={q € X|lim A\(g9)q = y}
g—0

={q € X|f(q) = v}
=fy)nX.

Note that x € X, ,. As A has image in .S,

Xay CY ={qeX|yeS-q}.

Let z=z2y+ 2y € Y. Theny € S-z. Since zp = f(z) € f(X) is an S-fixed

point we have

f(5-2) €5 f(2) =520 = {2}
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In particular, f(y) = 2o, but as f(y) = y, we obtain f(z) =y. Thus, Y C X, ,
and so we have
Y =X,

Therefore, Y is a closed subset of X containing = (and so a locally closed
subset of the original X in G/B).

Remark 3.5.1. An arbitrary T-variety X comes equipped with a covering
by T-stable affine open subsets. For any w € X, w lies in some T-stable
affine neighbourhood, say U, which then also contains Xr,. As U is an affine
T-variety, there is a T-equivariant embedding of U into some T-module V,,
(Lemma [2.9.3). Using an argument identical to the one given directly above
with U in place of X N U, and V,, in place of V :=T,(G/B), we obtain that

X1, 1s a closed subset of U and hence a locally closed subset of X.

Returning to the nature of Y, it is also evident that Y N7 -y = {y}. As
Y is S-stable, S-x C Y. Since for any z € Y C X = T -2z we have that

f(z) =y = f(x), by Lemma applied to the projection
T -yxV,—>T-y~T/S,

which is the restriction of f to the irreducible affine variety 7" -y x V., we
obtain that z € S -z and hence Y C S - z. As a result,

Y=8 =2

and thus we may regard Y as an irreducible affine subvariety of X. In partic-

ular, Y is an S-variety with sole S-fixed point y.

In summary,

Proposition 3.5.2.

Yi=Xr,=Xo,=f'(yYynX=5z
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As a result,

Corollary 3.5.3.

1. y is an attractive fived point of the S-variety Y .

2. (a,\) >0, for all o € Qg(T,(Y)).

3. The elements of Qs(T,(Y)) are all non-zero.

4. There is an S-equivariant embedding Y — T,(Y").

5.y =0 as an element of T,,(Y).

6. T,(Y) is multiplicity free.
Proof. Since hH(l) A(g)q = y for all ¢ in the affine S-variety Y, the first assertion

g—

is immediate from Lemma[2.9.6l The second statement is the definition of what
it means for y to be attractive. The third observation follows immediately from
point number two. Statement four is a consequence of Lemma since y is
attractive and Y, = Y. Point five is clear given item four. Finally, as ¥ has an

open dense S-orbit, by Lemma(2.5.2) C[Y] is multiplicity free and subsequently
T,(Y) is as well. O

Remark 3.5.4. During the realization of Y as S - x, we replaced = with ¢t 1. .
In general, given w € X = T -z, as above we have that there exists a )€
Y(T,) and a t € T such that

lim A(g)(t - 2) = w

g—0

Without relabeling, it follows that

We shall use this remark freely throughout the next section.

For the remainder of this section, we will elaborate on the structure of 7, (Y).
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We have the following situation:

ycxcv=@QPau.

acd

for some subset ® C ®. However, as Y is an S-variety, we would like to have
a decomposition in terms of the set of weights Qg(g) of g with respect to S,
where S acts via the restriction of the T-action on g (which is the same as
restricting the adjoint representation Ad : G — GL(g) to S). It is clear that

ga € gag- As a result we have an embedding,

Y — @ ga\s:@ga

a|s€F a€el

for some subset I' of Qg(g).

Taking the differential at y of this embedding, we obtain

T,(Y) — @ga-

By Corollary [3.5.3, we know that (o, A) > 0, for all a € Qg(T,,(Y)). Conse-
quently,

Lemma 3.5.5. Qg(7,(Y)) C {a € Qg(g)[(a, A) > 0}

Furthermore, since T,,(Y") is multiplicity free by Corollary [3.5.3] we also have

Lemma 3.5.6.

Ty<Y) = @ L,

a€Qs(Ty(Y))

where each Ly, is a line in g,, for some a € Qg(g).
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3.6 Combinatorially Regular Points:
Relating X and Y

Continuing with the notation established in the previous sections, in this sec-
tion we shall provide a proof of the fact that for any z € Y, X is combinatori-
ally regular at z if and only if Y is combinatorially regular at z. To that end,

we begin with the following lemma.

Lemma 3.6.1. If z,w € X such that z ~x w, then
Xt is irreducible  and |Er, (X1, 2)| = dim X7,
if and only if

Xrw is trreducible  and  |Er, (X1, w)| = dim X7,.

Proof. Since z ~x w, we have that z € T - w, i.e. z =t-w for some t € T. It
is obvious that T, = T,,. In addition, if

lim A(g) (T - z) = w

g—0
for some A € Y(T,,) and some 7 € T, then

%X(g)(@-z) x)=t-w=2z

Consequently,

Xrw=Ty-(t-x) and Xy, =T, - ((t-1)-2)

From these descriptions it is clear that Xr,, is irreducible if and only if X7,

is irreducible and dim Xr,, = dim X7 .. Furthermore, the assignment

Er, (XT,wa w) = Ep, (XT,Za 2)
C—t-C
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is a bijection, which yields

\Br, (X1w, w)| = | B, (X712, 2)]
The result follows. ]

A useful consequence of the above Lemma is the following:

Corollary 3.6.2. Let X = T -x be affine. Let y1,ys,...,y. € X such that

X = U(T ;). Then X is combinatorially regular if and only if Xr,, is
i=1

wrreducible and

|ETyi (X1, ¥i)| = dim X7,

for all i.

Proof. Note that by Lemma [2.5.2] the affine T-orbit closure X has finitely

many orbits.

One direction is clear. For the other, assume that X, is irreducible and
|Er, (X1, v:)| = dim Xgy,, for all i. Let 2 € X. We will verify that X
is combinatorially regular at z. Let w € X such that w >x 2. Since w €
X = U(T - y;), we obtain that w € T - y;, for some i and hence w ~x y;.

i=1

Thus, as established in Lemma [3.6.1] X7, is irreducible and |Er, (X7, w)| =
dim Xp,. Consequently, X is combinatorially regular at z, for all z € X, and

as a result X is combinatorially regular. ]

We will make use of Corollary in Section when generating local

examples of combinatorially regular T-orbit closures.

Returning to the work in progress, let w € Y. By Proposition [3.5.2] f(w) =y
and so for any t € T,

try=t- flw)=f(t -w)=flw)=y
and thus t € S,,. Hence T,, C S,,. As S C T, it is clear that S,, C T,,, so that

Sy = Ty (3.1)



By applying Lemma to the S-variety Y = S -z, we obtain that there
exists a A € Y(S) and an s € S such that

lim Xg)(s - ) = w

and as a result
Ysw:={q¢eYwes, q}

=Sy (s )

However, as s € S C T and X € Y(S) C Y(T), we also have

Xrw:={¢eX|weT, q}
=T, (s
=Sy (s-x)

Therefore, for all w € Y,
XT,w = YS,w- (32)

With this description in hand, we are now in a position to prove the following:

Lemma 3.6.3. Let z € Y. Then X is combinatorially reqular at z if and only

if Y is combinatorially regular at z.

Proof. Let z € Y. Suppose that X is combinatorially regular at z and take w
to be any element of Y such that z <y w. Therefore, S -2z C S - w, so that,
in particular, z € S-w C T -w. Hence T'- z C T - w and thus z <y w. Since

X is combinatorially regular at z, Xr,, is irreducible and

|ETw (XT,wa w)| = dim XT,w-

However, as Tp, = S, and X7, = Ys,, (by Equations (3.1)) and (3.2]) above),

we in fact have that Yg,, is irreducible and

‘ng (YS,w; w)] = dlm YS,w

and as a result, Y is combinatorially regular at z.
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For the opposite direction, assume that Y is combinatorially regular at z and
let w € X such that z <y w. Accordingly, T-z C T -w. Since z € Y, by
definition y € S-2 CT-z. Let W :=T-w in X. Thus y € W. By Lemma
applied to W we find that there is a A € Y/(T) and a t € T such that

lim A(g) (¢ - w) = y

g—0

and hence
Wry=5"-(t-w)

Thus,
t-wGWT,y gXij:Y'.

Seeing that z, t-w € Y, we have f(z) =y = f(¢-w). From this and the fact
that z € T-w = T - (t-w), it follows that z € S (t-w), by Lemma [2.5.7

Therefore, z <y t-w. As Y is combinatorially regular at z, we know that

Ys 1. is irreducible and

‘Estww (YS,t-wa t- w)‘ = dim YS,t-w

and subsequently from Equation X4 1s irreducible and

|ETt4w (XT,t~wa t- U})| = dim XT,t-w-

Finally, since t-w ~x w, from Lemma|[3.6.1} we obtain that Xr, is irreducible
and
|ETw (XT,wa U))‘ = dim XT,w'

Consequently, X is combinatorially regular at z. O]

3.7 Regular Points: Relating X and Y

This section is devoted to showing that for any z € Y, z is a nonsingular
point of X if and only if 2z is a nonsingular point of Y. The key to this is the

following set:
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Let
U= f*I(T-y) NnX,

then U is an open T-stable subset of X which contains y and hence contains
the orbit T-y. Let u € U, then T-u C U and we form T - u, where the closure
is taken in U. As f(u) € T -y, there is a t € T such that

lim A(g)(t - u) = f(t-u) =y.

g—0

Therefore, y € U is a limit point of T -u and is thus contained in 7T - u.
Subsequently, T'-y C T -« and thus

dim7 -y <dimT - u.

Also, if z € Y \{y},then 2 ¢ T -yasT -y NY = {y}. It follows that
T -yCcT-z\T-z,

and so
dim7T -y <dimT - z.

Therefore, we have:

Lemma 3.7.1. Let U = f~YT -y)N X, then T -y is the minimal orbit in U.
In particular, if z € Y \ {y}, then dimT -y < dim T - z.

The significance of U is the fact that
Ux~xT-yxY

as T-varieties.

To prove this, we will use the following description of T'.
Lemma 3.7.2. T~ S x (T/S).
Proof. The exact sequence of tori

1-S—>T—->T/S—1
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yields the exact sequence
0— X(T/S)— X(T) - X(S)— 0.

As X (5) is a torsion-free finitely generated abelian group, it is free and hence a
projective Z-module. As a result, the latter sequence splits, and for that reason
X(T) ~ X(S)® X(T/S). Accordingly, the projection X (1) — X(7'/S) yields
a section 7//S — T of the quotient map 7" — T'/S. Consequently, the exact
sequence of tori splits and 7'~ S x (T'/S). O

Lemma 3.7.3. Let U := f"Y(T-y)NX, then U ~T -y x Y, as T-varieties.

Proof. Since T -y is a locally closed subset of Vy, f~H(T - y) is locally closed

in Vo @ V., and hence carries a unique structure as a subvariety, namely
FNT ) =Ty x Vi
We obtain an S-action on V, by restricting the T-action. Hence we have:

Tx%V, ~ T/SxV, ~ T-yxV, = f YT y)
Ul Ul Ul Ul
Sx5Vy =~ {eShx Vi =~ {y}xVi = [y

(Here A x° B denotes the contracted product, i.e. the quotient of A x B by
the S-action s - (a,b) = (as™',s-b). See Section in particular, Lemma
2.5.4.) Now, f~(T-y)NX = U is a closed subvariety of f~'(T -y) and hence

also of T x° V.

With this identification, U has the form T x° F', where
F=UnNV,=(f(T-ynX)nf 'ty =FfynX=Y

in f~1(T-y). By Lemmam, T ~ Sx(T/S). Thus we may use the projection
T — S to obtain an action of 7" on Y. As a result,

U~Tx%Y ~T/SxY ~T-yxY.
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We are now in a position to prove the following lemma:

Lemma 3.7.4.

If z €Y, then X is reqular at z if and only if Y is reqular at z.

Proof. We have the following situation:

U c X
I ul
T yxY — Y

where T'-y X Y — Y is the S-equivariant projection map.

As U is open in X, X is nonsingular at z if and only if U is nonsingular at z.
Since T - y is nonsingular, the map T -y x Y — Y is smooth. As a result, U

is nonsingular at z if and only if Y is nonsingular at z. O]

There are two important consequences of this set up that we would like to
note. The first is that

dimY =dim X —dim 7T - y. (3.3)

The second is given in the following remark:

Remark 3.7.5. For any z € Y, X is rationally smooth at z if and only if YV
is rationally smooth at z. Indeed, X is rationally smooth at z if and only if
U is rationally smooth at z. Furthermore, since T'-y x Y — Y is smooth,
U is rationally smooth at z if and only if YV is rationally smooth at z (see
Proposition Al in [9]).

3.8 Combinatorial Regularity and Rational

Smoothness

As previously mentioned, our interest in the notion of combinatorial regularity

comes from its equivalence to the concept of rational smoothness for T-orbit

o4



closures in G/ B under the assumption that all stabilizers in T" are connected.

This fact follows from the work of Brion in [9].

Theorem 3.8.1. Let x € G/B, set X :=T -z, and let y € X. Suppose that
the stabilizers T, are connected for all z € X. Then X is rationally smooth at
y if and only if X is combinatorially reqular aty. In particular, X is rationally

smooth if and only if X is combinatorially regular.

Proof. Let y € X and form Y and S as above. Suppose that X is rationally
smooth at y. Then by Remark [3.7.5] Y is rationally smooth at y. Now let
w # y € Y. According to the definition of Y, y € S-w and hence the
rationally smooth locus of Y meets S - w. Furthermore, since S - w is dense in
S - w and the rationally smooth locus of Y is open, the rationally smooth locus
of Y meets S -w. Moreover, since it is also S-stable, it contains w. Therefore,

Y is rationally smooth.

We know that Y is irreducible and, since Y is rationally smooth at y, from [9,
Cor. 2] we obtain that
|Es(Y,y)| = dimY.

By Equations (3.1]) and above, we know that T,, = S, and X7, = Y.,
respectively. By assumption, T}, is connected and so, just as was done for Y,
we determine that Xr, is irreducible. Furthermore, Remark yields that
X is rationally smooth at w. Since Remark equally applies to X and
X7, we obtain that X, is rationally smooth at w. A second application of
[9, Cor. 2] yields that

’ETw (XT,UM w)| = dim XT,w

and hence
’Esw (YS,w> w)] = dlm YS,w-

Therefore, Y is combinatorially regular at y and hence X is combinatorially

regular at y, as a result of Lemma [3.6.3]

Conversely, suppose that X is combinatorially regular at y. Thus, for all

z >x Yy, Xr, is irreducible and
|ETZ (XT,za Z)| = dim XT,Z~
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As such, X is also combinatorially regular at all z € X such that z >x y. In

addition, this means that

|Es(Y,y)| = dimY.

We will prove by induction on the codimension of 7.y in X (i.e. the dimension
of Y') that X is rationally smooth at y. If codimT -y = 0, so that dimY = 0,
then y € T - z. Since the rationally smooth locus of X is open and T-stable,

and since T - z is dense in X, it follows that X is rationally smooth at y.

Now suppose that codim7"-y > 1 and assume that any combinatorially regular
point of X whose T-orbit has codimension less that codim T - y is rationally
smooth. Let w € Y\ {y}. Since y € S w, we have that T -y C T - w, hence
w >x vy, and therefore X is combinatorially regular at w. Furthermore, since
w € Y\ {y} C U, Lemma [3.7.1] yields that dim7T -y < dim 7T - w. Thus, by
our induction assumption, X is rationally smooth at w and subsequently Y
is rationally smooth at w, by Remark [3.7.5] Hence Y is rationally smooth
on Y \ {y}. Thus, Y is rationally smooth in a punctured neighbourhood of
the attractive S-fixed point y and |Es(Y,y)| = dimY. It now follows from [9,
Cor. 2| that Y is rationally smooth at y and hence, by Remark , X is
rationally smooth at y. [

3.9 Combinatorially Regular Orbit Closures
in G/B for G=PGL, 4

In this section, continuing with the notation adopted in Sections to 3.8]
we will prove Theorem which states that in type A, a combinatorially
regular T-orbit closure X is in fact regular. Our preliminary results leading
up to Theorem use techniques which are based on well-established ideas.
Following Theorem [3.9.4] we will prove our main result in the type A case,
namely Theorem [3.9.5] To that end, let G = PGL, ;. Since some of the
constructions in the previous sections depend on the fact that S is connected,

we begin by verifying this.
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Consider the quotient map of reductive groups:

GLn+1 —» PGLn+1 .

The preimage T of T is a maximal torus and hence is conjugate to the torus
consisting of invertible diagonal matrices D, i.e. gfq_1 = D. The preimage
S of S is the stabilizer 7, y and gﬁ/g_1 = D,,. Since it is the common ker-
nel of some roots of GL,41 with respect to D, D,, consists of all invertible
diagonal matrices with particular sets of entries identical and is thus a torus.

Consequently, S = Ty is a torus and so its image S is as well.

As we are interested in the regular points of Y, we return to the subject of the

weights of the tangent space T,(Y').

Since G is an algebraic group of adjoint type and S is connected,
S =ker(i1, raay .y 0p),
for some simple system A = {ay,ag,...,a,} C ®. Let

A(S) = {auls, aals, - - -, arls}

To simplify notation, we will denote «;|s by «; for each i. As every element of
X(S) can be obtained from an element of X (7T) by restriction, every 8 € Qs(g)

has the form

where all 5; € {0,1} or all g; € {0, —1}.

Lemma 3.9.1. No two weights of the S-module T, (Y) are proportional.

Proof. Let

B = Z Bic; and vy = Z Vi

@ EA(S) wEA(S)

be any elements of Qg(7,(Y)) and suppose that v = rf, for some r € Q.

Since the «; are linearly independent, for each ¢ we obtain ~; = rg3;, where
vi, Bi € {0,£1}. By Corollary ~v # 0. Thus there exists a v; # 0, so
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that v;, 8; € {1} and hence r = +1. Consequently v = +3. However, as
(7, A), (B, \) > 0 (Corollary 3.5.3), v = 8. .

Since the weights of 7}, (Y") are non-proportional, by Lemma the S-curves
in T, (Y) are weight spaces. Thus for any S-curve C' in Y,

C=Y<T,(Y)=FL.

and hence C' = L,, for some a € Qg(7,(Y)). Thus

and hence C' is nonsingular at y. Since C' = S - z for some z € Y \ {y}, C is
regular along S - z, and C° = {y}, we obtain that C' is regular. Consequently

we have:

Lemma 3.9.2. If C' is an S-curve in Y containing y, then C is regular. In

particular, if dimY =1, then Y is reqular.

Furthermore, if C' and D are distinct S-curves in 7,(Y"), then their tangents
spaces at y, T,(C) and T,(D), are distinct. Indeed, suppose not and let
T,(C) =L, =T,(D) and

T,(CU D) = b L

BED' CQs5(Ty(Y))

As the tangent space T,,(C' U D) of the singular variety C'U D has dimension
at least 2, there are at least 2 weights in ®’. Now, the connected component
(ker )® of the kernel of « acts trivially on 7,,(C) ~ C and T,(D) ~ D, so
also on C'U D and consequently on 7,(C'U D). Therefore, the weights in ¢’
are proportional, which contradicts the fact that 7;,(Y") has non-proportional

weights.

Consequently, in this setting,

TEY.y) = @ 70

Cels (Yvy)

with dimension |Es(Y,y)|.
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The other vital ingredient in the proof of Theorem is the Peterson Trans-
late 7¢(Y,y). In order to apply Lemma[2.12.1] we will use the following lemma

regarding S-surfaces in Y.

Lemma 3.9.3. Assume dimY > 2 and let ¥ € Xg(Y,y), then ¥ is nonsingu-
lar at y.

Proof. f dimY = 2, then > =Y in what follows. By Lemma [2.12.2] there are

two S-curves C' and D contained in X. Since X, = X, we have

C,DC Y T,(%) = T,(Y) = P L.

so that C' = Lg and D = L., for some 5,7 € Qg(T,(Y)), such that 8 # ~.
Furthermore, 8 # —v since (5, \), (7, A) > 0 (see Corollary [3.5.3)).

To show that X is nonsingular at y, we will show that g and ~ are the only
two weights of T;,(X). To that end, let w € Qg(T},(X)). We write 5 =) S,
v = > %, and w = > w;«a;, where the «; are those elements of A(S) for
which the coefficients 3;, v;, and w; are not all 0. In addition, all 5; € {0,1}
orall 8; € {0,—1}, all 9; € {0,1} or all v; € {0, —1}, and all w; € {0,1} or all
w; € {0, —1}.

By Lemma [2.12.5| there exists an N € N and g,b € Z> such that
Nw = b8+ g7.

We may assume that ged(N,b,g) = 1.

We will prove that either b = 0 or g = 0 (exclusively since N # 0 and w # 0
(Corollary [3.5.3))). Suppose, for the sake of contradiction, that b,g > 0. From

the linearly independence of the roots a; we obtain
Nw; = b + g7i

for all . Now, there exists an i for which either 5; = 0 or 7; = 0 (exclusively
since N # 0 and by assumption, §;, v;, and w; are not all 0). Indeed, if not,
then 8; = 3; = £1 and v; = 7; = %1 for all 4 and j, which implies that

g = +n.
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Without loss of generality, we may assume that 5; = 0 (so that +; # 0). As a
result, we obtain that Nw; = gv;, where v; = w; = £1, since N,g > 0. Thus

N =g. As f # 0 (Corollary [3.5.3)), there is a j such that §; # 0 (so 8; = £1).
Accordingly,

Nw; = bB; + Nv;

which yields
N(wj = ;) = bB;.

Consequently,
N|bB;

and since bf3; = +b, we obtain
N|+b.

However, ged(N,b) = ged(N,b,g) = 1, from which we obtain that N = 1.
Thus
w=>b+~

where b > 0. By Lemma [2.10.2 this implies that w is not a weight of T,(X),

hence providing us with the required contradiction.

We thus conclude that exactly one of b and g is 0. Thus, w is proportional to
either g or v, which by Lemma yields that w =  or w = 7. As a result,
B and ~ are the only weights of 7, (X) and hence ¥ is nonsingular at y. ]

Theorem 3.9.4. Let G = PGL, 1, B a Borel subgroup, and T C B a mazimal
torus. Let v € G/B and X :=T -x. If X is combinatorially regular, then X

18 reqular.

Proof. Assume X is combinatorially regular. As X is regular along the open
orbit T'- z, it remains to show that X is nonsingular at all points in X \ 7" .
Let y € X \ T -z and form Y as above. We will prove by induction on the
codimension of T - y, i.e. the dimension of Y, that X is nonsingular at all
points of Y. To that end, Lemma shows that for any z € Y\ {y} C U,
codimT -y > codim T - z.

If codimT -y =1, then dimY = 1. By Lemma |3.9.2] Y is regular and hence,
by Lemma |3.7.4) X is nonsingular along Y.

Now suppose that codimT -y = d, for d > 2, and assume that any T-orbit
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with codimension strictly less than d is contained in the regular locus of X.
Thus, as codimT -y > codimT - z for all z € Y \ {y}, X is regular along
Y \ {y}. It remains to show that Y is nonsingular at y.

To accomplish this, let C € Es(Y,y), then C = S -z for some z € Y \ {y}
and hence C'is good. Let D € Eg(Y,y) other than C' and set T,,(C') = L, and
T,(D) = Lg. Let p: Y — TE(Y,y) be the restriction to Y of the S-equivariant
projection p : T,(Y) — TE(Y,y), so that d,p = p. Then p~'(0) is finite, as
otherwise p~1(0) would contain an S-curve through y whose tangent space
would be an element of TE (Y, y) that vanishes under p. Therefore, by Lemma
2.9.10] p is a finite surjective morphism and thus, by a dimensional argument,
one of the irreducible component of p~!(L, @ Lg) is a surface X containing C
and D. Fortunately, by Lemma |3.9.3] ¥ is nonsingular at y. From this and
Lemma 2.12.1] we have

T,(D) = T,(X) = 7e(%,y) € 7e(Y,y).

Consequently, TE(Y,y) C 7¢(Y,y). Since X is combinatorially regular at vy,

by Lemma |3.6.3, Y is combinatorially regular at y and hence
dimY = |Eg(Y,y)| = dimTE(Y,y).
As C'is good, dim 7¢(Y, y) = dim Y and subsequently
TE(Y,y) =1c(Y,y).

As this is true for at least two good curves, it follows from Theorem [2.11.5(that

Y is nonsingular at y. Finally, by Lemma |3.7.4] X is nonsingular at y. O]

Theorem 3.9.5. Let G = PGL,,.1, B a Borel subgroup, andT C B a maximal
torus. Let x € G/B and X :=T -x. Then X is rationally smooth if and only
if X is smooth.

Proof. One direction is clear. Now assume that X is rationally smooth. Thus,
by Theorem [3.8.1] X is combinatorially regular and hence, by Theorem |3.9.4
X is smooth. O
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3.10 Combinatorially Regular Orbit Closures
in G/B for G =PSOy,

When considering type D, we use the constructions from Sections through
[3.7. Throughout this section, we shall assume that all stabilizers S are con-
nected. We then attempt to employ the method used to investigate type A
in Section . It is still the case in type D that no two weights of T, (Y)
are proportional and hence that the S-curves in Y containing y are regu-
lar. However, this approach breaks down when examining the possible rela-
tions between the weights of the tangent space T,(X) of an S-surface in Y
containing y. If ¥ € 3g(Y,y), then X contains two S-curves, say C = Lg
and D = L., from which it follows that 5 and 7 are both weights of T, (X).
Now, if w € Qg(7,,(Y)), then there exists an N € N and b,¢g € N such that
Nw = bB+g7y. In type A, we were able to use this equation to verify that § and
7 are the only two weights of T,(3), from which it followed that the S-surfaces
in Y are nonsingular. As a consequence of this, we obtained that combinato-
rially regular T-orbit closures in G/B are regular. In type D, however, there

are two possible bad relations resulting from Nw = b + g7:

2w= B+
2w=26+7

Furthermore, we know from the work of Carrell and Kuttler that there are
rationally smooth T-orbit closures in G/B that are singular (see Example 7.1
in [15]).

In this section, we will verify that no two weights of 7,,(Y') are proportional
and then prove that these two equations are the only two possible bad rela-
tions involving weights of 7,(X). We will also provide a local example of a
combinatorially regular orbit closure which is singular (see Example [3.10.6])).

Once again, as G is an algebraic group of adjoint type, we have that

S = ﬂ ker(qy;),

el
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for some simple system A = {aj,as,...,a,} € ® and some indexing set

IC{1,2,...,n}.

Remark 3.10.1. For type D considerations, we will make explicit the a par-

ticular ordering of the roots «;. Consider the following algebraic group:

SO(B) := {g € SL,(C)|g" Bg = B},

where B is the following 2n x 2n matrix:

In SO(B), there is a maximal torus consisting of diagonal matrices

diag(QhQ% s 7gnagr:17.grjil7 s 791_1)‘

Let e; be the projection onto the i** diagonal entry, for 1 < i < n . The set
A'={e; —eg,e9—€3,...,61— €, €,_1+€,} is a system of simple roots for
a root system of type D,,. As such, there is an element w of the Weyl group
N¢(T)/T such that wA" = A. We now relabel the elements of A, so that

a; =w(e; —eq), for 1<i<n-—1

an, =w(e,—1 + ep)

and change the set I accordingly.

Let
A(S) ={ails, aals, ..., anl|s} \ {auls | i € T}

To simplify notation, we will denote «;|s by «; for each i.
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Thus, every € Q25(g) has the form

p= Z Bia,
a¢€A(S)
where all 5; € {0,1,2} or all 3; € {0,—1, —2}.

Using this descriptions, we will verify the following:

Lemma 3.10.2. If S is connected, then no two weights of the S-module T, (Y")

are proportional.

Proof. Let 8,7 € Qg(T,(Y)). By Corollary [3.5.3, 8,7 # 0. Hence,

p= Zﬁz‘@i and vy = Z%‘Oéi,

where 3;,v; € {0,+1,4+2} and the a; appearing in the sums are those elements
of A(S) for which the coefficients §; and ~; are not both 0.

Suppose that b5 = g, for some non-zero b, g € Z. By the linear independence

of the «;, for all i we obtain

bBi = gvi

Since (3; and ~; are not both 0 and b, g # 0, it follows that 5;,7; € {1, +2}.

This results in six possibilities:

b= *g

b= +2g

g = £2b.
These yield:

f=xy

B =x2y

v=+2p
However, since (8, ), (y,A) > 0 by Corollary [3.5.3] we eliminate § = —7,
B = —2v, and v = —20 as possibilities. Furthermore, we can eliminate the
linear combinations § = 2y and v = 28 using Lemma [2.10.2] Therefore,
B=n. O
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Consequently, as in type A we have

Lemma 3.10.3. If C is an S-curve in 'Y containing y, where S is connected,

then C' is regqular.

To verify that there are only two possible bad relationships between the weights
of T,(X), we will use a property of the coefficients of a root of type D,, using

the simple system indicated above.

Remark 3.10.4 (2-Section Condition). Let f = Zﬁiai be a root of type
i=1
D,,, where A = {ay,a9,...,a,} C & is the simple system described above.
n—2

A coefficient of +2 may only appear on as, as, ..., q,_3. The sum Z Bia; is

i=2
what we shall refer to as the 2-section. If 3, = £2 for some i, then 3; = £2
for all j such that 1 < j <n —2.

Restricting to S deletes some of the simple roots appearing in 3, but doesn’t
change the coefficients on the simple roots that remain. Thus it is still the case
that, for elements of 25(g), once a coefficient of +2 appears in the 2-section,
all subsequent coefficients on the surviving simple roots in the 2-section are
+2.

In order to prove Lemma [3.10.5] we will consider a number of cases involving
possible combinations of values of coefficients. The 2-section condition will be
used in the proof of Lemma|3.10.5|to eliminate cases with following conditions:

Suppose 5 = Z Bic; and v = Z%ai are elements of Qg(g), such that
Y=0,41 ;=42

for some ¢ # j. If i < j, then ( violates the 2-section condition and if ¢ > j,
then v breaks the 2-section condition. Consequently, this situation cannot

occur.
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Lemma 3.10.5. Assume S is connected. Let 3 € Yg(Y,y) and suppose that
¥ contains the two S-curves C' = Lg and D = L., so that B and v are distinct
weights of T,(X). Assume that w is a third distinct element of Qg(T,(X)).
Then one of the following holds:

2w=p+~
2w=28+7

Proof. Let

w= sz‘ai> p= Zﬁz‘au and = Z%ai,

where w;, 8;,7; € {0, £1, £2} such that

all w; >0 or all w; <0,
all ;>0 or all f; <0, (3.4)
and all v >0 or all ~; <0.

Furthermore, the «; appearing in the sums are those elements of A(S) for
which the coefficients w;, §;, and ~; are not all 0 (w, 3,7 # 0 by Corollary
. From Lemmawe obtain that there exist an N € Nand b, g € Z>
such that

Nw =0+ g7. (3.5)

We may assume that ged(V, b, g) = 1. As an immediate consequence of equa-
tion [3.5] since A(S) is a linearly independent set, we have that for each i

Nw; = bB; + g7 (3.6)

As the weights of T, (Y') are non-proportional (Lemma [3.10.2)), the weights of
T,(X) are also non-proportional. From this, equation [3.5, and the fact that
N # 0 and w # 0, it follows that neither b nor g is 0. Moreover, if N = 1,
then w = bB + g7, where b+ g > 1, which by Lemma yields that w is
not a weight of 7;,(X). Consequently, as w is a weight of T,,(3), N > 2.
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We will now show that there is an ¢ such that w;, §;, or 7; is 0. To that end,
assume that w;, 3;,7; € {1, £2}, for all i. According to Corollary [3.5.3] for
the distinct weights 8 and v we have that (5, A), (7, A) > 0 and subsequently
B # +v. Thus, in view of 3.4 above, there exists an i such that §; # +7;. As
wi, Biy i € {£1, 2}, w; = £5; or w; = ;.

Without loss of generality, we may assume that w; = +/;. As it is also the
case that (w, \) > 0 (Corollary 3.5.3)), w # +5. Therefore, there exists a j # i
for which w; # +0;. By [3.6| above we have a system of equations

Nw; = b + gvi
Nw; = bB; + g7,

which yields
N(w; —wj) =b(B; — B5) +9(vi — ;) (3.7)

Taking into account that w;, 8; € {£1,£2}, w; = £06;, w; # £0;, and

above, we have that either

Wi = Wj or Wi # wj.

Bi # B; Bi = Bj

In the first case, equation [3.7|becomes 0 = b(53; — ;) + g(vi — ;). As g, b, and

Bi — B; are all non-zero, we also have ; —~, # 0 and hence ; # «,. Therefore,

we have that 52 7& /8j7 Vi 7£ Yjs and 6@ # :i:%a with ﬁhﬁj?f}/mfh S {:tlv:l:z}
such that [3.4] holds. Thus, we have either

Bi = £1 B = =£2 B = 2 B; = £1
or

In both situations we obtain a contradiction with the 2-section condition (see

Remark |[3.10.4]).

In the second case, equation 3.7 becomes N (w; —w;) = g(v; —7;). We obtain a
contradiction in this instance as we did in case one, but using the coefficients

of w in place of the coefficients of .
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Thus w;, B;, or v; is 0, for some 7. Hence, from above we obtain the

following three possibilities:
0 =08 + gvi Nw; = g Nw; = b

It follows from these equations that exactly one of w;, 3;, and ~; is 0, since not

all three are 0 by assumption and N, b, g # 0.

Case 1: 0 =b8; + gv;

In this case, w; = 0. Since b,g > 0, we also have either §; € {1,2} with
vi € {—1,—-2} or 5; € {—1,—2} with 7; € {1,2}. This leads to three subcases:

b=y b=2g g=2b

As ged(N, b, g) = 1, ged(N,b) = 1 and ged(N, g) = 1 in all three subcases.

As w # 0, there exists a j such that w; # 0. By we know that
Nw; = bB; + gv;,
which produces:
Nw; =b(B+v;)  Nwj=g928;+7)  Nwj=bB;+2y) (3.8)
Noting that N, b, g,w; # 0, we know:
Bi+; #0 26 +7; #0 Bi+2v#0
Consequently, since ged(N,b) = 1 and ged(N, g) = 1, we obtain:
blw; glw; bw;

Taking into account that w; € {£1,£2}, our three subcases result in:

Subcase 1 Subcase 2 Subcase 3
b=1 b=2 b=2 b=4 b=1 b=2
g=1 g=2 g=1 g =2 g=2 g=4 (39)

w]::tl Wj::]:Q Wj::tl Wj::l:2 Wj::l:]. wj::I:Z
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Using these values, after simplification becomes:

+ N =8+ + N =28+ + N =B+ 2 (3.10)

In view of 3.4} since f; and +; have opposite signs, we have one of 3; and ~; is
an element of {0, —1, —2} and the other is an element of {0, 1,2}. In addition,
since N # 0, from [3.10] we know

B # =i 285 # —; B # —2;

Based on this, we compute:

Bitry,; = £1,42 2B;+7; = +1,42, +£3,+4 Bi+2vy; = £1,42,4£3, £4

Subcase 2 is that b = 2g, which resulted from 3; = £1, v; = F2. We obtained
2B +v; = £3 from ; = £2 and 7; = F1, whereas 23; + v; = +4 arose from
B; = £2 and v; = 0. Hence, 23; + v; # %3, £4 since the 2-section condition

fails:

Vi = F2 v =0,F1

By symmetry, we determine that ; 4+ 2v; # £3, £4 for Subcase 3 as well.

Thus we have:

Bj+v; = £1,42 2B; +; = &1, %2 B+ 2v; = £1,£2

As N > 2, we see that N = 2 in all three subcases. Furthermore, as
ged (N, b, g) = 1, the possibilities presented in reduce to:

Subcase 1 Subcase 2 Subcase 3
N =2 N =2 N =2
b=1 g=1 b=1
g=1 b=2 g=2
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The resulting relations are:

2w=pF+7v 2w=20+7 2w= 42y

Case 2: Nw; = gv;

In this case, 5; = 0 and either w;,v; € {1,2} or w;,v; € {—1,—-2}. We will

write 7 as follows:
T= Z%ak = Z — VOt

where 7, = —7. It is still that the case that v, € {0,1,2} for all k or
7 € {0,—1, =2} for all k. Henceforth, we will use —v;, in place of v, for all k.
Accordingly, Nw; = g; becomes

Nw;+ g7 =0

where either w; € {1,2} and 7] € {—1, -2} or w; € {—1, -2} and 7} € {1,2}.
We may now argue as we did in Case 1, but with a few minor modifications,
resulting from the fact that N and b have interchanged roles, but have different

restrictions: N > 2, whereas b > 1. As before, we have three subcases:
N=g N =2g g=2N

Following the procedure in Case 1, since N > 2, we see that above becomes

Subcase 1 Subcase 2 Subcase 3
N =2 N =2 N =4 N=2
g=2 g=1 g=2 g=4

B ==£2 Bj==+1 B;==2 B = £2

for some j # i, and becomes:

j:b:wj—i—v; ib:2wj+7; ib:w]+27;
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We then determine that:

wity=+1,£2 2w+ =£1,£2 w429 =£1, %2

So b =1 or 2 in all subcases, however, as gcd(N, b, g) = 1, we reduce to:

Subcase 1 Subcase 2 Subcase 3
b=1 b=1lor2 b=1 b=1
N =2 N =2 N =14 N =2
g=72 g=1 g=72 g=4

We can further reduce this list by once again using the 2-section condition.
For Case 2, we assumed that §; = 0. For Subcase 2, we used 7; = £2 and
the instance in Subcase 2 in which b =1, N = 4, and g = 2 was obtained by
taking 3; = £2 and «; = £1. Thus

Bi=0 B = £2

violates the 2-section condition. Similarly, we exclude Subcase 3 (using the

coefficients of w in place of those of 7).

Thus Case 2 yields:

Subcase 1 Subcase 2
b=1 b=1or 2
N =2 N =2
g =2 g=1

The resulting relations are:

2w = [+ 2y 2w=p0F+7 2w=28+~

Case 3: Nw; = bj;

By symmetry, we obtain the same three relations as in Case 2.
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Thus, all three case yield the relations:
2w=20+7 2w=pF+7y 2w= 42y
By symmetry, we reduce to the two equations:
2w=LF+7 2w =20+~

O

As mentioned above, we have produced a local example of a combinatorially
regular T-orbit closure that is singular. Before providing this example, we

outline the procedure used to examine such local examples.

We construct X =T -z in the tangent space of some T-fixed point p € G/B,

T,(G/B) = @ ga.

046513

for some subset ® C ®. As this tangent space is open in G/B, the closure of
X in G/B is a T-orbit closure.

Suppose

szxae@gm

acd

According to Lemma [2.5.8 for every point z € X = T -z, there exists a
A € Y(T) such that

limA(g)zr € T - 2
g—0

Given any A € Y(T') and any g € G,,,, we have

Mgz = M9)za =Y (a0 N)(g)ra =Y ¢V,

Hence, for
i — L (@A)
;nno)\(g)x élmo E /AR

to exist, we must have (o, A) > 0, for all @ € s(x), and the result of taking
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this limit is a partial sum of x:

Y= Z Tq-

a€es(x)
(a,A)=0

As we will see in Example [3.10.6] it is not necessarily the case that all partial
sums of x can be obtained in this way. Certain partial sums of x may be

unattainable as no such A may exist.

In summary, every T-orbit in X contains exactly one partial sum of x realized
in the above manner. In particular, by determining all such partial sums, we

essentially determine all T-orbits of X.

As established in Lemma [3.6.2] to verify that X is combinatorially regular, it

suffices to show that X7, is irreducible and
| Em, (X1, y)| = dim X7,

holds for one point y in each T-orbit in X. Thus, for each attainable partial
sum y we construct Y := Xy, verify that the above equation holds, and
confirm that 7}, is connected, which by Proposition yields that Y is

irreducible. To compute Y, we use the fact that
YCXC Span( To | @ € s(x) ) ~ Al@I

Hence any w € Y can be written in the form w = Z WL, Where the w,
a€s(z)
are elements of C which satisfy the defining equations of X, which by Lemma

2.10.1) result from integral relations amongst roots in the support s(z) of x.

As stated in Proposition [3.5.2],
Y =X,, = {we X|lim\g)w =y}.
g—0

Since
. T BT <Oé,)\> o
glzu% AMg)w = ilH(l) E AMg)waxs = élrr(l] E G NMwgr, =1,

w, = 1 for all « in the support s(y) of y. Therefore Y consists of all elements
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of X of the form

Y+ Z Waly-

aes(z)\s(y)

Note, that the A used to compute Y for a given partial sum ¥ is not unique. In
fact, as demonstrated in Section , Y = X, , for any A\ where lir% AMg)r =y.
g—

We will conclude by commenting on how we will indicate the form to be used
to state an appropriate one-parameter subgroup A\ for each partial sum y.
Let 7" = T/T,. As X = T -z = T’ -z, we may replace T with T" in the
above process. Doing so will enable us to specify an isomorphism between
T and (C*)" using a basis of the Z-module generated by the support s(z) of
x, since the character group X (7”) is generated by the support s(z). The
choice of basis may depend on the y under consideration. In Examples|3.10.6
and , we use this isomorphism to verify that T}, is connected. When
we specify a particular one-parameter subgroup, we will state its image in
(C*)™ under this isomorphism, from which we may readily compute the value
of (a, \) for each a € s(x).

For our example, we take G = PSOg. Let ay = e; — eq, g = ey — e3,
a3z = e3 — ey, and oy = eg + e4 the simple system of roots in Dy as described

in Remark B.10.1]

Example 3.10.6. Let x = 2, + 23 + 24 + 25 + ., where

a = 09
B =as
Y=y

0= a1+ 209 + az + ay

€=+ Qg+ a3+ Qy

These roots satisfy
2e=a+B+y+9

and so the support of x, s(z), generates a Z-module of rank 4.
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As such, in view of Lemma w, X =T -z is isomorphic to an affine variety
of dimension 4 given by the equation zf = 20282475 , Where 2, 28, 2y, 25, 2 €
C[X] are variables of weights —a, —f3, —y, —0, and —e, respectively. It is
clear that X is singular at 0. To compute the orbits contained in X, we
determine which of the partial sums of  can be obtained from éi_r}r(l] A(g)z, for
some A € Y (7).

For

lim A(g)x = lim(g @XNg +g¢ <’B’>‘>x5 +g <7’>‘>x7 +g N5+ g <6’)‘>£II€)

g—0 g—0

to exist we require

<Oé,>\>, <5?)\>7 <r)/7)\>7 <57)\>’ <€7)\> 207

in which case

lim A(g)z = Z z).

o0 pes(a)
(p,A)=0
Since 2e = a+ B+ v+,
2(e, \) = (@, A) + (B, A) + (71, A) + (6, \) (3.11)

Thus (e, \) = 0 if and only if (a, \) = (8, \) = (7,A) = (4, A\) = 0. From this
we ascertain that the orbits
T-x,

T-(xo+x), T - (xg+x), T (vy+x), T (x5+ ),
T-(xa+2xs+x), T (x0+xy+z), T (20 + 25 + T0),
T-(xg+ay+ax), T-(xg+as+x), T (vy+ x5+ )
T - (xa+xg+a,+x), T (o + x5+ 15+ 2),
T -(xog+ay+as+a), T (v5+xy+ 25 +27),
T (o + x5+ 2y + )

are not contained in X.
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As an example, for there to exist a A € Y (T") such that lim A(g)z = z,+z5+2.,

g—0
we would require

(7, A) =(0,\) = (e, ) =0
whilst
<Oé, )‘>7 <ﬁ; )\> > 0.

However, this would violate Equation [3.11} Subsequently, no such A exits and

so X does not contain the orbit T"- (z, + x5 + ).

An alternate argument that these orbits are not in X is as follows: since the
defining equation of X is 22 = z,252,2s, a point in X has a nonzero coefficient

on z. if and only if the point has nonzero coefficients on x,, 3, x,, and x;.

The orbits contained in X are

{0},
T %, T xg, T2y, T x5,
T-(xa+x5), T-(x0+x,), T-(xa+xs), T (x5+2y), T -(x5+25), T (24+25),
T -(zog+zs+ay), T (vat+xsg+as), T (va+xy+x5), T (5+ 2y + 25),

T- .

In what follows, we consider each of these orbits individually: we will specify
a point y in that orbit, provide an explicit isomorphism between 7" and (C*)*
using a basis for the support s(x) of z, verify that the stabilizer T}, is connected,
state Y and the T-curves contained in Y, and provide a A for which éig% Ag)r =
y (which verifies that the orbit in question is actually contained in X') and that
can be used to determine Y. To define A\, we will indicate the image of A(s)
in (C*)%. In each case, Y is both singular and combinatorially regular at y
(identified with 0 when viewed as an element of T,(Y), see Corollary [3.5.3).

For y = 0, T, = T and hence is connected. We have Y = T-z = X, so

dimY = 4 and contains the four T-curves T" - xo, T' - 23, T - x, and T' - x5.
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For y = z,, we identify T with (C*)* using t — («(t), 8(t),v(t),€(t)). Then
T, = ker(a) = {(1,8(t),7(t),e(t))} ~ (C*)® and so is connected. We see
that Y = {z, + bzg + cx, + dxs + ex |bed = €*}, which can be obtained by
taking A(s) = (1,s,s,s?). Hence Y is a 3-dimensional affine variety given
by the equation bed = €* containing the three T,-curves b = ¢ = e = 0,
b=d=e=0,andc=d=e=0.

For y = x5, we use T ~ (C*)* via ¢t — (a(t), B(t),7(t),€(t)). In this case,
T, = ker(8) = {(a(t),1,7(t),e(t))} ~ (C*)*, which again is connected. We
find that Y = {ax, + 25 + cx, + dzs + exJacd = €*}. We can derive Y using
A(s) = (s,1,s,5?). Consequently, Y is an affine variety of dimension 3 given
by the equation acd = e* and so contains three T,-curves: a = ¢ = e = 0,
a=d=e=0,andc=d=¢e¢=0.

For y = x., we also use T ~ (C*)* given by ¢ — (a(t), 8(t),v(t),e(t)). Thus,
T, = ker(y) = {(a(t), B(t),1,€(t))} ~ (C*)® and is therefore connected. We
have Y = {az, + bxg + 2, + dxs + ex.Jabd = €*} which can be computed using
A(s) = (s,s,1,s%). Subsequently, Y is a 3 dimensional affine variety given by
abd = €. Hence,a =b=e=0,a=d=e=0,and b =d = e = 0 are the

three T,-curves in Y.

For y = x5, we instead use T ~ (C*)* via t — (B(t),v(t),d(t),€(t)), so that
T, = ker(d) = {(B(t),7(t),1,e(t))} ~ (C*)*. Hence T, is connected. We
compute Y = {az,+brg+cx, + x5+ exJabc = €} and this can be done using
A(s) = (s, 5,1, 5%). Therefore, we have that Y is an affine variety of dimension
3 defined by abc = e?. There are three T)-curves in Y, namely, a = b= e = 0,

a=c=e=0,andb=c=e=0.

For y = x, + x5, we view T as (C*)* using the map ¢ — (a(t), 5(t),v(¢), €(t)).
This yields T, = ker(a) Nker(8) = {(1,1,7(¢),d(¢))} ~ (C*)* and hence T, is
connected. Now, Y = {z,+ x5+ cx, + dxs+ex|cd = e*} which we can obtain
via A(s) = (1,1,s,5). Thus, Y is a surface given by the equation cd = e?
containing the two T-curves c = e = 0 and d = e = 0. As Y is a singular
surface, we know from Lemma that the weights of its tangent space
at y (identified with 0, see Corollary satisfy one of two equations. In
this case, the weights of T),(Y'), namely v|r,, d|z,, and €|r,, satisfy the relation

2¢|1, = 7|z, + 0|7, (see Example [3.10.7).
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For y = x,+ ., we identify 7' with (C*)* by sending ¢ — (a/(t), B(t), v(t), €(t)).
As a result, T, = ker(a) Nker(y) = {(1,8(¢),1,€(t))} ~ (C*)* and thus is
connected. We can use A(s) = (1,s,1,s) to determine that, in this situation,
Y = {z4 + brg + ) + dzs + exJbd = €*}. Hence, Y is a surface defined
by bd = €* which contains the two T,-curves b = ¢ = 0 and d = ¢ = 0.
The weights of T, (Y) are 8|r,, d|r,, and €|y, and they satisfy the equation
2¢|7, = Blr, + Iz,

For y = xo+xs, we use t — (a(t),v(t),5(t), e(t)) to obtain T~ (C*)*. We have
that T, is connected since T, = ker(a) Nker(d) = {(1,7(¢),1,€(t))} =~ (C*)%
To see that Y = {z,+brg+ca,+xs+ex.|bc = e*}, we choose A(s) = (1,s,1, s).
Consequently, Y is a surface given by bc = €2 and the two T-curves contained
inY are b =e =0 and ¢ = e = 0. For this surface, we have that the weights
of T,(Y') are f|r1,, v|r,, and €|g, and that 2¢|r, = S|, + 7|z, -

Fory = z3+x,, the map t — («(t), B(t),v(t), €(t)) allows us to identify T" with
(C*)*. Subsequently, the stabilizer T, is connected as T, = ker(3) Nker(y) =
{(a(t),1,1,e(t))} =~ (C*)2. Here, Y = {axs + 25 + @ + da;s + ez |ad = €*}.
To find this, we may take A\(s) = (s,1,1,s). Thus, Y is a surface defined by
the equation ad = €. There are two T,-curves contained in Y, specifically,
a=e=0andd=e=0. In this case, the weights of T),(Y") are a|r,, 0|r,, and
€|r, and they satisfy 2¢|r, = alr, + 0|z, .

For y = x5 + x5, we have T ~ (C*)* from the map t — (B(t),v(t),d(t),€(t)).
Therefore, T, = ker(8) Nker(d) = {(1,7(t),1,€(t))} ~ (C*)? and hence is
connected. In this case, Y = {ax, + 25 + cx, + x5 + exJac = e*} and thus
is a surface given by ac = 2. To determine Y, we can use \(s) = (1,s,1,s).
The two T,-curves in Y are a = e = 0 and ¢ = e = 0. The weights of T, (Y")

are alr,, v|r,, and €|g, which satisfy 2¢|r, = alr, + 7|7, -

For y = z, + x5, we again use ¢ — (3(t),7(t),d(t),e(t)) to view T as (C*)*.
This gives us that T, = ker(y) Nker(d) = {(B(¢),1,1,€(t))} ~ (C*)* and so
T, is connected. We can choose A(s) = (s,1,1,s) in order to determine that
Y = {ax, + bxg + v, + x5 + ex]ab = €*} and is therefore a surface defined
by ab = €*. The two T,-curves contained in Y are a = e =0 and b = e = 0.

We have that 2¢|r, = a|r, + B|r,, where a|r,, B|r,, and €|7, are the weights of
T,(Y).
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For y = x, + x5 + z, identify T with (C*)* using t — (a(t), B(t),v(t), €(t)),
in which case T, = ker(a) Nker(8) Nker(y) = {(1,1,1,€(t))} ~ C* and hence
is connected. We have that Y = {z, + 5 + x, + dus + ex|d = e*} which can
be obtained using A(s) = (1,1,1,s). Consequently Y is a Tj-curve given by

d = e2.

For y = zo+ax5+1s, we view T as (C*)* viat — (a(t), 5(¢),d(t), €(t)). As such,
T, is connected since T, = ker(a) Nker(8) Nker(d) = {(1,1,1,€(t))} ~ C*. We
can take \(s) = (1,1,1,s) to see that Y = {z, + x5 + cx, + 15+ ex. | c = €* }

and is hence a T,-curve defined by the equation ¢ = €?.

For y = z, + @, + x5, we obtain T ~ (C*)* from ¢ — («(t),v(t),d(¢),€(t)). In
this situation, T, = ker(a) Nker(y) Nker(0) = {(1,1,1,€(t))} >~ C*. Therefore,
T, is connected. We find that Y = { &, + bag + 2, + 25 + ex | b = €* }, which
can be done by choosing A(s) = (1,1, 1,s). Thus Y is a T,-curve with defining

equation b = €.

For y = x5 + x, + x5, we have that T ~ (C*)* using t — (8(t),(t), (), €(t)).
Thus T}, is connected since T, = ker(f8)Nker(y)Nker(§) = {(1,1,1,€(t))} ~ C*.
We see that Y = { ax, + 25+ 1z, + 25+ ez, |a = €? }, which can be determined
using A(s) = (1,1,1,s). Consequently, Y is a Tj-curve given by the equation

a = e

In the proof of Lemma |3.10.5, we used the process of elimination determine
that 2w = B4+ v and 2w = 28 4 ~ are the only two possible relationships
amongst the weights of 7},(X). We did not, however, show that these relations
actually occur. We will now provide examples to verify that these bad relations

do in fact occur.

Example 3.10.7. In Example |3.10.6[ above, we explicitly construct a T-orbit
closure X and produce several different sets Y. There are six cases in which
Y itself is a surface and in all six cases, the weights of T},(X) all satisfy an

equation of the form 2w = 3 + 7.

Example 3.10.8. Let oy = e1—e9, 0 = e9—€3, 03 = €3—e€y4, iy = €4—€5, Q5 =
es—eg, (g = €5+ e be the simple system of roots in Dg as indicated in Remark

B.I0.1
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Let © = x4 + 2 + 2 + 25 + xc + 2¢, Where

o =
ﬁzas
7= Qg

0 = aq + 209 + 203 + 204 + a5 + (g
€= Q3+ ay

(:a2+2a3+2a4—|—a5+a6

These roots satisfy

20 +a=B+v+6+2

and so the support of x, s(z), generates a Z-module of rank 5.

As such, X =T -z is isomorphic to an affine variety of dimension 5 given by
the equation z?za = z5z725262, where 24, 23, 2y, 25, 2, 2c € C[X] are variables of
weights —a, — 3, —, —0, —¢, and —( respectively. It is clear that X is singular
at 0.

We identify T with (C*)® using ¢t — (aq(t), as(t), as(t), as(t), as(t), ag(t)).
Now, T, = ker(ay) Nker(as) Nker(ag) = {1, as(t), as(t), as(t), 1,1)} ~ (C*)3
and hence is connected. Using A(s) = (1,s,s,s,1,1), we see that y = z,+x5+
z., is a point of X and that Y = {z, + 25 + ©, + dzs + ex. + fac|f* = de*}.
Hence, Y is a singular surface defined by f? = de? which contains the two
T,-curves f =d =0 and f = e = 0. The weights of 7,,(Y") are

6|Ty = 2062 + 20[3 + 20(4
€|Ty = (3 + Qi

Clr, = a2 + 2a3 + 204

and they satisfy the equation 2¢|7, = d|z, + 2¢

T‘y'
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Chapter 4

In the Context of G/B

In this chapter, we will provide an overview of some of the objects and concepts
in the G/B setting that we require for our work. Much of this information can
be found in the book by Kumar ([26]). The interested reader is directed there

for a more detailed examination of this material.

4.1 Notation and Terminology

Let G = SL,(C((z))) and P = SL,(C[[z]]), for some n € N. Also, let B =
ev Y(B), where ev : P — SL,(C) is entry-wise evaluation at x = 0 and B is
the Borel subgroup of SL,,(C) consisting of upper triangular matrices. Thus,
B is the subgroup of P composed of matrices whose entries below the diagonal

have no constant term.

The quotients G/P and G/B are projective ind-varieties and hence can be
expressed in the form

lim Xia
—

where each X; is an irreducible normal finite-dimensional projective variety.
We refer to G/P as the affine Grassmannian.

The n-dimensional torus of interest in this setting is T=TxS58 , where T' C B
is the maximal torus comprised of diagonal matrices in SL,,(C), which acts on

G by conjugation, and S = C* is the element of the automorphism group of G
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which acts on each g € G by acting on each entry of g according to the rule

oo oo
S - 5 | = E s'at,
i=0 i=t

for all s € S. These actions commute and hence T acts on G. As B is also
T _stable, the 7' action descends to the quotient G/B.

Let
W .= Ngxs(T)/T ~ Ng(T)/T

denote the affine Weyl group of G. The identity element of W will be denoted

O = ¢, for all w € W. As in the classical setting,

as e and we will define w
the T-fixed points of G/B are in a one-to-one correspondence with the points
of the set W, and moreover, W acts transitively on G/ B)f. Henceforth, we
will identify the elements of (G/ B)T with the elements of W. In addition, the
affine Weyl group W acts on T by conjugation, which induces actions of W

on the character group X (7T') and the cocharacter group Y (T') in the obvious

way.

4.2 Weight Space Decompositions

Let g denote the Lie algebra of SL,,(C), let b is the Lie algebra of B, and let
b denote the Lie algebra of T'. The set of roots of SL,(C) with respect to T’
form a root system of type A, 1 and will be denoted as ®. We will use the
notation (ij) to represent the root e; — e;, since the notation e; will be used

to denote a different object later on.
Let §:= g®Clz,z '] and let b:=b @ (g ® zClz]).

The torus T acts on g by the rule
(t,s) - (g@a") =tgt ' @ s'a’.
In particular, for g € g,, the action is

(t,5)- (g@2") = a(t)g® s'z" = a(t)s'(g ® *).
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Accordingly, the roots of T in g are
®:={a+hd|acPandhecZ}U{hé|heZ\{0}},

where we define (o + hé)(t,s) = a(t)sh. For & = a+ hé € ®, we define
Re(&) := a.

The induced action of the affine Weyl group W on the character group X (f)

restricts to an action on ®. This action satisfies

w(a + ho) = w(a) + hé,

and, in particular, we have

w(ho) = hd
for all h € Z \ {0}.

The imaginary roots are the element of {hd | h € Z\ {0}}. All other roots are
said to be real. We will denote the set of imaginary roots by Im(&;)

There is a notion of positivity on ® which arises from the weight space decom-

position of 6, that is,

d":={a+hd|h>00rh=0anda >0}

We can also describe ®* in terms of one-parameter subgroups: we first recall
that
¢t ={a € ®|{(a,\) >0},

for some A € Y/(T'). Furthermore, as ® is finite there exists a k& € N such that
(o, \)| < K for all @ € ®. Now, using A := A + kd to represent the element

-~

(M Ek) eY(T)~Y(T) ® Z, we know that
(a4 hd, N+ ké) = m + kh,

where |m| < k, and hence

&t = {a+hd | (a+hd X+ k8) >0}
={aed| (@ >0}
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Thus we also have,

® ={a+hé|h<0orh=0anda< 0}
={aed| (@ -\ >0}

We will use the notation & > 0 to indicate that & € ®* and & < 0 to indicate
that & € ®. The positive imaginary roots will be denoted by Im(®)* and
the negative imaginary roots will be denoted by Im@)_.

Regarding the weight spaces g,, for a real root & = o + hd, we have

Since g, and (C[z,z7']), are both 1-dimensional, dimg, = 1. If & = hd is
imaginary, we have

ga =b® (Cla, 2™ .
The quotient space g/ b decomposes as

§/b =P aa

a<0
Relating this to tangent spaces, for e € W we have

T.(G/B) = g/b

and for arbitrary w € /W, we have

T.,(G/B) =g/wbw™ = P g,

w1 (&)<0

Specifically,
Q(T.(G/B)) = w@—) — {6 ed|w(a) <0}

Since w™(&) € &, we know that (w~'(&),—A) > 0. Accordingly, we also
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have
Q(T,(G/B)) = {a € @ | (&, w(=N)) > 0}.
Due to the fact that w™'(—&) = —w (&), we know that for any & € @,
exactly one of & or —& appears as a weight of T,,(G/B). Furthermore, for
h >0,
w ' (hd) = hé > 0.

As such, for any w € W, the set Q(T,,(G/B)) does not contain any positive

imaginary roots.

4.3 The Affine Weyl Group W

In this section, we will further discuss the affine Weyl group W, in particular,
its realization as a Coxeter group. Information on Coxeter groups, including
some general theory presented in this section, is available in [21] and [6]. We

begin by reviewing two ways to view W and its elements.

Analogous to the classical case, the affine Weyl group can be realized as a
group generated by reflections s; associated to elements & € C/IS, where in this
case & is required to be real. In what follows, we will outline this identification

as presented in [28].

Let W = S,, be the Weyl group of SL,(C), that is, the symmetric group on the
set {1,2,...,n}, and let S, be the group of bijections of Z. Let r + ng € Z,
where ¢ is any integer and r is an integer such that 1 < r <mn. The set S,, can

be viewed as a subgroup of S, by defining for each o € S,
o(r+nq) =o(r)+ng.

Moreover, we embed Z™ in S, by assigning z = (21, 22,...,2,) € Z" to the
map o, defined by
o.(r+nq) =r+n(qg+ z).
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Let
W ={ceSy|alg+n)=0c(q)+n, Vg Z},

then W = W x Z" and the affine Weyl group W is the subgroup of w consisting
of those (w, z) for which

n

ZZZ':O.

=1

Suppose that & = a + hd € d is a real root, where o« = (ij) € ®* with
1 <i < j <n. Let s, be the reflection in W associated to o and let {es}

represent the standard basis of Z".

The reflection s, associated to & is the element (sa, h(e; — ej)) € W. Thus Sa

acts on Z as follows:

T+ ng if r#£i,j
sa(r+mnqg) =< j+nlg+h) if r=1
i+n(g—nh) if r=y

Moreover, we define s_g := s4.

Example 4.3.1. Let n = 5, let & = (14) 4 26, let and 3 = —(25) 4 4, where
(14), (25) € ®*. Note that —3 = (25) — 4.

56(6) = s4(14+5(1)) =44+5(1+2)=19
S6(—3) = sa(2 4+ 5(— 1)):2+5( 1)=-3
56(8) =s4(34+5(1)) =3+ 5(1) =8

sa(4) = 54(44+5(0)) =14+50—-2)=-9
$6(0) = sa(54+5(—1) =545(-1) =

55(6) = 5_5(6) =s_5(1+5(1)) = 14+5(1) = 6

s5(—=3) =s5_5(=3) =5_5(2+5(-1)) =5+5(-1+ (1)) = =5
s5(8) =s_3(8) =s_3(3+5(1)) =3+5(1) =8

s5(4) = s_3(4) =s_3(4+5(0))) =4+5(0) =4

55(0) =5_5(0) =s_3(5+5(-1)) =2+5(-1—(=1)) =2
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Alternatively, W is the affine symmetric group §n, which is defined (See [31],
Section 3.6) to be the set of all permutations w of Z satisfying:

= n(n+1)
+n) = +n and ==
w(z+n)=w(z)+n an ;w(z) 5
The elements of §n are referred to as affine permutations and can be expressed
in one-line notation: if w € W and we let w, = w(z), for all z € Z, then w

can be written as an infinite string

o W_3W_W_1WoW1Wa2Ws + + +

As w commutes with shifting by n, any w € S, can be defined by specifying
wy, Wa, ..., w, (or the image of any n consecutive integers). As such, unless we
require additional entries in the string, we will typically write w in standard
window form:

w = [wy, we, ..., W,

For example, in §5, we have the element

w=[-3,6,0,8,4].

This description of the elements of W= §n is the one presented in [2] when
introducing the notion of pattern avoidance. We will discuss pattern avoidance
in Chapter [6]

Let ¢ < j be integers such that 1 < i < n and i # j mod n. An affine
transposition, denoted t;;, is the permutation that interchanges ¢ + ng and
j+ngq, for all ¢ € Z, and fixes any integer k£ which is not congruent modulo n to
either ¢ or j. The reflections in §n are the affine transformations and the simple

reflections, which generate S,, as a Coxeter group, are the transformations

50 = tpnt1 and

5; =41, forl<i<n-—1
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Relating our two notations for elements of W = §n, we have sy = s4, where
& = (In)—0, and s; = s4, where & is the root (i i+1) € ®* for 1 <i <n—1.

For w = [wy, ws, ..., w,], we compute saw by the rule
sqw = [sa(w1), sa(ws), ..., sa(wy)],

where s; is the reflection associated to some & € ©.

Example 4.3.2. Let n = 5, let & = (14) + 26, let 3 = —(25) + 6, and let
w = [-3,6,0,8,4].

Using our computations in Example [£.3.1] we calculate
saw = [sa(—3),54(6),54(0), sa(8),s4(4)] = [-3,19,0,8, —9]

and

sgw = [s5(—3),55(6),55(0),55(8), s3(4)] = [-5,6,2,8,4].

As a Coxeter group, W comes equipped with a particular length function ¢.
We set
l(e)=0.

Now, for any w € ﬁ/\, we can write w in infinitely many ways as a product of
(not necessarily distinct) simple reflections

w = Si18i2 s Sik-
If w # e, such an expression is said to be reduced if k is minimal. For w # e, we

set £(w) to be the value of k for which w = s;;s;, - - - 5;, is a reduced expression

for w.

As in the classical S, case, the length of an element of §n can be computed
using the notion of an inversion. Let w = [wy,ws, ..., w,]. An affine inver-
sion in w is a pair of indices (i,7), where 1 < ¢ < n, for which i < j, but
w; > w;. We will denote the set of all affine inversions in w as Invg (w) and
use Inv§n(w)’ to denote the number of elements in Invg (w). According to
Proposition 8.3.1 in [6]

l(w) = ‘Inv§n(w)‘.
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For example, in S5, for

w=1[-3,6,0,8,4]2,11,5,13,9,7, ...

we compute that

Inv§n(w) =1{(2,3),(2,5),(2,6),(2,8),(4,5),(4,6),(4,8),(4,11),(5,6)}

and thus ¢(w) = 9.

The length function ¢ on W can be used to define a partial order on W referred
to as the Bruhat-Chevalley ordering on w. First, we write u — w if w = szu
for some reflection s5 € W and l(u) < f(w). Many authors will use w = usg
instead of sau. The two approaches are related as follows: if w = us4, then

w = syu, where B =w(a).

Now set u < w, if there exits uy, us, ..., ux € W such that
U—>Uuy —> Uy —> ... —> U — W.
If w < w, then the interval from u to w is defined to be

[u,w] :=={y € W}\u <y <w}.

For u < w, we also want to consider the set of roots defined as follows:

R(u,w) := {& € ®* | & is real and u < squ < w}.

The theory of Coxeter groups gives us another useful fact regarding W: let
& € ®T be real, then

w < sqw if and only if w (&) >0

(See Lemma 5.7 and Proposition 5.7 in [21]).
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Relating this to our description of the weights of T;,(G/B), we obtain:

Lemma 4.3.3. Let w € W and let & € & be real.

The following are equivalent: The following are equivalent:
1) &€ Q(T,(G/B)) 1) —a € Q(T,(G/B))
2) w (&) <0 2) wl(—a) <0
3) saw < w 3) w < saw

4.4 Schubert Varieties in G/B

For each w € /W, the object
X(w) := Bw

is an irreducible finite-dimensional (dim X (w) = ¢(w)) normal projective 7-
stable variety known as an affine Schubert variety. It can also be described as

a union of B-orbits, each containing a unique T-fixed point:

X(w) = U By.

yE€le,w]

As such, the Bruhat-Chevalley order on W can also be formulated in terms of

Schubert varieties by setting

u<w <= X Xw) <<= uelX(w).

In terms of the ind-variety structure of G/B, for each X;, one may choose
X; = X (w), for some w; € W so that

The set (G/ B)f of T-fixed points of G/B is discrete and thus
X(w)" = X ()N (G/B)" = [e,u]
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is finite. Accordingly, since X (w) is normal and irreducible, Example m
establishes that affine Schubert varieties and any of their closed irreducible
T-stable subvarieties are T-varieties. Furthermore, Schubert varieties in G/B
are Cohen-Macaulay (see Theorem 8.2.2 in [26] or see [34] for the classical
G/ P setting).

Moreover, for any u € X (w)”, we observe that

T.(X(w)) C Tu(G/B) = g/ubu™" = 8

as a T-stable subspace and hence

QT,(X(w)) € QT.(G/B)) =

where A is the element of Y(f) specified in Section . There are several

consequences of this worth mentioning.

Remark 4.4.1.

1) Every element of X (w)f is attractive.
2) Every weight & of T, (X (w)) satisfies u=' (&) < 0.

3) The set Q(Tu (X(w))) does not contain any elements of Im@)*.

In addition, as X (w) is B-stable, the stabilizer B, acts on T, (X (w)) Taking
the differential, we obtain an action of its Lie algebra b Nubu=" on T, (X (w))

which is induced by restricting the usual adjoint action of ubu~' on §/ubu".

Lemma 4.4.2. Let 3 € Q(Tu (X(w))) and let & € O+ such that u=' (&) > 0.
Ifa+B€® and w &+ B) <0, then &+ B is a weight of Ty(X (w)).

Proof. Recall that [g,, 93] C 8,5 for all &, Bed (see [26, page 9]). Since the
weight space §, lies in b N ubu~"! if and only if & € &+ and u='(&) > 0, the

claim follows from the remarks preceding the statement of the lemma. O]

B, is not to be confused with the set of unipotent elements of B.
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4.5 T-Curves in X(w)

Since a Schubert variety X (w) is a f—variety, every closed irreducible T-stable
curve in X (w) is a T-curve. The T-curves in X (w) are well understood. We
will now review some information about these curves. (See Section 12.1 in
[26], in particular, Proposition 12.1.7. For the classical G/B setting, see [13],

in particular, Theorems D and F.)

Denote by U, the unique subgroup of G normalized by T which has Lie algebra
g, and denote by G, the copy of SLy(C) in G which is generated by U; and
U_s. Using this notation, the T-curves in X (w) through u € X(w)f can be

described as follows:

E(X(w),u) = {Gau| & € & is real and su < w}

= {Usu | a € & is real and sau < u < w}

A

U {U_su|ae & is real and u < sau < w}

The T-curves in E(X(w),u) are smooth and distinct. For C' # D € E(X(w),u),
we have that CND = {u}. Since every element of X(w)f is attractive in X (w),
by Remark , every element of C7 is attractive in C. Since C' is smooth

and u is attractive, by Remark [2.9.4] there is a T-equivariant isomorphism

C, ~T,(C).

We will let

A

ET(X(w),u) :={Usu | & € & is real and squ < u < w}

and
E~(X(w),u) :={U_au| &€ & is real and u < sau < w}.

The T-curve C = U_su, where & € EI\>+, has T-fixed point set o = {u, sau},
with u < sau. The T-fixed point u of C' has attractive neighbourhood

Cp=Xw),NC=0C\{sau} =U_au.

92



A

The tangent space of C' at u is T,,(C) = g
indicates that u™'(—a) < 0.

C T (X (w)), which in particular

—&

Likewise, the T-curve D = Uzu, where & € @*, has DT = {u, sau}, with

squ < u. The T-fixed point u of D has attractive neighbourhood

D, = X(w), N D =D\ {sau} = Uau.

The tangent space of D at u is T,,(D) = g, C T,,(X (w)), which specifies that
u &) <0.

Since X (w)f is finite and there is a unique T-curve containing any pair of
T-fixed points, it is clear that the set E(X(w)) of all T-curves in X (w) is
finite. As such, X (w) has an affiliated Bruhat graph I'(X (w)).

For C:=U_su € E~(X(w),u) (with T,,(C) = g_g), we also have that
C =Us(squ) € BT (X (w), sau)

(with T,,(C) = g5). We convey this information in the piece of the Bruhat
graph I'(X (w)) which corresponds to C' as follows:

Sal
®

Q

Also, as indicated in Lemma [2.7.5]
|E(X (w),u)| > dim X (w).

Specifically, this means that there are at least dim X (w) edges attached to
every vertex in I'(X (w)).
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Recall from Section [4.3] that R(u,w) = {& € ®F | & is real and u < syu < w}.
Deodhar’s Inequality states that

| B(u, w)| = £(w) — £(u)
(See Corollary 11.1.20 in [26]) from which it follows that
|[E~ (X (w),u)| > dim X (w) — dim X (u).

Regarding the tangent space T, (X (w)), the elements of (Tu (X (w))) which

are weights of the tangent spaces at u of the T-curves in X (w) are significant
in much of what is to come. For ease of reference, we make the following

definition.

Definition 4.5.1. Let X (w) be a Schubert variety in G/B, let u € X(w)f,
and let C' € E(X(w),u). The elements of

Quw,u):= | QT.C)

CeE(X(w),u)
are called the curve weights of X (w) at u.
Remark 4.5.2. All elements of Q(w,u) are real.

For any C' € F(X(w),u), since u is attractive, by Lemma we have

Cy = X(w)y = Tu(X (w)).

Let C, = f-v, for some v € Tu(X(w)). Since dim C,, = 1, we know from
Lemma that the rank of the Z-submodule M of X (7)) generated by the
support s(v) of v is 1. Accordingly, M ~ 7Z and hence the elements of s(v) are

A~

proportional. The connected component (7},)° of the stabilizer

T,= () ker

xXeM

is a codimension 1 torus which acts trivially on T\-v, thus on C,,, and therefore
on T,(C). Now let T,,(C) = g,, for some real root & € u@*) Hence,
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A~ -~ A~

(T,)° C kera. Let N = ker(X(T) - X((73)°)) (restriction), so N ~ Z and
contains M. Consequently, M = zN for some z € 7Z, which gives us that
z& € M. As such, the elements of s(v) are proportional to & and since none
of the other roots in u(CTD*) is proportional to the real root &, it must be the

case that v € g,. Consequently, C, = g,. Hence we have proven:

Lemma 4.5.3. For any C € E(X(w),u), the image of C, under the T-
equivariant embedding X (w), — T, (X (w)) is T,(C).

We conclude this section by making the following remark:

Remark 4.5.4. The tangent space to E(X (w), u) at u, described in Definition
2.11.4] in this setting has the form

TEX(w)u)= P T.C) = P i

CeE(X(w),u) aeN(w,u)

In particular, this means the dimension of TE(X (w), u) is |E(X (w), u)|.

4.6 Rationally Smooth Schubert Varieties in
G/B.

The concept of rational smoothness (see Definition [2.13.1)) has a concrete re-

formulation for Schubert varieties in G/B (or in classical G/B).

Theorem 4.6.1. Let w € W. The following are equivalent:

1) X (w) is rationally smooth.
2) |R(u,w)| = l(w) — L(u), for all u < w.

3) |E(X (w),u)| = l(w), for allu < w.

Proof. See Theorems 12.2.8 and 12.2.14 in [26]. See [13], in particular Theo-
rems B and E, for the classical G/B setting. n
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Remark 4.6.2. In particular, this means that for a rationally smooth Schu-
bert variety X (w) in G/B, for all u < w we have

|E™ (X (w),u)| = dim X (w) — dim X (u)

and
|E(X(w),u)|] = dim X (w).

It follows from the latter equation that there are exactly dim X (w) edges

attached to every vertex in I'(X (w)).

Example 4.6.3. For n = 2, X (w) is rationally smooth for all w € W (see [26]
p476] or [2, p108]).

We conclude this section with a fact which is important in the study of ratio-

nally smooth Schubert varieties.

Remark 4.6.4. As mentioned in Section [2.13] the smooth locus of a Schubert
variety is contained in the rationally smooth locus. In particular, this means

that any smooth Schubert variety is rationally smooth.

4.7 Singular Points of X (w)

According to Lemma , the singular locus Sing (X (w)) of a Schubert variety
X(w) is a proper closed T-stable subset of X (w) which contains a T-fixed
point, if Sing(X (w)) # 0. Hence to study the singular locus of X (w) we study
its T-fixed point set
X(w)T = [e,w] C W.
Much of our work in this thesis focuses on the detection of maximal singu-
larities of Schubert varieties. By mazimal singularity of X (w), we mean a
point
u € Sing(X(w)) N [e, w)]

such that for any v € Sing(X (w)) N [e, w],
u £ v,
with respect to the Bruhat-Chevalley ordering on w.
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To investigate maximal singularities of X (w), we will make use of several
well-known facts about Sing(X(w)). First, it is clear that X (w) = Buw is
nonsingular at w. Furthermore, due to a result by Chevalley (recalled in
Proposition 12.1.1 in [26]), we know that affine Schubert varieties in G/B are

nonsingular in codimension 1.

As indicated in Section 12.1 in [26], the set Sing (X (w)) is also a B-stable closed
subvariety of X (w) and as such, if nonempty, Sing (X (w)) can be expressed
as a union of specific Schubert varieties X (u), for some v < w. Some of the
information given below, such as Lemma [4.7.3] follows easily from this fact.
However, as T-curves are essential to our work, we will focus on how they can

be used in this setting.

Let v € X(w)f and let C' := Usv € BT (X (w),v), with cf = {u,v}, where
u < v. Consider the tangent spaces of X (w) along C"

Since X (w) is B-stable and since U C B, we know that X (w) is also Us-stable.

Remark 4.7.1. It follows that
dim 7, (X (w)) = dim T.(X (w))

for all points ¢ in the orbit Usv = C'\ {u}.

Thus X (w) is nonsingular at v if and only if it is nonsingular along Usv. In
particular, this means that C'is good (see Definition [2.7.3)) if and only if X (w)

is nonsingular at v.
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Now, C'is also equal to the curve U_su € E~ (X (w),u). Since the attractive
neighbourhood X (w),, embeds into T,,(X (w)), for any ¢ in the open T-orbit
C\CT C X(w), we have

T.(X(w)) = T, (X(w)).

by taking the differential of the embedding at c.

Remark 4.7.2. Thus,
dim X (w) < dim T.(X (w)) < dim T, (X (w))

for all c € C.

As such, if X (w) is nonsingular at u, then it is also nonsingular at v, or

equivalently, if X (w) is singular at v, then it is also singular at w.
More generally, we have the following:
Lemma 4.7.3. Let u,v € X(w)f such that w < v. If v is a singular point of

X(w), then u is a singular point of X (w).

Proof. If v = squ, for some reflection s, € /I/I7, where & € Cf>+, then C' =U_au
is a T-curve in B~ (X (w),u) with CT = {u,v}. According to the argument

given directly above, if v is a singular point of X (w), so is u.

For an arbitrary v such that u < v, inductively, if v is a singular point of

X (w), then u is also a singular point since

U < S U < SypSa U <+ v < 84,84, 1 """ SasSaU =0

for some reflections sg, , Sa,, - - -S4, € /W, for some k£ > 1. O
There is one particular consequences of this discussion preceding Lemma [4.7.3
that we would like to highlight:

Remark 4.7.4. Let u € X(w)rf and let C € E~ (X (w),u) with cT = {u,v},
so that u < v. If X (w) is nonsingular at u or v, then C'is good. In particular,

if u is a maximal singularity of X (w), then C' is good.
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The T-curves in X (w) also yield another useful tool for detecting singularities
in X (w). Recall from Section that, if X (w) is nonsingular at a T-fixed
point u, then TE(X (w),u) = T, (X(w)) Thus, in view of Remark for

a nonsingular T-fixed point u of X (w) we have

T, (X (w)) = @ T.(C) = @ fa
)

CeE(X(w),u) aeQ(w,u

As a consequences, we obtain:

Lemma 4.7.5. Let u € X(w)f. If Q(TU(X(w))> contains an element of

~

Im(®7), then u is a singular point of X (w).

Proof. If X (w) is nonsingular at u, then Q(Tu (X(w))> = Q(w,u). However,

all elements of Q(w,u) are real (see Remark [4.5.2)). Thus, if Q(Tu (X(w))>

contains an imaginary weight, then u is a singular point of X (w). O

Note: this result appears as Lemma 4.6 in [2§], in the context of Schubert

varieties in G/P.

4.8 Peterson Translates of X (w)

In this section we will review some well-known results regarding Peterson trans-
lates of Schubert Varieties in G/B, including facts that are based upon material
presented in [I5], such as Proposition 3.4. We have also drawn heavily upon
the ideas presented in Section 8 of [I5] (which we have translated to the affine
setting). Of the material in this section, only Example is original to
this thesis.

Let X (w) be a Schubert variety in G/B, let u € X(w)f, andlet C' € E(X(w),u).
Recall from Section that the Peterson translate 7¢ (X (w), u) is a T-stable
subspace of T, (X (w)) which satisfies

dim X (w) < dim7¢ (X (w),u) < dim T, (X (w)),
where the dimension of 7¢ (X (w), u) is equal to the common dimension of the
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tangent spaces T,(X) along the orbit C'\ CT. In the case that C is good, this
yields that
dim X (w) = dim 7¢ (X (w), u).

Also recall that if X (w) is nonsingular at u, then
70 (X (w), u) = TE(X (w),u) = T, (X (w)),
where

TEX(w),0) = B b

aeQ(w,u)
Remark 4.8.1. In particular, this means that (TC (X (w), u)) = Q(w, u) for
all C' € F(X(w),u), whenever X (w) is nonsingular at u.

We note that the requirements of Theorem [2.11.5] are fulfilled by any Schu-
bert variety in G/B. In fact, since Schubert varieties are Cohen-Macaulay, by
condition 2) of Theorem [2.11.5 we only require TE(X (w), u) = 7¢ (X (w), u)

for one good T-curve C to conclude that X (w) is nonsingular at .
Remark 4.8.2. If u is a singular T-fixed point of X (w), then

TE(X(w),u) # 1c(X(w),u),

for all good T-curves C € E(X(w),u).

Since ¢ (X(w), u) is a T-stable subspace of T, (X(w)), it has a weight space

decomposition as a T-module and

O (7 (X (w),u)) € QTu(X(w)).

100



Consequently, we have the following;:

Lemma 4.8.3.

1) u &) <0 foralla € Q(TC(X(w),u)).
2) 1¢ (X(w),u) has no positive imaginary weights.

3) [fQ(TC (X(w),u)) contains an element of Im(®~), then u is a singular
point of X (w).

Proof. Statements 1) and 2) follow from Remark and statement 3) is a
consequence of Lemma [4.7.5] O

From Corollary [2.11.3| we know that the tangent space T,(C) is a T-stable
subspace of 7¢ (X (w), u).

Remark 4.8.4. As such, the weight of T,,(C) as a T-module is a weight of
7o (X (w), u).

In addition to T,(C), the Peterson translate 7¢ (X (w),u) also contains the

tangent spaces at u of all T-curves in ET(X (w), u):

Lemma 4.8.5. Let X (w) be a Schubert variety in G/B, let u € X(w)f, and
let C € E(X(w),u). If D € EY(X(w),u), then T,(D) C 7¢(X(w),u), as a

T-stable subspace.

Proof. Let D € EY(X(w),u). If D =C € E*(X(w),u), then we know that
T.(D) = T,(C) C 7¢(X(w),u). See the proof of Theorem 5.9 in [11] for the
case in which C' # D. O

Remark 4.8.6. Accordingly, the weight of T, (D) as a T-module is a weight
of 7¢ (X (w), u), for all T-curves D € ET(X (w),u).

Therefore, in terms of the set F(X(w),u), the question remains: for which
D € E~(X(w),u) is T,(D) C 7c (X (w),u)?

Now consider a T-curve C' € E~ (X (w),u). We know that C' = U_au, for some
a € CTDJ’, and that CT = {u, squ}, where u < sau < w. Let v := saqu. There

are two Peterson translates related to this C: 7¢(X (w),u) and 7¢ (X (w),v).
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V= SaU

We know from Remark |4.7.1] and by the construction of 7¢ (X (w), v) that
dim 7, (X (w)) = dim T.(X (w)) = dim 7¢ (X (w),v)

for all points ¢ € C'\ cT. Therefore, since TC(X (w),v) is a subspace of
T,(X(w)), it is clear that

In terms of the other T-fixed point of C', the Peterson translate 7¢ (X (w), u)

constructed at u has a useful property for determining its weights:

Lemma 4.8.7. Let C € E~(X(w),u), so that C = U_qu, for some & € B+,
and let B be any weight of TC(X(w),u). Ifa+f e ® and u & + B) < 0,
then & + B is a weight of T (X (w),u).

Proof. Since Uy C B, Uy acts on X (w). This action restricts to an action on
the curve
C =U_su = Ua(sau) = Ua(sau) U {u},

for which u is a fixed point. This induces an action of U; on T, (X (w)) and
hence on the Grassmannian of d-planes in T, (X (w)), where d = dim 7..(X (w))
for all c € C'\ CT. The map
p: C\CT = G(d, Tu(X(w))>
c— To(X(w))
is Uz-equivariant and a similar argument to the one given in the discussion

following Definition [2.11.1| shows that the Peterson translate ¢ (X (w),u) is a
Us-stable subspace of T, (X (w)).
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A

Let 3 € Q(TC(X(w),u)) C Q(TU(X(w))> Ifa+p3€®andu(a+3) <0
then & + 3 € Q(Tu (X(w))), by Lemma |4.4.2 However, since 7¢ (X(w

Y
,u) is

Us-stable and since the Lie algebra of U is g,, we have

(84, 85] € 8445 € 7o (X (w), ).
Therefore, & + /3 is a weight of 7o (X(w)7 u) H
For both of the Peterson translates of X (w) along C' = U_4u, there is a nice

description of their respective weights in terms of .

Lemma 4.8.8. Let C € E~(X(w),u), so that C = U_gqu, for some & € O+
Let v =sau. Let c € C\ CT and let S = T\c, the stabilizer of c. Then:

1) S =kera.

2) V = 10(X(w),v) or 7o(X(w),u) is an S-module such that the weight
space for each & € Qg(V) C X(8) is a T-module which decomposes as

Vi= DV
pex(T)
Blg=a

Furthermore, z'f[i’ € Qz(Vy), then all f—’wez’ghts of V;, are elements of
B+ Zé and hence are elements of the &-string through B

Proof. To prove statement 1), we first fix an isomorphism ¢ : G, — U (See
[26, pages 175, 177, 189, 455]). Since C' = Usv = Uzv U {u}, ¢ = p(b)v for
some b € G,. Furthermore, ¢ - ¢ = tp(b)t v = p(&(t)b)v.

Therefore,
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Thus, S = ker &, as required.

Now consider statement 2). The stabilizer S is a codimension 1 diagonalizable
subgroup of 7' which acts on the Peterson translate V := 7o (X (w),v) or
TC (X(w), u) by restricting the action of TonV. As such, V" also has a weight

space decomposition as an S-module:

V= Vs

weX(S)

Since the actions of S and T on V commute, it follows that each weight space

V in this decomposition is also T-stable.

Moreover, from the exact sequence of diagonalizable groups
158> T2%G, > 1,
we obtain the exact sequence

0—Z < X(T) —2—» X(S) =0,

(restriction)

-~

where ker p = Za. Consequently, for each weight @ € X (.S), we have

V.= P v,

BeX(T)
blg=o
and for any 31,32 € Qz(V,), we have that (Bl — BQ) 5

31 — BQ € Za&. Thus, if we fix some 3 € Q5(V;), then any other weight
¥ € Qz(V,) is an element of B+ Za.

= 0, and therefore

[]

Remark 4.8.9. The number of elements of B + Za& which appear as weights
of a T-module V is referred to as the length of the a-string through BinV.

As 1o (X (w),u) and 7o (X (w),v) are constructed using the same f—orbit, it
is natural to ask if there are any connections between them. One particularly

useful relationship is given in the following lemma:
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Lemma 4.8.10. Let C € E~(X(w),u), so that C =U_zu, for some & € o
Let v =sau. Let c € C\ CT and let S = T\C, the stabilizer of c. Then:

1) The Peterson translates 7¢ (X (w),u) and 7c(X(w),v) are isomorphic

as §—m0dules.

2) ]f@ s a f-weight of ¢ (X(w),u), then there exists a (not necessarily
unique) z € Z. such that B+ za is a T-weight of ¢ (X (w),v).

3) If B is a f—weight of T0<X(U)),U), then there exists a (not necessarily
unique) z € Z such that B+ za is a T-weight of ¢ (X (w),u).

4) Ifvis a nonsingular point of X (w) and 3 is a T-weight of either 7¢ (X (w),u)
or 7¢ (X (w), v), then the length of the &-string through B in ¢ (X (w),v)
1s greater than or equal to the length of the &-string thmughB nTo (X(w), u) .

Proof. Statement 1) holds by Proposition 3.4 in [15].

Now let V := 7¢(X(w),u) and W := 7¢ (X (w),v).

To prove statement 2), let 3 € Qx(V). Thus, by Lemma B e Qa(Ve),

where & € X(S) such that B’A = &. By part 1), @ is also an S-weight of W
S

and

Hence, by Lemma , there exits a T-weight 4 € Q=(W) which satisfies

¥lg = @. Therefore, 4,8 € X(f) such that (4 — f3) 5= 0. By Lemma |4.8.8|
we know that S = ker & and hence we have '}—B € Za, so that 4 = B—l—z&, for

some z € Z. Thus, statement 2) holds. The proof of statement 3) is similar.

Now, to prove statement 4), suppose that v is a nonsingular T-fixed point of
X(w). Therefore, by Lemma [4.8.3 the set Qz(W) contains only real roots
and consequently dim W = 1, for all 4 € Q4(W). Let 8 € Qz(V) and let
& € X(S) such that j

= w. By Lemma {4.8.8, we have

5

V‘:’ = @ VB+Z&

R 2€Z
B+Zd€QT(V)
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and hence the length of the a-string through B in V is less than or equal to

It now follows from part 2), Lemma [4.8.8| and the fact that v is a nonsingular
point of X (w) that

W‘i’ = @ WBJrz’ol

. Z'el
B4z aeQa(W)

where each W3, .,
of the a-string through B in W is equal to dim Wy. Since dim V;, = dim W,
by part 1), we obtain that statement 4) holds for 3 € Q4(V). The case for

Be Qs(W) is similar. O

. has dimension 1. In particular, this mean that the length

At this point, we will give an example in which we compute some of the Pe-

terson translates of a particular Schubert variety.

Example 4.8.11. Let us consider the case when n = 2.

Let w = [-2,5] € W = 3, and form the Schubert variety X(w) = Bw C G/B.
From Example we know that X (w) is rationally smooth and hence from
Theorem we know that |E(X (w),w")| = {(w) = 3, for all w’ € [e, w].

Let u = [2,1], v =[3,0], y = [0,3], and = [—1,4]. Let o = (12) € ® and set
C =U,_suand D =U_,y. The Bruhat graph I'(X (w)) is
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w = [—2,5]

v =13,0] y = [—1,4]
—a+90 «
a—90 —«
u=12,1] ¢ v y = [0, 3]

—a+0

As Schubert varieties are nonsingular in codimension 1, we know that X (w)

is nonsingular at z and v.

Since X (w) is nonsingular at =, we know

™D (X(w)’ ZL‘) = Tl‘ (X(w)) =TE (X<w>v ZU) = fa D Ja+s D Ja-6

Thus, 7p (X (w), ) has three weights, each weight on an a-string of length 1.
Consequently, by Lemma [4.8.10, we know that 7p (X (w), y) has three weights,

each of which is on an a-string of length 1.

Since D = U_,y, we know that T, (D) = g_, and hence —a is a weight of

™ (X (w), y), by Remark . Furthermore, by Remark , we determine
that —a 4+ § is a weight of 7p (X(w),y). In fact, —a + ¢ is the weight of

7p (X (w), y) which is obtained, in the sense of Lemma 4.8.10} from the weight
a+ 0 of mp (X(w), x) Indeed, o + 0 corresponds to a weight of 7p (X(w), y)

which must be one of the following roots
a+d ) —a+9

However, we know from Lemma m that 7p (X (w), y) has no positive imag-
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inary weight, so it cannot be d. Also, since —« is a weight of 7p (X(w), y), we

obtain from Lemma that y~'(—a) < 0 and hence y~!(a) > 0. Thus,
y Ha+6) =y (a)+6>0

and therefore o + § is not a weight of 7p (X (w),y), by Lemma m This
leaves —a 4 0 as the only possibility.

All that remains is to determine the third weight of 7p (X (w), y). By Lemma
4.8.10, the weight a— of 7p (X (w), z) corresponds to a weight & of 7p (X (w), y)

which is on the a-string through o — §. The candidates for & are:
a—90 -0 —a—90

To identify &, we first note that since —a + ¢ is a weight of 7p (X (w), y), we
know y~!(—a + ) < 0 from Lemma [4.8.3] Hence,

vy Ha — §) = —y H—a+d) >0,

which implies that o — § is not a weight of 7p(X(w),y), by Lemma (4.8.3|
Subsequently & # « — . Furthermore, if —a — § is a weight of 7p (X(w), y),

then from Lemma {4.8.7] we obtain that
a+(—a—9)=—-0c¢€ Q(TD(X(w),y)>,

since y~'(—0) = —d < 0. However, this would mean that the a-string through
a—0in ) (TD (X (w), y)) has length at least 2, which is impossible since it has
length 1. As a result, we deduce that & # —«a — §. Therefore, by the process

of elimination, we obtain that & = —J. Hence,

(X (), y) = 9—a ® 0-5 B G—ats

We note that since —4 is a weight of 7p (X (w),y), the Schubert variety X (w)
is singular at y by Lemma
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So now let’s consider the T-curve C. Again, since X (w) is nonsingular at the

u, we know

e (X(w)7 U) =T, (X(w)) =TFE (X(’LU), U) = 0-a+5 D 9—a+20 D Ga—35

Thus, TC(X(w),u) has three weights, each weight on a (—a + §)-string of
length 1. Accordingly, by Lemma , the Peterson translate 7 (X (w), u)
also has three weights, each of which is on an (—a + ¢)-string of length 1.
Using a similar argument as in the previous case, we know that a — ¢ and «

are weights of ¢ (X (w),u), where « corresponds to the weight —a + 20 of

7¢(X(w),v). So now, by Lemma [4.8.10, the weight a@ — 36 of 7¢ (X (w), v)
corresponds to a weight & of 7¢ (X (w),u) which is on the (—a + §)-string
through o — 30. The options for & are:

a—30 — 26 —a—9

However, using Lemma m if & — 30 is a weight of 7¢ (X (w), u), then
-2 =(—a+6)+ (a—30)

and
—a—0=(—a+0)+(—20)

are also weights of 7¢ (X(w), u) Likewise, if —2¢ is a weight of 7¢ (X(w), u),
then —a — ¢ is as well. Thus, since the (—a + J)-string through a — 34 in
Q<TC (X(w),u)) has length 1, & = —a — 6. Consequently,

7o (X (w),t) = gaes D §—a—s D fa

Furthermore, since X (w) is nonsingular at v, the T-curve C' is good (see Re-

mark [4.7.4). Therefore since
To(X(w),u) = TE(X(w), u)

we obtain from Theorem [2.11.5that X (w) is nonsingular at w.
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We conclude this section by summarizing some useful equivalences discussed
throughout the past few sections. For the sake of convenience, we have assem-
bled these statement into two lemmas. We first present a list for positive real

roots &:
Lemma 4.8.12. Let & € O be real. Let X (w) be a Schubert variety in G/B,
let ue X(w)T, and let C € E(X(w),u). The following are equivalent:

1) u (&) <0

2) sau < u

3) Usu € BT (X (w), u)

4) T, <m> C 7o(X(w),u) as a T-stable subspace
5) &€ Q(Tc(X(’w),u)>

6) &€ Q(TU(X(w))>

7) & € Q(T.(G/B))

Proof. Statement 1) implies statement 2) by Lemma [£.3.3] Statement 2) im-
plies statement 3) by the definition of the E(X (w), u) (see Section[L.F5). From
Lemma [4.8.5 we determine that statement 3) implies statement 4). Since
T, <Zm> = @,, statement 5) follows from statement 4). We can obtain that
statement 5) implies statement 6) and statement 6) implies statement 7) from
the fact that

7o (X (w),u) C T,(X(w)) C Tu(G/B)

as T-stable subspaces. Finally, statement 7) implies statement 1) by Lemma

433 O

Unfortunately, for negative real roots —&, we do not have such an extensive

list of equivalences unless, we include an additional condition.
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Lemma 4.8.13. Let & € O+ be real. Let X(w) be a Schubert variety in G/B,
let u € X(w)T be a nonsingular point of X (w), and let C € E(X(w),u). The

following are equivalent:

1) u<ssu<w
2) U qu € B (X(w),u)

3) T, <Ll,&u) C TC(X(w),u) as a T-stable subspace
4) —& € Q(TC(X(w),u)>

5) —a e Q(TU(X(w))>

Proof. Statement 1) is equivalent to statement 2) by the definition of the
E~(X(w),u) (see Section [£.5). Since X (w) is nonsingular at u, we have that

TC(X(w), u) =TE(X(w),u) =T, (X(w))

Furthermore, we have that T, <L{_du> = g_4- The equivalence of statements
2), 3), 4), and 5) now follows. O

4.9 T- Surfaces in G/B

Let X be a closed irreducible T-stable surface in G/B. Assuch, ¥ is a closed ir-
reducible subvariety of some Schubert variety X (w). Since X (w) is a T-variety
and E (X (w)) is finite, ¥ is a T-variety which also a T-surface, that is, the
closure of a two-dimensional T-orbit. Furthermore, Lemma establishes
that |F(X,u)| = 2, for any u € >T. In the case that X (w) is a rationally
smooth Schubert variety, it is well known that the converse also holds, that is,
any two T-curves passing through a T-fixed point u of X (w) are contained in

some T-surface:

Lemma 4.9.1. Let X(w) be a rationally smooth Schubert variety in G/B and
let u be a T-fized point of X(w). If C,D € E(X(w),u), then there exists a
T-surface > € 3(X (w),u) which contains C' and D.
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Proof. Let m : X(w), — TE(X(w),u) be the restriction to X (w), of the
T-equivariant projection 7 : T.(X(w)) - TE(X(w),u). Using a similar
argument as given in the proof of Lemma [2.12.4] we obtain that 7 is a finite

morphism. Since X (w) is rationally smooth, we know from Theorem [4.6.1]
that dim X (w) = |E(X (w), u)|. Therefore,

dim X (w), = dimTE(X (w),u),

which in turn implies that the finite morphism 7 is surjective.

Let ¥ =T,(C) & T, (D). For dimension reasons, some irreducible component
Yof 771(Y) is a T- surface, which by Lemma contains two T-curves,
say C) and D), for some C",D" € E(X(w),u). However, by Lemma [4.5.3]
w(Cl) = T,(C") and (D)) = T,(D’'). It follows that {C’, D'} = {C, D} and

hence C, D are contained in the T-surface Y. O

In Section 4.3 in [I1], we obtained some results regarding T-surfaces in G /P,
but in Remark 4.13 of [I1], we ascertain that all of our work, including material
presented here in Theorem and Lemma also holds for T-surfaces in
G/B. In the G/P setting, the two T-curves in E(3,u), for u = e, have the form
C=U_quand D= Z/TBU, where & = a + h,0 and B = [+ hgd are elements
of @ with «, 8 # 0 and hg, hg > 0. The only difference in the G/B context
is that h,,hg > 0. However, as indicated in Remark 4.13, the deductions
involved in the G/P case never used the assumption that h,, hg # 0. We have

incorporated some of these results into the following theorem:

Theorem 4.9.2. Let X be a ’f—surface inG/B, let u € Ef, and let C' and D
be the two T-curves in E(X,u). Let & :== a+hyd and 3 = B+hgd be elements
0fu<EI\>+> such that T,(C) = g_4 and T,(D) = g_z. If

1) B #=+a,
2) B=a and |hg — hs| =1, or

3) f=—aand hg+ hy, =1,

then X is nonsingular at w.
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Proof. For u = e, see Section 4.3 in [I1]. Refer to Theorem 4.3 in [11] for the
case in which § # fa. Theorem 4.5 in [II] addresses the case where 5 = a.
The case for which 8 = —a is handled in Theorem 4.14 in [I1].

For uw # e, consider the T-surface u~ 'Y, which contains e. The two T-
curves in E(u~'%,e) are u~'C' and u~'D, which have To(u™'C) = §_,-1(a
and T.(u™'D) = §_,-113) -

Let u'(a) := v+ hyd and u'(B) := w + h,d . Accordingly, we have

u (@) =uH @) + hod = v+ (hy + ha)d

and
uwH(B) = u (B) + hgd = w + (hy + hg)d

Suppose that 3 # +a. Since v () = v+ h,0 and u=(8) = w + h,d, we also
have
w(y) =a—h, and u(w)=p— h,d.

Since f # +a, we obtain that u(w) # du(y) and consequently w # +7.

Therefore, u 'Y is nonsingular at e and hence Y is nonsingular at w.

Now, suppose that 8 = « and |hg — ho| = 1. Thus, u*(8) = u~*(«), so that
w = and h, = h,. Thus,

|(he + hg) = (hy + ha)| = |hy + hg = hy = ha| = |hg = ha| = 1

Subsequently, =13 is nonsingular at e and therefore Y is nonsingular at w.

Finally, suppose that 8 = —a and hg + h, = 1. Thus, u™*(3) = —u"'(«a), so
that w = —v and h,, = —h,. Thus,

(ho + hs) + (hy + ha) = —hoy+ hg + hy + ho = b+ he = 1

Once again, this yields that 'Y is nonsingular at e and hence ¥ is nonsingular
at u. O
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Section 4.3 in [I1] also provides us with another piece of useful information. For
a T-surface to be singular at a T-fixed point u, we know that dim T, (%) > 2,
which means that Q(Tu(E)) must contain at least one weight in addition to
—& and —f3. The possible forms for such a weight are described in Section 4.3

in [I1] and presented in the following lemma:

Lemma 4.9.3. Let X be a f—surface in G/B which is singular at u € ST, Let
C and D be the two T-curves in E(X,u). Let & := o+ had and B = B+ hgd
be elements of u(C/ISJr) such that T,(C) = g_4 and T,(D) = g_z. Then any

weight of T,,(X), other than —& and —B, is a weight —4, where 4 € u(i\)*),
and either
1) fp=a and ¥ = o+ h,d where hy < hy < hg (assuming h, < hg), or

2) f=—aandy=da+1d, 1, or B + 10, for some integer | > 1.

Proof. For the case in which u = e, see Lemma 4.2, Theorem 4.3, Theorem
4.5, and Theorem 4.14 in [11].

For u # e, since ¥ is singular at u, the set ©(7,(X)) contains at least one
weight in addition to —& and —f3. Let —4, where 4 := v + h.d € u<<f>+), be

any such weight.

Now consider the T-surface u™1Y, which is singular at e. We know that
—u~H&), —uL(B), —u (%) are weights of T.(u"'Y).

Let ™ (a) := ¢ + hed and w™(B) := w + h,d. Correspondingly, we have
w (@) = u (@) + had = ¢+ (he + ha)d € DT

and
uwH(B) = u T (B) + hd = w + (hy + hg)d € BF

We also know that
u(() =a—hed and w(w) =/ —hyd

Since u 'Y is singular at e, one of two situations occurs.

114



For the first situation, we have w = (. Therefore, u(w) = u(¢) and hence

B = a and h,, = h¢. Thus, in this case we have
a=a+h,0 and ,@:oz—i—hgé,
where h, # hg, as well as

u™M@) = (4 (A +ha)d  and u™'(B) = C+ (h¢ + hg)d.

Without loss of generality, assume h, < hz. Consequently, for this situation,
we also know that u™(¥) = (+hd where h¢+h, < h < he+hg. Subsequently,

¥ =u(C+ hd) =u(() +hd = (a—hed) + hd = a+ (h— he)d,

where h, < h — h¢ < hg, as required.

For the second situation, we have that w = —( and v~ () = v (&) + 14, 1,
or u~ () + 16, for some integer I > 1. It follows that

¥ = u(ld) =14, or

for some integer [ > 1. Moreover, since w = —(, we have u(w) = —u(¢), which

implies = —a. [

Based upon our work with T-surfaces in G /B, we have developed the following

tool for computing some of the weights of 7¢ (X (w), u):
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Lemma 4.9.4. Let X(w) be a rationally smooth Schubert variety in G/B, let
u be a T-fized point of X(w), and let C € E(X(w),u), with T,(C) = §_,,
where & = a + hy0 € u(&\)*)

~

If D € EY(X(w),u), so that D = @, for some B € P+ Nu(®), then f3
is a weight of 7o(X(w),u). If D € E~(X(w),u), so that D = U_zu, where
B=p+hsgd € O Nu(®") such that

1) B # +a,

2) B=a and |hg — ho| =1, or

3) f=—aand hg+ h, =1,
then —B is a weight of ¢ (X(w), v).

Proof. If D = @ € E*(X(w), u), then Lemma, m gives us that

8; =Tu(D) C 7o (X (w), u)
and so /3 is a weight of 7o (X(w), u) Suppose that D =U_zu € B~ (X (w), u).
By Lemma , there is a T-surface ¥ € E(X(w), u) containing C' and D.
Thus, by Theorem [£.9.2] ¥ is nonsingular at u and hence 7¢(Z,u) = T,(%).
Thus, we establish that
g_B = Tu(D) - Tu(z) = TC(Z7U) - TC(X(w)a u)

with the last inclusion coming from Lemma |2.11.2] Therefore, — B is a weight
of 7o (X (w),v). O

4.10 Reflection Formulas

In much of what follows, we want to express reflections s4 associated to ele-
ments & € ® as a product of other such reflections, in particular, reflection of
the form s, and s,_gs, for some a € ®. In this section, we will state several

key reflection formulas.
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We begin with a well-known formula (See Lemma 5.7 in [21]):

Remark 4.10.1.

A _1 — ~
Sa555a = Ss4(B)

for any real roots d,@ € .

The remainder of the formulas in this section are based on the descriptions of
the roots involved. Let r 4+ ng € Z, where 1 < r < n and ¢ € Z. Recall that
for a real root & = o + hd € ®, where a = (ij) € &+ with 1 < i < j < n, the

reflection s4 acts on Z as follows:

T+ ng if r#£i,j
sa(r+nq) =< j+n(g+h) if r=i
i+n(g—nh) if r=y

In order to condense some proofs, instead of considering r = ¢ and r = j
separately, we will let » = ¢ and then account for the last two cases in the

definition above by writing
sa(z) = sa(i+ng) =j+n(g+h)

Lemma 4.10.2. Let & = a+ hé € ® be a real root and let Sa € W be the

reflection associated to &. For any integer k > 0, we have

Satks = (SaSa—s)"sa (4.1)

and

Sa—ks = (Sa—s5a)"sa (4.2)

Proof. Let z=r+nq € Z, where 1 <r <n and q € Z.

We begin by considering equation (4.1)). If r # 4, 7, then it is immediate that

Satks(2) = 2 = (SaSa—s)"5a(2)
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So now assume that r = ¢. For £ = 0 we have

0
Sa+05 = Sa = € 84 = (SaSa—s) Sa

Inductively, we have

k—1

(Sasa—cS)kS&(z) = Sasa—é(sasoz—é) Sd(z)

= SaSa—6Sa+(k—-1)5(%)

= SaSa—sSa+(k—1)s (1 + nq)

= sasas (j+n(a £ (h+k=1)))

- sa<i+n(q:|: (h+k—1)F (—1)))
= sa<i +n(g=+ (h+k;))>
=j+n(gE (h+k))

= Sa-+ks (i + ng)

= 5a+k5(2)

and hence sa 15 = (SaSa_s)*ss for all integers k > 0. Moving on to equation
(4.2)), once again it is immediate that

Sa—is(2) = 2 = (Sa—s5Sa)"sa(2)

when r # 7, 7. Now taking r = 4, for kK = 0, we have

Sa—06 = Sa = €+ S = (Sa—dsa)os&

Consequently, equation (4.2) holds for £ = 0. Proceeding by induction on £,

we obtain
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)kfl

(Sa—s5a)"54(2) = Sa—s5a(Sa—s5a)" " sa(2)

= Sa—gSaSa—(k—1)5(2)

= Sa—65aSa—(k-1)s(1 + nq)

- sa_(;sa(j +n(gE(h—k+ 1)))
— sa_5<i+n(q:|: (h—k+ 1)))
=j+n(gE(h—k+1)£(-1))

and therefore, s4_rs = (Sa_s54)"sa for all integers k > 0. O

Remark 4.10.3. We will make frequent use of a special case of Lemma |4.10.2

in which & = a € ®, specifically
Satks = (SaSa—s)’sa,
where k£ > 0 is an integer and
k—1

Sa—ks = (Sa—ésa) Sa—§

for any integer k > 1.

Finally, we will require the following equations in Section to define the
concept of a kite property.

Lemma 4.10.4. Let a € . For any integer k > 1, we have

Sa—6Sa = Sa—(k+1)6Sa—ks

and

SaSa—§ = Sa+(k+1)55a+k5

119



Proof. These follow immediately from Remark [4.10.3, The equation

Sa—6Sa = Sa—(k+1)6Sa—ks

can be obtained from

k k—1
Saf(k#»l)& == (Sa—ésa) Sa—§ = Sa—55a(304—58a) Sa—§ = Sa—§SaSa—ks§

and

SaSa—§ = Sa+(k+1)6Sa+ks

comes from

)k+1

k
Sa+(k+1)6 — (Sasafé Sa = 5a5a76(5a5a75) Sa = SaSa—8Sa+ks

4.11 The Bruhat-Chevalley Order on W and

Reflections

From Lemma[4.10.2] it should be apparent that alternating products of s, and
Sa—s will be important in what follows. Of particular interest to us are the

relationships between T-fixed points of the form

U, Sall, Sa—Sall, SaSa—sSall, Sa—sSaSa—sSall, ... (4.3)

or of the form

U, Sa—U, SaSa—sU; Sa—§SaSa—sU; SaSa—5SaSa—sU, - .. (44)

in terms of the Bruhat-Chevalley order on W. A useful tool in understanding

such relationships is given in the following lemma:
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Lemma 4.11.1. Let u € W and let a € d+. If u < squ, then squ < Sq_sSall.
If u < sq_su, then sq_su < SqSa_gu.

Proof. Let u; = s,u, and suppose that u < u;. Therefore, u = s, 'u; = squy

and 80 s,u; < uy. Hence, by Lemma |4.3.3) u;'(a) < 0, from which we obtain
that
uyt(a—6) =ut(a) =6 <0

Consequently, since @ — ¢ < 0, by Lemma [£.3.3] we have u; < s,_suq, that is,

Sall < Sq_sSqu. The Bruhat graph for this case is:

Sa—§Salb
[
—a+90
oa—0
U = S ¢
(6%
—Q
[ ]
u

Now let @ = s,_su and assume u < ;. Thus, u = s;iéﬂl = Sa_sll1, which

yields s, sty < 7. As —a+ 6 > 0, by Lemma [4.3.3]

(@) H—a+0) = (1) (~a)+6 <0,

which forces (i;)~!(—a) < 0. The Bruhat graph for this situation is:

SoSo_gsl
[ )
o
. e
U1 = So—su ¢
—a+0
oa—0
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To simplify matters, we introduce the following notation:

Let ug = u and for [ > 1 (an integer) set
{(sasa_(;)l;sau if [is odd
u; =

(sa_(;sa)éu if [ is even

or recursively set
Squ—1 1f 1 is odd
u; =

Sq_sUi—1 1f 1 is even

Similarly, let @y = u and for [ > 1 (an integer) set

up = 1 . )
(SaSa—s)2u if [ is even

N {(sa_(;sa)l?sa_(gu if [ isodd

or recursively set

u; =

. {sagﬂll if [ is odd

Sol—y if 1 is even

With this notation, Sequences (4.3)) and (4.4]) become

Up, U1, U2, U3, U4g, ... (45)

and

Up, Uy, U, Uz, Ug, ... (4.6)

respectively.

Lemma 4.11.2. Let u € W and let a € &+ Using the notation given above,
if u; < uii1, for some integeri > 0, then u; < ug for all integersi <1 < k, and

if U; < Ujqq, for some integer j > 0, then 4 < uy for all integers j <1 < k.
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Proof. Suppose that u; < u;11, for some integer ¢« > 0. Repeated application
of Lemma [4.11.1] yields the following:

Ui < Uil < U2 < WUig3 < Ujpd < Ui "

In particular,

Uitaq < Uit

for any 0 < a < b. So, if k, L are any integers such that ¢ < [ < k, then
l=1i+aand k =17+ b, for some 0 < a < b, and hence

u < Ug,

as required.

Likewise, if @; < @;41, for some integer j > 0, then repeated application of

Lemma gives us that
fbj < ﬂj+1 < ﬂj+2 < ’L~Lj+3 < ’INLj+4 < ﬂj+5 < v

Specifically, we have

Ujra < Ujtb
for any 0 < a < b. Once again, if k, L are any integers such that j <1 < k,
then | = j + a,and k = 7 + b, for some 0 < a < b, and consequently

u < U,
as required. O

Sequences (4.5)) and (4.6) might begin with a strictly decreasing portion, which
must terminate since the Bruhat-Chevalley order on W has the unique minimal

element e. Thus we have:
Ug > UL > U > -+ >u; and ﬂo>ﬂ1>ﬂ2>"'>ﬂj

for some 7,5 > 0.
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Thereafter, as indicated in Lemma [4.11.2] the sequences become strictly in-

creasing:

Up < Ujg1 < Ujpo < -+ and ﬂj<ﬂj+1<ﬂj+2<"'

Bruhat graphs depicting these two sequences are:

: Ui43 $ Ujt3
Ug Uiy U0 Uj+2
(a Uy
UM, Uit uz®. Uj+1
Uj 71]‘

These descriptions were obtained by considering these sequences in isolation,
however, we can determine even more about their behaviour if we consider

their influence on each other. Indeed, we observe that
u o) <0 = u(—a)>0 = u(—a+d) =ut(-a)+d>0
and

uH(—a+d)=ut(-a)+6<0 = v (-a)<0 = u'(a)>0.

Thus, by Lemma |4.3.3] we can not have both
u > Seu  and  u > Sq_su,

and hence we have:

Remark 4.11.3. Either
U < Sq O U < Sq_gll,
inclusively.

Therefore, for a fixed u, at least one of (4.5)) or (4.6]) is strictly increasing.
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4.12 More on the Bruhat-Chevalley Order on
W and Reflections

In this section, we closely examine relationships amongst the terms of Sequence
(4.3) (or Sequence (4.5)) and relationships amongst the terms of Sequence
1} (or Sequence 1} with respect to the Bruhat-Chevalley order on w.
We present our results in several lemmas. These lemmas are of a technical
nature and we created them to address specific situations that we encountered

in our work.

Before we begin, we will make a comment regarding our notation. From Re-

mark |4.10.3, we know that

)kfl

k
Sotks = (SaSa—s)"Sa and  Sq—gs = (Sa—55a)"  Sa-s

Thus, in terms of Sequences (4.5)) and (4.6)), sq1xst = Ugg+1 and sq_ st = Ugg—1

Lemma 4.12.1. Let u € W and let o € &+, Using the notation defined in
Section |4.11], if u < Sqypsu, where k > 0 is an integer, then u; < Sqyksu, for
all integers | such that 0 <1 < 2k. If u < sq_psu, where k > 1 is an integer,
then U < Sq_psu, for all integers | where 0 < | < 2k — 2.

Proof. Suppose that u < s,ixsu, for some integer £ > 0. By Remark

we know that

Sa+ks = (8a5a76>k8a-

Thus, for Sequence (4.5)), we have:

k k
Uy = U, U] = S, Uy = Sa—§Sall, ..Uk = (Sa—§5a) U, Uskr1 = (SaSa—s)"Sall

= SatksU

As mentioned above, this sequence might begin with a strictly decreasing
portion, but since

Up = U < Satksth = U2k+1,

there is an index i, where 0 < i < 2k, for which u; < u;4; (take 7 to be the
smallest such value). As a consequence of Lemmal4.11.2] the remainder of the
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sequence is strictly increasing. Thus, we have
Ug > U > Ug > -+ > Uy
(which consists only of ug, if ¢ = 0) followed by

Uy < Uiy < -0 < Uk < Ugk41

We see immediately that w; < wuogi1 = Sarrsu, for all [ with ¢« < [ < 2k.
Furthermore, since u < soiisu, for any [ such that 0 < [ < 4, we also have
u < up = U < Sqrpst. Therefore, u; < sqipsu, for all [ where 0 < 1 < 2k. A

Bruhat graph representing this situation is:

U2k+1 = Sa+ksU

® Uk

o Ujii2

Ui+

U;

So now assume that u < s,_gsu, for some integer k£ > 1. This time, we obtain
from Remark [4.10.3 that

Sa—ké§ = (Saftssa)kilsaf&a

so that, for Sequence (4.6 we have:

- ~ ~ ~ k—1
Uy = U, U = Sq_gsU, Uy = SaSa_glh, ... Usk—1 = (Sa—65a)" Sa_slU

= Sa—ksU
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Again, since

Uy = U < Sq—ksU = U2k—1,

there exists a smallest index j, satisfying 0 < j < 2k — 2, for which 4; < @;41.

Once more, we have

1~L0>1~J,1>1~J/2>"'>1~Lj

and

Uy < Ujpy < -0 < Uggz < Ugg—1

At this point, by repeating the argument in the previous case, we obtain that

U < Sa_pst, for all integers [ where 0 <[ < 2k — 2, as required.

A Bruhat graph depicting this scenario is:

Ugk—1 = Sq—ksU

® Ugk—2

P Ujt2

Ujt1

]

Lemma 4.12.2. Let u € W and let a € ®+. If u < sqipsu, where k > 0
1s an integer, then s,ijsu < Sqipst, for all integers | where 0 < | < k, and
Sat1sSatksth < Sairsw, for all integers | where 0 < | < k. If u < So_isu,
for some integer k > 1, then s,_i;su < Sq_rsu, for all integers | such that

1 <1<k, and Sq_155a—kst < Sa—_isu, for all integers | such that 1 <1 < k.
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Proof. Assume that u < s, rsu, where k > 0 is an integer. Since, for k = 0,
the first part of the statement for this case holds vacuously and the second

part clearly holds, we will assume that £ > 1.

Let [ be an integer. If [ = k, then

Sa+16SatksU = Sa+ksSatksU = U < SqotksU,

as required.

Now let 0 <[ < k. By Remark [4.10.3] we have

k !
Sa+ks = (Sasa—é) Sa and Sa+ls = (Sasa—E) Sa
from which we can compute that

Sa+ks = <3a5a75>l(5a3a76)k715a = (Sasafé)lsa(safésa)kil = 5a+15(5a765a)kil-
In particular, this means that
)kfl

SatisSatkstl = (Sa—5Sa)" U

Therefore, in regards to Sequence (4.5)), we obtain that
Sat+ksth = U2k+1,

Sa+16U = U241,

and

Sa+iSat+kslh = U2(k—1)-

Since 0 < [ < k, it is clear that 0 < 2l + 1, 2(k — 1) < 2k + 1. Thus, by
applying Lemma [4.12.1] we determine that

Ugipr < Ugpp1 and  ugp—p) < Uk,
so that,

Satist < Saqkst  and  Sqyi5Satksth < SatksU
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Now suppose that v < s,_psu, where & > 1 is an integer. Again, for k = 1,
the first part of the statement for this case vacuously holds and the second

part is obviously true. Hence, we will assume that & > 2.

This time, if [ = k, then
Sa—16Sa—ksU = Sa—ksSa—ksU = U < Sq—ksU,

as claimed.

Moreover, for any integer [ where 1 <1 < k, Remark |4.10.3| gives us that
Sa—ks = (Sa—ésa)k_lsa—éa

-1
Sa—1§ = (Saf(ssa) Sa—6,
and

k—l

Sa—ks = (Sa—ésa)l_1<so¢—5so¢) B Sa—§ = (Sa—58a)l_15a—6(Sozsa—é)k_l

- Sa—lé(sasa—é)k_l

k—1

From this, we see that s, 5Sq_kstt = (SaSa—s)" 'u. Hence, referring to Se-

quence (4.6)), we determine that
Sa—ksl = Ugk—1,

Sa—16U = U21—1,

and

Sa—16Sa—kst = U(k—1)-

Again, as 1 <[ < k, we know that 1 < 2] — 1, 2(k — ) < 2k — 1. It now
follows from Lemma [4.12.1] that

Ug—q < Ugp—1 and  Up—y) < Ugp—1

and hence

Sa—15U < Sq—kstt  and  Sq_i5Sa—ksU < Sq—ksl.
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Lemma 4.12.3. If u < Sq1i5u for some integer i > 0, then s,1i5u < Saiksl,
for all integers k > i and thus, in particular, u < sqyksu, for all integers k > i.
If u < sq—jsu for some integer j > 1, then so_jsu < Sq—gsu for all integers

k > j, and thus, in particular, u < So_ksu for all integers k > j .

Proof. Suppose that v < s,.5u, for some integer ¢ > 0, and let k£ be any
integer such that k& > 7. The statement clearly holds for k£ = 4, so assume
k> 1.

Using Lemma [4.12.2] we compute that
Sa(Satist) < Satisl.

Also, by Remark [4.10.3] we obtain that

Sa+is = (Sasaf(;)iSa

and

SaSa+id = Sa(sasa—é)isa - (Sa_gsa)i.

Thus, regarded as terms of Sequence ,
Sa(Saris) = Uz and  Sapigl = Usgit1.
Using this notation in our work above, we have that
Uz < U2441-
Thus, since 2i < 2i + 1 < 2k + 1, according Lemma

U2i+1 < Uk41-
Consequently, since
U2k+1 = Sa+ksl,

we in fact have

Satish < Satksl,

which in turn implies that

U < Sqikslh-
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Now instead suppose that u < s,_jsu, for some integer j > 1, and let k be
any integer such that k£ > j. Again, as the statement clearly holds for k& = j,

assume k > j.

Lemma 4.12.9]

Sa—6§ (sa,j(;u) < Sq—jsU-
In addition, from Remark [4.10.3] we determine that

Sa—j5 = (Sa—(;sa)jilsa—é

and

Sa—6Sa—j5 = Safé(safésa)j_lsafé = (sasaf(S)j_l

Thus, referring to Sequence (4.6, we have

Sa—s (sa_jgu) = Ugj—o and  So_jsU = Ugj_1.

Using this notation, our work above gives us that

Ugj—2 < Ugj—1.

Hence, as 27 —2 < 27 — 1 < 2k — 1, Lemma [4.11.2] yields

Ugj—1 < U2k—1-

Thus,

Sa—jsth < Sa—ksU,

since

U2k—1 = Sa—ksU,

and therefore, as required,

U < So—ksU.
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Lemma 4.12.4. Let u € W and let a € ®F, If u < sqipsu, where k > 0 is
an integer, then Soykst < Sa—is(Sarrstt) for all integers | > 1. If u < So_psu,

where k > 1 is an integer, then So_gst < Sati5(Sa—rst) for all integers | > 0.

Proof. Suppose that u < s,irsu, where k > 0 is an integer. Hence, Lemma
gives us that

Sa(Satkst) < Sairsl.

This can be restated as

Sa(Sa+kstt) < Sa(Sa(Sa+kstt))-

Applying Lemma to this yields

Sa (Sa(Satnott)) < 5a76<5a(3a(3a+k6“)))

which simplifies to

Satkol < Sa—s(Satksll).
Hence, as a consequence of Lemma [4.12.3] we obtain that

Satkst < Sa—i5(Satksth),

for all { > 1.

Now instead suppose that u < s,_gsu, where k£ > 1 is an integer. Thus, we
can use Lemma to compute that

Sa—s(Sa—ksl) < Sa— ksl

which is the same as

Sa—s(Sa—rott) < Sas(Sa—s(Sa—rstt)).

From this, we are able to calculate, using Lemma [4.11.1} that

Sa—o(Sa—s(Sackstt)) < 54 (saﬂ; (Sa—(S(Safk(su)))
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and so

Sa—ksU < Sa(sa—k§u>-
To this, we apply Lemma 4.12.3| to obtain that

Sa—ksl < Sa+is(Sa—ksth),

for all { > 0. ]

4.13 The Bruhat-Chevalley Order on W and
E7(X(w),u)

Based upon our results in the previous section, we have developed a tool for

identifying elements of E~ (X (w), u).

Lemma 4.13.1. Let X(w) be a Schubert variety in G/B, let u € X(w)f,
and let o € ®F. If Uy pu € E~(X(w),u), for some integer k > 2, and
U < Sq_i5u, for some integer | with 1 <1 < k, then Ua_isu € E~(X(w),u).
If U o rsu € E~(X(w),u), for some integer k > 1, and u < Sq415u, for some
integer | with 0 <1 < k, then U_q_15u € B~ (X (w),u).

Proof. Suppose that U,_rsu € E~ (X (w), u), for some integer k > 2, which, in
particular, means that

U < Sq_ksU < W.

Also suppose that v < s,_jsu, for some integer [ with 1 < [ < k. Thus, by
Lemma (4.12.2]

Sa—1sU < Sq—ksU,

and hence

U< Sq_ist < Ww.
Therefore U,—1su € E~ (X (w), u).
Now instead suppose that U_,_rsu € E~ (X (w), u), for some k > 1. Thus,

U < Sqtkst < W.
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As well, suppose that u < s,15u, for some integer [ with 0 < [ < k. This
time, Lemma |4.12.2] yields that

Sa+15U < Sa+ksU-

Consequently,

U < Sqristh < W

and so U_,_u € E~(X(w),u). O
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Chapter 5

Maximal Singularities of
Schubert Varieties in G/B

In this chapter, we will present our work on maximal singularities of Schu-
bert varieties X (w) in G/B. Much of our work focuses on describing the set
E~(X(w),u) for u € X (w)" with the goal of understanding the nature of this

set in the case that u is a maximal singularity.

In [11], we examined the two T-curves in the set (X, u) and their correspond-
ing weights in the dual tangent space T, (X)* for a T-surface ¥ in G /P and
wexT (where u was assumed to be e). These results carry over to T-surfaces
in G/B. In particular, we showed that the roots corresponding to the pair of

T-curves in E (3, u) satisfied one of two relationships when ¥ is singular at u.

As a result of Lemma 5.1 in [I5] (see Lemma above), questions involv-
ing singularities of a Schubert variety X (w) in G/B can often be reduced to
considering the T-surfaces contained in X (w). Thus, the aforementioned rela-
tionships we found in [I1] are relevant to the work in this thesis and, as such,

we have introduced terminology to identify these relationships.

We refer to the pairs of roots which satisfy these relationships as either a Type
I pair of roots or a Type II pair of roots and the corresponding T-curves are
then either a Type I or a Type II pair of curves. (See Section below).

Our work on this project began with some initial discussions with Andrew

Crites regarding how to prove that the affine permutation w indexing a singular
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rationally smooth Schubert variety in G/B contains the pattern 3412. The
strategy discussed involved considering the presence of either a Type I or Type
IT pair of T-curves passing through (possibly non-maximal) T-fixed points.
So when we commenced working on obtaining a description of the maximal
singularities of a rationally smooth Schubert variety, we first considered the
presence of either a Type I or Type II pair of T-curves passing through the
maximal singularity. We soon realized that a specific case of a Type I pair of
T\—curves, which we have called a strong Type I pair, was key in obtaining a

characterization of maximal singularities.

In this chapter, we will provide a partial characterization of the set £~ (X (w), u),
where X (w) is an arbitrary singular Schubert variety in G/B and the T-fixed
point v is a maximal singularity of X (w) (see Theorem and Theorem
5.6.3)). Furthermore, we will also provide necessary conditions for a T-fixed
point of a rationally smooth Schubert variety X (w) in G/B to be a maximal

singularity (see Theorem and Lemma [5.10.1)).

5.1 Chain Properties

In Chapter [4] we spent a significant amount of time examining the behaviour
of the Sequences / and /(4.6)). It should come as no surprise
that they will play a vital role in this chapter. One of the reasons that these
sequences are useful is that they can be used to detect singular T-fixed points
in Schubert varieties. In order to make this relationship explicit, we begin

with the following definitions:

Definition 5.1.1. Let X (w) be a Schubert variety in G/B and let u € X(w)f.
Then w is said to satisfy the (—a)-chain property in X (w) if there is a root
a € ®T such that

Sa—st < U < SaU < Sq_sSalt < W.

Definition 5.1.2. Let X (w) be a Schubert variety in G/B and let u € X(w)f.
Then w is said to satisfy the (o — 0 )-chain property in X (w) if there is a root
a € ®F such that

Sall < U < Sq_slh < 8aSa_st < W.

136



Lemma 5.1.3. Let X (w) be a Schubert variety in G/B and let u € X(w)f.
If u satisfies either the (—a)—chain property or the (o — & ))—chain property in
X(w), then u is a singular point of X (w).

Proof. Suppose that u satisfies the (—a)—chain property in X (w), for some
a € ®T, that is,

Sa—sU < U < SqUl < Sq_§Satt < W.

Let v := squ and let C :=U_,u € E~ (X (w),u). A Bruhat graph summarizing

this case is:

w [ ]
Sa—§Sall ¢
a—20
V=3S8UuU ¢
C
—Q
u ®
—a+0
Sa—sU o

If v is a singular point of X (w), then by Lemma {4.7.3] u is also a singular
point of X (w).

So now assume that X (w) is nonsingular at v. Thus, we know from Lemma
4.8.13| that o — § is a weight of TC(X(w),U). As such, by Lemma [4.8.10]
Q(TC (X (w),u)) has at least one element which is in the a-string through

o — 0. The candidates for this element are:

a—0 — 0 —a—90
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Since s,_su < u, Lemma specifies that
uH(—a+0) <0

As a result,

u (o —8) >0

from which it follows that o — d is not a weight of 7¢ (X (w), u), by Lemma
4.8.3 Thus, either —6 or —a — ¢ is a weight of TC(X(w),u). However, if
—a — 0 is a weight of 7¢ (X(w), u), then by Lemma m

a+(—a—90)=-J € Q(TC(X(w),u))

since u™(—d) = —& < 0. Consequently, —¢ is a weight of 7¢ (X (w),w). Thus,
as a result of Lemma |4.8.3) we obtain that u is a singular point of X (w).

Next suppose that u satisfies the (aw — d)—chain property in X (w), so that

Salt < U < Syl < SaSq—stt < W

Relabel v = s,_su and C' := U,_su € E~(X(w),u). A Bruhat graph repre-

senting this case is:

w [}
SaSa—sU ¢
—Q
V= S8Sq—sU ¢
C
a—0
u ¢
«
S e
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As before, if v is a singular point of X (w), then wu is also a singular point of
X (w) due to Lemma So assume that X (w) is nonsingular at v. Conse-
quently, it follows from Lemma that —« is a weight of 7¢ (X (w), v). As
a result, Lemma guarantees that at least one member of the (—a + J)-
string through —a is a weight of 7o (X (w), u). The possibilities for this weight
are:

—a -0 a-—29)

However, s,u < u, so that by Lemma

which means,

Therefore, —« is not in €2 (TC (X(w), u)), by Lemma |4.8.3. Thus it remains to

consider —6 and a — 24. If o — 2§ is a weight of 7¢ (X (w), u), then by Lemma

@7
(—a+0)+ (a—20)=—-0 € Q(TC(X(w),u)>,

since u™!(—§) = —4 < 0. Thus, we must have —§ € Q(TC (X (w), u)) and once
again, Lemma gives us that w is a singular point of X (w), as required. [

5.2 Root / T-Curve Pair Types

Motivated by our work on T-surfaces and the pair of T-curves they contain
through each T-fixed point (see [I1] for the G/P case and Section [4.9| for the
G/B case), we have identified four key types of pairs of T-curves which have

proven useful in studying singularities of Schubert varieties.

The definition of each T-curve pair type involves first defining a type of pair
of roots. That being the case, for the remainder of this section, we will let
& = a4 hod and [ := 3 + hgd be elements of T, We will also let X (w) be
a Schubert variety in G/B and u € X(w)f.
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Definition 5.2.1. The pair d,@ € 1 is said to be of Type I if § = —a and
hg + ho > 2. Thus,

~

B=0+hgd=—a+hgd=—a—hyd+ (hg+ he)d =—a&+ (hg+ ha)d
Setting k = hg + h,, we have that a Type I pair is one which satisfies
B=—a+kd,

for some integer k£ > 2.

Furthermore, T-curves C_a,C_5 € E~(X(w),u) are said to be a Type I pair
if C_y =U_suand C_53 =U_zu, where & and B form a Type I pair of roots.

Remark 5.2.2. When working with a Type I pair of roots, we will assume,
without loss of generality, that a € ® is positive. Therefore, in order for

~

f=—a+hgoe ®F, we require hg > 1.

Definition 5.2.3. The pair &,B € O is said to be of strong Type I if it is
a Type I pair, i.e. f = —a (where o > 0) and hg + h, > 2, with the added
condition that h, = 0 or hg = 1, exclusively. In other words, a strong Type I

pair has either the form

—a and [ =—a+ ks, where k=hg>?2

[N

or
a+ké and B:—a—l—& where k = h, > 1.

6}

The pair d,@ € ®* is said to be of weak Type I if it is a Type I pair which
is not strong. Explicitly, a weak Type I pair has the form & = o + h,0 and
B: B + hgd, where h, > 1 and hg > 2.

Moreover, T-curves C_a,C_5 € E(X(w),u) are said to be a strong Type I
pair (respectively, weak Type I pair) if C_s = U_asu and C_ 5= U_ju, where
& and B form a strong Type I (respectively, weak Type I) pair of roots.
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Definition 5.2.4. The pair @,B € T is said to be of Type II if f = o and
|hg — ho| > 2. Assuming that hg > h,, we have

~

B=a-+ ks,

for some integer k > 2. A pair of T-curves C_4,C 3 € B~ (X(w),u) is said
to be a Type II pair it C_s = U_qu and C'_5 = U_zu, where & and B form a
Type II pair of roots.

Definition 5.2.5. The pair &, B € &+ is said to be of pseudo Type II if = «
and |hg — ho| = 1. Again, assuming that hg > h,, a pseudo Type II pair &, B

is one in which

B=a-+4.
A pair of T-curves C_a,C_ 5 € E7(X(w),u) is said to be a pseudo Type II
pair it C_q = U_su and C_5 = U_zu, where & and B form a pseudo Type II

pair of roots.

Note that, unlike for a Type I pair of roots where we may assume that o > 0,
in the definitions of Type II and pseudo Type II root pairs, a may be positive

or negative.

5.3 Pseudo Type II Pairs of Roots / T-Curves

Although the focus of this section is 7-fixed points u € X (w) which have a
pseudo Type II pair of T-curves in E (X (w), u), we begin with an observation
that applies to T-fixed points u for which E~ (X (w), u) contains either a Type
IT or pseudo Type II pair.

Remark 5.3.1. If £~ (X (w),u) contains a Type II or pseudo Type II pair of
T-curves, then X(w) is singular at u. Indeed, if C_4,C 5 € E~(X(w), u) are
a Type II or pseudo Type II pair of T-curves, then &, 8 € ®* form a Type II
or pseudo Type II pair of roots, that is, @ = o + h,6 and B = a + hgd, where
a€ ®and hg —h, > 1. As —a, —Be Q<TU(X(w))>, from Lemma |4.4.2| we

141



obtain

~

& — B =(ha—hg)s =—(hs— ho)é € Q(TH(X(IU»)

since u™ (—(hg — ha)d) = —(hg—hy)d < 0. Subsequently, since Q(Tu (X(w)))
contains an element of Im(cff)7 we obtain from Lemma that X (w) is sin-

gular at u.

Returning to the case that £~ (X (w),u) contains a pseudo Type II pair of
f—curves, even though w is a singular point of X (w), such a u can not be a
maximal singularity, as indicated in the following lemma. Note that in the
proof of this lemma [5.3.2, we give an alternative argument showing that u is

a singular point of X (w).

Lemma 5.3.2. Ifu € X(w)? such that E~ (X (w),u) contains a pseudo Type
11 pair of T\-curves, then u is a singular point of X (w) which is not a maximal

singularity.

Proof. Let C_s =U_suand C'_5 =U_zu be a pseudo Type I pair of T-curves
in B~(X(w),u). Thus & = o+ hod and § = & + 6, where o € ®. We also
know that

u < sagu <w and u<33u§w.

Let v = sau. Furthermore, Lemma indicates that
S5U = SaSa—sSall = SaSa—sV.
Suppose that a« € ®*. Thus, h, > 0. A Bruhat graph representing this case

1S:

SB’LL = SqSa—6U

'N
» Sq—sU

a—0

_6 /.v:s@u

—
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Since u < v = Sqqn,su, where @ € ®T and h, > 0, we learn from Lemma

[4.12.2] that

Sa¥ = Sa(Sathasth) < Sath,sth =V
and we obtain from Lemma [4.12.4] that

V= Sathasll < Sa—s(Sathasl) = Sa—gv.

This in turn implies that

Sa—6U < Sa(Sa—s¥)

by Lemma 4.11.1] Collectively, we have determine that
SaU < U < Sq_sV < SaSa_sV < W.

Hence, v satisfies the (a—d)—chain property in X (w) and therefore, by Lemma
5.1.3] v is a singular point of X (w). Thus, since u < v, we simultaneously
deduce that u is a singular point of X (w) (see Lemma |4.7.3) which is not a

maximal singularity.

Now instead, suppose that o € &7, so that h, > 1. Relabel the roots, so that
& = —a+ h,d and B = &+ 0, where a € ®T. This time, with our relabeling,
Lemma [4.10.2] and Remark [4.10.3| specify that

SpU = S_aS—a—5Sall = SaSa+sSall = Sa(SaSa—6Sa)Sall = Sa—sSaSall = Sa—sSaV-

A Bruhat graph illustrating this case is:

SpU = Sq—§Sa¥

“\CH{
» S U
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Since u < U = S_qyp,6U = Sa_h,sU, where a € &+ and h, > 1, Lemma [4.12.2
tells us that

S5V = Sa—5(Sa—hastl) < Sa—hasU =V
and Lemma 4.12.4] gives us that

V= So_hosth < Sa(Sa—hasll) = SaU.

Applying Lemma {4.11.1| to this yields
Sa¥ < Sa_s(Sav).
In summary, we have obtained that

Sa_sl < UV < SqU < Sq_§SaV < w.

Thus we have shown that v satisfies the (—«)—chain property in X (w) and
hence, by Lemma we know that v is a singular point of X (w). Therefore,
since v < v, we determine not only that w is a singular point of X (w) (via
Lemma , but also that u is not a maximal singularity. O]

Corollary 5.3.3. If u € X(w)f for which E~(X(w),u) contains a pseudo
Type 11 pair of T-curves, then the codimension of X (u) in X (w) is at least 3.

Proof. From the proof of Lemma [5.3.2] we have either
U<V < Sa_U < Sa8a_sV < W

or

U<V < 8V < Sa_6Sa¥V < W.

Subsequently, /(w) — ¢(u) > 3 and so the codimension of X (u) in X (w) is at
least 3. O
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5.4 Type II Pairs of Roots / T-Curves

We now consider the case in which the set E~ (X (w),u) contains a Type II
pair of T-curves. We showed in Remark that such a v is a singular
point of X (w). As with the pseudo Type II case, a T-fixed point u for which
E~(X(w),u) contains a Type II pair of T-curves can not be a maximal singu-

larity.

Lemma 5.4.1. Ifu € X(w)f such that E~ (X (w),u) contains a Type II pair
of f—curves, then u is a singular point of X (w) which is not a mazximal sin-
gularity. In addition, there ezists v’ > u € X(w)T for which B~ (X (w),u’)

contains a pseudo Type II pair of T-curves.

Proof. Suppose that C_4,C 5 € E™ (X (w), u) which form a Type II pair. As
such,

U < SalU, SpU <w

and @,B € &+ for which & = a + ho0 and B = & + ko, for some integer k > 2.

Let v = sau. Using Lemma [4.10.2, we compute that

SEU = Satkst = (5a5a—5)"sau = (8a5a—s) V.

We will first consider the case in which o > 0, so that h, > 0. In order to
give a general overview of the proof, we begin with a Bruhat graph which

represents this case. The technical details of the proof will follow the graph.
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<
i

_ﬁ "A/“U:f)o

—
u

We will construct an instance of Sequence (4.6|) starting with v: let 99 = v,
let ¥1 = s,_sv and, for 2 < j < 2k, set

Vi = i=1 e .
Sa—6Sa) % Sa_sv if j is odd

. (sasa_(;)%v if j is even
=

(
or recursively, for 1 < j < 2k, set

3 {sa@j_l if j is even
vV; =

Sq—s0j—1 if j is odd

In particular, Por = (SaSa—s) v = (SaSa_s)fsau = SpU.
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Since u < v = Sqip,sU, Wwhere o € & and h, > 0, Lemma [4.12.4] establishes
that

V= Sathasth < Sa—s(Sathasl) = Sa—sv,
or, in terms of our instance of Sequence (4.6)),
Vo < V1.

Thus, as a result of Lemma [4.11.2] the entire sequence is strictly increasing

and hence we have
U< V=01 <V <09 <+ < Vopg < Vopn < Vop—1 <1~}2k:SBU§’UJ. (51)

As a consequence, v; € X(w), for 0 < j < 2k and since k > 2, we are

guaranteed that g, 01, ...,0, € X(w). In particular, we have that
V= Sq_sU1 < U1 < SqU1 = Vg < Squ_SaU1 = U3 < W

which means that v; satisfies the (—a)—chain property in X (w). Thus, by
Lemma [5.1.3] 97 is a singular point of X (w). Furthermore, since u < vy, we
know that u is a singular point of X (w), from Lemma {4.7.3] that is not a

maximal singularity.

In addition, as k > 2, so that 1 < 2k — 3 < 2k, we know 09,_3 € X(w) and
Ugk—g > u. We claim that E~ (X (w), 0gr—3) contains a pseudo Type II pair.

To prove this claim, we first note that, by definition,
Vg2 = SqU2k—3 and Vgx = SaSa—5Sal2k—3,

but, since

Sa+6 = SaSa—Sa

(see Remark [4.10.3)), we also have
Uk = Sa+oU2k—3-
Hence, in view of ([5.1]), we obtain

Uog—3 < SqU2k—3 < SatsU2p—3 < W.
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Therefore, the T-curves C = U_o 093 and D = U_,_s095_3 are elements of
E~(X(w), 0gk_3) which form a pseudo Type II pair (since o and o + ¢ form
a pseudo Type II pair of roots). Hence, in the case for which a > 0, we can

take u/ in the statement of this Lemma to be the point ¥g;_3.

We note that by Lemmal5.3.2) u' = ¥gy_3 is singular point of X (w) and hence,
since u < u', we could have used v’ instead of ¥, to show that w is a non-

maximal singularity of X (w).

Now consider the case in which o < 0. We first relabel so that o > 0, making
a = —a+ hy,d and B = & + ko, where h, > 1 and £ > 2. Once again, we
provide a Bruhat graph depicting the entire proof:

<
N
T
N
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Taking into account our relabeling, Lemma and Remark give us
that

k
Sgu = (5_aS—a—s)"sat = (505ats)"s0u = (sa(sasa_gsa)) Salt = (Sa—ssa ) sau

= (Sa_s5a)" 0.

This time, we construct an instance of Sequence (4.5 starting with v: let

v = v, set v; = s,v and, for 2 < i < 2k, define

i e
(Sa—sSa)2v  if i is even

Vi = i=1 e
(SaSa—s) 2 Squ if i is odd

or recursively, for 1 <7 < 2k, define

{sa_(;vi_l if 4 is even
Vi =

SaUi—1 1L 4 is odd

Note that vo, = (Sa—554)*0 = (Sa_s54)%sau = SpU.

Since u < UV = S_qihys = Sa_h,sU, where a € & and h, > 1, we learn from
Lemma [£.12.4] that

U = Sa—hosUh < Sq <3a—h55u> = Sav,

which means, in regards to our instance of Sequence (4.5)), we have

Vg < V1.

As such, it follows from Lemma [4.11.2] that

U<U:U0<U1<U2<"'<U2k_3<02k_2<1)2k_1<U2k:SBu§w. (52)

Thus, v; € X(w), for 0 <i < 2k. As k > 2, we are assured that vy, vy, ..., v €
X (w). Therefore, we have established that

V=8V < V1 < Squ_gV1 = Vg < Su8q_sU1 = V3 < W
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and consequently, vy satisfies the (o — §)—chain property in X (w). Hence, v;
is a singular point of X (w), by Lemma[5.1.3] Moreover, as u < vy, we deduce
that u is a non-maximal singular point of X (w) (see Lemma 4.7.3).

Additionally, since k > 2, so that 1 < 2k — 3 < 2k, we have vg,_3 € X (w) and

Vog—3 > U.

Claim: E~(X(w),ve,—_3) contains a pseudo Type II pair. To prove this, we
first note that by definition,

Vog—2 = Sq—sU2k—3 and Vg = Sq_5SaSa—6U2k—3,

and since

Sa—28 = Sa—6SaSa—6

(see Remark [4.10.3)), we in fact have
V2k = Sa—25V2k-3-
It follows from ([5.2) that

Vo—3 < Sq—gV2k—3 < Sq—25V2k—3 < W

Thus, theT-curves C' = Uy_sUo1—3 and D = U, _95v9;_3 are elements of
E~(X(w), vo—3) which form a pseudo Type II pair (since —a+ ¢ and —a+24
form a pseudo Type II pair of roots). Therefore, in the second case, we can

take v’ in the statement of this Lemma to be the point vg_3.

As in the first case, we know from Lemma that v/ = vgy_3 is singular
point of X (w) and hence, since v < u’, we could have used u’ instead of v; to

show that u is a non-maximal singularity of X (w). O

Corollary 5.4.2. If u € X(w)f for which E—(X(w),u) contains a Type 11

pair of T-curves, then the codimension of X (u) in X(w) is at least 5.
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Proof. Using the notation established in the proof of Lemmal5.4.1} since k > 2,

Vgr > vy and Vo > U4, and hence we have either
U<V <V < Vg <3<V <V <W

or

U< 09 <0 <V <3<y <09 <w.

Consequently, /(w) — ¢(u) > 5 and so the codimension of X (u) in X (w) is at
least 5. O

5.5 Weak Type I Pairs of Roots / T-Curves

At this point, we move on to considering the case in which £~ (X (w), u) con-

tains a weak Type I pair of T-curves.

Lemma 5.5.1. If u € X (w)T such that B~ (X (w),u) contains a weak Type I
pair of f-curves, then u is a singular point of X (w), which is not a maximal

singularity.

Proof. Assume that C_; = U_su and C—B = Z/{_Bu are a weak Type I pair
T-curves contained in B~ (X(w),u). Thus, & = a + hed and 3 = —a + hsd,
where a € @, h, > 1, and hg > 2. We also know that © < ssu < w and
u < szu < w. Furthermore, Remark tells us that we must have at least
one of

U< St O U < Sq_gl.

If u < squ, then since

Cos=U_su= Z/{_a_ha(su € E_(X(w), u),
where h, > 1, Lemma |4.13.1| indicates that

U u€ B (X (w),u).

As C_g = U_q—p su and U_,u form either a pseudo Type II or Type II pair
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of f—curves, we obtain from Lemmas |5.3.2| and |5.4.1| that u is a non-maximal

singularity of X (w).

If instead u < s,_su, then using the fact that

O—B = Z/I_Bu = Ua_hﬁgu € B (X(w),u),
where hg > 2, we determine that

Uy_su € E- (X (w),u),

by Lemma|4.13.1, Hence, since C'"_ 5= Uo—nz5u and Uy, su form either a pseudo
Type II or Type II pair of T -curves, Lemmas |5.3.2| and |5.4.1| once again yield

that w is a non-maximal singularity of X (w). O

5.6 Maximal Singularities and F~(X(w), u)

In this section, we begin an analysis of the set E~ (X (w),u), where a T-fixed
point u is a maximal singularity of X (w). In our efforts to characterize what
is contained in F~(X(w),u), we have considered what is not contained in
E-(X(w),u).

Theorem 5.6.1. Let X (w) be a singular Schubert variety in G/B. If the
point u € X(w)f is a mazximal singularity of X (w), then E~(X(w),u) does
not contain a weak Type I, pseudo Type II, or Type II pair of T-curves.

Proof. This follows immediately from Lemma Lemma).3.2, and Lemma
b4l O

Of the four types of T-curve pairs defined in Section , only strong Type I
pairs of T-curves remain as candidates to appear in the set E~ (X (w),u) for
a maximal singularity u. We have determined that, for maximal singularities,
the presence of a strong Type I pair of T-curves in E~(X(w),u) impacts
what other T-curves may appear in £~ (X (w),u), as specified in the following

lemma:
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Lemma 5.6.2. Let X (w) be a singular Schubert variety in G/B and let the
point u € X(w)f be a mazimal singularity of X (w). If E~(X(w),u) contains
a pair of strong Type 1 T-curves C_o = U_au and C 5= LTBU, where & =
a+ hyd and B = —a + hgd, for some o € ®F, then E~(X(w),u) does not
contain any f—cur’ues, other than C_4 and C—B’ of the form Z/TW> where
¥ =ta+h,d € dF.

Proof. Suppose that E~(X(w),u) contains a T-curve C_5 = U_5u, where
4 =+a+ h,d € ®F, but 4 £ &, j.

Since C_4 and C'_5 are a pair of strong Type I T -curves, there are two possi-
bilities for & and ﬁ: & = « and B = —a + ko, for some k > 2, or & = o+ ké
and B = —a + 0, where k > 1.

First, assume that & = o and B = —a + ké, where k > 2.

If ¥ = a+h,0, then hy > 1, since 4 # &. As such, B and 4 form a weak Type
[ pair of roots and hence E~(X(w),u) contains the weak Type I pair of T-
curves C_5 and C_4. However, since u is a maximal singularity, Theoremm
stipulates that £~ (X (w),u) cannot contain a pair of weak Type I T-curves,

and hence we obtain a contradiction.

Thus 4 = —a + hy0, where h, > 1, but h, # k, since ¥ # B. Accordingly,
B and 4 form either a pseudo Type II or a Type II pair of roots and hence
E~(X(w), u) contains the pseudo Type II or Type II pair C_; and C_5. This

again leads to a contradiction, since the presence of a pair of pseudo Type II
or Type II T-curves in E~ (X (w),u) is impossible, by Theorem [5.6.1

Now instead suppose that & = o + kd and B = —a+ 9, where k > 1.

Since ¥ # &, it 4 = a+ h,0, then h, > 0 and h, # k. As a result, & and
4 form either a pseudo Type II or a Type II pair of roots, which means that
C_4 and C_4 are a pair of pseudo Type II or Type II T-curves contained
in £~ (X(w),u). Once again, we have a contradictions, since £~ (X (w),u)
cannot contain a pair of weak Type I f—curves, due to Theorem .

Therefore, ¥ = —a + h,d, where h, > 2, since ¥ # B That being so, & and
4 form a weak Type I pair of roots and, as a consequence, the weak Type

I pair of T-curves C_, and C_ appear in E~ (X (w),u). However, this is a
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contradiction since Theorem specifies that £~ (X (w), u) does not contain

such a pair of T-curves. n

In the following theorem, we prove that for each a « € T, the set £~ (X (w), u)
contains at most two 7-curves whose tangent spaces at a T-fixed point u have
weights with real part +«. Furthermore, if two such T are present, then they
form either a strong Type I pair or the weights of tangent spaces at u are —a

and o — 4.

Theorem 5.6.3. Let X (w) be a singular Schubert variety in G/B and let the
point u € X(w)f be a mazimal singularity of X (w). Then for each a € ®F,
the set E~(X (w),u) contains at most two T-curves of the form U_au, where
& = +a+ had € OF. Furthermore, if E~(X (w), u) does contain two T-curves
U_su and U_gu, where & = ta + had andﬁ = *a + hgd are positive roots,

for some o € ®F, then one of the following holds:

1) &=« and B = —a + ko, where k > 1

2) a=a+ko and B = —a + 6, where k > 0

Proof. Let a € ®T and suppose that C_; := U_au, C 5= Z/Téu, C_5 = Z/L—w
are distinct T-curves in E~ (X (w), u) such that &, 3, 4 € T are distinct roots
with

Re(@), Re(3), Re(5) € {£a}.

We will first consider the case in which all three roots have real part «. To that
end, let & = a + h,0, B = o+ hgd, and 4 = o + h,0, where hq, hg, h, > 0 are
three distinct integers. Without loss of generality, assume 0 < hy < hg < h.,.
Thus, hy, — he > 2 and hence & and 4 form a Type II pair. Therefore,
E~(X(w),u) contains the Type II pair of T-curves C_s and C_5, which is
contradiction, since, by Theorem , the set £~ (X (w),u), for a maximal
singularity u, does not contain a Type II pair of T-curves. Using an identical
argument, we also obtain a contradiction in the case in which & = —a + h,9,
B=—a+ hgo, and 4 = —a + h,d, where hy, hg, hy, > 0 are three distinct

integers.

We will now consider the case in which two of the roots have real part «a

and the other has real part —a. Accordingly, suppose that & = «a + h,0,
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B = o+ hgé, and ¥ = —a + h,d, where hy, hg > 0 are distinct integers and
h, > 1 is an integer. Without loss of generality, assume that 0 < h, < hg
and hence hg > 1. Therefore hg + h, > 2 and thus CLB and C_5 form a
Type 1 pair of T-curves. If they form a weak Type I pair, then we obtain
a contradiction with Theorem [5.6.1] which states that E~(X(w), u) does not
contain a weak Type I pair of T-curves. If they form a strong Type I pair, then
a contradiction stems from Lemma [5.6.2] which indicates that £~ (X (w), u)

cannot contain C_4 as well as the strong Type I pair C_5 and C_.

The case in which two of the roots have real part —a and the other has real
part « is very similar to the previous case. If & = —a + h,9, B = —a + hgd,
and ¥ = a + h,6, where 1 < h, < hg are distinct integers and h, > 0 is
an integer, then C' 5 and C_5 still form a Type I pair, since hg > 2 and so

hg + hy > 2. A contradiction now ensues, as above.

Therefore, E~(X (w), u) contains at most two T-curves U_qu and U_ U, where
& =4a+ hyd and B = +a + hgo, for some a € PT.

So now suppose that £~ (X (w),u) does contain two such T-curves. Thus, &
and B are either a weak Type I pair, a strong Type I pair, a pseudo Type 11
pair, a Type II pair, or the pair @ and —«a + §. However, since E~ (X (w), u)
cannot contain a weak Type I pair, a pseudo Type II pair, or a Type II pair
of f—curves, according to Theorem , & and B must form either a strong
Type I pair or be the pair a and —a + 6. ]

5.7 Strong Type I Pairs of Roots / T-Curves

In this section, we will show that the set £~ (X (w), u), for a rationally smooth
Schubert variety X (w) and a maximal singularity u, contains a strong Type I

pair of T-curves. To do this, we first prove the following result:

Lemma 5.7.1. Let ¥ be a f—surface inG/B, letu € Zf, and let C and D be
the two T-curves in E(X,u). Let & :=a+ hyd and B := B+ hgd be elements
0fu<</13+) such that T,(C) = §_4 and T,(D) = g_z. If &, B € dF and if ¥ is
singular at w, then & and B form a Type I or Type II pair of roots.
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Proof. As indicated in Theorem , if # +a, if = a and |hg — ha| = 1,
or if # = —a and hg + h, = 1, then ¥ is nonsingular at u. Thus, for ¥ to
be singular at wu, either we have |hg — ho| > 2, when § = «, or we have
he 4+ hg > 2, when 8 = —a. In other words, if d,@ € @*, then & and B form
a Type II or Type I pair of roots, respectively. ]

Theorem 5.7.2. Let X(w) be a singular rationally smooth Schubert variety
in G/B. Ifue X(w)T is a mazimal singularity, then E~(X (w),u) contains a
strong Type I pair of T-curves.

Proof. Since X (w) is nonsingular at w and in codimension 1, u must be in
codimension 2 or higher. Since X (w) is rationally smooth, we know from
Remark that |E(X (w),u)| = dim X (w) and

|E™ (X (w),u)| = dim X (w) — dim X (u) > 2.

Let C € E~(X(w),u). Then C =U_zu, for some real & € ®T. Since u < szu
and u is a maximal singularity of X (w), we know from Remark that C
is good. Thus

dim 7¢ (X (w), v) = dim X (w) = |E(X (w),v)| = dim TE(X (w), u).

Since X (w) is singular at u and X (w) is Cohen-Macaulay, it follows from
Theorem 2. 115 that

TE(X(w),u) # 1c(X (w),u)

and as a result

TE(X(w), u) Z ¢ (X(w), u)

since they have the same dimension. By Lemmal4.8.5| for any D € ET (X (w), u),
T.(D) C 7e (X (w),u)

and, as a consequence, there exists D € E~ (X (w), u) such that

T.(D) € 7¢(X (w), u).
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Let D = U_ju, where B € O is real. Again, as u is a maximal singularity
of X(w), Remark indicates that the T-curve D is good. According to
Lemma [4.9.1] there exists a T-surface & € (X (w),w) which contains C' and

D. If ¥ is nonsingular at u, then, in conjunction with Lemma [2.12.1] we obtain

T.(D) C T,(2) = 1¢(3,u) C 7o (X (w), u)

Hence, as this contradicts the statement above, u is a singular point of . It
now follows from Lemma m that & and B form a Type I or Type II pair
of roots. However, as C, D € E~(X(w),u), Theorem establishes that C'
and D cannot be a weak Type I or a Type II pair. As a result, C' and D must

form a strong Type I pair, as required. O

Unfortunately, for a rationally smooth Schubert variety X (w), the presence of
a strong Type I pair in £~ (X (w), u) is a necessary, but not sufficient condition
for a T-fixed point u to be a maximal singularity. In fact, the presence of a
strong Type I pair of T-curves in E~ (X (w), u) does not even guarantee that

the point u is singular, as demonstrated in the following example:

Example 5.7.3. Consider the situation of Example [4.8.11}

w = [-2,5]

—a+46

v =[3,0] y © = [—1,4]
—a+90 «
a—90 —«
uw=1[2,1] «  y = [0,3]

)




The set £~ (X (w),u) contains the strong Type I pair of T-curves Uy,_su and
U_,_su and yet, as shown in Example 4.8.11) X (w) is nonsingular at u.

5.8 Kite Properties

Based upon our work in previous section, it is clear that conditions in addition
to the presence of a strong Type I pair of T-curves in B~ (X (w), u) are required
to locate maximal singularities of rationally smooth Schubert varieties. Some

of these conditions come in the form of the following two definitions.

Definition 5.8.1. Let a € ®*+. A T-fixed point u in G/B is said to satisfy
the (—a)—kite property if

Sa—st < U < SqU < Su_sSaU

and

U < Sq—pst < Sa—(k41)5(Sa—kstt)

for some integer k& > 2. These conditions are referred to as the (—a)-kite
property through u. By Lemma [4.10.4) we have that

Sa—§Sal = Sa—(k+1)6(5a—k5u)

and hence the Bruhat graph illustrating the (—a«)-kite property through u

demonstrates a kite-shaped pattern:

a—(k+1)9
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If u € X(w), then we say u satisfies the (—a)-kite property in X (w) if
Sa—sU < U < SaU < Sq_s5aU < W

and

U < Sa—pst < Sa—(k41)s (Sa—rot) < W
for some integer k > 2.

We note that if a point u satisfies the (—a)—kite property in X (w), then the

T-curves U_,u and U, _psu appear in E~ (X (w),u). Hence, in this situation,

we are working a strong Type I pair of roots &, B of the form & = «a and

~

b8 =—a+ kb, where k > 2.
Definition 5.8.2. Let o € ®+. A T-fixed point u in G/B is said to satisfy
the (o — &) —kite property if

Sall < U < Sq_sll < SaSq_gl

and

U < Satksth < 3a+(k+1)5(3a+kéu)

for some integer k > 1.

These conditions are referred to as the (o — §)—kite property through u. Since

SaSa—sU = Sa+(k+1)5(5a+k5u)

(see Lemma [4.10.4), the Bruhat graph showing the (o — d)-kite property
through u forms a kite-shaped pattern:
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—a—(k+1)§

—a — kb

If u € X(w), then we say u satisfies the (o — §)-kite property in X (w) if
Sall < U < Sq_sl < §48q—sU < W

and

U < Sarksth < Sat(k+1)5(Satrst) < W
for some integer k > 1.

It is worth noting that if a T-fixed point u satisfies the (o — §)—kite property

in X (w), then the T-curves U,_su and U, rsu, where k > 1, are contained
in £~ (X (w),u) and thus, in this scenario, we are dealing with a strong Type
I pair d,@ in which & = o+ ké andB: —a + 9.

Remark 5.8.3. As is evident from these definitions, if v € X (w)” satisfies
one of the two kite properties in X (w), then it also satisfies one of the chain

properties. The (—a)-kite property through u incorporates the (—a)—chain

property:
Sa—sU < U < SuU < Sq_Salt < W

and the (a — §)-kite property through u includes the (o — §)—chain property:

Salt < U < Sl < Sq8q—sU < W.

As a consequence, we know from Lemma that any v € X (w) which fulfills
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the conditions of either kite property is a singular point of X (w). Hence we

have the following result:

Lemma 5.8.4. Ifu € X(w)f which satisfies either the (—a)—kite property in
X (w) or (a—0)~ kite property in X (w), for some o € ®F, then u is a singular
point of X (w).

5.9 Kite Properties at Maximal Singularities

In this section, we will prove that every maximal singularity of a singular ra-
tionally smooth Schubert variety X (w) satisfies either the (—a)—kite property
in X (w) or (a— §)— kite property in X (w), for some o € ®*. To that end, we

start with the following lemma.

Lemma 5.9.1. Let X (w) be a singular rationally smooth Schubert variety
in G/B and let u € X(w)f. Suppose that w is a maximal singularity such
that E= (X (w),u) contains a pair of strong Type I T-curves C_y and C 5
Then, in addition to —a&, the Peterson translate ¢, (X(w),u) has a weight
—4 = —a—19, —19, or —B—lé, for some integer | > 1, but does not have —B as
a weight. Likeunse, in addition to —B, the Peterson translate TC_, (X(w),u)
has a weight —y = —a — 16, —10, or —3 — 19, for some integer | > 1, but does

not have —& as a weight.

Proof. Since C_4 and C_j form a strong Type I pair of f—curves, we have
& = a+ hyd and f = —a + hgd are elements of & where o € T and
hg + hq > 2 such that either h, = 0 or hg = 1, exclusively. To simplify
notation, let ¢'= C_4 and D = C_j. Since u is a maximal singularity, both
C and D are good according to Remark In particular, this means that

dim 7¢ (X (w), u) = dim X (w).
Furthermore, as X (w) is rationally smooth,

dim X (w) = |E(X (w),u)| = dim TE(X (w), u)
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and hence we have established that

dim 7¢ (X (w), u) = dim TE (X (w), u).

However, it follows from Theorem that
TE(X(w),u) # 1c(X(w),u),
which in turn indicates that
TE(X(w),u) € 7c(X(w), u)
for dimension reasons. Therefore, there exists C' € E(X (w), u) such that
T.(C) Z 7o(X (w), u)

Clearly, C # (C. Moreover, from Lemma we determine that C €
E~(X(w),u). Let —& € ® be the weight of T,,(C). According to Lemma
, if o = v+ h,d, where v # +a, then — is a weight of 7¢ (X (w), u). As a
result, 7 must have the form o = +a + h,d. It now follows from Lemma [5.6.2
that C = D and hence —f is not a weight of 7¢ (X (w), u), required.

Also, we know from Lemma 4.9.1|that there exists a T-surface & € (X (w),u)

containing C' and D. We will now focus our attention on the weights of

To (X, u). First of all, by construction,
To(8,u) € Ty(¥)

so that, in particular, any weight of 7 (3, u) is also a weight T, (X). Secondly,
Lemma [2.12.1] gives us that

7e(2,u) C 7o (X (w),u).

This not only tells us that —f3 is not a weight of 7o (2, u), but also that X

must be singular at u, since otherwise

T.(D) CT,(X) =1c(X,u) C TC(X(w),u).
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An immediate result is that dim 7,,(¥) > 3. Thirdly, since
dim7¢(2,u) > dim ¥ = 2

we know that 7¢(3,u) has at least one weight (not equal to —3) in addition
to —&. As this weight is also a weight of 7,(X), we learn from Lemma [1.9.3]

that it is a negative weight , say —%, which is equal to
—a — 10, —19, or  — [ —16,

for some integer [ > 1. Finally, as —7 is a weight of 7¢(X, u), it is also a weight
of ¢, (X (w), u), as required. This completes the proof of the first claim in

the statement of this lemma.

Furthermore, by relabeling C' = C'_5; and D = C_; and then repeating the
above argument, we also obtain that T, (X (w),u) does not have —& as a
weight, but does have a weight —y = & + 16, 16, or B+ 16, for some integer

A

[ > 1, which is not equal to —f. O]

In the following two lemmas, we will prove that, for a maximal singularity w, if
E~(X(w),u) contains a strong Type I pair of T-curves, then u satisfies at least
one of the two kite properties in X (w). Note, however, that this is true for
any singular Schubert variety X (w). The condition that X (w) be rationally

smooth is not required.

Lemma 5.9.2. Let X (w) be a singular Schubert variety in G/B. Suppose that
u € X(w)f is a mazimal singularity such that E~ (X (w),u) contains a pair
of strong Type [ T-curves C_a and C_p for which & = « and = —a + k6,
where k > 2. Then u satisfies the (—a)—kite property in X (w).

Proof. Let v = sau = squ, let y = SpU = Sa—koU, and let x = s,_ss,u. We
first note that u < v < w and u <y < w, since C_4,C_5 € E™(X(w),u).
Furthermore, since u is a maximal singularity of X (w), we know that v and y
are nonsingular points of X (w) and hence C_4 and C'_j are good by Remark
[4.7.4L We also note that, since

Sa—§Sa = Sa—(k+1)§Sa—ks,
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by Lemma [£.10.4] we can alternatively describe

T = So—(k+1)5(Sa—ksl)-

Additionally, we have that s,_su < u. Suppose not, then u < s,_su and
sAince C—B = Cops = Up_rsu € E~(X(w),u), according to Lemma 4.13.1| the
T-curve Cy_s = U,_su is also an element of £~ (X (w),u). However, we know
from Lemma that is impossible, since E~ (X (w),u) contains the strong
Type I pair of T-curves C_s =U_,u and C—B =U,_su. Thus

Sa—sU < U.

Furthermore, since © < v = s,u, Lemma 4.11.1] yields that

U < SqUh < Sq_§Sall

Finally, we claim that

Y = Sa—ksU < Saf(kJrl)é(Soz—k(Su) =z

Assume not, then y > = = s,_(x41)sy and hence by Lemma(4.8.12) —a+(k+1)d
is a weight of 7¢ (X(w),y). As such, Lemma [4.8.10| guarantees that at least
one member of the (—a + kd)-string through —a + (k + 1)0, i.e.

—a+ (k+1)6 ) a— (k—1)o,

is a weight of T¢_ (X (w),u) and hence a weight of T, (X (w)).

If —a+ (k+1)0 appears as a weight of 7, (X (w)), then Lemma [4.8.12|tells us
that u > sq_(k+1)5u. However, since u < y = s4_gsu, we know from Lemma
4.12.3| that u < Sa—(er1)su. Thus, —a + (k4 1)8 is not a weight of T, (X (w)).

We also know by Remark that ¢ is not a weight of T, (X (w)).

Furthermore, if o — (k — 1)d is a weight of T, (X (w)), then Lemma m
indicates that v < s,_(y—1)su. From this and the fact that C—B = Uy_psu 18
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in £~ (X (w),u), it would follow from Lemma {4.13.1| that U, _(x—1)su is also in
E~(X(w),u). As this is impossible by Lemma we know o — (k — 1)d is
not a weight of T,, (X (w)).

Thus, since none of the members of the (—a+ kd)-string through —a+ (k+1)d

are weights of T, (X (w)), we have obtained a contradiction and conclude that
y<uz,

as claimed.
In summary, we have determined that

Sq—slU < U < Sl < Sq_Sall = T

and

U < Sa—kst < Sa—(k+1)s(Sa—ksl) = T

from which, in G/B, we construct the Bruhat graph:

Thus u satisfies the (—a)—kite property in G/B, however, we still require that
u satisfies this property in X (w). For this, it suffices to show that x < w.

Let C' = C_4. To show that x < w, we will use the fact, presented in Lemma
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5.9.1} that Q(TC (X(w),u)) contains a negative weight —y =

—a — 10, —19, or  —[3—16,

for some integer [ > 1, which is not equal to —& or —B. Also, for —4 to be
a weight of 7¢ (X (w), u) it must first be a weight of T, (G/B) and, as such, in
the event that —% is real, u < s;u, by Lemma

Given that & = a and B = —a+ ké, where k > 2, in this context —4 becomes

one of:

—a—10 — 15 a—(k+1)6

from some integer [ > 1. We will examine what happens when —4 assumes

each of these three values.

If —4 = —a — 14, then by Lemma [4.8.7]

a+ (7)) =a+ (—a—16)=—I5

is also in Q(TC(X(w),u)>. Thus, by Lemma |4.8.10), Q(TC(X(U)),U)> must

contain at least two members of the a-string through —a — 10:

a—10 — —a—100

which are then weights of T, (X (w)) In light of Lemma we can eliminate
—1§, since X (w) is nonsingular at v. This means that o — [§ and —« — 1§ are
both weights of T, (X (w)). In particular, as v — 10 is a weight of T, (X (w))
and X (w) is nonsingular at v, Lemma gives us that v < s,_;sv < w.

It now follows that x = s,_sv < w, either directly if [ = 1 or from Lemma

112.0 if [ > 1.

Secondly, suppose that —y = —[J.

If u='(a — 16) < 0, then by Lemma [£.8.7]
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is a weight of 7¢ (X (w),u). Therefore, for this case we know that —[d and
o — 16 are weights of 7o (X (w), u).

If u='(a—18) > 0, then u=*(—a + 1) < 0, which means that the positive root
—a + 16 is a weight of 7¢ (X(w), u), by Lemma [4.8.12] Thus, for this case, we
have that —16 and —a + [0 are weights of 7¢ (X (w), u).

Note that, since we have already determined that s,_su < u above, Lemma
4.8.12| yields that u™'(—a + ) < 0. Thus, if [ = 1, then we are dealing with

the latter of these two options.

If —16 and av— 1§ are weights of 7¢ (X(w), u) (sol > 1), then by Lemma ,
the set Q(TC (X (w), v)) contains at least two of the members of the a-string
through —10:

a—10 — 10 —a—1

Once again, as weights of 7 (X (w), U), they are also weights of T, (X (w)) The
two member must be o — [0 and —a — 19, since, by Lemma [4.7.5] the tangent
space of X (w) at a nonsingular point does not have any negative imaginary
weights. Specifically, we have that o — 6 is a weight of T, (X (w)) and hence,
using the same argument (for [ > 1) as presented in the previous case, we

determine that z = s,_sv < w.

If instead —16 and —a + 1§ are weights of 7¢ (X (w), u), then we know from
Lemma [4.8.10| that Q(TC (X(w),v)), and hence Q(TU (X(w))), contains at

least one of the elements in the a-string through —I[6:

a— 10 — 16 —a—100

and at least one of the elements in the a-string through —a + 194:

—a+1d lo a+10

Using Lemma and Remark [£.4.T we can exclude —1§ and 16 as possibil-

ities from their respective strings.
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Since u < s,u = v, we also have s,v < v and therefore by Lemma [4.8.12]

Thus

and hence
v (—a+10) =v ! (—a)+16 > 0.

Lemma [4.8.12 now indicates that —a + [0 is not a weight of 7, (X (w)) which

leaves o+ 16 as the member of the a-string through —a + 10 which appears as
a weight of T, (X (w)). Therefore, by Lemma [4.8.12

v a+16) <0

so that
v (—a —16) > 0.

As such, Lemma [4.8.12] indicates that —a — [0 is not a weight of T, (X (w)).
This elimination means that a — [0 has to be the member of the a-string
through —{4 contained in ) (Tv (X (w))) Therefore, as above, we deduce that

T = Sq_sV < W.

Finally, we consider the third case in which —4 = o — (k 4+ 1)d. According to
Lemma [4.8.10, at least one of the members of the a-string through a — (k+1)d
is a weight of 7 (X (w), v) and so also of T,,(X (w)):

a— (k+1)8 — (k+1)5 —a—(k+1)s

We remove —(k + )0 from this list using the now familiar argument that
T,(X(w)) has no negative imaginary weights (Lemma [4.7.5).

We claim that —a — (k + 1)d is also not weight of 7, (X (w)). To prove this,
we suppose that —a — (k + 1)d is weight of T, (X (w)).
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A Bruhat graph representing our argument is:

We construct this Bruhat graph as follows: since X (w) is nonsingular at v,
from Lemma [£.8.13 we that determine that

U < S (k)sV < W.

Let z = Sq4(k41)5v and hence we have v < z < w. By Remark [4.10.3 we know

that

)k:-i—l—l

$4U = Sa—(k+1)sU = (Sa—sSa Sa—oU

Remark 4.10.3| also gives us that

k+l k-Hu

2 = Sat(k+)sV = (sasa—5) SaU = (Sasa—5)k+18a(8au) = (Sasa—d)

and therefore,

2 = (565a—5) "1 = 505a—s(SaSa—s) T = S4(Sa—s5a) T S0 su = Sa(s5u).
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Furthermore, since u < syu = Sq_(k41)s5u, Where k +1 > 3, it follows from

Lemma [4.12.4] that

85U = Sa— (k05U < Sa(Sa—(r41)51) = Sa(s5u) = 2

Thus, since z < w, we have that

u<s@u<w.

As a result, U_su = Uy (1150 s a T-curve in E~(X (w), u), which contradicts
the fact that £~ (X (w),u) does not contain any T-curves of this form, other
than C_4 and C'_g, by Lemma [5.6.2 Thus, —a — (k +1)d is also not weight
of T, (X (w)).

Therefore, a— (k+1)0 is the member of the a-string through a— (k+-1)d which
is present in Q(Tv (X(w))) As such, we obtain from Lemma [4.8.13[ that

U < Sq— (k)6 < W,

where k + [ > 3. Lemma now yields that s,_sv < s4—(r41)5v and hence,

for the last time, we deduce that r = s,_sv < w. O

Remark 5.9.3. In order to show that x < w in the proof of Lemma [5.9.2]
we used the fact that Q(TC (X (w),u)> contains a weight —% as described
in Lemma , where C' = C_s. However, we could have used ¢ = C'_;
instead. The proof using €' = C'_3 is very similar to the proof provided for

Lemma [(£.9.4]

Lemma 5.9.4. Let X (w) be a singular Schubert variety in G/B. Suppose that
u € X (w)T is a mazimal singularity such that E~(X (w),u) contains a pair of
strong Type I T-curves C_g and C_p for which & = a + kb and B=—a+4,

where k > 1. Then u satisfies the (o — 0)—kite property in X (w).

Proof. Let v = sau = Sqirsu, let y = SpU = Sa—sU, and let £ = s,Sq4_su
(= Sat(k+1)5Satkst, by Lemma (4.10.4). As C_;, C € E~(X(w),u), we know

170



that
u<v<w and u<y<w.

Also, since u is a maximal singularity of X (w), both v and y are nonsingular
points of X (w), which implies that C_s and C_j are good by Remark [4.7.4]

As well, if u < s,u, then Lemma [4.13.1] would indicate that C_, = U_,u is an
element of E~ (X (w),u), since C_s = U_p_rsu € E~ (X (w),u), where k > 1.

As this would contradict Lemma [5.6.2], it must be the case that

Sal < U.

In addition, since u < y = s,_su, we determine from Lemma [4.11.1] that

U < Sq_slU < SqSa_sl.

Finally, we claim that

U = Satksth < Sat(k+1)5(Satkstl) = .

To prove the claim, we assume that v > 2 = 5,4 (x41)5v. Hence, from Lemma
m, we know that v+ (k+1)d is a weight of 7¢_, (X (w), v). Consequently,
Lemma (4.8.10/implies that (7'07& (X (w), u)) , and hence <Tu (X(w))), con-
tains at least one member of the (a + kd)-string through a + (k + 1)4:

a+ (k+1)0 J —a—(k—1)94,

However, none of these options are weights of T, (X (w)). Indeed, if o+ (k+1)d
is a weight of T, (X(w)), then Lemma stipulates that © > s (k+1)su. On
the contrary, as u < v = S44x5u, Lemma gives us that u < sq4 (kt1)5U-
Hence, o + (k + 1)d is not a weight of T, (X (w)).

Remark indicates that 4 is not a weight of T, (X (w)).
Finally, if —a — (k — 1)§ is a weight of 7;,(X (w)), then Lemma would

yield that u < s_q_(k—1)su. As a result, since C_s = U_q_psu € B~ (X (w),u),
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Lemma specifies that U_,_—1)su is also a T-curve in E-(X(w),u).
However, according to Lemma this cannot occur, since the strong Type |
pair C_4 and C'_j are already present in E~ (X (w), u). Therefore, —a—(k—1)§
is not a weight of T,, (X (w)).

Hence, since none of these three possibilities are weights of T, (X (w)), we have

obtained a contradiction.

Therefore, as claimed, we have

v <.
In summary, we have deduced that
Sall < U < Y = Sq_sU < SaSq_sU =T

and

U< V= Sarkst < Say(kt1)s(Satrkst) =T

from which, in G/B, we construct the Bruhat graph:

Thus u satisfies the (o — d)-kite property in G/B. To show that u satisfies this
property in X (w), we will show that x < w.
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To that end, suppose that —4 is the weight of 7¢ (X(w),u), for C' := C_4,
specified by Lemma [5.9.1] As such, —% and has three possible forms:

—a—(k+1)§ -1 a—(I+1)6,

where [ > 1 is an integer.

We will first consider the case in which —y = —a — (k +[)d. Using Lemma
[4.8.7, we obtain that

a4 (—7) =a+ké+ (—a— (k+1)5) =—Id € Q(TC(X(w),u)>.

As such, Lemma [4.8.10] establishes that Q(TO (X (w),v)), and subsequently

Q(Tv (X (w))), contains at least two members of the (« + kd)-string through
—a— (k+1)d:

—a—(k+1)s — 15 a+ (k—1)3

Lemma [4.7.5| allows us to eliminate —[0 as a possibility and therefore the two
aforementioned weights are —a — (k+1)d and oo + (k — ). As —a— (k+1)d
is a weight of T, (X (w)) and X (w) is nonsingular at v, Lemma [4.8.13| tells us
that

U < Sap(kt)s¥ S W.

If | = 1, then we have already obtained that = sq4 (x41)5v < w. If [ > 1, then
we use the fact that k+1 > k+1 > 2 to determine that s, (k41)5V < Sa(k41)57,

by Lemma [4.12.2] Thus, = Sqyk1+1)5v < w.

We will now consider the case in which —4 = —[¢§. For this, we will take into
account the values of [ and k. We first note that [ # k + 1, since otherwise, by

Lemma [£.8.7],

A

d+ () =a+ki—(k+1)§=a—06=—p

would be a weight of 7¢ (X (w), u), which is impossible by Lemma m
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Now, assume [ > k, but [ # k+ 1. Thus k — [ < 0. Also, since sqau < u, we
know from Lemma [4.8.12] that

u(a) <0

and so
u Ha+ (k=100 =u"(a)+ (k-1 <0,

Therefore, by Lemma {4.8.7, we know that
a4+ (—9)=a+kd—-1l6=a+ (k—1)0

is also a weight of 7¢(X(w),u). Hence Lemma [4.8.10| yields that the set
Q(TC (X (w), v)) contains at least two of the members of the (a + kd)-string
through —I[6:

a+ (k—1)0 — 15 —a—(k+1)5

At this point, we may proceed exactly as we did in when —y = —a — (k +1)d

to once again determine that x = sqq(r41)50 < w.

Now assume that [ < k, so that k — 1 > 0. If it is still true that
u(a+ (k—1)0) <0,
then, as in the previous case, we ascertain that x = s,4 (+1)sv < w. Otherwise,
ut(—a— (k—1)8) <0,

which indicates that the negative root —a — (k — {)d is a weight of T,,(G/B)
for which u < s_,_—ysu, by Lemmam Moreover, as C_g = U_q_psu 1S in
E~(X(w),u) and 1 <k —1 < k, Lemma establishes that U_,—(x_ysu is
also in £~ (X (w),u). However, this leads to a contradiction, since by Lemma
5.6.20 E~(X(w),u) does not contain any T-curves other than C_4 and C 5 of
this form.
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Finally, suppose that —y = a — (I + 1)d. According to Lemma [4.8.10} the
set Q(TC (X (w), v)) must contain at least one member of the (« 4 kd)-string
through o — (I 4+ 1)0:

a—(1+1) —(k+1+1)6 —a—(2k+1+1)

which in turn is an element of Q(Tv (X (w))) The negative imaginary weight
—(k+1+1)6 is removed from this list, by Lemma as X (w) is nonsingular

at v.

If @ — (I +1)0 is the member that appears as a weight of T, (X (w)), then
Lemma (4.8.13| guarantees that U,_41)sv is in £~ (X (w),v). Further, since
U < Saqrst = v, Lemma gives us that

U = SayksU < Sa—s(Satksll) = Sa—sV.

Therefore, by Lemma , we deduce that U, ;v is in B~ (X (w),v). Con-
sequently, E~ (X (w),v) contains U,—_(+1)sv and U,—sv, which form either a
pseudo Type II or a Type II pair of T-curves. Either way, Lemmas and
specify that v is a singular point of X (w). As this contradicts the fact
that X (w) is nonsingular at v, we conclude that o — (I + 1)d is not a weight
of T, (X (w)).

For this reason, the member of the (o + kd)-string through o — (I + 1)J in
Q(Tv (X(w))) must be —a — (2k + 1+ 1)0. We now use Lemma {4.8.13 to
obtain that

U < Sai(2k41+1)60 S W,

where 2k + 1+ 1 > 4. Furthermore, since 2k +1+1 > k+ 1 > 2, Lemma

establishes that sq4(x+1)50 < Sat@k+i41)5v. Thus, = sqq(ky1)5v < w,
as required. O

With these two lemmas in hand, we are now in a position to prove the main

result of this chapter:
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Theorem 5.9.5. Let X(w) be a singular rationally smooth Schubert variety
in G/B. If u € X(w)' is a mazimal singularity, then u satisfies either the
(—av)—kite property in X (w) or the (o — 0)—kite property in X (w), for some
a€ P,

Proof. From Theorem [5.7.2] we know that E~(X(w),u) contains a strong
Type I pair of f—curves, C_4and C_ B As & and B form a strong Type I pair
of roots, we have either & = o and f = —a+kd, for some k > 2, or & = a+kd
andB: —a+ 0, where k > 1. If @ = « andB: —a + ko, for some k > 2,
then by Lemma u satisfies the (—a)—kite property in X (w). Otherwise,
& = o+ ko and B = —a + 0, where k£ > 1 and it follows from Lemma
that u satisfies the (o — §)—kite property in X (w). O

Remark 5.9.6. As indicated in Remark if u € X(w) satisfies one of
the kite properties in X (w), it also satisfies the corresponding chain property.
The specific version of each property that appears (either (—«) or (o —9) ) is
determined by which version of a strong Type I pair of T-curves is contained
in £7(X(w),u): if C_, and C,_gs are present in £~ (X (w), u), then u satisfies
the (—a)—kite property and (—a)—chain property. If C_,_xs and C,_s occur
in £~ (X (w),u), then u satisfies the (v — §)—kite property and (o — d)—chain
property. Thus, as a consequence of Theoremm ifueX (w)f is a maximal
singularity, then u satisfies either the (—a)—chain property or the (o —¢§)—chain

property, for some o € &,

Remark 5.9.7. We think that it is highly likely that the ideas of Dale Peterson
presented in his proof of his ADE-Theorem (see [I5]) can be used to give a
more geometric and shorter proof of Lemmas [5.9.2] and [5.9.4] and Theorem
than what we have provided in this thesis.

5.10 An Additional Condition for Maximality

In previous sections, we have only considered elements of E~ (X (w),u) whose
tangent spaces at u have weights with the same real parts, up to sign. We
know from Theorem that, for a maximal singularity u, there can be
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at most two such T-curves in E~ (X (w),u) for each @ € ®*. For a singu-
lar rationally smooth Schubert variety X (w), we know from Theorem
that £~ (X (w),u) contains a strong Type I pair of T-curves. We have deter-
mined that this pair of T-curves limits which other 7-curves may appear in
E~(X(w),u), based upon the real part of the weights of their tangent spaces

at u.

Lemma 5.10.1. Let X (w) be a singular rationally smooth Schubert variety in
G/B, let u € X(w)f be a mazimal singularity of X (w), and let C_g == U_su
and C_p = Z/TBU be a strong Type I pair of T-curves in E~(X(w),u), where
Re(&) = a = (ij) € *. If U_su € E~(X(w),u), where ¥ = £y + h,d is a
positive root such that v = (lk) € ®*, thenl =14,j or k =1,j.

Proof. Let o = (ij) € ®* (with ¢ < j) and assume that
D=U_sue E™ (X (w),u),

where 4 = v + h,0 is a positive root such that v = (lk) € & (with [ < k)
and {l,k} N{i,j} = 0. Let v/ = s;u. Therefore, we know that

u<u <w

and that X (w) is nonsingular at «/, since u is a maximal singularity of X (w).

We know from Remark that u satisfies either the (—a)—chain property
in X (w) or the (a — §)—chain property in X (w). For our initial case, suppose

that u satisfies the (—a)—chain property in X (w). Thus

Sa—st < U < SaU < Sq_sSaU < W.

Let v = squ, let 2 = s4_su, and let © = s4_55aU (= Sa—(k+1)5(Sa—rstt)). Using

this notation, the (—a)—chain property becomes:

z<u<v<z<w

In addition, let C_, =U_,uin E~ (X (w),u),let C_p15 =U_pisuin ET (X (w), u),
and let Cy_s = Uy_sv in B~ (X(w), v).
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The Bruhat graph depicting this situation is:

C—a+(5

As u is a maximal singularity of X (w), the points v and = are nonsingular

points of X(w). As z < u, we know that z is a singular point of X (w), by
Lemma 7.3

Since 7 # +a, we obtain from Lemmathat —4is aweight of o, (X (w), u)
and, as such, we apply Lemma to determine that 7¢__ (X (w), v) has at
least one weight which is an element of the a-string through —4. However, as
{l,k}n{i,j} =0, we know that —y + ca is not a root for any ¢ € Z\ {0} and
hence —4+ca is not a root for any ¢ € Z\ {0}. Therefore, the a-string through
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—~4 consists solely of —4, which implies that —¥ is a weight of 7¢__ (X(w), v)
and hence

v < S50 < w,

by Lemma [4.8.13] since X (w) is nonsingular at v.

Repeating the above argument using 7¢_, (X (w), v) and the point z in place

of 7o_, (X (w),u) and v, we determine that

T < szx < w.

We can repeat most of the above argument for 7¢__ (X (w), u) and the point
z, but, since z is a singular point of X (w), we can only go as far as to deduce
that —4 is a weight of 7¢__,, (X (w), z) and hence of T, (X (w)). Although we
have yet to determine if s5z is a point of X (w), we do know by Lemma m
that

Z<S¢YZ

in G/B, since —7 is also a weight of T, (g/B).
Let v' := s5v, let 2’ := s;x, and let 2’ := s52. Summarizing our work above in
terms of these assignments, we have:

v<v <w,

r <2 <w,

and
z < 7.

As an immediate consequence, we observe that X (w) is nonsingular at v’ and

', since v is a maximal singularity of X (w) and v < v < x.
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With the addition of these newly defined points our Bruhat graph including
the weight —4 of 7% (X (w)) is:

Our goal now is to show that ' also satisfies the (—«)—chain property in X (w)

(involving the points 2/, v/, v/, and z’).

To that end, keeping in mind that @ # =7, we know from Lemma [4.9.4
that —a + 0 and —a are weights of 7p (X (w),u) and hence also weights of
7p (X (w),v'), by Lemma [4.8.10} since —a + ¢§ and —a + § 4 ¢4 are not roots
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for any ¢, € Z\ {0}. Lemma [4.8.12] now indicates that
Sq_st’ < u' < w,
and, since X (w) is nonsingular at u', we learn from Lemma [4.8.13| that

U < sou’ < w.

Using the same method, we also obtain that

V< Sq_sV < w.

Further, according to Remark 4.10.1] as {l,k} N {i,j} = 0, we have the fol-
lowing:

548a—654 = Ss5(a—68) = Sa—6

S458aSy = 35@(11) = Sa

Therefore,

/ / /
Sa—sU = 8350_§54U = S4Sq_sU = S32 = Z
/ / /
SqU = 8484,54U = 85841 = S5V =V

Sa—sV = 8554-5550" = $554_50 = S50 = '

Collectively, these computations yield

2 =55 < U < s,u =0 <5450 =7 <w

and hence v’ satisfies the (—a)—chain property in X (w). We have also con-
firmed that 2’ is indeed a point of X (w).
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With this new information our Bruhat graph becomes:

w e

x
x
a—0
y o
a—0
vy
—«
b/
-« —a+0
u 5
—a+9
v/
: 4

Therefore, by Lemma [5.1.3] v’ is a singular point of X (w), which contradicts
the fact that X(w) is nonsingular at v/, since v < v’ and w is a maximal

singularity.

For our second case, suppose instead that u satisfies the (aw—d)—chain property
in X (w), that is,
Sall < U < Sq_slU < Sq85q_sU < W.

Redefining from the previous case, let z = sy u, let v = s,_su, and also let
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T = 8454_su. Using these, the (o — d)—chain property condition above can be
expressed as:

z<u<v <z <w.

Once again, since u is a maximal singularity of X (w), we observe that X (w)

is nonsingular at v and x, but singular at z (Lemma [4.7.3]).

This time, let Cp_5 = Uy_su in E~(X(w),u), let Cy = Uyu in BT (X (w),u),
and let C_, =U_qv in B~ (X (w),v) .

The Bruhat graph illustrating the set-up of our second case is:
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Since +7v # *+a, Lemma indicates that —4 is a weight of 7¢__, (X(w), u)
Therefore, from Lemma we are given that 7, , (X (w),v) has at least
one weight which is in the (—a+§)-string through —4. However, since {/,k} N
{i,7} = 0, we have that —% + ¢(—a + ) is not a root for any ¢ € Z\ {0} and
thus the (—a + §)-string through —4 is composed only of —4. Therefore, —¥
is a weight of 7¢, ,(X(w),v). Furthermore, since X (w) is nonsingular at v,

Lemma yields that

v < 850 < w.

Likewise, using 7¢_, (X(w), v) and the point x as replacements for 7o, (X(w), u)

and v in the above argument, we establish that

T < szx < w.

Regarding 7¢, (X (w), u) and the point z, since z is a singular point of X (w), we
can only ascertain that —4 is a weight of 7¢, (X (w), z) and hence of T, (X (w)).
At this point, we have not yet demonstrated that s;z is a point of X(w),
however, since —¥ is also a weight of T, (Q / B), we know from Lemma
that

z2 < S5%
in G/B.
Let v' := ssv, and let 2’ := s52, and let 2’ := s52. In terms of these labels,
our deductions above become:
v<v <w,

r <2 <w,

and
z< 7.

Since u is a maximal singularity of X (w) and v < v,y < x, we obtain that

X (w) is nonsingular at v" and 2.
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Adding this information to our Bruhat graph (including the weight —4 of
T.(X(w)) ) yields:

At this point, we will show that v satisfies the (ow—d)—chain property in X (w).

Accordingly, since —« # +y, we determine from Lemmal[4.9.4]that o and a—§
are weights of 7p (X (w),u). As well, since a + ¢y and a— 6 + ¢4 are not roots
for any ¢, € Z \ {0}, it follows from Lemma that o and o — 9 are
weights of 7p (X (w), ).
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Thus,

squ’ < u' < w,

by Lemma 4.8.12, and

U < S5t < w
by Lemma [4.8.13] since X (w) is nonsingular at u/'.
Similarly, we ascertain that

/ /
vV < S0 < w.

Moreover, using Remark 4.10.1{ and the fact that {I,k} N {i, 5} = 0, we com-
pute:

$58a85 = Ss@(a) = Sa

548a—654 = Ss5(a—6) = Sa—6

Consequently,

/ / /

Sall = 8584S4U = 85841 = 852 = Z
r r o o
Sa—slU = 8584_585U = S5Sq—sU = S5V =V

SaV' = 848455V = 85840 = S50 = 1
Putting all of this together, we obtain

/ !/ / !/ / / /
2 =8U < U < Sp_gh =V < SV =2 < w

and hence v’ satisfies the (o — d)—chain property in X (w). This also verifies
that 2’ is a point of X (w).
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Thus our finalized Bruhat graph is:

w e..

xZ
T
—
b
—a
(U —4
a—0
b o/
a—90 o)
U 9 —4
«
b o/
z —4

Therefore, by Lemma 5.1.3] «’ is a singular point of X (w). Thus, since u < /,
we have obtained a contradiction to the fact that u is a maximal singularity
of X(w). O

As a consequence of this lemma, we obtain a bound on the size of E~ (X (w), u)

and hence also the codimension of X (u) in X (w).

187



Corollary 5.10.2. Let X(w) be a singular rationally smooth Schubert variety
in G/B. If u € X(w)T is a mazimal singularity of X (w), then

|E™ (X (w),u)] < 4n —6.

Proof. Let C_s :=U_quand C_5 :=U_zu be a strong Type I pair of T-curves
in £~ (X(w),u), where Re(&) = a = (ij) € ¥, with i < j. If C_4 and C_;
are the only T-curves in £~ (X (w),u), then

[E~(X (w),u)| = 2 < 4n — 6,

for n > 2, as required. Now suppose that £~ (X (w), u) contains at least three
T-curves. Let U_su be any T-curve in B~ (X (w), u) other than C_4 and C'_3.
Thus, by Lemma [5.10.1] 4 = £+ + h,0 is a positive root such that v € &+ of

the form
v = (li), (ik), (I'j), or (&),

where [,l', k, k' are integers, none of which are equal to i or j, satisfying
1<l<i<k<n

and
1<l <j<k <n.

There are ¢ — 1 possible values for [, n — i — 1 possible values for k, j — 2

possible values for [, and n — j possible values for £’. Thus, there are
it—14+n—1—14+7—-24n—j=2n—4

possibilities for . By Theorem [5.6.3, E~ (X (w), u) contains at most 2(2n — 4)
T-curves other than C_4 and C_; and hence B~ (X(w),u) contains at most

in—6T -curves, as required. ]
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Corollary 5.10.3. Let X (w) be a singular rationally smooth Schubert variety
inG/B. Ifu € X(w)T is a mazimal singularity of X (w), then the codimension
of u is at most 4n — 6.

Proof. This follows from Corollary [5.10.2 and the fact that
|E~ (X (w),u)| = dim X (w) — dim X (u)

(see Remark [4.6.2)). O
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Chapter 6

Smooth Schubert Varieties and

Pattern Avoidance

In this chapter, we will provide a proof of a conjecture due to Billey-Crites
which states that a Schubert variety X (w) in G/B is smooth if and only if w
avoids the patterns 3412 and 4231. Using the results of Billey-Crites in [2], to
prove this conjecture it suffices to prove that the affine permutation w indexing
any singular rationally smooth Schubert variety X (w) in G/B contains the
pattern 3412. To that end, we will introduce the concept of a wide affine
permutation (see Definition below). These permutations are useful to us
since they all contain the pattern 3412 (see Lemmal6.3.2below). We know from
Theorem above that every maximal singularity v of a singular rationally
smooth Schubert variety X (w) in G/B satisfies either the (—a)—kite property
or the (a— ¢)—kite property in X (w). We will show that, in this situation, the
maximal T-fixed point appearing in either of the two kite patterns is wide and
hence contains the pattern 3412 (see Theorem below). Using this fact,
we will then prove that w itself is wide and hence also contains the pattern
3412, as required (see Theorem . We would like to note that some of the
proofs that we have given in this chapter are long and technical in nature, and
that someone with a more extensive background in combinatorics may be able
to find a shorter method to prove Theorem [6.5.1]
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6.1 The Billey-Crites Conjecture

In this section we describe the research of Billey and Crites presented in [2].

Unless otherwise specified, the source of information given in this section is
2].

Our work on maximal singularities of Schubert varieties in G/B was initiated,
in part, to prove Conjecture 1 in [2] (given below as Conjecture[6.1.6). Conjec-
ture is an affine analogue of an earlier results by Lakshmibai and Sandhya
in the classical algebraic group setting regarding Schubert varieties in G/B,
where G = SL,,(C) and B is the set of upper triangular matrices in G. Specif-
ically, in [29], Lakshmibai and Sandhya proved the following important result:

Theorem 6.1.1. Let X(w), where w = |ay,aq,...,a,] € S,, be a Schubert
variety in G/B. Then X (w) is singular if and only if there are indices i, j, k, !,
where 1 < i < j <k <l <n, for which at least one of the following holds:

1) ar, < a; < a; < aj
2) a < a; < ap < a.
Using the natural numbers 1 through 4 to represent the relative size of the

numbers in each inequality, where 1 represents the smallest number and 4 the

largest, these two conditions in one-line permutation notation can be expressed

as:
3 4 1 2
w = | a; a; ay ay ]
and
4 2 3 1
w=| a; a; ay a ]

In the first case, we say w contains the pattern 3412 and in the second we say
w contains the pattern 4231. If a permutation w does not satisfy condition 1),

we say it avoids the pattern 3412 and if w does not satisfy condition 2), we say
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it avoids the pattern 4231. Thus Theorem can be restated as: X (w) is
smooth if and only if w avoids the patterns 3412 and 4231. Furthermore, Dale
Peterson, when working over C, proved that for simply laced types all ratio-
nally smooth Schubert varieties are smooth and, moreover, that the rationally
smooth locus and the smooth locus coincide (see [15]). As such, Theorem|[6.1.1]
still holds if smooth is replaced by rationally smooth.

The concept of pattern avoidance has been generalize to the affine setting. In

order to examine this, we start with a definition given in [2]:

Definition 6.1.2. Let p € S; and let w € W= §n Then w is said to contain
the pattern p if there are indices i1 < iy < --+ < 1} such that the substring
w;, Wy, - - - w;, follows that same relative order as the entries of p. Furthermore,

w is said to avoid the pattern p if no such indices / substring exits.

For example, in §5,
w=[-3,6,0,8,4]2,11,5,13,9,7, ...
contains the pattern 3412

3 4 1 2
w=[-3,6, 0,8, 4 2, 11, 5, 13,...

As in the classical case, the patterns of interest in the affine context are 3412
and 4231. Indeed, Billey and Crites show that if w € W avoids these two pat-
terns, then X (w) C G/B is rationally smooth. However, in the affine setting,
pattern avoidance no longer gives the full characterization of rational smooth-
ness. One additional concept is required, namely, the notion of a twisted spiral
permutation. As twisted spiral permutations are not explicitly used in this the-
sis, we direct the interested reader to Section 2.5 of [2] for the definition. Two
features of twisted spiral permutations that are relevant to our work are that
they all contain the pattern 3412 and that the affine Schubert varieties they

index are singular (see [2]).

The central result of [2] is Theorem 1.1 (stated here as Theorem[6.1.3)), in which
they provide a means of identifying all rationally smooth Schubert varieties in

G/B:
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Theorem 6.1.3. Let w € W = S, where n > 3 and let X(w) be a Schubert
variety in G/B. Then X (w) is rationally smooth if and only if either:
1) w avoids the patterns 3412 and 4231, or

2) w is a twisted spiral permutation.

Remark 6.1.4. Theorem applies to the case in which n > 3. For n = 2,
all Schubert varieties X (w) are rationally smooth (see Example [4.6.3)).

The corollary stated below (which is Corollary 1.2 in [2]) follows from Theorem

6.1.3 since any Schubert variety which is not rationally smooth is also not

smooth (see Remark [4.6.4)):

Corollary 6.1.5. Let w € W= §n, where n > 3 and let X (w) be a Schubert
variety in G/B. If w contains either a 3412 pattern or a 4231 pattern, then

X(w) is singular.

In Conjecture 1 in [2] (stated here as Conjecture [6.1.6)), Billey and Crites
speculate that Corollary is, in fact, an equivalence.

Conjecture 6.1.6. Let w € W and let X (w) be a Schubert variety in G/B.
Then X (w) is smooth if and only if w avoids 3412 and 4231.

Billey and Crites indicate in [2] that they have verified this conjecture up to

n = 5. The case for n = 2 is handled in [17].

In this thesis, we will provide a proof for Conjecture (See Theorem [6.5.2)).

6.2 The Bruhat-Chevalley Order on W and

One-line Notation

In order to prove Conjecture [6.1.6, we will show that any Schubert variety
X(w) in G/B which is both rationally smooth and singular is indexed by
an affine permutation w which contains the pattern 3412 (see Theorem [6.5.1]
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below). As such, our focus in on pattern detection, as opposed to pattern
avoidance. The method that we have developed involves the entries which
appear in the standard window of an affine permutation expressed in one-line
notation:

w = [wy, wa, ..., w,]

We want to be able to detect the pattern 3412 in w, however, our work in
Chapter [5| involved maximal singularities v € X (w)?. In order to link the
two, we want to understand how left multiplication with a reflection changes

the entries which appear in the standard window of w.

In this section, we prove a rather technical lemma which compares the entries
of two affine permutations u and sgu when u < ssu. Although we did not find
this result in the literature, there is a possibility that this result was previously

known. Before we state this lemma, we will establish some notation.

Since s4 = s_4 for any & € ZI\J, henceforth, we will let & = o+ hd, where h € Z
and o = (ab) € @, with 1 < a < b < n. Let u = [uy,uy,...,u,) € (G/B)T
and let 1 < ,5 < n, with ¢ # j be the indices for which @;,@; € {a,b}. Let

v = sgu. Thus v = [vy, vg,...,v,], where vy = s4(ug), for every integer k.

Set

where 1 <u; < n and g € Z and
uj =10 + np,

where 1 <%; <n and p € Z. Since ¢q,p € Z, we have that ¢ = p + ¢, for some
ceZ.
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Thus

v = s4(w;) v = sa(u;)
= 54(; + nq) = s4(; + np)
_{u_j+n(q+h) if w=a _{u_i—l—n(p—h) if w; =0

u; +n(g—h) if w="0 u+n(p+h) if 4=a

=5 +n(q+ h) = +n(pFh)
=T +n(p+cxh) =7 +n(¢g—cFh)
=u;+n(cxth) =u; —n(cth)
=u; +nd = u; — nd

where d = ¢ = h € Z. From these descriptions we obtain that

U > v = u; > uj+nd = u; —nd>u; = v; > uy,

equivalently (since u; # v; and u; # v;),

U < V; <= 'Uj<Uj.

Furthermore,

v <u = u—nd<u = d>0 <= u; <u;+nd <= u; <y

and likewise,

Vj > u = Uj > v;
Relabel d = |c £ h|. So now, when v; < u; and u; < v; we have
vj = U —nd = Uj_pqg and v; = u; +dn = uji4,, for somed > 0.

If v; < u; and uj < v;, then d > 1.

If v; > w; and u; > v;, then

vj = U; + nd = Ujpnqg and v; = u; — dn = uj_g,, for somed > 0.
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Again, if v; > u; and u; > v;, then d > 1.

Consequently, there are only eight possible ways that w;, u;, v;, and v; can be
ordered:

V< Uy < up < U; <V <V < Uy
vj§u2-<uj§vi U]’SU1'<UJ‘§U¢
viguj<ui§vj 'LLZ'SUJ'<’UZ‘§U]‘
V; < U < U; < Uy Uy <V <V < Uy

Lemma 6.2.1. Let & = a + hd = (ab) + hé be a real root with associated
reflection s € W and let u = [y, ug, ..., u,] € (G/B)T. Let 1 <i < j<n be
the indices for which w;,w; € {a,b}. Then u < v = sau if and only if

lwi — uj| < lv; —v| if w; >y or

|U2—UJ|§ ’Ui—'l}j| Zf Uj > Ug

Proof. We will first prove the “if” direction of this lemma. Suppose that
lu; —uj| < |v; —v;| if w;>u;  or
|ui—uj| < |’UZ‘—U]'| if Uj > Ug

Given the eight possible orders for u;, u;, v;, and v; stated above, our assump-

tion implies that exactly one of the following holds:

u; —dn =v; <uj <u; <v;=1u;+dn, whered € Z>,
u; —dn =v; <u; <u; <v;=u; +dn, whered € Zx>g
uj —dn =v; <u; <u; <vj=u; +dn, whered € Z>,

uj —dn =v; <u; <uj <vj=u; +dn, whered € Z>;
As u < sau if and only if ¢(u) < l(squ), we will show that ¢(u) < ((sau).

To that end, for each of these cases, we will construct a bijection p between

Invg (u) and a proper subset of Invg (v). We first consider the initial two
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options above:

u —dn =v; <u; <u; <v; =u; +dn, whered € Z>;, or

u; —dn =v; <u; <u; <v;=u; +dn, whered € Zx

Let k be an integer such that 1 < k& < n, but that k # i,j. Subsequently,

v = Sa(ux) = ug. For every such k, we define p as follows, if applicable.

For any (k,l) € Invg (u) with [ #4,j mod n,
Vg = U > U=
and so (k,1) € Invg (v). Consequently, we define
p(k,1) = (k,1).

If (k, j+In) € Invg (u), for some integer [ > 0, then k < j+In and ug > w1

Since u; > vj,
Vg = Up > Ujpin = Uj +In > v; +1In = vjq,
we know (k,j +In) € Invg (v) and hence we may define
p(k,7+1In) = (k,7+In).

If (k,i+1n) € Invg (u), for some integer I > 0, then k < i+In and ug > Uitn.
If vy > Vi, then (k,i+In) € Invg (v) and we may set

p(k,i+1n) = (k,i+In).

If vy < Vi, then (k,i+In) € Invg (v). However, as
U = Up > Uipin = UitHIn = uj—dn+int-dn = ui_g+(1+d)n = vj+(I4+d)n = vj 1 1am

and
E<i+ln<j+in<j+(+dn
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we have (k, j + (I 4 d)n) € Invg (v). Furthermore, since

U = Vg < Vigin = Vi + 10 = Ujran + 1IN = Ujp1apn,
(k,j+ (I+d)n) € Invg (u), which means that (k,j+ (I +d)n) € Im(p) as
currently defined. Subsequently, we may set

p(k,i+1n) = (k,j+ (I +d)n).

If (i, k+1n) € Invg (u), for some integer I > 0, then i < k+In and u; > Up1n.
Since

Vi > Ui > Upain = Uk + 10 = vk + In = Vpn,
(4,k +1In) € Invg (v). Hence, we define

pli,k+1In) = (i,k +In)

For any (j, k + In) € Invg (u), where [ > 0 is an integer, we have j < k +In

and uj > Uptin. If v; > Vg, then (4,5 +1In) € Invg (v) and we let

p(,k +1n) = (4, k + In)

However, if v; < gy, then (j,k +In) & Invg (v), but fortunately we have
(i,k+ (d+1)n) € Invg (v), as

Vi = Ujpdn = Uj + AN > Upypn +dn = up + ([ +d)n = vp + (1 + d)n = Vg (11a)n
and

i<j<k+In<k+(+dn

In addition,

;= u; —dn +dn = ui_g, +dn = v; +dn < Vg, + dn = Vepram
so that (i,k + (I+d)n) & Invg (u). Consequently, as defined thus far,
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(i, k + (I+d)n) € Im(p). So let

p(j, k+In) = (i,k+ (L + d)n)

At this point, we consider the cases where u; < u; and w; < u; separately in

order to define p for the remaining elements of Invg (u).

To that end, suppose that u; < w;, that is,
u; —dn =v; <u; <u; <v;=u; +dn, whered € Z>,

This means that u; < u; + In, for all [ > 0, and hence (j,i + In) ¢ Invg (u)
for any [ > 0.

Since v; = Ujyan > wi, if Invg (u) contains an element of the form (i, j + In),
then it must be the case that 0 <1 < d. So if (4, j + In) € Invg (u), for some
integer 0 <[ < d, then ¢ < j + In and u; > uj4,. From,

Vi > U > Ujppn = U +In > v+ 1In = vj4,,
we obtain that (i,j +In) € Invg (v) and so we may set

p(i,7+1In) = (i,7 + In).

At this stage, we have defined the image under p of all possible elements of
Invg (u). Asl < dand d > 1, we observe that (i, j + dn) ¢ Im(p), but we do

have (i,j + dn) € Invg (v) since
v; > Uy = U — dn +dn = ui—g, +dn = v; +dn = vjian

and

1< j<j+dn.
Thus, p is an injective map onto a proper subset of Inv§n(v) and hence

l(u) = ‘Irwgn(u)‘ < ‘Inv§n(v) = ((v),

as required.
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Now suppose that u; < u;, that is,

u; —dn =v; <wu; <u; <v;=u;+dn, whered € Zx

Since u; < uj +In = ujiy,, for all [ > 0, we have that (4,7 + In) ¢ Invg (u)
for any [ > 0.

If (j,i +In) € Invg (u) for some [ > 1, then j < i+ In and u; > u;y,. (Note
that [ # 0, since i < j.)

As

v; < v < U+ In = vy
we obtain that (j,i +In) ¢ Invg (v). However,

Vi 2> U > Ui, = U + I >0 +In = v,

and
1< 7 <j+lIn.

Thus, (4, j +In) € Invg (v) and we may define

p(J,i+1n) = (i,j +In).
Since i < j and v; > vj, (4,j) € Invg (v). However, since [ > 1 in the final

assignment above, we see that (i,7) ¢ Im(p). Thus, as in the previous case, p

is an injective map onto a proper subset of Invg (v). As a result,
(u) = [tnvg ()| < |tovg, ()] = £(v),

as required.

We now move on to the last two options given at the beginning of this proof.
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Accordingly, suppose that
uj —dn=v; <u; <u; <vj =u; +dn, whered € Z>;, or

uj —dn =v; <u; <uj <vj =u; +dn, whered € Z>;

As before, we will define a bijection p from Invg (u) to a proper subset of
Invg (v). However, as the justification that p is well defined and injective is
straightforward and very similar to the previous case, in most of what follows,

we will only give the assignment rules defining p.

Now, for every integer k such that 1 < k < n and k # i, j, wherever applicable,

we define p in the following manner:

For any (k,l) € Invg (u) with [ #4,j mod n, we define
p(k;1) = (k,1).
If (k,i+In) € Invg (u), for some integer [ > 0, we set
p(k,i+1In) = (k,i+In)
For any (k, j +In) € Invg (u), for some integer [ > 0, we let

(k,j -+ ln) if Vg > Vjtin
(k‘,i + (I + d)n) if vr < Vs

p(k,j+1n) = {
If (j,k +In) € Invg (u), for some integer [ > 0, we set
Uk +1n) = (j, k +1n)

If (i, k +In) € Invg (u), for some integer [ > 0, we define

(i, k+ ln) if v > Vk+in

k4 In) =
pli, k- in) {(j,k:+(l—|—d)n) it v < Vein

In the case that u; < uj;, we have (i,j + In) € Invg (u), for any integer [ > 0.
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However, if (j,i +In) € Invg (u), for some integer 0 < [ < d, then we define

pU,i+1n) = (j,i +In)

For this definition of p, (j,i + dn) is an element of Invg (v) which is not in

Im(p).

If instead u; < w;, we know (j,i +In) & Invg (u), for any integer [ > 0. If
(4,7 +In) € Invg (u), for some integer [ > 0, then i < j +In and u; > uj .
As

Vjtin = VUj +in>v,+In= Vitin,

(4,7 +1In) ¢ Invg (v). However, since d > 1, we have
vj = Uit+dn > ui+n > i +n = uHntn—dntdn = v;+-(I4d+1)n = Vi rasim,

and
I1<i<j<n<i+({+d+1)n

so that (j,i+4 (I +d+1)n) € Invg (v). As such, we define

p(i,j+1In)= (j,i+ (I +d+1)n).

We have that (j,i + dn) € Invg (v) as a result of
V; =u; +dn > vi—i—dn:vﬂdn

and, since d > 1,
1<i<j<n<i+dn.

It is clear from our definition of p that (j,i 4+ dn) & Im(p).

Consequently, once again we have that p is an injective map onto a proper

subset of Invg (v) and this yields

l(u) = ‘Inv§n(u)‘ < ‘Invs\n(v)

= (),
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as required. With this, we have now completed the proof that if

lu; — uj| < |v; —v;| if w;>u;  or

|u1- —Uj| < |’Ui —Uj| if Uj > Ug
then u < sau.

To verify the “only if” direction of this lemma, we prove its contrapositive.

Assume
|u; —uj| > vy —v;| if w;>wu;  or
|u,~—uj| > |Ui—’Uj| if Uj > Uy

We will show that ssu < u. Given the eight possible ways to order u;, u;, v, vj,

we only have to consider the following:

U; <V <V < Uy
UjSUZ'<Uj§UZ'
U < U5 < U < Uy

Uy < U <V < Uy

From options one and three, we obtain

|Ui —’Uj| < |UZ — Uj| if v; > V;
and from options two and four, we know

|Ui — Uj| < ]uz — Uj| if V; > U
Since v = sazu, we also have sgv = u, where, in particular, u; = s4(v;) and
u; = Sa(v;). As a result, we have

v < 83V

(by applying the “if 7 part of this lemma, which was proved above, to v as
opposed to u), which yields

Salt < U

as required. O

203



In the proof of |6.2.1] we identified some relationships which will be useful in
subsequent proofs. As such, we restate these in the following remark, for ease

of reference.

Remark 6.2.2. Let u = [ug, us,...,u,] € (Q/B)f and & = a+hd = (ab) +hé
be a real root with associated reflection s4 € W such that u < v = squ. Let
1 <i < j < n be the indices for which w;,w; € {a,b} and let v; = s4(u;) and

v; = Sa(uy).
Thus, by Lemma [6.2.1f we have

lu; —u;| < |v; —wv;| if w;>wu;  or

|UZ‘ —Uj| < |’UZ‘ — Uj| if Uj > U
which yields

uj —dn =v; <u; <u; <vj =u; +dn, whered € Z>,
u; —dn =v; <u; <u; <v; =u; +dn, whered € Z>,
uj —dn =v; <u; <uj <vj =u; +dn, whered € Z>, or

u—dn =v; <u; <u; <v;=1u; +dn, whered € Zx>g

6.3 Pattern Detection and Wide f-Fixed Points

In this section, we will introduce our method for detecting the pattern 3412
in the one-line notation of an affine permutation. We begin with the following

definition.

Definition 6.3.1. A T-fixed point u = [uy,us,...,u,) in G/B is said to be

wide if there exists indices 1 < ¢ < j < n such that either uw; —u; > 2n or

uj — u; > 3n.

The significance of this definition is made clear in the next lemma.

Lemma 6.3.2. Let u = [uy, us, . .., u,] € (G/B)T. Ifu is wide, then u contains
the pattern 3412.
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Proof. Suppose there exists indices 1 < 7 < j < n such that u; — u; > 2n.
Thus

U; > Uj + 2n = Ujt2n

and so

Ujpn < Ujton < Up < Ujyn
Given that i < 7, we have i <i+4+n < j+n < j+ 2n. Consequently,
UiUignUjrnUji2n

is a subword of v which forms a 3412 pattern.

Likewise, if there exists indices 1 <+¢ < j < n for which u; —u; > 3n, we have

Uj > Uy + 3N = Ujt3p

and hence

Uiton < Uiysn < Uj < Ujtn

Since 1 <i<j<n,weknow l+n<j+n<2nand1+2n<i+2n < 3n,
so that j +n <7+ 2n.

Thus, 7 < j+n < i+ 2n < i+ 3n and hence we have obtained a subword
UjUj4nUit2nUitr3n

of u which forms a 3412 pattern. O]

From Lemma [6.3.2 it should be clear that our goal is to prove that any w
indexing a rationally smooth, but singular Schubert variety X (w) is wide. To
do this, we first show that if an affine permutation is v is wide, then any T-

fixed point above u in the Bruhat-Chevalley order on W is also wide.

Lemma 6.3.3. Let & be a real root with associated reflection sa € W and let
u € (G/B)T. If u is wide and u < v = sau, then v is wide.
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Proof. Suppose that u = [uy, us, ..., u,] is wide and, as such, let 1 <i < j <mn
be indices for which either u; —u; > 2n or uj—u; > 3n. Set v = [v1, V2, ..., Uy,

so that v; = sa(u;) = w;, set v; = sa(u;) = u;. Finally, let & = (ab) + hd.

We will consider four main cases: w;, u; ¢ {a,b}, u;,u; € {a,b}, W, € {a,b},

but w; ¢ {a,b}, and @, € {a, b}, but w; ¢ {a, b},

We will first deal with the case in which u;,w; € {a,b}. Thus v; = u; and

v; = u;. Consequently, if v; — u; > 2n, then v; — v; > 2n and if u; — u; > 3n,

then v; —v; > 3n. Hence v is wide.

Now suppose that @;, @; € {a,b}. By Remark there are four possibilities.

If u; — u; > 2n (that is, u; > u;), there are two options:
uj —dn =v; <u; <u; <vj =u; +dn, whered € Z>,
V; < Uy <up <
Hence,
vj —v; = u; +dn — (u; —dn) = u; — uj + 2dn > 2n + 2dn > 4n > 3n,

since d > 1, or

v; — v > U — uj > 2n,

respectively. As i < j, either way, we obtain that v is wide. If u; —u; > 3n
(that is, u; > w;), then the remaining two possibilities from Remark are

Uy < Uy < Uj < Uy
Ujgui<Uj§Ui

Thus,

’Uj—’UZ'>’le—UZ‘>3TL

or

v —v; > Uy —u; > 3n > 2n

Once again, both of these situations yield that v is wide.
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Now for case three, we assume that u;,u; € {a,b}, for some 1 < k < n such
that k # 4,5 ( so w; € {a,b}). Thus v; = u;. By Remark one of the

following must hold:

up —dn =v; < u; < up < v =1u; +dn, whered € Z>

up —dn =v; <up <u; <vp=u; +dn, whered e Zs, it i<k
up —dn =v; <u, <u; <vp=u; +dn, whered € Z>y if k<

u—dn=v, <u; <up <v;, =up+dn, whered € Z>y if 1<k
u;—dn=vp <u; <up <v; =up+dn, whered € Z>, if k<i

u; —dn = v < up <u; <v; =up +dn, whered € Z>

We will go through each option in the order given above. We know ¢ < j, but
we could have k > j or k < j. However, for computations involving v; and v,

if the difference computed is at least 3n, then v is wide for either case.

Assuming u; — u; > 2n:
v — vj = u; +dn —uj > 2n+dn > 3n (since d > 1)

3n if i<k (so d>1

2n if k<i<j (so d>0)

~—

vk—vj:ui+dn—uj>2n+dn>{

For the third and forth possibilities we have v; — v; > u; — u; > 2n.

Assuming u; — u; > 3n:
For options one and two we have v; —v; > u; — u; > 3n.

For possibility three we obtain

>u; —u; >3n if i<k
Vj — Vg . .
>u;—u; >3n it k<
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For the fourth, we have v; — vy, > u; —u; > 3n.
Collectively, these computations show that v is wide in this case.
For our fourth and final case, we assume that u;, w, € {a, b}, for some 1 < k <

n such that k # 4,5 ( so w; & {a,b}). Therefore, v; = u;. As in the previous
case, Remark gives us the only possible relationships:

up —dn =v; <uj <up < v =u;+dn, whered € Z>;

u, —dn =v; <up <u; <v=u; +dn, whered € Zs, if j<k
up —dn=v; <up <u; <vp=u;+dn, wherede€Zsy if k<j

uj —dn =vp <uj <up <vj=up+dn, wheredeZsy if j<k
uj —dn =vp <uj <up <vj =u,+dn, wheredcZs if k<j

uj —dn = v, <up <uj <vj=u,+dn, whered € Z>;

As above, we have that ¢ < j, but either & > 7 or k < 7 is possible. Once
again, for computations involving v; and vy, if the difference computed is at

least 3n, then v is wide for either case.

If u; — u; > 2n:
For the first two options, we have v; —v; = u; —u; > 2n.

For possibility three:

2n if 1 <j<k (so d>0)

v; — v, = U — (u; —dn) >2n+dn >
; (1 ) {Bn if k<j (so d>1)

For the fourth:

v; — v = u; — (u; —dn) > 2n+dn > 3n (since d > 1)
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If uj —u; > 3n:
The first situations yields vy — v; > u; —u; > 3n.

The second gives

>u;—w; >3n if j<k
g >u; —u; >3n if k<j

For options three and four we have v; —v; > u; — u; > 3n.

Together, these give that v is wide. O]

Corollary 6.3.4.

Let u,v € (Q/B)f such that w < v. If u is wide, then so is v.

Proof. Since u < v, we have that

U < S U < SpSa U < v+ < 84,84, 1 " " SasSa U =0

for some &y, ag, ..., 0 € &), for some k£ > 1. From repeated applications of
Lemma , we obtain that each of the 7-fixed points in this chain are wide,

and hence v is wide. ]

The previous result required that we started with a wide T-fixed point. How-
ever, in the next lemma, we give a condition on the real root & associated with
a reflection s; which guarantees that sju is wide when sau > u, even if u is

not.

Lemma 6.3.5. Let & = a+ hé, where |h| > 3, be a real root with associated
reflection so € W and let u € (Q/B)T If u < v = sau, then v is wide.

Proof. Let a@ = (ab) € ®t, where 1 < a < b < n and let h € Z. Let
u = [ur,us,...,u,] and let u; = w; + ng, for some ¢ € Z and u; = w, + np, for
some p € Z, be the entries in u with 1 < i < j < n such that w;,w; € {a,b}.

Let Set v = [v1, 09, ..., 0,] = Sau, so that v; = Sayns(w;) and v; = sarns(u;).
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By Remark [6.2.2] we know that

w; — wi| < |v; —ov;| it u; > u;
j j j

lw; —uy| < |v;—wv;| i u; >

and, as such, there are four ways to order w;, u;, v;, and v;:

V; < Uj < U <y
V; < uj < U <
Uy < Uy < U; <Yy

v; <up < uy <,

Suppose that

u; = a + ng
u; =b+np

Thus
v;=b+n(q+h)

v =a+n(p—h)
If h > 3, then v; > u; and v; < u;, so one of

V; < Uy < U <Y

ngui<uj§vi

holds. Either way, v; > v;, so that v; —v; > 0. Since 1 < a < b < n, we
have b —a > 1. If w; > u;, then, since a < b, we know that ¢ > p and hence
qg—p=>1 If u; > u;, then

uj — u = |u; — ui| < v — v = v; — v,
= b+np—(a+nqg) <b+n(g+h)—(a+n(p—nh))
= b—a+np—q) <b—a+n(qg—p)+2nh
= 2n(p—q) < 2nh
= q—p=—h
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Combining these facts, we obtain

v;—vj=b+n(g+h)— (a+n(p—h))
=b—a+n(q—p)+2nh

< 1+n+2nh it u; >u;
| 1=nh+2nh it u; >

S 1+ if w > u,
|1 +3n 0wy >

with the final inequality resulting from the fact that h > 3.

In both cases, we have v; —v; > 2n and hence v is wide.

If instead h < —3, then v; < u; and v; > u;, in which case one of

V; < Uj < U <V

V; < U < Uu; <y

holds. As such, v; > v;, so that v; —v; > 0. Since 1 < a < b < n, we know
that @ —b > 1—n. If u; > wu;, then, as a < b, we have p > g and so p—¢q > 0.
If u; > u;, then

wp — uj = |u; — uj| < |lv; —v;| =v; — v
= a+nqg—(b+np)<a+nlp—~h)—(b+n(qg+h)
= a—b+n(¢g—p)<a—b+n(p—q)—2nh
= 2n(q —p) < —2nh
== p—q>h
= p—q=>h+1

since p, q € Z.
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Subsequently;,

Uj—viza—kn(p—h)—(b+n(q—i—h))

=a—b+n(p—q)—2nh

- l1-n4+0—-2nh=1-n(2h+1) if u; >y
T |1l-n+4+nh+1)—-2nh=1—nh if u; >y

T 1430 if U > Uy

with the final inequality owing to the fact that h < —3.
Therefore, v; — v; > 3n and subsequently v is wide.

The case in which
u; = b+ ngq

u; =a-+np
follows essentially the same argument as the other case. Here we have

vi=a+n(qg—h)

If h > 3, we know one of the following is true:

V; < Uj < U <V

V; < U < Uu; < Uy

Hence, v; > v; and the end result is that

Uj—UZ'Z .
1+4n if w; > u;

Thus, v; — v; > 3n and therefore v is wide.
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Finally, if h < —3, it follows that one of
v < Uy < U <
v < U < Uy <
is true. Hence v; > v; and
1+5n if w; > wu;
i
1+2n if u; >y

Hence v; — v; > 2n and as a result, v is wide. O

6.4 Wide T-Fixed Points and Kite Patterns

In Section [5.9] we proved that every maximal singularity of a singular ratio-
nally smooth Schubert variety X (w) satisfies either the (—«)-kite property in
X (w) or (o — 9)— kite property in X (w). In this section, we prove that the
T-fixed point at the top of either kite pattern is wide.

Theorem 6.4.1. Let u € (Q/B)T. If u satisfies the (o — §)—kite property for
some o € O, then s,S4_su is wide and hence contains the pattern 3412. If
u satisfies the (—a)—kite property for some o € ®F, then so_sSau is wide and

hence contains the pattern 3412.
Proof. Suppose that u satisfies the (—«)—kite property. Thus,

Sa—slU < U < SaUl < Su_§Sall

and

U < S(—a+ks)U < S(—a+(k+1)8) S(—a+ks)U

for some integer k > 2. Let v = s(_qqrsytt and v' = 5(_ai (k+1)5)V ( = Sa—s5alt).

The Bruhat graph showing these relations is:
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Since k > 2, we know that £+ 1 > 3. It follows from Lemma that
V' = S(_at+(k+1)s)v is wide and, as such, contains the pattern 3412, by Lemma

6.3.2

Now suppose that u satisfies the (o — &)—kite property. Therefore,
Sall < U< Sq_sU < SqSq_sl

and

U < S(a+ks)U < S(a+(k+1)8)S(a+ks)U

for some integer & > 1. Let v = S(q4rs)u and v' = S(aq(k+1)5)v- The Bruhat

graph showing these relations is:
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For k > 2, we have that k+1 > 3. Therefore, by Lemmaw, V' = S(at(kt1)5)V
is wide and subsequently, by Lemma [6.3.2] v' contains the pattern 3412.

We are only left to consider k& = 1, in which case, v = s(,45)u and v = S(a+26)V-
Let o = (ab) € ®F, where 1 < a < b < n and set u = [u1,u,...,u,|. Let
u; = U; + ng, for some ¢ € Z and u; = u; + np, for some p € Z, be the entries
in u with 1 <4 < j <n such that @, w; € {a,b}. Let v = [vy,v9,...,v,] and

v = [vy,vh, )]

If w; = a and @; = b (so that w; < u;), then

and
+n(g+1—-2)=u;+n(qg—1)
V=T np—1+2) =5 +n(p+ 1)

It follows that
vi —v; =T — U +n(g—p+2)

and

v — v = — U +n(p —q+2)

Also, since u; < u;, we have that w; —uw; > 1.

If g—p >0, then

v —v;=0; —u; +n(g—p+2) >1+2n>2n

As a result, v is wide and thus, from Lemma [6.3.3] we obtain that v’ is wide.

Therefore, by Lemma [6.3.2] v" contains the pattern 3412.

Otherwise, p — ¢ > 1, from which we obtain

Vi—vi=u; —u;+nlp—q+2)>1+3n>3n
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Hence, v’ is wide and so, by Lemma v’ contains the pattern 3412.

On the other hand, if w; = b and @; = a (so that w; > %;), then

which gives

and

Again, as u; > u;, we have that w; —u; > 1.

This time, if ¢ — p > 0, then
Vi =V, =T — U +n(g—p+2)>1+2n>2n

Consequently, v’ is wide and hence v’ contains the pattern 3412, by Lemma
0.9. 2L

However, if p — ¢ > 1, we compute that

Vi — v =T — U +n(p—q+2)>1+3n>3n

which guarantees that v is wide. Due to Lemma|6.3.3] v’ is also wide and thus,

owing to Lemma [6.3.2] we have that v’ contains the pattern 3412, O]
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6.5 Producing the Pattern 3412

With the previous lemma in hand, we are now in a position to prove our main
result of this chapter, specifically, that the T-fixed point w that indexes a
Schubert variety X (w) in G/B which is both rationally smooth and singular
contains the pattern 3412.

Theorem 6.5.1. Let X(w) be a singular rationally smooth Schubert variety
in G/B. Then w contains the pattern 3412.

Proof. Let u € X (w):F be a maximal singularity of X (w). By Theorem m,
u satisfies either the (—a)-kite property in X (w) or the (a — d)—kite property
in X(w). From Theorem we obtain that ¢’ is wide, where v/ = s,_ssou
in the case the u satisfies the (—a)—kite property in X (w) or v' = $,84_su in
the case that u satisfies the (o — §)—kite property in X (w). Since v is wide
and v' < w, it follows from Corollary [6.3.4] that w is wide. Subsequently, by
Lemma [6.3.2] w contains the pattern 3412. O

To conclude this chapter, we provide a proof of Conjecture [6.1.6] This conjec-

ture was independently proven by Richmond-Slofstra in [35].

Theorem 6.5.2. Let X (w) be a Schubert variety in G/B. Then X(w) is
smooth if and only if w avoids the patterns 3412 and 4231.

Proof. By Corollary we know that if w contains either the pattern 3412
or the pattern 4231, then X (w) is singular.

Now suppose that X (w) is singular. If X(w) is not rationally smooth (so
n > 3), then we obtain from Theorem that w must contain either the
pattern 3412 or the pattern 4231. If X (w) is rationally smooth, then Theorem
yields that w contains the pattern 3412. Therefore, if X (w) is singular,
then w contains either the pattern 3412 or the pattern 4231. O]
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Chapter 7

Conclusion

In this thesis, we investigated the smoothness of certain rationally smooth
subvarieties of flag varieties in two different contexts: the classical G/B context
and affine G/B context.

In our work on T-orbit closures in GG/B in the type D case, we obtained a
description of the weights of T,(X), where ¥ € Xg(Y,y) (see Lemma
above). We would like to extend this result to a complete characterization of
the singularities of S-surfaces in Y, similar in nature to the results obtained
by Carrell-Kurth for T-surfaces in G/P (see Section 6 in [14]) and by Carrell-
Kuttler for T-surfaces in G/B (see Proposition 5.2 in [I5]). We would also like
to further investigate the connectedness of S. In addition, we would like to use
the approach applied in the type A and D cases to study the singular locus of
rationally smooth T-orbit closures in other types. It would also be interesting
to see how far our result on T-orbit closures in the type A case carries over to

simply laced affine Kac-Moody groups.

In the classical backdrop, we would like to develop an explicit algorithm for
computing Peterson translates for T-orbit closures in G/B. Furthermore, it
would be interesting to determine whether the method we used to study 7-
orbit closures can be applied to study more general varieties (eg. spherical

and symmetric varieties).

In terms of our work on Schubert varieties X (w) in G/B, in Theorem [5.9.5
and Lemma |5.10.1| we provide necessary conditions for a T-fixed point of a
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rationally smooth Schubert variety to be a maximal singularity, however, we
have not obtained a sufficient condition. We would like to obtain a complete
characterization of the maximal singularities of rationally smooth Schubert
varieties X in G/B. It would be of particular interest to see if there is a
combinatorial relationship between the maximal singularities of X (w) and the
affine permutation w, as was the case in the classical G/ B setting (see [29], [5],
[16], [22], [32]). Furthermore, we would like to develop an explicit algorithm

for computing Peterson translates for Schubert varieties in G/B.
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