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Abstract

Bcelief change, the process by which a rational agent makes the transition
from one belicf state to another, appears to be the basis for most intelligent
activity. Most existing studies of belief change have assumed a framework of
infinite deductively closed sets of beliels over which a total ordering has been
specified. This approach suffers from several problems: besides the well-
known problems of logical omniscience, the framework is computationally
unrcalizable and reason maintenance is ignored. To address some of these
problems, we define a belief change framework that is foundational, logically
non-omniscient, and which allows a partial specification of the relative epis-
temic priorities amongst beliefs. Two belief change operators are studied
in the context of this framework. When the requirement that every belief
state be consistent is relaxed, we obtain a new framework which allows us to
look at reasoning with default logic as a process of belief change. Such an
approach appears to have several advantages: some obvious problems with
default logic are avoided, and no additional machinery is needed to revise
default theories.
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Chapter 1

Introduction

1.1 Motivation

The recent literature on both deductive database updates and belief revision
and nonmonotonic reasoning have focussed on the problem of how to ratio-
nally choose between logically indistinguishable revised theories or databases.
The problem is non-trivial, and is of fundamental significance to both the
arcas of database management and artificial intelligence (Al).

The focus is usually on two aspects of this problem: (1) the precise for-
malization of an operator which produces an updated database (as given by
an update semantics) or a change in belicf set (as given by a belief change
operator), and (2), the identification of a set of criteria that any “rational™
update or belief change operation should satisfy.

Alchourrén, Gardenfors and Makinson (9], [1], [11] and [8] have proposed
a set of postulates (henceforth the AGM postulates) which are claimed to
characterize what is essential about every kind of rational database update or
belief change operation. Several update semantics have been evaluated with
respect to these postulates by Katsuno and Mendelzon in {13]. They conclude
that many existing semantics do not satisfy these postulates. Those that do.
have other undesirable characteristics; Dalal’s semantics [3], for instance,
do satisfy AGM postulates, but use a suspicious criterion (the number of
propositional letters by which interpretations differ) to decide what to discard
and retain in the updated database.

Part of our motivation derives from several lacunae that remain in the



existing work.  Most rescarch has considered only epistemically uniform
databases. In most applications, however, different items of knowledge have
different levels of epistemic importance. When a choice has to he made
regarding what knowledge should be discarded from a database, it makes
intuitive sense to discard knowledge with a lower epistemic status.

Fagin, Ullman and Vardi [6] have considered epistemically non-uriform
databases, but the semantics they proposed assumed a pre-specified fotal
order on all items of knowledge. Similarly, Gardenfors and Makinson [11]
have proposed a revision operator for belief sets which are totally ordered.
But total orders require complete information about application domains:
such information is difficult, if not impossible, to articulate. Partial orders
may be all we can expect.

With eventual practical application in mind, another serious considera-
tion is the disciplined creation and maintenance of logical support for the
items of knowledge comprising a database. Part of the concern is indepen-
dent of so-called “foundational” versus “coherence” models of update, where
the former suggests that updates preserve premises, as possible, and the lat-
ter concentrates on some form of minimal change. We view this difference
as largely an artifact of syntactic update theories, but suggest that the logi-
cal relationships, whether considered proof theoretically or semantically, will
have to be efficiently manipulated for any practical deployment of a update
or revision operator.

In the literature that specifically deals with foundational change, Nebel
[21], Fuhrmann [7] and Nayak [20] have considered updates in the presence
of partial orders, and we address several obvious problems with their ap-
proaches. A major concern is that most of these approaches assume that
change is performed by logically omniscient agents. As has been extensively
documented in the literature on legics of knowledge and belief, such an as-
sumption can lead to some obviously unintuitive results (e.g., [19]).

We examine some of the problems with the logically omniscient frame-
work of deductively closed belief sets on which the AGM postulates are based
and, using results obtained in [26], propose a partial closure of belicfs as an
alternative to full deductive closure. This avoids some of the problems, but
requires some adjustment of the AGM postulates to obtain a set of rational-
ity requirements for foundational non-logically omniscient belief change. Our
contraction operator for this revised framework uses the extra-logical infor-
mation provided by the partial ordering to make a rational choice amongst



the possible outcomes. Since the information is assumed to be partial, when
inultiple outcomes arise the operator takes a conservative approach by choos-
ing only those beliefs are common to all possible outcomes. We examine how
this operator, and a similar one based on a logically omniscient framework,
measure up to the standards of rationality set forth in the AGM postulates.

The belief change framework that we develop turns out to be an inter-
esting one, not merely because it captures some aspects of limited reasoners
changing belicfs in the presence of incomplete information, but because a
modified version ( which relaxes the requirement that a belicf state be con-
sistent) is a very elegant, and useful, way of looking at default reasoning.
We show how default logic can be translated into this belief change frame-
work, and how this solves some of the problems associated with default logic.
'Thus, unlike Brewka [2], Nebel [22] and Gardenfors and Makinson [10] [18],
who merely suggest that it is possible to look at default reasoning as belief
change, we claim that it is actually better to do so.

1.2 OQOutline

Chapter 2 examines the currently popular AGM framework for belief change
and proposes some modifications to avoid the problems of logical omniscience
and to make the framework foundational. The rationality postulates are
revised to reflect these changes. In Chapter 3, the notion of an epistemi-
cally prioritized set is defined to permit a partial specification of the relative
epistemic prioritics amongst beliefs. Two belief change operators which uti-
lize this partial prioritization information are defined, one based on a non-
omniscient framework and another on an omniscient one. The question of
how far thesc operators measure up to the requirements for rationality is
examined. Chapter 4 presents a modified belief change framework in which
a belief state is not required to be consistent, and explains how default rea-
soning can be viewed as belief change in this framework. Chapter 5 outlines
the contributions of this study and identifies directions for future work.



Chapter 2

A Framework for Belief
Change

Most of the current research into belief change takes as a starting point the
work of Alchourrén, Gardenfors and Makinson [1]. Their approach, which
we shall henceforward refer to as the AGM framework, provides a useful, if
idealized, model for studying belief change. In this chapter, we shall study
the AGM framework in some de*ail, identify some shortcomings, and modify
our paradigm accordingly.

2.1 A Taxonomy of Belief Change
In the AGM framework, belief change may be of three types: AGM frame-
work

Expansion: the addition of a new belief A, which is consistent with the
existing belief set K; it is denoted by KJ.

Contracticn: the retraction of some currently held belief A from the set of
existing beliefs K, and is denoted by K.

Revision: the addition of a new belief A that is possibly inconsistent with
the current set of beliefs K, and is denoted by K.

Expansion is the simplest kind of belief change, requiring the trivial addi-
tion of a belief to a set of beliefs. Contraction is non-trivial-—in general, there



may be several possible outcomes of the contraction operation and a rational
choice of what to retain in the resulting belief set is required. Revision is
a combination of the operations of contraction and expansion: the existing
set of beliefs is first contracted with the negation of the new belief, and the
result of this is expanded with the new belief, as given by the so-called Levi
identity [17] shown below:

K = (K204

Contraction can similarly be viewed as a revision operation, as given by the
Harper identity [12]shown below:

I\A - ]\A N I‘ .
Given that expansion is *rivial, and given that revision and contraction can
be defined in terms of each other, we could choose to make either operation
the basis of our study of belief change. We choose contraction because it is,
in some ways, simpler to study and because it appears to be more intuitive to

view contraction and expansion as the fundamental operations, and revision
as a composition of these.

2.2 Rationality Postulates for Belief Change

To discuss rational belief change, it is important to first define what this “ra-
tionality” entails. The postulates proposed by Alchourron, Gardenfors and
Makinson 1} (the so-called AGM postulates), provide a set of criteria that
captures our commonly held intuitions of what rational belief change should
be. Different sets of AGM postulates exist for expansion, contraction, and
revision which can be related via the equivalences mentioned in the previous
section. Since we choose to study belief change in terms of contraction, we
shall concentrate only on the AGM postulates for contraction.

Generally speaking, belief revision requires a specification for the inputs
and the outputs of a belief revision operator, together with some criteria for
the operator’s application. The AGM postulates provide criteria for produc-
ing the result of a belief revision process, based on the input of one new
proposition and a deductively closed set. Their representation language is
propositional logic; the deductively closed sets denoting beliefs are referred
to as knowledge sets.

[ ]



In the postulates which follow, K represents the deductively closed set of
beliefs currently held, while A and B represent beliefs which are retracted
from K. The contraction operation is denoted by K3. Our numbering scheme

"n-" refers to the nth postulate for contraction.

(1-) K3 is a knowledge set.

(2) K5 CK.

(3-) If K}£ A then K3 =K.

(4-) If = A then A ¢K3.

(5-) If A €K then KC (K3)1.
(6-) If E A & B then K3 =K.
(7-) KxnKg CK Ap-

(8-) If A gKy,p then K35 CKj.

Postulate one (1-) requires the result of contraction to he a consistent
deductively closed set of beliefs. Number two (2-) requires that contraction
should not result in any new beliefs. The third (3-) says that contracting
something that is not already believed has no effect on our beliefs. The
fourth postulate (4-) says that unless A is logically valid, contraction is always
successful. Five (5-) requires that, when a belief is retracted and then added
again, we should be able to recover our original beliefs. Postulate six (6-)
requires that if two beliefs are logically equivalent, then contraction of the
same set of beliefs with either of them is the same. The seventh (7-) requires
that the retraction of a conjunction of beliefs should not retire any beliefs
that are common to the retraction of the same belief set with each individual
conjunct. The last postulate, eight (8-), requires that, when retracting the
conjunct of two beliefs A and B forces us to give up A, then in retracting A,
we do not give up any more than in retracting the conjunction of A and .

2.3 Contraction Operators

Based on these rationality postulates, a number of possible contraction oper-
ators have been studied in [1] and [8]. Full meet contraction and mazichoice



conlraction represent limiting cases; in the former, too little is retained and in
the latter, too much. Partial meet contraction represents a more reasonable
middle ground.

Fach of these contraction operators require the identification of maximal
subsets of the deductively closed belief set K which do not imply the belief
A being contracted.

Definition 1:X | A= {BC K | B} Aand if B C C C K then
C = A}.

Full meet contraction represents the situation where an agent takes into
account all possible outcomes of the contraction, given by the elements of
K | A, and conservatively chooses to believe in whatever is common to all
these possible outcomes.

Definition 2:Let K denote the full meet contraction of A from K.

K-_{mﬁlm if e A
ATl K

otherwise

The problem with full meet contraction is that it removes too much in-
formation. It can be shown that when a belief set I is revised using a
revision operator based on full meet contraction (via the Levi identity), only
the consequences of the new belief are retained.

Maxichoice contraction assumes that there exists a selection function C
that selects one element of K | A. The outcome of maxichoice contraction
is the selected maximal (with respect to set inclusion) subset of K that does
not imply A.

Definition 3:Let X, denote the mazichoice contraction of A from K.

- {axlm if A

N olherwise

A =

The problem with maxichoice contraction is that it retains too much
information. It can be shown that revision based on maxichoice contraction
(via the Levi identily) results in complete belief sets, i.e., a belief set that
contains = or -~z for every z, even though the original belief set contained
neither.

Partial meet contraction is a more reasonable operation representing the
middle ground between maxichoice and full meet contraction. We assume
now that there exists a selection function S which selects soine subset of

-1



I | A. The result of partial meet contraction is the intersection of the sots
selected by S.
Definition 4:Let K3 denote the partial mect contraction of A from K .

K7 = { S(K|A) ifA

Vi otherwise

Full meet contraction satisfies all the AGM postulates for contraction.
Any maxichoice and partial meet contraction operator satisfies the first six
of the AGM postulates for contraction. If there exists a preference relation
over all subsets of K such that the selection function S selects the "hest”
or "most preferred” ones from K | A, then partial meet contraction can be
shown to satisfy the first seven of the AGM postulates for contraction. If
this preference relation is transitive, then partial meet contraction satisfies
all eight of the AGM postulates for contraction.

2.4 Foundational Belief Change

It is popular to distinguish foundation from coherence approaches to belief
revision, although this distinction may be more an artifact of the method of
specification (e.g., of proof theory). The distinction hinges on which compo-
nents of a belief set can be discarded during the belief change operation. The
coherence theory of belief change requires that minimal changes be made to
the original set of beliefs. The intuition is one common to theories of knowl-
edge growth in science where ”coherence” is achieved by somechow making
minimal changes to an existing set of beliefs. The justification of an individ-
ual belief amongst those in a coherent set of beliefs is not its provability with
respect to a set of self-evident axioms, but on the extent to which it ~oheres
with all other beliefs.

The foundational theory of belief revision requires that every belief be
self-evident or have a non-circular, finite sequence of justifications grounded
in a set of self-evident beliefs. Under this approach, belicf revision involves
removing those beliefs that have no satisfactory justification and adding those
beliefs that are either self-evident or are justified by a set of self-evident
beliefs.

Example 5: Consider a belief st consisting of the propositions (i) " valve
A works,” and (ii) "if valve A works, oil flows in the pipeline.” A natural



consequent of the latter two beliefs is (iii) "oil flows in the pipeline.” When
propositions (i)-(iii) are revised with the new proposition (iv) "valve A does
not work,” the coherence theory requires that minimal change be made to
the entire corpus of belief. The realization of minimal change is frequently
interpreted syntactically, so that the minimum number of propositions is
discarded. This might result in the retention of both (ii) and (iii), giving the
sct containing (i), (iii), and (iv). The result is obviously counter-intuitive,
since our belief in (iii) was contingent on our belief in (i). However, under the
foundational view, (iii) would be viewed as non-self-evident, as its support,
proposition (i) is called into question by the new proposition (iv). O

While the above example demonstrates the intended difference between
the coherence and foundation approaches, it doesn’t make the difference pre-
cisc. We speculate that semantically defined revision criteria (e.g., select the
theory which, after revision, has the minimal model) could likely show that
some coherent and foundational theories coincide. However, given that our
approach is cssentially syntax-based, the distinction is still useful.

The approach taken by Gardenfors, Alchourron and Makinson [9], [1]
in their representation framework of deductively closed belief sets, in their
definition of the rationality postulates and in their constructions of the con-
traction operator is based on the coherence view. As Gardenfors admits [8],
the issue of maintaining the connections between premises and the conse-
quences they support (i.e., reason maintenance) is largely ignored. However,
as the previous example shows, reason maintenance is crucial for maintain-
ing common sense rationality. Furthermore, even if a coherence-based viewed
approaches rationality, examining the entire body of beliefs upon each revi-
sion to ensure coherence is not computationally viable—the closures of belief
sets are typically infinite. It makes more sense to change a finite set of self-
cvident beliefs from which all other beliefs follow. With these considerations
in mind, and even in anticipation of a more general semantically-motivated
revision theory, we here restrict out attention to foundational belief change.

To modify the AGM framework from a coherentist to a foundational one,
we define a belief base to be a finite set of propositional formulae. The belief
base is taken to represent the finite set of self-evident beliefs. Corresponding
to cach belief base is a belief set which represents its belief closure. For
now, we shall take belief closure to be full deductive closure, but in the next
section we shall define a notion of partial closure which appears to be more

appropriate.



belief et belief
set 1 base 1
belief ot belief
set 2 base 2
belief - belief
set n base n

Figure 1: Foundational Belief Change

Figure 2.1 explains the relationship between belief bases and belief sets.
Foundational belief change may be viewed as one set of self-evident beliefs
yielding another. Corresponding to cach such set of self-evident beliefs is a
belief set representing the total set of belicfs held at that point of time.

2.5 Rationality and Logical Omniscience

In the previous section we argued that the AGM framework of deductively
closed sets of beliefs is unintuitive for most real-life applications of belief
change. However, the fact that belief change is not foundational in this
framework is not the only problem with it. It also requires logical omniscience
— the rational agent must believe in all the logical consequences of the beliefs
explicitly held or represented. Most real-life rational agents are not logically
omniscient; the closure of their beliefs is limited to a proper subset of the
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set of logical consequences of their beliefs. What this subset should be is an
open question, and one which we shall not try to address. We shall, however,
show some of the problems with this logically omniscient framework and shall
propose a solution that overcomes some of these.

Example 6: Consider the belief set {a}. The deductive closure of this
belief set will contain the belief —cV a. Written differently, this is ¢ — a. A
logically omniscient agent will thus conclude ¢ — a on the basis of belief in a.
In most real-life situations, this conclusion is neither rational or warranted.O

Consider the following example from [26]:

Example 7: Consider the belief set {a,b}. Let Cn(X) denote the deduc-
tive closure of a belief set X. Then Cn({a,b})={a,b,aV b,a A b,a = b,b —
a,...}. When retracting a from this belief set both Cn({b}) and Cn({-bVa})
are maximal consistent subsets which do not imply a. These maximal sub-
sets of the existing belief set thus represent possible outcomes of contraction
with minimal change. Intuitively, however, if we believe in both a and b, and
wish to retract our belief in a there is no reason to stop believing b. In this
sense, the set Cn({-b}) is not a rational outcome of belief change.O

We are thus led to believe that rational belief change does not require
logical omniscience, or the even stronger position that a rational agent must
necessarily be a limited reasoner as opposed to a logically omniscient one.
Deductively closed sets are, by definition, infinite and computationally unre-
alizable, which further prohibits their use as a framework for belief represen-
tation. A suitable belief closure should at lcast be finitely representable, and
include only those beliefs which our view of rationality sanctions. We define
the partial closure of a set, as distinct from full deductive closure to address
some of these problems. The idea of partial closure is not new—it can be
traced back to Quine’s prime implicants . However, we base our definition
on the one given in [26).

We first recall some definitions. We first restrict ourselves to the language
of propositional logic. A clause is a sct of literals {=By,..., =B, A1,..., An}
which may also be written as:

BN ADB, > A V.. A,

where m 4+ n > 1. A theory is a set of clauses.

Definition 8 : The partial closure of a theory T, denoted by T*, is defined
as T =TU{p|Ttr pand TV 4 for any ' C p and there ezists no 3
such that both » and ~ arc in p}. Here, - denotes full clausal resolution.



Example 9: {a,a — b.c,c = d}*= {a,a = b b,c.c — d.d}). O

The partial closure of a theory thus represents the set of minimally deriv-
able clauses which do not contain any tautologies. So, for example, given a
theory {a,a — b}, its partial closure will contain b but not clauses like ¢ — a
or d — b which would have been contained in the full deductive closure of
this theory. The partial closure framework cannot make any claim to being
a comprehensive solution to the problem of logical omniscience (see [19] for a
good discussion of various approaches to addressing the logical omniscience
problem in logics of knowledge and belief). But, by restricting belief repre-
sentation to the clausal form, by taking derivability under clausal resolution
instead of logical implication, and by climinating tautologies, this framework
avoids some of the problems of logical omniscience.

2.6 A Revised Set of Rationality Postulates

We have, till now, suggested two significant changes to the AGM framework:
we first suggest that a foundational approach may be more appropriate than
a coherentist one, and we then identify some problems with full deductive
closure which seem to be avoided with partial closure. It is necessary, at
this point, to change the AGM rationality postulates to accomodate these
changes in the framework.

Consider a finite belief base A of propositional clauses. The corresponding
belief set is given by the partial closure of the belief base, given by K = A*,
where A” denotes the partial closure of A. Let K} denote the partially closed
belief set that is obtained by contracting the belief A from the belief set .
Following the style of the original AGM postulates, we define the rationality
postulates in terms of belief sets instead of belief bases. The revised set of
rationality postulates for contraction are as follows:

(1~) K7 is a partially closed theory.
(2~) K3 CK.

(3~) If K} A then K% =K.

(4~) If = A then K7} |~ A.
(5~) If K= A then KC (K73)%.



(6~) If = A« I3 then K3 =K3.
(T~) K3NKF € Kan:
{(9~) H KA FE A then K3 g €K7L

T'he changes made to the original postulates are fairly obvious, given the
framework of partially closed theories. Postulate (1~) reflects our commit-
ment to the view that rationality necessarily requires logical non-omniscience.
Also, inclusion of a belief set in a deductively closed belief set has been
changed to implication of a belief by a partially closed belief set in postu-

lates (4~), (H~) and (7~).

13



Chapter 3

Changing Epistemically
Prioritized Beliefs

In the previous chapter, we modified the AGM framework to make it foun-
dational and we introduced the notion of partially closed belief sets, We
shall now deviate from the AGM framework in another crucial way: we shall
permit a partial specification of relative epistemic priorities amongst beliefs,
as opposed to a total ordering that the AGM framework requires. In the
context of these changes, we shall define two new contraction operators and
evaluate how they measure up to the requirements for rationality.

3.1 Contracting Prioritized Belief Sets

A common situation during belief revision is that a number of alternative
belief sets can potentially constitute the revised belief set. If one were to
take a disjunction of these mutually inconsistent belief sets, as in [21], or
their intersection, as in [9], one would have to give up most of one’s previously
held beliefs, with the result that the new belief set would contain only the
consequences of the current input.

Example 10: Consider a set of beliefs represented by: {a,a — b}. As
a result of an input =b, there can be two possible outcomes of the revision
operation: {a,—b} and {a¢ — b,=b}. The disjunction, or equivalently, the
intersection of these two sets contains only —=b. O

The above example motivates the need for considering some extra-logical

14



factors in order to make a rational choice between the possible outcomes
of the revision operation. Epistemic eatrenchment is one such extra-logical
factor that has been considered by Gardenfors and Makinson in [9] and [11],
where beliefs that are more epistemically entrenched have greater utility for
the purpose of inquiry and decision-making and vice versa. Epistemic en-
trenchment is detached from measures of certainty or probability, and is mo-
tivated and justified by a complex set of philosophical arguments; we shall
give these issues a wide berth and consider a much simpler model. In our
model, we shall assume that epistcmic priorities can be assigned to beliefs,
without making any commitment to what such a priority assignment should
be based on. Bases such as those for epistemic entrenchment, or degrees
of certainty, or probability are all acceptable for the purpose of assigning
epistemice priorities. We then define a framework which permits a possibly
incomplete specification of the relative epistemic priorities amongst beliefs.

Definition 11:An cpistemically prioritized belief sct is one in which a
partial pre-order < amongst the beliefs is specified such that « < 3 if and
only if 3 has an epistemic priority that is at least high as thal of a. Ifa < f3
and 3 L o then o« < f.

Like Gardenfors and Makinson, we want to use the extra-logical ordering
on the beliefs to rationally choose amongst several possible alternative belief
sets. But we differ in two crucial respects. First, we choose the foundational
approach to belief revision. Secondly, we do not make the assumption of
total connectivity as in [9] and [11], but permit situations where beliefs are
incomparable under the ordering >. In other words, we want to proceed with
our choice given only partial information about epistemic priority.

As before, we define a belief base to be a finite set of propositional clauses.
Note that finite belief bases have also been used by Nebel in [21], but he too
considers a total ordering on the propositions of the belief base.

Definition 12:A prioritized belief base is a finite set of propositional
clauses for which a partial epistemic prioritization < erists.

As noted above, our contraction operator intends to exploit whatever
epistemic priority information exists, including simple statements like a < 3,
and their algebraic consequences.

Definition 13:4 belief set corresponding to a prioritized belief base A is
given by A*.

Note that our definition refers to two sets of sentences: an original fi-
nite set of sentences, the belief base, and the partial closure of that belief
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base, which we call the belief sct. In what follows below, it is important to
distinguish these.
An informal description of our contraction operator is as follows:

e For contracting a sentence A from a priorvitized belicf base A, we first
identify the maximal consistent subsets of A that do not imply A.
There can, in general, be 1ore than one such subset; Cipar(A, A) is the
set of all such subsets.

o The operator Ep,. selects from amongst Cpar(A, A) those sets that
contain sentences of higher epistemic priority; note that no set in
Crmaz (A, A) dominates, in terms of epistemic content, any set in
Emaz(Cmaz(A, A)). If it turns out that every clement of Cpar(A, A)
is dominated by some other clement, then the entire set Cha (A, A) is
taken to be the result of applying the operator ...

e The intersection of the partial closures of all the subsets in
Ermaz(Cmaz(4, A)) is taken to be the result of the contraction oper-
ation. The intuition is that, given a sct of possible views of reality
described by the partial closures of the clements of B,z (Cunar (A, A)),
we conservatively believe only those sentences common to all possible
views.

The input to this contraction operation consists of a sentence to be re-
moved, and a belief base which has been provided directly or obtained from
the previous belief change step. The contraction operation yields a new con-
tracted belief base and a corresponding belicf set which is the the partial
closure of the belief base.

Definition 14: Given a partial pre-order <, e scl of propositionel sen-
tences X is said to dominate another such sct Y if there crists some senlence
r € (X =Y), where — denotes classical sct difference, and there exists some
sentence y € (Y — X) such that ¢ > y and il is not truc thal there crists
some senlence p € (Y — X') and some senlence ¢ € (X = Y) such that p > q.

Intuitively, this definition of dominance requires that, if one set domi-
nates another, then the former contains belicfs that are, in some obviously
comparable way, higher in epistemic priority than those in the latter.

Definition 15:The set Cpor (A, A) of mazimal subsels of the belicf base
A that do not imply A, where A is a propositional sentence, is defined as
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Jollows:
Craz (B, A)={S | S C A and S A and for any S’'such that S C S' C A,
Sk AL

It is casy to see that Cpq. is identical to the operation | defined in Chapter
2, except that it is now defined in the context of finite belief bases.

The operator K., is defined to select dominant sets of beliefs from a set
of such sets. The intuition is that this function is used to select, from the set
of those maximal consistent subsets of the belief base which do not imply the
belief being contracted, those subsets that retain beliefs of higher epistemic
priority.

Definition 16: [If for every s € X there exisls some other s' € X such
that s’ dominales s , then Enpor(X) = X. Otherwise Epa(X) ={S|Se X
and there exists no S' € X such that S’ dominates S}

Definition 17:Given a prioritized belief base A, a belief set K given by
K= A* and an epistemic priorilization <, the contraclion of K with some
sentence A 1s given by:

s~ { ]’(Emar(cmar(A’A)))* 7fbé A
1

otherwise

AT

For notational convenience, if X is a sct of sets of clauses, we take X* to
denote the set of partial closures of each of its elements, and N X to denote
the intersection of ils elements.

Note that the result K in the above definition will also be a belief set
(i.e., a partially closed belief base), since the intersection of a set of partially
closed sets remains partially closed. We shall now define the contracted belief
set to also be the new belief base. We shall use the same symbol ~ to denote
the result A} of contracting a sentence A from a prioritized belief base A
without ambiguity; the context shall indicate whether it operates on belief
bases or belief scts.

Definition 18: The contraclion of a sentence A from a prioritized belief
base A yields a new priovitized belief base A% defined as follows:

~ _ { n(lgmar(Cmar(A,A)))* va—'A

A7) A olherwise

If < is the partial ordering relation defined on A, then the subset of < that
is defined on AY is the prioritization relation that applies to A%.



It is casy Lo see that the belief set that results from a contraction operation
represents the partial closure of the contracted belief base. The problem with
this definition is that it promotes some some non-self-evident beliefs to the
status of self-evident beliefs (these are the beliefs that are contained in the
partial closures but not in the original belief basc). We can describe belicf
rhange in this case to be stepwise foundational. In a single belief change step,
given a set of self-evident beliefs, the result docs not contain any non-justified
beliefs. This property, however, may not hold over a scries of belief change
steps.

Example 19: Consider the prioritized belief base

A= {a,a = b,c,c— b}.

We wish to retract the belief b from this belief base. The set maximal subsets
of A which are consistent with b is given by:

Cmaz(A, b)={{a,c},{a,c — b},{c,a = b}, {a — b,c — b}}.

Let a > ¢ > a — b be the only >-ordering relations derivable from the given
well-founded partial pre-order <. Then it is casy to sce from the definition
of dominance that {a,c} and {a,c — b} dominate all the other elements
of Cpaz(A, b), and that they are mutually incomparable with respect to
dominance. Thus they are the only epistemically maximal subsets in Cpuar(A,
b).

Emaz(cmaz(Aa b)) = {{av C}a {a’ c— b}}

The result of the contraction operation is given by the intersection of the
partial closures of these two sets.

Ky = {a,c}*n{a,c — b}* ={a}.
Ay ={a} O

This construction of the contraction operator represents a skeptical ap-
proach - we only choose to believe in whatever is sanctioned by all possible
views of the world that might result when a given belief is retracted, where
a view of the world is given by the partial closure of a set of clauses. As
we shall see later, this construction corresponds fairly well to our concep-
tion of how a non-omniscient, limited reasoner should perform belief change.
A scries of belief change operations can be viewed as one finite belief base



yielding another, while at each step, the partial closure of the current belief
base represents the agent’s view of the world.

We can also define a somewhat different construction for foundational
contraction by logically omniscient agents which are somewhat less skeptical
when faced with multiple possible views of the world as a result of belief
change by being willing to admit any of those possible views of the world.
These agents thus take the disjunction of the different possible views. In our
representation framework of partially closed theories, disjunction is defined
as the operation ED, or eztended disjunction, which we define below. We
base this definition on a similar one given in [26].

Definition 20: Lel T} and T, be any two theories and let 11 = {T,...,T,}
be a set of theories.

[ Cd(7‘],7’2) = {T] ﬂTg} U {O’“ VQJ' |0’,‘ € (T] - T2) and (o 5 € (T2 - Tl)}

{ ed(1l) if cardinality of 11 is 2

o IID(I) = ed(Ty, ED(I1 — T1)) if cardinality of 11 is greater than 2

The foundational contraction operator — for logically omniscient agents
is defined below. Since we consider logically omniscient agents, belief closure
is now full deductive closure.

Definition 21:Let A be a prioritized belief base and K be the correspond-
ing deductively closed belief set given by K = Cn(A). Then the contraction
of a sentence A from K, given by K3, is defined as follows:

K = { Cn(ED(Eoar(Craz(D, A)))) ifE A

K otherwise

Definition 22:Let A be a prioritized belief base. The prioritized belief
base Ay that results from contracting the sentence A from A is defined as
follows:

A_ { ED(E"HZ.‘L'(C"IGI(A’A))) if% A

A otherwise

AT

If < is the partial ordering relation defined on A, then the subset of < that is
defined on A7 represents the partial ordering that prioritizes the new belief
base Aj.

It is casy to see that the resultant logically omniscient belief base K
represents the deductive closure of the resultant belief base A7. Belief change
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in this case is not merely stepwise foundational as it was with the previous
operator, but fully foundational in the sense that the foundational property
holds over any number of belief change steps.

Example 23: Consider the prioritized belief base B given by:

A = {a,a = b,c,d}

Let @ > a — b be the only >-ordering relation deducible from the given
partial pre-order <.

Crmaz(A, ((cAd) Vv b))={{a,c},{a,d},{a— b,c},{a — b,d}}.
Emaz(Cmaz(A, ((c A d) v b)))={{a,c}, {a,d}}.

Kieagvs = Cnia,c v d}
Afcadyve) = {a,ev d}. O

3.2 Rationality Results for ~ and —

In this section, we shall examine the extent to which the two contraction
operators ~ and — satisfy the rationality postulates for belief change. The
following two observations wil be useful in the proofs that follow.

Lemma 24:Cpoz(A, A A B) = Craz(A, A) U Craaz(A, B).

Lemma 25:For any p, ED(Th,..., Ti,..., To)Ep i Ti l=p for 1 <i <
n.

We shall first consider the operator ~. Since belief closure in this case
is partial closure, we shall use the revised postulates (1~)-(8 ~) to evaluate
this operator.

Theorem 26: The contraction operator ~ satisfies postulates (I~ )-(4~)
and (6~) and (7~).

Proof : For postulates (1~)-(4~) and (6~) the proof is trivial. The
proof for postulate (7~) is given in the appendix. O

That postulates (5~) and (8~) arc not satisfied by the operator ~ is
not surprising. As we shall see, this is a consequence of the foundational,
logically non-omniscient framework and the fact that partial specification of
epistemic priorities are permitted, rather than any fundamental shortcoming
of the operator itself. Let us consider fir-t postulate (5~), the so-called re-
covery postulate. This postulate requires that if we add a belief that we had
earlier contracted, we should get back at least the original set of beliefs. Su-
perficially, that is an absolutely valid requirement. However, as the following
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example shows, a perfectly rational approach that makes maximum use of
the available information can result in situations where this requirement is

not met.
Example 27: Consider the prioritized belief base A given below:

A = {a,a — b}
Let @ — b > a be the only >-ordering relation derivable from <.

]\’;’ = {a o 4 b}
(K3 = {a— b,b)

As a result of restricting our attention exclusively to finite belief bases, once
a belief a has been discarded, there is no way of retrieving it. The recovery
postulate is thus not satisfied. O

We shall now consider an example of a situation where postulate (8~) is
not satisfied by the operator ~.

Example 28: Consider the prioritized belief base A given below.

A ={a,a— bc,c— d}

let @ = b > ¢ — d and ¢ > a be the only >-ordering relations derivable
from <.

Crar(A,b A d) = {{a,c,c — d},{a — b,c,c — d},{a,a —
b,c},{a,a— b,c— d}}

Enar(Crmar(A,bAd)) = {{a,a — b,c},{a — b,c,c — d}}
Kiy={a— b}

Craz(A,0) = Ergr(Craz(A, 1) = {{a,c,c — d},{a — b,c,c —

d}}
Ny = {ec,c — d,d}

Thus, although K., ¥ b, Kjn, is not contained in K;’. Postulate (8~) is
violated.O

Once again, although the contraction operation makes perfectly valid
choices using all the available information, this rationality postulate is not
satisfied. Interestingly, Willard and Yuan report in [26] that their revision
operator, which also uses a form of partial closure, and assumes a fixed partial
prioritization in which rules of the form a — b have higher priority over facts
of the form a, does not the satisly the corresponding eighth postulate for



revision. Katsuno and Mendeclzon [13] suggest that the eighth postulate for
revision is too strong if the ordering of interpretations is a partial and not a
total one (their considerations were model-theoretic).

We shall now evaluate the operator — in terms of the original AGM
postulates for contraction, since the closure in this case is full deductive
closure. The results we obtain are surprisingly similar to those for ~.

Theorem 29:The contraction operator — satisfics postulates (1-)-(4-)
and (6-) and (7-).

Proof : The proof for postulates (1-)-(4-) and (6-) is trivial. The proof
for (7-) is given in the appendix. O

Consider the following examples of situations where postulates (5-) and
(8-) are violated.

Example 30: Consider the belief base of Example 27.

Ky =Cn(a—b)
(K7)t =Cn(a — b,b)

The recovery postulate is thus not satisfied. O
Example 31: Consider the belicf base of Example 28.

Ky = Cn(a — b,c,aV -cVd)
Ky = Cn(c,c — d,d)

Postulate (8-) is not satisfied. O
The above results lead us to suspect that these requirement.s are perhaps
too strong.

3.3 Related Work

Our approach differs from the work of Alchourrén, Gardenfors and Makinson
(1], [9], [11], [8] in three crucial ways. First, they assume the ordering relation
among the sentences of the infinite, deductively closed belief set satisfy the
following 5 requirements:

(E1) If @ < B and B < v then a < 4.(Transitivity)
(E2) If a I B then a < B.(Dominance)

(E3) For any e and f, a < aA for < aA f.(Conjunctiveness)



(kA4) If A is consistent, a € Cn(A) iff @ < g for all g.(Minimality)
(155) B < « for all 3, only if F a.(Maximality)

These requirements can turn out te be too restrictive in general. In our ap-
proach, we only require a well-founded partial order, which it more generally
applicable. Specifically, E1 - E3 imply that the ordering is a total one. Prag-
matically, a total ordering on an infinite deductively closed set of sentences is
impossible to specify. Secondly, we take the foundational approach to belief
change while their approach is coherentist. Thirdly, we define rational belief
change for non-omniscient, limited reasoners while they require their rational
agents to be logically omniscient.

Nebel [21] considers foundational contraction of finite belief bases which
are finite sets of propositions considered to represent the set of “basic beliefs”.
However, he too considers a total ordering on the belief sentences. Also, the
definition of dominance used may leave certain sets of belicfs incomparable,
when they are actually intuitively comparable and are comparable under our
definition.

Fuhrmann [7] and Nayak [20] have proposed a foundational contraction
operator. When revising with a propositional sentence A, they define E(A)
to be the set of minimal subsets of the belief base which entail A. Given a
partial order < on the beliefs in the belief base, they denote R(A) to be the
sel of <-minimal beliefs in each of the subsets contained in E(A). For a
belief base K, contraction is then defined as Cn(K — R(A)) where — is taken
as the set difference operator. While this contraction operator corresponds
to our intuition in most cases, there are situations in which more beliefs are
given up than is warranted, as the following example shows.

Example 32: Consider the finite belief base given by
{a,a = b,e,c = b}
with the following ordering relations:
a>c—b
ce>a— b
Then E(b) = {{a,a — b}, {c,c —> b}}.

R(b) = {a,a — b,c,c — b}. We thus have the unintuitive result in which the
entire existing belicf base is removed. It is clear that the belief base {a,c}
would be an intuitive result of the contraction. This is precisely the result
that our contraction operator provides. The reason Fuhrmann and Nayak’s
operator give up too much is because no ordering rclation exists between the



clements of the subscts contained in ££(b). The full power of the extra-logical
information provided by the ordering < has not been brought to bear during
the process of contraction.O

Fagin, Ullman and Vardi have proposcd update semantics for prioritized
databases in [6]. In their framework, the database prioritics were represented
by numerical tags attached to sentences in the databasc. However, they too
consider total orderings. Willard and Yuan [26] have proposed an update
semantics for deductive databases in which rules have higher priority over
atomic facts. However, it is obvious that such a prioritization does not hold
truec in general. Katsuno and Mendeclzon have analyzed belief revision in
terms of orderings on models [13], but have provided no explicit construc-
tion of a belief revision operator. Also, in real-life, orderings are specified
by people on the syntactic form of beliefs, and not on models. Rao and Foo
[24] have analyzed both the foundational and coherentist approaches to be-
lief revision, but their approach assumes a modal logic with auto-epistemic
opcrators.



Chapter 4

Default Reasoning as Belief
Change

We begin this chapter by introducing a more general framework for belief
change by relaxing the requirement that a belief state represent a consistent
st of beliefs. Armed with a belief change framework which permits possibly
inconsistent sets of beliefs, we propose a method for performing default rea-
soning as belief change and identify the benefits that this approach has to

offer.

4.1 A Framework for Belief Change

A common feature of most of the existing work on belief change, including the
approach we have taken in previous chapters, is that the process is viewed as a
transition from one belief state to another. A belief state is a consistent view
of the world, which, in the AGM framework, and in our modified framework,
translates to a consistent set of propositional formulae. We will now look at
belief change in a somewhat different manner. We shall relax the consistency
requirement so that a belief set is now treated not as a consistent set of beliefs
but instcad as a possibly inconsistent set of beliefs that may be potentially
held (we shall call this the background belief set together with information on
the relative epistemic priorities amongst the beliefs. Belief change is then a
transition from one background belief set to another. Corresponding to each
belief state (given by a background belief set), a consistent view of the world



(given by a consistent set of propositional formulae, called the belief set) can
be identified. Figure 4.1 below presents this idea graphically.

belief - background
set 1 belief set 1
belief — background
set 2 belief set 2
belief et background
set n belief set n

Figure 2: Backgorund Belief Sets

This framework subsumes the foundational framework that has been de-
scribed earlier. If the background belief set is restricted to be finite and
consistent this framework coincides with the foundational one.

Yuan, You and Bissonauth have considered a similar framework in [29].
They propose a scheme in which two versions of a knowledge base are main-
tained: the actual, possibly inconsistent knowledge base which contains "his-
torical” information, and the subset of this knowledge base that is actually
visible to the user and that is used for query processing. Their "historical”
knowledge base corresponds, in our terminology, to the background belief
set, while their "visible” knowledge base corresponds to our belief set. Sig-
nificantly, they show that their update semantics satisfies all the rationality
requirement sof the AGM postulates.

In the AGM framework, belief change is classified into three different
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kinds of operations: ezpansion, revision and contraction. In the following,
we examine the counterparts of each of these operations in our framework:

e [Irpansion in the AGM framework is the operation of adding a new
belief which is consistent with all existing beliefs. In this framework,
expansion involves adding the new belief to the background belief set
in such a way that the new belief is guaranteed to appear in the con-
sistent belief set identified from this background belief set. What this
essentially means is that the new belief is assigned the highest possible
priority, so that every consistent view of reality that obtains its beliefs
from this background belief set is guaranteed to contain the new belief

e Hevision in the AGM framework involves adding a new belief that is
possibly inconsistent with existing beliefs. In the current framework,
this turns out to be the same as expansion. The new belief is added to
the background belief set in such a way that the new belief is guaran-
teed to appear in the corresponding belief set. As before, this means
assigning the highest possible priority to the new belicf.

o Conlraction in the AGM framework involves retracting a currently held
belief. In the current framework, this corresponds to identifying a
consistent belief set which does not contain the belief being contracted
from the background belief set.

As with our earlier framework, we allow a partial specification of the rela-
tive epistemic priorities amongst beliefs. We, however, relax the requirement
that beliefs be represented in clausal form. We now recall some definitions
in slightly reformulated form.

Definition 33: An epistemically priorilized set is a set of beliefs (repre-
sented as propositional formulae) in which a partial pre-order < amongst the
belicfs is specified such that o < B if and only if § has an epistemic priorily
that is at least high as that of . Ifa < 8 and B £ a then o < B.

Definition 34:A background belief set is a possibly inconsistent set of
propositional formulae.

Definition 35:A belief set is a consistent set of propositional formulae.

The following is an informal description of our contraction operator. The
approach is essentially the same as that for operators ~ and — defined in
Chapter 3. We shall see later that the operations of expansion and revision

27



in the AGM framework can be expressed as special cases of this contraction
operator. Let A be the current background belief set, i.c., the set of proposi-
tional beliefs from which a consistent view of the world may be constructed.
Let a propositional formula A denote the belief that “s to be contracted.

e The first step is to identify maximal (with respect to set inclusion)
subsets of A which are consistent and which do not imply A. Each
of these subsets can now be referred 1o as a belief set since they are
consistent sets of beliefs. This set of belief sets is given by ¢a-(A, A).

o The second step is to identify the epistemically marimal belief sets from
the elements of oz (A, A). This is given by ¢par(Cmar(A, A)).

o Each of the belief sets contained in ¢par(Cnar(A, A)) qualifies as a valid
view of the world that may be held by an agent. The question of which
of these beliefs sets, or which combination of these belief sets should
be taken to actually represent the agent’s view of the world at that
point may be addressed in different ways. A credulous reasoner would
pick any one of the belief sets as the valid one. A skeptical reasoner,
on the other hand, would take the intersection of the belief sets. IFor
our present purposes, it is not important to commnit ourselves to any
one approach. Since our purpose is to show the relationship between
default reasoning and belief change, it is sufficient to show the relation
between the multiple views of the world sanctioned by a knowledge
base containing defaults and the multiple: consistent views of the world
given by the elements of €,10-(Cmaz(A, A)). We shall therefore assume
that there exists some operator [ such that FF(emar(cmaz(A, A))) which
identifies the belicf set that constitutes the agent’s actual view of the
world.

Definition 36: The sel cnar(A, A) of mazimal subsels of the background
belief set A which are consistent and which do not itmply A, where A is a
propositional sentence, is defined as follows:

Cmaz(A, A)={S | § € K and S is consistent and S A and for any S'such
that SC S'C K, S' E A}.

Definition 37: €n,.(X)={S | S € X and there crists no S' such that S'
dominates S}.

The notion of dominance used here is the same as that defined earlier.

9y
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Definition 38: The contraction of a belief A from a background belief
set &, given by CONTRACT(A, A), is defined as follows:
CONTRACT(A, A) = F(enar(Cmaz(D, A))).

Appropriate versions of F will yield the operators ~ and — defined in
Chapter 3.

It is casy to see how the operations of expansion and revision (which coin-
cide in this framework) can be expressed in terms of the operators ¢pmq, and
€mar Lthat we have alrcady defined. Both operations involve adding the new
helief to the background belief set as beliefs with the highest priority (this
ensures that they are included in every resultant belief set), and identifying
the consistent belief sets from this background belief set.

Definition 39: Let FXPAND(A, A) and REVISE(A. A) denote the ex-
pansion and revision, respectively, of a background belief sel A with a new
belief A.

EXPAND(A, A) =REVISE(A, A) = F(emar(cmaz(A U {A}, {}))). Note that
the new belicf A is assigned a priority higher than that of any other belief in
A.

4.2 Reiter’s Default Logic : Some Unintu-
itive results

Default logic seeks to formalize reasoning with incomplete information by
augmenting first-order logic with defeasible rules of inference called default
rules. The general form of a default rule is :
A(F15)
=)

a(7) is called the prerequisite, B( ), the justification and v(T) the conclusion.
Informally, a default rule may be interpreted as the statement ”if, for some
instance @ of 7. a(a) is provable and (@) is consistent with what is known,
then conclude by default that y(@)”. A default theoryis a pair (W, D), where
W is a first-order theory while D is a set of default rules. We shall consider
only propositional default theories here, primarily because most existing work
on belief change, to which we shall attempt to relate default logic, considers
only propositional beliefs.

Before moving on to identify some of the shortcomings of classical default
logic as defined by Reiter [25], we shall quickly review some useful results.
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An eztension E of a default theory is the set of beliefs that may be held
about a world about which the formulae in W are known and to which the
default rules in D are applicable.

Definition [25] 40: If S is a set of propositional sentences, and 1'(S) is
the smallest set salisfying the following propertics :

1. W cI(S).
2. T(S) C Cn(I'(S)).
3. if % e Danlael(S) and =B ¢S then v € I(5).

then E is an crtension of the default theory (W,D) iff I'(E) = k.

Theorem [25] 41: Let (W,D) be a propositional semi-normal default
theory. Define:

Ey =W,
Eipp=Cn(E;U{v|a:B/vy€ D anda € E; and =3 ¢ I}, fori >0
Then E is an extension for (W,D) iff E = U2, E;.

Recall that a normal default is one where the justification and conclusion
are the same, while a semi-normal default is one where the justification
implies the conclusion.

Default logic is a useful formalism for analyzing defeasible knowledge
and a considerable body of work exists in which this has been studied in
some detail [25] [5] [16] [14]. There are, however, some well-known examples
of situations where default logic provides fairly unintuitive results. In the
remainder of this section we shall look at these situations in greater detail.

We essentially identify three classes of problems:

e This is the well-known problem of disjunctive defaults. Consider a
default theory (W, D) where W = {pVv r} and D = {22,721}, It
is intuitively obvious that we wouuld like to conclude ¢, given that we
know that the prerequisite of at icast one of the two defaults is true and
that it is consistent to assume the justification in ecither case. Reiter’s
default logic, however, gives a single extension which does not contain
g. Notice that we also cannot reason about defaults. There is no
explicit connection, for example, between ”7;‘1, 5;'1 and ﬂqiﬂ, although it
is intuitively obvious that such a connection exists and that establishing
such a connection can be useful.
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e Default logic sometimes sanctions conclusions which appear to be un-
warranted. Consider the default theory (W, D) where W = {=bV ~d}
and D = {—("%bl,—(ccii)} This theory has a single extension in which
both a and ¢ arc true. The conclusions are intuitively unwarranted
since it is clear that it is not consistent to assume both b and d at the
same time.

e Yct another situation where default logic provides unintuitive results
is given in the following example. Consider the default theory (W, D)
where W = {} and D = {-(aa—M),_‘;:}, which has a single extension in
which b is false. Intuitively, however, this default theory sanctions two
mutually incompatible views of the world; a is true in one and b is false
in the other. Two extensions are thus expected, one containing a and
the other containing —b.

The underlying problem is that defaults are not interpretable sentences,
and there is no way to semantically relate the sentences of W with the dr-
faults. Default logic therefore has to rely on proof-theoretic devices to estab-
lish a relation.

Revising default theories is a non-trivial problem [27] and the concept
of rational default theory revision remains ill-defined. Rational revision of
belief sets, where a belief set is thought to be a set of propositional formulae
representing the beliefs of an agent, is, on the other hand, a problem that has
been studied in considerable detail (see [1],[8], [13], [21] for a representative
subset). In the next section we shall show that a simple approach to the
problem of default reasoning exists, which involves viewing default reasoning
as the process of belief set revision (or belief revision, as it is normally called).
It shall be seen that not only does this approach avoid all of the problems
with default logic mentioned above, we do not need any additional machinery
to revise default theories.

4.3 Default Reasoning as Belief Change

The basis of our approach to viewing default reasoning as belief change is
to treat defaults as sentences. We translate a default theory (W, D) to an
epistemically priovitized background belicf set Apw,p). We then retract the
disjunction of all possible invalid situations (an invalid situation being when
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the consequent of a default is concluded when the negation of the justification
is provable) for each default in D from A. In other words, we construct
consistent views of the world, which do not imply any invalid situation. We
shall then investigate the relationship between the multiple possible belief
sets that are obtained while performing this contraction and the extensions
obtained from the default theory (W, D). That some relationship should exist
is only expected, given that both default reasoning and belief change involve
identifying consistent views of the world in the presence of inconsistent and
incomplete knowledge.

Definition 42: The A-translation of a default theory (W.D), given by
Aww,py, is defined as follows:
Agv,py = Cr(W)U {a — 7| 2 € D)
with the following epistemic priority relations:

w > (a— )

Jor each w € Cn(W) and each sentence of the form o — ~ oblained from
defaults of the form 9_1—[’ in D.

We now define the contraction opcration that we believe is the closest
counterpart, in the framework of belief change, of the process of obtaining
extensions of & default theory.

Definition 43:The j-contraction of a background belicf set Aww,py, 1.c.,
the contraction of invalid combinations of belicfs for cach default rule in D,
1§ given by :

emaz(Cmaz(Aaw,0y, V(7 A 25;:))) for all i such that Cn(W) B v

where D = U:‘=1{f'i',;lgl} and n is the cardinality of D.

Note that in order to view the process of extension computation as a
belief change process, we still need to refer to the default rules.

Example 44: This is the classical problem involving the default birds
fly. Let the propositions B and F represent the facts that an individual
is a bird and the individual z flies, respectively. Consider a default theory
(W, D) where:

W= {B}
D= (BE

The A-translation of this default theory is given by :



Apvpy = Cn(B)U{B — F}
where:
p>(B—F)

for each p € Cn(B).

The default theory (W, D) has a single extension given by Cn(B, F). The
j-contraction of Aw,p) yields a single belief set containing both B and F. If
W is augmented with the belief = F, (W, D) has a single extension given by
Cn(B3,-F). The j-contraction of Agw,p) yields a single belief set containing

both I3 and = /.0
Example 45: Consider the disjunctive default problem mentioned ear-

lier. The default theory (W, D) is given by :
W={pvr}

D= {&
q q

The A-translation of this default theory is given by:
A(w'[)) = C’n(p Vv 1‘) U {p - q,r — q}
where

r > (]) — q)
r>(r—q)

for every x € Cn(p Vv r).
While the default theory yields a single extension which does not contain
q, it is easy to sec that the j-contraction of Agw,py yields a belief set which

contains ¢ in its deductive closure.O
Example 46: Consider the default theory (W, D) given by:

W = {=bV ~d)
D= {:!a/\b) :!c/\d)}

The A-translation of the default theory is given by:
Apv.py = Cn(=bV =d) U {a, c}

where
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3

T>a
x>c

for every £ € Cn(-bV —d). The default theory has a single extension which
contains both a and ¢. On the other hand, the j-contraction of Apwp) is

given by:

ema:(cma::(A(lV.D)) (—'b A (l) \ (—'d A C))
= {Cn(-bV ~d) U {a},Cn(=bV ~d) U {c}}

It is easy to see that while the default theory provides unintuitive results,
the two belief sets that result from the j-contraction of Aw,p) correspond
precisely to our intuition that we should believe in any one of a and ¢, but
not both. O

Example 47: Consider the default theory given by:

W ={}
D = {{etb) b

' b

The A-translation of this default theory is given by:
Aww,p) = {a, b}

There are no epistemic prioritization relations amongst the elementsof Agy, ).
The default theory sanctions a single extension containing b, although our
intuition dictates that there should be two extensions, one containing a, and
the other containing —b. The j-contraction of A py provides such a result,
as seen below:

ema:(cma:(A(l‘V,D)a (—‘b A a) \ (b A -’b)))

= {{a}, {-b}}

O

The preceding examples suggest that not only is it possible to look at de-
fault reasoning as belief change, the belief change approach actually avoids
many of the unintuitive results obtained from default logic. The original
default theory is translated to a background belief set in which facts and de-
fault rules have the same uniform representation as propositional sentences.
Default rules are converted to simple material implications connecting the
prerequisite and the conclusion, which closely corresponds to the intuition



underlying a default rule: assume that the prerequisite implies the conclu-
sion if it is consistent to do so. Such an assumption becomes inconsistent if
the negation of the justification is provable. That this intuition is captured
by expressing defaults as beliefs in a background belief set is not surprising.
Every belief in a background belief set has the same intuition: assume the
belief if it is consistent to do so. The problem is that the background belief
sel obtained by the A-translation of a default theory does not represent, in
the same uniform representation, the conditions that block the application of
a default. These conditions have to be represented meta-theoretically as the
beliefs that are contracted from a background belief set during the process of
identifying the possible views of the world sanctioned by the corresponding
default theory. To see why this is not just an unintuitive device for obtaining
the desirable results, consider the following informal prescription for repre-
senting a knowledge base containing default knowledge in this belief change
framework and and reasoning with it. First, the knowledge is represented as
propositional sentences. Then, known invalid combinations are contracted
from this background belief set to obtain consistent possible views of the
world. Viewed in this fashion, a belief change approach to default reasoning
appears to be more intuitive than even default logic.

An important fallout of the translation that we have proposed is that
we can now reason with the contrapositive of a default rule. While it is
possible to argue both for and against the desirability of this, we do not
view this a major drawback. Whereas Reiter’s default logic requires that
contrapositives be explicitly stated as default rules, the belief change view
requires that contrapositives be explicitly disabled in situations where they
are not desired.

Example 48: Consider the previous example involving the default birds
fly. Assume that it is known that an individual = does not fly, represented by
the proposition —F, but nothing is known regarding whether the individual
is a bird or not. This is represented by the default theory (W, D) as follows:

W = {=F)
D ={8F}

'The corresponding A-translation is given by:
A(W.D) = C7I(""F) U {B — F}

where



p>(B—F)

for every p € Cn(~F). While the only extension of (W, D) would contain just
~F, the j-contraction of Aw,py would yield a belief set containing both = F
and ~B in its deductive closure. To prevent the contrapositive from being
applied we would have to explicitly block it. This would mean contracting
—I" — — B as an explicitly inadmissible condition. The result then would be
a belief set which contains only =F in its deductive closure.O

4.4 Relation to PJ-Default Logic

In this section, we shall look at a variant of default logic called PJ-default
logic developed by Delgrande and Jackson [4] to address precisely the same
problems with Reiter’s default logic that we pointed out carlier. Not sur-
prisingly, we shall suggest that our view of default reasoning as belief change
corresponds exactly to PJ-default logic in the sense that the multiple possible
views of the world that result from a j-contraction of the background belief
set Aqy,p) are the same as the extensions of the PJ-default theory (W, D).
PJ-default logic is the combination of two separate variants of Reiter’s
default logic: P-default logic (or prerequisite-free default logic) and J-default
logic (or justification default logic). P-default logic addresses the problem
of the requirement for proving the antecedent of a default rule being too
strong, which results in the disjunctive default problem mentioned earlier. In
P-default logic, normal defaults of the form °—ﬁg are replaced with prerequisite-

free defaults of the form :33;? Semi-normal defaults of the form "—%’ are

replaced by prerequisite-free default rules of the form 1%%’-’

P-default logic is stronger than Reiter’s default logic in that it sanctions
more conclusions, as shown by the following two theorems.

Theorem [4] 49:Let (W,D) be a normal default theory and let (W,1)’)
be the theory where %‘—3 €D zﬂ(%’jig-)l € D'. If E is an extension of (W,D)
then there is an extension of (W,D’), I’ such that E C F'.

Theorem [4] 50:Let /W,D) be a semi-normal default theory and let

(W,D’) be the theory where ﬂ%—"ﬂ €D iﬂi%jmm € D'. If E is an cxzlension

of (W,D) then therc is an extension of (W,D’), E’, such that £ C I'.
J-default logic seeks to strengthen the scope of consistency for the jus-
tification of a default rule. The weaker notion of consistency in Reiter’s
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default logic results in situations where a default theory (W, D) given by
W = {-~bV-d} and D = {—(“G—M’),—(-CCAQ} sanctions a single extension con-
taining both a and c, or situations where a default theory (W, D) givea by
W={}and D= {—(gfﬂ, =2} sanctions a single extension in which b is false.
J-default logic requires the set of justifications used in the specification of
an extension to be consistent, instead of each individual justification. Thus
a J- ertension is defined to consist of two sets of formulae: Ej;, a set of
justifications, and Er, the subset of E; assumed to be true.
Definition [4] 51:Let (W,D) be a semi-normal default theory. Define:

o = (Ejo, Ero) = (Cn(W),Cn(W))

Eiyi = (B, Bry,) = (Cn(Ey, U {B A7}),Cn(Er, U {B}))

where

i>0,
a:!{;’/\'y! € D,

a € E'r.-,
~(BA9) ¢ Ey.

Then E is a J-cztension for (W,D) iff
E = (Ey, Er) = (UZ E5i, UZo E13)-

The following theorem shows that J-default logic is weaker than Reiter’s
default logic in the sense that some of the unwarranted conclusions sanctioned
by Reiter’s default logic can no longer be obtained.

Theorem [4] 52:Let (W,D) be a semi-normal default theory. If E is an
criension of (W,D) obtained using Reiter’s definition of an eztension, then
there is a J-extension E' = (E), E7) of (W,D) such that Ex C E.

PJ-default logic is a combination of P-default logic and J-default logic in
that only prerequisite-free defaults are permitted and extensions are obtained
by using the definition of J-extensions given above. PJ-extensions can thus
be defined as follows.

Definition [4] 53:Let (W,D) be a prerequisite-free semi-normal default
theory. Define:

Fy = (Ey,, E1,) = (Cn(W),Cn(W))
Ectr = (Esgs Bry,) = (Cn(Es, U {8 A4}), Cn(Ex, U {B))

where

v

120,
:ga;’w[ € D,
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~(BAY) & E,,.

Then E is a PJ-extension for (W,D) iff
E = (EJs ET) = (U?:o EJ.-aU?:o ET.)°

It appears that the PJ-extensions of a PJ-default theory are precisely
the belief sets obtained by contracting known invalid situations from the
corresponding background belief set. However, since a formal proof has not
yet been arrived at, we leave this as a conjecture.

Conjecture 54:Let (W,D) be a PJ-default theory and let Aw,py be ils
translation into a background belief set (i.e., a A-translation). Then for
each belief set B in the j-contraction of Aw,p), there erists a PJ-cxtension
E = (Ej, Et) of (W,D) such that Cn(B) = Er, and for cvery PJ-ertension
(Es, ET) of (W, D), there exists a belief set B such that Ey = Cn(B).

It is important, at this point, to take a step back and look at why this
result is important. Having seen how a belicl change approach to default
reasoning can avoid some of the counterintuitive results obtained from Re-
iter’s default logic, we can actually establish a direct correspondence between
a variant of default logic and our approach. Once again, the advantages of
our approach become clear: not only can the unintuitive results of Reiter’s
default logic be avoided in our approach, we do not need the additional ma-
chinery to update default theories in our approach.

4.5 Related Work

Given the strong similarity between the process of identifying maximal con-
sistent subsets of the background belief set and the process of theory forma-
tion, the applicability of the THEORIST framework [23] for belicf change
using possibly inconsistent background belicf sets should come as no sur-
prise. Viewing the THEORIST framework as a framework for default rea-
soning, Brewka [2] has identified the close similarity between a variant of
the framework which permits stratifying hypotheses into priority classes (
and does away with facts, so that everything is potentially refutable) and
belief change. Almost identical results have been reported by Nebel [22],
together with some results on the computational complexity of the member-
ship problem in revised belief sets. Gardenfors [10] has examined the relation
between ezpectation inference operations, which essentially involves a variant
of the maximal consistent subset approach, and belief revision. He presents



a generalized notion of nonmonotonic entailment; given a set of formulae
called ezpectation set A, B is said to be nonmonotonically entailed by o if
a — f is a consequence of every maximal consistent subset of A that does
not imply —a that is selected by some selection function S. The obvious
limitation in this approach is that the ezpectation set A is required to be
consistent. Gardenfors and Makinson [18] have also proposed a translation
of the AGM postulates for belicf change [1] into a similar set of postulates
for nonmonotonic entailment.

Thus, although default reasoning and belief change have been related,
no relationship has been established between reasoning with default logic
and belief change. Also, while the existing work seems to suggest that it is
possible to view default reasoning as belief change, it was never clear as to
why it might actually be better to do so.
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Chapter 5

Conclusion

5.1 Contributions

The main contributions of this work are threefold:

¢ A framework for foundational, logically non-omniscient beliel change
in the presence of a partial specification of relative epistemic priorities
amongst beliefs is defined. More specifically, this approach offers the
following advantages:

— Since the approach is foundational, reason mainfenance is real-
ized. This also makes the approach computationally realizable;
no reference has to be made to infinite deductively closed sets.

— Partial closure, as opposed to full deductive closure, avoids many
undesirable beliefs in the closure, as well as unwarranted outcomes
of belief change.

— Previous approaches required that a total ordering on the infinite
deductively closed belief sets be specified. This framework works
with a partial specification of epistemic priorities.

e Two constructions for contraction operators are provided, which satisfy
most requirements for rationality.

o A framework for viewing default reasoning as belief change is defined.
More specifically:
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- We proposc a method of translating a default theory into a belief
change framework such that many of the problems associated with
rcasoning with default logic are avoided.

— We claim, unlike previous authors in this area, that not only is
it possible to look at default reasoning as belief change, it may
actually be better to do so.

— We suggest that an exact correspondence may exist bet ween our
view of default reasoning as belief change and a variant of default
logic called PJ-default logic.

5.2 Directions for Future Work

This study should prove to be a useful starting point for studies into belief
change in logically non-omniscient reasoners. In this dissertation, logical
non-omniscience has only been studied in terms of partial closure. Several
other approaches to the problem of logical omniscience exist, all of which
merit study from the perspective of belief change.

An obvious direction in which the study of the relationship between belief
change and default reasoning could develop is to examine whether this ap-
proach to default reasoning satisfies the cumulativity requirement (informally,
this states that if both z and y are nonmonotonically entailed by W, then z
should be nonmonotonically entailed by W U y). It seems that cumulativity
1s satisfied, but a formal study remains to be done.
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Chapter 6
Appendix

Note : For the puropose of brevity in the proofs that follow, we shall use
the term "p-closure” to denote "partial closure”.

Lemma 1:Crnoz(A, AA B) = Cra(A, A) U Cnaz(A, B).

Proof: By definition, the elements of C.oz(A, AAB) are maximal consis-
tent subsets of A which do not entail AAB. Hence, any clement of Cp,..(A,
AAB) does not entail A or does not entail B but never both. The proof is
then trivial.O

Theorem : Ky N Kz C Ky, p.

Proof : Assume that there exists a clause d €(K3NK3 ) such that
d €K3ap- We will show that this is not possible.

The possible ways in which some d €K, where K is a partially closed set
of clauses, can be absent in K7, 5 are:

Case 1: d is not in the p-closure of any clement of Cpqz(A, AAB)).

Case 2: d is in the p-closure of some element of Cinaz(A, AAB) but not, of
any element of Epgz(Crnaz(A, AADB)).

Case 3: d is in the p-closure of some but not all clements of Erez(Cmaz(4,

AAB)).
We shall now analyze cach case:

Case 1: d = AA B. Hence d ¢(K3NK3).
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Case 2: Let Xg denote an element of Crraz(A, AAB) which includes d in its p-
closure. In this case there exists some Y€ Cp,0-(A, AAB) such that for
all X4, Y dominates X4. By Lemma 1, YEC.2(A, A) or YEC (A,
B). Assume that Y€ Cpaz(A, A). Two situations are possible:

o There is no Xq ECpnaz(A, A). Then d ¢(K3NK3).

e There exists at least one Xq €C,,02(A, A). Then Y will dominate
X4, so Xg will not be in Epaz(Cmaz(A, A)). Hence d ¢(K3NK3).

Case 3: There must exist some YEEmaz(Cmaz(A, AAB)) which does not
contain d in its p-closure. By Lemma 1, Y must be in C,.-(A, A)or
Cmaz(4, B). We assume YEC,0-(A, A). We must now consider two
possible situations:

® Y¢Ena:(Crmaz(A, A)). Then there must exist some Z€ Cpaz(A,
A) such that Z dominates Y. By Lemma 1, Z€Craz(A, AAB).
But since Z dominates Y, YZE.2(Crmaz(4A, AAB)). Hence, this

situation is impossible.

® YEEmaz(Cmaz(A, A)). Since d is not in the p-closure of Y, and
since K7 is the intersection of the p-closures of all the members
of Emaz(Cmaz(A, A)), d ¢K7. Hence, d ¢(K3NK3).

Hence, it is not possible for some d €(K3NK3) and d K7, 5. O

Lemma 2:For any p, ED(Th,...,T;,...,.T)) Ep. if Tiepfor1 <i<
n.

Proof: This follows from the definition of ED({Th,...,T;,...,T,}).0

Theorem:K; N Ky C K, 5.

Proof: As before, let us assume that there exists a clause d € K3 N K3
such that d € Ky,p. We shall show that this is impossible.

Consider the possible ways in which a clause d may not be in K3, 5:

Case 1: d is not a consequence of any element of Cpaz(A, A A B).

Case 2: d is a consequence of some element of Cp,z(A, A A B), but is not
a conscquence of any element of Epaz(Crmar(A, A A B)).

Case 3: d is a consequence of some elements of Epar(Cmaz(A, AA B)), but
is not a consequence of EDE o (Crmaz(A, A A B)).
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The proof for cases 1 and 2 are similar to those for the operator ' °.
For Case 3, there must exist some Y € E,0r(Craz(A, A A 1)) such that
Y F~d. By Lemma 1, Y must be in Craz(A, A) or Crar(A, B). We assume,
Y € Craz(4A, A). Two possible situations might exist:

o Y & Enaz(Craz(A, A)). Then there must exist some Z € Chnar(A, A)
such that Z dominates Y. By Lemma I, Z € Cp..(A, AA ). But
since Z dominates Y, V' € E;0:(Crmar(A, AA B)). Hew 2 this situation
is impossible.

o Y € Enuz(Craz(A, A)). Then, by Lemma 2, d ¢ K;. Hence, d ¢
KinKg. O
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