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Abstract

Most quantum computers are based on elements with many addressable states,
yet restrict themselves to a two-level subset, a qubit. In principle, more states
could be used in each element to form a d-dimensional qudit, increasing the
Hilbert space dimension and thus the computational power of the device. A
qutrit is a three-level qudit, and is a natural first step to working with more

dimensions.

Universal quantum computers require arbitrary single-qudit unitary gates
with high fidelity of control. Commonly, there are some couplings between
levels that are more difficult to control in a quantum system than others, for
example, if they are forbidden transitions by dipole selection rules, if they have
a resonance frequency far off from the other transitions, or if the coupling is

degenerate with another coupling and thus cannot be controlled in isolation.

In this work, we demonstrate full unitary control on an ensemble qutrit
of ultracold 8"Rb. We also demonstrate a method for performing rotations
between levels which are not otherwise convenient to couple because of degen-
eracies. We perform the quantum Fourier transform on the qutrit with and
without the synthesized coupling and find similar final state fidelities with each
method. The dominant error mechanism causes loss of purity in the qutrit,
and our analysis suggests this may be caused by inhomogeneity in the dipole
trap.

Our work is directly applicable to more conventional quantum platforms,
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including superconducting qubits, trapped-ion qubits, and neutral single-atom

qubits.
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Chapter 4 of this thesis was published in Physical Review Applied under the
title “Complete unitary qutrit control in ultracold atoms”. I wrote it together
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Chapter 1

Introduction

In the near-century since quantum mechanics was formulated, we have devel-
oped a number of technologies that rely on its foundations. Among these are
photovoltaics, lasers, and magnetic resonance imaging. Now, a new generation
of quantum technologies are being rapidly developed — quantum sensing [23],
quantum networking [33], and quantum computing [24].

Most quantum computers are based on controllable two-level quantum sys-
tems, qubits, but nature frequently provides many more than two levels that
a quantum engineer can manipulate. This thesis develops operations on the
qutrit, a three-level quantum system. The work has been published in Physical
Review Applied [45].

The qutrit used in this work is based on an ensemble of ultracold 3"Rb.
Because nature is inherently quantum-mechanical, there are many promising
potential platforms in development as quantum computers. While it is un-
likely that ensembles of 8"Rb or ensembles of any other neutral atom will be
the predominant quantum element in future quantum processors, the control
techniques can be adapted to single-neutral-atom processors and to higher
dimensional qudits on platforms such as trapped ions and superconducting

circuits.



Chapter 2

Background

This chapter provides the necessary background to understand the contents of
this thesis, assuming an undergraduate-level understanding of quantum me-
chanics and linear algebra.

We begin with a broad discission of quantum computing (sec. 2.1) and
atomic physics (sec. 2.2), then discuss qutrit gates (sec. 2.3) and quantum

state tomography (sec. 2.4).

2.1 Quantum Computing

Quantum computing is a very active field, with new and old companies both
investing heavily in the technology in the hopes of building practical quantum
computers before their competitors. This section will motivate the devel-
opments along with the benefits of developing three-level qutrits and higher

dimensional quantum elements into quantum information processors.

2.1.1 Motivations

Why quantum information
processing? The shortest of
answers to this question would
be, why not?

David P. DiVincenzo [24]

The classical computers we use today are incredible machines that have

transformed virtually every aspect of modern life. They are highly adaptable
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and can be applied to almost any task. There are, however, classes of prob-
lems that today’s computers cannot solve efficiently but quantum computers
could. One of these classes are problems that involve simulating fundamentally
quantum processes like materials science and chemistry. In principle, quantum
computers could be used to design drugs and simulate their interactions with
other molecules in the body [16, 40, 66]. They could also help researchers find
better chemistries to build batteries [36]. There are a number of other chal-
lenges that quantum information processing could solve much more efficiently
than any classical processor, such as highly constrained optimization problems

which appear in logistics [61] and finance [60].

2.1.2 Qubits

A bit is a unit of information that takes on the discrete values of |0) or |1).
In isolation, this abstract concept wouldn’t be very useful, but groups of bits
are used to represent meaningful ideas like letters, numbers, and instructions
for the manipulation of other bits. The only one-bit operations are identity,
1|b) = |b) and NOT, NOT|b) = |b + 1) where b € Z/2.

A quantum bit (qubit) is a simple two-level quantum system. Like a clas-
sical bit, a qubit can take on the discrete values of |0) and |1), but it can also

take on any superposition of the two,
) = |0) + 3[1)
= ae'®|0) 4 ber|1) (2.1)
= €% (a|0) + be'|1))
where a, b, ¢, ¢y, ¢ are all real numbers, o and  are complex. Like all quantum
systems, the global phase (¢, in eq. (2.1)) can be ignored because there is no
experiment that could distinguish between states with two different values of

¢o. Normalization requires a? + 0> = 1, so there are two free parameters:

a €[0,1] and ¢ € [0,27). A qubit state can be written as a column vector,

) = (bgi‘b) : (2.2)
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(b)

Figure 2.1: (a) The qubit state |¢;) drawn on the Bloch sphere with parameters

A

0 = ¢ = 7. (b) A rotation about €2 (green) of angle x brings the state [¢;) to
state |¢f) (red).

It is very useful conceptually to visualize the state of a qubit using the
Bloch sphere. Figure 2.1(a) shows the Bloch sphere representation of a qubit
state. The zenith angle in the visualization is § = arccos a, with the azimuthal

angle ¢, where a and ¢ are as in eq. (2.2).

There are two categories of qubit manipulations — unitary evolutions and
projective measurements. Unitary evolution of the qubit’s state can be ex-
pressed as a matrix U in the group SU(2), which means it is unitary (U -1 =t
for the Hermitian conjugate U 1), and has determinant 1 (no effect on the global
phase). The group SU(2) is generated by exponentiating the three Pauli ma-
trices 04, 0,,0.. Unitary evolution can be visualized as a rotation around some
unit vector € on the Bloch sphere, as shown in figure 2.1(b). Unlike unitary
evolution which has a fully deterministic result, projective measurement is a

probabilistic process. The probability of projecting onto |£) is

P([6)) = (WIE) (€lv)- (2.3)

After a projective measurement, the qubit is no longer in its initial state [1)),

but in one of the eigenstates of |£)(&].



2.1.3 Qutrits

Digital computers use binary logic for good reasons. Electric potential is a
continuous variable, and must be sternly wrangled into discrete ranges rep-
resenting |0) and |1)!. The electronic complexity of implementing 3-valued
or d-valued logic gates would mean very complicated logic gates and would
require extremely well-characterized transistors to ensure the logic levels re-
main valid. Even if a binary circuit requires more elementary logic gates in its
implementation than a ternary version would, the net benefit of building on
boolean logic for digital computers is undisputed.

Similar to their ubiquitous digital counterparts, most gate-based quantum
computing platforms are based on two-level qubits. Unlike digital computers
though, it is not inherently clear that working with two-level systems is the
optimal way to develop computing power. The dimension of Hilbert space ac-
cessed by a quantum processor is a limitation on the complexity of problems
it can solve. For N quantum elements each with d eigenstates, the dimen-
sionality is d¥. We can increase the Hilbert space dimension by increasing
N, the most conventional approach, or also by increasing d. Most quantum
elements used for computing have access to many discrete eigenstates which
can be used for computing, and actively suppress excitations outside of a two-
level subspace. Quantum systems are inherently discrete, and their unitary
gates are inherently continuous, requiring significant calibration to perform
accurately. Thus, some benefits of reducing computational elements to two
levels familiar from digital boolean logic don’t apply to qubits.

A single qutrit can be represented as

a
[) = | beir (2.4)

ce'??
which after normalization (a® 4 b? + ¢® = 1) leaves four free parameters: b, c €

0,1], a®> +b* < 1 and ¢1,¢o € [0,27). Though visualizations have been

developed for qutrits, there are none as clear as the Bloch sphere, since the

!Digital logic very strictly defines ranges of electric potential which are acceptable to
represent |0) and |1) at the input of a logic gate, and more restricted ranges for its output.
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state would be best visualized in 4 dimensions. Nevertheless, a qutrit gate can
be seen as a direct extension of the SU(2) qubit gate to SU(3). The group
SU(3) is generated by exponentiating the eight Gell-Mann matrices,

(010 (0 =i 0
M=[100], XN=[i 0 0f,
000 0 0 0
/001 (00 —i
M=(000], A=[00 0],
100 i 0
(2.5)
(000 /00
M=(00 1|, M=[00 —i],
010 0 i 0
o ft 00y /100
=0 -1 0], ds=—={01 0
00 0 V3\o 0 -2

2.2 Atomic Physics

Atoms have been an invaluable tool for the study of quantum physics for
over 100 years. All atoms of a particular species are ezactly the same, and
(especially hydrogen-like atoms) are well-studied and understood. This makes
atoms an excellent platform on which to build quantum technology.

This section covers the energetic structure of 8"Rb, the alkali atom used
in our experiments, in section 2.2.1. Two effects that perturb the energy level
structure are discussed — the Zeeman effect (sec. 2.2.2) and the Stark effect
(sec. 2.2.3). The last two sections discuss methods for state manipulation

(2.2.4), and the state of neutral atom quantum computing (2.2.6).

2.2.1 Structure of 8Rb

The information in this section is informed by Daniel A. Steck’s self-published
resource on 5'Rb [70].

Rubidium-87 is an alkali metal. It has 50 neutrons, 37 protons, and 37
electrons, one of which is unpaired in the valence shell, so the electronic spin
S = % With all lower levels filled, the valence electron has principal quantum

number n = 5 when it is not excited. This work deals exclusively with n = 5.
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The nucleus also has spin, I = 3, so in the ground state where the electron

orbital angular momentum L = 0, we have for the total angular momentum

301
F=I+S=2+_.
TR

If the nuclear and electronic spins are aligned, we have F' = 2, and when
they are anti-aligned, we have I’ = 1. This interaction between the angular
momentum of the nucleus and the electron gives rise to the hyperfine structure.
The hyperfine F-levels are shown in Figure 2.2a with their 2F 4+ 1 magentic
sub-levels. The two manifolds are split by AEgr = h - 6.835 GHz.

2.2.2 Zeeman Effect

In the presence of a magnetic field, a perturbing term is added to the atomic

Hamiltonian [3],

~

HZ = —[,L'B, (26)

where p is the magnetic dipole moment of the atom and B is the magnetic
flux density. We operate exclusively in the low-B regime where the hyperfine
splitting dominates H,. We can use perturbation theory to calculate the
first- and second-order corrections to the energies by starting with the A-

parameterized Hamiltonian
[:Itotal = HO + )\]:[Za (27)

where for the atomic Hamiltonian Hy we define the eigenenergies Fp_;y = 0,
E\p—3y = hwyr. Following the usual approach [8] we expand the Hamiltonian

and states as a power series,
[¥) = [0°) + Alh) + X% + .. (2.8)
W=wO 4 xw® £ 2w 4 (2.9)
where W™ are the n order eigenvalues for the Hamiltonian, and [¢)") are the

n order corrections to the eigenstates. The eigenvalue equation can be written

as

(Ho + MHZ)(|0°) + Aot +..) = (WO 4 XWD ) ([0°) + At +...).
(2.10)



Gathering terms for A, the zero-order term
Holy) = WOly?) (2.11)

is the unperturbed Schrédinger equation where W0 are the energies and [¢°) =
|F,mp). To first order in A\, we can isolate the energy perturbation WO which

we call the “linear Zeeman shift”

Holy") + Hy 4% = WOty + Wh |y0)
WO Hy |y = WO (2.12)

because while Hy has several degenerate eigenvalues for each hyperfine level,
it shares an eigenbasis with Hy which are [¢°) = |F,mg). To second order,

we have the “quadratic Zeeman shift” w®

Holp?) + Hz |ty = WO ) + WOy + W0
WO @0ty = WO (yO0yty + W (2.13)

which can be simplified by calculating |¢'), the first-order correction to the
eigenstate.

To second order, we can write the Zeeman term in the Hamiltonian as [31]

(upgrmpBy)?
hwyr

where pp is the Bohr magneton, gp is the Landé g-factor for the hyperfine
manifold F', and mp is the magnetic quantum number defined along Z. The
energetic level structure of the ground state of 8Rb in the presence of a weak
magnetic field is shown in figure 2.2b. In this work, the second-order Zeeman
term is negligible, and we find adjacent mp states split by roughly A -1.25 MHz
by a magnetic field of ~1.8 G.

2.2.3 Stark Effect

In the presence of an electric field, a perturbing term is added to the atomic

Hamiltonian [3],

He=—d-&, (2.15)



2,2) |
2,-2)[2, —1) [2,0) [2,1) |2,2 50 12,0 12
2, -2)[2, —1) | A> 2,1) 12,2) |27_2>‘2,_1>! ,0) 1577
v v
1,-1) [1)0) |1,1) L0110y pp
(a) (b)

Figure 2.2: The structure of the ground state of ¥Rb with the |F, mp) states
labelled. (a) without an external magnetic field the mg levels are degenerate,

(b) with a weak magnetic field the degeneracy is lifted. AE, is the linear
Zeeman shift, W) In this work, AFyr ~ 10°AFE,.

where d is the electric dipole operator and £ is the electric field. Atoms are
polarizable, i.e., an external electric field & will perturb the energy levels in
the Hamiltonian analagously to magnetic fields perturbing energy levels via

the Zeeman effect. Stark shifts take the form [3, 70]

1 1 3mi — F(F+1
ES:——OZ()(C:2——04F(€2 mg ( + )

2 22 F(2F — 1) ’ (2.16)

where « is the static polarizability and ol is the tensor polarizability of the

hyperfine manifold F'. Both of these are constants that can be found in [70].

2.2.4 State Manipulation Methods

The |F,mp) state of ®Rb within the ground state 52S;,, with weak-regime
Zeeman splitting can be manipulated by radio-frequency magnetic fields of
w/2m ~ 10° Hz, microwave-frequency magnetic fields of w/27 ~ 10 Hz, or
optical electric fields of w/2m ~ 10'* Hz.

Both the radio-frequency and microwave-frequency fields target magnetic
dipole (M1) transitions. These transitions allow Amp € {0,£1} and AF €
{0, £1} within the ground-state manifold. When AF = 0, we remain in the
hyperfine manifold, and only the Zeeman splitting separates the states. As a
result, the resonant coupling frequency wgr will directly relate to the difference
in energy between the two coupled states contributed by the Zeeman term in

the Hamiltonian eq. (2.14), AE; =~ AmpgrupBo, wrr = AEz/h. At a weak

9

i
¥
A
i
E,



level of splitting the quadratic Zeeman term is negligible, and all adjacent
mp levels are equally coupled. When AF = +1, transitions are made across
hyperfine levels, and the resonant frequency will be near the hyperfine splitting,
AEyr/h = 6.835 GHz. Even in the linear Zeeman regime, five of the nine
transitions will have non-degenerate, unique resonant frequencies,

upBo(mp + ml)
2h

Wi2,mp)|1,ml,) = WHF + (2.17)

where we have considered only the hyperfine splitting and the linear Zeeman

term, with two frequency degeneracies in the AF' = +1 case we are considering,

W|2,0)[1,1) = W[2,1)1,0)>

w‘270>|15_1> = w|27_1>‘170> :

The |F,mp) state can also be manipulated by a two-photon stimulated
Raman transition. These transitions are conducted by two detuned electric
dipole (E1) transitions through an intermediate upper level |i). With sufficient
detuning, there are no excitations to |7), only the two-photon process occurs,
which returns the atom to some new |F”,m/) in the ground state. By selecting
the frequencies, polarizations, and propagation direction of the two driving
laser beams appropriately, these Raman transitions can achieve AF € {0, £1}
and Amp € {0, £1, £2} if an appropriate intermediate upper level is available

allowed by E1 selection rules.

2.2.5 Rabi Oscillations

Consider three levels within the ground state of 8Rb, [0) = |F = 2,mp = 2)
and |1) = |F = 1,mp = 1), and |2) = |F = 2, mp = 1) with linear Zeeman
splitting. We can define a reference energy level based on state |1) such that
the energy of |1) is 0. We can define the energy of state [0) Ep = fwa,
and the energy of state |2) Fg = hwp. Radiation resonant with either of
these transitions is non-resonant with any other transition in the atom. The
magnetic field along z sets the Zeeman splitting. If we apply some perturbatory

oscillating magnetic field perpendicular to z of frequency w, an interaction term
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I
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e
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Figure 2.3: Level structure of 8’Rb with examples of possible state manipula-
tions. Left: the two lowest orbital angular momentum levels S (L = 0), and
P (L = 1). Fine structure, arising from the interaction of orbital and spin
angular momentum J = L + S, splits the P levels into J = 1/2 and J = 3/2.
Middle: hyperfine levels of the ground (525 /2) and D, excited states (52Ps)s).
The hyperfine strucutre arises from the interaction of total electronic angular
momentum J and nuclear angular momentum /. Right: Zeeman levels of the
ground state which are split from degeneracy in the presence of an external
magnetic field. The states are labelled |F, mp). Methods of atomic state ma-
nipulation are superimposed. Radiofrequency (RF) magentic dipole transition
with AF = 0 in the linear Zeeman regime where all transitions are simul-
taneously resonant couple adjacent mp states within one hyperfine manifold.
Microwave (MW) magnetic dipole transition with AF = +1 couples states
with Amp = 0,+1. In red is a two-photon stimulated Raman transition. Two
electric dipole transitions are driven at large detuning from resonance to one
or more intermediate excited states as allowed by selection rules. Inset: the
three qutrit levels and their coupling labelling convention, A, B, and C.
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is added to the Hamiltonian,

A

H; = —p - Bosin(wt + ¢). (2.18)
The magnetic moment is
n=—grppF/h, (2.19)
and defining the axes such that Bg = Byx, we have

~ _ gFﬂBBO sin(wt + ¢)F

HI h T
5 0 Qalsin(wt + @) Q] sin(wt + @) (2.20)
= — | |Q4] sin(wt + ¢) 0 |Qp| sin(wt + @)
|Q¢c|sin(wt + @) |Qp]|sin(wt + ¢) 0

Since we are considering three transitions (|0) < [1),/1) < ]2),]0) < [2)),
we have summed each of the above o,-type couplings in eq. (2.20). We have
also defined the Rabi frequency’s magnitude |Q2x| from the matrix element
h|Qx| = —2(m|w - Bo|n) for each m,n, X.

The atomic Hamiltonian which describes the atomic structure (sec. 2.2.1)
and includes the hyperfine interaction and Zeeman splitting (sec. 2.2.2) can be

reduced to a diagonalized to H, = hdiag(wa,0,wp). The full Hamiltonian is

then
f{ = [:Iat. + HI
A WA ’QA| sin(wt + (b) ’90‘ sin(wt + ¢) (2‘21)
=3 |24 sin(wt + ¢) 0 |Qp| sin(wt + ¢)
Q¢ sin(wt + ¢)  |Qp]sin(wt + @) wp

This Hamiltonian can be simplified by going into the rotating frame defined
by

W = exp(itHy. /1) (2.22)

The transformation into this rotating frame, H = W1HW+ih(8,W)W1, brings

the Hamitonian to

. g 0 || sin(wt + ¢)e~ 4t |Qc] sin(wt + ¢)e~ et
H = — | |Q4]sin(wt + ¢)e™at 0 |Qp|sin(wt + ¢)e™st
|Q0] sin(wt 4+ @)e™ct  |Qp|sin(wt + ¢)e” B 0

(2.23)
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where we have defined we = wq — wp, and we = wrr is the resonant fre-
quency which couples states |0) and |2). For each of the three couplings in
this Hamiltonian, we shall consider the case where w ~ wx (i.e. a near-resonant
field) and the far-off resonance case. Let the detuning for each transition be

AX:CUX_CL).

Box 2.1: On the Phase of a Coupling Term

The Hamiltonian eq. (2.23) contains only coupling terms. It is important
to understand what the meaning of the magnitude and phase of the
coupling term will do when a qubit or qutrit is evolving. For simplicity,
let us consider a slightly simpler two-level system,

= h 0 Qe Rl R o
H= 5 <|Q|€w 0 > = (cos b, + sinpay) . (2.24)

This expansion into the Pauli matrices o, and o, allows us to use the
well-known formula for their exponentiation (the formula can be derived
by series-expanding the functions),

e — 1 cos(¢) + i(h - &) sin(¢p). (2.25)
Thus we find the unitary evolution operator,
U _ eitﬁ/h

= 1 cos ('%) + isin (%) (cos pb, + sin ¢ay)

Qlt . Q)

CcoS [ 7 s1n Lol e’
2 2

. Qlt\ i Qlt

72 s1n <%) e Cos (%)

This operator rotates between the states |0) and |1). It can be visualized
as a rotation on the Bloch sphere where the rotation axis is on the x-y
plane, recall figure 2.1. The rotation frequency is %, and the orientation
of the rotation axis on the x-y plane is set by the phase of the coupling
term, .

Now we can extend this understanding to the case where we have an
oscillating ¢ = ¢(t) = a,sin(w,t + ¢,). When the axis of rotation
rotates much more quickly than rotation along the axis, the net effect
is a precession of the state. In the limit w, > ||, the state will not

evolve, and the Hamiltonian can be ignored.

(2.26)

Now consider the coupling terms |Qx|sin(wt + ¢)e*™“xt. We can visualize

the effect of a coupling as drving a rotation on its SU(2) subspace by simply

13



setting all |Qy| terms to zero. Their amplitude is |Q2x|, and the terms will
oscillate in the complex plane following sin(wt + ¢)e*™xt, Tt can be helpful to

expand out the sin to reveal two oscillating terms,

~

nm

_ !QZX| {ieilloFex)td] _ jgillotoxiirel) (2.27)

Now consider that in both the upper and lower sign versions of H,,,, one term

will have w — wy, which is —Ax, and the other term will have w + wx, which

is 2w — Ax.
2 19 —i(=Axt+¢) _ Li(2wt—Axt+g) b h
g ] e “  Thranch (2.28)
2 e_Z(QWt_AXt'Hz)) _ 61(_AXt+¢), _branch

We will make the assumption that 2w — Ax > [Q0x|. This assumption is
the rotating wave approximation. As we have seen in Box 2.1, terms which
oscillate much more quickly than their Rabi frequencies can be eliminated from
the Hamiltonian. The coupling is finally reduced to
A i‘QX|€imxt€¢i¢

I:[nm =
2

(2.29)

We can wrap in the € as the complex part of the Rabi frequency, Qx =
|Qx|e®. The resonances for A, B, and C are all well separated from each
other. The minimum spacing is between resonances is wa — wp ~ 10%Q),
which satisfies the far-detuned criteria. Thus any field resonant with another
transition is always far-detuned. As a result, if w &~ w,, the Hamiltonian eq.

(2.23) reduces to

. ih 0 —QAe_iAAt 0
e 0 0l. (2.30)
0 0 0

Similar Hamiltonians would be found for transitions B and C.
With zero detuning, eq. (2.23) is a time-independent Hamiltonian, so the

Schrédinger equation can be directly solved. Using transition A as an example,

A cos (%) €' sin (%) 0

Ua(x,0) = | e®sin(X) cos(3) 0 (2.31)
0 0 1
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Figure 2.4: Rabi oscillations assuming an initial state |0) and w = wy.

is the unitary evolution matrix where we have defined the pulse area x = |Qx]|t.
The population evolution over a Rabi cycle is shown in figure 2.4 for resonance
with wa and initial state |0).

In order to solve the dynamics of a system with detuning, it is convenient

to perform a second change of basis from the T frame eq. (2.22) to the frame
. it - .
Y =exp (%(Hat. - HA)) (2.32)

where

Ha = hdiag(A4, 0, Ag). (2.33)

We arrive at the rotating-frame Hamiltonian in Y

i —2iAy4 —Q4 —QeeBamfo=ho)
Q*Ce—it(AA—AB_AC) _QB —2’ZAB

If we set Qp = Q¢ = 0, then the Rabi oscillations starting in state |0) are
demonstrated by figure 2.5. The figure shows that for oscillations with mod-
erately high detuning (|Ax| > |Qx]|) oscillation amplitude is significantly de-
creased compared to resonance, and suggests the conclusion we reached earlier

that very high detunings will not couple the states.

2.2.6 Neutral Atom Quantum Computing

Currently, many technologies are being co-developed as platforms for quan-

tum computing. These include superconducting processors (including those
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Figure 2.5: Rabi oscillations assuming an initial state |0) and w = ws — Ay.

produced by Anyon Systems, where I currently work), trapped ions (e.g.
IonQ [22] and Quantinuum [62]), photonic systems (e.g. Xanadu [50] and Psi-
Quantum [7]), and neutral atoms (e.g. QuEra [79]). While systems based
on neutral atoms are generally less common and less developed, they boast

significant potential for scalability.

While there are many superconducting qubit architectures being developed,
current processors have at least one separate coaxial cable for every qubit.
Since these processors operate in a dilution refrigerator where cable routing
is a complex and expensive feat, connecting signals to each qubit will prove
a challenge when scaling to higher qubit numbers. Manufacturing variability
will also cause each qubit to have slightly different properties, making chip

characterization and calibration a complicated endeavour.

Trapped ions systems boast good connectivity between qubits and very
high gate fidelities, but the number of ions held in a trap is very constrained.
To build large arrays of trapped ions, many traps are likely to be needed,

which remains an open problem for trapped ion systems [15].

Neutral atom arrays benefit from having perfectly identical qubits. They
can be trapped at the focus of a laser beam. Producing an arbitrary number
of traps is trivial, and groups have developed highly parallelized gates for
control [11].
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Figure 2.6: Labelling convention for the three couplings on a qutrit.

2.3 Arbitrary Qutrit GGates

A single qutrit gate (sec. 2.1.3) is significantly more complicated to produce
than a single qubit gate (sec. 2.1.2), i.e. it is the result of 8 generators rather
than 3. We will show how a desired unitary Utarget can be produced by decom-
posing the operation into SU(2) steps in section 2.3.1 and how “virtual” phase
gates can be generated to apply some phase to each eigenstate (sec. 2.3.2).

We will derive the dual-tone operator (2.3.3).

2.3.1 SU(2) Decompositions

One method of producing any arbitrary qutrit unitary is to decompose it into
3 consecutive unitaries on two-level subspaces followed by a phase gate [25,
41, 42, 54, 74, 81]. The three two-level couplings in a qutrit are labelled A, B,
and C according to figure 2.6. There are many ways to combine unitaries on

each of these subspaces for full control, for example,

A A A A A

U' = Uy(n, £)Us(xB2, pB2)Ua(Xa1, 9A1) U (XB1, ¥B1) (2.35)

where Ux denotes a SU(2) unitary on coupling X, x and ¢ are the pulse area
and phase of the gate, and Uy is a diagonal phase gate,

R e 0 0
Up(n,e)=[ 0 € 0 : (2.36)
0 0 e i+

Another equally valid decomposition is
Ut = ﬁe(n, E)UB(XB, SOB)UA(XAa SDA)UC(XCa ©c). (2.37)
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Table 2.1: Parameters for Operator Decomposition

Decomposition Step, k | Uy a | Coupling basis {|m),|n)}
1 Utarget |O : {‘1> ) |2>}

ﬁl = [70 UB UA Z?B Utarget UlT | 0

Utarget U1T UQT | 1

Utarget | 2
Utarget UlJ[ | 2
Utarget []1Jr UQT | 1

B
A: {[0)
B: {[1),|
C: {|0), |2
U = UyUsUpUp B: {|1),]
A: {[0)

W N =W N

The method for decomposing these SU(2) couplings was provided in the
supplementary material of [42] with typographical errors, which have been
corrected here.

The general method behind the algorithm is as follows. For a target unitary

Utarget and some decomposition (A]decomp. = Ug@@ﬁh we apply the terms of

Ugemmp' such that Utargetljf has at least one off-diagonal zero, Utargetljf ﬁg has
at least four, Usarget U U3 UJ has none, and UpapgecU. :{ecomp. =1.

An SU(2) coupling on the basis {|m),|n)} of area x and phase ¢ can be

expressed as

Um”(x, ®) = exp {—@% [cos(gb)&gm + Sin(gb)&;”"} } (2.38)

where 67" = [m)(n| + [n)(m| and 6] = i|n)(m| — i|m)(n|. Each step of the

decomposition has the rotation angle set to

J 2
X = 2arcsin\/ ~ [(a|Uxlm)] = (2.39)
[{alUk|m)[* + [(a|Uk|n)|*
and the phase set to
- . .
0= = +axg ((afTlm)) — axg ((alTyJn)) (2.40)

where (a|Ug|m) is a matrix element of U, to be zeroed and Uy, is the remaining
remaining portion of Upager to be implemented. The values of |a), [m), |n),

and Uy to be used for each step of the decomposition are given in Table 4.4.
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2.3.2 Virtual Phase Gates

While [41] suggests applying far-off resonance fields to perform the phase gate
(see eq. (2.36)), modern qutrit experiments [42, 81] implement diagonal phase
gates virtually, rather than by directly manipulating the atoms. These virtual

phase gates have zero duration and zero error.

Any unitary operators Uafter that are to be implemented after phase gate

Uy are simply phase shifted by the transform
ﬁafter = UQTUafterUG- (241)

This effectively “delays” application of the Uy operator until the end of the

pulse sequence by modifying each unitary.

= U, U,U3U,Us
== UgﬁgUlﬁgUgﬁgUgUgUQ,Ugﬁg, (242)

A~ o~ o~ A

= UgU Uy U3Us5

The final Uy operator never needs to be applied because after the last operator,

the state is projected via <2/J ‘U;H

n> (n|Uan|v), and the phase information is
destroyed.

Several virtual phase gates are easily combined because Upnet. = Up2Up 1

is also a valid virtual phase gate.

One may be interested to know whether we have found a mathematical
curiosity or a useful tool for avoiding direct application of phase gates. Let us

consider the effect of the transformation eq. (2.41) on each step of the SU(2)
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decomposition. If we have some coupling on A with phase ¢ and pulse area Y,

Ua(x, ) = USUa(x, 6)Us

e~ 0 0 cos(¥)  —e?sin(¥X) 0\ (e 0 0
=] 0 e 0 e sin(¥)  cos(¥) 0 0 e* 0
0 0 et 0 0 1/ \0 0 e
cos(%) —e@Te M sin(X) 0
= [ e7 "= sin(%) cos(%) 0
0 0 1

= 0A(X?¢+€ - 77)
(2.43)

So we have shown that the only effect is a change of phase on this transition,
Q; A = ¢4 +¢€—n. In other words, we can implement the virtual phase gate by

phase shifting the pulse. This property extends to B and C transitions with
QBB:¢B+7]+26 and ggcz¢c—€—277.

2.3.3 Dual-Tone Operator

Instead of the single-toned applied field of eq. (2.18), consider an applied

magnetic field with two tones,
B =Basin|(wa — Aa)t + ¢a] + Bsin[(wp — Ap)t + ¢p] . (2.44)

We can treat the two terms separately as we did in eq. (2.30) to form the

simplified rotating wave Hamiltonian

0 —QAe_iAAt 0

- ih .

H:% QFepat 0 Qpeibnt | (2.45)
0 —QB€7iAAt 0

The operation caused by applying this Hamiltonian at dual-resonance (A4 =

AB = O) is:

Uap = exp(—iHt/h) (2.46)
cos(X4E) 0 —e'$ABgin(X4E)
= 0 -1 0 (2.47)
—e WABgin(X42) () — cos(X52)
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where we have set the duration of the pulse t 45 = —22—— and defined

VI P+
Xap = arctan | —|, (2.48)
Qp
Q
Pap = arg (Q—A) . (2.49)
B

The operation Uap was discussed in [41] in the context of ion trap quantum

computing. The evolution operator has the form of an effective coupling on
c,
cos (%) 0 e“sin (%)
Ue = 0 1 0 : (2.50)
e @sin (%) 0 cos (%)

with an additional phase flip on the first element. We can thus synthesize an

effective C coupling by applying fields at frequencies A and B only.

2.4 Tomography

Because readout of a quantum system is a projective process, information
about a quantum state is destroyed during measurement, making characteri-
zation a non-trivial task. If we have many identical copies of the density matrix

p, this characterization can be done using quantum state tomography [57].

2.4.1 Density Matrices

A density matrix is a representation of a quantum system which is more general
than a ket [¢), capturing the purity (%i <P < 1) of the system. When P =1
we have a pure state which can be represented as a ket [¢), and when P < 1
we have a mized state which must be represented by a density matrix. The

density matrix of a pure state can be derived from its ket,

p =)l (2.51)
and the purity of a density matrix can be calculated simply,
P = Tr(p?). (2.52)
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The trace of a density matrix is always 1, and in the Schrédinger picture its
evolution is simply

pr = Up U, (2.53)

In order to take some projection |£)(£| on some density matrix p, we take the

trace of their product

Tr (1€)&lp) - (2.54)

It is trivial to show that this reduces to |[(¢]1)|? in the case of a pure state.

Mixed states can be used to represent the collective behaviour of an en-
semble of pure states [63]. In the case of a qubit, a mixed state can be drawn
as a vector on the Bloch sphere where the direction is set by its projection to
the nearest pure state, and the length is the purity.

In analogy to the Bloch sphere representation of a qubit, the density matrix
of a qubit can be written as a linear combination of the Pauli matrices and
the identity matrix [73],

+

Pqubit =

3
> ko (2.55)
h=1

DN | —
N —

where 7153 are the Pauli matrices, and rj are the projections of the state on
the Pauli matrices. This can be extended to the Gell-Mann matrices for a

qutrit [73],

Pqutrit =

W

Wl
=
-
—

where ), are the Gell-Mann matrices eq. (2.5), and 7, = Tr(Ap).

2.4.2 Qutrit Projections

After some density matrix p is prepared by some experiment, it can be mea-
sured directly by projection eq. (2.54) onto the computational basis states |0),
|1}, |2). Doing this directly can determine the final state populations, but will
not reveal the phase relationship between the states or the purity. In order to
fully characterize the density matrix, measurements must be made outside of

the computational basis.
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performed between the states. One potential set of m/2-area pulses that can

In order to read-out these phases, a simple y = 7/2 area pulses can be

be used to characterize a qutrit is given in table 2.2.

Table 2.2: Read-out operators to characterize a qutrit state

Ry, Basis Phase ¢ Matrix form
1 =1 0

N N I ER
0 0 V2

1 = 0

Be 1000} 5 H[-i 1o
(0 0 V2

V2 0 0

Ry {l1).12} 0 slo o1
(0 -1 1

V2 0 0

Re 022y 5 Hlo 1=
(O - 1
1 0 —1

Bs {012y 0 o —va o
—1 0 —1

10 =

Bs 10y 2} 2 Llo —vE o
¢t 0 -1

In order to show that the operators of table 2.2 form a complete set, it
is sufficient to show that the parameters r; can be determined based on the

projections of the read-out operators chosen. This is demonstrated in table

2.3.
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Table 2.3: Demonstration of the Gell-Mann matrices constructed using read-

out operators I%k

5\k Construction

iy A (11)(1] - [0)(0]) &

Ao RS ([0)(0] — [1)(1]) &

Ay Rl2)(2| Ry - R*|1><|

A AL (12)(2] - [0)(0]) £

A RS ([0)(0] - [2)@2]) &

A L)1) - 2)@2)) &

Ar R (1)(1] - 2)@2)) &

As | (FR310) 01 + R (1] 725 — 282 ><21R1) V3

2.4.3 Maximum Likelihood Iteration

The tomographic measureents of table 2.2 are an over-complete set. Perform-

ing each read-out measurement will determine three parameters — the projec-

tion on each |0), |1), and |2). By measuring with six read-out operators, this

tomographic measurement will set 18 parameters, while a fully-specified qutrit

density matrix depends on only 8 real parameters. We determine the density

matrix using a maximum likelihood method specified in [49].

This iterative method starts from the maximally mixed density matrix

=z and updates using the equation

where Q(p) is defined

) fu
-y A

7 20 T (B ) (nl )

R} [n)(n| Ry.

(2.57)

(2.58)

Here, Ry, is the read-out operator, and f* is the experimentally-measured final

population in state |n) after read-out operator k.
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Chapter 3

Experimental Techniques

This chapter outlines the details of the qutrit experiment. It begins by dis-
cussing the most important parts of the Quantum Simulation apparatus used

for this experiment, then discusses the calibration of operators.

3.1 Apparatus

The system used to generate cold atoms used for this experiment was thor-
oughly described by T. Hrushevskyi in his thesis [37]. More details on the
design, construction and commissioning of the apparatus can be found there.
This section outlines at a high level the techniques used to generate an atomic
ensemble of atoms in their ground state, manipulate those atoms using mi-

crowaves, and read out their final state.

3.1.1 Preparation

Roughly every 30 s, the experimental apparatus prepares a new cloud of ~ 10°
atoms in their ground state with |F' = 2, mp = 2).

The experiment is conducted inside an ultra-high vaccuum chamber, with
pressure below 107 torr. Within the chamber is a sample of rubidium metal.
When heated, some atoms vaporize in the chamber. A push-beam which
is blue-detuned to the Dy transition is resonant with atoms travelling away
from the beam, and imparts some additional +x momentum on them. These

atoms are directed towards the 2-D magneto-optical trap which reduces their
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Figure 3.1: (a) Experimental chamber (center) with supporting laser and mag-
netic infrastructure. The open-ended microwave waveguide is labelled A, and
a set of RF-coils producing an x-directional field is labelled B. (b) Diagram
of experimental chamber including the anti-Helmholtz coils, microwave (MW)
waveguide input, imaging beam (Img.), CCD camera, atomic cloud (blue),
and the direction of the Stern-Gerlach force Fgg.

momentum in the Z and ¢ directions. They then pass into a 3-D magneto-
optical trap which holds them and cools them to around 50 nK. From there,
several stages of evaporation are performed to selectively remove the most
energetic atoms, leaving behind a cooled cloud. In the process, the atoms are
transferred into a two-beam crossed optical dipole trap which holds them in
an approximately Gaussian-shaped potential. These atoms are held within a
Thomas-Fermi radius of approximately 6.5 pm.

An initial state of |[F' = 2, mpr = 2) is prepared by optical pumping. This
makes use use of the cycling transition from the ground state F© = 2 to
52P35, ' = 3 (abbreviated to F' = 3) with polarization set for 0. Con-
sider a scenario where an atom is at |[F' = 2,mp = —1). When it absorbs a
photon, it will be in the state |F” = 3, mp = 0). It can de-excite to either |F =
2,mp = —1) (where it started), or to |F' = 2,mp = 0), or |F = 2,mp = 1).
These rates will depend on the Clebsch-Gordan coefficients associated with

those transitions, but the average effect will be an increase in mg. After many
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repetitions the atom will tend towards the state |F' = 2,mp = 2). At this
point, absorbing a photon will bring it to |F" = 3,mr = 3), which only has
one electric-dipole-allowed de-excitation transition, back to |F' = 2,mp = 2).
Thus the atom has entered a cycle, and can continue absorbing and re-emitting
photons indefinitely. After many cycles, the atom has been optically pumped
into the state |F = 2,mp = 2). If the atom begins in |F = 1), a second
re-pump laser which is resonant with the |F = 1) — |F’ = 2) transition can
be applied. The atoms could then probabilistically decay into either |F' = 2)
(where they would join the cycle), or back to |F' = 1). With both lasers
applied, regardless of which |F,mpg) state at the beginning of pumping, af-
ter many absorption and re-emission cycles the atom will be transferred to

3.1.2 Microwave Generation

Microwaves are directed towards the atomic cloud using an open-ended waveg-
uide, not aligned with any experimental axis, and resulting in an effectively
unpolarized beam, as shown in figure 3.1a.

Microwave signals are produced using amplitude modulation between an
arbitrary waveform generator and a microwave signal generator. The carrier
frequency is generated by a Berkeley Nucleonics Model 845 Microwave Sig-
nal generator detuned to 100 MHz below the hyperfine splitting wpp. The
baseband signal is an arbitrary waveform generated by Python software and
uploaded to a Tektronix AWG5204 5 GS/s arbitrary waveform generator. The
frequency offset of 100 MHz was chosen to ensure that all unwanted sidebands
will be far-detuned from any atomic resonances.

An image of the microwave generation system is shown in figure 3.2. The
Quantum Simulation apparatus is used simultaneously by a variety of projects.
In the interest of ensuring that other experiments are able to operate reliably,
the pre-existing microwave apparatus has not been significantly modified from
its initial state. For this project, the only modification made to microwave

system is the replacement of a simple RF digital direct synthesizer with the
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Figure 3.2: The microwave generation system. (A) input from the microwave
signal generator. (B) input from the arbitrary waveform generator. (C) mi-
crowave mixer (D) amplifier (E) isolator (F) stub tuner (G) output to waveg-
uide.

AWG5H204, and integration of the AWGH204 into the system by writing a
Python package. The main microwave amplifier is a water-cooled Microwave
Amps Ltd. AMb3-6.6-7-7-40. Its output power can be as high as 40dBm,
but this is shared across the entire signal, which will include both the upper
(desired) sideband and the lower sideband. Additionally, when the AWG5204
is being used to generate a multi-tone signal, e.g. f(t) = aysin(wit + ¢1) +
as sin(wot + ¢2), the full signal spectrum received by the microwave amplifier
includes sum and differences of wyp — 27100 MHz, w; + 270100 MHz, and wy —
27100 MHz in all combinations (see figure 3.5 for spectrum analyzer readings).
In order to not “waste” amplification on unused spectral components, we could
insert a high-pass filter after the mixer with a cut-off frequency slightly above
the carrier frequency. Future users of this device should also be aware of the
potential limitations of the power amplifier’'s power supply. When applying a
simple resonant Rabi pulse, it was observed that the duration of the first 7
period is shorter than that of the second 7 period, or the third 7 period. The
Rabi frequency appears to decrease as a function of the amplifier’'s on-time
which might suggest that the power supply or the amplifier is not well-suited

to the intermittent yet high-power control pulses.
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3.1.3 State Readout

The final state of the ensemble is read out using Stern-Gerlach imaging which
consists of applying an mpg-dependent force to the ensemble to separate the
states spatially, then probing with a resonant imaging beam and capturing the
absorption image on a CCD camera.

After state preparation and manipulation, the imaging sequence begins by
turning on the anti-Helmholtz coils which creates a magnetic field gradient
VB along all axes (£ and 7). This spatially-dependent field means there is a
spatially-dependent potential associated with the Zeeman Hamiltonian, which

is the force,

= —V(-p - By) (3.1)

_ emeiny g,

Thus the |F,mp) states experience a force proportional to the product
grmp. Once the anti-Helmholtz coils have been turned on, the atoms are
then released from the optical dipole trap. This allows gravity to pull the
atoms towards the —2 direction while the random momentum of the atoms in
the trap results in the cloud expanding in all directions. Along with gravity,
Fys¢ is an additional force in 2 which separates the clouds depending on their
state. After allowing the atoms to separate over the course of ~15ms, a
resonant imaging beam is shone at the atoms, and their shadow is cast on a
CCD camera. This geometry is shown in figure 3.1b.

In order to produce an absorption image of the atomic cloud, the apparatus
uses the same cycling transition from |[F' = 2,mp = 2) to |F' = 3, mp = 3)
that is used for optical pumping in state preparation. The use of a cycling
transition means that the same atom can be involved in absorbing several
photons of the same wavelength because after absorption the atom returns to
its initial state, which produces a consistent level of absorption for imaging.

So far we have spatially separated clouds of atoms based on their mpgp

product and taken an absorption image of their positions. Ultimately, the
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Figure 3.3: Typical readout image after processing. Optical depth is the log
of the beam absorption, OD = log 170 The image is oriented vertically, with
both gravity and the magnetic field gradient facing downwards. In this image,
there is substantial population in each of the three qutrit states. They are
split proportionally to grmp, as shown by eq. (3.1), with gemp of states |0),
1), and |2) of 1, —1, and +3, respectively (see figure 2.3).

goal of state-readout is to determine the relative population of atoms in each
cloud. After the atoms have fallen away, we take two more images. The first
uses the same imaging beam power as the atom image, and the second absorbs
only background light and noise. We can then calculate the absorption in the

imaging-plane area A of each pixel,

Iy _ W=V

I V-V

(3.2)

where Iy and [ are the incoming light intensity on the atom and the light
intensity passing through the atoms, and V, V| V}, are the CCD readings of the
pixel with the imaging beam turned on, with the imaging beam and the cloud
of atoms, and with only background. From Beer’s law, we find the optical

depth is directly proportional to the atomic density n, [29]

g = —n(z,y,z)o(w)l
0 (3.3)
log(1) ~ log(y) = ~o(w) [ n(a.v. )
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where o(w) is the scattering cross section at the frequency w [70]. Integrating

across the pixel area,

og 7 [ dA= ot /// n(z,y, 2)dAdz

Vo — Ve
1 A=
R 7 o(w)

where N is the number of atoms imaged in the pixel area A. Thus the number

(3.4)

of atoms in the a cloud can be counted by summing N for each pixel. With
the sum total of NV for each of the three clouds, we can calculate the relative
populations. We call the term log the optical depth. A processed image
showing the optical depth distribution of a split cloud of atoms is shown in

figure 3.3.

3.2 Calibration of Operators

Calibration of quantum processors is not a trivial task. As discussed in sec-
tion 2.1.3, unitary operations are inherently continuous and error-prone. Even
if quantum processors are successfully scaled up and run error correction al-
gorithms, the native gates on physical qubits need excellent calibration. For
example, the highest acceptable physical error rate may be around 1% for
some architectures [30]. The uncharacterized and transient background mag-

netic field in our lab makes calibration yet more difficult.

3.2.1 Finding Resonance

Starting from an un-calibrated processor with a functional cooling and trap-
ping sequence, the first step in gate calibration is to set the bias field By and
find the resonance frequencies wa = (Ejo) — Ej1y)/h and wp = (Ej9) — Epy)/h.
Generally, the bias magnetic field amplitude is set by external bias coils such
that w, = gpupBy/h ~ 1.25 MHz, which requires a field of ~1.8 G. In prac-
tice, the Z axis defining the qubit is approximately aligned with the ¢ axis
of the system as defined in figure 3.1b. Directly before imaging the field is
adiabatically ramped towards the figure 3.1b z-axis so that the Stern-Gerlach

force splits along the correct axis.
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Figure 3.4: Evolution of a quantum state during an adiabatic rapid passage
(ARP) sequence. The dotted-line trajectory of the state evolution. In this
example simulation, the detuning is swept from 20€2 to —20€2 over a duration
T ~ 15/, bringing the state from |0) to |1).

Since we cannot be sure what the real magnetic field is at the trap location,
we use adiabatic rapid passage (ARP) [1] to find the resonance between the
prepared initial state |0) and state |1). We begin by setting the background
magnetic field bias coils to produce a field predominantly in the ¢ direction.
We find the resonance of the atoms by sending a slow, linearly chirped pulse
across a wide frequency range. Assuming the pulse sweeps across the atomic
resonance by starting and ending at very high detuning, the atoms will be
transferred to |1). The mechanism can be visualized well on the Bloch sphere,
and is shown in figure 3.4. Once a chirped frequency range is found that
transfers population from |0) to [1), the resonance frequency can be found
by bisection, narrowing the chirped range iteratively. Omnce the transition
frequency for A was found, the transition frequency for B could be estimated,

assuming linear Zeeman splitting, wp — wyr ~ 3 (wa — W)

In practice, once the approximate resonance is known, it was convenient
to keep using the same resonance frequencies for transitions A and B, so the
magnetic field bias was adjusted when necessary instead of the frequencies. If

significant changes to the bias were necessary to find resonance, ARP could
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still be used by sweeping the magnetic field bias instead of the frequency.

3.2.2 Magnetic field drift and noise

As is discussed in section 3.2.3, our system achieved Rabi frequencies of [Q4| ~
2m-8 kHz, making the total gate sequence including state preparation and read-
out approximately 600ps. A detuning over 0.1|Q2] would result in significant
loss of performance. With a ~1.8 G field, that means the stability should be
better than 0.2G. For perspective, the magnetic field of the Earth at the
University of Alberta is approximately 0.5G with a north-south component
(roughly along the bias) of 0.15G [55].

Our lab is subject to many sources of external magnetic field noise which
are difficult to characterize. Notable among these are 60 Hz power line noise,
instrumentation noise, and other nearby experiments.

To decrease sensitivity to 60 Hz noise, the experiment’s microwave sequence
is triggered by the power line cycle. This mechanism is not fully character-
ized, so we do not know how repeatable the power line triggering is from one
experimental sequence to the next. We manually adjust a delay between the
power line trigger and the start of the experimental sequence, trying to mini-
mize the drift in experimental results. We expect this is optimizing the start
of the cycle for the time when the magnetic field is near a peak or valley, so
its derivative is instantaneously near zero.

Our lab is host to many instruments, including many power supplies, am-
plifiers, sensors, and lasers. Our main anti-Helmholtz coils, while they are
nominally not passing any current during the microwave sequence, have a
large power supply which produces nearly 400 A during the cooling sequence,
and is connected to a large set of coils that could easily produce small fields
from residual current. There are a total of 6 sets of coils near the atoms, any
of which could produce small fields or RF noise to disturb the state of the
atoms (bias coils for X, Y, Z, two sets of RF coils, and the anti-Helmholtz
coils). Because of noise from instrumentation, we have had to move control

electronics for the optical dipole trap acousto-optic modulators (AOMs) a few
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metres further from the experiment than they were first positioned. While
we have not identified a similar issue from lab equipment affecting the mi-
crowave sequence, any device emitting frequencies near w, ~ 27 - 1.25 MHz
or wyr ~ 27 - 6.83 GHz could affect the state of the atoms while being subtle
enough for us not to notice.

In addition to our equipment, the experimental apparatus is surrounded
by backgrounds from its neighbouring experiments. Frequently, our data was
taken while the Quantum memory team, whose apparatus is located directly
next to ours in the same lab, was running their equipment. Additionally, across
the hallway, another group operated a 9T magnet. We did not correlate any
effect from their magnet’s ramp-up and ramp-down sequence on our atomic
cooling.

Qualitatively, the most noticeable background source was the 60 Hz power
line. Because the compensation mechanism was synchronization, this means
we could expect our bias to drift over the course of its 17 ms period. A total

microwave sequence of 600 ps would occur within roughly 3.5% of a period.

3.2.3 Rabi frequency

Once the resonant frequencies for both transitions are found and the mag-
netic field bias was set, the next step is to characterize the Rabi frequencies.
Recall from section 2.3.3, the dual-tone operator requires precise control of
g—g while [Q4]? + |Qp]? is fixed. The result is that the operator requires the
Rabi frequencies |Q24] and |Q2g| both to be well characterized such that their
combination can be well targetted. We know |Q| o< | Byl from eq. (2.20), and
| By| o< v/P where P is the power.

Figure 3.5a shows a recorded power spectrum from the intermediate-frequency
input to the mixer when the AWG is outputting a continuous-wave dual-tone
signal with equal amplitudes at 101.248 MHz and 103.73 MHz. Note the image
sidebands are present in the spectrum but are suppressed by roughly 50 dB.

The amplified spectrum after mixing is shown in figure 3.5b.

The sideband peaks of the amplified spectrum are suppressed by approxi-
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Figure 3.5: Dual-tone power spectra. Note the measurements were taken
through attenuating directional couplers, so the figures provide relative power
between peaks, but not an absolute power measurement. (a) the pre-amplified
spectrum at the IF mixer port with equal power to two tones. (b) a wide
spectrum coupled from the output of the amplifier.
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mately 10dB. In the amplified spectrum, when two tones are generated each
with 300mV,,, in the AWG, their amplitude is similar to driving a single tone
with 85mV,,. This significant reduction likely results from a combination of
sidebands and amplifier saturation at the significantly higher power level. It
would be convenient to operate the amplifier significantly below saturation,
where microwave tones could be added roughly linearly. Unfortunately, our
microwave system is significantly Rabi-frequency-constrained, so maximizing
the possible Rabi frequency is a higher priority than operating the amplifier
in a linear regime. As a result, to perform a dual-tone operation, the relative
amplitudes of each tone and the duration of the operation required were set
manually by adjusting the parameters until the final state fidelity was opti-

mized for each input basis state.

At the start of an experiment, the atoms are in state |0), prepared by
optical pumping. If we wished to apply an operator from the starting state
|1), a resonant m-area pulse was applied before the rest of the microwave
sequence. This completed in roughly 75 ps. To prepare state |2), a second 7-
area pulse, resonant with transition B, is applied after the pulse to |1), adding
an additional 60 s for state preparation. In order to ensure an operator to be
tested experiences the same background magnetic field (synchronized to the
60 Hz line), experiments on state |0) started with a 135pns “no-op” operation,
which was used to fill the gap that would have otherwise been used for state
preparation. Additionally, since transients in the amplifier or the amplifier’s
power supply were suspected of causing the Rabi frequency to change as a
function of pulse duration, the “no-op” was not a blank sequence, but a pulse

of a frequency far-detuned from any atomic transitions.

Figure 3.6 shows a long-duration Rabi scan measured on the system be-
tween states |1) and |2). The top subplot shows a measured Rabi frequency of
approximately 27 - 8.2 kHz. Before this scan, a m-area pulse was used for state
preparation. A potential transient in the amplifier’s output would affect the
preparation pulse, and not the main Rabi scan displayed here. There is one

outlier point near 0.5ms which has all atoms detected in state |0). This is a
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Figure 3.6: Long-duration Rabi scan between states |1) and |2), showing the
cloud fraction in state |1) and the total number of atoms measured.

common indication of a missed trigger by the arbitrary waveform generator,
which can occur if the waveform generator is not ready for triggering before
the atom cooling process is complete. The bottom subplot shows the total
number of atoms detected across all clouds. Note the significant noise in the
total atom number which indicates significant instability in the atomic cooling
and trapping from one shot to the next.

Because Rabi frequencies were difficult to characterize, pulse areas were set
by optimizing the ending populations in each of the clouds when the operator

is applied on top of each input state.

3.3 Experiment concept

Control over the atomic ensemble qutrit was tested by checking the final state
fidelity when applying the quantum Fourier transform to each computational
basis state. The quantum Fourier transform was created by two methods:

single-tone SU(2) rotations, and a dual-tone decomposition.
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3.3.1 The Quantum Fourier Transform

The quantum Fourier transform for a qutrit is

1 1 1
F=l |1 &% &% (3.5)
= — e e . .
V3 o 2w
1 e"3 €3

The operator is also known as the Walsh-Hadamard gate [81] as it is an exten-
sion of the Hadamard transform in qubits [41] — it maps eigenstates to equal
superpositions with a natural phase offset. The gate has wide applications in-
cluding Shor’s algorithm [74], error correction [81], and the Bernstein-Vazirani
algorithm [78]. Because it is a non-trivial and important single-qutrit oper-
ation, it was chosen as a demonstrator of the universal single-qutrit control
available using the 8"Rb system.

We performed the single-qutrit quantum Fourier transform using two oper-
ator decompositions — one using conventional single-tone SU(2) rotations and
a second incorporating the dual-tone operator to indirectly couple states |0)
and |2). The operators were applied to each of the computational basis states,
and the final state was determined by quantum state tomography. The results

are described in section 4.6.
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Chapter 4

Complete Unitary Qutrit
Control in Ultracold Atoms

This chapter contains a full reproduction of Complete Unitary Qutrit Control
in Ultracold Atoms, [45]. As discussed in the preface, this paper was co-
authored with Dr. Arina Tashchilina, Dr. Logan W. Cooke, and Dr. Lindsay
J. LeBlanc. While I wrote the first draft of the paper, many improvements
were made with the help of my co-authors. Figures 4.1, 4.2(a,c), and 4.4 were

all created by Dr. LeBlanc.

4.1 Abstract

Physical quantum systems are commonly composed of more than two levels
and offer the capacity to encode information in higher-dimensional spaces be-
yond the qubit, starting with the three-level qutrit. Here, we encode neutral-
atom qutrits in an ensemble of ultracold "Rb and demonstrate arbitrary
single-qutrit SU(3) gates. We generate a full set of gates using only two
resonant microwave tones, including synthesizing a gate that effects a cou-
pling between the two disconnected levels in the three-level A-scheme. Using
two different gate sets, we implement and characterize the Walsh-Hadamard
Fourier transform, and find similar final-state fidelity and purity from both ap-
proaches. This work establishes the ultracold neutral-atom qutrit as a promis-
ing platform for qutrit-based quantum information processing, extentions to

d-dimensional qudits, and explorations in multilevel quantum state manipula-
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tions with nontrivial geometric phases.

4.2 Introduction

The conventional paradigm for universal quantum computing makes use of
two-level qubits, but higher-dimensional quantum systems offer considerable
advantages. Logical operations and information storage using three-level sys-
tems — “qutrits” — in a larger Hilbert space give way to algorithms that can be
more efficient [78] and allow for more complex entanglement than qubits [17].
Qutrits [25] and higher d-dimensional qudits [32] are valuable as a quantum
resources for speed-up and for improved cryptographic security in transmission
over quantum networks [14, 38, 53]. Additionally, using a third temporary-
state level during the implementation of a qubit gate can significantly improve
fidelities and reduce circuit complexity [12, 34, 38, 44].

While qubits are readily simulated by the polarization of classical light,
qutrits offer an additional complexity that reflects their inherently quantum
properties [25]. Many physical platforms have served as host to qutrits [41,
51, 78], including photonic systems [4, 13, 27, 43, 47, 53, 69], NMR ensem-
bles [25], superconducting quantum circuits [9, 10, 21, 42, 54, 81], and trapped
ions [5, 41, 46, 65, 67]. In contrast to qubit operations, single qutrit gates are
represented by 3x3 unitary matrices in the group SU(3), generated by the
eight Gell-Mann matrices A; [17]. Experimental qutrit demonstrations to date
realized arbitrary operations by decomposing the desired transformation into
three SU(2) operations followed by a diagonal phase gate [41, 42, 74, 81]. In
many physical systems, two of the three SU(2) couplings are accessible, but
selection rules dictated by parity mean that the third is less convenient or even
forbidden. To overcome this, two resonant couplings on the accessible transi-
tions can be combined as a simultaneous dual-tone operator to synthesize the
third coupling [41].

In this work, we demonstrate neutral-atom qutrits in ultracold ensembles,

taking advantage of the well-defined, long-lived, and readily controlled hyper-

40



fine transitions in the alkali metals. We synthesize arbitary single-qutrit gates
using two different schemes, both of which require only two couplings in the
three-state manifold (Fig. 4.1). In one of these approaches [41], we show an
effective coupling between two levels that are not simply connected by mi-
crowave fields, establishing a comprehensive set of two-state operations within
the three-state manifold. Our work specifically isolates and controls individ-
ual couplings within a qutrit with simple unitary decompositions that can be
applied, in principle, to other qutrit platforms. This work builds beyond pre-
vious experiments [2, 18] which use highly-parameterized control waveforms
and gradient ascent to effect a target unitary on the space of one or more
hyperfine manifolds. Ensemble systems like ours provide a testbed for gen-
eral quantum information processing with atoms [6, 68], though progress in
atom-based quantum information processing with neutral-atom arrays [11, 35,
58, 68] is rapidly advancing. Adapting the ensemble approach described here
to address individual atoms could be achieved through site-specific gradients,
focussed light shifts, or phase control [71, 75-77], opening up the advantages
of qutrits across atomic quantum computing platforms. More broadly, the
approach to quantum state control demonstrated here will provide tools for
exploring fundamental operations on multilevel systems, including engineering

nontrivial geometric phases in atomic systems [19, 56, 72].

4.3 Single qutrit gates.

A qutrit |¢) = 377 cre | k) is defined by the parameters {c;} and {¢},
four of which are independent after considering normalization and global phase
invariance. A single-qutrit gate, part of SU(3), is defined by eight independent
parameters [74]. In a system with only two (complex) couplings [Fig. 4.1(a)],
sequential operations can be applied to span all eight parameters, followed
by a two-parameter relative phase adjustment, Ug(’l], €). In one approach [25,

42, 54], a general single-qutrit gate is implemented with single-tone operators,
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Figure 4.1:  (a) Schematic representation the three qutrit levels
{]0),]1),]2)}, where direct couplings (2a and p) exist only between
|0) <> |1) and |1) « |2), and are associated with unitary operations
Uy and Ug. With a dual-tone operator, coupling between [0) < |2)
is possible via UAB; an additional phase-only operator U, can be applied
across all levels. (b) Energy level diagram of the 8’Rb ground-state man-
ifold, with levels |0) — |F=2mp=2), |1) - |F=1,mp=1), and
|2) — |F =2,mp=1) connected by two magnetic dipole transitions at
microwave frequencies, whose energy difference is controlled by the Zeeman
splitting, Ey.

such as
Uéen_ = 09(777 E)UB<XB27 SOBz)UA(XAhsOm)UB(XBh ©B1), (4.1)
where yxi = [Qx]|t/2 and ¢x; = arg(Q2x) are the pulse areas and coupling

phases for transitions X = {A,B} with parameter index i, and {n, e} are
relative phase adjustments (see Section 4.8).

In a second approach [41], (sec. 4.8), a dual-tone operator is used to si-
multaneously drive both transitions A and B to synthesize a third coupling
U AB(XAB, vaB) between states |0) <> |2), where the operator duration is ex-
actly tap = 2m/+/|Q4)% + |Q25|? and the parameters yap and pap are derived
from the complex couplings Qap (sec. 4.8). A general gate is implemented
through a combination of operators such as

U;(Im, Us(n, €)Us(xB2, 982)Ua (X1, 021)UsB(XAB, 9aB)- (4.2)

In both decompositions I and II, the first SU(2) operator U AB.p is designed
such that Ugen-ULB,B has one off-diagonal matrix element of zero. The second

pulse U, zeroes three more off-diagonal matrix elements in Ugen_ULBjBU/Z, and
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after the third only a diagonal phase remains which is implemented by Uy (see
sec. 4.8).

As a particular example of a single-qutrit gate that uses control over all
eight parameters, we consider the Walsh-Hadamard gate, which is the single-

qutrit Fourier transform [41],

I 1
F=—|1 &% % ]. (4.3)
V3 1 % &%

This transform has broad applications, such as Shor’s algorithm [74], error
correction [81], implementing the SWAP gate, and the Bernstein-Vazirani al-
gorithm [78]. In the single- and dual-tone operator decompositions described

above, the Fourier transforms are implemented as

where Y} = arccos(—1/3)/2 and x§i = 7 + arctan(1/y/2).

We implement both the single- and dual-tone Fourier transform operators
to experimentally explore ultracold atomic ensembles as a platform for qutrit
operations, and to compare the two approaches to qutrit operators in terms

of final state fidelity and purity.

4.4 Experimental Methods

In our experiments, we prepare ultracold ensembles of 8’Rb atoms, manipulate
the internal electronic states [Fig. 4.1(b)] using resonant microwave pulses, and
measure the results by analyzing the final state via absorption imaging. The
ensemble approach allows us to perform simultaneous experiments on a large
number (~ 10°) of identical atoms using spatially uniform fields, and the
measurement over the entire ensemble gives a statistical measure of the final
state in a single experimental run. The atoms remain coherent for well over
1ms, ensuring enough time to complete all operations in this protocol without

dephasing or decoherence.
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Figure 4.2: (a) A BEC of ®Rb is trapped at the intersection of two opti-
cal dipole beams. Resonant microwave radiation with frequencies wy and/or
wp drives transitions between levels. (b) A magnetic field gradient VB is
applied to the atoms during time-of-flight, before absorption imaging, spa-
tially separating atomic levels according to their magnetic moments, u;, where
w1(]0)) = us, p(|1)) = —pn/2, and p(|2)) = up/2, and up is the Bohr magne-
ton. The colour map represents an absorption image after 25 ms time of flight,
with color bar indicating the optical depth of the atoms in clouds associated
with each level. (c¢) Timing sequence for cooling, state initialization, qutrit
gates UM and tomography rotations R;. (d,e) Example calibration data for
dual-tone operators Uxp(0.197,0) in (d) and Uxp(0.317,0) in (e). Vertical
gray lines indicate the operator time tap for which the intermediate-state |1)
population/amplitude is zero.
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In particular, we prepare 10° Bose-Einstein condensed 8"Rb atoms in an
actively stabilized optical dipole trap. The ground 525, state of ¥’Rb has two
hyperfine levels, F' = 1 and F' = 2, separated by wyr = 27 x 6.835 GHz, each
of which hosts 2F +1 Zeeman sub-levels, which are energetically split by Ey =~
h x 1.25 MHz in a weak magnetic field. Using optical pumping, we initialize
all atoms in the spin-polarized input state |py,) = [0) = |F =2,mp =2).
All microwave operations are triggered to begin at the same phase of a 60 Hz
line oscillation. Optionally, we use 7w-pulse operations (U A or UgUy pulses) to
prepare initial states |9y, ) = |1) or |2). In this work, we use only microwave
couplings between states of different F' to complete operations, avoiding the
radiofrequency couplings between levels in the same F' manifold, which would
allow direct |0) to |2) coupling. By doing this, we avoid simultaneous couplings
between all mp states in that manifold, due to the degeneracy of the Zeeman
transitions in a weak magnetic field. The microwave transitions we use are, in

contrast, nondegenerate, even in weak magnetic fields.

Amplitude- and phase-controlled microwave signals, tuned near wyr, are
resonant with the “A” [0) > |1) =|F=1,mp=1) and “B" |1) <> |2) =
| FF =2, mp = 1) transitions with typical Rabi frequencies |25 | ~ 27 x2 kHz.
These two microwave tones, timed appropriately, effect the unitary operations
Upx or Ug when used alone, and Uxp when driven together (see sec. 4.8). Fig-
ures 4.2(c,d) show the dual-tone operator Uap acting on initial state | m ) =
|0) for varying pulse times: at the operator time t5p, the results show the pop-
ulations distributed between |0) and |2) only. This distribution is controlled
by the parameters yap and ¢ap, which themselves depend on the amplitudes

and phases of {24 and Qg.

To effect a general single-qutrit gate, up to three of these operators are
applied to the system, along with relative phase control (see sec. 4.8). To
decipher the amplitude and phase information of the resulting output state
qutrits |tou ), we perform tomography by applying rotation operations to
the system (see below for details). After the operations are complete, the
2

atoms are released from the trap and the populations |c;|* of each level in
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the qutrit are measured via absorption imaging: the three levels are spatially
separated by a Stern-Gerlach magnetic field gradient in time-of-flight, and

counted simultaneously in a single absorption image [Fig. 4.2(b)].

4.5 Tomography

To determine the full effect of the single-qutrit gates, we perform quantum
state tomography on the final states [¢y,) for each of Uglen and (7;11 acting
on three orthogonal input states, |, ) = {|0),|1),]2)}. Eight linearly
independent projections of the qutrit state are required to fully characterize
its density matrix p = % + 330 e [17).

To perform the tomography, read-out operators R (Table 4.1) are ap-
plied before projective measurement. Table 4.2 shows how the orthogonal
Gell-Mann matrices can be constructed from these projections. The usual
projection operation (¥ous|X) (X|%out) extends to Tr(|x){x|fout) When a density
matrix pou; 1S substituted for the pure state |, ). We measure three pro-
jections for each of the six read-out operators, (R|0)(0|R;), (RT[1)(1|R;), and
(RI|2)(2|R;), and in total, we measure 6 x 3 projections, which are not all
linearly independent.

An iterative maximum likelihood technique [49] allows us to estimate the

density matrix p while maintaining the condition Tr(p) = 1. Using the function

: T
Q(p) = < RI|j) (| R, (4.6)
25w (Rl )

where f? is the cloud fraction found experimentally in eigenstate |j) after the

read-out operator R; is applied, we iterate through

(4.7)

until convergence, having begun with the maximally mixed density matrix

po = 1/3 (Ref. [17]).
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Table 4.1: Read-out operators used for quantum state tomography. They are
all 7/2-area pulses.

R; Basis Phase ¢ Matrix form
I -1 0
Ry {]0),[1)} 0 L1 1 o0
o o \/5)
) 1 —i 0
Ry {[0),[1)} ] -t 1 0
i Vo o ﬁ)
) V2 0 0
Ry {[1),[2)} 0 10 1 1)
0 —-11
) V2 0 0
Ry {[1),12)} 3 |10 1 @>
0O — 1
) 1 0 -1
Rs {|0),]2)} 0 |10 —v2 0
-1 0 -1
) 10—
ke {[0),12)} 3 7|0 —v2 0
1 0 -1

Table 4.2: Demonstration of the Gell-Mann matrices
constructed using read-out operators R;.

5\1- Construction

M Ry ([1)(1] = 0)(0]) Fy

A RY(|0)(0] = [1)(1]) Re

As $12) (2| Ry — REJ1) (1] Rs!

A RL(12)(2] — [0)(0]) R

As R (10)(0] — [2)(2]) R

Ao RE(11)(1] = [2)(2]) B3

e R (J1)(1] = [2)(2]) R

As  (R110)(01 Ry + RE1)(1IRs — 28112) 21 1 ) /V/3?

1 One of 4 possibilities shown
2 One of 8 possibilities shown
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Table 4.3: Fidelity and purity found by maximum likelihood estimation after
state tomography for two decompositions of the single-qutrit Fourier trans-
form. Errors shown are the standard deviation of values across the N to-
mographic measurements. State preparation and measurement errors are not
removed.

Operator |y, ) N P F Foure
0) 10 0.93(4) 0.91(2) 0.95(2)
P 1) 10 0.92(3) 0.91(2) 0.96(2)
2) 10 0.90(6) 0.86(4) 0.92(2)
0y 15 0.90(8) 0.92(6) 0.98(3)
F1 1) 12 0.88(8) 0.87(5) 0.95(3)
2) 16 0.89(4) 0.89(7) 0.95(7)

4.6 Results

We applied the Walsh-Hadamard decompositions F' and F on three input
computational basis states |0), |1), and |2) and characterize the output state’s
density matrix, poys. Figure 4.3 shows one such density-matrix reconstruction,
after applying F™ to the state |0). For each tomographically measured pou
(resulting from one of F™T acting on an input basis state |n)), we calculate

the quantum state fidelity [39]
F(E ) = (nl F pou F|n) (4.8)

and purity P(pou) = Tr(p2,). Table 4.3 shows that the single qutrit gates
operate as expected for all input basis states, and that the two decompositions
produce states with similar fidelities and purities.

The ensemble approach taken in this work gives excellent statistics and
provides a fast path towards calibrating the pulse areas and phases. However,
this approach is not without its limitations, which we see in the values for both
the fidelity F and purity P. After averaging each measurement over N > 10
experimental trials [Fig. 4.4], we find that variations in the results decrease
with increasing IV, but the average values remain similar to the single N =1
trial. This indicates that shot-to-shot noise is not a significant contributor to
the infidelity and impurity of these measures. In contrast, we find that the

impurity of the final states impacts the fidelity: if we assume the nearest pure
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state is achieved before calculating the fidelity using Eq. 4.8 by estimating
that state as

. p—1/3 1
Pp) 3

(4.9)

we find better F,ue than F, indicating that a significant part of the infidelity
arises from loss of purity. Spatial inhomogeneities in the coupling fields or the
environment experienced by atoms may cause position-dependent evolution
and appear as a loss of ensemble purity. Our analysis (see sec. 4.8) suggests
the dominant effect is dephasing of the qutrit due to Stark-shift inhomogeneity
in the optical dipole trap: atoms in the centre of the trap have a detuning on
the order of 400 Hz relative to those at the edges, and because the atoms are
cold and move little during the operation time, this difference does not average
out over the course of a gate sequence. A probable source of the the remaining

infidelity is imprecision in the calibration of individual operators.

4.7 Discussion

We successfully demonstrated arbitrary SU(3) control in neutral alkali atoms
using the Walsh-Hadamard (Fourier transform) single-qutrit gate, while im-
plementing the resonant dual-tone operator Uap. We find that two different
decompositions of arbitrary SU(3) gates using three SU(2) rotations result in
comparable fidelities. The dual-tone operator Uap is particularly useful for
qutrit operations in platforms where one coupling is forbidden or inconvenient
to use, not only in the ultracold atomic states used here, but also in systems
such as superconducting qutrits [81] and ions [41]. In our experiments, for
example, we harnessed Uapg to perform each tomographic read-out operation
in a single step, while previous works [9, 81] have needed several pulses to
prepare some projections.

When decomposing SU(d) operations into SU(2) steps, the number of op-
erations scales quadratically with d. In the future, alternative approaches to
SU(3) operations could be implemented by decomposing via Householder re-

flections rather than SU(2) operations, which scales linearly with d by applying
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dual-tone time-dependent pulses with detuning [74]. Additionally, optimiza-
tion using quantum control techniques is promising for increasing the speed
and fidelity of qutrit and qudit operations [59, 64]. Refs. [2, 18] have used
phase-modulated signals for quantum control in 33Cs using d = 7 and d = 16.
Using two fully independent transitions A, B with their own modulations may
lead to faster and more efficient optimized gates.

Looking forward, the two-qutrit operations necessary for universal quan-
tum information processing [46, 48, 78] will expand the scope of these initial
demonstrations, whether in ensembles [26] or single-atom arrays [35]. Oppor-
tunities in broader areas, such as for holonomic computing [21, 28, 80, 82, 84]
will also take benefit from a comprehensive control over the multilevel state
systems developed for qutrit and qudits. While there is increasing potential for
neutral atoms to serve in these roles, the general techniques for quantum state
control over qudits apply across platforms, and developments across fields will

rapidly accelerate this capabilities for all systems.

4.8 Supplementary Material
4.8.1 Operator Derivations

Here we provide details of the the operators necessary for the SU(3) decom-

positions U and U™,
Derivation of Coupling Operators

The coupling operators U A, (73, and Uyp are produced by driving resonant
microwave couplings between states {|0),|1)} and {|1),]2)}, as shown in
Fig. 4.2(a). In general, when such a resonant dual-tone field is applied to

a three-level system, the lab-frame Hamiltonian in the basis {|0), [1),[2)}7 is

) wA |QA|SiIl(wAt—|—¢A> 0
H=nh |QA|sin(wAt—|—¢A) 0 |QB|sin(wBt+¢>B) s
0 |QB| sin ((.UBt + ¢B) wp

(4.10)

where wx, ¢x and {2x are the resonant frequency, phase, and Rabi frequency

for the transition X € {A, B} shown in Fig. 4.1. A useful rotating frame for
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this analysis is generated by the rotation

A eiwAt 0 0
w=[o0 1 o . (4.11)

0 0 eint

After transforming the Hamiltonian into this frame H = W1HW +ih(8, W)W
and applying the rotating wave approximation, the new effective Hamiltonian

is

P U
H=Z |2 0 o). (4.12)
0 —Qp 0

where Qx = |Qx|ex is the complex coupling parameter. A single-qutrit gate

operation performed by applying this Hamiltonian for some duration ¢ is

U = exp(—iHt/h). (4.13)

As one ingredient in our decomposition, we consider SU(2) coupling gates
realized by applying a single tone field. If, for example, we impose the condition
Qp =0 to eq. (4.12) before using this Hamiltonian to calculate the evolution
(4.13) for some duration t4 = 2x4/|Qa4|, we find a gate operating only on the
|0) <> |1) subspace

A COS X A —e®aginyy 0
Ua(xa,¢a) = [ e@4sinya  cosxa 0], (4.14)
0 0 1

which provides amplitude and phase control for the targeted coupling between

|0)«>|1). Similarly, for the condition 24 = 0 and duration tg = 2xp/|25|, we

have
R 1 0 0
Us(xp,¢5) = |0  cosxg e “Bsinyp (4.15)
0 —eBsinyp cos X B

which achieves the same for for the targeted coupling between |1)<|2).
To implement Uag, both coupling terms in (4.12) are generally non-zero.

If we restrict the pulse duration to tap = 27/+/|Qal? + |QB|? as was first
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explained in Ref. [41], we find the resonant dual-tone operator first shown in

that paper,
A cos(24E) 0 —e'¥ABsin(X42)
Uas(XAB, PAB) = 0 -1 0 : (4.16)
—e"PABgin(XEB) 0 —cos(252)

where to simplify the expression we have defined xap = arctan |Q2 /Qg| and
oap = arg(Qa/Qp). Under this condition for the operator time, the coupling
is directly between the states |0)<>|2)

In addition to the SU(2) couplings demonstrated here, a diagonal phase
gate is required to span SU(3).

Virtual Phase Gates

While Ref. [41] suggests applying far-off resonance fields to perform the phase

gate
m 0 0
Up(n,e) =exp | 0 ie 0 : (4.17)
0 0 —i(n+e)

recent qutrit experiments [10, 42, 54, 81] have implemented diagonal phase
gates virtually, by manipulating proceeding control fields rather than by ma-
nipulating the atoms directly. As they are adjustments to control fields, these
virtual phase gates are efficient and have zero duration [52].

Any unitary operators U, that are to be implemented after phase gate Uy
are simply phase shifted by the transformation

A~

b = U005, (4.18)
This effectively delays application of the Uy operator until the end of the pulse

sequence — notice the location of Uy in the following operator sequence.

A~ A~

Ugen. - Ua3 Uaz Ual UQ Ub

= UyU U, UpUS UL, U U U, UpU, (4.19)
— UpUyUayUn, U

Several virtual phase gates are easily combined by tracking the accumulated

1 and € through the operator sequence.
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The remaining final Uy operator never needs to be applied because after the
last coupling operator (including tomography pulses), the state is projected
. 2
via | (1 Den 1)

, and the phase information is destroyed.
In our experiment, the read-out operators R; are applied after the diagonal

phase gate Ug, so these pulses are phase shifted in practice, and modified pulses

A

R; are generated:

Ri5(¢) = Rig(¢+¢c—n), (4.20)
Ry u(6) = Roa(d —n — 2), (4.21)
ﬁ'«5,6<¢) = R5,6(¢ — & — 27’}) (422)

4.8.2 Fourier Transform

The Fourier transform £ does not have determinant 1, i.e. it is not a member
of the group SU(3), however, iF is in the group, so the operation can be
achieved up to a global phase. The decomposition F! differs from (4.3) by the
change of basis |1) < |2), and the decomposition F'! differs from (4.3) by the
change of basis |0) <> |1).

4.8.3 Decomposition of Operators

The supplementary material of Ref. [42] shows an algorithm for decomposi-
tion of any arbitrary qutrit gate Ugen, into SU(2) steps using two single-tone
couplings. We show a version of the procedure that works for either single or
dual-tone decompositions here for clarity and because we suspect that expo-
sition has typographical errors. A SU(2) coupling on the basis {|m),|n)} of

area x and phase ¢ can be expressed as

R™(x,¢) = exp {—zg [cos(¢)o™ + sin(¢)oy"] } (4.23)

where 0" = [m)(n| + |n)(m| and o} = iln)(m| — i|m)(n|. Each step of the

rotation has

X = 2arcsin \/ ’<G‘Uk|m>’2
[(a|Ux|m)* + [(a|Ug|n)|?
55
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Table 4.4: Parameters for Operator Decomposition

Decomposition Step, k Uy a  Coupling basis {|m),|n)}
1 Jgen. 2)  A:{10),[1)}
' = UgUaUpUs 2 Ul 2) B:{[D),[2)}
3 JeenULU3 1) A: {]0), 1)}
1 gen. 2)  AB: {]0),[2)}
UM = UpUaUgUyp 2 Agen. AlT 12) B:{|1),|2)}
3 JeenULUS 1) Az {]0),[1)}
and
7T ~ A~
6 = 5 +ang ({alUklm) ) — arg ((alUin) ) (4.25)

where (a|Ug|m) is a matrix element of Uy, to be zeroed and Uy, is the remaining
remaining portion of Uy, to be implemented. The values of |a), [m), |n), and
Uy, to be used for each step of the decomposition are given in Table 4.4, and a

Python implementation of the general decomposition is provided in listing ?7?.

4.8.4 Signal Generation

To generate microwave signals with arbitrary phase, frequency, and amplitude
control, we mix the output of an arbitrary waveform generator with a mi-
crowave signal. The microwave signal is detuned 100 MHz below the hyperfine
splitting of 8"Rb, and is produced by a BNC Model 845 Microwave Signal Gen-
erator. A Tektronix AWG5204 controlled by Python software produces signals
at 5 GS/s which are pre-amplified before being combined with the microwave-
frequency signal in a double-balanced mixer. The mixed signal is amplified by
a 25 W microwave amplifier before being directed towards the atoms through a
waveguide. Higher Rabi frequencies would certainly be achievable with higher

microwave power or a more focused beam.

4.8.5 Error Mechanisms

In this section we discuss and evaluate some mechanisms in our system that

could cause the fidelity and purity errors from table 4.3 in the main text. We
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note that dephasing is not a leading source of error, as our 73 times are well

over 1 ms.

Detuning

When performing manipulations using our apparatus, we frequently find re-
adjusting magnetic field biases necessary to keep the two generated frequencies
resonant with the atomic frequencies w4 and wg. This field instability of order
30 minutes is a limitation of our system, and not a limitation of neutral atom
computation in general. Because of concerns about the continued resonance
of operations, in addition to frequent checks of the biases we average final

populations for tomographic tests as discussed in the main text.

We numerically simulate the operations F' and FM, adding detuning de-

liberately,
wA OA 0
Hdetun. =h OA 0 OB (426)
0 OB wpB

where we have defined Ox = |Qx|sin[(wx + Ax)t + ¢x]. Moving into the

rotating frame,

0 —Qyeitat 0

= ih : :

Hdetun. = E (QA@zAAt)* 0 (QBBZABt)* s (427)
0 —QBeiABt 0

and, setting A = Ay = —Ap for each of the decomposed SU(2) steps, we
generate the curves of figure 4.5. If detuning applied equally to all atoms in the
ensemble was a strong error mechanism in our system, we would expect to see
lower F for the dual-tone F™ than the single-tone F', and we would not expect
to see a drop in P. In our experiment, the fidelity for both decompositions is of
a similar magnitude, and we observe a significant drop in P, so this detuning

model does not explain the main error mechanism present.
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Figure 4.5: Simulated effect of detuning on the final fidelity measurement,
averaged across the states |0), |1), and |2), where Q% = |Q4|? + |Q25]?.

Stark Shifts Caused by the Optical Dipole Trap

During the application of microwave pulses for state manipulation, the atomic
ensemble is held in a two-beam crossed optical dipole trap. This laser with
approximately 0.4 W of power holds atoms in place by creating a 3D Gaus-
sian trap with depth 6 pK. The potential experienced by the Bose-Einstein
condensed atoms near its centre is approximated by a spherically symmetric
harmonic oscillator with trap frequency wy, ~ 27 x 100 Hz. The 10 atoms
are held within a Thomas-Fermi radius Rtr = 6.5 pm.
In a hyperfine manifold, we expect Stark shifts to take the form [3, 70]

1 1 3m2 — F(F +1)
Ee=—= 82 - F(¢:2 F
s dof T oM FeF—1) |’

: (4.28)

where ag is the scalar polarizability of the ground state, ol is the tensor
polarizability for hyperfine level F', mp is the Zeeman sub-level, and £ is the
electric field strength.

The scalar Stark shift will perturb the energy of both the |F' = 1) manifold
and the |F' = 2) manifold equally. As a result, regardless of the position of the
atoms in the trap, all atoms will simultaneously be resonant. At the centre
of the cloud, both levels are shifted by about h x 6.0kHz. At Ry from the
centre, the shift is about A x 5.9 kHz, a difference of about h x 100 Hz.

The tensor Stark shift perturbs the energy of the |[F' = 1,mp = 1) = |1)

state without having an effect on |F' = 2) states. As a result, atoms in the
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Table 4.5: Simulated reduction in fidelity, purirty, and purity-adjusted fidelity
due to trap-induced Stark shifts.

Operator State P F o Foure
0)  0.953 0.980 1.009

P 1) 0.950 0.974 1.008

) 0.953 0.980 1.009
) 0.963 0.981 1.006
)
)

0.965 0.986 1.007
0.965 0.98 1.007

centre of the trap will have different resonant frequencies for both transitions
wy and wp from atoms at the two ends of the trap. The magnitude of the
tensor shift for |1) is h x 25.8 kHz at the centre of the trap and h x 25.3kHz
at Rrp. The probability distribution function is [20],

nip(r) = /4 ] r2dQ nap (r)

2
— [ 20t (1 _ T—) 4.29

 Ampr? (1 r? )
g R%F

where r is the radial coordinate, mpg;, is the mass of an 8"Rb atom, p =

mpywi, R3p/2 is the chemical potential, and g = 47h?a/mg;, is the coupling

constant. We can obtain the mean Stark shift,

(Es) = /dr nip(r)Es(r), (4.30)
and assuming our frequency calibration is accurate to this mean, the detuning,
A(r) = Es(r) — (Es). (4.31)

To evaluate the purity and fidelity decay caused by the tensor Stark shift,
we sample 1000 detunings from A(r), weight them by nip(r), and calculate
the poys found by tomography from this distribution comparing it to the p for

Stark-shift-free evolution. The results are shown in table 4.5.
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We also perform the same purity recovery algorithm from (4.9), with results
shown in the table. As expected, the purity recovery algorithm results in a
perfect fidelity. We conclude that it is plausible that the relatively low purity
and some of the error in F we find in the main results (table 4.3) may be

caused by Stark shifts from the optical dipole trap.

Calibration

For a high fidelity operator, the many control pulses used in our experiment
including Uprep‘, U A, U B, U AR, and fiz must simultaneously have their pulse
durations calibrated accurately and the detuning for both tones must be neg-
ligible (less than 0.025|Q2| ~ 27 x 50 Hz as suggested by figure 4.5).

To find the resonant frequencies, the duration and frequency of the two
tones were adjusted manually until 100 % of the atomic population was trans-
ferred between the states. The duration of each operator was also calibrated
manually by starting from each computational basis state and scanning the
operator duration to finding the point where the population transfer matches
theory.

In the ideal case, we would assume {2 is constant during the application
of an operator, and we could determine the Rabi frequency to high precision
by performing long pulses x = nw. In our system, long pulses would not be a
good calibration technique because the Rabi frequency €2 is not constant over
longer time periods. This may be a limitation of our microwave amplifier or
magnetic field bias stability. To account for this effect, each pulse duration
was calibrated individually for its position in the pulse sequence, and only
short pulses were used in the experiment.

Our current microwave system is not optimized for high Rabi frequencies.
A rectangular waveguide is aimed towards the atoms from a distance of ap-
proximately 15 cm before the microwaves are allowed to propagate through
free space. The microwaves which impinge on the atoms are sent off-axis and
do not demonstrate any significant degree of polarization, driving o™, o~ and

7 transitions. Work is underway to improve this system significantly by using
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a helical antenna to generate well-defined o* polarizations based on the work

of Ref. [83].
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Chapter 5

Conclusion

This work has demonstrated a single-qutrit gate, the quantum Fourier trans-
form, on an ensemble of 3’Rb. This gate was decomposed into SU(2) rotations
in two ways, one of which required a rotation between levels of the qutrit with-
out an easily controllable coupling. Rotation on that coupling was synthesized
by sending a resonant dual-tone operator. Both decompositions produced
similar final state fidelities, showing that the dual-tone operator had similar
performance to a conventional resonant gate. This was the first experimental
demonstration of the resonant dual-tone operator, and the first qutrit demon-
stration in ultracold atoms.

The control mechanisms demonstrated here on an ensemble of atoms are
quite general. For any three-state subset of a controllable quantum system, if
two couplings are more easily addressable than the other, then driving the two
preferred couplings can effectively mediate a transition as though they formed
the third.

Inhomogeneity in the optical dipole trap which holds the atoms appears to
be the most significant error source. This causes atoms near the edge of the
trap to evolve out of phase with those in its center, which gives the ensemble

qubit a badly-defined phase and thus a loss of purity.

5.1 Project Extensions

This section discusses possible extensions to the qutrit project.
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o Continuing with only one qutrit, this project could be extended to look at
more sophisticated, optimized pulse shapes. For example, Vitanov [74]
shows that decomposing gates by quantum Householder reflections scales
much better with qudit dimension than two-level unitary rotations. A
decomposition of this type could be tested on the Quantum Simulation
system. This would require a good calibration of the Rabi frequencies,

which is a challenge with the current microwave system.

o More powerful magnetic field biases could be used to deliberately induce
a significant quadratic Zeeman term, which would fully separate the
control frequencies for each of the microwave resonances. This could be
used for fully RF control of a qutrit in the F' = 1 hyperfine manifold,
or for controlling up to all 8 of the hyperfine states, which would yield a
Hilbert space equivalent to 3 qubits.

e The Quantum Sitmulation system is limited to only one ensemble cloud of
qutrits. The natural extension into a multi-qutrit system would require
a new system. While multi-qutrit gates on atomic ensembles could be
achieved [26, 68], switching to single-atom qutrits in a lattice would likely
be a more effective approach. These single-atom qutrits could use the
same two-qudit gates developed for qubits. For example, a desired gate
between states [2) ® |2) and |0) ® |0) could be achieved by a coupling
between |1) ® |1) and |0) ® |0) preceeded and proceeded by 7 gates on
the B coulings.

5.2 The Future of Quantum Computing

It is an exciting time in the field of quantum computing. Meaningful research
is being carried out by groups across academia and industry. Currently, almost
all of that research is based on qubits. In principle, a switch from qubits to
qutrits or higher-dimensional qudits on many leading architectures would be
simple. Making that change would reduce the required number of qudits to

reach a desired Hilbert space size, and could reduce the number of two-qudit
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gates, leading to higher overall system fidelities. Alternatively, an existing
system could access a larger Hilbert space by switching to from qubits to
qutrits. For example, converting an eight qubit system into an eight qutrit
system would expand the accessible Hilbert space by a factor of 25.

The vision of an error-corrected quantum processor is still far from reality,
but there is a lot of interesting work to be found along the way. I hope that we
continue to see rapid development and sustained interest in pushing the field
forward from private industry, academia, government agencies, and of course

from enthusiastic graduate students.
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