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- Aas'mcr
The maJor intent .of the study was threefold to‘determ%ne if. . Sﬁa
'ch11dren use oral Tanguage to he\p soTve themat1ca1 prob]ems, if. |
50, to describe the verba11zat1ons of 1nd1V1dua1 and small groups
of ch11dren grades two through four, 1nvoTved11n mathemat1ca14prob1em:'
"solv1ngt and to identify the purpose of ch;]dren s verba11zat1ons

' reTative to mathemat1ca1 probTe&'soTv1ng, that is, how 1a quaqe was

used as they came to know the soTut1ons to the problemg.

E1ght wr1tten part1t1on1ng probTems vary1ng in mat,
d1ff1cu1ty were adapted for the study.
The researcher 1nteracted w1th the respondents 1n the context of
_ contro]]ed'yet f]ex1b1e prob]em solvwng sess1ons character1zed by ,
.Hntense observat10n and quest1on1ng The sess1ons were v1deotaped
'aud1otaped and Tater transcr1bed if - T e -
. Crwter1a for ana1ys1s of the data were deteraned by the nature -
.!of the subJects responses -and in reTat1on to the 11terature (theory
and research f1nd1ngs) concerned w1th ch11dren s use of language and
. the prob]em 501v1ng process Three stages of anaTys1s occurred
‘.ongO1ng (dur1ng the research sess1on), refTect1ve {between the research
‘ sess1ons) and document1ve (following the data co]]ect1dn per1od)
: Ch11dren, .assessed by. their homeroom teachers to be 'of at least
vaverage 1nte111gence, average or. h1gh Tanguage users and capab]e of
'f1nteract1ng, were chosen for the study. The samp]e, consnst1ng of 26
' h11dren, 1nd1v1duals and groups of three represent1ng each grade leveT
- grades two through four was drawn from an e]ementary-3un1or h1gh school
' w1th1n ‘the St. ATbert Protestant Separate Schoo] Distr1ct, A]berta.
5
Ty



From the 11terature, four steps in the problem: solving process

' were 1dent1fied understand1ng. p]anning, §olv1ng and reviewing.
-Within each step, specific language functions and thinking strategies
'were evidenced 1n the oral 1anguage used by the ch11dren. F1ve main L

;41anguage functions emerged from the data the children used 1anguage
to clarify, report, d1rect, pred1ct and ‘self mainta1n. The ora]
1anguage played an 1mportant ro]e 1n that 1t allowed prob]em so1vers

to make a concerted effort to d1rect attent1on to the problem and

the process as wel] as to clar1fy understand1ngs. It seemed as

though the'overr1d1ng function of the 1anguage was to clar1fy thOught‘

D1st1nc€ differences in both the 1anguaoe th1nk1ng strateg1es
and mathemat1ca1 th1nk1ng strateg1es were apparent w1th1n the - prob]em

‘5' o ik ‘;“" |
, so]v1ng steps and:in re]atwon to the age or grade 1eve1 of thte YA

solver. Further, Teve]s of awareness of mathemat1ca1 1abe1s wert )
sharp]y def1ned ‘ grade two ch11dren knew only the terms one ha]f‘ and
‘one quarter, grade three ch1}dren e1ther knew or. could derive

one th1rd or two th1rds, but the grade four group knew all 1abels

: and were ab]e to'use 1nterchangeab1y m1xed numbers for 1mproper °
.‘fract1ons. :

The interaction bf the sma11 group was lengthy, thorough&and
_ref]ective An 1ntr1gu1ng sense of commun1ty appeared to arise, )
g1v1ng the group members pr1vy to information not ava11ab1e to the
1nd1v1dua1 prob]em solver or the researcher. /

. The significance of the - study is that it prov1des 1nswght into.

children's language use and thought while so1v1ng mathematha1

part1t10n1ng prob]ems. In addition, it affords a basis for further

vi o
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‘ examination of the'ro“le of oral language u;ed by children engaged n
_ various problem solving situations. .
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% ‘Chapter 1

4

L . " INTRODUCTION AND STATEMENT OF THE. PROBLEM

The relat1onsh1p of the ro]e of 1anguage to mathematica] prob]em

’solv1ng has provoked concern among educators for many decades. Seventy . -

years ago when writing about the measurement of ar1thmet1c ab111ty,

“« "
| Thornd1 ke (1912) State/g/ that both mathemat1ca1 1ns1ght and knowTedge

plus acqua1ntance w1th language were essent1a1 _

When wr1t1ng about the versat111ty and usefuTness of Tanguage
Ha111day (1969) states, "Language 1s, for the ch11d, a rich and
‘adaptible 1nstrument fbr the, rea11zat1on of h1s 1ntent1ons and there
s hard]y any 11m1t to what he can .do with it" (p 27) |

Harg1s (1976), concerned about ch11dren with 1nadequate Tanguage
for success in’ mathemat1cs, contended that. knowTedge of Tanguage '
Tstructure is 1mportant In 1977 Kn1ght and Harg1s expanded the idea
;'of the effect of Tanguage on mathemat1ca1 Teahn1ng Ne]son (197¢)
concTuded that the ent1re area of verba]uzat1ons and the1r role 3n

prob]em soTv1ng ‘heeds further study |
| It w0u1d seem/that the area of the reTat1onsh1p of ]anguage to

mathematics is recogn1zed as 1mportant vet rema1ns uncTear Further

study to clfrlfy this relationship is essent1a1.

4



. ; ) . . .y

- PURPOSE'OF THE STUDY -
27, PURPOSE OF THE STUDY - ...

t Vo

| The purpose of the study 1s threefo1d (N) +t0 attempt to‘ﬁdentifyl
o the purpose of ch11dren S verba11zat1ons relative qo mathemat1ca1
* problem 501V1ng, (2) to descr1be the verba11zat1 ns of ch11dren
1nvo1ved in mathemat1ca1 prob]em so1v1ng, 1nd1v1 ua11y and 1n sma]] :,t
group sett1ngs frOm grades two through-fours andu 3) to exam1ne the

ro1e of teacher in re]at1on to . the ch11dren and th tasks 1nvo1ved 1n

mathemat1ca1 prob]em s1tuat1ons | oL \7 o &

Vo - :
. : DEFINITION OF TERMS [ :

|

In th1s study the fo]]ow1ng def1n1t1onh will be adOpted

13 I

Prph]em‘so1v1ng, An a11 encompass1ng %erm which can mean e1ther

a process, skill or goa]. For th15;study prob]em solving will be con-.

sidered a;process; It is the process of applying previously acquired’
. : o T A #
know]edgé to new and\unfami1iar situations (Nationa1 Council of

Superv1sors and Mathemat1cs, 1977) It may also be an 1nd1v1dua11y "' .
. acquired set of processes brought to bear on a s1tuat1on that confronts

the individual (Le B1anc, 1977).

‘ Languaje' A11 verba11zat1ons wh1ch are expressed b/ the child .

e

when prob]em solv1ng in mathemat1ca1 s1tuat1ons

'

;M,,mkf.1M,High~languagepuser.p'A"child wnb;is'rated by.hfs language arts

¥ “pteacher as above average -in achievement .in oral language.
I n_~92""." ’ . , . . R L

1.&:}, X Average language user. A,ch11dfwhofislrated by his 1anguage,arts

“teachers as average in achievement in gral ianguage.



'RESEARCH QUES_TIONS . N |

To fac111tate this study of ch11dren s verba]izat1ons relat1ve\¥b 'f

‘the so]v1ng of mathemat1ca1 problems, the foT]ow1ng research quest1ons

were pos1ted R | 4// §
| .." 1; Do ch11dren, 1nd1v1dua11y and 'in sma11 groups, ;zhbalize
when problem so]v1ng7 ‘ ' ' r '
’, '-L2; If th11dren do. use 1anguage, how and . for what purpose is the '
j1anguage used, re]at1ve to so1v1ng the mathemat1ca1 problem, |
1nd1v1dua11y and 1n sma]] group s1tuat1ons7 o

~

’.3‘ Is” there any d1fference between the.. 1anguage and strateg1es

'“',used by an- 1nd1v1dua1 and a sma]l group of mathemat1ca1 problem

to]vers,at each @rade 1eve14as well as~across the grades, grades two;
.f three and four? B ; | | . i: | R -
| 4 -Is there a deve}opmental pattern of growth and change in
.the mathemat1ca1 problem solv1ng précedures of ch?THFEn‘1n grades two.
B through four7 B »,-r‘ |

5. Hhat 1s the ro]e of teacher re]at1ve to the prob]em sd]v1ng

- process?‘ \

S P~L‘AN AOF«IHF_ STUDY

A br1ef oVerv1ew of the “plan of the 'study follows. A detailed ‘~
exp1anat1on is presented in Chapter III
The d1scovery or1entat1on of the study necess1tated use of a _tf
:research techn1que, exp1oratory 1n nature for the purpose of ga1n1nu

~1ns1ohts rather than ver1fy1ng hypotheses Intense observat1on by the

‘.'-"



researcher of 1nd1v1dua1 and small groups was necessary in order to
__study if and ‘how ch11dren use language while solving mathematical
Aprpb1emsgi A;determined effort was made to intervene as 1nfrequent1y'
, “i-as possibleIWhiTe the children were jnvolved in the actual problem
so]vwng processes | | | o

Twenty-six ch11dren in grades two through four were se]ected
from the St. Albert Separate School Svstem as subJects for th1s study.

The prob1em solving sessions were: récOrded by means of aud1otape
and videotape. The audiotapes were later transcribed and detailed
examination of the data, using the protocols-in conjunction with the
aud1otapes, was made o

In add1t1on, a Journa1 was used to . record 1ns1ghts gained and

1nferences.made relative to the use of 1anguage by children and the,

* partitioning ‘behaviorg manifested. , o

REPORT OF THE FINDINGS
) . " N
No predetermined classification scheme, based on expert opinion
Aor’upon existing plans, wasvused for ana]yzing’sugjects' responses.
\%Egsteadv an attempt was made to be as true as possible to the
experwmenta] data in generat1ng a c1asswf1cat1on scheme of the

‘responses. Subsequent]y, the scheme wh1ch evo]ved for c1ass1fy1nq

- subjects responses was un1que and relat1ve]v comprehens1ve
LIMITATIONS OF THE STUDY

", The 11mjtations;of the study -are acknowledged as fol]ows:

- 1. The 11mited'samp1e size affects genéraTization of the findings.



Samples may or may hot be representat1ve of the manner in which a]]
chlldren use 1anguage when active]y 1nvolved in mathematica] prob]em
fsp1v1ng or of. the problem solv1ng behaviors of a11 chi1dren at |
comparat1ve grade. Tlevels. - | |

2. Ind1v1dua1 responses w111 vary. in accordance w1th the

‘exper1ent1a1 background of each ch11d

"3; The exp]oratory nature of the study may de11m1t the f1nd1ngs

»

SIGNI‘FI'CA‘NCE OF THE STUDY

1anguage use and thought wh11e so]v1ng mathemat1ca1 prob]ems
a]so hoped this study will serve as a bas1s for further exam1na |

the ro]e of ora] 1anguage in e]ementary schoo1 mathemat1cs

_OVERVIEW OF PLAN FOR REPORTING
- THE INVESTIGATION .

The report of the 1nvest1gat1on 1s presented as. fo]]ows

1. Chapter II conta1ns a review of re]evant 11terature and |

) re]ated stud1es

2. Chapter IIL descr1bes the des1gn of the study and the der1ved
-theoret1ca1 framework used for ana]ysws of" the data
- 3. Chapter IV presents a. descrwpt1on of the maJor f1nd1ngs of

B the study

4., The f1na1 chapter, Chapter V, summar1zes and draws conclus1ons
re]at1ve to the major f1nd1ngs of the- 1nvest1qat1on and states
1mp11cat1ons for educat1on The. chapter includes. the ref1ect1ons of -

"the'researcher upon personal insights aained from this study of young



, i \
chi]dren solving mathemat1ca1 problems, 1nd1v1dua11y and in small group

. situat1ons, and conc1udes with recommendat1ons for further research.
» . "



| :Chabter 11; A
. THE BACKGROUND OF THE sTUDY
-) ."‘ . Ca
TNTROUCTION

The purpose of this chapter 1s to prov1de a report of relevant
-; research from wh1ch evolved a theoretical framework for an exp]oratory

, study of how 1anguage is used by yOung th11dren 1nv01ved in solving e
mathemat1ca1 problems F1rst the re]at1onsh1ps between thought and
‘ 1anguage, 1earn1ng and 1anguage, and experience and 1anguage were
examined for the purpose of determ1n1ng poss1b1e agreement as to the
nature of the role of 1anguage in children’ s 1earn1ng Next, a
review of rel evant theor:/‘ and research re_portg regardmg the_p}ature
of'eroblem so1ving, prob]em solving in mathematics and,vin“particu1ev, 5-
“the so]v1ng of part1t1on1ng problems was undertaken to‘%rov1¢e

guidance in the deve]bpment of the mathematical problem so1v1ng

S .
tasks and for jnterpreting the results of the experimental study.
THOUGHT- AND LANGUAGE

The apparent;reletionship between thought.and 1anguage has
: e

brompted.much.speculation among investigators in child psychology.

“One of the first theorists to draw attention to the importance of

L3

language as a system of contro]s in ‘the prob]em solving act1v1t1es
_of children was the Russian psycho]dgist,AVygotsky (1962,atrans1at1on

of 1932). Vygetsky views language as’ the prime orgahizer of cognitive

y
<
.



complexity wherein the development andimprovement of 1anquage is

- functionally related" i% and Operant upon the development of cognition.
According to Vygpf?@y the child's intellectual growth is dependent

 upon his’ masté%; of thﬁssocial means of thought, that is, 1anguage
Vygotsky contendsﬂthat the word funct1ons first as an 1nv1tat1on to
a concept but eventually the word :comes to symbolize the concept
1tse1f as a synthesis of the child' s accunulating experience. It is
the "word" which masters and directs problem solving. Whenever

rﬁB}traction occurs, potentia] concepts play a role in complex thinking.
Ana]ys1s and synthesis are the main 1nstruments of abstract1on but,
again, the facilitator is the word. The relationship frOm thOught to

.word and from word to thought is a process involving continual move- ‘
ment both ways. Indeed, thought is nothherely exrressed in words but

." it tqmes into existence through them (Vygotsky, 1962, p. 7).

1 ‘Vygotsky (1962) be]ieves the process of th1nk1ng becomes
1nextr1cab1y 1nterwoven with 511ent fonnat1ons of language. 2 Once
language becomes a-part of thinking, th1nk1ng becomes f1ex1b1es‘
d1fferent1ated obJect1f1ed and exper1ence becomes commun1cai'e

. His contention that thought- appears to be needed for 1anguage and
vice versa would 1m?1y that an examinatipn of the 1anguaqe used by
young children when so]v1ng,mathemat1ca1.prob]ems would be of pr1me

importance.



Cognitive Growth and Language
‘ . é‘ » -
| Piaget' his Geneva associates'(Pipget and Inhelder, 1969)

posit the p&y of cognitive growth as reségfds language dev.e-/'l‘opment.‘ﬁ
Piaget's colleague, Hermina sinclair-De-2wart (1973) found knowledge
of 11n§utst1c struétures and terms, or the teach1ng of relevant verbal
terminology, 1ittle influenced the performance of children on conser-
vation tasks. It was her conclusion that language development can
not hasten cognitive growth, For Piaget and-;ssbciates; cognition
at all developmental levels consists of actions performed by the
learner Actions are overt and physical at lower levels of deve1op-
ment but with maturity actions become 1ncreasing1y interna]ized until
covert ‘actions, i.e., verba1, symbolic, and forma] operat1ons, arg
the dominant processes of'cognition. verbal enrichment. or sophistica- .
tions do not accompany changes in cognitive structures. "Langua@e is
not enough to explain thought because the structures whxcﬁlcharacter-'x
jze thought have their roots in action and in sensor1-motor mechanisms
that are deeper than 11ngu1st1cs" (P1aget, 1969, p. g?) Piaget )
suggests that 1anguage may be structured by logic but is not the
source of logic. Desp1te th1s position, Piagetians do not completely

/_/
d1sm1ss the importance Qf language for they concede once the structures

33““/;;~:;;§;ht are refined, ;1anguage becpmes necessary for their elabora-
*  tion and mobility P1aggt, 1970).

Although the value of language for the'deveiopment of menté]
operations andbtdgnitive'stfuctures is sérious]y questioned by
Piagetians, not everyone agrees. For example; Donaldson (1978)

contends that there is much conVincing argument that a child's



o S,
1anguage 1earntng sk111s are not 1lo1ated from the rest of his menta]
growth From the ev1dence she has stud1ed Dona]dson affirms the:
fo]]ow1ng m?Jor positions: o ‘\ |

| 1. Cthdren are not at any stage as egocentr1c as P1aget c1a1ms,

2. Ch1%§$;n are not as 11m1ted 1n the1r ab111ty to reason

f.deduct1ve1y as c]a1med by Piaget and others-spontaneous behavior.

' ,ev1dences th1s to be s03 and

3. A ch11d S ab111ty to qearn 1anguage 1s not separate from ]

i .but a part of mental growth. | |
| The- content1ons of Dona]dson seem to suggest that an exan1nat1on
hof the’ 1anguage used by young ch11dren could poss1b]y prov1de some
1ns1ght into the th1nk1ng strateg1es employed in prob]em so1v1ng

!s1tuat1ons
Dona]dson S pos1t1on was an outgrowth of Bruner's conceptua11za-
‘ ”"tion of cogn1t1ve»deve1opment‘as the ever increasing 1nterna11zat1ohs

of techno]og1es from the culture.

. Language and cogn1t1ve development were v1ewed by Bruner as
"techno]og1es" to deat w1th the wor]d (Bruner, 1064) Bruner and
,tco11eagues emphas1ze 1anguage as the most effective techno1ogy
available. Accord1ng to Bruner, the wor]d"tan be represented in
tﬁree nodes: enact1ve (through act1ons) ikonic (through 1mages)

and symbo]ic A1l three modes remawn in the system throughOut Tife,

»

are sequent1a1 1n deve]opment and are 1nteract1ng " In Bruner S terms;
‘when higher 1eve] 1earn1ng takes p]ace, a transition from 1kon1c to
symbo11c representat1on occurs and it is brought about by 1anguage,

a means to organize and 1ntegrate exper1ence.

10
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Once the child has succeeded in “internalizing 1anguage as

a cognitive instrument, it becomes possible for him to

represent and systemat1ca11y transform the.regularities of
experience with far greater flexibility and power than . - -/
before. (Bruner, 1964, p. 4) ~ o : //~

v Bruner S be11ef that 1anguage is a powerfu] cogn1t1ve 1nstrument

strongly suggests that to study the use of uahguage by ch11dren as

they ‘§1ve prob]ems wou]d prOV1de 1ns1ght 1nto how ch11dren th1nk
) , .

when engaged 1n a prob]em so]ving process E =
‘ ‘ RS L
"1 Other Relevant Views =

v

Other wr1ters have developed theorwes wh1ch seem to support
those of Bruner and Dona]dson It is Moffett S (1968) observat1on'
that the function of "abstract1on" is a process under]J1ng all -stages
of informat1on‘process1ng from sensori-motor and perceptual to
.affect1ve and 1nte11ectua1 (p,v19)‘ Abstraction bv S 1ecttng and
rank1ng the e]ements of exper1ence reduces rea11ty to manageab1e
summar1es. To abstract is to trade a loss of rea];tv for a gain -in
contro1‘(p, 23). Th1s gain in control is evidenced in the child's
: Janguaée. TherefOre, the child's thﬁnking_may be revealed through'
:‘his language. | | ’ \

Schmidt (1973) states that the 1anguage used in commun1cat1on is
'the same language used in th1nk1ng, therefore it is ne1ther a means
of commun1cat1on nor an 1nstrument of thouqht 1t is both. Even sO,
this'tempered posit1on 1mp]aes that the role-of language in‘problem
solv1ng is both commun1cat1ve ano cogn1t1ve, hence 1anguaqe can be

stud1ed to determine’ possible. deve1opmenta1 levels not on1v regard1ng

1anguage use but a]so to exam1ne the deve1opment of thought or

<y
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thinking strategies B "

Further ev1dence 11 ating Tanguage- and th1nk1ng can be found in
.the 1ntercorre1at1on tab gs-of the WISC- R (Nechs1er, 1974) . Vocabulary,
a h1gh1y verba1 subtest’almost cons1stent]y corre]ates h1gher w1th
total ability scores than. any-other subtest (pp. 36-47).

In summat1on, the theor1sts view 1anguage as an essent1a1 part of
.th1nk1ng and of -problem so1v1ng The specific ro]e of language,
however, has not yet been determ1ned and further studv would appear

to be warranted;
P . . ' LEARNING AND LANGUAGE

Language is also seen as a too] by whioh chi]dren make sense of
the1r 1earn1ng, re- interpret know]edge and examine ex1st1ng assumpt1ons
l while developing a representation of the world (Br1tton, 1970). A
child's language power ref]ects the wav he 1s exper1enc1ng the '
wor1d and determ1nes how he operates in it (Brwtton, 1970,vp 2).

The child's c09n1t1ve funct1ons are his means of mak1ng sense of the
wor]d of current and past exper1ence and h]s 1anguage is the "key
system" whereby "he represents the wor1d to himself and organ1zes
all other ways of representing” (p. 21). |

Barnes (1972) contends that the very act of verba11z1ng requ1res
a re-organization of the old.and the newftogether. -Barnes further»
states that part of good teach1ng is in perceiving how 1anguage used
by ch11dren contr1butes to or 1nh1b1ts 1earn1ng In his wrjt;ngs,
Barnes purports'that not enough js known about: (11 how various uses

of language function as a means of learning and (2) the extent to



.\
|
|
i

"hh1ch these funct1ons are determ1ned by the pupil' s percept1ons of

the content for that 1anguage.‘

!
P

| P1aget, from h1s exam1nat1on of children's ta]k, proposed a broad

c]asswf1cat1on of 1anguage funct1ons whwch has prov1ded a model for
\

Tater work that takes a funct1ona1 approach (piaget, op. cit.). In
\

' magor ways, he sees young children's 1anguage as egocentr1c,' that

is, fu1f1111ng se]f needs ‘and fa111ng %g accommodate the views of

others The» nder of ch11dren S speech, P1aget c]ass1f1es as”’

soc1a11zed' and as rea11zed in requests, demands, answers and adapted .

1nformat1on The use of such categor1es estab11shes 11ngu1st1c
structures as criteria for classifying but fails to recognwze that
”speech 1n the same “form can be d1rected towards achieving d1fferent
goa]s; for example, a demand may serve to retr1eve property or as an’ o
f imaginat1Ve pursujt of a play sequence(tp.project-imaginatfon into
experienée; | ' ' ‘

Halliday (1969) poses a sociolinguistic view of the, functions
of cht1dren's 1anguage‘to language itself. He’states, “Language 15,
for the ch11d, a rich and adaptab]e instrument for the rea]1zat1on of.

his .intentions, and there is hard]y any t1m1t to what he can do with

it (p 27) Ha111day proposes ‘seven functions. or ways the ch11d uses

1anguage to make meaning (1977) (1ﬁ’ﬁnstrumenta1 or "I want"

- through which the ch11d S mater1a1 needs are-met; (2) regu]atory or

f, "Do as I tell vou" through which the child gets others to do as he
;.wants, (3) 1nteract1ona1 through wh1ch the Q§E1d interacts w1th some-

’ one else; (4) persona] ‘through which the child expresses his un1que—

_ness and self-awareness; (5) heuristic or ”te11 me why" through wh1ch

'

13



Cla

t

the ch11d exp]ores the env1ronment (6) ‘maginative or'VTet‘s pretend”
through wh1ch the child creates\h1s own env1ronment, and (7)’Tnforma-,
t1ve or representat1ona1, e. g . "I ve got someth1ng to tell you" |
through which the ch11d conveys 1nformat1on to someone. Ha111day

identifies an order]y emergence of the functions of Tanguage used by

'; ch11dren to estab11sh mean1ng dur1ng the 11fet1me of a child, pro-

gress1ng from appr0x1mate1y age nine mdhths to three and a half years

This seems to 1nd1cate that children of sch001 age shou]d be given

* many opportun1t1es to use Tanguage~to.1earn. Ha111dav, however does -
not 1dent1fy spec1f1c strateg1es embedded within the Tanguage functions.

The Tanguage uses classified by Piaget as adapted 1nformat1on and by

Halliday as 1nformat1ve or representat1ona1' remain und1fferent1ated

aTth0ugh recogn1zed to serve d1fferent uses.

| Tough (1969) sought some means of c]assification within the‘broad‘

_ category of 1nformat1vevTanguage with wh1ch to d1fferent1ate the
purposes for which ch11dren can and do use 1anguage Exam1nat1on of
' ch11dren s 1anguage led Tough to regard funct1ons "as being the

. characteristic modes 1n wh1ch~1anguage is used to organize or order

exper1ences and 1ntent1ons (Tough, in preparation;~p '9). The modes -

are 1nferred from the ev1dence of particular strateg1es seTected by

the ch11d for convey1ng mean1ng Tough contends each utterance .

serves at 1east two d1fferent k1nds of funct10ns, a relational’ funct10n'

and a range of content or ideational funct1ons. The reTat1ona1
function seldom operates independent of the ideational functions, the
except1on perhaps be1ng greetings. = From the language of'three Vear

~olds wh1ch had been co]]ected in p]ay s1tuat1ons, and their Tanguage

14



at five and Seven‘years old which*"s\edﬂ1ected-in tesk oriented

contexts Tough 1dent1f1ed ‘the fo]]ow1ng 1deat1ona1 funct1ons
. (1) the se]f-ma1nta1n1ng funct1on, (2) the d1rect1Ve funct1on,
(3). the 1nterpret1ve function, (4) the prOJect1ve function, (5) thezaé
ored1ctnve function, (6) the 1nag1nat1ve ﬁpnct1on and (7) the | |
vempathetlc funct1on ' Embedded w1th1n each funct1on Tough'perceives

th1nk1ng strategies re]at1ve to but with cons1derab1e var1ance “from

'context to context As do Br1tton, Barnes and Ha111day, Tough (1978) '

- views Ianguage,as a means to represent the wor]d and as a means to L
co- ord1nate or regulate act1ons |

The language a child has developed serves as a means of

communicating about his thinking, and of developing his

~ own and other people's actions;. at the same time the language
. uged by others with him helps him to :find order, significance,
and meaning in the world around him and to establish values

for different act1v1t1es and exper1ences (p. 28)-.

Growth in 1anguage power 15 essent1a11y re]ated to the
"1nd1v1dua1 s funct1on1ng a1ong the concrete- abstraCt cont1nuum in
thought and ‘the 1mp11c1€}exp11c1t cont1nuum in 1anguage oroductwon

Tough s broader v1ew offthe 1deat10na1 funct1ons of ]anguage
and the th1nk1ng strateg1es offers a poss1b1e approach to or basis
for exam1nat1gm of children's language used in mathemat1ca1 prob]em ‘

N\
soTv1ng. .

LANGUAGE AND EXPERIENCE

Language helps ch%ldren make sense of their experience"(LindfOrs;

'1980 Smith, 1975 Britton, 1973) Such a Ltatement 1eads to the

quest1on "Can 1anguage contr1bute to c09n1tnve growth?" which is ra1sed

by Smith (1975). ¢

15
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Bas1c\to Sm1th S approach is the assumptlon that every human

¥

| bu11ds out of . persona1 exper1ence, a c09n1t1ve structure or "a theory

..(

of the world in hfS'head" (1975 p. 11). This persona1 theOrv of what
the world is, like-shapes both the way past g&per1ence is reca11ed
summar1zed, 1nterpreted and the way new exper1ence is comprehended
' Sm1th also contends that every~human‘endeavors (1) to comprehend, S
that is, make Sense of the world by relatino new experience to the
"aJready known and (2), to Tearn when experience,does not fit our
'fheory'hbx aftertng existing'cbgnitjve¢structures.' he‘perceives,
'that as chf{dren endeavor to comprehendﬂand learn, the language
,dof the cqﬂ?dren serves to quest1on, focus attent1on,fprec1se
understand1ngs, make understand1ngs retr1evab1e, re1nterpret exper1ence i
'. and to go beyond present perSOna1 exper1ence Based upon his research
'f1nd1ngs, Sm1th c1a%ms 1anguage, though not(ﬁhe only too1" is a
powerfu1 too] to comprehend and 1earn in order to make sense of one's

: wor]d.

L1ke Smithg Br}tton (1973)‘Views language aS'a too1 to make ‘sense
‘ofiexper1ence | He Wr1tes that a child beg1ns "with a dr1ve to exp]ore
the world he is barn into" and that speech ear]y becomes the ”pr1nc1p1e
1nstrument" of exp]orat1on (p. 93).. . '
~ Lindfors (1980& supports the view that 1anguage he]ps ch11dren
'make-sense of the1r experience. She contends that the1r theorj of -
‘the wor]d grows and changes as ch11dren encounter other's exper1ences,
ideas, and 1nterpretat1ons and "th1s encounter happens most of the

time through 1anguage ‘interaction."

As a“heans of reinterpreting past experience language also



Cod
servyes as an a1d Br1tton (1973) wnites‘ "'yf, “ ‘.
Language is one way of represent1ng exper1ence “ s f we'
_habitually use talk to go ‘back over events and interpret -
- them; making sense. of them in a way that we -are unab]e to
when they were tak1ng p1ace (p. 19) )
He v1ews language as a means by wh1ch we re- present past expertence,“ ‘
present cons1der, and re-wnterpret 1t agawn 1n terms of the evers ‘
; chang1ng and gpow1ng "theory of the wor]d" wh1ch shapee thet1nterpre—*
‘;tat1on, i. e., comprehen51on, but Wh1ch 1s a1sb shaped and mod1f1ed by
.exper1ence, i.e., 1earn1ng Br1tton speaks of. "symb011z1ng rea11ty
' by means of 1anguage 1n order that we: ‘may hand]e 1t [nea11ty]"-
.(Br1tton 1973). Thus 1anguage prov1des one. 1mportant means of p
':'comprehend1ng and 1earn1ng '

o

- Tough (1977) wr1tes of non- 1nteract1ona1 ora1 1anguage serv1ng

. w-"

. as an aid to focus attent1on ) To d1sm1/t the s1mp1e monitoring

r./1anguage use would be, 1anough S op1n10n,‘to 1gnore how 1mp0rtant

act1v1ty is to the bu11d1ngﬁof 2 ‘theory of the wor]d and, at the
" same t1me, to d1sm1ss act1o%:re1ated use of 1anguage as an 1mportant
a1d to comprehend1ng and 1earn1ng In other words, ch11dren S own

‘ ta1k1ng, as we11 as the talk they 1nteract with, can help focus N

AN

‘attent1on upon the comprehens1on and 1earn1ng of an immediate task
W1th respect to mathemat1cs, learning of ]abe1s is also related
lto exper1ence Early\stud1es 1nd1cate language labels aid reca11
mak1ng undenstand1ngs more retrievable (Carm1chae1 HOgan and wa1ter,
. 1932 Brownland Lenneberg, 1954; Fr1Jda and Van de Geer, 1961) To.
'”}re co11ect' exper1ence, the encod1ng of the exper1ence in language,

the ta1k1ng about ity makes an exper1ence more read11y retrievable



and the'way the e#périence is labelled will influence’ the recall,
‘that is ﬂthe 1abe1s themsélves become part of the remembered
' exper1ence | |
Piaget contends a major aspect of c09n1t1ve growth, egocentr1sm, -
_relates tg the ch11d S percept1on of exper1ence be1ng limited to a
szng]e“percept]on,:h1s own. It may be that in mov1ng the child to a
more uariable point of viewf that Tnteract1on makes its greatest
_contribution to cognitive growth. . |
Dona]dson (1975) wr1tes
.. Children are able to 1earn 1anguage precisely because they -
e possgss certain other skills—and specifically because’ they
havela relatively well -develdped capacity for making sense
of clrtain types of situations involving direct and '
immediate human 1nteract1on (pp. 36- 37)
Thus 1t wouldrseem that ch11dren use the understood-human situation
to pred1ct ‘language- and soc1a1 behav1or and to eventua11y learn to
solve abstract prob]ems Dona]dson be11eves that it is vital to be
able to eventually operate w1th abstract1ons 1n order to man1pu1ate
' var1ab1es, see new poss1b111t1es, solve prob]ems, in br1ef to control
one's thinking. She quotes Vygotsky: "All the higher functiohs have
in common awareness, abstraction and controit;(1978'»p ’59) For
young ch11dren, 1anguage does not exist in an abstract sense 1ndepen-
dent of the obJects and ideas. for which- it stands Therefore

1

well-understood personal experience of ch11dren in a way that makes

its ;tructure c]ear, thereby enab11ng the ch11d to focuSIOn mean1ng
T _
“and to gradua]]y become free of context. Thus 1nteract1on with

understandab]e tasks enab]es ch11dren to comprehend and.learn beyond

the task itself, that is to reshape, reth1nk and expand experience.

Dona]dson perceives the role of the teacher ‘as necessar11y organ121ng,»'"



. . The notion of language aidinglin going heyond"the‘preseht
situation is a major-tenantvof'Bruner (1964) who views 1anguage as
a cognitive instrument whereby ch11dren represent, man1pu1ate and
transform "the regu]ar1t1es of exper1ence“ apart from the dlrect :

experience 1tse1f' Perhaps Bruner means that by 1%nguage becom1nq B
a "cognitive instrument" for ch11dren, the children move from -
language that relies heav11y on personal, present, d1rect exper1ence
c.beuard a greater 1ndependence of 1anguage from immediate s1tuat1on
Bruner wr1tes further
As for how language becomes ifPnalized as a prOgram : )
for ordering experience my specu1at1on is. the process ‘ S
"depends upon the process of interaction with others. ‘
(Bruner, 1964 p. 166) |
He stresses the rec1proc1ty in 1earn1ng, i. €., the way we Tearn 1n_
dialogue and perceives d1a109ue as the 1dea1 c1rcumstance for
11nterna11z1ng because of the process of interaction w1th others
Bruner arcues for greater emphas1s upon spoken 1anguage in 1earntng f
" and in doing so aligns himself with Vygotsky. -

. Moffett (1968) also acknowledged the dependency o% 1anguage~upon”»é\ -
menta] growth as did Vygotsky Accord1ng to Moffett the maJor ﬁ H
dimension of growth 1is that the se]f enlarges, ass1m11at1ng the world
to 1tse1f and accommodating 1tse1f to the wor1d “In order for the

‘growth to occur, ‘however, 1nteract1on is essent1a] Thought and ,
speech must be matched and the c1oser the match ‘the- better the
commun1cat1on 0ra1 1anguage matches thought with speech, and one sj
own mind w1th the minds, of others , Moffett contends that the tru]y '

bas1c skills of thought mak1ng messages and’ mak1ng sense of. messages

from others are deve]oped at. the 1evels of exper1ence and oral

4
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sbeecﬁ. Moffett -and Hagner1(197§) write tha# "without the level
before, the next level is imposé%b]e." In the process of talking
about expgriénces ahd,percéptions, and in listening to others taIk‘

" about theirs, children learn to modify pv‘éxpand their own
internalized structures-as well‘és.t0>commgnicéte them without
ambiguity. Verba] interactiqn in an environment of conmdn experience
is for Moffett a‘time fdr;honing fhoUght and 1anguage.~’From the work
of Moffett and Hagner, two major implications for the teaching of
mathematics caﬁ'be deducedj First fhat L

Teachers of mathematics Tike teachers of language, have
“* mistakingly assumed because performance measures are based
upon skill in reading and writing numerally coded. inFormation,
that these are the basic skills.' They are not. They are.
derived skills and impossible of meaningful acquisition-unless
grounded “in ‘the basic’ skills-of thought and oral verbalization
. about mathematical ideas. 'The .teaching of mathematics should
- focus on thinking, to match thought with speech, and -
‘verbalizing, to match mind with mind. L :

Secondly:
— Mathématic teaching and learning exberienceé-shoqu bevsymboi1zéd
~in the verbal codes of ordinary language-at .both the oral and .
" written levels before superimposing the coding scheme of
mathematical notations. (Skypek, 1981) o

" _PROBLEM_ SOLVING.
ol -

v

© It is pos§ipTe that .'problem’ used’iﬁ_the genera]*gense[of' .

’achievingya'desired’stéte, in which case any‘fhinking with a des{keﬁ

result, can be consideréq to be 'problem solving.* In this narrow

sense bfbb]ém sqlving does not 1ngTud¢Athe_COncept of ‘understanding"',

’Vor"clarifying a sjtuation’ (de Bono, 1980). MOreovér, de Bono
contends that tqp;often Qnderstaﬁdihg and. clarifying are considered

to be‘pcoéeSSes of perception and thinking is then regarded as the

20,
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process of working upon perceptions to solve a probiem. de Bono

defines thinking as the "de]iberate expiorafion of experience for al.f
purpose" and that purpose may: be "understanding, decision making, A
pianning or problem. solving : Thinking is the operationai skill

through which intelligence acts upon experience Thinking, according 2 ‘g‘l

to de Bono arran-es ‘and rearranges perception 1n order that chi]dren

mdxlhave'a c]-iﬁfr view. "The JOb of thinking 15 to ciarify B
perception." M ' \
o Problem Solving ard Mathematics Lo S

Problen soiv1ng in mathematics is v1ewed as the "process of

' appiying prev1ousiy acquired knowiedge to new and unFamiiiar Situa;
t10n5" (hationai Councw] of Supervisors and Mathematics, 1977) It L
'may aiso be an individually acqu1red set of processes brought to -

bear on a situation that confronts the 1nd1v1dua1 (Le Bianc, 1977)

»It would seem that the latter definitions Jmply. the prev1ously stated
1deas of de’ Bono regarding experience, 1ntelligence and, thinking as'a-
~process of clarification.. N K s'f o S e

The. terms probiem .and probiem solving are‘furthér defined‘by .

s

Lester (1980) as

A probiem is a 51tuation in which an ind1v1dua1 or group is
called upon to -perform a task for which there is no readiiy
“accessible algorithm which determines completely the method of
"solution® (Lester, 1978; p. 54). It fallows that problem
solving is the set of-actions taken to perform the task .. e
{i.e., solve 'the problem). , This definition is consistent - S
- with definitions presented by several others (e.g., Bourne,,
Ekstrand &. Dominowski, 1971; Brownell; 1942; Duncker, 1945;
" Henderson &.Pingry, 1953; Kinsella, 19703 Newell & Simon,,
~1972; and Resnick & Glaser, 1976). - \ :

' Seeming]y,.the above‘mentioned ”set of act ons to perfoﬁm the

=
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task" would depend upon thinking, that is, exploration of experience .

for a purpose.

blem So]v1ng.

Polya (19654, ipteian, 1dentif1es‘fqur_procedures
inherent in prob]ém so]ving:» (1) understanding the-prob]em,
(2) planning to so]ye“the 6rob1em, (3) sOlQ{né the'prob]ém, andl
(4) reviewing the problem and the solution. Though having i‘denlh‘ied

the necessary steps of the problem solving process;‘Polya’s heuristic

. approach does not jdentify within each step tbose "processes or

"set of actions brought to bear upon the task " that 15, Polya fa11s

to examine "the exp]orat1on of the experience,"

Developing Prablem Solving Ability
© 1in Mathematics

" “Children and Problem Solving »

In developing children's problem solving abi1it§ in mathematics,
it is vita]Ty importent to identify problems appropriate for chi]dreh
of differing abi1ity and in different grade levels. The research of
Kieren (1980, 1979) and Pothier (1981) examinesAthe problem solving
achievements of young children seeking solutions to problems which
embed the rat1ona1 number cpnstruct

After de11neat1ng the cognitive aspects of rational nu%ber,
Kieren (1976, 1980a, 1980b) concludes that the system of rational
numbers,is.a éomp]ex constrdoﬁ\arisiﬁg out of real-life situations.

Basic to the rational number construct are parfitioning and equivalence
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¥
(K1eren.\1§80c). Pothier (1981) examines the partitioning mechanism |
‘as it re]ates to rational number construct. She soyght noﬁ enly
understanding of ?3;10na1 number deve1opment but alsa the 1mp11cat10ns

for the scope and seguence of a primary mathefratics program.

Pothier gkamTned the solutions achieved by young problem
solvers to datermine what children know, that is, the focus appears
to be upon the.achievements ratner@than upon how children come to
know using the‘pr6cesses apparent in the problem solving steps

identified by Polya. ° - o ~ ; 5‘

For the present study, the focus is on how children come to know-

as. they solve part1t1on1ng prob1ems The ro]e of language in this .

important facet of mathematical 1earn1ng needs to be identified and

clarified.

LANGUAGE AMD MATHEMATICS

. Among the first to be concerned with the relationship between
arithmetic and 1anguage was Thorndlke (1912) In speaking of the

/measurement of academ1c achievement, he stated, "As _you will know

- “our measurement of ab111ty in ar1thmet1c is actual]y a measure of two

I

/E~ths ‘sheer mathemat1ca1 insight and know]edge on the one hand;
Oand acquaintance with ]anguage on the other It s h1gh1y probab1ew ’
that Thorndike's concern. for.children gett1ng mean1ng focused on the
word- rather than on the broader goal of 1anguage use for 1earn1ng
wh1ch is necessar11y ‘more than acquaintance with language. However,
almost sevent/ years later, there 1s 11tt1e reported research tov

support the latter portion of Thorndike's statement, that is,

»
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'3/acquaintance with 1anguagea Tt appearstthe ro]e'of language within
- the context of mathematics'has rarely been examtned

Accord1ng to severa] reported f1nd1ngs, a number of 1anguage'
factors correlate with success 1n mathemat1cs L1nv111e (1969) 3
' sﬁcpnc1uded that both syntact1c structure and vocabu]ary level, w1th '
vocabulary 1eve1 perhaps more crucial, are 1mportant factors in the
ability to so]ve verba1 ar1thmet1c problems. The research reviewed
by K1rkpatr1ck (1970) 1n the area of vocabulary 1nd1cates a o
:cons1stent1y pos1t1ve and strong ‘connection between mathemat1cs,]
especia]]y problem solv1ng, and mathemat1ca11vocabulary (Buckingham,
1937 Eagle, 1948; Foran, 19333 Johnson, 1944 1949; Lyda and Duncan;:‘
1967 Vander11nde, 1964) Th1s is not surpr1s1ng since vocabulary
‘know1edge is bas1c to comprehens1on and students must comprehend the
| probl\\s before they can apply the mathematical concepts necessary
for the solutions (Kirkpatrick, 1970) i | .

, Br1nd1ey (1980), in a study of rat1os and fract1ons, re1nforces

l:the concept that ta]k supports 1earn1ng The results.of the study
substant1ate what has not yet been supported hy the- ev1dence-—the
be11ef that language and ta]k are an 1nextr1cab1e part of learning.
"Kn1ght and Harg1s (1977) contend that children's language deve]opment '
s 11ke1/ to affect their mathemat1ca1 1earn1ng For examp1e,~mastery.
of. the grammar of one- to one correspondence 1eads to the concept of -
"manyness. A second set of grammat1ca1 patterns occurs in noun
phrases that "conta1n ‘the fundamenta1 1anguage veh1c1e for present1ng
ar1thmet1c concepts." F1na11y, Kn1ght and Harg1s state anfunder-

‘ stand1ng of the syntax of comparat1ve construct1on 1s essent1a1 to m‘.

4
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cop1ng wﬁth ar1thmet1c reason1ng problems In a previous study,

'””futhat a sigriificant number of normal® children do -
. ' /

- not have adequate 1anguage mastery for success in mathematrca]

sett1ngs If many "horma]“ ch11dren do not have proper 1anguage
;structures for mathemat1cs, then 1t seems highly probab1e th}t the
1nference can be drawn that an even greater number of ch11dren |
1earn1ng Eng]1sh as a second 1anguage and 11ngu1st1ca11v hand1capped
ch11dren may have sxm11ar def1c1enc1es

Accord1ng to Cor]e (1972), research has shown that knowledge of |
mathemat1ca1 concepts a]one will not guarantee success in: mathemat1cs,
part1cu1ar]y in the area of written or verba] mathemat1ca1 prob1ems
The ev1denqe from the cited stud1es strong]v suggests that students'
success in mathemat1cs seems 1nextr1cab1y interwoven with the1r 1eve]
of‘]anguage power The latter can be cons1dered the 1ntegrat1on 6# two
. major areas of the ch?]d S development his th1nk1ng power and his
]anguage competence’ (Siemens, 1973, p. 9).

(AN

& B . . : - 7 -
Reading and Mathematics <

7

Stud1es into the relat1onsh1p ‘of reading to mathematics date

_back to the 1920's and 1930's. K1rkpatr1ck (1970) cites Stevens

(1932) conclusion that ab111ty in fundamenta] operat1ons of mathemat1cs

- Was more c1ose1y corre1ated with ab111ty in problem solving than with /

general read1ng ab111ty. Th1s f1nd1n L3S conf1rmed by Morton (1953)
who reportéd that skill in problem solving’ corre1ated h1gh1y w1th
- skill in fundamenta] operations and 1nte111gence, but showed a Tow,

though positive, c0rre1ation‘wtth reading sbeed; Other studies

25



L ]

|

thts area‘do nOt’necessarily agree with this conc]usion (Cummins, 1982;
‘Mart1n, 1964 P1tts, 1952 Skillman, . 1972)

A1though research is not conc]us1ve, ‘there appears to be genera]
agreement between mathemat1cs educators ‘and read1ng educators on skills :
_of read1ng mathemat1cs that are common to other content fields as |
well (Morgenstern, 1969 Muelder, 1969; N11es, 1969; Weber, 1962)
>In addition to the readwng skills which are operat1ve in the discipline
of mathematics and common to other content areas, research f1nd1ngs
support the need for specific read1ng sk111s, for examp]e, adJustment
- to vocabu1ary, adJusted rate of read1ng, read1ng charts and graphs,
and read1ng in verbal-problem solving. Not only are specific read1ng
skills requ1red by the reader of matheg@t1cs, the unique vocabu]arj, '
words, and symbo]s as well as the terse, concise nature of the
vbmater1a1 must be considered (A1ken, 1971 Clark, 1969; Cuevas, 1984;
Heddens and Smith, 1964; Kerfoot, 19613 Muelder, 19693 Reed 1968;
“stauffer, 1966):

I _ ,

. “‘However, there seem to be matters even more cr1t1ca1 than the
sheer‘ab111ty to decode and comprehend printed mater1a1 tHat re]ate tr
to the use of 1anguage in mathemat1cs Referring to young children
s01v1ng prob]ems in mathemat1cs, Nelson (1980)'contends that the

:;pontaneOUS behav1or of children solving prob1ems is varied and

seems to serve d1fferent functions at different age 1eve1s Based on:
x ‘

‘ _h1s research f1nd1ngs,_he conc]udes that the whole area of verbaliza-

'Jt1ons and the1r role in prob1em so1v1no§§£eds furthe# study (p. 195.

v
o
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. SUMMARY -

'ﬂReadings related to 1anguage and thinking show that the two

processes are so 1nterwoven that separat1on would be very d1ff1cu1t

As a consequence, mathemat1ca1 th1nk1ng would likely contain a 1arge '

1anguage component This wou]d not seem to be supported by research
and theory. Therefore, there is a need to exam1ne the role of.
1anguage when ch11dren th1nk through ‘to so1ut1on given mathemat1ca1
prob]ems The conc1us1on reached at the Commonwea]th ASSOC1at1on for
Sc1ence and Mathematics, Accra, 1975, seems pertinent a]most ten
years tater in that, "Any attempt to comp11e wr1t1ngs regard1ng the
‘role of}]anguage‘and mathéﬁat1ca1 educetton can only indicate the-
state of our 1gnorance The means»t0~he]p é]]éviate such 1gnorance
Cwill be 50ught by way of study1ng ch11dren wh11e the/ str1ve to

solve part1t1on1ng problems in mathemat1cs

27
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‘Chapter 111 | v

THE DESIGN OF THE EXPERIMENTAL STUDY

v
.

~ The purpose of th1s chapter is to present the methodology of the

__study The chapter 1nc1udes information concern1ng se]ect1on of the

samp]e,.the research instrument emp1oyed, methods ‘used- for collection

‘L ofsthe‘datag and the treatment of the collected data.
e :

< A
, bt

- SELECTION OF THE SAMPLE

#

The subjects of the study were selected during the fall of 19821f

\\

~'from.regu1ar classrooms, grades two through four, in-a school in the

St.'A1hert Separate’Schoo]'System, Access to the school and togthevﬂg
students was made available because of prior teaching experience

within the schoo]cby'the_researcher. Children assessed. to be of at

" Jeast average inte]]igence, average or. high 1anguage users, andf'

capable of 1nteract1ng in the prob]em solving sessions were chosen

The se]ect1on wasfbased upon the observations and. experiences of the

; regu]ar Language Arts teachers who worked with. the children on a

daily bas1s In1t1a11y, two 1nd1v1dua1s and two small groups of three'

*were chosen to represent each grade 1eve1 . Howeyer,fdue to the mass

" of data dérived for ana1ys1s,-on1y one ‘individual and one‘smaT1'group

of three were se]ected'from each grade level for analysis though
protoco]s for all are ava1]ab1e | |

Letters were sent’ by the researcher to the parents of the

28



o b L .
subJects (see Append1x A for a copy of the 1etter) wh1ch out11nes the

nature of the study and sought parenta1 perm1ss1on to 1nc1ude the

g data der1ved from. the ch11dren who partook in the studj o

RE'S EARCH INSTRUMENT

1

_The research 1nstrument used in th1s study was adapted by the

1nvest1gator from the or1g1na1 tasks des1gned by K1eren The discus-»

'sion of the research instrument prov1des further descr1pt1on of - the

tasks and the necessary adaptat1ons of the sks for this study
The or1g1na1 part1t1on1ng@tasks, prepared by K1eren (]079) fpr

studehts of grade four, as part'of.a-wr1tten test in mathematics,

were; based upcn real life- exper1ence, the shar1ng of p1zza 'In the

o spr1ng of 1982 the tasks were p110ted in oral" prob]em so1v1ng

| s1tuat1ons, f1rst w1th children in grade four, then w1th ch11dren 1n
- grade three and lastly, with grade two children.’ At each grade 1eve1

lfnecessary alteration of the tasks to make "a match" with the children

. became apparent. The alterations made were:
% - e

1. At the grade four level, .the space between the picture

referr1ng to the g1r1s and the picture referr1ng to the boys was .

" widened. Th1s seemed to separate the two steps of the problem.

2. At the grade/three 1eve1 the or1g1na1 quest1on,."1f each |
child gets a fa1r share of the pizza, who would g\t more pizza, each
boy or each girl?", wds perce1ved as too encompass1ng and was r
preceded by two quest1ons. (a) ”How much pizza does each boy get?".

‘_ and (b) "How'much pizza does each girl get?"' The d1ff1cu1ty

b
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experienced answering—the original—question-was eased y—the

revision.



€ 3. At the grade -two. level, 1t‘uas‘recdgnizedfthat the'question,‘
"How d1d you f1gure th1s out?“ would requ1re the ch11dren to talk
the answer through as their writing skills were 11m1ted

Although the tasks were not further rev1sed dur1ng the actua]

‘ 1nvest1gat10n, it became apparent that to separate the draw1ngs of thev
\p1zza from the caricatures wou]d have poss1b1y prevented the ch11dren B
perce1v1ng the p1zza as be]ong1ng to. the “ch11d because 1t s on h1s
_head "

These m1nor rev1s1ons appeared to redugg the task to a more
understandable, hence mare manageable, ass1gnment even though no -
manipulatives were prov1ded Moreover, the task 1tse1f tended to
be abstract, espec1a11y for grade«two children. |

Each of the fo11ow1ng five questwons was posited below each of
 the eight possible tasks:

1. How much p1zza does each boy get7 :
| 2. How much p1zza does each g1r1 oet? » '
i 3. If each ch11d gets a fa1r share of the p1zza, ho‘wou1d'get
. more pizza—each boy or -each g1r17 _ | - | S
. 4. Does each boy get as much p1zza as each g1r17 o |
5. Hon'd1d you figure th1s out?
’ A copy of the edght taSks-presented in sequential order is
’provided in'Appendix B. ) )
"'CQA_LEQTION‘ OF THE DATA.~ .~ .= 7 .

The data for th1s study were co]]ected between 0ctober 15 and

/

s
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" Instead the students determined when they wished to termrnate the

to not 1ntervene in the nathemat1ca1 prob]em so]v1ng processes To

L3107
v
In order that the ch11dren rema1n in the1r classrooms during .

pr1me teach1ng time, ' the data were co11ected in the afternoons

-~ Jhe tasks were presented 1n sequent1a1 order to the individual or

smalr group. No time limits to comp1ete the tasks were spec1f1ed ' S

g}

activity ~Sequentia1 1nterv1ews were arranged. Teachers were most '

. co-operative in re]eas1ng subJects from their c1asses as requested

No subJect was required to forego his/her favor1te subJect or act1v1ty

for an 1nterv1ew and an_ effort was made to create minimal disruption

- of regular classroom routines.

The data collected were v1deo and aud1o tape recorded and later

*'\transcr1pt1ons of aud1otapes were transferred to tvpewr1tten protoco]s

Samples are provided in the Appendix.

€5

o The Data Situation

Throughout the time of data col]ect1on the researcher endeav red

be cons1stent the first of the e1ght prob]ems was 1ntroduced as

: fo]]ows "I have eight prob]ems about shar1ng plzza I wou]d Tike . \\V\\

Ao

© to give you the f1rst problem and have you dec1de how you wou1d share

'_the p1zza fa1r1y among the’ boys and among the g1r1s P1ease share the

pizza fairly. You are the boss, the pizza- cutter and you know every-
one 1ikes fair shares Answer the quest1ons and when you are done
I will give you prob]em two.' - | '

As the children worked to solve the problems, the researcher |

made the Dretencemof "sorting. junk" or marking papers.- In facts




an effort was be1ng made to observe and record in a 1og book the
language and mathemat1ca1 behav1ors of the ch11dren
When it appeared the children m1ght seek more than m1n1ma1
'd1rect1on, the researcher Jleft the room but endeavored to attend to
the happen1ngs by 11sten1ng through use of the 1ntercom
Quest1ons and comments . directed to the researcher by the
lch11dren were typ1ca11y reSponded to by further quest1ons or probes,
for example, "What do xgg.th1nk7" "Can you te]] me more7“ "What makes
you think 507" or "Cou]d you try and think of a different way?"
Though not\a]ways poss1b1e, the‘a1m was to interact with the subjects

N

when neceSSary but]not‘to'teacheor to direct-the<ach1evements.

' Method of Data Collection

{
The prob]em soTv1ng sess1ons were recorded on VHS tapes,_of two

hour 1ength, us1nq a Panasoan V1deo Cassette Recorder (NV-8200)
and a Panason1c V1deo Camera (Wv- 361P) As we]] the sessaons were
. recorded on a Panason1c Aud1o Recorder (RO 2133)7wh1ch was s1tuated
on the table to the 1eft of the ch11dren The majority of the
n _ch1]dren seemed to forget that they were being videotaped as they
ibecame 1nvo1ved 1n the part1tion1ng tasks.
To supp]ement the tapes, 1nﬂense observation of_the children
>« was made dur1ng the problem so1v1ng sess1ons and the observat1ons
‘were, recorded in a journal, notwng the insights gained and

inferences made,perta1n1ng to the children's language use and the

partitioning behaviors manifested.

B
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TREATMENT OF THE DATA

+ No predeterm1ned p]ans for ana]ys1s and treatment of the data -
were made “ Instead subJects responses prov1ded d1rect1on for devising
}procedures and techn1ques most appropr1ate for analyzing the protocols

and report1no the findings. Information gathered from the 11terature,
part1cu1arTy the writings of Tough and Polya, prov1ded va]uable -
'1ns1ght that gave rise to the: criteria estab11shed for ana]vs1s of /f.‘
the data. Der1vat1on of a svstem appropriate for categor1zat1on of
: f the ch11dren S 1anguage was acc0mp11shed through use of- the f0110w1ng
procedures: | '
1. Intenserekamination and observation‘of the videotapes to ]'
determine patterns of behav1or, verbal or non- verba] “
2. Compar1son of the protoco]s of the’ transcr1bed aud1otape

with the v1de0tape, again searching for patterns of behav1or verbal

. 3
“or non-verbal.

3. Examination{ot the protdco]s and videotapes using Polya's
prob]em so]v1ng framework | | o

4. Exam1nat1on of each of Po]va s problem solving steps
determ1ned in the protoco1s using the oral language funct1ons and
strategles proposed hy Jough.

5. E]iminationaof'those ora1 ﬂanguage functions and'strategies-
determ1ned hy Tough wh1gh did not appear in the data. ' )

6. Add1t1on of recurr1ng oral 1anguage funct1ons and strategies

appear1ng in the data, beyond those proposed by Tough.

P



Reliability of Classification of ‘Students'
Oral ‘Langudge Responses

' The reliability of the classification of the types of student

responses was established by inter-scorer agreement.
Y,

“”t between 1nvest1gator and an indepen-.

The percentage of ag
dent judge was calcu]ated for each protoco1 The person 1nvo]ved in
estab11sh1ng the re11ab111ty of the c1ass1f1cat1on of student responses
was an exper1enced classroom teacher and as we]] an exper1enced |
reading clinic diagnostician former]y with. the Ottawa Public School
' System ’

The percentages of agreement between 1nvest1gator and Judge in,
relat10n to the protocg]s of the 1ndependent subJects were: grade two—-
93. 3%, grade - three-—95 7% grade four——94 8%

S1m11ar]y the percentages of agreement between investigator and
Judge in re]at1on to the protoco]s of the small qroup were: grade

two—-90 5%, grade three——94 2%; grade f0ur-96 54

* SUMMARY

In this study, des1qned ‘to exp]ore the funct1on of ch1]dren S -
oral 1anguage use in s$1v1ng mathemat1ca1 pr0b1ems, spec1f1ca11y
: part1t1on1ng prob]ems,L1n grades two three and four, 1ntrospect1ve
techn1ques were used in order to exam1ne the 1anguage and th1nk1ng '
processes Durf/g 1nd1v1dua1 and sma]] group problem so1V1ng se551ons,
a maximum of e1ght part1t1on1ng prob1ems were- presented in. sequence.
As much as poss1b1e, the researcher endeavored not to 1ntervene in

the prob]emvso1v1ng_act1v1t1es.

-
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|
1 responses were v1deo and audiotape recorded, transcr1bed as
writt

n protocols and analyzed by ‘the investigator. Criteria for
|
analysis of the data were Jetermined by the nature of the subJects

responses and based ~upon reported research and theory related to ‘

children's use of language .and the prob]em‘solv1ng procesglj Treatment

of the data was primari]y descriptive.
.In the next chapter, Chapter Iv, cr1ter1a estab11shed to make

the analysis possible w111 be presented.
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Chapter [V

" ANALYSIS OF DATA AND REPORT OF FINDINGS

)

The purpose of this chapter is to present the major %1ndings of .
the study which sought to examine how children use their language to
facilitate problem solving in given mathematgcal tasks;

To attain this goal it was desirable to select children recog-
nized to be highly verbé] and of af least average intelligence. a
Observation méde by classroom teachers of children in grades two
through four detérmined the children who met the two requisités;
verbos1ty and at least average 1nte111gence

The szza problems proved to be highly effective in enab11ng
small groups of ch11dren to demonstrate partitioning abilities wh11e
engéged in di}]ogue.. Also, individual children chosen to perforh
this tag{.wgre high]yvverbal in the‘process, thereby making it
possible to pursue and study the language used by individuals to
facilitate their thinking and mathematical learning as well to
examine the language used by children working within small graaps.

The descriptive data and findings re]ate to the use of anguage
by young children whﬂe engaged i mathematical problem solving,
specifically, partitigning on circular areas; | |

The prob]em solving processes of one individual anc cne small
group from each grade, two through four, will be described. At the

conclusion of each problem solved, a summary of the 1anguage-th1nkingr

and méthematica]Fthinking is provided to indicate the pattern of
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develppment exbﬁéssed‘by thelindividua1 and .the small group from each .
grade 1eved. | ) , |

As previously stated in Chapter III, no predetermided criteria
;were available to allow ane1ysis of the experimental, data. Der1vation'
of criteria arose through use of Polya's framework for mathematical
problem solvwng and examination of the language used by the children
manifested withjp‘the framework. This prppedurevenapled the researcher
to identify specifdd”landque functidns apd strategies used to facili-

- tate the mathematical learning.. Theﬁplan'to examine the language
funct1ons and strateg1es arose from study of the work of Tough who
initially examined 1anguage ar1s1ng in children's p]ay The methodology
‘ of Tough in conJunct1on w1th the framework of Polya enabled the |
researcher to derive criteria wh1ch made poss1b1e the percept1ons which

‘v-

have been drawn from- selected excerpts found in transcr1ptﬁons con-

sidered most pertinent to children solving given mathemat1ca1 prob1ems. '

- \J .
Included in this chapter, in sequential order, is the following

N

1nf0rmatioh'
: <
M f criteria derived for analysis of

‘ ]. An overview and ou,;?,”
- the data , ) A
t »2 Interpretat1on of data‘co11ected from (a)‘an individual.
. grade two ch1ld and (b) a smal] group of grade two ‘children. |
: s 3 Interpretat1on of langudge. and- 1earn1ng strategies ar151ng

. Tfrom data co]]ected from 1nd1v1dna1 chx]dren ‘and small groups of

i
1
3

ch11dren in grades three and four
-4.. Knbw1edge of mathematwcaT 1abels
5. fon verbal behav10r observed wh11e ch11dren so]ved the

dartit1on1ng problems.

L3
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- OVERVIEW OF CRITERIA USED'TO ANALYSE'THE DATA

Sunce the g1ven 1earn1ng tasks were mathemat1ca1 Po]ya s frame-
work for proQ]em so1v1ng served as a bas1c framework for the ana]ys1s

of the data _ E]aborat1on of each step, made poss1b1e from carefu1

study of ch11dnen sﬁverba1 and non- verba1 ‘behaviors der1ved from -
selected aud1o v1sua1 transcriptions, evo1ved As patterns of ch11dren S

1anguage use emerged, it became 1ncreas1ng1y evident’ that four maJor

‘fdnct1ons and strateg1es 1dentﬁf1ed by Tough with the add1t1on of one

'1mportant overr1d1ng category, the c]ar1fv1no function, would serve as

[y

appropr1ate categor1es for ana]vz1ng and desc ibing the 1anguage and

b
1earn1ng strateq1es app11ed wh11e solving the mathemat1ca1 prﬁblars To

fa¢111tate understand1ng of the cr1ter1a app11ed in the ana]ysws -0f

.,

. the data, a summary of the f1ve main 1anguage funct1ons ‘precedes the

outline of the cr1ter1a used-to analyze the data.

Summation of Language Functions
. - — T Y : f

L2

'C1argfy1ng Funct1on :

C]ar1f1cat1on is concerned w1th successful 1nterpretat1on and

understand1ng - This functgon relates to concern w1th status of se]f

[

_in that the desire to sucseed 1s 1ntegra1 and also to other recog-

nition as approva1,,agreement and reassurance are sought.

s il
s

Reportvhg Functaon

~ v,
'1 Th1s funct1on re]ates to immediate and recalled experiences. The -

¢

purpose seems to be one of 1dent1f1cat1on of the elements of the

Qexper1ence and is- served by a number of strateg1es which movg‘toward

Loyaf

¢
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logical reasoning in which the experience is organiZed'at different

levels of meaning.

D1rect1ng Funct1on

 This function- 1s/poncerned with directing the actions of self

and/or others.

Se1f Ma1nta1n1ng Function hJ

 This funct1on is concerned with the comfort fee11ngs, success and.
status of the se]f and w1th prevent1ng trespass on one! s propertyi |
“person and r1ghts Ma1ntenance of the self necessar11j involves try1ng .
" to control others and to not be contro11ed by others and hence: is |
‘rea11zed in react1on to others Se]f ma1nta1n1ng and relational

functlons of 1anguage are not 1ndependent of ‘one another

-

Rredicting'Function
' Th1s function is concerned with prOJect1ng beyond the immediate
exper1ence a seem1ng]y cogn1t1ve order1ng of events which have not »

N

'yet happened.

. OUTLINE OF L'A‘N.GUAGE' FUNCTIONS AND STRATEGIES "
WITHIN POLYA'S PROBLEM. SOLVING FRAMEWORK
: L. Understanding the Probﬂem e o " . : l*;%gg?“‘
5 Language and’ strateg1es used by the learner were: |
,) 1.7 C]ar1fy1ng the Mean1ng of the Stated Prob]em
| ' ;a._ 1nterpret1ng the problem by read1ng aloud to the self
-b-, 1nterpret1ng the problem by read1ng a]oud to others

c. assur1no the 1nterpretat1on . : ,4§



j; -seeking agréement Qf uﬁde?éfahdfhg
Just1fy1ng the 1nterpretat1on‘
iii. survey1ng poss1b1e a1ternat1ves ‘
2.  Clarifying the Meaning 9f,thgﬁl]1ustrat1on
;a; 1hterpfet1hg‘the‘i11UStrat10n |
i. d1rect1ng the self
ii;. mon1tor1ng deta11 '
iii. compar1ng deta11s~
.fb}‘ report1ng
f.-'OBServatioﬁs'°
ii. ‘analysis ®
' 111{_ procedurés to ihterprét
iv. ‘¢onc1u;1ons
c:'-imagining-by developiﬁg an 1méginary situation based
o 'upon rea] life | |
~ji1; Planning the So]ut1on
B Languageowas used for:
tT.vaeportinQ o

- a. toward 1og1ca1 Weason1ng_

i." referring to detail .. - #
1. 'recogn321ng related aspécts

ST i -
iii." making an aﬁa1ysis‘using»the above

._;},
iv. ' recogﬁ1z1ng and" extract1nq central meaning

ref1ect1ng on the mean1no of the exper1ence’

5 ;1nCFUd1ng own fee11ngs

L4

v i, Justqu1ng Judgments and act1on

40



I11.

Predicting

- od.

vii. reflecting on events and drawing conciusions

viii. recognizing solutions,

jx. sequencing.activity

o

a. ahficipating possible solutions
. b. anticipating and recognizing a]ternativés
c. 'pred1ct1ng consequences of act1ons

. pred1ct1ng alternate so]ut1ons based upon 1mag1ned but

"rea1 11fe s1tuat1ons

TR SN

ant1c1paté, qwnce of -events

Directing AT

a. mon1tor1ng gne's own act1on‘

b. dwrect1ng the act1qns of se]f

C. d1rect1ng the act1ons of others
quest1on1ng‘to seek co]Jaborat1on

e. collaborating with.othérs

Self Ma1nta1n1ng

a.
b.
C.

d.

1dent1f1cat1on of self 1nterest

juStifying andzrecogn1z1ng.ownershfp a

establishing condjtidns‘

sur¥eying possible alternatives

Solving the Problem

1.

a.
b.

- C.

. Language was used for ’ S B oy

. Directing by -

mon1tor1ng self or others

gu1d1ng act1ons of self or others

collaborating w1th'others
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2. Reporting-—movjng toward’1ogjcei"keqsoning py”
a. explaining a.process
p. 'exp1a1n1ng a process acqg@pan1ed w1th 111ustrat1on
e. Just1fy1ng Judgement
d;__ref1ect1ng upon act1on and draw1ng conc]us1ons
e. recogn1t1on of pr1nc1p1es and concepts

' f. analyzing problems and so]utjon§
‘31 C]arify%dg‘by'qUestibning'1n ordér'to

‘.

M a. seek‘assistance : I
b. seek:apbrova1~'
‘: ¢. .- extract meaning .
IV.‘ Revfewing the So]utioh:- .
\ Language was ased for' } :' Lo Lo ‘ .
1. C1ar1fy1ng 1deas by - | |

a. quest1on1ng o

b reéort1ng——mov1ngftowards 1Og1ca1 reasoning | |
i, exp1a1n1ng '
i Just1fy1ng ' .‘ . o o
'~1fi;’ecomparfhg o o |
eiv."ref1ect1ng
. v-‘,g‘ X S ,':y,_.conc1ud1ng
o vi. recognizing pr1nc1p1es

ec."'evaTuatxng

.;d.‘xread1ng a]oud
e vd1rect1ng
‘Ivi._ quest1on1ng to seek co]]aborat1on

-111 d1rect1ng'ectnons;qf,self,or other

w0 A . A oA
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SGLVING THE P1ZZA PRO@LEMS: GRADE THO -
Ind1v1dua1s and sma11 grOups were involved 1in so]v1ng ithe p1zza
- problems. Therefore, d1scuss1on of the strateg1es emp]oyed by the

'1nd1v1dua1 ch11d 1n attempt1ng to solve the p1zza problems is fo]]owed

by a discussion of the sma11 group strateg1es emp]oyed by the grade
two children. e |

DI

Prob]em So1v1ng Strateg1es of the
' Ind1V1dua1 Ch11d

Since there were eight p1zza prob]ems to so]ve, the major .
strategies used by John in each swtuat1on, beg1nn1ng with the simplest

‘prob1em and progressing to the most d1ff1cu1t, w111,be,descr1bed.

Pizza Proh]em One

G1ven the simple task of a]]ocat1ng one who]e pizza to each boy
and one whole pizza to_each g1r1 John demonstrated “that the fo]low1ng

strategies were' necessary.

”

1. Understand1ng the Problem. TWo strategies were initiated by |

the probﬂen so]ver when endeavor1ng to solve the proh]em 'The first

' _strategy was to read a1oud to the self the f1ve posed questions

(stated in Chapter 3). Of interest- while read1ng aloud to the self
f was the 1nterrupt1on by comments (e g.,"Pizza -- r1ght —- 1t S.
confusing. Well 1 think so -- if it’ s fa1r shares )- Th1s seemed
to be an acknow]edgement that the prob]em had been read corhect]y,
1ead1ng to the conc1us1on that the problem was confus1ng ”hen

: attempt1ng to understand the prob]em, 1t seems possible that the

43
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ch11d s‘concepts of fa1r' and share'~evoke'confusion. Th1s notxon is
supported throughout the prob1em solv1ng procedure and is demonsﬂp%ted '
H"by the d1ff1cu/Fy encountered by the prob]em solver in separat1ng the
two -sub-préblems, boys shar1ng p1zza from girls sharing pizza. In '
order to achieve 'fa1r shares there is the attempt throughout the
problem so1v1ng process to solve one all 1nc1us1ve\prob1em ch11dren
~ sharing pizza, rather than to solve each bf the two sub prob1ems The
confusion, giving rise to the d1ff1cu1tv descr1bed is f1rst identified-
in the conmentary of the ch11d while read1ng a]oud to the self, the
first strategy emp]oyed | '
The second strategy was to read the same questions to another,
_the researcher, as though reassurance was being sought‘ No commentary
accompanied the reading. - :.‘ | | -
Strategies to c1ar1fy the understandwng viere read1ng aloud to
the se]f and read1ng to another Mean1ng was seemingly brought to K
the prob]em by use of these strateg1es as the ch11d then Qﬁs ab1e to

proceed to plan to so1ve the prob1em

/

II. Planning to So]ve the Problemf By means of a quest1on, John

sought further c]ar1f1cat1on regard1ng the prec1se act1v1ty needed to
-'solve the problem (e. g- » "Do I just draw in the p1eces here -- to make
1 fair shares ) The implied reference of the researcher to the |
or1g1na1 quest1ons (1 e., "Mavbe you’ had better do the boys f1rst )

was recognized and reported by John (e.g., "That's a questlon").

CTIT. So]Ving the»Problem To sBve the prob]em, the child used '

{‘rs Tanguage - to d1rect the action (e. 75 "He gets four p1eces ) to,



5

S

mon1tor the act1on (e g:» "Okay-' Just'CUt them 1ihe that. Okay")
.and to report the progress (e g s "Three"‘and "That 3 her pizza' .

Tn response to the researcher S probe, “Can you tell me why you're
dividing them up?" the problem so]ver reported "I m d1v1d1ng them

up so each boy and each g1r1 gets -- like -- 4 pieces. Cause 1f

I was d1v1d1ng them up 1nto 4. over here and 3 over here 1t wou1dn 't be.
fa1r shares " Th1s report 1mp11es more comp]ex th1nk1ng than s1mp1e
mon1tor1ng or directing of one's, own act1ons The reason stated \
implies a move toward 1og1ca1 thinking to exp1a1n the process and . |
Just1fy the behav1or

The functions ofthe 1anguage used to- solve the: prob]em were

d1rect1ng (the strateg1es being to d1rect the action of se1f and to
imonitor the act1on) and -reporting. Embedded 1n the report is an
iana]ys1s wh1ch refers to the components of the prob]em and a ref]ec—
“tion upon the meaning of the, so]ut1on Ev1denced by the solut1on,
the problem so1ver realized: that each bov and each g1r1 wou]d rece1ve

one whole pizza but 'fair shares’ seems to imply equa] s1zed pweces

— . Reuiewinp the'Problem;and‘the Sofution. The so}ution
reported wa's "four quarters 4 In‘response~to theiqueryg "What's'
another name for four quartErs? HoW«mUCh has he got?", the problem’
'solver stated “four p1eces -- that S one who1e p1zza , The‘chiid
’determ1ned that "four quarters is "four p1eces", that 1s, “one-
pizza."  One p1zza 1s recogn1zed as "one whole p1ece" and it 1s
restated that 1n this prob1em “one whole p1ece seems to be "actual]y
_one whole p1zza " Lanouage served to report and oerhaps Just1fv the

g findings. Furthermorezthe ch11d s talk suggests that the problem '



!

so]ver had ref]ected upon the so1ut1on made an analysis, drawn conc]u-

~sions and ev1denced a determ1ned effort to synthes1ze the conc]us1ons

: Summary' Language and Strateg1es Wsed in So1ving Mathematita]

Eﬁgplgm_gﬂg -Once the problem was c]ar1f1ed and the solution p]anned
(i.e., "Do I just draw in the pieces. here, to make-fair shares7"), the

4prob1em solver had no difficulty and began part1t1on1ng 1n fourths

using a hor1zonta1 11ne, ha]v1ng, and 1ts perpendTCUTar bisector

Pizza Problem'Two

" To solve the prob]em of shar1ng one p1zza among three boys and
-three pazzas among n1ne g1rls, John demonstrated the fo11ow1ng speC1f1c

strategies were necessary. ;

il . ’ . ¢

1. Understand1ng the Problem. As thé'chi1d used hishianguage

to c]ar1fy his 1deas and seek understand1ng, three strateg1es were "

' apparent- reading a]oud to the self, reading to another, the

researcher, and quest1i;jhg. Having read, the prOblem'so]ver'conc1oded,
4

"These are the sane qu st1ons" and then quer1ed "Fa1r shares?”'as 1f

_,to.aff1rm the,de51red procedure.

1. Planning the So]utfon' The plan~was~eVidenCed”1n one

“utterance (i.e., "Make it equa] to six pieces’ ). John used his =/
'

1angua§e to d1rect the activity of self. This p1an necess1tated use _'
~of the halying mechanism to solve the problem and- was 1n1tmated with

a horizontal cut.

LA

T11. Solving the Problem. The solution of the prob]em was soughtA

in two steps: (1) to share the pizza fa1r1y among the boys and (2) to
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,share the plzza fa1r1y among the girls, using the same procedure as
‘used in step one, part1t1on1ng to eventua11y achieve thirds.

Dur1ng the,f1rst st@p, the language again seemed to prov1de se1f—
| d1rect1on and mon1tdr the action (e.g., "-- across [QE%}] -- and three‘
boys -- No ~-- eraser - [(55} “y. In respOnse to the probes, "Uhat are
. You try1ng to make7”, ‘lhy?", the problem solver reported a perce1ved
re]at1onsh1p to Just1fy the act1v1ty (i.e., "Pieces -- sO each boy gets
~one fair p1ece.of pizza"). Ta1k1ng to the se1f (whispering) accompanied

the.second step, partitioning_in thirds (e.g., "-- Tike that --").

Iv. RevieWing the Problem and the Solution. The problem solver

; .used his 1anguage to;c1ar1fy by questioning (e. g ) "dividing sign?") - \
and to try to 1og1ca11v°reason the so]ut1on Severa1 attempts towards
.1og1ca1 reason1ng were apparent To Justwfy the Judgment "they get
~ the same amouﬁt " the prob]em so]ver stated "I needed three pieces
gggsg_there s threé boys;" “Cause each boy gets one p1ece of- p1zza out
-of three [p1eces] and: each girl gets one p1ece of p1zza out of three
[pieces]," and "I drew three 11nes s0 each girl got dhe piece. out -of .
three." To exp1a1n the process, John reasoned, "I figured it out by
starting‘iﬁ the centre and drawing three 1ines out from it [the | .
centre]" end "f divided the‘gir1svup into groups, three groups, -this -
pith.~this pizia, this pizza." An effort had been made to compore"
the two solutions: "I'took -~ took them out of one pizza and put it
with the other and the other The problem solver had ref1ected
.upon the so1ut1ons, searched for a means to confirm sameness, and”

concluded the work was aCCUrate by use of comparison and analogy.

In fact, the paper had been folded to,p1aee one circle atop the other,



he]d'to the"Tight ‘and the "pieces" analyzed to be identfda]-cize.

It seems s1gn1f1cant that the problem solver recognized that the
ar1thmet1c process needed was d1v1s1on (e.qg., “One p1zza d1v1ded by 3" )
By using speech to d1rect h1s action, he wrote(1/3 (i.e., "Th1s, 1,
and /, 3 over here [1/3]") but was unable to recogn1ze th1rds (e‘g.;
" d1v1ded bv 3 is 2“). Having refleoted upon the symbol 1/3, the
prob]em solver conc]uded that he did not rea]Ty know the name.
.Apparent]y the problem Seemed to be that the child- did not know the
.-:1anguage 1abe1 necessary to clearly 1dent1fy his so1ut1on/although he
'd1d demonstrate cons1derab1e understand1ng,of the concept,partitioning

~ 9’

“in thirds.

Summary: Language and-Stretggies Used When So]ving;yathematical
.ProbTem Two. ’In summary the specific steps taken.to soﬁve

. the mathematica] proh1em and understandings achieved as revealed by
John's action and language use were:

1;' The child recognized that. two probfems existed within: the
task and that two answers were necessary. Therefore, the problem for
him seemed two-fold: (e) to share the_pﬁzza among the boys and (b) o
share the pizza among the'girls. This recognition was not as evident
when so1ving pizza problem one; seemingly,ra transfer of 1earn1ng hod
occurred' N |

2. Next John determ1ned‘the answer for (1), using the ha]ving
mechan1sm by means of a hor1zonta1 cut. to ach1eve sixths, as shown
in Fjgure 4.1. Then the so]ut1on was revised by erasing to ach1eve |

thirds: -
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F‘igg,re 4.1

The Strategy Emp]oyed to Achieve Thirds

3. The solution for (2), (i.e., to share the pizza among the
girls), was obtained by grouping and then partitioning in thivds to
achieve one to one correspandence within the group. The stated

reason for grouping was, "So each girl gets oné;piece of piiza SO

oy
.

: 1tAw11] be even with the boys" rather than an ana1ysis'ofrdetails N
inherent fn the prob1emt(1.e., nine gﬁrls}and three pizzas). It 15 
1ﬁteresting to note that partitionin@ in thirds}no,1onger began with
thevha1v1ng mechanism. Apparént1y~the concept of partitioning in

_ thirds had evolved as shown in Figure 4.2.

Figure 4.2

~The Progression of Partitioning in‘Thirds

1%
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Pizza Problem Three
« Given the task of sharing two pizzas among three boys and eight
pizzas among'twe1ve girls, John demonstrated that the following

specific strategies were necessary.
- : | - |
I. Under;tanding the Problem. HTo clarify the problem, the

problem solver»seeming1y assumed thepqpestions were the ;ame as those

_in the previous tasks as the questiohs were ignored and John first

1ooked at the pictures. After focusing upon the;p1ctures, he responded

to the researcher s comment "This one is a little tr1§k1er," by | , &
observ1ng and ana]yz1ng as 1f to reason why the problem was trickier +
(e.g., "Cause this gir] doesn't have a pizia"). ‘lhen reflecting upon
the’meaninglof the experience, referghce waetgade to needs (i.e., "I

don't want that one [girl]. This girl gets one whole Piaza and the

rest only get half”)..

i

II. Planning the Solution. By thinking aloud to himself, the

"problem so]ver exp1ored several a1ternat1ve so]ut1ons which were
embedded in a series of reports and pred1ct1ons. There appeared to
be an effort to analyze and extract the s1gn1f1cant meaning (e.g.,
"There's three for one here and there s three for two here" ) and to

reflect upon one's own fee11ngs (e g., "This one 1s tr1ck1er,

A ',p .

._’.n_

F"m1ght be easier if -- this is rea11y tough ) The strateg1es W1th1n :

m,,.

boys. Let s see --1 put pizza in-halves and a: half 1eft,ﬂf“0n§ przz&

B %

at a t1me, have to cut it into -- pieces --,
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pizza] to the girls,“‘"l thfnk I'M try that. That's two [pizzas] each
[Qroup]“) . Through use of prediction, the ch11d had loaically
reasoned that both part1tion1ng and grouping were necessarv to so]ve
the first part of the problem, that s, to share the pizza among the
boys. v ‘ ‘
To predict the likely procedure necessary to solve the second
part of the prob]em (i.e., to share the pizza ‘ameng the g1r1s) the
child stated “Probab]y the same." gyedicted consequences of the
action were made by reference to deta11 wh11e th1nk1ng aloud (e.g.,
"She's for that pizza. She s For that p1zza She's for-that pizza.
That would be -- two girls for - another p1zza -- th1nk it 1s one p1zza -~
‘eight pizzas -- four more pizzas"). llhen the poss1b1e so]utlon was
not succe§sfu1; the problem solver expresseq h1s frustrat1on‘and need
for assistance (e. g "I don't know how -l'where“s that teacher").
Lo The utterance served a seif-maxnta1n1ng purpose- ‘
When rev1ew1ng the proh]mn so]v1ng process w1th the researcher,
the ch11d S statement, "threF g1rls, one\p1zza," implies grouping had
‘ occorred. However} four p1zzas rema1ned Through a series of quest1ons
“the'think1ng was c1ar1ﬁ1ed as shown ]nvthe following teacher questions -

A

Uand.chi\ld responses.
. T

"How “many pizzas ieft over7“ ) ‘,“F°“”"
d .
"How many groups of g1r]s ‘do T "Four"’ o Y
g you have?" ‘ . T “ : . .
'ﬁ‘x l"ﬁ . Fu . ¥
"So what could you do with the « = "One more pizza for each
four pizzas that are left over?" oroup"
e "-~ S0? --" ’ ‘ v' i "How am I going to d1v1de
PR . A 1t?"

Language seems to have served two functions during the review outlined
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above-—report1ng and c]ar1fy1ng ‘By raisiné questions as a possib1e

" means of gaining understand1ng, the prob]eh solver was enab]ed to

" proceed directly to the solution.

I11. Solving the Problem. Only one utterance was eXptessed

(e. g ; "Ooops“) ~ This monitored the action and directed]hew action

)

'(1 e., eras1ng) that resu]ted in the solut1on (i.e., thtrds).

—

IV. Rev1ew1ng*the Problem and the Solut1on

'to serve- two 1mportant functions 1n the review of the so]ut1on-—A

I report1ng and c]ar1fy1hg ““By ra1s1ng a quest1on as a poss1b1e means

of ga1n1ng meaning, the problem solver sought . c]ar1f1cat1on (e. g ,

" "How much d1d I get out‘of each p1zza?") Embedded in the report 1s

/.

the genera11zat1on that fair shares is the same amount (e.g., “Cause

.Summary Language and Strateg;es Used in So]v1ngﬁ”athemat1ca1

/

, o if ! s. fa1r shares, fa1r shares means you ‘get the same amount")

Probiem Thkee As reﬂected in the ta]k the so]utmn to th‘promem

7iwas sought in the fol1ow1ng sequent1a1 steps
| Part 1): (the boys)
1ts “I cut th1s p1zza into. three p1eces
| three”boys"

2. "I cut up three more p1eces”

3. "I gave each boy two pieces"
En - Part 52) (the‘g1rls) :
» 1. "I jgave each group of gwrts one‘p1zza
7. '"I.gayefthe leftovers to the groups.

pieces"

-

/
/

Cause there was

Each group gets two

Language appeared

///

A
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Xy 3. "I-divided the next pizza up into three-gg;eachﬂgir1 gets )

l, problem solver suggésts&

’

a two p1eces

art (3): (Compar1ng)

'1 B took my f1ngerna1] and measured 1t, Jrovides evidence

that the child had sought to~prov-;“ oracy of his
solution, '"they got the same.

I

Pizza Problem Four . : _ ﬁ“k'

G1ven the task of shar1ng four pizzas among seven bays and -two

p1zzas amorig four g1r15 John emp]oyed the f011ow1ng strateg1es

1. Understand1ng the Problem. The “problem so]ver 1ooked at the

p1cture, reported his observat1on by referr1ng to detail (e g. ,"Oh' Oh'.u

. Now Iook at all the: boys“), and, seemjngly assumed that the‘quest1ons :

.

were the same as those 'in previous prob1ems as there was no rereading.

If. P]ann1ng to So]ve the Prob]em - 1In a series5of reports to.

the se]f,mas revea1ed,1h he fo110w1ng examp]es, the 1anguage of the

/ ( 2 .
erious efforts were made to ref]e;t.upon L
the meahing of .the prob]em.‘

Examgle /A o Strateoy Used
-h1. - some pretty to gh" ; ref]ect1ng upon the exper1ence and
his own fee11nqs
2. "The girls are’ “easy to ' ’ se]f.majhta1n1ng

d1v1de 1 know that "

>

"3. '"It wouldn't work Two boys anticipattng a possible soTution ] |

~ got one, pizza cause there and conseduence. - o Sk
~ will be one left over. ‘ : , o for
4. "4hat would I do? -- three-  raises a question to focus and |
pieces -- no, I have to --". clarify the procedure _ o
| : d Cano ' B
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it around == sure, I could do it").

5. "It can't be. One guy gets analyzes a possible solution;
“."__one whole pizza .and one guy - finds it dnappropriate
gets an itsy bitsy p1ece' L o ' !
6. "It would be a 1ittle hord - recegn1zes an alternative course;
" cutting it 1nto seven p1eces " of action and reflects upon the
o d1ff1cdﬁty '

f s '~\.f' o

By means of a question, "What did you say?" the researtherx

attempted to focus the ch11d upon h1s last statement (see number 6

_ above) Ignor1ng the researcher, however, John focused upon the

second pizza and pred1cted the same d1ff1cu]tv (e g.s "It would be a
N\ v

11tt1e hard cutt1ng it [the second p1zza] into seven p1eces aga1n .

He then‘d1rected h1s ‘action and pred1cted success (e.g., "-- turn

-

~ ‘ 9 \

II1I. Solving the Problem. - Four utterances were made while

;so]Ving the,prob1em The first monitored the act1v1tv (e.g., .

"four -- -half"):  the second pred1cted a better procedure (e.g. ,'“L

know‘I'11'cut it 1nto f1ve.[s1c]~p1eces“) the third monitored the
4

' act1on (e g. ;}"1 2, 3, 4, 5, 6, 7, ") .and the f0urth reported a

sudcessful so]ut1on (e.q. ,'“I've got seven p1eces . Upon-comp]et1on

: of the task the ch11d sought by means of a quest1on to clarify the =

solution (e,g., "tht S my.answer"), seel 1:9]y\search1ng.for<a 1abe1.

x’-;;,n 2

V. Rev1ew1ng the’ So]utwon It appears that the prob]em solver -

used 1anguage for three purooses, name]y, to c]ar1fy the mean1ng, to :

report the so]utjon and to explain a process.. . To c]ar1fy the meantng,

each of the origtna1 questions was read aloud and then the solution

, reported To explain thevprocesS’whiCh'enab]ed'the child to determine-

which 'wa more 4/7 or 1/2, the child appeared to have ref]ected upon

1

|

54
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- part (2 )'of the prob]em and this part was answered first.

‘Portions less than one-half appear to beh}abelled as "p1eces.

a poss1b1e proof (e.g., "Let's see"), and reported that he had used

the d1agrams as the basis for proof In fact, he had placed 4/7 atop

1/2 and recognpzed 4/7 yias more. Th1s 1mp11es the ch11d had, by
,Tog1ca1 reasonTng, sought a means to know which was more, lacking on]y

the labels needed to convey the mean1ng o - .

Summary: Language,and'Strategies Used llhen.Solying. Mathematical

Problem Four. -

’ ' ’ . . 'Q'-‘ B
1. \hen given'the'task, thejprogleﬁ;was.recogniZed'to‘require

two answers.

2. The soTut1on one-half, was, 1mmed1ate]v recogn1zed to

—

3. Once the answer was determ1ned for part (2) (1 e., the -
girls), the prob]em solver endeavored to use the samé process
(haTang mechan1sm) to ach1eve the soTut1on to part (T) (1 e., the.
boys).‘ | ' . | |

g, The process was 1n1t1ated by group1ng, wh1ch was: unsuccess-

ful. Then one to one correspondence was sought us1ng tr1a1 and

13

-‘;error In summary, the prgcess evoTved as ‘showh in F1gure 4 3
The solution was correct and recogn1zed as ”four out of* seven.

- Again, no Tabe1~was»ava11ab1e, The s1ze was reported as "p1eces

Q.

N 55.
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szza ProbTem F1ve . v

‘ Uhen presented with the task of shar1ng s1x pizzas among four
}.

1;boys_and nine p1zzas ‘among STX girls, John demonstrated that the

following specific strategies were necessary. . "o

1. Understanding‘the Prob]em John inmediately referred to' the

'p1cture, focus1ng his attent1on upon the boys Seemingly, the. child
assumed that there were two quest1ons ta be answered and that two

‘soTut19ns would be required..

A

1. PTann1ng the Solution. The soTut1on to the prob]em was

ipTanned in the foTTow1ng sequent1a1 steps

Part 1): (the boys)

The 11ngu1st1c activity of the ch11d reveaTs an attempt to

~predict poss1b1e soTut1ons and suggests strateg1es of Tog1caT reason1ng

to arrive at a concTus1on as' r vealed in ‘the fol]ow1ng~examp1e.

Two pizzas for 'two peopTe and there would be two left over\
So that might be three pizzas for two kids equals three:

- pizzas for two kids. So I think  they have to 9o that

way. L . ,

“The problem solver had referred to the detai] of_the probTem,‘reoog-

“nized possible soTutions,freFJected‘on the solutions and derived a '

|

plan. The use of "so" indicates awareness of relatedness and
' . |

connectedness., "Might be“ suggests that the child was aware of other

: poss1b1e soTut1ons and "I think! precedes the concTuswon

“ part §2) "(the g1rTs)

The funct1ons of. the T1ngu1st1c act1v1ty wh1Te p]ann1ng the
second solution were to refTect on the mean1ng of the exper1ence,

1nclud1ng the child's own fee11ngs (e. g R "That s a 11tt1e tougher")

£



: : ¥
. to predict a possib]e so1ut1‘on (e. g‘", "It has to be two for three"), ﬁ
.and to clarify the process by quest1on1ng (e g., "How can I divtde
_into four pjeces?")., At. th1s po1nt John apparent]y equated two
4‘p1zzas with two gjr]s, became'confused, referredsback to part (1):
| (the,boys)jano re-directed his thinking and'activity'(e.g;;l" -- get \
three pieces -- so half right in the middle --")._ The child had’ |
apparent1y,ana]yzed, seiected'and discriminateda 0f particular
interest fs,the,predictionimadeifit‘s two ‘for three. It has to be

two for threép‘Since two. boys share three piizas‘in part (1).

¥
|

- IIT. -So]ting.the ?rohtem."After p]anning‘thevso1ution'no
ianguagefwas.usedvto so]ve the problem Of'sharingtthe pizza amohg
~the boys.. - | : i_ o - o
" To solve the prob1em of sharihg the pizza ahohg the gir1s,.the '_‘mf;
~activity of theﬂprob1em solver was monitored, a strateg& of the
directive"Functioh (e.o.,.“Onec two s- there's two* for three, two
" for three, tho for three") ano the'solutton then reportedr(e.g.,h”Each

. girl gets three pieces -- three pteces”). »

Iv. 'Reviewingjthe Prob]em‘and the So]ution In response to.the

question of the researcher, "How much p1zza did each boy get7" the

“problem so]ver sequent1a11y read a]oud each of the printed questions’
1nd1cat1ng the need to c]ar1fy the quest1on$, probably because th1s
‘need had not. earlier been sat1sf1ed The ch11d then conc]uded ”If
they get fair shares, they would have’ the ‘same anount ! Th1s state-

.ment and’ the. attempt to determine- theﬂso1ut1on to shar1ng the pizza

mong the g1rls by us1ng the same procedure wh1ch was successfu]

e e e e
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to so1vé sharing thé pizza among the boys suggests the‘problemdsoTver
I g ' ' : S .

may have projected the above conclusion into. the second part of the

posed prob]em; By ‘talking it throughﬁiJéhn endeavdred~to'1o§ically

|

reason th?,§o1ution. Twice hé.sougbﬁ_ﬁg;clérify»the question, "How
much pizza does each qufgéffn rst, a question wa§‘directed to the

reséarcher'(e.g.;/}Ih a group?");‘ secondly, a question was erécted
to the self as//f toJfocu; attentiqn (e.é.,""How much does it go |
together"). John theh reportéd; nIf you put them togéﬁﬁ?ﬁ»ﬁh&tmydu1d
make one pizza and" a half." The solution to sharing thekajzza among

ENEEY . L & \
the g*%@ﬁ was reported and explained: "A pizza and a ha[f. The two .

" halves together and.you wdbfﬂ have one more half left over so.it's
three pieces. It's a pizza and a half." Through use of logical
reasohing the child recognized the mathematical prihcip]e that three -

halves equal one and one half. o
. AV

To desdfibe\the p?océgs,'dbhn reported:

Okay, I figured it because, first I tried two people for -- -
“two boys for two pizzas. That didn't work. So I tried three.
boys for -- two boys for three pizzas and they had -- I
divided so -+ so that each boy gets the same amount., Then -
girls by three pizzas. for two girls and then I drew in a line
“to divide the pizza in -- pieces. That's how I figured it out.

\

The‘report indicates a planned solution and that the plan necessitated
grouping.. The arithmetic process was recognized as division and
there was the need to achieve equa]rpOrtions or sameness (e.g.: "So

_each boy gets the same amount").

[ O
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Summary: Languegg>and~$trafegjes Used:hhen Solving Mathemapidal

. problem Five.

| 1. \hen presented with the task; the.prohqem_was recognized to
require two answers | ‘ | | |
2. The soTut1on for sharing the pnzza among- the boys was deter-
mined f1rst The procedure was to group (e g., "equaTs three p1zzas
for two k1ds"), and then to part1t1on in halves us1ng horwzontaT
cuts as shown in Figure 4.4. |
3. The probTem solver used the same procedure to share the-
p1zza among the girls as had been successfu] to solve the problem
of shar1ng the p1zza among . the boys (e.g , "Its two for three. _ It
has to bé two for three"). o " -
t,4; The.problem solver concluded three halves is the’same as
one and one half (e.g., “IT you puo them together that would make
‘one pizza and a ha]ff). _After attempting one to one.correspondence, |

the'process to echieve the solution evofved as follows:

Figure 4.4

Transfer of Problem §01v1ng Process to AchTeve
One .and One Half



Pizza Problem Six

Given the task of sharing three pizzas among seven- boys and

sharing one pizza among three girls, John demonstrated that the

following specific strategies were necessary.. ‘

3

I. Understanding the Problem. Ignoring the questions, the

problem solver referred 1mmed1ate1y to the p1cture and concluded L
"The g1r1s aren t hard " indicating a recogn1zed so]ut1on and a
reflection oF his. own fee11ngs . Attent1on was then d1rected to
Part (1):' (the boys), (e g- > "Let s see 1f I can f1gure out the

boys").

ﬂiI: ‘Planning the Solution. The language used by -the brdb]em‘“

solver as he monTtored h1s own act1v1t1es suggests that by a process
of e11m1nat1on, based upon pred1ct1on and reason1ng, various poss1b1e'
so]ut1ons were ref]ected upon and d1scarded as 1na0propr1ate (e.g.,
"“cet's see. One for one pizza. Nope that d1dn t work. Two for one
pizza; No. Three for one pizza. oh. .Oh. 1 took my name ~-

[1naud1b1e]“). Embedded in the process is a reference to the deta11

(e.g.s "seven boys for three p1zzas") which seemed to g1ve rise toa

new poss1b1e so]ut1on (e g., "g1ve one pizza to each boy, there w0u1d
;be four boys left over"). In response to the researcher's probe

(e g., "What happens if you try doing 1t“the same way as the g1r1s")
the prob]em so]ver referred "to the ‘pictured so]ut1on, Part (2) ~ (the
girls), pred1cted (e.g., "I th1nk I know what would happen”), »
monitored his.activity (e.g., "If 1 divided this way -- these guys

get it -- three -- these guys wod]d get this. Then this"guy would
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get that --") and concluded (e.g., "This one doesn't get near fair.

He s not having a fair share"). The conclusion was‘supoorted by
Togieal. reasoning u51ng comparison (e.g., "Cause these guys get a

small piece and he gets a.great big pizza“). This process seemed

to provoke new insight (e.qg. ,."Cut it in seven pieces!"). The
researcher, by means of a question, tried to focus the child's
.attention (e.g., "Nhat shouhd he have?"). The child stateq, "llhat he

. -should have is something like that" and drew (2} This also apparentiy

led to a possibie new so]ution (e.g., "I know. Get seven more pieces")

: III,/ Solving the Probiem. The subseqoent attempt to enact the.
predicted solution was accdmpanied by speech which‘monitored the
action (e.qg., "-- cut it [(2;] dnto seven pieces but;then it won't be
fair shares. Let's see. Umm"). By partitionihg ih thirds, the
child neared compietion of the soTution. The ouestion, "Wlhat are. you
going to do with the ie‘t‘over part," Qas responded to by, "I don't
know. -[pause] Cut it 1nto seven m0re pieces'" The activity was
v hghitored‘ (e.q., ”1, 2, 3, 4, 5 6, 7"), correctedy accompanied by
monitoring (e. g. ,_"Hore pieces have to go. Hot big enough") and

reported (e.g~, “I d1v1ded the one piece 1eft over"),

L]

IV. Reviewing the Problem and_the Solution. In response to, the

questions of the researcher, the child reported his answer and sought
to c]arify the reseqrcher S questions by means of h1S own questions,

) as ev1denced in the foiioWing dialogue:

-

62
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(Y
Researcher TR " Child
"Can you tell me how much each " One piece.”
boy gets?" ' » '
"How b1g is that p1ece?" ; o "How big is that piece?" -
" "One p1ece out of how many?" M"Three."
"How much does each girl get?" " "One."
“"Qut ‘of how manv%" : ’ "Out of three."
"What did you divide that K:Z;] "Seven'pieces."
into?" _ v
"Who d1d you say got more?“ R "The boys."

When explaining the process reference was made to deta11 and
“agaim justified the reasoning (e g. , "There was seven boys/here and
each one of them got one piece and there still was some more - 1eft

over so I decided~to cut that in seven's. -- One more t1me, SOuthey‘
each got two pfeces");»vLabeTs were not ava11ap1e to report the size

© and - reference was not madé te the cencept inherent in the problem,
~that is, three pizzas, seven boys means three- sevenths The overriding
-notion seemed to be that fa1rness meant a11 the children should

" receive the same amount.

Summary: lLanguage and StrategjeS'USed'when Solving HathematicaT'

‘Problem Six. . * o . ; -
1~"Nnen presented wiih the tésk, the problem solver recognized

~ the prob]em requ1red two answers. ' | | , | .
2. Part (2) (the q1rls)- The problem soner stated, "I knowj

The girls aren't hard" and 1mmed1ate1y determ1ned the solution by '

partitioning in thirds.

3. Part (1) (the boys): The problem solver while momitoring .
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. Figure,4.5 . ‘wﬁ “

Five Progressive Steps to Share Three Pizzas " W,

* among, Seven Bovs

| ' Prob]em So1v1ng¥Strateg1es of the Small Group:
S . . - Grade Two .
. —————f;f—— \

For each of the four p1zza problems the maJor strategies demon-

T .strated by the group w111 be reported
B o

_P1zza Prob1em One

The three ¢h11dren solved the first prob]em as fo1lows

',

}.'f.‘.Underéténding the Problem. - The initial activity of one child
.was to embe]]jsh the pictures ot the pizzaf In response toithe
‘question bf\the researcher, "lhy are you doing that?“,hthe child
stated, "I'm putting on the peppereni," and then justified the

ect1v1ty, “!Cause these pizzas onlj have cheese The chi1d obviously

realized the p1zzas were not rea] but seem1ng1y elaborated the problem |

through use af the imagination based on real 11fe exper1ence and was

"d1rected from. the activity by a second ch11d (e.g., "Do that 1ater")

/




A
“

"Endeavoring to c]ar1fy the problem the problem so]vers initiated
two procedures. First eachlch11d read aloud to the s§1f the five
OSed questions (stated in Chapter 3). Secondly the same questions

were reread aloud to each other. Meaning was seemingly brought'to

ﬁk the problem by use of two strategies. reading aloud to the self and

-

read1ng aloud to others.
7

v , II. Plann1ng»tﬁez§91ut10n Ref‘yence tJ}the pictures and noting
the detail was made by - Karla when p]anning the solut1on (e g., "Look. ’
it: 1, 2, 3 A} 5,
4, 5, ‘% 71—17. k1ds'(/
(e.g., "1, 2, 3, 4 5, 6 7. '1 2, 3, 4, 5, 6, 7. Yeah#) end Karla

There s seven pizzas and there s 1, 2 3,

countwng aloud, Helen tonfirmed the deta11

~ concluded, "So they each get one. Uith1n the d1rect1ng funat1on of
ﬂf'~1anguage, two strateg1es are apparent d1rect1ng the act1on of
others and mon1tor1ng the act1ons It js of interest to note the two
problemns (how much p1zza for boys and how much p1zza for g1r1s) were -

not sepzr%Xed but treated as one problem (p1zza for "k1ds") : A11

reached a-‘\onsensus of op1n1on (e.g., “Yeah They_ea‘\_get one' )

D L] PO
od oy .

W “‘f' . BII SdTy1ég the Problem. By means of a question, ‘effort was

-

| imaderto c]ar1fv the des1red procedures ("Do we put a ring around them")
Tand“foi]owed by the use of 1anguage to d1rect the act1v1ty (e, g., "Put
‘;Ja PTﬂg around") TO the risearcher s quest1on, "Hhat are you do1ng

) ,;”'fnew?t He1en§réported "I'm putt1ng it in-his hand so he eats it
'ﬂf?fé:-%{$§]§?% Inag1n1ng, based -upon rea] T1fe expereence, seemed to | , b‘!%f
Aiffsf#atnfTuence the group a¢t1v1ty as all thenadrew the pwzza in the hand c

ey (e.g.,Kar]a h"Yeah Cut it in p1eces-—the same kind of p1eces ') and

R B
P “




£l | o o
',w1th further dlrect1on (e.g., Ann1e "Make sure they're the same.

Cut them r1ght") Imp11ed 1s the not1on that a]] p1eces shou]d be
a ’ . ( 5 .
the same s1ze but each group member need not do the same (e.g., ,’
Ann1e '"Your s are d1fferent than m1nd " Kar]a "Doesn' t matter

1ong as they re the’ same 5. Th1s rather confus1ng response seemed to

- Be 1ntu1t1ve1v understood to mean as 1ong as your p1eces are all the 4

"

3

same, and my p1eces are- alJ the same, then 1t doesn t matter that

yours are d1fferent “from mwne, i.e., a11 the same size.

. Rev1ew1ng the Prob]em and the Solut1on To review~the'_

\ . -

(e q- ‘A"Let s see Now 1et S, do the quest1ons"), then to c1ar1fy

so]ut1on the chﬂ1dren f1rst*used Tanguage to dﬁrecg the act1v1ty

4 ” bd 7 —_

the quest1ons each member of the groUp re&d the quest1ons-a]oud to"

‘\ the Se1f and then used 1anguage to determ1ne who Was to report thedftihA

oy

‘c‘g:.
s
<

4

: so]ut1on (e. g B "Vho wr1tes the answer* ) Kar]a rep11ed ‘with e

Just1f1catlon (e q. ,'"Ne a1] do She gave us "each a pane )’ The;'
/ - N
group a*ed ahd recorded each bov got one p1zza, ed¥h g1r1 g&t one . .

p1zza ‘and thzs was the ‘same . amount but the Stated reason was g1ven by

»

;Ann1e,:"Cause 1t s fa1r shargs,}» To eyp4a1n the process the group

reported they had referred to- the»p1Ctures a .'we counted the U/' L

ST

p1zzas and we counted the kwds, and we put a P]ng arQund.u Part}_"b,f
t'lon'l ng ’ thOUgh gone b\llfa(]'] was not Y\epo.rted o AR
Throughout the task,the 1anguagegrevea]s re]atwonal strateg1es R

a ' . 4

wh1q@krecogn1ze others (1 e., acknoW]édgwng agreenent seek1ng o s
consensus of op1n1on) 7\;?fiﬁ;jjgv ﬁg';‘y'ﬁ - ‘7.":7i7;i;'5r f‘%:}i‘if,;j; ;;

T e*re]at1onsh1p amo u the.three ch1]dren 1s 1nferred from the f?"';e'f'
may e;§§§ipproaches and responds to the other » An assumed equa11ty of : F-g



: frtend1y mutua1 support preva11s as the bas1s/;or the1r ta]k dur1ng

. the ass1gned tasks and through to ach1eV1ng an agreed so]ut1on At.,.

‘5t1mes the re1at1onsh1p seems under stra1n as. the 1eadersh1p role
becomes dominant and égcuracy and’ approva] are’ sought Once p051t1ve -
.recogn1t1on of ach1evement 1s aff1rmed the group automatica]1y pro- |

ceeds harmon1ous1y and renegot1at1on of the 1éadersh1p seems to be

>unnece55ary.

SUmmaryi Language and Strateg1es Used When So1v1ng Mathemat1ca1~ ,
# RTINS

Problém One. = ° , m“f . B

LA LALULE S t Y 7 kﬁ

1. The prob1em was not recognwzed to have two part!”butjgb ﬂa'fA
treated as one prob1em 1 o -u‘ . : ‘

2. *One to ong’ correspondence waszﬂade re1at1ng one ch11d to

., B “ v <.

~ome p1zza ’*, R =‘j o ST

5

Three types of part1t1on1ng occurred (halves, quarters,

‘ e1ghths) ‘ A11 beaan w1th the ha1v1ng mechan1sm us1ng a horazonta]
& v

.:btcut,f The p1zza was then

: a\"?_

1
drawn "1n the boys hands _
- .

T r‘ R T T ,@ - e K ' E
e ! o) g% E . )
SE % e e
P1zza Prob]em Two '; Y? % i ’ _"‘ﬁ*,‘~ : , g‘ \

«f; Understand1ng;the Prob]em F1rst the ch11dren 1ooked at
} t the p1ctures. Nhen the pnoblem was,s\rm1sed to be harder (e g., Kar;\\
| "Th1s 1s harder ), 1t was recoghﬂzed ‘and acknow]edged by Annle who,
wh11e mon1tor1ng her own actTv1tv reassured the group by d1sagree1ng
;G; and préi;ctwng the_ solut1on wou]d be easy (e g i "No'i Th1s 1s go1ng
to be ed y )‘ Secondtu, the ch11dren souoht to c1ar1fy the prob]em : 'f e
;g. by use of two strateg1es w1th1n the c1ar1fying functt&h reach read *?f?ilEJ

" ; the f1ve posed quest1ons a1oud to the se]f and then s1mu1taneously 2 S 3’}1}
T e R




g

rér ad the same quest1on in sequent1a1 order to each other. No

co ents were made about the quest1ons dur1ng this process.

“II ,ﬁ1anning to Solve-the Prob1em Having read'thé’questiohs
~ Karla 1n1t1ated the: p]an (e g s "Ne]] you'd better do the boysq |
f1rst“) Acknow]edgement and agreement were expressed (e g., Annie:
‘"Okay") and the poss1b1e 'solution. pred1cted (e g » Karla: "Three.
'No“),‘s%gﬁhes1;ed (e.q., Kar]aaand-Ann1e. "One piece each") and
‘groupcopsensus resu1ted_(e.g., “Three“), Annie announced to the‘
group "And.I know how to-make it‘too ! Ackhowledging.ahd,responding
to the comment by means of a report Kar]a remarked ”I/don't " The
use of 1anguage wh11e co-0perat1ve1y plann1ng the so]%t1on was to

‘ ¥ djrect, pred1ct, synthesize and report. The re]at1ona1 strateg1es

s to . - . . - ( ’ N
apparent werg. agreement, acknow]edgement and consensus.

111. Solving the Problem. Each paft of the two-fold prablem
vwas‘diSCUssed'as'f011ows: )

Part A (the boys): Having agreed 1nnfhe‘p1an that three'pieceS‘

 were requ1red each ch11d 1ndependent1y attempted to achieve the ‘

e

solution.: Ann1e, wh11e mon1tor1ng her act1v1ty, 1mmed1ate1y

d _ 'part1t1pﬁ%d in. th1rds (e.q. ; "You go like that like that 11ke

:'that. Hmm" ) and reported ach1evement (e g., "There L1ke ‘that.
1 made 1t") Group members sought ass1stance {e.g.y "How d1d you
do 1t7"),/and a’ ]eadersh1p ro]e of eva]uator and 1nstructor emerged.
Karla - pfesented her work (e g ; "Justﬁﬁook1t") and the resporise of

Annqe was to eva]uate (e g., "Those aren 't even") proaect persona]

. fee11ngs about the problem, perhaps empath1z1ng w1th the other ch11d



‘»(e g ;:"It's‘tricky").and?report past experienee with this type'of
Cprob]em e. g., "I did it once when we were p]ay1ng on the board ).
Kar]a again sought approva1 and, as eva]uator, Ann1e assessed the
“work (e.g., "It's stild not even, Kar]a") An d%tempt to defend
herse1f and justify the work was apparent (e. g , "Look, one -two-
three There 's.three there") These strateg1es are w1th1n the:
maintaining function of 1anguage The response of the eva1uator
'expressed agreement and by. use of Togical reasoning, Ann1e Just1f1ed
tthe evaluat1on (e. g , "Yes, but they're not fa1r ). This was repeated
to He]en (e s "There s three but they re not fair shares )' The -
1eadersh1p role became that of 1nstructor and demonstrator (e. g s

"Here s the pizza and there s the middle and so you go [shows how '

to d1v1de the pizza 1nt_ three fa1r shares] 11ke that 11ke that and

A w %

'A a]ternate poss b]e solution (e g., "I know another way of mak1ng

& One-

three.. See? Like this, You can make a "TP 11ke this. See?
two-three"). Ann1e aga1n eva]uated and Just1f1ed the’ eva1uat1on
(e.g., “There s three but -- ). As evidenced below a ser1ous effort

' ‘was made to enab]e all to’ ach1eve three fa1f‘shares R
C / 3

LanQUager—Examp1eS' e Language-—Th1nk1ng Strateg1es
N R B
.- Karla: Let*s see yours A ¢ - d1rect1ng to rece1ve gu1dance
~ Annie: Okay, here s the p1zza o - a report accompan1ed by .

'  and here's the middle. =~ ' explanation ahd d1rect1ng¢
You go there, there,there.:. . the procedure |

e tr ‘ L .
e [Demons at1on] N ’ 7._ ST
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acknowledgement, an effort
to maintain-the.self, and
seemingly 'impetus to try again.

Karla: -Qh. 1 see.

‘Karla: There, is that better, e : seeking approval by means of
~ Annie? _ a question. -

Annie:” No.! reports evaluation.

Helen: I know another Way of reports a~possib1e'a1terna?

making three. See? . Like tive. Seeks approval twice
lthis. . You can make a ‘by means of questions.
“T" 1ike this. See? One, gust1f1es the solution.
two, “three.. : . , .
Annie: A "T"? Okay, now here S - questions the use of a "T".
the circle -- , - Begins again to exp1a1n how -\ 7 — .
[Demonstrat1on] vj‘; to arrive at the solution. ‘
e : o - directs the act1v1ty
He]en: One-two- three-four Hey, - ana] zes own wrk. ,
“Phat's-not fair. That's ‘reahzes the error. -
not fair. o justifies the rea11zation o
-f\ nn1e' Becaus? they're not fa1r, . - Just1f1es the conc]us1on e
% tbey 11 fight. = - ‘ using an. imaginative projec-
¥ L e - tion based upon real 1ife
' *f%"' - ' : exper1ence - B :
) Py '
“The funct1ons of,fke 1anguage used in the above passage areato
a ’#v 0
c]ar1fy, ‘evaluate, report d1recte ]og1d§ﬂ1y reason and 1magine
-The strateg1es w1th1n the funct1onsﬁ%re quest1on1ngh,pred1ct1ng,
’co]]aborat1ng to direct’ ah act1on and Just1fy1ng ?he reT§Q1ona] i

- "strateg1es are mutual]v supPortlve, recogn1z1ng and acknow1edg1ng
, {‘ﬂ.needs of - others, co- -operation, and agreement as we11 as ‘those. wh1ch | ’
“if'are self- assert1ve ‘;_ l.' i;. vw' S ’”“}’ 5'[ = ff,‘
Part B (the g1rls) In response tdhthe urg1ng of the researcher,'
the group proceeded to the second part of the prob1em Before ;e“
o attempt1ng to so]ve the prob]ém the group apparent]y recogn1zed the

need to p1an a new soTut1on Th1s procedure was 1n1t1ated 1n two

steps (1) each ch11d reéd a]oud al] posed QUest1ons to the self

".‘,~ : .,



- was to be d1v1ded 1nto three, on}y ;A*was abTe to proceed d1rect1y

’(-) eaqh chil

This seem1ngT

act1on the details: 1nherent in the prob]em were noted (e g s HeTen:

“There s T 2

“There are n1n

: there s onTy

T‘g1rls wilk. share one pizza and three g1rls will share one p1zza and

~the other three girls w111 share the other p1zza " was reported and

j’agreed upon | k

Ann1e apparentlyknot1ced the error, “Ten g1r15,"»then conf1rmed

. and reported

1 percewved tha

" solution (e. g

these ?'&ys ca

Annie supported the cd

The.implicati

while referring'to the d%

one-two- three

. As: the soTut1on was be1ng soucht, although all knew. each p1zza N

. to the soTut1

i&‘m

.-Ann1e:

=4 “ﬁﬁ

h Language was

i‘to anaTyze th

LNt

d s1mu1tane0u51y reread the quest10ns to the others

y c1ar1f1ed the. prob]em Using speech to monitor the

3 4, 5 6 7y 8 9 g1r15")‘Ponf1rmed (e. g R Ann1e

e g1rls"), and restated (e. g.,HeTen,"Ten [s1C] g1rls

three p1zzas“) The conclus1on (esg s Kar]a “Three 5'?

e.g.,. uYea# . ‘ . oo ! ;.‘ .

».

the count 4e.g. ,'"N1ne-there S ‘t‘.'g;' . ”KarTa

t a mathemat1ca1 fact, 3 +3 _‘TV v’ﬂ L ate to the

"3 + 73 + 3 equaTs 9") and

e share th'_

on seems t ' ,ee guys hare three'pieces’

; one-two- three Tha} makes n1ne")

on but not wi thout daf?1ghlty

hese guys can 'sMife three and -y

And

ab“am“(e g. ; "Okay, so there s one-two-three;

One-two-three. 4Une - two- three, oh, oh I d1dn t make,‘

it rightgthis time. lhere's the eraser? Heré it is.
Mow let riégheck how I.did it-last-time. . There's one
going down T1Pe that to the middle and- one going 11ke ‘

that and one’ gbjng Tﬂk\“that f‘

used to mon1tor the act1v1ty, to focus attent1on, and"

e exact procedure necessary Rea11z1ng her work to be “_f

'._.4 TR . o 4_'

A

A

-
s )
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by

) an 1ntegra1 part of co- operat1on a h1gh 1eve1 of conceptua1wzat1on

g ‘ o 72
incorrect, Karla SOught further as§t tance frﬁm Annie (e g i, {"There 1
" did it. 1 did it! Mo good! Anm-é "how d1d you do that? WiTT you
~do it for me’“). The response (e.a., "No way") was emphat1c 0n1y
the intervent1on of tthe researcher perhaps prevented a quarrel (e .q. ;-, ' '
"uny not show them how to do 1t? Show them carefu]]v:how to do nt"id'ﬂlﬁff~
He]en, perhaps aware of an emerging conf11ct attempted to set th;

\ '4. f/
e atﬂonsh1p on a better footing by appea]ing to reason (e a. ,,"That s :

iy i

) -
sharing and that s co- operat1on“) 'Shar1ng was art1cu1ated to mean R

N o oy

The* concept “of co- operat1on‘Py inverse ana]ogv is seen to 1nc1udew" o '%
a . ’ \" )

shar1ng as he1p1ng or assilting bne s peers Th1s restored the o
equa11ty and once more a mutua]]y\support1ve re]at1onsh1p emerged

it

Again the procedure was carefully expk:1ned by Ann1e, this t1me
g .

g

)

accompan1ed by demonstrat1on.

Annie: You make a circle here, p‘d here's.the circle. Look at
" thé circle, there. Mow there qathe p1zza and here's the
m1dd1e and then take the middle of the pizza and ao like

that and that one gpes like that and that one goes 11ke that.

For the f1rst time, Karla ach1eved an accurate so1ut10n meet1nq

g N
- the approVa1 of Annie (e. 9. "Yup "Yup Thaﬁ;S‘P1 ) Transfer

. ? . ’ i

- three; one:twoﬁthree") Ann1e again attempted to c]ar1ﬁy the process

of this sk111 was d1ff1cu1t and 1ater Kar]a aga1n sought Annie's

_ recogmtwn (e g , "T did it, look") However, thg work was eva]uated

fto be inaccurate and the error pointéd. out (e g.> "No ’ggook' ‘ ‘2

StT]] -~ look. See?") and Karla returned to the task, ﬂ%nitor1ng the )

: actTv1ty as she worked (e 9.5 “There - there - there“): Aga1n by -

,'quest1on1ng and show1ng the wortharla sought Ann1e s approval (e. g.,

'"There, 13ke»thns? I d1d At Ann1e See Ann1e7‘ See 1ook one- two— 5(

VoL
. LT
\ -
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\

E samp]e Mow watch. See?"). KarTa agreed and directed Annie to show

cedureg

** i, hmm, hnm.You go'up and then you go -- Tike this, Amnie?").

T I
R % "
A A

'v'by showmg her work andf)ﬂammg (e.q.5 ":"I'H ‘'show you one more

.her again ("Nkay, show me") and Ann1e again exp1a1ned the procedure
‘us1ng demonstrat1on (e.q. "There s the midd]e[‘::ﬁ and you go out

[(E)Egpd»then 11ke.th1s [QE)]and then straight down [CED] . Eva]ua-

_tion\pas again sought" by Karla: (e.g., "Ls that fair?"). The parti-

tioning was assessed, the assessnent repqn*ed and the work corrected

j.(e G.s Ann1e ‘“No, you did it wrong. L1ke Ehat ' There") KarTa

returned to the task, aff1rmed her understand1ng, mon1tored her

“act1v1ty,, -and then sough& Ann\e S approval (e. g "Oh I know now.

1V;E§gored5by’Ann1e, KarTa returned to the task, expressed her' feelings,
; ;mon1tored‘the action, and again sought Ann1e s approva] (e 9- s Iim

wormed about this drawmg 1 don t drawﬁ\\f‘éry weH That goes

up [(E)], that goes ougJ(E}]and that goes“11ke that[ ] ‘wkﬁ
that, Ann1e’"). The work d.e approved ("Yup") Seem1ng]y, after

many pers1stent efforts, *Karla rea11zed the mechanics of the prd—

! ‘4
» : " , *
oty ) ) . . [

!nn1e and !arla were work1ng together, Helen had monitored

her act1v1ty, rea11zed the work to-be 1ncorrect and ‘at the same time

ohserved Karla s struggle (e.g., HeTen' “Nox~there s four. Can I

Ause the eraser, Ann1e7 OLay, Karla, now’ there, there s the m1dd1e -JW.

Ev1denced is a re]at1ona1 act1v1ty recogn1zing ownersh1p 'Of" QT
1nterest is HeTen s attempt to direct the att1v1ty of Kar]a thOugh

unabﬂe to,do the:sameftask The response by Kar]a was to assert

the self (e.g\, PI KNOW how to do }t“)'. The message was def1n1te1y

» " T, . ‘, ‘v ,' .. T "', .'

P 4 L e - -~

.......
)
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not to interfere. Thus Helen assumed the roTe of observer and later

as‘that'of a se1f-app01nted recorder. : T , , ,

IV. Reviewing the Solution. in response to the.qdeStion, "How

much piiza does each boy get?", the‘group reported, "One piece each”

~and then clarified the so]ution to'mean "one piece out of one pizza."

©:To enable the children to respond to'the next question (e.g;, “That's

©

rjght But also one piece out of how many p1eces?" ,yﬁt seemed

‘necessary that the work be monitored (e.g., "One, two three") before -

*

an5wer1ng "One p1ece out of three." Helen, the'necorder, presented

. a.com qte report

. No labe1§ were ava11ab1e

oy

[Ehsy spet11ng "p1ece 'l One piece - P - I - E - C - E-each.
Oxﬁy#*l 1T tell you what I wrote. Okay, how much pizza does
each boy get? I'11, tel] ya. I wrote = "Thev each get oqﬁbp1ece
/f.sthree pizzas." And then for g1r1s I wrote - "Each girl
d&ets gﬁ% g1ece Out of three pizzas.'

2 . : - " ‘ .
& PR ' ‘

‘From‘th1§ report there arose debate, c]ar1f1ct1on of the answer,

¥ gelpn: There'sd%hreefpizzgs and each girl gets one from out VAR
*e M of three pizzas. o L T

Annie: One pizza.

4Kar1a: Each girl gets one out of
out of one,whoJe_pizza;

ne. pizza. Each girl getsAone"

!).‘ .

Kaﬁ¥a 'One group_of three g
gne and one ‘group of

.
ts one, ‘one, group of three gets
ree gets the other one '

vi elan: BUT there s three pizz

: ""';Mf‘ .; .

He]en uXeah each g1r1 gets . one plece out of one p1zza

’ “,
The qgest1on "If each ch11d gets a fair share, who gets more,

s .

each boy or, each g1r1" was c]ar1f1ed 1nd1v1dua1]y as each ch11d read

-

\
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the question aloud and then the question was reread in rESponse to .
. . ‘ -
Annie's directive (e.g., "Karla, read the question again very loud to.
everyone"){ The answer of.all (e{g., “They get the same amount“) was

Just1f1ed through use of logical reason. v

(arla: Because there are three p1zzas “for the girls.: One
group of girls would get one - one group of three
girls would get one pizza, one ‘group of three would”
get the other and the other group of three wou]d get
the other.

The process to solve Part A (the boys) was elaborated as

referring to detail.

tKar]a "Yhe bbys -- well, we split 1t in three p1eces SO one

. - . boy canjhave one slice, the. other boy can have the
-~ other s11ce and the other boy can have the other

slice.
' bl

Apparently "sl1¢e"'and "piece" have equ1va1ent meaning. The group.ﬁ”"

then made an attempt to exp1a1n how ‘the prob]em had been so1ved g ’_g"

Karla: Because we counted ‘the pizzas and we counted the things
' together.

Helen: 'And we counted ‘them all and see, they all get the same
' The.g1r1s get as much pizza as the others. B v
. . 4
- Summary: Language and Strateg1es Used in Solving Mathemat1ca1 '

Problem Two In summary, th spec1f1c steps taken to so]ve the mathe--

2

matwca] prob]em and understan \ng ach1eved as revea]ed by the 1nter- o

; action and 1anguage use were: k l
i. The group recogn1zed two problems ex1sted w1th1n the task

'and that it was necessary to determwne first how much p1zza each boy

gets, Part A (the boys), and then to determine how much p1zza each |

»

g1r1 get§ Part B (the g1r15)

-~

2. Part A (the boys): The group plan was to d1v1de the' p1zza

mj +



.y tion. in th1rds Kar]a struog]ed to dete
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¢

into three pieces. " The solution was achieved as shown in Figore‘4.6.

.

| D @@%.@i &
- | OORO®

Fiqure 4.6 . o -
I Partitioning Behaviors in Thtrds‘ .
Annwe 1mmed1a§%Ty\part1t1oned in th1rds Her mother 1ater
\

confTrmed a b]ackboard was used. frequent1v at home while olay1ng w1th

an older brother but the child had not been taught at home to partw- : N

41dd1e and then

rotated three radt1 Helen coukg not fwnd't ¢ m1dd1e and sought the s

ﬂ . .
so]ut1on us1no analogy to a “T" then -analogy to a "t*. She never , *

wa
w f, o

S el X Ay 41;,3‘

comp]eted the task. '
3. Part-B'(the gir1s): The.so1ution was‘obtaﬁned through use
of the follquing procedures: A(a)fgrouping and (b) partationing,in'
,thirds to ach1eve one' to one correspondence The reasons stated for
group;ing made reference t tail (i. e. R "There are nine g1r1s and

only three pizzas"), used an add1t1ona1 fact (e. g ) "3 +3+3=29"),
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and was exp]ained (e.g., "One group of three gir]s would get one pizza, ,

one group of three. wou]d get the other and the other group of three

gwould,get the other"). Part1t10n1ng 1n thirds apparently arose from

‘ \. ﬁ
the idea of three girls sharing one pizza: o ‘ “ )

Al

*P1zza Problem Three

Yo A e

The .problem requ1red that the children share two p1zzas among th?ee
boys and e1ght pizzas among twelve g1r1s ' Strategies for solv1ng the *

two part problem (Parts Aand B) will be d1scussed separate]y

I. Understand1ng the Prob]em-—Part A (The Boys)_ To understand

DA A

the prob]em, three procedures were 1n1t1ated by the prob]em so]vers
‘F1rst, each child s1mu1taneous1y read all quest1ons ‘aloud to the se]f,
Secondly, a]] quest1ons were read a1oud .to each other Th1rd1y, ..
reference was made to the detail, of the picture (e.g., Kar]a "hmm.

/

Cause since there S two p1;zas“and we have three boys -=").

2

I P]ann1ng the So]ut1on——Part A (The Boys). A possible

so]ut1on suggested (e 9. "He]en “They each get three. .They each
get three p1eces") was exam1ned us1ng part1t1on1ng and then reJected;
by the group. The prope;a1'and act1v1tv enab]ed Ann1e to perce1ve

- the correct so1ut1on (e ge, "Oh' I see. ~ Each boy gets two u1eces“)
which in turn seemingly enabied He]en to clarify and restate her ‘
meaning as she monitored the part1t1oned diagram (e.g., "Yeah that s-’
whét I' meant. See7 Onestwo, one-two for h1m, one-two for h1m,1 |
one-two for him"). Karla sought concurrence (qu‘, "Do ydn agree

.on that“) and the group expressed COnsensus (e g s, "Yeah"). It ts

of 1nterest to note that Helen s ab]e to recogn1ze part1t1on1ng in

thirds, Just1fy the mean1hg of the solution ‘but again is unab]e to
l D

’ . >
\ . ¥, \ . .
3 - AN [
\ ; o e -1, ) N R .
‘ . ) . s .

T
! “‘{%:. .
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‘deta11 was recogn1zed, concluded and reported (e.g., Annne "So |

‘reread aloud by Kar]a as if to clarify, then the number of gir§s

to exp1a1n how the answer could be der1ved coul d not

\

partitwn in. thirds.. *y Amnie d1agrammed the so]ut1on , Monitoring C

1

. the spe]]ing, Helen recorded the answer (e.g., "T-NW- 0") but was

d1rected by Karla to use the digit (e.g., "Put the number"). Group

effort made ach1evement of a solution possibTe. : o

.

The group proceeded to. p]an the next soTution, Part B (the g1rTs)'1

I. Understanding theiProbTem——Part B (The Girls): All monitored |

‘oount1ng the detail of the problem, 12 gir]s A're]ationship in thﬁ .

there“§ two pizzas for each group of g1rls“) The question wasf g

monitored in groups of three to the self. Karla then directe\
group (e g.» “Everybody just stop and listen a minute"), and i QMpted

plete

o the«éxp]anat1on (e g., "It says how much p1zza does EACH g1r1 get?

*

We re supposed to count she girls.and then count the ambunt of pizzas

and then 1f there are e1ght girls, say, okaV, SO --“)f‘ The statement

, "\Q re supposed to count the g1r13" seemed the 1mpetus to redirect

"Hd!en to the prob]em for she agaim counted the deta11 using her

‘Tanguage to monitor the act1v1ty Kar]a affirmed the count (e ga.,

'_,"There s 12 qirls"), was responded to by - quest1on1ng (e. 9. "There

137") ahd'aga1n aTT\mon1tored the act1v1ty as they 1nd1v1dua11y

recounted. The quest1on, "There is?", seems to 1nd1cate that the
conc]us1on “there's two pizzas for each group’ of g1r1$" may have been

. based upon th1s;re]at1onsh1p be1ng;perce1ved_and used to successfully

achieuefthetsoTution to Part A (the boys).-

T S, L : : :
. I Do ’ . 4 . ,
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1.

Y

Part B (The Glrlslﬁ

To enable the

Planning the Solution:

group to plan the solution, three times Karla endeavured to elaborate

' nd re- present her underetandlng

Languagg-—Egamgle

Karlat

Karla:

Karla:

them into groups.

~and twelve girls.-
“and four is eight. ' Four plus

- 1-2- 3 4-5-6-7-8..

Twelve girls and there are
only 1-2-3-%5-6-7~ 8-—and
there are- efght pizzas:
"Four’ plus. four equals gt

. ~’each giris would ‘get two
»,pieces!

Each .ginl w wuld
‘ﬂuiﬁg

Yokay, there are eight p1zzas
And four

get one piece each!
agrees. on that7

four is eight. You guys,
four and four isjeight.
There.-are 1-2-3-4 ....8.
This is. a herdy'

Four- plus four is e1ght

Four plus four is eight, so
" There . .~
.aren't enough pizzas So

- that means we have to take

away.

A

Vo

' enguage-lThlnkiggvStrategies

Refehs to detatl, recognizes

and reports @ possible related ,

mathematical fact, suggests a
solutlon seeks agreement

)
2

-1,

Refers to detail, reports and
‘directs attention to a
possible relevant additional
fact, monitors activity,
reflects upon the experlence

. Repeats the, relevant additional
.fact.

Concludes

P }

‘e

4 v

, Report of an alternate procedure by Ann1e«(e g. ,'1 m nak1ng‘|

There are two pizqas for ea;h group of three k1ls )s

was. extended us1ng pred1ction and mod1tor1ng by Helen (e. g . “There

w1ll be 12 pieces left.-

[Begins to éount ]
|

10-11-12; 13 -- Oh"). then conflrmed bv Ann1e (e.q. ; "Yeah that s

r1ght

e

_ach1eved Jn concert wmth the plan

by part1t1on1nq in th1rds

111

I countdd 1t")

Solvi]

13 R .
' ] -
R

(

the Proﬁlem (Parts A and B). &he solutlon was

(e —

The process/was group1nT

Karla stated the solut1on (e.qg.)

/

F———)

" gets one p1ece“), wh1qutnues corrected by Helen who Just1f1ed her

s,;t'
A . !
t ;‘0 -

I

Spw .

"Fach glrl

/ . . ?V‘r' . .
. ot R

) /o . . | B
v . . N . . .
/ . o JI i L. ¢

L]

. e

1-2-3;.4- 5-6; 7-8-93 : T

=

follohed{,?;'r



«"correction-("ﬂo, each girl gets two}piECesr\,{eah. \le figured it
-oot“) and the group expressed agreement,

Y

{IV., Bev1ew1ng ‘the So]ut1on The aqfwer (e.g., "Two p1eces") was

'Y‘recorded for each of the first two quest1ons Karla, by read1ng
' a]oud -focused attent1on of the group upon- the next questton (e:g.,

"If each ch11d gets a fa1r share of the p1zza, who wou1d get more ,-

l."

each boy -or. eachgg1r1W9, and - the answer agreed upon (e.g., "Each of _

them get the Same amodnt") L i \ . Lo .
- As fo]lows, the process was revealed by thxxgrOUpin a series . :

of.reports.

S\ -
Strategjes . : /‘

Math Th1nk1nq ‘

Language—-Examp]es . Langoage-Thinking'

Annie: I made’ them into boxes; Reportihg A\ Group1ng
Helen: \We made them 1nto S 'Reporting S Vh L
boxes and then we . "Explaining a process Grouping
figured it out—then = U
“we figured out. how o ' . : \\
much each girl got. ‘ ) o
'Kar1a; You - had to put 't" | . Reporting S : Partitiontng
‘ in the centre. . - Makes an analogy to ' .
: label the process of-
part1t10n1ng in. ' .
thirds . :
Annie: I put the girls into.  Reporting to exp1a1n  Grouping

boxes and the pizzas a process = . Partitioning
" into boxes of two and \

then I cut the pizzas

into pieces.

‘Karla: She divided them in . . Reporting S Specifiesjthe'

three.  Two p1eces each. Conc]uding type of
: - g o partitioning

i

when spec1f1ca11y addressed to explain her procedure (e.g}, “And

how d1d you f1gure it out Kar]a?"), a reprrmand (e g , Helen: "You



-

i

hever drew 1t'") provoked the fo]low1ng response,1nc1ud1ng ust1f1ca4 S
tion to ma1nta1n the self .and an 1mag1ned though accurate exp]anat1on<

\x\KarTa: 1 d1d 1t in m; head' There are two here There are: -
e only. two pizzas and two -~ well -- two pizzas and, three
xg1rls so I divided them into pieces -- three; -~ pleces
+=-1. had three pieces in each onei._ And then there are
e two in there and two in there "and: therewasn't enough
left. So in ‘one 1 had one more left and in the other
I had one more left. So then.I took them and 1 .added
them together and that made two SO eaoh girl got two .
This one got two and this one got two’ and this one: got
one from there and one from there-—that S two'

The ch11d c]earTy env1s1oned the so]ut1on though unab]e to demon- )

- strate accurate part1t1oﬁ1ng\dn th1rds

\
- ~~ : PO

, Summany: Landnage and StnatE§Tes Used to Solve Mathematical

"’y | z T -
1, The group c]ar1f1ed the quest1on, then ana]yzed the p1cture B

‘Problem Three

 to determ1ne the answer to the f1rst Quest1on
. . /

‘ él The solution foJ the: f1rst:quest1on part A (the boys); was/f/ﬂ =
ach1eved by first part1t1on1ng in, th1rds then q1v1ng eath boy "two
‘pieces [2/3]" (see F1gure 4,7). The process of' dwstr1but1on ‘was .
7exp1a1ned by Karla as "two p1eces for him, two p1°ces for him and
th1s one and that one makes two p1eces for h1m o

‘ The solut1on to the second quest1on,“Part B (the girTs)ngash
'achieved'by f1rst group1ng; second]y, part1t1on1ngv1n thirds;.and
f\ TastTy, giving each g1r1 "two pieces [2/3]1"), as shown in F1gure 4.7.

34. It was concPuded “each of them [each boy and ‘each. girl] get

the same."

|

Lo



Part A
(The Boys).

&

‘ ?artiB ) N
-+ (The Girls)

o
AN R
i -
. ;’“

| j Figure 4.7
‘Partitioning'in'Thir&E.by Means ofd;;bﬁpiﬂﬁ
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~ Pizza Probtem Four

- S g Given the task of shar1ng four p1zzas among seven boys andetwo ‘

1zza§kamong four girls, the group emp]oyed the fo11ow1ng strateg1es

R b

“- 1. Understanding the.Problem. Io.obta1nfmeaning that made

) so]utidn of the probiem ﬁhssible-the'groqp-seem,to have taken the |

.&'

o
following ‘steps:
1. An obserVation ot the pjeture was reported (e.gf, Helen: .

“There s more boys than g1rls this time" ) i _
.;21 S1mu1taneous]y, each child read a]] quest1ons a]oud/to the
se]f ‘and then theé. same questions were read to each other
3. By means of report and demonstrat1on, an attempt was made by

M?
Karla. to estab11sh a procedure which wonld seemmng]y eliminate. "\‘ ’ o
confus1on for the group
h1s is what ‘to do Nt don t want to. read all of them at
the same time so I go like this.  How much pizza does each
. boy get? = [She covers up the other questions with paper.]
And then I move it down and I read the next one. Be quiet ---
the th1ng is on. How much p1zza does each bov get?
4, The behav1or requ1regkseems to be a synthesis, part1y deter-
mined by the procedure estab11shed in the~prev1ous problem solving
ws1tuat1ons And lastly, the attentijon of the group was d1rected to -
the first quest1on (e. g , "Now the first one says, how -much p1zza does

each boy get?"),

1I. Planning the Se?ut1on-Part A (The Boys). SEvera1 p1ans

to determ1ne the so]utioh were exp]ored reported and rejected ‘as

revealed in the following samples.



f

Language—-Examp]e

-

. Annie:

) i"'ll

Heien:f

« - Annie:
. Helen:
~_Annie:

Helen:

Karla:

-

L g
5 / =
. ‘."v

. * . Helen:

'this

Wil

Four, pizzas and 1 made a
dot in the middle, okay.

So this one would belong to

thesé guys and this One
.would belong to these -- ©
" These two w0u1d belong to

~ these. three

we11,‘there s.three here and
- there's three here and

there's one quy left, Kar]a,'

and he .eats a 1ot

““No, no, no, no. ®wo for
them, two for them, two for.
‘them. Each boy gets -two.

This boy gets a pizza and he
.will share with this guy, ané
boy gets a pizza and he
share with this quy, and
boy gets a pizza and ‘he
share with this guy,
boy gets-a.pizza and he

will
" this

‘this

doesn't have anybody to share
“ w1th soqwhat he. will do is --?

One two three. Ond—two-three
four. - That makes seven.

Yeah, that's fair.-

. If that's into four pieces?
' o

There's three pieces here .
and four piece$§ there.
One's left and Mum can put.
that in the freezer

]
[

There's: six men here - I've
got a better idea. [ have an
jdea. . Okay. Since there are

., seven boys and there are only -

| four pizzas, two boys can go

Strategy Used .

(1) refers to detail and
(2)

reports a procedure
‘(grouping) which reveals
(3) an attempt .to relate the

..two ‘aspects of the detail. in
~the prob]em, boys and p1zza

eggrts a procedure wh1ch

reveals attempts to group
one aspect © detail inherent.

in the problem (boys).
imaginative use of 1anguage

seeming to imply all deta11

1st be included.

reports a procedure and
analyzes a possible solution.
aneJe=>

raises a question to

,compWete the answer :

partitioning -one p1zza
thirds, one- p1zza

monitors a possible-solution.
Reports achievement.

cogn1zes other, expresses
approva]

raises question to.focus’
attention. :

_(1) reports a1ternate solution;

(2) grouping and.partitioning
in quarters; (3).completes

~ solution by imaginative pro-

Ject1on based upon real life
exper1ence

suggests alternatives.

quarters;'
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Helen:

Karla:

Annie:

Kar]a:

" Annie:

'-.He]enf

Karla:

Annie:

Karle:

-Wait, wait a m1nute“

together. Two boys can go
together and this one --

And then there will be one '
left over. .

Then these two boys can go

~ together and these two can

go together and this one can:
be left over, and then --

" I've got it Ann1e|

"\ihat are you goihg’tovdo‘if

there's pizza ‘left over?

" A11 these four boys can share.
~ out of these two and these

three boys can share out of
these two. Sy

I think we should take’ these
pizzas and make . tbem inty
three. We can goi--

- ,
We'll haye two pizzas. with _

‘four and two pizzas with
~three.

Coime . here, I've got.
the answer. These guys can
share that four, these guys
can share that four and these

" guys can share this four

That solves 1t

" This boy gets one pizza and

another boy gets half of a
pizza .and another boy gets?

That
doesn't sound fair to me.

One boy gets a pizza and the
other boy only gets a half a.
pizza. That does not. sound’
fair. -

e put a half to this boy and
a half to th1s boy and then we
get this pizza and this boy ¢
can eat just one half and one
half will be left over.

v

- predicts

--pred1ct1ng a posp1b1e
. solution based upon ha1v1ng

o

1
| i

- raises a quest1on to focus -

attention upon error.

.- seemed to clarifv her own

thiriking and gains new
1ns1ght -

v @

egorts a’ poss1b1e so]ut1on

which is based.upan grouping -

and not recognlz1ng all the
detail.

the act1v1ty ?

-~returns,to ‘prior so]ut1on
- directs the group.

- elaborates plan and conc]udes

solution is.appropriate.

- re?orts a solution which
halves three of- the pizzas,
and leaves one whole pizza.

- directs the activity. States
‘and justifies an-opinjon
“baséd upon-logical reasoning.

Reaffirms the opinion.

- regorting the consequences
of a possible soiution.

‘predicts a possible solution
which serves as jmpetus for .
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. 11. Planning the So1ution-—Peht‘B (The Girls).  To plan the‘

solut1on the group 1ooked at the p1clure and reported (e 9. Annie:
"Th1s is simp]e"). referred to past exper1ence (e.qg., Kar1a "Yeah

Ue d1d th>§ 1n the otheér one"), and Just1f1ed the report with explana-

B t1on (e g., Helen "You st cut the two p1zzas in half and these

"guys can have two [p1eces] and. these guys can have two [p1eces1")

The Justif1cat1on 1nd1cates the process wou]d be to éyOup one p1zza

and two girls. o
. . //f\

' activity

I11. So]v1ng the Problem. - No speech accompanied\t

to solve the.prob]em The 'solution to Part A (the boys)-was achieved

by part1t1on1ng in halves using a hor1zonta1 cut. This solution was

© later mod1f1ed in the rev1ew The so]ut1on to Part B (the gir1s)VWas;

1mmed1ate1y recogn1zed and ach1eved by part1t1on1ng 1n halves using

_a horizontal" cut.
. .

i ) ) . a ’ . . . .« . - ‘ : . ‘
Iv.’ Revieujng‘the Solution. First, the solution to Lart B (the

girls) was reviewed seemingly bedause5it was the first to be achieved
and recognized to bevcorrectQh'The ahswer was reported' c]arified, and

}2agreeheht sought (e.g., Karla: "A ha]f/a pizza. Each g1r1 gets a

" half a p1zza A-half of one pizza. Do«ybU*agree7"). The quest1on,4 ,
"Do. you agree," provoked a discussion using 1og1ca1 reason1ng to state~

a mathemat1ca1.pr1nc1p1e. "two p1eces [two quarters]" is the "same as

-

1/2"; as ev%denced in the fo]]owing examples:

66
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Language—Examples . : Strategy Used

Annie: There are four girls and - reports an alternate so]ut1on
~ there are two pizzas and determined by grouping and
we can split one pizza in partitioning ‘in fourths.

half and then the other and
then-that would be fair.
I split the pizzas ‘into

_ four and I had two groups
and each girl gets two

p1eces
Karla: But that's the same as this -~ reggrts and illustrates by
. Annie. When you split it in~ use 0 d1agram two pieces
o half it's still the same o is 1/2.
th1ng-—you get two pieces
and that® 3 the same as one Co
half. ‘ |
NS
In reviewing .the other half of the problem, Part i;jf C“L»j )y
AN o )

the reported solution (e.g., Karla: ‘"Each ‘boy gets a half ¥ p¥za")
lwas not accepted and agreed upon by the group (e.g., Annie: "A half,
4I th1nk"). '"I think" suggests tentat1veness, an awareness that theee
may be a better solution. Just1f1cat1on for doubt and 1h‘effect to
an effort to maiatain the se]f was expressed (eog., Annie: mI m not
'the one who figured it out. Karla figured it out") and a rea]izatien
stated by Annie (e.g., "Karla, we haven't figured out the boys yet").
The new solution (e. g , Helen: "Let's skip the boys out") was eFCOg-
vn1zed and. emphat1ca11y rejected (e.g., Annie: "No way!"). The
response (e.g., Helen: "Okay, Tet's just read the next quest1on )
was . acknow]edged (e.g., Karla:~ "we can't do that, Helen, until we
do the boys") and when. the quest1on was read despite the acknow1edge¥
ment (e.g.,lHe1en: j“Hoy did you f1ggre this out?") ‘the acknow]edge—;
ment‘Was»exeanded anaﬂexp1aiaed.(e.g}, Karla: "That's what we are 1
try1ng to find out") 7 B |
Return1ng to the task of shar1ng four p1zzas among seven boys,

>
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half:

the group againused the halvingvmeChanism and the fp]loying alterna-

‘ . o : , ‘
tives were posed to solve the problem of what to do with the remaining -

"This boy can eat just 1/2 and 1/2 can be left ovér.f
"They can share if." -

"Split it in half." S -
"Sp]ig‘it in more pfeces." . ‘

"No, Eachltake-a bite out of it."

The solution ad¥anced from "left over" to sharing to halving -

‘to "pieces" to "bites." Neverfheiess'the group rg;Ognizéd'tHat the

girls' share of one&halfvwa5'1ess than the boys' share df one half .

plus a bite: .h€;~ 5
Helen: Yeah, each boy gets a half of thd pizza and after they
eat the half then they can each get a little bite of the
other hadf. After they each have one half a pizza then
. they Jeach get a little bite of the other half so the
boys get it. The boys get more. .

Summary: lLanguage and .Strategies Used- When ‘Solving Mathematical

Problem Four.
1. Nheh,presentéd with the task, the problem was reéognized as.
requiring  two énswgrs.

. ‘2, By a process of tria1‘and,error, fhe sélution was sought but

N

not achieved to Part A (the'boys)! Upbh a.return to the task, the

‘solution was -achieved by use\bf‘theAha1ving mechanism and sharing the
"eft over half." ' ' '

3. The solution to Part B (the giris) was immediately recognized

and achieved by means of the halving.mechanism, u§Tﬁ§“a-horizonta1 cut.

One child partitioned_in quarters but.initiated theuprocédure»using
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the halving mechanism, horizontal cut. One half was recogn1zed to
be equivalent to two pieces. actually two quacters.
4, It was recognized‘thak the boys got more pizza than the
gih]s. , - S ' . .
‘ SOLVING'THE PIZZA PRO?LEMS: 'GRADE THREE

v \.x . N .
~ The problem solving’ strateg1es of an 1nd1v1dual grade three child

: and a small group of grade three’children will be spec1f1ca11y des-
cribed in that order in the fOIIOWﬂng d1scussion w

Prob]em So1v1ng Strategies of the Ind1v1du¢1 o
Grade Threé Child = S o

. . - -

Unlike the grade two child Davey was'a51e tolproeeeé to solve
ﬁthe prob]ems quite 1ndependent1y L1tt1e direction was g1Ven when

‘presenting the tasks nor was dtrect1on sought by the ch11d wh11e

solving the problems. Thus/fhe researcher was enabled to refrain from
ihteracting w1th the ch11d other than to probe to gain insight , 1{
" , _—

regarding the know]edge the child brought to the task aqg the

behaviors which were manifested.

P1zza Prob]em One

G1ven the task of sharwng two pwzzas between two. boys .and five
pizzas among~five girls, Davey evidenced the fo110w1ng specific

strategies.-
. . ~‘,‘ B

1. Understahding the Prob]em In contrast to‘the grade two

“child, the grade thrée individual ch11d 1gnored the quest1ons and,

referr1nq to the picture 1mmed1ate1y, suggested know1ng the answer



(e.g., "I th1nk I already know this") and proce ed -to revﬁaw the

sofution. Little or no plannin seemed necessAry.

I1. 'Solving the Prob]em. No oral 1anguage vas used whiTe so1v1ng

. the prob]em. Neither part1t1on1nq nor an attempt to achieve one to one

correspondence was evidenced. s

¢

Y.
"“’,;w

III. Reviewingﬁ;he So]ut1on. In sequence’ each quest1on 1as read

.and . answered a]oud by the child. The explanation to the question, "How
" did you figure this out?" indicates that unlike the grade two ch11d
Davey found the solution easi]y and had recognized two questions were
inherent in the provided i11ustration (e g., "Easy cause there's’ two
boys and there S f1ve girls There's five pizzas for the girls and

_there s two p1zzas for the boys )

- pizza Problem Two

The task of sharing one p1zza among three boys and three p1zzas
among n1ne girls posed no d1ff1culty for Davey who ach1eved so1ut1on‘

4

u51ng‘the foltowing strategies.

‘ L. Understanding the Problem. Aga1n, hav1ng read: the prob]em,

the problem sofver ignored the questions and 1ook1ng at the 111ustra-
tion, he pred1cted a poss1b1e solution to Part A (the boys) (e.g.,
"Each boy gets about a quarter, 1'd say"). | The ch11d had p]anned the -
so]ut1on to Part A (the boys) wh11e mak1ng sense of the- prob]em '

11 So1v1ng the Problem. Davey proceeded to then solve. the

problem by accurate]y and qu1ck1y draw1ng to partition the c1rcu1ar

area into thirds. Po1n¥1ng to his solution, the researcher probed

)
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"Do you know a name for that’" which elicited an 1nterest1ng response

. regarding the ch11d $ mathematical knowledge and ability to reason

and’ logica11y derive a lapel. |f‘ ,
Researcher Do you know a name for that?
Davey: ‘ ‘Three pieces. - . . .
. ' Um 1/4 and H2 or 1/4 Then. 1 .would havesv-?

Researcher: lhen you tell me'about 1/2 do you kriow how
: write 1/22

Davey: ";Yup, ‘A crooked line do
; top and 2 on t| Y

Researcher:. €an yeuvshow me?’ |
oo ' .
‘Davey: - Like that [1/2] One half. _ A \\{J ‘

. Researcher: That's r1ght.. Now- you've got 1 out of 3 but what are'
' .,you going to ca11 1t7 One? . Three? Nhat’

- Davey: A third. Each'boy gets one-thiCEZD o
A]though Davey was not at f1rst able to give the name or 111ustrate
how it might be wr1tten he was able to write one half, pred1ct one-
third would be-wr1tten in 1ike manner and’ then correctly Jabel .the |
part1t1on one- th1rd ‘ | v |

" To solve Part B (the g1rls), the ch11d pred1cted success (e g.»
. "0Oh, 1t s go1ng to bé easy s mon1tered the act1v1ty, Just1f1ed the
'behav1or by stat1ng the related deta11 of the problem and then
.exp1a1ned and 111ustrated the so1ut1on (e g., "Easy, cause see,'cause |
there s three girls r1ght there, three girls r1ght there and three
g1r1s,there ‘and there S three pizzas so you can divide three like "

A

.‘:that -- oné,_two, three pieces [QE)]?).
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»

-

1. Reviewingwthe Problem and the Solution. The solutiun to

each quest1on was then reported to the researcher.

ummary : Language and Strategies gsed When Solving Mathematical
Prob1em Two. . *

1. The prdblem soiver realized two questioh§;were'1nherent in the
problem. | ' u

2. The solution to Part A (the boys) was recognized and achieved
4immed1ately though theAJabe] was not available but was later derived.
The solution was to partitiog'in thirds using radial strokes.

3, The so]ution to Part B (the girls) was achieved by part3t10n1ng

‘ each of the three p1zzas in thirds using rad1a1 strokes.

P1zza Problem Three

To so]ve the problem of shar1ng two p1zzas among three boys and
to share eight pizzas among twe]ve g1rls, Davey “demonstrated’ the

f9110w1ng specific strateg1es.‘

1. Understanding the Problem. To understand the prob]em, the

' ch11d referred only to that part of the p1cture concenp1ng part A

t

(the boys) and the detail was m0n1tored o " ) i‘ s

h ] I1. PTannlng\Xhé}Solut1on The plan was then stated (“D1v1de
jthat one into three, that one into three then you 'd g1ve edch boy
jtwo pieces"). To plan the solution for Part B (the g1r1s) the
child monitored the detail, analyzed the solution to Part A (e.g.,‘
o put those upside down Y's")‘and predicted,the procedure eou1d,be;

used- to solve Part B (e.g., "Thirdst 111 check it out").



I1I. Solving the Prob]éml Monitoring the solution to,Part B
!(the”§3r1s) revealed Davey began by using one to One‘correspondence
and then recogn1zed the so]ut1on woujd requ1re ass1gn1ng "two p1eces
-to each girl (e.g., "Two pieces each g1r1,,those tuo those two, |
those two"). " The chi]d conc]uded "Each o1r1 gets two p1eces " To
the probe, "Is there a name for that?“‘ the gh11d responded by
report1ng (e.g., "oOne- thvrd lNo. Two one-thirds are a s1xth -
‘s1x") As ev1denced in the following d1alogue, the use of an ana]ogy
1 : made”to app]es by the researcher enabled the child to perceive the
1abe1 to be two- th1rds | |
Researcher: If I put one app]e ‘ C 'Davey:. Two,app]esf
here and one app]e ) ‘
here, what have I got?

‘Researcher: So, if I put one-third 1, : Daveyﬁ Six thirds, no,

here and ‘one third here,
_what have 1 got? : T B . two thirds.

The ab111ty to write two-thirds was subsequently demonstrated bv
Davey us1ng an ana]ogy to wr1t1ng one third (e.qg., "So I put two on
top jnstead of one, then you put a three on the bottom 1ike this").
Approva1 was then sought by show1ng his work [1/3] and asking a |

aquest1on (e.g., "L1ke that r1ght?) Davey then enc1rc1ed two pizzas
- and three g1r1s to ach1eve groups pr1or to part1t1on1ng the c1rcu1ar
areas. | | | |

IV Rev1ew1ng the Solution. The so]ut1on was rev1eWed by, the

child by read1ng and answer1ng each question aloud in sequent1a1

A‘order The task was concluded to be easyrand exp]éined (e.q. ; "Easy,
.l‘ h‘ . . .

e

| you Just put two p1zzas to three k1ds ). ¢ ._"

In response to the probe, "Hhat d1d vou do7" the ch11d reported

-
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and explained that f1rst Part A (the boys) was so]ved the so]ut1on

: ref1ected upon, an ana]ogy made to 'Y ' and” the same procedure used

I gave them each 2/3's, and so then * went onto the girls and
"1 started from the back end. Well f1|st of all I started

from the front and made all those upside down "Y's" and

then I: started from the back end and gave two to one girl,

and two to the next two to the next, next, next, next, next.

‘to solve Part B (the g1r1s) -' L ,

The pred1cted so]ut1on to Part B (the g1r1s) ev1dent1y was based uponf
the~ so1ut1on to Part A (the boys) rather than details 1nher/nt 1n the ‘M,
problem (e g, “Ne]] if it worked for the boys, it shauld ﬁave worked

for the‘g1rls").

Summary: Languag€e and Strategﬁes Used ‘to Solve Mathemat%ca1‘

p

Problem Three.

'1.‘ The.child proceeded to first solve Part A (the boys) and to
derive the label for the so]ut1on wh1ch was achieved by part1t1on1ng

the circular areas in thirds using rad1a1 strokes. It was recoan1zed a

v N /.
\ ’ “//..
2. PrOJect1ng,the same strategy which had successfu]]y so\yed 'jé;

each bov would rece1ve two th1rds

Part A (the boys), the ch11d determ1ned the answer to Dart B (the ,//
y
girls) but began by f1rst group1ng, that is, enc1rc11ng two p1zzas

“and three girls, then proceeded to part1t1on the circular areas/
- B - / B
/

. _ N
P1zza Prob]em Four -

To solve the problem of shar1ng four pizzas. among seven boys and .
two pizzas among four girls, the fo]]ow1ng strategies were emp1oyed by

the problem‘so1ver.



)

I. Understand1ng the Prob]em Ignorino the question, the problem

so]ver sought understandxng by means of the p1ctures and assessed the

problem to be easy (e.g., “This is easy").

.II.- P]ann1no the Solution. To plan the solution, the pr0b1em\

. so]ver flPSt directed attention to Part A (the boys) as evidenced by

the comment;:“one more boy." A dec1s1on to first comolete Part B
(the'girls) was reported (e.g., "I'1l start from the girls"). Seem1ng1y,

the problem solver planned to halve the pizzas but realized one more boy

' was required to successfully use the strategy of-partitioning by

"~ halves.

1I11. Solving the Prob]lem. As 1nd1cated by the 1anguage used to ‘

_ mon1tor the act1v1ty Part B (the.g1rls) posed no d1ff1cu1ty (e g,, { f

"Each g1r1 gets ha]f a p1zza so two girls get one two gf

© one' ) Upon returd’ to the first part of the task the prob1em was

recogn1zed to be harder than first thought (e.g.» "Th1s 1s harder")

The deta11 of the prob]em was again mon1tored, reference made to the

solution for Part B (the g1r1s) (e.g., "If I cut the g1r1s 1n half --‘ '

except the boys doesn ts work . .") and the reasoning just1f1ed-

(e g s "cause if you're cutting all in ha]f -- Let’g see, one, two,

vthree -- get a whole pizza"). And again use of the ha1v1ng mechanwsm ﬁgﬁ

was mon1tored and an a]ternat1ve ‘solution recogn1zed (e.g., "two for

' that one, one b1g one “for that guy Now you s1ice off of each"). This

'alternate so1ut1on appears to have given r1se to a new proposa] based

upon real 11fe exper1ence (e. g R “A ha]f --,Vno -~ then you could just

~put that p1zza in a safe p1ace ). * The ch11d then r£f1ected upon a
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d1ffer1ng and f1na1 so1ut1on a]so based-upon real life experience:
I've got an idea, then we'll cut this. up "into seven pieces, .-
this half -- Let's see -- 1, 2, 3, 4, 5 -- this is hard.
Four lines --.1, 2, 3, 4, 5, 6 those are big, 6, 7 there
I cut that one 1nto a whole bunch pieces thinking so each
boy would get one piece of it. L1ke that ‘
Aware that the size of each piece in the shared half was small,
the prob]em solver sought a label by use of 1og1ca1 reason (e.g.,
"Yup. You g1ve each boy 1/2, 1/2 ~-- 174, a 11tt1e b1t sma]ler than ’
‘that. I d give each boy a 11tt1e small p1ece oftthe\p1ece that was
shared") Further ref}ect1on was apparent and aﬁneu 1abe1 expressed
(e.g., "Mmmm, a 1/4 of a 1/4"), wh1ch was then‘ref1ned and restated
(e.g., "1/2 of a 1/4 of a 1/4"). C N

-

IV. Rev1ew1ng the So]ut1on tlhen reviewing the solution, the
j.strateg1es used were reported and exp1a1ned

1 figured -- well I did ‘the girls f1rst, cause it was easy, -
~each girl gets a. half. Two girls, one pizza split in half -
there two pieces of pizza, two girls then it goes the .same

for the other side. Each boy gets half a pizza for.this one
half pizza, half pizza and he gets that half and he gets one
- of those and gets one of those and he gets one of those and
 he gets one of those, he gets one of those, he gets one of
those, and he qets one of those.

" The 1abe1 1/2 of a 1/4 of a 1/4 was s1mp11f1ed (i.e., "one of those").
The process the child exp]atned proved to be one to one correspondence

foT]owed by part1t1on1ng the rema1n1ng half in sevenths

96
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Summary: Language and_Strategies Used When Solving‘Mathematical‘

Problem Four

| .1. The problem was recogn1zed to requ1re two so1ut1ons
- 2. The second so]ut1on, Part B (the g1rls), was sought first.

The strategy used was to group two g1rls to one pizza then\part1t10n

&

in half using-a horizonta] cut. .

5 S . o
3. The f1rst solut1on Part A (the boys), was determined by

"

first: group1ng two bovs to one p1zza, secondly, part1t1on1ng in
'ha1ves us1ng a hor1zonta1 cut and thirdly partitioning the “1eft over

aha1f in seven equal parts as shown 1n F1gure 4.8.

" Figure 4.8 e

~ Partitioning to Achieve Four-Sevenths 'f¥\\\\\\

4. The chi1d‘sear¢hed'for a label and concluded that'each bo;\\\{\\

.
™.

rece1ved "one half of a quarter of a quarter," that 1s, one ha1f p]us :

one-s1xteenthz and th1s amount vias recoqn1zed to be more than one-

ha1f, the solution to Part B.

~ . \ . -
- A

P1zza Problem F1ve ‘ IR -

The fifth prob]em requ1red that the prob]em so]ver share six
- p1zzas among four boys and n1ne p1zzas among Six girls. To ach1eve |

the so]ut1on, Davey demonstrated Ehe\fo11ow1ng spec1f1c strateg1es



“whole pizza and a half")

be easier if there were ten pizzas™

/(( -
g P

1. Understanding the Problem. To understand the probTem,'

reference was made to on]v that part of the picture wh1ch wou]d be

‘ requ1red to answer the first quest1on,-"How much p1zza does each boy '

(
get7" Seem1ng]y the quest1ons were assumed

II. P1ann1ng the So]ut1on To p1an the solut1on to Part A (the

boys) detail. was mon1tored the prob]em assessed and the mean1ng,
1nc1ud1ng the ch11d S, fee11ngs, reported (e.q., "Number five -~ one,,
two, three, let me see, four boys Th1s is. swmp]e for the boys" ).

Lastly, a recogn1zed so1ut1on was reported (e. g s "Each boy gets a

[

.

To plan the solut1on to Part B (the girls) attent1on was directed

-

o to the picture by ra1s1ng a quest1on (e.q. , "Okav Now what about the -

g1rls?"). Subsequent steps to. plan the so]ut1on focused attent1on to
detail (e ' "How many p1zzas7 N1ne"), red1rected attention (e. g s
"Let me see how many girts there 13") and mon1tored the deta11 (e g.,
"So, 1, 2, 4 6 -- 6 g1rls 2 4, 6 -- 3 p1zzas Oh.»oh| There s.

2, 4, 6, 8, there's 9 pizza and 6 g1r1s") The feellngs o# thesprob1em

so]ver were ref1ected in the reported conclusion (e.g. , "How it would

.

ITl. So]ving;the Problem 7 To answer the first question, the

poss1b1e solution was mon1tored (e.g., "see -- thatonegoes to that

one, that one goes ¢0 that one, cut in half. That .one goes to that

one, that one goes to thatfouy -- goes to that guV"). This monitoring
reveals the so]ut1onawas achieved by use of one téone correspondence .

.fo]]owed ‘by part1t1on1ng us1ng the ha1v1ng mechan1sm and then the

‘T n
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process repeated. Also, as evidenced by theractivity, grouping had

~occurred, i.ei,

To answer the second quest1on, the problem solver. %tated h1s ‘
1ntent (e g ,:"I 11 g1ve them each a who]e p1zza and a ha]f") /
m0n1tored the prob]em so]v1ng process (e g., "That's: for her, her, her
,her her, her then -- quarters aga1n No that one in half;: that one
/to her, that one to her, that --'), and in conclusion ref]ected upon
-~ the. mean1ng of the experwence (e g. ,“"Yup, just give each g1r1 a who1e

. [
and a halft That was easy' . o

IV, ﬁeviewing the Prob]em and the Solution. iThe review of the

”-solut1on by the child to h1mse1f occurred wh11e so1v1ng the prob1em

fas each answer: to quest1ons 1 and 2 was determ1ned and conc]uded

~Again by read1ng and answer1ng aloud each question in sequent1a1 o

order, Davey reviewed the so1ut1on to h1mse1f

A who1e and a half. How much pwzza does ‘each girl cet?

A whole and a half.  How much pizza, no. If.each child -
gets a fair share of the pjzza who would get more pizza, '
each boy or each girl? All the same. Does. each boyv qet
as much as each girl. _Yes. How did you figure this out?
Easy, 1 just gave one g1r1 a who]e and a half and each boy
a whole and a ha]f ,

Exp1anat1on of the procedure used Just1f1ed JudnEment and ativity.

The explanation indicates that by use of logical reason the child had

reflected upon the problem and'drawn conclusions. However, the

i
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exp]anat1on d1ffered from the actual procedure emp]oyed for example,

Researcher: Why d1d you give each girl a ‘whole_and a half,
e : what made /ou think to try that7 Q>b .

Davey: Hell, I found out that in my head. I didn't know
S . 0 how to split it up. But now I found out. There's
} two girls for that one, then I found out there's
] : . twd pizzas left so 1 gave haif to her and half to
e her, half to her, ‘and half to her Yeah That's
‘ ~ how I didit. ,

Apparently, the child- recognized fw0 poss1b1e alternatives to solve

1

the problem as shown"in'Figure.4.9.

OQ@ folel=] OQOO@@
XX AR %%xi

F1gure 4.9

Alternative Solutions to Achieve One“and'One-Half

"Summary: Language and StrategﬁeS'Used to Solve Mathematical

P£9b1em Five.

1. The so]ution‘}o Part A (the boys) was achieved first and
labelled as one and one-half. |
2. The solution to Rgrt'B'(the.girls) was achieved by first

projecting the solution to Part.’A (the boys) updh the secopd problem

and then partitioning to achieve “one whole and a half" per girl.

’~’P1zza Prob]em S1x

The problem enta11ed sharwng three p1zzas among seven boys and
one pizza among three g1rls The spec1f1c strateg1es used bJ_Dayey ﬁo

~ach1eve the so1ut1on are subsequent]v d13cussed



W ﬁ%.,\pqone, him one -- give him one of those and split these in half Tike that.

1,2,3,4,5,6, 7").
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I. Understanding the Problem. Ignoring the questions, the

prob]em solver 1mmed1ate1y referred€¥o the picture, first, the boys,

then the g1rls and began to plan the so]utwon

IT. Planning the Solution. Immediate ‘recognition of the solution
' - , L
to Part B (the gir]s) was apparent (e.g., "Grie thirds"). To plan the

solution to Part A (the boys) the detail was ffrst monitored as if to

: ach1eve thirds (e.g., "3, 23 3, 25 3, 2 -- goes three pizzas") and two

alternate so]ut1ons proposed (e.g., 2, 4, 6, 7. Ha]f uh, no, I"11 cut

it in four halves -- like this") but the size of each of the "four

halves" was .recognized and reported as "quarters.”

s

. ‘ " ) . N
I11. Solving the Problem. The solution to Part B (the girls)

was recogn1zed and 1mmed1ate1y determ1ned by partitioning in thirds.

¢Tpe activity to solve Part B (the boys) was accompanied bv monitoring

as the child partitioned two pizzas in quarters and the remaining

p1;za in sixths (e g.» "Quarter§ Give him orie, him‘One, him one, him

That's for him"). Using language to ronitor, the solution was con-

, firhed (e.g., “fhere. One piece. - It's the same size. 3, 4, 5, 6 --

IV. Reviewing the Problem and the Solution. ' When reviewing the
solution with the researcher, again the so1ution was reviSed by
monitoring as 1f to ach1eve thirds, and by raising a quest1on

Because like you give 1/3 to him, one to him, one to h1m,

one to him, one to him,that piece to him -- wouldn't have

any. Who would get that whole pizza? :

1/3. Now I need 1, 2. 3, 4, 5, 6, 7 pieces. 1, 2, 3, 4, ,

5, 6, 7. There 7. . How much does each goy get? €Each boy gets
_one th1rd and a half a 1/4 of a 1/4.
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The strategy used was the same as that uéed to determine the solution
to Part A (the boys), Pizza Prob]em Four. The 1abe1 "half a quarter
'of a quarter" to name 1/14 was the same 1abe1 ‘used to name ‘the.

solution to Pizza Problem Four, Part A (the: boys)

-

ummary of Language and Strategies Used when-Solvihg;Mathgmatica1

Problém Six.
_ 1. The ch11d understood two so]ut1ons wou1d be required ahd
- sought to first’ determine the solution to Part B (the girls).. -
2. Part B (the girls): The 501ut1on vias determ1ned by i;ﬁj

partitioning in‘thirds. " '
3. Part‘A (the boys); Us1ng alternate poss1;f:'; I
- partitioning in th1rds, halves, quarters canb1ned with afxths, the prg%ﬁgm
- solver recons1dered group1ng three boys to one pizza to ach1eve par-‘
\t1t1on1ng in thirds and then divide the rema1n1ng two th1rds 1nto |
_seven pieces. |

4; The label ‘"one third" was used to name the solut1on to
quest1on 2, Part B (the g1r1s) The label "one third plus a half a 2
quarter of a quarter" was used to name the solution to Part A (the toys).

Part A (the tpys): The answer "one third plus a quarter of a
quarter" was.reCOgnized'to‘he 1arger‘than'"one third" but the name or

Tabel for the fraction was not yet known to the problem solver.
‘ : . N = .

Problem So]v1ng;5trateg1es of - the
Grade Three Groug o

‘The relationship of the members in the -group, like that'of the

grade two chi]dren, evidenced friendly equaTity and mutua1 support. "No
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one child emerged in a leadership role. Harmony pervaded throughou;
the problem solving activity but one child at first appeared to more
ih the role of observer than participant though her infrequent but
pertinent contributions reveal active involvement 'in the group's

problem solving process.

Pizza Problem One

To share two pizzas among two boys and five pizzas among five
girls was the task required of the group and in so doing, the group

~ demonstrated the following specific étrategjes.

I. Understanding the Problem. To understand the problem, the
greup referred ta and read aloud the first three questions, then
. 1mmed1ate1y made reference to the p1cture. Part A (the bovs)
'Further c]ar1f1cat1on to determine "the exact procedure was sought by
one group member by d1rect1ng a question to the researcher (e.g.,

"Should -- I draw arp1zza?").

II. Planning the Solution.. By use of prediction, the p1an was

- initiated (e.g.,’"The boys probably get half a pizza") but the predic-
tion Was'ighoree. A solution‘was recognized (e.g., "I know a good way-
. to do this") and”demonsﬁrated by drawing'a ring to encircle one child
and one pizza. An a]fernate method was éuggested (e.a., "Just draw a
pizza") and agreement coﬁc]uded by consultation with the researcher
that drawing_was'not necessary as reference could be made to the
~picture. Attention of the éropp was directed to Part B (the girls)
(e.g., "Now look at the gir]s“),>the so}utieh recognized and etated

3

(e:g.s "they each get their own pizza, too") and an explanation based
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upon observation reported (e.g,, "Cause they each get'a ptzza."

~'0On their heads").

I1I. Solving the Problem. Bv encircling each pizza with one
child, the solutions to Bart A (the boys) and Part B (the girls)

were achieved.

IV. Reviewing the- Prob]em and the Solution. To review the ~

solution with the researcher, the children monitored the deta11
(e.g., Jason: - "1, 2, 3, 4 5, 6, 7 pizzas") and reported the
so]ut1on (e.g., "One each") This indicates that although the
problem was p1anned.!nd solved in two sequent1a] steps, i.e., deter-l
mine how much p1zza each boy gets then determine how much pizza each
. girl gets, the problem was perce1ved to be all 1nc5351ve, j.e., seven
pizzas to be shared by seven children. To answer the quest1on,"How

did you figure

?" the procedure wag clarified in three steps.
First, an‘imag‘native projection, 1ikely based:uponipast experiehce,

was reported (e.g., Trena; "Mavbe they made Tq‘).‘ Secondly, reference
was made to the p1cture (e. 9. parla: "Cause they each get a pizza."

~"On the1r heads . They each had the1r own )f' Thirdly, the true’ |
procedure was rev1ewed in a svnthes1zed report based upon 1og1ca1
reasoning and providing d1rect1on for the:group (e.g., Jason: "Ye
looked at the picture. That s what we’ should write down We 1ooked
Aat the boys and the girls and found -out they both had a whole pizza").
Note, the detail was aga1n v1ewed as one hroblem Subsequent expres-

sion reported the meaning of the Solution was 11ke1y based upon past

experience (e.g., Jason: "Hhatf some hogs! They're pigs!").
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Sunﬁ@_ngf Language and Strateg1es Used to Solve Mathematical

Problem One.

T.‘gReéding the questions aloud, then cTarifying.the procedure,

- enabled the group to plan a*soluq1on.

o2 The<prob1em'was solved in two steps: first, the solution
to(Part A (the bbys)'wae pTannedi secondly, the solution to Part B
(the girls) was planned. /ﬂ\\.

3. The procedure was to ehc1rc1e one pizza and one ch11d
4. Though the probTem was soTved in two steps, the review
indicates the problem was viewed in total rather th&n in two parts
| L
|
l
|

v

Pizza ProbTem Two

Sharjng one pizza among three b0/s and shar1ng three pizzas
ameng nine girls was-the problem posed to the group wh1chgpemon-

strated the following strategies to achieve the‘soluiioru'_b

I. Understanding the Problem. Unlike the grade twbs, imﬁediate
reference was made td'the“picture’in ordeh to’underétend‘the"probTem.

The detail of the picture was monitored (e.g., Tfena~' "Ohe pizza,

three boys; three p1zzas, nine g1r15"x and the plan 1n1t1ated to so]ve

Y

Part A (the boys) ‘The detail was ag¢1n monitored (e.g., Jason
"1, 2, 3,4, 5, 6,7, 8, 9") and the Flan to so]ve Part B (the g1rls) 7

initiated. o f /.

' ]

|

. ‘ } : . ’
I1. PTannihg the Solution. The soTution to Part A (the boys)

was recogn1zed and the strategy reported (e.q., Jason “Yeah, I know
/

how. Divide the p1zza into three. A th1rd"). The soTut1on to

Part B (the g1r15) was pred1cted u%cng mon1tor1ng}and ref]ect1ng upon

i
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the event to draw a conclusion (e.g., Jason: ‘"That‘éoes to that
three. That goes to that three. That goes to that three. So they
all get three pieces"). By u;e of illustration the solution was
elaborated, that is, by encirc11ng one pizza and fhree children to

seek agreement (e.g., Jason: “See").

I111. Solving the Prob]em; To solve Part A (the boys), one ch11d,"
Jason, detekmihed the solution as the others observed. He monitored his
achievement ge.g., “Yeah, that's good gnouéh") and made an'ana1ogy as |
he explained the process to the others (e.g., Jason: QLE\IQOKS like ;

a 'Y'"). The work was concluded by Jason reportinﬁr(iigtJ;TEb’fﬁgy -
all get three pieces [sicl"). The demonstration of ;he partitioned
circle and the analogy made to 'Y' assisted the other children to
achieve the solution. | | . i

To solve Part B (the girls), the group firstYencircled ecfh*éizza
with thréé‘gir]s then partitiéped each pizza in thirds always uéing

a 'Y."" .

IV. - Reviewing the Problem and the Solution. Although initiated

by the r?searcher (e.g., "How much does each boy get"), the review was

concluded by the group who read aloud and answered each questioh‘in '
! .

vseguential order. The solution (e.g., Jason: "They all get three

¥

~piéces") was corrected in response to the researcher'(e.g.; "They

'all get threeipieces?“). The correétion (e.q., Jason;‘ "I mean one
piece") was justified dsing reference to the process (e.g., Jason:
"You divide all the pizzas int6 three pieces, so it's a fair share.

See!").

R
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The solution was reported agaﬁn to be one piece“ then renamed;
"one thﬂrd.?“ The quest1on,'"If each ch11d gets a fa1r share of the

‘,pizza, who wou]d get more p1zza, each ‘boy or each girl?" evoked the

: 'f011ow1g&j,_1ef discussion. £ =
. "w,‘;f;n‘}; i u‘ ’ k ‘ . ’ . -
Langoage Sample SR 'Language/Thinking Strategies
-~ Jason: ‘None of them v Reporting a conclus1on based upon X
© Y recognition of the word more :
- Jason: .Thatpwas sort‘offeasy. Reflecting upon the mean1ng ‘of the
. o . exper1ence
Jason: They each get the Monitoring writing the answer.
. same amount.. . . e, : S
- Marla: You could just put o D1rect1ng the activity using a
o 'same' instead of synthesis of the meaning of the
- all those words. [ solut1on
Jason: .Nhatevér It think Just1fy1ng the activity by reflecting
g 1t [ fun o upon one's own fee11ngs ¢
In response to the quest1on, "How did you figure th1s out?"
an exp]anat1on of the procedure was reported (e.g., Jason: "We :
‘d1v1ded a11'the p;zzas lnto three"). | B
"SUmmary‘of'Language and Strategies Used to Solve Mathematica] S

P -

Prob1em Two. . v
le By referr1ng to the pﬁcture, mon1tor1ng the deta11 a]oud,
and demonstrat1ng ‘the probab]e process the gr0up was enab]ed to
proceed to the solut1on '
L.QQ,' 'The prob]em was so1ved in two steps f{rst- the so1utionv
to Part A-(the boys) was demonstrated and exp1a1ned, second]y, ‘
v the so]ut1on to Part B (the g1rls) whjchphad emerged when planning

Part A was ach1eved



G,

3 The.prooedure was first to group one pizza and three ohi]dfen,

/

then to partition. - : ' /(

Pizza Prob]em Three v o ,‘ unw

The prob]em of shar1ng two p1zzas betﬂeen three boys - and e1ght

pizzas among’ twe1ve girls was so1ved by the grade- three group us1ng

the following spec1f1c strateg1es. Q‘“}‘ . dS 4 ¢
: e _ ST

e

Understandwng ‘the Problem. Immedfate reference Was made to

the picture, Parft A (the boys), and the so]ut1on reported (e g., Jason:
n; Rnow how ne ;o this one. ,We divide 1t.1n ha}ft[s1c3 ){ The ) \

- detail of Part:B (the girls) was moni red (e.g., Jason: "1, 2’;3; 4,
5, 6, 7,8, 9, 10, 11, 12. 1,2, 3, 4,5, 6,7, 8) and a solution

reported (e.g., Jasonf V“Divide'it in fourths. Quarters").

II. P]ann1ng the So1ut1on 'The possible sb]utions proposed while

endeavor1ng to understand the prob]em were sought by’ the 1n1t1ator,

Jason but 1gnored by the other children, one of whom part1taoned the

-

c1rcu1ar areas in th1rds to so1ve Part A (the boys) and then reported
_ the so]ut1on to the group (e g., Nar1a "Look Divide it in three
They each’ get two“) As the d1scuss1on deveJoped to determ1ne the

'so1ut1on to Part B- (the g1rls), it appears evident that ch11dren are

ab]e to use their own}know]edge and F!ﬂﬁ‘gge to order the1r exper1ence

Y

Language Samp]e o .. .Language Thinking Strategy
Jason: Look it. 1 can make a R Collaborating and showing work.
capital Y. There's three Makes analogy to- explain pro-
g1rls that don't get a cedure. Concludes an 1ncorrect

p1zza oo conclusion. -
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Researcher Can you 1ook at it Probe by researcher.
another way? - ‘ ' o
Mar1a:.'G1r1s are vehy,huhgry i Projecting a reason based upon
you ‘know. . real life experience to dis-
‘ regard partitioning in thirds.
‘ : / o o ‘
Jason: Yeah there's six " Refers to solution Part A (the
pieces. She was right boys). Acknowledges another

about the boys. 1 wasn't child's work as correct. Admits
right. You should divide own érror. Predicts a new

them into fourths. Wait. solution. Affirms detail and
There's 12 kids. 2, 4,6, monitors an alternate solutjon.
8, 10, 12, 14, 16. 167 0uest1ons the poss1b1e so]ut1on
Marla: We don't need 16 pieces. Evaluates the so1ut1on.. Con—
2, 4, 6, 8, 10,12, 14. ..~ firms the evaluation.  Predicts
- Nait. We don't need that the previous solution. Monitors
- many pieces. So we divide the: act1v1tv Ra1ses a question.
that in half. Try that! .
2, 4, 6, 8, 10, 12, 14 and
. 16. Whew. Divide it in .
what? o
Trena: Three's. '18. ﬂ Hav1ng attended the d1a1ogue,
o : : responds to question and justifies
response.

111. So1v1ng the Prob]em'“ An 1mag1nat1ve situation based on

-rea1 1ife experience accompan1ed the act1v1ty of part1t1on1ng in.

‘thirds (e.g., Jason: "Isn't thls fun chopping up pizzas? They're
. \ ." .

‘making me hungry for a plzza Doesn't it make yoa huhgry?“).

' hi"Col1aborat1on to approve ‘the so]ut1on was sought by show1ng the work

and raising a question (e.g:, Mar]a. "Do you think th1s is r1ght7“).
Before giving approval, the work was monitored (e. g.» Jason: “1,‘2,
3, 4,5, 6, 7, 8 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21,
22, 23, 24 1, 2y 3, 8,5, 6,7, 8 9, 10, N 1, 12" and a conc1u$ion,
based upon apparent recogn1t1on of the mathemat1ca1 fact two twelves

are 24, stated (e:g., Jason: "Yup, they each aet two p1eces .



“Attending the monitoring and dialogue though in the role of observer,

" confirmation andAagreement nere expressed by”the third child ("Yup").

Iv. “Reviewing the Problem and the Solution. The reported

so]ut1on to the f1rst question (e. .5 , Jason: " Two pieces So 1t s
equa]t Half and half"), was c]ar1f1ed by ?gr]a to mean "they all get

the same : ath and the use of the word "they“ made more prec1se by

‘Trena (e.g., "each boy and each g1r1") To exp1a1n the proqedure
" one child, Jason, stted "It's all in the adding" wh1ch~seem1ng1y

h prompted a second ch11d Marla, to read a]oud the question, "How did

, you f1gure th1s out?" then repart an elaborated explanation. of the

' previous comment (e.g., "I divided the 24 pieces of’ p1zza 1nto the
f12 g1r1s , It‘was.eacy In addtmg rz\Twenty four p1eces 1nto 12 g1r1s

It s all in add1ng"). Though the term 'd1v1ded' is used and two t1mes

reference is made to the process of d1v1s1on (e g., "24 p1eces 1nto'12

g1r1s“) Marla concluded "It's all in add1ng - The,researcher’s

. probe, "ng?"'waS‘acknow1edged by Jason (e.g., "By chopping it up_in
th1rds”), and conf1rmed by agreement €.9.>5. ML»1a "Yeah, thirds").
‘A discussion which enabled the children to c]ar1fy the solution and
agree.upon a label arose 1n~response'to the”researcher s pnobe,‘“How,
much did you say they got?". . |

Language Samp]e o Language/Thinking'Strategy

Trena: . One third. = ~ An %§§wer reported.
.v . ‘J i :
~ Marla: Two pieces. . The answer clarified.

Jason: Boy, no, yeah| ' -
C - Insight.
“Marla: Two thirds. - :

v
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Jason: Yeah. A p1ece is a; _ Restating a fact.
third. ‘ -

Trena/- So another piece is = Synthesis.
Marla: two thirds. E

The brief excerpt of the discussion reveals the students” used
hthe1r language to 1nform, to clarify, to reason, to Just1fx the
reasoning, and to synthes1ze the content The contribution of
content by each child adds. to the understand1ng of . the mathemat1ca1

concept Use of the various strateg1es enab]ed the ch11dren to

]
+

construct meaning from the content.

Summary' 'Language and Strategies Used to Solve Mathematical

;Problen Three.

.H, The prob1em was recogn1zed to have two parts

2. The so]ut1onfto Part A (the boys), i.e., two thirds, was

, first_determined{ The-soiution to Part B (the'g1r1s) wasvthen deter-
| mined,/i.e.,'two thirds. R -_: R

3. The label, tw0'th1rds,was-derived;’

Pizza Problem Four

‘The strategies Hemonstrated by the group to so]ve ‘the prob]em of
shar1ng four p1zzas among seven boys and two p1zzas among four girls

. are presented 1nvthe f0110w1ng discussion.

I. Understand1ng the R%oblem Seeming1y the qUestions were
7

assumed as 1mmed1ate refe(ence to the p1cture was made by all membersf-

of the group and the detaj? mon1tored by all (e g., ‘] 2, 3 4 5,

6 7 boys and 4 g1r1s") pr1or to-Jason. pred1ct1ng a poss1b1e so]utwon:

</

’{_:,.

(AR



hf (e.g., "We d1v1de 1t in thirds again.

' N , v}\

Wi 4 R

No halves"} Maria' s one y;

utterance (e.g., "Uhy7"), was used to seek c]ar1f1cat10n and in. QR

response Jbson mod1f1ed and Just1f1ed the so1u!1on us1ng mon1toring

to exp1a1n that the procedure would be appropr1ate to so1ve Part B

(the‘g1rls) (e.qg., "For the girls we d1v1de it in half ”1
1, 2,3, 4

SQ -- ).

2 3, 4

The group then endeavored to app]y the same

understand1ng to solve Part. A (the boys).

. P]ann1ng the So]ut1on

1

‘The-so1ution toiPart B (the g1rls)

: had evo]ved as the ch11dren tr1ed to br1ng order to the exper1ence

The solut1on to Part A (the boys) was determ1ned 1n'd1a]ogue as various

'discussion

Language Samp]e

Mar]a

Trena:

Researcherfonwhatwe1se cou]d you
» do? : ‘
Marla: No! Divide it up in .

Trena:

‘Jason:

One boy doesn't -- one

boy gets a whole pizza

and ends up with --

There's onepiecefleigﬁ

~ thirds or quarters.

If you divide it in half,

then you get one more
piece so that equa]s

"~ eight.
1 2, 3, 4, 5 6, 7, 8,
. 9, ‘10 11 - no. Seven

peop]e.
- €

*exper1ence

p]ans'were proposed and rejected'as evidenced in the subsequent

£s

Lanouage/ThinkingﬁStrategy

eports a conc]us1on based upon _
use of the ha1v1ng mechanism.

'Reorganizes the<previous informa-

tion.

Raises a guestion the intent being -
to seek an alternate way‘

Reports two recogn1zed a1ternat1ve
plans based upon prev1ous E

E]aborates ‘the detail inherent in

_ use of the halving mechanism.

" Monitors the detail of the total

problem, Part A and Part B.
Corrects the monitoring.



' ‘\
. “ K‘ ‘
Seven peop]e but- -- yeah,
“if, if ygu got. 14. If you
‘have 14

Trena:

Seven p1us seven equa]s
fourteen —

Divide it in quarters.

Oh that will give you
loads more than 14. ¢

‘Marla: Watch. Quarters. 1've
: ~ tried it and it doesn t
work

Jason:

| k‘Jason..ﬁ You sure’ -~ divided by
\ yseven NoL

-

-Trena. And gives us one half
- left over.
Jaéon; Throw it in the garbage.
".Researcher: Does your Mum do
that7 ‘ o
'Trena; cut it into seven little
' pieces.
'Jasonilvlt wou]dn‘trbe fair.
Marla: Okay. 3, 4, 5, 6,.7.
Jason: ‘Hey, that would work.
Trena: ‘Yeah. o '

§ h person—each
“boy would get two pieces.:

1

i
1
i

| quarters.
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Predicts an alternate goal and"
justifies the reasoning using
a mathematical fact.

5

Regorts a procedure to, ach1eve the
‘‘goal. Recognizes the brocedure is
‘not appropr1ate

Demonstrates part1t1on1ng in
Concludes the so]ut1on
should not. be used.

- Questions and conf1rms conclus1on

Sznthesizes and‘justiffes the

' cond]usion.

" Suggests a1ternate ‘solution based”
upon. real’ 11fe exper1ence

Recognizes and r eEorts a more
appropriate alternate solution
based upon rea] life exper1ence

Exa_ugtg§_a1ternate so]ut1on and’
reports conclusion.

Monitors the activity.

Recognizes solution.

Agrees the solution ”Works .

Although the 1anguage of learning seems d1sorgan1zed on first

.1mpqgss1on examination of the strateg1es show that the language was—

used to~report, pred1ct, re—organ1ze,'mon1tor accompany demonstrat1on;

that 1s, exp1a1n quest1on procedure, synthes1ze and concur,

These

strateg1es enab1ed the ch11dren to construct order to the content



Each child’'s content adds to the understanding of the proposed
so]ution. The success of the move to order the bits of information
”1nto a mean1ngfu1 content 1s evident when Marla demonstrates the
suggested so]ut1on and the groupwagrees that the sol%tqu is feastb]e
As the so]ut1on was - planned the thoughts of the group had been ngen

-a more precise shape. B

' III. Solving the Problem. To‘so1ve the probTem Part B (the girls),

“the group first part1t1oned the c1r_u1ar shapes in halves using hori-
‘-Hzontal cuts. Th1s.same procedure,’use of the ha1v1ng mechanism,

R ’ , K ’ 0
'initiated the so1ution to Part A ('he boys) -The second step, was to

then part1t1on the 1ast ha]f in ”#evenths" using rad1a1 spokes It

i s 1nterest1ng to note part1t1on1hg in sevenths did not beg1n w1th a

vert1ca1 radius, i.e.s quartdrg but was determ1ned by use of s1x g
~ radii. The prob]em solving procedure was mon1tored as the rema1n1ng

half was partitionediand each slice numbered.

”IV.‘.Reviewing the Problem and-the Solution. The solution to
"How'huch pizza does each boy get?" was simultaneously reported by t
a11 (e g ,‘"Two p1eces") then revised (e g', Jason- _"No. One. 4No;
~ one and one seventh -- and .- one hal f and a seventh") and a reflection
upon the meaning of the_solut1on reported (e.g., Jason: "And;that
’,wou]dn't be'fajr beeause the gtr] isn't gettingve seventh"). The
‘ soTution to ﬁart A (the boys)‘nas agein revised’by Marla (e.g., "A
~half and a teensv‘hit | A half and a teensy bit") and the “teensy
b1t" 1abe11ed a seventh" by Jason. Again,rthe meaning'of the solution

was ref1ected upon by Jason (e g.,. “That wou]dn t be fair to the

114



girls"). “ Nevertheless, the chi]dren acknow]edged, "the boys get more

because he [sic] gets a half, and a seventh and they [the g1rls] on]y

. get ha]f " To explain "How d1d you f1gure this out?" only the

~ procedure to so]ve Part A (the boys) was reported (e g., "He divided
one pizza in half-and a seventh") and subsequent 1anguage mon1tored
the written response to answer the quest1on, "How d1d you f1gure th1s

out?" .

Symmary: Language and Strategies Used to Solve Mathematica1

Problem Four.

1. The group referred directly to the picture and after spme '
confusion due to looking at the entire problem, the sg1ution-to
Part B (the g1rls) was recogn1zed and reported to the group Then
‘the so1ut1on to Part B (the g1rls) was ach1eved by part1t1on1ng in
‘ha]ves us1ng horwzonta] cuts.

2. A ser1es of part1t1on1ng strateg1es, pred1cted as possible

so]ut1ons based upon stated mathemat1ca1 facts (e g., 7 +7-= 14)

and discussion of the’ facts 1n1t1ated the use of the ha1v1ng mechan1sm

and progress1na through part1t1on1ng by th1rds, quarters, then

~combining th1rds to ach1eve two th1rds As each strategy was

| d1scussed, attempted and reJected the group agaln resorted to use of
4th?wha1v7ﬁg mechanism. Seem1ng1y, the group had. endeavored to
initially use ‘partitioning by-ha]ves to so]ve Part A (the boys)
because th1s solution’ had "worked“ to solve Part B (the girls) and
che overr1d1ng thought was to be fair to all rather’ than to ach1eve

fairness within ‘each of the two sub-problems.

> .

115



116

3\

3. The final solutions involved pnrtitioning in halves to solve
Part. BA(the girls) and then by first partitioning in ha\yqs foilowed
by partitioning one half in sevenths to ach1eve the so]ut1on to

~ Part A (the boys). The seven shares were then numbered as 1nd1cated

in théJfo]]owing figure.

Figure'4.10ﬁ‘

' Partitioning Four Seyenths |

SOLVING THE PIZZA PROBLEMS: GRADE FOUR
L] . ' .

The problem so1vﬁng.stratégies of an individual grade four
child and a small group of grade four ghi]dfen_wi]lfbe specifically
destribed in-the.foT1owing discussion. -

Prob]em Solving Strategjes of the Ind]v1dua1
‘ Grade Four Child

Unlike either of the individual grade’two and,thrée children,
the. individual grade'four child. initially and throughout the
problem solving process manifested much frustratinn, sighing and

tears. Thus the résearcher was prompted to clarify and direct the
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child's thihking by means of questioning in order that the child
be enabled to achieve some success. Therefore the child in this

part of the study is very dependent. .

Pizza'Problem One

When presented with the task of sharing two pizzas between
- two boys and f1ve pizzas among f1ve g1r1$, the fo]]owing strategles

were demonstrated by the child.

I. Understanding the Problem. To understand the prob]em,

one ch11d s11ent]y read the quest1ons, referred to the p1cture and
reported‘(e.g., "I don't ‘know how to do thxsf). The apparent lack
of understahding eﬁd endeavor to furtker-pursue the problem prompted
the~researcher.to’assist the chi]d to make SOhe meaning of the |

problem and ultimately to plan .the solution.-

II. Planning the Solution. The first question'was read

~aloud to the child by the researcher and the activity directed

by questioning (qu,, "Can you tell by 1ook1ng?",; The response,
tears, evoked further duestidns (e.gu,’“How many bbys are there?"‘w
"How many pizzas do they share?" So how much islthat each?").

" The answers repprted tn sequential order‘were>“two,“ "th,"‘and _
"about eight pieces-each " This seems to indicate that possible
confusion arose from past exper1ence, i.e., who]e p1zzas are cut

in about'e1ght pieces. Reference was made to the picture, d1rect1ng

the activity (e.g., "But if you just Took at the picture"), the
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detail in the problem stated (e.g., "}f,there's,two boys and two
pizzas"), and the question rephrased ("How much pizza does each
boy™get?") ang the elicited response was "just one pizza." To

assure the

of the researcher, that is, wi]l the answer be about ‘four pieces

or. one-half “an as1de, pos1ng a new problem, was introduced (e g.s f
"Supposing there was only one pizza there, how much pizza would

each boy get?") and the reported response was: “one-half " Return1ng
to the original prob1em (e‘g.,'"Okay You're good at th1s° Now,
where it says, 'How much p1zza does each boy get?' d1d you dec1de7") B

The answer reported was "e1ght pieces -- or one who]e pizza" and

the process desired to answer the quest1on clarified (e g.,

"pr1nt1ng or writing"). The so1ut1on to quest1on two, "How much

p1zza does each girl get’" was der1ved qu1ck1y and confidently

dsﬁng reSerence\QSfthe picture and with no support from the researcher

-and the reason1ng exp1a1ned (e. g s "Because there s f1ve p1zzas and

‘ f1ve g1rls") '

~

. Rev1ew1ng the Prob]em and the 501ut1on. In response to .

the quest1on, "Nho w0u1d get more, each boy or each g1r1?", the

ch11d ma1nta1ned that each g1r1 got more, despite the rev1ew “and

the reported so1ut1ons remaining unchanged that is, Peach boy

'gets one who1e pizza" and "each girl gets one whole pizza." She

l explained this conc]us1on was arrived at "by looking at 11ke how - o

‘many girls_and how you can divide them.” \



Pizza Prd
To achieve >§6f&%ﬁoh to share one pizza among three boys and
three pizzas among nine girls, the problem solver used the fo]lowing

specific strategies.

I. Understanding the Problem. MNo.reference was made to the

- questions as the child irmediately referred to the picture, Part A
(the bpys), and reported a possible solution (e.g., "Just divide it
into three and each boy will get one piece"). Reference was then

made to the picture, Part B (the girls), and a possible solution
_ 8 ,
]

reported (e.g., "You need to,put 24 pieces on these three pizzas").

o

‘ ‘ ¥
II. Planning the Solution. Part A (the bhoys): The plan

evo]ng as-the child sdught to understand the problem but her 2
unéuccessfu].attempts to partition in thirds and thé report, "I can't"
prompted the researcher to suggest practice on a larger circular area
might benefit (e.q., "Hoﬁ]d you like to‘practiée on a larger pizza?:).
The suggestion was acknowledged (e.g., "Uh huh"), and the child was
able: to successfully partitioﬁ in thirds a circle two inches in
" diameter. The procedure was later transferred.to the smaller circular
areas when solving the problem. ‘ R ol
Part B (the gir1s): The predicted sp1utidn to th "24 pieces on |

these,fhree'pizzas" @as revised, 1ikely due to the small size of the
. 'circular areas (e.g.; "Except I really can't do that. That's not

‘right. oh, 1 khow how to dg\ié.v You just put eight pieces on each

pizza"). By raising a question (e.g., "Why wou]d/you get eight?"),

the child was encouraged to explain her thinking (e.g., "Cause 3 x 3
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- 1is ;- cause there's e1ght"), correct the detail (e.g., "No, there's

nine gdr]s"), state a conclusion (e 91 "That won't work") and predict

a new possib]e so]ution (e g. ,‘"Maybe‘l 11 have to divide it into

27). '

Y

I1I. Solving the Problem. Part A (the boys): Having partitioned

a larger area in thirds, the procedure was successfully transferred
to the smaller area but the process was predicted to be harder (e g.,’ ‘ iy
117 try. Th1s is going to be harder") The use/of the phrase.
"I try" 1nd1cates uncertainty regarding one's own capab111ty
Part B (the girls): The child sought to partition the first
pizza in ninths initiating the procedure by using the halving
mechanism. This procedure Qas recogntzed to be inapprdpriate (e.g.;
" "No, I've got 10 -—“) giving rise to a new procedure (elgs, "Make
the pieces b1gger"), vhile the process was monitored a]oud (e.qg., ¢
th1nk I just did it. I've just got to put th1s one 1n the middle.
There"i. The d1ff1cu1ty of using such a procedure, i.e., partitioning
l1n 10, erasing and*juggling nine radii, provoked the researcher to
further question the child, hoping to clarify the thinking (e.g.,
M"Okay, if you're meking nine, what might’he a good p]ace to start?
What might you do first?"). The response {e.g., "Hmm. Oh yeah!
Three's") indicates reflection upon the meaning of therexperiehce to
g]ean‘new insight but not to perceive the sd1ution as a total of nine
pieces. By first partitioning in thirds, théh‘by adding further

Jradii to achieve ninths, i.e., 27 .pieces, the solution was determined.

R -~¢f:>:;:
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" IV. Reviewing the:Prpblem and the Solution. The process used to

, review the solution was one of ouestion~andnreport' The so]ution~
to the quest1on, "How much pnzza does each boy get?" was reported as
4?"one p1ece " In response tothe probe to determ1ne possible knowledge h
| of a 1abe] (e g., "There s a name for. that. Do you- know the name of
'tthat p1ece7") the ch11d stated, "one quarter Subsequent rev1ew
p vof the so]ut1on and recogn1t1on that each boy gets “one piece out ‘of
three" evoked the probe, "Do you know a name for one out of ‘three?"
‘and the response (e g., "I don t th1nk -- I 1earned 1t before but I
thlnk 1 forgot") Apparent]v the ch11d rea11zed "one out of three"
) was not«"a quarter" but lacked & 1abe1 to 1dent1fv her answer. |
Neverthe]ess the solution was correct. "
“_ The 501utdon‘to the queStion, "ﬂow mUch pizza does each. gir]

get?" was reported as "one p1ece each of nine p1eces" and as "three

-
345

p1eces out of 27") By ra151ng a quest1on, the ch11d sought further

'clar1f1cat1on (e. g » "How. do I do th1s bottom one, the one about. how

’

- d1d you f1gure th1s out"); The response of the researcher (e G- s

"Egy/d1d you f1gure 1t out7") provoked exp]anat1on based upon 1og1ca1

/

7 reason1nq*to Just1fy»the procedure !

I just. counted the -boys and the pizza. and I. figure that wou1d
be ‘three pieces for the boys but I had to ase multiplication
“to. do. the girls. Well I had to go-1ike 3:x 9 glrls and
that's 27 so I knew I had to have: 27 p1eces o T,

vRef]ect1ng upon the- quest1on posed by the researcher ( ,g.,'"Cou1dv,'
" you have done 1t another way, w1thout mu1t1p1y1ng?"), an a1ternat1ve

solution nas recogn1zed and reported (e.g., "Three pieces on each

p1zza") The. so]ut1on "Three p1eces each” was reported and in f¥”1

response to the quest1on, "Suppos1ng you - had d1v1ded the other way
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&hﬂt ‘you. o4 1@?about “then how much p1zza wou]d each g1r1 get?", the
e

so1ut1on was restated and reV1sed (e.qg., "One p1ece each," "one p1ece

out of n1ne," ”n1ne b1eces in all the p1zzas toqether," "there w0u1d

' be three p1eoes in each pizza," "one out of n1ne7 Hell, one out of
three"). Th1s procedure enab]ed the child to perceive and conc1ude
that each’ boy and each g1r1 wou]d get "the same,ﬁ and report an
exp]anat1on wh1ch justified the' conc]us1on (e d., "because I d1v1ded

y .
them;the same way .

n

"‘5umma4xf- Language and Strategies Used to solve Mathematica] L
. . ' d e :? ] i‘ . T, .
Prob‘rem TwO. '

1. The ch11d reported the so]ut1on to Part A (the boys) wou]d
be to divide the pizza 1nto three but.no 1abe1 was available and S
cons1derab1e d1ff1cu1ty was exper1enced when. try1ng to accomp11sh<%he
act1v1ty, that 1£, part1t1on1ng in th1rds ; E ‘\‘
2  The final solut1on to: Part B (the g1rls) was . based upon the

~ child's knowledge ot\the mathemat1ca1 facts, 3 x 359and3x9=27.

The so]ut1on'wa5‘reported as one piece out of nine (per pizza) and *u

- as three’ p1eces out of twenty-seven. The ch11d was ab]e.to’report a

’

second poss1b1e so]ut1on that is, to- part1t1on each c1rcu1ar area 1n‘

th]rds but again no. 1abe1 was. ava11ab1e

i3a The ch11d was able- to deducr from the second poss1b1e so]ut1on'

to Part B (the g1rls) that, in fact, cach bov and each gir] had
rece1ved the same amount though the conc]us1on was based upon the
~

reason,,"Ifdivided them.the samekway" which was in fact not so.

~ . g ’. ‘ . . . ‘v - ! %
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'7'P1zza Prob]em Three

’The child demonstrated the fo110w1ng spec1f1c strateg1es wh11e

.endeavor1ng to share two p1zzas among three boys and eight pizzas

T

among twe]ve~girls.

I. Understand1ng the Prob]em ‘ Ignor1ng the questions, under—
eyt
standing was sought through reference to the p1cture, Part A (the :

boys). As no understanding was apparent the researoher sought to
c]ar1fy the child's th1nk1ng by means of quest1on1ng (e 9-» “Hhat
wou]d’you do if there was on]y one p1zza there7"), which evoked the
response "1 would divide it into three pieces." The probe, "So then
you get another p1zza7" seem1ng1y ordsred the child's th1rk1nu enab11ng
-recogn1t1on of the so]ut1on (e. 9. "S1x pieces. You Just put six &?
_p1eces, we]1 you Just put two pieces, like three pieces in each of
these") |

L Reference was agaijn made to the p1cture, Part B (the g1r1s), and

| the deta11 mon1tored (e g., "There is 1, 2 3, 4, 5, 6, 7, 8, 9, 10,.:
’11 12 g1rls and there is 1,2, 3,4,5,6,7,8 p1zzas") Raising |
ta quest1on (e 9., “Now what’") seemed to spur the child to dev1se a ,f

plan.

‘II. P]ann1ng the So]ut1on Part A (the boys) Understand1ng

that it was poss1b1e to achieve "six pieces" enabled the’ ch11d to p1an
the solution (e.g., "And :hen vou g1ve each’ boy tWO“)

| «Part ‘B (the g1r15) “Us1ng lan age to monntor the detail in
conJunct1on with use of t1metab1e fagts.to determine a possible

so]ut1oh~(efg., "2 -- 16. That's not enough. IInaud1b1e se1f talk.]
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A

I figured it out that they. get two. pieces each“); seemingly prov1ded

a problem so]v1ng model as evidenced in’ the exp]anat1on (e.g.., ”L1ke

I counted. I went 2 x 8 is 16 but that wasn't enough, and then I

counted 3 x 8 is 24 so then they get two pieces-each").

III. Solving the Problem. The solutions were achieved by

partitioning all pizzas in thirds.

IV. ReViewiﬁg the Problem and the.Soldtion In the revien of |

the prob]em, it was reported that "each boy gets two p1eces each" and

W ’

each g1r1 would get the same amount that 15, two \pieces.
Q .

Pizza Prob]em Four -

~

The task of shar1ng four p1zzas among seven bovs ‘and two p1zzas
among four g1r1s seemed to require the child to undertake the fol]ow1ng

epec1f1c strateg1es. S ' ‘t ' .

'-I. Unde??tand1ng the Prob]em Immed1ate reference was made to

. the p1cture, an observatmn reported (e g. , "Hmm. - ' S more boys

. than there are g1rls") the deta1] monﬂtored (e.g., "There's 1 2, 3

e 1 u

4,5, 6 7 8 [s1c] boys and four p1zzas“) and a mathemat1ca1 fact |

stated (e.g., "4 X 7 is 28“)

Cont1nu1ng ‘to Took at the p1cture, the ch11d recoqn1zed and

. reported the plan which cou]d be used to solve Part B (the g1r15)

G.e., ha1v1ng

IT. ‘P1anning‘the Solution. First, the plan to solve the questﬁon~l-

; "How much pizza does eaoh girl get?" was reparted (e.g:, "Well, if I

cut it in half then these two share that pizza and.these.two share .



A

o . ',)'
that pizza"). By pondering aloud the child proposed a plan by which
“the solution could be derived to solve Part A (the boys) (e.q.,

“Twentybeight.‘_Cut them in four. No. Cut them into seven").

ITI.. So1v1ng the Prob]em " To. solve the prob]em part1t1on1ng in
sevenths by use of radial cuts was first practised on a larger ‘
circular area. Then the behav1or was transferred to the or1gwna],

,page present1ng the problem.. The‘activity~was directed by

: &ﬁ#

‘ Tﬁumon1tor1ng and report1ng (e 9., “There Ifn finﬁshed"them all“)

No speech accompan1ed the so]ut1on to Part B (the gir]s) which was

achieved by us1ng the halving mechan1sm, a hor1zonta1 cut.

Iv. Reviewing the Problem and'the So]ution ~ As the solution

‘was reviewed w1th the researcher, it became apparent that the prob]em
solver was unable to answer the f1rst quest1on even though hav1ng

| achieved the correct so]ut1on bv part1t1on1ng Ne1ther awareness of
.the number of p1eces per. ch11d nor-a 1abe1 were apparent By use of
quest1on and - answer as ev1denced in the following d1a1ogue the
act1v1ty was reV]ewed ‘hoping the ch11d S 1nformat1on wou1d move

toward order. - | I }

Researcher Questions | Suzanne's Responses
«  If yOu:only had'one pizza; One piece each.
how much would each boy get? - ‘ '
Out of how many’ - . Four
' ,Did you cut it in f0ur5 'i"’: No,
So he gets one out of how ~ Seven,
- many? .
But you haven't got one So it would be three pieces each.

pizza, you've got four.-
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Don’ t they qet any from the : Yeah -- four pieces each.
fourth p1zza? . - ‘ ’

,The process of quest1on and answer enab]ed the ch11d to arrive
“at a concept, "four pleces.“ wh1ch would enable conpar1son to be made
'w1th ‘the so]ut1on to Part B (the g1rls) (i.e., "One piece each ! "one
"half") To determ1ne "Who got more, each boy or each g1r1?" the

' problem solver looked at the p1ctures and repo:;gd; “each g1r1 B

‘\Aga1n the researcher probed (e.g., "So ha]f isBigger? Is that what

; you're te111ng me’ Okay So does each boy get as ‘much as’ each g1r1?").

Fed
1

hfIt provoked a compar1son and the report (e g. ; "Ne]] four p1eces
"would probab]v add up to one ha]f so they would probab]y get the
-::'same"). A d1a1ogue perta1n1ng to the mean1ng of one-half (e 9.,
"hhat!s 1/2 of 2?"} "1"s5 "What s 1/2 of 47", "2" "Hhat s 1/2 of 67">
"3"; "What's 1/2‘0f,8§?, ngn) shed no light upon the conclusion to -
'thetneXt question which wanread and answered by the child (e.g., "If
each ch11d gets a fair share of the p1zza who wou]d get: more, each
Ay boy or each girl? The g1r1s, because they get a ha]f and these guys
'only get four p1eces ---out of four") Apparent]y, regard]ess of - |
‘hav1ng executed the solution, the ch11d did not, 1n fact der1ve
meaning from therprocess, the picture or dialogue, nor was there an
";ava11ab1e label to more precisely describe-the so1utton other than
‘pieces." - - - - o , 3
Pizza'prob1ems five through eight were not presented because, for -

. this child, the tasks seemed to be much too’ arduous.
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Probleh Solving Strategies of the
/ Grade Four Group

Like the grade two and ghade three groups,the,re1at1qnship of
“the members of the grbub was friendly, harmonious and matually

‘supportive.’

P1zza Prob]em One

G1ven the task of shar1ng two p1zzas between two boys and f1ve
1pizgas,among fuve*g1r1$, the-group evidenced the fo110w1ng.spec1f1c

‘strategies.

I. Understand1ng the Problem. To understand the brob]em,

1mmed1ate reference was made to .the p1cture

II. Planhing the So]ution;_ No_p1an was stated.

CII1. So1v1ng the Prob1em To soiVe the problem, the group first

ffocused attent1on on]v to that part of the picture concern1ng Part A
.(the hoys ) and»s1mu1taneouslx reported‘the solution (e.g., "One pizza
each") ~This process was repeated to solve Part B (the giris). Mo

‘other act1v1ty was ev1denced

V. Reviewing the Phob1em and the Solution. A1 three children

s1mu]taneous]v read and answered a]oud each of the f1rst three quest1ons
The fourth question, th0unh»read by a]l, was answered by one child:

William: Two p1zzas and two boys and then each boy gets a
whole pizza and then there's five more pizzas and
there's five more girls so they don't have to divide .
.it cause you can see that they each get a whole
n17za+~#lDSiead—OfﬂhaMJDﬂ_IQ_dJMldE#lI_JﬂID,Dleces -

they each’ get a whole pizza.
/ / .
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The response was conf1rmed by the others (e.qg., "Yeah“) and then:the
answer e]aborated (e.qg. ,'Brenda- "Like if there was one pizza_ VOu o
‘ wou]d have to d1v1de it into five pweces - maybe six and one left over

‘but here they each get one whole pizza").

.‘Summary'ovaanguage and Strabegies‘Used to So]&e Mathematical
Problem One. | - |
1. Reference to the picture was made to understand, p]an and
so1ve“the prob]em As ev1denced in the rew1ew of the problem, the
p1cture was understood to have embedded two separate quest1ons
| _2. hile reviewing the problem, the ch11dren reported that deta11
had been recogn1zed, re]at1onsh1ps perce1ved the conclusion made that

d1v1s1on was not thouaht to be necessary and the conc]us1on Just1f1ed

« K

> P1zza Problem Two -

To the given task of shar1ng one p1zza among three boys and three
.piZZas among nine girls, the grade four group demonstrated the f011ow1ng
_ specific strategies. | '

<

I. Understand1ng the Prob1em To understand the prob]em,

' reference was 1mmed1ate1y made to on]v that part of the p1cture con-
| cern1ng Part A (the boys) and then the attent1on focused upon on]y

that part of the p1cture concern1ng Part B (the g1rls)

- IL P1ann1ng,the So]ut1on To p]an the so]ut1on, the group

1mmed1ate1y recogn1zed and made the pred1ct1on that part1t1on1ng 1n v
th1rds.wou1d solve both‘parts of the problem (e.q. ,."D1v1de 1t into -



[11.- Solving the Problem. Each child quickly and successfully

part1t1oned each pizza in thirds bv first determining the centre and .

then using either a 'Y'oor inverted 'Y.'

V. Reviewing the Problen and the Solutfon} ‘The group read aloud

each of the f1rst three quest1ons and br1ef1v reported the answers
(e.q., "a third each," "a th1rd each,“ "ne1ther the same amount").
The 1abe1 "equal" was used to elaborate "the same amount. " After"
read1ng the quest10n, "How d1d you figure this out?", by means of
d1scuss1on the qroup eTaborated and concurred upon- the procedure used
to achieve the solution to Part A (the boys):.
Brenda: We divided it 1nto one-thirds. Like the bovs got
one-third because they wouldn't all get the same
- amount 1f vou cut it into four pieces. ‘Then ‘there
would be“one p1ece left over. And if a p1ece is
1eft over, they d probably be arguing.

In th1s d1scuss1on the decision was justified by use of a 1og1ca1

reason supported by reference to past exper1ence and by raising a

. quest1on (e. g , 'Nho d get the last piece?"). In further discussion

- to rev1ew the procedure in ‘order to determine ‘the so1ut1on to Part B
'-l(the g1rls), reference was made to dkta1] (e.q., "There S three p1zzas
and 12 g1r1s", the deta11 was corrected (e a., "No, nine g1r1s ) and
the procedure explained bv use of 1og1ca1 reasoqing.

g1111am,' And if the boys got ‘one-third of a pizza each and
= there's three pizzas for the girls then divide the
girls into thirds and each third of the girls gets

o , one pizza. Then you divide that p1zza into the
’ th1rds like the boys ‘
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Summarx; Lanquage and Strategies Used to Solve Mathehatita1
Problen_ wo. | ) ‘

1. Seemingly the prob]em was assumed to haye two parts and
immediate reference was. made to the p1cture, Part: A (the bovs), and
then to Part B (the girls). |
’ 2. By part1t1on1ng in th1rds, the solution to Part A (the boys)
i was ach1eved To find the solution to Part B (the g1r1s§ the pro-
vcedure used was to first divide the girls into three groups, each

group correspond1ng to a pizza and then to partition each pizza into

~thirds using either 'Y' or an inverted 'Y.'

P1zza ProbJem Three

The task of shar1ng two ‘pizzas among three bovs and e1ght pizzas
A

f among twelve g1r153was evidenced in the following spec1f1c strategies.

- I.v'Understandihggthe Problem. To understand the prob]em, the

group first made reference to the picture, then to on]v the first
quest1on which was read a]oud by Brenda to the group (e.g., "How much

. p1zza does each boy get9“)

Y

II.. Planning the So]utton,:‘To plan the so]ution’to Part A (the

"bOyS), a'prediction based upon'reference to detail, and a recognized

-

re]at1onsh1p was proposed bv one ch11d Mathew, to the group:

I think I have a. so]ut1on for this. - Sounds a little wacky
‘but -- Since there's only three boys and two pizzas these

boys could get two-thirds. Like you can make it into thirds
and then this boy gets one- ~third from this p1zza and one-third
from that. :

7 The use of the express1on "1 tthk" suggests the child was aware other

possible solutions might exist. - The express1on ”sounds a 11tt1e wacly
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but ;-" seems to reflect the ch11d s own feelings regarding the

"' mean1ng of the procedure and, at the same time, help the group attend
y tq,the reportJ. ’ _ ,
o The plan to so]ve part B (the girls) was initiated by William
.ask1ng a quest1on (e g., "Now, what about the airls?") and as the group
ﬁta]keq it through they recognized the solution to be the same as used
to soiee Part A (the hqys).J

ui11iem: Three girls and two pizzas.

Al: ' Okay thene's‘12 girls.

Brenda:“ éUt you see --

illiam: Three.girls to two pizzas.

)
Mathew: S0 the same as the boys.

Brenda: Yup. ’ ' : o ,

II1. So]vfngﬁthe Problem. To solve fhe'prob1em,'the children -
first achieved the solution to Part A (fhe~boys)._ While mOnitoringv |
aloud the.activity,feachvchde partit{oned‘each'pizZavin thirds and
_he stated conclqsion "each child getslfwo pieces" was restated using

/ mathematical terminelogy (e.g., "Each piece is one-third but they
each get two-thirds in all"). B

To obtain a so1ut1on to Part B (the girls), the children had
mon1tored the act1v1ty while part1t1on1ng each pizza in thirds. (e.g.,'
Brenda:' “Th1s.p1ece. This piece. And this p1ece for the third girl"),
reviewed the detail (e-g., Uilliam: "Three girls and‘twe pizzas"),
neeoghized the relationship (e.g., Hathew: "Three girls to a pizza"),
and cohc]uded the solution'(e.g;,'vathew: "So the same as the boys."

"Each girl gets two-thirds of a pizza") and agreed upon their solution



(e.g., Brenda: '"de");

iiiiii

solution, the group first read‘31oud, then answered each queséion.

In response to the question, "How did you figure it out?", the use

of logical rgaSoning‘to explain the procedure tp‘so]ve_Part A,(the
boys) was evidénf (e.g., Brenda; "Figured it ?ut:to split it'up'into
three thirds and theh if one boy got one piece:of'pizza, then the
other boy got ohe andithe other boy got one“f. The exp]anation.

was thén*elaborated'by Ni]]iém (e.qg., "Thererwould be three pieces
left over") and agreedAupon (e.q., Brenﬁa:“"Yeah"). The solution to
Part B (thé‘gir1s) made reference to paét learhing, that is, know-
ledge of eQen and uneven numbers (e.g., William: "There's nine giris.
An uneven number; And an even ﬁumber of pizzas"). Ih response to
the probe, "What made you decide to try thirds on the girls?",

 again knowledge of even/uneven numbers was reported-(e.g., "llell,"
because there's sets of three on the girls and se;§'0f4fwo on the
pizzas"). Apparent1y recognition of "sets" helped the gkoup to

L e

Summary: Langugge and Strategies Used to Sd}ve Mathematical

achieve the solution.

Pfoblem Three,
1. By referring to bn]y that part of the picture concerning tﬁe'
boys and talking through the detail % arrive at the solution, the
group was able to plan and-acﬁ?@&e the_so]ution for Part A (the bbys)}
The solution entailed partitioning in thirds and the label two-thirds

was used to identify the answer.
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2. By ;éferring to only that part of the picture concerning the
girls, and~ta1king the problem through, the solution to Part B (the
girls) was sought and achieved by grouping in "sets" based uﬁbn , -
know]edge of even and uneven numbérs. Theé "sets" were recogniied
| td'bé the same‘as in‘Part A (the boys), that is, each set contained
‘.'three girls and two pizzas. ‘The pizzas were partitioned®in thjrds
using 'Y’ 6nwinverted 'Y' (A) and, to name tﬁe size of each share,’
the label twa=thirds Qas used.

3. The activity gave rise to the children illustrating their

solution as evidenced in the following figure.

/

Figure 4.11

Partitiohing by the Grade Four Group to
Achieve Two-Thirds

>

Pizza Problem Four

The task.of sharing four pizzas among seven boys and two pizzas
.- :

among four girls elicited the following behaviors:

v
o
/

I. ggﬂerstanding>the,Problem. To understand the problem, the

children first looked at the picture (e.g., William: "Oh. Look!"),

reflected upon the experience (e.g., Mathew: "Geesh"), decided to

¥

first solve Paft B (the girls) (e.q., Ni]fﬁl@: "Do the girls first")
' R e

-y
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and Just{f1ed the decision (e.g., Mathew: "Yeah. They're the easy
ones"). Likely past, real life experience, that is, sharing and
talking about halves, accounts for the group perceiving this part

of the problem as easy. To underStand ﬁe;t A (the‘boys) the children
first attempted to partition‘in’ha1ves, that is, to apply the'so1ut1on ,
of‘Part B (the girls). The group‘conc]uded partitioning jn haTyes
wou]d be inappropriate (e.g., William: "Won't work thevseme"), and |
then attenpted to partition in thirds (e.g., Mathew: "I think this
w111 work"), but recognized th1s too would not solve the problem .
(e.g., Mathew: "No, it wouldn't"). The question was raised by |
Mathew, "Could everybody get the same amount?" and the children again'
etfempted to partition in ha]ves and again found "that won't add”up_
the same,";i e.. the same as the girls. An a}ternate plan was

. suggested by William (e. g , " haxen t tried fifths yet"). Again,

the detail was mon1tored any - expressed new insight (e.qg.,."I

have an idea. Put it into g"""“f "), The suggested procedure was
Just1f1ed (e g., "Put it into ‘sevenths -- so it's seven p1eces")
However, this Just1f1cat1on was rebutted by H1111am (e.q., "Uh Uh!l

You can't divide an uneven number, seven, into an even number, four"{.
Bv ra1s1ng a quest1on Mathew sought to clarify the exp]anatwon (e.g.,
"Why not? VYou can divide it. You could do that. Then they each get
four pieces“). The re1ationshfp of the detail was reported by Brenda --
h(éﬁg., "There's seven boys and there's four pi;zaé"), provoking
*further explanation and exﬁracting the central meaning of the prob]eﬁ

by use of logical reasoning (e.g., Mathew: "I know. Divide each one

_into seven and then they each get four pieces"). The intérruptidnf

~—
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(e.g., wil1iam: "That won't work. There's an’uneVen number of hoys.

' Theré has to be six boys"J, fol]owed by the response (e.g., Mathew:

?“That s with numb:rs, not rea1 th1ng§") and H1111am s subsequent
agreement (e g., "Oh Oh yeah") seems to 1nd1cate an assumed

freasonableness of the statement wh1ch “had d1st1ngu1shed between I
numbers and "real thlngs. By ra1s1ng a quest10n (e.g., Brenda.

‘“Yeah but what about the other p1zzas7")¢ further c]ar1f1cat1on was
soughtgand the p]an elaborated (e.g.,'Hathew. "Do 1t the same way")

The group concurred in the decision}(e.g., Wilgname' "Yeah, they each

get four-sevenths. of a pizza"). | }/// AR -
R ) ‘. ; . B
x ‘ h

. , _ N o o .
II. Planning the Solution. The plan had-eve{yed as the children

» ’sought to understand the problem. .
\ ne prov e

L,

<

III. Solving the Problem. Immediate recogpition to Part B (the
L _ ) S , BRI ) ’
"girlsz was accompanied‘by the activity of partitioning in halves using .

a“horizonta1eCut, o G o
-To achieve the'soiution t0'Part A‘(the boys), each pizza was

. (N i, /
part1t1oned in: sevenths us1ng rad1a1 cuts. The act1v1ty was d1rected

‘by use of mon1tor1ng (e G 1 2, 3, there, there %here, . 25 3, -4,;

5, 6, -- there, 7“) as each chx]d part1t1oned the pizza 1nto seven s

p1eces of equa] size and the conc]us1on reported (e. 9. N1111am ' "Yeah
L Y

they each get four- sevenths ). o | o i

L - IV. Rev1ew1ng the Problem and the Solution. To review‘the o

’vso1ut10n ‘the f1rst three quest1ons were read and answered a1oud
in sequent1a1 order by a11 (e g., "Four- sevenths, one ha1f§& Each

gboy gets more") By use of 1og1ca1 reason1ng to expgﬁgn the



procedure, the group answered the‘questton, "How did you figure this
out?": C R |
Brendaf We counted out how many boys there was. Then we

counted how. many pizzas and there's four pizzas and
seven’ boys as/so we d1v1ded them into seven --

Mathew: And there' 5 four p1zzas and we did that on all four {
pizzas so each %oy would get four p1eces - four-
| sevenths : :
'_Ni111am: And for the g1r1s we split it in half
Brenda: Cause there s two pizzas and four g1rls
In response to the researcher s probe, "How did: you f1gure out who
had more7“, the ch11dren reported “We11 four sevenths is more ‘than l*
a half ".then Just1f1ed the answer by use of 1og1ca1 reason1ng (e.g.,
Fcause'four‘1s more than three and threevtakeS'up 1ess than -- wet]
_ the~four nust go ihto'the'half way mark ofkseuen").‘-

bR

Summary Langquage and Strategies Used to Solve Mathematica]‘

. Prob]em Four

1., The group immediately recogn1zed and stated the' so]ut1on,»
one half, to pPart B (the girls).- ’
2. - The group/a;r1ved at the so]ut1on four sevenths, to Part A
i ‘(the boys) by talking through and reJectTng vary1ng poss1b1e so1ut1ons/
based upon past exper1ence and the mathemat1ca1 concept of even/
uneven numbérs " The correct solut1on f1na11y g]eaned was e1aborated
,znd the necessary procedure exp1a1ned pr1or to its demonstrat1on
Through their d1a1ogue the group had reworked/the mean1ng of the
prob1em, e1aborated the/mean1ng of the procedure and estab11shed the
correct 1abe1 and 1ts mean1ng to 1dent1fy the so]ut1on

. 3. The group was able to determine four- sevenths ‘was more than

< /
/
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one half by«ta]king.thrOUqh!the meaning of one'ha1f.

Pizza. Prob]em F1ve

The prob]em of shar1ng s1x p1zzas among. four boys and nine

pizzas amongk51x g1r1s was solyed_us1ng the fo]]ow1ng.strateg1es.

'1; Understand1ng the Problem Ignor1ng the quest1ons, the group

. referred .to the part .of the p1cture concern1ng part A .(the boys) and
mon1tored'the detail aloud ‘enabling them to plan the solution. “The

* same procedure was repeated in order to determine the solution to

.'Part B (the girls). T

w

Il. P1anning the Solution. Having mohitored.the detail to

Part A (the boys), the plan was initiated (e.g., Mathew: "Split it" -
into s?x. Theh they each get four pieces -- they each get six |

pieces"). The 1n1t1ated p1an was acknow]edged and the process re-
,presented by w1]11am who seemed to suggest the des1red procedure wou1d
‘requ1re thatcthe six pwzzas be groupeo/to ach1eve four equal shares .
(e.g., "It s almost just. the other way arouna“) By raising a
question, 1nc1ud1ng reference to the deta11 inherent in the problem,
' Mathew reflected upon H1111am S sugoest1on (e g., "There S four&boys
‘and there S S$ix p1zzas go you. sp11t them 1nto -- fourths?“) but the

poss1b1e solutioy was. recognTzed as tentat1ve (e g s "So they get --

Tet's see") then conf1rmed by Brenda using mon1tor1ng (e.g., "It

LT
o gt

mon1tored by each ch11d and reference made by Hw]]wam toa poss1b1e

pertinent mathematical fact (e.g.;2N1ne divided by six.is three. Not)
n 2 , : ‘ “ ] i f\il ) ,
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wh1ch was c]ar1f1ed by Mathew (e.g., "Rema1nder three. Nine divided
by six 1s one remainder three"). ‘The recogn1t1on of the mathemat1ca1

fact gave rise to two aiternate solutions.

,III."So1ving,the Problem. Part A {(the boys) Posed so]ut1ons

kbased only. upon observation (e.g., Ni]]iam: "They each get a half of
- a pizza;" and Mathew: " "They-each,get oneaand‘a fourth") were
f,clarifjed by Brenda'who, having‘monitOred her activity, that is,.
.partitioning in,#%urth repdrt%p and exp1a1ned the solution (e.g. '

"Split it in fourths th}v agh"ﬁn; gets six"). U1111am acknow]edged
the report and synthes1zed the so]ut1on (e. g ,Z"Each ‘boy gets a whole
pizza and,a half"). Brenda then quest1oned if another method ex1sted _
(e.g., "Is there another way?"). The so]ut1on was rephrased to be
;"s1x fourths" or "six quarters" by H1111am and Mathew

Part B (the g1r1s) ~ Brenda, hav1ng momtored the detaﬂ (e. g , f\%
o, 2 3 4,5,6, 7,8, 9girlsand 1,2, 3 4,5, 6--- 6 pizzas"), "

; reported a‘poss1b1e so]ut1on (e. g s "I did 1t, I th1nk Each g1r1
%%?*,léets four pieces of pizza"), and then exp1a1ned,the process (e g.,
"Because you g1ve the g1r1s ‘each a pizza first and then the other -
'three pizzas d1v1de in ha]ves") The so]ut1on provoked a d1scuss1on
. using 10%1ca1 reason1ng to analyze . (e g.s N1111am "“Two- th1rds [sicl.
each person gets three th1rds of a p1zza One whole"), synthes1ze
':the so1ut1on (e. g., Mathew - "They get a p1zza and a ha]f"), and
Mathew then Just1f1ed and e]aborated the svnthes1s
te Instead of sp11tt1ng these up. in th1rds and then the rema1n1ng
w» three you split in half -- give them a ‘'whole pizza. Cause

" there's only. three Teft and there's six girls so you sp11t them
in half so there's s1x p1eces So each gets an extra piece.
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A comparison of the procedures bv way of, 111ustrat1on ensued (e g s

Brenda: "Look @ @ @ @ @% @ @ ; Mathew
"You have the same th1ng See, <:> (:) <:> (:) (:) <:> 659 65} é;}")

The discussion and use of compar1son gave rise to Uilliam stat1ng a- .
mathemat1ca1 pr1nc1p1e {e.9., "Yeah, they can’ have three th1rds and a_

'ha1f or one pizza and a ha]f." It s the same th1ng¥). S

j'{%I\V. Rev1ew1ng the Prob]em and the: So]ut1on To review the

f.solut1on the group read and answered aloud each quest1on in sequent1a1
order The mathemat1ca1 concept Six- fourths 'was named three ways:

"six quarters,“ "six fourths" and "one and a ha]f" and the mathemat1ca1;‘
principle stated by the group (e.g., "Six quarters equa1 s1x fourths ¥
'equa] one and a half It S al] the same") To answer the quest1on |

. "How d1d you f1gure 1t out”“, the group seem1ng1§ made reference to

the p1cture wh11e report1ng their own" fee]rngs (e. g , "Did the boys

- first 'cause the g1r1s were harder")

Summary- Language.and Strategiés Usedvto So1ye‘Mathemat1ca1

Prob]em F1ve ety

SR

A

1. It was recogn1zed that the prob]em would requ1re two ﬁ?
solut1ons |

2. The so]ut1on to Part A (the boys) was ach1eved by first -

: i
part1t1on1ng in quarters and the solution six- quarters equated to
"3 who]e and a half." The solution to Part B (the g1r1s) was

achieved by two d1f#er1ng procedures as ev1denced in F1gure 4 12.
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 Figure 4.12

‘Partitioning-to Achieve One and onefﬁﬁﬁf

3. It wés.redbgnized add stated“thét the mathematical concept
three th1rds and half is one whole and a ha]f | |
w1th the 1ntent “to e11m1nate confus1on arising from the Juxta-
.posit1on of understand1ng the problem and planning a so]ut1on, these"
_‘fwo steps, Understanding gﬁé Problem and Planning the Solution are
presented under one heading throughout PizzevProb1ems Six; Seven ahd

Eight.

Pizza Problem Six

The problem of sharing three pizzas amongiseven“bqyé and one

pizza amoﬁg three~giris was so]vedAusing the following-strategies:

I. Understand1ng the Prob]em and P]ann1ng the So]ut1on To under-

stand the prob]em, reference was made to the picture Part A (the boys),

a ref]ect1on of the meaning of the exper1ence based upon one's own
. v S

. feefings reported (e.g., Mathew: "Th1s is easy") and ‘the plan stated

by William (e.g. ,'”The girls -- th1rds“)
- el
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Subsequently, as the detail'was monitored to Part B (the girls),

the group determ1ned the p1an in three steps: (i.e., "Cnt each

pizza in seve;f, "Give each. boy three p1eces H “Three.sevenths. Each

boy gets three sevenths"). , " ‘ ' :
' : , I QO

II. Solving the Problem. The solution to Part B (the girls),

partitioning in thirds, was drawn quickly and accurate1y by a11

'Neither monitoring nor 1ntercommun1catlon was ev1denced

. The so]ut1on to Part A (the ‘boys) s part1t1on1ng in sevenths

; u51ng rad1a1 cuts was accompanped by 1naud1b1e self ta]k but no f‘

~ difficulty was apparent.

III. Reriewingfthe Prob]em and the So]ution To rev1ew the

'.solut1on each question was read and answered aloud by the group

-To determine which was more they'then referred to the1r 1prk (e 9. ;’"

“Look at’ the p1cture"), and reported a conclus1on with reservation

(e.g., “Three-sevenths is more. We11, a 11tt1e The .boys  get: mOre")n

The response to the quest1on “How d1d you figure th1s out?", was. a

report of the experiental mean1ng (e.g., "Easy") and a summation of

~ the procedures (e.g., "Tthds ‘for the g1r1s. Then cut in seven for

- the boys").

L]

. Summary: Language and Strategies Used to Solve Mathematical
Problem Six..

!
1. The prob]em was known to require two so]ut1ons

thirds and the second by part1t1onxnn in sevenths. A label was

avajlable to identify each solutio:

2. The f1rst so1ut1on achieved was determiried by part1t1on1ng in

141
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3. A comparison based upoﬁ observatidn and analysis of the
so1ut1on enabled the group to. determ1ne three-sevenths was more than
one-third. No d1agrammat1ca1 strategy other than part1t1on1ng was -

- used. R ' . . - Fry

P1zza Problem Seven

The prob]em of shar1ng f1ve p1zza among three boys and eight
pizzas among. five girls was so]ved using the fo]]ow1ng specific -

strategies.'

’

I. Understand1ng the Prob]em and P1ann1ng the Solution. To
understand the prob]em, the children first referred to the total
p1cture, then agreed to f1rst do Part A (the boys) (e.q., "Do the
boys firstf), After monitoring the detail, the possible solution was
- reported by Mathew (e:g., ngive each boy one pizza. _Cut the other
’"two [pizzas] in“thirds '}Then g%Ve‘each boy two pieces. anh boy

N\

gets one and two- thirds"). y
To so]ve Part B (the g1rls) f1rst the detail was mon1tored,
' then the so]ut1on proposed by w1111am (e.g., "G1ve each g1r1 one
pizza. Cut the rema1nder in five, f1fths G1ve each g1r1 three

- pieces"). The mean1ng of the so]ut1on was c]ar1f1ed by Brenda and

Mathew (e.g., "Each g1r1,gets one pizza and three pieces"; "One

pizza and three-fifths").

I1. So1v1ngfthe Prob]em. The solution to Part A (the boys)

was ach1eved by part1t1on1ng two of the c1rc1es in thirds us1ng
radva] cuts The solution to Part B (the g1r1s) was achieved by

| part1t1on1ng three of the c1rc1es in f1fths us1ng£§§d1al cuts. No



intercommunication occurred but inaudible seff—ta]k was ebident.

. 111. Reviewing the Solution. Tq’review the solution, each

Question.was read and answered aloud in sequentia1Aorder. The

solution to question 1, "How much.pizza does each boy getV" was

reported to be "one and,two-thirds," then elaborated, "Yeah, five-

thirds. tool" The'so10t{6n to the question "How much pizza does

each g1r1 get?" was reported to be "one and three—f1fths " To

,'determ1ne wh1ch ‘was more, one and two thirds or one and three--

fifths, a- d1a1ogue based upon observat1on of the p1ctures ensued
Brenda. Ig s real-close.
William: 1 think two-thirds. | .

‘Mathew:  Look. Yeah, one and two-th1rds is more. The boys
‘ " get more. . '

A11:" Yeah, the boys get more.

" A review of the procedure was reported to ‘answer the quest1on "How

did you figuré this out?" (e.g., "Give.each boy one and cut the

‘remainder in thirds. Give them two-th1rds. Give each g1r1 one and

‘cut the remainder in-fifths. Give them one-fifth more").

Summary- Langyagg and Strateg1es Used to Solve Hathemat1ca]

Pr0b1en Seven f

1. As a group, the ch11dreﬁ talked through the meaning of each

part-of the problem, and p]anned and labelled the solution prior to

us1ng any part1t1on1ng strategies. Hav1ng part1t10ned the c1rcu1ar

areas, the group then determ1ned three fifths was more than .one-third '

by referr1ng to and discussing the 114ustrat1ons

143
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Pizza Prob]em Eﬁght

- To share f1ve p1ZZas among four boys and six pizzas among f1ve

girls, the group demonstrated the following specific strategies.

I. Understand1ng the Problem-and P]ann1ng the So]ut1on To

* understand the problem, each child monitored the deta11 of Part A
(the boys). - The plan was stated by Mathew (e.g., "Give.each boy
one‘and cut the other one in four") and_justified by Brenda (e.g.,
"Cause ‘there' s four boys") . Attention was diretted to ‘the -girls by
~William (e.g., "Now the girls"), the so]ut1on proposed simu]taneous1y
by each child (e g.» "G1ve each g1r1 one and cut the 1eft over in
five") and agreement reported (e. g , "They ‘each get one and one-'
fifth"). By W1111am raising a quest1on (e.g., "They do?"), the
solution was”c1ar1f1ed by Mathew who quickly illustrated the solot1on
and commented (e g , "Yup. See'") and the solution was agreed upon

(e.q. P "R1ght")

~I1. Solving the Problem. Part‘A,(the bovs): As the p1an nas.

determined, the solution was achieved u$1ngione to one.corresponden%e
. followed by partitioning in.f0urths;_ o

| Th1s same procedure was followed to determ1ne the solution to ‘
Part B (the g1r1s) but the ‘remaining pizza was part1t1oned in f1fths

using f1ve radii.

I11. Reviewing'the Solution. To review the solution, each

qdestion-was read and answered’alodd in sequential order. No elabora-

tion was evident.



Summary: Lanquage and strategies Used to Solve Mathematical e

Prob1em E1ght
T. As a group, the children talked through the p]an and labelled
thg so1utions prior to using any part1t1on1ng strategies.
2. The group recogn1zed one and one-quarter was.more than one
and one-fifth by referr1ng to their d1agrammed so]ut1ons
/

. KNOWLEDGE OF MATHEMATICAL LABELS

A summary of the known or_derived mathematical labels used by
children in grades two, three and four while soiving the pizza

prob1emsvis provided (Table 4.1).

kY
Mathematica1 Labels Used by;ﬁrade»Two Children -

The grade two ch11dren, 1nd1v1dua1 and grOup, used only the
speC1f1c mathemat1ca1 1abels one who]e, one half and one quarter
‘Neither the 1nd1v1dua1 nor the ,group used the term fourths Howeve
the group did recogn1ze one ha1f to be the equ1va]ent of two quarters.
Terms such as 'pieces' or shares were used to identify the solutions

for which the correct label was not known.

Mgthematicé] Labels Used by Grade Three Children

.The grade three children knew-and correctly used the mathematical
labels one who]e, one half and one quarter. The 1ndividua1 derived
and correctly labelled both part1t1ons one thwrd and two: thirds.

‘Two:quarters and,one half were'used,intehchangeab]y by the group.
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The grade three group, unlike the grade two group, knew and correctly
used the term one third and an apparent understanding of the concept

one third enabléd the group not only to cofrect]y derive but also to
apply appropriately the méthématical label two thirds. When unknéwn,
labels required to identify partitions of Tess than one third were

s

simply called "quarters" or. "p1eces The grade three %!|d1v1dua1 3

.
&

child, however, endeavored to derive appropriate labels for partitions

i

of less than one third thrbugh use of the label "quarter"; for

‘example, a "quarter of,a qharter"'to€Fean onejfourteenth.

Mathematicd1 Labels Used by Grade Four Children

\ ) .
The/grade four‘individuaT ghi1d knew the mathematical labels
- one who]e, one ha]f and one quarter - The child recognized fhat
‘d1ffer1ng part1t1ons do have speC1f1c Tabels but was unable to recall
" or derive the terms and referred;to such part1t1ons as "p1eces*"
Unlike the grade four individual, the grade four group knew all
mathematical 1abe1s inherent in the solutions to fﬁe problems.” Thev
oral language speﬁific'to each'prbbTem indicated e&vivaleﬁp;ﬁékms'
such as 8/5 or 1 3/5 could.be used>interChangeabiy ‘ This“tgiégpt ;:‘"

3""
appeared to arise as the ch11dren reviewed the solut1ons to eaeh

problem..
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NON VERBAL BEHAVIOR OBSERVED NHILE CHILDREN
SOLVED THE PARTITIONING PROBLEMS ‘

Whether reading aloud or responding to the illustrations, each

E grade two child demonstrated similar sing- song, tapping, rhythmic

tiqns while initially fi&ing to ugderstand the problem. Moreover, .
while planning the solutdon to each of the problgms, both the >
individual.child and the group were again observed demonstratingvthe
same sing-song, rhythm1c behaviors. -

Similarly for all but the first and %sitplest problem, the grade
three chi]dren were also observed manifesting sing-song and rhythmic
behav1ors, for example, count1ng in s1ng song, body rock1ng, hair
tw1st1ng, and pencil and finger tapping. Lfkew15e, when p]ann1ng
so]ution?’to phe problem, the grade three'fhildren man1fested~the
rhythmic behaviors previously described. ) |

As the grade Your group sought to plan the solutions for each of

the more difficult problems, 4- 5, the sing-song, rocking, rhythm1c

‘behaviors were demonstrated Un11ke the other children, the 1nd1v1dua1

.grade four chw]d man1fested no such sing- song, rhythmic behaviors as

’ L4

shg s11ent1y strugg]ed to understand and solve each prob]em

It appears that the rock1ng, rhyﬂﬁﬁ1c movements were basic to

~ the solving of the mathematical part1t1on1ng problems.

CONCLUSION

“Within each step of Polya's problem solving framework there
appears to be specifjc tanguage functions and thinking strategiés -
evidenced in the oral language used by the children. Ora1'1anguagé.

¢
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' .effort to d1rect attention ahd clarify perception.

. ¥ Y
Jﬂ

¢1ayed an 1mportant ro]e in the so1v1ng of the mafhemat1ca1 prob1ems

in that it a11owed the young problem so]vers to make a. concerted ‘

W49 -



-<ChapterﬂV‘_"
SUMHARY OF FINDINGS AND CONCLUSIONS il
AND RECOMMENDATIONS 5 ,.ut“f”“

i

w

-S_UHMARY OF _~F,IND‘ING’S~},_ o

..\
The funct1on of 1anguage used by young ch11dren, 1nd1v1dua11y

and 1n sma]] groups, 1nvo]ved in mathemat1ca1 prob]em 501V1ng, - }

spec1f1ca11y part1t1on1ng tasks,was the focus of the present studyﬁ

The focus was or1ented towards the d1scovery of 1ns1ghts regard1ng'

At B

‘ 41ns1ght into how the children i

"the/nature of the role of the 1anguage man1fested and the’ thinking |

strateg1es revealed w1th1n the’ 1ang age wh11e work1ng on. part1t1on1ng

e

tasks

3

A]though a concerted effort w#s ‘made bv the researcher to be

' m1n1ma11y 1nvo]ved in the 1nterac jon. w1th the ch11dren, by des1gn

Vs

the study necess1tated researcher'1nvo1vement By means of observafif!

tion, quest1on1ng and ongo1ng an 1ys1s,‘1t was poss1b1e to ga1n

th1s study used ]anguage to make

- mean1ng from pos1ted part1t1on1/g prob]ems As we]], the- researcher

" was able to ga1n some 1ns1ght nto the1r part1t1on1ng behav1ors.

o _ E1ght part1t1on1ng probfems of graduated d1ff1cu1ty were adapted
' from Kieren/ s wr1tten<mathemat1cs tasks (1980) for the study, each
kperm1tt1ng mod1f1ab1e so]ut1on procedures '

- No 'a pr1or1 p]ans for ana]yz1ng subJects responses'werevmade!

" Instead, cr1ter1a for c]ass1f1cation of subJects reSponses'were o

' {developed from the subJects responses amd 1n oonb1nat1on w1th
t . o , R A



re]evant theory found 'in the 11terature. Theireliabiiity of the post
o~
hoc c1assif1cat1on scheme wdt assessed by us1ng one 1ndependent Judge

In this chapter the samp]e, the ta§ks, and the maJor f1nd1ngs and :

- |\’

e conclus1ons are summarxzed MaJor reflect1ons of -the researcher

regard1ng the 1earn1ng behaviors of _young ch11dren precede the '

;}recommendat1ons for further research <

‘ IR - i.The.Sam le -
S T
The ch11dren were se1ected from classes 1n an elementary Jun1or

”. h]gh schoo] w1th1n the St Albert Separate Schoo] System Six"

part1c1pat1ng teachers, chosen by the pr1nc1pa] subsequent to the \
i} .
exp]anat1on of the purpose. of the study and the research methodology, )

#

- selected a tota] of 26 ch11dren drawn’from two c1asses of each grade,

%

grades two through four ' The tota] samp]e cons1sted of 14 g1rls and
| 12 _boys and 1nc1uded 8 grade two 8 grade three and 10 grade four

'f students N1th1n each grade ch11dren were then random]y selected to

P

“composevtwo groups of-three studentsr The rema1n1ng 14 ch11dren
participated'tndiViduaTTy; |

ot

s T The Tasks

s | The part1t1on1ng tasks adapted and used d1sp1ayed character1st1cs

con51dered necessary for the purpose of “the study Tﬁese character-

1st1cs ‘were: _

[ 1. The pro 1em so1v1ng task, shar1ng the p1zza fa1r1y, was

| be11eved to be f miliar, mot1vat1ona1 and conduc1ve to generat1ng
- language,by youn ulearners,_ o Y

L
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2. ‘Varying mathematical aspects of'the'task_wou1d enable the 9
children to experienke success and, .at the same time;‘cha11enge3their~'
'thinkingi | R \
c. The gradat#qn of the tasks wdu]d,prqvide initial successvthat ‘

would motivate the children to move directly&to;partitioning.

-~ FINDINGS AND COMCLUSIONS -~ .~ &

| within‘the Timitations of thevstudy, conc]usionslﬁave been drawn
regard1ng the ro]e of 1anguage used by young ch11dren when’ so]v1ng
‘ mathemat1ca1 part1t1on1ng problems. The major f1nd1ngs and conc1u51ons
,;'are stated in relat1on to the research quest1dns pos1ted and w1th1n

~ the four problem solv1ng steps of Po]ya

‘

ResearchAQuestion 1

Do children LndLVLduaﬂzy and in small gnoupa venbaLLze when ‘
pnobﬂem Aoﬁv¢ng¢

t

_ In th1s study, 1nd1v1dua1 ch11dren and those 1n sma11 groups d1d
.“verba11ze wh11e prob]em sblv1ng The verba11zat1ons were task orwented
" and extens1ve Only ‘the grade fOur 1nd1v1dua1 ch11d did not (use |
1anguage spontaneous]y throughOut the prob]em so]vnng}brocess ThTs\{

child, however, did respond to the probang of the researcher and

eventually engaged in self- talk during the PPQb1en solv1ng Process;‘\; V
'ResearchFQuestion'an o -;_;rv 7 Do

9 ¢ L

| 14 chitdren do use Zangaage,thurﬁgu 6an what purpose 4is the
Language used, relative to siflving the mathematical pnoblem

LndLVLduaﬂﬂy and An Amalz g$;up AetthgAV

~
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¢ Grade Two The Ind1v1dua1 Child -

Understand1ng the problem The 1nd1v1dua1 ch11d solved. s1x n

prob]ems At the grade two 1eve1 the major Tanguage strategies uSed
by the 1nd1vﬁdua] ch11d were first to read the quest1ons a10ud to the

| S self and then to the researcher | Hav1ng solved prob]ems 1 and 2 the’
Sy

~Tg. child thereafter e1ther read silently or proceded directly to the
;

S
: e
‘,‘

111ustration. Language served to direct. attent1on and to report T
il recogntzed solut1ons |

;.
",

P]ann1ng the soTut1on ThroughOut the p]ann1ng stage, 1anguage

served ch1ef1y to dxrect attent1on via m0h1tor1ng deta11 and act1v1ty

,;nd as wezéﬁé; predhct poss1b1e aTternat1ves and state concTus1ons
Lol ‘ “'(v/ . . . * . . .

Solying the problem. * While solving each of the six probTems,

the funct1ons of the child's language were to d1rect and to report

ach1evement ana]ys1s and conc]us1ons
n -

Revxew1ng the soTut1on The rev1ew of each of the s1x probTems

.

ev1d§nced the ch11d ma1n1y used Tanguage to report

| Grade Two Grou3‘~ T ;
PR \ v ‘ ‘ .- .
e . Understand1ng,the probTem To understand each of the four

prob]ems so]ved “the group members s1mu1taneou51v ‘read-aloud, first
£0 the self and then to the group. In addition, Janguageqwas used to

.direét, to predict and to report.

. : »
. Q
3

_ ,TPTann1ng the so]ut1on Throughout the p]ann1ng the ch11dren used

’Tanguage to d1rect, pred1ct -and report The thinking strateg1es

apparent were analys1s, synthe51s, evaluation and Just1f1cat1on
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%', . ) 1

501ving;the'prob1em. ‘While so1ving the problems, the_majorﬂ

purpoges of the ]anouage were to direct and toireport.
, : ‘ ; S o

' Rev1ew1ng the solu ion To review the so1ut1on to each prob]em,

the ‘group read and answered each question a]oud in sequent1a1 order
The rev1ew was used as an opportun1ty to debate, 1ar1fy and seek

agreement

'GradevThree; The Individual

Understanding the problem. The individual so1ved.six»prob1ems.

Language served to report rec09n1zed so]ut1ons, to d1rect and to

pred1ct Use of ora] 1anguage was not ev1dent when the ch11d sought
to understand problems 5 and 6. - |

&

Planning the solution. Hav1ng recogn1zed the so]ut1on to

prob]em 1, it seemed unnecessary for the ch11d to p1an a so]ution

~

. As’well, the plan to so1ve problem 2 appeared to emerge while making

sense of the problem. To p]an the solution to each of the rema1n1ng

e

problems, the child used 1anguage chiefly to direct and to report.

solving the problem. When solving problem 1, the child did not

verbalize. In‘subseouent'problems-z through 6, the‘fu ctiOn_of_the B

| ‘1angyage‘WaS'to direct and to report.

Review1ng the solut1on To review each of prob1em 1 through'G,

the child read each quest1on aloud and reported the answer Embedded

¢

within the reports are efforts to. ref]ect upon mean1ng, Just1fy,

synthesize and draw conclusions. _ : -

AN
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'Grade Three: The GrQ;p

| | ﬁs

‘*used ch1ef1y to direct and report and to a 1esser extent to pred1ct

fevaluate.,

Understand1nggthe prob1em Four problems were‘solved by the

' grade three group To so]ve the f1rst problem, the group began by

simu]taneously read1ng a]oud In subsequent prob1ems, language was

'Planning,the sO]htion. In, problems 1 through 4, the language

!

served to dnrect and to report Extensive'monitoring'of detail was

ev1dent

Reviewing the so]ution To review, the grade three group used

'-_/1anguage pr1mar11y to read, d1rect and report The reports served as

‘a means to synthes1ze content, ana]yze and JUSt1fy procedure, and to

|
i
|

Grade Four- The Indivfd0a1

" the problem sblving proq%s’.e

Understandzng_the problem.. The individual cht1d eventua11y so1ved.

7prob1ems 1 thr0ugh 4, 0uest1ons were read s11ent1y for each problem as

2

it was presented Language was used to d1rect attent1on to deta11 and

s1mp11st1c reports were made wh1ch re]ated to personal fee11ngs

'Pdanning the soldtion The p]an'tO'so1ye the firSt problem was /

- d1rected by the researcher who used a series of’quest1ons In sub-
4'sequent problems, the 1anguage of the child served to d1rect and to

,report._

¢

Solving the problem. Little or no talk oocurredwin this stage of

l"

s
-~




v
|

)

Reviewing the so1ut10n The review consisteﬁ of a series of

-reports which s1mp1y stated so]ut1ons but revealed few higher thinking -
) :
processes. ‘ ‘ I Ce

Grade-Four: The Group.

'Uhdefstanding,the problem. = The grade four,group'so1ved all

eight problems and conSistentTy first referred to the 111UStration
to make sense of the problem. As the prob1ems bécame m0re comp]ex,v
proble;t 4 through 8, the- use of 1anguage to d1rect<1ncreased For
this group, problem 4 apeeenéd 'to be the most d1ffﬁcu1t ‘The‘_
thinking strateg1es apparent in the. efforts to solve problem 4 were

to question, justify, pred1ct,:and to state relationships.

Planning the~soiution._ The solv1ng of the first two problems

had no stated-pTan The plan to so]ve problem 3 emerged as the group
re1ated'deta11. In the rema1n1ng problems, the plan evolved as the

'chi1dren sought understand1ng by use of 1anguage to direct and report.

Solving the problen. Pr1nc1pa1 functwons of the 1anguage used

were tQ>direct the activity and to report achievements. The role of

language was minor in this problem solving step.

- Reviewing the problem. To review each prob]em, 1 through 8, the
group read and answered each question aloud. Terse reports served to

‘explain and elaborate mathematical principles.

156.
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. Research Question 3

1s there any difference between the fanguage and sirategies
used by an individual and a smakl group of mathematical
problem solvers at each grade Level as well as across th
ghades two, three and four? :

Since there are two aspects to Researc?;ouestion 3, the summary
of the findings 15 presented in two parts, thgt is, the performadée
3 o H 5

of the individual versus the group (1) at eaép‘grade level and

(2):aCross the grades.

Individual Versus Group

,i Grade two. At the/grade two level, the individual achieved

solutions for each of the first six problems and the group for only

| the first four. ' Both initially used the same problem solving

procedures, that is, reading aloud to the self and then to-another.

Both used language to direct'and to réportAwhen p]anning. The group,

‘however, was much more verbal when solving the problem. The

individual child relied upon the re§eaFCher.to direct the review but
L # ‘
the group independently reviewed the problem.

Grade three. 'To understand fhe problem, the individual child
referred first to .the i]]ustfation and then used language tokreport.
The group either first read the questions tﬁen used language tq {éiaf g
direct, or immediately used language to direct. To b]an the so]utibﬁi S ’
the individual child uséd Tanguage to report/ﬁﬁazio direct. The
group used similar strategies but the repo}ts more often. included
anaiysis; justification, quéstions and evaluation, wﬁj'g éo]ving

“ ¥ 5
the problem, both the individual and the group used )ﬁﬁégage primarily
v 5

3 . 5
. : w2
L



158

to monitor ongoing activity. The individual and group reviewed the
problems independently by reading and answering task questions aloud.
The groups, however, more thoroughly endeavored in the reports to

synthesize, justify, analyze, evaluate”and conclude.

Grade four. The individual grade four child was guided throughout
the prob]em 501v1ng process by the researcher Hence, a conclusion
regard1ng the nole of the child’ s> 1anguage in the problem 501V1ng
| process is diff1cu]t to estab11sh4 For th1s child, 1anguage served
tO‘respohd in a series of simp]istic reports.

To understand the prob]en, the’ grade fOur group 1n1t1a11y read
the quest1ons to”the first prob1em and thereafter made 1mmed1ate
reference to.the 111ustrat1on. ‘Understang1ng the problem and planning
the solution to each often appear to merge\ Ehbedded in these two
steps is the use of 1anguage to direct and to report. ‘When solving
the problem, 11tt1e oral 1anguage was apparent The grade four group

cons1stent1y reviewed by hav1ng one child read each quest1on a]oud

and all answered the qqestions.

Across the Grades

Understandino the problem. The grade two individual and group

‘began the probliem so1v1ng process by reading the quest1ons a]oud to
the self and then reread1ng to another.

| fhe'grade three individual chi]d read‘the questions aloud oh1y
once and thereafter referredpimmediate]y to the illustration in order
to understand }he‘prohiem. The group also immediately read the

questions to the'first problem aloud, and then reread the questions
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aloud several times to each other. Thereafter the group referred
first to- the illustration. | |

The grade four 1nd1v1dua1 child s11ent1y read the quest1ons to the
first problem, reported difficulty and was 1ed through the problem
solving process by the rese;rcher. |

The grade four'group read aloud the questions posed in problem 1, 'y

but in subsequent_prob]ems referred immediately to the jillustration.

Plgnning the so]utioni The grade two individual used language

]&pr1mar11y to quest1on, direct and predict when planning a so]ut1on
Prediction seemed based uppn past exper1ence, hence trial and error
preva11ed The grade two‘grOup used language to direct, ‘report apd
predict. Pred1ctwon seemed to arise from past exper1ence

Understand1ng of prob1ems 1 and 2° by the grade three 1nd1v1dua]
‘seemed to be so c]ear_that stating a p]anvwas unnecessary. The
language used -in subsequentkproblems served to direct and report.

The 1anguage used by the grede three‘group functioned to direct
and report as the plan quolded

The grede four 1ndwi1dua1 child was guided by the researcher
when p]ann1ng the so]ut1 n

The plan to most problems emerged as the grade four group
Aclarifjed their understanding: The function of the 1angdage wes to

- direct and report detail.

So1v1ng the prob]em The individual grade two child used- 1anguage

"to direct the act1v1ty and to report achievement when so]v1ng the

¢r0b1em;
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The grade two group similarly used language to d1rectxand as
well as to report | | |

The grade three’ ch11d d1d not verbal1ze when soTving the first
probTem.' Subsequent Tanguage used when solving the problems was
'.chieny to d1rect and to report ;~A ?" ‘ N
Like the 1nd1v1dua1 child, the grade three group used Tanguage

ch1ef1y to direct and to report

The grade four 1nd1v1dua1 child engaged in T1tt1e or no talk

. /

throughout the prob]em so]v1ng step
The grade four group also used T1tt1e Tanguage while soTv1ng
" the problems.. The language evidenced was to direct and to report.

achievements. -

MaJor Conc1u51ons

It would appear that the overr1d1ng funct1on ‘of language is to

- help the learner attempt to clarify meaning and br1ng sense to the

‘exper1ence. Not only did the Tanguage strateg1es sh1ft w1th1n the
steps of the problem solying process, they also seemed to vary
'insreTation to age or stagevof development of the probTestolver‘
across the grades.; For exampie,‘the grade'twoichderen initdatedr
prob]em solving by read1:j;adoud The grade three 1nd1v1dua1 stud1ed
the illustration before Ent read1ng but the group sought under-
standing by read1ng aloud. The grade four 1nd1v1dua| read S1Tent1y :
but the group s1Tent1y read the quest1ons to the f1rst probTem and
thereafter sought understand1ng-by referrlng to the’ 111ustratjon

Furthermore, the grade two children sought soTut1ons by ta1k1ng

through processes based upon tr1a1 and error The grade threes talked

~

160



]

¥

able to.demonstrate the skill.
1ndiviaua1 child would have rev1ewed the so]ut1on withouf’guidance
from the researcher‘ The grade threes semi independently rev1ewed
the so]ut1on and the grade four group systematically and indepen- \,
"dently reviewed each so1ut1on'by flrst reading each question, tﬂF" ‘
| reporting and c]ar1fy1ng each answer. c1ear1y, the incidence of talk
f‘1ncreased as the complex1ty of the prob]em 1ntens1f1ed, 1nverse1y,

~ the ta]k dlmjshed as the grade 1eve] incregses. ¢

P
ES

ReSearchAQuestion 4
‘ o ¢
1s there any developmenta£ pattern of gnowth and change 4in

zhe mathematical problem s08ving procedured of chatdnen in

: gfcadu two through goun?

" There appear to be distinct levels of partitioning capabi]ities
with each level, character1zed by develop1ng concepts and processes.
;For example, even when achieving the so]ut1on the grade two ch11dren
emp]oyed a process of part1t1on1ng, much 11ke dea11ng cards. ,The‘
'_procedure is f1rst to group, and then to f1nd one-to -one correspondence,
f To part1t1on a c1rcu]ar area into th1rds tended to be an arduous task,
even"when talked thr0ugh and the ch11dren were sometimes not. able to
' execute the.task despite being able to erbalize clearly what musﬁ be
done to demonstrate'the{so]ution. The grade three chi]dren,seemed ;

able to perceive partitioning from a broader view and rely less upon

théipro;eés of 'group and deal.' - They also were able, for example,

o , Lo . ' i
.. to distingiish two-thirds as part of one whole in contrast to the

4
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‘"“ﬁf;e rade two strategy of co11ecting\th1rds and adding.

Grade four chf]dren (group) examﬁned and relq‘Eg details inherent

~in the problem and quickly determined the partition.
. ' ex‘ '

N

i | - 'wﬂesearch'Qgesthn;S

(Jhat is the, nole 06 the teachen refative to the pnoblem
s0Lving ess?

-,,

As the focus of this study is upon how chi]dren come to know b
the researcher was able to glean insight and specu]ate regardiag the

ro]e of teacher in the prob]em solving process. A‘,A , T?* o N
X i
It has been reported that children_ do not eas11y bridge the gap

~ between problem sett1ngs and their symbo]1c representation (Resnick,
1982). Further evidence substantiates the fact that chi]dren‘have
their own{uays of construct1ng meaning of problemat1c situat1ons
. (Canpenten gnd Moser, 1982). It is the ro]e of teachér to de51gn a :

‘ strategy wh1ch»hou1d address these concerns. Such a strategy
_ ",' necessar1§y‘re;u1res that the teacher recognize the mean1ng vested

?#;‘ Ezith;nithe concepts, partitioning, comput1ng or other, must 1nform‘
‘ the aearn1ng that w111 eyentyate 10 them (Sawada; 1984) Further. ‘.‘-ctw

u;‘_

prbblem so]vgngecan serve as ‘the 1nfégrat1ng med1um of . concrete-

mapﬁputatwve representat1on and symbolic insight. The environment . g!g; .
. v ) ‘ ‘\ d
y1th1n which the Qearn;ng exper1ences mustobe contexted w1th1n the '

g ;chool 1s the soc1o 11ngu1st1c env1ronment v1th1n wh1ch the children
Lot "'..n a\ R :
R ﬂxve outs1de the school. It is the respons1b111ty af the teacher to -

/

d351gn prob]em s&1v1ng tasks wh1ch are mean1ngfu] to the child. .. *

>

Teachers should pose spec1f1c problems based upon rea] 11fe Exper1ence

%



;.opportun1ty for ch11dren to work t0gether or alone

',"The prob]em, 1tse1f must be 1nherent1y 1nterest1ng to ma1nta1n pup11

| ttent10n. Problems too narrow]y def1ned allow 11tt1e opportun1ty

“:'fbr ch11dreh to exp]ore and create. Converse1y, prob]ems too broad]y

!

r“;defined lessen the likelihood of resolut1on

As wel1, 1t 1s the respons1b1]1ty of the teacher to prov1de h'a o

1n a true problem

; Y

~':solv1ng env1ronment in order to access some of the chqldren S persona1

E ;_know1ng ang to prov1de the ch11d as knower Opportun1ty to understand

‘~:‘to make sense of and to come to know the: mean1ng of the man1pu1at1ve

g / o8

?h1s view places the ch1ﬂd at the centre of the prob]em sd]vtpg

l

exper1ence Th1s 1s not to 1mp19 that pup11 ta]k 1s super1or to dﬂ

teacher ta]k that pup11 d1rect1on 15 super1or to teacher d1rect10n
a

’at ) Sure]y th1s is® not so as the teacher S roTe 1s a v1ta1 one.. None-v'

.,

q so1w1ng ﬁs enhanted by group 1nteract;ve processes but whether ]n

._m:‘_,

the]ess, 1mp11cat1ons for 1nstruct1on are apparent

¥ grpups eff1c1ent]y serve the prob]em so]v1ng proce§§ as a
[

'strategy to bé used to. promote exp] rat1on of a, concept, att1tude or

163

';aand symbol1c representatlons w1th wh1ch they 1earn._‘ 'p , v_: BN Nl

sk111 The use of th1s strategy ‘at the r1ght t1me prov1des opportun1ty

E

to enable_the 1earner-¢o come to know.? Th1nk1ng 1s st1mu1ated 1n the
B -.y 'y ‘. . by

—group*swtuat1on as 1§ c1§r1f1cat1on of th1nk1ng. .Subsequently, prgb]em

groups on 1nd1v1dua11y the problem soTv1ng brotess 1s ne1ther qu1et

e v N

’ o L. - e A AN .- “‘ o
“nor !Qn]ﬁ ,['vfcth ’g.’_<< . '.vt”~a,tf@~- r‘;_\»‘ e

BE

group prob]em 501v1ng s1tuat1ons. Ihe'

~N

organ1zao10n must provmde a face-to-face s?tuat1on 1n order that o

g .,'v\t

I The teacher¢sh0uld also caref;j]y p]an the phyS1Ca1 organ12at1on L



. conditio

""‘f.‘respons1b111ty of the teacher ;"*\gﬁj'ﬂa‘jj.f‘f-;*"”ﬁﬂff;;f-.vft,

comments\can be”d1rected to the group and that group members can
_react to the 1deas be1ng offered or the act1v1ty be1ng pur;ued ¥

| Typ1ca11y, teachegg'taTk and cha]k, demonstrate and show the
,-1earners what- is to be learned. Th1s ro1e oF the know1ng author1ty
needs to be a1tered to prov1de unobtrusive ass1stance\that wd]]

fac111tate the 1nd1v1dua1 or group prob]em solv1ng process.,;The

teacher s purposes are three-fold to 115tén, to quest1on, and to

know when to term1nate | L1sten1ng accompanued wtth carefu1 observa-' i

“t1on enab]es the teacher to determ1ne how ch11dreneuse thgﬂr 1qngaaeﬁ

, 0
,;to so]ve problems w1th1n var1ed cbntexts. Hav1ng 11stened, teé% ﬁrs

-7 'are in a better pos1t1on to encourage ch11dren to extend the1r o

-‘gxper1enqe, to explore reasons for 1deasQ3to exerc1se cr1t1ca1

th1nk1ng and to learn from each other.@ Quest1on1ng techn1ques prov1de

opportunfty to correct m1s1nterpretat1on or m1s1nformat1on, to open a
new 11ne of . thought to probe and encourage deeper deve]opment of an

idea, and°to. gnvo]ve the nmre ;1m1d ch11d as a group partac1gant

: o AT kR
Some 1mtancesﬁﬁifa‘ﬂay al@o&% responp1b1h§f of . the teacher $
o recogn1ze when the problem has been’ ‘ta]ked out' and to br1ng the
'act1v1ty to a sat1sfactorv COnclus1on.__, T SR '“*f"\\\

; .
"It 1s extremely 1mportant that the c]assroom teacher carefu11y

hjprepare the problems to be-reso]ved and the k1nds of prob]em-SOIV1ng
exper1en§:\to~be offered Cons1derat1on of the most‘propitaous Q
w.« 28 .t

~ s .
. : o . Vi

& .

vA L

in whxch fo offer'prob1em‘solv1ng experrences is‘a maJor :

“T64

_QW.’.:



1spect1ve reflect1on upon several pert1nent quest10ns. The most

‘ 1mportan€”huest1on ar1s1ng from the learnings of this study. is, 'How

',necessar1ly requ1res that several issues be addressed . First,

are. the attr1butes of a problem and what const1tutes problem [

. role in the cogn1t1ve process. Can languége serve the learner engaged

.}ﬁMoreover, there must ex1st for the ch1ld the posswb1l1ty of ach1ev1ng*
7'3a real and applicable solut1on. S1mply stated the problem posed o

'-”:must enable the ch1Td to make sense of the sltuat1onfp, A L k‘;>¢

g e

EPILOGUE: REFLECTIONS OF THE RESEARCHER ,

Any study . of the uses of language for learn1ng is of ‘more than

' theoret1cal 1pterest An exam1nat1on of the role of. language 1n

kR

_ problem solv1ng, mathemat1cal or otherw1se, can not preclude retro-

‘ best can ‘the classroom teacher prov1de opportun1ty for learners to '

'learn, to use and strengthen problem solving sk1lls. This ques'1on

what '

/

y',‘solv1ng? Second, althOughit woul'd be presumptuous to equate language

| or speech w1tﬁ thought oral language does - seem to play an important

o dna problemat1c s1tuat1on, and 1f so how does 1t serve h1m? Th1rd,'
" can and’how does 1nteract1on serve the ‘learrier, hence the p$oblem . o

'solv1ng process?

L4

~ Problem Solving

" What constitutes‘a~problem,‘mathematical or otherwise, for a
young ch1ld7 A problem, by def1n1t1on, ex1sts when an 1nd1v1dual or

~

group encounters a s1tuat1on which requ1res resolut1on and for wh1ch

- there 1§ino read1ly ava1lable solut1on? Problems posed w1th1n the f

N 'classroom must ar1se from the student s own real world 1nterests E 7".gﬂ

oy
._‘
,!"“
S £

» Y
4 . : L

oz



Language‘and Prob]em SoTving
" ) : V'

_v.

In one sense, th1nk1ng is. regarded as a proceﬁs'of using ability,
'oftt1mes 1nte111oence, to so]ve prob]ems. Th1s ﬂ1m1ted def1n1t1on '

hdoes not . necessar11y 1nc1ude the cencept of understand1ng or clar1fy1ng

/ta situation. The derivat1on of the term c]arify is from the Latin SR

words clarus and facere, mean1ng clear and 'to make H hence. 'to' '
-make clear By def1n1t1on, clar1f1cat1on is to make an 1dea, -
TStatement, clear or 1nte]11g1b1e, to free the . m1nd from amb1gu1ty or
'nconfus1on In the broader sense, th1nk1nq then, is a process d1rected
. dto exp]ore, clar1fy and enlarge experwence. Th1nk1ng is then a

. de11berate exp1orat1on ‘of, experﬁence for a purpose.. It 1s the . .
24

fch11d dgve]ops for expioring 3xper1ence By exp]or1ng exper1ence,
¢_~g1ean1ng percept1on, asking quest1ons and maﬁing assumpt1ons, &F -

-however e]ementary, the ch1ld obtains 1nformat1on.v Th1nk1ng is

concerned with extract1ng 1nformat1on from exper1ence For the ch1]d '

.oral 1anguage is a natura] process for extract1ng 1nformat1on, and o ~

[y

'therefore, td th1nk Co ) )

. s .
7 . ) . G I3

Emphas1s updn’ verba1 expression 1s 1mportant.. However, vérbage } RN

by itself is. 1nadequate and necess1tates examwnat1on of the 1anguage =

T N o e T

. sk11] to thereby determ1ne the~under1y1ng think1ng strateg1es. The f\
oggnf th1nking 1s to c]ar1fy percept1ons in order to have a c]earer G
y1ew, a process to dlrect attent1on and c1ar1fy understanding. The

- . .
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: Chifdren in‘this study‘used language to a great extent for{exact]y

. order‘toﬁperceWVevthe mathematiCa]~re11|'onships'more clearly.

R 4

167

*

that'puroose; to direct attention overjavailab1e know]edge, to'c1arify’
and vaTidate perception.'bl | :

- Perception of a mathemat1ca1 problem is a matter of awareness
-and that 1s one of the funct1ons of thinking, to c1ar1fy awareness,
'to free from 1nd1st1nctness or amb1gu1ty To: c]arify is an over-
r1d1ng function of 1anguage Higher Tevel mathematics is. useo 1n ' )~;_'

order to see clear]y what is 1mp11c1t in a set of g1ven re]at1on-

ships. In the mathematical procedure, the.s1tuation 1sifrocessed in

NG

. lTyp1ca11yg the‘mathemat1ca1 problems g1ven ch11dren requ1re more ﬁg ’5_

rdinghy bh1nk1ng and the ch11d can do much to exp]ore the exper1ence,
to.d1rect attentigﬁﬁtgfore mov1ng 1nto the processing stage.iﬁgral ,
language 1s key to theré&olpratron and c]ar1f1cat1on of not only“the

: prob]em, but. afso the ongo1ng proh1em sd£w1ng act1v1t1es

To. know 1s to perce1ve or undeﬁétand to appreiqga c1ear1y and

’}, with certa1nty, to estab11sh or. f1x in the m1nd Oral 1angu;ge 1s a . Ttér

':means wh1ch enables the ch1]d to come to know. Language not on]y
y
prov1des the child w1th useable concepts and a means . w1th wh1ch to
¢
clar1fy the world but 1s also the system a ch11d deve]ops for dea11ng

o. R
T

w}th other Peop]eé L o - #‘3; ’v.l

Interaction and ComjngAtO'Know '

~ There appears to em1st a pervasvve re]at1onsh1p between 1earn1ng
and 1ts context. It cou1d be sa1d that chwldren S capac1ty to ta]k
‘is there, Just as the capac1ty to wa]k\or ‘see, and al] that educators
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need do is. to draw. upon th1s capac1ty but this v1ew falls short of the

goal what is. compe]hng is the reahzation that chﬂdren learn 4

'y
through talk and the way they 1earn is comp]ex and var1ed Nonethe-

‘1ess,, 1t appears th-at smaH group. 1nteract1on 1.s_ ‘highly conducwe to ’l |
the learning process' . . | o
Observation:of small groups interacting to so]ve part1t1on1ng - ,
problems permits conc]us1éus perta‘lmng to the process of 1nteraction.l ' ) ‘
The f1rst observatq’on and most obv1ous conclusion 15 that ta]k,f |

though rich 1n meamng, TS untidy and appears fraﬁmen'“ ' .Consequently,, i

nﬂ g
group dehberatwn is a s1ower method to ar i .- ]

Al on' None- . .\.. .
‘theless, it ap&ars to‘be jimmensely sat1 sfy1‘
Se&d pr@]em so]v

1nto famﬂ1ar1ty (Sm)th, ¢
means to construct meang _ «terns re]atmg what is understood to

what chﬂdren need to und "}‘»}': + As the Tear‘ners interact w1th the1r
‘surroundmgs, tasks, peers and act1v1t1es, concepts are- en]arged
expemences re- shaped and 1ns1‘ghts gamed Language marshaﬂs forces -"
of attent1on, servmg to attend and h*«ecute the task Inter- -
act1on motwa“tes to pu.t 1mpress1ons m‘«iords, thus: makmg 1mpress1ons .,;

P

mor.evprec'ise. The strugg]e twe-present understandmgs in spoken

form gwes 1deas shapew‘ N o
o '“’% >0pp0rtun1aty to talk, eve young chﬂdren seem ab]e to
"\

3
FF 'Y

mani pu]ate concepts in the absence of a concrete referent Chﬂdren .
'pred1ct, specu]ate and reason by means of- 1anguage thereby movmg

'beyond the mmed1atetnoo new arrangements apd poss1bﬂ1t1es. The'~ Lo

§ i 1anggage,.of,§ﬂdren 1nteract1ng makes posswle contro] over .

L . . . - ~
B A
o
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comprehens1on .and learning aiding the move to a more variab]e view.

Third, the problem solving process begins w1th 1dent1f1cation of

..
o;, BN

71cu1t step “f’”fﬁm.

~ the prob]em, which. for the child, is often the most d1

‘ WOnce the prob]em is identified, for older ch11dren,‘1n part1cu1ar, the
so]ut1on often appears to be; obvious. Younger ch11dren, seven and .
eight year olds, - search for solut1ons based upqn tr1a1 and error, “the. -

| «
referent be1ng past experience, but the 1dent1ficat1on and the p1annwng
LI 4
s tages appear "to be highly ve‘Pal A ,' "ﬂ“g"g;; o=
a ' . ‘(-‘? .

.Fourth, act1v1ty, rhythmgj behaviors, movement ‘are a natural R M

part of 1earn1ng * The s1tt1ng—down child is surely a h1gh1y unusual -

phenOmenon 1n real 1ife experwences and aiso such in the, 1earn1ng

; exper1ence Nhen problem solving, a "1%h appears tp ‘be created and,

ive but not less attent1ve .

e

_"ijh'w1th the tension, children become more

’ F1fth, small groups prov1de a support1veétontext for 1earh1ng

‘,Feedback is prompt, s1gna111ng succeso or fa11ure Dwsdgreement, ey‘
contrary to unnng defeat1ve, Spurs further act1v1ty ttvates.

* There’ appears to be\strong cohes1veness and mor§1e as we]] as’
comm1tment tq,the task. 0 u

S1xth, an a]most uncanny phenomenon appears to, ex1st wh1ch .

)perm1ts the members of the group to- be pr1vy to 1nformat‘ah unknown ~ ,NZ
to those outs1de the group.  Unstated assumpt1ons of the group members |
seem to determ1ne the 1nterpretat®9n of "the exper1ence. It is as

’ though the part1c1pants agree on how the ta1k1ng w111 be done and how

L 1t is’ to be 1nterpreted. The agreements seem momentary and the

"~ch11dren understand each other because, for the wh11e, there ex1sts aQ’~ .

. assumed reasonab1eness of each other's statements4j50ut of fragmentary \‘, .

o i v cen LT . S -
. e : . . . . . .@
. ) - . . P S
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jdata, regsonab]eness is constructed. Leéhntng Can be 11kened to a
ping~pong ball where the move of each p]ayer 1sdt0 some extent |
d1ctat by the pceyious moves of the other p]ayers. The children
v.,are é;?:ve ha%her than“passive players #n theth own learning. .
In summation, 1nteraction enab]es oh“\dreﬁ to pursue aWproblen
?more deeply, to ask quest1ons, to try out 1deas, and to f1n1sh working

M

in a car1ng way

. o \ Q : K IL. _ a0 o 5.
e W RECOMMENDA*&ONS FOR FURTHER RESEARCH . oy

Thf’#ﬂnd1ngs of th1s study have generated the fo1low1ng

'”:*;;isuggest1ons‘for further research.

_ 1. Observat1on The present 1nvest1gat10&\presented tasks at

Py

| S B g g S
'mestM1c1$ml . oo ke DN e Ce
L e l o ' 7

Reseanch Question: .Nou]d man1pu]at1ve materials evoke -

R

° s1m11ar 1anguage/th1nk1n‘ strateg1es and behaviors of young ch11dren

were‘partitioning~prob1ems.

Research Question: What wou1d be the function'of the language
,used by young ch11dren engaged in other mathemat1ca1 prob]ems7

“‘ o - 3) Observa jon: This ‘study, concerned w1th the 1anguage/th1nk1ng 1

"nstrated by young ‘children engaged 1n mathemat1ca1

. part1t1on1ng problem soTv1ng ev1denced 11tt1e use of 1mag1nary 1anguage. B

». c . -

R search Quest1on.‘ To what extent are the 1anguage functions

determ1néd byf"te pup1\s"percept1ons of the context for that 1anguage f

and ‘the- k1nds and 1evels of th1nk1ng requ1red to so]ve prob]ems?

Ad . Lo, ;! . . B 5 . hd
. ) . M N . n . . (N : . : : N =5 -
. N . S . ° o B N
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4. (Observation: The overriding function of the Janguage used by -
children in this investigation wasian endeavor to clarify thought
throughout the problem solving process. |

Research Question: : By replication of the study, could more °
conclus1ve information be derived from which generalizations could be
made regarding deve]opmenta] patterns concerned with growth in
1anguage/th1nk1ng strategies used in mathemat1ca1 prob1em so]vwng’

. 0bservat1on In the present study, the 1ower the grade 1eve],'
the g?%aterwthq 1nc1dence of ora1 language generated The apparent
need thverba11ze tended to d1m1n1sh as the grade level 1ncrea§€d

e T X arqh Questaon Does the c1ar1fy1ng function of ‘Tanguage
7 o gy e )
i‘ﬁf» *

-vnterVent1on of the researcher It se

;r » /
'Aﬂﬁ;nCe1ve the process of prob]em solving as an end in 1tse1f enab11ng

:f;,;* them ~¥earn the genera11zat1ons h1ch will transfer ab11ﬁty to -

so1ve~other prob]ams | | |
. Reséhréh Quest1on Would discussion and oral study of'the‘

proﬁ]an soTv1ng process d1rect1y ev1dence a transfer of training. with

. 51gn1f1cant success.to new and unfap111ar thes;pf‘mathemat1ca13
,proéhems? “ | ‘ | o

T vy 7 Obseruation | In this study the ch11dren ta]ked spontaneously

' % » throughout the.problem so1v1ng process.a l, R -

4

. 2,
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ffarduous for the grade,two ch11dren.
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#

Research Questionf "How does the verbalization of a problem or
concept affect the way it is understood or learned™

8. 0bservat1on In thig study, the chi]dren were persvstent and

}successful in their efforts to. unravel meaning, 1ead1ng to subsequent

solution of the posed problems.
Research Quest1on What concepts, skil]s and predisposit1on
are aesoc1ated wdth success and pleasure in the 1earn1ng and solving ' .
qf part1t1on1ng probgems. '
- 9. Observation Rhythmwc behav1ors and sigg-song were manifested
by 1nd1vidua] ch11dren and small groups when seek1ng to understand and

plan the so]ut1ons to the posed problems. | | ‘f y

Research Quest1on Is this behavior character1st1c of young

hch11dren exposed to prob]emat1c situations?

10. 0bservat1on ‘ Though ab]e to Verba11ze and ref]ect upon the

f‘necessary procedure to achieve part1t1on1ng 1n thirds, the task was

:’B’

: Research Question: Is the 1nab111ty to part1t1on in, thirds

a perceptuaP problem character1st1c of seven year old ch11dren°

%
1. Observat1on A knOWIedge of 1abels seemed ev1dent when the

task appeared to be relat1ve1y s1mp11st1c.

- Research Questxon To'what extent does the awareness of'an

’ appropr1a¢e 1abe1 a1d the recall of exper1ence to contr1bute to the

N

“successful so1ut1on of a prob]em?

]

'12 0bservat1on The enhancement of prqb]em so]ving by group

ipteraction and group effect is very 1ntr1gu1ng

Research Que§§1on. To what extent is the development of team

/ ’ ' o

‘ .
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bu11d1ng influenced by prompting a sense of community? Furthermore,
to what extent does a common- putpose 1nf1uence learning and problem

solving? .
" ‘ 0

* CONCLUDING STATEMENT

Basic skills of thought, making meaningful meesages and making‘
sense of messages from others,are deve]oped at the levels of

experience and bral speech, i, e., withln the socio- 11nguist1c culture

ik

of the child. The matching of thought with speech and of the

. 1ndiv1dua1 S own mind with the rmnds of others; through oral 1awage,

enables a ch11d to make sense of the exper1ence. Oral 1anguage

ﬁ,ﬁenves to c]ar1fy Qgpblems\gf\well as to f1nd so1ut10ns by gradua11y

.' enab11ng a ch11d to -access persOnal know1ng, 1n order to come to gnow

33

" toward the‘%xtended ‘symbolic scﬁé%es of mathemat1cs? v

i : ‘ ~ .
skills—making messages_end making sense of 25~
P‘of the learnervis, at best, perilous. Othe w can he advance

_ and_to d1scover.meaning-for h1mse1f. N1thout the bas1c cogn1t1ve ‘

—the position

.
o= )
&

CIn the context of prob]em solving, the roTe of oral ?angggge eé»nyae»'W@ o
~cruc1al It serves as a powerful means to a1d ch1]dren to bu11d the1r
own connect1ons between concrete-man1pu1at1ve exper1encq and the -

symbo11c rea11ty of mathemat1cs

e
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Who gets more? A Same B

‘How did you figure this out?
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-BW/s1s

Eldfier S. Gish School e
=5 Akins Drive :

St. Albert, Alberta . :
Phone: d59-7744

T8N B3 -
\\\
. / - 2
September 15, 1982 c B
Dear“Parents: %

This fall 1 will be interviewing children at E. S. Gish School as a
- combined enrichment - research project in lanquage/mathematics

education. I would like to videotape the interview sessions ag the
best method of recording the data for subsequent -analysis. Whenever
the tapes will be viewed the identity of the¢ children will always be
withheld. Also, any written.analysis of the data will conceal the
child's identitv. ‘ : K ‘

I have the permission of both Mr. J. Baumaq,'Principal of E. S. Gish
School, and Mrs. M. Martin, Assistant Superintendent of the i
St. Albert Protgstant Separate Schoo] District No. 6, to conduct .
this combined teaching - research study. : Yoo

If you have no objectfon to your child's participation being
recorded in thesis fprmat, would you kindly f#ll in the attached

* form and have it returned to your- child's. teacher..

Sincere]y:yours,’ o ‘ ‘ '\\\;\\ o

Beryl Wales (Miss) : o ‘ “’ ‘ S




L]

PLEASE DETACHMAND'RETURN 10 YOUR CHILD'S fEACHER ‘
-1 am willing to have my chi]d's»participation in the research project
dn 1qnguage/mathematics education documented5 ) ' _
NAME OF CHILD: _. b .
WDATE: ‘ ____ PARENT'S SIGNATURE:

PLEASE_DETACH AND RETURN TO YOUR CHILD"S TEACHER

I am willing to have my child's participation in'thé'research pkoject
in language/mathematics education documented.

- i

N
Y

NAME OF CHILD:

DATE: __ PARENT'S SIGNATURE:

 PLEASE DETACH AND RETURN TO YOUR CHILD'S TEACHER _

v . . . N
I am willing to have my child's participation in the research project
in 1anguage/mathematics.education’doqumented.

NAME OF CHILD:

-y~

DATE: . . PARENT'S SIGNATURE: | ' .

L]
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GRADE -THO
JOHN, INDEPENDENT

o
I3 ’
: .
/ Yy

Pizza Problem One

' Th1s is pizza problem one and what I would like you to do is
decide how much pizza each child will get if you share the
pizza fairly. Notice these are the boys and their p1zza and
over here are the girls and the1r p1zza
i

(Reads quest1ons) ‘

" How much pizza does each boy get?
. How much pizza.does each girl get?

If each child gets a fair share of the pizza, who wou]d get
more pizza—each boy or each girl?
Does each boy get as much pizza as each girl?

Pizza -- right -- it's confusing. Well, I think so -- if it's
- fair shares.
How did you figure this out? Answer below.

(Looks at teacher and rereads question aloud.)
" Hmmm. Do I just draw in the p1eces here, to make fair shares7

Méybe-you d better do :the boys fjrst.

‘That's a.quegtion. He‘gets four pieces. (Draws) There.
Can you te11/me how much pizza each boy gets?

Four quarters.

Nhat's another name for four quarters? How much has he got?
(Pause) Four ;ieées -2 that's one pizza.
Now find out h&ﬁ”much each girl gets. N _
:Okay. Just cut them like that. Okay. That's her pizza.

Can you tél] me why you're dividing them up? ' |
Yup. I'm dividing them up so quh boy and’ g1r1 get -~ 11ke -
four pieces. Cause if I was d1v1d1ng them up 1nto four over here
and three over here it wouldn't be fair shares.

That's true.

Hmmm.
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How much piiza does” each boy get?

One whole piece -- actually one pizza.
How much does each girl get?

One pizza. |

If each child gets a fair share, who gets more, each boy or each
girl? ' -

They get the §ame amount.
Does each boy get as much as each girl?

Yeah,

Pizza Problem Two

This is pizza prob]em number two and what I would like you to do
is decide how much pizza each child will get if you share the
pizza fairly. Notice these are the boys and their- p1zza and
over here are the girls and their pizza.

(Reads quest1ons) R-

How much p1zza does each boy get?

How much pizza does each girl get? ‘

If each child gets a fair %hare of the p1zza who would get more
pizza—each boy or each girl?

How did you figure this out? Answer below.

(Looks at teacher and rereads question aloud. )

Hmmm. These are -the same questions. Fair shares?

It should be in fa1r shares, right. You have to consider fair.

A shares

Make it equal to six:pieces -¢ across and -- three boys -- no --

.eraser --

What are you trying to make?

Pieces. ' . _ \

Why? |

So eéch boy gets one fair piece of pjzza.

It won't bother you if I sit here and sort junk will it?



Mo. (Whispering) Like that.
Why did you divide it in threes?

So each girl gets one piece of p1zta so it will be even with
the boys. I divided it into thrﬂe. . :

Okay. How much pizza does each boy get?

One. piece of pizza. .

Out of how much?

Out ;f three pieces.

Do you know a name for that. One out of three?

~One divided by 3 is 2.

Okay. What about the girls7 How much does each g1r1?"‘.

One pizza divided by. 3.

Do you know.phe name for that? |
Oné divided by 3'equa1s 2; | o .
~ Can you write 1 divided by 3? |

.- dinding sign?

pr do you think it might go? Any idea how. Take a guess.
How do you think it might go?

Hmmm.

Where would you put the 1?

This, k and 3 over here. ( u/ng/ )

Can you ook at that. - Do you know a name for that?
Not réa]]y. |

Okay, let's do the next question. And it says, who would get
more pizza each boy or each girl?

I.think they get the same amount-—cause each boy gets one p1ece
of pizza out of three and.each g1r1 gets one piece of p1zza out
of three.
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So the next one says, does each boy get as much pizza as each
girl?

Yeah.

How did you figure it out? Now, you don't need to write it.
You just tell me.

[ figured it out by starting in the center and drawing three
lines out from it. ‘

Why did you do that?
So I can Took through this straight and see if it's -- equal.
llow many pieces were you trying to get?

Three.

- Why did you need three pieces?

I needed three pieces cause there is three boys.
Now tell ms how you got the girls. |

I divided the girls up into groups, three groups, this pizza,
this pizza, this p¥zza. . '

Good. Then what? After you divided, the girls, what did you do?
1 drew the lines so each girl got one piece.

Qut of?

~ Out of three.

'S0 you had basically this didn't you. This --

One, two, three.

So you got the boys figured out and the girls figured out. Thén
what did you do? How could you tell they got the same? '

-- 1 took -- took them out of one pizza and put it with the
other and the other. : o

That was smart.
Then one pizza is for -- each three.

So then you looked at what the boys got.

4
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Umhumh.,

Then you looked at what the,g1rls got and you decided they got
the same. That's good. Okay. Put your .name on that. .

oPizza Problem Three

You're pretty good at this. This one is a 1itt1e tricker, noti
much but a Tittle.

-- cause this girl doesn't have a p1zza I don't want thatkone /”/1»«
this girl gets one whole pizza these only get a half. .

So, try to think.of another way.

"This one is tricker. There's three for one here and there's
three for two here -- might be easier -- this is really tough.

But I'm sure you can do it.

-- three boys, let's see. I put -~ pizza in halves and ha]f Taft.
(Long silence) - T G i \

What”“else could you do?
One p1zza at a time, have to cut it into -- p1eces -

Then what would you do with the next pwzza? What would you do
with the second pizza?

\

Give it to the girls. - - A\

No, you that, that's the boys.

I think I' 11 try that - that s two- each There -- and there.
(Whispering) , .

" Did you get the boys? How did you do?

_The boys get two pieces.

Okay. How, let s see how you figure out the g1r1s

Probab]y the same way -- She's for that pizza. She's for- that
pizza. She's for that p1zza -- That wquld be two girls for

another pizza -- think it is one p1zza -- eight pizzas -- four
more pxzzas --
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/;they would get how many?
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f‘ﬂw goin§ to leave you for a few minutes and just study while you -
carvget that. I'11 put my money on you -- if 1 give you time.

(Long.silepte)
I don't know how -- where's that teacher?

Well, how are you doing?

~ Not too well.

Tell he what you've done so far, or what you've tried to do.
I was trying to -- these g1ris one pizza -- of girls --
Two, three for one. Is that wﬁat you're saying?

Unmbm. .

ZOne, £w6 three, for one,'two thfee for oLe, you're on the right
track. I think I left one. How many pizzas left over? S
Four. o '
How many groups of gir1§ do you have?

Four. “~ S ‘\K

So what could you d0 w1th the four pizzas thatﬂardﬂléft ovér?

One more pizza for each group --

Now you'vq got-how many pizzas for each group?

Four. |

You gave one to each group. If you give another one, how many
pizzas is that for each group?

(Silence)

Okay. You had one and you said you gave 7hem3another one, SO

/
Two. ’

- SO{ -
How am I going to divide it?

“You're right on.
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J Oooops. | - S .
R Well, how much pizza does each boy get?

J Two pieces of p1zza.

R Out of how many? )

J Three. .

R OQut of three pizzas? m,'

J Out of six pieces.

R How much do you get out offeach pizza?

J How much did yéu get out of EACH p{zza?

R Umh. o

J  One piece.' L T
R - Out of? |

J pSix.

R Six”pieces in one pizza? \

J Well, three.

*
"R Okay, so then tg1l m in how much does he get out of each
pizza? S

J He gets one piece out 6f three pieces of pizza:

R Okay. Now what about thé‘girﬂ§? How much does each girl get?

J Two.piete5~ouf of six pieces; /

R Or?

J  One piece out of'thé big pieces. ‘ . ’ o

R So if each child gets a. fair share, who would get more, each boy
or each girl?

J - Theyrw0u1d get the same amount.
R How do you know? | |

©d Cause if it's fair shares, fair means y0u get the same amount.

9
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How much did each boy get? - _ |

1

e

"1 gave each boy two pieces.

S \“?
TWo bieées
How much dad»each girl get?'

Two p1eces Then 1t says does each bov get as much p1zza as’
each girl. Umhum

. T e
Epety it says how d1d you f1gure it out‘ Now we have to think
back about what you did. What's the first thing you did? ‘
When you started to get the'answer, what did -you do first, the
boys or the g1rls7 _

'The boys;

Then what did ydu do?
1 -1 cut th1s p1zza into three p1eces Cause there was --
three boys _ - N

Aid then? B .

»

I cut up three more pieces.

How did you share them?

© Mow 1et‘s 160k at the g1r1s ‘cause that's what you did next.

After you fooled around for awhile then you got on the right
track. Nhat did -you do? 11e11, first of. all, vou divided up
the girls, d1dn 't you? Then vou gave .each group of @irls --

One:p1zza.

-~ and you had some left over. So what did you do with the left
overs. _ ‘ :

o1 gave the left overs to the groups. Each group gets two pizzas.

'Then -- you_were SO c]ose what did you do next?

1 d1v1ded the next p1zza up into three SO each girl gets two E

p1eces

Right - and then -- How d1d "you f1nd out if the boys had as
‘much as the girls?

3

1 took my f1ngerna11 and measured it.

- And y0u also saw that the&boys got how many p1eces7
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Two.

./

p

And the girls got -- \ c .‘V" /

Two. : ‘ -/

-- that's long enough -- Put your name on the page. Do vou need ',f‘

a t? ‘
res : ".gé ’}ﬂ ‘ v

No. ”“”ﬁ”a

Pizza '~Prob1em‘i.1§oﬂff‘ @ 2 | _ ' °

Okay. By the time you're through you 're go1ng to be the best ]
pizza cutter in the world. . ) /

Oh; oh! MNow look at all the boys.
1'11 just leave you to puzzle it out.
-- some pretty tough."The giris are eésy to divide. I know it.
(Mhispers) -- It wouldn't work. Two boys got one pizza cause

there will be one left over.” I'm thinking about two boys for

‘6ne pizza but then there's one 1eft over. One boy left over.

And one pizza. ‘

So what wou]d you do? B ’  - ' ’ &

What would I do? -~ three pieces, no I have to -- .

. i
-

Remember it has to be fair shares.

It can't be. One guy gets one whole p1zza and one guy gets an
itsy bitsy piece.

Right. - o
They wou]d-be a little hard_cutting into seven pieces. (To self)
What did you say? S

It would be a Tittle hard cuttiyo®F into seven pieces again.
(To self and looking at second pizza) -- might get two pieces.

Let's see how youzcan doﬂit, the best way you can do it.’
-- turn it around -- sure.I,cou1d do it. Four -- half.. I know.

I'11 cut it into five pieces ---1, 2, 3, 4, 5 -- 6, 7. 1've got
seven pieces.. What's my answer? ' v "
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>'We11, what's your first questign?

_-A half a pizza.

G

My firsf-questibn)7—~ge£~how m

> Two pieces -- one piece --
I\ think. —— ,

How big is each .piece?

' That the girls get?

Umhum. .

)

ot

Let's go back to the boys. How much did each boy get?
Two pieces (1néudfb1e) I think.

Now ybu,said'that each child gets a fair share of the pizza.

_Who would get more, each boy or each girl?

Each boy, two pieces.

"How much does he get? Mare or less? How would you figure it out?

(Inaudible) Each girl would get a half a pizza.
And each boy?

Four out of seven.

s

‘i- four -- right. So who gets more, each boy or each girl?

(Inaudible) Let's see. (Looks at picture. Folds 4/7 over 1/2.)

The boys. .

§

_Pizza‘Prob1em-Five

t

Here's problem number five and Tet's see'how‘you try and do it.

Two pizzas for two people and there woyld be two left over. SO

‘that micht be three pizzas for two kids equals three pizzas for
- two kids. So.l think they have to go that way. o

What about the girls?

‘That's a little tougher. It's two for three. It has to be

two for three. How can I divide into four pieces? -- get three '

“pieces, so half right in the middle -- one, two -- there's two

for three, two for three, and two for three. Each girl gets
three pieces -- three pieces, '
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Pretty quick. How much p1zza does each boy get7

(Reads the questions. ) How much p1zza does each girl cet7 If
each child gets ‘a fair share of the pizza, who would get more
pizza each boy or each girl? If they got fair shares they would
have the same amount.

fHoW'chh‘pjzza does each boy get?

*Ina group? _
Well, thére s six pizzas. How much of the three pizzas goes
together7\\ & v
How - does it go together? If you put them togetheF that

woul ke one pizza and a half.

How much does each girl get?

A pizza and a half. The'two halves together and you would ‘have

- one more ha1f left over so it's three pieces -- It s a pizza and
a half. ,’/7

. Good. Theh it says who gets more each boy or each girl?

1 think they get the same. amO%Q§

" Howedid -you fggu?e 1t out? Just tel] me. You don't need to
-write. 1t s

Okay. I f1gured 4t because, first I tried two- peop]e for --
" two boys for two pizzas. That didn't work. So I tried three
boys for -- two boys for three pizzas and: then they had -- I
divided so -- so that each boy gets same amount. Then girls

by threé p1zzas for two g1r1s and then I drew in a line to d1v1de '

the pizza in pieces. That s how I .figured it out.

%

LY
>

Pizza Probiem Six -

‘Here's ‘pizza problefi six.
Oh, oh! I know -- the gir]s aren't hard. Let s see if I can
figure out the boys. Let's see. Opa for one pizza. Nopé that .
didn't work. Two for one pizza, ncX . Three for one p1zza‘ Oh,
oh. "I took my name -- seven boys and three pizzas -- g1ve one
pizza to each boy, there would be four boys left over.

What happens if you try doing it the same way'as the girls?
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“Umh. So that would be -- divided like that, so if I divided it
like that -- I think I know what would happen -- I'11 see. If

I divided this way -~ these guys get it -- three -- these guys
would get, this. Then this guy would get that -- This one doesn't
get near fair. He's not having a fair share.- 'Cause these guys
get a small piece and he gets a great big pizza. Cut it into
seven pieces. ,

-- What should he have?

What he should have is sqmething_]ike that.

I know, get seven more.pieces -- cut this into -seven pieces
but then it won‘t be fair shares. Let's see -- umm.

Can you tell me how much gach‘bbys gets?
One piece. :

How big is that p%ece?

How Big is fhat piecé?

One piece out of how‘many?

-Threés |

Okay. How much does each girl get?
One. - ' |
Qut of how many?

' Out of three.

Hh;t are'you going to do with tha; Teft over part%

"1 don't know. '(Pause) Cut it intd seVen'more pfeces!‘ 1, 2, 3,
4, 5, 6, 7 -- more pieces have to go. Not big enough -- I
_divided the one piece left over.

'YoQ took this piece out and then what did you do?

What's left? The pieces that I cuﬁ out for the boys Qere seconds.
What did you divide that into? |

~ Seven piécgs. | |

Why was that?
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- There was seven boVs ‘hére and each one of them got one p1ece

and there still was some more left over so I decided to cut

: that in sevens. -- One more t1me, so they each get- two p1eces.
Good.& Then it's pretty easy to see who got more. R1ght %ﬁ
tho did you say got more? i;, ¢
The boys! -

Pizza Problem Seven

, g :
Girls six -- It gets tbugher all the time.

. You th1nk it's pretty tough for you?

le- .“

Mot really, but I can t wa1t to see what e1ght is. But I'1l

1have to.

See how you‘]] handle that one.

I'shou1d

.I th1nk vou 11 do ‘it.

Should I give one p122a to each g1r1 fhere is two pizzas left
over. ‘

Then +hat happens if you do.that to the g1rls7
I g1ve one to each the\who1e -- no there s thnee 1eft over.

9 e

Maybe a puzzler? Want to continue? ‘gh‘“

' Hum.

Do you want to continue or do you want to stop?

Eight, continue.
Continue on seven.

I guess so: 40n1& way I'N get it dohe.

" You don't have to you know. I don't really expect vou to get

seven. Can you tell by looking who would get more? It's
pretty tough isn't it. - )

Hum. Yeah. I think I'11 quit.
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- So thev each get one. - s

~ GRADE TNO
GROUP: ANNIE, HELEN, KARLA

Pizza Problem One

Uy da e
g Nt
RS
It (£
i

This' is a problem about sharing the pizza, What I would like

you :to do is decide how much pizza each child will get if you

share the pizza fairly. HNotice these are*the boys and their
)

pizza and over here are the girls and the

What are you doing? gw

- I'm putting on the pepperoni.

Why is that?

" 'Cause these pizza$ only have cheese.

Oh.

Do it later.

(Read questionsvoufloud'to the self. Read questions out
Toud to each other.) o

Look it. 1, 2, 3, 4, 5, 6, 7. There's seven pizzas and

there's 1, 2, 3, 4, 5, 6, 7—7 Kkids.

1,2,3,4,5,6,7. 1,2,3,4,5, 6, 7. Yeah:

o

Yeah. Théy each get one!

Do we put a ring around them?

lhatever you want. You're the ones who are'shéring the pizza.

Put a ring around.
\lhat are you doing-now?

['m putting it in his hand so he eats it nicely.

Yeah. Cut it in pieces -- the same kind of pieces.

Make sure théy're the same. Cut them right.

r pizza.

S 2N
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" There. I'm done.

There. I'm done.

Yours are different than mine.

Doesn't matter long as they're the same.
Oh.. *

Let's see. " Now 1etfs do the questions.

Yeah.

/(Read aloud all of the questions in sequential order.)

Who writé; theyanswer? .
We all do. She gave us each a page.

How much pizza does each boy get? One. .

How much pizza does each boy get? One. Ongéwhole pizza.

How much pizza does each boy get? One. One whole pizza.

“How, How much pizza does each girl get? One.

One.

One whole pizza.  That's a lot, you know.

Does each boy get as much pizza as each girl? Yeah. They

each .get one pizza.

Yés, 'cagsé_it's.fair shares.
Yes. One?f

How did you figure this out? Answer below.
How did you figure this out? Answef below.
Do we write that down?.

No, you can just tell me.

What did wexdo? e looked at the pictures and --.

jAnd'we‘counted the pizzas and we_counted-the kids and --

Ve knew each one got one pizza.
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And we put a ring around. '
There, we're done.

O
That was simple!

Pizza Problem Two

This is pizza problem two. Hhat I would 1like you to do is
decide how much pizza each child will get if they share the
pizza fairly. Notice these are the boys and.their pizza and

. over here are the girls and their pizza.

You'd better show the others how to do it.

" How did you do it?

This is harder.
No.- This is going to be easy. Seven - eight - nine.
What's your first queétion?

(Read all the questions out Toud at various speeds: (1) to
selg, (2) to others.) . | .

Well, you'd better do the boys firét. ,
Okay. |

Three. No.

One piece each.

Three. |

And I know how to méke it too.

I don't. |

You go like that, like that, like that hmmmm. . (Partitions

in thirds.) There. Like that. I made it.

/>

There. (Shows her work.)

How did you do it?.

Just look it. (She shows her work.)

/-



v Oh,'I see.

Those aren't even. Tricky, but not for me because I did it
before. ‘I did it when we were playing on the board.

I did it! (She shows her work.)

It's still not even Karla.

Look, bne - thg - three. There's three there.

Yes, but they're not fair. SRR
Let's see.

There's three, but thev're not fair shares.

Let's see yours.

. Here's the pizza and there's the middle and so you go (sHe

begins to divide the pizza into three fair shares) like that,
1ike that and that. ' :

L}
Y

Oh, I see. v

(Passes her work over.)™\Js that better Annie?
(Looks at the pizza.) No. \ : '
I know another way of making three fair shares. See, like

this. You can make a:-"T" like this.- One - two - three.

There's three but they're not fair shares.
1 oty

Let's see yours.

] ) . .
Okay, here's the pizza and here's the middle. And you go
there, there, there, (Demonstrates)

Oh, I see. (Erases and tries again.) There, is that better
Annie? , :

MNo! -

I know another way of making three. See? Like this. You
can make a "T" 1ike this. See? .One - two - three.

A "T"? OKkay, now here's the circle, (Demonstrates again.)

One - two - three - four. Hey, that's not fair! That's not
fair! (Looking at her own work.) :

-
~
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Because‘they're not fair,fthey'1l fight.

Well, you 've got the boys figured out, so now get the girls

figured (They read the questions aloud again, cont1nua11y,

to themse]ves and to the others..)

here's 1, 2 3, 4, 5, 6, 7, 8, 9 gir]s

'*There are nine gir]s
Ten girls! And-there's only three pizzas.

Three girls will share one pizza and three girls w111 share
one p1zza and the other three will share the other pizza.

. Yeah.

(Mon1tors, recounting the girls and counts nine.) Nine -
there's nine kids. : o

Three plus three p]us three equals nine. ' s

So these quys can share ‘three and these guys can share three

and -- :

Okay, so there's one, two, three; one, two, three; one, two

three. Oh, oh, I didn't make it right this time. Where's

the eraser? Here.it is. (Erases.) Mow let me check how I .

did\& Aast time. There's one going down 1ike that to the .

"middM and one.going 11ke that and-one going 11ke that.

Like that Annie? , S
S - ‘ v : ' ‘

(Looks) Nope. . vf“/

Oh. (Erases) - o : “n\\
I did my own. |

‘There, I did it. I did it! No good. ' Annie, how did you do .
‘that? i1l vou do it for me? ‘ R

Ho way.

‘why not? Hhy not 'show them how to do\1t? Show them carefully-
how to do it. o L : o

That's sharing and that's co-operation.

You make a cifc]e here, and here's the circle. Loék at the
circle, there. Now there's the pizza and here's theﬁﬁdd]e and

A}
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One piece out of --

- Is there d name for that?

f the pizza and go like that énd that
ipd that one goes like that.

Like this, Annie?
Yup, that's right:
That's right?

Yup. |

(Talking to herself.) Mo, there's four. Can I use the eraser,
Angie? Okay Karla, now there, thgre'g the middle --

I KNOY how to do it! K

(\lorking on her own.) If each child (reads the question to
herself) -- .

Three each. | Gi . L
[ did it: Look! ~
No. Look! Still -- look. See?

There - there - there. (She's re-drawing the pizza into
thirds.)

Let's go béck. How much pizza does each boy get?

- One piece each'. ' ' t

Out of how many?
One pizza.
One pizza.

One piece out of one whole pizza. That's right. But also,
one piece out of how many pieces?

Oh.

Hmmmm, |

(Counting the piebqé.) One, two, three.:

One out of three.
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Wait a second, I'm not done. I m not finished - ['ve got to

_record this.. (To herself more than anyone.)

(Sti111 drawing thirds.) Like that Annie?

*

Hmmm.

" There, 1ike this? [ did it Annie. See Annie? See, 1ook.

one - two - three, one -~ two ~ three.

.

1'11 show you one more sample. Now,watch. See? (Shows her.)
Okay, 'show me. ‘ -
There's the midd]e and vou go out and then 11ke this and then
straight down. / -

' i
(Self talk. Inaudible.) (Shows her drawing.) Is that fair?

No, you did it wrong. (Corrects the drawing.) Like that -
there.

Oh, I know now. Hmm, hmmm, hmm. (Monitors her drawihg.) You
go up and then you go -- like this Annie? A x

How much pizza did each boy get?

- One piece each.

Qut of?

One pizza.

How many ‘pieces in one pizza? . "
Three. |

Three.

Three.

So that's one out‘of?

~Three.

(Sti1l working on draw1ng thirds. ) I'm worried about this

~ drawing. Hmmm. "I don't draw very well. (Erases) (Self talk)

That foes up, that goes out and that goes l1ike that. Like
that, Annie? .

Yup.
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" Qut of one pizza.

(Busy spe11ing‘"piece.") One piece P - I - E - C - E each. -
Okay, I'11 tell you what I"wrote. Okay, how much pizza does
each boy get? .I'11 tell ya. I wrote - "They each get one
piece out of three pizzas." And then, for girls I wrote -

"Each girl gets one: piece out of three pizzas."

Out of three pizzas?‘gﬂ

IVOut of one pizza. Thgré's three pizzas.

Three pizzas! There's three pizzas!

There's three pizzas and .each gir]kgets'one from out- of three
pizzas. B ‘ -

One pizza.

'EaCh:girl gets one out of’one}piz;a. Each girl gets one out ¢

of one whole pizza. :
. . b

BUT there's three pizzas. -

One group of three'gets one, one group of thrée gets one and
one group of three get§7the other one. ,

Yeal, each girl gets one piece out of one pizza.’
And the boys? |

They each get ohé piete out of one pizza.

~ One boy gets each one piece of pizza? . S ‘/

dut of how much? . - ."; - iﬁe.
. - v _ | ,

One piziéi? |

Do your next qdestion;v" ) 'i . : ';f ;~
(They read the next'questibn, Does each chi1d get a féir  ,

share? They're all whispering and talking to themselves.)

8

‘They get the same ‘amount.

" Karla, read the gquestion again; very Toud and to everyone.

(Kafla reads.) ~ Each person.w0u1d get thé same amount.;, ‘

T

/
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. selves and-then to eac

How would you know?

Becauﬁgfthere are three p1zzas for the g1rls " One group of
g1r1s woul? get one - one group of three girls would get one
pizza, onedgroup of three would get the other and the other
group of three would get the other.

Nhat about the boys?

.The boys -- well, we split it in three pieces’ so(bne boy can -

have one slice, the other boy can have the other slice and

the other boy can have the other slice.-

Do you, a]l agree? well "how did you f1gure it out? .

Because we counted the p1zzas and we ‘counted the thwnqs

‘together.

And we counted them all and see, they all get the same. The
girls get as much p1zza as the others :

t.
Wait a minute, wait a minute. If each child gets a fair

- share, what about this?.

Does each boy get as much pizzas as each girl. How did you
f1gure it out? = : :

LT
.

Yes. And then how did you figure this out?.

-

'No, we're not supposed to do that.

“o Pizza Problem’ Three

This. is p1zza problem three What I would like you to-do fs

decide how much pizza each child will get if you share the
pizza fairly. Notice these are the boys and their pizza- and
over here are the girls and the1r pizza.

(They all read the Que;/jon out loud, seem1ng1y to them-
other.)

Hmmmm. Cause since there’ «0 piizas'and we have three boys --

~ They each get fhree.‘ They each get three pieces. I'l1 show
you. See? o ' '

Mo. " | o |

"This guy gets dne'- two - three. o o -35
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' Put'the number.‘

- How much pizza does eacli girl get? (Counts to herself.) One, .~

220

1"

No, not necessarily. Oh! Each boy gets,two pieCes}

Y

Yeah, that's what I meant. See? One, two. One, two for P
him, one, two for him, one, .two for him. /

Do you agree'on'fhat?

{

Yedh.‘

L3

T-W-o0.

&

There are 1, 2, 3, 4. (Each counts aloud, singlely to
12. Helen is slower.) 7, 8, 9 --

How do you spell pieces?

- .P-1-E. So there's twoypizzas for each group of girls.

twos, three; one, two, threg. Oopsee. One, two, three. ,
Everybody just stop and 1i¥%en for a minute. It says how much
pizza does EACH girl get? \We're supposed to. count the girt§

"and then count the amount of pizzas and then if there are .eight

girls, 'say, okay, SO --

1,2,3,4,5,6,7,8,9 girls.

Twelve gifls.%

"There is?

(Count aloud.).

. L

Twelve girls and there are only 1, 2,'3, 4, 5,6,7,8 e-‘

‘and there are eight pizzas. Four plus four equals eight - each -
© .girY would get two pieces! Each girl would get one piece
~ egch? Hho agrees on ‘that? L o

Not me.
We haven't figured it out yet - how to do it.

Okay, there are eight pizzas and twelve girls. And four

and four is eight. Four plus four is.eight. You guys, four
and four is eight. There are 1, 2, 3,44 -- 8.. This is a
hardy! - R ) C

" This girl can have one and this gi#1 can have one and this

girl can have one ~--



Thi§ girl has one, this girl can have one, this girl can have
one \--

~N .
‘See what\] mean, Kara?

Whoops, that's not right.

Four plus four is eight. Four plus four is eight, so 1, 2, 3,

4, 5, 6, 7, 8; There aren't enough pizzas. So that means we
have to take away. ‘

I'm making them into groups. There are two'pizias for each .
group. of three kids. ‘ ‘

Who agrees on that?

Me..

Me. ~What did you say Annie? (Begins to monitor: wr1t1ng "There

are.") Should ye=write'1, 2, 3, 4, there's 12 girls?

Y

There will be 12 pieces left. (Couhts aloud.) 1, 2, 3, 4, 5,

L

6, 75 8, 9, 10, 114 12, 13 --"oh.
erah, that's right.. f‘counted.itf
~ Each girl gets one piece.

No,heaéh §1r1 gets two pieces.”.Yeah. e figured it out.

Yeah,‘éach girl gets two pieces. 'who agrees? Do you agree
~ that each girl gets two pieces? B :

© Yeah. » o . |
(Mon1tors as she writes’ the an$wer ) Each g1r1>gets two
p1eces p-1~-E-C-E-S. . .

(Reads’ quest1on a]oud.) If each child gets a fair share of.
the pizza, who would get more pizza? Each boy or each girl? .
Each of them get the :same. :

Each of them get the same.

Now how did you figure that out. Ann1e how d1d you figure
it out? What's the first thing you did?

I made them into boxes. . -
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" Are you tired or would you like to do another one?

.~ This is what I do. I don't want to read all of them at the

222

. “u

’ Lo ‘ ' |
We made them into boxes and then we figﬁred it out - then
we figured out how much each girl got:

“You had to'pdt - 'T" in the‘gentre.

I put the girls into boxes-and the p}zZas into boxes of two
and then I cut the pizzas into -- Then I put the pizzas into
pieces. : '

She divide&"them in three. Two pieces each.
Yeah.

And how did you figure it out Karla? - . i
Cr‘ : ‘ .

Like, well, I counted them out and there are three pieces in
each one, right? Each one here and you divide it --

You never drew it.

I did it in my head! There are two here. There are only '
two pizzas and two -- well two pizzas and three girls so I
divided them into pieces - three - pieces I had three pieces
in each one. And then there are-two in there and two. in there
and there wasn't enough left. So in one I had one more left
and in the aother I had one more left. So then I took them and
I added them together and that made two so each girl got two.
One got two and this one got two and this one got one from
there and one from there - that's two!

le want tb do another bne,

Pizza Problem Four

This is pizza prob1em‘nUmber four. Tell me how you would
share that pizza. A ‘

There's more boys than girls-this time. (A1l read the
question aloud.) :

same time so 1 go like this. How much pizza does each boy
get? (She covers up the others with paper.). And then I
move it down and I read the next one. .Be quiet - the thing
is on. How much pizza does each boy get? - Now the first one
says "How much pizza does each boy get?" (Repeats)



Al1l

'This is a problem with no answer.

v . 223

Hinmm. . | E Y

‘Now the f1rst one says how much p1zza does each boy get7 ‘

Well, there's 1,¢2 3 q,

Four pizzas and I made a dot in the middle okay. So %h1s one
would belong to these guys and this one would belong to- these --

Yeah. , : N

N,

These two would belong to these three.

Yeah. L : K?

lell, there S three here and there's three here and there 5
one guy left, Karla, and he eats'a Jot. ' iy L

(Counts aloud.) One, two, three, one, two, three; one oh,
oh, we've got a prob]em

Oh, this problem's hard. Seven boys.

Yeah, seven boys. I don't know how many pieces there are.. - f
I have to erase it. - /////;//////1

No, no, no, no. Two for them,. two for them, two for them.
Each boy .gets two. This boy gets a p1zza and he will share

| with this guy, and this boy gets'a p1zza and he will share
~with this guy and this boy gets a pizza and he will share with

this guy. This boy gets a pizza and he doesn't ‘have anybody
to share with so what he will dok1s --

So how will youvshare them so that they are even?

One, tway. three. Ohe, two, thhee,,four:‘ That makes seven.
(Tries thirds and quarters.) ' '

Yeah, for suhe. Yeah, that's fair.

If that's into four pieces? .- : | .
One, two, three.

(Count the number of'pieces aloud.)

Yup. Well, there's three pieces here and four pieces here.
One's Tleft and mum can put that in the freezer.
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There's six men here - I've got a better idea. I have an
jdea. Okay. Since there are seven boys and there are only
four pizzas, two boys can go together. Two boys can go
together and this one -- ‘ :

P
il

‘(Interrupts.) And then there will be three teft over.

Then these two boys can go together ‘and these two can’go
together and this one can be left over, and then -- I've
" got it Angie! o

‘What‘ére you going to do if there's pizza left over?
Well, these two;can'go tog&ther.

These two can go together.

Mhat did you say Angie?

Two pieces for each boy.

How did you do that?

And then they get two and they.get two and they get two and
there's one there. Anq there's one piece of pizza left

over they can give to the dog. (Still working.) And there's
one there and one there. . ’ ' ~

Do you agree Annie? Okay, we divided the pizzas in half.

See there's three boys . here - this boy can have one, this boy
can have one. - This boy can have one and then there's some
left so this boy can have one. This boy can have one and
that boy can have that. And that boy can have that.

I have a bettef-idea.

(To Karla.) Is that fair?

&I don't know. I'm not done yet.
Yup, mine is fair.

Mine is fair. (Checking the pieces by ‘counting aloud again.)
(To Helen.) How come you're making X's.

1, 2,3, 85 1,2,3,8;1,2,3,41,2,3, 4

A11 these four boys can share out of these two and these
three boys can share out of these two. -~ “°

I think we,shbu1d take these pizzas and make them into three. =~
Wle can go -- ’ : ' '
g
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: [
Four p1eces in this one, four p1eces in th1s one --

* -

I' 11 read the quest1on

We'll have two pizzas with four and two pizzas with three.- i

Come here, I've got the answer. These guys can share that s
four, these guys can share that four and these guys can share {
this four. That so]ves it.

Maybe you'd better take a look at the girls.

Oh, this is simple.4 ' \

Yeah, we did this in the ottier one.

You just cut the two pizzas in half and these guys can have
two and these guys can have two. . »

So why don't you do the same. th1ng for the boys? ' (Blank -
stdres.) Have you tried?

Yeah.

o : ' e
We did two. These guys had two, these guys had two. These
guys had two. And there's one and one left over. llho agrees

~on each gjrl gets one-half each? . Who agrees on that?

(Talking about the boys.) These two -boys can cut the pizza 1n
half. These two boys can cut the pizza in half. These two
boys can cut the pizza in three halves. I put three pizzas
into four and one pizza into three. ' ’ '

T \
There will be one more piece left.

I had an answer but we cut this one in half and this one in
half and this one - and then there will be four pieces Tleft.

I have an idea. This is what we can do. Since there are

four.people, we pick four people and we give them all half.

And then there will be‘one left and then all we have to do is

‘take that one and put it in three pieces. And then there

will be two more pieces and one person can have one half and
one person can have the other, .

So tell me how much each boy gets.

Each boy gets one-pizza and another boy gets one half of a
pizza and another boy gets -- . .
Hait, wait a minute. That doesn't sound fair to me. One boy
1 i y-onty—gets—hatf-a-pizza-—That————
does not sound fair, : :



R So take a look at the girls. How much pizza does each girl"

' get? ' : '

K For the girls I have an answer.. Each girl gets a half pizza;
Each girl gets a half a pizza - a half of one pizza. Do you
agree? , ‘ ) ,

A There are fouk girls and there are two pizzas and we can
split one pizza in half and then the other and then that would
be fair. I split the pizzas into four and 1 had two groups
and each girl gets two pieces. * _

K. But that's the same as this, Annie! Nhen'you-split it in half
it's still the same thing - you get two pieces and that's the
same as one half. S -

- - ¢

R So how much does each girl get?

K One. '

R - One whole pizza?

K One slice each.\ Each girl gets a half a pizza. Fach boy gets
a half of a pizqa. '

R Ahalf? "~

A A half I think. I'm not,the‘ohe who figured it out. Karla
figured it out. » C

R So who gets more?

H Each girl.

K Each boy.

A Karla, we haven't-figurkd out the boys yet.

H Let's skip the boys out. ',k '

A No way.

H Okay; let's Jjust read the next question.

K- We can't do that Helen, until we do the boys.

5 | R .

H (Reads "How did you figure it out? Answer below.")

K Helen, that's-what we are tkying to find 6ut.

H
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K what‘I agree is. two boys get a half of this pizza, two_boys
get a half of this pizza and these three boys get --

H Hmmm. |

K Two pizzasQ \

R You're awfully close. ~ o

K- Since there are three boys left --

A"‘ ‘Yeah, hey, yeah. \

K " We pdt a half to this boy and a half to this boy. And then

we get this pizza and this boy can eat just one-half and one-
half will be left over. :

[
R So, how much does each boy get? g : v
All One-half of a pizza,

R So what are you going to do with the half that's left over.

A I'knpw! They can share it! S

K How? - 0

H Split it in half.
’.,A Split it in more pieces._

H Ho! Each take a bite out of it. | .
_ R . | Okay, sé who gets mdre?

Kx The girls.

A The boys. ST

R ‘Hhich one, thé;boyé'or the girls?

AT ﬁkThe boys, because eaEh.bpy gets a half.

H- Yeah, eaéa boy gets a%ha1f of the‘pizza and after they cat

the half then they can each get a little bite of the other
half. After theyv each have one half a pizza then they each
get a little bite of the other half so the boys get it. The
doys get more. ° ' . ' .
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GRADE FOUR

3
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GROUP: MATHEMW, WILLIAM, BRENDA

Pizza Problem One

'A pizza each.

A pizza each.

(Read the quest1ons aloud and answer in sequent1m1 order.)
- both - neither - the same amount.
- Yes.

- How did you figure it out?

|

" Two pizzas and two boys and then each boy gets a whole pizza

and then there's five more pizzas and there's five more girls
so they don't have to divide it cause you can see that they
each get a whole pizza. Instead of having to divide it into
pieces -- they each get a whole pizzZa.

G

Yeah!
Like if there was one pizza you would have to divide it

into five pieces - maybe six and one left over but here they
each get one whole pizza.

Pizza Problem Two -

Divide it into three.

" Divide it .into three.

Okay. How much pizza does each boy get?
One third.

Hrite down one third.

I'm drawing mine. llhere's the eraser? It's not even. There.

i e
How much pizza does each girl get? ’

One third.
A third each.
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(ﬁeads a]oud)r'ﬁf each boy --"
Neitﬁer.

The same amount.

Is there a word for the same amount?

Equal. .

(Reads aloud) "Does each boy get as much pizza as each girl?"

Yeah.
(Readg-aloud) "How did you figure this out?" -
e divided it into one-thirds. Like the boys got one-third

because they wouldn't all get the same amount if you cut it
into four pieces. Then there would be -one piece left over.

"And if a piece is left over, they'd probably be arguing.

Who'd get the last piece?

There's three pizzas and twelve girls.

-\lNo,'nine girls.

And if the bovs got one-third of a pizza each and there's
three pizzas for the girls then divide the girls info thirds
and each third of the girls gets one pizza. Then divide
that pizza into theé thirds like the boys.

Pizza Problem Three

*,

" (Reads) "How much pizza does each boy get?"

(Moans)

f think I have a solution for this. Sounds a little wacky

but -- Since there's only three boys and two pizzas these

boys could get two-thirds; - Like you can make it .into_thirds
and then this boy gets one-third from this pizza and one-third

" from that.

Right. (Whispering. Erasing.) (Monitoring own work. )
Each boy would get two pieces of pizza. | ) y

» , ey : _
Each piece is one-third but they eaéiaget two-thirds in all.
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Mow, what about the girls? '(Counting gir}s and pizzas.)
It's the same as the boys. -
(Drawing)

Okay. That's two-thirds. | '
This piecé. This”piece. And this piece for the third girl.

Three girls and two pizzas.

(Self talk: monitoring.) )' o

Okay there's 12 girls.

You can see. |

Three girls to two pizzas.

So the same as the boys.

Each girl gets two-thirds of a pizza.
Yup.

(Read and answer eaa nwestion in sequential order.)
How did you figure tigEm out? ‘ ,

B.it up into three thirys and then if

Figured it out to SRR
Boizza, then the other\boy got one

one boy got one p :
and the other boy g0

There would berthree pieces left over.

Yeah.

) 5
There's twelve girls. ‘An even-number. And an even number of
pizzas.

What made you decide to try thirds on the girls?.

Nei], because there's sets of three on the girls dnd sets’of
two on the pizza. ‘ ’ , .
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Do the girls first.

(Monitors detail, taps.).

Put it into sevenths. (Taps)

‘ .Mathew, there's seven boys and: there S four pizzas.
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Pizza Problem Four. }“ 9

Oh. Look! = : ~ | _
Gessh! (Pencil tapping,-whi]e'monitor%ng detail.)
Yeah. They're the easy ones.

Each girl -gets one- -half of a pizza.

Yeah. Mathew, right. How with the boys -- (Monitor the
detail.) o

Wait that might be it. Won't work the same.

I th1nk this will work, “No 1t wodldn't -- could everybody

- get the same amount? Okay. (Tr1es solution of g1r1s )

That wouldn' t add up the same. : U .

We haven't tried f1fthsjyet., .

I have an idea.

Seven boys. (Taps) | o '

‘Put it into sevenths -- so 1t s geven p1eces

"~ Uh, . uh You can't .divide an ‘uneven number (seven) ipto an
- even number (four) 3 _ ; '

"Why not? You can d1vfde‘it. you could do that. Then they

each get four pieces.

I know. Divide each one into seven and then they each get

four p1eces .
\ 4

'That won t work. There' 'S an uneven number of bbys and there

has to be six boys . . T ’i 19 

~ That' s w1th numbers, not real th1ngs

Oh. Oh, yeah!

Yeah, that would work. - (Monitoring the activi%gQ).ng§"
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Yeah, but what about the other pizzas?

Do it the same way.

~(Monitoring.),

Yeah' they each get four-sevenths of a pizza.

(Read each and/answer each in sequent1a1 order )
Four-sevenths.

1.
2. One-half.
3.

Boys get more. Fach boy.

See four-sevenths™g /more than one-half.

Yeah.

4. Each boy gets more.. So -- no.

5. We counted out how many bovs there was. Then we counted
how many pizzas and there's four p1zzas and seven boys as
so we divided them into seven --

And there's four pizzas and we did that on a11 four "pizzas-.
so each boy would get four p1eces - four sevenths

And for .the girls we split it in half.

‘Cause there's two.pizzaE”and four'gih1sﬁ

How did you figure out who had more?

: Ne]] four- sevenths is more than a half.

'Cause four is more than three and three takes up less than --

“well the four must go into the- half way mark of seven.

»

Pizza Problem Five

(Monitor the deta11 )

Sp11t it into six. Then they each get four -- they each get

six p1eces

4

It's a1most Just the other way around.

“There's four boys and there's six- pizzas SQ vou split that

into -- fburths?

i
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(Monitors fourths.) It works.
So they each get -- let's see --

They each get half of a pizia.

1 know.
; \

'They each get ‘one and a fourth. A whole one and then-a~fourthf

(Explains fourths by mon1tor1ng ) Split it into fourths th?n',

each one gets SixX.

Each boy gets.a whole pizza' and a half.

Is there another way?

Six fourths.
Six,duartérs;
(Monitor the detail.)
Nine divide by six is thrée. ‘No!

Remainder three.

“;Yeah, nine d1v1ded by six is one, rema1nder three.

N1ne d1v1ded by s1x is one, remainder three.

_'Do you already get division?
O

Not in class but I learned it in grade 3.

Wheew;

. “\\ v
~(Mon1tors act1v1ty ) éGroup1ng girls.) I 1d qt, 1 th1nk
Okay, each g1r1 gets four pleces of*p1zzas

Let s see.
. ‘,.av

Because you g1ve the girls each a pizza first and then the
other thyee p1zzas d1v1de in halves.

‘ Two th1rds Each person gets three th1rds of a pizza. Ohe

whole. _
o T . . .
ﬁThggfget a p1Zza and a han Instead of splitting these up
hirds, and then the remaining three you split in half.

' quéuthem a whole p1zza 'Cause there's only three left and

-
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- there's six g1r1s so you split them in half so thehe s Six oo
pieces. So each gets an extra piece.

| QODQOQ_ 006
M“"‘) You have the same thing. See OOOQOO e@e

+ B - You can split these in th1rds and split the other three pwzzas
in halves and then add and they get four p1eces of pizza each.
That s a whole and a .half, = S

M One and a half.

2,

W Yeah, they can have three th1rds and a ha]f or one p1zza and
a half It's the same ‘thing. :

‘(Rq@d and answer a]oud each quest1on in sequential order. )

M 1. 6/4 = ;1x j It's all the same.
W 2. 11/2 L AT
B 3 Ne1ther get equal"
B - 4. HNeither gets more.  VYes. .
M 5. Did the boys first ' cause the g1rls were harder Then
we d1d the girls. i
5 ~ Pizza Problem Six
[} - ’ . N )
2, o This is easy.
S W The girls -- thirds.
"‘\ B Now the boys. Hmm.
“  “AIl  (Monitor the details.) °
W Gut each pizza in seven.
B y Give each boy three pieces.
M Three- sevenths, ‘each boy gets three sevenths

‘-(Read and answer aloud each quest1on in sequent1a1 order. )

ALY 1. 3/7.
MY 2. 1/3. , o
W* 3. "Look the p1cture'" 3/7 is more. Well, a little. The

o boys get more. d :
M.+~ 4. Easy. Thirds for.the girls. Then.cut in seven for the
boys. . ‘ o .

-
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- Pizza Problem Seven |

(Monitor the detail.) RS

Do the boys f1rst Give eacH boy one - p1zza Cut,the‘other
two in thirds. ‘Then give each boy two pieces. Each boy gets

one pizza and two-thirds.

"Now the g1rls.
(Monitor the detail.) -

Give each gir] three pieces.

Each girl gets one pizza and three pieces.

One pizza and three-fifths. |
(Read and answer each questlon a]oud in sequential order )
1. 1and 2/3. Yeah 5/3 too!
2.1 and 3/5.
3. It's we&] close. .
1 think twpvth1rds

.Look Yeah, 1 2/3 is more.

|
\
N

The boys get*more

4. The boys . | . SR \

5. Give each boy:-- cut up the rema$nder in thirds. Giye
them each, two-thirds.
Give each girl one and cut up the remainder in fives
Give them three-fifths more.

Pizza Prdb]em Eight

"(Honitor the detail.)

Give each boy one and cut the other one in four.

Yeah! = 'Cause there's four boys.

_Give each girl one b1zza Cut the remainder in five, fifths.

w

ifths.
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(Read andvanswer each question in sequential order.)

1. One and,ohé fourtﬁ;.‘r

CE W N
L] . L]

.238

Now the girls.

Give each girl one and cut the left over 1in five. Humph.‘

They each get 1 1/5.

They do?
Yup. See..

Right.

, a
One and one fifth. o v .
The boys. No.

The boys.

-

5. Give each boy one and cut the remainder in four.
~ Give each girl one and cut the remainder in five.



APPENDIX G
SAMPLE OF STUDENT SOLUTIQNS
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APPENDIX H

[

FREQUENCY OF LANGUAGE FUNCTIONS -



!

LANGUAGE FUNCTIONS USED.TO‘UNDERSTAND THE. MATHEMATICAL PROBLEMS

]
. | Table 1
@ ‘
Frequency of Language Functions Used by Grade Two, Three and
Four Children Attempting to Understand the
- Mathematical Problems
T
Math Problem- ~  Grade =~ I G .1 "G I G-
1 2 a3 1 & 0 3
2 2 7 1. 8 0 2
3 0 4 0 6 2 8
4 0 . 5 0 .0 1. 3
.o 0 * 0 *. 0 *
.'.;55:’1.5.‘ 6 R 0 * 0 *. 1.
[ 3 0 4 0 4 1
‘ 2 [ t 0 .0 0 0 0 1
3 0 0 0 - 0 0 4
4 0 -0 0- 0 2 2
5 ) 0. * 0 * o2 *
"6 | o *» .0  * ] s
1 4 0.0 0 0 5 0
2 0 0 0 0 0 0.
3 0 0 o. 0. .1 2
4. 0 .0 o. 0 0 3
"5 * 0 * 0 x2
6 * 0 * 0 * 2
7 * 0 . * 0 * 1
- 8 - x 0. * 0 * 1
I - 1nd1cates the* 1nd1v1d a] child
6 - 1nd1cates the group .
| C; - read1ng a]oud to the/self
C3.- read1ng aloud to another
c” - exam1n1ng the 111ustrat1on
&

g
1

prob]em»not presented K
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LANGUAGE FUNCTIONS USED TO PLAN THE SOLUTIONS
+ TO THE MATHEMATICAL PROBLENS

“« Table 2 o s

Frequency of Language Functions U%ed by Grade Two, Three and
‘ Four Children Attempting to Plan ithe Solutions 5
o the Mathematical Prob]ems L

Type of Function

. " C
Math Problem ~ Grade . I G I. G I G b
1 2 1 4 0 0 0 A
2 1 4 0 0 1 1€
3 0 17 9 2 2 14
4 3 20 . 5 7 1 14
5 6 o+ 2 0\ *
6 5 * * '| * t
] -3 1.2 0 0 0o 3
2 0 2 1 3 0 4 -
3 4 . 5 4 2 2 8
4 -5 5. 4 3 1T 3
5 4 N 3. *
© 6 4 3 * 2 * 5 *
B . 4 0 0 .0 0 0o 0
2.2 0 0 5 0 0 2
3 0 3 3 -0 0 0.
4 . 0 9 2 -4 0 9
v 5 - * 8 * 8 * 6
6 7 * 3 * ] *3
7 - ,"‘%’v * . m T 0 ‘ * 3
8 G? i 7 * -0 * 3
I - indicates the individual child o
G - indicates the group = - o ‘ >~ :
Cg - indicates use of language to report
C6 - indicates use of language to predict
C” - indicates use of language to dirett

* - problem not presented
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LANGUAGE- FUNCTIONS USED TO SOLVE THE MATHEMATICAL PROBLEMS

oM b
: Table 3
[ S » .
Frequency of Language Functions Used by Grade Two, Three and
. Four Children \lhile Solving the
j Mathematical Problems .
Type of Function
- | ol c &’
Math Problem Gradle  Is & 1 .G I G
1 2 2 3 - 4 -4 0
2 : 0 16 .0 43 0o 17
3 0 0 0 1. 0 1
4 16 1 5 1 0
5 7 x 1 .x 0 . *
-6 1 * 2 v * 1 %
1 o3 0 0, 0 1 0 0
2 1.0 7 1. L 0
3 - L0 -3 2 3 0 0
"4 3.1 1 2 0 0
5 1k 2 0. *
6 - 2 * 5 2 *
1 4 0 0 2 0 00
2. 2 3. .1 1 1 -2
3 . 0 10, 1 3 0.0
4- d ] 3 01 0 1.
5 * 8 * 13 - * 0
6 * 0 S ox -3 L
7. * . 0 ~ b % 3 : * 0
8 * 0. ook r 0
I - indicates the individual child | s
G.- indicates the group L L
Cg - use of]énguage to diréct I S . I
_C9 - use of language to report | v IR v )
¢ - use of language to clarify . -, - - ' :
* - problem not presented >' Jw‘.k%3§_1P7
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J:ﬁg,. | LANGUAGE FUNCTIONS USED TO REVIEW THE SOLUTIONS
e TO THE MATHEMATICAL PROBLEMS
@) Tab]e 4
Frequency of Language Functions Used by Grade Two, Three and
Four Children to Review the Solutions to the
: Mathematical Problems
ﬁu Type of FunctionA
y : C?O'
7 Math Problem . Grade ' 1 G
! 2, 5 18
2 ) 16 32
3 16 .19
4 8 28
5 wa ) 10 Cox
. N 1 *
:““:VL 6 ‘N{ j‘/j’a
o 3 5 14
3. 18 23
¢4 9 : 14
5 13 *
26 6. *
a 4 12 10
e 31 15
k3 5. 6
‘5 * 7 s
& i * 7L F
7 P * o 14
8 * 9
I - indicates the individual child
G - indicates the group
C]O”i c]arifying.ideas byjquestibhing, reflecting and evaluating
- ,{;‘f“. problem not presented



