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Abstract

This thesis studies problems of filtering and estimation in modern computer control
systems. The main focus is on filtering in control systems employing communication
networks and in discrete-time control systems with multi-rate sampled data. More
specifically, filtering problems are studied for systems with random sensor delays,
multiple sensor data packet dropout, uncertainty in observation, and networked
control systems with multiple packet dropout. Multi-rate Kalman filtering and
the problem of parameter estimation for some general multi-rate systems are also
explored.

The random sensor delay, multiple packet dropout, or uncertainty in observation
is transformed into a stochastic parameter problem in the state-space framework.
A new formulation is employed to model the multiple packet dropout in the sensor
data, and in networked control systems. The formulation also can be used to assign
separate dropout rates from the sensors to the controller and from the controller
to the actuators. Based on the stochastic definition of the Hg-norm, new relations
for the Ho-norm of a stochastic parameter system with both stochastic and deter-
ministic inputs are derived. Also, a generalized Hoo-norm is studied for this type
of system. The stochastic He-norm or Heo-norm of the filtering error is used as a
criterion for filter design. The relations derived for the new norm definition are used
to obtain a set of linear matrix inequalities to solve the corresponding filter design

problem.
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A state lifting method is introduced that can be used to generalize the minimum
variance Kalman filtering method to the multi-rate case for fast-rate state filtering
and estimation. Based on multi-rate input-output data and fast-rate system models,
the optimal Kalman gains and covariance matrices are found at the fast rate.

This thesis also studies the parameter estimation of a general multi-input, multi-
output multi-rate system in the frequency domain. Two methods, dividing to sub-
systems and input extension, are introduced for dealing with multi-rate systems,
and the later method is used to convert a multi-input, multi-output multi-rate sys-
tem into several sub-problems with fast input updating and slow output sampling.
In this framework, all frequency-domain parameter estimation methods can be ap-
plied. In this work, a least-square parameter estimation method is generalized for
parameter estimation in the multi-input, multi-output case.

Several examples, including one with industrial data, are provided to show the

effectiveness and applicability of the proposed methods.
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Chapter 1

Introduction

1.1 Background

Due to the rapid developments in digital computers and microcomputers, control
systems are changing drastically. Nowadays, powerful microprocessor systems are
used to control even the most basic control loops. Because of the higher flexibility
and lower cost of digitally implemented control systems, digital controllers normally
outperform their analog counterparts. Microcomputer-based smart sensors and ac-
tuators are also employed in control systems. Advances in digital computer technol-
ogy combined with control systems theory have led to new developments in modern
computer control systems. These new techniques give us flexibility of implementa-
tion in different frameworks but also raise new challenges in design. Since digital
computers are used for control system implementation, carrying out modelling and
design in discrete time is naturally more convenient. Discrete-time modelling can
be used either because of its simplicity in modelling and simulation or because of
the system characteristics, for example, in a radar system, the information is nat-
urally obtained once per each revolution of the antenna; an internal combustion
engine is another example of a sampled system. The main focus in this thesis is on
discrete-time models.

With the increasing presence of wired and wireless communication networks,
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control systems using communication networks and the internet are also an impor-
tant emerging technology. Network-based control systems as executed over internet
communication channels have become an increasingly challenging research area (see,
e.g., [18,22,28,37,38,42,51,56-58,60,61]). Even though using a distributed control
system over a network provides flexibility in installation and maintenance and results
in cost savings, it makes the design problem much more challenging. In such dis-
tributed control systems, data travel through different networks and communication
channels from the sensors to the controller and from the controller to the actuators.
As a direct consequence of the finite bandwidth for data transmission over networks,
time delay and packet dropout are inevitable in networked systems where a common
medium is used for data transfers. In most network-based systems, time delay or
data packet dropout is random. Similar problems arise in other practical systems
such as wireless sensor networks or target tracking systems, where only sensor delay
or dropout exists. Filtering and control in these systems are more challenging due
to the stochastic nature of the delay or dropouts. Classical (non-delay-based) esti-
mation and designs may not satisfy the performance and stability requirements and
are not optimal for the delay or dropout cases. Clearly, new methods are needed in
these cases.

State feedback is the most common strategy used in modern control systems for
the stabilization and control of complex physical systems. In practice, especially in
networked control systems, not all of the state variables are always available for di-
rect measurement, so state filtering and estimation play a key role in state feedback
methods. The filtering problem is to estimate the states or a linear combination
of them by using the measured system inputs and outputs. With the introduction
of state estimators by Luenberger [34], state estimators have been used to estimate

state variables from readily available measurements. One of the early optimal esti-
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mators in a Gaussian noise environment is the so-called Kalman filter [23].

To work with sensor delay, uncertain observation or networked control systems,
stochastic delay, dropout and uncertainty in observation are transformed into sto-
chastic parameters in the state-space system representation. The commonly used
transformation [36, 53, 56,57] can be used to model a maximum of one sampling
delay, whereas the new model proposed in this thesis allows for multiple packet
dropouts. Some existing methods try to generalize Kalman filtering to stochastic
parameter cases, but these methods make complicated formulations and fail to pro-
vide the optimal solution [45]. Also, multiple packet dropouts in sensor data have
not yet been well studied. In this thesis, by using a new formulation, estimation and
filtering with multiple packet dropout are cast in the same framework as the single
delay and uncertain observation problem. By introducing new notion of stochastic
Hs and Hyo-norms, the filtering and estimation involving random sensor delay, mul-
tiple packet dropout, uncertain observation, and networked control systems can all
be treated in a unified framework and therefore are presented as a generalization of

the classical case.

In conventional computer control, input updating and output sampling are per-
formed in discrete time instants by using samplers and zero-order holds. In such
discrete-time control systems, the plant input updating and output sampling are at
the same rate. However, updating the control input and sampling the output at the
same rate are not always possible due to various limitations such as the cost of fast-
rate sensors and actuators. Moreover, sometimes the plant dynamics are such that
sampling the different plant signals at the same rate is not economical and useful.
As a result, a multi-rate sampling scheme should be considered for such cases. Of

course, this scheme introduces the complication of mixed time steps. Such systems

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



are often used in the chemical process industry (see, e.g., [19,39]). The Kalman
filtering and parameter and output estimation for these systems will be studied in

Chapters 5 and 6.

1.2 Summary of Contributions

The main contributions of this thesis are summarized as follows:

e A new formulation is proposed to model the multiple packet dropout in sensor

information.

e The new formulation is generalized to model the multiple packet dropout in
networked control systems. This formulation enables us to assign separate
dropout rates from the sensors to the controller and from the controller to the

actuators.

e Based on the new definition of the Hy-norm of a system with stochastic pa-
rameters, new relations for the stochastic Hz-norm of a stochastic parameter

system with both stochastic and deterministic inputs are derived.

e A generalized Hoo-norm is studied for the systems with stochastic parameters

and both stochastic and deterministic inputs.

¢ By using stochastic Hp and Ho, norm definitions, a general framework is pro-
vided to study filtering for different problems such as sensor delay, multiple
sensor data packet dropout, uncertain observation, and networked control sys-
tems with multiple packet dropout. The stochastic Hg-norm or Hee-norm of
the filtering error is used as a criterion for filter design. The relations de-
rived for the new norm definition are used to obtain a set of linear matrix

inequalities to solve the corresponding filter design problem.

4
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o A state lifting method is introduced that can be easily used to generalize the
minimum variance Kalman filtering method to the multi-rate case for fast-rate
state filtering. The optimal Kalman gains and covariance matrices are found
at the fast rate by using multi-rate input-output data and fast-rate system

models.

e The parameter estimation of a general multi-input, multi-output multi-rate
system in the frequency domain is studied. Two methods, dividing to subsys-
tems and input extension, are introduced for dealing with multi-rate systems.
Finally, a least-square parameter estimation method is generalized for para-

meter estimation in the multi-input, multi-output multi-rate case.

1.3 Outline of the Thesis

The remainder of this thesis is organized as follows.

In Chapter 2, the problem of optimal filtering for discrete-time systems with
random sensor delay, multiple sensor data packet dropout, or uncertain observation
is studied. The random sensor delay, multiple packet dropout or uncertainty in
observation is transformed into a stochastic parameter in the system representation.
A new formulation enables us to design an optimal filter for a system with multiple
packet dropout in the sensor data. Based on a stochastic definition of the Hz-norm
of a system with a stochastic parameter, new relations for the stochastic Hz-norm
are derived. The stochastic Hy-norm of the estimation error is used as a criterion
for the filter design. The relations derived for the new norm definition are used to
obtain a set of linear matrix inequalities (LMIs) to solve the filter design problem.
Simulation examples show the effectiveness of the proposed method.

Chapter 3 studies the problem of optimal Hy filtering in networked control sys-
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tems (NCSs) with multiple packet dropout. A new formulation is employed to model
the multiple packet dropout case, where the random dropout rates are transformed
into stochastic parameters in the system’s representation. By generalization of the
‘Ho-norm definition, new relations for the stochastic He-norm of a linear discrete-
time stochastic parameter system represented in the state-space form are derived.
The stochastic Ha-norm of the estimation error is used as a criterion for filter design
in the NCS framework. A set of LMIs is provided to solve the corresponding filter
design problem. A simulation example supports the theory.

By using the same formulation as in Chapter 3, the problem of H, filtering in
networked control systems with multiple packet dropout is studied in Chapter 4.
Again, by employing the new formulation, random dropout rates are transformed
into stochastic parameters in the system’s representation. A generalized H,-norm
for systems with stochastic parameters and both stochastic and deterministic inputs
is derived. The stochastic Heo-norm of the filtering error is used as a criterion
for filter design in the NCS framework. A set of LMIs is provided to solve the
corresponding filter design problem. A simulation example supports the theory.

Chapter 5 studies the problem of optimal Kalman filtering for multi-rate processes.
A state lifting method is introduced that can be easily used to generalize the min-
imum variance Kalman filtering method to the multi-rate case for fast-rate state
estimation. The optimal Kalman gains and covariance matrices are found at the
fast rate by using multi-rate input-output data and fast-rate system models. Some
examples, especially the one taken from a real mechanical system for air-fuel ratio
control, validate the applicability of the proposed method to Kalman filter design
in dual-rate and multi-rate processes represented in the state-space form.

In Chapter 6, the parameter estimation of a general multi-input, multi-output

multi-rate system in the frequency domain is studied. Two methods, dividing to sub-
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systems and input extension, are introduced for dealing with multi-rate systems, and
the later method is used to convert a multi-input, multi-output multi-rate system
into several sub-problems with fast input updating and slow output sampling. In
this case, frequency-domain parameter estimation methods can be applied for identi-
fication purposes. Here, a least-squares parameter estimation method is generalized
for parameter estimation in the multi-input, multi-output case. Several examples,
including one with real industrial data, are provided to show the effectiveness of the
methods proposed.

The thesis ends in Chapter 7 with our conclusions and some suggestions for

directions for future work.
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Chapter 2

Optimal Hy Filtering for some
Discrete-time Stochastic
Systems

2.1 Introduction

For stabilization and control of complex physical systems, modern control methods
use the state-space formulation. Several state-space control system design techniques
have been developed to implement more sophisticated controllers. Remarkably, in
almost all of these methods, control is in the form of a state feedback, which is
applicable under the implicit assumption that all state variables are available for
feedback. This assumption may not hold in practice, either because not all state
variables are accessible for direct connection or because sensing devices or transduc-
ers are not available or are very expensive for all state variables. In this case, in
order to apply state feedback, a state estimator must be designed to estimate the
states from measurable signals. With the introduction of state estimators by Luen-
berger [34], they have been used to estimate state variables from readily available

measurements. One of the early optimal estimators used is the so-called Kalman

The main material of this chapter was reported in [45].
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filter [23].

During the past few years, interest in delay systems has increased, mainly be-
cause of the advantages of and new advances in networked control systems (NCSs)
(see, e.g., [18,22,37,38,42,51,56-58]). In this control scheme, data travel through
the communication networks from the sensors to the controller and from the con-
troller to the actuators. Time delay and packet dropout are inevitable in networked
systems where a common medium is used for data transfers. In most network-based
systems, time delay is random. Also, a random packet dropout could occur due to
network congestion. Estimation and control in these systems are more challenging
due to the stochastic delay or dropouts. Classical (non-delay-based) estimation and
designs do not satisfy the performance and stability requirements and optimality
in the delay or dropout cases. Therefore, new methods are needed in these cases.

Generally speaking, three types of delay can be considered:
e Delay in states
e Input delay
e Output (sensor) delay

Amongst all of these delays, the sensor delay has not received much attention even
though it exists and is challenging. Even by considering the NCS with delay both
from the sensor to the controller and from the controller to the actuator, the two
delays can be lumped together to have a single delay [18]. As well, some prac-
tical problems such as those involving wireless sensor networks or target tracking
systems present the problem of stochastic sensor delay. Packet dropout is another
problem that can arise in networked systems and is closely related to the sensor
delay problem.

To work with sensor network systems, stochastic delay or uncertain information
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are usually transformed into a stochastic parameter of the system. The commonly
used transformation [36,53,56,57] can be used to model a maximum of one sampling
delay, while the new proposed representation in this chapter allows for multiple
packet dropouts as well.

The derivation used in [56, 57] is based on instantaneous error variance mini-
mization, which is a generalization of Kalman filtering in the delay case. In these
studies, the augmented noise vectors are incorrectly assumed to be white, so that
some dependencies between the noise terms seem to have been ignored, thus making
the designs suboptimal.

Data packet dropout is another common problem in networked systems. This
dropout is a kind of uncertainty that may happen due to node failures or network
congestion. In real-time feedback control systems, discarding the old packets and
considering new packets so that the controller always receives fresh data for con-
trol calculation are normally advantageous. The problem of packet dropout has
been studied before (see, e.g., [28,60,61] and the references therein). While most
previous work has used switched systems and Markov chains, the proposed method
handles the problem of multiple packet dropouts in an easier way, by using the same
framework used for the sensor delay systems.

Another problem closely related to sensor delay systems is the so-called uncertain
observation system. In some cases, there is an uncertainty about the measurements:
the measurements are either the current system output or just the noise. For exam-
ple, this problem occurs in some cases like tracking systems. This problem has also
been studied in some papers [36,58]. The new general framework proposed in this

chapter can also handle the problem of measurement uncertainty.

Uncertainty and delays in sensor information are more common and have been

10
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the focus of attention in the literature [36,56-58]. Classical methods fail to solve
the filtering and estimation problems for cases with delays, uncertainty or packet
dropout. Existing methods that try to generalize the Kalman filtering to delay cases
make complicated formulations and fail to provide optimal solutions. In addition,
multiple packet dropouts in sensor data have not been well studied yet.

This chapter makes two main contributions. First, by using a new formulation,
estimation and filtering with multiple packet dropout are cast in the same frame-
work as that for a single delay and uncertain observation problem. Secondly, by
introducing a new notion of the stochastic Ha-norm, the estimation and filtering of
random sensor delay, multiple packet dropout, and uncertain observation cases can
all be treated in the same framework and therefore are presented as a generalization
of the classical cases.

In this chapter, we consider the system as depicted in Figure 2.1. The input, @,
is an exogenous signal, a random white noise. z is the signal to be estimated, and 2
is its estimate. The output to be minimized is the filtering error Z = z — 2. The aim
is to minimize the Ha-norm of the filtering error. In the sensor delay and packet
dropout cases, due to network effects, the filter input, y, is either the current plant
output, g, or the previous one. In the case of an uncertain observation system, the

filter input, y, is either the current plant output, ¢, or just the noise.

z )
-] -———————
Plant

7]
Y
Network
» State Filter
Y 2=Lsz

Figure 2.1: Filtering with sensor delay, dropout or uncertain observation

11
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To solve this problem, the filter gains are designed so that the Ho-norm of the
estimation error is minimized. This minimization is transformed into the minimiza-
tion of the Ho-norm of the transfer function from the input, @, to the filtering error,
Z. As the delay, dropout, or uncertainty in observation are stochastic, we face a

stochastic parameter system, so the stochastic Hg-norm (Hgs-norm) is defined and

problems are solved by using LMI techniques [4].

2.2 Preliminaries

2.2.1 Norms in Deterministic Parameter Systems

Many goals in controller and filter design can be expressed in terms of the size of a
signal. For example, in control problems, a controller without large actuator signals
is desirable. In filtering and estimation problems, filter gains are designed so that
the filtering or estimation error signal is as small as possible. Even though a signal’s
size can be defined in different ways, the methods that satisfy certain properties

have proven to be most useful and are called norms.

Definition 1. Suppose V is a vector space and ¢ : V — R. ¢ is a norm on 'V if it
satisfies [3]

Nonnegativity: ¢(v) > 0, with ¢(v) =0 v =0,

Homogeneity: ¢(cv) = |c|¢(v),

Triangle inequality: ¢(v +w) < ¢(v) + d(w),

forallceR andv,we V.

One of the most commonly used norms is the so-called 2-norm, which (actually,

its square) is associated with energy. For the signal v = {v(0),v(1), - }, the 2-norm

12
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is defined as follows [6]:

Iollz = (0)* +v(1)? +---]V2. (2.1)

A notion closely related to the signal norm is the size of a transfer function or linear
system, known as the system norm, which has to satisfy properties similar to those
that must be satisfied by the signal norm. One of the most commonly used system

norms is the 2-norm which is defined as

1

2 )
IGlls = (= [ IG()Pa), (22)

where G(z) is the system transfer function. As an immediate consequence of Parse-
val’s equality, if the system’s input is a unit impulse, the output’s 2-norm equals the
systems’s 2-norm. As well, if the input is standard white noise, then the output’s
root-mean-square value will be ||G|l2 [6]. If system G is represented in the state
space form with A, B, C and D matrices, then in the SISO case, the Hz-norm of the
system will be

IGll2 = (D? + OLC")Y? (2.3)

with L being the controllability Gramian satisfying

L=ALA + BB (2.4)
As well, in the MIMO case [6],
|Gllz = [trace(D? + CLC")]V/? (2.5)
with
L=ALA + BB (2.6)
13

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.2.2 Filtering in Deterministic Parameter Systems

The filtering problem is to estimate the states or a linear combination of them by
using the measured system inputs and outputs. With the introduction of state esti-
mators by Luenberger [34], they have been used to estimate state variables by using

readily available measurements. Consider the system represented by the following

equations:
Tr+1 = Az + Bwy
2.
{ Yk = Czy + Dwg. (27)
The Luenberger-type estimator will be of the following form:
Zr41 = AZg + K (y, — C#y), (2.8)

where & is an estimate of , and K is the estimator gain. This estimator has been
extensively used in the literature. The Kalman filter [23] uses this type of estimator.
As will be seen later, in the stochastic parameter case, the parameter matrices are
not deterministic, so the Luenberger estimator cannot be directly used. The com-
mon estimator used in that case is provided in (2.30). Besides the Kalman filter,
other optimal filters such as optimal Hs filters have been introduced [7,40]. The
details are omitted here, but the adaptation and generalization for the stochastic

parameter systems will be discussed in the following sections.

2.2.3 Linear Matrix Inequalities

A wide variety of problems in systems and control theory can be converted into
optimization problems involving linear matrix equalities (LMIs).” The resulting LMIs

can be numerically solved efficiently by using the existing solver packages.

An LMI has the form

F(z)=Fy+ Y zF; >0, (2.9)

=1

14
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where £ € R™ is the variable and the symmetric matrices F; = FZ-T € RW" ¢ =
0,---,m, are given. The inequality symbol means that F(z) is positive definite.
The LMI in (2.9) is a convex constraint on z; i.e., the set {z|F(z) > 0} is con-
vex. Multiple LMIs Fl(z) > 0,---,FP(z) > 0 can be expressed as a single LMI:
diag(F'(z),--- ,FP(z)) > 0. The most important tool used to convert nonlinear

convex inequalities into LMIs is the so-called Schur complements: the LMI

Q(z) S(x)
[S(x)T R(x)] >0 (2.10)
is equivalent to
R(z) >0, Q(zx)— S(z)R(z)1S(x)T > 0, (2.11)

where symmetric matrices Q(z) and R(z) and the matrix S(z) are affine on z.
In most cases, variables are matrices. The most famous example is the Lyapunov
inequality

ATP + PA <0, (2.12)

where A € R™"*" is given, and the symmetric matrix P is the variable. Even if
the last inequality can be converted into an LMI as expressed in the form of (2.9),
leaving the LMI in a condensed form saves notation and leads to more efficient
computation [4].

LMIs have been used to formulate different problems in filtering and control. The
problem of optimal H3 filtering has also been studied in the LMI framework (see,
e.g., [40]). Using LMIs gives us the numerical solution while other methods such
as the Kalman method, provide closed form analytical solutions. However, efficient
numerical methods can be used to solve the LMI problems, and as will be discussed
later, in some cases as in stochastic parameter systems, the explicit solutions either

do not exist or have a complex form.

15
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2.3 Problem Formulation

2.3.1 Sensor Delay and Multiple Packet Dropout

We consider the system depicted in Figure 2.1. Here, the plant is a discrete-time
linear time-invariant (LTI) plant subject to random disturbances. Also, the case is

considered where sensor data is contaminated with noise:

{ Zky1 = alg + bwg (2.13)

Yk = cXy + ddg.
Here, 7, € R™ is the plant state vector, and a, b, ¢ and d are system parameter

matrices with appropriate dimensions. @y, is an exogenous input with

8{&'}16} = 07

I 0, j#k,
E{wmy} = {1 ;ik (2.14)

where £{.} stands for the mathematical expectation. For simplicity in the deriva-
tions, the single-input, single-output (SISO} case is considered, but as will be men-
tioned later, generalizing the results to the multiple-input, multiple-output (MIMO)
case is not difficult. In the SISO case, §; € R is the system output contaminated
with zero-mean noise, @g. In the following sub-sections, formulations regarding this
system is considered to represent the delayed observations, multiple packet dropout,

and uncertain observation.

One Sampling Delay Formulation

The formulation used in this section was first introduced in [36] and has become
a common formulation for sensor delay systems [53, 56-58]. Consider a system
as described by (2.13). Consider that the current observation, yg, is the current

system output, i, with probability of « or the previous one, §x_1, with probability

16
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of (1 — a). These expressions can be represented by the following relation:
Yk = Ok + (1 — 0k)Tk-1, (2.15)

where the stochastic parameter dx is a Bernoulli distributed white sequence taking

the values 0 and 1 with
prob{dx =1} = E{6x} = a, (2.16)

where o € R is a known constant. It is also supposed that §; is uncorrelated with

@y and the initial state values, so

prob{dy =0} =1-a

var{d;} = (1 — a)a. (2.17)

Now, by putting Equations 2.13 and 2.15 together, we have the sensor delay repre-
sentation as _ _ _
Try1 = aZy + bayg
gk =cik+dwg (2.18)
Ye = kb + (1 — Ok)Fk-1-

To obtain a compact representation of the plant and measurement system, the

system states can be augmented:

Tepr = [‘”’f“] , (2.19)
Tk
S0 we get
Tk+1 = akTk + brwg
Yk = ckTk + dywg (2.20)
2k = Lxg,

where 2 is the signal to be estimated and

a 0 b 0
ak=|r ol Pe=|g of

cp= [0k (L—Sk)c], de=[Gd (1-dp)d], wx= [@i}:] '

(2.21)

This formulation allows us to have a maximum of one sampling delay for observa-

tions. If 6 = 0, then yx = Jr—1 for every k > 1. Note that ¢ and di are functions

17
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of &, but for simplicity in notation, c; and dy, instead of ¢(6x) and d(dx) are used.
a; and by are constant matrices, but the subscript k is used for consistency with

the following formulation.

Multiple Packet Dropout Formulation

In order to treat the case of multiple packet dropout, the following formulation is

suggested:
Zk+1 = aly + bwy
Uk = ¢ + dayg (2.22)
Y = 0kPk + (1 — dk)yk—1-

In this case, if 8 = 1, the observation is the current output. Otherwise, the obser-
vation is the previous observation, as can be seen from (2.22). With successive 0’s
in d;, multiple packet dropouts can be modelled.

Now, to have a compact representation, the system states and the observation

can be augmented as

Tpt1
Tril = . 2.23
k+1 [ " ] (2.23)
Thus,
Tp41 = agTk + broyg
Yk = CkTp + dipwg (2.24)
Zk = Lz,
where
Sl PR IR P
k (5kc (1 - 5k) ’ k 5kd (2_25)

Cp = [ch (1- 6k)] , dg = & d.
Note that in this case, all matrices of the augmented system are functions of d,

but for simplicity, still a;, bg, ¢; and dj are used instead.

18
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2.3.2 Uncertain Observation Formulation

Normally, in filtering and estimation theory, the observation is always assumed to
contain some information from either the current system output or the delayed one,
as described in the previous subsection. In some practical cases, observations may
contain either the actual output contaminated with noise or the noise alone, only
the probability of the occurrence of such cases is available to the estimator. An
example is trajectory tracking [36].

Here, we have the same discrete-time linear time-invariant (LTT) plant as before:
Tr41 = aZy + by, (2.26)

with similar definitions for the states, system matrices and noise. Now, consider
that the observation, yg, is the current system output with the probability of a or
the noise alone, with the probability of (1 — @). This expression can be represented
by the following relation:

Yk = Okczk + dwg, (2.27)

where the stochastic parameter d; and matrices ¢ and d are as defined before.
Now, all the relations can be put in the following form to provide a representation

similar to those of the above-mentioned cases:

Tkl = agT + bywg

Yk = cpxy + dpy (2.28)
zr = Lzg,
where
ar = a, bk = b, Cr = (Skc, dk =d. (2.29)

In summary, a unifying framework, as in (2.20), can be used to model the sensor
delay, multiple packet dropout, and uncertain observation. This unifying model can
be easily used with the new derivations for the stochastic Hs-norm to provide a

unified optimal filter design for all of the above-mentioned cases.
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2.3.3 Filter Formulation

Consider the linear stochastic time-varying discrete-time system represented in (2.20)
where zj is the state vector, yi is the measurement output, wy is the noise signal
and 2y is the signal to be estimated. The goal in the filtering problem is to find the
estimate 2; of z; such that a performance criterion such as the stochastic Hy-norm

of the estimation error is minimized. Now, consider the following filter:

F: { Zerr = ay%k + bry (2.30)
2k = Ly,

where #; is an estimate of the state, and ay, by and Ly are the filter parameters to
be designed. The filtering error is defined as Z; = 2 — 2;. Now, the system states,
zk, and the filter states, £y, can be augmented to obtain the following augmented

system:

- { Ce+1 = ApCk + Brwi (2.31)

zk = CCk»

where

N kT _ ag 0 _ bk _
=[] a2 0 me[B] o-w -m em

The filtering problem is to design a filter F as in (2.30) such that the time-averaged

filtering error variance is minimized.

2.4 'Hy-norm of Systems with a Stochastic Parameter

As was shown in the previous section, the representation of a system with stochastic
sensor delay, multiple packet dropout, or uncertain observation can be reformulated
as a system with a stochastic parameter. The problem of filter design for systems
with deterministic parameters has been fully studied in the literature (see, e.g., [7,40]

and references therein). Attempts have been made to solve the filtering problem in
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the Kalman filtering framework [56,57], but complex formulations do not seem to
provide an optimal solution. An important objective of this chapter is to introduce
the stochastic Hy-norm of the filtering error system as a performance index. To
solve such a problem, a LMI formulation of the performance index and correspond-
ing constraints are introduced. As a first step, it is tried to define the Haz-norm of a
system with a stochastic parameter, and the corresponding LLMIs are considered in

the next section.

For a deterministic stable discrete-time linear time-invariant (LTI) system, “if
the input is a standard (unit variance) white noise, then the root-mean-square value
of the output equals the Ha-norm of the system” [6].

As the time delay system under consideration is transformed into a time-varying
system, the classical norm definition needs to be modified to be applicable in this
case.

Let us consider a general stable discrete-time linear time-varying system G:

G { Ck+1 = ApCx + Brwy (2.33)

Zx = CxCk + Dywy,
where Ag, By, Cy and Dy, are time-dependent matrices (through the stochastic pa-
rameter, ;) with appropriate dimensions. Following the general definition of the
Ho-norm of a time-invariant system, we define the Ho-norm of the stochastic time

variant system G, belonging to a class of systems represented in (2.33), as

N-1
1
2 _ 2
IGl2s = Jim — kz—o E{&}, (2.34)

with wg a unit variance white noise input.
Remark. The expression in (2.84) can be shown to satisfy the norm properties for

a class of systems represented in (2.33). If the system is time-invariant, (2.84)
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reduces to the standard Ho-norm. Hence, it is regarded as a generalization of the

Hz-norm to the stochastic parameter systems.
Suppose that ¢(0) = 0, then by using system representation we can write:
¢(1) = CiBowo+ Diun
¢(2) = C2A1Bywy + CoBiw1 + Daws

¢(8) = C3A424,Bowp + C342B1w1 + C3Bowy + Daws

Then it is easy to derive

I

£{¢(1)*}

5{(:(2)2} = S{CQAlBowgw()BéA'lCé + CgBlwlw’lBIICé + DqugwéDé}

5{0130&)0&)6360{ + DlwlwllD'l} = 5{01303601 -+ DlDll}

= &{C2A1ByByA Cy + C2B1B1Cy + DDy} (2.35)

where (.)’ is the transpose of (.). Now, suppose that Ag, B, Cy and Dy are affine in

a stochastic parameter d; and
E{6x} = a, var{dy} =¢> (2.36)

Thus, 65 can be written as the sum of its mean value and a zero-mean stochastic

variable A, with the same variance:

Sk = a+ Ak, (2.37)
where
E{} =0, var{\e} =¢%, E{MA} =0, s#k, (2.38)
and -
Ay =A+ N4
o o

Dy = D+/\kD,
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where A, A ..

then

and similarly,

Thus,

e’} =
£{¢(2)*)

are constant known matrices. Now, define

A,=qA, By=qB, C;=qC, D,=qD, (2.40)
E{ARALY = E{(A+ M A) (A + MA)} = AA + AgA), (2.41)

E{CC}} =CC' +C,Cl (2.42)

£{BB,} = BB+ BB,
£{DyD,} =DD'+ DD,

CBB'C' + C,BB'Cy+ CByB,C' + C4B;B,C, + DD' + D, D,
CBB'C' + C;BB'Cy + CB B,C' + CyB,B,C, +
+CABB'A'C' + CAB B, A'C’ + CA,BB'A,C' + CAByB,A[C' +

+CyABB'A'Cl, + C{ABB,A'C, + CyA,BB' ALC! +

+CqAqByByA,Cy + DD’ + Dy Dy
(2.43)
Putting all these relations into equation (2.34), we have
IG|13, = C[Ly + La]C’ + CylL1 + Lo]C, + DD/, (2.44)
where
L1 = BB +ABB'A'+ A’BB'A? + ABB'A¥ + ...
+AA BB AA' + AAZBB'AY A’ + AAABB'A'ALA + ...
Ly = ABB'A,+ABB'A? + ASBB'AY + ..
+AGABB'A' A + A A’BB'AY Al + A2ZABB'A'AY + ...
BB = BB +B,B,
DD' = DD'+ D,Dj. (2.45)
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It is not difficult to see that

L1 =BB' + A(L; + L) A’ (2.46)
Ly = Aq(Ll + L2)A$1' ’
Adding relations of Ly and Lg together, we get
L.=BB' + AL A" + AqLcAi], (2.47)
where
L.= L1+ Lo. (2.48)
Therefore,
|Gl3, = CL.C' + CqL.C, + DD (2.49)

Thus, the result can be summarized as follows:

Theorem 1. (Has-norm): Consider G, the discrete-time linear stochastic parame-
ter system represented in (2.33). The stochastic Ha-norm (Has-norm) of the system
defined by (2.84) is

IG|13, = CL.C' + C{L.C} + DD’ (2.50)

with

Le=BB' + ALA' + AL A, (2.51)

Corollary 1. (MIMO Hjy,-norm): Consider G, the discrete-time linear stochastic
parameter system represented in (2.33) in the MIMO case. The stochastic Ha-norm

of the system is given by

G35 = trace{CL.C’ + C,L.C} + DD'}, (2.52)
where
= BB'+ AL A"+ AL A, (2.53)
24
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Equations (2.52) and (2.53) are a generalization of the SISO case similar to the

classical one as in [6] and the proof is straightforward.

Corollary 2. Consider G, the stochastic parameter system represented in (2.33).

The stochastic Ho-norm of the SISO system is given by
|Gll3s = B'LyB + ByLyB, + D'D, (2.54)
and for the MIMO case it is
IGI3, = trace{B'LyB + B,L,By + D'D}, (2.55)
where

Ly = C'C+ALyA+ A LA,

C'C = C'C+CCy (2.56)
Proof. Let us define
A=ATAPABAS A iy =0,1,, j=1,2,- (2.57)

as this term appears in (2.43). In the SISO case, the terms CAB and B'A'C’

appearing in (2.43) are scalars. Thus,
(CAB)(B'A'C') = (B'A'C")(CAB). (2.58)

For the MIMO case,
trace{(CAB)(B'A'C")} = trace{(B'A'C')(CAB)}. (2.59)

Thus, the new derivations in (2.54), (2.55) and (2.56) will require rearrangement in

the proof of Theorem 1 and Corollary 1. O
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2.5 Optimal Filter Design

Now, we have the required tools to solve the optimal filtering problem which has been
solved for the deterministic parameter case before. Based on the new derivations for
the Hos-norm as in the previous section, the design methods will be generalized to
the stochastic parameter case. In the case of no stochastic parameter in the system,
the results will be the same as those for the deterministic case. The optimal filtering

problem can be stated as follows:

The optimal H,, filtering problem: Design a filter F' as in (2.30) such that the

time-averaged estimation error variance is minimized.

Based on the Hos-norm definition, we need to minimize the Hos-norm of the
estimation error dynamics to solve the filtering problem.

If A; and By contain a stochastic parameter as described before, we can write:

a 0 a 0 =
Ay = [bfc af] + Ak [bfé O] =A+NA
b b -
B, = l:bfd} + Ak [bf&] = B+ X\ B. (2.60)
Let us define A, and B, as
A, =gA, B,;=¢B, (2.61)

where ¢? = var{)\;}. Define the transfer function from w to 3 as Hj,. Now, using
Theorem 3, we can write

”Hiw”gs = CLCC,, (262)

where

Le = BB’ + BB+ ALA' + AgLc AL, (2.63)
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The problem of Hs filtering for deterministic discrete time systems has been
studied in the literature [14,40]. (See also [9] for a detailed discussion of the con-
tinuous time case.) In the following, we try to adapt the deterministic filter design

problem to the stochastic cases by using the tools defined in the previous section.

The problem of filtering error variance minimization can be formulated as follows

where the matrix variables J and P are symmetric:

af,tI)Ifl,iEf,P trace(J) (2.64)
s.t.
[P pPC’
P 7 ] >0 (2.65)
[P AP ALP B B,
* p 0 0 0
* * P 0 0 >0 (2.66)
* * * I 0
L * * * * I

Next, we want to convert the two matrix inequalities in (2.65) and (2.66) into
LMIs. Then, the filter design problem turns out to be a convex programming prob-
lem that can be solved efficiently by using the existing numerical methods available.

Let us partition P and its inverse as

[x U 4 (v v
P_[U, XJ, P _[V, Yz], (2.67)

where X,Y, X2 and Y> are symmetric and positive definite matrices. As PP~1 =1,

the following relations hold:

XYy +UV' =1
Yl=X-UXx;'U

Y'U +VXz =0. (2.68)
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Now, we define the following nonsingular matrices:

=i

M~

_ [z Y T 0
r-[Z 0 5[l 9 n- 2)

o
by

I

with Z = X~!. By applying the congruence transformation to (2.65) by T}, we get
the following LMI:
Z

Z

!

T{[I: PJC]le x Y L' | >o, (2.70)
*

where G = LyU’'Z. We can also get a LMI by applying the congruence transforma-
tion to (2.66) by Ts:

TPT TAPT TAPT TB TB,

* T'PT 0 0 0
* * T PT 0 0 | >0, (2.71)
* * * I 0
* * * * I
where it is not difficult to see that
o [Z Z
TPT = z v
= Ao | Za Za
TAPT*_Ya-{-Fc-i—Q Ya+Fc}’
™/ ™ Zaq Zaq
T APT = [Yaq + Fe, Ya, + Fe,|’ (2.72)
S [ Zb
TB= Yb+ Fd]’
—_— Zb,
TBq_[qu-i-qu ’

with F' = Vby and Q = VayU’'Z. Thus, the results can be summarized as follows.

Theorem 2. (Ha,-filtering) The filter design problem of (2.64)-(2.66) is equivalent

28

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



to the following conver programming problem:

min trace(J)
Z7Y7Q7F’G

s.t. (2.73)

(2.70) and (2.71).

To find the filter parameters, ay, by and Ly, we need to know U and V, which do
not appear in the LMIs. One of the matrices U or V can be defined freely. Different
choices give us different filter state-space realizations. One logical choice is to set

L¢ = L that can come from setting V = V' = -Y, leadingto U = U’ = Z71 - YL

2.6 Examples

In this section, three simulation examples are provided to show the effectiveness and
applicability of the proposed method for optimal filter design in systems with sensor
delay, multiple packet dropout, and uncertain observation. All the simulations are
based on Monte Carlo simulations with 100 runs for each value of o. The first
example simulates the sensor delay system. The second example uses the same
system as in Example 1, but multiple packet dropouts are simulated by using the
new formulation. The third example studies the uncertain observation case. In
Examples 1 and 3 the existing methods are compared with the proposed method,

whose superiority is demonstrated.

Example 1 - Consider a discrete-time LTI system represented by

{ Tk+1 = alg + bay (2.74)

Uk = cZy + day,

29

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



with the following matrix values:

1 0 0
c=[0.0286  0.0264], d=02. (2.75)

1.7240 —0.7788] [1]
a— y b =

Also, consider that the observations are governed by
Yk = OkGk + (1 — Ok)Fr—1. (2.76)

The initial state values are Z(0) = [0 0} and #(0) = [2 — 2]'. System states
and their estimates due to the unit variance white noise input are plotted in the
following figures where z; and x» refer to the first and second states, respectively.
The simulations are done by using the method presented in [56], referred to as the
Yoz and Ray method. Figure 2.2 shows the simulation results obtained by using the
proposed stochastic Ho and the Yaz and Ray method when the average observation
uncertainty rate is @ = 0.2. Figure 2.3 compares the estimation error variance of the
two methods, where e; and es refer to the estimation error for the first and second
states, respectively. The graphs show the effectiveness of the proposed method with

less overshoot and less filtering error variance.

Example 2 - In this example, the same system as in Example 1 is used, but
the observations in this case can have multiple packet dropout as in (2.22). The
simulation results are given in Figure 2.4 for the classical and stochastic H, filtering
with @ = 0.2. The estimation error variances in two cases are given in Figure 2.5,
which shows that the stochastic design method provides superior results compared
to those from the classical one. Figure 2.5 also shows that the proposed stochastic

method has the same results when no randomness occurs in the observation (a = 1).
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Figure 2.2: Actual and estimated states for the stochastic He and Yaz and Ray
methods, a = 0.2, single delay case

Example 3 - Consider a discrete-time LTI system represented by

Tp+1 = aZy + by (2.77)

with uncertain observations as

Yp = OpCZy + dig (2.78)

with the same definitions for a, b, ¢ and d, the initial state values, the noise, and
the uncertainty parameter 4, as in Example 1. The system states and their estimates
due to the unit variance white noise input are plotted in the following figures. The
simulations are also done by using the method presented in [36], referred to as Nahi’s
method. Figure 2.6 shows the simulation results for the stochastic Hy and Nahi’s
method when the average observation uncertainty rate is & = 0.2. Figure 2.7 shows
the estimation error variance for the two cases. The graphs show the effectiveness

of the proposed method.
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Figure 2.3: Estimation error variance vs. a (the stochastic H2 and Yaz and Ray
methods)
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Figure 2.4: Actual and estimated states for the classical and stochastic Hy filtering,
a = 0.2, multiple packet dropout
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Figure 2.5: Estimation error variance vs. « (the stochastic and classical Ho methods)

Remark. In Examples 1 and 3, the two methods converge when the observation
noise tends to zero. The proposed method works better even in the deterministic
case because this method uses a performance index considering the averaged error

variance over all the times, not just the instantaneous error variance.

2.7 Conclusions

In this chapter, the problem of optimal filtering in the sensor delay, multiple packet
dropout, and uncertain observation case has been studied. A new formulation was
introduced to model the multiple packet dropout in the sensor data. To solve the
problems, the stochastic Hy-norm for systems containing a stochastic parameter was
defined and the relations were developed. Based on this new derivations, the problem

was transformed into a set of LMIs that can be solved by using existing solver
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Figure 2.6: Actual and estimated states for the stochastic H2 and Nahi’s methods,
a = 0.2, uncertain observation
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Figure 2.7: Estimation error variance vs. « (the stochastic H2 and Nahi’s methods)
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packages. Some simulation examples showed the effectiveness and applicability of

the proposed method.
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Chapter 3

Optimal Hy Filtering in NCS
with Multiple Packet Dropout

3.1 Introduction

As discussed in the previous chapter, many modern control methods employing the
state feedback strategy use state-space formulation. State feedback is applicable
under the implicit assumption that all state variables are measurable. However, in
practice, some state variables may not be directly accessible or the corresponding
sensing devices may be unavailable or very expensive. In such cases, state filters or
state estimators are used to give an estimate of the unavailable states. Luenberger
[34] first introduced state estimators, and many later studies have been conducted
in this area for different practical scenarios.

Networked control systems (NCSs) have gained attention during last few years
(see, e.g., [18,22,33,37,42,51] and references therein). Compared to using the
conventional point-to-point system connection, using a NCS has advantages like
easy installation and reduced set-up, wiring and maintenance costs. In a NCS, data

travel through the communication channels from the sensors to the controller and

The material of this chapter was reported in [46].
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from the controller to the actuators. Data packet dropout, a kind of uncertainty
that may happen due to node failures or network congestion, is a common problem
in networked systems. In real-time feedback control systems, discarding the old
packets and considering new packets so that the controller always receives fresh data
for control calculation are normally advantageous. The dropouts happen randomly.
Because of random dropout, classical estimation and control methods cannot be
used directly. Dropouts can degrade system performance and increase the difficulty
of filtering and estimation.

Even though most research conducted on NCSs considers random delay, the
closely related random packet dropout has not been well studied and only in last
few years has been the focus of some research studies. To the best of our knowledge,
no work has been conducted regarding filtering in packet dropout systems, but the
problem of stabilization and control has been studied recently in packet dropout
systems (see, e.g., [27,28,59-61] and references therein). In some of these studies,
only sensor data dropouts are studied ( [27,60]). While [27] considers adaptive
genetic algorithms and simulated annealing algorithms, guaranteed cost control,
and the state feedback controller, other references consider switched systems and
Markov chains to solve the problem. The main problem in working with Markov
chains is the unknown Markov states. Identifying the number of states of the Markov
chain and their transient probability by using hidden Markov models are other issues
in the research on NCSs.

The problem of optimal H; filtering has been tackled in deterministic cases (see,
e.g., [14,40]), but, to the best of our knowledge, optimal Hs filtering has not been
studied in NCSs with multiple packet dropout. In this chapter, the problem of opti-
mal Ho filtering in a NCS with multiple packet dropout has been considered. A new

formulation is proposed to formulate the NCS with multiple random packet dropout.
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By generalization of the Hg-norm definition, new relations for the stochastic Hs-
norm of a linear discrete-time stochastic parameter system represented in the state
space form are derived. The new derivations enable us to consider estimation and
filtering of the NCS as a generalization of the classical case. To solve the filtering
problem, the filter gains are designed so that the Hz-norm of the estimation error
is minimized. As dropout rates are stochastic, the problem formulation leads to a
system with stochastic parameters. Thus, the stochastic Hs-norm (Has-norm) of the
estimation error is considered as a measure to minimize. With both deterministic
and stochastic inputs present in the NCS framework, a weighted Hz-norm is defined
and used. The filtering problem is transformed into a convex optimization problem
through a set of LMIs that can be solved by using existing numerical techniques [4].
The design method proposed in this chapter gives a general framework to study

other scenarios like NCSs with random delays.

3.2 Problem Formulation

The schematic of the NCS under study is depicted in Figure 3.1. We suppose that
the controller is already designed. The exogenous input, @, is a random white noise
signal with unity variance. z is the signal to be estimated, and Z is its estimate. We
want to minimize the variance of the filtering error, Z. The plant is a discrete-time
linear time-invariant (LTI) one subject to random disturbances. Also, the sensor
data are contaminated with noise. The plant can be represented by the following

equations:

{ ZTgs1 = afp + brig + bowy

Uk = cZy + d1y, + dady, (3.1)

where Z; € R™ is the plant state vector, and a, b, by, ¢, d; and ds are system

parameter matrices with appropriate dimensions. For simplicity in the derivations,
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Figure 3.1: NCS schematic with packet dropout

the single-input, single-output (SISO) case is considered, but the results can be
easily generalized to the multiple-input, multiple-output (MIMO) case, as will be
mentioned later. In the SISO case, 7 € R is the system output contaminated with
zero-mean noise, &g. Also, @iy € R is the system command input.

Consider the system described by (3.1). The system output, 7, is passed through
the network and there may be random dropouts, only the probability of the dropouts,
a1, is known. Thus, the current observation, yg, is the current system output, g,
with the probability of a1. In the case of no new data, previous data will be used, so
the previous data, yx—1, will be used with the probability of (1 — «3). The filter has
knowledge of the current control command, but the system input, @, is the current
controller output, ug, with the probability of ao or the previous one, %j_1, with
the probability of (1 — a2). These expressions can be represented by the following
relations:

{ vk = O0uGrk + (1 — d1k)yr—1 (3.2)

U = dopug + (1 — do)ilig-1,
where the stochastic parameters §;;’s are Bernoulli distributed white sequences tak-

ing the values of 0 or 1 with
prob{dir =1} =E{dix} =i, 0<; <1, i=1,2, (3.3)
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where «a;’s are known constants. Also suppose that é;;’s are uncorrelated with each

other, @, and the initial state values, so
prob{d; =0} =1 —a;, var{dix} = as(1 — ) = ¢Z. (3.4)

Now, Equations (3.1) and (3.2) can be put together to have the NCS formulation
with multiple packet dropout as follows:

Tkl = alg + bydg + bowy

Uk = cZp + dyig + dodg

e =0k + (1~ d1k)yk—1
Uy = Oogug + (1 — Ok )Ug—1,

(3.5)

In order to get a compact representation, we augment the system states, measure-

ment and the system input:

Tht1
T+l = | Yk | > (3.6)
Uk
thus,
Tkl = ApTk + brrug + bopdy
Yk = ¢k + dypug + dop@r (3.7)
2k = sz

where zj is the signal to be estimated and

a 0 (1 — d2x)by akb1 by
ap = [0ik¢ 1—01x k(1 —dox)dy|, by = |61x6okdi|, bor = |01d2
0 0 1 — g Ook 0

¢k = [fike 1—-081; 61k(1 —do)d1], dig = b1xdokdy,  dog = S1xda.
(3.8)

Note that ag, big, bog, €k, dix and dog are functions of §;’s, but for simplicity,

we use ag, big, bor, ¢k, dix and dgi instead.

Considering the linear stochastic discrete-time system as in (3.7), we want to
find the estimate Z; of z; such that the variance of the filtering error is minimized.

Now, consider the following filter:

F: { k1 =agdk+byuk+ cryk (3.9)

Zk = L&y,
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where &y is an estimate of the state, and ay, by, cs and Ly are the filter parameters
to be designed. The filtering error is defined as Z; = 2z — 2. Now, the system states,

Tk, and the filter states, &, can be augmented to get the following augmented

system:
Ch+1 = ApCr + Birug + Borwy
H: > 3.10
{Zk = CCk, (3.10)
where
a, O by ] [b%]
Ay = , B = , Bop = . C=[L —Ly],
¢ [Cka af] e [bf+cfd1k %7 epdak [ 1l
(3.11)
and
_ | Tk
Cr = [-’ik} . (3.12)

In the next section, to design the optimal Hj filter, first the relations for the

Ha-norm of systems with stochastic parameters are found.

3.3 Hsy-norm of Systems with Stochastic Parameters

As was shown in the previous section, the formulation of state estimation in the
NCSs with random packet dropout leads to the state space representation of a
system with stochastic parameters. The problem of state filtering for systems with
deterministic parameters has been studied before (see, e.g., {7,40] and references
therein). Also, the problem was studied in the previous chapter for the case where
only one stochastic parameter is present. In this section, to extend the problem
to stochastic parameter systems with several parameters, the Hy-norm of a system
with stochastic parameters and both stochastic and deterministic inputs is defined.
The stochastic Ho-norm (Hgs-norm) of the filtering error dynamics can be used as
a performance index for the filter design. The LMI formulation of the performance

index and corresponding constraints are presented in the next section.
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For a deterministic stable discrete-time linear time-invariant (LTI) system, we
have the following two facts:

Fact 1: If the input is standard (unit variance) white noise, then the root-mean-
square value of the output equals the Ha-norm of the system [6].

Fact 2: An immediate consequence of Parseval’s equality is that if the input is
the unit impulse, then the 2-norm of the output equals the Hy-norm of the system [6].

As the NCS under consideration is reformulated as a time-varying stochastic
system, the classical norm definition needs to be modified to be applicable in this
case. To study an even more general case, consider a general stable time-varying
stochastic system G with both deterministic input, ug, and unit variance white noise
input, wg:

G { Ce+1 = ApCr + Bixug + Bogwy (3.13)

Zx = CkCk + Diguk + Dogwy,
where Ay, Big, Bok, Ck, Dy and Doy are stochastic time dependent matrices.
Note that (3.13) is a generalization of the equations defined in (3.10).

To handle the problem of both the deterministic and stochastic inputs, the lin-

earity property of the system is used to write

Z = Zik + Zog = Grug + Gowg, (3.14)
where

or: { G o I @19
and

o { v Z g o @19

Following the general definition of the Ha-norm of a time-invariant system, the

‘Haz-norm of the stable stochastic time varying system G is defined as
1 Nl
2 . !
I1G1|3, = Jim kZ_O E{F}, (3.17)
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where the input u is a unit impulse. Similarly, we can define

N-1
1 ,
|Gall5, = Jim kZ_O E{Z}, (3.18)

where the input wy, is standard (unit variance) white noise.

Remark. The expressions in (3.17) and (3.18) can be shown to satisfy the norm
properties. If the system is time-invariant, the expressions (3.17) and (8.18) reduce
to the standard Ho-norm. Hence, they are regarded as a generalization of the norm

to stochastic parameter systems with deterministic or stochastic inputs.

In the previous chapter, a derivation was given for the Hg-norm of a system
containing only one stochastic parameter. Even though the same method can be
generalized to the cases with more than one stochastic parameters, the formulation
will be more complex when the number of parameters increases. In the following
section, relations are derived in a closed form for the Ho-norm of Gy that can be
easily used for the cases with more than two parameters. The derivations for G
will be very similar and will be discussed later. A discussion of the Ha-norm of G
follows.

By using the G4 subsystem representations in (3.16),

E{Z} = E{(Crlar + Dakwr) ((3xCr + wi D) }- (3.19)

As wy, is unit variance white noise,

E{#}} = E{CkLakC}, + Dy Dy}, (3.20)
where
Lak+1 = E{C2p+183 41} (3.21)
43
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Thus,
Lo k+1 = E{(ArCox + Bokwr)(AkCor + Baxwr)'} = E{AxLok Ay + Bax By}, (3.22)

Matrices Ay, Bog, Cr and Dy are dependent on stochastic parameters d;;’s. The
d;k’s are Bernoulli distributed white sequences with a known mean value of a; and
variance of qi2. Therefore, the d;;’s can be written as the sum of their mean value

and the zero mean stochastic variables A;;'s with the same variance:
Oik = 0 + Ak, (3.23)

where

E{nir} =0, var{Aix} = ¢, E{Mrdas} =0, VEk #ss. (3.24)
Now, from (3.11) and (3.8), we can write
Ap = A+ AAr + Mardz + MpdarAre, (3.25)
where A, fil, A, and Ajs are known constant matrices. Define
Ag = qd1, Ap=a@d; Ap:=qgeln, (3.26)
then
E{ArLo AL} = ALyt A"+ A Lo Ay + AgeLor Ay + Aq12L2kA:112. (3.27)

Similar relations can be found for £{Byx By, }, E{CxL2xC}} and E{Dy D}, } as fol-

lows:

E{By By} = BarByy + By,g1 By 1 + B2,g2Bj g2 + B2,q12B3 12
E{CrLakCy} = CLykC' + Cp1 LokCyy + Cp2LorCy + Cq12LorCys (3.28)

E{Dox Doy} = Dor Dy + D2,q1 D5 g1 + D2 g2Dj g0 + Da,q12D3 41
Let us define:

B2 By BBy + Ba,1Bj g1 + B2,g2By g2 + B2,g12B3 12
DyDy = DyDj+ Dy Dy gy + Do gaDh go + Dag12Dh 1o (3.29)
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Putting all these relations into equation (3.18), we have the following theorem:

Theorem 3. (Hgzs-norm)- Consider G, the stable discrete-time linear stochastic

parameter system represented in (3.16). The Has-norm of the system defined by

(3.18) is
G213 = E{CkLcCy, + DaxDiy}
o (3.30)
= CLcCl + quLCC(Ill + CqQLcC(II2 + Cq12LcC;12 + D2D12
with
L.= S{AkLCA;C + BkBllc}
(3.31)

= ByB) + ALA' + AqpLcAy + AppLeAg + AquiLeAgs.

The generalization of the results to the MIMO case is provided in the following

Corollary.

Corollary 3. (MIMO Hgs,-norm): Consider Ga, the stable discrete-time linear
stochastic parameter system represented in (3.16) in the MIMO case. The Has-norm

of the system is given by

G213, = E{trace(CxLcCy + Do Diy)}
o (3.32)
= tmce{C’LcC" + quLcC;l + CqQLCC;2 + Cq12LcC¢;12 + D2Dl2},

where

Le = E{A LA} + ByBL}
- (3.33)
= BzBé + ALC.AI + AqchAill + Aq2LCA:12 + AqlchA;m-
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This corollary is a generalization of the SISO case similar to the classical one as

in [6] and the proof is quite straightforward.

So far, we have found the Has-norm of system G2 with stochastic input wy as in
(3.16). Following the same method, similar relations are obtained for system G; in

(3.15) with a deterministic input. The results are given in the following corollary.

Corollary 4. Consider G1, the stable discrete-time linear stochastic parameter sys-
tem represented in (3.15). The Has-norm of the system defined by (3.17) is

G135 = E{trace(CxLc.Ch + DaxDiy)}

~ (3.34)
= tT[IC@{CLCC/ + quLcC;l + Cq2LcC;2 + Cq12Lc (1112 + DlDll},
where
Lc = E{AxL A + BBy}
o (3.35)
= BlBll + AL A + AqchAiﬂ + —}—quLCA;z + AancA;u
with
BiB; = BiB|+ BigBi g+ Bi,paBi g + Bra2B1 g12
DlDll = DlDll + Dl,qlD,l,ql + Dl’qull,qQ + Dl,q12D,1,q12' (3.36)

Now, to combine the stochastic and deterministic inputs, the weighted Hz-norm

of G is defined as follows:

IG13, = 1G1 113, + pllG2ll3,, (3.37)

where p € R is a weighting factor.
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Remark. The expression in (3.87) can be shown to satisfy the norm properties. It
can be regarded as a generalization of the norm of systems with both deterministic

and stochastic inputs.

The following theorem gives the relations for the stochastic weighted Hz-norm

of the system G. The proof is straightforward and is omitted.

Theorem 4. Consider G, the stable discrete-time linear stochastic parameter sys-

tem represented in (3.18). The Has-norm of the system defined by (3.87) is
IG|13, = trace{CL.C"+CqLcCly+Ca2LcCly+Ca12LcCiyy+ D1 D\ + D2 Dy}, (3.38)
where
Le= BB, + BoBy + AL A + Ap LAl + ApLcAlp + AgaLc Ay, (3.39)
with B1 B}, D1D}, ByB} and D2D}, as defined in (3.36) and (3.29) and

EQ = pBQ, 52 == pDQ. (3.40)

3.4 Optimal Filter Design

Now, we have the required tools to solve the optimal Hs filtering problem in the
NCS framework with multiple packet dropout. We want to design a filter F' as in
(3.9) such that the estimation error variance is minimized. Based on the Has;-norm
definition, it is needed to minimize the Hos-norm of the filtering error dynamics to

solve the filtering problem.
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The problem of H, filtering for deterministic discrete-time systems has been
studied in the literature (see, e.g., [14,40] and references therein). In the following,
we try to adapt the deterministic filter design problem to the stochastic cases by
using the tools developed in the previous section.

Consider H, the filtering error dynamics defined in (3.10). By using Theorem 4

2
112

trace{CL.C'} (3.41)
L. = Bléi + Ezéé -+
+ALA' + ApLeAp + ApLc Ay + AqiaLeAg. (3.42)

As a generalization of the Hy filtering in the deterministic ( [14,40]) and dropout

( [45]) cases, the Hys filtering in the NCS can be formulated as follows:

min trace(J) (3.43)
af,bf,cf,Lf,P
s.t.

[P PC
cp J >0 (3.44)
[P =4 ZB; EB,

*x =Zp 0 0

x5 0 >0 (3.45)
B * =r

where the matrix variables J and P and the matrix inequalities are symmetric, p is

known, and
Ea= [AP AgP ApP AnP]
Ep, = [B1 Big Big Bigg)
(3.46)
Ep, =p[B2 Bagq Bag Bags
Zp = diag(P, P, P,P), E; = diag(l,I,1,I).
Now, it is desirable to convert the two matrix inequalities in (3.44) and (3.45) into

LMIs. Then, the filter design problem turns out into a convex programming problem

that can be solved efficiently by the numerical methods available.
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Let us partition P and its inverse as

[x U 4 [r v
P= [UI X2:l ’ P - |:VI Y2:| ? (347)

where X, Y, X and Y3 are symmetric and positive definite matrices. Now, we define

the following nonsingular matrices:

_ [z Y T 0 P
T_[O V,], Tl—[o I], Ty = diag(T,T,T,T,T,1,1,1,1,1,1,1,1),

(3.48)

where Z = X!, and I is the identity matrix with appropriate dimension. By

applying the congruence transformation with T} to (3.44), we get the following

LML Z Z L' -a
, _
Tl' [P PC] T = | % Y r >0, (3.49)
* J
* * J

where G = LU 'Z. We can also get an LMI by applying the congruence transfor-

mation with T3 to (3.45):

T} [3.45] Tz > 0, (3.50)
where it is easy to see that
rrr - |7 5] ,
T'APT = [Ya +ZFE’IC +Q YaZ—ch]
T'AuPT = _YaQ*Ziq*ch* Yaq*Zj-q }‘cq,,]
T'Bi = |y, +ZJ\31+ Fdl] ’
T'B, = :szZ Jl:deJ
T'Bige = _Yblil—)l—l?‘dlq,,] ’
T'Boge = Vb qZ* T‘IF d2Q*] , (3.51)
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where F' = Vg, Q = VayU'Z and M = Vby. Also, g* stands for g1, g2 and qi2.

Thus, the results can be summarized as follows.

Theorem 5. (Hos-filtering) The filter design problem of (8.43)-(8.45) is equivalent
to the following convex programming problem:

min trace(J)
Z2.Y,Q,F,G,M

s.t. (3.52)

(8.49) and (3.50).

To find the filter parameters, af, by, c¢; and Ly, we need to know U and V,
which do not appear in the LMIs. One of the matrices U or V can be defined
freely. Different choices give us different filter state-space realizations. One logical
choice is to set Ly = L that can come from setting V = V/ = -V, leading to

U=U'=2z"1-vy L

Remark. Even though the problem of multiple packet dropout in the NCS frame-
work have been studied, the general tools used are capable of solving the other related
problems as well. A delay problem is a direct reformulation of the augmentation
procedure and can be solved similarly. More discussion on this topic will appear in

Chapter 7.

3.5 Example

A simulation example is given in this section to support the developed theory. Con-

sider a discrete-time LTI system represented by (3.7) with the following matrix
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values:

17240 —0.7788 1 05
ol i B R

c = [0.0286 0.0264], di=1, da=1, L=1I, (3.53)
where I is an identity matrix with the size of 2. The initial state values are
#(0) = [0 O] and Z(0) = [2 —2]. The system states and their estimates due
to sinusoidal input are plotted in the following figures. Note that the controller is
not designed here. It is assumed that it simply sends some sinusoidal commands.
Figure 3.2 shows the simulation results for the case when the average sensor to the
controller and the controller to the actuator dropout rate are 0.2 and 0.8, respec-
tively, with a weighting factor of p = 2. This result shows the superiority of the
proposed Hog, filtering over the classical one. Figure 3.3 shows the variance of the
estimation error of 1 when o3 and ag change from 0.1 to 1 with the step size of 0.1.
The weighting factor p, is set to 1. When less dropout occurs, a smaller estimation
error variance is achieved. In the case of no dropout (e = ag = 1), as expected,
the least estimation error equal to that in the deterministic case is achieved. This

example demonstrates the effectiveness of the proposed method.

3.6 Conclusions

In this chapter, the problem of optimal Hs filtering in the NCS environment with
multiple packet dropouts has been studied. The stochastic Ho-norm of systems
containing stochastic parameters was defined, and the relations were developed. A
weighted Ho-norm was defined to be used in systems with both deterministic and
stochastic inputs. Based on the new derivations, the problem was transformed into
a set of LMIs that can be easily solved by existing software packages. A simulation

example showed the effectiveness and applicability of the proposed method.
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Chapter 4

Optimal Hyo Filtering in NCS
with Multiple Packet Dropout

4.1 Introduction

As discussed before, state feedback is the most common strategy used in modern
control systems. However in practice, not all of the state variables are always avail-
able for direct measurement, therefore state filtering and estimation play a key role
in state feedback methods. The filtering problem is to estimate the states or a linear
combination of them by using the measured system inputs and outputs.

The importance of networked control systems was also discussed in Chapter 3.
Networked control systems {(NCSs) have been the focus of several research studies
over the last few years (see, e.g., [18,37,51] and references therein). Compared
to using the conventional point-to-point system connection, using a NCS has ad-
vantages in installation, wiring, and maintenance cost and time. In a NCS, data
travel through the communication channels from the sensors to the controller and
from the controller to the actuators. Data packet dropout can occur due to node

failures or network congestion and is a common problem in networked systems. In

The material of this chapter was contained in [47].
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real-time feedback control systems, it is normally advantageous to discard the old
packets and consider the new ones so that the controller always receives fresh data
for control calculation. Packet dropouts usually occur randomly. Because of random
packet dropout, classical estimation and control methods cannot be used directly
in NCS systems. Dropouts degrade system performance and make the filtering and
estimation more difficult and challenging.

The random packet dropout has been the focus of some research studies in the
last few years. The problem of filtering in multiple packet dropout systems has
been studied in Chapter 3 and in [45,46)] in the Mo framework. Also, the problem
of stabilization and control has been studied recently in this type of system (see,
e.g., [27,28,60,61] and references therein). In some of these studies, only sensor data

dropouts are studied [27,60].

The problem of H filtering and control of the deterministic parameter systems
has been fully studied (see, e.g., [8,12-14,40] and references therein). This problem
has also been studied in the stochastic cases [11,54,55]. In all of these references,
the stochastic Hoo problem is studied when only stochastic inputs are present. The
problem of stochastic packet dropout has also been studied in the context of sensor
delay and NCS [45,46] in the Hs setting. But, to the best of our knowledge, optimal

Hoo filtering has not been studied in NCSs with multiple packet dropout.

In this chapter, the problem of optimal H, filtering in a NCS with multiple
packet dropout is considered. By using the proposed formulation, we can formu-
late the NCS with multiple random packet dropouts both from the sensors to the
controller and from the controller to the actuators. The Hoo-norm definition is gen-

eralized to derive new relations for the stochastic Hoo-norm of a linear discrete-time
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stochastic parameter system represented in the state-space form with both deter-
ministic and stochastic inputs. The new derivations give us a general framework so
that the same tool can be used to study some other problems like random sensor
delay or uncertain observation. To solve the filtering problem, the filter gains are
designed so that the Ho-norm of the estimation error dynamics is minimized. As
dropout rates are random, the problem formulation leads to a system with stochas-
tic parameters. Thus, the stochastic He-norm of the estimation error dynamics
is considered as a measure to minimize. The filtering problem is transformed into
a convex optimization problem through a set of LMIs that can be solved by using

existing numerical techniques [4].

4.2 Problem Formulation

Figure 4.1 shows the schematic of the NCS under study in which the controller is
already designed. The plant is a discrete-time linear time-invariant (LTI) system
subject to random disturbances. Also, the sensor data are contaminated with noise.
The plant can be represented by the following equations:

{ Zr+1 = aZy + bt + bowy 4.1)

Uk = CTk + ditg + dody,
where Zx € R" is the plant state vector, and a, by, be, ¢, d; and dg are system
parameter matrices with appropriate dimensions. The exogenous input vector, @, is
the zero mean stochastic disturbance input belonging to the space of mean square
summable vectors. § is the system output contaminated with &y. Also, 4y is the
system command input. z is the signal to be estimated, and 2 is its estimate.

Consider the system described by (4.1). The system output, 7, is passed through
the network and there may be random dropouts, only the probability of the dropouts,

o, is known. Thus, the current observation, y, is the noise corrupted current sys-
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Figure 4.1: NCS schematic with packet dropout

tem output, Fx, with the probability of @;. In the case of no new data, previous data
will be used, so the previous data, yx—_1, will be used with the probability of (1—a;).
The filter has knowledge of the current control command, but the plant input, i,
is the current controller output, ug, with the probability of ag or the previous one,
@tg—1, with the probability of (1 — ag). These expressions can be represented by the

following relations:

{ Yk = Oukfk + (1 — 1k)yr—1 (4.2)
U = Ooggug + (1 — Oog)lk—1, '

where the stochastic parameters d;;’s are Bernoulli distributed white sequences tak-

ing the values of 0 or 1 with
prob{d;x = 1} =&{éu}=a;, 0<a; <1, i=1,2, (4.3)

where a;’s are known constants. We also suppose that §;;’s are uncorrelated with
each other, @y, and the initial state values, so
prob{d;x =0} =1 — o,
(4.4)

var{dir} = a;(1 — o).

Now, we put equations (4.1) and (4.2) together to have the NCS formulation with
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multiple packet dropout as follows:

Zp+1 = aZi + b1tk + bowy

Y = ¢y + dy g + dawy (4.5)
v =0wdr + (1 — 61k)yk—1
k= Oopug + (1 — dog)Uk—1.

In order to get a compact representation, the system states, measurement and the

system input can be augmented:

Tr+1
T+l = Yk . (4.6)
g
Thus,
Tk+1 = agTk + brgug + bogwy
yr = cgr + digug + dor@i (4.7)
2k = Lxy,

where 2z is the signal to be estimated and

a 0 (1 — dox)by dorb1 by
ap = |0igc 1 =01, (1 —dar)d1|, bix = |d1kbordr|, box = |d1xd2
0 0 1— dg dak 0

ck = [0ie 1—01 Oik(l —Ook)d1], dix =0Owkdkdi,  dok = S1xda.
(4.8)

Note that ag, big, bok, €k, dix and dgi are functions of é;;’s, but for simplicity,

ag, bk, bak, €k, dix and dgi are used instead.

Considering the linear stochastic discrete-time system in (4.7), we want to find
the estimate 2; of zx such that the Ho-norm of the filtering error dynamics is
minimized. Now, consider the following filter:

F: { Skt = 8s2s+bru+ o (4.9)

2 = Ly,
where £y, is an estimate of the state, and ay, by, c; and Ly are the filter parameters
to be designed. The filtering error is defined as Z; = 2y — 2. Now, the system states,
z, and the filter states, £z, can be augmented to get the following augmented
system:

H- { Ck+1 = AgCr + Bigug + Bori (4.10)

2k = CCk»

a7
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where

a, O b bk
e = B = = L _L .
A [Cka af]’ B [bf+Cfd1k]’ 2 [Cfd%}’ ¢=1 1]

(4.11)

Note that system H has two types of inputs, deterministic, ug, and stochastic, w.

4.3 H,-Norm for Deterministic Parameter Systems

In this section, a brief introduction to the H-norm for systems with deterministic
parameters will be given. For the signal v = {v(0),v(1), - }, the co-norm is defined

as follows [6]:
vlloo = supg|v(k)l. (4.12)
In other words, the co-norm of a signal is the least upper bound on the amplitude.

The Heo-norm of a system is defined as follows:
IGlloo = maxq|G(e’)], (4.13)

where G(z) is the system transfer function. The fact is that the best bound on the
2-norm of the system output over all inputs of unit 2-norm equals the co-norm of

G [6]. If we name the system inputs as @ and the system outputs as g, then

1Glloo = sup{ligllz : lallz = 1} (4.14)

4.4 H.-Norm for Stochastic Parameter Systems

As was shown in the problem formulation, the formulation of filtering in the NCS
framework leads to state-space representation of a system with stochastic parame-

ters with both deterministic and stochastic inputs. In this section, the definition
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of the Heo-norm is extended to a system with stochastic parameters. The stochas-
tic Hoo-norm of the filtering error dynamics is used as a performance index, and
corresponding LMI formulations are given in the next section.

In order to study an even more general case, consider a general stable time-

varying stochastic parameter system G as follows:

G { Ce+1 = Agk + Birug + Bagwy (4.15)

Zr = Cyk + Digug + Dogwy,
where A, Big, Bok, Ck, Dy1x and Dy are stochastic time dependent matrices.
Note that (4.15) is a generalization of the equations defined in (4.10).

In the deterministic parameter case, the Hy-norm of a linear discrete time-
invariant system is the maximum bound on the 2-norm of the output over all inputs
of unit 2-norm [6]. Now, to combine the stochastic and deterministic inputs, the
weighted stochastic Hoo-norm of G (referred to as the stochastic Hoo-norm for sim-

plicity) is defined as follows:

S e{lEI
G2, = sup —F=2 : (4.16)
> E{llwkll® + plluell?}

k=0

where p € R is a known weighting factor.

Before proceeding to the main theorem, we consider the following definitions and

proposition adapted from [11,35]:

Definition 2. The stochastic parameter system in (4.15) is exponentially stable in
the mean-square sense or internally stable if there exist 3 > 0 and 0 < 7 < 1 such

that with zero inputs (wp =0 and ux =0),

E{IICe]I*} < BT*E{|I¢ol?},  VE > 0. (4.17)
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Proposition 1. The stochastic parameter system in ({.15) is exponentially stable

in the mean-square sense if there exists a positive definite matriz P such that
E{ALPAL} ~ P <0. (4.18)

Proof. Suppose that (4.18) holds. Since P > 0, there exist k1 > 0 and k2 > 0 such
that

K1l < P < kal, (4.19)

where I is a unitary matrix with appropriate dimension. Thus we can write,
1 E{JIGl”} < E{GP G} < ma€{ 1N} (4.20)
Now, we can see that
E{Chy1PChi1} = E{CLALP ARG} = E{CL(ALP AL — P)Gi} + E{( PGk} (4.21)
As (A, PA; — P) < 0, there exists k3, 0 < k3 < kg, such that

E{Cir1PCer1} < —ra&{IClI?} + E{G P} < E{GPL} - :_zg{CIIcPCk}- (4.22)

Thus,
mE (G} < E{GLPGY < (1= Z)E{¢L 1 PGt}
. 2 . (4.23)
<(1- ’;‘;) E{¢oPCo} < Ka(l - K—2) E{IICol?},
or
EQIGIPY < BrRE{l1¢oll* (4.24)
withﬁ:%and'r:l—%;t. O
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Definition 3. The stochastic parameter system in (4.15) is input-output stable if

there ezists a constant v > 0 such that

> EUIZNY < A7) Ellwrl® + pllusl}. (4.25)

k=0 k=0

Now, consider system G as in (4.15). Suppose that the system matrix parameters

are functions of stochastic variables d1; and dop as follows:

Ap = A+ MpA1 + ok Az + Apdar A, (4.26)
where
6ik =a; + Aik’ i=1,2 (427)
and
E{(Xik} =0, var{\yx} =g’ (4.28)

and A, fil, As and Aj;2 are known constant matrices. Define
Ap =qd1, Ap =gl Aps=qgip, (4.29)
then,
E{ALARY = AA+ ApAg + ApAg + Ay Ags. (4.30)
Using a similar approach,
E{BixBix} = B1B1 + B} 1 Bi,q1 + B} 2B1,g2 + Bl q12B1,12
E{ByBak} = ByBa + By g1 Bog1 + By 2B2,.g2 + B3 12B2 12
g{C]ICCk} = CIC + C‘;Iqu + C;QCq2 + C{;lchl? (431)
E{D\yDix} = D1D1 + D} ;1 D1,y + D} D12 + D1 g12D1,012

E{DyyDar} = DyD2 + D 1Dy g1 + D 43D3 g2 + Dy 115D g1.
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Remark. It is straightforward to extend the number of stochastic parameters in the
relations, but for simplicity in notation, only two variables as 61 and d9 are consid-

ered.

The following theorem gives sufficient condition for the system in (4.15) to be

both internally and input-output stable.

Theorem 6. For v > 0, the system G in ({.15) is exponentially stable in the mean-

square sense and satisfies the Ho, condition in (4.25) if there exists P = P' > 0

such that
= E{A}PByi + Ci.Dii} E{A}|PBa + C\.Da}
* (‘:{BllkPBlk + Dlllek} - p’yzf S{BikPsz + Dllszk} <0, (4.32)
* * S{BékPng + D,szZk} — ’72]

with =2 = 5{A;CPAk + C,’ch} ~ P.

Proof. Suppose that condition (4.32) holds, thus, £ < 0. As £{C}Cx} > 0, we
conclude that

E{A}PAL} - P < 0. (4.33)

Thus, based on Proposition 1, system G in (4.15) is exponentially stable in the
mean-square sense.
Now, let us define the Lyapunov function as

Vi = E{¢.P&GY, P=P >0 (4.34)
Thus,

AVi = Vg1 — Ve = E{Ciy1 PCry1 — G PGk}
= E{¢, (AP Ak — P)Ck + up By P Biruk, + wi By PBogwi+
(4.35)
+ Gt AL PBukuk + G Ay P Bogwy, + ui By P AkCr + uj By P Bagwi+

+ w;cBékPAka + wchngBlkuk}.
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Also,

{1z} = £{¢'¢} = E{(Crlr + Dagug + Dakwi)'(Clk + Dikuk + Dogwi)}

= 5{(,20,20];(]; + u;gD'llekuk + w;chszgkw + C}ICC]ICleUk‘i"

+ ¢ Cx Dakw + up D1 CCk + up Dy Doxwi + wi D C G + wi Doy Digug}-

By adding the term

ELP(lwrll® = llwell®) + o7 lugll? = llusll®) + (1201 = 1Z61%)}

to the right hand side of the equation in (4.35), we can write:

Zk
AV = E{=al2 + Pkl + pllul®) + [ o wﬁ@[uk}},
| e

where ® is the matrix defined in (4.32). As ® < 0,
AVi, = E{= 112l + Y (Jwrll® + pllux]*)} <0,

or

EUNZIPY < Y(lwrl® + pllusl|?) — AV4.

Now we sum up both sides of (4.40) for k =0, ..., 00 to get

o0 o0
STEZNPY < D AP lwkll® + pllurll?) + Vo — Veo.
k=0 k=0

Considering zero initial conditions, it can be concluded that

Y ELIEITY < D2 Ulwrl? + pllue)?).

k=0 k=0
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4.5 Optimal H, Filter Design

Now, we have the required tools to design the optimal H, filter in the NCS frame-

work with multiple packet dropout. The filtering problem can be stated as follows:

Optimal H, filtering problem: Design a filter as in (4.9) with minimum ~ such
that the filtering error dynamics in (4.10) are exponentially stable in the mean-

square sense and the H, criterion in (4.25) is satisfied.

Consider H, the filtering error dynamics defined in (4.10). By using Theorem 6,

the optimal H, filtering problem can be formulated as follows:

af,b;g:lfI}Lf,P 7
s.t.
E{APA + C,Cy — P} E{ A} PBx} E{ A, PBy}
* E{B, PB1r} — ;¥ E{B}, PBy} < 0.
* * E{By, PBay} — 42

(4.43)
Now, it is desirable to convert the matrix inequality in (4.43) into an LMI. Then,
the filter design problem turns into a convex programming problem that can be
solved efficiently by using available numerical methods. By using simple matrix
manipulations, the matrix inequality in (4.43) can be shown to be equivalent to the

following matrix inequality:

¥II'o -T <0, (4.44)
where , , , , .
A o S
V'= 1By By Big Bige 0 (4.45)
Bé Béql BéqQ Béqu 0
and

I = diag(—P~,—-P~}, P~} —P~1 1), T =diag(—P, —py’I,—~*I). (4.46)
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By using the Schur complement [4], the last inequality is equivalent to the following

matrix inequality:

[\Irf, ‘I{’] <0. (4.47)

As P71 exists, we put Q = P~! in (4.47) and apply the congruence transformation

with diag(Z,I,I,1,1,Q,1,I) to get the following matrix inequality:

—Q 0 0 0 0} AQ By By ]
0 _Q 0 0 OgAqu qul B2q1
* *x —Q 0 OEquQ Bz Bag
x % % —Q 0iAn2Q Bigiz Bagio
% x 1.CQ 0 0o | <0 (4.48)

Let us partition ¢ and P as
XU a1 YV
Q - |:Ul XQ:I ’ P - Q - [VI Y2] ) (449)

where X,Y, X2 and Y» are symmetric and positive definite matrices. We define the

following nonsingular matrices:

T= [g ‘1;,] , T =diag(T,T,T,T,I,T,I,I). (4.50)

By applying the congruence transformation with T to (4.48), we get the following

LMI:

[-T'QT 0 0 0 0 T"AQT T'By T'By |
0 -TQT 0 0 0iT"AuQT T'Big T'Bog
* x  =T'QT 0 0;T'ApQT T'Big T'Bagp
* * x -T'QT ogT'AmQT T'Bigiz T'Baqi2 <0, (451)
* * * * I: CQT 0 0
* * * % —T’QT ......... o 0
* * * * * * _m2I 0

| * * * * * * * —721
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where it is easy to verify that

T'QT = g }Z,]

T AQT = Ya +Z1;ic +J Yaz-f-aFc] )

T'ApQT = _Yaq*Ziq}’cq* Yaq*Ziq }Cq*] ’
[ b

T'B1= |Y'by +ZM1+ Fd1:| ’ (4.52)
T'By = _szZ 41-)2Fd2]

T'Bige = _Yblj}:-)l-l?dlq*] ’

T'Bage = _ngqz*lij}dzq*]

CQT=[L-G I,
with F = Vey, G =cfU'Z, J =VasU'Z and M = Vb;. Also, gx stands for ¢1, ¢

and q12. Thus, the results can be summarized as follows.

Theorem 7. (Hoo-filtering) The Hy, filter design problem of ({.43) is equivalent

to the following convex programming problem:

min ¥
J,Z2,Y,F,G,M (4.53)
s.t. (4.51).

To find the filter parameters, ay, by, ¢y and Ly, we need to know U and V,
which do not appear in the LMIs. One of the matrices U or V can be defined
freely. Different choices give us different filter state-space realizations. One logical

choice is to set Ly = L that can come from setting V = V' = -Y, leading to

U=U'=2"1-YL
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Remark. Fven though we studied the problem of Hoo filtering with multiple packet
dropout in the NCS framework, the general tools used can be extended to solving
problems in other frameworks such as sensor delay, multiple packet dropout of sen-
sor information, and uncertain observations. These mentioned end up with the same
formulation as in (4.10). For detailed derivations in the Ha case involving see Chap-

ter 3 or [45].

4.6 Example

In this section, a simulation example is provided to show the applicability and
effectiveness of the proposed filtering method. Consider a discrete-time LTT system

represented by (4.5) with the following matrix values:

1.7240 —0.7788 1 0.5
ol R B B

c=[0.0286 0.0264], di=1, do=1, L=1I,

(4.54)

where I3 is a 2 x 2 identity matrix. The initial state values are Z(0) = [0 0] and
#(0) = [l —1]'. We assume that the controller is already designed and simply sends
some sinusoidal commands to the actuator. The system states and their estimates
are plotted in the following figures. Figure 4.2 shows the simulation results for the
case when the average sensor to the controller and the controller to the actuator
dropout rates are 0.2 and 0.8, respectively, with a weighting factor of p = 0.5. This
result shows the superiority of the proposed H, filtering over the classical one where
no compensation is applied for dropouts. Figure 4.3 shows the changes of v when oy
and ag change from 0.1 to 1 with the step size of 0.1 for p = 1. With less dropout
rate, a smaller v is achieved. This example demonstrates the effectiveness of the

proposed method.
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4.7 Conclusions

In this chapter, the problem of optimal H, filtering in the NCS framework with
multiple packet dropouts has been studied. The relations for the stochastic Heo-
norm of systems containing stochastic parameters and with both stochastic and
deterministic inputs were developed. Based on the new derivations, the problem was
transformed into a convex programming problem by using LMIs that can be easily
solved by existing software packages. A simulation example showed the effectiveness

and applicability of the proposed method.
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Chapter 5

Kalman Filtering for Multi-rate
Systems

5.1 Introduction

The importance of state filters was discussed in the previous chapters. One of the
early optimal state filters is the Kalman filter, named after Rudolph E. Kalman,
who published a famous paper describing a recursive solution to the discrete-data
linear filtering problem [23]. The Kalman filter is essentially a set of mathematical
relations implementing an estimator that minimizes the estimation error covariance.
The Kalman filter is applicable where system models are known or can be found
based on physical rules.

Effective control and monitoring of a process requires frequent information on
essential process variables and states. In many processes, however, the essential
variables are either not measured or are measured infrequently. In particular, in
processes where measurements are available at different frequencies, multi-rate state
estimators can provide frequent estimates of the variables. Infrequent measurements

are usually related to key process variables, and thus their use in estimation leads

Some material of this chapter was reported in [44].
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to more reliable estimates, especially in the presence of measurement noise.

State estimation has been studied in multi-rate systems [1,16,17,20,25,48-50].
Andrisani and Gau [1] consider the case where the measurements are sampled at two
different rates; the proposed optimal filter consists of two parallel Kalman filters:
one processing the fast-rate measurements and the other processing the slow-rate
ones. Hara and Tomizuka [20] use lifting to build a lifted discrete-time plant model,
and then a discrete-time dual-rate estimator is designed; with it, estimation is based
on the information from the output given at the output sampling (slow-rate) and
the same values are used at inter-sample instants. It is proposed to use constant
estimation gains in inter-sample instants; also a relation between the single-rate and
dual-rate estimation gains is provided in order to have the same set of eigenvalues;
however, the proposed method is not optimal.

Thein et al. [49,50] introduce the idea of parallel observer systems, which have
two separate observers running parallel with each other. The slow observer system
performs during the output measurement period, and the fast observer system runs
at the control input period (the fast rate). Both systems are Luenberger-type ob-
servers. The estimated states of the slow-rate observer are used to feed the fast-rate
state estimates.

In the most recent work, Sheng et al. [48] consider dual-rate systems. They
design dual-rate filters in the Ho and Hy settings so that the estimation error at
the fast-rate can be minimized by satisfying a pre-specified criterion. As well, LMI

techniques are employed for solving the problems.

In this chapter, the state lifting technique is introduced to include inter-sample

states in a lifted system representation. Then, by generalizing the Kalman filter to

dual-rate and multi-rate cases, optimal Kalman gains are designed that can be used
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to estimate the fast-rate states based on the multi-rate measurements. The optimal
gains in the inter-sample instants are found to be zero; it means that in the optimal
sense, the output estimates should be used to drive the Luenberger-type estimator.

Simulation results support this conclusion.

5.2 State Lifting

One of the most important and widely used techniques for handling multi-rate sys-
tems is the so-called lifting method [6,24], which converts a periodic discrete-time
system into a time-invariant system. By lifting, a multi-rate system is converted
into a single-rate one, which can be analyzed by using many different methods. By
lifting, a multi-rate system can easily be transformed into a single-rate system, but
the main drawback is the dimension increase. For example, consider the case in-
volving an underlying clock with frame period ¢T', with a discrete-time signal v(k)
available every T, where ¢ is some positive integer; that is, v(0) occurs at time t = 0,
v(1) at t = T, etc. The lifted signal, v, is defined as follows: If v = {v(0),v(1),---},

then

v(1) v(g+1)
v= o :

v(g-1)] |v@a—1)

Thus, the dimension of v(k) equals ¢ times that of v(k), and v operates with the

R (5.1)

frame period ¢7'. The lifting operator L is defined to be the map v — v. The inverse
lifting, L™, is defined in an obvious way.

For a multi-rate system, we can lift the input and output to obtain a single-rate
system with a period which is the least common multiple (LCM) of the input and

output periods. Then the lifted model will be LTI [6, 26].

Consider a dual-rate system, with input updating at the fast rate, T, and output
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sampling at the slow rate, ¢T, where ¢ is an integer and T is a real number. By
lifting, the input and output are lifted to get a time-invariant system. If the fast-rate
system is

{ Tpy1 = Axg + Buy (5.2)

Yk = Czxr + Dug
with k£ an integer and A, B,C and D matrices of appropriate dimensions, then the

lifted model will be

Ykq =C ZTpg +D Ugqs
with
A=A", B=[A""'B A"?B ... B,
(5.4)
C=C, D=[D 0 --- 0],
and
Ukgq
Ukg+1
Hkq = . (5.5)
Ukg+q—1

Using this method, the slow-rate states can be related to the fast-rate input and
slow-rate output. In equation (5.3), we have a relation for only the states in time
instants where the output data are available, but in our study, we are interested
in state estimation at the inter-sample instants and the fast-rate state estimates as
well, thus we need to establish relations between the fast-rate states and the input-
outputs. The following relations for estimated states show how such a lifted model
can be obtained. To emphasize the incorporation of inter-sample states, this kind
of lifting is called state lifting. To derive the equations, we consider the Luenberger-
type state estimation and constant output during the inter-sample instants (by using
a zero-order hold).

Based on the fast-rate system relations and by considering the Luenberger-type

estimator, we can easily write the following relations. Here, the estimation gains
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are named L};q for the i** inter-sample instant in the kqg* frame period:

Fhgt1 = Abrg+ Bugg+ Liy(Ykg — Cig)
Ergra = Afkgsr + Burgr1 + Lig(yng — Cig)

= A%Ey, + ABugg + Buggy1 + AL, + LE ) (ykg — Cikg)

Brgri = Abkgrio1 + Buggriot + Ly (Ykg — Cig) (5.6)

= A'dpg+ A" Bupg + -+ Buggrio1 + [A7 Lig + - + Ligl(ykg — Cig),

or
Kier1)g =A Xig + B Uy + Ly (vkg — CXiy), (5.7)
where
-i'kq+1 Ukgq
. Zkq+2 Ukg+1
X(k+1)g = .| Ulkg) = : ,
Zrgtq Ukg+q—-1
00 A
00 A2
_A_ = . )
00 Al
0 e 0 (5.8)
AB B - 0
B= . . ,
AT2B A3B ... B
c=[0 0 --- C]
I 0 - 0\ (L},
A T 0] | L,
Lig = : : :
Al A2 L g qu

Using a similar approach, we can state lift the system to find the following relations:

Xikt1)g = A Xpg + B Uy, (5.9)
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with the same A and B as in (5.7) and

Tkqg+1
Tkq+2

X(k+1)q = . : (5-10)
Tka+q

Similarly, the state lifted representation for multi-rate systems can be found.

5.3 Dual-rate and Multi-rate Kalman Filter

Kalman [23] introduced the classical Kalman filter as a means of recursively solving
the discrete-data linear filtering problem by minimizing a mean squared error. To the
best of our knowledge, no general method has been proposed for using the Kalman
filter to estimate the fast-rate states in the case of multi-rate observations. Here,
the state lifted model derived in the previous section is used to find the Kalman
filter gains for the fast-rate estimates in dual-rate and multi-rate cases. Consider a

system with the fast-rate model represented by

{ Tgs1 = Axp + Bug + vk (5.11)

Yk = Cxx + wi,

where v and wg are discrete-time Gaussian white-noise processes with zero mean

and
E{uvf} =R, E{wrwl} =Ry. (5.12)
Then
X (41)g = A Rgg + B Ugg + Ly (kg — C Xip) (5.13)
and
Kk+1)g = A Xgg + B Upy +v (5.14)
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with A, B, U and Ly, as introduced before and

1 6 -0 Ukg
A r ... 0 Vkq+1
v=| _ " (5.15)
AL A2 T \Ukgag-1

Now, the optimal states can be found by applying the Kalman filtering method to
the state lifted model. The following theorem gives the optimal state reconstruction
in the dual-rate case where the input is updated at the fast rate and the output is

sampled at the slow rate.

Theorem 8. (Dual-rate Kalman filter)- Consider the system in (5.11) with a
dual-rate output observation. The state estimation in (5.13) is optimal in the sense
of providing a minimum variance of the estimation error if the estimation gain is
given by the following relations:

Lig = A Pry(Re + C Py €)1
(5.16)
Pryyg =4 Pry AT+R - A Py, TR+ C Py, e Py, AT

Proof. 'The proof of the theorem is a straightforward generalization of the single-rate

one [2] and is omitted. O

Corollary 5. The optimal Kalman gains are 0 at the inter-sample instants, and at
the time instants where the output measurements are available, the gains are given
by
Liy = APRCT(Ry+CPprCT)™!
Fifig = APIA™ + (A" RiA™" 4.+ Ry)
~A"PErCT(Ry + CPRCT) ™ x CPITA™, (5.17)
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Proof. Suppose that

I
21
P, =P Ph o B (5.18)
Pi P P
Now we can write
APEl APR ... APpR 0 ApprcT
0
A qu Q_T — A2P"qu1 A2_Plzlq2 - A2P£q" : _ AZPI:zqncT (519)
ATPRl AMPRE ... AMPER ArppnCT
and
Ry +C P, CT =
(5.20)
Ry+1[00 -+ CPl00 - CT=Rp+ cppeT.
Thus,
ApPprCT
2 T
Ly, = | A°PigC" | (Ry + CPprCT), (5.21)
A"P,jglCT
or
L, = APPCT(Ry + CPECT)™!
(5.22)
2
L},=- L} =0
and
0 g = APPERAT + (A R A 4 4 Ry)
(5.23)
— A"PRCT x (Ry + CP™kqCT) ' C PR A™.
O
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5.3.1 Multi-rate Case

The idea of input extension [43] can be used to solve the Kalman filter problem for
the multi-rate case. For simplicity, consider a multi-rate system where the inputs are
updated at every pT = 2T and the output samples are available at every qT" = 37'.

Then we can write:

K(k+1)pq =A kaq +B gkpq + Lkpq (kaq -C kaq): (5.24)
with
Tkpg+1
5 jkpq+2 ( Yk )
X = ; ; = P 5.25
2(k+1)pg : Ykpq Ykpgta (5.25)
ikpqﬂ)q
A 00 0 00
" A2 00 0 00
kpq A3 00 0 00
gkpq: ukpq+2)7 A: 0 00 A 0ol
Ykpg+a 0 00 A2 0 0
0 00 A* 00
B 0 0
AB 0 0
B A2 B+ AB B 0
= 0 B 0 '
0 AB B
0 A’B AB+B
I 00 0 0 0\ [Lipg O
AT 0 0 00]|]|Ly O
4> A1 0 0 o0ffL}, O
Lea=10 00 1 0 of| 0 =Lt (5:26)
0 0 0 A I O 0 szq
2 6
0 0 0 A% A I 0 LY,
and
Ker1)pg = A Xppg + B Uppg + v (5.27)
where
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Tkpg+1
Tkpg+2
Xk +1)pg = J
Tkpg+6
I 00 0 00 Vkpg
A 1T 0 0 0 O}/ vkpgtr
A2 AT 0 0 O/ vkpgs2
= . -2
Toe =10 0 0 I 0 0 vkpges (5.28)
0 0 0 A I 0| vkpgta
0 0 0 A2 A I/ \vkpgss

Again, by using a similar approach, we reach the following Corollary:

Corollary 6. The optimal Kalman gains are 0 at the inter-sample instants, and at
time instants where the output measurements are available, the gains are given by

L, = APY CT(Ry + CPLL CT)™!

Pq kpq
(5.29)
Lipy = AP, CT(Ro + CP CT) !
and
Bty =A°Plg A + A°Rs (4 ¢
+ AR1AT + Ry — A°P}) CT(Ry + CPLL,CT)'CPL(AY)T,
Pl 1ypg =A Pl (A% + ARy (AD)T+ (5.30)

+ AR AT + Ry — AP CT(Ry + CPL.CT)TICPY (A%)T.
The optimal solution is found to be zero estimation gains at the inter-sample
instants. These results suggest that the estimated output could be used in the Lu-

enberger type state estimation of equation (5.7) at the inter-sample instants.
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5.4 Examples

In this section, two examples are given to show the applicability of the multi-rate
Kalman filter in dual-rate and multi-rate cases. The first example is based on a

mathematical model, and the second one comes from a real mechanical system.

Example 1 - Consider a fast-rate system model represented by the following ma-

trices:

-1.8117 0.3991 0.0111
C=(-08 0.6), D=0

Ao ( 1.0168 0.2059) . B= (0.0317)
(5.31)

with an input updating period of pT" = 0.5 and an output sampling period of
gT = 0.75 (multi-rate ratio of 3/2, frame period of 1.5). Also consider the initial
states of z(0) = [0.0 0.1)" and £(0) = [0.1 0.0]'. Figure 5.1 shows the actual,
slow-rate and multi-rate estimated variables for a step input with magnitude of 2.
Figure 5.1 reveals that the multi-rate Kalman filter gives good state estimates and

outperforms the slow single-rate one.

Example 2 - In this example, an air-fuel ratio control system in spark-ignition en-
gines is considered. The complete modelling and data are given in [5]. The problem
is modified for ease of understanding and to show the applicability of the proposed
multi-rate Kalman filter design method. The following paragraphs summarize the
problem.

Current strict emission standards require accurate and fast air-fuel control in
automotive systems. To achieve a desired air-fuel ratio, we need to know some
engine variables, especially the liquid fuel puddle mass, which cannot be measured
directly due to technical and economical constraints. Therefore, a model of the

system is derived and a Kalman filter is designed to estimate the desired variable.
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Figure 5.1: Actual, slow single-rate and multi-rate Kalman filter estimates

Different models are suggested for spark-ignition engines, mostly in the time domain,
but the modelling here is based on the engine cycle.

This system has two parameters: air flow and fuel flow. The mass of air flow
entering the cylinder per cycle, m,, is a function of engine speed, N, and throttle
angle, a, specified by the driver, that is: mg = mg(a, N). For the fuel flow, we have

the following relations:

{ my, (k+1) = (1 - fg)myg, (k) + (1 — fo)my, (k)

mys(k) = famy, (k) + famy, (K), (5.32)

where my, is the liquid fuel puddle mass, my, is the injected fuel mass, my the fuel
mass into the cylinder per cycle, f, is the fraction of injected fuel that enters the
cylinder directly each cycle and fs is the fraction of fuel puddle that evaporates
and enters the cylinder each cycle. In [5], a universal air-fuel ratio heated exhaust
gas oxygen (UEGO) sensor is used to establish the observer design and then an

economical sensor is used in practice. The dynamics of the UEGO system are
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described as follows:
Tebm(t) + dm(t) = Ge(t — ta) (5.33)

with ¢, as the equivalence ratio in the exhaust manifold, ¢, as the equivalence ratio
measured by the UEGO, 7. the lag time constant and t; the transport delay. In

discrete time, Equation (5.33) can be represented as

¢m(k + 1) = 70¢m(k) + 71¢e(k - 1) + 72¢e(k)a (5'34)
where
Yo = 6_T/T;
M= e—mT/Te _ e—T/TE
7; =1— e ™I/ (5.35)

m =2— (0pvo/720) — (t4/T)

with T" as the sampling time, and gy the crank angle at which the exhaust valve
opens. Putting all this together and considering ¢,, as the output, we reach the

following state space relations for the discrete engine model:

mfp ]A;fﬁ 0 0 0 mfp L;fa

¢e — T:fﬁ 0 0 0 ¢8 + Rj‘fcx (m )k

ba 0 1 0 © ba 0 5

Om/ k1 0 72 m v/ \¢m/y 0 /4
my,

dm(k) = (0 0 0 1) e | (5.36)

¢d
m /

This time-varying representation is considered at a fixed engine speed of N = 1200,
which the relations are derived for. These relations are for the single-rate case. Now,
consider the dual-rate case with ratio 2, so that an even simpler and slower sensor
are used. To close the control loop, an optimal dual-rate Kalman filter is designed
because the my, cannot be measured economically. The throttle angle, o, is changed
between 40 and 50 degrees and the estimated my, and the actual one are depicted
in Figure 5.2. Also, the equivalence ratio is plotted, showing it to be desirable. The

results given in this example do not completely agree with those in [5], because not
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Figure 5.2: Throttle angle, actual and estimated my, and measured ratio

all data are given in that paper, so some values are assumed here.

5.5 Conclusion

The problem of Kalman filter design for dual-rate and multi-rate processes was
considered. The optimal Kalman gains were found to be zero at the inter-sample
instants where the output samples were not available. Some examples were given

to support the proposed method.
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Chapter 6

Frequency-domain Parameter
Estimation of General
Multi-rate Systems

6.1 Introduction

In a conventional sampled-data control system, the plant input updating and output
sampling are at the same rate. However, it is not always possible to update the
control input and sample the output at the same rate due to various limitations such
as the cost of fast-rate sensors and actuators. Also, sometimes the plant dynamics
are such that sampling the different plant signals at the same rate is not economical
and useful. As a result, a multi-rate sampling scheme should be considered for such
cases. Of course, this scheme introduces the complication of mixed time steps.
Figure 6.1 shows a general multi-input, multi-output (MIMO), multi-rate sys-
tem, where every input has its own updating rate and every output is sampled at
its own rate. Continuous arrows are used for the continuous signals and dotted ar-
rows for the discrete signals. Here, P, is a continuous-time plant, H is a multi-rate

zero-order hold, and § is a multi-rate output sampling device which can be defined

The material of this chapter was reported in [43].

84

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



as follows:

Hp, Sqih
Hy,.n Sguh
These correspond to holding m input channels of w with periods p;h, i =1,--- ,m,
and sampling n channels of output y. with periods g;h, j = 1,--- ,n, respectively.

Here, p; and g; are different integers and h is a real number called the base period.

If we partition the signals accordingly,

Yeu Y1

ve=|: ], v=|:], (6.2)
Yen Yn
Ucy ul

ue=| t |, u=|[1], (63)
Uepn Um

then

ue, (t) = wi(k), kpih <t<(k+1)ph, i=1,---,m
(6.4)
y;(k) = ye,(kgsh), j=1,---,n.

We use u to denote a fictitious case in which all inputs are at the fast rate; that is,

u U Ve y

Figure 6.1: General MIMO multi-rate system

Such systems are often used in the chemical process industry. For example,
in polymer reactors [39], the composition and density measurements are typically
obtained after several minutes of analysis, whereas the control inputs can be ap-

plied at relatively fast rate. For another example, consider an industrial bleaching
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process [19] that is a chemical process applied to cellulose materials to increase
their brightness and usefulness; in this process, some output variables, like bright-
ness, need laboratory analysis and are in the slow rate and are irregularly sampled,
while inputs can be applied at a relatively fast rate. One of the problems with such
a system is finding the estimation of the system parameters and the output at those
time instants when measurements are not available.

One application of this work is output monitoring at the fast rate. Another
interesting application is the use of output estimates to run an inferential control
scheme, as most inferential control algorithms need the parameters of fast single-rate
models, which are not usually available. Some work has been done in this area. The
existing multi-rate identification methods can be divided into two main categories:
state-space identification and frequency-domain identification. Li et al. [26] studied
the identification of a multi-rate sampled-data system consisting of a continuous-
time process with or without time delay, a sampler with period pT', and a zero-order
hold with period ¢T (p < ¢), and the problem of identifying a fast-rate model with
sampling period pT'. The method used was state-space based, employing the lifting
technique. Their work is continued by Wang et al. [53] where a fast-rate model
with sampling period T is identified. Lu and Fisher [29-32] studied the parameter
and output estimation of dual-rate systems in the frequency domain; they proposed
least-square and projection-based algorithms for dual-rate noise-free systems. Ding
and Chen {10] studied the problem of parameter and output estimation for the dual-

rate case for stochastic systems.

In this chapter, two simple methods are introduced for dealing with general

multi-rate systems. These methods are named dividing to subsystems and input

extension and are useful in the frequency domain. In the first method, a multi-
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rate system can be divided into some dual-rate subsystems and existing estimation
methods can be used for the parameter estimation of each subsystem; then, the pa-
rameters of the original system can be extracted. In the second method, a multi-rate
system can easily be converted to a dual-rate system with all input updating at a

fast-rate. A least-square parameter estimation algorithm is derived for such systems.

When system parameters are estimated, they can be used for different applica-
tions like inter-sample output estimation as shown in Figure 6.2. Here, the process
input(s) and sampled output(s) are fed into a parameter estimation engine that
produces estimates of the assumed model’s parameters at the fast rate. Based on
the estimated parameters and known inputs, the output can be estimated at the

fast rate. In Figure 6.2, 6 and ¢ are used to show the estimates of parameters and

Y.

tofuls P yc A

Parameter 4
Estimation [

9
v LA
Output Yy
Estimation | ®

Figure 6.2: Multi-rate output estimation algorithm

6.2 Problem Transformation

To estimate a fast-rate model of the system, we assume a model structure for the

system and try to estimate the parameters. This model is transformed into some
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multi-input, single-output, dual-rate subsystems and their parameter estimation is
studied in the frequency domain.

Consider that we have a MIMO multi-rate system as in Figure 6.1 and that a
series of input and output values are given. Then we assume a fast-rate frequency-
domain model (transfer function) for this system and want to estimate the model
parameters based on these multi-rate data.

Now, suppose that the fast-rate system model with period A in the frequency

domain is P; that is,

y=P(z)u, (6.5)
. U Pii(z) Pia(z) - Pip(2) uy
y:2 _ Poi1(2z) Pna(2) Pom(2) . u:z , 66)
)  \Pu(2) Pu(®) - Pan(®)) \tm
where
() — bij(z)
Pij(2) aii(2) ’ (6.7)
with

a;j(z) =1+ a}jz_1 + a?jz_z +- agz_N
(6.8)
bij(z) = b + bz + 0522+ b 2.
To deal with this MIMO problem, it can be divided to n MISO subsystems. For

each one, we can write,
yi(k) = Piua(k) + Ppug(k) + - - - + Pinum(k). (6.9)

Without loss of generality, it can be assumed that all a;;(2) are equal to a(z) with

a(z)=1+a1z  +agz 2+ - +ayz"V, (6.10)
thus
= B B ),
() = () + 2l ¢+ 2, o)
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or
a(2)yi(k) = bin(2)ui(k) + bia(2)ua(k) + - - - + bim (2)um (k). (6.12)

This relation, even if available, does not help in the multi-rate problem, because if
we expand this relation in the time domain, we have
yi(k) = —a1yi(k — 1) — - - — anyi(k — N) + b ua (k) + bhur(k — 1) 4+

+bNuy(k— N)Y + -+ um(k) + bkt (k — 1) + - + BN up (k — N).
(6.13)

However, we have no information about y;(k—j) ,7 # lg;, supposing k is an integer

multiple of ¢;. To obtain a recursive equation by directly using the available multi-

rate data, equation (6.13) needs to be transformed into a form so that the a(z) is

a polynomial in z~% instead of 27!, and bij(2) is a polynomial in 2P, By using

properties of zero-order holds and by the method suggested later, b;;(z)’s can still
1

be polynomials in z7.

For a general discussion, let the roots of a(z) be A; to get

N

a(z) = [T (1 - x2™h). (6.14)
i=1
Define
N
ba(2) = [T L+ Xzt + A2272 + - 4 2F 1m0t (6.15)
i=1
Then
N N
a(2)¢q,(2) = H (1-x27h) H (A+XNz7 22724 4 ,\;,Ii—lz—q.-H)
=1 =1

-

A=z DA+ Xz 402724 4 )\gi_lz_q’*l)

.
Il
-

(1= 2z~ %) (6.16)

Il Il
=P

= A 2TE - AF T ()Y AN AN
= 1= (QF + 25+ 2527 o+ (DM A AN
=1+ oz % oz 2 4+ ogyz Ve
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However, in the multiplication of b;;(2)¢g, (2), generally all the coefficients are nonzero:

N
bij(2)9g(2) = (0% + bhz ™t + -+ 0NN [T A+ Azt 4+ AF Tt
=1
=t B+ B+ B 4 4 BN N,
(6.17)

Thus, multiplying the numerator and denominator of Pj;(2) by ¢g4,(2) transforms
the denominator into the desired form where the denominator is a polynomial in

2%

bij(2)0q:(2) _ Bij(2)

P, = ) 6.18
1) = Do) aile) (6.18)
Now, equation (6.13) can be written as
m qu
yi(k) = Z aiyilk — Gg) + Y > Bhui(k—1). (6.19)
7=11=0

For the input data, we can consider a zero-order hold property. Figure 6.3 shows
that by using the zero-order hold, we have input information to the plant at every h
instant, because the output of the zero-order hold remains the same until the next
update. Using a zero-order hold property, we propose two methods for dealing with
multi-rate systems: dividing the multi-rate data to p subsets, and extending the

input such that the input updating rate becomes h.

6.2.1 Dividing to Subsystems

This method can be used to convert a multi-rate system into some dual-rate sub-
systems. After estimating the parameters of the subsystems, the parameters of the
original multi-rate system can be extracted by using simple least-squares methods.

To discuss this method, consider a second-order SISO system with transfer func-

tion P(z2):
bo + b1z71 + by 72

P =
) 14+a127 1+ agz=2’

(6.20)
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v

Figure 6.3: Zero-order hold

with an input updating period of 2h or p = 2, and an output sampling period of 3h,

or ¢ = 3. Using the method just discussed, a polynomial, ¢4(2), can be found such

that
_ylk)  b(2)gq(2)  B(2)
P = ut) = 4(2)0e(@) ~ ae)’ (6.21)
with
alz) =1+ a1z 3 + azz_ﬁ,
(6.22)

B(z) = Bo + Brz™t + -+ + Pez75.

Expanding equation (6.21) in the time domain gives
y(k) = —any(k — 3) — agy(k — 6) + Bou(k) + Bru(k — 1) + - - - + Beu(k — 6). (6.23)

Suppose that a series of input values {u(k), u(k—p), - - - } and output values {y(k), y(k—
q),- -} are given. We cannot simply use equation (6.23) as the input values are not
given at every time instant, but considering the zero-order hold property we can

write:

u(lpg — 1) = u(lpg — 2),
u(lpg — 3) = u(lpg — 4), (6.24)
u(lpq — 5) = u(lpq — 6),
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and
u(lpg +q) = u(lpg + ¢ - 1),
u(lpg +q —2) = u(lpg +q - 3), (6.25)
u(lpg + q—4) = u(lpg + ¢ - 5).
Thus, the system can be divided to two (in general p) subsystems and write equa-

tion (6.23) for each one; one for k = Ipg and the other one for k = lpg + q with [ a

positive integer. Thus, for subsystem 1 we can write:

y(kpg) + cay(kpg — q) + a2y(kpg — 2q) =
Boulkpg) + (B1 + B2)u(kpg — 1) + (B3 + Bs)u(kpg — 3) + (Bs + B )us(kpg — 5)
=: Boru(kpq) + Buiu(kpg — 1) + Paru(kpg — 3) + Bz1u(kpg — 5). (6.26)
For subsystem 2;

y(kpg + @) + a1y(kpq) + azy(kpg — q) =

(Bo + Br)u(kpg + q) + (B2 + B2)u(kpg +q — 2) +

(B4 + Bs)u(kpg + q — 4) + Beu(kpg + g — 6) =:

Bo2u(kpg + q) + Brou(kpg + g — 2) + Bozu(kpy + ¢ — 4) + Baou(kpg + q — 6).

(6.27)

For each of the two subsystems, any parameter estimation method can be used to
find an estimation of a1, a9 and Bo1, 11, , B32- Then, by using the simple least-

square method, the estimates of a; and §; can be found.

6.2.2 Input Extension

The simpler method given here can easily be used to convert a multi-rate MIMO

system into a dual-rate MIMO system with all input updating at the fast rate.
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Consider Figure 6.3, which shows that we have information about the input at
every time instant, by simply taking the same input until the next update. Thus,
if we name the slow rate input, which updates every p;h instant as ug, and the fast

rate input, which updates every h instant as u, the following relation is obtained:

u;(k) = ul(ip;) for k=ipj,ip;+1,-- ,ipj +p; — L. (6.28)

6.2.3 Parameter Estimation

When the multi-rate models are transformed properly, any frequency-domain iden-
tification method can be used for parameter estimation. Here, we use the dual-rate
least squares method suggested in [10] and adapt it for MISO systems.

If we consider the stochastic case, equation (6.9) can be written as

yi(k) = D Pij(2)us(k) +vi(k), i=1--'n, (6.29)
1

where v;(k) is assumed to be a white Gaussian and zero-mean random signal. Sub-
stituting the polynomial a(z) in 27% from (6.16) and B;; in 27! from (6.17) leads

to the following regression equation,
yi(k) = i (k)8; + vi(k), (6.30)

where the superscript 7' denotes the matrix transpose, and the parameter vector 6;

and information vector p;(k) are defined by

bi=lon an - oiv B By - B - YT BRY - BRE) (631)
and
ei(k) = [-wik—a) —vilk—2¢) -+ —yilk—Ng) ui(k) ua(k)
um(k) -+ wi(k— Ng;) ua(k—Ng;) --- um(k— Ng)T. (6.32)
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Notice that ; contains all the parameters to be estimated in the model in (6.9),
and if k is an integer multiple of ¢;, then ¢;(k) contains only the available data
which are the past output measurements (slow-rate) and the past and current in-

puts (fast-rate).

Let é,(qu) be the estimate of 8; at time kg;. The following recursive least
squares algorithm is proposed for estimating the parameter vector 8; of the dual-
rate system:

0i(kg:) = 0i(ka; — a) + Pi(kai)pi(kai)lys(ka) — ] (kgi)bi(kai — ¢:)],
Oi(kg; +1) = 6i(kqi); 1=0,1,-- ¢ — 1, (6.33)
P (kgi) = PN (kgi — @) + pi(kai)of (kgi), Pi(0) = PL(0).
To initialize the algorithm, we take P;(0) = p;,I with p;, normally a large positive
number, and éi(O) = éio, some real vector. Notice that the parameter estimate éz
is updated at every g; samples, namely, at the slow rate, as is the matrix P;. In
between the slow samples, 6; is simply held unchanged. It is easy to see that by

defining

Pi(kq; — q;)i(ka;)

Li(kq:) == Pi(kqi)pi(kg:) = : 6.34
i(ka ' 1+ oF (kqi) Pi(kgi — qi)pi(kas) (6:34)
the covariance matrix P; can be updated as follows:
Pi(kg; — a;)pi(kgi)o? (kg;) Pi(kg; — g
1+ ¢; (kqi) Pi(kgi — g:)vi(kas)
= (I — Li(kg:)¢7f (kq:)|Pi(kgi — a:)- (6.35)
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6.3 Model Reconciliation

When a parameter estimation method is applied, the o and 3 parameters can be
estimated, and normally, a fast-rate model as in equation (6.5) is desired. Here, we
study the problem of extracting the a and b parameters from the estimated o and
B parameters obtained from n MISO subsystems.

One solution to this problem is to use the concept of model order reduction
[15], as we want to reduce the order of the model represented by the « and S
parameters. However, the model order reduction methods cannot guarantee the
convergence of the parameters. Actually, for practical cases, when no real model of
the system exists, and only input-output data are available, the concept of model
order reduction can be used to find a reduced order fast-rate model.

Another solution to the problem can be constructed by using equation (6.18). If

we denote the estimate of parameters by (7), we can write:

bis(2) _ By(2)

a(z) — di(2)’

(6.36)

or
0 +bhzt o+ 0N AL+ Bl 4 4 BN (637
l+arz - Fayz N 1T+anz %+ +aneNa -37)

where ¢; and ,3;-]- are given by the estimation algorithm. By multiplying the poly-
nomials in the nominator and denominator of Equation (6.37), equation (6.36) can
be converted to a set of polynomial equations and the parameters @ and f)ij can be

extracted. Suppose that the vector of parameters is defined as

f=la1ag - an by -+ by -+ B oo BN); (6.38)
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then we can write:

S{S 0 . 0
P11
. - P12
S0 = SLI;Q 0 Séz e 0 6 = : = p, (6.39)
Sg™ 0 0‘ cee o SEm Prm
Je] «
where
1 0 0 0 0 0
'yij 1 : - ?j 0
WA 0 By By 0
Si=1 : o |, 8= : .. _po | (6.40)
ij ij N o1
TN 2 —=Pi; —Pij
4] . 54 N
0 ' N
0 -~ 0 'YZN 0 0 _,ég]?N
ij _ | G l=kg, k=12 N
= { 0 else ’ (641)
an A AN
pij =105 By -+ BEY 0 - 0. (6.42)
The least squares solution of equation (6.39) is given by
6 =[STS)~157p. (6.43)

6.4 Examples

To show the applicability of the proposed method, three illustrative examples are
given, one for the SISO case and two for the MIMO systems, including one with

real industrial data.
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Example 1 - Consider a system with the fast-rate transfer function P(2}):

bz ! +byz™2 041227 4+0.309272

PE=13 a1zl +agzz72  1—1.6271+0.80z72 (6:44)
Several sampling cases are considered for this system:
e Single-rate case (p = ¢ = 1),
e Dual-rate case with output sampling at ¢ = 2,
e Multi-rate case with p = 2 and ¢ = 3.
For the dual-rate case, ¢(z) = 1 — a1z} + ag272 is used to get
P(z) = b(z)¢(z) _ 0.4120z71 + 09682272 + 0.8240273 + 0.2472z_4. (6.45)

T a(2)p(z) 1-0.962"2 +0.642~4
Also, ¢(2) = 1—a127 1 +(a? —a2)z~? —aja2273+a32~* can be used for the multi-rate
case to get

0.412271 +0.968272 + 1.219523 + 1.0712~4 + 0.6592~5 + 0.197826

P(z) = 1—0.2560z-3 + 0.51205-5

(6.46)
To deal with the multi-rate case, both suggested methods are used. To provide a fair
comparison, the same total data points of the input-output data are maintained for
all cases. The relative parameter estimation error (PEFE) measured in the Euclidean
norm is defined as

PEE = 16— 6]//]6]. (6.47)

A lower PEF is obtained for the single-rate case and a higher for the multi-rate
case, as information in between the sampling instants is lacking compared to that
available in the single-rate case. As the noise is different for different cases, and

in order to reduce its effects on our comparison, simulations are done several times
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Table 6.1: Estimated Parameters, single-rate case

a1 as by b | PEE%
SR 15077 | 0.7114 | 04222 | 0.3903 | 8.3
DR _1.4786 | 0.6819 | 0.3971 | 0.2601 | 9.5
MR1 | -1.5550 | 0.7612 | 0.6530 | 0.0486 | 19.33
MR2 | -1.3317 | 0.5609 | 0.4257 | 0.3688 | 19.59
True Value | -1.6 | 0.8 | 0.412 | 0.309 -

Table 6.2: Estimated Parameters, dual-rate case

& (2 B B2 B3 Bs | PEE%
DR -0.9555 | 0.6048 | 0.5193 | 0.9243 | 0.7988 | 0.1657 8.5
True Value -0.96 0.64 0.4120 | 0.9682 | 0.8240 | 0.2472

for each case (100 times in this example) and the mean value of PEF is extracted.

To run the simulations, a persistent excitation input sequence, a random binary

sequence (RBS) in the frequency range of 0 to 1/2n, is applied as an input, and an

additive white noise with zero mean and unity variance is considered at the output.

The total number of input-output data is considered to be 2000. The following

tables show the results. SR stands for single-rate, DR for dual-rate, MR1 for the

multi-rate case with input extension, and MR2 for the multi-rate case of dividing

into subsystems.

Table 6.3 shows that the two suggested methods for multi-rate systems have very

similar results, while the input extension method can easily be applied to MIMO

systems. Figure 6.4 shows the step response of the system and the estimated model

Table 6.3: Estimated Parameters, multi-rate case

a Geo b1 B2 B3 Ba Bs Be PEE%

MR1 -0.1892 | 0.4691 | 0.5712 | 0.8963 | 1.2240 | 1.2271 | 0.6560 | 0.1539 18.43

MR2 -0.1173 | 0.4300 | 0.3279 | 0.8724 | 1.3622 | 1.1358 | 0.8916 | 0.0463 18.15
True Value | -0.2560 | 0.5120 | 0.4120 | 0.9682 | 1.2195 | 1.0712 | 0.6592 | 0.1978 | -
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Figure 6.4: Step response of the system and the estimated model for Example 1

using the dividing to subsystems method.

Example 2 - Consider a two-input, two-output system as shown in Figure 6.5. The
input u; is updated every 2k period, while the input uy is updated at the fast rate.
The outputs y; and ye are sampled every 3h and 2h, respectively. The following

fast-rate model is used for the plant P:

) bl 27+ 63272 blgz ! + bjpz2
U7 e e b9, +bhz 03272 by + bly2 ) 4 b2y2
1 0.412z71 +0.309272 01271 +0.3272
COTTETRO8 T \ | gt 01a 1408570 40627
(6.48)
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u, ¥ H, P - S3;, ey

U, M H > S ey,

Figure 6.5: MIMO multi-rate system of Example 2

This system is transformed into two two-input, one-output subsystems as fol-

lows:
_ bliz7t 4+ 2,272 blyzl + b2,272 _ bn(z)ur + bia(2)ug
o TraerT+ae 2  Traz T4apz 2 2 a(z)
b9, + b5 27 + b%lz_zu b3y + 0oz + 82,272 boi(2)ur + boa(2)ug
b2 l+taiz ! +age2 ° l+az 1 +agz2 2 a(z)
(6.49)

1

Now we can use ¢1(z) =1 —a1z7! — (az +a?)z72? — ajaz™3 + a32* for subsystem

1 and ¢2(2) = 1 — a1z~ ! + a2 for subsystem 2 to get

bui(z)¢1(2)ur + bia(2)d1(2)uz _ Bra(z)uy + Bia(2)uz

noT a(2)1(2) - o1(2) !
bo1(2)p2(2)u1 + baa(2)da(2)uz B (2)ur + Baa(2)ug
ve a(2)92(2) = ol &0

Now, the suggested least-squares algorithm is applied to each one. To run the
simulations, persistent excitation input sequences, random binary sequences (RBS)
in the frequency range of 0 and 1/2#, are applied as inputs, and additive white
noise with zero mean and unity variance is considered at the outputs. Then the
average estimation error for 100 simulations for all of the parameters is calculated
as PEE = 22.81. Figures 6.6 and 6.7 show the step responses of the model and the

actual system.

Example 3 - The results obtained in this chapter can be extended to MIMO cases

with irregularly sampled systems as well. Here, a real industrial system shown

100

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Step Response
From: Uit}

e T T —— T
— -+ Modol
5| Q — Plant
_4r Vs A = e El
= B o
=) - = 4
s
4
2F 4 i
1 R
o L L L S
° 20 ) 80 a0 100

Time {sec.}

Figure 6.6: Step responses of the system and the estimated model for Example 2
(for y1)
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Figure 6.7: Step responses of the system and the estimated model for Example 2
(for y2)
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Figure 6.8: Millar Western bleaching process [19]

in Figure 6.8 is studied. This system is used for an industrial bleaching process
at the Millar Western, Alberta. Pulp bleaching is a chemical process applied to
cellulose materials to increase their brightness and also to increase the capacity
of paper to accept printed or written images, thus increasing its usefulness. The
bleaching process at Millar Western uses hydrogen peroxide as a bleaching agent.
In this process, the cleaned and filtered pulp is squeezed in presses and heated before
entering the bleaching tower P1, where the pulp sits for about one and half hour in a
hydrogen peroxide bleach solution. The resulting semi-bleached pulp is de-watered
in another press and additional hydrogen peroxide is added in a mixer. This stage

takes about three and half to five hours. The pulp is washed and pressed to extract
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a bleach solution [19]. There are nine different inputs consisting of the peroxide and
caustic add rate at P1 and P2, the P2 discharge temperature and correction, the
Na2S503 and caustic add on chips, and the PQM freeness. Among the outputs, we
use the most important one, which is the brightness, to show the effectiveness of
the proposed method. Information for the inputs is ready every ten minutes, while
the output is sampled completely irregularly. To overcome the problem, first-order
interpolation is used to estimate the output in between the samples and then re-
sample it to obtain a regularly sampled output. Moreover, as the inputs are either
constant or have low changing rates, the inputs are re-sampled to obtain a lower
input-output rate ratio. Using this method, a 9-input, one-output system is obtained
with an input updating period of 50 minutes and an output sampling period of 100
minutes. As the inputs have either no or slow changes, and the system is in almost
steady state conditions, not enough input excitation is available to find a dynamic
model of the system. Therefore, only a steady state model (zero order model) is
extracted. The data from April 1st to June 17, 2001 are used for estimation, and
data from July 5 to July 30, 2001 for validation. Figures 6.9 and 6.10 show the

results for the real output and the estimated one for the two different time intervals.

As we do not have the real model of the system, we cannot use the PEE as
defined earlier as an evaluation benchmark. To evaluate the model quality, the
Cross-correlation Coefficient (CC) and Mean Squared Error (MSE) are used. Both
of the benchmarks are based on the measured output (y) and the estimated one (§)

and are defined as follows:

oo = bl (6.51)
N . e
MSB(.3) = \/ Tt (0 = 6" 652
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Figure 6.9: Actual output and estimated one for estimation interval
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Figure 6.10: Actual output and estimated one for validation interval
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Using these benchmarks, we get CC = 0.9464 and M SE = (0.9484 for the data in
the evaluation time interval. Given the difficulties with the problem (irregularity in
output samples and lack of input excitation), we conclude that the model obtained

works well.

6.5 Conclusion

In this chapter, parameter estimation methods for general multi-input, multi-output
multi-rate systems in the frequency domain were studied. Two methods for dealing
with multi-rate systems were proposed, and a multi-rate least squares estimation
was derived. Simulation examples showed the applicability of the proposed methods

to both SISO and MIMO systems.
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Chapter 7

Conclusions and Future Work

In this thesis, some basic problems in filtering and estimation in networked control
systems and multi-rate systems have been studied. This chapter summarizes the
main contributions of this work and proposes some future research directions to

expand the present study and to apply the results to other related problems.

7.1 Conclusions

In this thesis, the problems of filtering and estimation in modern control systems
were investigated. The sensor delay systems, networked control systems, systems

with uncertain observation, and multi-rate systems were considered.

The problem of optimal H3 filtering for discrete-time systems with random sensor
delay, multiple sensor data packet dropout, uncertain observation, or networked
systems with multiple packet dropout was studied. To find the filter gains, the
stochastic variables arising from the random sensor delay, multiple packet dropout
or uncertainty in observation were transformed into the stochastic parameters in
the system representation. New formulations were employed to model the multiple

packet dropout in sensor data and networked control systems. A stochastic definition

106

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



of the Ho-norm of a system with stochastic parameters was given and new relations
for the stochastic Ho-norm were derived. The stochastic Ha-norm of the estimation
error was used as a criterion for the filter design. The relations derived for the new
norm definition were used to obtain a set of linear matrix inequalities (LMIs) to
solve the filter design problem.

As an alternative to the Ho-norm filter design, the problem of H filtering
in networked control systems with multiple packet dropouts was studied. Again,
by employing the new formulation, random dropout rates were transformed into
stochastic parameters in the system’s representation. A generalized Hoo-norm for
systems with stochastic parameters and both stochastic and deterministic inputs was
derived and the stochastic H-norm of the filtering error was used as a criterion
for the filter design in a NCS framework. A set of linear matrix inequalities (LMIs)
was provided to solve the corresponding filter design problem.

Another problem arising in computer control systems is the problem of multi-
rate sampling. The problem of optimal Kalman filtering for multi-rate processes
was also studied in this thesis. A state lifting method was introduced and used to
generalize the minimum variance Kalman filtering method to the multi-rate case for
the fast-rate state estimation. The optimal Kalman gains and covariance matrices
were found at the fast rate, based on multi-rate input-output data and fast-rate
system models.

Also, the parameter estimation problem of a general multi-input, multi-output
multi-rate system in the frequency domain was studied. Two methods, dividing to
subsystems and input extension, were introduced for dealing with multi-rate systems,
and the later method was used to convert a multi-input, multi-output multi-rate
system into several sub-problems with fast input updating and slow output sampling.

Then, a least-squares parameter estimation method was generalized for parameter
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estimation in the multi-input, multi-output multi-rate case.
Several examples, including one with real industrial data, were used to show the

effectiveness and applicability of the proposed methods.

7.2 Extensions and Future Work

The use of computers and communication networks in control systems is growing
extensively, but many open problems remain. Based on the research discussed in

this thesis, some directions for future research are suggested:

e In this thesis, the problem of filtering with sensor delay was studied. The
formulation used to model the delay can handle at most one sampling delay.
The problem was also studied for the multiple packet dropout case. A closely
related problem is that of multiple delay in both sensor delay and networked
control systems. Consider the following system

{ Tk41 = aZg + by, (7.1)

Up = cTp+dy,
with the same definitions for the states, inputs and outputs and system pa-
rameters as in Chapter 2. The single delay model used for the sensor delay

system is as follows:

Y = Ok + (1 — k) Gk—1, (7.2)
where 6y is a Bernoulli distributed white sequence taking the values of 0 or 1
with

prob{dy =1} =&{&} =a, 0<a <1, (7.3)

where ¢ is a known constant. A direct generalization to the two-sampling

delay case may be considered as follows:

Yk = 01kTk + 01k (O2kTk—1 + Ok Tk—2)- (7.4)
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Here § = 1 — 6. The difficulty in using the relation in (7.4) is that it cannot
guarantee that the delay will not jump from no-delay to a two-sampling delay:
if 015 = 1, then yx = gx. Now, if &, g1 = 0 and g 1 = 0, then yryy = 1,
while we already know the information of §x. To overcome the problem, the

following relation can be used:
Yk = S1kdk + 01k (81,k-1 + 61,k-102%)Tk—1 + G1402k01 k-1 Tk —2- (7.5)

In a more general case, the following relation can model the multiple delays

for up to M sampling delays:

M-11 1-j

ye = 0wk + 3 [T T[850-i(00 0t + 81—t ) To—it
1=0 j=1i=0

M M—j
+ H H 05 k—ilk—M-

j=1 i=0
The delayed states can be easily augmented to get a compact stochastic pa-
rameter state-space form for the multiple delay systems. However, even for a
small delay size (say, 3), a complicated formulation will result. More investi-

gation is needed to find a more useful delay modelling for the multiple delay

case.

e The most important use of estimated states is in control applications. The
proposed methods in this thesis were given to estimate the system states and
variables. It will be very interesting to use the estimated variables in a control

action, and study related closed-loop issues.

e A very interesting problem is that of identification with randomly sampled or
uncertain information. The situation of randomly sampled data is common
in industry, especially when the results are coming from manually sampled

outputs or are analytical results. A similar scenario exists in networked control
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systems where the random delays and packet dropouts occur due to limited
channel bandwidth. The stochastic He-norm formulation may be used as an
entry to solving this problem. A stochastic least squares method will be more
beneficial. To the best of our knowledge, this problem has not been solved

yet.

e In this thesis, the problems of estimation in NCS and in multi-rate systems
have been studied. An interesting problem would be to consider the multi-
rate sampling in networked systems. This sampling scheme could be used to
decrease the total amount of information passed through the communication
channel. This scenario will lead to less channel traffic and a lower delay and

packet dropout rate would be achieved.

e One of the direct uses of state filtering and estimation is system monitoring.
Estimation in the sensor delay and sensor packet dropout cases can be re-
garded as a monitoring system. A more interesting case would be the case in
which both inputs and outputs are passed through communication channels

for monitoring purposes.

e The stochastic Hoo-norm with both stochastic and deterministic inputs was
studied in this thesis. Only the sufficiency requirement was given in the proof.

Proof of necessity would be beneficial.

e In the filtering and estimation study in this thesis, the stochastic delays or
dropouts were considered while the parameters of the plant were assumed to be
known without any uncertainty. Adding uncertainty to the plant parameters

makes the problems more realistic, but more challenging.

110

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Bibliography

[1] D. Andrisani and C.F. Gau, “Estimation using a multi-rate filter”, IEEE Trans.
Automatic Control, vol. 32, no. 7, 1987.

[2] K.J. Astrom and B. Wittenmark, Computer-Controlled Systems: Theory and
Design, Prentice Hall, 1996.

[3] S.P. Boyd and C.H. Barratt, Linear Controller Design : Limits of Performance,
Englewood Cliffs, N.J., Prentice Hall, 1991.

[4] S. Boyd, L.E. Ghaoui, E. Feron and V. Balakrishnan, Linear Matriz Inequali-
ties in System and Control Theory, SIAM, Philadelphia, 1994.

[5] C.F. Chang, N.P. Fekete, A. Amustutz and D. Powell, ” Air-fuel ratio control in
spark-ignition engines using estimation theory”, IEEE Trans. Control Systems
Technology, vol. 3, no. 1, 1995.

[6] T. Chen and B.A. Francis, Optimal Sampled-Data Control Systems, New-York:
Springer, 1995.

[7) F.A. Cuzzola and A. Ferrante, “Explicit formulas for LMI-based Hs filtering
and deconvolution”, Automatica, vol. 37, no. 9, pp 1443-1449, 2001.

[8] C.E. de Souza and L. Xie, “On the discrete-time bounded real lemma with
application in the characterization of static state feedback H, controllers”,
Systems & Control Letters, vol. 18, pp. 61-71, 1992.

[9] C.E. de Souza and A. Trofino, An LMI Approach to the Design of Robust Ho
Filters, in: L. El Ghaoui and S.-I. Niculescu (Eds.), Advances in Linear Matrix
Inequality Methods in Control, SIAM, Philadelphia, pp 175-185, 2000.

[10] F. Ding and T. Chen, “Parameter identification and intersample output es-
timation of a class of dual-rate systems”, IEEE International Conference on
Decision and Control, vol. 5, pp 5555-60, Dec. 2003

[11] A. El Bouhtouri, D. Hinrichsen and A.J. Pritchard, “H..-type control for
discrete-time stochastic systems”, Int. J. Robust Nonlinear Control, vol. 9, pp.
923-948, 1999.

(12] K. Furuta and S. Phoojaruenchanachai, “An algebraic approach to discrete-
time Ho control problems”, Proc. American Control Conference, vol. 3, pp.
3067-3072, 1990.

[13] P. Gahinet and P. Apkarian, “A linear matrix inequality approach to M, con-
trol”, Int. J. Robust Nonlinear Control, vol. 4, no. 4, pp. 421-448, 1994.

111

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[14] J.C. Geromel, J. Bernussou, G. Garcia and M.C. de Oliveria, “Hs and H
robust filtering for discrete-time linear systems”, Proc. 87th CDC, vol. 1, pp
632-637, 1998.

[15] K. Glover, “All optimal Hankel-norm approximations of linear multivariable
systems and their error bounds”, Int. J. Control, 39(6), pp. 1115-1193, 1984.

[16] R.D. Gudi, S.L. Shah and M.R. Gray, “Adaptive multirate state and parameter
estimation strategies with application to a bioreactor”, AIChE J., vol. 41, pp.
2451-2464, 1995.

[17] R.D. Gudi, S.L. Shah, M.R.. Gray and P.K. Yegneswaran, ”Multirate estimation
and control of nutrient levels in a fed-batch fermentation using off-line and on-
line measurements”, Canadian Journal of Chemical Engineering, vol. 75, pp.
562-573, 1997.

[18] Y. Halevi and A. Ray, “Integrated communication and control systems: Part
I-analysis”, Journal of Dynamic Systems, Measurement and Control, vol. 110,
no. 4, pp 367-373 1988.

[19] Z. Han, S.L. Shah, J. Pakpahan, R. Patwardhan, and C. Robson, “Softsensor
development for a thermo-mechanical pulp mill using partial least squares”,
Submitted to TAPPI Journal.

[20] T. Hara and M. Tomizuka, “Multi-rate controller for hard disk drive with re-

design of state estimator”, Proc. American Control Conference, pp. 3033-3037,
June 1998.

[21] R.Z. Hasminskii, Stochastic Stability of Differential Equations, Sijthoff & No-
ordhoff, 1980.

[22] S. Hu and Q. Zhu, “Stochastic optimal control and analysis of stability of
networked control systems with long delay”, Automatica, vol. 39, no. 11, pp
1877-1884, 2003.

(23] R.E. Kalman, “A new approach to linear filtering and prediction problems”,
Trans. ASME-Journal of Basic Engineering, vol. 82, no. 1, pp. 35-45, March
1960.

(24] P. P. Khargonekar, K. Poolla and A. Tannenbaum, “Robust control of linear
time-invariant plants using periodic compensation”, IEFFE Trans. Automatic
Control, vol. AC-30, no. 11, Nov. 1985.

[25] D. Lee and M. Tomizuka, ”Multi-rate state estimation with sensor fusion”,
Proc. American Control Conference, pp. 2887-2892, 2003.

[26] D. Li, S.L. Shah and T. Chen, “Identification of fast-rate models from multirate
data”, Int. J. Control, Vol. 74, no. 7, pp. 680-689, 2001.

[27] H. Li, Z. Sun, F. Wu and F. Sun, “Optimal controller design for a class of net-
worked control systems”, Proc. International Conference on Hybrid Intelligent
Systems, 2005.

[28] Q. Ling and M.D. Lemmon, “Robust performance of soft real-time networked
control systems with data dropouts”, Proc. IEEE CDC, vol. 2, pp 1225-1230,
December 2002.

[29] W. Lu and D.G. Fisher,“ Output estimation with multi-rate sampling”, Int. J.
Control, vol. 48, no. 1, pp 149160, 1988.

112

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[30] W. Lu and D.G. Fisher, “Least-squares output estimation with multirate sam-
pling”, IEEE Trans. Automatic Control, vol. 34, no. 6, pp 669672, June 1989.

[31] W. Lu and D.G. Fisher, “Multirate adaptive inferential estimation”, IEE Proc.-
D, Control Theory and Applications, vol. 139, no. 2, pp 181189, March 1996.

[32] W. Lu, D.G. Fisher, and S.L. Shah, “Multirate constrained adaptive control”,
Int. J. Control, vol. 51, no. 6, pp 14391456, 1990.

[33] R. Luck and A. Ray, “An observer-based compensator for distributed delays”,
Automatica, vol. 26, no. 5, pp 903-908, 1990.

[34] D.G. Luenberger, “An introduction to observers”, IEEE Trans. Automatic Con-
trol, vol. 16, no. 6, pp 596-602, December 1971.

[35] T. Morozan, “Stabilization of some stochastic discrete-time control systems”,
Stochastic Analysis and Applications, vol. 1, no. 1, pp 89-116, 1983.

[36] N.E. Nahi, “Optimal recursive estimation with uncertain observation”, IEEE
Trans. Inform. Theory, vol. 15, no. 4, pp 457-462, 1969.

[37] J. Nilson, Analysis and Design of Real-time Systems with Random Delays,
LicTech Thesis, Department of Automatic Control, Lund Institute of Tech-
nology, Lund, Sweden, 1996.

[38] J. Nilson, B. Bernhardsson and B. Wittenmark, “Stochastic analysis and con-
trol of real-time systems with random time delays”, Automatica, vol. 34, no. 1,
pp 57-64, 1998.

[39] M. Oshima, I. Hashimoto, M. Takeda, T. Yoneyama and F. Goto, “Multirate
multivariable model predictive control and its application to a semi-commercial

polymerization reactor”, Proc. American Control Conference, vol. 2, pp 1576-
1581, 1992.

[40] R.M. Palhares and P.L.D. Peres, “Optimal filtering schemes for linear discrete-
time systems - An LMI Approach”, Proc. IEEE International Symposium on
Industrial FElectronics, vol. 3, pp. 1120-1125, 1997.

[41] P. Ramachandran, G.E. Young, and E.A. Misawa, “Intersample output esti-
mation with multirate sampling”, Proc. of IEEFE International Conference on
Control Applications, pp 576581, Sep. 1996.

[42] A. Ray and Y. Halevi, “Integrated communication and control systems: Part
II-design considerations”, Journal of Dynamic Systems, Measurement and Con-
trol, vol. 110, no. 4, pp 374-381, 1988.

[43] M. Sahebsara, T. Chen and S.L. Shah, “Frequency-domain parameter estima-
tion of general multi-rate systems”, Computer & Chemical Engineering, vol.
30, no. 5, pp 838-849, 2006.

[44] M. Sahebsara, T. Chen and S.L. Shah. “Optimal fast-rate soft-sensor design for
multi-rate processes”, Proc. American Control Conference, pp. 976-981, June
14-16, 2006.

[45] M. Sahebsara, T. Chen and S.L. Shah, “Optimal H; filtering with random sen-
sor delay, multiple packet dropout and uncertain observations”, Int. J. Control,
vol. 80, no. 2, pp 292-301, 2007.

113

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[46] M. Sahebsara, T. Chen and S.L. Shah, “Optimal H, filtering in networked
control systems with multiple packet dropout”, submitted to IEEE Trans. Au-
tomatic Control.

[47] M. Sahebsara, T. Chen and S.L. Shah. “Optimal H filtering in networked
control systems with multiple packet dropout”, submitted to Systems & Control
Letters.

[48] J. Sheng, T. Chen and S.L. Shah, “Optimal filtering for multi-rate systems”,
IEEFE Trans. Circuits and Systems II: Analog and Digital Signal Processing,
vol. 52, no. 4, pp 228-232, April 2005.

[49] M.L. Thein and E.A. Misawa, “A parallel observer system for multi-rate state
estimation”, Proc. American Control Conference, pp. 3885-3889, June 1999.

[50] M.L. Thein and E.A. Misawa, “State and parameter estimation for multi-rate
systems with frequency-aliased output measurements”, Proc. American Control
Conference, pp. 1966-1971, June 2001.

[51] Y. Tipsuwan and M.Y. Chow, “Control methodologies in networked control
systems”, Control Engineering Practice, vol. 11, no. 10, pp 1099-1111, 2003.

[62] J. Wang, T. Chen, and B. Huang, “Mulitrate sampled-data systems: computing
fastrate models”, Journal of Process Control, 14(1), pp. 79-88, 2004.

[63] Z. Wang, D.W.C. Ho and X. Liu, “Robust filtering under randomly varying
sensor delay with variance constraints”, IEEE Trans. Circuits and Ssystems I,
vol. 51, no. 6, pp 320-326, 2004.

[54] Z. Wang, F. Yang, D.W.C. Ho and X. Liu, “Robust H filtering for stochastic
time-delay systems with missing measurements”, IEEE Trans. Signal Process-
ing, vol. 54, no. 7, pp 2579-2587, 2006.

[55] F. Yang, Z. Wang, Y.S. Hung and M. Gani, “H, control for networked systems
with random communication delays”, IEEE Trans. Automatic Control, vol. 51,
no. 3, pp 511-518, 2006.

[56] E. Yaz and A. Ray, “Linear unbiased state estimation for random models with
sensor delay”, Proc. CDC, vol. 1, pp 47-52, 1996.

[57] E. Yaz and A. Ray, “Linear unbiased state estimation under randomly varying
bounded sensor delay”, Appl. Math. Lett., vol. 11, no. 4, pp 27-32, 1998.

[58] Y.I. Yaz, E.E. Yaz and M.J. Mohseni, “LMI-based state estimation for some
discrete-time stochastic models”, Proc. IEEE International Conference on Con-
trol Applications, vol. 1, pp 456-460, 1998.

[59] M. Yu, L. Wang, G. Xie and T. Chu, “Stabilization of NCS with data packet
dropout via switched system approach”, Proc. IEEE International Symposium
on Computer Aided Control Systems Design, pp 362-367, 2004.

[60] J. Yu, S. Yu and H. Wang, “Survey on the performance analysis of networked
control systems”, Proc. IEEE International Conference on Systems, Man and
Cybernetics, vol. 6, pp 5068-5073, 2004.

[61] D. Yue, Q.L. Han and C. Peng, “State feedback controller design of networked
control systems”, Proc. IEEE International Conference on Control Applica-
tions, pp 242-247, 2004.

114

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



