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Abstract 

Biofuels are being considered as an alternative source of energy produced from fossil fuels. Among 

various biological resources, microalgae have captured lots of attention in recent years due to their 

potential use as renewable energy source for biofuel production since they offer high growth rate, 

high lipid content and potential for carbon dioxide (CO2) capture. Cultivation of microalgae with 

other microorganisms in terms of promoting biomass production and other associated 

compounds is increasing compared to pure culture of algae. Studies on mixed culture of algae and 

bacteria have demonstrated the significant role of bacteria in enhancing algal growth and valuable 

products based on mutualistic relationship. One of the systems that is inherent in providing such 

medium for the interaction between algae and bacteria is high rate algal ponds (HRAPs) for 

wastewater treatment, with the potential for cost-effective production of biofuel. However, little 

attention has been devoted to study the nature of interactions from a modeling perspective. In 

this work, a dynamic mathematical model is presented to investigate the behavior of algal-

bacterial consortium in an open pond. Wastewater serves as feed, providing substrate for bacteria 

and essential nutrients for the growth of algae. CO2 is supplied into the pond as additional source 

of carbon for algae to grow faster and CO2 footprint mitigation. To study the dynamic behavior of 

this system, the model was constituted of mass balance equations for each biological and chemical 

component. Gas-liquid mass transfer of CO2 and oxygen between the atmosphere and the pond, 

mass transfer of the additional supplied CO2 gas, and the effect of light intensity on algal growth 

were considered in the equations. The model was validated against multiple sets of experimental 

data in the literature and a good agreement for continuous and batch cultures was obtained. The 

lipid production model was incorporated into the model structure, providing reasonable 

predictions of the accumulated lipid in the algae for the potential generation of biofuels. The 

developed process model was optimized under different operating conditions to predict the 



iii 

 

optimal paths for the combined purposes of wastewater treatment and algal growth to produce 

biofuel. The supplementation of CO2 with increasing the inlet concentration of nitrogen and 

feeding in a stepwise pattern promoted the algal growth and lipid formation. The proposed model 

can be used as a tool to estimate the performance of practical algal ponds according to the desired 

functionality. 
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1 Introduction 

1 Introduction 

Water quality issues and energy supply are the critical problems to be concerned with in the 21st 

century. The growing world population will require 70% increase of food, 50% increase of energy, 

50% increase of water, and a 50-80% decrease in carbon dioxide (𝐶𝑂2) emission to maintain 

political, social, and weather safety. In addition to the scarce water resources, the pollution of 

water has become an important environmental challenge for humanity (Salama et al., 2017) as in 

developing countries, this is a serious threat for people health where water supplies are being 

contaminated by heavy metals, organic pollutants, sewage, and acidification (Conway et al., 2015).  

In terms of the energy, fossil fuels are being consumed at a fast pace and will be depleted in half 

a century (Panwar et al., 2011; Rawat et al., 2011). Besides the dramatic decline in fossil fuel 

resources, their adverse effects on the environment lead to increased health risks and global 

warming by carbon dioxide. The upcoming energy and environment crises have created a growing 

interest in developing renewable and clean resources to meet the world’s high energy demands 

and alleviate climate changes (Panwar et al., 2011). Further, the growth of urban population 

results in copious generation of domestic municipal wastewater (Rawat et al., 2011). It has been 

reported that biomass, as a cost-effective source, is capable of producing near 25% of global energy 

needs in the form of biofuels, in addition to production of valuable chemicals, food additives, and 

pharmaceuticals (Briens et al., 2008).  

To mitigate the aforementioned challenges, there has been a resurgence of interest among 

researchers in coupling biological wastewater treatment to bioenergy production (Salama et al., 

2017). Currently, microalgae are receiving lots of attention because they can satisfy the dual 

purpose of wastewater bioremediation and sustainable biomass production to generate biofuel 

with simultaneous sequestration of carbon dioxide (Park et al., 2011; Rawat et al., 2011; Salama 



 

 

 

2 Introduction 

et al., 2017). Furthermore, microalgae are able to proliferate in different environmental 

conditions and compared to other microorganisms, exhibit higher efficiency in nutrient removal 

since the necessary nutrients for their growth such as ammonia, nitrate, phosphate, urea and trace 

elements plus water are inherently available in various wastewaters (Salama et al., 2017). In fact, 

in the process of microalgal biofuel production, the most expensive and technically challenging 

stage is the microalgae mass cultivation, and therefore the integration of wastewater 

bioremediation and bioenergy generation brings economic and environmental advantages (Rawat 

et al., 2011; Salama et al., 2017). Microalgal wastewater treatment is an environment-friendly 

process since it allows reuse of the produced biomass and recover nutrients, avoiding secondary 

pollutants (Mulbry et al., 2008; Rawat et al., 2011). Figure 1-1 presents an overview of microalgae-

mediated wastewater remediation with concomitant biomass generation for biofuel production. 

Wastewater is indigenous to many bacteria, that can compete for nutrients and be dominant 

because of their relatively faster growth, being a hindrance to the algae. Hence, the wastewater 

needs pretreatment (Figure 1-1) to eliminate competing microorganisms and decrease the 

suspended solids and toxicity (Salama et al., 2017). 

Nowadays, it has been well established that there are bacterial species having positive effect on 

the algae, promoting the algal growth through the nutrient exchange (Teplitski and Rajamani, 

2011). Micronutrients such as vitamins and macronutrients such as nitrogen, oxygen, and carbon 

are the usual ones exchanged between algae and bacteria (Fuentes et al., 2016; Teplitski and 

Rajamani, 2011). For example, as a result of algal-bacterial symbiosis in oxidation ponds, sewage 

treatment occurs based on the exchange of oxygen, carbon dioxide, and ammonium ions 

(Ramanan et al., 2016). In another case, co-immobilization of the algae Chlorella vulgaris with 

the growth promoter bacteria Azospirillum brasilense has shown an improvement in fatty acids 

accumulation and thus lipid formation required for biofuel production (Leyva et al., 2014).   
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 Consequently, co-cultivation of algae with bacteria producing growth promoting factors (Fuentes 

et al., 2016) in a wastewater treatment process not only boosts the possibility of microalgal 

biomass production for biofuel generation, but also completes the wastewater bioremediation at 

the same time.  

 



 

 

 

4 Introduction 

 

Figure 1-1   An overview of wastewater treatment and biofuel production by microalgae biomass cultivation (adapted 

from Salama et al., (2017)) 
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5 Introduction 

1.1 Thesis Outline 

This thesis consists of 5 chapters focusing on the process modeling and optimization of 

wastewater remediation using a mixed-culture of algae and bacteria to evaluate the lipid synthesis 

for biofuel production. After the Introduction, Chapter 2 introduces the algae-based wastewater 

treatment technology developed so far and reviews the research work in terms of process 

modeling and simulation. 

In Chapter 3, a mathematical model is developed based on the literature works associated with 

some changes and improvements. 

Chapter 4 focuses on the results of the simulation runs and process optimization considered in 

this study and discusses the findings.   

Lastly, Chapter 5 concludes the thesis and discusses future work.   



 

 

 

6 Background 

2 Background 

Microalgae can be grown in an artificial culture medium in a photobioreactor supplied with light, 

nutrients, and 𝐶𝑂2 to initiate photosynthesis. Photobioreactors can be classified into two types: 

open ponds and closed reactors (Borowitzka, 1999). It has been shown that closed 

photobioreactors can reach higher biomass productivity compared to open ponds and it is easier 

to control the process especially to eliminate contamination (Posten, 2009). Photobioreactors 

have been widely developed (Merchuk et al., 2007; Posten, 2009); however, their high capital and 

operating costs in comparison with open ponds cannot surpass the technical advantages of such 

reactors. The required nutrients and 𝐶𝑂2 need to be supplied from an external manufactured 

source in addition to light. As a result, when it comes to a practical operation especially at large 

scale, open ponds are the first option considered (Yang, 2011). 

To make the process cost-effective to circumvent or reduce the manufactured supply of nutrients, 

a popular idea that has been accepted is to grow algae in a wastewater pond, rich in nutrients for 

cultivating algae, with 𝐶𝑂2 being supplied from an unwanted (waste) source such as flue gas from 

combustion processes (Kadam, 1997; Shilton et al., 2008; Yang, 2011). High rate algal ponds 

(HRAPs), first developed in the 1950s for the wastewater treatment and nutrient recovery in the 

form of microalgal biomass, are preferred among stabilization ponds due to their simpler design 

and economy (Craggs et al., 2012; Rawat et al., 2011). HRAPs are open channel, continuous 

raceway ponds allowing a gentle circulation of the wastewater by a paddlewheel (Craggs et al., 

2012; Park et al., 2011). The water depths in these shallow ponds range from 0.2 to 1.0 m (Park et 

al., 2011) which accelerates photo-oxidation of dissolved organic contaminants (Craggs et al., 

2012). Figure 2-1 schematically shows an HRAP with 𝐶𝑂2 supply. 
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Figure 2-1   Plan and elevation view of a high rate algal pond with 𝐶𝑂2 injection ( from Craggs et al. 

(2012)) 

The main feature of HRAPs is that they provide an environment for the photoautotrophic algae 

and the heterotrophic bacteria to develop a symbiotic relationship (Bello et al., 2017). Compared 

to the conventional wastewater stabilization ponds, HRAPs have improved wastewater cleanup 

by growing algae and producing photosynthetic oxygen for bacterial degradation of biological 

oxygen demand (BOD) (Park and Craggs, 2010). Note that the removal of wastewater organic 

solids is measured by BOD removal (Sutherland et al., 2015). Microalgae go through 

photosynthesis and provide the oxygen required for aerobic bacterial breakdown of organic 

compounds which in turn produces the necessary 𝐶𝑂2 for photosynthesis (Oswald et al., 1957). 

This process not only saves on pond aeration energy, but also helps to mitigate the 𝐶𝑂2 footprint 

(Bordel et al., 2009). The soluble bacterial degraded organic compounds are assimilated directly 

by microalgae, enhancing nutrient removal through absorption into their biomass (Rawat et al., 

2011); this is called the mineralization of pollutants. Therefore, the mixed culture of algae and 

bacteria can enhance the economic feasibility and make the microalgae biomass production 

effective (Bello et al., 2017). 
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HRAPs are carbon limited in terms of algal production because wastewaters usually have low 

carbon/nitrogen ratio (typically 3:1 for domestic wastewater) while this ratio is higher in algal 

biomass (typically 6:1) (Benemann, 2003). The rise in pond water pH during the day points out 

the carbon limitation as a result of inorganic carbon assimilation which shifts the carbonate 

system equilibrium into releasing more hydroxide ions, elevating the pH to values greater than 10 

(Craggs et al., 2012). The growth of both the algae and aerobic heterotrophic bacteria are inhibited 

at pH>8.5 due to high concentrations of free ammonia (Azov et al., 1982). It has been reported in 

another study that the activity of aerobic heterotrophic bacteria is strongly inhibited at pH>8.3 

(Oswald et al., 1957). 

Supplementation of 𝐶𝑂2 has emerged as a solution to overcome the carbon source limitation in 

the pond, increasing the algal growth and reducing the pH (Craggs et al., 2012). This idea has been 

studied experimentally in several works. Azov et al. (1982) reported that when an outside pilot 

scale HRAP is supplied with 𝐶𝑂2 in addition to that transferred from the atmosphere, the algal 

productivity is more than twice that of a control pond without 𝐶𝑂2 addition. Heubeck et al. (2007) 

investigated the effect of 𝐶𝑂2 added in a HRAP used for scrubbing biogas on the performance of 

wastewater treatment in terms of the BOD and nutrients removal and algal production. Their 

results indicate enhanced wastewater nutrients recovery assimilated into the algal biomass 

without decrease in the wastewater treatment efficiency. Park and Craggs (2010) studied two 

pilot-scale HRAPs under different hydraulic retention times (HRT, 4 and 8 days) and concluded 

that the addition of 𝐶𝑂2 controlled the pond water pH to remain below 8 with up to 95% soluble 

organic removal and higher algal productivity was achieved in the shorter retention time. de 

Godos et al. (2010) evaluated the performance of two 465 L HRAPs for piggery wastewater 

treatment, one supplied with 7% 𝐶𝑂2 flue gas (2.2 and 5.5 L/min) and the other serving as a 

control. They stated that 𝐶𝑂2 input did not make remarkable changes in the removal efficiencies 

of organic nutrients, phosphate and ammonium ion; however, it did decrease the pH by 2 units 
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and boosted microalgae population, biomass production, and ammonium nitrification (higher 

𝑁𝑂3
− and 𝑁𝑂2

− amounts). Consequently, 𝐶𝑂2 sparging is an important feature of growing algae in 

a wastewater treatment pond (Yang, 2011).      

Coupled with the increased wastewater treatment, HRAPs offer the feature of nutrient recovery 

assimilated into algal biomass to be used as a feedstock for biofuel production (Benemann, 2008; 

Craggs et al., 2012). Compared to traditional agricultural food crops like sugar cane, soybean, 

canola, olive oil, maize, microalgae are desirable as a biomass source for biofuel production since 

they are not of concern in food security debates. Secondly, the microalgal wastewater treatment 

is an eco-friendly process as there is no need for chemicals such as herbicides and pesticides. 

Moreover, the key benefits of using microalgae are: high growth rates, ability to grow throughout 

the year, minimal land and water requirements, and high lipid content (Rawat et al., 2011). Capital 

costs for large scale cultivation of microalgae (specifically for biofuel production) are high and 

currently this technology is not economically viable (Benemann, 2008). However, taking 

advantage of the dual role of microalgae in bioremediation of the wastewater and biofuel 

production from their biomass makes the process economically viable since the microalgal 

production and harvest costs are associated with wastewater remediation costs, providing free 

feedstock for biofuel production (Benemann, 2003; Rawat et al., 2011). Nevertheless, the oil 

producing microalgae are generally unicellular and suspended, making the harvest very difficult 

(Moreno-Garrido, 2008). Besides that, lipid extraction methods are complicated and still being 

developed (Rawat et al., 2011).   

Although algal-bacterium consortia has many benefits, as mentioned above, and there are a few 

successful full-scale plants, such a system has not been used widely due to the lack of knowledge 

on the design and operational parameters and management of the microalgae-based processes 

(Bordel et al., 2009). There are complex physicochemical and biological processes affecting the 

HRAP performance including: the required nutrients for algae growth, dissolved oxygen needed 
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for bacterial growth and oxidation of organic components, pH and temperature that control the 

rate of biochemical reactions, light input for photosynthesis, and hydraulic properties related to 

mixing in the pond (Sah et al., 2012). For a better understanding of chemical and biological 

interactions and improved HRAPs efficiency, a modeling-based approach has been considered as 

an important and low-cost tool (Bello et al., 2017; Sah et al., 2012). Reliable models help engineers 

to easily figure out the process performance and produce design and operational guidelines to 

make sure the treatment efficiencies are consistent. Only a handful of models have been developed 

on algal-bacterial interactions in photobioreactors and HRAP systems (Bordel et al., 2009). 

The first deterministic model has been proposed by Buhr and Miller (1983) who described the 

symbiotic relationship of algae and bacteria in an HRAP to investigate the operational 

characteristics of the process and validated their model with available experimental data. They 

intended to consider the major features of process behavior and simulated the HRAP as a series 

of continuous stirred tank reactors (CSTR) with recirculation. Monod kinetics were utilized to 

describe the algal and bacterial growth. Jupsin et al. (2003) developed a detailed dynamic 

mathematical model for HRAPs using River Water Quality Model (RWQM) in which the 

biochemical processes are based on elemental mass balances. The model describes 21 species 

using ordinary differential equations (ODEs). They also considered the hydrodynamics of the 

system as a series of CSTRs with recirculation. Bordel et al. (2009) presented a mechanistic model 

for the steady-state biodegradation of an inhibitory pollutant, (salicylate) by the algal-bacterial 

consortium in an enclosed chemostat photobioreactor. Their modeling approach is based on 

stoichiometric, thermodynamic, and mass balance analysis. The model was validated against 

experimental data under different conditions of photon flux radiation, temperatures, HRTs, and 

salicylate inlet concentrations to evaluate the removal efficiency. Yang (2011) extended the model 

developed by Buhr and Miller (1983) to investigate the effect of 𝐶𝑂2 supply and utilization on the 

pond performance. He performed simulation studies to assess the system efficiency in terms of 

the algal production, wastewater remediation, and 𝐶𝑂2 fixation and removal under important 
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design and operating parameters such as pond depth, HRT, influent BOD concentration, supplied 

𝐶𝑂2 flow rate and its fraction, and the pond bottom area used for gas sparging. Bai et al. (2015) 

conducted research to particularly study the contribution of bacteria on improving the algal 

growth experimentally and theoretically in a batch culture. They emphasized quantification of the 

effect of bacteria on algal productivity and considered inorganic carbon limitation in Monod 

kinetics. Their modeling approach is similar to but simpler than RWQM. Recently, Bello et al. 

(2017) developed a dynamic model based mostly on the works of Buhr and Miller (1983) and Yang 

(2011); however, they took a different and simpler approach in estimating the pH, only 

considering the chemical equilibrium-driven relation between pH and dissolved 𝐶𝑂2 in a 

functional form. Moreover, the mass transfer coefficient is assumed to be a constant value in both 

the exchange between the atmosphere and the pond and 𝐶𝑂2 induction into the pond. The mass 

transfer of ammonia has not been considered in their work.  Their research includes studying the 

microalgal production under different operating conditions and sensitivity analysis of some 

important process parameters. They have validated their model against the experimental data of 

Bai et al. (2015) and the results of Solimeno et al. (2015) for a pure culture of algae in batch 

cultures.  

2.1 Objective 

The purpose of the present study was to develop a mathematical model for treatment of a generic 

wastewater pond mainly for lipid production and to investigate conditions that lead to higher algal 

growth rates and lipid accumulation. The enhanced level of lipid synthesis may improve the 

feasibility of biofuel production from microalgal wastewater treatment ponds and simulation can 

profoundly help to understand the system behavior under different operational conditions. 

Amongst the other models discussed above, the modeling approach used in the current work is 

mainly based on the model developed by Buhr and Miller (1983) as they have taken a clearer and 

simpler approach in considering the key interactions between the algae and bacteria. For 𝐶𝑂2 
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supply, the main concept of Yang’s work (Yang, 2011) has been adopted. However, there are 

differences and improvements in some parts of the mentioned models related to the light 

function, pH estimation, and mass transfer coefficient calculation. The main feature of the current 

developed model is its ability to predict dynamic lipid formation within the wastewater 

bioremediation process. The details of the modeling work are discussed in the next chapter. 
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3 Model Formulation 

The algal pond considered in this work is schematically represented in Figure 3-1. It is an open 

pond with two main inputs; sunlight and influent wastewater. The major part of the wastewater 

consists of biological oxygen demand (BOD), inorganic carbon species (free dissolved carbon 

dioxide, carbonate and bicarbonate ions), and nitrogen species (ammonia molecules and 

ammonium ions) (Bello et al., 2017; Buhr and Miller, 1983; Yang, 2011). It is been assumed that 

other nutrients including phosphorus do not act as limiting or inhibiting nutrients to the 

metabolism of the microbial consortium since they are available in relatively large amounts in 

wastewater (Bello et al., 2017; Solimeno et al., 2015; Yang, 2011). The phosphorus requirement 

pales in comparison to the carbon and nitrogen, and is thus neglected in the system (Buhr and 

Miller, 1983). The feature of gas flow injection containing 𝐶𝑂2 is considered in this work to 

understand how it affects the productivity of the system. 

 

Figure 3-1   A schematic of the algal pond (from Yang (2011)) 

There are two main outlets of the pond: effluent water, which also includes algae and bacteria 

biomass, and effluent flow of gas. Moreover, the mass transfer of 𝐶𝑂2 and oxygen (𝑂2) between 
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the pond and the atmosphere is considered and their direction of exchange depends on the 

amount of dissolved gases in the pond (Yang, 2011).  

The pond contains a consortium of algae and bacteria. Based on their mutualistic relationship, 

the algae go through photosynthesis and produce oxygen which is required by the aerobic bacteria 

to live and grow. On the other hand, the bacteria release 𝐶𝑂2 that is necessary for algal metabolism 

(Buhr and Miller, 1983; Yang, 2011). Figure 3-2 specifically shows these interrelations including 

the nitrogen which is added in this work.  

 

Figure 3-2   Principle of microalgae-bacteria wastewater treatment (adapted from Muñoz and 

Guieysse, (2006)) 

Accounting for the interactions amongst the diverse chemical and biological components of the 

pond, results in a set of nonlinear differential equations obtained from the material balance for 

each species in the system. The entire mathematical model is discussed below.   

3.1 Algal-Bacterial Consortium 

The entire pond is considered as a well-mixed reactor and the behavior of the algal-bacterial 

consortium is investigated in a completely mixed stirred tank reactor (CSTR). In the literature 

(Buhr and Miller, 1983; Yang, 2011) the raceway channel of the HRAP is considered as a series of 

CSTRs with a recirculation flow to ensure a good mixing is provided; however, the details of the 

recirculation flow were not available to be included in this work. The focus of this work is mainly 

NH4 

NH4 



 

 

 

15 Model Formulation 

on the mass balance and kinetic modeling of the algal-bacterial interactions in a wastewater 

treatment pond, and thus the HRAP is modeled as one CSTR.    

3.1.1  Algae  

The growth rate of algae is: 

𝑟𝑔𝐴 = 𝜇𝐴𝑋𝐴 (3.1) 

where 𝜇𝐴 and 𝑋𝐴 are the specific growth rate (1/hr) and mass concentration of algae (g/m3), 

respectively. Algal specific growth rate is expressed as a function of light intensity and nutrients 

including dissolved carbon dioxide (𝐶𝑂2𝐷) and total nitrogen in a Monod-type equation (Buhr and 

Miller, 1983): 

𝜇𝐴 = 𝜇𝐴𝑚𝑎𝑥 (
𝐶𝑂2𝐷

𝐾𝐶 + 𝐶𝑂2𝐷
) (

𝑁𝑇

𝐾𝑁𝐴 + 𝑁𝑇
) 𝑓𝐼 (3.2) 

where 𝜇𝐴𝑚𝑎𝑥 is the maximum specific growth rate of algae (1/hr), 𝐾𝐶 and 𝐾𝑁𝐴 are half-velocity 

constants for carbon dioxide (g 𝐶𝑂2𝐷/m3) and total nitrogen (g N/m3). 𝑓𝐼 is the light intensity 

factor expressed as Steel’s function (Yang, 2011): 

 𝑓𝐼 =
𝐼𝑎

𝐼𝑠
exp (1 −

𝐼𝑎

𝐼𝑠
) (3.3) 

where 𝐼𝑠 is the saturation light intensity (MJ/m2.hr) and 𝐼𝑎 is the average light intensity in the 

pond (MJ/m2.hr) that can be estimated using Beer-Lambert’s law (Yang, 2011): 
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  𝐼𝑎 =
1

𝑍
∫ 𝐼0(𝑡)

𝑍

0
𝑒𝑥𝑝(−𝐾𝑒𝑍)𝑑𝑍 (3.4) 

where Z is the depth of pond (m) that is filled up with the liquid phase, 𝐼0(𝑡) is the surface light 

intensity at a particular time point (MJ/m2.hr), and 𝐾𝑒 is the extinction coefficient. 𝐾𝑒 is defined 

as (Jupsin et al., 2003): 

  𝐾𝑒 = 𝐾𝑒1 + 𝐾𝑒2 𝑋𝐴(𝑡) (3.5) 

𝐾𝑒1 (1/m) and 𝐾𝑒2 (1/m). (m3/g) are constants. Variation of the surface light intensity during a 

day can be approximated by a sinusoidal function (Bello et al., 2017; Gomez et al., 2016): 

𝐼0(𝑡) = max (0, 𝐼0𝜋(sin (
(𝑡 − 6)2𝜋

24
))) (3.6) 

𝐼0 is the maximum surface light intensity (MJ/m2.hr) during the photoperiod (assumed to be 

6:00-18:00 h).  

The decay rate of algae is: 

 𝑟𝑑𝐴 = 𝑘𝑑𝐴𝑋𝐴 (3.7) 

where 𝑘𝑑𝐴 is the algae decay constant (1/hr). The total mass balance of algae including the influent 

and effluent flow is expressed as 

𝑑𝑋𝐴

𝑑𝑡
=

𝐹

𝑉
(𝑋𝐴𝑖𝑛 − 𝑋𝐴) + 𝜇𝐴𝑋𝐴 − 𝑘𝑑𝐴𝑋𝐴 (3.8) 

F is the influent and effluent flow rate (m3/hr, maintained equal to each other), V is the total 

volume of the reactor (m3) which contains liquid phase, and 𝑋𝐴𝑖𝑛 is the algae concentration in the 

influent stream (g/m3). For a known influent flow rate, V is obtained by hydraulic retention time 

(HRT, 1/days) (Yang, 2011).  
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3.1.2 Bacteria 

The growth rate of bacteria is: 

𝑟𝑔𝐵 = 𝜇𝐵𝑋𝐵 (3.9) 

where 𝜇𝐵 and 𝑋𝐵 are the specific growth rate (1/hr) and mass concentration of bacteria (g/m3), 

respectively. The specific growth rate of bacteria can be expressed as a function of Monod-type 

terms to account for the limitations in organic substrate (S), oxygen (O2), and total nitrogen (NT) 

(Buhr and Miller, 1983): 

𝜇𝐵 = 𝜇𝐵𝑚𝑎𝑥 (
𝑆

𝐾𝑆 + S
) (

𝑂2

𝐾𝑂2
+ 𝑂2

) (
𝑁𝑇

𝐾𝑁𝐵 + 𝑁𝑇
) (3.10) 

The substrate concentration is measured by BOD (Biological Oxygen Demand). 𝜇𝐵𝑚𝑎𝑥 is the 

maximum specific growth rate of bacteria (1/hr), 𝐾𝑆 (g BOD/m3), 𝐾𝑂2
 (g 𝑂2/m3), and 𝐾𝑁𝐵 (g N/m3) 

are half-velocity constants. The half-velocity constant for the nitrogen limitation does not have a 

known value for the bacteria reported in the literature and the same value is used for both the 

algae and bacteria (Bello et al., 2017; Buhr and Miller, 1983; Yang, 2011). This constant restricts 

the growth rate when the nitrogen depletes in the system (Buhr and Miller, 1983). 

The decay rate of bacteria is expressed as: 

𝑟𝑑𝐵 = 𝑘𝑑𝐵𝑋𝐵 (3.11) 

where 𝑘𝑑𝐵 is the bacteria decay constant (1/hr). The total mass balance of bacteria can be written 

in a similar way to that of algae: 
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𝑑𝑋𝐵

𝑑𝑡
=

𝐹

𝑉
(𝑋𝐵𝑖𝑛 − 𝑋𝐵) + 𝜇𝐵𝑋𝐵 − 𝑘𝑑𝐵𝑋𝐵 (3.12) 

𝑋𝐵𝑖𝑛 is the bacteria concentration in the influent stream (g/m3). 

3.1.3 Substrate 

The mass balance for substrate can be written as: 

𝑑𝑆

𝑑𝑡
=

𝐹

𝑉
(𝑆𝑖𝑛 − 𝑆) − 𝜇𝐵𝑋𝐵𝑌𝐵 (3.13) 

where 𝑆𝑖𝑛 is the substrate concentration in the influent (g/m3) and 𝑌𝐵 is the yield of substrate 

consumed per mass of bacteria produced (g BOD consumed/ g bacteria produced).   

3.1.4 Total Inorganic Carbon 

Total inorganic carbon (TIC) is composed of dissolved carbon dioxide, carbonate and bicarbonate 

species. 

𝑇𝐼𝐶 =  𝐶𝑂2𝐷 + [𝐻𝐶𝑂3
−] + [𝐶𝑂3

2−] (3.14) 

 The mass balance equation for total inorganic carbon is: 

𝑑 𝑇𝐼𝐶

𝑑𝑡
=

𝐹

𝑉
(𝑇𝐼𝐶𝑖𝑛 − 𝑇𝐼𝐶) + 𝜇𝐵𝑋𝐵𝑌𝐵𝐶 − 𝜇𝐴𝑋𝐴𝑌𝐴𝐶 + 𝑓𝐶𝑂2

− (𝑘𝑙. 𝑎)𝐶𝑂2
(𝐶𝑂2𝐷 − 𝐶𝑂2

∗) (3.15) 

where 𝑇𝐼𝐶𝑖𝑛 is the influent concentration of total inorganic carbon (g/m3), 𝑌𝐵𝐶  is the amount of 

𝐶𝑂2 produced per mass of bacteria production (g 𝐶𝑂2 produced/ g bacteria produced), and 𝑌𝐴𝐶  is 

the amount of 𝐶𝑂2 consumed per mass of algae produced (g 𝐶𝑂2 consumed/ g algae produced). 

𝑓𝐶𝑂2
is the flux of 𝐶𝑂2 gas injected into the system as the 𝐶𝑂2 supply flow (g/m3. hr). The last term 

of the above equation shows the mass transfer between the atmosphere and the pond with 
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(𝑘𝑙 . 𝑎)𝐶𝑂2
 being the volumetric mass transfer coefficient (1/hr). 𝐶𝑂2

∗ is the saturation concentration 

of carbon dioxide in the liquid phase (g/m3) which is in equilibrium with the gaseous 𝐶𝑂2 and is 

calculated by Henry’s law: 

𝐶𝑂2
∗ = 𝐻𝐶𝑂2

𝑃𝐶𝑂2
 (3.16) 

where 𝐻𝐶𝑂2
 and 𝑃𝐶𝑂2

 are Henry’s constant (g/m3.atm) and the partial pressure of 𝐶𝑂2 in the 

atmosphere (atm), respectively.  

3.1.5 Oxygen 

The mass balance equation for oxygen (𝑂2) reads: 

𝑑𝑂2

𝑑𝑡
=

𝐹

𝑉
(𝑂2𝑖𝑛

− 𝑂2) − 𝜇𝐵𝑋𝐵𝑌𝐵𝑂2
+ 𝜇𝐴𝑋𝐴𝑌𝐴𝑂2

− (𝑘𝑙. 𝑎)𝑂2
(𝑂2 − 𝑂2

∗) (3.17) 

where 𝑂2𝑖𝑛 is the influent concentration of oxygen (g/m3), 𝑌𝐵𝑂2
 is the amount of oxygen consumed 

per mass of bacteria produced (g 𝑂2 consumed/ g bacteria produced), and 𝑌𝐴𝑂2
 is the amount of 

produced oxygen per mass of algae production (g 𝑂2 produced/ g algae produced). Similar to the 

carbon dioxide, the last term of the above equation shows the mass transfer between the 

atmosphere and the pond with (𝑘𝑙 . 𝑎)𝑂2
 being volumetric mass transfer coefficient (1/hr). 𝑂2

∗ is 

the saturation concentration of oxygen in the liquid phase (g/m3) which is in equilibrium with the 

gaseous 𝑂2 and is calculated by Henry’s law: 

𝑂2
∗ = 𝐻𝑂2

𝑃𝑂2
 (3.18) 

where 𝐻𝑂2
 and 𝑃𝑂2

 are Henry’s constant (g/m3.atm) and the partial pressure of 𝑂2 in the 

atmosphere (atm), respectively. 
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By denoting 𝐾𝑙,𝑂2
= (𝑘𝑙 . 𝑎)𝑂2

 and 𝐾𝑙,𝐶𝑂2
= (𝑘𝑙 . 𝑎)𝐶𝑂2

, these mass transfer coefficients are estimated 

as (Bai et al., 2015; Yang, 2011): 

𝐾𝑙,𝐶𝑂2
= 𝐾𝑙,𝑂2

(
𝐷𝐶𝑂2

𝐷𝑂2

)

1/2

 (3.19) 

Where 𝐷𝐶𝑂2
 and 𝐷𝑂2

 are the respective carbon dioxide and oxygen diffusion coefficients (m2/s). 

3.1.6 Total Nitrogen 

Nitrogen is considered as one of the limiting nutrients for the algae and bacteria. The total 

nitrogen (𝑁𝑇) is constituted of ammonia (𝑁𝐻3) and ammonium ion (𝑁𝐻4
+): 

𝑁𝑇 = 𝑁𝐻3 + 𝑁𝐻4
+ (3.20) 

The mass balance of 𝑁𝑇  can be written as: 

𝑑𝑁𝑇

𝑑𝑡
=

𝐹

𝑉
(𝑁𝑇𝑖𝑛

− 𝑁𝑇) − 𝜇𝐵𝑋𝐵𝑌𝐵𝑁 − 𝜇𝐴𝑋𝐴𝑌𝐴𝑁 − (𝑘𝑙. 𝑎)𝑁𝐻3
(𝑁𝐻3) (3.21) 

where 𝑁𝑇𝑖𝑛 is the influent concentration of total nitrogen (g/m3), 𝑌𝐵𝑁  and 𝑌𝐴𝑁 are yields; showing 

the amount of nitrogen consumed per mass of bacteria (g N consumed/ g bacteria produced) and 

algae produced (g N consumed/ g algae produced), respectively. Similar to the carbon dioxide and 

oxygen, the last term of the above equation shows the mass transfer between the atmosphere and 

the pond with (𝑘𝑙 . 𝑎)𝑁𝐻3
 being the volumetric mass transfer coefficient (1/hr). The saturation 

concentration of ammonia (𝑁𝐻3
∗) is zero. 

Similar to 𝐶𝑂2 and 𝑂2, if 𝐾𝑙,𝑁𝐻3
= (𝑘𝑙 . 𝑎)𝑁𝐻3

, it is approximated as (Yang, 2011): 



 

 

 

21 Model Formulation 

𝐾𝑙,𝑁𝐻3
= 𝐾𝑙,𝑂2

(
𝐷𝑁𝐻3

𝐷𝑂2

)

1/2

 (3.22) 

𝐷𝑁𝐻3
represents the ammonia diffusion coefficient (m2/s). 

3.1.7 Lipid Production 

The Leudeking-Piret equation (Luedeking and Piret, 1959) is a widely used model to describe the 

kinetics of product formation. The model consists of two terms: growth and non-growth 

associated phenomena which are linearly connected to cell concentration and their growth rate 

(Surendhiran et al., 2015; Tevatia et al., 2012; Yang et al., 2011a): 

𝑑𝑃

𝑑𝑡
= 𝛼

𝑑𝑋

𝑑𝑡
+ 𝛽𝑋 (3.23) 

where P(t) is concentration of the produced lipid (g/m3), 𝛼 is the lipid formation coefficient (g/g), 

and 𝛽 is the non-growth correlation coefficient (g/g.hr) (Tevatia et al., 2012; Yang et al., 2011b). 

The model parameters, 𝛼 and 𝛽 are variable and dependent to the process dynamics (Surendhiran 

et al., 2015).  

Gaden (1959) described product formation states in three classes: in Class I, the product is 

produced in a direct relationship with the cell growth (𝛼 ≠ 0 and 𝛽 = 0); in Class II, the product 

formation is partially related to the cell growth (𝛼 ≠ 0 and 𝛽 ≠ 0); and Class III defines the 

product formation as an unrelated process to the cell growth (𝛼 = 0 and 𝛽 ≠ 0). In this work, lipid 

formation kinetics are considered under the class II based on the literature (Surendhiran et al., 

2015; Tevatia et al., 2012). 

To determine the lipid production from algae in the pond in a continuous system, the mass 

balance equation can be expressed as: 
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𝑑𝑃

𝑑𝑡
=

𝐹

𝑉
(𝑃𝑖𝑛 − 𝑃) + 𝛼

𝑑𝑋𝐴

𝑑𝑡
+ 𝛽𝑋𝐴 (3.24) 

where 𝑃𝑖𝑛 is the amount of lipid in the influent flow (g/m3). For estimating 𝛼 and 𝛽, the previous 

researchers have reported model fit parameters according to their own measured experimental 

data (Surendhiran et al., 2015; Tevatia et al., 2012; Yang et al., 2011b). Tevatia et al. (2012) have 

proposed fitted equations based on experimental data for these coefficients as a function of 

ammonium ion concentration (mol/m3). Their correlations are adopted in this work and allow 

dynamic prediction of the coefficients based on the available nutrient (the ammonium ion amount 

in this case). The equations are: 

𝛼 = −(8 × 10−5)[𝑁𝐻4
+]2 + 0.0023[𝑁𝐻4

+] − 0.013 (3.25) 

𝛽 = (4 × 10−6)[𝑁𝐻4
+]2 − (9 × 10−5)[𝑁𝐻4

+] + (4 × 10−4) (3.26) 

3.1.8 pH Estimation 

The interrelationships among the ammonium, inorganic carbon species, and other non-reacting 

ions in an aquatic system are well documented and the pH estimation method in this work is 

based on solution equilibrium and charge neutrality principles (Loewenthal and Marais, 1976). 

The pH model used here is similar to that of Buhr and Miller (1983); however, unit activity 

coefficient is considered, making the estimation simpler. The model takes into account dynamic 

pH changes, which is important in dissolved carbon dioxide estimation and determines it while 

including both the total nitrogen and inorganic carbon. 

Ammonia stays in an equilibrium state with ammonium ion in water (Bates and Pinching, 1949): 
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𝑁𝐻3 + 𝐻2𝑂
𝐾𝐵
⇔ 𝑁𝐻4

+
+ 𝑂𝐻− (3.27) 

𝐾𝐵 is the basic dissociation constant of ammonia (molar units) and is related to the acidic 

dissociation constant, 𝐾𝐴 by 𝐾𝐵 =
𝐾𝑊

𝐾𝐴
  in which 𝐾𝑊 is the water dissociation constant. 𝐾𝐵 is defined 

as: 

𝐾𝐵 =
[𝑁𝐻4

+][𝑂𝐻−]

𝑁𝐻3
 (3.28) 

The concentration of the ammonia ion (mol/m3) can be written as (Buhr and Miller, 1983): 

[𝑁𝐻4
+] =

(𝑁𝑇 )[𝐻+]

𝐾𝐴 + [𝐻+]
 (3.29) 

The carbonic species in water forms a state of dynamic equilibrium based on the following 

reactions: 

 𝐶𝑂2(𝑎𝑞) + 𝐻2𝑂 ⇔ 𝐻2𝐶𝑂3 (3.30) 

𝐻2𝐶𝑂3 ⇔ 𝐻+ + 𝐻𝐶𝑂3
− 

(3.31) 

𝐻𝐶𝑂3
− ⇔ 𝐻+ + 𝐶𝑂3

2− 
(3.32) 

𝐻2𝑂 ⇔ 𝐻+ + 𝑂𝐻− 
(3.33) 

For the first two reactions, the dissociation equation is expressed as: 
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[𝐻+][𝐻𝐶𝑂3
−]

𝐶𝑂2(𝑎𝑞)
= 𝐾1 (3.34) 

The second dissociation constant for the dissociation of 𝐻𝐶𝑂3
− is: 

[𝐻+][𝐶𝑂3
2−]

[𝐻𝐶𝑂3
−]

= 𝐾2 (3.35) 

The dissociation equation of water is: 

[𝐻+][𝑂𝐻−] = 𝐾𝑤 (3.36) 

Based on the principle of electro-neutrality and considering the presence of inert cations and 

anions: 

[𝑁𝐻4
+] + [𝐻+] + [𝑖𝑛𝑒𝑟𝑡 𝑐𝑎𝑡𝑖𝑜𝑛𝑠] = [𝐻𝐶𝑂3

−] + 2[𝐶𝑂3
2−] + [𝑂𝐻−] + [𝑖𝑛𝑒𝑟𝑡 𝑎𝑛𝑖𝑜𝑛𝑠] (3.37) 

𝑖𝑛𝑒𝑟𝑡 = [𝑖𝑛𝑒𝑟𝑡 𝑐𝑎𝑡𝑖𝑜𝑛𝑠] − [𝑖𝑛𝑒𝑟𝑡 𝑎𝑛𝑖𝑜𝑛𝑠] (3.38) 

𝑖𝑛𝑒𝑟𝑡 includes inert ions other than 𝑁𝐻4
+, 𝐻𝐶𝑂3

−, 𝐶𝑂3
2−, 𝑂𝐻−, 𝑎𝑛𝑑 𝐻+ (Buhr and Miller, 1983; Yang, 

2011). 

Rearranging equation (3.37) gives: 

[𝑁𝐻4
+] + 𝑖𝑛𝑒𝑟𝑡 = [𝐻𝐶𝑂3

−] + 2[𝐶𝑂3
2−] + [𝑂𝐻−] − [𝐻+] (3.39) 

Substituting for [𝐶𝑂3
2−] from equation (3.35) into (3.39) and solving for [𝐻𝐶𝑂3

−]: 

[𝐻𝐶𝑂3
−] =

[𝑁𝐻4
+] + 𝑖𝑛𝑒𝑟𝑡 − [𝑂𝐻−] + [𝐻+]

(1 + 2𝐾2/[𝐻+])
 (3.40) 

Substituting for [𝐻𝐶𝑂3
−] from equation (3.40) into equation (3.34) and solving for 𝐶𝑂2(𝑎𝑞): 
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𝐶𝑂2(𝑎𝑞) =
[𝑁𝐻4

+] + 𝑖𝑛𝑒𝑟𝑡 − [𝑂𝐻−] + [𝐻+]

(
𝐾1

[𝐻+]
+

2𝐾2𝐾1

[𝐻+]2 )
 (3.41) 

Furthermore, substituting for [𝐻𝐶𝑂3
−] from equation (3.40) into equation (3.35) and solving for 

[𝐶𝑂3
2−] gives: 

[𝐶𝑂3
2−] =

[𝑁𝐻4
+] + 𝑖𝑛𝑒𝑟𝑡 − [𝑂𝐻−] + [𝐻+]

(
[𝐻+]

𝐾2
+ 2)

 
(3.42) 

 

 

Using equation (3.36), [𝑂𝐻−] can be replaced by 𝐾𝑤/[𝐻+] in equation (3.42). Consequently, the 

total carbonic species concentration, TIC in equation (3.14), can be described as: 

𝑇𝐼𝐶 = (1 +
𝐾2

[𝐻+]
+

[𝐻+]

𝐾1
) (

[𝑁𝐻4
+] + 𝑖𝑛𝑒𝑟𝑡 −

𝐾𝑤

[𝐻+]
+ [𝐻+]

1 + 2𝐾2/[𝐻+]
) (3.43) 

Finally, using equation (3.43), [𝐻+] and then 𝑝𝐻 = − log10  [𝐻+] can be calculated for known TIC 

and NT concentrations (both of them (mol/m3) here) obtained from the mass balance equations. 

Following this further, the dissolved carbon dioxide concentration which is one of the key 

components can be calculated using equation (3.41). 

3.2 𝑪𝑶𝟐 Supply  

In the case of supplying 𝐶𝑂2 into the system, it is supposed that gas is injected at the bottom of 

the pond through a number of orifices. The aforementioned 𝑓𝐶𝑂2
 which is the rate of 𝐶𝑂2 supply 

per unit pond volume, is expressed according to the following equation (Yang, 2011): 
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𝑓𝐶𝑂2
=

1

𝑍
∫ (𝑘𝑙𝑏 . 𝑎)(𝐶𝑂2𝐵

∗ − 𝐶𝑂2𝐷)𝑑𝑧
𝑍

0

 (3.44) 

Under the assumption that dissolved 𝐶𝑂2 variation along the pond height is negligible, 𝑓𝐶𝑂2
 will 

be: 

𝑓𝐶𝑂2
= (𝑘𝑙𝐵. 𝑎)(𝐶𝑂2𝐵

∗ − 𝐶𝑂2𝐷) (3.45) 

where 𝑘𝑙𝐵 is the 𝐶𝑂2 mass transfer coefficient from the bubbles to the liquid phase (m/hr), 𝑎 is the 

interfacial area between the bubbles and liquid phase per unit volume (1/m), and 𝐶𝑂2𝐵
∗  is the 

saturation concentration of the dissolved 𝐶𝑂2 (g/m3) in equilibrium with the 𝐶𝑂2 in the bubbles, 

obtained from Henry’s law. 

𝐶𝑂2𝐵
∗ = 𝐻𝐶𝑂2

𝑃𝐶𝑂2𝐵
 (3.46) 

𝑃𝐶𝑂2𝐵
 is the 𝐶𝑂2 partial pressure in the supply flow (atm) and equals 𝑃𝐶𝑂2𝐵

= 𝑥𝐶𝑂2𝐵
𝑃, where 𝑥𝐶𝑂2𝐵

 

and 𝑃 are the 𝐶𝑂2 molar fraction and the total pressure of supplied gas (atm), respectively.    

Assuming all bubbles are spherical with the same size, the specific mass transfer area of one 

bubble is (Yang, 2011): 

𝑎𝐵 =
𝜋𝑑𝐵

2

1
6 𝜋𝑑𝐵

3
=

6

𝑑𝐵
 (3.47) 

𝑑𝐵 is the bubble diameter (m). Thus, the interfacial area per unit volume is expressed as 

(Bhavaraju et al., 1978): 
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𝑎 =
6𝜀

𝑑𝐵
 (3.48) 

𝜀 is the gas holdup and will be discussed later. For calculating 𝑑𝐵, we figured out the previous 

method used in the literature for the same system (Bello et al., 2017; Yang, 2011) does not fit to 

the operating condition of the pond and needs to be modified. The procedure proposed by 

Bhavaraju et al. (1978) is adopted in this work. Indeed, for very low gas rates, bubbles keep 

constant volume with a size dependent on orifice diameter, surface tension, and buoyancy. A 

balance between the buoyancy and surface tension forces results in the following equation for 𝑑𝐵: 

𝑑𝐵 = [
6𝜎𝑑𝑜

𝑔(𝜌𝐿 − 𝜌𝐺)
]

1/3

 (3.49) 

where 𝜎 is the interfacial tension of 𝐶𝑂2/𝐻2𝑂 (N/m), 𝑑𝑜 is the orifice diameter (m), 𝜌𝐿 and 𝜌
𝐺
 are 

the respective liquid and gas densities (kg/m3), and 𝑔 is gravity. Equation (3.49) is valid for gas 

flow rates per orifice (𝑄𝑜, m3/hr) smaller than transition gas rates (𝑄𝑇, m3/hr) calculated from the 

following relations: 

𝑄𝑜 ≤ 𝑄𝑇 =
𝜋𝑔(𝜌𝐿 − 𝜌𝐺)

108𝜇𝐿
[

6𝜎𝑑𝑜

𝑔(𝜌𝐿 − 𝜌𝐺)
]

4/3

             𝑓𝑜𝑟 𝑅𝑒𝐵 < 1 (3.50) 

𝑄𝑜 ≤ 𝑄𝑇 = 0.38𝑔1/2 [
6𝜎𝑑𝑜

𝑔(𝜌𝐿 − 𝜌𝐺)
]

5/6

                    𝑓𝑜𝑟 𝑅𝑒𝐵 ≫ 1 (3.51) 

𝑅𝑒𝐵 is the bubble Reynolds number: 
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𝑅𝑒𝐵 =
𝜌𝐿𝑢𝐵𝑑𝐵

𝜇𝐿
 (3.52) 

𝜇𝐿 is the liquid viscosity (Pa.s), and 𝑢𝐵 is the bubble rise velocity (m/s) and can be estimated by 

Stokes’ relation: 

𝑢𝐵 = (
𝑔𝜌𝐿

18 𝜇𝐿
) 𝑑𝐵

2                𝑓𝑜𝑟 𝑅𝑒𝐵 < 1  (3.53) 

Now that 𝑅𝑒𝐵 can be calculated, 𝑄𝑇 is computed from equation (3.50) if 𝑅𝑒𝐵 < 1 and if 𝑅𝑒𝐵 ≫ 1, 

equation (3.51) is used to calculate 𝑄𝑇. It must be noted that if 𝑅𝑒𝐵 ≫ 1 using the velocity 

calculated from equation (3.53), 𝑢𝐵 needs to be modified using Mendelson’s relation (Bhavaraju 

et al., 1978): 

𝑢𝐵 = [
2𝜎

𝜌𝐿𝑑𝐵
+

𝑔𝑑𝐵

2
]

0.5

        𝑓𝑜𝑟 𝑅𝑒𝐵 ≫ 1  (3.54) 

 After estimating 𝑢𝐵, 𝑘𝑙𝐵 can be approximated from the relation (Bhavaraju et al., 1978): 

For moderately high gas rates above the 𝑄𝑇 values obtained from equations (3.50) and (3.51), 𝑑𝐵 

is computed from a different correlation (Bhavaraju et al., 1978). Since 𝑄𝑜 for this work stays well 

below 𝑄𝑇, those relations for 𝑑𝐵 are not discussed here. 

 𝑄𝑜, the gas volumetric flow rate per orifice is obtained by: 

𝑘𝑙𝐵 = [
4𝐷𝐶𝑂2

𝑢𝐵

𝜋𝑑𝐵
]

1/2

 (3.55) 
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𝑄𝑜 =
𝑄

𝑛𝐴
 (3.56) 

𝑄 is the total gas volumetric flow rate (m3/hr), 𝑛 is the number of orifices per unit area (1/m2), 

and 𝐴 is the total pond surface area (m2).  

To determine the gas holdup which indicates the gas volume fraction in the liquid, the following 

equation can be used (Shang et al., 2010; Yang, 2011): 

𝜀 =
𝑛𝑓𝜋𝑑𝐵

3

6𝑢𝑔𝐵
 (3.57) 

where 𝑓 is the frequency of bubble formation at each orifice (1/s) and 𝑢𝑔𝐵 is the bubble ascending 

velocity (m/s). 𝑓 can be obtained by dividing 𝑄𝑜 by the volume of each bubble (Shang et al., 2010): 

𝑓 =
6𝑄𝑜

𝜋𝑑𝐵
3  (3.58) 

The bubble ascent velocity, 𝑢𝑔𝐵 can be approximated using a force balance exerted on a detached 

bubble in its surrounding liquid. With the assumption that inertial forces are negligible, buoyancy 

(𝐹𝑏) and drag (𝐹𝑑) forces will be dominant (Shang et al., 2010). According to Zhang and Shoji 

(2001), these forces are determined as: 

𝐹𝑏 =
𝜋𝑑𝐵

3

6
(𝜌𝐿 − 𝜌𝐺)𝑔 (3.59) 

𝐹𝑑 =
1

8
𝜌𝐿𝜋𝑑𝐵

2 𝐶𝐷𝑢𝑔𝐵
2  

(3.60) 

𝐶𝐷 is the drag force coefficient and equals (Zhang and Shoji, 2001): 
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𝐶𝐷 =
18.5

𝑅𝑒𝐵
0.6                 𝑓𝑜𝑟 1 < 𝑅𝑒𝐵 < 1000 (3.61) 

𝐶𝐷 = 0.44                  𝑓𝑜𝑟 𝑅𝑒𝐵 > 1000  (3.62) 

By neglecting gas density since 𝜌𝐺 ≪ 𝜌𝐿 , the force balance, 𝐹𝑏 = 𝐹𝑑 results in (Shang et al., 2010): 

𝑢𝑔𝐵 = √
4𝑔𝑑𝐵

3𝐶𝐷
 (3.63) 

Using this, the gas holdup is calculated from equation (3.57).  

To sum up, the proposed mathematical model describes the behavior of the algal-bacterial 

consortium in a wastewater pond with the potential to produce lipid for biofuel production. The 

developed model in this work accounts for the pH estimation with a simpler method while 

including the effect of nitrogen. Another approach is employed here for calculating the 𝐶𝑂2 mass 

transfer coefficient when it is sparged into the pond since we realized the method used in the 

literature (Yang, 2011) for the same system does not fit in the operating condition. Moreover, the 

Reynolds number in estimating the gas holdup stated in ref. (Yang, 2011) was modified. The other 

feature of the model as mentioned above is the incorporation of the lipid formation equation with 

the dynamic prediction of its coefficients, making its model flexible according to the process 

condition. The system of differential equations is capable of describing the dynamic behavior of 

the main components in a wastewater treatment process. The simulation method is discussed in 

the following section. 

3.3 Simulation of Dynamic Model 

The whole set of equations discussed in the previous section was implemented in MATLAB 

R2018a. The system of ordinary differential equations (ODEs) was solved using “ode15s” function 
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which is developed for stiff differential equations. It provided the fastest solution amongst the 

other built-in ODE functions in MATLAB. To determine the dynamic 𝑝𝐻 values according to the 

total carbon and nitrogen concentrations in the pond, “fzero” function was incorporated in the 

main ODE function to find the corresponding [𝐻+] amounts. 

3.4 Optimization 

Two types of optimization problems were considered in this work. First, for validating the model 

using experimental data, a parameter estimation problem was solved. We defined the sum of 

squared errors (SSE) between the predicted values by the model, 𝑦
𝑗
 and experimental data, 𝑦

�̂�
 at 

specific time points: 

 𝑆𝑆𝐸 = ∑ (𝑦𝑗 − 𝑦�̂�)
2

𝑗  (3.64) 

To estimate the values of model parameters, an optimization method was employed to minimize 

the SSE, reducing the difference between 𝑦
𝑗
 and 𝑦

�̂�
 values. The selected parameters as decision 

variables were opted based on their impact on the model prediction using trial and error. Two 

parameter estimation problems for two different systems were solved in this work. For the first 

system, the decision variables were: “𝑖𝑛𝑒𝑟𝑡, 𝐾𝑙,𝑂2
, 𝜇𝐵𝑚𝑎𝑥 , 𝑌𝐴𝐶 , 𝑌𝐵𝐶 , 𝑎𝑛𝑑 𝐼𝑠” and in the second one, the 

following parameters were chosen: “𝐾𝑙,𝑂2
, 𝜇𝐴𝑚𝑎𝑥, 𝑌𝐵, 𝐼𝑠, 𝑎𝑛𝑑 𝑁𝑇0”.  

The second optimization problem was to maximize the lipid production in the continuous 

wastewater treatment process based on the operating condition. Among the inlet concentrations, 

nitrogen was dominant in boosting the algal growth and the lipid accumulation, hence it was 

selected as the decision variable (𝑁𝑇𝑖𝑛). In another case, the amount of bacteria were added to the 

decision variables as well (𝑋𝐵). The enhanced algal growth resulted in increased lipid production 



 

 

 

32 Model Formulation 

and nutrient removal and thus only the lipid formation was set to be maximized by the 

optimization method.  

Among a wide variety of evolutionary algorithms for optimization problems, the particle swarm 

optimization (PSO) has stood as a significant evolutionary global optimization algorithm (Chu et 

al., 2011). The major strength of this algorithm is its fast rate of convergence compared to other 

global optimization algorithms like genetic algorithms (GA) (Abraham et al., 2006). This 

algorithm uses the interaction of individuals in a population of particles to search complex spaces 

to find their optimal regions (Clerc and Kennedy, 2002). Thus, PSO was applied in our work to 

minimize the objective function, 𝑓 (Kasiri et al., 2015; Zhang et al., 2004): 

𝑚𝑖𝑛
𝑥

𝑓(𝑥) 

𝑥 ∈ 𝑆 ⊂ ℝ𝑛 

    

(3.65) 

In the first optimization problem, the objective function was: 

𝑓 = 𝑆𝑆𝐸 (3.66) 

And in the second problem, it was: 

𝑓 = −𝑃(𝑡) (3.67) 

The algorithm initializes with a swarm of particles having random positions 𝑥𝑖 (𝑖 is the current 

iteration’s index) and velocities 𝑣𝑖 to assess the objective function 𝑓 according to particles 

positional coordinates. At each time step, positions and velocities are updated, hence 𝑓 is 

determined with new coordinates (Clerc and Kennedy, 2002). Each particle stores its own best-

ever position in a vector 𝑥�̂�. The velocity vector 𝑣𝑖 updates the position of each particle using the 

following relations (Abraham et al., 2006; Chu et al., 2011): 
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𝑣𝑖 = 𝑤𝑣𝑖−1 + 𝑐1𝑟1(𝑥�̂� − 𝑥𝑖−1) + 𝑐2𝑟2(𝑔 − 𝑥𝑖−1) (3.68) 

𝑥𝑖 = 𝑥𝑖−1 + 𝑣𝑖 (3.69) 

where 𝑣𝑖−1 is the particle’s velocity in the previous iteration, 𝑥𝑖−1 is the particle’s previous 

position, 𝑔 represents the swarm’s best-ever position, 𝑤 is called inertia weight, 𝑟1 and 𝑟2 are 

random values in the interval [0,1] which are used to maintain the diversity of the population, and 

𝑐1 and 𝑐2 are positive constant coefficients that control the influence of each of the velocity 

components. Equation (3.68) describes a particle’s decision on its next movement, considering 

its memory of the best experienced position, and the best position found by its most successful 

particle in the swarm.    

The maximum moving distance that a particle can go during one iteration is limited to the range 

[−𝑣𝑚𝑎𝑥, 𝑣𝑚𝑎𝑥] (Abraham et al., 2006). 𝑣𝑚𝑎𝑥 is a pre-defined relation by user based on the decision 

variable(s) logical boundary. Since particles have the tendency to fly out of the upper and lower 

boundaries, it is important to handle the boundary constraints. Random, reflecting, and 

absorbing schemes are the most popular and basic bound-handling schemes. The PSO algorithm 

used in this work, performs the reflection scheme. As a result, the boundary acts as a mirror and 

reflects the projection of the particle’s displacement. In Figure 3-3, if 𝑥�̃� is the out of boundary 

position, the PSO algorithm projects to its final position 𝑥𝑖. 𝑥𝑖−1 is the particle’s position in the 

last iteration (Chu et al., 2011). 
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Figure 3-3   Schematic representation of the reflecting scheme (adopted from Chu et al. (2011)) 

 In both problems, the optimization was stopped after some fixed number of iterations without 

any improvement. 
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4 Results and Discussion 

4.1 Model Validation 

The validity of the developed model needs to be verified against experimental data. Table 4-1 

defines the values for most of the model parameters introduced in the previous section. Table 4-2 

contains the pond specifications and operating parameters considered in the simulation runs. To 

solve the ode system, reasonable initial concentrations are required. Table 4-3 lists the initial 

amounts. The parameter values reported in these two tables were utilized in all simulations unless 

separately represented. There are too few specific experimental results in the literature for 

wastewater treatment in a high rate algal pond that includes bacteria. The present model is 

validated using two sets of data for two different systems. The model validation was conducted 

using the PSO algorithm to minimize the corresponding objective function by finding amounts of 

some key parameters in each system selected as decision variables. For the first case, the available 

experimental results in Buhr and Miller (1983) for pH and dissolved oxygen were considered. The 

data belong to an open algal-bacterial continuous pond and there is no additional 𝐶𝑂2 gas flow 

into the system. It needs to be noted that the operating temperature (T) was assumed to be 

constant at 20℃ and all the parameters are reported at this temperature unless mentioned.  

Table 4-1   Model parameters and their values utilized in the simulations 

Parameter Value Unit Reference 

Kinetic Parameters 

𝝁𝑨𝒎𝒂𝒙 0.9991 1/days 
(Buhr and Miller, 

1983; Yang, 2011) 

𝒀𝑨𝑶𝟐
 1.5872 g 𝑂2 produced/  
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g algae produced 

𝒀𝑨𝑵 0.0913 
g N consumed/ 

g algae produced 
 

𝒀𝑩 2.5 
g BOD consumed/ 

g bacteria produced 
 

𝒀𝑩𝑶𝟐
 2.4960 

g 𝑂2 consumed/ 

g bacteria produced 
 

𝒀𝑩𝑵 0.1239 
g N consumed/ 

g bacteria produced 
 

𝒌𝒅𝑨 0.05 1/days  

𝒌𝒅𝑩 0.10 1/days  

𝑲𝑺 150 g BOD/m3  

𝑲𝑪 0.044 g 𝐶𝑂2𝐷/ m3  

𝑲𝑵𝑨 0.014 g N/m3  

𝑲𝑵𝑩 0.014 g N/m3  

𝑲𝑶𝟐
 0.256 g 𝑂2/ m3  

Physical Properties 

T 20 ℃ 
(Buhr and Miller, 

1983; Yang, 2011) 

g 9.81 m/s2  

𝑯𝑪𝑶𝟐
 1748.9 g /(m3. atm)  

𝑯𝑶𝟐
 45.2224 g /(m3. atm)  

𝑷𝑪𝑶𝟐
 0.00032 atm  
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𝑷𝑶𝟐
 0.21 atm  

𝑫𝑪𝑶𝟐
 1.97e-9  (T=298 K) m2/s (Frank et al., 1996) 

𝑫𝑵𝑯𝟑
 1.94e-9  (T=293 K) m2/s  

𝑫𝑶𝟐
 2.1e-9 m2/s 

(Akita and Yoshida, 

1974) 

𝝁𝑳 9.07e-4 Pa.s (Reid et al., 1987) 

𝝆𝑳 1000 kg/m3 
The approximate value 

for pure water 

𝚫𝝆 = 𝝆𝑳 − 𝝆𝑮 
989  (T=298 K, 

P=0.7 MPa) 
kg/m3 (Pereira et al., 2016) 

𝝈 
66.95e-3  (T=298 K, 

P=0.7 MPa) 
N/m  

Equilibrium Constants 

𝑲𝑾 6.8615e-15 Molar units 
(Loewenthal and 

Marais, 1976) 

𝒑𝑲𝟏 = − 𝐥𝐨𝐠𝟏𝟎 𝑲𝟏 6.3819  
(Buhr and Miller, 1983; 

Yang, 2011) 

𝒑𝑲𝟐 = − 𝐥𝐨𝐠𝟏𝟎 𝑲𝟐 10.3767   

𝒑𝑲𝑨 = − 𝐥𝐨𝐠𝟏𝟎 𝑲𝑨 9.4003  

(Bates and Pinching, 

1949; Buhr and Miller, 

1983) 

𝒑𝑲𝑩 = − 𝐥𝐨𝐠𝟏𝟎 𝑲𝑩 4.767  
(Bates and Pinching, 

1949) 

Light Intensity 

𝑲𝒆𝟏 0.32 1/m (Jupsin et al., 2003) 
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𝑲𝒆𝟐 0.03 1/m (m3/g)  

𝑰𝟎 77.8 MJ/(m2. day) (Bello et al., 2017) 

 

 Table 4-2   Design and operating parameters 

Parameter Value Unit Reference 

Pond 

T 20 ℃  

Z 0.4 m (Yang, 2011) 

HRT 7 days 
(Buhr and Miller, 

1983; Yang, 2011) 

A 875 m2 This study 

Photoperiod  

(in a 24 h day) 
6:00-18:00 h (hour) 

(Buhr and Miller, 

1983) 

Influent Wastewater 

F 50 m3/day (Yang, 2011) 

𝑿𝑨𝒊𝒏 0 g/m3 
(Buhr and Miller, 

1983) 

𝑿𝑩𝒊𝒏 5 g/m3  

𝑺𝒊𝒏 590 g/m3  

𝑻𝑰𝑪𝒊𝒏 102 g/m3  

𝑵𝑻𝒊𝒏 70 g/m3  

𝑶𝟐𝒊𝒏 4 g/m3  

𝑷𝒊𝒏 0 g/m3 This study 
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Supplied 𝑪𝑶𝟐 

𝑸 240 m3/day 
(Bello et al., 2017; 

Yang, 2011) 

𝑷 0.11 MPa (Yang, 2011) 

𝒙𝑪𝑶𝟐𝑩
 0.11  This study 

𝒏 250 1/(m2) 
(Shang et al., 2010; 

Yang, 2011) 

𝒅𝒐 0.05 m 
(Shang et al., 2010; 

Yang, 2011) 

 

Table 4-3   Initial concentrations employed in the simulations 

Parameter Value Unit Reference 

𝑿𝑨𝟎 383 g/m3 
(Bello et al., 2017; 

Yang, 2011) 

𝑿𝑩𝟎 5 g/m3 This study 

𝑺𝟎 590 g/m3  

𝑻𝑰𝑪𝟎 102 g/m3 (Bello et al., 2017) 

𝑵𝑻𝟎 70 g/m3 This study 

𝑶𝟐𝟎 4 g/m3 (Bello et al., 2017) 

Based on equation (3.23), the initial concentration of lipid in the pond 𝑃0 is obtained as: 
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𝑃0 = 𝛼𝑋𝐴0 (4.1)  

The PSO algorithm gave the best fit between the model prediction and experimental data for the 

following values of decision variables: 

Table 4-4   Estimated parameters for the first model validation 

Parameter Value Unit 

𝒊𝒏𝒆𝒓𝒕 1.5019 mol/m3 

𝑲𝒍,𝑶𝟐
 0.1000 1/h 

𝝁𝑩𝒎𝒂𝒙 3.7392 1/days 

𝒀𝑨𝑪 2.4663 
g 𝐶𝑂2 consumed/ 

g algae produced 

𝒀𝑩𝑪 2.9411 
g 𝐶𝑂2 produced/ 

g bacteria produced 

𝑰𝒔 16.7856 MJ/(m2. day) 

Figure 4-1 demonstrates the comparison of oxygen between the model prediction and 

experimental results available in the literature (Buhr and Miller, 1983). The model follows the 

experiment’s trend; however, there is a discrepancy because the details of feeding pattern were 

not mentioned and the diurnal light function was different from this work. The coefficient of 

determination (R2) for this plot is 0.5561. Figure 4-2 shows that the mathematical model is able 

to capture a good part of the experimental data for pH. Again, the difference in the light function 

caused a discrepancy between the observed data and model prediction. The other reason may 

pertain to the pH estimation method in which we considered the unit activity coefficient for the 

ions.  The R2 value for this plot is 0.6219. The algae biomass profile in Figure 4-3 (a) follows a 

similar trend to ref. (Yang, 2011). Algae grow through photosynthesis when the photoperiod starts 



 

 

 

41 Results and Discussion 

by consuming 𝐶𝑂2, hence the plot (b) in Figure 4-3 depicts a decrease in the amount of available 

carbon dioxide in the pond. At the same time, pH rises because of 𝐶𝑂2 depletion and oxygen 

amount increases as a result of photosynthesis. The pH values depend on the dissolved 𝐶𝑂2 

(acidity) and ammonium ion (alkalinity) concentrations. 𝐶𝑂2 transfers between the pond and 

atmosphere until its partial pressure reaches equilibrium in the two phases. During this process, 

a redistribution of the dissolved carbonic species takes place and the concentration of dissolved 

𝐶𝑂2 changes. The pH at which the equilibrium is reached depends on the alkalinity of the 

wastewater in the pond (Loewenthal and Marais, 1976).   

 

Figure 4-1   Comparison of the model with experimental data 
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Figure 4-2   pH validation during 24 h period 

a b 

Figure 4-3   Algae biomass and Dissolved 𝐶𝑂2 profiles during 24 h period 

The model predictions with a simpler pH estimation method, a different light function, and 

without having the details of the operating condition were able to provide reasonable results. 

Moreover, the model was validated against the observed data with tuning of only a few 

parameters. 
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The second part of the model validation was completed using the experimental data of Bai et al. 

(2015) for the algae-bacteria interaction in an open system of a batch process during 7 days. The 

purpose of their work was to quantify the effect of bacteria on carbon cycling to enhance the algal 

growth. They also developed a kinetic model to describe the effect of carbon limited algal growth 

and the role of bacteria in mitigating this effect. Their modeling perspective is different than the 

current work and only considers the different species of inorganic carbon as nutrient and does not 

include oxygen and nitrogen. To predict their experimental results using the model developed in 

this research, the values of some parameters were updated as reported in Table 4-5 and some of 

them were estimated through the optimization. The remaining ones were kept the same as 

reported earlier. Note that the estimated concentration for inert ions (𝑖𝑛𝑒𝑟𝑡) in the previous part 

is utilized in all simulations. Since it is a batch process; 𝐹 = 0 and there is no supplied gas; 𝑓𝐶𝑂2
=

0. 

Table 4-5   Updated model parameters values for the second validation 

Parameter Value Unit Reference 

Kinetic Parameters 

𝒀𝑨𝑪 2.1829 

g 𝐶𝑂2 consumed/ 

g algae produced 

(Buhr and Miller, 

1983; Yang, 2011) 

𝒀𝑩𝑪 3.4328 
g 𝐶𝑂2 produced/ 

g bacteria produced 

 

𝑲𝑺 0.70 g C/m3  (Bai et al., 2015) 

𝑲𝑪 0.035 g C/m3  

Light Intensity 

𝑰𝟎 200 𝜇𝑚𝑜𝑙 𝑝ℎ𝑜𝑡𝑜𝑛𝑠/(m2.s) (Li et al., 2012) 
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Initial Concentrations 

𝑿𝑨𝟎 90.0 g/m3 (Bai et al., 2015) 

𝑿𝑩𝟎   9.10 g/m3  

The PSO algorithm was employed to estimate the values of the following decision variables 

represented in Table 4-6. 

Table 4-6   Estimated parameters for the second model validation 

Parameter Value Unit 

𝝁𝑨𝒎𝒂𝒙 1.0113 1/day 

𝒀𝑩 0.8834 g BOD consumed/ 

g bacteria produced 

𝑲𝒍,𝑶𝟐
 0.2438 1/h 

𝑰𝒔 67.8416 𝜇𝑚𝑜𝑙 𝑝ℎ𝑜𝑡𝑜𝑛𝑠/(m2.s) 

𝑵𝑻𝟎 121.6922 g/m3 

 

Figure 4-4 shows the comparison between the model prediction and experimental data of the 

batch process of the algae-bacteria culture. The R2 value (coefficient of determination) for this 

plot is 0.9934.  



 

 

 

45 Results and Discussion 

 

Figure 4-4   Algae biomass comparison plot 

4.2 Process Simulation 

After developing and validating the mathematical model, the effect of bacteria in enhancing the 

algal growth was investigated first. Furthermore, we were interested in the predictions of the 

model for cases when different features such as additional gas supply and a lipid prediction model 

are incorporated into its main structure. The parameters introduced in Table 4-1 to Table 4-4 were 

utilized as the base case for all simulation runs unless reported otherwise in the subsequent 

discussion. From this section onward, the results provided are for the continuous system due to 

the fact that HRAP systems are inherently continuous raceways (Buhr and Miller, 1983; Craggs et 

al., 2012). 

4.2.1 Pure Algae Pond 

 To prove that the presence of bacteria promotes the algal productivity, we studied a case with 

setting the amounts of inlet and initial bacteria and its substrate (BOD) at zero, simulating a pure 

algal culture. The results are represented in the following plots. Figure 4-5 clearly shows the 
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advantage of algal-bacterial co-culture due to their mutualistic relationship. The bacteria 

contribute to carbon cycling and maintain the carbon dioxide for the algae (Bai et al., 2015). The 

presence of bacteria has promoted the average algae biomass growth by 2.30 %.   

 

 

 

 

 

 

 

 

Figure 4-5   Effect of bacteria on the growth of algae 

Figure 4-6 compares these two cultures in terms of oxygen (a), dissolved carbon dioxide (b), and 

pH (c). The oxygen level in the pure culture of algae is higher because there are no bacteria to do 

respiration and uptake 𝑂2. Additionally, all of the carbon dioxide is consumed by the algae and 

there is no 𝐶𝑂2 release by the bacteria which can result in carbon limitation in a longer time. 

However, in the mixed culture of algae and bacteria, 𝐶𝑂2 level is higher compared to the pure 

culture. The lower level of the dissolved 𝐶𝑂2 in the pure algae pond increases the level of pH. It is 

been claimed that the algal productivity is higher when pH is low because the amount of available 

𝐶𝑂2 for the algae enhances (Bai et al., 2015). 
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a 

b c 

Figure 4-6   Comparison plots between pure algae culture and co-culture of algae-bacteria 

4.2.2 𝑪𝑶𝟐 Supply 

When the pond is supplied with the additional source of 𝐶𝑂2 being sparged through orifices 

located at the bottom, more carbon as the substrate is indeed provided for the algae. The 

contribution toward the algal growth is clearly demonstrated in Figure 4-7. 𝐶𝑂2 supplementation 

has increased the average amount of algae growth by 8.44% compared to the co-culture of algae 

and bacteria without providing additional 𝐶𝑂2. 
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Figure 4-7   Effect of 𝐶𝑂2 supply on the growth of algae 

The enhanced level of algal biomass also promotes the bacterial growth (Figure 4-8, plot a) and 

increases the substrate consumption (Figure 4-8, plot b). 𝐶𝑂2 injection into the pond changes the 

behavior of other components such as TIC by boosting the total level of carbon, and oxygen by 

raising its level due to high production by algae (Figure 4-8, plots (c) and (d), respectively). The 

opposite trend of dissolved carbon dioxide and pH is obvious in Figure 4-8, plots (e) and (f), 

respectively. The pH level has decreased to about 6.5. For photosynthesis, algae species generally 

consume free dissolved 𝐶𝑂2 and as pH values drop to 6.5 and smaller amounts, the dominant 

form of the inorganic carbon becomes dissolved 𝐶𝑂2 rather than the carbonate and bicarbonate 

species, resulting in enhancement of the algal growth (James et al., 2013). 
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a b 

c d 

e f 

Figure 4-8   Comparison plots showing the effect of 𝐶𝑂2 sparging into the pond 
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4.2.3 Steady-State Evaluation 

The simulations so far were performed during a 24 h period. To simulate a real operating system, 

it is important to know when the system reaches the (cyclic) steady-state. To evaluate this period, 

we allowed the simulation to run for a longer time, i.e. many days and calculated the sum of 

squared errors for each component and pH in the last two days of the run. A 20-days period 

showed the steady-state and because of the sinusoidal light function, the system reaches cyclic 

steady-state. The values of SSE are presented in Table 4-7.  

Table 4-7   Sum of squared errors for steady-state assessment  

Item Days 18-19 Days 19-20 

Algae biomass 0.0663 0.0453 

Bacteria biomass 0.0066 0.0039 

Substrate (BOD) 0.0011 0.0009 

Total inorganic carbon 4.0412e-05 2.5548e-05 

Total nitrogen 0.0001 7.1102e-05 

Oxygen 0.0055 0.0046 

Dissolved CO2 0.0393 0.0420 

pH 0.0062 0.0090 

The corresponding profiles at steady-state are shown in Figure 4-9, plots (a-h). It must be noted 

that the represented graphs below are considered as the “base case” in this work and further 

evaluations will be compared to this state. The cyclic steady-state profiles demonstrate a better 

perspective of the concentration and pH changes in the pond. During the first three days, there is 

a fast increase in the algal and bacterial biomass growth (plots a and b, respectively) and at the 

same time a sudden decrease in the nutrients consumption including the substrate (plot c), total 
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inorganic carbon (plot d), and total nitrogen (plot e). The oxygen level in the plot (f) shows 

fluctuations in days 1-3 that may be due to reaching a balance between fast production by the 

algae and fast consumption by the bacteria; however, the fluctuations smooth down after the third 

day. According to the plot (h), the predicted pH values do not drop below 5.9, providing a suitable 

environment for the growth of algae since most algae species cannot grow well at pH values below 

4.5-5.1 (James et al., 2013). The continuous supplementation of 𝐶𝑂2 benefits the mixed culture of 

algae and bacteria by keeping the pH below 8 (Park and Craggs, 2010).     

a b 

c d 
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e f 

g h 

Figure 4-9   Cyclic steady-state plots- Base case 

4.2.4 Lipid Production 

One of the main goals of this research work was to model lipid production during a wastewater 

treatment process. The literature studies indicate that algal lipid formation depends on both the 

cell growth and non-growth coefficients; 𝛼 and 𝛽; equations (3.25) and (3.26), respectively (Deng 

et al., 2011; Riekhof et al., 2005; Tevatia et al., 2012; Wang et al., 2009). Figure 4-10 demonstrates 

how the proposed model is able to predict the production of lipids. Although constant 𝛼 and 𝛽 

were considered in the literature (Surendhiran et al., 2015), (Tevatia et al., 2012; Yang et al., 

2011a), it appears to be logical to incorporate dynamic coefficients based on correlations, since 

the amount of nitrogen and algae biomass are variable; using this resulted in a reasonable lipid 
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profile. There were no researches available studying the lipid production in a wastewater 

treatment pond similar to the current work and at the cyclic steady-state system; however, the 

predicted lipid trend is similar to the profiles published elsewhere for batch cultures at lab scale 

in a photobioreactor and flask (Surendhiran et al., 2015), (Packer et al., 2011; Tevatia et al., 2012; 

Yang et al., 2011a).  

According to the proposed model, there is an interplay between the amount of algal biomass 

(Figure 4-11, plot a) and the ammonium ion concentration ([𝑁𝐻4
+], Figure 4-11, plot b) in the lipid 

production. As the ammonium ion concentration decreases, lipid accumulation increases. This 

result has been well established that in nutrient deficiency conditions, microalgae generally 

accumulate more lipids. Hence, at low or depleted nitrogen concentration, lipid formation 

enhances (Surendhiran et al., 2015), (Deng et al., 2011; Packer et al., 2011; Tevatia et al., 2012; 

Work et al., 2010). Indeed, it has been claimed that under the nitrogen-deficient condition, 

microalgae degrade nitrogen-containing macromolecules and accumulate carbon reserve 

compounds (particularly lipids) to maintain the cells (Ahlgren and Hyenstrand, 2003; Hoffmann 

et al., 2010). Comparing lipid synthesis in Figure 4-10 with the ammonium ion consumption in 

Figure 4-11 (plot b) indicates that as the nitrogen level drops low at about day 3, the lipid 

accumulation rises in the algae. Based on the equation (3.25), the growth associated coefficient 

(𝛼) reduces with the decrease in [𝑁𝐻4
+] amount while due to the equation (3.26), the non-growth 

associated coefficient (𝛽) increases. This confirms the abovementioned result that as the nitrogen 

and ammonium ion amounts reach low levels, the synthesis of lipid becomes more non-growth 

associated and dependent on the amount of algae itself rather than its growth rate. On the other 

hand, as also shown by Figure 4-11, the growth of algae directly relies on the nitrogen and the 

reduction in the ammonium level leads to a decrease in the algal growth which affects the lipid 

production after about day 15.  
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Figure 4-10   Prediction of the lipid production- Base case 

a b 

Figure 4-11   Algae growth (plot a) and ammonium ion concentration ([𝑁𝐻4
+]- plot b) profiles 

4.3 Process Optimization 

After developing a validated model that simulates a wastewater treatment process and predicts 

production of lipids in a mixed culture of algae-bacteria, we were interested in studying the 

optimum operating condition of the algal pond in terms of maximum lipid synthesis. Among the 

nutrients including carbon, nitrogen, and oxygen, nitrogen is the most influential one since the 
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growth of both algae and bacteria depends on it. Moreover, it affects pH and the amount of 

dissolved carbon dioxide in the pond. We considered four nitrogen feeding intervals during a day 

(i.e. the feeding rate could be changed every six hours) and looked for the optimum inlet 

concentrations. Then, we employed this feeding strategy in four different cases for the system 

listed in Table 4-8. 

Table 4-8   Process optimization cases and the relevant decision variables (marked with ) 

  Decision Variables 

Case 

CO2 supply 

𝑓𝐶𝑂2
 

Inlet nitrogen 

concentrations 

Inlet and initial bacteria 

concentrations 

1 on  Constant 

2 on   

3 off  Constant 

4 off   

 

The first case was the algal-bacterial pond with the additional CO2 supply. In the second case, we 

were interested in finding the optimum bacterial concentrations alongside the inlet nitrogen 

amounts. For the third and fourth cases, we turned off the additional CO2 gas flowing into the 

pond and studied the system for the optimum nitrogen and then nitrogen and bacteria 

concentrations, respectively. The corresponding results are presented in the following sub-

sections. 

4.3.1 Algae-bacteria culture with 𝑪𝑶𝟐 supply  

Keeping the values of parameters the same as reported earlier, the decision variables were the 

four inlet nitrogen concentrations and the objective function was to maximize the lipid 
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production. The inlet nitrogen amounts were limited by the maximum concentration of the 

ammonium ion in the pond, which, according to the literature, is around 120 mg/L (~6.5 mol/m3) 

(de Godos et al., 2010; Ryu et al., 2017). Furthermore, in terms of the maximum lipid synthesis, 

it is argued that the algal oil content is highly specific to species and growth conditions and there 

is no known theoretical maximum cell oil content yet. A maximum average of 50% was considered 

here (Weyer et al., 2010). In fact, the lipid predicted concentrations were monitored according to 

this limit. Table 4-9 includes the results obtained using the PSO algorithm.  

Table 4-9   Optimum inlet nitrogen feed and average algae and lipid concentrations in the first case 

Inlet Nitrogen (g/m3) 
Average Concentration 

(g/m3) 

𝑁𝑇𝑖𝑛_1 

(0-6 h) 

𝑁𝑇𝑖𝑛_2 

(6-12 h) 

𝑁𝑇𝑖𝑛_3 

(12-18 h) 

𝑁𝑇𝑖𝑛_4 

(18-24 h) 

Algal Biomass Lipid 

280.0000 265.6085 280.0000 233.4883 1.4496e+03 41.0836 

Figure 4-12 depicts the optimal nitrogen feeding strategy for this case: 

 

Figure 4-12   Nitrogen feeding pattern in the first case 
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Figure 4-13 demonstrates the enhanced growth of algae (denoted as “New condition”) and 

compares it with the base case study presented earlier in Figure 4-9 (a). The average concentration 

of algal biomass is 3.35 times more than the base case.  

 

Figure 4-13   Algal biomass growth in the first case 

Figure 4-14 shows the increased lipid production when nitrogen is fed at 6-hour intervals in 

different amounts (denoted as “New condition”) and compares it with the base case presented 

earlier in Figure 4-10. The average accumulated lipid is 2.15 times more than the previous case. 
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Figure 4-14   Lipid synthesis in the first case 

The enhanced amount of nitrogen influences all other components and pH. Figure 4-15 (plots a-

h) clearly represents this effect. Nitrogen serves as the nutrient for both the algae and bacteria. 

The amount of bacterial biomass (plot a) has increased slightly by 1.74% in its average amount 

which results in more substrate consumption (plot b); there is approximately 14.22% decrease in 

its average concentration compared to the base case. Plot c shows the increased level of total 

nitrogen in the pond (the average concentration is about 4 times more than the base condition) 

that directly boosts the concentration of the ammonium ion (plot g) to nearly 3 times above the 

average amount of the base case. Due to the increase in algal growth, more CO2 is consumed by 

the algae and its average amount is about 3% less than the previous condition (Figure 4-9, plot g). 

Thus, a rise in pH is anticipated as a result of CO2D decrease and [𝑁𝐻4
+]  increase, which is 

observed in plot (h). The average amount of pH shows a 1.61% increase. Plot (d) represents the 

total inorganic carbon concentration, which has increased, and its average is 18.65% more than 

the average amount in the base case. There are many terms affecting TIC; however, among the 

amounts of bacteria and algae and CO2 supply, the overall effect is governed by the increase in the 
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amount of additional CO2 supplied into the pond according to equation (3.45). Plot (f) depicts how 

much more oxygen is produced by the algae (about 9.6 times) and since there is no significant 

increase in the bacteria growth to perform respiration, the oxygen level is quite high.  

a b 

c d 
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e f 

g h 

Figure 4-15   Comparison plots between the first case of nitrogen feeding and the base case 

4.3.2 Algal culture with 𝑪𝑶𝟐 supply 

In this case study, to find the optimum bacteria amounts, we added the bacteria concentration in 

the inlet flow and the initial condition to be the decision variables in addition to the nitrogen 

feeding concentrations. Table 4-10 reports the best two results obtained using the PSO algorithm.  
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Table 4-10   Optimum inlet nitrogen feed, bacteria and average algae and lipid concentrations in the 

second case 

 

The suggested nitrogen feeding patterns are represented in Figure 4-16. 

I II 

Figure 4-16   Nitrogen feeding patterns in the second case 

The predicted optimal condition in I is very close to the first case study. However, the predicted 

state in II shows that for lesser amounts of the nitrogen in the feed and bacteria both in the inlet 

flow and initial condition, the accumulated lipid is almost the same amount as the first case study 

reported in Table 4-9. However, there is an insignificant decrease in the algal growth of the state 

 Inlet Nitrogen (g/m3) Bacteria (g/m3) 

Average 

Concentration 

(g/m3) 

 

𝑁𝑇𝑖𝑛_1 

(0-6 h) 

𝑁𝑇𝑖𝑛_2 

(6-12 h) 

𝑁𝑇𝑖𝑛_3 

(12-18 h) 

𝑁𝑇𝑖𝑛_4 

(18-24 h) 

Initial 

𝑋𝐵0 

Inlet 

𝑋𝐵𝑖𝑛 

Algal 

Biomass 
Lipid 

I 279.8992 260.304 280.0000 237.2448 2.5790 3.9362 1446.7 40.9082 

II 280.0000 278.6921 246.7383 133.5714 2.4961 0.6227 1313.2 40.5610 



 

 

 

62 Results and Discussion 

II. The concentration profiles of the components and pH are very similar to the first case study, 

and thus are not presented in this section. Consequently, the state II is capable of producing 

approximately the same results as the first case study.  

4.3.3 Algae-bacteria culture without 𝑪𝑶𝟐 supply 

In this case study, we looked for the optimum operating condition when there is no CO2 supply 

into the pond, i.e. 𝑓𝐶𝑂2
= 0. The results found using the PSO algorithm are presented in Table 4-11.  

Table 4-11   Optimum inlet nitrogen feed and average algae and lipid concentrations in the third case 

Inlet Nitrogen (g/m3) 
Average Concentration 

(g/m3) 

𝑵𝑻𝒊𝒏_𝟏 

(0-6 h) 

𝑁𝑇𝑖𝑛_2 

(6-12 h) 

𝑁𝑇𝑖𝑛_3 

(12-18 h) 

𝑁𝑇𝑖𝑛_4 

(18-24 h) 

Algal 

Biomass 
Lipid 

98.2943 70.0000 70.0000 71.4525 283.6431 13.3045 

The optimum nitrogen feeding pattern for the current case is depicted in Figure 4-17. 

 

Figure 4-17   Nitrogen feeding pattern in the third case 
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The predicted optimum inlet nitrogen concentrations are much lower than in the first two case 

studies. Higher amounts of the nitrogen in the feed results in an increase in the algal growth; 

however, the lipid synthesis decreases because of the reason mentioned in section 4.2.4.   

Figure 4-18 demonstrates the conspicuous effect of turning off 𝐶𝑂2 supply on the algal growth. It 

shows a 34.5% decrease compared to the base case (Figure 4-9, plot a). The reduction in the 

amount of the algal biomass affects the lipid accumulation too. As presented in Figure 4-19, the 

produced lipid is 30.4% less than the base case presented earlier (Figure 4-10).  

 

Figure 4-18   Algal biomass growth in the third case 
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Figure 4-19   Lipid accumulation in the third case 

Figure 4-20 shows how turning off 𝐶𝑂2 supply affects the profiles of the other states of the system. 

Plot (a) demonstrates the decrease in the bacterial growth that is equal to 10.7% in its average 

concentration for 20 days with the same initial and inlet amounts as the base condition (Figure 

4-9, plot b). On the other hand, the substrate consumption decreases (plot b) and there is a 95% 

increase in its average amount compared to the base case. The increase in the nitrogen 

concentration due to the enhanced level of the inlet nitrogen is clear in plot (c). The average level 

has increased by about 26%. Plot (d) shows the decreased amount of the total inorganic carbon in 

the pond which is equal to 69% in terms of the average concentration. Similarly, the average 

dissolved carbon dioxide reduces near 98% compared to the base condition. Plot (e) clearly shows 

this reduction. As expected, pH rises as a result of 𝐶𝑂2𝐷 decrease and [𝑁𝐻4
+] increase, which is not 

appropriate for the algal growth. The average level of pH is enhanced by about 40% (plot h) and 

the ammonium ion shows almost the same rise (41%) in its average amount (plot g). Due to the 

reduced level of the algal growth, the oxygen concentration is decreased drastically as shown in 

plot (f). Its average concentration is 94% less than the base case (Figure 4-9, plot f). 
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a b 

c d 

e f 
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g h 

Figure 4-20   Comparison plots between the third case of nitrogen feeding and the base case 

4.3.4 Algal culture without 𝑪𝑶𝟐 supply 

 Similar to section 4.3.2, we chose 6 decision variables including the initial and inlet bacteria 

concentrations for this case. The best two predicted optimum nitrogen and bacteria 

concentrations using the PSO algorithm are reported in Table 4-12 and the related feeding 

patterns are depicted in Figure 4-21. The other profiles look like the ones reported in the previous 

section (4.3.3); therefore they are not presented in this section. 

 Table 4-12   Optimum inlet nitrogen feed, bacteria and average algae and lipid concentrations in the 

fourth case 

 Inlet Nitrogen (g/m3) Bacteria (g/m3) 

Average 

Concentration 

(g/m3) 

 

𝑁𝑇𝑖𝑛_1 

(0-6 h) 

𝑁𝑇𝑖𝑛_2 

(6-12 h) 

𝑁𝑇𝑖𝑛_3 

(12-18 h) 

𝑁𝑇𝑖𝑛_4 

(18-24 h) 

Initial 

𝑋𝐵0 

Inlet 

𝑋𝐵𝑖𝑛 

Algal 

Biomass 
Lipid 

I 70.0000 75.7577 80.1226 70.0000 5.0000 1.0000 281.5584 13.2926 

II 82.4064 70.0000 74.1914 70.0000 3.5042 3.8817 280.7061 13.2428 
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The estimated average lipid concentration in I is almost the same as the previous section (4.3.3) 

and it can be concluded that keeping the initial bacteria concentration at a relatively high level, 

the inlet bacteria can be fed in lesser amounts. On the other hand, the obtained results in II show 

that for a smaller amount of the bacteria initially available in the pond, if the inlet concentration 

is increased, the average accumulated lipid is very close to the previously predicted optimum.  

The nitrogen feeding pattern helps in promoting the algal growth; however, the absence of the 

additional source of 𝐶𝑂2 cannot be compensated by altering the amounts of nitrogen and bacteria. 

Furthermore, there is a limitation on increasing the nitrogen concentration since the algae 

synthesizes lipid effectively in the nitrogen depleted condition. Increasing the inlet amount of the 

total inorganic carbon or adding more bacteria in the influent flow is influential in enhancing the 

algal growth and the lipid production; however, the changes are very small.  

To sum up, the process simulation results show that if the mixed culture of algae and bacteria is 

supplied with the additional source of 𝐶𝑂2 and the nitrogen is concentrated in the influent stream 

and fed into the pond in a stepwise pattern, the algal growth is boosted dramatically, which results 

in high lipid production. This fact is confirmed in the literature (Sutherland et al., 2015) that 

although microalgal wastewater bioremediation HRAPs can potentially provide cost-effective 

I II 

Figure   4-21   Nitrogen feeding patterns in the fourth case 
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feedstock for biofuel production, enhancing biomass generation is a high priority to make 

microalgal biofuel economically viable. 
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5 Conclusions and Future Work 

5.1 Conclusions 

Wastewater treatment using microalgae not only contribute to BOD and nutrient removal, but 

also provide free feedstock for sustainable production of biofuel through biomass generation. The 

integration of microalgal wastewater bioremediation and bioenergy production in a high rate algal 

pond is an eco-friendly process and potentially commercially viable if the biomass production is 

increased. The main purpose of this research was to investigate lipid formation in a wastewater 

treatment process in an HRAP system through mathematical modeling.  Taking advantage of the 

co-culture of algae and bacteria, the performance of the system was evaluated using process 

simulation under different operating condition. The important findings of the simulations are as 

follows: 

 The presence of heterotrophic bacteria enhanced the algal growth compared to a pure 

culture of algae. They improved the carbon cycling by producing 𝐶𝑂2, hence the carbon 

required for the algal growth is maintained in the pond. 

 When the pond is supplied with an additional source of 𝐶𝑂2, i.e. flue gas containing 𝐶𝑂2, 

two purposes are served: (i) the growth of algae is boosted dramatically, since the 

dissolved 𝐶𝑂2 is one of the main substrates of the algae, and (ii) it helps in mitigation of 

the 𝐶𝑂2 footprint in the atmosphere with respect to global warming. 

 A lipid production model was successfully incorporated into the structure of wastewater 

treatment model. The accumulation of lipid required for biofuel generation depends on 

the algal growth and the concentration of nitrogen in the pond. 

 Process simulation results showed that when the pond is subjected to the additional 

source of 𝐶𝑂2, the increase in the feeding amount of nitrogen further promoted the algal 
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growth and lipid formation. A stepwise feeding pattern was suggested as the optimum 

condition. 

 When the 𝐶𝑂2 sparging stream is turned off, the growth of algae reduces significantly 

followed by a remarkable decrease in lipid accumulation. The increase in the inlet amount 

of nitrogen improves the algal growth and lipid production; however, it cannot 

compensate for the absence of 𝐶𝑂2 supplementation. Moreover, the nitrogen feeding 

concentration cannot reach higher levels since it limits the lipid production in the pond. 

 In general, co-cultivation of algae and bacteria enhances the algal productivity in both  

𝐶𝑂2 sparging and not sparging conditions. Nevertheless, if the pond is not supplied with 

the additional source of  𝐶𝑂2, a higher total amount of bacteria including the inlet and 

initial concentrations is recommended compared to the 𝐶𝑂2 supplementation condition. 

In the latter case, lower amounts of bacteria are adequate without making significant 

changes to the algae and lipid yields. 

The obtained results are based on the model developed in this work for describing a generic 

microalgal-bacterial wastewater treatment process in an HRAP and evaluating the lipid formation 

for the purpose of biofuel production. The model allows for performing simulation tests under 

different operational conditions and making predictions about the important characteristics of 

the system. 

5.2 Future Work 

 The model can be extended to make it specific for the type of wastewater and algal and 

bacterial species to study the lipid production for each system in particular. Various 

wastewaters have different physical-chemical characteristics (Salama et al., 2017) and the 

interactions between the algae and bacteria can include all types of symbiotic relationships 

from mutualism to parasitism. These interactions are strongly dependent on the species 
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since the microenvironment differs for each algae (Fuentes et al., 2016). Although almost 

all wastewaters have the major nutrients in common required for the growth of algae, they 

have different compositions and components including heavy metals that might exert 

inhibition on the algal growth depending on their concentrations.      

 According to the literature (Buhr and Miller, 1983; Jupsin et al., 2003; Yang, 2011) the 

HRAP can be simulated as a number of serially connected CSTRs to increase the model 

accuracy in terms of the mixing.  

 The biorefinery approach can remarkably improve the biofuel production economics 

through employing the biorefinery based production strategy. In other words, all the 

constituents of the biomass raw material can be converted to value-added products such 

as Docosahexaenoic acid (DHA) and carotenoids in addition to biofuel production. This 

approach is considered as the best solution to integrate different processes, benefiting the 

economy and environment and simultaneously reducing waste and pollution (Rawat et al., 

2011; Singh and Gu, 2010). Therefore, considering the mixed culture of algae and bacteria 

to accomplish the ultimate goal of developing a biorefinery can be a novel research work. 

In this regard, since various process pathways may be involved in designing the biorefinery 

because of the variety of wastewaters, algal-bacterial species and interactions, developing 

an optimization model to investigate the optimum process pathway would profoundly help 

in the process design. 

 The work done in this study was mainly a deterministic model solution. Numerous 

parameters are involved in the algal biofuel production and each of them may differ 

according to the system and operating condition. It would be time- and cost-effective to 

recognize the parameters that make uncertainty in the model and develop a stochastic 

model to consider uncertainties in making the decision for determining the efficient 

processes.   
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