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- Abstract | r

The purpose of this study was to develop'and compare
,three approaches to the role of symbols in the learning of
-strmctural relations of mathematics All three approaches
,were based on Dlenes theory but differed in the role ass1gned
“to symbols in the learning. These approaches Were developed
" into treatments‘whereby ‘the defining properties or axioms of
" the mathematical group could be taught to grade seven students
over a four week period. The Concrete treatment ['followed
" Dienes' ideas as\closely as poss1ble In phase I, the'
structural relations, the propertles of the mathematical
group, were learned by manlpulation of phy31cal ObJ cts or
their mental images. Symbols were introduced gradpally only
after the properties had been induced. Phase I of the Primary‘
Symbolic treatment called for learning in the‘context of I

familiar symbols, meaningful td _the, learner For theH

Secondary ‘Symbolic treatment, phase I consisted of learning

‘in/the context of initially meaningless s§mbols Ph /eéli;ofi'
each\treatment consisted of a brlef presentation of one
embodiment from each of the: other two treatments. 'yj

The effects of‘theseAtreatments,on symbolizat{on,
interpretation,Qtransfer and application of the defining
properties of the mathematical group for the grade seven
students was determined by multivariate analyses of variance
‘on the treatment mean vectors. The relationship of reflective

.

" intelligence, arithmetic achievement and sex to the four

iv - ' [
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criterionboutcomes; and interaction'of these learner
‘characteristics with the»treatments was also studied.
-‘There_was no significant differenCe among treatments

at the .05 leyel; but there was at the .08 level.. Further

- t\univariate‘anaiysis of variancehindicated‘that the‘difference

" with the lowest probability was in‘favor of the Secondary
Symbolic treatment over, the PrlmaryTSymbollc treatment on = . *
the Interpretatlon test A S1gn1flcant dlfference at the :051'
“level favorlng the hlgh student groups occurred fdr“reflectlve
1nte111gence on Symbollzation and Interpretatlon, and for
_Arlthmetlc Achlevement on these two tests and Transfer.

Though the group mean vector comparlson fayored glrls over

v boys at the .05 level thls dld not show up on any individual é

"tests. There was no 1nteraotlon of these learner characterlstlcs
. 4 .

~

w1th treatments..

D Whlle the evidence 1s-not strong engﬁgh to suggest ‘ '
that any one . of thgdthree treatments is superlor to the other '
twon 1t is suff1c1ent enough to warrant a call For further
1nvest1gatlon of the ‘effect of the role of symbols on

~rﬂsymbollzatlon, 1nterpretatlon and transfer of structural
relatlons, p;rtch;arly w1th reSpect to the connectlon between
these processes and abstractlon Meanwhlle, the Study shows

J

that success 1n learning the group structure propertles 1s

’/related to reflectlve 1ntelllgence and arlthmetlc achlevement

m regardless of treatment
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CHAPTER I ~ . '

THE PROBLEM

"Queen and servant of sciehce," "an abstract game,"
"a pboduct of man's miqd," theae?are but a ‘few of the more
colorful phrases used fo describe maﬁhematics. Such
aeseriptions‘feflect the belief~that mﬁthemetics involves
much that is highly abetract " One aspect contrlbutlng
greatly to thls notlon 1s the type of language used to
communicate mathematics. To a large extent this language
consisfs of a specialized kind 6fvsymbolism.

W _The 1mportance of mathematical symbolism is- poanted
out byemany, such as Katsoff (1949) by his comment, * .;.
manyf%aye 1n31sted°that the fertlllty of mathematlcs is due
to its eymbols.. . ."_(p- 3), and by, Whitehead 61967) in his
remark, "By relieving the brain of all ﬁhnecessary,wdrk, a
good notation sets it free to concentrate on more advanced

problems, and in effect increases-the mental power othhe

race." (p. 39).

'By;waf of eontrast,°the tendency of.mathematicel
symbo}iém to heighten the impressioh‘of abstractness of the -
_discipline hds created learnlng problems. The National
Council of Teachers of Mathematlcs (1959) has expressed 1ts
‘mgoncern in such- statements as, "mental confusion and fear areb‘

o :

often the by-product of many sfudents"first contacts with

the symbols of mathematics" (p. 301), and:
. N E l

t : f\ ;o
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n
L. . . any non—mathema¢1c1an, on looklng inside an advanced
mathematlcs textbook ‘will be horrified and will shut the
book at once. The horror of alien symbols is due s1mply
. to the fact that most préesent day adults were never
taught during.th schooldays ‘how -to decode i
mathematical. symgﬁimsm\f\(p 2?9)

o

yThese views support the need for close examlnatlon of the rolef

e

of ma;_e?atlcal symbols in the- learning of mathematlcs ?Fﬁs

)

. " General StatemenJ of the Problem

‘ [
- If we w1sh;;o develop students abllltles to handle
‘mathematlcal symbols to the extent that they can make use of
\the power of the symbols to create and communicate -
mathematlcal 1deas, then we must determlne the role of the
‘symbols in the learnlng process Thls.zalses the questlons
of how ‘and when to- fntroduce symbols. What amount and. klnd
if any,_of non- symyollc experlences 1nvolv1ng the concepts
will be needed»durlng 1n1t1al learning? Should symbols a.ppear~ :
’]fr;st durlng the learnlng phase, or-enly subsequently, can,
léarnlng sequences reflectlng the dlfferent approaches
1mplled by‘these questlons be constructed° To. what extent s B

'w1ll the reflectlve 1ntelllgence,&egree of achlevement in

.arlthmetlc, or sex of the student be related to the learnlng

. under any such approacheskdevased?

’The.afm of -this study‘is to'investigate these‘questions
from.a‘theoretical and‘a‘practical:point of view. Thebfirst |
step is to examlne a theory of mathematlcal learning. whueh is
hlghly related to. these questlons The second ste% Ais to

generate hypotheses about alternatlve approaches to' the role

of symbols These hypotheses reflect concerns raised by the

o

‘, ' . . o o ° . »



questions in the framework of the theory. The next’step is

to create treatments representing the alternative approaches,

‘and’ the final step is to test these experimengyally in a

school séfting} The main idea behind this, study of symbols

is to determlne pr1nc1ples governlng the role of symbols in

learnlng mathematlcs that can be cons1stently built into the

. broader theory examlneda

, E Back round to_ the Study : Jo.

The theoretiéal basis of the present study is of -

interest to educatbrs primarily agka.resuit of its

'relatlonshlp to two trends in New Mathematlcs Wthh flrst

appeared ‘in the currlcula of the 31xt1es The f;pst of;these**ﬁ

two -to emerge»was_emphaSLS'on the 3tructure of disciplines
in “school progréms Crawford (1966) attrlbutes thls to a

shift in phllosophlcal emphas1s.

It has been argued that two main aims for school
mathematics should be: v : ‘ /!

1. to make students familiar w1th the global structure
of mathematlcs, and ,

2, the inculcation of an understanding of What
-mathematics is (and what it is not). ‘(p./l),

According to Scott, (1966) this emphasis on strhqture'resulted
in a numbér of changes in school mathematics ‘programs, most

notably an earlier introduction of toplcs, greater abstragtlon,

_and refinement of nomenclature and symbolism.

The second important trend was a shift from teacher-

oriented to child-centered programs. This was Jjust

| beginning in the sixties and continued to expand during the



)\ | | - Tk
early seventies in North America. Accordlng -to Edlth Biggs
- (1969), one of the leadlng proponents of the active learnlng

- approach,

The aims of learning mathematics in this active, creative
way are: . St

1. to free students, however young or old, to thlnk for
. ‘themselves, . . , -

2. to provide opportunities.for them to discover the
order.,, pattern and relatipns which are the very
essence of mathematlcs, not only in the man-made

-“world, but in the natural world as well, g
3. to traln studentsvln the necessary skills. (p. 3)4
Interestyin active learning brought abdut renewed concern
 for 1nd1v1dual differences among children in cognltlve style,
' and a re- —examination of learnlng contexts, partlcularly the
" concrete mode. .

The activity o?iented,approaoh followed the trend to
more structure and.symbolism. 'The‘importance‘of %he concretee
mode was recognized in the design ofvmanyaeiemenfary
mathematics programs of‘the early seventies. ’Before the
trend to,efen more emphasis on the’concrete-mode,‘op\a
reversal back to the'synboliC’mode takes pléoe, more
knowledge of the role of‘symbols.isvnecessary."ﬁoes emphasis
on symbolism imply more power, but greater risk'of lesrning

difficulties? 'Is there a dévelopmental factor which requires

learning in concrete contexts at lower grade levels, but
permits or requires learning in symbolic contexts at higher
grade levels? E
i o : . ’ .

. Among mathematics educators who have addressed

themsel#es to such problems, Zoltan Dienes has come closesf

. -
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to grappllng with the questlons of this study He advocates
'empha31s on structural relatlons and proposes unconventlonal
seemlngly more abstract mathematlos ‘topics for the elementary
school grades. However, in recognition of learnlng |
difficulties assocrated ‘'with mathematlcal symbols, he. has
developed concrete modes of presentatlon.

Dienes has postulated several pr1n01ples governlng
‘optlmal learnlng of mathematlcs derlved “primarily from hlS
ideas on cognitive development and mathematlcal structure.
The essence of those pr1n01ples relatlng to the role of
symbols. in learning mathematlcs 1s that concrete experlences
are necessary for abstractlon of the concepts or relatlons
involved, and that symbols may only be ‘introduced after the:

. abstractlon has been made. Richard Skemp (1963) criticized
the necessity of learning in‘Concrete contexts. He maintains
that the naturecof moSt mathematical concepts requires\that o
they be learned 1n symbolic contexts These symbols represent
'prev1ousf% learned mathematlcs, and are therefore‘cons1dered
" semi-concreté. The new" concepts are learned by reflectlng
on somegparticularlaspects of thls prevlously learned
mathematics, and therefore reqnires a highlyadevelopedvy
reflectiye intelligence. Reflective intelligence is
positl&ely.correlated‘with age.

| _jDienes' concrete approach:and a modified'approach
based on Skemp's criticiSm, called afPrimary,Symbolic .
approachybcould'Serve as* the basls for two treatments

" differing in the role assigned tdlsymbols in learning. The



'~ tacked on after as labels.

concrete approach calls for relegating symbols to labels
‘applied after learning of the concepts has taken place. The
Prlmary Symbolic approach calls for symbols to call to mind

the pre requisite’ knowledge on which the new concepts are

=

based. The new concepts - given new symbols

Bhe symbols which serve -as the
basis of learning, the priwary symbols, are semi-concrete,
the symbols attached té the newly‘learned concepts also

eventually take on a semi-concreteness and are available for
nem learning Since these two approaches occupy the concrete
and semi concrete locations on a concrete abstract dimen81on,
a more abstract approach suggests itself as a third
posSibility. This approach, based on formalistic ideas of
mathematics has been snggested by Dienés (l965) as a

- possibility worthy of study, and has been mentioned by Bruner
in the preface to Dienes (1963) as a v1able alternative“

The central aspect of this. approach 1s that learning takes
place in the context of symbols fOr Wthh no meaning other,
than abstract structural relations may be induced. .
| This study was initiated in order to compare these
» three approaches which differ in'the‘role assigned to
symbols; In addition, since learner,factors such as f v
reflective intelligence appeared to be related to the'theory

‘behind ohe or more of the approaches, the most significant

. of these factors were also examined in this study.

1
[aa

Reflective intelligence and arithmetic achievement are

1ncluded because they appear to be related to achievement
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/would'be supported. However, some other kin

‘funder the primary symbolic approach Sex is 1ncluded because

in Dlenes' study, Concept Formatlon and Personallty (1960),

he found ev1dence of sex dlfferences in learnlng structures
. . \ -

Significance bf the Study B

A study of the role of symbols in the learning of

mathematics is important from both a practical and theoretical‘

point of view. Trends of the past few. years 1ndlcate shif+ts

from symbollc to concrete modes of presentatlon of mathematlcal"

.content Shifts back and forth are likely to continue until.

we can determlne the most appropriate ‘use of. each of these

'modes. If this can be done within the framework of a theory

of learnlng mathematlcs, such as that of Dienes, S0 much the
better. The broblem of this study may shed llght on the role
of symbols Certaln results of Comparlson of treatments and
learner characterlstlcs would lead to conclu81ons of dlrect

appllcatlon to Dlenes theory . For 1nstance, 1f "the concrete
appr ach was, found to be superlor for all criterion outcomes

andf all types of subJects‘;dentified then D{i:es' theory

of outcomes-

’would be less easy to interpret, “and would lead to 1mpllcatlons

for further. research - R -

° . . Lo

p Outllne of the Report

M,
Chapter II prov1des a theoretlcal background, primarily

related to Dlenes works, and a review of the most relevant

‘re%earch on the problem of the study. A detailed description

~



of the de31gn of the study and the statistical procedures used
‘is presented in Chapter IITI. In Chapter IV the development
Ivof the treatments‘and criterion tests is‘desdribed;wChapter

' consists of the presentation of the results of the
'statistical analysis and Chaptér VI consists of conclusions

and implications. h e



CHAPTER II

' CONCEPTUAL FRAMEWORK AND RELATED STUDIES

_Dienes' Theory of Optimal Learning.ofe
Structural‘Reiations;pf Mathematics

For nearly two decades Zoltan Dienes has conducted
practlcal classroom research in an attempt to bulld a theory
‘of mathematlcs learning. Throughout Dienes has expressed
concern over the role of symbols in the iearning. His -
approaCh has been developmental with findings determining
dlrectlogg and modlfylng bas1c notlons . He has, however,
malntalned a constant v1ew of tﬁ% nature of the problem

.""

Dlenes (1960) clalms that

N3 '/M"‘

The problem of- learnlng is essentially how to find a kind
of 'best fit' between the structure of the task and the -
structure of the person's thinking. For the process to
be.explained by intelligable theory, both these
structures must be taken into account (p. 39).

These notlons of structure of the tash and the person s
thdnklng are central to Dlenes' theory. .Through an analysisfv
’ of hls ideas on mathematlcs and the person's thinking, it is
possible to see how he derived a model for optimal learning
of mathematics, and postulated a{roie for symbols'in the
model. 1Thispmodel takes the'form of a set of principles
whichvare statements1of“conditions,under which optimal
learning of mathematics takes place. Richard Skemp has also

carried out research in this area. Though his 1deas resemble

those of Dlenes, they are 1n dlrect opp031tlon on several
: . 9 '
s
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fcrucial points, particularly with respect to‘the role of
* symbols. - B v B ' Q

| Thlg chagger ConSlStS of a discussion of the views of
Dienes under the headlngs of Mathemat1e§4/Th1nklng, Learnlng,
and Symbols Skemp's dlsagreement is aired primarily in the
latter section, though its basis 1s touched on in each of the.
- preceding sectlons. In order to explaln Dlenes pos1tlon as

clearly as possible, hﬁ views of Piaget, Bruner and Bartlett,

on whlch he claims ta'haye based his own ideas, are also
' \ .
. . \

LY

mentioned.

Mathematics

Accordlng to Dienes (1960) and (1964), mathematlcs is

—

a structure of relatlonshlps, ‘the accent belng on the

~

- ,structure more than on any content it might flt ,He uses the

term structure

a very broad sense.. He speaks of a person
sorting out enwironmental events by structuring them,'and of

teaching t structured stage. ThlS suggests that he v1ews

,v .

structure as somethlng created by thought More Specifically,
we form classes of s1tuat10ns by thinking about our I
environmental observations in particular“ways. Structures
’describe these classes of situations. In mathematics there
are “two types. of structures, formal and 1nformal The content
of abstract algebra cons1sts of relat;onshlps within and
'among'formal structures such as groups, flelds and vector
spaces. This 1s so. because abstract algebra is the study -of
valgebraic form. Dlenes and Golding (1967)~§ave.prov1ded‘

. : ’ o e . '
coplous concrete examples of formgzl structires such as groups.

2
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~ Dienes (1964):-gives an example of an 1nformal structure as

abstracted from a number odeifferent situations.

L \ o o1
23 - )

)

the use of factors of quadratic functions for the purpose of -
ach1ev1ng the - soluflon-of a whole class of problems The

class of 31tuatlons are all those prgblems 1nvolv1ng

quadratlc functions for Wthh factorization provides a

solution. The factorlzatlon identity equatlon is the
mathematical aspect of the structure which has been

Dienes (1961) feels that it is not meaningful to separate

different branches of mathematics such as algebra and

-arithmetic because there is so much connection 'between them.

© Certain algebraic concepts, such as distributivity should be

known before some arithmetic operations can be truly

mastered. These Ebncepts ma& consist ‘of "classes of classes

" of classes of . . ~etc., of obJects heaped together in all

s
sorts of relatlonshlps to each other. Mathematlclans have

analyzed this maze of classes and organized it into structures.
In one of his books Dienes (1964) desecribes structure

<

as relatlonshlps among the parts and between parts and whole

"While he feels these abstract relatlonshlps may stand alone

w1thout a more concrete 1nterpretatlon, they probably ’ -
represent the dlstlllatlon of past concrete experlences
Furthermore, the structures may serve as models to evaluate
env1ronmental events - or phenomena For these reasons Dienes

views mathematlcs as the actual structural relationships among

" the concepts connected with numbers (pure mathematlcs), together

-

with appllcatlons to problems arising in the real world (applled



prime importance. 0

word signs,‘they call our attemtion to certai

(r~

? L : - 12
| | \ 3
mathematics). He .sees these two faces of mathematlcs as

1nseparable, and thus profoundly influencing the way

mathematics is learned. On the one hand, pure mathematlcs

. . emphasizes relatlonshlps within and among structures, Ifx'

this.is so, the. ability to discern and transfer structural
relatlonshlps would be important in the learnlng process\
On the other hand, applled mathematics emphasizes concrete
experlence, so the ability to abstract classes from real

obJects or events, and ,the ability to apply structural

relatlonshlps to the real World would also seem to be of

" The structures which mathematicians must consider °

are so complex, in Dienesf view, that it would be imp
\ "

to dispense with symbolism. He desCribes a symbol -

sign that reminds us-of ‘something' apart from itsellf.

‘something" gives meaning to the symbol{ e case of
1magery
which accompanies the classes of- things the words Symbolize.
The symbol:\‘éxpress1on of mathematics is a language in
terms of which we speak of structure Thus symbols exo/ey//\\\\J

both.abStract‘and concrete contents. The abstract content

is the X ctural relationships and is expressed by

combining geveral symbols into a mathematlcal statement. - v

Thls is known as the symbolization process The concrete

’content is an experlentlal 1nterpretatlon (manipulations of

real obJects or events) of the structural relations in whlch

each 1nd1u1dual symbol stands for a concrete entlty,



. . | " 13
, 7 o
- { . . \ ,
manipulation or relation. Identifying a concrete embodiment
of the symbolized structure,is known as interpretation.
The'following statement of Dienes (1963) on the
relationghip of symboliZation and ,interpretation to each

- other provides ‘clues to his views. on°these two processes:

IS
"w

. . unless both processes} structure to symbol
(symbolization) and symbol to structure (1nterpretatlon) can
be carried out as1ly, the symboIs are not yet doing thelr
.job." (p. 131). 0bv1ously, Dlenes is stress1ng the abstract
agspect of symbols here, in which symbols convey structural
@relatlons, not concrete content It is not that the symbols
are abstract, only that they symbollze somethlng abstract
ThlS somethlng ‘abstract' is the’structural relatlons Wthh
have been abstracted as the common essence of a number of
dlfferent situations. Henceasymbollzatlon and 1nterpretatlon
are more than just codlng and decodlng 1nvolv1ng concrete ‘ »
content represented by symbols In Dlenes v1ew, symbolization -
of mathematlcs 1nvolves formulating statements about abstract
structural relatlons Interpretatlon is non-symbolic
demonstration of“strugéural rélations in terms of

_embodiments of the structure of which they are anpart;

| The disagreemcnt‘between‘Skemp“and Dienechenters
around the physical world aspect. Skemp (1963) says,

_"Mathematlcs is not a collectlon of facts whlch can be

‘demonstrated and verified in the pPhysical world, but a
‘structure of closely related concepts, arrlved at by. the

process of‘pure thought." (p.. 41). Thus he appears to be in

=
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complete disagreement with Dienes regarding applied
.mathematics.” Skemp classifies only the structural relations
‘ aspect as mathematics. Much of‘what is generally referred
to as arithmetic is not classified as mathematics by Skemp,‘
as concepts of number, addition, and so on are derived from
- direct sensory experlence rather than pure thought. Such
concepts, which Skemp refers to as primary concepts then,
become available as objects of thought’ln building
mathematical concepts. The mathematioal concepts are
referred to as secondary concepts which‘are derived from
primary“or other‘secondary concepts. W1th respect to
symbols Skemp believes that' whereaJ prlmary concepts carp be
exemplified by physical objects, secondary concepts can only_
'be'symbolized It appears that Dienes and Skemp would not
dlsagree over the structural relatlonshlp aspect that
symbollzatlon represents. However, there would be
considerable dlsagreement over the meaning of symbols:
Whereas in\Dienes' view,/all mathematical\symhols express:
concrete ntent, only primary symbols do so directly in
/Skemp's\vi w, and secondary symbols express abstract concepts
which are traceable eventually_through a hierarchy of
concepts to concrete content. But this concrete content,
once reached, 1s devoid of the structural relatlonshlps

This is so because Structural relatlonshlps are derived from

obJects of thought not physical objects. 00

Thinking , v
Dienes (1960) has stated that Bruner and Bartlett
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provided the basis for many of his ideas on thinking. When
Bruner (1966) set out to ghudy the ways in which- people

think, "he dié%oVered several characteristic‘strategies.

This led him to:certain conclusions concerning cognition

and the nature of its growth. He felt thaf gsome of the
strafegies could be systematically described and evaluated.

'~ Coupled with other consideratioﬁgj-this knowledge led him

to postulate the existence of dbgnitive structures called v
genénicvcoding systems, %nd threefstages of growth in the‘
representation of thought, namely tﬁg enactive,;icopic. and

symbolic. ' N\

The strategies were categorized into qu main types,
analytic and intuitive. Although Bruner found it difficult
to recognize the intuitive process he Wascéple to deécribe
it by means of a working definition ’as immediate apprehension
or cognition, and proceeded. to deécribe the process.in_

general terms as follows:
In contrast to analytic thinking, intuitive thinkipg
characteristically dees not advance in careful, wejll
_defined steps. Indeed, it tends to involve marieuvers
based seemingly-on an implicit perception of the total
problem. The think®r arrives at an answer, which may
.be right or wrong, with little if any gwareness of the
process by which he reached it. (p. 241).

r

Dienes'postulated parallel c?tégbries to - these whiéh~he‘céils‘
constructive and anal¥tic. He belieyes children's E?puéhf
in mafhematicsA}s largely of theiconstruétive kind, and
furthermére,tﬁat ﬂéoplé’vary'in‘the degree to which they
use one or the other type of thinking: Generally speakirtg,
even for adults mature-in a pérticulaf’field of thought, .

‘ _ _ .

-
~
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optlmal thought demands that constructlon precede

‘~ana§y31s |
. | i Concernlng productlve mathematlcal thought Dienes..
- belleves that the prellmlnary constructlve stége is always_
’operatlve ‘In hlS v1ew, mathematlcal thlnklng is a CyCllC
process Wthh can be lelded 1nto the twe distinct stages,
constructlve and analytlc A paraphra31ng of Dlenes (1960)
descrlptlon of how these two stages operate in the Process

of mathematlcal thlnkln s as. follows In the constructlve“"
‘stage the mathematlclan is given a structure which takes h1m
so far and no further He thén proceeds w1th randomly |
'trylng thls and that until eventually a more purposeful
‘bu;ld -up occurs. Subsequently the ev1dence is sorted out
~and organlzed 1nto initial patterns and a klnd of dlrectlon
is: d;scerned Gulded by a 'hunch’, he follows thlS" '
: _direction which leads him to create some sort of prov1s1onal :

structure.

Thus»%he 1n1t1al phase of the cycle is

completed and the work of analy81s beglns. “The mathemat1c1an

5now reflects on what he has constructed he carefully and

crltlcally examlnes any relevant class relationships. There‘

‘1s a natural tendency to establlsh a klnd of enclosure |

around the newly analyzed structure but: the mathematlclan

; adopts a strategy of endless open thought moving from

construction to analys1s.to construCtion,'and SO0 an.

| .This kind of patternlng is, on the one hand, the very
essence. of mathematical thinking. - Moreover, established
‘patterns soon come ¥o be- regarded as mathematical

- objects, which aré fitted into further patterns; these
in turn, upon becomlng familiar are regarded as objects,



. and So on. (pp..32533)3 ;
Thus the .cyclic natﬁre of the procesé comes into play.
Bartlett (1958) also,spéaks,in'terms of intuitive and
analytic}type thinkers, but esfablisheé an additional
category, a mi;xure of thesanalytic and iﬁtuitive. 5In this
 mixture intuition and'analysis alternate back ahd-fdrth_until

\f?@qnclusion is reached.. | | | '
| ' 'Dienes, relying heavily on Bruner's and Bartlett's:
ideas,~and his own notion of how a mathematician thinks, has
derivea-two principles, the Dynamic Principle and thé ;
Constfuctivif& Prinaiplé‘which form part of his theory of
opfimal learning of mathemaﬁics. In the Dynamics Pfinciple;
\in place of tha final analytical'stage in the cycle,dDienes
'&has substituted an.alternati?e,'practice. Whereas the
mathematician engages in open search, one structure leading
to another, Dienes feels mbat children are capable of very>
little analysis, so for thém cqﬁétruction ieadskto praCtice,
leads to further construction, and so on, wifh Qery little
analysis occurring at all. |

ﬂ If?is at tﬁe praéticé stage that symbols, according

to Dienés’(l964), enter the picture. Ope function of the
symbols is "to fixata the realization of the extent to which
a certain strugture will,reach;" (p. lbO)L In other words,
v the symbolization serves to recall abstracted or generalized
structural relation to one's mind. The aymbolism also may
then act as an embodiment of the structure, and may be used

to process information and generate new structures. Of

¢
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course, this'latter aspect .is operative only;at‘the ;
analytic stage, so little in this way would be accomplished
by very young childrien in Dienes' view. T
In the average mathematical- learnlng situation the thread
between reality and the manipulation of 'symbols' is very
thin, if not definitely severed. Even in situations
based on concrete mathematical experiences, this thread
‘may break. Either the teacher or the student becomes
over enthusiastic about the formal properties of the-
rule-structures being unravelled- through mathematlcal /
experiences, and loses touch with reality. Constant
feedback, or at least the opportunity of feedback, into
. concrete situations from which the structures h&ave been
abstracted will guard against this danger. (p. 143)
Los1ng 31ght of the concrete content of the symbols dev01dS»
them, of mathematical meaning according to Dlenes notion of
»mathematlcs. So whlle-thls,formal playlng about might appear
to be mathematical analysis, Dienes would not classify it
as-such‘unless‘the'Structural;relations'derived could be
interpreted in terms of their concrete contenﬁ, or applied
to 31tuatlons in the phy81cal world

"The 51gn1flcant contrlbutlon of Skemp to “the area of ///frx

T~
-~

mathematlcal thlnklng has been his work on reflectlve :
*-1ntelllgence, the ability of the mind to become aware of,
and manipulate, its own concepts. This type .of thinking is
essential to his theory of learning in view of his |
interpretation that mathematics is a pure construction of -
the mind. Skemp (1963) refers to oréanized structures of
knowledge as schemas, and the klnd of learning that makes
use of, and builds more knowledge onto thls structure 1s
called schematlc learning. This is 81m11ar'to.D1enes

[}

notion of one structure leading to another. However, whereas
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. Dienes sees the process as. taking‘place in*a cyclic way at
an entlrely constructlve level, or - alternatlng back and
forth between construotlon and analys1s, for Skemp the
process is entlrely analytical. The new.structure is being
learned by'reflecting on a symbolic‘fepresentation of a
"prev;oh ly learned structurez 'Thus‘thevroles of symbols in
thinkin »envisioneq by Dienes and Skemp are entirely
?differen from each other. For Skemp, symbols‘play a -

central role-:in learnlné mathematlcs, but for D1enes they

assume 1mportance only after the’ structural relations have

N

e

beenaabstracted through constructive actlvlty.

. Learning o - o h' , I
' Although Dienes' learning theory oan‘be traced to
his views on the nature .of mathematlos and mathematlcal
thlnklng, 1t also derlves.from the cognltlve development
theories of Plaget and Bruner These two theorles are qulte
51m11dr 1n that both adhere to the notlon of stages of
‘development , Plaget s stages are well known The>1n1t1al
stage of 1nterest “to Dlenes is the pre- operatlonal one 1n
'whlch thought can be 1nterpreted loglcally in only Very

81mple,51tuat10ns. In.the next stage, concrete: operatlons

" logic 1is developlng, but it 1s stlll tied to concrete

experlence. In the flnal'stage, that.ofvformal operations,
_logio becomes fully operational and/independent of concrete
'experienoe. Bruner's enactife, iconicvand Symbolic leVels

of representation of thought are similar to'Piagét's‘sﬁages.

However, the stages are not necessarily tied to a level of
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growth as an adult might pass through all three stagéS’in_
learning a new concept. Dienes (1961) subscribes to this

Brunerian notion as evidenced by the following statement.
It is suggested that what Piaget perceived as a
developmental cycle in the large, as a macrocosmos as
it were, also occurs in the formation of every abstract
concept as a microcosmos. But not only does this happen
in adult life, it happens in childhood, the structure of
the cycles being the sanme, only the content being
different. (p. 283). o '

The aim of learning mathematics in Dienes' view is
the comprehension of strﬁctﬂral relafionships between
‘mathematical concepts, and the agquisition of the ability to
apply the resulting concepts to Situations occuffing in the
world. These concepts and relationships are learned by the
processes of ébstraction and generalization.

- The process of’abstggétion is defined as the process of
drawing from a number of different situations something
which is common to them -all. . . . This fundamental

"relationship between classes and their elements, i.e.,
the relationship of 'belonging' or 'being an element of'.
is realized in the direction from elements to class. -
The process of generalization,-instead of leading from

elements to classes leads from classes to.classes.

Dienes distinguishesktwo types of geﬁetéliZation, N
primiﬁﬁve and mathematical. Primifive\generaliiation is"
passingffrom opé class to a sécond which includes thé fifstv

ﬁ'as a part of it. Mathematicai generalizafion is similar bﬁt:;

" the second class includes only an isomorphic image of ibe |
first.class; not the actual élaSS'itse;f. .For example,

A»péésing from the‘hatural:nuﬁbers fé;thé integers whiéh inciude.
an isomorphic image of the natﬁfal numbers'is‘an_example of

mathematicai generalization. Dienes does not go far’ehough

Sas
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~in his'description of abstraction. It is not clear whether
or not he would sd%scrlbe to the notion of degrees of
abstraction. The 1nd1cations in his writingsvare that he
has not accounted for the poss1bility of degrees of
abstraction He recognizes that 1rrelevan01es in a
s1tuation may interfere with an abstraction, and that some
people are better than others at abstracting, but feels
that providing more learning experiences is the solution to :
both theseﬂproblems. He conveys the impression that he >
believes that“once a class has been ahstracted it is known,
and the person who knows the class will be able +to recognize
all exemplars and non-exemplars. One who cannot recognize
exemplars and non- exemplars as such does not know the class
He has therefore not abstracted the class and needs a
‘greater variety of~exper1ences embodying the structure in
order to abstract it. | |
Concept attainment, in Dienes' view, begins with the
‘play stage. Dnring’this period themoccurrence of‘undirected
activity,‘seemingly pnrposeless, in which there is freedom |
to experiment, is in evidence. The'next stage, passing from
“apparent chaos to structure, from apparent.lack of direction
to the realization 6f direction 1n one's thinking, by means
of the process of concept formation, corresponds to the
kind_of'learning Egat takes pl#ge‘during,the concrete
operations stage as described by Piaget. Dienes'believes
rthatbconcrete objects or mental images, isomorphic to -

structures with regard to constituent relationships, are
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being put together according to some plan during this. stage.
Dienes' thlrd stage is that of lpglcal analysis - reflecting
on what one has done and discerning how 1t is really“put

I
~

together. The final stage, that of practice, consists of
making use of what has been done ) -
ThlS napural process of concept formation fits the
model of thoug@/irﬁpresentatlon proposed by Bruner in that
the play stage might parallel the enactive representatlon\
to some extent and this would be contlnued in the concept
formlng stage along with 1conlc type representatlon -
) Symbollc representatlon would not likely be ev1dent until
_-Dlenes' thrrd stage, that of logical analys1s Also, this
concept formation cycle postulated- by Dienes, in his view,
_has much in coﬁmon with the’phoughﬁ,processes,involved in
the search for mathematical discoveriés by mathemgticians:
However, for the concrete operations child, the final stages
con81st of practlce, and very little of loglcal’dlssectlon,“

as he .grows older, “the child develops the ability to think |

about his structures and becomes more analytlcal -

In the tructlon stage abstractlon may - play a

el

crucial part. The eallzatfoH“%QrT "this is just the same

. structure as that on
[ ]

first sight to be different,” i.e. an insight into an

over there, although they appear at

isomorphiSm is often a necessary step before a reallyrnew,
original construction can. be made, according t@ Dhenes (1964).
‘Hating © onstructed the new mathemafical sfructure, the .

logical o alytlcalvwork'must followy of which mathematicalh



- generalization is but‘onevexampie.

Dienes‘cisssifies generalizations as ekp;icit or -
implicit. If the gemeralizafion is explicit, that is to ' ' '\K
say, if there is’an awareness that a certain rule structure
‘/extends to a wider set of imstances than wes previoﬁsly |

thoﬁght, then it can bemsymboiiZed,in the general~form. .
However, he maintains that{thereumust be two-way traffic
vbetween‘a‘generalized situatioh and its symbolikation.\ The
symbollzatlon w1ll not be fully operatlve unless it can be
blnterpreted. Hence the Chlld must be able to glve ‘instances
) of actual situations that are symbollzed by the symbols
These views of_DleneS'on symbolization and 1nterpretatlon
have important implications for ideas on eyaluatioh of the
child" s mathematlcal learning. 7 _

Chlldren performing at. the concrete operatlons level
are very llmlted in tbelr ablllty to perform mathematlcal
generallzatlons according to Dlenes ' He_01tes the
generallzatlon from a llmlted class/gf/numbérs to that of .
any number as an example of a generallzation that takes a
long time to become expllclt for a Chlld " With'regard to the
fsymbollzatlon of expllclt generallzatlons or abstract concepts
Dienes states that, just as the research mathematlclan often
invents h1s own symbols, when a child is truly ready to
symbolize, not only w1ll he bé ‘capable of d01ng so, but he
w1ll ask for approprlate symbols, and that perhaps thls is
'the most de81rable s1tuatlon Dienes (1963) has “formulated

~

a psychologlcal principle governing thls notlon, but 1ts
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" uncertainty, in his view, is brought out by the following
~statement: \
There is also ‘the question of whether symbollsm can be

. used as a tool for cutting through irrelevant noise
during the abstraction process, or whe%ﬁgrylt can only

be used to formulate what has already beéen abstracted.
(pp. 160-61). | -
- There are several other psychological prin01ples
that Dlenes has formulé%ed w1th regard to mathematics
iearnlng. The prin01ple concerned with symbolization stated
above is known as the Princ;pie of Dynamic Symbolization.
The Principle of Multiple E&podiment refers to the use of
embodiments of a structure as an aid to abstraction. 'When
the rules for manipulating elements of embodimegts‘are
amehable to discovery'and isomorphic to the properties of 5' -
‘mathematlcal structure, Dlenes feels that the learnlng of |
the structure is fa0111tated by experlences with a varlety
of the embodiments. However, he believes that several
different kinds'of embodiments are‘necessary lest-the R
concepts become tied to the one type and are never adequately°
generallzed as a result.

’ To encourage generalization, the values of the
mathematical varlables 1nvolved in the concept must be
allowed to vary. This Dlenes calls’/he Pr1nc1ple of
Mathematical Variability. Prellmlnary, structured and
prsctice games must be pro&ided as necessary experiences
-from which mathematicél“concepts can eventually be built.

This is called the Dyhamic Principle. . It is easy to see the
\D_ . N

origin of this principle in his ideas on the cyclic process
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of concept formation and his notions of hathematical
structure. ILikewise, the Constructivity Principle, . in
which Dienes indicates the importance of cohstructive

activity preceding analysis, can easily be, traced to the

concept formationvcycle idea.

<4

, °

_ Finally, according to Dienes' Physicéi'Principle,
Visual, tactile; and muscular imagery must ac ompany the
learnlng of abStract mathematlcal concepts in the 1n1t1al
constructlon stage. This pr1nc1ple is of extreme.
1mportance since. 1t does not. necessarlly apply beyond the
concrete operatlons stage of development in Piaget's theory;
’ However, with this pr1nc1ple Dienes is empha8121ng the
"importance - of pure perceptual thought for all concep%:l/
“formation, regar@iess of developmental level of the learner.
Piaget'e theories form the basis of Skemp s (1963) -
f ideas on how’ concepts are learned. He calls this the
échematic‘Theory of Learning. Mathematical‘concepts
consist mainly of class, relational, and operational?types.
New concepts are assimilated to or‘accomhodated by existing
conceptual knoWledge,largelyfby means of the process of
abstraction. They méy be subsequently extended by the
process of generalization. ‘ | i

Although concepts do arise from sensoriemotor
expeniences,*tﬂe de&elopmeﬁt of new mathematics‘is almost
entirely conceptual. In other words, primary4concepts
constitute~only a small part of the totalitynof matheﬁatical

ideas. According to Skemp this no%ion is at variance with
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Dienes' views.

We are I think in full agreement that to enable the
pupil to form a new concept we must give him (or her)
a number of examples from which to form the concept in
his. own mind. For this purpose Dienes had produced-
some ingenious and attractive concrete embodiments of .
algebraic concepts - balances; peg-boards, colored
shapes and frames, and the like. But these, I think,
fail to take into accolnt the essential difference
between primary and secondary concepts, that only .
primary concepts can be exemplified in physical objects,
‘secondary concepts can only be symbolized. (p. 44),

The essence of this statement is that even fhough
‘bbth types of conCepts are formed Dby abetfaction, only
primary concepts cén-be learned by manipulating physical
_objeets, secondary concepts can only be learned in symbolic
contexts. | .

N For Skemp all ﬁathemétical coneepts‘are either.
primary or have their;poots in p;imary ones. Primary
concepts are learned ffom concfete sensory experience ef
objects in the-wquapeutside of the mind.. ?heee concepts o
are fhe subordinate bases of the hierarchieel networg‘of |
secondary conceptsbwhich COnstitutes»the structurewgfi;

mathematics. : . ' -

Symbols | - | : .
‘In this section Dienes{ and‘Skemp's ideas on
Amathematics, thinking and learning are interpreted in
relatioh to the role of symbols in ﬁﬁé iearhing of
strucﬁural relations of mathematics.

: , Mathematically‘speakiﬁg,.Dienes (1965) éttributes
two inseparable meanings to the term symbolization. :There

is first of all an abstract aspect in which’the/symbolization

g o | \or
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represents a étructural relation. Particular symbol
-meanings are in a sense irrelevant to structural meaning,
"since the strﬁctural relations represent Ahe :common essence
"of a number of different situations. However, this is a
.ratﬂér’hollow interpretation agéprding}to Dienes since
mathematics is inevitably about the reéﬁ world. Hence the

second aspect of symbolization, the concrete one, assumes _

equal status. In this case the symbqlization of the

structural relation represents some experiential content to
wiich it applies.-~ This content is derived from the

- indi idual concrete meanings ascribed to the 'symbols. "By way
trast, Skemp believes there are two different-tyﬁes-of
symbofls rather than two aspects of symbolization. Primary
symijols efer to primary concepts and have only:a conqréte

\
- interpreétation. Secondary symbols represent secondary

concepts. 'Symbol%zations which‘make;gse of secondar§\ ) /

9

concepts are statements of structural relationships but‘#b
not have a direct concrete intérpretation. They must be.
_interpreted in terms of other sets’of symbols ‘whieh may be

-

%raced back to primary concepts Having concrete cpntent. ;
B Concerning the role of syﬁbois in thinking,’the‘two‘
fundaméntal differences=bétween Dieneé:'and Skemp's ideas‘
,are In the typé‘of concept involved, and the level.of cognitive
growth of the thinker. Areas of agreement include the notion
that symbols are thought of asha means of fixing structures
in the mind. AlséJ they can serve the role of‘addition?l
embodiments of a structure and,mayvbe uséd fo generate new’

. —
~
o - . - .
. . -

NS



,/sffucthrés: 0f course, Skemp blaces more embhasis on the
- latter use because it involves anslytic’processes needed in
~learn1ng secondary concepts.
| On the one hand, .as far as learning is concerned
‘et least for concrete operational children, symbols play
little.or’no role in Dienes' view. The learningbof'/
structures is accomplished by”constructive activity using
physical objects or mental images of these. Symbols may be
: used in analyzing~structures in ofder to generate new
Structures, but at the risk. of impeding learning if this is
carried on too long without reference to the concrete
~interpretation of the symbols. Hence, though symbols may
enhance or impede the learning of structural relations,. they
are nof central to the leafning. The mechanisms of fitting

symbols into learning so that it is enhanced that 1s to

: say, the form of symbolic embodlment and the order of

o
w

1ntrodu01ng symbolic and concrete embodlments of a structure
are open‘questions to be determined empiric¢ally, according
%o.Dienes. . On the other hand, Skemp feels that symbols

play a key role in learning: mathematics. Since such learnfng
' 1nvolves mainly. secondary concepts: Wthh can only be | |
'symbollzed the bulk of learnlng takes placeeln symbolic
conte;ts Concepts are bullt up in hierarchical fashion,
' prlmary ones as abstractlons and generaligations of physical
experlences, and secondary ogfs as abstractlons and
.generallzatlons of symbols which serve as mental obaects

)
The Skemplan view of the role of symbols in the learning of

.
v - -
\ i .

»
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‘)

structunallrelationships of mathematics might be'thoughf.of
as a gemi-concrete 1nterpretatlon as compared to the concrete
interpretation of Dlenesf way of thinking. Thqhsymbols at ‘
.each>stagé, being arranged in a hierarchy of progre881vely
h%gher level concepts with concrete experiences at the
bottom, take on a concrete exietence in that they are

meanlngful in terms of 'all the lower levels of the hierarchy
4 ' :

subsumed . ‘ ; : o , 7

Related Research
. s .

' Dienes' research (1963) has been mainly of the

)

descriptive type. He has provided for children, mathematical

D

experiences with concrete materials. The rules governing

manipulation of these materials are’e@bodimenfé of the °

mathematibal structures. He observed a wide range in the -

‘ chlldren s abilities to master the underlylng concepts ) He N
tested his psychologlcal pr1n01ples governlng mathematics
learnlng and found that adherence to them d;d fa01lltate the‘
fformatlon of the COnCé%tS 1n so far as most chlldren were
able to demonstrate thelr comprehension by manlpulatlng

" the materlal in approprlate ways, butothere w;s ; sex
difference:in the children's.performances_in favgf o}'boys.
He attempted-to introduce symbols at varioos stages in the
concept development and found £ha£ it usudlly inhibited the h
léarning of the concepts if the symbols were introduced
pfior;fo the coppletion of the analysis stage. ‘He also o

found that children could symbolize and interpret best when

4
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they reached the stage where they asked to be glven a way
of symbollz1ng the concepts

In a later, more formal kind of eiperiment,-designed :

+

to determine'the_strategies of thinking in discovering‘the\u
iproperties‘of various group‘structures, Dienes-(l965) used
a purely symoolic type of treatment - He found that some‘w
subjects used operatlonal or pattern strategles while others
rélled on memory The operatlon strategy is predlcated on
.the.assumptlon that any_givenbsymbol acts on each of the
other'SymbOls’in a‘oonsistenteway‘in_pfodﬁcing a’'resultant
',symbol. «@he pattern strategy involves the assumption_that
patternséﬁn the'combinations of . the symbolsvexisternd»that“
discovery/of these patterns mill faCilitate predibtion of
results. .The operational strategy isvthe-one‘most;likely
“§ to aid&the subjects inﬁdiscovering the&actual mathematioal
”cnaracteristics ofbthe,group'struoture, whereas the‘pattern

strategy wouldimore‘likely lead to the discovery of such

r'("_

thingsdas_symmetry;:ﬁThose'who ﬁsed'the operational or'
patternFstrategiesIiearned_the concepts inyolved better, and
were able to transfer‘this knoWledge to isomorphic structures
more successfully than the memory subjects} The_operational
strateéy proyed to be better than the pattern strategy for
_the more.comolexAﬁathematical'groups; As’afreso;t of this
research Dienes suégestedvthe need for an experiﬁent
invoiving:symbolic versus exjeriential—cumésymbolic
treatments HlS main concern regardlng the purely symbolic

treatment seems to- be that. lack of constructive experlence

-
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;wdﬁh ‘concrete obJects embodylng the structure w1ll lead to
.dthéfformat}on of ' concepts that are not fully operatlonal

Thét is to say, the child will not be able to apply the
'.concepts to real 31tuatlons . . .@
Two of Skemp's 1nvest1gatlons (1958) are relevant

vto this‘studyﬁ The flrst was a cagd sorting experlment in
which the subjects had to deﬁgrmlne which comblnatlons of

'the concepts of size, color, énd shape were being used. He
found that those who—were ‘consciously aware of the concepfs

used, ‘formed and transferred the concepts better than those

who were not aware. 1In the Second 1nvest1gat10n Skemp
found reflective 1ntelllgence, as measured by a test of his
- own de51gn, to be significantly correlated with mathematics
achievement. He used these results in support of his theory "
that reflective intelligéndé is necessary fpf success in
mathematics. v

Scandura (1967) conducted an experiﬁent involving
two treatment-factors.> Thebfirst factor wés the form in
which ﬁathematical rules were given to subjects, elther
succinctly worded English,‘br initially unfamiliar‘
mathematical symbolism. The second factor was‘the p,reSencej
or absence of,stbol pretraining. For instance,‘ﬁhe Greek
rule in the initially unfamiliar mathematical éymbo%JSm Was

- & r S .

>z (2 X+ > 3) The English version of the
z=1 x=1 y=
Greek rule was: 1) Add the consecutive integers 1 through r.
2) Add the consecutive integers 1 through's. 3) Add the ‘

sums obtained in 1) and 2). 4) Add the consecutive 1ntegers



~

1 through 5. 5) Multlply the sums obtalned in 3) and 4).

'The symbol pre- tralnlng for tiis rule was: to find the

k )
number equaléto 3= r add the integers from 1 to k. {or
, r=1 -
instance, 2_ t=1+2+3+4 +5+6 =21, The sibjects

t=1 . v
in the pre-training treatment groups were then given several

similar examples.to practice. One criterion measure was
' problems involving the rules given to the subJects. For
each test item the subJects were given a Problem involving
a_partlcularvrule andvglven the name of the rule to use in
solving the problem. A second criterion was theotime taken
to learn the rules On the first criterion he found no
dlfference between the Engllsh groups and the pre- tralned
symbol group on applylng the rules to problems There‘uere f
no cases of correct appllcatlon for the symbol group which
d1d not undergo symbol pre-training. - On the second crlterlon
‘heasure, speed of learnlng, he found that symbol bre- tralnlng
had no effect on the Engllsh group, but thag the pre-trained -
symbol group learned more rapidly than the . symbol group that
was not‘pre—tralned. Both symbol groups learned nore
rapidly than both English groups.

The results of - Scandura s resegrch seem to suggest .
that the symbollc mode of presentatlon Preceded by an
eXplanation of symbol meanings is. the best method because
students can learn to memorlﬁabthe rules more rapldly and
apply them as well as they can apply the Engllsh statements
However, the expository methodawhich encouraged rote_learning .

was used .in the presentation of the rules in symbolic form.
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Perhaps the presentation of the symbollc statements in a

‘1 structured context whereby students are encouraged to

discdver -the rules for themselves might lead to different.
results. The next. 1nvest1gatlon seems to. 1ndlcate that
this is indeed the case.' o R o -

In a serles of’ experimentsqdesigned tOvteach‘the o
_structure o{‘groups, Avital (l9o6) used treatments based on age
distinction between first and second order symbols, In
- terms of Skemp s notion of primary and seCOndary concepts,
‘second order symbols would refer to secondary concepts
‘Avital says that "mathematical symbols are mostly second
order symbols,‘that\is,.symbols introduced.by and explained
with the help of first order symbols, and repla01ng them. "

(p. 3). k /b\ s
L ' R 3 ‘

In the first experiment he used some formulas from
basic statistics presented in-their.usual Symbolic form for.
the second order symbol treatment and stat’ts of the
same formulas in ordinary Engllsh for “the flrst order symbol
treatment- The sub jects were vocatlonal school teachers
The experiment was not tightly controlled and the results
were 1nconclu81ve, but showed a trend in favor of’ the

ordlnary’Engllsh treatment However, the criterion test was

strictly in terms of ordinary English

In two. subsequent experiments conducted by Av1 _
in which the con e‘t taught wasbthe structure of the

- mathematical grou » three treatments were used. The

-

mathematical symbolix

treatment‘emphasiZed-the operational
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. | | 3
A‘ X ) %. -
group characteristicsipreSented in the form of second
C ; \ R
order’symbolic statements. The pattern treatment $\\

- all pairs of elements were arranged in an array and

'presented as second order symboiic statements.‘ In the

~

verbal descrlptlve treatment the functlonlng of each -

element was descrlbed 1n words from the p01nt of view of

.‘\'(4‘&
gi‘up structure There were two groups of subJ

student teachers and hlgh school students ‘ tt rn
treatment proved to be the most effective one for both
groups of subjects taken together while the-mathematical

. , » v
symbolic was_phe second best for the high school students,

‘and the verbal was the best‘for-the student teachers.

Avital felt that the superiority of the pattern method was

due . to 1ts symmetry | He also felt that the reason/theu
teachers succeeded better 1n the two experlments with verbal
descrlptlon rather than second order symbols was because
they were not s0zrecent1y 1nvolved in worklng with
mathematlcal symbols as the hlgh school students

In the thlrd experlment Avital used -the same three

_treatments w1th only high school. subJects, but changed the

content to a less symmetrlcal struceure, the cycllc group

In this case the mathematical symbollc treatment proved to

! o

be the most effective. Another important flndlng was that
there was’ no 81gn1f1cant dlfference in performance between
boys and girls. He cornicluded that thls p01nts to the fact,,

that sex differences in mathematics achievement are mainly

' emphasized the symmetry of the pattern.when the products of ‘\\

e

(.
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culturally induced. Slgnlflcantly, the criterion test
included backward association and transfer items as well as

recall. This experlment,&whlch included sfudents from )

grade nine, ten and eleven in Ontario revegled a‘significant
grade effect in favor of the higher gra es. Avital said
that this result supports the flndlng of the previous study

~ that contlnuous involvement in learnlng mathematics tranéfers

\

towthe learning of néw structures. S
w/; Behr (1967) conducted an exp\rimenj 1n order to
search for evidence that mlght'suggest the influence of
-mehtal factors on‘school learning ‘situations. He also hoped
to find out whether it is possible to design instrdctional
materials, in a wa} that would suit the learner's mental
ability profile. Using Guilford's.theory of the Structure-
of-Intellect and dagnefs theory of Task AnalySis, Behr
designed two programmed presentatlons of the concepts of
‘modular seven arlthmetlc. The flgural—symbollc presentatlon
employed a flgufal model and dlagrams for the presentatlon.
The - verbal symbolic-program presented the same concepts
~verbally. Beh# found SIgnlflcant ;nteractlonS-between five
;of‘fodrteen selected'faCtors of mental ability'and-thektwo 2
presentations The‘trends\in'the results indicated'that

’ persons hlgh 1n flgural, or verbal or symbollc aptltudes were‘
able to learn better if the materlals were presented in
these respective forms. ~However, Behr_conceives of the
results of hisvinvestigation only as sufficient encouragement

, » ]
for further research.
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Dienes' research has produced important findings.
Unfortunately,ﬂfew experiments'of the sixties were olosely
enough related to these findings’to‘contripute to or clarify

Dienes' theory‘ The studies cited here do, however;-point to -

the fact that there is a need to 1nvest1gate the role of

symbols in mathematlcs learnlng Dienes' theoretlcal stance
and his experimental findings, together with the related
studies reported here, serve'as the basis of the design and

development of thls study as descrlbed in the next two

.chapters

In the seventies, subsequent to the design of.this'
study, several other related investigations were carried out.
One such experiment was a follow—up study by‘Dienes and Jeeves
(1970) of the earlier study of structural thinking. In this
follow ~up the focus of attention was’on transfer of structural.
relations. Mathematlcal group structures served as the .
content to be learned and;transfered. The most 1mportant
finding of this study with respect to the role of symbols was
that perceptual cues helped in the 1dent1f1oatlon and learning
of the structural relations. Startlng with a nine element
group,: the subJects were requlred to 'rao' er their knowledge o

of its structure to its various three- lement sub groups

Those sub- groups for whlch a perceptu 1 cue, such as 1nvar1ant

‘

:color or shape, was prov1ded were 1earned more readlly than

those for whlch no perceptual cue was prov1ded
Several other studies closely related to ideas of
Dienes‘have'been'conducted The most. dlrectly related study

is that reported by Branca and Kllpatrlck (1972). The



investigators were attempting to validate the findlngs of
Dienes' (1965) study of structural thinking in which-the
operator, pattern, and memory strategies were‘studied. The
pattern of subject eValuations of strategies used, and N
consistency of strategies.acrgss tasks, as reported by Dienes,
wer;-confirmed in the Branca and Kilpatrick study.. However,
\\Pienes' finding of a'relationship between evaluations and
strategynscores was not confirmed. - This latter result led

the authors to conclude that the strategles postulated by

-~ Dienes: have yet to be démonstrated conv1n01ngly

Several other studies lpdlcate the inconclusiveness
of experiments related to Dienes' theoretical ideas. Suydam

and ngglns (1975) in a review of research on act1v1ty based

) approaches to mathematics teaching reported that three of

four studies found no significant dlfferences-1n~ach1evement
when number of embodiments was varied.- In studies comparing

¢

studentimathematicsGachievement“under concrete, pic§orial‘and‘
symbolic learniné sequences, the host suCCessful approach was'
a combination of plctorlal and concrete,manlpulatlve materials, , 3
w1th only three of twenty elght studles reportlng superiority
for symbollc sequences alone. '

One study supportlng the conclus1ons of Suydam and
ngglns was that conducted by Austin (1974). The three methods

-

compared were based on Bruner 8 three levels s0f representatlon
/

of” thought The manlpulatlve pictorial method was derlved

from the enactlve level, the pictorial method was allled to

the iconic level, and the symbOliC'method~was based on the
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symcolic level. In a comparison of the ‘mathematics
achievement of students subjected to these methods, the
manipulative;pictorial and the_pictoriél methods proved
generally superlor to the symbolic method |
A study representatlve of the three show1ng

vsuperiorlty fopinhe symbolic method was conducted by‘Fennena
(1972). 1In this study fecall and transfer of a natnematical
principle taught to second graders by fwo différent methods
was investigated. The methods compared Weré‘meaningful
concrete, in which the pr1n01ple was demonstrated and
- practiced using culﬁenalre rods, and meanlngful symbollc 1n
dwh;ch the prlnc;ple was taught‘u81ng numeral, operation and .
rele$ion symbols only. The-principle faught was multiplication
as repeated_gdditicn. The results shcwed‘no significant
differences in recall, but significant'differences in beth
cdncfete and symbolic transfer favoring the symbolic
treatment group were found. |

“ These studles of tne seventies 1ndlcate 1ncreased
interest in both Dienes' ideas and the role of symbols in
mathenatics~learning. The Branca and Kilpatrick study
indicates that Dienes’ notion of strategies of thought is far
fromvwell established as yet.~ The review of Suydam and'Higgins~‘
indicates thai other facets of Dienes"%heories also reQuire
more eéperimental snpport particularly'his ideas on}multiple‘
embodiments and the role of symbols Tne conflicting results

obtained point to the-need for contlnued 1mag1nat1ve research

on these topics. - o - ‘
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- DESIGN OF THE STUDY

The Logic of the Study

Three Alternative Approaches to
the Role of Symbols :

&
2

One‘of,fhe most attractive féétures of Dienes' theory
.ié that it deals not only with the role of‘Syﬁbols_but-also
with the broader.problem of how mathematical stfuctural.
relations are lea;néd. However, Dienes advanees only
‘tentative propositions on how best to facilitate such
learning. His theery has been anq'femaihs evdiutionary. ‘In
addition, sone points are vague, so inferences are.tenuous.
Some significant asbecté are not addressed, gaps exist, and
many questions are raised but not answered. Nevertheless,
.>1n splte of its aura of uncerta;nty, Dienes" theory is‘the
#/only one that comes close to grapplihg with the problems
under 1nvest1gatlon in this study. On\thls ba31s alone

Dienes’ fheory seems eminently qualified to serve as- the

framework of an i structlonal approach spe01fy1ng a

particular role

.

relations of mathematics.

r symbols in the learnlng of structural
-In view of Skemp's-*criticism of Dienes' views, it
Seems reasonable that formulating two approaches,lone based
on Dienes' theory, and another a modlflcatlon -of this to
take Skemp's aréuments into account, could serve as the

39



AS
basis of an inveétigation.T The two such approaches could
then be compared to each other with respect to their effects
on the learning of structural relations in mathematlcs. . In

9 x

order to- determlne whether any other alternatives should be
considered, the two_dlscussed above must be set into a .
_theoretical framework. The most obvious frameWerk.which

comes to mind is the concrete-abstract dimension. In this -
‘dimension the concrete end ié the most tangible and. is | ‘
occﬁpied by real physicaljbhjects ahd events. The abstract -<j*“\\

o

\endﬂis intangible,‘it is the realm of ideas far removed "
- from material referents. The middle groand is.occupied by .
.eoncepts somewhat removed from material refereﬁts yet

tangible to some exteht in that they are familiartand
- meaningful. |

The Dienesﬁapproach, henceforth reﬁer;ed to as the

Concrete'approach,'makes'use'ofnthe manipulatidn of eoncrete
materials in the learning of structural'relations. Symbols

are relegated. to the - role of labels tos be attached some tlme
after\fﬁitlal abstraction, though ‘once attached they may be

{
‘ eAever the learner engages in analy51s Hence, this _,4

approcc# can be thought of as occupylng a pos1t10n near the ¢

The modifieati f Dienes' approach to'satisfy o ,
Skemp's criticism, from now on-referred to as the
-Symbolic approach, can be thought of as occupyihg a middle®

ground on the doncrete¥abstract»dimensionf‘ In thisuapproach

the structural relations of mathematics are-considered to be
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secondary concept{ Thelr learnlng 1s based on i?%
_utlllzatlon of other more basic concepts known to the
learner. These other concepts are represented by prlmary
symbols whlch are manlpulated in order to render the
.learning of the structural relations. Though ‘such- an”'
approach might be cons1dered closer to- the abstract by
ert e rof its primary symbol context, it can be con81dered
to appro h the concrete from the point of v1ew of ‘the
.tangibility .b’the familiar and/;eaningful conceptual basis
of the learning k ence, the Prlmary Symbollc approach
rlghtfully occupies t m;ddle ground - along the concrete;'
abstract dimension. . th\\ ' : E /;/////’

.We couldtconceire of st?.l another approach, a truly
more abstract symbolic approach, whi?f\would consist of
}learnlng the structural relations. through anlpulation of
symbols ‘devoid of initial meaning. It is throus
manipulation of ti:gf?ﬁbols that they take on meanlng

lead’to,the learn'» of- the structural relations. This S

fapproach, which will be called the Secondary Symbolic o
approach, represents the abstract end‘of the concrete- N ‘i>
abstract dimension The relationship of the’ three approaches
.to the concrete abstract dimension is depicted in the
diagram’ of Flgure 1. | g \\
Though the Secondary Symbollc approach appears to be
a loglcal thlrd alternative for the learnlng of structural
:relatlons in mathematlcs, its inclusion as an instructional

approach is supported by other considerations. The major

\

PR
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Concrete _ - - C ‘ % Abstract . ‘}
: Concrete} ‘ Primary- Symbolic  Sécondary Symbolic

‘) Approach Approach Approach -
Manipulation of Maﬁ‘pulatlon.of Manipulation of
phy31cal objects or meaningful primary initially -

mental images of symbols representlng meaningless

these familiar concepts .symbols .

FIGURE 1

The Three Approaches on a Concrete Abstract Dimension

-

'advanﬁage of such an approach is that it offers a symbolic
alternatlve which is not dlrectly dependent on arlthmetlc
achleyement. Whereas‘the Primary Symholic approach would draw
on the students' knowledge of arithmetic for much of;the
structural'relations learning, the- Secondary Symbolic -
approach does not draw on. such knowledge Though more
abstract and less meanlngful 1n1t1ally, the Secondary Symbollc
approach may be viewed as simpler in some ways than either of
the other two approaches; If in the Secondary Symbollc approach
symbols are viewed 1n1t1ally as meaningless, they will carry
no 1rrelevan01es, mlsconceptlons ‘and compleX1t1es_that might

" be as3001ated with more meaningful approaches Learning

should be focussed dlrectly on the structural relgtions.

t

‘rather than the myriad of a88001at10ns and connotatlons
3

poss1bly carrled along with the other two approaches.
A maJor task of‘thls study is to elaborate on these

three approaches Wthh all offer alternatlve roles for

.symbols in the learning of structural relations(of

mathematics. Dienes' theory serves as the bagi§ for all
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three approaches. . One approach répresents Dienes' ideas as
closely as possible. The other two approaches are

3 ' :
modifications. These.modifications affect only-the role‘of
symbols and are motivated by the possibility of flaws in

Dienes' principlesﬂthat concern, symbols. .-

The Concrete Approach. This approach is hased on principles

derived by Diehes from certain ideas’of Bartlett, Bruner
cand¢Piaget, as well as results of his own research . The,
\

unique aspect of the approach 1s\the Phys1cal and Dynﬁ%g

Symbolization Pr1nc1ples The Phy81cal P#lnc1ple orlglnated

as a hypothesis rltten by " ﬂ.fnes (1959). "He subsequently

dropped the 1dea as a sep$".
£ ¢r
it remains. implicitly embe-.

Y identified principle; but

PPin his theory. The demise

. seems t%ybe related to Pienes' deyelopment of the notlon of
manlpulatlon of" mental images threugh stories. Thenefore,
for the purpose of thls study the Phys1cal Prlnc1ple will be

4
1nterpreted as foldows: manlpulatlon of phyS1cal objects is’

mathematlbal structural relations by chlldren As’ Chll e
grow older, this can be replaoed 1ncrea31ngly, but never

’ fully, by manlpulatlon of mental images in the context of

story embodlments of mathematlcafhgtructures ) ; )
o ,a: ‘The pr1n01ple deallng most dlrectly‘y;th the role of

_symbols is Dynamlc Symbollzatlon Generally speaklng, thls
®
,prlncfple requlres that symbols not .be introduced until v
N

after the Structural-relatlon has been abstracted by the

) \ . - . : B -

learner. 'WheneVer\possible children should be allowed to:

- N ~ . . ° .~ ’

“

//necessary in the constructlve stage of the learning of ;;\__ﬁ,/



credte thelr own /ymbols If it'is necessary”to'provide

\.symbollzatlon for the learners, the symbols should take on

forms that progress through iconic to conventlonal

T d ' X “
Y . / . e ‘ i

representatlon ' - o ,é,f
. ) SR

e

Both pr1nc1ples are derlved from Dlenes

1nterpretatlon of Plaget s and. Bruner's stages of development

derlvatlve'ldea.. Another is Bruner s suggestlon that thls 1s

>

e also necessary in the formatlon of any new concept regardless

of the age of. the learner

t

~Thé Prlmary Symbollc Approach - This approaCh offers an

altérnatlve to Dlenes' Phy31cal and Dynamlc Symbollzatlon

Pr1n01ples as a result of ;helr crltlclsm by Skemp Though
-/
much of the approach adheres to D1enes' prlnclples, those

concerned with the ‘role of. symbols are reJected and replaced

o

by pr1nc1ples in llne w1th Skemp_s V1ews The bas1s’”f .
these pr1n01ples is’ Skemp s bellef that most of mathematlcs
1s comprlsed of secondary concepts that can be represented
only by symbols, and thus must be learned in the context of
symbols - The symbol context represents concepts known to ,‘
the learner, on Wthh the secondary concepts to be learned
are based To follOW°D1enes' approach of formulatlng Eifg
- prlqplples for optlmal learnlng, one pr1n01ple based on .
« 7 these 1deas of Skemp, referred to henceforth as the Schematlc .

¢

Prlnclple, requlres that a structural relat1%$§mus be



4 -learned in the contexXt of symbolic representations of

‘The -Secondary Symbolic Approach. This approach was

' on this approach ih'hiS\introduption to Dienes. (1963).

prerequisite concepts.

\

‘suggested as a logical third alternative occupying the ' | T

abstract end of the concrete-abstract dimension. Under such

1

an approach the learning of mathematical structural.relations
takes place in the context of meanlngless symbols In the
realm of mathematlcal phllosophy‘such an approach would be

classified as.formallstlc. Brunar appears to cast favor /

.+ . Dr. Dienes is much more distrustful of 'formalism'
than ﬁome of the rest of us.. The symbols of a language -
a natural or.a mathematical language can either be viewed"
as transparent or opaque. -When we treat symbols as
transparent we are pr1n01pally mlndful of the referential
function, -what they 'stand for' or 'mean’ But it is
also possible to treat a symbol.syétem without regard to
“what lies beyond the symbols in the world of experience,
“to treat the system as a self sufficient body of rules -
-for forming and transforming sentences or equations or
functions . . . . Many mathematicians today believe that
one:can indeed introduce many :‘ideas in mathematics by
first giving children a sense of the algebraic structure

, s8nd then mov1ng on to the queéTion of embodiment or .
‘reference... (pp. xi-xii). | . s

Dlenes does recognlze the pOSSlblllty of productlve

'learnlng emanatlng from the formallst approach as the

- following quote testlfles.'"There is the questlon of

a3

‘whether symbol;sm can be used as a tool for cutting through S

2

“"irrelevant .noise durlng the abstractlon process, or whether

it can only be used to formulate what has already been
abstracted." (pp. 160-161). Obv1ously he is not dogmatlc
about the usefulness of a formallstlc approach, In the:°

intréduction to Dlenes (1966), Sandford and Wllllams ralse
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the question of whether concrete‘materials sometimes

hinder learning by)distracting theflearner from‘essehtials¢
‘This further supports'the ideaaof;formulating a formalistic -
approach free from extraneous distractidns. The"Secondary
‘§ymbolic'approach callS-for'rejection of the‘Physical and-
Dynamic Symbolization Principles, and substitution‘of.these
‘byva pr1n01ple express1ng the essence of formallstlc

. learning. This pr1n01ple, referred to as the Secondary
Symbolic Pr1nc1ple, calls for l@arnlng of structural
relatlons of mathematlcs by means of manlpulatlng symhols

[}

~whlch have no 1n1t1al meaning attached to them._,

©

Treatments : ©

The‘rev1ew of llterature for thls study suggested
| Ialternatlve approaches to the role of symbols in the learnlng ’
of structural.relatlons of mathematics. _On‘thls basis the
rationale.for @hree such approaches Was developed., In-order
to develop treatments representlng these three approaches
spe01flc mathematlcal content had to be chosen The content
.chosen\was the structural relatlonshlps.mlthln &belian
groups. There were two main reasons for thik choice. First
'Dlenes con51ders group'gtructures as baSlC mathematlcs that
' can be learned by young"chlldren He has conducted a great
Adeal of research (1963 and l965) 1nto the teachlng of thls .

topic to chilfuﬂhoand‘gdults. §econd,,the usual deflnlng

: prﬂo})ertles af @ group, such as assom.atlw.ty, constltute
fstructungl relatlons con51dered 1mportant in the study of

numbers. .The actual treatments are dlrect appllcatlons of
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'Dlenes cons1ders to be the 1mportant outcomes of learnlng
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.Ll

the three alternatlve approaches to the teaching of Abelian.

.. 8roup properties. Thus the three treatments developed are

the Concrete, Primary.Symbolic and Secondarybsymbolic

¢

treatments. The development of these treatments. is

described in the next chapter.

Criterion Variaﬁles‘

0

- Since all three treatments are based on Dlenes'

theory, whlch is 1,.'

g glg#tled to his bellefs on the
'”}“L‘;}ﬁﬁﬁhematlcal thlnklng, the
crlterlon variables are derlved from an analys1s of what
structural relatlons of mathematlcs

B Dienes' (1960) assigns equal status to the two faces

oW

of mathematics; pure and applied. Hence both pure mathematugﬁ%

tahd appllcatlons should be reo/esented 1n _the learnlng

outcomeS“‘ The pure s1de is structwral relatlons -The

< -

structural relations within the group 1nclude thefproperties

‘or rules such as closure, existence of an. identity element, .

and so on. Concerning structural relations between structures,
recognition of isomorphisms and extension by generalization

are ofvprlme importance. These two are referred to by Dienes

(1965) as transfer. In his wiew transfer refers to the

' learning of any given'structure by the utillzation of ..

knowledge of a 51m11ar structure. The knowledge of similarity

of structure is brought 1nto play by the use of different

‘kinds of relat;onshlps.between structures. For group.

structures oRe such important relationship. is recursion.
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There are two kinds of recursion, generalization and

. i . N ‘, ' ' -
'particularization Generalizatigﬁ is the extension of a

structure to ohe Wthh includes a wider range of elements

By

| but.follows”the same rules. Partlcularlzatlon is going from
' one structure to an isomorph;c image of a subsgtoof the

* structure which follows the same rules.

{K", Dienes (1966) has deﬁined the learning of -

N

mathemétics as not only the comprehensionxgipsfﬁuctural

relations and the-ability to apply these tq the world, but:

. also the symbollzatlon of the relations. He belleves that

/symbollzatlon is more than. Just sttachlng 1ab‘ls to

structureS' The symbollzatlbn must be an- abst aCthﬁw It

must represent a\structural relatlon Wthh is known to the

learner as the common essence of a number of dlfferent

<

31tuat10ns In addltlon 1t is v1ewed as a capplng off. of

\ ‘@

the learnlng, maklng 1t*pomplete by flxatlng the structure
in the mind. - But the s&mbollzatlon is not fully operatlve,
;aCCOrding to‘Dlenes, unless it can be 1q€erpreted.- That is,
given‘a syﬁbolicdrepresentation of-a s%ructural relatiod§7a
non- -symbolic embodiment to whlch it applles can be cited. |
- In sugmary then there are four maJor outcomes of |

%ﬁe learning of structural relatlons of mathematlcs 1n

/

Dienes' view. These are symbollzatlon, 1nterpretat;on,

. trans £T and’appllcatlon The actual structural relatlons

I

‘are of two types, thoseé between structures and those w1th1n

Recurs1on 1s.the_marn type - of rel tlonshlp among group

-struCtures: fhe defining'properties of the group structure

-4
v



49

such as plosﬁre.are the main typeé of structural relations

within the. group structure.

Learner. Related Variables

Accor@ing‘to‘skemp (1960), it is only through
anaifsis using feflective intelligence that oné learné
mathematics. .if this ié true then 6nly tﬁbse with

_sﬁff@cientiy high reflective inielligence‘will be able'to
learn mathematical sFrﬁctural relations such as those
associated with thé'algébraic group structure, regardless of
treatment used. .Dilneé (1964) agrees with the necessity of
using reflective inﬁelligence, but ohly &ur'ng thefanalytic
Astége: HeJdisagrees with Skemp on when analysis is 4 -
necessary for leafning.ma{hemapics. ‘He believes analyzing“
is observable in young children; although‘it féaches full
maturity during the teenage years. But he feels that much
ﬁathematicé can be learnéd‘by»young children thgough |
constructive acti#ity. Thus réfleétive intelligence shogld
be examined experimentaily to asCertain'wpefher it is a
Tactor in the learning of stfuctur;l felations of mathematics.”
' Similarly, arithmetic‘échieveﬁent and‘sngshouid be

examiﬁed fér the same reasons.. Dienes (1960) étateé that,

" . .« .'One experience .may havé effects dn the lqarning of

" concepts in several widely different branches_éf mathematics,
and the effects may'npftbe observed until L long.time, perhaps

‘-yéaré, after the éxperience."' (b.29)¢; ﬂ;é effects of )
arithmetic achievement on the learning;%f structural rélations_'
agéociated with aigebraic gfoups may very well be a case‘in‘A'

—_ e
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. “3 < ’ - .
point. \Some of the structural relations within a group,

such as commutativity, often-are used and intuitively
understood'by children when they deal with numbers and

‘ : R 1
operations of arithmetic. Thus how well they achieve in

handling operatlons on 1ntegers and fractlons may well be

related to how well they are able to abstract the structural

relatlons of the group. There mlght even be some 1nteractlon’

among treatments and levels of arithmetic achievement 81nce

h arlthmetlc embodlments are very llkely to be used as a
primary symbol cqntext. Flnally, sex should be examlned,
:for although research'findings on sex differences have been
inconclusive, Dienes (196? hlmself observed sex dlfferences
in learning structural relathns by . subJects in hlS ‘

xper ments.

The Experimental Study

Experlmental Questlons

O The questions to be examlned in this study are as

follows: S -‘. / :

1. Among the three treatments, Concrete, Primary.
Symbolic and Secondary Symbollc are there
differences in achievement in symbolization,
interpretation, transfer and appllcatlon of the
relations of the group structure° '

©. 2. Are there differences in’ achlevement on symbolization

interpretation, transfer and application of the
relations of the group structure between

a) high-and low reflective 1ntelllgence children,-

b) “high and low arlthﬁptlc achlevement chlldren,
4 “and

c) boys and girls?
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3. Is there any 1nteractlon beiween. treatments and
ag reflective 1ntelllgence,

arlthmetlc achievement, and °
c) sex?

' Experimental Procedures”'

} The-experiment took place in the Spring of 1969 and.
was preceded by two pllot studies in 1968. The pllot . ‘
stu@aes were used to reflne the treatments and tests, and

resulted 1n the de01s1on to conduct the experlment at the

-~

AN

- grade seven level. At the outset subJects were pre- tested
on reflectlve 1nte111gence and arlthmetlc achlevement
Follow1ng thls the subjects underwent the treatments for a
perlod of four weeks This amounted to a total of”twelve

: forty mlnute class periods for the treatments. Much of the )
1nstructlonal material was printed on cards available for
1nd1v1dual subJects or gioups of three or four. However,
general dlrectlons and 1 d;V1dual guldance were ‘given orally
by one or other of the 1nvest1gator and ‘one other 1nstructor
Immedlately follow1ng the treatments the crlterlon tests of
symbollzatlon, 1nterpretatlon, transfer and appllcatmon,

7 known as Group Concepts tests, were administered.

The Sample ]
| 'xhe sample consisted of 168 grade seven students of
one Junlor hlgh school in Edmonton These students were

‘ randomly pre- ass1gned by sex to six classes of’ equal size.
";Each class had an equal number  of boys and g¥#ls. The ciasses

e

were then randomly_ass1gned'1n pairs to treatment groups.

e
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Permlss1on to publlsh I.Q. and achlevement data was not

obtained, but comparison of the samp to the populatlon of

the school system indicated comparability.

Learner Related Measures
The following reflectlve 1nte111gence measures were
used Skemp's test of Concept Formation (SK 4)(1) requlres
'_subJects to identify whether each. of three test examples
-are exemplars or non-eéxemplars of‘a certain geometric
concept-after'havlng been given three exemplars and three
nonlexemplars. - 4 _ | p 4
_Sxemp's Test of Reflectiue Action.With;Concepts ”Q“Q“
(SK &4)(2) is designed to be admiﬁistered immediately )
‘follow1ng (SK 4)(1) It involves logical'multiplication{
comblnlng two concepts to form a new concept in which

a 5,

possession of both of the propertles of the orlglnal concepts
-

is used as the criterion, Three exemplars of the double

: property and three non- exemplars dlfferlng from each other

o'

_are glven. The subgect‘ls requlred to indicate whlch of | (

several test examples are exemplars and. whlch are non-

exemplars. Skemp calculated a rellablllty coefficient of

0. 76 for this test |
Skemp s Test of Operatlons Formatlon (SK 6)(l)

requires the subJect'touoperate on test figures using

b

operations illustrated on a demonstration sheet by means of

three examples. Skemp obtained a 0.94 reliability coefficient

.for thls test

Skemp s test of Reflective Actlon with' Operatlons



(SK 6)(é) requires subjects to demonstrate combinlng and
reversing operations on test figures. Skemp's reliability
coefficient for this test is 0.95. | . | :

The arithmetic achievement test conslsted of twenty
computational items and word problems involving basic”
operations on real numbers. These items'were taken directly
from the Van Engen et al (1963) text used by the subjects in -
regular grade seven mathematics program. Samples of the

" final forms of,the learner related measures are presented in

Appendix B. ~ - | o : 3

Experimental Design

g The properties'of the two mathematical groups of
'order four were taught to -subjects by means of one or other
"~ of three treatments. These propertles such as commut1v1ty, ‘
existence of'inverse elements,-and =1e) on constltuted the ’
'structural relatlons within the group structure to be -
abstracted by 1nduct1ve processes. As far as poss1ble the
. three treatments differed fron each other only in the role
ass1gned to symbols. Dienes’ other pr1n01ples were
emphasized in all three treatments in the 1n1t1al phase,
referred‘to as phasevI; ,Eleven of the twelve class periods

.

were devoted to this phaSe. In phase Il of each treatment

“~

one embodlment from each of the other treatments were
’ presented 1n an exp031tory way, and prdctlce exercises were

prov1ded. Thls_phase utilized only the last of the twelve

~

class perlods

In phase I of the Concrete treatment phys1cal obJects
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and mental ‘images of real objects and events provided the

context from which the propertles of the group were to be
abstraeted. In phase II symbollc embodiments were given to ]
_provide enough,familiarity with these to be able to uSe them
in criterien test items. In phase I]of the Prlmary Symbollc
‘treatment famlglar symbolizations of prev1ously taught
concepts served as the ce;tj>t-from which abstraction of
"the.group properties was expeeted. Phase II of this‘treatment
consisted: of the expository presentatien,of‘a meaningless .
symbol.end a physical_object representation of the group
, propefties, followed by practIEE’Ih using the properties in
these contexts. .For the phase I Secondary.Symbolic treatment
Meaningless‘symbolsvwere used as the,iearning context, and‘
Primary'Symbelic and Concrete_embodiments wefe addedmenain
,phaseiII; along with praetice in using the properties in
these contexts. |

The three 2x3 facterial designs used to test
tfeatment and learner related effects and interaction %ere as
follows: (1) The two categories of reflective intelligence,
“high and;low versus the three treatments, Conerete, ?rimary
Symbolic;‘end'Secondary Symbelic. (2) The‘twd categories
of arithmetic achievement, high and low vexsus the three

treatment categories. (3) The two categories of sex, boy

L

h and girl versus the three treatments A sbhematic A - *

representatlon of this des1gn is shown in Figure 2.
The learner related variable categories of high and

low for reflective intelligence and arithmetic achievement
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Variable
‘Concrete Primary Secondary
Symbolic, Symbolic -
() Reflective .
Intelligence High
' \ ' N
- Low
(2) Arithmetic
: Achievement High
— Low e -
(3) Sex | \\f Boy
Girl
FIGURE 2

were es

The Three 2 x 3 Factorlal Designs of Learner

"Related Varilables vs.

Treatments

a

tablished by aSsigninﬁ‘those aboveufhe median to fhe
« B

' hlgh category and those

to the low category

In order to determlne whether each of the four

criterion Group Concepts tests could be statletlcally

analyzed separately,‘multiple correlations oh all possiﬁie

pairs w

ere carried out,

univariate analyses depends on whether these tests are -

dependent or independept, so the results of the correlation

the analysis appropriate for the 2.x 3 designs was multivariate

analysi

ere used in determining this decision.

s of variance.

~ .
These analyses of variance were used

to test the null hypotheses with the group concepts tests
. ) o~

scores used as the criterion measures.

i/

n

The'choice of the multivariate or>l’

_In this case

i,



Null Hybotheses

For grade seven students therefis no, difference at

the five percent level of signifigance:

M

among treatment Group Concepts mean vectors,

between reflective intelligence category Group
Concepts mean vectors,

between arlthmetlc acmyevement category Group
Concepts mean vectors,

H4 between sex category Group Coneepts mean vectors,
For grade seven students there is no interaction at
the five percent level of significance.

'H5 between reflective 1ntelllgence categories and -
treatments,

Hg between arithmetic achievement categorles and
treatments, . :
H7 between sex categories and treatments




~and several test items are presented in order to.

CHAPTER IV . NN

-~~~ THE DEVELOPMENT OF THE TREATMENTS -
. AND CRITERION MEASURES ’

Introduction

This study cons1s@§>of two main undertaklngs. The

ﬂ'flrst is a theoretical development of approaches leadlhg to

the development of treatments and crlterlon tests. The second

1s a classroom experiment. to test these treatments The first

undertaklng consists oﬁ two. parts. In the first part Dienes'

~

theory is analyzed and “three approaches to the learnlng of

structural relat;ons of mathematlos ‘are developed These

-

three approaches, thaugh based on Dlenes' theory, dlffer in the

.role as51gned to symbols. Dlehes' theory also serves as the

<

\
basis for deciding the mathematical content of the criterion
. N €«

tests. The 'second part of thlsﬁiask consists of using thls

i

analys1s of Dlenes' theory to develop three treatments and

four crlterlon subtests to be used 1n the classroom experlment

The design Yf the experiment was described in the previous.
chapter. This chapter consists of a descriptioncof the
development oﬁhthé'treatments and criterion .measures. - An

attempt is made to show that these tre_tméhts and measures

1)

lare valld representatlons of the principles on which they are

based and da’ represent. what Dlenes considers as structural

learnlng of mathematlcs. Examples of each treatment . e

> o

57
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enhance the desorlptlon and support the valldatlon ° The

@

flnal ver51ons of all four crlterlon measures are included ’

T a

in Appendlx B _' '~’. .

'»ghe'Treatments

- \‘The mathe atlcal content of- the treatments is the
two Abellan grou s“of order four known as the Kleln and
cycllc groups ‘The difference between these two groups is

that each element of the Kleln group 1s its own 1nverse, y

but for the cycllc group of order four only the 1dent1ty and

htd ¢

one other element act as thelr own anerses

‘gi SR There are two phases to each treatment. The flrst

\ .

e phase 1s the . one from which the structure should be learned

“by the subJects The second phase 1s an expos1tory exposure
t fto one embodlment of each of the other two treatments to~
b“prov1de enough famlllarlty w1th these(?p that they may be

used in the crlterla tests. ’ !

_ Phase I of each treatment con51sts of four embodlments,

" two Kleln and two cycllc four groups Game or story forms, of
»each of these were developed to comply w1th the ba81c ’ »

princ1ples governlng all treatments, the Dynamlc, n

Construct1v1ty, Mathematlcal Varlablllty, Multlple Embodlment

and Contrast Pr1n01ples In addltlon, each treatment was‘

) \ \

based on L%S own unlque Pr1n01ples 8
The’ Concrete Treatment < ‘ ' B L ]

! Pt Ri

The unlque aspects of . thls treatment are’ based on the

w

Phys1cal and Dynamlc Symbollzatlon Pr1nc1ples Thée examples

Q@ . s
. ;,’ . . . s P
] . .
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of concrete ﬁreatment embodiments described below"are

e b

: 1ntended to 1llustrate how they were developed 1n compllance

. with the basic “and unlque pr1n01ples on which they are

-‘founded

The Kleln group has a phy81c
as the Symmetrles of a Rectapgle . T :

rpretation known . -

,fements of'the‘Group

are movements, br motlons as they are usually called about

points. or llnes of symmetry of a rectangle A rectangular

”card, as shown in flgure 3, was used as the phys1cal obJect

@ ;ﬁlﬁca." c
TRLUOZ TIOH
' .I8quan
4»—— Center .
Sy ) v - Horizontal
TEOT320A o R
| , .
, .
FIGURE 3 :

,The Happy Face Card == o A
_ » .

A descrlptlon of the four permitted motlons was prOV1ded on.

another: card

These consist of 180° turns about the

'vertlcal and horlzontal axes and 180O and 360O rotatlons

aabout’the center p01nt in the plane of the card The motlons

X

are transformatlons whlch change the 1n1t1al state of the

card to .any one, of four,poss;ble states. Both sides of_the

ard are considered to be equivalent, that isﬁ'any’state is.

Tjudgedvsolely by the position of the vertices in the plane

of the card.

The four motions are elements;of a‘set.and any

- combinations of them’performed;Qne af'ter another is an



operation Slngle motlons or. comblnatlons are equlvalent
if they result in the same state. Thewﬁtructure of the
'rules for the operatlons is isomorphlc to the Kleln group.

A fllp about the horlzontal aXlS,ﬁﬁ, takes - the top
left hand vertex, the 'happy face , to the bottom left. ' If
-th1s is followed by a fllp about the vertlcal axis, V, the
'happy face goes to the bottom rlgh& hand corner leew1se,
v followed by H produces the same state. ‘For any sequence.
of moves the starting p01nt is the stute for whiCh the
d'happy face 1s at the top left Thus the 31tuatlon
descrlbed above may be represented symbollcally ag H.V = V. H;
where»the‘dot“'.i means 'comb;ned with' or :followed by'. |
This is an'instance of the commutative property of the Klein
group. B

The Dynamlc Pr1n01ple is one on whikh l treatments
are based. Accordlng to this pr1n01ple the subaects are
requlred to engage in prellmlnary free playk structured and
practlceﬁgames, in that order. The word game'_'as used by

Dlenesm 1s 1nterpreted broadly toﬁ§ean actLv1ty engaged in

by chlldren, whereby de0151ons or ch01ciﬁgby them aret “

. ,:'%: U

requlred

-

LR For the free play stage the chlldren were glven a
card like the one shown in flgure 3. They were dlrected to .
lay the card on the desk top 1n front of them w1th thek
horlzontal axis parallel to the front edge of the desk. 1In
'addltlon, the"happy face' had to be at the top left hand.

‘corner They were then asked to move the happy face to each

& 0



7; 'tlme was there any spec1f1c request for +the students to' '
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of‘the other corners_in as mapy difﬁerent ways as they'could.
The subjects'were seated in groups of three or four. 'They'
were‘allowed to discuss the actiyity‘freely within their
groups and_withjan instructor. | |

'+ For the structured games the. students Were’givenﬂa
descrlptlon of the restrlcted set of moves. horlzontal fllp,
vertical, fllp, half turn (180O rotatlon) and whole turn
(3600 rotatlon) Subsequently, each group was glven act1v1ty
cards on wh}ch a series of questlons about the restrlcted set
of motlons were posed. y: | »¢§f~-' c |

. For the practlce games the more conventional type of
.game w1th rules and players was\used‘N\Sooperatlve rather
than competltlve play’ was encouraged by awardlng p01nts
earned by 1nd1v1dual players to the entire group The
accumulatlon of a sufflclently high group écore allowed the>
group to move on to another game 1f they wanted 'to. ~Examples
"of.these gemes are descrlbed,later.

| ‘The-ConStructivity-Principle"wasuused in a. number of
'different ways. Flrst, ,in the free play the subJects were
_permltted to freely manlpulate the card 1n order to bulld up K
events from Wthh the group concepts could be abstracted a”;!

e

Dlscuss1on was allowed but not mandatory, so that at no

verballze dlscoverles or” to analyze s1tuatlons

As with the free play the @nltlal empha81s 1n the
. o ’ yl/
\structured games was on 601ng, However, certaln restrlctlons~”

were 1ntroduced to create rule bound play, The moves were SR

s

;.";’ . g;}‘ ’
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v

e ‘réstrlcted to the four permltted in the Symmetrles of a

Rectangle embodlment ofuthe Klein group: The questlons :

jasked were deSLgned to lead the/sﬁbgects t0 constructlon of

exemplars of the properties of,the:group structure,. The '
SH subjecfs weremasked-to'record gome answers‘in tabular form

+ 8o that thls would be avallable for use later. The actual

.,

ﬁﬂ,wordlng of the first act1v1ty card in the series.is as -
5 .

sfollows.

- Rectaggle Game

1. Do the horizontal flip. What additional move can
= . . you make, that would leave the 'happy‘face' where

rt;pow is?

2. Eo the vertical fllp What other move, K done now
rwould leave the 'happy face' where it is?

3. What move follow1ng the half turn leaves the
*happy face' in the same place as doing the half

turn by itself? Qe
VAR 4 Do 'a’whole ‘turn.move. What happens to the 'happy
"// ' o ’face' 1f you now, do another whole turn? '

Thls card is de81gned to allow. the subJects to create
exemplars from whlch the 1dent1ty element property mlght be s

m‘abstracted SRR ‘hj.g'_l 5 [ R .

j” Inltlally the data is recorded as shown by flgure 4

. -in chart. l Comblnatlons of Pairs. The underllned moves are
to be filled‘in by the}subjects after the approprlate moves

",have ‘been, made “The chart is desigﬁed to emphasiie patterns _ 5
. 1’ d: .
from whlch the propertles of the group structure mlght be.
,dlscerned. . - : *-' e ?.

B /’/' ‘ ' ) ’ . X ‘ :
After chart 1 was*completed the subjects were shown by

R
- :

L
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. an opportunlty to do so.

Horlzontal then Vertlcal‘ls

- 'Half Turn

Half Turn then Horlzontal
is Vertlcal

Vertlcal then Half Turn
is Horlzontal

Horlzontal then Whole Turn

is Horizontal

Half Turn then Whole Turn

‘is Half Turn

Vertlcal then Whole Turn
1s Vertical

Whole"Turn'éhgh Whole

»Turn is Whole Turn

Horlzontal then Horlzontal
is Whole Turn .

Vertical then Vertlcal is

' Whole Turn

" Half Turn then Half Turn
is Whole Turn ~

,63
¥
S
Vertlcal then Horlzontal is
Half Turn v

Horlzontal then Half Turn is
Vertical

"Half Turn then Vertlcal 1s

Horlzontal

Whole Turn then Horlzontal
is Horizontal

Whole Turn then Half Turn is
Half Turn

sl ° _
Whole Turn then Vertlcal 1s,
Vertical

Chart l; COmbinations<of Pairs

"FIGURE &

" First Data Reccrding'Chart

an 1nstructor how to use 1t to construct chart 2 the Lattlce,

Tablekshown in flgure 5.

A

4

The purpose of 1ntroduc1ng the . charts at thls tlme

was to allow the subJects who were ready/to analyze to. have

T,Construct1v1ty Principle that constructlon must precede

ere made

However, in accord w1th the

.

z a1y81s, no. dlrect reference to the patterns of the charts

‘ They were presented merely as recordlng dev1ces

TR AT YR



completed

A -
e K
N _ |
\\-Whole Turn - Horizontal Half Turn Vertical
Whéle Turn ‘\WQole Turn  Horizontal = Half ‘Turn Vertical
Horizontal | Horizontal Whole Turn Vertical  Half Turn
Half Turn {§Malf Turn  Vertical  Whole Turn Horizontal
Vertical,J‘ﬁ‘Yertical Half Turn  Horizontal Whole Turn

Chart 2, Lattice Table

FIGURE 5

v’Second Data Recording Chart f .

¢

Slnce the charts make use of all pos51ble cases of -

palrs of elements the Pr1nc1ple of Mathematlcal Varlablllty

7

.structured

contrast for each embodlment

game stage

3

The Pr1n01ple of Contrast was also used at the

‘Rectangle embodlment the closure property was - used

'must be complied w1th in order for the charts to be

One or more propertles was set in

- For the Symmetrles of a

Prlor

to the restrlctlon of the structured games to the evéntual

four moves a flfth move was also used

-follows:

&

-y

Diagonal Guide

e

}t was 1ntroduced as

._graw a line from the‘bottom left hand corner to.

he top right hand corner -of your- 'happy face'

card,

f,“left )

/'“ :

. Place the cagg%&n the desk in front of you in’ the
normdl - startlng pos1tlon ( happy face' at top

LS
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3. Begin-to turn the card about the center as-you
., . ~would for a half qr whole turn but stop when the .
{iline you drew is allel to the edge of the desk
~in front of you. This is.called the guarter turn
move." .

4. Can you make any pairs of other moves that would
- leave the 'happy face' in the)same place as »
ymaking just the guarter turn move?

13

5. What single move is the same as two quarter turn
moves? .

“ﬂ@.'Is there any Single\move'that_puts the 'happy
~face' in the—Same place as three quarter turn moves?

| Numbers 4 and 5 are designed to, hlghllght the idea of
closure, and number 6 belng a non- exemplkx of closure, |
‘ places the concept in contrast. After'thls experlence the
| quarter turn is abandoned as an aspect of the .embodiment. |

In the practlce game stage a narrower and more usu/

“interpretation of the term ‘game' was used, but care was .
taken not to violate any of the basic principles as a'result;
The Construct1v1ty Pr1n01ple was maintained, but, analys1s
was prov1ded for 1n the permlss1ve sense descrlbed before,
‘as 1t was 1ncreas1ngly poss1ble for the subJects to study
~ the. propertles through the patterns of the charts. he'i
charts were used: to verify the results of moves 1n the games,
"but, if 1n doubt, the actual moves could stlll be ‘made. Each‘g
practlce game was des1gned to hlghllght one or more of the
group propertles such as commut1v1ty - The actual card |

.descrlblng a commutatlve game played by the subJects 1s as

follows: <

Rock and Roll

1. Use YOur"happy,face'kéard to play this game in



which ohly the‘following moves are allowed:

T, a) Horlzontal Rock - fllp about the horizontal
o line.
b) Vertical Rock - flip about the vertical line.
c¢) Whole Roll - a whole turn about the center.
.d) Half Roll - a half turn about the center.

2, Take turns at being the dealer for each dlfferent
game you play. 'The dealer starts each prlay by
calling two moves

3. Each player takes turns at answerlng On his
turn the player calls two moves he thinks will
put the 'happy face' .in the same place as the
dealer s two moves.

L. Dealer checks the charts to see 1f player correct
(A1l disagreements should be dppealed to an
instructor). A game is completed when each
player has had a turn. .

5 Score.
. a) one p01nt for correct answer .if both player
moves are different from either dealer move,
b) two points if one move is the same,
¢) three points if both moves are the: same but -
not in the same order. — .

6. You can pick out’'a new game card and start
- playing any time after your group has scored a
total of 20 or- more points atﬁthis game.

In order to ensure that construction would precede

u’fanaly31s the subJects were never requlred to analyze

—1However, through the structure of the games and the patternﬁﬁk
by which. results were. recorded they were prov1ded w1th
A.ample opportunlty to analyze if they were so 1ncllned

In compllance w1th the Dynamlc Symbollzatlon
Pr1n01ple, symbols were w1thheld untll they appe ed to be
needed In all cases they were 1ntroduced Justjpgfor to the
start of practlce games as it was assumed that‘ﬁor practlce
to be meahingful it -should bevpreceded by a@stractronf

Lt

-

Q
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Approprlate symbolism was to be dlscussed and preferably
chosen by the subaects, but 1f 1mposed it would be done 1n
ttages if necessary, startlng from symbols endowed with much
meaning of the referant to arbitrarily.selected‘ones. |
Allowance was}to be made to accelerate the process by even
earlier introduction of symbols where a ‘clear indication of
déesire by’ the subgects ‘was in evidence. In the case of the .
Symmetrles of the Rectangle embodlment it was felt that
initials, H for horlzontal V for vertlcal, T for alf turn, a’
and W for whole turn mlght be sultable but :Lcorrfgyl \
representatlon such as T :E‘or vertlcal, and @for whole turns |
was also ccns1dered. Thevactdal-cho;ce was to depend on‘the

preference of the subjects, and”needed to be standardized

T only within'groups.

The Princinie,of Multiple.Embodiment was followed by
using three other embodiments Two of these were of the
game type, Tlre Rotatlons and Color Shape, and on the story
“type, Gymnastics. In accord w1th the idea of maximal
"~ perceptual’ varlablllty these embodlments were chosen so that
‘the objects were qulte different in phy31ca1 properties. The
embodlments chosen were 1dent1ca;.or very similar to ones

described by Dienes (1967). .Each of these embodiments was

. developed 1n the same way as the S etries, of the Rectangle

t.ln order to comply w1th the pr1n01ples on. Wthh the treatment

is based
Rhase II of the treatments was 1ntended to balance

the outcomes for crlterlon comparlson purposes, but was not

-
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intended to bring ab;ut the initial learning of the
structures involved. For the Concrete treatment it is

| necessary to present one embodiment JX each of the other two
treatments as.appl;catlons of the structures learned by . the
Concrete treatment subjects. fhis»is_ne ssary so that .
quesfions pertaining to these embodimentzimgz_be askedu«: >

" without preJudlce to the Concrete treatment subaects, and
also to round out the treatment in terms of what 1s_

;oons1dered 1mportant outcomes of_the learnlng.f ThlS may be

" seen more olesrly after the embodiments:chosen have been

- described as parts of the other treatments; sofphase 1T
embodiments will be dealt with again in more detail at those
points. These phase II embodlments are dealt with in an
entirely dlfferent way than the embodlments under phase I
of the treatments. Under the qssumptlon_that the structure
and its'symbolization.have been learned during phase I, note
of the principf;s of the learning of.the structure ‘on which
phase I.was based need be adhered to. Hence these two
embodiments are merely presented in an expository manner -
whereby outoomes of combinations of pairs of moves dre
presented inilsttice‘table form, the manner of arriving-at

' thesé is stated if pbssible, and exeroises are provided for ,
practice in perforning the combinations. The actual Primary |

and Secondary Symbolic embodimentsiused in the-second phése

' of the Concretg treatment will be identified and discussed

at the time when the(other-treatments are discussed later in

this chapter.

?
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The Primary Symbolic Treatment

Besides utilizing'the same general,principles as for
the Concrete treatment this treatment makes use- of the
Schematlc Principle and rejects the Phy31cal and Dynamlc
Symbolizatrbn Principles. 1In accord with the Schematic
Pr;nc1ple the learnlng of the Klein and cyclic group
structures 1s built on what should be considered familiar-
.schemas by the subJects If these are secondary. concepts
or primary ones’ that haye been symbollzed, then symbols must
be‘used One embodlment used in phase I of the Primary
Symbollc treatment is modular 4 arithmetic. It isathis
‘embodlment that is also used in phase II of the Secondary

: Symbollc ~and Concrete treatments In accord with the free -

o, play stage of the Dynamlc Principle subgects were asked to

~ ugse the four bas1c arlthmetlc operations on palrs of numbers
0 to 4 in as many dlfferent comblnatlons as they wished.
For the structured game stage the chlldren were taught addlv,
whlch is flndlng the remalnder on addlng/a pair of numbers
and d1v1d1ng by a glven number For ex ,ple,,when the
lelsor is 4 and the addends are 2.and '3 we have: 2 x3 =.5,

5 + 4 =1 with rémainder 1, so 2@ 73 = 1 where ® is the
symbol used for addiv. Another way of expressing this,

_whlch indicates that the d1v1sor is 1+ is 293 =1 mod 4.

The flrst card used for this structured game is as

folloks: - ' ) _ :

" pddiv Game o .

1. What can you addiv to 1 to make the answer -

. N .
)b ; ‘ . | \y -



WY R

17 1e_ -1 o ‘a.,

2. If you édd%v 0 to 0 what is the answer? -

(0 @0 |
_3. What can you éddyv'to 2 to make the answ§; 2? Ve
(2 9 = 2)‘. - 7 _ : « _ “"'h».‘ *
B 4.‘¥hat can ygu addiv to 3 to make the answer 37 ‘

‘This card focusses on the addiv identity pfoperty of
this group. vaher cards, focussing on other properties are
/,presénted:in Appendix A. As in the Cﬁﬁcreté treatment the,-
.. subjects were to work in groups of three or four- and would
bé encoufaged to“COmmunicate émongVfhemselvés. DatagWas1to,
be recdrdéd in tabular form as for the poncfete treatment,
‘but”in.symbolic‘rather than word form: |
A sample praéfice géme card for this treatment is as

/ e
follows: . - C. . .

Triple Identity

N 1. Take turns as dealer. Dealer use the equation

. table and write an addiv equation which shows a
three number addiv .expression equal to a two
number addiv expression. T

2. Player must replaEé the two number expreséiénfon
the right by an equal three number expression.

3. Vefificatidn is by the equation table or'cafryingi
‘out the addiv operations involved. - .

- 4. Scoring:

a) If replacement is identical to three number

expression on left - 1 point. ) .
. b) If replacement uses same numbers as expression. .

on left but in different order - 4 points.

c) If replacement uses at least omne zero when it
1s either not in the number on the left or not
in a different position from the one-on the g
left - 6 points. ‘ R

Ly - _—
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'who are ready, able and dlsposed to adopt it.

©
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d) If. replaéﬁgent containg_ differeént numbers in all
pos1t10ns rom that on“he left and at least two
numbers of ‘the replacement are not on the left -
8 points. :

5. You group must score at least 40 points before ,
. _ trylng another game: You must change games after
S ~You have scored 60 points.

The essentlal aspect of the Construct1v1ty Prlnc1ple
is that abstractlon of concepts should be/made possible

%hrough manlpulatlon of that to which the concept refers.

[ 4
Accordlng to Skemp the group structure ihvolves basgic

properties which are secondary concepts The modular and

o

arithmetic, embodiment of the cyclic group of order L presented
. 55 55 44 .

here "’ 1s expressed in terms of symbols, and thus it%.is these'

that must be manlpulated in bulldlng up ‘exemplars from whlch
the group structure may be abstracted Another aspect gf

the Cdnstruct1v1ty Principle is that constructlon must precede

L3

. analysls Th1s 1s accompllshedxln the Primary Symbollc

-\

treatment in the same way as in the Concrete treatment All

& & L

’experléhbes are des1gned, as - mentloned above, to foster

C . ‘

?'abstractlon through manlpulatlon Verballzatlon or attention

L
-

to analytlcal procedures are never requested of the subJeots
although the opportunlty fOr analys1s is prov1ded for those

A The otheriprlnelples, Contrast and Multlple/;
Embod;ment are also provided for in this tredtment.in: the same

way as for the Concrete treatment. However another prlmary

"symbol game embodiment of the cycllc group 1s used 1n place

of the story embodlqgnt The story embodlment was included

in the Concrete tffatment to take into account the
N ' ’



‘manlpulatlon of phy81cal obJects is called: for \

.\

-experience of manlpulatlon of mental imagery eplacing - g j \

Since the :

’Phys1cal Pr1nc1ple is not to be "adhered to in the\?rlmary

'Symbollc treatment, 1t was. not necessary to 1ncludg\story

Tembodlments.. A T "“?sg*;, . :,‘}' o *”,%

l,embodlnents i For 1nstance, thé modular " arlthmetlc |

emedlml-a »g b on e familiar schemes of addltlon of

ﬂ remalnders The seml—concrete

{’fless symbols ‘80 long as these ;
"*gakhgg;;eﬂthe‘haaic.grdgp\ N



*ﬁ # npropertles such as as3001at1v1ty,'1nverse elements, etc.

'-z;&af - For the free play stage the chlldren were separated

into small»groups of three or four. 4They were each glven a
sheet of paper on whlch all the symbols of the four

; embodlments used. were shown Each group was also glven a |
iset of cards show1ng palrs of symbols on one side and/a ‘
single symbol on the other. Each player in the. group took
’turns at being 1n charge of the cards It was hlS
-respon81b llty to dlsplay the side of" the card w1th two

) symbols on 1t on request from any students Ln hls grouﬁ” aﬁ@ Q
then later,Aon request from the same student to d’splﬂgkthe ‘

'gslngle symbol 81de The other students in the group were

.lasked to practlce copylng the‘symbols on another plece of
‘paper These had to be copled in strlngs of three . There
’was completely free ch01ce 1n the flrst two symbols chosen
for each strlng of three, but the thlrd one. had to be the one
on the bagk of the card contalnlng the other two symbols

LS 5 & w

‘I The fafstfstru%?unég game restrlcted the number qﬁ 4

Vrsymbols to four for all h&t the few experlences de81gned to
help students in abstractlng the closure property. A card »u
used for hlghllghtlng thls property in the structured éame

' stage is as follows.

%

Guess Back

l Use the- cards with" the prlnted S1A at the top
left corner : E

vr'z.'Spread them out on the table in front of you so f"
. that the side with the two. symbols with an. upward y
.arrow 11ke thls‘f between them is. show1ng R

o vﬁ' I‘(,(,:



i3 Try to ‘guess wh1Ch of the follow1ng symbols is
'the back of any card you pick: W, 8,0, =, T,

L, Ask someone in your group who is working on a S1B
- . card to check the backs of your cards to let you
know if you are rjght in your guess. (Check

- ‘the cards of other people in your group 1f they ask
S you). . BT .
,.ﬁﬁs‘ o The symbols T and /’appeared on the front of several

cards but not on the back of any "At th1s stage the subJects
':were requlréd to construct the Same two charts as made for '
.the other treatments for later analy31s | .
| . The- thlrd necessary stage accordlng to the Dynamlc
Pr1nc1ple, the practlce game 1s 1llustrated for thls
treatment by the following gamer '+ + '

e w_L_ e Out

t
IS

’ l Wlthout us1ng the lattlceﬁ%able, each person. take ‘
a turn at laylng down a card in . a TOW. :

'2.aPlayer fow checks the lattlce card, If ‘youg: card
~ 'and the card next to it give a ] -in the lattice
" table pick- up all cards’ lald down and begln the-

game all over agaln R

”§§§; v';'3fjWhen all cards ‘have been 1ayed down the - game ‘ends ;\
)

unless. the last pair make the CI' in- Wthh case o
" the game must be- begun agaln ; ’

The lattlce table for th1s embodlment 1s shown 1n

. a

flgure 6.

Lattlce Table for a Secondary Symbollc ﬁmbodlment

: . ST g
sl hs T vz’ ‘
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" This 1s the Kleln L group 1n which every elem/p? is-
its own 1nverse As can be seen from th1s table the game,
~h1gh11ghts the inverse property This embodiment 1s

presented in phase IT of “the other two treatments.dy”'. |
‘J The Construct1v1ty Pr1nc1ple is: adhered to by
. arranglng the act1v1t1es 0. that subaects manlpulate symbols "'é ‘

: 1n such a way that exemplars of the group structure propert1es~‘t»

o

»are created and thus avallable\for abstractlon Analys1s is "~

Aﬂ‘\'\.

made possibi\hby contﬁnued use of the charts whlch may reVeal
to t |

,patterns se” subaects ready, w1111ng and able to

""gundertake analy31s

As w1th the other two treatments all symbols are used‘

;5many tlmes, four. ‘embodim

nts are used,uand act1v1ties 'v.- wot
«}hlghllghtlng non—exeﬂ s "of propertles are 1ncluded in r
'l:accord wlth the tenet’;}‘the Mathematlcal Varlablllty,»

rle phase 1T portlon of thls treatment the -

»=are presented 1n an exp081tory way and followed by practlce

. exer01ses ";1 AR ey ‘-",_

/

”-vihézcriterion?Measuresrf

The purpose of the crlterlon measures,.known as the g

»

dfijroup Concepts tests was to compare the mean scores ‘on the

-

t.learnlng of the group structure propertles under the three ,f
:Ttreatﬁﬁgts._ The four tests were based on Dlenes' 1deas on

‘fjpmathemat;cs end learnlng He v1ews applled and pure Sl



v . s ',. )J* ) o . . .
mathematlcs as- equally 1mportant /‘Concernlng the purg\sfdef'
fhe ‘has’ suggested that developmeil of the ablllty to symbollze

- and 1nterpret are major ultlmate alms But the real t%st of

learning structural relatlons for both he and Skemp 1sf

- transfer Thus the four tests used are Symbollzatloh,f
Interpretatlon, Transfer and Appllcbtlon | The test rétest
.rellablllty establlshed for the oomblned four tests in the
pilot studles is 0. 81 The standard deV1at10n for the - ~ﬁ
comblned four tests is 6 37 and the readablllty as calculated
by “the (Flesoh i‘ormula 1s érade seven le“,; o
At thls,p01nt a partlcular example of .an 1tem from each ‘

.;ld éerxe to clarlfy the meaning of the terms The

follow1ng 1s an Ltem deﬁ&gned to test symbollzatlon of theig

commutat;ve property - yxﬁ a f‘._ S | @
‘a .

Using any. of the letters a, b Ciﬁﬁ or e to represent :
movements of the}happy face cards .

0o B

1 Express the 1dea that when ‘the ofder of aﬁg
palr ) moveméhts is revérsed the happy face en
‘ _up. 1n the Same. place .

'»‘J**>The Symmetrles of a Rectangle group was used 1n all treatments,p;_f
and the cémmutatlve property was presented 1n phase I of all

.treatments under several embodlments Hence th1s 1tem tests |
fwhether a subaeﬁt has abstracted the cohmutatlve property i

o sufflclently webl so. that glVen a famlllar non symbollc

4

1vcontext 1t Qan be symbollzed by hlm a
'p‘ 1tem 1s as follows.:

S )‘An example of -an 1nterpret

-}3

Let: the symbols A B -G, ,and D epresent the ‘numbers: 'ﬁ L
c e Jof Mod ol Arlthmetlc Whlch of th following are .
e -‘1'_jfalways true for Mod 4¢ : :

a) (A G B) @E’ A @ (BC)




¢, If we want the. "triangle shown = A\
-, '+ to be any side- that K =zontal t‘here are - <@

)

as’ far as the treatments are concerned . Mo N

' follows:]_V-»”

W \ - ., | \' 77 .
B) A con o
c) A C@B) = (B@C)@A RN
d) (Aga ®b=cC @(A @D) . o

Give at least one’ example oi‘ each of the above that is

true -. o ‘ ' . #

This 1tem tests knowledge of the commutatlve a.nd assomat1ve
A,

propertles and :mterpretatlon in terms of. modular 4

arlthmetlc " e ) S | )

. . v s

The transfer test c&ntalns 1tems concernlng

‘embodiments s:Lmllar to those studled but neverthelegs ynovel .
*"‘rﬁ'\ mL) :

chosen are from examples by Dlenes (1967)

L %
than the Klex‘and cycllq group

e

of order fou‘

. three-different way e omplish this,
S ‘The first is to lehvgalls 12 triangle as it’ is w1th the
> X vertex at the topi ZWF® :This we call the NO CHANGE

. right.move. A thi

N L is to fllp it to the left
;.o as ‘'showni *& & ThlS is known . as the
/ : LEFT move - L ‘ : .
‘ Show the s1m11ar1ty between T

h?idular/bz a.rlthmetlc
and these moves by’ (1) statlng he moves which- :
~express the same ‘ideas’ as 1&3'&'—* 0, and 262 = 0.

The idea 'here is to shov@recognltlon of the 1nverse
J

property of the cycllc 4 group in the context of the motlons S

~of W eq%lateral trlangle whlch form a group of order 3

The requlrements of the appllcatlon category are that

,1_.__-_}; ;

the 1tem inVlee the known cycllc 4 ‘or Klein structure, but o

that the‘ embodlment h@yunfainlllar Such an 1tem is, as Y

9

i e Suppose e have two llght sw:l.tches. , Startlng w:Lth
B -._f.fb'oth llghts off we can sw1tch the left or we can switch

- :
. . . \ sl
r

g moOve., A se;Wayu s’ o £1ip it to the right as «+ -
. *’ * showns A\ This will be called the



'

[y

. I . '” " ! ‘ . Z@:,&M i “~ R . , R . - JVA o ) l‘\'

A“
.

the . rlght, or we gan sw1tch both together, or we ‘can .
switch neither. Fér example, start%ng with neither. on, -
then switching the .left turns the left'light. on.” Then
~throwing ‘the left switch #gain. turns the left . :light off,
- 80 it amounts “to0 the same thing as throwing nemther P
" switeh. If ‘this is to be compared to the motloq§ of the:

. rectangular happy face card

1.8" there ‘an equlvalent to the 1dea that any motlon ~
followed ‘by ‘a 3600 rotation is.the* ‘same  as ‘just that :
motlon alone? If 8o, glve at least two examples _3.;

. The property of the 1dent1ty element of a group 1s belng

tested here The notion of an 1dent1ty element for the group

,structure embodlmenys encountered 1n the treatments serves

‘as the ba31s of the questlon Recognltlon of thls property

SegLt

1n the context of the unfamlllar Kle1 xgnpup 1nvolv1ng llght :

£

swrﬁhnes 00nst1tutes the appllcathp @!

e



CHAPTERV_ U

THE RESULTS OF. THE INVESTIGATLQ o
\nl Gjlﬂ N ‘ "' '

Thls ehapter con31sts of the presentation of the

results of the’ data analysls. In the flrst section a

comparlson of ‘the means of¢ thé three tPEatménts on -the R

;rlon tests by one way mult1 and unl—varlate analyses

: pa,fgsof W 3%‘,""’ and mu1‘Gll3le comparlsons 1s “reported.. 'I'ha.s

“,ﬂ'f'g analy31s 1s dlscussed with reference to null hypothes1s 1.

b

The second section cons1sts of the presenta%lon of three'

4 Q!‘y ‘...w A“ o o C el

separate two—way multhyarlate analyses of varlance Each of
i these three'analyses deals ‘lth a dlfferent dlchotomlzed
| 1ndependent varlable, reflectlve 1nte111genoe; arlthmetlcxj
;achlevement and sex respectlvely The maln effects of each
' ‘of_these‘is tested by multlvarlate analy51s of varlance, and
- significant dlfferences between mean vectors are further
analyzed by multlple comparlsons. in. addltlon, for each »‘
Fi_a; o varlable, 1nteractlon among treatnents and the categorles of
ﬁ%he variable 1s tested by multlvarlate analys1s of varlance &
"{ The results of each analy81s are dlscussed w1th respect to ‘
| the approprlate null hypothe31s. For all analyses the i
'1}yi crlterlon is the Group Concepts test battery con31st1ng‘of |

1;;5 - tests of Symbollzatlon. Interpretatlon, Transfer and

Appllcatlon

R %
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Comparison of Trgaxments

In order to de01de between multi-and unlvarlate
analyses a multlple correlatlon study was carr;ed out. The

results of this study, summarlzed in Table I,rsuggest»that the

?*ferlon tests were not 1ndependent 80 the multlvarlate

7

analy81s would be more approprlate. The procedures used for . -

i

carryi {\ f;out "‘the multgvarlate analy31s of variance are those

W
' recommended ﬁy orrlson (1967) The null hypothesis tested

.v,’a - . . ”'
l - . b . ‘ . . -
- ‘ R ,

is as,follq

ﬁ“% o HlvTher is no.. difference among treatment mean E
W' vecto of the Group Concepts tests . "

V”

Tagd

TABLE I

_ggrelatlons Between All Possible: Pa;rs
of Crlterlon Tests

2 . i N ‘\i ¥ ) ' . - -t s 3

_xmpollzatlon ;Aterpretatlon‘»Transfer Application

-

| Symbollzatlon 7 1.000 . o0.kl0 o, 585'~" 0415
' Interpretatlon' ;>O2410 ) B ';Ai.ooog | . O,Q9l‘ ' | 0.338
‘~3Transferv:_ . »f56;585u: - “Q0ﬂ49l&\ o 1.000 n]‘i 0. 40k
- Applioafion ?;,, :6;&15'. o fo,338 o ‘ofuot-. 1,000
. S

PO

Table II is a llst of mean scores on the Group Concepts§
tests for ‘each treatment. Table III is a summary of Rao's
F test for. multlvarlate analySLS of varlance on the treatment
: mean vectors of the Group Concepts test |
\ / Slnce the probablllty 1s 0. 0835 there is no 81gn1f1cant e
”p dlfference among treatment group mean\vegtors at the 0 05 1evel’_

_1 of 31gnlflcance Hence, the null hypothe81s is. not reJected

.
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TABLE - II

' Group Concepts Tests Cell Means for the
Three Treatments

Test - }a‘ : Treatments

~ 4 Concrete Primary Symbolic Secondary Symbollc -

Symv‘%izatdon' ‘:%id&' 5.;3)‘ | - . 5,54
0 ‘ .

" Interpretation b6 i _ 5.14;‘
 Transfer . .88 513 4.8k
Application = 4.18 3.8 4.11
TABLE III

Summary of Multivariate Ana;ys1s of Variance
T on Treatgent Mean‘Vectors, Rao s F- teSt

- - - .

Source daf1 -df2 F . P Wilks Lembda

Treatment 8 318 . 0.18  0.0835 0.9168 -

. : , ‘ . ar .
Howewer, in‘view of cldseness to significance atétﬁe}0;05' -

level multlple comparlsons were carrled out These revealed

no s1gn1flcant dlfferences ‘between palrs of treatments close l
to the 0. 05 level, . the closest being between the Prlmary |

4

Symbolic and Secondary Symbollc treatments at the 0. 58
'level on Interpretatlon ~Since. multlvarlate analy313vofr
' varlance 1s a relatlvely conservatlve procedure whlch cans
mask true dlfferences 1t was dec1ded to use the less 'Dilﬂ
conservatlve procedufe of unlvarlate analys1s of varlance on o
Ax‘% the Interpretatlon test. ThlS was done only w1th,a v1ew to
. dlscuss1ng 1mp11oatlons for further,research The correlatlon

‘ between palrs of crlterlon tests 1ndlcates that valld
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conclusion may be drawn only from a multivariate analysis.

- The procedures used for the analysis of varianceﬂare those

bl

recommended by-Winer‘(1962). 'The-anaigjis*is'summarizeq in

Table IV below.

TABLE IV

Summary of Anélyses of Varlance for the Three
Treatments on the Means of the Group
Qoncepts Testﬁ

-

Test _ Source Ss - daf MS - F ”
 SymbeGization '~ Treatmgnt’ . 9 2 4.50 1.07
@t .-'/ - . Error — 677.3" 161  4.21 ‘ “a
Intérpretation Treatment  19.9 ~ 2 9.85  3.34*

. Error . k.2 161 2.38 '
Transfer’ - Treatment ~:20.1 2 10.4 07 ,

| . Error’  780.87 161 4.85 |
' %pplication . Treatment = 16.4 2 . 8.20 "z“gnz;ﬁ%u e
Error ~  563.9 161 3. 50

: De0131on rule:. ReJect hypothes1s if Fobs'> 3 06 [fcrlt 0. 95

161)}

o As can be seen'from Table IV the observed F-ratio

R SRR e Lol _
for the Interpretation-test.expeeds‘the°cr1tleal value at the
0. 05 level of 31gn1flcance SinCe three treatments~were '

-1nvqlved tests of 31gn1f1cant dlfferences among ordered

treatment means were carried olut. In Table V. the treatment

-‘means on’ the Interpretatlon test are ordered from least to

greatest as the table 1s read from left to rlght or top to

, . tht0m. The tWO entrles in each cell represent the absolute
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difference between the means of “the treatments compared. .
vEnclosed 1n parentheses is the critical five percent level
of 81gn1f1cant dlfferences If the observed absolute
d;fference exceeds the crltlcal value, the dlfference is

statlstlcally s1gn1f10ant at the 0.05 level. This is the

5

. Newman-Keuls procedure as descrlbed by Winer (1962)

1

/

- TABLE V -

Tests of ﬁlfferences Between Ordered Mean
. Scores for-the Three Treatments on
N~ c //the Interpretatlon Test o

/

" Treatment  Primary Symbolic  Concpete Secondary Symbelic

Means L. 30 . 4 6 . 5.1k

- b.30 .. 0.3 (0.64)  0.84% (0.76)
L. 64 ' . “ | - ©0.50 (0.64)
5.4 SRR o -

P 4

Though the results of the Newman-Keuls test indicate
that there is not a 81gn1flcant dlfference at the 0.05 level °
.between Secondary Symbollc and Concrete treé%ment means, the
‘former is hlgher This test does. however, 1ndloate that the
 ‘mean score of the Secondary Symbollc treatment group was
signifioantly higher than the ‘mean of the Prlmary Symbolic
rtreatment group on the Interpretatlon test Though“ B

'-s1gn1f10ant dlfferences are - 1ndlcated here by the analys1s»

of - varlance, the more conservatlve test hy multlyarlaie J“j¥;g!_

i

"analyses 1ndlcated that the orlglnal null hypotheS1s of %'é N
no treatment effects should not be- reJected for a 0. 05 level o

£
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- of significance test. This analysis shows that it is only
with a less conserVative test which does not- take -into
account  the 1ntercorre1atlons between the crlterlon tests,
that the null hypothesis may be rejected. ’ j
s : ' . a 1 ‘ - . . . . . . ’ ) ‘ 1
Comparlson of Categorization Varlables ,
| , \ e

Multlvarlate analyses of variance and multlple compari'@ﬁ

were used to determlne interaction between treatments and

s

categorlzatlon variables of reflectlve 1ntelllgence,,

A v

arlthmetsézjchlevement and sex, as well as maln effects oﬁ

these thre¥® variables. The mean: scores for each category by

. treatment on the Group Concepts tests are shown in Table VI.
L idd
‘ Table VII 1a‘a summary of Rao's multlple analys1s of varlance
P ) ’

test, and Wilk's Lambda, on the’ categorlzatlon variable and

treatment by categorlzatlon mean vectorsu

AR - £ : A

Interaotion Effects T - . ;' N ' “);

The null hypotheses tested -in order to determine
interaption'are as follows:’ ' '

'H5"There is no interaction smong treatment and -
2 reflective ‘intelligence category mean vectors of
Group Concepts tests. .

&? ’ . Hg There 1s no interaction among treatment and
o arithmetic achiévement category mean vectors of
*  Group Concepts tests.

o M H7 There is no 1nteractlon among treatment and sex

o s 5 Tcategory mean vectors of Group Concepts tests.
5] v'.{..', ©l :‘ ] < . e N PRI \-

P (I AP A * i«, .
% ﬁmﬁ%&§¢t : The results%of RaOQSsttest as shown in Table VII *
R ol "_».f LR g / ! :
&;ﬁﬂﬁ‘ indicate no 1ntaractlon whatsoever Therefore, none of the o
. ~ :‘,“l
‘“" r' :
AR three 1nteractron null hypotheses 1s reaected
W |

r . '-/

(W

B ,L
A . S



The results may haye bden dlfferent if some other

procedure of establishing high and low categoriae had been Tl (

useqs such as selectlng the top andjbott “thlrds. rather than

selecting those abeve and below the median.
‘ . -

oL 7 TABLE VI

Group Concepts Teets Cell Means for Each
Categorx:ﬁy Treatment

i

¥

oV

‘Test. ’ Category . Treatments
o e LR Prlmary ‘Secondary
o - Concrete Symbolic. : Symbolic
Symbollzatlon Reflective ~ High - 6.07 B 3.75 6,11
Intelligence Low L, 00 - ., h.36 - 4.967
Arithmetic: - .High . 6.00. -. 5,82 - 6.68
Achievement  Low © 4,07 .29 b.y6 -
Sex _ Boy o432 L.so - 5.46
) - Girl 5.75 . 5,61 5.61 -
Interpretation Re{lective. High = 5.18 496 - 5.28
: Intelligence Low 4,11 3.64° . 5.00
Arithmetic . High- 5.32 . 5.21 5.50
Achievement Low™ 3.96 3.39 - .79
Sex g . Boy L .89 - 3.96  5.25:
, . Girl- 4.39 - L.64 _5.0%
Transfer @~ TReflective High 2.61 ‘L4.68 ;'3397
s Intelligence Low .14 .57 .61
o ~ Arithmetic , High . 5.39 +, 89 5.68
Achievemerit Low . 4.36 - 3.36 L.oo
v Sex Boy . 4.68"'- L.oo © 4,68
: . Girl 5.04 4.25 _5.00
Application Reflective. -~ High 5..00 3.89 k12
I Intelligence Low 2. 6 3.07- o412
Arithmetic  High b3 3.68 4,61
Achievement . Low . 3.93 1 3.29 . .3.61
. . Sex . _ Boy 4,25 - .3.36 4,25 .
o v Girl 4,11 3.81 3:96

.2 o . ' c L R
- , T o,
Catege zatlon Varlable Effects 1' ' S :

l.

-

between hlgh and lpw categorles for refLectlve 1nte111gehce,'

arlthmetlc achlevement The null{bypotheses tested were as .

!

As shown in Table VII there are 81gn1flcant dlfferences

L

%
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Sqmmary of Raoﬂs F-Tesft for Multl le Analysr
of Variance on Category Malin Effects and
Treatmenhfﬁ_’Cafegorygfnteractlon

s

L anS , .

_Source ‘”iin . 'af2 - F P Wilk's Lambda
‘Reflectlve Intelllgence b 159 6.48% 0.00007 0.859745
'Arlthmetlc Achievement 4 V,m 159  11.37* 0.0' - ~0.777553

o \ . i ' L . ‘
Sex b 159 2.52% 0.04336  0,9404
. . Ie - . -\’,I R

Treatments x o . C _ _ T

Reflective Intelligence 8 . 318°¢ 0.95 0.47 .- U«0-953647

Treatments x . o s o . :

Arithmetic Achievement 8 . 3i8. 0.90 ©.52° 0956133
" Treatments x Sex - 8 Blafﬁ 1.10 0.37 ° j‘VO,947281

follows:

Hy There is no difference between reflectlve
“ intelligence- mean veCtors of the Group Concepts

" tests.

H3 There is no dlfference between arithmetic. :

-Z .achievement mean vectors of the Group Concepts
tests

Hu'There is. no difference between sex‘meéh vectors
~of the Group ConceptS tests.

‘All three null‘hypotheses were reaected at the O 05
level of s1gn1f1cance and multlple/comparlsons were then
made for these. p The comparisohs are shown in Table VIII.

The mq&tlple comparlsons shown in Table VIII reveal
sIgnificant ifferences at the 0.05 level for the Symbollzatlond
‘“vand Interpretatlon means for both reflectlve 1ntell1gence and

, arlthmetlc achlevement and’ also for Transfer 1n the cdse of

"arlthmetlc achlevement. Inspectlon of the cell means shown
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) TABLE VIII =~ .
“‘ R I d ‘
' Multiple. Comparlsons Using Rao's- E -Test for .
~ the Three Categorization Varigbles on - ‘. >
o T . Groups Concepts Tests N , ;ﬁa
: : . . ' I T . m I
Categorlzatlon a - M//////;;//f”’, S T
Variable . Test . 7~ afl dafz2 F - P
Reflectlve j Symoo%izefioh Q“E 159 5.46% O.Qoﬁﬁé' S
‘ ence . Interpretation k159 2.60% 0.04
( . Transfer 47 159 2.09. 0.08
— ) . ‘Application 4 ' 159 2.10 0.08
Arithmetic - . -. Symbolization 4L 159 /&61* ¥0.0
Achievement- In%erpretatlon : L J;l59/ 93% 0.00018
' N\ , Trangfer. 4. 1597 §.29* 0.00251
S Appllcatlon L 159. 1.18 0.32 = -
Sex . . .y Symbolization. 4 159 1.70. 0.15152
*» Interpretation 4 159 0.004 .0000
¢ . _Transfer . , 4 159 0.17 .95287
Application b 159 0.01 99979
o S ‘ . r B / } . : . g
in Table’'VI-indicates that the differences favor the high
categoriesyin7a;l cases. : o L dl ‘
. . } i}
_ © . Summar - ‘
: o S | .
The only dlfferences observed at the '0.05 level of
s1gn1f1cance were in the three categorlzatlon varlables of |
these only two, reﬁleotlve 1ntelllgence and arlthmetlc
achlevement showed 81gn1flcant dlfferences on 1nd1v1dual
tests ALl dlfferences favored the hlgh categorles on -

Symbollzatron and Interpretatlon for both reflectlve B

intelligence and arlthmenlc achlevement -and. also . for Transfer
1n the case of arlthmetlc achlevement only Though no

51gn1f1cant dlfferences in treatment effect were observed at

the O 05 level “there was a
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‘/ oo .. ‘

Further analy31s by less«conservatlve procedurés, not

normally approprlate whenjthescrlterlon variables are not

//»-1ndependent as in this casé revealed this dlfferenpe to be

in the Interpretatlon test_for the Secondary Symbollc

iy
) treagpent over the.Primary Symbolic. //{/&\ﬁ

88 ,



marized. ThlS is followed by the presentéglon
'on of conclusions drawn from the two sources. The
first source 1s the development of thls study and its .
experlmental results. The second source is works of Dlenes_
published subsequent to this study. - In® the final section

implications for practlce, theory and further research are

presented and dlscussed

Summary
Consideration of Dienes' ideas on mathematlcs educatlon
‘led to the development of three approaches to the learnlng of
mathematical structures.- All three approaches were based on a

- set of several principles proposed by Dienes, but dlffered

,from each other in principles concerned w1th the role of symbols.

From these approaches initial phases for each of three .

treatments were developed Phase I of the Concrete treatment
followed_all Dienes' Principles as closely as passible; and
made use of the Physical and Dynamic Symbolization Princlples
as'anique aspects of the treatment. The unique aspect.of the
Primary Symg%lic t;:Ztment was the Schematic Principle, and
the Secondary Symbolic Principle constituted the unigue
paﬁt.of the Secondary Symbolic'treatment, Phase II of each

. - 89. . /*‘)



. two treatments

-

.-

- ;
treatment con51sted of a brlef exp051tory exposure to two

,embodlments of group structure, one from each of the other

’

In the experimental part of thls study the effects of

.

othese'treatments on symbollzatlon, 1nterpretat10n,»appllcatlon

and transfer for grade seven studehits was‘studied.mlln :

addition thervariables-of reflective intelligence, arithmeti®

o

_achievement and sex dlfferences were examined. ' Interaction

-among each of these varlables and thg treatments on the four

crlterlon tests was also'studled The mathematlcal content

m_ of the treatments were the_Klein and cycllc four groups

a
.

The results showed no treatment effects at the

level of s1gn1flcance under multlvarlate analy81s, b

dlfference at-thls level favorlng the Secondary Symb

,over the Prlmary Symbolic treatment on the Interpretatlon test

3

'_means using the less conservatlve analys1s of - varlance

. . 7 . ,
arithmetic achievement and sex differences at. the O 05 level,

technlques. There were significant reflectlve 1nteillgenee,

but only the .former two showed dlfferences on individual

tests . For reflective intelligence the ‘means on S olization

_that of the low group.

and Interpretation tests for the high group wewe significantly
higher‘than for the ‘low group. ,Eor arithmet§0‘achievement

the same .result waS‘observed but in.addition the mean of the

~

high group on*the Transfer test was s1gn1flcantly higher than

Conclusions

[

The more conservative multivariate analysis leads to

v



the conclusion that none of the treatments is superlor ( .
‘However, the fact that the less conservatlve test shows
superlorlty of the Secondary Symbollc over the Prlmary
lSymbollc treatment at least warrants further discussion, as
there may be 1mpllcat10ns for further research | o

, There are sex differences in the learnlng of group
structures at the grade seven level. ~However’, the. dlfference.
.whlch favours girls, does not show %? for the,. 1nd1v1dual
tests. There are also reflectlve 1ntelllgence and ‘arithmetic |
‘achlevemeht dlfTerences favorlng the high groups in both o
cases. Though all these dlfferences are related to the
theory, and w1ll ‘be dlscussed as such the pattern of results
/for the 1nd1vidual tests 'is not so clear.’” In the discussion
to follow, an attempt is made toiflnd the most all embra01ng
theoretlcal explanatlon of thg’results that is possible.

[ A . . - .

Dlscus31on N

Concernlng the result of/no dlfferences 1n treatment'
“effects one poss1ble explanatlon is related to the nature of
the tre@tments themselves. Because ‘three embodiments of the
'group structure were common to all three treatments it mlght
be hypothe31zed that the treatments were. equlvalent with
respect to learning the group structure ThlS 1s extremely
unllkely. In the flrst place, twelve class perlods were
ﬁeuotedkto the‘embodlments uniquely character121ng the first
phases‘of each treatment compared to one period for the

addlng on of “phase II embodiments. In\the second place,

there was a spe01al attempt to aid student'learning of the
E : P .

~ ’
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structure using Dienes' Pr1nc1ples in the flrst phase, whereas

structure was not empha51zed in phase II In this phase

, memorlzatlon was e

Héégg?; more than anythlng else. .

;d&f(:’ treatment effects under ‘the )
R T IRt _ - o

e 'selected for this study, it may,';'
not be concluded ' . |

way. The three treatments wére.prOQucing outcphes measured
in this'study which did not differ sfénificantly, ‘However,
the“trestmehts may haue'been-preducing different results that
were not“direetly measured in this study. These are of
interest,'if indeed they occurred, enly'in so far,as they
are'related to the ptheory of the épproaches, and, "in
.partidﬁlar, the'rofzﬁof symbols. It is for this”reason that.
the treatment dlfferences in the Interpretatlon test warrant
\further examination. ‘If this result can be attrlbuted to
some differenees in the treatments,‘and these sSame dlfferenceS“l
Rméy be used to explaih the reflective inteiligenee, arithmetic

achievement and sex results, then the all eﬁbracing

explanatlon sought w1ll have been achleved

s
-

. The startlng point for the examlnatlon of the ,
'Iﬁterpretatlon test result is an,examlnatlon»of the |
interpretation process. "hs used in this study, 1nterpretatlon
Jmeans, given a structure symbollcally represented an
'embodlment of the structure, which ass1gns meaning to the
symbols may be'produced. ‘For ihstance, given the symbolic
representation«of thé‘commutative property of the group
”structuré, a.b = b.a, an‘embodiment such'as 1+2=2+1, or

U

@
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horizontal flip of rectangular card followed by vertical

flip is equivalent_to vertical flip-followed by borizontal(
fllp is: produced as an interpfetation. - In order for this
1nterpretatﬁbn to be made the structural SElatlon of
commut1v1ty must have been abstracted ;at least to a limited
eﬁgent ‘ In the flrst place, the 1nterpreter has to make
eense of the unfamlllar symbolic representa‘tlonr~ The pattern,

v

or structural relatlon, must be"

v

in order to search.

among known- representatlons. In xl second place

structural_relation must be known to apply to embodimenf}
meaningful to the inferpretera This indicatee at least a
Tlimiﬁed amount of. abstraction, as the structural relafion_
mustlrefer te‘both an initially meaningless embodiment and a .
: meaningful known -€mbodiment. If the learner is able to,

L

abstract to this limited extént, then he is capable of

1nterpretat10n ’
The follow1ng two conJecEpres .are con51stent with- the

“experlmental results and each -other. "
. ,

'Conjecture l: T}% learning context ‘o‘f ”meaningiess -
symbols in the Secdndaryvsfmbolic treatment |
facilitates_the reaching,of a minimal level of
abstraction neceesary for interpretabion more than

~

. )
either of the other treatments do.

//'

The Concrete treatment is 1ncluded in this comparison becausev

for 1nterpretatlon the mean of ‘the Secondary Symbollc

treatment was hlgher, though not 81gn1flcantly at the .05

A
-

level. -

\
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Conjecture 2: The two procesSes symbglization, and

transfer require a higher level -of abstraction than

Y . interpretation does. . ;ﬂ.,/)”/
| ( | ‘Thls latter conJecture 1s cons1s ent w1th the
flndlngs of reflective 1nte%llgence and 1thmetlc'
achlevement differences. It is puttlné‘the e other three
processes on ‘a higher cognltlye plane t?gn\'nteppretatlonp ;
in‘order to be completelychnSistent it might befspeculated
that transfer is in turn on a hlgher plane than symbollzatlon.
This is qulte reasonable because symbollzatlon requlres only
familiar embodlment knowledge Whereas ‘some contextual ‘
novelty is requlred for transfer. fhus it is reasonable to.j

»

suppose that transfer requlres a hlgher level of abstractlon, .
or some other process such_as generallzatlon, or both:
Though the'sei'finding canrot be’incorporated into the.

explanation Tof the other results, it is in line with other
findings of Dienés in his study of Concept Formation and
Personality. He found that girls tendedlto approach learnihg.
tasks from the point of view of the'whole_struoture,«rhereas
boys tended to beimore analytioal. ,Sinoe~the learningutasks
of all treatments were construotively-ioaded'the~gifls should
" have been at'an advantage then. .

’

Dienes' Most Recent Einding§ : -

Subsequent to carrying;opt this eXperiment_seyeral
_ relevert works of Dienes have been published: In.one of
these Dienes (1970)'describes -an' experiment to determine tHe

effects of structural relations on transfer. This study is
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of particular significance because it involved the learning

of group Btructures in the context of meaningless symbols.

In addition,,by using both children and adults it was'possible
"to study developmental aspects. The fact that learnlng in

' the context of meanlngless symbols produced sufflclent
abstractlon of the group structure to permit transfer is of
interest. Of even more interest is Dienes"description of
the tybes of genera%izaticnsninvo}ved in the transfer tasks,

and the finding that'bhildren could particularize as well as

B

adults, but hot generallze S0 well In addition children
appeared to transfer best\from more complex to less comﬁiex
structures ThlS, Dlenes refers to as the Deep End Pr1n013le
These results are not 1ncons1stent with the results and
COnclu31ons of thls study Dlenes' flndlngs that an

- initially meanlngless symbol cOntextvof learnlng_can lead to

at least a limited type of abstraction of mathematical

structures, and that other conditions such as generalization\

are necessary for transfer between structures, ‘£it the -
explanation of what was habpening‘in the Secondary Symbolic

°
+

treatment

©

‘/Another publlcatlon of Dienes (1973), he has

o —

| reformulated some ideas in a q;fferent way . He‘hasAexpanded
on the Dynamic Principle and incorporated Dynamic Symbolization
and an“axiomatizingﬂstage into six stages of learning
mathematics. The first three stages are.what formerly
constituted two of the stages of the Dynamic Principle,

namely the play and structured game stages.' The fourth stage
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comes from Dynamic Symbolization and consists oflrepresehfation
of the structure in graphical or some ether form. Frem_Dienes'
desc§ﬁption it appears that it is at th}s stage that
interpretatign first becomes possible. In his sum@ary of 'the
sfages he states: "The individuel becomes able to fill into
empty'representatien those etates\and operetore%of a .
particular game from the sﬁructure ;nzquestion," (p. 53).

"~ This etatement-describes interpretation as used in this study;
The fifth,stage is that of analysis whereby the prOperties of
the representation are studied. It is at this stage that
symbolization ie'ﬁeeded. The sixth and final stage is that
of axiomatization and proof. *

The’ only aspects of Dienes' theory directly tested in

V\‘this'study were his ideas on concrete and symbol learning ‘

\‘contexts " His notion that structural relatlonshlps must be

C 1ntroduced first through concrete embodlments and then followed'

' by a gradual weaning from concrete to symbollc modes of

representa;lon was not supported by this s{edy ThlS
conclusion 1s based on the . result .of no s1gn1flcant '
‘dlfferences among the three treetments on the multlvarlate
analysis. Recall: that only ope 9f the three treatments was
5aeed on Dienes' ideas on concrete-and symbol learhing‘

.contexts. 3

' There is eridence:of suppdrgf though less formal, for
the other'mejor ideas of Diehes"fheory which were incorporateﬁ-
into_all three treatments. The two instructors of the

experiment, one of whom was the investigator, were also the

N A : .

U
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regular mathematics classrbom teachers for‘all subjects.. In
their opinion, the achieVement‘of subjects in the experiment
Qas.at least comparable to that accompXished in the regular
mathemepics pregram. Therefore, these\other/}deas of Dienes,
such’ as the Multiple Embodiment Principle,/fégen as a whole,
were indirectly supported by thiS’studyr by vi>¢ue of the fact
that reasonable achievement was-produced from treatments based,

on these ideas.

Limitations

'This study is limited by the fact phat s%me‘areas,that
_may be reieted to the problem were not considered. First it
should be noted that some,studles similar to this one have
explored theé relationship between attltude and learn:ng

However, since Dienes has not formally ,incorporated. attitude

into his theoretioél pronouncements, it was eXcluded from the -

present study in an attempt to 1limit the breadth of the°

1nvest1gatlon. Slmllarly, retention has not been empha31zed

N

by'Dienes, and wes therefore omltted;fromi&2}§‘study 1n order
to narrow its‘sbope' It is conceivable that a paftern of
/results different from that of this study mlght have been
derlved from crlterlon tes%s admlnlstered several weeks after
the completlon of the treatments, '

Two addltlonal‘llmltatlons should be mentioned. One
relates to the readab&llty of the criterion tests Slnce
these appear to be hlghly verbal the subject scores may- be

related to thelr readlng ablllty, "The other concerhs

-

f
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generalizability of results. The reader is cautioned against
, any attempts to generallze the results of thia atudy beyond

the population from which thé sample was drawn

a

melicationa‘ ' o

] L o . <

For Practice

It is not likely that many seventh” grade mathematlcs
programs w1ll include learnlng of formal group structures as
- part of core content. However, it is qu;te gonceivable that
such content would be chosgn for.enrichpent. The implicatfnns
of the results of this study. are that when such content is

used for enrichment purposes,‘those students who haveé done

well in basic-arithmetic are the most likely to,learn the
‘ . ) .

structures. Less formal structures or_parts of formil s

structures are likely to be 1ncluded in core-content. When .
this is the case, the results of this study 1mply that any
one of the three approaches descrlbed in' this study could be

- adopted, since the outcomes are comparable in terms of the

criterion tests used in this study. . .- ’ w .
For Theory - _ b
) - The results of this study indicate that the uniqué

pr1n01ples concernlng the role of symbols for the.three

-,approaches are questlonable It seems llkely that a more

comprehen31ve pr1n01ple or set of principles is needed. These
e Sl o

might be derived,from a further consideration of the” roles of

such basic thought processes as abstraction and generalization.

From this study it appears=that abstraction plays a crucial

\

/7
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. role in the 1earning“o€\th§ propertles ©of a formal structure. o
: From recent works of Diene (1973) it ¢can be concluded that B

generallzatrpn and other structuralqrelatlons such as

partlcularlzatlon arid embedde ess are 1mportant 1n

L

transferrlng knowledge of structures to the learnlng of new

 structures. It m g/y be hypothes1zed that meanlngless symbol
pr

learning contexts omote at least a llmlted type of

L

. _abstractlon, enough- for 1nterpretat10n to be possible.

However, elther a hlgher level of-abstraction, or other mental
processes such as generallzatlon, or both are needed for

symbollzatlon and/transfer
3

For Further Reseaéch

- The flndlng that there were no significant’ dlfferences‘
in treatment effects warrants further 1nvest1gatlon The
‘treatments were substantlally dlfferent with respect to the
role of symbols, yet the only dlfference in outcomes as
_measured 1n thls experlment was 1nconclu81we ThlS was the
flndlng of differences in 1nterpretatlon Further research
1nto this dlfference should be conducted. ThlS should  take
the form of determlnlng the, extent of abstractlon necessary
for 1nterpretat10n and the other criterion processes. . In ,
addltlon the effects of the three learning contexts of this
experlment on degrees of abstraction should be the sub ject
of investigation. It night be useful to conduct these

' experiments for different age levels so that developmental a

effects might be noted. It might also be useful to select

».content from other formal mathematical structures,kand

v St ..
- i /
P - -
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- ;nformél ones too, so that ‘the resulté’migh@fbe_generalizable
over a broadéfimgtheﬁat;gal content argar

.’As;is SQgggstéd in.the paragraph above, a variety of
approaches tq thenstudy_of the role of symbolsjih-mathematics
~'1ea‘1rning.aré-,.‘.po:s‘silkyyul"e. Learning theory bases, instqutional
apprdacheé; mathematical contenf,.and leayhéi characteristigé;
‘differént than those used iﬁ this stddy shouid bé.sélecté@f’
HoWeVef,'partibulér‘reswlts;of this study, the findings/g% no
treatment effeéfs norAinferactions, sugéést that a moref |
exploratory approach might be most fruitful. Ong'poséible
form of such an abproach'consists of sfudying noréai teaching
and'léarning settings. Care:ié taken not to intérféré‘Witﬁ_
vf%e normal situation as farjésipossible Within]the f;amework
of the‘ékperimeht. The iﬁvestigatdr acts as/éﬁ obSeryeh,
interviewer and aﬁaiygt. First he formulatés é>number of
- questions concerning the role of symbdls in mathematics
1earning'£hat he thinks might be ahswepéd through -such én
experimenf.k Through observation éf Léésbns, studyfof tapes,
post. lesson interviews with students{énd teachers, aﬁd |
analyses of thgsé, thé investigator‘deséribeé félevaﬂt'
situations which contribute to complete or paftial answers

to the questions he has raised.

ey

S,

Information provided in this report should be of use
to reseérchers planning future investigations into the role

of symbols in mathematics learning. :
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'S INSTRUCMONAL PROCEDURES S
6«‘?‘3 - . ' . ’ . . )

4

Each treatment group met separately for three forty .
minutg sessions each week over.four weeks, and progressed '
through a similar sequence of ‘experiences. The two :
instructors discussed each session fully beforehand, and both
were always present at each session in all treatments.

Phase I

Each treatment group was subdivided into working
groups of three to four students for all activities of
this phase. In the free play and structured game stages, each
treatment group experienced four embodiments of mathematical
groups of order four in the following sequence: Klein; cyclic,
Klein, cyclic. Under each embodiment in the structured game
stage each of the five group properties closure, commutivity
associativity, inverse elements and identity element were ‘.
dealt with but not necessarily in the same order for each -
‘treatment. The actual embodiments differed among treatments
in order to emphasize® the different roles assigned to symbols .
in the treatments. : ‘ o '

At the outset of each embodiment an instructor gave
verbal directions for free play activities. The two
instructorg divided this and all other presentations equally
between them. 1In this particular case each instructor gave -
the directions for one Klein and one cyclic group to each
treatment group. ' . : e

v : : . -

. For the structured game stage .students were given cards
outlining the games for each embodiment. Both instructors
" worked with the groups of three or four students in clarifying
directions. Time of movement on to a new embodiment varied
among treatments, but within each treatment the changeover of
the two required charts and evidence of understanding the
games (as judged by an instructor) for all students of the-
treatment. : L '

For the practice games the same four embodiments were
~repeated in a conventional game}format in the same order as
previously encountered. Each game had a built-in mechanism .
for progressing to the next game or embodiment, based on points
.scored. The instructors informally checked each student's
mastery of these games, and insisted on continuation of the
practice  stage until all students had mastered the games. This
resulted in four students in the Concrete treatment being .
re-organized into a separate working group for the eleventh -
session and playing the Wipe Out game until the instructor
felt that each of these students understood it sufficiently.

{
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Phase II -

The investigator made all the presentations of this
phase dring the twelfth and last forty minute session.
During the initial twenty minute lecture of: the session, the
students were presented information on one embodiment from .
each of the other two treatments. First the embodiment was :
briefly described and then the outcomes of each air of moves
was recorded on the blackboard in the form of the two charts.
In the case of the Concrete -embodiment, for example, the
instructor wrote ,each combination on the blackboard,
demonstrated it with the happy face card, and requlred each
student to perform the move also. For the mod 4 embodiment
the instructor gave some sample addiv calculations and required’
each student to furnish additional ones. Each of the five
group properties was demonstrated and explained by the
‘instructor for each embodiment presented. For the final .
twenty mimutes of thegsession, students were requlred to
reconstruct the char as often as possible.

1]

y
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'SAMPLE OF TREATMENT CARDS

Concrete Treatment

- Card Cl o _ ’ Happy Face Card

N
- T —
Vertical
) Horizontal . center. - Horizonfai ,
f%guoz;JoH : TB3UOZTIOH]| .
| Teofr3IsA
Card C2 Happy Fage Card Directions

1l.. The startlng pos&tlon for every combination of
motlons is always like this with -the
‘happy face at the top left, From this’
startlng p031t10n the follow1ng motions may be
combined: s .

<2, Horlzontal ~Hold each end of/the horlzontal line
and fllp the card over onto its back

“

3.’ Vertical. Hold each end of vertlcal line and
fIip the card over onto itsTback

4. Half Turn. @Place the card on a flat surface and
rotate it argund the cénter point until it is 9
~upside down from its prev1ous position.

5. Whole Turn. Place the card on a flat surface and

rotate 1t around the c a complete turh back
‘ to its previous positich. T N S
Card C3-2 » Diagonal Game ‘

"Draw a line from the bottom left hand corner to
- the top right hand corner of your happy face card.

2. Place the card on the desk in front of, you in the
normal starting p031tlon (happy face at top left).

3. Begln to turn the card about the center as you
would for a half or whole turn but stop when the
line you drew is parallel to the edge of the desk
in front of you. This is called the guarter turn
move. ‘ : ’

L. Can you make any pairs of moves tha; would leave
the 'happy face in the same place as making just
the quarter turn move?
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.+ What single move is the same as two quarter turn

moves?

Is there any single mo that puts the happy face
in the same place as three-'quarter turn moves?

Biflip Gamg' '
A horizontal flip then vertical flip brings the

. happy face to the same place as a half turn. What

other pair of motions bring the happy fate “to the
Same place as a half turn? o e

Which of the-above pairs of motions doeslnot

include a whole turn? j /. .

w

A horizontal flip then a ‘half turn is the same as

- a Vertical flip.  Which other pairs 'of motions

combined is equivalent to the veértical flip?

Whiéh“of the above pairs dees not'incluae a whole
turn? - ‘

A horizontal flip then vertical flip then a half

turn is the equivalent to a half turn and a half -

turn which is equivalent to a whole turn. Is
there any other way of "expressing the three
motions horizontal flip vertical. flip and half
turn as two motions which are equivalent to a *
whole turn? Which of these have the -horizontal
flip as the first of thé pair of motions?

Same Tire °
Do a di 'nal_tire'rotation on youf mbdel car .
What oth&} rotation can you make now that leaves
the tires, where they are-” ‘

Do a clockwise tire rotation. What other rotation
done now lanes the tires_Where\they are? '

What rotation folloWing a counter clockwise one
leaves the tires in the same place as doing the
counter clockwise rotation only? : -

Do a no rotation. What happens to the tires if
you now do another no rotation? .

Void o
If you thange from sQﬁares'to circles (circles to

squares), which of the other three motions can
you now do so that nothing will change?

N
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2. . If you change from red to blue (or blue to red),
~ which of the other three motions can you now do
so that nothing w1ll change?

3. Write down all the pairs of motions that will -

.result in no change to the colored shapes you
have.

C9-2 ‘ Walk Around

, 1. Four people are standing in a room, one at each
corner. First they move clockwise to the next
corner and then move diagonally to the corner
opposite. Which other pair of the four moves
would have brought the people to the same.corners?

2. Which of the above pairs do not include the no
move°

3. A counter clockw1se move then a dlagonal move 1is
equlvalent to a clockwise ‘move. Which other.

pairs of moves, combined are the same as the
clockwise move?

L. 1Instead of doing three moves in a row the same

can always be achieved by two moves, and also by

- one move. For instance, clockwise then counter
clockwise, then clockwise again 1s the same .as
no move then clockwise, which is the same as just
~clockwise. What other pairs of moves are the same
as these three? Which of these has clockwise as

- the first move? What single move is the same as
counter clockwise then clockwise?

Cl0-3 . Rock and Roll

l. Use your happy face card to play this game in
which only the followihg moves are allowed:

a) Homizontal Rock - flip about the horlzontal line

b) Vertical Rock - flip about the vertical line
¢) Whole Roll - a whole turn about the center
d) Half Roll - a half turn about the center

2. ' Take turns at. belng the dealer for each different
game you play. -The dealer starts each play by
calling two moves.

3. Each player takes turns at answerlng - On. his turn
the player calls two moves he thinks will put the
happy face in the same place as the dealer S two
moves. : o}

L, Dealer checks the charts to see if player is
correct. A game 1is.,completed when each player bas
had a turn. : ,
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5. Score;

a) One point for correct answer if both player
moves are different from either dealer move.

b) Two points if one move is the same.

¢) Three points if both moves are the same but
not in the same order.

6.,”You can pick any new game card and start. playlng
any time after your group has scored a total of
20 or more points at this game.

Wipe Out

1. Use your model car and tire rotation moves agaln
for this game. A

-
\

2. Any one player starts b maklng y one of the
four rotatlons. A seco player tries to make
any one of the four moves\yhat will give a
wipe out or a pass through.>, A wipe out is when
the tires are moved back K to where they were before
the first player made his mov A pass through
is when the second player's mpve results 1n no
change from the positions of 'the tires after the
first player's move. After ghe two mbves the
second player becomes t%the flrsm player and a new
player Becomes the second player _

3. Score: y : ot

Second player scores (1) one point for the team

if he ‘successfully does a pass. through and names
his move correctly, (2) two points 1f the second
player does a wipe out and names his move correctly.

H

L. Mdve to new game when total group score is 12 or
more. |

3 i

Treatment = ﬂ PR

P2-1

-

Fours

1) On the clock face of card P} you can oﬁiy move
three spaces from the starting point back to “the
starting point again. Once you pass the starting
point you start- countlng all over again. .Is it
p0381b1e to move twice for a total of four spaces°

/ 2

< 2. 1If you move three spaces from the starting p01nt

and then one space, is this called a four space
move or a one space move° 9

.

W
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Lost Time

Remember all moves are in the clockwise direction
except when you follow a move by ‘the same move.

. In’'this case the second move is in the counter

clockwise dlrectlonL
Solve the following problems for ‘the moves and
clock;on card Pl: .

_)2+__=2 od) 2+ 0= _
) 3+ 3= e) 2+ 2 =
)1+0~7 £)1+_=0

Together

Parentheses en01081ng an expres51on mean compute

- that expression before carrying out any

computation outside parentheses. Compute the ,
following expressions which refer to making moves-
on the P3 card clock:

a) (3 +2) +1=3 +(_ + 1)

b) 0+ (1 +2) =_

@) (0 +1) +2=_

d) 0 +3=_

e) (_ + _) +2 =3 .

The expre581on (2 +1) + 2 can be written us1ng
only two numbers, 3 and 2. Write this expression.
What number of spaces on the clock added to 2

is equivalent to-2 + (1 + 2)7 -

Addlv(S@me//f
N’

What can you
(19 =1)

If you add;v O to 0 what 1s the answer?
(0 &0 = _

div to 1 to make the answer 1?9 .

What can you addiv to 2 to make the answer 29
(2 ® _ = 2) '

What can you addiv to 3 to make the answer 37
(36 _ = 3) :

" Null

Do the following.exercises for‘Mod‘h arithmetic.

20
36
-8

wuon o
LD RWN
nunonn
DO W

oo H
6996

ool |
QO™ O

.L?
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Muldiv Game

Do the fbllowing for the Muldiv 5 using the

direction given on card P4.

1.

2.

3 £ 81
5582

Triple Ideﬁtity ‘ - L

nnnn
Wl

+1 o
O006.

nnonon
HEe

oo
&

Take turns as dealer. Dealer use the equation
table and write an addiv equation which shows a
three number addiv expression equal to a two

“number addiv expression.

Player must replace the two numbervexpresSion on
the right by an equal three number expression.

Verification is by the equation table or Carrying

out the addiv operations involved.
Scoring:

)

b)
c)

ot

0

If replacement is identical to three number
expression on left - 1 point o

If replacement uses same numbers as expression
on left but in different grder - 4 points

If replacement uses at léast one zero when it
is either not in the number on the left or not.
in a different position from the one on the

left - 6 points

If replacement contains different numbers in all
positions from that on the left and at least two
numbers of the replacement are not on the left - _

8 points

Your group must score at least 40 points before
trying another game. You must change games after
you have scored 60 points.

Secondary Treatment

S1-1

Guess Babk

Use the cards with the printed S1A at the top
left hand corner. '

Spread them out on the table in front of you so
that the side with the two symbols with an upward
arrow 1 between them is sShowing. :



S2-2

S8-2
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Try to guess which of the following symbols is
on the back of any card you pick: W, 8, O = v
T, i . ’ » ’

Ask someone in your group who is working on a
S1B card to check the backs of your cards to

let you know if you are right in your guess.
(Check the cards of other people in your group if
they ask you) . )

Predlct

Pick out any one of the S2A cards. Write down,

what is on the front of the card such. as]f O

“ Now look at the back of the.card. If you picked
01O -, then © would be on the back. . Try to

find another card with © on the back and record
what is on the front. A

=

. ;Repeat what you dld in 1 above several more tlmes‘

with dlfferent cards

Now pick out a card you haven t picked before?
Look at the symbol on the back. Try to guess
which card has the same symbol on ‘the back.

Repeat 3 above at least four tlmes u31ng dlfferent

. cards.

Wipe Qut -

‘Wlthout using the lattice table, each person take’

a turn at laying down a card in a row.

Player now check the lattlce card. If your card

‘and the card next to it give [ in the lattice

table, pick up all cards laid down and begin the
game all over again.

.  When all cards have been laid down the game ends

unless the last pair make the [] , /Ain which case
the game must be begun again. - :



| APPENDIX B.-
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TEST ADMINlSTRATION AND SCORING

‘Directions for writing the tests were given verbally

at the outset, with important points written on the blackboard.
These 1ncluded -

1. Work on your own.

2. Answer all questions on the test paper. If you
are not sure of the answer, just guess as there
is no penalty for guessing (the test copy shown
here has been compressed for the sake-of brev1ty,
but the student copies prov1ded adequate space
for writing answers)

3. Read over all the questlons and ask the instructor
about anything that is not clear to you before
startlng the test. .

4.~'Do the questions that seem to Dbe. eas1est flrst

No student was allowed to begin the test untll all
had indicated they had read all questions and had all queries
clarified. Once the test was begun. (after initial reading)
the ‘time allowed to:-completion was forty mlnutes

The test contains 40 1nd1v1dual -items in all, ten
for each of the sub- -tests, Symbolization, Interpretatlon,
Transfer and Application. Each of these items. was scored 1
for correct and O for incorrect« ~ There were two items. on each
property, such as closure, in each sub-test. A summary of the
1tem classlflcatlon is shown helow: ' ‘

_ , Group Pr_perty |
Sub Test Commutative Associative -Identlty . Inverse Closure

Symbollzatlon I (1), VIIT I(4), VIII 1I(2a), VIII I(2b), - I(3),
(3f) - (la) . (2e) VIII(Ag) VIII(5d)
Interpretatlon III(a), V ITI(d), V. III(6), V ItI(e), TII(c),
(2c) (2a) (3a) V(3b) v{la)
Transfer II(#), IV II(3), IV - II(5), IV II(1), Ixézg,
. L (2) (5) (1) IV(3 A L
Application  VI(la), VII VI(Z2), VII .VIIElc), VI(1by, VI(1d),
L (2) _13) VII(1) VII(5). VII(4)
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GROUP CONCEPTS TEST

.I Using any of the letters a, b, ¢, 4, or e to represent
movements of the happy face card: : '

1. Express the idea that when. the order of doing any
S palr of movements is reversed the happy face ends
up in the same place.

2. Let d mean a whole turn and any‘three of a, b, ¢, .
or e stand for the other motions of the happy face
card. Use these letters to express the ideasex>

a) Horlzontal then whole .turn is equlvalent to
horizontal, vertical then whole turn is
equivalent to.vertlcal ‘and so on.

b) Horlzontal then horlzontal i's equlvalent to
whole. turn, vertical then vertical is -
equivalent to whole turn, and so on.

3. Let d mean whole turn and * mean followed Dby.

: The other happy face movements are represented by
a, ¢, and e, and the following are true:
a¥c
‘ake
e¥*c

e
c
a -

Therefore, a) b means a half turn

b) b*d = d

c) a*a.="b ' .

d) b means one of either vertlcal or

- horizontal:

e) b has no meanlng for- happy face card
. motions.

" L4, When two movements are enclosed in parentheses

: those two must be done first. Using the letters
a, ¢, and e, express the idea horizontal then
(vertical then half turn) is the same as
(horlzontal then vertical) then half turn.

IT B we want the base of fhe triangle shown
A to be any side that is horizontal there are

three different ways to accomplish this. .

The first way is to leave the triangle as it is with the x
vertex at the top: . This we call the NO CHANGE move.

A second way is to T1lip it to the right as shown: A\ 7Y
This will be called the RIGHT move. A third way 1is to
flip it to the left as shown: £\ &N This is .,
known as the LEFT move. Show the" simi 1ty etween
modular 4 arithmetic and these moves by ' «
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v

Stating moves which express the same 1dea as.

1®3 =0, 22 = 0.

In the happy face card‘flips there were .four
moves. Given the three moves in the plane LEFT,
RIGHT, and NO CHANGE as described above, is there

- a fourth /move that will make one of" the sides
horizontal without turning the trfangle over?
- If there is such a move ‘it must obey all the same

rules of combining moves as the other three moves.
If there is such a move, descrlbe it. '

. Movements enclosed in parentheses\must be done

first.  For the triangle flips (LEFT, RIGHT) then

. LEFT is the same as LEFT then (RIGHT, LEFT).

Give an example which shows the same rule for
modular 4 arithmetic, or the happy face card
motions, or the games you played w1th the

' symbolsu O Y I—E

"A rule of the triangle moves is included in the

following true statement:- LEFT then . (LEFT, RIGHT)
is the same as LEFT then (RIGHT, LEFT). Which of

the following is an example of the same rule?

tur% B
III Let u, v, and w'stand for any members of a set S let i be .

a) 2@(301) =200 - —
b) QT(aT0) » (ATAMO ‘

c) Vertical then horizontal is the same as
horizontal then vertlcal

Another rule of the trlangle moves is shown in the

example: NOC CHANGE then LEFT is the same as LEFT.
Which of the follow1ng 1s an example of the same
rule? : '

0=202

t0=-~> 0O '
Whole turn is the same as horizontal then
harizontal.

. d) WHQ¢e turn 1s the-same as half turn then half

a spec1al member of S, let ¥ stand for combining any of
these in pairs, and let = mean is eéquivalent to or the

I same as.
modular

Using any of the sets you have Studied such as
L arithmetic, give examples for each of the

following rules that are true:

'd,ex\uﬁ(v*

b) u*i =
c) v*w £
-d) (u*v)
e) u¥w =

w) = u¥(w*v) : :
u . " N . . I —
t ' . |
*w o= u¥(vw)

i and v#w = 1

<
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IV The following is a table of modular 6 arithmetic. The ~
“letters of the questions match those in the table where
numbers have not been filled in. First answer the
‘questions then fill in the answers in the spaces with
the same letters.

o |1 |2 N 5| 1)»-a. 0@®L4 = b. 0@®5 =
@+ . BPF'J c. 4#®0 = 4. 500 =
0 0 1 2 3 a) b)|. = ‘ ‘
. ) 2) e. 1@®0= f. 200 =
1{le) |2 |3 & |5 1) g. 2®1 = h. 300 =
r. 31 = j. 4&®1 =
215 |lg) |4 5 .im) : k. 3(®2 =
EEDESREED | 3)L. 1©5= m. 2@k4 =,
) . . : n. 33 = p. 4 &2 =
Lile) |3) |p) 3 - 9. 581 =
5 (1d) la) , I4) Which of\tﬁe foiloWing is
v 0 i true? .
i 2°=" -
iigg 5=Z’
iii) 4 ®3 =7
iv) 5@ 3 = 2 |
‘ 5) The following is true:
‘ T =2®2 :
5@k =(502) @2
Therefore, what is
. »5@4: ?
v ' 1. Remember there are only four numbers in mod 4

arithmetic. Let E represent a number which is not
one of those of mod L arithmetic. Let A and B be
" any of the four numbers of mod 4 arithmetic.
I Then we know that A@ B # E. Which of the 3
" following statements expresses the same idea?

2®@3£1 2.0 5
ggaezé 3 583%3

2. Let the symbols A, B, C, and D represen: #he numbers
of mod 4 arlthmetlc Whlch of the follcwing ure
always true for mod 47

AO® (B @é)

a) (A @B) QC =
A8k an e e
S e L P& S

lee at least one example of each of the_above that
‘is true ‘ ‘
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* ' _you can get thls@ . _.
'2, If you already know what a 180° spin then a

3. Let A represent a whole turn and B, C, and D
represent the other motlons of the happy face
card. For each of the .following give an

_equivalent happy face card motion: the . means
'‘followed by'. .

ag.B.A
- b) B.B

‘B, ¢ = C.A, A\D =D
A =C.C =D.D

1} Il

‘The square spinning described below works the same C

way as the games you have been playing over thHe past

. . few weeks sucH as happy face card moves, mod 4 -

arithmetic and [ v ©Q » A s ande=x. That is, the
rules of puttlng palrs of them together is the same.
The moves in squar'e spinning are different numbers

of right angles, Iike one right angle (90°), two

right angles (180°), and so on. The, square has an
X at the top left corner like this:
Spinning the square through right angles
moves the X corner to other corners. For
example, splnnlng the square about the
center point in the plane of the paper through three
right angles (270°) moves the X corner to the lower

left like th;s '
.E

1. For the square spinning Wthh of the following is
Srue?

a) a 180° spin theA&a 270° spin puts the X cofner
in the same placé as a 270o spin then a 1800 |
spin

b) ap1800 spln then another 1800 spin puts the X
corner in the same place as a 360° spin.

" ¢) doing any spin will move the X corner to a
position. Follow1ng this by a 3600 spin w1ll
. leave the X corner in that position.
d).It is possible to combine a number of rlght
‘ angle moves so that_ starting from thls

2700 spin will give.you. Then you could do 90°

then 180° then 270° in two moves instead of three.

You would do 90° then the result of 180° and 2?00

combined.® Would the X corner end up in the same
. place if you combined the 90° and 180° into one
"move and then did the 2700 spln'> .

" The switch throwing described below works in the same .

way as the other games you have played such as’ happy
face card flipping. That is, the rules of putting
pairs of switch throws together’ are the same as
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putting pairs of moves from the other games together.
Suppose we have two light switches. Starting with
both lights off we can switch the left, or we can
switch the right, or we can switch both together, or
we can switch neither. For example, starting with
neither on, then switching the left turns .the left
light on. Then throwinhg the left switch again turns
the left light off, so it amounts to the same thlng

as throwing nelther switch. If this is to be compared
to the motions of the regtangular card happy face,

1. 1Is there an equivalent to the 1dea that any

motion followed by a 360° rotation is the same as
. just that motion alone? If so give at least two
kexamples_ :

2. Does the order of turning a left switch and a
,right switch make any difference in what lights
will be on in the end?’

.3.v A rule of the light switching is as follows:

switching the left and right together and then
the left is the same as switching the left and
.then the right, and left together. Give an
~example of the same rule for the happy face card
moAions., :

L. 1If throwing a switch half way is considered as
another move, which, if any, of the other moves
combined would give the same result? Do you
think throwing a switch half way can be a move
if we want- the rules of the switch throwing to
be the same as the rules of the happy face card
or mod- 4 ar1thmet1c°

5. A rule of light switching is left then right is
the same as switching neither. Also left and
right together then left and right together again
is the same as neither. Which of the following
rules<from other games are these two rules like? -

a) Whole turn and half turn is half turn,..and _
horizontal and vertical is half turn.

b) In ordinary arithmetic 1 - 0 = 1, and 1 + 0 =1

c) ot —»( , and ATA—»D -

d)1®3~o and 2 @2 = 0.

Use the symbols ', ,$,# to represeht the motions or

‘numbers .in the ideas below. TLet the ' symbol be like

the whole turn or the 0 symbol. A dot like this . is
used between each pair, of symbols that are combined
with one another. Match the idea expressed on the
left with the same idea expressed on the right in the
new symbols.

[ ]
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=20 (3@2)

en whole turn

10

is the same as vertical

1! u - *

N A

D Bk -
KA T
®w +H :
= k- B
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ARITHMETIC ACHIEVEMENT TEST

'

‘1, Add | |
(a) 3647 ©(b) 6 /8
8492 ' | \' 8 9/12
6386 e _
Subtract | . -
(a) 76032 (b) 16 7/8
| 54298 0 eym
Multiply , ,".
(a) 725 x 905+ (b) 9/11 x 6 3/8

Divide . ' ‘ » o

(a) 29718 & 127 (b) 8 1/3-+ 10 1/2

| \ : _ ‘ LT : LI
.'X T B6.75 + 4,98 + 28.4 + 654.88 = o .

. 6. Subtract. . - o, SN
5.823 - 1.9999 )
7. Multiply L R | .
17.653 x 1.34 :
.8.  D;vide' |
+.288288 + 2.91
9. Round off 382.254618 to the:
| (a)_nearestw?gy‘— e e - e
(b):ﬁearest unit - .........7...
(c) nearest tenth - ............ : o
(d) nea%esf hundredth‘Q e e

(e) nearest thoﬁsandth e
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10.

Wr%te the intersection set of‘the following sets:-
A= (1/2, .6, 15, .25)

B = (1/25, .15, 3/5, 2)

Expréss the following numbers in scientific notation.
(2) 3,000,000,000 = +\\vrrrrreenennns, S P
(b) 186,950,000 T S, "z ..........

Perform the following operations:

(a) 74.28 x 1000

(b) 3.874 + 100 =

(¢) 34.25 + 1000 "(d) 100,000 x 1.0071 =
(e) 1000 x 3.0316 = (f) 5.139 = 10 =

(g) 1.715 + 100 (h) 7§§89 X .00l =

]

"

(i) 3.01 x 1035 (j) 171 x .0001 =

Problems: Write open-sentencés for the following problems
and- solve th@m. o

3

=" (a) The batting averages: of the members of a-baseball
A team were as follows: . -

1,316 s .271 220

{308 . .270 .220

. 296 : .265 . 190

. 288 , .235 | .186

.275 242 . 134

‘What was the team average?

(b) How many tiles each 2/3 of an inch long will fit
in a groove 7 1/3 inches long? .

(¢c) If one sheet of paper is 1/200 inch thick, how
thick will a book be that contains 540 pages, if
the covers .are egch 3/64 inches thick? = -

(d) A gﬁcing boat had a rated speed of 65 m.p.h. At
that rate, how far could it go in 140 minutes?

“ (e) A farmer stated that he usually expected to lose
‘ - 1/3 of his strawberry crop due to all causes. One
year he lost 1/8 of his ¢rop due to bad weather,
1/7 of his crop due to insects and 1/10 of his
N crop due to spoilage”™after picking. How did this
. particular year compare with his average year?

©
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How many sheets of paper .008" thick are there in
a book which is. 1.4" thick ifﬁggfh cover is .12"
thick? - o w\_, o v

In a certain stretch of mountain highway, 4.7
miles of highway are under repair. 1.8 miles of
road requires blasting at a cost of $10,500.00

Pper mile. The remainder of the road requires

grading at a rate of $6,500.00 per mile. The
entire road requires finishing at a cost of
$10.60 per yard. What is the Post ®f this
section of road? - ' ;
There were 3,638 Canadian post offices in 1868.
By 1958 there were 12,500. How many more '
nggdian post offices were there in 1958 than in
1 ? . | o . .

L)
’

7
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'SK6: DEMONSTRATION SHEET

' OPERATIONS ATOE
(OPERATIONS F TO J ARE ON THE NEXT PAGE)
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Operation A
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SK6: DEMONSTRATION SHEET
OPERATIONS F TO J
“‘ .
B ! ’
T _ * V|+ v+ ., .,
Operation — I - C"/' — é
N - . » ‘ ‘.‘ A + . . i B
Operation X — XX | 9 - 9 9 , — l . ,
X X | o o | — —_—
- Operation 0 00| 00  oooo| ‘& AL
e | XX
‘ peratlon. O O T T TTTT , 5
. : X x X TrT T | AA  Aasnl
Operation 0 oo |. 0 o000 lssss . ss
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NAME e o 9 o9 .’......’:’. .‘l‘. ® 08 90 ¢ 0 08 00 8 e s %CHOOL e e o0 e a0 00 ® o090 0 :

Last First Middle

AGE ........... GRADE ........... BOY GIRL DATE ............
Years - (Circle One) ~ Day Month Yr.

SK6 PART I ~

Find out. the operations from the, DEMONSTRATION SHEET,
and fill in the answers in the blank spaces, Just as you did
on the PRACTICE SHEET

Do Operation A N - ' " :
on these. ‘ ' - T - |\d -

0 Operation B

. .V ! ‘ n A ) . : o ¢
nEn these. : ) - M - +
. . . S

Do Operation C | . R | |
on these. : 9"’ V"" , 11—

. ' / »
Do Operation D | — —I—
pn these. = | = ™" : - —_
Do Operatlon E| o— , ' -=-
on these. g g (=1 "
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SK6 : ,FA;RT_ I
(CONTINUED)
- .
/
- : . R $ | oo
Do Operation F I ' :
on these, _-— - -
Do Operation G :
on these. - ‘—" 00 -
o - o o)
Do Operatkon H ‘ 1 - ‘
on these. : - . - l — + -
Do Operation I O o L
on these. - - —
) . -+
* - e
. N v . AAA
Do Operation J{ XX T N
on these. - Nen /1—’ cs N N
o 19° | /77
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NAME ...:Q.....l!l.‘ll....l‘...ﬂ\l'....:‘.. SCHOOLv..‘l”..l...ll..v.l‘OOO'll
Last® . , First © "Middle ' ' . '

AGE -.o.o_-o.:.oc G’RA‘DE .oao-.‘n.oo‘o BOY GIRIJ/ DATE FECI I R R R A B
: "Years A (Circle One) : Day Month ¥Yr.

SK6: PART II

7 In PART II the problem 1s to combine the operatlons .
on the DEMONSTRATION SHEET, or to do them in reverse, or both.
7  When combining operations, they are to be done in the order
given (i.e., f"Combine C and_ G" mean "Do Operation C first
and then do Operation G."J ' .
, ’
. .Logk at the.examgles given below and then carry out
. the Opera;}ans.indicate on the following three pages. - .

N

EXAMPLE:

Reverse B .__o_.T ﬂ_.C T e X g

e S

MPLE: | o  + + T WV vV '
ombine C & G _ — ' — _L — ++
s+ eg vy TT L |

!

XAMPLE: | 1 . ] : ;
everse and . — | @ - O"". XX _ax.0 .
ombine G & B T T - | Q 9 — T 00 X S



SK6: PART II

»
. - N
_ : X
. |Reverse . - .00 00 — .
X X
00 o o o v
. ~ e
Reverse toe. v Vv oV
Beverse f /' _ .
Reverse [ - . O 'X -
AN
Reverse -+ XX AR ——
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RO SK6% PART II.
' ‘ - — . —
. lCorpbine E&H , _ o | | "
Lo N 1% v
Combine A & I x - - ., >
g
> gy
1 » v i
o s — — . —
uomblqe D &‘J %X X - _ '
Combine B & F j - [ — | -
R r
Fombine F & B, - 15 - .-
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SK6: PART II NI
. i
#ﬁe\;erse and X ° % o x .. °
3 o °—> o —tn A

Combine B & J B ® % o

Hévikrse X x o &
e ' —_ L — | —

0 inei X XX - .X‘X‘;"
: /
— <
Reverse and ‘ . o } ﬁ
Cqmbine A&l 06 ) " . ) - .
- et ' o

Leverse -and ( - _ \

Combine F & G - ' - 8—’

Reverse ‘and T - ° v -
ICombine A & C l i - _ - _r_""“

. - Y




