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/ ABSTRACT *

One of the most important and interesting phenomena
assdciated with stratified flow is the internal hydraulic
jump. While a great deal of knowledge of this subject has
been gained in the br{ef history of its study, a complete
understanding of }nternal hydraulic jumps is far from being
realized. | ’

‘Internal hydraﬁlic jumps are, in many ways, énalagous
to open channel hydraulic jumps. With this in mind, this
fhesis attempts to‘gnalyée a number of internal hydraulic
jump types in a manner similar to the corresponding open
“ channel phenomena. In doihg this, a review of the literature
on’openréhannel jumps;rgenéféirStratified flow and internal
hydraulic jumps is summériZed, and this is followed by a
section in which the theory behiﬁd_the present analyses isV\
| outlined. The results of experimeﬁts are then pfesente@vin

‘'support of the theory, and theoretical limitations are

discussed.
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1. PART ONE: LITERATURE REVIEy

1.1 INTRODUCTION

Fluid motion which arises due to the effect of gravity
on density variations within a fluid field are called
stratified flows.‘Many naturally occurring stratified flows
are ones involving two fluids of differing density but with
the den51ty difference be1ng rather small. Such flows can' be
treated as Bou551nesq type flows or as flows involving a
fluid field of uniform density but variable spec1f1chelght.
In such a situation, fluid motion can be treated as that
which would arise in a reduced gravitational f1eld given by
g =glp/p where g is the acceleratlon due to gravity, Ap is
the density difference between the two flwids and p is the
ch;racteristic density of the fluid field;

St:at1f1ed flows occur widely in nature, both in the
atmosph;}e and in water bodies. The movement of cold fronts,
flows of gases in ﬁines, density currents in lakes and’
oceans, thermal discharges 1nto lakes, flow condltlons at -
méflne estuarles, and exchange flows 1n nav1gatxon locks are
all examples of every-day situations involving stratified
flow. |

A great aeal of theoretical work on internal métion was
done prior to 1900 but this work concentrated mainly on
internal wave motion. It wasn't until the 1950's, however,

that research activity in the field of stratified flow began

to rapidly expand to encompass a wide range of stratified



flow phenomena. One such phenoménon that began to receive
research attention in the 1950's was the occurrence of
hydraulic jumps in stratified flows, or internal hydraulic
jumps.“

fnﬁernal hydraulic jumps are, in many ways, analagous
to.tHe better known free surface hydraulic jump. Indeed, in
a rigorous senéet all free surface flows are stratified.
flows with water, the heavier fluid,.being overlain by air,
tHe lighter fluid. However, in this case the densit§
difference between the two fluids is so great that the
situation reduces to the case of a homogeneous fluid flowing
in a normal gravitational field. Nevertheless, it is useful
to gain an understanding of the ffee surface hydraulic jump [

phenomenon bffore attemptihg an analysis of internal jumps.
1.2 FREE SUJFACE HYDRAULIC JUMPS —

1.2.1 The (Classical ﬁydraulic Jump

The gase where the flow of water in a smooth, wide,
horizontiﬁ rectangular channel undergoes a rapid transition
from supércritigél to subcritical conditions is known as the
classic%l hydraulic jump. As shown in Figure 1, the water
surfacé’at the toe of the jU@p o; supercritical section
begins an abrupt rise to a section of subcritical flow
beyond which it is essentially level. The region between the
supefcritical and subcritical'sections’is quite yiolent and

is characterized by a region near the surface where the flow
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FIGURE 1 -THE CLASSICAL HYDRAULJC. JUMP
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FIGURE 2 - THE SUBMERGED HYDRAUIIC JUMP

'FIGURE 3— THE SLOPING HYDRAULIC JUMP
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reverses (the surface roller). The Qiolent nature of the
transition results in a substantial loss of energy.

Analysis of the classical hydraulic jump is carried out
by assuming that the momentum is conserved, that velocity
distributions are uniform and pressure distributions are |
hydrostatic upstre;m and downstream of the jump,.and that
turbulent fluctuations and boundary shear are negligiblée.
The result is the well known Belanger momentum eguation

relating the sequent or conjugate “depths in the following

manner:

, |
22 .é‘.(m—n, (1)

where the supercritical Froude number F, is defined as:

F, = —— - (2)
Y Uy

JY 4

As previously pointed out, the classical hydraulic jump

has been studied extensively and a great deal is known not
only of the global behavior but of the internal flow
structure as well. Rajaratnam (1967) presents a summary.and
'analysis of the various contributions to this field of

study.

1.2.2 The Submerged Hydraulic Jum§
If the depth of flow downstream of a supercritical

stream is that predicted by the Belanger momentum equation,



W

the result will be a stationary hydraulic jump. A lower
depth will result in movement of the jump downstream as a
negative surge and a greater depth will result in a
positive-type surge upstream. If the supefcritical stream
issues from an orifice as in Figure 2, a }arqe—downstream
depth will result in a drowned or submerge# jump.

Govinda Rao and Rajaratnam (1963) found that the
parameters whic¢h define fhe submerged jump are the degree of
submergence and the supercritical Froude numEer F,. By
applying the momentum equation Eo the efflux section and the

end of the jump, the following relation was derived:

41“2 0.5

(1 +8) 2 _ R
¢ o= l 4. b 2 F +¢(1+S)J (3)

where, using the notation of Figure 2:
Y = inlet depth factor = y,/y. - (4)
S = submergence factor = (yt—yz)/fz - (5)
y, = sequent depth of supercritical‘stream (6)
6 = (/1 +8 Ff -1 ) (7)
U (8)

_ 1

F = —_—

1 R
gy

Further studies by Rajaratnam (1965) examined the
internal flow structure in submerged jumps and gave
relations to predict the surface profile. A summary of the

foregoing work and the work of others is given in Rajaratnam

(1967).



1.2.3 The Sloping Hydraulic Jump
In the previous two situations the momentum equatﬁ@n ’_
could be applied withouF knowledge of the shape or extekt of

v 3

the transition region. In the case of the hydraulic jumg on .

¥§k
. . . . L} &
a sloping surface, however, analysis of horizontal mom%

A Rt

T

the problem of the sloping hydraulic jump must be‘dealt witg
in a semi-empirical manner.
studies of the sloping hydraulic jump go back as far as
- - those ohbfhe classical jump, but the first rational and
successful approach to the problem was by Kindsvater (1944)
who developed the following relation based on a momentum

analysis:

2 3

U, cos
Yao o o0 RN (9)
y1 2 cosa - g y1(1 - 2 & tana)

where the value of ¢ is a semi-empirical parameter used to
account for the pressuré of the jump body on the floor.
Kindsvater initially assumed that the value of ¢ was
’dependent on what he termed the kinetic flow factor
A=U, ?*/2g, which 1n a nondimensional manner implies that ¢ 1s
a function of the supercritical Froude number. However,
ﬁurther studies by Peterka (1963) indicate/zhat this
parameter is not strongly affected by Froude number but is

more closely related to the slope of~the floor, tana. A



complete re-analysis of the problem was conducted by
Rajaratnam (1966) who presented the fol§twing Belonger-type

relation,..

where, ..

G, =I'" F,’ : (11
1og,,1'=0.027a (12)
y, =y,/cosa ~(13)

Rajaratnam further discussed the variety of sloping
jumps that can occur and their aﬁalysis. The present study,
however, is confined to the D-type jump as in»Fﬂgure 3. The
internal flow structure of sloping juhps waskfhyestigated by
Rajaratnam and Murahari (1974). /

Studies of the free surface hydraulic jump also include
jumps which occur at abrupt drops and expansions, jumps 1in
non-rectangular ,channels and non-prismatic éhannels, jumps
in conduits, forced jumps and jumps involving two-phase
flow. For a concise di;cussion of these phenomena the reader

is referred to Rajaratnam (1967). !
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1.3 INTERNAL HYDRAULIC JUMPS

The first attempt at analytically-predicting the global
parameters defining internal hydraulic jumps was the
analysis of Yih and Guha (1955). By starting with the
assumption of no entralnment between layers, no bed or
interfacial shear, uniform velocity distributions in each
layer upstream and downstream of the jump and a hydrostatic
pressure distribution over the body of the jump in the lower:
layer, a momentum analysis of a two-layer flow (s?e Figure
4) was conducted. The combi;;g_momentum equations for the
upper and lower layers resulted in a ninth-order polynomial.

Yih and Guha discussed the solution of this equation
and pointed out that oné root was trivial and four were
non-real which implied that only three states can possibly
exisﬁ;ifnjugate to the given stéte. They further pointed out

the motion of one layer is dynamically dominant, the

downstream state is uniguely determined by the following

Belanger-type relation:

“r ’ e
L) v/ 2 ‘
. .. S I Y ].")* - 1 :I ( 14)
VI/ N .. N ' -

where Fz*is the densimetricIFroude number of the flow in the

dominant layer defined as:

)

/

9 5 . )
/ Foo= a,/q (Ap/p) ‘/; (15)

2%

where, ...
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FIGURE 4 THE INTERNAL HYDRAULIC JUMP
(After Yih & Guha,1955)

Ap = the density difference between the two fluids
= P27TPy ‘
p = the characteristic density of the flow field

R

P2

Experiments conducted by Yih and Guha on a hydraulic
jump occurring in a flowing denser layer in a quiescent
ambient showed that equation (14) consistently overesfimated
the downstream depth, the discrepancy increasing as the
density difference between the two fluids increased. Yih and

Guha attributed this anomaly to the effects of interfacial

shear. However, the fluids used in the experiment were
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immiscible (water and oil) and it 1s felt that the departute
from theory was more likely due to energy losses arising due
to the entrainment and subsequent detrainment of ambient
fluid by the flowing denser layer.
Yih and Guha's inittial discussion of the uulnluu1<ﬁ

tHg momentum equation was a purely mathematical one and did
not consider some c;£“ ;110 physical characteristics of the
problem, likeiy since no observations of the phenomenon had
previously been made. Other researvchers dealt with the
problem by modelling it initially as a tw0~faycr [low 1n a
duct (Mehrotra (1973) and Mehrotra and Kelly (1973)), and by
imposing physical constraints such as energy loss across the
jump (Hagakawa (1970) and Chu and Baddour (1977)). The
result of these refinements was that for two flowing fluid
layers of different density at an overall supercritical
state (the sum of the densimetric Froude numbers of each
layer greater than unity) thefe exist only two physically
meaningful conjugate states, and further, that only the
State closest to the original will be physically realized.

| While the previous discussion may imply a complete
solution to the problem it should be pointed out that these
analyses were only of a global nature and that all assumed
that no entrainment of one fluid by the other takes place.
It is known that a density gradient tends to inhibit mixing
since the buoyant forces~tend to damp out turbulent

fluctuations in the flow. However, it should not be assumed

implicitly that no mixing takes place in a turbulent
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straﬁﬁ%}ed flow includ%ng the situation of an internal
hydraullc Jumpv“iroumber of\}eSearchers have.recogniied this
and attempted to account for entrainment-ln the analysis of
internal hydraulic jumps; .

One‘of the earliest ettempts at analysing an entraining
jump was by Wilkinson and wOod (1971); Their study.dealtm
with a sUpereritical stream of denser fluid discharging into
a lighter semi-infinité ambient field..The nomenclature
employed by Wilkinson and Wood proposed'that the term
"density ]ump" descrlbes a situation which includes a zone
'OCCUpleé by an.. entralnlng denser wall jet: followed by a
roller region where the. actual jump phenomenon oocurs
- {Figure 5). They observed that nearly all of the e&&iainment
of the ambient fluid occurred in Ehe-"entraining region" and
that entrainmept by theroller reéion was negligible. They
'a}so discussed, ln a qualitative manner, how a rise in'

tallwater (y,) would force the jump. upstream in a manner

analagous to the open channel jump untll the roller region

occupies the entire jump and entrainment effectively ceases.

They.furthér observed that an additional increase in the
‘downstream depth would result in a situation analagous to’
the submerged open channel .jump and that this situation was
similarly non-entraining.

The‘experiments conducted by Wilkineon and Wood used a
welr to control the downstream depth of the flo@ing‘Qenser
layer, It was assumed thats the flow would be "critidall.at

this section (the densimetric Froude: number of the flow in

M z".,,‘

(
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FIGURE 5 DENSITY JUMP

(After Wilkinson & Wood,1971)

S

the denser layer egqual to oné). Therefore, for a givén head
on the downstream weir they were able to calculate, based on
a momentum analyéis, the depth dowhstream oﬁ»th? jump based
6H’the upstream conditions, and indirectly, the rate of
entrainment prior to Jump formation.

Further investigationsfby Wood and Simpson (1984) dealﬁ
with a number of rapidly Vafied phénomena in twé-layered
systems and expanded on the{work of Wilkinson“and Wood.
These investigations showed that if the stationary
entraining jump is in a co-flowing émbient, the aﬁount of
entraihment incneéses over that ok the jump in a quiescent

ambient.
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The effeéts of a limited depth of field on internal
hydraulic -jumps ,were first investigated by Stefan and
Hayakawa (1972). Using‘a momentum analysis and numericaliy
solying the resulting equation, they developed plots showing
how entrainment varied with outlet densimetric Froude number
and ambient depth. Their plots indicate that for a given
ambient depth, entrqinment by the flo&ing,deqser layer
asymptotically appro;ches some terminal-value€QS Lhe outlet
densimetric Froude number -is increased indefiniteiy. Later
analyses by Jirka and Harleman (1979) énd Badddur and Abbink
(1983y‘discussed the shortcomings of the Stefan and Hayakawa
approach by pointing out that if all other physical “
characteristics of the system are held constant, an
indefinite increase in the outlet dehsimet:ic Froude number
of a deﬁser flow into a limited ambient will restilt in a
complete breakdqwn of the stratified environment as the flow
begins to "interact" with the upper boundary of the ambient
fieid. Both papers fermed this.condition an instability.

The paper by Baddour and Abbink is one of the most
lucid and comprehensive oﬁ the subject. Once again, a
momentum analysis is carried‘out and the resulting eguation
is solved by iﬁposing a number of physical constraints such
as a loss of energy across the jump, no reduction of
\discharge‘intensity across the jump, and sequent depth of
the supercritical stream less than the total field depth.
The subsequent discussion end. presentation of experimental

‘“results brings forth some useful and interesting points. The
A g
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’

authors' analysis predicts that for a given set of
conditions, entrainment increases with ottlet densimetric
Froude n- - until a maximum is reached at a densimetric

2/3, where H is the ratio of the

Froudé nu. or of Fo,~ H
total field depth to the debth of the supercritical stream
at the outlet. Until this point is reached, the flow behaves
as essentially unconfined. An increase in densimetric Froude
number beyond this point results in a decrease in
entrainment until the flow becomes "unstable" at a Froude

.‘;_ui

number of Fo*zH/M§ . Baddour and Abbink also discuss ‘the
phenomenon of the submerged internal jump and give an
equatioﬁ fof the déwnstream control which will result in a
jump on the drowned/free borderline for a given densimetric
Froude number at the outlet. They point out, however, thét
this borderline is poorly defined in reality, with the Sump
alte;nating between a drowned and free state.

All of the foregoing papers dealing with entraining‘
internal jumpsrhave either assumed that the mechénism by
which the jump entrains ambient £lui§ i's turbulent
entrainment or made ho reference tégghe‘mode of entrainment
at all. Regardléss of the assdﬁéd\entrainment mechanism, all
of the foregoing analyses'were of a global nature and.
considered only the effects of 'entraimment on the global
flow barameters at a given section. )

One of the first studies of turbulent entrainment in
stratified flows was that of Ellisoﬁand Turner (1959). They

e

‘assumed that the phenomenon could be! analysed in a manner
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similar to that employed in the study of buoyant plumes;
that is, that the entrainment velocity induced in the
ambient field by.the turbulent flow is directly proportional
to the mean flow velocity. Their results indicated that the
constant of proportionality in this relation was strongly .
dependent on the densimetric Richardson number of the
stratified flow which they defined as R i*=1/Fo’*. Their
results showéd that the entrainment constant was the same as
that for a neutral jet at R, =0 but that it raéidly |
decreased’for flows of increasing Richardson number.. Similar
results were obtained in a study by Chu and Vanvari (1976).
The paper by Chu and Vanvari goes further by examining the
‘internal flow structure in turbulent stratified flows and
also mentions other entrainment mechanisms. They discuss the
internal hydraulic jump, and along with previous researchers
point out that the roller region accounts for very little
\'entrainment. They also point out, howevgf, that some small
amount of entrainment does occur in this region, but rather
than being turbplent entraiﬁment, it is typically the result
of ambient fluid\péing enfrapped by breaking interfacial
waves. A study by Christodolou (1986) ébnsolidates data from
a number of studies and analyses it in the same manner as

" Ellison and Turner. Cristodolou plotted the nondimensional
entrainment velocity versus ‘the Richardson number and
‘defined four regions describing the relationship between
entrainment, Richardson number and the associated,

entrainment mechanism.



Further dlSCUSSlOﬂ of entrainment can be found in a
paper by Macagno and Macagno (1975). Based on studies of
open channel jumps they proposed that~mosf of the
entrainment in internal jumps occurs at the toe of the jump,

a region of high turbulence production and low dissipation.

1.4 SUMMARY

Despite the enormous advances that the previously
discussed works represent, a comprehensive understanding of
stratified flow in general apd internal hydraulic jumps in
particular is far from beidg reelized. A review of the
l{Eerature'in this area reveals the great complekity of
turbulent stratified flows end shows how simplistic the
usual global analyses are given the eomplexityzof the
problem. The analyses to be presented in this|/thesis are
51m11arly 51mpllst1c in that thev attempt to ext d
relations developed for open channel jumps to 1nte1$&l
jumps. It is hoped that this information will be of some use

in future studies of internal hydraulic jumps.
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2. PART TWO: THEORETICAL DEVELOPMENT

2.1 GENERAL STRATIFIED FLOW

Let us initially consider the general case where a
heavier fluid of density »p is flowing beneath a deep,
\ . a
guiegtent layer of less dense fluid of density p_ . In this

situation, the Navier-Stokes equations for planar motion in

a cartesian coordinate system, as in Figure 6, will be,...

N Sa- Au 1 op 2 Nh

——— - 4 - S e e e A e

AE T uAe Y Dy o x + vV u+g DX (16)

v Dv Av 1 dp 2 Ah

— =+ IS —l = - e ekl - =

PYe uoao v By o By + v Vv g oy (17)
du ov
R (18)

Equations (16) and (17) are the momentum conservation
equations in the x and y directions, respectively, and
equation (18) is the equation of continuity. Eguations (16)

and (17) could also be written as,...

"

du du’ Auv 1 dp 2 CAh n A

auedu o v _bep N e N o (R3S av

ot dx Dy N A A N P (16a)
. ' :

v duvo v DA L O (e (17a)

ot Ox Ay n ooy Oy Ox 5%

By continuity, the last terms in each of the above equations

reduce to zero, and we get,...

5 B
ou Yt v 1 dp 2 Hh
OO PR s L 4 o o
ot T ax oy o ox TVY R Gk (16b)
i 2
v duv v 1 0p y V2v Sy ah (17b)

+ - -— -
At Ox oy p oy Y

17
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%

Let us now confine our attention to turbulent flows
where, according to the rules of Reynolds decomposition, the
dynamic variables in the above equations can be assumed to

be made up of the sum of a time averagéd or mean quantity

and a fluctuating quantity. For example,...

u=u +u’

+v'

<
il
<}

+p’

O
it
ol

p=p +p’

1f we expand equations (76b) and (17b) and assume that
the fluid is incompressible we will end up with the familiar

Reynolds equations for two dimensional flow.

da  — du . - Au 1 Ap 2 AT A u'vy h

B T T T i VAN A VI e H iy B L B

ot Ox Oy p o Ox v X Oy Ax (18)
e R
S O A v L A AP (19)
ﬁj: _(")x oy pody ax Ny oy

D ;

AR o _‘l\’_ - 9 (20)
AP dy .
wherein:

-u and v are the time averaged values of horizontal and
vertical velocities, respectively;

h—u' and v’ are the instantaneous values of the
fluctuating components of the turbulent velocity field;

-p is the mean pressure at a point;

-p is the mass density of the heavier fluid; .



-h is the height of the fluid particle above some

datum;

20

-y is the kinematic viscosity of the fluid 1n motion;

-g is the acceleration due to gravity;

and the overscores indicate that the values have been

averaged over some physically meaningful time scale.

Hereafter, the overscores will be neglected for convenience

of notation.

If we now write the pressure and density terms as

) = ) H - Ay
I fa‘J ( h)y + Ap
P = p_+ Ap
i3
we can say,...
Ap o + NMAD
T L
K ma X b}
tp Ah Ah A4
- = [¢ Bt = 312 - - - )
0% P g X '”a X 0 g G a
RIS ah NAD Wh
S S PIRCE D Apeg -
O O Ax AP
Let us now define
g = uhp/p
Ap, = Ap + o gh Ap
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I1f we use the above definition and further assume that
vertical accelerations are relatively small, that the
viscous and turbulent stress terms in equations (18) and
(19) can be expressed as the total stress r and that the

motion is steady, we can write,...

du du 1 000y g
N IR vl BT (25)
Ox Ay 8 ax p Oy
Now, let us integrate eg.~t un (25) from the channel

bed (y=0) to the light-dense interface (y=y ). The first

term on the left side of the equation éill become, ...

— g . " .
> —
Y N

dx

by using the Liebnitz Theorem. The second term on the left

side of equation (25) can be integrated by parts as follows:

du )
f v —dy = uv | - f u -~ dy
0 Y 0 0 ay
. . . . Qv du
Recalling that the equation of continuity says 3y = T 3y
we can write,...
Y
ou B Au
fvaydy—u__v +fuaxdy



o

It can be said that,...

which, by continuity 1s equivalent

Yo
UV = - u f ooody

o Ox

y v y 0
Now we have,...

Y du / My
N

0 oy vy 0 -

and the left hand side of eguation

as, ...

dx

to saying,...

(25) can be expressed

f u dy

22
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Now let us assume that the slope So:~( Tw(hb) ) 1s
small. If this is the case, then the first term on the right

hand sidg of equation (25) will be,...

f’\/\;‘ dh
» A < A B
_dAp . i . I , A }

*f\xi dx dx

Y 0 ‘/‘\ & N Y

The stress term in eqdation_(25) can be integrated if
we let the stress at the bed be 7, and the interfacial

stress be T as follows,...

since 1, and T, are opposite in sign by definition,
4
Now let us qualify the argument by saying that the
entrainment between layers 1s negligible. Under such

conditions it can be said that,...
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and, ...

Under these conditions, all of the foregoing work reduces

to, ...
i ! .
) ( (Ap b e )y L S A {du)

Equation (26) states that the vrate of change of the
total pressure and momentum from one section to another 1in
the flowing denser ‘layer is the result of a destructive 5
shearing force and a gravitational driving force due to the
density difference between the two layers.

Let us now assume that our region of interest is a
relatively short reach where the enerqgy losses due to
viscous and turbulent dissipation are negligibly small, and
further, that the fluid motion is irrotational and steady.

Such assumptions, when applied to equations (15) and (1v)

will result in the following expressions,...

; N
Yy . AYEY 1 *
/ R at T ¢ (27)
‘\‘,) . N
NI (28)

The assumption of irrotationality implies that the component

of vorticity in the z direction is zero. By definition, this



means,... . : b )

Bv . Bu
ox oy

Therefore we can write eqguation (27) as,...

N

Qa

7

=

2 2w

h) u v
((2-+2)+Ap*) = 0

P ax
Wwhich, if integrated with respect to y becomes,...

p/2 (u2 + v2)'+ Ap, = f (y)v . ; (*29.)'

Y

Equation (28) can similarly be written és,g..
. | N | |
oo 2 2 ‘

3y (P72 +vh) +p) = 0 (30)

1f equation (29) is differentiated with respect to y and
compared to equation (30)°it can be seen that %;(f(y))'=0'or
f(y)=constant. Therefore, if we define the total velocity

7

vector as Vi=u?+ v?, then we will get,...

. 2
Ap, + P)Z/_ = constant . (31)

o

Equation (31) above is a Bernoulli-type expression

which implieé that the specific energy at any section in the
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fio; is a conétant. However, the assumptions usea i?rthe
derivatiﬁn are such that this will only be'trUa overvvery
short reaches whete the flow is reasonably tranquil.

Nevertheless,‘tﬁe concept of specific energy 1s a useful

tool and will be émployed'later:

2.2 THE FREE INTERNAL JUMP .. s

All‘of_tbe studies of the past which dealt with
—hydraulic jumps in stratified flows have used a control
vgiume or macro approach in the analysig. The preseﬁﬁ
anqusié, while reducihg to the control volume_approéch in
the esvaluation of integfal terms, goes back one sfep to the
integral'form of the Reynolds equations as previously
developed. The following analysis 1is confined to the case
where one layer of a twb—layer system is in motion. It can
also be applied to the case of both layers in motion but it
becomes much more cumbe;some algebraically.

The definition sketch to be conSidered-will be as in

Figure 7. If we assume that the = I is horizontal and that
the shear forces along the bed aiwu interface can' be
neglected, then equation (26) becomes,... .
1 2 ‘ o
é“x‘ f (Ap + pu’) dy = 0 ' @266)
or
v .
f (Ap + pu ) dy = .constant, say I (26b)

0
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— THE FREE INTERNAL JUMP

-
|

1f we apply equation (26b) at sections 0 .and 2 we will "get

In our idealized situation we e

Y

f ’ (Ap + \12) 1 2 + ! A > A
¢ = gh =

. ooy 0 Yo Tz MYy (32)
Y .

2 2 . A 1 2 (33)
f {Ap + pu ) dy = U, vy, ¥ 7 gApy. = A
0 Ho Yo T 2,
‘ N

‘assuming that momentum 1is

/

conserved/gnd the two expressions above can be equated,

resulting in,...

. L
;/ /‘ ?
] 1 2 2 , ) a2
: o uhp (yz y,) p LUy Yy - Uy vy (34)
[N
jo/ ~
Re#alling that we have invoked the condition of no
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entrainment in -the derivation of equation’(26), we can say

that the discharge intensity remains constant, or,...

UoYo=U2Y:=Q

and we can rearrange equation (34) to get,...

: 2
gbp (y, - vo) vy + vg) = 20 Ug vy v, =y )y, (35)

e

1f we now define a densimetric or modified Froude number

as,...

-

E —:{ ; ) \. Ay
then expression (35) becomes the quadrat}c,...
\

'
\

. 2 2
(v, /y )7 %y, Jyy) =2 By 0 (36)
2
the real solution of which is,...
y -
2 1 2 ‘
;; = [/1+8r, -] : . (37)

Equation (37) is analagous to the classic Belanger
equation for hydraulic jumps in rettangular 6pen channels,
the'difference being in the definition of the Froude number.

.I
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. The eneréy loss in a free internal jump can be
expreséed as the difference between the §pecifjc energy
upstreém and downstream of the jump as calculated from
§onditions described by equation (37). Using thé notation of

ﬂVFigure 7, the energy of a fluid particle at the light-dense

interface at section 0 can be written as,...

- pU

o N

EO =  gAp yU +

-

by using eguation (31). Similarly, the energy at section 2

will be,... : _

The resulting energy loss incurred by the flow transition /,
cah now be expressed nondimensionally as,..
E - E Apy, + U2/2 - gA - U2/?

= > (38)
0 ‘ ghp vy, * pUO/z

Dividing both the numerator and denominator of equation (38)
by gbpyo. and using the continuity relation, the

nondimensional energy loss across the jump can be written

as, ...
FZ
*
P AR |
il v 5 - (39)
0 1+ Fy,/2 :



i )
where, ... . —
U2
2. 0
oy, 9
gt = g PR
)
v, T
2 1 // 2
6 = —= = —[/1+8F 1]

as defined previously.

2.3 THE SUBMBRGED. INTERNAL JUMP

There have been a number of papers written in the éast
on the subject of hydraulic jumps in stragified flows which
have remarked on the existenée of drowned.or submerged
jumps, among them studies by Wilkinson and Wood (1971),"
Stefan and Hayakawa (1972), and Baadour-and4kbbink (1983).
However, the remgkks dealt mainly witp the conditions which
would cause submergence and were generally inserted as an
aside to the discussion of the problems being addressed in
fthe study. The following analysis is meant to more
completely define the submerged internai jump and to present
a method of caiculating some of the salient parameters
associated with this phenomenon. ?he present analysis draws
heavily on material presented by Rajaratnam (1963,1965) in
papers which outlined the results of investigations of
. submerged open channel jumps. We shall begin by referring to
Figure 8 as our definition sketch and we will employ the

arguments developed in't&q-preceding.sections.
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FIGURE 8 — THE SUBMERGED INTERNAL - JUMP

4

I1f the depth df the denser layer downstream of the jump
is such that a jump forms at section f(and is stable, then
the upstream and downstream depths are related by the

gollowing expression,...

Y
6 = 2 = -% [/1+ 8 Fg* 1] (40)

as developed in the previous section (for a deep, guiescent

ambient). .
Now, if the downstream depth at section 4 is greater
than y, such that the jump moves upstream, the efflux

section will become submerged. If we apply our integral
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momentum equation (eq'n (26b)) at sections 3 and 4, we will

get,...

Y3

i
[ (Ap + pu) dy

0

Y4

f (Ap + pu?‘)v dy

0

We will once again neglect any entrainment such that,...

i

2 2
ghAp ¥4

pUS vq * S

S| —

i)

It 2
= va4 y‘1 + - yghp y4 = N

g=U0y0=U?YZ=U3Y3=UuYu

and foliowing Rajaratnam we will define the following terms: -

Submergence factor

Inlet depth factor

Using these identities,

S=(Yu“Y2)/Y2
W=(Y3/Yo)

equations. (41) and (42) can be

reduced and written as,...

2 2
¢ Yo

Further manipulation will result 1in an equation for the

2 2 2
- ¢ yO(S + 1) =

I B
g' (byo (s + 1) yo

— - )

(43)

(44)

inlet depth‘faétor as a function of flow -onditions at the

nozzle and the depth of the subcritical stream as

follows, ...

) 0.5
2 2 2 2 F\0”
¢ = L¢) (s + 1) - 2 FO* + mj

(46)
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As with the similarity between equation (37) and the classic
Belanger equation, equation (46) is identical to that
developed by Rajaratnam for submerged open channel jumps,
with the densimetric Froude number replacing the traditional
Froude ratio. L

The energy loss in a submerged internal jump can be
calculated in a manner similar to that employed in the
calculation of the energy loss in a free internal jump.
' Referring once again to Figure 8, the specific energy at
section 3 can be expressed as,...

E & A +l U2

Or recalling that y=(y,/yo), equation (47) can be written
’ -

&

AS, ..

The specific energy of a fluid particle at the density

intefface of section 4 will be,...

: 1 2
E, = gbpy,t+ 5 pU, . (49)
As with the free jump, we can express the energy loss in a
submerged jump relative to the inlet energy with the

following expression, ...



- - ¢ (s 1 g? 2
bE E, - E, ) (b =6 (S+ 1] + 2 F 1= 1/6 (S+ 1)) (50)
E} E! o+ L E
‘ 2 "o

2.4 THE SLOPING INTERNAL JUMP
It appears that the problem of predicting the sequent

deptH of a free internal jump forming on a sloping bed has
not been previously investigated. As with the sloping open
channel jump, é‘momentum analysis of a sloping internal jump
" sis complicated by the additigpal horizontal component of
force exerted by Ehé.sloping floor on the control volume
used in the global énalysis. Solution. of this problem would
require an analytic expression relaiing the length and shape
of the jump to the upst}eam conditions. Unfortunately, kuch
an exprgésion.has not yet been developed. However, it was
felt thét sloping internal jumps could be analysed in the
same semi—empiricai manner és siopfng open channel jumps,
and further, that the empificél coefficients derived from
open channel experiments couldtbe gmplgyed in the analysis

sloping internal jumps. As before, the integral form of
the momentum equation will be developed before going to the
control QolJme analysis. Our definition sketch will be as in
Figure 9.

‘Our Reynolds equations will be,...

!

2
du, du _ _12p - 2w, v
u x + v oy o x + g sina + vV u ( % + oy ) (51)
2
ov Qv . _ 1% g2y - (Duiv' vl (52)
waet v By "o oy g cosa + vV ( P oy ) ‘
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FIGURE S — THE SLOPING INTERNAL JUMP

By using an order of magnitude analysis and the integrated

form of equation (52) we can write,...

UQ'B+V©'9‘= __l_(’.)}-)_+gsina+_1_,o.£
Ox oy p Ox n Dy

wvhere 7 is the total shear stress, as before. If we now

define the following terms,...

h-hb = ’55};-(;
oh
5% -~ ~ sina
po= p *bp
p = gp, (H=h) +4p
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then, in a manner similar to that used in the discussion of

general stratified flow we can develop the expression,...

Now, if we integrate this expression from the channel bed
(y=0) to the light-dense interface (y=y ) and assume that no

ambient fluid is entrained we will get,...

o [ s pud) dy = ghpy sina - (3, - T (53)
Even if the shear stresses on the bed and interface are
ignored, equation (53] is essentially insoluble since y is
an unknown function of\x\and the parameter defining the .
limits of integration in eguation (53), the jump length, is
not inittmlly known. Therefore, we will conduct an analysis
of the horizontal momentum in the same manne as Kindsvater

(1944) and Rajaratnam (1966, 1967). The pressure and momentum

influx at section O in Figure 9 will be,...
2
Bpg y 5 :
AP+ M = ————— 4 pU_ cosa (54)
0 0 2 0
2 cos «

and the pressure and momentum efflux at section 2 will

be, ...
pU2 2
y
S R 0 "0
AR, + M, = — bpg d + — (55)
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The deviatoric pressure component of the floor on the body

of the jump can be expressed empirically as,...

AP = 2K (Apy d§/2 - Apg yz/z cosza) tana (56)
where K 1s an empirical parameter'and the form of the above
expression has been chosen to facilitate algebraic
operations. If we say that the change in momentum from
section 0 to section 2 is equal to the sum of the horizontal
pressure forces acting on the control volume, then equations

(54) to (56) will combine to yield,...

d
—2 - [/1 + 86, - 1 (57)

1
yo/cosa 2 o

where, ﬁollowing Rajaratnam (1966), the following terms are

/
defined:

2 2
Sor 7 Ty Foo (58)
2 coe3a
Yo = 77K tana (59)
log10 FO = 0.027a (13)

and the densimetric Froude number Fo, of Ahe supercritical
flow is as previously defined. The conjecture in this
analysis is that the parameter I'; is a function only of bed

slope a, and that this function ié of the same form as that

derived for dynamically similar open channel jumps (eguation

(13)). \
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The energy loss expression for sloping ingernal jumps

can be derived in a manner similar to that employed in the

v derivation of energy loss expressions for the ordinary and
submerged internal jumps. The specific energy at section 0

in Figure 9 (relative to the bed level at section 2) will

be,...
1 2
EO = (LSLJ tanwa + yo/cusa) ghp ot P Ud
which, for simplicity can %gf yGroximated as, ...
a a pad ]
E = (L tana + Yy ghp * 1 Uz
0 SLJ ° YO gap 5 P 0

The energy at section 2 can be written as,.

2
oz

2
E, = 4, + pU
2 9hp dy + Uy Ygre

The energy loss relative to the inlet energy can

subsequently be written as,

127 p)
B " Ey ap L0 = ay/y ) + 5 Fou (1= a7y )7) + Ly
" E T E
LIS
0 0 | [ 1 = Foa * Lo tana/yUJ

tana/y”J




3. PART THREE: EXPERIMENTS

g , :
3.1 INTRODUCTIGN

All experiments for this study were performéd in the T..
Biench Graduate Hydraulics Labora%ory at the ﬁniyéréity of
"Alberta. The density difference between the two fluid layers.
Qas created by'using hot and cold watér as the ligh:e' and
denser fluids, respectively. The following is a‘éenaral
discussion of the apparatus;and proqedees usedAig che

investigation. A schematic representation of the

expérimental setup appears in Figure 10.

" 3.2 APPARATUS

1

3.2.1 Flume
All experiments were performed in a glass—walledéflume

5.50 m long; 0.310 m wide and 0.50 m deep. The slope £ the

flume was adjustable but was kept level' throughout the
. -~ X - @

invesgﬁgation. : ‘ .

v

A metal undershdt_gate\with é streamlined efflux no%?le
.separated the cold water reservoir from the hot water field

downstream. The gate was. insulated with closed-cell plastic
foam to inhibit the transfer of?heat across it. Theggate

i
Hr. precision.

opening could be manually adjusted but with pﬁ
In order to accurately fix the gate 6pening, metal plates of
known thickneSs would be inserted‘bei%w the gate and the |

gate_adjusted“until-the_bottom fitted snugly against the

39 o
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‘plates. These metal spacer plates would then Be carefully
removed and the gate would be sealed;

"To facilitate the outflow of the cold water at the
downstream e;a of the flume, an adjustable valve was
installed in the bed of the flume..Total water levels in the
flume were regulatea by an overflow section at the
downstream end. The depth of the flowing cold water layer
was reguiated*by an adjustable metal flap gate located just
'upstream of the outlet Qalve.

5

3.2.2 Cold Water Supply

Cold water was conveyed under c1ry water pressure to a
constant headooverflow tank located about 3 m above the
flume. From the constant head tank, the water flowed through
a flexible rubber hose to a rotameter which measured tﬁe
discharge. Froﬁ the rotameter, water travelled#through
another hose to the cold water reservoir ot the flume.
N ~ Since the accurac;‘of the rotameter readlngs can be
affected by the temperature of the water due to the
assoc1ated flu1d vésc051ty var1atlon, the rotameter was
callbrated E;gﬂg ce\E>water at “what was felt to be a
temperature,Q@presentétlve of condltlons for the entire -
range of experiments. fhe resulting calibration chart

appears in Figure 171,

&
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3.2.3 Hbt Water Supply

The temperature of the hot water ambient field was held

constant by continually recharging it with heated watér. The
3

soure of the hot water was city\water passed through a
Delta Hot Water Blast Cleaning.s}stem rated at 900,000 Bty.

From the heater, the hot water was conveyed to the |
flume by a rubber hose and was dlscharged through a dlffuser
sgspended at the downstream end of the flume. The discharge‘t
‘rate was small such that any circulation induced in the
ambient fieid by this recharge was negligible. It is known
that the temperature of the hot water supplf'varied,\the
amount of variation increasing with temperature. That the
fempefature variations éadSed_by the hot water supply were

damped by the large volume of the ambient field was evident

in the consistency of the ambient temperﬁﬁure readiﬁgs for

W .
(R AR
o

each run,

3.2.4 ThermSmeter

The thermometef used in this study was a Fluke 2180 RTD
digitai thermomé#ér. Accuracy of the readings was checked
againét a mercdfy thermometer and the instrument was fodnd

to be accurate to within a tenth of a degree celsuis.

3.2.5 Photographic Equipment
Photographs of the steady flow situation were taken

with a Pentax 35 mm camera using Kodak ASA 100 film. The

setup was illuminated for the photographs by two ColorTran



arc lamps rated at 650 Watts each.

3.2.6 Modifications

The foregoing was avgenéral description of the
apparatus employed in the study. Minor alterations were made
to the general setup to facilitate the various jump
confjgurations studied. The following is a b;ief description

of these modifications.

3.2.6.1 Free Internal Jump

It was found that channel fricﬁion and the
imprecise outflow control did not allow for the
formation of free jumps except at relatively high ¢
densimetric Froude numbers. To correct this, a false
plywood floor approximately 4.5 m long was installed in
the bed of the flume (see Figure 10). With the addition
of this false floor, a much widef range of tailwater

depths could be achieved.

3.2.6;2 Sloping Internal Jump

A sloping bed was constructed by pldcing sheets of
plywood at predetermined slopes below thé gate
separating the cold water reservoir andyfhe hot

water field.
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3.3 EXPERIMENTAL PROCEDURE : )

The general procedure was basicaily the same for aLif
experiments. The flume was initially filled with hot watér
of a given temperatufe. The cold water discharge whiéh would
result in a specific.densimetric Froude number at the outlet
was calculated using an assumed cold water temperature. Cold
water was introduced to the cold water reservoir at the
sEecified ratétand the outlet valve was adjusted until the q
water levels in the flume and reservoir remained constant.
The setup was then allowed to run until a distinct cqld o
water layer was flowing at theabbttom of the flumesﬁith the
efflux section submerged by the flow downstream such that
entrainment of the hot water did not occur. The cold water
inflow and outflow were themn adjusted to the desired rate
.and the depth of the flowing cold water layer downstream of
the gate was manipulated by adjusting the flap gate until

the desired flow configuration was achieved.

For the free and sloping jumps, the "tailwater level”

I

of the cold water flow was adjusted until the jump formed as .,
close to the gate as possible wit&out submergence (usually
within one centimetre). Under = . h conditions, it was
aﬁsumed that entrainment of ambic:t fluid prior to jump
formation would be negligible.

ngor the submerged jumps, the ~h of the flowinglcold
water layer was adjusted to create & number of levels of |

submergence for each densimetric Froude number.
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Once the desired state had been achieved, the éverage
ﬁemperature of the ambient fluid was deter {ned by averaging
temperature readings from four locations immediately
downstream of the gate separating the cold and hot water
reservoirs. The temperature of.the cold water was taken as
the average of two readings taken in the cold water
reservoir upstream of the gate. For the free and sloping
jumps, four readings were taken in the flgwing cold water
layer downstream of the jump, as well.

Injection of small slugs of dye into the ambient field
indicated that the underflow induced little or no motion in
the ambient, and therefore, that the experiments simulated
. denser underflow in a semi-infinite ambient field. Careful
injection of dye into the swurfage roller of each jump helped
to visually determine’tﬁé'iocation of the end of the roller.
This location was marked on the glass‘wall of the flume with
tape. Dye injection was also used to verify, to some extent,
the assUmption that little or no entrainment was occurring
in the jump.

Once the salient parameters had been rQForded, a
neutral dye was introduceé to the cold wate% flow from a
small reservoir which tapped into the cold water supply line
(see Figure 10). After the dye had colored the, }Qwing cold
water layer, a number of photographs were taken”§f the jump.
~Care was taken to position the camera at the same level as
the hot/cold interface downstream of the jump so that the

depth of the denser layer would not be distorted by
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parralax. A set of orthogonal scales were affixed to the
glass walls of the flume sa that each photograph would have
its own reference scale. The depth of the downstream flow,
length of the jump and jump profile were -recorded as the
average of measurements taken from each print.

Plates 1 to 6 are typical dye photographs for each of
the jump types studied and plate 7 shows the flap ga£e used
to adjust the depth of the flowing cold water layer.

It is worth noting that the setup and procedure
described in the preceding text produced a remarkably stable
stratified flow which could be run for a number of hours

without degenerating into a gradually or multiply stratified

system.



PLATE 2:Free Internal Jump F_=7.9
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PLATE 3:Submerged Internal Jump F*=3.8, S=0.80

PLATE 4:Submerged Internal Jump F,=11.4, s=0.92

49



PLATE 6:Sloping Internal Jump F*a4.4, a=5.71 deg.
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4. PART FOUR:ANALYSIS AND DISCUSSION OF RESULTS

4.1 THE FREE iNTERNAL JUMP

Figures 12 through 14 are dimensionless plots of the
profiles of the'¥;ee denser internﬁ%}iumps studied in the
laboratory, and Table Al of AppendixAA lists thc pertinent
data associated with each test run.

The app}icability of the Belanger-type relation
(equation (37)) previously db?eloped was investigated by
plotting the measured sequent depth ratio (y:/y,) against
the prediction from equation (37) as shown in Figure 15. The
same data plotted against the densimetric Froude number at
the efflux nozzle results in the plot of Figure 16. These
two plots suggest that equation (37) tends to cqnsistently

-

underestimate the downstream depth required to form a stable
: i D

%

jump at the’nozzle, the amount of djsé&epancy increasing
‘%ﬁyith the modified Froude number. This departure from theory
v}fégh be explained, to some extent, by discussing some

observations made during the course of the study.

As pfeviously discussed in the section outlining
experimgntal procedures, the free internal jump was formed
by adjusting the downstream depth of the flowing cold water
layer until it.could be visually determined that the jump
was forming just at the gate. Visual location of the jump
was achieved by injecting dye into the flowing cold water

layer and viewing the resulting situation both from the side

and from above. By viewing the flow from above, it was

— il
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FIGURE 15
ORDINARY FREE INTERNAL JUMP
THEORETICAL VS. EXPERIMENTAL SEQUENT DEPTH RATIO
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observed that the velocity distribution in the supercritical
stream was not uniform across the channel but had a shape as

shown in the following sketch:

A!rmw - NNT7L\\V77 X R \\7/ ML L
» . \ ~ o~
*  observed - i
™  supercriticai N —  —~- end of
™ velocity ~\, _toeof roller
=  distribution - roller
o - supercriticol
o "= stream
o T ——~ observed
g - jump
o - —~—~———TTTT
. ) configuration
A~ TN~
SX4 . Q7AW /AN, WKV TANVITIRV/ 7 CWWRNTLVTTGYIRTT T

FIGURE 17 - PLAN VIEW OF FREE INTERNAL JUMP

It was also noted that the degree of non-uniformity
increased with the outlet densimetric Froude number. Because
the velocity was unevenly distributed across the channel,

the toe of the roller was similarly pushed further

o
e

downstream in mid-channel than at the edges. When locating
the jump, an attempt was made to position the toe of the

roller as near to the gate as possible across the entire
f,y"@?‘ v & ‘
Pays 2 B

. ] y s
channel width so as to reduce eﬁ?}aiqﬁent

x

It can be seen that if the toe of éﬁ%jréli forced to-
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form just at the gate 1in mid—éhannel, the jump would would
be slightly(§§¥merged at the edges, and the associatedi
downstream'debth would be slightly‘greéter than that
re&uired tO‘fdrm the jump at the gafe if the supercritical
velocity distfibution was uniform across the channel.
Another posgible reason for the observed departure from
theory is that the assumption of no entrainment may not have
been sétisfied. It can be quite safely assumed that the :
amount of ambieht fluid entrained by the roller region of
the jump is negligible; any entrainment in this region seems
to arise due.to the breaking of waves at the density
interface rather than from turbulent entrainment across the
interfage (Chu and vanvari (1975)). However, observations by
vBaddour ané Abbink (1983) and by the author suggest that the
borderline befween'drownéd and free jumps is not sharply
defined, with the jump alternating between the two states if
vobsérved over time. As such the jet regi%p, or supercritical’
stream, would be periodically "exéosed" and®allowed to
‘entrain some ambient fluid. It was:obsenﬁed that this
"unsteaéinesé“'(at least in terms of small time scaies)
occurred as pﬁlsations or bursts and that it increased with
densimetric&Frqude number. This would seem consistent with
results obtalned by Chu 4pd Vanvari’ which showed the
turbulence 1nten51ty 1ncré§slng 1n»the same manner. It

should also be. noted thaz at 1east a small portlon of the

supercr1t1ca1 stream wasdalways exposed" 1n %1d channel ’ s

2 v
thh the degree of exposuﬁé 1ncreaszng wmth Frbude number‘

-.‘!r

S 'ﬂVﬁ,‘ R ﬁ%@f
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as previously mentioned.

An interesting feature related to Eﬁe idea that
entrainment of ambient fluid may have caused measured values
to depart from theory can be discuésed using Figure 16.
While meSEGred values of the sequent depth ratio are always
-greater then their thedreﬁiégl counterparts, the amount of
disérepancy between theory and experiment‘begins to increase
at Froude numbérs between about 3 and 5. Studies by Ellison
anleuréer (1959) and Chu and Vanvari (1975) suggest that
the turbulent entrainment coefficient for a free denser jet
goes from a maximum at a Richardson number of 0 (Fo, ==) to
almost zero at Richardson numbers between about 0.2 and 0.8
(1.Q§$Fo*52.23).'Therefore, at lower Froude numbers Between,

say 1 and 3, it would b expected that the amount of

entrainment of ambient fluid would be minimal even if the
jet was éomewhat exppsed. If the data from the pfesent study.
is taken to be "cor ect", however, it yguld seem that even
for flows of low Froude number some entrainment_is occurring
prior to the .formation of the‘junlp. A study by Macagno and
Macagno (1975) suggests that, at least for hydraulic jumps
in stratified flows, another mechanism for entrainment may
exist in addition to turbulent entraihment and interfacial
entrapment by breaking wavés. Alcertain amount of viscous.
drég occurs betwegn the flowing denser layer and the
,"stagnaht" ambieﬁt reﬁultdng in a thin layer of the ambient
fluid being draggedfalohé by the flbwing layer. It 1is

thought that at the toe of the jump where the reverse flow
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in the roller is "turned under" by the impinging
supercritical jet, a certain amount of the ambient fluid is

‘also "dragged" into the jump as in the following sketch:

cl
|

BRRN/2 00 LN /NS AN/ 4T MM/ N LS N V7 O TR ISR

FIGURE 18 - ENTRAINMENT AT TOE OF JUMP

The methods employed in the present study as well as the )
present state of knowledge regarding the entrainment
phenomena unfortunately preclude any definitive conclusions .

about entrainment to be made from the analysis of E?é

present data.
As with open channel jumps, internal jumps ingrease in
] -

' ) o
length as the densimetric Froude number increases. Defining

the length of the of the jump is a controversidl issue, but

most investigators tend to define the end of the jump as the

[
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Jection where the water surface (or density interface) first
becomes level or‘}here the mean surface (interface)
elevation is a ma@imum. In the present study, it was felt
that picking SUChta subjective point off of a photograph of
relatively small ;cale would be so imprecise as to negate
any value. In fact, an attempt was made to include jump
length as paft of%Fhe study but the data were widely

1
scattered. W e

’

However, it was found that another length scale

characteristic of the jump could be fixéd with much greater

‘qccuraéy; As previously described in the section describing

experimental procedure, the end of the surface roller was
visually located by carefully injecting dye into the flow
and marking on the glass wall of the flume the mean location

where the flow reached the density interface and reversed.

The distance from the efflux nozzle to this point was termed

the roller length LRJ and a non-dimensional form of this
guantity as measured is plotted against the outlet
densimetric Froude number Fo,, for each experiment in Figure

19, Also appearing in Figure 19 is a curve-describing the

same relationship for open channel jumps from Rajaratnam

(1967). The arrangement of the present data more closely
resembles a curve presented by Rajaratnam in the same paper
citing Rouse (1959) as the gource.

It was found that the roller length could also be used
to normalize the jump profiles. It was thought that if the

jump length was a characteristic lateral dimension, the



63

I

Ol 6 8 L 9 S ¥ ¢ 4

b~
-
b —

weelog=*4 [
, W /00 Qg="4 . ........... , ........... ........... \ .......... e
_ pusbaq ; : : o

..............................................................................................................

(L961)MYNIVEYCYY = SEANT TINNYHI NIdO

J3IGANN 30N0Y4 DIFLIWISNIA "SA HLIONIT d3710d
dANC TYNYIINI 3344 AHVNIAHO
6l J4NOI4

z&/rw]



64

height of the jump'at the crest of the roller (y ;) would be
a corresponding characteristic vertical dimension. Figure 20
is a plot of the non-dimensional height of the density
interface above the nozzle ((y—yo)/(yLRJ—yo)) versus the
non-dimensional distance from the nozzle (x/LRJ) for all
runs. The form is similar to the profile for open channel
jumps (Rajaratnam and Subramanya (1968)).

The validity of the energy loss expression for the free
internal jump (eqguation (39)) was checked by ‘plotting the
noﬁ—dimensional energyfloss calculated usiné measured values
of ¢ in equation (39) versus the same guantity determined
using calcuiated values of ¢. The result was the plot of
Figure 21 which shows that the actual energy loss incurred
in the jump is slightly less than that predicted by equation
(39) using theoretical values of ¢. This 1s consistent with

the observed behavior of ¢ illustrated by Figures 15 and 16.

4.2 THE SUBMERGED INTERNAL JUMP

Dimensionless plots of the submerged denser .nternal
jumps studied were plotted and appear in Figures 22 through'
30. Table A2 in Appendix A lists the pe;tinent data
associated with each test run. L

The validity of equation (46) developed previously was
checked by plotting the inlet depth factor as measured
against the same quantity calculated usinéﬁméasured values

of the depth of the denser layer downstream of the jump and

densimetric Froude number (Figure 31). It was found that
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AE /Ee THEORETICAL

FIGURE 21

ORDINARY FREE INTERNAL JUMP
NONDIMENSIONAL ENERGY LOSS IN JUMP
- THEORETICAL VS. EXPERIMENTAL
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L )

“ - FIGURE 3l |

SUBMERGED INTERNAL JUMP -~ |
EXPERIMENTAL VS. THEORETICAL INLET DEPTH FACTOR — ¢

35
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o 5 10 15 20 ,2'5 30 35
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. «}
equation (46) provided a fairly accurate prediction of

conditions as measured in the experiments.

The expression for energy loss in a submerged internal
jump (equation (49)) was checked for validity in the same
manner and the Eesults appear in Figure 32. The agreement

between equation (49) and the eXperimental data was also
o

found to be quite good.
Measurements of the length of the roller in the

1?‘,’ iu«
submerged internal 3u§% were made using the same method

_descrlbed in the discussion of the free 1ntefhal jump.
Figure 33 shows how the length of t:e roller increases with

the level of submergence ‘and the following'cal .

relation was derived from the dat%;
o

a9

e &

i
¥

5
k3

LRSJ/y2 ='2.7058 + 2.94 (671

»

It was found that measurements of the length of the
subme{ged internal jump yielded much more consistent results
than similar attempts te measure the length of the free
kinternal"jump,'probably due to the highly stable nature of
the submerged jump. Figure 3€ shows how the length of the
submerged internal jump variee with submergence in a manner
similar to the subuneryc. open channel jump. The.follbwihéu

empirical relati:on prov:des a reasonably good fit to the

‘ (6:}\“//

LSJ7y, = 2,795 + 3.77

data:
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FIGURE 32
SUBMERGED INTERNAL JUMP :
EXPERIMENTAL VS. THEORETICAL NONDIMENSIONAL ENERGY LOSS
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FIGURE 33

e SUBMERGED INTERNAL JUMP :
GROWTH OF ROLLER'LENGTH WITH SUBMERGENCE
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FIGURE 3%
SUBMERGED INTERNAL JUMP
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A study of submerged open channel Jumps by Govinda ‘Rao
and Rajaratnam (1963) gives the folowing relationship

" between jump-~length and submergence:

N

-

LSJ/Y? = 4,95 + 6.1 B : - - (63)

-
!
/

Comparison of eguatlons (62) and (63) indicates that a
submerged ) internal jump tends to be shorter than ai .
dynamically similar submerged open channel Jump. It also
appears that the rate of increase of jump length with
submergence is higher for the open channel 51tuation The.
reason for this anomaly is not immediately apparent but it
may be conjectured that shear along the density interfaceu
may be a contriboting factor. Nevertheless, it is generally

% accepted that interfdcial shear 1is not a significant
quantlty, ‘especially over a short reach and 1t most
certainly does not entirely aéccount for ‘the large
discrepancy between equations (62) and°(63).

During the cogrse of the experiments, a number of
qualltatlve observations were made. AS previously mentioned,
the submerged internal jumps. tended to -be much more stable
than the free.internal jumps.‘While the submerged jumps

’ displayed similar short term unsteadiness in the form of
pulsations\or bursts, the magnitude of the unsteadiness as
observed in the roller and subcritical flow region

downstream was much smaller than that observed in the free

jumps. p : >

i
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An observatlon 51m11ar to the one made by Wilkinson and
Wood (1971) may also be worthy of notea At low~levels{of
submergenqefolt would be expected that if the depch\of\the

L4

. flow downgtream of the jump was lowered to some level below

that requlred for the jump to form just at the gate, the
jump would move downstream. %hlle thlS act1on was observed
. to take place, the response to this lower1ng of the
"tailwater" was delayed somewhat since the denser fluid
. overlying the jet had to be entralned or swept away before
vthe new steady state could’be achleved |
It is generally accepted that entralnment of the
amblent flu1d by a submerged 1nternal jump 1s negligible and
thlS notion was supported by observatlons made in the
current serles‘of expeﬁiments.ylnject1on of dye near the
interface provided'a means of visually verifying this
assumption. It was found‘that the dye in the ambient fluid
merely di'f fused over time and very little passed;dirdSs the
density interface. Also, the flow in the jump was generally
tranquil except at the higher»densimetric Froude numbers
and/or the lower levely/of submergence. As‘a result,
entralnment by breaking waves along the density interface of
‘the roller was- almost non-existent. Similar observations by
. other"authors such as Wilkinson and Wood (1971), Stefan and.
Hayaﬁawa (1972), Macagno and Macagno (1975) Chu and Vanvari
(1956),‘Chu and Baddour (1977), and Baddour and Abbink
(1983) support the assumption of the non-entraanlng roller.

. , Also, the fact that the results of the preSent\series of

. e
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experlments conform well to a- theory which assumes no
entralnment lengds support to the assumptlon of no
entrainment. |
4.3 THE SLOPING INTERNAL JUMP

A vumber of experlments were conducted on sloplng
1nternal jumps u51ng three dlfferent bed slopes and a
voriety of denslmetrlc Froude numbers for each slopez The
data obtained are listed in Table A3 of Appendix A, and
Figures 35 through 37 are the dimensionless profiles of the-
sloping internal jumps. ' |

To assess the validitd of equation (56) the measured
ratio of the denser layer downstream of the jump to the
vertlcal depth at the nozzle was plotted against the same
ratio calculated u51ng equation (5\) and measured values of
Fo, and a (Flgure 38). Figure 39 ovides a similar check Dby
plotting measured values of (dz/Yo)agalnst Go, to see if
“they follow‘the predictions of equation (56). As with the
stud& of the free internal jumps, it appears fronléigures 38
and 39 that thé’theory tends to consistently underestimate
the downstream depth requ1red to form a jump just at the
outlet nozzle The suspected reason for this departure is ¢
that the flow entralned some ambient fluid prior to the
formation of the jump via the same mechan1sms described in
‘the discussion of the Free Internal Jump.

The length of a sloping jump is not explicitly defined

Vg ) . i
‘but is generally accepted to be the horizontal distance from
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THEORETICAL VS. EXPERIMENTAL SEQUENT DEPTH RATIO
25
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FIGURE 38 -
SLOPING INTERNAL JUMP
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'
the toe of the jdmp to the end of the surface roller.
Indeed, this dimension is the only dimension that can be
fixed with any degree of accuracy or consistency. Consistent
definition of a terminal point is especially i%pdrtant in
any study of sloping jumps (especially D-type jumps) since
the depth at the terminus is that used in the momentum
analysis. Depending on the slope, the depth of flow will be
significantly greater than the depth at the terminus even a
relatively short distance downstream from the end of the
jump. Since thié studyﬁemployed the empirical data derived
from studies qn sloping open channel jumps, it was felt that
similar defingfions of jump length and conjugate depth used
for the open channel studles be used for the internhl jump
studies. - - P

Rajaratnam (1966) included an empirically derived chart
relating the léngth of a D-type sloping open channel jump to
the Froude number of the supercritical flow upstream of the
jump. The jump length was normalized by dividing by the
correspoﬁding depth at the end of the jump. Using this chart
and the measured values of outlet densimetric Froude number
and end depth, a "theoreticél" jump length was calculated
for each run. These vaiues were plotted against measured
values (Figure 40) and the'égreemént was found to be fairly
good.

Figure 41 1is a ploﬁ of the dimensionless energy .loss

based on calculated.values of depth and velocity versus that

based on measured values. The agreement is reasonably good
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FIGURE 41
SLOPING INTERNAL JUMP
THEORETICAL VS. EXPERIMENTAL ENERGY LOSS
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considering the highly empirical nature of the calculations
and the fact that the empirical coefficlents are those which
are pased on studies of a slightly different phenomenon.

It was thought that the profiles of the Bloping
internal jumps could be normalized in a manner similar to
that employed in the analysis of the free interna. jumps on %
a level floor. Instead of defining the'juﬁp length as the
horizontal distance from the toe of the jump to the end ot
the roller, L’SLJ was defined as the same distance measured
along the bed. The distance from the bed to the den;ity
interface, as measured perpendicular to the bed, was used 1n
defining the jump profile. Figure 42 1s a definition sketch

of the foregoing explanation.

FIGURE 42 - COORDINATES AND LENGTH SCALES FOR
. NORMALIZATION OF SLOPING JUMP PROFILES
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The normalized profiles appear in Figures 43 to 4%, and

Figure 46 is a plet ol the non dimensional profiles ot the

sloping jumps with a similar plot ot the profile of the free

internal jump on a level floor. 1t appears from Figure 46

that the effect of the Sloping bed is to retard the initial

growth rate of the jump.

As with the other series' ol experiments, some

qualitative observations were made on the sloping internal

jump experiments. It was observed that the supercritical

stream seemed to diffuse or expand much more slowly 1n a

sloping jump than in a jump on a devel floor and that the

high velocity jet secemed to persist at higher slopes. This

is likely due to the effect of gravity which would tend to

continue to "drive" the flow down the slope despite the tact

that the flow is being sheared or retarded by the slower

moving overlying layers. These observations seem consistent

with findings from studies of sloping open channel jumps by

Rajaratnam and Muyrahari (1974).



3 "{v‘

E Bm-.._\x

9L ¥ T | g0 90 ¥O0O TO 0
- |

| ] | L

......................................

............................................................

/-

(k=i ok~ )

AN

Bap 01'e=0 STT408d dNNF GIZITVANON
JNOT TYNSIINI ONIJOTIS
77 ¢p N9



95

/zllnw(\\

Ay

- ‘Bop 1/'¢=0 STN408d dWNI GIZNVAYON

~ | rIS = - !

9l 1 AN l - 80 gQ ¥v0 0 0

1018
. Co 18S
.......... 4595
: 59S
. 2
T ..... t¢s
: 1zs

| pusbey | ov%% o
R REEERE LR RS : ......‘ ......... .... .......... .I@O /\AI/

eOorIOXXd
N ' / '
;
ﬁ.
(@]

dANC TYNAILNI ONIJOIS
v 34NOL



96

|

n._m._J\\x

80
8.0

{ ) 4
- t8S
BGAYE-1

1§
: /orzs
....... R B puaban

eOD> X

.............................................

B L A I R

(@

...................................................................................

Bop ¢£G'g=10 STN408d JANT AIZITVWHON
i dNNP TYNYILNI ONIJOTS

G NI, -

(A

(



- FIGWRE 46
INTERNAL HYDRAULIC JUMP
NORMALIZED JUMP PROFILES
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5. PART FIVE: CONCLUSIONS

5.1 THE FREE INTERNAL JUMP

For a non-entraining supe;criticgl flow of a dense
fluid in a deep quiescent ambient field :? lighter fluid,
tﬁé downstream depth required to form a stable jump 1is
uniquely determined by a Belanger-type relation. For an.
internal jump in a miscibie two-fluid field, the surface
,roller entrains iittle or no ambient fluid, but some
entfainment occurs just prior to jump forﬁation. The amount
‘of this entrainment increases with densimetric Froude number
and results in a greater sequent depth than that predicted
by the Belanger-type relation. The profile and'length of the
free internal jump are similar to the length and profile of

the open channel jump..

5.2 THE SUBMERGED INTERNAL JUMP

: ~
The global parameters of a submerged internal Jjump in a~

quiescent semi—infinite'ambient éan be predicted by a
relation similar to that used for submerged opén channel
jumps. The fact that the aforémentioned relation, based on
the assumption of no entrainment, accurately predicts these
parameters is indirect proof that the roiler region .of
internal jumps entrains little or no ambient fluid.
Empirical relations have_been‘develobed-to predict the

length of the roller and the ultimate length of the jump.

98
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53 THE SLOPING INTERNAL JUMP

A relation'similar to that used for sloping.open
channel jumps, ihcluding empirical parameters‘derived from
open channel experiments, has been successfully used to
predict the sequent depth of a sloping internal jump. As’
with the free internal jump on a horizontal béd, sloping
internal jumps in a miscible two-fluid systeﬁ entrain some
ambient fluid just prior to jump formation; the amount of
entrainment increases with densimetric Froude number.
N;rﬁaiized profiles 6f sloping internal jumps have been o
developed, and by comparing them to the nofmalized pgoé%ie

_ o . s

of the horizontal jump, it appears that the ;fiaot/of a
sloping bed is to retard the initial rate of jump
development. The 1éngth of a sloping internal jump is
similar to that of a dynamicaliy similar sloping open
channel jump. v
5.4 LIMITATIONS OF 'THE PRESENT ANALYSIS

This stﬁay has shown that internal hydraulic jumps can
be analysed with open channel flow theory as long as the
supercritical stream dbes no£ entrain any ambiént fluid
prior to jump formation. It has also shown that entrainment
is not a consideration in the analysis of submerged internéf
jumps. However, entrainment does occur in turbulent
stratified flows involving miscible fluids. There are
presegﬁ}y_thepries.which address egz}aining internal jumps

on horizontal beds (Wilkinson and Wood (1971), Stefan and

o~
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Hayakawa (1972)f Macagno and Macagno (1975),.Baddour and
Abbink (1983), and Wood and Simpson (1984)). However,
ehtraining jumps of different geometry have yet to be
investigated.

The present study and the work of others have only
analysed internal hydraulic jumps in a global manner. While
some preliminary work has been carried out to investigate
the internal'flow structgre in stratikied jumps, much has
yet to be done in this regard. i %

Turbulent entrainment 1n?§trat1f1ed flow has been
investigated fairly thoroughly within the bounds of the
pfesent theory. However, it is suspected that entrainment-in
stratified flows results not only from the classical
turbulgnt entrainment mechanism, but from modes such as
breaking interfacial“waQes and other mechanisms whiégﬁhave
yet to be described.

It is aléo recommended that research be conducted on

the far field conditions which would produce the subcritical

flow situations downstream of internal jumps.
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7. APPENDIX A

TARLE Al

Freco Internal Jump ata

PUN Yo Ta ‘ To Thys O, Y2 Ui
(m) (°C) () (“°¢) (1/se¢) (an) (m)
820 0.012 25.94 4,47 6,63 0.263 0.0511 0.126
13y " 25.71 4.10 6.20 0,295 0.0610 0.171
Sdg " 25.79 4.02 6.59 0.390 0.0725 | 0.206
S6g " 13.13 4.76 6.56 0.269 0.1314 0.4859
S84 " 13.16 4.50 6.36 0,339 0.1648 0.629
S10g " 13.42 3.80 6. 80 0,422 0.1900 | 0.721
SRy 0.0195 22,41 8.58 9.56 0.308 0.0657 0.168
SR3 " 22.39 8.24 9.62 0.461 0.0938 0.291
SRy " 17.92 9,08 10.76 0.435 0.1248 0.385
SRg " 17.22 8.80 10.22 0.540 0.1647 0.543
SR " 17.25 R.B2 10.35 0.613 0.1927 0,775
SR4- 0.007 34,20 11.00 13.80 0.199 0.0413 0.143
SRS " 34,10 10.57 16.27 0.254 0.0499 | 0.152
SR6 7 " 33.86 10.39 16.01 0.305 0.0614 0.190
SR85 " 33.81 10,41+ 15.70 0.413 0.0877 0.286
SR10, " 31.35 10.37 14.85 (.473 0.1060 0.367
-SR12; " 31.53 10.50 14.70 0,550 0.1273 0.500
{
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