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Abstract

This thesis is mostly based on six papers on selected topics in Asymptotic Geometric Anal-
ysis, Wavelet Analysis and Applied Fourier Analysis.

The first two papers are devoted to Ball’s integral inequality. We prove this inequality
via spline functions. We also provide a method for computing all terms in the asymptotic
expansion of the integral in Ball’s inequality, and indicate how to derive an asymptotically
sharp form of a generalized Ball’s integral inequality.

The third paper deals with a Khinchine type inequality for weakly dependent random
variables. We prove the Khinchine inequality under the assumption that the sum of the
Rademacher random variables is zero. We also discuss other approaches to the problem.
In particular, one may use simple random walks on graph, concentration and the chaining
argument. As a special case of Khinchine’s type inequality, we provide a tail estimate for a
random variable with hypergeometric distribution, improving previously known estimates.

The fourth paper devoted to the quantitative version of a Silverstein’s Theorem on the
4-th moment condition for convergence in probability of the norm of a random matrix. More
precisely, we show that for a random matrix with i.i.d. entries, satisfying certain natural
conditions, its norm cannot be small.

The fifth paper deals with Bernstein’s type inequalities and estimation of wavelet co-
efficients. We establish Bernstein’s inequality associated with wavelets. We also prove an
asymptotically sharp form of Bernstein’s type inequality for splines. We study the asymp-
totic behavior of wavelet coefficients for both the family of Daubechies orthonormal wavelets
and the family of semiorthogonal spline wavelets. We provide comparison of these two fam-
ilies.

The sixth paper is on prolate spheroidal function. We prove that a function that is
almost time and band limited is well represented by a certain truncation of its expansion

in the Hermite basis.
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Introduction

Special functions

Sinc function

The sinc function is a real valued function defined on the real line by the following
expression

] sinx , T 7é 0
— T
sine(x) { 1, otherwise.

This function and its L,-norm play an important role in many areas of Approxi-

mation Theory, Numerical Analysis, Computing Sciences. In particular, it is used

in interpolation and approximation of functions; approximate evaluation of Hilbert,

Fourier, Laplace, Mellon and Hankel transforms; in finding approximate of solutions

of differential and integral equations; it is widely used in image processing, signal

processing and information theory (see e.g. [14], 33, [34] 5] for more applications).
In the present work we deal with the following expression

’ dz, (1)

stnx
T

=i

sinx

v
dr — =
Ty

+oo
for 1 < p < co. We define I(p) forp > 1,as I(1) = oo .. Notethat/
0 T

(see [35] for details).
Even though the function I(p) is important and used in many approximation
problems, there are many open questions on its behaviour. It was proved in [7] that

for all p > 0 one has
3r 2p 3 1
1 — —(1-=.
(p)>\/22p+1>\/2< Qp)

31
5

Much of effort (see Chapter 1 and 2 as well as [I], [16, 23]) was required to prove
the following upper bound

o

known in Asymptotic Geometric Analysis as Ball’s integral inequality.

Moreover, lim, ,~ I(p) =

sinx

P
de <\2m, p>2, (2)
x




In the present work we prove inequality using B-spline functions (see Chapter
1 for definitions and the result). We use the fact that the sinc function is the Fourier
transform of a symmetric B-spline, as well as the property that the B-spline, together
with its Fourier transform, converge to the probability density function of normal
distribution.

It is known (see e.g. [4, 5, [6] for more applications) that for p a positive integer

x
integer, I(p) have the closed form expression,

. too fsin a\P . .
the integral / can be calculated explicitly. In particular, for p an even
0

%)
I(p) = \/13(]3_11)!27; 2 (=1)k (Z) (p — 2k)P~ 1.

0

The behavior of I(p) for intermediate values of p is not fully established. It has been
conjectured in [7] that I(p) is increasing for p on [pg, o0) and concave on [p1, ),
where pg ~ 3.36 is the point of global minimum and p; ~ 4.469 is an inflection
point.

In [7] the authors establish the existence of real constants c;, such that

[3r 3 [3n1 X 1
I(p) ~ 2 " 30 2p—|—jzgcjpj, asp — 00.

From this one may deduce that I(p) is concave and increasing for sufficiently large p.
D. Borwein, J.M. Borwein and I.E. Leonard posed the problem of determining the
second order term in the asymptotic expansion of I(p). In the present work (Chapter
2) we provide a method by which one can compute any term in the expansion.
We also indicate how to derive an asymptotically sharp form of generalized Ball’s
integral inequality.

Prolate Spheroidal Wave function

Definition 0.0.1. A function f : R — R is said to be band-limited, if there
exists ¢ > 0 and o € La(|—1,1]), such that

Band-limited functions appear naturally as the result of the measurement and
generation of physical signals. Indeed, measurements of electromagnetic or acoustic
data are band-limited due to the oscillatory character of the processes that have
generated the quantities being measured.

For band-limited functions, that are well behaved on the whole real line, numer-
ical tools (for example classical Fourier Analysis) have been well studied. However,
in many cases, one deals with band-limited functions defined on intervals (or, more
generally, on compact sets of R™). In this environment, standard tools based on
polynomials are effective, but not optimal. In fact, the optimal approach was dis-
covered more than 30 years ago by Slepian and his co-authors, who observed that for
the analysis of band-limited functions on intervals, prolate spheroidal wave functions



are a natural tool. They built the analytical apparatus and applied it in the areas
of signal processing, statistics, antenna theory, among others. However, their efforts
did not lead to numerical techniques (the principal reason appears to be the lack at
this time of effective numerical algorithms for the evaluation of prolate spheroidal
wave functions and relate quantities).

Definition 0.0.2. Given real number ¢ > 0, called the bandwidth, the prolate
spheroidal wave functions (PSWFs), denoted by (¢n.c(-))n>0, are the eigen-
functions of the Sturm-Liouville operator’s L., defined on C?([-1,1]) by

Le(¥) = (1 — 25— — 2w - . (3)

As early as 1880, C. Niven [24] gave a remarkably detailed theoretical and com-
putational study of the eigenfunctions. Later, in their pioneering works [18], 19} 30,
31, B2] on almost time and band limited functions, D. Slepian, H. Landau and H.
Pollak have shown various important properties of the PSWF's and their associated
spectra. Among these properties, they have proved that the PSWFs are also the
eigenfunctions of the compact integral operators F. and Q., defined on L?([—1,1])

1 [ sinc(x—y L
r)e =+ [ Dy @@ - [ deriman @
As a result, they have shown that the PSWFs exhibit the unique properties to
form an orthogonal basis of L?([—1,1]), an orthonormal system of L*(R) and an
orthonormal basis of B, the Paley-Wiener space of ¢-band-limited functions defined
by

B. = {f € L*(R), Support f C [—e, c]} .

The PSWFs are normalized by using the following rule,

1 1
2 2
/_1 |n c(z)]* de =1, /Rh/}mc(x)\ dz = TL(C),

where (An(c)), is the infinite sequence of the eigenvalues of Fi, arranged in the
decreasing order 1 > Ay(c) > A1(c) > -+ > Ay(e) > - .

n >0, (5)

2n
Numerical evidence (see e.g. [27]) suggests that A, (c) < % Z—C> , which im-
n

plies super-exponential decay for n > ec/4. The best result to date is the following
theorem.

Theorem 0.0.3. Bonami-Karoui [3]. Let 6 > 0. There exists N5 and ks such that,
for all ¢ > 0 and n > max(Ns, Ksc),
/\n(c) < efé(nfﬁc)'
In the present work, we prove that a function that is almost time and band

limited is well represented by a certain of its expansions in the Hermite basis (see
Chapter 6 for the results).



Wavelets

Definition 0.0.4. A function 1 is called a wavelet if there exists a dual function
1, such that any function f € Lo(R) can be expressed in the form

F@& =D () bn(t).

JEZ vET

The development of wavelets goes back to A. Haar’s work in early 20-th century
and to D. Gabor’s work (1946), who constructed functions similar to wavelets. No-
table contributions to wavelet theory can be attributed to G. Zweig’s discovery of the
continuous wavelet transform in 1975; D. Goupilland, A. Grossmann and J. Morlet’s
formulation of the cosine wavelet transform (CWT) in 1982; J. Stromberg’s work on
discrete wavelets (1983); I. Daubechies’ orthogonal wavelets with compact support
(1988); S. Mallat’s multiresolution framework (1989); and many others.

Wavelets are used in signal analysis, molecular dynamics, density-matrix locali-
sation, optics, quantum mechanics, image processing, DNA analysis, speech recog-
nition, to name few. Wavelets have such a wide variety of applications mainly
because of their ability to encode a signal using onl a few of the larger coefficients.
The numbers of large coefficients depends on

- the size of the support of the signal: the shorter support the better;

- the number of vanishing moments: the more vanishing moments a wavelet has,
the more it oscillates. (The number of vanishing moments determines what
the wavelet does not see).

- regularity (smoothness) of the signal: the number of continuous derivatives.

In the present work we deal with two families of wavelets — orthogonal Daubechies
wavelets and semiorthogonal spline wavelets (see e.g. [10, [I1]). These wavelets
are very important for practical use, as they have minimal support length for a
given numbers of vanishing moments. (For compact support with length m, the
number of vanishing moments is 2m — 1 for both orthogonal Daubechies wavelets
and semiorthogonal spline wavelets, so these two families are comparable.)

In Chapter 5, we study the asymptotic behavior of wavelet coeflicients for both
the family of Daubechies orthonormal wavelets and the family of semiorthogonal
spline wavelets, respectively. Comparison of these two families is done by using the
quantity

(o) } 11
= fGA s *,—F*—l, 6
1911, [T ©

where A? indicates the function space defined by

Crp(¥) := sup {

A = {f [ (w)E Fw)llp < 1},

with a nonnegative integer k£ and p € (1,00) (see Section 5.1 for definitions and
explanations).



Some of the results on the comparison of the two families of wavelets extend
the early study by Ehrich in [12] on the functions in L?(R) to those in LP(R) for
p € (1,00) and higher dimensions (see Sections 5.3 and 5.4).

The quantity Cy (1) in @ is the best possible constant in the following Bern-
stein type inequality

[, 5] < Crop()27 TP 3| (i) f () - (7)

Such type of inequalities plays an important role in wavelet algorithms for the nu-
merical solution of integral equations (see e.g [2, 25]), where wavelet coefficients
arise by applying an integral operator to a wavelet and a bound of the type gives
apriori information on the size of the wavelet coefficients.

This inequality gives us a way of investigating the magnitude of the coeffi-
cients in the wavelet decomposition of a function f. We have in particular, obtained
a lower bound of the quantity Cj (1) with 1 the semiorthogonal spline wavelets
(see Proposition . In fact, this bound is just a simple consequence of the result
on the upper bound of the Bernstein-type inequalities for splines in the sense of L,
with p € (1,00) (see Section 5.2 for the definitions and results).

Khinchine Inequality

The Khinchine inequality plays a crucial role in many deep results of Probability and

Analysis (see [13], [17, 21} 22), 25 7] among others). It says that L, and Ly norms

of sums of weighted independent Rademacher random variables are comparable.
Let a € RY and let ¢;,i < N, be independent Rademacher random variables,

1
ie. Ple; =1) =Pg; = —-1) = 2’ for i < N. The Khinchine inequality (see e.g.
Theorem 2.b.3 in [2I], Theorem 12.3.1 in [I3] or survey [25]) states that for any

p=2
(E

N p %
Zam ) < /Dllal2- (8)
=1

Sometimes, it is very convenient to talk about inequalities using notion of -
estimate. Let us, first, give some definitions.

Definition 0.0.5. An Orlicz function is a convex, increasing function ¢ : [0, 00) —
[0, 0], such that ¢(0) = 0 and ¥ (z) — 0o as x — oo.

Classical examples of Orlicz functions are
op(x) =P, for some p>1,Vx >0 (9)
and

o(x) =€ —1, for some o > 1,Vz > 0. (10)



Definition 0.0.6. Let ¢ be an Orlicz function. For any real random variable X on
a measurable space (2,0, u), define its L.,-norm by

| X ||y :=inf{c>0:Ev¢ (|X|/c) <1}
We say X is ¢-variable if || X, < oo.

The space Ly (2,0, 1) = {X : || X||y < oo} is the Orlicz space associated to 1.
Note that the Orlicz space associated to function ¢,, defined by @D, is the classical
L,-space.

The following well-known theorem describes the behaviour of a random variable
with bounded #2-norm (see for example [§]).

Theorem 0.0.7. Let X be real-valued random wvariable and o« > 1. The following
assertions are equivalent:

1. There exists K1 > 0, such that || X ||y, < K.

2. There exists Ko > 0, such that for every p > a,

(EIX ") < Kop'/®.

3. There exists K3, K4 > 0, such that for every t > Kj,
P(X] > ) < oxp (—1/K5)
Note, Ky < 2eK1, K3 < eKy, K} < 2Ky, K; < 2max(Ka, K}).
4. In the case a > 1, let 8 be such that 1 + ; = 1. There exist K4, K} > 0 such
that for every A > 1/K}, !
E exp (A X]) < exp (AKy)”.
Note, K, < K1, K}, < Ky, K < 2K% /(K})P~1,

In particular, the classical Khinchine inequality is equivalent to the boundness
of 1py-norm of the corresponding random sum (see e.g. [26]).

Our aim in the present work is to prove something like inequality under
additional assumption that the Rademacher random variables are not independent
anymore, in particular, when sum of them is zero (see Chapter 3 for more explana-
tions):

2n
S=> &=0. (11)
=1

N

In Section 3.2 we prove the 1s-estimate for the random sum Z a;e; under as-
i=1

sumption . Section 3.3 is devoted to the special case of our problem, when vector

a is such that its coordinates are either ones or zeros. This particular case leads



to the hypergeometric distribution. In Section 3.5, we obtain a ;-norm estimate
by looking at our problem from the point of view of simple random walk on graph.
We also establish bounds on #s-norm using different techniques than in Section 3.2.
First, using the notion of Lévy family we get an estimate of the order y/n. Then,
using a chaining argument, we improve this to y/log n.

Random Matrices

Random Matrix Theory (in statistics known as an Asymptotic Random Matrix The-
ory) is now a big subject with applications in many disciplines of science, engineering
and finance.

Let FF =R (or C). By Mat,(F) we denote the space of n x n matrices with
entries in F. Let (2, F,P) be a probability space.

Definition 0.0.8. A random matrix I'), is a measurable map from (Q2,P) to
Mat, (F).

One of the central problems is to estimate the operator norm of random matrix:

IVl == sup [Tz
zeCn:|z|=1

Note that ||T'|| is also the largest singular value o1 (T") of I'. Thus, it dominates all
other singular values; as well as all eigenvalues of I', \;(T"). It is used to estimate
other parameters of I as well.

In order to gain some intuition about the order of the operator norm of matrix
I, let us consider possible general cases. If I' is n x n matrix with all entries equal 1,
then ||I'|| = n (it follows from Cauchy-Schwartz inequality). A matrix whose entries
are all uniformly O(1), has operator norm O(n). From analogy with concentration
of measure, when entries of matrix I" are all independent, one would expect that the
operator norm is of size O(y/n). From the R. Latala’s result below [20] we will see
that this intuition is correct (see e.g. [9, [15) 28] [36, B8], 39] for results on Gaussian
case as well as results for matrices with general i.i.d. entries).

Theorem 0.0.9. Let I' = (& )1<ij<n be a matriz with independent zero mean
entries obeying the second moment bounds

n n

sup g ]E\fij|2 < K?n, and sup g E|§Z~j|2 < K’n
i T J o=
‘771 =1

Assume also the fourth moment bound

Zn: zn:E|€ij|4 < K*n?,

i=1 j=1
for some K > 0. Then,
E[T]] = O(K+v/n).

As a corollary of this Theorem we see, that if I' is a matrix with entries which are
i.i.d. mean zero random variables with fourth moment of O(1), then the expected
operator norm is of O(y/n).



The presence of the fourth moment in Latala’s theorem is not surprising. The
result of Silverstein [29] states that if &;; are i.i.d. mean zero random variables such
that the norms of random matrices n~"/2||T'|| are bounded, then E|¢; ;|P < oo, for
any p < 4.

We observe that the operator norm ||I'|| dominates all its entries, i.e.

T[] = sup [&;],
Z)]

or, equivalently,
P(IT]] < t) < P(sup [&55] < ).
Z7]

Suppose now that all & ; ~ £ are i.i.d. Taking t = K+/n, K > 0, we have

P(I0)| < Kv/n) < P(g| < Kvn)™. (12)

Now, from dominated convergence Theorem, assuming fourth moment hypoth-

esis, we obtain
P(lE] < K i) > 1 ok (nl) .

Thus, the right hand side of is asymptotically correct. If one would weaken
the fourth moment hypothesis, then it happened that the rate of convergence of
P(|¢| < K+/n) to 1 can be slower, and the right hand side of is of order ox (1),
for every K > 0. It forces that the size of ||T'|| would be much larger than \/n on
the average.

So, the fourth moment assumption is pretty sharp.

In the present work we prove the quantitative version of Silverstein’s result about
fourth moment assumption (see Theorem 4.2.1).
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Chapter 1

A proof of Ball’s integral
inequality using splines [

1.1 Introduction

In his work [I] K. Ball used the following inequality

1 [ [sin?t\? 1
/ M) at<—, p>1, (1.1)
T 12 N/

—00

in which equality holds if and only if p = 1 (see Chapter 2 for more details).
As we will see, the right side of (1.1)) has the correct rate of decay though the

3

limit of the ratio of the right and left side is \/> rather then v/2. Applying Ball’s
T

methods we put all of this into the following improved form of (1.1)).

Theorem 1.1.1. Let

3
\/;7 1 <p<po

C(p) = A\ 2p—1
1 (V5/6)
Lt T viimee PP

where

(\@/6)21’0_1:(1_\/3/7%

\/330_1/2\/50
so that pg = 1.8414 .. ..
Then,

1 [ [sin?t\” 3/m

— dt < C(p)—— >1 1.2

() eI e (12)
Nto()v?’/”<1 > 1, wh lity hold if only if p = 1
ote, C(p < —, p>1, where equality hold if only if p=1.

VP P

*A version of this chapter has been published online. R. Kerman and S. Spektor. An asymp-
totically sharp form of Ball’s integral inequality. arXive:1208.3799v1.
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Furthermore,

. 1/°° (sin2t>1’dt/\/3/7§ lim C(p) =

p—oo J_ oo\ t? NGz p—>00

0 /sin?t\”
1.2 Symmetric B-splines and the integral / ( ) dt

—00

The symmetric B-splines, 57, are defined inductively by

50($) = X[-

1
2

D=

(@) and 5'(@)i= [ 3y

D=

n=12,..
Using known properties of these B-splines we obtain an asymptotic formula for
our integral as p — oo, namely

Proposition 1.2.1.

1/oo <Sin2t>pdtN \/\j?, as p— o0. (1.3)

Proof. Suppose to begin with that p € Z,, say p = n. Now,

@(t) = /_OO ﬁ"(s)e‘Qmst _ <Sin7rt>"7

7t

so Plancherel’s theorem yields

1 [ [sin?t\" 0 [sinwt>" s N2
7r/oo< t2 ) dt:/oo( 13 > dt:/oo|6 (S)’ ds.

Further, by [2],

/Z B (s)%ds = /Z Bu(s)Bn(1)ds = 52(0).

Again, according to Theorem 1 in [3],

2 1 6
52n< n1—2|— 33>N mexp(—aﬂﬂ),

n / 6 V3/m
B(0) ~ 7r(2n+1)~ T as m — oo.

so in particular,

13



. © (sin?t\” . .
Finally, / 2 dt is a decreasing function of p, so one has

—00

00 /o2y Pl 00 fain24\P 00 /a2 Pl
1/ sm2 t dt < 1/ sm2 t dt < 1/ sm2 t dt (1.4)
T J_ t T J_ t T J_ t
and hence ([1.3), since the extreme term in (1.4)) are both asymptotically equal to

NG .
g

1.3 Proof of the main result

Ball shows that

1/6/\/g <sin2t>pdt< 3/
76/\/5 t2 - \/]3 '

™

Further,

00 i 2 p o0 2p—1
1/ (Sln t) dt < 2/ t_2pdt — l(\/g/ ) ]
Qo

T Jigz6/v5 \ 12 T J>6/5 D —

N[

Altogether, then,

1/°° (Siflz)t)pdtg <1+ ! (\/5/6)2”‘1> V3/m

™ 2 Van b - 1/2y5) VT

T J -0

Finally,

2p—1
\/;?\(/\f—/?/;/ﬁ < /m/3, for p>pp. O
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Chapter 2

An Asymptotically Sharp form
of Ball’s integral inequality”]

2.1 Introduction

To prove that every (n — 1)-dimensional section of the unit cube in R"™ has volume
at most v/2, K. Ball [I] made essential use of the inequality

.

in which equality holds if and only if n = 2.

% dt <\2r, n>2, (2.1)

Later, Ball’s integral inequality was proved using different methods; see
[2, 6] (also see [4] for an analogue of Ball’s inequality). Independently of Ball,
D. Borwein, J. M. Borwein and I. E. Leonard investigated, in [2], the asymptotic
expansion of the left side of . They established the existence of real constants,
¢j, such that

o0 n 3t 3 3l ¢
dt ~ 4] = — 2 [ el — 2.2
\/5/0 2 20V 2n+jz;n3’ s T ee (22)

and posed the problem of determining the value of co.

sint
t

K. Oleszkiewicz and A. Pelczynski, in [7], proved the following variant of Ball’s

inequality, namely,
< (2171 (H)\"
n/ (W) tdt <4, n>2, (2.3)
0

involving a special case of

Ju(t) i( 1y (L RAMI SN
= —_ — 14 —
v prt 2 JIr(+v+1)’ - =y

*A version of this chapter has been submitted for publication. R. Kerman, R. OThava and
S. Spektor. An asymptotically sharp form of Ball’s integral inequality. Proceedings of the AMS.
July 15, 2013. PROC 130715.
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the Bessel function of order v. They showed that, with the method used to establish
their inequality (2.3]), one can prove (2.1). Also, they discussed the more general
inequality

o0 n [e’e) 2
n”/ (2”r(u +1) |‘]’;£t)) =1t < 2v (/ (2”F(1/ + 1)‘2@) t2”‘1dt> , > 2.
0 0

1
They conjectured it holds if and only if 3 < v < 1. In this connection, they pointed

k
out that H. K6nig has noticed the inequality is false when v = > k=3,4,....

This Chapter is divided into three sections and an appendix. The first section is
an Introduction. The second section is devoted to calculating the c3 in , thereby
solving the problem posed by D. Borwein, J. M. Borwein and 1. E. Leonard. The
method that gives co can be used to derive any term in the asymptotic expansion in
. In the third section, we indicate how the method of Section 2.2 enables one
to determine the asymptotic expansion of

n”/ (2”r(u+ 1)|J;£t)> t2v=1dt, n>2,
0

for all v > 1/2.

2.2 An Asymptotically Sharp Form of Ball’s Integral
Inequality

In this section we answer the open question of D. Borwein, J. M. Borwein and
I. E. Leonard in the following theorem.

Theorem 2.2.1. Let

sint|"
S g
t

I(n) ::\/ﬁ/ooo

n > 2, and fir m € Zy,m > 3. Then, there exist constants cs,cq, . .., Cm such that

37 31 13 1 Ko 1
In) == [1- 2= =2 — G L
(n) 2 307~ Ti20m2 T 2| TO (an)

Proof. We first observe that I(n) can be replaced by

n

N
J(n) = vn / s g
. |t
Indeed,
\/ﬁ/ st |\ < \/ﬁ/ gy = YO g/
N N n—1
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Next, set

= 2+ 1)
Then, for k£ odd, one has
int
0 < Th(t) < == < T (1),
€ (0,v/6), so
V6 V6 /sint\" V6
/ T (1) dt < / <> it < / oy (1),
0 0 t 0
Therefore, it suffices to show there exist constants cs, ¢y, ..., ¢y such that

3 31 13 1 Ko 1
T (t)dt = 1—— = - = l+0(——
\F/ k(t 2 |7 20m 1120n2+;3na - (nm+1>’
whenever k > m + 1.

V6
Making the change of variable s = \tf in / Tk (s)"ds we obtain
0

- [n () ae [ ()

Now,

i
=0 7
whence
2 t >
t?/6n _ J 423
e Ty | —= ) =1+ t7,
()2
in which
miiuk] Ly
a; = .
/ — il6" (25 — i) + 1)!
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Using Newton’s Binomial Formula we obtain

2

2 t\1" a; n(n —1) a;
t2/6n _ J 425 - J 425
[e Tk<\/ﬁ>} =14+n g njt + 5 g njt + ...

j=2 J=2
o m
nn—1)...(n —m+1) aj 9
+ = 22 St ... (2.4)
J:

We observe that, for t € [0, v/6n],

95 2 2 t
Lt = leenT. | — | — 1| < 1.
> =|efn () -1

Only the first m + 1 terms on the right-hand side of (2.4]) yield the powers
1 1
) E’

1
no 72,...,n7m. Weget

1 agt? t4 4 L) L 6 N 8 1
nd’ 180n \737 T2 ) 2 2835 ' 64800 ) n2
and so on.

1
The highest power of ¢ yielding —- is ™. Accordingly, we write
n

j
t t4m+2

()| < O3

the constant C' > 1 being independent of ¢ € [0, v/6n].

For concreteness, we now work with the polynomial of degree 28 in (2.5) corre-
sponding to m = 7. It is given in the Appendix. Formula (2.5) becomes

[eﬁ/ﬁncpg (\}%)]n _ ibj (%)w +0 (ii)) by —bi(n),  (2.6)
y

1
and gives all the correct terms in the asymptotic expansion up to —. Multiplying
n

the polynomial in 1D by et/ 6 integrating the product from 0 to v/6n and using

in which
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the fact that

Von 2 . P 2 o 1
/ e /6t23dt:6]+2/ e t2ﬂdt+0<8>
0 0 n
. 3T 1
=39(2j —1)(2j = 3)... 14/ = —
F (2 -1)(2] = 3)... 14/ 5 +O<n8>,

1
j=1,2,...,2m, we obtain, with an error of O (8),
n

3 31 13 1 Ci
K=/ |1-22_ 2 & G
(n) 2 50n 112072 T >

O]

Remark 2.2.2. Working with the polynomial of degree 28 in the Appendix one
can show

L2 5291 5270328789
3732000 17 39424007 ° T 136478720000
. 124906631 625651892383657
6= 770035200000 7~ 525074673541017600000000

3
Remark 2.2.3. A proof using splines that I(n) ~ 1/ g is given in [3].

2.3 A generalized Ball’s integral inequality

We indicate how to determine constants cg, c1, co,c3, ..., ¢y so that, with n > 2,
T (v + DL\ 01 1 ¢y c3 Cm 1
(2.7)

For definiteness, we do this when m =3 .
Our first observation is that I,,(n) may be replaced by

2T(v+1) /ov "
n”/ <2 F(V + 1)‘Jl/(t)> tQV_ldt. (2.8)
0

tV
Indeed, using the estimate

IJ,(t)] <ct™3, teRy,v>1,c=0.7857468704. ..,

20



given in [0], we get, for n sufficiently large,

(2T (v + )|, )] \" e n
nl// < (V+ )|J (t)|> t2u—1dt§nu/ (QVF(V—{—l)Ct_V_%) t2u—1dt

tl/

n' (2'T'(v + 1)e / a)ntav—lgy

(2V1“(V+ 1) ) ( )n+2u
w3 -2

S nuflcu

)

with z = 2"T'(v + 1).
int
As we did in Section 2 for %, we approximate 2"t VI'(v + 1)J,(¢) in D by

the k-th partial sum of its Maclaurin series, namely,

E(—2Y T4
Telt) = Jz:% <j!F4(1>/—|—j 1) (29)

where kK > m + 1. ;
The change of variable t — —= in the integral of

vn
2T (v41)
K,(n):= n”/ Ty (t)"t* Lt
0

yields

Ty () t2=1dt.
/ 7

2
Using the Maclaurin expansion of exp | —— |, together with (2.9)), we obtain
dn(v +1)

s [ e g525) o) ()

2'T'(v+1)v/n 42
‘/o eXp<4<u+1>) -
= _— 1 S —

/0 exp<4(y+1))< +n|:za]< n) +

Jj=2

o m
nn—1)...(n—m+1) 2\’ o1
+ - ;2% ym o |t
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in which

F'v+1)
.= —1)* - .
@ ; (=1) (v+ 1)1 — )il (v +i+ 1)
One finds that
B -1

2T o122 +2)

o -2

T3+ 13w +2)(v+3)

v—>9
a4y =

8w+ 1) v +2)(v+3)(v+4)

and that, moreover,

o] —t2 oy 1 4v
= — |tV dt = — T
co /0 exp <4(u—|—1)> 2(1/—|— )'T'(v)

ag [ — 4,901 —4" M v +1)"T(v +2)
== — )Mt =
716, P (4(u+1)> v+ 2
=B [T e o 5%t + a4 Ooex ot St Ldt
2764 ), P\awr) 512 Plav+1)
32 +20 -5
=4" 2+ 1)"T(v+2
( )T )3(V+2)(V+3)
and
ay a3 > —t? 8,201 azas / 10,201
B — — ) lar 10421 gy
@ = <256 512)/0 P <4(1/—|—1) T ( )
a% > 12,201
1221y
* 24576/0 < )
— 41/ —8
4V2I/—|—1V+1FV—|—2V — v )

We observe that, when v =1, ¢g =4, so

© M2 (HON\"
lim n/ ( [/1( N) tdt = 4,
n—so00 0 t

which means the maximum value of I;(n) occurs at n = 2 and in the limit as n

approaches infinity.
However, when v > 1 and n > 2, the ¢ in (2.7) is greater than the I, (n). In
particular,

I,(2) =2%T(v / J dt =2 l(w — 1) < 227w + 1) (v — 1)! = cp.

Acknowledgment. We would like to thank H. Ko6nig for pointing out the
general Ball’s integral inequality in [7] and for his many helpful comments.
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2.4 Appendix

The polynomial in (2.5 corresponding to m = 7 is

1

L Lo, 1 1 oy 1 1 10
180n" 283572 64800n2 3780073 510300n3 467775 nA

o 1 . 269 - 691 ae 1 . 1
3499200077 ' 1285956000n 3831077250 nd 183708000 ' 4715172015

2 ” 1 349 23237
1+ +

12770257508 25194240000 4629441600005 ' 11033502480000 1

3617 > 6, ( 1 5543 9001

2605132530000 7 0920232000075 _ 60153806790000 110 | 43444416015000 17
43867 ) s, ( 1 143 146843

~ 350813659321125 n8 ~22674816000000 n + 83329948800000 6  13902213124800000 n7

62809 - 174611 2, ~1 . 10643
3094897445640000 n®  15313294652906250 n? 71425670400000 26 ' 43310740888800000 7

B 17 n 1621577 B 155366 422
14582741040000n8 ~ 817189465242150000 n°  147926426347074375 n 10

n 1 B 509 n 90749797
24488801280000000 76 179992689408000000 7 = 2837719743034176000000 n®

B 370206979 n 441301082837 B 236364091 o4
2948075510818838400000 n? ~ 2275545784913290890000000 n'0  2423034863565078262500 n'!

i 1 7241 + 463523
64283103360000000n7  155918667199680000000n8  118238322626424000000 n?

~35008396690973706000000 710 * 2180731377208570436250000 n11  144228265688397515625 n'?

1 589 6915119
* <_ 30855889612800000000 n” * 161993420467200000000 7%  102157910749230336000000 1°
3673793561 570787478291
* 7959803879210863630000000 210 4095982412843923600200000000 7211
27997256387 3392780147 ) 28

465818341 41342265857 1315862 ) 2%

+ 15097371072982410712500000 n12  3952575621190533915703125 113
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Chapter 3

Khinchine inequality for Slightly
dependent random variables™

3.1 Introduction

The Khinchine inequality plays a crucial role in many deep results of Probability and
Analysis (see [11}, 13} 15} 177, 19), 22] among others). It says that L, and Ly norms of
sums of weighted independent Rademacher random variables are comparable. More
precisely, we say that ¢ is a Rademacher random variable if P(eg = 1) = P(gg =
-1) = % Let €;, i < N, be independent copies of €9 and a € RY. The Khinchine
inequality (see e.g. Theorem 2.b.3 in [I5] or Theorem 12.3.1 in [I1]) states that for
any p > 2 one has

2\ 3

(IE (3.1)

N N
E a;&; E a;&;
=1 =1

N
) < Vllalls = v | E

Note that the (Rademacher) random vector € = (e1,...,en) in the Khinchine
inequality has independent coordinates. However in many problems of Analysis and
Probability it is important to consider random vectors with dependent coordinates,
e.g. so-called log-concave random vectors, which in general have dependent coor-
dinates, but whose behaviour is similar to that of Rademacher random vector or
to the Gaussian random vector (see e.g. [J] and references there in). In [?] the
S. O’Rourke considered random matrices, whose rows are independent random vec-
tors satisfying certain conditions (so the vectors may have dependent coordinates).
He studied limiting empirical distribution of eigenvalues of such matrices. As an
example of such a vector, showing that the conditions cover large class of natural
distributions, not covered by previously known results, O’Rurke considered the vec-
tor e = (€1,...,en), whose coordinates are Rademacher random variables under the

* A version of the first four sections of this chapter has been submitted for publication. S. Spek-
tor. Khinchine inequality for Slightly dependent random variables. Proceedings of the AMS.
November 2, 2013. PROC 131103.
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additional condition

S=> &=0 (3.2)

(see Examples 1.3 and 1.10 in [I8)]). For such vectors he proved a Khintchine type
inequality with the factor Cv/Np/log N in front of ||al|2, which was enough for his
purposes. The goal of this paper is to show that such random variables satisfy a
Khintchine type inequality with the same factor ,/p as in the standard inequality.
To shorten notation, by Eg we denote an expectation with assumption . Note
that the corresponding probability space is

N
N
Q= 1,1}V =07 = ~1, 1} [ card{i: g =1} = — 3.
{EE{ ,}\;E O} {EG{ J 13 | card{i : e } 2}
(3.3)
Our main result is the following theorem.

Theorem 3.1.1. Let ¢;,i < N, be Rademacher random variables satisfying condi-

N
tion . Leta = (ai,...,ay) € RN andb:%Zai. Then

i=1

2\ 1/2

N p\ 1/p
Zaiz-:i ) <+/2p (HaH% — N62)1/2 <+2p | Eg (3.4)
=1

N
E a;&;
=1

The first step in the proof is a reformulation in terms of random variables on
the permutation group as follows. Let N = 2n. For the set Q defined in (3.3)), we
put into correspondence the group Il of all permutations of the set {1,..., N} as

celly+— A, ={c€Q|e=1ifo(i)<n;e;=—-1ifo(i) >n}.

Given a € RY, define f, : Iy — R by

n 2n
falo) = Zag(i) - Z Ao (i) - (3.5)
=1 i=n+1

By Eq we denote the average over I, i.e. the expectation with respect to the nor-

P
malized counting measure on IIy. Note, that Eg ‘Zfi Laigi| = Eg|f|P. Therefore

Theorem [3.1.1] is equvivalent to the following theorem.

Theorem 3.1.2. Let N =2n, a € RN. Let f, be the function defined in . Let

N
b= %Zai. Then, for p > 2
i=1

N 1/2
(Enl|fa?)Y? < \/2p (Z a? — w) < v/2p (Enlfa?)"?. (3.6)

i=1
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In Section [3.2] we prove Theorem [3.1.2] Then, in Section 3.3} we consider a
special case of our problem, when the coordinates of the vector a are either ones
or zeros. This particular case leads to the hypergeometric distribution. We obtain
new bounds for the p-th central moments of such variables.

Finally let us note the setting of Theorem [3.1.2] can be extended to a more
general case. We pose the following problem.

Problem 3.1.3. Let a,b € RY. What is the best possible constant C(a,b, N) in
the inequality

<EH

We discuss this problem in the last Section.

1/2
N 2\ 1/

Z 10 b;

py 1/p
) < C(CL, bapa N) ]EH
=1

N
Y as(iybi
=1

3.2 Proof of Theorem [3.1.2

Direct calculations show that

2
N
Nall3 = (XX, )

Enlf|* =
N
Thus, without loss of generality we may assume that Z a; = 0.
i=1
' n 2n
For k < n denote b o := a5 (k) — Ag(nyk) and by Hy o := Z Ag(i) — Z A (i)
i=k+1 i=n+k+1
(with H,, » = 0). Clearly,
n 2n n
Zaa(i) - Z Ag(i) =b1o + Hig =b1o +boo+ Hyp=...= Zbi,a-
i=1 i=n+1 i=1
Note, that Er ’blp + Hl,a P = Eq ‘—1)170 + H170|p. Hence,
n 2n p
Er b17 -i-f’h7 P+ En —b17 +H17 p
Balfalo)F = B[Sy~ 3 apgy| = St el Bulhus + Husl”
i=1 i=n+1

Thus, denoting by §;,7 < n, i.i.d. Rademacher random variables independent of
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€1,...,€n, and using Khinchine inequality (3.1]), we obtain
En|fa(0)|p = EHE(Sl ‘61 bl,a + Hl,a|p

= EHE51E52 |51 bljg + 52 bgp + H2,0|p =...= EHE51E52 .. .E(;n

i 0i bio
i=1
p/2

n 1/2 p n
<En |Vp <Z bi;) = p"?En (Z |@0(s) = Goitn) }2>
=1 1=1

n p/2
< p"/*En <2Z (a2 + aimm)) < (2p)""? |lall3.
=1

which completes the proof. O

3.3 Hypergeometric distribution

In this section we discuss a specific case of hypergeometric distribution and show
how it is related to our problem. Recall that hypergeometric random variable with
parameters (N,n, /) is a random variable £ which takes values k = 0,...,¢ with

probability
l —L
e
(n)

In this section we consider only the case N = 2n, £ < n. It is well known that
E¢ = ¢/2. In the next proposition we estimate the central moment of .

Proposition 3.3.1. Let 1 < ¢ <n,p > 2. Let& be (2n,n, L) hypergeometric random
variable. Then,

P

El&—Eﬂps\@(T)Q.

Remark 3.3.2. It is well known (see e.g. Theorem 1.1.5 in [7]) that the conclusion
of Proposition [3.3.1] is equivalent to the following deviation inequality.

—ct?
Vi > 1 P(\ﬁ—Ef\>t)§exp< 7 >

This estimate is of independent interest, in particular it is better than the one from
[12] (see Section 6.5 there) or in [21] (formulas (10) and (14) there), where the bound
exp(—ct?/n)) was observed.

Remark 3.3.3. One can use Theorem to estimate Eg| 2127:11 a;g;|P in the case
that the vector a has 0/1 coordinates with ¢ ones. Indeed, without loss of generality
assume that a1 = a9 = ... = ap = 1 and ap41 = apys = ... = agp, = 0. Then,
22221 a;E; = Zle ¢;. Theorem implies the following estimate.
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Corollary 3.3.4. Leta € RN, N = 2n, be a vector with £ coordinates equals to one
and N — ¢ zero coordinates. Then, for p > 2,

N
E ;&4
i=1

p

Es < (2p0)".

Proof of Proposition Denote X := 22221 a;g; = Zle a;e;. Since the
vector a has 0/1 coordinates with ¢ ones, ||allz = V. For every 0 < k < { we

compute the probability ¢ that exactly k of €1,¢e9,...,e¢ equals to one (in that case
X =2k —{). Since S = Zfﬁl g; = 0, in order to get k ones, we have to choose
k ones out of €1,e9,...,6¢ and n — k ones out of €p11,6p19,...,62,. This gives

O\ (2n —¢ 2n 2n
o 1 1 = — 2n — =
us <k> (n B k:) choices. Since [Q| = {5 e {-1,1}*"| ;_1 & O} (n)’ we

obtain that g = pg, i.e. X = 2(§ —E&), where £ has hypergeometric distribution
with parameters (2n,n, ¢). Therefore, Corollary 3.3.4 implies

(El¢ — E£PP)P < /2.

O
We would also like to note that Proposition can be proved directly. Below
o\ P/2
we provide such a direct proof, which gives 2 in place of v/2 in front of % . This

proof is of interest as it can be extended to slightly more general case (see Remark
3.3.5)) and can be used in another approach to the main problem (see Remark [3.4.3]).

Direct proof of the Proposition 3.3.1, From Stirling’s formula together with
the observation that /mn (27;1) /4™ increases, we observe that

92n - <2n> - 92n
V2 ~ \n /)~ Jmn

Using this, we obtain

n—~
e G 92n—t o 2
n n m(n — bj)
Therefore
V4 0N (2n—F4 l
1 (0) Goor) 2 ey _ 2
El¢ ~E¢P = ng 28— 6P < kZ:O 2% —£|p<k> = 5, El25(7,

where Sy is a sum of £ i.i.d. Rademacher random variables. By Khinchine inequality

, we have
(E|SeP)'/P < \/p VL.
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Thus,
p/2
Elt—E&p <2 (”f) .

Remark 3.3.5. The above proof can be extended to slightly larger class of hyperge-
N -/ N

ometric random variables. Note that the proof works whenever < ) / ( ) <1.
n

n—=k
. N
Thus, if £ > N — log, [ﬁ(nﬂ, then

ya
2

El§—ELP <2(pt/4)

for a (N, n, ) hypergeometric random variable &.

3.4 Concluding Remarks

In this section we discuss Problem A possible approach to this problem is to

use the concentration on the group Iy (endowed with the distance dy (o, 7) = [{i : o(i) #

The following Theorem was proved by Maurey ([16], see also [20]).

Theorem 3.4.1. Let f : IIy —> R be 1-Lipschitz function. Then for allt > 0 and
probability measure

p({o:|f(o) —Ef| > t}) < 2e71/62N), (3.8)

Let us mention here, the following open question, posed by G. Schechtman in
[20]: “Is there an equivalent (with constants independent of N ) metric on Ily for
which the isoperimetric problem can be solved?”

Theorem implies the following estimate.
Corollary 3.4.2. Let a,b € RN. Let f : IIxy — R be defined by

Then
(EfIP)7? < E|f] + 4P VN a] oo 1Bll - (3.10)

Proof. 1t is easy to see that f is a Lipschitz function with Lipschitz constant
2||a|oo||b]| 0o, indeed,

N N
|f(o) Z i — Y anibi
=1 =1
N
Z il aq @) < 2[lallso|bllocdn (o, ).
=1
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Using Theorem ?? and the bound I'(z) < 2! for all 2 > 1 (see for example [6]),
we obtain

E|f — Effr = / un(|f = Ef[P > t9)dt? < 2p/ et/ (B2NlallZ 1bl1%) p—1 g4
0 0
<47 (2) N2jallz o)
< 4P NP2pPP2|alB ]2
Thus,

(EIfP)/? < EIf| + 4¢PV N|alloo|Blloo < VEIF? + 4¢PV N [al|so Bl -

N
Remark 3.4.3. In the case when b; = +1 with condition Z b; = 0, Corollary [3.4.2

i=1
gives an additional factor v/N in the upper estimate in 1' Using the chaining
argument similar to the one used in [2, B [4] and Proposition the factor VN
can be reduced to vIn N (the details will be provided in the next section).

Remark 3.4.4. It would be nice to obtain the upper bound in Corollary with
constant independent of V.

Acknowledgement: 1 would like to express my deep gratitude to my supervi-
sor A.E. Litvak for encouragement and helpful discussions. I am also thankful to
M. Rudelson for his valuable suggestions and very useful discussions.

3.5 Other Techniques to prove Khinchine inequality

In this section we show different proofs of Khinchine inequality. The results are
slightly weaker than in Section 3.2, but the technique is interesting by itself and
can be useful in future. We establish bounds on ts-norm. First, using the notion of
Lévy family we get an estimate of the order y/n. Then, using a chaining argument,
we improve this to y/logn. Also, we obtain a 1;-norm estimate by looking at our
problem from the point of view of simple random walk on graph.

In the next two Subsections we give some basic facts about Lévy family and
simple random walk on graph.

3.5.1 Lévy families

Let (X, p, 1) be metric space (X, p) with a Borel probability measure p. For a subset
A C X and 6§ > 0 we define d-neighborhood of A as A5 = {x € X : p(xz, A) < §}.
We also assume that diameter diam(X) > 1.

For § > 0 the function

a(X,0) =1—inf{u(A4s) : A C X Borel set with pu(A) > 1/2} (3.11)
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is called a concentration function.
A family (X, pn, tin), 7 = 1,2, ..., of metric probability spaces is called a Lévy
family if for every § > 0

a(Xp,0diam(X,)) — 0 as n — oo.

The family is called a normal Lévy family with constants ci, co, if for any n =
1,2,...

a (X, 8) < cre= 0™, (3.12)

Note also, that any normal Lévy family is a Lévy family ([I7]).
It is known that in each Lévy family we have phenomenon of concentration of
measure around one value of function. Let us recall some definitions first.

Let u be a probability measure on the Borel subsets of (X, p). For a measurable
real valued function on (X, p), its median is defined as a number M satisfying

ple e X @ f(x < My)} > and p{re X : f(x>My)} >

N =
N | =

For a continuous function f on (X, p) and 6 > 0 we denote by

w(6) = sup{|f(x) = f(¥)|; p(z, y) < 6}
its modulus of continuity.
Since My is a median of f and if A = {f < My} (so we have that u(A) > 1/2),
for some y € A and for z € X, such that p(z,y) <o

f(@) < fly) +wr(6) < My +wp(5).
Hence,
plf = My <wp(9)) =2 1= 2a(X,0). (3.13)
This inequality is the concentration inequality of f around its median with rate

a(X,0) (see for example [14] [17] for more information).

Concentration of measure is closely related to a special type of functions called
Lipschitz functions. A general idea is that a Lipschitz fucntion depending on many
variables is almost a constant on a set of large measure. A natural choice for that
constant is either a median or the average of the function.

A real-valued function f on (X, p) is a Lipschitz function if

|f(x) = f(Y)

| fllLip := sup ———=" < 0.

We say that f is 1-Lipschitz if || f||z:p < 1.
Clearly, ws(0) < 8|/ f|lLip for every 6 > 0. Thus, concentration of measure
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inequality (3.13) can be rewritten (see for example [14]) as

p(lf—Ms <t) >1—=2a(X,t/||fllLip), forevery t>0. (3.14)

We will deal with the group Ily, of all permutations of the set {1,...,2n}. On
this group we consider the normalized counting measure

card(A)

Wa A C Iy,

pon(A) =

and normalized metric
- 1
d2n(0'17 02) = %dZ’m

where do,, = #{i : 01(i) # 02(i); 01,02 € Uy }.

It was proved by Maurey in [16] that (Ils,, doy, pi2n) is @ normal Lévy family
with constants ¢; = 2,¢co = 1/64. Later, Maurey’s method was developed (see
for example [20]), and the following isoperimetric inequality for (Ila,, day, po,) Was

proved (see Theorem [3.4.1])

3.5.2 Simple random walk on graph

To get a 11-estimate on the sum Zi\i 1 a;€;, we will look at our problem from the
point of view of simple random walk on graph. Let G(V, E) be a connected undi-
rected graph, where V stands for a set of vertices and F is a set of edges. A
simple random walk is a sequence of vertices vg,v1,...,v;, where v; ~ v;41 (that
is {vj,viy1} € E) for i = 0,1,...,t — 1. That is, given an initial vertex vy, select
randomly an adjacent vertex v;, and move to its neighbor. Then, select randomly
a neighbor vy of v1, and move to it, etc. The probability of movement from vertex
v; to vertex v; 41 is given by
1 if v; ~ v

deg(vi)’

p(viy vit1) = (3.15)

0, otherwise,
where deg(v;) denotes the degree of vertex v;. This is a walk using a transition

probability matrix, P = (p(vi; Vi+1))y, v,,,cv- The transition probability (3.15)) has
a reversible equilibrium probability distribution p(v;). That is,

(i) p(vi, vig1) = p(vig1)p(vig1, v)

and p(v;) is proportional to deg(v;).

Let I be the V' x V identity matrix. The discrete Laplacian is the matrix L =
P — I with its eigenvalues 0 < A1 < Ay < ..., ordered in non-increasing order. The
smallest eigenvalue, A; > 0, is called the spectral gap of the random walk.
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For f:V — R define

171113 = % sup. Y 1) = i) Pp(vi, viga). (3.16)

@ vi+1E€EV
We will use the following concentration inequality (see [5] or [14])

Theorem 3.5.1. Assume that (p, ) is reversible on the finite graph G(V, E), and
let Ay > 0 be the spectral gap. Then, if |||f]||%, < oo, we have

,u<f>/fd,u+t> < 3exp <m> (3.17)

Let us now specialize to V = Ily,, the group of all permutations o of the set
{1,...,2n}, and to E = {(o,07) | 7 is a transposition on Ily,}. The transition
probability p(o,07) on G = (Ily,, E) is

p(o,o71) = Gn)?” (3.18)

and reversible equilibrium distribution p on Ily, is a unique invariant measure for

p (see for example [§] for these facts). Also, as proved in [I0], the spectral gap of

the random transposition walk on Ily, is Ay = — = —. Thus, the concentration
n _n

inequality (3.17)) for simple random walk on G(Ilz,, ) can be rewritten as

w({o : flo) —Ef > 1}) < exp (W) (3.19)

3.5.3 Ys-estimate using connection with permutations.

In this subsection we would like to consider a more general assumption on Rademacher
random variables, namely,

N
> ei=M, -N<M<N. (3.20)
=1

For shorter notation, by Ej; we denote an expectation with assumption .
Note here, that with condition 1' for M > /N (or M < —/N), we
have strongly dependent Rademacher random variables, and straightforward use
of Proposition |3.1.2] wold not work. Our Lemma below gives the result. Un-
fortunately, for M = 0, the result is weaker then in the Proposition |3.1.2

As before, let a € RN and let ¢,i = 1,...,N be independent Rademacher
random variables. As usual for e € {#1}" by 1,...,ex we denote coordinates of
E.

Consider the following set

34



Q- {56{—1,1}N] iai:M} _ {56{—1,1}N\ card{i: e =1} = m — {M;N]}
. (3.21)

Thus, for e € ) the sequence of its coordinates is a sequence of dependent Rademacher
random variables.

For set €2, defined by , we put into correspondence the group IIy of all
permutations of set {1,..., N} as

celly+— A, ={e€Q|e=1ifo(i) <m;e;=—-1if (i) >m}.

Define f : Iy — R by

m N
F0) = aeiy— D> o) (3.22)
=1 i=m-+1

0 N
where Zag(i) =0 and Z agi) = 0.
i=1 i=N+1

P
Note, that Ejs ‘Zfil aisi‘ = E|f[P. Thus, it is enough to estimate p-th moments

of f. It is easy to see that f is a Lipschitz function with Lipschitz constant 2|/a||~,
indeed,

m N
1£(0) = F <D (o) = ar@) = D (0(i) — (i)
=1 it=m-+1
N
< Z ’aa(z) - aﬂ'(i)| < 2HaH00dN(0—77T)'
=1

Using concentration inequality (3.8)) we prove the following lemma.

Lemma 3.5.2. Let function f be defined as above. Then, for p > 2
(EIfI")/? <E|f| + CvpVN||al|so

(N2 = M) all3 — (N — M2) (S 00)
= NN -1

+4pVN|a]oo. (3.23)

Proof. Using Theorem ?? and the bound I'(x) < 2*~! for all # > 1 (see for example
[6]), we obtain

E|f —EfIP = / un(|f —EfP > t7)dt? < 2p / e~/ E2NllalZ) =1 gy
0 0
p
< 4PT (£ NP/2)|q1P
<41 (5) N2als

< 4P NPP2pPl2) g8
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Then

(EIfP)? <E|f| + 4DV N|alloo < VEIF]? + 4PV N a]oo- (3.24)

N

m
B> ao) = Y o
= i=m-+1
and every ¢ # j expectations over all permutations respectively are

We compute now E|f|? = . Note first, that for every 7

2
N
(2N ) —llal

o(i)) — N an Ao (i) G () =

N(N —1)
Expanding square in the expectation, we obtain
w0 =5 Yo + 3 3 anonsy
i= 117517] 1
m N
1 SD SUEUTINEE) Sl
i=m+1 ], j=m+1 i=1 j=m+1

The last sum contains the square of each entry — it gives us a term ||all2. Also it
contains m(m — 1) + (N — m)(N —m — 1) positive and 2m(N — m) negative terms

M+ N
with pairs of different entries. Thus, with m = —; ] ,
2
, (V= M)al - (N - M2) (2, ;)
ElfI" = NV 1) (3.25)
This completes the proof. ]

Remark 3.5.3. It would be nice to obtain the upper bound in (??) with constant
independent of V.

3.5.4 Improvement of Lemma (3.5.2

Comparing results of Lemma when M = 0, and Proposition [3.1.2 we see that
lemma gives an estimate of order \/n. We improve this estimate to \/logn using
chaining argument. In our technique we are going to use result of Corollary
(which is essentially the same as result for a hypergeometric distribution), thus we
can only obtain our improvement for the case when Rademacher random variables
are slightly dependent, i.e. when we work under assumption .

Suppose vector a’ = (af,al,...,as,) is a (2n)-dimensional real valued vector

with only ¢,¢ < n, non-zero coordinates. Without loss of generality, assume that
af = 0 for ¢ > £. Then, in the definition of the function f : Ily, — R, one
can reduce the number of permutations from 2n to ¢ (as the sum 22221 a;e; contains
only ¢ non-zero terms).
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Consider

‘
e)::|2afei| on Q:{ 1§ =2 161—0}
i=1

Let 0 < k < ¢ be the number of +1 Rademacher random variables in the sum of
fa- For each k we denote Qi := {e € Q|#{e; = 1,1 < ¢} = k}. Note that the
0\ (2n— ¢
cardinality |Q| = (k) < " k> Note also, Q = Ui:o Q. For each sample set
n —
Qr, k=0,...,¢, we put into correspondence the group Il, of all permutations of set

{1,...,¢} as
o€lly, +— As={c€Q|eg=1ifc(i) <k;e;=-1ifo(i) > k}.

and define g; : I[I; — R by

k 1
96(0) =D ao@y = Y o). (3.26)
=1 i=k+1
Let py denote the normalized counting measure on the group 1l,.
Consider now
E5|fa - 2n Z ’fa
(n we
1 < /2n—¢
=(2n)2< > kI — klZ‘gk
k=0 wey,
- de S Jge(w)P/e = de / (o) Pdo,  (3.27)
k=0 wENy
where
0\ (2n—{L

2
)
Note also that Zf;:() dp = 1.

Lemma 3.5.4. Let g be the function defined in . Then, for p > 2,

(Elge[")? < /E|gel? + 4y VP ||a" ]|

2
(40K — 4K2)||a?|3 + (4K2 + €2 — 4kl — 0) (Zz ) af)
< T APV

(3.29)

Proof. Since for each k =0,...,¢

9k (o) = g ()| < 2||allccde(a, ),
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functions g* are Lipschitz functions with Lipschitz constant 2||alleo. We will use
the same procedure as in Lemma [3.5.2] namely, for each g, k = 0,...,¢ we apply
Theorem ?? and the bound I'(z) < 2*~!, 2 > 1, to obtain

o0 o
Elgy — Egg/? :/ pe(|gr — Egi|P > t7)dt? < 2;0/ et/ (B2 all%) =1 gy
0 0
5 p
<2871 (£) 0P alt,
< 4perPppl2| g,
Thus, we get

(Elge")'" < Blgr| + 4v/pVEa’lloo < VEIge[? + 4BV 0" | oo
We compute now

k
E|gi(o)* = E

Note first, that for every ¢ and ¢ # j,

l
S ah? a3

E((ag;))?) = 7 7
, o (Bha) sl (Shid) - e
Bl o) = (=Y T -y

Expanding the square in the expectation, we obtain

k 2 i 2 k¢
Elgi(0)]> =E <Za§<i)> + ( > af,@) —2) > g
=1

i=k+1 i=1 j=k+1
¢ 2 k k ; ) k0
_ Y/ l l ¢ l Y/ Y/
=E <Z%(i>> T D Qe T DL D Gemg) —2Y D depag)
i=1 i=1 ij,j=1 i=k+1i£j,j=k+1 i=1 j=k-+1

The last sum contains the square of each entry — it gives us a term ||a’[2. Also it
contains k(k — 1) + (¢ — k)(¢ — k — 1) positive and 2k(¢ — k) negative terms with
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pairs of different entries. Thus,

¥/
Blgu(0)]? = a8l + (k(k — 1) + (€ — K) (€ — k — 1) — 2k(e — k) iz @) — o'l

=1
=)0l I3 = (k(k — 1) + (= k)€ — k — 1) — 2k(¢ — K))[Ja’]
B (0 —1)

L Y 2
(kb = 1) + (0= K)(C = = 1) = 20— 1) (S o)
* =1
2
(40K — 4Kk2)||a?|2 + (€2 + 4K2 — ¢ — 4k¢) (zle af)
- 0(e—1)
s
_ VA
=05
So,
2
(40K — 4k2)||a||2 + (€2 + 4Kk2 — € — 4k0) (Zf:1 af)
VElgr(o)|? =
0—1)
)4
(6 — 2k)2 — ¢ .
= I3+ ——7—— D aldl.
\ =05
This implies the desired result. ]

The following is an immediate consequence of Lemma and (3.27)).

Corollary 3.5.5. Let f,(e) = ‘Zle ale;|, then

2
‘ (40K — 4k2)||al||3 + (4K2 + €2 — 4k( — 0) (Zf,lag
E|f,[P)Y? <Y d — 4y/pVIl|a" || so.
(E|fal?) _kZ:O k\l =1 +4y/pVe||a|
(3.30)
Proposition 3.5.6. Let a = (a1,...,a2,) € R*". Then,
o p\ 1/p
(ES > ae > < Cy/pVinnllals. (3.31)
=1

Proof. Without loss of generality, we assume that a € S?"~! and la1| > |ag| > ... >
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|aan|. We decompose vector a into m vectors, choosing m = [logy(2n)],

al = (ai1,...,an,,0,...,0),

2
a®=(0,...,0,an,41,.--,0ny,0,...,0),
a =(0,...,0,an,_141,---,0n;,0,...,0),

m
a™ = (0,...,0,an,, 14+1,---,0n,,),

where ng = 0, n,, = 2n and the cardinality of the support of each vector |supp (a%)| <
2n 2n ,
Bj:nj—nj_l—i—l: | — | ——|,7=1,...m. So,

om—j om—j+1

2n 2n -
7j=1

Note, that [|a!||ec = |a1] < 1, and ||aj+1||o<j = lan;+1] < lan;l, 5 =2,...,m — 1.
Since for any j =1,...,m, 1 = Zaz > Z % > j|an, |?, we have that
i=nj_1+1
) J 1 om—j+1
o e < 1902 < = Leme
Vi 4 n
1 2m
<4/ — =1 3.32
o'l <4/ 22 (3.52)

om—j+2

, /me
(From the last two inequalities, we have ||a’ ||oo < ,and [|a? |2 < \/¢;

forj=1,...,m).
Forj=1,...,mwelet Aj = {i}n, ;t1<i<n;. Also, welet b;,j=1,...,m+1be

¢
Z~ a’ a .
numbers, defined by b; = % Note here, b; < W |an; 1] = ||| oo-
J J
Consider
2n m ) m ) m
SRR S OIEED Sp I CETHEED 3115 i
i=1 j=li€A; j=1i€A, j=1 Q€A
By triangle inequality observe
2n p\ /P m 1/p
)OI IR )9 SITEIEES o3t e
i=1 Jj=licA; Jj=1 i€A;
p\ 1/p p\ 1/p
m m
<D | Bs| 2 (@—be) | 4D Il |Es| )
7=1 iI€A; Jj=1 i€A;

40




Applying Corollary for each summand in the first sum and denoting Bj =
(bj,...,b;), we obtain

m p\ 1/p
A:Z Es z:(al—b])eZ
7=1 I€EA;
. — 2
m G| @y — 4k 0 = b3+ (6 + 482 — 4yt — ) (Lica, (0, b))
< dp..
S i
Jj=1 k;=0

m+1

NN/ b
+g;x@Jyg%az j

Note, that by the choice of b;, Z (a; — bj) = 0. Also, it is clear that ||a’ — b;||2 < 2||a’|]2
i€EA;
and ||a’ — bj||cc < 2|/’ ||oo. Thus,

m GG 84k — K2)|ad]13
2
A<y dkv Oy ZSff 0l

=0

I

Jj=1

fj*fjfl 362
Noticing, that for each 1 < j < m + 1, Z di; =1 and (jk; — kj2 < —L and

4
k;=0
using , we obtain ’
A< \/ézm: EJHGJH% +8\/f)zm: \/ZHaZj Hoo
T VG- st !
m m
<V12) lad]l2 + 8P ) VElla% e
j=1 J=1
m om—j+2 m
<¢mg;¢ﬁw o +&@2;¢E

om—j+2

om—j+2

SN
j=1
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Now, using Holder inequality, we get

1/2 1/2
m 2m—j+2 m+1
A <12 ; 1
S12VP |26y, 2
7j=1 7j=1
1/2
v lase 2
<12
\/f) m Jz::l J m
1/2
m—1
<24ypym [ > a2 +1 < 34y/pvm a2
j=1
< 34/p+/logy(2n)]all2 < 68y/pVInn|alls. (3.33)
gl p\ 1/p P
Consider now Z 1b;] | Es Z €; . First, we fix j and calculate Eg Z €
j=1 i€A; i€A,
2n p

, where vector a consists of

In other words, we would like to calculate Eg Z ai€;

=1
¢ ones, ¢; < mn, and 2n — ¢; zeros. By Corollary 3.3, we have

p

Bs |3 ai| <2VA(EVEY.

i€A,
By our choice of b; and using Holder inequality, as above, we obtain
m+1 P\ /P

J=1 i€A; = 2
< (VD Vgl < (2v2)7*2 5 Vials.

(3.34)
Now, from (3.33)) and (3.34)), we get
2n p\ 1/p
(ES Zaﬁi ) < Cy/pVinn|allz.
i=1
O

3.5.5 -estimate

In this section we obtain a 1)-estimate for ‘ijl a;€;| under assumption 1D
Theorem 3.5.7. Let f : Iy, — R be defined by (15). Then, for p > 2,

(E|fP)/? < E|f| + 24p|al. (3.35)
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Remark: Note that E|f| < (Ef2)1/2 and Ef? was calculated in (3.25)).

Proof. We are going to use inequality (3.19). We calculate first

Il =5 sup > |f(0) = flo7)[’p(o,07),

where p(o,07) is defined in (3.18)).
Consider g(o) = > ag(;) — ZanH Qg (i)- Since 7(i, ) is a random transposi-
tion with 4, j chosen uniformly from the set {1,...,2n}, we obtain

9(0) = g(o7) = 2(ai — a;)h(i, j),

where
1, ifj<n<i<2n
h(i,j)=< —1 , ifi<n<j<2n
, otherwise.

Thus, |f(0) — f(o7)|? = 4(a; — a;)?h3(i,j). And we can calculate

|||f|||§o=n22 = a)h (0, )

(4,9)

:nQZZ i —aj) h213)

=1 j=n+1
9 n 2n
2
=3 nllalls3 =2 > aay
i=1 j=n+1
Since ,
DS ITED S P = 5 lali,
i=1 j=n+1 i=1 j=n+1
the last equation can be bounded by
2 4, 19
115 = llalla- (3.36)

Now, using (3.19)), (3.36|) and an upper bound, as before, for the Gamma function
(see [06]), we obtain

B - BfP = [ ul(f(o) ~BpP = ey <op [ e/l
= 62T (p)]al} < 49 657l

Hence
(EfP)/P <E|f| + 24pl|all2.
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Chapter 4

Quantitative version of a
Silverstein’s result

Let w be a real random variable with Ew = 0 and Ew? = 1, and let wij, 1,7 > 1
be its i.i.d. copies. For integers n and p = p(n) consider the p x n matrix W,, =
{wij}i<p, j<n, and consider its sample covariance matrix I'y, := %WRWE . We also
denote by X; = (wj1,...,wjn), j < p, the rows of W,.

The questions on behavior of eigenvalues are of great importance in random
matrix theory. We refer to [4, 5, (6] [12] for the relevant results, history and references.

In this chapter we study lower bounds on max;<,, | X;| and on the operator (spec-
tral) norms of matrices W,, and I',,. Note, as I'), is symmetric, its largest singular

value A\pax is equal to the norm and that in general we have
1 2 1 2
Amax(Fn) = [[Tall = = [[Wal[® > = max [ X;[*. (4.1)
n n i<p

Assume that p(n)/n — 8 >0 as n — oo. In [I7] it was proved that if Ew* < oo
then ||T,|| — (1 ++/B)? a.s., while in [6] it was shown that limsup,, . ||T'n| = oo
a.s. if Ew? = oo.

In [14] Silverstein studied the weak behavior of ||I',||. In particular, he proved
that assuming p(n)/n — B > 0 asn — oo, ||I'y|| converges to a non-random quantity
(which must be (1 + +/B)?) in probability if and only if nP(jw| > n) = o(1).

The purpose of this work is to provide the quantitative counterpart of Silver-
stein’s result. More precisely, we want to show an estimate of the type P(||T',|| >
K ) > § = §(K) for an arbitrary large K, provided that w has heavy tails (in par-
ticular, provided that w does not have 4-th moment). Our proof essentially follows
ideas of [14]. It gives a lower bound on max;<), | X;| as well.

Theorem 4.0.8. Let o« > 2, cg > 0. Let w be a random variable satisfying Ew = 0,
Ew? =1 and

2 (4.2)

Vi > 1 p(\wyzt)zt

*A version of this chapter has been submitted for publication. A.E. Litvak and S. Spektor.
Quantitative version of a Silverstein’s result. GAFA, Lecture Notes in Mathematics, Springer, Berlin.
November 2, 2013.
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Let Wy, = {wij }i<p, j<n be a p X n matriz whose entries are i.i.d. copies of w and
let X;,1 < p, be the rows of W,,. Then, for every K > 1,

' : cop 1
P (I{lé)g( | Xi| > \/Kn> > min {471(0‘—2)/2[(‘1/2’ 2} . (4.3)

In particular, Ty, = %WHWE satisfies for every K > 1,

: cop 1
> > _— — ).
P(||Ty] > K) —mln{4n(a—2)/2pfa/2’ 2}

Remark 4.0.9. If p is proportional to n, say p = fn, the theorem gives

. co B 1
P(|Tyl| > K) > P (r?ga;dXz\ = VK”) > mln{Wa 2}.

Remark 4.0.10. Note that by Chebychev’s inequality one has P(|w| > t) < t72.
Note also that we use condition 1D in the proof only once, with t = v/ Kn.
Remark 4.0.11. If p > (2/cy) K*/?n(®=2)/2_ then, by condition (4.2)), we have

ncy _ co S 1
2(Kn)a/2 T 9Ka/2p(a=2)/2 = 5

gp(uﬁ > Kn) >
Therefore in this case the proof below gives

1
B(Ia ] > K) > P <m<axrxi| > m) >1
i<p
In particular, if = 4 and p > (2K2/co)n then ||T,,|| > K with probability at least
1/2.

Before we prove the theorem we would like to mention that last decade many
works appeared on non-limit behavior of the norms of random matrices with random
entries. In most of them max;<, |X;| appears naturally (or y/n, when X; is with
high probability bounded by y/n). For earlier works on Gaussian matrices we refer
to [7, [8, [I6] and references therein. For the general case of centered i.i.d. w;; (as in
our setting) Seginer [I3] proved that

E|W,|| <C (Emax|Xi\ —&—Emax]Y}-]) ,
i<p Jj<n

where Y}, j < n, are the columns of W,,. Later Latata [9] was able to remove the
condition that w; ; are identically distributed (his formula involves 4-th moments).
Moreover, Mendelson and Paouris [10] have recently proved that for centered i.i.d.
w; j of variance one satisfying E|w; ;|? < L for some ¢ > 4 and L > 0 with high
probability one has

E|[W, | < max{y/p, v} + C(q, L) min{ /B, v/n}.

In 11,3, ©L 10, 1T}, T5] matrices with independent columns (which can have dependent
coordinates) were investigated. In particular, in [I] (see Theorem 3.13 there) it was
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shown that if columns of p X n matrix A satisfy

sup sup sup 1 (E|(X;,y)[")"/? <
g>1 i<p yeSn—1

then with probability at least 1 — exp (—c,/p) one has

4]l < 6max | Xi| + Cvyp

(using Theorem 5.1 in [2] the factor 6 can be substituted by (1 + ¢) in which case
constants C' and ¢ will be substituted with C'In(2/¢) and ¢In(2/¢) correspondingly).

Proof of the Theorem. By (4.1)) the “In particular” part of the Theorem follows
immediately from (4.3)). Thus, it is enough to prove (4.3)).

Since Xi,...,X, are iid. random vectors and since |X;
n

g wij, we observe for every K > 1,
Jj=1

2 is distributed as

P(r%aﬂXi\ > \/ITn) =1 —P(r?g\xiy < Vﬂ) =1 —IP’({W |1 Xa| < M})
=1- <IP’(|XZ-| < K))p =1- (P(jzn;wij < Kn)>p.

(4.4)
For j < n consider the events A; := {wij > nK}. Clearly,
A= Zw%’jZnK D UAJ"
j=1 g=1
By the inclusion-exclusion principle, we have
P(A) > P{U Aj} >3 TP(A) - Y P(A; N A =Y P (w? > nk) = Y (P (w? > nK))?
j=1 j=1 ik j=1 J#k
2 _
=P (w? > nK) — (P (w? > nK))’

2
— gP(wQ > nk)(2 — (n — 1)P(w?® > nk)).

1
By Chebychev’s inequality we have P(w? > nK) < e hence, 2 — (n — 1)P(w? > nK) > 1.
n
Thus, by (),

p
1< P
P(maX|Xi|2vKn>21— 1-P wa%jZK 21—(1—ﬁ (wQZnK)>.
i<p njzl ’ 2
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It gIP(wQ > Kn) > -, then

1
p

vV
N)_\ —

1\P
}P’<m<aLX|Xi|Z\/Kn>21—<1—) >1-—
i<p

p

Q|

Finally assume that

1
g]P’(wQ > Kn) < (4.5)
Using that (1 — z)? < (14 pz)~* on [0,1], we get
1
P Xi|>VKn|>1- :
<I?2§‘ il 2 ”) =1 (/2B = Kn)+ 1
Applying condition 1D with £ = v Kn and using l) again, we observe
np 2 np €0
> — > > =
1> 5 P(w® > Kn) > (Kn)oP?
Thus,
Cop
| > > 2
P(Tgﬂm = K”) = Apa—2)/2gaj2’
which completes the proof. O

Acknowledgment. We are grateful to A. Pajor for useful comments.
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Chapter 5

Asymptotic Bernstein type
inequalities and estimation of
wavelets coefficients

5.1 Introduction and motivations

Almost any kind of practical sciences requires the analysis of data. Depending on
the specific application, the collection of data may consist of measurements, signals,
or images. In mathematical framework, all of those objects are functions. One way
to analyze them is by representing them into wavelet decomposition. Such methods
are not only used in mathematics, but also in physics, electrical engineering, and
medical imaging [6], [7, 10, 12| [14] 15 20]. Wavelets provide reconstruction (approx-
imation) of the original function (the collection of data). In order to characterize
the approximation class, one has to establish Bernstein inequality. We will first give
some basic definitions before representing the importance and applications of the
mentioned inequality.
We say that ¢ : R — C is a 2-scaling function if

=2 a()p(2-—v), (5.1)

vEZ

where a : Z — C is a finitely supported sequence of complex numbers on Z, called
the mask (or low-pass filter ) for ¢. In frequency domain, the refinement equation
in (5.1]) can be rewritten as

$(2w) = a(w)p(w), weER, (5.2)
where @ is the Fourier series of a given by

a(w) = z:a(y)e_i"“’7 w € R. (5.3)

vEZ

* A version of this chapter has been published. S. Spektor and X. Zhuang. Asymptotic Bernstein
type inequalities and estimation of wavelets coefficients. Methods and Applications of Analysis, Vol.
19, No. 3 (2012), 289-312.
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The Fourier transform f of f € Li(R) is defined to be f \ﬁ / f(z)e “%dx

and can be extended to square integrable functions and tempered distributions.
Usually, a wavelet system is generated by some wavelet function ¢ from a 2-
scaling function ¢ as follows:

=2 b)p2-—v) or $(2)=b(-)p(), (5.4)

VEZL

where b : Z — C is a finitely supported sequence of complex numbers on Z, called
the mask (or band-pass filter) for 1. For a more general approach on obtaining
wavelet functions from a d-scaling function, see [8, [17].

Many wavelet applications, for example, image/signal compression, denoising,
inpainting, compressive sensing, and so on, are based on investigation of the wavelet
coefficients (f, ;) and (f,v;,) for j,v € Z, where (f,g) = [ f( g(z)dx and
©jv = 2202 - —v), 1, 1= 20/%4p(27 - —v). The magnitude of the Wavelet coeffi-
cients depends on both the smoothness of the function f and the wavelet 1. In this
paper, we shall investigate the quantity

p 9]

Ck, (ﬂ)) = ~ )
3 feAg’ 191,

(5.5)

where 1 < p,p/ < o0, 1/p' +1/p = 1, k € NU {0}, and Ail ={f e Ly(R) :
| (iw)* f (w)|ly < 1}. This quantity is closely related to Bernstein type inequality
in wavelet analysis. The classical Bernstein inequality states that for any o €
{NU{0}}", one has [|0“f||, < RI*!||f|p, where f € L,(R™) is an arbitrary function
whose Fourier transform f is supported in the ball |w| < R. The quantity Cj,(¢))
in is the best possible constant in the following Bernstein type inequality

[, 5] < Crop()27 T EHPZU2 ) | (10) f () - (5.6)

This inequality gives us a way of investigating the magnitude of the coefficients
in wavelet decomposition of the function. The coefficients tell in what way the
analyzing function needs to be modified in order to reconstruct the data (see [13]).
On the other hand, bound of type (5.6) gives a-priori information on the size of
wavelet coefficients which is important for such application as compression of data
(see e.g. [6l 20]). Also, such types of inequalities play an important role in wavelet
algorithms for the numerical solution of integral equations (see e.g. [5] 25]), where
wavelet coefficients arise by applying an integral operator to a wavelet; and for
the estimation of wavelet coeflicients of the space of distributions with bounded
variations derivatives (see [4]).
Note that

sup W0 _ o KEO]_ 1l

Ck,p(d}): ~ ~ 5
feA? 191l feA? 191 191,

(5.7)
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where for a function f € Li(R), rf is defined to be the function such that
T = (i) *fw), weR (5.)

For ¢ that is compactly supported, it is easily shown that the quantity C, (1)) < oo
is equivalent to

7 -
/ Y(x)x¥de =0 or (0) =: ™ (0) =0 (5.9)
R d.’EV
for v = 0,...,m — 1. That is, ¥ has m wvanishing moments. Consequently, for

a wavelet ¢ with m vanishing moments, we can investigate the magnitude of the
wavelet coefficients in the function spaces Alf/, . ,Aﬁ; for 1 < p’ < oo using the
quantity C ,(1)).

On the other hand, a fundamental question in wavelet application is which type
of wavelets one should choose for a specific purpose. In [I8], Keinert used a constant
G in the following approximation for comparison of wavelets.

. G .
/R Fl@bya () m 2~ GHDOIHD EM (0D (93 ) (5.10)

where f is sufficient smooth, ¢ has exactly M vanishing moments, and G ;s depends
only on 1. Keinert presented numerical values of Gj; for some commonly used
wavelets and provided constructions for wavelets with short support and minimal
G, which lead to better compression in practical calculation. By considering the
quantity Cy (1), the “~” in can be replaced by precise inequality. In [16],
Ehrich investigated the quantity Cj, ,(¢) for p = 2 and for two important families of
wavelets, namely, Daubechies orthonormal wavelets and semiorthogonal wavelets.
Precise asymptotic relations of quantities Cj 2(1)) are established in [16] showing
that the quantity for the family of semiorthogonal spline wavelets is generally smaller
than that for the family of Daubechies orthonormal wavelets.

In this paper, we shall investigate the quantity Cy, (1), p € (1, c0) mainly for the
family of Daubechies orthonormal wavelets (see [10]) and the family of semiorthogo-
nal spline wavelets (see [9]). We next give a brief introduction of these two families.

Let m be a positive integer. Let a? and b2 be two masks determined by:

m—1

jal(w)[? = cos™(w/2) 3 (m _yl + ”) sin® (w/2), (5.11)
v=0
and _
bA,l,)l(w) = e“aD(w + 7). (5.12)

It is well-known that |a2 (w)|? is the Dubuc-Deslauriers interpolatory mask of or-
der m ([I1]) and aZ can be obtained by factoring via Riesz Lemma ([10]).
The Daubechies 2-scaling function 2 of order m associated with mask a2 and
Daubechies orthonormal wavelet 12 of order m associated with mask b2 are then
given by

o0 = ——[[ab2") and &L =bB(-/2)6D(-/2).
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The semiorthogonal spline wavelet 1 of order m is given by

2m—2 (_1)1,

¢%@%:§:§ETMMW+UN$W%—W% z €R, (5.13)

v=0

where N, is the B-spline of order m. That is,
1 % v (™M m—1
Np(z) = ] (—1) (x—v)P', zeR (5.14)

or equivalently,

W) = = (e 2

Here for k > 1,

& 50 1 y>0,
Yy Yy )

<wi={0 ) <0 and (y)% =<3, y=0,
e 0, y<O0.

Note that 15 is generated from the 2-scaling function ¢, := N,, via by some
mask b5, (cf. [7,@]).

These two families are widely used in many applications. For example, see
[1, B, 12, 21) 23] 24], 25] for their applications on numerical solution of PDE and
signal /image processing. Both of the Daubechies orthonormal wavelet 12 and the
semiorthogonal spline wavelet @/}i have vanishing moments of order m and support
length 2m — 1. The Daubechies orthonormal wavelet 12 generates an orthonor-
mal basis {27/202(27 - —v) : j,v € Z} for Ly(R) (see [10]). However, the wavelet
function ¥ is implicitly defined and the coefficients in the mask for 2 are not
rational numbers. Though the semiorthogonal spline wavelets generated by w;?; are
not orthogonal in the same level j, they are orthogonal on different levels. And
more importantly, the semiorthogonal spline wavelet ¢, is explicitly defined and
the coefficients for its mask are indeed rational numbers, which is a very much de-
sirable property in the implementation of fast wavelet algorithms. We shall see that
these two families significantly differ with respect to the magnitude of their wavelet
coefficients in terms of Cy ,(¥2) and Cy ,(¥5).

We are using several strategies to study asymptotic and non-asymptotic behavior
of different kind wavelets. In Section 2, for k,m € N fixed and p € (1, 00), we shall
investigate the quantity Cj,(15) in the Bernstein type inequality in for the
family of semiorthogonal spline wavelets. One of crucial new ingredients is Proposi-
tion 1, which is essential in the setting of non-asymptotic behaviour of semiorthog-
onal spline wavelets. In Section 3, we shall establish results on the asymptotic
behaviors (m — o0o) of the quantities Cy, ,(¢) and Cy, (1)) for both the scaling func-
tion ¢ and wavelet function v and for both the two families of wavelets. We shall
generalize our results to high-dimensional wavelets in Section 4. The last section
are some technical proofs for some results in previous sections.
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5.2 Bernstein type inequalities for splines

In this section, we shall first establish a sharp result on the Bernstein type inequality
for splines and then present a lower bound for the quantity Cy ,(¥2)).

Recall that a function s is a spline of order m of minimal defect with nodes
th,h >0, € Z, if

(1) s is a polynomial with real coefficients of the degree < m on each interval
(h(€—1),ht), t € Z;

(2) s € O™ 2(R).

The collection of all such splines is denoted by Sy, 5. It is well known that any spline
5 € Sp,n can be uniquely represented by

s(z) = chNm(:n/h —v), x € R. (5.16)
VEZL

Here N,, is the B-spline of order m given in (5.14)). One can show that for m > 2,
N/ .(x) = Npp—1(x) — Npp—1(z — 1), r eR. (5.17)

The following result provides an exact upper bound for the Bernstein type in-
equality for any spline s € S, 5, (also cf. [3] for a special case p = 2).

Theorem 5.2.1. Let k,m € NU{0}, 0 <k <m, and h > 0. Letp € (1,00). Then,
for any spline function s € Sp, 5, such that 5§ € L,(R), the following inequality holds:

= 2\ * .
151y < K (5 ) 1515 (5.18)

where Ky, 1 15 a constant depending on p,m, and k and is defined to be

(5.19)

we(0,27]

Y ezl + (PR v
Docez o HAITP .

Kpm = max (

Moreover, the constant K, is sharp in the sense that there ewists a sequence
sj € Smn such that

)
B

I — 21 /h) Ky, §— 00
J1p

Proof. We first show that (5.18)) is true for h = 1.
Recursively applying (5.17)), we can deduce that

3/(’“\)(00) = Zc,,e*“’“’(l — e*iw)km(w), weROLEk<m.
VEZL
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p

Consequently,
—ivw N —zw k
E cpe m—k\W ( ) (1 ) dw

|5 = /
VEZ
27 ) kp I p
:/ A1 - S| N + 200
0 =/

, — p
/27r |1 - e*“‘"kp > ez ‘Nm_k(w + 2%5)‘
0

— 7 s
> ez ‘Nm(WJr?M)‘ ez

. —_ p
‘1 _ e—zw‘kp ez ‘Nm,k(w + 2%5)‘

< max — 7 HéHg
wel[0,27] Y ez ‘Nm(w + 2%6)‘
Here ay(w) = >, ¢z cve” ™. Define

ez ‘Tv;(w + W)‘p

L(w) :=

Then, we obtain

/(lc\) P< L ISP,
sl < _max L(w)- 151

— 1 (1—e\"
Since Np,(w) = —— < c > , we have

Vor w
— p 1 i m
‘Nm(w+2w£)‘ - 11— e ™™ S |w+ 2me P,
= i =
and, similarly,
N P 1 —iw |P(m—F) —p(m—k
‘Nm_k(w+27ﬁ)‘ = I1—e W‘p |w + 2| 7P R),
= i >
Hence,
—p(m—k)\ /P
2l p(m—k)
max L(w)l/p — max ZKEZ |UJ+ s | — — (27.(.)ka71”’]€_
w€e[0,27] we0,27] Y ez lw + 2wl
Therefore )
1s®lp < (27)* Kp k13 1p-
Next, for any h > 0 and s € Sy, we have s = > ., ¢, Np(-/h + v).

s1 := s(h-). Then s; € Sy,1 and it is easy to deduce that

—
—

3(w) = hs1(hw) and s (w) = h_kﬂsgk)(hw).

, we[0,27].

0 w)’l’z ‘va(w + 27/) " dw

(5.20)

Let

(5.21)
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By what we have been proved, we get

—

k —~
1811, < @) Ko k1511

Now, it is straightforward to deduce from above inequality using .
Finally, we show that the constant in is the best possible one.
Let |ay(w)[P == 5=®j(w — wo) and §(w) := @(w)m(w), w € R, where ®;(w) is
a Feyer’s kernel of order j and wq is the point which realizes the maximum of the
function L(w) on [0, 27]. Note, 5 027r ®;(w)dw = 1. Then,

P
|5 = /R 3 e N n(w) (1 — e Y| du
VEZ
27 . — P
:/ @ (@)1= e P S | Nl + 270)| do
0 ez
_ p—iw|kp N p
Lo l—e ey, ‘Nm_k(w + W)( . )
=5 — 5 |<I>j(w—w0)|2‘Nm(w+27r€) dw
mJo > ez ‘Nm(w + 27T€)‘ 1)
. — P
|1 _efzwo|kp2£ez‘Nm_k(WQ-FQ’JTf)’ HAHp .
— — 3||P, Jj — oo.
D tez ‘Nm(WO + 2“))}7 !
Consequently,
— , — p\ 1/p
[ERIE 1= e ™| ey ’Nm—k(w + W)\ — ,
- — = (27 mky  J — 00
Islp  welo2n] S sez [Nomlw + 270)| o
which completes the proof. O

We remark that for p = 2, the function L(w),w € [0, 27| defined in (5.20)) assumes
its maximal value at w = 7 and the constant Ko ,, ) can be obtained explicitly as

follows:
0> pez |1+ 26| 72m=k)

Deez 114267

which is related to the Favard’s constant (see [3]). For general p, L can be expressed
as

KQ,m,k =T

w w w \—p(m—k
e Cp(m — ), &) + C(p(m — k), —£) — (=) """
Clpm, 55) + Clom, —52) — (=35) ™"
where ((z,y) := > 0y ({+y)~ " is the Hurwitz zeta function.

For s € Sy, 5. Let f:=ps. Then f(k) = s, which implies f € Sp,4r4. By
Theorem and the definition of Cj ,(f) in (5.7)), we have,

" Islly iy, ~ \27/) K

L(w) = (2)

p,m+k,k
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Moreover, by the definition of 1> in (5.13), we have the following result.

Proposition 5.2.2. Let 15 be the semiorthogonal spline wavelet of order m defined
in (5.13). Let k be an nonnegative integer such that k < m. Then

1\ 1
Gt > () 7

4m Ptk k

Proof. Let f :=j 15 . Then J?(B = zz:% By (5.13),

2m—2 v
F@) = V) = 3 s Nl + DN 0 — ),
v=0

Consequently, f € Sy, 1/2. In view of Theorem we have

— k

f®) s

H Hf” ||p < T Kp,m-i—k,k = (47T)ka,m+k,k-
P 2

Now, by that Cy ,(¢5,) = ”JLL(fkl')T‘ , we are done. O
p
From Proposition when m is large enough, we see that Cj. ,(15) = (47)7*.
In next section, we shall study the exact asymptotic behavior of these types of
quantities as m — oo for both the family of Daubechies orthonormal wavelets and
the family of semiorthogonal spline wavelets.

5.3 Asymptotic estimation of wavelet coefficients

In this section, we shall study the asymptotic behavior of wavelet coefficients for both
Daubechies orthonormal wavelets and semiorthogonal spline wavelets (also see [19]
for the asymptotic behavior of Battle-Lemari wavelet family). We shall discuss the
asymptotic behavior of the wavelet coefficients for Daubechies orthonormal wavelets
in the first subsection. In the second subsection, we shall investigate the asymptotic
behavior of the wavelet coefficients for semiorthogonal spline wavelets. In the last
subsection, we shall compare the asymptotic behaviors of wavelet coefficients for
these two families based on the quantities obtained in previous two subsections.

5.3.1 Wavelet coeflicients of Daubechies orthonormal wavelets

In this subsection, we shall discuss the asymptotic behavior of the following quan-

tities: || xR llp, k¥ llp: and [[m¥Rllp, p € (1, 00).

To facilitate our investigation on the asymptotic behavior of Daubechies or-
thonormal wavelets, let us rewrite the mask a’ in another equivalent form. Let
H,,(t) be a 2m-periodic trigonometric function defined by

L t
Hy,(t) = Z hye ™t |Hnt)*=1- cm/ sin?™ ! wdw, (5.22)
v=0 0

99



™ -1 r 4 1 —
where ¢, = (/0 sin?m—1 wdw) = \Z?nl“(nj)) ~ \/%- Then, we have |Hm()|2 = |arj,jz(')|2-

Hence, H,, is the Daubechies orthonormal mask of order m (cf. [16]).
To compare with the semiorthogonal spline wavelets, we need the following result

for the Daubechies scaling function @2 .

Theorem 5.3.1. Let ¢ be the Daubechies orthonormal scaling function of order
m, i.e., pD(w) = \/% [172, Hn(27w). Then, for p € (1,00),

y(2m)r-12

e ke NU{0}. (5.23)

)
W}gnoo ||—k?90mHP =T

Proof. Let & := X[—n,x]- We have

1
V2
— — P — P
ISRl = [ lol* [GR)| o = [ 1 [PR(w) ~ 8@) + 00" o

Note that

1—p/2
/ ’w‘pk ](I)(w)\p dw = kam

We next prove that
— P
I:= / |w|P¥ ‘cp,% - @(w)’ dw — 0, asm — 0.
R
In fact,

= / |k ‘g;;%(w)‘p dw +/ w|PF @(w) - @(w)‘p dw=: 1) + I,
|w|>m |w|<

By the regularity of ¢ i.e., |<;:1r7l(w)| < Cy|w|~C21080m) (see [10]), obviously, I; — 0
as m — oo. For Iy, let I := [—m, 7], § > 0 be fixed, and I5 := [—7 + 0,7 — ¢]. Then

b= [ o] eRw - o) a+ [
Is

— p
ol B w) = ®(w)| dw i= Iy + Ioa.
I\

For I3, we have Iss < C6 for some C depending only on p, k, since ;T\I,)L and @ are
both bounded. For I>;, we have
P
dw —I—/ |w|P®
Is
1

p
Iy < / jw]PF

Is
Iso — 0 as m — oo since ﬁHm(w/Q) converges to ® uniformly in I5. To see that

1
—_— dw

— 1
PRw) ~ = Hon(w/2) =t

(w/2) = @(w)

=: I31 + I32.
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Is; — 0 as m — o0, by the definition of H,,, for w € [0, 7], we have

w\ |2 w . L /w
o (7)] 21— en s (T)

4
>1- cm% sin?m~! (%) (5.24)
I 1 2m
1= Jere ()
and
() 51 () o

Moreover, by (cf. [16, Lemma 2])
> 2 = 2m >
T [t (2 %)[ = TL |1 en (%) | 10
=1 =1 =1

P lo_o[ ’1 — (2*2m)f‘ > (1 B 272m)1/(1 9—2m) .

e ()

=1
(5.26)
In view of (5.24) — (5.26), we have 1 > |72, Hm (27" 'w)| > 1 — o(1). Conse-
quently,
k| D 1 ?
I3 = wl? —Hp(w/2)| dw
n= [ b |PRw) - a2

P
dw

m(w/2) (HH 2711y 1)

I -1y ’
ﬁ(gHm@ ) 1)

/ o | =

< [ JwfP
Is

dw— 0, m — .

Therefore, we obtain

— (2m)1/P=1/2

More generally, one can show that for o € R such that 1 — pa > 0
— 2m)1/p=1/2
, D _ —al

where for a real number a € R, the function 4% is similarly defined as in
However, when 1 — pa < 0, i.e., « > 1/p, the constant Hago |lp — 00 as m — oo.
When £k is fixed and m — oo, Babenko and Spektor ([2]) show that, for the
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Daubechies orthonormal wavelet function 12 with m vanishing moments, one has

_ 27T)1/p—1/2 1 — ol-pk 1/p
li D\ = ( k . 2
Jim Rl = FE (SRR ke 6aw)

For k = m and m — oo, we can deduce the following estimation, which in turn
gives rise to the asymptotic behavior of the constant (Cy,,(12))/™ (see Subsec-
tion 3.3).

Theorem 5.3.2. Let )2 be the Daubechies wavelet with m vanishing moments, i.e.,

@(w) = \/%Hm(wﬂ + ) [12 Hn (27 w). Then, for p € (1,00),

2l/p27m. A(m)
V2 (\/mp/2)!/p

|2l = C - (1+0(m™72)), (5.29)

/ 1
where C is a positive constant independent of m,p and ;—m < A(m) < \/g, where
m
L(m+3) m

m = " /a0 (m) T
Proof. By definition,

— i o P
bR = [ o G2 e
:/| “”'_W@W‘pd“*/ll W~ |65 )| do = 1 + I
w|<T w|>mT

We first estimate I5. Since |H,,(t)| < 1,

2 . 2 1 1\t
I, < w"™Pdw < . — , mp> 1.
: Wﬂ)p/ﬁ (V2 mp—l(w) g

Next, we show that I; ~ C - e (v/mp/2)~1-27™P. Again, by (5.24) — (5.26)),

_ 1 w|~™P w )2 w/4)|? w/8)|?
W=y [\Hm< 2+ ) [Hy (0/4)? [Hp (/5)]

X ﬁ ’Hm (2_l_3w) ‘2] " dw
(=1

1
> (1—o(1)) / | | iy (/2 + )P deo.
(V2m)P Jjw|<r
Obviously,
1
h<—t / (w7 | Hyn (/2 + )P doo,
(V2m)P Jjw|<r

Now, we use the property of H,, to deduce the asymptotic behavior of

I = / W] | Hon (/2 + )P doo.
|w|<T
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1 1 1
/ u™ du < / ™ (1 —usin®(w/2)) "V 2du < / W1 —u) V2 du = ¢!
0 0 0

and

p/2

0 1
I = 2/ |w|~™P [C;n sin2m(w/2)/ u™ (1 — usinQ(w/Q))_l/Qdu] dw,
0 0

we obtain

(o) [ () o g (3) " [ () e

)2-mp/2

Now using that |7 (Sm w/2) dw = C(y/mp/2)~ (1 4+ O(m~1/?)) and 1L

/2

we conclude
2 27MP . A(m)P
VP 2

which completes our proof. O

Il = C- -(1+0(m™'72)),

5.3.2 Wavelet coefficients of semiorthogonal spline wavelets

In this subsection, we mainly focus on the asymptotic behavior of wavelet coefficients
for the semiorthogonal spline wavelets. N ext - three theorems present the asymptotic

estimations of the following quantities: Hkgpme, kame, and Hmmep, p € (1,00).
Since the proofs of the main results in this subsection share the similar idea of proofs
in previous subsection but with more technical treatment, we therefore postpone
their proofs to the last section.

For the scaling function 5, which is the B-spline N,, of order m, we have the

following result gives the asymptotic estimate of |53 |,

Theorem 5.3.3. Let ¢>, := N,, be the B-Spline of order m. Let k > 0 be a
nonnegative integer. Then, forp 6 (1,00),

— 41/ !
HkSOmHP - (\/ﬁ)l—l/p ' (\/W)l/p

H(280) 77 (/&)™ 1+ 0(m ), (5.30)
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where

.2
AL = 51n€(51) ~ 0.72461,
1
(5.31)
1 d?  sin?(¢ —w)
A =—= 1 ~ 0.81597
! 2 dw? & —w  lw=0 ’

and &1 =~ 1.1655 is the unique solution of the transcendental equation & —2 cot(&1) =
0 in the interval (0, ).

Similarly, for the spline wavelet function 13 , we have the following theorem:

Theorem 5.3.4. Let k > 0 be a nonnegative integer. Let @/}% be the semiorthogonal
spline wavelet of order m. Then, for p € (1,00),

— 23/p (2 — 4&)7F
S| = : AT (1 + O(m~ YY), 5.32
[P0 (Vam)i—ir (VaRgmp)lr 2 (14+0(m™"7)) (5.32)
where - L
2 Y ) :
Ny = L@ g sinTu o m2)sinTw)) o0

2 du? (m/2 — u)u? u=E

and & = 0.2853... is the unique solution of the transcendental equation

(2m€ — 4€2) cos(2€) + (3¢ — m)sin(26) =0, € € (0,7/2).

Finally, to compare with the wavelet case for k = m, we also provide the following
estimation for the spline case with £ = m:

Theorem 5.3.5. Let w,‘% be the semiorthogonal spline wavelet of order m. Then,
forp e (1,00),

— 21/p - 1/p 1 16\™ -
lm¥illp = (m)l_l/p( W2_8> '(\/m)l/p'<7r4) (1+0(m=12)). (5.34)

5.3.3 Comparison of Daubechies orthonormal wavelets and semiorthog-
onal wavelets

Now, by the results we obtained in the above two subsections, we can compare
the Daubechies orthonormal wavelets and the semiorthogonal spline wavelets us-
ing the constants Cj,(f). Note that both Daubechies orthonormal wavelets and
the semiorthogonal spline wavelets have the same support length and number of
vanishing moments, thereby a comparison is possible in this respect.

We first consider the situation when k is fixed and let m — oo. For Daubechies
family, by Theorem [5.3.1{ and (5.28]), we can deduce the following result.
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Corollary 5.3.6. Let ©2 and 12 be the Daubechies orthonormal scaling function
and wavelet function of order m, respectively. Let k > 0 be a nonnegative integer.
Then, for p € (1,00),

lim C_jp,(p2) = lim H;(’D\?%Hp = " (5.35)
m—oo PN m—00 H(;:Dan (1 —|-pk)1/p ’
and - 1
: py_ o kBl g (1=20PEN P
i Crp(m) = Jim 12l i pk—1 ' (5-36)

For the semiorthogonal spline wavelet family, by Theorems [5.3.3] and sim-
ilarly, we have the following result.

Corollary 5.3.7. Let ¢35 and 23 be the semiorthogonal spline wavelet of order m,
respectively. Let k > 0 be an integer. Then, for p € (1,00),

—

S
lim C,(p5) = lim ”’“ﬁim”p = (2¢6)) 7%~ (2.331) 7" (5.37)
e T Rl
and
. sy_ o Ietmlle _ —k —k
lim Crp(vy) = lim S0 = (21 — 46) 7" & (5.1419)7F, (5.38)

e (A

where & ~ 1.1655 and & ~ 0.2853 are constants given in Theorems|5.5.5 and [5.5.4)

Comparing Corollaries [5.3.6| and [5.3.7, we see that for every k € N U {0}, the
semiorthogonal spline wavelets are better than the Daubechies orthonormal wavelets
in the sense of asymptotically smaller constants. More precisely, we have

Corollary 5.3.8. Let 2 and 5 be Daubechies orthonormal wavelet and the
semiorthogonal spline wavelet of order m, respectively. Then, for p € (1,00),

/k
. . Ck,p(wgz) ! _ 4
O (W = i (5-39)

Note that ﬁ ~ 0.61098 < 1. In other words, 1| shows that the semiorthog-

onal spline wavelet constant Ck(d);%) is exponentially better than Daubechies or-
thonormal wavelet constant Cy, (1)) for increasing k.

Since the number of vanishing moments increases with m, it is natural to consider
the behavior of the constants Cy(v5) with k = k(m) = m. In this situation, from
Theorems and we have the following result, which shows that for smooth
functions, the ratio in when k£ = m is even more in favor of the semiorthogonal
spline wavelets.

Corollary 5.3.9. Let ¢¥2 and 15 be Daubechies orthonormal wavelet and the
semiorthogonal spline wavelet of order m, respectively. Then

lim (Cop@2) ™ =1 lim (Cp(wS)) Y™ = 10 (5.40)

m—$00 27 mooo Aot
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and

C(CrpWIN\™ 32
] ~Zmp\¥m) - . A1
e <cm,p(¢g) Aod (5.41)

We end this section by comparing the asymptotic behaviors between the scaling
function ¢ and the wavelet function ¢ for both the Daubechies orthonormal wavelets
and semiorthogonal spline wavelets.

For the Daubechies orthonormal wavelets, again, by Theorems |5.3.1f and (5.28)),
we have the following result.

Corollary 5.3.10. Let o2 and oL be the Daubechies orthonormal scaling function
and wavelet function of order m, respectively. Let k1, ke > 0 be nonnegative integers.
Then, for p € (1,00)

- [N _ rhitka pky + 1 1/p (5.42)
mooo | B, (2R Apk =1/ ‘

For the semiorthogonal wavelets, similarly, using the results of Theorems

and we have

Corollary 5.3.11. Let cp;S;L and 111;?; be the semiorthogonal spline scaling function
and wavelet function of order m, respectively. Let k1, ke > 0 be nonnegative integers.

Then, forp € (1,00)
lim <W> = \/; (5.43)
2\ [l wS S

5.4 High-dimensional wavelet coefficients

One of the simple ways to construct high-dimensional wavelets is using tensor prod-
uct. In this section, we discuss the wavelet coefficients for high-dimensional tensor
product wavelets. We shall mainly focus on dimension two while results of higher
dimensions can be similarly obtained using the properties of tensor product.

Let ¢, be the one-dimensional scaling function and wavelet function that gen-
erates a wavelet basis in Lo(R). Then, in two-dimensional case, the scaling function
®(x1,22) = p(r1)p(x2) and we have three wavelets instead of one,

W' (21, 1) := P(z1)p(2),
B2 (x1,22) = (1) (w2), (5.44)
WP (21, 9) := 1h(z1)Y(x2).

Let k = (k1,k2) € Z* be a two-dimensional index. Then, for a two-dimensional
wavelet function ¥, we can define C, ,(¥) similar to (5.5) by

Ck,p(‘I’) = sup ’<f?‘IJ>| _ Hk\IIHP

a L (5.45)
rear ¥y (1],

where 1 < p,p/ < 00, 1/p/ +1/p = 1 and AY := {f € Ly(R?) : [|(iw)* f(w)]ly <
1}. Here, for & = (z1,22) € Rk = (ki,kz) € Z2, z¥ = 2M2%2 And for a
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function f € L{(R?), 1f is defined to be a function such that ;}(w) = (zw)kf,
w = (w1,ws) € R2. In particular, when W(z1,z2) = 11 (z1)1a(x2), one can easily

show that C () = C, (1) Ch, p(12).
In two-dimensional case, the semiorthogonal wavelets can be represented by

Wl (21, 9) = 15, (21) 0l (w2) = %Z)m( 1) N (22),
W2 (a1, m2) = @l (21)05 (22) = Np(21)005 (2), (5.46)
W3 (a1, m0) 1= i, (1)U (32).

We can obtain that following corollaries using results in previous sections and the
properties of tensor product.

Corollary 5.4.1. Let O2' W52 and 3 be defined in (5.46). Let k = (ky, ko) €
N2. Then,

Ck,p(‘I’fer) Z 5

2|~
7 N\
¥ =

k1+k2 1

) Kp,m-i—khkl Kpam+k27k2 ’
k1+ko
1 1 1 1

Crp(W52) > L () | (5.47)

7;0( " ) Kp7m+k17k1Kp7m+k27k2
1 k1+k2 1
4

Ck (‘I’S 3) <
Y }
Kpmevky oy Kpmeka ko

where Ky, 1, 1’s are constants defined by (5.19). Moreover,

lim Cy (¥ gl )= (2m —4&2)” kl(zfl) ,

m—0o0
lim Gy (W57) = (27 — 462) ~2(260) 7™, (5.48)
lim G, (P5%) = (2m — 4&2) 172,

where &1,&2 are constants given in Corollary [5.5.7

In two-dimensional case, Daubechies wavelets can be represented by

OO (w1, 2) := VE (1) b (22),
WD (21, m9) 1= @ (21)Yk) (x2),
UD3 (w1, w0) = h (21)0E) (22).

Similarly, we have the following result.

Corollary 5.4.2. Let WP WwP2 4nd WD3 be defined in (5.48). Then,

- i 1 — 91-pk1 1/p k2
li woly =k ks < 1/p,k ,
mgnoo Ckp( ) T ( pkl —1 ) (1 —pk:g)l/p’ 2 /p 1€ N

_ 9l—phs 1/p a—k

pha —1 ) (1 — pky)t/P’

ks (1 2!k 1 —glPka
pkl —1 pk‘g —1

k:l < 1/p,k2 S N,

m—o0

1
lim Oy ,(WD?) =72 (

1/p
) (ko ka) € {NU {012
(5.49)

lim Cy (D) =

m—00
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5.5 Appendix

In this section, we give the proofs of Theorem [5.3.3] Theorem and Theo-
rem [0.9.9|

Proof of Theorem[5.5.3. By -,
m; —k 1 m
el = [ ol “’/”\ P = 2 [ ol |2y,
m (V2m)P JR w
_ 00 . mp/2
_ 2 / W P(m/2 k) | (SIHQ(W)> v do
(\/27r)p 0 w
_ T . mp/2 50 . mp/2
_ e ( / pm/2eky | (SZ(@) T / -plmy2ry (S0 (@) )™ )
(V27T)p 0 w . w
227kp
= = (I + D).
(Vamp

For Is with mp > 1, we have

o0 1 1\mt
Ir < / w ™ dw = <) )
7r mp—1\m

To estimate I;, we use the same technique as in the proof of [16, Lemma 4].
Let & be the point where sin?(w)/w takes its maximum value A\; in (0,7), i.e.,
& ~ 1.1655 is the root of the transcendental equation 5{1 — 2cot(&) = 0 and

sin® (1)

A= ¢ ~ 0.72461 . Separate I; to two parts as follows
1
& mp/2 T /i 2 mp/2
0 w &1 w
We first estimate I77. Let
§1—w & M (fl — w)
(@) =In sin?(&; — w) " sin?(&1) " sin?(&; — w) we ©0.8)

Then, we have

t(w) ~ agw? + azw® + - - - ~ agw? <1+agw—|—---), w — 0,
a

where ) )
1 i —
ag =N = **diln sin” (&1 = )

- > 7 ~ (.81 .
ST ey = OS19T
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Then, similar to the proof of [16, Lemma 4], we can obtain

w = w(t) ~ (Al)il/Z\/z(l + Clt1/2 +cot+--- )7
do 1
dt - 2v/Art

& —w(t) ~ & (1 —egt? —egt — 1),

(1+ditY? +dot +---),

for t — 0. Changing the variable of 111, we have

& . 92 mp/2
Iy = / (Sm(w)> . pm/24k) g,
0

W

_ /51 (sin2(§1 - W)>mp/2 () — w) /2R g,
0

& —w

N [T F g,
0

where

q(t) ~ (ff(m/2+k)2 /—A1t>*1 (1+ f1t1/2 + fot4---).

Now by Watson’s lemma, i.e.,

/Te"”ttsf(t)dt ~ i ARUNEAR & = 00 (5.50)
0 n=0

nlystntl

for function f having an infinite number of derivatives in the neighborhood of ¢t = 0
(c.f. [22, Theorem 3.1]), we have

-1
I = /\’inpﬂ . (£f(m/2+k)2\/A>1> . ﬁ . (1 + O(m—1/2))

vmp/2

W —k A\ "2 ~1/2
= ovAmp (§1)™" (51) ~(1+0(m™7)).
For I5, we use
t=tw)=In SGtw & g Mlatw) we (0,m—¢&).

sin? (&1 +w) sin®(€1) sin (&1 +w)’

mp/2
Similarly, we have I15 = 2\/% (&) ke (%) - (14 O(m~12)). Consequently,

2 (3

e/ ~1/2
&> (1+0(m ).
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1/2
Noting that 1 ~ 0.31830 < (g) ~ 0.78846, we conclude

2k 92 ()_,ﬂp'(xl

_ mp/2
— ) . A . ~1/2
IehIE = s T (€77 () -0+ 0

_ 4 1 _ )\1 mp/g _/
= a1 Va2 i <§1> (14 O(m™1/2)),

which completes our proof. O

Proof of Theorem [5.3.4 Using the Fourier transform of the B-spline and the defi-
nition of Euler-Frobenius polynomial Fa,, 1(z) for z = e*

Eom—1(2) _2§2N (& 1)5¥ = e=m-D (2 ginr/2))2" i 1
(727” BT 2 am(V +1)27 =€ sin(w P 7@) I RIPTE
(5.51)
we can derive (c.f. [16, Lemma 4])
— 272k sin?(w/4) —k| Eom—1(2)
’W’%(“)':ﬁ w/4 ‘ ‘4‘ 2;_11)‘
272k sin? w/4 m 2m 1
-7 "5 ™| 3 Grgraml
where Z = ¢ and ©@ = m — w/2. Then, we obtain
S 2~ 2kp sin?(w/4) mpjw —kp| . 12mp| =
Iraly = (\/ﬂ)p/R‘ w/4 ) ‘Z‘ ‘28111(”/2)‘ ‘Kz_: (w+27r€)2m‘
p/2
B 2 2kp sin?(u — 7/2) am 2k ey am [ — 1 ?
= WTW’/R {<U7T/2> (u—m/2)""" (2sin(u)) <Lz_:oo W) ] 4du
4.2 —m/2 |/ sin?(u — 7/2) 2m 02k (g am [ = 1 ? ;/2
- (D) e i) 3 e |
p/2
& sin(u — 7/2) 2m B ok dm > 1 2
+ /_ﬁ/2 |:<u ) > (u—7/2)" " (sin(u)) (ﬁ_z_:oo OF=ED 7r€)2m> ] du
+f v (Sin?(“‘“/ 2)>2m DA NI [ S o
€ u—1/2 Pt (u+ 7l)>m
. 37r/2+/oo (Sln u— 7T/2)> an (u— 7_(/2)721% (Sin(u))4m i I 1" du)
x/ 372 u—m/2 Pt (u + mwt)2m
kp
=: 4(;2;) (It + I + I3+ Iy + I).
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Here, &5 is the point where the function

sin?(u — 7/2) sin?(u)

g(u) = (/2 — w)u?

takes its maximum value in (0,7/2), i.e. point at which ¢’(u) = 0. One can show
that & =~ 0.28532 is the root of the transcendental equation

h(u) := (2mu — 4u?) cos(2u) 4 (3u — 7) sin(2u).
Note that ¢'(u) = _sin@u) h(u) and Ay = g(&2) =~ 0.69706.

T A(n/2—u)2ut
We first estimate Iy. By [16, Lemma 3], we have

&2 ) )
b= / [Q(U)Qm(u - 77/2)7%(1 + Ry + T(U))ﬂ 2 du =: Is1 + R,
—7/2

where |Ry| < (2m —1)71,

2m
(;ﬁ) . /2 <u <0,
r(u) =

u 2m
<m) , 0<u <&,

&2 /2
I = / [Q(U)Qm(u —m/2) (14 Ro(u))?|” du,
—7/2
where
Ri+r(u), —7m/240<u< &,

R2(u):{ Ry, /2 <u<-—7m/2+9.
0<d<m/2—& is fixed. Hence

1 /2 -6\
<
(Bl < 5 =7 + <7r/2+5> ’

and

- —7/246 »
R :/_ ) + [g(u)Qm(u - 77/2)*211 0+ By + () — (1 + R)7] du
—m/2+6 [Q(U)Qm(u . 7T/2)_2k:| p/2 du

sin®™ §
(ﬂ- _ 5)2m+2k

< (02" 1 o(1)) /

—m/2
sin?™mP §

p/2
] < (p2P 4 0(1))0 - (x —sypmh

< (p2P +0(1))6 - [

For the estimation of I51, we shall employ the Watson’s lemma. We introduce

— +(v) = In —1In —UZHL ﬁZM
t=tv) = Ing(&) —Ing(& —v) =In s, G0 =" ey

for v € [0, /24 &]. We have t — 0 as v — 0 and ¢ goes from 0 to co monotonically
as v increases from 0 to 7/2 4+ . We can state the asymptotic expansion of ¢(v)
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near v = 0 as follows:
t(?}) ~ CLQQ}Q + CLS'US 4+~ CLQ’U2(1 + ag/azv + .. )7

where

1 d?
ag =Ny = —-—-=1Ing(§& —v)

!
57 — (&) ~ 1.2229.

v=0  269(m/2 — £9)sin(262)

Let s = v/t. Then
s(v) ~ VAv(1+biv+---), v—0.

Now s'(v) # 0, we can reverse this expansion,
v=u0(t) ~ A;1/2s(1 +e1stcas? o) ~ A;l/Qtl/z(l—i—clt_l/z +oeot+ ).

Also,
dv (/24 v —&)(§ —v)sin2(& — v)

dt h(& —v)

Asymptotic expansion of numerator and denominator at v = 0 and division yields

dv (/2 — £3)8rsin(26,)
dt —h'(&2)v(t)

(1+dio(t)> +--)

~

(1+et'? +egt+---).

1
2v/Aot

Now changing the variable in I5; and noting g(£2 — v) = Age™!, we have

&2
b~ [ ot a2

§otm/2
= A7 /0 (92 — 0)/A0)™ (&2 — v — 7/2) 2P 2d

:)\;np/ e ™Plg(t)dt,
0

where
alt) = (/24 0(t) ~ &) 4 - 5
~ (”/3\;%_@(1 + [t P 4 ot 4 )T et egt + )
~ Wz_\/%_kp(l +glt1/2+ggt+-~).

By Watson’s lemma and choosing & such that sin?(6/(7 — 6)) < A2, we conclude
that / -
/2 — &) P @ ~1/2
: (1 +0(m~Y?y).
NI T ( )

IQNI21N/\;np'(

72



Similarly, we can estimate the asymptotic behavior of I3. We use

A2
g(€+v)’

t=1t(v) =Ing(&) —Ing(é +v)=In ve (0,m/2 = &).

Same technique implies

T/2—&) /T -
i -W-(1+O(m 1/2y).

Iy~ x|

o
1
Next, for Iy, observing the period of [_Z m is m, we have

—0o0

p/2

3/2 |/ gin®(u — m/2) sin®(u) \ " > 2
Iy :/7r {( ( u_f/)2 ( )) (uw/2)2k<z (u+;g)2m> ] du

/2 {=—00

e}

YT — /2 sin?(u — 7/2) sin?(u 2m _ 1 2
[ s (£ ) |

w/2 f=—00

=1+ Is.
Consequently,

(r/2- &)™ -
T .W.(H(f)(m /2y,

Next, we estimate I5. By Eo,-1(2) = (2m — 1)! 212]20_2 Nom (v + 1)z7, we derive
that |Eo,—1(2)] < (2m — 1)! for |z] =1 and

& sin?(u — 7 am et o
15:/3 [( ( /z)) <“—”/2>_2k‘Ef£"nf_(1>!)|] i

Iy~ 200

7T/2 U—7T/2
00 .. 92 2m p/2 00
</ [(sm(u)) u_%] du < % u” "Pdy
1 1 mp—1
<—— (=) ., mp-1>0
(mp — 1)r % (w) mp =0
Similarly,
. /2

2] (sin?(u — m/2) ) " ot [ Bam—1(e*™)|]"
I = idnanli S S —_ /o) ek IZemem ity 1
! /_Oo [( u— /2 ) (u=m/2) (2m —1)! du

N

/2 —

- sinQ(u) 2m o p 1 1\ ™ 1
< N — | — — .
I we gt () e
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In summary, we have

1 1\ !
H~lf L —r— | —
TS (mp — 1)nk <7r>

and

1 mp (T/2 &) 7 ~1/2
I2 13 2[4 )\2 2\//T2 D (1—|—O(m ))

1
Due to — = 0.31830 < Ay = 0.69706, we conclude that
T

— 4 . 27 2kp (m/2 = &)kp /m
SIP = ——— - 4NP . : (14 O(m~1/2
”W ”p \/ﬂp 2 2\/E \/ﬁp ( ( ))
8 (2m — 4&) 7P ~1
= : AP (14 O(m~Y?)),
which completes our proof. O

Proof of Theorem[5.3.3. By definition, 33 (x) = 3272 (2;1_): Nop, (v + 1) Nop (22 — v).
Hence,

— —2m/sin(w 2" Bom—1 (2
- T (S

Vor \ w/4 2m — 1)!
272 Csin(w/ANT L o | e 1
-2 ( o ) (25in(c/2)) l;oo G|

where Es,, 1 is the Euler-Frobenius polynomial, Z = ¢, and @ = m — w/2. Setting
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u=w/2=m/2—w/4, we obtain

— p:4.2—27m9 sin(u—Tr/Q) 4m. sin(w))4m . - # :
[ w%)p/m[( 22 inu) (;OOWW)M>

4. 2—2mp< /2| sin(u — 7/2) sin(u) \ " [ o 1 2 p/Zd

o (| () (ZOOHW) '

. /W/4 |:<sin(u —7/2) sin(u)>4m ( i 1) 2:| " du
2 u— /2 = (u+ wt)2m

_ 1p/2

™| (sin(u — 7/2) sin(u) \ " [ 1 ?
/4 < u—7/2 ) (Ez—:oo (u+7r€)2m> du

p/2

+

_'_

/”_ -
/ﬁ p/

| /sin(u — 7/2) sin(u) \ " [ ?
(st =2t <EOOW> )

4.272mp

= W(Il + I+ I3 + 1).

Let

g(u) = (Sm“(‘u‘jf 2;;“(‘”)2 |

Then g is symmetric about u = m/4 and g(u) < g(r/4) = 64/7*. Similarly, using
[16, Lemma 3|, we have

w/4
b [ (o)
—m/2
Introducing
g(r/4) 3
t_t(v)_lng(w/él—v) UE[O,47T],

we can derive

d
alt) =~ (@ =822t gt ).

Changing the variable u — 7/4 — v in I» and using Watson’s lemma, we deduce

4‘2—2mp 4'2—2mp mp 00 ot
T ey A [ e

Vot Va2 =g \ ! 2mp

It is easily seen that I3 = Iy due to the symmetry of g(u). Also, by the symmetry,
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we have I} = I4. Using the fact that |Egpy—1(2)| < (2m — 1)! for |z| = 1, we have

Lt [ () Bl

- 9—2mp /oo (sin(u _ 7T/2)>2mp o < 9—2mp /oo (1>2mp o
S (V2P e u—7/2 S (V2r)P Jrpp \w

- 2—2mp 1 <2>2mp1 B 1 1 <1>mp

< (\/g)p 2mp — 1 \ 7w o 2mp — 1 (\/ﬂ)p—z 2 .

Noting that 1/72 < 16/7%, we conclude

— 2 T 1 16\ """ _
Hm%‘%”ﬁ = \/ﬂp—l . \/m . \/m . <7r4) . (1 —+ O(m 1/2))’

which completes our proof. O
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Chapter 6

Approximation of almost time
and band limited functions by
finite Hermite series

6.1 Introduction

We consider L?(R)-normalized functions which are almost time and band limited;
more specifically, there exist (not too large) T, 2 > 0 and (small) positive constants,
er and gq, such that, with x7 := x_7 1),

[ wopas<d ad [ ) @Pde<d @6
[t|>T |w|>Q
Here, when g € L?(R) N L'(R), its Fourier transform, g, is defined by

1 _
MNw) = — e ™tdt, weR,
0" w) = = [ o
the transform being extended to all g € L*(R) in the usual way.

Recall that the k-th Hermite function, hg, is given at ¢ € R by

2 gk ,—t?
ha(t) = (—1)%@%%, —01,...,
where v, = 77_%2_3(145!)_%.

We intend to prove, in the context of Hermite functions, an analogue of the “2QT
Theorem” for expansions in the prolate spheroidal wave functions of bandwidth
¢ := QT, denoted 1, ., m = 0,1,.... These ¥, . have been shown to be the L?(I)-
normalized eigenfunctions of the compact integral operator, F,, with

1 .
(Fad)(t) := 1/ sinelt =5) ) syds, e LD, tel = [—1,1].

m™J_1 t—s

*A version of this chapter is a pre-print of the following paper: R. Kerman and S. Spektor.
Approximation of almost time and band limited functions by finite Hermite series.
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The “2QT Theorem” essentially asserts of the f in (6.1) that

fe Y dwh.terteo, [t<T,
0<m<2QT

. . T _1 3 T T
in which vy, .(t) == T™ 24 <T> and d, = / fthm . dt (see []).
-7

6.2 The main result

Our result is given in the following

Theorem 6.2.1. Suppose f is an L?(R)-normalized function satisfying . Let
K be the least positive integer such that

20T < V2K +1+ V2K + 3.
Define
=1 (1) =T,

and set

T

ck ::/ fOhi @) dt, k=0,1,...,K.
=T

K

Then, with Sk f := Z ckhf, one has
k=0

|—=

T 2 2L
[/ |f_SKf|2dt] <eq+ —,
T e

and hence

1
o0 2 2L
[/ ’f_XTSKf|2dt} §5T+EQ+E~

—0o0

Here, L > 0 is independent of f, K and T.

1
Proof. Let fr(t) := T%f(Tt)XI(t), so that ¢ = / frhy dt, and take
-1

K
(ZK fT) (t) = chhkz(t), t e R.
k=0

J.V. Uspensky has shown that

(3, f7) 0 = (Fefr)(®) + (Bicfr)(®), tER
where

1
(Rifn)) = - [ T05) e ds,

-1
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moreover, for s,t € T
T (8, 5) < L,

the positive constant L being independent of K € Z,, as well. See [2, p. 372 (5)
and p.377 (14) and (16)].

Now,
2 si
(Fefr)(t) = \/;c (( Hclycy> * fT> (t) teR.
whence
(Fefr)w) = f ) ) A )
c)T = . o T
= X(—c0) (w)fi/“\(w)7 weR.
Thus,
T , 12 ¢ 4 ) 1/2
s ([ n- St o
[ [0 1/2 1 1/2
< / ‘fT - Fch’2dt:| + |:/ |RKfT|2 dt:|
LS —OO 1
[ [ 12 o,
<\ ir-rmral 2
L/ —o0 e
r oo 1/2
— N Al2 %
- _/oo |fT X(fc,c)fT| dw:| + g
I 3
2L
e A 2dw + -
| [ =
i 1 2 2
T2 /T Cw L
= e 'tYdy|l dw| + —
/MZC T [ ey ] &
. , 1l
1 o0 ) 27,
— —lﬁyd d + —
[l [awroea) a + %
2L
<eqg+—,
e
as asserted. B

Remark 6.2.2. The inequality / |f(w)]? dw < €3 implies
|w|>0

1
2

[/ o |(XTf)/\(w)|2dw] <eqter.

fThe convolution, g % h, of g and h in L?*@R) is here defined by
(g*h):= L/ gt —s)h(s)ds, t € R. One has (g * h)"(w) = ¢"(w)h"(w), w € R. See
V2T J o
3]
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So that in (6.1)) we can take eq = e, + e7. Indeed,

AN 2 % A 2
[ /M'(XT” ()| dw] < [ /wQIf ()2 dw

<cht | [ 10usr P o]

N

1
2

_|_

/ |(X|t|>Tf)A(w)|2dw
|w|>Q

<e+|[ \><|t>T<t>f<t>2cht]é

= E'Q +er.

6.3 Appendix

In the Introduction (see Section about Prolate Spheroidal Wave Function) we men-
tioned known upper bounds for the eigenvalue A, (c) of the compact integral operator
F.. In the Theorem below we obtain a lower bound.

Theorem 6.3.1. Let A\,(c), n=0,1,2,..., be the eigenvalues, in decreasing order,
2

of the operator F,, c = QT. Then, for n an odd integer n, with i << 1, one has
n

oz (-2 a()

Proof. According to the Rayleigh-Ritz Principle, we must find an n-dimensional
subspace, V, of L?(I) such that, for all f € V,

[ mpwras (1 5) w ()7 [ pas

To this end, define V' to be the space of functions f taking on each

11 2j n+1 n—1
Li=(——— — | = — N O
J ( n7n>+n7 .] 2 9 ] 9 2 9

a constant value, f;, so that

Z ijI

-_ n+1

1
We have then to show that whenever / f(s)?ds =1, or Z f2 -, "' there holds
-1

_ n+1

1 C2 2 %2 2(n—1)
/I(Fcf)(t)2dt2 <1_6n2> n(7en> ’
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which, by Parseval’s identity, amounts to

c 2\ 2 2(n—1)
~ 2c
2 4¢ > _c bl )
/_C|f| dc = <1 6n2) " <7en>

But,
—~ 1 1
fo = [ rwear
27 J_1
_ n n th
o Z f] l+216 dt
j:_n21 n n
n—1
1 2 ¢ [
= — fje_%n/ e %t qt
27Tj_7n+1 -1
2
¢ n—1
: 2
_ 2sin> 1 it
=\ - = fie n.
7'[' n nj:_LH
2
So,
c 9 02 2 1 c nT_l 9 ¢
[fora=2(1-S) L[|y gt
—c —c j:7L+1
2
1 , 2| "5 ’
c n ..
= (oga) o] 2 ne| e
2 J
T on —2e jm

v
3| e

dg

2
2\2 [ 4 20-1) | T .
2 ()L e

n+1

J=="2

I
3=
N
\
3‘Qw
no
~__
[\&)
/N
\]
3y
~__
}3
3
=
[}
=)
]+

where we have used an inequality from [I] in the third step.
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Chapter 7

Concluding Discussion

7.1 Concluding Remarks

The present thesis has deepened our understanding of sinc functions, splines and
wavelets and their use in Functional Analysis, Approximation Theory and Asymp-
totic Geometric Analysis. We developed our knowledge through study of Ball’s
integral inequality and the Khinchine type inequality. In particular, we used splines
to prove Ball’s integral inequality. Also, we developed a method by which one can
compute all terms in the asymptotic expansion of the integral in Ball’s inequality.
We used various topics in mathematics to provide different techniques for proving
Khinchine type inequality. We involved Probability Theory, Graph Theory, The-
ory of Permutations and such notions as Lévy family and chaining argument. We
also have been interested in conditions for boundness of the norm of a matrix and
proved a quantitative version of the known result in limiting case. With the help of
Bernstein type inequality we have been able to study the asymptotic behavior of a
wavelet coefficients for both the family of Daubechies orthonormal wavelets and the
family of semiorthogonal spline wavelets. Finally, we proved that an almost time
and bandlimited function is well represented by the truncation of its expansions in
the Hermite basis.

The focus has essentially been on the connections between various areas of math-
ematics. In that regard, our results establish more connections between Functional
Analysis, Approximation Theory and Asymptotic Geometric Analysis, by showing
that these areas overlap not only in pure theoretical aspects, but in applications,
such as Compressed Sensing, Signal Processing, Wireless Communication.

7.2 Directions for Future Work

Below we list some questions and, possibly, new directions of research raised by this
work.

7.2.1 Sinc function. Ball’s Integral Inequality

p

*° (sinx
dx, p>1, have been

Lately, the sinc function and its p-integral,

applied in Approximation Theory, Numerical Analysis and, indeed, in many com-
putational problems. Given that, it is surprising how little is known about them. A
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number of open problems regarding their properties have been rased, for example,
in 3], 4].

Recently, a breakthrough in study of Ball’s integral inequality has been made.
H. Kénig and A. Koldobsky in [14] generalized K. Ball’s known result (see [2]) that
central sections of the n-dimensional cube perpendicular to the vector (1,1,0,...,0)
have maximal volume to certain product measures which include Gaussian type

measures. Technically, the main difficulty was to generalize Ball’s integral inequality

o |P
sin x
for to more general settings. They overcame this difficulty in the high

x
dimensional case, which, from the viewpoint of Asymptotic Geometrical Analysis,

was sufficient. But, H. Konig, [15], in order to complete all possible cases in the
Ball’s integral inequality, raised an open question about that inequality in lower
dimensions.

Another idea for generalizing of Ball’s inequality is an estimating/calculating an
integral of the generalized sinc function (see [20] for definitions, properties and open
questions about this function):

. L n n/2 Jn/2 (l’)
sinc(n,x) :=T (1 + 2) 2 R €Z,
. . . . . sin x
where Jj, 5 is a half-integer Bessel function of the first kind. Note, sinc(1,x) = .
x
We would like to bound from above the integral
“+oo
/ (sinc(n,x))? dz, p>1. (7.1)
—00

We share our idea on how to find an upper bound of the integral ([7.1) with n being
an odd integer. Let n =2k + 1, £ € N. We calculate the following integral

+o0o
/ (sinc(2k +1,z))? dz, peN,keN. (7.2)

Let fn(x) = sinc(n,z). The inverse Fourier transform of f,(x) is

£Y(t) = \/z 0 (P — 1) [sgn(t — 1) — sgnt + 1)),

where ¢, is an absolute constant which changes with n. (One can compute, that
for sinc(3,x),c3 = %; sinc(b, ), c5 = —%; sinc(7,x),c7 = g—g and so on.) Thus, to

bound from above the integral ([7.2)) is sufficient to calculate

(\/§ ) / :O(t2 — 1) [sgn(t — 1) — sgn(t + 1]P dt

0, [t| > 1

Note, [sgn(t —1) —sgn(t+1)] = . So, essentially, the prob-
-2, It <1

lem involves breaking up the integral into relevant pieces and looking the signum
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function in this pieces. We get

+o00 .
/ (t2 — 1)P"[sgn(t — 1) — sgn(t + 1)]P dt = / (L‘2 ) (—2)P dt
- n P F(pn + 1)
- VR ap
Thus, we have that
+o00
/oo (sinc(2k +1,2))" de < 272, ﬁ%ikﬁﬁ )++3})2>'

Problem 7.2.1. Can similar techniques be used to calculate or bound the integral
(7.1) when n is an even integer; a negative integer?

7.2.2 Khinchine Type Inequality

In this section we talk about various possibilities for generalization of Khinchine type
inequality. Along with some ideas we pose open questions, solutions of which can
be interesting by themselves as well as can be a good tool for applications. In Chap-
ter 3 we study Khinchine type inequality under assumption that the Rademacher

random variables, €;, are not independent, precisely, when we have condition that
N

Zaz- = 0. It is naturally to ask now if the inequality would be true under more
i=1
general assumption on Rademacher random variables, say, if

N
 ei=M, -N<M<N. (7.3)
=1

For shorter notation, by Ej; we denote an expectation with assumption (|7.3)).

As before, let a € RN and let ¢,i = 1,...,N be independent Rademacher
random variables. As usual for € € {#1}" by 1,...,ex we denote coordinates of
E.

Consider the following set

N
Q:{ee{—l,l}N| Zei:M}:{56{—1,1}N\card{i: gi=1}=m= [ 5
=1

Thus, for £ € Q the sequence of its coordinates is a sequence of dependent Rademacher
random variables.

For set €2, defined by , we put into correspondence the group Ily of all
permutations of set {1,..., N} as

celly+— A ={ceQ|eg=1ifo(i) <m;e;=—-1ifo(i) >m}.

87



Define f : IIy — R by

m N
flo) = Zao(i) - Z Ao (i)| » (7.5)
i=1 i=m+1
0 N
where Zag(i) =0 and Z ag (i) = 0.
i=1 i=N+1
P
Note, that Eps ‘Zf\il a;e;| = E|f|P. Thus, it is enough to estimate p-th moments
of f.
Without loss of generality assume that M € [0, N]. Denote ¢ = N —m. Consider
m N Pl M M+q M+2q b
F@P=1D0m ~ D) o)) =D te@+ D, G = D,
i=1 i=m+1 i=1 i=M+1 i=M+q+1
M P M-+q M+2q b
2 an| 2| D aGmn = D
i=1 i=M+1 i=M+q+1
= 2|gnm [P + 2P far .
We would like to estimate
M p\ 1/p M+q M+2q p\ 1/p
Elf @) < (E > o ) B X %= X
i=1 i=M+1 i=M+q+1
= (Elga )7 + (B[ farl")"/7 (7.6)

Estimation of E|fy/|[P: We show that E|fy/ [P < (2p)P/2||al|z.

Denote U = {1,...,N}. For all I C U with cardinality |I| = M and for all
o € Iy consider o7 : {M +1,...,N} — U/I, defined by o(i) = o(i). Denote
By = {O‘[|U€HN}.

Consider
) M+q M+2q b
Elful =7 D | D @@= D 0
" oelly |i=M+1 i=M+q+1
) M+q M+2q P
=i 2|2 W~ DL
" |I|=M o1€B; |i=M+1 i=M+q+1
Applying Proposition [3.1.2] we obtain
M+q M+2q P 1/2
13 w3 | <o (D)
O’[GB[ i=M+1 i:M+q+1 el

< (N = M)!(2p)""*|als-
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Thus,

Bl < NS @ppr2laly = (2072l (7)
el

Estimation of E|g|?:
It is easy to see that E|gys|P is bounded by ¢;-norm of the vector a. More
precisely,

<E

Z |ag z)\ Z |a;| = [alf}.

=1

Elgn P =

M
E Zam
i=1
With such estimate we have

EIf1)'P < lalls + v/2p]lalle. (7.8)

This estimate is too weak. In order to get better bound we are going to use notion
of Lévy family.

It is easy to see that gp; : IIy — R is a Lipschitz function with Lipschitz
constant 2||al|so. Using Theorem ?? and the bound I'(x) < 2%~ for all z > 1 (see
for example [1]), we obtain

E’QM_EQM"D_/ pun (g — Egar|P > tP)dtP < 217/ et/ BN lall%e) gp=1 gy
0 0

< 4pr< )NP/2||a|yp

< 4P NP2l g|[P .

Thus, we have

(Elgml”)'"” < Elgu] + 4vpVN|alloo < VElgu P + 4PV N | a] oo (7.9)

Its only left to calculate

M 2
M(N — M) M(M +1)
lgad] Z@':l o i) NN —1) i+ N N—T N(N — <Za )

With such estimate we have

(|11 < 2a3 + T (Z ) + 45V alloo + v/2pllall2
(7.10)

This estimate is better then (7.7), but the right hand side of ([7.10) depend on the
number of functions, N.

Problem 7.2.2. It would be nice to obtain the upper bound in (7.10)) with constant
independent on N.
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Another possibility for generalization of the Khinchine type inequality with de-

pendent Rademacher random variables is to consider the case when a1,...,ay are
N

elements of a Banach space (X, || - ||). Under assumption that Z g; = 0, the proof
i=1

of Theorem 3.1.2 gives the following estimate

n o p\ 1/p n p\ 1/p
<EH Zao(i) - Z 20! ) = (EHE6 Z(Si bio )
i=1 i=n+1 i=1

n p\ 1/p
> 6ibig ) > . (7.11)
i=1

Problem 7.2.3. Whether one can get better estimate then in (7.11)), with the best
possibility of Kahane’s inequality (see e.g. [11] for the definition of classical Kahane’s
inequality)?

<Vp (EH (Ed

N
Problem 7.2.4. What about estimate of type (|7.11]) under assumption that Z g =M,
i=1

with —-N < M < N?

The scalar Khinchine inequality above can be generalized to the case where the
coefficients are matrices. In this case one would obtain, so-called, non-commutative
Khinchie inequality, which is a powerful tool in Random Matrix Theory. We have
to introduce Shatten class norms, first.

Definition 7.2.5. For a matrix I we let o(I") = (01(T),...,0,(I")) be its sequence
of singular values. Then, the Shatten p-norm is defined as

ITlls, = llo@)llp, 1 <p< oo

We state now the non-commutative Khinchine inequality for matrix-values Rademacher
sums. This inequality was introduced first by F. Lust-Piquard, [I7], with unspeci-
fied constants. Later, A. Buchholz in [5] [6] provided the optimal constants for the
inequality.

Theorem 7.2.6. Lete;,i =1,..., N be independent Rademacher random variables.
Let Ajyi = 1,...,N be real (or complex) matrices of the same dimension. Choose
n € N. Then,
N 2n (20) N 1/2(|2n N 1/2(|2n
n)!
oS <@t (San) || (Sn)
i=1 Som ’ i=1 i=1

Szn ' S2n
(7.12)

Note, that A;A} and A} A; are positive and self-adjoint matrices, so the square

roots in (7.12)) are well-defined.
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Problem 7.2.7. It would be nice to obtain something like inequality ([7.12]) under
N

assumption that Zsi =M, —-N<MZ<N.

=1

7.2.3 Splines and Wavelets

In Chapter 5 of present work we obtain few main results. One of them is a sharp
form of Bernstein type inequality for splines (see Theorem 5.2.1). This inequality
gives a bound for the norm of the derivative of spline in terms of the norm of spline
function itself. This type of estimates are very important in many questions of
Functional Analysis and Approximation Theory. In this section we provide some
ideas for the future work in this direction.

It is known that splines can be generalized to fractional orders. The construction
of polynomial splines was first extended to fractional degrees in [22] by M. Unser and
T. Blu. It is interesting to obtain a sharp inequality of Bernstein type for fractional
splines and wavelets with fractional derivatives (see e.g. [2I] for the definition of
fractional derivative). This result can be applied in image compression (to compress
roentgenograph images in medicine, for example).

Problem 7.2.8. Whether similar techniques to those in Theorem 5.2.1 can be used
to obtain Bernstein type inequality for fractional splines and semiorthogonal spline
wavelets with fractional derivatives?

In the Proposition 5.2.2, which is the consequences of Theorem 5.2.1, we obtain
a lower bound for the quantity Ckm(w,%). It is naturally to ask now the question
about upper bound of Ck’p(zp;i). One of the possible approach is to prove Reverse
Bernstein inequality for splines s € Sy, p,, i.e. to find constant ¢, ,, 1, depending on

p,m and k, such that ||s®)||, > ¢, kl|5|lp. Than, in the spirit of Proposition 5.2.2,
one would almost automatically obtain the result.

It turns out that the question about Reverse Bernstein inequality is interesting
by itself. We don’t know how to proceed with this problem, but one of the good idea
would be to check if the techniques for Reverse Bernstein inequality for polynomials
would work in order to get such inequality for splines (see e.g. [13] for the reference
on the Reverse Bernstein inequality for polynomials).

Problem 7.2.9. To obtain Reverse Bernstein inequality for splines s € S, 5.

7.2.4 Random Matrices

One of the application which uses both the Wavelet Approximation Theory and
non-limiting approximation Random Matrix Theory is Compressed Sensing. This
theory represents technique for finding sparse solutions to under-determined linear
systems. The field exists for a few decades, but lately has caught significant atten-
tion. The papers by E. Candes, J. Romberg and T. Tao [7] and by D. Donoho [10]
have triggered a lot of research activities after their appearance. The rational for
Compressed Sensing is the fact that many signals can be approximated by sparse
signals. In other words, real-world- and audio- data can be approximated by an
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expansion in terms of a suitable basis, which has only a relatively few non-vanishing
terms. To obtain a compressed representation one has to compute the coeflicients
in the basis (for instance wavelet basis) and then keeps only the largest coefficients.
When the compressed signal will be recovered only these coefficients will be stored
while the rest of them will be substituted by zero.

Compressed Sensing, in order to compress signal, use only a small number of
linear and non-adaptive measurements. Each measurement can be represented as
an inner product of the signal z € RY and a some vector ¢, € RN (or CV). With
m (m < N) such measurements we may consider the m x N measurement matrix
I" with column-vectors 1. Then, the sparse recovering problem can be viewed as
the recovery of the s-sparse signal 2 € RV from its measurement vector y = 'z €
R™ (or C™).

One way to guarantee exact recovery of s-sparse signals, is so called RIP: the
restricted isometry property, defined as follows.

For each integers s = 1,2, .., define the isometry constant ds of a matrix I" as the
smallest number, such that

(1= 0)ll2ll3 < T3 < (1 +85) |3,

holds for all s-sparse vectors . We say that matrix I is RIP if §, is small for
reasonably large s.

Our research in this area fits within the framework of structured random matri-
ces. An important class of structured random matrices is connected with random
sampling of functions in certain finite dimensional functional space. We require an
orthonormal basis of functions which are uniformly bounded in the L,,-norm. The
most prominent example consists of the trigonometric system [7, [1§].

Let D C R" be endowed with a probability measure v. Further, let ¢1,..,9n be
an orthonormal system of complex-valued functions on D, that is, for j, k € N,

/D b5 (O (t) = 55 (7.13)

The orthonormal system will be assumed to be uniformly bounded in L.. We
consider a vector f of the form

N
Ft) = wep(t), te D (7.14)
k=1

with coefficients x1,..,xy € C.
Let t1,..,t,m € D be some points and suppose we are given the measurements

N
Yo = f(té) = Zkak(té)v = 17 -y .
k=1

We may consider the measurement matrix I' € C™*¥ with entries

Ff,k = wk(tf)a = 1) -y M, k= 17 "7N7 (715)
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the vector y = (y1,..,ym)? of simple values can be written in the form
y =Tz, (7.16)

where x is the vector of coefficients in .

The main goal of compressive sensing is to reconstruct the polynomial f — or
equivalently its vector x of coefficients — from the vector of measurements y. For
this we assume sparsity. A polynomial f of the form is called s-sparse if its
coefficient vector x is s-sparse. The problem of recovering an s-sparse polynomial
from m measurement values reduces then to solving with a sparsity constant,
where I' is the matrix in . Now, assuming that the points t¢1, .., t,, are selected
independently at random according to probability measure v. This means in partic-
ular that probability P(t, € B) = v(B), £ = 1, ..,m, for a measurable subset B C D.
The matrix I" in becomes then a structured random matrix [19].

One of the example of the bounded orthonormal system which can be used to
build a structured random matrix is the system constructed using Haar-Wavelets
and Noiselets [8]. Such orthonormal system is potentially useful for image processing
applications.

The possibilities for the future work is to consider a basis of functions a-priori
different from the Haar system, and to understand whether we can use something
similar to noiselets in order to build a structured random matrix. The reason is that
the Haar system does not lead to good approximation error rates. Thus, maybe
Daubechies wavelets or spline-wavelets would do the job. The good idea in consid-
eration towards this question is to check if the noiselets associated to the Haar basis
also works for more general wavelets.

In his work [16] V. Kolev presented a simple approach for orthogonal wavelets
in Compressed Sensing. He compared efficient algorithm for different orthogonal
wavelets measurement matrices in Compressed Sensing for image processing from
scanned photographic plates (SPP). The analysis shows that one of the best choice
for image of SPP is the Daubechies wavelets.

In Chapter 5 of present work we compare two families of wavelets—the orthonor-
mal Daubechies wavelets and semiorthogonal spline wavelets. We conclude, that
the semiorthogonal spline wavelets gives better approximation. It is naturally to
ask now the following applied problem: if algorithm provided in [16] would work
when one would weaken condition on the orthogonality of wavelets and consider
semiorthogonal spline wavelets, which would give a better result for image quality
analysis in Compresse Sensing method.

Problem 7.2.10. Construct a bounded semiorthogonal system (possibly, using
semiorthogonal spline wavelets) which can be used to build a structured random
matrix.

Problem 7.2.11. To present a method for image compression of SPP which leads
to simple compressed sensing algorithm in semiorthogonal spline wavelet domain.

7.2.5 Prolate Spheroidal Wave Function

In this section we talk about various possibilities for future work in the topic of
Prolate Spheroidal Wave Function (PSWF).
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In Chapter 6 of the present work we prove that a function that is almost time and
band limited is well represented by the truncation of its expansions in the Hermite
basis (see Theorem 6.2.1). Unlikely, the 2L/(7c) term appears in the result.

Problem 7.2.12. Can one get rid of the 2L/(wc¢) term in Theorem 6.2.17

Problem 7.2.13. To prove that a function that is almost time and band limited is
well represented by the truncation of its expansion in the Legendre basis.

In Section 6.3 we provide a lower bound for the eigenvalue A, (c) of the operator
F. (see Theorem 6.3.1). We are wondering, if one can get better estimate, meaning
estimate closer to the known upper bound (see Theorem 0.0.3 in the Introduction).

Problem 7.2.14. To obtain a better estimate than in Theorem 6.3.1 for the lower
bound of A,(c).

Traditionally, the PSWEF have been used to solve various problems from physics
and signal processing. Nowadays, more and more techniques and algorithms appears
where this function is applied. In particular, PSWF have been used to sample a
time-limited and nearly band-limited signal. Also, this function can be applied
for sampling theory to reduce the aliasing error of the recovered signal (see e.g.
[9]). Recently, PSWF has appeared in the Random Matrix Theory. The work [12]
performed Compressed Sensing with a sensing matrix build from the PSWF. The
author provided a proof of the Restricted Isometry Property of such sensing matrix
and gave an algorithm for the exact recovery of sparse signals.

In our Theorem 6.2.1 we show that the PSWF is well represented in terms of
Hermite functions, for which all kinds of properties and estimation techniques are
known. Thus, we would like to ask the following question:

Problem 7.2.15. Can one can build the sensing matrix in [I2] using representation
of the PSWF in terms of Hermite functions?
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