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Abstract

The thesis delves into the mechanics of hyperelastic materials, specifically lipid bilay-
ers and fiber-reinforced composites (FRC). The primary objective is to achieve an ad-
vanced understanding of cell physiology from the aspect of lipid membrane mechanics
and provide qualitative analysis of the mechanical properties of fiber-reinforced com-
posites by elucidating the continuum models of lipid membrane and fiber-reinforced
composites, respectively. Due to the commonly observed abnormal morphology of
cells in current literature, the study emphasizes investigating the non-uniform mor-
phogenesis of lipid membranes subjected to interaction forces and lateral pressure to
enhance our understanding of membrane-protein interactions and membrane inflam-
mation. The highlight of the thesis has been given to developing the three-dimensional
theory of FRC sheets within the context of lipid membrane theory, unveiling the con-
current three-dimensional deformation of FRC and the embedded meshwork.

To accomplish these objectives, first, we derive the Euler equations within the vari-
ational framework of the Canham-Helfrich model by accounting for the non-uniform
(coordinate-dependent) strain energy distributions of lipid membranes. Then, the
corresponding partial differential equations (PDEs) are obtained by projecting the
equilibrium equations on the polar and Cartesian coordinate systems and numerical
cases are applied to demonstrate the capability of describing lipid membrane mor-
phology. In cases of membrane-protein interactions and membrane inflammation, the
resulting homogeneous and inhomogeneous PDEs are solved numerically or/and an-
alytically, where the obtained results reasonably describe the circumferentially and

radially non-uniform membrane properties, providing quantitative proofs for under-
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standing the cell membrane morphology in the pathological research of cell.

In the proceeding efforts of studying lipid membrane morphology, emphasis is
placed on uncovering the effects of intra-surface viscous flow on membrane morpholo-
gies and surface dilatation, particularly in the scenarios involving membrane-protein
interactions and cell membrane inflammation. Within the variational framework,
we derive and solve equilibrium equations by accommodating the viscous stress into
the equilibrium equations, where the viscous stress is considered to be induced by
intra-surface viscous flow, and the viscous effects on membrane surface dilatation are
unveiled. In particular, our findings from continuum models are theoretically evi-
denced by the results of molecular dynamics simulation, illustrating that the protein-
membrane interaction forces can induce local bending effects on the membrane, lead-
ing to surface compressions near the substrate-interaction boundaries. Notably, the
proposed continuum model offers quantitative descriptions of highly curved mem-
brane morphologies and associated thickness reductions, especially when nuclear pore
complexes (NPCs) interact with the nuclear envelope.

More importantly, a three-dimensional model for analyzing the concurrent three-
dimensional performance of FRC sheets is proposed based on the theory of lipid
membrane. This involves modeling the FRC by incorporating the Neo-Hookean strain
energy model for the matrix material and computing the strain energy of fiber mesh-
work by accounting for the stretching, bending, and twisting of fibers. To elucidate
the three-dimensional deformation of the FRC, we derive the Euler equations and
admissible boundary conditions via the surface coordinate configurations and solve
the model numerically in the Cartesian coordinate system. The numerical results
reasonably indicate the microstructural kinematics of fiber (for instance, bending,
twisting, and stretching of fibers within the matrix material) determines the overall
deformation of FRC. In particular, the concurrent three-dimensional deformations of
FRC provide a reasonable understanding of the damage patterns in the FRC used in

the construction sector, the formation of hemispherical domes in bamboo poly (lactic)
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acid (PLA) composites, and out-of-plane deformations in woven fabrics. This work
offers quantitative and qualitative contributions to the design and analysis of FRC
in terms of the deformation profiles, stress-strain responses, strain distributions, and

deformations of fiber meshwork.

v



Preface

This thesis is an original work by Wenhao Yao as a section of research projects
supervised by Professor Chun Il Kim. The contents presented in Chapters 3, 4, and
5 are respectively published in different journals, and Chapter 6 has been submitted
to the journal “International Journal of Engineering Science”.

Chapter 3 of this thesis has been published in the journal “Mathematics and
Mechanics of Solids” named “An Analysis of Lipid Membrane Morphology in the
Presence of Coordinate-dependent Non-uniformity”.

Chapter 4 has been published in the journal “Mathematics and Mechanics of
Complex Systems” entitled “Deformation Analysis of Non-uniform Lipid Membrane
Subjected to Local Inflammations”.

Chapter 5 has been published in the journal “Continuum Mechanics and Ther-
modynamics” under the title “A Lipid Membrane Morphology Subjected to Intra-
membrane Viscosity and Membrane Thickness Dilation”.

Chapter 6 under the name “The Mechanics of Elastomeric Sheet Reinforced with
Bi-directional Fiber Mesh under Lateral Pressure” has been submitted to the journal

“International Journal of Engineering Science”.



“Bxcellence is never an accident. It is always the result of high intention, sincere
effort, and intelligent execution; it represents the wise choice of many alternatives -

choice, not chance, determines your destiny.”

-Aristotle

vi



To my parents, and to the memory of my grandfather, Qiren Yao (1932 ~ 2008)
and Hongen Wang (1929 ~ 2012).

vil



Acknowledgements

I would like to express my heartfelt gratitude to Dr. Chun il Kim for his invaluable
guidance, continuous support, and unwavering patience throughout my Ph.D. pro-
gram. I extend special thanks to Professor David Steigmann for his invaluable and
inspirational advice in my research endeavors, as well as for laying the theoretical
foundations in hyperelasticity materials. Additionally, my sincere appreciation goes
to Professor Peter Schiavone for delivering exceptional courses and providing steadfast
support in his classes. I also wish to acknowledge and thank my talented colleagues
Mr. Zhe Liu, Mr. Seyed Ehsan Seyed Bolouri, Dr. Suprabha Islam, and Mr. Md
Hafijur Rahman for generously sharing their experiences and expertise with me. [
must express my gratitude to Dr. Wenhui Li, with whom I collaborated closely on a
research project and who provided invaluable assistance with simulations. I expand
my thanks to all the dedicated staff and volunteers at the Project Adult Literacy
Society, and it is their selfless commitment and support that have made my aca-
demic journey and life in Edmonton truly enriching. Last but not least, I am deeply

appreciative of the relentless support and belief in me from the rest of my family.

viii



Table of Contents

1 Introduction 1
1.1 Lipid Membrane . . . . . . . . . ... 2
1.1.1 Lipid membrane curvature . . . . . . . . .. ... ... ... 3
1.1.2  Lipid membrane-protein interaction . . . . . . . .. ... .. 4
1.1.3  Non-uniform morphology of lipid membrane and surface dilata-

tlon . . . .o 6
1.1.4 Lipid membrane viscosity . . . . . . . .. .. ... ... .. 7
1.1.5 Lipid membrane inflammation . . . . . . . ... ... ... .. 7
1.1.6  Lipid membrane thickness . . . . . . . . ... ... ... ... 9
1.2 Elastomeric Materials . . . . . . ... ... o000 9
1.3 Objectives and Overview of Dissertation . . . . . .. ... ... ... 11
References . . . . . . . . . 15
2 General Formulation and Preliminaries 23
2.1 Differential Geometry . . . . . . .. ... 23
2.2 Canham-Helfrich Theory . . . . . . ... ... ... ... ... .... 25
2.3 Neo-Hookean Hyperelastic Model . . . . . .. ... ... ... .... 25
2.4 Notation . . . . . . . . .. 26
References . . . . . . . . . .o 28

3 An Analysis of Lipid Membrane Morphology in the Presence of Co-
ordinate Dependent Non-uniformity 29
3.1 Imtroduction . . . . . . . ... 30
3.2 Non-uniform Membrane Shape Equation . . . . .. .. .. ... ... 33
3.2.1 Formulations under Monge parametric representation . . . . . 36
3.2.2 Linear model for non-uniform membranes . . . . .. ... .. 39
3.2.3 Example 1: Circumferentially non-uniform membranes . . . . 41
3.2.4 Example 2: Radially non-uniform membranes . . . . .. . .. 45
References . . . . . . . . . 53

X



4 Deformation Analysis of Non-uniform Lipid Membrane Subjected

to Local Inflammations 57
4.1 Introduction . . . . . . . . ... 58
4.2 Membrane Shape Equation . . . . . . .. .. ... ... 61
4.2.1 Monge parametric representation . . . .. . ... ... L. 63
4.2.2 Superposed incremental deformations . . . . . . .. ... ... 66

4.3 Explanation on Inflammation from the Non-uniform Lipid Membrane

morphology . . . . . .. 67
4.3.1 A rectangular membrane patch subjected to lateral pressures . 68
4.3.2 Inflammations of circumferentially non-uniform membranes . . 76
4.3.3 Inflammations of radially non-uniform membranes . . . . . . . 81
4.4 Conclusion . . . . . . .. 85
References . . . . . . . . 87

5 A Lipid Membrane Morphology Subjected to Intra-membrane Vis-

cosity and Membrane Thickness Dilation 91
5.1 Introduction . . . . . . . .. ... 92
5.2  Energy Potential of Lipid Membrane . . . . .. ... ... ...... 94
5.3 Distension Induced Lipid Membrane Equilibria . . . . . . . . ... .. 96
5.4 Intra-membrane Viscosity . . . . . .. . .. ... ... .. 100
5.5 Boundary Conditions . . . . . . . . .. ... Lo 103
5.6 Monge Parametrization . . . . . . . ... ..o 104
5.7 Numerical Analysis and Discussion . . . . . .. ... ... .. .... 105

5.7.1 Coarse-grained MD simulation . . . . . .. ... ... ..... 106

5.7.2  Local inflammation of a rectangular membrane patch . . . . . 108

5.7.3 Membrane-protein interactions . . . . . . . .. ... ... ... 113

5.7.4 Effects of intra-membrane viscous flow and interaction forces

on lipid membrane . . . . . ... ... 119

5.7.5  Experimental comparison . . . . ... ... 120

5.8 Conclusion . . . . . . . ... 123
References . . . . . . . . . 125

6 The Mechanics of Elastomeric Sheet Reinforced with Bi-directional

Fiber Mesh under Lateral Pressure 129
6.1 Introduction . . . . . . . ... 130
6.2 Kinematics . . . . . . ... 134
6.3 Equilibrium . . .. ... 139



6.3.1 Variational formulation . . . . . . . .. ... ... 139

6.3.2 Euler equilibrium equation . . . . . . .. ..o 141

6.4 Model implementation and Boundary condition . . . .. .. ... .. 145
6.5 Results and Discussion . . . . . . . . ... ... ... .. 147
6.5.1 Matrix material deformation . . . . . . .. ... .. ... ... 148

6.5.2 Fiber meshwork deformation . . . . . . .. ... ... ... .. 152

6.5.3 Fiber-reinforced composite deformation . . . . . . . ... . .. 159

6.6 Conclusion . . . . . . . . . 164
References . . . . . . . . . 167

7 Conclusions and Future Work 173
7.1 Conclusions . . . . . . . . .. 173
7.2 Future Work . . . . . . .. 180
Bibliography 181

x1



List of Figures

1.1

1.2

1.3

2.1

3.1

3.2

3.3

3.4

3.5

3.6

Schematic of cell membrane structure [17], where the use of the image
was admitted by Encyclopaedia Britanica, Inc. (©2007. . . . . . . .. 2
The structure of a lipid molecule (phosphatidylcholine), where (a)
schematical structure, (b) formula structure, (c) space-filling model,
and (d) symbol representation. The kink resulting from the cis-double
bond is exaggerated for emphasis [20]. . . . . ... ... 3
The illustration of the flexible surface model (FSM) in explaining the
interaction between lipid membrane and protein [44]: (a) local bending
and compression, (b) flat profile, and (c) alternative of local bending

and compression in (a). . . . . ... Lo 5

Schematic of surface configurations: surface vectors to the specific tra-

jectories in referential (€2) and current configurations (w), respectively. 24

Transverse deflections of lipid membrane subjected to different o when:

Transverse deflections of circumferentially non-uniform membranes:
linear vs non-linear solutions. . . . . . . ... ... ... ... 44
(a) The assimilation of the echinocyte formation: when ¢+ = afcos(80)+
7], (b, ¢) the echinocyte formation of the cell membrane [41]. . . . . . 46
The assimilation of the off-centered non-uniform morphology: (a) when

¢+ A = a(cos(f) + ), (b) the off-centered non-uniform morphology of

red blood cell [35]. . . . . ... 46
Transverse deflections of lipid membrane subjected to different a: when
GHAN=a/To .« 48

Transverse deflections of radially non-uniform membrane: Linear VS

Non-linear solutions. . . . . . . . . . . .. 49

xil



3.7

3.8

3.9

3.10

4.1

4.2

4.3

4.4

4.5

4.6

(a) The image of discocyte-stomatocyte morphology in sequential stages
[45]; (b, ¢) The sequence of deformation mapping when ¢ + A = ar”
where a and n are adjusted to achieve the transitioning membrane
morphology. . . . . . ...
Deformation of combined radially and circumferentially non-uniform
membrane when ¢ + A = a(cos(0) + ) +ay/r. ...
(a) The off-centered deformation of lipid membrane characterized by
the potential of ¢(0,7) = «|cos(r — 1)#], in which r is treated as non-
dimensional coordinate with 7/R..;, in which R.,;, = 1 with the same
spacial configuration of r; (b) The scanning electron images of long-
stored RBCs [36]. . . . . . . . .
(a) The multiple peak deformation of lipid membrane characterized by
the function ¢(0,r) = —a cos(r) cos(6) cos(r —1) cos(f — ), where the
1 is treated as non-dimensional coordinate with 7/ R.;, where Re,; = 1
with the same spacial configuration of r; (b) The scanning electron mi-
croscope (SEM) image of cell membranes with different morphological

configurations of stomatocytosis and echinocytosis [37]. . . . . . . ..

Deformation contour of non-uniform lipid membrane subjected to uni-
form pressure P = 1: (a) double-peak morphology, (b) single-peak
morphology. . . . . . ..o
Transverse deflections of the lipid membrane with respect to different
awhen P=1. . . . .. .. .
Transverse deflections of uniform lipid membrane under increasing lat-
eral pressure P. . . . . . ..o
(a) The transverse deflection of circumferentially non-uniform lipid
membrane with respect to increasing lateral pressure P; (b) The trans-
verse deflection of circumferentially non-uniform lipid membrane with
respect to increasing . . . . . . . ... ..o
(a, b, d): The morphologies and cross-section image of the lecithin-
treated cell [36]; (c): The deformation of circumferentially non-uniform
membrane when 0(8) = cos(86) + 7. . . . .. ...
(a) The simulation result of the off-centered non-uniform morphology
when ¢ + A = cos(f) + 7; (b) The off-centered biconcave discoid mor-
phology of red blood cell [35]. . . . . ... ... ... ... ... ...

xiil

20

ol

51

52

73

74

5

79

80



4.7

4.8

4.9

5.1

5.2

5.3

5.4

5.5

5.6

5.7

5.8

5.9

(a) The transverse deflection of radially non-uniform lipid membrane
subjected to increasing lateral pressure P; (b) The transverse deflection
of radially non-uniform lipid membrane with respect to different a.

(a) The discocyte-stomatocyte morphology of red blood cell [44]; (b, c)

2

The deformation contour mappings with A(6%) + ¢(6%) = ar—2, where

83

the « is adjusted to obtain the transitioning morphology from (b) to (c). 84

The deformation contour achieved by superimposing the radial and cir-
cumferential non-uniform distribution potential when A(6%) + ¢(0*) =
acos(80) +m) +ar 2 L

Schematic view of the computational model: (a) 40nmx40nm lipid
membrane, (b) illustration of membrane-water system. . . . . .. ..
Formation of membrane morphology subjected to lateral pressure and
viscous flow: (a) continuum model results at t = 3.4s, (b) at t = 3.6s,
(c)att =3.8s,and (d)at t =4.0s. . . .. ... ... ... ... ...
Formation of membrane morphology subjected to lateral pressure and
viscous flow: (a) MD simulation results at t = 2.95ns, (b) t = 3.00ns,
(¢)t =3.05ns, and (d) t =3.10ns. . . . . .. ... ... ..
Membrane deformation subjected to lateral pressure and viscous flow:
(a) comparison between continuum model result at t = 4.0s and MD

simulation result at t = 2ns, (b) cross-section of MD simulation result

Membrane thickness distension subjected to lateral pressure and vis-
cous flow: (a) continuum model results (v =40) at t = 0s, (b) at t =
0.16s, (c) at t = 0.32s, and (d) at t =0.48s. . . . . . ... ... ...
Membrane thickness distension subjected to lateral pressure and vis-
cous flow: (a) MD simulation results at t = 3.00ns, (b) at t = 3.02ns,
(c) at t = 3.04ns, and (d) at t =3.06ns. . . . ... ... ... ...
Formation of membrane morphology subjected to lateral pressure and
various viscosity at t = 4s: (a) v = 20, (b) v = 80, (c¢) v = 140, (d) v
=200. ..
Thickness distension of lipid membrane subjected to lateral pressure
and different viscosity at t = 4s: (a) v = 20, (b) v = 80, (¢) v = 140,

Formation of membrane morphology subjected to interaction force and
viscous flow: (a) continuum model results at t = 0.002s, (b) t = 0.003s,

(¢) t =0.004s, (d) t =0.005s. . . . . . ...

Xiv

109

116



5.10

5.11

5.12

5.13

5.14

5.15

5.16

5.17

5.18

6.1

6.2

Formation of membrane morphology subjected to interaction force and
viscous flow: (a) MD simulation results at t = 1.75ns, (b) at t = 1.85ns,
(c)att =1.95ms, (d) at t =2.05ns. . . . . . ... ...
Membrane morphological transition (diagonal cross-section) subjected
to lateral pressure and viscous flow: (a) comparison between continuum
model result at t=0.004s and MD simulation result at t = 2ns, (b)
cross-section of MD simulation result. . . . . . . ... ... ... ..
Membrane thickness distension subjected to interaction force and vis-
cous flow: (a) results of continuum model at t = Os and (b) at t =
0.001s. . . . .
Membrane thickness distension subjected to interaction force and vis-
cous flow: (a) MD simulation results at t = 0.2ns, (b) at t = 2.05ns. .
Membrane thickness distribution subjected to interaction force and
viscous flow: (a) continuum model result at t = 4s, (b) MD simulation
result at t = 1.Ins. . . . . . Lo
Experimental results of lipid membrane morphology transition: (a)
fluorescence microscopy images of the membrane subjected to the in-
creasing pH values, (b) quantitative results of membrane deformation
in (a); black, t = 0s; red, t = 0.8s; blue, t=1.2s; green, t=2.8s [39]. . .

Continuum modeling results of membrane inflammation at different
time steps. . . . . . L.
Comparision between simulation result and experimental result: (a)

continuum modeling result of membrane inflammation subject to vis-
cous flow at t = 4s, (b) scanning electron microscope (SEM) images of
long-stored red blood cells [33]. . . . ... ... ... ... .. ...
Comparision between simulation result and experimental result: (a)
simulation result of substrate interaction subjected to viscous flow at
t = 0.005s, (b) electron-tomographic slice of Hela cells, in which the
highly curved pore-membrane deformation is induced as the NPCs are
inserted into the nuclear envelope. ONM, outer nuclear membrane;

INM, inner nuclear membrane [40]. . . . . ... ... ... ... ...

Schematic of surface configurations: surface vectors to the specific tra-

jectories in referential (€2) and current configurations (w), respectively.

Schematic of fiber kinematics: unit tangents to the trajectories of the
fibers in reference (L and M) and current configurations(l and m), and

geodesic curvature (g, and g,) between two adjacent fibers. . . . . . .

XV

117

118

118

119

120

121

122

122

123

135



6.3

6.4

6.5

6.6

6.7

6.8

6.9

6.10

6.11

6.12

6.13

The illustration of boundary conditions: fixed boundaries 0B and lat-
eral pressure P applied on the domain B. . . . . . . .. ... .. ... 146
Coordinate expression in initial and current configurations: X, X,
X3 for initial configuration and x;, x2, x3 for current configuration
(X3 and y3 are normal to the X; — X5 and x; — x2 plane, respectively).147
Deformations of the fiber-reinforced composite subjected to xk = 1 Mpa,
E; = 2Mpa, C; = 3Mpa, T = 3Mpa, P = 1Mpa: (a) out-of-plane
deflection of the matrix material, (b) in-plane material displacement
vector field, (c) top view of (a). . . . . . . ... 149
Size/shape effects on the in-plane deformation of the matrix material
subjected to kK = 1Mpa, E; = 2Mpa, C; = 3Mpa, T = 3Mpa, P =
3Mpa: (a) 5x5 square, (b) 10x10 square, (¢) 10x5 rectangular. . . . 150
The material displacements of the matrix subjected to increasing lat-
eral pressures: (a) P/C; = 1/3 (3D view), (b) P/C; = 1/3, (c)
P/C;=1,(d) P/C; =5/3, (e) P/C; =7/3, (f) P/C;=3. . . .. ... 151
Green-Lagrange strain distribution of the matrix material over the do-
main (k = 1Mpa, E; = 2Mpa, C; = 3Mpa, T = 3Mpa, P = 1Mpa):
(@) er, (b) o« v v oo 153
The illustration of fiber unit deformation determines the overall fiber
deformation: (a) The mechanism of the elongated L determines the
elongation of a single fiber; (b) The mechanism of the curved L deter-
mines the overall flexure of a single fiber. . . . . . ... .. ... ... 154
Distribution of deformed fiber unit over the domain (x = 1Mpa, E; =
2Mpa, C; = 3Mpa, T = 3Mpa, P = 12Mpa): (a) Deformed L; (b)
Deformed M. . . . . . . ... 154
Fiber extension under increasing lateral pressures: (a) The locations
of the sampled fibers; (b) The comparison of fiber extension. . . . . . 155
Distributions of unit fibers’ geodesic curvature g; and gy (k = 1Mpa,
E; = 2Mpa, C; = 3Mpa, T = 3Mpa, P = 3Mpa): (a) g1; (b) g2; (¢)

g1 and gy intersection; (d) The illustration of intersections between g;
Geometry comparison between the initial meshwork and deformed mesh-

work (k = 1Mpa, E; = 2Mpa, C; = 3Mpa, T'= 3Mpa, P = 3Mpa):
(a) deformed meshwork, (b) initial meshwork, (c) top view of (a). . . 157

XVl



6.14

6.15

6.16

6.17

6.18

6.19

Comparision of the meshwork deformation between proposed model
results and the out-of-plane deflection results in [57] (bidirectional
reinforcements case): (a) profile of meshwork (kx = 0.24Mpa, E; =
9.64Mpa, C; = 5Mpa, T = 1Mpa, P = 0.085Mpa.), (b) peaking
values of the out-of-plane deformation subjected to increasing lateral
pressures (k = 0.2dMpa, E; = 9.64Mpa, C; = 5Mpa, T = 1Mpa, P =
0.035 — 0.085Mpa). . . . . o oo
Experimental configuration on testing and measuring the woven fabric
deformation in [57]: (a) the sketch of the deformation tester (left) and
real tester (right), where the fabric edges are clamped by the bolts,
nuts and retaining plate. The plate has a hole of radius of 50mm to
expose the fabric to the air inside the cylinder container. Then, the
lateral pressure is induced by the vacuum pumper connected at the
cylinder container bottom and a pressure gauge is utilized to monitor
the lateral pressure. In addition, the O-type silicone seal is applied
to maintain the pressure. (b) the ruler and positioner for measuring
the fabric meshwork out-of-plane deformation, and more details can be
found in [B7]. . . . ..
Fiber-reinforced composite deformation (k = 1Mpa, E; = 2Mpa,
C; = 3Mpa, T = 3Mpa, P = 1Mpa): (a) side view of 3-dimensional
deformation, (b) top view of (a).. . . . . . ... ...
Damage pattern of FRCM specimens fabricated using different modes
of fabric application [58]: (a) DAg_go, (b) SAg_go, (¢) DAy where
D means direct, S presents sandwich, A for anchored, the subscript
number represents the angle of fiber orientation. The fabric is mounted
on the matrix/infill material with mechanical anchors in the vicinity
of the blue zone and fabric ruptures are marked by dash lines.

Experimental setting on testing the out-of-plane performance of FRCM
[58]: The left image is the side view of the right graph, in which the
motion of the shake table is used for inducing the out-of-plane load-
ing, and the side supports provide lateral supports for the specimen.
The FRCM specimens are further positioned and fixed with abutment

restraint slips and pre-tension cables near the boundaries, which align

with the proposed model’s boundary conditions in a clamped manner.

Green-Lagrange strain and meshwork deformation of fiber-reinforced
composite over the domain (k = 1Mpa, E; = 2Mpa, C; = 3Mpa,
T =3Mpa,P=1Mpa). . ... ...

162

163



6.20 Experimental configuration on shaping bamboo fabric-PLA composites
[61]: (a) the blank PLA composite is placed on the top surface of the
hemispherical female die surface to be reshaped by the male die, (b)
the male and female die are matching to form the dome-like bamboo
fabric-PLA composites, (c) the obtained dome-like bamboo fabric-PLA
composites with the enlarged grids in the hinterland and shrunk grids

in the vicinity of boundaries. . . . . . . . ... ...

Xviil



Chapter 1

Introduction

Hyperelastic models have drawn considerable research interest due to their extensive
applications in the aerospace industry [1], construction sector [2], as well as biological
tissue [3, 4]. Because of the highly non-linear strain-stiffness behavior of hyperelastic
materials (such as the well-known “J-shaped” stress-strain responses of biological tis-
sues [5]), they are highly deformable and can experience large deformation, notably
retaining their initial shape when external loadings are removed [1]. The contin-
uum models of hyperelastic material have been developed to describe the mechanics
of biological material and composite material, e.g. the typical continuum model of
lipid membrane is the well-known Canham-Helfrich model [6], and current research
focuses on establishing the variants of the Canham-Helfrich model [7-12] to under-
stand the cell functioning processes by investigating the mechanical response of lipid
membrane. Meanwhile, the hyperelasticity of polymeric materials, in general, is mod-
eled by computing the strain energy potential in terms of its invariants of strain [13].
Nevertheless, understanding and investigating the continuum model of hyperelastic
material can not be independent of studying the physical features of the hyperelastic
material, therefore, it is indispensable to focus on the hyperelastic material properties
before investigating the mechanics. Hence, the physical properties of the hyperelastic
materials will be introduced first, and then the studies of hyperelastic models will be

presented sequentially in the subsections.



1.1 Lipid Membrane

Every single cell is enclosed by the semipermeable lipid membranes which are mainly
composed of transversely opposed lipids (typically, phosphatidylcholine (POPC),
phosphatidylethanolamine (POPE), phosphatidylserine (POPS), sphingomyelin (PSM),
and cholesterol (CHL) [14-16]), peripheral and integral proteins (see, Figure 1.1) to

envelope a cell’s cytoplasm and maintain the shape of cell.

hydrophilic (polar) head of phospholipid

outer face i

hydrophobic (nonpolar)
: fatty acid tail of
_ phospholipid

integral (intrinsic)  peripheral (extrinsic)

inner face Srotis protein

Figure 1.1: Schematic of cell membrane structure [17], where the use of the image
was admitted by Encyclopaedia Britanica, Inc. (©)2007.

Lipids are amphiphilic molecules that feature hydrophobic fatty acid tails and hy-
drophilic lipid headgroups (see Figure 1.1 and Figure 1.2). Under the hydrophobic
effect, lipids assemble themselves into a lipid bilayer, arranging lipid molecules in a
back-to-back configuration when they are in an aqueous solution (see Figure 1.1).
Accordingly, the lipid membrane acts as a barrier, enclosing the cell cytoplasm and
organelles inside the cell, such as the endoplasmic reticulum, Golgi apparatus, and
mitochondria (for eukaryotic cell membranes) [18] and segregate internal cell con-
stituents from the external environment. In addition to its role as a barrier, the lipid
membrane is indispensable in assisting cell budding, tabulation, fission, and fusion.

Furthermore, the lipid membrane plays a crucial role in the membrane-trafficking sys-



tem, supporting processes such as the export and uptake of extracellular substances,
cellular interface remodeling, signaling, intracellular targeting, and the preservation
of internal compartmentalization. More importantly, it is observed that cell remod-
eling and functional processes are intricately correlated. For instance, the biconcave
disk shape of red blood cells (RBCs) is critical for cells to carry out their circulatory
function [19]. Hence, to understand the cell functioning process, it is necessary to

introduce the indicators that can impact the morphology of the lipid membrane.
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Figure 1.2: The structure of a lipid molecule (phosphatidylcholine), where (a)
schematical structure, (b) formula structure, (c) space-filling model, and (d) sym-
bol representation. The kink resulting from the cis-double bond is exaggerated for
emphasis [20].

1.1.1 Lipid membrane curvature

The membrane curvature plays a crucial role in regulating cellular function. For
instance, the highly folded membrane can significantly increase the capacity of the
mitochondrion and boost the aerobic respiration rate of cells [21]. It is observed

that the curvature of membranes not only affects the positioning of transmembrane



proteins [22] but also plays a critical role in recruiting numerous peripheral proteins
to organelles [23]. In addition, the bent thylakoid membranes are indispensable in
the formation of grana stacks in photosynthetic organisms [24]. To mediate various
cell functions such as endo- and exocytosis or various types of fusion and fission,
the associated reshaping and topology changes of membrane structures consistently
result in strongly bent membranes [25]. Further, the increase in curvature leads to
a softened membrane [26], significantly regulating their interaction with biological
systems, particularly in processes of tumor penetration and endocytosis by cells [27—
31]. In the pathogenesis view, neurodegeneration and aging-related diseases [32-
34] are believed to be negatively impacted by accumulated high levels of oxidative
stress, which are invoked due to the curvature alteration of the lipid membrane. In
particular, the study [35] investigates the permeability of a probing molecule (D289
dye, positively charged) on the bilayers of DOPG lipid vesicle, showing the increase
in curvature generation can reduce the bilayers’ permeability while a flatter bilayer
owns a higher permeability. The mechanism of membrane curvature generation can be
ascribed to various factors like the composition and asymmetry change of membrane,
insertion of protein, protein crowding, and the partition of deformed transmembrane

surface, etc [36].

1.1.2 Lipid membrane-protein interaction

Lipid membrane proteins are, in general, integrated into the lipid membrane and are
indispensable for cellular function. Lipid membrane protein interacts with intricate
networks that are integrated with other membrane-bound proteins and lipids, through
which a variety of physiological processes are implemented. One protein-interaction
form called membrane-bound form is believed to be induced by the peripheral mem-
brane binding processes [37]. The peripheral-membrane binding proteins such as
saposins can be involved in lipid degradation [38] while other saposin-like proteins

are capable of dimerizing in the presence of micelles and liposomes [39], or even in-



ducing liposome fusion [40, 41]. Besides its cellular function, the binding proteins
can be utilized to fabricate lipid nanoparticles for medical applications [42]. These
applications might be derived from the mechanism that when viruses invade new host
cells, viruses envelop themselves with lipid membranes which can facilitate their in-
vasion, and the mechanism might be ascribed to the membrane-protein interaction

can be selective in the assembly and budding of new virions [43]. From the aspect

Bending Expansion

()

Figure 1.3: The illustration of the flexible surface model (FSM) in explaining the
interaction between lipid membrane and protein [44]: (a) local bending and compres-
sion, (b) flat profile, and (c) alternative of local bending and compression in (a).

of mechanics, the study [44] has described the balance of curvature and hydrophobic
forces in the membrane-protein interaction using an elastic surface model to demon-
strate the relations between theory and experiment. It is found that both membrane-
bound proteins and integral proteins can change cellular membrane shape by altering
the membrane curvature when the membrane-protein interaction occurs (see, Figure
1.3). The mechanism indicates both membrane-bound protein and integral protein
are sensitive to the membrane curvature [45], which is particularly evidenced in cases
of mobile protein interaction [46]. Recent experiments have investigated the mechan-

ical equilibrium of curvature-related conformation by monitoring membrane lateral



tension, showing the shape of protein can modify the bending constant of membrane
and spontaneous curvature [22]. In there, the study interprets the interaction effects
as a function of curvature while the factors behind can be physical based or/and

chemical based [47].

1.1.3 Non-uniform morphology of lipid membrane and sur-
face dilatation

The non-uniform morphology of the lipid membrane can be induced by the charge dif-
ference between the upper and downward layers of the lipid membrane. The factors
affecting the non-uniform charge distribution include: electric potential externally
applied across the membrane, the various ionic compositions of bathing solutions for
lipid membranes, and changes in lipid membrane curvature [48]. In particular, the
lipid membrane curvature can regulate intricate cell membrane morphologies and is
considered an asymmetry-creating factor of the lipid membrane, because the alter-
ation of lipid membrane curvature can significantly lead to the asymmetry in lipid
distribution. It is even found that the favorable/unfavorable lipid—membrane-protein
interactions can induce the non-uniformly distributed components of lipid membrane
[49]. Additionally, the non-uniform and complex conformational transformations of
the cell membrane are, in general, involved in the membrane exo- and endocytosis
processes (e.g., invagination, vesicle fusion, and mitosis), which can be achieved by
shrinking/enlarging the surface area of cells. During this process, the surface area
can be compressed when lipid tubes are passively separated out of the membrane
plane, while the membrane surface can dilate by merging the adhered lipid vesicles
[50]. The adding and reducing of membrane surface can be considered as the passive
results due to the fact that lipid membranes are fragile in the transverse dimension
while maintaining their fluidity, consequently disabling cells from sustaining large
strains transversely. In the mechanical view, membrane surface dilatation is the re-

sult of the membrane passively /actively adjusting the surface area by controlling the



membrane’s surface tension within the complicated and coordinated work of vari-
ous proteins and components of the lipid-protein matrix system [51, 52]. Hence, the
non-uniform property and surface area regulation of the lipid membrane are critical
characteristics of the cell membrane in understanding the cell remodeling and cell

functioning processes.

1.1.4 Lipid membrane viscosity

It is believed that lipid membranes, at the molecular level, are two-dimensional fluid-
like materials because the connection between the lipid bilayer is non-covalent bonded
[53, 54]. Due to their fluidity and viscosity, the lipid membranes can spatially organize
and transport lipids, lipid patches, and trans-proteins [55]. In particular, the fluidity
and viscosity of lipid membranes allow cell membranes to perform reversible large
and complex deformations: Krogh [56] found the cells of vertebrate animals undergo
dramatic shape changes in the flow of cells within the microcirculation process. In
this process, cells are passively transported into various channels, where the cell mem-
branes are shrunk significantly when passing through apertures and large membrane
deformations occur. Nevertheless, the cells can mostly recover to their initial size
when the confined paths are eliminated. Regarding this, the lipid membrane under-
goes a dynamic and non-equilibrium reshaping process due to the frequent changes
of stress derived from viscous environments [57]. Hence, investigating the viscous ef-
fects on the lipid membrane is crucial in understanding the non-equilibrium shaping

process of the lipid membrane.

1.1.5 Lipid membrane inflammation

Cell inflammation is critical in both the physiology and pathology of humankind, and
can be invoked by cellular stress [58], pathogen [59], and microparticles from various
cellular origins [60]. In particular, cell inflammation can alter the deformability of

the cells by enhancing oxidative stress, resulting in abnormal RBC rheology [60]. It



is even found that inflammation occurs via diet, which accordingly triggers a mod-
ulation of plasma membrane domains [61]. Inflammation-associated diseases such
as cardiovascular disease [62], type 2 diabetes [63], and cancers [64], in general, can
be induced by chronic infection, obesity, intestinal disorders, psychological pressure,
etc., which consequently alternate the heterogeneity and morphology of cells [65]. In
particular, cells that have constant contact with blood (such as RBC, monocyte cells,
and endothelial cells) suffer a high risk of encountering inflammation and performing
abnormal morphology. For instance, erythroid-predominant hematopoiesis and sick-
led RBCs were found in humans who contracted fever, chills, and chest pain [66]. In
addition, RBCs with distinct morphological features were observed from the blood
samples of lung cancer patients [67]. Furthermore, dry eye disease (DED), induced
by desiccating stress, can alter the morphology and kinetics of conventional dendritic
cells (CDCs), i.e., CDCs become more spherical and more motile under DED [68].
In particular, the retinal ganglion cells’ morphology is predominantly featured with
a loss of thin spines during the suffering of Alzheimer’s disease [69]. More impor-
tantly, understanding the morphology transition of cell membranes induced by the
inflammation-related disease can assist in pathological diagnosis: to identify cancer
cells with a high capability to metastasize, the research [70] extracted morphological
features of cancer cells, which successfully predicts the cell migration and metastasis
with a high accuracy which is critical in determining the people’s death induced by
cancers. For the purpose of evaluating the differentiation potential of neural stem
cells in investigating neurological disorders, the study [71] proposes a computer-aided
morphology-based prediction method to determine the cells’ differentiation type and
differentiation rate. It is even found that the differentiation stage of human bone mar-
row stromal cells can be predicted via cell morphology [72]. Hence, it can be concluded

that the cell morphology is intricately coupled with inflammation and pathogens.



1.1.6 Lipid membrane thickness

Lipid membrane thickness is well recognized as the dimension between the two leaflets
of the lipid bilayer, i.e., the distance spanning from the hydrophobic tails of the lipid
molecules on each side of the bilayers. The lipid membrane thickness, if measured be-
tween the hydrophobic cores of the bilayer, is typically 3 to 5nm while the real bilayer
thickness depends on the length of the lipid chain and composition of the lipid bilayer
(73, 74]. The membrane thickness is critical in regulating permeability [75], protein-
lipid interactions [76], and can mediate self-assembly via interactions of proteins [77].
It is even believed that cell spreading and proliferation can be enhanced by manipu-
lating membrane thickness [78]. Membrane thickness is highly sensitive to changes in
the environment including temperature, osmolarity, salinity, and pH levels. In par-
ticular, the existence of osmotic pressure between the inner and exterior membrane
can induce thickness reduction of lipid membrane [79]. Additionally, temperature
and phase transition can significantly alter the lipid bilayer thickness [80]. Further,
the changes in membrane thickness, combined with membrane curvature transitions
are considered important modulators of the membrane protein function [81-83]. To
regulate of proteins of the lipid bilayer, the thickness differences are induced by the
bilayer-protein interaction, specifically occurring in the vicinity of membrane-proteins
[81, 84-86]. Notably, the changes in membrane thickness can mediate interactions of

protein, and then regulate the membrane self-assembly [77].

1.2 Elastomeric Materials

Elastomeric materials are rubber/rubber-like materials, they are a specialized group
of high polymers that are widely used in various mechanical fields such as aerospace,
construction, soft robotics, and tissue engineering because they are highly deformable
and can sustain heavy loadings [87]. The widespread use of elastomers necessitates the

development of continuum models to study the mechanics of elastomeric materials,



e.g., the continuum model was developed to describe the mechanical performance of
multinetwork elastomers (MNEs) due to its remarkable stiffness and fracture tough-
ness [88]; Liquid crystal elastomer is studied in the continuum modeling approach by
accounting for the interaction of polymer backbone and liquid crystal microstructure,
where it is observed that the stress-deformation response and the director rotation are
dependent on rate change, showing a good agreement to the results of the experimen-
tal approach [89]. In particular, the vast majority of research emphasizes establishing
strain energy models to demonstrate the mechanics of elastomers, which are framed
in work of hyperelasticity [90]. Most of these hyperelastic models are phenomenologi-
cally based, mathematically defined, and justified, where the associated experimental
parameters are determined via experimental approaches [91]. The models, in general,
present strain density potential in the form of the invariant of the Cauchy-Green
deformation tensor or gradient of deformation. The typical hyperelastic models in-
clude Saint Venant—Kirchhoff type, Neo-Hookean, and Mooney-Rivlin models for the
cases of incompressibility and their variants accounting for isotropy [92]. Though the
strain energy potential model can describe the strain-stress behavior within a contin-
uum context, the refinement work of the hyperelastic model continues to achieve a
comprehensive description of elastomer mechanics [93]. This includes compensating
discrepancies between theoretical results and experimental results when it comes to
describing below-intermediate or high stretch levels of elastomers. For instance, the
study [94] attributes this discrepancy to the lack of describing the swelling effects
on elastomers and refining the strain energy model by introducing the Flory-Erman
constrained on-chain model and the Arruda-Boyce non-Gaussian eight-chain model.
Contemporary research focuses on investigating the elastomers reinforced with engi-

neered filament materials to achieve high-performance fiber composite material [95].
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1.3 Objectives and Overview of Dissertation

In this thesis, we demonstrate the mechanics of hyperelastic material by investigating
the continuum models in describing lipid membrane and fiber-reinforced composite
mechanics. This includes investigating the non-uniform morphology of lipid mem-
branes subjected to interaction force and lateral pressures, elucidating the effects of
viscous flow on the surface dilatation of lipid membranes undergoing lipid-membrane
interaction force and lateral pressure, illustrating the mechanics of fiber-reinforced
composite by proposing a three-dimensional continuum model, where both the in-
plane and out-of-plane deformation, strain-loading relationship, fiber meshwork de-
formation are illustrated. To achieve accurate and reasonable mechanics descriptions
of hyperelastic materials, emphasis is placed on deriving rigorous and general equi-
librium shape equations to build the constitutive relations of mechanics while in-
corporating various factors such as non-uniformity, surface dilatation, viscosity, and
fiber kinematics. For this aim, the primary approach is to furnish the established
strain energy model by computing and introducing the non-uniform properties, vis-
cous effects, surface dilatation, and microstructure kinematics into the strain energy
and associated constitutive relations. It should be mentioned that we take the non-
uniform /uniform morphology short for the non-uniformity /uniformity throughout the
thesis, where the non-uniformity is in the sense of inhomogeneous properties, not the
concept of material non-uniformity /uniformity defined in the continuum mechanics
96].

In this regard, the non-uniformity of the lipid membrane is discussed by consid-
ering the strain energy of the lipid membrane is non-uniformly distributed and an
energy potential function based on surface coordinate is introduced into the Helfrich
classic model; To investigate the effects of viscous flow on membrane deformation
and surface dilation, the established strain energy potential is furnished by comput-

ing the gradient of surface distension and its product, and then the viscous stress on
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the membrane surface is introduced into the corresponding equilibrium equations of
the refined Helfrich classic model; As for the fiber-reinforced composite, the initial
work is to compute the kinematics of embedded fiber (like extension, flexure, and
twist), then, the emphasis is placed on configuring the corresponding strain energy
contributions to the Neo-Hookean type hyperelastic strain energy model.

Aiming at establishing equilibrium equations, the variational approach is utilized
to compute the variation of the refined strain energy potential, where the differential
geometry is employed to present constitutive relations on the hyperelastic material
surface. This involves computing the virtual displacement, surface metric, covariant
derivative, and contravariant derivative of material position on the surface, through
which the Euler-Lagrange equations are formulated and corresponding tangential and
normal shape equations are achieved. To demonstrate the proposed model, first, we
clarify the boundary conditions of the proposed model. Then, we implement the pro-
posed model by projecting the equilibrium equations onto the Cartesian coordinate
system where we obtain a system of partial differential equations (PDEs) with the as-
sociated boundary conditions presented explicitly. The PDEs are numerically solved
via COMOSOL, MATLAB, or custom-built finite element method (FEM) procedures,
and the obtained numerical results are compared with experimental results of current
literature to validate the proposed model. In order to investigate the ”"small deforma-
tion” of hyperelastic material, we linearize the non-linear shape equations, furnishing
a system of PDEs of Laplacian and Poisson’s type from which the corresponding
analytical solutions are obtained by employing the method of separating variables.

The theoretical results obtained from the proposed refined hyperelastic models re-
markably advanced understandings of hyperelastic material behavior: The uniform
morphology of lipid membrane subjected to substrate-interaction force and lateral
pressure induced by protein-membrane interaction and cellular inflammation, respec-
tively; The role of intra-surface viscous flow in affecting the lipid membrane surface

dilatation; The deformation of fiber-reinforced composite and its embedded meshwork
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deformation. In particular, the research regarding fiber-reinforced material unveiled
how the microstructure of fiber determines the overall mechanical performance of
fiber-reinforced material. The thesis provides insightful and reasonable evidence on
the physical behavior of lipid bilayer and fiber-reinforced composites, especially valu-
able for predicting cell membrane function implementation related to cell morphology
transition and designing high-performance fiber composite materials.

The thesis is organized as: Chapter 2 introduces mathematical preliminaries uti-
lized in expressing and deriving constitutive relations. This includes index notation,
surface configuration, differential geometry, the gradient of deformation on the hy-
perelastic material surface, and the targeted strain energy potentials in the following
chapters. Emphasis is placed on explaining the physical parameters of the strain en-
ergy model aims to develop the refined energy potentials. Chapter 3 and Chapter 4
examine the non-uniform morphologies of lipid membranes subjected to trans-protein
interaction and inflammation. In there, the substrate-interaction force is assumed
to be induced by protein-membrane interaction, and lateral pressure is induced by
local inflammation of the lipid membrane. The non-linear shape equations describ-
ing a non-uniform lipid membrane are obtained by discussing the lipid membrane
strain energy that is non-uniformly distributed. For the purpose of describing the
“small” deformation of the lipid membrane, we linearize the non-linear shape equa-
tion from which the corresponding analytical solutions are achieved. To demonstrate
the validity of the proposed mode, we invoked the experimental results in the cur-
rent literature for comparison with the numerical results and analytical results. The
comparisons show a good agreement in explaining cell morphogenesis, and it shows
that the non-linear solutions of substrate-interaction cases phenomenologically pre-
dict the off-centered biconcave morphology of lipid membranes and the multiple peak
morphology of abnormal cell membranes (burr cells), which are commonly observed
in uremia and chronic kidney disease. Evidently, the numerical and analytical results

of inflammation assimilate the off-centered biconcave discoid structures of red blood
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cells and the echinocyte formations of cell membranes induced by the incubation with
lecithin.

Chapter 5 characterized the effects of viscous flow on the surface distension of
the lipid membrane when the lipid membrane is undergoing substrate-interaction
force/lateral pressures. In there, continuum modeling and molecular dynamics (MD)
simulation are applied to reveal the surface distension of lipid membranes. Though
continuum modeling and MD simulation are distinct approaches, the continuum mod-
eling and MD simulation results prohibit a promising alignment in describing the per-
formance of lipid membrane surface dilatation. The results show that the intra-surface
viscous flow can locally induce surface compression and dilatation. Specifically, when
the viscous flow is flowing toward the lipid membrane domain, the surface area is
shrunk while the surface area of the lipid membrane is enlarged when the fluid is
flowing out of the domain. It is noteworthy that the substrate-interaction force and
bending effects of lateral pressure can both invoke the local area compression around
the boundaries of the lipid membrane.

The highlight of Chapter 6 locates on invoking the spirit of lipid membrane theory
(discussed in Chapters 3, 4, and 5) to investigate the mechanical performance of fiber-
reinforced composite subjected to out-of-plane loadings. Unlike most of the estab-
lished continuum models that focus on illustrating the in-plane deformations of fiber-
reinforced composite, the proposed model addressed the concurrent three-dimensional
deformation of the fiber-reinforced composite while maintaining the fiber kinematics
are rigorously configured on the fiber composite surface. In particular, the proposed
model reasonably and comprehensively explains the mechanism of the embedded fiber

pieces to determine the overall mechanical performance of fiber composites.
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Chapter 2

General Formulation and
Preliminaries

2.1 Differential Geometry

To investigate the mechanics of hyperelastic material subjected to out-of-plane load-
ings, it is necessary to establish a surface coordinate system to express material
positions in the referential and current configurations. The basic assumption is to
treat the sheet of hyperelastic material as a continuous elastic surface (see, for in-
stance, [1-3]). Within this postulation, we utilize the well-established relations from
the differential geometry [4] for the model derivations. Let us suppose that 2 repre-
sents the referential configuration of the domain and w for the evolving surface of the
domain (Figure 2.1), where the material positions, before and after deformation, are
respectively parameterized by the position vector X and r € R3, where r is defined
by the mapping r = r(6%).

Thus, the tangent vectors on the surface €2 and w involve the material position X

and r(6*) can be correspondingly computed as

Xaza—X and a, = Or (6 )

00« 06« (2.1)

The normal field n on the surface w is the local orientation of the current configuration
and is computed as n(0',6?) = 1e*Pa, x ag, where e*? = ¢’ /\/a refers to the

permutation tensor density with a = det(a,s), where e'* = ¢** =0 and e'? = —e* =
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Referential configuration @) Current configuration

Figure 2.1: Schematic of surface configurations: surface vectors to the specific trajec-
tories in referential (£2) and current configurations (w), respectively.

1, a,p is the surface metric of the current configuration and is positive-definite in
general (i.e. a > 0), given by
Qg = Aq * Ag. (22)

The positive definiteness of a metric a,p further suggests the existence of dual metric

a®? which is the inverse of the metric aqg (i.e. a'l = %2 ¢%? = 9 g = ¢!? = =2,

Hence, the dual basis of ag can be defined via the relation a* = a™? ag. These relations

furnish the well-known Gauss and Weingarten equations

aa,5=1 58, + baph; bag = aqp - 1 (Gauss) and (2.3)
bap = —n, - ag (Weingarten), (2.4)

with
A, = bopn and n, = —bagaﬁ = —bgaﬁ. (2.5)

In the above, the semi-colon denotes the surface covariant differentiation in the sense

of the Levi-Civita connection on a surface, the covariant derivative leads to

r;; = (r;),; — f’;r’E and a,5 = a,5 — FéﬁaA, (2.6)

)

where f’fj and F;\éﬁ represent the Christoffel symbols in the reference and current

configurations, respectively; the b,z are the coefficients of the second fundamental
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form and b? are the mixed components of the curvature. Lastly, the covariant cofactor

is defined by

~ap

b = ey, (2.7)

2.2 Canham—Helfrich Theory

The long history of developing the strain energy models of lipid bilayer dates back to
50 years ago when Canham was devising a model for explaining the biconcave profile
of red blood cells [5]. The model is described as a bending-energy density in terms
of the square of the mean curvature on the membrane surface. The proceeding work
of Helfrich further clarified that the strain energy density of a lipid bilayer surface is
dependent on the surface curvatures and their product [6]. These works jointly define

the strain energy density of lipid bilayer as
W(H,K) = k(H — Hy)* + kK, (2.8)

where k and k are bending rigidities, H, is spontaneous mean-curvature, H and
K are respectively the mean and Gaussian curvatures (H and K, in fact, are scalar
invariants that describe the shape of the lipid bilayer [7]). Using differential geometry

and expression of tensor, H and K are given by [4]
H=1a"b,s and K = 3PN, \bg,, (2.9)

where a,p is the surface metric and a® is the inverse of a,s. € = e*/\/a is the
permutation tensor with a = det(ans), where e'? = —e?' =1, e = €22 = 0. b*F are
the covariant components of the surface curvature tensor in the second fundamental

form.

2.3 Neo-Hookean Hyperelastic Model

The Neo-Hookean model is the hyperelastic material model which is utilized to present

the strain energy density of matrix material for fiber-reinforced composites in this dis-
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sertation. This model is one of the most typical and widely used hyperelastic material
models for predicting the strain-stress behavior of hyperelastic materials [8]. Similar
to Hooke’s law, such type of material performs a linear stress-strain relationship when
subjected to small deformations, while it shows a non-linear strain-stress trend for
significant deformation conditions. The incompressible and compressible types of the

Neo-Hookean model are respectively
W(l) = p(l —3) (2.10)

and

W(I,J) = pu(l, —3—2InJ) +n(J — 1) (2.11)

where p and 7 are material constants, [y is the first principal invariant of the right

Cauchy—Green tensor, i.e.,

I, = tr(FTF), (2.12)
in which, F is the deformation gradient defined as

:81'(90‘) _or(9*) _ 00"

F==x =~ a0 ®ax

—a,®X* (2.13)

on the deformed hyperelastic material surface (see, Figure 2.1), where X are bases
of the initial configuration. Using F, the surface distension J of hyperelastic material

is expressed with

J = det(F), (2.14)

and the hyperelastic material is incompressible for J = 1.

2.4 Notation

Throughout the thesis, the transpose, inverse, cofactor, and trace of tensor A are
expressed using standard notations AT, A=!, A* and tr(A), respectively. The calcu-
lation of tensor is implemented by utilizing symbol ®, and the inner product between

tensors A and B is denoted as A - B = tr(AB”). |A| is the determinant of tensor
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A. For the index of tensor components, Latin symbols index {1, 2, 3}, Greek indices
take the values in {1,2}, and when they are repeated, they are summed over their
ranges. Lastly, (*)a denotes the derivative of “x” with respect to a coordinate 6 and
Wy stands for the derivatives of a scalar-valued function W (K) with respect to the
parameter K. The same prescription is applied when taking the partial derivative of
a scalar-valued function F to tensor A, which is presented using the subscript form
Fa = 0F/OA. The explained differential geometry equations will be applied directly

in the formulation process for the sake of brevity.
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Chapter 3

An Analysis of Lipid Membrane
Morphology in the Presence of
Coordinate Dependent
Non-uniformity

In this Chapter, a model for the mechanics of lipid membranes with non-uniform
(coordinate-dependent) properties is discussed. The coordinate-dependent responses of
the lipid membranes are investigated via the augmented non-uniform energy function,
and the associated material parameters are dependent explicitly on the surface coordi-
nates. To demonstrate the mechanics of lipid membranes, the normal and tangential
Euler equilibrium equations are formulated, through which the coordinate-dependent
responses of membranes are characterized. Additionally, the admissible boundary con-
ditions are invoked from the existing literature describing the corresponding non-linear
model, yet the boundary conditions are reformulated and adapted to the present frame-
work. Within the prescription of superposed incremental deformations, a compatible
linearized model is formulated where a complete analytical solution is obtained to
describe the non-uniform responses of the membrane subjected to protein-membrane

nteractions.
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3.1 Introduction

The study of the morphological responses of lipid membranes has been the subject
of intense research that has significantly enhanced our understanding of a wide range
of essential cellular functions such as fusion, budding and vesicular transport [1-3].
Since the lipid membranes are quite fragile and extremely thin (typically 3 to 5nm),
the analyses of the various mechanical properties of lipid membranes are, most often,
achieved via the use of an artificial “model”. This includes the development of con-
tinuum models describing the mechanics of the membranes which is also in a period
of intense study (see, for example, [4-7]). Lipid bilayers are complex assemblies of
lipid molecules (typically, phospholipids) that are characterized by hydrophilic head
groups and hydrophobic tails. Driven by the hydrophobic effect, these molecules
arrange themselves into a two-layer sheet (lipid bilayer) with reverse molecule orien-
tations for each layer, providing a selective permeability barrier for single cells [6-9].
Therefore, a lipid bilayer can be regarded as a closed membrane, much like a thin
film sandwich structure where a fluid-like substance is present between the two films.
Within this context, the development of theoretical prediction models for the me-
chanics of lipid membranes are facilitated by the differential geometry of a surface
and the bending energy of a lipid membrane can be expressed by the function of
mean and Gaussian curvature on a membrane surface [10, 11]. Under the principle of
free energy minima, the energy potential regarding the Helfrich type is proposed by
accommodating the bilayer symmetry [12], from which a system of “membrane shape
equation” is formulated. Such type of model has been successfully implemented in
a wide range of membrane problems, including budding formations [13, 14], protein-
membrane interactions [5, 15, 16], and spontaneous curvatures [17, 18].

Recent efforts highlighted refining the lipid membrane’s energy potential and the
associated mathematical framework to obtain more comprehensive and accurate mod-

els for the descriptions of lipid membranes. The authors in [19] developed the general
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non-linear model of membranes which incorporates the effects of intra-membrane vis-
cosity on membrane surfaces [20, 21] and predicted the deformations of membranes
subjected to uniformly distributed pressures. Within this prescription, a compatible
linear model was formulated in [22] and solved within the prescription of superposed
incremental deformations. In there, the authors obtained a complete analytical solu-
tion that describes the deformations of lipid membranes subjected to intra-membrane
viscous flow and protein-membrane interactions. Furthermore, the tilt and distension
of lipid membranes were discussed in [23] where the author established a constitu-
tive framework that incorporates the tilt and distention-involved responses of mem-
branes. The model is further adopted in the studies of variable tilt [24] and thickness
distension (without tilt) [25] of the membranes. To this end, the author in [6] devel-
oped a series of comprehensive models (including the shape equations and admissible
boundary conditions) for the mechanics of lipid membranes which accommodates tilt,
distension, diffusion, and viscous flow from the theory of the three-dimensional liquid
crystal [26-28].

Most of the aforementioned studies presume uniform properties throughout the
membrane (i.e. coordinate independent) to obtain mathematically tractable systems
and analyses. Nevertheless, in general, the responses of membranes are coordinate-
dependent due to the complex nature of membrane systems and processes such as
diffusion and non-uniform protein distributions [29]. For instance, the drug-induced
protein diffusion may be considered as an energy dissipating process [30] and therefore
may further induce non-uniformity in the membranes. In addition, phase separations
and /or local enrichments of particular lipid species arising in membrane-protein inter-
actions [31], may be considered as a source of non-uniformity. Furthermore, protein-
induced deformations may give rise to the potential of non-uniformity. For example,
BIN-amphiphysin-Rvs (BAR) proteins behave like scaffold-like structures, acting as
a local tension field, which may be viewed as non-uniformity [32].

A class of problems pertaining to the non-uniform properties of lipid membranes
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were discussed in [4] and [20] where the non-uniformity was accommodated via the
coordinate-dependent energy function of membranes. Further, authors in [17] and [29]
investigated the non-uniform properties of membranes induced by the surface diffusion
and possible non-uniform protein distributions, where the non-uniform spontaneous
curvature of the membranes was predicted. However, the deformation analysis of
membranes accounting for explicit coordinate-dependent non-uniformity, particularly
those arising in the membrane shape equation, remains lacking in the literature.

In the present work, we study the continuum model regarding the Helfrich type
that describes the non-uniform properties of lipid membranes subjected to protein-
membrane interactions and lateral pressures. The non-uniformity of the membrane is
incorporated via the introduction of non-uniform energy distribution functions which
are explicitly dependent on the surface coordinates. Then, the corresponding normal
and tangential Euler equilibrium equations are derived through which the coordinate-
dependent responses of membranes are characterized. To demonstrate the physical
performance of lipid membranes, the admissible set of boundary conditions is invoked
from the work of [5] and is reformulated in the present context to accommodate the
continuum model of non-uniform membranes. Within the prescription of superposed
incremental deformations [33, 34], the shape equations of linear type are developed
and solved analytically for the purpose of describing the non-uniform responses of the
membrane undergoing protein-membrane interactions. The formulation of the linear
tangential and normal Euler equations shows that the terms associated with the ma-
terial parameters (coordinate-dependent) vanish in case of small deformations. The
analytical and numerical results suggest that the non-uniform responses of membranes
are intrinsically limited to the augmented energy potential which is explicitly depen-
dent on the surface coordinates. To demonstrate the model, both circumferentially
and radially non-uniform energy distribution functions are considered to assimilate
the potential non-uniformity of the lipid membrane, and the resulting deformation

fields demonstrate clear signs of coordinate dependency. Furthermore, the solutions
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obtained from the proposed linear model demonstrate reasonable agreement with
those obtained from the non-linear analysis for the small deformation regime. In
particular, we have shown that the principle of superposition from linear elasticity
remains valid for the present application. It is noteworthy that the analytical re-
sults in the case of combined radially and circumferentially non-uniform membranes
can be directly obtained via the summation of the analytical solutions obtained re-
spectively from the circumferentially and radially non-uniform cases. The numerical
solutions of non-linear cases are also obtained for comparisons with those from the lin-
ear analysis and demonstrations of the more general coordinate-dependent responses
of membranes. Particularly, the non-linear solutions phenomenologically predict the
off-centered biconcave morphology of lipid membranes [35, 36] and the multiple peak
formations of abnormal cell membranes (burr cell), which are commonly observed in
uremia and chronic kidney disease [37, 38]. Lastly, the presented solutions demon-

strate the model’s capability and generality of recovering to the uniform membranes

as described in [5] and [22].

3.2 Non-uniform Membrane Shape Equation
The membrane shape equations are given by [5]
1 ~Ba
AGWa) + (Wi)gad © + Wy (2H? — K) + 2KHWy, — 2H(W +\) =P (3.1)

and

ow
Ao = ~5ga On W (3.2)

where the A means the surface Laplacian, P presents lateral pressure, and A is the
Lagrange multiplier determining the intrinsic property of the lipid membrane. Eq.
(3.2) indicates the derivative to A is the negative of the partial derivative of strain
energy density on the surface coordinate #¢. If the membrane energy potential W does

not depend explicitly on the coordinates (i.e., membranes with uniformly distributed
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strain energy), the Eq. (3.2) yields [17]
A = constant, " A, =0, (3.3)

and the values of A may be configured via the intrinsic properties of lipid membrane

(see, for example, [16]). In the case of a non-uniform membrane, it is found that [5]

ow

Ao = ==
T e

£0. (3.4)

Eq. (3.4) presents the explicit coordinate dependence of the strain energy function
W which arises from the possible non-uniformity of the membrane. Hence, to accom-
modate a particular state of non-uniformity, A must be determined by solving the
relevant Euler equations, i.e., two tangential equations in the respective direction of
the coordinate (Eq.(3.4)) and the membrane normal shape equation (Eq. (3.1)). In
the present study, we assimilate non-uniform responses of membranes by proposing

the modified Helfrich energy potential
W(H, K;0%) = ¢(0%) + a(0*)H? + B(6*) K. (3.5)
It is noted that the uniform membrane case (i.e. W = kH?+kK [12]) can be retrieved
from Eq. (3.5) by setting ¢(6%) = 0, a(6*) = k and B(6%) = k. In view of Eq. (3.5),
we evaluate
WH = 20&(9‘1)]{, WK = B(Qa), (36)
therefore, the furnished normal shape equation is obtained from Eq. (3.1)
A(a(0)H) + (ﬂ(@a));gai)ﬁa +2a(0*)H(H? — K) — 2H(¢(0%) + \) = P. (3.7)

In the above, since 5(0*) is a scalar-valued function, (5(6%)).s, can be evaluated as

B0%)ipa = (B(0%) 8):a = B(0%) 50 — B(0) AT 50 (3:8)
and 5™ is the contravariant cofactor defined in Chapter 2 (Eq. (2.7)). Further, from

Eq. (3.5), we compute

ow
VV,a - WHH,oz + WKK,a + _|e;rpl

00
ow
= 20[(9CX)HH704 + ﬂ(ea)K,a + %|ewplu (39)
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where 0W/00* is the explicit coordinate derivatives of W computed as

oW 00(0%) _Da(0%) ,,  DB(6%)
965 =~ g T g Lt gpe

K. (3.10)

Thus, the associated Euler equilibrium equations are found to be

oW 96(0%)  0a(8) . . DB(6°)
20— op oo T er

A =— K] (3.11)

and

oW 06(0°) | 0a(6%) .,  DB(6%)
96 = g T g Tt g

where ¢(6%), 5(6%) and v(0*) can be chosen to achieve particular types of non-uniform

Ao =— K], (3.12)

distributions.

It is noteworthy that the proposed energy density function Eq. (3.5), can be di-
rectly used in conjunction with the existing results (Egs. (3.1)-(3.2)) to yield the
associated Euler equations (i.e. Egs. (3.7), (3.11) and (3.12)) without further mod-
ifications (see, Remark 1 below). The analogous cases regarding the refinement of
the energy density function W results in non-standard forms of the shape equation
have been discussed in [4], [17], and [29].

Remark 1. Since the coordinate derivatives of W appear only on the tangential
variations, the introduction of the non-uniform energy function which depends on the
surface coordinates 6% (e.g ¢(6%), a(0*), etc...), has no effects on the structure of
the shape equation (Eq. (3.1)). To see this, we consider the virtual displacement of
the equilibrium position field r(6*) evaluated at the particular configuration of the
surface (for instance, e = 0) as

or(0%;¢)

u(6?) = Oe

I (3.13)
The decompositions of u(6) onto the tangential and normal directions then yield
u(0%)=ua, + w(0*)n, (3.14)

where u® = r-a® and w = 1-n are respectively the tangential and normal components

of displacement u. Now, the variations of the energy function W are evaluated using
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the chain rule

_OW AW 99r g AW dn(9°) Or _ Woa® - utsWon-w  (3.15)

W= = or oc Tanm) or e

Substituting Eq. (3.14) into Eq. (3.15) and using a® - n = a, - n = 0, we find
W =W u® 4+ Wyw, (3.16)

where W, includes the explicit coordinate derivative OW/ 96° (see, Eq. (3.9) and

Eq. (3.10)). Further, the associated Euler equations are given by (see, [5] and [25])
W Wi H o+ WiEK o — (Wa + Aa)] =0 (3.17)

and

w[A(%WH) + (WK);BQB/B“ +Wy(2H? = K)+2KHWy —2H(W + )] = wP, (3.18)

where W, and A, are expressed in Egs. (3.9)-(3.11), and caution needs to be
taken that W, should not be confused with 0W/06* unlike other terms (e.g., H, =
OH/00%, etc...), since, in general, W' is explicitly dependent on the surface coordinate
6 (i.e., W, # 0OW/06*). Lastly, by invoking Eq. (3.9), Eq. (3.17) is reduced to

ow

Ag = ——.
’ a6

(3.19)

Therefore, it is evident from Eqgs. (3.18)-(3.19) that the resulting Euler equations
remain intact despite the presence of the non-uniform distributions of ¢(6%), a/(0)

and £(6%).

3.2.1 Formulations under Monge parametric representation

Using the Monge representation, the parametric position vector can be expressed as
r(6%) = 0(0%) + z(69)k, (3.20)

where (0*) is the surface coordinates of a plane w, and k is the unit normal on w.

Hence, the out-of-plane deformation of the membrane is determined by the single
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function z(#*). In the axisymmetric Polar coordinates, Eq. (3.20) becomes
r=re,(0)+ z(r,0)k, e, (6) = cosfe; + sinbe,. (3.21)

The substitution of Eq. (3.21) into surface tangent a,, surface metric a,g and its

determinant a yields

ar =e, +2,k, ay =re, + 24k, (3.22)
ayp =a;-a; =1+ zi, ago = 12 + z?@, Q19 = 2,29 = o1, (3.23)

and
a = det(aag) = r*(1 + 22) + 25, (3.24)

which are respectively, the surface tangents, the surface metric, and the determinant

of surface metric. Similarly, the contravariant dual basis and corresponding metric

components ('l = %2 ¢?2 = 21 2l — 12 = =912) can be computed as
a’ a’ a
1 11 12 Lo, o 2
a = a a+taay=-[(r'+zye —rz,zge9+r-z,kl,
a b
2 1 2
a’ = —[-rz,zge, +r(l1+27)ey + z4k|, and (3.25)
a/ b
2, .2 2
425 1+2 2rZ0
Q= L - rogle g o _Er%e (3.26)
a a a

Further, from Eqs. (3.22)-(3.26), the resulting surface normal and the curvature

tensor are defined by

al x a? 1
n— = —
Va Va

Thus, the complete expression of b, under the axisymmetric Polar coordinate is ob-

(—zpep —r2,€, +1k), b =b,pa” ® a’: bap =g -n.  (3.27)

tained as
b = %[(7’2 + 25)e, —rz,z9e0 + 720K @ (P + 25)e, — 12,2 0e9 + 1720K] +
el e — 72K @ 1z, 20+ (14 2 )eg + 20K] +
e 7+ Za)er 12zl + 17z rzpzger + (1 + 20)eg + 29
TZro — 20

W[_mﬂr'zﬁer +r(1+ zi)eg + 2 k] ® [(r? + Z?@)er —rz,z0€0 + T2Z?Tk] +
22, — T2
a’y/a

[—rz,z0e, +1(1+ z?r)eg + z k],

[—rz,z0e0 +7(1 4 22)ep + 2,0k] ® (3.28)
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where the coefficients of the second fundamental form b,3 can be formulated using
Egs. (3.22), (3.25), (3.27) and (3.26), for example,
1 d(e.(0 ~(r, )k
biu=mn-ay; = —=rz,; a, = (e:(9) —BZ’ (r.6)k)
,

Vva

and the computations are likewise for bgs, bio and bo;.

= 2.k, (3.29)

Lastly, from Egs. (2.9) (in Chapter 2) and (3.26)-(3.28), we find the following

expressions for the mean and Gaussian curvature

3

2 2.3 2 2 2
= 537 (122 e 172 1720 12,0 20 — 272092020+ 172,09 + 12,002, +22,2] (3.30)
and
3 2 2.2 2
K = —2[7“ ZoZgr T 2200 — T 200 + 27209 — 2] (3.31)

a

In the implementation of the Monge parameterization, Eq. (3.7) can be reformu-
lated by using the results in Eqgs. (3.22)-(3.31). The corresponding formulations are
relatively straightforward and hence omitted for the sake of simplicity.

Our intention is to assimilate the protein-membrane interactions within the pres-
ence of non-uniform energy distributions. For this purpose, the following interaction
boundary conditions are adopted from the work of [5]

F,cosy + F,siny—Mn - (Vyy—Bn) =0, F.—M7-(Vyy—Bn) =0, (3.32)
/ 1 ~a
By =WHA=r,M, Fr=—1M, Fy= (W) = (GWa)u— (W) 5" va, (333)

where F;, M are respectively the forces in ¢ directions and bending moment on the
boundary. Also, B, 7-v-n and ~ are, respectively, the curvature tensor of the in-
teracting boundary, the associated normal-tangential coordinates and the interaction
angle. In the present case, the protein-membrane interaction can be considered as

the non-uniform membrane interacting with the cylinder owning radius R, we find
B =— R 'ey®ey and v = /2. (3.34)
Accordingly, Eq. (3.32) reduces to
F,=0and F., =0 (" cosy=0, Vpy=0, and n-ep =0) (3.35)
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on the interacting boundary I'. Further, in view of Egs. (3.6) and (3.32)1, Eq. (3.33)3
yields

Fu = [r(9)8(6°)) — [0(0) ], — [8(6°)].4b" 00 = o, (3.36)
where [7(s)5(0%)]" is the arc-length derivative of 7(s)5(6*) which can be evaluated as

or or 00° s

) = 5 = ewas = 230
= (1)0437'&1),3)777'7 = (bo‘ﬂTﬂaoégvaaoég)777’7
and
B6%) = [B(6%)] 57" (3.38)

The above expressions are then rewritten using the Monge representation for further

analysis. For example, we have

[ 1
VL (20)7] + (20)?

and similar treatments for other implicit terms.

(0P 7P a0pv%aag) 4,77 = (rzs0 = 20)(2,20)°] 0, (3.39)

Detailed derivations and phenomenological implications of these boundary forces
are available in [5] and [6]. The interaction boundary conditions (i.e. Egs. (3.35)-
(3.36)), together with Eqgs. (3.7), (3.12) solve the deformation of the non-uniform
membrane subjected to protein-membrane interactions. In the model implementa-
tion, we employed commercial packages (e.g., Matlab, Comsol, etc...) to solve the
obtained partial differential equations (PDEs), and the corresponding results are pre-

sented in the later sections.

3.2.2 Linear model for non-uniform membranes

The formulation of the non-uniform equilibrium equations (i.e., Egs. (3.7), (3.12)) in
terms of Eqs. (3.25)-(3.31) yields a highly nonlinear PDE system which often requires
considerable computational resources. Alternatively, the “admissible linearization”

may be considered through which one could obtain mathematically tractable systems
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and, more importantly, analytical expressions of solutions with minimal loss of gen-
erality. The concept has been widely and successfully implemented in the relevant
subject of studies (see, for example, [5], [7] and [15]). Within this setting, the deriva-
tive of z(6*) of all orders are considered to be “small” (i.e., z, < 1) and thus, their

products can be neglected. Accordingly, using the notation “~” to identify equations

to the leading order approximation of z(6%), we find

1, aso =212, a1p =asn =20, a = det |aas| = r?,

2

a11

I

1
22 ~ 12 21 ~ 1 1 2 _ 1l _ 2 _

S

1
2 2 1 1 2
'y = I3, =—, I'yy=—rn=k-V,z, a Ze, +2,k, a” = € + T_Qk’ and

TZro — 20

rZ,+ 2
b = z2,(e,®e,)+ #[(er ®eg) + (€9 ®e,)] + —L -2

o (eo @ eo)

= V22

p

(3.40)

where the subscript (x), denotes the projected counterparts of (x) on the coordinate
plane w,, V2z is the second-order gradient of z and A,z = tr(V2z) is the correspond-
ing Laplacian, respectively.

Thus, applying the results in Eq. (3.40), the mean and Gaussian curvatures (Egs.
(3.30), (3.31)) can be approximated as

—_

1 1 1
H~ [z, + e + —299] —Apz and K ~ 0. (3.41)

(\V]

In addition, from Eq. (3.41), we reduce Eqgs. (3.11)-(3.12) to

A= (=20 (0) = ~[6(0°)], (3.42)
and
No = (=2, 0) = [0, (3.43)

which serve as the linearized Euler equilibrium equations in the tangential directions
of the coordinate system.
Remark 2. It is evident from Egs. (3.11), (3.12), (3.42) and (3.43) that the

terms associated with o(6%) and £(0*) identically vanish after admissible linearization
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regardless of the types of the distribution function «(6*) and 5(6*). For instance,

da(0%) > 0p(0%)
20" H* ~ 0 and 20"

K~0, ~H*~0and K ~0. (3.44)

This alternatively means the non-uniform potentials of «(6%) and £(6*) do not neces-
sarily result in non-uniform responses of membranes via tangential equilibrium equa-
tions (see, Eqgs. (3.42)-(3.43). This further implies that, within the setting of su-
perposed incremental deformations, the descriptions of non-uniform membranes are
intrinsically determined by introducing a non-uniform distribution function ¢(6%),
while maintaining a(6%) and B(6%) as constants (i.e., a(0%) = k and B(0%) = k).
Based on the Remark 2, the following compact form of the membrane energy
potential may be proposed to accommodate the non-uniform responses of membranes,
yielding
W(H,K;0%) = kH* + kK + ¢(0%), (3.45)

where ¢(0%) characterizes the particular states of non-uniformity. Therefore, Egs.

(3.7) can be approximated in accordance with Eq. (3.45) as
EAH —2H[p(0%) + ] = P, (3.46)

which may serve as the compatible form of the shape equation for non-uniform mem-

branes within the linear description.

3.2.3 Example 1: Circumferentially non-uniform membranes

We consider the following form of the non-uniformity function
d(0) + \(0) = a[f(cos(nd))]* n=1, 2, 3..., (3.47)

where « defines the rigidity of the membrane and n controls the degrees of non-

uniformity in the circumferential direction of . Thereby, Eq. (3.47) yields

0
Ao =—¢p+ 204% and A\, = ¢, = 0 for the tangential equations, (3.48)
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so that the membrane is radially uniform (A, = 0) but circumferentially non-uniform

(Mg # 0). Now, combining Eqgs. (3.46)-(3.47), we find

1 1 208"
Hpp - Hy H,GQ—O‘TH_O (3.49)

where we set P = 0 from the bilayer symmetry (see, [5]). The solution of Eq. (3.49)
may take the following form
=Y R(r,0)(Cysin(mb) + D, cos(m)). (3.50)
m=0
In the above, the expression of R(r,6) can be obtained via the standard separation

of variables (i.e. 0(0)9/0(0) = —m?) as

R(r,0) = Am[m(\/%ré) + Bme(\/%ré), (3.51)

where [, and K, are, respectively, the first and second kind of modified Bessel
functions. Since the surface evolution of membranes diminishes as it approaches the

boundary, Egs (3.50)-(3.51) may be further reduced to

H(r,0) = i K, \/:ré (A, sin(m@) + B,, cos(m#)). (3.52)

m=0

By combining Eqgs. (3.41) and (3.52), and we obtain

° - 1 1 1
ZKm @/—7‘0 )[A,, cos(mb) + By, sin(md)] = Q(er+ —Zy + —72,00)- (3.53)

=0
The solution of the above PDEs can be sought in a similar form to that in Eq. (3.50)

= Z S(r,0)(Cy, sin(mb) + D,, cos(mb)). (3.54)

m=0

Further, the substitution of Eq. (3.54) into Eq. (3.53) yields

= /2a - A cos(mb) + By, sin(m#) 1 m?
2K rf = 0 - 0),—— 0
Z m ) Cy, cos(mB) + Dy, sin(md) St )’TT+TS(T’ )i 72 5(r,9),

(3.55)
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where m is the separation variable. Thus, we obtain the following expression

00 r sinh(0.35log &)1 Km (1/224,0)
z(r,0) = Z — A, cosh(0.35 log 7“)/ m dé +
1,3 1

5 a

m=

r cosh(0.35log §3) o Km ( 27“529)
B,,, sinh(0.35log r) / d&y] * (3.56)

m
a 4

[Crn, Sin(%Q) + Dy, COS(%Q)],

where a is the radius of the interaction boundary. The unknown coefficients (i.e., 4,,,
By, Cp, and D,,) can be completely determined by imposing the admissible boundary
conditions (see, [5]):

Vz(a) =0 and H,(a) = o/k. (3.57)

To accommodate the superimposed form of solution (Eq. (3.56)), we expand the

applied interaction force in terms of Fourier series as

o > 10 m7r > 10 mm
i & - —). 3.58
’ m:1235 — sin( )+ p 125 — cos( 1 ) ( )

Therefore, the unknowns A,, and B,,, can be determined from Eqgs. (3.52), (3.57)
and (3.58) that

10 10
Ay = and B,, = (-1)"1)

mrKm(\/2ab), mﬂK%(,/%ae),r‘

In the assimilation, we adopt the flexural modulus of the membrane as k = 82pN -nm

(3.59)

based on the results in [39] and [40]. The value of A is dependent on the settings of
the membrane systems and does not have a definite range of values. The commonly
used value is A o« 107*pN/nm (see, for example, [13], [22] and [25]). Also, the
corresponding data are obtained under the normalized setting. The dimensionless
parameters used in the simulations are adopted from the works of [5], [19], and [24]

as
i = +/2\/k: inverse of natural length scale,
o/A : force scale (e.g. f, = c/A: interaction force). (3.60)
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Figure 3.1 illustrates the deflections of a non-uniform membrane predicted by the
proposed model at a particular configuration of 6 (e.g. 0 = 7/2, 7 etc... ). It is
evident that the transverse deflection of the membrane increases as the intensity of
the membrane’s energy distributions («) decreases. This is due to the fact that less
energy is required to induce the membranes’ deformation for small o values. Further,
when the intensity factor « is set as o = 1, the energy potential of the non-uniform
membrane at the particular configuration of # = 1rad becomes equivalent to that of
the uniform membrane so that the obtained solution recovers the results in [5] (see,
Figure 3.1). Figure 3.2 indicates that the disparity between the linear and non-linear
solutions becomes considerable with increasing interaction forces. Lastly, the non-

Deflections of circumferentially non-uniform lipidmembrane
T

——a=05e10""%
———0a=0.7¢10""®
— =~ a=1.0e10"®
—a=15e10"% L
kel Agrawal(2009):0/A=-3
N 05— P
“‘i-,g; o S —
§§§\\‘ Ry
==
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\:§\§‘
==
0 |
-5 0 5

Figure 3.1: Transverse deflections of lipid membrane subjected to different o when:

A+ ¢ = ab?.

Comparison between the linear & non-linear solutions
T

o/k=3.66 Non Linear
— — —0/k=3.66 Linear
o/k=7.32 Non Linear
— — —o/k=7.32 Linear
o/k=10.98 Non Linear [

— — —o/k=10.98 Linear

Figure 3.2: Transverse deflections of circumferentially non-uniform membranes: linear
vs non-linear solutions.
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uniform responses of drug-treated diseased cell membrane [41] may be assimilated
by using the proposed model. For this purpose, we adopt the following form of the

periodic energy density distribution:
¢+ A = afcos(nb) + A), (3.61)

where n characterizes circumferentially non-uniform energy distributions, « is the par-
ticular rigidity of the membrane, and A is an arbitrary positive constant. Figure 3.3
illustrates that the obtained solution assimilates the echinocyte formations of the cell
membrane, which is one of the common abnormalities observed in diseased cells (see,
for example, [41], [42], and [43]). The exact mechanisms for the phenomenon have yet
to be understood or predicted by the proposed model. However, the obtained solution
may provide phenomenologically compatible non-uniform energy distributions of lipid
membranes leading to such morphological formations. The non-uniform responses of
red blood cell membranes, which results in their distinct (off-centered) biconcave dis-
coid structure [35] may also be simulated using the proposed energy potential (Eq.
(3.61)). It is shown in Figure 3.4 that the proposed model reproduces the off-centered

non-uniform morphology of the abnormal cell membranes.
3.2.4 Example 2: Radially non-uniform membranes
The radial distribution function for strain energy is characterized by
o(r) + A(r) = ar”, (3.62)

and we demonstrated the n = 1/2 case in the proceeding analysis. Similar to the
previous section, the solutions of arbitrary n cases can be accommodated using the

same procedures discussed in this section. For n = 1/2, Eq. (3.62) furnishes

Ny =~y + %7“_1/2, and \g = ¢y =0, (3.63)
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Figure 3.3: (a) The assimilation of the echinocyte formation: when ¢+ = afcos(80)+
7|, (b, ¢) the echinocyte formation of the cell membrane [41].
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Figure 3.4: The assimilation of the off-centered non-uniform morphology: (a) when
¢+ X\ = afcos(f) + ), (b) the off-centered non-uniform morphology of red blood cell
[35].
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from which the radially non-uniform membrane (A, # 0) may be assimilated. Then,

we substitute Eq. (3.62) into Eq. (3.46) and obtain

1 1 2
H,p+~H, + —Hgy — Wy (3.64)
r r k

Hence, combining Eqgs. (3.41); and (3.64) furnishes

2 1 2 2 1 4 1
0 = Z rrrr + _22,7‘7"09 + _4Z,9999 + —Zrrr Zro0 — er + _42,09 + _3zr
T r r 7" T T r
2004/1 1 1
T\/_[z,m« + =zt 5200 (3.65)

In the case of axisymmetric energy density distributions (i.e. circumferentially uni-

form and radially non-uniform), Eq. (3.65) may be further reduced to

2 1 1 20/T 1
2 rrrr + ;Z,rrr - T_szr + ﬁz,’r - T[Z,rr + ;Z,T] = 0. (366)
The solution of Eq. (3.66) can be found as
44 99 42 . 420 s 8¢
5°5° 5 5

In the above, G:;" is the Merjer G function [40] where m, n, p, and ¢ are integers

3

corresponding to the number of matrix group [%, 2

(SN
(SN

,—%, —g] and oF3 is the Hy-

pergeometric function [44] such that the subscripts 2 and 3 refer to the length of n x 1

matrices (i.e. [3,2] =2x 1 and [1,2,2] =3 x 1). We seek a bounded solution within

a reasonably finite domain of @ < 7 < rpiite (TRinite X @, a : radius of a substrate)

and therefore find from Eq. (3.67) that,

4 20{ 5 %7

2(r) = A1TG24(25 ’ T2 |

)]+ AaIn(r) + As, (3.68)

ol
et
Ol olw

Y

(SN

where, the unknown constants A;, As and As can be uniquely determined by imposing

the admissible boundary conditions (see, also, [5]):

1 1 2
z(a) =0, z,(a) =0 and z,,,(a) + ;sz(a) — ﬁz7r(a) = —0. (3.69)
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Thus, we find

3
3. %1425 5
o2 8riocG, [553 a | 22 o ]
-0 )5
A= — , A= 20 5 and
2,0r 4 2o 2 - 2074 20 2 -
125kG)S [ %ad | ] 2BRG%at | ]
575 55
5 3 3 3
2,1 ) 5 2,2 575
8T3J[510g(7’) *G13[24527aa2 | 2 2 2 ]—2G24[2i52?0‘a2 2 2 2 2 ]
A. — 5°5' 5 5°5° 57 5
3= —
2,014 2 5 -
125kG] 0[5 %0ad | ]
5'5
(3.70)

The assimilation of the obtained solution is performed within the same normalized
setting, as depicted in Eq. (3.60). Similar to the circumferentially non-uniform cases,
the transverse deflection of membranes increases as the intensity of the membrane’s
energy distribution (coefficient o) decreases (see, Figure 3.5). As the intensity factor
approaches unity (a = 1), the radially non-uniform energy potential becomes essen-
tially equivalent to those deflections from the Helfrich potential [12] within the domain
of interest and thus accommodates the results in [5]. Figure 3.6 illustrates that the

Deflections of radially non-uniform lipidmembrane
T

2=0.5¢107"5
———a=0.7¢10""®
—a=1.0e10""®

a=1.5e1075 H

SEs_= Agrawal(2009):0/A=-3
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Figure 3.5: Transverse deflections of lipid membrane subjected to different a: when

O+ X = ay/r.

obtained linear solutions produce reasonably close predictions when compared with

those from the non-linear analysis for the relatively “small” deformation regime. The
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5 Comparison between the linear & non-linear solutions
T

o/k=1.22 Non Linear
— — — o/k=1.22 Linear
o/k=3.66 Non Linear
— — — 0/k=3.66 Linear

2 o/k=7.32 Non Linear | |
— — — 0/k=7.32 Linear —

Figure 3.6: Transverse deflections of radially non-uniform membrane: Linear VS Non-
linear solutions.

disparity between the linear and non-linear solutions becomes considerable in the
cases of membranes subjected to “large” transverse deformation.

The sequences of discocyte-stomatocyte morphology in cell membranes [45] may
be mapped using the proposed energy density function (Eq. (3.62)) via o and n
(see, Figure 3.7). The obtained results could have phenomenological implications by
estimating the desired elastic energy to form such morphological configurations and,
therefore may further promote relevant studies (see, for example, [46, 47]).

It is also noted that the principles of superposition from the linear elasticity remain
valid in the present case so that the solution of the combined non-uniform energy
distribution case (e.g. ¢+ A = a(cos(f) + ) + /) can be directly obtained via the
summation of the solutions from the respective circumferentially and radially non-
uniform cases. Within this prescription, the results in Figure 3.3(a) and Figure 3.7(b)
or Figure 3.7(c) can be added to yield the deformation in Figure 3.8.

Lastly, we remark that more general membrane configurations may be characterized
by combining the proposed non-uniform energy density functions. For example, the
deformation contour predicted by the obtained non-linear model demonstrates close
similarity to the highly off-centered protrusion of red blood cell membranes which are
treated under 14 days of storage in a liquid medium [36] (see, Figure 3.9). Also, Figure

3.10 illustrates that the non-linear solution predicts the multiple peak formations
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(b) | ©

Figure 3.7: (a) The image of discocyte-stomatocyte morphology in sequential stages
[45]; (b, ¢) The sequence of deformation mapping when ¢ + A = ar™ where « and n
are adjusted to achieve the transitioning membrane morphology.

of abnormal cell membranes (burr cells) commonly observed in uremia and chronic
kidney disease [37, 38]. In the cases of assimilation into experimental results, the
intensity of membrane deflection is controlled by the intensity parameters (o and ()
in the proposed energy potential (see, Figure 3.10), and the number of peaks can be
characterized by the multiplied periodic functions (e.g. cos(f — f)).

We also note here the non-uniform energy density distributions considered in the
present study may have equivalent effects on the resulting deformations of the mem-
branes compared to those included by prescribed non-uniform tension fields. In

fact, authors in [48] have shown that both the surface tension and surface energy of
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Figure 3.8: Deformation of combined radially and circumferentially non-uniform
membrane when ¢ + A = a(cos(0) + 7) + ay/r.

Figure 3.9: (a) The off-centered deformation of lipid membrane characterized by
the potential of ¢(6,r) = «|cos(r — 1)0], in which r is treated as non-dimensional
coordinate with /R, in which R.,; = 1 with the same spacial configuration of r;
(b) The scanning electron images of long-stored RBCs [36].

Lennard-Jones fluids can be computed via the proposed radial distribution function.
Given the fact that the thickness effect has been neglected, the induced variation for
the free energy of the membrane mainly appears in the form of curvature changes of
the surface through which both the surface tension and surface energy function can be
altered, and vice versa [49]. Therefore, the prescription of a non-uniform energy den-
sity function can lead to non-uniformity in both the surface curvature (membrane’s

deformation) and the surface tension field.
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Figure 3.10: (a) The multiple peak deformation of lipid membrane characterized by
the function ¢(0,7) = —a cos(r) cos(6) cos(r — 1) cos(6 — f), where the r is treated as
non-dimensional coordinate with r/R.,;, where R.,; = 1 with the same spacial con-
figuration of r; (b) The scanning electron microscope (SEM) image of cell membranes
with different morphological configurations of stomatocytosis and echinocytosis [37].

As mentioned in earlier sections, the proposed model may not be sufficient for
immediate uses in the phenomenological and/or clinical research of cell membrane
morphology. However, it could still provide quantitative information pertaining to
such membrane formation via the estimations of required elastic energy and the cor-

responding non-uniform energy distributions over the domain of interest.
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Chapter 4

Deformation Analysis of
Non-uniform Lipid Membrane
Subjected to Local Inflammations

Within this Chapter, we present complete analytical solutions describing the deforma-
tions of both rectangular and circular-shaped lipid membranes subjected to local inflam-
mations and coordinate-dependent (non-uniform) property distributions. The mem-
brane energy potential of the Helfrich type is refined to accommodate the coordinate-
dependent responses of the membranes. Within the description of the superposed
incremental deformations and Monge parameterization, a linearized version of the
shape equation describing coordinate-dependent membrane morphology is obtained.
The local inflammation of a lipid membrane is accommodated by the prescribed uni-
form internal pressure and/or lateral pressure. This furnishes a partial differential
equation of Poisson’s type from which a complete analytical solution is obtained by
employing the variation of parameters method. The obtained solutions qualitatively
predict the smooth and coordinate-dependent morphological transitions over the do-
main of interest and are reduced to those from the classical uniform membrane shape
equation when the equivalent energy potential is applied. In particular, the obtained
model accurately demonstrated the effects of inflammation-induced lateral pressure on
lipid membranes where only quantitatively equivalent analyses were reported via the

impositions of equivalent edge moments.
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4.1 Introduction

The mechanics of lipid membrane has consistently been the subject of intense study
[1-5] that has significantly advanced our understanding of various cellular functions
and enriches continuum mechanics in general. Historically, it was believed that a thin
oil-like barrier surrounds cells, yet the structure of this membrane was not well known.
In 1925, Evert Gorter and F. Grendel [6] found that a lipid bilayer is a constituent
of cell membranes and, later, David Robertson [7] revealed that the bilayer struc-
tures are, in fact, characteristics of all biological membranes (biomembranes). When
dispersed into aqueous solutions, lipid molecules form a unique bilayer structure (a
lipid bilayer) with opposing orientations under the hydrophobic effects, enabling the
lipid bilayers to maintain symmetry about a mid-surface. Lipid membranes are quite
fragile and exceedingly thin (typically 3-5 nm), the analyses of various aspects of
lipid membranes are often assisted by theoretical models to overcome the formidable
difficulties arising in experimental studies. Contemporary modeling approaches are
based on the idealization of the membrane as a thin elastic film, through which the
responses of the membrane can be characterized by the mean and Gaussian curva-
tures of a surface. Within this prescription, the development of a continuum-based
model describing the responses of lipid membranes is facilitated by the differential
geometry on membrane surfaces and the theory of elasticity on surface [8, 9]. In par-
ticular, the energy potential of lipid membrane (proposed by Helfrich [1]) has been
successfully implemented in various membrane problems such as budding formations
[10, 11] and membrane-protein interactions [12, 13] for its capability of characterizing
the symmetry behavior of lipid membranes with ensuing energy minima [14, 15].
Recent research interests are devoted to the identifications of various conforma-
tional states of the membranes such as budding formations [11], off-centered bicon-
cave discoid structures [16, 17], and echinocyte formations [18] in efforts to under-

stand the mechanisms of essential cellular activities and the characterizations of the
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associated mechanical forces. Since the induced morphologies are closely related to
the mechanical responses of lipid membranes, the studies of the various morpholog-
ical formations of the membranes are, most often, achieved via the assimilations of
“idealized compatible deformations” through which the associated regulating forces
such as bending moments, substrate interaction forces and intra-membrane viscous
forces may be characterized [19, 20]. In this respect, authors in [21] proposed the
non-linear model by investigating the deformations of membranes subjected to intra-
membrane viscosity. Evans [19] investigated chemically-induced bending moments
as a possible source of regulating forces for the shaping of red blood cells. Linear
models of the lipid membrane have been devised in [22, 23] where authors presented
complete analytical solutions describing substrate-membrane interactions in the pres-
ence of intra-membrane viscose flows. To this end, authors in [24] proposed the
refined membrane energy potential to simulate the coordinate-dependent responses
of the membranes when interacting with cylindrical substrates. Most of the above-
mentioned studies, however, are limited to the deformation analyses of membranes
induced by either the membrane-protein interactions or the resultant moments ap-
plied on the boundaries of membranes. The solution describing inflammations of the
membrane is absent from the literature due to the mathematical complexities arising
in the corresponding formulations and analyses. As a result, the inflammation analy-
ses are often practiced by assimilating the equivalent deformations of the membrane
via the impositions of interaction forces for circular membranes (see, for example,
[25, 26]) and/or resultant bending moments in cases of rectangular membranes [27].
However, the membrane inflammation-induced deformations should be distinguished
from those induced by membrane-protein interactions and bending effects on mem-
branes, because the membrane inflammation-induced deformation can be induced by
internal pressures of cells [28, 29], yet the deformations invoked by membrane-protein
interaction can be derived from the prescribed forces on membrane boundaries [22—-

24]. Within this context, the lateral pressure variation can be attributed to various
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“internal sources”. For instance, the enhanced trans-bilayer mobility alters the dis-
tribution of phospholipids and thus compromises the membrane-skeleton connection
across the bilayer [30]. This reduced membrane stability potentially results in pressure
variations during inflammation [28, 29]. Lateral diffusion induced by the hydrody-
namic process of the Brownian motion may also induce pressure variations within the
membrane system [31, 32]. Since the abovementioned processes occur throughout the
membranes, the bending and/or membrane-protein interaction models which account
for “external sources” from the boundaries of membranes may not be “ideal” for
the membrane inflammation analysis. Further, considering the membrane-skeleton
connections and lateral diffusion may vary within the membrane, the development
of the coordinate-dependent inflammation model may be of more practical interest
to describe more general types of membrane morphologies such as biconcave discoid
structures and echinocyte formations [16-18].

In the present study, we seek to develop a complete analytical platform for the
deformation analysis of the lipid membrane subjected to local inflammations. The
membrane energy potential of the Helfrich type is refined to achieve more accurate
descriptions of the coordinate-dependent inflammations. The expressions of admissi-
ble boundary conditions are adopted from the existing nonlinear theory [12] but they
are reformulated and implemented into the present context. Emphasis is placed on
the assimilation of the complex nature of membrane morphology regulated by internal
pressures acting on the surface of the lipid membrane, at the same time, maintaining
sufficient rigour and generality in the formulation of the membrane shape equation.
The membrane inflammation is incorporated by considering the uniform internal pres-
sure acting on the surface of the membranes. In the present context, this would mean
the retainment of the constitutively indeterminate scalar field arising in the volume-
constrained energy variations of the membrane-bulk liquid system. Using the Monge
representation and the method of variation of parameters [33, 34], an exact analyt-

ical solution is obtained for the incremental deformations superposed on large. The
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obtained solution showcases smooth transitions of deformation fields over the domain
of interest and reduces to the results in [27] when the equivalent internal pressure
is applied. In particular, the proposed inflammation model successfully illustrates
the off-centered biconcave discoid structures of red blood cell [35] and the echinocyte
formations of cell membranes induced by the incubation with lecithin [36]. Further,
we have shown that the principle of superposition from the theory of linear elastic-
ity remains valid for the cases of inflammation problems with coordinate-dependent
membrane properties. That is the solution of the combined mode inflammation can be
directly obtained by adding solutions from the respective circumferential and radial

coordinate-dependent inflammations.

4.2 Membrane Shape Equation

The Canham-Helfrich model has been further refined to accommodate spontaneous
curvatures [12], distension [37] and budding formations [11]. In the present study,
we proposed the following strain energy potential to achieve a more comprehensive
description of lipid membranes subjected to prescribed pressure and non-uniform

membrane properties, given by
W(H, K:0%) = ¢(6”) + a(0°)H* + B(0°) K, (4.1)

where the explicit coordinate-dependent potentials of ¢(0%), a(0*) and S(6%) jointly
regulate particular states of non-uniformities in membranes. We also note that the
above membrane potential accommodates the uniform membrane case (i.e. W(H, K;0%)

= kH? + kK) in the limit of
o(0%) =0, a(6*) =k and B(6%) = k. (4.2)
Meanwhile, the membrane shape equations are given by [12]

1 e
A(§WH)+(WK);Bab'B S Wy (2H? — K) + 2KHWi —2H(W +A) = P on w (4.3)
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and

ow

A, = -2 4.4
a2 (4.4
For uniform membranes, the latter yields [14]

A = constant, A, =0, (4.5)

where the constant may be determined via the membrane shape equation describing
particular deformed states [26]. In cases of non-uniform membranes where the energy

potential W depends explicitly on the surface coordinates 8¢, it is found that

ow

Ao = " Ggm

£0. (4.6)

Eq. (4.6) arises from possible non-uniformity in the membrane properties where the
unknown, A can be determined by solving two Euler equilibrium equations projected
on the surface coordinates (6%).

Hence, the complete Euler equation describing non-uniform responses of mem-

branes can be formulated. More precisely, from Eq. (4.1), we find

Wi = 2a(6°)H, Wic = 3(6%) (@7)
and
W = WiHa+ Wik o+ 27”:
— 2a(0°VHH o + B0 K o + [ag(gia) + 8géia)ﬂ2 + agg)fq. (4.8)

The substitution of Eq. (4.7) into Eq. (4.3) then yields
Ala(0°VH) + (B(0°))5ad”" + 20(0°)H(H? — K) — 2H((6°) + \) = P, (4.9)

where the covariant derivative of the scalar-valued function, (5(6%)).sa, can be eval-

uated as

ﬁ(ea);ﬁa = (5(9(1),6);& = B(0a>,ﬁa - B(QCX),AF?M‘ (4-10)
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Lastly, from Eqs. (4.1) and (4.6)), we obtain

Ape oW _ _[aq;(ea) | Da(6”)

96(0%)
2
7 507 H* +

008 008 008

K], (4.11)

which serves as the associated tangential Euler equations. It is also noted here that
OW /06> denotes the explicit coordinate derivative of W and thus, not to be confused
with W, (see, also, [12], [14] and [15]).

In practice, the right side of Eq. (4.9) is often set to be zero (i.e. P = 0) to obtain
mathematically tractable formulations and analyses. For example, authors in [27] ap-
plied alternative edge moments, instead of prescribing pressure P on the membrane
surface, to describe the local inflammation-induced deformations of a membrane via
the bending moment applied on membrane boundaries. Nevertheless, such simplifi-
cation poses apparent limitations in the predictions of membranes’ morphologies, es-
pecially those induced by internal pressure such as local inflammations and buddings,
where the influences of P are not negligible. In the following sections, we present
a comprehensive analysis for the mechanics of non-uniform membranes subjected to

prescribed pressure P.

4.2.1 Monge parametric representation

The Monge parameterization and admissible linearization are widely adopted tech-
niques for lipid membrane analyses (see, for example, [10], [12], and [25]). Here, we
reformulate the results in the present context for the sake of completeness. Using
the Monge parameterization, material points on the membrane surface, €2, can be

mapped as

r(0%) = 0(6%) + 2(6°)k, (4.12)

where 0(0*) is position on a plane p with unit normal k. Hence, the problem of
determining the membranes’ morphology is reduced to solving a single function z(9).

For instance, in the axisymmetric polar coordinates, we find
0(6%) = 0%e, =re, (0), e, (0) = cosfe; + sin fes. (4.13)
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Accordingly, we compute

2 2 2
a = e + 2,k a)y=re + 29k, a =det(ans) =7r(1+ z,r) + 22,
2 2 2
ann = 14 Z7r7 Qoo = T° + 2797 12 = 2,29 = Qa1,
I P 2 2.3 2 9 )
H = 5372 (122 + 172, + 172+ 122 — 212002020 + T2 00 + 72002, + 22,2],
1
3 2 2.2 9
K = _2[7’ ZpZor F T 20200 — T 209 27209 — Z,G]v
a
_1 .
n = (—zpep —r2,€, + k), and b =b,sa% ® a’ with bop = Ago-n.  (4.14)

va

In the above, b is the curvature tensor and the expressions of the dual basis can be

obtained as

1
1 11 12 2, .2 2
a = a a+taa=-[(r'+zye —rz,zpe+r-z,.kl,
a bl
2 1 2
a” = —[-rz,zge, +1(l+27)eg+ z0k], and
a ’ ’
2 . .2 2
e+ 2 I+=z 22,9
Jl = 0 g2 = T2 = g2t = e (4.15)

a a a

Lastly, the coefficients of the second fundamental form b,g, may be formulated as

d(er(0) + z.(r,0)k)
or

1
bii=n-a;; = —=rz,, with a;; =

Vva

and similarly for bis, bo; and byy. The above equations can also be reformulated in

= z,.k, (4.16)

the orthonormal Cartesian basis as
0 = 0%, = xe; + yes, (4.17)

where the superscripts of the surface coordinates are dropped and replaced by x and

y for convenience. Hence, we find

k — (z,xel + Zyyeg)

a — « aka =1 2 27 - )
a e, t+ 2 a + 2y + 2y, \/5
H = YT , (4.18)

2
Razlyy = %z
K = b=
a2

Zqapa% @ a’

N
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which leads

1
al = a[(l + Zi)(el + Z,ajk) - Z,xZ,y(eZ + Zvyk)]’
1
a’ = —[(1+23)(ex+ 2yk) — 2oz (er + 2:K)], and
(o = Oap+ 2028, (0as: Kronecker delta). (4.19)

Now, the admissible boundary conditions (i.e. boundary forces f and moments M on

OJw) are given by [15], [38] and [39], shown as
f = Fuv+ F, 7+ F,n,
1

In the above, v and 7 = n X v are the unit normal and tangent to the boundary ow

and

;1 o
By =W+ A= kM, Fy = =M, Fy = (W) = (5Wa). = (Wi) b Poa (4.21)

are, respectively, the components of distributed forces per unit length applied on dw.

Further, the expressions of 7, k, and k, can be obtained by
T = baﬂTaug, K, = b*Pv vy and Kk, = bQBTaTB, (4.22)

which are the twist and normal curvatures of w in the directions of v and 7, respec-

tively. Thus, for example, we formulate from Eqs. (4.7), (4.21)3 that
a\y/ «a el 7aB
Ey = (7(s)8(6%) — (a(6%)H)» — (8(6)) 0 va, (4.23)

where (7(s)5(0%))" is the arc-length derivative of 7(s)3(0%) which can be evaluated

as
or  or 968
P 7~ 7 B8 _ (1aB
T(S) - 85 - 895 88 - (T>,/BT - (b Tavﬁ)v’)ﬂ_’y
= (b 7Pa,50%a05) 477, and B(6%) = (B(67)) 57°. (4.24)
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The above expressions can then be reformulated using the Monge representation for
further analyses. In the case of general non-axisymmetric Polar coordinates, the

above becomes

1
- [\/7“2[1 + (222 + (20)?

and similar treatments for the related terms.

(baﬁTﬁaagvaaaﬁ)ﬁT"* (rz g — Z’g)(Z’rZ’Q)q’g, (4.25)

4.2.2 Superposed incremental deformations

The evaluation of the resulting Euler equations and the associated boundary condi-
tions in terms of Eqs. (4.14-4.19) furnishes a highly nonlinear PDE system, which in
general requires heavy computational resources. Instead, a means of “admissible lin-
earization” can be employed to make the system mathematically tractable with min-
imum loss of generality. The concept has been widely and successfully implemented
in the relevant subject of studies (see, for example, [12], [25] and [27]). Within this
prescription, the derivative of z(#*) of all orders are considered to be “small” (e.g.
24 < 1) and thus, their products can be neglected. Accordingly, using the notation

“~” to identify equations to the leading order approximation of z(6%), we obtain

ann = 1% an =1, aip=ay =0, det laas| = a = r?,
all ¥ o1, 2 %7 al? = ¢! >0,
r
n = k-Vpz, a =e +2,k a”=—-e+ 3k,
r
TZ TZ,+ 2
b & (e ®e) + —"5"[(e; @ ey) + (eg ®e,)] + ——5—= (e ® e)
= Viz,
1 1 1 1
H =~ 5[2’” + et + T—22799] = §Apz and K ~ 0, (4.26)

where the subscript (), denotes the projected counterparts of (x) on the coordinate
plane w,, V32 is the second gradient and A,z = tr(V2z2) is the associated Laplacian.
In particular, using the results in Eq. (4.26), Eq. (4.11) reduces to

A= QW 000 W 26(0r)

a0r a0r 00° 200 7 (4.27)
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since

0a(0%) o 9B0*) ..
20 H* ~ 0 and 20 K ~0. (4.28)

Eq. (4.28) implies that the non-uniform potentials of a(6%) and 5(6*) in Eq. (4.1) do

not necessarily result in non-uniform responses of membranes within the description of
superposed incremental deformations. Hence, we deduce the linearized non-uniform

energy density function as
W(H, K;0%) = ¢(0*) + kH? + k(0*)K, (4.29)

where the non-uniform properties of membranes may be characterized via the poten-

tial function ¢(0*). In addition, using Eq. (4.29), we reduce Eq. (4.9) to
KAH — 2H(6(6%) + \) = P, (4.30)

which may serve as the linearized shape equation for non-uniform membranes. The
admissible linearization can also be implemented in the orthogonal Cartesian coordi-

nates, where we find from Eqgs. (4.18), (4.19) that

k — (z.€1 + 2 €2)

a = 1, a,=e,+z2,k=a" n= Ja ,
o B
H g 'Z7Ix + Z’yy’ K g 07 b :Z7a18a ® a (4'31)
2 Vva

Lastly, from Egs. (4.11), (4.29), the associated tangential Euler equations can be

obtained as

oW 9g(6) oW 9g(6%)

A, = -2V dr, = -2
=T T hge agr N T Ty 90y

(4.32)

4.3 Explanation on Inflammation from the Non-
uniform Lipid Membrane morphology

In this section, we present analytical solutions for the previously obtained system of
equations that describes the responses of lipid membranes subjected to local inflam-

mations. The inflammations can be observed in membrane systems as a result of the
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lateral pressure variation which may be induced by the weakened membrane-skeleton
connection and/or the lateral diffusion induced by the hydrodynamic process of the
Brownian motion (see, for example, [28-32]). In the assimilation of non-uniformity
into the lipid membrane model, we adopt the flexural modulus of the membrane
k = 82pN - nm from the work of [40] and [41]. The value of A is dependent on the
membrane systems under consideration and does not have a definite range of val-
ues (see, for example, [10, 22, 37]). In the present study, several different types of
potential functions of A are chosen to accommodate particular states of membranes’
non-uniformity. The data are obtained under the normalized setting, unless other-
wise specified, where the corresponding dimensional parameters are adopted from the

works of [12], [42, 43] as

i = +/2M\/k: inverse of natural length scale (e.g. pa: radius of a circular membrane),

o/X : force scale (e.g. f, = o/A: interaction force). (4.33)

4.3.1 A rectangular membrane patch subjected to lateral
pressures

In this section, we consider the deformations of a rectangular lipid membrane in the
presence of lateral pressures and non-uniform distributions of strain energy. Empha-
sis is placed on the cases where the membrane is subjected to local inflammations
where only quantitatively equivalent solutions were available via the impositions of
the equivalent edge moments [27]. To proceed, we consider the following non-uniform

energy distribution as

A0Y) 4+ ¢(0%) = acos(nx), (4.34)
and thereby it is obtained from Eq. (4.30) that

O?H (x,y) N O*H(z,y) 2acos(nw)

502 e - (x,y)=—. (4.35)

|
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Utilizing the standard form of H(z,y) = H(x)[A, sin(my) + B,, cos(my)], the above

becomes
O?H (x) ) _ 2arcos(na) e P
ozz H(z) k ( >_k[Am sin(my) + By, cos(my)] (4:36)

The homogeneous solution of Eq. (4.36) is given by in the form of the modified

Mathieu function as

A4m? 4da n A4m? 4o n
H(l’)c = AmCe(—— )—FBmSe(—F, m, 51’),

—, = 4.
5 a5 (4.37)

where Ce and Se are respectively, the even and odd modified Mathieu function of

the first kind. Now the Wronskian of the above solution yields

4m? 4a n 4m? 4a n
W, = Ce(—?,m,ix)[Se(—?,m,51’)]’—
4m? 4a n 4m? 4o n
[Ce(—ﬁ, 2k 533)]/5@(—?7 ey §$)- (4.38)
In view of Eq. (4.38), the particular solution is then given by
4m? 4o n v Qe(—dmX Ao 1,y p
H _ _ Bt n? > n?k’ 2 —d
@y = ~Ce(~ T 2 Bo) [ 2T iat
4m? da n . [* Ce(—im’ da ng)p

Hence, the general solution of Eq. (4.35) can be found as

A4m? 4a n xSe(——‘”’f do ng) P
H —_ o = n® > n?k’ 2 -
(z,y) Ce(=—2 1o 2”3)/0 W, Faet
A4m? 4o n v Ce(—4m 4o ny) p
Se(—— —  — n? ' n?k’ 2 —d
el n? 7n2k:’2x)/0 W, FT

2
A, Ce(— 27 A0 Ty cos(my), (4.40)

n? nk’ 2
where the odd part of the modified Mathieu function is removed for the required

membrane symmetry (i.e. H(—z,y) = H(z,y)). Also, from Eq. (4.31), we find

Do) | Pele)
Ox? oy?

2H(x,y) = (4.41)
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The above can be rewritten as

2H(ZL’, y) 822(‘7:) 2
= — 4.42
[Cr sin(my) + Dy, cos(my)] o2z 2(@), (442)
where z(x) is assumed to have the following form
2(z,y) = z(x)[Cp, sin(my) + Dy, cos(my)]. (4.43)

The homogeneous solution of Eq. (4.42) and the associate Wronskian are then ob-

tained by

z2(x) = E,sinh(mx) 4+ F,, cosh(mz),

W, = sinh(mx)[cosh(mz)] — [sinh(mz)] cosh(mz) = —m. (4.44)

Thus, the particular solution of z(z,y) can be found as

X h xX : h
2(T,Y)pn = QSinh(x)/ MH(I,y)pde - ZCosh(a:)/ wl—](m,y)pdx.
0 m 0 m
(4.45)
But, from Eq. (4.41), the complementary part of H(z,y) also requires
2 2
Oawy) T gy )., (4.46)

0x? Oy?

where
A4m? 4o n

H(z,y). = A, Ce(——— —x) cos(my). (4.47)

n? ' n2k’ 2
Therefore, we find the following complementary solution of z(z, y):

4m? 4o n

cosh(a,,x) cos(any) /m _
h Ce(———,— ., —2)d
; sinh(a,,x)Ce( FRIeCT 295) x

Z(xay>cl - _Am

Am
sinh(a,r) cos(a,y) / v 4m? 4o n
Am h(a,z)Ce(———, —, z2)d
+ o i cosh(a,z)Ce( poRtieoTs 21:) x
+C,y, cosh(a,, ) cos(a,y). (4.48)

The complete solution also requires the similar procedures with respect to y. This

can be done by writing H(x,y) as

H(z,y) = R(y)[Hn sin(maz) + I,, cos(mx)], (4.49)
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and thereby yields from Eq. (4.35) that

D’R(y)
0y?

) 2 cos(n) _ P
) e R = ) + 1, cos(ma)]

(4.50)

The complementary solution and the associated Wronskian of the above equation can

then be respectively obtained as

R.(y) = Jm cosh(\/m2 + M%s(nx)y) + K, sinh(\/m2 + M%s(nx)y)’ (4.51)

and

W = \/ 200 cos "x). (4.52)

Therefore, applying the same methodology as in Eqs. (4.36)-(4.48), we find the

following particular and homogeneous solutions.

— cosh(my)P cosh(my — \/m?2 + 2a COS(nz)y)

T, Y)p2 = +
( )p 2km(m2 + M%s(nx)) [ m — /mg 2acos (nx)
COSh my + m2 2a cos(nx)
]+
M+ Jm2 2acos (nz) &cos(nx)
2a cos(nx)

sinh(my) P sinh(my — y/m? +

2mk(m? M 20 cos(nx)

SlIlh my + /m2 2acos (nx)
4.53
m+ /mQ pled cos(na: ( )

[1 — cosh(my)],

km2 (m2 + 200 coks(na:) )
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and

2a cos(nm) y)

cosh(Bny) [cosh(ﬁmy — /B2 +
ﬁm 5 52 20 Cos(na})

cosh(Bny + \/ﬁ%—i—— 2QLS(M)y) L
: + Bm ] cos(Brn) +
B + \/m a cos(nx)

. 2accos(nx
H,,, sinh(Bmy) [smh(ﬂmy —\/m2+ +
Bm 6 52 2a cos(n:c)

sinh(By + /5, + 22522y
Bm + /ﬁQ 2acos (nx)

Jm cosh(Bny) Cos(ﬁmx).

Z(xay)CQ = _Hm +

Y)

_|_

| cos(Bmx) + (4.54)

Finally, the complete solution of z(z,y) can be obtained as

o

2Awy) = Y 2@y + 2@ ) + 22, 9)p + 2(2,y) e, (4.55)
m=2,4,6

where the expressions of z(z,y)p1, 2(2,y)e1, 2(%,y)pe and z(z,y)e are respectively
defined in Eqgs. (4.45), (4.48), (4.53), and (4.54). The unknown constants ., fm,
A, Cn H,, and J,, can be completely determined by imposing the admissible
sets of boundary conditions. For example, if the rectangular-shaped membrane is
characterized by the width a and length b and subjected to the following boundary
conditions

a a b b

Z(E, y) = z(—§, y) = 0 and z(z, 5) = z(x, —5) =0, (4.56)
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thereby, the unknowns can be determined as

Qm = zyﬁm:z7Am:Hm:17
b a

_Z(%7y)p1 ( )p /; A4m? 4o n
m = T h . C o2 d
¢ cosh(am ) cos(amy) " sinh(an)Ce( n? n2k’ 2 z)dz
sinh(a,§) 3 Am? Ao n
S N A h(a,z)Ce(——, —, —x)d
COSh(Ozmg)am/O cosh(a,,z)Ce( meatiecys 2];) X
2 2acos (nz )Q
5 = —Z(%g)m—Z(x,%)pg+i[cosh(ﬁm 82, D .

cosh(Bn2) cos(Bpz)  Bm B g2 4 2 cos(n:c)

cosh(B,2 + \/W%) 5k ]

- 4.
Bt ¢ Taman] T acos(nz) (4.57)
sinh(3,,2) sinh(Bn2 — \/m2 + 204+S(m‘)%) N
cosh(Bm3) Bm B, g2 4 2acos m)

sinh (8,5 + \/ 82, + 2] g)]
Bm + /52 2acos (nx) ‘

With the determined solution, Figure 4.1 illustrates the deformation contour of the

lipid membrane with different types of non-uniform energy distributions. Depending

N 0.5

-0.75

-0.5

0.5
075 -0.75

(a) (b)

Figure 4.1: Deformation contour of non-uniform lipid membrane subjected to uniform
pressure P = 1: (a) double-peak morphology, (b) single-peak morphology.

on the choice of a particular non-uniformity, the proposed model illustrates the double

peak formations (Figure 4.1 left) and single peak but non-uniform morphology (Fig-
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ure 4.1 right) of lipid membranes. The transverse deflections of lipid membranes (at
y=0) with respect to the intensity of non-uniform energy distributions are presented
in Figure 4.2. It is shown that the non-uniformity is gradually diminished with van-
ishing non-uniform energy distribution and the corresponding deformed configuration
tends to resemble those obtained from the uniform membrane cases [27] (see, Figure
4.2). Finally, the solution of uniform membrane cases can also be obtained from the
15 T T
Non-uniform P=1 a=5
Non-uniform P=1 =10
Non-uniform P=1 a=20
Non-uniform P=1 =30

Uniform P=1 A=0.95
— — — Tesgay(2016):M=3.9 \=0.95 | |

0.5 ]

-0.75 -0.5 -0.25 0 0.25 0.5 0.75

Figure 4.2: Transverse deflections of the lipid membrane with respect to different «
when P = 1.

proposed non-uniform model. To see this, we replace «cos(nz) in Eq. (4.55) by A

and thereby obtain

2(,9)
= P[(Z(Am cosh(f,,y) + cosh(ay,y)) cos(amz) + ko/z(ai ) +
(B, cosh(yme) + cosh(0,,2)) cos(0,,y)) — Cnl, (4.58)
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where

cosh(0.5ba, ) cosh(0.5a6,,)

Am = T T Ario PMT T T A
cosh(0.565) A cosh(0.5a,)
Cn = f:[(Am cosh(B,,y) + cosh(ay,y)) cos(a,,x) + 2 +
= ooz + 1)

(B, cosh(vmz) + cosh(6,,x)) cos(0my)],

oy = = B2 = a4 i, O = % and 75, =0, +p% (4.59)
a a

The above expression may be used as an alternative form of the non-uniform mem-
brane solution and, perhaps, is of practical interest due to its relative simplicity in the

associated analyses. It is shown in Figure 4.3 that the obtained uniform membrane

— — — Tesgay(2016):M=4 | |

2.5 -1.25 0 1.25 25
X

Figure 4.3: Transverse deflections of uniform lipid membrane under increasing lateral
pressure P.

solution adequately predicts the deformations of the membrane when subjected to
uniform internal pressure (i.e. the transverse deformation increases as the internal
pressure intensifies). In particular, the presented solution accommodates the results

in [27] when the equivalent internal pressure is applied (see, Figure 4.3).
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4.3.2 Inflammations of circumferentially non-uniform mem-
branes

To describe the inflammation-induced deformations of membranes with circumferen-

tially non-uniform responses, we consider the following non-uniform potential
ABY) + ¢(6%) = af(8), (4.60)

where « defines the rigidity of the membrane and 6(6) describes the states of non-
uniformity in circumferential direction. For the purpose of demonstration, we consider

the periodic non-uniform distributions of the form

0(0) = cos(nd) + , (4.61)
where n controls particular states of periodic distributions. Hence we find
A(0%) + ¢(07)],, =0, and [A(0Y) + ¢(0Y)] o = —nasin(nd), (4.62)

so that the membrane is radially uniform (i.e. [A(60%) + ¢(6%)],, = 0) but circumferen-
tially non-uniform (i.e. A(6%) + ¢(6*)] o # 0). The substitution of Eqgs. (4.60)-(4.61)
into Eq. (4.30) then yields

2afcos(nf) +n] P
) H=" (4.63)

1 1
H,TT + _H,T + _QH,GQ -
r r
The general solution to the above can be solved as
H(r,0) = R(r,0)[Fy, sin(mb) + G,, cos(mb)]. (4.64)
Accordingly, combining Eqs. (4.63)-(4.64), we obtain that
m? 2a[cos(nb) + 7] P

1
RT’?" _Rr__R_ = 1 . 65
or T R 2 L k[Ey, sin(m@) + Gy, cos(m@)] ( )

The complementary solution for the above differential equation is given by

R(r.0) = Om]m(\/2a[cos(29) + T]T) N Dme(\/Qa[cos(Zé’) + ] ", (4.66)

76



In view of Eq. (4.66), the particular solution of Eq. (4.65) can be obtained via the

method of variation of parameters [33, 34], shown as

H(r,0)

_ 1 2049(9)

V[ Fom sin(m@) + G, cos(mé)] + (4.67)

K 2a0
% /2ae / (/2220 N e,
2000 ], () 220 5) m(1/ 22508+

k

~ r I, 2a6’(0)
af [m+1 af f m(\/ 61+
\/204?;(9) I (\/2&9 61) ( / 2ai(9) £1>

Now, from Eq. (4.26)5(the expression of H), H(r, ) satisfies

0

1 1
2H = Z o+ ~Zy + 5 Zs. (4.68)
r T

Using the general form of solution Z(r,0) = S(r)[A,, sin(mf) + By, cos(mf)], the

above may be recast as

1 m2 2H
1, m*. 4.
Ser rS’T 2 5 A sin(mb) + By, cos(md)’ .

where the solution of S(r) is obtained as
S(r) = Cpr™™ + Dypr™, (4.70)

which serves as the homogeneous solution of the PDE. Then, with the given Eq. (4.7),

we utilize the method of variation of parameters [33, 34] and find that

7



3
f mg}ﬂ_l [[ 2a9 f [g_m 2a9 f )dfl_
0 0

m

me1.2.3. Km< 2a9 f) f( 2a9 5 )dfﬂ 5

= &
po | [ %%{f—g( 200)¢,)dg, -

kmrm 200(0

3 —
Ko T)ﬁ)ofﬁ—z;( 2000) ¢, )de,]de

2&9(9)
pr [V 70 e

J
[sin(m#) + A,, cos(mb)] 0
!

_|_

: (4.71)

£t (1 2250 ¢)

A

/204«9 Lo /2a9 ) 200 )&) n
20000 2000(0 /2040( 2a6(6)
\/ k Im(\/ L gl)Km-&-l( 1) (4-72)

The unknown coefficients A,, in Eq. (4.71) can be completely determined by imposing

where

the boundary condition

Z(r,0), =0at r=a, (4.73)

from which we find

52 <m5m g M = N >d5—#f (€™ My, — Ny)dE} s
Am = s D . =0 —tan(md), (4.74)
cos(m#)[r mgm E é)dg , mff +1Im( 3 de) .
0
where
= & 2a9
K
0
= ¢ 2a9
200(0 L(y/ 22900 ¢

o

Figure 4.4 illustrates the transverse deformations of circumferentially non-uniform

membrane subjected to lateral pressure P and the coefficient of energy distribution
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a, respectively. It is shown that the obtained solution demonstrates sufficient sensi-
tivity to simulate the membrane’s morphology when subjected to increasing lateral
pressures (Figure 4.4(a)). In particular, the proposed model demonstrates membrane
deformations with respect to the membranes’ energy density characterized by the
periodic function of strain energy (Eq. (4.61)). For instance, the transverse deflec-
tions of the membrane gradually decrease with increasing energy density distribution
coefficient «, since more energy is required for non-uniformity (see, Figure 4.4(b)).
Further, the non-uniform membrane solution reduces to those obtained from uniform
membrane when equivalent energy density distribution is applied (i.e. a = 1, see,

black lines in Figure 4.4(b)). Lastly, the non-uniform responses of artificially treated

5 : : . 15

a=0.5
a=1.0
a=15
a=2.0
a=25
a=3.0
— — Uniform: A=7 | |

05+ 7 N

-5 -2.5 0 25 5

(a) (b)

Figure 4.4: (a) The transverse deflection of circumferentially non-uniform lipid mem-
brane with respect to increasing lateral pressure P; (b) The transverse deflection of
circumferentially non-uniform lipid membrane with respect to increasing a.

cell membranes [36] may be simulated by using the proposed model. Figure 4.5 il-
lustrates that the obtained solution might demonstrate the echinocyte formation of
the cell membrane induced by the incubation with lecithin [36]. The type of analysis
was not accommodated by the exiting membrane-substrate interaction models due
to their limited predictions near and/or in the vicinity of the center of membranes
(i.e. r =0, see, for example, [22-24]). The off-centered biconcave discoid structures

of non-uniform red blood cells [35] may also be simulated using the proposed en-
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Figure 4.5: (a, b, d): The morphologies and cross-section image of the lecithin-

treated cell [36]; (c): The deformation of circumferentially non-uniform membrane
when 6(6) = cos(80) + 7.

ergy potential (Figure 4.6). The mechanisms for the above-mentioned membranes’
morphologies have yet to be fully understood. The obtained results could provide phe-
nomenologically meaningful implications by estimating the required energy density

distributions leading to such morphological formations of membranes.
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Figure 4.6: (a) The simulation result of the off-centered non-uniform morphology
when ¢ + A = cos(f) + m; (b) The off-centered biconcave discoid morphology of red
blood cell [35].

4.3.3 Inflammations of radially non-uniform membranes

The inflammations of radially non-uniform membranes can also be examined using

the energy distribution potentials of the form:
AO%) + o(0%) = ar™, (4.76)

where a and n characterize the states of non-uniformities. In the forgoing analysis,
we demonstrate the cases when n = —2 for the sake of simplicity. It is noted that
the solutions of arbitrary n cases can be accommodated using the same procedures,
as illustrated in this section. For n = —2, we evaluate from Eq. (4.76) that

2w

[AO%) +6(0%)]r = ——5 and [AM6%) + ¢(6)] 0 = 0, (4.77)

so that the properties of radially non-uniform membrane (A, # 0 ) maybe accommo-

dated. Thus, the substitution of Eq. (4.76) into Eq. (4.30) yields

1 1 2a P
Hypt H,+ —Hpg— —H =~ 4.78
Now, in view of Eq. (4.26)5 (the expression of H), the above becomes

2P 2 1 2 2
— = Zprrt 524 —7Z ~Z e — =L r00 — 4.79
2 , +r2 , 99+r4 ’0090+r , 3 4o ( )

1 4 1 2a 1 1

—L o+ —Z =L — L+ L+ =Ll

5L+ 3200+ 520 = 52 - Zs 5200
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Since the response of radially non-uniform membrane is axisymmetric, Eq. (4.79)

may be further reduced to

2 1 1 2x 1 2P
errr ~Zyrr — =Ly — Ly — 7 ZT"!‘ _ZT‘ = 5 - 4.80
’ +T’ r2 +7“3’ k:rz[’ +7"] k ( )
The solution of Eq. (4.80) is then found as
P 7”4 1 2a 49
Z(r) = - e tC rVoeT 4+ D, (4.81)
2-5 2 49

where, the unknown constants C' and D can be uniquely determined by imposing the

admissible boundary conditions
Z(r,0), =0, Z(r,0) =0, r = a. (4.82)

Therefore, we obtain

a 2a49
P Pa®(\/% —2)(1\/?jL
¢ and D = — k

C=- .
daV E 2k — o) 16(y /22 + 2)(2k — )V !

(4.83)

The transverse deformations of radially non-uniform membranes at a particular con-
figuration of cross-section (i.e. § = m/2) are illustrated in Figure 4.7. Similarly, as
in the previous cases, the obtained solution successfully demonstrates the deforma-
tions of radially non-uniform membranes subjected to increasing lateral pressures and
the coefficient of non-uniformity «. Figure 4.7 illustrates that the magnitude of the
transverse deflection increases under larger lateral pressure (Figure 4.7(a)) while the
out-of-plane deflection decreases with increasing a (Figure 4.7(b)). The reduction
in membrane deflection results from the larger o allows the membrane strain energy
distributed to the membrane non-uniformity. It is noteworthy that the solution of the
non-uniform membrane coincides with the result of the uniform membrane case when
the equivalent non-uniformity coefficient is prescribed (a« = A = 1.8, see, black line
in Figure 4.7 (b)). Lastly, the discocyte-stomatocyte morphology of cell membranes

[44] may be explained using the proposed non-uniformity function (Eq. (4.76)) (see,
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Figure 4.7: (a) The transverse deflection of radially non-uniform lipid membrane
subjected to increasing lateral pressure P; (b) The transverse deflection of radially
non-uniform lipid membrane with respect to different a.

Figure 4.8). Despite the exact mechanisms causing these morphological formations
may not be explained by the proposed model, the obtained solution may still serve
as a useful analytical tool to simulate the possible states of energy distributions of
membranes resulting in non-uniform morphologies and, particularly, may further fa-
cilitate relevant studies (see, for example, [45, 46]). It is also noted that the principle
of superposition from the linear elasticity remains valid in the present case. More
precisely, the solution of the combined mode (A + ¢ = a(cos(nf) + 7) + a/r™) can be
directly obtained via the superposition of the solutions from the respective circumfer-
entially (A + ¢ = a(cos(nf) + 7)) and radially (A + ¢ = ar™") non-uniform cases. For
example, the analytical results in Figure 4.5. and Figure 4.8 may be superimposed

to produce the deformation field in Figure 4.9.
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Figure 4.8: (a) The discocyte-stomatocyte morphology of red blood cell [44]; (b,
c¢) The deformation contour mappings with A(6%) + ¢(6%*) = ar~2, where the « is
adjusted to obtain the transitioning morphology from (b) to (c).

Figure 4.9: The deformation contour achieved by superimposing the radial and cir-
cumferential non-uniform distribution potential when A\(6%) + ¢(6%*) = «(cos(86) +
) 4 ar 2.
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4.4 Conclusion

This study presents a complete analytical solution describing the mechanical re-
sponses of lipid membranes subjected to local inflammations and coordinate-dependent
non-uniformity. Emphasis is placed on the assimilation of the complex nature of
membrane morphology regulated by lateral pressure applied on the surface of the
lipid membrane while maintaining rigorous and sufficient generality in the derivation
of the corresponding linear theory. As such, more general forms of the energy poten-
tial of the Helfrich type are proposed, where the strain energy of the lipid membrane
depends explicitly on the surface coordinates. To be precise, the inflammation of a
non-uniform lipid membrane is discussed via the non-uniform (coordinate-dependent)
energy potential and the lateral pressure prescribed on the surface of the membranes.
Within the prescription of superposed incremental deformations and the Monge pa-
rameterization, a linear model is formulated and used to obtain complete analytical
solutions. The admissible set of boundary conditions from the existing non-linear
model is reformulated in the present context to determine the solution analytically.
To validate the proposed model, a wealth of examples demonstrating the evolutions of
the membrane in response to lateral pressures have been demonstrated in the cases of
circular and rectangular membrane patches. Particularly, the proposed inflammation
model predicts smooth morphological transitions of the membrane and accommodates
the reported results of the membrane’s bending deformations when the equivalent lat-
eral pressure is applied. More importantly, the obtained solution phenomenologically
illustrates the sequences of discocyte-stomatocyte morphology in cell membranes and
the off-centered biconcave discoid formation of the red blood cells. Potential ap-
plication of the proposed model may be expected in the conformation analyses of
membranes associated with the compromised membrane-skeleton connections and/or
lateral diffusions by providing coordinate-dependent deformation of membranes dur-

ing inflammations. It is also found that the principle of superposition remains valid
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even in the cases of coordinate-dependent inflammations of the membrane, suggest-
ing that a more general class of membrane formations may be characterized by the
superposition of the obtained solutions, which may accommodate a correspondingly

wide set of phenomenologically relevant problems.
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Chapter 5

A Lipid Membrane Morphology
Subjected to Intra-membrane
Viscosity and Membrane Thickness
Dilation

Through this Chapter, we study the morphological transitions of lipid membrane under
the presence of the intra-surface viscous flow and membrane thickness dilation using
the continuum model of Helfrich type. The effects of intra-membrane viscosity and
membrane distension are simultaneously formulated into the continuum model based
on the dimension reduction procedure applied to the three-dimensional liquid crystal
theory. The admissible set of boundary conditions is taken from the existing model
yet reformulated into the present context for the sake of completeness. Among other
interesting features, the proposed model phenomenologically predicts the off-centered
protrusion of the lipid membrane when it is subjected to both local inflammation and
intra-surface viscous flow. In addition, the substrate-interaction force may invoke
local bending effects on the membrane, resulting in thickness reduction in the vicinity
of the substrate. Lastly, the obtained results are cross-examined with coarse-grained
molecular dynamics (CGMD) simulations which demonstrate reasonable consistency

in the predictions of membrane morphology and thickness dilation.
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5.1 Introduction

The morphological transition of lipid membranes has consistently aroused intense
research interest due to its association with essential cellular functions. Indeed, exo-
cytosis and/or endo-cytosis are important processes for cells to transport inbound
and outbound cargo across a membrane barrier through which lipid membrane can
develop small buds, finger-like protrusions, and pseudopods [1]. Further, the lipid
membrane houses a significant set of proteins, ligands, and other various macro-
molecules. Particularly, morphological transitions such as cell fission, signaling, and
replication processes constantly involve the intracellular trafficking of these sophisti-
cated organisms and organelles [2].

The understanding of the morphological transitions of lipid bilayer membranes may
be achieved by theoretical models that involve molecular dynamics (MD) simulations
(the lipid membrane is mainly composed of phospholipid molecules with opposing
orientations) and the development of continuum models describing the mechanical
responses of lipid membranes. MD simulation, despite its relatively high computa-
tional demands, has shown its priority in understanding and describing the structural
details of lipid bilayers because phospholipid molecules (lipid molecules) can be an-
alyzed as a group or individual molecules [3]. Further, the coarse-grained (CG) MD
simulation has shown its advantages in describing the mechanics of membrane sys-
tems with relatively low computational resources, and a series of studies regarding the
membranes’ morphological transitions have been conducted in [3-5]. On the other
hand, the continuum-based lipid membrane models have been significantly advanced
by differential geometry and the theory of elastic surface. In particular, the energy
potential of Helfrich type [6] based on the mean and Gaussian curvature of surfaces
has been widely and successfully adopted in various membrane problems [7-10].

The majority of recent studies focus on the implementation and refinement of

the Helfrich energy potential and have successfully demonstrated a wide range of
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membrane problems such as substrate-protein interactions [7], budding formation [9],
membrane intra-surface viscous flow [10, 11] and membrane thickness distension [12].
By assuming that the budding process is driven by diffusion of transmembrane pro-
tein and line tensions, the membrane budding processes have been demonstrated in
[9]. To explain the morphological transition of diseased cells, the work [8] has devel-
oped a coordinate-dependent model of lipid membrane through which the substrate
interaction and membrane inflammation problem of non-uniform lipid membranes
have been investigated. The work [10] has proposed a series of non-linear membrane
shape equations predicting the deformations of membranes subjected to lateral pres-
sure and intra-membrane viscosity. Further, the linearized shape equation has been
investigated through which a complete analytical solution is obtained, demonstrating
the wrinkle morphology of lipid membrane when subjected to intra-membrane viscous
flow [11].

A significant amount of research has been devoted to the analysis of membrane
thickness because it plays a critical role in regulating membrane permeability [13],
self-assembly [14], and protein distribution [15]. In particular, the membrane thick-
ness fluctuation has been utilized to estimate membrane viscosity which is essen-
tial for measuring membrane fluidity [16-19] and functioning biomolecule mobility
[20-22]. Meanwhile, the continuum model approach has emphasized the effects of
viscosity on membrane morphology, showing that the influences of intra-membrane
viscosity are of particular importance in explaining various membrane morphologies
and associated essential cellular functions [7, 10, 12, 23-27]. However, in recent work
investigating membrane thickness distension (see, for example, [12, 28]), the targeted
membrane thickness is indirectly formulated in the refined shape equations by relax-
ing the constraint of bulk incompressibility via a Lagrange multiplier, resulting in the
contemporary Helfrich type models are intrinsically limited in providing comprehen-
sive descriptions of lipid distension and associate membrane morphology. Further,

though the viscous effects on the morphology of membranes have been investigated
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by introducing viscous stress into the equilibrium equations [10, 11], the analysis of
viscous effects on membrane thickness distension, including the development of the
corresponding mathematical framework, are largely absent from the literature.

In the present study, we refine classical Helfrich theory that is cast in the framework
of two-dimensional liquid crystal theory to accommodate the simultaneous effects of
intra-membrane viscosity and thickness dilation on the morphological transitions of
the lipid bilayer. Utilizing variational methods and Monge representation, we ob-
tain the tangential and normal shape equations of membrane distension. The viscous
stress is formulated into the equilibrium equations to study the effects of intra-surface
viscosity on membrane morphology and thickness. The cases of membrane-protein in-
teraction and local inflammation are considered for demonstrating the refined model.
In particular, we cross-examine the results obtained from the proposed continuum
model using CGMD simulation. It is found that the results of CGMD simulation
show reasonable consistency when compared with the results obtained from the pro-
posed continuum model in predicting both the membrane morphology and thickness
distension. In addition, the acting viscous flow can shear the membrane surface to
form off-centered morphology in the case of the membrane’s local inflammation. At
the same time, the viscous flow can compress and pull the lipid membrane out-of-
plane direction resulting in thickness reduction in the vicinity of the substrate. The
obtained results may explain the morphological transitions of lipid membranes in-

duced by the pH level, storage time, and nanoparticle interaction.

5.2 Energy Potential of Lipid Membrane

The lipid membrane theory accounts for the effects of thickness distension has been
presented in [12]. In this paper, we reformulate the results directly from the mem-
brane free-energy density W = W(H, K, J,G;0%) for the sake of consistency and
completeness.

The model demonstrated in this study is based on the liquid crystal theory where
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the lipid tilt and membrane distension are discussed [29]. Therein, lipid tilt is sup-
pressed because the areal density of lipids on the membrane can be sufficiently high.
In this sense, the treatment for suppressing tilt is to align the liquid crystal material
vector to the lipid molecule direction. Due to the molecule vector gradient scale being
significantly larger than the molecule dimension, the underlying energy density based
on liquid crystal is homogeneous-quadratic in the vector gradient. Thus, the areal

density of the lipid membrane is invoked as [29]
W(H, K, J,G;0% = F(J;0%) + B(J;0°)H* + v(J;0*)K + o(J;0*)G*,  (5.1)

where F' presents energy potential from experiments, the energy minimizer principle
defines the coefficients § and ¢ are non-negative, H is mean curvature and K is the

Gaussian curvature defined by

1 1
H= 5a“ﬁbaﬁ, K= 560"86)‘%&)\1)5“, (5.2)

in which a,g is the surface metric and a®” is the inverse of a,5. £’ = €% /\/a is the
permutation tensor with a = det(ans), where e!? = —?' =1, e = €22 = 0. b*F are
the covariant components of the surface curvature tensor in the second fundamental
form which satisfy

~ap

b = 2Ha™® — b (5.3)

In the above, the contravariant cofactor of the curvature Z;aﬁ are introduced by

~ap

b = ey, (5.4)

Also, contravariant cofactor Baﬁ are related to the mixed components of the curvature
ﬁ . .
by, pertaining to

b = Ka™. (5.5)

Further, G = |5/J| is the gradient of surface dilatation (J) of lipid membrane used

for describing the thickness distension of lipid membrane due to s7.J is theoretically
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linear in thickness distension [29], which is formulated by
VJ=J,a% and G* = J,a% - Jga’ = a*’J,J s, (5.6)

in which a® are the dual basis of az following the relation a® = a“’ag, where ag are
the tangential plane vectors. To compute surface deformation, the surface covariant

differentiation is computed as
n;p = Aap — apan, (5.7)

where T'A 5 are the Christoffel symbols on membrane domain w. We obtain membrane
surface vector a, = r,, where r represents the position of the membrane’s surface
point in three-dimensional space. a, are related to the surface metric by a,s = a,-ag,
and the local surface orientation for the unit-vector field is n zéeo‘ﬁaa x ag. These

relations contribute to the Gauss and Weingarten equations
a,p =bysn and n, = —bga/g. (5.8)

At last, under the render of stationary configurations, the energy potential over the

membrane domain w is defined by

o / W(H, K,J.C: 0%)dA. (5.9)

5.3 Distension Induced Lipid Membrane Equilib-
ria

To establish equilibrium equations of the membrane, it is customary to compute
variational derivatives of the energy potential W. Hence, we develop a variational
framework by taking the derivative of W with respect to the surface configuration
parameter €, which is denoted with a superposed dot, and the variable bearing a
superposed dot owns the same meaning. Thus, the variational work of surface position

vector r is expressed by I = 0r(6”)/0¢ | ¢ = 0, where & = u(#*) and u is called virtual
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displacement. For a deformed membrane domain donated by w, the variation work

of energy potential yields

E= /(W +W.J/J)da, (5.10)
immediately,
W =W,J+WgH+WxK + WG, (5.11)
where
Wy =26(J;0%)H, Wi = ~v(J;0%), Wg = 20(J;0Y)G. (5.12)

The variational derivatives of J, H, K are recalled from [30], which are
J/J =a%a,, 2H = a®’n-u,z—2b*%ag-u, and K = l;aﬁn-u;a@—2Ka"‘-u,a. (5.13)

To compute G, we begin with

G*=VJ, (5.14)
and the variational work on both sides of Eq. (5.14) gives rise to
G=G"1vVJ-(VJ), (5.15)

where

(VJ) = Jqa% + J(a%), (5.16)
in which [15]
(@%) = [n- (a™a,)n—a"(a"4,), Jo = JSO, and J, = JS), +JSs.,  (5.17)

where S;a = a’ uus +0in-ug [29], and S5, = ), — fiﬁ, f‘iﬁ are Christoffel
symbols which are derived from the reference surface coordinate. Accordingly, Eqgs.

(5.15-5.17) contribute to
G = JG ' yaa? s + [Ga® — JGT1 T 3a VI + JGLI 0] - u,.  (5.18)

To cast the introduced variational work in the framework of two-dimensional elastic

theory, it is expected to seek tensor fields N® and M®? satisfying
E = /(W +WJ/J)da = /(NO‘ Uy + MY u,5)da, (5.19)
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where was = uq.s — Ijgu are the second covariant derivative of the virtual dis-
placement u, in which Féﬁ are the Christoffel symbols on membrane surface w. To

proceed, we rewrite

W+WJ/J =¢% —u-TS, (5.20)
where
©* =T u+ M. ug, (5.21)
in which
T* = N* - MY, (5.22)

where the T are components of stress tensor with directions on the membrane sur-
face. For equilibrium state of a purely elastic surface subject to lateral pressure P in

describing membrane inflammation is given by [29-31],
T3, + Pn=0. (5.23)

To formulate tangential and normal equilibrium equations, we decompose N® and

M®? into tangential and normal components, which are respectively
N® = N%az 4+ N°n and M*? = M**Pa, + M“n. (5.24)

Substituting Eqs. (5.22, 5.24) into Eq. (5.23) and invoking Gauss and Weingarten

equations (Eq. (5.8)) yields
(N9 MPb — ME) o + (MG + MPby5 — N)bhJar+ (5.25)

(N = M5 — MMbyg).0 + (NP + MBS — MEP)bgo + Pln = 0.

Projecting Eq. (5.25) onto normal direction n and tangential direction ay, the equi-

librium equations in normal and tangential direction are respectively
(N — M — MMbyg) .0 + (NP + MW — ME*Vbg, + P =0 (5.26)

and

(N MOV — M) o+ (M + My — N*)bl = 0, (5.27)
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in which
ABa __ ABa ABa ABua aT A
M = M + MAPOT! 4+ MYHT 0, + MMPOT) . (5.28)
To provide explicit expressions of Eqgs. (5.26, 5.27), we compare Eq. (5.11) with Eq.

(5.20) and invoke the Cayley-Hamilton theorem 0" = 2Haf — 4 , the tensor field

Me? N are achieved by
M = %JG—lwgJ,u(aa“aB + a®*a®) + (%WHM + W™ )n (5.29)
and
Ne — {[W Wy — 2(HWy + KWi)a® + WHBQ’B} ag+  (5.30)
WealGa® — JG™1 T \a®*VJ + JG T b n].
Combining Eqs. (5.29, 5.30) and Eq. (5.24), which gives rise to the tangential and
normal component of each tensor field M and N¢, which are
M = JG'Weald aa™ (5.31)
= %JG*WGJ’H(CL‘W@M + a"a®?)
= JG'Wgld aa™,
MoP = %WHM + Wich™”
and

NP = (W JWy = 2(HWy + KWk) + GWela™ — (5.32)
G W aJ a™ra + Wib™,

Aa

N = JG'Wad 0 = JG "W A(2Ha ™ — ).

By substituting Eqgs. (5.31, 5.32) into the Eqs. (5.26, 5.27), and invoking Egs. (5.2,
5.5) and relations bg, = bla,s, a®*a’tbg, = b*, the normal and tangential shape
equations are respectively

1 ~Baox

EAWH + (WK);ﬁabB + Wy(2H? — K) +2HWx K — 2H(W + JW;)+ (5.33)

[(JG'Wa(J ) s+G " Wad o J b7 = P
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and

20 Wy + J(W)eo + WaG o]a**—G Wa(J L) .ad ja’a® —

i

G Wad (I )00’ a — [JoG Wa(J )5 + JGWe(J ) pa)a™a® = 0. (5.34)

5.4 Intra-membrane Viscosity

Since the membrane subjected to viscous stress is a typical biology environment [5],
we consider the time derivative of the evolving the surface metric can accommodate

the corresponding strain effects and give rise to viscous stress [32]

0P = —~ya®P 4 7P, (5.35)
where 7 is scalar parameter and

7 = va**a"ay,, (5.36)

in which v is the intra-membrane shear viscosity, it should be noted the superposed
dot presents the time derivative and the Newtonian viscous stress 7%, in general, is
frame-dependent as indicated by the evolution of the velocity gradient over the time

in Eq. (5.39). To proceed, we find

ay, = (ax-a,) =ay-a, +ay - a,, (5.37)
where
ay = u, = (v*a, +wn), (5.38)
= vias,tvas ) +wan 4+ wny = (Vo — whar)a® + (Vb + w )N,

in which u = r is the velocity of a material point on the initial surface pertaining to
Ou/00* = u, = a, and u = v®a, + wn, v* and w are tangential component and
normal component of velocity u, respectively. The Eq. (5.38) advances the Eq. (5.35)
and Eq. (5.37) to be

0% = —~va®® + u[ao"\bﬁ“(v,\m + vy — 2wbya )] and ay, = vy + Uay — 2wby,, (5.39)
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respectively. In the sense that the viscous stress o aligns to the stress T (Eq.
(5.23)) in the tangential plane, the viscous stress is incorporated into the Eqgs. (5.26,
5.27), yielding

(N — M — MMbyg) 0 + (NP + MBS — M2 + 6°%)bg, + P =0 (5.40)
and
(N# 4+ MPby — M + %), + (M + M by — N*)bE = 0. (5.41)
The added terms in Eqs. (5.40, 5.41) compare to Eqgs. (5.26, 5.27) are respectively

TPbge = v[a® b (Vi + Vir — 2wh)]bas (5.42)
1
= 2y[§(va;5 + V500 — 2w(2H? — K)] and
Waﬂ;a = V[aﬂ’\ba“(v,\;u + Vi — 2Wbu>\)];a

= va”[aM (Vo + Via)s — 200N — 4wH ).

Therefore, the shape equations describing the mechanics of lipid membrane in the

presence of intra-membrane viscous flow are obtained from Eqgs. (5.33, 5.34, 5.42)

AWy + (Wi)pab " + Wi (2H? — K) + 2HWi K — 2H(W + JW;)+

(5.43)
[JG_IWG(J@);,3—|—G_1WGJ@J”3]Z)QB — Waﬂba,g = P and

[QJ@WJ + J(WJ) ot WgC{a]am—G_IWG(J7E);aJ,uaAeaa“—G_lWgJ7a(J7M);aa’\5aa“

—[JoG7 W (J )5 + JG W5 (J ). pa) @ a®? + Wga = 0.
Given that the viscous flow is induced by incompressible fluid over the membrane,
the incompressible condition .J/.J = sa*%a,5 = 0 [10] together with Egs. (5.37, 5.38)
formulate

v, — 2wH = 0. (5.44)

Since the proposed model is based on the conventional Helfrich theory while is cast
in the framework of two-dimensional elastic theory accounting for two-dimensional

liquid crystal theory, it is necessary to trace the refined model to the classic Helfrich
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theory. To see this, we cancel the thickness distension and viscous flow contributions
to the model (remove the relevant thickness distension and viscous flow terms of Eq.

(5.43), yielding normal shape equation

1 e
AW + (Wi)sal ™ + Wy (2H? — K) + 2HWy K — 2HW = P, (5.45)

and tangential equation automatically meets the form “0 = 0”7, where the normal
shape equation Eq. (5.45) almost recovers to the normal shape equation of classic

Helfrich type [7]
1 e
AW + (Wi)gal ™ + Wy (2H? — K) + 2HWi K — 2H(W + X) = P on w, (5.46)

the difference between Eq. (5.45) and Eq. (5.46) is located at the A(6*) which is
Lagrange-multiplier field determining the membrane’s intrinsic property while it is
not involved in our model because we demonstrate the problem in the framework of
two-dimensional elastic theory. For an uniform membrane, \(0) is constant and the

tangential shape equation of classic Helfrich type automatically meets [7]
Ao = —0W/00" = 0, (5.47)

showing the proposed tangential shape equation (Eq. (5.43)) can completely restore
to the tangential shape equation of the classic Helfrich type. Further, it is necessary to
compare the refined model with the precedent model describing membrane thickness
distension formulated from the classic Helfrich type (Eq. (5.49) below). Accordingly,
on one hand, the elimination of viscous flow effects in Eq. (5.43) yields the shape

equations accommodating thickness distension, which are

AWy + (Wi)pab © + Wir(2H? — K) + 2HWi K — 2H(W + JW;)+

1 1 (5.48)
TG Wa(J0)s+G W o g]b* = P and

[2J7aWJ + J(WJ) a T WgG@]a/\O‘—G_IWG(Jﬁ);aJ,u(IAECLa”—G_IWGJﬁ(J#);aa)‘saaﬂ

)

~[TaG™ Wa(J )5 + TG Wa(J ), pala™a = 0.
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On the other hand, the precedent study [12] has investigated the thickness distension

and formulated the corresponding shape equations which are invoked as
AWy + (Wi)gab * + Wir(2H? — K) + 2HWx K —

2H(W + qp) + G'Web™P 0 5 = P and
qap = OW/00“.

(5.49)

The differences between Eq. (5.48) and Eq. (5.49) lie in the thickness distension-
related terms because we couple membrane thickness distension with membrane de-
formation by invoking relation Sj; = I'p5 — fig in this work, while in the previous
work on membrane thickness distension [12], the thickness does not play an explicit

role by treating A\ = qp.

5.5 Boundary Conditions

The Eq. (5.20) yields the the variation of energy potential (Eq. (5.1)) which is

b= /(@; —u- T )da. (5.50)

In sense of the Stokes’ theorem, we figure out

/cp;‘;da = / (T u+ M - u5)v,ds, (5.51)
w Oow

where

ou B ou Or Ou Ov

965 ~ 9796° T voer ¥ 52
905~ 97008 " ouvopp LB Wls, (5.52)

u7ﬁ =

in which 7 is the unit tangent to dw, and v = v,a* = 7 x k for a flat boundary on

which n = k. Accordingly, Eq. (5.51) becomes

/ (T - u+ M - ug)v,ds

Ow

= / T . uvads+/M°‘ﬁ (W't +uyvp)uads (5.53)
Ow

= / T - uvads+ | M - u'rguads+ M . u yvguads,
ow ow Ow
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where we treat
M . w0, = (M - urgu,) — (M*P750,) - u. (5.54)
As such, the Eq. (5.53) proceeds to be
/a (T - u+ M - ug)v,ds
= /(9 T - uvads—/a (M0, 75)" - uds+ ) M . uvgvads +  (5.55)

/ (M - urgu,) ds.
Oow
Immediately, Eq. (5.55) follows the form
/ (f-u+c-uy)ds. (5.56)
Ow
Hence, the membrane boundary conditions are
T, — (M*Pv,735)" = f and M*Pv,75 = ¢ on Ow, (5.57)

which involves substrate-interaction forces f and bending moment ¢ on membrane

boundaries.

5.6 Monge Parametrization

To formulate membrane shape equations in the form of partial differential equations
(PDEs), we project the equilibrium equations onto Cartesian coordinate using the
Monge representation. To begin with, we represent material points with space vector

r(6“,t) on the membrane surface w, which are given by
r(0%,t)=6(0") + z(0, t)k, (5.58)

where 6(6*) represents point position on membrane plane, k is unit normal, and
z(0) is deflection function that determines the membrane shape. Since the Monge

representation is an approximation of out-of-plane deformations in which no folds of
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the membrane are allowed, i.e., 2(0,t) is restricted to a single-valued function. The
membrane surface can be represented by orthonormal Cartesian basis 6 = 0%e,. With

these settings, we compute
Ay = €4 + 20k, a = det(ans) = 14 (2,4)% and a®’ = 545 + 2,024, (5.59)

in which the d,43 is Kronecker delta. To represent surface curvature, we evaluate

n :k_—\/avz and b — %f(aa 2 aP), (5.60)

where Vz = z ,e, is the gradient evaluated on membrane surface, and b is curvature

tensor with components b,3 = Z\’Zf . After some algebra, we find

(14 2%)(e1 + 2,1k) — z122(e2 + z.2k)] and (5.61)

QI

[(1 + Z?l)(eg + ZVQk) — 2571272(81 + Zﬁlk)].

Using these expressions, we can represent the mean and Gaussian curvature (Eq.

(5.2)) by
1+ (2,2)2]2,11 + 1+ (2,1)2]2,22 — 22129212

H = 203/2

(5.62)

and
2
117,22 7 %12

J R (5.63)

a2
Utilizing these relations and algebra operations, we obtain a system of PDEs regarding
shape equations Eq. (5.43), boundary conditions Eq. (5.57), and incompressible flow

conditions Eq. (5.44). The algebra procedures are refrained for the sake of brevity.

5.7 Numerical Analysis and Discussion

The solution of the PDEs system (Eqs. (5.43, 5.44)) can be obtained using the
commercial software COMSOL. Emphasis is placed on demonstrating the membrane
thickness distension by the simulation results of J. It should be noted that the J is

the surface dilatation of lipid membrane while is interpreted as the direct indicator
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of membrane thickness because V.J is linear in thickness distension as discussed in
the previous section.

Since the lipid membrane inflammation and substrate-interaction cases have been
successfully utilized in investigating lipid membrane morphology transition such as
membrane-protein interactions [7], abnormal cell membranes formation [8] and long-
stored red blood cell morphology [33], we demonstrate the proposed model by ap-
plying lateral pressure P, substrate-interaction force f,, (in direction n = k), respec-
tively. For the substrate-interaction problem, the interaction force f, is applied on the
membrane inner boundary (Figure 5.1(a), circular boundary r = @ = 0.2) while the
membrane’s outer boundaries (membrane’s four edges) are fixed (z = 0). Considering
the morphological transition happens at p/N- nm scale (the bending modulus of the
membrane is invoked with 82 pN - nm [10]), we implement a non-dimensional treat-
ment for solving the PDEs system for eliminating dimensional effects, thereby, the
continuum model results might be comparable to the MD simulation results obtained
under the scale of nanosecond and nanometer. To reduce computational resources,
we solve the PDEs system by applying a non-dimensional 2 x 2 square domain to sim-
ulate the non-dimensional deformation and thickness distension of lipid membrane.
Meanwhile, the boundary condition of water flux is introduced by applying boundary
conditions of Neumann type from the left and bottom boundaries to investigate the

viscous effects on membrane deformation.

5.7.1 Coarse-grained MD simulation

Since the MARTINI CG force field has been successfully utilized to validate the phys-
ical properties of lipids membrane [3], the MARTINI 2.3 [34] force field is applied in
the designated simulation. Using this force field, we build a 40nmx40nm mem-
brane patch (Figure 5.1(a)) which is immersed in polarized water (Figure 5.1(b)).
The membrane-water system is constituted of 5408 dipalmitoyl phosphatidylcholine
(DPPC) molecules and 500000 water molecules. Each lipid molecule contains 12 CG
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40 nm

40 nm

Figure 5.1: Schematic view of the computational model: (a) 40nmx40nm lipid mem-
brane, (b) illustration of membrane-water system.

particles, and per water molecule owns 3 particles. The details of DPPC and water
molecule parameters can be found in [3, 5]. To validate the formulated continuum
model, we use the GRoningen MAchine for Chemical Simulations (GROMACS) 4.6
version package to simulate the local inflammation and substrate-interaction problem.
The membrane edges are fixed using the “freezegrps” code to align with the contin-
uum model edge condition z = 0. To introduce viscous flow, the water molecules are
pulled using the center of mass (COM) “pulling” code [35] so that the water can flow
in the designated direction (diagonally from bottom left to top right), and periodic
boundary conditions are applied to maintain a continuous flow. For the lateral pres-
sure problem, water molecules are grouped and accelerated using “acc-grps” code and
it induces a 5.6 Mpa lateral pressure toward the membrane patch surface. Precede
the simulation, the initial structure’s energy is minimized shortly. Then, the simula-
tion is implemented using a 20 ns canonical NVT ensemble [36], including constant
temperature T' = 323K and the integration time step of 20 fs. The thermostat used in
the simulations is V-rescale, and we use the reaction-field technique for the long-range
electrostatic interactions. As for the substrate-interaction problem, the interaction

force is applied to the membrane’s central area which is aligned to the membrane’s
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normal direction k. The central area, which is a circular area with a radius of a =
4 nm (Figure 5.1(a)), is selected and grouped for interaction purposes. The interac-
tion force applied on the central area is applied by imposing an acceleration on the
molecule using “acc-grps” code with acceleration 6x1072 nm/ps?. The rest of the
MD simulation procedures in substrate-interaction problems (like energy minimum,
production, etc.) obey the analogous procedures in simulating local inflammation
problems. To demonstrate the effects of viscous flow and boundary conditions on the

membrane thickness, we calculate membrane thickness using the tool FATSLIM [37].

5.7.2 Local inflammation of a rectangular membrane patch

The results of the continuum model and MD simulation regarding membrane mor-
phology are compared between Figure 5.2 and Figure 5.3 while the thickness disten-
sion results are compared between Figure 5.5 and Figure 5.6, showing a reasonable
consistency.

As shown in Figure 5.2 (continuum model approach) and Figure 5.3 (MD sim-
ulation approach), the simulation presents transverse deflections of membrane and
off-centered membrane morphology when the membrane is subjected to diagonal wa-
ter flow. At the early stage of t = 3.4s (Figure 5.2(a)) and t = 2.95ns in Figure
5.3(a), the membrane deformation peaks at the center of the membrane because the
deformation is mainly dominated by the lateral pressure P when the water starts
flowing into the membrane surface. The progressive flow of water eventually leads to
the off-centered membrane morphology at t = 4.0s in Figure 5.2(d) and t = 3.10ns
in Figure 5.3(d).

To validate the simulation results, the cross-section results of the continuum model
and MD simulation are compared in Figure 5.4, illustrating the diagonal water flow
of the continuum model and MD simulation can give rise to analogous off-centered
deformation because the flow of water pushes the peak of membrane deformation di-

agonally. Furthermore, the adopted Monge parameterization simplifies the responses
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Figure 5.2: Formation of membrane morphology subjected to lateral pressure and
viscous flow: (a) continuum model results at t = 3.4s, (b) at t = 3.6s, (c) at t = 3.8s,
and (d) at t = 4.0s.

3]

of the lipid membrane in the out-of-plane direction z, which may not be ideal for
large deformation analyses such as budding and vesicle formations. The refinement
of the proposed model to address the abovementioned deficiencies may be possible
via the considerations of the Green-Lagrange strain measure [38] and the generalized
parameterization [9, 28] which are certainly of more interest, yet it is beyond the
scope of the present study.

As shown in Figure 5.5 and Figure 5.6, when the membrane is subjected to a di-
agonal viscous flow, the membrane thickness fluctuates through the domain for both

continuum model and MD simulation approaches. Initially (Figure 5.5(a), at t = 0s),
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Figure 5.3: Formation of membrane morphology subjected to lateral pressure and
viscous flow: (a) MD simulation results at t = 2.95ns, (b) t = 3.00ns, (c) t = 3.05ns,
and (d) t = 3.10ns.

the thickness is uniform across the membrane due to the zero flux of water on the
membrane surface. Meanwhile, we observe unregulated perturbations of thickness at
t = 3.00ns for MD simulation (Figure 5.6(a)) which can be invoked by the thermo-
dynamics effects. The water flux progresses and eventually leads to the thickness
fluctuation on the membrane. It is shown in Figure 5.5(b-d) and Figure 5.6(b-d) that
the membrane thickness in the bottom left area is reduced while the thickness in the
opposite area is increased. This is because when the water flows onto the membrane
the flow direction is acute to the membrane surface (water is flowing towards the

membrane), where the membrane is compressed before the water flows over the peak
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Figure 5.4: Membrane deformation subjected to lateral pressure and viscous flow: (a)
comparison between continuum model result at t = 4.0s and MD simulation result at
= 2ns, (b) cross-section of MD simulation result at t = 2ns.

of the membrane deformation. After water flows past the peak of deformation, the
top right area of the membrane is subjected to a stretch by the water flow because
the hydrophilic beads are attracted when the water is flowing away from the mem-
brane. Hence, the compress and stretch force contribute to the thickness reduction
and increase, respectively. In the results of the continuum model (Figure 5.5(b-d)), we
should notice that the thickness of the membrane in the central area persists uniform
before the flow expands all over the domain while there is no such appearance for MD
simulation results (Figure 5.6). This difference can be explained that it takes time
for the water to expand all the domains when it starts flowing into the boundaries
(continuum model approach), while for MD simulation, the membrane is immersed
into the water initially.

By fixing the flux magnitude of water, the effects of viscosity on membrane mor-

phology and thickness are demonstrated in Figure 5.7 and Figure 5.8, respectively. As
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Figure 5.5: Membrane thickness distension subjected to lateral pressure and viscous
flow: (a) continuum model results (v = 40) at t = 0s, (b) at t = 0.16s, (c) at t =
0.32s, and (d) at t = 0.48s.

shown in Figure 5.7, larger viscosity exacerbates the off-centered membrane morphol-
ogy because the viscous stress increases subject to a larger viscosity, which can result
in the morphology deflecting in the diagonal direction. Figure 5.8 demonstrates that
viscosity can further alter membrane thickness distribution across the membrane by
fixing flux magnitude. The thickness difference between the top right area and the
bottom left area is weak at the viscosity of v= 20 (membrane thickness J = 0.45),
while the thickness difference between the two areas is enlarged subject to larger vis-
cosity as shown in Figure 5.8(b-d) where the thickness J ranges from 0.42 to 0.5. This
can be explained that larger viscosity raises larger viscous stress, which accordingly

enhances the compression on the bottom left area and stretches on the top right area
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Figure 5.6: Membrane thickness distension subjected to lateral pressure and viscous
flow: (a) MD simulation results at t = 3.00ns, (b) at t = 3.02ns, (c) at t = 3.04ns,
and (d) at t = 3.06ns.

of the membrane, resulting in a larger thickness difference.

5.7.3 Membrane-protein interactions

The continuum model and MD simulation results of the membrane subjected to in-
teraction force are compared in this section, and the interaction force is applied to the
inner circle boundary, i.e., the “hole” inside the lipid membrane domain. As shown
in Figure 5.9(a) and Figure 5.10(a), the membrane’s initial deformation peaks on the
membrane inner boundary (r = 0.2 for continuum simulation t = 0.002s, » = 4 nm for

MD simulation at t = 1.75ns) which are dominated by interaction force on the inner
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Figure 5.7: Formation of membrane morphology subjected to lateral pressure and
various viscosity at t = 4s: (a) v = 20, (b) v = 80, (¢) v = 140, (d) v = 200.

(d)

boundary. Progressively, the membrane’s inner boundary performs a deflection which
can be seen in Figure 5.11(right part of the inner boundary is higher than the other),
and the deformation tends to peak in the diagonal direction on membrane (Figure
5.9(b-d) and Figure 5.10(b-d)). Such deformation is induced because the bottom left
of the inner boundary is both horizontally and vertically compressed when water is
flowing over the inner boundary. The top right part of the inner boundary is elevated
because the water flow can stretch the membrane since the membrane’s hydrophilic
beads are attracted when the water is flowing past the inner boundary (Fig.10 (b-d)).

Both the continuum model and MD simulation results demonstrate that the viscous
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Figure 5.8: Thickness distension of lipid membrane subjected to lateral pressure and
different viscosity at t = 4s: (a) v = 20, (b) v = 80, (¢) v = 140, (d) v = 200.

flow in diagonal direction can reduce the inner boundary deformation of the bottom
left part while it raises the deformation on the top right part of the inner boundary.
The continuum model and MD simulation results are compared between Figure
5.12 and Figure 5.13, showing the membrane thickness fluctuates when the mem-
brane is subjected to interaction force and viscous flow. Initially, the thickness result
of the continuum model remains uniform because of no water flux (Figure 5.12(a)).
As for the MD simulation result (Figure 5.13(a)) at t = 0.2ns, thickness is reduced
around the bottom and left boundary because the thickness of other areas remains
affected while the water just starts flowing into the domain. Such flux proceeds and

results in the membrane thickness fluctuation across the domain, namely, the mem-
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Figure 5.9: Formation of membrane morphology subjected to interaction force and
viscous flow: (a) continuum model results at t = 0.002s, (b) t = 0.003s, (c¢) t = 0.004s,
(d) t = 0.005s.

brane thickness of the bottom left part is reduced while the top right part of the
membrane behaves larger thickness (Figure 5.12(b) and Figure 5.13(b)). This phe-
nomenon occurs because when the membrane is subjected to viscous flow, the bottom
left part of the membrane is compressed while the top right part of the membrane is
stretched when the water begins flowing past the interaction area. The stretch can
be induced by the opposite and transverse hydrophilic force because though both the
lipid beads of the top layer and bottom layer are hydrophilic, they are subjected to
transverse hydrophilic force from each side’s water. It should be noticed that com-

pared to the MD simulation results in Figure 5.13(b) the thickness of the partial inner
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Figure 5.10: Formation of membrane morphology subjected to interaction force and
viscous flow: (a) MD simulation results at t = 1.75ns, (b) at t = 1.85ns, (¢) at t =
1.95ns, (d) at t = 2.05ns.

boundary is reduced or enhanced, while the thickness of the inner boundary remains
uniform for continuum model results. This can be explained that there is no water
flowing through the inner boundary for the continuum model while for MD simula-
tion the water flows over the whole membrane area and induces thickness fluctuation

across the whole membrane.
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Figure 5.11: Membrane morphological transition (diagonal cross-section) subjected
to lateral pressure and viscous flow: (a) comparison between continuum model result
at t=0.004s and MD simulation result at t = 2ns, (b) cross-section of MD simulation
result.
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Figure 5.12: Membrane thickness distension subjected to interaction force and viscous
flow: (a) results of continuum model at t = 0s and (b) at t = 0.001s.
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Figure 5.13: Membrane thickness distension subjected to interaction force and viscous
flow: (a) MD simulation results at t = 0.2ns, (b) at t = 2.05ns.

5.7.4 Effects of intra-membrane viscous flow and interaction
forces on lipid membrane

The precedent validations have demonstrated the effects of viscous flow on the mem-
brane. In this section, we proceed to investigate the effects of interaction force on
the membrane because the interaction area is, in general, subjected to both viscous
flow and interaction force. As shown in Figure 5.14(a, b), the thickness distension
surges on the inner boundary and reduces in the vicinity of the inner boundary. The
thickness hikes on the inner boundary because of the resultant force differences be-
tween the top and the bottom layer of the membrane on the inner boundary: when
the interaction force is applied on the inner boundary, the upper layer is subjected to
interaction force and hydrophilic force in the same direction; while for bottom layer,
the interaction force and hydrophilic force are opposite, per se, assuming the magni-
tude of interaction force and hydrophilic force acting on membrane are respectively
fns fn, the upper layer of membrane is subjected to f, + f, while for the bottom
layer the resultant is f,, — f,. The thickness reduction around the inner boundary is
shown in Figure 5.14 can be explained that the interaction force can induce bending

effects around the inner boundary; the upper layer and bottom layer are locally bent,
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resulting in the curvature difference between the upper layer and bottom layer which

can lead to the reduction in membrane thickness. In addition, we notice the viscous
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Figure 5.14: Membrane thickness distribution subjected to interaction force and vis-
cous flow: (a) continuum model result at t = 4s, (b) MD simulation result at t =
1.1ns.

flow can further reduce the thickness of the membrane located at the bottom left
inner boundary (Figure 5.14(b)), while the thickness of the top right inner bound-
ary is slightly higher than that of the bottom left inner boundary. The explanations
have been illustrated in precedent sections associated with viscous flow effects on

membrane thickness induced by compression and stretch.

5.7.5 Experimental comparison

The illustrated simulation results may improve our understanding of cellular phe-
nomena such as the pH level, storage time, and nanoparticle interaction effects on
membrane morphology.

As shown in Figure 5.15 [39], the pH level can invoke a morphological transition of
the membrane which is analogous to the simulated membrane inflammation problem
in Figure 5.16. Experimentally, the membrane morphology evolves, and the mem-
brane deformation increases when subjected to pH level which can be assimilated by

continuum model results (see, Figure 5.16, where the membrane deflection increases
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gradually with respect to time t), showing the membrane morphology transforms due

to the viscous flow.
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Figure 5.15: Experimental results of lipid membrane morphology transition: (a) flu-
orescence microscopy images of the membrane subjected to the increasing pH values,
(b) quantitative results of membrane deformation in (a); black, t = 0s; red, t = 0.8s;
blue, t=1.2s; green, t=2.8s [39].

Furthermore, the continuum model result in Figure 5.17(a) aligns with the off-
centered morphology (Figure 5.17(b) [33]) as a result of a long storage time, showing
the off-centered morphology might be induced by viscous flow and membrane inflam-
mation. It is shown in Figure 5.18 that the simulation result (Figure 5.18(a)) might
demonstrate the interaction effect of nuclear pore complexes (NPCs) on the mem-
brane (Figure 5.18(b) [40]). Figure 5.18(a) demonstrates the interaction effects on
the inner boundary of the lipid membrane, leading to the out-of-plane deflection of the
lipid membrane, and high curvatures are observed near the inner boundary. Likewise,
when the NPCs are inserted into the nuclear envelope, it induces a highly curved pore

membrane and dome-shaped evagination of the INM due to the substrate-interaction
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Figure 5.16: Continuum modeling results of membrane inflammation at different time
steps.

(a)

Figure 5.17: Comparision between simulation result and experimental result: (a)
continuum modeling result of membrane inflammation subject to viscous flow at t =
4s, (b) scanning electron microscope (SEM) images of long-stored red blood cells [33].

effects. In particular, the distance between INM and ONM is reduced, showing the
interaction force might decrease the membrane thickness (for instance, the reduction
of membrane thickness on the inner boundary in Figure 5.14). It is noteworthy that
the substrate-interaction effects can be induced by bilayer-protein interaction, result-
ing in the differences in membrane thickness in the vicinity of membrane proteins

[41-45].
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Figure 5.18: Comparision between simulation result and experimental result: (a)
simulation result of substrate interaction subjected to viscous flow at t = 0.005s, (b)
electron-tomographic slice of Hela cells, in which the highly curved pore-membrane
deformation is induced as the NPCs are inserted into the nuclear envelope. ONM,
outer nuclear membrane; INM, inner nuclear membrane [40].

5.8 Conclusion

We study the thickness distension and morphological transitions of lipid bilayer mem-
branes through the continuum-based model and CGMD simulation. To accommodate
the simultaneous effects of intra-membrane viscosity and thickness distension, the
classic Helfrich-type model is reformulated into the framework of a crystal thin-film
which is deduced from the three-dimensional liquid crystal theory. Utilizing varia-
tional framework and Monge representations, tangential and normal shape equations
of the lipid membranes have been formulated in the presence of viscous stress, and the
resulting system of PDEs is solved numerically. The problems of membrane inflamma-
tion and substrate interaction are considered for model demonstration. In addition,
MD simulations are implemented to further investigate the results obtained from the
proposed continuum model. It is found that viscous low may result in the off-centered
membrane morphology and, at the same time, may increase/reduce the membrane
thickness by compressing and stretching the membrane in the out-of-surface direc-
tion. In the case of membrane-substrate interactions, the acting interaction force

gives rise to local bending effects in the neighborhood of the inner boundary and,
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hence, reduces the membrane thickness. Further, a set of existing experimental re-
sults have been revisited in light of the proposed work to advance our understanding
of lipid membranes’ local inflammation and substrate interaction effects. For exam-
ple, the proposed continuum model may provide quantitative descriptions for the
highly curved morphology and the associated thickness reduction of the membrane
when NPCs interact with the nuclear envelope. Lastly, the results from the obtained
continuum model and MD simulations are compared to examine the performance of
the proposed continuum model. Although the MD simulation and the continuum
model are two distinct approaches (with different constitutive backgrounds) in the
lipid membrane studies, they show close similarity in predicting both the membranes’
deformation and thickness dilation except in some particular neighborhoods of the
interacting boundary where the MD results experience high fluctuations. The dif-
ference between the results obtained from the proposed continuum model and MD
simulation may be due to the fact that the MD simulation can identify the interme-
diate structures with tilted lipid molecules whereas the proposed continuum model
describes the membranes’ substructure as essentially non-tilted lipids. Further re-
search in this respect is certainly of more practical interest yet is beyond the scope

of the study.
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Chapter 6

The Mechanics of Elastomeric
Sheet Reinforced with

Bi-directional Fiber Mesh under
Lateral Pressure

In this Chapter, we investigate the concurrent three-dimensional deformations of fiber-
reinforced composite sheets undergoing lateral pressure via a three-dimensional contin-
uum model. Our approaches involve the utilization of the Neo-Hookean strain energy
model for the matriz material while incorporating the strain energy of bidirectional
fibers (orthogonally cross-linked) into the hyperelastic material model. The strain en-
ergy contribution of bidirectional fibers is modeled by accounting for the stretching,
bending, and twisting responses of the fibers. In addition, we derive the Fuler equa-
tion and loading conditions describing the mechanics of the fiber-matriz composite
system. The presented results encompass various kinematical aspects of the fiber-
matrix systems such as out-of-plane and in-plane deformation, bending, twisting, and
stretching of fibers within the matriz material, as well as the deformation of the fiber
network. The simulation results provide phenomenologically meaningful insights into
the damage patterns of the fiber-reinforced building material, the hemispherical dome
shaping results of bamboo poly (lactic) acid (PLA) composites, and the out-of-plane

deformation of woven fabric.
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6.1 Introduction

Fiber-reinforced composite (FRC) materials, characterized by their reinforcements
and matrix materials, have been the subject of extensive research in the field of
material science and engineering due to their unique properties like high durability,
stiffness, flexural strength, etc [1-3]. Notably, FRC, particularly for biological tissues,
owns a distinctive J-shaped stress-strain response that plays a crucial role in prevent-
ing material damage caused by excessive strain while enabling high deformability [4—
6]. Via the optimization of the interpenetrating network within the matrix material
of the FRC, the J-shaped stress-strain performance can be significantly improved [6].
Thereby, the significant enhancements in the unique properties enable the FRCs to
be highly promising candidates for a wide range of engineering applications, such as
robotics engineering, building construction, and biological tissue manufacturing [7—
10].

The optimization of FRC performance necessitates the development of predictive
models that delve into the internal microstructure of the material to enhance its
mechanical properties. A fundamental assumption in this regard is to treat fibers
as densely and continuously distributed microstructures embedded within the ma-
trix material. This consideration facilitates continuum modeling descriptions that
are particularly well-suited for investigating isotropic matrix-fiber composites while
accounting for the mechanical deformation of the composite material stemming from
the response of the embedded fiber polymers [11]. Within this context, early stud-
ies have primarily focused on computing the first-order gradient of deformation to
analyze the deformation of FRC. These investigations involve examining fiber elon-
gation through the consideration of unidirectional fiber reinforcement while treating
the FRC as transversely isotropic [12]. Alternatively, the FRC materials have been
treated as incompressible, and it is assumed the embedded fibers are inextensible [13].

However, both approaches have their limitations in describing the mechanics of FRC,
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as FRC generally possesses a dense network of fibers within the isotropic matrix ma-
terial, by which the composite can be isotropic in the orthogonal and bidirectional
dimensions. In addition, the embedded fibers are extensible due to the deformations
of the embedded fiber kinematically depending on the overall deformation of the FRC
[11].

Considerable efforts have been dedicated to developing the continuum theories
framed in the higher-order gradient of deformation, aiming to provide accurate and
comprehensive descriptions of the mechanics of fiber-reinforced composites. This
involves the calculation of the first and second-order gradient of deformations, facil-
itating the continuum model’s capability to elucidate the fibers’ resistance to both
flexure and stretch, especially in its applicability to describe the mechanics of trans-
versely isotropic materials [14, 15]. Within this prescription, it has been feasible to
simulate and test network structures under plane bias extension and coupled bending
conditions, enabling the examination of shear strain distributions within the mesh
structure [16-18]. In this regard, the authors in [11] propose the gradient elasticity
theory (which might serve as an alternative Cosserat theory of non-linear elasticity),
in which the kinematics of the embedded fibers are assimilated into the hyperelastic
strain energy model by computing the first and second-order gradients of fiber defor-
mation. This model provides accurate descriptions of the smooth transitions of the
shear strain fields of FRC, addressing the significant discontinuity observed in the first
gradient theory. In addition, the anisotropic type of this model successfully predicts
the J-shaped stress-strain response of elastomeric composites, the shear strain distri-
butions, and the deformation profiles [19]. To capture the moderate strain-stiffening
and rapid strain-stiffening responses of bidirectionally reinforced fibers, the gradient-
based continuum model has been refined by incorporating the bending and twisting
kinematics of fibers into the well-known Mooney-Rivlin hyperelastic strain energy
potential [20] and invoking strain energy of higher order polynomials and exponential

form, in which the J-shaped strain-stiffening characteristics and in-plane deforma-
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tion behaviors of FRC are accurately predicted, showcasing a reasonable alignment
between theoretical outcomes and empirical observations. Recent advancements in
characterizing fiber kinematics have even extended to the third-order gradient of de-
formation to capture and understand phenomena related to network localization [21].
These works can be framed within the strain-gradient theory [14].

Nevertheless, though the strain-gradient-based models have successfully proven
their capability in capturing the two-dimensional mechanical performance of FRC,
they overlook any out-of-plane components, resulting in deformation fields such as
displacement and strain-stiffness responses solely independent of the out-of-plane co-
ordinate. In addition, the current models fall short of addressing the critical role
of the embedded fiber units in determining the overall mechanical performance of
fiber meshwork. These unexplored aspects might hedge against comprehending the
mechanics of FRC and, hence, impede the development of a continuum model that
can provide a comprehensive understanding of the concurrent three-dimensional de-
formation of FRC materials, which encompasses key aspects such as loading-response
behavior, strain distribution, meshwork deformation, and the effects of microstructure
on the overall deformation of FRC.

In this study, we investigate the mechanics of bidirectionally fiber-reinforced (or-
thogonally cross-linked fibers) elastomeric sheets undergoing lateral pressure by demon-
strating a three-dimensional continuum model. The derivation process involves the
utilization of the Neo-Hookean strain energy model for the matrix material and the in-
corporation of bidirectional fibers’ strain energy into the hyperelastic material model
by accounting for the stretching, bending and twisting of the fibers. The strain en-
ergy of the fiber reinforcement is formulated via the computation of the first-order
gradient of deformation in terms of configuring fiber extension, and then formulating
fiber bending and twisting contributions to the strain energy through the second-
order gradient of deformation. To establish the constitutive equations for the FRC,

we derive the Euler-Lagrange equations in the variational approach and configure the
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surface of the FRC via differential geometry on the FRC surface, which involves cal-
culating the surface metric, covariant derivative, and contravariant derivative, as well
as the first and second-order gradient of deformation on FRC surface. The formula-
tion leads to a system of coupled Partial Differential Equations (PDEs), which are
numerically solved via a custom-built Finite Element Analysis (FEA) procedure. The
numerical results emphasize elucidating the concurrent three-dimensional response of
FRC and revealing the mechanism that the embedded fiber unit deformation governs
the overall mechanical response of the fiber meshwork. The simulation results com-
prehensively demonstrate the proposed model’s capability to predict the concurrent
three-dimensional deformation of FRC subjected to lateral pressure, encompassing
the three-dimensional deformation of matrix material and the embedded fiber net-
work, as well as the bending, twisting, and stretching of fiber units. It is observed that
FRC exhibits concurrent three-dimensional deformations when subjected to lateral
pressures, and the matrix material is more deformable in plane than out-of-plane,
resulting in the diagonal direction of the FRC showcasing the maximum deforma-
tion. In addition, the in-plane deformation exhibits considerable dependency on the
size and shape of the FRC. Notably, the simulation results of unit fiber kinemat-
ics (extension, flexure, and twist) reasonably explain the formation of the overall
mechanical performance of the FRC meshwork. Further, the network of fibers ex-
periences compression in the vicinity of the FRC edges, while the meshwork located
in the hinterland of the material undergoes intense stretch, corresponding to the ob-
served large compressing strain in the vicinity of FRC boundaries and the stretching
strain inside the domain, respectively. More importantly, the theoretical kinematics
differences between the matrix material and reinforcements reasonably explain the
damage patterns in the fabric material used for strengthening construction material,
the hemispherical dome shaping of bamboo Poly (lactic) acid (PLA) composites, and
the out-of-plane deflection of woven fabric.

Throughout the manuscript, the derivation process involves computing the trans-
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pose, inverse, cofactor, and trace of tensor A which are presented using standard
notations AT, A=! A* and tr(A), respectively. We utilize the symbol ® for tensor
expression and calculation, and the inner product of between tensors A and B is
denoted as A - B = tr(AB”). The determinant of tensor A is expressed as |A|. For
tensor components, Latin symbols index {1, 2, 3} and they are summed up when re-
peated. The partial derivative of a scalar-valued function F to tensor A is presented
using subscript form F4 = F /JA. Similarly, the subscript i of (x); (i.e., d(x)/06")

denotes the differentiation of surface coordinate 6°.

6.2 Kinematics

In this section, we present the kinematics of fibers on the FRC surface configured by
the general curvilinear coordinate, aiming at achieving the constitutive equilibrium
equations of a hyperelastic matrix reinforced with elastic extensible and flexible fibers.
Emphasis is placed on deriving concise kinematic descriptions for a bidirectional fiber
family via the computation of the first and second-order gradient of continuum de-
formations.

Let 0% present coordinate parameterizing material position in three-dimensional
space. Then, continuum mechanics introduces the concept of the reference and current
material positions, denoted as X (%) and r(6%), respectively. Corresponding to these

two configurations are their respective natural bases (as illustrated in Figure 6.1)

_OX(8)
TR

or(0*)
a0 « '

Xa (6.1)

and a, =

Therefore, the surface metric in reference and the current configurations are re-
spectively computed as A,g = X, - Xg and anp = a, -ag. The determinant of surface
metric yields A = det(A,p) and @ = det(anp), and the positive-definite surface metric
renders their inverse, i.e. a!'! = a2 a®? = L a®' = a'? = =42 and the same for A,

based on which we compute dual basis X* = A*Xj, a® = a®ag. The connections

between the referential and current bases are established via the first-order gradient
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Referential configuration @) Current configuration

Figure 6.1: Schematic of surface configurations: surface vectors to the specific trajec-
tories in referential (£2) and current configurations (w), respectively.

of deformation [22], i.e.,

:8r(0") _or(9*) _ 00~

F==x =~ a0c ©ax

=a, ® X%, (6.2)

and to compute the stretch and flexure of fibers, we express the fiber units (unit

tangents to the trajectories of the fibers) in the reference configuration as [23]

AX(S,U) . dX(S.U)

L=—0 v

(6.3)

where S and U are respectively the arclength parameters in the increasing directions of
L and M (see, Figure 6.2). In the case of initial state, the uniformly and orthogonally
oriented fibers obey L - M = 0, while L - M # 0 for initially non-orthogonal fibers
[24-26]. To make the work concise and clarified, we adopt uniform and orthogonal
fibers. Then, the deformed L and M (regarding 1 and m, see Figure 6.2) can be

computed via the first-order gradient of deformation as [23, 26-28]
Al = FL and pym = FM, (6.4)

in which \ and p are stretch that are expressed with

ds du

)‘:ﬁvuzwa
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where s and u are deformed fiber arclength parameters corresponding to L and M
directions, and Eq. (6.4) alternatively furnishes the first-order gradient of deformation

as

F =\ ® L+pm @ M. (6.6)

Besides the stretch that fibers are subjected to, potential deformations of fiber may
include bending, which necessitates the second derivative of position r in three-

dimensional space to compute the fiber piece curvature (see, Figure 6.2)

Pr(S)  d(E2)  d(FL)  d(FL)d(X)

= = ds J — = = V(FL)L and
&1 452 as iS5~ aX a5 VFL)Lan
dr(U) _ d(%F)  dFM) _ d(FM) d(X)
g2 FTiE U U X av M) (6:7)
Initial Meshwork Deformed Meshwork
Fld?b#l Fiber
; Fall H gt
>
2 L P> i1
© g
E E Y1
> Matrix ﬁ ‘ 2 wﬁ
(Longitudinal) (Longitudinal)

Figure 6.2: Schematic of fiber kinematics: unit tangents to the trajectories of the
fibers in reference (L and M) and current configurations(l and m), and geodesic
curvature (g, and g,) between two adjacent fibers.

Here, we assume fibers are initially undeformed because fibers, in general, are
aligned straightly before being deformed, so we idealize fibers as “locally straight”

even if they might be slightly and locally curved. Under these assumptions, we write
g1 =VFL®L) and go = VF(M @ M) (6.8)

due to VL =VM = 0, where VF is the second gradient of deformation. To compute

the second-order gradient of deformation on the FRC surface, it is not trivial to
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introduce Gauss and Weingarten equations
A, = bapn and n, = —bypa’ = —bgaﬁ, (6.9)

where semi-colon represents covariant differentiation, b,g are coefficients of the second

fundamental form, b2 are curvature components in mixed form, unit surface normal
. . af . . . .

n zéeo‘ﬁ a, xag, in which ¥ = eﬁ is the permutation tensor density. These relations

denote surface covariant differentiation, for instance [22, 24, 27],

£

r;; = (r;),; — fwr’e and a,p = a, 3 — Fgﬁa,\, (6.10)

where ffj and Fgﬁ represent the Christoffel symbols in the reference and current
configurations, respectively. With the assistance of Egs. (6.9, 6.10), we find (see, also
22, 24-27])

VF = (a, , — [a,) ® X“@X”. (6.11)

The introduced fiber kinematics encourages us to propose a mathematical a model
describing the mechanical deformation of FRC material. Hence, the strain energy

potential of matrix-fiber systems might be demonstrated as

W(F, Eiy gz) - Wmat'rix(F) + Wfibe'r eztension<€1,52> + Wfiber bending/twist(gla g2)7 (612)

where W(F)natriz 1S the energy potential of matrix material that has been widely
adopted in the description of hyperelastic matrix materials, see [29-31] and references

therein, for Neo-Hookean material of incompressible type,
Wnatriz(F) = k(F - F — 3), (6.13)

in which & is the material parameter and should be multiplied with a factor 1/2 when
k incorporates the meaning of shear modulus. Then, W (eq €2) fiver extension cONtributes
to the fiber response regarding stretch, and such contribution may be demonstrated

by using the Green-Lagrange strain in the quadratic form

1 1
Wfiber emtensian(51,52) - §E15% + 5 255, (614)
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where F; are stretch stiffness of fiber, strain ¢; can be presented using Eq. (6.6) with

1 1 1 1
£ = 5@2 —1)= 5(FL ‘FL—1) and &; = 5(,12 -1)= 5(FM -FM —1). (6.15)

To proceed, W (g1, 82) fiver bending /twist 11lustrates the bending and twisting contribution
to the strain energy of FRC regarding the dot product of geodesic curvature, which
has been considered as the fibers’ bending energy potential of Spencer and Soldatos
type [32] that the contributions of bending strain energy are entirely dependent on
the geodesic curvature of fibers via the computation of the second-order gradient of
continuum deformation. The concept of bending-contributed strain energy has been
widely postulated and adopted in the associated studies (see, [24, 33-37]). Further,
the computation of second-order gradient deformations necessitates the adherence to
frame indifference, which remains applicable in the context of finite elastic deforma-
tions of general continuum bodies [38-40] and hyperelasticity of biological tissue [41].
Hence, the concept of bending strain energy is adopted without further proof in the

present study, and the W (g1, 82) fiber bending/twist Might be written as [25-28]

1 1 1
Wtiver bending/twist(gla g2) = §Clg1 81+ ECng "8+ §Tg1 - 82, (6-16)

where C; represents the bending stiffness of the fiber and T is the torsional stiffness
of fiber, which is, in general, independent of the gradient of deformation. Eventually,

the constraint of bulk incompressibility furnishes the strain energy potential as

1 1 1
UF, e,g,p) = w(F-F-3)+ §E15f + §E25§ + §C'1g1 ‘g1t (6.17)

1 1
§ng2 ©go + §Tg1 g2 —p(J —1),

where J is the determinant of F and p is Lagrange multiplier (a constitutive indetermi-
nate parameter). Such constraint derives from the consideration that, for engineering
material, volume changes in material deformation is a costly process (see, also, [29,

31)).
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6.3 Equilibrium

A wealth of literature (see, for instance, [42-45]) has well-established the framework
of variational principles in second-gradient finite elasticity. Hence, we derive the Euler
equilibrium equations and loading conditions through the variational framework in

this section. The potential energy of FRC occupying domain B is presented as [23]

B

and it is assumed that, in reaction to virtual power E, the fiber composites equilibrium

may be balanced by the virtual load P [22], which is
E=P, (6.19)

where the superposed dot means the variational derivative to €, say, a parameter that
identifies configurations of the surface. The variation of energy that is conserved to a
virtual load emphasizes on determining the equilibrium equation by minimizing the
potential energy, i.e., deriving the Euler-Lagrange equation. Hence, the primary work

is to compute [27]

- [0 (6.20)
B

6.3.1 Variational formulation

The variational framework of E necessitates the computation of

U(Fv iy giyp) = Wmatriac(F> + Wfiber extension(51,52) + (621>
Wfiber bending/twist(glu g2) - [p(J - 1)}

= Up- F+Ueiéi +Ug, - 8; — [p(J — 1)]7

where subscript F, ¢;, g; denote partial derivative, and

. . v

F=3a,9X"=u,0X* X =0, (6.22)
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in which u = 1 is called virtual displacement, i.e., the variation of position vector r.

Under this principle,
Up - F=2xF - F =2k(a, ® X%) - (u 3 ® X?) = 264%a, - u,y, (6.23)

it can be deduced that A%’ = X« .X? = L*L? + M*MP”? when orthogonal basis
X XP? coincide with fiber tangents L and M, respectively. After some algebra,

W(51,52) Fiber extension 1S calculated as
i (22 (a0pLaly — 1) DAL+
W fiber eatension(€1,€2) = E2 ! a; - u). (6.24)
L2 (a0 Mo Mg — 1) M, M;]

Regarding W(gb g2)fiber bending/twist; W€ compute

) ) . T ) )
Ug, & =Ci1g1-8, + Caga- gy + E(gl 8y +82-81), (6.25)
where
& = [VF(D @ D) = (vF) (D & D), (6.26)

here, i = 1, 2 and index i = 1 corresponds to fiber direction vector D = L, and index

i =2 means D = M. Invoking Eq. (6.11), we have
(VF) = [(a,,—za,) @ X“@X"] (6.27)
= [(aap) — (Top)ay, — [y(ay)]@X"®XY,
where we apply Eq. (6.10) to express
(aa,6) = (Wa),5 = Wag + Taguin, (6.28)
in which (a,) = u,, while (I'l;)" = 0 due to initial configuration of FRC. The
substitution of Eq. (6.28) into Eq. (6.27) furnishes

(VE) = [wap + ([ — Tag)ua]@X@X?, (6.29)

Thus, we figure out g, from Eq. (6.8) that

g = {[uas+ (0~ Topua]oX°©X" (D@ D) (6.30)

= [Was + (T2 — Thy)u,n] DD’
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and invoking Eq. (6.9) and Eq. (6.10), we obtain

. = =A o
gi-& = [, + @), —T,)alD'D"-[was+ (T — Thp)un]DDP

(b + (T, — T7,)a J(Ts — Tag) D®DPDID" -y + (6.31)

Hence, it can be derived that

g g = [(bun+ (I, — T )a (DA — Tag)LOLOLFL - uy + (6.32)
(b + (T, = T, )a JLYLP LML - w0

g8y = [(bun+ (I, — T )a (DA — Tag) MOMOMI M - uy +
[(bum + (T, — T, )a JMMP MF M - a9

g1 8y = [(Bun+ ([, —T)a ] (Ths — Tog) MOMPLPLT - u +
[(bum + (T, = T )a JM*MP LML - w0

88 = [(b,mn + <FZ77 B on)aw](Fgﬁ - f3ﬁ>LaLﬁMuMn “u +
[(bum + (T, — T )a JLYLP M M - 0.

To make U (F, €;,8i,p) explicit in the variational form, we calculate

p(J — 1)) =pJ, (6.33)
where J = /% [22] is the area dilatation and
J=Jp - F=F"F=J@ oX,) F=Ja" u,, (6.34)
where F* is adjugate of F.
6.3.2 Euler equilibrium equation

Egs. (6.20, 6.21) contribute to the virtual work statement

av,

E N / Wmatria: (F) + Wfiber extension (51,52) + Wfiber bending/twist (gla g2)_
B [p(J —1)]

(6.35)
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Here, the substitution of Eqs. (6.23, 6.24), (6.32-6.34) into Eq. (6.35) renders a

bilinear form in terms of u \ and u.,g, which is

( 3\
A
2kAa, - u+

T =
i= [ (-4 (5, = ) (T3, — )1
B [(bym + (Fln - f‘ln)aﬂy] “UWap
(CLLOLPLPLM 4 Cy M MPB MH M7+

TMOMPLELY + ZLALEMPMT) — pJar - uy

av'.

(6.36)
Eq. (6.36) may be further arranged into the form of [22, 27, 28]

E= /(<PA wy + M uag)dV, (6.37)
B

where

E E
(,0)\ = QRA’Y/\a,Y + [é(aagLaLﬁ — 1)L)\L’y + f(aaﬂMaM/g — 1)M/\M-y]a-y +

— _)\ o
[(bum + (T, — T )a J(Tag — Top) (CL LY LA L* L+
CoMMP MM + ZNeMPLHLN + ZLaLAMPM™)
pJa* and (6.38)
[(bum + (T3, — T, )a J(CLLALP LP L 4 Co M MP M¥ M+

¥ =
TMAMPLILY + ZLALA MeM™)

For the sake of conciseness, we invoke the treatments in [22, 27, 28, 46, 47| to clarify

the tangential and normal components in Eq. (6.38), we write

0 = a4+ ¢*n and vV = P a, ¢ n, (6.39)
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where

E E
P = A+ TH(dasLals = DALy + 5 (a0sMaMs — )MAM, +

_ _ . )
(Tl = FZn)(FéB —I5p)(CLL LPLFL" + Co M MP MH* M7+
%MOéMﬁLMLU + %LaLﬁMuMn)
pJCL’y)\7 (640)
DTy — Tag) (CLLELPLILY + Co M MPMH M+
%M@MBLML”] + %LQL’BM“Mn)

e (T2, — Do )(CLLALP LA L + Cy M MP M» M+ 1
= Y an
EMAMPLPLY + ZLALP M M™)

T T
VM = b (CLIALP LML 4 CoMAMP M* M + EJWMBLML?7 + ELALﬁM“M”).

To establish equilibrium equations, the Eq. (6.37) may be rearranged using integral

by part and divergence theorem, yielding

E= /(gp’\ Suy + u)g)dV = / (o —Z@;B) ~u\dV + Y u,\vpdS. (6.41)
B B OB

Hence, in the absence of external loads, the Euler-Lagrange equation can be obtained
with

(@ — ) = 0. (6.42)

Substituting Eq. (6.39) into Eq. (6.42) and project the resulting equation onto

tangential and normal components, yielding the normal equilibrium
(0 = b — 2 )n + boa (@7 = ¥ + M ba™) =0 (6.43)
and tangential equilibrium

(@ = 0 + ¥ bgea)n + (Wbt — 9*)b) = 0. (6.44)
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By invoking Eq. (6.40), Eq. (6.9) and a® = a*"a,, Eq. (6.43, 6.44) transform into

normal shape equation

£

2

(FZm)bMFQB + (bunrgﬁ);/\ - bmz;ﬂa + bﬁmbeﬁambw_
(an);ﬁbw - [(an)bvﬁ};a

T T
(CLLOLP LML 4 CoM*MP M* M + EM“MﬁL“L” + EL"‘LBM“M”) —

E
0 — 2/$Aa’\ba>\+[71(aagLaL5 — 1) LyL; + =2 (aas Mo Mg — 1) My M;)bx+

* (6.45)

pJaA“bM,\

and tangential shape equations

- [“bunbora® + (Tl + ) C)a+ | (6.46)
by pbea@™ + (bunbaﬁae'y);a_(F;In);ﬁa+(rgn)bfﬁbmam]
T T
(CLLALP LML + Co M MP M* M + EMO‘MﬁL“L" + ELaLﬁJWMW) —

(pjaw);ﬁ

where

(pJa™®) .5 =ppa’® - a=1=det(F) (incompressibility). (6.47)

It should be noted that, in the presence of virtual loads in reaction to virtual power
E, virtual load P (see Eq. (6.19)) represents lateral pressure applied onto the FRC
surface [48], theoretically, the P might be applied to the left-hand side of Eq. (6.45),

shown as

E E.
P = QKAaAba)\—F[?l(aagLaL/g — 1)L)\Lj -+ %(aagMaMﬂ — 1)M>\Mj]bj,\+

(F;Y“?)b’ﬂréﬁ + (blﬂirgﬁ);k - b,un;,@’a + b,unbsﬁaa’ybya_
(Fln);/jb’ﬂl - [(Fln)b%@];a

T T
(CLLLPL*L" 4 Cy M MP M* M" + EMO‘MﬂL“L” + ELQLBM“M”) —

* (6.48)

pJa’\“bH,\
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6.4 Model implementation and Boundary condi-
tion

In this section, we express the proposed model using Cartesian coordinates to make
the proposed model explicit for the sake of simulation, and the numerical simulation
results will be illustrated in the following sections. To implement the proposed model,

we present a material position in a deformed FRC domain w as
r = yre, (6.49)

where {ek} is contravariant basis for 3-dimensional Cartesian coordinate in the de-
formed configuration (the index can be lowered down because it is framed in the
orthogonal Cartesian coordinate), so k takes the values in {1,2,3}, xx are corre-
sponding components. Likewise, for the material position of the initially undeformed
fiber composite, we present X = X, EF, where X}, are components of reference coordi-
nate, {Ek} are orthogonal basis configured in reference coordinate. On the deformed
fiber composite surface, the introduction of curvilinear coordinates 6 on FRC sur-
face gives rise to: 4 = X4 = X, under reference configuration (i.e., undeformed
FRC) while r =0%¢, = x,€® in the current configuration. In the view of continuum
mechanics, the unit fibers’ trajectories, whenever they are stretched or not, are as-
sumed to be straight. Hence, by taking the derivative, we can compute the natural
bases configuring fibers’ trajectories in reference and current configurations, which

are respectively

_OX,EF

» Oxre”
A= o =Bl and a, = S = e (6.50)

Then, we can deduce the surface metric of reference and current configuration as

Ajj = 6ij and ai; = Xem,iXk,jOkm. (6.51)
where 6*™ is the Kronecker delta. Then, Gauss and Weingarten equations (Eq. 6.9)

necessitate the computation of normal vector

n= 5km"Me”, (6.52)

Ja
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kmn

in which ¢ is Levi-Civita symbol, and

a = det(a;j) = ar1a22 — a12a91, (6.53)

obeying a = 1 due to the constraint of incompressibility, in which

a2z an a2 ij -
CLH == a22 = CL12 — (121 - = .. a¥ = (aij) 1‘ (654)
a a a

To make the curvature components explicit, we proceed to compute
Aij = EZ] =0and a;; = Xk:,ijek7 (6.55)

then Egs. (6.52, 6.55) furnish the expression of curvature components

nkm Xn7a/8Xk71Xm72 . (656)

Ja

Additionally, Christoffel symbols Ff,j = A;; - EF¥ = 0 in reference configuration,

ba5:n~aa75=8

while T'¥; = a;; - a* in deformed configuration. Apply relations (Egs. (6.49-56)) to
equilibrium equations Eqs. (6.46, 6.48), and after some algebra, we obtain a system
of 4th order PDEs with 4 unknowns x1, x2, X3, and p to be solved numerically. The
numerical process of solving 4th-order PDEs is implemented via the open-resource
packages FEniCS [49, 50], and the solving method and treatments can be found in [11,
19-21] that emphasizes solving the system of 4th-order PDEs. The algebra procedures

expressing the PDEs are refrained for the sake of brevity.

Figure 6.3: The illustration of boundary conditions: fixed boundaries 0B and lateral
pressure P applied on the domain B.
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The boundary conditions of the simulation are portrayed in Figure 6.3, where the
boundaries 0B are fixed by applying y3 = 0 and x;, x2 are clamped to their values
X1, X5 in the initial configuration. Further, the lateral pressure P is applied on the
rectangular FRC sheet surface, and no external in-plane loading is applied on the
fiber-composite surface.

To illustrate and understand the theoretical results properly, the simulated results
are expressed in initial and current configurations involving the the coordinate Xy, Xs,
X3 and x1, X2, X3, shown in Figure 6.4. The x1, X2, X3 represent deformed material

positions with respect to X5, X5, X3 that configure initial material positions.

Initial Meshwork Deformed Meshwork

1oer Me oer
ml Fa

X; 3 *;2 2

Matrix 9

com— -
0 X, 0 Y1
Figure 6.4: Coordinate expression in initial and current configurations: X;, X5, X3

for initial configuration and x1, x2, x3 for current configuration (X3 and 3 are normal
to the X; — X5 and x; — X2 plane, respectively).

6.5 Results and Discussion

In this section, we theoretically analyze the matrix material deformation, meshwork
deformation, and kinematics differences between the matrix material and meshwork,
aimed at explaining the deformation of woven fabric, the damage pattern of the
fabric-reinforced cementitious matrix (FRCM), and the shaping of bamboo fabric-
PLA composite, through which the validity and adaptivity of the proposed model
can be illustrated.

Since the kinematics of fiber extension, flexure, and twist have been built into
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the proposed model, it is not trivial to unveil their crucial role in manipulating the
mechanical performance of fiber meshwork via the simulation results. Hence, we
theoretically investigate the kinematics of the fiber units to illustrate the role of the

fiber units’ deformation in determining the overall deformation of the meshwork.

6.5.1 Matrix material deformation

Figure 6.5(a) illustrates the matrix material’s out-of-plane deformation, and it is ap-
parent that the application of lateral pressure P results in out-of-plane deflection for
the matrix material of FRC. In addition to the out-of-plane deformation response
under lateral pressure, the matrix experiences concurrent in-plane deformation, as
illustrated in Figure 6.5(b). It is observed that the material particles migrate toward
the edges of the domain due to the lateral pressure, particularly in the diagonal direc-
tion, leading to the most substantial in-plane deformation (0.6) occurring along the
diagonal direction of the domain. Conversely, the material located at the center of the
FRC exhibits weak in-plane displacement because of the surface tension equilibrium
there.

Furthermore, upon comparing Figure 6.5(b) and Figure 6.5(c), it is evident that
the maximum in-plane deformation (0.6) surpasses the magnitude of the out-of-plane
deformation (0.14) by a factor of 4.3. This discrepancy underscores the composite
sheet’s remarkable deformability in the plane (when P/C; = 1/3). The substantial
difference between in-plane and out-of-plane deformations arises from the pure out-
of-plane deflection representing the material’s response to flexural effects, and the in-
plane deformation underlies the matrix material’s ability to simultaneously undergo
flexure and extension.

To elucidate the influence of FRC size and shape on the in-plane deformation, Fig-
ure 6.6 investigates the in-plane deformations of FRC with dimensions of 5x5, 10x 10,
and 10x5 when subjected to P/C; = 1/3. Figure 6.6(a) and (b) illustrate that a larger

domain size (10x10) leads to a greater in-plane deformation in the diagonal direction
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Figure 6.5: Deformations of the fiber-reinforced composite subjected to kK = 1Mpa,

E; = 2Mpa, C; = 3Mpa, T = 3Mpa, P = 1Mpa: (a) out-of-plane deflection of the
matrix material, (b) in-plane material displacement vector field, (c) top view of (a).

(1.2 compared to 0.6) for square-shaped FRC. Nevertheless, the transition from a
square to a rectangular domain results in alterations in the deformation distribution:
instead of the high in-plane deformation located around four corners (Figure 6.6(a)
and Figure 6.6(b)), Figure 6.6(c) covers the peak in-plane deformation on the tips of
the corners while the areas of peak deformation are reduced in comparison to Figure
6.6(a) and Figure 6.6(b). Although the area of Figure 6.6(c) domain is less than
that of Figure 6.6(b), and its peak deformation (3.5) located at the corners exceeds

the peaking value (1.2) in Figure 6.6(b) due to the transition of domain shape to a
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Figure 6.6: Size/shape effects on the in-plane deformation of the matrix material
subjected to kK = 1Mpa, E; = 2Mpa, C; = 3Mpa, T = 3Mpa, P = 3Mpa: (a) 5x5
square, (b) 10x10 square, (¢) 10x5 rectangular.
rectangle. It is concluded that, for FRC of the same shape, the boundaries of FRC
confine the maximum in-plane deformation via the smaller size of the domain, while
the change in the shape of the FRC can alter the distribution of in-plane deformation.
Figure 6.7 illustrates the full-scale deformation of FRC under the increasing lateral
pressures P (k = 1Mpa, E; = 2Mpa, C; = 3Mpa, T = 3Mpa). Notably, by invoking
Figure 6.6, Figure 6.7 indicates that the central region of the FRC is dominated by the
out-of-plane deformation, while in-plane displacement is constrained by the domain

edges. To be precise, it is apparent that an increase in the lateral pressure results in a
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Figure 6.7: The material displacements of the matrix subjected to increasing lateral
pressures: (a) P/C; =1/3 (3D view), (b) P/C; =1/3, (¢c) P/C; =1, (d) P/C; =5/3,
(e) P/C; =17/3, (f) P/C; = 3.
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greater maximum deformation, evident from the transition from 0.6 in Figure 6.7(b)
to 0.7 in Figure 6.7(f). In particular, there is a substantial increase in deformation at
the center of the domain, transitioning from 0.1 in Figure 6.7(b) to 0.6 in Figure 6.7
(f). This notable increase in deformation can be attributed to the dominant influence
of the lateral pressure at the center of the domain. In contrast, it is observed that
deformations occurring in the vicinity of the four corners of the domain exhibit a
modest increase, progressing from 0.6 to 0.7. This weak increase in deformation is
primarily contributed by the weak out-of-plane deflections in those regions and in-
plane deformation is confined by the boundaries (illustrated in Figure 6.6(a) and
Figure 6.6(b)). It is noteworthy that the out-of-plane material displacement remains
unrestricted except for the occurrence of material damage.

In Figure 6.8, the distribution of Green-Lagrange strain intensity across the domain
is depicted, highlighting the strain peaks in the hinterland of the domain (0.6) and
the vicinity of the FRC boundaries (-0.4). The peaking strain inside the domain is
invoked by the stretching and out-of-plane shear effects on the FRC surface while the
strain concentration (-0.4) is induced by the shrinking/bending effects in the vicinity
of boundaries. Of particular significance is the reinforcement of strain at the four cor-
ners, resulting from the combination of strains (¢; and &5). This strain concentration
induces material points to migrate toward the corners of the domain, as visualized
in Figure 6.5(b), which is fundamentally attributed to the fact that strain represents

the rate of deformation, consequently dictating the direction of displacement.

6.5.2 Fiber meshwork deformation

To comprehensively comprehend the underlying mechanisms of deformation between
matrix and fiber meshwork of fiber-reinforced composites, a detailed examination
of the fiber units and fiber network deformation becomes imperative, and the as-
sociations between the micro deformations of fiber and the overall deformation of

meshwork remain to be unveiled. Hence, the proceeding emphasis should be placed
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Figure 6.8: Green-Lagrange strain distribution of the matrix material over the domain
(k = 1Mpa, E; = 2Mpa, C; = 3Mpa, T = 3Mpa, P = 1Mpa): (a) €1, (b) es.

on investigating the unit fiber kinematics and the meshwork deformation, and this
pursuit is predicated on the widely held belief that the microstructures nestled within
the matrix material exert a dominant influence over the overall mechanical responses,
as substantiated in [51-54].

For the convenience of delivering the discussion, we understand the ¢th unit fiber
L? and M as microstructure in bi-direction, and the corresponding microstructure

deformations of extension are understood as AL and uM‘, and g}, g?

for flexure, as
illustrated in Figure 6.9 below. The main concept is to illustrate the microstructure
deformation determining the overall extension and flexure of a single fiber. Within this
configuration, Figure 6.10 illustrates the extension of individual fiber units through
the calculation of Al = FL and ym = FM. It reveals that the fiber pieces experi-
ence significant elongation (1.4) at the central region of the material domain while
undergoing localized contraction (0.2) near the boundaries. The deformed length of
a fiber unit is theoretically 1.4 times its initial length at maximum, a result of local
stretching, while the fiber unit length can be dramatically reduced to one-fifth of its

original length. The local extension of the fiber unit is dominated by both in-plane

and out-of-plane deformations when subjected to lateral pressure, and the bending
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Figure 6.9: The illustration of fiber unit deformation determines the overall fiber
deformation: (a) The mechanism of the elongated L determines the elongation of a
single fiber; (b) The mechanism of the curved L determines the overall flexure of a
single fiber.

effects induce the shrinking of fiber units in the vicinity of the boundaries. Notably,
a larger “red” area featuring a larger amount of stretched fiber units, as indicated by

the expanded red region in the central part of Figure 6.10(a) and (b), suggests that

the most stretched fibers are situated near the domain’s central section.
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Figure 6.10: Distribution of deformed fiber unit over the domain (k = 1Mpa, E; =
2Mpa, C; = 3Mpa, T = 3Mpa, P = 12Mpa): (a) Deformed L; (b) Deformed M.

To theoretically validate the role of microstructure extensions in determining the
overall stretching of fibers, we analyze the extension ratios of fibers by sampling the
lengths of 5 unidirectional deformed fibers, as exemplified in Figure 6.11(a). As ob-

served in Figure 6.11(b), under fixed lateral pressure, Fiber 4 exhibits the largest
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length due to its central positioning within the FRC. This phenomenon is consistent
with Figure 6.10 that the central region contains more stretched fiber units (as in-
dicated by the larger red zones in Figure 6.10), which underscores the critical role
played by the microstructure of fiber deformation in determining the overall extension
response of the fibers. Additionally, Figure 6.11(b) demonstrates that the increasing
lateral pressures result in increased lengths for all the sampled fibers. It is noteworthy
that the fiber extension exhibits the J-shaped loading-extension response characteris-
tic of hyperelastic materials [19, 20], which serves as a key indicator in the fabrication

and analysis of synthetic composites [55, 56]. The geodesic curvature of fiber units,

2.5 106
2.0 Fiber Mesh Fiber 1 103
1.5 # Fiber 2
0.75 Fiber3 ¢
0.25 Fiber4 ...
0 P i
X; o
-1.0 Fiber5
-2.5 Mam ° ’ Y e : ¢ N
(a) (b)

Figure 6.11: Fiber extension under increasing lateral pressures: (a) The locations of
the sampled fibers; (b) The comparison of fiber extension.

denoted as g; and g, are illustrated in Figure 6.12 to elucidate the bending and
twisting characteristics of the fiber units across the domain. In Figure 6.12(a) and
(b), it is evident that the geodesic curvature peaks along the domain’s boundaries,
while it is weak within the central region. This observation underscores the fact that
fiber pieces experience significant curvature near the boundaries due to the bending
effects, whereas they exhibit reduced curvature in the central zone of the domain be-
cause of extension. Notably, Figure 6.12(c) reveals the intersections between g; and
g, particularly intensified along the diagonal direction of the domain. The intersec-

tions suggest the presence of fiber twisting as illustrated in Figure 6.12(d), where the
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intersections of g; and gy are indicative of fiber twisting in the diagonal direction of

the domain. The deformations of fiber units (extension, flexure, and twist in Figure
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Figure 6.12: Distributions of unit fibers’ geodesic curvature g; and gz (k = 1Mpa,
E; = 2Mpa, C; = 3Mpa, T = 3Mpa, P = 3Mpa): (a) g1; (b) go; (c¢) g1 and gy
intersection; (d) The illustration of intersections between g; and go.

6.10 and Figure 6.12) ultimately cultivate the overall deformation of the network, as

exemplified in Figure 6.13(a). Figure 6.13(a) phenomenologically portrays the trans-

formation of the grid structure into parallelograms, predominantly along the diagonal

direction. This transformation is believed to be a collective work of both the extension

of fiber units (as indicated in Figure 6.10) and their torsional deformations (Figure
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6.12(c)). By comparing Figure 6.13(b) and Figure 6.13(c), it is noteworthy that the
grid enlargement in the central section and the shrink in the vicinity of boundaries
derive from the stretching and shrinking of fiber units, respectively (see, Figure 6.10),
underlying the microstructure deformation of fibers determined the overall extension

of the meshwork.
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Figure 6.13: Geometry comparison between the initial meshwork and deformed mesh-
work (k = 1Mpa, E; = 2Mpa, C; = 3Mpa, T = 3Mpa, P = 3Mpa): (a) deformed
meshwork, (b) initial meshwork, (c) top view of (a).

To validate the theoretical results of fiber mesh deformation, Figure 6.14 pro-

vides comparisons by invoking the theoretical and experimental deformation results
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Figure 6.14: Comparision of the meshwork deformation between proposed model
results and the out-of-plane deflection results in [57] (bidirectional reinforcements
case): (a) profile of meshwork (kx = 0.24Mpa, E; = 9.64Mpa, C; = 5Mpa, T =
1Mpa, P = 0.085Mpa.), (b) peaking values of the out-of-plane deformation subjected
to increasing lateral pressures (k = 0.24Mpa, E; = 9.64Mpa, C; = 5Mpa, T =
1Mpa, P = 0.035 — 0.085Mpa).

of bi-directional meshwork deformation in [57]. Figure 6.14(a) demonstrates both
the proposed model and fabric meshwork perform dome-like profiles when subjected
to lateral pressure despite the slight local curvature difference. In addition, Figure
6.14(b) indicates a larger lateral pressure results in intensified out-of-plane deforma-
tion for both the proposed model meshwork and fabric network, despite the differences
in peaking values. The differences regarding the profile and peaking deflection might
derive from that the results of the proposed model account for the effects of matrix
material while the cited results are based on testing pure fabric meshwork; Our model
describes the rectangular domain while the cited work demonstrates the circular do-
main; Our model is capable of theoretically describing the in-plane deformation which
is critical in demonstrating the profile of meshwork while the [57] merely measures the
out-of-plane deflection and stress; Despite the utilization of the same extension mod-
ulus 9.64Mpa in [57], the under-defined bending and twisting stiffness in [57] hedge to

obtain more accurate results quantitatively. Furthermore, the experiment and mea-
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surement settings of [57] are invoked in Figure 6.15, where the lateral pressure on
the fabric meshwork is applied by the negative pressure of the air while maintaining
the edge of meshwork fixed, showing the boundary condition of the proposed model
aligns with the cited work, i.e., the applied lateral pressure is normal to the material
surface at pointwise while maintaining the boundary clamped. Hence, it is concluded
from the experimental setting and the invoked out-of-plane results that our proposed
model might still predict the trend of out-of-plane deformation of fiber meshwork

despite the scarcity of in-house experimental results.

6.5.3 Fiber-reinforced composite deformation

In this section, the demonstrated deformation of matrix material and fiber meshwork
are collectively illustrated to analyze the kinematics differences between the matrix
material and meshwork in the FRC, and the validity of the model analysis is evidenced
by invoking the damage pattern of the construction material and shaping process of
fabric-reinforced material.

Within this aim, Figure 6.16 demonstrates the overall deformation of FRC sub-
jected to lateral pressure, it is noteworthy that the corners of matrix material expe-
rience significant deformation, and the grids in there are found to be dramatically
distorted /sheared, resulting in the rectangular grid’s transition to parallelogram and
the meshwork is locally curved on the FRC surface. The dramatic matrix material
deformation and meshwork geometry transition address the vulnerability of materi-
al/reinforcement damage or instability in the diagonal direction of the domain. In
particular, it is observed in Figure 6.16(b) that the matrix material at the central
region of the domain undergoes weak in-plane displacement while the grids of the
embedded meshwork in the same region experience enlargement. This underlying
disparity in kinematics between the matrix material and the embedded meshwork
highlights the potential for dislocation/split within the central section of the do-

main. To qualitatively verify the vulnerability of damage, the damage patterns of the

159



bolt  load

retaining plate

nlt / ] silicone seals

fabric| | fabric’

x N e
air vent | air cylinder

OO0 0 00Q0O0C

0/0)9)0)0)0)0,0,0,0

’.LbbvvouJuQJ)
b\.«\«vvuuQJJ'JJJ' )

OOBAANA YD

C

self-developed ruler tool

(b)

Figure 6.15: Experimental configuration on testing and measuring the woven fabric
deformation in [57]: (a) the sketch of the deformation tester (left) and real tester
(right), where the fabric edges are clamped by the bolts, nuts and retaining plate. The
plate has a hole of radius of 50mm to expose the fabric to the air inside the cylinder
container. Then, the lateral pressure is induced by the vacuum pumper connected at
the cylinder container bottom and a pressure gauge is utilized to monitor the lateral
pressure. In addition, the O-type silicone seal is applied to maintain the pressure. (b)
the ruler and positioner for measuring the fabric meshwork out-of-plane deformation,

and more details can be found in [57].

fabric-reinforced cementitious matrix (FRCM) subjected to in-plane and out-of-plane
loadings [58] are invoked in Figure 6.17 and the corresponding experimental config-

urations are shown in Figure 6.18. In [58], the damage patterns include cracks and
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Figure 6.16: Fiber-reinforced composite deformation (k = 1Mpa, E; = 2Mpa, C; =
3Mpa, T = 3Mpa, P = 1Mpa): (a) side view of 3-dimensional deformation, (b) top
view of (a).

spalling of the matrix material, and the breaking of fabric reinforcement. In addition,
these damage phenomena are particularly observed in the diagonal direction of the
matrix material as shown in Figure 6.17 from which the diagonal and horizontal splits
(indicated by red dashed lines) are illustrated. In detail, the study describes the split
damage patterns observed in rectangular FRCM as “the fabrics ruptured along the
diagonal cracks”, which exhibit a high alignment to the large diagonal deformation re-
sults in the diagonal direction in Figure 6.16 and the discussed dislocation potentials,
and additional proof regarding the failure pattern can be found in [59, 60].

Further efforts in evidencing the theoretical results have been given to explain the
observed horizontal split in Figure 6.17(c) and concentrated stresses at the corners
of the matrix material of FRCM specimens mentioned in [58], shown in Figure 6.19,
where the simulated Lagrange strain and meshwork deformation are presented. It
is found that the meshwork is observed to shrink and the matrix material in the
vicinity of boundaries is undergoing compressing strains, indicating the substantial
compression effects might result in the horizontal split of matrix material and fabric
reinforcement in Figure 6.17(c). In addition, the superimposed e; and ey in the

vicinity of domain corners highlights the observed intensified stress at the corners of
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the domain (discussed in [58] and reference therein).

o
[ 3
°
[ ]
o
[
@
®

Figure 6.17: Damage pattern of FRCM specimens fabricated using different modes
of fabric application [58]: (a) DAo—g9, (b) SAg_g0, (¢) DAy where D means direct,
S presents sandwich, A for anchored, the subscript number represents the angle of
fiber orientation. The fabric is mounted on the matrix/infill material with mechanical
anchors in the vicinity of the blue zone and fabric ruptures are marked by dash lines.

The validity of the proposed model might be additionally located in qualitatively
describing the reshaping process of bamboo fabric-PLA composites, as illustrated in
Figure 6.20, The comparability between the proposed model results and the reshaping
process of bamboo fabric-PLA composites is attributed to despite the bamboo fabric-
PLA composite laminate domain being circular (the proposed model investigates
rectangular cases), the laminate is subjected to lateral pressure on the surface induced
by the contact from hemispherical dies while maintaining the fixed edges, which
aligns to the boundary condition in the proposed model. In addition, the fabric

reinforcement of laminate shows its alignment with the proposed model regarding the
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Figure 6.18: Experimental setting on testing the out-of-plane performance of FRCM
[58]: The left image is the side view of the right graph, in which the motion of the
shake table is used for inducing the out-of-plane loading, and the side supports provide
lateral supports for the specimen. The FRCM specimens are further positioned and
fixed with abutment restraint slips and pre-tension cables near the boundaries, which
align with the proposed model’s boundary conditions in a clamped manner.
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Figure 6.19: Green-Lagrange strain and meshwork deformation of fiber-reinforced
composite over the domain (k = 1Mpa, E; = 2Mpa, C; = 3Mpa, T = 3Mpa, P =
1Mpa).

bidirectional distributed fabric reinforcements. More importantly, as shown in Figure
6.16(a) and Figure 6.20(c), the dome-like theoretical result aligns with the profile of
the deformed fabric-PLA composite, and it is apparent that the grids situated in the
central region of the domain undergo enlargement (Figure 6.16(b) VS Figure 6.20(c)),

while grids in the vicinity of the boundaries experience shrinkage (Figure 6.16(b) VS
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Figure 6.20(c)). Hence, these findings collectively showcase a high phenomenological

agreement of the proposed model results in Figure 6.16.

08704/2013 £7:21 AM

()

Figure 6.20: Experimental configuration on shaping bamboo fabric-PLA composites
[61]: (a) the blank PLA composite is placed on the top surface of the hemispherical
female die surface to be reshaped by the male die, (b) the male and female die are
matching to form the dome-like bamboo fabric-PLA composites, (c¢) the obtained
dome-like bamboo fabric-PLA composites with the enlarged grids in the hinterland
and shrunk grids in the vicinity of boundaries.

6.6 Conclusion

We propose a continuum model aiming to achieve comprehensive descriptions and

understandings of three-dimensional deformation in fiber-reinforced materials. The

164



model-building approach involves incorporating an elastomeric matrix material by us-
ing the Neo-Hookean hyperelastic material model, then considering the bidirectional
fiber meshwork as the reinforcement. The kinematics of the reinforcing fibers are
configured by computing their positions and kinematics vector fields, which facilitate
the derivation and integration of the first-order and second-order gradients of defor-
mation into the continuum models. The formulation process is implemented within
the framework of differential geometry on FRC surfaces and variational principles,
resulting in the derivation of the Euler equilibrium equation and admissible loading
conditions while accounting for the constraint of material incompressibility. By pro-
jecting the Euler equilibrium equations onto three-dimensional Euclidean coordinates,
a system of PDEs is obtained and then solved numerically using a custom-built FEM
procedure to illustrate the mechanical response of the elastomeric composite. Re-
search attention is particularly dedicated to the characterization of three-dimensional
deformation, the kinematics of microstructures (extension, flexure, and twist of fiber
pieces), and the mechanism of microstructure that determines the overall deformation
of the meshwork.

The simulation results phenomenologically illustrate that the matrix material of
FRC undergoes concurrent three-dimensional deformations when subjected to lateral
pressures, resulting in the maximum in-plane deformations occurring in the diagonal
direction of FRC while the center of the domain exhibits weak in-plane deformation.
In particular, the matrix is more deformable in the plane as indicated by the in-plane
plane deformation exceeds the out-of-plane deformation significantly, and the in-plane
deformation of matrix material shows a high dependency on the domain shape/size.
Notably, the simulated deformations of fiber pieces reasonably predict the overall
deformations of fiber meshwork, showing the embedded microstructures of fiber de-
termine the overall deformation of fiber meshwork. Impressively, the mechanical re-
sponses of the fibers exhibit clear J-shaped loading-extension relations, which are in

alignment with the strain-stiffening behaviors observed in fiber-reinforced composites
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and synthetic materials. More importantly, these characterizations reasonably and
qualitatively explain and validate the deformation of fibrous materials, such as the
shaping of bamboo fabric-PLA composites and woven fabric, as well as the damage
patterns observed in fabrics used for strengthening cementitious matrices.

The proposed model offers reasonable and comprehensive descriptions of elas-
tomeric composite deformation, potential damage patterns in fiber meshworks, and
the deformations of fibers and fibrous meshworks. Therefore, it is advisable to con-
sider these theoretical estimations before fabricating elastomeric composites. This
approach can assist in achieving high-quality fiber-reinforced composites while effec-

tively minimizing the costs associated with design and fabrication processes.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

This thesis sets out to study the hyperelasticity of lipid membranes and fiber-reinforced
composite material by incorporating associated factors into the well-established strain
energy potential and illustrating the resulting simulation/analytical results. This in-
volves considering the lipid membrane strain energy is non-uniformly distributed over
the lipid membrane, the presence of intra-surface viscous flow on the lipid membrane
surface, and the fiber-reinforced composite performs concurrent three-dimensional
deformations subjected to out-of-plane loadings. The emphasis is placed on demon-
strating the morphologies of lipid membranes to understand the cell functioning pro-
cess and analyze the mechanical performance of fiber-reinforced composites which are
widely used in various industries and engineering fields.

The studying approaches include respectively assimilating the strain energy con-
tributions of lipid membrane non-uniformity and surface distension into the Canham-
Helfrich model, and building the strain energy potential of fiber composite by using
the Neo-Hookean hyperelastic model for the matrix material while accommodating
fiber kinematics. To derive the constitutive relations on the material surface and es-
tablish equilibrium equations, differential geometry is utilized to present the material
position on the surface of the deformed lipid bilayer and fiber-reinforced composite,

enabling the computation of the surface metric, covariant/contravariant derivative

173



on the surface, as well as the gradient of deformation. To derive the Euler-Lagrange
equation describing the mechanics of hyperelastic material, the variational framework
is implemented on the furnished strain energy potential, where the equilibrium equa-
tions and admissible boundary conditions are formulated to demonstrate the physi-
cal behavior of hyperelastic material. Through the implementation of the proposed
models, the formulated equilibrium equations and boundary conditions are projected
onto the Cartesian coordinate and a system of PDEs is obtained and then solved
numerically /analytically. In particular, the non-linear equilibrium equations of lipid
membranes are linearized and solved analytically to demonstrate the “small” defor-
mation of lipid membranes. Aiming at validating the refined Helfrich model of the
lipid membrane, the obtained numerical simulation results and analytical results are
evidenced by the established theoretical results and experimental results, suggesting
the capability of the refined lipid membrane model in describing cell morphogenesis,
such as the off-centered lipid membrane morphology induced by being treated under
14 days of storage in a liquid medium, the multiple peak morphology of abnormal
cell membranes (burr cell) commonly observed in uremia and chronic kidney disease.
Further, the phenomenological consistency of the obtained theoretical results regard-
ing the descriptions of lipid membrane morphology might assist in understanding cell
physiology and pathology. In addition, the MD simulation approach is applied in
the study of viscous effects on the surface distension of lipid membranes, where the
MD simulation results prohibit a high consistency to the results obtained from the
proposed model. As for the study of fiber composite, the proposed three-dimensional
model of fiber-reinforced composite comprehensively describes the fiber composite
deformation subjected to out-of-plane loadings by evidencing numerical results with
the experimental results of the damage pattern of FRCM specimens, shaping process
of bamboo fabric-PLA meshwork, and the out-of-plane deformation of woven fabric.
It is specifically summarised: Chapter 3 and Chapter 4 investigate the non-uniformity

of lipid membranes while respectively focusing on describing different cellular cases
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(Chapter 3 mainly for protein-membrane interaction, Chapter 4 for cell inflamma-
tion). Chapter 5 emphasizes studying the viscous effects on the surface distension
of lipid membranes. Chapter 6 proposed a three-dimensional model describing the
mechanics of fiber-reinforced composite film.

In Chapters 3 and 4, two sets of complete analytical solutions are presented to de-
scribe the mechanical responses of non-uniform lipid membranes subjected to protein-
membrane interactions and local inflammations, respectively. Emphasis is placed on
deriving the rigorous and sufficiently general linear theory of lipid membranes to ac-
commodate the complex nature of non-uniform membrane morphology undergoing
substrate-interaction force and lateral pressure. As such, a series of more general
forms of the energy potential of the Helfrich type are proposed depending explicitly
on the surface coordinates. In this regard, the non-uniformity of the lipid membrane is
formulated into the equilibrium equations by introducing the coordinate-dependent
functions, where the corresponding linear shape equations are formulated, and the
normal shape equation is homogeneous for protein-membrane interaction problem
while it is inhomogeneous for local inflammation case. Within the Monge param-
eterization, the formulated non-linear shape equations are transformed into PDEs
and linearized, then, the corresponding complete analytical solutions are achieved
within the prescription of superposed incremental deformations. To illustrate the
morphological transition of a non-uniform lipid membrane, the boundary conditions
of the existing non-linear model are reformulated in the present context to accom-
modate the obtained analytical solutions in describing lipid membrane morphology.
Consequently, a wealth of examples that portray the evolutions of the membrane in
response to applied substrate-interaction force (for circular membrane patches) and
lateral pressures (for circular and rectangular membrane patches) are elucidated.

The results of Chapter 3 (the protein-membrane interaction case) suggest that
the resulting deformation fields (in the cases of energy distribution functions define

the lipid membrane as circumferentially and radially non-uniform) demonstrate clear
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signs of coordinate dependency of the non-uniform lipid membrane, showing that the
descriptions of the non-uniform responses of membranes are intrinsically dependent
on the augmented strain energy potential which is explicitly determined by the sur-
face coordinates. The key findings are: the analytical solutions of the proposed linear
model demonstrate reasonable agreement with those obtained from the non-linear
analysis, e.g., the linear theory and non-linear theory tend to coincide when the lipid
membrane is subjected to small deformation; The superposition of analytical solu-
tions from linear shape equations remains valid for the present application, i.e., the
analytical solution of the combined non-uniform energy distribution cases may be
obtained by superimposing the analytical results of the circumferentially and radially
non-uniform membrane cases, respectively; The non-linear solution promisingly pre-
dicts the off-centered biconcave morphology of lipid membranes and the multiple peak
formations of abnormal cell membranes (burr cell), which are commonly observed in
uremia and chronic disease.

In Chapter 4 (membrane inflammation case), the effects of cell inflammation on
non-uniform lipid membranes are investigated, in which the radial and circumferential
non-uniformity of lipid membranes are illustrated by the analytical solution of the
linear theory of lipid membrane. The key findings include the lateral pressure effects
can be generally equivalent to the bending effects on the lipid membrane deformation
at specific values while maintaining the non-uniformity of the lipid membrane. In ad-
dition, the analytical solution of linear theory phenomenologically assimilates the se-
quences of discocyte-stomatocyte morphology in cell membranes and the off-centered
biconcave discoid formation of a red blood cell. It is also found that the superim-
posed analytical solution remains valid in describing the combined non-uniform cases
of membrane inflammation (discussed in Chapter 3). Particularly, the combination
manner of analytical solutions further suggests that a more general class of membrane
morphology transition may be characterized by the superposition of different types

of analytical solutions in describing membrane non-uniformity and so may accommo-
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date a wide range of phenomenologically relevant problems. It can be deduced that
the potential application of investigating the inflammation effects on the non-uniform
lipid membranes might be in the conformation analyses of membranes associated with
the compromised membrane-skeleton connections and/or lateral diffusion processes.

Unlike Chapter 3 and Chapter 4 which study the non-uniformity of lipid mem-
branes, Chapter 5 sheds light on studying the effects of viscous flow on surface dis-
tension of lipid membrane. In there, the surface distension and morphological transi-
tions of lipid bilayer membranes are jointly investigated through the continuum-based
model and CGMD simulation. To incorporate the effects of intra-membrane viscos-
ity and thickness distension into the strain energy, the classic Helfrich-type model
is reformulated into the framework of a crystal thin film which is deduced from the
three-dimensional liquid crystal theory. Then, the variational framework and Monge
representations are utilized to derive the tangential and normal shape equations of the
lipid membranes in the presence of viscous stress, and the resulting system of PDEs
is solved numerically. To validate the proposed model, the problems of membrane
inflammation and membrane-protein interaction are demonstrated. In addition, MD
simulations are implemented to further evidence the results obtained from the pro-
posed continuum model. It is found that viscous flow might result in the off-centered
membrane morphology and, at the same time, increase/reduce the membrane thick-
ness by compressing and stretching the membrane on the membrane surface. In the
case of membrane-protein interactions, the acting interaction force gives rise to local
bending effects in the vicinity of the inner boundary and, hence, reduces the mem-
brane thickness. Further, the proposed continuum model may provide quantitative
descriptions for the highly curved morphology and the associated thickness reduction
of the membrane when NPCs interact with the nuclear envelope. More importantly,
despite the MD simulation and the continuum modeling approaches being two distinct
approaches (with different constitutive backgrounds) in the lipid membrane studies,

they show high consistency in predicting both the membranes’ deformation and thick-
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ness dilation except for the particular cases when the MD results showcase high fluc-
tuations at the molecular scale. The difference between the results obtained from the
proposed continuum model and MD simulation may derive from the fact that the MD
simulation can identify the intermediate structures with tilted lipid molecules whereas
the proposed continuum model describes the membranes’ substructure as essentially
non-tilted lipids. Further research in this respect is certainly of more practical interest
yet is beyond the scope of the proposed study.

The highlight of Chapter 6 is located in proposing a continuum model that rea-
sonably and comprehensively describes the concurrent three-dimensional deformation
of fiber-reinforced composites. In there, the kinematics of the reinforcing fibers are
configured by computing their positions and vector fields, which involves the deriva-
tion and integration of the first-order and second-order gradients of deformation into
the continuum models. The formulation process is implemented within the frame-
work of differential geometry on fiber composite surface and variational principles,
resulting in the derivation of the Euler equilibrium equation and the establishment of
admissible boundary conditions while maintaining the material incompressibility. By
projecting the Euler equilibrium equation onto three-dimensional Euclidean coordi-
nates, a system of PDEs is obtained and then solved numerically using a custom-built
FEM procedure to illustrate the mechanical response of the elastomeric composite.
Research attention is dedicated to the characterization of various aspects of fiber-
reinforced composites, including the in-plane and out-of-plane deformation, strain
distribution, and the deformations of fiber and fiber meshwork. Considering the
scarcity of available data at the microscopic scale, particular attention has been given
to investigating the microstructure deformation of fibers to understand the underly-
ing mechanisms behind the overall mechanical deformation of fiber composite. These
characterizations are reasonably explained and validated by the results of fibrous ma-
terial deformation, such as the shaping of bamboo fabric-PLA composites and woven

fabric, as well as the damage patterns observed in fabrics used for strengthening ce-
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mentitious matrices. Further, the simulated deformations of fiber units accurately
predict the overall deformation of individual fiber and fiber meshwork, showing the
embedded microstructure does determine the mechanical performance of fiber com-
posite materials. Additionally, the mechanical responses of the fibers exhibit clear
J-shaped loading-extension relations, which are in alignment with the strain-stiffening
behaviors observed in fiber-reinforced composites.

This dissertation has been one of the first attempts to comprehensively examine
two distinct types of hyperelastic materials, i.e., lipid membrane and fiber-reinforced
composite, aiming at advancing the understanding of the commonality of hyperelastic
material, particularly in the cases of subjecting to out-of-plane loadings. The primary
study approach is to solve the proposed models numerically /analytically and examine
the theoretical results with simulation results and experimental results in the current
literature. Chapters 3 and 4 theoretically reveal the critical role of the non-uniform
morphology of lipid membranes (subjected to protein-membrane interaction, and cell
inflammation, respectively) in the cellular function implementation and associated bi-
ological status. Chapter 5 demonstrates the effects of viscous flow on the membrane
surface distension in the cases of protein-membrane interaction and cell inflammation,
respectively. Given the experience of studying lipid membrane deformation, Chap-
ter 6 develops a three-dimensional model that offers reasonable and comprehensive
descriptions of elastomeric composite deformation which are evidenced by the poten-
tial damage patterns in fiber meshworks, and the deformations of fibers and fibrous
meshwork, especially unveiling the mechanism of the fiber microstructure determines
the overall deformation of fiber meshwork. The thesis theoretically highlights that
hyperelastic materials (e.g., lipid membrane and fiber composite) are concurrently de-
formable in three dimensions (i.e., out-of-plane deformation for lipid membrane while
three-dimensional deformation for fiber composite), which can significantly extend our

knowledge of hyperelasticity in investigating biological and engineering materials.
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7.2 Future Work

For lipid membrane theory, the proceeding works include investigating the surface
distension of lipid membranes subjected to protein-membrane interaction and cell
inflammation without considering the viscous effects. This study can be achieved
by assimilating the dimension-reduced liquid-crystal theory into the lipid membrane
theory, hence, the associated equilibrium equations can be formulated and numeri-
cally solved in the studying approach discussed in Chapter 5. The motivation is that
despite the viscosity-coupled cases of membrane-protein interaction and cell inflam-
mation being investigated, the static effects of membrane-protein interaction and cell
inflammation on membrane surface distension are still lacking. Further, the MD sim-
ulation can be utilized to simulate the membrane deformation and surface distension
without applying the viscous flow.

Regarding the proposed three-dimensional fiber-reinforced composite theory in
Chapter 6, the proposed model can be further refined by introducing the computation
of the higher-order gradient of deformation utilized to describe the fiber kinematics
embedded in a matrix material. The motivation for the incorporation derives from
that the higher-order gradient theories can explain complicated phenomena such as
buckling and internal resonance, while accounting for singularities and explaining lo-
cal response phenomena within the material, such as the generation of shear band
and the local shear stresses. It is also believed that the linear theory remains appli-
cable to the three-dimensional fiber-reinforced composite model, underlying a wealth
of problems framed in the “small deformation” of fiber composite to be completed in

the future.
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