
                                                                                     

 

 

 

Quantifying the Distribution of Rail Bending Stresses along the Track using Train-Mounted 

Deflection Measurements 

 

by 

 

Saeideh Fallah Nafari 

  

  

 

 

 

 

A thesis submitted in partial fulfillment of the requirements for the degree of 

 

 

Doctor of Philosophy 

 

in 

 

STRUCTURAL ENGINEERING 

 

 

 

 

 

Department of Civil and Environmental Engineering 

University of Alberta 

 

 

 

 

 

 

 

  

 

 

© Saeideh Fallah Nafari, 2017 

 

  



ii 

 

Abstract 

Heavy and frequent train loads generate large bending stresses in rail. These stresses contribute 

to the propagation of transverse fatigue defects, which are among the leading causes of broken 

rail derailments in North America. A thorough assessment of the rail structural condition requires 

reliable methods for estimating rail bending stresses. This is often challenging due to the many 

uncontrollable environmental, operational, and structural factors that affect the magnitude of rail 

bending stresses along the thousands of miles of track. 

In this study, a new methodology was developed for estimating rail bending stresses over long 

distances using train-mounted vertical track deflection (VTD) measurements. Mathematical 

correlations between track modulus, rail deflection, rail stress, and applied load form the basis of 

the method. To develop the correlations, a new finite element modelling method was developed 

which allowed the simulation of a stochastically varying track modulus along the track. Track 

models with different track modulus distributions were developed and the resulting VTD and rail 

bending stresses under moving wheel loads were calculated. The mathematical correlations 

between the inputted track modulus, modelled VTD and rail bending stresses were quantified 

using statistical approaches. 

Based on the results, equations were proposed to estimate the statistical properties of track 

modulus and rail bending stresses over track windows using the VTD measurements. A 

framework was also developed to estimate the probability distributions of maximum tensile and 

compressive bending stresses in the rail head and base, which are necessary for calculating the 

rail reliability under applied loading. The accuracy of the proposed equations was first verified 

using a numerical case study for which a random track modulus distribution was considered and 

artificial noise was added to the modelled VTD. Subsequently, datasets collected from a study 
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site were used to validate the methodology for estimating rail bending stresses. The rail-mounted 

strain gauges and the wheel impact load detector system at the study site provided information 

about the rail bending strains under known applied loads. This allowed validation of the 

maximum bending stresses estimated using train-mounted VTD measurements.  

The thesis includes recommendations for future work. 
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CHAPTER 1: Introduction 

 

1.1 Motivation and statement of problem 

Canada, with more than 48,000 route kilometers of track, has one of the most extensive rail 

networks in the world. It is primarily a heavy freight railway network and carries more than 70% 

of the country’s goods by mass [1]. As an efficient mode for transporting goods over long 

distances, freight railway transportation is of great importance for the promotion of economic 

developments within Canada. The railway industry has steadily increased the traffic volume, axle 

loads, and train speeds over time to meet the growing transportation needs. This trend has 

created further challenges for railway operators to ensure the safe operation of the railway 

network [2, 3].  

The most serious categories of railway accidents in terms of potential risk to the public and of 

financial loss are main track collisions and derailments [4]. Main tracks are the tracks of 

subdivisions extending through and between stations [5]. In the Canada’s railway network, rail 

issues such as broken rails, rail joint bars, and welds are among the leading causes of main track 

derailments. Of the reported main track derailments from 2005 to 2014, 13% on average were 

attributed to rail issues [4]. Many of these derailments occurred due to defects that propagated 

along or across the rail under applied stresses [4].  

An estimation of rail stresses is necessary for assessing the condition of the rail and reducing 

failures [6]. Under normal operating conditions, rail steel is subjected to various stresses 

including residual, thermal, wheel-rail contact, and bending stresses [6-8]. The magnitude of 

these stresses is influenced by many uncontrollable environmental, operational, and structural 

factors along the thousands of miles of track [7, 9, 10]. Methods for estimating the spatial 

variation of rail stresses allow a more rigorous reliability analysis of rail, and therefore, the 

establishment of optimised solutions for rail issues [11, 12]. Many attempts have been made to 
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develop methods to measure rail stresses [13-19]. However, very few studies focus on evaluating 

rail bending stresses over long distances [20, 21].  

New train-mounted systems that measure the vertical track deflection (VTD) under fully loaded 

axles offer new opportunities for estimating rail bending stresses over long distances and, thus, 

for characterizing the spatial variation of the bending stresses [20-22]. The VTD measurements 

under applied known loads allow the quantification of rail supporting stiffness, which is a 

stochastically variable parameter along the track [22-26]. Once track modulus is quantified as a 

measure of the rail foundation vertical stiffness [27], the rail deformed shape and range of 

bending stresses within the rail can be estimated for applied known loads. The mathematical 

correlations between VTD, track modulus, and rail bending stresses are the basis of this method 

for interpreting the VTD measurements [20, 21]. Although a number of train-mounted VTD 

measurement systems have been developed in recent decades [22-26], the mathematical 

correlations between VTD, track modulus, and rail bending stresses have not been thoroughly 

investigated, and the methods proposed to estimate track modulus and rail bending stresses from 

VTD measurements are overly simplistic [20, 21, 24, 25]. The relationships between VTD, track 

modulus and rail bending stresses are the focus of the study presented in this thesis. The study is 

aimed at developing methods for estimating the rail bending stresses from the VTD 

measurements along the track.  

1.2 Objectives and scope 

The main objective of this research is to develop a methodology to estimate the distribution of 

rail bending stresses along the track. The objective is defined based on the potential that train-

mounted VTD measurement systems have for quantifying track modulus and rail bending 

stresses along long railway lines. The research project consists of three sets of objectives as 

follows: 

Objective 1: Investigate the potential of train-mounted VTD measurements for quantifying track 

modulus over long distances  

 develop a series of finite element models (FEMs) to simulate the stochastic nature of 

track modulus and calculate the track response under the moving load; 
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 examine the effect of track modulus variation on the modelled VTD; 

 investigate the correlation between track modulus and VTD for track structures with 

different track modulus distributions subjected to a known loading condition; 

 propose a methodology for quantifying the statistical properties of track modulus using 

VTD measurements. 

Objective 2: Investigate the potential of train-mounted VTD measurements to quantify vertical 

bending stresses in rail over long distances 

 utilize the developed FEMs with a stochastically varying track modulus to examine the 

effect of track modulus variation on rail bending moments and stresses;  

 investigating the correlation between the modelled VTD and rail bending stresses 

considering track modulus distributions; 

 investigate the correlation between the probability distributions of VTD, track modulus 

and rail bending stresses under a known loading condition; 

 propose a methodology to estimate the probability distributions of vertical bending 

moments and stresses along the track.  

Objective 3: Validate the methodology developed to quantify the rail bending stresses along 

railway lines using field measurements 

 analyse the strain and wheel impact load detector (WILD) data collected by the 

Transportation Technology Centre, Inc. (TTCI) at the Calrin WILD site to establish a 

benchmark to validate the estimated rail bending stresses from VTD measurements;  

 estimate the vertical bending stresses in a rail under a known loading condition from the 

train-mounted VTD measurements at the Calrin WILD site; 

 compare the rail bending stresses estimated from VTD measurements with the stresses 

measured using strain gauges under a similar loading at the Calrin WILD site. 

The train-mounted VTD measurement system used in this study was developed at the University 

of Nebraska-Lincoln in collaboration with the Federal Railroad Administration (FRA). The 

system, commonly referred to as the MRail system, was selected for this study because of its 

availability and the simplicity of the measurement technology. The approach presented for 
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estimating track modulus and rail bending stress from the MRail VTD data is applicable to other 

measurement systems. However, details of the framework for interpreting the VTD 

measurements for each system are different as the type of VTD measurement from moving cars 

(i.e., either relative or total) affects the frameworks. 

Techniques for quantifying the distribution of the track modulus are investigated in this study, 

because stochastically varying track modulus is the main factor causing the spatial variation of 

rail bending stresses along the track. However, the application of the techniques for quantifying 

the track modulus is not limited to assessing rail bending stresses. Track modulus is widely 

accepted as an indicator of track performance [28-31]. Information about track modulus and the 

way it varies along the track makes it easier to identify the root causes of the structural issues of 

the track [28]. The results of the study on quantifying the track modulus distribution have 

widespread applications in assessing the structural conditions of the track and optimizing the 

way in which maintenance resources are allocated [29].  

The methodology for estimating track modulus and rail bending stresses provides two 

fundamental tools for the structural health monitoring (SHM) of rails. This is a major step 

towards evaluating the rail structural integrity which is a complex task and needs a number of 

pieces to be completed. Some important pieces such as, methodologies for estimating thermal, 

residual and wheel-rail contact stresses over long distances are still under research.  

This study aims to provide a practical method for estimating track modulus and rail bending 

stresses from VTD data, which are measured along thousands of miles of track. In this approach, 

the overall behavior of rail is more concerned rather than rail support stiffness and bending 

stresses at individual points along the track. As a result, the developed methodology considers 

the correlations between track modulus, rail deflections, and bending stresses over track 

windows. 

1.3 Research contribution 

There are a number of train-mounted VTD measurement systems that have been developed to 

estimate track stiffness [22-26]. When track stiffness and its variation are quantified along the 

track, it is possible to estimate the rail deformed shape and the range of bending stresses in the 
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rail under applied loads. Although, train-mounted VTD measurement systems have the potential 

to estimate the magnitude of rail bending stresses over long distances, the number of studies on 

the methods for interpreting the measured VTD data is very limited and the proposed methods 

for estimating the rail bending stresses from VTD data are overly simplistic. The main 

contribution of this thesis is that it presents a detailed methodology for estimating track modulus 

and rail bending stresses from VTD measurements. This is the first study that addresses the 

effect of a stochastically varying track modulus on the correlation between VTD, track modulus 

and rail bending stresses. Additionally, the proposed method makes it possible to estimate the 

probability distribution of maximum tensile and compressive bending stresses in the rail head 

and base along the track. The methodology for estimating track modulus and rail bending 

stresses over long distances is a major step towards evaluating the rail structural integrity which 

is a complex task and needs a number of pieces to be completed. 

1.4 Organization of thesis 

The thesis is organized into seven chapters including this first introductory chapter.  

Chapter 2 covers the literature review on rail stresses and rail-related issues. Damage 

mechanisms controlling the rail life are described and a summary of rail defects is presented. 

This chapter provides the necessary background information on the key parameters that affect 

rail performance. The chapter includes a review of the most common rail failure modes and 

allowable limits for rail bending stresses to prevent these rail failures. There is also a section 

about track modulus as an important parameter influencing rail deflections and stresses and its 

relationship with track performance. A review of track modulus measurement techniques is also 

presented. 

Chapter 3 presents the study conducted to evaluate the potential of a train-mounted VTD 

measurement system to estimate track modulus. Track modulus measurement techniques are 

reviewed and details are presented about the MRail system as a tool for the study.  Subsequently, 

specification and validation of the finite element models (FEMs) used for the study are 

explained. This is followed by the study results about the correlation between VTD 

measurements and track modulus. The chapter includes a proposal for a new methodology to 

estimate the statistical property of track modulus over different track lengths. Finally, there is a 
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discussion about the drawbacks of the previous methods and the potential of the new proposed 

method for interpreting VTD measurements.   

Chapter 4 presents the study conducted about the correlation between VTD measurements and 

rail bending stresses. The effect of the track modulus variation on rail deflections and bending 

stresses is discussed by comparing the differences between the results of a classic track model 

with constant track modulus, and the developed FEM with stochastically varying track modulus. 

There is also a description of the new methodology developed for estimating the probability 

distribution of rail bending stresses from VTD measurements.  

Chapter 5 includes a complementary discussion on the correlation between VTD measurements, 

track modulus, and rail bending stresses. Equations are proposed to quantify the statistical 

properties of track modulus and rail bending stress from VTD measurements. The accuracy of 

the proposed equations is investigated using a numerical case study for which a random track 

modulus distribution is considered and artificial noise is added to the modelled VTD.    

Chapter 6 presents the procedure followed to validate the estimation of rail bending stresses. 

Data sets collected in different time periods at a study site are analyzed. Information about the 

rail bending stresses under known applied loads is compared with the range of maximum 

bending stresses estimated from VTD measurements. The magnitudes of rail bending stresses are 

assessed in different time periods, and reasons for changes in the magnitudes are discussed. 

Chapter 7 summarizes the findings of the studies presented in the other chapters along with 

conclusions and offers recommendations for future research.  
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CHAPTER 2: Background and Literature Review 

 

2.1 Rail stresses 

A railway’s track structure provides a smooth and robust surface for the railcars passing over it. 

A track is designed and constructed with various configurations and components [10]. Figure ‎2-1 

shows a typical ballasted railway track that is composed of two main parts: superstructure (rails, 

rail pads, fasteners, and crossties) and substructure (ballast, sub-ballast, and subgrade) [7, 10]. In 

the track system, the rail is the component in direct contact with the railcars. The rail’s functions 

are to guide the railcar wheels, provide a smooth running surface for passing trains, and sustain 

and transmit the train loads to the component below the rail in the track system [10]. 

                        

Figure ‎2-1 Illustration of a ballasted railway track structure. 

A rail is subjected to various loads and stresses under normal operating conditions. Rail stresses 

are often studied in four main categories of live bending, wheel-rail contact, thermal and residual 

stresses [6, 32-35]. Terminology that is commonly used to describe the directions and plans of 

stresses in rail is presented in graph form in Figure ‎2-2 [36].   

Subgrade 

Sub-ballast 

Ballast 

Crossties 

Rail 
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Figure ‎2-2 Terminology used to identify and classify rail stresses and defects in relation to the rail section 

(adopted from Reference [36]). 

2.1.1 Live bending stresses 

A rail is subjected to vertical and transverse (lateral) loads under moving trains. A vertical wheel 

load has three components: static, dynamic, and impact [37]. The static component arises 

principally from the weight of the vehicle. The dynamic component is a function of the vertical 

dynamics of the bogies interacting with the track geometry, and depends mainly on the vehicle 

speed. The impact component is an additional increase over the static and dynamic components 

that occur either when a wheel travels over a short vertical rail irregularity such as a dipped weld, 

or if a wheel contains wheel flats or is out of round [37]. The impact component is sometimes 

considered part of the dynamic component [7]. A rail also experiences transverse wheel loads 

from a vehicle’s lateral dynamic behaviours, such as hunting or centrifugal forces on curves [8, 

33, 38]. 

Rails bend vertically and transversely under wheel loads, and therefore, undergo vertical and 

transverse bending stresses. This leads to cycles of tensile and compressive longitudinal stresses 

in the rail head and base while the train is moving [38].  

There are extra details that should be taken into account while analysing the magnitude of rail 

stresses. For instance, the rail head bends vertically on the web support which leads to tensile 

longitudinal stresses in the fishing surface of the rail head (bottom of the rail head) [34]. 
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Moreover, the action line of vertical and transverse wheel loads does not pass through the shear 

centre of the rail. For this reason, a rail undergoes a torque about the centre of twist that in turn 

affects the longitudinal stress in the rail head and base [7].  

2.1.2 Wheel-rail contact stresses 

A rail and wheel can be considered as two cylinders that are in contact [33]. Vertical wheel loads 

and forces from traction, braking, and steering are applied to the rail through the small contacting 

surface and cause high contact stresses [6]. The Hertz theory is often suggested to estimate the 

contact stresses. The basis of this theory is that the contacting surfaces are continuous. This 

assumption leads to the contacting surface being modelled as an ellipsoid and the contact patch 

as elliptical [8, 38].  

The contact stresses can be very significant in magnitude and cause rail defects such as head 

checks, spalling, shelling, and flaking. The magnitude of contact stresses decreases as the 

distance from the surface increases. For this reason, contact stresses mainly affect the early crack 

extension, and have a negligible influence on the crack propagation when the crack reaches a 

depth of greater than about 8-15 mm [39, 40].  

2.1.3 Thermal stresses 

A rail is not free to expand or contract in the longitudinal direction when subjected to thermal 

loads. As a result, tensile or compressive thermal stresses are generated in the rail longitudinal 

direction when the rail in-service temperature differs from the stress-free temperature (SFT). The 

SFT or rail neutral temperature is the temperature at which there is no thermal stress in the rail 

[41]. The SFT value that is initially equal to the installation temperature is not constant during 

the rail service and changes under operating conditions and maintenance practices [42]. Thermal 

stress in a rail is calculated using Equation 2-1 [43].  

                                                                                                                            (2-1) 

where E is the steel rail elastic modulus, α is the coefficient of linear thermal expansion for rail 

steel (11×10
-6

/c˚), and ∆T is the difference between the rail in-service temperature and SFT.  
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The magnitude of thermal stresses can be very high for continuously welded rail (CWR) track in 

which rails are welded together. In a conventional track with bolted rail joints, gaps between rails 

allow thermal expansion and contraction. However, the joints weaken the track structure and 

increase the track maintenance cost. For this reason, most modern railways utilize CWR track 

and eliminate the expansion joints [6, 41].  

Longitudinal compressive thermal stress is the main reason that tracks buckle [8]. In CWR track, 

a rail and crosstie system behaves in a manner similar to that of a long slender column that can 

buckle under compression [6]. When high longitudinal compressive stresses in the rail overcome 

the lateral resistance from ballast, track buckling occurs [42]. This phenomenon is a direct threat 

to railway transportation safety as it can lead to derailments [6, 42]. To preventing high 

longitudinal compressive stresses, rail is welded under conditions that simulate high ambient 

temperature. As a result, rails undergo longitudinal tensile thermal stresses for most of the year, 

while compressive thermal stresses occur in hot summer months [33]. A comprehensive study on 

track buckling and methods for calculating rail reliability against buckling can be found in 

Reference [42].  

Preventing track buckling by installing CWR track in relatively high temperatures has an adverse 

effect as it causes high tensile thermal stresses in a rail during cold temperatures. These tensile 

thermal stresses promote rail cracking and fracture [6, 8, 33, 35].   

2.1.4 Residual stresses 

Rail manufacturing processes, such as roller straightening, head hardening, and heat treatment, 

can cause residual stresses in a steel rail. Additionally, plastic flow under cyclic wheel load 

passages generates residual stresses in a rail during the rail’s service life. There is also the 

possibility of localized residual stresses while rails are being welded. The characteristics of the 

residual stresses are highly variable along the rail cross section. Head-hardened rails can exhibit 

very high tensile vertical stresses in the rail web, tensile longitudinal stresses on top of the head 

and base, and compressive longitudinal stresses in the web and the side of the head [38, 44]. The 

distribution of residual stresses within the rail varies with the service life. For this reason, 

quantifying the effect of residual stresses on the propagation of transverse defects has never been 



11 

 

an easy task [2]. Studies have shown that transverse defects tend to initiate and propagate in 

regions of high tensile residual stresses in the rail head and base [38, 44].    

2.1.5 Other stresses 

A rail undergoes shear stresses due to applied wheel loads [8]. These shear stresses are known as 

the main cause of failures at the bolt holes in the rail web [7, 33]. In addition, transverse wheel 

loads move the rail head laterally relative to the rail base and produce tensile vertical stresses in 

the rail web [37].  

Longitudinal loads are also applied to the rail through wave action under the passage of wheels 

and braking and accelerating actions. These loads affect the magnitude of longitudinal stresses in 

the rail [7, 38]. Figure ‎2-3 demonstrates the wave action in the loaded rail.  

 

Figure ‎2-3 Wave action in loaded rail (adopted from Reference [7]), (P: wheel load). 

2.2 Damage mechanisms controlling rail life 

Wear, fatigue, and plastic deformation (plastic bending or plastic flow) are damage mechanisms 

controlling rail life [34, 45]. Wear is loss of material that arises from wheel-rail contact, 

corrosion, abrasive processes, and maintenance activities [39]. It reduces the rail cross-sectional 

area and moment of inertia, adversely affecting the rail’s capacity to carry loads [43]. Fatigue 

refers to the weakening of a material under repetitive applied loading. Repeated stress cycles 

contribute to the initiation and propagation of defects, and as defects grow, the load-capacity of 

the rail is reduced. Excessive wear combined with the presence of a transverse fatigue defect is a 

direct threat to rail integrity [43].  

Rail steel, particularly on heavy haul lines, is subjected to the heavy loads that sometimes exceed 

the rail elastic limit and trigger plastic deformation. Changes due to the plastic deformation 



12 

 

reduce the service life of a track [46]. Cumulative damage from plastic deformation is one of the 

causes of rail defects [11]. The surface and sub-surface plastic flows resulting from high normal 

and tangential stresses at the rail-wheel contact lead to the formation of wear flakes or the 

initiation of fatigue cracks [47, 48]. Comprehensive studies on plastic flow are presented in 

References [49, 50]. 

2.3 Rail defects  

Rail defects are classified in many ways, such as location (e.g., head, web, or base), origin (e.g., 

manufacturing process, or traffic oriented), growth planes (e.g., transverse, horizontal, or 

longitudinal), or stresses involved in growth (e.g., residual, thermal, or live load stresses) [7, 36]. 

Major rail defects are classified here by location. Then, growth planes, origin, and stresses 

involved in growth are briefly reviewed for each defect.   

2.3.1 Head defects 

Surface defects  

Gauge corner checks (head checking), running surface checks (flaking), burned rail, spall, shell, 

and squat are surface or near-surface initiated defects that are classified as rolling contact fatigue 

(RCF) defects. The development of these defects is mainly associated with excessive high 

normal and tangential stresses at the wheel-rail interface [6, 35, 36, 38]. Operating conditions 

(e.g., train speed, type of rolling stock and axle loads), environmental conditions, track layout 

and track geometry parameters (e.g., rail and wheel profiles, track curvature, super-elevation), 

rail metallurgy, and maintenance policy (e.g., lubrication and rail grinding practices) are factors 

that affect the initiation and propagation of RCF defects [39, 51]. RCF defects are of particular 

concern because they can mask ultrasonic signals and prevent the detection of larger and deeper 

internal defects. They may also lead to rail failure if not detected in time, particularly when 

growing in the rail transverse plane [37, 52]. For instance, a shell is a longitudinal crack parallel 

to the rail running surface that can turn downward perpendicular to the rail running surface and 

create a transverse defect known as a detail fracture [33, 38, 53].  



13 

 

Corrugation is another rail surface defect that has been widely studied [45, 54, 55].  It is a 

repeated wavelike pattern on the running surface of the rail [36]. Rolling contact fatigue, plastic 

deformation, and wear can cause corrugation [39, 45, 54, 55]. A detailed discussion about the 

mutual effects between RCF and corrugation can be found in Reference [54].  

Different examples of rail defects on or near the rail-head surface are presented in Reference 

[36]. 

Defects growing in the rail-head transverse plane 

Transverse defects are progressive fractures that occur along the rail transverse plane. The 

initiation and early growth of transverse defects are controlled by wheel-rail contact stresses. 

After the defects extend away from the rail surface, they propagate mainly due to live bending, 

thermal, and residual stresses [8, 35, 40]. Transverse defects are measured with respect to the 

cross-sectional area of the rail head. For instance, a 50% fracture indicates that signs of the 

defect growth are observed in half of the rail-head cross-section [36]. Transverse defects are 

classified as follows:  

Transverse Fissure (also known as Tache ovale or shatter cracking). This starts from crystalline 

center or nucleus inside the head rail (e.g., shatter crack, inclusion, or blowhole) and extends at 

right angles to the rail running surface. For a transverse fissure, the initial imperfection is located 

more than 9.5 mm (3/8 in) from any surface of the rail head [7, 36].  

Compound Fissure. This is a transverse separation at a right angle to the running surface. The 

possible origins include a longitudinal seam, segregation, or inclusion. A compound fissure starts 

from a horizontal separation that turns up, down, or in both directions [7, 36].  

Detail Fracture. This is one of the most common and problematic defects in modern freight 

railroad tracks such as CWR, heavy haul lines, and lines with high-density traffic. Detail 

fractures form 75% of the rail defects found in CWR track in North America [2] and account for 

4% of Canada’s broken rail derailments [56]. Detail fractures originate in head checks and 

shelling near the upper gauge corner below the running surface [33]. The defect is called a 

reverse detail fracture (RDF) when the origin of transverse defect is at the lower gauge corner of 

the rail head. The RDF defect mainly occurs in poorly lubricated, curved, worn rail on a stiff 
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track carrying traffic with high axle loads [2]. The propagation life of an RDF defect is 20% 

shorter than that of a detail fracture. A comprehensive study on the propagation life of detail 

fractures has been conducted by FRA [2, 40]. Results of the study have shown that thermal and 

residual stresses, as well as rail curvature, are the factors with the most influence on the 

propagation life of detail fractures. Rail section, track foundation stiffness, location of wheel/rail 

contact, and average axle load are parameters that have moderate effects, whereas vehicle 

dynamics and the location of the flaw centre in the rail head slightly affect the propagation life. 

Higher average axle loads, higher curvature, a lower track modulus and lower rail moment of 

inertia decrease the propagation life of detail fractures by increasing rail bending stresses [40]. 

The propagation life of a detail fracture in a curve of three to six degrees is about half of the life 

of a similar defect in a comparable tangent track [40].  

Engine burn fracture. This starts from a burn, with the transverse separation substantially at 

right angles to the running surface. The burn occurs when the slipping engine driver wheel heats 

a portion of the rail head, and rapid cooling forms thermal cracks. A shallow horizontal 

separation may be also observed at the zone where burned metal separates from the rail metal 

below the running surface. When the engine burn is cleaned insufficiently before welding, 

thermal cracks may remain and cause a subsequent progressive transverse separation called a 

welded burn fracture [36]. 

Defects growing in the rail-head longitudinal direction 

Horizontal and vertical split head defects are separations in the rail head that develop along the 

rail’s longitudinal direction. These defects originate from internal longitudinal seams, 

segregation, or inclusion [7, 33, 37]. If the defects are not detected in time, they may break off 

under the moving train. This becomes critical when the failure occurs on the gauge side of the 

rail because the wheel climb on the rail head may trigger derailment [37].  

Horizontal split head. This defect extends longitudinally and horizontally along the rail 

horizontal plane, parallel to the rail running surface [33]. The defect starts on the field side of the 

rails with a distance of 6.25 mm or more from the rail running surface [36], and extends 

longitudinally along the rail for a distance of 50 to 100 mm [37]. Fatigue mechanisms and shear 

stresses contribute to the growth of horizontal split head defects [37].  
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Vertical split head. This defect extends longitudinally and vertically along the rail vertical plane, 

parallel to side of the head [33]. The defect initiates from the centre or the gauge side of the rail 

head and extends longitudinally for a distance longer than 0.5 m [37]. High impact loads and 

extremely eccentric loads contribute to the growth of vertical split defects [37]. The propagation 

life of vertical split head defects has been studied using two- and three-dimensional FEMs [57].  

2.3.2 Base defects 

Defects in the rail base are often categorized into two types of failure including a broken base 

and base fracture [36].  

Broken base. This is a progressive fracture that initiates from a seam, segregation, or improper 

bending on the tie plate [7, 36]. Broken base sometimes refers to any break in the rail base [36].  

Base fracture. This is normally caused by a nick or other type of damage to the rail base. It can 

develop in the rail transverse plane and result in a complete transverse failure of the rail section 

[36]. Transverse cracks may also appear in rails of switches, at the corner of the rail base due to 

corrosion pits or grinded flanges [38].  

2.3.3 Web defects 

Head and web separation, piped rail, and split web are progressive defects that develop 

longitudinally in the rail web. 

Head and web separation is a fatigue defect that separates the head and web of the rail at the 

fillet under the head [36]. A crack in the fillet between the head and the web can arise from 

seams and segregations in the rolling process [7]. Acidic action from some material used in road 

crossings may also initiate a corrosion fatigue where the rail head and web are joined [36]. The 

development of head and web separation defects is often associated with eccentric overloading 

and wheel impacts from insufficient super-elevation on curves or improper canting of the rail 

[33]. In the joint area, head and web separation may appear in the fillet area at the end of the rail. 

Propagation of the defect in the joint area can be relatively quick under extreme stress conditions 

created by pumping or swinging joints [36]. 
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Split web. This is a crack along the side of the rail web. It can be initiated from a seam or 

mechanical damage [36]. Heavy, eccentric wheel loads; improper super-elevation; insufficient 

web thickness; and excessively deep heat-number stamping may contribute to the formation of 

web cracks [7]. The main driving force for the propagation of the split web defect is occasional 

shock loads [33].  

Piped Rail. This is a vertical split in the rail web. It starts from a seam, slag, or gas pocket inside 

the web that [7]. A piped rail is a rare defect in modern railway lines [36].  

Bolt hole crack. This is a crack across the rail web that is initiated from a bolt hole. It can 

develop upward toward the rail head or downward toward the rail base. This defect may appear 

in a bolted-joint track where rail segments are attached, or at insulated joints where the CWR is 

divided into signal blocks [33]. A shear in the rail web is the driving force for the propagation of 

the cracks.  Bolt hole cracks are among the most common and problematic defects in North 

America, forming 50 % of the defect population in bolted-joint rails (BJRs) [2, 33]. The risk of 

fracture for the cracks is higher when the joint is loose. The gap distance between the rail and the 

joint bars is a measure of the joint looseness [2].  The growth life of bolt hole cracks has been 

studied by numerical models [2, 58].  

2.4 Stress limits to prevent rail failures 

“Rail is defined as failed when it is broken, cracked or damaged and can no longer fulfil its 

design function” [6]. Broken and cracked rails refer to a complete and partial separation of the 

rail.  Damaged rail implies that the rail serviceability is impaired due to changes in the design 

geometry and/or material properties. Such changes may eventually lead to the formation of 

cracks or breaks [6]. Two of the most common failure modes including rail permanent plastic 

bending and rail fracture, are reviewed here, as are the stress limits to prevent those.  

2.4.1 Rail permanent plastic bending  

Rail steel starts to yield when rail stresses exceed the yielding threshold. The Association of 

American Railroads (AAR) recommends a threshold limit value for live vertical bending stresses 

(σa) to prevent rail yielding [7]. This threshold is developed by reserving a portion of the rail 
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yield strength for thermal stresses, and applying reduction factors to rail yield strength to account 

for the effects of lateral bending, track conditions, rail wear and corrosion, and unbalanced 

elevation. The American Railway Engineering and Maintenance-of-Way Association (AREMA) 

also accepts this method for calculating allowable rail bending stresses. The threshold value is 

calculated using Equation 2-2 as follow [7, 59]:  

      
     

(   )(   )(   )(   )
                                                                                                        (2-2) 

where σy is the yield stress of the rail steel which is around 480 MPa (70,000 psi) and σt is the 

maximum thermal stress that is expected to develop in the rail. σt is assumed to be 140 MPa 

(20,000 psi) for the CWR and 50 MPa (7000 psi) for the jointed rail. A, B, C, and D are constants 

accounting for effects of lateral loads, track conditions, rail wear and corrosion, and unbalanced 

elevation. Recommended values for these constants are reported in Table ‎2-1 [7, 59]. The 

constants may need to be modified considering the actual condition of the rail [7, 59].  

Table ‎2-1 Reduction factors to adjust allowable vertical bending stress based on the actual condition of 

the rail.  

Constant Severity Assumption 

A (account for lateral bending) 20% 

B (account for track condition) 25% 

C (account for rail wear and corrosion) 15% 

D (account for thermal stress) 15% 

Plasticity of the extreme fibers of the cross section would hardly lead to rail failure. A more 

realistic approach was presented, which considers a rail as failed when the full depth of the rail 

section yields and a large permanent kink is formed [60]. In this approach, the effect of rail wear 

is addressed by reducing the rail cross-section area and moment of inertia [60].  

2.4.2 Rail fracture  

A brittle fracture in the rail transverse plane occurs when applied stresses to the rail exceed the 

rail’s fracture stress. When a fracture occurs, the track support holds two separate parts together 
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until excessive misalignments are created as a result of the dynamic wheel loads from the 

repetitive passage of trains. The misalignment caused by a rail fracture can lead to derailments if 

not detected in time [6, 33].  

Fracture stress (also known as remaining or residual strength) for an ideal rail without any flaws 

is usually considered to be ultimate tensile strength. However, no steel is completely flaw free. 

Flaws, which reduce fracture stress, may manifest as cracks, inclusions, voids, weld defects, or a 

combination of these discontinuities [34, 38]. By growth of defects and reduction in fracture 

stress can cause the applied stresses to eventually exceed the rail strength and cause brittle 

fracture [61].  

When conducting a fracture analysis, it is important to consider the fatigue phenomena, since rail 

is subjected to cyclic loading. Three methods have been proposed for fatigue analysis including 

stress life, strain life, and fracture mechanics [62]. The stress life method is appropriate when the 

applied stresses are primarily within the elastic range of the material and the number of cycles to 

fracture is high (high cycle fatigue phenomena). Conversely, the strain life method is used when 

the material experiences a high level of stresses and plastic strains (low cycle fatigue) [62]. The 

fracture mechanics approach addresses the crack behaviour and propagation in the material by 

quantifying the correlation between applied stresses, material fracture toughness, and crack size 

and shape [62, 63]. The stress life and fracture mechanics approaches are reviewed here as they 

have been widely used to investigate rail fractures.   

2.4.2.1 Stress life approach (fatigue limit concept) 

The stress life method is based on the fatigue limit that is also referred to as the endurance limit 

or endurance strength. The fatigue limit is a stress level below which the material has an infinite 

life and no failure occurs [62]. For railway applications, infinite life is considered as two million 

cycles [10]. This suggests that the rail should be designed so that alternating stresses do not 

exceed the rail fatigue limit at two million stress cycles.  

The S-N diagram, which shows the relationship between alternating stress (S) and the number of 

cycles to failure (N), is the basis of the stress life method. This diagram was obtained using 

controlled laboratory tests. Figure ‎2-4 shows the S-N diagram for steel samples that have an 
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ultimate strength of less than 1380 MPa (200 ksi) and are subjected to fully reversed alternating 

bending stresses. The fatigue limit in Figure 2-4 is about 50% of the ultimate strength when the 

number of cycles is greater than one million [33, 62].  

The S-N approach is valid only if the plastic strains are small. When the alternating stresses are 

within the elastic range and the number of cycles to failure are high (high cycle fatigue), a very 

small component of the strain cycle is plastic. For this reason, the S-N approach is appropriate 

for analyzing high cycle fatigue stresses [62]. The line between low cycle fatigue and high cycle 

fatigue is 10
3 

for steel material, as indicated in Figure ‎2-4.  

 

Figure ‎2-4 S-N diagram for steel samples that have an ultimate strength of less than 1380 MPa (200 ksi) 

and are subjected to fully reversed alternating stresses (S: alternating stress, N: number of cycles to 

failure, Su: steel ultimate strength, S
ᶦ
e: fatigue limit in the S-N diagram).  

Rail bending stress is a high cycle fatigue stress and, thus, the fatigue limit in the S-N diagram 

can be considered as the allowable bending fatigue. However, the fatigue limit in the S-N 

diagram was obtained under controlled laboratory conditions, which means that modification 

factors are needed to account for real-world conditions [44, 62]. Correction factors addressing 

the effects of surface condition, size, shape, load, temperature, reliability and mean-stress are 

suggested to estimate the allowable fatigue bending stress under normal operating conditions 

[44]. The allowable bending stress calculated using the laboratory fatigue limit and modification 

factors for three types of AREMA (2013a) rail are reported in Table ‎2-2 [44].  
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Table ‎2-2 Allowable bending stresses for three types of AREMA (2013a) rail [44]. 

Properties\rail type Standard strength Intermediate strength High strength 

Yield strength 510 MPa (74 ksi) 552 MPa (80 ksi) 828 MPa (120 ksi) 

Allowable bending fatigue stress 97 MPa (14.06 ksi) 98 MPa (14.18 ksi) 102 MPa (14.8 ksi) 

The AREMA manual suggests the fatigue limit (Se) of 386 MPa (56000 psi) for all types of rails, 

and proposes Equation 2-3 for calculating the allowable bending fatigue stress [59].  

     
     

(   )(   )(   )(   )
                                                                                                        (2-3) 

where σa is the allowable bending fatigue stress and σt, A, B, C, and D are as defined in Equation 

2-2. The assumption of severity factors reported in Table ‎2-2 and the σt of 138 MPa (20,000 psi) 

result in the allowable bending fatigue stress of 125 MPa (18000 si) for CWR. A detailed 

discussion on the allowable bending fatigue stress calculated using Equation 2-3 is presented in 

Reference [44]. 

2.4.2.2 Fracture mechanics approaches  

Fracture mechanics is an established engineering discipline that addresses the propagation of 

cracks in materials. In this approach, magnitude and distributions of stresses near the crack tips 

are studied with respect to the crack size and shape, the material properties, and the applied 

stresses to the component [38, 62, 63]. Fracture mechanics has been widely used to study the 

crack growth life of transverse fatigue defects in the rail head [8, 32, 64]. Hence, principals of 

this approach are reviewed in this section.  

Tensile stresses, perpendicular to the crack plane, generate stress amplification at the crack tip. 

This amplification is measured in terms of the stress intensity factor (KI). The subscript of (I) 

shows that the crack-loading mode is the opening mode. Figure ‎2-5 demonstrates three crack-

loading modes. The opening mode is of particular interest as it is the predominant mode in most 

engineering applications [62]. Hereafter, K is used instead of KI as the other crack-loading modes 

are not the subject of this study.  
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Figure ‎2-5 Crack-loading modes, a) opening mode or tensile mode, b) in-plane shearing or sliding mode, 

and c) anti-plane shearing or tearing mode (adapted from References [35, 62]). 

Crack behaviour is influenced by factors such as crack and component geometries, service load 

spectra, stress distributions, and material characteristics [33, 61-63]. Many cracks in the rail head 

can be adequately represented as an ellipse. The stress intensity factor for an elliptical crack 

under arbitrary normal loading is discussed in References [65, 66]. A simple example from 

fracture mechanics analysis is presented in Equation 2-4 to show the relationship between the 

stress intensity factor, applied stress, and the crack size. This example, as shown in Figure ‎2-6, 

corresponds to a two-dimensional centre crack in an infinite plate that undergoes uniform tensile 

stress (σ) [62, 63].  

    √                                                                                                                                    (2-4) 

 

Figure ‎2-6 Two-dimensional infinite centre-cracked plate subjected to uniform tensile stress (σ), (a: half of 

the crack length). 

When K reaches the fracture toughness of the material (Kc), the crack extends in a rapid and 

unstable manner without an increase in loading or applied energy, and a brittle fracture occurs. 

Equation 2-5 presents the relationship between the stress intensity factor, applied stress, and the 

crack size at the critical stage for the component shown in Figure ‎2-6. 

      √                                                                                                                   (2-5) 
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where σc is the fracture stress and ac is the crack length at instability (critical crack size). Rail 

fracture stress is dependent on the steel fracture toughness, size and location of cracks and 

magnitude and distribution of the loading condition [62].  

Fracture toughness (Kc) is a material property that indicates the critical stress intensity factor (k) 

for a crack [62]. Fracture toughness generally decreases as the temperature decreases from room 

temperature. In addition, a higher yield strength or ultimate strength results in lower fracture 

toughness for all materials [62]. Typical values of Kc for rail steel are presented in References 

[33, 38, 67].   

In most engineering applications, initial crack does not often instantaneously lead to a 

catastrophic failure. More commonly, the initial crack grows due to fatigue and wear. When the 

crack reaches a critical size, fracture occurs [38].  The damage tolerance concept was introduced 

to acknowledge this process. In this concept, the existence of a crack is accepted in rail steel. 

Then, the crack propagation life (also known as residual life or slow crack-growth life) is 

estimated in terms of the number of load cycles or cumulative tonnage that causes the crack to 

propagate from a barely detectable size to a critical size. Subsequently, information about crack 

propagation life is used to determine intervals between periodic rail inspections or between the 

periodic removal of cracks (e.g., by grinding). The inspection intervals are often recommended 

to be less than half of the crack propagation life [38, 40].  

The fatigue crack-growth life consists of three main stages as shown in Figure ‎2-7 [3, 38, 62]. 

The first stage is the long initiation stage that is also known as the initiation life or nucleation life 

[3]. This stage can be studied using mechanical-based models [34]. The second stage is the 

transition stage from the initiation to propagation stage and is hard to define due to uncertainty in 

crack-detection methods [3, 38]. The last stage is the propagation stage. This stage shows the 

cumulative tonnage (the number of load cycles) that causes a fatigue crack to grow from a barely 

detectable size to a critical size [3].  The propagation life and growth rate of fatigue defects under 

varying operational, structural, and environmental conditions can be determined using fracture 

mechanics principals [8, 38, 40]. The fatigue crack growth is sometimes analysed conservatively 

in terms of propagation life [3]. The crack initial size (detectable size), critical size, and 

propagation life are three main parameters in the damage tolerance concept [38].  
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The crack initial size is a size that is detectable by non-destructive inspection (NDI) techniques. 

The detection limit for NDI techniques is a statistical quantity rather than a fixed value. The NDI 

techniques such as visual, ultrasonic, and magnetic inspection methods have a certain level of 

accuracy. As a result, defects may remain undetectable at the time of the test because they are 

too small to be detected by the inspection methods, or they are masked under the rail surface 

cracks. For that reason, the crack initial size refers to the smallest size that NDI techniques can 

detect with a sufficiently high probability [3, 38].  

The critical size for a crack is a size by which the crack is expected to fracture under the next 

train [3]. Alternatively, the critical crack size may be defined as a crack size which is expected to 

fracture within the next inspection interval [33]. The critical size may be also defined using 

equations from fracture mechanics. For instance, the critical crack size for the crack and 

component geometry shown in Figure ‎2-6 can be determined using Equation 2-6 provided that 

the applied stresses and the fracture toughness are known [62].  

 

Figure ‎2-7 Growth trend of rail flaw. 

   
 

 
(
  

    
)                                                                                                                             (2-6) 

Under normal service conditions the critical size for a defect in the rail head could be 70 to 80% 

of the rail head area. In winter, this critical size could be reduced up to 10% of rail-head area due 

to lower fracture toughness and higher thermally induced tensile stresses [40]. 

The fatigue propagation life for steel elements is mainly associated with three parameters: the 

number of cycles of loading (or cumulative tonnage), the stress range at the location of the 
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defect, and the type of defect being examined.  By definition, the number of load cycles (N) is 

inversely proportional to the stress range (∆σ). When the stress range is low, the crack size needs 

a higher number of cycles to reach the critical size (N ∝ 1/∆σ).  

The fatigue crack-growth rate (da/dN) from fracture mechanics approaches is widely used to 

estimate the fatigue propagation life of cracks [8, 32, 38, 62]. When the crack size (a) is plotted 

versus the number of cycles (N), the fatigue crack growth rate indicates the slope of the curve at 

a given number of cycles. This rate is correlated to the applied stress-intensity factor range (∆K) 

during loading cycles. Figure ‎2-8 illustrates the correlation between fatigue crack-growth rate 

and ∆K [8, 32, 38, 62].  

In Figure ‎2-8, Region Ι indicates a fatigue threshold value (∆Kth) below which no crack growth is 

observed. ∆Kth for steel is usually between 5 and 15 ksi.in
0.5

. This threshold depends on 

parameters such as stress ratio (R), frequency of loading, and environment. ∆Kth decreases as the 

stress ratio increases [62]. 

 

Figure ‎2-8 Fatigue crack growth rate (da/dN) vs. the applied stress intensity factor range (∆K).  

Region II shows a near linear correlation between crack growth rate and the applied stress 

intensity factor. This correlation is quantified using Equation 2-7, which is known in fracture 

mechanics as the Paris equation. Region II, which is also known as the Paris region crack-growth 

rate, corresponds to stable crack growth [62, 63].  

  

  
   (  )                                                                                                                              (2-7) 
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where n is the slope of the line in the constant slope, and A is the value of da/dN at ∆K equal to 1 

MPa.m
1/2

. n and A are material constants that are addressed in Reference [8, 62].  

The growth rate is not only dependent on the stress-intensity factor range, particularly, near 

Region Ι in which the crack growth rate is more dependent on the maximum stress intensity 

(Kmax) rather than ∆K. Hence, modification factors have been proposed for Equation 2-7 to 

consider the effect of the stress ratio (R), the threshold stress intensity range (∆Kth), and Kmax 

during each load cycle [32, 33, 38, 62]. R is the ratio between minimum and maximum stresses 

during a load cycle. This ratio represents the effect of mean stress. By increasing the mean stress 

by increasing R, the number of cycles to crack initiation and failure is decreased. In fact, high 

mean stresses significantly increase the crack growth rate and reduce the critical crack size and 

therefore, reduce the fatigue life [61, 62]. 

As shown in Figure ‎2-8, very high crack growth rates occur at Region III, which indicates that 

the crack is approaching instability. Region III has little effect on the total fatigue life. Region II 

can be considered the only region affecting the fatigue propagation life [62].  

Information about the fatigue crack-growth rate makes it possible to calculate the propagation 

life in terms of the number of cycles (N). To clarify the discussion, for the crack geometry and 

loading pattern shown in Figure ‎2-6, calculations for estimating the propagation life are 

presented below [61, 62]. 

                 √       √      √                                                            (2-8)  
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where ai is the initial crack size and af is the critical crack size. With the assumption n ≠ 2: 
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2.5 Track modulus: its meaning and its effects on rail deflections and stresses 

Track foundation modulus, commonly referred to as track modulus, is a measure of the vertical 

stiffness of the rail foundation. It is defined as the supporting force per unit length of rail per unit 

deflection.  According to the definition, track modulus is not influenced by rail properties [27, 

28]. It includes the effects of fasteners, ties and substructure [68]. Track modulus continuously 

changes along the track. Spatial variation in local geology, layer properties, layer thickness and 

track construction procedures disturb the rail support uniformity along the track. Track modulus 

can also rapidly change over a short length of the track at transition zones between embankments 

and bridges, concrete and wood crossties, ballast and slab track, and at the locations of switches, 

turnouts, crossings, hanging or broken cross ties, and loose rail-seat fasteners [29, 31].  

Track modulus is an indicator of the structural condition of the track and is related to track 

performance [7, 29, 31, 69]. A higher track modulus generally leads to better track performance 

by offering adequate resistance to applied loads. A relatively high track modulus leads to 

decreased rail deflections and bending stresses and, therefore, improves track performance and 

reduces track deterioration [7, 30, 69, 70]. However, a very high track modulus results in 

increased dynamic forces in the rail-wheel interface and triggers problems such as rolling contact 

fatigue and wear [7, 30, 69, 70]. Additionally, a spatially varying track modulus leads to 

significant variations in dynamic train-track interaction forces, which cause track differential 

settlement. A non-uniform permanent track deflection distorts the initially smooth rail surface 

and expedites the track deterioration, which in turn contributes to rail failure by further 

increasing the dynamic forces [29, 31]. 

The optimum value of track modulus is neither too low nor too high [7, 27]. Referring to a field 

data analysis, the track modulus value of less than 13.7 MPa (2000 psi) is associated with poor 

track performance. Values between 13.7 MPa (2000 psi) and 27.5 MPa (4000 psi) are associated 

with average performance and a value greater than 27.5 MPa (4000 psi) is associated with good 

performance [71]. The track modulus values of higher than 68.95 MPa (10000 psi) are too high 

to accommodate a dynamic train-track interaction [72, 73]. For an acceptable track performance, 

the AREMA manual recommends a rail vertical deflection of greater than 3.175 mm (0.125 in) 

and less than 6.35 mm (0.25 in) that can be reached by providing an optimised track modulus [59]. A 

study on vertical rail deflection and track life is presented in References [7, 74].  



27 

 

Knowledge about track modulus and its effect on rail life is still far from complete. New techniques 

developed to measure track modulus continuously from a moving car can significantly improve 

understanding in this filed [22-25, 68, 70].   

2.6 Train-mounted systems to measure track modulus and assess rail condition 

A number of train-mounted measurement systems have been developed for the estimation of 

track stiffness continuously along rails [21, 22, 26, 70, 75-80]. This includes the Track Loading 

Vehicle (TLV) and the MRail system; that measure the VTD from moving railcars under axle 

loads that are representative of fully loaded railcars [21, 26, 75, 76]. There is also one system 

that can be attached to an ordinary track geometry car and measures VTD [22]. Moreover, 

Rolling Stiffness Measurement Vehicle (RSMV) is available for estimating the dynamic track 

stiffness through measuring the accelerations under known applied loads [69, 70].   

The TLV system was developed by the Transportation Technology Center, Inc. (TTCI) [26, 76]. 

In a standard TLV test, VTD is calculated through subtracting two sets of measurements 

conducted using two different railcars. Each railcar has a suspended truck at the centre which is 

equipped with non-contact laser cameras for deflection measurements. The main railcar is about 

20 m in length and 138 kN in weight which is distributed between the two end trucks. The long 

length prevents the end trucks having effects on the deflection profile beneath the centre truck. 

The actuator installed on the centre truck of the main railcar is capable of applying 4 to 267 kN 

(1 to 60 kips) loads. The other railcar consists of the same assembly as the main railcar. 

However, its weight is much lower (about 62-kN) and the actuator mounted on the centre truck 

applies vertical loads only up to 9 kN (2 kips). The application of this small load is to ensure the 

contact between the wheel and the rail. The test can also be implemented to evaluate the stiffness 

of the subgrade. This evaluation requires a second run with load of 44 kN (10 kips). Difference 

between the results of the two runs demonstrates the subgrade deflections. The speed of moving 

railcars in this test is about 16.1 km/hr (10 mph) which is relatively low for track evaluation over 

the long distances. Moreover, the test requires expensive equipment and special railcars. The 

technique was implemented in revenue service to identify locations with large track stiffness 

variation, abrupt transitional stiffness change, and low levels of track support. It was suggested 

that the system can be used for assessing the capability of existing tracks for upgrade for 
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economical handling of higher operating speeds and heavier axle loads, and can provide a better 

the understanding of track strength degradation over time which allows for an optimised 

allocation of maintenance resources [26, 76].    

The MRail system is a laser and camera system that measures the relative deflection (Yrel) 

between the rail surface and the rail-wheel contact plane at a distance of 1.22 m from the nearest 

wheel to the sensor system. This system was developed at the University of Nebraska-Lincoln in 

collaboration with the Federal Railroad Administration (FRA). Technical details and the 

principal of measurement for the MRail system are presented in Chapter 3. The simplicity of the 

measurement technology and the capability of measurements at full track speeds make the MRail 

system a practical option for assessing the rail deflections over long distances. The unprocessed 

Yrel measurements has shown the ability to identify the local track issues such as muddy 

crossings, crushed rail heads, failing joints, and broken ties [81]. The results from 270 miles of 

Yrel measurements on the Union Pacific Railroad’s heavy haul coal line also suggested that the 

average and standard deviation of Yrel data have the potential use for assessing the track 

condition [82]. Field data analyses demonstrated that the processed Yrel measurements can be 

used for mapping the extent of soft foundations beneath a railway line [80]. Moreover, the VTD 

measurements from two Canada’s high-traffic subdivisions [>50 million gross tonnes 

(MGT)/year] were used to derive two indices that represent the magnitude and variability of the 

subgrade stiffness. The comparison of these indices with historical records of track performance 

showed that the locations at which track geometry defects occur match with locations that have a 

low modulus and high variability in the modulus [83]. The Yrel measurements were also used to 

estimate the maximum bending moments and stresses in rail. The correlations between Yrel and 

bending stresses were developed using the Winkler model (proposed in 1867 [7, 10]) that 

assumes a constant track modulus along the track. The rail bending estimations were then 

verified using a controlled experiment on the Union Pacific Railroad’s Yoder Subdivision [20]. 

A new innovative method for VTD measurements was also developed in Sweden. This was done 

by adding an extra system to an ordinary track recording car to measure the rail longitudinal 

level. The method uses two different measurement systems of longitudinal level on one axle 

which allow for extracting the loaded and unloaded longitudinal levels. It was suggested that the 

VTD measurements together with an estimation of applied loads can be analysed using the 
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Winkler model to estimate track modulus. The system was used on the iron-ore line in Sweden. 

The results demonstrated the ability of the system to locate hanging sleepers and soft tracks 

which are sources of large deflections and bending moments for a rail. A plan was presented to 

investigate whether there is a correlation between the VTD measurements from this technique 

and the ultrasonic testing of rails showing rail defects [22].  

Swedish Rail Administration (Banverket) developed a new device for measuring dynamic track 

stiffness. The system, referred to as RSMV, dynamically excites the track using two oscillating 

masses above one wheel-set. The measured axle box forces and accelerations are then used to 

calculate the dynamic track stiffness. The RSMV can be employed for overall measurements at 

speeds up to 50 km/h. However, if detailed investigation is needed, the measurements should be 

performed at speeds lower than 10 km/h. The data from the RSMV system was analysed using 

statistical approaches to obtain a good understanding of track stiffness and its variation along 

Swedish railway lines [69, 70]. 

Although the developed VTD and track modulus measurements techniques form valuable 

database for the rail structural assessment, the current knowledge for the data interpretation is 

still insufficient to derive rail failure criteria. In this regard, a theoretical backbone is needed to 

correlate the measured data with rail performance. More details about the contribution of this 

study with respect to the stat-of-the-art and related literature are given in Chapters 3, 4, 5 and 6. 

2.7 Summary 

This chapter presented a brief review on rail stresses. Rail bending, wheel-rail contact, and 

thermal and residual stresses were described as the dominant stresses generated in a rail. Then, 

damage mechanisms controlling rail life, including fatigue, wear, and plastic deformations, were 

discussed. This was followed by a brief review on the most common rail defects. The growth 

planes, origin, and stresses involved in the growth of rail defects were explained. The literature 

review showed that transverse defects in the rail head are the leading cause of broken rail 

derailments in North America, and rail bending stresses are one of the main factors affecting the 

propagation of these transverse defects. Furthermore, the two most common failure modes, 

including rail permanent plastic bending and rail fracture, were reviewed. There was also a 

discussion of the stress limits that have been proposed to ensure safe operation of railways. 
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Finally, a definition was given of track modulus as an important parameter affecting rail 

deflections and stresses, and there was a review of the track modulus measurement techniques 

and effects of track modulus on rail structural performance.   
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CHAPTER 3: Evaluating the Potential of a Train-Mounted Vertical Track Deflection 

Measurement System to Estimate Track Modulus
1
 

 

3.1 Overview 

Over the past two decades, a train-mounted vertical track deflection (VTD) measurement system 

aiming to continuously measure the track modulus has been under development at the University 

of Nebraska–Lincoln under the sponsorship of the Federal Railroad Administration (FRA). This 

system measures the relative vertical distance (referred to as Yrel) between the rail surface and the 

rail-wheel contact plane at a distance of 1.22 m from the nearest wheel to the sensor system. 

According to “Objective 1” presented in Chapter 1, the aim of this study was to investigate the 

potential of using the Yrel measurement as an indicator of the track modulus for various rail 

foundation conditions. To meet this objective, a detailed finite element model (FEM) capable of 

simulating moving loads and track modulus variation was developed. One of the unique 

contributions of this study is that it presents a comprehensive study of the Yrel–track modulus 

relationship by defining more realistic support conditions using discrete spring supports and by 

simulating the stochastic nature of the track modulus along a 160-m track length. The numerical 

model was employed to examine the accuracy of estimating the track modulus using the Yrel 

measurements when foundation stiffness is variable. Furthermore, the correlation between the 

statistical properties of the track modulus and Yrel was studied over different track segment 

lengths. 

3.2 Introduction 

Track modulus is widely accepted as an important indicator of the track condition, since its value 

and variation along the rail significantly affect the track performance [28-31]. This track 

                                                 
1
 A version of this chapter has been published in Proceedings of the Institution of Mechanical Engineers, Part F: 

Journal of Rail and Rapid Transit as Fallah Nafari S, Gül M, Roghani A, Hendry M.T, and Cheng J.J.R, Evaluating 

the Potential of a Rolling Deflection Measurement System to Estimate Track Modulus.  
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parameter indicates the vertical stiffness of the rail foundation and is defined as the ratio between 

the vertical deflection of the rail and the vertical foundation supporting force per unit of track 

length [27]. In order to study the correlation between the track modulus and track performance 

comprehensively, reliable methods for measuring the track modulus are needed. A number of 

trackside and on-train measurement approaches are available for estimating the track modulus. 

These approaches typically rely on measuring the vertical deflection of the rail when subjected to 

a known applied load. Mathematical models are then required to convert the deflection to the 

track modulus. Trackside measurement techniques (also known as point measurement 

techniques) are those in which the rail deflection is measured under single or multiple static 

loads at particular discrete locations, whereas on-train approaches are designed to measure the 

deflection from a moving car [24, 27, 28, 84-87]. There are instances when trackside approaches 

are necessary for obtaining detailed information at specific locations, and these types of 

approaches may give very accurate results for certain cases, such as soft tracks [85, 88]. 

However, this technique may not provide a practical approach for assessing the track condition 

when dealing with a large rail network. The application of on-train techniques for measuring the 

track modulus at revenue speed provides a comprehensive overview of railway line conditions 

over long distances of track [22, 26, 69, 89, 90]. Despite this significant advantage, measuring 

the vertical rail deflection from a moving car is a challenge due to the difficulty in defining a 

reference point. Moreover, the interpretation of the on-train deflection measurement data still 

needs more investigation.  

Over the past two decades, two deflection/track modulus measurement techniques have been 

developed and tested in North America: the Track Loading Vehicle (TLV) developed by the 

Transportation Technology Center, Inc. (TTCI) and the University of Nebraska Real-Time VTD 

Measurement System (commercially known as MRail system) developed under the sponsorship 

of the FRA [23-26, 76]. The focus of this study is on the MRail system that has shown the 

potential to measure deflection at relatively higher speeds and at lower equipment costs [21]. 

The MRail system has been recently employed within Canada’s railway lines to evaluate the 

potential of VTD measurement as an indicator of track performance and as a tool for mapping 

subgrade stiffness [77-80]. The possible correlation between the VTD data and track modulus 

allow a true interpretation of the VTD data. Although local trackside measurements and 
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numerical studies have shown the relationship between VTD and track modulus [91], further 

studies are still needed to address the relationship for various rail foundation conditions. 

In this study, a series of detailed FEMs capable of simulating moving loads and track modulus 

variation was developed to investigate the potential use of VTD measurements for estimating the 

track stiffness under varying track modulus conditions. The track structure used in the 

simulations was 160 m in length. The stochastic nature of the track modulus and its effects on the 

VTD data were also addressed in the models by using discrete spring supports. In different 

simulations, the track modulus coefficient of variation (COV) along the 160 m track length 

varied from 0 to 0.75 for different average values, and the track modulus values changed 

between 0 and 83 MPa (12,000 psi). Using these advanced models, the accuracy of estimating 

track modulus using VTD measurements was investigated for a track structure with variable 

track modulus. In addition, the correlation between the statistical properties of the track modulus 

and VTD data was studied in detail. 

Results presented in this chapter are applicable to continuous welded rail, since the rail is 

considered as the continuous element in all simulations. It should also be noted that the 

framework discussed in this chapter aims to be used for interpreting the MRail VTD data 

measured within freight lines in Canada along which trains mainly operate at speeds equal to or 

lower than 65 km/h (40 mile/h). Hence, dynamic response is not considered in the numerical 

models. 

3.3 MRail: a real-time vertical track deflection measurement system 

The MRail system measures the relative deflection (Yrel) between the rail surface and the rail-

wheel contact plane at a distance of 1.22 m from the nearest wheel to the sensor system (Figure 

3-1a). The measurement system includes two line lasers and a camera that are attached to a rigid 

bracket (Figure 3-1b). The assembly is then installed to the side-frame of a rail car truck. The 

two laser beams intersect and mark two curves on the surface of the rail (Figure 3-1c). The 

minimum distance between these two curves, shown with (d) in Figure 3-1(c), is geometrically 

related to the distance between the rail surface and the camera (h). Moreover, the distance 

between the wheel/rail contact plane and the camera (h + Yrel) is always constant due to the 

rigidity of the bracket. Therefore, Yrel is calculated by subtracting (h) from (h + Yrel) [92, 93]. As 
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shown in Figure 3-1d, a newer system can be also implemented, which uses one laser beam to 

shine a line on the head of the rail at the camera’s field of view [78, 79]. The only difference 

between the old and new system is the method used to calculate the distance between the rail 

surface and the camera (h). In the new system, the distance between the projected laser line and 

the center of the camera’s field of view on the running surface of the rail head (0.5d) is measured 

and converted into (h). Using the MRail system, deflection measurements can be collected with a 

reasonable sampling rate at speeds of up to 96 km/h (60 mile/h) [21].  

 

Figure ‎3-1 Schematic of the MRail system used to measure the relative vertical track deflection (Yrel) 

(adapted from References [23, 79]), a) the original MRail system, b) sensor system, c) the top view of the 

laser lines on the rail head, d) the new MRail system. 

The MRail system has shown the ability to detect the local track issues such as muddy crossings, 

crushed rail heads, failing joints, and broken ties [81]. Moreover, the field data analyses have 

demonstrated the ability of the system to map the relative stiffness of the subgrade [77-80]. The 

correlation between statistical properties of Yrel data (i.e. average and standard deviation) and 
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track structural performance has also been shown using the preliminary field data analyses [77-

79, 82].  

3.4 Finite element model specifications and validation 

The vertical rail deflection profile under the wheel loads can be calculated using a model based 

on the infinite beam on a continuous elastic foundation theory. This model, proposed by Winkler 

(1867), is widely accepted for estimating the rail bending response to vertical loads [94, 95]. 

According to the Winkler model, the vertical rail deflection, Y(x), at distance x from a single point 

load (P) can be calculated using the Equation 3-1.  

 ( )  
      

  
(           )                                                                                               (3-1) 

where U is the track modulus and β is the stiffness ratio equal to (U/4EI)
0.25

, with EI being the 

rail bending stiffness. Even though the Winkler model provides accurate results for constant 

track modulus, its application for cases where the track modulus is not constant is limited. The 

limitations of the Winkler model can be overcome using the FEMs. Such models allow statistical 

variation of the track substructure to simulate the variability in VTDs. Hence, a detailed FEM to 

simulate the track structure consisting of two rails, crossties, and spring supports was developed 

using CSiBridge software [96], which is specialized software for 3D analysis and design of 

bridge-type structures. Although this software has specific capabilities to model bridge type 

structures, it can still be used for the 3D analysis of other types of structures and its capabilities 

in considering different types of springs and moving loads can be utilized for the railway track 

structure simulations. Figure 3-2 shows an image of the developed FEM.  

 

Figure ‎3-2 The track structure model developed for numerical study. 

The definition of the variable track modulus within this FEM is possible through assigning 

different stiffness values to the discrete foundation springs. The load–deflection behaviour of 
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these springs can be either linear or nonlinear. The simulation of discrete spring supports and 

variable track modulus can significantly improve the accuracy of the numerical models [75]. 

Despite these significant advantages, simulation of the track–train dynamic interaction is not 

possible in this software. Considering the purpose of the study and the Yrel measurements at low 

train speeds within freight lines in Canada (train speeds mainly equal to or lower than 65 km/h 

(40 mile/h)), this shortcoming is not a concern for this study due to the negligible effects of 

dynamic response on the track deflections when the train speed is low [23, 88, 97]. The effects of 

train speed and dynamic response on Yrel interpretations should be taken into consideration if the 

train equipped with the measurement system travels at medium to high speeds. Addressing such 

dynamic effects is beyond the scope of this study. 

Vertical deflections and bending moments in the rail can be calculated using the CSiBridge 

software. However, automated calculation of Yrel along the track requires a complementary code 

for running simulations effectively and for post-processing data. The developed code in EXCEL 

Visual Basic for Application (VBA) uses the extracted vertical rail deflection profile from the 

software to obtain Yrel at the predefined time steps. In the numerical models, the rail size and tie 

spacings were defined as RE100 and 0.508 m, respectively. It was assumed that the MRail 

system was installed in the back truck of a middle rail car, which is typical in tests (Figure 3-3). 

For this configuration, even though the two trucks in the rail car do not amplify the effect of each 

other due to large truck center spacing, the front truck of the trailing rail car affects the deflection 

profile and, thus, the Yrel readings. The extent of effect depends on axle load, track modulus, and 

axle spacing. Loading condition considered in the simulations is as shown in Figure 3-4. 

The simulated track structure was 180.8 m in length and included 357 crossties. Variable track 

modulus was considered for the mid-length, which was 160.5 m long and consisted of 317 

crossties. A constant track modulus was assigned to the two remaining sections of track at both 

ends. The section with variable track modulus termed ‘‘mid-section’’ is the focus of the study. 

Having two sections approximately 10 m in length at both ends minimized the effects of the end 

boundary conditions on the midsection. The response of the track to the moving wheel load set 

shown in Figure 3-4 was derived using direct integration time history analysis. Train speed and 

output time steps were chosen so that Yrel can be calculated at 0.3048 m (1 foot) intervals along 

the track. 
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Figure ‎3-3 The MRail system installed in the back truck of a middle rail car. 

 

Figure ‎3-4 The wheel load set considered in the numerical models. 

Since the track modulus has a stochastic nature along the track [98, 99], various track modulus 

distributions were considered for modelling this variability, as listed in Table 3-1. For each 

simulation, a track modulus distribution type was selected, and randomly generated numbers 

from this distribution were assigned as the spring coefficient values under the crossties along the 

rail. The procedure is graphically shown in Figure 3-5.  

Table ‎3-1 Track modulus distributions considered in the numerical models. 

Normal 
Dist. 

Average 
(MPa) 

COV 
No. of 

Simulations 

Uniform 
Dist. 

Average 
(MPa) 

Range 
(MPa) 

No. of 
Simulations 

41.4 

0.25 10 

41.4 

20.7 to 62.1 10 

0.5 10 10.3 to 72.4 10 

0.75 10 0 to 82.7 10 

27.6 

0.25 10 

27.6 

13.8 to 41.4 10 

0.5 10 6.9 to 48.3 10 

0.75 10 0 to 55.2 10 

13.8 

0.25 10 

13.8 

6.9 to 20.7 10 

0.5 10 3.5 to 24.1 10 

0.75 10 0 to 27.6 10 
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Figure ‎3-5 Assignment of randomly selected stiffness values to the springs under the crossties along the 

track (ninety models were developed using the normal track modulus distribution, and ninety models were 

developed using the uniform track modulus distribution), (k: Stiffness of the spring support, PDF: 

Probability distribution function). 

The values randomly selected from a track modulus distribution are numerically independent. 

However, the values for each model come from a specific track modulus distribution, which 

makes them practically inter-related (i.e. the probability of values selecting from a distribution 

with low COV to be far apart is low). This modelling method allows simulation of abrupt 

changes in track modulus as well as global track modulus variation, as the randomly generated 

track modulus values can result in locations with a very low modulus even when the average 

modulus is relatively high. These locally low track modulus values can be representative of 

abrupt changes in rail foundation stiffness (e.g., broken ties, hanging ties).  

Preliminary analyses revealed that the tensionless foundation affects the Yrel data negligibly and 

increases the runtime significantly. Therefore, the spring supports’ behaviour was defined as 

linear in the models, even though the real track foundation is tensionless and acts nonlinearly. 

 

Avg 
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To confirm the modelling procedure, a constant track modulus of 41.4 MPa was considered 

along the track, and the resultant Yrel were compared with the Winkler model results. Figure 3-6 

demonstrates the extracted Yrel from the FEM, only for a limited window of the track. Since the 

track modulus is constant, the pattern is repeated all over the full length of the track. The Yrel data 

derived from the FEM vary between 3.15 mm and 3.25 mm, which are very close to the Yrel 

value of 3.03 mm from the Winkler model for the corresponding rail size and loading conditions. 

At this point, the reason for the slight fluctuation in the Yrel data is the discrete spring supports.  

 

Figure ‎3-6 Distribution of the relative vertical track deflection (Yrel) along the rail calculated using finite 

element modelling for a track structure with the constant track modulus of 41.4 MPa. 

3.5 Correlation between Yrel and track modulus 

The correlation of Yrel with track modulus is commonly explained using the Winkler model for 

‘‘an infinite beam on a continuous elastic foundation’’ [81, 91]. Figure 3-7a illustrates the 

vertical deflection profile of a RE100 rail calculated using the Winkler model with a constant 

track modulus of 41.4 MPa and wheel loads of 159 kN. Yrel is also shown in Figure 3-7a. The 

relationship between Yrel and track modulus can be estimated by changing the constant track 

modulus value and calculating the deflection profile and Yrel (Figure 3-7b). The established 

relationship between track modulus and Yrel (Equation 3-2) is influenced by rail size and loading 

conditions. Figure 3-7b and Equation 3-2 correspond to the RE100 rail size and loading 

conditions shown in Figure 3-4. 

         (    )
                                                                                                                 (3-2) 



40 

 

where U is the track modulus (in MPa) and Yrel is the relative VTD measured by the MRail 

system (in mm). 

The effect of variable foundation stiffness on the correlation between the track modulus and Yrel 

can be investigated using the FEM technique described in the previous section. To examine the 

effect of track modulus variation, one of the numerical simulations (reported in Table 3-1) with 

an average track modulus of 41.4 and COV of 0.25 was selected. Figure 3-8(a) illustrates the 

distribution of track modulus defined as the model input for this simulation. The track modulus 

considered for the model input is termed ‘‘input track modulus’’ herein. The resultant Yrel data 

calculated using the FEM analysis is also shown in Figure 3-8(b). 

 

 

Figure ‎3-7 a) The vertical rail deflection profile under wheel loads and the relative vertical track deflection 

(Yrel), b) correlation between the track modulus and Yrel based on the Winkler model. 
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 Figure ‎3-8 a) The track modulus distribution defined as input for the FEM, b) Distribution of the relative 

vertical track deflection (Yrel) calculated using FEM. 

Comparing the distributions of the input track modulus in Figure 3-8a with the calculated Yrel 

along the track in Figure 3-8b clearly demonstrates a complicated relationship between these two 

parameters. As a result, converting Yrel to the track modulus point-by-point along the track using 

simplified models creates significant inaccuracy when track modulus is not constant. Thus, even 

though the Winkler model is a well-proven model for calculating the vertical deflection and 

bending stress of a rail supported by constant track modulus, it is not applicable to the 

interpretation of the Yrel data measured over a variable rail foundation. To show the level of 

inaccuracy in the track modulus estimation conducted point-by-point along the track using the 

Winkler assumption (Equation 3-2), two different cases are plotted in Figure 3-9. Case 1 depicts 

the input track modulus distribution shown previously in Figure 3-8a while Case 2 shows the 

track modulus distribution estimated using Equation (3-2) with the Yrel data presented in Figure 

3-8b. 

In Figure 3-9, a significant difference can be noticed between the input and estimated track 

modulus. In general, the value of Yrel depends on the rail deflection values at the locations of the 

two wheels and the sensor system. Therefore, Yrel should not be expected to show the track 

modulus value at the same location where Yrel is recorded. For instance, a high Yrel value could be 

recorded at the location of the sensor due to the low track modulus value under the wheel nearest 

to the sensor system. Comparing Yrel values with the input track modulus at every point along the 

rail (in Figures 3-8 and 3-9) clarifies that the value of Yrel is significantly affected by the cluster 
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of track stiffness beneath and around the truck wheels and beneath the sensor. It should also be 

noted that the distribution of the Yrel data is not only dependent on the track modulus distribution, 

but it also is significantly affected by the arrangement of the spring supports with different 

stiffness values.  

 

Figure ‎3-9 Estimation of the track modulus distribution based on the Yrel data using the Winkler model 

(input track modulus distribution is normal with an average of 41.1 MPa and COV of 0.25). 

Additionally, estimating the stiffness of individual rail supports is not usually important for the 

track maintenance purposes. For instance, from a maintenance point of view, a single damaged 

tie with good neighboring ties is often considered as acceptable in most locations, whereas a 

cluster of damaged ties are more of a concern. Moreover, estimation of the track modulus using 

Yrel measurements point-by-point along the track would have inherent errors due to inevitable 

data problems, such as noise and offset, when dealing with thousands of miles of track. 

Individual Yrel measurements can be influenced by different parameters. For example, track 

irregularities can affect the Yrel measurements due to changes in the distance between the rail 

surface and the sensor system or changes in the dynamic load. The dynamic load can increase 

significantly because of the track irregularities, even when the train speed is low [100]. While it 

is hard to control the effect of such problems on individual Yrel measurements, the evaluation of 

the Yrel data over track segments, rather than point-by point, can be considered a practical 

solution and is investigated in the following section. 

3.6 Correlation between track modulus average and Yrel average 

As mentioned, the vertical rail deflection profile under the wheel loads is affected not only by the 

individual vertical rail supports immediately below the wheels, but also by the adjacent supports. 
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Therefore, estimating the average track modulus over a track segment offers a significant 

advantage since it shows the behavior of clusters of vertical supports. Experimental results from 

previous studies also confirm the relationship between the Yrel average and track structural 

performance [77-79]. In this section, the possible estimation of the track modulus average based 

on Yrel average is investigated with respect to the window length. The window length refers to 

the track length along which average values of the track modulus and deflection are calculated.  

As reported in Table 3-1, one hundred eighty models with different track modulus variations 

were simulated. Due to the simulated track length, the maximum window length was determined 

as 160 m, and the stiffness average for the vertical spring supports along the window was 

calculated and plotted against the Yrel average for all one hundred eighty models. Results are 

reported in Figure 3-10a, where it is observed that the track modulus average is nonlinearly 

proportional to the Yrel average. Moreover, it is evident that the average values for Yrel over the 

160-m track length (0.1 mi) remained practically unaltered as long as the track modulus average 

was kept constant. In other words, the Yrel average was not dependent on the track modulus 

variation and distribution type. The nonlinear curve fitted to the FEM results was also compared 

with the corresponding Winkler model results. This comparison demonstrated that the Winkler 

model accurately shows the correlation of the track modulus average with the Yrel average. In 

Figure 3-10a, slight differences between resultant graphs of the FEM and Winkler model are 

mainly due to the assumption of discrete supports in the FEMs. 

It is valid to question whether the correlation between the track modulus average and Yrel average 

can be affected by the window length. Therefore, the range of window length for which the Yrel 

average has a strong relationship with the track modulus average needs to be determined. For 

instance, as shown in Figure 3-10b, an acceptable correlation cannot be established between 

average values of Yrel and track modulus over a short track length of 4 m because of the high 

variations in the data. 

To quantitatively investigate the effect of window length, average values of the track modulus 

and Yrel were calculated and plotted for different window lengths. The best fit to the data was 

determined for each window length, and the corresponding equation is reported in Table 3-2. The 

coefficient of determination (R
2
) and root mean square of errors (RMSE) are also presented to 

quantitatively show the goodness of the fitted curves. R
2
 values close to 1 and low RMSE values 
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indicate a good match between the inputted and estimated track modulus averages. As can be 

seen in Table 3-2, the correlation between average values of the track modulus and Yrel becomes 

stronger with increasing window length. It can also be observed that the Yrel average is an 

indicator of the track modulus average when the window length is 8 m or longer (R
2 

≥ 0.9). For 

the sake of simplicity, Equation 3-3 is proposed to explain the relationship between the Yrel 

average ((Yrel)Avg) and track modulus average (UAvg) for all window lengths equal to or longer 

than 8 m. Using this equation for the worst case scenario of a 8-m window length, the R
2
 

between the inputted and estimated track modulus is an acceptable value of 0.87. Equation 3-3 

can be employed as a tool to estimate the track modulus average using the Yrel average for 

window lengths of 8 m or longer. 

 

Figure ‎3-10 Track modulus average vs. Yrel average for: a) 160-m window length and b) 4-m window 

length (Yrel: relative vertical track deflection). 
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          (    )   
                                                                                                             (3-3) 

Table ‎3-2 Correlation between the track modulus average and Yrel average with respect to window size, 

(Yrel: relative vertical track deflection). 

Window Length (m) Fitted Curve R
2
 RMSE (MPa) 

160          (    )   
      0.981 1.532 

80           (    )   
      0.98 1.598 

40            (    )   
      0.975 1.777 

20           (    )   
      0.963 2.2 

10           (    )   
      0.925 3.177 

8           (    )   
      0.896 3.778 

5           (    )   
      0.793 5.472 

4           (    )   
      0.521 8.471 

Table 3-2 and Equation 3-3 are based on the FEM results extracted from the one hundred eighty 

simulations with either normal or uniform track modulus distribution (see Table 3-1). To 

investigate the accuracy of the proposed equations further, a new model with totally randomized 

stiffness at each support was generated. The distribution of the track modulus in this new model 

(shown with a dotted line in Figure 3-11) is neither uniform nor normal. In Figure 3-11, the 

moving average of the input track modulus is compared with the estimated track modulus 

average, which was calculated using Equation 3-3 and the Yrel average data for window lengths 

of 8 m, 20 m, and 80 m. The coefficient of correlation between the inputted and estimated track 

modulus average calculated for the three window lengths of 8 m, 20 m, and 80 m is 0.995, 0.999, 

and 1.000, respectively. Considering that values close to 1 imply the accuracy of the estimation, 

it is deemed that the track modulus average can be accurately estimated for window lengths of 8 

m and longer using Equation 3-3.  

According to Figure 3-11, the local track modulus fluctuations can be observed more accurately 

when shorter window lengths are considered. Therefore, the appropriate window length for 

calculating Yrel average values should be determined based on the required level of precision in 

estimating the local track modulus variations. Moreover, Equation 3-3 can be used for different 
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windows lengths with the same data to obtain information about the track modulus at different 

scales. 

 

Figure ‎3-11 Comparison between the moving averages of inputted and estimated track modulus for: a) 

window length of 8 m, b) window length of 20 m, c) window length of 80 m.  

3.7 Correlation between track modulus COV and Yrel COV  

In this section, the possibility of estimating the track modulus COV using Yrel COV is 

investigated. The same procedure presented in the previous section was followed to examine the 

relationship between the track modulus COV and Yrel COV. The track modulus COV is 

calculated and plotted against the Yrel COV for different window lengths. For each window 

length, a nonlinear curve is fitted to the data point and the corresponding equation is reported in 

Table 3-3. The goodness of fit of the nonlinear regression is also evaluated using the R
2
 and 

RMSE as before. Results for window lengths of 160 m and 4 m are shown in Figure 3-12 as 
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examples. In Figure 3-12, the discrepancy of the data points is higher when the Yrel is highly 

variable. The correlation between the track modulus COV and Yrel COV with respect to window 

size are summarized in Table 3-3. 

 

Figure ‎3-12 Track modulus COV vs. Yrel COV for: a) 160-m window length and b) 4-m window length, 

(COV: coefficient of variation, Yrel: relative vertical deflection). 

According to the goodness of fit reported in Table 3-3, the correlation between the track modulus 

COV and Yrel COV becomes significantly weaker with decreasing window length. Considering 

the value of R
2
, which is between 0.5 and 0.9 for window lengths from 8 m to 160 m, Yrel COV is 

one the of parameters that can be used to estimate the track modulus COV to a certain extent. 

However, it is not precise enough to use Yrel COV directly and individually to extract 

information about the track modulus COV when the window length is less than 80 m and the 

track modulus is highly variable.  
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Table ‎3-3 Correlation between track modulus COV and Yrel COV with respect to window size,               

(COV: coefficient of variation, Yrel: relative vertical deflection). 

Window Length (m) Fitted Curve R
2
 RMSE 

160             (    )   
     0.857 0.056 

80            (    )   
     0.821 0.063 

40             (    )   
     0.748 0.076 

20             (    )   
     0.658 0.092 

10            (    )   
     0.528 0.114 

8            (    )   
     0.468 0.125 

5           (    )   
     0.310 0.152 

4            (    )   
     0.217 0.171 

3.8 Conclusions 

In this chapter, the potential of the MRail system to quantify track modulus was studied using the 

numerical models. First, the accuracy of converting the MRail system’s relative VTD 

measurement (Yrel) to the stiffness of an individual rail support was examined. Second, the 

relationship between the statistical properties of the track modulus and Yrel data was investigated 

for different window lengths. The study was conducted using a detailed FEM, in which the 

stochastic nature of the track modulus was addressed. Based on the numerical studies, three 

conclusions related to the measuring method under investigation and proposed approach can be 

made:  

1. While the local stiffness issues are reflected in the Yrel data, converting each Yrel measurement 

to the exact stiffness value of an individual spring support is not accurate. This is due to the fact 

that Yrel is strongly influenced by the cluster of vertical rail supports, which have different 

stiffness values beneath and around the truck wheels and beneath the sensor. For the same 

reason, it is not a precise approach to use numerical models assuming constant track modulus to 

interpret the Yrel data. 
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2. An equation is proposed to estimate the track modulus average based on the Yrel average. The 

purpose of this equation is to demonstrate the strong correlation between the track modulus 

average and Yrel average. This correlation can be seen when the average values are calculated 

over track lengths of 8 m and longer. As a result, the Yrel average, over track lengths of 8 m or 

longer, can be considered as an index of the track stiffness average. The longer the window 

length, the more accurate the track modulus estimate is. However, the ability to detect local track 

modulus variations decreases with increasing window length. The proposed equation is derived 

for a specific rail size and loading condition and, thus, it needs to be modified for other structural 

and operational conditions. 

3. Yrel COV and track modulus COV do not have a strong relationship, particularly when the 

window length is shorter than 80 m and Yrel is highly variable; however, the relationship still 

provides useful information and shows the effect of track modulus COV on Yrel COV over 

different window lengths. In other words, Yrel COV is one of the parameters that can be 

considered for estimating the track modulus COV. 
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CHAPTER 4: Estimation of Rail Vertical Bending Stress using Train-Mounted Vertical 

Track Deflection Measurement Systems
2
 

 

4.1 Overview  

In Chapter 3, a new methodology was developed to investigate correlations between rail 

deflections and track modulus using finite element modelling. The stochastic nature of the track 

modulus, as one of the dominant factors influencing rail deflections and bending stresses, was 

simulated. The modelled data were analysed using statistical approaches and equations were 

proposed for estimating track modulus from VTD measurements. This chapter builds on that to 

develop a new methodology for estimating bending stresses over long sections of rail from VTD 

measurements (according to “Objective 2” presented in Chapter 1). The generated data from the 

models were used to investigate the correlations between track modulus, rail deflection, and rail 

bending stresses. The rail responses to applied loads were calculated and compared for scenarios 

of constant and variable track modulus values. The study resulted in a detailed framework that 

can be employed to estimate rail bending stresses from train-mounted VTD measurements. The 

framework allows estimation of the probability distributions of maximum tensile and 

compressive bending stresses in the rail head and base, which are necessary for calculating the 

rail reliability under applied loading. 

4.2 Introduction 

Rail breaks resulting from fatigue or overstressing are the leading cause of derailments on main 

tracks (defined as tracks of subdivisions extending through and between stations [5]) in North 

America [101-103]. The types of stresses identified to lead to rail breaks are residual, thermal, 

and live load stresses that result from the passing wheel loads [6, 9, 40, 60]. Estimating these 

stresses is often challenging due to the many uncontrollable environmental, operational, and 

                                                 
2
 A version of this chapter has been submitted to the Proceedings of the Institution of Mechanical Engineers, Part F: 

Journal of Rail and Rapid Transit for publication, Authors: Fallah Nafari S, Gül M, Hendry M.T, and Cheng J.J.R. 
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structural factors that affect the magnitude of these stresses along the thousands of miles of track 

[9, 10, 104, 105]. This chapter presents a methodology developed to estimate rail bending 

moments and resulting stresses continuously along the track. 

Live bending stresses are one of the major modes by which transverse fatigue defects are 

propagated and become a major cause of rail breaks [9, 40, 44, 60, 104]. These stresses in the rail 

during the passage of trains have been quantified from cyclic strains measured by strain 

gauges.[20, 106, 107] Strain gauges provide only discrete measurements representative of local 

conditions and are not a practical approach for the characterization of these bending stresses over 

the length of the railway network. Train-mounted instruments that measure the VTD under train 

loading have become available over the last decade [21, 22, 26, 75, 76]. These instruments 

present an opportunity to estimate rail bending stresses over long distances and, thus, 

characterize the spatial variation of bending stresses [20, 21]. However, the effect of track 

modulus and its variability on the mathematical correlation between rail deflection and bending 

stresses has not been thoroughly investigated and, as a result, the method used to estimate rail 

bending stresses from VTD measurements is overly simplistic. 

This study developed a framework that allows for the estimation of maximum bending stresses 

within the rail from VTD data, while considering the effect of a stochastically varying track 

modulus. Mathematical models of track structures are used to calculate rail deformed shape and 

corresponding bending stresses under applied wheel loads for a range of track modulus values. A 

mathematical correlation is then developed between the modelled VTD and rail bending stresses 

to allow for interpretation of the measured deflection data from train-mounted instrumentations. 

This new methodology results in probability distributions of maximum bending stresses in the 

rail head and base, which are intended for calculation of rail reliability under applied loading. 

4.3 Train-mounted VTD measurement systems  

A number of train-mounted measurement systems have been developed for the estimation of 

track stiffness continuously along rails [21, 22, 26, 70, 75-80]. This includes the Track Loading 

Vehicle (TLV) and the MRail system; that measure the VTD from moving railcars under axle 

loads that are representative of fully loaded railcars [21, 26, 75, 76]. These train-mounted VTD 

measurement systems have potential use for the estimation of maximum bending moments and 
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stresses in the rail by applying the mathematical correlation between rail deflections and bending 

stresses [20, 21]. This study used measurements from a MRail system because it measures 

vertical rail deflection at full track speeds [23-25]. Although the same concept is applicable to 

deflection data measured by TLV, frameworks for interpreting MRail and TLV deflection data 

would be slightly different due to the fact that MRail measures relative VTD and TLV measures 

maximum VTD under wheel loads.     

The MRail system consists of a laser and camera-based system mounted on the side frame of a 

railcar truck. Using this system, the relative VTD (Yrel) between the rail surface and the rail and 

wheel contact line is measured beneath the sensor, 1.22 m from the nearest axle (Figure 4-1) [21, 

23-25, 75]. Yrel is a relative deflection dependent on the vertical deflection of the rail at three 

points (i.e., the locations of two wheels and the sensor system) [23-25].  

 

Figure ‎4-1 Illustration of the MRail system used to measure the relative vertical track deflection (Yrel) 

(adapted from [77, 79]). 

4.4 Estimating rail bending moment and stress from Yrel measurements 

The rail steel is cycled between maximum positive bending moments (     
 ) and maximum 

negative bending moments (or maximum reverse bending moment,      
 ) under moving wheel 

loads (Figure 4-2). This cycling results in an oscillation between tensile and compressive 

bending stresses in the rail head and base as the wheels pass over. Maximum tensile and 

compressive bending stresses and their respective magnitudes during each load cycle influence 

fatigue life of transverse defects [9, 40]. The fatigue life decreases due to tensile mean stresses 

and increases in the presence of compressive mean stress [44]. 

For a given rail type and axle load, the magnitude of the moments and stresses result from the 

magnitude of the rail displacement and, thus, the stiffness of the foundation of the track (track 
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modulus). Here, rail deflections and moments were calculated using both the Winkler model 

(proposed in 1867)[7, 10] and a finite element model (FEM). 

 

Figure ‎4-2 Tensile and compressive stresses in the rail head and base due to the positive and negative 

bending moments: a) positive bending moment (M
+
), and b) negative or reverse bending moment (M

-
). 

The Winkler model has been used in the majority of studies on fatigue life and is recommended 

for estimating rail maximum bending moments based on Yrel [9, 10, 23-25, 40, 60]. However, the 

Winkler model is limited as it can only model a constant track modulus along the length of track. 

FEMs are more versatile, and are used herein to simulate the rail deflection and moment for a 

track modulus that varies stochastically along the length of the track, thus resulting in stochastic 

     
 and      

  values. The FEM results were examined for correlations between Yrel and the 

modelled      
 and      

 at each point along the track as well as between the probability 

distributions of Yrel and those of      
 and      

 . The FEM results were then compared with the 

Winkler model results to show the effect of stochastically varying track modulus on the 

correlation between rail deflections and stresses, and the importance of considering the track 

modulus variation in the estimation of bending moments and stresses from VTD measurements.  

4.5 Correlation between Yrel and rail bending moments based on Winkler modelling 

The Winkler model considers the rail to be an infinite beam on a continuous elastic foundation 

[7, 10]. This model calculates the vertical rail deflection, Y(x), and the bending moment, M(x), at 

distance x from a single point load (P) using Equations 4-1 and 4-2. 

 ( )  
      

  
(           )                                                                                               (4-1) 
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 ( )  
     

  
(           )                                                                                                (4-2)  

where U is the track modulus and β is the stiffness ratio equal to (U/4EI)
0.25

, with EI being the 

rail bending stiffness. The linear elastic model allows for superposition to be used to calculate 

the response of the track beneath multiple wheel loads.   

 

 

 
Figure ‎4-3 Relationship between the relative vertical track deflection (Yrel) and bending moment 

calculated using the Winkler model: a) the train and axle loads on a track structure with an RE136 rail 

size and a constant track modulus of 13.8 MPa, b) resulting vertical track deflection profile and measured 

Yrel, and c) resulting bending moment profile showing the maximum positive and negative bending 

moments (    
  and      

 ). 

Figure 4-3 presents an example of the resulting deflection (Figure 4-3b) and the corresponding 

Yrel (Figure 4-3b) and moment (Figure 4-3c) profiles derived from the use of the Winkler model 
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for a common freight railway loading condition in North America (Figure 4-3a). Figure 4-3c 

shows that     
  occurs beneath the wheel loads while     

  occurs between the two trucks. 

    
  always occurs beneath the wheels, whereas     

  shifts away from the trucks with 

decreasing track modulus. Table 4-1 and Figures 4-4 and 4-5 present Yrel,     
 ,     

 , and 

maximum tensile and compressive stresses in the rail head and rail base calculated using the 

Winkler model for different track modulus values. Figure 4-4 shows the strong correlation 

between Yrel,     
 , and     

  from which relationships can be derived. Mathematical equations 

can be derived from a regression analysis of the data in Table 4-1 to quantify the Yrel-    
  and 

Yrel-     
 relationships. These relationships could be also derived using the closed form solution; 

however, due to the lengthy derivation process involved, the data generated from the Winkler 

model were instead used in a regression analysis to calculate the relationships.  

Table ‎4-1 Relative vertical track deflection (Yrel), maximum positive and negative bending moments 

(    
 and     

 ), and maximum tensile and compressive stresses in the rail head (      
  and       

 ) and 

rail base (      
  and       

 ), respectively, calculated for different values of track modulus using the 

Winkler model (      
      

–
    ,       

      
     ,       

      
    , and       

      
    , where 

   and    are the rail head and base section modulus, respectively). 

Track Modulus 

(MPa) 

Yrel 

(mm) 
    
  

(kN·m) 
     

  
(kN·m) 

      
 *

 

(MPa) 

      
 *

 

(MPa) 

      
 *

 

(MPa) 

      
 *

 

(MPa) 

6.90 (1000 psi) 5.95 54.1 -24.6 -63 139 -117 53 

13.79 (2000 psi) 4.45 47.0 -21.6 -56 121 -102 47 

20.69 (3000 psi) 3.67 43.4 -21.1 -54 112 -94 46 

27.58 (4000 psi) 3.17 41.3 -20.4 -53 106 -89 44 

34.47 (5000 psi) 2.82 39.7 -19.7 -51 102 -86 43 

41.37 (6000 psi) 2.55 38.5 -19.1 -49 99 -83 41 

48.26 (7000 psi) 2.33 37.6 -18.6 -48 97 -81 40 

55.16 (8000 psi) 2.16 36.8 -18.1 -47 95 -80 39 

From the results presented in Table 4-1, the value of     
  is approximately half that of     

  

for all values of track modulus, and the rail base is subjected to higher tensile stresses than the 

head. From Figure 4-5, the maximum tensile stress developed in the rail base in each load cycle 
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is much higher than the compressive stress and, as a result, the mean stress is tensile. Contrary to 

the stresses in the rail base, the tensile bending stresses in the rail head are not as large as 

compressive stresses and the mean stress is compressive.  

 

Figure ‎4-4 Relative vertical track deflection (Yrel ) and maximum positive and negative bending moments 

(     
 and      

 ) calculated for different values of track modulus using the Winkler model: a) correlation 

of Yrel  and     
 , and b) correlation of Yrel  and     

 .  

 

Figure ‎4-5 Maximum tensile and compressive bending stresses in the rail head (      
  and       

 , 

respectively) together with the maximum tensile and compressive bending stresses in the rail base (      
  

and       
 , respectively), calculated for different values of track modulus using the Winkler model.  



57 

 

4.6 Finite element modelling  

The FEM simulated the track structure including the two rails and cross ties. The support beneath 

the track structure was modelled as a spring applied to the base of the ties. This simulation was 

developed with CSiBridge software [96], which was used to calculate vertical deflections and 

bending moments in the rail. A complementary code was developed in EXCEL Visual Basic for 

Application (VBA) to calculate Yrel at 0.3 (≈1 foot) intervals along the track from the modelled 

VTD profile at predefined time steps. The simulated track structure was 180.8 m in length and 

included 357 discrete crossties. Tie spacing was defined as 0.508 m while the rail size and 

loading conditions were the same as shown in Figure 4-3.  Two approximately 10 m section 

lengths at both ends were assigned a constant track modulus and used to minimize the effects of 

end boundary conditions on the middle portion of the model; these ends were not included in the 

subsequent analysis. 

A variable track modulus was assigned to the middle portion of the model which was 160.5 m 

long and consisted of 317 crossties. This assignment was done by defining different stiffness 

values for discrete spring supports. Track-train dynamic interaction was not considered in the 

models, and the response of the track to the moving wheel load was calculated using a direct 

integration time history analysis. More details about the modelling procedure are presented in 

Chapter 3 and Reference [108]. 

Local and global track modulus variations affect the magnitude of rail deflections and stresses 

[29, 69, 99]. Hence, ninety models with different track modulus distributions were considered 

(Table 4-2). For each simulation, a normal track modulus distribution from Table 4-2 was 

selected, and randomly generated numbers from this distribution were assigned as the coefficient 

values to the support springs. The procedure is graphically shown in Figure 4-6. This modelling 

method allows simulation of abrupt changes in track modulus as well as global track modulus 

variation, as the randomly generated track modulus values can result in locations with a very low 

modulus even when the average modulus is relatively high. These locally low track modulus 

values can be representative of abrupt changes in rail foundation stiffness (e.g., broken ties, 

hanging ties).  
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Table ‎4-2 Normal track modulus distributions considered in the numerical models. 

Average (MPa) COV No. of Simulations 

41.4 

0.25 10 

0.5 10 

0.75 10 

27.6 

0.25 10 

0.5 10 

0.75 10 

13.8 

0.25 10 

0.5 10 

0.75 10 

 

 

Figure ‎4-6 Assignment of randomly selected stiffness values to the support springs along the track 

(adapted from [108]), (Avg: Average, StDev: standard deviation, and K: stiffness of the spring support). 

Avg 
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4.7 Validating the developed FEM  

The results of the FEM with a constant track modulus were compared to those generated from 

the Winkler model to confirm that the method produced results consistent with what has been 

historically used for track design [7, 10]. As an example, a constant track modulus of 41.4 MPa 

was considered along the track in the FEM, and the resultant Yrel,     
 , and     

  values 

compared with the Winkler model results. Figure 4-7 demonstrates the track response calculated 

using the FEM for a limited window of the track. Because the track modulus is constant, the 

pattern is repeated over the full length of the track. Yrel data derived from the FEM vary between 

2.63 and 2.69 mm, which is very close to the Yrel value of 2.55 mm from the Winkler model (less 

than 5% difference) for the corresponding rail size and loading conditions. Similarly, the values 

of     
  (varies between 36.6 and 39.5 kN·m) and     

  (varies between -18.3 and -20.6 kN·m) 

from the FEM are very close to values of 38.5 and -19.1 kN·m for     
  and     

 , respectively, 

from the Winkler model (less than 8% difference). The reason for the slight fluctuation in the 

bending response is the discrete spring supports defined in the FEMs. 

4.8 FEM results with a stochastically varying track modulus  

Figure 4-8 shows an example of the track modulus applied to a model and the resulting Yrel 

distribution along the track. The average track modulus and coefficient of variation (COV) from 

this example are 41.4 MPa and 0.5, respectively. Figure 4-8 shows the randomly generated track 

modulus value resulted in locations with a very low modulus, even though the average modulus 

was relatively high. In this example, the distribution of the resulting Yrel is not normal, as 

evaluated with the “Lilliefors”, “Kolmogorov-Smirnov”, and “Anderson-Darling” tests, even 

though the distribution of the track modulus was generated to be normal. The reason is that 

arrangements of spring supports with different stiffness values affect the Yrel data. Hence, Yrel 

data may have any distribution type even though stiffness of the spring supports comes from a 

normal distribution. This example clearly shows that selecting random stiffness values from 

normal track modulus distributions does not impose limitations on the simulations.  
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Figure ‎4-7 Response of a track structure with an RE136 rail size and constant track modulus of 41.4 MPa 

calculated using FEM and VBA code: a) envelope profile of maximum negative bending moment (     
 ), 

b) envelope profile of maximum positive bending moment (    
 ), and c) distribution of the relative 

vertical track deflection (Yrel). 

 
Figure ‎4-8 An example of numerical models: a) track modulus distribution defined as the model input, and 

b) distribution of the relative vertical track deflection (Yrel) calculated using FEM and VBA code.  
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4.9 FEM with varying track modulus versus Winkler model results 

Figure 4-9 depicts the envelope profile of     
  and     

  as well as the maximum bending 

stresses in the rail head and base for the model with the track modulus distribution shown in 

Figure 4-8. These graphs show the high     
  and     

  at locations with abrupt changes in the 

track modulus. Moreover, the locations with high maximum positive bending moments do not 

necessarily match the locations of high maximum negative bending moments. For instance, in 

Figure 4-9 the     
  at section A_A is lower than the      

 at section B_B, yet the rail 

underwent a higher       
  at section A_A compared to section B-B. Furthermore, in this 

simulation with an average track modulus of 41.4 MPa (6000 psi) and a COV of 0.5, the ratio of 

the     
  to     

  magnitudes varies between 0.1 and 1.4 at different locations along the track. 

This indicates the rail is subjected to higher negative vs. positive bending moments at some 

locations (e.g., section A-A with     
  of 26 kN∙m and     

  of -36 kN∙m). As illustrated in 

Figure 4-9c, the maximum tensile stress in the rail head at section A-A is higher than the 

maximum compressive stress, which causes tensile mean stress in the rail head during load 

cycles. These findings contradict the Winkler model results shown in Figure 4-5. With the 

assumption of constant track modulus in the Winkler model, the rail (under the loading condition 

shown in Figure 4-3a) sustains a higher maximum positive bending moment and also a higher 

maximum negative bending moment when the rail foundation becomes softer and the ratio of the 

maximum negative vs. positive bending moment is around 0.5, regardless of the rail support 

stiffness. Based on the Winkler model results, the rail is inferred to always be subjected to the 

tensile mean stress in the base and the compressive mean stress in the head during each load 

cycle. Differences between the results of the FEM with varying track modulus and the Winkler 

model show that the use of the Winkler model may result in inaccurate values of the maximum 

positive and negative bending stresses and their respective magnitudes when the track modulus 

varies along the track.  

The correlation of Yrel with     
  and     

  in a track structure with variable foundation 

stiffness is more complex than for a constant track modulus (Figures 4-8 and 4-9). A comparison 

of the Yrel versus      
  and     

  at individual points along the track did not show a strong 

relationship, as was found using the Winkler model (Figure 4-4). However, Figures 4-8 and 4-9 
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show the trend of fluctuations in Yrel data is very similar to the changes in the envelope profile of 

    
  and     

  along the track.  

 

 

 
Figure ‎4-9 Bending response for one of the simulations, envelope profile of: a) rail maximum positive 

bending moment (    
 ), b) rail maximum negative bending moment (    

 ), and c) maximum bending 

stress in the rail head and base , (      
  and       

 : maximum tensile and compressive stresses in the 

rail head,       
  and       

 : maximum tensile and compressive stresses in the rail base). 

4.10 Correlation between Yrel and bending moments based on finite element modelling  

For all ninety FEMs, the similarities between Yrel fluctuations and      
 and      

–
 fluctuations 

were quantitatively investigated by calculating cross-correlation (also known as sliding dot 

product) between the distributions of these parameters. Results suggest an approximate 1.22 m 
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lag of      
  distribution relative to Yrel readings in all ninety simulations. The physical 

interpretation of this finding is that any individual Yrel measurement can be correlated to the 

maximum positive bending moment that the rail experiences at a distance 1.22 m from the sensor 

system (the location of the nearest wheel to the sensor system). This lies within the expectations 

that the rail undergoes the maximum positive bending moment under the farthest wheels, when a 

combination of wheels from the two adjacent trucks passes over the track (see Figure 4-3). 

Therefore, to examine the correlation between Yrel and      
 , the Yrel data were calculated at 0.3 

m intervals (527 discrete locations) along the 160-m track section. Then, each Yrel was compared 

with the corresponding      
 calculated at a distance 1.22 m from the location of the Yrel 

reading. Figure 4-10 illustrates the results corresponding to the ninety simulations with various 

track modulus distributions. The equation of the best fit to the data points presented in Figure 4-

10 is very close to the Winkler model result presented in Figure 4-4a. This indicates that a linear 

equation can be used to estimate maximum positive bending moment in rail using Yrel data, 

regardless of variations in the rail foundation stiffness. However, considering the coefficient of 

determination (R
2
) of 0.76 for the equation of the best fit line in Figure 4-10, estimations of 

    
  using the Yrel data at discrete locations along track are considered approximate. 

 

Figure ‎4-10 Rail maximum positive bending moment (    
 ) vs. relative vertical deflection (Yrel). 

While the cross-correlation analysis of Yrel and      
 distributions over the 160-m track length 

had almost the same results for all ninety simulations, the lag between Yrel and     
  distribution 

varied from one model to another. The outcome of the cross-correlation analysis of Yrel and 

    
  distribution was not the same even for models with the same track modulus average and 

COV over the 160-m track length. Consequently, an individual Yrel value cannot be correlated to 
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the maximum negative bending moment at a specific location along the track unless information 

about the stiffness of all individual rail supports at the loaded zone is available. Because 

gathering such detailed information is impractical for large railway networks, Yrel measurements 

are not suitable for estimating     
  point-by-point along the track at the large scale. 

4.11 Correlation between probability distributions of Yrel and rail bending moments  

The relationships between the cumulative distribution functions (CDFs) of Yrel,     
 , and     

  

were investigated for 160-m track windows. While the probability distributions of the responses 

were calculated over the 160-m sections, the resolution of the Yrel readings remained unaltered at 

0.3 m. Therefore, the smaller scale variations in the track response are reflected in the CDFs. The 

160-m window length was arbitrarily chosen; depending on the assessment or maintenance 

requirements, different window sizes may be selected. The window length can affect the 

correlation between the CDFs of Yrel,     
 , and     

 . 

The CDFs of Yrel,     
 , and     

  were calculated separately for all ninety models to 

investigate the relationship between the probability distributions of these variables. Figure 4-11 

depicts the CDFs of Yrel,      
 , and      

 calculated for the model with the track modulus 

distribution shown in Figure 4-8. Once the CDFs of Yrel,     
 , and     

  were computed for a 

model, the values of Yrel,     
 , and     

  at CDF levels of 0, 0.2, 0.4, 0.6, 0.8, and 1 were 

determined. The relationships between the CDFs of Yrel,      
 , and      

 were then separately 

investigated for each of these CDF levels to develop a mathematical tool for estimating the 

     
  and     

  CDFs from the Yrel CDF.  

In Figure 4-12, the     
  values calculated at CDF values of 0, 0.2, 0.4, 0.6, 0.8, and 1 were 

plotted against the Yrel values at the same CDF levels. Each graph in Figure 4-12 contains data 

points from each of the ninety models. Figure 4-12 shows the strong correlation between the 

CDFs of Yrel and     
  that can be explained using numerical equations. The equations of best fit 

to the data points and corresponding R
2 

values were calculated and reported separately for each 

graph. The closeness of R
2
 to 1 for these equations evidently shows how well the mathematical 

equations describe the relationship between the CDFs of Yrel and     
 . 
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Figure ‎4-11 CDF of the rail responses for one of the simulations: a) CDF of Yrel data, b) CDF of     
 , and 

c) CDF of      
 (Yrel: relative vertical deflection,      

 :maximum positive bending moment,      
 : 

maximum negative bending moment). 

Similarly, the correlation between the CDFs of Yrel and     
  can be investigated by calculating 

the CDFs of Yrel and     
  from all ninety models, determining the     

  and Yrel at CDFs of 0, 

0.2, 0.4, 0.6, 0.8, and 1, and plotting the     
  values calculated at the predefined CDF levels 

against the corresponding Yrel values (Figure 4-13). Considering the poor correlation between the 

data points in Figure 4-13, other parameters evidently affect the relationship between the CDFs 

of Yrel and     
 . A regression analysis was used to determine all predictor variables required for 

estimating the     
  CDF. The results of this multi-regression analysis revealed that the average 

and COV of Yrel data impacted the      
  CDFs. Using the equations presented in Table 4-3, the 

CDF of     
  for a 160-m track length can be estimated from the Yrel average, Yrel COV, and Yrel 

CDF over the same track window. The average and COV of Yrel data over the 160-m track 

window are indicators of track modulus average and COV [108]. Hence, it is inferred that the 
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correlation between the CDFs of Yrel and     
  is affected by the statistical properties of the 

track modulus.   

  

  

  

Figure ‎4-12 Correlation between the CDFs of Yrel and      
 calculated for ninety models with different 

track modulus distributions. These comparisons were made separately at CDF levels of: a) 0, b) 0.2, c) 

0.4, d) 0.6, e) 0.8, and f) 1 (Yrel: relative vertical track deflection,      
 : maximum positive bending 

moment). 
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Figure ‎4-13 Correlation between the CDFs of Yrel and      
 calculated for ninety models with different 

track modulus distributions. These comparisons were made separately at CDF levels of: a) 0, b) 0.2, c) 

0.4, d) 0.6, e) 0.8, and f) 1 (Yrel: relative vertical track deflection,      
 : maximum negative bending 

moment). 

Table ‎4-3 Estimating the CDF of      
–

using three predictor variables (Yrel CDF, Yrel average ((Yrel)Avg), 

and Yrel COV ((Yrel)COV)) for a window length of 160 m (    
 : maximum negative bending moment, Yrel: 

relative vertical track deflection, COV: coefficient of variation, CDF: cumulative distribution function ). 

     
–

at different CDF 

levels 
Equations based on three predictor parameters R

2
 

     
–

-CDF 0 -12.33 -6.89 (Yrel)Avg -32.52 (Yrel)COV +4.31 (Yrel –CDF 0) 0.94 

     
–

-CDF 0.2 -15.76 -7.90 (Yrel)Avg -1.21 (Yrel)COV +6.56 (Yrel –CDF 0.2) 0.99 

     
–

-CDF 0.4 -15.1 -6.56 (Yrel)Avg -1.86 (Yrel)COV +5.04 (Yrel –CDF 0.4) 0.97 

     
–

-CDF 0.6 -14.68 -1.77 (Yrel)Avg +0.25 (Yrel)COV +0.35 (Yrel –CDF 0.6) 0.91 

     
–

-CDF 0.8 -14.76 +0.88 (Yrel)Avg +12.67 (Yrel)COV -1.97 (Yrel –CDF 0.8) 0.9 

     
–

-CDF 1 -4.60 -2.77 (Yrel)Avg +10.97 (Yrel)COV +0.11 (Yrel –CDF 1) 0.94 

4.12 Conclusions  

This chapter presents a new methodology to estimate live vertical bending stresses in rail from 

train-mounted VTD measurements. The method allows for estimation of the maximum bending 
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stresses over long sections of rail. This was done by developing mathematical correlations 

between relative VTD (Yrel),     
 , and     

  values generated using finite element modelling. 

The resulting correlations show strong relationships between Yrel,     
 , and     

  when the 

track modulus is assumed to be constant along the track; these relationships are not applicable 

for interpreting Yrel data when the track modulus is variable. Track models with a stochastically 

varying track modulus are more representative of real-world conditions. For a varying track 

modulus, the correlations do not provide strong estimates of     
  and     

  at discrete 

locations along the track. The track modulus variation significantly affects      
 ,     

 , and 

their respective magnitudes. Hence, the assumption of a constant track modulus creates large 

inaccuracies in stress estimations. The results of the FEMs with a stochastically varying track 

modulus show that correlations between Yrel,     
 , and     

  must be quantified over track 

windows rather than at discrete locations along the track. From the results, the probability 

distributions of     
  and     

  can be estimated from the probability distribution of Yrel data. 

This indicates strong potential for estimating the probability distribution of maximum rail 

bending stresses using deflection data from train-mounted VTD measurement systems. 
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CHAPTER 5: An Investigation of the Correlation between Train-Mounted Vertical Track 

Deflection Measurements, Track Modulus, and Rail Bending Moments
3
 

 

5.1 Overview 

This chapter presents a complementary study to Chapter 4, in accordance with “Objective 2” 

presented in Chapter 1. The correlations between track modulus, train-mounted vertical track 

deflection (VTD) measurements, and vertical bending moments were investigated using the 

developed finite element model (FEM). Various track modulus distributions were simulated and 

the resulting VTD and rail bending moments under a moving wheel set were calculated. The 

mathematical correlation between the inputted track modulus, modelled VTD and rail bending 

moments were then quantified using statistical approaches. Based on the results, the track 

modulus average and standard deviation can be estimated over track windows using the VTD 

measurements. These estimations can then be used to quantify the average, standard deviation 

(StDev), and peak for the envelope profile of the maximum vertical bending moment in the rail 

over the same track windows. The accuracy of the method was verified using a numerical case 

study for which a random track modulus distribution was considered and artificial noise was 

added to the modelled VTD.    

5.2 Introduction 

Rail break has been among the main reasons for track-caused accidents and derailments in North 

America [101-103]. A major factor that leads to rail breaks is large bending stresses generated in 

the rail during the passage of wheels [6, 9, 60]. These stresses reduce the fatigue life of 

transverse defects in the rail by increasing the growth rate of cracks [9, 40, 60, 104]. Hence, 

estimating rail bending stresses is fundamental to assessing rail reliability and to minimising rail 

failures. 

                                                 
3
 A part of this chapter was presented and published at the CSHM-6 workshop in Belfast in May 2015. The paper 

has been selected for publication in Structural and Geoinfrastructure Monitoring, a special issue of the Journal of 

Civil Structural Health Monitoring., Authors: Fallah Nafari S, Gül M, and Cheng J.J.R. 
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Quantifying rail bending stresses is often challenging for a large railway network. The magnitude 

of bending stresses in a rail significantly varies along the thousands of miles of track due to 

global and local changes in the track foundation stiffness (also referred to as track modulus) [29, 

31, 69, 104]. A method that can be used to estimate the track modulus is to measure the 

deflection of the rail when subjected to a known applied known load [27]. Train-mounted VTD 

measurement systems that measure the rail deflection under fully loaded axles present an 

opportunity to estimate the track modulus along large railway networks [21, 22, 26, 76]. Once 

the track modulus is quantified, the range of bending moments and stresses developed in the rail 

under a known applied load can be estimated [7, 10]. In this method, the mathematical 

correlation between VTD, the track modulus, and the bending moment is needed to estimate the 

track modulus and rail bending moments from the deflection data measured using train-mounted 

instruments. The correlation between these parameters can be developed using mathematical 

models of the track structure and calculating the rail deformed shape and bending moments for 

different ranges of the track modulus.  

The track structure can be modelled with different levels of complexity [95, 109]. If the track 

structure is modelled with the constant track modulus along the track [7, 10], the mathematical 

method for estimating the track modulus and bending moments from VTD measurements will be 

overly simplistic. The aim of this study is to address the effect of the stochastically varying track 

modulus on the mathematical correlation between the VTD, track modulus, and rail bending 

moments to develop a new detailed framework to estimate the maximum bending moments in 

the rail using VTD measurements. The objective was met by using a detailed FEM that allowed 

the simulation of the stochastically varying track modulus. Data generated using the FEM was 

used to investigate the mathematical correlation between the modelled VTD, track modulus, and 

rail bending moment for track structures with different track modulus distributions. The study 

focused on the use of the measurements from a real-time VTD measurement system that  

developed at the University of Nebraska-Lincoln under the sponsorship of Federal Railroad 

Administration [20, 23-25].This laser and camera system, commercially known as MRail, is 

mounted on the side frame of a truck and measures the relative VTD (referred to as Yrel) between 

the rail surface and the rail-wheel contact line under the sensor system, at a distance of 1.22 m 

from the nearest wheel [23-25]. The concept presented in this chapter is also applicable to other 

train-mounted VTD measurement systems. However, details of the process for interpreting the 
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VTD data would be slightly different for each system, depending on the type of deflection 

measurements.  

5.3 FEM specifications 

An FEM of the track structure developed with CSiBridge software was used [96, 108]. The rail 

size and tie spacing were defined as RE136 and 0.508 m, respectively. The stochastically varying 

track modulus was simulated by assigning different stiffness values to the spring supports along 

the track. Ninety models with different track modulus distributions were considered. For each 

simulation, a normal track modulus distribution was selected, and randomly generated numbers 

from this distribution were assigned as the spring coefficient to the spring supports. Table 5-1 

shows the properties of normal track modulus distributions used for the study.  

Table ‎5-1 Properties of the normal distributions considered for simulating the varying track modulus. 

Average (MPa) COV No. of Simulations 

41.4 

0.25 10 

0.5 10 

0.75 10 

27.6 

0.25 10 

0.5 10 

0.75 10 

13.8 

0.25 10 

0.5 10 

0.75 10 

The track’s response to the moving wheel loads shown in Figure 5-1 was derived using direct 

integration time history analysis. The rail deflections and bending moments under the moving 

wheel loads were directly calculated using the software, while Yrel at intervals of 0.3 m (≈1 foot) 

were calculated using a complementary code in EXCEL Visual Basic for Application (VBA). 

More details about the model specifications and validations are presented in Chapter 4 and 

Reference [108]. 
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Figure ‎5-1 Wheel loads considered in the numerical models represent the two trucks in an adjacent 

railcar and locomotive. 

 

Figure ‎5-2 A typical example of a simulation: a) Inputted track modulus, b) resultant relative vertical track 

deflection (Yrel), c) resultant envelope profile of maximum positive bending moment (    
 ), and d) 

resultant envelope profile of maximum negative bending moment (    
 ). 
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Figure 5-2 is a typical example of a simulation showing the inputted track modulus (Figure 5-

2a), the resultant Yrel (Figure 5-2b), and the envelope profile of the maximum positive and 

negative bending moments (    
 ,     

 ) (Figure 5-2c and 5-2d). A positive bending moment 

results in longitudinal compressive and tensile stresses in the rail head and base, respectively, 

and a negative bending moment acts in the reverse direction. In Figure 5-2, the track modulus 

average and coefficient of variation (COV) were 41.4 MPa (6000 psi) and 0.25, respectively. The 

distributions of Yrel and      
 were similarly calculated for all models with different track 

modulus distributions to investigate the relationships between the Yrel, track modulus and     
 . 

5.4 Correlation between statistical properties of track modulus and Yrel 

Comparing the inputted track modulus with the resultant Yrel along the track in Figure 5-2 clearly 

demonstrates a complex relationship between these two parameters. In general, the value of Yrel 

is dependent on the rail deflections at the locations of the two wheels and the sensor system and, 

thus, is affected by a cluster of track stiffness beneath and around the wheels and beneath the 

sensor. Therefore, the correlation between the track modulus and Yrel needs to be studied over the 

track windows rather than at individual points along the track. The relationships of the Yrel 

average-track modulus average and Yrel coefficient of the variation (COV)-track modulus COV 

over different track window lengths were investigated in Chapter 4 and Reference [108]. That 

study showed that the Yrel average has a strong correlation with the track modulus average over 

track lengths of 8 m and longer. The strong correlation was quantified and modelled using 

mathematical equations. It was also shown that Yrel COV is not solely representative of the track 

modulus variation for track windows shorter than 80 m. For this chapter, complementary 

analyses were conducted to investigate how the track modulus variation can be estimated using 

the Yrel data for a track window shorter than 80 m. A track window of 40 m was selected. 

Statistical properties of the track modulus and Yrel, including the average, standard deviation 

(StDev), and COV over this track window, were calculated for all models. As mentioned earlier, 

ninety models with different track modulus distributions were considered. Each was 160 m long. 

These models provided 360 track windows with lengths of 40 m length. Figure 5-3a shows the 

track modulus average (UAvg) versus the Yrel average for all 360 track windows, along with the 

best fitted curve to the data points. The strong correlation between the track modulus average and 

the Yrel average over the 40-m long track window was quantified using Equation 5-1. 
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Multivariate regression analyses were also conducted to find the parameters necessary to 

estimate the track modulus variation. The final results were plotted in Figure 5-3b. As shown in 

that figure, the track modulus StDev (UStDev) correlates strongly with the Yrel average and Yrel 

StDev. Equation 5-2 is the equation of the best fitted surface to the data points in Figure 5-3b. 

The equation can be used to estimate the track modulus StDev from the Yrel average and Yrel 

StDev. It should be noted that Equations 5-1 and 5-2 correspond to the RE136 rail size and the 

loading condition shown in Figure 5-1 and could be modified for other loading conditions and 

rail sizes.  

 

 

Figure ‎5-3 Correlation between track modulus and relative vertical track deflection (Yrel) over 40-m long 

track windows: a) track modulus average (Uavg) vs. Yrel average (Yrel-Avg), and b) track modulus standard 

deviation (UStDev) vs. Yrel average and Yrel standard deviation (Yrel-StDev). 

             (        )
                                                                                                                      (5-1) 

               (        )
      (          )

                                                                               (5-2) 

where UAvg and UStDev are the track modulus average and StDev over the 40-m track length (in 

MPa) and Yrel-Avg and Yrel-StDev are the average and StDev for the Yrel over the 40-m track length (in 

mm).  
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5.5 Quantifying the spatial variation of the maximum rail bending moment 

The numerical model results were used to investigate the correlation between the track modulus 

and     
  for the RE136 rail size and the loading condition shown in Figure 5-1.

 
Track windows 

of 40 m were selected and distributions of the inputted track modulus and the resulting     
  

envelope profile were compared. As shown in Figure 5-2c, the magnitude of     
  varies along 

the track due to the spatially varying track modulus. For all ninety models, an average of the 

    
  over each 40-m track length window was calculated and plotted versus the track modulus 

average (Figure 5-4a). As shown in Figure 5-4a, a higher track modulus average resulted in a 

lower     
  average for a given rail size and loading condition. This correlation was quantified 

using a nonlinear regression analysis and the result is presented in Figure 5-4a and Equation 5-3. 

Multivariate regression analyses were also conducted to find the statistical properties of the track 

modulus that affected the     
  StDev and peak     

  along the 40-m track length. Figures 5-4b 

and 5-4c show that the     
  StDev and peak     

  correlate strongly with the track modulus 

average and StDev. The     
  StDev and peak     

  
increased as the track modulus average 

decreased and the track modulus StDev increased. The correlations were quantified using 

multivariate regression analysis. The equations of the best fitted surfaces to the data points are 

presented in Figures 5-4b and 5-4c and Equations 5-4 and 5-5. Equations 5-3 to 5-6 correspond 

to the RE136 rail size and the loading condition shown in Figure 5-1. 

The same procedure was followed to investigate the correlations between the statistical 

properties of the track modulus and     
 .  The results are presented in Figure 5-5 and Equations 

5-6 to 5-8. From Figure 5-5, the average, StDev, and peak for the     
  envelope profile 

increased as the track modulus average decreased and the track modulus StDev increased.  
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where the         
 ,           

 , and          
  are average, the StDev and peak for the 

envelope profile of the     
  over the 40-m track length (in kN·m),         

 ,           
 , and 

         
  are average, the StDev and peak for the     

  envelope profile over the 40-m track 

length (in kN·m), and UAvg and UStDev are as defined in Equations 5-1 and 5-2. 

 

 

 
Figure ‎5-4 Correlation between track modulus and maximum positive bending moment (    

 ) over track 

windows of 40 m: a)     
  average (        

 ) vs. track modulus average (Uavg), b)     
  

standard 

deviation (          
 ) vs. track modulus average and standard deviation (UStDev), and c) Peak     

  

(         
 ) vs. track modulus average and standard deviation.   
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Figure ‎5-5 Correlation between track modulus and maximum negative bending moment (    
 ) over track 

windows of 40 m: a)     
  average (        

 ) vs. track modulus average (Uavg), b)     
  

standard 

deviation (          
 ) vs. track modulus average and standard deviation (UStDev), and c) Peak     

  

(         
 ) vs. track modulus average and standard deviation.   

5.6 Numerical case study 

The accuracy of Equations 5-1 to 5-8 for quantifying the spatial variation of the     
 ,     

 ,
  

and track modulus from Yrel was investigated further using a new track model, which was not 

used while developing Equations 5-1 to 5-8. A track model with new randomised stiffness at 
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each support was developed and the resultant Yrel and envelope profile of     
 and     

  
under 

the moving load (shown in Figure 5-1) were calculated using finite element analysis (FEA) and 

VBA codes. From the resultant Yrel distribution and Equations 5-1 and 5-2, a track modulus 

average and StDev were estimated. These estimations were then compared with the inputted 

track modulus to verify the accuracy of Equations 5-1 and 5-2. Subsequently, the average, 

StDev, and peak for the envelope profile of     
  were calculated by using the estimated track 

modulus average and StDev in Equations 5-3 and 5-5. The estimated statistical properties of 

    
  were compared with the actual values of     

  from the FEA to verify the accuracy of 

Equations 5-3 and 5-5. The same procedure was followed to verify the accuracy of Equations 5-6 

and 5-8. 

Unlike the previous models in which the stiffness of the spring supports along the track came 

from a normal track modulus distribution, in the new track model, the stiffness of the spring 

supports was randomly selected from a uniform track modulus distribution (also referred to as a 

rectangular probability distribution) that had constant probability on the interval between 6.5 

MPa and 48 MPa. Using this method, the distribution of the track modulus for the new track 

model was totally different from the ninety normal track modulus distributions used while 

developing Equations 5-1 to 5-8. The inputted track modulus distribution for the new track 

model over a 40-m long track window of 40 m long is depicted in Figure 5-6a. The track 

modulus average and StDev for this track window were 26.80 MPa and 11 MPa, respectively. 

The solid black lines in Figures 5-6b to 5-6d show the resulting Yrel and the envelope profile of 

    
  

and     
  

that were calculated using FEA and VBA codes for the inputted track modulus. 

To account for the effect of systematic errors and local disturbances on Yrel data measured from 

train-mounted instruments in the field, artificial noise was added to the Yrel distribution derived 

from FEM. The Yrel distribution with artificial noise was then used to estimate the track modulus, 

    
 , and     

 . Two components were considered for adding noise to the Yrel distribution. The 

first component was adding a product of 0.12 mm and an evenly distributed random number 

between -1 and 1 to any individual Yrel values. This component addressed the measurement 

resolution which is around 0.12 mm for the MRail system. The measurement resolution for the 

MRail system depends on the resolution of images captured by the camera system. The 

measurement resolution of 0.12 mm is based on the assumption that the system captures images 
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with a resolution of 782 × 582 pixels [21].  For the second component, one-tenth of each Yrel 

value was multiplied by an evenly distributed random number between -1 and 1 and then added 

to the original Yrel value. This component was intended to account for the effect of local 

disturbances on Yrel data, such as the effect of track geometry irregularities. The procedure for 

adding artificial noise to each individual Yrel value is presented in Equation 5-9. The noisy Yrel 

distribution calculated using Equation 5-9 for the new track model is shown with the dotted 

black line in Figure 5-6b.  

                        (    )           (    )                                     (5-9)                                

where, Yrel-noisy is the relative VTD with the artificial noise (in mm), RAND (-1, 1) is an evenly 

distributed random number between -1 and 1, and Yrel-Act is the actual relative VTD calculated 

using the FEM (in mm).  

 
 

Figure ‎5-6 Input and output for a model with a 40-m track length: a) inputted track modulus distribution, b) 

resultant relative vertical track deflection (Yrel) with and without artificial noise, c) resultant envelope profile 

of the maximum positive bending moment (     
 ), and d) resultant envelope profile of the maximum 

negative bending moment (     
 ) (Avg: average, StDev: standard deviation). 
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The average and StDev for the noisy Yrel distribution depicted in Figure 5-6b are 3.43 mm and 

0.90 mm, respectively. Calculations for estimating the track modulus,     
 , and     

  from the 

noisy Yrel distribution were summarized in Tables 5-2 to 5-4. Based on the results, the track 

modulus average and StDev were estimated from the noisy Yrel distribution with less than 3% 

error, and from these estimations, the average, StDev, and peak for the envelope profile of     
  

and     
  were estimated with less than a 10% error.  

Table ‎5-2 Summary of the calculations for quantifying the track modulus distribution from relative vertical 

track deflection (Yrel) measurements (StDev: standard deviation). 

Average for the noisy Yrel distribution presented in Figure 5-6b 3.43 mm 

StDev for the noisy Yrel distribution presented in Figure 5-6b 0.90 mm 

Inputted track modulus average presented in Figure 5-6a 26.80 MPa 

Estimated track modulus average from the noisy Yrel distribution and Equation 5-1 26.20 MPa 

Difference between the estimated and inputted track modulus average 2.2 % 

Inputted track modulus StDev presented in Figure 5-6a 11.00 MPa 

Estimated track modulus StDev from the noisy Yrel data and Equation 5-2 10.97MPa 

Difference between the estimated and inputted track modulus StDev 0.3 % 

Table ‎5-3 Summary of the calculations for quantifying the spatial variation of the maximum positive 

bending moment (    
 ) from the relative vertical track deflection (Yrel) measurements (StDev: standard 

deviation). 

Average for the envelope profile of     
  presented in Figure 5-6c 42.55 kN·m 

Estimated     
  average from the estimated track modulus average and Equation 5-3 43.25 kN·m 

Difference between the estimated and actual     
  average 1.6 % 

StDev for the envelope profile of     
  presented in Figure 5-6c 5.81 

Estimated     
  StDev from the estimated track modulus average and Equation 5-4 5.90 

Difference between the estimated and actual     
  StDev 1.5% 

Peak for the envelope profile of     
  presented in Figure 5-6c 56.32 kN·m 

Estimated peak     
  from Equation 5-5 and the estimated track modulus average 

and StDev  
61.52 kN·m 

Difference between estimated and actual peak     
  9.1 % 
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Table ‎5-4 Summary of the calculations for quantifying the spatial variation of maximum negative bending 

moment (    
 ) from relative vertical track deflection (Yrel) measurements (StDev: standard deviation). 

Average for the envelope profile of     
  presented in Figure 5-6d -21.14 kN·m 

Estimated     
  average from the estimated track modulus average and Equation 5-6 -21.37 kN·m 

Difference between the estimated and actual     
  average 1.1% 

StDev for the envelope profile of     
  presented in Figure 5-6d 5.60 

Estimated     
  StDev from the estimated track modulus average and Equation 5-7 5.37 

Difference between the estimated and actual     
  StDev 0.1% 

Peak for the envelope profile of     
  presented in Figure 5-6d -37.60 kN·m 

Estimated peak     
  from Equation 5-8 and the estimated track modulus average 

and StDev  
-38.93 kN·m 

Difference between estimated and actual peak     
  3.5% 

5.7 Conclusions 

In this chapter, the developed FEM was used to investigate the correlations between the track 

modulus, VTD, and maximum bending moments. The purpose was to develop a method that 

makes it possible to estimate the spatial variation of maximum rail bending moments from VTD 

measurements. Various track modulus distributions were simulated and the track’s responses to a 

known applied load were calculated in terms of VTD and the maximum positive and negative 

bending moments’ envelope profile. Statistical approaches were then used to quantify the 

correlations between the inputted track modulus, the modelled VTD, and the modelled maximum 

rail bending moments. The quantified correlations and proposed equations allow the estimation 

of the track modulus average and StDev using VTD measurements. Once the track modulus 

average and StDev are estimated, the average, StDev and peak for the envelope profile of the 

maximum positive and negative bending moments in the rail can be quantified using the 

developed correlations between the inputted track modulus and rail bending moments. Finally, a 

numerical case study was presented for which a random track modulus distribution was 

considered and artificial noise was added to the modelled VTD. The study further proved the 

accuracy of the proposed equations. 
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CHAPTER 6: A Case Study of the Assessment of Vertical Bending Stresses in Rail
4
 

 

6.1 Overview  

Train-mounted vertical track deflection (VTD) measurements offer new opportunities for 

estimating rail bending stresses over long distances. The estimations are possible due to 

mathematical correlations between rail deflections, rail bending stresses, and the loads applied to 

the rail. Previous numerical studies, presented in Chapters 3 to 5, resulted in a methodology that 

suggests the use of finite element models to develop the correlations. These models facilitate the 

simulation of a stochastically varying track modulus along the track and provide a strong basis 

for interpreting the deflection data. In this study, according to “Objective 3” presented in Chapter 

1, datasets collected from a test site were employed to validate this methodology for estimating 

rail bending stresses under passing train loads. The rail-mounted strain gauges and the wheel 

impact load detector system at the test site provided information about the rail bending strains 

under known applied loads. This allowed validation of the maximum bending stresses estimated 

using train-mounted deflection measurements. The magnitude of rail bending stresses was 

assessed using measurements from different seasons; stress changes over time were also 

investigated.  

6.2 Introduction  

Rail issues such as broken rails, rail joint bars, and welds are the most common cause of main 

track derailments in Canada’s railway network [4]. Main tracks are the tracks of subdivisions 

extending through and between stations [5]. Any derailments on these tracks could have very 

serious consequences, including fatalities, injuries, and financial loss [4]. Figure 6-1 illustrates 

results from the analysis of broken rail derailments that occurred on Canada’s main tracks 

between 2000 and 2014. Rail head defects that propagated along the rail cross section, also 

                                                 
4
 A version of this chapter will be submitted to the ASCE Journal of Transportation Engineering, Authors: Fallah 

Nafari S, Gül M, Hendry M.T, Otter D, and Cheng J.J.R. 
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referred to as transverse defects, are the leading cause (27%) of broken rail derailments. 

Transverse defects are categorised as detail fractures, transverse fissures, and compound fissures 

depending on the origin of the defect [36]. The initiation and early propagation of a transverse 

defect is often due to wheel-rail contact stresses. After the defect extends away from the rail 

surface, its propagation is mainly controlled by live bending stress, thermal stress, and residual 

stress [8, 35, 40]. The second leading cause of broken rail derailments (24%) is base defects 

(Figure 6-1). The growth of base defects along the rail cross section is also influenced by live 

bending stress, thermal stress, and residual stress.  

The establishment of optimised solutions for rail issues requires reliable methods for estimating 

rail stresses along the track [6]. The estimation of rail stresses is challenging as the stresses 

continuously vary along the track due to operational, environmental, and structural factors [7, 9, 

10]. Many attempts have been made to develop methods for measuring rail stresses [13-19]. 

However, the number of studies evaluating rail bending stresses over long distances is very 

limited [20, 21].  

 

Figure ‎6-1Causes‎of‎broken‎rail‎derailments‎on‎Canada’s‎main‎tracks‎from‎2000‎to‎2014. 

New train-mounted systems that measure the vertical track deflection (VTD) under fully loaded 

axles offer new opportunities for estimating rail bending stresses over long distances [21, 22, 

26]. The mathematical correlations between rail deflection, rail bending stress, and loads applied 

to the rail form the basis of the method. The potential of VTD measurements for the estimation 
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of rail bending stress has been studied and confirmed using field tests, but used a track model 

with a constant track modulus to develop the mathematical correlations between rail deflection 

and stress [20]. Experience with VTD data shows that interpretation of the data requires track 

models in which track modulus variation is addressed [80]. The track modulus varies 

stochastically along the track [29, 31] and, thus, track models with a constant track modulus have 

limited application for interpreting VTD data.   

A newer methodology was developed and presented in Chapters 3 to 5 for establishing 

mathematical correlations between track modulus, rail deflections, and stresses using finite 

element models (FEMs) in which stochastically varying track modulus are considered [108, 

110]. The methodology suggests developing track models with different track modulus 

distributions. This is possible by assigning different random stiffness values to the spring 

supports along the tracks. The finite element analysis is then used to calculate the profile of rail 

deflections and bending moments under known applied loading sets. For each model, the 

statistical properties for the distributions of the inputted track modulus, the modelled VTD, and 

the rail bending moments are calculated. The values calculated from the models with different 

track modulus distributions are analysed using statistical approaches to develop the correlations 

between track modulus, VTD, and rail bending moment. The developed correlations facilitate the 

interpretation of the deflection data measured using train-mounted instruments.  

This chapter presents the results of a study conducted to validate this methodology. Ranges for 

the magnitude of maximum bending stresses and tensile strains in the rail base were estimated 

using relative VTD measurements (also referred to as Yrel) from the MRail system. The estimated 

ranges were then compared with measurements from rail-mounted strain gauges that collected 

strain data under known applied loads. Although the study focused on the use of VTD 

measurements from the MRail system, the same concept is applicable to other VTD 

measurement systems.  

6.3 Study site 

The study site selected was Canadian National’s (CN) Wheel Impact Load Detector (WILD) site 

at Calrin, located between Mile 20 and 21 at CN’s Rivers Subdivision near Winnipeg, Manitoba, 

Canada. Transportation Technology Centre, Inc. (TTCI) has mounted a number of strain gauges 
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on both rails at several locations along the north track at this site for the purpose of research 

studies. The WILD system along with the strain gauges have allowed measurement of vertical 

wheel loads and resultant rail bending strains for passing trains. The datasets provided the 

information necessary to validate the rail bending strains estimated from the VTD measurements. 

TTCI collected salient WILD data and rail strains for hundreds of trains in both August 2015 and 

February 2016. For this study, one sample from each of the August and February datasets was 

analysed to investigate changes in the magnitude of rail bending strains over time. Each sample 

included six strain time histories measured at three cribs along the base of the north and south 

rails.  

Figure 6-2 depicts the layout of the WILD system and TTCI’s instruments location at the Calrin 

site. The track structure consists of 67.5 kg/m (136 lb/yd) continuous welded rail and concrete 

crossties. The spacing between consecutive crossties is close to 0.61 m (24 in), but varies 

somewhat to optimise the coverage of the WILD system for different wheel diameters. Figure 6-

3 is a photo of the study site.  

 

Figure ‎6-2 Layout‎of‎CN’s‎Calrin‎WILD‎system‎including‎16‎instrumented‎cribs‎on‎both‎rails‎together‎with‎

the location of rail base strain gauges. 

 

Figure ‎6-3 A photo of the WILD system and instrumented cribs along the north track at the Calrin site.  
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A laser and camera-based system, commonly referred to as the MRail system, was employed for 

VTD measurements at the Calrin site. The MRail system was originally developed at the 

University of Nebraska-Lincoln in collaboration with the Federal Railroad Administration. Using 

the system, Yrel between the rail surface and the wheel and rail contact plane is measured at a 

distance of 1.22 m from the nearest wheel to the sensor system [23, 25]. A new version of the 

MRail system was used for collecting the VTD data at Calrin (Figure 6-4), with the only 

difference being that the new system uses one laser line instead of the two in the original version 

[80].  

 

Figure ‎6-4 Illustration of the MRail system used for measuring vertical track deflections at Calrin (adapted 

from [80, 108]. 

6.4 Load data collected using the WILD system 

The WILD system is a hardened electronic data collection device that measures wheel impact 

forces using an array of strain gauges or accelerometers. The railway industry makes wide use of 

the system to detect damaged wheels that apply high impact forces to the rail. If any wheel 

generates an impact force greater than a predefined threshold, a report identifies that wheel for 

action. The WILD system at Calrin is a strain gauge-based system that measures rail shear strains 

using a series of rail-mounted strain gauge load circuits. The force applied to the rail is 

determined using a mathematical relationship between the shear strain and applied force. As 

shown in Figure 6-2, the Calrin WILD site is comprised of 16 instrumented cribs along the north 

and south rails. For each wheel that passes over a crib, many load data points are collected. The 

number of load measurements at one crib depends on the sample rate, train speed, and effective 

zone of the crib. The system outcome includes one average value and one peak (maximum) value 

for the load samples in a given crib. Figure 6-5 shows the average and peak loads recorded at 16 

instrumented cribs when a wheel passed the Calrin WILD site in August 2015. Notably, the 

average and peak vertical loads recorded at each instrumented crib are different, even for one 
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wheel. One way to analyze the load data points is to determine the range for the average and 

peak vertical wheel loads using the measurements from all instrumented cribs.  

 

Figure ‎6-5 Measuring wheel impact forces using the WILD system: a) illustration of a wheel passing over 

WILD instrumented zones, b) average wheel loads recorded for the passing wheel at the Calrin WILD site 

in August 2015, and C) peak wheel loads recorded for the same passing wheel.  

6.5 Strain data collected using strain gauges 

TTCI has placed a number of strain gauges on both rails along the north track at the Calrin 

WILD site. Using the strain gauges, rail bending strains were measured under the passage of 

thousands of wheels in August 2015 and February 2016. Measurements in two different seasons 

allowed for an assessment of changes in the magnitude of rail bending strains over time. Each 

dataset (August 2015, February 2016) included six strain time histories collected using six rail 

base circuits at the locations of cribs No. 5, 6, and 7 along both rails (Figure 6-2). Rail base strain 

gauges were placed on top of the rail bottom flange to measure the average of strains from the 

field and gauge sides of the rail. The strain channels were all re-zeroed and rebalanced each day, 

sometimes multiple times per day if a large change in temperature occurred. Hence, the strain 

readings were the dynamic strain from the passing train only, with no need to make adjustments 

for temperature for any of the strain circuits. Figure 6-6 presents a strain time history from the 

rail base circuit at crib No. 5 along the north rail, recorded when a train with 216 axles traveled 
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across the site in August 2015. Relative positive peaks in the strain data indicate relative 

maximum tensile strains in the rail base when wheels passed over the rail base circuit. As 

demonstrated in Figure 6-6, two types of peaks were observed in the data: higher peaks 

correspond to fully loaded railcars while lower peaks correspond to partially loaded or empty 

railcars.   

 

Figure ‎6-6 A sample strain time history from the August dataset collected using the rail base circuit at crib 

No. 5 long the north rail (tensile strains as positive values). 

6.6 Analysis of datasets from the WILD system and strain gauges 

The salient data from the Calrin WILD site along with the rail bending strain measurements 

provided information about the rail bending strains under known applied loads. This presented an 

opportunity to validate the rail bending strains estimated from the VTD measurements. Two 

tasks were completed to analyse the salient WILD data and bending strain measurements. First, 

maximum rail bending strains under a known applied load similar to the MRail loading set were 

extracted from the salient WILD data and strain datasets. Second, two strain datasets (August 

2015, February 2016) were analysed to investigate possible changes in the magnitude of rail 

bending strains over time. The second analysis was conducted because the VTD measurements 

along the north track at the Calrin WILD site were not collected at the same time as the rail 

bending strain measurements. The two MRail runs were conducted in May and October 2015 

and, thus, the estimated bending strains therefrom correspond to times when the track was not 

frozen. A notable consideration was whether the estimated bending strains from MRail 

measurements when the track was not frozen represent the magnitude of actual bending strains in 

the rail under the same loading throughout the year. Comparing the rail strain measurements 
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under similar loading sets in August and February demonstrated how the track stiffness and the 

magnitude of generated bending strains in rail changed over time (i.e., seasonally) at the Calrin 

Site.  

The loading set depicted in Figure 6-7 was repeated three times in August 2015 and seven times 

in February 2016. This loading set represents two fully loaded trucks from two adjacent railcars 

and has a specific range for the average and peak wheel loads at WILD instrumented cribs. For 

each passage of the loading set, the maximum tensile strains generated in the south and north 

rails at cribs No. 5, 6, and 7 were extracted from the strain datasets; results are summarised in 

Table 6-1. The maximum tensile strains recorded in the rail base in August were approximately 

55% higher than the February measurements. This implies that the track was significantly stiffer 

in the winter. Therefore, the estimations of rail bending strains from VTD measurements in May 

and October should only be compared with the bending strain measurements taken in August.      

 

Figure ‎6-7 Loading set used for comparing the strain datasets from August and February. 

Table ‎6-1 Range of the multiple measurements of maximum tensile strains in rail under the loading set 

shown in Figure 6-7. 

Date Crib No. 
Average for north and south rail 

measurements (µε) 

Aug. 2015 5, 6, and 7 237 × (1± 10%) 

Feb. 2016 5, 6, and 7 107 × (1± 10%) 

6.7 VTD measurements using the MRail System 

Two MRail runs were conducted on the north track at the Calrin WILD site. The first run was in 

May 2015 with the MRail car next to a locomotive, and the second run was in October 2015 with 
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the MRail car next to a tank car. Information about the loading set for each run is presented in 

Figure 6-8. The axle spacings for the locomotive and railcars were determined using the North 

American car catalogue system (UMLER), and the wheel loads were estimated using the salient 

WILD data. To reduce uncertainties and simplify the calculations, the weight of each truck from 

the WILD system was evenly distributed between the truck wheels. The assumption of uniform 

wheel loads for each truck was acceptable because the study site is a tangent track (straight line). 

Moreover, the average of measurements on the north and south rails was used for the analysis of 

MRail and strain gauge data. The datasets from the MRail system consist of latitude and 

longitude coordinates of the measurements, the estimated milepost (MP), and Yrel values for the 

right and left rails at approximately 0.305-m (1-ft) intervals. The accuracy level of the GPS 

system installed on the MRail car was ±3.7 m with a 95% confidence level. The Yrel data at the 

Calrin site were extracted from the datasets collected along the entire subdivision. This was 

initially done using the MRail GPS data and approximate GPS coordinates for the WILD site. To 

increase the accuracy of this data extraction, information about distances between the WILD site 

and nearby track elements were employed and fluctuation trends in the Yrel data at and near the 

WILD site were examined. Using this procedure, the small error that might have occurred while 

extracting the Yrel data should have insignificant influence on the results presented here. Figure 

6-9 features a satellite map view of the study site together with Yrel data from the May and 

October MRail runs.  

The WILD system at Calrin is placed on a zone with concrete crossties. As shown in Figure 6-

9b, the Yrel data have very small fluctuations along the west half of the zone and high variations 

along the rest of zone. Investigation of this difference was beyond the scope of the study. Factors 

such as instruments installed on the track and changes in the track substructure may cause high 

variations in the Yrel data. All calculations in this study are based on the average and standard 

deviation (StDev) of the Yrel data over the full length of the 92.3-m zone with concrete crossties. 

This was done to consider the track condition along the entire zone; notably, shortening the track 

window to the length of the WILD instrumented zone (15.4 m) did not affect the results.   
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Figure ‎6-8 a) MRail next to a locomotive during the May run, and b) MRail next to a tank car during the 

October run.  

 

Figure ‎6-9 a) Satellite map view of the study site, b) Yrel data from May and October MRail runs (average 

of measurements on the north and south rails).  

6.8 Comparing the Yrel datasets from two MRail runs 

The Yrel measurements from May and October runs had similar fluctuation patterns even though 

the magnitudes were often different. The runs were conducted under different loading sets and so 

the difference in magnitude was not only associated with changes in the track condition. A 
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detailed investigation of the changes was conducted through mathematical correlations between 

rail deflections, applied loads, and track modulus. The correlations facilitated the estimation of 

track modulus from Yrel data and allowed for the investigation of changes in track modulus over 

time. A series of FEMs were used to develop mathematical correlations. One hundred and eighty 

models with different track modulus distributions were simulated using FEMs. The rail size and 

tie spacings in all models were defined to be similar to the track specifications at the Calrin 

WILD site. Distribution of Yrel along the track was calculated under two different MRail loading 

sets. For each model, the average and StDev of inputted track modulus and resultant Yrel were 

determined. The results from all models were then used in a regression analysis to quantify the 

correlations between the statistical properties of track modulus and Yrel. An important parameter 

in calculations is the track window length along which the average and StDev of track modulus 

and Yrel are calculated. A detailed discussion about the modelling procedure, regression analysis, 

and the effect of window length on the results is presented elsewhere [108]. The quantified 

correlations between track modulus and Yrel corresponding to two different MRail loading sets 

are presented in Equations 6-1 to 6-4 and Figures 6-10 and 6-11. The correlations are applicable 

to track window lengths of 80 m and longer.  

For the loading set shown in Figure 6-8a: 

        (        )
     

                                                                                                       (6-1) 

          (        )
    

(          )
                                                                                 (6-2) 

and for the loading set shown in Figure 6-8b: 

        (        )
  

                                                                                                           (6-3) 

          (        )
    

(          )
                                                                                 (6-4) 

where UAvg and UStDev are the track modulus average and StDev (in MPa), and Yrel-Avg and Yrel-StDev 

are Yrel average and StDev (in mm) over a track window length of 80 m and longer.  
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Figure ‎6-10 Correlations between statistical properties of track modulus and relative vertical track 

deflection (Yrel) for the loading set shown in Figure 6-8a: a) track modulus average (Uavg) vs. Yrel average 

(Yrel-Avg), and b) track modulus standard deviation (UStDev) vs. Yrel-Avg and Yrel standard deviation (Yrel-StDev).  

The average and StDev of Yrel data over the zone with concrete cross ties were calculated 

seperately for each MRail run. As reported in Table 6-2, the Yrel average for both runs was 3.8 

mm. The average track modulus values for May and October were estimated using Equations 6-1 

and 6-3 with respect to the MRail loading set. The track modulus average decreased by 20% 

from May to October 2015, which explains why the Yrel average values from both runs were the 

same despite the MRail loading set being heavier in the May run. Track modulus StDev values 

were also estimated for the zone with concrete crossties using Equations 6-2 and 6-4, with results 

indicating a 20% increase from May to October 2015. Considering changes in the track condition 

from May to October, only the Yrel data from the October run were used to estimate the rail 

bending strains; this is because the October MRail run was closer in time to August when the 

TTCI rail strain data were collected, and historical climate data for Calrin show that the ballast 

was not frozen in October. Additionally, the MRail loading set for the October run featured two 
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adjacent fully loaded trucks, similar to Figure 6-7 under which the TTCI measured rail bending 

strains.  

 

 
Figure ‎6-11 Correlations between statistical properties of track modulus and relative vertical track 

deflection (Yrel) for the loading set shown in Figure 6-8b: a) track modulus average (Uavg) vs. Yrel average 

(Yrel-Avg), and b) track modulus standard deviation (UStDev) vs. Yrel-Avg and Yrel standard deviation (Yrel-StDev). 

Table ‎6-2 Statistical properties of track modulus and Yrel for the zone with concrete cross ties at Calrin 

(Yrel: relative vertical track deflection) 

For zone with concrete crossties May run October run 

Yrel average (mm) 3.8 3.8 

Yrel StDev (mm) 1.7 3.0 

Estimated track modulus 
average (MPa)  

30 24 

Estimated track modulus StDev 
(MPa) 

20 24 
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6.9 Estimating rail bending strains from Yrel data 

Rail is considered an infinite beam resting on spring supports. Euler–Bernoulli beam theory 

defines the relationships between applied loads, rail deformed shape, and rail bending moment 

profile. These relationships form the basis for estimating rail bending moments from VTD 

measurements. Once the bending moment is estimated, bending stress and strain are calculated 

using Equations 6-5 and 6-6 [7, 24]. 

   
  

 
                                                                                                                                       (6-5) 

                                                                                                                                           (6-6) 

where σ and ε are the bending stress and strain, respectively, I is the moment of inertia of the rail, 

E is the rail elastic modulus, and C is the distance to the rail neutral axis.  

Yrel is dependent on the vertical deflection of the rail at the locations of two wheels and the 

sensor system. Therefore, the rail deflection profile and, thus, rail bending profile cannot be 

derived using an individual Yrel measurement. Despite this, Yrel measurements correlate to the 

extreme bending moments that the rail experiences under wheel loads [24]. This is valuable 

information that facilitates the calculation of maximum tensile strains in rail. The rail steel is 

cycled between maximum positive bending moments (    
 ) and maximum negative bending 

moments (reverse bending moment,     
 ) under moving wheel loads.     

  creates maximum 

tensile strains in the rail base while     
  generates maximum tensile in the rail head. The 

cycling results in an oscillation between tensile and compressive bending strains in the rail head 

and base as wheels pass over [7]. The magnitude of     
  is often much greater than     

 , 

hence the correlation between Yrel and     
  is only studied here. One method to interpret Yrel 

data is to develop mathematical correlations between the statistical properties of the Yrel 

distribution and the envelope profile of     
 . Figure 6-12 shows the correlations developed for 

interpreting the Yrel data from the MRail October run. One hundred and eighty track models with 

different track modulus distributions, RE136 rail size, and tie spacings of 0.61 m were simulated 

using FEMs. The models were used to calculate the Yrel distribution and envelope profile of 

    
 . The calculations were based on the moving loading set shown in Figure 6-8b. Track 

window lengths of 80 m were selected and the average and StDev of the modelled Yrel 
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distribution and envelope profile of     
  were calculated for each 80-m section. The 

correlations between the calculated values were investigated using nonlinear regression analyses. 

Correlations developed using regression analyses are represented by 

        
                                                                                                                (6-7)  

          
                                                                                                            (6-8) 

where         
  and           

  are the average and StDev, respectively, for the envelope 

profile o    
  (in kN∙m). These equations are applicable to track window lengths of 80 m or 

more. 

 

Figure ‎6-12 Correlations between statistical properties of the relative vertical track deflection (Yrel) and the 

envelope profile of rail maximum positive bending moment (    
 ) for the loading set shown in Figure 6-

8b: a)     
  average (        

 ) vs. Yrel average (Yrel-Avg), and b)     
  standard deviation (          

 ) 

vs. Yrel standard deviation (Yrel-StDev). 

Figure 6-13 depicts the distribution of Yrel data collected during the October MRail run at Calrin. 

The Yrel average and StDev for the zone with concrete crossties at the Calrin site are 3.8 and 3 
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mm, respectively. Equations 6-7 and 6-8 allowed for estimation of the average and StDev of the 

envelope profile of     
  over this zone. Using Equations 6-5 and 6-6 and the estimated     

 , 

the range for maximum tensile strains (    
 ) at the level of strain gauges (on top of the rail 

bottom flange) were calculated. Values for I, E, and C in the calculations were set at 3.9E-05 m
4
 

(92.4 in
4
), 210 GPa, and 6.4 cm, respectively. Table 6-3 presents a summary of the calculations.  

 

Figure ‎6-13 Yrel data from the October MRail run at the Calrin site.  

Table ‎6-3 Average and standard deviation for the MRail data at the Calrin site in October together with 

the estimated average and StDev for the envelope profile of rail maximum positive bending moment and 

tensile strain (Yrel: relative vertical track deflection,     
 : maximum positive bending moment,     

 : 

maximum tensile strain, Avg: average, StDev: standard deviation).  

Y
rel-Avg 

(mm) 3.8 

Y
rel-StDev

 (mm) 3 

Estimated M
+

max-Avg
 from Yrel-Avg and Equation 6-7‎(kN∙m) 44 

Estimated M
+

max-StDev
 from Yrel-StDev and Equation 6-8‎(kN∙m) 17 

Estimated ε
T

max-Avg
 from M

+

max-StDev
 and Equations 6-5 and 6-6 (με) 343 

Estimated ε
T

max-StDev
 from M

+

max-StDev
 and Equations 6-5 and 6-6 (με) 133 

6.10 Comparing the measured maximum tensile strains with the estimated range 

The strain gauges at instrumented cribs No. 5, 6, and 7 provided an opportunity to validate the 

estimation of rail bending strains from the Yrel data. The data points in Figure 6-14 present the 

maximum tensile bending strains recorded using the rail base strain gauges in August. These 

strain measurements were conducted under two adjacent fully loaded trucks (Figure 6-7). From 
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Table 6-3, ranges for     
  and     

  were estimated using the MRail data. The MRail loading 

set for the October run also featured two adjacent fully loaded trucks (Figure 6-8b). The Yrel 

measurements at the locations of rail base strain gauges were within the range of 2±0.6 mm. 

Considering the Yrel average (3.8 mm) and StDev (3 mm) for the zone with concrete crossties, 

the Yrel values at the locations of the strain gauges fell within one standard deviation below the 

Yrel average (Figure 6-14). This suggests that the     
  measured at the level of rail base strain 

gauges should be less than          
 and greater than (         

            
 ), where 

         
 and            

 are the average and StDev for the envelope profile of     
  over the 

zone with concrete crossties, respectively. Estimated values for          
 and            

  from 

the Yrel data are presented in Table 6-3. Figure 6-14 indicates that the measured tensile strains 

were within the expected range.  

 

Figure ‎6-14 Maximum tensile strains measured three times using the rail base strain gauges compared 

with the range estimated from the Yrel data (    
 : maximum tensile strain,          

 and            
 are the 

average and StDev for the envelope profile of     
 ).  

6.11 Conclusions  

Train-mounted VTD measurements present an opportunity to estimate rail bending stresses over 

long distances. The estimations are possible due to mathematical correlations between rail 

deflections, rail stresses, and applied loads. A new methodology developed by the authors 

suggests the use of FEMs with stochastically varying track modulus for developing the 

correlations. The methodology developed using numerical studies facilitates the estimation of a 

range for the magnitude of maximum bending stresses in rail. The purpose of this study was to 

validate the methodology using field datasets. Different measurements at the study site were 
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utilised to meet the objective; specifically, rail-mounted strain gauges and the WILD system 

provided the information necessary to validate the rail bending stresses estimated from VTD 

measurements. Analysis of the datasets showed that the strain measurements lie within the 

estimated ranges. Datasets from different time periods were analysed to assess the rail bending 

stresses. The magnitude of maximum bending stresses in rail was found to be significantly lower 

in winter compared to summer. Frozen ballast and stiff track in the winter provide a stronger 

support for the rail that results in lower rail bending stresses. This suggests that VTD 

measurements should be conducted over different time periods to assess the overall magnitude of 

rail bending stress.  
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CHAPTER 7: Conclusions and Recommendations for Future Research 

 

7.1 Summary and conclusions 

In this study, a new methodology to estimate vertical bending stresses in rail from train-mounted 

vertical track deflection (VTD) measurements was developed and validated. The developed 

method facilitates the estimation of rail bending stresses over long distances. Mathematical 

correlations between track modulus, rail deflections, rail bending stresses, and applied loads 

form the basis of the methodology. The study focused on the use of the measurements from the 

MRail system that measures the relative VTD (referred to as Yrel) between the rail surface and 

the rail-wheel contact line under the sensor system, at a distance of 1.22 m from the nearest 

wheel. The concept presented in this thesis is applicable to other train-mounted VTD 

measurement systems. However, details of the process for interpreting the VTD data would be 

slightly different for each system, depending on the type of deflection measurements.  

Track modulus is a dominant factor that affects the correlations between rail deflections and 

bending stresses. Hence, first, the potential of using Yrel measurements as an indicator of the 

track modulus was comprehensively investigated. The study showed that Yrel is strongly 

influenced by the cluster of vertical rail supports, which have different stiffness values beneath 

and around the truck wheels and the sensor system. For this reason, it is not a precise approach to 

use track models assuming constant track modulus to interpret the Yrel data. A series of finite 

element models (FEMs) were developed to simulate the stochastic nature of track modulus, and 

to investigate correlations between Yrel and track modulus over different track window lengths. 

Data generated from FEMs were analysed using statistical approaches and a series of equations 

was proposed to quantify the correlation between the statistical properties of track modulus and 

Yrel. The equations were developed for a specific rail size and loading condition and could be 

modified for other loading conditions and rail sizes. The data were analysed over different track 

window lengths. The longer the window length, the stronger the correlations were. However, the 

ability to detect local track modulus variations decreases with increasing window length. From 
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the results, different window sizes can be selected depending on the assessment or maintenance 

requirements. Using the quantified track modulus, a range for extreme bending stresses in rail 

can be estimated.  

Yrel is defined from the vertical deflection of the rail at the locations of two wheels and the sensor 

system. As a result, the rail deflection profile and, thus, rail bending profile cannot be derived 

using an individual Yrel measurement. Despite this, Yrel measurements correlate to the extreme 

bending moments that the rail experiences under wheel loads. This is valuable information that 

facilitates the calculation of maximum tensile and compressive strains in rail. The rail steel is 

cycled between maximum positive and negative bending moments under moving wheel loads. 

The cycling results in an oscillation between tensile and compressive bending strains in the rail 

head and base as wheels pass over. The magnitudes of maximum positive and negative bending 

moments vary along the track due to spatially varying track modulus. In this thesis, correlations 

between Yrel and maximum bending moments in rail were comprehensively investigated. Data 

generated using the developed FEMs were used to investigate the correlations between statistical 

properties of Yrel and envelope profile of maximum bending moments. The correlations were 

quantified using statistical approaches and a series of equations was proposed to estimate the 

average, standard deviation, and peak for the envelope profile of maximum bending moments 

from Yrel measurements. The study also resulted in a detailed framework for estimating the 

probability distributions of rail bending stresses along the track. This indicates strong potential 

for calculating the reliability of rail under applied loading over large railway networks.  

The accuracy of the proposed equations was first verified using a numerical case study for which 

a random track modulus distribution was considered and artificial noise was added to the 

modelled Yrel. Subsequently, datasets collected from a study site were used to validate the 

methodology for estimating rail bending stresses. The rail-mounted strain gauges and the wheel 

impact load detector system at the study site provided information about the rail bending strains 

under known applied loads. This allowed validation of the maximum bending stresses estimated 

using MRail measurements. 

The main contribution of this thesis is that it presents a detailed methodology for estimating track 

modulus and rail bending stresses from VTD measurements. This is the first study that addresses 

the effect of a stochastically varying track modulus on the correlation between VTD, track 
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modulus and rail bending stresses. The methodology developed for estimating track modulus and 

rail bending stresses over long distances is a major step towards evaluating the rail structural 

integrity which is a complex task and needs a number of pieces to be completed.  

The results present a practical approach for interpreting VTD data and estimating track modulus 

and rail bending stresses over long distances. Information about track modulus and the way it 

varies along the track makes it easier to identify the root causes of the structural issues of the 

track. Furthermore, methods for estimating the spatial variation of rail bending stresses allow a 

more rigorous reliability analysis of rail, and therefore, the establishment of optimised solutions 

for rail issues. 

7.2 Recommendations for future research 

The application of the developed methodology needs to be addressed by further study. The VTD 

data along a railway subdivision can be analysed to identify the locations that experience large 

rail bending stresses under train passages. The results can be then compared with the historical 

performance of the rail at the subdivision to investigate the effect of large bending stresses on the 

rail performance. Historical record of rail defects and breaks from visual, ultrasonic and 

magnetic inspection methods along with records of maintenance activities (e.g. rail grinding, rail 

replacement) provide a good understanding about the historical performance of existing rails and 

indicate the problematic locations along the track.  

The outcomes of this study may include:   

 establishment of an empirical threshold for permissible stresses in rail; 

 development of a new monitoring method for identifying rail sections prone to fracture; 

 development of a decision-making tool for scheduling the intervals between rail inspections 

and more effective allocation of rail test resources;  

For assessing the structural condition of the rail and calculating the rail reliability against 

fracture, information about rail bending stresses from VTD measurements should be used in 

combination with estimations of residual and thermal stresses. The effect of seasonal changes in 

rail bending stresses also needs to be addressed. Experience with the field data has shown that 

frozen ballast in winter can cause a significant reduction in rail deflections and bending stresses 
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under train passages. Conversely, low temperature in winter triggers high tensile thermal stresses 

in rail. Low temperature also influences the rail fracture toughness, which in turn affects the 

permissible rail stresses. Therefore, assessment of the rail condition requires a detailed 

framework that considers the effects of structural, environmental, and operational factors 

simultaneously.   
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Appendix A: Numerical Model Deta_ils 

In this project, RE136 and RE100 rail sizes were used for developing the models. Rails are 

modeled using frame elements in CSiBridge. Cross section and material properties for these rail 

sizes are as follows: 

 

Figure A-1 Rail shape and guide for Table A-1 

Table A-1 Cross section dimensions for RE136 and RE100 rail sizes (in mm) 

Rail size a  b  c  d e f 

RE100 152.4 42.1 27.0 68.3 14.3 136.5 

RE136 185.7 49.2 30.2 74.6 17.5 152.4 

 

Table A-2 Cross section and material properties for RE136 and RE100 rail sizes (in mm) 

Rail size Area (mm
2
)  Moment of inertia about the strong axis (mm

4
) Elastic modulus (GPa) 

RE100 6419.3 2.04E07 210 

RE136 8597.6 3.92E07 210 

 

 


