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. - ABSTRACT

P - : X .

Until the late sixties and seventies, ‘the main approaches to
.i ‘ :
treatlng f1u1d dvnamlcs in the turbulent reglme were based on

. | -
'statlsglcal techn;quas and semlemg;rlcal models. /The advancements 1n,

applled and nonlinear ﬂkaEmatlcs initiated researgh in the stability
properties of equations. governlng»fluld motlon. This allowed the
modelllng dt the breakdown oftcertaln flow structures into-the chaotlc
'state th51cal models descrlblng p0551b1e mechanlsms of turbulenCe
in connectlon with the aforementroned stab111tv propertles ef the
.,hgqyerningvequations are still rare. The present work descrlbes such.
'a'model and its machine simu}atﬁbn;>

The mechanism for the generation ot turbulence assumeS‘a

.

sequence of three Hopf;géfurcatlons on the NaV1er Stokes equatlons
1Th15 leads to'a 3- torusd;s 1nvar1ant manlfold in- state space “The
vector flelds on thls 3- torus are structurally unstable and chaotlc_
behav1our 15 trlgéered‘by comblnatlons of small random perturbatlons
o To 51mu1ate this mechanlsm two Nav1er Stokes type equat1ons for the
‘evoluatlon of time dependent velocaty perturbatlons are der1ved and
dlscretlzed 1n three dimensions by. u51ng f1n1te elements and the |
Galerkln method The resultlng systems of ordlnary d1fferent1a1
fequatlons are then te ted by a FORTRAN program for Hopf blfurcatlons'
and solutlon curves\&zrstate space were obtalned numerlcally on the
computer \Small random perturbatlons are 1mposed on these solutlon‘;u

_ ER _
curves: by u51ng random number generators and a spectral analy51s for

R S o a2 e



energy densities using Fast Fourier transform under use of the Tavlor

hypothesis 1s performed on several of these solutions with and without

random perturbation-in order to obtain’énergy spectra which permit

1

comparison with the inertial subrange law for hom \%neous and -isotropic
. , ] g pic

. »
turbulence.: o

"'; ’
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INTRODUCTION

Perhaps one of the main reasons wh¥ the phenomenon of turbulence
lacks any satisfactory description or model is the fact that no completely
satisfaetoryvdefinition of turbulence seems to be possible.’ One of the
simplest and straightforward definitions might be 'a state of continuous
instability' [Tritton, [I]]. This again can be understood only intui-
tively, because the concepts of continuityﬁaﬁainstability are almost

|
contradictory; continuous processes take place over a considerable

.
length of timé, while the phenomenon of instability occurs as a sudden
breakdown of a sﬁate and the‘following transition into andther onme.’
Looking at turbulence, one cannot observe different states at different
points in‘time, if the governing external_parameters, such as |
temperature, temperéture gradient, mean shear, or viscosity are not
ehanged. Moreover, it is not certain whether ;here exists only one main

mechanism in nature, which governs all the different types of observed

turbulence. N

N

So far, only methods of st?tiséicél analysis, which lead to the
cvarious techniques of finite closure of momént equations derived from
the Navier-Stokes’ equatlons* have glven results which are comparable w1tm
experiménts; One of the most outstandlng results in this respect is the
x
inertial subrange law first derived by Kolmogorov using dimeﬁsional
ana1y51s on a rather heuristic model of energy transfer within 1sot;op1c

turbulent flow. U51ng methods of statistical physics and finite clo-

sure techniques applied to these moment equations, Heisenberg reproducedA

- Lo
They will be referred to as NS-equations from now on.

1
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this result which can be verified experlmentallv (see Appe,@gk E). It
-

is sometimes alsoyreferred to as the (-5/3)-law, since 1t tates the
~ ) *

S .
proportlonaﬁlt{ bétween spectral energy density E and wave number K

to the power of K-\13/3 : ’

E k_5/3. .

»

For an introduction to thie result see e.g. [1] or Appendix E.

The applicaeion of methods from diffe}ential topology and
ergodic theory to the qualitative theory of differential equations~®
lead to, the development of concepts sucﬁ as’ structural stability and
strange attractors, and thereby‘to_a beteer understanding of their ‘ .
solution épaces. However, due to the diffichltiee encountered, only
very slow progress cen be made even fof low-dimensional systems of
ordinary differential equations.”™* Complete results about
structural stability exist soO far‘only for two-dimensional  (2D) systems
and the term 'strange atfrector' was coined to reflect‘the lack of
understanding of the phenomenon it tries to depict. This term is used

1n1y in connectlon w1th chaot1c behaviour of solutions of differential
equations and the attracting reglons in solution space associated there-
with. In’ the context of fldld dynamics chaotlc behav1our is called
turbulence; agaln one experlences the lack of ability to come to‘a
"satisfacfegz definition and has to resort to terms duch as 'strange )
attractor'.

vt

* . - .
- For an introduction, see e.g.: Nemytskii and‘Stepanov Qualitative
theory of d1fferentlal equatlon. Prlnceton T

They will be referred to as ODE-systems from now on.

" .
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Since the set of NS-equations is far from being a low—dimensionaf
ODE-system but rather a system of three nonlinear, parabolic partia}
differentiay equations®, 1ts state.space is infinite—dimensioual.
Moreover, its solution type carn change drastically with the bouhdary
eonditions or the geometry of fluid domain imposed.

As a conseuuence, the analysis of equations of the NS-type is
being conducted in two related, but nevertheless different ways. One
_approach, mainly taken by engineers, deals.with very_special}bQundary
conditipns and trie;dto find the associated flows as solutions of the
NS-equations which, as a rule, first have to be adapted to the problem
at hand; .In this‘connection, various techniquesAefAdiscretizing the
fluid domad ;:n be'used.to obpain numerical solutions. The other way
is to approach the NS-equations on a very general level and try to
analyze the structure of its solution space. ThlS is malnly done by
mathemat1c1ans, since the techniques involved require extensive use of
higher analysis, differential topology.and function theory.

One of the better knqyn publTCatlons in this flelg which suggests
a mathematical mechanlsm for the generation of turbulence and chaos
originating from solutlons of equatlons of the NS- type ish\the paper of »
Ruelle ‘and Takens [2]. These authors have shown that the pr0p051t10nv /
of Landau and Lifschitz [3] for turbulent motion as a quasi- periodic /J
“ 5\ . /'

function in time is invalid. s

The present study was largely motivated by the aforementloned

° 5

paper 'of Ruelle and Takens. Therefore after an 1ntroduct10n to the Hopf

-

’blfurcatlon (Chapter 1), which is the main tool for the constructlon of

g N .
Y . ;
M v S

* - v
"They will be referred to as PDE from now on.

el
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the mathematical mechanism, a rather informal discussion of this.paper
. ’ .

o v

follows (Chapter 2). After that,‘the model, which is the main -subject
'- . N - —-\ ' . ‘ ) A.. . N
of the present study, and its mechanism are explained (Chapter 3). This

is done, first, by an informal description aimed at -explaining .the basicllg-rt
ideas in terms as simple as possible. Following this rather heuristié\

n
B
-

introduc%ion is a mathematical formulation of the;same model;“‘The\
necessary function spaces are 1ntroduced which permlt represent1ng of the

model by means’ of equations. Thls concludes the first part and thenex-\~,

with the descrlptlon of the theoretlcal ba51s \ .
N\

Part 2 describes the tedhnical realization of the ideas '
D e
described in Part One. <First, a set of equatibns of the NS-type is

developed for a set of perturbations on .the fluid velocity superimposed
. . Lo ‘

on each othey (Chapter 4). To obtain ﬂUmericel solutions~for this Set

of equations, a discretization of the domaln in- spaces governed by these s
equations is carried out, based og finite element technlques‘and the
_Galerkin method (Chapter 5). This leads .to an approxima%ion oﬁ;NS—type

" PDE's by a system of ODE's. In connectlon with thlS dlscretlzatlon,

-

divergence- free basis functions.or finite elements (Chapter 6) and the
4 o :
- use of Dlrlchlet boundary condition for the domain.of the velocity @ ¢ -

‘e

perturbatlons are: introduced and a partlcular mean flow structure is’ “

Y

discussed (Chapter 7). o ' .o R ¥ ; A

Part 3 descrlbes the numerical study of the system of ODE'

-

.obtalned through the dlscretlzatlon dlscussed in Part 2 First, the

system of ODE's is investi ated for 1ts blfurcatlon TO ertles for :,.f !
Y g ~prop

PARP
RS

d1fferent proflles of the underlylng mean flow (Chapter 8) The results

l\'

of four partlcular mean flfows are selected for fufther ana1y51s of the1r> i

3

“_-‘! N ow B}
R s . . A

o - . . .-



stability characgteristics by use of numerical ODE:solvers and graphs

[

of ‘their solution tréjectories (Chapter 9). One Of’these‘four flows
is studged”hnder the superposition of numeriqally simulated rand?m
pértdrbafions (Chaptér 10) ané’the results are submitted to a spectral
aﬁﬁiysis to investigate any:realization{pf:the inertial subraﬁge'law
(Chapter 11) | |

Flnally, the summary and conc1u51ons (Chapter 12) contain
Y 4 &

an overall 1nterpretat10n of the results obtaimed in the three

parts. Aiso, a number of techn1031 restrlctlons and their . effect and
in, connectlon therewith the comparability of;the spectral analysis

w1th experlmentally obtained spectra Js con51dered

1

—5
B
’?
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PART 1 !

c .‘ ’

1. THE HOPF BIFURCATION

. The following introduction to the Hopf blfurcaklon is rather
\

informal and concise. Although Ruelle ‘and Takens apply it to NS- type

.-\; . ]
PDE's -it is béﬁhg introduced here for ODE's for the sake of simplicity.
S A
More elaborate descrlptlons with theorems and proofs cah be found in
B

various publications; see eg.> Marsden and McCracken [4] or Hassard,
Kazarlnoff and Wan [5] or HOpf's original paper [6].

Con51der in n- d1men51onaf’bDE system (n > 2):

i () = £, (0)u) \ o (1.1

 For the real parameter u within a certain interval . I, the system is.

assumed to have the statipnary solution Xus* according to X;(t) =0,

= f(xps_)U): e I » (1.2)

Taking the variational derivative of "(1.1)- at X . ylelds the |
linearazed system: - .«

JAEC(E) M)
axu(t)_

) = AKX (1)) AG) = | (1.3)
v PLtutE L X (t)=X . (t) |
: H uI_,,. %

ro.

fA(uL)p is. the Jacoblan matrlx of the system at X (t) u (t).J A‘HOpf

L
blfurcatlon 'ie., the appearance of a per1od1c solutlon Xup(t) which - -
grows in amp11tude W1th 1ncrea51ng or decrea51ng U out of the” oL
~stat10nary solution at RN % ‘urs when the follow1ngacond1t10ns

o

=)

L
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are satisfied:

(I) A pair of complex conjugate eigenvalues A(ue) a_ndP f(uc) of

: A(uc) cross the imaginary axis at u = ﬁc-

(II) All the remaining eigenvalues of A(u ) stay away from the - -
| | " : 4
‘ imaginary axis for\. u near “é‘ ’ .‘ '
(III) Re A(u.) = 0; Im A(uc) 0. ) ‘ . \\».
CdA(u)

SO

" Properties of stability and criticality of the periodic solution, i.e.,
. < ) _
“on ‘'what side of uc'-xup(t).exists and whether it.is stable or unstable

require a more detailed analysis of ‘the nonlinear. terms in Equation

(1.1). % = ‘ ' , T

N

2. THE WORK OF RUELLE AND TAKENS . ~N
_In their paper Ruelie and Takens conSi:ET\a sequence of Hopf

blfurcatlons occuring to equatlons of the type (1.1). However,-they do

not restrlct themselves to ODE's and 1nc1ude PDE's expec1ally of the NS-
/0 ,

type. The parameter u can therefore be, e.g., mean velQC1ty,

| »viscositf, shear or-quaﬁtities like Reynolds number,_RaYleigh‘number

“etc. dependlng on the type of appllcatlon Moréover, the right—hand

iSlde of Equatlon (1.1) has to be understood as an operator generatlng
a‘vector f1e1d 1n state space* H of Equatlon (1 1) In the ODE case

&

this 'RHS- operator' can be represented as a comblnatlon of matfices with
2 N
not necessarlly 11near properties as far‘as.1ts effect on elements_ln

'H. is concerned. In the case of PDE’'s . the combination consists of

* B .'A‘ B : . - W v ' - ) .
This spafe is also called phase space by. some authdrs,vsée e.g. [9].
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. e
. s . i
tHe standard differentidl operators such as gradient, divergence and
<. Laplacean, again with possibly nonlinear heNaviour. The eigenvalues
to be considered are now the ones of the linearized forms of these

'RHS-operators' ...

Thé first part of the er contains a description’ of a potential
! p . P o p

— . . PN

‘ - ’mechanism'foa turbulence by successively advancing pairs of-;omplex—
cdnjugate\eigenvalues of the linearized RHS-operators over thg
Jimaginary.axis as the critical parameter ‘u increases. As the first
pair ctossgs’the imaginary axis, a fixed .point iﬁ~solution space (i.e.
a StaBie séationary solution) exchanges stability with a family of -
closed Hopf orbits (i.e., periodic solutions) which grow monotonically
with>l u . The crossing of the second pair‘cauées this fifst orbit’ to
loose stability and degenerate in;o'a trajectory on the surface of a_,
- 2-torus. This 2-torus is an attracting invariant manifold, i.e. the
s N
. trajectory of any solution wfll eventually end up ‘on its surface. -
. " Further increase of the parameter W causes the fhird pair of complex-
-,“_ conjugateieigénvalues to crégs the imaginary axis and thevdegeneration
of the 2-torus into a 3-torus. This ié the point where ;hé subject
, ﬁh%ter Becomes;difficult to understand, since a 3-torus can only 'exist'’
 ,' fﬁ?in a space of ét;least four QimeASions} Problems of Xisﬁalizatiqn'arise
‘éspécially'with the geometry 6f the trajectories for which this 3-torus
acts as a;tracting invariant manifold.
The_geometry of the tréjectory onithé surface of théVZ—tords is
self-evident; it can be viewed as a 1iﬁe»w§Und'into a coil that encloses
thé toTus fsee Figure1). That méaﬁs,tﬁis trajectory is detérﬁingd by a

vectof field .on the surface of the 2—tbrﬁs,with a slope or pitch which

a



. 3

FIGURE 1. Z-f%rus with Tréjectory-énd/or'V¢cfor Field on its Surfa&e

with Velocity'Cdmpodbnté, j&, V7 and Periods'. PyoPsy ‘
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1s détermined by the ratio of the periods Py» P> aris}ng‘from'thejtwo
bifurcations (sée'Figure 1). |

Crossings of further eigenvalue péirs over the imaginary axis

. >
cause further Hopf bifurcations and thereby appearance of the appropriate
thigher-dimensional- tori as invariant manifolds.

If is evident that the mathematical description and formulation
of the bifdrcations followilg the first one is by far not as straight-
forward as this~ ve;Q first one, whlch is a digect appllcatlon of thg&?
Hopf blfurcatlon theorom on the (11near1 ed) RHS - operator of equations -

of the type (1.1)*l The second blfureatlon does not grow out of a

fixed point or a stationary solution, but one that is already periodic‘

o «

“in time. Ruelle' and Takens therefore introduce a P01ncaré map deflnedl
lohwabpiéce of hypersurface transversal to the’ flrst Hopf orbit (see
iFiguré 2). The penetration point of the first Hopf orbit on thé
Poincaré hypersurface is naturally a fixed point.for the P01ncaré mépf
It mlght of course change p051t10n,1f the Hopf orbit changes size and

- shape due to variations in the blfurcatlon parameter b Howeverﬂ if
thlS flrst orbit destablllzes, S0 will the flxed p01nt of its. assoc1ated

.jPoincare map. If this' destablllzatlon is due to a second Hopf
bifurcation, this fixed point Will degenerate into an 1nvarlan§.set‘of'-
1p01ntsv51fting on a closed orbit'on‘the_P@incaré\ﬁyper;urface! The

_eigenvalues of th1s Polncare map arelin’firsf‘(1ihear)‘appfoxihation

the same as the ‘Floquet coeff1c1ent§ of the'deéf%bilizing first orbit.

In the case of PDE's even. thls can become prohlbltlvely dlfflcult
since the analysis of the spectrum of the RHS-operators in order to
find functional dependenc1es between eigenvalues and possible
blfurcatlon ‘parameters is deflnltely nontr1v1a1
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"Most of the technlcal work in the paper consists of the’ statements and

'proofs of the Hopf blfurcatlon theorems for vector f1elds (relatlng to

,the first b;furcatlon) and dlffeomorphlsms (e g Porncare.maps;used

for thejgecond'bifurcatlon);and»supportlng'theorems and lemmas.

Bifurcations’following the-second‘one which lead to higher-dimensional.
o &
tori are not be1ng dlscussed in r1gorous mathematlcal detail in

) thls paper ~In the meantlme however exten51Ve analvtlc work has been '

done in thlS d1rect10n by Ioos and Chenc1ner [7] and Sell [8]

esplte the aforementloned dlfflCUltleS‘arl%lng wlth the complex

structure of vectorfflelds and trajectorles with hlgher d1men510nal

Ator1 as 1nvar1ant manlfolds, there 1s no reason at thls p01nt to, assume -

.

la breakdown of the1r determlnlstlc nature: and a tran51t10n to chaotlc

'~and turbulent behaV1our However, “in the last section of the1r paper,

'Ruelle and Takens show how small perturbatlons 1mposed on vector fields ~

def1ned on tori of d1menslon hlgher than two ‘can g1ve rlse to tran51t10ns

to vector fields whhch are not Morse Smale (see’ Appendlx l for def1n1—

t1on and explanatlon) and whlch haVe the already mentloned strange .

attractors Before thls part of ' the paper is dlscussed a few

'igeometric 1nterpretat1ons of progectlens and P01ncare maps of the

3- torus are glven.n;, - _" A »'ff \

Advanc1ng the 1dea of the P01ncare map from the 2 torus (where

1‘1t arranges the p01nts on a closed orb1t as already descrlbed) to ar

3-torus one: obtalns as 1nvar1ant manlfold for the P01ncare map a 2- torus.

'Slmllar cggslderatlohs can be used i prOJectlons the annulus-whlch .

'arlses from the pro;ectlon of . a 2 torus 1nto a plane parallel to the

I

*fplane whlch holds its flrst c1rc1e,* relates t# a 2 torus on whlch the

-

“See footnote,onfneXt3page;



et

-~

: 34torus:

works also w1th prOJectlons into

-

surface becomes a shell 'with a certaln thickness(asnthe’ahnulus can,be
understood‘as a circle with a certaln finite.'line-thiokness') if a 3-
torus is prOJected into the three d1men51onal space whlch hold the
cartesian product of‘1ts first two,crrclesy* A way to ‘visualize the
role of the.dimenslon lost due tovprojectidn is to substitute for it by
time; in the case of the annulus this leads toAa-circle oscillating"h
radially within the annulus. (see Figure 3) and in the hlgher d1men51ona1
case of the tdrus shell one can imagine.avZ-torus'osclllatlng wlthln the
shell (see Flgure 4) This approach works.especially well in cases like

.

the present One, where the tor1 are 1nvar1ant manifolds of dynamlcal

~

systems, that 1s, time- dependent systems, and it 1s ev1dent that the

osclllatlon frequenc1es would have to be. assoc1ated w1th the per1ods of

-

~ *the circles or;closed orbits, respectively, whlch collapse to. line

segm nts undervthe described projections, i.e. the orbits relating to

the second or th1rd b1furcat10n respectlvely Obviously,'this.idea

ther planes or three- dlmen51onal

spaces than the ones holdlng th orbits. H0wever, the resultlng mani— .

‘
folds would be much more comp icated than the annulus and torus shell,

since propertles of connectqﬂness of the 2-.and 3- torus mlght change -

drastlcally under such pro;ect1ons Espec1a11y substltutlon of time’

‘o

for the m1551ng d1mens1on would lead to rather- compllcated motlons

Ruelle and Takens deflne the fOIIOW1ng vector fleld z on the

+

»An n- tigus embedded into an m(> n) dlmenS1onal space can be understood

as -a noncommutlng carte51an product of n- circles: Tn Tlx . X'F
_ By the' terms fxrst c1rcle or f1rst twa C1rcles respectlvely,—T1 oT .
3 Tl’T respect1vely 1s meant here. - 3 - T ,_:;/'
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FIGURE 1. 2-Torus Oscillating within Torus Shell

o
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w = 1§ w, is a constant vector field consisting of the three N
W~
3

angular velocitles associated with the three Hopf-orbits, which

generate the 3-torus in their cartesian product.

3

X
X = < 1) is the suspension of a horseshoe diffeomorphism on

X,

the surface.of the 2-torus associated with the w,- and w,-orbits.

That is, x rearranges the points o?ra disk on the surface of the
ﬁ-torus,into a horseshoe kas described by S. Smale in [10]; see also
Figure 7) within the area originally occupied by the disk. This
rearrangement is completed afterﬂone return period of ms.* In other
words, the horseshoe diffeomorphism is here simultaneous}y a Pbincarév
mép associated with Wy - Dividing x by an integer{ say m, leads

to x/m. This means, that the above-mentioned disk will be horseshoe-‘
diffeomorphed once, after a sequence of m- return periods (i.e.,
Poincaré maps) Of/:wS‘ (in difference. to thjfaforementioned case, where
X horseshoefdiffeomorphs the disk after one return'period). For m
_lérge enough, the veétor field x/m becomes arbitrariiy small. This

happens in z, where the role of m is taken over by q, and q, .

For q, and q, large enough, the difference between and w can

Clearly, this can be visualized by means of the 2-torus
oscillating with period of - ws in the shell of the projection of the
3-toTus. > e o
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Fig. 7. Horseshoe diffeomorphism sketched on the outer surfac® of
the torus shell.
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be madensmall‘enough, to put z and w iﬁ any Cz—netgheourhood of
each etherr The particular struct;re of 1z, i.e,, the factor wS/qtqZ
and the unit vector in the third component are some of the requirements
which guarantee the existence of a Cantor set in the set of non- .

wandering points of z despite the presence of the part w. The other

requirements are: 0 i_wl i_wz g_wsﬂ 1< ql/qZ < 24
O<‘*’/.‘*’ pl/ql <15 0 <wfug=py/a, <15 PpuPyedp.qy 1€ ’
integers and Py»9,,9; P ‘have no common d1v1sor Moreover, the afore-
mentioned disk on T2 does not occupy any,p01nts‘outside the center
square which arises, when the unit square, defining the torus by
modulo condltlons,* is partitioned into nine equal squares These
modulo conditions also guarantee the formation of a Q-set Wthh
contains a set that is locally the product of a line intetval and a
Cantor-set. Since the vector field of a Morse-Smele System has a non- .
wandering set wﬁich consists of a finite number of fixed points and |
: .

periodic orbits only and since in the present system the @-set is a

subset of the non-wandering set, the pfesent system cannot be Morse-

Smale. Besides, the Q-set does not quallfy as a manlfold because of the -

above- explalned local product. structure and therefore quallfles as a,
strange attractor. :
! ~ In the tase of a torus with more than three d1men51ons ‘the

horseshoe dlffeomorphlsm is replaced by a,d1ffebmorphlsm which double--

loops the solid 2-torus and maps it into the vdlume orlglnally occupied

A circle T <can be identified with the unit interval 1 by the
mapping: T >R /Z =T or: =r(mod 1); t ¢ T; r“e R Since

T =T x T, it can be identified with Izj= I x 1.

et

e

<



by it. This leads to an @-set which is locally the product of a Cantor

set and a piece of 2-dimensional manifold. Again this i5 the reason

L]

why it fails to be a manifold and is therefore called 4 strange

attractor.

e

All these considerations work equally well 1f the vector fields
under con51derat10n on the higher dlmen51ona1 tori ‘are replaced by ones
sufficiently close to them (e.g., replace z by z' with, |z;4;l
sufficiently small in the case of the 3—torue). The deéeribed:eases
are therefore deflnltely generlc (see Apéendlx A;.

’ #

'3, THE MODEL AND ITS MECHANISM -~ : R

Informal Descrlprlon "

.

) f Looklng at the infinite- dlmen51ona1 state space of the NS-
equation defined over a certaie>domain in fluid space, one reali_zesx
that it‘is spanned by an infinite number of orthogonal 3—dimens§6nal
subspaces which relate to fhe infinite number of points in the fluid-
space domain with their attached velocity vectors decoﬁposed 1nto their
three components. Let,us deflne a vector field over the NS- solutlon '
spece determined“by the accelerations‘in flu1d Space accordlng to the
NSJequations;' The projection ef this vector field:intouene of .these’
3—dimensienél subspaces determines,the'motion of the Veiociey'vector at
K - ' o = .
the point in fluid space associated with this SedimensiOnal subspace.
In ease the'i\étem has undergone two stable Hopf b1furcat10ns its
invariant manlfold w111 be the already descrlbed 2 torus and 1ts
.projection into one of these 3-dimensional subspaees’yllllbe'd1ffeo-;

1

morphic to its original in the infinite-dimensional state space



) three blfurcatlons and the resultlng 3-torus im state space, the

' prOpertles of the pro;ectlon into a 3 d1men51ona1 §ubspace change

iprlmary orblt 1nto a 3- d1menslona1 subSpace orthogonal to 1t W111 be,

L b
. P o ' . L ’
(except: for nongeneric ;ases‘where'it might appear as some simply
. Y -

. ,

connected 2 dlmen51ona1 manlfold like the circle might appear'as a

. cline element if the'direction of pro;ectlon 11es w1th1n its plare) ‘and

1 . Al N

-

ffev1dent1y the same goes for the vector f1e1d deflned on its” surface

The t1p of the VelOCIty vector assoc1ated with ‘this subspace wWill -

3 8

5‘therefore be moving on-a tra;ectory embedded on the surface ot thls

-

'Hdprdjected torgﬁ The traJeCQOry ltself w111 be w1nd1ng around the torus

-fw1th a pitch that 1s determlned by the ratio. of the two frequenc1es

-,

¢ “

(or per1ods) stemmlng “from- the two blfurcatlons (see Flgure i f._

S -

¢
: Advanc1ng this prOJectlon 1dea to the case of a sequence of .

[ .
-

N

»~ v

¢

‘drastlcally Flrst of all\ the pro;ectlon of the 3 torus’ from a space’

.. . ¢

w1th moTe than three dlmen51ons into'a space w1th three dlmen51ons

LY

cannot be dlffgcmorphlc to’ 1ts orlglnaL {i.e. the 3 torus) ARecalling;

-

the dlscu551on of the geometrlc 1nterpretatlon of Po1ncare maps in .

: Chapter 2, .1t is ev1dent that for the prOJeCtlon along the axis of the «

~

fithe already descrlbed torus shell If the axis of the prlmary orbit

o

is not orthogonal to the 3 d1men51ona1 pro;ectlon space, the propertles .

,of connectedness mlght change ‘as well For 1nstance, the hollow space

-

"enclosed by the torus shell mlght van1sh locally due to overlapplng of

K3

.walls.(Agaln th15 1s in ana}qu -to the 10wer-d1mens1ona1 case where |

' "the openlng in: the mlddle of the annulus vanlshes due to averlappang

'effects 1f the or1g1na1 2 torhs is- be1ng prOJected ”sldeways” O

- * -~ N P

The structure of ‘the vector field w1thﬁn the pro;ectlon of the

- .\

&\
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3-torus can easily be derived by using the already discussed method .

Ay

of replaCing the dimenSion lost under projection by time. ~This leads

3

to a 2- torus osc1113ting within the torus shell

The vector field on the surface of this osc1113ting 2 torus 1is

* . L

eVidently the one already introduced (see Figure 1) and in

addition to it there is now a third component perpendicular to the
surface of the oscillating 2-torus. | This component can be.either zero,
if the 3. torus is in .its. maximum or minimum amplitude pOSitiOn or

directed outward (Z-torus expanding) or inward (2-torus contracting)
. : ’ N

(5ee Figure 8). One realizes therefore two possible vector fields
. v . . :

. w1thin the torus shell according to the two possible directions of this |

\

“‘third vector component. This situation can degenerate into more than
two different vector fields if a projection with locally overlapping

walls is conSidered (see Figure 9) The motion of the'velocity vector
S
of a particular pOint in fluid space after three bifurcations is o

therefore considerably more complicated than after only two bifurcations.

N

3

e So- far the motions resulting from the vector fields are still
; . / N .
regularly behaved irrespective of whether they relate to two or, three

"'bifurcations. Therefore; a mechanism hasvto‘be introduced.which induces

chaotic behaViOUr. ,.é;yl‘fil~ :

Looking again at the case “of two bifurcations first, one.
realizes that every one of the prOJections into the 3- dimenSional
subspaces is the already discussed 2-torus with a local vector field

structure as shown in Figure 10 There a surface element of this
N\

2 torus w1th the embedded and surrounding vectornfield 1s,shown.

o ’

Suppose now that a small random perturbation which is short in time

. : . ] N
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| FIGURE B. Vector Field on Oscillating I-Torus with Normal Components
{D' . . : . . ~7.

for Contraction and Expansion
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FIGURE 9. Vector Fields on 3-Torus Section with Overlapping Walls

Region

o

FIGURE 10. Local Vector Field Structurc of 2-Torus in.3-Dimensional

N

Subspace

"
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as well, becomes effective at an individual point in fluid space. This
- , . : P
will unceuple the subsystem defined by this point from the rest of the
system and lead to a disphacemeht of it which has two components: one
perpendicular to the toral surface and the other one within it. After
the perturbatien has relaxed to zero, the subsystem will recouple to
the rest system,and the perﬁendicular component will vahish, since the
surrounding vector field will draw the system back into the stable toral
surface. The displaeement component withih the surface, homever, will
not vanish and the subsystem will fellow the vector field on‘the
toral-sunfﬁce again, but slightly displaced sideways w.r.t. its
trexectory before the perturbation. Since random perturbations give
rise to displacements with directions equally distributed within the
toral surface, the mean‘trajectory of the.herturbedcsubsystem (avefaged
-~over a time containing several random perturbationsj has_to be identical
to the trajectory of the unperturbed subsystem. .This mechanism hoids
for all poihte‘inlfluid space and their state"sdhspaces. The fluid
metion after two bifﬁrcations must therefore stillwbe regularly |
- behaved (except £or the small random petturbations). |
A concise way to explqin the effects of the random perturbations

on a stable two dimensional manifold would be:

(1) Any. random dlsplacement of - ‘the system out of the manlfpld will
vanish since the system will be drawn back into the manlfold

(2) Any sequence of random dlsplacements of the system w1th1n the

»

' manlfold 1edds to a two- dlmen51onal random walk motion w1th1n the

man1f01d superlmposed on the motlon due to the vector fleld on the

manifold. o
: L~



b

(3) &ince the random displacements are very.small, the random-walk ’
motion is negligible compared to the motion induced by the vector
field.

L]

It is evident, that‘the above descriptions hold‘for thehoriginaISZ—torus
in the compiete state space as well as for itsbprojections into the
individual three~dimensionei subspacess

To investigate the effect of random perturbations on the system
after it underwent three bifurtations, consider the motion of the system
prOJected into one of the three- dimensional subspaces The motion will
be determined by one of the p0551b1e vector fields in the torus shell as

described earlier. Any sequence of random perturbatlons acting on the

point Will résult in a three-dimensional random-walk motion superimposed

o

on the yectér-field induced motion in the torus shell. This,tan be
concluded by~advancrng the two—dimensionalvcase‘preyiously’discussed
to three dimensions; ‘for random displacements‘out of the”torus.shell-
again the eonsiderations fdrfthe Zétorusﬁwith the evident mOdificétions
apply. ;
One way of looking at the dynamlcs within a three- dlmen51onal
subspace is to 1nterpret ﬁhe veloc1ty components belonglng to thls sub-
space as ‘time dependent varlables of thlS subsystem under observatlon
‘and the veloc1ty components of the remalnlng system es time- dependent
parameters of thls subsystem In other words one could construct.a
. non- autonomous system of three SDE'S for thequUId motion through a -
.partlcular p01nt in fluid space, 1f the functlonal time dependenc1es of.

all the other p01nts in fluld space are known A'The.prev1OUsldelscussedf

‘ .structures of several possqble vector f1elds w1th1n the “torus shell in .



-~ -

the three-dimensional space of the three ODE's would be dependent on
the setting of the other velocities in fluid space. ‘That is, which one
of the possible vector fields will be reallaed is deterﬁined by the
parameters of the;subsxstem, i"e., the velocity field in fluid space of
the whole,system'minus the monitored subsystem:under observation. One
- could say therefore, that. the structuralistablllty of the vector field
K momentarlly reallzed in the three- d1men51onal subspace depends on the
momentary setting of_its determinrng parameters, i.e., the;veloc1ty
. ’ VR ’ '
field in fluid spaCe of the whole system minus the subsystem under
observation. bPerturbing these parametersvneans perturbing.fhe vector
field in the subsystem under observation; The main“assumption of the
model is now that certain.conbinatiodé'of random perturbations.on)fhe
parameters determlnlng these vector flelds can change thém (1 e., the

”h-ters) in a way that the vector fleld determlned by'them in the

jce changes as well A seqlence of these random perturbatlon
‘;natlons would therefore lead to a sequence of random changes between

realizable vector f1elds in the subspace, and none of these vector

The foreg01ng considerations can also be expressed by a mathemat-

4

N‘%'mogg general fbrm? . -:‘ \'
V(1) | T
R (O (3.1

'Introduc1ng a domaln D in (phy51ca1) f1u1d space w1th1n Wthh

. Equatlon (3. 1) applles and an 1nf1n1te dlmen51onal (mathemat1cal)

‘fMathematlcal Formulatlon . - o - : .

ical formalism. To do so, the NS equatlon is belng written down in ‘its . =

1



state space H .fof Equation (S.i), V(t) hcan be interpreted ‘
phy51ca11y as a. veloclty vector fleld over D at t1me t or
mathematieallyvas a.p01nt:w1th1n ThlS p01nt describes the state of
velocity. of ‘the system:within D ‘at time t. V(t) can-therefore he

-

"defined as the following set: |
: Y

V() = G0 T e D

'w1th v(r t) as.the phys1cal veloc1ty vector at p01nt rA.and tivge
Accordlngly, X:-can be 1nterpreted phy51ca11y as the aeceleratlon‘

vector field over D at. time t; or mathematlcally-as a vector field

over H descrlblng the’ change of the state of velothy of the system

'within D at time t, whatever state (or;p01nt in (H) the system.

©

occupies,
| X as a vector field over H 1s ‘time 1ndependent all‘points in =

| H can be 1dent1f1ed w1th all the- p0551b1e states of the system and a, |

change from one partlcular system state to another does not depend on

a partlcular p01nt in time but on the partitular system state only. ‘A

partlcular p01nt V in H W1ll therefore have its t1me 1ndependent

”rate of- -change vector” X(V), irrespective of the time the state v

‘,realizes. o
. P 'o», . A . . )
. In 1ts physlcal 1nterpretat10n X is-time'dependent'nlooking at.

.

part1cu1ar p01nt 1n D relates to prOJectlng X from the 1nf1n1te—f
‘_dlmen51onal ~H:'1nto the three dlmen51ona1 subspace H say, spanned
by the veloc1ty components at that partlcular p01nt T, ‘€ D Thls 1oss"

'tiof d1men51ons belonglng to the cospace of H is automat1ca11y compeni"‘

~sated, for by 1ntroduct10n of ‘time. One could also say that-thls_”'

T



projecfion'is accompanied with a ohange of Eulerian coordinatés"fixed
" within ' H to Lagrangean coordlnates travell1ng with the point
representing ‘the momentary state of the system Everythlng time

- independent within the Eulerian coordlnafes has to look time-dependent

in the Lagrangean ¢coordinates. X .can therefore be written as:

at

2

X)) = x@ (T s (5.3

(physical; Lagrangean coordinates)

= OT -

X(V(t))‘j" {E)V(t) V(t) € H} - (3.4)'_}_
(mathématicalg Eulefian coordinatés)

'wheréby the»second‘formulatioﬁ »(3;4} :is thé-mbrg.geAeral 6né

relatihg'to EQuation (S.ij. l o | o i
Geometr1cally; the solutlon‘space H -can be understood-as the

‘carte51an product of the three dlmen51onal orthogouél subspaces ‘H;‘;f

'aonevfor‘each point. ri:%;D.

o " . . o . S

‘This,Splitting carries over to :hé vectorffield X 'as-a*difeét

sun over-al}’ T, € D:
SR

.
- ’

- Thls should be read ‘as: ”Hi is-a copy of ’R3 " 1 €., tran51t1v1ty
does not apply -Hi ='1R3, Hj = IRS,‘but: H # H for i # R
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X)) = @ X (V) (5.6)

r.eD
i
|
with Xi(V(t)) as a three-dimensional vector at point V(t) 1in H
(not in Hi!!) with its components only in the subspace Hi , or, 1n
the physical picture, the acceleration vector at point T, , "velocity
state" V, and time t. Equations (3.2), (3.3) and (3.6) show now

that Equation (3.1) can be decomposed accordipgly into terms like:

., T
Iv(T;, )

ot

=X ve)) (3.7)

2

In other words, Equation (3.1) can be representéd as a system
Qf equations of type (3.7); one for each. r, o< D. The further formal
"physical decomposition' of Equation (3.7) into three coupled scalar
equations for the velocity and acceleration components at T, 1s now

8

evident:

ka

T UL I SR (3.8)

52

' o

¢
Each subsystem of the type (3.7) now depends gbt only on the
velocity ;(ri,t) of the point T, to which it applies, but (as can
be seeﬁ by the definition'in Equation (3.2)) on all the velocities of

the other points T ¢ D as well, i.e.:

Bv(ri,t)

7t = Xi(v(ri,t); V(;%‘\i) (3.9)

with: o " : ®



V(t) Vi = {;?r,t); re¢D- {r.}} (3.10)

1
The right hand side of (3.9) can now be written as: )

a;(ri,t) R R
T= Xv(t)\l(v(rl’t)) (3-11)

to indicate the role of the elements of V(t)\1i as (time dependent)

parameters. X . is a three-dimensional vector field in H..
. V(t)\i ' 1

Physieally, however, it is identical to "Xi(V(t)), since it performs
the same physical funct;on. \
Te investigate the behaviour of;the described system in the
presence of a \torus as stable invarjiant manifold, some geometr?c
properties of tori embedded in higher dimepsionel spaces are be%ng
stated. L;oking at a circle embedded in such a space in a. way that
its plane or symmetry axis -is net parallel to any of the codrdinates
' spanning the space, it is evident that if two points on thlS circl®
have more than one i&éntical\coordinate, the two p01nts have to be

& .
identical. Moreover, it is evident that amongst the set of possible

7 ‘
cartesian coordinate systems for this higher dimensional ‘space, the

subset with coordinates parallel to the circle plane or symmetry ax1s

has Lebesgue measure zero. For a 2-torus, the argument holds as’ well

except that more than two coordinates have to be 1dent1cal for the rest

of the coordinates to be identical as.well. This‘can-be stated for
hlgher ~-dimensional torl as well in the follow1ng general way:

Let M bea manifold ‘embedded in R" ' and p’f, P e M.y

X!



o

: : . n
since they are points in R as well.

) moom . .
If there exist subsequences S, ,S. within the coordinate strings

1’72 i
£ p7, Pl A
b ot
m m m m « - ) .
S1 {le}j=1'% S, {xJZ}j:1 >y m < n, le ijV’J (3.1?)
and if:
L 1 .
m>1 and M =T then x. =x.,V1
‘ . 11 12
m>2 and M = T2 then Xi = xi,V'i ‘
' ' - (3.14)
k v
m>%k and M =T then x., = x.,Vi
il i2

except - for a set of cartesian coordinate systems of Lebesgue measure

ZeTo.

Assuming the existence of a circle or'a Z2-torus as invariant

‘manifold M in H and‘two points® V(tl), vV(t,) on M:

’ V(tl)_, V(tz) eMcH M= ™ or T2 (3.15)

~

such|that for the restriction or projection 'Hi of V(ty), V(t,) into

l'

one (of pheﬁthree-dimghsional éubspages Hi equality hplds,vi;e.:

C ni(v(tl)) - V(fi,tl‘) =0 V(t,) = ‘\_f\(ri,t»z)“ .4 - (3.16)
E S m - an (I11) . . (IV)
Darl.'d 1
X(M): = @ Xi(ﬁ) (Whitney Sum) . A 4 . (3.16a)

T.eb
1 - . .



one can conclude by the foreg01ng argument, Equation‘(3.16) (I1) = (IV)

o

and by 1dent1fv1ng the three Components of v(r 1), V(ri,tv) with

the members of the subsequences ST ,Sg that
. V(tl) =.V(t2) (3.17)
or: ' | 1 . : - ;

(v(r t,)), M=TL or T2 (3.18)

thtl)\i(v(r;’F1)) =X V(t i

That means, one and the same point Q(ri) fixeq‘within‘ H, holds
o o] X ‘ times.
one and the sameﬁf1e1d vector XV(F)}i(V(ri?) for all times .(In .

other words if the invafiant manifold M c H is a circle or 2-torus,

the vegtor field XV(t)\ (v(r t)) assoc1ated with it in H ‘Wwill be .

‘ 1ndependent of V(t)\ i, V(t) ~and thereby 1ndependent of time as well.
' If the invariant man4fbld Mc H is a 3-torus one cannot conclude
" Equation (3.17)., Siﬁce‘oﬁly,three coordinates have to be identical

t6 satisfy Equation (3.16), m = k =3 holds.- Therefore, condition

(3714)" is.not fulfilled, or:

- _ 3 -
(e DM (V§r1: 1)) o xv(t I\ (V(r,,t )),A M=T (3.19)

is pOSEiblé, even if:
Vi) = VO, f AT, (5.192)

Therefofe, the vector field in Hi associated w1th an lnvarlant
manifold M = T3,c H can change with V(t) \i = {v(r t); TeD- {r }},’

that is, with all the velocities at all points' r € D, except ri}



One can now introduce the small random ﬁerturbation"distribution_-”

Lt

VR(f) over D at time t with a neg}igibly;small riéé timeff‘

VR(t) = {Vk(r,t); re D}: : 1 N ,__b tS.ZQ)

and impose its reduced form:

~n

Vp(t)\ i = {?ﬁ(r;t); T e D’— {fi}} : - , ;(3:21)
i;pon V(‘t)\i: |
TORE V(1) \i = {V(r,t) +V‘R(r,t);. e b tryd (3;‘-2‘2)'
This leads to: |
S(*V(t)'\i‘(.—;(ri”"t) . V(t)\1+V (t)\l( (ry ), _ '(5_).2_3)

Q@

Assume now for certain perturbation distributions 'Vk(t0~ the following:

V(tl)\ i+ VR(tl)\ i= V(tzl\ i, o (3.23)'
and: ) o, -
_ v(ri,tlj = V(ri,tz), ’ tl,# t, i . (3.24a)

Equation (3.18) show now that for M = ' or “12 " the vector fleld in

Hi remains the same or stable under VR(t) or VR(t),\l respectlvely, A_j'

but for M = 3 inéquaiity (3.19) Shows théi ﬁhe vector fxeld can
adopt a structure 3551gned to a completely dlfferent p01nt in tlme, i. e o
t2, since condltlon (3.24a) is the same as condltlon (3 193),'Wh1Ch
permits in Equat10n-(3.19)°for M = T3. Therefore, the following

transition occurs:

" .
The time it takes for the perturbation to reach its maximum.



v .
- . . .
\ R . o .. -
- ?

RICRN (V(” ’t ) - xv(tz)\l(v(ri’Fz)),= V(t )\1(V(r 6y (329

.-\.

The edhation holds since v(r.;t') = v(r{,tl) .(more‘realistic:""‘”
. R ¢ : N ‘_’.
'":_‘lv(r 2) A,v(r »t ) since the rise.time for -V (t) is finité

~

although negflglblv small) This means that, although the 1nd1v1dual

random perturbatlon on the 1nd1v1dual p01nt in -D . m1ght be R

. .1nf1n1te51mally small certaln dlstrlbutfons of them (coﬂpatlble -with-

Equat1on (3. 24)) 1mposed on a set of p01nts in D will uncouple a p01nt

> - o "
.o ri é D for the rise time of the perturbat1on digtribution- from the res)

VR - - i
i !

of the vector field over D, by breaklng down the veqtor fleld

. V(t )\ (v(r ,1)) lh_ Hi and then recouple it by reallzlng a new .
f t Z..'
1e1d XV( 2)\ (v(r )) almost rapdpmly “selectéd from a set {XV(t)\q ,
say, permlss1ble by Equatxon {3. 11) This new vector fleld . “'
'\§§(t )\ (v(r ,t)) m1ght not necessarily be C0 equ1va1ent t0“
) -_ V(t N (v(r ,t)), whlgh would mean that.some of the elements V(t)\l
are not structurally stable. Clearly, a

of '}
O the set V(t)\l | ,
sequence - of such random dlstrlbutlons leads to chaoth behav1our-3t the

P .

lndividual'point T, e.D and thls therefore generallzed dlrecfly to

- oy N

the entire D. - = .. o SRR
<, - - .

To- complete this descr1pt1on some cohsideration'iszgiven to the :

already mentloned set of Carte51an coordlnate systéms of Lebesgue '

measure Zero, for Wthh the relations (3 14). do not hold That JS .

‘e

if the invariant manifold 1s\a k-torus,two dlfferent pornts on it can
be in more than Kk coordrnates 1dent1ca1 - The random'perturbed,
behaV1our of the system on-a-3- torus will essentlally be the same “as

XY . s

alreadyldescribed,except for a possible change in the ‘setof

‘t

N * -
P - - .
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. ‘ : ‘ ) . - ’ .'_-> - - . - e; . ‘v
“selectable vector fields (X '} "on H.. For a cirtle or I-torus,
A _ V{t)\1 i

however, for some set -L, say, of subspaces H. (with. Lebesgue measure
. . 1 )

.;eee),Lineqﬁality 7(3;19)' instead of quation (3.18) will hold. That
.meené 'for one or two bifurcations some-points T, (associated(with
;the .Hi:e_L) can’ “show chaotlc .behaviour. At first glance, it appearé
as-if this?kind'df behaviour can be induced deliberately by the wayAthe
_cqord%nate system spanning H 1is being set up oT rotated. Oﬁe might
‘be ab;e:eeiéefect one eexonging to the set (of Lebesgue measure :ere)
for which the relations .(3.14)_'do not hold at will. However, H is’
.fspanned by the H, (eee Equation (3. 5)) and the structure of any
,comblnarlon of them is determined by the structure of the T, € D,"

°

.i.e.v the geometrv of D The three—dimensional'carte51an coordinate .

» .

.. <« . '
systems Spannlng the 1nd1vxdual Hiﬁs can be rotated in any way with-

" out changlng the appllcablllty or 1napp11cab111ty of the relatlons
‘(3;14) for the individual ri's. " To obtain such an effect, tee
lipdividual :H;}S' would have to be spanned bv veloc1ty components
 belongiﬁg~to d;fferent points T ; D and could therefore not 'be

associated ‘with one particular T, but two or three. Obviohsiy?‘this

would‘be meaningless within- this modei.

LY .
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PART

Technical Realization and Approkimatioﬁ'of the Model

1 As already mentioned in the introduction, there aTe
of analysis of the fluid dynamic-equations. One level, th

analysis and description of the mechanism for turbulence w

of the previous chapfer. ‘In the present part, the approach is mor

application-oriented in that a technical basis for compute

.

is developed. Before.the main problem of discretization o

. domain D is addressed, a particular.type of NS;equation

which permits one to keep a certain generality w.r.t.

of various flow structures. .

Y

A

4. THE NS-EQUATIONS FOR PERTURBATIONS

X ‘For a velocity vector U at point r and time T

equation is written as: =

AU - G, [ T, 0] vl - TR
with
3b
. X
+ a + 4
Yy 9y T
- - ' H ab :
afv :b] = + ayxfﬁ%"+'az
' ab .
a .— Z + a
y oy oz

as the advective term, -and -

n

v = kinematic viscosity, ‘

n

‘p(r,t)‘ pressure at poiﬁt;‘r»‘and time t. .

35

two levels

¥

e qualitative

as the subject

v

—~—

l

r $imulation
f the fluid

is derived,

the selection

, the NS-

(4.1)

(4.2)



For convenience, an advective operator A can be introduced;

—_ .

A[Zfﬁ = alv: g] + §[€:

A
a

] (4.3)

—

. . -. * —_
‘Clearly, this operator is symmetric and bilinear in a and b.

Equation>(4:l) becomes now

W0 - -2 (B, 00r,0) + wlne - iplne) (4:4)
and holds also, if U develops a perturbation: ﬁl;
-, A
Ur,t) » U(r,t) + V) (r,t) (4.5)
> (T+V]) N IR -~
atl -4 [(ﬁ+vi)(U+v1)] + e (UV)) - op bo(4.0)

b

(For, reasons of conciseness, the dependencies (r,t) are not

written out in Equation (4.6)).
Since A 1is bilinear, Equation (4.4) can be subtracted from
Equation (4}6) to obtain an equation'for the perturbation 71:'-
R T . :

3V, o |
N AR IS AR R 4.7)
3 BSTERE A A ERM S | ‘
. . [
Using the same method for a perturbation ?2 on top of ,Vlf
leads to an equation for Vé
. \
3V o |
. 2 _ NN = S A =22 - S
\ =5 = AUV, 1 - AWV, - 3 [Vzvz’] + v, . - (4.9)



A third perturbation V3 on top of V;;’

V, >V, + ¥ _ (4.10)

N =3
leads to an equation for V

) -
V)

o2

- vAV3 (4.11)

Naturally, these equations for the perturbations can also be obtained
without the introduction of the advective operator A. Their
dcrivation, however would be rather lengthy. i

A more accurate and realistic approach would require the

introduction of a pressure perturbation_as Qell, e.g.:
. ~ :

<«

P+PpP+p - S (4.12)

-However, this'woulg require an evflution equation for the presi
sure. Unfortunately, such ‘an equation does nof exist. Moreover, 1t 1s
evideht that this neglect is legitimate for' the assumptioﬁ of
isopfopié pressure p;rturbatipns, s#nce their gradient vanishes.

Equations (4.7), (4.9), (4.11) deternine the stability of a
given soiution by solving for the time'developmént of é;perturbatiqﬂ.
- Assumefa given'flow»field-"ﬁ(r,t) as a solution of Equation (4.4) and

‘substi;uté i£ ith.Equation (4.7).» The pertu;bation Vl(r,t) will
"Vanish for stable ﬁ(f,t) and grow unbouﬁded or become periodic<ﬁ§r
ﬁ(r,ti~ unstabié_or undergoing a Hopf bifurcatiop. 'ﬁf;,tj { Vl(r,t)

_can now be substituted into’ Equation (4.9) to obtain the perturbation'

Vz(r,fj and U(r,t) + Vl(r,t)'+ Vz(r,t) in Equation (4.11) works



aocordingly with vs(r,t)T

fhis particular approach was nOtivated by the'aVailaoility of
a FORTRANiprogram wnich investigates (Hopfj bifopcationa}-behaviour
-of ODE]S. The program can be used on a disofetiied Vetsion of'-
quuatlon (4. 7), .e.h a ;vstem of ODE's; to'test a given stationarya
‘(dlscretl ed) flow field U(r) for Hopf blfurcatlons If a Hopf

' b1furcat1on occurs, U(r) and the perlodlt solution V (r,t) can be'

[N

tested in Equatlon (4 9) (dlshretlzed) for a second Hopf b1furcat1on

S 3 .
Y .

which leads to a t—torus as 1nvar1&nt manlfold in solutlon space

After that; Equatlon (4. 11) can be used,to test for the, thlrd Hopf

-~

bifurcation. EV1dent1v thls method ”11Ves” on the partloplar

]

structure of the advective terms in the NS—equatlon or Equatlons‘(d.7),

i

(4. 9), (4 11) respectlvelv It is this»term which permits the
LOﬂStTUCthﬂ of e\BTUtzon equatlons for‘perturbatlons without elimi-
nating the under1v1ng flow out of the.equation.
However _the nonautonomous nature of Equatlons (4 9) and (4.11)
auses problehs for the application of the b1furcat10n program, since
time- dependent functlons 1nstead of statlonary distributions’ have to ’
\

‘be tested for-btfurcatlons, An attempt to deal w1th thls prbblem is

described later in the chapter.

Dlscretlzatloggg__the NSz equatlons**
To obtain numerlcal approx1mate solutlons for equatlons of the

©

type (4.7}, (4. 9), (4 ll),_they have to be approxxmated by a system

<

o

See also Chapter 2

* Kk
See Appendlx D for &n 1ntroduct10n to prev1ous works

wi

oo



7?$uch a system is obtained by seiecting a discrete finite
}of pdints. T from the: fluid dpmain D and constrgcting
;ﬁf thfee ODE's for the thfee components of the unknown
‘fbﬁ velocities V(rs) at each r_ e,S; These different
_f;ms‘have to be coupled mutually to account for the interaction
en the different rS ¢ S. In the next section such a system of
for Equatlon (4.7) is aer1ved using f1n1te element techniques
f'the Galerkin,methqd. At the same tlme, some of the theory and
;1vat10n behind this approach is explained. For instance, it is

:g shown how 1ncompre551b111ty and Dirichlet boundary cond1t1ons
xge obtained by appropriate constr;ctlon of basis functions.
Fufthermqre an expansion from the ODE-system for Equatlon (4.7) to

'

!syé! ﬂ; for Equations (4.9) and (4.11) is performed.

R One of the most widely used and,§uccessfu1 discretization-
approximation techniques is the Galerkin method. It is applied here

in connection with some kind of function space representation, ie., -

=

the functioens U, V1

appearing. in the Equation (4.7) are being
represented as vectors in the infinite-dimensional function space H

[y

v introduced in Chapter'S:‘ ’ : : ' o

P _ ..;_L a o L . V_s‘ - * *
T [V, >= v-[U[_V :“v1]>- lvl[v,’ U.]‘>f \‘7{AV1’>- ]vl[v : V]_'> _(15..1)

»

For reasons of conciseness’ the spat1a1 and temporal dependenc1es
(r t) are not wrltten out.
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This is Equation (4.7) written in function-space notation without the

the advéctive operator A. The symbol > is borrowed fram
the formalism used in quantum theory and denotes a point or vector im

function space, i.e., in H here.

. The '"subdecomposition' intg fluid space components is also
v

evident, e.g.: S ' - ,

lup>? S
1>z u> | (5.2)
. s>/ ‘
¥ : ¢
Again following the quantum mechanical formalism,lthe‘identity
. . ) . & . ot

operator [ is introduced:

1=} |a_><a_|. . (5.3)

A is the three-dimensionaf*Dirac delta function of the point

Ad B

_ . o . ,
r e D (see Appendix-B).  The evident interpretation of definition

(5.3) within the concept of function spaces or infinite-dimensional .
. ‘ . | X | . .
vector spaces is that of a point or, vector |v>>, say, being

decomposed by I into the“cpmponeﬁts parallel to the coordinates of ’
. ‘ Ny Co ‘ ¥ ) -
the infinite-dimensional system defined by the orthogonal vectors: -

~ .

‘ - W=7 [a><s |¥> o (5.9
‘ A, o T : - :
. , reD o . . ' )
" The '<Ar| V> can be understood as the coordinates or component values

S , ’ : _ L4
~of |V> within the system spanned by the | 4> .t eD, d.e., the 5

9 ' . N .
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scalar products-between'the '|A > .and.-|V2>.*
In order to separate the perturbation veloc1t1es Vi out to. .
the right the identity operator "I will be applled to the left of

.

each of these_perturbatiqns inyEquation (5.1). After that, a finite
set S’ of points urn is selected ftom:the entire domain D. _This“‘
restrtcts the calculations of the pettu%bation field vl(r,t), rebD
to the calculations of the discretely distributed 'vl(rn,t), ro€ S;
and reduces the partial differential NS-equations (4.7) -to a system
_ 3 x N ODE's, uhere N is the cardinality of S. (This includes the
fluid space subdecomposition'according to Equatidn (5.2) as well.)

The spat1a1 derlvatlves 1ntroduced thereln by the Del and Laplace

operators couid now be replaced by f1n1te-d1fference approx1mat1ons '

constructed of’ elements like e.g.:

3f(rn)‘~.f(rn;l)‘f(rﬁ-l);
~oer 7 2h

' (5.5)

“with:

i

xr

N selected point |

n

T 1 selected p01nts in nelghbourhood of T

-

h=s at1a1 dastance betw ' tf . or i Av‘ X
pat] o een ﬁn’ n+l Thr Tg-1 resp.‘

This and various other f1n1te—d1fference agprox1matlons W111 not prea'
serve . the 1ncompre551b111ty condltlon div U ﬂlf of an 1n1tlal

veIOC1ty f1e1d U rn the subsequent numer1ca1 1terat10ns regardless of

Introductlon of the duallty concept between bra.(<|) 'and ket ({>)
vectors 'is not necessary, 51nce only real-valued functlons are used
in this context o ‘ : . S
* ' . + e
Naturally a d15cret1zat10n w1th equ1spac1ng 1s assumed : : S
’.-_b ) .“ . ’ ‘ ‘



whether they develop the evolution NS-equation in time or just iterate
g
a steady state NS-equation via algorithms towards a higher accuracy.
One therefore depends on a meEhod that preserves incompressibility.
Such a method is most efficiently dealt with and explained in the
function or state space context. .
The state space of the NS-equations is a subspace ot the
function space represented by the Dirsc functions as basis functions
b, Te D. .That is, application of the identity operator [ detined
in Equation (5.3) will represent a NS-solution as a point 1n a, space
spanned by the vectors [Ar>, r e D. Within this stétc space there
5 a subspace V in which the conditioﬂ div U =0, V| U>e V holds.
The obvious choice for a set of basis functions spanning such a space

o

is a set of scalar functions Wx(y), x, ¥ ¢ D which, when multiplied
N A\
with a velocity field U over D yield a divergence-free vector field,

i.e.:

div(W (y) - U(x) = 0, (5.6)

where the derivatives are taken w.T.t. vy and the velocity ﬁ(x) is
the value of the field taken at the point “x ; that is, x 1is not to
be understood as a variable in Equation‘(S.é)(i (It is evident that
these basis functioné dqn‘t have to be orthogo;al to each other such
as the Dirac delta functionsb AL - Their supports w%thin D may
overlap.) 2

Replacing each Dirac-type basis function b ,% e D by Wx(y),

x, y € D leads to the following representation of the solution U:



TN (> < ()] T> = VoW y) [ W (y)Uy)dy
X X X X . o
xeD xeD \ D )
= ) W)U, . 3 (5.7)
xeD ¢

-

i.e., a linear combination of an infinite number of basis functions
- 5 - ) - .
Wx(y) with some type of mean values U of U as coefficients.

If the solution U had nonzero divergence, application, -

>

U into a divergence-free or’ \

of Equation (5.7) would project ‘

solenoidal subspace of the solution space.r Without knowledge of the

b

entire velocity field U, the means U cannot be calculated and

t

therefore, only the point values U(rA) at the points rn e S

selected from D are being used. This discretization produces the

¢

following approximation to Equation (5.7}:

D oIW, )><a, l,ﬁ>= W) ID Arnﬁ(y)dy

T €S n n- T €S n

n n- -
= ’Z wr (y)U(rn) ’ (5.8)

rnes n

Application of the herein defined "discretization-approximation-

o

projection'' operator

1Idap = ) ]wr (1)><sb, | g (5.9)
T €5 n n '
. n .
to the perturbation velocities vl in Equation (5.1) leads to a

system where the spatial derivatives are taken analytically on the

W 's inpstead of using some finite difference approximation over

n .
; discrete points as shown in Equation (5.5)
L 4

Applying therefore Idap on |V1> in Equation (5.1) from the’

|
t



left gives:

\Wrn(y)><Ar V> = - 1 IB[T:w, m><a [V

J

= !
t r €S n r €S . n n L

n n

-0 [7:5]‘41r (y)><a,_ |V1>
rneS n n.

B ‘|A-Wr (y)><b_ IV1>
rneS n n -

ST W (W (p><a_ IV><a_ |V, > (5.10)
r ,r €S rn T - Ty L rm 1

here:

—2 iy, —2+y, 2 (5.10a)

+ + (5.10b)

Clearly, this follows directly from Equation (4.2). The

nonlinear term is derived as follows:
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I ' ‘ :
s = = ldap* N N -
LT S ] p><e, W LI 002<s, 9>

T €S. n n r €S m
n m
- T W< V> T ()> <o, P
rn,rmeS n . n m m
=T W W p)><a V<o V2
rn,rmeS 'n m n m

Next, Equation (5.10) is multiplied from the left with the gperators:'

O = O
-0 O

Py =<H_ (y) |

(@)
o (0]

]=<wr (y)IIS; r €S | (5.11)

O O

" to obtain a system of 3 x N< ODE's:

9 -
= 1 <wr-(y)131wr (y)><a_ . [V;>
T €S n :

o n
n
= - ) <W (y)IslU[V W () 1><a v, >
T €S o} n n
n
- <W_ (y)ISl[V D UIW_ (y)><Ar.|V1>
rneS o} n n

+

vl <W_ (y11,

bW (y)><b. |vl}
rneS 0 n

n

-

- < (X)Islwr (IVH, (r)><b lv1><Ar.1vl>;r €S.

o}
T ,T €S o n m n m
n’’m ,

(5.12)

This is a system of known coefficient matrices and vectors

’ - . ' - 3 = -
"consisting of the unknown perturbation velocitles V1 at the points

A8

T € S. The 3 x 3 unit matrix I3 controls proper subdecomposition

*
The arrow translates as: "application of Idap yields".



of the coefficients ‘into their fluid space components.

J6

To show the structure of these matrix elements oOT coefficients,”

%,

especially in their fluid-space subdecomposition,

written out explicitly

abbreviations are introduced helow.

W= <Wo OIIW . (v)> = [ W I
0 n D 0 n
WoT s aw () U W, ()]>
on T VA X W
Q n
f awﬂfy) awﬂfy)
= W_ U, y) ~——=—=+U,()
D I‘O 1 ayl 2 3)/2
wU -
on ?<Wro(y)131[v ]Wrn(y)>
'SUIT , ‘ DU
f W (y)W W) 5=y [ W OIW. 55—
n ayld D ro rn _ayz_
&9 - _
?U, 3U,
= W (y)W (y)| = {dy W ()W, (y) -
f n 1 yl_ J'D s~ Tn ;3yzu
- [su,] . 'aUS“
W (y)W G ==[dy [ W_ W )5
j n 9y ] D oo Th- L2
—
3)’1 51]—2 3}'3
U U su. |-
2 2 2
= W oW ) 5= o o |
p T T, Byl ay2 ay3~
_Oyl Wz ays-

they ére:being

as integrals and at the same time technical

S - o
o

1
(y)dy {0°
0

—

dy [ e )M )

| W, oy )

ay [ W GG
- D "o

(5.13)

dy

BN

(5.15)
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"<b

- . > . . : ‘,
RN (y)I5loW () | 0.
so n
37w (v) aZW- (y) 2 %W ) B
_ r r Y vV 1007 .
DI 2] R e D+ ———|dy|0 10 (5.16)
D "o 3)/.1 ayz 3y3 001
For the matrix elements relating to the nonlinear tefm
h\~ : ]
W’ E<'-w (y)1I lw' W > - (5.17)
onm r, yrr3 T Y T e o SR

™

a more detailed analysis is appropriate. On function space level the

“term is written as:

| ) <W (y)»13|wr (y)vW_ (y)><a_ lV1><A-r |V,>
rn,rmeS 0 n m n m .

. R - . ' . 9 ,
The terms <(Wr (y)IS[Wr (y)vwr (y)> are elements of a N.x N° matrix
- (o] n m . : ‘ : : .
(o Counts’ rows and n-m counts coJumnS),_whereas the
~4 . N . N N !
<a lvi><:Ar |V1> are components of a Nz-dimensional column vectoTr.’
n . . . ~ : . N °
" Since <A IV ><a IV >=<4 IV ><A |Y7 > these Nz columns
A r 1 T 1 rm-\l T 1

and vector components can be reduced to N(N+1)/2 columns or vectoT
" components_respectively:

On f1uid-spacé level one has:
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b 19
Since éaéh coefficient matrix element of the linear terms decom-
‘poses intoa 3 x 3 matrix on fldid—épacé level, one actually has a
IN x 3N coeff1c1ent matrix - for each linear term. To multiply tﬁé
inverse of the 3N x 3N coeff1c1ent matrix of the left-hand- side of
Equation (5.12) with the right hand side, one geeds for the nonlinear
terms just as for fhe linea; fermg a»coeffiéient matTix with 3N_.rows.
Therefore thg three—dimensional coefficient rqw-vecfor of the above
expression has to be transformed into a matrix;with three rows, and the
3 x 3 mattix of the products of the pertﬁrbation vélobi;y Cqﬁpbnents
into a column vector of the same dlmen51on as columns in the matrix-
.transformed 3- dlmen51onal row coefficient vector. The deflnltlon of a
dyadic product between the 3 x 3 unit matrix 13‘ and the 3—d1men51onal
TOW coeff1c1ent vector casts the situation of fluid space level 1nto a
3 x 9 coefficient'matrix"aﬁd a~9edimenSionallcolumn vector consisting

o

of the 3  columns of the 3% 3 prbduct matrix:‘

(0]

] B T ¢ R L M CO B W)

W (y)w (y)————~ W (y)W (y) W (W ()
Yy Tn 8)'2 ‘ oY n Y

oo
— o o

o O -

,-vll(rn)vll(rm)ll.vll{rnjvlé(im) | VlL(rn)VIS(rm)-

. ’VIZ(rn’)Vl_l(r.m) vlz(rn)v‘lzltrmj vlz(rn)vu(r.m) g

.',;Vls(,rn)vu,(rm) VsV ) Vi) Yy (o)



50

LY

(ez1°9)

mxﬂtwme JUSIDIJIB0d 6 X ¢)
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The nonlinear coefficient matrix (cm) elements appear now as:

=
N

W () IIW (DWW, (>

onm
o] n m

ID wro(y)wr (y) (3 x 9 cm) dy (%:43)

n

With the introduced abbreviations the system (5.12) may be written as:

~»>

n : . -

_ | Uv V:U= > v o N
- Z <-wonvl(rn)"won vl(rn)_*vwonvl(rn) _r ES wonmvl(rn)vl(rm)>
) T

T €S
uv . v:U A Y a '
- . _ _ . '4
2 [ won W on+-vwon z wonmvl(rm)} Vl(rn)’ ro €3 (5.14)
-rneS rmeS _

" As can be easily seen by comparing the nonlinear term in Equation (5.14)
with the related term in Equation (4.7) (using the definition of the:
advective operator (4.3)), the discretization performs the following

transition:

-~ » = _ discretization o
LR ) wOnm 1(r )v (r); r eSS (5.15).
T ,rmeS .

-

The discretization procedure shows that this transition can be
generalized directly to:

-~ =~ =  discretization V ,
V. [V: vj].‘ : S . ; s Onmvl(r )v (r Y;r e S (5.16)

n- m

Cor: i | . \‘
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/- £
e e - ,d.“ ‘:, 1 v - A ) - -
V[TV, dseretization,  p ' ¥o(r )V (r); ry €S, - (5.17)
j i omn i "n’ j m )
. r ,T €S .
: n’ m .

' C s . v . -
where the indices n,m in W change places. This difference

onm
between (5.16) »ahd“ (5.17) follows easif? from the'definition . a&
(5.13). ! ' K

\

With the transitions (5.16), (5.17) and th? definitiénﬁof the

I3

advection operator (4.3), Equations (4.9) and (4.11) can directly

be translated into their discretized dpproximations:

-

R ACOE) [ on¥2 (5 Mg V(5] + W, T x)

2
res 0 =1 ¢S
n n ‘ '
o zsﬁwoanZ(rn)VZ(?m)'“rz S(wonm+womn)vl(rn)VZ(rm{]’
rl'lE - . mé
r S | ' (5.18)

e We - . Vil . A
Z W 3t Vi(rp) - ZS [_wonVS(rn)_won Vs(rn)+-vW0nV3(rn)
n

B Z wohmVS(rn)VS(rm}

r €S
m
g zs(wonm»f Omn) v, (r )+v (r )Vs(x )]
m .
. I‘O E.S“ . ‘ " ‘ (519)

Finally, the coefficient matrix on the left hand side of Equations
(5.14), (5.18), (5. 19) is ihverted over to the right hand side,

. as is shown here for Equatlon (5. 14)

b

on on on on . onm 1
T €5 r eS - -

- n ) . .
. T, € S, ‘ ‘ - (5.20)

3 7 . o O [N A 21 v e
a"t"v1(rn);f'" YW [-w WU - )W V(rm):lvl(rn):



with W;i ‘denotihg the inverse from the left-hand side.

This sYstem (5,20) (reléting to Equation (4.7)) 1is the final

N

—
result of the discretization procedure. Once the mean flow U and

-

appropriate basis functions Wr(y) are selected and thereby the

coefficient matrices determined, it can be analyzed for

°

bifurcations and numerical solutions. Therefore, ;he’construction of

basis functions determining incompressibility and boundary conditions

follows next.

6. DIVERGENGE-FREE BASIS FUNCTIONS

Using Equation (5.8), a velocity field Vir) over D approximates

IS

a4

like: -
Vir) = [ W_ (r)V(rn) = Vn(r) - o (6.1) -
rnes. n

o

The basis functions W% (r); rn.e S; r ¢ D_ have to have the properties

) n
. of weight functions, i.e.:
' W (r) =supW_(r) =1 LY 6.
r \Fp) T SUR R, - T " ST
n TeD n :
Wrn(rm) = 0; T, T € S; m#n . _ (6.3) £

The condition (6.3) suggests-restricting the support of »wr (r)
. . o oo ' n ]
within a neighbourhood of 'rn. % ‘

Although a rectangular discretization is-in principle pdssiblg' '

ems to be simpler to implement .(since the 'rnfs S .would sit on

'fgular grid¢ naturally induced by the cartesian cobrgfnate system

-5 rectangular areas of‘suppofts for the Wrﬁ(r)); it leads to



54

complications with the overlappifigyproperties of the ;upﬁorts and
condition (6.3). Most applications of finite element techniques
therefore discretize the fluid domain into simplices (i.é. triangles in
two diménsions and tetrahedrons in three dimensions) with -the set S
of nodes consisting of all centroids on the interfaces betwéen the
simplig?s. The area of support for Wr {(r) 1is in tﬁis case the

: : : n
unign of the two ;implices sharing the interface with T as «centroid.
See Figure 11. IhEthis discretization, the individual tetrahedron is
the ;mallest volume elemént permitted. This means for the
incompressibility condition that no net flux is permitted thr;ugh the
faces é enclosing the tetrahearon:

[ ?(r)ﬁFdFv= 0 : (6.4)
F .

.

-

ﬁF is the unit vector perpendicular to the faces F. Using Greens

Theorem and the approximation (6.1) gives:

-

- »Vn(r)anF / dlv‘Vn(r)prldr

dr ‘
F T 3

2

L

3 ' - '
) . =

f Z 3T. [ ) Mo (r)V(rn{]drldrzdrs
T: "1 xneS n

P

S AL A
= -V (r n
1 reS T T, dr,dr

Zdr3_ - ..(6.5)

This has to vanish for all possible IV(fn); T e S. Therefore:

.
L . N

awr (r)

n : L . .
[ g drjdrdry =05 1=1,2,3 (6.6
T 1 ‘ ‘. :




node no. N

>

3

3

FIGURE 11. Two Tetrahedrons Sharing a Face with®Centroid (Sgppor;'

for Finite Elements)
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It has been shown by Fortin [11] that only piecewise continuous basis
functions or so-called non—coﬁforming finite elements are compatible
with the incompressibility condition. The simplest possible structure
for the W, (r) are therefore polynomials defined over the two support
n :

tetradehrons individually with Wrn(r) vanishing over the rest of D.
That means, the Wrn(t) will be discontinuous over the faces of tﬁeir
support tetrahgdrons. Conditions (6.2), (6.3), (6.6) determine alli

together ten conditions per tetrahedron and polynomial since the

condition wrn(rn) = sup W. (r) can be written as:
TeD n

oT: =0, i=1,2,3 (6.7)

This suggests the following polynomial for Wr {r):

n
3 3
] Wo(t) =C+ I Cyry 1 13TiT; (6.8)
n i 1<)

Now a linear algebraic system of ten equations can be set up to solve
for the ten coefficients C, Ci’ Cij of Equation (6.8). This can be
considerably simplified by the introduction of barycentric coordinates

(see Appendix B) AL; L=1,2,3,4":

(6.9)

a]

]
[ania g IR~
o}
>

iL"L



2 (6.10)

—
1

P B
e

o

Here T is the i-component of the L-th vertex in cartesian

coordinates. A derivation of this 10 x 10 system can be found ip
' N

R

the Appendix B. .

—

7. DIRICHLET BOUNDARY CONDITIONS AND STRUCTURE OF MEAN FLOW U

As described in the Appendix B, the discretization program
partitiohs a.given rectangular domain D in fluid space into rectangular
elements, each one of which is subdivided into five tetrahedrons (see
Figures 12a,b). Omitting all nqdal points on the surface planes aD  of

D from the discretization, i.e., setting their basis functions or "

finite elements identical to zero:

W (r) =0- ) (7.1)
T3 .

IS

means Dirichlet boundary conditiomrs for the perturbation approximations

N

—_ ~ ’ -
v ‘ , ‘ .
n

~ ) ¢ e 4

c N Fa N
.

vh(ran’t) =0 Vt, ' ‘ i (7.2)

i 5
i N Ay
- / :

‘as follows directly from the approximation -(6.1). This is ?quivalent

¢

to setting the 'V(raD) in (6.1) equal to tero. It is evident thatf
due to the construction of the discretized ODE=zsystems, these Dirichlet

boundary conditions hold for the perturbations fi, vz,“vs only (i.e.;,

to théir discretization Vn _fespeqtively),band not for the main flow

s
T

ﬁ, which can go through” D or oD respectivefy unaffected. This |
;] . ’

A}
T . v
. ’
i
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creates the following physical situation (see Figure 13): ‘Within a
- ) :
stationary flow field Uext , say, which can be a solution of

Equation (4.1) or (4.4), respectively, there exists a rectangular domain

s

D within which Uext can be approximated by . U. The stability

~
properties of U within D, i.e. the development of a perturbation
19 .

- - . -
V1 on top of U, is determined by Equation (4.7) or its disc¢retization

(5.20) respectively. However, due to the Dirichlet boundary conditions,

this perturbation Vl cannot propagate out of .D.

For ﬁ', the following structure is built into the discretization

program:”

E E E
i 11 12 13
Up = G * 6% ClpXy * Cpsky
E E B
) 21 Ers 23 ]
Uy = G+ CyXy Copky + Cogky (7.3)
E E E
) 31 32 33
Ug = Cq v CaXy7 + Gl CaaXy

For the exponents, integers between 1 énd 3 inclusive have to be
chosen as input for the discretization program. The cngficients,
héwever, are reél and variable parameters of the system (14.4). Besides
the viscosity v, they can therefore be used as stability-determining |

parameters for bifurcations or as functions thereof.

In principle, any conceivable structure of T can be built into a
discretization program for (5.20). The structure (7.3) ‘however is

relatively easy to program and offers a considerable choice for
‘bifurcation parameters. See Appendix B for details.
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FIGURE 13. Flow Through Domain D by

U
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PART 3

8. INVESTIGATION OF BI1FURCATIONAL PROPERTIES

To test the system ,k5.14) for Hopf bifurcations, . BIFOR 2, a
FORTRAN program written by B.xHaSSBTd* is used. Since the C(CPU time
of the program is roughly proportional to qu with, N as the number
of dimensions of the ODE-system, the lowest possible d;screti:ation
had to be used. That is, a domain D~ consisting.of one cube with
corner coordinates (0,6,0), (0,0,1), (0,1,0), (1,0,0), (0,1,1),
(1,0,1), (1,1,0), (1,1,1) 1is Split‘into five tetrahedrons according
to Figure~12 (A—configufation). Due to-Difichlet boundary condit;ons,
only the 4 Tnodes on the interidr'tetrahedral faces contribute to the
system (5.14), which therefore becomes lz—dimensionél. .

Since éIFORZ is exﬁléined very extensivelghand sufficiently
in theory and function“by i£s author in A[S],‘only a brief introduction
and description is given here.h ' |

BIFOR 2 varies the bifﬁrcatioh parameter n in the Jacobian
ﬁatrix -AtX*(n){;) .of the ODE, system until the set of éigenvalue
Aj(n), i = l,;..,N, Eonsists of one ggmplex-conjﬁéate pair with zero
‘real parfs,and the real pérts pf the rest of the set are negative; This
is performed gy a secant iteration. . In between gach two of these
setant.itefation steps, the stationary solution' X,(n) for the'new
iterate of o ;s détermined by Newton~iperation before the'n¢W'set of

eigenvalues is evaluated. Since the stationary solution of the system

=t N
(5.14) of interest is always the trivial solution Vl(n),EfO, Vn the

g

*
Department of Mathematics, SUNY, Buffalo, New York.
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[N

user-supplied initial guess for the stationary solution at the ¢ritical
value - n, of the bifurcation parameter is already known to be

.y

Vl(nc) z 0. Once X*(nc) and n. are found, the program calculates

all parémeters to be‘used in the following three equatlons:

E neng 2rit/T(n)e

X(t,n) = X*(nc) +1 " Re(% AVec) (8.1)
5 .

: n-n
T () = T e, | - (8.2)

P 0 L v 2

[n-n : , )
B(n) = 8, . (8.3)
, UZ

These are first-order approximations for the periodic perturbation

X(t,n), its period T(n), and thp Floquet exponent gfn), which

determines the stability of ‘X(t,n):

B(n) > 0 : X(t,n) 1is unstable
' (8.4)

o

. B(n) < 0:X(t,n) 1is stable

. S [
. - V :
M, is a coefficient from a Taylor expansion. It determines the

-

criticality of the bifurcation: s &

!

Mo > 0 : supercritical bifurcation; X(t,n) exists on RHS of N

My < 0 : subcritical bifurcatioﬁ;‘ X(t,n) ~rexists oON LHS of .

‘ Vec is thé complex eigenvector of the Jacobian matrix A(X*(nd)’nc)

: . LY L . .
and w, 1s the imaginary part of the complex conjugate pair of
eigenvalues with zero real part at' n =n.. T, and B, are

coefficients from Taylor expansions; they and ng_are'determined as

® . e

i



analvtic functions of the first coefficient of the Poincaré normal

form of the ODE system.

: Lz 5 el L+1
= A(nE + ) cj(n)slgl Teodlsl [eEmiT (8.5)

j=1

This form is obtained by a coordinate transformation of the system

55 52, My are given by:

énd T-
-Re(Cl(O))

Wy = —~STT;ZT——'; B, = 2Re(C1(0)) (8.6)

-(Im)(Cl(O))‘+uaw'(nC))
T, = 4 - 7 (8.7)

< w
o]

o8}

with the first coefficient of (8):

E T, . T CTe 2 1 e 20 St
€40 = 5 [(zulfzo) (up ) - 2120 f 17 - 5120 gl e (8.8)

here the UT are transposes of the left eigenvector of the Jacobian

matrix A(X*(nc),nc) for the eigenvalue Al(nc) = dwg and fZO’ fll’

6-1

G21 are partial derivatives of the right-hand side of the ODE system.
Moreover:
' - ' |
Kl(nc) a (nc) + 1w (nc) (8.9)
[ b
. is the eigenvalue Al(n) derived after n at e - The program

evaluates these equations* and thereby supplies the numerical values

*Except for the Poincaré riormal form (8.5), since only its coefficient
Cl(O) is used. '
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for all the parameters in Equations (8.1), (8.2), (8.3). Their complete

derivation can be found in ([5].

The first flow to be tested was:

u .= 0; U =C X; u =20 (8.10)

with S n=2C

[

Around 80 runs were performed and for bifurcation parameters the
coeffici?nt CX or ny were used. After initial trial rgns, it
turned out that the flow was unstable for positive viscosities
throughout.' That is, BIFOR2 could not zer¢ any of the real pérts
of the eigenvalues; they were all positive and bounded away*from zero.
~ Since Ihis,behaviour was obs;rveh for all flows tested so far,
negative viscosities ﬁad to be used throughout. For th¢ flow (8.10)
viscosity values between -.01 and -5 were used. For a viscosity
of -1, the flow became unstab1§ at nyhz 6.56. However, the
bifurcation was not Hopf and the perturbation V} therefore stationary.
This was foqnd fof all bifurcations for the flow (8.10). Moreovear,

it turned out for this and all other tested flows that the critical

value for the bifurcation parameter is proportional to the absolute

value of the viscosity:

n. v vl (8.11)

The phenomenon of sf%onary bifurcation shows that the flow (8.10)
Y R
somehow changes its structure beforevit can undergo a Hopf bifurcation.

e e i —? ’ . =
Therefore, nonzero initial gliesses for th perBurbation V, were

¥
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experimented with to find a Hopf bifurcation for a flow of the type

(8.10) + Vl(nc). However, the program always elther converged to
the trivial solution V1 - 0 or error-terminated 1n the Newtan
w

iterations. Moreover, the additional Newton iteratijons increased the
CPU time drastically and this approach was therefore abandoned for

Ty

all other tested flows as well.

A listing of all the other tested flows with a discussion of
their bifurcational properties 1s given in Appendix C. Here, only

the main characteristics are summarized:

1. As mentioned already, only negative viscosities can be used. All

tested flows seem to be unstable for positive viscosities.”

[ge]

Flows with linear or no shear or one component only, have only-real
eiggnvaluesf As a rule, the program can find the critical value

of the bifurcation parameter, where the largest eigenvalue vanishes.
This can‘be understood as aﬁ inability of no shear or linear shear
to develop periodic perturbations. These types of profiles have to
reset themselves (e.g., by 2 stationary bifurcation) tb nonlinear"
ones before they can undergo a Hopf bifurcation.

3. The critical vglue‘_nC “and the frequency w, are proportipnal to
thelmagnitude of the vikcosity, whereas 85 and- u, are inversely
probortional.

Most of the flows show qualitatively‘ correct behaviour; an increase

-

.of shear in the mean flow _U' leads to its instability. In the

case of ‘linear shear this occurs by a stationary bifurcation and

~ *See Appendix C for an exception.
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in the case of nonlinear shear a supercritical -stable Hopf

bifurcation occurs.

. i .
To obtain a superposition of three frequencies leading to a

3-torus as thelinvarian; maﬁifold in Solution space, the following
idea was applied first. |
The analytic approximation for Vi(f,;) ‘according to
Equation (8.1) is evaluated for a set 6f fixed time points ti’/
i=1,...,N, say, and the obtained values Vl(rﬂxi) are subsFituted i
into the sfstem for Vz(r,t) (i.e., Equation (5.18)) and tested for
bifurcations one after the other. {his way one obtains N secondary
orbits for the second periodic perturba;ion VZi(r;t), i=1,...,N,
again by Equation (8.1). That is, the 2-torus relating to two
bifurcations is disérepized into N .Elosed.orbits. Sﬁbstituting;the
V-(r,t.) and evaluations at fixed time péints for the secondary
grblts (r t ), 3 =1,...,M, séy, into the s}stém for ?'(r,t)
(1 e., Equation (5.19)) ‘and testing for b1furcat1ons one obtalns N x M
orbits for the third bifurcation, i.e., q@§§ s%@pndary orbit 1is
discretized into M points wﬁ%ch degenerate into orbits for the thi%d
bifurcation. This fN x M diséréﬁization of the 3-torus can now be
S@ﬁed to approximatetany trajectory on it by Qse of interpolat{on
methods. However, this approach was abandoned since for the flows
tested secondary and third order b1furcat10ns could not be obta1ned

for each‘different time setting on the first orbit and secondary orbits.

Moreover, it is not established yet whether this type of discretization

1n time is 1eg1t1mate for the testlng "of non-autonomous sys’éms for

higher—order bifurcations. On the other hand, the flows which showed



such a sequence of a first, secondary and third order bifurcation at
least for some time settings turned out to have better recurrency
properties, as was found out by the second approach, which combines

BIFOR2 with ODE solvers.

9. APPLICATION OF ODE SOLVERS

Since the construction of a discretized torus cannot be pursued

because of the reasons mentioned, numerical solutions generated by ODE

>

ES

solvers offer a reasonable alternative. For this method, the non-
:a;tdnomous system for Vé(T,t) was ﬁéed with the approximation'by
Eqﬁation (8.1) for Vitr,t) determined by BIFORZ .

Both predictor—co}rector* and Runge—Kutéa**.solvers were applied.
Unfortunately, the corrector-predictor method had to be abandoned
despite the.favourable CPU times (which are about one fourth of
the Runge-Kutta programs) since it caused in all its options and
variations a ''sawtoothing" on the solutions, as can be seen by
Figures T1, T2 in Appendix F. However, the CPU time on the single-

o p;eci§ion RKF45 routine could be dropped to about one sixth of the.

double-precision DVERK routing by recompiling the user-supplied

* . '
IMSLDPLIB DGEAR: Gears or Adams corrector-predictor.

* % ’
IMSLDPLIB DVERK: Sixth order Runge-Kutta-Verner method.

RKF45: Fourth-fifth order Runge-Kutta-Fehlberg method.
Authors: L.F. Shampine, H.A. Watts; Sandia Corporation,
Albuguergue, New Mexico 87115.
See [29] for a description of RKF45.



routine which evaluates the ODE-system on a FORTRAN 77 compiler with

highest efficiency option.*

The following four flows were used for the described

application of ODE solvers:

4nX2; U =nY; v = -1,

H

(1) u =6nz; U

ThlS flow b1furcates stable and subcrltlcally at n = .872 with a
period of Tp = 3.24 ngher order bifurcations using the descrlbed

method of torus discretization could not be found except for a statlon—

ary one with Vl(r,t= 0) and at n = Numerical solutions were

attempted at n = .9, .915, .93, 1 with initial conditions eqﬁal to
.001 for all twelve velociff components of V. (r t=0). For n'=.?‘
the fléw was coﬁpletely s;;ﬁle in 1its flrst blfurcatlon The running -
time was T = 30 (300 time steps with .l for step size) and V2
vanished completely. For n = .915, however‘ ? (r;t) grew

unbounded w1th little 51g%tof recurrency and th%refore error-

terminated at T = 6.2. Essentially the same behav1our was observed

for n = .93 and 1 with aﬁf ‘ror—termlnatlon at \T = 5,3 and 2-61

) UX = 5nY"7; }Jy = Inl"; UZ = nX., W =.-1.

* - : :
CPU times on the U/A AMDAHL were by order of magnitude ca; 150
seconds for 1000, timesteps with stepsizes of ca. .02-.
simulation time on DVERZPIMSLDPLIB for both random perturbed and
unperturbed runs.. This could be reduced to . ca. 60 sec. for random-
' perturbed runs and ca. 25-30 sec. for unpeCturbed runs on RKF45.

.
A

o
-

& % X g
All times T or Tp are understood as simulation time.

-

'»‘K\

o
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The first bifurcation occurs (stable and supercritical) at n = 1.488
with a period of T_ = .23. A secondary Hopt bifurcation occurs at

= 1.881 for Vl(r,t= 0). ODE runs were tried at n = 1.9, 2.23,

2.25, 2.3, 2.4 with V_(r,t=0) = .0001 for all twelve components.
For n = 1.9, the primary orbit was still stable despite the 5econdary

‘bifurcation at n = 1.881; after T = 30, the twelve components of Vj

were of an order of magnitude of around lO-Q‘ For n = 2.23, 2.25,
2.3, 2.4, the run error-terminated at T = 14.42, 21.25, 11.19, 4.6

- < ) : .
due to unbounded growth of V,. = For none of these parameter settlngs

did V i

¢

7 show any significant periedicity or recurrency, and the

unbounded growth causing the error termination eccured rather suddenly.

-9n + (6+~9n)Y2

(I111) u_ =
2
U = -6n + (5+6n)Z
Y ‘
' 2
Uz = -n + (3+n)X
Q = -1,
- This flow undergoes the first Hopf bifurcation at n = .189, the
secondary one for vz(r,t==0) at n = .637 and the third order one

for Vé(r?t==0)u‘at 'n‘= 1.003. The affine functional dependencies

" of the shear coefficients on the bifurcation parameter n seem to

o A p
increase the chances for bifurcations up to third order considerably.
. \

Amongst the tested flows with pure linear dependencies, none could be
found with bifurcations up to third order.
‘Thé“tested parameter values for this flow wére n= .4, .5, .52,

.53, .55, .6, .7. The Figures TIl, T2 (Appendix F) show projected
: ] . . )



trajectories for 71 + V,' at n= .55 and a period of Tp = 1.66 for

— .
Vl' Strong recurrency is evident, but, as can be concluded by the

graphs, unbounded growth occurred which error-terminated the run at

T = 24.523. The trajectories for all other parameter settings were
\

similar with unbounded growth and error-termination occurring for

n=.6 and .7 at T = 9.4 and 7.44 respectively. For the settings

~of n lower than .55 unbounded growth did not occur within the

;X
chosen time settings, which went as high as T =40 for n = .52

(IV) U -9n + (4 +9n)Y°

X
2
U = -6n + (S+on)c
Y
2
U = -n+ (3+n)X
v = -1,

Although the only difference between this flow and flow (IIT) is in

the affinity constant of the’shear coefficient in the U(-component,
@ '
the trajectories of the solution curve looked somewhat more promising as

<

far as the resemblance to projections of 2- and 3- tori is concerned.
Therefore, it has been tested much more extensively. The flow

bifurcates at n = .242 and at n = .329 and .347 for Vl(r,t= 0)

a

and Vz(r,t; 0) respécti&ely. ODE ‘runs were performed between
n= .28 and .5. All graphs (Appendix F) show projections of the

V1+-V2 solution curve onto the three velocity component planes for

-

each one of the four monitored points™in D.

Following these igraphs from lower to higher values of n with

'initiaquonditions for V2 close to zero, it can be seen that the

e

“orbit for’ Vi is being followed closely (i.e., V, stays small) for



a number of "revolutions which decreases with increasing 4 ; e.g., for
n = .3 (Figure T3) 'this primary orbit is being closely retraced for °
ca. 6 times, whereas at n =~ .45 “(Figure T4) only for «ca. l% times.

After these initial revolutions a number of transitional revolutions

follows (again decreasing with increasing n), where the system passes

'

from the Vl—orbit'to its new invariant manifold. For n = .5
(Figure T3), this invariant manifold might not have been reached within
a time T = 30. ﬁor all settings of .325 < on - .449, (Figures TS,

T6, T7, T8) the running time was sutficient F? reveal a limit cvele

as invariant manifold; except for n > .449 (Figure T4) where 9%6
solutions start to grow unbounded. The shape of a double loop of

this limit cycle, which can be seen by most of these projections,
suggests period doubling. }t could however by determined by setting
marks on the trajectories after every period Tp(n) as calculated

=Y N
by Equation (8.2) that this period stavs roughly the same for V1+ V., .

For increasing n the limit &vcle becomes more attracting. It

changes and grows in size up to n= .449 (Figure T4), where it seems to

S | A

"fan oGt in a particular section due to an increase of the X-component
on top of it's periodicity, as can be seen by projections into the

XY- and XZ-planes. The running time of T = .32 however was not
'sufficient to determine whether the X-components will grow unbounded

or approach é finite limit. Increasing n by .00l to. n = .45%
causes an error-termination due to unbounded growth oflthe X-components
at T = 22.82. Moreover a spreading of the trajectories can be

observed not gg}f in the sections of this error termination, but in

other sections as well. To observe some of the behaviour of the flow

—
~ See Figure T4 (n = .449), which looks ‘identical (except for unbounded
& growth). ' :



for n.> .45 (Figure T9), after an error termination due to unbounded

growth, the last determined value of ?7 was reduced by multiplying

-

. . . . B -4 -6
it with a factor in the orders of magnitude of 10 to 10 to

continue the run. Evidently the legitimacy of this is questionable,
since beyond n = .45, the flow seems to be in a region where 1t
cannot be described any more by the presenf model. The assumption for

this reduction trick is that the model still works Teasonably well close

to the time point of sudden|unbounded growth even for o > .45 in

case of the present flow,and it can therefore be understood as a

sequence of different runs with different initial conditions. Theretore,
2

‘the graphs for n = .47 (Figure T9) show wider spacing of trajectories

and a certain randomizing effect due to this reduction method is

evident too. Moreéever, Y- and Z-components can grow unbounded as

well for these higher parameter settings, as the YZ-projection in

particular shows.

In case of the present "one cube discretization' the coordinates

of the four points in fluid space are:

Point 1 (1/3, 1/3, 1/3)
Point 2 (1/3, 2/3, 2/3)
Point 3 (2/3, 1/3, 2/3)

Point 4 (2/3, 2/3, 1/3)

-

according to the A-configuration (see Appendik). By the amplitude

(i.e., "size") and shape of the trajectories of their associated

P

velocity vectors, these four points fall into two groups. Group one,

consisting of point 1 and 3 has Vi orbits which are ca. one to

s

. T < i
two orders of magnitude larger than those of group two, i.e., point

°



2 and 4. This seems to be the reason why the limit cycles of

S

?l(r=Point 1,t) + V_,(r:f)oinn 1,t)" and V (r=Point 3,t) +
Vz(r= Point 3,t) stav wWithin the order of magnitude of the orbits of
Vl(r= Point 1,t}) and Vl(r= Point 3,t) respectively up to the
occurrence of globg} instabijity at n = .449 (Figure T4) whereas the
ratio of these respective orbits ;nd limit cycles for gron two 15 at
least one order of magnitude. For group two all six projections show
the double loop in the limit cycle whereas for group one it can.be
seen only in the XY projection of point one and-the YZ projection
of point three. “ |
10. SIMULATION OF RANDOM PERTURBATIONS AND THEIR EFFECT (ON FLOW IV)
To simulate the aforeméntioned "appropriate' combination

of perturbations in connection with the use of ODE-solvers, IMSLLIB

random number generators are being used on Flow (IV). The four points

|l

are‘being perturbed- independently of eacﬁ other in the following

way: xRoutine GGSPH supplies the coordinates of a point on.the uﬁit

sphere random'determined undeqﬁ’he'a sumption of uniform probability
s)oordinates are being mulpiplied.

distribution over the sphere. These

with one and the same factor, which is.random génerated by the routine

- .

GGNQF, a generator of Gaussian distributed variates with’mean zéro and
a-user-determined variance Vsﬂ The three'component perturbations
obtained this way are b€ing added to the appropriate yelocity "
components of the point considered perturbed. EAfter that, GGNQF 1is
used again to random-generate the numbef‘of un?erturbed timestqps to
follow; The average of this numbe;, i;e;; the%Qarian&e Vt; is again,
as for Ys; set by the user. This time, only %he absolufe integer part

-

of the generated number is used, since timesteps dre positive and
: ‘ *

() 7
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integer only. That is, the number of perturbations decreases with 1n-
_ . o -
crease of the temporal variance. , The main qharacter15t1CTQf.the system

I . : . . . . L] “ .
under random perturbations is a global instability for all tested bl-
. B 4

>

furcatioﬁ parameter values. For a setting‘of n = .32 (Figure TI1)

and a spatial variance of as low as V_ = .005 with a temporal variance
of Vt = 2, most of the projections still showed a strong
L]

resemblance to the ones without random pérturbations at n = .3

-
-

\

v . i
(Figure T10). The run, however, error-terminated due to unbounded

growtﬁ at T = 11.35. On the other hand, a run of the same bifurcation

parameter setting and temporal variance and .V.S = .03. showed a rather
, SR ) ’ :

“high degree of randopness especially for the projections of the
pointsVOE‘grqup two but would not error-terminate withtin the total

running time of T = 15. However, on the basis of the runs performed
so far probability assumptions about stability of a certainm combination
.of bifurcation parameter and random variances still seem to be

redasonable. That is for lower n and V; and higher Vt’ the chances
. - v . .

¢

L . . I 'u;. 4 .
for a "more stable" behaviour are betterﬁt.tgvovercome this problem
' ' - P .

of global instability, the reduction method as described earlier was
' . >

again employed. (In genefél, the projections of group two show a
higher ‘degree of randomness than.group one.)

Although the spatial structure of the random-perturbed
, ' s .

e

. U S . ad
trajectories, their temporal structure is quite ‘different and shows'®

trajectories is in most cases quite similar to the unperturbed

)

to each other. -However, .these sections are not being traced in some
consecutive order, but rather randomly, as can be seen when the
. ~Ht - . ' .

trajectory is being drawn on a graphics device. ,

&~
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11. - SPECTRAL ANALYSIS (OF FLOW IV)

To obtain i comparison with the iqgrtialrsubrange law (Apﬁené%& E),
fast Fourier transforms were perfofmed both on most of the random-
perturbed ODE-runs as well as on the unperturbed ODE-runs.

A . . : 5 .
First, the magnitudes v(rj’ti) of the total veloclity vectors

for each timestep t; and each of the four monitored points L

j =1,...,4 are determined by the (obvious) formula:
= 3 2|
|\/(rj,t.l)} = kzl (Vorat k(rj) +V1k(rj,ti) _+v2k(rj,t.1)) (11.1)

»
¥,
o

with k counting through the X,Y,I-components and VStat = velocity
a5 ‘
2 j‘& '. = . . [ -
from steady input proftif€; v, = first perturbation from bifurcation;
i ' :
-3

V, = second perturbation growing on. V, and determined by ODE-solvers.
‘ After'that,'the mean
1
max

[V(rj)|= % ]V(rj,ti)l

1 :

(11.2)
max .

[}

taken over all iméx timesteps is subtracted from each individual
- - . .
|V(rj,ti)|,~ to obtain a pure time-dependent part Vp- of the velocity:

¢

Vp(rJ:,ti)_ = [V(rj,ti)| - ]V(rj)l (11.3)

~

|vp(rj’ti)l

—_

ThiS'ﬁay, a possible nonzero @ean‘of V2 stemming from its nonsymmetric

trajectory w.r.t. zero is also subtracted. .

= v .
The velocities. Vp are now analyzed for their power spectra in

two pairs of two points (1,2 an5‘3,4) by the IMSLLIB, routine FTFPS

to obtain frequency power spectra and cross spectra estimates. For
* ’ '



this spectral analysis, the entire time series, 1l.e., a particular
ODE-run in this case, 1is subdivided into intérvals of equal size,
which must be a power of two, and whose number must divide the numbe}
of samples in the entire time series evenly. If this is not posgible,
the complete number in the time series is increased by samples of

value zero, commonly referred to as "padding". For example, ?n the
caée'of iOOO timésfeps, which was tﬁe largest and most frequently
used number of timesteps, subinterval sizes of 64 Li 26) or 128 (= 2
were chosen. A time series of si:g 41024, contains exactly 16 or 8
respectively of these subsamples. A run of 1000 timesteps was
therefore padded with an extra 24 timesteps of zero. value.

Each one of these suﬁsamples is Fourier-analy:zed and an average
spectrum 1is det][m1ned from all these subsample spectra Clearly, this
causes a smoothing in this average spectrum, wh1ch is necessary to
determine a definite slope or trend that wo;ld be obscured by dense
oscillations in a spectrum obtained without averaging.

To obtain a direct comparison with the inertiél subrange law
(Appendix E) the spectrum frequencies are rescaled as wavenumbers under
the ;ssumption of the Taylor hypothesis. The diagrams show the power
spectra (i.e., spectfal energy density) on the ordinate versus wave-
numbers on the abscissa, with boih axes oh«decadic log scale.

‘A spectral anélysis was performed for the following eleven
parameter settings:*, n = ;27(p) (T12,S12), .28(p) (T13,513), .3(6)

(T3,S3,T14,514), .325(b) (T5,55,T15,515), 33(p) (T16,516),

% hd .

See Appendix F for Flgures, T (trajectories), S (spectra).
p = random perturbations superimposed. e .

U = without random perturbations.

b = both with and w1thout random perturbatlons



J35(U) (T6,S6), .4(U) (T7,S7), .445(p) (T17,S817), .44;(U) (T8,S8), °
L449(U) (T4,S4), ¥47(U) (T9,S9). For lower parameter settings, such

as n= .27,.28, the Séectra show an almost horizontal section for
wavenumbers around .2 to .5 and spectral densities around .3 for
group I' (points 1,3) and wavenumbers around .2 to .7 with ‘spectral
densities around .07 to .001 for group 2 (points 2,4). This
difference of ca. one order of magnituAe between the Qpectra of the
two groups reflects the already men;iéned_difference in size of one order

L
of magnitude between_tﬁe limit cycles of the two groups. This section

¥y the spectrum can clearly be associated with the production range of

o

i

large eddies in a turbulent flow.
After this initial section, the spectra'fallanf with a slope of

roughly -7 to wavenumbers of ca. 2 to 25 and spectral densities:

-4 5

around 10 to 10 ‘The ranges between this section and wavenumbers

Y

of ca. 8 to 9 shows more of ‘an oscillatory behaviour in thelr spectra,

which is due to therlg%arithmic scale and therefore a higher density of
data points on the grébh. However, the mean slope in these sections
compares quite well to -5/3.
Increasing n. to .3 ch;ﬁges the slope of the midsectioq frém
. s

ca. -7 to ca. -5 and a slight steepening of the mean slope in the

right section for large wavenumbers from ca. -5/3 to «ca. -5/2.

 This spectrum stays essentially the same for n= .325. Also, thé

‘unperturbed spectra for n = .3, .325 show in principle the same.shape

vV
o

as their pérturbed counterparts just descripes.

The slopes closest to -5/3 can be found for the spectra of.

group 1 at n =".33 and .445. An analysis of these spectral slopes

¢
§

-



is displaved in Table 1 together with the ones of Group ..

In general, Group 2 again has lower spectral densities than Group 1.
The concavity of Group 2 at the lower spectral end indicates an eddy
production range. Although point ln shows an overall average slope

of -1.7 for n = .33 and the same in the lowefgwavenumber range for
n = .445, it must be noted that,tor definite answers w.r.t. acceptance
of these results, they would have to be reproduced with sample sizes-of
at least an order of magnitude larger than the presently analy:ed ones.
Neverthele#s, the change in shape and magnitude‘of the spectra between
n=.325 and .33 is reparkable, especially since 1t cannd; be
concluded from the traJectorv graphs Tne Table 1 <clearly shows

for the’ points of Group 1 spectral slopes in general tloseruto -5/3
P

than the points of Group 2. This could have something to do with the
Group 2 points being in a region of shear high enough.so that
generation of homogeneous and isotropic turbulence eénnot take place.

Looklng ‘at the unperturbed spectra £pr N2 35 the most evident

difference w.r.t. the already discussed spectra are’ the strong
oscillations spanning ca. Z orders of magnitude. These can be

expected on theoretlcal g;gpnds, since ;he associated trajector1es ‘are
. & 5
A Cgnd TR
erefol% onljga discrete set of frequencies or wavenumbers
3 oﬁ' : N ¢ *

respectively can Occur. The»Spectra for n = .35 and .4 look
: + 4 ® . ¢

L

periodic ang

essentiallg the same% The dtestit decrease of oscillations for Group 1l
and complete disappearé;Ce of‘spectrumv$or.Group 2 at higher wavenumbers.
" (around 1 to 5) indicates the abseﬁ%e gf nigh frequencies, which can be
~concluded from tne associated trajzctofy'graphé.‘ At n = .447 “and ;449

: , . .
“ tife spectra compare again quite well. Compared to the ones at n = .35
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TABLE 1 .

(@3]

ANALYSIS OF SPECTRAL SLOPES FOR n = .33 (Slo) AND .445°(517)

F}

2

n .33 .445
* 4
Number‘of Tlmeﬁt?ps; 445, .03 500, .03
Stepsize
Mean Magnitude of 01 01
Random Perturbations (VS) ) )
Mean Number of Unperturbed N 5 .
Gopsecutive Timesteps v,) ) )
!
Sample Size/Subsample Size
448/64 = 7 12/64 = 8
= Number of Subsamples /6 212/ -
~—
T . 22.6(.3-1.5); 21.7(.3-1.5);
'|Mean Slopes Point 1 : , o
(with their -.8(1.5-10) -1(1.5-06)
respective .
‘;zxe’;‘;‘;‘ber‘ o s (W3- 1) , '
8 Point 2 : -1.1(1 -5)
-1.3(1 -5)
g ) -2 (.2-1); o-L.s(.2- 1)
o Point 3 \ '
- 701-4) - T7(1 -6)
, -2.5(.3-.6)
- . Point 4 (see graph)
| : -2 (6-1) .

!



and .4, the oscillations are denser and span a wider fange of

spectral density, which has its maximum with c{ose to 8 oxders of -
magnitude for points 3 at n = .447 . In general, a shift to

higher spectral densities can be observed, which is a natural consequence

of the increase in amplitudes of Vl and VZ with increasing n. The

‘appearénce of strong spectral oscillations for Point 1 in the wavenumber

range between 2 and 6 1is also conspicuous, since it cannot be inter-
preted from any particular structure in the trajectory graphs.
S e

A remarkable flattening of mean spectral slope and decrease 1n
amplitudes of spectral oscillations can be seen at the highest parameter

setting analyzed, i.e. at n = .47. The associated trajector actuall
ting Y J y Y

consists 'of 10 short trajectories with an ayerage of 100 timesteps

~ each. Here, the already d1scussed reduction techn1que was emploved to

+

deal with the unbounded growth of Vzv. This cpuld explaln the fl?ttenlng

- of spectral slope, which covers only up to ca. one and a half oréers

.

‘'of magnitude in spectral demsity. It is possible that in this range

of the parameter n the model loses its appiicability due to un-
\

reallstlcally'hlgh shears in the fluid, which cannot be modelled on the

bas1s of NS-equations, or at least not by the f1n1te element technique

here’ employed and rather coarse dlscretlzatlon.

12. SUMMARY AND. CONCLUSIONS - o
To begln with the theoretlcal mechanlsm of the mOdel 1tstmaln
characteristic probably liesiin the fact that the NS equations can be
coﬁgldered as belng both valLd and 1nvalld W1th1n its fram;work Locally,v
they are va11d since the system follows sectlons of NS solutlons |
w1th1n a certain. nelghbourhood of every point- 1n state space

o AT L

L3



Globally, they are not valid,‘since the perturbed trajectory through
state space of, the system cannot be considered a NS—solution, i%
monitored over a time period long enough, since the system transfers
between sections, which are not cqpnected. The trajectory of the system
is therefore not identical to a solution curve of the Né—equatidn. This
distinction between local and global applicability is connected tola
distinction between two types of vectors (or spaces, w1th1n which these
A

vectors are defined) upon which part of the model is based.

In any physical context, a vector has three cartes1an ~_components

in its genexnal form, unless the cooydinate system can be rotated and

these three components are reduced in number ?h adapting to the parth{

»
.

ular geometry at hand. TRe most 1mpo;tant characteristic of these three

components is that they are of the: same type, e.g., velocity, aece{e£e~

tion or force. Moreover, they are all associated with one and the‘éame 4

v C e )

p01nt in physical three- d1mens1onal spaé% Veetors of this type coulg

be considered 'physical" vectors, and they are local, slnce they apply

to only one particular point of a system under con51derat10n ;.
On the ogher hand an} point in'any axis dlagram can. be con51de%Ed o

a vector.‘ If the two axes on the dlagram represent dlfferent phy51cal

quant1t1es, any rotation (except by multiples of n/2) will lead to a

new dlagram with its new axes as 11near comblnatlonswyf the old ones;

and the new axes camhpot be con51dered physical vectors, because their

components (i.e. the old axes) are not of equal physical type Clearly,

the same goes.for every point in such an axis diagram, except,for

4

p01nns d1rectly on one of the axes. Such a vector could be cénsidered

of "mathematlcal" type, 51nce it may not represent one partlcular

Y

phy51ca1 quantlty at one partlcular p01nt in phy51cal space, 1nstead it

.

- |
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1

may represent several different physical quantities (two, if the axis

. Y

diagram 1s‘two dlmen51ona1) not necessarily associated w1th one¢ and the
same physical point. If the number of axes (i.e. dlmen51ona11ty) Ogﬂ
the "diagram” is the game as the numher of physical quantities.involved
in the system, one peint cr vecégtqin the diagramiwilg describe the
fstatevof the whole system, i.e., such a vector is global.

In the present case, the mathematical vector is represented by

e

-

a physical veIOC1ty vector field, i.e., its components are physical(—

3

vectors of one and the same physical type (i.e. velocity), but

associated with different points in physical space. B

A small random perturbation will now act locally, affecting.

N
.

- a certain point in physical space and its neighbourh#d and the = :

physical vectors associated therewith. That is, such a perturbation’
o

can affecy,a partlcular subset of components of a mathematical vectar

2

but it (almost) abways w111 affect all cﬁmponents of a phy51ca1 vector

. at once. Such a perturbatlon will momentarlly.uncouple an affected p01nt o

and neighbuurhodd and the mdthematical»vector will be dffset _
aécordingly‘ If the invariant manifold of the whole s stem is—a 3- torus, = .~
ST ¢ 7 )

()

it was shown, that the. traJeCtory of this mathematlca vector can
>

change almost randomly under these perturbatlons S nce these random . e

perturbatlons act ‘on partlcular p01nt as~ 1n/space and. tﬂ

B trajectory of.the system descrlbes 1ts’development‘rn“t1me, thls means
nothlng else than uncoupllng in space leads to uncoupllng 1n tlme
!

Clearly, the argument for a 3- torus as invarlant manlfolp of a

system to cause chaos or turbulence can—be derlved from the fact that “QMJ'

y

1every physicar' pace is. three dlmen51ona1 (i e., 3D world) In'an f;J.‘g§
c IR A

:n d1men51onal phy51ca1 space, the prOJdct1on of an n-torus would be

~
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3

necessary to create the tYPC of structural instability against random\
perturbations that woulo lead tg chaotic behaviour. bAt thebpresent
Llevel of the study, virtually nothing specific can be said ahout the
requirements on random pertd}bation combinations, which can cauSe-a

drastic change in the state spabe trajectory. However, it is evident

that not any combination of random perturbation can effect such a

change in trajeCtory.‘\Tbis seems to relate in soffe way to the’ T

' requirements Ruelle and Takens 1mpose on the parameter; pl,pz,ql,qz,
which are used in the deflnltlon of their vector field z (seg page/ L/ )
- and the fact that the topology specifying the type of 4e1ghbourho d

©

between the vector fields z (aﬁﬁ/ w cannot be any "reasonable

topology but must be C2. : : e

L

Another. 1nterest1ng questlon in connect1on with approprlat
» . ) .

random perturbation combinations would be hothhe probablllty for the

occurrence of such a comblnatlon changes wlthﬂthe level of - dlscretlza-
tion (coarser of f1ner) ‘and the type of probability dfgtrlbutlons used

A

@

on thg random number generators‘
This queétion also touches the problem of reality of the

L 2
numerlcal modelling or 51mu1at1on of the ba51c theoret1ca1 model. As .

. ~

in most studies 1nvolv1ng fluld dynamlc numer1ca1 s1mu1at10n, substantlal

compromlses, 51mp11f1cat10ns and approxfmatlons .are forcediby the

\ w

. \. T N——_ g
,complex1ty of the problem at hand. (see e. g., The studles of the Cav1ty

~

flow problem mentloned 1n Appendlx D and’ dlscretlzatlon of ‘NS- equatlons
in Chapter 5). |
o . ,
One of the blggest 51mp11f1cat10ns 15 the dlscretlzatlon'ltself

Mathematically, an infinite—dimensional functlon space 1s,approx1mated.

S



o

o

Q

by a finite—dimeosional one, that is, by a set of oiscrete functions.
The main problem here is aéofastic change of'compactness properties,
and it has to oe'shown for_@@%articulor cype‘Of discretization, that
che finite-diﬁensionalyéoprosimated spéces have che rigﬁn.upperblimit,
i.e,, the correct infinite-dimensional solution space. A‘considerableA

amount of this theoretical groundwork is collected in Temam [12]. On

‘ppé‘other hand, it"can\ge arguéd on physical grounds that such an

LY

»-

approximation of an ‘infinite-dimensional space must be reasonable, since
‘in a fluid domain, each point with its associated variables such as

pressure, temperature, velocity, etc. can be considered a quite accurate

representative for a. certain neighbourhood around it, as long as this

neighbourhood is chosen small enough, 'Therefore, the 'selection of, a
* , B . <
finite number of points, whase neighbourhoods define a partition on~'"“

-

the fluid domaln dlréctly relates to the transltlon from an 1nf1n1te-

dlmen51onal solution space to a more or less’ accurate f1n1te dlmen51onal '

approx1mat10n, dependlng on the number of‘selected p01nts (i.e.
coarseness or level of dlscretlzatlon) end therefore, on the size of
thelr nelghbourhoods. The use of finite—element technlques ‘with
approprlate overlapplng basis functlons or welght -functions can there-
fore ‘be. con51dered as just a techn1ca1 trlck for reduc1ng the number

of selected -points further, without losing too mich accuracy whlle

incorporating. certain conditions, such as;incompressibility.

. ’ )

A_furthér concession for the sake. of technical feasibility has to

‘be made by-sobstituting a.vaiietional formulation for fhe original

,%ormulatlon of the problem as a consequence of the employed Galerkin

\

méthod.c The variational formulation migQt permit more solutlons than

|
\-
i
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the original.one. RN
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The restriction to rather Spec1f1c, i. éf Dirichlet boundar\
condltlonson i bounded subdomarn W1th1n the entlre flu1d domaln for

the time dependent perturbatlons is a direct consequence of the rather

hlgh generallty for the types of mean- flow proflles . These profiles

can be selected without any considerations for their underlying -boundary

condition$. The motivation for this approach was the fact that, in

experiment, turbulent ”spots" can, be observed in an otherwise lamlnar

Ld

environment, although in the present madel, these "'spots'" have/to be
exactly rectangular due to the type of space discretization. This

drawback, however, could be reduced by- u51ng finer discretization and

1dent1fy1ng the rectangular boundarles for the time dependent perturbatlons

w1th the boundarles of the mean flow under an approprlate flow proflle ‘L
Another 1mportant factor, wh1ch requlres further 1nVest1gat10n,

is, as already mentloned the level of dlscretlzatlon and the ‘shape

and %123 of the underlylng rectangular elements,.whlch ‘can be varled

along the three axes of the domaln under cons1derat10n.;,This would vary

the level of dlscretlzatlon within the gomaln spatlally,and thereby

permlt to focus the study onto the more critical and 1nterest1ng ‘areas

: of the flo¥. In connection w1th th1s local and global varylng of the

'dlscretlzatﬁon level, 1t would be 1nterest1ng to. observe how the - cr1t1cal

'

valut of the b1furcat10n parameter and other output parameters of the
-}

. bifurcatiop\program BIFORZ : Change, espec1ally “the approxrmat1on for

=

1

dy would be the one ”i :

The 51mp1e geometrrc conflguratlon for such a's :
D) - R

of the already ment1oned caV1ty flow (see Append1

o

L]
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Also,‘withvthe local ‘and global varying of the discreti:ations?

an analysis Of the bifurcational»behaviour of different mean flow

proflles would be 1mportant Amongst-the four‘profiles tested in this

o -

study the ones w1th the more 1nterest1ng results, i.e., Flows III and.

1V, seem to be too complex in the1r proflles to be reallstlc _That is

4

to say., 51mp1er proflles m1ght show a more 1nterest1ng brfurcatlonal
® .

’behav1our for a hlgher level of dlscretlzatlon The ‘main def1c1encv of

‘the'numerical simulation,'i e. stab111ty of mean flow U for negatlvef

\

v1sc051t1es only (apart from the case of exceptlon'mentloned in

'Appendlx C) could Hb a consequence of the downgradlng 1nduced by the
;dlscretrtatlon as descr1bed prev1ously, such " as D1r1chlet boundary
‘condltlons, varlatlonal pr1nc1p1e low level of dlscretltat1on ‘ H0weVer;

"the ma1n reason for this phenomena is most 11ke1v the neglect of a’

V

pressure perturbatlon gradlent That would mean absence of a dr1v1ng

force, wh1 h- 1s compensated for by negat;ve V1scoslt1es thereby

creatlng dr1v1ng force

However apart from thlS negatlve v1sc051ty and desplte the fact
, i

that for reasons of economy, the lowest p0551ble level of dlscret1za-» ey

-.tlon, ; e., 4 p01nts, had to be chosen, the results show in general a

l:'qualltatlvely correct behavlour for flow IV The traJectorles of b»}f%fjﬂ
] N ) L . s ~ . ot
oV }+_V2_ clearly show an increase of the level of 1nstab111ty of V1

o

W en 1ncrea51ng the vaer of the b1furcat10n parameter . Thed_

‘physlcally relevant range for 'nj seems to be 242 < n <_ 440

o

*L§Etween the cr1t1ca1 value of the flrst HOpf b1furcat10n and the value

) ,,.

ffor occurrence of unbounded growth It can be assumed that beyond

~

“n A 449 the shear of flow IV becomes unreal1st1ca11y h1gh or at

‘least too hlgh for the low" level of dlscretlzatlon Moreover 51nce



’~;1the range of turbulence and therefore the ex1$1ence of a 3 torus
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= N 1
Vl is represented by its f1rst order approx1matlon which is exact

o : - 7~ oo ‘
‘only at ., *=~n = ,242, 1ts 1naccurac1es at .n w» 449 mlght be too S

) - 4

'hlgh and therefore contrlbute to a breakdown of the model ﬁ,vﬁ
. \ : ) " -

\ . = .
The most 1nterest1ng and most promlsxng parameter range,.as far~§\

Ee)

Q I‘

as compllance with the hypothe51s of a 3- torus as invariant manlfold”is ;

-

.l '
concerned, seemsﬁto_be the ne1ghbourhood of o3, The unp!’turbed R

a

trajectory projections glve reason to suspect the presence of at»leastgp

two frequenc1es, Wthh are. close to each other and non rat1ona11y reﬁ%ted%}

\1;0

Whether thlS 1s onlv a transltlonal stage of the traJector1es between
SR e
/the orbit forj.V1 'andfa dOuble 1oop 11m1t cycle as. can be seen for

traJectorles at Bl > 33,.wou1d requ1re monltorlng over con51derab@v

.o

",1onger t1me 1ntervals as could be done w1th the CPU tlme avallable ;}f:?
-}The fact that the randomly perturbed tra;ectorles even for n> 33 ShOWY

‘Y'

no tendeHCy to- approach such a double—loop 11m1t cvcle suggests that
‘1f such a 11m1te ycle 1s present for n < 33x 1t must be a ver} weak
f,attractor 1f any attractor at all

R

The perturbed spectra on the other hand glVe reason to assume ;f}”

hfas 1nvarlant manlfold for a. parameter n betweenf N 33 and at

Fjleast m 445 However, thls has to be looked upon w1th a certainntg">

e

"gfamount of susp1c1on and doubt s1nce, as_already mentloned 1n7thé#14[j»‘h"ﬁ

'ffd1scu531on of the spectra the sample 51zes had to be kept too{smaylp,:;'F;

e

"fto perm1t deflnlte Conc1u51ons about the spectra and the1r slopes._}For';:j

-;‘a comparlson to experlmentally obtalned spectra the sample slze would

'”ch;have t° be anreased tO at least 1 2><10 wthh 1s about the 1ower ‘

11m1t for experlmentally obtalned samples., Wlnd measurements forzfﬂt“

'7*spectra1 ana1y51s are usually done over perlods from 20 m1nutes up to 2
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‘one hour,with a number of LO'tO'aslmany.as 100 measurements per second

BN hnd KN

-_and subsample size8 coverlng one minute. This gives overall sample

-'ggzes from L 2 % 04. up to 3.6 x 10 For.smallef sample si:es‘
. ) 4 : :
smoothlng d1ff1cu1t1es are encountered so a def1n1te spectral slope

¥ _

‘cannot be determlned Due to. restrlctlons on avallable CPU tlme,
.the numerlqal analy51s in genera&~&2d the spectr)l analvs1s 1n».
partlcular of thls sipd? could not be advanced‘beibnd its present level

’-“whlch eSpec1a11y in compar1son Mlth the orders of magnltude of sample
." o Y .
51zes for experlmentally obtalned spectra cannot be con51dered
. anythlng more than prellmlnary
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€ APPENDIX A 4
:Some of the conceptS'dsed'tn Chapter Zrand 3 are eiB;ained: ’
i . ' ’
- here. Except ﬁar the descrlptlon of tBe Cantor set and the strange

—~~

ot A

: attractor all dé?lhlt*‘ns and some -of thelr 1nterpretat10ns are
-adopted from [9];

1. THE CANTOR SET - *

Constructlon AT S A :~m3i'f"-‘~: S ,(q’_‘

The best knowh way of constructlng a Cantor» Cry

‘set 15 to trlsect the closed unit 1nterva; [O 1] Kat the p01nts :
1/3 and'f7/a and then delete the open 1nterxal (l/o 2/5), called

s

th" mlddle thlrd' "Ci denotes here the remalnder of the p01nts ~f '

S O [01/31 J[’/suia
:;h .'a'_u j”‘ N ;{e ;.‘?dh irf‘._'iﬂ ‘::.h;; _dft gnj

.We now trlsect each of ‘the two segments 1n_ C1 -at 1/9 and 2/9

" 7/9 and 8/9 and then delete the mlddle th1rd' ﬁapm each segment

| R (1/9 2/9) and (7/9ﬁ 8/9) Let C denote the remalnder of
Ji‘ﬁ_AFh¢~P01“t5-ln»'C1,'i.e,;'.ﬁz - \.;;'-h‘;<:,;ff~:hi”f':”

'-31622; [o 1/9] [2/9 1/3] u [2/3 7/9] u [8/9 1]

gl e

" If we . continue in this manner we obtain a descending-sequence of iséts. .

x_twhere_¢Cm‘f@onsistsbofvtheﬂpo;nts'1nfrch:if excluding the 'middle thirds'. -

R
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s .Observe that C con51sts of 2 d15J01nt closed 1ntervals and if
. - e .- .

‘weﬁnumber them cq‘iecutlvelv from left to r1ght we can speek of the

odd or even 1ntervad5v1n Cm73 The Cantor set 'CC is the 1ntersec{10n

of these sets, ine. = - o e

(SRR, ‘ '. ‘
Some Propertles

1. :C s non denumerable. "To . see this, .define-a function £ -on "C
L | RS St
“as’ fOllOWS" '

/"

7,...

,kv belongs to aﬂ odd 1nterva1 in- C

Ly MRS TRIR [FRR TS ’ el ST
e e L2 dfexe belongs to an even 1nterva1 in C Lo 1!'_: '

c/@_l{fvﬁ;CC 1s equ1valent to the set of sequences <<a1, 2,...>‘ where

S :}Lfai 0 or 2 Wthh has cardmndlltv aleph null whlch 1is: the ’ﬂ”‘.?
e T ‘ , - , o ;:-’-g
'5‘ - :vvg‘f"eontinuum Therefore every p01nt 1n C is: an accumulat1on po1nt

©

"izylfC has measure“zero. The measure of the complement of C relatmve

' _mlddle thirds equals'”f"

Since the measure of I is also 1, the messure of C mist be'zero. -




7.' THE HORSESHOE DIFFEOMORPHISM*‘ R

e 2
The present 1ntroduct;pn 1s- rathef~informal,’/1or its'origihal
o e B

: 1ntroduct10n, see the papef by Smale [10] who. discovered this

.‘ A

dlffeomorphlsm in 1966. 7";1‘ a I \;:H» g iy
Take a rectangle‘gg"ln the plane JR? Stretch 1t and bend 1tv*ﬁ
féf ' anto a horseshoggshape aS¢sﬁown in ngure 5 Evertlces A, B c, D go to.
vd“' L\'A' 'gigpfj and place 1t dn top of 1ts or1g1nal p051t10n _ Thls can w
1f imbe done.mathematlcally u51ng smooth but p0551b\y nonanalvtlc functlons )

- pleced together to obtaln the prOper dlffeomorph1sm f R > Rz

-

] j"It 1s 1mportant that thls dlffeomorphlsm stretches the two rettangulafz'-

>

?strlps_ R n fr (R) (con51st1ng of‘p01nts of R whlch remaln 1n R

'!after ift 15 applled) 11near1y by a factorv.> 1 1n the vertlcal

”.dlrectlon (parallel to AD) and compresses these SESlpS bv a factor < l' '

L A L

":;1n the horlzontal dtikctlon (parallel to AB)

e

Now look at R n f (R) n f (R), iy ep, the set of p01nts Wthh

s “_:"’ 5:\ - ‘ 'v‘ - \ N N
"‘-Jremaln 1n R when both f and f2 are applled to them Thls con51stsf

®.

ffof four thlnvrectangles,ltwo in each rectangle of R q f.

'_-',‘

”‘ffS1m1lar1Y, - n f ( 1 con51sts of"z thln'ffi"

R

'rectaﬁgLes contalned pa1rw1se 1n the rectanglesgof R P

vf(see Flgure 6);’f?3'




-
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0. “Figure’S.

P

Horseshoe lefeémorphlsm
Flrst Mapplng ’

Figure 6

. ,

I Second Mapplng

Horseshoeleffeomorphlsm g




97

= . . | y
where AB is the closed interval dprrespondingeto’ the width AB of R- A

3

and C 1is an example ef a Carftor set. Clearly the diffeomofphism f
could be consgructed to.have this Cantor set develop exactly like the

one constructed by tahing out fhe(middle thirds. Likewise, {he set R
\
consisting of those poin}s of R which remain in 'R under all negative

«©

iterations of f is of the form C x AB. If A denotes R__n R
then we see that A 1s a closed invariant set for f, meaning that

f takes A ohto itself, and ‘h is homeomorphic to~ C x C, which can
Vbe shown to be in fact homeomorphic to C. Furthermore, it can be
shown that: | ! . ¥ S

- . _ \
(1) There is an infinite number of periodic points of £ in 4.
-
(2)° There are points which haVe orbits that are dense\;n A
4
(3) The effect of £ mear A 1is to contract in a horizontal direction

. s . . \
and expand in a vertical direction. :

/I
Clearly, this construction}can be modified using a disk instead.

- of rectangles and a dlffeomorphlsm f such that f(R) < R (See-Figure

. a3
7). ‘This is the varlatlon used by Ruelle and Takens and it is easy to

-
find a sybset homeomorphic to the.rectangle ABCD, Wthh develops in J
the way deecribed above (see Figure 6). - v |

3. NONWANDERING SETS , - ,

- Definition o - O y

A poiNt T;<e X Ais said<:o‘be nonwandering with reSpect to a
mepping f 1f for every nelghbourhood U of x, there ex1sts an :

e

n-> O, With U n~f— (U #90. The set of all nonwanderlng p01nts is
., .

-called the nonwandering set. That means., the point x under the

\
¢
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mapping f will sooner or later return arbitrarily close to any
position it ever takes or took under f. E.g., fora quasiperiodic '

L k S .
motion on the k-torus T we have T itself as the nonwandering set.

4. STRUCTURAL STABILITY

In the following definitions we use the notations:

Xr(M) is the set of all vector fields differentiable
up to at least . th order defined on the manifold M..
Diffk(M) “1is the set of all dlffeomorphlsms dlfferentlable

th

up to at least Kt order defined on the manifold M.

Definition

Two vector flelds X, y e X (M) are Ck equivalent gffthere
exists h e lef M) mapplng X~ trajectorles to y- trajectorles (and
vice versa), preserv1ng thelr sense of motion, but not necessarlly

their parameterization by time.

[}

Definition c o, B .

A vector field X € Xr(M) is strucngraZZy stable if fhere is a
neighbourhood N of x in Xr(M) (N<5XT(M5;\;uch that_every»-

vector field in~ N is éo equiveient (i.e., topoiogieally equivalent
. or hdmeomorphic) to X. ThlS means that the (topologlcal) structure

of thé trajectorles of x does not change 1f X 1is sllghtly perturbed
;o that it becomes some other vector field x', say,whlch is st111 an
element of the nelghbqurhood N. In the most'51mp1e terms 1f any

vector f1e1d close enough to x - has trajectorles very much 11ke those

of. X, then the vector fleld X is structurally'stable.
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5. MORSE SMALE SYSTEMS

" Definilt] 9¥ }/

" A f1xedlp91nt p of a vector field x 7is called hyperbolic, if

X
N

‘the linearized vector field at p has no bofely imaginary or zero
elgenvalue That means the eigenvalues of fhe linearized field x
at p must have either positive or negatlve real parts, ;espectlvely
_ Therefore, the vec;or field x in a~certa1n nelghbourhood U of p,
must have components eithef radially directed-ouﬁWarda or inwards,
~respectively, w.r.t. p

"The set of all trajectorles of a veotor flelq is sometlmes called
the flow and dénoted by ¢; More spec1f1ca11v, $ (g) is used to denote
the p01nt up to which the p01nt P Mtravels" within ihe t1me t underv.

\ ‘\\
the influence of the vector field. Looking at the obvﬂous prOperties_

. . ¢—t = ¢0‘=‘ 1deot1ty | 3 \ : -

(9, * ¢5) DOy T (0 " 0 = briseu”

it is evfdent that ¢ 1is.a commutative Lie group..

- : o : R A3
bDefinition‘
Let ¢1 be the flow of a vector field xl-on a manifold M and -

p"a'hyperbolicﬂfixedlpoint, The set

ff\’ Wi (p) = fQ»E'MI;¢£(QJ > p for t.- te}

' is called the stable (for +) oi unétabie (for -) manifold'fofbvp.\
Clearly, a p01nt on the stable manlfold for p is attracted

towards p through the vector fleld X for pos1t1ve t1mes, whereas

b\o o
. kP , . . : .
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a’point on the unstable one is attracted to’ p for negative times.

Definition,

(1)

(2)

(3)

A vectof field hx € XI(M), is Mqrse:SmaZe (MS) if:

The number of fixed points and periodic orbits is finite, and
each is hyperbolic.
The set of nonwandering points consists of, fixed points and périodic

orblts only. ¢

A11 stable and unstable manlfolds 1ntersect transversallv

For two-dimensional manifolds the following statements hold:

1.

2.

For manlfolds w1th d1men510ns hlgher than 2 only 'MS ~> structural
. ! . 7

i

stru;ZEfﬁﬁ‘stability implies “MS. . o .7 .
MS systems are ‘dense in lefl(M) or xt (M) B

Structurally stable systems are dense in lefl(M) ‘0T X (M)

stablllty has been proved by Palls and Smale The rest of the

)

statements is false 1n general

6..

" Definition

restdual if 1t 1s the 1ntersect10n of a countable number of sets, eéach

~ . of ‘which is both open and dense Ln S ‘ k":/ 51

- . . . . . ‘\ B
s . R [

GENERICITY - | I - .

Let S be any topologlcal space A subset G of S is cal}ed‘

o

®

The motlvatlon behlnd thlS def1n1t10n 1s to dlstlnguish between °

o -

two dlfferent gypes of denseness For example both the set of rat10na1

numbers Q and. the set of 1rrat10néi numbers I ate dense in the~set<




-

of real numbers R . ‘However, I  is‘-in the same sense ''denser' in

R - then Q@Q; there are mo;e_ifratiohal§°£han rationals. Since the

-rationals axe'countableﬁ

Q.:{ql:qz,-.--:qn’---} 3 . } ’ ' \
AN o . D _ .

~ . &

one can express the irrationale,as the countable intersection:

R4

8 -

(R- (a ). R

R~
"
n =

: /
the previous‘one:

pa

Definition
e of a éet S* 'istcallea\ggneric if

"prropérty P 'of'elemen'

e \‘1\

these elements form a Set P which_contalns a re51dua1 subset of S\\\

\\

~.

Replac1ng a real number by'abotber real by addlng an- arbltrary
"perturbatlon the probablllty of the new real to be rat1onal is zero
'fwhereas the probab111ty to be 1rrat10nal 1s one.v That 15, the genef1c
iprope?ty-isladoptede This_shows‘ how the concebt of* gener1c1ty can be“f

“~understood and~applied'in~connection with the vector flelds‘dlscussed'
“at the end of Chapter 2.

9
0

* ] N R R .‘ NE S L - S Lo
~In general; S. will contain.elements other than the ‘e ' as well.-

U



APPENDIX B

1. THE DIRAC A FUNCTION

3

SR . ) |
The A- functlon ‘can be deflned,as any distribution with the

1iprlow1ng propertles.a:

N\

(f)' A (x) ‘o“for;’x 41
(11) R (x)dx -1 S Tl
1p (111) f N (x)f(x)dx f(r){..ldtt”:‘ - B | E

, 0 Vel A

usl [

The 1ntégrat10n can go over more than one d1mensfonf'end.the-ra:ﬁge,of'_T
' 1ntegrat10n naturally has to 1nc1ude the p01nt r
Analyt1c representatlons of A (x) -are e. g;: e '

‘~‘

: *E‘A%fxl (ZH) 1, f : exp 1w(x r)]dm'je~;:*;{‘:fiftw_;f

In the present context the property (111) lsfgsed;With'tﬁefizjjbf

follow1ng notatlon

va1@g@lﬂm>aﬂn;:;;e»»
e, dtis written asa scalar product of two vectors defined in.

functlon Space . S ’ RN :



THE COEF#ICIENTS IN THE BASIS FUNCTIONS’

As noted 1n the text the basis functions

pol&nom;als:
. '. . l:l;f ‘_. '. ,‘ | i &*4 . '}“f' - . 3;

N ?“ik? :1‘ |

IWithﬁtheAfoliowjhgfcohditibhsir?"

e

P

 Four Nodal Value Conditions

' té;igfiégif;h;. awr(X)

© . (integration over one tetrahedron). -

. _.Three Gradient Conditions = ..'~

| -' W (¥)‘_

o
—

W ( )

*, N _ . o _
Here the L denote the three centr01ds on the other three faces of -

‘ -j“ the tetrahedron

W (X) _'Z.Cix;

,0;";L

' \

1,25

“.. Three Conditions. for Zero Divergence’ Requirement .-

K

dX dX dX

Lo

T

LaxXon s '

o -0 s

i

i =fi

L1

w x), res$ are

" (B1)

ETmay



‘be transformed into barycentric coordinates.

X

104
To 5pp1y ese conditionsj.thé‘basis functions W(X)* have to

54

\ o
Notations:

with indices’ ,J K denotes cartq51an coordlnates - i 'ﬂmif '

© with indices £,m,n, o denotes barycentrlc coordlnates \\

_w1th double 1nd1ces i,i,k; 2 m,n,o . denotes carte51an COOlenateS

' (1 J k f1r5t 1ndex) of the four tetrahedral vertlces (2,m,n p, second'

&

_ﬂ;ndex)

we

, RN o o o . ,
For the relations between cartesian and*barycentrlc-coordinates;
write. - A o e

- v . : . . g ‘ N - E

 '(Bé) o

'::.{i; 'lf.fin;fcgéj;?;.i

ERREN

f!Usihgf3(365,,the Polynomlal (Bl) andiitsldérivétivesﬁy

e

kfsubscript“:rridrqpped for conciseness. ..
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can now be transformed directly:

o 3T | 7 Py r4a |
W[XO\)] C + ZC [{: XlL L] + 1_2—3 ClJ [% XlLAle [EI:XIJAL] (88)

ReIations‘ (BS) or"(B6) respectlvely show 11near dependence :

) ‘ :
between the barycentrlc coordinates 'XL’ Therefore, in order to

v

lperform the 1ntegrat10ns for the zero~d1vergence condltlon one Qf the

:AL must be eliminated. The vertex assoc1ated.w1th the eliminated

_‘barycentric coord1nate is the origin of a=skew coordinate system
: BN ‘ : R

spanned by the three edges of this vertex

'y " J
Taklng the vertex X i=1,2,3 as or1g1n, ‘the 1ntegra1 of
. W s '
' j%(—~ over the tetrahedroﬁ may be wrltten as v
K , : } ST

I"='f ( ) [ :ldA dx d>\ ‘ (B10)

- Here '[533%]3 is the functional determinant with. L # 4.

: L -
f4§‘ . Eliminating .\, ~from (B6) gives: - -
; X = f%'f T AR VLS TP RS L
B T R



Xy .
r ol R N U A
wad | XXy XpstXee Msshsa | ‘

F v[xiLf Xiad jor o o T (B12)

©(89), (BI1), (B12)  in£o (B10) :

N ]
|

| ros s .
= X" 14]det f"[Ck'*X Cix [Z Xy Xigdry " Xiaf
T R T |
- R SEPRRE SR
* O | L Ky X g drydr dis
& . L . R . o

s '&‘V'-“:l,- 5 )
= .[XiL-_Xi4]d'ef [Iockfé Cikl:% Xy, 4)1 * 1O 14]

withe e LT

o |
1v

= fT d)\ld}\zd)\:(): -

ﬁ j 'KLdA14}24A3'f‘ R S (314) |

1l

. l . -
A
)
>

“The integrals Is’IL 7aréAm°St easily evafuateg. by use of .

o a_;_{v '} 'fg' i ‘5f1,;,:f'?’3}f~“i“:,_ ST S AR
1 2 3 1°F2°53° e, (B15);kf:‘

A dA dx dx '
; 1%%2 2R (P1+pz+93+3)

* The equations for the ten conditions (82, (39, (34) can now be
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written down explicitly:

4 Nodal Value Conditions:

T, is the centroid on the face opposite to the barycentric .
Using (B8) and r, (A ,h,.);) + (1/3,1/3,1/3)5.

origin. (X, ,,X. Xy, )

A T2 24f.34)f

ST T R e LR PSR SIS SRR T
. 3Coord}na§es of‘_r3‘~‘x = Az-f, PR SRR f.oﬁfiﬁ” SRR

o

o c TN IE-S RS O IS NP IS S S | (-SRI T o
g [3 L=1,2,4 I‘] i<j ”[3 =124 1] ® L= 1,2,4 JL\

| u.fW(r =0:
':;'Cd fa13a£} f"i trﬁl 4-i.‘=hx L N =0 e

L Ao -+ c R +Zc— LX) Z X

(818)

o Commdinates of xyiy i




' .f ‘;‘,-‘- ' L ° L
o=c+lcly Toox 1 clze D O I )
i 1[? L=2,3,4 '*L] 19 '13[33L32’3;4 P w2

X
‘ BW(r4‘)' |

Us1ng Equatlon (}39) (k =1,2,3) and 3Xy S
(820) .+

L v..v . j   ‘.;‘3 . ,.1..3.'6 '1'-‘3 /
ey R 14 13 b L
+ 1Sy §,¥iL N Ckk»3~% i ;?',71”233 e

3 Zero Gradlent Condlmons

3 Zero D1vergence Condltlons over Tetrahedron
(k = 1 2 3) and 1=0 PRI

. E Usmg Equatlon (813)
) k = 1 2 3‘ (B21).:

"5 C fgg"clk 2 z»*ip) *j?k EZ'% %

system for 't'he*,»<:vdef:f'i<'ii'entsﬁ,c‘é’nz; be written down,

" the linear’

J

e e
AT AT

s,
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n

(@]

+ L o
-

——

wn -

<

—
Bl

Zero Gradient

6) 0= Cy* 3 CplSyXyl s S'C {51’X14] '3 Czs['§37X34], {condition

: ‘-wm' .
e

") o=C +F

(2
[IXTR ]
@]
W
[
—
wn
(™)
<
L
N
w
L)
tn
><
k)

8 =S
d
+
u
u
fu—y
———
m
><
\_._J

e
x4,. T

8) 0= - ,
e Zero Dlvergence :
9 0= -

€325 " 15 47 23°3 } Condition

10) 0=

‘ov|E . Oy Oy
+

-
- r—‘
b

¥23%2 v ag CaiS |

(@]
(U3 ]
+
ek
[ g}
e S

[}
13
=

N DR S A B R

‘)

The system 1s wr1tten doWn for the bas1s fuﬂCtlQﬂ W (X), i.e.,

f the one Wthh takes value 1 at the centr01d 1n the face opp051te to 7":

L ;:vertex No.ﬁ@» It can be converted to {he systems for W (X), (X), _,*;v”;’

1o ;“2

e W (X) bY replaC1ng the seond 1ndex (1 e > 45 on. X in the zero:

‘»5_;‘grad1ent cond1t10n$ by 1 2 3 respectlvely and by permutlng the .  ‘on-_'

.fﬂtthe left hand 51de of Equat1on (4) 1n the system to the 1eft hand 51de .

f7Equat10n 1), 2), 3), respectlvely

mam D g

fSectlonaZ and‘uses them 1n'bhe bas1s functlons t ca culat

s

”i'felements for‘the 1nter1or nodes* 1n Equatlon (5 14)"

To 1nduceD1r1ch1etboundary condltlons,'thefnLdes on
?th? ‘surface.planes: of D are omltted PR




g

£ %
hand 51de over to the rlght hand ‘side to obtaln Equatlon (5 20) 'iS:f
The program ADV complements DSCRB by reassémb11ng the o y

‘nonlinear matr1x elements W nmﬂ calculated,by DSCRB 1nto the

T add1t10na1 advectlve matr1x W W , in the'Equatrons (5 18),
nm,_, omn _

=

,(5 19) for the second and th1rd perturbatlons Vé' and - V3 and

@

| multlplylng it w1th the 1nverse of the left hand 31de matrlx W on

h1'3t1 blscretlzatlon of the. Domaln D 1n.the Maln Lane Program*

The program beglns by'part1t10n1ng a rectangular doma1n D into-
v 'blocks. The 51ze of these blocks and D ‘is- naturally 1nduced by three .
.A f1n1te sets of user supplled d1screte Vaiues along the three coord1natei1;££7;
,hlaxes (XIN YIN ZIN) : At the samie’ t1me, each one of these'blocks ;s
'iispllt 1nto flve tetrahedrons accordlng to conflguratlon A or B (see_~.-v“
‘ Q_Flgures 1°a b) These two conflguratlons are alternatlng hetween two:'

. ‘.

"_wﬁblocks sharlng a face 1n order to obtaln an adm1551b1e dlscretlzatlon SRR

:“.g(see Teman [12] p 73), Whlch means that dlrectly nelgthur1ng

';f¢ﬂtetrahedrons have to have common faces and edges Thespllttlng of the

“1nd1v1dual blocks 1s slmply done by rea551gn1ng the block corners as
. USRI . ‘

'corners to the f1ve tetrahedrons, wh1ch are. numbered at the same t1me 5ij1*yﬁ7f3

4ljdeterm1ne the le,t bottom front corner of the block) To determlne row:

“-;gand column numbers fo the 11near matrlces, the nodes are be1ng c0unted.i

s

*.tsééieisoJ*SJleifpindetailsa,,;a;*?¥~‘l*“‘““
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* checked using its identification whether it has already been counted in

a previously encountered tet;ahedron or whether it is 1ocatedrin 3D.
If this is the case, the node is‘skipped by the count. This is
possible since.every node is shared by two tetrahedrons (exéept nodes
in aD)' and carries therefore two identificationS;  Once the program |
established one identification, it can be used to determine the other

. g
one and fﬁereby whether it'was previously encounteredf After this
countlng and checklng procedure 4thé linear matrix“élements are calculated
by subroutlnes and 1ndeXed accordlng to tﬁe count numbers of the nodes

J
and their place_in the fluid‘space subdecompositions.

°

3.2 'Matrix Elements fort®ivective Terms

Before the matrix generation of the program can be described, it
is necessary to analyse the particular structure of the advective matrix
uv
e}ements W.On and Awon (see (5.14) and TS 15)) for a mean flow U

of the type (7.3).

First, Wgz and WZ;U can bé combined into one matrix element:

9 . ’
R TR RS (Xﬂ@% | | (B23)

on. on T P
with Az @F:W. 0]+ [T:UW_ (X)) © (B24)

. d T i - T . .
L) n . n ) )
G

as the discretized. version of - the advective operator defined in (4.3).

Written 'out in components by use of ‘tS.IOa), (S.IOB) Ad looks like:*

o

*

wr (X) 1is simply written as W for reasons of conciseness.’
n o » LS
-/

e



- [

- t N
~ oU U - au 7
1 = 1 1
W + [U- W] N —— Wo—
9%, _ X, | 3X
U 83U, BN 3u,
- 2 __2 . = B.25
Ag = VYR W+ [U-7W W (B.25)
B! ey 3
Wax W-—‘-"ax W -éT(‘:‘*' [U'VW]
AR R : ]
with: ’
T oW W XL ' |
- = U ot U Uy 3 - . (B.26)
. £ 3
"Substituting the structure of (7.3)  for U gives:
y . . - r | ) ‘ C‘
Ad =Gyt C M, + CoMg + CppMyy CyoMyg * CagMss
e T CyMyp + CosMas * CaMyz * Ci2his ” C31M51
| (B.27),
with: ‘
| 100 Froo0l - - . 100
Ml—%(w—(non, MZ-%“—'-OLO, M3-=5"’l”—010
11001 21001 - 31001 ‘
- E. -1 E,,
" 11 11 W n
.‘WEllxl £X 3 ) 0 0
- L
‘ - | : - 11 3
M7 0 - SRy 0
i - . . . 1
. E N (9
. 11 W
i 0 0 X 8%,



33~

12 ~

21

22 oW

0
OB -1
| 22
WE, X %% 4 X
%
0
0
(33 W
Ty
0. W
E, -1
127t
F12%2 W
E
) o aw
X,
0
0
21 oW
* W X A
13X,
0

E22 oW -

X 5\ +.x

3

33 oW

3X

3
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E

32

-1
g 317

E
0 Cx B 2L

23"
axX Ezsx

.

L 31

1 ' i '_‘w
\ v

This rather simple structure of M

31
the particular choice-o? a flpw U of the ”_type: (7.

1:_-,'!_- M,

oox

is ‘one of the reasons: for

114



L 1th 1ntegers Pl’ pz, Pg

*

PR

3.3 Subroutine SORT2

‘analytlcallygfor le.. pé;4dp3 6**' by use of Hammer s formula (BIS)

‘115f

For each individual tetrahedron, each dbne of the four linear

10 x 10 systems for the coeff1c1ents of the four basis functlons is

)

assembled accordlng to (B22) ‘and’ then solved by the functlon sub-

. 1‘
_routine MATINV.* After that, the coefficients of thelr flrst and

second part1a1 derlvatlves are determlned

3. 4 Function Subrout1ne QMLTIl ' !
a2 ' ‘
Because of the structure of U (see 7. 3) and the ba51s functlons
_ >
W (X), the matrlx elements are 11near~comb1nat10ns of 1ntegrals llke

Lot

P, P, Py
f X x2 2%, dxldxzdx3

T[XlL 14]deth g.(xifo14)AL*¥14 2 (XZL 24)A Aza -

,x[% (Xstfx34)*LfX$%] dlldkzdxs" | | g , ths)

: . .
' The r1ght hand 51de 15 the transformatlon 1nto barycentrlc

_ coordlnates (u51ng (Bll),_(BlZ)) The determlnant [xiL -X; 4]det 15.,

evaluated in the main 11ne and QMLTIl : evaluates the 1ntegra1

';g Supplled by 1ts author D Orachesk1 AtmdS?ﬁétic'Environheht;Séivice;
- Edmonton ’ R f

A ver51on for Pyt v"‘+ p3 K.10 ex1sts as: well It permlts

spat1a1 dependenc1es in U upto power 6 However thlS leads to - &
proh1b1t1ve1y hlgh CPU tlmes » . y v



“with [x

" 116

R

This is the main reason for the particular structure chosen‘for"Ui
: most spat1a1 dependenc1es other than 51mp1e power laws would require B

numer1ca1 1ntegrat10ns or m1ght have very 11tt1e var1ab111ty after

!

dlscretlzatlon and 1ntegrat10n Thls would restrlct the cholce of

.p0551b1e blfurcatlon parameters , o oy

[N

QMLTIl con51sts of six nested 1oops with- four 1terat10ns each

= 1;2;3, X 1n each one of

for the four . summands ’(X 14

L'x4) Lot
the up to six factors 1n the 1ntegra1 of the right hand 51de of . (B28). "
_That means, the number of factors (1 e., p14-p24-p3) is. equal to \.,
Mthe number of loops used and the remalnlng inner loops are sklpped

The computatlon of the 1ntegrals aver: powers of the barycentrlc
.coordlnates- AI’AZ’AS (1 e, evaluathn by’Hammer‘s tormuia) is done .
in the 1nnermost used loop onlx and the outer loops are used only to_'

assemble the correct llnear comb1nat10ns of these 1ntegrals w1th the -

'“( L— X, 4); L= 1 2 3 X 4» as coefflc1ents

Whenever the main. 11ne enters a new tetrahedron QMLTIl
evaluates all p0551b1e 1ntegrals satlsfylng p1 + p2'+ p3 < 6 on.

:fhthe rlght hand sxde of (828) After the results have been mu1t1p11ed T

1L ]det ;: the)’ are StOTEd 1n the array QT . and lndeXEd

'~l-*accord1ng to the1r exponent comblnataons *. Thls method 1s con51derab1y

'*‘;faster than recalculatlng these 1ntegrals whenever they are needed

‘-3 5 Functlon Subroutlne QMLTIZ ' e S a
Th1s routlne uses the output of QMLTIl {and7'SbRT2h;'fo}h§;._f.h

- .
T

Th1s storage method requlres an offset ﬁ one,‘1.e

fT 1

. . ; TR
2X 3 dX dX2dX3~—'QT (p1+l p2+1,p3+1), 51nce a FORTBAN 66 array
cannot be 1ndexed by zero*-ﬁ* ' I R e



’aSSemhlepthé‘actual matrix-elements.'.lt consists of ‘three nested
‘roops'with variable nunbershof iteratiOns,(andivariahLe rnitialt
yalue.on the outervloopi.’xThis Way,bmu}tiplications ofhup'to‘three:
-tfactors (i. é»; nonlinear matrir‘eiements} Wznm)_»consistrngpof
‘ polynomlals Wlth varylng numbers of terms ‘can be performed
o : The proper selectlon of exponent comblnatlons- pl,pz,p3 from
| .the array QT is controlled by the data sets IEX IEY, IEZ Th';_
’ba51s~funct1ons owr(X) are used throughout 1n the follow1ng order |
_of,tgrhiz'J, L i}“tj»: f»“. .;_’ B ;f: ?'r g ;'}“;'T "hff'
: e | o ,
T o

o Cil?.* c, +;¢t5)32'4-6(4)¥3¢f‘¢(55X§sflp(éjxgﬂ#:é(7lx§

L=y

L CCEEIX Xy FCOMGXy + CANK Ky o)

i.e., first'cbefficient;: all exponents zero

'~yhsecond»coefficrent::uXifeiponentf% i,’ ngxsfexponents E.Ofvv

t

’~tenth(€oefficient;i_XleexponentfriXé-exPOnentﬁedl; P

. Xg-exponent =10, . ,ﬁ;L“ R

5 Thls sequence of eigénent comblnatlons 1s kept for the f1rst and

P ,fourth or. f1rst coeff1crent respectlvely only | IEX IEY IEZ now

‘””contaln the partlal sequences for the Xl,Xz X3 exponents Wthh are:

s . !

hff1n the1r c0mb1nat10n the above sequence The 1ntegers IPX~>IPY'?IP2:i?:*

:“f';are elther used to prov1de the requlred offset on QT (see last foot

Q.

"n_note) or to 1ncrease exponents accordlng to spat1a1 dependenC1es of U

B v“"-.of_-'pOWers -.hlgher_ than oﬂg‘

117

"},second partlal derlvatlves of W (X) as,well where it goes up to S
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3 6 Subroutlne QMTRXB

QMTRXB assembles all linear 3 k.su mérrice5~on fluid snace
level w1th the structure (scalar) x (unit matrlx) These ere:,:
'»w (LHS (5 13)), wA (VlsCOSIty term (5 16)) <w |M > <W ’iM2>.,
{M > (advect1ve terms, (828)) * The subroutlne works stgalght

Yo
forwardly u51ng QMLTIZ ©to calculate the scalar factor of these :

. matr1ces and then aeterm1n1ng the row and column numbers of these

M;;elementsfln the:flnal 3N x 3N matrlces by the formula

}
'

N-e;3fl-'1)'+”J""):’;.f”_ t: ";'izd (330)7
K I R
dmithﬁ- NIZ= Tow or column number in SN‘X N matrax i : .
| c;sﬁ count number of node ro (for rows) or rn (forvcolumns) e
J o= row‘dr}cglumn;numbe;vln‘;3Vx 3 ”matr1ces.on_flUid-s ace

:'The elements are 1ndexed by these row and column numbers and

stored accord1ng1y 1n 3N X 3N arrays p Slnce all diagonal matrlx

elements such as e g,, -whﬁ con51st of a sum of two 1ntegrals over

fT two tetrahedrons showlng a face w1th r as centr01d,whereas all _

nondlagOnal elements con51st of 1ntegrals OVer one tetrahedron on1y
(as is ev1dent from the fact that the support area for the bas1s

functlons_foﬁ(X) con51sts of two tetrahedrons ‘as descrlbed above), R
he dlagonal elements -are’ calculated by the program in’ two dlfferent

parts g To have these two parts properly added the 3N X 3N arrays,fﬁ;

v \\»

“ are 1n1t1allzed to zero at the beg1nn1ng and the matrlx elements are
added 1nto them l;jf;ﬁii;yﬁ__*:«f; ' hff*:ef;i;."
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3.7 Subroutine QMTR%\‘ : S o o
QMTRXA aSSembles and stores, all llnear 3% 3 .matrices on

O

fluld Space level w1th a structurg dlfferent than the one of elements

B

. assembled by QMTRXB These are all elements 1nvolv1ng the advect1Ve .
»matrices 11,.;.¢M31 nlisted fhf (B27). They can " be wr1tten'dinla
- general form: |

M, = X -'-——[13]“+;'__E;;x.” ewW[L..] . - - (B31)

With.'llijl ‘dsa 3 x 3 matrix with I =0 for n# 1;m#j and'

m
. The routine con51sts of two. nested loops for the two 1nd1ces i
‘(outer loop c0mponents of U) and (1nner loop Spatlal dependencies -

N

eof U) Aga1n QMLTIZ]S used to calculate the two matrlx elements

\(\latlng to the two d1fferent terms in (BSl) separately and the

eXponents 'Eii' are user supp11ed determlnlng thé spat1a1 dependenc1es

’ of the ma1n flow T ‘as speC1f1ed 1n Equatlon (7. 3) A formula of

E)

) dthe“typer (BSO) calculates TOWS and columns for the nondlagonal matr1x ri_

'ﬁ.elements (1 # J) of ‘the second term ‘in. (831) and they are added o
o N

.trlnto arrays in the manner descr1bed 1n Sectlon 3 6..
A thlrd loop 1n51de the two i J loops dlstrlbutes all '

-~d1agona1 elements (1-J] lntO storage arrays, aCCOleng to a formula

)

3 8 Subroutlne QMTRXN R i B

D

As 15 ev1dent from the 3 X, 9 subdecomp051t10n of the nonllnear]

- matrlx elements 1n (S 12a) the nlne dlmen51onal product vector :%;:

~ B - B T P B .- .
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(r )V ( ) can be contracted into a 51x dlmen51ona1 product vector.

for n.s

therefore:\‘

3, (V5

(V3 (r)) * az("n(fn)"n(%)) |

.m, since equal components of V(r ) become commutlng and

2

(31'*éz)(vli(rn)vli(fnj)’ (B32)

iy

sand the 3 x°9 isubdecomposition‘can-be contracted into a =3 x 6

subdecomposition as:Well:

"".QMTRXN uses QMLTIZ to calculate the three elemehts <:w ’TW
B To

oW

. 0
© X,
C o aw
0. ¥
R
S0 0.

aW
- BX

Xy g | S
oW ' W e
. 0 2L - (B33)

IBXi Lol ‘BXSJ t
: tL W
0 =
S 3X1. ,_BXZ

. 3W

e T

A

i =‘1;2;3, rand then assembles them 1nto a subdecomp051t10n accordlng .

(833)

Be51des that the three elements are stored temporar1ly, '

to be assembled in the ma1n 11ne later on lnto a. 3 x 9 subdecompos1-

tlon and wrltten 1nto a f11e,

each wlth three 1nd1ces determ1ned by

. the nodal counts 10,1, in a formula of the type (BSl) They are

e used later to assemble the matr1x of the advectlve terms

';f'(wVQ'

+wvi ) 1n Equatlons (S 18), (S 19) {f'“ff,;'m»

‘onm - omn’.

PR
(‘)

'-3;9.‘ca1¢uxation]of;the TOtal Colunn Number in the Nonlinear Matiix

W S o

:onm RS

Al

The column number N

o

*;

: L g
say, of the nonllnear matrlx W nm o

after subdecomp051t10n can be calculated 1n the follow1ng way ® Flrst

there are two d1fferent types of 1nteract10n of nodes to d15t1ngu1sh

',f>'.y5~ O t..-

AN .



self interaction: this relates to matrix elements like Womn *

BN

‘» -

wheré“the node T 1nteracts w1th 1tself As has been shown- by

(833), this leads to a six column subdecompos1t10n or, equ1valent1y,

| ,funct1ons _Wf ',Wr . Thls means no 1nteract10n. If ":ﬁu and ‘T

J
a

to 51x 1nteract10ns between components. ‘ .

©

mutual interaction: thlS relates to elements 11ke W onm’ n# m. .

v
If T and T are on dlfferent tetrahedrons only,n W
‘ n m ~onm

'vanishes, as 1s eV1dent by the d15301nt Support areas of the b351s

m

-~

n - Tm

,_are on one and the same. tetrahedron thlS evldently 1eads toa -

'_;nodes are counted "?.u,: {j
cTetrahedrons w1th two faces i, surface planes, i.el; tetrahedrOns P

: 31tt1ng on the edges of the domeln. Two nodes are counted

[

"nine colunn subdecOmpos1t10n or to n1ne 1nteract10ns between ‘

o

components.’,

In‘efdisctetized_rectangular'domain, four types of tetrahedrons .
Cpossible.. < U oot
_Interlor tétrahedrons wlth four counted nodes. *_?'vr':. f '

' :Tetrahedrons W1th one face 1n a surface plane of the domaln.i Three

R S

I

Ju'Tetrahedrons w1th three faces 1n surface planes, i. e., tetrahedrons

»

51tt1ng in’ corners. Oniy one node 1s counted fl*;ﬂf-f{fff

" Clearly, the following 1nteract;ons can - be determined .for:these ..
tetrahedrons: R




-

Interact1ons 2

Counted nodes - Self S Mutual ‘Total Component

21

-1

2 I T A 1 2x6w09

|

R U T R RS - <6+ 3% 9= 45

a0 | e | e ] Taxesbx9=TS

Moredver,‘the self”interaction,of alnodevshared by "two

tetrahedrons can only'be counted once.

Thls clearly glves a formula for the total number of 1nter-‘

CthﬂS in a- glven dlscretlzed domaln or, equ1valently, the total

number of eolumns Nt" of 1ts nonllne T matr1x W m:;,ﬁ-f ﬁ'"

;‘numbergof tetrahedrons with 1° counted.nodes,'1g= 1,2,3,4 .-

hnﬁﬁber of shared faces"i

A

fﬁblo Assembly of the Nonllnear Matr1x W nﬁg.ih,the»MainlLihe\p?§giéﬁﬁ_t

\_ I

The maln 11ne conslsts Ba51cally of flve nested loops (see -f\§7
if-Flgure 15) 1ndexed by K J I, T Ll 1n the order from outer loop to 'f5j$$\i~:ﬁ:;
k;1nner loop K'J;ll 1terate through the d1scretlzed values of the e

whlch sp11t 1nto f1ve'b

f.,7'Y Z axes to generate the rectangular blocks,

K?

ahdrons each T g0es through these tetra'edrons and Ll through ﬁktte?i;fﬁ

”rf;the four nodes per tetrahedron Clearly, most of the operatlons have

"f;nto be done w1th1n *Ll (see F1gure 16), as'isxthe iase for the assemblyrl,__w,;,_

"a’fof ,w ThlS is done accordlng to the structure of Won6; as shown e
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~in Flgure 14. =The’first 6N’ columns'of the,?ﬁﬂ"ng‘ matrix are‘,'

:(partlally) occupled by elements from seLf 1nteract1ng nodes only, m“ -
Jand the remalnlng (N —6N) columns by the mutually 1nteract1ng nodes'
The sparseness of thlS matrlx (as of the 11near matrlces) clearly ;5
f;depends on the levei of d1scretlzat10n " the faner the d1scret12at1on;.
- the more tetrahedrons are nsed and therefore the §parser the matrlx ”
-‘:w111 be. o S1nce the loglc of the program ‘can be ﬁolloWed by the“dlagrams '
i of Flgures 15 and 16, only % list of the FORTRAN symbols used Mthe

sy

‘program and in Flgures 15 16 as werl is glven here

e

f ;hC(S 4), D(S 4), E(S 4) < X Y Z - coordlnates for the vertlces lh'to 4.
s : N f “ F
f‘of the tetrahedrons 1 to. 5 per block

) lSX(S),hSY{S);tSZQS)'3 f-teums of the X Y, Z coordlnates over the fbur :
_Av¥ £f.' tfh-,vertlces of the tetrahedrons '1‘; 5 per,.ﬁ .

-}jDET(5T~TU? 354~~;‘”j1}L;hfunctlonal determlnants between barycentrlc
otk SO B R o »

and carte51an coordlﬁates for the tetrahedrons
'-.1 to S per block ,‘f*fitf{ﬂ_f}”-'f:'

*j“”xNC(4 4) YNC(4 4), ZNC(4 4) ; x Y,z- coordlnates“of the centr01ds

.farray fOT temPorary storage of the 3 x 6 sub« 'Qi

CANL(3,6,4,4) ¢

;decomp051t10ns stemmlng"'rom the selflnteractuxELL
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"ANLF(SN’ﬁei o ' . 'f arrey hoidin§{the 'SN‘x'Név nonlinear,métrix W;nn
h ICl(NC)%ICZ(NC)_: .t.- arrays éssigning:the indices ;(1C1,IC2)’>of the;"u
| ':f’approprlate veloclty components 1n the product |
vector (V (r )) to thelr column number between
o = 1. and N |
-::NC{LS,T,I;J;K]vr, l'_-_array 3551gn1ng the count number .NC of a node
B fa; ..to its 1dent1ty (L3 T I J K) .
‘thOLt4}4)firfi - ;Qlarray a551gn1ng the count number of comblnatlonslc,,
PR s of a pa1r of nodes within a tetrahedron to- thes_ .
. ,‘c.palr of the1r 1dent1ty numbersh ﬁl.;:éfiﬁ.{4) ¥}h;
7&w1th1n thls tetrahedrons., Only used for :i:';h

:'comblnatlons on mutual 1nteract1ons

-." -

‘?’;f;i;J;K'?\ }7{._ .i‘w-‘lncrements of X Y Z coordlnates
- QQ?TuFf-fT:y f ;.{' L= tetrahedrons '1 to 5 per block
'5;'L13L2£L37.:*<7" vf'.f~3 nested loops, each ‘one of them g01ng through

~ U T __[fﬁf]_the four nodes per tetrahedron ;-'h;va

S i,g@z;tt;/'g#-,f ;Tfff‘f”z nested loops w1th1n Ll each one of them ;jh;ﬁf'

5hg01ng through the four nodes per tetrahedron A

“*){¢43 11 Routlnes ADY and TRNSP ";f

The dlscretlzed ver51ons (5 18), (5 19) for second and'thlrd

| fperturbat1og'd1ffer from the One for the flrst perturbatlon by the

A BT S U S
Momn) V3 (5 V3 (5) o o £ >
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with indices 1,j denoting perturbations.

! Including the LHS-ihverse denoted by WLé and introducing fluid

space subdecomposition as well, this term can be rewritten:

1 3N v v 1 SN[ 3N v —~
. E R = w - .
wLH nim (wonm'FWOmn)vimvjn LH o % (Qﬂn9n1+(won)m) vim an

0=1,...,38N (B36)

. s
ool

with the indices o,n,m going from’ 1 tod 3N over all 3N velocity
' ¥y

components V. ,an through the N;*points of S.

im
Moreover:
v
(W ) = Wv :
on’m onm - | . S
- 3N x 3N matrix indexed by m
v "
(W ). =W :
on'm QMmN

« B

* N T v L . v
(From the definition (5.17) of wbnm it is clear tﬁ?t;. (Won)m#

B ]

(Wzn)mg Clearly, the two sets are not -identical since
WA )

onm. omn
- . - )«:D : .
t?is reveals the term in the square,brackgts/oﬁ (B36) as a linear
: - R
‘combination of matrices and W;il can therefore be moved into the sum:

- N[N (L ¢ | o
__ rzl gl wLH<(won)m+(won)m> vim 'an o (B37)

e <

In the subroutine ADV, the elements of the subdecomposéd Wznm, .as
- SR
calculated by QMTRXN and stored with their three indices, are sorted

once after the index .n and once after the index 'm. This gives all
g Y

s Y v . L
;}N subdecompositions of (Won)m and (wonlm' Aftervthls sort;ng
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process, Fhe pairs (wZn)m’ (Wzn)m are added and multiplied by Wié
A transposing routine rearranges the elements of the resulting 3N

.matrices in the sequence in whlch they are being used to assemble and
evaluate the RHS of (836) in the programs whlch evaluate Equatlons i
(5. 18) and (5 19)  The same type of transp051ng routlne (called

_TRNSP) is used ‘to Tearrange the elements of all 11near matrices into the

sequence'as they flow into routines used later to'evaluate EQUat1on

(5.19) or (5.20) respectively.

L
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— J-Y axis is incremented by.discrete values

Vertex,coofdinates,C(é;4)bjs,4)5(5,4), their

| - 8X(5), SY(S)‘SZ(S);’functiOnar.detefminant'
| ,DET(S) and nodal:coordinates’ XNC(4, 4), YNC(4, 4,
v ZNC(4 ,4) are determlned per block for con-
f1gurat1on ‘A or 'B. '

3

L

T

T - lodp 1terates through the 5
tetrahedrons ' :

- -

n, . By Ey_E,
JIntegrals fT . x Xy yz ZdXdeZ QMLTIL -

, . ‘ DET(T) are calculated “for Ex+~Ey4-Ez <6
B | and stored in  QT(77,7)."SORT 2 and .
'MATINV calculate coeffﬁc1ents for ba51s

| factors.

oy
Py

A

;"f—‘f";;‘f"; L1 - first nodal loop

‘See Figure 16 for détails.

JLl

LHS matrlx 1s 1nverted over into’ RHS- matr1ces by IMSLLIB ro&tines ‘;_:f

LINVSF ‘and" VMULFF

kY
A\

\u=; ) 'Flgﬁre lSH lOuter Loops'of,_DSCRB_

\;
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skip nodes in aD

skip nodes in D

" | encountered set of iteratioms in L2 L3 and store |

L3

sk1p ‘nodes in 3D. ~If so, go-
to call for QMTRXA QMTRXB

count nodes via the first encountered set of
iterations in L3.. Check node identities for
previous: occurrences and sklp 1f necessary

N

ca11;QMTRxN(Li,L2;L3) and assemblegANL(S,é),TNL(S)

count mutual 1nteract1ons of nodes via f1rst

;1noNCOL(L2 L3)

Af 1324 Call'QMTRXA( Ll L2. - QMTRXB( .L1,L2)_

L3~

'Lz

copy ANL(3, 6) 1nto part I of ANLF(SN Nc)
Calculate IC1 IC2 for part I of ANLF

LL2

| skip nodes in 3D

—LL3

‘skip-nodes in oD

' Tredetermlne mutual 1nteract10ns and p1ck their counts SO

. from NCOL. . Use them' to calculate colump .no. in -

' part II. of ANLF and d1str1bute TNL accordlnglyl
Calculate IC1, IC2 for part II of ANLF ERE

;LLS
LL2

— - 11 o
* Figure 16. Inner Loops of DSCRB



.APPENDIX C

1. FLOWS TESTED FOR BIFURCATIONS
All flows show the main character1st1cs already mentloned in

the text: 11near shear flows or one component flows undergo statlonary
-1 -1 '
\blfurcatlons only, n " |v|, wo |v|, n,, 1y‘ |, UZ vl

'qual1tat1vely correct behaV1our is found in almost all cases by loss of _'-.’

stablllty w1th 1ncr6351ng shear All flows were unstable for p051t1ve

‘ _V15c051t1es except flow Number 3) whlch beqame cr1t1cal for v o=l _at;'

UX =.5>, | UZ = 98.46)’ PR
- for v = .1 at:
U=, U, 74898y
“and for *v = .0l at
U = 5. U.=4d.9y " e
X z . R

~In all four cases the shear coeff1c1ent of U was used as blfurcatlon

el

: parameter and the statlonary b1furcat10ns went from unstable to stable

with 1ncrea51ng‘shear; S s

l;‘Flowé;with Linear:Shear”‘lff,ViA o .

"

1) UL ECX e e e
AT £ U S

-

. 27'}U-':]C L =fC ax;:
ptl‘”;X‘»_tx;ll.:ty YR
BV =l Y



Only statlonary blfurcatlons could be found whlch caused a.

1055 o{ stablllty by 1ncrea51ng the shear coeff1c1ents above thelr

]

crltlcal_value These occur e.g. for viscosity v = -1 and for

Flow 1) at C - 6. 56 Flow 2) at C = .3; C 7.i and Flow 3)
, | yx X “yx :

at CV = 10, C ;_= 52 8" ~The cr1t1ca1 values of the shear coefflclents :

‘show only a weak dependence on the shear free components such as QX
?1n Flow 2) and 3) and c in Flow'4)
For the Flows 4) and 5) the shear coeff1c1ents were set as

11near functlons of a b1furcat10n parameter' n and the occurrence

and value of cr1t1ca1 shear coeff1C1ents varled w1ththe comblnatlon of

_iproportronallty constants,used' The cr1t1ca1 shear coefflclents however
stayed within the orders bFLmaénifude‘of.’lo or- 1. ..

PR
YO )

aIOnebemponent‘Flows.With'Nonldnearisheari-d'
Ce) u=cC YR
7) U.=C.2Z R o A e

L]

Agaln only stat1onary b1furcat1ons could be found Théy océuffgd,45

Two-Component Flows with Nonlifear Shear = . =

o
o

Loy u=cYi i u=c o o
G T X XYy T 2



HAll three flows‘show'unstable Hopf bifucations‘(besides station-
toary ones) for shear coeff1c1ents between zero and one. for flows 9) and
10) and around five for flow 8) (Vlscoslty o -'-1.) They are 3

subcrltlcal for flow 9), supercrltlcal for flow iO) and both for t

]‘flow 8). Flow 8) also showed the first stable (subcrltlcal) Hopf

l blfurcatlon found around ‘v = :21,"Cz'; 211, _ny'= 9. . ‘\\ _

o ThreepCompgnent Flows with NonIinear~Shear"'

W) U=y Uy O T e
12) U =C YA, u =C X, .U =C.
U x Txyl 2y Tyx Lz
15 U =C z, U =C X0 U =C Y
. X ., .xz " .y yx. o2 zy
14y U =C 5 u=c or=c Y
Joxo Txzt Ty o leyxT 7 zy
15) U =CYE - Copls U, =Ly
| B e oyt
,}6) 'UX':fFXZZ~f UY = CYXXffﬁf'U;, tsz

n

‘ 17)"'q ='C_1Z -f.C yh{; . CVXX“,f C .? ’i"UZ = Csz 1+VC2XX“

L
i

R e I B SN S R A SR
h‘;S), U_*j,c Y© f;?x,zﬁ’, u “Cyfx"f'cyi;,‘, -UZ'.,CZXX_ﬁf Csz;"

For all flows Hopf blfurcatlons were qU1te frequent Infgenerai,-‘”

]

Jhthe cr1t1ca1 values fOr the coeff1c1ents stayed 1n thelr order of

--ifmagnltude between one and ten,lrrespectlve whether some of them were.

"?:kept flxed (blfurcatlons on flows w1th some of the1r coeff1c1ents held

1ff1xed at other orders of magn1tude were rather sparse) or all were llnear

\._u S

“?functlons of a blfurcatlon parameter n i Also secondary blfurcatlons k

*“ o . S . .-d . e e o N R
An: experlmental ver51on of the dlscretlzatlon program extended to

"‘, spatlal dependenC1es up to power 6 - was used here

¥

. L g . . . - " s
s . . SRR . . .
.
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for a.time, settlng of t = 0. on the first OTblt were found All

._'p0551b1e types and comblnatlons of criticality: and stability could be

observed. Howeyer,»supercrltlcal and stable blfurcatlons appeared .more

'frequent.than others.

‘Flows with Affine and PoWer.DependencLes on. the Bifurcation Parameter m

'

19) U = (c jon +C; )Y u, = (Cy, - n+ €yt . U = (C, nr+_C3)X‘-_»
. ' a ) - e o . . e = N
: &2 S8 2
_ 20) Ux,_‘(pxy..n‘ -:FI)X 3 Uy‘T (Cyi' n‘ dicz); ,
| L | .
S 3 02
“Uz" (sz_ n "+ Cglx
: '21:)'3 U = n(C +C YZ)“ u '-_;.h(c '+ C '22)' | U- = n(C +C XZ) S
e ST M xy y Myl tyz T z -z X g
el . 6. .
ST SR AT 2 53
2-2)'-.‘Ux, = .(Cfxy' n. +C1)Y * (szn, ,+_‘CZ),Z
R 303 . 4 2
Uy = Cyert EPXr Gy FLPE
K e 6 . =
Ty = 5 e a2 s e n O 3
; Uz'—'.(c‘zx.'n ?“Qs)x * (qayﬁ Aigé)Y
23) U = o Gt (GG b
’U'=C-+Cn+(C +C L
Y2 Y yv) SRR TN s ¢
U, - Cs " c, n\f&+ 0 '

CEP
s

The f1nd1ngs for thls group are - in pr1nc1ple the same as for pu

Ll the prev1ous one w1th 11near dependenc1es only ; However stable and

’

'-supercrltlcal Hopf blfhrcatlons were more frequent and less sen51t1vev;

V_‘°aga1nst varlatlon of parameters, coefflclents, and exponents in the -

e B vl
'1?aff1ne and power dependenc1es Be31des, thlrd level blfurcatlons

o

dﬂpa(tlme sett1ngs on flrsuﬁand secondary orb1t were t-O) could be



- found. only in th‘ié group.



a APPENDIX'D'..‘

1. INTRODUCTION TO NUMERICAL WORK .ON THE NS- EQUATION S

Most of the numer1cal work done SO far on the NS- equatlons is:

tarestr1cted to two dlmen51onal flows, 51nce there the NS equatlons can :

be replaced by a so- called stream functlon vort1c1ty formulatlon

: Applylng the curl operator on the NS equatlon g1ves the

‘ vprtiC1ty_equat1on.
vy U»: vV W,y ' . : (A)(

(with:;'g i'ﬁiX_ﬁz as VOrtiCity)'i : e'-:V (A

o - .

. and elﬂﬂhnates the pressure gradlent 51nce.‘§fx5§75 0. In a two

d1men51ona1 flow fleld the vort1c1ty vector reduces to one. component

-

wy vsay perpendlcular to the plane spanned by X Y of the flow and

Athe vort1c1ty equatlon can be wrltten as a scalar equatlon

.. 0w < Jw i w, - -3 W, O w - coee
A T L I P At B s

R O

CLaAgs Y




U -~'aY‘, U = - o R .(D)'

:§, in a_stationary fiew the following relation holds_along'the‘
Jele trajectories:
X é§:==»_;uydx + U dY = o T (E)

i] aY
Yoo :

ithe 1sollnes of the stream functlon (1 e. the,streamlines)~must be

_51cal to the traJectorles 51nce

S

tt’ - ."_ EQ:— L _v“‘ oy Ay | ,A‘.»-a"’,' .
A —,U,éxf TR )

; 1ng the two—dlmen51ona1 vort1c1ty (Bl) Withtthe streem functieﬁ
""  5 glves the elllptlc P01sson equatlon |

X

. - _13 2 aY2 i z A e W g
.t Equatlons (B), (D), (G) are four equatlons for the four unknowns‘f’ﬁlﬁ_]‘fs_*
:-U , y? w, 5, They are mostly solved in, englneerlng appllcatlons7 vf"

x?
}under the aPPTOPrlate boundary condltlons by f1n1te dlfference or fﬁf,;v‘*

e

“-;flnlte element methods Thelr adyantages as well as thelr dlsadvantages _;'ff

sfare eV1dent,,pressure 15 e11m1nated and the 1ncompre551b111ty

»ffcondltlon is 1ncorporated most convenlently steady state flow jﬁ”ﬁtf o

b

: patterns can be obtalned accordlng to relatlons (E), ( ) most ea51ly




A'7[:con51derably hlgher than ln e. g f1n1te dlfference methods,>51nce the

'y'fvfpaPers would be,;v?Q?

‘*?fvgdimensions_jV

.eby graphlng the 1sollnes of the stream funct1on v

: ’ /
On the’ other hand however the stream fun;tlon concept cannot

be appl&ed in three dlmen51ona1 flows and t1me—dependent solutlons would

requ1re substant1a1 mod1f1cat10ns to 1ntroduce evolutlon equat1ons for

”x U y? and w as well Slnce,ln the present context a monitoring -

-

of the evolutlon time of a veloc1ty_vector thrdughla_particularfpoint'i
' | G R B R T
~in the flu1d domaln is requlred thls vorticity—stréam.function"

concept cannot be applled
The publlcatlons on the stream functlon vorticity approach are

 numerous. See/e g Morrls [15] Smlth Jr. and Kldd [16] Rubin‘and'

S

- GraVes, Jr. [17 18], Boney [19] Hefner [20] lesh [21], Suttles [22],_

¢
;'Zoby [23] for treatment and descr1pt10n of varlous technlcal and

»_'computatlonal detalls, the assoc1ated problems of. convergen&e and
Ny i

' *'the numerlcal algorlthms applled to achleve convergence Most of the

o work deals w1th the so called caV1ty problem, where the fluld is
e A W
'con51dered enclosed 1n a’ rectangular cav1ty and 1ts steady motlon 15

.dr1ven by one sl1d1ng wall or more v1a non 511p boundary condltlons
In the seventles, f1n1te %gement technlques 1n connectlon w1th

_;the Galerkln method were adapted\\o solve the NS equatlons.‘ However,

‘ the amount of numer1ca1 operatlons and storage requlrements are u_?la

1

..‘

5~Representat1ve

.}coeff1c1ent matrlces contaln more nonzero entrles.

fﬁﬁﬁng [24 Taylor and Hood [25], Kawahara et '1 ;;;;pj

LA

Agaln most of the work done so far 1s restr’cted_to two
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‘numerical computationsrand storage requirements increases‘by almOSt
One order of magnltude from two to three dlmen51ons,bas could be
concluded 1n the present work‘ Moreover, the flnlte-element technlque
depends on a trlangulatlon (1ve , partltlon into tr1ang1es) of the two-
dlmen51onal f1u1d domaln, whlch naturally has to be based on tetra-'
'hedrons in three dlmen51ons 1nstead ‘of tr1angles. The problems
1nvolved therew1th do not perm1t an almost stralght forward 1nter-
polatlon from two to three dlmen510ns, ‘as is. the case for rectangular
f1n1te dlfferences : However app11cat10n of the f1n1te element/Galerkln
teChnrque to three dlmen51ons seems at present the only fea51b1e il
method to dlscretlze the NS- equatlon for the problem at hand 1nto a o
system of evblutlon ODE' ' whlch can be solved w1thout algorlthms for
correctlon to satlsfy 1ncompre551b111ty in’ between two t1mesteps, las\'”
1s 1mportant for the appllcab111ty of the program BIFORkZ, wh1ch testsl£*7

the ODE system for Hopf b1furcat1ons.‘ The maln reference for the

n -

analytlc background on wh1ch the here employed technlques are based,as

'“fj well as for a very thorough and complete exten51ve analy51s of the NS-

equatlons 15 the book by Temam [12]




¢ APPENDIX E

1. THE INERTIAL SUBRANGE LAW

(a) Kolmogorov's Derivation [13], 1941

Kolmogorov (13) divided the spectrum of energy per unit mass
versus wave number of an isotropic homogeneous turbulent flow into

three ranges:

'1‘- the producfion range'at low wave ﬁumbeis, which draws energy. from
. ) i
‘the meaniflow and converts it into turbulent fluctuations;
2. the in%rtial range at intermediate wave nﬁmbers, in which energy
is shifted upwards towards- higher wévé ngmbersAwithout much
*production or dissipation taking place;
'3, the dissipation range at high wave numbers,‘in which the energy, put

into the -production range is finallp dissipated into a motion

comparable to Brownian motion.

Assuming'that the. transfer of energy from production range
throﬁgh inertial range into dissipation range is a local phenomenon,
these three ranges are virtually -independent of each other. In
partlcular the spectra in the inertial and d1551pat10n ranges will not
be much affected by the prec1se way in which energy is put into ‘the
production range. MoreoVeﬁ,»in a stationary mean flow the production
- rate 6f turbulght energy must be equal to the dissib&gion\rate,'e, say.

:~ta11ing the spectral density E(k) -and recoghizing it as
lenergy‘per unit mass within the wave number range (k,k+dk), it must
have dlmen51on L T ;7‘The dissipationbrate €, as energy per-unit mass

3 - . . \
per t1me must ‘have dlmen51on L T It is also clear that smaller

139
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?

eddies '(i.e. larger k) contain less energy in their associated ,

wave number range. One can therefore write:
¢

E(k) = Ck._fk(k) + Kk, ' A (E1)

i.e., E(k) decreases monotonically with 1ncre351ng wave number k

?

On the other hand, a higher dissipation rate ¢ means thgt

more energy has to pass through from™ k to: k- + dk. That means: \

¢
. [,

\ i’
E() = C_*f () # e - o (E2)

t

o

i.e., E(k). increases monotonically with increasing dissipation rate

. 9 . R
It is also evident that in the limit for laminar; flows e > 0:
. . e ‘
E(k) = 0 for e=0 PR (E3)

\_. oy 5
Y

Since dissipatlon in the inertial subt&nge As’ negllgible, E(k) cannot

-

depend on the viscosity there. Therefd&e the only p0551b1e dependent

N
parameters left are ¢ and k. E(k) must therefore be a combination

-of (El). and (E2) under con51derat10n of. (E3), which ylelds,

E(k) = C- £ (e) - fk(k) R (E4)
the functipns fE(e) én& fk(k); can now be éasilx dimenéionally

8
scaled as:

2/3

e o ’ :
- . g . . ’ N . t . 3 -
and  as a dimensionless constant to. obtain- the correct dimension

3

£ (o) } R N R AT e



3.2 : * g - .
L°T for -g(k) and observing L2T ;. and L ! as dimensions for €

and k réspedfiyely. ' , ‘ ' ’
‘(E4] and (E5) give now the welle<known inertial. subrange or
(-5/3)-1aw:

E(k) = C - eZ/Sk_S/S " (E6)

b) Helsenberg s Derlvatlon [14], 1948 {ﬁ

Thls'derlvatlon is d;;ectly,related to the finite closure methods.

Beginning’ with the NS-equation

= -~

" > 5 Sp(ii)
_ = o ——— TN %
where the incompressibility condition
- 2 y®&y-0 | . (E8)
. X, ., 31 S

1j-

is used in the advectlve term, the equatlon (E7) is multiplied with
U (X ) and ensemble averages are taken. o ®

\

U (x U, (x )+ ; u, (x )U (x YUy (x ) | .
- 1. | - (E9)

L = G EDRE - e D &)
l

. Since homogéneity is assumed, the'averaged’products_depend‘Qn the spatial
difference T = ié - ii only. Defining the correlations: -

* ) . - . ] M .
*For reasons of conciseness, time dependence is not written explicitely.

Subscripted numbers denote points and letters denote components.



le(r) = Ui(Xl)UjX2
Sijk(O,r) = Sijk(r)‘z Ui(xl)Uj(leuk(Xz)
. 3 3 . : .
and using T , Equation (E9) writes as:
: i 11 :
2R @ -—=5.. @) - vV R,
t ik arj ijk

In the same way, the following condit

(r) + P (r)
1

forwardly from the incompressibility condition (E8):

—_— R (r)

ar
i

- Fourier-transforming the

ei(k)

(%)

vk

correlations -

. i

3

ark'

i) =

\

‘9T,

(27 [ Ry;@e

-

—;— P, (r)

i

(E10), (E11), (E12):

-ik T4 Vol

=3 s KT 4 oyl
(2m) f Si.k(r)e | d Vol

an” j P, (r) ELLPRE

gives for Equations (E13), (E14):

S .
2 45 ) - iKY

ik

Besides homogeneity,

1Jk

ks ¢

(k) = —vk ¢

“.

lejk

® + ik, B
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(E10)
(E11)

(E12)

. (E13)

ions can be derived straight

(é14),

| (E15)
(E16)

(E17)

(ElS)v‘

~(19)

‘another important simplification is isotropy. The



" of §... Also the following symmetTy is eV1dent _ i \

" The pressure correlation Gj ‘vanishes

- correlate w1th a partlcular dlrectlon such as the ueloc1ty vector ;U.'

correlation tensors ¢ij’ Yijk"ei therefore take the following form:
I3 = \“ ’ ‘
: 0., ) = a (08, * a0k,  (E20)

Y o _ .
vy &) = by (K Kk + b, (k)k;6 5y *+ Dy(R)k; 85, b, (k)65 (EZI)

In the tensor context isotropy is synonymous with invariance

under the full rotation group, ie.,:

. $., = ¢!, = a..a,b. (E22)
_— ik ik  J1 Lk"jL S
_ (E23)

Yijk = Yijk © Li%mj%nk"Lmn

with a, ij as the matrlx performlng the rotation of cogrdinates and'the

 prime denotlng a rotated coordrnate system ~The 1sotropy condltlons

~ (E22), (E23) can now easily be verlfled for the structures (EZO) and

(E21) respectlvelx by u51ng 11near1ty ‘of the rotation and isotropy |

1],

o, () a0, (E25)

_das is ev1dent by phy51ca1 aﬁguments, 51nce under 1sotropy pressure cannot

e ST

The 1ncompre551b111ty condltlons. (E19) 51mp11fy the correlat1on -

tensors @13, x ik further,'s1nce they requlre

N
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2 _ O
a () + Kfa, (0 =0 (E26)

k bl(k) + 2b2(k) = b4(k) flO, o (E27)

And ¢ij’.Yijk can now be.eXpréssed’by only one- scalar function each:

m
~~
~
—

80 = =5 S Kk o (E2®)
vkt ;P

o 120 ) )
Vi) -.Ly(k)(kikjkk i (kiéjk+-kjaik)> o (E29)

Entering (E25), (E28), (E29) into (E18) gives:

e ¢ wER) = 2Ky () | (E30)
’Forming'the trace of Equation (E28) leads to:
; . . )

B0y = 2kl ® @D

~ On the dther'hand,'the kinetic energy density of the flow ‘Ekin is:

.

. b ol ; o ————
Cegan T 7 R (@ = 2 U EIY )

i

NN SKT e L gf P T | N
'z‘f ¢ii(g)g,, d:k|?;0 > / ¢ii(k)d k, 1@;32)

¢

and substitutiﬁg (ESl)\iintp"(ESZJ gives:,

!

=]

ST e ] RO

E (k) mustvbe”therefdreﬂfhé'spéétrdl_deﬁsity,offéhéfgy. B
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‘Next, one observes

Y

[ xvy53 (07K =0 L (E34)

This can easily be derived.from the Fourier-transform:

"1k _a—- B o
i j kY518 d k-’s;;-siji(r) - (E35)

U (X )U (X )U (X +r) U (X )U (X ) BX U (X +r),
J .

For T =0 "and the incompressibility condition
au.(ii) .’ \
=0
™y
‘.this last term gives. | -\\
1 e
5 (U (X )U (X )U (X )) = -———— U (X )U (X )U (X ) 0, (BE36)
2 BX 2 9X : ; :
R R A S
4 BT o : R ‘
slnce the dlfferentlatlon takes place on.a constant value o ».Lﬁ - o

Integrat1ng Equatlon (ESO) over k space therefore glves

T AR S SIS PR
2 [ Eaodk ey [ KEGOK = 20 [ KOr(0dk =0 (BT
<ot - e e E R

. T R
3 1
N v,

Helsenberg S assumptlon 1s now that the loss of k1net1c energy of smail;f;,~<,.

o,

-1;33rge eddles (1 e., small wave numbers) That 15 under use of EE@S), . u}}i.i

. \

eddles (1 e. ,.large wave numbers) 1s neg11g1b1e compared to tﬁb 1oss onCi'l»'7*
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‘j({a' ‘
3 | L v = 0
3T “kin (k-L;arge up to ) = oV gz-fk E(k')dk' = 0 - (E38)
Integrating (E30) from O to Xk and from k. to «:
k. .k x ' kg _ _
f E(k')dk' +v f k/ E(k')dk' = 2n [ kUy(k")dk' . (E39)
0 ‘ 0 o
2 B+ 2Bk = 20 [ KOy (kdk' (B40) . 7
k ok . Tk

-
’

Fellowiné_the finite;elosure method the rhirdQOrder correlatioe term
, with y(k) ,iﬁ (E39) 1s now to be replaced by.a second-order
orrelatlon term with E(k) A relation between these two terms 1s
given by (E40) and (E38), “however, for 1arge wave numbers only.

Based,oh the,v1sc051ty term of (E39), a turbulence v1sc051ty

-

(k). can be.introduced:. ' e D y a
e Lk, . S
- v KUE(kDK' =0k [ k'TE(k'kD o0 (B4D)
.k S o T
" recalling from ':(53'7)"; L o o PR -.‘ . e
Coin fokeOy(kdKT = 2w [ KUY (DK, (B42)

i

_~“'thls relat10ﬂ4P?E42) 'together w1th (E41) and (E38) ‘c¢an be used 1n k

:f(E40) to, obtaln

Cam [k Oyndkt =) L kPE(kDARY, o e (B43)
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5

a relation between second and third-order correlations expressed by
E(k) ‘and y(k),_respeCfﬁvely,for small wave numbers. Equation (E39)

now becomes:

é k '. . ~ - ko, - N
=) BNk = (k) +v) [ KTEK)dK! - (E44)
0 . : s 0o . W :

By
-

From the kinetic theory of gases, the folloWing proportionality
between viscosity v and the kinetic energy per unit mass is known:

. . !, v . . !
v (kmT)? | o (E4s)

7

with ~kmT ias:kinetic energy per;ﬁnit.mass détermingd by? Ak‘=‘Boltimanﬁ
constant, m = molecular méss; T =,temperatﬁre. | -
This reiation between energy~éﬁd viscosity can noQ be used to
gléxpfgss thé turbulent visc6sity .ﬁxk) in terms of spéétrél_enéfgy L
density - E(k){ ' Establishing, as in Ko;magoropqg derivation, the

dimensions of the involved quantities: -

épéctral energy dehsity: E(k) - " dimension: ’Sst-2

wave number: k. ' st

[ ' L T
., viscosity: L - o N “Sztfl' B
O T L PN 2.2 "

energy per unit mass: [E(K)dk . - . st T,

. thé'furbulént.Viscosity,éanbBe dimensionally scaled by use of the

[}

o  f Pfoportidhayity (E45); as:

3 :
<

RGO = fonGedk T (Ee)
S k.o . S f B

*4
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n(k) = u(-E&)—> . \; (E47)
S X S A

 where « is a dimension less constant.

Equation (E44) Dbecomes now: : o oy

o~

3

Ko T e K o
20 Bk = e =] EG) %dk'+v f K E(k')dk' (E48)
oty LRk . _. .

*
Assuming time intervals, where the loss of energy of large eddies, i.e.,
€, can be considered constant, this equation is solved by: o e

| - 2/3 '-S‘/s‘
E(k) C(E) ‘ =

Serd

(E49)

L

. . ) : _ _E’_d
WIFhi kj.‘ ( 3) .
' Thefefore:
B v k3 for k<< K,
N ’ J
CE@ v KT for kv kg
Be51des the 1nert1a1 subrange law: for k << kJ' Helsenbergs derlvatlon

glVeS a power 1aw for the d15$1pat1ve range, k >> kJ as well ThlS

, 1s,p0551b1e,due to»the use of k1net1c gas theory in the der1vat10n

2. THE TAYLOR HYPOTHESIS
Measurements, whlch are to be used to determlne the speetruml

ntroduced in art 1 ‘must con51st “of a serles of measurlng deV1ces

4¥ted one dlmen51ona11y and equ1 spaced W1th a’ certaln dlstance d
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| By
parallel to the mean steady and homogeneous flow U " Moreover,  this
set of measuring dev1ces should drlft along with the mean flow.(and mean
;veloc1ty) to make sure only the turbulent fluctuatlons are measured
EV1dently,‘such a set of dev1ces, which 1§,large enough in number azg
is flxed in a Lagrangean coordlnate system mOV1ng w1th the mean t/ow is
v1rtually 1mp0351ble to realize in practlce and measurements have to
be made on the basis of -an Eulerlan system w1th thé measurlng dev1ces

«

nfixed~ wjr.t. the ground This Eulerian frame can now be llnked to
. ¢

v

- the d851red Lagrangean frame on the basis of a hypothesis, orlglnally'\
due. to G I. Taylor that the sequence of turbulent fluctuatlons at a
”f1xed p01nt is statlstlcally the same as 1f the spatlal pattern of
veloc1t1es were suddenlyﬁfrozen and swept past the. measurlng dev1ce w1th

the speed U of the Jean flow. The set of several measurlng dev1ces»

Y

ff1xed w1th1n a Lagrangean frame as descrlbed above can ‘now bé’replaced

¥

.by only one. dev1ce in the Eulerian frame wh1ch measures 1n equ1 Spacedv
time 1ntervals t whlch relate to the equ1 spaced dlstances d, of

.the Lagrangean frame 1n the fOllOWlng obV1ous way
a=Fe, . (Es0)

wh1ch is. the mathemat1tal formulatlon of the Taylor hypothe51s
Clearly, the Taylor hYpothe51s is 1mp tant for the present work

where only a rather 11m1ted number of p01nts (1 e., four) is monltored

Al

OVer a t1me perlod in an Eulerlan frame flxed 1n f1u1d space. Therefore,‘

' a Fourler ana1y51s can only be done . I. t ' t1me, wh1ch glves a
' i

frequency spectrum.; HoweVer as. is ev1dent from (ESO), the.Taylor'%'

k2

ypothe51s holds in the context of wavespace and frequency as well

@ <
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k = £/U | . ‘ (E51)

-;vith "k and 'f as wave number and frequency respectively.

L)



‘;ApﬁEﬁDIm F

1. TRAJECTORY,PROJECTIONS AND SPECTRAL GRAPHS -
¢ denotes zero on traJectory scales a

Odenotes begmnmg of traJectory

Z denotes end of traJectory

No spectral graphs s1, SZ , 810, Sll ai'é »p.i"‘o'vidvéd

since no Spectral ana1y51s was performed for the relatlng

traJectorles of Flgures 'I‘l T2, T10 Tll All trajectorles

| belong to, Flow IV except T1 and T2, _whlch belong to Flow III‘.

- . ‘-
’
—\
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VFIGURE T1

Bifurcation parameter n- ) ' o .55

No. of timesteps . . R 8513
Stepsize - - . a R .03
Inlt ~condition for 'Vé T N ~.001 (all)

Average s1ze of spatlil random perturbatlons o ' nfa

Average no. of tlmesteps between random perturbations T nfa o
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FIGURE T2 - |
Bifuréétioh parameter n .55
"No. bf fiﬁestePS‘ 2000
Step;ize .Ql
Init. condition. for '\72 . - S .00l (all)
Average size of spatial random perturbations | vrn/a
Average no. of timesteps 5et§een randgm’pgrtﬁrbations ; n/a
Period éf Vl | - ' - - 1.66
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FIGURE T7

v . * A ) N 1(
Bifurcation parameter n

~No. of timesteps  ° S . .?(800'

Stepsize - . . L L
Init. COndltJOH for V .00t (X—cdmp.Pt,l)
rest =_O

I
\ e
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Bifurcation parameter n
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Init. condition for 'V2
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FIGURE T11
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FIGURE T12 il
Bifurcation parameter n | | _ .27
Nb, of ‘timesteps '; o ) ". . iQOO
Stepsiié a . i B o ' : | - .04
Init.vcéndition for Vé : | : : . .1 (all)
Avéfage size of spatiai'random férturbatibﬁs S .01
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FIGURE T14

Bifurcation parameter n

No. of timesteps

- Stepsize

Init. condition for. V,
Average size of spatial random perturbations
Average no. of timesteps between random perturbations
) ) ‘ - 3 .
Period of -V1
Mean velocity:

‘Point 1
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~FIGURE T1S
Bifurcation parameter n .325
No. of timesteps 500
Stepsize .03
Pnit._éoﬁdition for Vz | ' 0 (all)
Average size of spatial random perturbations d .015 ,
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FIGURE T16 ‘
Bifurcation parameter n A ‘ .33
A No. of timgsteps  . " ' . 645
Stepsize C l : : .03
Init. condition for Vé‘ .OOEeii-iogp.Ptﬁl)
Average size of spatial random pertﬁrbations _ .01
AverageAno.¥6f timesteps between random perturbations 2
| periodfof v, o - - 1,65
Mean velocity:
' Ppoint }' g | "f. 175
2 Y | | | 158
3 S 2,43
4 ‘ : | o . »V 1.59

First 200 timesteps are unperturbed}-
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FIGURE T17
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FIGURE S3

A

Bifurcdtion parameter n

No. of timesteps 1000
S;epsize .03
Init. condition for VZ .OQI
AQerage size of spatial random pefturbations n/a
: !
Average no. of timesteps between random perturbations n/a
Period of V, | L - 1.68
Mean velocity ‘
‘Point 1. 2
2 | S 2.03
3 o R 2.95

W T . ‘ | - 1

.85

771 ,

(all)

Sample size/subsample size = no. of subsamples '1024/128 =8
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FIGURE S4

Bifurcation parameter n .449
"No. of timesteps ' 800
Stepsize A : .04
JEN i . - .‘ T.
Init. condition for V ‘ 001 (X-comp.Pt.1)
R 2 . ) K rest - O
Average size of spatial random perturbations ‘ n/a
Average no. of timesteps between random perturbations n/a
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FIGURE S5

Bifurcation parameter n
No. of timesteps
Stepsize
Init. condition for V2
Average size of spatial random perturbations
Average no. of timesteps‘bétween random perturbations
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FIGURE S7

Bifurcation parameter n
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"FIGURE S9 -
Bifurcation paramétér‘d
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‘FIGURE Sl1:2 .
‘ a
g : _ _ 4
3ifurcation parameter n. - ¢ * </ 27
v . N . K -~ -
. N@. of timesteps 1000
_ - DN
‘Stépsi:e : ' '_‘ R _ ‘ S04
‘”Init.'condition fot v, _-\ . O L .1 (all)
Average size of spatial random perturbations : .01 ; N
Average;no. of timéstepé between random perturbatiqns . 1.5
. .Period of V. ST - S O
~ Mean velocity: .
Point 1 ' | . § - | : 1.68
T Lo % :
3 243
: "r. 4 . ) , L : | ' 1.56 -
'Sample‘sizé/subéamplefsize': no. of subsamples ' 768/64 = 12
. L
. (First 233"timesteps_are unperturﬁed.). o o
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FIGURE S15 B - { |
_ 3 -
Bifurcation parameter n . ' ?T ! .325
No. of timesteps | 500
Stepsize .03 \
 Init. cpndition fgr Vzl z , b (allf
"AVerage s€2e,of sﬁatial randoﬁ perturbations .015
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Period of Vli . ~ - | - , 1.66
Mean velocity: . §
Point 1 ) ' 3 " 1.95
, 2 . 1.64
: . v
'\ B ‘ - 2.65 =
& o ¥.60
Sample size/subsample size = no. of subsamples | 512/64 = 8 \
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FIGURE S16

Bifurcation Qgramgfzﬁ> n
( AN j )
{
No. of\timesteﬁsd \\
Stepsize S
Init. condition for Vz
Average size of spatial random perturbations
Average no. of timesteps between -random perturbations
. . -> ‘ ‘
Period of V1
Mean velocity:
.Point 1
E
3
4. .
Sample size/subsample size = no. of subsamples

~

(First 200 timesteps are unpefturbed.)

645 -

.03

.001 (X-comp.Pt.1)

rest = 0

; .01
2

1.65

1.75
1.58
2.43
1.59

448/64 = 7
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FIGURE S17

‘Bifurcation parameter n

No, of‘;imesteps

‘Stepsize

" Init. condition for
Average sizé&of spatial random perturbations

- Average no. of timesteps between random perturbatiohs

R
Period of V1
" Mean velocity:
TN ‘
Point 1
2
3

7 4

Sample size/subsample size

. of subsamples .~
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ig 2) The sw1tch ICK was added @da parameter strlng) to ski

'APPENDIX G

1. PROGRAM LISTINGS | | o !

The follow1ng programs and files are llsted

S e

ij DSCRB‘(+-spbfoutines). N S f,f .R LT e .
oAy F o e o
'35» er#zA;,(4 subroutines»-FUﬁ;thNP, MFC) . | f-vé*"
‘4)‘ ODE M (+ subroutme»‘ﬂs‘) l ) o
1 S) ‘Control parameter f11e 4 NS.A.
o . - | .
DSCRB w1th subroutlnes and ADV are descrlbed 1n Appendlt B.
lBIFSA 15 the calllng program for the subrout1ne BIFQRZ (see Chapter 8).
Y-MBIFORZ is . not. 1lsted here,* 51nce it could be used in 1ts orlglnal o o
'form w1th only the follow1ng modlflcatlons for the present study
BN Conver51on to double prec151on
- ThlS was done.by W G. Alello Departﬁent othathematics;_
' ;~V”Un1V€TSlty of Alberta It was necessary sinc 3BIFORf :was:wrrtten
i‘hon a CDC 6400 »whlch is in 1ts;51ng1e prec1srhnfmode.almostvas . ,
- accurate as an AMDAHL (computer at_h; of A ) in- double prec1sron{:“lf:_

8 mode Therefore, algorlthms accumulated roundoff errors too fast

’h and could not meet the1r tolerances on AMDAHE\51ngle prec151on mode

-l;ThlS was the only ma;or modelcatlon ";.Lf;‘;>\§{ﬁ”j'.

o ,.v N e

'”the'routineﬁf'if

‘EHECKJ on optlon, whlch evaluates the Jacob1an of the syste __jthf

A 115t1ng is avallable as- m1crof1che in’ [5] or d1rectly through 1ts
o author "By Hassard Dept of Mathemat1cs, SUNY Buffalo NY
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¥ Lo _ .
' finite differencing and compares it against an analvtic evaluatien
.
done by the user- supxlled subroutlne FUN.. (or FUNP respeCthely)
Thls is Just a CPU time sav1ng measure, since thls test has to be
performed\only_once to insure a - correct analytic evaluation of the
Jacobian by FUN. o ~ . ) i S i

. L
3) The parameters 'EPSR (tolerance for the above mentloned compar&sonh

. a

test and zero crlterlon for the elgenvalue of the Jacoblan), PS,
L) - ‘
NSIG (parameters used for zero- crlterla in various algor1thms and

S

1terat10ns used) and ITMAX (max1mum number o) rations allowed

in various algorlthms) can be set. external through parameter strlng

) The m1crob10ck COMMON/CT/ICT was 1ntrod ced to. BIFOR2 “and FUN.

The SW1tch ICT 15 reset from zeTro to on after the cr1t1ca1 value

- of the ﬁifurcatlon parameter has been fou - and rsvusedtln -FUN to

save a copy of the coeff1c1ent matrrx of the system and 1ts

transpose at that p01nt for evaluatlon of th’ ‘mean flow in . MFC

“ and p0551b1y the second and th1rd leVel b1furca jons in - FUNP.

A peculiarityQ which is MTS*-spec1f1c, is the requlrement to

multrp{y the 11ne number in seqpenflal READ and WRITE statements bv j'
, s '
'a factor of 1000 ThlS can be seens1n the transp051ng sectlons of

BIFSA and ADV and in all READ statements_from_loglcal un1t{4w :

(attached to control parameter f11e 4. NS A)

To set up a partlcular dlscretlzatlon and flow proflle, one

e

R

'would proceed.as‘follows. - f':_'?3

Mlchlgan Termlnal System Operatlng system used en the
Un1ver51ty of Alberta, AMDAHL computer i .
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T

:‘3)

5)«

, increments is S). \\

299

P e
. N . -~ 4 . .
Set maximum number of .increments in. X-, Y-, Z-direction on line’ 136

of 4.NS.A. The numbers chosen are equal‘tokthe numbers of
. » »
corners of rectangular blocks and equal. the numbers of blocks minus

one respectively in the'partjcufar directions (maximum number of

. R . ' . . . .

V o

. 1% .
Set’ corner coordlnates of blocks in X<, Y-, Z-direction in lines
138 'to_ 140 of 4.NS.A (maximum numbet of blocks: per dlrectlon

n

is 4). o
Set powers of the three spat1a1 dependenc1es for the X-, X—, Z-
compOnent in 11nes 143 to 145 of 4.NS.A.A Their sum per
eomponent must not exceed 6 | | :

Set selection sw1tche§ for the seleoted terme in line ¢ >and the (?'
'Values of thelr‘coeff1c1ents in 11ne 3 of 4.NS.A. If affine or

»

power dependenc1es on the blfurcatlon parameter n - of these

ird

"'coeff1C1ents are desired, Set the appropriate constants “CC and

powers IX in Tines 6 and 8 respectlvely
Set the d1men51ons of ACIRJ/ACIT in BIF3A and FUN equal to

‘the number of terms selected in: Step 4) The llnes wh1ch requlre

thls operatlon are’ marked by a star parade

v’e6)/1hn subroutlne FUN set up the f1na1 flow proflles 1n the sectlon

-

- "sett1ng of flow structure”‘ agaln marked by a star parade . Make ;

w,sure the cbeff1c1ents CF ‘as, selected 1n Step 4), are arranged '

"IV (see Chapter 9)

'fingaScending order w.r.t,~ the1r~1ndrces.

o,

" The setup 1n5the listimgs'presemted is forhthe,etudy‘of_flow»“
%) R . . o . ‘ B .,' : . '..
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The graphics -and Fourier analysis programs are rathér\straighi—‘

. . IR | .
forward and technlcal in nature without any details of interest: w.r.t.

the problem under study They are therefore not’ llsted - The same goes:

‘.)-

for the tran§p051ng routine TRNSP (see Appendlx B), since it is~'
1dent1cal in its function agd structure to the transpos1gg section in
the program ADV - L'

The follow1ng program chart (F1gure 17) shows. the’ sequence of

~ execution of - the programs W1th 10g1ca1 unit numbers for data transfer.

4 ‘.

S
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DSCRB
‘ + Subroutines . ‘

S 301

o

: —>,Te1_'minal -

E AD \,
| sorTOMTS) |

VMULFF (IMSIS) |

'~BIF3A' . . ’,‘

| BIFORZ .

FUN

| ‘FuNP -

erminal -

F45 L

-

0 _,___._.__» Terminal =

o .
e, ) §

g 5 @M Terminal -

{

" Trajectories .
and Spectra . . -

- frome 17, Program Chere [




[of}
o)

tn : i ’ K - . . =
. mccﬂ.OC»...Dm.\mc_Jn» ..muju Name : SLine ‘.ZC:.UmT
S . . B o .
SUBROUTINE.SORT2 "~ .. = - . = N e.a»m‘
N N - . | . - - <
FUNCTION MATINV - - L =) - 1865
. |surouTine omTRxA -7 e e 704 |
SUBRI . . B Jo g oot .
SUBROUTINE OMTRXB. . . S - 1802, )
SUBROUT INE QMTRXN g B 1868, |
FUNCTION QMLTI{ | "1 939. |
FUNCTION QMLTI2 - T 2 240. - |
SUBROUTINE FUN S PR - - ERRS PR
SUBROUTINE FUNP .ma. l A |
- g N - - ) w Ll
SUBROUTINE MFC . RN | 3 289. | af
... N LY |
'SUBROUT INE ' F45 | 3 609. [
, i . e
Program Name’ : _Line Number .
) . - . ) . ] . E QA. L . )
s DSCRB -~ . “
ADV ; 1 2305
wwﬂu> . 2422
. ,ODE.M 3356 .
N RN 2 e
” \ N B ,At.



C PROGRAM DSCRB , -

1. - .
2 c Sy
3: C mczoq_oz onomm4-m A 3 ogzm2m02>r ooz>~z IN FLUID
A [ SPACE BY qu>ZQCr>q~oz OF RECTANGULAR BLOCKS.'
5. c . “ea CALCULATE “THE. ASS. "FINITE ELEMENTS UNDER "~ -
6. c: o mem CONDITION OF “ZERO DIVERGENCE AND .APPLY, '8
7 c HE. GALERKIN METHOD TO GENERATE THE MATRIX. .. '~
8. C ELEMENTS OF A SYSTEM OF ODE’S. WHICH IS~ 4xmm.a.::
9 c DISCRETIZED: APPROXIMATION FOR ‘A" NONAUTOND- .
10. C MOUS NS-EQUATION. FOR umnanm>q~oz <mroo~4~mm
11 c . . 5 .
12, . c. mcmnogqrzmm cmmc”.monqn..z>quz< ézqnx> ,ozqnxm dz#nxz
13, C . CLOMLTTY ;QMLTI2 - o AR
14 C . er<MM|LKgcrmﬁ AmOAI Hzmrrnmv R N
15 C : -
16 . C LOG. czmqm >ocnmmmmo 4 HZuCa nz<m oOanor v>n>zmﬁm$m. S
17 . C 6 - OUTPUT .umwnom CODES ,CHECKS . . .~
18] c e L 704 OUTRUT: = XCH L
19 " C . o N B OCavca.quoP . o
20 .- c - oo © 9 . DUTPUT "< INVERTED >r:w o
2. - C - 10 : OUTPUT - LIN. RHS MATRICES zcrquvrﬂmo
22, c o 7 WITH LNVERTED ALHS :
23, c- . 12-: QUTPUT - NONLIN, RHS ‘MATRIX. zer~nr~mo
24 . Tc . .,,. WETH_ ENVERTED ALHS |
25 . € . . - w13 - OUTPUT: NONLIN.. RHS MATRIX -WITH 4n~vrm
26. c B " . INDICES..(FROM ROUTINE ozqnxzv
27 c T T 44 Oqucq - zoc»r noono~z>4mm . e
28. C oL : e .
29. C SYMBOLS USED: - AMUL - = oc*ch ARRAY mon,zer_ern>q_oz Om
30. R SR o . e LINEAR MATRICES WITH LHS TNVERSE’
‘31 c. " ANLMUL . =<SAME -AS AMUL_,BUF FOR NONLIN.MATRIX-
32 c.. = . LCY 5LC2-= DISTRIBUTION on VELOCITY COMPONENTS ™
33. - C ) "IN NONLIN. FL.'SPACE SUBDECOMPOSITION
34.. -C. TEX .IFY .1FZ ='X .Y ,2 - EXPONENTS FOR MEAN FLOW -
35, - [ SoXLe YL Leru“qmzv.,mqon>om FOR, VERTEX CQORDS__ .-
36. . C . W ,D1 D2 = COEEFS. FOR’ FINITE' ELEMENT POLYNOM -~
37. C. e : TTALS AND - THEIR '{ST AND 2ND. Omn~<>4~<mmy
‘38, o el ©. . . NL4 = TEMP. STORAGE FOR ‘NODE COUNT = ..
39 o ANL ,FNL =" TEMP. STORAGES FOR NONL IN-. =>qnmx RS
40. c S L : ELEMENTS: WHEN. n»rOCr>4mo IN ozqnxz
a1, c oL .. -NCOUNT = NODECOUNT - .- - g .
42. C A * JCOUNT = SWITCH FOR ZQOmoQCZq .
43, c . JCOUNT =’ SWITCH FOR COLUMN . COUNT IN: NONUIN .
44 . c - . T MATRIX (BEFORE FL: mv>nm -SUBDECOMP . v
45", c - KCTCL = nor:zz GOUNT ., ' =
45 . C C .D.E =X .Y oooncm 10» qmqnpzmun»r
47. o L <mnqmomm :
a8, c’ SX“.SY.,SZ = SUMS OF THE X:,Y. aN .CooRDS . L
49. C e OVER THE FOUR. qm4n>1mon»r <mn4~omm,
50. - C “DET = FUNCTIONAL cmqmnzmz>z~ BETWEEN "~
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-

~Saa

00000

ocancwn<:ocuocvnrdnwﬂn<1ncﬁoévn}yncagciocnokﬁ

000 .

0O0n0n.

“XNC ;¥YNC

1C1

ACX LACY

LI

ANLF

NC

LZNC

102

NCOL

. AVSC.
AADV

L ATHS
.bﬂN;

LY LUK

rooﬁn>r¢* rﬂqu_v Joer/
, HZernmﬂ POOuODFAPV

BARYCENT. AND CARTES. COORDS "

X .Y, .2 - COORDS.. OF THE nm24n0~ow.
ON -THE. 4m4m>ImOD>r ﬂbOmm u m..aImn

NDDAL COORDS: - ‘
ARRAY: FOR NONLIN.MATRIX’ >mqmn FL .

‘SPACE mcmOmooszwH4HOZ

= ARRAYS. >meOZ~ZO THE mzcnnmw moa.

,IC2 OF THE *APPROPRTATE VELOCITY °
OOZUOZqum ‘IN THE PRODUCT . VECTOR
T0 THEIR OQPCZZ ZOm Of AIm ZOZPmZ
MATRIX
ARRAY >wm~OZH20 ﬁIm OOCZﬁ ZCmen 'NC
GF ‘A NODE TO ITS IDENTITY

-ARRAY. ASSIGNING THE COUNT NUMBER -

OF COMBINATIONS OF A PAIR. OF NODES
WITHIN’A TETRAHEDRON 70O THE PAIR- :

- OF THEIR ~Om24~4< NUMBERS WITHIN

THIS TETRAHEDRON' (ONLY USED-FOR
COMBINATIONS .ON :CqC»r Hden>Oq~Ova
MATRIX FOR LHS"

‘MATRICES FOR’ bmmorcqm X oY uNﬂn COMP .
- OF.* 2m>2 FLOW .

MATRIX FOR VISCOSITY Amnz

ARRAY FOR MATRICES OF mv>duyrr< Ova;

.COMP_..OF MEAN FLOW .

L0G. VARIABLES CONTROLLING ALTER- -
NATION BETWEEN TETRAHEDRAL. CONFIG-
URATION A ;B PER BLOCK IN'X .Y Z-
DIRECT IO C

L2, L3, LR, LC; LLC, LL2, LL3, T, NCOUNT.

JINTEGER 1, J, K,
1 ICOUNT, roou tcca, Lc23 S
—------ STATEMENT 1czoq~02m -LJ--« ..... ‘x-y-w,-wyw-wi--.

NODAL OOODOuZ>4mm qung~ZmO ﬂDOZ <m54mx nO!vOZmZAM A ;8B

ncA>.mw.w An.> +B)- \ u

" 'ROW AND COLUMN

NCAR(1,J)
NCAC(1.J)
NNAC(I.J)

00w
*.

NCTMX (M1, M2,

NO. ‘OF NODES FOR

ZOmu

M3)”

— o~
L

IN ﬂmeO mv»nm meOmOOHvaHAnOZ

NOS..

P

OF X .Y .Z -

(M3 = 1)+ (M2

A e d
+.f+,
cecc

HznanmZAm M1 .z» JM3

,w;_v.Azu 22 4 Az, 4 wv‘%z&




101t .

102

103"
104 .
105.
106 .
107 .
108 .
109 .
110.
11,
112,
113
114.
115,
116.
117
118
119
120,
121,
122.
123,
124
125.
126 .
127,
128.
129.
130
131.
132
133,
134
135
136.
137.
138.
139.
140.
141,
142 .
143 .
144
145 .
146,
147.
148.
149
150.

2

Creexe
c48
c48
c48
c48”
casg
c48
cas
ca8
c48

c

v

C TECH.

C
[oF:3:]
c4a8
c4s8
c48
c4as
OQIll!
C30
Cc30
€30
Cc30
Cc30
C30
Cc30
C30
Cc30

C

_C TECH.

(o

Cc30
c30
C30
C30
Cc30

2))

»

11)*(M3 - 1) + (M1 - 1)¢(M2 - 2)*(M3 - 1) + (M1 - 1)*(M2

* 2

>nn><m ﬂon Q nmnﬂ.mﬁcoxw LB A E AR R EE RS EE AR E R EERRESE RS

REAL
REAL
REAL
REAL
REAL
REAL
REAL
REAL
REAL

REAL

ALHS(48,48)/2304+0./

ACX (48,48)/2304%0./

ACY (48,48)/2304*0./ ;
ACZ (48,48)/2304*0./ ’
AVSC(48,48)/2304*0./

ANLF(276,48)/13248*0./

AADV(48,48,3, uv\MOQQm*o /

AMUL (48, 48)

ANLMUL(276,48) =

PARAMETERS FOR er(mm .VMULFF WITH IC1 ,IC2 ,NC

BINV( 1) ,WKAREA(96) ,D1INV/-1./ . ' I

INTEGER NINV/48/,IAINV/48/ ,1JOBNV/1/,I1CMUL/48/

INTEGER LMUL/48/,MMUL/48/ NMUL/48/,1AMUL/48/,18BMUL/48/
INTEGER LNL/276/,IANL/276/,ICNL/276/,1C1(276), AO&Amqmv
INTEGER NC(4,5,2,2,2) .

>nn>(m ﬂon M nmnﬂ mrooxw !Riliﬁ*!l*!*i**&ﬁ*'%*i*Ql&i'

REAL
REAL
REAL
REAL
REAL
REAL
REAL
REAL
REAL

REAL

ALHS(30,30)/900*0./

ACX (30,30)/3800*0./ LT
ACY (30,30)7900*0./ :
ACZ (30,30)/900%0./ o
AVSC(30,30)/900*0./ i ST
ANLF (204,30)/6120*0./
AADV(30,80,3,3)/8100*0./

AMUL (30, 30)

ANLMUL (204, 30)

o

PARAMETERS FOR LINV3F ,VMULFF WITH IC1 ,IC2 ,NC

BINV(1).WKAREA(60) .DIINV/-1./

INTEGER NINV/30/,1AINV/30/,1J0BNV/ 1/, 1CMUL/30/

INTEGER LMUL/30/,MMUL/30/ NMUL/30/, p»zcr\mo\ 1BMUL /30/
INTEGER LNL/204/.1ANL/204/, HQZr\moa\ mnAAnoaw 1C2(204)
INTEGER NC(4,5,3,2,2) .

nlii‘l )«N”><m T-O«N 1 nmo.ﬂmﬁlonx lil!li'*ll‘ii*iﬂ*iiQi,*il!!&*

REAL
REAL
REAL
REAL
REAL
REAL
REAL
REAL

ALHS(12,12) /144%0./ " . L
ACX(12,12) /144%0./ -l
ACY(12,12) /144*0./
ACZ(12,12) /144%0./ )
AVSC(12,12) /144%0./ \
ANLF(78,12) /936*0./

AADV(12,12,3,3) /1296%0./
>chA_u 12) o ’

f?
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e

151, 17 REAL ANLMUL(78,12) - £

152 . c C

MmuA C TECH. PARAMETERS FOR LINV3P ,VMULFF WITH ICt ,IC2 ,NC

54 . c . . . ;

155 . 18 ' REAL BINV(1), WKAREA(24), D1INV /-1./

156 . .19 INTEGER NINV /127, IAINV /12/, IJOBNV /1/, ICMUL /12/
157. 20 INTEGER LMUL /12/, MMUL /12/, NMUL /12/, IAMUL /12/, 1BMUL /12/
158. 21 INTEGER LNL /78/, IANL /78/, NL /78/, 1C1(78), 1C2(78)
159 . 22 INTEGER NC(4,5,2,2,2) : )

amo nlikllQ}{*lil!}lli*!*#*.&*l*'!! * * % & ek ok kA ok ok ok ok ok ok ok ok ok ok
161. 23 . ,~qu9mn IERINV, IERCX, IERCY, IERCZIERADV, IERVSC, IERNLF
162 . C :
163. 24 - REAL . SX(5), SY(5), SZ(5) ‘- :

164. 25 REAL DET(5)

165. 2§ DIMENSION NTL(4) .

166. 27 DIMENSION XIN(5), YIN(5), ZIN(5)

167. 28 DIMENSION C(5,4), D(5,4), E(5.4) : L
168. 29 ' DIMENSION XNC(5,4), YNC(5,4), ZNC(S5,4) i )
"169. 30 DIMENSION NCOL(4,4) v -

170. . 31 INTEGER LC1(8), LC2(8)" ~

171, 32 " DATA LCt1 /1, 2, 3, 1, 1, 2/ -

172. 33 . DATA LC2 /4, 2, 3, 2, 3, 3/

173. 34 COMMON /1FxYZ/ IFX(3), I1FY(3), IFZ(3)

174 . 35 COMMON /XYZ/ XL(4), YL(4), ZL(4)

175, 36 COMMON /wWD12/ W(10,4), D1(4,3,4), D2(3,4)

176. 37 " COMMON /MNL/ QT(7,7,7), NL(4)

177. 38 COMMON /ANLS/ ANL(3,6.4,4), TNL(3;4,4)

178. c .

179. C USER - SUPPLIED PARAMETERS FOR DISCRETIZATION AND MEAN FLOW
180. C ARE READ FROM. CONTROL PARAMETER FILE'(LOG.UNIT 4) AND ECHOED
181. c -

182. 39 READ (4’/136000,LFMT) IMAX, JMAX, KMAX

183. 40 READ (4’ 138000,LFMT) "(XIN(I),I=1,1IMAX)

184. 41 ‘READ (47 139000,LFMT) (YIN(J),J=1,JUMAX)

185. t a2 ~ READ (4°140000,LFMT) (ZIN(K).K=1,KMAX) .

186. 43 - READ (4°143000.LFMT) IFX

187. 44 READ (4/144000,LFMT) IFY

188. 45 - READ (4°14S000,LFMT) IFZ

189. . 46 WRITE (6,20) (XIN(I),I=1,IMAX)

190. a7 WRITE (6,20) (YIN(J),J=1,JMAX) .

191, a8 WRITE (6,20) (ZIN(K),K=1,KMAX)

192. 49 WRITE (6,10) 'IFX .

193. 50 .WRITE (6,10) IFY . ) .

194 . 51 WRITE (6,10) IFZ : .
195, . 52 10 FORMAT (3(3x;11)) : : :

196 . 53 20 FORMAT (5(3X.f7.3)) R .

197 . . C . . . ¢ . )
198. . C DIMENSION OF ODE SYSTEM IS CALCULATED ;
199, T , .

200. 54 NCTCL = NCTMX(IMAX,JMAX, K KMAX)
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3

h -

201 . 55 | NCTC3 = NCTCk ™ * 3 ™
202. C .
203. c 3 : : )
204. T C LOOPS K ,I ,J FOR INCREMENTS IN Z ,Y ,X - DIRECTION
205 . ‘C WITH INITIALIZATIONS ’
206. _ c .
207. 56 1K = .FALSE.
208. 57 . - NCOUNT = O
209. © 58, . KCTCL = O
210. - . c : .
211, 59 . KMAXM1 = KMAX - 1
212, 60 DO 490 K = 1, KMAXMI -
213. 61 . LY = LK g
214. 62 . Z = ZIN(K) o ’
215 . 63 . 22 = ZIN(K + 1) )
216, C ) ,
217 . 64 JMAXM1 = JMAX -
218 . 65 DO 480 U.= t, JMAXMI
219. -66 - LI = tJ : ’
220. 67 Y = YIN(J)
221. " 68 YY = YIN(J + 1)
222 .- c -
223. 69 IMAXM{ = IMAX - 4 ) )
224 . 70 , . DO 470 I = 1, IMAXM1 - -
225. 71 X = XIN(I) : )
226. T 72 ; XX = XIN(I + 1)
227. B et e ity
228. C TETRAHEDRAL VERTEX COORDS. ARE COPIED INTD ARRAYS
229. € ¢ (x) .p (y) .E (2). - . )
230. - C CODRD.SUMS SX ,SY ,SZ AND DETERMINANTS DET ARE CALCULATED
231 . o e e it
232. C SWITCH FOR SKIP TO QPERATIONS FOR CONFIGURATON B :
233. c
234, 73 JF (L1)°GO TO 30 .
235. c . :
236. C--- CONFIGURATION A (BLOCK CORNERS t ,2 .4 ,7 SPLIT) ----
237. C
238. C tetrahedron no ta (0124)
239. C :
240. | 74 & c(1.1) = X )
241 75 : C{1,2) = X .
242, 76 c(1,3) = X -
243. 77 c(1,4) = XX
244, ’ c L
24% . 78 SX(1) = 3 * X + XX
246. . c
247. 79 D(1.1) = Y
248, mw D(1,2) =,Y¥
249. 8 D(1.3) =YY .
=Y.

250. 82 D(1,4)
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251. c . N :

252. 83 . SY(t) = 3 * ¥ + WY

2583. c - :
254 . 84 E(1.1) = 2

255, 85 SE(1,2) = 22

J56. . ' 86 E(1.3) =" 2

257. 87 E(1,4) = 2 : .

258 ., c . X -

259. 88 §2(1) = 3 * 2 +.22 .
260. . C . . ’ .
261, - 89 . DET(1) = -(X.- XX) * (YY - YY) * (ZZ - 2Z)
262. - C Lo - . ¢
263. . C TETRAHEDRCON NO 2A (1237) !

264, C . . i

265. 90 , c(2,1) = X ;

266 . 91 c(2,2) =X

267. . 92 . ‘€(2,3) = X

268. 93- . C(2.4) = XX

269 . . c e .

270. 94 $SX(2) =-3 * + XX e

271, c i ;
272. a5 D(2.1) =Y o

273. 96 : D(2,2) = YY -

274 . 97 D(2.3) = YY

275. " o8 0D(2,4) = YY . “
276. c . ’ e

277. 99 SY(2) = 3 * YY + Y

278. c )

279. 100 : E(2.1) = 22 °

- 280. 101 Dt E(2,2) = Z2 .~ ;

281. 102 . E(2,3) = 22 C .
282 . - 103 €E(2,4) = 22 co

28B3. C ‘

.284. * 104 sz(2) = 3 * 22 + Z

285 . (o . - :

286. 105 DET(2) = (X - XX) *= (Y - YY) * (Z - 2Z)
287. ’ .C .

288. C TETRAHEDRON.NOD 3A (1457)

289. c S .

290. 106 c(3.1) = X

291. 107 c(3,2) = xX 7
292. 108 C(3,3) = XX

293’ 109 c(3,4) = XX . .

294, < ¢ : !
295 . 110 SX(3) = 3 * XX + X ‘
296. c

297. 111 T p(3.1) = ¥ )
298. 112 . 0(3.2) = ¥

299. - 113 D(3.3) = Y

300. 114 D(3,4) = YY
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»

301.
302.
303.
304.
305 .
306
307.
308.
309.
310.
314
312.
313,
314,
315.
316.
317.
318.
319.
320
321.
322.
. 323
324.
'325.
326.
327.
328.
329.
330.
331.
'332.
333.
334
335.
336.
337.
338.
339.
340 .
341.
342.
343.
. 344,
345,
346.
347.
348
349,
350.

116,

147
118

19

120

121

122
123
124
125

126

127
128
129
130

131

132
133
134
135

136

137

138

138
140
141

142

143
144

145

146

C

000, 0 O

c o : .
SY(3) = 3 * Y + YY )
c K . i
E(3.1) = 22 f
E(3.2)-= Z .
E(3,3) = 2z
€(3,4) = 22 ,
o , ) N - . . .
SZ(3) =.3 * 27 + R .
c. . . o |
DET(3) = -(X = xXX) * (y - YY) * (Z .- ZZ)
C TETRAHEDRON NO. 4A (2467) ,
c R . :
c(4.1) = X
c(4,2) = XX "o
c(4.3) = xX :
Cc(4,4) = xx " )
C . i
SX(4) = 3 * XX +.X
c
D(4.1) = YY .
p(a,2) = v -
D(4,3) = VY
- D(4.4) =YY
c )
SY(4) = 3 = ¥Y + ¥
c R
E(4.1) = Z2°
E(4,2) = Z | .
£E(4,3) =.2° v
E(4,4) = 22 .
WNAQV = 3% 72+ 22 o
DET(4) = (X - XX) * (Y - YY) * (Z = 22)
TETRAHEDRON NO-BA (1247 INT)
C(5.1) = X -
c(5,2) = X
€(5.,3) = Xx : ’
. C(5.4) = XX
c . o
, SX(5) = 2 * (XX + X) A .
c .
D(S,1) = Y
0D(5.,2) = YY
 0(5.3) =¥
D(5.4) = YY
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- .

351 . : c . ‘ . .

'352. 147 SY(5) = 2 * (Y *+ ¥Y)
353. IR o T .
354, - 148 . E(5.1) = 22Z
355. 149 £€(5,2) = 2
356. 150 : €(5,3) = Z : < :
357. - 151 o E(5,4) = 22Z ) )
358. : c , . .
359. 152 =2 * (22 + 2) .
360. c ‘ - . o o .
361. 153 . PET(5) = =2 * (X - XX) * (Y - YY) * (Z - 22)
362. ’ c N . i . ’
363, C COORDS. OF NODES IN CONF.A ARE. CALCULATED
364 . co. N : - S
365. C TETRAHEDRON NO. 1A (0124)
366. - C . .
. .367. - 154 - : XNC(1,1) = CD(X,.XX)
368. 185 “XNC(1,2) = CD(X,XX)" .
369. 156 XNC(1,3) = CD(X,XX) . i .
370. 157 " XNC(1,4) =X L
ary. c e : '
372. 158 YNC(1, 1) = €D(Y,YY)
373. " 159 : YNC(1,2) = CO(Y,YY)’
374. - . 160 , YNC(1,3) = ¥ . L . o
375. 161 C CYNC(1,4) = CD(Y,YY) : SR ] -
376. - B o ; T
377. 162 -~ : ZNC(1,4) = €D(Z,22)
378. 163 Nznﬂa.ﬁw = 2 .
379. . 164, . . ZNC(1.,3) = cD(Z,2Z)" : .
380. 165 . ZNC(1,4) = C€D(Z,22) _ 4
381. c ¢ ” C e S .
382. 'C TETRAHEDRON NO. 2A (1237)° .
' 383. c- : A
384 .. 166 : XNC(2. 1) = CD(X,XX) o
385. 167 XNC(2,2) = CD(X.XX) .
386. 168 : XNC(2,3) = TD(X,XX)-
387. 169 : ~ XNC(2,4) = X _
388. - c _ : .
age. {10 - . . YNC(2.1) = YY )
390. T . - YNC(2,2) = CO(YY,Y) . -
391. 172 - YNC(2,3) = co(YY,Y) —
92. 173 YNC(2,4) '="CD(YY,Y)
3. c : S
4. - 174 <. -ZNC(2,1) =-CD(22.2)
395. 175 : " INC(2,2) = 2 C " .
396. 176, ZNC(2,3) ="¢cD(ZZ.Z) -
397! 177 . ZNC(2.4) = €D(2Z,2)
398. c ‘ . L ) ;
399. C TETRAHEDRON NO 3A (1457)
400. c ; : :



. R . e . . :
~ . . . ; . .

-401. ., 118 . CXNC(3, 1) = XX d ) :
402.; 179 - . : XNC(3,2) ="CD{XX,X) .

403. 180 XNC(3,3). = €D(XX,X)

404 . 181 : XNC{3,4) = CD(XX,X).

405. c . . I

406 . . 182 . YNC(3,1) = CD(Y, YY)

407. 183 : YNC(3,2) = CO(Y,YY) .

408. 184 - YNC(3,3) = ¢cD(Y,YY) - .

409. . 185, YNC(3,4) =Y N S SE
410. o c : . CL Sl s

41 186 . < ZNC(3,1) = €D(2Z,2)

412, _ 187 ZNC(3,2) = 22 T

413, 188 C ZNC(3.3) = cp(22,2) L. -

a1a. 189 P : ZNC(3.4) = €D(2Z,Z) e

415 Ccos T T e

416, . C TETRAHEDRON NO 4A (2467)

417, . S S : o _ -

418 - 190 . - “ CXNC(4,1) = XX ’ . S e

419, ta1 S UXNC(4,2) = CO(XX,X) o L

420. 192 - XNC(4,3) = CD(XX,X) R

a21. 193 . : - XNC(4,4) = CD(XX,X) - S T s
422, c. , ) S . - ’ :
423. 194 - : YNC(4.1) = CD(YY.,Y)

424, 195, . YNC(4,2) = YY :

425. 196 s YNC(4.3) = CD(YY.,Y)

426. . 197 ’ YNC(4,4) = cD(YY,Y)" :

427, _ c ) , ] o

428. 198 . ZNC(4.1) =ep(z.zZ) .

429. - 199 - . ZNC(a,2) = ¢cb(Z.22) o -

430. 200 - ZNC(4.3) = CD(Z2,22) - ;

431 ° 201" ZNC(4,4) = 2 .- - ’ ) :

432, . c B .

433 . . € ‘SKIP .OVER OPERATIONS FOR CONF .B 1 .
434. . c - C o g

435. 202 R -~ G0 TO 40 - o T :
436. . - -C ‘ SRR . ) R
437. c T ‘ . oy R
438 . . *C---"CONFIGURATION 8 (BLOCK CORNERS O .3 .,5 ,6 SPLIT) ----
439 . C . L To- ) ~f L
440. C TETRAHEDRON NO tB (0135)

.441. - c : R

442. . 203 30 c(1.1y = X

443. 204 - . .. Cl1,2) = x ,

444 . 205 . c(1.,3) = X' -

445, 206 ; c(1,4) = XX

446, ‘¢ - v .

447 . 207 : . : SX(1) = 3 -* X + XX
- 448, . C : - , . 5 .~

449, . " 208 ‘ . o(t1.e) =Y

=Y

450. 209 : D(1,2)
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!

tn

C-

c

M.OmﬂAav =

D(1,3)
D(1.4)

HH
<<
<

B
SY.(1) = 3 * Y + XY

zz
22
Zz

)
-
v
.

[FUPTY

HWN -

A
"

(
(
(
(

Mmmmm

n

S2(1). =3 * 22 +'2

C TETRAHEDRON NO 28 (0236) .

C

C

a0on . o0

(o]

0

c

451 . 210
452 21¢
453 .

454, 212
455 . '

; 456, 213
457 . 214
458 215
459 . 216

. 460 .
461 . 217
462. .
463, 218
464, -

465 . \\\\w1:
466 . .
467 . L2190
468 . 220
469. 221
470. 222
471.

472. 223
473. :
474 . 224
475, 225
476, 226
477. 227
478.

479. 228
480.

481. 229

Lumw. 230
483. - 231,
484 . 232
485 .

. 486 233 .
lag87. :
488. 234
489, .
-490. o
491. :

492, 235
493 236 .
494, 237
495. . 238
496 . :
497. 239"
498. .
499, - 240
S00. - 241

Cc

. D(2.1)

.

c(2,1)
c(2,2)
c(2.3).
c(2,4) .

nonon
X X x X
L3

SX(2) = 3 ¢ X +XXT -

=Y
0(2,2) = vy
D(2,3) .= YY
D(2,4) =YY

$2(2) =3 * z + 22

DET(2) = =(X - XX). *-(Y = YY) *:(2Z - 2)

TETRAHEDRON NO 3B (0456)

c(3,1) = X :
c(3,2) = %X :
Cc(3.3) = XX
€(3.,4) = XX~

TSX(d) = 3 * XX + X

D(3.1)"
D(3,2)

non
< =<

<

(X - XX) * (YY - ) * (2 - 22)
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~<

501 . . 242 D(3,3) ,

502. 243 T D(3,4) =YY :

503 c T . -
. 504. 244 . , 'SY(3) = 3 * Y + YY

505 DU o o

506 . . 245 . E(3,1) = 2

507 . 246 E(3,2)°= 2° !
508. 24T ’ © E(3,3) = 22 -

509. ° 248 E(3,4) = 2 °
510. . . C : : ‘ -
511, 249 S2(3) = 3 *:Z2 + 22

512, C, ST - . :
513.. 250 . . DET(3) = (X - XX) * (Y -.YY) * (22 - 2Z)
514, - C . ; .
515. C TETRAHEDRON NO 4B (3567) 7

516 . , c ; ' i i

S47. 251 . c(4a,1) = x° . ° i

.518. 252 S C(4,2) = XX - J .
519. 253 . c(4,3) = xx :

520. 254 . C(4.4) = xXx . : TR

521. . o , : o

522 . 25% X(4) = 3 * XX + X

523. _c an o
524 256 - D(4,1) =YY

525. 257 - g D(4,2) = Y

526 . 258 o D(4,3) = YY

527. 259 Dt4.,4) = YY .
528 o oo . v )
529. 260 - . SY(4) = 3 -* YY + ¥
. 530. c o -

531. oo28% . E(4,1) = 2Z

muu.r(\\\nmuu . cE(4.2) = 22

533. 263 : E(4.3) = Z

534 . 264 _ E(4,4) = 227

mum © n i i - B

536.. 265 . Sz(4) = 3 * 27 + Z -

537. - C , : , .

538 . 266 . T DET(4) = (X - XX) * (Y - YY) * (Z - 22)
539. . c : o . . o
540. C TETRAHEDRON NO 5B (0356 INT) '

541 . c - _ : . .

542. 267 o c(5,1) = X )

543. 268 " C(5,2) = X . '
544. . 269 €(5,3) = XX :

545. 270 c(5,4) = XX

546. v B . ,

547. 271 . . ' SX(5) = 2.* (X + XX) .
548. c o S .

549 . D272 . D(S,1) =Y

550. 273" . . D(5.2) = vy



551 . 274 - . D(5,3) = Y

552. 275 ‘D(5,4) = YY

553 . .. C . . ] : <
s54. 276 . : SY(5) = 2 * (Y. + YY)

555 . c o

556 . 277 : T E(5,1)= Z

557. 278 ~ E(5.,2) = 22 . .

558. 279" E(5,3) = 2Z ) :
559 . 280 E(5.4) = Z o B

560. - c : .

561. - 281 o T SZ(B) = 2 * (Z + -22)

562. N, C . v . ,
563. 282 . DET(S) = -2 * (X - XX) * (Y - YY) * €2Z - Z)
564 . c ’ _ . ’ .
565 . C COORDINATES OF NODES IN CONFIGURATION B

566 . - C : ' . o o B .
567. - C TETRAHEDRON NO B (0135) «

568 . v C o ) .

569. 283 . XNC(1,1). = CD(X,%XX) .

570. 284 o ~ XNC(1,2) = €D(X,XX)

571 285 XNC(1,3) = .CO(X,XX) i . - SR
572. 286 XNC(1,4) :=-Xx L o v
573. c ) . )

574. " 287 i ~ ¥YNC({1,1) =.cD(Y.YY)

575. 288 " YNC(1,2) =°'CD(Y,YY)

576. - 289 YNC(1,3) =Y

577. - 290 YNC(1,4) = CO(Y.YY)

578. - c - . .

579. 291 - ’ ZNC(1,1) =22 .

580. 292 © ZNC(1,2) = €CD(ZZ.Z) - )

sg1. 293 - ZINC(+,38) = C€D(2Z,2) IR

582 . 294 - ZNCU1,4) = €CD(22,2) .

583. . . C . . . o .
584 . C TETRAHEORON NO 2B (0236) ' . : . : -
585 .. C ; . : ' .

586 295 _+ XNC(2.1) = CD(X,XX)

587. 296 -~ XNC(2,2) = CD(X,XX) .-

588. 297 . XNC(2,3) = CD(X,xX) .

589. - 298 XNC(2,4) = X . L .

590. ..o C : o , : .
' 591. < 299 YNC(2,1) = YY - . S :

592. 300 YNC(2,2) = cD{(YY,Y) .

593. 301 CYNC(2,3) = CD(YY,Y)

594 . 302 - YNC(2,4) .= CD(YY,Y)

595. ol ) . -

596. 303 . ZNC(2,1) = €D(Z.22) ’

597. 304 . INC(2,2) .= CD{(Z.Z2)

598 . 305 . ZNC(2.,3) = Z

mom. mom . Mzonu.ayuncAN.NNV
600. c S .



601 oL c ﬂmqm>:monoz NO 3B (0456) .
602. 1 C . . R
603. 307 @ xza.m ~V = xx .. : e LY T
604. 308 % XNC(3,2) = CcD(xXx,X) R R
605. 309 1 o XNC(3,3) = cD(xx.X) =~ T e i
606 . . 310 Nop, XNC(3,4) =.CD(XX,X) *
. 607. - - : o B I e o . C ’
. 608. 311 . YNC(3,1) = CD(Y,YY) A R
609 . <R -2 YNC(3,2) = CcD(Y,YY) "~ ST o
610. 313 C YNC(3,3) = CD(Y.YY) . Lo :
.8V 34 , © U ¥YNC(3.4) = ¥ S L
612. DA o o, . . . B i C
613. 315 T UZNE(3,1) = cD(Z,22)
614. .~ 316 e . ZINC(3,2) =.CD(Z,22) S S
615. 317 - ZNC(3,3) =2 - : R
616. . 318 : : NzoAu 4). =.cD(Z. NNV . L :
617. o . C R ) . °
618. ... C TETRAHEDRON NO' 48 Aummqv : [ S ;
619. - = c A . o o e
620. 319 . - xZoAa ) = xX w T o :
621. 320. * XNC(4,2) = CD(XX,X)
622. 321 . : TTXNC(4.3) = CD(XX;X) .
623. 322 XNC(4,4) = CD(XX,X) R
624. . c . - ; .
625. - 323 7 . YNC(4,1) = CD{(YY,Y)
626. . 324 YNC(4.,2) "= VY A : . , i
627. . . 325 . YNC(4,3) =-TD(YY.Y) T -
628. ; 326 o YNC(4.,4) = CD(YY,Y) . - oL
629. c S . o o . e
630. 271 - o © INC(4,1) = €D(Z2Z,2). - ce .
631. ‘328 - ZNC(4,2) = €CD(2Z,2) S s
632 ° 329 © ZNC(4,3) = 22 . S :
633. 3z - » ZNC(4,4) = CD(22.2) . : . . .
634 . A o . Co L < -
635 . 331 40 CONT INUE o . h RS
"636. B O e L R el SR et )
637. c - T oo IR - : o -
638 . .C T > LOOP ITERATES THRQUGH THE FIVE qman»ﬂmmnDZmyvmn BLOCK
639. ~ Cc’ ) : i ‘ N s S L
640. . 332 - DD 460 T = 1, 5 . L S
641. C )
642. C CORRECT VERTEX COOROS. ARE >mmmm2mo TO THE .CURRENT - qm«npzmenozc
643. C BY COPYING C .D E INYO qu «mzv >nn><m XL <ru.Nr
644 . o : , . ¥
645. . 333 ) 0O 50 Jt = *. 4. :
646 . 334 S XL{J1) = C(T, 1) Lo :
647, © 335 : YL(U1) = D(T,ut) .. . o 7
648. 336 ZL(J1) = E(T,d1) - S .
649. 337 . 50 CONTINUE | L B S
650. v o] , : Coa - B 4



R
651. - : o;, ......... Pt - - R
652. : o - , ) . - R
653" : C ALL mczz>zcm FOR THE MATRIX mrmszqm ARE CALCULATED BY . ST ;
654. . ¢ QMETI1 AND STORED IN QT BY THEIR POWERS L1 ,L2 .,13. e s s
655. .. .C THE OFFSET OF “ONE azocnmo BY K1..K2 ,K3 MzorCOmm POWERS oﬂ Nmno L
656. . .. C- ) : o . R RN
657. . .-338 . ~ .'bo 60 K1 = 1, 7 ... el . .,hv“u: RN
. .58, - 339 . . ~DO6O K2 =1, 7. . ST ST
659. 340 O . .DO.6D K3 = 1,7 : S : -
.660. 341 S T ur K s : . ) o R
66'1. 342 : S L2 = K2 - -1 o : e .
662. . 343 - : _ L3 = K3 - 1" ’ N
663. 344 , T S CIF (Lto+ L2 L3 .GT. 6) G0 TO 60 - -
© 664. 345 - . QT(K3,.K2, x.v = Qqun_Aru L2,t1) * >mmacm4Aquv
-"665. = 346 60 OQZqHsz . _ 5
c . - : S "
Anllll|l. lllll . e e e i e et .4,
. c . g B
“C LIN. 10*10 m«mamz FOR. THE nomnmuoumZAm oF THE FINITE mrm;qum
. C IS SET upP BY monqn AND. SOLVED BY z»qnz< (cALLED mx‘mon«~.
. C .
347 : . CALL monqnﬁmqug m<A4v sz(T))
n||. |||||||||||||||| .|‘.|I.|||v4l ||||| S ——————— -——— i b i - = “l' ~
P Lo
-~ ¢ INITIALIZATION oF mz~qo:mm FOR ZOOmnoczq .pOOCZqV ‘AND .,.,....,. S
. C NODE nozmuz>4~oz COUNTY (JCOUNT) . - S R R
pt _ o . - T
348 - TCOUNT. = 1 - S s L .
349 - o JCOUNT =1 LT ,
C------- FIRST TETRAHEDRAL NODE.LOOP L{ @ ~--=--smc--—==-p==io
c ; _ . , 4 _ C : ‘
350." : ’ . DD 450 Lt = 1,.4 - - B LT e s e
C---mmm—sr - R T T B e e Lt .
C. . S . . S L T .
o C mq»qmsz4m TO SKIP zocmm._z THE. mcnm>nm.vr»zmm OF THE DOMAIN,
- ¢
. C SWITCH mcz v>mm~zm 1O man m4>4m1m24 SET. FOR OQZw 8-
C : L e
351 . : I (L1) GO TO 70 . ——
o . . .
‘C SKIP STATEMENT wmq mon CONF. A
_ c . _ o
352 IF (LY .EQ. 4 .AND. T .EQ. V'
C ‘ . GO TO 450 T
353 o . IF (L1 .EQ. .u‘.>zo.,< LEQ.. 1
. . " GO TO. 450 o




701. Lo T 450

702. = 355 v ’ © T 1F (LY .EQ. 4 .AND. T .EQ. 2 .AND. L EQL M)
703" 3 < 4 40+ . - 'GDTO 450 e R :

704, 3% ‘TF (L1 .EQ. .4 7AND. T:.€£0. 3 .AND. J .EQ. 1).

jos. - . ¢ 1. . 7 GD TO_ 450:- - - ot n el vE N
706, - . 357 ..+ = UIF (L1 ,EQ. 4 AND: T .EQ. 47 .AND. K “EQ. 1)
707 R | ’ . GD ' TO 450 - e . ) : &

708 asg =~ © ] IF (Ut [EQ. 1..AND. T .EQ-: n..)zo..g..mow.czyngv -
709: 1 : : GO TO 450 o T T
710, 359 . . IF (L1 SEQ. 2 .AND. T EQ.~2 .AND: K. _.EQ. KMAXM1) .
BAAE o S "GO TO 450 . T, LTI T
712 380 . IF (L1 -EQ. 1 .AND. T .EQ. 3 . AND..I " EQ. IMAXM1)
7143 St 1 ., /-.G0 ®0.450 . . . . L S B
714. 361 ‘ -7 UfF (L1 EQ. 2 °.AND. Tv.EQ.-3 .AND. K EQ.' KMAXM1)
745, L. oA : GO .TO 450 - . T
716, 362 IF (Lt .EQ. 1-.AND. T ER. 4 .AND. T .EQ. IMAXM{). '
nr. R . e T e 450 T e
718 . 363, . . “IF (L1 .EQ. 2 :AND. T .EQ. 4 .AND. J .EQ JMAXM 19
719 oot . GO TO 450 ‘ Lt -
720. . - 364 - I GO 10 80 s T T

724, - SR o . Lo AL S R -
722. . - ., C SKIP STATEMENT SET FOR:CONF. B : ~'. " Lo o T
724 : 365 70 © ©IF (kY .EQ. 3 _AND. T EQ. 1 .AND, J .EQ. 1) S
725. I DR , GO . 10:4%0 ° Sl S =
726. - 366 S EF (LY .EQ. 4 AND. T .EQ.- Y. LAND. I-.EQ.. 1)} -

727. s . L ‘.-, GO TO 450 Cee s _
. T28. 367 . .. 1F (Li .EQ: 3 .AND. T .EQ: 2 LAND. K _EOQ. 1) 7. s

729. 7 : 1 5 ‘GO TO .450 - L ] T S
.. 730. 368 " Ty IF (Lt .EQ. .4 .AND. T .EQ. 2 AND: 1 .EQ.: 1)~

731. : By 1 > ..'GD YO .450 ' .. S, o

732. 369, . o XF (LY cEQ3oAND. TUEQ. 30LAND. K . Q. 1) .,

733. : C { % .60 TO°450 : o . T IR J

734. . 3700 -+ - " IF (L1 .EQ.. 4..AND, T .EQ. .3 .AND. J .EQ. 1)
735.° Lo N L . GD'TO 450, - T AR : :
736. - 37V L . 0 U IFL(LA LEQ. -1 LANDL T LEQ. 17 AND. K-
737. - S 13 B .G0. TO 450 . ' . A K
738 .7 372 S C IF (LY .EQ. 1. AND."T .EQ. 2 .AND. J .EQ. UMAXM1)
739. . o , . GO TO 450 . . e St
740. .. 373 o 1F. (Lt _€Q. 1 “AND- T .EQ.- 3 ..AND. 1 .EQ. IMAXM1)
747, . | -, . .GO TO 450. B T Ly
742, . . 374 - "IF (L1 EQ. 1,.AND. T .EQ. 4 -AND. 1 .EQ. IMAXM1) .
743. S a4 .. GO TQ 450 T o S e
744.-  -'37% - CIF (L1 .EQ. 2 .AND.T ,EQ. 4 .AND. U .EQ. JMAXMY})
745. - o R : - GD .TO 450 o E RS ol
746. .- 376 ; _— < TF.(LY°UEQ. 3 _AND. T :EQ.-47 .AND. K. .EQ. KMAXM{)- -
747 N T = v GQ TO 450 B T .
748. - et : S N S S TR

749. T Cmmmmmmmm e g nu.w|||||||u||.4:|4||.w|ro{.l.,..-..|r\4'|||||w|...|nw.|.t||r._
750. S - " , a R

JEQ.- KMAXMA).
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751. © <€ TEMP. STORAGES FOR NONLIN? MATRIX ELEMENTS TNL - . ANL ARE CLEARED
752. c - , . S SRR > N
753. - 377. 80 - DD 80 U3 = 1, 4 o A o
~754. - 7378 . , DO 80 U2 ¥ ¢, 4 - . - : s
785 . 379 : . POSO IR = 4,3 o w o
756. . 380 : C s TNL(IR,U2:43) = 0.7 - : HRC
757. 381 . _ . DOS0-16°= 1, 6 .. . o . R
758. 382 . .90 .. - ANL(IR,16,J2,43) = O. ) :
759 . . C.. : e o . o o -
780 C--~----=~ SECOND TETRAHEDRAL NODE LOOP L2 : =-==----sr-=-=---
761, el (o] . : L T - , C .
762. DD 340 L2 = 1, 4
_163. I :
“764. Cmmmemmmmm e TSt s oo oo B
765. c . - L T RS L -
- 766.  C STATEMENTS ‘TO SKIP NODES IN THE SURFACE PLANES.OF THE DOMAIN :
767. - . C I . : S L - A
768. . C SWITCH FOR PASSING TO SKIP STATEMENT. SET FOR CONF. B :’
769. R o - Sl S
770. 384 ~ - IF(LI) GO TO 100™.
771, N o . ST ) .
772. C SKIP STATEMENT SET.FOR CONF. A : . ~. .
773, T C. . S L,
774 . 385 ... 1IF (L2 .EQ. 4 .AND. T . EQ. { .AND. I .EQ. 1)
775. - 1 : : ‘GO T0340 . : / S
776. 386 , IF (L2-.EQ. 3 .AND. T .EQ. . .AND. J .EQ. 1Y)
777. . A , GO TQ 340 A o e
778. 387 - : . IF (L2 .JEQ. 2 .AND. T .EQ. 1 .AND. K .EQ. 1)
779. . 1 GO TO :340 - T . )
780. - 388 . © IF (L2 .EQ. 4 .AND.-T°.EQ, 2 .AND. 1 .EQ. 1)
781. : 1 o GO .TO 2340 -~ - . - e SR
782. 389 IF (L2 . EQ.. 4 .AND. T .EQ. 3-.AND. J .EQ. 1)
783" . 1 GO TO 340 . T o .
784. 390 o . IF (L2 .EQ. 4 .AND.: T .EQ. 4 .AND. K. .EQ. 1)
785. . : 1 ’ . GO 10 340 ERT ’ . “
786 . - 391 . . IF (L2 .EQ. t .AND. T .EQ. 2 :AND. J .EQ. UMAXM1)
787. - . : GO TO 340 ' o : coT
788. - 392 . S o IF (L2 LEQ. 2 lANDL T LEQ. 2 .AND. K (EQ. KMAXM1).
789.° 1 . . GO TO 340:. ! . T AR o
790. . 393 o : - mw (L2 .EQ. 1 .AND. T .EQ. 3 .AND. T .EQ. IMAXMI)
791, . - B GO TO 340 T , : Lo
792. 3ga - : IF (L2 .EQ. 2 .AND. T -EQ. - 3 "AND. K .EQ. KMAXM1{)
793. o R Gao 7O 340 - - e R
794. - 395 e IF (L2 .EQ. 1 AND. T .EQ. 4 .AND. 1 :EQ. IMAXM1).
795. ’ 1 K GO TO 340 : L : s
796. 396 . . 1F (L2 .EQ. 2. .AND. T . EQ. 4 .AND. U .EQ. -JUMAXM1) -
797. S 1 -7 GO TO.340 - e S T e
798. - 397 . GO TO 440 , ..,kw_ LT i
799. - C . S T S T T
800. . € SKIP STATEMENT SET FOR CONF, B : ! IR ik .
T .
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801 C

802 . 398 100 IF (L2 .EQ.-3 .AND. T .EQ. 1 .AND. J .EQ. t)

803. 1 . GO TO 340 . )

804 . 399 IF (L2 EQ. 4 _AND. T .EQ. { .AND. I .EQ. 1)

805 . 1 GR_JLD 340 * .

806 . . 400 IF (L2 .EQ. 3 AND. T .EQ. 2 .AND. K .EQ. 1)

BO7 . 1 GO TO 340 . :

808. 401t . IF (L2 .EQ. 4 .AND. T .EQ. 2 .AND. I .EQ" 1)

809 . 1 . G0 TO 340 ,

810. 402 IF (L2 .EQ. 3 .AND. T .EQ. 3 .AND. K .EQ. 1)

811, 1 GO TO 340 ’

812. 403 FF (L2 .EQ. 4 _AND. T .EQ. 3 .AND. J .EQ. 1)

813. ’ 1 GO TO 340 :

814 . 404 IF (L2 .EQ. 1 .AND. T .EQ. 1 .AND..K .EQ. KMAXM1)
815 1 . GO TO 340

816. 40% IF (L2 .EQ. 1 .AND. T .EQ. 2 .AND. J .EQ. JMAXM1)
817. 1 GO TO 340 .
818. 406 IF (L2 .EQ. 1 .AND. T .EQ. 3 .AND. I .EQ. IMAXM1{)
819. 1 GO T® 340 .

820. T 407 . IF (L2EQs.1 AND. T .EQ. 4 .AND. I .EQ. IMAXM1)
821. 1 GO TO &40 .

822. 408 IF (L2 .EQ. 2 .AND. T .EQ. 4 _AND. J .EQ. JMAXM1)
823. ‘ 1 GO TO 340

824. - 409 ‘ “IF (L2 .EQ. 3 .AND. T .EQ. 4 .AND. K .EQ. KMAXM1)
825. 1 GO TO 340 .

826 . o : . -

B27. R by --
828. c

829. C--------- THIRD TETRAHEDRAL NODE LOOP L3 : --------------- ———
830. C . .

831, 410 110 : DO 330 L3 = 1, 4 ‘

832 ." c - )

833. Crmmmmmmmmmm e e e

834. c N

835 . C STATEMENTS TO SKIP NODES IN THE SURFACE PLANES OF THE DOMAIN :

" B36. C

837 . C SWITCH FOR PASSING TO SKIP STATEMENT SET FOR CONF: B

838. C .

839. 411 IF (L1) GO TO 120

840. c . .

841, . C SKIP STATEMENT SET FOR CONF. A

842 . C ) .
843. 412 - IF (L3 .EQ. 4 _AND. T .EQ. 1 .AND. I .EQ. 1)
gaa. - 1 GO TO. 320

845. 413 i “IF (L3 .EQ. 3 .AND. T .EQ. 1 .AND. J .EQ. 1)
846 . . 1 GO TO 320

847. 414 : IF (L3 .EQ. 2 .AND. T .EQ. 1 .AND. K .EO. 1)
848 . 1 ., GD TO 320.

849 . 415 ) IF (L3 .EQ. 4 _AND. T .EQ. 2 .AND. I .EQ. 1)

850. 1 GO TO 320



851 .
852 .
853.
854 .
B55.
856 .
857.
858 .
859.
860.
861.
862 .
863.
864 .
865 .
866..
BG7.
868 .
869 .
870.
871.
872.
B73.
874.
875.
876.
877.
878.
879.
880.
881,
882 .
883.
884 .
885.
‘886 .
887.
888.
889 .
890..
891.
892 .
893.
894 .
895
896.
897.
898.
899.
900.

420

421

422

423

424

425

426

427

428

429

430
431
432
433
434
435

436

C
C SKIP
C
120
1

If

1F

IF

IF

IF

IF

IF

1F

GO

.EQ. 4

STATEMENT SET FOR CONF. B

IF

1F

IF

IF

IF

IF

IF

1F

IF

IF

IF

IF

(L3 .AND..
GO TO 320

(L3 _EQ. 4 .AND..
Go 16 320

(L3 .EQ. 1 .AND.
GO TO 320

(L3 .EQ: 2 .AND.
GO TO 320 '
(L3 .EQ. 1 .AND.
Go To 320

(L3 .EQ. 2 .AND.
GO TO 320

(L3 .EQ. 1 .AND.
GO TO 320

(L3 .EQ. 2 .AND.
GO TO 320

TO 130

(L3 -.EQ. 3 .AND.
GO TO 320- .

(L3 .EQ. 4 .AND,
GO TO 320

(L3 .EQ. 3 .AND.
GO -TO 320

(L3 .EQ. 4 .AND.
GO TO 320

(L3 .EQ. 3 .AND.
GO TO. 320

(L3 .EQ. 4 .AND.
GO TO 320

(L3 .EQ. 1 .AND.
GO TO 320

(L3 .EQ. 1 .AND.
GO TO 320

(L3 .EQ. 1 .AND.
GO TO 320

(L3 .EQ. 1 .AND.
GO TO 320 ,

(L3 .EQ. "2 .AND.
GO TO 320.

(L3 .EQ: 3 .AND.
GO TO 320

EQ, 3
.mmA 4
CEQ. 2
Eq. 2
€EQ. 3
“mo. 3
EQ. 4
EQ. 4
EQ. 1
EQ. 1
EQ. 2
EQ. 2
EQ. 3
EQ. 3,
EQ.
EQ. 2
EQ. 3
£Q. 4
EQ.r 4
€EQ. 4

AND . J
AND. K
AND. U
>zch K
AND I
AND. K
AND. T°
AND. J
_AND- J
AND. 1
AND. K
LAND . X
LAND. K
LAND . J
.DZO..X
LAND. U
AND . T
.DZDw 1
LAND . J
LAND . K

C CDUNTSKIP FOR ITERATIONS PAST THE FIRST ONE WITHIN
C THE THREE TETRAHEDRAL NODE LOOPS L1

C

Y

L2

L3

EQ.

+EQ.

JEQ. 1)

LEQ. +) -
LEQ. UMAXM1) -
.EQ. xz>xz_m.
JEQ. IMAXM1)

JEQ.. KMAXM1)

IMAXM1)

EQ.

EQ. JMAXM1) =
.EQ. 1)

EQ. 1) |

.mm. 1)

(EQ. 1)

CEQ. 1) R

LEQ. . 1) .

. K-} cos

JEQ. KMaxm1) /

e

.EQ. JUMAXM1)
LEQ. IMAXM1)

.EQ. IMAXM{1)

JMAXM1)

KMAXM1)



901. 437 . 130 IF (ICOUNT .EQ. O) GO TO 300

902 . c

.903. R e e it e
904 . c ’ - .

905 . C COUNTSKIP SETS FOR PREVIOUSLY COUNTED NODES

906 . C - :

307 . C SWITCH FOR COUNSKIP SET Of .CONF. 8 : ‘ o 2
908 . c : . .

209. 438 : IF-(L1) GO TO 140 : .

910. c : o

911, C COUNTSKIP SET OF CONF. A

912 . c . . )

913, 439 - .° . ) IfF (J .GE. 2 .AND. T .EQ. 1 .AND. L3 .EQ. 2)
914. <1 GO 10O 170 o

915. 440 ) IF (J .GE. 2 .AND. T .EQ. {1 .AND. L3 .EQ. 3)
916. 1 . GO TO 18O -
917. 441 IF (I .GE. 2 .AND. T .EQ. 1 .AND. L3 .EQ. 4)
gi8. R GO TO 190 T ] /
919 . 442 ’ . IF (I .GE. 2 .AND. T .EQ. 2 .AND. L3 .EQ. 4)
920. | t ) GO TO 200

921. 443 ’ " IF (J .GE. 2 .AND. T .EQ. 3 .AND. L3 .EQ. 4)
922. 1. GO TO 210 : oo
923, 444 , IF (K .GE. 2 .AND. T .EQ. 4 .AND. L3 .EQ. 4)
924 . 1 GO TO 220-

925, 445 ' . GO TO 150 o

926. c : i

927. C COUNTSKIP SET OF CONF. B ’

928 . C . :
929. 446 140 IF (U .GE. 2 .AND. T _EQ. 1 .AND. L3 .EQ. 3)
930. . 1 GO TO 230 ) . : . :
931. 447 IF (I _GE. 2 .AND. T .EQ. t .AND. L3 .EQ. 4)
932. 1 . Go TO 240 T . .
933. 448 . IP- (K .GE. 2 .AND. T .EQ. 2 .AND. L3 - EQ. 3)
934, e 1 . GO TO 250 : . o
935.- 449 IF (I .GE.-2 .AND. 7 .EQ. 2 .AND. L3 .£Q. 4)
936. T : GO TO 260 : . ) .

937. 450 “IF (K .GE. 2 .AND. T .EQ. 3 .AND. L3 _.EQ."3)
938. 1 GO TO 270 . : .

939. 454 - IfF (J .GE. 2 _AND. T .EQ. 3 .AND..L3 ,.EQ."4)
940. “ 1 . GO .TO 280 - )
941. c : . ) : : .
942. : O e oo oo mm s mmeee- Sttt it
943. c : . : . . : C
944 . C COUNTSKIP FOR INTERIOR (I.E. 5TH) TETRAHEDRON PER BLOCK : '
945 . c . . : -

946 . 452 150 IF (T .EQ. S5) GO TO.290° _ . .~

947 . C . : . .

948 . C NODECOUNT AND AND TS STORAGE IN NC FOR LATER IDENTIFICATION .
949 . C BY VERTEX (L3) ,TETRAHEDRON (T) AND X ,Y ,Z-INCREMENTS (1,J,K)
950 . C AND' IN NL BY VERTEX .(L3) o :

b



322
22

as51.
952 :
953"
354 .
955 .
956 .
a57 .
958 .
959.
3960.
961 .
862.
963
.964.
969.
966 .
967 .
968.
. 969.
970.
871.
g972.
a973.
974"
975.
976.
Q77T.
978.
979 .
980.
981.
982,
983.
984 .
985 .
286.
987 .
988.
989.
990.
S9t.
992
993.
994 .,
, 995,
$ 996 .
997.
988.
999.
000.

456

’

457

458
459

460
461

NCOUNT = NCOUNT + 1

NC(L3,T,1,U.K)

NL(L3) = NCOUNT

_C COUNT NUMBERS ON THE INTERIOR NODES

C

C SWITCH F

o000, O

OR CONF. B

1F (L1) GO TO 160

STATEMENT SET FOR CONF-. A~

IF (T .EQ.
IF (T .EQ.
1F-(T .EQ.
IF (T .EQ.
GO TO 300

. C . U
C STATEMENT wﬂq,ﬂbw CONF. B -
0 - 3 : . ’ "

462"
463
464

468
469
470
471
472
473

160 IF (7 .EQ.
IF (T .EQ.
IF (T .EQ.
IF (T .EQ.
GO 'TO 300
c
o = DI .
“C NODAL COORDS. AND THEIR COUNTNO.
C
o
0 IIIIIIIIIIIIIIIIIII e ot o —— ——— - ——
C

WRITE “(14) XNG(T.L3). YNC(T.L3), -ZNC(T.L3),

“nw's

- N W

-

.AND .

C ENDPOINTS OF COUNTSKIPS FOR PREV.

COUNTED - NODES.. -

=. NCOUNT

PER BLOCK ARE TEMPO-

L3
_AND. L3
LAND . L3
_AND. L3
4

_AND. L3
CAND. L3
AND. L3
AND

.

NN S

3) NTL(1)

3) NTL(2)-

2

)
)
)
)

ARE WRITTEN INTO

. 3) NTL(3)
. 1) NTL(4).

NTL(1)
NTL(2)
NTL(3)
NTL(4)

P

i

u

C RARILY STORED IN NTL TO BE ASSIGNED LATER TO THE 5TH TET.

ER

NCOUNT
NCOUNT
NCOUNT
NCOUNT

NCOUNT
*NCOUNT
NCOUNT
. NCOUNT

.

C_ THE NODES ARE REASSIGNED THEIR PREV. COUNTNO. - BY USING NC
C AND COPYING THEM INTO NL.

C

C

170

180

190

C ENDPOINT SET

.

OR CONF. A :*

NL(L3) = NC(1.1,IJ,K = 1)

GO 10 300

NL(L3) = NC(1,2,1.J - 1.,K)

GO TO 300

NL(L3) = Zna_.m.n,nzg.L.JV

GO TO 300"

Y

-

-

~

LOGUNIT t4

NL(L3)



NC(1.4.1 - 1.J.K)

001 . 474 200 NL(L3) =

002 . 475 GO TO 300 o .

003. 476 210 NL(L3) = NC(2,4,1,4 - 1,K)

004 . 4717 GO TO 300

005 478 220 NL(L3) = NC{(3,4,1,J,K - 1)

006 . . 479 . GO TO 300 :
007. c . o

008. . C ENDPOINT SET FOR CONF. B

009. c ‘ ‘ : :

010. 480 230 NL(L3) ="NC(1.2,1,J - 1.K) >
ot1. 481 GO TG 300

012. . 482 240 NL(L3) = NC(1.3,1 - 1,J,K)

013. ‘483 GO TO 300 . ) o

014, 484 250 R NL{L3) = NC(2,2,1,J,K - 1)

015. 485 ) "GO TO 300 . :

016. 486 260 NL(L3) = NC(%1,4,1 - 1,J,K)

017 487 GO TO 300,

018. 488 270 NL(L3) = NC(2,3,1,J,K - 1)

019. 489 GO. TO- 300 . .

020. 480 - 280 . ONL(L3) .=-NC(2,4,1,J - 1,K)

021. 491 . GO TO 300

022. c - : o

023. Commmmmmmmrmmm—m et e — e P e i —m e ———
024 . o , . T R
025. C ENDPOINT ‘FOR COUNTSKIP ON STH TETRAHEDRON.-

026. .C COUNTNOS. ARE ASSIGNED TO THE STH TETRAHEDRON BY COPYING
027. C THEM FROM NTL TO .NL : . oo

078. . C. ; B ’ ’

029. 492 290 . NL(E3) =-NTL(L3)

030. c B ’ .

031. 493 300 . - CONT INUE . : -
032. C - N e -,

033. Commmmmmmmmm s m o m il m e m oo e e — e mm -
034. c - : . . , : - _ fo @ .

035. C QMTRXN CALCULATES NONLIN. MATRIX'ELEMENTS FOR EACH TRIPLE
036. C COMBINATION L1,L2.L3 OF NODES IN THE INTERIOR OF THE DOMAIN
037. c . - . . T :

038. 494 : CALL QMTRXN(L1, L2, L3) °

039. c - E :

040. Cemomemmmmmmemmm e e e e oo oo ooo———-soooooo-oosoms
041. N o] N . , . . .
042 . “ ¢ COUNT-AND STORAGE OF NODAL PAIR COMBINATIIONS. PER TETRAHEDRON. .
043 C COUNTSKIP FOR ITERATIONS PAST ONE IN THE. TETRATEDRAL LOOPS
044. C AND DOUBLE COUNT OF NODAL COMBINATIONS. ‘

- 045. c : .
046 . 495 . . . .IF (JCOUNT- .EQ. O .OR. NL(L2) .GE. NL(L3))
047. 1 : . GO TO 310 . E
048, - 496 - KCTCL = KCTCL + 1 .

049. 497 NCOL(L3,L2). = KCTCL ’ o

050 .- 498 310

-y .

CONT INUE



051.
052.
053.
054 .
055
056 .
057 .
058 .
059 .
060.
061.
062.
063.
064.
065 .
066.
067.

499
500

501

068 .

069.
070.
o71.
072.
073.
074.
075.
076.
o77-.
078
079.
080.

503

504

.081.

082..
083.
o84 .
085. -
086 . - 505
087.-

089.
090.
091.
092.
093 .-
094.
095 .

‘506

507

qu
098 .
099.
100.

508

C

C

¢ .

C LINEAR MATRIX ELEMENTS ARE o>rnCr>4mO -3 OZADX»
Cc

C

502

000

509 -

- ONLLY = Zrnr‘v

,QMTRXB
ACCORDING TO NODAL COMBINATION L1,L2
320 IF (L3 -EQ. 4) CALL QMTRXA(NCTC3, L1, L2, AADV)
, "IF (L3 .EQ. 4) CALL OMTRXB(NCTC3, L1, L2, ALHS,
1 ’ ACY, ACZ, AVSC) ° o

c , e o
D e e it b et
n : .
Cmmmmmmmmm= NODAL LOOP L3 ENDS : “==-==mm—==—m-oiommom oo R
c

330 nOZqHZCm :
,o M
Commmmm=m- NODAL- COUNT IS SWITCHED OFF ; ---—=---==---=c-"-------
c

~occz~ <o

c
O ||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||
c - .
o  NODAL LOOP L2 ENDS : ~--==--=-==---=so--—cooooo—--so
C C ’

340 CONT INUE
c . . : . .
Commmmm—- NODAL COMBINATION-.COUNT IS SWITCHED OFF : -----------
C , - - . Co

JCOUNT =, 0

C .
Cammmmmmmn i el
C :
¢ COPY ANL INTO LEFT PART OF ANLF. WITH PROPER ROW (NNR) AND .
C COLUMN (NNC) NOS. RS
c . . S

LC-LOOP quanmm qInOCOI COLUMNS OF 3*6 FL. mvbnm SUBDECOM -

C
C
n.vOmndwozw STORED IN ANL
C

.00 350-LC =1, 6

[eNeXe]

CALCULATE- -CORRECT COLUMN NO. NNC FOR ANLF

- NNC = NCAC(NLL1,LC)

o

CALCULATE INDEX lnn><m ICt
NCAR(NLL1.LC1(LC))
NCAR(NLL1,LC2(LC)) .

ICA(NNC) =
1C2(NNC)

,IC2 AS FUNCTIONS OF NNC

ACX,



2]
(8]

105.
106 *
107.
108,
109 .
110.
111,
112,
113,
114 .
115,
116.
117
118.
119,
120.
121,
122,
123.
124 .
125.
126.

-127.

128.
129.
1

13 ™
132.
133.
134.
135.
136.
137 .
138.°
139.:.
140.
141
142 .
143 .
144 .
145.
146 .
147.
148.
149
150.

510

511

512

-513

514
515

516

517

518

519

-520
521"

522

523

524

525

[eXeXKe) o000 0000

[2XeNel

PONOO0D 00000

ooo

S B ‘GO TO 440 . S

rn(roovnﬂmanmwﬂImOCDInctmOﬂu*mﬂr.mvbom mCmUmOOI
POSITIONS STORED IN ANL ' [

.

v

DO- 350 LR = 1, 3 " A e

. IF (LR + LC .EQ. 7) GO TO 350 . .
: IF (LR .NE. LC .AND. LC .LE. 3) GO T0-350

CALCULATE CORRECT-ROW NO. NNR FOR ANLF
NNR = NCAR(NLL t}LR)
: S i
COPY ELEMENT- FROM ANL INTC ANLF * et

_AFN = ANL{LR,LC.L1.L1) , ,
ANLF (NNC,NNR) = AFN + ANLF(NNC,NNR) «

350 CONT INUE
NODAL LOOP L2 IS REPEATED AS LL2
DO 440 LL2 = 1.4 LT
, o R -
STATEMENTS -TO SKIP NODES IN THE SURFACE PLANES OF THE DOMAIN :
_SWITCH FOR PASSING TO SKIP STATEMENT SET FOR CONF. B
IF (LI) GO TO 360 .
SKIP STATEMENT SET FOR CONF. A
, IF (LLZ .EQ. 4 .AND. T .EQ. 1" .AND. I .EQ.
R - GO TO 440 > A
Tw .. IF (LL2 .EO. 3 .AND. T .EQ. 1 .AND. J |EQ.
e GO TO 440 - 3 S
S IF (UL2 .EQ. 2 .AND. Y .EQ. 1 .AND. K .EQ.
| . GO TO 440 C . R
.o IF (LL2-.EQ. 4  .AND. T .EQ. 2 .AND. I _EQ.
1 . . . GD TOD 440, . S ) :
o IF_(LL2 .EQ. 4 .AND: T .EQ. 3 .AND. U .EQ.
1 ) GO _TO 440 ' : y
IF (LL2 .EQ. 4 .AND. T .EQ. 4 .AND. K

EQ.

e IF (LL2 .EQ. 1 .AND. T .EQ. 2 .AND. J .EQ.

SELECT CORRECT ROW (LR) AND COLUMN (LC) INDICES WITHIN ANL,:

1)
1)
1)
1)
1)
1)

JMAXM 1)



151, : 1 . GO TO 440. . " . -
152, 526 . If (LL2-.EQ. 2 .AND. T .EQ. 2 .AND. K .EQ. KMAXM1)
153. ‘ 1 R GO 10 440 , N .
154, « 527 [ 1F (LL2 EQ. t .AND. T .EQ. 3 .AND. 1 .EQ. IMAXMY)
185. 1 .~ GO TO 440 . o - o
156 . . 528 IF (LL2 -EQ. 2 _AND. T .EQ. 3 .AND. K .EQ. KMAXM1) : ’
157 - 1 -.G0 TO 440 - : U . o -
158 529 IF (LL2 .EQ. 1 .AND. T .EQ. 4 .AND I .EQ. IMAXM1)
159. . 1 GO TO 440 - R ]
160. ‘830 . - IF (LL2 .€EQ. 2 .AND. T .EQ. 4 .AND. J .EQ. JUMAXMI)
161. _ 1 GO TO 440 . c Lol )
162. 531 _ - - GO TO 370
163 . T C ) S
164. ; C SKIP STATEMENT SET FOR CONF. B .
165. . c . _ . o .
166. 532 360 IF (LL2 .EQ. 3 .AND. T “EQ. % _AND. U .EQ. 1)
167. 1 GO TO 44Q T o Co ’ .
168 . 533 . ' IF (LL2 .EQ. 4 “AND. T  .EQ. 1 _AND. I .EQ. 1)
169. 1 © GO TO ‘440 . R A .
S170. 534 S IF (LL2 .EQ. 3 .AND, T -.EQ. 2 .AND. K .EQ. 1)
171. 1 . GO 7O 440 .~ . N .
172. 535 _ IF (LL2 .EQ. 4 .AND. T .EQ.-2 .AND. I (EQ. 1)
173. . : 1 . - ¢ GO TD 440 ° . . T
174. 536 _ IF (LL2 .EQ. 3 .AND. T .EQ. 3 -AND.. K :EQ. 1)
175. 1 : " GO JO 440 e . s ‘ o
176. 537 . o IF (LL2 .EQ. 4 .AND. T .EQ. 3 .AND: J .EQ:. 1) -
177. - 1 . GO TO 440 o ] . - I
178 538 B IF (LL2 .EQ. 1 .AND.. T .EQ. 1 .AND. K, .EQ. KMAXM1)
179. : 1 GO TO 440 - . ) . - s o :
180. 539 . IF (LL2 .EQ..1 .AND. T _EQ. 2 .AND. J .EQ. JMAXM{t) ~- 7 .
181. S . GO TO 440 - ; o o O
182. © 540 . . IF (LL2 .EQ. 1 AND.-T .EQ. 3 :AND. I .EQ. IMAXM{)
183 .. . 1 : ' GO TO 440 . o : :
184. 541 , "IF (LL2 .EQ. ¥ .AND. T .EQ. 4 _AND. I .EQ. IMAXM1)
185 . 1 GO TO 440 o C o o
186 542 . IF (LL2 .EQ. 2 .AND. T .EQ. 4 .AND. J .EQ.. UMAXM1)
487. - R : GO 7O 440 . - R s
188. 543 . . - IF (LL2 .EQ. 3 .AND. T..EQ. 4 .AND. K .EQ. KMAXM1) -
189. . o v GO TD 440 S o
190. c , : ; . : L -
191 . n||1||||||||l|||||||..|.t..1.....||||.||||||||0,..|||l||||.!4 |||||||||||| F-
192.° c . . S v N S - Lo
193. C NODAL LOOP L3 IS REPEATED AS LL3-: - ) R S
194 .- c . e . o - - . ,
195. 544 370 DO 430 LL3 = 1, 4 ¢ - . .
196. .C o . o S e Y
197. - Crrmommmmm e e s — e — e e m S e ———— e~ - e oo 2 S
198. c Lo —— y . Lo T
199. © C.STATEMENTS TO SKIP NODES IN THE SURFACE PLANES On‘«rm.ooz>&z :

200. - c



- b oA oA LD s ek b ke ok A h b s etk b b b b b bk h b ek b b a h ah b leh A e A o o s A = A

201.
202.
203.
204 .
205.
206.
207.
208"
209.
210.
211.
212.
213:
214.
215.
216.
217.
218 .
219.

220

224
222.
223.
224 .
225,
226.
227.
228.
229.
230.
231.
©232.
233.
234.
-235.
236.

237

238
239.
240.
241,
242
243,
244
245
246 .
247.
248.
249.
250.

545

546

- 547

548

549 -

550

551

552

553

554

555

556

557

558

559

560

561

562

563

.mﬁa

565

566

C SWITCH FOR

C

c -

C SKIP STATEME

Cc

C. .

C. SKIP

c -
380

-

.GO YO 430

IF (LL3 .EQ.
- GO TO 430
_IF (LL3 .EQ.
GO TO -430

IF (LL3 .EQ.
GO 70 430

IF (LL3 .EQ.
. GO TO 430
IF (LL3 .EQ.
GO TO.-430

IF (LL3 . EQ.
GO TO 430
1F.(LL3 .EQ.
GO TO 430

IF (LL3 .EQ.
GO TQ 430

IF. (LL3 .EQ.
GO TO 430

IF (LL3 .EQ.
GO TO 430

IF (LL3 .EQ.
: GO TO 430
‘GO TO 390

N

0y

IF (LI) GO TO 380

IF (LL3 .EQ..

IF (LL3
GO TO
IF (LL3

Go, TO

CIF (LL3

IF (LL3 .
GO TO

GO 'TO

CIF (LL3

GO TO

IF (LL3

GO TO .

JIF .(LL3

.

‘GO TO
IF.(LL3
GO . TO

NT - SET FOR CONF. A

STATEMENT SET FOR-CONF. B

4

2

CAND .
_AND.
.AND.
AND.
.AND ..
:AND.
.AND.
_AND.
- AND .
.AND.
.AND.

AND .

AND.
AND .
AND .
_AND.

" LAND.
AND.
. AND.

CAND .

T

T

T

‘—‘,

LEQ..

CEQ.
LEQ.
.EQ.
.WO.

.EQ.

_EQ.
Q.
EQ.
EQ.
_EQ.

.EQ.

EQ.
EQ.
LEQ.
LEQ.
(EQ.
EQ.
.EQ.

EQ:

.AND .

PASSING TO SKIP STATEMENT SET FOR CONF. B8

.AND.
.»zo_
.AND.
.AND.
AND .
AND..
.AND.
AND.

.AND .

. AND .

.AND.

.AND.

.AND.

-AND .

.AND .

L AND'.

.AND".

.AND.

LAND .’

MmOu
- EQ.
JEQ!
LEQ-
“EQ
L EQ.
LEQ.
,.mo_
.EQ.
EQ.
.EQ.

.EQ.

.EQ.
IEQ.
.EOQ.
‘ea.
EQ.
EQ.
£a.

LEQ.

R

1

qv. )

1)
ﬂvw

1)

JMAXM 1)

KMAXM1)

IMAXM)

KMAXM1) .

IMAXM1) -

UMAXM1)

1)

)

1)

1)

_r_

1)
xz»x}fv
Lz»lev

LT s



251.
252 .
253.
254.
255.
256.
257.

258

259.
260
26 1.
262.
263.
264 .
265 .
266 .
267,
268 .
269.
270.
271
272.
273.
274.
275.
276.
277.
278.
279.
280.
281,
282.
283.
284 .
285 .
286.
287
288.
289.
290.

291

292.
293.
294.
295.
296.
297.
298.
299.
300.

567

5638

569 .

. 870"

571

‘572,

573
574

575

576
577

578

ohn'onnnnhnnn

OO0

00600 000 A0000N 0000

(o Ne!

: - FF (LL3 .EQ. 1 .AND. T .EQ. 3 .AND. 1 .EQ. IMAXM{)
1 ) GO TO 430 .

LI O LF (LL3 EQ. 1 .AND. T _EQ. 4 .AND I “EQ. TMAXM1)
1 o " GO TO 430 . , . .
. ) JIF (LL3 .EQ. 2. .AND. T .EQ., 4 .AND. J .EQ. JMAXM{)
N L. . © GO TO 430 .o . ’ ) e
- CIF (LL3 .EQ."3 .AND. T .EQ. 4 .AND: K _EQ. KMAXM{)
T ) GO. TO 430 : :

ZOODF PAIR COMBINATIONS (1. m MUTUAL INTERACTIONS) ARE
REDETERMINED. ‘THEIR COUNTNOS. ARE PICKED FROM NCOL AND
USED TO GACTULATE COLUMN NOS. "(NCC) IN THE RIGHT PART OF
ANLF (BEYOND COL.NO. = NCTCL*6). 'INDEX ARRAYS ICT ,IC2

ARE' CALCULATED AS Al FUNCTION OF NCC AND § ELEMENTS Om TNL

. ARE COPIED INTO THE. RIGHT PART OF ANLF >OOOBO~ZO TO THEIR «
vnovmn ROW (NRR) AND COLUMN. (NCC) NOS.

. oo K a—

SK1P ~0m24~n»r (1.E. mmrnHqun>nq~02mv >zc nmnm>4Hzo NODML .

. PAIR COMBINATIONS ": ) '

"
380 : , IF (NL(LL2) .GE. NL(LL3)) GO TO 430

INITIALIZE COLUMN COUNT (LC23) FOR 3*9 FL.SPACE SUBDECOMPO’ . ) .
SITIONS . -

. Lc23 = 0 . X

roovm LCC2 AND rOOu ITERATE ﬂInQCOI THE  THREE OOZvOZmzqm : Lo
IN THE FL.SPACE SUBDECOMPOSITION OF THE TWO FACTORS IN

"THE PRODUCT VECTOR OF UNKNOWN VELOCITIES (70 BE MULTIPLIED . :
WITH qu NONLIN. MATRIX) : - . . : . . RN

DO 420 LCC2 = t, 3
b Ooa,OrOOuwd.u

INCREMENT COLUMN COUNT LC23

. LC23 = LC23 + 1

CALCULATE COLUMN NO. NCC FOR NONLIN.MATRIX ANLF AND ASS.. N
WITH PROPER ENTRIES OF INDEX ARRAYS ICY ,IC2 FOR -PRODUCT . o
VECTOR OF UNKNOWN Kmrcnuﬂumm : . . o - e

NCC = ZZ#OAZOOFAPPQ LL2),LC23) + NCTCL * 6 R
IC1(NCC) = NCAR(NL(LL2), rnnmv A
e nnMAzOOV " NCAR(NL(LL3),LCC3) '

LR-LOOP uqmanmm THROUGH DOtw OF . 3*9 FL.SPACE SUBDECOMPO



9

3

B

301,
302 .-
303.
304.
. 305.
- 306
-307.
308.
309.
310.
S311,
312,
313.
314
315 .
316.
317,
318.
319.
320.
321,
"322.
323.
324.
325.
326.
327,
328.
329.
330.
331,
332.
333.
334.
335.
336.
337.
338.
339.
340.
341,
342.
343.
344 .
345,
346.
347.
348.
349.
350. .

579

580,
581

582

‘583

1

584
585
586
587

588

589

590

591

‘592

. 593

594

_C SITIONS :

c - o .

..mva.... w  DQ 40D LR = éﬂ‘u‘. o LT
m SELECT .CORRECT ROW NO. WITHIN.3+9 mcmomoozmowquoz
< \.. | o (LR .NE. LCC2) GO 40.»@0a. ‘
.m n>rncr>ﬂm ROW NO. Znn won zo2r~z MATRIX ANLF ;. o
‘- T 'NRR Zn»nAer. ‘LR).
m SELECT vnommx mrmzmz« FROM qu ACCORDING TO LCC3 : -
@M,.v.. - S APN = 42raroom L3, 1L2) Aw .

C -IF- THE noszZqum LCC2 ‘ARD LCC3 -OF THE | <mron~q< w:mcmnozvo

C SITIONS ARE IDENTICAL ,ADD:FROM TNL THE ELEMENT "SYMMETRIC "IN

C LL2 ,LLI (IN THIS CASE <mronH4Hmm ~z PRODUCT VECTOR COMMUTE)

c . L . . : 2
- | S : 1F Aroow mo ﬁOOuV AEN = AFN 4 42rArnnu rrn
1 : ’ . L LL3X

. N . -

c HOn:u<. ELEMENT .mZ._.O.ZOZ_rHZ. quwmx. ANLF "

c . : e
,»zrmAZOo Znnv = APN + ANLF(NCC,NRR)
400 - CONT INUE - . S ) :
419 C - ‘oozﬂ_2cm T .
420 © . . "< CONTINUE ' =
430 . « CONTINUE: e B
440 ¢ .. CONTINUE . T -
[0} ’ . oo v : ’ N 5
O et ey U e P .
..0. . : ‘ g . . i Coa . R * .
o-r-‘-rr-.zoo>r LOOP. r_ mzom B R L e CE
c o e . -
450. - oozq~ZCm . P .
C------ .~== END OF TETRAHEDRAL LOOP T ': ------- e mmm el
o} P S T L T A s
460" - . .  CONTINUE . ,.mw R
c . S . , Ty : .
n llllll T - - - Irl.l.ll|||||l|||||‘||||c.ll|‘| |||||||||||||||||||
c

C END-OF - roonm I ,J iK FOR X .Y ;Z - INCREMENTATION - - R
C WITH LOG. w<~qn1mm LI ,LJ ,LK FOR ALTERNATION OF CONF. A ,B" -
¢ . ; B ,

T NOT. LI o
470 , -CONTINUE. : .

e ‘LY = .NOT. LU



as1. 595 ° ° 480 - CONTINUE - S - R -

352 .. 596 ‘ LK = .NOT. LK : . : -

353, 597 490 CONTINUE - - o . . : e

354. . C S C S , “

355. T s ettt il R e
- 356. c

357. C. COLUMN NO. of ZQZer MATRYX AND NODE zom OF " THE r>mq

358 . . C TETRAHEDRON ARE PRINTED OUT FOR CHECK. :

'359. C INDEX ARRAYS IC1. ,IC2 ARE WRITTEN ON rom.czmqm 7 .mJ :
360. . C e o .

361 . 598 . WRITE (6.500) NcC, (NL(1). 1=1.4) S o

362. 599 . SO0 FORMAT (.MAX.COL-# ', 14, 3X, ~z>x.zoOm-xu.. 4(2x,13)) ¢

363" B - g L S g
364, - . 600 ~  WRITE (7) 1Ct’ : : e H S .
365 . 601 o WRITE (8) IC2 - R - oo T
367 ‘ Commmmmm s e m - B e e e Tt o mpmmmmm e

‘368 c .

369 ¢ MATRIX ALHS ON LHS OF m<mqmz 15 INVERTED: BY rnz<um o

370 c OC4vca IS WRITTEN INTO LOG.UNIT 8 . e B .
3714 C. ) . : .
372. . 602 . CALL r~z<umA>r:m BINV, _Hgomz<. NINV, IAINV;.DY1INV, D2INV, WKAREA,
373. : 1 " IERINV) .. . . o oo :
374. 603 . WRITE (6,590) nmnuz< T , . . ) “

37s5. 604 "IF (LERINV .NE. ©O) STOP ao S : T
376. . 605 DO 510 IR = .1, NCTC3 s . , .

377. 606 510 WRITE Amv (ALHS(IC.IR), Ha-, Znanuv .

378+ ., . C

379 Cr-mmmmmmmm e el T e E T PR R ~—--

aaso c :

381 C INVERTED r:m “MATRIX (IN ARRAY "ALHS zozv 1s. zer_vr“mc WITH

382 C ALL MATRICES ON THE RMS.OF THE SYSTEM BY VMULFF. - ° _
as3 C OUTPUT IS WRITTEN INTO LOG. UNITS 10 (LIN.) AND’ 12 AZOZruzvq.. R
384 c e _
385. 607 <" CALL <;crmmﬂ>nx CALHS, LMUL, MMUL. NMUL, ~>=cr IBMUL., . AMUL,
386. s 4 - ICMUL , . TERCX) - v EE e T

387 L -~ Yo : .o

zn_qum moov Hmnox ‘. \
IF (IERCX .NE. 0) ,STOP’ Yo
0520 IR = 1, NCTC3

qu A,ov A>zCrA_n Hmu 1€=1,NCTC3)

m«.,>r1m r;cr :zcr NMUL 4
).

»

;m;mnv.gou. NeTCay IR

398. g - o e
399. 617 WEXUL VMULFF(ACZ, ALHS, r;Cr MMUL , : NMUL ;. TAMUL .. IBMUL, AMUL, -
400. 1 1CcMUL , mnONv . . . . R



tn -

tn

S ¢ e N
401. 618 - WRITE (6,620) IERCZ - - = . :°° B L L
402, 619 IF (1ERCZ .NE. 0) STOP. 33 R o : o
403. 620 DO 540 IR =1, NCTCJ- ‘ B
404 . 621" mao snnqm (10) A>zcrﬁHn gnv I1C=1, anowv ; .m .
405 : c : e : .
406. - 622 -  CALL <zCrmmA><mn >r:m.vrzCr..zzCr. NMUL, TAMUL, IBMUL, AMUL,: "
407. S i . ICMUL ; IERVSC) S T v v =
408. 623 . WRITE Am.mwov 1ERVSC . . L SO T s :
409 624 © _IF (IERVSC Zm O) SYOP 44 - - T E AR
410, 625 . DO 550 IR =1, NCTC3 o . T P
411, ~626 550 <n~4m Aaow A>zcrA~n IR) ,IC=1 Zanmw B S
412, - c : : R EETI
413" 1627 Do 570 czCr =1, 3 S S S AT -
414. . 628 v DO 570 IMUL = 9,3 - . A R Vo : :
415, .. e2® * CALL VMULFF(AADV(1,1,IMUL,JUMUL), ALHS, LMUL, MMUL, NMUL, . N
416, : ~ 1 © TAMUL, IBMUL, AMUL, ICMUL, IERADV) -~ - .\, e S ot
417. 630 * "WRITE am.mmov IERADV, IMUL, JMUL - - . e e, : 3
418. 631 : . IF (IERADV .NE. OQ.mqov 99 . L e LT
419, 632 DO 560 IR = t, NCTC3. . L AR o
420. 633 560 WRITE (10) A>zCrA~n an IC= 1 204nuv : S
421, 634 570 CONTINUE . . . :
422 ) (o} . . - o SCO L T ; S
423, 635 . CALL VMULFF(ANLF, ALHS, 'LNL., MMUL, ‘NMUL: .TANL, -1BMUL, ANLMUL, ="' . =~
424, T ICNL, IERNLF) - . ) IRy S - S
425. 636 WRITE (6,640) IERNLF S e T L
426" . 637 IF (IERNLF .NE. O) STOP" mm : . e .
427. . 638 DO 580 IR = 1, NCTC3 = = .- IR T S .
428 . . 639 580 WRITE (12) (ANLMUL(IC. IR) . 1c- 1. Ncc) . : T e e
429. e . : - . R e
430. - . 640 590 FORMAT (“IERINV=', 2X, 13) . . . S Lo
431. 641 600 FORMAT (“IERCX =', 2X, I3) - "~ - . , e
432. 642 610 FORMAT (“IERCY.=',.2X, I13) e
433, . 643 620 FORMAT ('IERCZ =¢, 2X, 13) R I e RS
434 644 630 FORMAT (‘IERVSC=', 2X, 13) L o o Lo
435. , 645 ~ 640 FORMAT (‘IERNLF=', 2X, 13) : B S ;
436. 646 ° 650 FORMAT (“IERADV=", 2X, 13, 2Xx, I1, 1X, I1) T .
437. = c ‘ A R ‘ e ,
.438. " 647 STOP N e
439 © CDs" -DEBUG mcmoxx o - - ST R o
440. - 648 # . END IR o , B S



OO0

o FNEARST
ooo» ndooonnooononoopoo

leXzXs K2}

“‘mcmnoc*HZm mon+nﬁmxh

mCZOAAOZ bmmmzmrm AND:
THE COEFFICIE
WITH EACH ONE. oF
AND DETERMINE “TH

_O».O m<mam1m mon L
NTS OF THE ﬂmZHAm mrmzmzqw ASS.
THE FOUR NODES QF A 4m4n>ImoncZ
£ ‘COEFFS. 'OF 4Im~z ﬂmnMA DZO.

menOZO v>n4~>r Omnn<>4~<mw

SUBROUT INES USED:

SYMBOLS USED:

XL
SX

qumz< Aanmoan Z>4n~x ~Z<mnmuozv

MATRIX OF KZO(Z an <>rCmm
coPY OF A - USED. FOR TECH. 4n>2mmmwm S
LHS VECTIOR - BEFORE nZ<mnmmOZ OF AIm m<mqm2
COEFFICIENTS - AFTER uz<mnMuOZ
_COEFFICIENTS OF FIRST Omnw<>4u<m :

" COEFFICIENTS OF SECOND Omn~<>4n<m
"TETRAHEDRAL <mw4mx OoonOm s

VERTEX. Oconc mczw

Hon oo

L

REAL A(10, ,ov. B(10, ,ov

COMMON  /XYZ/ XL(4),
© comMoN 7wD12/ W(10.4);

:nnn>< > Hm CLEARED FROM ﬂmm< 4m4n>ImUnQZ

Do 10 ao

Oaaa 3. AV..OMAQ av

Do 101

10 A(IR,IC).

ELEMENTS: OF A WHICH REMAIN THE 'SAME mOn >rr mocn Zocmm
ARE DETERMINED

DO 20 It

" pll

ALY,
A(11,2)
.A(11,3)
A(I1,4)
A(I1,5)
A(CI1,6)
-A(11,7)
#(11,8)
CA(11.9)

TA(LY,

20 CONTINUE -

A(5.2)

A(6,3)
A(7.4)

WM_hn

o

L)



Y

1 Xp]
tr
(28]

1 491 23 A(B,2) = 1. / 6

1 492. 24 A(9.3) = 1. / &6 -

1 493. 25 . A(10,4) = 1. / 6

1 494 26 A(8.,5) = SX / 12 -

1 495. 27 . A€(9.,6) = SY / 12

1 496. 28 A(10,7) = S2 / 12

1 497. 29 A(8,8) = SY / 24

1 498. 30 A(9,9) = SZ / 24

{1 499. - 319 A(10,10) = SX / 24

1 500. 32 A(9,8) = SXx / 24

1 501. 33 A(10,9) = SY / 24

t 502. - 34 A(8,10) = SZ / 24

1 503. c .

1 504. C ELEMENTS OF A AND W VARYING BETWEEN THE FOUR NODES
1 505. C ARE ASSEMBLED - L ITERATES THROUGH ALL FOUR NODES
{1 506. c ) ,
{ 507. 3s posoL =1, 4 .

1 508. C .

1 509. 36 DO 30 12 = 1, 10

1 510. 37 30 W(I2.L) = 0.

1 511, 38 w(L,L) = 1.

1 512. C

1 513 39 A(5,5) = 2 * (Sx - XL(L)) / 3

1 514. 40 : A(6,6) = 2 = (SY - YL(L)) / 3

1 515, a1 , A(7,7) = 2 * (S2 - z2L(L)) / 3

1 516. c

4 517. ® 42 A(5.8) = (SY - YL(L)) / 3

1 518. 43 A(6.8) = (SX - XL(L)) / 3

{1 519, 44 A(6,9) = (SZ - ZL(L)) / 3

1:520. 45 A(7.9) = (SY - yYt(L)) / 3

1 521. 46 A(5,10) = (SZ - 2L(L)) / 3

1 522. 47 . A(7.10) = (Sx - xt(L)) / 3

1 523 ° c

1 524, C.COPY A INTO B o

{ 525, c . .

1 526. - 48 ’ DO 40 LC = 1, 10

1 527 49 - DO 40 LR = 1, 10

1 528. 50 40 B(LR,LC) = A(LR,LC)

1 529. c .

1 530. C MATINV INVERTS B ,MULTIPLIES WITH W AND STORES
1 531. C OUTPUT VECTOR IN W (OPERATONS FOR NODE NO. L)
1 532, c CooE

{ 533. 51 1ERR = MATINV(B,wW(1,L), 10, 10)

1 534. 52 IF (IERR .NE. O) STOP 77

1 535. c .

1 536, C COEFFS. .OF THE DERIVATIVES ARE DETERMINED

1 537. C ’

1 538. 53 D1(1.1.,L) = w(2,L)

1 839. 54 D1(1,2,L) = w(3,L)

1 540. 55 D1(1,3,L) =

w(4,L) i’

)
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541.
542.
543.
544 .
545.
546
547 .
548 .
549 .

550.
551.
552.

553.
554 .
’555.
556 .

'557.

558.
S559.
560.
561.
562.

> 5B
57

58’

- 58
60

61

62
63
64

65
66
67
68

69

70

Cc

C

cos’

-

D1(2.1

D1(3,1

Vr
D1(2.2.
01(2.3,

)
L)
L)

L)

01(3,2,t)
,D1(3,3,L)

D1(4.1

L)

D1(4.2.%)
D1(4,3.L)

D2(1,L)
D2(2.L)
D2(3.L)

50 CONTINUE
RETURN

END

u

DEBUG SUBCHK

2 * w(5.L)
w(8,L)"
w(10.1)

-wWés L)
2 * W(é.L)

w(5.L)

w(10,L)
w(g.L)
2 * W(7,0L)

w(s.L)
W(6.L)
W(7.L) -

LR R
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[kl
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563 .
564 .
565 .
566 .
567 .
568 .
569 .
570.
571.
572 .
573 .
574

575 .
576 .
577.
578
8579 .
580.
581 .
582.
583 .
584 .
585 |
586

S87.
588,
589 .

590 -

S91.
592.
593.
594 .
595.
596 .
597 .
598 .
599 .
600.
-601.
602.
603 .
604 .
605 .
606 .
607 .
608.
609.
610.
611.
612.

NeKel

OOOOOOOO00(')QOGOOOOOOOOOOOOOOOOOOOOO

O0O00

O

FUNCTION MATINV(DA, DB, M, N)-

vC1U0mmu,mo_C»*03 of N simultaneous equations in N unknowns

given by the matrix equation A * x = B

where A is a N by N matrix and X & B are N-element vectors

The solution (vector x) is returned in vector B (over-

.

writting the input) and the inverse of matrix A is returned

in A, again overwritting the input matrix.

Function Arguments:

DA = input M by M real array containing
of which only N rows by N columns
returned N by N values contain the
input array -- array A**(-1)
DB = inppyt N real vector containing RHS

LHS of equation
are used
inverse of the

of equation

= ret d values contain the solution (array %)

M -= number of rows that matrix DA is DIMENSIONED
Must be <= 100. Must be ‘given correctliy other--

wise the result will be incorrect
number of equations (or unknowns).

"

N

Function returns status of solutt
(o} = all ok ©
T
-1

solution is mﬁjmcdm%

3

.1

Must be <= M

_error in M or N, not’ in range 1-100

Method: uses Gaussiarn’ pivotingiQn rows to move the largest

element onto the diagond! elemewnt,

Routine can be converted to Double Precision by un-commenting

the CCs in cols t & 2 (& commenting In the
or lines if necessary)

IMPLICIT REAL*8 (D)
IMPLICIT LOGICAL*4(L).

Run-time Qﬁamjm*OJ*%O for ‘dummy’ arguments

the array DA and .vector «DB.
DIMENSION DA(M,M}: DB(N)

DIMENSION INDEX(100.2), L({00)

following line |

AN

EQUIVALENCE (DSWAP,DPIVOT), (IROW,JROW),»{ICOL,JCOL)

w



613.
614.
615 .
616.
617 .
618 .
619.
620 .

621

622 .
623 .
624 .
625.
626.
627 .
628 .
629.
630.
631.
632.
633.
634 .
635.
636 :
637 .
638 .
639.
*640.
641 .
642 .
643 .
644 .
645 .
646 .
647 .
648 .
649 .
650 .
651 .
652.
653.
654 .

655

657 .
658 .
659 .
660.
661.
662 .

nonsz.mo.o.Omovoszu
LSING = .TRUE. .
DO 30 11 = 1, N

1IF (L(II)) GO TO 30

DO 20 JJ = 1, N

IF (L(JU)) GO TO 20

cc DX = DABS( DA(II,Ju) )

. DX = ABS(DA(II,Jy))

IF (DMAX .GT. DX) GO TO 20

IROW = II
*IcoL = JJ
DMAX = DX
; LSING = .FALSE.
20 CONTINUE

30  CONTINUE

(o} B
C Check {f M and N is valid, in range 1-100. !!
O -
MATINV = 1
IF (M .LE. O .OR. M .GT. 100 .OR.. N .LE. O .OR.
1 GO TO 120 )
MATINV = -1
(o}
Cc Inftialization
(o ) : 4
po 101 = 1, N
L(I) = .FALSE.
. 10 CONTINUE
(o}
CcC DMAX = 1.1D-60
DMAX = 1. 1E-60
C
DO 80 I = 1, N . : .
c ’ search for the largest pivot element.
cC DMAX = 1.0D-15 * DMAX
cc 1F{( DMAX .EQ. ©.0DO ) DMAX = 1.1D-60 \
DMAX = 1.0E-7 * DMAX
1.1E-60

C Is matrix singular ?? I1f so, MATINV s -1t.

IF (LSING) GO TO 120
. t(I1coL) = .TRUE.

INDEX(I.1) = IROW

INDEX(I,2) = ICOL

iIF (IROW .EQ. ICOL) GO TO S50
C Interchange: rows to put pivot on diagonal

DO 40 JJ = 1, N
DSWAP = DA(IROW,JJ)
DA(IROW,JJ) = DA{ICOL,JJ)
DA(ICOL,.JJ) = DSWAP
40 CONT INUE
DSWAP = DB(IROW)

N .GT.

100)
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663.
664 .
665.
666 .
667.
668.
669 .
670.
671.
672.
673.
674.
675.
676.
677.
678 .
679.
680.
681.
682.
683.
684 .
685.
686,
687 .
688 .
689.
690.
691.
692 .
693.
694 .
6965 .
696.
697.
698 .
699 .
700.
701.

69

70
71

n

pivot row by pivot element
-DA(ICOL,ICOL)
DA(ICOL, ICOL)

wZ

"DA(ICOL,JJ) DA(ICOL,JJ) / DPIVOT
pe(icoL) / OPIVOT

Reduce non-pivot rows

DO 80 II =
LEQ. ICOL) GO TO 80
DA(II.,ICOL)
DA(11,ICOL)

DA(CIT,JJ) = DA(II,JJU) - DA(ICOL.JJ) * DTEMP
DB(II) - DB(ICOL) * DTEMP
90 CONTINUE

Interchange columns to get inverse matrix

IF (INDEX(IN,1) .EQ. mZDmxAHZ.MvV GO TO 1{11t0O
INDEX(IN, 1)
INDEX(IN,2)

DA(I,JROW) .

DA(I,JROW) = DA(I,UCOL)

DA(I.uJcOL)

110 CONTINUE

120 RETURN



702.
703.
704.
705.
706.
707.
708.
709.
740.
719,

712,
713,
714,
715.
716.
717.
718.
719.
720.
721,
722.
723.
724,
725.
126 .
727.
728.
729.
730.
731.
732.
733.
734,
735.
736.
737.
738.
739.
740.
741,
742.
743 .
744 .
745.
746,
747.
748 .
749 .
750.
751 .

.Q

NoOoOnbhWN

10

11

13

¢

C - -
C T . ! ) X : :

SUBROUTINE QMTRXA(NCTC3, L1, L2, AADV)
c . : ! -
C FUNCTION: ASSEMBLE ALL 9 MATRICES STEMMING FROM THE ADVECTIVE ’
c o AND SPATIALLY DEPENDENT TERMS IN THE. MEAN FLOW .
o J1.E. ALL LIN. RHS-MATRICES WITH DIAGONAL AND
c NONDIAGONAL. TERMS AS WELL.
c - .
C SUBROUTINES USED: QMLTI2
[ o ) L
C SYMBOLS USED:“AADW™ = QUTPUT ARRAY HOLDING ALL 9 ADVECTIVE
c ", " MATRICES : ,
c W ,D1 ,D2 = COEFFS. OF THE POLYNOMIALS OF THE
c . FINITE ELEMENTS AND THEIR *mq AND
c . - 2ND DERIVATIVES
c NL = TEMP. STORAGE FOR NODE noczqm
C IFX ,1FY ,IFZ = USER-SUPPLIED EXPONENTS OF (SPATIAL)
C . X ,Y .Z-DEPENDENCIES OF THE MEAN FLOW
c E = qmox. ARRAY :orcuzo FOUR TIMES UNITY
c

nm>r >>o<Aznqom NCTC3,3,3) . .

COMMON /WD12/ W(10.4), c,Aa;u.uv. D2(3,4)

_COMMON /MNL/ QT(7,7, 7), NL(4) N .

COMMON /IFXYZ/ unxﬁuv. IFY(3), IFZ2(3)

DIMENSION mmav; -

DATA E /4*1[/
n lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
C STATEMENT FUNCTJION: n>rn¢r>qm ROW- AND COLUMN NOS.
Kol

NCAI(I,J) 3 3 * (I - 1) + J
Cowmmmmr e m == e e e e = S
c

nmnurroov ITERATES THROUGH THE THREE COMPONENTS OF 4Im.2m>Z FLCW
o
DD 40 19 = 1, 3

C 12-L00P ITERATES THROUGH THE THREE SPATIAL DEPENDENCIES. OF THE
C MEAN FLOW (NO TERMS WITH MIXED DEPENDENCIES ARE USED)
s .

’ DO 30 12 = 1, 3 .

C  EXPONENTS OF SPATIAL FLOW DEPENDENCIES ARE INITIALIZED :

c ‘ .
IPX = 1 — . S o .
IPY =1 -
1IPZ = 1 ‘ P

o -
C USER-SUPPLIED EXPONENTS ARE SUBSTITUTED
p . v



752.

753

754 .
755
756 .
757 .
758.
759.
760
761.
762.
763.
764.
765 .
766!
767.
768.
769
770.
771,
772.
773.
774,
775.
176.
717.
778.
779.
780.
781.
782.
783.
784 .
785.
786.
787.
788.
789.
790.
791
792.
793.
794.
795.
796.
797.
798.
799.

14

16

17

19

28

. 30

31

32

33

34

[sNeNeNe}

ONOO00

[oNoNe]

OO00OO00

Cc

IF

1IF ¢

IF (

12 .EQ. 1) IPX = IFX(I1)
12 .€EQ. 2) IPY Mlmﬂ<mA‘v
12 .€Q. 3) IPZ = IFZ(I1)

Ohﬂﬂmnmzququo (TE1) AND PURELY DIAGONAL Aqmnv mrmZmZAM W.R.T.
THE 3*3 FL.SPACE mcmOmooQOm—ﬂHOZ >nm ObrOCrbﬂmO gy Oqumw

TE9
1 1PY
TE2

1. 1P

QMLTI2(1, 4
1P2

*® U

a

[P S ; n:n::-aleulluuuununuwpm,wlxuMw\ ||||||

DIAGONAL ELEMENTS W.R.T. THE 3*3 FL.SPACE wcmOmOOZvaH4~OZ ARE
COPIED INTO AADV. BY 1D-L0OOP

Do MO =1, 3

CALCULATE ROW (NRD) AND COLUMN (NCD) NOS. FOR MATRIX IN AADV

NRD
NCD

1

NCAI(NL(L1).,1D)
NCAI{NL(L2),1D)

T

IF- (11 .EQ. ID .AND. I2 .EQ. ID) GO TO tO0 -
>>O<AZOO NRD, HM I11) = TE2 + >>O<AZﬂO.ZDOanmH¢V

GO TO 20
10 TE12 = TE1 -+ TE2 )

©+ AADV(NCD.NRD,I2,11) = TE12 + AADV{NCD,NRD,12,11)
20 CONTINUE - : . e

NONDIAGONAL ELEMENTS- Oﬂ 3*3 FL. mv>0m mchﬂOOZvandmcz ARE
COPIED INTO >>D< :

1

ﬁbrnCr»qm ROW Aanv AND COLUMN (NC2) NOS. FOR z>4nwx IN AADV ¢

. NRY = 20>HAZrar_v.qav o \
NC2 = NCAI{NL(L2),I2) R .
IF (11 .NE. 12) AADV(NC2,NR1,12,I1) = TEt + AADV(NC2,NR1,12,
1 11) . .- :
30  CONTINUE

‘Cos

40 CONTINUE

RETURN-

DEBUG SUBCHK ~

END

“

QMLTI2(12 + 1,12 +.1,4,10,E,D1(1,11,L2), ia. L1), Hvx Hv<

. 10,10, €, taa L2). £A4 r.v IPX, IPY, mva * Hvx *
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800.
801 .
802 .
803.
804 .
805.
806 .
807 .
808.
809.
810.
811
812.
813.
. 814,
815,
816
817
818 .
819.
820.
821%.
822.
8213,
824.
825.
826.
' 827.
828.
829.
830.
831.
832.
.833.
834.
835.
836.
837.
838.
839.
840.
841.
842.
843,
844 .
845.
846 .
847 .
848.
849 .

11

o s W

OO0

OOOOOOO0,0000000000

o000

0000

6oaoa

o0

SUBROUT INE ozqnxmAznqnu. L1, L2, >r1m..>nx.u>o<. ACZ. ‘AVSC)
FUNCTION: >mmmzmrm MATRICES FOR LHS (ALHS) -
.ABSOLUTE ADVEETIVE MEAN FLOW 4mn3m (ACX ,RCY
.ACZ) AND VISCOSITY A><mnv

_SUBROUTINES USED: QMLTI2 : o o , e

SYMBOLS USED: >rIm
’ ACX u>0< JACZ

qunmx ON rIm
MATRICES FOR >mmOrCHm ADVECTIVE _TERMS
OF X Y ,Z-COMPONENTS OF THE MEAN FLOW -

TA = TEMP. ARRAY FOR ELEMENTS OF ACX
_ .ACY ,ACZ
. W. D1 .D2 = COEFFS. OF THE POLYNOMIALS OF THE

FINITE ELEMENTS AND THEIR Amq AND
2ND DERIVATIVES
- o ‘ NL = TEMP. STORAGE FOR NODE COUNTS

’ E TECH. ARRAY HOLDING FOUR TIMES UNTTY

1]

REAL ALHS(NCTC3.NCTC3), ACX(NCTC3.NCTC3), ACY(NCTC3,NCTC3). -
1y AGZ (NCTC3.NCTC3), AVSC(NCTC3,NCTC3), TA(3), E(4)

DATA E 1./ o : '

COMMON /WD12/ W(10.4); Di(4,3,4), D2(3,4)

COMMON /MNL/ QT(7-.7.7). NL(4)

mq>qm2m2ﬂ FUNCTION ﬂon nbrOCrbquOZ OF ROW DZO OOFCZZ NOS.

Zo>~n~ Lv =3« (1 - 1) +V

CALCULATE mrmZqum FOR VI&COSITY Aﬂ<v rIm Aﬁrv AND ADVECTIVE
- ABSOLUTE Imbz FLOW TERMS (TA) BY QMLTI2
TV = QMLTI2(1,1.1,10,E,D02(1,L2),w(1, rdv L)+ QMLTI2(, , .1, .O.
Am.OMAM.ﬂMv.iA*.rav. ._v + ozrﬂ-A¢ aO £,D2(3,L2), iAA rav
1) . . : .

, 0 TL o= ozrqﬁwAA«,.Ao._o.m.<A*.rng.zﬂﬁmr‘v”d.i._v

DO 10 IL .= 1.3 o . o .
yor TACIL) = QMLTI2(Y, 1.4,10.E,D1(1, 1L, L2) . W(1,L1), 1,15 1)

COPY THE ELEMENTS CALCULATED ABOVE INTO ﬂImmn bnvnovnmbﬂm
ARRAYS

DO 20 ID = 1, 3

DETERMINE ROW (NCAR) AND COLUMN (NCAC) NOS. IN THESE ARRAYS
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12

14
i5
16
17
18

19

20

21

" NCAR
NCAC

NCAT(NL(L1),1D).
NCAI(NL(L2Y,1D)

it

>PImA20>O.Zn>Dv.u TL "+ ALHS(NCAC ,NCAR)

ACX(NCAC ,NCAR) = TA(1) + ACX(NCAC,NCAR)

ACY(NCAC,NCAR) = TA(2) + ACY(NCAC,NCAR) o -
ACZ(NCAC,NCAR) = TA(3) + ACZ(NCAC,NCAR)
AVSC(NCAC,NCAR) = TV + AVSC(NCAC,NCAR)

20 CONTINUE .

- e

RETURN
DEBUG SUBCHK. -
END
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SUBROUTINE QMTRXN(L 1, L2, L3)

"FUNCTION: DETERMINE THE THREE NONLINEAR MATRIX ELEMENTS.
PER FL.SPACE SUBDECOMPOSITION ,WRITE THEM INTO
TEMP. ARRAY TNL (FOR ASSEMBLY OF-3*9 FL.SPACE
SUBDECOMPOSITION IN MAIN LINE) AND LOG, UNIT 13
(FOR LATER ASSEMBLY OF ADVECTIVE MATRICES OF
L 2ND AND/OR. 3RD PERTURBATION) AND ASSEMBLE 3*6
FL .SPACE SUBDECOMPOSITION FOR SELFINTERACTIONS.

SUBROUTINES USED: QMLTI2 _ . I

LOG.UNITS ADDRESSED: 13.: OUTPUT - NONLIN. RHS MATRIX WITH TRIPLE.
: INDICES  * _ : A

SYMBOLS USED: - TN = TEMP. ARRAY, FOR TECH. TRANSFER

NL TEMP. STORAGE FOR NODE COUNTS
W .D1 .D2 = COEFFS..OF 'THE POLYNDMIALS OF THE
. FINITE mrmZmZAm AND qumn AST >ZD
2ND DERIVATIVES
ANL = TEMP. ARRAY FOR. ﬂn>2mmmn OF qu
N FOUR 3*6 FL.SPACE. SUBDECOMPOSIT
IONS PER TETRAHEDRON INTO THE
NONLIN. MATRIX IN MAIN LINE

TNL = TEMP. ARRAY FOR TRANSFER OF THE .

THREE ELEMENTS FOR THE 3*9 FL.
’ .. SPAGCE SUBDECOMPOSITION INTO THE"
.. ZOZP~Z.Z>4N~X~Z!»~ZPan .

REAL FN(3) .

COMMON /wD12/ ‘W(10,4), D1(4,3,4), D2(3.,4)
COMMON_/MNL/-QT(7,7.7), NL(4)

COMMON \>er\ >z£u §.4.4), TNL(3.4, 4)

ALL THREE zc2rmz MATRIX .ELEMENTS ARE CALCULATED BY QMLTI2
AND: TRANSFERRED INTO COLUMN 1 TO 3 OF THE 3*6 SUBDECOMPOSI
TIONS IN ANL AND INTG TNL. INDEX NOS. NR ,N2 N3 ARE CALCUL
ATED FOR THE THREE NODES ASS. WITH Lt ,L2 ,L3 AND WRITTEN
INTO LOG. UNIT 13 WITH THEIR >vvnovnu>qm z><nux ELEMENT.

PO 10 IN = 1, 3 . -
TN(IN) = QMLTI2(1,4,10,10, o‘A, IN.L2) . W(T, rA, :A¢ rwv 1,
TNL(IN,L3,L2) u.quHz“..

N3 = NCAI(NL(L3),IN)

u.
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916.
917.
918 .
o¥a .
920.
921.
922.
923.
924
92%5.
926.
927
928.

929

930.
'931.
932.
933.
934.
935.
936

11 - CANL(IN,IN,L3,L2) = TN(IN)

12 DO 10 IRN = 1, 3 : . ' “ e
K i - NR = NCAI(NL(L1).IRN) o . . ,
14 N2 = NCAI(NL(L2),IRN) o :
15 WRITE (13) TN(IN), N3, N2, NR
16 10 CONTINUE s . . o . B :
Crmmmmeem e m e e R et ————— e

C MATRIX ELEMENTS ARE TRANSFERRED INTO COLUMNS 4 TO 6 IN THE
C 3*6 SUBDECOMPDSITIONS WITHIN ANL.

c
17 DO 20 IC = 4%-§6
18 Do 20 IR =1, 3 B
19 ~ 1IF (IC + IR .EQ. 7) GO TO 20
20 S 10 = IC - IR -1 : : .
21 ' ANL(IR,IC,L3,L2) = TN(IO) s . .
22 . 20 NTINUE ' ‘ = R
Crmmm - e m ,|J||l|v|||||l|||l1w|||V |||||||| ettt w1|l||h
C o , ) ' )
23 RETURN - .
: CDS DEBUG SUBCHK .
24 END - . .
- b}
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937.
938.
939.
840.
941,
942,

‘943

844,

945 .

946 .
947 .
948.

949.

950.
951.

952,

953.
954 .
955.
956 .

987.

958 .
9%9.
860.

961,
962.
963.
064 .
965.
966 .

967.
968.
969.
870.
971.

972..

973.
974 .
975.
976.
977.
978.
g979.
980.
981.
982.
883.

. 984.

985 .
986 .

nndnonoonnoan
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FUNCTION OZrﬂ~¢A3 Z 0).

0o

FUNCTION: m<>rc>qm mzdmmn>rm OF Ax;.zv.ﬂ<*»zvﬁﬁ~..ow o<mn
TETRAHEDRONS BY TRANSFORMING. INTO m>n<0mzAn~n
COORDS . AND USING HAMMMER'S. FORMULA.
THE POWER SUM M+N+O szq NOT mxnmmo 6.

SYMBOLS USED: C = TECH. ARRAY' FOR nommmm ARISING FROM
" TRANSFORMATION BETWEEN CARTES. AND
v . BARYCENT. CDORDS. _
XL .YE 2L
XNFAC = FACTORIALS -FROM O TO 9 INDEXED WITH AN
“OFFSET OF 1

REAL QMLTIT, mcz o L T : .
INTEGER M, N, O, Nt, N2, N3, IN, IM, IO

COMMON /XY2/ XL (4), YL(4), -Z2L(4)

‘'DIMENSION .C(6,4), XNFAC(10) Co Lo .

4

DATA XNFAC*/1.0., 1.0, 2.0, 6.0, 24.0, 120.0, 720, 5040.,

1 362880./

M1 =M + { . :
MN = M + N : . . I

MN1 = M + N + { ~ : , C /,
MNO = M.+ N + O

s NeXel

mva»ZOmr>amonvo:mzmczwmo.oonmq..m.
IF (MNO .EQ. O)-GO TO 180 ¢
NnAzzomqmvoo,qo‘oo 4

C--mmmmm———— - fmmm e m - ————— fbcmm e S m - ———— = ——m— i -

C INITIALIZE INDICES mon XNFAC WITH AN Ommmm4 OF 1.
C AND CARTES. VERTEX COORDS-. Axr YL,ZL) ARE Om4m23~2m0 AND
n‘MAOnmU IN C ’

ocmOru.. . -
S IF (M LEQ. Ov GO 40 20
DO 10 IM = 1, M
c(IM, L) = xrarv T OxXL(4)
10 c(1m,4a) = xL(4)
20 IF (N EQ. 0) GO TO 40
- DO 30 IN =M1, MN
C(IN,L) = vL(L) *= yL{4) .. ’

30 C(IN,4) = YL(4) o : e

40 I1F- (0" .EQ. O) GO TO 80 . . S
DO S0 10 = MN1, MNO
c(1o,L) = ZL(L) - ZL(4)~
50 C(10,4) = ZL(4) R :

x .Y ,Z2-CDORDS.- OF TETRAHEDRAL <mﬂ4m0mm,

40320.,

e



e

. 1 988.
1 989.
“1 990",

1 991"
1 992.
1 993.
f 994.
1 995.
1 996 .

1 988’
1 999.
2 000.
2 001.
2.002,
2 003.

2 004.
2 005.
2 006.

2 007.
2 008.
2 009.
2 -010.
2 011,
2 012.
.2 013.
2 014.
2 015.
2 016.
2 017.
2 018.
2 019.
2 020.
22 021.
2 022.
2 023.
2 024,
2 025.
2 026.
2 027.
2 028.
2 029.
2 030.
2 031.
-2 032.
2 .033.
2 034.

1987

e

2 035. .

« 2 036.

26

‘27

[ARN]
oo

31

32

34

36

38

39

ooo

[eXeNel

000 00000

60 CONTINUE

..... B SneTREST LSS
S SUM = O M. E ’ : : ) . - . . b
A,»A._. co N .
FIRST AOCqmn;quv LOOP (L1) OF SIX NESTED rOOvm . EETEE Lo Y
ITERATING THROUGH THE FOUR TERMS OF BARYGENT. COORDS. ‘ o
EXPRESSED IN CARTES. CODRDS. i AR o Co oo
) o 170 L1 = {, 4 . I . o e
INITIALIZE INDICES FOR XNFAC. WITH AN OFFSET OF 1 : S ol
NiLt = 1 T . . e L e
N2LY = A
. N3L1 = 1
INCREMENT INDICES FOR XNFAC :° . = - \
IF (L1 EQ. 1) NIL1 = NiLY + 1 .
IF (LY .EQ.-2) N2Lt = N2Lt + 1 .
IF (L1 .EQ. 3) N3L1 = N3LI + ¥
BUILT UP COEFES. FOR POLYNOMIAL CONSISTING OF INTEGRALS N S
BARYCENT . COORDS. FROM TRANSFORMATION COEFFS. IN C : g -
cMUL 1 nA, L) , o
LF 'SUM-QF EXPONENTS 1S GT. 1 SKIP TO NEXT INNER LOOP (L2) T R
(NO. OF USED LOOPS IS EQ. TO SUM OF vczmnmv R o 2\
IF (MNO .GT. 1) GO TO 70 ) X
|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| s

SUM UP POLYNOMIAL m<.twm Oﬂ COEFF. OZCPA AND HAMMER' m
FORMULA

‘SUM = SUM + OZCré * xzﬂboazar‘v * x21»OAZMraV * XZﬂDOAZwr.V \
1 XNFAC(N1iLY + ZNF; + N3L1 ¢+ ‘v

SKIP TO mzokmqnqm:qu OF L1 - LOOP - : !

GO TO 170 .. ) SR . A ‘

SECOND FOOﬂ (L2) Oﬂ mmx NESTED LOOPS .

ITERATING AIEOCQI THE FOUR TERMS Oﬂ m>n<0m24 COORDS .

EXPRESSED IN CARTES. COORDS. - ) . )
v e . . - k e s

70 DQ 160 1.2y= 1, 4. ‘ . S
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037.
038.
Q39.
040.
04a1.
042.
043.
044 .
045.
046.
047.
048.

40

42

43

45

.46

47

49

- C

1 . . - ' e
© C TRANSFER INDICES FOR XNFAC FROM L1 - INTO L2 - LOOB :

c .

N1L2 = N1L1 , :
_ N2L2 = N2L1 . \

N3L2 = N3L1. ) L

C INCREMENT INDICES FOR XNFAC : ) .

c . . S I - .
IF (L2 -EQ. 1) NiL2 = NfL2 +. 1. . o
IF (L2 .EQ. 2) N2L2 = N2L2 +-1 B -

. IF (L2 .EQ. 3):N3L2 = N3L2 + :
o

. C BUILTY UP COEFFS. FOR vor<ZOZu>r OOZmHm4~Zm oF HZAMOD»FM IN-

C BARYCENT. COORDS. FROM qn>2mmonz»4_oz COEFFS. IN C :
c , e ; .
CMUL2 = ozcr, EP L2).
c
C IF SUM OF EXPONENTS IS GT..2 SKIP TO NEXT INNER LooP (L3)
C (NO. OF USED LODPS IS EQ. TO SUM OF _POWERS)

C : . . - ; e
IF (MNO .GT. 2) GO TO 80 )
‘Cmmrmme e m o mme e o e s e .
C SUM UP POLYNOMIAL BY USE oFf OOMﬂﬂ. CMUL2 AND HAMMER*S
‘C FORMULA
c .
SUM =.SUM + OICFM . xZﬂPOAZ‘PMV * xZﬂ>OAZMrMV * me»dAzwrNu \
1 me>onZarM + N2L2 + N3L2 + *u )
C . o J
C SKIP TO END mﬂb*m!mZH.Om LOOP L2
c ] ) o
GO TO 160
Cridmmm il e e et m i e e e i mm e m et e ———————
C

C THIRD LOQP Arwv OF mnx NESTED LOGPS ..
C ITERATING THROUGH THE FOUR TERMS OF m>n<nm24 ooonow
C mxvnmmmmo IN CARTES. COORDS.

c , -
80 DO 150 L3 = 1, 4 o L .
c - ‘ R .
C TRANSFER INDICES FOR XNFAC FROM L2 - INTO L3 - LOOP :
c ©E3 . , . ,
N1L3 = N1iL2
N2L3. = N2L2
“N3L3 = N3L2 | . .
" \

C INCREMENT INDICES FOR XNFAC
¢ ? ) ) e
1F (L3 (EQ:. 1) NfL3 = NALI + 1
IF (L3 .EQ. '2) N2L3 = N2L3 + 1
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087 .
088 .
089.
0S80 .
091.
092.
093.
094 .
085 .
096 .

097

098 .
099.
100.
101
102
103.
104 .
105.
106 .
107 .
108 .
109.
110.
111
112,
113,
114,
115.
116.
117,
118.
119,
120.
121.
122
123.
124,
125.
126 .
127.
128.
129.
130.
131,
132.
133.
134.
135.
136.

56

57

58

59

60

61

62

64

65

67

68

69

[eEeoNe]

OO0

o000

IF (L3 .EQ. 3) N3L3 % N31L3 + 1

BUILT UP COEFFS. FOR POLYNOMIAL CONSISTING OF INTEGRALS IN
BARYCENT . COORDS. FROM TRANSFORMATION COEFFS. IN C

CMUL3 = CMUL2 * C(3,L3)

1F SUM OF EXPONENTS 1S GT. 3 SKIP TO NEXT INNER LOOP (L4)
(NO. OF USED LOOPS IS EQ. TO SUM OF POWERS)

IF (MNO .GT. 3) GO TO 90

SUM UP POLYNOMIAL BY USE OF COEFF. CMUL3 AND HAMMER'S
FORMULA i

SUm = wcr 4+ CMUL3 * XNFAC(NIL3) * XNFAC(N2L3) *.XNFAC(N3L3)

1 / XNFAC(NIL3 + N2L3 + N3L3 + 1)

" .
SKIP TO END STATEMENT OF LOOP L3

FOURTH LOOP (L4) OF SIX NESTED LOOPS . :
ITERATING THROUGH THE FOUR TERMS OF BARYCENT. COORDS.
EXPRESSED IN CARTES. CDORDS. ,
90 DO 140 L4 = 1, 4 -
TRANSFER INDICES FOR XNFAC FROM L3 - INTO L4 - LOOP
N1L4 = NIL3
N2L4 = N2L3
N3L4 = N3L3

INCREMENT INDICES FOR XNFAC

IF (L4 .EQ. 1) N1LA = N1L4 + 1

IF (L4 .EQ. 2) N2L4 = N2L4 + 1

IF (L4 .EQ. 3) N3L4 = N3L4 + 1 .
BUILT UP COEFFS. FOR POLYNOMIAL CONSISTING OF INTEGRALS IN
BARYCENT . COORDS. FROM TRANSFORMATION COEFFS. IN-C

CMUL4 = CMUL3 * C(4,L4)

IF SUM OF EXPONENTS IS GT. 4 SKIP TO NEXT INNER LOOP (LS)
(NO. OF USED LDOOPS IS EQ. 7D SUM OF POWERS)

\Il
IF (MNO .GT. 4) GO TO 100
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137.
138.
139.
140.
141,
142 .
143.
144 .
145 .
146.
147 .
148.
149 .
150 .
151,
152.
153.
154 .
155.
156 .
187.
158 .
169.
160.
161.
162.
163.
164,
165 .
166 .
167 .
"168.
169.
170.
171.
172,
173.
174 .
175.
176.
177.
178.
179.
180.
181.
182.
183.
184 .
185.
186 .

70

71

73

75

79

80

81

82

o000 [eNeNe) o000 O0OO0000 o000

0000

O000

aO0o0

SUM UP POLYNOMIAL BY USE OF COEFF. OZCP& AND I>!3mn S

FORMULA

.

SUM = SUM + CMUL4 * XNFAC(N1LA4) . XNFAC(N2L4) * me>0A
N3L4) / XNFAC(N1L4 + N2L4 + N3LA + ) <

SKIP TO END' STATEMENT OF LOOP L4

FIFTH LOOP.(L5) OF SIX NESTED LOOPS .
ITERATING FHR H THE FQUR TERMS OF BARYCENT. COORDS.

-

EXPRESSED TN CARTES. COORDS.

100

TRANSFER INDICES FOR XNFAC FROM L4 - INTO LS5 - LOOP

. -

DO 130 L5 = 1, 4 A R

N1LS = N1L4 S -
N2L5 = N2L4 " - : .
N3L5 = N3L4

INCREMENT INDICES FOR XNFAC : . :

SN

BUILT UP COEFFS. FOR POLYNOMIAL CONSISTING OF INTEGRALS IN
BARYCENT.

. *

IF (LS .EQ. 1) N1L5 = NILS + 1 :
IF (LS .EQ. 2) N2L5 = N2LS -+ 1. R
IF (L5 .EQ. 3) N3L5 = N3L5 + 1~

COORDS. FROM TRANSFORMATION COEFFS. 'IN C

CMULS = OZCP& * C(5,L5)

v

IF SUM OF EXPONENTS IS GT. § SKIP TO NEXT INNER LOOP (Le)
(NO. OF USED LOOPS IS EQ. TO SUM OF POWERS)

SUM UP POLYNOMIAL B8Y Cmm OF COEFF. CMULS AND HAMMER'S

FORMUL A

1

IF (MND .GT. 5) GO TO 110

SUM = SUM + CMULS * xZﬂ>OAZdﬁmy * XNFAC(N2LS5) * XNFAC(
N3L5) / XNFAC(NILS + N2L5 + N3LS + 1)

mXRv.ao-mZO STATEMENT OF LOOP LS

OQ TQ 130 )
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187.
188 .
189 .
190.
191.
192 .
193 .
184 .
195 .
196 .
197 .
198 .
199.
200.
201.

P

2037

205.
206 .
207.
208.

209.

210.
211,
212.

[ 8
-
w

214.
215,

N
(4]

217.
218.
219.
220.
221.
222.
223.
224.
225.
226.
227.
228.
229.
230.
231.
232.
233.
234.
235.
236.

83

84

86

87
88

90

91

92
94
95
96
a7

98

100

101

102

103

104

105

OO0 [oNeNe] [eNeNe] [eEeReNeNe]

OO00

OO0

C

SIXTH AHZZngOMAg.POOv (L6) OF S¥X NESTED LOOPS .
ITERATING THROUGH THE FOUR TERMS OF BARYCENT. COORDS.
EXPRESSED IN CARTES: COORDS.

110 i DO 120 L6 = 1, 4

TRANSFER INDICES FOR XNFAC FROM L5 - INTO L6 - LOOP

N1L6 = NILS e
N2L6 = N2L5

N3L6 = N3L5

2

INCREMENT INDICES FOR XNFAC

IF (L6 .EQ. 1) NILE = NiL6 + 1
IF (L6 .EQ. 2) N2L6 = N2L6 + { »
IF (L6 .€Q. 3) N3L6 = N3LG + 1 ’

BUILT UP COEFFS. FOR POLYNOMIAL CONSISTING OF INTEGRALS IN
BARYCENT. COORDS. FROM TRANSFORMATION COEFFS. IN C

CMULGE 7 CMULS * nam.rmv

SUM Cv POLYNOMIAL BY USE OF COEFF. CMUL6 AND HAMMER'S
FORMULA ’ : =

“ SUM = SUM + CMUL6 * XNFAC(NIL6) * XNFAC(N2L6E)
1 N3L6) / XNFAC(N1LG6.+ N2L6 + N3L6 + 1)
120 . CONTINUE
130 CONTINUE
140 v CONTINUE - -
150 CONT INUE .

160 CONTINUE
170 CONTINUE

QMLTI1 = SUM .
GO TO 210 o ,
EXITS FOR POWER SUMS MNO EQ. O OR GT.6
180 QMLTI! = 1. / 6
GO. TO 210 _
190 WRITE (6,200) : . .
200 FORMAT (‘ ‘. '‘MAX.EXPONENT OF & EXCEEDED’)
STOP 1009 :

<210 RETURN

CDS DEBUG SUBCHK

* XNFAC(
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2 237.

106

END

Y

-
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238,
239.
240.
241
242.
243.
244 .
245
246.
247.
248 .
249.
250.
251.
252.
253.
254.
255.
256.
257.
258 .
259,
260.
261.
262.
263.
264 .
265.
266.
267.
268.
269,
270.
271.
272.
273.
274.
275.
276.
277.
278.
279.
280.
281.
282.
283.
284.
285.
286.
287.

e}

12

13

~SOonbAaWwWN

OO0

O

000000

OOO_OOOOOOOOOOO0.00000000G

[eNoNeoXe]

FUNCTION QMLTI2(NO, N1,

N2, N3, Ci., C2, €3. 1PX, iPY, 1PZ)

FUNCTION: CALCULATE THE MATRIX ELMENTS BY MULTIPLYING

THE COEFFS. OF THE FINETE ELEMENTS WITH EACH o
OTHER AND THE APPROPRIATE INTEGRALS OF °
(X**M)*(Y**N)*(Z**D) DVER THE TETRAHEDRONS

(1.E. DUTPUT OF QMLTIJI_STORED IN QT) AND

SUMMING THEM UP.

SYMBOLS USED: C1 ,C2-,C3 =

IPx ,IPY ,IPZ =

1Ex ,IEY ,IEZ =

REAL C1(10)., c2(10), C3(
INTEGER NO, N1, N2, N3,
DATA IEX /O, 1, O, O, 2,
DATA IEY /O, O, 1, O, O,
DATA 1EZ /O, O, O, 1, 0O,
COMMON /MNL/ QT(7,7.7),

£

‘QMLTIZ2 = O.

COEFFS.OF FIN. ELEMENTS AS
DETERMINED BY SORT2 FOR THE

THE PRODUCT OF THREE POSSIBLE
FINTE ELEMENTS CONTRIBUTING TO

A MATRIX ELEMENT.

USER-SUPPLIED EXPONENTS OF
SPATIAL DEPENDENCIES (X ., Y , Z-
DIMENSION) OF THE ‘MEAN FLOW.
TECH. ARRAYS CONTROLLING PROPER
X .Y .Z-EXPONENT COMBINATION IN
THE THREE LOOPS ASSEMBLING THE
MATRIX ELEMENTS. .
ARRAY HOLDING VALUES OF INTEGRALS
OF (X**M)*{Y**N)*(Z**0) OVER THE
TETRAHEDRONS .

10), QMLTI2, QR

1EX(10), 1EY(10), 1EZ(10)
Q. 0, t, 0, 1/

2, 0, 1, 1, o/
0, 2, 0, 1, V/
NL(4)

1ST LOOP (1t): VARIABLE VALUE NO FOR INITIAL ITERATION

IN ORDER TO REDUCE TO ONE SI

NGLE ITERATION FOR ANY °

POSSIBLE EXPONENT COMBINATION (IMPORTANT FOR LIN. MATRIX

ELEMENTS CONSTRUCTED OF TWO

FIN. ELEMENTS ONLY)

DO 10 11 = NO, Nt .

DO 10 12 = 1, N2
DO 10 I3 = t, N3

ASSEMBLE PROPER EXPONENT COMBINATION JEX ,JEY ,[JEZ

N

ACCORDING® TO DATA SETS IEX ,IEY ,IEZ : 4
JEX = TEx(I1) + IEX(12) + IEX(I3) .
JUEY = IEY(I1) + IEY(I2) + IEY(I3)

®
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288.
289.
290.
291.
292.

.293.

294 .
295.
296.
297.
298
299~
300.
301.
302.
303.
304.

14

15

o000

000

(o]

CcDSs

JEZ =

amNAHﬁl + IEZ(12) + T1EZ(I13)

INCREMENT OR OFFSET JEX ,JEY ,JEZ BY IPX ,IRY ,1PZ TO
SELECT APPROPRIATE INTEGRAL VALUE QR FROM ARRAY QT

QR = QF(JEX + IPX.JEY + IPY JEZ + IPZ) *

oOMLTI2
10 CONTINUE
RETURN

DEBUG SUBCHK
END

BUILD UP MATRIX ELEMENTS (QMLTI2) BY SUMMING UP PRODUCTS
OF FIN. ELEMENT COEFFS. C1 ,C2 ,C3 AND INTEGRAL VALUE QR

= OZFﬂaw + C1(11) :enwamwv * C3(13) * QR
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305.
306 .
307.
308.
309.
310.
31t
3t2.

313

‘314
315.
316.
317.
318
319.
320.
321.
322.
323.
324.
325.
326.
327.
328 .
328.
330.
331.
332.
333.
334.
335.
336.
337.
338.
339.
340.
341,
342.
., 343
344 .
'345.
346.
347.
348B.
349.
350.

351

352.
353.
354.

bW

OﬁOOOOO00-00(‘)0000000@00000000

[eNeNel

‘o000

00000

O

PROGRAM ADV

FUNCTION: GENERATE 3D MATRIX FOR PERTURBATIGN INDUCED
ADVECTION (I.E. ADVECTIVE MATRIX) FROM OUTPUT

. Of PROGRAM DSCRB AND ARRANGE ITS ELEMENTS IN
- CORRECT READING SEQUENCE (I .E. 4n>2mv0m~ﬁmozv

SUBROUTINES CmmD“.mQDﬁ (MTS - SORTS MATRIX' ELEMENTS bOOOnOHZQ
TO DNE SET OF THELR INDICES) -
<2Crmﬂ (IMSLLIB - MULTIPLIES Aio 3>4nAOmwv

LOG.UNITS bODnmwmmOu 3
. 4 -
g9 : INPUT - ALHI
3 : INPUT - NDONLIN. ADVECTIVE MATRIX FROM
PROGRAM DSCRB’

ALHI = INVERSE .OF LHS OF ODm m<m4mz AOCAvCA
o OF DSCRB)

AC = ARRAY HOLDING ALHI*A .
AT = TECH. ARRAY HOLDING ROWS OF AC

87 = ARRAY HOLOING qbevammwcﬂ AC ) *

INTEGER L /12/. M /12/. N /12/, 1A /12/, ILHI /12/, 1AC /12/.

CREAL A(12,12), ALHI(12,12). )OA.M._MV..DAA.NV. BY(12.12)
READ prIn FROM LOG.UNIT 9

oo 10 IRL = 1, ILHI x

10 READ (9) (ALHI(ICL.IRL), ~0r-. ILHI) *
SORT 30 MATRIX ELEMENTS READ FROM LOG.UNIT 13 -IN ASCENDING’
DRDER BY THEIR .TWO COLUMN NOS. INTO,FILES -3S ,-4S -
CALL SORT(’S=FI,A,5,4 [=13,VB, 16,24 0=-3S,VB.16,24 R=650 E
1 120) - : :

CALL SORT(’S=FI,A,9,4 1=13,VB,16,24 0=-45,VB,16,24 R=650 E
1 120} ’

...... ASSEMBLE 20 SECTIONS OF 3D MATRIX IN ARRAY A :--------
LOOP ICC ITERATES THROUGH SORTED INDICES (I.E. IT1 ,12)

‘DO 70 ICC = 1, N

1. WORK - mrmZmZAM mOn4mO AFTER dMA COLUMN
. WORK - ELEMENTS SORTED AFTER 2ND COLUMN

,

:

¢ 14 WORK - NONLIN. ADVECTIVE z>4nux
. .o SORTED ACCORDING TO 2D SECTIONS
15 : OUTPUT - ‘NONLIN. ADVECTIVE MATRIX
) TRANSPOSED INTO READING SEQUENCE .
SYMBOLS USED: A = ARRAY FOR 2D SECTIONS OF THE 3D z»qnux

&

&
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355 .
356.
357.
358 .
359.
360.
361 .
362 .
363.
364..
365.
366.
367.
368.
369.
370.
371.
372.
373.
374.
375.
376.
377.
378.
379.
380.
381.
382.
383.
384 .
385.
386.
387.
388,
389.
390.
391,
392.
393.
394.
395.
396.
397.
398,
399.
4006 .
401.
402 .
4Q3.
404 .

AR
12

13

14

15"

17
18

19
20

21
22

23

24

25

26
27

- C . . . -

.

C CLEAR ARRAY A FROM PREV. D2 SECTION
c
DO 20 IR =
D0 .20 IC =
20 A(IC.IR) = O.
c. . : L A
C READ ELEMENTS AND INDICES SORTED AFTER 1ST COLUMN NO. It
C FROM LOG’UNIT 3 ATTACHED TO FILE -3S INTO A

C -
30 READ (3,.END=40) EL, I1, 12, IR
IF (I1*.NE. ICC) GO TO 40
A(I2,IR) = A(12,IR) + EL
GO TO 30
C

C READ ELEMENTS AND INDICES SORTED AFTER 2ND COLUMN NO. I2
C FROM LOG.UNIT 4 ATTACHED TO FILE -4S INTO A

C .
40 READ (4 ,END=50) EL, If. I2, IR
IF (12 .NE. ICC) GO TO 50
A(I1,IR) = A(IV1,IR) + EL
GO TO 40 ) :
C .

C MULTIPLY 2D SECTIONS (A) WITH ALHI AND STORE IN AC
c - -

mo,o»rrczCrmmA»p>rI~.r.z.z.H>;~rxu. >n.‘,>n.:~mnv
IF (1ER .NE. O) STOP 90 - .

c : , : .

C WRITE MATRICES FROM ARRAY AC INTO LOG.UNIT 14 =

DO 60 IRR = 1, IAC v

- 60 WRITE (14) (AC(IC.IRR),IC=14N)
c .& s .
70 CONTINUE

Cmmrmmmm- TRANSPOSING SECTION —---=-=--====--====-=~ R

& UR-LOOF ITREATES THROUGH ROWS PER MATRIX STORED IN LOG.UNIT 14
c : : S
’ DO 110 JR = 1,
n . A . . - ’
¢ K-LOOP ITERATES THROUGH ALL THE MATRICES STORED’ IN LOG.UNIT 14
o ,

»

IAC

s

DO SO K =1, M : -
o] X : )
C CALCULATE WHICH LINE IN LOG.UNIT 14 HOLDS THE CURRENT ROW - ’
C OF THE CURRENT MATRIX AND READ THIS LINE INTO AT ) )
P .
LINE = (JR + (K - 1)*IAC) * 1000

e READ (14°LINE) AT . -
c .
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405 .
406 .
407 .
408.
409.
410.
411
412,
413.
414.
415.
416 .
417 .
418.
419.
420.
421 .

28

30

31
32

33

34

35

C FILL UP BY

C
DO 80 IC = 1, IAC
80 BT(K,IC) = AT(IC)
c .
90 CONTINUE
c

C WRITE BT INTO LOG.UNIT 15
C
DO 100 IC = 1, IAC :

100 WRITE (15) (BT(K.IC),K=1,M)
c o

110 CONTINUE
c

120 sTOP -
CDS  DEBUG SUBCHK

END
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422, C PROGRAM BIF3A
423. c .
424 C MAIN LINE FOR mumcno>4~oz SEQUENCE (NS-DISCRETIZATION, 12-DIM,
425 . c ,DOUBLE PRECISION)
426 . C , . - Ly
427 . C FUNCTION: TEST ODE-SYSTEM REPRESENTING THE NS-EQUATION FOR
428 . C A PERTURBATION SUPERIMPOSED ON A STEADY MEAN
429, c (BASIC) YFLOW FOR HOPF BIFURCATONS. EVALUATE AN
430. c ANALYT. APPROXIMATION FOR HOPF ORBITS (AS GIVEN
431, c BY HASSAD AND KAZARINOFF WITH THE SUBROUTINE BIFOR2)
432 - c AND TEST IT AT FIXED TIMES (I.E. IN A LOOP WITH
T 433. c DISCRETE TIMESTEPS) FOR SECONDARY HOPF BIFURCATONS.
434 . c EVALUATE THE ANALYT. APPROXIMATIONS FOR THEIR HOPF
435, C ORBITS TGO CONSTRUCT A COORD.SYSTEM FOR THE ASSOC-
436. o3 IATED 2-TORUS AND TO TEST THESE SECONDARY HOPF
437, c ORBITS AT FIXED TIMES FOR 3RD HOPF BIFURCATIONS
438. c EVALUATE THE ANALYT. APPROXIMATIONS FOR THEIR °
439. c HOPF ORBITS TO CONSTRUCT A COORD.SYSTEM FOR THE
440. C ASSOCIATED 3-TORUS.
441, C o o
442. C SUBROUTINES USED: BIFOR2 (THIS ROUTINE PERFORMS THE ACTUAI ~
443. c . TEST FOR HOPF BIFURCATION AND CALCULATES
444 . c ALL ASSOCIATED PARAMETERS SUCH AS THE CRIT.
445 . c VALUE OF THE BIFURCATION PARAMETER AND
446 . c PARAMETERS USED IN JHE EVALUATION OF THE =
447. c ANALYT. APPROXIMATION OF THE HOPF ORBITS.
448 . c AUTHOR OF BIFOR2: B. HASSARD, DEPT. OF
449. (o] MATHEMATICS, SUNY AT BUFFALO, BUFFALO N.Y.
450. c 14214)
451. c .FUN (EVALUATES ODE- m<mqmz AND ITS JACOBIAN-
452. c - FOR 1ST PERTURBATIDN)
453 . c FUNP . (EVALUATES ODE-SYSTEM AND 1ITS c»ocm~>z
454 . C FOR 2ND AND 3RD PERTURBATION)
455, c MFC (EVALUATES MEAN (BASIC) FLOW AT onuq
456 . C Lo VALUE OF 1ST.BIFURCATION) ,
457. c , . ' :
458 . - ¢ LDG.UNITS ADDRESSED: 1 .: OUTPUT - ANUP(1) ,PAR(2) ,Vi(1)
459, c 2 . OUTPUT. - ANUP(2) ,PAR(2) ,Vv1(2)
460. c 2 3 . QUTPUT - ANUP(3) ,PAR(3) ,v1(3)
61, c 4 : INPUT - CONTROL v>n>zm4mnm : -
62. c 6 : OUTPUT - ERROR zmmm>mmm - qmnzmz>r
463. c . 7 INPUT - ICH
464 . (o 8 : INPUT - IC2
465 . c 9 : WORK - VS -
466 . c 10 : WORK - ACIR P
467. c 11 : INPUT - ACIN
468, C 12 . INPUT - ANLA?
469 . c 13 : OUTPUT - ABLOC ,ABLOT
470. c 15 : INPUT - A3D
471, c

17 : WORK - ACIT
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472
473

474 .
475 .
476

477
478

479.

480

481 .

482
483

484 .
485 .

486

a487.

488

489 .
480.

491

492 .

493

494 .

495

496 -
497.
498.
499.

501.
502 .
503 .
504 .
505.
506 .
507 .

508

5098.
510 .
911,
S512.
513.

514

515.
516 .
517.
518.
519 .
520.
521.

OOOOOOOOOOOOOOOOOOOOOGO0OOOOOOOOOOOOOO@OGO0,0000000

SYMBOLS USED:

ICH

N
NN
NCF
v

12t

ANL V-

ABLOC

ABLOT
A1IN
ACIN
A3D
A3T

ACIR

ACIT

Vi

V)
“PAR

ANUP

VS
vc

,1C2

‘CF

19 : WORK

DIMENSION OF ODE-SYSTEM (I .E.
COLUMN NO

VELOCITIES OF THE 3 BIFURCATIONS

) GUESSES FOR CRITICAL PERTURBATION
VELOCITIES (ALL KEPT IDENT.
NONLIN MATRIX OF SYSTEM

INIT.

- A3JT

13)
ARRAY HOLDING 3 SETS OF PERTURBATION

12)
.OF. ITS NONLIN. MATRIX (I.E.78)
NO. OF LIN. MATRICES (l.E.

ZERO)

LIN. MATRIX OF SYSTEM AT CRIT.
OF BIFURCATION PARAMETER ANUC
TRANSPOSE OF ABLOC

SINGLE PRECISION ARRAY HOLDING

OF NONLIN. MATRIX ANL1

SINGLE PRECISION ARRAY HOLDING
MENT FROM EACH ONE OF THE
MATRICES

VALUE

1

a.

ROW

ELE.

13 LIN.

ARRAY HOLDING. 1 ELEMENT FROM EACH OF
THE 12 ADDITIONAL MATRICES FOR THE

ADVECTIVE TERMS m4m33~2d FROM Umnqcnmv
ATION VELOCITIES
SINGLE PRECISION ARRAY IOFOMZO ELEMENTS

TRANSPOSE TO THE ONES IN A3D

SINGLE PRECISION ARRAY HOLDING 1. mrm-
MENT FROM EACH LIN. MATRIX USED FROM

THE TOTAL OF

13 LIN. MATRICES

SINGLE vnmomwwoz ARRAY HOLDING ELEMENTS
TRANSPOSE. 7O THE ONES IN ACIR
COMPLEX EIGENVECTOR OF THE JACOBIAN

MATRIX AT THE CRIT.

VALUE OF THE BIFURC--
ATION PARAMETER ANU - USED IN EVALUATION

OF ANALYTIC APPROXIMATIONS FOR PERTURB-

ATION VELOCITIES (I.E.

(OUTPUT OF BIFOR2)
ARRAY HOLDING PERTURBATION VELOCITIES
PARAMETERS FOR EVALUATION OF ANALYT.

APPROXIMATION OF PERTURBATION VELGCITIES
(OUTPUT OF BIFOR2)
GUESSES FOR THE CRIT.
OF BIFURCATION PARAMETER
VALUE OF 1IT

(1. E.

VALUES

UPON RETURN: CRIT.

TECH.

MEAN (BASIC) FLOW >4 OnMA

HOPF ORBITS) vP.
USER-SUPPLIED INIT.

HOPF ORBITS) VP.

ARRAY FOR TRANSFER OF 2ND Umnchn
ATION VELOCITY

BIFURCATION
INDEX CONTROL ARRAYS TO CORRELATE
PRODUCTS OF ELEMENTS OF V WITH THE

CORRECT COLUMN NO. OF ANL1

COEFFS.

Fd

OF LIN. MATRICES, -

VALUE OF

I

.E.

1S7

"PHYS.
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L - . o © .
2 522, . c ) FLOW PARAMETERS (SHEAR CQEFFS. .ABSOLUTE
2 523 c COEFFS. .VISCOSITY) . B
2 524, C LCF = SWITCHES FOR CF )
2 525. C P = INDICATOR FOR 2ND (=1) OR.3RD (= mv
2 526. C /mﬁﬂcno>quoz (USED BY FUNP)
2 527 c . .
2 528. C REMARK:"TECH. PARAMETERS FOR BIFOR2 ARE NOT LISTED HERE. -
2 529. c - AS FAR AS THEY ARE USER-SUPPLIED ,THEY ARE LiSTED - -
2 530. C IN THE CONTROL PARAMETER FILE 4. NS.A ATTACHED TO.
2 531, e LOG.UNIT 4. (SEE ALSO DOCUMENTATION FOR BIFOR2)
2 532, . C ) . .
2 533 1 IMPLICIT REAL*8(A - H,0 - 2)
2 534 2 CINTEGER N, NN, NCF, MTH1, MTH2, MTH3, JJOB, IPRINT, HOMMuV 1G
2 535.~ 3 > LOGICAL*1 LFMT(1) /' %/ o . @
2 536. 4 REAL*8 V(12,3), VI(3,3). CFT(13) .
2 537. 5 REAL*8 ERR(7), w(432) P .
M QO - ndilt6'6}QQ{QQOQI’QO&QQ!‘{I}Q{QiQQD!QQ.&&Qlﬁ&tiﬁ&b&{liii!ﬁt&lﬁ!iﬁ
2 539, C* NB: SET DIM. OF ACIR,ACIT(LINE BELOW) = # OF COEFFS. (CF.CFN) *
2 S40. 6 REAL*4 A1IN(78), »nmza_mv A3T(12), ACIR(7), ACIT(7)
2 541. 7 COMPLEX* 16 V1(12,3) .
2 542. c . : B S .
2 543, 8 COMMON /CBL/ ANL1(78.12), CF(13), ABLOC(12,12), ABLOT(§2.12), V1,
2 544. 1 VP(12). PAR(10,3). ANUR(3), CP(2), CC(10), IX(10), vs(12),
2 545. - 2 1c1(78). 1€2(78), 1S(2). 1T(2), NT(2), NN, ICR, IP )
2 546. 9 COMMON /LF/ LCF{(13) ) .
2 547. 10 COMMON /CBT/ CFT
2 548 c
2 549 11 N = 12
2 550. 12 NN = 78 S o : : J
2 551, 13 NCF = 13
2 552. e
2 553. 14 EXTERNAL FUN, FUNP
2 554 i c O , .o - o
2 555. B e RO
2 556. - C READ USER- SUPPLIED TECH. AND PHYS. CONTROU PARAMETERS AND SWITCHES
2 557: C FROM LOG.UNIT 4 ATTACHED TO FILE 4.NS.A
2 5%8. C .
2 559, 15 READ (4’3000,LFMT) LCF °
2 560. - ' _ 18 ‘ READ (4'4000,LFMT) CF
2 561. T 47 READ (4'6000,LFMT) CC
2 562. .18 . READ (4'BO00,LFMT) IX ,
"2 563. - 19 READ (4’ 10000,LFMT) ANUP
2 564. 20 - READ (4°12000,LFMT) 1At12, TA23
2 565. 21 READ (4’ 14000,LFMT) DA12, DA23
2 566. » - 22 " READ (4°16000,LFMT) VI
2 567 c . . : _ @ G
2 568 23 READ (4'20000.LFMT) CP ;o
2 569. 24 READ (4'22000,LFMT)" NT .
2:570. 25 READ (4/24000,LFMT) 1S
2 571, - 26 READ {4'26000,LFMT) NO
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572. 27 © READ (4'28000,LFMT) IRt, IR2, IR3

573. 28 . READ & '30000.LFMT) IG1. 1G2 - h

574. 29 . READ (4'32000,LFMT) TI1, 712

575. c . LT : -

576. 30 READ (4°36000,LFMT) U1, U2, UI- . -

577. 31 READ (4/38000,LFMT) EPSR1, EPSR2, EPSR3

578. 32 READ (4'40000,LFMT) EPS1, "'EPS2, EPS3

579. 33 READ (4/42000,LFMT) NSIG1, NSIG2, NSIG3

580. . 34 READ (4'44000,LFMT) ITMAX - :

581, 35 : READ (4’'46000,LFMT) ICK. :

‘582 . 1 . READ (4°48000,LFMT) MTH1, MTH2, MTH3

s83. . 37 READ (4'S0000.LFMT) JJOB1, JJOB2, JJOB3

584 . 38° READ (4’52000,LFMT) mvnzq‘.,nnnzqn. IPRNT3

. 585 . c

586 . L B o L TR o e e e e e e e et e mEmemmm e A mmm e m—————— -
587. : C THE SWITCHES IR1 ,IR2 ,IR3 ALLOW TO USE CRIT. VALUES OF PREVIOUS
588 . C BIFURCATIONS AS INIT. GUESSES (USER - OPTION)

589, C . ) . C

590. 39 IF (IRY .EQ. 1) READ (1) ANUP(1)

591. 40 IE (IR2 .EQ. 1) READ (2) ANUP(2)

592. 41 IF (IR3 .EQ. 1) READ (3) ANUP(3)

593. 42 ' IF (IR1 .EQ. 1) REWIND 1

594 . 43. IF (IR2 .EQ. 1) REWIND 2

595 . 44 ¢ IF (IR3 .EQ. 1) REWIND 3

596 . c : S .
597. Cmmmmmmmmmmmmmmmme e eo - B e R T S
598. C READ INDEX CONTROL ARRAYS 1IC1 ,I1C2 :

599 . . C (OUTPUT FROM DISCRETIZATION PROGRAM DSCRB)

600 . c 2

601. 45 READ (7) ICH

602. a6 . READ (8) IC2

603 . c : } ’ ,

604 . C READ LIN. (ACIN) AND NONLIN. MATRICES (ANL1) :

605 . C (OUTPUT FROM DISCRETIZATION PROGRAM DSCRB)

606 . c v

607. 47 . po 30 IR = 1, N

608. a8 * ~ READ (12) A1IN

609. 49 DO 20 IC = 1, NN

610. c . .

611. C COPY FROM SINGLE TO DOUBLE PRECISION. ARRAY )
612. - c _

613. 50 : . ANL1(IC,.IR) = -A1IN(IC) o

614 c’ .

615. C SKIP READ OF LIN. MATRICES IF 2ND AND/OR 3RD mnmcnn>4~92m

616. C ARE TO BE PERFORMED ONLY (USER- ovqnozq :

617. C _

618. 51 IF (IG1 .EQ. t .OR..IG2 .mo. 1 .0R.-IC .GT. N) GO TO 20
619. c - ¢ : .
620. 52 READ (11) ACIN ’

621. 53 ICR .= O
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e

622.
623.

624 .
625.
626 .
627.
628.
629.
630.

631.
632.

633.

634 .

635.

636 .
637.
638 .
639.
640.
641.
642 .
643.
644
645.

646 .

648"
649 .

“650.

651.
652.
653.

654.
655 .
656 .
657.
658.

660 .
661.
662 .
663.
664 .
1 665.

666 .
667.
668 .
669.
670.
671.

62

77

79

c

b0 10 ICF = _. ZOﬂ

C SELECT LIN. MATRICES USED IN CURRENT. MEAN (BASIC) FLOW  *
C COPY FROM SINGLE T@ DOUBLE PRECISION ARRAY ACIR :
c
TF (LCF(ICF) .EQ. 0) GO TO 10
ICR = ICR + 1t _ - . .
ACIR(ICR) = -ACIN(ICF) : =
10 CONTINUE - : . :
c
C STORE SELECTED LIN. MATRICES IN LOG,UNIT {0O° (USED IN
C SUBROUTINE FUN)

c ,
WRITE (10) (ACIR(I),I=1,ICR) oo
c a e
20 CONTINUE . ,
30 CONTINUE .
c .

C SKIP TRANSPOSITION OF LIN. MATRICES IF 2ND AND/OR 3RD

C BIFURCATIONS ARE TO BE PERF ED ONLY (USER-OPTION)

pt . i
1F AHo, _EQ. {1 .OR. 1G2 .EQ. 1) GO 70 80

c - o - -

0|||| ||||||||||||||||||||||||| e e o - e e

C COPY} TRANSPOSES OF SELECTED. LIN. MATRICES AND ADVECTIVE.

C MATRICES INTO LOG.UNITS 17 '‘AND 19 (USED IN c»nom~>z EVALUAT-

C ION IN mcanCq~2mm FUN >zo FUNP) : :

c

DO 50 ITR = 4., N T - , e

DO 40 ITC = t, N
“LINE = (ITR + (ITC - 1)*N) * 1000
, © READ (10’LINE) ACIT oy : : :
© WRITE (17) (ACIT(I).I=1, ICR) :
40  CONTINUE
50 CONTINUE

‘DO 70 JTR = {1, N
DO 60 JUTC. = 4, N .
LINE = (JTR + (JTC ~ 1)*N) * 1000
READ (1S’LINE) A3T . -
WRITE (19) (A3T(1),I=1,N) . ’
60 CONTINUE . I
70 CONTINUE

C ECHO Cmﬂ@%mcvvrumo CONTROL v>n>3h4mnm :
O 19 J
80 WRITE (6,LFMT) LCF
WRITE (6,LFMT) CF
WRITE (6,LFMT) CC

N
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672.
673.
674 .
675.
676.
677.
678.
679.
680.
681.
682.

721

80
81
82

84

101
102.
103
104-
105
106

107

108
109

110
1114

112

00000

o000

WRITE.

WRITE
WRITE
WRITE
WRLTE

WRITE
WRITE
WRITE
WRITE
WRITE
WRITE
WRITE

WRITE
WRITE
WRITE
WRITE
WRITE
WRITE
WRITE
WRITE
WRITE

TRANSFER-"AND ECHO

(6.LFMT) 1IX
(6.290) ANUP

(6.300) I1Af2, IA23 b
(6.310) DA12, DA23
(6,320) VI .

<
(6.330) cp .
(6,340) NT
(6.350) 1S °
(6.360) NO
(6.370) IR{1, IR2, IR3
(&), 380) 1G1, 1G2
(6,.390) TI4, TI2
(6.400) U1, U2, U3
(6,410} EPSRt, EPSR2, -EPSR3
(6,420) EPS1, EPS2, EPS3
(6.430) NSIGY, NSIG2, NSIG3
(6,440) ITMAX
(6,450) ICK iy
(6.460) MTH1, MTH2, MTH3
(6,470) JUOBt, JJOB2,
(6,480) IPRNT1, IPRNT2,

00 100 J

0G 90 IN =

=1, 3

- V(IN,J) = VI

VUIN +

1,4)

1+ N, 3

(1.J)
= VI(2,d)

V(IN + 2,J). = VI(3.J)

80 CONTINUE ~
100 CONTINUE

JJUOB3
IPRNT3

COMPONENTS OF INIT.

110 WRITE (6,120) ((Vv(I,J),J=1,3),1=1,N)

120 FORMAT ('O INIT.GUESS VELOCITIES’, (1X,3E20.10))
WRITE (6,130)
130 FORMAT (1X)

IER =

TEST MEAN FLOW FOR

o

FORMED IN PREVIOUS RUN

s e

K]

BIFURCATION SEQUENCES AND ASSOCIATED TIME LOOPS

1ST BIFURCATION OR wwmv If ALREADY PER-

GUESS VELOCITIES

LERES
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722.
723.
724.
725.
726.
727.
728.
729.
730.
731.
732.
733.
734
735 . 5
736,”
737. .
738.
739.
740.
741 .
742.
743,
»T44 .

NMRONNRNNDN

t

NMORNNONRNRBRRONONRONRONNNNOD

N
~
N
)]

2 746.
2 747
.2 748.
2 .749.
2 750.
2 7514,
.2 752.
2 753.
2.754.
2 755.
2 756.
2 757.
2 758B.
2 759.
2 760.
2 761.
2 762.
2 763.
2-764.
2 765.
2 766.
2 767.
2 768.
2 769.
2 770.
2 771.

113
114

115
116

117
118

119

120
121

122
123

124
125
126
127

128

129

130
131
132
133
134
135

136

[sXeNeNel

aO00n aoanon

[eKeKeNe

[oNoNeNeNe NNl

IF (IGY .€EQ. 1) GO TO 140
CALL BIFOR2(FUN, V(1,1), N, ANUP(1), U1, MTHI, JJOB1, IPRNT1,

1 PAR(1,1). V1(1,1), ERR, W, [ER, EPSRI, EPS1, NSIG1, ITMAX,

2 ICK( 1)) -

IF (IER .NE. O) STOP 1 :
ICK(1) = O -

WRITE OUTPUT PARAMETERS OF 1ST BIFURCATION AND VALUES OF
LIN. MATRICES AT CRIT. POINT nberﬂ LABLOT) ON LOG.UNITS t ,13 :

WRITE (1) ANUP(1), Av>mA—v..‘v.~v‘u_.dov. (Vi(IV1,61),IVi=1,N)
WRITE (13) ABLOC, ABLOT

EVALUATE MEAN FLOW AT CRIT. POINT : : -

CALL MFC

A%
P
STOP IF ONLY 1ST BIFURCATION IS TO BE PERFORMED (USER-OPTION)

IF (NO .EQ. 1) STOP 11t

GO TO 210
IF 1ST BIFURCATION WAS DONE IN PREVIOUS RUN ,READ AND ECHO ITS .
OUTPUT PARAMETERS AND ABLOC ,ABLOT FROM LOG.UNITS 1 AND 13 S

140 READ (1) ANUP(1), (PAR(UP1,1),JP1=1,10), (Vi(uVvi, 1) ,JdVi=1 N)
READ (13) ABLOC, ABLOT

WRITE (6,150) ANUP(1)

150 FORMAT ('CRIT.ANUP : ‘., 3X, E20.10)
WRITE (6,160) (PAR(I,1),1=1,5) . .

160 FORMAT (/26X, 4HAMU2, 16X, AHTAU2, 16X, SHBETA2, 14X, 9HRE(C1(0)),
1 - 11X, 9HIM(C1(0)), /8H VALUES, 9X, 5E20.10) .
WRITE. (6,170) (PAR(I1,1).1=6,10) B

170 FORMAT (/25X, 6HDALPHA, 14X, 6HDOMEGA, 14X, BHOMEGA(O), 12X,

1 6HENDRMX, 14X, G6HENORMV, /B8H VALUES, 9X, SE20.10) .
WRITE (6,180) )
180 FORMAT (/14X, 17H| EIGENVECTOR V1), ‘

WRITE (6,190) (J.V1(I,1),1=1,N)} )

190 FORMAT (8H | Vi1(, 12, 3H) =, 2E20.10) . . ;
WRITE (6,200)

200 FORMAT (1X)

TIME LOOP FOR 2ND BIFURCATIONS OVER 1ST ORBIT

INITIALIZE NO. OF TIME STEPS OR ORBIT DIVISIONS AND INIT.
GUESS FOR ANUP(2) BY (USER-OPTION).INCREMENTING 1ST CRIT.VALUE

210 NT1 = NT(1)
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772, 137 IF (1A12 .EQ. 1) ANUP(2) = ANUP(1) + DAI2

773. c .

774. 138 DO 250 ITH4 = 1, NTH

775 . 139 1P = 1 .

776 . 140 IT(1) = ITt - -

777. c T ‘

778. C TEST FOR 2ND BIFURCATION OR SKIP IF ALREADY PERFORMED IN

779. C PREVIOUS RUN

780. c

781 . 141 IF (1G2 .EQ. 1) GO TO 220 -

782 . 142. CALL BIFOR2(FUNP, V(1,2), N, ANUP(2), U2, MTH2, JJOB2, IPRNT2,
783. 1 PAR(1,2). Vv1(1.2), ERR, W, IER, EPSR2, EPS2, NSIG2, ITMAX,
784. 2 1ICK(2)) . ,

785 . 143 o IF (IER .NE. O) STOP 2 _

786. 144 ICK(2) = O - , :
787. c iy . :

788. C WRITE OUTPUT PARAMETERS ON LOG.UNIT 2 AND CURRENT VALUE OF

789 . C 1ST HOPF ORBIT (VS) ON LOG.UNIT 9

790. c :

791. 145 WRITE (2) ANUP(2). (PAR(1P2.2).1P2=1,10), (V1(1V2,2),1V2=1.N)
792. 146 WRITE (9) VS .

793. c ’ =

794 . C STOP IF ONLY 1ST AND/OR 2ND BIFURCATIONS ARE TO BE PERFORMED

795. ¢ (USER-OPTION) : .
796 . c -

797. 147 + IF (NO .EQ. 2} GO TO 250

798. 7C

799. 148 GO TO 230 N

800. o it bttt

801. ¢ IF 2ND BIFURCATION WAS DONE IN PREVIOUS RUN ,READ (AND ECHO) —
802. C 1ITS OUTPUT PARAMETERS AND VS FROM LOG.UNITS 2 AND 9

803. C !
804 . 149 220 READ (2) ANUP(2), (PAR(UP2,2),uP2=1,10). (Vi(Uv2.2).Uv2=1,N)
805 . 150 READ (9) VS . -

806 . c -

807. 151 WRITE (6,150) ANUP(2) )
80O8.. 152 WRITE (6,160) (PAR(1,2),1=1,5)

809. 153 . WRITE (6,170) (PAR(I.2),1=6,10)

810. 154 WRITE (6,180)

811 —- - 155 WRITE (6,190) (I.vi(I.2).1=1.N)

812. 156 WRITE (6,200)

813. c

814. Cormommmmmmeemmmm e ememo oo s---oo--SsooSoos v

815. C TIME LOOP FOR 3RD BIFURCATIONS OVER 2ND ORBITS -
816. c

817. : C INITIALIZE NO. OF TIME STEPS OR ORBIT DIVISIONS AND INIT.

818. C GUESS FOR ANUP(3) BY (USER-OPTION) INCREMENTING 2ND CRIT.VALUE
819, C : .

820. 157 230 Ip = 2

821. - 158 NT2 = NT(2)
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822. - 159 IF (IA23 .EQ. 1) ANUP(J3) = ANUP(2) + DA23
823. C .
824 . 160 DO 240 172 = {1, NT2 g . -
825. 161 1T(2) = 172
826. 162 CALL BIFOR2(FUNP, V(1,3), N, ANUP(3). U3, MTH3, JJOB3,- IPRNT3,
827. 1 PAR(1,.3). V1(1,3), ERR, W, IER, EPSR3., EPS3, NSIG3. .
828. 2 ITMAX, ICK(3)) - :
829. 163 IF (IER .NE. O) STOP 3 .
830. 164 JICK(3) = O
831. c -
832. C WRITE OUTPUT PARAMETERS ON LOG.UNIT 3 )
833. c - - :
834 . 165 WRITE (3) ANUP(3). (PAR(IP3,3),1P3=1,10), (V1(1v3.3),.1Vv3=1,N)
835. c - .
836 . D ittt et b ettt
837. c
838. 166 240 CONTINUE
839. 167 250 CONTINUE
840. c - .
84t Ceorrmrmmmmmm—mmmmmm—mm e m—ooo-—o————os-o—os e
2. 842 o] : .
843 168 260 FORMAT (’1ER =’, 2X, 13)
844 169 270 FORMAT (/, 10(3X.,F7.3)):
B45 170 280 FORMAT (/. 7(3x,F7.3))
846 1714 290 FORMAT (‘ ANU = *, 3(G20.10,2X))
847 172 300 FORMAT (° IAt2 = *, I, 3x, ‘1A23 =, I1)
B8asg 173 310 FORMAT (’ DA12 = ‘, G10.5., 3X, ‘DA23 = ', G10.5) .
849 174 320 FORMAT (‘ vIi=‘, 3(G10.5), ‘VI2=’, 3(G10.5), 'V13d=‘, 3(G10.%5)) -
850 c
851 175 330 FORMAT (' CP(t) = ', FT.5, 2X, ‘cP(2) = ¢, FT7.5) : . .
852 176 240 FORMAT (' NT(1) = ‘5 I3, 2X, 'NT(2) = °, 13) :
853 177 350 FORMAT (’ IS(t) = /., I3, 2x, "is(2) = *, 13)
854 178 360 FORMAT (' NO = °. I1)
855 179 370 FORMAT (* IR1 = °, I, 3x, 'IR2 = ', It, 3X, ‘IR3 = ‘', 11)
856 180 380 FORMAT (’ IG1 = -, It, 3x, 'IG2 = ‘', 11)
857 181 390 FORMAT (* TIt = °, G20.10., 3X, 'TI2 = ', G20.10)
858 c
859 “182 400 FORMAT (° U = ‘, 3(G20.10,2X))
860 183 410 FORMAT (‘ EPSR = ’, 3(G20.10,2X))
861 184 420 FORMAT (° EPS = ‘', 3(G20.10,2X))
862 185 430 FORMAT (° NSIG = ’. 3(12,2X)) :
863 186 440 FORMAT (' ITMAX = ‘, 12) .
864 187 450 FORMAT (' ICK = ’, 3(11%,2X)) '
865 188 460 FORMAT (’ MTH = *, 3(11.2X))
B66 189 470 FORMAT (’ uJos = ‘., 3(11,2Xx)) M
867 190 480 FORMAT (/IPRINT = -, 3(I11,2X))
868 c -
869 191 sToP
870 cDS DEBUG SUBCHK

871. 192 END
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872

873

874

875 .

876
877
878

879.
880 .
881 .
882.
883 .
884 .
885 .

886

887 .
888 .
889 .

890

891.
892.

893

894 .
895.
896 .

897

898 .

899

300 .
S0t.
902.
903.
304 .
905 .
906 .
907.
908 .
909 .
910.

911

912.
913.
914
915.

916

917.
918 .
919.

920

921.

c ’ -
OnuunnnuunnuunnHHHunnHHuunHuunHHuﬂﬂuuHnnﬂuunuﬂuuunuuuunuunu
C
SUBROUTINE FUN(V. N, ANU, F, DF. IND)
c )
C FUNCTION: ASSEMBLE ODE-SYSTEM REPRESENTING THE DISCRETIZ-
C ATION OF THE EQUATION FOR 1ST 'ORDER PERTURBAT-
C IONS ON THE NS-EQUATION. THE BIFURCATION PAR-
C AMETER ANU 15 INTRODUCED BY THE MEAN FLOW THRDUGH
c ITS ADVECTIVE TERMS.
O o v ) .
C LOG.UNITS ADDRESSED: 10 : WORK - ACIR - . '
C 17 : WORK - ACIT . -
C : . .
C SYMBOLS USED: N - DIMENSION OF ODE-SYSTEM (I E 12).
c NN = COLUMN NO. OF ITS NONLIN. MATRIX (1.E.78)
c v = ARRAY HOLDING 3 SETS OF PERTURBATION
C . VELOCITIES-OF THE. 3 -BIFURCATIONS
“C F = LHS OF ODE-SYSTEM TO BE EVALUATED ;
C DF = JACOBIAN OF ODE-SYSTEM TO BE EVALUATED
C CFT = TECH. ARRAY FOR TRANSFER OF CRIT. .
C ©. " COEFFS. OF LIN. -MATRICES FRQM SUB- ’ ’
C . ROUTINE FUN INTO SUBROUTINE MFC *
C ANLY = NONLIN, MATRIX OF SYSTEM ™ . .
C ABLOC = LIN. MATRIX OF SYSTEM AT CRIT. VALUE ‘wf
. C OF BL{FURCATION PARAMETER ANUC -
c ABLOT = TRANSPOSE OF ABLOC . ‘
c ACIR = SINGLE PRECISION ARRAY HOLDING 1t ELE-
c - MENT FROM EACH LIN. MATRIX USED FROM
o) THE TOTAL OF 13 LIN. MATRICES P
C ACIT = SINGLE PRECISION ARRAY HOLDING ELEMENTS
*C TRANSPOSE TO THE ONES IN ACIR
C X Vi = COMPLEX EIGENVECTOR OF THE JACOBIAN
C MATRIX AT THE CRIT. VALUE ‘OF THE_BIFURC-
C ATION PARAMETER ANU - USED IN EVALUATION
o OF ANALYTIC APPROXIMATIONS FOR PERTURB-
C ATION VELOCITIES (1.E. HORF ORBITS) VP. . -
C (OUTPUT OF BIFOR2) . . . ’
c CC .CF .IX = USER-SUPPLIED FACTORS ,COEFFS. AND EXPONENTS
C USED TO CONSTRUCT LINEAR ,AFFINE OR POWER
o DEPENDENCIES.  OF PHYSICAL PARAMETERS OF
Ke THE MEAN (BASIC) FLOW (1.E. SHEAR .,
o _VISCOSITY) ON BIFURCATION PARAMETER ANUP
c VP = ARRAY HOLDING PERTURBATION VELOCITIES -
c PAR = PARAMETERS FOR EVALUATION OF ANALYT.
c APPROXIMATION OF PERTURBATION VELOCITIES
c (1.E. HOPF ORBITS) VP. (OUTPUT OF BIFOR2)
o ANU = BIFURCATION PARAMETER. -UPON ENTRY: INIT.
c GUESS - UPON RETURN CRIT: VALUE
C

IC1 ,IC2 = INDEX CONTROL ARRAYS TO CORRELATE

y
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922.
923 .
g924.

925

926.
927.

928

g29
930.
931 .

932
933-
934

935.

936 .

937 .
938 .
939.
940.
941,
3942.
943 .
944 .
945 .
946 .
847.
948 .
349,
950.
951.

952 .

953.
954 .
955.
956 .
957 .
958 .
959.
960.
961 .
962 .
963.
964 .
965 .
966 .
967.
968.

969.

970.
971,

abwN

~No

ot

PRODUCT

S OF ELEMENTS OF V WITH THE'

C.
C CORRECT COLUMN NO. OF ANLY
c CFN = COEFFS OF LIN. MATRICES, - 1.E .7 PHYS. °
c . FLOW PARAMETERS (SHEAR COEFFS. L ABSOLUTE
C . COEFFS . ,VISCOSITY)
AN IND = SWITCH CONTROLL ING m<>rc>q~oz OF ODE-
G. © SYSTEM OR ITS c»nomm»z (USED WITHIN
c BIFOR2 ONLY)
c B ICT = SWITCH OOZAnOrrgzm TRANSFER AND
c STORAGE -OF COEFFS. AND LIN. MATRICES
c AT CRIT ~ANU FOR LATER USE IN SUB-
c ROUTINES FUNP. >zo MFC (SET :_qz_z .
C BIFOR2) - .
c S
IMPLICIT REAL*8(A - H.O - Z) < . )
INTEGER N ) . N :.uP
. REAL*B VI(N). F(N), DF(N,N), CFN(13), CFT(13) _ e

COMPLEX*16 V1(12,3)

O!Q’QQQQOIl.’....l"..'!ll'.”

C+* NB: SET DIM. OF ACIR,ACIT(L
REAL*4 ACIR(T7), ACIT(7)
COMMON /CBL/ ANL 1(78,12).
1 VvP(12), PAR(10,3),

2 - 1Ici1(78), 1C2(78) ..
COMMON /CT/ ICT :
B COMMON ./CBT/ CFT

c

QQQQQQIQ.QQ'QIQQQQQQQiQQnFOM}M\WIMW%.HQQ
INE BELOW) = # OF COEFFS (Cfs ) *

ABLOC( 12,

12),
vs(12),

CF(13), 12), ABLOT(12,
ANUP(3), CP(2), cc(10), mxAéovu
~Mﬁw~. 1T(2). NT(2), NN, ICR, 1P,

nllQlQ mm.—..—‘nzo Oﬂ TlﬂlOi mqncnqCﬂN%'.QQQGQ'Q'QQQQ’Q'.QQ'Q'Q.Q’..

C SET DEPENDENCE OF MEAN FLOW ON ANU BY COOSING FUNCTIONAL
C DEPENDENCIES (LINEAR ,POWER .AFFINE). BETWEEN THE FLOW COEFFS.-
C CFN AND ANU. USED COEFFS. CF MUST. BE IN ASCENDING ORDER W.R.¥
¢ THEIR INDICES (WHICH DENOTE THE LIN. MATRIX THEY ARE ASSOC.
C WITH) AND UNUSED ONES DELETED (I.E. COMMENTED OUT). .
C_THE INDICES OF THE COEFFS. CF IDENTIFY WITH THE PHYS. FLOW
¢ COEFFS. AS SET-IN LINES 3 (LCF) AND 4 (CF) OF THE SONTROL
C PARAMETER FILE (LDG.UNIT 4} ) n
c .
c 1~ c( x) 2.~ C( Y) 3 ~C(2) 4 ~ VISCOSITY
C 5 - C(XX) 6 -~ C(XxY) 7 = C(xZ) .
C 8 ~ C(YX) 9 ~ C(YY)- 10 -~ ¢(v2)
c 11 ~ c(zZx) 12 ~ c{zv) 13 -~ €(22)
c .
. CFN(1) = CF(1) * ANU
CFN(2) = CF(2) * ANU )
CFN(3) = CF(3) * ANU. . . , s
CFN(4) = -CF(a)
CFN(5) = CF(6) * ANU + CC(5)
'CFN(6) = CF(10) = ANU + CC(8)
CFN(T7) = CE(11) * ANU + CC{(T)

- C DONE BY USER WITHIN THIS PROGRAM SECTION
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972.
973.
974 .
975.
976.
977.
978 .
979.
9280.
981.
982.

17
18
19

20

21

22

24

25
26
27
28

35

‘cc CEN( 8)

nl"."’,‘.i"."."..'..ﬁ

c

c
c
<

[eNeNed 000 aoon

coo

[eNeNe]

o000

CFN( 9)
CFN(10)
CFN(11)
CFN(12) =
CFN(13) =

"Q...‘i'...ﬂ’....l.’...l".‘".QQ.."’Q.

COPY CRIT. VALUES OF COEFFS. CFN INTO TRANSFER ARRAYS CFT

(FOR USE IN MFC) :
IF (ICT .NE. 1) GO TO 20 .
DO 10 IK = 1, ICR o
10 CFT(IK) = CFN(IK) : : .
20 IF (IND .EQ. 1) GO TO 90
-~- FUNCTION EVALUATION =--=----co-m---
"~ REWIND 10

ROW-LOOP IR

DO 80 IR = 1, N : :
"FS = 0.D00
COLUMN-LOOP IC .
DO 70 IC = 1, NN TR

LY

EVALUATE NONLIN. MATRIX :

I1 = IC1(IC)
12 = 1Cc2(iC) -
FINCR = ANLI(IC,IR) * v{I1) * v(I2)
IfF (IC .GT. N) GO 10 60
ASSEMBLE LIN. MATRIX
30 READ (10) ACIR
ABLC = 0.DO
DO 40 ICF = 1, ICR
ACMB = ACIR(ICF)
* ACMB

ABLC = ABLC + CFN(ICF)
40 " CONTINUE .

COPY CRIT. VALUE OF LIN. MATRIX INTO ABLOC FOR USE
IN SUBRDUTINE FUNP : ..ud

-,
S

IF (ICT .NE. 1) ABLOC(IC,IR) = ABLC

& .

<
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022.
023.
024.
025.
026.
027.
028.
029.
03Q.
03t.
032.
033.
034.
035.
036.
037.
038.
039.
040.
o41.
042.
043.
044 .
045.
046.
047 .
048.
049.
050.
051.
052.
053.
054.
0585.
056 .
057.
0%58.
0%9.

061.
062.
063.
064 .
065 .
066 .
067.
068 .
069.
070.
o71.

C COPY CRIT.

c o .
36 50 FINCR = FINCR + ABLC *.Vv(IC)
c ,
A7 60 FS = FS + FINCR
38° . 70 . . CONTINUE
c . :
39 F(IR) = FS
40 80 CONTINUE
c
a4 RETURN .
c - g
C <-- UACOBIAN EVALUATION -------=-==-=~ -
c : , B
42 90 REWIND 17 .
C
C ID-LOOP  ITERATES THROUGH PARTIAL DERIVATIVES
C . .
43 DO 130 ID = 1, N
: c )
C ROW-LOOP IR
c e
44 DO 130 IR = 1, N
45 DFS = 0.00
c
C COLUMN-LOOP IC :
0 . -
a6 DO 120 IC = 1, NN
:C
C EVALUATE oozqnumC4~02m FROM NONLIN. MATRIX
c
47 DINCR = 0.00
48 It = IC1(IC)
49 12 = 1C2(1C) . :
1o} IF (It .NE. ID .AND. 12 .NE. ID) GO.TO 100
5 IF (It .EQ. ID .AND. I2 .EQ. ID). DMFR = ANL1(IC.IR) * <AH*
1 = 2 : o
52 IfF (I1 .EQ. 10 .AND. 12 .NE. ID) DINCR = ANL 1(IC.IR) * V(I2]
53 IF (If .NE. ID .AND. 12 .EQ. ID) DINCR = ANLI(IC,IR) ¢ V(I
54 100 IF (IC .NE. ID _OR. IC-.GT. N) GO TO 120
o EVALUATE CONTRIBUTIONS FROM LIN. MATRIX
.. c
55 . READ. (17) ACIT
56 .ABLT = 0.DO -
57 0O 110 ICF = 1, ICR
58 - ACMB = ACIT(ICF)
59 ABLT = ABLT + CFN(ICF) * ACMB
60 w110 CONTINUE o .

VALUE OF LIN. MATRIX INTO ABLOY FOR USE
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072.
073.
074.
075.
076.
o77.
078.
079.
080.
o81.
os82.
083.
084 .

61

62

63

64

65

66

a0

120

130

cDs

1IN SUBROUTINE FUNP

DINCR = DINCR + ABLT

DFS = DFS + DINCR
DF(IR,ID) = DFS
DM4CDZ

DEBUG SUBCHK
END

IF (ICT .NE. 1) ABLOT(IC,IR)

@«

ABLT

A,
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08s.
086 .
087.
os8s.
089 .
090.
091.
092.
083.
094.
095.
0%86.
097.
098 .
099.

101.
102.
103.
104 .
105.
106 .
107.
108 .
109.
110.
111,
112.
113.
114,
115,
116.
117,
118,
119.
120.
121
122.
123,
124,
125,
126.
127.

‘128.

129.
t30.
131.
132.
133.
134.

. -

c . ) . .;w -~ -
Onnnuuﬂ“.nunn“u“nnﬂunnuuuﬂnunulNnuuunnnnn.unﬂunuunnunnuuuunuulr DI o
c . &..
mcmnOC4—Zm mCZvA< N, ANU, F, DF, IND) .
FUNCTION: ASSEMBLE ODE- m<Mﬂm!levnmmmZﬂ~ZQ THE Dnmonmqul L
ATION OF THE NONAUTONOMOUS -EQUATION FOR ) o K .

.

2ND (IP=1) OR 3RD (]P=2) ORDER : ) . e
PERTURBATIONS ON THE NS-EQUATION. ITS = - ° R
NONAUTONOMY IS INTRODUCED BY AN >D<m04~<m 4mnl :
WITH AN ANALYTIC APPROXIMATION FOR A 4~1W: LT e
DEPENDENT 1ST OR 2ND ORDER PERTURBATION - txnnI hrmo
= INTRODUCES ITS FUNCTIONAL DEPENDENCE ON 4Im
' BIFURCATION v>n>1m4mn ANU .

SYMBOLS USED: N = DIMENSION OF oom m<m4mz (1.€. 12)
NN COLUMN NO. OF 1TS NONLIN. MATRI X ( BoE; %mv
Vv - = ARRAY HOLDING 3 SETS OF PERTURBATION™
VELOCITIES OF THE 3 BIFURCATIONS L7
F = ‘LHS OF ODE-SYSTEM TO BE EVALUATED _
DF JACOBIAN OF ODE-SYSTEM TO BE EVALUATED
IND = SWITCH CONTROLLING EVALUATION OF ODE- :
. SYSTEM OR I1TS. JACOBIAN (USED WITHIN
. BIFOR2 ONLY) - -
ANL1 = NONLIN. MATRIX OF SYSTEM :
ABLOC = LIN. MATRIX-OF SYSTEM AT CRIT. VALUE. -
" OF BIFURCATION PARAMETER ANU
ABLOT = TRANSPOSE OF ABLOC, _ : .
A3D = ARRAY HOLDILNG 1 ELEMENT FROM EACH OF : %
- THE 12 ADDITIONAL MATRICES FOR THE
ADVECTIVE TERMS STEMMING FROM vmnq:nm-

u ATION VELOCITIES - . -
A3T = SINGLE ECISION ARRAY HOLDING ELEMENTS RN
TRANSPOSE TO THE GONES IN A3D oot .
Vi = oozvrmxﬂmuomz<mnqon OF THE JACOBIAN
MATRIX AT THE CRIT. VALUE OF THE BIFURC-

ATION PARAMETER ANU - USED IN EVALUATION
- OF ANALYTIC APPROXIMATIONS FOR PERTURB-
ATIONWELOCITIES (I.E. HOPF ORBITS) VP.
(ouTtp OF ‘BIFOR2) , ’
VP = ARRAY HOLDING PERTURBATION VELOCITIES
PAR =-PARAMETERS FOR EVALUATION OF ANALYT.
APPROXIMATION OF PERTURBATION VELOCITIES
(I.E. HOPF DRBITS) VP. (OUTPUT DF BIFOR2) e
ANU = BIFURCATION PARAMETER -~ ON ENTRY: INIT.
GUESS ~ ON RETURN: CRIT. VALUE
Vs = TECH. ARRAY FOR TRANSFER OF nzo PERTUB-
. ATION VELOCITY ' . -
ICY1 ,IC2 = INDEX CONTROL ARRAYS TO CORRELATE
°  PRODUCTS OF ELEMENTS OF V.WITH THE

‘OOOOOOOOOOGOOOOOOOOOOOOOOOGOOOOOQOOOOhOOOOOOOO
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3 -

¢ : CORRECT COLUMN NO. OF ANL1

135 . c

136. c 1P =, INDICATOR FOR '2ND (=1) OR 3RD (=2)

137 . C BIFURCATJION -

138. C . .
139. . C LOG.UNITS ADORESSED: 15 : INPUT - A3D - ‘

140. C 19 : WORK ‘- A3T °

141 . c ' . . )

142 ¢ 2 IMPLICIT REAL*8(A - H,0 - Z) . .

143 3 INTEGER N : ’ . P °
144 . 4 REAL*8 V(N), F(N),'  DF(N.,N) T #

145 . 5 COMPLEX*16 Vi1(12,3), CDEXP, DCMPLX, EZ : ’

146 . 6 REAL*4 A3D(12), A3T(12) i Vet

147. 7 COMMON /CBL/ ANL1(78,12). CF(13), ABLOC(12,12). ABLOT(12,12), Vi1,
148 . v 1 ~ VP(12), PAR(10,3). ANUP(3), CP(2). CC(10). IX(10), VS(12)}.
149. 2 IC1(78), 1C2(78), 1S(2)., IT{(2), NT(2), NN, ICR, IP

150. 8 COMMON /CT/ ICT : ) P : .
151. c

152. Crrmmmmmmme e oo B e L e T R

153, C EVALUATE ANALYT. APPROXIMATION OF 1ST (IP=1) OR .2ND (IP=2)

154 . C PERTURBATION . . - D

155 . c - S

156 . 9 ANUPIP = ANUP(IP) :

157 . 10 PAR1IP = PAR(1,IP) o

158 . 11 D = ANU - ANUPIP . .

159, 12 EPS = D / PARHLIP

160. C e .

16 1. *C 1F RADICAND EPS BECOMES NEGATIVE DURY¥NG SECANT ITERATION .

162. C (SEARCH FOR CRIT. VALUE OF ANU (ICT¥1)) ,SWITCH TO MIRROR

163. C IMAGE W.R.T APEX ANUPIP OF '‘ASSOC. PARABOLN REPS = 'DSQRT(EPS)

164 . ‘c : ’ :

165. 13 IF (ICT EQ. % .AND EPS .LT. O) ANU = ANU ~ 2 * D

166. 14 REPS = DSQRT(DABS((ANU - ANUPIP)/PARTIP}) .

167. c . , - : . Y

168 . C USER-OPTION FOR TIMES ON ANALYT. APPROXIMATIONS FOR PERTURB-

169. C ATIONS SET BY ITERATIONS -IN TIME-LOOPS (IS(IP)=0) OR BY USER

170. C(IS(IP)=1 .NT(IP)=TIME) : : . :
171 c , . .
172. 15 IF (1S(IP) .EQ. O) EZ = CDEXP(DCMPLX(0.D0O,6.283185307 t795864769D0*
173. ’ 1IT(IP)/NT(IP))) ’ - : ; :

174 . 16 IF (IS(IP) .EQ. 1) EZ = CDEXP(DCMPLX(0.D0,6.2831853071795864763900*
175. 1CP(IP))) ’ ; . , —
176 . C ] .

177. C CALCULATE 1ST AND/OR 2ND mmzqcm>q_c2m &KT THETR CRIT. VALUES :

178. ce ‘

179, 17 DO 10 IV = 1, N - . .

180. 18 VPP = REPS * DREAL(EZ*VI(IV,hIP))

181, C .

182. C COPY CRIT. VALUE OF 1ST PERTURBALION INTC VS ’

183. C

184 . 19 : IF (IP .EQ. 1 .AND. ICT .EQ. O) VS(IV) = VPP <

~
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tn

185 .
186 .
187 .
188 .
189
190 .
191,
192.
193.

194

195 .
196 .
197 .
198 .
199.

201 .
202.
203.
204.
205.
206 .
207.
208 .
209.
210.
214,
212.
213.
214.
215.
216.
217.
218.
219.
220.
221.
222.
223.
224.
225.
226.
227.
228.
229.
230.
231.
232.
233.
234.

20

.21

22

23

24

25

26
27

28

30
3t

a8

39
40

000

OO0

OO0

ocoo 000

o000

OO0

[eXeNe]

COPY {1ST PERTURBATION INTO-VP

) ‘ : o
IF (IP .EQ. 1) VvP(IV) = VPP ¢ - T

COPY 1ST (CRIT. VALUE) + 2ND PERTURBATION INTO VP

10

IF (IP .EQ. 2) VP(IV) = VPP + VS(IV)
CONTINUE . p : -

IF (IND .EQ. 1) GO TO 80

FUNCTION EVALUATION ----c-mm-mmm==ommoocoomommmme

REWIND 15 : . : : . *

ROW-LOOP IR

DO 70 IR = 1, N . E

COLUMN-LOOP IC

FS =.0.DQ
DO 60 IC = 1, NN

EVALUATE NONLIN. MATRIX

14 1IC1(1IC)

12 = IC2(FC)

FINCR = ANL1(IC,IR) * V(It) * v(I2)
IF (IC .GT. N) GO 70 50

-~

ASSEMBLE ADVECT. TERMS STEMMING FROM vmnﬂcnm>4~02m

20

30
ADD
40

50
60

READ (15) A3D .
cL = 0.DO } : oo
00 30 IV = {, N _

A3DP = A3D(1V) .o

CL = CL + A3DP * VP(IV) o -
CONT INUE - ‘ _

CRIT. VALUE OF ADVECTIVE MATRIX ABLOC OF MEAN FLOW

FINCR = FINCR + (ABLQC(IC.IR} - CL) * V(IC)

FS = FS + FINCR
.CONTINUE ~ : ’ v

LR}

A
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235.
236.
237
238
239.
240.
241,
242 .
243,
244 .
245
246.
247.
248 .
249.
250.
251.
252
1253
254 .
255 .
256 .
257 .
258 .
259,
260.
261.
262.
263.
264.
265.
266,
267 .
268 .
269.
270.
27 1.
272.
273.
274.
275.
276.
277.
278
279.
280.
281.
282.
283.
284 .

41
42

43

a4

45

‘46

59
60

62

63

64
65

66

000 000

v

F(IR) = FS
70 CONTINUE

O

RETURN

i-- UACOBIAN EVALU

noo

80 REWIND 19

DO 120 1D = 1,
ROW-LOOP IR

DO 120 IR =
DFS = 0.00

-COLUMN-LOOP IC

g

OO0,

DO 110 IC

DINCR =
» 11 = ICH

- “ 12 = IC2
IF (11

) IF (I1.

1 = 2

IF (11

IF (119

[0 IF (IC

c .

C .
READ (19
cL = 0.0
00 100 1

ATION -

N

... N

= 1, ‘NN

0.00
(1c)
¢1c) -

.NE. ID
.EQ. ID

EQ .- ID
NE. ID
'NE.. ID

) A3T
o
Vo= o1,

tp-LO0OP nﬂmn>4mw THROUGH PARTIAL DERI

JAND. 12
LAND. 12
LAND. 12
CAND . 12

N

A3TP = A3T(1V) .
CL ="CL + A3TP * VP(IV)

100 - < CONTINUE
C

c
va
O .
110 DFS = DFS
120 DF(IR,ID) = DF
c
’ RETURN
C€DS - DEBUG SUBCHK

+ DINCR
s

.NE..
.EQ.

.NE

. .EQ.
.OR. IC .GT. N) GO TO 110

VATIVES -

“ID)
1D)

. %0)
1D0)

DINCR = DINCR + ABLOT(IC,IR) - CL

GO TO
DINCR

DINCR
DINCR

90

C ASSEMBLE ADVECT. TERMS STEMMING FROM PERTURBATIONS

=

ANL1(IC,IR)
ANL1(1C,IR)

C ADD CRIT. VALUE OF ADVECTIVE MATRIX ABLOC OF MEAN FLOW

ANL1(IC.IR)

= v(11)

+y(12)
* V(1)
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286,
287
288 . ) o
288 . - 1 SUBROUTINE MFC .
290. : :

291.
292.
293
294 .
295.
296 .
297 .
298.
299. >

oo
[
n
"
n
1
n
1
n
"
[
0
"
n
[
"
"
"
n
"
il
n
it
n
n
"
[3
"
1
"
u
n
n
0
"
"
1
"
I
[
[
it

n
"
n
1
"
1
"
"
"
n
1"
"
"
n
n

e

FUNCTION: EVALUATE ZmefﬂhMwaﬂ.nnmﬂ. POINT OF 15T BIFURCATION.
SYMBOLS USED: I ,J K = H24W/VOiNNMIMM\MlFRIFN|Umvm20m20mmml
. OF MEAN FLOW COMPONENTS
xI ,yL ,Z1- CARTES. COORDINATES OF POINTS
- SELECTED. BY DISCRETIZATION
: VC = ARRAY CONTAINING MEAN Flow AT
CRIT. POINT i
CFT =fPHYS. FLOW (MEAN)® Nbﬁ)-smﬂmnm AT
e QOWH,_‘. POINT | 3
c = m$n>3mqmnw SELECTED FROM CFT ' ( H
' USED IN CURRENT MEAN FLOW L
< . ~

3of. -

303.
304.
305 .
306.
307.
308.
309.
310.
31t
312.
313. X,
314,

315, . C . LTy

316. " € READ POWERS FROM CONTROL- PARAMETER wwrm (LDG.UNIT 4)
317, . c - h

318, 8 READ- (4 143000,LFMT) 1 . -

319, o ‘READ {4’ 144000,LFMT)
320. 10 ' READ (4’ 145000,LFMT) K 6

321. c . . -

322, C SELECT COEFFS. USED IN CURRENT MEAN FLOW

323. c Vel

324. 1 ICR = O ’ ’ : . ' *
325. 12 DO, 10 IEF = 1, NCF -

326 . 13 IF (LCF(ICF) .EQ. O) GO TO 10
327. 14 ' ICR = ICR + 1

328. 15 C(ICF) = CFT{ICR) -

329. 16 10 CONTINUE N

330. C .

334 . C EVALUATE MEAN FLOW AT CRIT. POINT : °~
332. . C ' ,

333. - 17 - DO 20 11 = 3, 12, 3

334, 18 READ (14) xI, YI, ZI

335. 19 ' X = XI

1 QUTPUT - VC
: INPUT , - CONTROL PARAMETERS
-6 : OUTPUT - ERROR MESSAGES -.TERMINAL
14 . INPUT -~ XI ,YI ,ZI :

LOG.UNITS ADDRESSED:

~

OO000000000N00ODONOO

LOGICAL*1 LFMT(1) /' *'/ : ]
REAL*8 X, Y, 2, VC{12), CFT{(13), C(13) /13*0.00/
REAL*4 X1, YI, ZI

INTEGER I(3), J(3), K(3). NCF /13/*

COMMON /LF/ LCF(13) 3

COMMON /CBI/ CFT

~N~NoONhwN
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3
’3
3

3

3
3
3

3.

3
3
3
3
3
3
-3
3
3
m,
3
3

336.
337.
338.
339.
340.
341.
342.
343.
344 .
345 .
346 .
347.
348.
349.
350.
351,
352.
353.
354 .
355.

20
21
22
23

24

,

Cc

CcDS

20

30

Y =, Y1
z = 21 s
VC(II - 2) = C(1) + C(B) * X ** HAAV + C(6) £ Y ** J(1) + C(7)
7 ** XAav
VvC(II - )
* 7 &% —AAMV i
VC(II) = C(3) + C(11) * X ** I(3) + C(12) * ¥ ** J(3) + c(13) *
2 ** .mAwV « . . o . :

C(2) +.C(B) * X *#* I(2) +. C(8) * Y ** y(2) + c(10)

C PRINT OUT FLOW AT mmrmoqmo.mOnZAw.>ZO tnm+m.m240 LOG.UNIT 1

WRITE (6.30) X, Y, Z ‘ o A
WRITE (6,30) VC(II - 2)., VC(II - 1), VC(II)

CONTINUE

WRITE (1) vC - L

FORMAT (3G15.7)
RETURN
DEBUG - SUBCHK

END
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~—_PROGRAM ODE .M ; : o ot
~¥ 2 ‘ , : i

PR W W WY WWwWWwe Ww

-3 356, < C
3 357 : c : R e . .

3 358 - ¢ FUNCTLON: SOLVE THEINONAUTONOMOUS SYSTEM OF SHE DISCRETIZED - -

3 359 v - ¢ NS-EQ. FOR “THE 2ND PERTUBATIONS (V) BY RUNGE-KUTTA. "

3 360. c.”’ . THE 15T PERTURBATIONS. (VS) ENTER. THE SYSTEM AS.AN

InB6 1 C ANALYT C.APPROXIMATION AND THEREBY INDUCE _1TS NON .
362. , | c . *AUTONOMY-. I i S N T
363 c _ INDUCE FOR IRP.UT.K RANDOM PERTURBATIONS AT TIMESTEP K
364 . C . AT 4 POINTS WITH 3 VELOCITY COMPONENTS BY DISPLACING .
365 -C . THEM IN THEIR 4 3 DIM. VELOCITY SPACES BY -VECTORS DET
366 ‘C . ERMINED -IN LENGTH AND DIRECTION BY.GAUSSIAN AND HOM
367, < "¢ OGENEOUS' RANDOM NUMBER GENERATORS. THE. AMOUNT OF.
368 . c ! . - TIMESTEPS WITH UNPERTURBED VELOCITIES 1S DETERMINED
369 c : * BY A GAUSSIAN' RANDOM GENERATOR AS WELL.
370. - .cC : : . T e
371 C SUBROUTINES USED: RKF45: 4TH-STH ORDER RUNGE-KUTTA-FEHLBER
372 c . SOLVER (MATH:MAYHLIB) co L T T
373 C .+ . _.F45:  ASSEMBLES NONAUTONOMOUS NS-SYSTEM
374 c o GGNQF : GAUSSIAN RANDOM. NUMBER GENERATOR -
375 - cC , . GGSPH: HOMOGENEDUS'RANDOM ‘NUMBER GENERATOR

3 376 v C - : . . TOVER UNIT SPHERE o g

3 377. C’ . ' (BOTH IMsLLIB) I

3 378. ° c R R S . : .

3 379 - ¢ LOG.UNLTS ADRESSED: 1 - INPUT ~ FROM- BIF3A, (PARD,V1D,ANUCD) .

3 380 - c C e 2 - OUTPUT- "2ND .PERT .- (T,V) = -

©-3 381 - C . 3 - OUTPUT- 18T PERT. (T.VS) - - |
3 382. U _ . 4 - INRUT - CONTROL PARAMETERS = ¥ =

. 3383 .- C - " 6 - QUTPUT - ERROR MESSAGES - TERMINAL - =
3 384. - c - T 7 < INPUT. - IC1 EROM DSCRB o
3 385. sc. . - : 8 - INPUT -. IC2 FROM DSCRB -

.3 386. ™~ TC c . 2. = INPUT -~ ANL1‘'FROM DSCRB .
3 387 - o} ‘ s 13 -.INPUT - ABLOC FROM BIF3A .
3 388. c - - . *15 - INPUT - A3D FROM ADV :

3 289 c . e e - < ‘. .

3 380 . 'C SYMBOLS USED: K = CODUNT OF TIMESTEPS - - T,

3 391 C MK = MAX.NO. OF TIMESTEPS o

2 392 5 c N = DIM. .OF ODE SYSTEM (I.E. 12 HERE}:.

3 393 c NN . ="NO. OF COLUMNS IN NONLIN. MARRIX ' . * .

-3 394, (o} * 1RO . = NO .OF UNPERTURBED TIMESTEPS PER POINT .
3, 395. c [CDO . = _COUNT OF UNPERTURBED TIMESTEPS a
3 396 c ABLOCD = LINEAR MATRIX OF SYSTEM ~ ... ' . .

3 397 c ANL1 - = NONLIN.MATRIX OF "SYSTEM B

-3 398. c _A3D - <= ADVECTIVE MATRIX.OF. SYSTEM S
3 399, -~ IRP = SWITCH FOR RANDOM PERTURBATIONS S
3 400. C- .T. - - = CURRENT TIME IN.ODE SOLVER" - - L
3 401 c TS = TIMESTEP IN ODE SOLVER =~ . ST / ’
3 402 . c . TEND = TIME FOR WHICH THE SYSEM IS .SOLVED -. .}
3 403. c . ANUC = = CRIT. VALUE OF BIFURCATION PARAMETER
3 404. c : © < FOR FIRST BIFURCATION oo -

3 405. c ’

ANUCD = \>ZGO, IN DOUBLE PRECISION’

' d

PO
a\ U /SN
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406 . c PAR - = PARAMETERS FOR ANALYT.' APPROXIMATION

407 . Lo - * OF FIRST PERTURBATION -

408 : c . ‘ “. PARD = PAR IN DOUBLE PRECISION

409. \ c . Vi = COMPLEX EIGENVECTOR OF SYSTEM AT >zco

410 . e : V o - 4SED TO CALCULATE VS - .

a1 . ) *c . " VID . = Vi IN DOUBLE PRECISION

412, ¢ , VS - = ANALYT. APPROXIMATION OF mHnmq

413 . . c . PERTURBATION "

414. c . o v = SECOND nm»ACnm>quz 1.E. czxzozz ~

415, c : WHICH THE SYSTEM IS mor<mc FOR :

416 C : ANUP = CURRENT SETTING OF mHmcnn>4Hoz .
417 c - B ~__PARAMETER IN VS . . . o
a18. C R . 1C1 ,1C2 = INDEX CONTROL ARRAYS. TO nonnmr>4m.‘

a19 c e PRODUCTS OF ELEMENTS OF. V WITH THE

420 c- - CORRECT COLUMN.NO. OF "ANL1 .-~ © * ..

a2 . C VM - . = V AS 3*4 ARRAY : .

422 - C SS © = VARIANCE OF GAUSSIAN RANDOM DISTRIB'

423 . C ~UTION FOR SIZE.OF RANDOM PERTURB

424 - c , ATIONS IN SPACE

42% c. ST . = VARIANCE OF GAUSSIAN RANDOM DISTRIB

426 ., c . : UTIONS FOR RANDOM NUMBER OF UNPERTUB- o
427. c . ED TMESTEPS y
428 c . Z - = DIRECTION OF RANDOM nmnqcnm>ﬂH02m - .
429 c . o 1 €. DUTPUT OF GGSPH : ’
430. C - - - RDF - REDUCTION FACTOR FOR UNBOUNDED GROWTH

4371, c ‘ RELERR ,ABSERR ,IFLAG ,WORK ,IWORK : .

432, c - TECH: PARAMETERS AND ERROR CODE- . "~ '

2433, -t FOR RKF45 - . . NEE

a34. - . c DSEED NRD ,IOPT ,IZ ,IERR :.

435 , c ; TECH. PARAMETERS AND mnnon oOOm .

436 C FOR_GGNQF ,GGSPH .

437. C e v ~ L R .

438 1 "LOGICAL*1 LFMT(1)’ /e ) ‘ : o
439. .2 _ INTEGER K, MK, N; Hzouxﬁmv 1Z /1/, .IRD(4) /4*0/, 1CD(4) /4*0/,
~440. o , 1 NRD /1/, 10PT /3/, 1ERR o :
441, : 3 - REAL V(12), VM{3,4). ANUP(3), WORK(7S) )

447 ‘4 REAL Z(1,3), GGNQF, SF, SS, ST . ¢ o

443 5 ¢ REAL T, TS, TEND * - : )

444. 6 " REAL*8 ANUCD, v»nca.ov >m~oncm,w Y2), ABLOTD(12,12). DSEED ..
445, -7 COMPLEX*16 VID(12) co S

446 . 8 COMPLEX VJ(12) . ' & )

a4a7 . 9 EQUIVALENCE A<A,v <zA, 1)) L .
448’ - £ S o
449 10 . COMMON \omx\ Vi1, vpnﬁ*o. IC1(78). 1C2(78), REPS, VS(12), PR .
450 11 COMMON /MTRX/ ABLGCT(12,12), ANL1(78,12), A3D(12, ‘aav

451 ., 12 B COMMON \,_Zm0>4\ N;° NN

452. c . i o

453 .. 13- " - EXTERNAL -F45 . - e

454 . C " . i o T

.

455 . 14 . NN = 78
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456 15 SN = 120 et s
as7 = ¢ L oo

458 . - . C READ ooz¢zor u»n>3mqmwm AND mznqnxmm ﬁnoz L0G. czwq 4 e
a8 C. - EE . _ . SRR

460. : ‘mt»‘ s ‘READ. «u._oooo LEMT) >zcv o R . cem T
ae¥. . ey READ (47 600OKFSLFMT) Hzo Hzow ;- IFLAG, IFLAG2, IFLAG3, ~IFLAGR, M34
462 A, ::nmﬁmuA»‘mMOOQ rmMWa MK, IRW .~ R
463" . READ (4/64000,LEMT) T, #RP, Sy ST, cmmmv s S b
464 . .-  READ (4°66000°LFMT) TS, RDF, FELMX . PRI
465 . " READ (4’68000, LFMT) .TOL, I.:nmrmnn. ABSERR;. nmm\n >moqn

466 . ».nmzu\ 70000, rmxi v : o ‘

467 . G .
468. C PARAMETERS FOR pz>r<4 »nvnox~z>quz OF 1sT vmzACnm>4Hoz =
469. C AND LINEAR MATRIX -ABLOCD FPR ODE-SYSTEM ARE- READ: FROM

470. *C LDG.UNITS 1 AND 13 AND o. ERTED TD SINGLE PRECISION. LT

a7 . DR M\zQZrHZm>n MATREX. ANL1 ,ADVECT.IVE MATRIX A3D AND INDEX : RN
472 . CONTROL >nn><m FOR zc2r~z MAFRIX ICt ,IC2 ARE READ FROM .

a73. . C LOG.UNITS 12 ,15., 7 A»mroqo c2tmmcv ol . A :
474 .- T c . oo S .
475. . 23 .+ READ (1) ARUCD, Av>noAcv ). cvdn, 10). (VID(JV1), JVi=1 N). .
476.° = 24. . - READ (13) ABLOCD.. ABLOTD Do S L :

477, ! 25 . DO.10-JR = 1, N L s S A
478. 26 - 10 READ (12). .>Zr¢Acn IR, cn-A zzv ’ - . : . .
479. o217 © 7 NTN = N * N , o , :

4a8o0. 28 DO 20 KR = 1, NTN ' o - - ; co

481. - .29 ' -~ .20 READ (15) (A3D(KC,KR), xo-. zv L T L -
482. - : < , ,

483. 30 .. " READ"(7) 1c1 . :

484% 31 READ (8) 1C2 .

485 . 32 ANUC = ANUCD S B - R

A86. 33 .+ DO 40 IR = 1, N . L PR - , ¥

487. 34 . 1F (1R .LE. 10) PAR(IR) := PARD(IR) : R

488 . 235 VI(IR) = VID(IR). . o ’ S -
489. 36" DO 30 IC = 1, N. - - . | : ’ L
490. oar n , ABLOC(IC;IR) = ABLOCD(IC,IR) o e

491! cT - ABLOT(IC, an,n >mr0404ho unu R R

492. ‘38 3O - CONTINUE : o .

493 .. 39 40 CONTINUE ° o e -

494 . . - c ST . e : o
~a9s. C CALCULATE v>n>zm«mnm mOn >2>r<q ‘APPROXIMATION OF 1ST . '~ -
496. C PERTURBATION VS : ‘ L L

497 . . c . R - I

498, , a0 . - tps = (ANUP(2) "~ ANUC) / PAR(1) .~ R

499, .4y PR = (1: + PAR(2)*EPS) / PAR(8) R . -

. 500. 2 . P = PR * 6.28318§5307179586476900Q e YD o

501. . 43 - REPS = onqamvmv ot T . R N :

502 - Lo T o BN

503. =~ .. C.WRITE TMESTEP TS .REDUCTIQN . FACTOR RDF_AND PERIOD P. "¢

504 .- . C ON LDG.UNIT 2 : e ’ R s
S05 . , C o . : o : » .
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506 . a4 " WRITE (2) Ts. ROF, P s
507. c _
so8. B TIME roovfmon RKF45 AND RANDOM - umnqcnm>qmozm EEERE
509 . c :
510, T 45 _ TEND = T C . L -
511. 46. . DO 130 K = 1, MK . : U
512. a7 , TEND = RFLOAT(K) * TS = ° - - L TR
513, . c oo T L - :
514. | C SKIP RKF45 IF PURE n>zoo= zbrx Is 70 BE vmnnonzmo ACmmn ovquozv
515 . A - W .
516. 48 - o amfﬂuxt.um _v oo qo 90 - o . . . i
517. R e ----------1----------J»-r--|--J-J--; ..... -
518 . 49 K34 =.0 T , o o . 2 R
519. 50 "'50 CALL RKF45(F45, N, < “T.  TEND. RELERR,: ABSERR, IFLAG, WORK,
520 . 1 mzonxv o . R S
521 € . : T R :
522. CCmmmmmm-m- wmoﬂuoz FOR: mnnon qmnz~2>4~oz nQZanor mmmm e
523. : .c o . . ; : ’
524. ‘51, . K34 = K34 + 1 . . c o . T
525, T 852 . IF (IFLAG YT¥. 2) GO TO mo., : : : T non
526 . . 53 * . WRITE (5,160) K, T, IFLAG o o L _ .
527. 54 '+ WRITE (5,2M) (V{I1),1I=1,N)" : o
528., . . 55 ", IF (IFLAG .NE. 7) GO TO 60 .~ .- S ‘ )
29. .56 o IFLAG = IFLAG3 : .
30. 57 . GO T0O 80 . R B o . S -
531. sh° .60~ IF (IFLAG..LE. 4° _AND. K34 .LT. M34) GO TO 50 L
532 . 59 ) “IF (IFLAG .NE.. 6) GO TO 140 o
533. 60" : (IFLAG = IFLAG2 -~ ' o -
534. S ; e )
535. . C'FOR UNBOUNDED JGROWTH Aumrpo mv .JHE-LAST SUCCESSFUL
536 ~C OUTPUT { ‘IS REDUCED BY MULTIRL CATION WITH RDF .
537, . c - e , RS o . o .
538. 61" 4 DO 70 M= 1, 12 ‘ o f :
539. T 62 V(M) = V(M) * ROF PR o A
540. 63 70" CONTINUE. - = : N R -
541 . Comemtmmetm e : ||l|lllllllllllllI|l||l|,lll||.l IIIIIIIII -
542, C SKIP RANDOM vmw«tzm>4~02m (USER-OPTION) = TN .
543. c . : . o :
544, - 64 * 8O0 IF (K .LT. J‘: Go 7o Go : L . N ®
545. S 3 o o ,
546 . N TR m»cmm~>z RANDOM vmchnwwq_ozm uz mu»om & TIME Rt
547 IR SR . . e S ‘ o e
548 . 65 90 oo 110 JT = .. 4 v : e Loe
549, 66. - IF (IRD(UT) .NE. Hocacqvv GO TO Aoo T , CTE
550. ~ - &7 T IFLAG = IFLAGR L e R PR
551. - ) €8 , CALL  GGSPH(DSEED, NRD, IORT, 1Z, 2., IERR) - . I
582, 69 . .. -SF = SS§ * QQZOnAOmmmcv R L L
553. 70 ; COVM(A,UT) = VML, UT) + Z(1, 1) % SF. o . .
554 . 71 . VM(2,JT) = VM(2,JT) + Z(1. 2) '+ SF o 5
555, \\;/Aw S VM(3, 7). = VM(3,JT). + Z(153) = SF )
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567.

‘568 .

569 .
570.

571

572.
573.

574.

575.

576.
577.

578.

579.

580.

581 .

582.
583

‘584,

585 .

586 .

587 .

588 ..

589 .
590
591.
592 .
593,
594 .
595
596 .

'597.

598.

599 .

600,
602
603.

604 .
605 .

(\\_‘

1RD(UT) =

IFIX(ABS(ST*GGNOF (DSEED)))

270
.C -

-

73 . .
74 MRITE (6,210) JT, (2(1,1),1=1,3). SF. IRD(JT)
75° PRILITIS IS - - .
763> 100 T ICD(JT) = ICD(JUT) + 1
iy & 2 110  CONTINUE -
0 llllllllllllllll S e - e = e e e e e = ===
C iST (VS) AND Nzo (V) PERTURBATIONS ARE WRITTEN INTO
.C LOG.UNITS (OUTPUT) 3 >zc 2 TOGETHER WITH TIME“T. )
. C SN : X ‘
78 120 WRITE (2) T, V ' : .
79 WRITE Auv T. VS ' i T T
.C . . S
80O 130 CONT INUE : . * b
. C -
Crm-zmsmemo- “END. OF qamm LOBP ----=-==s-=--=rmme o e-n----w-,, .
c
C OUTBUT OF .LAST TIME STEP V AND TS mcormom>z ZOnz ENORM 1 o
L C RM2 UNUSED PRESENTLY).. GENERATFPON.OF. ERROR MESSAGES =
C AND THEIR OUTPUT WITH ALL RELEVANT PARAMETERS. : .
81 140 CONTINUE L . o
c . ‘ » ‘.
82 SQNRM1 .= ©O. : . ® . \ :
83 SQNRM2 = O.. . .
84 . DD 150" 1 =1, N -
85 « VI = v(1) o
a6 SONRMt = SQNRM1 + VI * VI . - , . $ -
87 WRITE (6, Aqov I, vI - . .
asg 150 CONTINUE : ~..
[of Tt e B - L
89 - mzonz_ = SQRT(SQNRM1) . ~ -~
90 ; ENORM2 = SORT(SGNRM2) . )
o9 WRITE (6.200) K, ENORMY, ENORM2, P, T, TEND o
92. WRITE (6.220) RELERR, ABSERR. IFLAG :
. C . N L F -
93 160 mon;»q ('k=*, 15, .. T=’, F8.4, * JFLAG=', 13) .
a4 170 FORMAT (13, '3X, 3X, -G10.2). v . .
95 180 FORMAT (13, 3X,  3(3X,G10.2)) S S e
. 96 190 ‘FORMAT (’K=‘, IS5, 3X, ‘ENORMi = ’, G15.5, 3X, 'ENORM2 =-‘, G15.5)
97 . 200 FORMAT ('K=‘, 15, 3X, ‘ENORM1 = ‘, G15.5, 3X, "ENORM2 = ‘', Gi15.5,
S ¢ .. s p=r,/F8.4, 1L T=’, FB.4, ' TEND=', FB8.4) -
98 210 FORMAT (11, 3X, 4Gt5.7, 3X,-13) - - o
99 220 FORMAF ( “RELERRE‘, G15. qLV. ‘ABSERR=‘, G15.7, ' \IFLAG=', 13)
100 230 FORMAT (§2(G10.2,1X)). LT N :
101 . 240 FORMAT (13(2x,11,2X)) ,
102 250 FORMAT. (13F5.2)- " o oo . ,
103 260 FORMAT. (1X, I1, 2X, 12, 2X, G10.2; 2(4X,G10:2)/8(6(1x,G10.2)/))
104 .. FORMAT (13FB.3) ‘ .- v w .
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N
3 606.
3 607.
3 608. '

STOP
DEBUG SUBCHK

END
-\

s
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3.609. 1 SUBROUT INE mamA« <. F) . ~ -
3 610. c o : . g
3 611, C ﬁCZOqaoz“ >mmmzmrm oom SYSTEM REPRESENTING THE DISCRET]Z-
3 612. c - . . ATION°OF THE NONAUTONOMOUS EQUATION FOR 2ND
3 613. C ' 'DRDER PERTURBAJ IONS ON THE NS-EQUATION. ITS
3 614 c NONAUTONOMY 1S- INTRODUCED BY AN ADVECTIVE: TERM:
3 615, c-= WITH AN ANALYTIC APPROXIMATION FOR. ‘A qmzm-
3 616. Y C DEPENDENT 15T ORDER vmn«cnm>4uoz -
.3 6147, c : - ;
3 618 c roo UNITS “ADRESSED: 6 - QUTPUT - qmnznzpr A4~2m T)
619 c :
620 C: SYMBOLS USED: N -. DIMENSION OF ocm m<mqmz )
621, c NN = COLUMN NO. OF ITS. NONLIN. z»qnmx )
22. (oF - v = 'VECTOR OF UNKNOWN 2ND. ORDER vmnqcnm- T
3 623 c R ‘ATION VELOCITIES . R
3 624. C m*, S F . ,< RHS-VECTOR OF ODE- m<mqmz
3.625. c - : Vi 2 COMPLEX EIGENVECTOR OF ODE- m<mamz nm-
3'626. c .- BRESENTING THE DISCRETIZATION OF THE
3 627. c - EQUATION FOR THE 1ST ORDER PERTURBATION
3 628. c (USED WITHIN THE ANALYTIC APPROXIMATION
3 629. c N . FOR. THE 1ST ORDER PERTURBATION) »
3 630. C VS =]ANALYTIC APPROXIMATION, om,»mﬂ ODER PER-
3 631. ol ’ TURBATION : o .
3 632. c T £ TIME
nﬂw 3. c A3D = ARRAY CONTAINING »c<mo4~<m ;»anunmm IN
Mwun c , © THE SEQUENCE THEY (1.€. THEIR mrmzm24mv
3 63 c : .. " ENTER ROW- AND oorczz roovm .
3 636. c ABLOC = LIN.MATRIX . ' . )
3 637 c’ ANL 1 = NONLIN. MATRIX . :
3 538 ‘c ICt ,1C2 = TNDEX EONTROL ARRAYS FOR <mroona< vno-
3 639# = C DUCT VECTOR TO- BE zcrquvrmmo WITH NON-
3 640. « “C LIN. MATRIX .~ -
3 641, c ) ] ) o . R
3 842. 2 ~ INTEGER N . ' o - .
3 €43. 3. REAL V(12), F(12)., T W .
3 644. 4. COMPLEX V1(12), CEXP, CMPLX, EZ s ]
3 645. 5 COMMON /CBK/ Vt, PAR(10). moaaqmv 1c2(78), REPS, VS(12),
3 646. 6 COMMON /MTRX/ ABLOC(12.12), >Zranqm anv A3D(12, 144)
3 647. 7 'COMMON /NEQAT/ N, NN .
3 648 C .
3 649. Cr-==-m=m==- s P T e h el by mrmmmmammmmee— e —m—————
3 %s0. C EVALUATE ANALYT. >vvnoxuz>q~oz Of vmnqcnm>q~cz
3_651. . . C <mroo~4< NS
3 652. T C -
3653, - - 8 .z mN = nmxvﬁozvrxgo LT/PR)) .
3 654. . c o
3 655.. 9 ‘DO 10 IV = _. N -
3 656. 10 VS(1IV) n.nmnm * REAL(EZ*V1(IV))
3 657. 11 10 CONTINUE s - :

3 658. ' C

4,
s
™~
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Lwowo

659.

660
‘661 .

662
663 .
664
665 .
666
667 .
668 .
669 .
670.
671.
672.
673.

674 .
675 .

676"
677

678 .
679.
680 .

681.

'682.
683.
684.

685 .
686 .
687 .
688 .
689,
6930..
691.
692.
693.

694 .

6395 .

696.
697.
698.
699

700.
701.
702.
703.
704 .

705 ..

27

©

i

E—— mCqu_oz m<>rc>qmoz s eyl aa :

c-
c .
n Aomq noz\oorczz azomx mon A3D - :
12 . KA3D = O S ..;cv -
. C o T : S |
C ROW-LOOP IR : T e .
C . . . ’ . - I S
13 ‘DO 40 IR = 1, N . - L
14 ‘FS = o. : . A
' C o 1S Q.A ' o R
3 COLUMN- LOOP IC : 4. ﬁh L. R
15— . pb-3o ic B SRR R
n N . . RN L ».
C m<>rc>«m.zu2r~z. z>4n~x : ° ST
c : ; o S B
16 e 1t =cICH(IC) i ST
17 .12 = 1C02(1Q)°. S oo -
+8 - ) S = FS - ANL1(IC, _nv *. <A~_~ *EY(I2) 7 e
19 .ﬁm (IC .6T. N) Go 70 30" S xmw,
c
-C ASSEMBLE >c<moq_<m MATRIX. mqmzzuzo FROM vmn«cnm>q~oz
n ¢ >y
20 ‘. KA3D = KA3D" o1
29 F B cL = o.a S 3
22 . DOR20 IV = 4, N o
23 , CL .= CL + >uoﬁ~< x>uov B <m-<v
24 .%° 20 CONT INUE
c o el ,
C ADD LIN. A>c<moqa<m_ MATRIX ABLOC mqmzz~zo mnoz MEAN mroz
c -
.25 FS = FS + A>wrooﬁmn R) - _CL). <AHov
e . . . u ;
26 ~ 30  CONTINUE , R
. ﬂﬂAHnV = FS . - , s
28 40 CONTINUE : .
) c
c zozgﬁon 4~zm a RS , .
29 - & WRITE (6.50) T . S
30 50 monz>4 A..q.,.,o*m mv > . )
. . , . . A
31 "RETURN . 2 - R4
~ CDS- DEBUG SUBCHK - . o :
32 . END e ‘ E .
N
- ~
-~ N L -



1

FILE 4.NS.A:

CONTROL PARAMETERS / PHYS . v>n>zmqmnm FOR mnnu> -
2 cxX(1} . CY(2) .: CZ(3) vse(a) xxAmv ox<Amv an*qw
czZY(12) C22(13) B b S ; .
.3, A . AH 1 o [ .o., v,_‘ B o}
o : 0 L R T
4 -8 - -S. - T « DA 9. - 0 a
.0 R .0 o S
5 CONSTANTS FOR nn~q PARAMETER FCTNS. - ong,ov : N .
6 . 0. ‘0. 0. 0. a4, o u ,on. 0. 0. T
7. 'EXPONENTS FOR CRIT-. PARAMETER- FCTNS. - wxa.ov B L oe
8 Kol o) o o] 0 . o ,o o] o
9 INLT. ocmmmmw FOR B1F. v»n»:mammm _-. >zcuﬁuu o
10 .2423356 " .32 . Ne'e B e .
11 - SWITCHES mon 'SEQUENT AL Hzonmzm24>q~oz om nZCnAuV (3) - 1A12, 1A23
13, wmccm24~>r qznnmzm24>chz om >ZCuAuV Auw - o».mi_o>nu .
14 ot 1 . . B :
15 uzmq QCmmwmm ncn <mron~4umm‘<~,\x\<\~ <~n\x\<\N <~u\x\<\~ - Vi(3.3):
16 Q0. Oyao o.od.0, . .0°.:.0 5, .0 :uo‘ .0 . R
17 7 ’ A )
18 = ORBIT nQancr PARAMETERS AND mtnqozmm FOR BIF3A
19 TIME mmqqnzmm ‘ON ozqu 1 AND 2 - cP(2) AR
20 .0 .5 . R H
21 - 'NO. om STEPS IN.TIME LooPs - 24Anv R : o . .
22 1 v PR N
23 ~z~4~>r TIME mtgqo:mm mcn ~zanmzmzq <mnm~oz R E XS A F
24 S - - =
25 , NO. om onm~4 mmOCmZomm - . NO B
26 1 C S :
- 27 SWITCHES mon >zcv._, >zchn« >ZCuAmv an.“ IR2, IR3 :.
28 ° - O 0" 'O » ; . :
29 . SKIP mtaqoxmm 'FOR THE munwa “Two mﬁncno>4~ozm “1GH, IG2 .
30 - o 0 . :
31 INITIAL qmzm SETTINGS "IN 4~zm roovm SOTIM, TI2Z 2 . .
<y 0. 0. \\\ S o o
33 o . : o S -
34 R 4mnxxv>n>zmqmnm AND wtuaoxmm FOR mnmonm; D T
35 1, U2, U3 : . -
© 36 1.0D-15 a_.oc-_m; 1.0D-15 BRI
37 EPSR1, EPSR2, EPSR3 :iev . ... : e =
38 4.0D-4 ‘.oc 4 1.00-4 . ; S NP -
3s EPS1, EPS2, EPS3 : . e o Dol e
40 1.0D-15 . 1.0D-15 1.0D-15 S
a1 ,zwuo,..memn. NSIG3 : . L ’
42 13 13 13 . T
. Ve : R , : ,
. . ® . ~ .
P O - e . E
¥ | e *
. . . , ‘ /,/,,/,, ) e
- . , - T
.1, - | A /7!, .
v . ,ru R R \.\\,N,u//,

> evx(8)-

" evyi9),
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5

©ITMAX: : . . S0 R
.20 - SR S R R
1CK(3) : s PR o - : e
o0 O y... m@ﬁ. o S " R . .f
o MTHI MTH2, MTHI3 @ - . ST S T T
R . ) , SEE o
_aco ;Lomn JJOB3 :
.& - Aq.. T e . .4‘vﬂ
,~nn2a_ IPRNT2, unanqu : . o Lo :
2.2 2 ST _ ‘ S S . -
“+ TECH. PARAMETERS FOR O.D €. -SOLVERS . - - TP
UNUSED! mz~qoﬂ DVERK (LVG= -0)..~ DGEAR Ar<a ,v - mumam Ar<onuv - "LVG
‘czcmmo. uzmmx~00m>nv . . . u .
) S =
IND, mzoqu<mnx czcmmov EFLAG, Hmrpmm IFLAG3, ~nr>nn zuaﬁnxmamv
2 2 1 (Y 1 A 4 R
"NO .-OF auzqumvm n»zcoz.z>rx OPTION - - MK, IRW. . m.
: <\ 1000 0 I
Hzmq.«mzm .RAND. PERT . mqunI <»n AT, IRP LSS0 ST, Ommmo o
.. . 110 .05. 1.5 .923456. 0Do-
STEPSIZE nmo n»n«on AND z>x NO OF mnqz m<rm. IS - ROF .z>xzmm
S . /m . 05 - 1:0E-12 1000 .-
qorﬂdom»n.o<mnxv»x.cmm>nv nmrmmn .ABSERR ";RFACTR >m»n4nﬂ>rr nxnnmv
1.0E-3 . 1.0E-3 - A ‘OE-10 _ OE-10. 10 ~ 10"
INITIAL V - v(12) a L -
o T e 0 o~ N L0 VL0
. _ S . . R . ST

.

1. .0
.4Aws -

Qpﬂv>n>3
NO. OF 1

2.3
SDI .’SDY .

0. 0.
XMX ., XMN
2.5,-2.
MAXZ NO.

8200

NO. . OF U
2 .
OOOﬂOm:
1 2
ﬁnbnx Z>

COMBINAT

- T0 BE onpvxmo_nxo‘"o‘” qnzm on >wmoamw>v - KO{ K02 KO3

ETERS npw PLOTTING ROUTINE
NPUT FILE - nmr‘ LEFL2 (IFL2=0, *a 03_< one m*_m Cwmav
PSS JAD _24<m mzqzc JAR @ ) " «s; Do
28. .05 4, - 0% - 4. . T P
.<=x. YMN . FRL  ,FRR.,FRB.,FRT : -
5, SS2.050, 0120 U1 - 12 . AR
cm mq >4H02m - MXNT - - L E B

ZQn»vaO nZud mamn>4~02m J_nazo.

2 S v 2
RK PARAMETERS'. ITMK LFHT | MKA xzxo; LANG ., ISMBL : _
. 25 015 8. 0.0 “~1 .o

TONS " Of oaono~z>4mm oo onnav
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' bbbbbbbbbbbbbbbbbbbbbbbbhbbbbbbb

LOG.UNITS OF INPUT FILES - IFLY L IFL2 ¢ Sl .m@ &

-

2 13 273 a5 46 56 7-8 79 wm_{oefwa.ﬁu;ﬁgn.

ANGLES FOR ROTATION IN:3D. . mn»o JYRAD:D 7 o
0. 0. : . D
mtuqnxmm AND' POINCARE z»v vom Q. unqArm 1 . Hvo TP

) o t5 .
SWITCH, COORD roo>4~cz AND mr»m nganmww mﬂMﬂOCqm 1SC.KOS,SC,5T:
o 3 2. .1

v»»ézmqmnm FGR FREGENCY ANALYSIS (FASF mocngmn qn>zwnonzv o
LOG.UNITS OF INPUT FILES - IFL1 IFL2 -

2 3 o - S S

mmrmnqon _zcmx - rm o: 1 > GT.0: 2 TIME SERIES - IND.: C

Um>znrm SIZE .READ INDEX - MXNT ,IRD : . R

8200 -t _ A : L N M
. COORDS.  TO BE qmmamo - ko1 k02 N ‘ Co
- ‘,Hzol__ L~ u>n>zm4mn (POWER OF 2) - e A

. 256

NO. cﬂ.mnmow \vmnmocm ETC. vn~24mo ourv ., -
10, .

next- 3 lines ‘unused v1mmm::< - RS
GUGUUUUUUUUUUUUUUUUUUUUUUUUUUUUU.

UUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUU. :

_u>n>_sm4mnm FOR t><mzczmmw >Z>_r<w~m Aﬂbm._. mccnmmn qn>2mﬂon1v

2.3 R e ‘ m .;a_\ ..Ax..w.
SELECTOR Hzcmx - .LE.O:-1 . .GT.O: 2 SPACE SERIES - IND i
M B .v . . . B i : . .
SAMPLE m-m nm>c uzcmx Azz>m 02r<w - MXNT- (IRD - AR
8200 1 : S T

. INDICES FOR _ﬂ.ﬂnmo = HZUAQV mZQAmv nZOAmV .xn,ZUA.NV

o "0 1 0.

.:mzov:mmrmoqon 10n wvmn.:ucz 40 BE ﬂro.:,mc A4 OR. MV - mcv, :

1 . ,
NO. OF .LINES. nn~24mo 6uT .NO. OF UNGRAPHED mqmvm . zov JITNG: :
10 9 . . S
.VIRT .WINDOW ,TITLE - mwNm.huz‘uzoxmm m<x .m<«.. Tszoi .

5... 3.5 .12 S TN .
CGPL - v»npzmqmn - KC(3) . : : .
4 24 1 Lo R "
CGPL - v>n>zmqmn mwn AXIS" mo»rmm - KA KB o s . %
. . N ;
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134 PARAMETERS FOR DISCRETIZATION PROGRAM DSCRB
135 1.DATA LINE: MAX.ND.OF INCREMENTS IN X-,Y-,Z- DIRECTION
136 2 2 2 . .
137 2.-4.DATA LINE: DISCRETIZATION. INCREMENTS IN X-,Y~,2-DIRECTION
138 000 . 000 001.000 010.000 003.000 004 .000
139 000.000 001.000 002 .000 003.000 004 .000
140 OOO\OQO 001.000 006 . 000 003 .000 004 . 000
141 POWERS OF SPATIAL DEPENDENCIES FOR MEAN FLOW IN :°’
142 X ~COMPONENT : Y -COMPONENT : 7-COMPONENT :
143 1 3 © 2
144 2 . 1 , <Y
145 3 2 . A
146 EXPONENTS PRIOR TO 29.06.83 (FILE R.11)
147 - 1 3 .2 .
148 2 . 1 3 s
49 3 2 1 i
(6] EXP.FOR X-,Y-,Z- FLOW COMP.(must not exceed 3 or 6 rsp.)(F R.11.4)
T 154 4 4 4
152 4 a - 4 4
153 4 .4 : . 4
154 EXPONENTS PRIOR TQ 30.06.83 Amhrm\w.‘..‘v
155 i 1 . 2 3 -
156 . 1 2 . 3. )
157 1 2 3
58 EXPONENTS OF FILE R.11.2 5
159 ] 2 ] ’
160 3 2 3
161 o 1 2 A A -
162 EXPONENTS OF FILE R.11.3
163 3 3 3
164 ] 3 > 3
165 .3 ~ 3 3 "
166 <« EXPONENTS OF FILE 11.1 :
167 1 1 1
168 , 2 1Y 2 2 :
169 . 3 . 3 3 > .
170 " EXPONENTS PRIQR -TO 29.06.83 (FILE 11)
1714 1 1 ¢ . 1
172 L2 1 1
- 173 3 ) 2 1
End 0‘.“ file . . .
y %



