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ABSTRACT

In the first part of the thesis, we prove a representation theorem for com

pletely contractive dual Banach algebras. More explicitly, we prove that if  

21 is a completely contractive dual Banach algebra, then there exists a w*- 

continuous complete isometry from 21 into CB(E), the operator space of com

pletely bounded operators on E, for some reflexive operator space E.

In the second part of the thesis, we study the Connes-amenability of dual 

Banach algebras. We first prove some hereditary properties for the Connes- 

amenability. We present a necessary and sufficient condition for the Connes 

(and strongly Connes) amenability of uAclosed ideals of Connes (and strongly 

Connes) amenable dual Banach algebras. Every dual Banach algebra in

duces some short exact sequences. We characterize the Connes (and strongly 

Connes) amenability of dual Banach algebras in terms of certain homological 

properties of those short exact sequences.

Finally, we prove that for an arbitrary discrete group G, B(G), the Fourier- 

Stieltjes algebra of G is Connes-amenable if  and only if  G has an abelian 

subgroup of finite index.
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Chapter 1

Introduction

A  locally compact group is a group equipped w ith  a locally compact Hausdorff topol

ogy such that the group operations and the topology are compatible w ith  each other; 

that is the m ultiplication and the inversion maps are continuous. The main objects 

of abstract harmonic analysis are the locally compact groups and the algebras related 

to them. An operator space is a Banach space w ith a norm on each m atrix level 

satisfying some compatibility conditions. In his well-known theorem ([Rua 2]), Ruan 

proved that every operator space is a closed subspace of bounded linear operators on 

some H ilbert space. Many of the fundamental objects of study in abstract harmonic 

analysis, such as the Fourier algebras, have natural operator space structures on them. 

W ith  the advent of abstract operator spaces (which was in itiated by Ruan’s repre

sentation theorem [Rua 2]), we have a better understanding of objects that we study

1
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in abstract harmonic analysis. Often, investigating properties of algebras (defined 

over locally compact groups) as operator spaces gives us more information about the 

algebras and their underlying groups. Hence, generally it  is more fru itfu l to study 

algebras in the category of operator spaces rather than studying their properties only 

on the Banach space level.

One of the most important objects of study in the category of operator spaces 

is completely contractive Banach algebras. Many of the central objects of study 

in abstract harmonic analysis, such as the Fourier algebras, are in this class. A  

completely contractive Banach algebra, which is a dual operator space ([E-R]), is 

called a completely contractive dual Banach algebra. I t  is known that every tc*-closed 

subalgebra of CB(E), operator space of completely bounded operators on a reflexive 

operator space E, is a completely contractive dual Banach algebra. In Chapter 3, we 

prove that every completely contractive dual Banach algebra arises in this way (see 

Theorem 3.4.4).

Amenability, which is a very distinctive property for locally compact groups, 

was defined firs tly  for discrete groups by von-Neumann ([vNeu]). For these groups, 

amenability has strong ties w ith the well-known Banach-Tarski paradox ([Wag]). The 

definition of amenability for arbitrary locally compact groups was later given by 

Day ([Day]). A  locally compact group G is called amenable i f  there is a mean on 

L°°(G), which is left translation invariant. A ll finite, abelian, and compact groups

2
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are amenable; however, the free group on two generators is not ([Run 2]).

In his famous paper ([Joh 1]), B.E. Johnson defined the concept of amenability 

for Banach algebras and he proved that the group algebra of a locally compact group 

is amenable whenever the underlying group is amenable.

A  Banach algebra is called a dual Banach algebra i f  it  is a dual Banach space and 

the m ultiplication is wAcontinuous. There is a variant of amenability called Connes- 

amenability, which was firstly defined for von-Neumann algebras in [J-K-R], that is 

better suited for dual Banach algebras. Connes-amenability was defined for arbitrary 

dual Banach algebras in [Run 1].

In  Chapter 4, we w ill first prove some hereditary properties for Connes-amenability. 

We w ill present a necessary and sufficient condition for the Connes (and strongly 

Connes) amenability of iC-closed ideals of Connes (and strongly Connes) amenable 

dual Banach algebras. Then we shall characterize the Connes (and strongly Connes) 

amenability of dual Banach algebras in terms of certain homological properties of 

some short exact sequences.

In  [Run 4], Runde has proven that for amenable discrete groups, the Connes- 

amenability of the Fourier-Stieltjes algebra of a locally compact group G is equivalent 

to  G's being fin ite by abelian. We w ill finish Chapter 4 by extending this result to 

arbitrary discrete, not necessarily amenable, groups.

3
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Chapter 2

P reliminar ies

2.1 Abstract Harmonic Analysis

The main objects of abstract harmonic analysis are locally compact groups and alge

bras related to them. We w ill start w ith the definition of locally compact groups and 

some of their important properties. For more information we refer the reader to the 

standard reference books [Fol] and [H-R],

D e fin it io n  2.1.1. A  topological group is a group equipped w ith  a topology such that 

the group operations and the topology are compatible. That is the maps

G x G —+ G, (g,h) i—»■ gh and G —> G, g i—► <?_1

are continuous. I f  the topology on G is a locally compact Hausdorff topology (that 

is, there is a neighborhood base for the identity element consisting of compact sets),

4
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then G is called a locally compact group.

Clearly, every group equipped w ith  the discrete topology is locally compact. Also, 

the set of real numbers w ith  addition and the unit circle in the complex plane w ith 

m ultiplication are locally compact groups. However, i f  E  is an infin ite dimensional 

Banach space, then (E , + ) is a (abelian) topological group that is not locally compact.

For a subset E  of a locally compact group G and g € G, gE  w ill denote the set 

of all elements of the form gx, for some x G E.

D e fin it io n  2.1.2. Let G be a locally compact group. A  positive, regular, Borel 

measure m  on G is called a (left) Haar measure i f  i t  is left invariant, that is m (gE) =  

m (E ) for each g in G and for every Borel measurable set E  in G.

A. Weil ([Wei]) proved the following:

Theo rem  2.1.3. Every locally compact group has a (left) Haar measure that is unique 

up to a (positive)  multiplicative constant.

For discrete groups, Haar measure is counting measure; for real numbers, it  is 

Lebesgue measure; and for the unit circle in the complex plane, it  is arc length 

measure.

Theorem 2.1.3 is of special importance because thanks to it, we can define the 

L p-spaces of an arbitrary locally compact group G. An algebra A , which at the same

5
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time is also a Banach space, is called a Banach algebra if

\\ab\\ <  IMI \\b\\

for all a, b in A.

I f  there is an element e e A  such that a e ~  ea =  a, for all a in A , then A  is called 

unita l and e is called the identity element. Not all (Banach) algebras are unita l (such 

as 2Z, the set of all even integers, w ith usual addition and m ultiplication) but some 

algebras contain a net which behaves like an identity:

D e fin it io n  2.1.4. Let 21 be a Banach algebra. A  bounded net (ma)a in 21 is called 

a bounded approximate identity i f  it  satisfies following property:

lim  maa =  lim  ama =  a (a G 21).
a  a

We define L 1(G), the group algebra of G, to be the equivalence classes of Borel 

measurable, integrable complex valued functions of G that turns into a Banach algebra 

w ith  the following convolution product

f * g ( s ) : =  f  f ( t )g ( t~ 1s)dt ( / ,  g G L 1(G)).
J g

G. Wendel ([Wen]) proved the following:

T he o re m  2.1.5. Let G and H  be locally compact groups. Then L 1(G) and L l {H ) 

are isometrically isomorphic i f  and only i f  G and H  are topologically isomorphic.

6
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Therefore, as a locally compact group, every structural property of G can be 

expressed in terms of L l (G). For instance, for a locally compact group G, the group 

algebra L l (G) is unita l i f  and only if  G is discrete ([Fol]).

Note that for any locally compact group G, the group algebra L l (G) has always 

a bounded approximate identity ([Fol]).

I f  G is a locally compact group, then M(G), the measure algebra, w ill denote the 

space of all regular, complex Borel measures on G and Cq(G) w ill denote the space 

of (complex valued) continuous functions on G vanishing at infinity. Then C0(G) 

becomes a commutative C*-algebra w ith pointwise multiplication and the sup norm, 

that is

| | / | | c 0(G) :=  sup |/(x ) |.
xeG

The Riesz representation theorem ( [H-R]) shows that M(G) can be identified w ith 

the dual space of Cq{G). The duality is given explicitly as follows:

(II, f )  :=  f  f(x)dfJL(x) (// e M(G), f  e Cq(G)).
J g

The measure algebra becomes a Banach algebra through convolution product defined 

by

{ H * v , f ) : = [  f  f{xy)dn(x)dv(y) (fi,v G M ( G ) J  e C0(G)).
J g  J g

Note that the group algebra L l (G) can be viewed as a closed ideal of the measure

7
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algebra M (G ) by the map T  : L l (G) —* M (G ) where

( T { f ) ,g ) =  f  f(x )g (x )d x  ( /  G L \G ) ,g  G C0(G)).
J G

Then the convolution product on M (G ) extends that on L l (G). The measure 

algebra M (G )  is a complete invariant for G. Note that M (G ) is always unital. The 

point mass Se at e is the identity of M (G ).

D e fin it io n  2.1.6. Let 21 be a Banach algebra. A  Banach space A , which is also a 

left 21-module, is called a left Banach 21-module i f  there is C  >  0 such that

||a.x|| <  C||a|| ||x|| (a G 21, x  G A ).

We sim ilarly define right Banach 21-modules and Banach ‘%,-bimodules. Clearly, 

every Banach algebra is a Banach bimodule over itself (w ith C =  1).

Let 21 be a Banach algebra and A  be a Banach 2l-bimodule. Then A *  turns into 

a Banach 2l-bimodule via

(x, (f).a) :=  (a.x, (f>), (x, a.(f>) :=  (x.a, (f>) (a G 21, x G A , 4> G A *).

D e fin it io n  2.1.7. Let 21 be a Banach algebra and A  be a Banach 2l-bimodule. A 

bounded linear map D  : 21 —> A  is called a derivation if

D(ab) =  a.D(b) +  D(a).b (a, 6 G 21).

Each x g A  defines a map

adx : 21 —»■ A , a i—► a.x — x.a.

8
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I t  is easy to verify that adx is a derivation. Derivations of this type are called inner 

derivations.

Amenability for Banach algebras was defined first by Johnson in [Joh 1].

D e fin it io n  2.1.8. A  Banach algebra 21 is said to be amenable i f  every derivation 

from 21 into X*  is inner for each Banach 2l-bimodule X.

Note that every amenable Banach algebra has a bounded approximate identity 

([Joh 1]).

D e fin it io n  2.1.9. Let 21 be a Banach algebra. A  Banach 2l-bimodule X  is called 

pseudo-unital if

X  =  {a.x.b : a, b £ 21, x  G X}.

Let G be a locally compact group. The C*-algebra of all essentially bounded com

plex valued Borel measurable functions on G equipped w ith the essential supremum 

norm is denoted by L°°(G).

A  bounded linear functional, m : L°°(G) —> C, is called a mean if

||m|| =  (1, m) =  1.

For a function /  : G —> C, we define its left translate L gf  by g £ G through

(Lgf) (h )  :=  f{g h )  (h € G).

A mean m  on L°°(G ) is called left invariant if

(Lgf ,m )  =  ( f , m)  (g e G J e L ° ° ( G )).

9
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The existence of left invariant means on (discrete) groups was first investigated by J. 

von Neumann ([vNeu]). We have the following definition due to M. Day ([Day]).

D e fin it io n  2.1.10. A  locally compact group G is amenable i f  there is a left invariant 

mean on L°°(G).

A ll finite, abelian, and compact groups are amenable; however, the free group on 

two generators is not ([vNeu]). The first connection between group amenability and 

Banach algebra amenability is given by Barry Johnson’s theorem ([Joh 1]):

T heo rem  2.1.11. Let G be a locally compact group. Then G is amenable i f  and only 

i f  L 1(G) is an amenable Banach algebra.

Let G be a locally compact group. A  unitary representation of G is a homomor

phism 7r from G into the group U(Hn), unitary operators on some non-zero H ilbert 

space Tin that is continuous w ith respect to the strong operator topology. The 

collection of all equivalence classes of unitary representations of G w ith  respect to 

unitary equivalence is denoted by Eg-

We define the left regular representation A : G —> B (L 2(G)) of G through

(A(5)0 (h )  :=  Z ig - 'h ) (g, h e G , t e  L 2(G)).

We call /  a coefficient function  of a representation 7r of G on some Hilbert space hi 

i f  there are £, £ € h i such that

f ( x )  =  (7t(x)£, C) ( i6 G ) .

10
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We define the Fourier-Stieltjes algebra, B(G ) of G, as

B(G ) :=  { /  : G — C : 3 7r e E c and € H r  surh that f ( x )  =  (tt(x)£X}> Va e G }.

(2.1.1)

We define the Fourier algebra, A{G) of G by

A(G) :=  { /  : G —>■ C : 3 f ,  (  E L 2(G) such that f ( x )  =  (A(z)£, () ,  Vx e G } .

The norm on B (G ) is defined by

| | / | | b (g ) : =  in f {IICIHICII  : /  is represented as in ( 2 . 1 . 1 )  } .

Fourier and Fourier-Stieltjes algebras are defined by Eymard ([Eym]) in their fu ll 

generality.

T he o re m  2.1.12. Let G be a locally compact group. Then (with pointwise mul

tiplication) B (G ) is a commutative unital Banach algebra that contains A(G) as a 

norm-closed ideal.

The first characterization of the amenability of G in terms of A(G) was given by 

Leptin ([Lep]).

T heo rem  2.1.13. Let G be a locally compact group. Then G is amenable i f  and only 

i f  A(G ) has a bounded approximate identity.

Since amenable Banach algebras have a bounded approximate identity, the amenabil

ity  of A(G ) implies (group) amenability of G. However, the converse is not true 

([Joh 2]). Recently Forrest and Runde ([F-R]) proved the following theorem:

11
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T he ore m  2.1.14. Let G be a locally compact group. Then A(G) is amenable i f  and 

only i f  G has an abelian subgroup of fin ite  index.

D e fin it io n  2.1.15. Let E  and F  be two linear spaces. The (algebraic) tensor product 

of E  and F  is a linear space E  ® F  w ith  a bilinear map t : E x F —* E ® F  w ith  

the following universal property: For each linear space G, and for each bilinear map 

T  : E  x F  —> G, there exists a unique linear map T  : E ® F  —> G such that T  =  T t .

R e m a rk  2.1.1. 1. The tensor product of linear spaces exists and it  is unique up

to isomorphism.

2. For an arbitrary element (x, y) in E  ® F , the image t (x , y ) is denoted by x  ® y 

and is called an elementary tensor.

3. Any element in E ® F  can be written as a finite linear combination of elementary 

tensors.

Suppose that E  and F  are Banach spaces. Then for u £ E  % F  we define

m m

l l “ ll • - i n f { X I I K I I I M I ; u = ̂ 2Xk® yk] ( 2 . 1 . 2 )
k= 1 fc=l

Then the formula 2.1.2 defines a norm o n X ® F  and the completion of X  ® Y  w ith 

respect to this norm is called the projective tensor product o f Banach spaces X  and 

Y, denoted by X 0 7F . For more information on tensor products of Banach spaces, 

we refer the reader to [Rya].

12
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Let 21 be a Banach algebra. We define the corresponding diagonal operator A  by

A  : 21 (g>7 21 —>• 21, a ® b ^  ab

where (g>7 denotes the projective tensor product of Banach spaces.

2l®72l becomes a Banach 2l-bimodule via

a.{b ® c) :=  ab® c and (b® c).a :=  b® ca (a, b, c £ 21).

I t  is easy to see that, the diagonal operator is an 2l-bimodule homomorphism.

2.2 Operator Spaces

I f  E  is a linear space, then for each m, n  € N, M mn(E)  w ill denote the space of all 

m x n  matrices w ith  entries in E. l i m  — n, then M mn̂(E) w ill be denoted by M n(E ) 

and in particular, M n =  M n(C) w ill denote the space of all scalar n  x n  matrices.

D e fin it io n  2.2.1. Let E  be a linear space w ith a norm || • ||„ on M n(E ) for each 

n G N such that

=  m ax{||x||n, ||y||m} (n ,m  e N, x  G M n(E), y G M m{E )) (R 1)
X 0

0 y
n + m

and

\\ax/3\\n <  I M I M » | | / ? | |  (n G N, x  e M n(E), a,/3 e M n). (R 2)

Then (|| ■ | | n )n e N  is called a matricial norm for E. Moreover, i f  each || • ||„ is complete, 

then E  is called an abstract operator space.

13
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A  concrete operator space is a closed subspace of B(Ti) for some H ilbert space H . 

I f  H  is a H ilbert space, then for each n e N, we identify

M n(B(H )) =  B( l n2{H)).

W ith  this identification, B( H)  and hence all of its closed subspaces tu rn  into concrete 

operator spaces. In particular, by GNS-construction ([Sak]), every C*-algebra is a 

concrete operator space.

A  linear operator T  : E  —► F  between two abstract operator spaces E  and F  

induces a linear operator

T<"> : M n(E) -+ M n(F), (XiJ) »  (T (XiJ))

for each n € N.

D e fin it io n  2.2.2. Let E  and F  be two abstract operator spaces, and let T  6 B(E, F ). 

Then:

1. T  is completely bounded if

||T||cb :=  sup |  ||T( )||S(Mn(£)iMn(_F)) : ^  € N |  <  oo.

2. T  is a complete contraction i f  ||T||cb <  1.

3. T  is a complete isometry i f  is an isometry for each n G N.

The set of completely bounded operators from E  to F  is denoted by CB(E, F ).

14
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Indeed, CB(E, F ) w ith  ||-||cb is a Banach space. Not every linear, bounded operator 

between operator spaces is completely bounded:

E xam p le  2.2.3. Let TL =  1%. Then the (Banach space) adjoint operator

B(H)  B{H),  T  y->T *

is an isometry but is not completely bounded ( [E-R]).

I f  E  and F  are two operator spaces, then CB(E, F ) turns into an abstract operator 

space w ith  the identification

M n(CB(E , F )) =  CB(E , M n(F )), (n G N).

The following result is known as Smith’s Lemma ([Smi]):

Lem m a 2.2.1. Let E  be an abstract operator space and A  be a commutative 

C*-algebra. Then fo r  every T  G B ( E , A )  we have

\\T\U =  \\T\\.

In particular, i f  A  =  C, then we have:

C o ro lla ry  2.2.1. Let E  be an abstract operator space. Then fo r  every T  G E * we 

have ||T||c6= |m i -

Due to the duality theorem, the dual and the predual ( if i t  exists) of an operator 

space have natural operator space structures. More explicitly, i f  X  is an operator

15
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space and (p =  (0 l,f) G M n(X*)  for some n E N, then

11*̂ 11 n  =  S U p  ^  | {(p i j , |n 2 ■ % (*£fc,i) ^  -^"raC^O > H*̂  | |n  ^  '

Now by using the duality theorem we can give more examples of (abstract) operator 

spaces.

E xam ples 2.2.4. 1. I f  G is a locally compact group, then as a dual of a commutative 

C*-algebra, the measure algebra M(G)  is an operator space.

2. I f  G is a locally compact group, then as a predual of a von-Neumann algebra, the 

Fourier algebra A(G) is an operator space.

3. I f  G is a locally compact group, then as a dual of a C*-algebra algebra, the 

Fourier-Stieltjes algebra B(G)  is an operator space.

The following theorem is known as Ruan’s representation theorem ([Rua 2]):

T heo rem  2.2.5. Let X  be an abstract operator space. Then there is a complete 

isometry from  X  into B{TL) fo r  some Hilbert space hi.

Thanks to Ruan’s representation theorem, we do not have to distinguish abstract 

and concrete operator spaces.

In [Rua 2], Ruan defined a new form of amenability called operator amenability 

for completely contractive Banach algebras and in the same paper he proved that:

T he o re m  2.2.6. Let G be a locally compact group. Then A(G ) is operator amenable 

i f  and only i f  G is amenable.

16
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Let X  be a Banach space. Then X  can be isometrically embedded into C(Lt) 

where i l  is the closed unit ball of X *  equipped w ith  w*-topology. By the Banach- 

Alaoglu theorem i l  is a compact, Hausdorff space. This embedding yields an operator 

space structure on X  which is denoted by m in X .

Let X  be a Banach space. Then for x =  (x8J) E M n(X)  for some n E N, we define

||rc||„ :=  sup { | | ( T ( a : i j ) ) | | n : T  E B(X,  B ( l 2)) is a contraction}.

Then X  becomes an operator space w ith  this matricial norm, and the resulting op

erator space is denoted by m axX .

The min and the max operator space structures have the following universal prop

erties ( [E-R]):

P ro p o s it io n  2.2.1. Let V  be an operator space.

1. I f  CB(W ,V) — B(W. V"), isometrically, fo r  any operator space W , then V  =  

min V ,

2. I f  CB(V ,W ) — B(V, W ), isometrically, fo r  any operator space W , then V  =  

max P.

When a Banach space X  is equipped w ith the min (or max) operator space struc

ture, the norm on the Banach space level does not change.

I t  is also known that if  X  is an infinite dimensional Banach space, then the identity

17
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map

I : min X  —> max X

is not completely bounded ([Pau], Theorem 14.3).

This shows us two things. First, the open mapping theorem does not hold on the 

category of operator spaces. Second, for an infinite dimensional Banach space X ,  we 

have at least two distinct operator space structures.

Let X  be an operator space. Define a new norm || • ||^ on Mn(X)  by

II ' lln : M n { X )  —> [0 , o o )

IMIn =  inf  { M P I I I / 3! : x  =  a x P }

where a £ H Sn,r , x £ M r {V)  and (3 £ H Sr n̂ (r  £ N), and w ith  H Smn̂ being the 

scalar m  x n  matrices w ith  the Hilbert-Schmidt norm | ■ |.

I f  Tn(X)  denotes the space Mn(X) equipped w ith  || • \\'n, then we have

Mn( x y  =  Tn(X*),

and

Tn( x y  = Mn(X*).

I f  X  is a Banach space, then we have the following complete isometry

(minX)* =  maxX*

18
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and

(m a x i) *  =  m inX *.

In particular, as the dual of a commutative C*-algebra, the measure algebra M(G) 

has the max operator space structure.

D e fin it io n  2.2.7. Let E i , E 2, and F  be operator spaces. A  bilinear map 

T : E 1 x E 2 ^ F  is called completely contractive if

| |T |U :=  sup ||r(ni>na)|| <  1,
rai,ri2GN

where

r (m,n2) . M ni (Ei )  X Mn2(E2) ->■ MniJl2(F), ( ( X i j ) ,  (yk,i)) ^  (T(x id,ykti)).

D e fin it io n  2.2.8. A  completely contractive Banach algebra is an algebra which is 

also an operator space such that m ultiplication is a completely contractive bilinear 

map.

E xa m p le  2.2.9. Every closed subalgebra of B(H),  where H  is a H ilbert space, is a 

completely contractive Banach algebra.

Let X  and Y  be two operator spaces and let X  ® Y  denote their algebraic tensor 

product. For each n E N, given an element u in Mn(X  ® Y)  we define

IMI :=  in f {IM IIM IIM III/^H : u =  a{x  ® y )0 )  (2.2.1)
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where the infimum is taken over all possible decompositions where a  G M npq,

(3 G Mpq^n, x G M P{X)  and y G M q(Y),  w ith  p, q G N arbitrary.

Then the formula 2.2.1 defines a matricial norm on X ® Y  and the the completion 

of X  <8> Y  w ith  respect to this norm is called the projective tensor product o f operator 

spaces X  and Y  and is denoted by X ® Y .  For more information on the tensor products 

of operator spaces, we refer the reader to [E-R].

A  Hopf-von Neumann algebra is a pair (971, V ) where 271 is a von Neumann algebra 

and V  is a co-multiplication: a unital, injective, rc*-continuous *-homomorphism 

V : 971 —> 971(8)971 (where ® represents the IT*-tensor product) which is co-associative: 

that is the diagram

971-------97l<§)971

V

commutes, that is V ( /OT <8> V ) =  {Im  ® V )V .

I t  is known ([E-R]) that 971<8>971 =  (971*<8>971*)* where 971, is the unique predual of 971 

and ® is the projective tensor product of operator spaces. Since V  is wA-continuous, 

it  induces a complete contraction V * : 971*0971* —> 971*, turning 971* into a completely 

contractive Banach algebra.

E xa m p le  2.2.10. I f  G is a locally compact group, then the Fourier-Stieltjes algebra 

B(G)  is a Hopf-von Neumann algebra ([R-S]) and hence, it  is a completely contractive 

Banach algebra. Since A(G ) is a closed ideal of B (G ) ([Eym]), it  is also a completely
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contractive Banach algebra.

2.3 Am enability and Short Exact Sequences

Amenability is one of the most important notions in abstract harmonic analysis. 

In [Joh 1], Barry Johnson described the amenability of a locally compact group G 

through Hochschild cohomology groups, H (L l (G ),E ), where E  is a Banach L l (G)~ 

bimodule) of L l (G). This led us to define amenability for arbitrary Banach algebras. 

The notion of amenability for Banach algebras, using homological algebra, was later 

studied by Helemskii ([Hel]).

We w ill start this chapter by giving some basic definitions from homological alge

bra that we w ill need later.

D e fin it io n  2.3.1. Let 21 be a Banach algebra and X ,Y ,Z  be (left, right or bi-) 

2t-modules. Then the sequence

T : 0 ^  X  - U  Z  ^ 0  (2.3.1)

is called a short exact sequence i f  /  is injective, g is surjective, and Im /  — ker g . The 

short exact sequence T

a) is called admissible if  ker g has a Banach space complement in Y,

b) splits if  ker g has a Banach space complement in Y  which is a Banach 21-module.

The proof of the next proposition is straightforward and we w ill omit it.
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P ro p o s it io n  2.3.1. Consider the short exact sequence T in  (2.3.1). Then 

r  is admissible i f  and only i f  there is a bounded linear map

F  : Y  —> X  such that F f  — Ix ,  the identity operator on X .

Moreover, T splits i f  and only i f  there is a bounded Ql-module homomorphism

F  : Y  —► X  such that F f  =  Ix ,  the identity operator on X .

The following proposition w ill be useful in the sequel.

P ro p o s it io n  2.3.2. Consider the short exact sequence T in (2.3.1). There exists a 

bounded linear operator

F  : Y  —> X  satisfying F f  =  I x

i f  and only i f  there exists a unique bounded linear operator

G : Z  —> F  satisfying gG =  I Z-

Let f  and g be 21-module homomorphisms. Then F  is an %l-module homomorphism 

i f  and only i f  G is. In  either case, we have f F  +  Gg =  Iy ,  the identity operator on 

Y.

Proof. This is ([C-L], Proposition 1.1). □

The following results were proven firstly by Helemskii ([Hel]) by using homological 

algebra machinery, in particular Ext and Tor functors. Later, these theorems were 

reproved by Curtis and Loy ([C-L]) w ithout using homological algebra machinery.
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In chapter 3, we will prove analogous theorems for dual Banach algebras.

Let 21 be a Banach algebra, and let A  : 2l®72l —> 21 be the diagonal operator. 

Then we may consider the following short exact sequence:

f t :  0 — ► ker A  —̂  2l®72l 21 —> 0

where t denotes the inclusion map. Then by taking the adjoints, we obtain the 

following short exact sequence:

ft* : 0 — ► 21* (2l<g)72l)* 21 -» 0.

As we shall see, the amenability of 21 and some homological properties of the short 

exact sequences ft and ft* are closely related.

Let 21 be a Banach algebra. Then each closed ideal J  of 21 induces the following 

short exact sequence:

T  : 0 — ► J  21 21/ J  -»• 0

where i  denotes the inclusion map. The following theorem was proved in [Hel] and 

[C-L],

Theorem  2.3.2. Let 2i be a Banach algebra. I f%  is unital, then f t  is admissible. 

Furthermore, 21 is amenable i f  and only i f  the following conditions are satisfied:

1 . 21 has a bounded approximate identity,

2. ft* splits as an exact sequence of Banach %L-bimodules.
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In their paper ([C-L]), Curtis and Loy prove that every finite codimensional sub

algebra of an amenable Banach algebra is amenable. We w ill prove an analogous 

theorem for a different type of amenability called Connes amenability in Chapter 3.

2.4 Connes-Am enability

D e fin it io n  2.4.1. A  Banach algebra 21 which is a dual Banach space is called a dual 

Banach algebra i f  m ultiplication on 21 is separately u;"-continuous, or equivalently, if  

21 =  (21*)* for some closed submodule 21* of 21*.

Note that 21* need not be unique.

E xam ples 2.4.2. 1. Every von-Neumann algebra 271 is a dual Banach algebra

w ith  the (unique) predual 971*, the space generated by all positive normal linear 

functionals on 97t.

2. The measure algebra M (G ) of a locally compact group G is a dual Banach 

algebra w ith  the predual Cq(G).

3. The Fourier-Stieltjes algebra B (G ) of a locally compact group G is a dual Ba

nach algebra w ith  the predual C*(G), the group C*-algebra of G as defined in

[Eym],

4. The bidual of every Arens regular Banach algebra is a dual Banach algebra.
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5. B (E ), the space of bounded linear operators on E, is a dual Banach algebra if  

E  is a reflexive Banach space. In this case, the predual is E*<S>^E.

D e fin it io n  2.4.3. Let 21 be a dual Banach algebra and let X  be a dual Banach 

2l-bimodule. An element x 6 X  is called normal i f  the maps

(
a.x,

,

x.a

are u;*-u;*-continuous.

We say that X  is normal if  every element of X  is normal. A  dual Banach algebra 21 

is called Connes-amenable i f  every iu*-continuous derivation from 21 into a normal, 

dual Banach 2l-bimodule is inner.

Let 21 be a Connes-amenable dual Banach algebra and let E  be a Banach 

2l-bimodule where E  — 21 (as sets) and the module actions are defined as follows

a.x =  ax , x.a =  0 (a £ 21, x  e E).

I f  D  : 21 —» E  denotes the inclusion map, then it  is easy to see that D  is a

(?i>“"-continuous) derivation. Hence, it  is inner. This shows that there exists an e 6 E

such that a =  D(a) =  a.e — e.a =  ae for all a G 21. This means that e is a left identity

for 21. Similarly, we can prove that 21 has a left identity too. Then the associativity 

of the product on 21 implies that 21 is unital.
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The Connes amenability of a dual Banach algebra (associated w ith  a locally 

compact group) reflects the properties of the underlying group. For instance, as 

proved in [Run 2], M (G ) is Connes-amenable if  and only if  G is an amenable group.

Let 21 be a completely contractive dual Banach algebra. An operator 2l-bimodule 

is a Banach 2l-bimodule which is at the same time an operator space such that 

the module actions are completely bounded maps. Then 21 is said to be operator 

Connes-amenable i f  every u!*-continuous completely bounded derivation from 21 into 

a normal, dual operator Banach 2l-bimodule is inner. I t  is known ([R-S]) that B (F 2) 

is operator Connes-amenable. On the other hand, B r (G) (as defined in [Eym]) is 

operator Connes-amenable if  and only if  G is an amenable group.

D e fin it io n  2.4.4. A  dual Banach algebra w ith  identity 21 is called strongly Connes- 

amenable i f  for each unital Banach 2l-bimodule X ,  every iC-continuous derivation 

from 21 into X *  is inner.

In [Run 4], Runde gave an example of a Connes-amenable Banach algebra that is 

not strongly Connes-amenable.

D e fin it io n  2.4.5. Let 21 be a Banach algebra. A v irtua l diagonal fo r  21 is an element 

M  e (2l®72l)** such that

a .M  =  M .a  and aA **M  =  a (a 6 21).

In his paper ([Joh 1]), Johnson proved that a Banach algebra 21 is amenable if
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and only i f  21 has a v irtua l diagonal. Definition 2.4.5 has a variant suitable for dual 

Banach algebras.

Let 21 be a dual Banach algebra w ith  the predual 21* and let

A  : 2l®72l —̂ 21, a <2> 6 i—> ab,

denote the diagonal operator. I t  is known that B 2(21, C), the space of bounded bilinear 

functionals on 21 x 21, can be identified w ith  (2l<g>72l)*, where 0 7 denotes the projective 

tensor product of Banach spaces. We denote by B2,, (21, C), the space of separately w*- 

continuous bilinear functions in B2(21, C). Clearly 21, C) is a Banach 21-module. 

Since

A* : 21* —>• (21<8>721)* =  £ 2(2l,C), 

we have the restriction map

Finally we obtain

A „ ,  =  ( A f J * : ^ , ( 2 l , C ) * ^ 2 l .

As a restriction of A**, A w, is an 2l-bimodule homomorphism.

D e fin it io n  2.4.6. A  normal, virtual diagonal for a dual Banach algebra 21 is an 

element M  e B 2,(21,C)* such that

a.M  =  M .a  and aA w*M  =  a (a e 21).
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The following theorem was proved in [Run 1],

T he o re m  2.4.7. Let 21 be a dual Banach algebra. Then 21 is strongly Connes- 

amenable i f  and only i f  there is a normal, virtual diagonal fo r  21.

In order to characterize the Connes-amenability of a dual Banach algebra in terms 

of the existence of v irtua l diagonals, we w ill firstly introduce some terminology.

D e fin it io n  2.4.8. Let 21 be a dual Banach algebra with predual 21* and let X  be a 

Banach %l-bimodule. An element x  € X  is called u;*-weakly continuous i f  the module 

maps

are cr(2l, 2t*)-cr(X, X *) continuous.

The collection of all u!*-weakly continuous elements of X  is denoted by aW C (X ).

R e m a rk  2.4.1. 1. aW C (E ) is a closed submodule of E.

2. I f  F  is another Banach %l-bimodule and i f  9 : E  —> F  is a bounded %-bimodule 

homomorphism, then aW C (E )  C crW C(F).

The following result was proved in [Run 3]:

C o ro lla ry  2.4.1. Let 21 be a dual Banach algebra with predual bimodule 21*. Then 

21* C aW C (W ) holds.

a.x.

x.a
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Let 21 be a dual Banach algebra. Consider again the diagonal map A  : 2l®72l —► 21. 

Since

A* : 2T —> (2l®72l)*,

we have the restriction map

A * |a . : 21* —>■ aVLC,((2l®72l)*).

Then we obtain the following map

&<rwc :=  (A * |a .)*  : lT C ((2 t® 72l)*)* -  21.

As a restriction of A**, A aw c  is an 21-bimodule homomorphism too.

D e fin it io n  2.4.9. Let 21 be a dual Banach algebra. A  aW C -virtua l diagonal for 21 

is an element M  E  crfTC'((2l®72l)*)* such that

a.M  =  M .a and aA aw c M  =  a (a E  21).

Now, we can characterize Connes-amenability in terms of the existence of 

cr IT  C -v irtua l diagonals. The following theorem was proved in [Run 3].

T he o re m  2.4.10. Let 21 be a dual Banach algebra. Then 21 is Connes-amenable i f  

and only i f  there is a aW C -virtua l diagonal fo r  21.
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Chapter 3

A Representation Theorem

3.1 Introduction

I f  E  and F  are Banach spaces, then B(E, F *) can be identified w ith  the dual space 

of F<S>^E. In particular i f  E  is a reflexive Banach space, then B(E ) is a dual Ba

nach algebra w ith  predual E *® 1 E. Hence it  is clear that every wAclosed subalgebra 

of B (E ) is then also a dual Banach algebra. Surprisingly, as proven recently by 

Daws ([Daw]), every dual Banach algebra arises in this fashion. In this chapter, we 

prove an operator space analog of Daws’ representation theorem: i f  21 is a completely 

contractive dual Banach algebra, then there is a reflexive operator space E  and a 

«;*-u;*-continuous, completely isometric algebra homomorphism from 21 to CB(E). 

Note that CB(E) =  (E *® E )*. We would like to stress that even where 21 is of the
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form max 21 for some dual Banach algebra 21, our result is not just a straightforward 

consequence of Daws’ result but requires a careful adaptation of his techniques to the 

operator space setting. The construction of such a reflexive operator space heavily 

relies on the theory of real and complex interpolation of operator spaces defined by 

Xu ([Xu]) and Pisier ([Pis 1] and [Pis 2]) respectively.

This representation theorem is somewhat related in spirit to results by Ghahra- 

mani ([Gha]) and Neufang, Ruan, and Spronk ([N-R-S]). In [Gha], M (G ) is (com

pletely) isometrically represented on B (L 2 (G)), and in [N-R-S], a similar representa

tion is constructed for the completely contractive dual Banach algebra M cb(A(G)). 

We would like to emphasize, however, that our representation theorem neither implies 

nor is implied by those results: B (L 2 (G)) is a dual operator space, but not reflexive.

3.2 Preliminaries

3.2.1 Interpolation Spaces

Let X 0, X i  be two topological vector spaces. The couple (X 0, W ) is called compatible 

i f  there is a Hausdorff topological vector space X  and C-linear continuous inclusions 

X 0 X  and X i ^  X . Then one can ta lk about the intersection X 0 f l X x and the 

sum Xq +  X \  (which is the set of all elements x E X  where x — x 0 +  x i for some 

xq € Xo and x i  € Xx).
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I f  (E0, E i)  is a couple of compatible normed spaces, then we equip E 0 Pi E x and 

E 0 +  E i w ith  the following norms respectively:

IMUonJSi =  max {IIx IIbq, ||x||£ l},

and

IMeo+E! =  in f { l l ^ o l k  +  I W k  : X  =  x 0 +  x u x 0 g E 0 , x i G  Ei} .

E 0 +  E i w ith  the norm above is denoted by E 0 + 1  E i.

Theorem  3.2.1. Let (E0, E \) be a couple o f compatible normed spaces. Then EoPlEi

and E 0 + 1  E i become normed spaces with the norms defined above. Furthermore, i f

E 0 and E i are Banach spaces then so are Eq n  E i and Eq + 1  E i.

Proof. This is ([B-L], Lemma 2.3.1). □

D efin ition  3.2.2. Let Eo, E x be a couple of compatible normed spaces. Then a 

normed space E  is called an intermediate space between E q and E i i f

Eo f l E i C E C E o + iE j ,  w ith  continuous inclusions.

In addition, i f  T  G  B (E 0 + x E i)  such that the restrictions Te0 and TEl are in B (E 0) 

and B (E i)  respectively imply TE G  B(E), then E  is called an interpolation space 

between E 0 and E i.

Exam ple 3.2.3. The Riesz-Thorin interpolation theorem ([B-L], Theorem 1.1.1) 

shows that Lp is an interpolation space between L po and L Pl i f  p0 <  p <  p i .
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There are different ways of obtaining interpolation spaces between two compatible 

normed spaces. In the subsequent sections, we w ill introduce two of those, namely 

real and complex interpolations.

3.2.2 C om plex Interpolation of Banach Spaces

For 0 <  6  <  1, let E[g\ =  (Eq, E\)q be the space of all elements x e E o + i E x such that 

x  =  f (0 )  for some function /  : C —» E 0 + i  E i which satisfies the following conditions:

(i) /  is bounded and continuous on the strip S :=  {z  e C : 0 <  Re(z) <  1},

(ii) /  is analytic on So, the interior of S,

(iii) f ( i t ) e Eq and / ( I  +  it )  e E\ (f e 1 ).

Then we equip E\g\ w ith the following norm:

||a;||[fl] :=  in f j||/|| : x =  f { 6 ), f  satisfying the conditions listed above j
where the norm of /  is defined to be

l l / l l  max |  sup { H / M H ^ } ,  sup { | | / (1  + : t  £ l | .

By this construction, E\e\ becomes an interpolation space between E 0 and E x. For 

more information on interpolation of Banach spaces, we refer the reader to [B-L],
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3.3 Real Interpolation of Banach Spaces

Consider a compatible couple of Banach spaces E  =  (E q, E i ). Then there are different 

ways to  construct interpolation spaces between them  by using the real method such 

as the fCm ethod. EgiP.K ; the discrete IT-met hod, E q̂ -k , the J-m ethod, EgtP.j\ and 

the discrete J-m ethod, However, for 0 < 6 <  1 and 1 <  p <  oc, we have

Eo,P;k  =  E q̂ -k  =  Ee)P-j — EetP.j,

with equivalent norms ([B-L], Prop. 3.3.1).

In this chapter, we will only investigate the discrete Lf-method since it will be 

sufficient for us to  prove our representation theorem at the end of the chapter.

3.3.1 R eal Interpolation of Banach Spaces by th e D iscrete  

iC-M ethod

In this section we will introduce the real interpolation of Banach spaces by the discrete 

Lf-method. Now let E 0 and E \ be two compatible normed spaces. For a fixed t >  0, 

we define the /T-functional on the set E q +  E \ by

K ( t ,x )  :=  infdl^oll^o +£ ||£ i||# i : x =  x 0 +  x u x 0 E E0, X\ G E \} .

It is easy to see tha t for each t  > 0, K (t,- )  defines a norm (which is equivalent to 

E q + i  E \)  on E q +  E \ ([B-L], Page 38).
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Lem m a 3.3.1. For each fixed x e E 0 +  E x, K ( t ,x )  is a positive valued, increasing 

function o ft .  Furthermore,

K ( t,  x ) <  max ^1, ~^jK(s, x).

Proof. This is ([B-L], Lemmma 3.1.1). □

Now for 0 <  6  <  1 and l < p < o o o r O < 0 < l  and p =  oo, we can define

v=oo  i

K e,p :=  [ x e E o  +  E , : ||:r||w  :=  (  £  2~vd\K (2v, x )|p)  ? <  oo}.
v = —oo

Then the set

Ee,p;K '■= { x  E Eq +  E \ : < oo}

is called the real interpolation of E q and E i by the discrete if-m ethod.

The interpolation space Ee^-K has many interesting properties. We now summa

rize some of them.

T he o re m  3.3.1. Let E  =  (Eq, E i ) be a couple o f compatible normed spaces. Then

1. (E q, E i )9,p;k  =  (E i ,E q) i - q)P.k  with equal norms;

2. (E q, E f i j e ^ - K  C  (Eq, E i ) e <q-K i f  P < q ;

3. I f  E q and E x are Banach spaces, then so is (E q. E x)gp.K ;

4■ I f  p <  oo, then E q n E x is dense in (Eq, E x)o,p;k -

Proof. This is ([B-L], Theorem 3.4.1) and ([B-L], Theorem 3.4.2). □
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Theorem  3.3.2. Suppose that E  =  (Eq ,  E i)  is a couple of compatible Banach spaces 

such that Eq  D E i  is dense in both Eq and E \. I f l < p < o o  and 0 <  9 <  1 , then

(Eo, E i) l  K =  (Eq, E {)oa.k  (with equivalent norms)

where -  +  -  =  1.
p Q

Proof. This is ([B-L], Theorem 3.7.1). □

3.3.2 Interpolation of Operator Spaces

So far, we have shown that the real (and the complex) interpolation of two com

patible Banach spaces yields another Banach space. What about the interpolation 

of operator spaces? This was done firstly by Pisier in [Pis 1] where he defined the 

complex interpolation of operator spaces. However, the theory of interpolation of 

operator spaces was studied systematically firstly by Xu in [Xu] where he defined the 

interpolation of operator spaces by the real method.

Suppose that (Eq,  E i )  is a compatible couple of operator spaces. That is, E 0 and 

E i are operator spaces, and (Eq ,  E i )  is compatible as a couple of Banach spaces. Note 

that for each n 6 N, we have the continuous inclusions

M n(E0) — M n(X ) and M n(E i)  — M n(X )

where M n(X )  is identified w ith  T " 2. Thus, (M n(E0), M n(E i))  is a compatible couple 

of Banach spaces.
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Clearly E0 (Boo Ei  is an operator space by setting

Mn(E0 ©oo Ei) =  Mn(E0) ©oo Mn(Ei).

Then E0 © 1  E\  becomes an operator space w ith the embedding

Eq  ©1 El  e—> (Eq  ©oo El)*.

Now for each 1 <  p <  oo, £ 0  ©P E i becomes an operator space via

Mn(E0 © p  Ei)  =  (Mn(Eo ©1 . E i ) ,  M u ( E q © ^  Ei))d, 1 / p  =  1 — 6 .

The operator space structure on the L p-spaces w ill be investigated in the proceeding 

sections.

3.3.3 C om plex Interpolation of Operator Spaces

Let 0 <  0 <  1 and Eq,  E i  and let (Eq ,  E i )  be a compatible couple of operator spaces. 

Then as we mentioned above, for each n e N, the couple (Mn(E0), Mn(Ei))  is also 

compatible. Now define

Mn(Ee) : =  (Mn(E0), Mn(Ei))e (3.3.1)

in the sense of complex interpolation ([B-L]). By this definition, Eo =  (E 0 ,E i)e  

becomes an operator space. This is called the complex interpolation o f operator spaces 

Eq  and E i  (see [Pis 1] and [Pis 2] for more information).
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3.3.4 O perator Space Structure on Z^-Spaces

Let (Q,n)  be a measure space. As a commutative C*-algebra L°°{p)  has an oper

ator space structure. Then Ll {p) is an operator space w ith the isometric inclusion 

L l (n) For 1 <  p <  oo, we define

Lp(n) =  (L x{p), L°°(n))g where ^  =  1 -  0.

Then Lp(/i) becomes an operator space via

Mn{Lp{p)) =  ( Mn{Ll {n) ) ,  Mn{L°°{n)))g where ^ =  1 -  0.

3.3.5 V ector Valued Lp-Spaces

Let ( f i ,  fi) be a measure space and E  C  B(H)  be an operator space, for some H ilbert 

space H . Then we define LP{E \ //) as the usual L p-space of strongly functionals 

on (f2,//) w ith  values in E.  Then L 00(£1;//) has an operator space structure w ith 

L°°(E-,n) «-»• p),  since p) is a C*-algebra. Again L l {E]p)  is an

operator space via L l {E\ p) ^  (L°°(E*; n))*. For 1 <  p <  oo, we define

D ’{E-p) =  (L1(E-p) ,L °°(E-p))e.

R e m a rk  3.3.1. Suppose that {E q, E i ) is a compatible couple of operator spaces, and 

1 <  Po,Pi <  oo (at least one of them is finite). Then

(Lp°(E-,p),Lp'(E-,p))e =  LP((E0, Ei)g] /j,), -  =  —  +  -
P Po Pi

w ith  completely equal norms ([Pis 2]).

38

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.3.6 Vector Valued Lp-Spaces in the D iscrete Case

Let (fl, /i) be a the set of integers w ith  counting measure and {E k} kkz ^  be a sequence 

of operator spaces. Let

h) — {(■£&)& • *Efc G E k, (HxjfclDfc G 

Then lp( {E k} k,fi)  is an operator space as before. Note that

('lP( {E k}k , v ))  =  lq {{E k}k> A4)) ~ ~ =  1-

3.3.7 R eal Interpolation o f Operator Spaces

The construction of the interpolation of operator spaces by the real method is more 

complicated than by the complex method. This is because definition (3.3.1) does 

not work for the real interpolation (E 0 ,Ei)g^p i f  p <  oo. Now we introduce real 

interpolation of operator spaces by the discrete /f-m e t hod as defined by Xu in [Xu], 

This construction, as we shall see, heavily uses the complex interpolation of operator 

spaces.

Note that if  E  is an operator space and t >  0, then tE  denotes the operator space 

obtained by m ultiplying the norm on each m atrix level by t. Now let p denote a 

weighted counting measure on Z (that is, let {an} ne% be a sequence of non-negative 

reals and for E  C Z, we define fJ-(E) :=  J2uge an ) and {Ek}kez a sequence of operator
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spaces. Then for 1 <  p <  oo, we define

lp( {E k} keZ-,p) :=  { ( x k)k & - x k e E k and {\\xk\\)keZ ^

Clearly loo({Ek}k€Z', p) is an operator space w ith  its natural operator space structure. 

Then h ( {E k} k€z: p) becomes an operator space when it  is considered as a subspace 

of (Zoo({^fc}fcez; p))*. F inally lp( {E k} k&z; p) becomes an operator space by complex 

interpolation:

Now for a compatible couple of operator spaces (Eq,  E i )  and 1 <  p  <  oo we define 

N P(E0, E i)  :=  {(m, —x) : x G E 0 fl E i }  regarded as a subspace of E 0 ©p E\. Then we 

define

K p(t; E 0, E i)  denotes the operator space Eq + p tE \ ; for any x  <E E 0 +  E i, we let 

K p(x ,t; E 0, E i)  :=  Now we may give the definition of Eg^-x, the real

interpolation o f the compatible couple (E q, E i) with the discrete K-method, as follows:

lp {{E k} k(zZi p) — ( l i ( {E k} k£z, /̂ )> ^oo({^fc}fc£Z) h))o,
1

=  1 - 0.

V

E q + p E i :— ( E q ©p E i ) / N p ( E q, E i ).

(Eo, Ei)g^p-K

=  [ x e E q  +  E i :  ||x||g,p-K := [ ^ 2 ( 2 - keK p(x ,2k; E 0, E i ) ) ^  <  oo}

Then E g ^x  is a Banach space ([B-L]).

I f  a  £ M, then lp(2ka) is the weighted space
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If E  is an operator space, then we similarly define lp(E) and lp(E\ 2ka) of sequences 

with values in E. Then lp(E ) and lp(E\ 2ka) are operator spaces.

For each k E  Z, let fq. :=  K p(2k\ Eq. E i ). Then we define E q̂ k , the operator 

space interpolation of the couple (E 0,E i) by the discrete K-method, as the subspace 

of lp({Fk}kez',2 ~kd) consisting of the constant sequences.

More explicitly, let x =  (Xj j )  E M n((E 0, E i )q p.ĵ ) for some n E  N. Then

\\x \ \M n {{E 0, E i ) etP.K) ■—  {  || ( U i V ) \ \ M n  ( i p(Eo-,2-M)®plp(Ev,2k(1- e'>)) }'

The infimum is taken over all

u =  (m j)  E M n (lp(Eo-,2~ke)), v =  (V ij) E  M n{lp(Ev,2kW j )

where each

Uij =  « ) fcez  a n d  = (Vi j ) k&

such th a t

Xi j  =  ukj  +  vkj,  for each k E  Z, i . j  =  1 , . . .  n.

3.4 A Representation Theorem for Com pletely  

Contractive Dual Banach Algebras

Throughout this section, we w ill use the following notations:
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1. Let (E a)aef be a family of operator spaces where I  is some index set. Then

Ea and I2 ( I,  Ea) w ill denote the I2- direct sum of E a’s and the complex 

operator space interpolation ( l0O( I ,E a) , l 1 ( I ,E a) ) i /2  respectively.

2. Let 21 be a completely contractive Banach algebra and X  be an operator (bi- or) 

left 21-module. For a =  (a^-) and x =  ( x i j)  in M n(2l) and M m(X )  respectively, 

for some n, m E N, a *  x  w ill represent the m atrix

a-kx =  (ait j.xkti) (3.4.1)

where represents the module action of 21 on X .

D efin ition  3.4.1. Let 21 be a completely contractive dual Banach algebra and let 

<t> E M n{21*) for some n >  1. Suppose that for each m >  1, there is a matricial norm 

|| • ||^>m on M m(2l.0). Let E $ denote the completion of (21.0, || • ||^ i). Suppose that

11Q, ~k b11 — | | ® | | m (3.4.2)

and

II® *  0||mn — ||® *  0||</i,m 5; ||®||m.||̂ *||n. (3.4.3)

for all a E M m(2l) and b E Mk(E,p), m ,k  E N.

Furthermore, suppose that E $ is reflexive and the inclusion : E^ —> M n(21*)

injective. Then (|| • IU,m)^=1 is called an admissible operator norm  for 0.
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Note that in the previous definition, the inequality (3.4.2) means that E $ is an oper

ator left 21-module.

E xam p le  3.4.2. Let Gd be a locally compact discrete group and <j> =  be in 

M n{C*{G d)) w ith  |0||„ =  1 for some n >  1 where C*(G d) is the group C*-algebra of 

Gd- Then each fa j  is a finite sum of the form

where each A G C and 5g is the Dirac function. Consider w ith  the usual norm on 

M n(C*(G d)). Clearly E# is a closed subspace of M n{C*{Gd))• Hence, it  is an operator 

space. E 4  is reflexive since it  is finite dimensional. Since E^ is an operator 21-module, 

(3.4.2) is satisfied. Since B (G d) is a completely contractive Banach algebra, (3.4.3) 

is also satisfied. Therefore, the (usual) norm on M n(C*(Gd)) defines an admissible 

operator norm for 0.

T heo rem  3.4.3. Let 21 be a completely contractive dual Banach algebra and suppose 

that 4> =  € M n(21*) has an admissible operator norm fo r  some n >  1. Then

there is a w*-continuous, completely contractive representation o f 21 onC B (E (f).

Proof I t  is easy to see that E<p is a left 21-module. Moreover, i* has a dense range if  

and only i f  t*ff : Ef* —> M n(21*) is injective. Since E^ is reflexive, iff' =  Hence, z.* 

has a dense range. Note that

g£Gd
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Now we define

S^ : E^tgiE^ -► M „2  (21*), tl(b ) <g> a.<£ i-> a.(/)*b

where <g> represents the projective tensor product of operator spaces.

Due to Definition 3.4.1, this map is well-defined. Then the map defined by

T y .=  S ; :  Tn2(2l) —»• CB(E^)

is u!*-continuous. Since 21 is completely isometrically isomorphic to a closed subspace

of Tn 2 (21) by the map

where

21 -»■ T„2(2l), a (a ij)  (3.4.4)

a i , j  —

a, i f  ( i , j )  =  ( 1,1); 

0, otherwise.

T® induces a multiplicative representation from 21 into C B {E (j>). For simplicity, we 

w ill denote this representation again by T^. In order to see that T® is multiplicative 

on 21, take a, b £ 21, c =  ( q j )  £ Tn(21) and consider a as an element of Tn 2 (21) via 

(3.4.4). Then

< (r0(a ),6 .0 ),tj(c )) =  (T^(a),iJ (c)® 6.0 )

=  <a. s ^ K c) ® M )

=  (a,b.<j)-kc)

=  (a,
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Hence (T,(a), 6.0) =  (x j j )  E M n(21*) holds where

ab.(f>X ) i ,  i f  ( i , j )  =  ( l , l ) ;  

0, otherwise.

Now let a,b,d E 21. Then

x i , j  —

T ,(d ) .T ,(a ) ,M )  =  ^ T ,(d ) ,< r ,(a ) ,M )  

=  ( r ^ i x i j )

=  (V i, j)

=  ( t , ( da), &.</>) G £,

where

if  (z ,j) =  ( l , l ) ;
Vi j  f

0, otherwise.

Hence, T , is multiplicative on 21.

By using Effros and Ruan ([E-R], Proposition 7.1.2), is a complete contraction 

i f  and only i f  the induced map S,  G B 2 (E£ x M n2(21*)) is a complete contraction.

Now

115,IU =  SUP { | |5 jm’m)(2:,t/)|| : x =  (xfj )  E M m(E£), y =  (yid) E M m(E ,) ,  ||x||,,m, 

\\vh,m  <  1, rn E N |

=  SUP { I {(S{̂ ' m\ x ,  y ) , z ) ) \ : x  =  (xid) E M m(E^), y =  (yiJ) E M m{E^),

Z ^  M m 2 (M n 2 (21)), 1 1 1 1 5 ||2/||,,to) ll-̂ Hm2?!2 1, m G
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By the density of the range of for each i, j  =  1 ,.. .  m, w ithout loss of generality, 

we may suppose that

Xi j  =  L<t>(A i, j) ’ Ui,j =

where

=  (di j )  e Tn(2l) and bfJ G 21.

Then we have

Since

’m](x , y ) , z^  =  ( ^ S ^ (x ij,y kii) ,z atty j  =  ((bk,i.ct)* A id ,zsj ) ) .

(pk,l-4>o,p-0'iij  i Zs,t) t Zs,tbk,l) — (Q 'ijiZ 'S ,tbk,l-<l)o,p)

for all indices i, j ,  k, I, m,  n, o, p, q and r  where

=  o,p, q, r  — 1 ,.. .  n, and s, f  =  1 ,.. .  m 2 n2,

we conclude that

^ Tn’m)(s . I / ) . * ) )  =  U U Aij),Zm,nbk,l-4>) =  (U i ' l (A i j ) ) , z * y

On the other hand,

holds. Therefore,

<t>,m

holds. Thus, S# is a complete contraction. □
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Let (Ea)aei be a family of operator spaces and let E  =  1 2(1 , Ea). We w ill need an 

approximation for the norm of an arbitrary element on each m atrix level of E. To 

manage this, we w ill need the following two propositions.

Proposition 3.4.1. Suppose that (Ea)aei  is a fam ily of operator spaces. Then

1. M n(Ea)) =  M n(l°°(I, Ea)) holds fo r  each n  e N.

2. I f  A  =  (ai}j) € M n( l l ( I ,  Ea)) where ay  =  (a fj)a, a f j € Ea fo r  each i and j ,  

then

\ \ A \ \ M n T ( I , E a)) <  l l ( 0 “ j ) I U n ( ^ a )  J0T eVerV U  G  N '
Q

Proof. The first identity is obvious. Hence, we w ill prove only the second one. Let A  

be as in the claim. Then we have

II^IIm„(/i(/,.eq)) =  SUP { I((^> F ))I : F  G M n (l ( I, Ea)), \\F\\Mn(i^(i,E^)) <  l j

a

£ s“p { £ l« /« .< i» h  ■F’ eM„(r(/.£a).IIOlM„(l-(,,£Si)< i}
a

-  ^ 2  < 00 
a

since M n (Zx( /,  Ea)) and l l ( / ,  M n(Ea)) are topologically isomorphic. □

The next proposition w ill be needed to prove Lemma 3.4.1 and Theorem 3.4.4.
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Proposition 3.4.2. Let (X ,Z )  be a compatible couple o f Banach spaces in  the sense 

o f Banach space interpolation. Suppose that there is a contractive embedding from  a 

Banach space Y  into Z . Let E i :=  (X ,Y )g  and E 2 :=  (X ,Z )e  fo r  some 0 <  0 <  1. 

Then fo r  every a €  E \, we have 11 a 11 >  11 a j | .

Proof Clearly any function /  : C —► X  + i  Y  satisfying the properties given in the 

definition of complex interpolation of Banach spaces can be viewed as a function 

from C to X  + x Z, and it  w ill satisfy analogous properties. To distinguish these two 

functions, we w ill denote them by f x y  and fx ,z  respectively.

Recall that

\\fx,y\\ =  max |  sup { | | / ( i t ) | | x }, sup { ||/(1  +  it ) | |y }  : t  6 M j

and

\\fx,z\\ = m a x |  s u p { | | / ( i t ) | |x }, sup { ||/(1  +  it ) \ \z }  : t €  r } .

This shows that E \ C E 2. Now let a € E\. Recall that

I H U 1 =  i n f { l l / ^ l l : a  =  / w }  a n d  I H U  =  i n f { l l / ^ l l : a  =  / w } -

Since for each /  we have ||/x,v|| >  ll/x .z ll, we conclude that ||a||El >  ||a||£2. □

Proposition 3.4.1 and Proposition 3.4.2 show the following:

Lem m a 3.4.1. Let (Ea)aei  be a fam ily o f operator spaces and let A  =  (a ,j)  be 

in  M n(E ) where E  =  l2 ( I ,E a) fo r  some n € N. I f  each aitj =  (a fj)a£i  6 E,
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then p | | Mn(i?) <  ^ E a  \\A <x\\2Mn(Ea) where each A <* =  K j )  e M n(Ea). That is, the 

canonical inclusion from l 2 ( I ,M n(Ea)) into M n(l2 ( I ,E a)) is a contraction.

Proof. Note that by using Proposition 3.4.1 for each n £ N, we have

M n( r { I , E a) X ( I , E a)) =  ( r ( I ,  M n(Ea)), M n( l \ l ,  Ea))).

Then we apply Proposition 3.4.2 where X  =  l°°(I, M n(Ea) ) ,Y  =  P (I, M n(Ea)) and 

Z  =  M n{ l \ I , E a)). □

Lem m a 3.4.2. Let 21 be a completely contractive dual Banach algebra. Then fo r  each 

n £ N, every non-zero element in the unit ball o f M n(flI*) has an admissible operator 

norm.

Proof. Let 21 be a completely contractive dual Banach algebra and 6  £ M n(21*),

4> 7̂  0, |0 ||„  <  1 for some n >  1. The map

: 21 —»• 21.0 , a i—>• a0

is a complete contraction. Then the induced map 7r : 2 l/ke r —> 210 is a complete 

isometry. For each m  >  1, define a norm || • on M m(210) by

IM k& m  := in f { IM U  : x =  a*<j>, a £ M m(21)}.

Then 210 becomes an operator space w ith  this matricial norm.

Clearly (210, M n(2l»)) is a compatible couple of operator spaces. Now define to 

be the space of constant sequences in h{{Fk}k<i n5 2-fc/2) where Fk =  K 2 (2k; 210, M n(2l*))
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for each k e N. By ([Bea], Section 2.3, Proposition 1) we know the following:

(21.0, M n(21*)) i ,2;^  is reflexive the inclusion 21.0 —> M n{21*) is weakly compact 

<*=> the map : 21 —► M „(21*), a t-» a.0 is weakly compact.

However, Im(i2^,) C  M „(2l*) and M n(21*) C  W A P (M „(2 l*)), by [Run 4], Hence, 

is weakly compact. Therefore, as a closed subspace of E  — (21.0, M n(2l*)) i j2;k ; 

space Efi is reflexive too.

Let || • ||^)Tri denote the norm on M m(E^) for every rn G N .  I f  /  G E#, then

1/2
>-fcn

' fceN
i i / in . !  =  [ E 2'

fceN

=  [ E  2 - ‘  inf { y / l M I I I w  +  2“ H/ -  ( - . « } '
fceN

=  [ H 2_fe in f {116.011^+  22fc| | / - 6 .0 | |2 }
fceN

=  [ E j g  { 2 ~ * I M I I I . * , i  +  2 * 1 1 /  -  M I S } ]  ^
fceN

1/2

Hence,

f e E *  ^  E w t 2" ‘ M L , i  +  2‘ l l / - M l S :  ( - e a }  < o o .
fceN

Thus, there exists a sequence (bk)k in 21 such that 22k\\f — 5fc.0||2 —► 0. Hence, 21.0 

is dense in E This shows that ||a.0||„ <  ||a.0||^i. Now to prove (3.4.3), we w ill use 

the following claim:

C la im  3.4.1. I f  21.0 is dense in  E t h e n  M m(2l.0) is dense in  M m{E^) fo r  every 

m >  1.
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Proof. Let e >  0 and F  =  ( f j )  G M m{E^) for some m  >  1. Then for each i, j  — 

1 ,.. .  m, there exists a sequence (b ^ k  in SC such that 6*^.0 —i► /*■ in || • ||n. Consider 

the sequence (T*.)*. in M m(Sl.</>) where each Ffc =  {b\j)k- Then we have

Hence, by Claim 3.4.1, we have ||a*</>||mn <  \\a *  for all a G M m(Sl) and 

m  G N .

Let a G M m(St) for some m >  1. Then by the definition of |[ • it  is clear

that ||a *  fWvL^rn <  ||a||m. Since St is a completely contractive dual Banach algebra, 

we also have ||a *0 ||mn <  ||a||m||0||n <  IH |m- By Lemma 3.4.1, we have

m

□

| | a * ^ l k  <  i n f [ [ | | 6 * ^ | | ^ m  +  2 2fc| | a * 0 - 6 * ^ | | ^  '  : 6 G M m ( St)}

By choosing b =  a, we see that

||« *  <t>\\Fk <  ||a *  4>\k&m  for each fce N .

Then we have

& ^  |̂|2L0,m
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Now let a e M m(2l), b € M t (2l) for some m ,t  >  1. Since the map 7r is a complete 

isometry, we have

||&* (a * 0 ) | |a(?«,iTOt =  ||6 *a  +  M mt(ker i^ ) | |

=  in i { \\b *  a +  x\\mt ■. x E M mt(ker R 4,)}

<  in f {\\b~k a +  b *rr ||mt : x G M m(ker R<p)}

<  ||6||t in f {||a +  a;||m : x e M m(ker R ^)}

=  ||6||i||a +  ker R̂ W

=  ll^lk II® *  0||2L0,ro-

This shows that 21.0 is an operator left 21-module. Since M n(21*) is also an operator 

left 21-module, so is E^. Therefore,

\\b*d\\ <p,mt T  ||&||t|MIU,m for every d e b 6 M m(2t), m ,t e N

holds. □

Theorem  3.4.4. Let 21 be a completely contractive dual Banach algebra. Then there 

is a w *-continuous complete isometry map from  21 into C B(E) fo r  some reflexive 

operator space E.

Proof. Let E  :=  Z2- ® ^  E^. For each n >  1, we equip M n(E) by the norm

P l l Mn(E) =  ^ £ J I ( afj)llS,n where A =  (ai, i) e M n(E), Oij =  a f j e E^.

Note that E  is not an operator space. There is a natural map

S : Q l^ B ( E )  defined by ^S(a), ( x ^  :=  ((7*(a), x ^
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where : 21 —> C B ( E is the -uT-continuous complete contraction as defined in 

Theorem 3.4.3.

Note that Daws ([Daw], Theorem 4.5) proved that 5 : 2 1 —> B (E ) is an isometry.

For an arbitrary n >  1, any element (a ,j)  of M „(21) can be viewed as a map

5„ : E  -  M n(E).

We claim that Sn is a contraction. Let ||(a ,j)||„ <  1 and (x^) € E. Then

M n {E)

M n (E)

4>

<  [ E i i ( “ « ) i i i i k * n : ; I / 2
<t>

=  I IK j ) I L [ 5 ] I W I 1 i
<t>

= I K O I I J M U  

^  I I M U -

1/2

1 /2

Thus, Sn is a contraction.

Now let E  =  I2 (J, E^). We define

Then for each n e N, T  induces the map T (n) : M n(21) —► CB(E, M n(E)). On the
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other hand, by its definition

M n(E) =  (M„(Z°°(3, E#)), M n( ll (3, E ^ ))) i / 2  =  { r ( 3 , M n(E ^ )),M n( l1 (3 ,E (l>))) ll2 .

Each (a,ij) € M n(21) defines a map from E  into

' 4>£3

Hence, we have a natural map (which we w ill denote by T n)

(j°c (3 ,M n(E tj>) ) , l 1 {3 ,M n(E(j)))^j =  I2- M n{E^) (on the Banach space level)

However, this map is a contraction for every n >  1. On the other hand, by Proposition 

3.4.2 we have 11T1”  11 >  ||T(’T̂ [|. Hence, T (n> is a contraction for every n >  1. Thus, T  

is a complete contraction.

Note that w ithout loss of generality, we may suppose that 21 is unita l and let e 

denote its identity. For each n >  1, we have

T<n> : M „(2 l) -  M n(CB(E )) =  M n((E *® E )*) =  C B ((E *® E ), M n).

Let a =  (a,ij) € M n(21). Then for every e >  0, there is <p =  ( fa j)  G M n(21*) such 

that

||^ ||n  <  1 and |«a, <t>))\ >  (1 -e )||a ||„ .

For simplicity, set T  :=  T (n)(a) G CB((E*® E), M n). Define x  =  (x jj)  G M n{E *® E ) 

by

0 otherwise,
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where

f  e, i f  { i , j )  =  ( 1,1);
B  =  (b ij) E T„(21) is defined by bU3 =  <

I 0, otherwise.

Now we have

\ \ x \ \ m » ( e * ® e )  =  I I ^ i I I b * ® ^  ^  I K -  • • i l * 4> ( b ) i  ■ • - ) I U * I I ( -  • • j e - ^ i  ■ • - ) I U -

On the other hand, ||( .. . ,  ^  1 since | |5 ||t„(si) <  1 and is a contraction.

Clearly

\ \ ( . . . ,e.<t) , . . . ) \ \E <  \\<j>\\n < 1.

holds. Then we have

IT '”* )* ) !  =  I ( f ( x u )) |  =  | « T ( < * j ) . * W » l  =  | « o , « |  >  (1 -e ) | |a | |„ .

□
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Chapter 4

Connes-Am enability

4.1 Connes-Am enability and Short Exact Sequences

Let 21 be a dual Banach algebra w ith  predual 21* and

V  = ( A f J * : ^ , ( 2 l , C r ^ 2 l .

be the 2l-bimodule homomorphism as defined before.

I f  21 is unital, then the diagonal operator and hence are surjective. Since the 

algebraic tensor product 2l<g>2l lies canonically in 21, C)*, we obtain the following 

short exact sequence of Banach 2l-bimodules:

E :  0 — » ker A w. B2W,(%  C)* 21 —>■ 0

where l is the inclusion map.
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We w ill start this chapter by characterizing the strong Connes-amenability of 21 

in terms of some properties of the short exact sequence H.

T he o re m  4.1.1. Let 21 be a dual Banach algebra. Then 21 is strongly Connes- 

amenable i f  and only i f  21 is unital and the exact sequence E splits as a sequence 

o f Banach 2l-bimodules.

Proof (=t>) Let 21 be strongly Connes-amenable. Then it  is unita l by [Run 1], Thus, 

the sequence S is exact. Let M  G Bf,, (21, C)* be a normal v irtua l diagonal for 21. 

Define

ct:21->B£.(21,C )*, a ^ M . a

where is the module action of 21 on 5^,. (21, C)*. Since A w* is an 2l-bimodule 

homomorphism, for each a E 21 we have

A w*a(a) =  A  w*(M .a) =  A  w*M.a  =  e.a =  a

where e is the identity of 21. Hence a is a right inverse of A w* . Furthermore, for each 

a, b e 21, we have

a.a(b) =  a.(M.b) — a.(b.M) =  (ab)M  =  M(ab) =  (M.a).b =  a(a).b =  a(ab).

Hence, a  is an 2l-bimodule homomorphism, so S splits.

(<t=) I f  E splits, then there is an 2l-bimodule homomorphism

a : 21 —► 21, C)* via A w*a =  / a
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where 1% the identity operator on 21. I f  e is the identity of 21, then we have

acr(e) =  a(a.e) =  cr(e.a) =  a(e).a (a E  21)

and A w*a(e) — e. Hence, a(e) is a normal v irtua l diagonal for 21. Then by [Run 1],

21 is strongly Connes-amenable. □

Consider again the 2l-bimodule homomorphism

A awc  : a W C { {m % y y  -► 2t.

Clearly the algebraic tensor product 21®21 lies canonically in aW C {(21<8>21)*)*. Then 

when 21 is unital, we have the following exact sequence of Banach 2l-bimodules:

S' : 0 -h. ker t±aWG a W C {(m % )*Y  2t -+ 0.

T he o re m  4.1.2. Let 2t be a dual Banach algebra. Then 21 is Connes-amenable i f  

and only i f  21 is unita l and the exact sequence S' splits as a sequence of Banach 

Di-bimodules.

Proof Replace the role of the normal virtua l diagonal in the proof of Theorem 4.1.1 

by a aW C -v irtua l diagonal for 21. □

Theo rem  4.1.3. Let 21 be a unital dual Banach algebra. Then the exact sequences S 

and S' are both admissible.
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Proof. The map 9 from 21 into Z^„(2l, C)* (resp. crWC , which sends a to

e ® a where e is the identity of 21, is the right inverse of A U!. (resp. A aw c) in 2  

(resp. S' ). □

4.1.1 Ideals in C onnes-A m enable D ual Banach Algebras

For a normed closed ideal I  of an amenable Banach algebra 21, the amenability of 

I  is equivalent to the existence of a bounded approximate identity in I  ([Run 2],

Proposition 2.2.3). In this section, we w ill firstly prove an analogous result for dual

Banach algebras and Connes-amenability.

Let J  be a unita l u;*-closed ideal of a dual Banach algebra 21 and A  be a Banach

J-bimodule. I f  e is the identity of J, then for each a e 21 we have

eae =  ae =  ea.

Hence, e is in the algebraic center of 21. Then A  is a Banach 2l-bimodule as follows:

a.x :=  aex, x.a :=  xea (a € 21, x £ X ).

I f  D  : J  —> X  is a derivation, then D  can be extended to a derivation

D :  Q l-> X  by D(a) :=  D{ae).

Now for every a, b G 21, we have

D(ab) =  D(abe) =  D(aebe) =  aeD(be) +  D(ae)be =  a.D(b) +  D(a).b.
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Thus, D  is a derivation. Clearly D  extends D.

Let J  be a unita l u’*-closed ideal of a dual Banach algebra 21 and X  be a Banach 

J-bimodule. Then we have the following four claims:

C laim  4.1.1. I f  X  is a normal, dual J-bimodule, then it  is a normal %i-bimodule.

W *
Proof. Let (aa)a be a net in 21 such that aa — ► a, for some a £ 21. Since m ulti-

HI* m HI*
plication on 21 is io*-continuous, aae — > ae in J. Then we have, aaex — ► aex, or 

equivalently aa.x — > a.x m X .  □

C laim  4.1.2. I f  X  is a normal, dual J-bimodule and i f  D  is w*-continuous, then D  

is w*-continuous as well.

Proof. Let (aa)a be a net in 21 such that aa — > a, for some a £ 21. Since m ultiplica

tion on 21 is u;*-continuous, aae — > ae, in J. Hence, D (aae) D(ae), equivalently 

D (aa) ^  D{a) in X . □

C laim  4.1.3. Let X  be a Banach J-bimodule such that X *  is a normal J-bimodule. 

Then X *  is also normal as an %-bimodule.

W *
Proof. Let (aa)a be a net in 21 such that aa — > a for some a £ 21. Since m ultiplication

H) *
on 21 is u'*-continuous, aae — > ae, in J. Then for every 0 £ X *  and x  £ X  we have, 

4>(aaex) —► 4>{aex), that is <f>(aa.x) —► (j>(a.x). Hence (f>.aa <j>.a. Similarly, we can 

prove that aa.cj) a.(p. □
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C laim  4.1.4. Let X  be a Banach J-bimodule such that X *  is a normal J-bimodule 

and D  : J  -> X *  be w*-continuous. Then D  : 21 —> X *  is w*-continuous too.

Proof. Let (aa)a be a net in 21 such that aa a for some a E  21. Since m ultiplication 

on 21 is ^ ‘ -continuous, aae ae, in J. Then D (aae)(x) —»• D(ae)(x) (x E X ),  

equivalently D (aa) D(a). □

Proposition 4.1.1. Let J  be a w*-closed ideal o f a Connes-amenable dual Banach 

algebra 21. Then J  is Connes-amenable i f  and only i t  is unital.

Proof. (=>) This is trivia l.

(<t=) Let J  be unita l and X *  be a dual, normal J-bimodule. Then X *  is a dual, normal 

2l-bimodule. Let D  : J  —► X *  be a ^ ‘ -continuous derivation. Then D  : 21 —> X *  is 

^ ‘ -continuous. Since 21 is Connes-amenable, D  is inner. Hence, D  is inner. □

R em ark 4.1.1. Let 21 be a dual Banach algebra and J  be a u>‘ -closed ideal of it. 

Let X  be a dual Banach J-bimodule (not necessarily normal) and D  : J  —> X  be 

a derivation. Then Im (D ) consists of normal elements of X  when X  is considered 

as a Banach 21-bimodule. To see this, let (aa)a be a net in 21 such that aa

w *
a for some a E  21. Since m ultiplication on 21 is ^ ‘ -continuous, we have aae — > ae in 

J. Then

aaeD(be) aeD(be) (b E 21), 

equivalently, aaD(b) aD(b). Similarly we prove that D(b)aa D(b)a.
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Hence, we have proven the following:

Corollary 4.1.1. Let J  be a w*-closed ideal o f a strongly Connes-amenable dual 

Banach algebra 21. Then J  is Connes-amenable i f  and only i t  is unital.

Now let J  be a iC-closed ideal of a unital, dual Banach algebra 21. Then we 

consider the following exact sequence:

T : 0 — ► J  - U  21 21/ J  — ► 0

where t : J  —>■ 21 is the inclusion and 0 : 21 —> 21/ J  is the quotient maps. The following 

is proved in ([C-L], page 96).

Proposition 4.1.2. The exact sequence T splits as sequence of $l-bimodules i f  and 

only i f  J  is unital.

Proof. (=>) Assume that T splits as sequence of 2l-bimodules and a : 21 —> J  is a left 

inverse of the inclusion map i : J  —> 21. Then for every a e  J, we have

acr(e) =  cr(ae) — a(ea) =  a(e)a — a (a) =  a

where e is the identity of 21. Hence, a(e) is the identity of J.

(<=) Let J  be unital. Then the map from 21 to J, a i—> ae (where e is the identity of 

J ) is a left inverse of i, which is an 2l-bimodule homomorphism. □

Clearly i f  T splits as sequence of 21-bimodules then so is T*: The short exact 

sequence obtained from T by taking Banach space adjoints:

T* : 0 — ► J  -U . 21 21/ J  — ► 0.
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I t  is proven in ([C-L], page 97) that if  T* splits as sequence of 2l-bimodules, then J  

has a bounded approximate identity. Since J  itself is a dual Banach algebra, it  is 

unital. Hence, we conclude the following:

Corollary 4.1.2. The exact sequence T splits as sequence of %-bimodules i f  and only 

i f  T* splits as sequence of %-bimodules i f  and only i f  J  is unital.

Proposition 4.1.3. Let J  be a unital w*-closed ideal of a dual Banach algebra 21. 

Then Jx is complemented in  21* as an %i-bimodule.

Proof. Let e be the identity of J. Define an operator F  on 21* by

F(4>) :=  </> -  e<f> ((f) € 21*).

Then for every <j> G 21* and j  £ J, we have

((f) -  e<f))(j) =  4>(j) -  4>(je) =  <f>(j) -  <p(j) =  0.

Thus, Im (F )  is in J 1 . For every 0 € J x we have

F 2 ((f>) =  F(<f> — e<f>) =  <f> — e<f> — e(<f> — e<f) =  (f) — e<f> — e<f> +  e2 (f> =  F(<f>).

Moreover, for every 0 <E ./x , we have

F(4>)(a) =  <f)(a) -  <f>(ae) =  cf>(a)

for every a G 21. That is F(4>) =  <f> ((f) e J x ).

Now it  remains to show that F  is an 21-bimodule homomorphism.
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For every <f E  21*, a , b E  21, we have the following:

F(a.<f))(b) =  (acf) -  ea<j))(b) =  <f(ba) -  <f{bea) =  <f>(ba) -  <j)(bae)

=  (4>- e4>){ba) =  F{ct>)(ba) =  (a.F{4>)){b).

Thus, F{a.(j)) =  a.F{4>). Similarly, one can show that F(4>.a) =  F(4>).a. □

Proposition 4.1.4. Let J  be a w*-closed ideal o f a (strongly) Connes-amenable dual 

Banach algebra 21. I f  J 1  is complemented in  21* as an Ql-bimodule, then J  is (strongly) 

Connes-amenable.

Proof Let J L be complemented in 21* as an 2l-bimodule. Then the exact sequence 

T* splits as 2l-bimodules. Then by Corollary 4.1.2, J  is unital. The result follows by 

Proposition 4.1.1 and Corollary 4.1.1. □

Proposition 4.1.5. Let 21 be a Connes-amenable dual Banach algebra and let I  be 

a w*-closed ideal of i t  such that I±  :=  {(/) e 21* : <j>{x) =  0 fo r  all x  e 1 }  is

complemented in  21* as an 21-submodule. Then I  is unital.

Proof. Suppose that 21 and I  are as in the statement of the Proposition and P  € B(21*) 

is the projection onto Ij_. Now we define Q :=  I  — P  E  #(21*), where I  is the identity 

operator on 21*. Then the adjoint operator Q* E  #(21) is a projection onto I .

For an arbitrary E aW C (B 2(21, C)) we define f> E B2(21, C) by letting

4>(a, b) :=  4>(a, Q*(b)) (a, b €21).
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I t  is a routine calculation to check that f  is in crWC(B2 (%l,C)). Since 21 is Connes- 

amenable, i t  has a aW C -v irtua l diagonal, say M  G (aW C (B 2 (Qi, C )))*. Define 

M e  (aW C (B 2{% € )) ) *  via

(M M )  :=  (M ,0 ), (</> G aW C'(JB2(2l,C))).

Now we claim that e :=  A aw c (M )  is an identity for I .  In order to prove the claim 

we first show that e e l .  For an arbitrary f  G I±  we have

(</>, e) =  ( f ,  A aWC(M ))  =  ( A M ) =  ( A * ^ ) ,  M ) =  0.

This is because, as 0 G 7j_ C 21* we have A*aWC((t>) =  A *(b) and for any a, b G 21 we

have

A *(</))(a, b) =  A * ( ( f ) (a, Q*(b)) =  <j>(a.Q*(b)) =  0 because a.Q*(b) G / .

As a result, we conclude that (since I  is u;*-closed) e G (/_l ) 1 =  I .

Observe that for an arbitrary 4> G uVFC(^2(2l, C)) and a G I  we have

(0.a)(ar, y) =  (^.a)(x, Q*(y)) =  f(a .x , Q *(y)) =  (0.a)(x, y ) (x, y G 21).

Hence f .a  — f.a . Similarly we have a .f  =  a .f  because

(a.<j>){x,y) =  <j>(x,y.a) =  cj)(x,Q*(y.a))

=  <j>(x,y.a) =  (a.<f)(x,y) (x ,y  e 21).
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Let (j> G a W C (B 2(%  C)). Then we have

(a.M , 4>) =  (M , (j).a) =  (M , =  (M , <£.a) =  (a .M , </>)

— (M.a, 0} -  (M , a.(j>) =  (M , a.<f>) =  (M .a , 0).

Therefore, a.M  =  M .a =  a.M . Hence, for every a G I  we have

a.e =  a.Aaw c (M ) =  A  awc{&-M ) =  A CTvvc(a.M) =  a.A t7vvc(M) =  a.

Similarly, we can prove that e.a =  a. □

By replacing the role of <rWC()B2(2l, C)) by B 2(2l, C), we prove the following 

Proposition.

P ro p o s it io n  4.1.6. Let 21 be a strongly Connes-amenable dual Banach algebra and 

let I  be a w*-closed ideal of i t  such that I l  :=  {4> £ 21* : <^(^) =  0 fo r  all x G 1} is 

complemented in  21* as an 21-submodule. Then I  is unital.

R e m a rk  4.1.2. Proposition 4.1.3 and Proposition 4.1.4 together show the following: 

I f  J  is a u!*-closed ideal of a (strongly) Connes-amenable dual Banach algebra 21, 

then J  is (strongly) Connes-amenable i f  and only i f  J x is complemented in 21* as an 

2l-bimodule.

In brief, we have the following:

Let J  be a rC-closed ideal of a (strongly) Connes-amenable dual Banach algebra 21. 

Then the following are equivalent:
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(i) J  is (strongly) Connes-amenable,

(ii) J 1- is complemented in 21* as an 2l-bimodule,

(iii) T splits as an exact sequence of 2l-bimodules,

(iv) J  is unital,

(vi) J L is complemented in 21* as an 2l-bimodule.

4.2 Connes-Am enability of Fourier-Stieltjes

Algebra

Let G be a locally compact group. I f  G has an abelian subgroup of finite index, then 

A(G) is an amenable Banach algebra ([F-R]) that is u;*-dense in B(G ). Hence, by 

(Proposition 4.2, [Run 1]), B(G ) is Connes-amenable. Moreover, by [Run 3], i t  is 

strongly Connes-amenable. Runde conjectured the converse of this result; that is, i f  

B(G ) is Connes-amenable, then G has an abelian subgroup of finite index. In [Run 3], 

he proved that this is true when G is the direct product of a family of finite groups or 

when G is an amenable discrete group. Now we extend this result to general discrete, 

not necessarily amenable, groups.

T he o re m  4.2.1. Let G be a discrete group. I f  B (G ) is Connes-amenable, then G 

has an abelian subgroup of fin ite  index.

Proof. Let B(G ) be Connes-amenable. Then by ([Run 3]), there is a a W C-virtual
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diagonal M  G a W C {(B (G )^ B (G ))* )*  for B(G ) where ®7 denotes the projective 

tensor product of Banach spaces. Using the Hahn-Banach theorem, we extend M  to 

(B(G)<8>7B(G ))** and let M  be such an extension.

Let (m a)a be a net in B {G )® 1B{G ), bounded by the norm of M  such that m a — ► 

M  and let T :=  {(x , x~ l ) : x G G } be the anti-diagonal of G x G. We want to show 

that Xr is a cluster point of ((/<g>v)m a).

Clearly T is not a subgroup of G x G (unless G is abelian). We w ill firstly show 

that the net ( ( I 0 v )m a) behaves like an approximate indicator (as defined in [A-N-R] 

for closed subgroups of locally compact groups) for T. That is,

A  m a(x ,x ) —> 1 (x G G)

and

B  m a(x, y) -> 0 (x ±  y G G)

under the (contractive) inclusion B (G )® 1B{G ) B (G  x G).

Let (m a)a be as above. Then the restriction of m a onto aW C ((B {G )® 1B{G ))*) 

converges to M  in the induced u>*-topology on aW C {{B (G )® 1B {G ))*)* . We shall 

denote this restriction again by m a.

Let A  : B {G )® 1B{G ) —> B(G ), a ® b ^  ab be the diagonal operator. Then its 

second dual A** : (B {G )® 1B {G ))** —>■ B(G)** is w*-w* continuous. Then we have

m a ^ M  => A **ma A **M  =► A **ma A **M.

I t  is a standard theorem in functional analysis that in any normed space, the weak
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and the norm closures of a convex set coincide ([Con]). Hence, if  (xa)a is a net in a 

normed space E  such that xa x for some x G E, then as a; is in the norm closure 

of the convex hull of (xa)a there exists a sequence in the convex hull of (xa)a which 

converges to x in the norm topology.

Hence, passing to convex combinations w ithout loss of generality, we may assume 

that

A **ma A **M, that is A ma A aw cM .

Since A aw c M  =  1, we conclude that A ma — > 1 pointwise. Hence, A  is satisfied.

W *Now, m a — > M  implies that

m Q.a M .a  and a.ma ci-M (a € B(G )).

Since a .M  =  M .a  for each a € B(G ), we conclude that

™>a,a :=  CL.ma — m a.a 0 (a G B(G )).

Now we claim that the iy*-topology of aW C ((B (G )® 7 B (G ))*)*  is stronger than the 

w*-topology of B (G  x G). To see this, firstly note that

G*(G  x G) C aW C (B (G )® 7 B(G ))*

since B (G  x G) is a dual Banach algebra (Corrollary 4.6, [Run 3]).

On the other hand, we have the inclusion

B {G )® 7 B{G ) ^  B (G  x G).
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Hence, there is a B(G)-module homomorphism from B (G x G )*  to (B(G)<S>1 B (G ))* . 

Then by ([Run 3]), we have

aW C (B (G  x  G))* C aW G (£ (G )® 7B(G ))*.

Finally, we conclude that

C*(G x G )  C a W C (B (G )^ B (G ))*

holds. This proves the claim. Hence, maA — > 0 in the u>*-topology of B (G  x G). 

When G is discrete, on norm bounded subsets of B (G  x G), w *-convergence and 

pointwise convergence are the same. Hence m QiQ — > 0 pointwise. This shows that 

(B) is satisfied.

Therefore, the net ( ( /® v)m a) behaves like an approximate indicator for T. Hence, 

it  converges to Xr pointwise. Since ((I<8T)ma) is a bounded net, by Alaoglu’s theorem, 

it  has an accumulation point. Under the inclusion B(G)<8>7B(G ) C B (G  x G) C 

B(Gd x Gd) on norm bounded subsets, w*- and pointwise convergence topologies 

coincide. Hence, Xr is a ^^-accumulation point of this net. Then by (Proposition 

2.2, [F-R]), we are done. □
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