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ABSTRACT

In the first part of the thesis, we prove a representation theorem for com-
pletely contractive dual Banach algebras. More explicitly, we prove that if
2 is a completely contractive dual Banach algebra, then there exists a w*-
continuous complete isometry from 2 into CB(E), the operator space of com-
pletely bounded operators on E, for some reflexive operator space E.

In the second part of the thesis, we study the Connes-amenability of dual
Banach algebras. We first prove some hereditary properties for the Connes-
amenability. We present a necessary and sufficient condition for the Connes
(and strongly Connes) amenability of w*-closed ideals of Connes (and strongly
Connes) amenable dual Banach algebras. Every dual Banach algebra in-
duces some short exact sequences. We characterize the Connes (and strongly
Connes) amenability of dual Banach algebras in terms of certain homological
properties of those short exact sequences.

Finally, we prove that for an arbitrary discrete group G, B(G), the Fourier-
Stieltjes algebra of G is Connes-amenable if and only if G has an abelian

subgroup of finite index.
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Chapter 1

Introduction

A locally compact group is a group equipped with a locally compact Hausdorff topol-
ogy such that the group operations and the topology are compatible with each other;
that is the multiplication and the inversion maps are continuous. The main objects
of abstract harmonic analysis are the locally compact groups and the algebras related
to them. An operator space is a Banach space with a norm on each matrix level
satisfying some compatibility conditions. In his well-known theorem ([Rua 2]), Ruan
proved that every operator space is a closed subspace of bounded linear operators on
some Hilbert space. Many of the fundamental objects of study in abstract harmonic
analysis, such as the Fourier algebras, have natural operator space structures on them.
With the advent of abstract operator spaces (which was initiated by Ruan’s repre-

sentation theorem [Rua 2]), we have a better understanding of objects that we study
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in abstract harmonic analysis. Often, investigating properties of algebras (defined
over locally compact groups) as operator spaces gives us more information about the
algebras and their underlying groups. Hence, generally it is more fruitful to study
algebras in the category of operator spaces rather than studying their properties only
on the Banach space level.

One of the most important objects of study in the category of operator spaces
is completely contractive Banach algebras. Many of the central objects of study
in abstract harmonic analysis, such as the Fourier algebras, are in this class. A
completely contractive Banach algebra, which is a dual operator space ([E-R]), is
called a completely contractive dual Banach algebra. It is known that every w*-closed
subalgebra of CB(F), operator space of completely bounded operators on a reflexive
operator space FE, is a completely contractive dual Banach algebra. In Chapter 3, we
prove that every completely contractive dual Banach algebra arises in this way (see
Theorem 3.4.4).

Amenability, which is a very distinctive property for locally compact groups,
was defined firstly for discrete groups by von-Neumann ([vNeu|). For these groups,
amenability has strong ties with the well-known Banach-Tarski paradox ([Wag]). The
definition of amenability for arbitrary locally compact groups was later given by
Day ([Day]). A locally compact group G is called amenable if there is a mean on

L>°(G), which is left translation invariant. All finite, abelian, and compact groups
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are amenable; however, the free group on two generators is not ([Run 2]).

In his famous paper ([Joh 1]), B.E. Johnson defined the concept of amenability
for Banach algebras and he proved that the group algebra of a locally compact group
is amenable whenever the underlying group is amenable.

A Banach algebra is called a dual Banach algebra if it is a dual Banach space and
the multiplication is w*-continuous. There is a variant of amenability called Connes-
amenability, which was firstly defined for von-Neumann algebras in [J-K-R], that is
better suited for dual Banach algebras. Connes-amenability was defined for arbitrary
dual Banach algebras in [Run 1].

In Chapter 4, we will first prove some hereditary properties for Connes-amenability.
We will present a necessary and sufficient condition for the Connes (and strongly
Connes) amenability of w*-closed ideals of Connes (and strongly Connes) amenable
dual Banach algebras. Then we shall characterize the Connes (and strongly Connes)
amenability of dual Banach algebras in terms of certain homological properties of
some short exact sequences.

In [Run 4], Runde has proven that for amenable discrete groups, the Connes-
amenability of the Fourier-Stieltjes algebra of a locally compact group G is equivalent
to G’s being finite by abelian. We will finish Chapter 4 by extending this result to

arbitrary discrete, not necessarily amenable, groups.
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Chapter 2

Preliminaries

2.1 Abstract Harmonic Analysis

The main objects of abstract harmonic analysis are locally compact groups and alge-
bras related to them. We will start with the definition of locally compact groups and
some of their important properties. For more information we refer the reader to the

standard reference books [Fol] and [H-R].

Definition 2.1.1. A topological group is a group equipped with a topology such that

the group operations and the topology are compatible. That is the maps
GxG—G, (g,h)—gh and G—-G, g— gt

are continuous. If the topology on G is a locally compact Hausdorff topology (that
is, there is a neighborhood base for the identity element consisting of compact sets),

4
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then G is called a locally compact group.

Clearly, every group equipped with the discrete topology is locally compact. Also,
the set of real numbers with addition and the unit circle in the complex plane with
multiplication are locally compact groups. However, if F is an infinite dimensional
Banach space, then (E, +) is a (abelian) topological group that is not locally compact.

For a subset E of a locally compact group G and g € G, gF will denote the set

of all elements of the form gz, for some z € E.

Definition 2.1.2. Let G be a locally compact group. A positive, regular, Borel
measure m on G is called a (left) Haar measure if it is left invariant, that is m(gFE) =

m(FE) for each g in G and for every Borel measurable set E in G.

A. Weil ([Wei]) proved the following:

Theorem 2.1.3. Every locally compact group has a (left) Haar measure that is unique

up to a (positive) multiplicative constant.

For discrete groups, Haar measure is counting measure; for real numbers, it is
Lebesgue measure; and for the unit circle in the complex plane, it is arc length
measure.

Theorem 2.1.3 is of special importance because thanks to it, we can define the

LP-spaces of an arbitrary locally compact group G. An algebra A, which at the same
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time is also a Banach space, is called a Banach algebra if
[labll < llall (18]

for all a,b in A.

If there is an element e € A such that ae = ea = a, for all a in A, then A is called
unital and e is called the identity element. Not all (Banach) algebras are unital (such
as 27, the set of all even integers, with usual addition and multiplication) but some

algebras contain a net which behaves like an identity:

Definition 2.1.4. Let 2 be a Banach algebra. A bounded net (m4), in 2 is called

a bounded approximate identity if it satisfies following property:
lim mqa =lim am,=a  (a € ).
s o

We define L!(G), the group algebra of G, to be the equivalence classes of Borel
measurable, integrable complex valued functions of G that turns into a Banach algebra

with the following convolution product
fra(s):= [ SOt (g€ L)
G. Wendel ([Wen]) proved the following:

Theorem 2.1.5. Let G and H be locally compact groups. Then LY(G) and L*'(H)

are isometrically isomorphic if and only if G and H are topologically isomorphic.
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Therefore, as a locally compact group, every structural property of G can be
expressed in terms of L!(G). For instance, for a locally compact group G, the group
algebra L!(G) is unital if and only if G is discrete ([Fol]).

Note that for any locally compact group G, the group algebra L!(G) has always
a bounded approximate identity ([Fol]).

If G is a locally compact group, then M(G), the measure algebra, will denote the
space of all regular, complex Borel measures on G and Cy(G) will denote the space
of (complex valued) continuous functions on G vanishing at infinity. Then Cy(G)
becomes a commutative C*-algebra with pointwise multiplication and the sup norm,
that is

| fllcowa) == sup | f(z)].
z€G

The Riesz representation theorem ([H-R]) shows that M(G) can be identified with

the dual space of Co(G). The duality is given explicitly as follows:

o f) = /G f@duz) (e M(G),f € Co(G)).

The measure algebra becomes a Banach algebra through convolution product defined

by
(v, f) = / / fen)du@dy) (v e M(G), f € Co(G)).

Note that the group algebra L'(G) can be viewed as a closed ideal of the measure
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algebra M(G) by the map T : L}(G) — M(G) where

(T(f),9) = /G f@e@ds  (f € LY(G),g € Co(G)).

Then the convolution product on M(G) extends that on L'(G). The measure
algebra M(G) is a complete invariant for G. Note that M(G) is always unital. The

point mass J. at e is the identity of M(G).

Definition 2.1.6. Let 2 be a Banach algebra. A Banach space X, which is also a

left /-module, is called a left Banach A-module if there is C' > 0 such that
la.z|| < Cllal| ||z (a€®, z€X).

We similarly define right Banach A-modules and Banach U-bimodules. Clearly,
every Banach algebra is a Banach bimodule over itself (with C = 1).
Let A be a Banach algebra and X be a Banach 2-bimodule. Then X™* turns into

a Banach 2-bimodule via
(z,¢.0) == (a.x,9), (z,0.0):= (x.a,¢) (ae, z€ X, o€ X*).

Definition 2.1.7. Let 2 be a Banach algebra and X be a Banach A-bimodule. A

bounded linear map D : A — X is called a derivation if
D(ab) = a.D(b) + D(a).b  (a,be ).
Each x € X defines a map

ad, :A—- X, a—azx-—r2ra
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It is easy to verify that ad, is a derivation. Derivations of this type are called inner

derivations.

Amenability for Banach algebras was defined first by Johnson in [Joh 1].

Definition 2.1.8. A Banach algebra 2 is said to be amenable if every derivation

from 2 into X* is inner for each Banach 2-bimodule X.

Note that every amenable Banach algebra has a bounded approximate identity

([Joh 1]).

Definition 2.1.9. Let A be a Banach algebra. A Banach A-bimodule X is called
pseudo-unital if

X={azb: a,beU zec X}

Let G be a locally compact group. The C*-algebra of all essentially bounded com-
plex valued Borel measurable functions on G equipped with the essential supremum
norm is denoted by L*(G).

A bounded linear functional, m : L*°(G) — C, is called a mean if
[l = (1,m) =1.
For a function f : G — C, we define its left translate L,f by g € G through
(Lof)(h) := f(gh) (R € Q).
A mean m on L®(G) is called left invariant if

(Lof,m) =(f,m)  (g€G,feL>Qq)).
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The existence of left invariant means on (discrete) groups was first investigated by J.

von Neumann ([vNeu|). We have the following definition due to M. Day ([Day]).

Definition 2.1.10. A locally compact group G is amenable if there is a left invariant

mean on L*(G).

All finite, abelian, and compact groups are amenable; however, the free group on
two generators is not ([vNeu|). The first connection between group amenability and

Banach algebra amenability is given by Barry Johnson’s theorem ([Joh 1]):

Theorem 2.1.11. Let G be a locally compact group. Then G is amenable if and only

if L*(G) is an amenable Banach algebra.

Let G be a locally compact group. A unitary representation of G is a homomor-
phism 7 from G into the group U(H,), unitary operators on some non-zero Hilbert
space H, that is continuous with respect to the strong operator topology. The
collection of all equivalence classes of unitary representations of G with respect to
unitary equivalence is denoted by .

We define the left regular representation X : G — B(L*(G)) of G through
(M@E)(h) ==E&(g7'h)  (9.h €G, £ € L¥(G)).

We call f a coefficient function of a representation 7 of G on some Hilbert space H

if there are &, € H such that

flz)=(m(@)¢,¢) (z€q)

10
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We define the Fourier-Stieltjes algebra, B(G) of G, as

B(G):={f:G—C:3meTg and & (€ Hysuch that f(z)=(m(z)¢,(), Vz € G}.
(2.1.1)
We define the Fourier algebra, A(G) of G by
A(G) = {f :G — C: 3¢ € L*QG) such that f(z) = (M(z)¢,¢), Vz € G}.

The norm on B(G) is defined by

Ifll3ce) := inf {||€]|lI¢]| : f is represented as in (2.1.1) }.

Fourier and Fourier-Stieltjes algebras are defined by Eymard ([Eym]) in their full

generality.

Theorem 2.1.12. Let G be a locally compact group. Then (with pointwise mul-
tiplication) B(G) is a commutative unital Banach algebra that contains A(G) as a

norm-closed ideal.

The first characterization of the amenability of G in terms of A(G) was given by
Leptin ([Lep]).
Theorem 2.1.13. Let G be a locally compact group. Then G is amenable if and only

if A(G) has a bounded approzimate identity.

Since amenable Banach algebras have a bounded approximate identity, the amenabil-
ity of A(G) implies (group) amenability of G. However, the converse is not true
([Joh 2]). Recently Forrest and Runde ([F-R]) proved the following theorem:

11
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Theorem 2.1.14. Let G be a locally compact group. Then A(G) is amenable if and

only if G has an abelian subgroup of finite indez.

Definition 2.1.15. Let E and F be two linear spaces. The (algebraic) tensor product
of E and F is a linear space E ® F' with a bilinear map 7 : £ x F' — E ® F with
the following universal property: For each linear space G, and for each bilinear map

T : E x F — G, there exists a unique linear map T : E® F — G such that T = TT.

Remark 2.1.1. 1. The tensor product of linear spaces exists and it is unique up

to isomorphism.

2. For an arbitrary element (z,y) in E® F, the image 7(z, y) is denoted by z ® y

and is called an elementary tensor.

3. Any element in E® F' can be written as a finite linear combination of elementary

tensors.

Suppose that E and F are Banach spaces. Then for u € E ® I’ we define

full o= inf { 3 ol = w=>"an @ } (2.1.2)
k=1 k=1

Then the formula 2.1.2 defines a norm on X ® ¥ and the completion of X ® Y with
respect to this norm is called the projective tensor product of Banach spaces X and
Y, denoted by X®,Y. For more information on tensor products of Banach spaces,

we refer the reader to [Rya).

12
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Let 2 be a Banach algebra. We define the corresponding diagonal operator A by
AAR,A—-A, a®brab

where ®., denotes the projective tensor product of Banach spaces.

AR, becomes a Banach -bimodule via
a.(b®c):=ab®c and (b®c)a:=bRca (a,b,c e A).

It is easy to see that, the diagonal operator is an -bimodule homomorphism.

2.2 Operator Spaces

If E is a linear space, then for each m,n € N, M,, ,(E) will denote the space of all
m X n matrices with entries in E. If m = n, then M,, ,(E) will be denoted by M, (E)

and in particular, M,, = M,,(C) will denote the space of all scalar n x n matrices.

Definition 2.2.1. Let E be a linear space with a norm || - ||, on M,(E) for each
n € N such that
z|0

= max{[|z]ln, [yllm}  (n,mEN, z€ My(E), y € Mn(E)) (R1)
0y

n+m

and
lazBll. < llalllzlllBl  (n €N, z€ My(E), a,8 € My,). (R 2)

Then (|| - |ln)nen is called a matricial norm for E. Moreover, if each || - ||, is complete,

then E is called an abstract operator space.

13
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A concrete operator space is a closed subspace of B(H) for some Hilbert space H.

If H is a Hilbert space, then for each n € N, we identify
Mn(B(H)) = B(I5(H)).

With this identification, B(H) and hence all of its closed subspaces turn into concrete
operator spaces. In particular, by GNS-construction ([Sak]), every C*-algebra is a
concrete operator space.

A linear operator T : E — F between two abstract operator spaces F and F

induces a linear operator
T . Mo(E) = Mo(F), (2i5) = (T(25))
for each n € N.

Definition 2.2.2. Let F and F be two abstract operator spaces, and let T € B(E, F).

Then:
1. T is completely bounded if
1Tl == sup{ ||T(")|]B(Mn(E)’Mn(F)) i ne N} < 0.

2. T is a complete contraction if ||T||e < 1.
3. T is a complete isometry if T™ is an isometry for each n € N.

The set of completely bounded operators from E to F is denoted by CB(E, F).

14
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Indeed, CB(E, F) with ||-||c» is a Banach space. Not every linear, bounded operator

between operator spaces is completely bounded:

Example 2.2.3. Let H = [,. Then the (Banach space) adjoint operator
B(H) - B(H), T—T*

is an isometry but is not completely bounded ([E-R]).

If E and F are two operator spaces, then CB(E, F') turns into an abstract operator

space with the identification
M,(CB(E, F)) = CB(E, My(F)),  (n€N).
The following result is known as Smith’s Lemma ([Smi]):

Lemma 2.2.1. Let E be an abstract operator space and A be a commutative

C*-algebra. Then for every T € B(E, A) we have
1o = IT|]-
In particular, if 4 = C, then we have:

Corollary 2.2.1. Let E be an abstract operator space. Then for every T € E* we

have ||T|s = ||T|l-

Due to the duality theorem, the dual and the predual (if it exists) of an operator
space have natural operator space structures. More explicitly, if X is an operator

15
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space and ¢ = (¢; ;) € M,(X*) for some n € N, then

[¢lln = sup { (85, 2kadlne + @ = (212) € Ma(X), lelln < 1.

Now by using the duality theorem we can give more examples of (abstract) operator

spaces.

Examples 2.2.4. 1. If G is a locally compact group, then as a dual of a commutative
C*-algebra, the measure algebra M(G) is an operator space.

2. If G is a locally compact group, then as a predual of a von-Neumann algebra, the
Fourier algebra A(G) is an operator space.

3. If G is a locally compact group, then as a dual of a C*-algebra algebra, the

Fourier-Stieltjes algebra B(G) is an operator space.
The following theorem is known as Ruan’s representation theorem ([Rua 2]):

Theorem 2.2.5. Let X be an abstract operator space. Then there is a complete

isometry from X into B(H) for some Hilbert space H.

Thanks to Ruan’s representation theorem, we do not have to distinguish abstract
and concrete operator spaces.
In [Rua 2], Ruan defined a new form of amenability called operator amenability

for completely contractive Banach algebras and in the same paper he proved that:

Theorem 2.2.6. Let G be a locally compact group. Then A(G) is operator amenable

if and only +f G is amenable.

16
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Let X be a Banach space. Then X can be isometrically embedded into C(Q)
where € is the closed unit ball of X* equipped with w*-topology. By the Banach-
Alaoglu theorem ) is a compact, Hausdorft space. This embedding yields an operator
space structure on X which is denoted by min X.

Let X be a Banach space. Then for z = (z; ;) € M,(X) for some n € N, we define
|zl == sup {||(T(z;;))lln: T € B(X, B(l2)) is a contraction}.

Then X becomes an operator space with this matricial norm, and the resulting op-
erator space is denoted by max X.

The min and the max operator space structures have the following universal prop-

erties ([E-R)):
Proposition 2.2.1. Let V be an operator space.

1. If CB(W, V) = B(W,V), isometrically, for any operator space W, then V =

min V,

2. If CB(V,W) = B(V,W), isometrically, for any operator space W, then V =

max V.

When a Banach space X is equipped with the min (or max) operator space struc-
ture, the norm on the Banach space level does not change.

It is also known that if X is an infinite dimensional Banach space, then the identity

17
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map

I:min X —» max X

is not completely bounded ([Pau], Theorem 14.3).

This shows us two things. First, the open mapping theorem does not hold on the
category of operator spaces. Second, for an infinite dimensional Banach space X, we
have at least two distinct operator space structures.

Let X be an operator space. Define a new norm || - ||}, on M, (X) by
I+ ll7 : Mn(X) — [0, 00)

lzll, = inf {laf|Z]l18] : == azB}

where a € HSy,,, Z € M,(V) and 8 € HS,, (r € N), and with HS,,, being the
scalar m x m matrices with the Hilbert-Schmidt norm |- |.

If T,(X) denotes the space M,(X) equipped with || - ||", then we have
My(X)" = To(X7),

and

To(X)" = Mn(X7).

If X is a Banach space, then we have the following complete isometry

(min X)* = max X*

18
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and

(max X)* = min X~.

In particular, as the dual of a commutative C*-algebra, the measure algebra M(G)

has the max operator space structure.

Definition 2.2.7. Let Fy, Ey, and F be operator spaces. A bilinear map

T: E, x E; — F is called completely contractive if

IT|les := sup_[|[T™7)|| <1,

ni,ne€

where

T™m2) - My, (Er) X My (Ez) = Myny(F), (i), (k1)) — (T (i3, yn1))-

Definition 2.2.8. A completely contractive Banach algebra is an algebra which is
also an operator space such that multiplication is a completely contractive bilinear

map.

Example 2.2.9. Every closed subalgebra of B(H), where H is a Hilbert space, is a

completely contractive Banach algebra.

Let X and Y be two operator spaces and let X ® Y denote their algebraic tensor

product. For each n € N, given an element u in M,(X ® Y) we define
lufl == inf {llalllzlyll8l : u=alz®y)s} (22.1)
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where the infimum is taken over all possible decompositions where a € M, pq,
B € Mpgn, € Mp(X) and y € My(Y'), with p, ¢ € N arbitrary.

Then the formula 2.2.1 defines a matricial norm on X ® Y and the the completion
of X ® Y with respect to this norm is called the projective tensor product of operator
spaces X and Y and is denoted by X®Y . For more information on the tensor products
of operator spaces, we refer the reader to [E-R].

A Hopf-von Neumann algebra is a pair (901, V) where 9 is a von Neumann algebra
and V is a co-multiplication: a unital, injective, w*-continuous *-homomorphism
V: M — MM (where ® represents the W*-tensor product) which is co-associative:

that is the diagram

v

m MSM
Vl lV®I m
MBI —= MSMEIMN

commutes, that is V(I;p ® V) = (I;g ® V) V.

It is known ([E-R]) that MMM = (M, M,)* where 9N, is the unique predual of M
and ® is the projective tensor product of operator spaces. Since V is w*-continuous,
it induces a complete contraction V, : M, @M, — M,, turning M, into a completely

contractive Banach algebra.

Example 2.2.10. If G is a locally compact group, then the Fourier-Stieltjes algebra
B(QG) is a Hopf-von Neumann algebra ([R-S]) and hence, it is a completely contractive

Banach algebra. Since A(G) is a closed ideal of B(G) ([Eyml]), it is also a completely
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contractive Banach algebra.

2.3 Amenability and Short Exact Sequences

Amenability is one of the most important notions in abstract harmonic analysis.
In [Joh 1], Barry Johnson described the amenability of a locally compact group G
through Hochschild cohomology groups, H(L!(G), E), where E is a Banach L!(G)-
bimodule) of L}(G). This led us to define amenability for arbitrary Banach algebras.
The notion of amenability for Banach algebras, using homological algebra, was later
studied by Helemskii ([Hel]).

We will start this chapter by giving some basic definitions from homological alge-

bra that we will need later.

Definition 2.3.1. Let 2 be a Banach algebra and X,Y,Z be (left, right or bi-)

2A-modules. Then the sequence
r- o0—xLy %Lz (2.3.1)

is called a short exact sequence if f is injective, g is surjective, and Imf = ker g . The
short exact sequence T’
a) is called admissible if ker g has a Banach space complement in Y,

b) splits if ker g has a Banach space complement in Y which is a Banach %-module.

The proof of the next proposition is straightforward and we will omit it.
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Proposition 2.3.1. Consider the short exact sequence I' in (2.3.1). Then

T is admissible if and only if there is a bounded linear map
F:Y — X such that Ff = Ix, the identity operator on X.
Moreover, ' splits if and only if there is a bounded A-module homomorphism
F:Y — X suchthat Ff = Ix, the identity operator on X.

The following proposition will be useful in the sequel.

Proposition 2.3.2. Consider the short exact sequence T' in (2.3.1). There exists a

bounded linear operator
F:Y > X satisfying Ff=1Ix
if and only if there exists a unique bounded linear operator
G:Z—Y satisfying gG = I.

Let f and g be ”A-module homomorphisms. Then F' is an UA-module homomorphism
if and only if G is. In either case, we have fF + Gg = Iy, the identity operator on

Y.
Proof. This is ([C-L], Proposition 1.1). O

The following results were proven firstly by Helemskii ([Hel]) by using homological
algebra machinery, in particular Ext and Tor functors. Later, these theorems were
reproved by Curtis and Loy ([C-L]) without using homological algebra machinery.
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In chapter 3, we will prove analogous theorems for dual Banach algebras.
Let 2 be a Banach algebra, and let A : A®,A — A be the diagonal operator.

Then we may consider the following short exact sequence:
Q:  0—kerA-S5ARRA-5A 0

where ¢ denotes the inclusion map. Then by taking the adjoints, we obtain the

following short exact sequence:
00— A S (Ae,A) S A -0,

As we shall see, the amenability of A and some homological properties of the short
exact sequences ) and 2* are closely related.
Let 2 be a Banach algebra. Then each closed ideal J of 2 induces the following

short exact sequence:
T: O—)J—L>QlL>Ql/J—>0

where ¢ denotes the inclusion map. The following theorem was proved in [Hel] and

[C-L].

Theorem 2.3.2. Let ¥ be a Banach algebra. If 2 is unital, then Q is admissible.

Furthermore, U is amenable if and only if the following conditions are satisfied:

1. A has a bounded approximate identity,

2. Q0 splits as an exact sequence of Banach 2A-bimodules.
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In their paper ([C-L}), Curtis and Loy prove that every finite codimensional sub-
algebra of an amenable Banach algebra is amenable. We will prove an analogous

theorem for a different type of amenability called Connes amenability in Chapter 3.

2.4 Connes-Amenability

Definition 2.4.1. A Banach algebra 2l which is a dual Banach space is called a dual
Banach algebra it multiplication on 2 is separately w*-continuous, or equivalently, if
A = (AU,)* for some closed submodule A, of A*.

Note that 2, need not be unique.

Examples 2.4.2. 1. Every von-Neumann algebra 9 is a dual Banach algebra
with the (unique) predual 9,, the space generated by all positive normal linear

functionals on 9.

2. The measure algebra M(G) of a locally compact group G is a dual Banach

algebra with the predual Cy(G).

3. The Fourier-Stieltjes algebra B(G) of a locally compact group G is a dual Ba-
nach algebra with the predual C*(G), the group C*-algebra of G as defined in

[Eym].

4. The bidual of every Arens regular Banach algebra is a dual Banach algebra.
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5. B(E), the space of bounded linear operators on E, is a dual Banach algebra if

E is a reflexive Banach space. In this case, the predual is E*®, F.

Definition 2.4.3. Let 2 be a dual Banach algebra and let X be a dual Banach

A-bimodule. An element z € X is called normal if the maps

A— X, T —

are w*-w*-continuous.
We say that X is normal if every element of X is normal. A dual Banach algebra 2
is called Connes-amenable if every w*-continuous derivation from 2 into a normal,

dual Banach 2l-bimodule is inner.

Let 2 be a Connes-amenable dual Banach algebra and let £ be a Banach

2-bimodule where E = 2 (as sets) and the module actions are defined as follows

ax=azx, r.a=0 (a ez eE).

If D: 2 — E denotes the inclusion map, then it is easy to see that D is a
(w*-continuous) derivation. Hence, it is inner. This shows that there exists an e € F
such that a = D(a) = a.e—e.a = ae for all a € 2. This means that e is a left identity

for /. Similarly, we can prove that 2 has a left identity too. Then the associativity

of the product on 2 implies that 2 is unital.
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The Connes amenability of a dual Banach algebra (associated with a locally
compact group) reflects the properties of the underlying group. For instance, as
proved in [Run 2], M(G) is Connes-amenable if and only if G is an amenable group.

Let A be a completely contractive dual Banach algebra. An operator 2-bimodule
is a Banach 2-bimodule which is at the same time an operator space such that
the module actions are completely bounded maps. Then A is said to be operator
Connes-amenable if every w*-continuous completely bounded derivation from I into
a normal, dual operator Banach 2-bimodule is inner. It is known ([R-S]) that B(FF,)
is operator Connes-amenable. On the other hand, B,(G) (as defined in [Eym]) is

operator Connes-amenable if and only if G is an amenable group.

Definition 2.4.4. A dual Banach algebra with identity % is called strongly Connes-
amenable if for each unital Banach A-bimodule X, every w*-continuous derivation

from A into X* is inner.

In [Run 4], Runde gave an example of a Connes-amenable Banach algebra that is

not strongly Connes-amenable.

Definition 2.4.5. Let A be a Banach algebra. A virtual diagonal for 2 is an element

M € (A®,2A)* such that

a.M=Ma and aA"M=a (a€q).

In his paper ([Joh 1]), Johnson proved that a Banach algebra 2 is amenable if
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and only if 2 has a virtual diagonal. Definition 2.4.5 has a variant suitable for dual

Banach algebras.

Let A be a dual Banach algebra with the predual 2, and let
A AR, A - A, a®b— ab,

denote the diagonal operator. It is known that B%(2, C), the space of bounded bilinear
functionals on 2 x A, can be identified with (A®.,A)*, where ®., denotes the projective
tensor product of Banach spaces. We denote by B2. (%, C), the space of separately w*-
continuous bilinear functions in B2(2, C). Clearly B2.(,C) is a Banach 2-module.
Since

AY A — (AR,A)* = B, C),

we have the restriction map

oA, — BL.(Y,C).

2

Finally we obtain

Ay = (A7) : B2.(2,C)" — 2.

As a restriction of A**, A, is an =A-bimodule homomorphism.

Definition 2.4.6. A normal, virtual diagonal for a dual Banach algebra %A is an

element M € B2.(2, C)* such that

aM=Ma and aA,pM=a (ae).
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The following theorem was proved in [Run 1].

Theorem 2.4.7. Let 2 be a dual Banach algebra. Then A is strongly Connes-

amenable if and only if there is a normal, virtual diagonal for .

In order to characterize the Connes-amenability of a dual Banach algebra in terms

of the existence of virtual diagonals, we will firstly introduce some terminology.

Definition 2.4.8. Let 2 be a dual Banach algebra with predual 2, and let X be a
Banach 2A-bimodule. An element x € X is called w*-weakly continuous if the module
maps

a.z,
A — X, T

are o(A,A.)-0(X, X*) continuous.
The collection of all w*-weakly continuous elements of X is denoted by oW C/(X).
Remark 2.4.1. 1. sWC(E) is a closed submodule of E.

2. If F is another Banach A-bimodule and if 6 : E — F is a bounded A-bimodule

homomorphism, then coWC(E) C cWC(F).
The following result was proved in [Run 3J:

Corollary 2.4.1. Let 2 be a dual Banach algebra with predual bimodule .. Then

A, C oWC(A*) holds.
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Let 2 be a dual Banach algebra. Consider again the diagonal map A : 2A®,2l — .

Since

A* A — (AR, A,
we have the restriction map
A%y, 1 A — WO ((AR,2)*).
Then we obtain the following map
Dgwe = (A%|a)" - WC((A,%)7)" — A
As a restriction of A**, A wc is an A-bimodule homomorphism too.

Definition 2.4.9. Let 2 be a dual Banach algebra. A ¢W C-virtual diagonal for 2

is an element M € cWC((A®,2)*)* such that
aM=Ma and alA,wcM =a (a ).

Now, we can characterize Connes-amenability in terms of the existence of

oW C-virtual diagonals. The following theorem was proved in [Run 3].

Theorem 2.4.10. Let U be a dual Banach algebra. Then A is Connes-amenable if

and only if there is a oW C-virtual diagonal for 2.

29

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 3

A Representation Theorem

3.1 Introduction

If E and F are Banach spaces, then B(E, F*) can be identified with the dual space
of F®,E. In particular if E is a reflexive Banach space, then B(E) is a dual Ba-
nach algebra with predual E*®,E. Hence it is clear that every w*-closed subalgebra
of B(E) is then also a dual Banach algebra. Surprisingly, as proven recently by
Daws ([Daw]), every dual Banach algebra arises in this fashion. In this chapter, we
prove an operator space analog of Daws’ representation theorem: if 2 is a completely
contractive dual Banach algebra, then there is a reflexive operator space E and a
w*-w*-continuous, completely isometric algebra homomorphism from 2 to CB(E).

Note that CB(E) = (E*®E)*. We would like to stress that even where 2 is of the
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form max 2 for some dual Banach algebra %I, our result is not just a straightforward
consequence of Daws’ result but requires a careful adaptation of his techniques to the
operator space setting. The construction of such a reflexive operator space heavily
relies on the theory of real and complex interpolation of operator spaces defined by
Xu ([Xu]) and Pisier ([Pis 1] and [Pis 2]) respectively.

This representation theorem is somewhat related in spirit to results by Ghahra-
mani ([Gha]) and Neufang, Ruan, and Spronk ([N-R-§]). In [Gha], M(G) is (com-
pletely) isometrically represented on B(L?(@)), and in [N-R-S], a similar representa-
tion is constructed for the completely contractive dual Banach algebra M4(A(G)).
We would like to emphasize, however, that our representation theorem neither implies

nor is implied by those results: B(L%(G)) is a dual operator space, but not reflexive.

3.2 Preliminaries

3.2.1 Interpolation Spaces

Let Xy, X7 be two topological vector spaces. The couple (Xy, X1) is called compatible
if there is a Hausdorff topological vector space A and C-linear continuous inclusions
Xo — X and X; — AX. Then one can talk about the intersection X, N X; and the
sum Xo + X; (which is the set of all elements z € X where z = x4 + z; for some

xg € Xo and z;1 € X,).

31

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



If (Ey, E1) is a couple of compatible normed spaces, then we equip Ep N E; and

E, + E, with the following norms respectively:
|zl oz, = max { Izl 5o, 21|z },
and
|2/l gor = inf {||zollzo + lT1llEy © @ = To+ 21, o € Eo, 21 € Ex}.
E, + E; with the norm above is denoted by Ey +1 Ej.

Theorem 3.2.1. Let (Ey, E1) be a couple of compatible normed spaces. Then EqNE,
and Ey +1 E; become normed spaces with the norms defined above. Furthermore, if

Ey and E, are Banach spaces then so are Eo N Ey and Ey +1 By
Proof. This is ([B-L], Lemma 2.3.1). O

Definition 3.2.2. Let Ey, E; be a couple of compatible normed spaces. Then a

normed space E is called an intermediate space between Fy and E if
E,NE, CECEy+; Eq, with continuous inclusions.

In addition, if T € B(E, +, E1) such that the restrictions Tg, and T, are in B(Ep)
and B(E;) respectively imply Tr € B(E), then E is called an interpolation space

between Ey and E;.

Example 3.2.3. The Riesz-Thorin interpolation theorem ([B-L], Theorem 1.1.1)
shows that L, is an interpolation space between L,, and L,, if po < p < p;.
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There are different ways of obtaining interpolation spaces between two compatible
normed spaces. In the subsequent sections, we will introduce two of those, namely

real and complex interpolations.

3.2.2 Complex Interpolation of Banach Spaces

For 0 < § < 1, let Ejgy = (FEo, E1)s be the space of all elements z € Ey+; E; such that

x = f(#) for some function f : C — Ej+; E; which satisfies the following conditions:
(i) f is bounded and continuous on the strip S :={z€ C: 0 < Re(z) < 1},

(ii) f is analytic on Sy, the interior of S,

(i) f(it) € Ep and f(1+1it) € E; (t € R).

Then we equip Ejg with the following norm:
o]l := int {||]| - @ = £(6), f satistying the conditions listed above }
where the norm of f is defined to be
11} := max { sup {||£Git)[ 5}, sup {|lFQ+ )|} : t R},

By this construction, Ejg becomes an interpolation space between Ey and E;. For
more information on interpolation of Banach spaces, we refer the reader to [B-L).
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3.3 Real Interpolation of Banach Spaces

Consider a compatible couple of Banach spaces E = (Ep, Ey). Then there are different
ways to construct interpolation spaces between them by using the real method such
as the K-method, Fj, k; the discrete K-method, Egp.k; the J-method, Ep s, and
the discrete J-method, Ejy ;. However, for 0 <6 < 1 and 1 < p < oo, we have

Egpx = Eopx = Egp.g = Egp,

with equivalent norms ([B-L], Prop. 3.3.1).
In this chapter, we will only investigate the discrete K-method since it will be

sufficient for us to prove our representation theorem at the end of the chapter.

3.3.1 Real Interpolation of Banach Spaces by the Discrete

K-Method

In this section we will introduce the real interpolation of Banach spaces by the discrete
K-method. Now let Ey and E; be two compatible normed spaces. For a fixed ¢ > 0,

we define the K-functional on the set Ey + E; by
K(t,z) .= inf{||zo||g, + tl|z1]lE, © =20+ 21, 20 € Ey, 21 € E}.

It is easy to see that for each ¢ > 0, K(¢,-) defines a norm (which is equivalent to

Ey+1 E1) on Ey + E; ([B-L], Page 38).
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Lemma 3.3.1. For each fized x € Eq + Ey, K(t,z) is a positive valued, increasing

function of t. Furthermore,
t
< - .
K(t,z) < max (1, S)K(s,x)
Proof. This is ([B-L], Lemmma 3.1.1). a

NowforO0<f<land1<p<oocor(0<6#<1andp= oo, we can define

Kgp = {:C cEy+Er: ||zllopk = ( Z 27K (2° Ip) }

vV=—00

Then the set

Eopx = {CL' € Eo+ Er: |zflopx < OO}

is called the real interpolation of Ey and E; by the discrete K-method.
The interpolation space Egp.x has many interesting properties. We now summa-

rize some of them.
Theorem 3.3.1. Let E = (Ey, E1) be a couple of compatible normed spaces. Then
1. (Eo, E\)opx = (B1,Eo)1-0px  with equal norms;
2. (Eo, E1)opx C (Eo, Er)ogx of P<q;
3. If Ey and Ey are Banach spaces, then so is (Ey, E1)g p.x;
4. If p < oo, then Eg N Ey is dense in (Ey, E1)opk-

Proof. This is ([B-L], Theorem 3.4.1) and ([B-L], Theorem 3.4.2). a
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Theorem 3.3.2. Suppose that E = (Ey, E1) is a couple of compatible Banach spaces

such that Eg N E; is dense in both Eq and Fy. If1<p<oo and 0 < 0 <1, then
(Eo, Er)p o = (Eg, EY)ogx  (with equivalent norms)

1,1 _
where;—{-a—l.

Proof. This is ([B-L], Theorem 3.7.1). O

3.3.2 Interpolation of Operator Spaces

So far, we have shown that the real (and the complex) interpolation of two com-
patible Banach spaces yields another Banach space. What about the interpolation
of operator spaces? This was done firstly by Pisier in [Pis 1] where he defined the
complex interpolation of operator spaces. However, the theory of interpolation of
operator spaces was studied systematically firstly by Xu in [Xu] where he defined the
interpolation of operator spaces by the real method.

Suppose that (Ey, E1) is a compatible couple of operator spaces. That is, Ey and
E; are operator spaces, and (Ey, E1) is compatible as a couple of Banach spaces. Note

that for each n € N, we have the continuous inclusions
M, (Ey) — M,(X) and M,(E;) — M,(X)

where M, (X) is identified with X’ n*  Thus, (Mn(Eo), M, (Ey)) is a compatible couple

of Banach spaces.
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Clearly Ey @4 E; is an operator space by setting
M, (Eo oo E1) = My (Ep) oo Mn(Er).
Then Ey ®; Ei becomes an operator space with the embedding
Eoy @1 En — (Ej @0 E7)".
Now for each 1 < p < 00, Ey @, E) becomes an operator space via
My (Ey @, E1) = (Mn(Eo @1 Er), My (Eo ©a En)),, 1/p=1-6.
The operator space structure on the L,-spaces will be investigated in the proceeding

sections.

3.3.3 Complex Interpolation of Operator Spaces

Let 0 < 0 < 1 and Ey, E; and let (Ey, E1) be a compatible couple of operator spaces.
Then as we mentioned above, for each n € N, the couple (Mn(EO), Mn(El)) is also

compatible. Now define
My(Eg) := (M (Eo), Mn(E1))s (3.3.1)

in the sense of complex interpolation ([B-L]). By this definition, Ey = (Ey, E1)s
becomes an operator space. This is called the complez interpolation of operator spaces

Ey and E; (see [Pis 1] and [Pis 2] for more information).
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3.3.4 Operator Space Structure on L,-Spaces

Let (€, 4) be a measure space. As a commutative C*-algebra L*°(u) has an oper-
ator space structure. Then L'(u) is an operator space with the isometric inclusion

LY(p) — L*(u)*. For 1 < p < oo, we define
1
LP(u) = (L'(w), L®(u))e ~ where , =1 - 4.
Then LP(y) becomes an operator space via

ML (1) = (Mo(L1 1), M(E%(), where = =10

3.3.5 Vector Valued L,-Spaces

Let (Q, 1) be a measure space and E C B(H) be an operator space, for some Hilbert
space H. Then we define LP(E;u) as the usual LP-space of strongly functionals
on (Q, u) with values in E. Then L*°(FE;u) has an operator space structure with
L*®(E; p) — L®(B(H); ), since L°(B(H); ) is a C*-algebra. Again L'(E;u) is an
operator space via L'(E;u) — (L®(E*;u))*. For 1 < p < oo, we define

LP(B; ) = (LM(E; p), L®(E; ) -
Remark 3.3.1. Suppose that (Ey, F;) is a compatible couple of operator spaces, and

1 < po,p1 < oo (at least one of them is finite). Then

1 1-6 6
(LP°(E; ), LP*(E; pw))o = LP((Eo, E1)os 1), - = + —
D Do D1

with completely equal norms ([Pis 2]).
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3.3.6 Vector Valued L,-Spaces in the Discrete Case

Let (€2, 1) be a the set of integers with counting measure and {E;}£=$° be a sequence

of operator spaces. Let

({Ex}e, 1) = {(zx)k : Tk € Br, (|2l € lp(w)}.

Then 1,({ Ex }x, 1) is an operator space as before. Note that

(o Bk )" = L({EL Yk ), % + 3 _ 1

3.3.7 Real Interpolation of Operator Spaces

The construction of the interpolation of operator spaces by the real method is more
complicated than by the complex method. This is because definition (3.3.1) does
not work for the real interpolation (Eg, E1)gp if p < co. Now we introduce real
interpolation of operator spaces by the discrete K-method as defined by Xu in [Xu].
This construction, as we shall see, heavily uses the complex interpolation of operator
spaces.

Note that if E' is an operator space and ¢ > 0, then tE denotes the operator space
obtained by multiplying the norm on each matrix level by ¢. Now let ux denote a
weighted counting measure on Z (that is, let {a,}nez be a sequence of non-negative

reals and for E C Z, we define u(F) := > pan ) and {E} }rez a sequence of operator
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spaces. Then for 1 < p < oo, we define

L({Ek}rez; 1) = {(z)rez : 2k € B and (||zxl)kez € (1) }-

Clearly lo({Ex}xez; 1) is an operator space with its natural operator space structure.
Then I1({Ex }rez; 1) becomes an operator space when it is considered as a subspace
of (l({E}}kez; 1))*. Finally 1,({ Ex}rez; 1) becomes an operator space by complex

interpolation:

L({ Extrezs ) = (W({ Er}rezs 1), loo({ Er Yrezs 11))o, % =1-4.
Now for a compatible couple of operator spaces (Ep, E;) and 1 < p < oo we define
Ny(Eo, E1) :={(z,—z) : © € EgN E;} regarded as a subspace of Eq &, E;. Then we
define
Ey+, Ey := (Ey &, E1)/Ny(Ey, E).
Kp(t; Eo, E) denotes the operator space Ey +, tEy; for any z € Ey + E;, we let
Ky(z,t; Eo, E1) = ||| gg+,tE,- Now we may give the definition of Eg .k, the real

interpolation of the compatible couple (Ey, E1) with the discrete K -method, as follows:
Eopx = (Eo, Er)opk
. . —k6 k p 1/p
= {veB+ B Jzloss = | D@ K,z 25 Bo, E)Y] " <o}
kEZ

Then Ej, .k is a Banach space ([B-L}).

If o € R, then ,(2%®) is the weighted space

[p(2") = {I = (zk)kez : 1%y (k) = <Z |2ka$k|p) v < oo}.

keZ
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If E is an operator space, then we similarly define [,(E) and [,(E; 2**) of sequences
with values in E. Then [,(E) and [,(E; 2%*) are operator spaces.

For each k € Z, let Fy, := K,(2F; Ey, E1). Then we define Ey,k, the operator
space interpolation of the couple (Ey, E1) by the discrete K-method, as the subspace
of I,({Fi.}rez; 27%) consisting of the constant sequences.

More explicitly, let z = (z; ;) € M, ((Eo, E1)ppk) for some n € N. Then

Hl'HMn((EO,El)B,p;K) = lnf { H (U, U) ”Mn (lp(Eo;Z—’“")@plp(El;2k(1—6>)) }
The infimum is taken over all
u = (uy;) € Ma(lp(Eg;27%)), v = (vig) € My (lp(Er; 2¢079))

where each

Uiy = (uf,j)kez and v;; = (vij)kez

such that

_ .k k
Tij = Uy + v;

i foreach k€Z, 4,j=1,...n

3.4 A Representation Theorem for Completely

Contractive Dual Banach Algebras

Throughout this section, we will use the following notations:
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1. Let (E4)aer be a family of operator spaces where I is some index set. Then
>-@, E, and (I, E,) will denote the [>- direct sum of E,’s and the complex

operator space interpolation (I°(1, E,), (I, E4))1/2 respectively.

2. Let 2 be a completely contractive Banach algebra and X be an operator (bi- or)
left %-module. For a = (a;;) and z = (z;;) in M,(A) and M,,(X) respectively,

for some n,m € N, axz will represent the matrix

axz = (a;;Tky) (3.4.1)

W

where represents the module action of 2 on X.

Definition 3.4.1. Let 2 be a completely contractive dual Banach algebra and let
¢ € M,(,) for some n > 1. Suppose that for each m > 1, there is a matricial norm

| - llg;m On My (2A.¢). Let Ey4 denote the completion of (2.9, || - [|4,1). Suppose that
laxbllgme < llallmlbllsk (3.4.2)

and

lax @llmn < llaxdllom < llallm/dlln (34.3)

for all a € M,,(A) and b € My(FE,),m,k € N.
Furthermore, suppose that Ej, is reflexive and the inclusion ¢y : Ey — M, (2.)

injective. Then () - ||¢,m):n°=1 is called an admissible operator norm for ¢.
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Note that in the previous definition, the inequality (3.4.2) means that E, is an oper-

ator left 2A-module.

Example 3.4.2. Let G4 be a locally compact discrete group and ¢ = (¢;;) be in
M,(C*(Gy)) with ||@||, = 1 for some n > 1 where C*(Gj) is the group C*-algebra of
G4. Then each ¢, ; is a finite sum of the form

dij= Y N5,

g€Gy

where each X%/ € C and 4, is the Dirac function. Consider E4 with the usual norm on
M,(C*(Gy)). Clearly Ey is a closed subspace of M,(C*(Gy)). Hence, it is an operator
space. Ej is reflexive since it is finite dimensional. Since Ey is an operator 2-module,
(3.4.2) is satisfied. Since B(Gy) is a completely contractive Banach algebra, (3.4.3)
is also satisfied. Therefore, the (usual) norm on M,(C*(G,)) defines an admissible

operator norm for ¢.

Theorem 3.4.3. Let U be a completely contractive dual Banach algebra and suppose
that ¢ = (¢i;) € Mp(s) has an admissible operator norm for some n > 1. Then

there is a w*-continuous, completely contractive representation of A on CB(E,).

Proof. It is easy to see that Ey is a left 2-module. Moreover, ¢ has a dense range if
and only if ¢§* : E5* — M, () is injective. Since Ej is reflexive, ¢3* = 14. Hence, i,
has a dense range. Note that

g To(A) — E.
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Now we define
Sp: E;®Es — Mp(A.), t3(b) ®a.¢0— a.dpxb

where ® represents the projective tensor product of operator spaces.

Due to Definition 3.4.1, this map is well-defined. Then the map defined by
Ty =Sy Tp(A) — CB(Es)
is w*-continuous. Since 2 is completely isometrically isomorphic to a closed subspace

of Tp,2(A) by the map
A— T2(A), ar (aiy) (3.4.4)
where

a, if (4,5) =(1,1);
Qij =

0, otherwise.

T4 induces a multiplicative representation from A into CB(E,). For simplicity, we
will denote this representation again by Ty. In order to see that T} is multiplicative
on A, take a,b € A, ¢ = (c;;) € Tn(A) and consider a as an element of T;,2(A) via
(3.4.4). Then
((To(a),b.0),15(c)) = (Ty(a),e3(c) ®b.g)
= (a,84(t3(c) ® b.9))
= (a,b.¢*c)

= (a, b-¢1,1-01,1>-
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Hence (Ty(a), b.¢) = (z:;) € Mp(2L) holds where

ab.gr1, if (i,5) = (1,1);

Tij =
0, otherwise.

Now let a,b,d € 1. Then

(To(d) To(a),b.0) = (Tuld), (Tul@),5.9))
= (T(d), (1))
= (%)
= (Ty(da),b9) € E,

where

dab.gr1, if (3,5) = (1,1);

fl

Yij
0, otherwise.

Hence, T, is multiplicative on 2.
By using Effros and Ruan ([E-R|, Proposition 7.1.2), S, is a complete contraction
if and only if the induced map §¢, € BX(E; x Ey, My2(2,)) is a complete contraction.

Now

1olle = sup {||SE™™ (@0 : 2 = (215) € Mun(E5), ¥ = (415) € Min(Eo), I2llgm,
lyllom <1, m € N}
= sup {|(S""(2,9), 2)| : 2 = (@15) € Mu(E}), y = (315) € Min(Ey),
2 = (215) € M (Mo(20), Nelloms [9llsms N12llmne <1, m € N},
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By the density of the range of ¢, for each ¢,j = 1,...m, without loss of generality,
we may suppose that

Tij = b;(Ai,j)a Yij = bij-@
where

Aij = (af]) € T,(%) and b;; € A

Then we have

<<§ém’m)(m, y),z>> = (<§¢(.’L‘i,j,yk1[),zs’t>) = ((brp- 0 * Aij, 26 ))-
Since
(br1-Gop-0f7, Zet) = (Bop-f], Zstbry) = (a7, 2 tbk 1. Pop)
for all indices 4,7, k,l,m,n,o0,p,q and r where

2

?

i kil=1,...m, ompqr=1,...n, and st=1,...mn
we conclude that

(381, = 5 2] = (<)

On the other hand,
“z*y“¢,m3n2 < Hzllm2n2llyll¢,m <1

holds. Therefore,

{(3mm@a) )] < | (s0a)], = lellom <1

holds. Thus, §¢ is a complete contraction. a
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Let (Eq)aer be a family of operator spaces and let E = I5(I, E,). We will need an
approximation for the norm of an arbitrary element on each matrix level of E. To

manage this, we will need the following two propositions.
Proposition 3.4.1. Suppose that (E,)qcr s a family of operator spaces. Then
1. 1°(I,M,(E,)) = M,(I°(I, E,)) holds for each n € N.

2. If A = (ai3) € Mo(I'(1, E,)) where a;j = (a3)a, 085 € Eq for each i and j,
then

1Al s 022 < D 1@ I0tnEa) for every € N.

Proof. The first identity is obvious. Hence, we will prove only the second one. Let A

be as in the claim. Then we have

”AHMn(ll(I,Ea)) = sup{|(A4, F)|: FeM(°(EY), | s oo 2,5y < 1}

= sup {, a”,fkl> : Fe Mn(loo(f, E;)), “F”Mn(l”(l,Ea)) < 1}
= sup{

(fepaf))|: F € Ma(I°(1, EY)), 1F || saeer gy < 1}

< s { IR F &M=L B Fllmcisey < 1}
< Z ”(agj)“Mn(Ea) <
since M, (ll(I ,E,)) and [! (I, M, (E,)) are topologically isomorphic. d

The next proposition will be needed to prove Lemma 3.4.1 and Theorem 3.4.4.
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Proposition 3.4.2. Let (X, Z) be a compatible couple of Banach spaces in the sense
of Banach space interpolation. Suppose that there is a contractive embedding from a
Banach space Y into Z. Let Ey = (X,Y)q and Ey := (X, Z)g for some 0 < 6 < 1.

Then for every a € E1, we have ||a||g, > ||la||g,-

Proof. Clearly any function f : C — X +; Y satisfying the properties given in the
definition of complex interpolation of Banach spaces can be viewed as a function
from C to X 4+, Z, and it will satisfy analogous properties. To distinguish these two
tunctions, we will denote them by fxy and fx z respectively.

Recall that

[l = max{ sup {1£) ]}, sup {Jl£1+ )]} : R}
and
Izl = max { sup {5} sup {171+ a8} : ¢ e R).
This shows that E; C F,. Now let a € F;. Recall that
lall , = int {[| ]l 0= 7)) and o], = int {[[fxcl o = £0)}.
Since for each f we have ||fxy| > ||fx z|, we conclude that |la||z, > ||a| s, 0
Proposition 3.4.1 and Proposition 3.4.2 show the following:

Lemma 3.4.1. Let (Ey)qer be a family of operator spaces and let A = (a;;) be
in Mn(E) where E = (I, E,) for some n € N. If each a;; = (a;)acr € E,
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then || Allm, ) < \/Za Il 4all3s, (&, where each Aq = (ag;) € Myn(E,). That is, the

canonical inclusion from lo(I, My (Ey)) into My (lo(I, E,)) is a contraction.
Proof. Note that by using Proposition 3.4.1 for each n € N, we have
M, (1°(1, Eo), I"(I, Ea)) = (I°(I, Ma(Ea)), Ma(I'(1, Ew))).

Then we apply Proposition 3.4.2 where X = I®°(I, M,(E,)),Y = I'(I, M,,(E,)) and

Z = My(IM(I, Ey)). O

Lemma 3.4.2. Let A be a completely contractive dual Banach algebra. Then for each
n € N, every non-zero element in the unit ball of M,(2.) has an admissible operator

norm.

Proof. Let A be a completely contractive dual Banach algebra and ¢ € M,(%.),

¢ #0, ||¢]|ln <1 for some n > 1. The map
Ry:A—-Ao, a—ad

is a complete contraction. Then the induced map 7 : A/ ker R, — 2.4 is a complete

isometry. For each m > 1, define a norm || « ||o.¢,m On My (A.¢) by
z]logm == inf {|jallm: z=axd, a € Mu(A)}.

Then A.¢ becomes an operator space with this matricial norm.
Clearly (2.¢, M,(2,)) is a compatible couple of operator spaces. Now define E4 to
be the space of constant sequences in lo({ Fy }xen; 27%/2) where F}, = Ky(2%; .0, M,(21,))
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for each k € N. By ([Bea], Section 2.3, Proposition 1) we know the following:

(A.0, Mn(As))1 ok 18 reflexive <= the inclusion 2.¢ — M, (,) is weakly compact

<= themap Ry : A — M,(A*), a a.¢ is weakly compact.

However, Im(Ry) C M,(2.) and M,(A,) C WAP(M,(A*)), by [Run 4]. Hence, Ry
is weakly compact. Therefore, as a closed subspace of E = (2.9, Mn(m*))%g;g, the
space E, is reflexive too.

Let || - ||4,m denote the norm on M,,(Ey) for every m € N. If f € Ey, then

fles = [T 7]

keN

_ —k: 2 B 2]1/2
- [ inf {1166l 51 + 2111 — b.9l12}’]

_ . 1/2
= [ o2 mt {16000, + %17 - b5I2}]

" keN

) /
= [ inf 2t le ot + 2407 —bol}]

" keN

Hence,

fEEy < Y inf {27¥||b.gl3,, +25||f —b.ol2: beA} < oo.

keN

Thus, there exists a sequence (by)x in 2 such that 2%||f — by.¢||2 — 0. Hence, A.¢
is dense in E,. This shows that [|a.@||, < ||a.¢||s1. Now to prove (3.4.3), we will use

the following claim:

Claim 3.4.1. If A.¢ is dense in Ey, then M, (A.¢) is dense in M,,(E,) for every

m > 1.
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Proof. Let ¢ > 0 and F = (f;;) € My(E,) for some m > 1. Then for each i,j =

k

1,...m, there exists a sequence (b¥,); in 2 such that bf,.¢ — fF; in ||-|l,. Consider

the sequence (Fi)i in M;,(2.¢) where each Fy = (bf;)x. Then we have

|F = fillmn < Z Il fij — bf,j.qﬁlln —0 as k— oo.

3,j=1

a

Hence, by Claim 3.4.1, we have ||a * ¢|lmn < ||a * @|lpm for all a € M, () and
m € N.

Let a € My () for some m > 1. Then by the definition of || - ||agm, it is clear
that ||a * ¢|log.m < ||la|lm. Since A is a completely contractive dual Banach algebra,

we also have |[|a * ¢|lmn < lla]|m||@lln < ||a|lm- By Lemma 3.4.1, we have
. 1/2
laxdlle < inf { [[[b%dllyy, + 2 [axs—bxgll}, ]+ be Ma@)}.
By choosing b = a, we see that

llax @, < llax@llapm foreach ke N.

Then we have

forsllom < [T aref]”

keN
1/2
< Jlax dllaom| Y 27*]
keN
= llax@llagm
< liallm.
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Now let a € M,,(A),b € My(U) for some m,t > 1. Since the map 7 is a complete

isometry, we have

|6+ (a* ¢ = ||bxa+ Mm(ker Ry)||

Mo,

= inf{||bxa+z|mt: ¢ € Mpm(ker Ry)}

< inf{[lb*a+b*z|m: z € Mulker Ry)}

< |bll¢inf {|la + z|jm : & € Mmp(ker Ry)}

= [bllella + ker Ry

= |bllzlla* ¢llocgm-
This shows that 2.¢ is an operator left A-module. Since M, (2.) is also an operator
left 2A-module, so is E,. Therefore,

1o * d||gme < ||bl|elld|lgm for every d € Mpu(Eyg), b € My(A), m,t €N

holds. O

Theorem 3.4.4. Let A be a completely contractive dual Banach algebra. Then there
is a w*-continuous complete isometry map from A into CB(E) for some reflexive
operator space E.
Proof Let E = P-@4e5Es. For each n > 1, we equip M,(E) by the norm
Aty = /2 1(a8)|3, where A = (ai;) € My(E), aij = (af))s, af; € Es.
Note that E is not an operator space. There is a natural map

S:9 — B(E) defined by <S(a), (:1:¢)> = (<T¢(a),x¢))

52

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where Ty : 2 — CB(E,) is the w*-continuous complete contraction as defined in

Theorem 3.4.3.

Note that Daws ([Daw], Theorem 4.5) proved that S : 4 — B(E) is an isometry.

For an arbitrary n > 1, any element (a; ;) of M,(2) can be viewed as a map
S, : E — M,(E).

We claim that S, is a contraction. Let ||(a;;)|l» <1 and (z4) € E. Then

1Su(@a)lagy = “(<S’(ai,j),(x¢)>)'Mn(E)

|((Totassza)], o

= [Zlme)zl2,] "
@

< [Tl
= el [ teelt]”
= Neal,l @l
< ()| -
Thus, S,, is a contraction.
Now let E = [2(3, E4). We define
T:9%—CBE) by (T(a),(zs)) = ((Ta(a), z4)). (3.4.5)

Then for each n € N, T induces the map T™ : M, () — CB(E, M,(E)). On the
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other hand, by its definition
M (E) = (My(I%(3, Ey)), Ma(1'(3, Eg)))1s2 = (1°(3, Ma(Ey)), Ma(l' (3, Ep)))1/2-
Each (a;;) € M,(2) defines a map from F into

(1 (3, Ma(B2), 1 (3, Ma(Bp)) ) o= P-EDMu(E,) (on the Banach space level)
lolsh]

Hence, we have a natural map (which we will denote by T")

T™: Mo(%) — B(E, - @D Ma(Ey)).
e

However, this map is a contraction for every n > 1. On the other hand, by Proposition
3.4.2 we have |T"|| > ||T™)]|. Hence, T™ is a contraction for every n > 1. Thus, T
is a complete contraction.

Note that without loss of generality, we may suppose that %l is unital and let e

denote its identity. For each n > 1, we have
TM . M,(A) — M,(CB(E)) = M,((E*®E)*) = CB((E*®E), M,).

Let a = (a;;) € Mp(A). Then for every € > 0, thereis ¢ = (¢;;) € M,(2.) such

that
¢lln <1 and [{a,&)| = (1 — ¢)lallx.

For simplicity, set T := T™(a) € CB((E*®E), M,,). Define = = (z;,) € M,(E*QE)

(o ti(B)y.. ) ® (. ved,.. ), if (i,5) = (1,1);

0, otherwise,

54

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where

e, if (i,5) = (1,1);
B = (b;;) € To(2) is defined by b;; =

0, otherwise.

Now we have

2l ata(eremy = 121l pem < N5 5(B), - eI - 60y )lle-

On the other hand, [|(...,¢5(B),.. )]s« <1 since | B||z, <1 and ¢} is a contraction.

Clearly

G- ed,. e < lloll. < 1.

holds. Then we have

|T(n)(x)‘ = |(T(CB1,1))| = |(<T(ai,j),xk,l>)| = ‘«a’ ¢»| 2 (1 - 6)”a”n
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Chapter 4

Connes-Amenability

4.1 Connes-Amenability and Short Exact Sequences

Let A be a dual Banach algebra with predual 2, and
Ay = (A, ) B2.(A,C)* — A

be the -bimodule homomorphism as defined before.

If A is unital, then the diagonal operator and hence A, are surjective. Since the
algebraic tensor product A® lies canonically in B2. (21, C)*, we obtain the following
short exact sequence of Banach -bimodules:

= 0 — ker Ay = B2.(2,C)" 25 % — 0

where ¢ is the inclusion map.
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We will start this chapter by characterizing the strong Connes-amenability of 2

in terms of some properties of the short exact sequence =.

Theorem 4.1.1. Let 2 be a dual Banach algebra. Then U is strongly Connes-
amenable if and only if ™A is unital and the exact sequence = splits as a sequence

of Banach A-bimodules.

Proof. (=) Let A be strongly Connes-amenable. Then it is unital by [Run 1]. Thus,
the sequence = is exact. Let M € BZ.(2,C)" be a normal virtual diagonal for 2.
Define

o:A— BL(AC), a— Ma

where “.” is the module action of 2 on B2.(2,C)". Since A, is an A-bimodule

homomorphism, for each a € 2 we have
Ayo(a) = Ay(M.a)=Ayp-Ma=ea=a

where e is the identity of . Hence o is a right inverse of A,«. Furthermore, for each

a,b € U, we have
a.0(b) = a.(M.b) = a.(b.M) = (ab)M = M(ab) = (M.a).b = o(a).b = o(ab).

Hence, o is an ™A-bimodule homomorphism, so Z splits.

(<) If Z splits, then there is an Y-bimodule homomorphism

o:A—-BL(AC) via Ayo=Iy

o7
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where Iy the identity operator on 2. If e is the identity of ¥, then we have
ao(e) = o(a.e) =o(ea) =o(e)a (acA)

and A,-o(e) = e. Hence, o(e) is a normal virtual diagonal for 2. Then by [Run 1],

A is strongly Connes-amenable. a

Consider again the 2-bimodule homomorphism
Agwe : oWC((ARA)*)* — 2A.

Clearly the algebraic tensor product A® %A lies canonically in oW C((AR2)*)*. Then

when % is unital, we have the following exact sequence of Banach 2-bimodules:

= 0 — ker Agwe —— oW C((ARA)*)* 222 o — 0.

Theorem 4.1.2. Let A be a dual Banach algebra. Then U is Connes-amenable if

7’

and only if ™A is unital and the exact sequence =’ splits as a sequence of Banach

A-bimodules.

Proof. Replace the role of the normal virtual diagonal in the proof of Theorem 4.1.1

by a W C-virtual diagonal for . a

Theorem 4.1.3. Let A be a unital dual Banach algebra. Then the ezact sequences =

/

and =’ are both admissible.
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Proof. The map 6 from 2 into B2.(2A, C)* (resp. cWC((ARNA)*)*), which sends a to
e ® a where e is the identity of &, is the right inverse of Ay. (resp. Aswe) in 2

(resp. =" ). a

4.1.1 Ideals in Connes-Amenable Dual Banach Algebras

For a normed closed ideal I of an amenable Banach algebra 2, the amenability of
I is equivalent to the existence of a bounded approximate identity in I ([Run 2],
Proposition 2.2.3). In this section, we will firstly prove an analogous result for dual
Banach algebras and Connes-amenability.

Let J be a unital w*-closed ideal of a dual Banach algebra 24 and X be a Banach

J-bimodule. If e is the identity of J, then for each a € % we have
eae = ae = eaq.
Hence, e is in the algebraic center of . Then X is a Banach -bimodule as follows:
a.r = aex, 2.0 :=zea (aed, zeX).
It D:J — X is a derivation, then D can be extended to a derivation
D:%A— X by D(a):= D(ae).

Now for every a,b € 2, we have

D(ab) = D(abe) = D(aebe) = aeD(be) + D(ae)be = a.D(b) + D(a).b.
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Thus, D is a derivation. Clearly D extends D.
Let J be a unital w*-closed ideal of a dual Banach algebra 2 and X be a Banach

J-bimodule. Then we have the following four claims:
Claim 4.1.1. If X is a normal, dual J-bimodule, then it is a normal A-bimodule.

. w* . .

Proof. Let (aq)q be a net in A such that a, — a, for some a € 2. Since multi-
. . . . w* . w*

plication on A is w*-continuous, a,e — ae in J. Then we have, a,ex — aex, or

equivalently a,.x ¥, azin X. O

Claim 4.1.2. If X is a normal, dual J-bimodule and if D is w*-continuous, then D

18 w*-continuous as well.

Proof. Let (aq)q be a net in 2 such that a, 2, 4, for some a € 2. Since multiplica-
tion on 2 is w*-continuous, ase ~ ae, in J. Hence, D(ae) ALAN D(ae), equivalently

D(aa) RN D(a) in X. O

Claim 4.1.3. Let X be a Banach J-bimodule such that X* is a normal J-bimodule.

Then X* 1s also normal as an 2A-bimodule.

Proof. Let (aq)a be anet in ™A such that a, %, ¢ for some a € 2. Since multiplication
on Y is w*-continuous, a.e SN ae, in J. Then for every ¢ € X* and z € X we have,
d(agex) — ¢(aex), that is ¢(ae.z) — ¢(a.z). Hence ¢.aq ~—+ d.a. Similarly, we can

prove that a,.¢ o, a.¢. d
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Claim 4.1.4. Let X be a Banach J-bimodule such that X* is a normal J-bimodule

and D : J — X* be w*-continuous. Then D9 — X* is w*-continuous too.

Proof. Let (aq)q be anet in A such that a, *, afor some a € 2. Since multiplication
on 2 is w*-continuous, ase —- ae, in J. Then D(aqe)(z) — D(ae)(z) (z € X),

~

equivalently D(a,) -2+ D(a). O

Proposition 4.1.1. Let J be a w*-closed ideal of a Connes-amenable dual Banach

algebra . Then J is Connes-amenable if and only it is unital.

Proof. (=) This is trivial.
(<) Let J be unital and X* be a dual, normal J-bimodule. Then X* is a dual, normal
2-bimodule. Let D : J — X* be a w*-continuous derivation. Then D : % — X* is

w*-continuous. Since 2A is Connes-amenable, D is inner. Hence, D is inner. O

Remark 4.1.1. Let 2 be a dual Banach algebra and J be a w*-closed ideal of it.
Let X be a dual Banach J-bimodule (not necessarily normal) and D : J — X be
a derivation. Then Im(l~)) consists of normal elements of X when X is considered
as a Banach 2-bimodule. To see this, let (aq), be a net in 2 such that a, v,

. NRT . . . w* .
a for some a € 2. Since multiplication on 2 is w*-continuous, we have a,e — ae in
J. Then

aqeD(be) SEAN aeD(be) (be,
equivalently, aoD(b) AN aD(b). Similarly we prove that D(b)aq SN D(b)a.
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Hence, we have proven the following:

Corollary 4.1.1. Let J be a w*-closed ideal of a strongly Connes-amenable dual

Banach algebra A. Then J is Connes-amenable if and only it is unital.

Now let J be a w*-closed ideal of a unital, dual Banach algebra 2. Then we

consider the following exact sequence:

r- o0—J-a-Sa7—0
where ¢ : J — 2 is the inclusion and 6 : 2% — 2A/J is the quotient maps. The following
is proved in ([C-L], page 96).

Proposition 4.1.2. The ezact sequence I' splits as sequence of A-bimodules if and

only if J is unital.

Proof. (=) Assume that I splits as sequence of 2A-bimodules and ¢ : A — J is a left

inverse of the inclusion map ¢ : J — 2. Then for every a € J, we have
ac(e) = o{ae) = o(ea) = o(e)a = o(a) = a
where e is the identity of 2. Hence, o(e) is the identity of J.

(<) Let J be unital. Then the map from A to J, a — ae (where e is the identity of

J) is a left inverse of ¢, which is an A-bimodule homomorphism. d

Clearly if I' splits as sequence of 2-bimodules then so is I'*: The short exact
sequence obtained from I' by taking Banach space adjoints:
. 0—J-5a-Sa7—0
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It is proven in ([C-L], page 97) that if I'* splits as sequence of 2-bimodules, then J
has a bounded approximate identity. Since J itself is a dual Banach algebra, it is

unital. Hence, we conclude the following:

Corollary 4.1.2. The exact sequence I' splits as sequence of A-bimodules if and only

if '™ splits as sequence of U-bimodules if and only if J is unital.

Proposition 4.1.3. Let J be a unital w*-closed ideal of a dual Banach algebra 2.

Then J+ is complemented in UA* as an A-bimodule.

Proof. Let e be the identity of J. Define an operator F on 2* by
F(¢):=¢—ep (pc).
Then for every ¢ € A* and j € J, we have
(& — ed)(4) = ¢(5) — ¢(ie) = ¢(j) — 9(j) = 0.
Thus, Im(F) is in J*. For every ¢ € J* we have
F¢)=F(p—ed) = ¢ —edp—e(p—ed) = ¢ — ¢ — e + €76 = F(9).
Moreover, for every ¢ € J*, we have
F(¢)(a) = ¢(a) — ¢(ae) = #(a)

for every a € . That is F(¢) =¢ (¢ € J4).
Now it remains to show that F' is an 2-bimodule homomorphism.
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For every ¢ € A*,a,b € 2, we have the following:

F(a.9)(b) = (a¢ — ead)(b) = ¢(ba) — d(bea) = ¢(ba) — p(bae)
= (¢ — ed)(ba) = F(¢)(ba) = (a.F(¢))(b).

Thus, F(a.¢) = a.F(¢). Similarly, one can show that F(¢.a) = F(¢).a. a

Proposition 4.1.4. Let J be a w*-closed ideal of a (strongly) Connes-amenable dual
Banach algebra . If J* is complemented in U* as an ™A-bimodule, then J is (strongly)

Connes-amenable.

Proof. Let J* be complemented in 2* as an A-bimodule. Then the exact sequence
I'* splits as ~A-bimodules. Then by Corollary 4.1.2, J is unital. The result follows by

Proposition 4.1.1 and Corollary 4.1.1. |

Proposition 4.1.5. Let A be a Connes-amenable dual Banach algebra and let I be
a w*-closed ideal of it such that I, = {¢ € A, : é(z) = 0 forall z € I} is

complemented in A, as an A-submodule. Then I is unital.

Proof. Suppose that 2 and I are as in the statement of the Proposition and P € B(%.,)
is the projection onto I,. Now we define Q) := I — P € B(%,), where [ is the identity
operator on 2,. Then the adjoint operator @* € B(2) is a projection onto I.

For an arbitrary ¢ € oW C(B*(®,C)) we define ¢ € B2(2, C) by letting

¢(a,) == ¢(a,Q"(b))  (a,b€).
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It is a routine calculation to check that ¢ is in oW C(B?(®, C)). Since 2 is Connes-
amenable, it has a cW(C-virtual diagonal, say M € (0’WC(B2(Q[, (C)))* Define

M € (eWC(BX(2,C)))” via

(M,¢) :=(M,9), (d€oWC(B%,C)).

Now we claim that e := A,wc(M) is an identity for I. In order to prove the claim

we first show that e € I. For an arbitrary ¢ € I, we have

—

(¢,e) = (¢, Aawc*(]\;-")) = (Aswc(9), M) = (Aiwel(9), M) = 0.

—

This is because, as ¢ € I, C A, we have A%, ~(6) = A*(¢) and for any a,b € A we
have

——

A*(p)(a,b) = A*(d)(a, @*(D)) = ¢(a.Q*(b)) =0 because a.Q*(b) € I.

As a result, we conclude that (since I is w*-closed) e € (I )+ =1I.

Observe that for an arbitrary ¢ € cWC(B2%(2,C)) and a € I we have

(6-0)(z,y) = ($.0)(z,Q*(¥)) = d(a.z, Q*(v)) = (d.a)(z,y) (z,y € A).

Hence qz;:z = ¢.a. Similarly we have a.¢ = a.¢ because

(a.9)(z,y) = o(z,y.0) = ¢(z,Q"(y.a))

= ¢(z,y.a) = (a.d)(z,y) (z,yeA).
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Let ¢ € oWC(B2(,C)). Then we have

(a.M,9) = (M, p.a)= (M, ¢.a) = (M,¢.a) = (a.M,J)

= (M.a,¢) = (M, a.¢) = (M, a.¢) = (M.a,o).
Therefore, aM=Ma=aM. Hence, for every a € I we have
a.e = a.Aawc(M) = Agwc(a.M) = Agwc(a.M) = a.Aawc(M) =a.

Similarly, we can prove that e.a = a. O

By replacing the role of sWC(B?*(%, C)) by B2(2,C), we prove the following

Proposition.

Proposition 4.1.6. Let A be a strongly Connes-amenable dual Banach algebra and
let I be a w*-closed ideal of it such that I, := {¢ € U, : ¢(x) =0 for all z € I} is

complemented in U, as an ™A-submodule. Then I is unital.

Remark 4.1.2. Proposition 4.1.3 and Proposition 4.1.4 together show the following:
If J is a w*-closed ideal of a (strongly) Connes-amenable dual Banach algebra %,

then J is (strongly) Connes-amenable if and only if J* is complemented in A* as an

2A-bimodule.

In brief, we have the following:

Let J be a w*-closed ideal of a (strongly) Connes-amenable dual Banach algebra 2.

Then the following are equivalent:
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(i) J is (strongly) Connes-amenable,

(i) J* is complemented in A* as an YU-bimodule,
(iii) T splits as an exact sequence of 2-bimodules,
(iv) J is unital,

(vi} Jy is complemented in 2, as an 2-bimodule.

4.2 Connes-Amenability of Fourier-Stieltjes

Algebra

Let G be a locally compact group. If G has an abelian subgroup of finite index, then
A(G) is an amenable Banach algebra ([F-R]) that is w*-dense in B(G). Hence, by
(Proposition 4.2, [Run 1)), B(G) is Connes-amenable. Moreover, by [Run 3], it is
strongly Connes-amenable. Runde conjectured the converse of this result; that is, if
B(QG) is Connes-amenable, then G has an abelian subgroup of finite index. In [Run 3],
he proved that this is true when G is the direct product of a family of finite groups or
when G is an amenable discrete group. Now we extend this result to general discrete,

not necessarily amenable, groups.

Theorem 4.2.1. Let G be a discrete group. If B(G) is Connes-amenable, then G

has an abelian subgroup of finite index.

Proof. Let B(G) be Connes-amenable. Then by ([Run 3]), there is a oW C-virtual
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diagonal M € ocWC((B(G)®,B(G))*)* for B(G) where ®, denotes the projective
tensor product of Banach spaces. Using the Hahn-Banach theorem, we extend M to
(B(G)®,B(G))** and let M be such an extension.

Let (my)q be a net in B(G)®,B(G), bounded by the norm of M such that m, >
M and let T := {(z,z71) : € G} be the anti-diagonal of G x G. We want to show
that xr is a cluster point of (I®")m,).

Clearly T is not a subgroup of G x G (unless G is abelian). We will firstly show
that the net ((/®")m,) behaves like an approximate indicator (as defined in [A-N-R|
for closed subgroups of locally compact groups) for I'. That is,
A my(z,z)—1 (x € G)

and

B me(z,y) =0 (z#y€q)
under the (contractive) inclusion B(G)®B(G) — B(G x G).
Let (mq)a be as above. Then the restriction of m, onto eWC((B(G)®,B(G))*)
converges to M in the induced w*-topology on oW C((B(G)®,B(G))*)*. We shall
denote this restriction again by m,.

Let A : B(G)®,B(G) — B(G), a ® b — ab be the diagonal operator. Then its

second dual A** : (B(G)®,B(G))*™ — B(G)** is w*-w* continuous. Then we have
Mg, M = A™my, oAM= A™mg = A™ M.

It is a standard theorem in functional analysis that in any normed space, the weak
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and the norm closures of a convex set coincide ([Con]). Hence, if (z4)q is a net in a
normed space E such that z, — z for some = € E, then as z is in the norm closure
of the convex hull of (z,), there exists a sequence in the convex hull of (z,), Which
converges to z in the norm topology.

Hence, passing to convex combinations without loss of generality, we may assume
that

A*mg LR A*™M, thatis Am, A, oweM.

Since AyweM =1, we conclude that Am, — 1 pointwise. Hence, A is satisfied.

Now, m, M implies that
Me.a 2 Ma and  amg - a.M (a € B(G)).
Since a.M = M.a for each a € B(G), we conclude that
Meg = Q. My — Mg.Q 50 (a € B(G)).

Now we claim that the w*-topology of oW C((B(G)®,B(G))*)* is stronger than the
w*-topology of B(G x G). To see this, firstly note that
C*(G x G) C csWC(B(G)®,B(G))*

since B(G x G) is a dual Banach algebra (Corrollary 4.6, [Run 3)).

On the other hand, we have the inclusion
B(G)®,B(G) — B(G x G).
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Hence, there is a B(G)-module homomorphism from B(GXxG)* to (B(G)®,B(G))*.

Then by ([Run 3]), we have
sWC(B(G x G))* C sWC(B(G)®,B(G))".
Finally, we conclude that
C*(G x G) Cc sWC(B(G)®,B(G))*

holds. This proves the claim. Hence, My, — 0 in the w*-topology of B(G x G).
When G is discrete, on norm bounded subsets of B(G x G), w*-convergence and
pointwise convergence are the same. Hence m,, — 0 pointwise. This shows that
(B) is satisfied.

Therefore, the net ((/®")m,) behaves like an approximate indicator for I'. Hence,
it converges to xr pointwise. Since ((I® )m,) is a bounded net, by Alaoglu’s theorem,
it has an accumulation point. Under the inclusion B(G)®,B(G) C B(G x G) C
B(G4 x Gg) on norm bounded subsets, w*- and pointwise convergence topologies
coincide. Hence, xr is a w*-accumulation point of this net. Then by (Proposition

2.2, [F-R]), we are done. O
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