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Abstract

As one type of principal-agent problem, the insurance contract models
are closely related to the extent of information disclosure. We construct two
new insurance contract models with full information and adverse selection
respectively. The full information model is a continuous-time model in which
an insurer proposes an insurance contract to a potential insured. Motivated by
climate change and catastrophic events, we assume that the number of claims
process is a shot-noise Cox process. The insurer selects the premium to be paid
by the potential insured and the amount to be paid for each claim. In addition,
the insurer can request some actions from the potential insured to reduce the
number of claims. The insurer wants to maximize his expected total utility,
while the potential insured signs the contract if his expected total utility for
signing the contract is greater than or equal to his expected total utility when
he does not sign the contract. We obtain an analytical solution for the optimal
premium, the optimal amount to be paid for each claim, and the optimal
actions of the insured. This leads to interesting managerial insights. The
adverse selection model deals with multi-period insurance contracts between
an insurer and the insureds of two risk types. The insurer offers a menu
of contracts from which the insured can choose one that fits his type. We
allow more than two outcome states. The loss amount is a positive random
variable that can take two or more values. Accordingly, the traditional self-
selection principal-agent model with pure adverse selection is not appropriate.

To the traditional model, we add a new constraint that puts a boundary on
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the premium and the compensation. We obtain the optimal contracts that
maximize the insurer’s utility and distinguish the types of insureds. We also
explain why the traditional model is inappropriate and why the constraint of

boundaries is necessary.
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Chapter 1
Introduction

Insurance mathematics studies different risks and ways to manage these risks.
The definition of a risk is the possibility of the occurrence of a hazard. For
individuals, the risk can be illness, disability, and death. For properties, the
risk can be the properties are stolen or damaged by catastrophes. For busi-
nesses, the risk can be the loss from lawsuits. This dissertation uses stochastic
processes to simulate and understand risks. Insurance mathematics applies
mathematical model and solve problems in insurance. This dissertation aims
to find the optimal insurance contracts applying stochastic control methods.
Insurance is a policy in which the insurer provides the insured financial pro-
tection against losses in exchange for a fee. The fee is called premium and
the financial protection is called compensation. The insurance contract details
the conditions and circumstances under which the insurer will compensate
the insured, the amount of premium, and the amount of compensation. For
example, the model in Chapter 2 of this thesis deals with an insurance contract
that contains the premium, the compensation, and the insured’s action. The
insured’s action is the condition under which the insurer will compensate the
insured. The insurer requires the insured to do some actions to reduce the
probability of accidents. If the insured does not meet this condition, the insurer

will not make the compensation.

Due to the amount of information revealed between two parties to the con-

tract, a contract model is categorized into one of the three following categories:



full information, moral hazard, and adverse selection. In this thesis, we create
a new insurance contract model with full information in Chapter 2 and a new

insurance contract model with adverse selection in Chapter 3.

1.1 The Full Information Model

In a finite time horizon, we consider continuous-time model in which an insurer
proposes an insurance contract to a potential insured. The insurance contracts
are supposed to be effective in a finite time period, so we only consider the risk,
premium, compensation, and other related elements within this time horizon.
The setting of full information means that all the information is observable to

both the insurer and the insured.

It has been standard in the actuarial sciences literature to assume that the
total claim amount process is a compound Poisson process with deterministic
intensity, or equivalently that the number of claims process is a Poisson process
with deterministic intensity. The intensity is a deterministic process, thus the
evolvement of the intensity is revealed at the beginning of the period. See,
for example, Bithlmann [1970], Medhi [1982], Lindskog and McNeil [2003],
and Moore and Young [2006]. However, there are many important cases in
which a Poisson process with deterministic intensity does not represent well
the total number of claims. For instance, Beard et al. [1984] shows that the
standard Poisson process is not an appropriate model for the number of claims
in catastrophe, fire, and some other types of insurance. Instead, Beard et al.
[1984] suggests considering stochastic intensity. This means the intensity is a

stochastic process, thus the intensity will be a random variable at every moment.

The Cox process, also called the doubly stochastic Poisson process, is a
generalized Poisson process with stochastic intensity. We consider a Cox process
where the intensity is a shot noise process. The shot noise process can be used
to model the stochastic nature of catastrophic events. Due to climate change,
natural disasters occur more frequently. The losses caused by catastrophes

are usually enormous, so it is important to insure against losses caused by



this type of events. Dassios and Jang [2003] explains that claims arising from
catastrophic events depend on the intensity of natural disasters, and that
one of the processes that can be used to measure the impact of catastrophic
events is the shot noise process. Further, Dassios and Jang [2003] and Schmidt
2014] explain in detail the application of shot-noise Cox process in catastrophe
insurance, although they do not study optimal insurance contracts. Following
Dassios and Jang [2003] and Schmidt [2014], we adopt a shot-noise Cox process
to count the number of claims. Besides catastrophe insurance, our model is
also appropriate for other types of insurance. For example, Dassios et al. [2015]
points out that the shot-noise Cox process models very well the number of

traffic accidents if the rate of the event arrival is large.

We consider two cases: the insured does not intervene through his actions
to reduce the number of claims, and the insured intervenes through his ac-
tions to reduce the number of claims. In the first case, we assume that the
number of claims process is a shot-noise Cox process. In the second case, we
assume that the number of claims process is a Cox process but the actions of
the insured can affect the shot noise intensity. Equation (2.1.2) shows how
the insured’s actions a = {as;t € [0,T]} affect the intensity. The first case

is the special case of the second case in which the actions of the insured are null.

We allow the actions of the insured to be persistent. That is, the actions of
the insured at any point in time are effective until maturity. For instance, in
flood insurance, the insurer may require the insured to bring the property up
to some standards. See the national flood insurance program of the Federal
Emergency Management Agency (2022). This action of the property owner
will reduce the probability of having a loss caused by floods, and its protection
against flood will last from the time of action. However, along with aging and
wear, the flood-resistance equipment becomes less protective over time. Thus,
we further assume that the action is discounted by time. We will discuss further
details of persistent actions in Section 2.1. Hoffmann et al. [2021], Hopenhayn
and Jarque [2010], Jarque [2010], and Mukoyama and Sahin [2005] have also

considered persistent actions. We present a model in which persistent actions



affect a Cox process.

The insurer selects the premium to be paid by the potential insured, the
amount to be paid for each claim, and also requests some actions from the
potential insured. The potential insured has a cost associated with his actions.
Section 2.2 presents details on the utility and cost functions of the insurer
and the potential insured. The insurer wants to maximize his expected total
utility, while the potential insured signs the contract if his expected total utility
for signing the contract is greater than or equal to his expected total utility
when he does not sign the contract. Thus, the problem studied in our thesis
is different from other papers (such as Zou and Cadenillas [2014], and Zou
and Cadenillas [2017]) in which an insurer has already designed an insurance
contract (which might not be the optimal insurance contract) and decides its
optimal liability. To the best of our knowledge, we obtain, for the first time
in the literature, an analytical solution for the optimal premium, the optimal
amount to be paid for each claim, and the optimal actions of the insured when
the number of claims process is a Cox process. The analytical solution leads
to interesting managerial insights. For instance, we show that the optimal
expected action decreases over time. Furthermore, the insured will perform
less expected action over time to reach the reservation utility when he does
not enter the insurance market. Jarque [2010] presents the same trend of the
optimal action only through a numerical example while we prove it with an
analytical solution in a general setting. Our result challenges the assumption
of Mukoyama and Sahin [2005] that the principal prefers the agent to insert
the highest action all the time. The decreasing trend of the optimal actions
results from action persistence, where the earlier action reduces the loss further

because it is effective for a relatively long period. We also present an example.

1.2 The Adverse Selection Model

Adverse selection is a situation in which buyers or sellers have more or better
information than the other party in a transaction. Typically, only incomplete

information is presented in the insurance market. The insurer cannot have full
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access to the risk level of the insured while the insured has a better understand-
ing of the risk level. The insurance contracts implemented based on incomplete
information usually cannot provide full insurance. Collecting information is
important for the insurer to offer a contract that provides better insurance.
Naturally, multi-period models are proposed (Cooper and Hayes [1987], Dionne
[1983], Dionne and Lasserre [1985], Dionne and Lasserre [1987]). Compared to
one-period models (Stiglitz [1977], Chade and Schlee [2012]), the multi-period
models allow us to collect information from previous periods and to design
contracts for later periods according to the information collected. Adverse selec-
tion is an allocation problem that exists in many markets, including insurance
markets. For example, automobile insurance and home insurance contracts
consider deductibles. The existence of adverse selection is also confirmed by
many empirical tests (Shi et al. [2012], Browne [1992]). Cohen and Siegelman

[2010] reviewed the empirical tests on adverse selection in insurance markets.

Discussions on adverse selection have been done not only in insurance
markets but also in general principal-agent problems. In the literature dealing
with adverse selection, different mechanisms are presented to sort out the types,
even though the basic essence of all the mechanisms is experience rating. Self-
selection, one of the mechanisms, is widely practiced (Stiglitz [1977], Cooper and
Hayes [1987], Cvitani¢ and Zhang [2007], Halac et al. [2016], Chade and Schlee
[2012]). With self-selection, the insurer reveals the unobserved information
through the insured’s selection from a menu of contracts. The second mecha-
nism is discussed in Dionne [1983] and Dionne and Lasserre [1985]. The risk
revelation results from a Stackelberg game (Dionne et al. [2000]). The insured
reports his risk level in the first period and receives punishment if his outcome
does not reflects his reported type. Another mechanism is shown in Hoffmann
et al. [2022]. It reveals the information by extending the time of observation.

We will consider an experience rating model with multi-period and self-selection.

Among the models with pure adverse selection and self-selection, this is
the first time that considers more than two outcome states. The outcome

in each period is an accident or no accident in Stiglitz [1977], Cooper and
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Hayes [1987], Chade and Schlee [2012] and the loss amount from an accident is
fixed. These models possess objective, participation constraints, and incentive
compatibility constraints. Differently, the outcome in a period in our model is
a nonnegative random variable representing the loss amount. The loss amount
can be a discrete or continuous random variable. However, the solutions will
be infeasible if the traditional self-selection model is applied when there are
more than two states of loss. So, to adjust to the new situation, we modify the
traditional model and add a new constraint that provides boundaries on the

premium and compensation.

Suppose there are two types of potential insureds in the insurance market:
low risk and high risk. Each insured’s type is private information not observable
to the insurer. The insurer can observe the insured’s loss at each period which
provides a clue of the insured’s type. More periods can reveal more information
about the type. Other tools the insurer can use to sort the types are the
premium and compensation. How to formulate the premium and compensation
for an insured of low risk? Here is a straightforward idea. The insurer could
charge a high premium at every period, to pay a high compensation when the
loss is low, and to punish when the loss is high. This contract is acceptable to
the low-risk insured because the possibility for the low-risk insured to have a
high loss is low. However, the high-risk insured will not choose this contract
because it is highly likely for him to get punished while paying an expensive

premium.

The proportion of each type is observable to both the insured and the
insurer. We suppose the contract is effective in a finite number of periods. At
the beginning of each period, the insured pays the premium. At the end of
each period, the insurer compensates the insured according to the loss amount
and the information obtained from the previous periods. We will set up a pure
adverse selection model and solve for the optimal insurance contracts. The
objective is to maximize the insurer’s expected utility. We find the optimal
premium and compensation for each type in each period and sort the types.

The optimal contracts also reflect the idea discussed in the last paragraph. We



obtain for the first time in the literature, solutions to a pure adverse selection
problem with self-selection. Chade and Schlee [2012] obtain a solution only
for a specific utility function. We also explain why the traditional model is

inappropriate and why the constraints are necessary.

Other literature discusses principal-agent problems with adverse selection
from different aspects. In Ramsay et al. [2013], the insured possesses two
possible outcome states but the utility functions depend on states. Ma et al.
[2020] discusses a two-period model. The tools of low compensation and the
increase and decrease in the bonus are introduced to distinguish the risk types.
Hellwig [2010] develops a technique for incentive problems with any type
distribution. Jeleva and Villeneuve [2004] introduces the imprecise probabilities
to adverse selection and agents differ in the perception of risks. Without
purchasing the contracts, the insured’s utility is a common value despite the
types in Baron and Myerson [1982] and Maskin and Riley [1984]. Jullien [2000]
allows type-dependent reservation utility and challenges the property obtained
in Baron and Myerson [1982] and Maskin and Riley [1984].



Chapter 2

Full Information and Persistent
Effort

This chapter consists of five sections. Section 2.1 presents the total claim
amount model and Section 2.2 presents the problem that we study in this
chapter. The solution is presented in Section 2.3. Section 2.4 discusses the

value of the reservation utility. An example is presented in Section 2.5.

2.1 The Total Claim Amount Process

We consider a finite time horizon [0, 7]. There are two possibilities: the insured
does not affect the risky external environment and the insured affects the risky
external environment.

If the insured does not affect the risky external environment, then the total

claim amount process U = {W(¢);t € [0,7]} is given by

N(t)
()= Li=l+h+- -+,
=1

where N (t) is the number of claims up to time ¢ € [0, 7] and {l1,l5,- -+, Iy}
are the amounts claimed until time t. We make the following assumptions.
a) The random variables {ly,ls,[3,- -} are independent and identically dis-

tributed. Furthermore, their range is R; and inf R; > 0.
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b) The sequence of random variables {l1,ls,13,---} are independent of the
stochastic process N' = {N(t);t € [0,T]}.

¢) The stochastic process N = {N(t);t € [0,T]} is a shot-noise Cox process
with stochastic intensity rate I = {I(t);t € [0,T]} given by

M() M()
I(t)=0> Ym0 =0y yie =), (2.1.1)
1=0 1=0

In the above equation, 6 represents the risk level of the insured, M(t) counts
the number of risky events exposed to the insured from time 0 to time ¢, Y;
is the jump size caused by the i-th random risky event, 7; is the time when
the ¢-th risky event occurs, and 9 is the rate of decay. The effect of a risk
event happening at time 7 lasts in the time period [r, T but is discounted by
d at time t € [7, T]. We make the following assumptions about the stochastic
process I:

cl) 0 is a positive constant.

c2) M = {M(t);t € [0,T]} is a Poisson process with a deterministic intensity
process p(t) > 0, t € [0,T]. If the frequency of exposures is high, then p(-) is
large.

c3) {Yi}iz123.. is a sequence of i.i.d. random variables and independent of
M. We suppose they are the images of a random variable Y that is positive
and finite almost surely. Y, > 0 is a constant known at time 0. We denote
uw= E[Y].

c4) {7 }iz123... is a sequence of non-decreasing stopping times. In the above
equation, 7o = 0, and for every i € {1,2,--- , M(t)}: 7; < t.

) ¢ is a positive constant.

Applications of Cox processes with shot noise intensity to insurance can be
found in Albrecher and Asmussen [2006], Macci and Torrisi [2011], Schmidt
[2014], and Zhu [2013]. The number of claims from catastrophic events depends
on the stochastic intensity of natural disasters. The above intensity process
I measures the frequency of external risky events (by M), their magnitude
(by Y;), and their time (by 7;) to determine the effect of catastrophic events.
As time passes, the magnitude decreases (by ¢). We consider a probability

9



space (€2, F1,P) together with a filtration Fy := {Fy,t € [0,T]} that is the

P-augmentation of the natural filtration

o (N(u), M(u),u € [0,t];1;,i € {0,1,--- N()}; Y}, 75,5 € {0,1,--- ,M(t)}).

If the insured affects the risky external environment, the total claim amount
process ¥ = {U(¢);t € [0,T} is given by

Ne(t)
U(t) = Z Li=b+lh+ -+ v,

i=1

where the number of claims process N = {N*(t);t € [0, 7]} is a Cox process
with stochastic intensity rate 7 = {x(t);¢ € [0,T]} given by

M(t)

t
7(t) =0 Z Y;el it (1 - et(&—l—/o aurue“du)) : (2.1.2)
i=0

Here, the process a = {as;t € [0,T]} represents the actions to reduce the
magnitude of external risk events and a is a constant that represents the
measures to reduce the magnitude of risk events taken before the contract
is implemented. We assume that a is adapted to the filtration F,;. We also
assume that 0 < a;, < K for t € [0,7] and a € [0, K], where K € [0,1] is a
constant that represents the proportion of the intensity that can be cleared
through actions. The remaining 1 — K proportion of the intensity is not
avoidable through actions. 7, is the effectiveness of action a,. The process
r = {ry;t €1]0,T]} is called the productivity of action in the principal-agent
problem (Williams [2009]). Demarzo and Sannikov [2017] and Cvitani¢ and
Zhang [2013] also introduce the coefficient r, to adjust for the action a,. For
example, the precaution against flood is more effective in the rainy season than
in the dry season. Correspondingly, in flood insurance, r, is generally larger in
rainy seasons. We assume that r,, € [0, 1] for every u € [0, T]. If the action and

the effective rate take their highest values K and 1 respectively at every time in
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M(1)
[0, 77, then (2.1.2) becomes 6 Z V;e® =Y | (1 — K). Under the conditions
=0

that 0<a<1,0<a,<1,and 0 <r, <1 for u € [0,7T], we have that 7(¢) is
nonnegative for ¢ € [0, 7). In other words, the intensity of the random variable
N(t) is nonnegative for ¢ € [0, T]. In the special case where @ = 0 and a,, =0
for every u € [0, 7], we have for every ¢ € [0,T]: I(t) = n(t). Hence, the case
in which the insured affects the external risk environment is more general than

the case in which the insured does not affect the external risk environment.

Therefore, we assume that the insured can affect the external risk environ-
ment. In other words, we assume that the number of claims is represented by
the stochastic process N = {N“(¢);t € [0,T]}, which is a Cox process with
the stochastic intensity rate 7 = {m(t);t € [0,T]} defined in (2.1.2).

We can understand the actions a = {a;;t € [0, 7]} in the intensity process
from the following four aspects. First, the more actions inserted, the smaller
the intensity is. Second, a,, has an effect on 7(¢) for every ¢t € [u,T]. Thus, an
earlier action can play a role for a long time while a late action plays a role only
for a short time. Particularly, ar is effective for almost zero duration. Third,
the ratio between the weights of a,, and a, in (2.1.2) is e~ if 0 < o/, u < t.
If it is closer to time t when an action is implemented, the action is more
effective at time t. Fourth, the action a, is made at time u. As time passes by,

the contribution of a, shrinks by e“~* at time ¢ € (u, T].

In the case of flood insurance, the insured is a property owner and the risk
event is a flood. We denote by Y; the magnitude of the i-th flood. The risk
events can affect the frequency of claims, so we represent them in the intensity
rate process m = {m(t);t € [0, T]}. The effect of each risk event lasts for some
time, but it is discounted (by §) as time passes. For instance, the destructive
power of a flood lasts from the time of flood rising to the time of cleaning
up. However, the effect of the flood is weaker as time goes by. The process
a represents actions, like using flood-resistance materials, that the property

owner is required to take to reduce the frequency of claims.
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2.2 The Insurance Problem

We assume symmetric information, in the sense that all the information is
transparent and accessible to both insurer and insured. The information
structure is denoted by Fy = {Fy4,t € [0,7]} and the model is constructed
on the probability space (€2, F1,P). Following the principal-agent literature
that considers a representative principal and a representative agent (see, for
instance, Section 4.1 of Bolton and Dewatripont [2005], Cadenillas et al. [2007]
and Sannikov [2008]), we consider a representative insurer and a representative

insured.

The insurer selects the premium rate and the compensation. During the
contract period, the client will pay the premium continuously. The company
commits to compensate the insured immediately after he faces a loss. The
compensation can cover partially or completely the loss. The insurer observes
all the information, in particular, the insured’s actions. The insurer requires
the amount of action in the contract, and that must be followed by the insured.
That is consistent with many papers on optimal contract theory. Under the full
information case, Cvitani¢ and Zhang [2013] points out that the principal offers
the contract and dictates the agent’s actions. In the full information section,
Williams [2015] also said the principal decides the actions. The first-best models
in Chapter 4 of Bolton and Dewatripont [2005] expressed the same ideas. In
practice, to reduce losses, the insurance company may write down provisions
that require the insured to take designated actions in catastrophe and other
insurance contracts. For example, the catastrophe insurance policy may require
the insured to do necessary maintenance on the property. Otherwise, the insurer
is entitled to deny compensation for the loss directly or indirectly caused by
the lack of maintenance. See, for instance, Flex Insurance Company (2022).
Thus, we suppose the actions are taken to maximize the insurer’s utility. On
the other hand, the insured will sign the contract if his participation constraint
is satisfied. We denote by

(a7d7D) = {(atadtapi);te [O,T] and 7 = 1727}

12



the contract offered by the insurer. After signing the contract, the insured pays
continuously the premium rate d; and takes action a; at time t. When the i-th
loss happens, the insurer compensates the insured with the amount D;. We do

not assume that D; is equal to ;.

We assume that the insured and the insurer have Von Neumann-Morgenstern
utility functions U; : R — R and U; : R — R, respectively. U, is concave and
U, is strictly concave. These utility functions are also supposed to be strictly
increasing, twice differentiable, and

Uy(—o00) = lim Uj(y) = +o0, Us(+oo)= lim Uy(y) =0,

Y—r—00 Y—r—+00

(2.2.3)
Ui(—o0) = lim Uj(y) = 400, Uj(+o0) = lim Uj(y) =0.

Yy—r—00 Yy——+00

Only in this chapter, there is an extra assumption on the utility functions.
That is,

U1(0),Us(0) < 0.

The insurer’s expected total utility for a policy (a,d, D) is

N(T)

j(d, D, CL) =F /T Uz(dt>dt + UQ(_D1> . (224)

1=

The cost function of action is denoted by V;, and is assumed to be positive,
increasing, differentiable, strictly convex and satisfying V1(0) = V/(0) = 0.
Next, we present the participation constraint. We denote the reservation utility
by R € R. R is the expected total utility that the insured can obtain from
outside options. The insurer wants to offer a contract that gives an expected
total utility greater than or equal to R to the insured. Otherwise, the insured

will prefer outside options, and will not accept the contract offer.

The income rate of the insured is represented by {wy,t > 0}. We assume

that w; > 0 is deterministic for every ¢ > 0. We denote by A; the class of
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admissible controls. These are the controls (a, d, D) that are adapted to the
filtration IFy.

Problem 1. The insurer wants to select the policy (a, d, lA)) € Ay that solves
the problem

max J(d,D,a)

(d,D,a)eAq
T N(T) T
st. E / Ur(wy — dy)dt + Y Ur(D; — I;) —/ Vi(a,)dt| > R,
0 i1 0
(2.2.5
0<a <K, foralltel0,T] (2.2.6)

In this chapter, we assume the utility functions are negative when the vari-
ables are negative. The insurer loses some amount of utility if a compensation

is made and the insured loses some amount of utility if he encounters the loss

Ne(T) N(T)
from an accident. From the terms Z Uy(—D;) in (2.2.4) and Z Uy(D; —1;)
i=1 i=1

in (2.2.5), we observe that the total loss of utility due to the claims can be

reduced by taking actions.

2.3 The Optimal Insurance Contract

An extended generator on Markov processes consisting of random jumps is
explicitly calculated in Theorem 5.5 in Davis [1984]. Following this theorem,
we will present a generator of the process {(I(t),t),t > 0}. The generator helps
with our calculation of the expectation of N*(T"). We denote the cumulative
distribution function of the jump Y by Fy. We assume that Fy and the

intensity p defined in Section 2.1 are Riemann integrable.

Suppose a function f(-,-) belongs to the domain of the generator denoted
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by A. Then A acting on f(I,t) is defined by

AF(I,1) = g{ 518f /f]+0y, HdFy (y) — p() F(1,1).  (2.3.7)

Theorem 5.5 of Davis [1984] describes the domain of the generator, and Dassios
and Jang [2003] give sufficient conditions under which f is in the domain
of A. In our case, f : [0,00) x [0,7] — R belongs to the domain of A if
f € C'(]0,00) x [0,T];R) and
[ s+ onnan) - 10.0)] < oo
0
As stated by Proposition 1 in Dassios and Embrechts [1989], { f(I;,t),t > 0}

is a martingale if Af(I,t) = 0. See also Davis [1984]. Therefore, we have the

following result.
Lemma 1. The stochastic process
t
Z Ve — / e p(s)ds
1s a martingale.
Proof. We denote

1 t
fl,t) = 5[6& — ,u/ e p(u)du.
0

It is obvious that f(7,t) is differentiable with respect to each I and ¢.

| st eniry ) - s

| / (3+ome /Otewu)du) F () - (51 - /Oteéupm)du)]
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Applying (2.3.7), we obtain

1 1 >~ /1 !
Af(I,t) = 5]56‘” — e’ p(t) — 5156& + p(t)/0 (5(1 + Oy)edt — ,u/o 65“p(u)du) dFy(y)

—p(t) (%I@‘St - M/o e‘sup(u)du)
= —ep(0) + (O + plOp” = p(Os | plagi

1 t
i e+ p(t)u / e p(u)du
0
= 0.

According to Proposition 1 in Dassios and Embrechts [1989], we obtain that
the stochastic process defined by

ﬂnmwzgmmﬁ—gA&%WMu

is a martingale. From (2.1.1), we can get the required statement. O

Now we can obtain the expected number of claims.

Proposition 1. The expected number of claims corresponding to actions a =
{ay,u e [0,T]} is

EIN(T)] =0 /O T(1 —eta)e <YO + o /0 t p(s)e53ds) dt

M(u)

T ¢ t
—9/ e~y / " ,u/ p(s)e5sds+ Z Y;ed" | du| dt.
0 0 u

1=0

(2.3.8)

Proof. N*={N“(t);t > 0} is a Cox process with intensity process 7(-). From
Lemma 3a of Grandell [1976] or Theorem 2.7 of Dassios and Jang [2003], we

have

EIN(T)] = /0 Elr(t)]dt. (2.3.9)



According to the equation (2.1.2),

Elx(t)]
M(t) M(t)
:8( (1—ec'a) [ZY@ i } 1+‘”E[<ZY@‘S”>/ aurue“du})

According to Lemma 1,

M(t)

M(t) t
E[ Z Y;edri— } = e_étE[ Z Y;-eé”} =0 (YO + u/ p(u)e‘sudu)
i=0 0

and
M(t) . )
FE [( Y;el™ )/ Ayryetdu
=0 B
M(t)
= / E ZY65TZ> du
0
M(t)
— E /auru “E ZYe(S”]-" ]du
0
t M(u)
= FE /auru / (u)e‘sudu—i—ZYQe‘S” du
0 i=0
Therefore,

E[r(t)] =0(1 — e ta)e™® (YO + /Ot p(u)ef”‘du)

— e~ R /t yTye” u/t p(u)e‘sudu + Af) Ve’ | du
0 u =0
(2.3.10)
We replace E[r(t)] in (2.3.9) by (2.3.10) to obtain (2.3.8).
O

17



Changing the order of integration, we can obtain another way to express (2.3.8).

EN“T)] =6 /OT(l — e 'a)e™ (Yo + u/otp(s)e5sds) dt

T T ¢
—0F / aurue“/ e~ (1F0) u/ p(s)e’ds + Z Y;ed | dtdu
0 u

w 1=0

The role actions a = {a,,u € [0,T]} play can also be observed through the
expression above. The integration following a, is from time u to T". It indicates
that the effect of a, lasts in the time period [u,T]. The action exerted at

different moments makes different contributions in the remaining period.

We denote

T t
B [[a-ctae (Yorn [ poeas)a
0 0

T u M(1)
B, = rtet/ e~ (1+0)u u/ p(s)e’®ds + Z Y;e® | du.
t t i=0

Now, we can write E[N*(T)] as
EIN“(T)] = 05 — 0 UT atBtdt} | (2.3.11)

Since 1, > 0, p(t) > 0 for t € [0,7], and Y; > 0 for i = 0,1,2,---, it imme-
diately follows that B; > 0 for each w € Q and ¢t € [0,7]. Recalling that
7(t) is nonnegative for ¢ € [0,7], we derive that EN*(T)] > 0. Let a, =1

T
almost surely for u € [0,7], we can see EIN*(T)] = 0 (B —-F [/ Btdt})
0

from (2.3.11). Further, let @ = 1 and r, = 1 almost surely for ¢ € [0, 7], then
7(t) = 0 almost surely for ¢ € [0, 7] and it results in E[N*(T)] = 0. It follows

T T
that B = F [/ Btdt] . Otherwise, B > F {/ atBtdt} . B can be understood
0 0

as the expected number of claims if actions are not involved. B; is the intensity

rate of accidents that can be removed by one unit of action at time t.
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To find the solution of the model, we use the Lagrangian method and define

the functional £; by

T NUT)
Li(d, D, a; Ay, Ag) :=E / Us(dy)dt + Z Uz (—D;)
0 i=1

T Ne(T) T
0 0

i=1
T
+ E |:/ Agatdt] s
0
(2.3.12)

where A; and AL, adapted to Fq, t € [0,T] are Lagrangian multipliers. The
2

first order conditions for d and D are

Since Ap is constant, the solution of D; from the equations above is dependent
of [; only. Hence, the sequences {Us(D;)}iz12,.. and {Uy(D; — ;) iz 2. are
i.i.d. and independent of the process N. Thus, the Lagrangian (2.3.12) can

be rewritten as
i, D) <6 | [ ) Ualdi)it] + EN*(DEU:(-D) + AUy (D 1)

vy U - wae| - | [ Tvl(at)dt}

T
+FE [/ Agatdtl :
0

Derive the first order condition from (2.3.14) for a; to obtain

(2.3.14)

MV(a)) — Ay = —0E[Uy(—D) + AUy (D — 1)) B, (2.3.15)

for each ¢ € [0,7] and w € €. The values of the Lagrangian multipliers can

show important information of the solutions. Consider A; first. To ensure the
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first order condition (2.3.13) valid, A; must be positive. If A; = 0, we can get
D; = —o0 and d; = oo from (2.3.13). However, this causes a contradiction
to constraint (2.2.5). From (2.2.3), we have D}LHJOO Ui(D; — 1;) = —oo for
1=1,2,--+ and d}iinoo Uy (wy —dy) = —oo for t € [0,T]. Then, the left-hand-side
of (2.2.5) is going to —oo. Since R is finite, (2.2.5) cannot be satisfied. Hence,
A; > 0. Consider AL now. If AL = 0 for some ¢ € [0,7] and some w € €, it

means the constraint (2.2.6) is not binding. The action we obtain from (2.3.15),
/—1 4
ar = ‘/1 (—A—E[UQ(—D) + AlUl(D — l)]Bt) s
1

satisfies (2.2.6). If AL < 0 for some ¢ € [0,7] and some w € €2, it means the
right-hand-side of (2.3.15) is big enough such that

MV}(K) < —0E[Us(—D) + A UL(D — 1) B,

which shows the marginal cost of action is always smaller than the marginal
benefit. Inserting actions more than K will bring the company more utility,
but this preference is prevented by the upper bound of a;. The constraint
a; < K binds and the optimal action is just K. If AL > 0 for some ¢ € [0, 7]
and some w € €2, it means the right-hand-side of (2.3.15) is negative such that

AV} (0) > —0E[Uy(—D) + MU (D — 1) By,

which shows the marginal cost of action is always bigger than the marginal
benefit. Less action is required but the constraint 0 < a; binds. The optimal

action is just 0.

We define the function g : R? — R by

o Us(y1)
g(y17y2> T U{(UJ — Y — y2)

Recalling that the utility functions are strictly increasing, we have Uj(y;) > 0
and Uj(w — y; — y2) > 0. Hence, g is a positive function. Recalling that U, is
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concave and U is strictly concave, we get that Uj(y;) is a decreasing function
of y; and Uj(w —y; — y2) is a strictly increasing function of y;. Hence, g(y1, y2)
is a strictly decreasing function of y;. Thus, g(+,y9) is invertible. The inverse
function is denoted by ¢7'(-, ) and it is also a strictly decreasing function.

Similarly, we obtain that g(y1,y2) is a strictly decreasing function of ys.

Consider the function U; defined by
T B T
Uy (Ay) = / Ui(w, — di)dt + E [Uy(D* —1)] 0 (B — E[/ atAlBtdt])
0 0

- E [/T Vl(afl)dtl : (2.3.16)

0

where

DAl :gil(Alal%
di\l = - _1(/\17 —wy),

=1 ( ~ 08 | Ual=g™ (M) + Ualg™ (A0, D) - D) Bt)
if 0<—0F L%UZ(—g—l(Al,Z)) +Ui(g (A1) — l)] B, < V/(K),

WM = K it VI(K) < ~0F [A11U2<_g-1<A1, D) + Vs (A, 1) w] B,
at =0 if —0F {ALUQ(—g—l(Al,Z)) + Ui(g (A, 1) — 5)1 B, < 0.

1 (2.3.17)
The controls in (2.3.17) are the solution of equations (2.3.13) and (2.3.15).
Uy (A1) is the customer’s expected total utility corresponding to the controls
(d*, D™ a™). We know that g(y1, 1) is an increasing function of 4, so the
inverse function is also an increasing function. Thus, DM increases and di'
decreases when A; increases. That is, the customer can get more compensation
and pay less premium at the same time. The customer’s utility from the
contract may also increase. It inspires us to think that U;(A;) may be an

increasing function of A;. The obstacle is we are not sure how a’' moves
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Ay

according to A;. From (2.3.17), we can see a; " is closely related to

UN) = ——Us(—g (A1, 1) — Ur(g (A, 1) — D). (2.3.18)

Here, OE[U(A1)]B; can be recognized as the marginal benefit of the action.
V/(a;) can be recognized as the marginal cost of the action. When AL = 0
for some t, (2.3.15) becomes V/(a;) = —0FE[U(A1)]B;. It illustrates that the
optimal action is reached when its marginal benefit equals its marginal cost.

A

To explore more connections between a;' and Ay, we consider the derivative

U (1) =g5Val=g™ (A, ) + 3-Uh(g ™ (00, D)g ™" (A,

A2
—Ul(g7 (A1) = g™V (A, D). (2.3.19)

Us(=D:)
Ay

1
obtain A—Ué(—g_l(/\l, 1)) =Uj(g~"(A1,1) — ). Now, we rewrite (2.3.19) to get
1

From (2.3.13), we have = U}(D; — ;). Here, D™ = g7 (A4, 1;), so we

1

Z/{ (Al) A2

—Us(—g 1 (A, 1)). (2.3.20)

Theorem 1. Uy(A;) is an increasing function of Ay for Ay € (0, 00).

T T

Proof. We split B as B = F [/ KBtdt} +B—-F [/ KBtdt]. Then, we
0 0

rewrite (2.3.16) to obtain

Uy (Ay) = /OT Uy (wy — dM)dt (2.3.21)

+E[U1(DA1—Z)}9<B E{ / KBtdtD (2.3.22)

st o[ ] - ] 5[ [ v

(2.3.23)

From (2.3.17), d™ is a decreasing function of A; for every ¢t € [0,7]. Thus,
the term (2.3.21) is an increasing function of A;. Recalling from (2.3.11) that
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T T
B-E [/ atBtdt} > 0, we obtain B — E {/ KBtdt} > 0. Also recalling
0 0

that D is an increasing function of A; for every [ € R;, we see that the term
(2.3.22) is an increasing function of A;. Next, we will analyze the remaining
terms in (2.3.23). For each w € Q and each t € [0, T, consider

e1(A1) == 0F [U(D™ — )] (K — ) B, — Vi(a;™).

We will show ¢1(A;) is an increasing function of A;. afl takes different values
for different Ay, so we will discuss the following three cases.
(i) If Ay is such that @' = 0, then we have

¢1(Ar) = 0F [Uy(D* — )] KB, — V1(0) = E [Uy (D™ — )] KB,. (2.3.24)

Recalling K > 0, B, > 0, and D™ is an increasing function of A; for every
[ € Ry, we get (2.3.24) is an increasing function of A;.
(i) If A, is such that @' = K, then we have

¢1(A1) =0F [Ul(DAl - l)] (K — K) B — Vi(K) = =Vi(K).  (2.3.25)
(2.3.25) is constant.

(iii) If Ay is such that

at =V ( ~ B[ V(=97 (A, D) + sl (D) — ”]Bt> |

then we have

dD™M A
NN

S(A) = 6F [U{(DAI )

+0E [Uy (DM —1)] By(—
Here, D™ = g7 *(Ay,1) and

Vi(at) = ~0El5-Ua(=g ™ (40,0) + Uil (A0, 1) = DI
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Now we have

Al = 08 |07 (o) - ) 2D - o
aM
OE [U1 (g7 (A, 1) —1)] Bt<—aaAt1 )
Ay
+9E[ x Us(—g Y (A1, 1)) + Ui (g~ (Ar, 1) — z)]Bt%‘Xl

= 0E {U{ (g7 (A1, l) = 1) %ﬁl’)} (K —a)B,
+9E[A1UQ( 1(A1,l))]Btaa(j€:. (2.3.26)

Recalling the definition of 24(A;) in (2.3.18), we can see ait = V{1 (OE[U(A)]By).
From (2.3.20), we obtain

daM
oMy

= ViV (BEU(A,)]B)) HBtE[Z/I’(Al)]

=V BU(A) B OBLEL G Un(~g ™ (A1, D)

A2
We rewrite (2.3.26) to get

g~ (Al, )
oA,

+6? A3( [Us(—g~ (A, 1)) B2V, (OE[U(AL)] B;)(2.3.28)

(A1) = O0E|U; (g " (A1, 1) =) (K —al)B, (2.3.27)

U, is an increasing function and ¢g='(Ay,[) is an increasing function of Ay,

meaning

8971(‘/\17 l)

U{ (g_1<A1al) _l> 6/\1

> 0.

We also know that K —a’* > 0and B, > 0 for every t € [0, 7] and w € Q. There-
fore, (2.3.27) is non-negative. V/ is an increasing function, so its inverse Vll’1
must also be an increasing function. We can state that V, =¥ (0 E[U(A1)]B;) > 0

and therefore (2.3.28) is non-negative.
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To summarize, we have shown that ¢;(A;) is an increasing function of A4
in each case. It is obvious that ¢ (A1) is continuous, so we state that (A1) is

an increasing function of A in the interval A; € (0, 00).

Taking the integration of (A1) from 0 to 7" and then taking the expectation
on the integration, we obtain (2.3.23). So (2.3.23) increases when A; increases.
Recalling that (2.3.21) and (2.3.22) also increase when A; increases, we conclude

that U;(Aq) is an increasing function of A; € (0, 00). O
We define A, by the following equation,
Uy(Ay) = R. (2.3.29)
Then we have

Theorem 2. If there exists Ay > 0 such that (2.3.29) holds, then the optimal

insurance contract (CZ, D, a) = (dAl, DAl, aAl) is given by

dt - _g_l(]\h _wt)a

D; = g_l([\l, Li),

4 1 . N
0 if —0E [A—Ux—glml, )+ Ui(g " (Ay, D) - n] B, <0,
1
1 A R
‘/1,_1 ( —0F |:[\—U2(—g_1(A1, l)) -+ Ul(g_1<A1, l) — l):| Bt>
dt — 1

1

K Zf ‘/{(K) < —0F |:ALU2(—Q1(A1,Z)) + Ul(g71</11,l) — l):| Bt.

1

\

Proof. First, we want to verify that the process a defined by (2.3.32) satisfies
the constraint (2.2.6).

We consider three possibilities for

vy [/%Ug(—gl([&l, D)+ Ui(g~ (A, 1) — 1)1 B..
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If
1 N R
—0F [A—Ug(—g_l(Al, l)) + Ul(g_l(Al,l) — l):| Bt < 0,

1
then a; = 0 and the constraint (2.2.6) is trivially satisfied. If

_om [ LU= () + Uil (R, 1) - w] B> VI(K),

1

then a; = K and the constraint (2.2.6) is trivially satisfied. If

0< —0F {Al U2(—9_1(A1,l)) + Ul(g_l([\bl) - l)] B, < V{(K),

1

then the strict convexity of V; and the condition V}(0) = 0 imply that

(I (—eE {%UQ(—gl([\l,n) + Ui(g (A, 1) — z)] Bt) <K,

1

which is equivalent to 0 < a, < K. Hence, a,; € [0, K] for each ¢ € [0,T] and
(2.3.32) satisfies the condition (2.2.6).

Let a be a fixed admissible action process that satisfies (2.2.6). Then we
find the first order conditions similar to (2.3.13) for D; and d,,

Ué(—Dz) — AaU{(D,L — ZZ) == O, Ué(dt) — AaU{(wt — dt) = 07 (2333)

where A% is the Lagrangian multiplier. Since U; and U, are increasing functions,
A® must be positive to make the equations above meaningful. The solution of

the first order conditions is
D} = g_l(A“, L), df = —g_l(A“, —wy).
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We define

T
_F / Uy (we + g~ (A%, —wy))dt
0

N(T)

+ > Ui(g ' (A" 1) — /Vlatdt]
i=1

We denote the root of U,(A*) = R by A® and correspondingly we define
D¢ := g7'(A*,1;) and d* := —g~*(A®, —w,). Next, we discuss the existence of
A“ for a fixed process a. We will show that A exists if for the fixed process a,

there are compensation and premium processes such that (2.2.5) holds. For

the fixed process a, let D = {D;;i = 1,2,---} and d = {d;;t € [0,T]} be
any adapted compensation sequence and premium process that satisfy (2.2.5).

When A® — oo,

_I(Aa,li) — 00, g_l(A“, —wy) — 00,

which yields g~ '(A%, ;) > D; for i = 1,2,--- and g~ (A%, —w;) > —d; for

t € [0,7]. Recalling that U, is an increasing function, we have

N(T)

T
lim U,(A*) > E / Uy (wy — dy)dt + Z Uy (D l)—/ Vilap)dt| > R
0 0

A*—o00
i=1
from (2.2.5). When A — 0T,
LAY L) — —oo, g HAY, —wy) — —o0,

resulting in U,(A%) — —oo and consequently U,(A*) < R. Due to the conti-
nuity of U, (A®), we see that there exists A* € (0,00) such that U,(A%) = R
holds.

We will prove Theorem 2 in two steps. First, we will show J (cf“, De, a) >
J(d, D, a) for any fixed action process a that satisfies (2.2.6). Afterwards, we
will show J (CZ, D, a) > J (cZ“, De, a). We need some preparation before starting
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the steps.

Lemma 2.

o U Up(—D) + Uy (D — 1)] Bylas — ) > Vilay) — Vi(as).

1

Proof. According to (2.3.30) and (2.3.31), it is sufficient to prove that

0E L%Ug(—gl(f\l, D)+ Ur(g7 (A, 1) — l)} Bi(ay —ar) > Vi(ar) — Vi(ay).

1

fo<a < K,
1A N/ A 1 —1/4 —1/4 A
Vi(a)(a; — ar) = QE[A Us(—g~ (A1, 1)) + Un(g™H (Ar, 1) = D] By(ar — ay).
1

If a; = K, then
&t—at:K—atZO

and

Vila) = VI(K) < —HE[Al Us(=g~ (A1, ) + Un(g™" (Ar, 1) = 1)] By,

1

which yields

Vi(@0) (00— ) < OB U= (hos1) + Urly™ (R D) = D)ol — o)

1

If a; = 0, then
dt—at:O—atSO
and

Vi) = Vi(0) = 0 > ~0E[Ua(~g ™ (A1) + Uil (An.D) = DI

1
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which yields

Vi(a)(ar — ar) < QE[ Uap(—g " (Ay, 1)) + Ur(g~ (A, 1) = D] Bi(ar — ).

Ay

Due to the convexity of Vi, we have V/(a;)(a; — a;) > Vi(a:) — Vi(ar). The

required statement follows. ]

Step 1. Since U; and U, are both concave functions, we obtain the

inequality
N(T) T Ne(T)
/ Ur(w, — dy)dt + > U(Di — ;) / Ur(w, —de)dt + Y U(De 1)
0 =1 0 i=1
Ne(T)
/ U(w; — do)(ds — dy)dt + Y (U’ De —1)(D; — D“)) (2.3.34)
=1
Furthermore, (2.2.4) implies
J(d*,D",a) — J(d, D,a)
T N(T)
—E (U (d) Ug(dt)> dt + (Ug(—DZ)—UQ(—D1)> ,
0 i=1
which yields
j(da:f)a7a) - j(dv D7a)
N (2.3.35)
> E / Up(ds)(de — d)dt+ Y (U2 — DY) (D, — D“))

0 =1

According to (2.3.33), we can replace Uj(d?) by AUl (w; — d*) and replace
UL(—D%) by A*U!/(D?* —1;) in (2.3.35). Comparing (2.3.34) and (2.3.35), we
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obtain

J(d*, D a) — T (d,D,a)

T N(T)
> B / AU (wn — d2)(df = dp)dt + A Y (UI(D; = 1:)(Di = D7)
0 =1
. T N(T)
2 ANE / U1 (wt - dt)dt + Z Ul(Dl — ll)
0 i=1
T . N(T) A
- / Uy(w, — df)dt+ Y Uy(Df — 1)
0 i=1

According to (2.2.5), we obtain
j(CZa’f)a,a) - j(daDva)
T T
> A ((R +E U Vl(at)dtl) —(R+E [/ Vl(at)dt} )) = 0.
0 0

Therefore, d® and D® are the optimal controls when a is the fixed action process.

Step 2. As a Lagrangian multiplier, A% is a constant. The randomness of
Df depends on [; only, so 15? is independent of N%(t) for i = 1,2,---, and we
get the following equations for any a satisfying (2.2.5) and (2.2.6).

Ne(T)
B Y Ui(Dr=1)| = EN(@)E [U(D" - 1)]

:N:(T) A A (2.3.36)
B\ Y Ua(=Df)| = BIN*(T)IE |Ua(~D")]
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T
where EIN*(T)| = 0FE {B - / atBtdt] from (2.3.11). Similarly, we obtain
0

[ \a(T)
E m(bmnl = EWA(T)|E [Ui(D - 1)] .

:N;(T) A (2.3.37)
E @(D»] N(T))E |Un(=D)] .

T

where EN(T)] = 0FE {B — / dtBtdt]. Hence, the difference between
0

J(d,D,a) and J(d*, D, a) is

~

J(d,D,a) — J(d*, D* a)

_ /0 : (Us(d) — () )
o {B_/OTatBtdt]E[U2< D)} 0E [B /OTaBdt}E[UQ(—[)aﬂ

T
= / (UQ(dt) U2 dt + ) |:/ ay — CLt Btdt:|
0

+OE {B— /0 TatBtdt]E[Ug( D) — Us(— f)a)}.

Recalling [B — fOT atBtdt] > 0 and the concavity of the utility function U,

we obtain

A

J(d, D.a) — J(d", D", a)
> /OT UL(d,)(d, — d%)dt + O UOT(C” - dt)Btdt] E [UQ(—ﬁ)}
+0E {B . /0 ' atBtdt} E [U;(—D)([)a - D)} .
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According to (2.3.13), this inequality can be rewritten as

~

J(d, — J(d*, D% a)
/ d,)(d, — d*)dt + 0E [/OT(at - dt)Btdt] E [UQ(—f))}
+0F lB - / atBtdt} [[XlU{(ﬁ —I)(D" — [7)} .

Due to the concavity of the utility function Uy, we have

J(d, D,a) — J(d*, D a)

A T ~ A
> Al/ (Ul(wt ) — Uy (w, — dt))dt
0

+A0E [/OT(at - dt)Btdt] E { 1 Up(—D) + Uy (D — 1) — Uy (D — Z)]

1

T
+A0E [B - / atBtdt} E [Ul(f)“ — 1) = U(D-=1)].
0

Applying Lemma 2, we obtain

All (J(d, D,a) — J(d*, D*, a))

> /OT Uy (wy — d%) — Uy (wy — cit)>dt v E UOT (vl(at) - Vl(at)>dt]

/0 T(at - at)Btdt} E [Ul([) - z)}

|
+OE {B - /OT atBtdtl E [Ul(D“ )~ U(D - l)}
- /OT (Ul(wt d) — U (w, Jt))dt + B UOT (vl(at) - Vl(at)>dt}

+OE {B - /0 ' atBtdt} E [Ul(ba - l)}

—9E {B - /OT dtBtdt} E [Ul(f) - z)} .
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Applying (2.3.36) and (2.3.37)to the expression above, we obtain

All (7(d.D.a) ~ 7 (", D", a)

N(T)

T T
Z E / Ul (U}t - d?)dt + Ul(ﬁ? - lz) - / %(at)dt
0 1 0

NO(T)

T T
- E / Uy (wy — dy)dt + Ul(f?,-—li)—/ Vi (a,)dt
0 1 0

1=

=R-R=0.

Therefore, j(cz, D, a) > J(d,D,a) for every admissible control (d, D, a) that
satisfies the constraints of Problem 1. If A; > 0 satisfies (2.3.29), we conclude
that (d, D, a) is the optimal solution. O

Remark 1. There is Ay such that Uy(A1) < R whatever R is . It must be
smaller than A, according to Theorem 1 if Ay exists. However, the existence of
A depends on the value of R. In Theorem 4 of the next section, we will show

the existence and uniqueness of Ay with an appropriate value of R.

Remark 2. The optimal action a; s an increasing function of B;,. We can
explain it in three ways. First, if v, is high, actions at this moment are more
effective. The insured wants to take this opportunity to insert more actions.
Second, the insured prefers to insert more actions earlier if we neglect the
uncertainty elements ry, Y;, and 7;. For example, if r, = ro for every t € [0,T]

and Y = 0 almost surely, then

g r0Yo
B, = Toet/ 67(1+5)u (Ybeé‘rg) du = (efét i e157(1+6)T)7
¢ 1496
which is a decreasing function of t. Thus, a; is also a decreasing function of t.
Especially, B, = 0 when t =T, resulting in ar = 0. The action taken at an
earlier time 1is effective for a longer period. It can reduce the intensity of the

accidents throughout the whole period. The insured is motivated to act as much

'We showed Alim+ Ui (A1) = —oo when we discussed Lagrangian multipliers in (2.3.15).
1—0
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as possible at the beginning. The action taken at maturity is only effective at
the moment T'. It makes almost no contribution to lowering the intensity. The

msured does not want to waste his action, thus takes zero action at time T.
M(1)
Third, the bigger > Y;e®" is, the bigger By is. Thus more actions should be

inserted when the Z;cocumulated external exposure is more. Note that the same
amount of action deducts the same proportion of the intensity of claims. When
the exposure is high, the same amount of action can remove more intensity.
The actions are therefore more valuable and the insured will choose to execute

more actions at these moments.

2.4 The Reservation Utility

In this section, we calculate the reservation utility R of (2.2.5), which is the
utility of the potential insured if he does not purchase insurance. The partici-
pation constraint (2.2.5) means that the expected total utility from purchasing
insurance is greater than or equal to the expected total utility from not pur-
chasing insurance. In this section, we will (i) calculate the reservation utility
R when the potential insured does not purchase insurance, (ii) compare the
actions taken when the potential insured does and does not enter the insurance

market, and (iii) show that A; of Theorem 2 exists uniquely.

If the potential insured does not enter the insurance market, then he will
not pay a premium and, as a consequence, will not receive any compensation.

However, he will select the action to maximize his expected total utility.

We denote by Ag the class of stochastic processes a : [0,7] x Q — R that
are adapted to the filtration IFy.

Problem 2. If the potential insured does not purchase insurance, he wants to
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obtain the control a* € Ag that solves the problem

Ne(T)

max B /0 U (wn)dt + S Uik - /0 Vit

a€EAR 1
1=

st. 0<a <K, forallte|0,T].

N(T)
According to (2.3.11), £ Z Ui(=1;)| can be rewritten as
i=1
N(T) B T
E Un(—1) | = BlU:(~0)] (eB 9B [ / atBtdt]> L (2439
i=1 0

We define the Lagrangian function

Lo(a: Ag) = /O  Uwn)dt - B[O ()] (eB _9E [ /0 ' atBtdtD

y {/OTVl(at)dt} VB UOT Aéatdt} ,

where A}, t € [0, 7], adapted to Fy, are Lagrangian multipliers. We take the
differentiation of the Lagrangian function with respect to a; and obtain the

first order conditions
V(@) — Ay = —0BE[U (1) (2.4.30)

for t € [0,7] and w € Q. Uy(—1) < 0 for I € Ry, then —0B,E[U;(—1)] > 0 for
each t € [0, 7] and w € Q. If 0 < —0B,E[U;(—1)] < V{(K) for some t € [0,T]
and w € Q, Af(w) = 0. The solution of (2.4.39) for a, satisfies the constraint,
so the constraint does not bind. If —0B,E[U,(—()] > V/(K) for some t € [0, 7]
and w € Q, Af(w) < 0. In this case, the marginal benefit of the action is always
bigger than its marginal cost. However, the constraint a; < K binds, so the

optimal action is just K.
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Proposition 2. The optimal control of Problem 2 is given by

. = { VT (SOBEI(-D]) Vi) 2 —0BE(-D] o

K if VI(K) < —9BE[Uy (1)),

Proof. Let {a;}c0r) be any action process that satisfies the constraints of
Problem 2. We will compare the utilities from implementing the two action
processes a* and a. We denote by D(a*,a) the difference of the expected total
utilities associated with a* and a. That is,
N(T) T
D(a*,a): = E / Ur(w)dt + > Ui(—1;) —/ Vi(a))d
0 i1 0
N(T) T
— / Vl(at)d .
0

_E / Uy(w)dt+ Y Ui(—

0 i=1

According to (2.4.38), we have

D(a*,a)

— E[Uy(~0)] (eé _0E { / L BtdtD

— E[UL(=1)] <0B —0E { atBtdtD +E {

T

(Vi(ay) — Vi(a))) dt}
0

= OE[U,(—1)] (E UOT( —a BtdtD E[ 0 (Vi(ay) Vl(at*))dt} .

The convexity of V; implies

D(a*,a)

T T
> OE[U(—1)] (E {/ (a; — af)BMt}) +FE {/ Vi(ay)(a; — af)dt}
0 0
T
— | [ 0tai) + 0B 0180 (0~ eyt
0

Next, we consider the two cases described in equation (2.4.40). If af = K, from
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(2.4.40), we have
ar—af =a,— K <0 and V/(a)) = V/(K) < —0E[U,(-1)| B,
which yields
(Vi(af) + 0E[UN(=D)]By) (ar — a7) = 0.

Otherwise, if af = V/™' (=0B,E[U,(-1)]), we have V] (a}) = —0E[U,(-1)]B;,
which yields

(Vi(a;) + E[U(=1)]By) (a; — a;) = 0.

Now we can obtain D(a*,a) > 0 and conclude that the action process a* is the

optimal control of Problem 2. O

We recall @™ defined in (2.3.17). Comparing the two action processes a’

and a*, we have the following relation.

Theorem 3. For every t € [0,T):

1

Vi(a) < Vila)) - 1

Us(0) By

1

Proof. Since Us(0) < 0 and A; > 0, we have —A—UQ(O)QBt > 0. We will
1

consider three cases for a’'.

(i) Consider ai* = 0. Then, V/(a;"") = V/(0) = 0. Noting a; > 0, we know
V/(a}) > 0. Tt follows that

! 1 * * 1
Vi(ap") < Vi(a7) < Vi(ay) — 1, U2(0)05:.

(ii) Consider a*' = K. From (2.3.17), we have

/ / 1 _ _
Vi(a}t) = V/(K) < —0F A—Uz(—g YA D) 4+ Ui(g (A, 1) = 1) | By

1
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If af = V"' (=0B,E[U;(—1)]), we have
Vila;) = —0B,E[U(=1)].

It follows that

Vi(a;) = Vi(ap)

< OB | - Ual(=g7 (A1) + Uil ™ (A D) =) = Ui (1)
The concavity of the utility functions implies

Ur(g™ (A1, 1) = 1) = Uh(=1) > g7 (A, DU (g7 (AL D) = D)
and
Us(0) = Ua(—=g~ (A1, 1)) < g7 (A, U3 (—g7 (A4, 1))

for every | € Ry, so we have

Vilai) = Vi(a;)

< _0B,E [iw—g—l(m, D)+ 97 (A UL (g~ (Ans ) — w]

Ay

1 1
— —QBtE —UQ(—g_l(Al, l)) + g_l(Al, l)—
Ay A

1
< ——0U,(0)B,. (2.4.41)
Ay

(g7 (1)

If af = K, then

/ 1 10 % / / 1
Vi(a) = Vi(a;) = VI(K) = V{(K) =0 < —A—19U2(0)Bt-

1
(i) Consider at = V/! (—QE[A—UQ(—g_l(Al, D)+ U(g (A, 1) — l)]Bt).
1
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If af = V"' (=0B,E[U;(—1)]), we have
Vi(a;) = Vi(a;)

— _UB.E AilUQ(—g—l(Al,z))+U1(g—1(A1,z> - th(=n] .

Now we can repeat (2.4.41) to get V{(a) — V{(a}) < —ALIHUQ(O)B,,
If af = K, it is obvious that
Vi(al) = Vie)) = Vi(al) = VI(K) < 0 < - 6U3(0)B.
As a summary of all the cases discussed above, the required statement is

proved. O

We observe that if U(0) = 0, then V/(a') < V/(a}) as a consequence of
Theorem 3. Since V/(+) is an increasing function, we have the following relation

between the two action processes.

Corollary 1. If Uy(0) = 0, then for everyt € [0,T]:
afl <aj.

Theorem 3 shows that a™! is constrained by a*. This constraint is more
evident when Us(0) = 0.

Taking a* into the objective function of Problem 2, we obtain the reservation

utility

R /OT Uy (wn)dt + OE[U (—1)] (B _B UDT ajBtdt]> B UOT Vl(af)dt] |
(2.4.42)
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We define A; by the equation
ElU(g " (A1, 1) = )] = E[U(=1)]. (2.4.43)

Lemma 3. Ay exists uniquely. Furthermore, Ui(A1) < R, where R is the
reservation utility defined by (2.4.42).

Proof. We consider ¢,()) := E[U;(g7 (), 1) —1)] as a function of A € (0, 00).
U5(0)

From the definition of the function g, we have ¢(0,1) = m It follows
10—
_1 ( U5(0) U5(0) Us(0)
that g~ ==, 1] = 0. When A = ——>——— ) > —2— {
o 7 (i) =0 When 3 = gz 3 > g for over

[ € R; due to the concavity of U;. Since g~ !(-,32) is an increasing function,
g '\ 1) > 0 for every | € Ry. It results in ¢y()) > E[U;(=1)]. When

U3(0) U3(0) _
A= m> A< U{z(—l) for every [ € R;. Then we have g7'()\,1) <0

for every | € R; and @o(A) < E[Ui(—1)]. p2(A) is continuous and monotone be-

cause ¢~ ! and U, are continuous and monotone functions. Using the Mean Value

Theorem, we can conclude there is a unique A; such that @o(Ay) = E [Ui(—1)]

Us(0) Us(0)
d A e 2 2 .
and 2 [U{(—supRl)’U{(—inle)

Noting DAL = g=1(Ay, 1), we have E[U; (D —1)] = E[U;(—1)] according
to (2.4.43). From (2.3.16),

Uy (A)) = /OT Uy (w, — d)dt + E Uy (—1)] 0 (B - E[/OT atAlBtdt]>

Comparing (2.4.42) and the expression above, we obtain

R-Uy(A) = / T (V) = Ur(w, — @) )
OE[U (< D)E [ /O N a:)Btdt]
we [ " (M) - ila) .
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U5(0) _ U5(0)
X U1(0) < iw)
Ui(wy) — Uy (wy — di™) > 0 for t € [0,T]. Thus, the equation above implies

The range of A; indicates that A; < . It yields di\*l > (0 and

R—TU(A1)
> OE[UL (-1 E UOT(atAl - aI)Btdt] +E UOT (vl(af—l) - Vl(a;‘)> dt] .

Since V4 (-) is a convex function, Vl(a?*l) —Vi(af) > V{(a;) <affl — af[). Hence,

R—-U(\) > E [/OT (6’E[U1(—l)]Bt + Vf(af)) (ai\*1 - a:)dt} . (24.44)

Next, we consider the two cases described in (2.4.40). If aj = K, then from
(2.4.40),

Vi(a}) < —0E[U,(~)]B, and a* < al,

which yield <9E[U1(—l)]Bt + vl'(a;:))(af—l ) >0 If
at =V Y —0E[U(~1)]B;), then

Vila;) = —0E[U(=1)] By,

which yields <0E[Ul(—l)}Bt + V{(af)) (oz%1 —a;) = 0. Then, from (2.4.44), we
obtain R — Ul(Al) > 0. ]

Theorem 4. There exists a unique A, such that (2.3.29) holds and A €
(A1, 00).

Proof. Our first objective is to show that U;(A;) > R when A; — oo. Here

R is presented in (2.4.42). Since Alim A—UQ(O)QBt = 0 almost surely for each
1—00 1
A

t € [0,7], we have Alim a;t < af almost surely for t € [0,7] according to
1—00

Theorem 3. From the definition of D™ and d** in (2.3.17), we have

Uy(=D™)
Uy(DA —1)

Us(dy")

=A; and ————F—
U (w; — di)

:Al-
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When A; — oo, we obtain D — 0o and d?l — —o00, which means D™ > 0
for every | € R; and d™ < 0 for every t € [0, 7. To simplify the notation, we
T

rewrite B as B = / bidt, where
0

b= (1— e ta)e” (Y +u/0tp(u)65“du).

If lim @M = K, then af = K and

0E [Uy (DM —1)] (b — a' By) — Vi(a) — OE[U(=1)] (b — a; By) + Vi(a})
= (0B [U:(D" - l)] (b = KBi) = Vi(K))

~ (05U - KB) —A(K))

OE [Uy (D™ — 1) = Uy(=1)] (b — a; By) (2.4.45)

almost surely when A; — oo. If lim a' < K, then from (2.3.17), we have

A14)OO

lim V{(al') > lim —0FE L\l Us(—g " (A1, 1) + Ur(g7 (A, 1) — l)] By

A1 —00 A1—00

— lim —6F [A Us(— DA1)+U1(DA1—Z)] B,.
1

A1—>OO

Noting Alim Dt > 0 and noting U, is negative with negative variables, we get
1—00

hm Vi(a) > hm —0E [Uy (D™ —1)] B,.

1—)00 1—)00
Hence,
Vi(ay) — Alim Vi(at) > hm Vi(al)(a; — a™)
1—00 1—)00
> lim —0F [Uy(D™ —1)] By(a; — a;")
A]_—)OO
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almost surely, and consequently

(08 [0:(D* = )] (b= o By) = Vala™)) = (E[UL (=) (b — a} By) = Vi(a}))
> 0F [U (D™ — )] (b — ai* By) — 0E[Uy(—1)] (b — a; By)

—0E [Uy(D™ —1)] By(aj — ai™)
= 0F [Uy(DM —1) — Uy (=1)] (b — a; By) (2.4.46)

almost surely when A; — oco. From (2.4.45) and (2.4.46), we see that it is

almost surely that

<9E [0,(DM = 1)] (b — 0 B,) — vl(a,?l)) - (HE[Ul(—l)] (b — a*By) — vl(a:))
> 0F [Uy (DM —1) — Uy (=1)] (b — a; By)

for each case when Ay — oo. Integrating and taking expectation on both sides

of the above inequality, we obtain

<9E [0, (DM — )] E UOT bydt — /OTaletdt} ~E {/OTVl(afl)dt} )
- <6E U1 (~)] E {/OT bt — /OT ajBtdt} B {/DTVI(az‘)dt} )

> OE [Uy(DM —1) - Ui (-] E {/OTbtdt—/oTa;‘Btdt},

which is equivalent to

<9E [U,(DY — 1)) E {B - /OT atAlBtdt] ~E {/OT vl(afl)dt] )
- (QE UL (~0)] E lB - /OT a;‘;Btdt} B [/OT Vl(aj)dt} >

> 0F [Ul(DAl—l)—Ul(—l)]E[B— /0 a;‘Btdt] (2.4.47)

T
Recalling B — F {/ af;Btdt] > 0 and lim D* > 0 for every | € R;, we
0

A1 —o0
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obtain that the right-hand-side of (2.4.47) is non-negative. Thus,

0L [U,(DM - 1) E {B — /OT aletdt} - E UT Vl(afl)dt}

0

> eE[Ul(—mE[B— /O Ta;‘Btdt} —E{ /0 Tvl(af;)dt} (2.4.48)

when A; — co. Recalling that lim d®' < 0 for t € [0, 7], we have

A1—00

lim Uy (w; — d) > Uy (wy) (2.4.49)

A1 — 00

for t € [0, 7]. Combining (2.4.48) and (2.4.49), we obtain
T - T
/ Ui(w, — d})dt + 0E [U (DM - 1)) (B —E [/ aM Btdt])
0 0

~E { /0 Tvl(a?l)dt}
> /OT Uy (wy)dt 4+ OE[Uy (—1)] (B - E MT a;BtdtD - E UOT Vl(a;f)dtl

when Ay — oco. This is equivalent to Alim Uy (A1) > R. Lemma 3 states that
1—00
U;i(A1) < R. Uy(Ay) is a continuous function of A;. From Theorem 1, we also

know that Uj(A;) is an increasing function of A;. Therefore, there is a unique
Ay such that (2.3.29) holds and A, € (A, 00). O

Thus, Theorem 4 completes the solution of Problem 1.

We define the highest income rate by wgy, := sup{w, : t € [0,T]}. We also

!
define A; = U5(0)

—————. Then we have the following constraint for Ay
Ut (Wsup)

Corollary 2. If Uy(0) = 0, then there exists a unique A, such that (2.3.29)
holds and A, € (A1, Ay).

Proof. From (2.3.17), we see that = —g Y (Ay,—w;) = 0 when A; =
(0, —w;) = L(O) for each t € [0,T]. Noting that A; = —Ué(O) >
g 9 t U{ (wt> 9 . g 1 U{ (wsup> -
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U3(0)
Uj(wt)
dM <0 fort € 0,7

and that d' is a decreasing function of A, for ¢t € [0,7], we have

!
From (2.3.17), we see that D = g71(A1,1) = 0 when Ay = ¢(0,1) = U2(0)

U’ (0 Us(0 ) b=l
- 2(0) > ,2( ) and that D! is an
Ut (Wsup) B Ui (=1)

increasing function of A for [ € R;, we have DM >0forleR,.

for each [ € R;. Noting that A; =

From (2.3.16) and (2.4.42), we obtain

U/(A) — R = /OT <U1(wt —dM) - Ul(wt)> dt
+OE [Ul(D’_‘l - Z)} (B _E { /O ' atAlBtdtD
O[T (~1) (B B [/OT ajBtdtD

+E UOT (Vi) = Va(a)) dt} :

In the above equation, we have U; (w; — d,{‘l) — Uy (wy) > 0 for t € [0, 7] because
dM <0 for t € [0,T]. Since D™ > 0 for | € R, we have

O[T (~1) <B B [/OT a;*BtdtD

- B T
> _QE[U,(D™ —1)] (B —E U a;‘Btdt]) .
0
From (2.3.17), we also have

Vi(a?) = Vi(a}) >Vi(a)(a} — a)
= —0F L\iUQ(—DM) + Uy (DM — l)} Bi(a; — a).

1
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Hence, we obtain
) ) T
Ui(A) —R > 0E [Ul(DAl —z)} (B—E U atAlBtdtD
0

—0E[U, (DM —1)] (B —E UOT a;BtdtD

—0E {%UQ(—DM) + Uy (DM — l)] E UOT By(a; — afl)dt}

1

— _0E L\iUg(—DAI)} E [/OT By(al — a,’}l)dt} . (2.4.50)

1

Here, £ [Ug(—Df‘l)] < 0 because DM > 0 for each [ € R;. Corollary 1 shows
that af — a > 0 for every ¢ € [0,T] when U(0) = 0. Now we can get
Uy (Ay) — R > 0 from (2.4.50). Because U;(A;) is an increasing function of A,
Ay < Ay. Theorem 4 shows that A; > A4, so we can conclude the unique Ay is

located in the interval (Aq, Ay). O

2.5 The Exponential Utility and the Quadratic
Cost

In this section, we apply the theory developed in Sections 2.3 and 2.4 to the

case
Ui(y) = —e Y, Us(y) = —e ™, Vi(y) =my*, K=1, w, =0,

where 71 > v > 0 and m > 0 are constant parameters. Then, g is given by

_ Us(=y) e
g(y17y2> - U{(y1 _ yz) - 716—’71(3/1—3/2).

For a fixed y,, the inverse function g~1(-,1s) is given by

ln(y) -+ ln(%) + 71Y2
Y1+ V2 .

9 (y,y2) =
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From (2.3.30) and (2.3.31), we obtain

A
n(Am

dy=—g "My, —wy) = —g " (A1,0) = ——2 " for t € [0,T];  (2.5.51
o= =g (A ) = =g (A 0) = — B for t € [0,T]; (2551)
A . l; +1n<Alv1)
D; = g YAy, fori=1,2,3,- 2.5.52
g () = Y1+ VY2 ( )
We have
—GE[A Up(—g " (Ay, 1)) + Ur(g " (Ay, 1) = 1)] B,
1

_F | Lottt | o) | g
1

— QBt(Alfyl) 71+72 E[e]lllgv;](l + "}/1)

2 V2

which is positive for every t € [0,7]. In this example, V/(y) = 2my, so
V{(K) =V{(1) = 2m and V{"'(y) = ;L. Hence,

Y172 A 172!

%Bt([x;zl) e E[evﬁm](l + 71) if QBt(A;;q) e Elen#z](1+ %) <2m

Y172

1 if QBt(A;;I) ¥ Elente](1 + 1) > 2m,
(2.5. 53)
Since —9B,E[U,(—1)] = §B,E [e"], applying (2.4.40), we obtain

\ 2=BE [en!] if 0B,E [en!] < 2m
a, =
' 1 if 0B,E [en!] > 2m.
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Ay in (2.5. 51) (2.5. 53) is the solution of U;(A;) = R. We denote C; :=
OB, (") va[eww](H ). Recalling (2.3.16), we have

U(A)—/TU 0+ln(Ai dt
I T+ 72

lz—l-lnm _ T T
+E o [ SR e(B—E[/ dtBtdt])—E[/ m&fdt}
0 0

Y1+ Y2

- (Am) T — E[Jfﬁi’g] (Am) ey
2 V2

T
_ 0 A
(B —F / (—BQ( 171) w1+72 E[ewﬁ-wz](l + :; )H{Ct<2m} + Bt]I{Ct>2m}> dt])
0

2m Yo

T 2
2 A 2 Y12l 2

_E /0 m <4m2 B2< ;Zl> 711%2 <E[ew1l+?yg]> (1 + %)2H{Ct§2m} + H{Ct>2m}> dt]

A v172l A S = g

- ;’Yl) s T - E [ewfﬁg] (;_71) 4% 0 (B - F [/ Bt]I{Ct>2m}dt:|)
2 2 0

02 172t \ 2 nmoo1 V12 ’ 2 Al%
+_<Eevl+v2> (1—|————1+ E/BH \<om)dt 71”2

2m [ | Y2 2( 72> 0o (crsamy | ( Y2 a

T
0

02 172l N\ 2 T A _2m
2 (pet)) - D [ / Bfﬂ{ct<2m}dt}( )=
4m 7 0 - V2

Y172! _ T A
— (T +0E[en 2 (B-E Bil¢ oo dt My =—5%
0 e } Y2

T
—mFE |:/ H{Ct>2m}dt:| .
0
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According to (2.4.42), we have

R:[fUﬂmﬁ+9EWﬂ4ﬂ(B—E[AT@Bﬂd)—E{ATmMD%@

— (T + 0BE[e™))

T
+0E[ME { / ( Ele™Lpp, pent<am) + ]I{HBtE[e”Yll]>2m}> Btdt:|
0

92
—mkE |: (_4 'Yll B H{eBtE[eW1l]<2m} + H{@BzE[e’Yll]>2m}> dt:|
02
:R(E[G'Yll]) E |:/ Bt H{GBtE[ewll}SQm}dt}
0

T
+E {/ (0B.E[e™] — m)ﬂ{eBtE[e’v1l]>2m}dt:| (T + 0BE[e™).
0

Even though the equation U, (Al) = R looks complicated, the monotonicity of
U; (A1) and the uniqueness of Al allow us to use the bisection method to find

A; in the following numerical analysis.

Equation (2.5.52) shows that D; # 1;, so full compensation is not optimal.

Example 1. To consider a numerical example, assume that the magnitude Y
of the external risky events has exponential distribution, and the intensity p is

constant: p(t) = p € [0,00).

We will investigate how the solution depends on the parameters 0, p, Ell],
i, Y1, Y2, and the variance of 1(t) fort € [0,T]. We fiz the other parameters
asT=1,Yy=1,m=5,0=1,r=1, and a = 0.

The benchmark parameter values are § = 1, p = 1, p = 1, 7, = 2,
72 = 1, and I has probability distribution P{l = 2} = 0.5, P{l = 2.2} = 0.3,
P{l =24} =0.2. Then, A, = 0.0108 and the optimal insurance contract (for
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these parameter values) is given by

d, = 1.2794;
0.0539 ifl; = 2.0
D;=1<¢ 0.1873 ifl; =22
0.3206 if l; = 2.4;

d; = min{16.23215;, 1}.

Since a is a stochastic process, we will consider Ela;]. Figures 2.1 to 2.4
show that d;, D;, and Ela;] increase when the parameters p, 0, p, and E|l]
increase. These four parameters reflect the risk in different aspects. Thus, when
the risk increases, the insurer requires a higher premium, pays less compensa-

tion, and requires the insured to increase his expected action.

Figures 2.1 to 2.4 also show that the expected insured’s action decreases
when time passes, and that the insured is required to take no action when

maturity approaches. This is consistent with Remark 2 of Theorem 2.

Figure 2.5 shows that when the insured’s risk aversion 7y, increases, the pre-

mium increases, the compensation decreases, and the expected action increases.

Figure 2.6 shows how the solution depends on the insurer’s risk aversion s.
We recall that the insured’s reservation utility presented in Section 2.4 is not
affected by the insurer’s risk aversion v,. Figure 2.6 shows that the premium
and the compensation decrease when the insurer’s risk aversion increases. This
makes sense because, as the risk aversion increases, the insurer avoids risk by

paying less compensation in exchange for receiving less premium.

We have also studied the situation in which the mean remains the same but
the variance changes. Figure 2.7 shows that the variance does not affect much
the optimal premium d or compensation D when the mean is fized. However,
the optimal expected action E[a| decreases when the variance of I(t) increases.

Since it is impossible to list the variances of I(t) for all t € [0,T] in the figure,
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we use the variance of I(T') as a representation.

1.4
12
—— Premium
1+ Compensation | =2
Compensation | =2.2
Compensation | =2.4
0.8 [
06
04r
02F
0 . | | I
1 1.2 1.4 1.6 1.8 2

Expected Actions

Figure 2.1: The other parametersare @ = 1, p = 1, 71 = 2, and 2 = 1. Furthermore,
P{l =20} =05, P{l=22}=03, P{il=24} =0.2.

o1



1.4
12f
_________________ e
1r Compensation | =2 | |
Compensation | =2.2
Compensation | =2.4
0.8+
06
0.4 V
021 |
0 1
0.5 1 |
0
1

Expected Actions

Figure 2.2: The other parameters are p = 1, p = 1, 11 = 2,
Furthermore, P{l = 2.0} = 0.5, P{l =2.2} = 0.3, P{l =2.4} = 0.2.
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Figure 2.3: The other parametersare # = 1, 4 = 1, 71 = 2, and 2 = 1. Furthermore,
P{l =20} =05, P{l=22}=03, P{i=24}=0.2.
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Figure 2.4: The other parameters are 0 =1, p=1, u =1, 7, = 2, and v = 1.
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1F o [== Premium i
P Compensation | =2
_— Compensation | =2.2
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0.6 ]

4

Expected Actions

Figure 2.5: The other parameters are # = 1, y =1, p = 1, and 5 = 1. Furthermore,
P{l=2.0}=0.5, P{l=22} =03, P{l =24} =0.2.
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1.5

L [— Premium
Compensation | =2
Compensation | =2.2
Compensation | =2.4

05

Expected Actions

Figure 2.6: The other parameters are # =1, u =1, p = 1, and y; = 2. Furthermore,
P{l =20} =05, P{l=22}=03, P{i=24} =0.2.
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Figure 2.7: The other parameters are 0 = 1, 73 = 2, and 5 = 1. Furthermore,
P{l =20} =05, P{l=22}=03, P{i=24} =0.2.
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Chapter 3

Adverse Selection and Multiple
Claim States

This chapter consists of three sections. The problem is constructed in Section
3.1 and the solutions to the problem are presented in Section 3.2. We explain

why the boundaries on the premium and compensation are necessary.

3.1 The Model

Let S C [0,00) be the loss set. For every s € S, s is a possible loss amount at
one period. Suppose there are two types of insureds in the insurance market.
The low-risk type possesses a high probability of encountering a small or zero
loss and a low probability of encountering a big loss in each period. The
high-risk type possesses a low probability of encountering a small or zero loss
and a high probability of encountering a big loss in each period. Let L and H
denote the risk levels for the low-risk and high-risk insured respectively. At the
n-th period, the loss amount is a random variable X,,. So, for each w belonging
to the sample space €2, X,,(w) € S. Since the type is innate and will not change
over time, we suppose the probability of each type having some amount of loss
at each period is fixed. That is, we suppose X1, Xo, X3, -+, X are identically
and independently distributed for either type, where IV is the total number of

periods. The information revealed up to the n-th period from the loss is the
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filtration Fy := {Fopn,n=1,2,--- , N}, where

fQ,n = O-(XlaXQa e 7Xn)

is a o-field generated by random variables. On the space (€2, F), we denote

P := probability measure of the low-risk insured

() := probability measure of the high-risk insured

and we suppose P and () are equivalent. Let X be a random variable that has
the same probability distribution as X, Xs,--- , Xn. We denote

Fp := distribution function of X under P

Fg := distribution function of X under Q).

We define for every s € S,

M(s) = (3.1.1)

In the special case in which X is a discrete random variable under P and under

(), we can write
dFy(s) _ ols)
dFp(s) ~ pr(s)’

where pg is the probability mass function of X under ) and pp is the probability

M(s) =

mass function of X under P. In the special case in which X is a continuous
random variable under P and under (), we can write

M(s) = dFg(s) _ fols)

dFp(s)  fp(s)’

where fq is the probability density function of X under ) and fp is the
probability density function of X under P. To show how the two types behave
differently, we suppose M (s) is a strictly increasing function of s. It means

that the high-risk insured is more likely to encounter a big loss while is less
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likely to encounter a small loss compared to the low-risk insured. We denote
M, := M(X,) forn=1,2,--- | N. It is obvious that

Ef[M,)=1forn=1,2--- N (3.1.2)

where E¥ means the expectation under the measure P. Let EY denote the
expectation under the measure (). The performance of the insured in previous
periods is crucial for the insurer to tell the type and determine the contract in

the following periods, so we need to record the path of loss. We define

Sn = {(I’l,IQ,"' ,xn):xhx%"' , Ty € S}

Every x € S™ is n-dimensional. z; is the loss amount at the ¢-th period for

i=1,2,--- ,n. The probability of walking path = = (x1, 29, -+ ,,) is

dFI(an) () = dFp(x1)dFp(xs) - - - dFp(x,) for the low-risk insured and
dpé”) (z) = dFg(z1)dFg(xs) - - - dFg(x,) for the high-risk insured.

If X is a discrete random variable under P and under (), the probability of

walking path = = (x1, 29, -+ ,x,) is

dFI(pn) (x) = pp(x1)pp(x2) - - - Dp(z,) for the low-risk insured and

dFén) () = po(x1)pg(x2) - - - po(xy) for the high-risk insured.

If X is a continuous random variable under P and under (), the probability of

walking path = (zq1, 29, ,2,) is

dFI(D") (x) = fp(x1) fp(z2) -+ fp(x,)(dz) for the low-risk insured and
dFézn) (x) = folx1) fo(xs) - - - fo(z,)(dz) for the high-risk insured.

Lemma 4. Let f : S — R and h : S — R be two functions. Suppose there
exists ' € S such that f(s) > h(s) when s < s' and f(s) < h(s) when s > ¢
(i) If EP[f(X)] = EP[W(X)], then E°[f(X)] < E?[h(X)].
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(it) If EQ[f(X)] = EC[A(X)], then E[f(X)] = EP[(X)].

Proof. When X < &', M(X) < M(s") because M (s) is strictly increasing in s.
Meanwhile, f(X) — h(X) > 0. Thus,

M(X) (f(X) = MX)) < M(') (f(X) = h(X)).
When X > §', M(X) > M(s"). Meanwhile, f(X) — h(X) < 0. Thus,
M(X) (f(X) = MX)) < M(s') (f(X) = h(X)).

When X = ¢/,

(i) Therefore,

B9 (X)] - E9h(X)] = B [M(X)(f(X) - h(X))]
< M(s)E"[f(X) — h(X)] = 0.

The required statement follows immediately.

(ii) Therefore,

The required statement follows. O]

Consider a decreasing function f : S — R and a constant function A : S — R
that satisfy the condition ET[f(X)] = h(X). Then, the s’ described in the
lemma must exist. The relation E9[f(X)] < h(X) can be obtained through
the lemma. It follows that

Corollary 3. If f : S — R is a decreasing function, then ET[f(X)] >
EC[f(X)].
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It is natural to derive the next corollary.

Corollary 4. If f : S — R is a strictly decreasing function, then ET[f(X)] >
EC[f(X)].

Lemma 5. If f : R — R s a decreasing function, then

dFS () . dFS () .
/Iesn I (sz") (x)> ) > /xeS” I (sz") (x)> UG @)

form=1,2,--- N.

Proof. dF™ dF™ (2) impli £y () 1. Si is 5 decreasi
roof. dFy"(x) > dFp”(x) implies —y . > 1. Since f is a decreasing
dFp" ()

dFy) ()

function, we have f ™
dFp”(z)

) < f(1). Thus,

dFy ()

(dFégn) (z) — dFJ(Dn) () f (m

) < (dFY(x) — dF7 () f (1), (3.1.3)

F (x
dFézn) () < dF{Y(x) implies —2—"" (@)
(n

(@)

< 1. Since f is a decreasing function,

dFy (z)
we have f (m) Z f(l) ThU.S,
dFE™ (g
(AFS (@) — S (@) ] (—szn) 8) < (Y (x) — dFE (@) (1) (3.1.4)

From (3.1.3) and (3.1.4), we obtain

/ f(j?%—iii) (4P (@) = ar @) < [ £0) (4§ w) - dF @)

resn resn

forn =1,2,---, N. Noting that / dFé,") () = / dFS () = 1, we continue

zesn zesn
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the inequality above to obtain

dFS) (z
& (ﬁ) (S (@) — P ()

TzeS™
< 1(1) / (4PS (@) — dF P (@)) = 0.
TeEST
The required statement follows immediately. O]

After observing the loss path x € S™, the insurer provides the contracts
in the next period with premium denoted by d7 ,,,, for the low-risk insured,
premium denoted by df; ., for the high-risk insured, compensation denoted
by Df ., for the low-risk insured, and compensation denoted by Df; ., for
the high-risk insured. The amount of compensation will be determined also
according to the loss amount at the (n+1)-th period. Now we have the contract

for type L
Cr={(dpn,Drn)in=1,2,--- N}
and the contract for type H

CH = {(dH,n,DH,n);n = 1,2, e ,N}

The external income of the insured at each period is assumed to be constant
and denoted by w. The proportions of type L and H among the insured are
denoted by py, and py respectively and p;, + pyg = 1.

Given z € S™, at the (n+1)-th period, the insurer’s utility is thus Us(d7 ,, ;1 —
D7 1) from type L and Ux(dy,,., — D) from type H. We denote
Ji(dy, Dy, dy, Dy) as the expected total utility of the insurer during all the
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periods. Then we have

N
jl(dLa DLa dHa DH) = pLEP {Z/ UQ(di,n - Di,n>dF](3n_1)(x)}
S

n—1 n—1
N
E? Uy(d%, — D% YdFS™
+ PH Z S 2( Hn Hn) Q ( )
n—1 n—1

If the low-risk insured chooses C;,7 = L, H, his expected total utility is

N
V(L,i) = EF {Z/ Uy(w — d2, + D¥, — Xn)dF;"”(x)}
n=1 St

during the contracting periods. If the high-risk insured chooses C;,© = L, H,
his expected total utility is

N
V(H,i) = E° {Z / Uy(w —d, + Df, — Xn)ng”(x)}
n=1 sn-t

during the contracting periods. From the relation of measures presented in

(3.1.1), we show the last expectation under measure P.
N
V(H,i) = {Z /S 1 E°U\ (w — d2, + D, — Xn)ng”(x)}
n=1 "

N
= {Z/ EPMnUl(w _ df,n + Dzn — Xn)dFé?”—l)(x)}
n—1 Sn—1
N

Sn—l

n=1

We denote by As the class of admissible controls. These are the controls
(dp, Dy, dy, Dy) that are adapted to the filtration Fy := {Fo 1, Foo, -+, Fan}-
Under some conditions, the insurer aims to maximize her utility by controlling

the premiums and compensations. We construct the following problem.
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Problem 3.

(dL,DL,I?Ha,}éH)GAQ Ji(dp, Dy,dy, Dy)
. Vb = A (3.1.6)
VUL ) = Tl (3.1.7)
V(L,L) > V(L, H), (3.1.8)
V(H,H) > V(H, L), (3.1.9)
dLnSiDLle_) for n=1,2,--- N (3.1.10)

R; and Ry are reservation utilities of type L and type H respectively. We
define them as utilities the insureds obtain when the insureds do not enter the

insurance market.

Ry = EP{iUl(w—Xn)}, Ry :

n=1

E© {i Ur(w — Xn)} :

N N
and we assume E© {Z Up(w — Xn)} E© {Z Up(w — Xn)} > —o0. Con-

n=1 n=1

straints (3.1.6), (3.1.7) show that the insured gets more utility from the insur-
ance contract than that from not entering the insurance market. Therefore,
the insured will enter the insurance market and take the contract offer. We
call (3.1.6)and (3.1.7) reservation constraints. Since the insureds’ types are
not observable to the insurer, the low-risk insured may choose Cy if he could
get more utility from it. Constraint (3.1.8) ensures that type L will choose
Cr, because it brings him more utility than Cy. Constraint (3.1.9) illustrates
the same idea for type H. We call (3.1.8) and (3.1.9) incentive compatibility
constraints. Constraint (3.1.10) is the main difference we have from models
of the literature in the same area. In this constraint, d and D are constant
boundaries for the premium and compensation of type L. Since d is the highest
premium that the insured will pay and D is the lowest compensation that
the insured will receive, we suppose that d > D. With more than two states,

there could be M (s) — oo when s increases. Under this circumstance, we will
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demonstrate that the traditional model is inappropriate and it is crucial to
introduce the boundaries for dy, ,, and Dy ,. If M(s) is bounded, we will show
the conditions under which the traditional model is inappropriate and (3.1.10)
is necessary and the conditions under which the traditional model is still valid

and (3.1.10) is not necessary.

3.2 The Solutions

To solve for the optimal controls, we will, first, temporarily ignore constraints
(3.1.7) and (3.1.8) in the problem. With the remaining constraints, we will then
apply the Lagrangian method to the problem and derive the candidate solutions.
The candidate solutions will be proved to be optimal to the problem without
(3.1.7) and (3.1.8). Next, it will be shown that these candidate solutions satisfy
the ignored constraint (3.1.8). If the constraint (3.1.7) is also satisfied by the
candidate solutions, then the candidate solutions are optimal to the original
problem. At last, if (3.1.7) is not satisfied, we will show other solutions to the

original problem.

Let A and M be the Lagrangian multipliers for the reservation constraint
(3.1.6) and the incentive compatibility constraint (3.1.9) respectively. The first

order conditions of the problem are

poUs(d},, — D7) = MU (w — di, + D, — Xa)

dFy "V (x)

dry " (x)

puUs(dy, — D) = MU{(w — diy, + Dip, — Xn) = 0.

+ MM, Uj(w—di, + D7, —X,) =0,

We rewrite the first order conditions and obtain

st - g )< M) X
Ln— HLmn<*n) —

Y

n—1
I prdFp =" (x) (3.2.11)
X X >\
g(dH,n - DH,n? Xn) - _1
PH
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From the equations above, we see that Al has to be positive because ¢ is a
ANFS ™ () — MM, dFS ™" (x)

prdFp " (x)
same reason. However, if M(-) is unbounded, then there is always w € Q such

that

positive function. We also need > () for the

MNFR ™) (x) — MM, dFS ™ (2)
prdF V()

<0 (3.2.12)

for every x € S" ! and n =1,2,--- , N. In this case, the first order conditions
are invalid and the solutions cannot be derived from the first order conditions.
That is the reason we need to take the boundaries d and D into consideration. In
this case, d will be the optimal premium and D will be the optimal compensation

for type L. We will show more about the presence of d and D in the solutions

later. For z € S"~! where n =1,2,--- , N, we define
_ ARET D (2) — MM (s)dFS ™ (x
Ap = {s € Sig(d s < 2T WA ()
prdFp " (x)

If X,, € A7 for some w € €2, then

NRFR ™Y (@) — MM, dFS ™" (x)

gJ_DaXn S —
( ) prdFy ) (x)

ARFS ™ () — MM, dFS " (x)
prdFy V()
is a positive function. That means the first order condition for type L in
(3.2.11) is valid. (3.2.11) also shows that g(d — D, X,,) < g(df ,, — D ,,, X,).
Because g(y1,1») is a decreasing function of y;, we obtain d — D > di . — D7,
for X, € Af. Constraint (3.1.10) requires df , — D7, < d — D for each
n=1,2,--- N and each x € S""'. So, for X, € A{, the value of df , — Dj ,
derived from (3.2.11) locates inside the boundaries. Then, we will use the
di , — Di, derived from (3.2.11) as the solution for type L. Otherwise, if
X, ¢ Af, the result df , — Df , from (3.2.11) may exceed d — D or (3.2.11)

For X, € A7, we see that

> ( because g
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may not be valid. Then, for X,, € S — A{, we just let

&, ~ Dj,=d-D.

(3.2.13)

The solution (3.2.13) can be reached only if the premium equals d and the
compensation equals D. The premium dj , is determined and paid at the
beginning of period n, so dj ,, = d not only when (3.2.13) occurs but for every
X, € S. Correspondingly, the value of D7, is obtained in different cases
through (3.2.11) and (3.2.13). We will derive the solution for type H through

the first order condition. We now present the solutions.

i, =d, (3.2.14)
Io g (Aﬁdﬂ&”‘”(x) ~ MM, dFy ()
DI, = prdFp(x)

,Xn> ,if X, € A2

D, if X,€S8— A7

(3.2.15)
)\I

dy,, — D%, =gt <—1, Xn) : (3.2.16)
’ ’ PH
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Here, with T denoting the indicator function, A* and Al are such that

N Rp(n—1) I (n—1)
AN dF x) — A\ M,dF T
EF 2 :/ |:U1 (w _ g_1< 1dFp (2) (n_11) Q ( >,Xn> - Xn)]IXneA‘f

+ U, (w —d+ D — Xn) ]IXnGS—Agf:| dFl(gn_l)<J])} = R;,

(3.2.17)

N

M _

E@ Ulw—-¢ ' (2L x,) - X, |dr®™Y

{Z/Snl 1(w Y (pH’ ) ) o (@)
N R 7(n—=1) I (n—1)
AN dF z) — A\ M,dF T
:EQ{Z/ {Ul(w—g_1< rdFp" () = N o ( ),Xn> —Xn)HXneAff
Snfl

prdFp~ (x)

+U (w—d+D-X,) JIXnGSA?} dFCg"”(x)}.
(3.2.18)

In (3.2.14)-(3.2.15), when X,, € A{, as discussed above, the solution d7 , —
D7, < d—D. Noting that djn = d, we get D7, > D for X,, € A7. If for some
NFR ™ (@) — MM, dFS ™" (2)

weNre St andn=1,2,---, N, wehave =
prdFp " (x)

0, then

MEAFPC Y () = ML AFET Y (2
g_1< 14 p () 1 Q ()7Xn>

- (3.2.19)
prdFy Y (z)

is well defined on S — A{. Then,

- <>\de}()"1)($) — MM, dFS V()

- ,Xn) >dy, ~Df,=d—D (3.2.20)
prdFy " (z)

when X,, € § — Af.

Supposing y,z € R, we define the notation S;. S; C S and for every

L (ydFETV (@) = 2M(s)dFS T (@) .
s€ S, g oD , S | exists.
prdfp ()
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Lemma 6. Letz € S" ' andn=1,2,--- ,N. Then,

o (deI(D"I)(;I:) — zM(s)dFy V() S) .
prdfp " (x) ’

is a decreasing function of s € S.

Proof. We denote

(n—1) —z S (n—1) T
ydFp™(x) — 2M(s)dFy,™ )75,) (3.2.21)

[(x,y,2,8) =g " —
prdFy " ()

It is sufficient to illustrate —I'(x,y, z, s) — s decreases as s increases. From the

definition of g, (3.2.21) is equivalent to the equation

Uy ydFy (@) — 2M(s)dFg " (x) (322
Uf(w =T —s) prdFE Y (x) ' -

We will prove by contradiction. Suppose —I'(z,y, z, s) — s does not decrease
when some s € S increases, then we have I' decreases for some s € 5.
U5(T") will not decrease because U is a concave function. Meanwhile, we have
Uj(w—T—s) does not increase because U; is a concave function too. Recall that
US(T") and Uj(w — I — s) are both positive. So, we obtain the left-hand-side of
(3.2.22) does not decrease as s increases. However, M (s) is a strictly increasing
function of s and z > 0, so we have the right-hand-side of (3.2.22) decreases as

s increases. That is a contradiction. Thus, the required statement follows. [

Proposition 3. There ezist At > 0 and A\l > 0 such that (3.2.17) and (3.2.18)
hold.

Proof. Step 1. We will show that for any fixed Al € (0, 00), we have A\ff >0
such that (3.2.17) holds. Let y € RT. Similar to A7, we define the set
Bi(y) = {s:9(d - D.s) < Vo) = MM (PG )
pLdFp " (x)
L ydFSTV () = MM, dES TV (@) N

( prdFy () )

} . We denote

o1(y) =g
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ydFy Y (x) — N M(s)dFy ™V (2)

dF(nfl)
prLdFp ()
S*~Land n = 1,2,---,N. Noticing g is a function that takes only positive

When y — 0, < 0 for each s € S, z €

values, we have BY(y) = 0 for every z € S" ! and n = 1,2,--- , N. Therefore,

EP{ ZN: / [Ul (w = d1(y) — X)Ly, eBr )

nzlreS”*1

+ U, (w —d+D-— Xn) ]IXneSBf(y):| dFJ(Dn_l)@)}

N
="} / Uy (w—d+D—X,)dFy™ " (x)

nzleS"—l

Recalling that d > D, we obtain that
U, (w—c?—i—D—Xn) < U (U)—Xn),

which yields
N
< B / Ur(w — X,)dFSV(2)| = Ry. (3.2.23)

ydFy V(@) — MM (s)dFy " (x)

dFS V()
pratp )
re S tandn=1,2,---,N. Noting g(d — D, s) is finite for each s € S, we

When y — o0, — oo for every s € 5,

71



obtain Bf(y) = S for every x € S" ' and n =1,2,--- , N. Therefore,

EP{Z / (U1 (w = ¢1(y) — X0)Lx, 2 y)

resSn—1

+ Uy (w—d+D—X,) Ix,es-pry ]dF(n V(a )}

_ Z / Uy (w — ¢1(y) — X, )dFS ()

xES" 1

According to the definition of g, we have ¢;(y) — —oo for each X,, € S and
x € S" ! when y — oo. So,

Up (w—¢1(y) — Xp) > Ur(w — X,)

and it yields

> EF [ 3 / Ur(w — X,)dFSD(2)| = Ry. (3.2.24)

The expression

EP{Z/ (U (w — ¢1(y) — X)) x,enr )

zesn—1

+ Uy (w—d+D — X,) Ix,es-Br(y }an Dz )}

is continuous of y. Due to the Mean Value Theorem, as a result of (3.2.23) and
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(3.2.24), we can always find y € (0, 00) for a fixed Al such that

EP{ Z / [Ur(w = 61(y) — X)) Lx,eB:(y)

_11‘65"*1

+ Ui (w—d+D-X,) HXnGS—Bﬂyﬂsz(o"l)(w)} = Ry,

Equivalently speaking, we have a A € (0, 00) for any fixed Al € (0, 00) such
that (3.2.17) holds.

Step 2. We will show that among the pairs (A, A\l) that satisfy (3.2.17),
we can always find a pair that satisfies (3.2.18). Let z € RT. We start with
the pair of variables (y, z) satisfying

N
EP{E: /ﬁ[wa—¢ﬂ%Z%—XJEaaﬁmd

nzlxesn—l
U (w—d+D-X,)1I e | dESTY =R
+ Uy (UJ +D n) XnES—BQ(sz)} P (Z‘) L,
(3.2.25)
where
(n—1) (n—1)
. ydF (x) — zM,dF, (x)
pLdFp ()

_ AF" () — 2M(s)dF™ Y (x

Bi(y.2) i= {sigld—D,s) < W2 MO W -y
prdFp" " (z)

Equation (3.2.25) is the same as (3.2.17) except that (A Al in (3.2.17) is
replaced by (y, z) in (3.2.25). From Lemma 6, we derive that

o ydFy V(@) — 2M(s)dFS ™" ()
prdfy " (z)

,8) —s

is a decreasing function of s € S for every x € S" tand n=1,2,--- ,N. It is
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obvious that both

dF(n_l)x —zMde(n_l)x
- (M) R

— ,8) —s ) and Uj(w—d+D — s)
prdFT Y (z) ) )

are decreasing functions of s. According to Corollary 3, we obtain that

E° |:U1 (w — ¢2(y, 2) — Xn)ﬂxneB;(y,z> +U (w—-d+D-X,) ]IxneSBa”(y,z)}
(3.2.28)

< EP {Ul (w — ¢2(y, 2) — Xn)ﬂxneB;v(y,z)

+ U, (w —d+D- Xn) HXnESB%C(yvz):|
(3.2.29)

for every x € S" ! and n = 1,2,--- , N. Recalling ¢g~!(-,92) is a decreasing
dFé?n_l)(x)

function, we get the term (3.2.28) is a decreasing function of —————.
(n—1)
aFy (@)

According to Lemma 5, we have

/ E@ {Ul (w — 2y, 2) — Xn> Ix,eB3(y.2)

zesSn—1

+ Ui (w—d+D - X,)Iy,e S_B;(y,z)} d Fg—ﬂ(x)

< / E9 {Ul (w — (Y, 2) — Xn)ﬂxneB-;(y,z)

resSn—1

+ Uy (w —d+ D — Xn) ]IXneS—BS(y,z)] dF}(;n_l)<l‘).

Noticing the relation between (3.2.28) and (3.2.29), from the inequality above,
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we obtain

/ EQ |:U1 (w - ¢2(y7 Z) - Xn>]IXn€B§(y,z)

.’EESn_l

+ U (w —d+D— Xn) HXneS—Bg(y,z)] ng(gn_l)@)

< / EF [Ul (w — ¢2(y, 2) — Xn> Lx.eB2(y.2)

relSn—1
+ U, (w —d+D-— Xn) ]IXHES—B%(%Z):| dFI(;nfl)(:c).
Thus,
N
EQ{ Z / [Ul (w - ¢2(y7 Z) - Xn) ]IXnEBg(y,z)
n=1
zesn—1

-+ U1 (U) — Ci‘i‘ D - Xn) ]IXnGS—Bg(y,z)‘| dFénil) (x)}

N
< EP{ Z / {Ul (w — Pa(y, 2) — Xn> Ix.eBs(y,2)

nzleS”_l
+ U, (w —d+D - Xn) ]IXneS—Bg(y,z)} sz(an_l)(x)}

_R,. (3.2.30)

When z — 0, to keep (3.2.25) holding, y must not approach 0. We will show
that by contradiction. Suppose y,z — 0, then B3(y,z) = 0 for each z € S"~!
and n =1,2,--- | N. The left-hand-side of (3.2.25) becomes

N
EP Y / Uy (w—d+D—X,)dFy ()

nzl:cES”’l

From (3.2.23), we see the expression above is smaller than R;, which means
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(3.2.25) does not hold. Therefore, when z — 0, there exists y* € R* such that
y > y* > 0 and consequently,

ydFy V(@) — M, dFy V(@) y oz

prdFT Y (z) pL  PH

foreveryw € Q, x € S" ' andn = 1,2,--- , N. Then, ¢s(y,2) < g~ (i,Xn)
P

for every X,, € Bi(y,z) and z € S"~! because g~!(-, ) is a decreasing func-

tion. We get g_l(i,Xn) — oo from the definition of g when z — 0, so
PH

s ) )

< Ul (w - ¢2(y7 Z) - Xn)HXnEBg(y,z) + Ul (’LU - (z"i_ D - Xn) ]IXnESfBg“’(y,z)a

d—D < g_l(i, X,) for every X,, € S — Bj(y, z). That gives us
DPH

which yields

N (n—1) (n—1)
. yydF (x) — zM,dF, (x)
< EQ{Z / |:U1 (U}—g 1( L Q 7Xn> _Xn ]IXnEBQQ”(y,Z)

prdFy ()

+ U, (w —d+D-— Xn) ]Ixnes—BS(y,z)l dFénl)(:v)}.

(3.2.31)

When z — oo, g~ * <i,Xn) — —oo from the definition of g for every
PH
X, € S. Then,

U, <w _ gl<£,Xn> - Xn> > Uy (w)
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for each X,, € S and z € S"*. So,

Jo [Ul <w g (é Xn> - Xn)} > Uy(w) > BP (U (w — X.)].

Continue the inequality above to obtain

fo / U, (w - g_1< - Xn> - Xn> dFS ™ ()

)
PH
csn—1

B[ U= X)dFY )| = B 0w - X)),

esn—1

which yields

E° / U (w—g7' (=, X, —X)dF("‘”
Zl 1<w g (pH > Q (z)
= lresn—1
N
>E" | Ui(w-X,)| =Ry, (3.2.32)
n=1

ey [ o (w —o (X —Xn) dFg V()
=l esn-1
N (n—1) (n—1)
dF z) — zM,dF, T
< EQ Z [U1 (w _g,1<y p () — Q ( ),Xn) _Xn>ﬂxneBg(y,z)
=l g prdFp 7 (z)

+U; (w—d+D-X,) ]IXnGSBg”(y,z):| ch(gn_l)(I)}
(3.2.33)

when z — 0.

From (3.2.31) and (3.2.33), due to Mean Value Theorem, we state that
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among the pairs (A, ) satisfying (3.2.17), there is a pair that satisfies (3.2.18).
In summary, there exist A > 0 and A > 0 such that (3.2.17) and (3.2.18)
hold. ]

Now we can show the optimality of the candidate solutions.

Proposition 4. Without the constraints (3.1.7) and (3.1.8), the optimal
solutions are given by (3.2.14)-(3.2.16).

Proof. Let cp, Cp,cy, and Cy be the premium process for type L, compensation
process for type L, premium process for type H, and compensation process
for type H respectively. Suppose (¢p,Cp,chy,Cy) € Az and the constraints
(3.1.6) and (3.1.9) are satisfied. We will compare the insurer’s utilities from
(3.2.14)-(3.2.16) and from (cr,Cp, ey, Cr).

j1<dL7DL7dH7DH) - jl(CL,CL,CH,CH)

N
— BT |3 / (Un(d, — D%.) — Un(ch, — C3)) dFS ()

n_leS”*1

N
FpuE? |3 / (U, — DY) — Un(ely, — Cy)) dES ()

nzlzeS"_l

Since U, is a concave function, we obtain
Ji(dy, D, dy, Dyr) — Ji(er, Cry e, Cn)

N
> pLEP Z / Ué(d:z,n - D%,n) (di,n - D%,n - C:E/,n + C%,n) dFI(Dnil) (33)

nzlzeS"_l

N

nzlxeS”*1

(3.2.34)
(3.2.15) shows two cases of the solution for type L. When X, € Af, from
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(3.2.11),

Up(df, = Di,)  AdFR V(@) - XM dFS ™ (x)
U{ (’LU - di,n + Df,n - XTL) pLdFl(pn_l) (SE)

(3.2.35)

When X, € S — A7,

U(w—dj,+Dj,—X,) U(w—d+D-X,)

From the definition of A, when X,, € S — A7,

Ul(d — D) N NFR ™Y (@) — MM, dFS ™" (2)
— X,) pLdFT Y (2)

Q(J_DaXn) =

In this case, dj ,, — Dy , = d—D>c*

Ué(din - Di,n) (di,n - Df,n - Ci,n + Cf/,n)

U{(w - din + D%,n o Xn)
N NFR ™Y () = MM, dFS ™" (x)
- prdFp " (x)

(df,—Di,—cin+Ci,). (3.2.36)
The inequality (3.2.36) is true not only for X,, € S — A{ but also true for
X,, € A7 as a result of (3.2.35). For type H, it follows (3.2.16) that

(3.2.37)
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Applying (3.2.36) and (3.2.37) to (3.2.34), we have

j(d[nDLadHaDH) _sﬂ(CLaCL)CHaCH)

> BP Z / Ul(w —d2 , + D% — X,) (&%, — DI, — &, +C%,)
xeS" 1
(A{%dF})"*”(x) - A{Mnng*”(x)) ]
N
+E?| > / Ul(w — dj;,, + Df . — Xy)
n=1
zesn—1

N (d%, — D%, — ¢+ O3 L) dFé”‘”(as)] .

Since U; is a concave function, we obtain

\7 (dL7DL7dH7DH) - tjl(CLacLacHaCH)

> B Z | w4 - X - Uil = a4 DE, -~ X,)
zGS" 1
()\deI(D”_l)(x) - A{Mnng‘”(x)) ]
4 E° z [ (0w = o+ G- X

:UES” 1

—Uy(w — d%’n + Dzm — Xn)) ch(gn_l)($)] ‘
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Applying (3.1.5) to the inequality above, we obtain

jl(dL;DlndH)DH) - jl(CInCL)CHaCH)

N
> MEP|Y / (Ul(w — L+ O~ X,)
nzlxeS"—l
~Ui(w —dj, +Dj, ~ Xn>) dFé"”(x)]
N
—aee|y | (U1<w G+ CF — Xa)
nzlzeS"*1
~Ui(w—dj,+ D, — Xn)) ch(gn_l)(x)]
N
+MEC Y / (Ul(w — o+ Ch— X)
n=1
resSn—1

— Ul(w — dﬂn + D?{’n — Xn)) dFénl)(w)] '

Recall that A Al > 0. Constraint (3.1.6) implies

N
>Ry =E" Y / U(w —d%, + D%, — X, )dFy ™V (x)

nzlzeS"*:l
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Constraint (3.1.9) implies

N

E9 1Y / Ui(w — ¢y, + O3 — X, )dES ™ (2)
n leS”—l
N
> B2y / U(w — ¢, +C2, — X,)dES ()]
nzla:GS”*1

N
E9 Y / Ui(w — d%,, + D%, — X,)dFS (@)

rzesSn—1

N
— 5|} / Us(w— d, + D%, — X,)dES V()

nzla:ES"*l

Then, we obtain

Ji(d, Dp,dp, D) — Ji(cr,Cr,cp, Cy) > 0.

The required statement follows. O]

Searching for the solutions, we have been ignoring the reservation constraint
(3.1.7) and the incentive compatibility constraint (3.1.8). The candidate solu-
tions (3.2.14)-(3.2.16) are obtained without these constraints. However, the
proposition below shows that the candidate solutions also satisfy (3.1.8). We
prepare for the proposition with the definition of G*. G* € R is defined by

EQ

pL

A N M(X)G*
U1(w—91< ! LMY 7X)_X>]IX€AG*

+U; (w—d+D - X) ]IXGS—AG*]

— E© {Ul (w gt (A—{ X> - X)] . (3.2.38)

Z?H7

R _ I *
Here, Ag- := {S € S;g(d—D,s) < A= M M()G }
pL
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Lemma 7. There exists a unique G* € R such that (3.2.38) holds.

Proof. Consider the following expression as a function of G € R,

E°

R I
v, (w - ()\1 AM(X)G

X) - X) Lxeaq
bL

+ Ui (w—d+D — X)Ixes—ag |-

(3.2.39)

: MMM
Here, Ag := {s;g(d —D,s) <=2 1 (8>G}.
pL

RB_NMX
When G — —oo, then A= MMX)E

— oo for every w € ). According

pL
M NM(X)G
to the definition of g, we obtain that —g_l( ! 1 M(X) ,X> — oo for
pPL
- MMM (s)G
each w € Q. At the same time, g(d — D, s) < = 1M(s) for every s € S,
pL

so Ag = S when G — —oo. Therefore,

EQ

R _ I
U, (w = ()\1 MM(X)G

. JX)_X>]IX€AG

+U1 (’UJ—J—FD—X) HXGS—Ag]

(oo (I )

I

R _ I
Because —g_1<ﬁ,X> < —g_1<>\1 AMX)G
PH

PL

,X) for each w € 2 when
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G — —oo, we obtain

E<

R _ I
U, (w gt <)‘1 MM(X)G

,X> - X)]IXGAG
pL

+ Uy (w—d+D— X)Ixes—aq

infofor (o))

when G — —o0.

For X, € A7, the solution df , — D7 , < d—D, so

- <)\de,(3”1)(:1:) ~ MM, dEy V(@)

n—1 7Xn> S CZ— D
prdFp= (z)

Next we will show for some z € S" ! and n = 1,2,---, N, the P probability
of X,, such that

- NFR ™) (2) = MM, dFS ™ (2)
prdFp ()

,Xn) <d-D (3.2.40)

is bigger than 0. We will show it by contradiction. Suppose for every z € S™~*
and n = 1,2,--- | N, the P probability of X,, such that (3.2.40) holds is 0.

iUl (w—J+Q—Xn)].

n=1

Then the left-hand-side of (3.2.17) becomes E*

However, since d — D > 0, it follows that

N N
EP Y U (w—d+D-X,)| <E" > Ui(w—-X,)| =R
n=1 n=1

Now (3.2.17) is not satisfied and the contradiction appears. Since P < @), we
obtain that for some z € S" ! and n = 1,2,---, N, the Q probability of X,
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such that (3.2.40) holds is bigger than 0. That shows

N R jp(n—1) I (n—1)
ANdE r) — N M, dF T
EQ Z/ U, w—g_1< rdFp(2) 711 Q ( );Xn) _Xn>]1Xn€AI
n—1 Sn—l pLdFIT;.l (3:) !

+ Ui (w—d+D - X,) ]IXnES—Af] dFégn_l)(x)}

N
> B9 [Z/ Uy (w—d+D - X,) dFC(Q"_l)(a:)} .
n=1 st

Then, from (3.2.18), we obtain

N
)\I
Q 1M . (n—1)
{0 Gh) ) o)
N
> B9 {Z/ Uy (w—d+D - X,) dFé?"”(x)]
n=1 snt

which is equivalent to

o [Ul (w - g1<%,x) - X)] > B9 [Ul (w—d+D - X) } (3.2.41)

M NM(X)G
When G — oo, then = 1 M(X) — —oo for every w € 2. According to

PL
the definition of Ag, we see that Ag = (). Therefore,

E<

R _ I
U, (w e <)\1 MM(X)G

,X> - X>]IX€AG
pL

+ Uy (w—d+D - X,) Ixes—aq

— B[, (w—d+D- X)].
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From (3.2.41), we obtain

E<

R _ IMX
Ul(w—g_1<)\l MM(X)G

X) - X) Ixea
bL

+U; (w—d+D—X)Iyes—a,

confofo s (o))

when G — oo.

Recalling —g~1(+, y2) and U; are increasing functions, we see that (3.2.39) is
a decreasing function of G. It is obvious that (3.2.39) is a continuous function

of GG. Due to the Mean Value Theorem, the required statement follows. m
Proposition 5. The controls (3.2.14)-(3.2.16) satisfy the constraint (3.1.8).

Proof. We denote s := inf S. We also define X* € S such that g(d — D, X*) is
)\I
closest to —+.
PH

B A
X* := argmin |g(d — D, s) — -
PH

ses

g(y1,y2) is a decreasing function of y, so X* is unique. Plug (3.2.14)—(3.2.16)
into (3.1.8) and obtain

N R jp(n=1) I (n—1)
ANdE x) — A\ M,dF, x
EP{ Z / [Ul <w _ g_1< 1dFp 7 (x) (n—ll) 0 | ),Xn> — Xn> [x,ecas
n=1 pLdFP (.I)

- $ES’"‘71
+ U (w—d+D—X,) ]IXneSAgf] dFI(:nl)(x)}
N
M n—
2o | [ w(e- (Gl - x)e e e
n=1 =
xesSn—1
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For the simplification of the notaiton, we denote

B L AEARSTY (@) = MM, dFS ) ()
A:=U(w—yg < D)
prdFp " (z)

_ AI
+ Uy (w—d+D— X,) Ix,es-a3 — U (w —g ! <_17Xn> - Xn>-
PH

) Xn) - Xn) HXnGA“f

N

(3.2.42) is thus rewritten as £ | / AdFS ™ (z)| > 0. From (3.1.1),
nzleS”*1
the inequality is equivalent to
N (n—1)
1 dF (.Z') 1
E9 1Y / — =P ANIFS V()| > 0. (3.2.43)
n— Q =
M dFg = (x)

T TxesSnl

It is sufficient to prove (3.2.43) is true. According to the relation between A

and M, we separate the analysis into two cases.

BN
Case 1: “L < L,
pr PH

AR MM AFS V(z) AR
It is obvious that ~L — ! e Ql)( () ) <L forevery w € Q, z € S* !, and
PL prLdFyp" " (z PL

n=1,2,---,N. Recalling that g7(-,42) is a decreasing function, we have

R MM, RS R I
_g_l (A_l - - Q (x)an S _g_l <>\_17Xn) S _g_l <ﬁvXn)
PH

PrL pLdFI(D"_l)(x) PrL

forevery w € Q, 2 € 8"t andn=1,2,---,N.

1.1
For any n =1,2,--- , N, if X,, < X* then g(d—D, X,,) > g(d—D, X*) because
I

- A
g(y1, 1) is a decreasing function of 3. Thus, g(d—D, X,,) > L. Since g(y1,y2)
PH

N -
is a decreasing function of vy, we have ¢! (—1, Xn) >d —D. From (3.2.44),
Pu
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we obtain for X, < X*,

o MMM FS (@) N
L prdFU V(@) T

M -
< —gt <—1,Xn) < —d+D. (3.2.45)
PH

It means that

I (n—1)
oDy = A MM )
= DI pLdFI(anl) (l’)

Recalling the definition of A7, we see if X,, < X*, then X,, € § — A for every
x € 8™ 1. Thus, as a result of (3.2.45),

L ARAFS TV (1) = MM dFS Y (@)
U|w—g ( D)
prdfp ()
+ U1 (w — CZ—FD - Xn) ]IXnESfA’f
== U1 (w—J+Q—Xn)

> U (w — g_1<;\—;,Xn> — Xn).

It means A > 0. At the same time, because M(s) is a strictly increasing func-

for X,, < X*. So, for any n = 1,2,--- | N, if X, < X*,

Xa) - Xn)ﬂxneAff

tion, — >

M, ~ M(X*)
1 1
then — A Al
en 4 > M)
1.2

For any n = 1,2,--- , N, if X, > X* g(d — D, X,,) < g(d — D, X*) because
B A

g(y1, 1) is a decreasing function of 3. Thus, g(d—D, X,,) < L. Since g(y1,y2)
PH

I
is a decreasing function of y;, we have ¢! (—1, Xn) < d —D. Considering
Pu
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oY1 -
gt (p—l,Xn) < d—D and (3.2.44) together, we obtain for X, > X*,
H

L MAFSTY () = MM, dFS ) ()
Uilw—g ( n—1)
pLdFS D ()
+ U1 (U) - CZ+D - Xn) ]IXnGS*AQf

<v(w-g (3 x) - x.)

X)) - XH)HXWEAf

1 1
which means A < 0. At the same time, — < ——— for X, > X*. So, for
M, (X*)
1 1
anyn=1,2,--- N, if X, > X* then EA > M(X*)A'
Consider
N (n—1)
1 dF (I’) -1
E9 1Y / e AdFS ()
n—1 Q
nzlxes‘n—l Mn dFC(Q )(l’)
N n—1
_ 5|y / 1 dFg ()
=l cgn-1 M, dF(nil)(aj)

(Alx,<xy + Ay, xy + Al —x) dFy () |

1 1
Recalling that EA > M(X*)A when X,, < X* and X,, > X*, and EA =
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1
M(X*)

A when X,, = X*, we obtain

3 / 1 dF;”‘”(x)
M(X*) ar§ " (x)
(ALix, <xey + Alix,sxep + Alix,—x+}) dFG (@)

(n—1)

—Z / M i{ j?gn—ng;EQ[A]ch(gn_l)(fff)- (3.2.46)

1’65’” 1

From the discussion in Lemma 7, we know that (3.2.39) is a decreasing function

dFy " (x dry 1
of G. So, when 6(2—1)() > G*, we obtain F¢[A] <0 and (—1)() <

dFy Y (x) dry (x) — G

(n—1) (n—1)

1 dF,
That yields (T)(QE)EQ [A] > —-E°[A]. When ?T)() < G*, we obtain
dFy" () G dFyp" ()
1) (n—1)

E®[A] > 0 and dfp (@) 1 That yields <x>EQ[A] > — E9[A]

dry V(@) G dFy " (x)
too. We continue (3.2.46) to obtain

nileSn—l M dFén_l)(x)
N
11 _
———— E9[AldF
n:lmES"*1
11 N
n—1
— M(X*)@EQ > / AdFS V()] (3.2.47)
:15065“—1

which is 0 according to (3.2.18). Now (3.2.43) is reached.
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AR M
Case 2: ~L > L,
pL PH

We will discuss this case under the following possible conditions.
2.1
_ \
Pu
_ \
Observing X,, > s, we have g (d - D, Xn) < 2L for every w € Q and n =

Pu
M -
1,2,---, N. g(y1, 1) is a decreasing function of y;, so —g~* (—1, Xn> > —d+D
PH
for every w e Qand n=1,2,--- | N.

2.1.1
M,dFSV(z) AR A
For any n =1,2,--- , N and any x € S"!, if(Qfl)<> < (22 — —1)1?—?,
dFy"~"(z) pL P M
then there will be
ARAFS D () = MM dFS V(z) M _
il ) e ()>—1>g(d—Q,Xn) (3.2.48)
prdFp 7 (z) PH
for every w € Qand n =1,2,--- | N. So, from the definition of A7, we see that

X, € A? for every w € Q and n =1,2--- , N. Noting g~ (-, ) is a decreasing

function, we obtain from (3.2.48),

MRSV (@) = MM dFS T (@) A
prdFp ()

Thus, we derive that

" (w o (A{%dﬂ&"”(m) ~ MM, dFS V()
pdFp " (a)
+ U (w—d+D — X,) Ix,c5-as

NI Y () = XML AFET Y (2
=U1(w—g_1( 1@ p ( ) (n_11) Q ( )7Xn>_Xn)
prdFyp (x)

)\I
> U (w — g’l(—l,Xn) — Xn>.
PH
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1 dFY Y (2) 1 _
— P > ()\{z YRV we obtain

n—1

This is equivalent to A > 0. Since

1 dFY 1
ﬁlzn—l)(tr)A > WA (3249)
ndFgy () (p—z — zﬁ)ﬁ
2.1.2 (n—1)
M,dFy" " (z AN
Foranynzl,Q,---,NandanyxES"1,if(QT<)Z —1——1p—§,
dFp"~"(z) pr P A

then there will be
NRFS Y () — MM, dFS ™" (x) M
prdFT Y (2) T

which yields
L MFSTY (@) = MM, dFS T () N )

(M
-9 (—,Xn> > —g p—
pr prdFS Y (x)
M -
for every w € Qand n=1,2,--- , N. Because —g~* <—1,Xn> > —d + D too,
PH

we state that

)\]
- g_l <_1a Xn)
Pu
ARAFS D (2) = MM, dFS ™ (z) _
> —g_1< — L (n_ll) 9 ,Xn>]lxneAﬂf + (=d + D)Ix,es-az,
pLdFS ) (a)

which yields

)\I
Ul (U} - gil (_17 Xn) - Xn)
Pu
ARAFU Y () — AM,dFS ™ (2)
> U, (w _ g—1< 10l'p ( _11) Q ’Xn> — Xn)]IXneAf
prdfp” " (z)

+ U1 (’LU - J—FD— Xn) ]IXnESfA”f-
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1 dFS V() 1

This is equivalent to A < 0. Since — < we obtain
= (n—1) = )\{2 )\{ )
MudFg (@) = (3F - 2z
1 dFY Y (2) 1
— P A>— Al (3.2.50)

My dp§ = (x)

Y
(or = o)

From (3.2.49) and (3.2.50), we obtain

nzlxeS”*1 Q
1 N
S g cll DN I ST B
(pL pPH )A_{ nil‘rzeSn—l

which is 0 according to (3.2.18). Now (3.2.43) is reached.

B A
g(d—D,s)) > —.
H -
In (3.2.14)-(3.2.15), d} ,, — D} ,, < d — D when X,, € Af, thus

L MFAFS T (2) = MM, dEYy Y (@)
prdFp " (x)
> —d+D (3.2.51)

-9 ,Xn> Ix,cas + (—d + D)Ix,cs—as

for every w € Q, x € S ' and n = 1,2,--- , N. From (3.2.20), we obtain if
(3.2.19) exists for every w € Q, x € S" ! and n=1,2,--- , N, then

o @de,&“‘”@) ~ MM, dF§ ™ (z)
prdF V()
L ARARS TV (@) = MM dFS ) ()

> —g . X, (3.2.52)
( pLdF},n b (x) )

7Xn> Ix,cas + (—d + D)Ix,cs-as

forevery w € Q, 2 € S, andn=1,2,--- , N. We will consider the following
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situations.
2.2.1
Consider z € S" ' and n =1,2,---, N such that

ANUFSY () = MM (X*)dEy ™V (2) M

- <A (3.2.53)
prdFY Y (z) PH
2.21.1
For X, < X*, g(d—D, X,,) > g(d — D, X*) because g(y1, 1) is a decreasing
M

function of g,. From the definition of X*, we obtain that g(d — D, X,,) >

PH
I

- A
and then —d + D > —g_1<—1,Xn> for X,, < X*. That yields, as a result of
Pu
(3.2.51),

o (A{?dF;"‘”(x) — MM, dFy "V (x)
pLdFy " (x)

A
> _g_l <p_;[7 Xn)

7Xn> Ix,cas + (—d+D)lx,es-as

for X,, < X*. Therefore,

" (w o (A{%dﬂ&"”(m) ~ MM, dFS V()
pLdFy " ()
+ U (w—d+D — X,) Ix,cs5-as

> U, (w . gl(]/)\—;,Xn> — Xn>

’ Xn) - Xn) ]IXnEA-ff

1 1
for X,, < X*. This is equivalent to A > 0. At the same time, A > W
since M(s) is a strictly increasing function of s. So, for X, < X*, we have
1
—A > A.
M, M(X*)
2.2.1.2
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For X,, > X*, we have from (3.2.53),

prLdFT Y (2) prLdFT Y (2) = pu

NFS Y () — MM, dFS ™" (x) _ ARES ™Y () — MM (X*)dFS ™V (x) M

Because —g~!(+,y») is an increasing function, we have

)\RdF(nfl) ) — )\IMndF(nfl) " M
_g—1< 1dFp(2) (n_11) Q ( ),Xn> < —g_1<—1,Xn> (3.2.54)
prdFp 7 (2) PH

for X, > X*. ¢g(d-D,X,) < g(d—D,X*) if X, > X*, so we obtain
_ N
g (d - D, Xn) < L for X,, > X* according to the definition of X*. Then, for
bH
X, > X,

M -
—g Y X,) > —d+D. 3.2.55
g (oL X0) D (3:2.55)

As a summary of (3.2.54) and (3.2.55),

o @ﬁdF}”‘”@) — MM, dES V(@)

’X”> Ix,eas + (—d + D)lx,co-as
pLdFI(gn_l)(x) €Ay € 1

for X,, > X*. Therefore,

: @de}”‘”@) ~ MM, dFS ™ (x)
prLdFy Y (x)
+ U (w—d+D—X,)Ix,es-as

< U, (w gt <;\—i,Xn> _ Xn)

U1 (’LU — g_ ,Xn) — Xn)]IXnEAQf

1 1
for X,, > X*. This is equivalent to A < 0. At the same time, A < M
1 1
SO7 for Xn > )(*7 we have EA > WA
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Similar to (3.2.46), we obtain, under the condition (3.2.53),

(Alx, <x-) + Allx, 5 x) + Allix, —x+1) dpg‘”(x)

N (n—1)
1 dFP (I’) (n—l)
EC[AldF, x). 3.2.56
-3 / TOET gy PR (3.256)
xenl

2.2.2
Consider € S" ' and n=1,2,---, N such that

ARFS ™ () — MM (X*)dFS ™V (2) M

. (3.2.57)
prdFT Y (2) PH
/\I
Now (3.2.19) always exists because — > 0.
DPH
2.2.2.1 (n-1)
M, dFy" " (z R 1
dFY ) (2) P pr’ M
n— n— n—1
ANRFS ™ () — MM, dFS ™" (x) M M,dES V(@) AN o
prdFE Y (x) Tpn dFYT V(@) T pe p A

(R M)y
pLdFén_l) (x) Y n - ) n
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MydFS D(z) AR M
It follows that, as a result of (3.2.52), if (Q—l)() < (-
dFy"(x) pL pr’ M

. (A{?dF;"‘”(x) — MM, dFy "V (x)
pdFyV(a)

)\I
Z _g_l <p_}1[7 Xn) .

7Xn> Ix,cas + (—d+D)lx,es-as

M,dFS V() AR\
Therefore, if Q—() < (4L — —1)pL

dFC ()~ pe pa M

" (w . (A{?dF,&"”(x) — MMdFS "V (2)
pdFy(a)
+ Uy (w—d+D—X,)Ix,es-a

> U, (w —g! <;—;,Xn) — Xn).

This is equivalent to A > 0. At the same time, since

7Xn) - Xn) Ix,eaz

U
M,dFg~ D (z) —

1 dFGY 1
VY , we have P (n_gf) A > VR A.
Gr = ou)5F MpdFQ™(x) Gy = 55
2.2.2.2
M,dEy V(@) MM o NFS Y () — MM, dFS " (x)
dFT ™V () L pu A prdFT ™V (z)
(n—1)
Mg i MrdFe (n) T Xy
pu dFT Y () pr pu A
ARAFTD (1) = MM, dFS ™ (x A
_g—1< rdFp () (_11) Q ( );Xn> - —g_1<—1,Xn>- (3.2.58)
prdFy' 7 (z) PH
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n—1

Recalling (3.2.57), we also have, if ,
( ) dFT Y () pr pu M

MdFE ™ (@) = MMXWES @) MaFg " (@) = MM dFg ™ @)
prdFy (@) prdFS ()

The inequality above shows that M,, > M (X*) and thus X,, > X*. From the
I

- A
definition of X*, we see when X, > X*, g(d — D, X,) < ~*. Considering

PH
I

- A
g(d—D, X,) < - and (3.2.58) together, we obtain that
DPH

. <>\de1(3"_1)($) — MM, dFy V(@)
prdFp " (x)

<—(Xx,)

,Xn> Ix,cas + (—d + D)Ix,cs-as

PH
dF5Y 1
which will yield A < 0. At the same time, since p (@) < — —
MydFg (@) GE =T
) et pr pa/ M
dFy~ 1
we have r (@) A > A.

(n—1) pYis A
M,dFy " (x) (- — ﬁ)%

Therefore, under the condition (3.2.57), we have

1 dFS Y (2) _
E° / — P AR (2
2 | dFS V() ¢ o

nzleS”*1
1 N
n—1
szQ > / AdFS V()| . (3.2.59)
Gr = oM [tednn

Combining the result (3.2.56) under the condition (3.2.53)and the result
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(3.2.59) under the condition (3.2.57), we obtain

1 an b )
Q § : n 1)

=loesn—1
i / 1 dFP" Y(z)
* (n—1)
= g, M) dEg ™ ()
EC[AIT o1 0y a1 (n—1) dFg ™V (x)
/\1 dFP (x)—AlM(X*)dFQ (33)< )\I }
pLdeanfl)(x) PH
1 N
Q (n—1)
- (E B )\_{)p_L Z / K [A] H{A{?/dFI(D"*”(m)fx{M(x*)dFé?"*”(x)>i}dFQ (x)
pL pr/ M "=l cgna PLdevn71>(z) PH
(3.2.60)
Note that (3.2.53) is equivalent to
1 dryY 1
p (@) <. (3.2.61)

* n— - R I
M(X*) ar§ = (x) @—2—2;,)71

dFy " (x)
Also note that A decreases when — T~ increases, so does E9[A].
dFp" 7 (z)

APV (z AR
dFy"~ " (x) pr pu  AM(X¥)

dFy D (x Y
Q () 1 Ly PL which is a transformation of

0 when ——— >
dF0 Y () pr pu  MM(X¥)
MAFS D () = NM(X9)AFS (@) A
rdFp (@) (2_1)( JiFy () < “L. That says, when (3.2.53) hap-
prdFp () PH
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pens, E?[A] <0 and (3.2.61) is true. We continue (3.2.60) to obtain

n—1)
fo Z / L M—@Ang_l)(x)

M, dF" 1) ()
xGS” 1
(n—1)
/\1 zeS” 1
+§: / 1 dFSV(x) 1
M(X* (n—1) o MM
= (X arg (@) (AL 21)2s
n—1)
EQ [A]H )\RdF(n D (2)— )\I]V[(X*)dF(n D () dF ( )
D pH}
prdFp (z)

Because £ Z / AdF(n 1)( )| = 0 according to (3.2.18), we have

n= 1m€S" 1

N (n—1)
1 dF (x) "
9 [Z / L e (0) A gpe(a)

My dFy— ()

n:1$€STL71
al 1 dFY (2) 1
= Z M(X*)dF(n—l)( ) M M
n=legn o @ G =53
n—1)
E® [A] I AfdeI(D"*U(z)fx{M(x*)ch(Q”*”(z) dF ( )
pLngL_l)(w) SPH}
>0
Now (3.2.43) is reached.
dF(”_l) T AR Y AR
If E9[A] > 0 when C(')T)() =(+-=2 Ip—L, then G* > (“% —
dFp"~ " (z) pr b MM(X¥) PL
Moo aFS V@) AR N gy
= Ttalsomeans E9[A] > 0 when —+———~ < (FL -y ___=>
pH)A{M(X*) 2] dFTV(z)  pr pH)/\IM(X*)
MAFTD (1) = MM (X*)dES (2 A
which is a transformation of ——~ (@) (21)( Jifg ) . That
prdFp 7 (x) pH
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dFy " (x)
dF(” V()

says, when (3.2.57) happens, E9[A] > 0 and
P
happens, split it into two situations: one is
oYy
P
n—1
dFy~ V()

EC[A] > 0; the other one is —
dFi ™V (x)

N (n—1)
1 dF n—
P Y [t adrg
n=l egn—1 7Ldlag ()
N i / 1 dFY Y (z)
= M(X*) a5 (x)
zeSnfl
E° [A]]I A{%dqﬁ”’l)(z)ﬂ{M(X*)ngﬂNw<A{
{ pLdFI(,n_l)(z) ~rH
1 dFY V()
Dy ;
M X* (n—1)
mES" 1 dFQ (x)
E° [A]H A{%dFIQ"’l)(z)fA{M(X*)ngl*l)(w) A
t prarg' V) o

————E9A]T

dFy " (x)

A{zdF}_,n_l)(z)f)\{AI(X*)ngL_l) (z)

< G*. When (3.2.53)
X

< G and it follows that

> G* and it follows that E9[A] < 0.

n—1
dF(n Dig )>G }
n—1

7«;*}
I(Dn 1)( )

, dFy V().

A
A
>pH}

=liegn-1 N A prdFS D (a)
(3.2.62)
When NRES ™V (@) — MM (X*)dFS ™" (x) M dFy "V (x) o
pLdF](jn_l)(x) i dFI(gn_l)(x) -
LA oy L popy)
M(X*) ar§ " (x) - M(XY) G
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MdFg ™ (@) - MM(X)AES (@) AL dEg (@)

When 1) < — and 1), < G*,
prdFp " (x) PH dFy ' (x)
L) S VN N
M(X*) dFS V() M(X~) G~
MRS () = MM (X*)dFS ™ (x) A
When MUEE ™) - MMOOWRE™0) _ X
pLdFP (.1') PH
1 - 1 1
M My T M(X*) G
(P_L p;y;é )
AN
because G* > (- 1 bL It results that E9[A] >

ANV N Y ESVIN'
pe P A (G = o)
1 1
— E9[A]. Therefore, from (3.2.62),

M(X*) G-

1

Now, (3.2.43) is reached. We have traversed all the possible circumstances and
proved in each circumstance, (3.1.8) is satisfied by (3.2.14)—(3.2.16). O

The reservation constraint (3.1.7) is the only constraint we have not consid-
ered. If the candidate solutions satisfy (3.1.7) too, they are automatically the
optimal solutions to the original problem. This statement is expressed by the

following theorem.

Theorem 5. If (3.2.14)-(3.2.16) satisfy the constraint (3.1.7), then (3.2.14)-
(3.2.16) are optimal solutions to the problem.

However, we cannot guarantee the reservation constraint for type H is al-

ways satisfied by the candidate solutions. In the remaining part of this section,
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we will discuss the optimal solutions if (3.1.7) is not satisfied by (3.2.14)—(3.2.16).

Forx € S" tandn=1,2,---,N, we define

} AEAF Y () — XM (s)dFE" Y (2
A3 = {seS;g(d—D,s)S G (f_l)() a )}-
pLdFp™ " (x)

The candidate solutions are

&, =d, (3.2.63)
P (Agdﬂ&"‘”(x) ~ MM, dFy ()
— g =
Dy, = prdFY V) (z)

,Xn> ,if X, € A2

D, if X,eS—A3
(3.2.64)

T T -1 >\3
dH,n - DH,n =9 ]Ea Xn . (3265)

Here, A% and A are such that

N R jp(n—1) I (n—1)
Ay dF — MM, dF,
EF Z / |:U1 (w _g—1< 2 dFp 7 (2) ( _21) Q (x),Xn> —Xn)ﬂxneAg
pLdFp” " (x)

+ U, (w —d+ D — Xn) ]IXneS—A§:| dFl(gn_l)<Jf)} = R;,

(3.2.66)

N (n—1) I (n—1)
\EAF — Ny M, dF,
sl [ [ (S ) - i
(n—1) ’ n&Ay
prdFp 7 (z)

+ U (IU —d+D- Xn) ]IXneS—Ag] dFégn_l)(m)} = Ry,
(3.2.67)

103



and A3 is such that

E° Z / Ul(w g- (ﬁ,Xn>—Xn)dF§;‘”(x) — Ry, (3.2.68)

PH
:J:ES” 1

As one of the equations to define A and A, (3.2.66) is not different from
(3.2.17) which is an equation to define A and Al. This similarity will help us
simplify the proof of the following proposition.

Proposition 6. Suppose that (3.2.14)-(3.2.16) do not satisfy (3.1.7). Then,
there exist \§t € (0, A\f') and A} € (0, M) such that (3.2.66) and (5.2.67) hold.
Also, there exists A3 € (M, 00) such that (3.2.68) holds.

Proof. From the discussion in Step 1 of the proof of Proposition 3, we know
that for any fixed A} € (0,00), there exists A > 0 such that (3.2.66) holds.
Next we will show that among the pairs (A¥, \}) that satisfy (3.2.66), there
exists a pair that satisfy (3.2.67). Similar to Step 2 in the proof of Proposition
3, we again start with the pair of variables (y, z) satisfying (3.2.25).

When z = M| we have y = M\ to keep (3.2.25) holding. Because (3.2.14)—
(3.2.16) do not satisfy (3.1.7), there is

EC Z / U1<w g ( X)-Xn)ng”(x) < Ry.

mGS” 1

Noticing (3.2.18), we have when 2z = \I,

E¢ Z / {Ul w— (Y, 2) — Xn) Lx,eBs(y.2)

IES” 1
+U, (w —d+ D — Xn) HXnGSBg(y,z):| ngl)(x)} < Rpy.

(3.2.69)
Here, ¢2(y, z) and Bj(y, z) are defined by (3.2.26) and (3.2.27). When z — 0,
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oy, 2) = g ! (1%, Xn> almost surely under the probability measure P. So,

(3.2.25) becomes

N
EP{ Z / [Ul (w — g_l (#’ Xn> — Xn) ]IXneB;(y,O)
n=1 L

T gesn—1
+ U (w —d+ D- Xn) ]IXnESBg(yp)] dF](;nl)(gj)} =R;.
(3.2.70)

Realizing that

EP [U1 <w —g! (p%, Xn> — Xn) Ix,eBg(y,0 + Ui (w —d+D-— Xn) ]IXneS—B;(y,O)]

is the same for each n =1,2,--- | N and z € S"™!, we rewrite (3.2.70) as
NEP| Uy (w— g7 (L. X) = X Ixenso) + Us (w—d+D — X) Ixes_ps

1 g pL’ X€BE (y,0) 1 D X€S—BE(y,0)
= NET[U(w — X)]. (3.2.71)

Here, we derived the right-hand-side of the equation based on the definition of
R;. We define X’ € R by

X' := argmin |g(0, s) — g1,
seS pL
For X < X', ¢(0,X) > Y and it yields —g’l(i,X) < 0. On the other
pL bL
hand, for X > X', ¢(0,X) < Y and it yields —g’l(i,X) > 0. Because
pr pr

g(d-D, X) < ¢(0,X) < i, from the definition of B3 (y, z), we say X € B3(y,0)
br

when X > X’. From the discussion above, we obtain the summary that

Uy (w —g ! (pl, X) - X) Ixensmo) + Ui (w—d+D — X,) Ixes—pz(y.0)
L

105



when X < X' and

Uy (w —ot () - X)]IXeB;w + U1 (w—d+D — X,,) Lxes_s50)
L

when X > X'. With (3.2.71), according to Lemma 4, we obtain

NE“ l:Ul (w —g! (pi X) — X> Ixens(yo) + U1 (w—d+D— X,) Ixes—psy0)
L

> NEC[U,(w — X)],

It is equivalent to

N
EQ{ Z {Ul <w — g_1 (i, Xn) - Xn) ]IXneBé”(y(O),O)

PL
nzla}ES"*1

+U; (w—d+D-X,) ]IXnESBg(y(O),O)} ch(gnl)(Uﬁ)} > Ry.

(3.2.72)

Now we obtain (3.2.72)when z — 0. Combining (3.2.69) and (3.2.72), we can
state that there exist A} € (0, \]) and the corresponding A such that (3.2.67)
holds. Therefore, there is a pair of (A¥, A\]) such that (3.2.66) and (3.2.67)
hold.

From the discussion above, it is clear that 0 < A} < A and 0 < A\, Next
we will illustrate that A} < A, We know that when y = M\ and z = A,
(3.2.25) holds and (3.2.25) is not different from (3.2.17). If z decreases and
becomes less than Al but y stays the same as A, the left-hand-side of (3.2.25)
becomes larger because —g~' (-, y2) and U; are increasing functions. Therefore,
to keep (3.2.25) holding when z < Al there must be y < A too.

106



Next we will prove the statement about A3. Consider the function of z,

N
E? Y / U, (w gt (i Xn> . Xn) dFyV(2)
n=1

T Txesn—l

When z = M| then

N
B9 |} / U, (w - g—l(é,)@ - Xn> dFS ™ (@)| < Ry

71165"_1

because (3.2.16) does not satisfy (3.1.7). When z — oo, then —g ™! <i, Xn> —

P
oo according to the definition of g. So,

E9 / Uiw-g (= x) Xn) g
> [ wle-o(,; )
"=ipegn-t
N
> B¢ ZU1<w—Xn) = Ry
n=1
when z — co. Therefore, there exists A3 € (A, 00) such that
- A
E / U <w _ *1(—3,)(”) —Xn)dF(”” 2| = Ry.
nZ:; e 1 g .- Q ( ) H

Now, we will show that the candidate solutions, (3.2.63)—(3.2.65), satisfy
all the constraints. (3.2.66) shows the contract (3.2.63)—(3.2.64) for type L is
such that

N
B> / Ur(w —dj , + Di,, — Xp)dFy™ ()| = Ry

nzl:cGS”*l

Therefore, the reservation constraint (3.1.6) for type L is satisfied. (3.2.68)
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shows the contract for type H from (3.2.65) is such that

E° Z / U(w — d%,, + D, — X, )dFy V(x)| = Ry (3.2.73)

xGS” 1

Therefore, the reservation constraint (3.1.7) for type H is satisfied. (3.2.67)
and (3.2.68) together show the solutions from (3.2.63)—(3.2.65) are such that

N

E® Z / Ui(w — d%,, + D%, — X, )dEy V(@)
- xeS" 1
= B Z / U(w—d,, + DE, — X, )dES ()] . (3.2.74)
n=1 rzesSn—1

Therefore, the incentive compatibility constraint (3.1.9) for type H is satisfied.
The proposition below will show that the incentive compatibility constraint for

type L is also satisfied by the candidate solutions.
Proposition 7. The controls (3.2.63)-(3.2.65) satisfy (3.1.8).

Proof. Plugging (3.2.63)—(3.2.65) into (3.1.8), we need to prove

MEdFPC Y () — MM AFET Y (2
EP{ Z / |:U1 <U) - ( 2 r ( ) _2 Q ( )7Xn> - Xn) I[XnGAg

prdFS ()

+U; (w—d+D-X,) ]IXneSAg} dFI(anl)(x)}

> EP Z / Ul(w g <)\3X)—Xn)dFI(3"1)(x)

pL
xGS” 1

According to the relation presented by (3.2.66), we see it is sufficient to show

R, > EF Z / Ul(w g (ﬁ,xn)—xn)dF;”‘”(m)

Pr
Sn 1
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A

Note Uy | w — g_1<—3,Xn> — X, | is the same for every x € S" ! and n =
Pr

1,2,---, N. Also recalling the definition of R, we can rewrite the inequality

above as

NEP[Uy(w — X)] > NE? {Ul (w - g_1<;\—z,X> - X)] .

Define

A3
0,5) — 22
9(0,5) o

X" := argmin
ses

A
Since g(y1,y2) is a decreasing function of y, (0, X) > 2% when X < X”.
PH

Since —g~(-, 2) is an increasing function, —g~ (==, X) < 0 when X < X"’
PH
So,

Ur(w — X) > Uy (w - g_l(;\—z,X) - X)

when X < X”. Similarly, we have

Un(w — X) < U, (w - gl(;\—i,X> _ X>

when X < X”. (3.2.68) is equivalent to

NEQ[U(w — X)] = NE? lUl (w — g (ﬁ X) - Xﬂ .

PL

Therefore, according to Lemma 4, we conclude that

NEP[Uy(w — X)] > NE" {Ul (w - g1<;—i,x) - X)]

and (3.1.8) is satisfied. O

The optimality of the candidate solutions is proved by the following theorem.

Theorem 6. Suppose that (3.2.14)-(3.2.16) do not satisfy (3.1.7). Then,
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(3.2.63)-(3.2.65) are the optimal solutions to the problem.

Proof. The beginning of the proof is not much different from that of Propo-
sition 4, so we will skip some details here. Let ¢y, Cr,cy, and Cy be the
premium process for type L, compensation process for type L, premium pro-
cess for type H, and compensation process for type H respectively. Suppose
(cp,Cpr,ch,Ch) € Ay and satisfy all the constraints in the problem. We will
compare the insurer’s utilities from (3.2.63)—(3.2.65) and from (cr, Cr, cg, Cp).

Since U, is a concave function, we obtain
Ji(dy, Dr,dy, Dy) — Ji(er, Cry e, Cn)

N
> pLEP Z / dFI(Jnil)<x)Ué(di,n - D%,n) (dz,n - Dgn - Ci,n + Cf/,n)

nzlzesn_l

N
+pHEQ Z / dFé)n_l) (I)Ué<d?{,n - D}E{,n) (d?i,n - DiI,n - C?J,n + Clw-l,n)

nzleS”*1

From (3.2.63)—(3.2.64), we derive that when X,, € A%,

Uy(ds, — D) MFSV(x) = MM, dFy (@)
U{(w o di,n + D%,n o Xn) pLdF](gn_l) (IL‘)

and when X,, € S — A7,

Ué(di,n - Df,n) (di,n - Di,n - Ci,n + Cf,n)

U{ (’LU - di,n + Di,n - Xn)
. NRFS Y () — MM, dFS ™" (x)
B pLdFy " (x)

(df,n - Df,n - cglﬁz,n + Clz/,n) :

From (3.2.65), we derive that

Up( iy = Do) N (3.2.75)
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Then we obtian

j(d[nDLadHaDH) _sﬂ(CLaCL)CHaCH)

> BP Z / Ul(w —d2 , + D% — X,) (&%, — DI, — &, +C%,)
xeS" 1
(A?dF,S”*”(x) - AgMnchg"*)(x)) ]
N
+B9) S [ U= di ot D - X
n=1
rzesSn—1

(dit = Dt = Clin + Cir) dFé;"‘”(x)] .
Since U; is a concave function, we obtain

\7 (dL7DL7dH7DH) - tjl(CLacLacHaCH)

= EP Z / Ul Cf,n + Of,n - Xn) - Ul(w - dim + D%,n — Xn))
zES" 1
Agdﬂ&”‘”(x)]
_EP Z / (Ur(w — ¢+ CF, — X)) — Us(w — d2,, + D%, — X,,))
3365'" 1
AﬁMnng”_l)(x)]
N
+ B9 > / (Ui(w = ¢, + Chppy — Xp) — Ur(w — diy, + DYy, — X))
nzlxeS” 1
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Applying (3.1.5) to the inequality above, we obtain

j(d[nDLadHaDH) _sﬂ(CLaCL)CHaCH)

S AREP Z / (Us(w — ¢4, + C2, = X,) — Uy(w — d5, + D5, — X,,))
xES" 1
dFé"”(swl
N
— E° Z / A (Ui(w =, +Ct, — X)) — Ui (w—df ,, + Df ,, — X,))
nzlmES"*1
dFC(Q"_l)(x)]
N
By / N (Un(w — ¢y, + Oy — X)) — Un(w — d%, + DYy, — X,))
n=1
zesSn—1

ng‘”(x)] .

Recalling that A\ > 0 and

N
E” Y / e+ O = X,)dFY V(@) | > Ry,
_nzlmesn 1
N
E” Y / Ui(w —d%,, + D%, — X,)dFy " (z)| = Ry,
| "=l egn—1
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we have

j(d[nDLadHaDH) _sﬂ(CLaCL)CHaCH)

> —E9 Z / A (Uy(w =i, +Cf, — X)) — Ui(w —dj , + Df ,, — X))
xES” 1
chg"”(x)]
N
by / Ns (Us(w — €8y, + O — X)) = Us(w — iy, + Dy — X))
nzlxeS"*1

ng—”(x)] .
Rearrange the terms to obtain

\7 (dL7DL7dH7DH) - tjl(CLacLacHaCH)

S M@ Z / (Ur(w — ¢y + O — X)) = Ur(w — €8+ CF, — X))
mGS” 1
dFQ()n_l) (x)
(3.2.76)
N
FAMEC| S / (Us(w —d2 , + D%, — X,) = Uy (w — d%,, + D, — X))
nzleS"*1
dFy " (x)
(3.2.77)
L Ee Z / (Us(w — ¢y, + €% — X)) — Uy (w — d%y,, + Dy, — X,,))

xES" 1

(A3 — Ag)ng”(x)] .
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Noting Constraint (3.1.9) and AJ > 0, we obtain the term (3.2.76) is nonnegative.
Also noting the equation (3.2.74), we obtain the term (3.2.77) is 0. So,

jl(dL,DL,dH,DH) - j1<CL7CL7CH7OH)

N
>0 -2Ee| > (Ul<w—c2,n+cz,n—xn>
nzlmES"’l

—U(w —d%,, + DYy, — Xn)> cng‘“(g;)] .

Because A3 > Al but Al < M then A\3 — A\, > 0. Constraint (3.1.7) tells us that

N
E° > / Ur(w— ¢, + C5, — X )dES D (2)| > Ry.

nzlweS"*1

Comparing the expression above and (3.2.73), we obtain
Ji(dr, Dy, dg, Dy) — Ji(cr, Cr.ca, Cu) > 0.

The proof is finished. O]

3.3 The Boundaries of Premium and Compen-

sation

Different from the traditional model, we introduce the boundary d for premium
and the boundary D for compensation. In this section, we will see how d and
D affect the insurer’s utility. From there, we will explain why these boundaries
are necessary for our model. To achieve our goal, we will first demonstrate the
conditions under which d and D are involved in the the insurer’s utility. Then

we discuss the changes it will cause on the insurer’s utility when d and D change.

From the solutions presented in the previous section, we see that the solu-

tions involve d and D. But in the problem, the premium and compensation
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always appear together in the form of dj , — D7 ,,. If we plug the solutions into
the objective of the problem, the insurer’s utility involves d and D only when
S — A? and S — A% are not empty for some z € S" 'andn=1,2,--- ,N. If
S — A% and S — AZ are empty sets for every x € S" ' and n = 1,2,--- , N,
then the boundaries will not appear in the objective, not even affect it. If
the boundaries do appear in the objective, they are also in the form of d — D.
Thus, our analysis will focus on how d — D affects the insurer’s utility. Note the
definitions of sets A7 and A3 and note that g(y,ys) is a decreasing function of
y1. In intuition, S — A% and S — A% will be empty sets if d — D is big enough.
We will discuss the conditions under which S — A{ and S — A3 can be empty

sets for every z € S" tand n=1,2,--- | N.

3.3.1 The set S — A7

In the previous section, we showed two circumstances under which we obtain
different solutions to the problem. We start with the first circumstance where
(3.2.14)—(3.2.16) present the solutions. The solutions involve S — A{ and we will
discuss when we can have S — AY = () for every z € S" ' and n =1,2,--- , N.

Consider (3.2.17)-(3.2.18) with S — A7 = ( for every z € S" ! and n =
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L MFSTY () = MM, dFS ) ()
Z Ul w — g ( (n—l) 7Xn)
prLdFp (x)

“lgesn-1

~ Xn> dFS V()| = Ry,

(3.3.78)

N
E9 N / Uy (w - g1<;\—{,Xn) - Xn) dFy "V (x)

H

al L AEARSTY (2) = MM dFS TV (2)
Z U|w—g ( =) 7Xn>
prdFp ()

- Xn) ng”(x)] .

(3.3.79)

Unlike (3.2.17)—(3.2.18), there is not a general statement that there always
exist A > 0 and M > 0 such that (3.3.78)(3.3.79) hold. We define M :=

lim M(s). Because M(s) strictly increases as s increases, we know M >
s—sup S

M(X) for every w € Q. We categorize M to the following cases and analyze if
there are M* > 0 and A > 0 such that (3.3.78)-(3.3.79) hold.

e M is finite but P{M(X) = M} # 0 and Q{M(X) = M} # 0.

In this case, there always exist A¥ > 0 and A > 0 such that (3.3.78)(3.3.79)

hold. The complete illustration of this property is shown below.

Property 1. If M is finite but P{M(X) = M} # 0 and Q{M(X) = M} #0,
then there exist N >0 and M > 0 such that (3.3.78)(3.5.79) hold.

Proof. Step 1. We will show that for any fixed M} € (0,00), we have
M e (M(M)N, 00) such that (3.3.78) holds.
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When y = M (M)N forevery w € Q, 2 € S" !, andn=1,2,--- | N,

ydFy (@) — MM, dFS ()
prdFp ) (x)
CN@DY MM FST ()

pr prdFY V) (z)
MDY N MydFg(x)dFg(x,) - - - dFg(vn—1)
a PL prdFp(r1)dFp(xy) - dFp(zNn-1)
MDY MMy M (21)M(x2) - M(wn-1)
B PL pL
> 0.

L ydFS T (@) — MM, dFS Y (2)

) pdFyV(a)
y=M(M)N for every we Q, x € S" ! andn=1,2,--- N,

So, the expression g ,Xn> always exists. When

ydFg () = MMudFG ™" (@) MDY MMudFS (@) _ MY
pLdFI(Dn_l)(x) PL pLdFI(Dn_I)(x) I 5

So, noting —g~!(+, y2) is an increasing function and noting Lemma 6, we have

forevery w € Q, 2 € 8"t andn=1,2,---,N,

AF" Y () = MM dF"™ Y (
Ul w_g_1<y z ( ) (nl_l) 2 ( )7Xn> _Xn
prdFp (@

i n- (A0 ) )

PL
MMV
<U <w —g_l( (M) 0)> < . (3.3.80)
pL
However, with the specific path x1, 24, -+ ,xxy_1 = sup S, and the specific value
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of random variable Xy = sup .S, we have

ydFp" V(@) = MMydFg" V(@) M(M)Y MMy M(21)M(zs) - M(zy_y)

pLdFI(DN_l)(x) PL PL
_MADY NN
o N bL
=0,

and it yields

N— N—
- <de,£ D(a:)—A{MNdFé V()

, XN> — 00
prdFy ()

if x1,29,-- ,xny_1 =sup S, and Xy = sup.S. Consequently,

U ( MRS TV (@) — MMydFY T ()
1{w—yg

— ,XN — XN> — —0Q.
prdFpY Y (x) )

Noting P(M = M) # 0, we have P(X = supS) # 0. Further, we have
dF},Nfl)(:c) = P(X; = supS)P(Xy = supS)--- P(Xy_1 = supS) > 0 and
P(Xy =supS) > 0. So, with (3.3.80), we obtain

N (n—1) I (n—1)
_ydF (x) — MM, dF, (x)
E / U1<UJ—9 1( - (nil) ¢ 7Xn> _Xn>
pLdFp™ " (x)

dFI(D”_l)(x)] — —00

N (n—1) I (n—1)
dF ) — N M, dF, T
ps / Ul(w_gl<y - =i ( )’X")_X")
n=1,_&n1 prdfp’ ()
dFSV(z)| < Ry
(3.3.81)
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when y = M (M)".

ydFy V(@) — MM, dFS ) ()
(n—1) ( 1)pLdF}(Dn_1) @)
g ydFp~ " (z) — /\{MndFQn_ ()

pdFyV(a)
andn=1,2,---  N. Then,

When y — oo, then — o0 and

,Xn> — —oo for every x € S w € 0,

MRAFPC Y () = XML AFET Y (o
Ul(w—g_l( 14p () 1 Q ()

ne ,Xn —Xn) > Ul(w —Xn)
prdFy " () )

for every w € Q, 2 € 8" ' andn=1,2,---,N. So,
N (n—1) I (n—1)
dF r) — N M, dF T
P Z U, w—g_l(y P () 1 Q ()7Xn>_Xn
prdF V()
n*lxeSn_1 L P
dﬁﬁ%ikxi
N
>E" > Ui(w—X,)| =Ry (3.3.82)
n=1

From (3.3.81) and (3.3.82), we get for any M € (0,00), there exists A\ €
(M(M)N | 00) such that (3.3.78) holds.

Step 2. We will show that among the pairs (A, \l) that satisfy (3.3.78),
we can always find one pair that satisfies (3.3.79). Let z € (0,00) and y €
(2(M)N,00) be the pairs that satisfy

N (n—1) (n—1)
dF — z M, dF,
EP Z / U, (w - 9_1 (y r (x) (5_1) 9 <x> s Xn> - Xn)
nzleS"—l pLdFP ([E)
dFTV(x)| = Ry.
(3.3.83)
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When z = 0, it is obvious that

E° >

N
nilxesn_l

/ U, (w - g—l(i Xn) - Xn) dFS ()| = —o00. (3.3.84)

pH7

Since z = 0, then (3.3.83) becomes

N
EY Y / Ul(w_g_l(pi’X")‘X">dFé”‘”(m> = Ry,
n=1 L
rzesSn—1

which is equivalent to

NE? [Ul (w gt <p%,X> - X)] — NEP {Ul (w - X)] . (3.3.89)

Reminding that g(y1,ys) is a strictly decreasing function of y; and ys, we get

g ! (i, X > decreases strictly when X increases. That means

o) (e ()

decreases strictly when X increases. According to Corollary 4, we obtain

(o) oo ) )
> B9 [Ul(w—x> —Ul(w—gl(p%,x) —Xﬂ .

Comparing (3.3.85) and the inequality above, we have

5 [ (w- g7 (L) - x)] > 89 [un (w-x) .
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which yields

EC ivj / U, (w - g_1< Y Xn> - Xn) dFS (@)

:1165"_1 pL?
N

Z U1 <w - X)] .

n=1

Thus, when z = 0, we obtain

> F9

N (n—1) (n—1)
dF — zM,dF,
EQ Z / Uy (U} - 9_1 (y r (x) (5_1) 9 (x) s Xn> - Xn)
nzlxeS”—l pLdFP (ZL’)
dFy V()| > Ry
(3.3.86)

Recalling (3.3.84), we obtain

N
i Z e
EQ Y / U, (w —y 1<E,Xn) - Xn)dFé? D (z)
n:1$65n71
N (n—1) (n—1)
dF x) — zM,dF, T
ff [ e )y
nzlxeSn—l pLdFP (.’,U)
dFy " (x)
(3.3.87)
when z = 0.

When z — oo, it is obvious that ¢~* (i,Xn) — —oo for every w € () and
Pu
n=1,2,---,N. From Lemma 6, we get that

o ydFy () — 2M(s)dFS ™" (x) AU
prdFp " (x) ’
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is a decreasing function of s for s € S. So, according to Corollary 3, we obtain

dF" Y (2) — 2M,dF" Y (z
U, (w—g_1<y P () — Q ( ),Xn> _Xn)
pLdFp™ " (z)

dFC VY (2) — 2M,dF Y
Uy <w - 971 <y z (x) (:,1) 9 <x) s Xn) - Xn)
prLdFp (z)

EP

> E9

forzx e S"tandn=1,2,---,N. It yields

dF" Y (2) — 2M,dF Y
EP / []1 ('LU o g—l (y P (I‘) Z_l Q ('r) ’ Xn> . Xn) dFC(?n—l) (l‘)
prdFy V()

egn-1
dFT Y () — zMndF(n_l) x
EEQ / Ul w_g_1<y z ( ) 2 ( )7Xn>_Xn
pLdFp " (x)
zeSn—1
dFén_l) ().
(3.3.88)
dFT V() = 2M,dFS ™V (z
Ef U, <w — g’l(y r_ (@) "D Q ( ),Xn> - Xn) is a decreasing
prdFp ()

Ry V() |

function of — D), o SO0 according to Lemma 5, we have
dFp " (2)

EP / Uy (w —qg! ydFy V() - ZM”ch(?n_l)(x)

- X)) — Xn) dFT(z)
prdFy Y () ) "

esn-1
dF" Y () — 2M,dF" Y
> EP / Uy <'LU - 971 (y = (x) (Zfl) 9 (:E) s Xn) - Xn)
zeSn—1 pLdFPn (.’I)
dry (@),
(3.3.89)
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Considering (3.3.88) and (3.3.89) together, we obtain

dF™ Y (z) - zMndF(n_l) T
EP / dF](Dn_l)(x)U1<w—g_1<y P @ Y (),Xn>—Xn)
prdfp” " (z)

esn-1
AP (z) — 2 M, dF" Y
< EQ /dFé”‘l)(a:)M(w—g‘l(y p(2) (Z_1) Q (I),Xn>
resSn—1 pLdFPn (x)

forn=1,2,---, N. It follows that

N (n—1) (n—1)
dF — zM,dF
Z / U, (w g <y P (z)— 2 o (2 ’ Xn> - Xn>

EQ
prdFy Y (x)

nzlxesn—l

N

dFY " (2) — 2MudFg™"
< EP / U, (w B g71<y P (x) =2 Q (:E);Xn) B Xn>
1

prdFy Y ()

= lresn—1

It is evident that

N

R, <E?|Y / dFS D (@)U, (w - g_1<pi,Xn> - Xn)

nzleS"—l
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when z — 00. So,

N
E9 Y / Uy (w - g_l<£,Xn> - Xn) dFyV(x)
n=1

“igegn-1
N (n—1) (n—1)
L ydFp  (x) — 2 My dF, (x)
Q 1 Q
> F E / U, (w —g ( dF(nfl)(a:) ,Xn> - X,
n:1xESn71 PL P

dFy " (x)
(3.3.90)

when z — co. (3.3.87) and (3.3.90) together show that there exist A € (0, 00)

and the corresponding A\ such that

N
A .
E9 Y / Ul(w—g_1<p—;,Xn>—Xn)dFé2 V()
nzleS”—l
N

MO () — N M dFe Y
Z / U, (w_g1< rdFy 7 (x) 1 Q (x)an) _Xn>

— E9
prLdFy Y (x)

nzlmES”*1

ng—”(x)] .

We state now there exist A¥ > 0 and A > 0 such that (3.3.78) and (3.3.79)
hold. O

e ) is infinite.

ANFR ™ () — MM, dFS ™" (x)
prdFp " (x)

NFR ™ () — MM, dFS ™" (x) N )

-1
prdFp " (z)
exist. However, in this case, there is always some w € €2 such that

g is a function that takes only positive values, so

has to be positive to make the term ¢~*

NS (2) = MM, dFS ™ (2)

<0
prdFp =" (x)
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for each z € S" ' and n =1,2,--- , N despite the values of A\ and \. Auto-
matically, (3.3.78)—(3.3.79) do not hold.

e M is finite but P{M(X) = M} =0 and Q{M(X)= M} = 0.
Depending on the values of parameters and utility functions, there may not

may not A > 0 and A\ > 0 such that (3.3.78)—(3.3.79) hold.

We will show that if there exist A > 0 and A} > 0 such that (3.3.78)—
(3.3.79) hold, then the traditional adverse selection model with self selection
can still sort out the types effectively. In (3.2.15), when X,, € A7, the optimal
premium is part of the optimal compensation. It does not matter what the
premium and compensation are individually on A{ but their difference matters.
If A and A are such that (3.3.78)—(3.3.79) hold, then S — A? = () for every
sc€ S, every x € S" Y andn =1,2,---, N. We consider a special case of
(3.2.14)—(3.2.15) where S — A7 = (). We take

ANFR ™ (@) — MM, dFS ™" (x)
pLdFy " (x)

di,,— D, =g" ( ,Xn> (3.3.91)
as the solution for type L and keep (3.2.16) as the solution for type H. (3.3.78)—
(3.3.79) can also be considered as a special case of (3.2.17)—(3.2.18) where
S — AY = () for every s € S, every x € S"' and n = 1,2,--- , N. Thus,
(3.3.91) and (3.2.16) are the optimal solutions for the traditional model. The
insureds are distinguished through their selection of contracts. As a result, the

boundaries are not needed.

If there are not Aff and A\ such that (3.3.78)-(3.3.79) hold, there will not
be S — A7 = () for every s € S, every x € S ' and n =1,2,--- , N. Then the
boundaries will appear in the insurer’s utility and the value of d — D affects

the insurer’s utility.
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3.3.2 The set S — A3

Next, we consider the second circumstance where the solutions are presented
by (3.2.63)—(3.2.65). The solutions involve the set S — A3 and we will discuss
when we can have S — A% = () for every z € S" ' and n=1,2,--- , N. With
S — A =0 forevery z € S" tandn=1,2,---, N, (3.2.66)(3.2.67) become

N R j(n—1) I (n—1)
A F — A\ M, dF,
EP |: E / U1 (w - 971< 2 r (x) ( 721) Q (x) y Xn)
prLdFyp" ()

- Xn) dFlg”_l)(m)} = R;,
(3.3.92)

N R jp(n=1) I (n—1)
AydF x) — MM, dF, x
EQ{Z / Ul(w—g_1< 2 (x) (_21) o );Xn>
— pLdFPn (z)

leS”*1
— X, JdFS V(x)| = R

(3.3.93)

It is important to remind that the solutions (3.2.63)—(3.2.65) are taken because
the solutions (3.2.14)—(3.2.16) do not match (3.1.7). This is the condition when
we consider the solutions (3.2.63)—(3.2.65) and the set S — A% in them. This
condition means (3.2.69) is true. We rewrite (3.2.69) as

N R jpp(n—1) I (n—1)
AdF — A\ M, dF,
283 / {Ul w_g_l( rdFp (@) e (x),Xn>—Xn Tx,eaz
prLdFy V) (x)

+ Ui (w—-d+D-X,) Hxnes_Af} dFé”‘%)} < Ry.
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If (3.3.78)—(3.3.79) hold, then S — A7 = (). The expression above becomes

N L ARARS Y (1) = MM dFS TV (2)
Z Ul w—g ( ( _1) 7Xn>
n=1 B pLdFPn (x)

E<

— Xn) dFyV(x)| < Ry

(3.3.94)
Keeping the inequality (3.3.94) in mind, we can show

Lemma 8. If there exist A > 0 and N > 0 such that (3.3.78)~(3.5.79) hold
and if (3.3.94) is true, then there are A& € (0, M) and X} € (0, \) such that
(3.3.92)(3.3.93) hold.

Proof. Some of the proof is similar to that of Property 1, so we will skip some
details. We will show that there exist A% and M\¥ such that (3.3.92) and (3.3.93)
are true. Since D; # 0, there exist A\l and A\ such that (3.3.78) and (3.3.79)
hold.

Like Step 1 in the proof of Property 1, we know that for any fixed A\l € (0, \]),
there exists A > 0 such that (3.3.92) holds. Next we will show that among the
pairs (A, ) that satisfy (3.3.92), there is a pair that satisfies (3.3.93). Similar
to Step 2 in the proof of Property 1, we let 2z € (0,00) and y € (2(M)V, 00) be
the pairs that satisfy (3.3.83).

When z = 0, then we obtain (3.3.86) like in the proof of Property 1. When
2z = A, then y = A\ to keep (3.3.83) holding. Then we have (3.3.94). Consid-
ering (3.3.86) and (3.3.94) together, we state that there exist A} € (0, \]) and
the corresponding ALY such that (3.3.93) holds. Therefore, there is a pair of
(AZ ALY such that (3.3.92) and (3.3.93) hold.

From the discussion above, it is clear that 0 < A\J < M and 0 < M. Next
we will illustrate that ¥ < AE. We know when y = A and 2z = A, (3.3.83)

holds. If z decreases and becomes less than A but y stays the same as A\, the
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left-hand-side of (3.3.83) becomes larger because —g~'(+,42) and U, are both
increasing functions. Thus, to keep (3.3.83) holding when z decreases below
A there must be y < A [

e M is finite but P{M(X) = M} # 0 and Q{M(X) = M} # 0.
In this case, as the result of Lemma 8, there are A € (0, \) and A € (0, \])
such that (3.3.92)—(3.3.93) hold.

e M is infinite.
In this case, there are not A\ € (0, \f) and A} € (0, \]) such that (3.3.92)—
(3.3.93) hold. The reason is the same as that when we discuss S — A7 in the

case of infinite M.

e M is finite but P{M(X)= M} =0 and Q{M(X) = M} = 0.
Depending on the values of parameters and utility functions, there may or may
not A\ € (0, \') and A\ € (0, \]) such that (3.3.92)—(3.3.93) hold.

Similar to the discussion in Subsection 4.1, if there exist A¥ and M} such
that (3.3.78)—(3.3.79) hold, then we will show the traditional adverse selection
model with self selection can still sort out the types effectively. Suppose A\¥ and
M satisfy (3.3.78)—(3.3.79), then S — A% = () for every s € S, every x € S},
andn=1,2,--- N. We take

NHFR Y (@) — MM, dFS Y (x)
prLdFy Y (x)

di ., — D7, = gt ( ,Xn> (3.3.95)
as the solution for type L. The solution for type H is still (3.2.65). Then,
(3.3.95) and (3.2.65) are the optimal solutions to the traditional model. The

insureds’ types are distinguished. As a result, the boundaries are not needed.

If there are not AZ and A} such that (3.3.78)—(3.3.79) hold, there will not
be S — A% = () for every s € S, every x € S ! and n =1,2,--- , N. Then the
boundaries will appear in the insurer’s utility and the value of d — D affects

the insurer’s utility.
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Theorem 7. (i) If S— AY # () for somex € S™ ' andn =1,2,--- , N, then the
insurer’s optimal utility from (3.2.14)-(3.2.16) increases when d — D increases.
(i1) If S — A% #£ 0 for some v € S" ! andn =1,2,--- | N, then the insurer’s
optimal utility from (3.2.63)—(3.2.65) increases when d — D increases.

Proof. (i) The proof has considerable similarities with that of Proposition 4, so
we will skip some details. Let d’ be an upper bound of the premium and let D’
be a lower bound of the compensation. Suppose that d — D > d — D’. The
solutions are (3.2.14)—(3.2.16) when the boundaries are d and D. We suppose
S — A? # () for some z € S" ! and n=1,2,---, N. When the boundaries are

d and D', like (3.2.14)-(3.2.16), we denote the solutions by

d/Lx,n = le
. NEAFED () — MM dFE" Y (1
d—qg' |12 () (_11) < <),Xn i X, e A
Dlg,n = pLdFPn (I)
D', it X,, € S— A
)\/I
dlfln - Dgn - g_l <_17Xn) .
’ ’ PH

The definition of Nt N[, and A% are in the same logic as that of A\, A
and AY respectively. For simplification, we do not write down the definitions
of them. We suppose S — A¥ # ) for some x € S" ! and n = 1,2,--- | N.

Comparing the insurer’s utilities from the solutions above and the solutions
(3.2.14)—(3.2.16), we obtain

Y

\71<dLaDL>dHaDH) - jl(dlLvD/L?leleH)

N
=t |3 [ (Oaldi, D) - O, - D) RS
n:1$€5'"*1

N
-I—PHEQ Z / (UQ(dﬂn — Df{n) - UQ(dg,n _ D/ﬁn)) dFé?n_l)(x)

nzlxeS”—l
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Since U, is a concave function, we have
jl(dlnDLadHyDH) - x71(d,L7D,L)d}{7D}I)

N
n=1
zesSn—1

N
+pHEQ Z / Ué(dg;{,n - Di[,n) (d?{,n o D?{,n o dl]ﬁ,n + Dg,n)

n=1

zesn—1

dFy (@),

When X, € A7, from (3.2.14)—(3.2.15),

U(d3,, — D3.,.) AR (@) = MM, dFS V()

When X,, € S — A7, from the definition of A7, we know

NRES ™ (@) — MM, dFS ™" (2)

prdFy ()

=g(d-D,X,) >

In this case, dj , — D}, =d—D>d —D' > df, — Df,. So,

Ué(di,n - D%,n) (di,n - Dﬂn - d/lgin + D/Lx,n)
N NES ™ () — MM, dFS ™" (x)
prdFp " (x)

For type H, it follows (3.2.16) that

Ué(dz’,n - D?—I,n) )‘{
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Then,

jl(d[nDLadHaDH) - sﬂ(CLaCL)CHaCH)
N

B> [ Ul di 4 Dy~ Xa) (6~ D~ 0+ CF )
nzlxeS”—l
(Ade,S”*”(x) - A{MMFé"’”(x)) ]
N
+E2| > / Ul(w — djy,, + Dy, — Xy)
n=1

zesn—1

A (dy,, — Dy — i +C L) dFéf‘”(x)] .

The demonstration from here share the procedures with the demonstration

following (3.2.37) in the proof of Proposition 4. Analogously, we obtain

Ji(dr, Dy, dy, Dy) — Ji(dy, Dy, dy, D) > 0.

(ii) The proof has considerable similarities with that of Theorem 6, so we will
skip some details. Let d’ be an upper bound of the premium and let D’ be a
lower bound of the compensation. Suppose that d —D > d’ —D’. The solutions
are (3.2.63)(3.2.65) when the boundaries are d and D. We suppose S — A% # ()
for some z € S ' and n = 1,2,--- , N. When the boundaries are d’ and D’,
like (3.2.63)—(3.2.65), we denote the solutions by

d/Lx,n = CZ,?
. NEAFED () — MM dF" Y (2
d—g'| 2L () (_21) Q <),Xn i X, e AF
D/[glc,n = pLdFPn ((L’)
D', it X,, € S — AY
)\/
d/I-zIn - Dgn :gil <_37Xn) .
’ ’ PH

The definition of A5, A, X, and AY are in the same logic as that of A, A2 A3,
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and A% respectively. For simplification, we do not write down the definitions
of them. We suppose S — AY # () for some x € S" ! and n = 1,2,--- ,N.

Compare the utilities from the solutions to obtain
le(dL7 DL7 dH7 DH) - *71(d/L7 DIL7 di‘[’ D}I)

N

nzleS"*1

N
+pHEQ Z / Ué(dil,n - D?J,n) (d:;{,n - D?{,n - d/]'-zl,n + DE,n) dFan_l) (l’)

nzleS’”—l

For the same reason illustrated in (i), we have

Ué<d:£,n - Df,n) (di,n - Di,n - dlg,n + D/Iit,n)
§ NRFS ™ () — MM, dFS ™" (x)
- prdF Y (x)

for X, € AY,

U{(U} - df,n + Di,n - Xn)

N NRFR ™ (@) = MM dFS ™Y (x)
prdFE Y (x)

(délvl,n - Di,n - dlg,n + D,I:in)

for X,, € § — AY, and

Ué(d%,n - D%I,n) )\3
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Thus,

jl(d[nDLadHaDH) - sﬂ(CLaCL)CHaCH) >

N
P> [ Ultw - di+ Df, - Xo) (4, — D, — i+ CE)
nzlxesn—l
(Ade,S”*”(x) - A{MMFé"’”(x)) ]
N
+E2| > / Ul(w — djy,, + Dy, — Xy)
n=1
rzesSn—1

N (d%, — Do~ + 05 dFé;“‘”(w)] .

The demonstration from here share the procedures with the demonstration

following (3.2.75) in the proof of Theorem 6. Analogously, we obtain

Ji(dr, Dy, dy, Dy) — Ji(dy, Dy, dy, D) > 0.

3.3.3 Necessity of the boundaries

Consider a case where there are not A and A\ such that (3.3.78)-(3.3.79) hold
in the first circumstance, for example, a case where M is infinity. If there are
no boundaries on the premium and compensation, or equivalently d — D = oo,

we will demonstrate there are not feasible optimal contracts.

In the first circumstance where (3.2.14)—(3.2.16) present the solutions, we
start from a finite d — D. According to (3.2.14)-(3.2.15), the optimal premium
is d and the optimal compensation is D for X, € S — A? and n = 1,2,--- , N.
We emphasize that S — A? # ) for some # € S" ' andn =1,2,--- , N. When
d — D increases, the optimal premium and compensation change accordingly.
S — A7 # () and on S — A7, the difference between the optimal premium and

the optimal compensation is bigger. With the bigger d — D, according to
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Theorem 7, the objective of the problem increases. The insurer prefers a bigger
gap between premium and compensation on S — A?. Imagine d — D keeps
increasing to infinity. Still, S — A% # @) for some x € S" ' and n =1,2,--- , N.
To get the most utility, the insurer will let the difference between premium
and compensation be infinity on S — A7. When there are no boundaries, the
insurer will charge an infinite premium, pay a negatively infinite compensation,

or both, on a nonempty set S — Af.

Consider a case where there are not A\¥ and A} such that (3.3.92)-(3.3.93)
hold in the second circumstance, for example, a case where M is infinity. We
will also show that there are not feasible optimal contracts if there are no

boundaries on the premium and compensation.

In the second circumstance where (3.2.63)—(3.2.65) present the solutions,
according to (3.2.63)-(3.2.64), the optimal premium is d and the optimal com-
pensation is D for X,, € S — A% and n =1,2,--- , N. Again, S — A% # () for
some z € S" landn=1,2,---,N. When d — D increases, the gap between
premium and compensation on S — A7 increases. From Theorem 7, we know the
objective of the problem increases. The insurer will choose a larger d — D to ob-
tain more utility. When d—D increases to infinity, still S — A% is not empty. The
insurer will let the difference between premium and compensation be infinite on

S—A3. That is an infinite premium, a negatively infinite compensation, or both.

For summarizing, there is not a feasible optimal premium and a feasible
optimal compensation if there is not an upper bound for the premium or a lower
bound for the compensation. Therefore, the constraint (3.1.10) is necessary for

the model with more than two outcome states.
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Chapter 4

Conclusion and Future Work

We have studied two models of optimal insurance contracts that an insurer

should propose to a potential insured.

Motivated by climate change and catastrophic events, we have created a
new full information model with persistent efforts. The number of claims is
assumed to be a shot-noise Cox process. However, this model for the number
of claims can be applied to many other risk management problems. To the
best of our knowledge, we have obtained the first analytical solution for the
optimal premium, the optimal compensation, and the optimal actions of the
insured when the number of the claims process is a Cox process. The solution
shows that the optimal expected action decreases over time. It also shows that
the amount of action decided by the insurer is restricted by the amount of
action the potential insured selects when he is not in the insurance market. An
example with exponential utilities allows us to see how the solution depends

on the parameters of the model.

With two risk types of potential insureds, we construct a new model with
adverse selection. Different from the traditional self-selection model with ad-
verse selection, our model adds an upper boundary for the premium and a lower
boundary for the compensation. The main results we obtained are the optimal
premium and compensation shown by Theorem 5 and Theorem 6. Under two

circumstances, the solutions are in different forms. To verify the circumstance
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and then select the suitable form, we cannot bypass the first form shown by
(3.2.14)-(3.2.16). If the controls (3.2.14)-(3.2.16) satisfy (3.1.7), then they are
the optimal solutions. Otherwise, (3.2.63)-(3.2.65) show the right form of the
optimal controls. The traditional adverse selection model with self-selection
has only two outcomes: accident and no accident. However, our model allows
general outcome states. With the general outcome states, we will obtain infinite
premiums or compensations as the optimal solutions for some states from the

traditional model. The boundaries we add make us avoid infeasible solutions.

In the previous literature focusing on principle-agent problems, the re-
searchers invent different models to deal with adverse selection and distinguish
the types of agents to the contract. Some advocate the contracts are offered
to all the agents, like the second model in this thesis. But some literature
advocates that contracts are offered only to the “best” type, for instance, the
low-risk type in an insurance market and the high-productivity type in an
employment market. I would like to compare these different ideas and try to

find out which is more effective.
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