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ABSTRACT

We consider problems of stochastic control with regime switching: maxi-
mization problems for stochastic models that are modulated by an observable
finite-state continuous-time Markov chain. We develop the theory required
to solve those problems, and we apply that theory to important problems in
Financial Economics.

We present new results on the theory of classical control with regime switch-
ing, and on the theory of singular control with regime switching. We also de-
velop the theory of impulse control with regime switching. In fact, we obtain
the first version of the Hamilton-Jacobi-Bellman equation for a problem of
classical stochastic control with regime switching in random time horizon and
for a utility function or cost function dependent on the regime. We obtain as
well the first verification theorem for a problem of stochastic impulse control
with regime switching.

Furthermore, we apply our results to solve the consumption-investment
problem in financial markets with regime switching, and the dividend policy
problem for a company that presents business cycles. The first problem is
solved explicitly, while the second problem is solved analytically for bounded
dividend rates, for unbounded dividend rates and for the case in which there

are dividend taxes and a fixed cost associated with each dividend payment.
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Chapter 1

Introduction

Traditionally, continuous-time financial models are built on Brownian mo-
tion: they focus on capturing the uncertainty generated by the continuous and
minuscule movements of the financial market. Examples of this include the
Black-Scholes model for option pricing, consumption-investment models (as in
Merton (1969)), dividend policy models (as in Jeanblanc-Piqué and Shiryaev
(1995), and Asmussen and Taksar (1997)), stochastic volatility models (as in
Hull and White (1987)) and interest rate models (as in Vasicek (1977), among
many others). However, the financial market also presents more steady long-
' term movements. In fact, the behavior of the financial market is affected by
long-standing macroeconomic conditions.

The macroeconomic effect on the financial market has been well docu-
mented in the empirical Finance literature. Chen, Roll, and Ross (1986), Chen
(1991), Fama (1981,1990), Huang and Kracaw (1984), Maheu and McCurdy
(2000), Guerra and Tabak (2002), Pearce and Roley (1988), Schaller and Van
Norden (1997), Schwert (1987,1989), and Wei and Wong (1992), among others,
have studied the relationship between the financial market and macroeconomic
activities by considering, for instance, factors such as asset prices, production

rates, productivity, growth rate, unemployment, yield spread, interest rates,



inflation, and dividend yields. Evidence that the financial market follows the
economy is found in all of these studies.

Regime switching models capture the long-term movements in the financial
modeling by including a finite-state continuous-time Markov chain that repre-
sents the uncertainty generated by the more steady market conditions. Regime
switching models were originally proposed in financial modeling by Hamilton
(1989) to model stock return time series, and showed to be a more accurate
representation of the financial reality than the usual models with deterministic
coefficients.

Financial models with regime switching have been recently studied in dif-
ferent contexts. Buffington and Elliott (2002), Di Graziano and Rogers (2006),
Guo (2001), Guo and Shepp (2001), Guo and Zhang (2004), Jobert and Rogers
(2006), Mamon and Rodrigo (2005), and Yao, Zhang and Zhou (2004) solve
option pricing problems in financial markets with regime switching. Optimal
selling rules in a regime switching framework are studied by Zhang (2001), and
Guo and Zhang (2005).

Portfolio management problems have been studied using techniques of clas-
sical stochastic control with regime switching by Zhang and Yin (2004), and
Zhou and Yin (2003). Honda (2003), Nagai and Runggaldier (2005), and Sass
and Haussmann (2004) also study portfolio optimization problems, but under
the assumption of partial information: the stock prices are observable while
the Markov process that models the market regime is hidden. All the above
mentioned papers in classical stochastic control with regime switching consider
a finite horizon formulation and none of them consider the utility function de-

pendent on the Markov chain. Moreover, only Zhou and Yin (2003) consider all
the parameters of the model to depend on the Markov chain, although they
only succeed in giving an explicitly solution for independent interest rates.

Stockbridge (2002) presents an infinite horizon portfolio optimization prob-



lem with regime switching, but with a different approach: he establishes an
equivalent linear programming formulation of the problem.

Zariphopoulou (1992) considers an infinite horizon investment-consumption
problem in which the rate of return of the stock is a continuous-time Markov
chain. She formulates a verification theorem for this problem of singular
stochastic control with regime switching, but does not provide a proof of the
theorem. Guo, Miao and Morellec (2005) also present a verification theorem
for a stochastic singular control with regime switching problem of irreversible
investment, but fail as well to provide a rigorous mathematical proof.

In this thesis, we present new results on the theory of stochastic control
with regime switching. We generalize stochastic control techniques for random
time horizon problems to include regime switching models in which the regime
is modeled by an observable continuous-time finite-state Markov chain. Fur-
thermore, we formalize the generalized techniques through rigorously proved
verification theorems. In the formulation, we consider the dependence of the
utility functions (or cost functions) on the Markov chain.

In the case of classical stochastic control with regime switching, we present
the first version of the Hamilton-Jacobi-Bellman equation for problems with
random time horizon and with a regime-dependent utility function. The theory
of classical stochastic control with regime switching is presented in Chapter 2.

For singular stochastic control with regime switching, we present the first
version of the variational inequalities for those type of problems, that is, for
problems with random time horizon and with a regime-dependent utility func-
tion. In addition, we give the first rigorous mathematical proof of a verification
theorem for singular stochastic control with regime switching problems. The
theory of singular stochastic control with regime switching is presented in
Chapter 5.

In Chapter 7, we develop the theory of stochastic impulse control with



regime switching and, as a result, we obtain the first verification theorem for
those kind of problems. The use of stochastic impulse control techniques for
solving problems in a regime switching formulation is a novel concept in the
Mathematical Finance literature.

The generalized techniques for stochastic control with regime switching are
later applied to solve important problems in Financial Economics.

In chapter 3, we use the classical stochastic control with regime switching
techniques to solve explicitly a consumption-investment problem in a financial
market with regime switching. The problem consists of a single investor that
selects an investment policy and a consumption rate to maximize his total
expected utility of consumption until bankruptcy. All the market parameters
and the investor’s utility of consumption are dependent on the regime of the
market. We obtain explicit optimal consumption and investment policies for
specific HARA utility functions. Our solutions show that the optimal policy
depends on the regime. We include an economical analysis of the solutions,
which shows how both the optimal proportion to allocate in a stock and the
optimal consumption to wealth ratio behave in terms of the economical con-
ditions and in terms of the investor’s level of risk aversion.

In Chapter 4, a second application of the techniques for classical stochastic
control with regime switching is presented. We consider a company whose cash
reservoir is affected by macroeconomic conditions (a company that presents
business cycles) and model the cash reservoir as a Brownian motion with
both drift and volatility modulated by the Markov chain representing the
regime of the economy. The problem consists in selecting the bounded dividend
rate that maximizes the expected total discounted dividend payments to be
received by the shareholders. We succeed in solving analytically the problem
and our solution shows that the optimal dividend policy depends strongly on

the macroeconomic conditions.



In Chapter 6, we use the generalized techniques for singular stochastic
control with regime switching to analytically solve a different type of dividend
payment problem. In this problem, the cash reservoir of the company again
varies according to macroeconomic conditions and is represented by a Brown-
ian motion with Markov-modulated drift and volatility. However, in this case
we consider that the dividend rates are not bounded and hence the problem
consists of finding the unbounded dividend policy that maximizes the expected
total discounted dividend payments received by the shareholders. Also in this
problem, our solution shows a strong dependence on macroeconomic condi-
tions.

In Chapter 8, we apply the techniques for stochastic impulse control with
regime switching to solve a third type of dividend payment problem. The
management of a company, whose cash reservoir is affected by business cy-
cles, wants to optimize the expected total dividends that will be paid to their
shareholders. We consider the presence of a fixed cost associated with each
dividend payment and the presence of dividend taxes. The problem consists
of selecting the optimal times and optimal amounts of dividends to be paid
by the company to its shareholders. We succeed in obtaining the optimal div-
idend policy for this problem. To the best of our knowledge, this is the first
application of stochastic impulse control with regime switching to a Financial
Economics problem.

The three problems of optimal dividend policy that are presented in Chap-
ters 4, 6 and 8 are the only mathematical formulations that allow business
cycles (generated by macroeconomic conditions) to affect the cash reservoir of
a company. As pointed out by Ho and Wu (2001): “Firm’s earnings are usu-
ally correlated with the overall market movements and are often influenced by
business cycles” (p.973). In the dividend problems presented in this thesis, the

earnings of a company that are used to pay dividends are represented by the



cash reservoir process. The empirical evidence of the effect of business cycles
on a company’s cash reservoir leads us to actually suggest the use of regime
switching for modeling the dynamics of cash reservoir processes, to provide a
more accurate representation of the financial reality.

We finish this thesis by giving a review of our main results, both mathe-
matical and financial. In Appendix A, we present the derivation of the Ito’s
formula for Markov modulated processes. That version of the Itd’s formula is
used in the different verification theorems in this thesis. The proofs of some
Lemmas are provided in the other appendices as they are significantly long
and do not particularly contribute to the research process adhered to by the
main text.

The contributions of this thesis are both mathematical and financial. The
main contributions in Mathematics are the generalized stochastic control tech-
niques that include the regime switching characteristic, and the formalization
of the corresponding verification theorems. An explicit solution to a prob-
lem of classical stochastic control with regime switching is also given, along
with analytical solutions to a different problem of classical stochastic control
with regime switching, a problem of singular stochastic control with regime
switching, and finally to a problem of stochastic impulse control with regime
switching.

From the financial point of view, we consider a type of modeling that
grants a more accurate representation of the financial reality by including the
macroeconomic effect on the behavior of the financial market. We also find
the first explicit optimal consumption-investment policies for certain HARA
utility functions when the effect of the macroeconomic conditions are taking
into account. Furthermore, we present the first mathematical model in the
literature that considers the cash reservoir of a company and their dividend

policies dependent on macroeconomic conditions.



Chapter 2

Classical stochastic control with

regime switching

Consider a probability space (€2, F,P). Consider also a N-dimensional stan-
dard Brownian motion W = {W,, ¢t > 0}; and an observable continuous-
time, stationary, finite-state Markov chain € = {e, t > 0}. Let us denote
by S the state-space of this Markov chain; that is, for every ¢t € [0, 00):
& =€(t) € S ={1,2,...,5}, where S > 2. We assume that the stochastic
processes W and ¢ are independent. Furthermore, we assume that the Markov
chain has a strongly irreducible generator @ = [g;; |sxs, where g; ;== —X; <0
and Ejesqij = 0 for every regime i € S. We denote by F = {F;, t > 0}
the P-augmentation of the filtration {F;", t > 0} generated by the stochastic
processes W and e. Here, F}* = o{W, €5 : 0 < s <t} for every t € [0, 00).

Let U be a closed convex subset of R? and u : [0,00) X @ — U be an F-
adapted control process. Moreover, let O be an open, nonempty, convex subset
of RM (the solvency region). Consider an F-adapted process X = {X;, t > 0}

that satisfies the stochastic integral equation

t t
(2.1) X, = a:+/f(Xs,es,us)ds+/g(Xs,es,us)dWs,
0 0



with initial value Xy = € O and initial state ¢y = €(0) = ¢ € S. We assume
here that f : RM x S x U - RM and g : RM x S x U — RM*N_ We define
the function G : R® x & x U — RM*M a5 G(z,4,u) := g(z,i,u) - g(z,%,u)7,
where A” denotes the transpose of the matrix A.

Let us denote the Euclidean norm in R?, p € N, by || - ||,. Also, for any
A, B € RP* p,q € N, we define

q

Y ApB

1 k=1

INgE

AeB := trace (A-B") =

J

We note then that || Allpx, = (A ® A)Y/2 for every A € RP*?, p,qg € N.
The following definitions are the standard definitions of existence and

uniqueness of strong solutions for the stochastic integral equation (2.1).

Definition 2.1. A strong solution of the stochastic integral equation (2.1) is
an F-adapted process X = {X;,t > 0} such that X, = z, P-a.s., that satisfies
(2.1), and such that, for every t € [0, 00):

(2.2) ]P’{/Ot 1 F(Xa €0, u)l|ar ds < +oo} _ 1

(2.3) P{/Ot(g.g)(xs,es,us) ds < +oo} _—

Here, (g @ g)(z,%,u) = g(z,i,u) ® g(z,1,u).

Definition 2.2. The stochastic integral equation (2.1) has a unique strong
solution if, for any two strong solutions X and Y of (2.1), P{X; = ¥}, ¢ €
[0,00)} =1 holds.

Consider the first time when the process X leaves the solvency region.

Define such stopping time as

© = Ox = inf{t>0:X;¢0}



and impose X; = Xg for every t € [O, ).
Let H:RM x 8§ x U — R be a given function. Define then the functional

e
(2.4) I, i) = E[ [ it aual,
0

where F,; represents the expectation conditioned to the initial values Xo =z
and €¢g = i. The parameter 6 > 0 is the discount rate for H. In order for the

functional (2.4) to be well defined, we need that

)
(2.5) ]P’{/ e | H(X,, €5,us)| ds < —l—oo} = 1.
0

Definition 2.3. For every x € O and i € S, we define an admissible control
process as an adapted control process u : [0,00) x © — U such that the tra-
jectory X = X™ is the unique strong solution of (2.1), and such that condition

(2.5) is satisfied. The set of such admissible controls will be denoted by A(z, 7).

Problem 2.1. The stochastic control problem related to this setup is to select,
for every x € O and 7 € S, an optimal admissible control v* € A(z,7) that

maximizes the functional (2.4), and define the value function

(2.6) V(z,i) = J(z,54") = sup J(z,i;u).
ue A(z,i)

Problem 2.1 is a problem of classical stochastic control with regime switch-
ing. In order to solve it, we state the adequate verification theorem that gives

the sufficient conditions for the solution of the problem.



2.1 The verification theorem

Consider 9 : RM x & — R and define the operators L;(u), for each i € S, by

G(2,5,u) @ Yuu(x,0) + f(2,5,u)7 Yulz,5) — 69(z,9)

(MM 2

. 0 :
= 3 3 Cup(x,iyu) gm—nfg—xp(% i)

m=1 p=1

&
~~
=
N’
<
~~
8
-
N’
il
N

4 me(x,i,u)%(x,i) — §4(a,d).

Here, 1, denotes the gradient of ¢ with respect to z, and v, denotes the
Jacobian matrix of ¥ with respect to z.
Following the notation given by Yin and Zhang (1998), we define as well,

for each i € S,

Quz,)0) = Yay¥(@i) = ~Mb@i+ Y. a;9(d).

jeS jes\{i}

Furthermore, we use B(A) and CI(A) to denote, respectively, the border

and the closure of the set A.

Theorem 2.1. Let v(-,4) € CY(O) N C*(O\N;), i € S, be a real function in
O, where N;, i € S, are finite subsets of @. Consider ¥ : § — R, and assume
that for every y € B(O), lim,_, v(z,i) = 9(¢) < 00, ¢ € S. Moreover, assume
that v(-,7) has polynomial growth, for each 7 € S. Suppose that the function

v(-,1), 1 € S, satisfies the Hamilton-Jacobi-Bellman equation

(2.7) ilelg{Li(U)v(w,i) + H(z,t,u)} + Q(v(z,)) —9())(H) = 0,

10



for every € O, and define the control process i by

(2.8) a(t) = arg Sug{Le(t)(a) v(Xy, &) + H(Xy, &, @)}
[e1S]

for every t € [0,@), and by 4(t) := 0 for every t € [@, 00), where 8 = Oya.
Then, if the control 4 is admissible, it is an optimal control for Problem 2.1.

Moreover, the value function is given, for i € S, by

8
/ e“ssH(Xs,es,ﬁs)dst
0

/0@ e % 9(e,) dsj]

for every x € O, and by V(z,4) = 0 for every = ¢ O.

V(iL‘, ’L) = E:c,i

= v(z,i) — 9(3E) + 6 By,

Proof. Consider the function (-, -,1), i € S, defined as (¢, ,1) = e~ (v(z,1)—
¥(¢)) and consider an arbitrary admissible control u. Using the It6’s formula
for Markov-modulated processes (the derivation of the formula is given in Ap-

pendix A), we obtain
L
d(,O(t, Xt7 Et) = ¥ (ta Xt, Et) dt + Z aT(t’ Xt7 Et) d(Xm)t

— Z Z 6xm6xp t Xt, Et) d<Xm,Xp >t

+Q‘10(t7Xt7')(6t) dt + dea

M
0
= ‘Pt (t7Xt7€t) dt + me(XtaEtaut)_(p

2 Bz (t, X, €:) dt
+ Z Z G (X, €1, Ur) aa"" (t, Xe, €) d(W,)s
m=1n=1
62
+ = ;;Gmp (X3, €4, up) —=— Fonde, ——(t, Xy, &) dt

+Q‘10(t7 Xt: ')(Et) dt + thtp,

11



where X, and X, denote de m-th and the p-th component of X, respectively,
and W,, denotes the n-th component of W.

The process {M;,t > 0} is a real-valued, square integrable martingale,
with M{ = 0 P-a.s., when ¢(-,-,1), i € S, is bounded. In fact, {M;,t > 0}
is a martingale when v(+,1), i € S, is bounded because ¥(i) is finite for every

1 € 8. We have then,

dQD(t, Xt7 Gt)

= =8¢ (v(Xy, &) — er))dt + e_&me Xt €4, Ut) ov (Xt €)dt

F

m__

dv
-t Z ngn Xt,ﬁt,ut (9 (Xtaet) d(W )t

m=1n=1

1 - %
'2' 5tZZGmp Xt,Gt,Uta 0T, (Xt ee) di

m=1 p=1

+ e %Q(u(Xy, ) — 9(-)) (&) dt + dMY
= % (Ler) (ue) v( X, &) + Q(v( X, ) —=9(-))(e))dt + §e7%%(e,) dt

0
_&Z ngn X, €1, Ut) 7— Y. Y (Xi,€) d(W,)e + dMY.

m=1 n=1

Recall that v(-,7), ¢ € S, satisfies the HJB equation (2.7). Therefore,
ng(t, Xt, Gt) < —eﬁ_atH(Xt, €4, ut) dt+6 6—&19(6,5) dt

v
‘”Zng Koy uyte) 5 (Xey ) d(Wa)e + dM.

m=1 n=1

Consider U = {Uy, k > 1} to be an open cover of O. Let £ > 1 be such
that Xo = 2 € U5_;U; C O and such that U¥_,U; is bounded, and define the
stopping time 7, := inf{t > 0: X; ¢ Us_,U; }. For every time ¢ € [0, c0), we

12



get

So(t A Tk Xt/\Tk) et/\Tk) - 80(07 X07 60)

tATE tATE
< - / e P H(X,, €, us)ds + & / 9 (e, ) ds
0

t/\Tk M ’U
+ [ e 5033 g (Ko enr ) U (X €0) AW, + M,

m=1 n=1

By taking the conditional expectation to both sides of the inequality above

given Xy = z and ¢y = ¢, we have

Ez,i [(p(t N Tk, Xt/\ﬂw et/\Tk) ] - (’U(:L', Z) - 19(2))

= Eg;[0(t A1, Xenry, €tnry) | — Fzi [v(Xo, €0) — Feo) ]

r tATE EAT
< —E;; / "SSH(XS,es,uS) ds] + 0 Ey; [/ e %9(e,) ds]
0
E M (X 6” X, ;) d(W,
+ Ly o mn s,fsaus sy €s s
, / ;Zg S (X d(W,)
(2.9) + E.; [Mf,, ]

We note that inequality (2.9) is well defined because u is an admissible process,
which implies that (2.5) is satisfied. We also note that X, € CI(U%_,U;) when
s € [0,t A7r]. Then, for every m=1,..., M,

Ov

(X, €5) is bounded for every s € [0, A 7% |,
8:cm

due to the continuity of dv/0z,(-,1), i € S. Define

M = max{aax—l;(m,z’) : x €Cl (U;?:lUj) 1€ S} < +o00.

13



Then,

IATE 8,0 2
Ez,i / 6_263912711;,()(8: €s, Us) ('—'— (Xsy 6s)) ds
0 81:111

tATE
< [ [ is]
0

(2.10)

(A

¢
MZEz,i {/ gfnn(Xs,es,us) ds] .
0

Recall that u is an admissible process. Hence, X = X™ is a strong solution for

(2.1) and, therefore, condition (2.3) is satisfied. Thus,

¢ ¢
/gfnn(Xs,es,us)ds < /(gog)(Xs,es,us)ds < +o0, P-—as,
0 0

for every t € [0,00), and every m = 1,...,M and n = 1,...,N. Then,
inequality (2.10) implies that

E:L‘,i

AT Ov 2
| e ) (5 (Kue) a5 | <
0 Tm

for every t € [0, 00), which further implies that

tAT) 8U
Ea:,i [/ e—ésgmn(Xsyemus)“— (XS7GS) d(Wn)s] = 07
0 O,

for every m = 1,..., M and every n = 1,..., N. Furthermore, we note that
v(z, 1) is bounded for every z € Cl (U§=1Uj), for every i € S, because v(:, 1)
is continuous. Thus, v(Xj,,€;) is bounded for every s € [0,¢ A 7% ]. Then,

{M{,,.,t > 0} is a square integrable martingale and hence E;[M} | =

14



Eyi| M¥] = 0. Therefore, we can write inequality (2.9) as
tATE
E.; [/ e_‘ssH(Xs, €s, Us) ds]
0
tATE
< —Epi [0t ATy Xingys €enm,) | +0(2,3) — 9(8) + 6By [/ e7%"9(e5) ds].
0

We note that the inequality above is well defined because u is admissible and,

hence, (2.5) is satisfied. Letting k¥ — +o00, we get that 7, — ©. Hence,

tAO
Eu; [/ e“ssH(Xs,es,us)ds]
0
< —FEyy [e—é(tA@)(U(Xt/\ey eino) — V(esno)) I{9<+oo}]

—E;; [e‘ét(v(Xt, &) — V(er)) I{o =+oo}]

tAO
+v(z, 1) —9(1) + 6 E, [/ e (e,) ds] :
0
Letting ¢ — o0, if © < 400, we have that X;xg — Xe. Thus,
tli{g(v(Xt/\e, etne) — Veme)) = ml_l}}(le v(x,€0) — Heo) = V(ee) —F(eo) = 0

because Xg(w) € B(O) for every w € 2 such that ©(w) < +00. Moreover, the
polynomial growth condition of v(-,7) and the fact that J(i) is finite, i € S,
implies that

tll'rg) Eri [e_&(v(Xt,ft) — ¥e)) I{@=+00}] = 0.

Hence, recalling that (2.5) is satisfied and applying the Dominated Conver-
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gence Theorem, we obtain
e
E.; [ / e P H(X,, €5,us) dé‘} < —FEp [e7°((eo) — Ieo)) Ljo<too) |
0
e
+v(z,1) — (i) + 0Eyy [/ e %59(e,) ds].
0
Equivalently,
2
J(z,i5u) < v(z,i) —0(4) + 8 Eyy [/ e %9(e,) ds] X
0

Note that if u = 4 as in (2.8) then

o~

8
/ e %9(e,) ds]
0

©
(2'11) = EIE,’i [/ 6_58 H(Xsaemﬁs) ds
0

v(z, 1) — 9(3) + 6 Exy

= V(z,1).

O

The following Corollary gives a different way to express the value function
of Problem 2.1, which might come specially handy if P{® = +oco} = 1 or
QV(-)(i) =0for every i € S.

Corollary 2.1. The value function of Problem 2.1 is given, for ¢ € S, by

o~

V(z,i) = v(w,i)—Em,i[e“jéﬁ(e@)]—I—Ew- /()96"65Q19(-)(65)d3]

for every z € O and by V(z,%) = 0 for every z ¢ O.

Proof. Using the It6 formula for ¢(t,¢;) = —e~%I(e;), we get

do(t,e) = §e (&) dt — e QI()(e) dt + dMY
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where {M?,t > 0} is a square integrable martingale with Em[Mg] = E“[Mg’ | =
0. Equivalently,

~

~

e 6
5/0 e %9(e,)ds = —6_5919(6@)4—19(60)4—/0 e”‘ssQ??(-)(es)ds—Mg.

Applying conditional expectation with respect to Xo = z and ¢y = ¢ to the

expression above, we obtain

E] ~
§E,, [ /0 e—5sq9(es)ds] = — E,;[e7®d(eg)] + V()

o~

5 ;
(2.12) + Eg; /()e_‘ssQﬁ(-)(es)dsl.

Replacing (2.12) in equation (2.11), we obtain

-~

©
/0 e QI(-)(es) ds] :

V(z,i) = v(z,4) — Epile®0(eg)] + Fay

O

Remark 2.1. The admissibility conditions given in Definition 2.3 can be modi-
fied in different ways. For instance, we might define the admissible set A(z, 1)
as the set of F-adapted controls u such that, for ¢(z,,u) = f(z,4,u), g(z, %, u),
H(z,i,u): || o(z,4,u)—d(y, i, u)|| < Kyl z—y||a, for every z,y € O and i € S,
and || ¢(0,%,u)|| < L, for every i € S, for some constants K, and Ly. In fact,
these previous conditions are sufficient conditions for the existence and unique-

ness of a strong solution X = X* for (2.1), and for (2.5).

Remark 2.2. We can avoid the condition that v(-,1), i € S, is C*(O) in The-
orem 2.1 if we use instead other conditions that guarantee v(-,¢) and v,(-,1),

t € S, to be bounded in every closed bounded subset of O.
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In the following two chapters, we present examples of problems of classical
stochastic control with regime switching. In chapter 3, we solve explicitly a
consumption-investment problem when the financial market presents different
regimes and the utility function of the investor is affected by those regimes.
In that problem we consider 9(z) := U(0,4)/é for every i € S, where U(-,1) is
the utility function of the investor in regime i.

In chapter 4, we solve a dividend policy problem when the dividend rate is
bounded and the cash reservoir of the company is affected by macroeconomic

conditions. That problem uses 9(i) := 0 for every i € S.
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Chapter 3

Consumption-investment in a
financial market with regime

switching

The initial contribution to consumption-investment problems in continuous-
time was done by Merton (1969). Other important models of consumption-
investment can be found in Karatzas, Lehoczky, Sethi and Shreve (1986),
Karatzas and Shreve (1998), Sethi (1997), et cetera.

In financial markets with regime switching, the maximization of expected
utility from consumption and/or terminal wealth has been studied by some
authors. Zariphopoulou (1992) considers a financial market in which the risk-
less asset is deterministic and the price of the risky asset depends only on a
continuous-time Markov chain. Zhang and Yin (2004) study nearly-optimal
strategies in a financial market with regime switching. Stockbridge (2002) es-
tablishes an equivalent linear programming formulation of the portfolio opti-

mization problem with regime switching. Sass and Haussmann (2004) consider

' A version of the results shown in this chapter are presented in: Sotomayor, L.R. and
A. Cadenillas, Explicit solutions of consumption-investment problems in financial markets
with regime switching, to appear in Mathematical Finance (2008).
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a finite time horizon and solve numerically the problem of maximizing the in-
vestors expected utility of terminal wealth. They consider the case of partial
information: the investor observes the prices of the stocks but the Markov pro-
cess that models the market regime is hidden. In their model only the rates
of return of the risky assets are dependent of the market regime. Nagai and
Runggaldier (2005) also consider the maximization of the investors expected
utility of terminal wealth but for a power utility function. The problem set-
ting is similar to the one presented by Sass and Haussmann (2004) and the
solution is computed as an expected value. The authors do not obtain explicit
solutions, but suggest the use of Monte Carlo simulation to obtain numerical
solutions. Honda (2003) considers a risk-averse investor that wants to max-
imize his expected total discounted utility of consumption plus his expected
utility of terminal wealth, in a market with a riskless asset and one risky asset.
Both utilities are considered as the same utility function and not dependent of
the regime of the market. Honda considers hidden Markov chain to represent
the market mood (partial information) and, therefore, only past and present
stock prices are observed by the investor. Moreover, Honda considers the stock
volatility to be constant (independent of the regime of the market). Honda
computes the optimal investment and consumption policies numerically and
only for power utility functions.

Portfolio optimization problems with regime switching have also been stud-
ied under a different criterion. Zhou and Yin (2003) propose a continuous-time
Markowitzs mean-variance portfolio selection model with regime switching.
They assume the market parameters to be regime and time-dependent. Their
objective is to obtain the efficient portfolio that minimizes the risk of terminal
wealth given a fixed expected terminal wealth. They characterize the effi-
cient frontier in terms of the solution of two systems of ordinary differential

equations. When the interest-rate process is not affected by the regime of the
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market, they can express the optimal portfolio in terms of the solution of one
system of ordinary differential equations. This system can be solved explicitly
in some cases, for instance, when all the coefficients of the market are inde-
pendent of time. One of the drawbacks of their approach is that they allow
the wealth process to take negative values: they explain, in the introduction
of their paper, that requiring a nonnegative wealth process would give rise to
a very difficult problem from the stochastic control point of view?.

In this chapter, we consider a consumption-investment problem that con-
sists of a single investor who invests continuously in time in one riskless asset
and N risky assets. He also consumes continuously in time. We consider a
financial market with regime switching in which all the coefficients of the mar-
ket depend on the regime. We also allow the utility function to depend on
the regime. The objective of the investor is to maximize his expected total
discounted utility from consumption until bankruptcy.

We present in this chapter the first explicit solutions for a problem on
maximization of expected utility from consumption and/or terminal wealth
in financial markets with regime switching®. The two verification theorems of
this chapter are the first versions of the Hamilton-Jacobi-Bellman equation in
the literature on classical stochastic control with regime switching in random
control horizon. One of them allows the utility function to depend on the
regime, which is a complete new idea in classical stochastic control. Another
mathematical contribution of this chapter is the explicit solution of systems
of nonlinear ordinary differential equations.

Our explicit solutions show that the optimal policy depends on the regime.
We also make an economic analysis of the optimal policy in a financial mar-

ket with two assets (a riskless asset and a risky asset) and two regimes (a

2In our problem we introduce a stopping time (the time of bankruptcy) that allows us
to avoid the difficulty of a state-constrained control problem.

3 As mentioned before, Zhou and Yin (2003) have also found explicit solutions, but under
a different criterion.
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“bull market” and a “bear market”). Combining our mathematical results
with those in the literature on empirical finance, we show that the optimal
proportion to invest in the risky asset is always greater in a bull market than
in a bear market. This result is independent of the investors risk tolerance.
On the other hand, the optimal consumption to wealth ratio depends not only
on the regime, but also on the investors risk tolerance. We show that a very
risk-averse investor will consume proportionally more in a bull market than in

a bear market, and the opposite occurs for a low risk-averse investor.

3.1 The financial market with regime switch-
ing

Let the F-adapted processes Py = {Py(t),t > 0} and P = {P(t) = (Pi(t),...,

Py (t)),t > 0} represent the price of the riskless asset and the vector of prices of

the N risky assets, respectively. These processes satisfy the following Markov-

modulated stochastic differential equations:

dpo(t) = Te) P()(t) dt

dP,(t) = plyy Pa(t) dt + oy Pa(t) dW/, 1<n<N,

with initial prices Py(0) = 1 and P,(0) = p, > 0, and initial regime €(0) = €.
The rates of return for the riskless asset (r;, ¢ € §) and the expected rate
of returns on the risky assets (4, 1 <n < N, i € §) are positive constants.

Moreover, o;, i € S, are N x N matrices that represent the volatility of the
T

risky assets in the regimes i € S. We assume that the matrices 3; := 0,0, ,

1 € S, are positive definite. Here, o] denotes the n-th row of o;. We are
assuming that the coefficients of the market (i.e. r, 4 and o) depend on the

regime of the economy.
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The investor chooses a portfolio 7 = {n(t) = (m(t),...,7n(t)),t > 0},
representing the fraction of wealth invested in each risky asset. We will assume
that the portfolio vector process is unconstrained. As a consequence, short-

selling is allowed in the market. However, we need a technical condition to be

satisfied.

Definition 3.1. A portfolio vector process is an F-adapted stochastic vector

process 7 such that Ez,i[f;ﬂ(s)ﬁe(s)ﬁ(s)Tds] < +oo for all t € [0, 00).

The fraction of wealth invested in the riskless asset at time ¢ € [0, 00) is
then 1 — 3"~ 7,(t). The investor also chooses a consumption rate process

n=1

¢ = {c(t),t > 0}.

Definition 3.2. A consumption rate process is a nonnegative F-adapted stochas-

tic process such that E“[f; ¢(s)ds] < oo for all t € [0, 00).

The adapted process X = {X(t), ¢ > 0} represents the investor’s wealth
process determined by a specific portfolio and consumption rate. The stochas-

tic differential equation for this process is then*
(3.1)
dX(t) = (betry —Teyl) 77 () X (£) dt + (rey X () — c(t))dt +7(t) oy X () AW

with initial wealth X (0) = z > 0 and initial state €(0) = ¢ € S. Here p; =
(47, ..., 1Y), and 1 is the N-dimensional vector of ones. This linear stochastic

differential equation has an explicit unique solution for every portfolio vector

4Karatzas, Lehoczky, Sethi and Shreve (1986) prove that “the change in wealth is due
only to capital gains from price changes in the assets and to consumption”. That is,

N
dXe =Y ma(t)dPu(t) — ey dt,

n=0

where 7, (t) denotes the number of shares held of asset n at time ¢. This equation holds also
in the presence of regime switching. Hence, using mn(t) = 7n(t)Pn(t)/X:, 1 < n < N and
1 — 17T = nyPy(t)/ X;, and the equations of the prices Py and P,, 1 < n < N, we obtain
equation (3.1).
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and every consumption rate process ¢. Indeed, by applying 1t6’s differentiation
rule on X (t)/Z(t),

(3.2) X)) = 2Z(@) (:v - /Otc(s) Z(s)™ ds) for every t € [0, 00),

where
dZ(t) = ((,Ue(t) — Te(t)l) 7T(t)T + Te(t)) Z(t) dt + 7T(t) O’e(t)Z(t) thT
or equivalently
t T 1 T
26) = e { [ (a0 = raaD e + 19 = 37(6) Do n(a)" ) ds
t
+/ 71'(8) O¢(s) de} .
0

We note that the process Z = {Z(t),t > 0} can be interpreted as the
wealth process without consumption and with initial wealth Z(0) = 1.
The investor will be able to consume and invest only if his wealth is positive.

Thus, we need to consider the stopping time of bankruptcy
© = inf{t >0: X(t) <0}

and impose X(¢) = 0 for all t € [0, 00).

Definition 3.3. A utility function is a function U : (0,00) x § — R such
that, for each regime i € S, U(-,4) is C3(0, 00), strictly increasing, and strictly
concave. We consider only utility functions for which there exists a constant

K € (0,00) such that for every y € (0,00),¢ € S:

(3.3) Uly,i) < K(1+y).
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We note that, for a fixed ¢ € S, it is possible to define U (0, ¢) := limy;o U (y, 7)
and U'(0,4) := lim, ;o U’(y, %), and extend the utility function to [0,00) x S.
Moreover, we impose the condition lim,_,, U'(y,%) = 0 for every ¢ € S.

Thus, we are considering only risk-averse investors in our analysis. This
assumption is not far from reality as risk-aversion is the attitude of most

investors in the financial markets.

We denote by ¢ > 0 the discount rate.

Definition 3.4. An admissible control process is a stochastic process u :
[0,00) x @ — RY x [0,00) defined by u(t,w) := (n(t,w),c(t,w)), where =

is a portfolio vector process, and ¢ is a consumption rate process such that

(3.4) E.. [ /O % s U‘(c(t),e(t))dt] < +oo,

where we denote U~ (+,4) = max{0,-U(-,9)}, ¢ € S. The set of all admissible
controls is denoted by A.

We note that if the investor continues consuming after bankruptcy, his
consumption must be zero. That is, after bankruptcy, the investor’s total
discounted utility of consumption is given by

Q(O) = / et (0, €(t)) dt.

(S}

The term Q(O) is already presented by Karatzas, Lehoczky, Sethi and Shreve
(1986) for the case in which the utility function does not depend on the regime
of the market. In fact, if U(0,2) = U(0,5) = U(0) for every 3,5 € S, then
Q(O) = e?®U(0)/5. That is, Q(O) becomes the discounted value of the
natural payment at bankruptcy of U(0)/4.

We must note that, in the case where U(0, j) = —oo for certain j € S and
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U(0,i) > —oo for every i € S, i # j,

E..[QO)] = E.; l:/ e—étU(O,et) I{E(t);ej}dtjl

o

-+ U(O,j) E:z:,i [/@ 8—6t1{€(t)=j}dt:| .

The first term in the right-hand side of the equation above is finite. Then, if
:1:2 [f@ 6tI{5 —]}dt:| > 0 we have that Ea:z[Q( )] = —0Q. Otherwise’ if
E.; [f@ tI{6 t)_j}dt] = 0, then we define

E. [Q(O)] == Eyy [/ e "U(0, ft)f{e(t);éj}dt] > —00.
©

In particular, if E,;[e™%®] = 0, then

S}

E.;[Q(O)] = Eq; {/ e U0, et)I{E(t)#}dt} = 0.

The investor wants to solve the following problem:

Problem 3.1. For each i € S, select an admissible control & = (#,¢) that

maximizes

J(z,i;u) = Eyy [/0@ e U (c(t), e(t)) dt + Q(@)] ,

and find the corresponding value function V'(-,1), i € S, defined by

o~

@ —~
V(z,i) = J(z,3;1) = By, /O et (8(2), e(t)) dt + Q((—))}

The assumption that the utility function depends on the market regime is
supported by the literature on Financial Economics. As Karni (1993) points
out, the regime of the market is relevant for the definition of preferences.

Hence, investors’ decisions are given by their preferences under the specific
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market regime. Melino and Yang (2003) suggest that regime dependent pref-
erences are necessary to explain the equity premium puzzle. According to
Melino and Yang (2003), the investor acts as if he is more risk averse during
recessions than during economic booms. This result implies a counter-cyclical
risk aversion. The same counter-cyclical pattern for risk aversion is empirically
obtained by Gordon and St-Amour (2003). Bosch-Domenech and Silvestre
(1999) show further evidence that risk aversion varies with the level of the
income at risk. Their results imply that risk aversion is pro-cyclical: investors
have higher risk aversion when greater consumption growth and higher con-
sumption levels exist, that is, during good economic conditions. Danthine et
al. (2004) also emphasize that the investor’s coeflicient of risk aversion varies

with the economy’s regime.

3.2 Verification theorems

Let ¢ : (0,00) xS — R be a function and define the operators L;(u) = L;(w, c),
for each 7 € S, by

1
Li(m,e)y = 3 a8z + (pi — 7‘,~1)7rT:m,ZJ' + (riz — o)y’ — 8.

The following verification theorem is the first one in the literature on clas-

sical stochastic control that allows the regime to enter into the utility (or cost)

function.

Theorem 3.1. Suppose that U(0,1) is finite for every ¢ € S. Let v(-,3) €
C?%0,0), i € S, be a concave and increasing function in (0,00) such that

v(0+,7) = U(0,4)/0, i € S. If the function v(-, %), ¢ € S, satisfies the Hamilton-
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Jacobi-Bellman equation

sup {Li(m,c)v(z, 1) + Ulc, i)}

(7, €)€ (—o0,00)N x[0,00)

35) = (v - TR - 3 g (vt - T32).

jeS\{i}

for every z > 0, then the admissible control 4 = (7, ¢) defined by
(3.6)
a(t) = (7(t),&(t)) = arg  sup  {Lex((m, ¢)) v(X(2), e(t))+U(c, €(t) Hselo,00)

(m,e)€(—00,00)}N x [0, c0)

is an optimal solution to Problem 3.1. Moreover, the value function is given

by

é o~
V(z,i) = Egy [/ e“SSU(é(s),e(s)) ds + Q(@)}
— o(zd) + %E [ /0 T s dU(O,e(s))],

where we are denoting

dU(0,€(s)) == ~AoU(0,e(s))ds + 3 quioyy U(0, 5) ds.
ie(s)

Proof. Consider the function f(.,-,4), i € S, such that f(t, X}, &) = e " (v(Xy, &)

~ U(0,€)/d) and consider every admissible control u = (7, ¢). Using the Itd
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formula for Markov-modulated processes, we get
df (ta X4, Et)

1 -
- -é- 7TtE (#) Ty X2 5t’U”(Xt, Gt)dt + (,Ue(t) - re(t)l)Wthe 5t’Ul(Xt, Gt)dt

)
+ Tt O'E(t)Xtenat'Ul(Xt, Gt)me + Qf(t, Xt, )(Et)dt + thf

+ (e X — ¢) €7 (X, €)dt — G (’”(Xt,et) L 6t)> dt

_ 1
= e (Ewt&(tmTXf V(X €) + (e — Te )T X V(X €0)

+ (Tey Xt — ) V' (Xy, &) — 6v( Xz, et)) dt + e"‘stU(O, €)dt

+ 6—5t _)‘e(t) <’U(Xt,€t)

U 0,7
) qu(t)_y ( Xta (5 J)) dt
JFe(t)

+ 7 ooy Xs €' (X, €) AW + dMY

where g; = —\;, for each ¢ € S. Also, the process {Mtf ,t > 0} is a real-valued,
square integrable martingale, with M =0 P-as., when f(-,-,4), 4 € S, is
bounded, i.e., when v(-,7), 1 € S, is bounded since U(0,4) is finite for every
i € S (we will discuss below that v(Xj,¢€,) is bounded for some values of s).

Therefore,

df(t, X&) = e (Le(t)(u(t))v(Xt,et) ~ Ae(t) (U(Xt,et) _ U(%, ft))

+ qu(t)3< (X1, ) U(g’j)))dt

J#e(t)

+ e“”U(O7 €)dt + m Te(t) Xt e 0t V' ( Xy, &) thT + thf.
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Moreover, from condition (3.5),
df(t, Xy, &) < —e™% (U(ce, €)—U(0, €)) dt+ms 01y Xz e v (Xy, ) AWT + thf.

Let a and b satisfy 0 < @ < Xy =z < b < 400, and define the stopping times
T, =inf{t >0:X; =a}and 7, := inf{t > 0: X; = b}. Then, for every

time ¢ € [0, 00), we get

f(t A Ta AN Th, Xt/\Ta/\Tb7 615/\'r'a/\'r'b)

tATa ATy
< v(Xo, &) — U(%’ o) —/ e_5s(U(cs,es) —U(0,€5)) ds
0

tATQATY
+ / Ts Oe(s) X's e 3V (X, €5) AWT + Mt’;\TaMb.
0

By taking the conditional expectation to both sides of the inequality above

given Xy = z and ¢y = i, we have

E:z:,i [f(t AN Tg N Th Xt/\‘ra/\‘rba 6t/\‘r'a/\'rz,)]

4 tATa ATy
< o) - T8 [ [T Wlene) - U0 s
0
tATL ATy
(37) + Ef”’i [/ Ts ae(s)Xse_és UI(XSa Es) dWsT] + E:E,‘I:[Mtf/l\‘r'a,/\ﬂ"b ]
0

Inequality (3.7) is well defined because the utility function U is strictly in-
creasing. We note that U(cs,€,) > U(0, €5) for every s > 0 implies

tATG AT
0 < E;; [/ e (U(cs, €5) — U(O,es))ds] .
0

Moreover, the growth condition (3.3) and the fact that ¢ is a consumption rate
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process guarantee also that

tATa ATy tATa ATh
E,; [ / e %(U(es, €5) — U(0, es))ds] < K\ E,; [ / e %(1 +cs)ds]
0 0
t
< K]_Ez’i [/ (1 +Cs)d3:| < 400,
0

where K; = max{K, K — min{U(0,%),7 € S}}. Note that u is admissible and
that v/(Xj, €;) is bounded for every s € [0,t AT, ATy| (v(-,1), 1 € S, is concave

and max{v'(a, €, ),V (b, €,)} < M, where M is a finite constant). Then,
tATL AT, tATa ATy
E.; [ / s De(s)TL X 2€™ 2 (v (Xs,es))zds] < M*E,; [ / WSZC(S)WZdS]
0 0
t
< M2b2E:c,i [/ Wsze(s)ﬁfds] < 400,
0
for all ¢ € [0, 00). This implies
tATa AT
E:c,i l:/ Ts O'E(S)Xse—lss 'Ul(Xs, Es) dW_;rjl =0
0

We note that v(a,¢,,) and v(b,¢,,) are finite. Hence, since for every i € S,
v(+, %) is increasing, v(Xs,€;) is bounded for every s € [0,t A7, A 7). Then,
{Mtj;ml amys t > 0} is a square integrable martingale and hence Eg ;] Mf,,. Amy | =

E, ;| MJ] = 0. Therefore, we can write inequality (3.7) as

’U(:E, Z) 2 E:C,i[ f(t N T N Ty, Xt/\Ta/\Tba 675/\7'0,/\71,) ]

U(0,1)
=

tATa ATy
B [ / e (Ulcy, ) — U(0, ) ds | +
0

Then, letting a | 0 and b T +00, we get that 7, — © and 7, — oo. Recall that
v(0+,1) = U(0,4)/8, i € S, that U(-, %) has polynomial growth for every ¢ € S,
and that U(-,7) — U(0,%) > 0 also for every ¢ € S. Then, letting t — oo and
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applying the Monotone Convergence Theorem, we have

) )
(3.8) v(z,3) > 0+ Fyy [/ e (U(cs, €5) — U(O,es))ds] + 3
0

(S

e .
—E,; [/ e % U(0, es)ds] + v(©,7)
0

= J(z,5u) — Eg, [/ g% U(0,¢s) d,s] + 5
0

= J(z,tu) — Egy l/ e 5 U(0, es)ds]

Using the Ité formula for g(¢,€;) = —e™ U (0, ¢;)/d, we get

1
dg(t,e;) = e_StU(O, €) dt — 5 e —/\e(t)U(O, €) + qu(t)j U(0,7)]dt+ dM?
J#e(t)

where {M7,t > 0} is a square integrable martingale with lim; ., F, ;[ M] ]| =
E.;| M§] = 0. Equivalently,

/ e U(0,¢,)ds = =U(0,¢) 5/ e7%dU (0, €5) — hm M].
0

Applying conditional expectation with respect to Xy = z and ¢g = 7 to the

expression above, we obtain

(3.9) Ea. [ / e~ U(O,es)ds] _ %U(O,z’)—k%EM [ / &% 41/ (0, es)].
0 0

Then, from equations (3.8) and (3.9), we get

1 oo
v(z, i) > J(z,iu) — SEz’i {/ e“‘sst(O,es)],
0

A

where (7, ¢) is an arbitrary admissible pair. Note that if v = @ = (#,¢) as in
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(3.6), then

o o
v(z,i) + SEW [/ e dU(0, es)]
0

5
= B, / e U (8, €,) ds + Q(é)] = V{x,i).
0

O

Now, we consider the special case in which the utility function does not

depend on the regime of the market.

Corollary 3.1. Suppose that U(-,7) = U(-,j) for every 4,5 € S. Moreover,
suppose that the conditions of Theorem 3.1 are satisfied. If the function v(-, 1),
i € S, satisfies the Hamilton-Jacobi-Bellman equation

(3.10)
sup {Li(m, ) v(z,3) + Ulc,)} = Niv(z,)) — Y giv(z, 4),
(m, €)€ (—00,00)¥ x[0,00) jeS\{i}
then the admissible policy (7, ¢) defined in (3.6) is optimal. Furthermore, the
value function is given by

V(z.i) = vz.i).

Proof. We know from Theorem 3.1 that the Hamilton-Jacobi-Bellman equa-
tion is given by (3.5). When U(-,%) = U(-, ), for every i,j € S, we obtain

sup {Li(m,c)v(z,i) + Ulc,i)}

(7, e)€ (—o0,00)N x[0,00)

- Z qij V 1'.7

SR I

jeS\{i} JjeS\{i}
O,i
= Z q,’.7 l' ] + ( Z qi; — z) 5 )’
jeS\{i} i€ S\{i}
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where A; = —g;;. Therefore,

sup {Li(m,c)v(z,3) + Ulc,9)}
(ﬂ,c)E(—oo,oo)NX[O,oo)
. . U(0,1)
= \v(z,1) - Zf]ijv(%]) + Z U —5
jeS\{i} JjES
and from properties of the generator matrix, ZjeS ¢i; = 0, which implies

equation (3.10). According to Theorem 3.1, the value function is given by

V(z,i) = ov(z,q)+ % E.; [/Oooe“sst(O,e(s)] .

We note that
dU(0,€(s)) = U(0,)) § =Ae(e) + D, ey ¢ 45 = U(0,4) Y _ gee)jds = 0.
j#e(s) jes
Therefore, V(z,1) = v(z,i) for every z > 0 and i € S. O

The following verification theorem considers the case in which U(0,7) =

—o0 for every ¢ € §. We note that in such case

E.[QO)] = Eg; [ / 5P e“ssds] = PFE,[e™],
)
where P :=U(0,4)/0 = —oo. Hence, we define for this case

0 if E,;[e®®]=0

—oo if Exi[e"5@]>0.

’

E:c,i [Q(@> ] =

Theorem 3.2. Suppose that the utility function does not depend on the
market regime, and U(0,i) = —oo for every i € S. Let v(-,i) € C?*(0,00),
t € S, be a concave and increasing function in (0,00) with lim, o v(z,7) =

U(0,%) = —oo for every ¢ € S. Suppose that the function v(-,%), ¢ € S, satisfies
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the Hamilton-Jacobi-Bellman equation

(3.11)
sup {Li(m,c)v(z, i) + Ulc, )} = Ao(z,2) — Z gijv(z,5),
(m, €)€ (—o0,00)N x{0,00) jeS\{i}
for every £ > 0. Then, the admissible policy
(3.12)
a(t) = (1), &(t) = arg sup  {Lgy((m, ) v(X(t),€(t))+U(c, €(t)) }1itefo0)}

(m,c)€(—00,00)N x{0,00)

is optimal solution to Problem 3.1. Moreover,

~

e ~
V(z,i) = v(z,i) = Fyy /0 e U (é(s),e(s))ds + Q(O) | .

Proof. Consider for this case the function A(-,-,7), 7 € S, such that h(t, X;, &) =
e %v(X,, €) and consider an arbitrary admissible control u = (7, ¢). Similarly
to the proof in Theorem 3.1, we use the It6 formula for Markov-modulated

processes and condition (3.11) to obtain
dh(t, Xi, &) < —e " U(c,€) dt + mp oy Xe €7 V' (X, &) AWE + dM,

where the equality holds for the admissible control process @ defined by (3.12).

The process {M t > 0} is a real-valued, square integrable martingale,
with M} = 0 P-a.s., when v(-,1), ¢ € S, is bounded (in this case too, we will
discuss later in the proof that v(Xj, €,) is bounded for some values of s). Let
a and b satisfy 0 < a < Xy = £ < b < +00, and define the stopping times
T '=1inf{t > 0: X; =a} and 7, := inf{t > 0: X; = b}. Then, for every
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time ¢ € [0,00), we get

h(t A Ta A Tb, Xt/\ﬂ;/\n,a 673/\7'(1/\7'1,)

tATa ATy

< v(Xo,eo)—/ e U (cs, €) ds
]

tATa ATy
+ / T Oe(s)Xs e % (X, €5) AWT + Mtfj\ra/\n,'
0

By taking conditional expectation to both sides of the inequality above given

Xy = = and ¢y = ¢, we have
Er [ h(t A Ta ATy, Xinransys Etaranm,) |
tATa ATy
< v(x,i) — Egy [/ e % U(cs, €s) ds]
0

tATQ ATy
+ Ez:,i [/ Ts O'G(S)Xse_és UI(Xsa 63) dWsT] + Exii[Mtfj\Ta/\Tb]
0

tATa ATy tATo AT
= v(x,i) — Eg; [/ e U (cs, es)ds] + Eg; [/ e~ U™ (cg, €5)ds
0 0
tATa ATy
(3.13) + Ez [/ s UE(S)XS emasvl(Xsa €s) dWsT:‘ + Ez,i[Mth/\Ta,/\Tb ].
0

Inequality (3.13) is well defined. In fact, the growth condition (3.3) and the

fact that ¢ is a consumption rate process imply that

tATa AT

tATo ATy
0< E,; [ ] e‘53U+(cs,es)dS] = E,; { / e"%U (s, €:) [ (c,)>0yds ]
0 0
tATaATh
< KE,; [ / e (1 + Cs)f{U(cs)>0}dS]
0

i
< KFE,; [/ (1 +cs)ds] < +00.
0
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Moreover, due to the admissibility condition (3.4),

tAToN\Ty ©
0 < B, [/ e_‘ssU_(cs,es)ds] < Eg; [/ e*‘ssU"(cs,es)ds] < +o00.
0 0

Furthermore, due to the concavity of v(+,7), 7 € S, to the fact that v/( X, €5) <
max{v'(a,%),7 € S} for every s € [0,t A7, AT;] and to the admissibility

condition of the portfolio process 7, we obtain that for every t € [0, 00),
TATa AT
E.; [/ s Ue(s)Xse_‘ss V' (X, €) dWE | =0
0

In addition, since v(X,,€s) is bounded in the region s € [0,t A T, A T,
the process {Mt’;\Ta ams t = 0} is a square integrable martingale and hence

Em,i[Mt{\Ta Ay ] = E, ;] M{] = 0. Hence, we rewrite inequality (3.13) as

tATe ATy tAT ATy
v(z,i) > FEy, [/ e—‘ssUJ“(cS,es)ds] - E;; l/ e U (cs, €5)ds
0 0
-+ E;l:’i [e_é(t/\Ta/\Tb)U(Xt/\Ta/\Tw 6t/\Ta/\’?‘(,) ] .

Then, letting a | 0 and b T +o00, we get that 7, — © and 7, — 00. Recall
that v(0+,7) = P and that v(-,4) is concave and increasing for every ¢ € S.
Moreover, recall that U(-,i), ¢ € S, satisfies the growth condition (3.3) and
that the admissibility condition (3.4) holds for the control u = (,c). Then,

letting ¢ — oo and applying both the Dominated Convergence Theorem and
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the Monotone Convergence Theorem, we have that

SN <)
v(z,i) > By /6—65U+(Cs,63)d3~/6—63U—(Cs,63)d3] + Ex,i[Pe_‘se]
0 0

e
= E,; / e_5sU(cs,es)ds+Pe_5e]
0

(C]
— B [ ePUe)ds + Q).
0

We note that the equality holds if u = 4 = (&, é) as in (3.12). O

The verification theorems that we have presented in this section assume
that the solution of the Hamilton-Jacobi-Bellman equation is smooth. That is
good enough for our objective of finding explicit solutions for the consumption-
investment problems of this chapter. However, the solution of the Hamilton-
Jacobi-Bellman equation would not be smooth in the case of portfolio con-
straints, and it would be necessary to apply a non-smooth version of the above
verification theorems (see, for instance, Yong and Zhou (1999) for the theory
of non-smooth value functions for classical stochastic control problems without

regime switching).

Remark 3.1. We note that if U(0,7) is finite for every ¢ € S, the admissibility
condition (3.4) is immediately satisfied by every consumption rate process. In
fact, for a finite U(0, 7), the increasing property of U(-,) already implies that
U~(-,i) is bounded by above and below.

Remark 3.2. The verification theorems and corollary of this section can be
easily generalized to the case in which the coefficients of the market (u, », and
o) depend not only on the regime but also on time. However, the results pre-
sented in this section are exactly what we need to obtain the explicit solutions

of the next section.
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3.3 Construction of the solution and examples

of explicit solutions

In this section, we obtain explicit solutions for consumption-investment prob-
lems in financial markets with regime switching. We first find a candidate
for optimal consumption-investment and then we prove rigorously that such
candidate is indeed optimal.

We want to find a function v(-,4), ¢ € S, that satisfies the conditions of the

verification theorems. We note that equation (3.5) is equivalent to

sup {h(m z,%)} +sup{g(c, z,i)} — dv(z,1)
we(—00,00)N c20
L\ U0, ~_ U(0,5)
= A ’U(.T,Z)———— - Qij ’U(xh])—.————_ )
(0= 557) - B (o0 - 557)

where

1
h(m,z,1) = §7r2i T z? " (z,1) + (g — rl) 7720’ (z,4)
and

9(e,z,i) = (riz —c)v'(z,1) + Ulc, 7).

We conjecture that v(-,7), 1 € S, is strictly concave, i.e., v"(z,¢) < 0 for all
z > 0,1 € S. Then, for every z > 0 such that v"(z,¢) < 0, we have
~ V' (z,1)

.14 1) == 1 = " (. 1 E-—'l
814)  fia,i) = arg sup {h(r,2,)} = — 5 s~ )T

and

1v'(z,1)? 2

2 v"(z,1)

V' (z, 1)

(3.15)  h(l,z,i) = o)

(pi =) S (s —ril)T = —

7‘i>0,
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where we are denoting

vo= s(pi—-r) S (i —rd)" >0,  i€S.

N —

We will also denote ¥ = (y1,...,7s) and 7 = (rq,...,7s).
Furthermore, we conjecture that v(-,4), 1 € S, is strictly increasing, i.e.,

V'(z,3) > 0forallz > 0,i€S. Then,

o~

(3.16) C(z,1) := argsup{g(c,z,i) } = I(V'(z,1),1)

c20

where I(-,4) = (U'(-,1))7}, i € S, is the inverse function of U'(-,7), i € S. Note

that for HARA utility functions, such inverse always exists on (0,00). Also,
(3.17) 9(C,z,i) = (rix — I(V'(z,1),1) v'(z,3) + U (I (V' (,1),1),4) .

Then, replacing (3.15) and considering (3.16) in equation (3.5), we have

" ’;((”“"x iZ) — (riz — O (2,8) — UG, ) + (6 + A)o(z, 1) — M U(g’ )
U0,))
(3.18) = Z ij (’U(CL‘,]) - Tj) }

jes\{i}

Note that in the case when the utility function does not depend on the market
regime, Corollary 3.1 and Theorem 3.2 tell us that we need equation (3.10),
or equivalently (3.11), to be satisfied. Following a similar procedure as above
and noticing that ) . 5 g; = 0, we see that equations (3.10) and (3.11) are

equivalent to

(3.19)
'Ul(x’i)Q N,/ . = . .
Vi ’U”(CII Z) - (T’i‘r - C)’U (CII, Z) - U(C,'Z) + (5 + Ai)’U('fL‘) Z) = Z qi5 ’U(.’L‘,j).
’ 7€ 5\{i}
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In order to find an explicit function v(-,4), ¢ € S, that satisfies either
equation (3.18) or equation (3.19), we need to specify the utility function
U(,1), 1 € S. We will consider four utility functions: the first three have been
selected because of their importance in financial economics, and the last one
to show how our method can be applied when a utility function depends on
the regime. The first three cases assume that the utility function does not

depend on the market regime:
1. U(z,i) =Inz, >0,
2. U(z,i) =k — 2% x>0, where @ < 0 and & > 0,
3. Uz,i) =2 = >0, where 0 < a < 1,

for every ¢ € §. The fourth case considers two regimes of the economy, and
that the utility function varies on them. Indeed, the utility function maintains
the same power form in both regimes but changes its parameters according to

them. Specifically,
4. U(zx,i) = Bixz'/?, £ > 0, where 3; > 0,i=1,2.

It is possible to verify that these four functions satisfy all the requirements
for being utility functions. For a fixed i, they are C3(0, 00), strictly increas-
ing and strictly concave in (0,00), and also lim, . U'(x,4) = 0 in the four
cases. Indeed, for a fixed 4, each U(-,1) belongs to the Hyperbolic Absolute
Risk Aversion (HARA) class of utility functions. Moreover, these four utility
functions satisfy a polynomial growth condition of the type U(z, ) < K(1+x)
for suitable constants K > 0. In fact, K = 1 for the first and third utility

functions and K = & + 1 for the second one. The last utility function uses

K = max{3,, 3=}
For each of the selected HARA utility functions, Problem 3.1 changes into

the following particular problems:
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Problem 3.2. Select an admissible policy & = (7,¢) € A that maximizes
e -
Ji(z,i;u) = E,; [/ e 0t In(c;) dt + Pe_ée] ,
0

where P = —oc.

Problem 3.3. Select an admissible policy @ = (%, ¢) € A that maximizes

)
Jo(z,iu) == Eyy [/ e (k — c(t)*) dt + Pe"se} ,
0

where a < 0, k > 0 and P = ~c0.

Problem 3.4. Select an admissible policy 4 = (%, é) € A that maximizes

o
J3(z,i;u) = Ey [/ e~% c(t)® dt] :
0

where 0 < o < 1.

Problem 3.5. Select an admissible policy @ = (7, é) € A that maximizes
)
Ja(z, tu) = Egy [/ ™% Bery c(t)/* dt] :
0

In order to have a well defined consumption-investment problem, we need
to impose an additional condition over any power utility function U(-, ), 7 € S.
If we consider U(z,i) = z* such that 0 < @ < 1,7 € S, as in Problem 4.3, the
parameter o must also satisfy the inequalities

1
(3.20) 5> riat~—o

51 -4 (s = 1) 7 (s — 1)

for every i € §. We will see later that this condition guarantees the existence

of a concave increasing value function for this specific utility function. For
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Problem 4.4, the condition that we need is

1 1 _ .
(321) 6 > 5’7'1"1‘——2-(#1'-—7'11)21'l(ﬂi—’f‘il)T, 1=1,2.

3.3.1 U(z,i) =Inz for every i € S.

In this case we have U'(x,7) = 1/z and therefore I(z,i) = 1/z. Hence, from

equation (3.16), we have

Clz,i) = ~ > 0

for z > 0. Replacing this value into equation (3.19), we get the following

system of S nonlinear ordinary differential equations:

v'(x,1)?

L (x, )

—rzv'(z,4) + 1+ Inv'(z,49) + (6§ + X)) v(z, i) = Z gij v(z, 7),
J€S\{i}

t=1,2,...,5. We find that the solution for this system is

v(z,t) = %lnéac-FAi, 1€ S,
where the vector A = (Ai, ..., Ag) satisfies the equation
(3.22) A (61-QT) = %(7+F—61),

and I represents the S x S identity matrix.
Note that v'(z,4) = 1/6z > 0 for all z > 0 and also v"(z,7) = ~1/6z* < 0
for all z > 0, for every ¢ € §. That is, v(-,1), i € S, is a strictly increasing

and strictly concave function in (0, 00). Note also that v(0,7) = —oo, for every
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i € S. Thus, from equations (3.14) and (3.16),

Q)

(z,i) = ( —ml) T} and (z,1) = oz.

Hence, the candidate for optimal policy 4 is given by

>
—~~
o~
p
il
~~
=
—~
o~
p—
>

) = ( (ke —Te0l) gy 6X (1) )

for t € [0,0). We note that

< 2717t < 40

t t
E.; l/ ﬁ(s)Ee(s)ﬁ(s)T ds] = 2FE,; [/ Ye(s) A5
0 0

for all t € [0, 00). Moreover, replacing this policy @ in (3.1) we get
AX(E) = (27 + e — 8) X2(8) &t + (e = rey Do) X(2) WT.

That is,
(3.23)

t
X(t) = z exp {/ (’Ye(s) + Ter) — d)ds +/
0 0

t

(,ue(s) - Te(t)l)(U;E:))T dWsT } .

We observe that X is similar to a geometric Brownian motion and, when z > 0,
X(t) > 0 for every ¢ € [0,00). Hence, & = ©X = 400 P-a.s. in this case. In
addition, for ‘every t € [0, 00),

Fu [ /0 o(s) ds

t
< 5:3/ exp{(2y17 +717)s}ds < +oo.
0
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Furthermore,

©
E.; / e'5t|ln(é(t))|dt] < Eg;
0

/0@ o0t <|ln(5ac)| + /Ot res) — 5|d5> dt]

< $1n(o)] + g max{lr; ~ 8,i € §} < 4o

Thus, 4(t) = (7(t),&(t)) is an admissible policy. Now, we are going to prove
rigorously that the function v(-,%), i € S, and the policy @ are, respectively,

the value function and optimal control for Problem 3.2.

Proposition 3.1. The function v(-,7), i € S, given by

;Inéz+A;, z>0
v(z,i) =
—00, =0

where A = (Ay,...,Ag) satisfies the equation (3.22), is the value function of

Problem 3.2. Furthermore, the policy @ given by

(3.24)

>
—~
o~
S’
Il
—~
=
—~
o~
~—
[l

®) = ( (et~ rew1) B 6X(1) )

is an optimal solution of Problem 3.2.

Proof. In this case U(0,7) = —oo0, i € S, and © = +00 P-a.s. as shown above.
Then it is enough to show that the function v(-,7), ¢ € S defined above satisfies
the conditions of Theorem 3.2. It is easy to see that v(-,4) € C?(0,00), i € S.
Moreover, we showed previously that v(-,4), ¢ € S, is strictly increasing and
strictly concave in (0,00). By definition, lim,_ov(z,¢) = U(0,%)/6 = —oo,

1t € §. We also note that by construction, the equality

Li(Ti(z,3), C(x,))v(z,1) + U(C(x,1),3) = Aiv(z,i)— Y q;v(z,5)
jeS\{s}
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holds for every z > 0 and every i € S, where l(z,7) = (u — r;i1)Z;! and

—~

C(z,1) = dz. Hence,
Li(@)v(Xe, ) + U(Gr, 1) = Ay v( X, &) — Z Get); V(Xt, 7)
je S\{e(®)}

holds for every ¢ € [0,00) and w € §, where @ is given by (3.24) for ¢t €
[0,00). We have shown above that this policy @ is admissible. Therefore,
from Theorem 3.2, 4 is an optimal solution to Problem 3.2 and v(-,%), ¢ € S,

is the corresponding value function. (|

Corollary 3.2. In the special case when S = 2, we have

%ln&z:—i—Ai, z>0
U(x,z) = Z: 1,2,
0, z=0

and

(v +7ri — 6)(Na—i + ) + (Y3—i + 73i — O) N
02(6 + A1 + A2) ’

A; = i=12

Proof. When we only have two states ¢ = 1,2, the generator matrix satisfies
q12 = A1 and go1 = Ao. Hence, det(d1 — QT) = 6(6 + A1 + A2) # 0 and equation
(3.22) gives

-1

- 1 o+ /\1 —/\2
A= 3(71 +71— 8,7 +712—6)
—A1 0+ A
A few more simple calculations lead to the expression shown above. O
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3.3.2 U(z,i) = k —z“ for every i € S, where o < 0 and

Kk > 0.

For the second HARA utility function, we have U’(x,i) = —az~(~% and
therefore I(z,1) = (—a/x)(~) z > 0. Hence, from equation (3.16), we
obtain

C(z,i) = (=)0 (z,i)™/0=2) > 0

whenever v'(z,7) > 0. Replacing this value into equation (3.19), we get the

following system of nonlinear ordinary differential equations:

V'(z,1)?

S I AN . _ N1/ (1-a) _Na/(1—a)\ \—a/(l—a)
Wonag — (@) + (=e) 0 4 (~a)0) /(a0

+(E+ M) vz, ) —k = Y g50(z,5),
jes\{i}

t=1,2,...,5. We find that the solution of the system is given by

v(z,i) = —Al %z + =, 1€ 8,

S

where the coefficients A;, i € S, satisfy the following system of nonlinear

equations

(325) ((5 + Az - 7‘2‘ O — f)/z. 1 o ) /\L];'_a f— (1 - a) /\iz_a frowst Z QZJ Izi;:—a)

—e NG|
t=1,2...,5. Let us denote, for each i € S,

«

7N = 5+/\z-——7'z~a—'yz~l

We note that for o < 0, condition (3.20) is always satisfied because § > 0.

Then, n; > A; for every i € S.
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Lemma 3.1. The system (3.25) has o unique real solution A;, i € S, such

that /L' > (1 - a)/maxkeg{nk — )\k} >0,7€8.
Proof. The proof of this lemma is presented in Appendix B. O

We will only consider the unique positive solution described in Lemma 3.1.
Thus, the function v(-,7), ¢ € S, is strictly increasing and strictly concave in
(0,00). In fact, for each i € S, v/(z,1) = —a A%/~ > 0 for all > 0, and

v'(z,4) = a(l — a)A}*/22~* < 0 for all z > 0, since a > 0.

Furthermore, from equations (3.14) and (3.16),

~ 1 -
(z,i) = 7—— (w—-r) %7 and ccui)::;{x,

Thus, a candidate for optimal policy 4 is given by

at) = (#(),e(t) = (—l—me(t)—n(t)l)z;(;, L% )

1 — AE(t)

for t € [0,8). We note that

t 2 t
By /ﬁsEesﬁsTdsJ:———E“[/ o(s\dS
,[0 (8)Zee) Tt (s) T ap P | | 7

for all t € [0,00). Moreover, replacing the policy @ in (3.1) we get that the

717
< 2mt < +00

wealth process generated by 4 is given, for ¢t € [O,Tm), by

N tf1-2a 1
X(t) = zexp / ———— YV (s) + Te(s) — — | dS
(t) { A ((l_a)ﬂ() (s) T

|
——(fe(s) — Te(y1) (02 TdWT .
+,/0' 1_a(lu’() Te(s) )(Ue(s)) s}

We observe that © = 400 P-a.s., because X(t) > 0 for all ¢ € [0, 00). Then,
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for all ¢t € [0, 00),

t 5 t ’—)71T
Eg; [/ é(s) ds] < CEA/ exp{(Q +F1T) s} ds < +oo,
0 0 1—a

v S \I-
where A =Y. | A7'. Moreover,

o~

(3] 00 =17
/6'5t|ﬁ~@“(t)ldt < E+K/ exp —5+2a71 +arF1T t}dt
0 ) 0 l-a

Ea:,i

where K == 2230 | A{"‘/(Z%;’_ITT + ar 17), because ¥17 > 0, 717 > 0 and
a < 0. Hence, the policy 4 is admissible. Now we are going to prove rigorously
that the function v and the control @ are the value function and optimal policy

for Problem 3.3.

Proposition 3.2. Let Ai, 1 € 8§, be the unique positive solution of the system
of equations (3.25) described by Lemma 3.1. Then, the function v(-,3), i € S,
defined by

—Aj"z*+ %, >0
—00, =0

is the value function V(-,i), i € S, of Problem 3.3. Moreover, the policy 4
defined by

(3:26) alt) = (#(t).e(t) = (ﬁmem—wnzg;, Ai()fc(t) )

for t € [0,00), is an optimal solution of Problem 3.3.

Proof. By definition v(-,7) € C?(0,00), i € S, and lim,_,v(z,i) = U(0,%) =
—00, 1 € §. Moreover, v(-, 1), 1 € S, is strictly increasing and strictly concave

in (0, 00) because A; > 0 for every i € S, as shown above. Also by construction,
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the equality

Li(Ti(z,4), C(x, ) v(z,1) + U(C(x,1),4) = Niv(z,4) = Y a;v(z,5)
. jeS\{i}

holds for every z > 0 and every i € S, where II(z,4) = (1 —a)~ (g — r;1) 5}

and C(z,i) = A7z Hence,

Li(ﬁt)U(Xtaet) + U(ét>€t) = Ae(t)v()ztaet) - Z Qe(t)j U(Xt)j)
jeS\{e(t)}
holds for every t € [0, 00) and w € 2, where 4 is given by (3.26) for ¢t € [0, 00).
It has been proved above that this policy is in fact admissible and 0 = 40
a.s. Therefore, from Theorem 3.2, 4 defined by (3.26) is an optimal solution

to Problem 3.3 and v(-, 1), ¢ € S, is the corresponding value function. O

Corollary 3.3. In the special case when S = 2, the value function is defined

by V(z,i) = v(z,i) = -—fi}*ax“ + 5 for z > 0 and ¢ = 1,2, where

vi_ d+Xd—Ta Yo « vy l—-a «_
.2 l-c = e . e a o
(827) A ( Ao Ml-a 4, Ay Az

vi_ d+M—1a m «a g1 l—a «_
l—o P R N el Ala_ ATe.
A2 ( )\1 )\11—0 1 !

Proof. Tt follows straightforward from the system (3.25), where g2 = A; and
g21 = A2 0

3.3.3 U(z,i) =z for every i € S, where 0 < o < 1.

For the third HARA utility function, we have U’(z,%) = a z=1~® and I(z, ) =

(a/z)/(1=%) for x > 0. Hence, from equation (3.16), we obtain

C(xz,i) = a9/ (z,4)~H/0-) 5 ¢

a0



whenever v'(z,7) > 0. Replacing this value into equation (3.19), we get the

following system of nonlinear ordinary differential equations:

’ £\2
~i :))Is_z;’% _ TiCEUI(.TI,i) _ (aa/(l—a) _ al/(l—a)) U’(:E, i)—a/(l—a)

+(5+)\1)U($,Z) = Z qijv(x,j)v
JeS\{i}
1=1,2,...,5. We find that the solution for this system is

v(z,i) = Az, €S,

where the coefficients Zi, t € S, satisfy the system of nonlinear equations

a Al—a A—a Al—a
329) (34 A -ra-wr o) A - B = 3 A
j€ S\{i}
i =1,2...,85, which is similar to the system of equations (3.25) (however,
0 < a < 1 in this case). Recall that condition (3.20) must be satisfied in this

case. We define 7; as in subsection 3.3.2.

Lemma 3.2. The system (3.28) has a unique nonzero real solution Zi, 1€ S,

such that A; > (1 —a)/m;, i € S.
Proof. The proof of this lemma is presented in Appendix B. O

We will only use the unique positive solution A;, i € S, described in Lemma
3.2. Hence, v'(z,i) = A ®a/z'™® > 0 for all z > 0, and also v"(z,i) =
——Z}“"a(l —a)/z*=® < 0 for all z > 0. That is, v(-,4), i € S, is strictly
increasing and strictly concave in (0, 00).

Hence, from equations (3.14) and (3.16),

ﬁ(a:, i) = a _1_ 2) (s —ri1) 571 and  C(z,i) =

1
= T.
A;

ol


file:///Jbttj

Then, a candidate for an optimal policy @ is given by

A

@) = ( ﬁ (bety = Teny2) Ty » %X(t) ) :

€(t)

>
=

il
—~
>
=
>

fort € [0, @) We note that this policy is similar to (3.26). Following a similar
procedure, we can show that the policy 4 above is admissible for Problem 3.4.

Thus, for t € [0, @),

t
s 1-2a 1
X(t) = zexp / ————e(s) + Te(s) — =— | ds
(t) { A ((1—a)27() (s) A6(3)>

T
1 —-1\T T
+ L E(ﬂe(s) - Te(s)l)(o'e(s)) dWs } )

Since X (t) > 0 for all t € [0, 00), © = +00 P-a.s. in this case too.
Now we prove rigorously that the function v and the policy @ are the value

function and optimal policy for Problem 3.4.

Proposition 3.3. Let 4;, i € S, be the unique positive solution of the system
of equations (3.28) described by Lemma 3.2. Then the function v(-,%), i € S,
defined by

vz, i) = A}"“ z%, x >0,

is the value function V(-,i), i € S, of Problem 3.4. Moreover, the policy %
defined by

1 1 -
< \He(t) — Te 1 2_1 y = X(t R
i—a) (He(r) — Tery 1) Egsy T (t) )

(3.29) a(t) = (#(1),e(t)) = (

for ¢t € [0, 00), is an optimal solution of Problem 3.4.

Proof. The proof of this Proposition is similar to the proof of Proposition
3.2, but considering v(0,7) = U(0,7)/d = 0. It is based on the fact that the

coefficients A; are positive and, therefore, the conditions of Corollary 3.1 are
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satisfied. Hence, 4 is an optimal solution to Problem 3.4 and V(i) = v(-,1),

i €8, in [0,00). O

Corollary 3.4. In the special case when S = 2, the value function is defined

by V(z,i) = v(z,7) = A}“"‘az", for z > 0 and 7 = 1,2, where

~ 5+A2—7‘20[ Yo & ~ l—a -
l-ox l-a -
(330) Al = ( /\2 — ——/\2 1 A2 - Ag A2

_ 0+AM —rma v a — l—a ,_
Ala — 1 Al a Aa.
2 ( /\1 All—a 1 /\1 1

Proof. 1t follows straightforward from the system (3.28), where ¢12 = A; and
gz = A2 O

3.3.4 U(x,i) = Biz"? where 3; >0 for i = 1,2.

In this subsection we show how our method can be applied to solve consumption-
investment problems in which the utility function depends on the regime. To
simplify the notation, we assume that there are only two regimes.
In this case we have U'(z,i) = 1/28;z7Y/2 and I(x,i) = 1/432 272 for
x > 0. Hence, from equation (3.16), we obtain
2

O(z,i) = %U'(x, )2 >0

whenever v'(z,7) > 0. Replacing this value into equation (3.18), we get the

following system of nonlinear ordinary differential equations:

v'(z,1)? 32 _

N —(<7‘1)7 —na'(z,1) = 2L (2, )7+ M) (1) = Mo(s,2)
v'(z,2)? 32 _

2 v"(z, 2) — r220'(,2) - Z2 v'(z,2) Lt (6 + X)) v(z,2) = Agv(z,1).
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We find that the solution for the system above is

v(z,i) = (A;z)2 i=1,2,

where the coefficients A;, i = 1,2, satisfy the following system of nonlinear

equations
I 1 r _ ﬁ2
31 1/2 il ( 1 ) e
(3 3 ) (AlAz) )\1 ) + )\1 5 "1 Al 2)\1
R 1 r _ ﬁz
2 . _2_ — 72
(A1 42) * (6425 ) 4 s’

Let us denote, for each i =1, 2,
1 T
= — (0N —=—).
Lemma 3.3. The system (3.31) has a unique real solution A;, i=1,2, such
that 1‘_11 > ﬁzz/(2)\z’l’h) >0,1= ].,2
Proof. The proof of this lemma, is presented in Appendix B. (]

Lemma, 3.3 implies that v(-,4), ¢ = 1,2, is strictly increasing and strictly
concave in (0, 00).

From equations (3.14) and (3.16),

2

)

Thus, the candidate for an optimal policy 4 is given, for ¢ € [0, @), by

B <
at) = (#(t),é(t) = (2<ue(t>—re(t>1> g ;fff) X(t)).
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We observe that for all ¢ € [0, 00),

11 11
E.; [ / fr(s)Ee(s)fr(s)Tds] = 8E,; [ / Ye(s) ds] < 81Tt < +oo.
0 0

Moreover, replacing the policy 4 in (3.1) we get

A 2o\ . s
dX(t) = (4%(t)+re(t)— A(t) X(t) dt+2 (pery — ey 1) (00h) X () dWT

e(t)

Hence, the wealth process generated by 4 is given, for ¢ € [0, @], by

2

N t ﬂe t
X@) = :Eexp{ / (re(s) - A‘:))) ds +2 / (iets) = ey L) (057 dwj}.
0 €(s 0

We note that © = +00 a.s. because X (t) > 0 for all t € [0, 00) (recall that
x > 0). Then,

£ [32 [32 ]
Fuo| [ ] < = (G4 5E) [omlamteram)spas < voo
’ 0 111]_ le2 0

for all ¢ € [0, 00). Thus, the policy 4 is admissible.

Proposition 3.4. Let A; and A, be the unique positive solution of the system

of equations (3.31). Then, the function v(-,%), i = 1, 2, defined by

v(z,i) = (A;z)Y?, z >0,

is the value function V(-,4), ¢ = 1,2, for Problem 3.5. Moreover, the policy 4

defined by

(3.32) A = (#@), @) = (2(Me<t)—re<t)1) e A(:) X(t))

is an optimal solution of Problem 3.5.
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Proof. By definition v(-,1) € C%(0,00), i € S, and v(0,2) = 0, ¢ € S. More-
over, v(+,%), ¢ € S, is strictly increasing and strictly concave in (0, 00) as shown

above. Also by construction, the equality

o~ ~

Li(M(z,4), C(=,i))v(z,4) + U(C(z,4),4)
= X\ (v(w, i) — _({_(%_Q) - N (v(x,S —1) — %(:;:—Z—))
holds for every i € S, where [I(z,) = 2(w — r:1)Z;* and C(z, ) = (82/A)z.

Hence,

Li(ﬂt)U(Xt, &) +U(&, &)

¢ v (o, U(0,3 —
= Adp) (U(Xt’ €) — “(‘:S‘i)> — Ae(t) (U(m, 3—¢€) — ___(____.(S_etl)

holds for every t € [0,00) and w € 2, where 4 is given by (3.32). It was
proved above that this policy is admissible. Therefore, from Theorem 3.1, 4

is an optimal solution to Problem 3.5 and

o~

e
/ e%5dU(0,€,) | ,
0

i = 1,2, is the corresponding value function for £ > 0. However, in this case

dU(0,¢s) = 0 for every s > 0. Then, V(-,7) = v(, i), i = 1,2, in [0, 00). O

1
’U(LIJ, l) + 3' Ea:,i

Proposition 3.4 shows the first explicit solution in the literature on classical
stochastic control with regime switching in which the utility or cost function

depends on the regime.
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3.4 Economic Analysis.

We have considered in this chapter that the behavior of the financial market
can be modeled by a finite number § > 2 of regimes, each with its specific
parameters. To simplify the economic interpretation and analysis, in this
section we will consider only two regimes of the market. We will consider
regime 1 to represent a market with good economic conditions. For instance,
it might be a market with low inflation, a market in economic boom, or a
market in which security prices are rising or are expected to rise. On the other
hand, regime 2 will represent a market with bad economic conditions. It might
be a market with high inflation, a market in economic recession, or a market
in which security prices are falling or are expected to fall. We will call these
two regimes of the market “bull market” and “bear market”, respectively.

We consider only one risky stock with expected rate of return u; and volatil-
ity o;, in the regime ¢ = 1,2. Following the analysis done by Fama and French
(1989) and French, Schwert and Stambaugh (1987), we assume that r; < wu;,
for every i = 1,2. For comparative purposes, and because of their importance
in financial economics, we will consider only the first three utility functions
described in the last section. Ome of our objectives is to analyze how the
regime switching together with the level of risk aversion affect the decisions of
the investor.

According to our previous analysis, the optimal investment portfolio for
each of the first three cases considered can be expressed as
(3.33) fi(z,i) = « B0

0;

where « is a known positive constant that depends on the investor’s utility
function.

Equation (3.33) shows that the optimal portfolio is constant in every regime
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of the market, that is, it does not vary in time and does not depend on the
investor’s wealth. The optimal portfolio will only change if the market changes
its regime. This result is consistent with the results of Karatzas, Lehoczky,
Sethi and Shreve (1986), and Merton (1969), that show that under constant
market coefficients and just one regime of the market, the optimal portfolio is
constant (it does not depend on time or investor’s wealth).

Nevertheless, in our model the optimal portfolio does depend on the regime
of the market: it is directly proportional to the expected excess return on the
stock in such regime (y; —r;), and inversely proportional to the variance of the
stock return in such regime (0?). Fama and French (1989) show using empir-
ical data that positive expected excess returns are lower during a bull market
and higher during a bear market. We observe as well that the optimal portfolio
depends also on the stock volatility. Schwert (1989) shows empirical evidence
that stock volatility is higher during a bear market and that, in general, stock
market volatility is related to the regime of the economy. Moreover,in their
seminal paper, French, Schwert and Stambaugh (1987) find evidence of a posi-
tive relationship between the excess return on common stocks and the volatility
of stock returns. However, this positive relationship between expected excess
return and volatility is different according to the current regime of the mar-
ket. Even though both the expected excess return and the risk on the stock
are higher during a bear market than during a bull market, the effect of the
volatility in the given ratio is much stronger and offsets the effect of the high
expected excess return. Therein, the ratio ‘expected excess return/return vari-
ance’ is greater when the market conditions are strong. French, Schwert and

Stambaugh (1987) confirm this property when regressing the stock expected

excess return to the variance of the stock return. They propose an ARIMA

o8



model that can be expressed as

Expected excess return a
= + b.

return variance return variance

Moreover, they show evidence that the estimates of the model parameters a
and b are reliably positive. Such evidence implies that the ratio ‘expected
excess return/return variance’ is inversely proportional to the variance of the
stock return.

Therefore, if we regard the optimal portfolio (3.33) only as a proportion of
the ratio ‘expected excess return/return variance’, we realize that II(z, 2) <
ﬁ(x, 1). This means that the investor prefers to invest a smaller fraction of
wealth in the risky asset when the market presents weak conditions. If market
conditions are strong, the investor will assign a greater fraction of his wealth
to invest in the stock. This is due to the dominant effect of the stock volatility
in the bear market.

From equation (3.26), we see that when the investor has low risk tolerance
(a < 0), the fraction of wealth invested in the stock is even smaller in each
regime but the relation I1(z,2) < II(z, 1) remains the same. In other words,
every investor (independent of the level of risk aversion) should allocate a
higher proportion of his wealth in a risky asset during a bull market than
during a bear market.

The optimal consumption process in the three cases depends on the wealth
process. We will consider the consumption to wealth process ratio for an
appropriate analysis of the investor’s consumption according to the market

regime. The consumption to wealth process ratio, or “relative consumption”,
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is given by

C(t

?( ) = ¢, for the logarithmic utility function;

X(t)

C(t 1

?( ) = ——, for the power utility function with a < 0; and
X (t) Ae(t)

é(t) 1

= = ——, for the power utility function with 0 < a < 1.
X() Actt)

The constants A; and A, Q= 1,2, are the ones derived from the system of
equations (3.27) and (3.30), respectively. Since they are all positive constants,
the consumption rate process is directly proportional to the wealth process
at every time ¢ € [0,00). Therefore, the investor increases his consumption
whenever his wealth increases, regardless of the market regime. This agrees
with previous studies on the wealth effect on consumption. See for instance
Modigliani (1971) and Poterba (2000) for a discussion of the positive effect of
wealth on consumer spending.

Since the constants A; and ;élvi, i = 1,2, depend on the level of risk-aversion
of the investor, we are going to analyze separately the optimal consumption
to wealth process ratio for each of the utility functions.

When the investor has a moderate risk tolerance and uses a logarithmic
utility function as in the first case, the optimal consumption to wealth is given
by C (z,1)/z = 4. Hence, the consumption to wealth ratio is constant (it does
not depend on the regime of the market). Therefore, C(z,2)/z = C(z,1)/z
and a moderate risk-averse investor will consume the same proportion of his
wealth in a bear market as in a bull market.

When the investor has a low risk tolerance and uses a power utility function
with a < 0 as in the second case, the optimal consumption to wealth ratio
is given by a(x,z) Jx =1 //L The positive constants A; and A, are given
by the system of equations (3.27). We solve numerically that system for the
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market coefficients® py = 0.15, puo = 0.25, o1 = 0.25, 0o = 0.6, r; = 0.05
and 72 = 0.01, the discount rate 6 = 0.07, and the exponents a = —1, —2,
—10 and —15. We consider a fixed A\; = 6.04 and different values for A,. The
results are shown in Table 3.1. We note that n; — Ay > 172 — Ay is satisfied
for every value of A\y. Then, we can see that the relation fiz > 211 is also
satisfied in every case, as expected from the first paragraph of the proof of
Lemma 3.1. Hence, 5(1:,1)/1: > 5(1:,2)/1: Therefore, a very risk-averse
investor will consume proportionally more in a bull market when the economic
conditions are strong, and consume proportionally less in a bear market in case
the recession lasts more than expected. However, this greater consumption to
wealth rate in the bull market is still lower than the consumption to wealth
rate of a less risk-averse investor under the same conditions. We observe that
behavior also from Table 3.1: for a fixed Ay, the optimal consumption to
wealth ratios C(z,1)/z and C(z, 2)/z decrease as a becomes more negative,
that is, as the investor becomes more risk-averse. Therefore, we can say that
a very risk-averse investor does not consume much during a bull market and
consumes even less during a bear market. In addition, despite the decrease in
consumption, the optimal consumption to wealth ratio becomes more sensitive
to changes of regime as the risk aversion increases. That is, the absolute
value of the difference between C (z,1)/z and 5(3:, 2)/x becomes greater in
percentage as a becomes more negative.

We can also notice from Table 3.1 that, for a fixed «, the optimal consump-
tion to wealth ratios increase as A; increases, that is, as the rate at which there
is a transition into a bull market increases. Hence, a high risk-averse investor
will increase his current consumption rate when the rate of transition into

good economic conditions increases. The opposite behavior is found when the

SFor arbitrary market coefficients, it is necessary to verify that the market conditions
0<pp—r1 < pp—r7 0< 01 <oz and (ug —re)/of < (u1 —r1)/0? are satisfied. These
conditions are discussed in the beginning of this section.
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rate of transition into a bear market rises, that is when A; increases. A high
risk-averse investor, hence, will reduce his current consumption as the market’s
rate of transition into bad economic conditions increases.

We can also observe from Table 3.1 that, in every market regime, the
optimal consumption to wealth ratio is small for an investor with high risk-
aversion (a < 0). Indeed, the ratio is always lower than 0.10. Hence, a change
of wealth does not have a strong effect on the investor’s consumption rate.

When the investor has a high risk tolerance and uses a power utility func-
tion with 0 < a < 1 as in the third case, the optimal consumption to wealth
ratio is given by C(z,1)/z = 1/A;. The difference with the second case is that
now A; > 1212, as shown in Table 3.2. In fact, Table 3.2 exhibits the results of
solving numerically the system of equations (3.30) for u; = 0.15, ps = 0.25,
oy = 0.25, 0o = 0.6, r; = 0.05, 7, = 0.01 and & = 0.1, 0.3, 0.5 and 0.7. We
consider a fixed A\; = 6.04 and different values for A\y. The discount rate § = 0.8
was selected in such a way that the condition (3.20) is satisfied for all the given
a’s and Ap’s. From these results we can observe that a(:c, 2)/z > Clz,1)/z
when the investor has a high risk tolerance. Therefore, when an investor has
high risk tolerance, his optimal consumption to wealth ratio is greater under
weak market conditions than under strong conditions. We can also observe
that the absolute value of the difference between the optimal consumption to
wealth ratios increases in percentage as a increases. Hence, the lower the level
of risk aversion of the investor, the more sensitive is his optimal consumption
to wealth ratio to changes in the market regime.

Table 3.2 also shows that, for a fixed a € (0, 1), the optimal consumption

to wealth ratios increase as \; increases and decrease as Ay increases. Hence,
a low risk-averse investor increases his relative consumption when the rate of
transition into a bear market increases. On the other hand, if the rate of

transition into a bull market increases, then the investor decreases his relative
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consumption.

Table 3.2 also tells us that, in every market regime, the optimal consump-
tion to wealth ratios are in general big for investors with low risk aversion.
These ratios are even greater than 1 for some values of a € (0,1). Hence, a
change of wealth has a strong impact on the investor’s optimal consumption

rate when he has high risk tolerance.

63



v v

A2 A Ay 5(9:, 1)/x 5(9:, 2)/z
Foro = -1
1.9 15.41018 15.44898  0.06489 0.06473
6.4 14.21908 14.24183 0.07033 0.07022
10.4 13.76023 13.77692 0.07267 0.07259
23.4 13.17473 13.18366  0.07590 0.07585
100.4 12.67981 12.68219 0.07887 0.07885
Fora= -2 :
1.9 18.43385 18.49528 0.05425 0.05407
6.4 16.25535 16.29007 0.06152 0.06139
10.4 15.46656 15.49159 0.06466 0.06455
23.4 14.49812 14.51124 0.06897 0.06891
100.4 13.71155 13.71499 0.07293 0.07291
Fora=—10
1.9 32.73348 32.88119 0.03055 0.03041
6.4 24.66638 24.73838 0.04054 0.04042
10.4 22.27145 22.32079  0.04490 0.04480
23.4 19.64588 19.67021  0.05090 0.05084
100.4 17.74307 17.74914 0.05636 0.05634
For o = —15
1.9 37.01913 37.19033 0.02701 0.02689
6.4 26.78448 26.86512 0.03734 0.03722

Table 3.1: Optimal consumption to wealth ratio for an investor with high

risk-aversion (a < 0).
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A2 A 4, C@,1)/z Clz,2)/z

Fora=0.1
1.9 1.14090 1.14032 0.87650 0.87694
6.4 1.14224 1.14186 0.87547 0.87576
10.4 1.14285 1.14255 0.87501 0.87523
23.4 1.14372 1.14355 0.87434 0.87447
100.4 1.14455 1.14450 0.87371 0.87374

For a =0.3
1.9 0.92258 0.92083 1.08392 1.08598
6.4 0.92584 0.92466 1.08010 1.08147
10.4 0.92734 0.92643 1.07836 1.07941
23.4 0.92951 0.92951 1.07584 1.07584
100.4 0.93161 0.93146 1.07341 1.07358

Fora=0.5
1.9 0.70631 0.70330 1.41580 1.42187
6.4 0.71051 0.70846 1.40743 1.41150
10.4 0.71249 0.71089 1.40353 1.40668
23.4 0.71539 0.71447 1.39783 1.39964
100.4 0.71827 0.71800 1.39224 1.39276

Fora=0.7
1.9 0.50391 0.49920 1.98448 2.00322
6.4 0.50843 0.50515 1.96685 1.97963
10.4 0.51063 0.50804 1.95838 1.96834
23.4 0.51395 0.51242 1.94573 1.95152
100.4 0.51734 0.51689 1.93298 1.93464

Table 3.2: Optimal consumption to wealth ratio for an investor with low risk-
aversion (0 < a < 1).
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Chapter 4

Bounded dividend policy in the

presence of business cycles

The selection of an optimal dividend policy is one of the most important
decisions of a firm. For instance, according to Poterba (2004), the corporate
sector of the U.S.A. paid out more than $350 billion on payouts in 2002 alone.
Miller and Modigliani (1961) initiated the research on dividend policy, and
since then there has been an extensive literature dedicated to this topic. The
dividend policy has indeed become one of the most important areas of research
in corporate finance.

During recent years, there has been a growing literature on papers that
apply advanced methods of stochastic control to model and study the op-
timal dividend policy problem. This literature was initiated by Asmussen
and Taksar (1997), Jeanblanc-Picqué and Shiryaev (1995), and Radner and
Shepp (1996). Other important papers that develop stochastic control models

to study optimal dividend policies include Asmussen, Hgjgaard and Taksar
(2000), Cadenillas, Choulli, Taksar and Zhang (2006), Cadenillas, Sarkar and

"The results shown in this chapter are presented in sections 3 and 5 in: Sotomayor, L.R.
and A. Cadenillas, Optimal dividend policy in the presence of business cycles, submitted for
publication (2008).

66



Zapatero (2007), Choulli, Taksar and Zhou (2001), Choulli, Taksar and Zhou
(2003), Décamps and Villeneuve (2007), Gerber and Shiu (2004), Hgjgaard
and Taksar (1999), Hgjgaard and Taksar (2001), Ly Vath, Pham and Vil-
leneuve (2006), Taksar (2000), and Taksar and Zhou (1998). All these papers
assume that there is only one source of uncertainty, which is modeled by a
standard Brownian motion. However, there is evidence that a company’s cash
reservoir is also affected by long-term economic conditions. For instance, Ho
and Wu (2001) explain that the income of a company depends on the condi-
tions of the markets, which generate the business cycles. In fact, they claim
that “firms’earnings are usually correlated to overall market movements and
are often influenced by business cycles.”

Further evidence that macroeconomic conditions affect the cash reservoir
of a company is given by Hackbart, Miao and Morellec (2006), who observe
that macroeconomic conditions affect for instance the credit risk and dynamic
capital structure choice of a company. Moreover, Perez-Quiros and Timmer-
mann (2000) explain how credit risk is reflected in the company’s cash flows.
Hu and Schiantarelli (1998) show empirical evidence of a relationship between
macroeconomic conditions and the financing constraints of a company. Indeed,
they agree that economic conditions determine two investment regimes in the
company: high-premium and low-premium. Monetary policy (and financing
constraints therein) affects the cash reservoir of the company since external
cash flow (or its cost) depends on this policy. Furthermore, Driffill, Raybaudi
and Sola (2003) show that a company’s profit function changes during eco-
nomic growth and economic recession (varying the cash reservoir according
to the regime of the economy). Driffill and Sola (2001) also show empirically

that the cash earnings generated by investment projects (in a company) follow
regime switching and that it is inappropriate to neglect this modeling for flow

of investment dividends.
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Empirical evidence not only supports that macroeconomic conditions af-
fect the cash reservoir (and the earnings) of a company, but also that they
influence the dividend policies. Indeed, Gertler and Hubbard (1993) predict
that “macroeconomic conditions should influence payments to equityholders,
even independently of the firm’s earnings performance” (p.269), and show em-
pirically that dividend policies behave according to macroeconomic conditions.
Such behavior cannot be explained by conventional dividend models that do
not consider the macroeconomic effect.

In this chapter, we consider a dividend payment model with regime switch-
ing where the cash reservoir depends on the regime of the economy. We con-
sider, for sake of simplicity, that the economy only shifts between two different
regimes: economic growth and economic recession. That is, for this problem,
S = {1,2}. The objective of the company’s management is to select the divi-
dend policy that maximizes the total expected discounted cumulative amount
of dividends to be paid out to the shareholders. In this chapter, we consider
the case when the dividend rates are bounded. In Chapter 6, we will consider
the case when the dividend rates are unbounded; and in Chapter 8, we will
consider the case when there exists a fixed cost associated to the dividend
payments.

We show that the optimal dividend payment policy is different from the
case in which there is only one regime. When paying dividends in the regime
switching case, the company has to be aware not only of its cash reservoir
level, but also of the regime of the economy at the time. This dependence on

the economic conditions is not considered in one-regime models.
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4.1 The dividend model with regime switch-
ing

Let the adapted process X = {X;, t > 0} represent the cash reservoir of the

company. We assume that X satisfies the stochastic differential equation:
dXt = ’U,e(t) dt + Ue(t) dm e dZt

with initial level of the cash reservoir Xy = 2 > 0 and initial state €(0) = «.
The drift coefficients (41 and po) and the volatility parameters (o7 and o»)
are positive constants. The adapted process Z = {Z;,t > 0} represents the
cumulative amount of dividends paid-out by the company up to time ¢. In
general, Z is considered to be a nonnegative and nondecreasing stochastic
process with sample paths which are left-continuous with right limits. In
this chapter we consider the model with bounded dividend rates, hence, the
dividend process Z = {Z;,t > 0} is a path-continuous process that satisfies
the equation

dZt = U(t) dt,

where v : [0,00) X @ — [0,00) is an F-adapted process that represents the
rate at which the dividends are paid. Let us denote by K > 0 the bound for
the dividend rate. In addition, let us denote by & > 0 the discount rate for
these dividend payments.

We note that the company will not be able to pay dividends unless the
cash reservoir is positive. Thus, we need to consider the stopping time of
bankruptcy

© = inf{t > 0: X; <0}

and impose X; = 0 for every ¢ € [©, c0).
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Definition 4.1. An admissible stochastic control is an F-adapted control
process u : [0,00) X  — [0,00) that satisfies u(t,w) € [0, K] for every
(t,w) € [0,00) x Q, and u(t,w) = 0 for every (t,w) € [O,00) x . The set of

all admissible controls is denoted by A.

We note that for an admissible dividend rate process u, the cash reservoir

is given, for every t € [0, 0), by

t t
(4.1) Xy =z -i—/ (He(s) - u(s)) ds +/ Te(s) AW.
0 0

. The management of the company wants to solve the following problem:

Problem 4.1. For each i = 1,2, select an admissible dividend rate u that

maximizes
<}
J(@,i5u) = Egy [ / e %u(t) dt] :
0

We note that the value function for Problem 4.1 satisfies V(0,7) = 0 for
both ¢ = 1,2, because if the initial level of the cash reservoir is x = 0, then

the company is already bankrupt and, hence,

0
V(0,i) = sup E,; [/ e“ssu(s)ds] = 0.
u€A 0

Furthermore, if @ denotes the optimal control for Problem 4.1, then the admis-
sibility of @ implies that 4(¢,w) € [0, K] for every (t,w) € [0,00) x Q. Thus,

for each 7 = 1,2,

© o K
Vi(z,1) = Ez; [/ e~%4(s) ds] < Bz [/ 6_55Kd3} = —5—Ea:,i [1—6—56] <
0 0

Hence, the value function V (-, ), i = 1,2, is a bounded function.
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4.2 Verification theorem

Let ¢ : (0,00) x {1,2} — R be a function and define the operators L;(u), for

each ¢ = 1,2, in the following way

Liw)$ = 5079 + (s —u) ¥/ = 5.

Theorem 4.1. Let v(-,i) € C*([0,00)\N;), ¢ = 1,2, where N; are finite
subsets of (0,00). Let v(-,4) and v/(-,), ¢ = 1,2, be bounded on [0, c0) and
let v(0,4) =0, i = 1,2. If the function v(-,1), 1 = 1, 2, satisfies the equation

(4.2) sup {Lew) (we) v( Xy, ) + e} = Ay (v( Xy, &) — v(Xe, 3 — €)),

utG[O,K]

for every t € [0,©), then the control 4 defined by

’lAj,(t) = arg sup {Le(t) (ut) U(Xh et) + U’t}
ut € [O,K]

for t € [0,0) and 4(t) = 0 for ¢t € [©, 00), is optimal solution of Problem 4.1.

Moreover, v(-, 1), ¢ = 1,2, is the value function for Problem 4.1.

Proof. Consider the function f(-,-,), i = 1,2, such that f(t,z,1) = e %v(x,1)
and an admissible control w. Using the 1t6 formula for Markov-modulated

processes, we get

1
df(t, Xy, &) = (5 0‘62(,5) Jez(t, Xy €) + (,ue(t) —uy) fo(t, Xty €0) + filt, X, 6t)>dt

+ (_ /\e(t) f(ta Xt7 Et) + /\e(t) f(ta Xt, 3— Et) ) dt

+ folt, Xy €6) Oy AWs + dM{.

The process M/ = {Mtf ,t > 0} is a square integrable martingale when
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f(,+1),1=1,2, is bounded. Therefore,
df (t, Xo, €) = €7 (Leqey (ue)v (X, €) = Aetry At dt + 0y ™' (Xs, €)dW; + MY,

where A; 1= v(Xy, &) — v(Xy, 3 — €). Then, for every time ¢t € [0, 00), we get

tAG

e—é(tAe)U(Xt/\@, ft/\G)) = ’U(Xo, 60) +/ 6—63 (Le(s) (us)U(Xsa 68) - /\e(s)As) ds
0
tAO
+/ ae(s)e_Jsvl(Xs, GS)dWS + Mt.C\@ - Mﬁf
0

Applying conditional expectation to the equation above with respect to X = z

and ¢y = 4, we have

Egi [y (Xine, 00) | = v(z,9)
tAO
+Eg, |:/0 e’as(Le(s)(us)v(Xs, €s) — /\6(5)As) ds]
tAO
(4.3) +E,; [/ cre(s)e_‘ssv’(Xs, €s) dWs] + By, [Mt);\G-) - M({]
0

We note that o.(5e7% v/(X;, €;) is bounded for every s € [0, A ©]. Thus,
tA©
Ea:,i [/ Je(s)e_ésUI(Xs,Es)dWS] = ().
0
Moreover, since v(-,7), 4 = 1,2, is bounded, the function f(t,-,) = e~%uv(-, 1),
i = 1,2, is bounded for every t € [0,00). Thus, MY is a square integrable

martingale and, hence, Em,i[Mth@] = F, 4] M{]. Then, from equations (4.2) —
(4.3), we get

tAO
(44) v(z,i) > E; [e“s(t’\@)v(Xt,\@,et,\@)] + E,; [/ e“ssu(s)ds:l .
0

Taking ¢t — oo and using v(0,%) = 0, we observe that the conditional expecta-
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tion Fy;[e O y(Xpe, en0)] — 0. Therefore, for every arbitrary admis-
sible control u, v(x,¢) > J(z,%;u). In particular, inequality (4.4) becomes an

equality if v = 4, and hence v(z,?) = J(z, ¢;4). O

4.3 Construction of the solution

We need to find a function v(z, ¢), ¢ = 1, 2, such that the conditions in Theorem
4.1 are satisfied. In particular, we want equation (4.2) to be satisfied. We note

that (4.2) is equivalent to

1
5 af(t)v"(Xt, €) + teyV'(Xe, &) — 0v( Xy, &) + sw[up ]{ut(l — (X, 6))}
ut€{0,K

= Ae(t) (’U(Xt, Et) - ’U(Xt, 3— Et)) .

We note also that for ¢t € [0, ),

0 if (X ,€) > 1
a(t) = arg sup {u; (1 — /(X €))} = (Xe,€0)
u€[0,K] K if 'U,(Xt,Et) —<— L

Hence, the candidate for optimal control ¢ has the form 4(t) = (X, €) for

t € [0,0), where ¢(-,1), i = 1,2, is a measurable function such that

p(z,i) =

0 if o(z,i)>1
K if V(z,i)<1

for z > 0. Thus, to find a function v(z,%), ¢ = 1,2, that satisfies equation

(4.2) is equivalent to solve the equation

—;— o2 v"(z,4)4u; V' (x, 1) =0 v(z, i) +o(x,1) (1= (z,4)) = N (v(z,i)—v(z,3—1i))
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for each i = 1,2; or equivalently, to solve
1
5 o2v"(z,1) + V' (z,1) — dv(z,3) = X (v(z,i) —v(z,3 —1))

when v'(z,7) > 1, and to solve

1
3 o2v"(z,1) + (u — K)v'(z,3) — 6v(z,3) + K = X (v(z,i) — v(z,3 — 1))
when v'(z,7) <1, for each i = 1, 2.

We consider three possible cases: v'(0,%) > 1 for both i = 1,2; v'(0,40) < 1
and v'(0,3 —1p) > 1 for some 4y € {1,2}; and v'(0,¢) < 1 for both ¢ = 1,2. For
the three cases we need the following lemma, which has been adapted from

Remark 2.1 by Guo (2001).

Lemma 4.1. Fori = 1,2, consider the real function ¢;(z) = —1 022% — fi;z +
(X + 8) where [i; is a function of u;. Since o1, 02, A1 and Xy are positive, the

equation ¢1(z) P2(z) = A1 A2 has four real roots such that z; < 22 < 0 < 23 < 24.

Proof. The quadratic equation ¢;(z) = 0 has two real roots because i? +
20%(A\;+6) > 0. Let us denote them by ; and 6,. In fact, §; < 0 < 63 because
$1(0) = A1 + 6 > 0 and ¢;(+00) = ¢1(—00) < 0. Consider the polynomial
p(2) = ¢1(2) P2(z) — AA2. Then, p(61) = p(f2) = —A1de < 0. We also note
that p(0) = (A1 + §)(A2 + 6) — A1A2 > 0. Moreover, p(+00) = p(—o0) > 0.
Then, from the Weierstrass Intermediate Value Theorem, there exist four real

roots for p(z) such that z; < 0; < 25 <0 < 23 < 0y < 24. O

Our objective in the remainder of this section is to find a candidate for
value function and a candidate for optimal control. For the three cases we
conjecture v'(+, 1), i = 1,2, to be continuous, positive and bounded in z such
that lim,_, . v'(z,%7) = 0 for both 7 = 1,2. We also conjecture v'(+,7), i = 1,2,

to be non-increasing in order to have v(-,7), i = 1,2, concave in z. We will
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prove later (in section 4.4) that these conjectures are satisfied by the value

function.

Case 1: v/(0,7) > 1 for both i =1, 2.

In this case, due to our conjecture that v'(-, 1), ¢ = 1,2, is non-increasing, there
exists a threshold Z; € (0,00) such that v/(Z;,7) = 1. Hence, for z € [0, %;),
we have

%a%”(m, i) + pv'(z,4) — dv(z, i) = N(v(z, i) —v(z,3 — 1)),

1)

and for x € [Z;, 00),

%afv"(x, i) + (ps — K)V'(z,1) — 6v(z, i) + K = \(v(z,1) — v(z,3 —1)).

The relation between Z; and Z, depends on the relations among the drift
coefficients, the volatility parameters and the rates A; and A;. We will only
consider #; < Zo; the case ; > %, has a similar treatment. Thus, we have to
consider three possibilities for the initial level of the cash reservoir: = € [0, %),
T € [%1,%2) and z € [Z3,00).

When z € [0,%;), the solution for the problem will satisfy the following

system of ordinary differential equations:

1
(45) —(u +8)v(@, 1)+ mv(@1) +5020"@ 1) + Ao(5,2) = 0

~(A2+0)v(z,2) + pav'(z,2) + %0’% v'(z,2) + A v(z,1) = 0.

Consider the characteristic function for (4.5), ¢1(8) ¢#3(8) = Ai1Az, where
1 .
$i(8) == —z B — B+ (N+9), i=12

2 2
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Lemma, 4.1 proves that this characteristic function has 4 real roots: 8 < (2 <

0 < B3 < B4. Then, the solution for the system of equations (4.5) is

(4.6) v(z,1) = A Ple=t1) 4 A, Pale=d1) 4 A, oBsle—d1) | 4 oBale—T1)

4.7) v(z,2) = Byl 4 B, ofle=d) | pyefsla=) | B fala=r)

where, for each j = 1,2, 3, 4,

$1(6;) A2
4. .= = 2 AL
(48) B; 4 o3(B;)

When z € [#;,%,), the required solution will satisfy the following system

of linear differential equations:

(4.9)

—(M+0)v(z, 1)+ (1 — K) V' (z,1) + %afv”(a:, D+ K+Mv(z,2) = 0

1
=X+ 8)v(z,2) + wv'(z,2) + 5 o2v"(z,2) + dov(z,1) = 0.

Consider the characteristic function for (4.9), #2(a) ¢3(a) = Mi)a, where

1
$a) = "“2"0302‘(% —K)a+ (M +96)
p3(a) = —% 020 — pga+ (A2 +6).

From Lemma, 4.1, this characteristic function has 4 real roots a; < a; < 0 <

" a3 < ag. Then, we find that the solution for the system of equations (4.9) is:

(4.10) v(z,1) = A, e*®%2) 4 A4, e020@8) 4 A eo@=32) | A, 004 4 [y

(4.11) v(z,2) = Bex@%) 4 B,enl=2) 4 Bge®®=32) 4 B e 4 Ry
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where

(Ao+(2-19)0) K

4.12 Fl = .
( ) (M +0)(A+06) — M

Moreover, for each j = 1,2, 3,4, the condition for the coefficients is

~ ACTI
(4.13) B; = lf\lﬂ)Aj = ~ A;

Finally, when z € [Z2,00), the function v(:,¢), ¢ = 1,2, is the solution of

the system

(4.14)

1
—(M + 0)v(z, 1) + (1 — K)'(z, 1) + 5 03" (z,1) + K + \v(2,2) = 0

—(A2 + 0)v(z,2) + (u2 — K)'(2,2) + %agv”(:r, 2) + K + Av(z,1) = 0.
Consider the characteristic function for (4.14), ¢3(y) #3(y) = A1Ae, where

H0) = —3 0~ (s~ )7+ (A +9).

From Lemma 4.1, this function has 4 real roots y; < ¥ < 0 < 3 < 7y4. Then,

the solution for the system of linear differential equations (4.14) is given by:

-~ —~ —~ ~ K
,U(ma 1) = Ale71$ + Age”’: -+ A3e73z + A4e’)’49: € F

P -~ —~ ~ K
’U(CL', 2) = Ble’)’lz+Bze’)’2$+Bse’)’3z+B4e'y4a:+7,

where the condition for the coefficients, for each 7 = 1,2, 3,4, is

= ¢ () » Ay A
4.15 B, = A = A
( ) J Al J d)g(,yj) J
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Recall that we are conjecturing the functions v and v’ to be bounded, which

necessarily makes A\3 = 24 = §3 = §4 = (). Therefore,

> - K
(4.16) vz, 1) = A"+ Ape™ + —
(417) 'U(.’L', 2) = §16’71I + §2€72I + —lai,

is the solution for the system (4.14), where (4.15) is satisfied for j = 1, 2.
Now, in order to find the thresholds #; and Z,, and the coefficients in

functions (4.6), (4.10) and (4.16), we conjecture that the smooth-fit condition

holds. We also want v/(%;,7) = 1 for each ¢ = 1,2. Thus, we need to solve the

following equations

v(0, 7) = 0

v(Z—, 1) = v(Zi+,1)
(4.18) v(#3-—,1) = v(T3-it,9)

V(Zi—,1) = 1

V(Z+,3) =1

V(Z3—i—,1) = V(Zz—_i+,1),

for each ¢ = 1,2. The solution of the system of equations (4.18) will give us
the values for ; and Z,, and also the values for A;, Zj, j=1,2,3,4, and le\j,
J = 1,2. The values for the corresponding B, Ej and EJ« will be found from
equations (4.8), (4.13), and (4.15).

Recall we are assuming ¢'(0,4) > 1 for both ¢ = 1,2. This situation is

satisfied if the coefficients found through the system of equations (4.18) satisfy

A1+ Asfo + A3fBs + Ay > 1,

(4.19) A1y (B1)B + Azqﬁ(ﬂz)ﬂz + A3y (B3)Bs + A4¢i(ﬁ4)ﬁ4 > Ag
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and also if Z9 > Z; > 0 is satisfied.

Case 2: There exists i€ {1, 2} such that v'(0,4y) < 1 and v'(0,3—14y) > 1.

Now we assume that ¢/(0,4p) < 1 for a certain fix ¢p € {1,2}. Recall the
conjecture that v/(-,4) is non-increasing, which implies v/(z,4p) < v’(0,4p) < 1
for every > 0. Hence, v'(z,4p) < 1 for every z > 0. Then, equation (4.2) is

equivalent to
1
3 afov"(:c,io) + (i — K (z,10) — dv(z,10) + K = Ni(v(z,ip) — v(z,3 — %))

for every x > 0. Moreover, since v'(0,3 — ip) > 1, an analysis similar to
the one for Case 1 implies that there exists a threshold Z3_;, > 0 such that
V' (£3-49, 3 — %) = 1. Thus, for every x € [0, Z3_;,),

1

_2' Ug—iovll(xa 3""2.0)_'—/1'3——1'0'01(%7 3_2.0)—5'0(1'7 3"'7:0) = /\3—1'0 (/U(‘T) 3—i0)—U(.T, iO))a

and, for every z € [$3_;,,00),

1
5 03_3,0" (2,3 — o) + (3o — K)V'(2,3 —dp) — 0v(z,3 —ip) + K

= A3—i,(v(z,3 —10) —v(z,)).

Hence, when z € [0,%3_;,), v(:,1), 1 = 1,2, satisfies the following system of

differential equations:

(4.20)

1

5 O'izov"(as, io0) + (g — K)o/ (x,40) — (Nip +0)v(z,30) + K = —Xv(z,3 — o)
1

3 o5 V" (2,3 = i0) + pa—s,0' (2,3 — dp) — (A3—io + 6)v(z,3 — i)

= —/\3_1‘0’1)(.%, 20)
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Consider the associated characteristic function for (4.20), ¢f (6) ¢3_, (6) =

3—io
A1A2, where

1

¢?0 (9) = _5 o_i2092 - (:uio - K)9 + ()‘io + 5)
1
B35, (0) = 3 3307 — t3—so8 + (A3—i + 6).

From Lemma, 4.1, this characteristic function has 4 real roots #; < 3 < 0 <
03 < 64. We note that if actually 49 = 1, then we have the system (4.9) of
differential equations, and hence ¢t = @2, ¢4 = ¢2, and 0, = o, 7 = 1,2, 3, 4.

In general, the solution for the system of equations (4.20) is:

(4.21) v(z,ig) = C1e"® + Cye®® 1+ C3e% + Cyef* 1 F,
(422) ’U(.’L’,3 - 20) = D1 691z + D2 692z + D3 6‘93z + D4 604z + F3_i0,

where .

(Moo + 8 Ii=ig)) K
(M +8) (A2 +6) — Ay

(4.23) F,

Moreover, the condition for the coefficients is, for each j = 1,2, 3, 4,

* (6;) A3—
4.24 D, = X C, = ——2_(..
(4.24) v R

On the other hand, when z € [Z3-4, ), the function v(-,3), ¢ = 1,2, is
the solution of the system
1 2,1

5 Oiov (:L‘, ZO) + (,uio - K)’U'(l’,io) - ()‘io + 6)’0(1"7 Z'0) + K = —)‘iov(mv 3 - Z0)

L

> o33, v" (2,3 — d0) + (us—ip — K)V' (2,3 — o) — (Az—ip + 0)v(2,3 — Gp) + K

= —A3-40(x, ip).
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This system of equations is similar to (4.14). Hence, the solution for the above

system of differential equations is given by:

e 2 ~ ~ K
v(z,i) = C1e"" + Cre™ + C3e™° + Cye™* + 5

D 5 ~ ~ K
u(z,3—1ip) = Dye™® + Dpe™ + Dye™ + Dye™* + —,

lwhere the condition for the coefficients is

)‘3—i0 ~
¢§——io (ry]) ’

3 (7)) ~
(4.25) B, = e _
Mg
for each 7 = 1,2,3,4. Recall that we are conjecturing that the functions
v(+,1), ¢ = 1,2, and v'(+,%), 1 = 1,2, are bounded, which necessarily makes

5’3 = 54 = l~)3 = 134 = (0. Hence,

=~ ~ K
(4.26) v(z,90) = CreM" 4 Cre™ + 5

~ ~ K
(427) U(.CE,3 _7:0) = Dye"™® 4 Dye™® + 77

is the solution for the system above, where (4.25) is satisfied for j = 1,2.
Now, in order to find the threshold Z;_;, and the coefficients in (4.21)

and (4.26), we conjecture that the smooth-fit condition holds. Also, we want
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V' (Z3-4,3 —10) = 1. Hence, we need to solve the following system of equations

v(0, %) = 0

(0,3 — iy) 0

V(T 3—i—, o) = v(Z3-4,%)
(4.28) v(E3-45—,3—ty) = v(E3-4+,3 — o)

1
1

’Ul(ig_io-l-, 20)

8
(L]
l
[=]
N
oD,
S
-
Il

The solution of the system of equations (4.28) will give us the value for Z3_;,

and also the values for Cj}, j = 1,2, 3,4, and @, j = 1,2. The values for the

corresponding D; and ﬁj will be found from equations (4.24) and (4.25).
Recall we are considering the case in which v'(0,4) < 1 and v'(0,3—10) > 1.

In this case, the coefficients in (4.28) satisfy

(4.29) 0 < Cy6, + Cos + Cs63 + Cify < 1,

Xip < Cigp(01)6) + Cody,(02) 02 + Cs ¢, (65) 03 + Cy i (04) b4
In addition, Z3_;, > 0.

Case 3: v/(0,7) <1 for both i =1,2.

Ifv'(0,4) < 1forbothi = 1,2, then v'(z,7) < 1foreveryz > 0 and p(z,i) = K
for every z > 0, for both i = 1,2 as well. Hence, the function v(-,?), ¢ = 1,2,
will satisfy the system of differential equations:

1

—~(A+8)v(x, 1) + (1 — K) V' (z,1) + 5

ot (z,1) + K+ Mv(z,2) = 0

1
—(Ae + ) v(z,2) + (n2 — K)v'(z,2) + 5 o3 v"(x,2) + K + M v(z,1) = 0.
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for every z > 0, which is equivalent to the system of equations (4.14). Thus,

the solution for this system of differential equations is given by

~ ~ - ~ K
'U(.’E, ]_) = Cl en?® + 02 en’® + CS PRcE + 04 4T + __5_

—~ — —~ —~ K

where the condition for the coefficients is

(4.30) D; = %}(\%)Cj -
1

for each j = 1,2,3,4. The conjecture that v(-,7), i = 1,2, and v'(-,4), 1 = 1,2,

are bounded functions implies that 53 = 54 = ]33 = ]34 = (). Hence,

(4.31) v(z,1) = Crem® + Cpe”® + %
- - K
(4.32) v(z,2) = Die"* + Dy + =

is the solution for the system of equations where (4.30) is satisfied for j = 1, 2.
In order to find the coefficients in (4.31) we have the initial conditions

v(0,1) = v(0,2) = 0. This gives us the coefficients

~ _ K P¥(2) — A1
(4.33) A= TS B =R
62 _ K M- (15?(71)

5 B(1) — Hn)

Moreover, the coefficients D; and 52 are given by condition (4.30). One
additional condition that needs to be satisfied in order to have this situation

is related to the assumption v'(0,7) < 1 for both ¢ = 1,2. That assumption is
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equivalent to

___]i ¢?(72)’71 + /\1<72 - 71) — ¢?(’71)’72

W 0= -3 #T0) — #0n) = b
0 < — K $3(m)8i(v2)(n — 12) + M@ (v)n — ¢3(v2)72) < 1
- A ¢3(v2) — #3(n) -

4.4 Verification of the solution

In section 4.3, we made some conjectures to find a candidate for value function.
In this section, we will prove that the function v(-,4), i = 1,2, is actually the
value function V(-,4), i = 1,2, of Problem 4.1. We will also present the
optimal dividend policy.

Theorem 4.2. Let A, Zj, j=1,2,3,4, and A\j, j = 1,2, be the solution of
the system of equations (4.18) and suppose that they satisfy condition (4.19).
Let B;, B, j = 1,2,3,4, and B;, j = 1,2, be defined by (4.8), (4.13) and
(4.15); and F;, i = 1,2, defined by (4.12). Suppose, without loss of generality,
that #; < Z2. Then, the function v(-,%), ¢ = 1,2, given by

AP E=81) L Ayef2(@=31) o AgePs(a—21) 4 A efs(a—1), z €[0,Z1),
v(z,1) = { Ajen(@—22) 4 Ageor(e—2) 4 Z36a3($_532) + Agers@—F2) Fi, z € [71,T2),

;1\1671$ + 22672w + %, HAS [527 00)7
and

Biefr(@=%1) 4 Boebale—E1) 4 Biefale—21) 4 B ebale—E1) z € [0,71),
v(z, 2) = Eleal(z_@) + Ezeaz(z-—:iz) + §36a3($—£2) + §4ea4($—j2) + Py, z € [T1,%2),

B1eM? + Bye® + X z € [Z2,00),

is the value function V'(-,4), i = 1,2, of Problem 4.1. Furthermore, the control
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@ defined by

0 if €t — ) and Xt € [O,Ez),
a(t) =
K if ¢=¢ and X;€][Z;00),

for t € [0,0) and 4(t) = 0 for t € [©,00), is optimal dividend policy for
Problem 4.1.

Consider the case in which A;, Zj, j=1,2,3,4, and A\j, j =1,2, do not
satisfy condition (4.19). Instead, suppose that condition (4.29) is satisfied for
a fixed iy € {1, 2}, where C;, j = 1,2,3,4, and 5’j, j = 1,2, are the solution
of the system of equations (4.28). Moreover, let D;, 7 = 1,2,3,4, and 5]',

J = 1,2, be defined by (4.24) and (4.25); and let F;, and F3_;;, be defined by
(4.23). Then, the function v(-,1), i = 1,2, given by

016011 4+ 02602:1: + 03693’: + 046641 + Fz‘o> T € [0, %3_1‘0),

v($7i0) = _ ~
CreM® 4 CheM® 4 %, T Ec [§3—i07 00)7
and
D1e%% + Doe®® + D3ef® 4 Dye?® 4+ Fy_yy, x € [0,T5-4),
v(z,3—1ig) =

Dyen@ + Doeme + X, 7 € [Z3-,0);

is the value function V (-, ), ¢ = 1,2, of Problem 4.1. Furthermore, the control

4 defined by

K if € = io,
() = 0 if e¢=3—4 and X;€[0, Tz_y),
K if ¢=3-i and X; € [Z3-4, 00),

for t € [0,0) and 4(¢t) = 0 for t € [O,00), is optirﬁal dividend policy for
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Problem 4.1.

Consider the case in which neither condition (4.19) nor condition (4.29)
are satisfied. Thus, condition (4.34) is satisfied. Moreover, let Cy, j=1,2,
be defined by (4.33), and ﬁj, Jj = 1,2, by (4.30). Then the function v(-, 1),

i = 1,2, given by

~ ~ K
v(z,1) = Ci1eM"* 4 Ce™® + —,

~ ~ K
’U(.’L', 2) = Dle"lz —+ Dze"zz + g’,

is the value function V'(-,), ¢ = 1,2, of Problem 4.1. In this case, the control
4 defined by

K if te[0,0),

0 if te[0,00),

is optimal dividend policy for Problem 4.1.

Proof. In order to prove that the function v(-,¢), ¢ = 1,2, defined above is
solution for Problem 4.1, we need to show that it satisfies the conditions of
Theorem 4.1. We have three different cases to consider depending on which
condition holds ((4.19), (4.29) or (4.34)). Since the proofs for each of the three
cases are similar, we will consider only the first case, that is, the case in which
condition (4.19) holds.

It is easy to see that by definition v(-,7) € C?([0,00) — {#1,Z2}), ¢ = 1, 2.
We recall that continuity at Z; and Z, is given by equations (4.18). Moreover,

for z € [Z,, 00),
—~ o —~ ~o IS
v(z,1) = A;e"® 4+ Ae™* + i

~ ~ K
v(z,2) = B1eM" + By + 35
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where 7y < 75 < 0. Thus, lim;_sv(z,1) = limy_v(z,2) = K/§ < +00.
This together with the continuity of v(-,4), ¢ = 1,2, on [0,00) imply that
v(+,%), 1 = 1,2, is bounded on [0,00). Similarly, v'(-,7), i = 1,2, is bounded
on [0, 00) because it is continuous on [0, 00) (given again by equations (4.18))
and because lim, .., v'(z,1) = lim,_, v'(z,2) = 0. Moreover, the system of
equations (4.18) guarantees that v(0,1) = v(0,2) = 0.

By construction and the initial condition (4.19), we have

_ 0 if ze€[0,E),
o(z,1) =
K if ze€ [53,‘,00),

which implies ¢(z,4) € [0, K], for every z € [0,00), ¢ = 1,2. Also by con-

struction,

U(t) := arg S}lp ]{Le(t)(ut)v(Xt,et) +us} = (X, €1)
ut€[0,K

for ¢ € [0,0), and hence
0 if et:iand XtE [O,E,,),
K if ¢ =1iand X; € [7;,00),

for t € [0,0) and 4(t) = 0 for t € [©, 00). Moreover, the equation

(4.35) Li(p(z,1))v(z,1) + ¢(z,i) = N(v(z, i) —v(z,3 — 1))

holds for both 7 = 1,2. Indeed, for z € [0, %;), the function v(z,%), i = 1,2,
is solution of the system of differential equations (4.5); for = € [Z,, Z2), it is
solution of system (4.9); and for z € [Z,, 00), of system (4.14). That is, the
function v(-,%), ¢ = 1,2, satisfies equation (4.2) because equality (4.35) holds
also when we replace z by X;, ¢ by €, and p(z,7) by o(X;, &) = 4(t) for
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t € [0,0). Therefore, from Theorem 4.1, the control 4 is optimal solution of

Problem 4.1, and v(-, %), ¢ = 1,2, is the value function for Problem 4.1. d

4.5 Comparison to the one-regime case

Asmussen and Taksar (1997) show, in a model that allows only one regime,
that the optimal dividend policy is to pay no dividends while the process
X = {Xi, t > 0} is below a certain level #, and pay dividends when the
process reaches or exceeds Z. This result is comparable to the one presented
in Theorem 4.2. The difference is the existence of two different thresholds, z;
and Ty, where one of them is used in the case of economic recession and the
other one in the case of economic growth. In the regime switching model, the
solution for the dividend payment problem is more complex because it involves
the new process € that was not considered in the one-regime model. However,
this solution is also more precise, because the new process is relevant for the
financial analysis.

We will use a numerical example to compare the results of the regime
switching model presented in this chapter to the one-regime model presented
by Asmussen and Taksar (1997).

Let us consider two companies, Company AA and Company BB, that are
not affected by changes of the macroeconomic conditions. Their cash reservoir
behaves the same in periods of economic growth as in periods of economic
recession, that is, these companies only present one regime. Suppose that
Company AA has a regime with parameters y; = 0.05 and o3 = 0.70, and
that Company BB has a regime with yy; = 0.15 and o2 = 0.45. We notice
that the macroeconomic conditions for Company BB are better than those for
Company AA. Consider finally a Company AB that follows a regime switching

model for its cash reservoir (with both regimes of growth and recession) with
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parameters A; = 0.06 and Ay = 0.04, y; = 0.05 and e = 0.15, and o7 = 0.70
and gy = 0.45. Moreover, we assume that the market has a discount rate of
0 = 0.12. Assume that Company AA, Company BB and Company AB cannot
pay dividend rates greater than K = 5.

Following Asmussen and Taksar (1997), we obtain the optimal thresholds
Taa = 0.3617 and Zpp = 0.9463 for Company AA and Company BB, respec-
tively. The optimal dividend policy for each company is to pay no dividends
until the cash reservoir reaches the respectively threshold and to pay dividends
at a rate K when the threshold is reached. We show below that the optimal
dividend policy is different for Company AB.

Using the model parameters for Company AB and solving the system of
equations (4.18), we obtain the thresholds Z; = 0.4670 and Z, = 0.9037.
We also obtain the coeflicients A;, B;, Zj, Ej, j =1,2,3,4, and /Tj and
Ej, J = 1,2, that satisfy conditions (4.19). Hence, Theorem 4.2 allow us to
construct the value function Vyg(-,7), ¢ = 1,2, for Company AB. Figure 4.1
and Figure 4.2 show that value function and also the derivative of the value
function for the company. Furthermore, also from Theorem 4.2 we have that

the optimal dividend rate for Company AB is

0 if € = i3 and Xt € [O, i‘,),
at) =
K if ¢=i¢ and X;€[Z;,00),

for any instant ¢t € [0, 00) before bankruptcy. That is, the optimal dividend
policy for Company AB is the following: whenever the company is in regime
1, it should not pay dividends if the level of its cash reservoir is lower than
Z; = 0.4670 and pay the rate K otherwise; if the company is in regime 2,
it should also pay the rate K as dividends only when the level of the cash
reservoir is greater or equal to Z; = 0.9037. We notice, then, that the opti-

mal dividend policy for Company AB depends strongly on the regime of the
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economy. Indeed, to pay dividends, the company needs to consider first the
present regime, and then verify that the level of its cash reservoir is larger or
equal to the threshold corresponding to that regime.

It is obvious that Company BB has better economic conditions than Com-
pany AA does, so shareholders should receive on average a higher amount of
total discounted dividend payments. Figure 4.3 shows, as expected, that for
every z € [0,00): Vpp(z) > Vaa(z). Company AB is in a economy that
presents periods of growth and periods of recession. Thus, Company AB can
be considered to be better off than Company AA but not as good as Company
BB. Figure 4.3 shows that, indeed, Vyp(z,¢), ¢ = 1,2, is always greater than

Vaa(z) and is always lower than Vpg(z), independently of the initial regime <.

90



e

v(x,2)

/ v(x,1)

0.8

0.4} / .

0.2+ .

0 i 1 i J .

0 0.2 0.4 0.6 0.8 1

Figure 4.1: Value function for Company AB when the dividend rates are
bounded: V4p(-,4), ¢ = 1,2, for model parameters A\; = 0.06, A, = 0.04,
w1 = 0.05, us = 0.15, o1 = 0.70, 09 = 0.45, 6 = 0.12 and K = 5.
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Figure 4.2: Derivative of the value function for Company AB when the divi-
dend rates are bounded: Vjz(:,i), i = 1,2, for model parameters A; = 0.06,
A2 = 0.04, p; = 0.05, uz = 0.15, 03 = 0.70, 02 = 0.45, 6 = 0.12 and K = 5.
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Figure 4.3: Comparison of the value functions for Companies AA, BB and AB
when the dividend rates are bounded (comparison with one-regime model).
From the top to the bottom: Vgg(-), Vag(:,2), Vap(-,1) and Vaa(-).
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Chapter 5

Singular stochastic control with

regime switching

The initial setup for singular stochastic control with regime switching problems
is similar to the one for classical stochastic control with regime switching
problems. We have a probability space (2, F,P), a N-dimensional standard
Brownian motion W, an observable continuous-time, stationary, finite-state
Markov chain € with strongly irreducible generator () and the P-augmented
filtration F. This time, however, the F-adapted process X = {X;, t > 0}
satisfies a different stochastic differential equation.

Let Z = {Z,, t > 0} be a d-dimensional F-adapted control process of finite
variation. We assume that Z is a nonnegative and nondecreasing stochastic
process.

Let the open, nonempty, convex set @ C R¥ be the solvency region. Con-
sider an IF- adapted process X = {Xi,t > 0} that satisfies the stochastic

integral equation

t t t
(5.1) Xy = =+ / f(Xs,€5)ds + / 9(Xs,e5)dWs + / z(es) dZs,
0 0 0
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with initial value Xy = z € O and initial state ¢¢ = ¢(0) = i € §. We
assume that the functions f: RY x S — RM and g : R x & — RM*N are
Lipschitz continuous functions in z. We assume that z : S — RM*4, We
define G : RM x § — RM*M a5 G(z,14) := g(z,1) - g(x,1)T. We note that the
Lipschitz conditions implies that f(-,%) and g(-,%) are bounded in every closed
subset of RM, for every i € §. Hence, G(-, 1) is bounded in every closed subset

of RM for every i € S.

Definition 5.1. A strong solution of the stochastic integral equation (5.1) is
an F-adapted process X = {X;,t > 0} such that X, = z, P-a.s., that satisfies
(5.1), and such that, for every ¢t € [0, c0):

d t
(5.2) IP{Z /0 | 2 ()l d(Ze)s < +oo} _ 1,

where 2,(7) denotes the £-th column of z(%).

Consider the first time when the process X leaves the solvency region.

Define such stopping time as
© = Ox = inf{t>0:X;¢0}

and impose X; = Xg for every ¢t € O, 00).

Let H : S — R? be a given function. Define the functional

(5.3) J(x,3;2) = FEg, [ /O ° e S H(e,)T dZt] .

The parameter § > 0 is the discount rate for H. We note that in order for the

functional (5.3) to be well defined, we need to require:

d o
(5.4) IP{Z /0 e8| Hy(e,)| d(Zy)s < +oo} =1,
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Definition 5.2. For every x € O and ¢ € S, we define an admissible control
process as a nonnegative nondecreasing adapted control process Z : [0,00) X
! — R? with sample paths which are left-continuous with right limits, such
that dZ(t,w) = 0 for every (t,w) € [©,00) x £, such that the trajectory
X = X7 is the unique strong solution of (5.1), and such that (5.4) is satisfied.
The set of such admissible controls will be denoted by A(z, ).

Problem 5.1. The stochastic control problem related to this setup is then to
select, for every x € @ and ¢ € S, an optimal admissible control Z* € A(z,1)

that maximizes the functional (5.3), and define the value function

(5.5) V(z,i) = J(z,4;Z2*) = sup J(z,%;2).
Ze A(z,i)
We note that the admissible control processes Z do not necessarily have
continuous sample paths; we only need them to have sample paths that are
left-continuous with right limits. Hence, we define the set of times when Z has

a discontinuity by
A = {tZO Zt+7éZt}.

The set A is a countable set because Z can jump only a countable number of
times during a period [0,¢), ¢ > 0. We denote by Z% the discontinuous part
of Z. That is,

zi = Y (Zy-Z),

s€[0,t),s€A
for every t € [0, 00). In addition, we denote by Z°¢ the continuous part of Z.
That is, Z¢ := Z, — Z¢, for every t € [0, 00).
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5.1 The verification theorem

Consider 7 : RM x S — R and define the operators L;, for each i € S, by

Lit(@,) = 3 (@) Yea(m,) + f(z0) ulz,i) — 60(z,)

1
— é-rnZ:lpglep (z,1) 3mm3$p(m7z)
M
+ n;fm(x,i) %(m,i) _ 69(z,4).

We specify now some notation that we need for the following definitions.
For a function v : RM xS — R, we recall that we denote the gradient of v with
respect to x by v,. We also use {e;, £ = 1,...,d} to represent the standard

basis of R?. For a function v : RM x 8§ — R, we define the continuation region
C(i) = {a: : (H(i)T+ vz(x,i)Tz(i)) ce; <0, forevery£=1,...,d } ,

for each ¢ € S. We define as well the control process associated with the

function v(-,7), 7 € S.

Definition 5.3. An F-adapted, nonnegative and nondecreasing control pro-

cess Z¥ is associated with the function v(-, ), ¢ € S, above if
Y t Y t t
(2) XtZ =z +/ f(XsZ 7€s) ds +/ g(XsZU, 6s) dWs +/ Z(es) dZy,
0 0 0
for all t € [0,0) and X7 = XZ" for all t € [©, c0).
(1) X7 € C(&), Leb. ae t€[0,0), P—a.s.,
t
(#i4) / e % (H(es)™ +vo(XZ" €5) 2(e,)) dZ° = 0, for all t € [0,0), P—a.s.
0

() v(XZ, &) —v(XF &) = —H(e)"(Z7, — Z7), for all t € [0,0), P—a.s.
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Now we present a Verification Theorem that gives sufficient conditions for

a function to be the value function for Problem 5.1.

Theorem 5.1. Let v(-,i) € C*(O) N C*(O\N;), i € S, be a real function in
O, where N;, i € S, are finite subsets of 0. Let v(z,i) = 0 for every z ¢ O,
i € §. Moreover, assume that v(-,7) has polynomial growth, i € S. Suppose
that the function v(-,?), ¢ € S, satisfies for every x € C(i), the Hamilton-

Jacobi-Bellman equation

(5.6) Liv(z,i) + Qu(z,-)(@) = 0.
Moreover, suppose that v(-,), i € S, satisfies for every z € O:
(5.7) (HO +va(e,i)72(0)) ec < 0,

for every £ =1,...,d, and

(5.8) Liv(z,i) + Qu(z,-)(7) < 0.

Then, v(z,7) > J(x,1; Z) for every admissible control process Z.

Proof. Consider an arbitrary admissible control Z and the trajectory X = X?
generated by Z. First of all, we note that X, # X, if and only if Z;, # Z,.
Hence, {X;+ # X;} = {¢ € A}. Consider then the function ¢(-,-,7), i € S,

&t

defined as ¢(t,z,i) = e v(z,i). Then, using the Itd’s formula for Markov-
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modulated processes, we get

M
0
do(t, Xi, &) = @ult, Xoyer)dt + Z%(t,Xt,et)d(Xﬁz)t

1 M M 82S0
+ 5 Z Z 8,’L'ma,’l,'p (t, Xt, Gt) d< X‘m; Xp >t

+ (ot Xex, €) — o(t, Xy, ft)) Itx, o #x:)

+ Qu(t, Xy, -)(e) dt + dMY

M
%
= 0,(t, X, €)d (X, €) 22 (8, X, €2) dit
©(t, Xy, ) dt + ;f (Xt €) 5$m(t £ €t)
M N a
+ ;; Gmn Xt,ft oz, (t Xt,ft) d(W )t
M d
+ ZZ ng t Xt,ft) d(Zec)t
m=1 ¢=1
1 M M 52g0
+§ Z_lg Gmp Xt,Et m(t,Xt,Et) dt

( t Xt+76t (t Xt7€t)) I{tEA}
+Qo(t, Xy, )(e) dt + dMY

ov

= —de” (Xt,ét) dt + 8_& Z fm Xt,Et)am

m=1

M N 81}
+ 6_& Z Z g‘mn Xtv Et (Xt7 et) d(W )t

1 n=1

(Xt, Gt) d

M d
+ g% Z Z Zme (Et (Xt €:) d(Z5)s

m=1 ¢=1

M M
v
tZZGmp Xtaét 8 3 (Xt,ft)d

m=1 p=1

+ e (v(Xpy, &) —v( Xy, e)) eny + €7 Qu(Xs, -) (&) dt + dMY,
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where X, denotes the continuous part of the m-th component X,,. The
process { M, t > 0} is a real-valued, square integrable martingale, with M§ =

0 P-a.s., when v(-,4), i € S, is bounded. We have then,

d(,O(t, Xt, Et) = 6_5t (Le(t) ’U(Xt, Et) + Q’U(Xt, ')(Et) ) dt

0
—ot Z Z Imn Xt,ﬁt ° (Xtaet) d(W )

m=1 n=1

M 4

_étzz Zmt Et 8U Xtaet) d(Ze)

m=1 £=1

+ e~5t(U(Xt+7 €) —v(Xy, €)) Tteny + dMy.

Consider U = {Ux, k > 1} to be an open cover of O. Let k > 1 be such
that Xo =z € U’?_ U; C O and such that U;?_lU ; is bounded, and define the
stopping time 7, = inf{¢z > 0: X; ¢ U5_,U; }. For every time ¢ € [0, 00), we

obtain
e—_é(t/\Tk)’U(X(t/\Tk)+, 6t/\7'}c) - IU(XO’ EO)

_ / e Loy (Ko €0) + Qu(Xe, )(e)) ds
0

tATE
+ / e-“ZZgnm Xss€5) 35— ov — (Xo c5) d(W)s
0

m=1n=1

M d

+ / e %8 Z Z Zmt 63 Xs, fs) d(Zec)s
0

m=1 ¢=1

+ Z e (V( Xy, €5) — v(Xs, €)) + M, -

SE[O t/\Tk), sEA

By taking the conditional expectation to both sides of the inequality above
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given Xy = z and ¢y = ¢, we have

Ez,i [e—a(t/\Tk)v(X(t/\Tk)+7 Et/\Tk) ] - ’U('T7 Z)

[ tATY 5 M N a,v
+Ez,i -/0 € ;Z gmn(Xsaes)é'l:n" (Xsaes) d(Wn)s]

tATE M d a,v
+ B, / e~ Z Z Zme (Es)_“‘(Xsa €s) d(ZZC)s
0

(5.9) + E,; Z e (v( X,y , €5) — v(Xs, es))} + Ey [Mtfwk].

Lse [0,tATE), s€EA

We note that X, € CI(US_,U;) when s € [0,¢ A7), and that, for every
m=1,...,M, 0v/0z, (X, ¢€) is bounded for every s € [0,t A 7%) due to the
continuity of Ov/0z,,(-,1), 1 € S. Let

M = max{%(x,i), z € Cl(US_,U;) i € S} < 4o00.
Then,
TATE
Ey; [/ e 208 vm(Xs,es)TG(Xs,es)vm(Xs,es) ds]
0
tATE
< M’E,; [ / 17G(X,, €)1 ds]
0
t
(5.10) < M?E,; [ / 17G(X,, €)1 ds].

0

We recall that G(-,7) is bounded in every closed subset of RM for every i € S.
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We recall as well that X, € CI(UX_,U;) when s € [0,tA7). Thus, from (5.10),
tAT)
o [/ o—20s UI(XS,GS)TG(Xs,fs) vz (X, €5) ds] < 00,
0

for every t € [0, 00), which implies that

tATY,
Ea:,z' [/ 6—-53 ’U:,;(Xs, Es)Tg(Xsa Es) dWs] = 07
0

or equivalently,

x,i

tATE
6_63 'mn Xsaes XS768 dW s = 0.
/ 3 "~ (Xuy e d(W2)

m=1 n=1

Furthermore, we note that v(z,%) is bounded for every z € Cl(U;?:lUj), for
every 1 € S, because v(+,%) is continuous. Thus, v(X, €5) is bounded for every

€ [0,t A 7). Then, {M{,_ ,t > 0} is a square integrable martingale and
hence Eg ;| M/, | = Ez;[ M| = 0. Therefore, equation (5.9) becomes

E:t,i [e—J(tATk)fU(X(t/\Tk)+7 Et/\Tk) ] - U(:L'> 7/)

= E:t,i [/ Tke—5s (Le(s) U(Xsa 63) + QU(XS? )(63)) d8:|
0

tATYE M d
+ Ex K —58 Z Z Zme Es Xsy Es) d(Zg)s
0 m=1 £=1
(5.11) + E,.; Z e“‘ss('u(Xs_,_, €s) — v(Xs,€5)) | -
| s€[0,tATk), sEA

Recall that v(z,7), i € S, satisfies (5.7) for every z € O. Thus, for every
s€[0,tATE),

(5.12) szg (€c) 5— Xs,es) < —Hy(e,),
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for every £ =1,...,d. Hence,

tATE M d
:zz / _aszzzmé Es Xs,es) d(ch)s
0 m=1 £=1
( tAT d
< Bl [ oY Hile)dZ)),
| /0 =1
tATE
(5.13) = ~FE,; / e‘ésH(es)szg].
LJ0

We note that the inequality (5.13) is well defined because Z is admissible and,
hence, (5.4) holds. Also, from the Mean Value Theorem, we have

1
v(Xs-H Es) - v(Xsa 6s) = / vm(Xs + /\(Xs+ - Xs)> 6s)T (Xs+ - Xs) d’\7
0
for every s € [0,t A 7). We note that Y;(A) = X; + A(Xs+ — Xs) € O for

every s € [0,t A7) and every A € [0, 1], since O is convex and X, X4 € O.
Moreover, we note that, for s € [0,£ A7) NA C A,

Xer — Xs = 2(e5)(Z; Zze (€5) (Zst — Zs)e

Hence, for every s € [0,t A 7x) N A,

V(Xsy, €5) — v(Xsy65) = /0 ;vz T20(€s) (Zsy — Zg)g dX
< - /0 1 ;He(ﬁs) (Zoy — Zs)e dX
(5.14) = _H(Es)T(Z.H— - Zs),

because (5.7) is satisfied for every z € O and in special for Y;(A) € O.
Therefore, using inequalities (5.8), (5.13) and (5.14) in equation (5.11), we
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obtain

E.'L'i [6_5(t/\7'k)v(X(t/\Tk)+, Gt/\q-k) ] — ’U(,’]j’ 2)

tATY
< —Ez[ / e—5SH(es)TdZ§]
0

s€[0, tATE), SEA

(5‘15) - Ez;i [ Z e_ésH(es)T(Zs+ - Zs):l .

We note that (Zs.—Z;)[(seay = dZ¢ and that Z°+Z2 = Z, for every s € [0, 00)

and in special for every s € [0,t A 7). Then,

tATY
By [ € 0(Xgnny 1) €any) | — v(@,1) < — Eqy [/ e_‘ssH(es)TdZs].
0

Letting £k — 400, we get that 7, — ©. Thus,

tAO
E.; [ / e”‘ssH(es)TdZs} < v(z,19)
0
—E,; [6—5(t/\e)v(X(t/\@)+: Gt/\e) I{9<+oo} ]

(5.16) — Epi [€7%0(Xss, €) [{o = +o0} | -

We note that the polynomial growth condition of v(-,7), ¢ € S, implies that
tlg& E; [evétU(XH, €) I{O=+oo}] = 0.

Hence, letting t — 0o and applying the Dominated Convergence Theorem in

equation (5.16), we get

Recall that X; = Xg for every t € [©,0), and that v(z,i) = 0 for every
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z ¢ O, 1€ S. Hence, we obtain that J(z,i;Z) < v(z,4) for the arbitrary

control process Z. ([

We know now the sufficient conditions for obtaining a bound for the func-
tional J(z,%; Z). However, we still need to find an admissible control process
Z* such that J(z,4; Z*) = v(z,1), which will be the optimal control for Prob-
lem 5.1. The following theorem gives us the sufficient conditions for such

optimal control process.

Theorem 5.2. Consider the function v(-,7), ¢ € S given by Theorem 5.1, and
consider the stochastic control associated with v, Z¥ = {Z},¢t > 0}. Define

the control process Z = {Z,¢ > 0} by
zZ> if tel0,8)
zZy if te[8,0),

where © 1= X7, Then, if the control Z is admissible, it is the optimal control
for Problem 5.1. Furthermore, v(-,%), ¢ € S, is the value function for Problem

o.1.

Proof. Assume that the control process Z¥ (and hence control Z) is admissible.

From (i¢) in Definition 5.3 and the HIB equation (5.6) we have that
tATE .
E.; [/ €™ (Lo v(XZ' &) + Qu(XZ',-)(es)) ds| = 0.
0

for every t € [0, 00), where & > 1 such that Xo = z € U5_,U; C O and such
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that U5_,U; is bounded. Hence, from (5.11), for every ¢ € [0, 0),

Ex,i [eﬁa(t/\Tk)v(X(Zt:\Tk)+7 et/\‘rk) ] - 'U(ﬁ, ’L)

tATy

= [ [T () e a2

+ E,; Z e % (v(XZ,e) —v(XZ€))

s€[0,tATE), sEA

t/\Tk

= E,; l/ e“ssvz(Xfu, es)Tz(es)dZ;’]
0

= Eay Z e 0, (X7 €5) T 2(e)(27 51 — Z)
| s€l0,tATL), SEA

+ Fyy Z e (v(XZ ) —v(XZ'€,))

S€[0,tATE), sEA

Using (4¢) and (4v) from Definition 5.3 and (5.7), we get

E.; [e‘é(t/\T")v(XgZTkH, et/\m) ] —v(z,1)

tATE
= —E,; [/ e_‘ssH(es)TdZ;’:l
0

~E,; Z e 95, (X7, es)Tz(es)(Z;’+ -7
_sE[O, tATK), SEA

—E,; > e H(e,) (22 ~ 2Y)

s€l0,tATk), s€EA

tATE
2 —Ey [/ 6_5SH(63)TdZ;’] .
0

Letting £ — +o00 and t — o0, recalling the polynomial growth property of
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v(+,1), i € S, and applying the Dominated Convergence Theorem, we obtain
6
/ e % H(e,)Tdz? |.
0

By using ’U(X@Z:_,E@) = 0, we obtain that v(z,:) < J(z,i;Z%). Since we

assume that Zv is admissible, Theorem 5.1 tells us that v(z,i) > J(z,1; Z%).

Hence, J(z,i;2) = J(z,i; 2°) = v(z,1) is satisfied under the assumption of

admissibility of Zv. O

Remark 5.1. For this case too, we can avoid that v(-,7), ¢ € S, is C}(O) in
Theorem 5.1 if instead we use another condition that guarantees that v(-, %),

i € 8, and v, (-, %), ¢ € S, are bounded in every closed bounded subset of O.

In chapter 6 we present an example of a problem of singular stochastic con-
trol with regime switching. We consider the dividend policy problem presented

in chapter 4 but under the assumption that the dividend rate is unbounded.
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Chapter 6

Unbounded dividend policy in

the presence of business cycles

In this chapter, as in chapter 4, we consider a dividend payment model with
regime switching. Following empirical evidence, we assume that the cash
reservoir of a company is affected by business cycles that are generated by
macroeconomic conditions. We consider that the economy shifts only between
a regime of economic growth and a regime of economic recession. That is, in
this case, S = {1,2}. The company’s management pays dividends to their
shareholders using certain unbounded dividend rate. In fact, the objective
of the management is to select the dividend policy that maximizes the total
expected discounted cumulative amount of dividends to be paid out to the
shareholders.

For this problem, we consider the financial market that was presented in

chapter 4. We let the adapted process X represent the cash reservoir of the

8The results shown in this chapter are presented in sections 4 and 5 in: Sotomayor, L.R.
and A. Cadenillas, Optimal dividend policy in the presence of business cycles, submitted for

publication (2008).
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company. We assume that X satisfies the stochastic differential equation
dXt = /Le(t)dt + Ue(t)th - dZt

with initial level of the cash reservoir Xy = z > 0 and initial state ¢g = €(0) = .
The process Z represents the cumulative amount of dividends paid-out by the
company up to a certain time. We consider in this problem that the company
pays dividends using an unbounded dividend rate. Hence, the dividend process

Z satisfies the equation

dZt = ’LL(t) dt,

where u(t) represents the dividend rate at time ¢. We denote the stopping
time of bankruptcy by ©, and impose X; = 0 for every t € [©, 00).

Under this setup, and because we require u to be unbounded, we define
the admissible controls for the problem in a more general way than F-adapted

processes 4 : [0,00) X 2 — [0, 00).

Definition 6.1. An admissible stochastic control is an F-adapted, nonnegative
and nondecreasing control process Z : [0, 00) x 2 — [0, 00), with sample paths
that are left-continuous with right limits, and such that Z(t,w) = 0 for every

(t,w) € [B,00) x Q. The set of all admissible controls is denoted by A.

Under these conditions, the management of the company wants to solve

the following problem .

Problem 6.1. For each ¢ = 1, 2, solve the optimization problem

(S]
V(z,i) := sup Eyy [ / e-ésdzs] .
0

Zc A

109



6.1 Verification theorem

Let 9 : (0,00) x {1,2} — R be a function and define the operator L; for each

¢ = 1,2, in the following way:
7 1 2 1 /
Ly = §U¢¢ + iy = 6.

For a function v : (0,00) x {1,2} — R, consider the Hamilton-Jacobi-

Bellman equation
(6.1) max {sz(x,z) = X(v(z, i) —v(z,3 —1)), 1 —'(z, z)} = 0,

where z > 0 and ¢ = 1,2. We observe that, for each ¢ = 1, 2, the continuation

region is defined for this problem as
cli) = {x >0: Lv(z,9) — M(v(z,4) —v(z,3 — 1)) =0, 1 — v/(z,4) < o},

and the intervention region is defined as

~

2() = {x >0: Law(e,9) - M(o(e,5) —v(@,3—4)) < 0, 1—v/(z,5) = 0}

Definition 6.2. An F-adapted, nonnegative and nondecreasing process Z° is

a control process associated with the function v(-,1), ¢ = 1,2, above if

(Z) sz _ T+ f()t :u’e(s) ds + fot Ue(s) dWs - Zz), fOI‘ all 1€ [0, @)
2 =
0 for all ¢ €[©,00)

(i1) XZ" e ClC(e)), forallte[0,00), P—a.s.,

0 S}
(411) / Iixzvecey 44y = / Iixzeeee,y 42, = 0, P—as.
0 0
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We will present the verification theorem that gives the sufficient conditions

for the solution of Problem 6.1, but we need to state first the following Lemma.

Lemma 6.1. Let Z = Z" be the control process associated with a nondecreas-
ing and differentiable function v(-,i), i = 1,2, and let 7 be any stopping time.

Ifv'(XZ,¢,) is bounded for every s € [0,7] then

E.; [ / e—5su'(xf,es)dzg] ——Em-l: Z e % (v(Xf+,es)—v(Xf,es))]
0

0<s< T, s€A
T
— E[ / e-ésdzs],
0

where A denotes the set of times when Z has a discontinuity.

Proof. The proof of the Lemma is presented in Appendix C. O

Theorem 6.1. Let v(-,7) € C%([0,00)\N;), i = 1,2, where N; are finite
subsets of (0,00). Let v(-,7), ¢ = 1,2, be an increasing and concave function
on [0, 00) with v(0,2) =0, ¢ = 1, 2. Suppose that the function v(-,), ¢ = 1,2,
satisfies the Hamilton-Jacobi-Bellman equation (6.1) for every z > 0,7 = 1,2,
and consider the stochastic control Z% associated with v. Then, the process
7= {Z,,t > 0} defined by Z, = Z? fort € [0, @) and dZ, =0 fort € [@, 00),
is the optimal dividend policy for Problem 6.1. Here, 6 = X7 Furthermore,

v(-,4), i = 1,2, is the value function for Problem 6.1.

Proof. Consider an admissible control Z and the corresponding semimartingale

t t
Xe=z+ / Lhe(s)dS + / O(s)dWs — Zf — Z.
0 0

Consider also the function f(-,-,7), i = 1,2, defined by f(t,z,7) = e ®(z, ).
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Then,

1
df(t~ Xt7 Et) - (5 Uez(t) fzz(t, Xt> Gt) + ﬂ'e(t) f:z:(t, Xt; Gt) + ft(t) Xta Et)) dt
+ fl‘(t’ Xt7 et) Te(t) th - fz(ta Xta et) dZtc
+ (f(taXt+a &) — f(t, X, Et)) It ay

+ (A f(t, Xey &) + Ay f (£, X4, 3 — &) dt + dM

o~

= ¢ % (Le(t)’U(Xt, Et) - /\e(t)At) dt + Oc(t) 6_6t’l}’(Xt, Et) dW,
—e7% (X, &) dZ7 + € u(Xoyr ) — v( Xy, €)) [zeay + MY,
where A; = v(Xy, ) — v(X;,3 — &), and A is the set of times when Z is
discontinuous. We observe that v(-,%), ¢ = 1,2, and v'(+,9), ¢ = 1,2, are not
necessarily bounded. However, we are assuming that v(-,¢), 2 = 1, 2, is concave
and increasing. Let a and b be real numbers satisfying 0 < ¢ < Xg =z <

b < +o00, and define 7, := inf{t > 0: X; = a}, 7 :=inf{t > 0: X; = b} and

7 := T, A Tp. Then, for every time ¢ € [0, 00),

e Dy (X anryts €ar) — v(Xo, €0)

tAT -
= [ e (BanXee) = Aods) ds
0
tAT INT
+ / Gawe ™ (X, €,) AW, / e (X, €) dZE
0 0

(62) + Z e—ﬁs (U(Xs+a es) - U(XS’ 68)) + MtJ:\T - M({

0<s<tAT, sEA

Taking conditional expectation on both sides of equation (6.2) given Xy = «
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and €; = ¢, we have
Eoi [ 0(Xaarys, €tar)] — v(,4)
tAT _
= Ew,i l:/ 6_53 (Le(s)v(XS? Es) — Ae(s)As) dS]
0

B tAT AT
By / ae(s)e“‘ssv'(Xs,es)dWs] B [ / e“ssv'(Xs,es)dZsc:l
L JO 0

[
(63) + E-’B,’i Z 6—53 (U(XS+7 Es) - U(Xsa €s))} + E.’B,i [MtJ;\T - M({] .

LO<s<tAT, sEA

Equation (6.1) guarantees that Ze(t)v(Xt, &) — AyA¢ < 0. Moreover,
v'(z,4) > 1 for z € (0,00) and the Mean Value theorem imply that v(y;,) —
v(ya, %) > y1—ye for every y;, 92 € (0,00), y1 > yo, and for both 7 = 1, 2. Hence,
replacing ¢ = €, y1 = X; and yo = Xy, we obtain that v(X;,, ) —v( Xy, &) <
Xi+ — Xi. We also note that X, — X, = Z; — Z,,. Then, from equation (6.3),

E:c,i [e—S(t/\T)v(X(t/\T)+: Et/\T) ] - ’U(.T, Z)

tAT tAT
_<__ Ea:,z' [/ ae(s)e—ﬁsv’(Xs,Es)dWs] — Ez,i [/ e—5stsc:]
0 0

> e (Zy - Z)

0<s<tAT, SEA

tAT tAT
= Ea:,i [/ Uf(s)e_ssvl(Xsaes) dWs:l - Ew,i [/ e_sstS]
0 0

i 5o [ath - .

- Ez’,,; + E:c,i [MtJ;\T - M[)f]

We note that this inequality becomes an equality for the stochastic control Z?
associated with v and, hence, for the admissible Z. Indeed, condition (i) in

Definition 6.2 implies that XZ° € C(e,) Leb a.e. s € [0,t A7) P-a.e. and,
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hence,

tAT -~
Eri [/ e% (Le(s)v(Xst €s) — Ae(s) (v(Xs,Zi €) —v(XZ 3 — es))) ds] = 0.
0

Furthermore, from Lemma 6.1 we obtain

tAT
E.; [ / e %' (X7 es)d(Z“)ﬁl ~E,;
0

S () -7

0<s<tAT, sEA
tAT
By, [ / e“sst;’].
0

We note that v( X5, €;) and v'( X, €5) are bounded when s € [0,¢A7). Then,
{M}_,t > 0} is a square integrable martingale and, hence, E,;[M}, | =
E, ;[ M{] for every t € [0,00). Furthermore, af(s) e~ 23 (v/(X,, €,))? is bounded

when s € [0,t A7), and hence

tAT
E.; [/ Te(s) e % (X, €) dW, | = 0.
0

Letting a | 0 and b T 400, we get 7, — © and 7, — +00. Then, 7 — O.
Also, taking t — oo and using that X; = 0 for every ¢t € [©, 00), and that
v(0,7) = 0 for both 7 = 1,2, we get

(S]
v(z,1) > Eypi[e®®v(Xoyt, €0)] + Eui [ / e-5sdzs]
0
(S}
= FEui[€7%0(0,¢0) | + Euyi [ / e-ésdzs]
0
(S]
= E:vz[/ e"‘ssdzs] = J(z,4;2).
0

A

In particular, for Z = Z we have v(z,i) = J(z,%; Z). O

To the best of our knowledge, Guo, Miao and Morellec (2005), Sotomayor
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and Cadenillas (2008b), and Zariphopoulou (1992) are the only papers that
present verification theorems for stochastic singular control problems with
regime switching. Guo, Miao and Morellec (2005) study an irreversible in-
vestment problem, but do not provide a rigorous mathematical proof of their
verification theorem. Zariphopoulou (1992) studies a consumption-investment

problem, but without providing the proof of the verification theorem.

6.2 Construction of the solution

We want to find a function v(-,%), ¢ = 1,2, that satisfies the conditions of
Theorem 6.1. In particular, we want equation (6.1) to be satisfied.

We conjecture v'(+,¢) to be continuous, positive and non-increasing. Denote
Z; = 1inf{z > 0: v'(z,i) < 1} for each i = 1,2 and suppose min{Z, Zo} > 0.

When z € [0,%;), v'(z,i) > 1. Hence, in view of (6.1), v(-,%) satisfies
1
5 o2 0" (z,1) + u'(z,4) — Sv(z, i) = Ni(v(z,i) —v(z,3 —1)).

When z € (%;, ), v'(z,i) < 1. The concavity of v(-,7) and the fact that
v'(z,%) > 1 (see equation (6.1)), imply that v/(z,7) = 1 for every z € (&;, 00).

The relation between the thresholds Z; and Z,; depends on the relations
among the drift coefficients, the volatility parameters and the rates A; and
A2. We will just consider the case Z; < Iq; the case £; > Zo has a similar
treatment. Thus, we have to consider three options for the initial level of the
cash reservoir: z € [0,%,), ¢ € [%1,%2) and z € [Zq, 00).

When z € [0,%), v(-,%), i = 1,2, satisfies the following system of differen-
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tial equations:
1
(6.4) —(A1+0)v(z, 1)+ uv'(z,1)+ 5 olv"(z,1) + M v(z,2) = 0
1
—(A2 + &) v(z,2) + po v (x,2) + 3 o3v"(,2) + Apv(z,1) = 0.

This system is equivalent to the system (4.5). Hence, the solution is

6.5) v(z,1) = A Prle=a1) Azeﬂz(ﬂv—il) + Aaeﬂs(z—i‘l) + A4eﬂ4(z—§1)

I

(6.6) U(IE,2) B, eB1(7C*ﬂi1) + B2eﬁ2(z—i1) + Bj eﬁs(z-—ﬂh) + B4eﬁ4(z—i1),

where, for each j = 1,2, 3,4,

The real values §; < B2 < 0 < B3 < P4 above are the real roots of the
characteristic function ¢1(8) #3(8) = A1), where

$i(8) = "%0}'252_,Uiﬁ+(/\i+5), i=1,2.

We note that if, for some i € {1,2}, v"(z,4) = 0 on an open interval of
[0, %), then the solution to the system of differential equations (6.4) on this
interval would be given by v(z,i) = C; exp(k12) + D; exp(kaz), @ = 1,2, where
k1 and kg are the two positive roots of uipar? — (g1 (A2 +6) + pa(A1 + )k +
(A1 +68)(A2+0)— A1 A = 0. We note that the function v(, ), ¢ = 1,2, obtained
in that case is not a concave function. Hence, the conjecture of concavity for

v(-,4) implies that v"(-,7), ¢ = 1,2, does not vanish on [0, ).

Proposition 6.1. Suppose that the solution wv(-,7), ¢ = 1,2, of the HIB

equation (6.1) is such that v'(-,¢), ¢ = 1,2, is continuous, positive and non-
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increasing. Suppose that Z; is the first point where v”(-,1) vanishes and that

v'(%1,1) = 1. Then, v'(z,1) = 1 for every z € [ 1, Z2).

Proof. We want to prove first that v”(z, 1) = 0 for every z € [Z1, Z2). Suppose
there exists a € (Z1,%,) such that v”(a,1) < 0. Define b := sup{z < a :
v"(z,1) = 0}. Then, on the interval (b,a), v'(z,1) # 1 and, hence, v(-,1),
i = 1,2, satisfies the system (6.4) (recall that also v'(z,2) > 1 on this interval).
Thus, v(z, 1) = Ajef (@9 + AleP2(a=a) 4 AlLefs(==a) A ePs(@—a) on (b,a). We
note that v"”(z,1) > 0 on the interval (b,a) because v'(z,1) > 0. Then,
v"(z,1) is strictly increasing on (b,a) and, hence, v"(z,1) > v"(b,1) = 0,
which contradicts concavity. This proves that v"(z,1) = 0 for every [Z1, Z2),

and therefore, v'(z,1) = v/(Z1,1) = 1 for every = € [Z1,To). O

When z € (Z;,%2), we want v'(z, 1) = 1 to be satisfied. Thus, we consider

v(z,1) = z+ K and, hence,

(6.8) —(Ae+6)v(z,2) + v (x,2) + —;-Jg v'(z,2) = =X (z + K1).
Solving the ordinary differential equation, we find that

(6.9) v(zr,1) = z+ K,

A2
O+ Ao

(6.10) 'U(x’ 2) e Zl ea1($—£2) + A’Q eag(a:—:ig) +
where a; < 0 < ay are the real roots of the characteristic function
1 4 o
¢(a) = 50'201 + fox — ()\2+5) = Q.

From (6.8), we observe that if v"(z,2) = 0 on an open interval, then the
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solution of (6.8) on that interval would be given by

A
v(z,2) = Cy el0tra)/me o 3—_:2—):; (:C + K+ 3 52)‘2) ;

which is not a concave function. Thus, the conjecture of concavity for v(:, 2)

prevents v”(+,2) from vanishing on [Z;, Z»).

Proposition 6.2. Suppose that the solution v(-,%), i = 1,2, of the HJB
equation (6.1) is such that v'(-,4), ¢ = 1,2, is continuous, positive and non-
increasing. Suppose that &, is the first point where v”(-,2) vanishes and that
V'(%9,1) = V'(&4,2) = 1. Then v'(z,%) = 1 for every z € [Z,,00), for both
1=1,2.

Proof. We want to prove first that v”(z,1) = v"(z,2) = 0 on the interval
(Z9,00). If we suppose that there exists a € (Z,00) such that v"(a,1) < 0
and v”(a,2) < 0, we obtain a similar case to the one presented in the proof of
Proposition 6.1, which also leads to contradiction. We suppose instead that
there exists a € (Z,00) such that v”(a,1) = 0 and v”(a,2) < 0; the case
v"(a,1) < 0 and v"(a, 2) = 0 is analogous. Let b := sup{z < 2’ : v"(z, 2) = 0}.
Then, on the interval (b, a), v(z, 2) satisfies the differential equation (6.8) and,
hence, it has the form v(z,2) = A}e1@=a) 4 A e2@=a) 4 Oz 4 Cy. We note
that v"(z,2) > 0 on the interval (b, a) because v'(z,2) > 0. Then, v"(z,2)
is strictly increasing on (b,a) and v”(z,2) > v"(b,2) = 0, which contradicts
concavity. Hence, v"(z,1) = v"(x,2) = 0 for every z € (£2,00). Finally, it
is clear that v'(z,1) = v'(Z2,1) = 1 and v'(z,2) = v/'(Z2,2) = 1 for every

T e [i‘l,fiz). D

According to Proposition 6.2, if Z, is the first point where v”(-, 2) vanishes
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and v'(Zq, 1) = v'(Z9,2) = 1, then for every z € [Z,, 00):

(6.11) v(z,1) z+ K,

(6.12) v(z,2) = z+ K.

In order to find the thresholds #; and %, and the coeflicients and constants
in equations (6.5) —(6.6), (6.9) —(6.10), and (6.11) — (6.12), we conjecture that
the smooth-fit condition holds. We also want v'(Z;,7) = 1 and v"(%;,7) = 0 for

each 7 = 1,2. Thus, we need to solve the following system of equations

v(0, %) = 0, for bothi=1,2
v(Z1—,1) = v(&+,1), for both i = 1,2
v(Z2—,2) = v(@2t,2)

(6.13) V'(%1—,1) = 1
V'(Ze—,2) = 1
V(%—,2) = v'(%+,2)
v"(Z;—,1) = 0, for both i =1, 2.

The solution of the system of equations (6.13) gives us the values for Z; and
Z,, and also the values for the coefficients 4;, j = 1,2, 3,4, and Zj, ji=12,
and the constants K; and K. The values for B;, j = 1,2, 3,4, are found from
equation (6.7).

6.3 Verification of the solution

In the previous section, we made conjectures to find a candidate for value
function v(-,%), ¢ = 1,2. In this section, we will prove that v(-,i), i = 1,2, is

indeed the value function of Problem 6.1.

Theorem 6.2. Let %, i =1,2, A;, 5 = 1,2,3,4, A;,j = 1,2, and K;, i = 1,2,
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be the solution of the system of equations (6.13). Let B;, j = 1,2,3,4, be
defined by (6.7). Then, the function v(-,), ¢ = 1,2, given by

Ay ePr@=1) L Ay oP2(3=81) | Agefsl@—31) L A, ePale—21) 2 € [0,71),

v(z,1) =

z+ K, r € [Z1,00),
and

By ef15=81) | By o2(@-81) | By oB(@E-1) | B, f1(E-31) | 2 € [0,71),
v(3,2) = { A en(@—%2) o 4, e02(=—%2) 1 2% (¢ + K1) + (5—’:_1/\&2277, x € [T, T2),

x + Ko, T € [Z2,00),
is the value function V'(-,%), ¢ = 1,2, of Problem 6.1.

Proof. In order to prove that the function v(-,4), i = 1,2, defined above is
solution for Problem 6.1, it is enough to show that it satisfies the conditions
of Theorem 6.1.

It is easy to see that v(-, 1) € C?([0, 00)) and v(-,2) € C?([0,00)—{Z1}), by
definition, the smooth-fit conditions, and condition v”(#;~,7) = 0 in (6.13).
Recall that &; := inf{z > 0 : v/(z,i) < 1}. Then, for every z € [0,Z;):
v'(z,4) > 1. Also, by definition, v'(z,7) = 1 for every z € [Z;,00). Hence,
v(+,%), 1 = 1,2, is increasing on [0, 00).

Now, we want to verify that v(-,¢), ¢ = 1,2, is concave. For ¢ = 1, we see

that v"'(z,1) > 0 for every z € [0,Z;), because v'(-,1) > 0 and
v"(x,1) = B2 A1 5P @) 4 82 Ay B2 F) 4 2. A3 BieP3==F1) 4 2. A, ByePa(@%1),

Thus, v”(-, 1) is strictly increasing on the interval [0, #1) and, hence, v"(z,1) <

v"(#1,1) = 0 for every = € [0,;). The same argument applies to show that
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v"(+,2) > 0on [0,Z1). On [Z1,Z9),

Az

5+/\2

V(x,2) = Acye® @) 4 Apane2@d) 4 > 1

which implies that Aa;e®(@=%2) 1 A,qpe02(@=%2) > § /(8 + A2) > 0. Hence,
v"(x,2) = of - Aa1e® @ %) 4 62 . Ayane® ™% 5

and v"(-,2) is also strictly increasing on [Z;, %2). Then, v"(z,2) < v"(%2,2) =
0 for every x € [0,Z;). Hence, v(-,4), ¢ = 1,2, is indeed concave because
v"(z,4) < 0 when z € [0,%;) and v"(z,7) = 0 when z € [F;, ).

In addition, the system (6.13) guarantees that v(0,1) = v(0,2) = 0.

It remains to verify that equation (6.1) holds for both ¢ = 1,2. For z €
[0,Z;), the function v(z,1), i = 1,2, is solution of the system of differential
equations (6.4). Also, v/(z,1) > 1 and v'(z,2) > 1 because z € [0,%1) C
[0,22). For x € [Z;,%,), the conditions (6.13) and Proposition 6.1 tell us that
v(z,1) = z+ K, satisfies (6.1), and v(z, 2) is solution of the system (6.8) such
that v'(z,2) > 1 (recall that z € [Z1,Z2) C [0,Z2)). Finally, for z € [Z,, 00),
the conditions (6.13) and Proposition 6.2 prove that v(z,7) = = + K; satisfy
(6.1). Hence, equation (6.1) is satisfied for every z > 0 and i = 1, 2. O

6.4 The optimal dividend payment policy

In the previous sections we characterized and constructed the value function
for Problem 6.1. Moreover, we rewrote the continuation and intervention
regions in terms of the thresholds Z; and Z,. In this section, we will rewrite
the optimal control Z also in terms of #; and Z».

Consider the following Skorohod problem for one-dimensional diffusions
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with regime switching on ¢ € [0, 00):

t t
X: = -+ / He(s) ds + / O¢(s) dWg — Z:
0 0

(6.14) Xy < Ze)
OO
/ I{X§<5e(s)}dZ: = 0.
0

The above Skorohod system determines the process X* reflected at either
Z) or & via the process Z*. Indeed, if €(t) = 1, then X* is reflected at Z,
while if €(t) = 2, then X™* is reflected at Z,.

It is obvious from Definition 6.2 and section 4.2 that when we restrict the
process Z* (solution to the Skorohod problem (6.14)) to [0, O], we obtain the
control process associated with the function v(-,%), 4 = 1,2, given in Theorem

4.2. Moreover, we see that X = X* on [0, ).

Theorem 6.3. Let (X*, Z*) be the solution of the Skorohod problem (6.14).
Then, the process Z = {Z;,t > 0} defined by Z, = Z; for t € [0,0) and
dZ, =0 for t € [0, 00), is the optimal dividend policy for Problem 6.1.

Therefore, the optimal dividend policy for the company when the regime
of the economy is ¢, is the following: (a) do not pay dividends when the level
of the cash reservoir is below the threshold Z;, and (b) whenever the level of
the cash reservoir is equal or larger than Z;, everything in excess of #; should
be distributed as dividend payments. It is very interesting to observe that
dividend payments can also occur just because of a change in regime: those
payments happen when the level of the cash reservoir falls in the interval
(Z1,Z2), and the economic regime changes from economic growth (i = 2) to

economic recession (¢ = 1).
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6.5 Comparison to the one-regime case

Following the comparison to the one-regime case done in chapter 4 for bounded
dividend rates, we will use a numerical example to compare the results of
the regime switching model presented in this chapter to the results of the
one-regime model presented in Asmussen and Taksar (1997) for unbounded
dividend rates. In fact, we will use the same model parameters that were used
in the example in chapter 4.

We consider a Company AA that has only one regime with parameters
1 = 0.05 and o7 = 0.70, and a Company BB that has only one regime
with po = 0.15 and g9 = 0.45. We also consider a Company AB that follows a
regime switching model for its cash reservoir (with regimes of economic growth
and economic recession) with parameters A\; = 0.06 and A2 = 0.04, p; = 0.05
and pe = 0.15, and 0; = 0.70 and g, = 0.45. We assume as well that the
market has a discount rate of 6 = 0.12.

Following the method used by Asmussen and Taksar (1997) for unbounded
dividend rates, we see that the optimal thresholds for Company AA and Com-
pany BB are £44 = 0.4109 and Zpp = 0.9668, respectively. The optimal
dividend policy for these companies is to pay no dividends while the level of
their cash reservoirs is less than the respectively threshold and to pay dividends
when that level is greater or equal to the threshold.

Company AB has a different optimal dividend policy. Using the model pa-
rameters (persistence in regimes, drift coefficients, volatility parameters and
discount rate) and solving the system of equations (6.13), we obtain the thresh-
olds Z; = 0.5166 and Z, = 0.9249. Hence, Theorem 6.2 tells us that the opti-

mal dividend policy for Company AB consists on not paying dividends when

the regime of the economy is 1 and the level of the cash reservoir is less than
Z1, and when the regime of the economy is 2 and the level of the cash reservoir

is less than Z5; and on paying dividends otherwise. Furthermore, we obtain
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the value function V4pg(-,i), ¢ = 1,2. Figure 6.1 and Figure 6.2 show us the
value function and the derivative of the value function for Company AB.

In this case we can also compare the value functions for Company AA,
Company BB, and Company AB. The results are similar to the case of bounded
dividend rates: V4g(z,1), ¢ = 1,2, is always greater than V44(z) and is always

lower than Vgg(z), independently of the initial regime ¢ (Figure 6.3).
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Figure 6.1: Value function for Company AB when the dividend rates are
unbounded: Vyg(-,1), ¢ = 1,2, for model parameters A\; = 0.06, A; = 0.04,
p1 = 0.05, pe = 0.15, oy = 0.70, o2 = 0.45, § = 0.12 and K = 5.
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Figure 6.2: Derivative of the value function for Company AB when the divi-
dend rates are unbounded: V}z(-,%), ¢ = 1,2, for model parameters A; = 0.06,
A2 = 0.04, py = 0.05, ug = 0.15, 0y = 0.70, 05 = 0.45, 6 = 0.12 and K = 5.
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Figure 6.3: Comparison of the value functions for Companies AA, BB and AB
when the dividend rates are unbounded (comparison with one-regime model).
From the top to the bottom: Vgg(-), Vag(:,2), Vag(-,1) and Vaa(-).
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Chapter 7

Stochastic impulse control with

regime switching

Consider a probability space (€2, F,P). Consider also a N-dimensional stan-
dard Brownian motion W, and an observable continuous-time, stationary,
finite-state Markov chain € with strongly irreducible generator ), indepen-
dent of W. Moreover, consider the P-augmented filtration F.

Let T = {7x,k > 1} be an increasing sequence of stopping times, and
denote 7y := 0. We call the stopping times 7%, £ > 1, the intervention times.
Moreover, let £ = {£,k > 1} be a sequence of random variables such that
& : Q- RMis F..-measurable, k& > 1. We use the notation & := 0, and call
the variables &, k > 1, the impulses at the intervention times.

Let the open, nonempty, convex set O C RM be the solvency region. Con-
sider an F-adapted process X = {X;,t > 0} that satisfies the following stochas-

tic integral equation

71) X, =+ /0 F(X, &) ds + /O 9(Xpres) AWy + 3 h(EL) Iimpey,

k>1

with initial value Xy = 2 € O and initial state € = €¢(0) = ¢ € S. We assume
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that the functions f : R® x S — R and g : RM x & — RM*¥ are Lipschitz
continuous functions in z. Moreover, we assume that the function h: RM —
RM is linear. We define G : R¥ xS — RM*M a5 G(z,1) := g(z,1)-g(z,7)T. We
note that the Lipschitz conditions implies that f(-,4) and g(-,7) are bounded
in every closed subset of RM, for every ¢ € S. Hence, G(-,4) is bounded in
every closed subset of RM, for every i € S.

Consider the first time when the process X leaves the solvency region.

Define such stopping time as
© = 0x == inf{t>0:X,¢0}

and impose X; = Xg for every t € [0, 00).
Let H : R x S — R be a function such that, for every y € R® and i € S,

(7.2) | H(y, )| < mi(1+]yllm),

where k;, 1 € S, are positive real numbers. Define the functional

(73) J(CE, Z; Ta g) = E.’E,i Z e_éTkH(glm eTk) I{Tk<9} .
k>1
The parameter > 0 is the discount rate for H.
Recall that A is a linear function and that H satisfies (7.2). Then, in order
for the trajectory X(T¢) given by (7.1) and the functional (7.3) to be well

defined, we only need

’

> 557”{«9}} < oo

k>1
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and

(7.5) Bo | Y ™| &klls I<oy | < +o0.

k>1

We note that condition (7.4) is equivalent to
(7.6) P klim T <tA @} = 0, foreveryt € [0,00).

We observe as well that, since h is a linear function, conditions (7.4) and (7.5)

imply that

(7.7) Im E,; [e%X;y] < +oo.

t—o0

Taking into consideration the previous analysis, we define admissibility for

intervention times and impulses in the following way.

Definition 7.1. For every x € O and i € S, we define an admissible impulse

control as a stochastic impulse control process u defined by

’U,Z(T,&)=(7’1,...,Tk,...;fl,...,fk,...)

that satisfies conditions (7.5) and (7.6). The set of all admissible controls will
be denoted by A(z, 7).

Problem 7.1. The stochastic control problem related to this setup is to select
an optimal admissible control u* = (T*,¢*) € A(z,i) that maximizes the

functional (7.3) for every z € © and i € §. We define the value function by

V(z,i) = J(z,u") = es:ll(p ) J(z,i;u).
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7.1 The verification theorem

Consider ¥ : RM x & — R and define the operators L;, for each i € S, by

Litb(z,§) = %G(x,z’)oz/;m(x,i) + f(z,)Tie(z,d) — 63(,5)
M M 52
= 52D Gl i) (e
m=1 p=1

+mexz xz)—éw(xz)

For every x € O and ¢ € S, we define the set of admissible impulses by
E(z,1) = {17 eRY: H(n,i) €R, z+h(n) € (’)}.
For ¢ : R™ x § — R, we define then the maximum utility operators M; by

Mip(@,5) = sup{ H(m,)+b(z+hin),j) : n € Zz,i)},

If the set Z(z, ¢) is empty for some (z,%) € O x S, we denote M; y(z,i) = —00
by convention.

For a function v : RM x & — R, we define for each i € S, the continuation
region

c(i) == {z €0 Miv(z,i) —v(z,1) <0}.
Furthermore, we define the following quasi-variational inequalities.

Definition 7.2. A function v : RM x & — R satisfies the quasi-variational
inequalities (QVI) of Problem 7.1 if, for every ¢ € S, it satisfies the Hamilton-

Jacobi-Bellman equation
(7.8) Liv(z,i) + Qu(z,-)(i) = 0,
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for every z € C(i), and if it also satisfies

(7'9) Liv(x,i)—i-Qv(x,-)(i) < Oa

(7.10) M;v(z,1) —v(z,i) < 0,

for every every z € O.

Then, when v satisfies the QVI of Problem 7.1, we can define a control

process u¥ = (T7,£") associated with v in the following way.

Definition 7.3. The control process
W= (T €%) = (72, €D )
is called the QVI-control associated with v if
(711) 77 = inf{t>0: v(X7, &) = Mgy v(X}, &) }
(7.12) & := argsup { 'U(X%: + h(n),eTf) + H(n,ew):n€ E(X;’%,, eTf) } ,
and for every k > 2,
(713) 70 = if{t>71: V(X &) = My v(X{, &) }
(7.14) & := argsup { v(Xi’g + h(n), eT,g) +H(nep):ne E(Xi’,g, er;;)} :

where X denotes the trajectory given by (7.1) for the control process u’ =

(T%,£"). In addition, we denote 7¢ := 0 and &} := 0.

Theorem 7.1. Let v(-,i) € C*(O) N C?(O\N;), i € S, be a real function in
O, where N;, i € S, are finite subsets of O. Let v(z,%) = 0 for every z ¢ O,

i € S. Suppose that the function v(:,1), i € S, satisfies the quasi-variational
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inequalities (7.8) — (7.10). Moreover, for each i € S, let D; C O be an open

set, and suppose that
(7.15) lv(z,9)| < a;(1+]|z|la), foreveryz € O\D;,

where o; € Ry, ¢ € S. If the QVI-control u¥ = (T, £¥) associated with v is
admissible, then it is the optimal control for Problem 7.1. Furthermore, v(:,1),

t € §, is the value function for Problem 7.1.

Proof. We note first that for each ¢ € S, both v(-,¢) and v, (-, ¢) are continuous
in Ci(D;), and hence they are bounded in CI(D;).

Consider an arbitrary admissible control u = (T, €) and the trajectory X =
X" determined by u. Consider that X has the stopping time of bankruptcy
© = Ox. Let us denote A := {t > 0: Xy # X3} = {m,k > 1}.

We note that condition (7.5) is satisfied for u = (T, &), which implies (7.7).
Then, using the fact that v(-,%) is bounded in CI(D;) and that satisfies (7.15)
in O\ D;, using condition (7.7) and using the Lebesgue dominated convergence

theorem, we obtain
Nm B [ ( X r0)4, €tn0) | = By [€7%%0(Xoy, o) ]

Recalling then that X, = Xg ¢ O for every t € [0, 00), and that v(z,7) =0
for every x ¢ O, i € S, we get

(7.16) tEH;E$7i[e‘J(t/\@)v(X(t,\e)_}_,et,\@)] = E_; [e“‘s@v(X@,e@)] = 0.

)

Consider U = {U;, j > 1} to be an open cover of O. Let J > 1 be such
that Xo = z € U;_,U; C O and such that U/_,U; is bounded, and define the
stopping time s; = inf{¢ > 0: X; ¢ U/_,U; }. Then, for every time ¢ € [0, c0)
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and every K > 1 and J > 1, we get
e—a(tATKASJ)'U(X(t/\TK/\S_])+7 6t/\’TK/\SJ) - U(XO) 60)

K

—8(tAT NS
= E (e (AT J)U(Xt/\Tk/\SJ7€t/\Tk/\S_])
k=1

—d(tATR_1/8
—€ (#ATi—1 J)U(X(tATk_lASJ)+)et/\’Tk_1/\SJ))

+ Y e (W(Kap, €) — v(Xs,65))
s€[0, tATK As7)NA
We observe that s € [0,t ATk Asy)NA if and only if s = 7, and 7, < tAS;AO,
for some k € {1,..., K}. Hence,
e_s(tATKASJ)/U(X(tATKASJ)+’ 6t/\’TK/\S‘]) - U(X(]? 60)

K

_ Z ( e—d(t/\Tk/\SJ)zU(XtATkASJ, Et/\Tk/\SJ)
k=1
- e—a(t/”k-l/\s])v(X(t/\rk_1/\SJ)+’ et/\Tk-lASJ))
K
o) 3 o0 ) - ) iz
k=1

Consider the function (-, -,1), i € S, defined as p(t, z,1) = e ®'v(x,7). We
note that X is a continuous semimartingale in any interval (75_1,7%], & > 1.

Then, we use the Itd’s formula for Markov-modulate processes for ¢(t, X, €;)
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in the intervals (¢ A k1 Ass,t ATk Asy], k > 1, to obtain

Oy
do(t, Xt er) = @it Xy, €)dt + me (Xt €0) —

axm (t Xt, Et) dt

m=1

+ Zzgmn Xt,ft (t Xt76t) d(W )t

m=1 n=1
+ = L Gmp Xtaet a (t Xt,ﬁt)d
2 83:

m=1 p=1

+Qo(t, Xy, ) (€) dt + dMY.

The process {M;,t > 0} is a real-valued, square integrable martingale, with
Mg = 0 P-a.s., when v(-,1), i € S, is bounded. We have then that, in the
intervals (¢t A Te_1 ASs, t AT Asy], k> 1,

ov

dSO(t)Xta et) = 6 (tht) dt + 6—& Z fm Xt76t)ax

(Xt7 et) dt

e Z ngn Xtaft (Xt, e:) A(Wh):

m=1n=1

1 8%v
0t Z ZGm,, Xe, ) 5—s— 5 (Xey€r) dt
m=1 p=1
+e7%Q v( Xy, ) (e) dt + dMY

= g% (Le(t) v( X, &) + Qu( Xy, )(et)) dt

v
”‘”Zngn Xoye) g (Xu ) (W), + dMS.

m=1 n=1
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Hence,

e—(s(t/\Tk/\SJ),U( —5(t/\Tk—1/\SJ),U(

Xt/\Tk/\SJ) 6t/\‘l’]‘;/\SJ) —€ X(t/\'rk_l/\s,])+7 Gt/\Tk_l/\SJ)

tATEAS S
= /t e % (Le(s) (X, €5) + Qu(Xs, )(es)) ds

AT -1/\SJ

tATEAS J P M N 8 v
+ / e 8 Z ngn(X.ﬂ es) - (Xsa 63) d(Wn)s
t

ATk—1ASJ m=1 n=1 8$m

(7.18) + Miorss = Minr, ins)e
The function v(-,1), i € S, satisfies the QVI (7.9). Then, for every k > 1,

tATEAS
(7.19) / ™% (Le(s) v(Xs, €5) + Qu(Xs,-)(e5)) ds < 0.
t

ATp—1/\8J

We note that the equality holds if (T, £) is the QVI-control associated with v.
Moreover, v(-,1), i € S, also satisfies the QVI (7.10). Hence, for every k > 1,

e (U(X"'k"f" eTk) - U(XTk7€Tk)) I{‘rk<t/\SJ/\9}
6—57')0 (U(XT)C + h(é-k)7 eTk) - U(XTka eTk)) I{Tk<t/\s_]/\9}

(720) g - 6_5 TkH(é-kJ 6Tk) I{Tk<t/\s,)/\9}'

Equality holds for the QVI-control associated with v (if admissible).
Combining equations (7.17), (7.18), (7.19) and (7.20), and taking condi-
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tional expectation given X, = r and ¢y = 1, we obtain

B [e-J(tATKASJ) V(X (targ s )+ et/\TK/\SJ)] —v(z,1)

K t/\Tk/\SJ v N W
,;[ Zzgm Xs’es ( s1€5) AWa)s ]

ATk-1 /\SJ m=1 n=1

< E:x,i

K
:r,z I:Z 6_6TkH §k, €Tk) I{Tk<t/\SJ/\e}J

1
K
B3 (- 0 )]
t/\q-k/\sJ (tATE—1 A8 )+

?

tATK NS
/ 3 g Xore) g (Xor€l) (Wn>s]

m=1 n=1

K

Z 6_6 TkH(&ka eTk) I{Tk< t/\SJ/\@}]

k=1

- Ex,i

(721) + E T, [Mt(i\TK/\SJ Mao] *

We recall that v,(-,4) is continuous in O and, hence, bounded in a closed
subset of O, i € S. We recall as well that G(-,i) is bounded in every closed
subset of RM, for every ¢ € §. We recall finally that X, € CI{UJ_,U;) when
s € [0,t A7k Asy]. Thus,

tATK NSy
Eyy [/ e~25svw(Xs,es)TG(XB,es)vm(Xs,es) ds] < 400,
0
which implies

tATEAS
Ea:,i l:/ e_és’U:c(Xs;es)Tg(Xsaes) dWs] = 0,
0
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or equivalently,

Ea; [/MTKASJ o Z Z Grmn (X5, €5) (Xs,es) dWy)s | = 0.

m=1 n=1

We note as well that, for every ¢ € S, v(-,%) is bounded in CI(Uj_,U;) because
of the continuity of v(-,¢). Also, X, € CI(U]_,Uj;) for every s € [0,t ATk Asy].
Thus, v(Xj, €5) is bounded for every s € [0,t A 7x A sy]. Then, the process

{M{rns,»t = 0} is a square integrable martingale and Ez,i[MtJ;\TK rsy) =
E.;| M ]. Thus, from (7.21),

v(@,1) > Eui [€7 D0 X i ps ) Etnricnsy) ]

K
+ Egi Z 6_5TkH(§k> €n) Lim<trssne}

k=1

where the equality holds for the QVI-control associated with v (if admissible).
Letting J — +o00, we get that s; — ©. Also, since (T, £) is admissible,
condition (7.6) holds and, hence,

’U(.’L’, Z) 2 I;l—»néo E:c,i [6_5(tATKAe)v(X(t/\TK/\@)+7 et/\‘rK/\G) ]

+ hm Eg;

K
Z —5TkH gkye‘rk)l{‘rk<t/\@}:|

k=1

= kg [egé(tAe)U(X(t/\e)h €:p0) ] + Ez; [Z e ™ H (&, €ry) I{m<t/\e}} .

k>1

Letting ¢ — oo, using (7.16), and applying the Dominated Convergence The-

orem, we get

’U(iL‘,’i) Z 0+ Ex,i

> e H (b ) f{m<6}] )

k>1
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with equality for the QVI-control associated with v (if admissible). Therefore,
for every admissible control (T,¢&), v(z,i) > J(z,T,€). In particular, if
(T, &) is admissible, v(z, 1) = J(z,4, T, £"). O

In the next chapter we present an example of a problem of stochastic im-
pulse control with regime switching. We consider an optimal dividend problem
for a company whose cash reservoir is affected by business cycles. The com-
pany’s management has to select the optimal times and optimal amounts of
dividends to pay to their shareholders. We consider dividend taxes and a fixed

cost that is incurred every time that dividends are paid.
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Chapter 8

Optimal dividend policy in the
presence of a fixed dividend

cost, dividend taxes and

business cycles

Research on dividend policy started with Miller and Modigliani (1961) under
the assumption of a perfect market, and has continued since then assuming
different market conditions. Currently, dividend policy is one of the most
important research areas in corporate finance. Although, its importance is not
limited to research but it extends to practice. Annually, billions of dollars are
paid out by the corporate sector in dividends (see Allen and Michaely (2003),
and Poterba (2004) for actual amounts). Moreover, a company’s dividend
policy has a fundamental role in their financing and investing decisions.
Taksar (2000) presents a survey of different stochastic models for the op-

timal dividend policy. Standard dividend optimization problems are solved

9The results shown in this chapter are presented in: Sotomayor, L.R. and A. Cadenilias,
Stochastic impulse control with regime switching for the optimal dividend policy when there
are business cycles, in preparation (2008).
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using classical and singular stochastic control techniques. Examples of this
are the papers by Asmussen and Taksar (1997), Asmussen, Hgjgaard and Tak-
sar (2000), Cadenillas, Choulli, Taksar and Zhang (2006), Choulli, Taksar and
Zhou (2001), Choulli, Taksar and Zhou (2003), Hgjgaard and Taksar (2001),
Jeanblanc-Piqué and Shiryaev (1995), Radner and Shepp (1996), and Taksar
and Zhou (1998).

Jeanblanc-Piqué and Shiryaev (1995) initiated the use of stochastic im-
pulse control for solving optimal dividend policy problems. They considered
the problem of discrete dividend payments with fixed dividend fee (payment
cost), and maximized the expected total amount of dividends to be paid to
shareholders. Other papers that use stochastic impulse control techniques for
dividend problems are Cadenillas, Sarkar and Zapatero (2007), and Cadenil-
las, Choulli, Taksar and Zhang (2006). However, none of these papers has
considered the effect of macroeconomic conditions on dividend policies.

As mentioned in chapter 4 (for bounded dividend rates), empirical evi-
dence supports that macroeconomic conditions influence the dividend policies.
Gertler and Hubbard (1993) show in fact that dividend policies behave accord-
ing to macroeconomic conditions. Furthermore, Ho and Wu (2001) explain
that the earnings (and cash reservoir) of a company depend on the conditions
of the market. Dividends are paid from the company’s cash reservoir; hence
a macroeconomic effect on the cash reservoir implies a macroeconomic effect
on the dividend policies. Further empirical evidence of the macroeconomic
effect is given by Driffill, Raybaudi and Sola (2003), Driffill and Sola (2001),
Hackbart, Miao and Morellec (2006), and Hu and Schiantarelli (1998).

We consider an economy that shifts between two different regimes: eco-
nomic growth and economic recession. We consider as well a company whose
cash reservoir is affected by the regime of the economy. The objective of the

management of the company is to select the times and amounts of dividends
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that maximize the total expected discounted cumulative amount of dividends
to be paid out to their shareholders. We consider that the payment of divi-
dends creates both a fixed dividend cost and a variable cost which is given by

the dividend tax rate. Both costs are paid by the shareholders.

8.1 The dividend model with regime switch-
ing

Consider a probability space (€2, F,P). Consider also a standard Brownian

motion W = {W,,t > 0}, and a (finite-state) continuous-time Markov chain

€ = {&,t > 0}, such that ¢ = €(t) € {1,2}, for every t € [0,00). The state

€(t) of the Markov chain represents the regime of the economy at time t. We

assume that the processes € and W are independent. Furthermore, we assume

that the Markov chain has a strongly irreducible generator @ = [g;j ]ax2 where

¢ = —A; and g3 = As, With A1, Ap > 0. Then, we can write
dft = ()\1 I{etzl} - )\2 I{€t=2} ) dt + th,

where {M;,t > 0} is a square integrable martingale (see Buffington and Elliott
(2002), Elliott and Swishchuk (2004), Guo (2001), and Yin and Zhang (1998))
with My = 0 P-a.s. Consider F = {F;,¢ > 0} the P-augmentation of the
filtration {FV*,¢ > 0} generated by the Brownian motion and the Markov
chain, where F}"* = o{Ws, 5 : 0 < 5 < t} for every t € [0, o0).

Let the F-adapted process X = {X;,t > 0} represent the cash reservoir of

the company. Assume that X satisfies the stochastic differential equation:
dX: = pe) dt + O¢(t) dW, — dZ,

with initial level of the cash reservoir Xy = = > 0 and initial regime ¢; =
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€(0) = ¢. The drift coefficients (u; and u2) and the volatility parameters (oy
and oy) are all positive constants.

The adapted process Z = {Z,,t > 0} represents the cumulative amount of
dividends that are paid out by the company up to time ¢. Suppose dividends
are paid at instants 7,,, n > 1, where T' = {7,,,n > 1} is an increasing sequence
of stopping times. In addition, the amount of dividends paid at instant 7, is
€n,m > 1, where & = {&,,n > 1} is a sequence of nonnegative random variables
such that &, : Q — [0,00) is F,, -measurable, n > 1. We denote 7 := 0 and
& := 0. Hence,

Xy =+ /t Pe(s) @S + /t Te(s) AW, — Z{fn Iir, <ty
0 0 >l
for every t € [0,00). Consider § > 0 the discount rate for the dividend
payments.
We observe that the company will not be able to pay dividends if it runs
out of cash, i.e. if its cash reservoir becomes zero (or negative). Thus, we need

to define the stopping time of bankruptcy
6=6x:=mf{t>0: X, <0}

and impose X; = 0 for every t € [©,00). Thus, we redefine the process
X ={X:,t >0} as
(8.1)

¥ T+ fot/le(s) ds + fot Oe(s) AWs — ZnZl én Iir<ty ift €[0,0)
t =

0 ift € [0, 00).

For every cash reservoir process X = X% it is possible to prove that

(8.2) lim B [e% X ] =0,
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where E;[-] represents the expectation conditioned to Xy = z and ¢ =

€(0) = 4. Indeed,

0 < lim Ey; [e—&XH]

t—00

= lim Ez,i [e_JtXH_I{@St} ] -+ tlifg} Ea:,i [e_&Xt+I{@>t} ]

t—oo

= lim E [e_JtXt+I{®>t}]

t—oo

t+ t+
tlim Ey; [e“‘” (:1: + / He(s)dS + / Ue(s)dWs) I{8>t}]

¢ ¢
< lim e“‘StEm [a: + / He(s)ds + / ae(s)dWs]
0 0

t—o0

IN

< tlim e (z + max{u;, u}-t) = 0.
Then, following a similar analysis to Cadenillas and Zapatero (1999), we note

that (8.2) implies that, for every pair (T, £),

(8.3) Bz

’

3t | < oo

n>1

The company selects the dividend policy by deciding when to pay dividends
and the amount of dividends to be paid each time. That is, the company selects
both the sequence of stopping times T and the sequence of random variables

£. We will require, however, certain technical condition.

Definition 8.1. The stochastic impulse control process u defined by

u=(T,8) = (T1,- -y Ty} €1y o s sy )

that satisfies the condition

(8.4) P4 lim 7, <t /\@} = 0 for every t € [0, 00),
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is called admissible impulse control. The set of all admissible controls is de-
noted by A.

Remark 8.1. The dividend policy that consists in never paying dividends is
obtained through any control (T, &) such that P{m = oo} = 1. By definition,
these controls satisfy (8.4). Hence, to not pay dividends at all is an admissible

strategy.

The management of the company wants to find the dividend policy that is
optimal for the shareholders. For this reason, the management should consider
the shareholders’ preferences and the costs that receiving dividend payments
generates to them.

We assume that the shareholders pay both a fixed cost and a variable cost
for receiving a dividend payment. The fixed cost is the amount K & (0, 00)
that is charged every time a dividend is paid independently of its amount. The
variable cost is the dividend tax charged on the dividend amount. We denote
the dividend tax rate as 1 — k, where k € (0,1]. If dividend income is not
taxable in the prevalent economy, we use k = 1.

Since the management of the company is supposed to be looking after
the interests of the shareholders, the shareholders’ preferences are measured
through the management’s utility function. Following Jeanblanc-Piqué and
Shiryaev (1995), we consider risk neutral shareholders and, hence, a risk neu-
tral management. That is, we assume that the management has the linear

utility function g : [0, 00) — [0, o0) defined by
9(z) = kz - K.

Thus, in order to optimize the operation of the company and find the op-
timal dividend policy for the shafeholders, the company’s management wants

to solve the following problem.

145



Problem 8.1. Select an admissible control u = (T, £) that maximizes

J(z6u) = J(@,5T,€) == Epi | Y_e™ (&) Iiraco} |

n>1

and find the value function V' : [0,00) x {1,2} — [0, 00) defined by

Vix,i) := sup J(z,i;u).
u€A

We note that the admissibility condition (8.4) implies that

Ea:,i

n>1

for every admissible control (7, £). Moreover, we note that

0 < J(@5T,6) < kEg [Ze“‘”ﬂ £ I{Tn<e}] .
n>1

Hence, equation (8.3) guarantees that the right-hand side of the inequality
above is finite. Thus, the functional J(z,i;u) is well defined and finite for
every admissible control v = (T, §).

Jeanblanc-Picqué and Shiryaev (1995) study Problem 8.1 for the special
case in which the economy has only one regime, that is, ¢ takes only one
possible value. Also, they did not consider the presence of dividend taxes

| although the utility function assumed for the shareholders is also linear.

8.2 The value function

In this section, we present some properties of the value function V (-,¢),7 = 1,2,

defined in Problem 8.1. We also give the conditions that characterize both the
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value function and the optimal control for this problem.

Proposition 8.1. The value function V(,7), ¢ = 1,2, in Problem 8.1 is a real

function such that V(0,4) = 0 for both ¢ = 1,2; such that
(8.5) V(y,4) = V(z,4) +g(y — z)

for every z € (0,00) and y € [z, 00).

Proof. Consider the initial capital z > 0 and the initial regime 7 € {1, 2}, and
let w = (T,€) be an admissible control. For every y > z, we can follow the
control process & = (T, §)suchthat 74 =0, T, =Tp forn >2, 6 =y —2x
and &, = €,_; for n > 2. Let X“(a) denote the controlled process X* such
that X = a. Then,

t t
Xi(y) = y+/ He(s) d5+/ Oe(s) dW, _Zgn Iz, <1
0

0 n>1

t t
= y+/ ,ue(s)ds-l-/ Ue(s)dWs—ZﬁnI{Tn«}—(’fJ“x) = X{(z),
0

0 n>1

for every t € (0,00). We note that @ is an admissible control since

P { lim ?nStA@Xﬁ}zlP’{lim Tn_<_t/\@xu}=0,

n—oo n—00

and limy—o, By ;[ X | = limy 0o By [ e7® X% | = 0. Therefore,

V(y,i) > J(y,5T,€) = J(z,35T,€) + gly — x),

and, hence, V(y,i) > V(z,?) + g(y — z). Moreover, if the initial level of
the cash reservoir is £ = 0, the time of bankruptcy is © = 0 and, hence,

V(0,i) = ¥ ,50€ " ™g(£n) - 0 = 0, for every initial regime . O
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In order to solve Problem 8.1, we shall define the following operators L;
for each ¢ = 1,2. Let ¢ : [0,00) x {1,2} — R be a real function and define

1, 0 0
Liy(z,i) = 3 o? -(%(x, i) + a—f(x, i) — dY(x,i).

Also, we define the maximum utility operator M by
My(z,i) = sup{g(y) +Y(x—y,i): y [0, ] },

where x € [0,00) and ¢ = 1,2. The function MV (-,4) represents, when the
regime of the economy is ¢, the expected utility generated by the dividend pay-
ment strategy that consists on paying first the best possible dividend amount
and then selecting the optimal times and optimal amounts of the following
dividend payments.

When the level of the cash reservoir is x and the regime of the economy is i,
the expected utility associated with the optimal dividend policy is V/(z,). The
expected utility associated to any other dividend policy that is not optimal
cannot be greater than V(z,7). In particular, MV (z,1), the expected utility
associated with paying the best dividend amount and then following an optimal
policy, cannot be greater than V' (x,4). This discussion motivates the following

definition.

Definition 8.2. A function v : [0,00) x {1,2} — [0, 00) satisfies the quasi-

variational inequalities (QVI) of Problem 8.1 if, for each i = 1,2, and every

z € [0, 00),
(8.6) Li(z,i) — Xi(v(z,i) —v(z,3~1)) < 0,
(8.7) Mv(z,i) —v(z,i) < 0,

(8.8) (Liv(x, i) — N(v(z,7) — v(z,3 — z)) (Mfu(x, i) —v(z, z)) = 0.
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We note that the conditions (8.6) — (8.8) define two disjoint regions for

each i = 1,2, in the interval (0, 00): the continuation region

C@) = { z>0: Liv(z,4) — M(v(z, i) — v(z,3 — 1)) = 0, Mu(z,3) —v(z, i) < 0} ,
and the intervention region

S(i) = {a: >0 Liv(z,4) — N(v(z, i) — v(z,3 — 1)) < 0, Mu(z,3) — v(z,i) = o} .

Then, when v satisfies the QVI of Problem 8.1, we can define a control process

u’ = (T, &) associated with v in the following way.

Definition 8.3. The control process u®” = (T, £%) = (77, ..., 72, .. &, ..., &%, ...)

n?

is called the QVI-control associated with v if

(89) 77 = f{t>0: v(X}, &)= Mv(X] &)}

(8.10) &

I

arg sup{ v(X7» —n,€xp) +9(n) : n € [0,00), X7y € [n,00) },
and for every n > 2,
(8.11) 77 = inf{t > 7 : v(X{,&) = Mv(X], &)}

(8.12) & = argsup{v(X7y —n,em) +9(n): n€[0,00), X% € [1,00) },
where XV denotes the cash reservoir process given by (8.1) generated by the
control process u” = (T%,£"). In addition, we denote 7§ := 0 and & := 0.

The following theorem is, to the best of our knowledge, the first verification

theorem for stochastic impulse control with regime switching.

Theorem 8.1 (Verification Theorem). Let v(-,7) € C([0,00)) NC?([0,00) —
N;), i = 1,2, where N; are finite subsets of (0, 00). Let v(0,4) = 0,4 = 1,2 and
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suppose that v(-,1), ¢ = 1,2, is solution of the QVI (8.6) — (8.8). Moreover,
for each i = 1,2, let n; € (0, 00) and suppose that

(8.13) v(z,i) = a; + k(x—d;) — K, forevery z € [n;,00),

where a; € R and d; € (0,7;). If the QVI-control v¥ = (T7,£¥) associated
with v is admissible, then it is the optimal control solution of Problem 8.1.

Moreover, v(,4), ¢ = 1,2, is the value function for Problem 8.1.

Proof. We note first that for each i = 1,2, both v(+,7) and v'(-, %) are continuous
functions in [0, 7; ], such that v(n;, %) = a; + k(n; — d;) — K and v'(n;, 1) = k.
Hence, for each ¢ = 1,2, v(+,4) and v'(+,7) are bounded in [0, ;]. Moreover,
V'(+,1) is constant in [n;, 00), so v(-, %) is also bounded in [7;,00), i = 1,2.
Consider an arbitrary admissible control (T, &) and the corresponding pro-
cess X = XT% with stopping time of bankruptcy ©. We note that X is a
continuous semimartingale in any interval (7,-1,7,], n > 1. Let a be a real
number satisfying 0 < Xy = 2 < a < +00, and define the stopping times
T, = inf{t > 0 : Xt =a} and s, == T, AT, AO, n > 1. Let us denote
Aw(z,i) = v(z,i) —v(z,3—1),and A == {t > 0: X33 # Xi} = {m,n > 1}.
Hence, s € A if and only if s = 7, for some m > 1. Consider the function
f(-,-4),i=1,2, defined by f(¢,,i) := e®v(x,4). Then, for every ¢t € [0, 00)

and n > 1, we apply the It6 formula for Markov modulated processes for
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f(t, X3, €), to obtain

6_6(tAS")U(X(t/\sn)+7 Gt/\sn) - U(Xo, 60)
tABn
_ /0 €705 (Legayp(Xa ) — Aega)Aet(Xe 1)) ds
tASy
+ / ae(s)e“ssv'(XS, €;) dW,
0

(8-14) + Z e (U(XS+r65) - U(Xm 65)) + Mtjj\sn - M({

S€[0,tA8, )NA

We observe that s € [0,tAs,)NA if and only if s = 7,,, and 7, <t AT, AO, for
some m = 1,...,n. Moreover, the process {Mtf ,t > 0} is a square integrable
martingale when v(-,%), ¢ = 1,2, is bounded (see Bjork (1980)).

The function v(+, 1), i = 1, 2, satisfies the QVI (8.6). Then, for every n > 1,

tASn
(8.15) / e % (LE(S)U(XS, (-:S) — /\E(S)AE’U(XS, 63)) ds < 0.
0

We note that the equality holds if (7}, &) is the QVI-control associated with v.
Moreover, v(-,1), ¢ = 1,2, also satisfies (8.7). Hence, for every m > 1,

(8.16)

ewéTm (U(X7m+’ eTm) - v(XTma erm)) I{Tm< tAT.AO} < - e—_éng(‘Sm) I{Tm<t/\’7'a/\@}'

Equality holds for the QVI-control associated with v (if admissible).
Combining equations (8.14), (8.15) and (8.16), and taking conditional ex-
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pectation given Xy = x and ¢y = 4, we obtain
E:c,i [6_6(1:/\5") U(X(t/\sn)-l—: Et/\sn)] - U(%i)
tASn
< E:c,i [/ O¢(s) e-—és U,(Xsy Es) dWs]
0

> €0 g(em) Ipn<tnvane} | + Bai | Mbe, — M |-

m=1

(8.17) — B,

We recall that v/(X,, ;) is bounded when s € [0, 00). Then, 0%, €72°(v'( X, €;))?

is bounded when s € [0, t A's,] and therefore, for every n > 1,

tASn
Eyi l:/ Ue(s)e_ésUI(Xs,Es)dWs] = 0.
0

We note that v(Xj,¢;) is bounded in [0, ¢ A 7, A ©]. Then the process
{Minrone,t > 0} is a square integrable martingale, and El',i[MtJ;\Tn ATAO ) =
E, M\ | = E.i[ M{]. Thus, from (8.17),

m=1

U(-’E, l) > Ez',i [6_6(tAS")U(X(t/\sn)+, Et/\sn) ] + E:c,i I:Z 3_6Tm9(§m) I{rm< tATAB} |

where the equality holds for the QVI-control associated with v (if admissible).
Letting a T +o0, we get that 7, — +o00. Then, s, — 7, A 6. Also, since (T §)

is admissible, condition (8.4) holds and, hence,

’U(.’E, Z) 2 hm E:c,i [e_é(tATnAe)v(X(t/\Tn/\@)-{-a Et/\Tn/\e) ]
n—o0o

n—oo

+ lim Ez,i [Z e_éng(gm) I{Tm< t/\@}:l

m=1

= Eg; [6_6(tA@)U(X(t/\@)+>ft/\@)] + Ez',i

b

Z 6_5Tm9(§m) Iir,.< t/\e}J .

m2>1
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Letting ¢ — oo and recalling that v(0,7) = 0 for both ¢ = 1,2, we obtain

v(z,4) > Eu;[e%v(Xe,c0)] + Eui [26_67’"9(&71) I{Tm<e}]

m2>1

= E:vz [6_567)(07 69)] + E:v,i

?

Z e_éng(é.m) I{‘rm<€)} :|

m=>1

(8.18) = Egy Ze”‘”"‘g(§m)f{rm<e}}7

m>1

with equality for the QVI-control associated with v (if admissible). Therefore,
for every admissible control (7,¢&), v(z,i) > J (a:,z, T,¢). In particular, if
(17, €") is admissible, v(z,3) = J(z,4;T7,£Y). O

8.3 C(Construction of the solution.

We conjecture that the continuation region for the value function V(-,4), i =
1,2, is given by C(i) = (0,b;), for some b; € [0,00), ¢ = 1,2. Thus, we
conjecture that the optimal control (associated with V) (T,é) = (TV,¢V)

satisfies, for every n > 1,

(8.19) %, = inf {t > Tt X € (0, be(t>)},

where we denote 7y := 0. That is, we conjecture that it is optimal for the cash
reservoir process to remain in the band (0, b;) when the regime of the economy
is 7, and that it is optimal to pay dividends when the cash reservoir process is
above the threshold b; and the regime is ¢.

We conjecture as well that, for every n > 1, the optimal amount of divi-
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dends paid at 7, is
(8-20) bn = Xs — Kint = Xoo = Be(in) I{X+n > be(r) }?

where (;, 1 = 1,2, are positive numbers such that 8; < b, That is, we
conjecture that it is optimal for the cash reservoir process to jump to the level
B; when the regime of the economy is ¢ and the level of the cash reservoir is
equal or larger than b;.

We observe that, on an interval of time [t1, ¢o ], if the regime of the economy
is constant and Xy, € [0, be(,)), then it is optimal to pay dividends only when
the cash reservoir process reaches the threshold b.(;,). Whenever that happens,
- the optimal amount of dividends to pay is the same and equal to be(,) — Be(t;)-
Hence, in this case, dividend payments only occur optimally due to changes in
the continuous part of the cash reservoir process. In general, however, dividend
payments can also occur due only to changes in the regime of the economy.
That occurs at time ¢ if the regime of the economy changes, for instance, €
changes from 2 to 1, and by > b and X; € [b1,b2).

In addition, if the initial regime of the economy is 7 and the initial level
of the cash reservoir is high enough, i.e. z € (b;,00), we would expect to be
optimal to pay an initial dividend of z — §; and, in that way, make the cash
reservoir process jump to the level 3;. Hence, we conjecture that the value

function V'(-, 1), ¢ = 1, 2, satisfies
(8.21) V(z,i) = V(B;,i) + k(z—8;)— K for every z € [b;, 00),1=1,2.

We need to find, then, a function v(-,4) € C*([0,00)) N C?([0,00) — N;),
i = 1,2, for some finite N; C (0,00), solution of the QVI (8.6) — (8.8), such

that v(0,7) = 0, ¢ = 1,2, and that satisfies the conjectures above. Define, for
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each ¢ = 1,2,

(8.22) B := inf { z>0: v(z,0) < k}

(8.23) b = inf{m > B (z,i) > k}

We note that always 3; < b; for both ¢ = 1, 2; howeVer, the relation between the
thresholds b; and b, depends on the relations among the model parameters.
Without loss of generality we will consider b; < by: the case by > by has a
similar treatment. Thus, we will consider three possible regions for the initial
level of the cash reservoir: z € [0,b;), z € [b1,b2) and x € [ by, 00).

When z € [0,b;), we want v(-,7), ¢ = 1,2, to satisfy the following system

of ordinary differential equations:

(8.24) o2 v"(x,1) + V' (z,1) — (6 + M) v(x, 1) + M v(2,2) = 0

o2v"(z,2) + up v'(x,2) — (6 + N) v(z,2) + Aav(z,1) = 0.

= N -

This system of differential equations is solved by Sotomayor and Cadenillas
(2007). Consider ¢;(a) := 5070’ + p;a— (6 + N;), i = 1,2, and the real roots
a; < ap < 0 < az < ay of the characteristic function ¢1(a) ¢2(a) = A Aa. The

solution of the system (8.24) is

(8.25) Flz,1) = A1e™® + Ape™® + Aze™® + Age™®

(826) F(CL', 2) = Bl N + Bz e + B3 exT + B4 e‘“x,
where, for each 7 =1,2,3,4,

(8.27) B, = &) 4

155



When z € [by,b), v(x,1) has to satisfy (8.21) for ¢ = 1. We note that
B1 € (0,b1) and, hence, v(81,1) = F(B1,1). Then,

(828) ’U(.’L‘, ].) = ’U(ﬂl, ].) + k(.’l? - ﬂl) -K = F(ﬂl, ].) + k(.’L‘ - ﬂl) - K.

Also, v(-,2) should satisfy the differential equation

(8.29)

1

2 030" (2, 2)+a0' (2, 2) = (§+A2)v(2, 2)+ A2 F (B, 1)+ A2 (k(z — 61) — K) = 0.
The solution for equation (8.29) is given by
(8.30)

- . A
G(z) = A%+ Ae®™ + 2

6+ Az

ook
(64 X)?’

A2

0+ Ao

(k(z—B1)—K)+ F(B,1)+

where &; < 0 < @y are the real roots of the characteristic function ¢s(@) =

10262 + puad — (8 + Ag) = 0.

Finally, when z € [b,00), equation (8.21) has to be satisfied for both
i = 1,2. We note that v(-,2) varies if 85 € (0,b;) or 33 € [by,bs). If B2 € (0,by),
then ’U(ﬁg, 2) = F(ﬁz, 2); and if 55 € [bl, bz), then ’U(ﬂg, 2) = G(ﬁg) We denote,

hence,

(8.31) H(B2) == F(82,2) Iipe 0b1)y + G(B2) Lipre oy )}

Thus, when z € [bs, 00),

(8.32) v(z,1) = v(B,1)+k(z—p)—K = F(B,1)+k(z—0)-K

(8.33) v(,2) = v(B2,2)+k(z—0)—K = H(B)+k(z—05)— K.

We conjecture that the function v(:,7), i = 1,2, constructed above satisfies

156



the smooth-fit conditions. Thus, v(-,1), ¢ = 1,2, would satisfy

v(0, %) = 0, for both ¢ = 1,2
’l)(bl—,i) = ’U(b1+, Z), for both ¢ = 1, 2
’l)(bz-—, 2) = ’U(b2+, 2)

(8.34)
V'(bhh—,i) = v'(by+,i), forbothi=1,2

’Ul(bg——,2) = ’Ul(bg—l-,z)
V(0 1) = k, for both =1, 2.

The solution of the system of equations (8.34) will give us the thresholds
by and by, and B; and B, the coefficients A;, 7 = 1,2,3,4, for the function
(8.25), and the coefficients A; and A, for the function (8.30). The coefficients
B;, 7 =1,2,3,4, for (8.26) will be found from condition (8.27).

We note that the continuity condition given in (8.34) for v(-,2) implies that
F(b1,2) = G(by) and, hence, H(3;) = F(52,2) = G(B2) when (3, = b;.

8.4 Verification of the solution.

In the previous section, we constructed a candidate for optimal control (see
equations (8.19)-(8.20)) and a candidate for value function v(-,1), ¢ = 1,2. To
prove that in fact the function v(:, ), 7 = 1, 2, is the value function of Problem
8.1, we need to show that it satisfies all the conditions of Theorem 8.1. In
order to do so, we need to state first some properties of v(-,i), i = 1, 2.

We conjecture that the following inequalities are satisfied for every solution
of the system of equations (8.34), where also b; < by. The numerical examples

in Section 6 show that in fact this is an appropriate conjecture as all of them
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satisfy the inequalities below.

(8.35)
~(0 4+ A)(F(B1,1) — Bik) + M(H(B2) — Bok) — 6(kby — K) + ik < —MK
(8.36)

Ao(F(B1,1) — Bik) — (8 + X2)(H(B2) — Bok) — 0(k b2 — K) + ok < 0.

Proposition 8.2. The functions F(-,4), ¢ = 1,2, and G satisfy:
(a) For all z € [0,5,): F'(z,1) > k; and for all z € (61,b1): F'(z,1) < k.
(b) If B,€(0,b;), then for all z€[0, B): F'(z,2) > k; and for all z&€ (52, b |:
F'(z,2) < k.
If B, €[ b1, by), then for all z € [0,b,]: F'(z,2) > k.
(c) If B2€(0,by), then for all x € [b1,b2): G'(z) < k.
If B2 € [b1, b2), then for all z € [by, B2): G'(z) > k; and for all z € (B2, b2):

G'(z) < k.

Proof. The proof of this Proposition comes straightforward from the definition
of B; and the fact that v/(z,¢) > k for every z € [0, ;); and from the definition
of b; and the fact that v'(z,7) < k for every z € (5;,b;). For (b) and (c), we

also use the continuity of v/(-, 2)—k. O

We will use the properties given in Proposition 8.2 to calculate Muv(z, )
for z € [0,00) and @ = 1,2, in the Lemma 8.1. We also need the following

Proposition.

Proposition 8.3. Let the inequalities (8.35)—(8.36) hold. Then, the functions

F(-,%),%=1,2, and G satisfy the following inequalities. For every z € [b1, bo),

~(6+ A1) (k(z = Br) = K) + M Gla) = (6+ M) F(By, 1) + mk < 0;
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and for every x € by, 00),

~(@+A)(k(z = B1) — K) + M (k(z — B2) — K) — (6 + A1) F(Br, 1)
+M H(Bz) +mk <0,

—(0+ X)) (k(z — B2) — K) + Ao (k(z — 1) — K) + X2 F(B, 1)
—(8+ X)) H(B2) + ok < 0.

Proof. Define the function

Az) = —(64+ M) (k(z — B) — K) + M G(z) = (6 + \) F(Bi, 1) + k.

We note that, in order to prove the first inequality of the Proposition, we need
to prove that A(z) < 0 for every x € [by, ba).

If 8, € (0,b,), Proposition 8.2(c) tells us that A is strictly decreasing in
[b1,b2). Then, for every = € [b1,bs),
(8.37)
Alz) < A(l) = —(0+M) (k(by—B1)—=K)+A1 G(b1)—(0+X1) F(B1, 1)+ k.

We note that v(-,2) is continuous at b; (from (8.34)) and, hence, F(b1,2) =
G(b1). By replacing and rearranging in (8.37), we obtain that, for every z €

[blabQ)a

Alz) < —(0+ ) (k(br—B) — K)+ A F(b1,2) — (0 + M) F(B1, 1) + mk
= Sbyk = Abik + (8 4+ M)Bik + (6 + MK + MF(b,2)
—(0+M)F(Br,1) + mk

= —0bik+(0+ A1) K+ (F(by,2)—b1k) —(0+ A1) (F (81, 1) — 1K)+ k.

Proposition 8.2(b) tells us that F(z,2) — kx < F(8,,2) — B2k for every z €
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[0, b1 ]. This inequality holds in particular for z = b;. Moreover, if 82 € (0,b1),
then H(8;) = F(82,2). This means that, for every z € [by, b2),

Mz) < —8bik+(8+X) K+ (F(Ba, 2)—Bok) — (54X )(F(By1,1) —Bik) +pik
= —0bik+(6+X 1)K+ A (H(B2)— Bak)—(0+ A1) (F(B1,1) —Bik)+ prk.

If By € [b1,b3), Proposition 8.2(c) tells us that, in the interval [b1,b2),
G(z) — kzx attains its maximum at z = §,. In addition, H(8;) = G(B2). Thus,

for every z € [by,b,),

Az) = —bkx—Akz+(0+X1)Bik+(0+ M) K+MG(x)—(6+A)F (B, 1)+ ik
= —0(kz—K) + MK + M (G(z)—kz)—(6+X)(F(B1,1)=Bik) + ik
< —bkz+ (0+M)K+M(G(B2) — B2k) — (6+ A1) (F (b1, 1) — Bik) + mk
= —0kz+ (0+M)K+M(H(B2) —Pok)—(0+M)(F(B1,1)—bik) + pik
< =8brk + (64 M) K+ (H(82) = Bak) — (6+A)(F (81, 1) —Brk) + i k.

In both cases, when 3, € (0,b;) and B, € [ by, b2), we can use (8.35) to obtain
that, for every = € [by, by),

Alz) < —(6+M)(F(Br,1)=Bik)+ 1 (H(B2) —Bok) =6 (b1 k— K)+ M K+ k
< /\1K—/\1K = 0

This finishes the proof of the first inequality of the Proposition. The other

two inequalities can be written as

m(z) = —0kx + 0K + M(H(B2)—Bok)— (6 + M) F(B1,1)=0ik) +mk < 0,

() 1= —0kx + 0K + Ao(F (81, 1)~ B1k) —(3 + o) (H(B2) — B2k) + p2 kb < 0,
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for € [by, 00). Then, using (8.35) we get that, for every z € [ b, 00),
m(z) < =MK+6kb,—K)—0kz+0K = -\MK—-46z—-b0)k < 0.
Moreover, using (8.36) we obtain, for every = € [bs, 00),

m(z) < 0(kbp—K)—0d0kz+dK = —6(z—b)k < 0.

This completes the proof of the Proposition. O

Lemma 8.1. Let b;, B, i = 1,2, A;, 7 = 1,2,3,4, and A;, j = 1,2, be the
solution of the system of equations (8.34) and suppose that b; € [0,00) and
B; € (0,b;) for bothi=1,2. Let Bj, j = 1,2,3,4, be defined by (8.27). Suppose
without lost of generality that by < by. Define the functions F(-,1) and F(-,2)
by (8.25) and (8.26), respectively; and define the function G by (8.30). Define
also the value H((B;) by (8.31). Define also the function v(-,1), i = 1,2, by

F(CL’, 1) me € [07b1)7
(8.38) v(z, 1) =

F(B,1)+k(z—01) — K ifz€[b,o0),
and

F(z,2) if z €[0,b),
(8.39) v(z,2) = ¢ G(z) if x € [by,by), -

H(By) + k(z — B2) — K if x € [bg, 00).
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Then, the function Muv(-,1), i = 1,2, is given by

’U(Z’, Z) — K fo € [07 /31)7
Mu(z,i) = ¢ v(B;i) +k(z—B;)— K ifz€[B;b),
v(z, 1) if z € [b;,00).

Proof. In order to prove this Lemma, we need to find the y € [0,z] that
maximizes v(y,%) + gz — y) for z € [0, 00) and for each i = 1,2.

Consider first ¢ = 1. For z € [0, 61), v(y,1) + g(z —y) = F(y,1) + k(z —
y) — K is increasing in [0,z] C [0, 3;) according to Proposition 8.2. Thus,
Mv(z,1) = F(z,1) —= K =v(z,1) — K. For z € [51,b1), v(y,1) + g{z —y) =
F(y,1) + k(z — y) — K which is maximal at y = 8 (Proposition 8.2). Thus,
Muv(z,1) = F(81,1)+k(z—01)— K =v(61,1)+k(z—p1)— K. For z € [by, 00),

Fly )+ k(z-y)—- K if y € [0,b1),
v(y, 1) +g(z-y) =
F(61,1) + k(z — 1) — 2K ify € [by, ).
We see then that v(y,1) + g(z — y) attains a global maximum at y = 3;
(Proposition 8.2). Thus, Mv(z,1) = F(61,1) + k(z — 61) — K = v(z, 1).
When ¢ = 2, we have to consider two cases: 82 € (0,b1) and B € [by, b2).
We will only prove the Lemma for the case when 32 € (0, by); the proof for 8, €
[b1, be) is similar. Then, for z € [0, 32), v(y, 2)+g(z—y) = F(y,2)+k(z—y)—K
which is increasing in [0, z] (Proposition 8.2). Thus, Mv(z,2) = F(z,2)-K =
v(z,2) — K. For z € [B2,b1), v(y,2) +9(z — y) = F(y,2) + k(z — y) — K which
is maximal at y = B, (Proposition 8.2). Thus, Mv(z,2) = F(52,2) + k(z —
B2) — K = v(B32,2) + k(z — B2) — K. For z € [by, b2);

Fly,2)+k(z—y)— K ifyel0,b),

v(y,2) +9(z —y) = {
Gly)+k(z—y)-K  ifye[b,z]
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We see that v(y,2) + g(z — y) is maximal at y = 35 (Proposition 8.2). Thus,
Mu(z,2) = F(Bs,2)+k(z—0s)— K = v(0s,2)+k(z—02)— K. For z € [by, 00),

Fly,2)+k(z—y) - K if y € [0,b),
v(Y,2) +gz—y) = § G) +k(z—-y)-K if y € [by, ba),
F(B32,2) + k(x — B2) — 2K if y € [by, ]

Then, v(y,2) + g(z — y) is maximal at y = G, (Proposition 8.2). Thus,
Mu(z,2) = F(04,2) + k(z — Ba) — K = v(z, 2). O

The following Theorem proves rigorously that the function v(-,4), ¢ = 1,2,

constructed in the previous section is the value function of Problem 8.1.

Theorem 8.2. Let b;, 3;, ¢ = 1,2, A;, j = 1,2,3,4, and A, 7 = 1,2, be
the solution of the system of equations (8.34) and suppose that b; € [0, 00)
and f3; € (0,b;) for both i = 1,2, and that b; < bs. Let B;, j = 1,2,3,4, be
defined by (8.27). Suppose without lost of generality that b; < by. Define the
functions F(-,1) and F(-,2) by (8.25) and (8.26), respectively; and define the
function G by (8.30). Define also the value H(8;) by (8.31). Assume that the
inequalities (8.35) — (8.36) are satisfied. Then, the function v(-,4), ¢ = 1,2,
given by (8.38) and (8.39), is the value function V(-,4), ¢ = 1,2, of Problem
8.1. Furthermore, the optimal strategy is given by (8.19) — (8.20).

Proof. We need to prove that the function v(+,1), ¢ = 1,2, defined above satis-
fies the conditions of Theorem 8.1. It is easy to see that v(-,1) € C*([0,00))N
C%([0,00) — {b1}) and v(,2) € C*([0,00)) N C%([0, 00) — {b1, ba}), by defini-
tion. Moreover, for each ¢ = 1,2, v(-,%) has the form (8.13) in [b;, 00), where
ay = F(B1,1), az = H(8,) and d; = 5; € (0,b;). In addition, the system (8.34)
guarantees that v(0,1) = v(0,2) = 0.

In the following steps we will prove that v(-,¢), ¢ = 1,2, satisfies the QVI
of Problem 8.1.
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For z € [0,b1), v(-,%), i = 1,2, is solution of the system of differential
equations (8.24) and, hence, (8.6) and (8.8) are satisfied for ¢+ = 1,2. For
z € [by,by), (8.6) holds for ¢ = 1 because of properties given in Proposition

8.3. Indeed, for x € [by, by),

Lyv(z, 1) — M (v(z, 1) — v(z, 2))
= wmk—(0+ M )(F (B, 1) + k(z — ﬂl) - K)+ /\1G(.T)

= —(0+M)kz—5) —K)+MG(z) — 0+ )F(Br1,1) + mk < 0.

Moreover, both (8.6) and (8.8) hold for ¢ = 2 because v(:,2) is the solution
of the differential equation (8.29). Finally, for z € [bs,00), Proposition 8.3
guarantees that (8.6) is satisfied for ¢ = 1,2. Indeed, for z € [ bg, c0),

Liv(z, 1) — Ai(v(z, 1) — v(z,3 — 1))
= pik — (64 X)(H(B:) + k(z—08;) — K) + Ni(H(B3) + k(z—P3-3) — K)

+ XNH (Bs—) + pik,

for i = 1,2, where we are denoting H(8;) := F(01,1). Thus, by Proposition
8.3, for every x € [by, 00), Liv(z, i) — Ai(v(z,%) —v(z,3—1)) <0,i=1,2.
Lemma 8.1 tells us that, for i = 1,2,

Mu(z,i) —v(z,i) = ¢ —v(z,i) +v(B;,1) +k(z - 6)— K ifz€[B,b),
0 if z € [b;,00).

It is obvious that Mv(z,¢) — v(z,) <0 for z € [0, 3;). Moreover, Mv(z,1) —

v(z, 1) is increasing for x € [B;, b;), @ = 1,2, because of Proposition 8.2. Hence,
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Mu(z,i)—v(z,i) < Mv(b;, i) —v(b;, i) = 0 for z € [G;,b;), i = 1,2. Then, (8.7)
is satisfied for z € [0,00) and ¢ = 1,2. Moreover, (8.8) holds for = € [b,, bp)
and ¢ = 1, and it holds for z € [by, 00) and i = 1,2. Thus, the function v(-, i),
i =1, 2, satisfies the QVI of Problem 8.1.

We still need to show that (7',€) is an admissible control and that it is
the QVI-control associated with v. First of all, we note that the trajectory
generated by (T € ) behaves like a Brownian motion with drift in each random
interval (7,-1,7,), n > 1. Moreover, P {for all t € (0,00): X; € [O,be(t)]} =
1. This means that, for a fixed t € [0, 00), the trajectory generated by (7', €)
will reach b; when the state of the Markov chain is ¢ only a countable number
of times before t A ©. In addition, this trajectory will reach 0 at most once
before ¢ A ©. Hence, condition (8.4) is satisfied and (7, €) is admissible.

Finally, we will show that (T € ) is indeed the QVI-control associated with
v. We note from Lemma 8.1 that Mv(X;,€) = v(Xy, ) if and only if X; €
[be(), 00). Hence, 72 = inf{t > 7,_1 : X; € [br),0)}, n > 1. Thus, 7¥ = 7,
for every n > 1. Moreover, we note that for z € [b;,00) and y € [0, ], the
function (in y) v(y,t) + g(z — y) always attains its maximum at y = §; (see
Lemma 8.1). Hence, v(z —y,%)+ g(y) is maximal at y = z — §; for = € [b;, c0)

and y € [0,z]. Thus, for every n > 1,

& = argsup {v(Xz, —m€,) +9(n),n € [0, Xz, ], Xz, € [be(za), 00) }

A

e (Xf'n - /Bﬁ(i’n)) I{X‘T' Zbf(f'ﬂ-)} - é-n-
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8.5 Numerical examples and analysis of re-
sults.

In the previous sections we solved Problem 8.1 analytically by constructing
the function v(-, %), ¢ = 1,2, that satisfies the system of equations (8.34). The
solution of (8.34) is not explicit since the functions involved are not linear, but
it can easily be found using the Newton’s method. In this section we present
some numerical examples of the solution.

We consider that the economy has two regimes: economic recession (i = 1)
and economic growth (¢ = 2). We consider as well that, during the regime
of recession, the cash reservoir drift coeflicient is p; = 0.08 and the volatility
parameter is o7 = 0.70; and during the regime of growth, the drift coefficient is
we = 0.12 and the volatility is 0o = 0.50. Moreover, the persistence parameters
for the regimes are A\; = 0.06 and Ay = 0.03, the discount rate is § = 0.12,
the dividend tax rate is 1 — k = 0.2, and the fixed set-up cost is K = 0.005.
The solution of (8.34) for these model parameters gives us the thresholds
by = 0.9590 and b, = 1.0720 (the level of the cash reservoir at which it is
optimal to pay dividends), and the thresholds 8; = 0.4203 and G, = 0.6407
(the level to which it is optimal to bring down the cash reservoir when paying
dividends). We also obtain the coefficients A;, B;, j = 1,2,3,4, and Aj,
J = 1,2, for the value function. Furthermore, the inequalities (8.35)—(8.36) are
satisfied. Figure 8.1 and Figure 8.2 show the value function and the derivative
of the value function for this example.

We can compare the results above to the results—modified to include div-
idend taxes—presented by Jeanblanc-Piqué and Shiryaev (1995) for the one-
regime case. If the economy is always in economic recession, the model by

Jeanblanc-Piqué and Shiryaev gives us the thresholds® bps = 0.9162 and

8We will use the subindex JPS from now on to denote one-regime models (and their
results).
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Bips = 0.3786. On the other hand, if the economy is always in economic
growth, we obtain b2pg = 1.0881 and B%pg = 0.6577. As expected, we see
that blpg < by < by < bipg and Bips < Bi < B2 < B2pg. These relation-
ships among the thresholds b and the thresholds § are expected because a
model with only economic growth represents better economic conditions than
a regime switching model with both growth and recession, and such regime
switching models represents better economic conditions than a model with
only economic recession. Another expected result is that, in a economy of
only growth, shareholders should receive on average a higher amount of total
discounted dividend payments than what they receive in a economy of with
both growth and recession periods. Besides, shareholders in a economy of only
recession should receive on average a lower amount of total discounted divi-
dends than what they receive in a economy with regimes. Figure 8.3 confirms
our expectations by showing that V}ps(z) < V(z,1) < V(z,2) < Vips(z) for
every initial level of the cash reservoir z € [0, 00).

Further comparison of results can be done if we vary the model parameters.
Table 8.1 and Table 8.2 present the thresholds b; and 3;, ¢ = 1,2, for fixed
A1 = 0.06, p; = 0.08 and o7 = 0.70, and different values of A2, p2, 02, 4, k£ and
K. They also present the size of the optimal amount of dividends to be paid
in each regime (b, — 3, and by — (2). The results presented in Table 8.1 and
Table 8.2 show how the different parameters of the model affect the optimal
thresholds and the size of the optimal dividend.

The persistence parameter \; positively affects the thresholds b; and g;
and the size of the optimal amount of dividends b; — G; (although the effect
in by — B; is barely noticeable): b;, G;, ¢ = 1,2, and b; — 3; increase as A;
increases. The effect of the persistence parameter A3 on the thresholds b;
and §; is the opposite: they decrease as Ay increases. On the other hand,

the optimal dividend size by — (s increases as )y increases. The effect of
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Ag on by — [y is not significant. These relationships imply that, for shorter
economic recession periods, it is optimal to pay larger amount of dividends
during recession. Moreover, it is optimal to pay dividends when the level
of the cash reservoir is higher, despite the economic regime. In addition,
for shorter economic growth periods, it is optimal to pay larger amount of
dividends during economic growth. Also, it is optimal to pay dividends when
the level of the cash reservoir is lower, despite of the economic regime in this
case too.

The drift parameter p, (and hence the difference between the drift coeffi-
cients pe — 1) positively affects by, ba, 81 and Ba, but their effect on b; — 5;
depends on the regime. In fact, the size of the optimal amount of dividends to
be paid in a regime of economic recession increases as ug increases, that is, as
the expected growth rate of the cash reservoir in a regime of economic growth
increases. On the other hand, the size of the optimal amount of dividends to
be paid in a regime of economic growth decreases as the expected growth rate
W2 increases.

The effect of g2 on b; and §; also depends on the regime. The greater is
the volatility of the cash reservoir in a period of economic growth, the higher
is the level of the cash reservoir needed to optimally pay dividends during
recession, and the lower is the level of the cash reservoir needed to optimally
pay dividends during economic growth. On the other hand, the effect of o,
on b; — (; is the same for both economic regimes: a decrease in the difference
between volatilities (or, equivalently, an increase in o3) implies an increase in
the size of the dividends b; — §3;, that is, it is optimal to pay larger amount of
dividends in both economic regimes.

The effect of 4 is the same for b;, 5; and b; — §; (independently of the regime
of the economy): higher § implies lower by, by, 81, B2, by — 81 and by — Gs.

Cadenillas, Sarkar and Zapatero (2007) found that, in a one-regime mean-
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reverting cash-reservoir model, the optimal size of the dividend payment is
directly proportional to the fixed disutility K and to the dividend tax rate:
the size of the payout b — 3 decreases as K decreases and as the tax rate 1 — k
decreases. In fact, the relationship between the optimal dividend size and the
tax rate is a surprising property and one of the main results in Cadenillas,
Sarkar and Zapatero (2007). For our regime switching dividend model, we
obtain similar results. One of them is that the size of the dividend payout
increases in both regimes with the fixed cost K.

We obtain as well that in a regime switching model, the size of the div-
idend payout decreases in both regimes as the tax rate decreases. Table 8.3
shows that in fact this relationship is also a property of the one-regime model
presented by Jeanblanc-Piqué and Shiryaev (1995). This result is surpris-
ing, as pointed out by Cadenillas, Sarkar and Zapatero (2007), and seems
to contradict the “old view” (or “traditional view”) literature in the effects
of taxation on dividend payments (see Auerbach (2003) for a survey on “old
view” and “new view” literature). The old view on dividend taxation predicts
that increases in dividend taxes decrease dividend payout rate. This predic-
tion is supported by empirical evidence by Chetty and Saez (2005), Poterba
(2004), and Poterba and Summers (1985), among others. Our result does not
contradict though the empirical evidence. Even though in our model the op-
timal dividend payout increases with an increase in the tax rate, a decrease
in the dividend payment frequency might still lead to an overall decrease of
the dividends paid out (or of the annualized dividend amount, as calculated

by Cadenillas, Sarkar and Zapatero (2007)).
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Figure 8.1: Example of value function V'(-,7), ¢ = 1,2, for model parameters
/\1 = 006, /\2 = 003, U1 = 008, 01 = 070, L2 = 0.12, O = 050, 0= 0.12,
k = 0.8 and K = 0.005.
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Figure 8.2: Example of the derivative of the value function V{(-,7), ¢ = 1,2,
for model parameters A; = 0.06, Ay = 0.03, 1; = 0.08, 0, = 0.70, e = 0.12,
oy = 0.50, 6 = 0.12, k = 0.8 and K = 0.005.
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Figure 8.3: Comparison of the value functions for one-regime economies of eco-
nomic recession and of economic growth, and for a regime switching economy.
From the top to the bottom: VZ54(-), V(+,2), V(-,1) and Vipg(*).
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A1 A2 L2 02 4] k K B b b1 —5h

0.06 0.03 0.12 050 0.12 0.80 0.005 0.4203 0.9590 0.5387
0.02 0.03 0.12 0.50 0.12 0.80 0.005 0.3928 0.9309 0.5381
0.04 0.03 0.12 050 0.12 0.80 0.005 0.4067 0.9452 0.5385
0.08 0.03 0.12 0.50 0.12 0.80 0.005 0.4335 0.9724 0.5389
0.10 0.03 0.12 0.50 0.12 0.80 0.005 0.4463 0.9852 0.5389
0.06 0.01 012 0.50 0.12 0.80 0.005 0.4222 0.9610 0.5388
0.06 0.05 0.12 050 0.12 0.80 0.005 0.4186 0.9572 0.5386
0.06 0.07 0.12 0.50 0.12 0.80 0.005 0.4170 0.9555 0.5385
0.06 0.09 0.12 0.50 0.12 0.80 0.005 0.4156 0.9540 0.5384
0.06 0.03 0.10 0.50 0.12 0.80 0.005 0.4008 0.9385 0.5377
0.06 0.03 0.11 050 0.12 0.80 0.005 0.4099 0.9481 0.5382
0.06 0.03 0.13 050 0.12 0.80 0.006 0.4318 0.9712 0.5394
0.06 0.03 0.14 0.50 0.12 0.80 0.005 0.4444 0.9845 0.5401
0.06 0.03 0.12 0.40 0.12 0.80 0.005 0.4412 0.9792 0.5380
0.06 0.03 0.12 0.60 0.12 0.80 0.005 0.4069 0.9459 0.5390
0.06 0.03 012 0.70 0.12 0.80 0.005 0.3981 0.9372 0.5391
0.06 0.03 0.12 0.50 0.10 0.80 0.005 0.5523 1.1245 0.5722
0.06 0.03 0.12 0.50 0.11 0.80 0.005 0.4796 1.0340 0.5544
0.06 0.03 0.12 0.50 0.13 0.80 0.005 0.3712 0.8958 0.5246
0.06 0.03 0.12 0.50 0.14 0.80 0.005 0.3299 0.8418 0.5119
0.06 0.03 0.12 0.50 0.12 0.60 0.005 0.3932 0.9867 0.5936
0.06 0.03 0.12 050 0.12 0.70 0.005 0.4080 0.9715 0.5635
0.06 0.03 0.12 0.50 0.12 0.90 0.005 0.4306 0.9484 0.5178
0.06 0.03 0.12 0.50 0.12 1.00 0.005 0.4396 0.9393 0.4998
0.06 0.03 0.12 0.50 0.12 0.80 0.003 0.4624 0.9161 0.4537
0.06 0.03 0.12 0.50 0.12 0.80 0.004 0.4396 0.9393 0.4998
0.06 0.03 0.12 0.50 0.12 0.80 0.006 0.4034 0.9762 0.5729
0.06 0.03 0.12 0.50 0.12 0.80 0.007 0.3883 0.9917 0.6034

Table 8.1: Results for model parameters A; = 0.06, ¢; = 0.08 and o, = 0.70,
and different values of Ag, uo, 09, ¢, k and K.
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At A2 7 op; o k K Ba by by — [,

0.06 0.03 0.12 050 0.12 0.80 0.005 0.6407 1.0720 0.4313
0.02 0.03 0.12 050 0.12 0.80 0.005 0.6404 1.0716 0.4312
0.04 0.03 0.12 0.50 0.12 0.80 0.005 0.6405 1.0718 0.4313
0.08 0.03 0.12 0.50 0.12 0.80 0.005 0.6409 1.0722 0.4313
0.10 0.03 0.12 0.50 0.12 0.80 0.005 0.6410 1.0724 0.4314
0.06 0.01 0.12 0.50 0.12 0.80 0.005 0.6518 1.0825 0.4307
0.06 0.05 0.12 0.50 0.12 0.80 0.005 0.6304 1.0623 0.4319
0.06 0.07 0.12 0.50 0.12 0.80 0.005 0.6207 1.0533 0.4326
0.06 0.09 0.12 050 0.12 0.80 0.005 0.6116 1.0450 0.4334
0.06 0.03 0.10 0.50 0.12 0.80 0.005 0.5320 0.9635 0.4315
0.06 0.03 0.11 050 0.12 0.80 0.005 0.5883 1.0197 0.4314
0.06 0.03 0.13 050 0.12 0.80 0.006 0.6893 1.1206 0.4313
0.06 0.03 0.14 050 0.12 0.80 0.006 0.7342 1.1655 0.4313
0.06 0.03 0.12 040 0.12 0.80 0.005 0.6081 0.9809 0.3728
0.06 0.03 0.12 0.60 0.12 0.80 0.005 0.6527 1.1390 0.4863
0.06 0.03 0.12 0.70 0.12 0.80 0.005 0.6529 1.1914 0.5385
0.06 0.03 0.12 0.50 0.10 0.80 0.005 0.7663 1.2247 0.4584
0.06 0.03 0.12 0.50 0.11 0.80 0.005 0.6987 1.1427 0.4440
0.06 0.03 0.12 0.50 0.13 0.80 0.005 0.5904 1.0104 0.4199
0.06 0.03 0.12 050 0.14 0.80 0.005 0.5465 0.9562 0.4097
0.06 0.03 0.12 0.50 0.12 0.60 0.005 0.6201 1.0958 0.4757
0.06 0.03 012 050 0.12 0.70 0.005 0.6314 1.0827 0.4513
0.06 0.03 0.12 050 0.12 090 0.005 0.6486 1.0630 0.4144
0.06 0.03 0.12 0.50 0.12 1.00 0.005 0.6554 1.0552 0.3999
006 003 012 0.50 0.12 0.80 0.003 0.6727 1.0355 0.3628
0.06 0.03 0.12 050 0.12 0.80 0.004 0.6554 1.0552 0.3999
0.06 0.03 0.12 0.50 0.12 0.80 0.006 0.6279 1.0868 0.4589
0.06 0.03 0.12 0.50 0.12 0.80 0.007 0.6164 1.1001 0.4837

Table 8.2: Results for model parameters A; = 0.06, ¢; = 0.08 and o7 = 0.70,
and different values of Ag, us, 02, , k and K (contd.)
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1-k 0.00 0.10 0.20 0.30 0.40

Regime switching model

by — 53 0.4998 0.5178 0.5387 0.5635 0.5936
by — B2 0.3999 0.4144 0.4313 0.4513 0.4757

One-regime model for economic recession

B g 0.3975 0.3888 0.3786 0.3666 0.3521
bl g 0.8962 0.9055 0.9162 0.9289 0.9444
bY pg— Bl pg 0.4987 0.5167 0.5376 0.5623 0.5923

One-regime model for economic growth

Bpg 0.6723 0.6655 0.6577 0.6484 0.6373
b ps 1.0714 - 1.0791 1.0881 1.0987 1.1117
B2 ps—Bps 0.3991 0.4136 0.4304 0.4503 0.4744

Table 8.3: Optimal size of dividend payments for different dividend taxes, for
the regime switching model and one-regime models. The model parameters
are /\1 = 006, /\2 = 003, M1 = 008, Mo = 012, o1 = 070, O9 = 050, 6=0.12
and K = 0.005.
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Chapter 9

Conclusions

In this thesis, we present the theory of stochastic control with regime switch-
ing for random time horizon problems in which the regime is modeled by an
observable continuous-time finite-state Markov chain. We introduce the novel
idea of utility functions (or cost functions) that depend on the regime. Further-
more, we formalize the techniques of stochastic control with regime switching
through rigourously proved verification theorems.

We present the first Hamilton-Jacobi-Bellman equations for problems of
classical stochastic control with regime switching in random time horizon and
with regime-dependent utility functions. In addition, the first versions of vari-
ational inequalities for problems of singular stochastic control with regime
switching also in a random time horizon are presented. Furthermore, we de-
velop the theory of stochastic impulse control with regime switching and, as
a result, give the first verification theorem for stochastic impulse control with
regime switching.

Furthermore, we apply the theory of stochastic control with regime switch-
ing to solve important problems in Financial Economics. We solve explic-
itly the consumption-investment problem in a financial market with various

regimes. The solution includes the explicit solutions of systems of nonlinear
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ordinary differential equations. We also give an economic analysis of our solu-
tions by combining our mathematical results with the results presented in the
empirical finance literature. We conclude that every investor should optimally
invest a higher proportion of his/her wealth in the risky asset during a bull
market (a market in economic growth) than during a bear market (a market in
economic recession). The level of risk aversion of the investor does not affect
our result. Conversely, the qualitative behaviour of the optimal consumption
to wealth ratio depends on both the regime of the market and the investor’s
level of risk aversion. Our analysis shows that: i) investors with high risk
tolerance have a greater consumption to wealth ratio in a bear market than
in a bull market; ii) investors with moderate risk tolerance present an optimal
consumption to wealth ratio indifferent to the regimes of the market; and iii)
investors with low risk tolerance prefer to consume proportionally more in a
bull market than in a bear market.

We also apply the techniques for classical stochastic control with regime
switching to solve analytically a dividend payment problem for a company
whose cash reservoir is affected by macroeconomic conditions which generate
periods of economic growth and periods of economic recession. In this prob-
lem, the objective of the company’s management is to maximize the expected
discounted cumulative amount of dividends paid out to the shareholders, un-
der the assumption of using bounded dividend rates. Our result shows that
the optimal dividend policy depends strongly on the regime of the economy.
Indeed, to pay optimal dividends, the company needs to consider first which
regime the economy is in, and then verify that the level of cash reservoir is
larger than or equal to a certain threshold that is regime-dependent.

Afterwards, we formulate a similar dividend payment problem, but under
the assumption that the dividend rates are no longer bounded. The solution

requires the use of the generalized techniques for singular stochastic control
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with regime switching. As with the bounded assumption, our results show
that the optimal dividend policy also varies strongly with the macroeconomic
conditions. However, under this formulation the optimal dividend payments
are not given at a constant rate, but rather consist of the excess of cash
reservoir that is distributed at the time the level of the cash reservoir is larger
than or equal to a regime-dependent threshold. In order to follow the optimal
dividend policy, the company again needs to consider if the economy is in a
growth or recession period before opting for the payment of dividends.

We present a final application of the theory of stochastic control with
regime switching by studying a third type of dividend payment problem. A
company whose cash reservoir is affected by business cycles (generated by
macroeconomic conditions) is considered and the analytical solution of the op-
timal dividend problem with dividend taxes and a fixed cost associated with
each dividend payment is given. The solution uses the techniques of stochastic
impulse control with regime switching that are also developed in this thesis.
As far as we know, this is the first analytical solution to a problem of stochas-
tic impulse control with regime switching. Furthermore, to the best of our
knowledge, this is the first problem of that type in the Mathematical Finance
literature. Our solution shows that the optimal size and times of the dividend
payments vary according to the business cycles. An analysis of our results
also shows how the model parameters affect the optimal size of the dividend
payments, and that the size of the optimal dividend payout increases with the
dividend taxes in every regime of the economy.

We find a similar interesting result in the three problems of optimal div-
idend policy that are presented in this thesis. Particularly, optimal dividend
payments can occur because of an increase in the level of the cash reservoir (as
expected), but optimal dividend payments can also occur due only to changes

in the regime of the economy. This last situation happens when the level of
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the cash reservoir falls in between the two regime-dependent thresholds (that
are obtained in the solution of the problems) and the regime of the economy
changes from economic growth to economic recession.

As mentioned in the Introduction, the three problems of optimal dividend
policy that are studied in this thesis are the only mathematical models in
the literature that allow the cash reservoir of the company (and hence their
dividend policies) to depend on the regime of the economy. The fact that we
propose the use of regime switching models for modeling the dynamics of a
company’s cash reservoir process is just one of the many significant contribu-

tions of this thesis.
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Appendix A

It0’s formula for Markov

modulated processes

For each i € S, consider the stochastic process 6(z) = {0:(7),t > 0} defined by
04(2) := Ife,—iy for every ¢ € [0, 00). Then,

i) = w0+ [ (N6 + T asd)ds + i

JES\{s}

(A.1) = 9p(t) —|—/0 Q6,(-)(7) ds + mi,

where m' = {m!,t > 0} is a square integrable martingale with m{ = 0 P-a.s.
(see Bjork (1980), and for further reference see Buffington and Elliott (2002),
and Elliott and Swishchuk (2004)).

Theorem A.l. Let X = {X;,t > 0} be a Markov modulated process that

follows the stochastic differential equation
(A.2) dXy = plt,e,w)dt + o(t, &, w) dWy,

where p: [0,00) xSxQ — RM and ¢ : [0,00) x Sx Q — RM*N_ Here W is a
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N-dimensional standard Brownian motion. Let ¢(-,-,i) € C*?([0,00) x RM)
be a real function for every 1 € S. Define Y; := o(t, X;,¢;). Then, Y is also a
Markov modulated process and

dY, = @u(t, Xe, &) dt + p(t, e, w)T0s(t, Xy, €) dt
+ —;— (00T)(t, €, w) ® 0oi(t, Xy, €) dt
+ Soa:(ta Xta Et)TU(tv €ts w) th + Q QO(t, Xta ')(et) dt + de?

where the process M¥ = {MY,t > 0} is a square integrable martingale with
M = 0 P-a.s., when ©(-,-,1), ¢ € S, is bounded.

Proof. First of all, we note that

Y, = o(t, Xy, €0) = Z@tXt, 8¢ (4).
€S

Using the product rule for each a;(i) := @(t, X4, 1) - 8:(7), ¢ € S, applying
the 1t6’s formula to ¢(t, X3, 1), and using (A.1) and (A.2), we obtain

dat(l) = 5t(l) d‘P(t, Xt7 Z) + (‘D(t, Xta 7’) d(st(l) + d<<10(9 Xa Z)? 6. (Z) >t
1
= (St(l) ((Pt(t, Xt, Z) dt ~+ Qp:z(t, Xt, Z)TdXt + 5 @mm(t, Xta Z) ® d<X>t)
Qp(ta Xt7 Z) d(st(l) + Som(tﬂ Xta /”)Td <X’ 5(Z)>t

== 5t(l) (Pt(ta Xt7 Z) dt + 575(2) ,M(t, €t w)TQDI(t7 Xta Z) dt
+ (5t(l) (P:v(t, Xt7 i)TU(ta €t w) dVVt
+ % 5.(6) e (t, X, ) @ (0307 (t, €, ) dt

(A-3) +o(t, X1,1) Q () (5) dt + (t, X, 1) dmy + 0.

191



Thus,

dY, = Y day(i))

€S

(A.4)

We note that

25t (Pt t Xt7 dt+ Zét t 6t7 QDz(t Xt7 )dt
1€S €S

+38(4) @alt, Xey i) ot €, w) AW,

€S
+ — Zét t y €y W ) .@zz(t,Xt,i) dt
zES
+ ) ot X0, 8) QS () (6 dt + ) o(t, X, 1) dm
€S 1€S

(Pt(t, Xt7 Et) dt + /.L(t, €4, (JJ)T(P:E(t, Xt) Et) dt

+ = (00T)(t, &, w) ® Pua(t, Xy, &) dt

N =

+0a(t, Xey @) o (t, €, w) AW, + D o(t, Xy, 1) Q 6,(+)(4) dt
€S

+ " o(t, Xy, i) dmi.

€S

Dot X)) QE(VE) dt = D olt, Xey1) D iy () dt

i€S

i€s =

= Z Z qi; QO(t, Xt, Z) 67:(_]) dt
€S jES

= 35" gt X, 1) b1(5)
JES €S

- Z Qeceyi P(t, Xy, ) dt
€S

= Q (P(ta Xta ')(Gt) dt.
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Let us define the stochastic process M¥ = {M/,t > 0} by

t
(A.6) MF = / S (s, X, i) ds
0

icS
for every t € [0, 00). We note that M¥ is a square integrable martingale when
o(+, %), ¢ € S, is bounded. Then, using (A.5) and (A.6) in (A.4), we finally
obtain
dY; = (pt(ta Xt7 et) dt + iu’(ty €ty w)T(pl‘(ta Xt7 6t) dt
1
+ 5 (a0)(t, €4, w) ® ua(t, X, ) dt

+@a(t, X, €) 0 (t, €, w) AWy + Q o(t, Xi, ) (€s) dt + dMY.
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Appendix B

B.1 Proof of Lemma 3.1

It is easy to see that A;=0,i €8, is a trivial solution of the system, because
1 — @ and —a are both positive constants. However, we are interested in
proving the existence and uniqueness of the solution described in this Lemma.
To facilitate the presentation, we will prove this Lemma for the case S = 2.

We will consider first the case 7, — Ay > 12 — A2. Let us define

P -«
a m— A1
and
) o (771 + 2+ /(m —m)?+ 4)\1>\2)
Fg 1= — ,
: 2(mne — AiA2)
and consider the interval (Z, +00), where £ := max {Z;,Z,}. Consider also
the relation
(B.1)
1—
y = y(z) = I"V% rl-o — S/\_lalx—a = 7 XII (mz—(1—-a))ze,
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on its domain z € ((1 — a)/m,+o0). We note that for a given z > (1 —
a)/n, relation (B.1) defines a unique value for y > 0. We also note that
y < (“%/m/M\)z whenever z > (1 — a)/m. Define the function f : ((1 —
a)/n, +o00) — R by

f@) == (mm— M)z ™ = (1—a) ™ = M (1 — )y~

where y = y(z) > 0 is given by (B.1). We observe that to find a zero of f
restricted to (B.1) is equivalent to find a solution for the system of equations
(3.25) when S = 2.

We note that f is strictly increasing in (Z,+00). Indeed, y(%;) = (1 —
a)/(m — A1), and y > = when = > #;. Then, if z > Z,

f'(z)

l—«

—a-—1 l

= (mm—MA)r " +anpz ' +a(mr+a)z
> (mm— M) 2™ +Fanr ™+ a(mr + a)z™> 2

= {(mm—MA)*+a(m+m)z+a’}z72

We remember that 7; > A; > 0 and 172 > Ay > 0. Thus, Z; is a zero for
g(z) == (mm2 — MA2) 22 + a(m + m2) = + o2, such that g(z) > 0 for every
x > Zo. Hence, f'(z) > 0 for every = € (&, +00).

We also note that f(z) > (mne—Ahe) 20— (1—a) (A oo/ =) =
for every x € ((1 — &)/m,+00). Since m; > A1 > 0 and 72 > Ao > 0, we have
f(z) — +o0 when z — +o0.

Now, we are going to consider two cases: £ = Z; and x = Z,. When Z = 7,

we have that y(Z) = Z;, and hence

&) = f(@1) = —Mln—m— M+ X)(1—a)7%/(m— M) <0,
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Applying the Intermediate Value Theorem, we get that there exists zy €
(&,400) such that f(zg) = 0. Also, the corresponding yo = y(zo) given
by (B.1) is in ((1 — a)/(m — A1), +o0), because y > = when =z > & =
(1—a)/(m — A1). That is, there exists a real solution (g, yo) for the system of
equations (3.25) such that zo > Z = (1—a)/(m—XA1) and yo > (1—a)/(m—A1).
This solution is unique in (#,+00) as f is strictly increasing in (Z, +00). We
consider now the case 7 = #;. When & = %, and f(Z2) < 0, the result is
exactly the same as the one above. When % = %, and f(%;) > 0, there is still
a positive solution zy € (%1, Z2] and no other solution in (%, +00).

This proves that if n; — A; > 172 — Ag, then there exists a unique solution
(A1, As) for the system of equations (3.25) such that A; > (1 —)/(m — A1)
and A, > (1 —a)/(m — M).

If m — A1 = m2 — Ao, we define %y, Z2, vy : ((1 — @)/m,+00) — R and
f:((1—-a)/m,+00) — R as it was done above for the case 73 — Ay > 12 — Aq.
Note that now 71 — 172 = Ay — A, 1 + A2 = m2 + A1 and 77 > A; > 0. Thus,

a (771 + 72 4+ /(A1 — A2)2 + 4)\1)\2)
T 2(m(me + M) = M+ X))

_amtmthth)
2(771 — A1) (2 + A1)

(8 (2772 + 2)\1)
2(m — A)(m2 + A1)

_ o

- ——771—>\1

< l_a - il.
m— A

Following the analysis done for the case 7, — Ay > m2 — Ao, it is easy to verify
that f is strictly increasing in (#;,+00) and also f(%;) = 0. This implies

that 1 = (1 — @)/(m — A1) is the only zero for f in [(1 —a)/(m — A1), +00).
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Also, y(#1) = (1 —a)/(m — M) = (1 —a)/(m2 — A2). Hence, there exists a
unique solution (A;, A;) for the system of equations (3.25) such that A =
(1—a)/(m— M) and Ay = (1 —a)/(m — M)

Similarly, it can be proved that if 71 — A\; < 72 — A2, then there exists a

unique solution (Al,fig) for the system of equations (3.25) such that A >
(1—a)/(n — X) and Az > (1 — a)/(1s — Aa). O

B.2 Proof of Lemma 3.2

To facilitate the presentation, we will prove this Lemma for the case S = 2.

Consider the relation

(B.2) Myt = gt — ( = 7% (mr— (1 —a))

for x € ((1 — a)/m, +oc). We observe that z > (1 — @)/ implies that the
right-hand-side of (B.2) is positive. Thus, the relation (B.2) defines a unique
y € (0,00).
For z € ((1 — a@)/m,+00), we define the function f by
(1-a) M({1-a)

= )t = -
f(x) = (mny 1A2) T s R

where y is given in terms of x by (B.2). We note that to find a zero for
[ restricted to (B.2) is equivalent to find a solution for system (3.28) when
S =2

We observe from (B.2) that when z — (1 — a)/n;, y1™* — 0. Hence,
f(z) = —oo when z — (1 — @)/m. Moreover, when z — +o0, y'™* — +o00
and, hence, f(z) — +oo. Thus, applying the Intermediate Value Theorem,
there exists zo € ((1 — a)/m, +00) such that f(xg) = 0. Also, the correspon-
dent yo = y(xo) given by (B.2) is in (0, +00). In addition, yo > (1 — a)/n2,
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because
F(zo) = Mlmyo — (1 — @) /4§ — MAezg > =0

leads to mys — (1 — @) = Xoxy %y > 0. That is, there exists a real solution
(x0,yo) for the system of equations (3.28) such that zo > (1 — a)/n and
Yo > (1 — a)/me. Moreover, it is also possible to prove that this solution is

unique in such region. In fact,

flz) = G /\;22)(1 ) T O;(llﬂ 9 4 a(ly %) (% + xia) :
Since mne — A1A2 > 0, we have that f'(z) > 0 for every z € ((1 — a)/m, +00).
Then, the function f is strictly increasing and has only one zero in ((1 —
a)/m,+o0). Therefore, the pair (zo,yo) is the unique real solution for the
system of equations (3.28), such that o > (1 — a)/m and yo > (1 — @) /.

In the general case where S > 2, we define f: ((1 — a)/m1,+o0) — Rin a

similar way. In fact,

S-1
fl@) =27 —p(l-—a)z™ = Y pe(l—a) ;"
k=1
where p and pg, k= 1,...,5 — 1 are factors given by the market parameters

¢j, t,J € S, and n;, i € S, and obtained from the system of equations (3.28).
We can see that in this case f will depend not only on  and y but on = and
other § — 1 variables yx, k = 1,...,S — 1, that are actually dependent on
z themselves, as they satisfy the system of equations (3.28). In fact, these
dependencies are unique. The function f in that way defined will be strictly
increasing in ((1 — &)/m, +00) and such that f(z) - —c0c as z — (1 — ) /m

and f(z) — 400 as £ — +oo. Hence, similar arguments to the case S = 2

apply. O
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B.3 Proof of Lemma 3.3
Bye equaling the right sides of (3.31), we obtain

L g B
772A2 = 771141-‘<2/\1—‘2/\2 .

Recall that condition (3.21) must be satisfied for this case, so n; > 1 for every

i = 1,2. Then, replacing A, in the original equations, we get that

2 2 2 4
mﬁ%—(ﬂl ﬂz )Al _ H%A%_ﬂlnlfil_'_ﬂl

M2 2112 B 2M17m2 A1 ﬁ%_
That is,
n 2 83 53 ﬂfm) - Bt
M (1 Z ) A2 — - - A-P — o
72 (1= mm) Ay (2/\1772 2A17m2 A1 Y

We note then that A; satisfies an equation of the form aA? + bA; +c = 0

where b? — 4ac > 0. Indeed,

(5~ 8 B

oo e, 0

¥ —4ac =

Moreover, A; > 0, as (A, A43)'/? > 0 implies that m A; — 1/282/X; > 0.
The same analysis can be done for A, to obtain, as well, a unique positive

solution for (3.31). O
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Appendix C

C.1 Proof of Lemma 6.1

First of all we will prove for X := X?Z that

(Cl) E‘E’i [/0v B_JSU,(XMES) I{XsEC(es)} dZs] = 0.

Since v(-, 1), 2 = 1, 2, is a nondecreasing function in z and Z is a nondecreasing

process, it is enough to prove that

Ea:,i [/ e—‘ss’U'(Xs,fs)I{XSEC(es)}dZs] < 0.
0

Let M € (0, 00) be such that for every s € [0,7]: 0 < v'(X,,¢,) < M. Then,

since Z = ZV satisfies (¢47) in Definition 6.2,

E:z:,'i I:/ 6—53’!}'(Xs,fs)I{XseC(es)}dZs] < M'Ez,i[/ I{Xsec(es)}dzs] < 0.
0 0

This proves (C.1). Now, let us denote by B(i) := B(C(¢)), the border of the
continuation region C(i), ¢ = 1,2. We note that (7) in Definition 6.2 holds
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and X; € C(e;) U B(e;) for every t € [0, 00). Then,

E.; [/ e”‘ssv'(Xs,es) dZS] = FEgp; [/ e"‘ssv'(Xs,es)I{XSGB(es)}dZS]
0 0

+ E,; [ / e"ssv’(Xs,es)f{xseC(esndZs]-
0

Moreover, v'(z,) = 1 for every z € B(i), i = 1,2. Hence, from (C.1) and the

above equation, we get

(C.2)
Ezﬂ- {/e”SSUI(Xs,ES) dZs] = Ezﬂ; [/e"“l{xseg(es)}dZs] < By [/e‘“d&].
0 0 0

Furthermore, from (i7) and (4¢) in Definition 6.2, we have
E:c,i {/e_ésf{xseg(es)}dzs} = E:c,i /6_6stS _'E:v,i [/e_ésI{Xse(,'(es)}dZsjl
0 L Jo 1 0

~ T -‘ T
4 /e"‘ssts "'E:c,i [/ I{XSEC(GS)}dZS}
| Jo - 0

[ T h
(C.3) = E.q| / ez, |
0

N,
&

Thus, from (C.2) and (C.3),

(04) E:c,i [/B—SSUI(XS,ES) dZs:| = E:c,i [/6~6stsj| .
0

0

Furthermore, following Asmussen and Taksar (1997)-section 3— we have

E.; [/ e“ssv'(Xs,es) dZsc] — B,

0

> e WXk, ) — (X, es)):l

0<s<T,5€A

(C.5) = E. [ / ' e %' (X, €5) dZs] .

0

The Lemma then follows from (C.4)-(C.5).
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