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In thls}thes1s. novel numerlcal methods are dev1Sed forf;}
ranalyz1ng mlcrowave 1ntegrated CIrcultS.: A rev1ew of current
'methods shows a need for new methods that are efflclent and | ”

: _-ye{t flexlble to handle varlous types of mlcrostrlp structures.,.. e

”'Mlcrostrlp llnes 1n the qua31-TEM (transverse electroqggnetlc) s

,;‘reglme are analyzed by the boundary element methodf(BEM) The ;;_:

ts is comparable to other methods :

'accuracy of\the obtalned re f;

. ” g v - —— o

 but the requlred computer spa:e/tlme is decreased s1gn1ficant1y

"mlcrostrlp 11nes) A néw method is deve10ped for analyzrhg .
“mlcrostrlp llnes,,whlch can be con81dered as a generallzatlon,thdé
of Green '8 functlons. A dIosed-f~§m solatlon for the charac-,'
terlstlc 1mpedance of mlcrostrlp llnes 1s obtalned wh1ch o ‘Yy?:i

_exhlblts reasonable accuracy (typlcally 5%2 An exact

-

A potentlal functlon isi§equ1red rather than the customary »
vchorce of two potentlal functions. Thfs reduct1on in the

number of varlablés is accompanie;\\by generallzlng the dEVel-
oped numerlcal method- -the domaln of lntegratlon 1n the 1ntegra1d
’equatlon 1s the dlelectrlc air 1nterface (DAI) The numerlcal
results ‘are in good agreement with other methods. whlle a

relatlvelv small matrlx s1ze\Is\needeg for computation (of the

order of 8x8). In order to generallze thls method for analv21ng d :

.mlcrostrlp resonators. the method 1s modlfled so that the domaln ’

iy



ffof 1ntegratlon‘xs the area along the strlps.; As an example.f
5fa rectangular mlcrostrlp resonator is analy.ed.u The accuracy;:?
ifof thls meth%d is good at high frequenciee;.but decreases as;jft
ﬁ}frequency decreases. This method results 1n small matrlx b

_fslzeq (e g.l*uﬁx u). shows reasonable accuracy wmthln a

- . s -
};speclfled frequency range. and 1s shown to be flex1ble S1nee ‘“-

f;it can be used to analyze mlcrostrlp llnes as well as m1cro~-
‘ _.‘,.,1 SR

,fstrlp resonators. . --‘~¢ﬂ R

\x
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B L TP )
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Element Method); R is assumed to"'
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_ A :
"I, HISTORICAL REVIEW OF NUMERICAL

. METHODS APPLIED To MICROSTRIPS

A, Introduction |
‘ Microstrips are’ microwave c1rcu1ts which are constructed
by printed circuit techniques. Prior to- the‘development of
printed circuit technology. structures formed of conducting
surfaces of various configuratlons were’ used as electromagnetic

waveguides.. Microstrip circuits “have been favoured over :

. waveguide technology for many applications. due to their low -
 cost and compactness. Also. microstrips are of 1nterest since,
| in principle. the same microstrip circuit can be used'for a
very broad frequency range. . Extensive research has been
carried out on microstrip structures. Durfng the decade
spanning the years 1945 to 1955, this field of research grew
80 rapidly that a special issue of the IRE Transactions on
y Microwave Theory and Techniques was totally devoted to- this

: field [1]

The ba81c microstrip structure consists of a dielectric N
sheet. called the'substrate, which is bounded by a ground plane
)}'on one side and by a thin, metallic circuit on the other side.
The geometry of this circuit determines the electromagnetic
properties of the microstrip structure. Significant circuit
size reduction can be accomplished by using an appropriate
dielectric material; the relative dielectric constant of sub-

strates is typically about 10,

At the heart of many complicated microstrip Circuits

lie three basic microstrip structures, namely. lines. coupled
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Sflnes .and resonaﬁ;;s. as shown 1n Flg. 1- 1.~ These structures_
are analyzed numerically in this the81s. ’ o | ' _

Microetrip lines (Fig. 1- la) are the "second generation" -
‘of printed transmlssion lines. The original %ersion. called

"stripline”, was introduced in 1949, [2] A stripline is

__si\i\}ar to a microstrip lix‘ except that it has an additional |
dielectric and ground plane above the strip conductor.¢ Strip-‘
llnes are no longer commonly used, since they are’harder to
manufacture than microstrip lines. . * |

A microstrip line (Fig. 1- la) is assumed to extend to
1nf1nlty in the- z-direction (i.e., the dlrectlon of propaga-

_tlon of the electromagnetlc waves) In practlce. ‘the micro-

strip llne exhlblt‘f

2 characterlstlc 1mpedance.Z th.ch is
used to termlnate the line, In this way. the reflectlon of
electromagnetlc waves is av01ded. “Thus, a line of finite'

length can be treated in the same way as one that is in-
finitely long. |

Mlcrostrlp lines are normally placed 1n a grounded
metalllc box hav1ng dlmen81ons whlch are usually con31derably

rlarger than the line width; the resultlng structure is called x\ i

- a shielded m1crostr1p llne (Edg. 1- lb) By shleldlng a mlcro—

strlp llne. electromagnetlc 1nterference Problems can be
avoided. The effect of these shléldlng walls on the propertles‘ N
of mlcrostrlp lines is usually negllglble._. v'*,', v""“_

A coupled mlcrostrlp line con31sts ofba pair of- closely | .¢~

spaced parallel metalllc strlpe bonded to the dielectric
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coupled microstrip liné; _
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substrate at .the y=h plane (Flg. l lc) The ground plane lies
'von the opp081te~81de of the substrate. “With two conducting |
strips and a ground plane), the structure has two 1ndependent
modes of propagatlon. | | |
Mlcrostrip resonators (Flg. -ld) con51st of a metalllzed
area in the y=h plane (rectangular,?clrcular, elliptical or .
‘trlangular shapes are commonly used): the dlmen81ons of: thls
_metalllzed area -are usually of the order of a wavelength at
'the frequency at whlch the-resonator resonates.
Advances 1n semiconductor technology have .created an
'-interest 1n the 1ntegratlon of mlcrowave 01rcu1ts |
-Monolithic mlcrowave 1ntegrated circuits are active CerUltS
operatlng at microwave frequen01es 1n whlch the solld state
dev1ces and the microwave clrcult have been 1ntegrated. .
In recent years, the terms "strlpllne" mlcrostrlpf and
"microwave 1ntegrated circuits” have'come to be used'inter-
‘ changeably. However, the term "monollthlc mlorowave 1ntegrated
: c1rcu1ts" refers only to the actlve circuit descrlbed above.
In this thesis, only mlcrostrlp _8tructures are analyzed
(i.e., mlcrostrip llnes. coupled_llnes and m1crostr1p

resonators);

%

Rapid: advances in mlcrostrlp technology have stlmulated
bmuch theoretlcal research; an 1mportant goal of thls fleld
‘1s the oomputer—alded de81gn of mlcrostrlps. The maln'v
x.ob]ectlve of thls the81s is to- develop Computer algorithms
:whlch may eventually lead to the analy81s of a w1de varxety

. C\"



T of microstrip structures. The basic concepts underlylng the

".dlfferent theoretlcal methods used to analyze these structuresﬁf

~ are presented.‘ These methods are 1mportant for- the ‘design
of microstrips. It is hoped that these theoretical methods
w1ll 1ead to the computer-alded design of mlcrostrlps.,

g' In’ order to analyze mlcrostrip lines. the type of

electromagnetlc waves whlch propagate 1n the lines must flrst M'l

be determlned.. A mlcrostrlp llne resembles a two conductor
transm1381on 11ne and thus, at first it may appear that the

‘ structure supports TEM (transverse electromagnetlc) waves.,

-~ However, this" 1s true only if the’ relatlve dielectric constant
vof the dlelectrlc substrate, C; tends to unity. Otherwise,
the llne cannot support TEM waves, since the phase velocity

' of the waves in the substrate w1ll be different from that in
~the air. When the operating frequency approaches zero, the
electromagnetlc flelds approach a TEM conflguratlon (even when
Ewl), whlch is referred to as the quas; TEM regime [ ]

- The mlcrostrlp can be assumed to be in the quasi-TEM reglmeh
when the wavelength of the propagatlng waves ig larger than
the mlcrostrlp llne w1dth and the substrate helght [3]

In the quas1—TEM reglme. the parameters of a mlcrostrlp
llne can be calculated with the 31mp11fy1ng assymption. that
the propagating waves in the mlcrostrlp line are TEM Coupled_
'mlcrostrlp llnes can be treated simllarly. Qua31—TEM methods
are useful not only as a flrst step towards the exact analysls
of microstrips, but also as englneerlng deslgn alds.; For

example, a.SQn.mlcriEtr;pAllnercan be treated AE a_TEM llne-



_up to approxlmately 10 GHz.. Thus. several qua -TEM methods' ,
:whlch are frequently used are explalned brlefljlln thls chapter.‘;'

V Wlth the contlnulng advances of semlconductor technology, |
mlcrostrlps are belng deslgned for operatlon at ever hlgher
frequen01es. ‘where the- qua31 TEM approxlmatron may not be
'?Justlfled. An exact analy81s of mlcrostrlps thus becomes
: necessary* Moreover, quasl ~-TEM approxlmatlons can be usedg
only for some resonator shapes, such as rectangular resonators.
In this chapter, some mathematlcal procedures thCh have been
applled to date to the analy81s oflmlcrowave 1ntegrated clr-\_
cuits (Flg. 1- l). are dlscussed.' The merlts of each method N
(e.g., the accuracy of the results and the computer space A
and tlme requirements) are also dlscussed whenever such data '
have been given 1n the orlglnal papers. However. it is neces-
sary to empha31ze that some of the methods are more analyiical
,1n nature and that the time spent 1n formulatlng them ‘may over-?'
-shadow con31deratlons of the flnal matrix s1ze and computer
efflclency. ‘Such analytlcal methods are 1mportant i# they
-can be generallzed to a w1de variety of mlcrostrlp strdctures.q?
'Thus, a number of methods used by englneers are explalned in “
thls chapter and the p0381b111ty of genera11z1ng them to ‘more
compllcated problems is also dlscussed. '

:f Other aspects of,mlcrostrlps. ‘which deal with hlgher
order modes; radlatlon from sharp edges. mlcrostrip loss.4

surface waves. and box resonances are not . 1ncluded-4n thls work.

The basic concepts necessary to formulate and analyze



.mlcrostrlps are dlscussed flrst.ﬁ Next the mathematlcal

‘ gpethods applled by others to mlcrostrlps are summarlzed. S
The mpthods are class1f1ed and dlscussed accordlng to the1r .
appllcatlon to mlcrostrlp llnes. cdupled lines and resonators.
These methods are quite dlverse and few of them cannbe

- used to analyze all the mlcrostrip structures shown 1n.
LFlg.11~l.-<m= ‘

Sec. B, t;tled "Mlcrostrlp Llnes",'ls based on the work

LA

"done bf Mlttra and Itoh [2] A modlfled dlscusslon 1s ‘presented, -

E??

whlch 1ncludes more recent publlcatlons. The approach has . b
robeen to av01d mathematlcal détall, whlle, at the same tlme,

-to glve a sufflclently comprehens1ve rev1ew of each method

, to communlcate ‘its essence. Some quas1-TEM methods are
vpresented flrst. Next, aT sem1 emplrlcal model is explalned

:WhlcQ descrlbes the frequency behav1or of mlcrostrlp llnes..w

b

L +

"Subsequently. the works of other researchers deallng w1th the
exact analy81s of mlcrostrlp llnes are presented. " B
Sec. C (Coupled Mlcrostrlp L1nes) is s1m11arly a modlfl-.
“,catlon of the work of Welss [4] together with the. rev1ew ' 14f”
- of several works publlshed in‘recent years. ) ‘i, 4
f;f- In Sec. D (Mlcrostrlp Resonators). some approxlmate ‘i
Nmethods for evaluatlng the resonant frequencles of‘mlcrostrlp
.resonators are. explalned. - Such approxlmate methods are'_ _
,1appllcable to s1mple resonator geometrles,'such as rectangular-.
'1clrcular-, or rlng—resonators. ,Subsequently.#other'exact

- I

a.formulatlons are rev;ewed.

DR, : : o N
k v e
s . L

RE Sec. E (Rev1ew Conclu81ons) compares the methods dlscussed

3 .



11n thls chapter.. It 1s argued that methods 1nvolv1ng
'f-<1ntegral equatlons are better sulted for analy21ng mlcro-
‘strlps than other methods. Furthermore. thls sectlon 1ntro—

duces the. methods that -are developed 1n thls thes1s.~

',.

B. Microstrip: Llne .
| , an31-TEM Analysis
oo Prellmlnarx Dlscu351on

For 81nu801dal tlme varlatlons. the electrlc and ‘
magnetic fleld components of the waves propagatlng in
lecrostrlp llnes must satlsfy the steady-state Maxwell s :

wequatlons

. | V*ﬁ"i«#ﬁ o ".(1-1a)~*“
o —\\‘\"f‘vxﬁqug;‘x‘.. R ¢ 1
, v Ee, R ¢ 5 PO
2 L(1-14)
where S

'is’theVelectric field intensity,

Sy

is the magnetlc fleld 1nten31ty.
B is the magnetlc permeablllty of free space.:
G_is the dlelectrlc constant of free space,
& is“the relatlve dielectric constant;

{l in a1r,-7"
K-_

€ 'in dielectric ,

- L y
. . . . oL . . et . e . . . '
P R T a=2nt R L L ‘
. , " .



cad

wherewf‘is'the freqdency.jf*‘ —

‘ In the analysls of mlcrostrlp llnes. 1t is assumed
that the lines are lossless and infinitely long. Con-
'sequently. ‘the fields travelllng along the positive z- axis
are, ‘assumed-to vary as exp( jpz) p is .called the propa-
gatlon constant in the z-dlrectlon. Eqs. l together
,w1th the assumptlon that the flelds vary as exp(- Jpz)

‘1n the z-dlrectlon, result in Helmholtz s equatlon for

E and ﬁ'ln the. m1crostrlp llne cross sectlon (1.e.,

the x-y-Plang), o . : v
VIEH e E-0, . (1-2a)
and ,{jx,»" L e ‘. |
\;“.;ff | ‘4’1'-13'(&1:'-'-@')}7-0, o _ (1_.2b),‘
where | T : e :
| zt?‘s(z/ax)z; (z/a)'f)f o o © (1-2¢)
T kezrf/e, Y (1-24)

and ¢ 1s the speed of llght in free space.
Mlcrostrlp llnes can be fully analyzed by solv1ng
Eqs. 1-2, subJect to the boundary and contlnulty con=-
: dltlons for B and H. However, it has been customary
. to solve Helmholtz s equatlon for two- properly chosen
potentlal functlons and to obtaln the fleld components

from these potentlal functaons. *thsﬂapproachow1ll be§a°r S e

S Ve

_ more fully explained in the sectlon “Exact Analy31s T
. --—‘. e o T -l e e - . : ‘. -"—"'-;'-.‘"_
of Mlcrostrip anes" Cp 20)’ '»;~ LT T ¢~~.»~. -

e e L

In thls sectlon. the s1mpler case of the qua31-TEM

reglme lS studied When, le the lowest order solutlon ~:;f"
N



' equatlon in the ‘cross sectlon

where

9

of Eqs; 1-2 is of the TEM form [2] ana [4], witn o=k.

It is then poss1ble to obtaln the field components

from a potentlal functlon whlch satlsfles Laplace s

vip( x, y) =0. - (1- 26)
where pls the‘electrlcal potentlal distribution in g
the mlcrostrlp cross\sectlgpp
When c ¢ 1, the fields approach a TEM conflguratlon
for lower frequenc1es [2] ThlS assumptlon, as explained

above, 1s only valid when f and thus k is ‘small, since

for ¢&,¢ 1 » =k only as" k-bO.

. In order to descrlbe the boundary condltlons

1mposed on ¢, two deflnltlons are 1ntroduced: DAI

~.connotes the dlelectrlc air 1nterface at .the. y-h

plane in Fig. 1- 1. and MIC refers to the metalllc

portlons of the mlcrowave 1ntegrated clrcults at the.

“y=h plane (Flg. 1- l) These acronyms w1ll be used
| throughout the thesis. | S

The boundary conditions imposed on’ ¢Kx y) are
as follows (Flg. ‘1-1la)s " o S
. _.iAjﬁ ¢(1.0)=0 sp;phﬂ., ,_;:< (1,335 -
: (2-h0-v volts -on:- the—MIG ;" (1 3b)
The contlnulty of‘the displacement vector—at the-DAI )

1mp11es

10

& 9"¢'('3tv,f-h")/a"y"éfésb"('k}h*')/a"y", T @e3e)



h=Lim y | - |
y~h - e o - (1=3d)
y<h- , S '
and .
B=Lim y

yh c | (1-3e)
" ¥y>h '

‘Fnrfhermore} the strip thickness, t, of Fig. 1-la
and 1b is usually §s$umed‘to be negligﬁble{. With
this assuhption, the'froe electrohs in the~strip oan.
be regarded as a surface charge léyer P(x); therefore
¢:29(x, 1) /3y 9¢(x. 1*) /0y =0(x) /2. (1-31)
The electrlc fleld dlstrlbutlon at a olcrostrlp
line cross section is 1llustrated 1n'F1g. 1-2.
Flg. l 2a shows the’ fleld dlstrlbutlon for the case
(g2t e '
' When _ Le#1, due to the boundary condition of
Eq. 1-3c, the electric field lines refract at the

- DAI (Fig. 1-2b).

At thls po;nt the parameters used to characterlze_

‘11

mlcrostrlp'llnes are 1ntroduced [2] The capacitance. cC,-

per unit length.of the line is derined as

“ EE

- where V/\\s the’ potentlg.l on the s‘trlp (Eq. 1- 3b) and
Q is’ the total charge on the strlp glven by

Q!ﬁ«np(!)dx- C (1)

When ¢&.=1, the capacitance per unit length is denoted
by C;.',The,characteristic impedanoe of a microstrip

-
D B

'C§Q/Yujyﬂ_v,o,‘ ) ;;u, (1 4a) .



—>
x
dielectric
—>
x

- Fig. 1-2  Sketch of the electric &ield configuration at
a microstrip line 'cros.s section |

(a) the ‘case 6,-=1':
(b) the case C#1; the electric field 11nes refract
' at the DAI (dielectric air interface)

127,
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Iline with &=1 is defined as

IR

. Z~1/(cC). (1-ke)
JFor the ca§e C,.#l. the characterlstlc 1mpedance 1s
z-z.(C./C) LI s ba)

The propagation . constant along}the z~axis is
related to the wavenumber, k, as follows - .
| o B=k(c/cyr ’ (1- Ll»e)
The factor (C/C ) is called the effective dlelectrlc
constant and is denoted by 5.. 'I'htrs. | .
p -\[,k, o (1-4)
The physical meaning of ¢&,, is as- follows:
Assume that the dielectric substrate of Flgs. l la,
b, or ¢ ‘is removed and the whole reg:.on around the con-
~ductors is fllled w1th a dlelectrlc mater1a1 w1th a
relative dielectric constant equal to &g, then Z
and p w111 still be given by Egs. 1-4, However. o
is frequency dependentv-. ~In the qua31-TEM approxlmatlon,
the value of Eeat zero frequency is obtalned
Summarizing, in the qua51 -TEM method the Laplace
equation (Eq. 1- 2e) is solved for the potentlal |
dlstrlbutlon, ¥, at the mlcrostrlp llne cross sectlon.
The boundary conditions 1mposed ongare descrlbed in
‘Eqs. 1-3. The characterlstlc 1mpedance, Z, and the,
effectlve dielectric constant. &,.‘ of the line is-
calculated from (Eqs. l-l&) In the following"
sectlons. the methods used by dlfferent authors for.,

the quas1 ~TEM analysis of microstrip. lines are summa-!:%?.__&d_-;__,,
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77%axes‘. Microstrlp 11nes are classiflea 1nto ﬁhreeucafé-

o,

', solved by a’ matrlx 1nverslon. Houever; uhen.the

pU

S

Quasi”TﬁMiMEthods ”;irfﬂﬁ'ff“‘ff'Tfﬁhf o

r. .

: Wheeler l has used conformal mapplng for solv1ng ’
'the Laplace equatlon at the mlcrostrip line cross B
'section.yn.‘;'- R

The mapping traﬁ%forms the orlganal microstrip

»llne 1nto a parallel-plate structure bounded by two
% o

”f-{vertical magnetic 31de walls (1 e.; a surface .on whxch

---------

_the. normal component of E 1s zero) The DAI is mapped
Jlnto a- curved surface.} The curved DAI ig then approx1-

mated by straight lines parallel to the coordinate

L

‘-?‘gerles. acoording to their w1dthJ leferent mapplng

'vfunctlons are used for each category.

The results obtained by Wheeler [1] are exten51vely
‘used in microstrip deSigns, because of their low cost and
ease of programming. fUnfortunately.*the method cannot
he‘generalized to the exact analysis of microstrips,
sinCe conformal;mapping is_apﬁlicable to Laplace's
equation only. |
In the finite difference (relaxation) method, the
unknoWn field distribution is’quantiied.at'discrete
‘1ntersectidns of coordinate grids ¢alled the net - or

»

mesh-p01nts [5]; The potentlal function can be

_'expanded.in‘a'Taylor series about each mesh-point.

The potentials at the conductors are known. In °

this way, a matrlx equation 1s obtained whlch can be"

S om - e
. ) s . .
" : M

-

v Qe

.‘.‘.:* s f“: T, »
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number of mesh-p01nts is large. the matrlx 1nvers1on
becomes very tlme consumlng.
A superior'method which reduce%:the computer time

for flndlng the unknowns is the relaxatlon method [6]

- and [7] The relaxatlanmethod is a numerlcal algorlthm

for flndlng the unknowns by the method of successive

approxlmatlons.

' The flnlte dlfference method is easy to formulate

A

and program. The method can be ea51ly generallzed

to the exact ana1y81s of mlcrostrlps. but the final

matrlx slze 1s usually 1arge (9 f. Flniteoleference

U Method appllEd to-- the wave analy81s descrlbed on page 23 )

In ‘the varlatlonal method 1n the Fourler Transformv,

domaln [8] the strlp 1s con81dered as an 1nf1n1tely

thln layer of - charge. Thus, P01sson s equation is. ‘~ ‘ v

solved in the cross section of a mlcrostrlp line

»(Flg.~lfla) =S

V.P(x-Y)"(l/t)P(x)d(y—h) N ¢
Taking the Fourier ‘transform of "Eq. 1-5 in the

x-dlrectlon and applylng the boundary conditions ylelds ~

#(7.b) =5(7) /icl’rl[lﬂ,coth(l‘zlh)]l | (1-6)

 Eq. 1-6 leads to a varlatlonal form for the
capacltance per unit length. C,-in the Fourler domaln.

The variational method has the property of inclu—

: dlng only the charge dlstrlbutlon in the final equation.

:.Mhmhe.aceuraoy q£¢the4regu;ts.dependsaon the_assumedlﬁ

e e Tl . o - . ..

e e ———— e




T:;'such that

charge'distribution. Thelmethod does, in general,

“prov1de a lower bound to the value of the capacitance.

" The typical computer (CPU) time needed is less than 10 s

~_secs. on an IBM 7094-computer [8]

The 1ntegra1 equatlon method uses Green's functions -

-and can be’ used 1n cases where the strip thlckness_,,;
- cannot be neglected [9] and [10] Define

G(x. yrxu ’o)

G is the potentlal at (x.y) due to a. charge located at
(x., y ) Applying;the superp051tlon pr1n01ple. the

potentlal can be . expressed as

'(‘- ")"J,',,‘g'(x-rxx...y.)p(xu rod,. - 8)
‘ﬂ The potential distrlbutlon 1s known on the MIC, say

[

¢sV; Eq. 1-8 is an 1ntegral equation with unknown f.
and can be solved by. discret121ng the equatlon.' The
. typical computer time needed is 30 secs. for a resulting
:matrix sxze of 30 X 30fwu:f}5 "W"' ”,“'7"" S
The method of moments [11]”15 closely-related to

the 1ntegralvequation method. In this method,'t.
function similar to the Green's function is found for a
'very narrow but finite line. In this way, the integral,'

of Eq. 1- 8 is discretized.

- In tﬂe generallzed W1ener-Hopf method [121 and [13]
'the potential and the charge dlstributions are found by

A
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;:This'meth&diueeé‘Eq. 1-6_ohtained aboves
T~

. Taklng “the potentlal of the strlp as lV, we . can

o expresspat the Y"h plane.as R o j_

a o .
S =

¢(x.4h) =h('x-w/z) u‘(x_qf/g) — R - ﬂ;A

et

fu( x-*"'/ 2) ~u( x-"'/2) J +h( -t-'/z)“u( *-2-"/2) (1-9)

~ where u(x) is- a unit- step function and h(x) is’ the

' unknown potentlal functlon on. the DAI. Taklng the'

Fourier transform‘of Eq. l 9 w1th respect to x we
obtain = - e '. R T R

R B .t -~ -

w( 7 h) -%I -!n(w/z) /7] ‘

N +exp(r7w/2)H(7)+epo'rw/2)H(-7) . (1 10) |

5!’_where H(f) is the Fourler traﬂsform of h(x)u(x)

_ Comparlng Eqs. 1-6 and 1-10 we obtain

p('r)/{el‘rl[ 1+¢,coth([7lb) ]} =2sin(yw/2) /y . |
| «xp(nw/z>n(7)+exp(-rn/z)n(~r) ©(1-11)
Eq. 1-11 includes two unknown functions, p(f) and
H(Y), but both can be found by considering the

properties of the complex functlons 1nvolved

lfFirstly. / (f) has no,poles in the"entire complex

the MIC only. Secondly, H(f) must have all 1ts

‘31ngular1t1es in the lower ilplane. 31nce h(x) is non-

zero for x greater than wy/2 only. "H(Y) and H(-*) are

_ thus expanded 1n terms of their poles which must 001n-

cide w1th the poles of the: expr9381on 1n ‘the 1eft hand '

- Slde Of qu l ll-
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Evaluating Eg. 1 11 at the known zeros of the
left-hand s1de results in a. set of equations 1n terms B
-6t the. unknown coefilcienxs of expan81on for H(f)

'These equaticns are then transformed 1nto a much'more

18

R
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?w_rapidly bonverging set of equations.ﬁ

Sketches of the charge and potentlal distributlon ‘

| obtained by the’ W1ener—Hopf method Elz] are shown in

}Fig. 1 3.2 The method gives accurate results even for i e

very “emall matrlx equations 0~5x5), and prov1des the’

charge and the potentlal dlstributlons. However. the

-'W1ener Hopf -method 1s, in’ general difflcult to formulate o

and cannot be used as a prescription when applied to -
new problems.. The generalization of the method to

coupled mlcrostrlp lines and resonators seems very.

difficult.

e

In the mode-matching method [3] the .eross :section’

of a shlelded microstrip llne 1s div1ded ‘into several

_ equation with unknown coeff1c1ents The applica—

S vk
S

-tion of the boundary and continuity conditions yleld

the unknown coeff1c1ents. The resulting matrix size

,is large (40 x'&o”in [3]) The accuracy of the results,f

oscillates as a function of the resulting matrix size [3}

t {
/

_ rectangular regions.l In each rectangular region'the fields

o e

'i“ are. expanded-in terms 6f known sclutions of the Laplace o
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Fig. 1-3 (a) Sketch of the charge distribution on a

S migrostriplliné'(taken from [12] )3
(b) sketch of the potential _distribution at
- the y=h pldne (taken from [12] ).



Exact Analysis of Microstrip Lines

Preliminary Discussion‘~

In the preV1ous sectlon. the qua31-TEM approach
. to microstrip llnes and - the concept of cewere 1ntroduced.
'However, since the wave velocity in the dlelectrxc 1s
dlfferent from that in free space, it is impossible to :
support a TEM mode in the microstrip line} as the
frequency is 1ncreased.‘e. and consequently'z are changed.
In the exact analy51s of microstrip lines, called o
the wave analy81s. the fleld components are usually
expressed in terms of a superposition-of the TE. (transﬁ
verse electrlc) and ‘TM (transverse magnetic) fleldS.

which are, in turn. derivable from two scalar potentials

T

;d[lf*‘].,-,‘nameluy, R A

¥ and ¢® o |

PR

whlch -satisfy the Helmholtz equatlon (1 ., Eqs. 1—2)

Such that*\i . , : _t:_.‘ -
I .=1[(=k'—p')/n]v‘"(x y)exp(—mz) Lo(r-aga)

- 20

.

. E‘—Vﬁ"’etp( ~i8z) —( r-m/ﬂ) a.xvd""exp( —jﬁz) ~(1-12c’) o

| H.=(m/p)a.xvm"’exp(—-mz)+vw"°exp(-jpz) (1-12q)
where E 1s the electrlcifleld and H is the magnetlc
field; the indices 2 and t denote the 3z- and the
transverse-components. .az is the unit vector anng
.the z-axis. The boundary and continuity'conditions on
the field cbmponents are obtainable by Eqs. 1-12. The

lowest-order mode approaches the quasi-TEM mode, as

' explained above.



o L

In the follow1ng sections, methods used for the

wave analysis of microstrlp lines- are summarlzed. The

rstrlp thickness. t. is assumed to be negligible, unless

tg otherw1se specified.

~

'-l SE gLong;tudinal Section Electric) Model

' Based on the field configurations 1n ‘a microstrip

llne. Gets1nger [15] has prOposed a model for the
microstrip line which supports LSE (longitudinal

‘section. electric) waves. ‘shown in_ Flg. l-ba, It LS '

'-~ea81er to analyzefthls model than the actual microstrip "

Eline.: The solution for the structure of Flg. 1-4 is
'found ‘and yields s
c.-cr-(cr—e..)/IHG(f/f,)']
,‘Where c..is the zero frequency 1im1t of c.
( obtainable by quasi -TEM methods) and G and : are para-
f:meters that depend on- the characteristic impedance.}:

Eq. l =13 shows the general behav1or of the dlS-

- ;persion relation (i.e.. ¢.vs;” £ it is drawn in f

;iFig. 1- 4b. The slope of é. ‘goes to zero as the fre-

’quency approaches zero. The dispérsion curve possesses

~

an inflection point at -

N S i‘lf’/\/-a_a

'andvasymptoticall&Aapproachesl ¢ as the frequency

(1-13)‘

2k

o
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B Fiée 1-4 (a). LSE (10ng1tudinal sectlon electrlc) model
1 for a mlcrostrlp Ilne; _ , S
" '(.b) ) genera.l behavmr of the effective dlelectrlc‘
‘ ‘constant. e,. as a- functlon of frequency |

obtalned from the LSE model. b
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Exact Methods

fvh i The two potentlal functlons

U ¥ ang g

& g

of Egs. . l 12 sgtlsf%ﬁa igp dimens&onal wavewequatlon rn R
,Mthe mlcrostrlp line cross sectlon (Fig. 1-1b); thus, they
can be expanded 1n*terms of known solutions to the Helm-_,
holtz equation in dlelectrlc and in alr. The "imposition
. of the boundary and contlnulty condltlons on E and ﬁ{
-yIEIdS a- palr of" coupled 1ntegral ‘equations. [16]
These equatlons may be- transformed into a matrlx equatlon'
and solved numerlcally, yleldlng the dispersion relatlon.
_The final matrix size and accuracy depend on which ’
boundary and contlnulty conditions on the six electro—
magnetlc components are chosen and how they are mani-
‘ ‘pulated. Slmllar methods are presented in [1?] and [18]
| ;The flnlte ‘difference method dlscussed in the,
qua31-TEM approach can be extended to apply to the
wave analys1s of mlcrostrlp llnes.v
After properly applylng the dlscretlzed version
of the wave equatlon and the boundary conditions at all

of the mesh—p01nts. an elgenvalue matrlx equatlon is

hobtalned.



: - “;;;t'-: fapb_{'uliﬂ,-_"lﬂ.:l.“” b e e e
:-5"», ' ;—-‘ R »',o »r.: ‘..,’ BRI 5 e - - . = A 24“

"The algorlthm in this method is stralghtforward .
- . but the final elgenvalue matrlx 1s large (e g+, 100 x

”j100 or larger [19} ) .and the. results are less accurate

- Jthan those obtalned by integral equatlnn methods [2]

PO

‘The mode matchlng method dlscussed in: the quas1-

- TEM approach can also be applled to the wave analysis
of,microstrip lines [20] The dielectric and air regions
in the cross sectlon of a mlcrostrlp llne are divided

Rhed

1nto a few rectangles. In’ each rectangle, the two _
potentlal fdnctlons are erpanded'lnnterms“of solutlons
- to the Helmholtz equation. The functions are chosen
so that ‘the boundary gonditions on the electric and;‘"
: magnetic'walls are satisfied. Using the condltlons for
»the cont1nu1ty of the electromagnetlc fleld components.
the solutlons written in the rectangular subreglons can
be matched. In- thls ‘way, a set of equatlons for. the
unknown coefficients is. obtained. The final matrix
requlred for reasonable accuracy is 42 x 42, [2]
o In the finite element method the dlfferentlal
equations and the boundary condltlons are transformed.
into a variational expression, whlch ylelds the fleld
distributions and c,‘when optimized. The mlcrostrlp
line cross sectlon 1s subdlvided into a numher of
arbltrarlly shaped. trlangles; ‘each corner of a triangle
'is called a node. 1In each trlangle, the flelds are.

wrltten ln terms of known llnear functlons of x and Yy

and unknown nodal values of the potential functlons.

-



r-«obtainEd results dre accurate within a few percent [ZiI
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'»Slnce the potentlal functlons are linearized in each
triangle.,lt is p0881ble to 1ntegrate the varlational . |
expression, = .. v Tt o e
- The resulting expression is then optimized.with )
'respect to the unknown nodal values, yieiding an
~eigenvalue matrix equation in'terms of ée¢. The resul-
ting matrix size may be as large as 126 x 126; the o

g
In the transmlssion line ‘matrix method (TLM), the
. mlcrostrip 11ne cross section is subd1v1ded 1nto a mesh
as 1n the finlte difference method. However. the func-
tlons are not llnearlzed in between the mesh-polnts. ‘the
dlstance between any two adjacent palrs of mesh—p01nts
whlch lie along the coordinate axes is con81dered to be
‘a segment of transmlss1on llne. The response to an "
) impulge applied at a node 1s calculated by letting the
1mpulse scatter 1n the. mesh and reflect back and forth
a‘largeipumber of times.

This method is easily capable of handllng losses

- and discontinultles. The dimenslon of the final matrix
v_sxze is typically 270 x 270. The iteration number is
200, the required tlme is 2 16 min.. on an ICL 19064 . oox

computer. and the required memory space is 20k words [22]

Open Microstrip Line

The effect of the enclosing walls on the propertles
of a shielded mlcrostrip line is usually negllgible (by
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‘
design) However, -some mathematical methods are 31mp11f1ed
when applied to Xpen microstrip llnes (Flg. l la) ) '
Sl Ine the 1ntegral equation method [23].,the Fourier.~,ﬁ-m
.vtransform of the’ Heimholtz equatlon for the potentlal |
functions of Eqs.‘l-lz is taken with respect to X, The °
Fourier transforms of the two potential functlons are
expressed in terms of- knewn solutlons Uf the Helmholtz

bt g o e, e
:%eguations Separate’solutions'are written'an dielectric"”’,“ -
.and in air, which satisfy the boundary conditlons on

the ground plane. and at 1nf1n1ty.
The follow1ng conditlons at the y-h pldne” (Figz 1- la)

are used to match the solutions obtalned for the dielectric

and the air regions

E (x h7)= E, (x,h*), on the DAI
E, (x,h~)=E (x,5*)20, on the MIC
H (x, h )—H (x,h ) J (x), on the MIC

H(Xh)H(xh)J(x) on the MIC
where Et is the tangentialﬁcomponent of the electric field,

H and H are the x- and z components of the magnetic field,

and J and J are the Xx- and z- components of the current
distribution o¢h the MIC, respectively.

The matching procedure results in a set of equations
in terms of the current distribution on the MIC. The
resulting equations are then solved by trying suitable |
functions with unknown coefficients which approximate the .
actual current distributions. This method of expressing
the unknown fields 1n terms of the current distrlbutlon

~on the MIC is widely used in microstrip analyses.



,. yielding c;., The size.of the final matrix equation 1s
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‘only on the DAI.

,8section%#

Quas1 TEM Ana1y81s of Coupled M1Crostr1p Llnes
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The resulting matrix equation can’ be solved,

e

.;:usually small and depends on the assumed current d1str14*”’:* -

| u_"'-__{'butlon [23] -

In Galerkin 8 method [ZUJ the final equations arel‘

't solved in the Fourier transform domain.; The tangential'

component of the current distribution along the z-axis.-J

% - -

is non:;Ero only qn the’ MIQ (Fig: 12 iajz” Eg is non-zero

v e .
,,,,,,,,

Thus, the product of Jz(x) and E_(x,h) is :

identically zero. Applying Parseval's theorem-we have
IR Bk, B dx-l/(h)f"l.(f)ﬁ‘('r. ‘h)dye0. . - (1-14)-

A similar equatlon ~can,. be obtalned 1n terms of J

Eq. 1-14 gan, be Jused as a boundary condition yleldrng PR

pa1r of.coupled*integral~equataons in terms qf and

Jz « The equatlons are then solved by expandlng J

: and J 1n terms of known ba51s functions with unknown

s

& ) =

coefficients.' The merlts of this method are s1m11ar to”
the 1ntegral equation method described  in the prev1ous

R I

'

Preliminary Discu831on S S "'x | \\

Due to theasymmetry-of the coupled}lines about l‘ )
the y-axis (Fig. 1-lc) there are two normal modes for,”;_
the structure, namely, the even mode and the odd mode. _
In the quasi-TEM reglme. the mode with equal- voltages on w<
the left and the right strlps 1s called even, and ‘the :'
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mode with equal amplitude'voltages but<0£,opp051te sxgn

-t oa oA LR Poewe B o0

.-

“;v as called odd.'f}' SRR, ~;_-:» x _.- -fc“'jﬁyf“““

I ST

se .

| Slnce the fleld conflguratlons are dlfferent for
ﬁthe two modes, it is- expected that there are two values
) fol{ z and e,. namely |
'_Z; s .f'even—mode characterlstic 1mpedance.:
Z,[; ‘f}odd-mode characterlstlc 1mpedance,

© e E -

STy VeTew T WL

M . re s A, - « e e e a B e e . o e
Je . ; -

€o,0° odd-mode c,
- The numerical methods applled to the coupled

_.mlcrostrlp llnes 1n the quas1 TEM reglme are presented

- - -
!

. in the follow1ng sectlons. K fh;ew"'f'7?--‘f‘ T

e

.

“Green's Function e e,

In the Fourler 1ntegral method. a functloh

"g(x.y;x'.h) is. found, where g(x,y;x ;h) refers to the

. electrostatlc potentlal at p01nt (x y) due to a line

'dAcharge at (x.h)r [25] In practlce, it-is ea31er to’
con31derla charge element of nonzero w1dth and finite
charge den31ty., o |

The strips may be regarded as a parallel arrange-
ment of such charge:elements. ~U81ng the_superp031tlon
_principle) o ) |
o w(x.y)-f’ (x.y.x Bp(x)ar,  (1-15)
where p is the charge dlstrlbutlon over the mlcrostrlp

. ,llnes.. Let R(f) be the ﬁi?rler trahsform of p(x) and

s
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G(x Y.f) be the Fourler transi‘orm-wrbh_respect to x'wbzlaiﬂtm

~~~~~

,,i, of g(xgy,x ,h) then Eq.' «l5 can, also be wrlttep as

'(‘-Y)=f G(x y. 7)R(7")7d7 (1 16)
For the normal modes. the potential values ‘on the strlps

. are known. The charge distribution can be found from
Eq. 1-16.
G(x.y.f) .can be 1nterpreted as the potentlal dlS—

~tribution due to the surface .6harge

S P-(x)"(l/%)exp(_j,x) BN { gy

=

since o RN ce e
G(%, y: 7) < 1/2m) f 5 (x. y: ' b) exp(~frx)dx’ . (1-18)
= » Thus, .G can be obtained. An alternate method for
.flndlng the Green s Tundtion is ‘described belows -
In the bound charge method. the‘Green‘s function
is first approximated by a function g.,(x,ysx",h).
} (x.y,x yh) is the same as the. actual Green s :function
when the substrate is removed [26] The error in
thls assumptlon is a function g‘(x.y;x .h) such that
' g(x.y:x b)) =g (x.y:x, B)4g(xyix,b). (1 19)
v.Slnce &, is the solution for the structure w1thout |
the dlelectrlc. it will be the solutlon»to the ‘actual
structure, prov1ded that there is a charge dlstrlbutlon
at the y=h plane g1ven by
pPx: x' )w(ct—l)a, Vz.(x.h.x .h). - (1-20)
We may place a compensatlng bound charge |
plxix') at y=h
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o0 that g satlsfles the-DAI cont;nulty cqnditlona Thej’jj“"'”

next sxep is. to flnd. ij x' ) and g, (x,y.X'.h) RN

g 1s g1ven by

ee(x. yix', h)=(1/4m)fn px; X")a-(x y: x", h)dx" ~.(1-21).

where L is the line described by y=h (Fig. l-la).

xjobtaln-g .

b

Applylng the continuity condltlon at the DAI to.
g ylelds an 1ntegral equatlon 1n terms of’ the unknonnl 7~
Hav1ng found A Eq. 1- 21 can then be used to
The desired Green s functlon 1s eventually
found from Eq.. 1-19 by. addlng g, “to g . The fime
needed on an IBM 360/67 computer is O 72 + 21, 4NT.

“where NT is the number of the llnes of data produced

L

(e 8oy 214 ?2 secs. for lO llnes or data) The computer

space needed‘ls 64,000 bytes [26].

-'Mode Matching

This method is the same in principle as the mode
matching method described under the quasi-TEM analysis
of microstrlp llnes on Do 1% 3, only this time. for

coupled microstrip llnes.

Variational Method

The Laplace equation can be transformed into the
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W-effuc[ (3?/52)'+(8¢/0y)']dxdy. o (1 22)

'-where S is:. the cross sectlon of the microstrip llne.

[N

[ 3
W can be 1nterpreted as the stored electrlc energy.

If a functlon ¢.1s found such that ‘W is mlnlmized then
¢ satisfies the Laplace equation.

" The trial field ¢ can be.chosen to be the same
'functlons as used in the mode matching method above [2?]

~ After’ the necessary boundary and contlnulty conditions

are 1mposed on.the solutlons. a set of unknown coefflc-~.'"

'1ents remaln. W of Eq. 1-22 is then optlmlzed w1th
respect to these coefflclents, yleldlng a set of linear
..equations in ‘terms of the coeffic1ents. The final matrix
‘size is about hxu The method provides the upper-bound
values of the capac1tance. The results are poor for
very narrow mlcrostrlp llnes, but the accuracy increases
for ‘moderately w1de mlcrostrlp llnes [22] This work is
complementary to that of Yamashlta and Mittra [8], in

that . thelr results provide. lower bound values for the

"*caﬂﬁbltance.

Varlatlonal Method in the Fourler Transform Domaln

- This is exactly the same method as explalned in |
the quasi-TEM analy51s of the s1ngle mlcrostrip llnesA
[28] For coupled microstrip lines the method should
' be modified sllghtly to .accommodate for. the even -and

el

the odd modes. . The charge distribution is identical



" on the twe - strlps for the even modes. _For the odd

modes the charge dlstrlbutlons on* the two strlps are
equal in magnltude but are opp031te in polarlty.

The regulred ‘computer time per data. p01nt is 32

<secs. on a Univac 1108 computer.; The efficiency of this

'method depends on ‘which functlon is chosen to represent

the charge distribution [28].

_Microstrip Resonators

Transm1531on Line Models . &

One of the s1mplest mlcrostrlp resonators is a

' length of mlcrostrlp llne called the- rectangular :

" resonator (Fig. 1-5a). Assumlng perfect open 01rcu1ts

%at both ends (Flg. 1-5b), the -resonator will resonate

P4

at frequencles for which

L=n(r,/2), n=i, 2, | (1-21)
Cons1der1ng ‘that the guide wavelength is glven by |
" .-c/(f\é_ 9 (1-22)
Qe‘obtain f | ',' ."
fmme/(216)), n=1, 2,.... (1-23)

€e is in turn a function of f. The resonant frequenc1es
can be found from Eq. 1- -21. and the dlsper81on relation.
The results obtalned by Eq. 1-21 are accurate within
a few percent, the inaccuracy being prlmarlly caused by
the frlnglng flelds at the resonator ends.
. A more accurate transmission line. model is shown

in Flg. l 5c. 'The end efrects;are“taken into account -



Fig. 1~ 5 Transrusmon 11ne models for mlcrostrlp resonators- |

(a) - rectangular resonator, |
. (,b) transmlssmn line model neglectlng fringing flelds;
(c) transmlss:Lon line model wrth fringmg f:l.elds. .

(d) transmlssz.on lJ.ne model with frlnging flelds; due
‘ A~to odd symmetry, half of model (c) 18 suffic:.entf' '
‘(‘_e) open-rlng resonator whlch can- be° modelleg by (d)
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by adding the capaCitors C ~at the ends._»The values
. of .C; are calculated<and are available Ain [29] and [30]
If the rectangular resonator is "bent" so that -

the two engs/éome close to each other, the open-ring
resonator shown in Fig, 1-5e is obtained [31] The

_ transmission line model ror this resonator ig shown

'“in Fig. 1- 5d, [32] This resonator shows 1nterest1ng

properties [31]. especially for the principal mode
(i.e.. n=1 in Eq. 1-21). For this mode, the resonator

%has an odd symmetry with respect to the z-O plane;. .

- Fig. 1- 5¢ can be short circuited in the middle. The
resulting model is shown in Fig. 1-54. | |
The resonant frequency can be obtained by letting
the 1mpedance at -the right and the left at any cross
section‘oﬁﬁthe transmission llne add up to zero

(Fig. 1-5d),

; | z,+z_,-;o, (1-24)
~ where - l .
- Zym1/( o) (1-25)
- and - : S 3
Zu=2/tan] wELAZO)] (g

' Substituting Eqs. 1- -95,and 26 into 24 we. get

tatn[f"\f'.l-/(zc)]--mc,z - 27)

- Eq. 1- 2? yields the 6dd mode resonant frequenczes of

the resonator. The accuracy of this method is typically

~ U or better [32] .

]



,affthe same for. the r1ng resonator [3

35
Transm1831on-line modeﬁ;ng can also ‘be applled to
-i‘the rlng resonator of Flg. 1- 6a; the resonator resonates*
at frequencles at whlch L, the mean length. 1s an
flntegral multlple of A‘ The model glves accurate

' results onJ.y when WIL;‘.O 05. [33]

'etiC-Wall Modélsf;b’

R

" Ma

;_ The effect of w and curvature 1n the r1ng resona-

f}ﬂt05$ are nbt negllglble.- For this reason. €o as calou,

lated for a stralght mlcrostrlp 11n is not necessarlly
3. The effect of’

"curvature 1n the rlng resonator 1s 1nc1uded by regardlng = R
o i

'?”f'the resonator as a cavlty W1th electrlc walls, on the .

".top and the bottbm.tand magnetlc walls on. the s1des

-3f¥"'the substrate dlelectrlc materlal.

* (Fig. 1-6b). - The C&Vlty is assumed to. be fillea Wlth R

_ Moreover, it is assumed that the varlatlon of o . - ‘4 i
~ fields in the y-dlrectlon is negllglble- ‘the fields ff’vf ‘_i§;';
vare TH wlth respect to the y~aX1s; Maxwell s equatlons |
;yield R B - |

B X (c,kr.)? (. *,)-J (c,kn)v (c,b.)-o (1-28)
ﬁ where J and‘Y,are Bessel funct;ons [33] ‘,,;. | - .
o Thls model g:.ves accuratj results when w/LSO 05: /

"'-w[js] Based on thls theory. the mode ohart for the

“resonator is pbtalned 1n [34] -:w'
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(a)
[
()
o7

Flg._l 6 (a) Rlng resonator a.t y=h pla.ne [33]
(b) magletl‘{;wall model of r;.ng resonator.




| wall modelllng can be 1naccurate up . to several per

L
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Frlng;nngffects ' P (i

The resonant frequen01es calculated by the magnetlc
{.

cent’ [35] (e.g., up to 10% for. the open—rlng resonator
. [36] )y 31nce the fringing flelds at the resonator
1edges are .not negllglble. ‘ |

' The effect of the’ frlnglng flelds can be taken -

_ 1nto account by regardlng the resonator as a capac1tor.f‘
‘The . theoret1ca1 calculatio Qf the capacltance ‘reveals .
an effectlve change 1n the r sonator dlmen31ons due to

frlnglng. Furthermore.-an effectlve dlelectrlc

constant is found Wthh reflects the nonunlform charge

“dlstrlbutlon in the resonaton whlch is dlfferent from
the DC charge distrlbutlon.' Flnally, to obtaln the .

'”resonant frequency. a magnetlc wall model is considered

for whlch the effectlve dlmens1ons are obtalned

theoretlcally and is fllled w1th a dlelectrlc materlal

-w1th the effectlve dlelectrlc constant.

The results of the above theory show good agree--

| ment w1th experlments [36]

Exact Formulatlon

In thls sectlon, the exact methods whlch ‘have been'

:applled to mlcrostrlp resonators are summarized,

namely, the mode—matchlng. self-reactlon,_Galerkln

and TLM methods.'



-

. The mode matchlng method. as descrlbed above, can

‘be applled to ‘the dlsc resonator. The * size of the

vresultlng matrix equatlon is 20x20. W1th this matrlx o

81ze. the results are accurate to w1th1n 1%. .The .
*computer time on a TELEFUNKEN computer TRALO is 0. 666
secs. [37] |

In }he self—reactlon method as mentloned above,
the reactlon of the field on its own . source. should be
zero. The r1ng resonator has been analyzed by thls
method - [38] However. the generallzatlon of thls
method to other geometrles seems 1mposs1ble. |

Rectangular resonators have been analyzed by ‘

Galerkin' s method [39] whlch is' a generallzatlon of

‘the Galerkln method descrlbed prev1ously.p The.typlcal

computer time on CDC G-20 computer is 200 secs. per f

structure. ‘More time 1s requlred for analyz1ng narrower

rectangular resonators._ : 4 - g

i

In. [40], the six component Maxwell equatlons are
solved. 1nclud1ng the loss in the dlelectrlc and the
metals Dy the TLM method. B o
| ThlS method can be applled to mlcrostrlp resona-
tors of any geometry. The 31ze of the resultlng matrlx
is 704 x ?04 and the iteration number is 400. The '
computer tlme on the ICL 19064 computer is ll 26 mins.
The computer space needed is 46k words. o -(\

38



E. Review Conclusions

L3

In the previous sectionsy'methods for obtaining‘the'

39

properties of microstrip lines. coupled llnes, and resonators

were reviewed. Few of these methods can, be easily: generallzed
so that they will 1nclude the three structures of Fig% 1~ 1.

Since mlcrostrip technology is advan01ng rapldly, a,
need é&ists for accurate methods which can be’ easily pro-
grammed. which are sufficiently flex1ble to include all
three basic microstrip structures. and which are’ cheap and |
efficient in terms of computer time and memory Space. In
p-thls thesis, novel numerical methods are developed which
‘attempt to fulfil these requirements.g

Due to the sharp edges of the MIé. some of the field
components can be expected to become s1ngular near these -
edges. [41] For this reason, any numerical method which
does not include ‘these sxngularitles w1ll 11ke1y result in
t'large matrices. However, . 31nce the total energy around the

edges. remains flnite, it must be poss1ble to remove the y-

i.singularities. Follow1ng thls reasonlng, 1t can be deduced

better sulted for analy21ng microstrips (since 1ntegratlon L

;:1s performed over the s1ngular1ty) - Many such: methods,

W‘nlncludlng methods uSing Green's functions, were dlscussed

in the preV1ous sections. In some cases. such as in ‘the’
"Bound Charge Method". it is a maJor undertaking to obtain

_the Green's functions.

In order to utilize the interesting properties of

- .that methods which employ 1ntegral equations are 1ntr1nsically o
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Green;Sffunctions. while at the same tlme ' keeping the effort

of flndlng these functlons minimal, it is possible to modlfy

the integral equatlons in such a manner that 51mpler Green's.
functions can be . employed.- One such method is the BEM B
(boundary element methéd) [42] and [43]. This method, as .
well as other novel methods, are applied to the agalysis.ofv.
mlcrostrlps. | | o \

The analysls of mlcrostrlp resonators is a complex

'problem. Therefore,.s1mpler structures are analyzed flrst.

The methods developed for analyz1ng slngle and coupled

mlcrostrlp llnes are then applled to the analy81s of mlcro—'

strlp resonators. However, each method is useful and applicable .

’to'engineering design.

F. Thesls Organlzatlon

equatlon and is represented ‘as a charge]ayer. and the - .

Chap. 2 deals with the quasi- TEM analysis of mlcrostrlp

lines and coupled llnes._ The boundary value problem is

2

flrst transformed into an: 1ntegral equation whlch is then

solved by the BEM.‘ Chap. 2 1ntroduces two new concepts.

First, the thln MIC sheet 1s included 1n the 1ntegral

's1ngular1ty in the charge dlstrlbutlon on the MIC is

expllcltly 1ncluded in the 1ntegral equatlon. Second, the

1ntegral equatlon is formulated,ln such a manner that a

. simple free-space Green's functlon can be used. regardless-
"of the dlelectrlc substrate; therefore, no method of 1mages

is necessary to flnd more compllcated Green's functlons.

.‘d"//ﬂ
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- analysis of mlcrostrlps.

-"the MIC. Chap. 5 also glVES an example of how- this method

ann be applied to mlcrostrlp resonators.

B

f' However, the generallzatlon of the method presents some

:dlfflcultlES- For thls reason, the 1ntegral equatlon method
_of Chap. 2 is further modlfled 1n Chap. 3 " In thls

- chapter, Green s functlons are generallzed and are made more

v

flex1ble so that they can be applled more ea81ly to the wave
. :
v
In Chap. 4 the generallzed Green s functlons developed
in Chap 3 are employed — Moreover, Chap. L 1ntroduces a
new approach to the wave analysis’ of mlcrostrlps. It is

shown that boundary condltlons for E,. the y—componentiof

i ”g%the electrlc field (Flg. 1-1), can be totally separated from

the other components of the electromagnetlc flelds. Thus,
1nstead of using two potentlal functions ‘W"and yﬂ“’
(1ntroduced in this chapter), it is possible to solve the

boundary value problem for E - The parameters of eng1neer1ng

- interest, such as e. for the microstrip llnes, and the resonant

2

frequency of resonators. can be obtalned from E, alone. This
greatly reduces the effort of analyz1ng mlcrostrips.

The domaln of integratlon of the 1ntegral equatlon
derived 1n Chap. L 1s the DAI. It seems d;ff1cult. if not
1mposs1ble. to generallze thlS method to mlcrostrlp resona-

tors. For' ‘this reason. the method of Chap. 4 is modlfled in

.
e LT SN

Chap 5 so that'the domaln of 1ntegratlon will be that of

In Chap. 6, the overall conclu51ons of this- thes1s are
summarized gng recommendatlons are made for further research.‘




~II. A BOUNDARY ELEMENT METHOD

A, Introduction

In this chapter, mlcrostrlp llnes and coupled 11nes 1n
the quasl -TEM reglme are analyzed by the boundary element
method (BEM) . The BEM is a method in which a boundary value
'problem 1s first converted 1nto a boundary 1ntegral equation,
'1ntegrated over the- boundarles of a domaln.u The boundary i
then d1V1ded into a set of elements over whlch the functions
under cons1deratlon can vary in dlfferent ways, as in the
method of flnlte elements [42] ana [43].

The BEM offers 1mportant advances over the f1n1te
element and flnlte dlfference methods, the resultlng system
of equatlons is much smaller, less tlme is requlred to'
solve a-problem, and the accuracy is greater than in the
 “"domain" type methods. i. €., flnlte elements 42 and 43 .
Moreover, the BEM can be applled to problems with 1nf1n1te
domains. : : aE 3

4 The . cla581cal boundary solutlon known as the boundary
integral method is closely related to the BEM [hz] [#3]-.
anal]. . :

. As noted in Chap. 1, a boundary yalue problem can, be B
transformed 1nto an .Antegral equatlon by many different
'ways. ‘A good formulatlon can greatly reduce the effort for
Vsolv1ng a. problem. One possible formulatlon uses Green's
functions. However, as Beckenbach [45] has stated. "in

actual boupdary-value problems 1t 1s often dlfflcult to

’

™ u2
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determine the Green s functlon and 1n many cases it is easier
| to 'solve the problem dlrectly by numerlcal methods than by

the . u%§ of the general theory" !

(%o analyze mlcrostrlp lines in the qua31-TEM reglme,
'the Laplace equation for the potentlal function at the
microstrip cross sectlon 1s transformed 1nto an—intEgral
.equation. The domaln of integration of the integral equation
is the y=h plane (Fig. l;l)' In this way, the boundary
conditions for- the thin MIC sheet are imbedded in the
1ntegral equatlon and are represented in the form of
a charge distribution. Moreover, the integral equatlon is
formulated in such a way that the free-space Green 8 funetlon
~ can be used. regardless of the dielectric substrate: thus.
the method of images 1s not requlred to find a more com-
'plicated Green 8 function._ Finally. the obtained integral

equation is applied to coupled microstrip lines.

For a mlcrostrip 11ne in the quasi-TEM reglme. it is

b
+

B. 'Formhlation

'-required to solve the Laplace equatlon

- Vim0, (2-1 )

in the mrcrostrlp .cross sectlon (Flg. 2 la) It is assumed

-

that the mlcrostrlp is unshielded, the ground plane potential

- is Zero, and the strlp potentlal 18 unlty. The boundary BRI
conditlons at the y-h plane are as followsz The continuity

of the Potential 1mplles that

_ Ply-t 'Ply-t £ * (2‘2.%2
Further. the continuity of the normal component of the

A}

U VDR
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Fig. 2-i “(a) Uﬁshieldedfﬁicrostrip line;

(b)  an‘equiva1énf structure. -
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displacement vector on the DAI implies that

| (Dw/ayl,...-) =(8¢/0yl,..) (2-2v)
Moreover, on the MIC ‘ '
c,(ﬂw/byl,...-)-( 0?/85'!, ) =o(x) | (2-2c)

where ’(K)ls the charge distribution on the MIC. 'The mioro-
strlp structure in Fig. 2-la is equlvalent to that of Fig.
2- lb. l] ‘The "boundary and the continuity conditiens on
the y=-h plane in Fig. 2-1b resemble Eqs. 2-2.

The 1nf1n1te geometry of Fig. 2 1b is flrst approxlmated
by the flnlte geometry of Fig. 2-2, enclosed w1th1n a 01rcle

of ‘radius R; the two geometrles become 1dentlcal when R

‘ tends to infinity. Consider Green'’ s second i’den_tity,

fa(¢v¢,w ) dS=
' fcI¢(3'\"/5n)"¥'(0¢/0n)]dC - (2 3)

where S is the area enclosed by the curve C, and 3/an

@
¥

designates the normal derivative. In thls work ¢ is the

'potential function, and ¥ is an au liary f‘unction called

the fundamental solutlon. ThlS is smllar to a Green <]

<

f‘unctlon. by mea.ns of which ¢ can be obtalned. The proCedure

_is exPlalned below.

Applying Eqs. 2—3 “to . reglons Sl' SZ’ a.nd S3 ylelds

fa,(?vw @) dS= ‘ ' -
Jelr,[ #(8¥/8n) -y O¢/8n) ] dc ( 2-4a)

Jo,( PV ¥V 2p) dS=
,. frlchUr,\lc [ ¢( D'W/bn) - Ov/dn) Jac, - (2-bb)

f 2s( P VYN 2p) dS=
Jrweol #(29,/0n) W Ow’bn) lac.. (2-ke)

N




- Fig. 2-2 ‘Equivalent,structure'for‘the microstrip line
' used for BEM (Boundary Element Method); R

is assumed to ﬁe infinitely large.
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- where U.designates the union of, two 'sets, Thus ClUFf.,w;s

the curve which. encloses S (Flg. 2- 2) 1'@”»‘ .

o

Multlplylng Eq. 2- s byw; and adding it to Eqs. 2 4a . "

and 4c results in

o s $VN-yR3;) ds+f.,e,(¢w~¢v ) dS=
| fc,Ur,VnUc,[ #(2¥/2n) -¥(2p/0n) ] ac

+fr,"c,"r,0c4[¢(a‘¢'/an) Mﬂv/on)ldc (3-5)
The fundamental solution is assumed to satlsfy
7 | v‘w—«s(x—xos(y—yo . (2-6)

{:egarﬂess of. the boundary conditlons Consmerlng Eqs.

2\1 #hd 6, the lert hand slde of Eq. 2-5 reduces to -8; ¢,

where ' o , ®
| ¥ (zuy) is tn the air,
a= : | : ;
&, ir"'(x,‘.ly.) is in the dJelectriq; ‘ (2-7)
P:""P(!u . . "'_ (2-8)
' I‘:’f': (ii.y ) 1/s chosen to have a nonzero dlstance from
the origin, then as R tends to 1nf1n1ty. ‘the integ'ran_ds ‘of
the right hand side of #q. 2-5 vanish - on‘j’-clU c.\Uc Ue,.
'Thus. as R—®, Eq. 2-5 yields |
-3 A=/T v( 89/0y) W 0¢/0}') Tyt ( -dx)
+IJ,[¢(-01#/0?)~V(-6¢/8Y)]H dx _
| +J"'J,[¢(W/0y)-¢( 09/35) ] yuu~ (-dx)

+/1 w(—av/oy)—w(-aw/oy)],@ . (2-9)

. Considerlng Eqs, 2~2, Eq. 2-9 results 1n4 y
TEE= A1) S T 0w/ 0y) ), dx-f.3 (p/e)[vlm+ ax

(c.-l)f-:[ o( W/By)],..* dx+f..ﬁ(p/a) [19],..,* dx | 2_-_10)“

b
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where P is the charge dlstrlbutlon over the upper strlp in =
y Fig. 2-2, Con31der1ng the odd symmetry of ¢ w1th respect
’to the y-O Plane (Fig. 2-1b), Eq. 2-10 reduces to |

-am=( 2:-1) ST o) yu{ (39/071,09) < 8¥/0y|yn?) Jax

| +L.n(p/e)(ﬁ,...*~ﬂ,-.+)dx B  (2-11)
The solution to Eq. 2-6 is [47) |
P(1/2min ne(1/4m) il (x-2)*Hy=5) Y, (2-12)
where : - ' v
ri‘\(;m (2-13).
Thus ’

W/by--(l/ﬂ){(y—m)/[(x-x.)'-r(y-m)']! (2-14) .
Eq 2—11 should be -modified if (x;,5;) 1s chosen to ¥
lie on y=h, since Eq. 2-14 becomes indefinite ag (x,y)
approaches (1, ¥i) . Therefore.'r; and.n;must be deformed ~
- into a semicirele w1th radlus o T» in the vicinity of

(xl,yi) as shown 1n Fig. 2-3; the limit of the first integral

at the rlght of Eq. 2-11 is found as r tends to zero

It can be shown gﬁhﬁ,lf y=h, then ; ~

S 89/0) dcﬁ,f,,v(w/m) dC=-(e,-Ngfe. (2-15)"

- Eq. 2-11 should thus be modlfled to ' -

/2 (e gl 1) S gl [ V05l 0¥/0y ],y Jax

| §fq,n(p/e)m,..~ﬁ,.4.+)u. PR N |

Substltutlng the resukts of Egs. | R
-(1/2)(=:+1)¢(=» h=

A1) SZ p (x.h‘)(h/ﬂ){l/[(x-xx)'ﬂzh)']tdx

- ://Stp(x)/um)]lni(x—x.)'/[(x—x.)'ﬂzh)'ndx

2-1Z and 14 into 16 yields _

(2-17)

B S
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: .order to fmd the limit of W/ay as (x.y)
approaches (x,.h); (Eq. ‘-ll)

A
e




Eq..2-17 1s an 1ntegral equatlon whlch 1s équlvalent

1"73"to the Laplace equatlon and the boundary condltlons descrlbed ‘

*by Eqs. 2-2. To make thls 1ntegral equatlon sultablenfor

“.numerlcal solutlons. three addltlonal modlflcatlons are

-

;.d requlreds_

_-the fact that f(x) is slngular at 1w/2 must be 1ncluded.

:e“-wthere must be a change of unlts to 81mp11fy the't:- .
e \. nfmtegrals. and SRR B .f“ o { .
-the symmetry of the mlcrostrlp llne about the y-axis,“
must be ‘taken 1nto con81deratlon. N ; |
: - The fact that the energy should be: f:m:Lte 1n the ‘
‘_v1c1n1ty of the mlcrostrlp edges leads tb the conclu81on
‘. that ﬁ(x) should vary as. r at the edges, [41] arid [46]
where r 1s the dlstance from the MIC edges; thus 1et the
a_charge dlstrlbutlon be expllcltly expressed in: terms of
o these 31ngu1arit1es at: x-tw/z..r~» ‘

p(x)r-vx(x)/ '-(Zx/vr) (2-18)

.,5,,‘

i~ where x(x) 1s a slowly vary1ng~functlon whlch descrlbes the

'i,behavior of the charge dlstrlbutlon away from the 31nguLar

50

.....

edges of the MIC. The factor £ 1s 1ncluded 1n the deflnl-gdj;*f’~°'

' tlon 1n ‘order to make the comput\tibn'Aeasier. An exP11c1t_;T

,'r-'mzmemcal effort and leads to a hlgher comp_:tational
*17aceuracy with ‘smaller matrlm»slzes [h7] yﬁfi_"'v" R

1" - .

The qhange of unlts

',"together w1th Substltutlon of Eq,. 118 in l? results 1n'd

t-ax/v R e 19)'1':_'.',__,..'-.7
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-z.n'(e +l)§ (2/n)( er‘—l)f-. o 6)! 1/[( t-c:) '+( 2/1;)']!&: |
R —nf.,txm/\d‘—?‘mi(Ho'/[(c—m'«a/n)'ndc (2-20)
© . Where . : o
TR e 'n-w/(Zh) | (2..213,) .
c.-ex‘/w..‘ R (2-21b)
R b(:)w(wc/a W ae
| . " x( 2] =x(wt/2) REGEE f"".'**5"‘(2-21e5""""i""’"
, Eq 2-20 can be solved numerlcally by the usual ‘BEM procedures
' _comblned w1th quadrature formulae for 1ntegratlon. _ o
‘ In the follow1ng sectlons the algorlthm for solv1ng
.Eq. 2-20 1s presented for speclal cases and is then generallzed

'to include 't\;he anal,gsn.s of s:Lngle and coupled mlcrostrlp

.'11nes. R
C Ml_CI‘OStI’lD L;mes w1th C.-—l - N 2
' When & -1 Eq. 2-20 reduces to S |
4"/’!’“1"'@- S  (2:22a)

where | . U IR
Gy [x(r)/ﬁlnm-cowz/n)']dt  (z-zm)
- -Ga-f.z[x(t)/vf_']ln(w.)'dt S (2-220)
. Note tha..t §_1 on the MIC. o A
Eqs. 2-22 are- the same a.s those obtalned by Acton - ’4'7

_,uslng Green 8 fu ctlons. The techn:.ques presented by Acton
47 to treat the-- slngula.ritles a.re very helpful 1n solv1ng
‘ -'r,-Eqs. 2—22. The 13tegra;l Eqs. 2-22. when dlscretlzed. yleld

B '-'a set or llnear e uatlons. _ The domains of 1ntegrat10n oi‘

- h R



,”Eqs". 2-22 should be transformed to remove the s1ngular1t1es. .
'l'he s1ngula.r1t1es of Eq. 2 22b occur at | |
4The follow1ng transformatlon removes this. s1ngular1ty: |
- | | ¢ =210, Griv _:' L (2-23)
' Cons:.derlng this transformatlon and the even symme'bry of
.'the quasi-TEM mode about the y-ax:.s. a.nd usung the quadrature

: formulae 'for 1ntegratlon [48] we_ can write.

6 ae(rr/z),‘:l, x,ln{[crtd'ﬂz/n)'][(t,ﬂ:) '+<z/n)'n ((‘2_2:4, -

where

a.nd XJ lS the vaJ.ue of X at C | - ‘» .
| xrx(t) | o (2-25b)

W‘-- -and*:' ; are the parameters of 't;he quadrature formulae for -
1ntegratlon given 1n [48] The computer program for o .
evaluatlng Gl' 1s called FIRST and appears in App. A., Tho_ .
slngularltles of Eq. 2-220 lie. at e ¢

and at T
o . k= -
To dlscretlze the integral of Eq. 2-22c 1t is assumed that

*

the slowly varylng function X( c; ) 18 consta.nt at small " ~

1ntervals conta:.nlng C as shown :m F:Lg. 2-4 Thus, equat:.on .

‘ 2-220 cdn ‘be d:.scretized as : o 2 .
(2-£6)

o Gz-pxd?a'( 1/vi'—‘)1n(c'—¢'o'dc

By the transformatlon -
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. | :(ﬂma',a | - | Cen (2_27)
'the 1ntegral in Eq. 2-26 can be rearranged as'; S
ffg:( 1/M=®) In( c'—ﬁ) 'd(-f."ln( sm'e-sm'a.) %dp |
' =f."lni [sm<a—e.)/(a—amsm((a+a.) /2) /((040:) /2)]
[sin((n/a)—((awo/z))/((n/a)-((ew.)/a))l}'da .
| +f,"1n(9—8.)'d0+f."1n(9+0,) g e
ol 9+01m) a0~ 14) (044 ,) L (228)
riwhere o .‘?. | | . .
COgmsinly, | (2-29a)
".8,-.==’gm“‘(q," I o : ,' (2-?9b) |

_ eesin"'t. s ,(z-29c) -
- ~ 7 The last step 1s performed to remove the sulgularltles :

« at

Let.

A-a-a, (thus e. g A,=a.-o,) | (2—_39'a)_‘, |

(2 30c>f s

follow1ng transformatlon 15 emnloyed
| | ' 9'((9:"'91)/2)‘“’((9:"91)/2)

‘Then Eq.v2-28 can be rewritten as

P j‘fg(l/ff-('»'f"ln(t'-('d'df' o L _'

IR (o,—a,)f_, (sm/A)(ainB/B)(smé/C)Jdv |
o 2|4y /A.‘z)w.'-/n,':)(c F’t)l C e
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. Con81der1ng Eq. 2-3§.jthe‘results areVpresentedvin ,

. terms of forms like £ £ - o

sinA/A and AA

’f}since as, A or A1 tend to zero, these forms tend to unity;:i
in the programming language. APL these 1ndeterm1nate forms
' are defined ‘as unity. In this way. no extra branchings are
required 1n the computer programs when Al, A2. etc., are'
' zeéro in Eq. 2-32. The program to perform the 1ntegration

of Eq. 2-32 lS called INT and appears in App. A,

D, - Final Assembly of the Matrix Eguatlon

The different parts of Eq. 2-22 Qan ‘be assembled to
form the final" m&trix equations. Lettlng i and 3 vary over
. all the p0331b1e values. Eq. 2-24 results 1n
| rsmxz - o
- where, from Eq. 2-24 o
Gy, g=—(n/2) Win{ [ (¢4 '*( z/n) ¢ c,+¢o '+( z/n) '1 oo (2-33)
”}x} is a column matrix containing 7(1, Xzo--- . A
wiSimilarly. Eqs. 2-26 and 31 result in
[Gﬂ!xi
Thus. in matrix form. Eqs 2-2z can be written as | IR
B Lo iF!-([GJ+[G-])ixI, (23w
where {F} is'a column matrix. all elements of which are '
equa.l to /ﬂ;/)) (Eq. 2—22a) ‘The prog-am FNL in App. A forms and '_
lsolves the matrix Eq 2-3h
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The capac:Lta.nce per unit length of a mlcrostrlp llne :

with F.,—l is the total cha.rge rer unit length divided by
the strlp potentlal, whlch is a.ssumed to be unlty. To flnd C

the tota.l cha.rge. P must be 1ntegrated over the strip, thus g
o =f”pdx==z~nf..}x/vf L | (2-35a)

or . o -
C.a,(cn)PW, x,'» R - (2-35p)

In the computations, C, is found in units of ¢ .

Mlcrostrlp Llne w:.th 6..#1

s
In the case where e;.#l Eq. 2-20 must be solved. ~ Let

: the first’ integral on the right hand side of Eq. 2- 20 be
des1gnated by G5 ’

R G,=f-.°(¢)/[(¢—¢o '*(z/ﬂ)‘]d: (2-36a)

® is known on the MIC and 1s equal to one volt. Thus, |

the portlon of G5 which 1s J.ntegrated over the MIC, G6-'}

.can be ea31ly found- as v S ,
Gen/2) tan™] (&t n/ZJ -(n/z)tan"[(1+¢0 n/2] (2-36b)

* Using the quadrature formulae of 1ntegratlon [48] , the |

. portlon of G5 whlch 1s 1ntegrated over the DAI G7. can be

' approximat ed by ‘ )

. Gy=§ ’1":! 1/[ ( trﬁ) '+( 2/1;) '] + /[ ( (,-p{,) 3( 2 /,,) g ; (2-36c)
where _ _ o
o | e, e - (2-360)
Wj and v) are tabulated in [48] Gy is the ‘sum of G6 |

. . Gy 'G "’G'r ST "-'(2-36e');"° |
The results obtalned for the case £ —l can be us_ed, for

the case £ 71 when sllghtly modifled. Consi‘de-ring Fig. '2-;5,
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Fig. 2-5 Demonstratlon of. c-axn.s dlvided mto va.r:.ous
| segmen‘ts u31ng ‘the da‘t:a for numerlcal 1rrte-
.grat:.on. ( (.'-—a.xis is’ the path def:,ned by the

y=h plane in a micros'l;rip 11ne cross-sectfon) N
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where -

Ci' can be g'eater than unlty for the case E,#+1; Cl can
lle on the. DAI. 51nce the 1ntegrals on the DAI do not vanish
- (Eq. 2-20) for €1, ' The matrices [Gl] and [GZ] should be
modlfled to [GB] and [Gu]. respectlvely. when q >1.
The flnal matrix equatlon is -
L. . 5
| [G_tJ-"'[GlJl
APp=|= = = ~—[Gy] |- R
fedHed | (2373

{Q(-J.s a column matrix contalnlng the unknown ¢1
on the DAI (Flg. 2-5) o ’ -
[G ] a.nd_[Gz. are the s‘am.e‘ e.e":"de_fined a...bo’.v‘e_,__ "(Eqs"‘ 2._;3-‘3' o
to 34) - - " .
[c,] is a modlficatlon ‘of [G] when ¢ > 1, |
[G.,] is a modification of [03] when S T o
[G,] is defined by Eqs. 2-36, and’ |
{F} is a column matrlx. the i th element or which is
x-an(a,ﬂ)m. | »' SRR - o AR
‘ Eq. 2=37 should be :mrther rearranged s1nce "t is known
only- whe;) ¢ lies on the MIC {F} contains some unknown | ¥

and {3} contains some known qo; rearra.nglng Eq. 2-37 results .

J BT \\ -

o oy (2—38)
where {F} is a. column matrix all elements of wh:.ch are .
equal to -27‘ ( 6 p+L) o By solving Eq. 2-38 the charge dls-

_ tr:.butmon on the MIC the potentlal distrlbutn.on on the DAI.
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and the capa01tance per unlt length C, can be calculated, '

Hav1ng {X},the charge dlstrlbutlon can be obtalned from

- Eq. 2~18 ‘and the capac1tance per unlt length. C, can be

ph calculated from Eq. 2-35a“ Moreover. {Q},.prov1des the _

.‘e'potentlal dlstrlbutlon on the DAI.

:Hauing'C, and C, it is easy-to determine €e and Z 'from
Eqs. 1-4. Calculated results are presented in Figs. 2-6
and. 7 for the cage ¢r=9 9 and w/h=1.0, and for several
values of ¢, in Figs. 2-8 and 9. The results ccinclde
with the results obtained by Yamashita and Mittra tB] ’ and
Mittra aﬁd Itoh 12.5 The overall matrix size is 15 x 15,
The CPU tlme per run on the U. of A, AMDAHL 47/V6 computer

is 0. 08 sec. The computer programs, together W1th an

illustrative example are presented in App. A, B
As Frgs. 2-6 through 9 show, the obtalned results are

’,1dent1cal to those obtained in [8] and [12] However, the -

present method is eas1er to formulate. is more‘economlcal.

and provides more information than other methods.

| Speclflcally. the var1at10nal method [8] provides ¢ and Z \ -
honly: the computer tlme is 10 secs. on an IBM 7094 |

The 1ntegral equatlon method [ll] provides P(X). C y and
Z and the typical computer time is 30 secs..with a final | 2

‘ matrlx size of 30x30. The Wiener-Hcpf method [12] prov1des

P(x), @(x.h), &, and Z; the final matrlx size is less than
10x10, but it 'is essentially an analytlcal method whlch

seems 1mposs1ble to generalize to coupled llnes.

F. CouDled Macrostr ip Lines

.Eq. 2fl7 can eas;ly‘be iqneralized to the case of




#(x,h),. Volts

\

.\\Potential

Flg. 2-6 Potentlal q_girlhuilon_of a mlcrqstrip 11ne
- on the DAI vs. normallzed dlstance w;th.c—9 9 i} ,
~and. w/h=l O: results coincide with those of [12].1913
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“Volts/meter
‘ 1

Flg 2-7 Surfa,ce charge of a microstrlp llne VB. |
normallzed dldtance on the MIC with 6- 9. 9
' d w/h-l 0; results coinclde with those oi‘

m
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_‘,f"."coupled mlcros't:rlp 11nes. 'I'he mtegratlon doma:.n of the i
'g..f"‘second integral on the I‘J.ght hand s:Lde of Eq- 2-17 Should

":'"_,J‘-_ﬂbe modlfled to 1nc1ude both str:LPS.,'. The i‘ormulation SR

deta:.ls a.re glven only i‘or the case e_ ",_-smce the procedure :

1+ for 6,4-1 CIOSely follows that of the s:mgle mlcrostrlp
lJ.ne4 Af k0 :'.ff ,. » o RUREERAN e

For coupled mlcrostr:.p 11nes w:.th c =1 Eq. 2—17

":vreduces to o [ ' T

| m. f,,,c [,,(,)/,]h,(,_,,)s/[(x_,,)mzh)'mx (2 39)
| Let | R I
ey B E-x/h. (zuoa>
"'V-:jl,:.-’define (Fie. 2—*10> ‘ | B T v
e 0‘=(s+w)/(2h) (2“’°b)

Then E‘l 2-39 can be réwritten‘,iag. . ~ -{;- e . .

4m-!:§$.zitp,(-e) /eI (E-£D YT (4D '+< 2/l a
' +II'4",[p.( -G)/t]-!lQ

| _'(;e_ﬂ-eo '/[(e—m'+(z/ﬂ)']!ds (2-41)
where 7, -and. P are the charge dlstributlons -on the MIC on

"the posrblve a.nd on the negat1ve E‘-axiS- FOr the even "“'5' e
‘_‘v_',modes ST o e
. For the odd modes TN N e TR e T




s




e

For the even modes 1t 1s assumed that the voltages on

VL‘both strlps are A Volt and that the voltage is’ zero on the' '

S '-igz'ound plane. - For the odd modes. 1t is assumed “that the -

'Tnlvoltages are +1 volt on the rlght strlp,o—l on the.- left

;ﬁx_ﬁstrlp, and zero on the\ground plane

‘o ks

”'v_u;4‘81gn for the odd modes.;

where -

- ‘:d‘ The polnt e' 1s chosen to 11e on the rlght/strlp; thus -

e _.(z-uu,)»"

Comblnlng Eqs._z-hl 43. and 44 results 1n Vﬁi‘ '

4«-1:'::! x[ ( e—e) /vf —( c—e) /n] '!
{h[(f%)'/((s—fo'ﬂz/n)')]ﬂn[(€+60'/(($+€.)'+(2/n)’)]! s

. / L

4'r-v7f”[x( Py E mm—c) '/m—eo '+( 2/n)’]l

ﬂn[(t. -c)’/((t. -t)'ﬂz/v)wdc., (2-1;7);' e

' :QWhere»'3'”“

(2 -45)*
where the plus s1gn holds for the even modes and the mlnus\;d

R

S The transfonmatlon jhfif, L ”-.';'l:;: {;;'vheff ﬂi'f-'>d'f::d
qvfffﬁ“-; ffff:‘_, hi, t'(a-f)/b ;f?.fdfdﬂjign L;;iz-ué)., *

'5ffafs1mpllf1es Eq. 2-#5 to

leq. 2-47 can be dlscretized:ae follows S TR
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of formulae for quadrature 1ntegratlon avallable 1n 1481 '

Eq._ 2 1+9 can. be mtten -in matrlx form as. S "j-,: .
| !Ui-([G:]*[GJ)ix!-P([Ga]*[Gd)ixi (2-51)

where {U} J.S a column matrlx, all elements of wh:Lch are

e Uy IS T S

: equal to ’-Hl' and {X} is a column matrlx w:.th elements )(,
The plus a.nd minus sn.gns refer to the even a.nd the odd

modes, respectlvely.' To evaluate G, 11 ’ let

Then- 1t can be shown that L. B R

| | Gz.u "fo:'lni[-in((a—e.)/z)/((a—o,)/z)]t R

[ﬂcos((ﬂ-lﬂ,)/z)]'/[((nlz)—((0-!0,)/2))((n/z).,.((g.m‘)/z))]a’“ |

| 280, In(2m) 42/,0Mn(0-8) a0 |
mf'.qn[’r_(awi)]“"‘afo.qn(w-w‘)da BRI
| - SR Lo e (ees)

z.xj ‘can be found Slmllarly. '0.}“1. Lo T

e

Coupled Llnes wrth C,;&l ',';‘ fﬂ;:'.,_ o \

For coupled llnes W1t e,.#l Eq. 2—17 should be |
modlfled as : T s _- Voo
-zn(c..+1)¢,-e(er-1, SOMe-erwee

| +f::.,"lx<c—e)/vi-((c—f)/T!ln(t-ﬁ)'/[(e—&)'«z/n)']
| ﬂn(€+60'/[(€+€0'+(2/'))']}d£ (2~54)
N RS ’(f)#(nt)#(x) L
o e The +. and - s:Lgns 1n the rlght hand side of. Eq. 2-5#
‘ refer to the even and odd modes, respectlvely. | To

.{_.4 e

" ; where

| s:.mpllfy the ln'tegratn.ons we . 1ntroduce the follow:mg
change of variables Sl

-; (2-55b);g{;}‘5
Aemsse)




e

Con81der 't‘.he 1ntegrals of Eq. 2—514- The potentlal 1s -
unkncwn on. the DAI\ and the charge is unknown on the MIC._'_

A

Thus. the 1ntegra.tJ.on domaln 1s d1v1ded 1nto three

reg:.ons (1.e.. the DAI 1n bﬁween the tw rlps. the .
| strlps and the DAT outsn.de the strlps) to make the |
numern.ca.l 1ntegratlon posslbles __

- '—1)u/z+(c' +1)/a 1<;<a'

~{ 5in0. 6m; o aga L

. _1+v) o e (2 55d)

Substltutlng the cha.nge of varlables for.:‘ Eqs.
2-55 1nto 54 a.nd follow:mg the same procedures as 1n ‘

the prev1ous sectlons leads to. -'»

- {p;-([ndﬂ:[E.])iiH[E:)t[Ed)M

h ﬂ[Ese*[Eo]”ﬁ"'([Ev]*[Ea])fﬂ (2-56)

‘whe.re {;} is a ~¢olumn matrix which A’ontains the unlmown . :

'I'values of the poten'tlal on the DAI 1n ”between the

| 'Strlps. Sluularly. {§} ‘13 a column matrlx w:.th the

. ,unknown potentlal va.‘l.ues on the DAI outslde the‘ strlps.» :
o {X,} isg a cglumn matrlx represent:mg the unknown chargev

dlstrlbptlon on the strips. {FI is a column matrlx w1th

- ,elements -?.u (c,+1)§,, :.f the p01nt 1 11es on “bhe DAI and ‘.

e

) . -?.t'.(r.‘ 1) Q; -z(e 1) fmc [(e Ex) -u,.] de .
s ,1f the ;pomt i lles.on the_ MIC (cf the first 1ntegra.1
J.n the right hand s;de of Eq. 2-54) s L 8

l 1] through [E8] a.re defined a.;s‘j ‘:—
uiE-.H(crl)(vf -1)/11]";-

- .




o ruﬂ:.. =ta<=,—1)/n1w

u/r(f.—w'«z/m'w/r(n -to'«z/n)m;’*: ST
e SRS ey
r:uﬂa.m#/z e e T
( iln[(s’rt,)'ﬂa/n)‘]ﬂn[(n—f;)'ﬂz/n)’lt s
; e —q Gy
Euﬂl.f‘"ﬂﬂﬂ’(i/vi—{') R
SRR [ln(t.-t)'ﬂn(t, -t)']dt TR S
St ,-1<¢,s1 (2-5?d)
Moreover, dlfferent numerlcal procedures a.re e
i reQuJ.red 1n evaluating [E7l a.nd IEB\ depend;.ng on’ Whlch t
rng.on the po:m‘b ¢‘ 1135 1n 3 let
, e Fiy i l‘t“w'
G,, s -1‘(1‘1

5:, _“ ...q,sq
| 7

val -|Lea| N
| | -.-m“]_‘ | Se' (2-58b)
Flnally. conmderlng Eq. 2-56. some of the §1s

; appea.rlng 1n iF} are unknovm a.nd should be ‘transferred

to the right ha.nd side of the equat:.on. . Eq. 256 L
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_jfresults 1n {41 and 126\ The charge and | ‘potentlal
ndlstrlbutlons at the DAI are calculated and presented
_1n Flgs. 2-13 and 14'i:f | .ﬁuf, _ ___« : . L
Rig..2-15 shows the e, vsn{q/h_obtainedpfor‘ther’
‘_: | w/h-ho and c,- =9.0
?,The rinal matrix size is 35x35 and the CPU tlme on an
L‘hﬁfjf AMDAHL #2/V6 per point per mode is 2 165 secs.j For the :wl
':”f‘sake of comparison. we. note that with Green s runetions -
; ’(261.lthe required time on an IBM 360/67 is 22.12 secs..
}\to obtain the same results with the same accuracvs the
K . 'variational method [28'[ provides only (3 and z with a =
EUREE frequired time or 32 secs. on a. Dnivac 1108 and is‘fess
*{'accurate (within z%) than l26|

- this chapter..m}crostrlp lines and coupled llnes in
“'he quasidTEM regime were analyzed by the BEM.; Laplace s
nequation at the croas eection or a microstrip 1ine ET: .

"if(Fig. .-la) shauld be eolved ror the potential dis-'”;,

“.,Atrl'butlon' Co _ |
ST Ve, *,a?:ffsgkie*?-', Lo (2
o ~~'.:"i":’l'he boundary and the cont;nulty conditione at the y-h plane
'*?rz*wéreffz+;~=_vf;*“; e M

L LTS

'ﬂ7'ff:°35t55f931§7ﬁf73*7;;f’;i'i¢§x;ar5f"f5?’5ﬁ-f?f}l“f-;f._;ﬁ‘ffvj“-‘” I

"j-'__-f-jf'and on. the MIC.

e,w/ayl,l—) -(Ov/byl,-*) T Mmoo




L Flg. 2-11 Even- and odd-mode chara.c't:erlstic impedance
L _'Of a coupled microstrip line vs.. w/h rnr
L “:.»vamous values of s/

coincide wrt:h' [i&] and 26]
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llnes vs. w/h for vam.ous values of s/h and
| e,. =9 oL | |

v
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Even- a.nd odd—mode c, of coupled microstr:.p



FJ.g. 2-13 Even— and -odd-mode surface cha.rge vs.
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Fig. 2-.15 Even- ann;

odd-mode & of coupled mlcrostmp
A 11nes vs. s’/h; w/h-l 0 and.,.e -9 o. '
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R single linee were shovm 1n Fige. 2-6. 7. 8 and 9 and

r( ﬂwl ayly-i-) _( a’/ayly Y) = P(")/e o (2-:20)

where ﬁ(x) was ‘the. charge dietrihtien on the lllc.}' e
g Green's second identity ne used ‘ e

fe(¢M P)d.S- ' ) -
i v(av/on)-«ar/an)]dc - ‘2‘3)

. 4where k4 was the rree spcce Green e mnction. Using Eq. 2-3.

'both Laplace 8 equation and the boundary conditiona were |
transformed into an integra.l equa.tion on. the y-rh pla.ne.
- H1/2) (=.+1fr(& b= |
€2,-1) f2 olx, h‘)(h/n)!l/[(x-x.)'-r(zh)‘]tdx AT
- :;ﬁp(x)/(mymi(x-zo ,'t<x—x.>'+<zn>'ndx Sz
The singularity in the charge distribution wee RER

1nserted explicitly 1nto Eq. 2-17. o | j/, :

| /] R p(x)qx(x)/vf—(ax/w)’ L : (2-18)

where X(x) was a alowly varying runction. Thie reduced |
the ﬁnel ‘matrix siae and lncree.eed the accuracy [ 59]

- The eimple case or a m:lcroetrip with C,.-I wes analyzed
ﬁret The eingularitiee 1n the rceultiné equatlone were

i%‘kremxoved ueing epprogiate trmtbmtione The ceee &,il ,' ’_..' PR

we.e then analyzed. The mmericnl reeulte obtained tor the '

 colncided with resulta ‘obtained in [ 8] ang’ [12] ﬂ ~

The- method wee then applled to coupled ucroetrip ‘
’ ﬁlines'. The re?ulte/ obtained by thie nethod were preeente&
' ,_rin Fige. 2-11 and 12 end coi.ncided with the reeulte dbte:ln,ed

ﬂin [ l&] and [26] Additlonal orig:lnel date were preeented

- .
| S
-
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The BEM has been successfuly applled to mlcrostrlp

;_1s capable of evaluatlng the characterlstlc 1mpedance e, )

i.the~charge. and the potential dlstrlbutlons.- The only other
,method y;eldlng all of the above parameters and: dlstrlbutlons
;1s. to the authox's knowledge, the W1ener~Hopf method [12];

‘“hcxever, 1t seems 1mp0381ble to generallze the latter method

to coupled llnes and resonators.“\

; The s1ngular1ty in the charge\dlstrlbutlon is 1ncluded

'1u1n the formulatlon. Moreover, the BEM has been modlfled by

'_‘u51ng the quadrature formulae forxintegratlon.. ThlS has -

resulted in 1ncreased accuracy and in a reductlon of the

. size of the flnal set of equatlons. For mlcrostrlp llnes,

the flnal matrlx 31ze 1s 15x15 and for coupled lines,

N

the flnal matrlx s1ze 1s 35x35. ;.- o \y-

| The method is very efficlent and accurate: the CPU
time per run on the. AMDAHL 74/V6 computer is 0 08 secs.,fbr‘
the analysis of microstrip llnes ‘and 2. 165 secs. per run
per mode for the analysis of the even- and odd~modes_in

coupled lines.

AR AN .

. fllnes and - coupled llnes 1n,the qua31-TEM reg1mer the analys1s L



- A, _Introduction

‘B.f Formulatlon

; -/. o ‘ . “

¥

ITI. AN ALTERNATIVE INTEGRAL EQUATION METHOD

. . - . ’ .
E © . . ) i

" In Chap. 2 the BEM was applied to microstrip lines in
e

the qaasl;TEMaregime., It is p0381ble to generalize thls

.,method to the wave analy31s of mlcrostrlp llnes. but the

€« .

fundamental solution will be dlfflcult to dbtaln.

To .80lve the Laplaee equatlon. Green 8 functlons are -

o customarlly deflned 80 that they satlsfy Polsson 8 equatlon-‘

M(

the forcing functlon is chosen to be a p01nt\charge. In
‘thls chapter, 1nstead of Green's functlons, a fundamental N
‘Solutlon.'w'. is: chosen so that it satisfies the Laplace

: equatlon. Moreover the bounaary condltlons ‘on WP are

'deflned such that the flnal 1ntegral equatlon is expressed : ,fA -

1? terms of the charge dlstrlbutlon alone. The method leads ‘ _?*

‘hto expres81ons for the characterlstlc 1mpedance and the

‘ effectlve dlelectrlc constant for mlcrostrlp llnes. The

-

method is then applled to coupled mlcrostrlp llnes. and 1n

the follow1ng chapters 1t is generallzed to the wave analys;s

of mlcrostrlps.

.

L S A . N

“dlthps are given in Eq. 2-2 and are demonstrated in

For a mlcrostrlp line in the quas1-TEM regxme, Laplace s
equatlon for the potentlal fUnctlon 90 should be solved in N

the cross sectlon of a mlcrostrlp 11ne. The boundaryépon—

ig. .

'3-1. T e radius of the semic rcle, R, in Fig. 3-1 is
& |

assumed to\hg 1nf1n1te.-'

78
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Fig. 3-1 Open microstrip line; R is assumed

1argen

.

infinitely.

o
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Green s second | 1dent1ty can, be applied to S a.nd S
\ . e
of Fig. 3 1. -~ - e ‘
fs,(wv*#%v)ds= SR
T Terleiel o Wanw(wan)]ac- o (3-1a)
, fa,(rthqv)dk o T
R 8¥/8n) - aWim) ] dC-

- where, as shown in Fig. 3-1, ‘the .region S, is

' by paths C,, I’ ' 3. and Cl&' “the region S, is L
enclosed by paths I"_ a.nd 02 ? is the desired potential
distribution, ¥ is an auxillary function ( :t‘undamental

':solution). and a/an designates the normal derivative.
Adding Eg. 3-la to b results in

fs,Ua,(wV'V'ﬂ ¢) dS= | o W

¥ qu,Uc,uc.[ #( W/Gn) -1P( 3¢/0n) ] ac+fy cgUra[ o W/ﬂn) —¢( 8¢/Bn) ] ac: -

| S (3-2) v

¢ is zero on C4(F1g. 3~ l) ‘)Pls also defined to be zero
% on Cl&” Moreover, ¢ a.nd a<P/an tend to zero at 1nf1n1ty. - h

. Thus by letting R tend to 1nf1n1ty, Eq. 3—2 reduces to
J s,u-,( wV'*-W, 90) dS- . " |
~ Jele(2v/on) -Kav/an)]d6+fr.[ o awon) ~¥¢/on)]dc, (3-3)

' where 1t is requlred that :

V'p-O e (3- LF)'
Up to thls p01nt the procedure lS almost the same' as

that in Chap. 2.., However, the auxiliary i‘unctlon ‘W J.s -

assumed to’ satisfy Lapla.ce's equat:.on R =

SR (-5 g
Ve 3-5)

. ‘This ch01ce méces the final " equatlon much simpler and

results in- a very s1mple numerical: procedure. Moreover, as Kr

w1ll be explained in the next chapter, it is easier to - R

L &



genera.ln.ze thls method, rather than the one 1n Chap. 2 to L

;’the waveﬂanalys1s of mlcrostrlp 11nes. o MR " 

| Cons:.derlng Eqs. 3-4 and)S. Eq. 3-3 can be wrltten .'

”fjaﬁf‘

e o=r1¢(a¢/ay| )-ﬂﬂv/ayly-am.(-dx) T
’ AT (090714 K 29/l )]dx B

L = Te(ev/oyl) SO T P S

R (/r_'tf(aw/ayl,-r)-'«avlﬂyly-u*)]dx (36

By properly 1mpos:.ng the boundary cond:.tlons en 'V' Eq. 3-6

}ca.n be reduced to a s:.mple J.ntegral equatlon 1n terms of o o

/ the charge dlstrlbutlon a.lone, let

m,...)n,m,..:) L ,'<*3'-7a>-.__
(W/ayl,-r)—(w/ayl,-«*)-o 5[6(x—x3 -w(x*xi)] <3 ?b>
Substltut:mg from Eqs., 3—7 :mto 6, and con51der1ng the |

bounda.ry condltlons on <o at y-—h (Eqs. 2-2) the follow1ng
, 1ntegral equatlon is obtalned : o ) ) - ¥
Omp(x, B) Smalp/e) (Wi, -8

:To flnd the functlon Vv whlch satlsfles Eqs. 3—7 le‘t

(con31der1ng an even symmetry in . a mlcrostrlp llne) y

‘ | h<)' a (3-9a)
vasdefined in Eq. 3-9a satisf‘les Laplace’s eqdatlon. | Impo-s_lng,
:Tﬂ,,--the boundary condltlons of Eqs. 3-7 on Vylelds o
L 'A(v)sinh7h-e58(7)ezp(-7h0

and

 (3-9b)

B9 =(2/m) exp(7h) con(yx) / 7[""1+e.'/t b I].  (3-50)



o B :'1»: N ';}f" ./ff .
‘Substltutlng y'fréﬁ Eqs. 3-9 1nto 8 results 1n HT
Sof. [p(x)/elcos(ﬂ)co-('rx.)/{v[1+a,/tanh(7h)]}dxd7=rr/2- (3 10)

where X; 1s chosen to lle on the MIc, o

-

Eq. 3-10 is solved for the single mlcrostrlp line and R

‘,o-goocoupled mlcrostrlp llnes 1n the follow1ng sectbqu:o\

Singie Mlcrostr ip g _: L .. =_ '

,,o" ln Chap. 2,,the 31q?ular1ty in the charge dlstrlbu—
sy i

. tion 1s expllcltly 1ncluded ln Eq. '3=10 for reduélng the

' flnal matrlx 81zes

| "Eq#’z-lo can be wrltten as

TS 3 &) cos () /A 'axf

cos(wxo/i-r[m,/tanh(-,nn;a-,-w/a R

To - solve Eq. 3= 12 ‘let . ' S
- r-f.;:z(x) cos(vx)/xH /w) ax; (3-13)
Considering the even’ symmetry of the quasl-TEM mode in a

~m1crostr1p llne. the slowly varylng functlon XKx) can be

...‘ v

P(x) QX(’)/V‘—(ZX/W)' s ".(3_711) a |

vexpanded in a Tavlor SerleQJui

x(x)«-x.+xx'+ R ...(3__‘]{45.“._

:Thus ‘ | |
| I-f-.ﬂ(x.-!x;x'-!- .- )cos(vx)/vf—( 2x/W) x5
'Applylng the tr formatlon P , .'
| . ‘ <§‘ 'mne-mvw:} - };*\

o ‘Eq;-<'3-15 and u81ng the tabulated 1ntegra.ls of [49] yields

/R RA 0. 7o) 510, 6y -], e

| Substltutlng from Eq. 3—16 1nto 12 yields'

gomh(o 57W)cos(7x0/17[1+c,/tanh(7h)];dy.1, (3 7)

e
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The £ ].low1ng transformatlons are --fﬁ#‘ﬁlhe-f'»'ﬁS,‘?@"f'b | Si"-“pi’ifi"‘;‘f o

L I 'nmr/(ah) - (3:}8c) T
Applylng Eqs. 3-18 to 17 results 1n S S
RTINS mh(qa)eos(mpc,)/[a(1-1:,/tanha)]da-1 o (3 19)

Choos:.rvg N p01nts for & and truncat:.ng the sum to- N-’T’ ,,"'-'

results 1 an NxN matr X equatlon from whlch the charge

pract;cal‘ va.lues of 1 the ortly term of 31gnlflcant value 1s _
K, ;. thus o _\\ | IR R | ‘,‘ , _-é-

m.(na)cos(wm)/[a(lwr/tmha)]daux. <3-zo>
Only one cl is needed ‘in Q\rder to obtain K 1n Eq. 3-20,, .

soJlet

dlstrlbutlon on the MIX‘can be found. However. for most

e, Lt (3-21)

_and hvegcev} . o e - @
. K,];I,(na)/[a(l-l-c,/tanha)]dagl | ' (3-22)
A dlrect numeri#1° 1ntegratlon of Eq. 3-22 leads to.
inaccurate Tesults due to the os01llatory nature o‘f I (qd-). -
.,.'., neither is the 1nteg.ral llsted in avallable handbooks of .
’ 1ntegrals or Hankel transfoms [49] and [50] 'Thus, the M
fractlon in the: 1ntegrand of Eq. 3-22 1s expanded as
A "1/(1+e,/t nha)= 1~(e..+1)](1—e*~9>3 (-'r)"e""" (3—23a)

where

“-f_i-('e.a.)‘/(a,ﬁ.). L (-2



. ,,.(‘.- -

o Substltutlng from Eq. 2= 23a 1nto 22 ylelds

 Bq. 3-24 results in

s x.é,‘,(-ﬂ'mi[z(nﬂ) Mcim) m‘]/( n:

The _A:apacitance per un1t length can be readlly found from

Eq.v3-25. For - 8—1

e . »...».;_.r;.~‘.__‘~,__; N _,-,..A.e_r__'_,“,;_._v'.,}.l..,,, O

KE (-1 'mo(ﬂa)[e"“—o'“‘*”‘]—/a das{e ). (3-21)
Us:.ng the tabulated 1ntegrals oi‘ [49] and manlpulatlng,

.~.\

g =e/¥sm[(z+ﬂ/nn : “<'3.—56>

. a.nd for | & #l ', Y,

c=<e,+1)/ieﬁ (-fr)"in{[2(n+1)+\£(n+1)’m’]/(znm]?

£

>

A . :-,. e E (3-27)
Conmdemng Eqs. 3—26 and 27, é:e is glven by “ 'A

e.={<e,+1>/znn[(a+~€"—')/n1/ o S
£, (-r)‘in[[2(n+1)+\4(n+1) TPl /(eohTED T}, (3-28),

: and the cha.racter;stlc 1mpedance 1s given by

z =[120/\é(_e,Tmnn[(z+\4T/nn"' :

1 (—f)%kqtz(naa)+~£(EIITEEFU/(an+~£‘F“15];Lm (3-29)

The results obtained by this method are compared to
the results obtained in [8] as shown in Figs. 3-2 and 3.

The method is efflclent and the accuracy is reasonable.
As evident from Fig. 3—2 for €< 20 the largest error is in
the order of. 5% The accuracy reduces for &r—Sl to
approximately 10%, as is evident from Fig. 3-2. For practical .
values of 9 P"the results obtained by Eqs. 3-28 and 29 are

acceptable. " For 1ncreased accuracy, more terms 1n the Taylor

series expan31on of. Eq. 3-14 can be jincluded; thls procedure.

. w1ll be ca.rrled out for coupled mlcrostrlp lines in the

. R +

.niﬁfﬁ}a(e,+4) (3—25)ﬁ"u;



12065“

100

Charagteristip Impedﬁnbe;”z, n;[“f* Fv“

0. 01

Fig. 3-2

Characteristic impedahce of a microstrip
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:@3, following sections. For the sake of comparlson, note that o _
'f-experlmental results obtained by Pucel. et. al. [51] 1ndicate :
5 to 10% error for the value of z ‘over 1 fo 6 GHE in the o

' w1dely used Wheeler s formulae [1] :"Fv B df ;:f

[

.f D, Coupled Mlcrostrlp Llnes o

B Fof‘do;pled mlcrostrlp ilnes. Eq. 3 12 and 13 should
be modlfled so that ‘the domain of integratlon 1ncludes
both strlps in the coupled lines. Cons1der1ng-F1g. 2-10a -
let - o o | L

s'és+kw/2)'v o - . (3-30a)

" nﬁr/(fZE). | ,_ (3-30b)
and _ L ‘ L .
‘},: T o i o=’ /QL “ L © (3-30c)
Eq ‘3~12 can in general be written asldiu | v t f
. f‘1(7)/57[1+=,/tanh(~/hmd7=n/z . (3-31a)

where I is dlfferent for the even, and odd modes. The
‘ detalls a;e explalned for the even. modes. _The results for .
the odd modes are then summarlzed.. | |
' For the even modes, AT o
. Where B
L= l/e)f-'i.- "}px(- -»z)cos(vx)dx e
+(1/b)j‘ p,(s'ex)eos(7x)dx o (3-31c)
and p (x) is the. even-mode charge dlstrlbutlon. The charge
dlstélbutlon can be expressed as | ! i
a(x" =) femi(a’ —x)/vi—[z(s y=T (3-32)

Smbstituting‘% from Eq. 3-32 into 31c and introdueing_tpe_~v




,
\

 The integral can be found in [ 49] and [ 50].’ For n+#0 and v#£0

change ‘of varl able.

Lo

? -

g sina-e(s —x)/w - . (3-33)

to remove the s.mgularltles at x s‘:r. w/2 results in .' .

1,-e(w/z)j x,(o 51r sinﬂ) cos[7(s —0 Sw si.nﬂ)]‘?a. (3_'345

The slowly varylng functlon x, can be wex-pandec_l in powers .
of (s’ -x) as follows: v ‘

(vr/z)x(s =) ‘K;-I-K‘(‘s —x)+K¢(s -x)t.,...

.88

=K,+K,sin6+K,cosZG4K,sin36+ <. | - (3-35) |

Substltutlng from Eq\3-35 1nto 34 and utlllzlng the
tabulated 1ntegrals of | [49] results in -
Ir=2mos(7s )E,Kduﬂo-, Syw) o |
T emsin(yer )Efxwrmlo sy O (3-38)

Substltuting from Egs. 3-23 and 36 into 31a, and 1ntroduc:|.ng

_ the change of varlable

results in | B S RN

(c,+1) /2-5 g (-
| {RKaRe [fGi[o®ag "“""‘]/a!
{iexp[ ¢ £rto) o] +oxp[ -(¢s0)al}s n( na) da
| +K.mrm [ [ o= o2tm)e] /g

)

~ Where the plus signs hold for the even modes and the
negat:.ve s:Lgns for the odd modes. | The 1ntegra.l whlch is

' essentla.l for solving Eq. 3-37 is

v(no ¢) =-_PO.JV("7“) °xp[_(anﬂ¢) a] do

{ exp[ 4( ¢+0) a —exp[ :H( o) a]} T mu( na) da! ( 3;-'37?



' can be evaluated.r

'the result 1s :

St

<+«lihrﬂt) +n.

NmG%zww

then P(n <) can ‘be written in polar form as

| CP(m) =riR(:n. c) expm(n. c)] C (3-38c>
Thus, n- R(na ¢ ) is the modulus of P, and § is the phase'w

3

“i;(ﬁiésb)

of P; Slmllar expresslons can be obtalned for, the spe01al

'casesvwhere n-O or v—o._ Eq 3-37 thus ylelds a matrlx

‘equation in the terms of unknown K, From K, the charge

'dlstrlbutlon and thus the parameters oi'the coupled llnes

E‘. Numerical Resul.ts- ’ \. R .

- The results obtalned by this method for coupled mlcro—

strip lines are presented in Flg. 3—4 and are compared W1th ‘

n(x, t)wxp[-jw(n. t)]/!v{R(n. rm T Gy

R and ) are dei‘lned as follows; let

the resuits obtalned in [4] As’ 1n the case of 31ng1e lines,

the results are. more accurate for small -values" of w/h (less

than unity). The charge dlstrlbution on the two. strips are

perturbed less for larger values of s/h than in the case of"

single llnes._ Therefore. the results are more accurate for

larger values of s/h. A complete error analysis is

presented below. v _
There are two 1nf1n1te sums Whlch are truncated in the

numerical solution, namely.

1.  the infinite sum Of-Eq-”3¥24 is‘truncated to N, terms}_‘

and

89 i

~
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2.T” the inflnlte sum’ of Eq. 3-35 is truncated to f' terms.
| Lm 1s the flnal matrlx 31ze. ) | ’
'“'ﬁThe effect ofueach truncatlon is con81dered separately. .

Thaqufect of ﬂm

To assess the’ effect of N on the numerical results,

Ly is assigned the fgxed value ‘ot 5..and N is increased N

.'until the . values of the calculated parameters are no longer .
influenced by N . The results of one typical analysis are ‘

- presented in Fig. 3-5 below. A value of N =50 is seen to be

| :sufficiently large to produce negligible truncatlon errcr;' 7

in fact, such a value is large enough ror*all cases of interest,

- The Effect of L

- To assess the effect ‘6 Ly on the numerlcal results.
'ﬁa 1s asslgned the flxed value of 50,. and Lg is varied. ’
The percentage error in each case can be obtalned and | v‘
‘ plotted Versus Lm. A typlcal results is- shownzln Flg. 3—6.;v'

Unfortunately. as Lm 1ncreases. some of the 1ntermedlate:

e
IR '

lnumbers beéome exceSS1vely large, causmng an overflow 1n '

' the computer (specl 1cally R 1n Eq. 3-38a) Thus, a

._further 1ncrease in he flnal matrlx slze 1s not. useful. How-.

ever, for values of

less than unlty thls cverflow does

”:not occur.il-3A>“' ‘ , . R
r } An" example of typ cal values of the dlfferent para-
‘meters in thls error analy81s 1s as Tollowss - For. w/h-l 5
:and s/h—o 3{ Nm=30 and‘Lm-9 (the flnal matrlx s;ze) w1ll

: result in 5% error forfthe values of the chara‘ter{stlc kf.:;;-
' ;lmpedance.- The results w1ll be more accurate “for smaller\" a
N .

values ‘of w/h and larger values of s/h., In general the o
.~ - S SR e a
N S L S . . L2

‘

W
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Fig. 3—5 Percent error 1n flnal value of Z, vs._ 'm; (Nm‘ is
the . number of terms to wh1c=h the sum of Eq. 3-214-

g’ truncated) Ly T |

W, h=1.5, s/h-o 3, c, =9.0, and Lm-5 (Lm is the

flna.l matrlx size). o |
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- o
recommended‘value for L 1s 9 to'obtain results with
reasonable accuracy.' The method developed in this chapter

" is quite efficient and the computer time and memory space

‘required[is ‘minimal, since the resulting matrix Sizes are J—
small (of the order of 8x8) For the sake of comparison.i

. the final matrix size- obtained by the mode matching method

| isg 40xb0 as explained in Chap. l. [3]L‘2'

P._Sumary o |
In this—chapter, an integral equation method was.
developed in order to obtain the potential distributlon, @
at the cross section of microstrip lines in the qua31 -TEM

regime.\ Green s secoqd identity -was considered

fa (¢V'-¢-—1Wt 'f’)ds"

‘where. ¢ satisfied Laplaqe s equation.. Unlike Gr?én's.

functions, we also required that ' v . "* S
S 'Vt‘*’."’- o B C ) .
This reduced the left hand side of Eq. 2-3 to zero. By
properiy choosing the boundary conditions on ¥ it was |

pOSSlble to reduce theright hand side of Eq 2=3 to

fILp(x)/clcos(vx)cos('/x.)/!'r[lﬂ./tanh(vh)]}dxd7=n/2 (3-10)
The singularitv in the charge distribution was in-

_cluded in Eq 3-10; o

p(x) ==ax(X) /Vf-( 2x/W) : (3_11)

. p(xﬂ was in turn expanded in terms of .a Tavlor series with
unknown coefficients. Thus, the integral on the left hand
side of Eq 3-10 could be evaluated. For microstrip lines.

.the follow1ng expre381ons were obtained for ¢, and Z.



ge ( 8,+1) /2] ln[ (2-}-“ /17] / ' : o | 95 :

(£4 (=) 2=l L 2(a+1) ni{ar) +n’]/(2n+\4*’)]¥  (328)
quzO/Mszr(zM“‘/nnm o -
if (w)ﬂn[[z(nﬂ)armv(znmnm © (3-29)
wher, . - o - o

u ( s 'r-=(e,—1)/(ey+1) T (32
‘ The numerlcal ‘results obtalned using the above expres-=
'sions ‘were shown in Figs. 3- -3 and b and were-compared to

the results of Ref. [8]. The accuracy was better than 5%
for. €,420 and w/h41. _ o |

| Fbr coupled lines. ‘the method led to a matrix equatlon '
from which Z and e, could be obtalned. The results obtained
by thls method were presented in Fig. 3-4 and were compared -
to the results of Ref.“[#]; | o |

G. Conclusions L v L
B .The method developed in this chapter makes the use of
Green s functions more flex1ble. Green 8 functlons are
'obtalned by placlng a point charge 1n the geometry of
1nterest. The flnal solutlon is then obtalned by the super—
pos1tlon prlnclple. In the method developed in this chapter

no: polnt charge is needed in obtalnlng a fundamental solu-:'

tlon by whlch the actual

olution can be obtalned. The
boundary conditions on t fundamental solution'can be
arbltrarily chosen to si pllfy the flnal 1ntegral equatlon.
The 1naccuracy in the ot alned results 1s caused by the
approximations which ar 1ntroduced in solv1ng the obtained
1ntegral equatlons (sp clflcally, truncatlng the infinite

sums of Eqs. 3 24 and 35) Chap. 3 can be vlewedias a_d'“

6‘4

— el LU
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bullding block for the wave analysis of mlcrostrlps. The
theory developed for solv1ng Lapi&ge s equatlon is applled

N to Helmholtz 8 equatlon 1n the followlng chapters.'
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IV, WAVE ANALYSTS OF MICROSTRIP LINES

N

' A. Introduetion - I
| The wave analy8183of microstrip lines is preSented in
"thls chapter. The theory developed in Chap 3 is applied |
to Helmholtz s equatlon for the wave analysis of mlcrostrlp}”

11nes. Furthermore. rather than using the two customary
potentle.]. functlons e and ‘y(‘" which were 1ntroduced in

. Chap. 1, thls chapter uses one functlon only; 1t is!shown
that the boundary conditlons for Ey are separable from the
other components of E and H. The choice of Ey as the
unknown fUnctlon greatly reduces the numerlcal effort of
_analy21ng a mlcrostrlp line.

B. Formulationv' - _ . S, D , -

The"boundaries and the interfaces*of microstrips'are

along or perpendlcular to the coordlnate axes. Therefore,'
the boundary conditions for the electric field, E, and the

magnetlc fleld, H. are greatly 31mp11f1ed. On the conductors'

" B, | (-1a)
. He-o, L )
3K, /500, », | (K-le)
ang.,;/bn-o - - (4-1q)

" where the subscrlpt "tan" denotes the tangentlal component,

S and "nor" denotes the normal component. £

The contlnulty of the normal component of the die-~ N

?“ﬁ'_Placement vector at the DAI 1mp41es that .}x e

’ . PR
. e b 8 .
S T g o
. . . B ot e %




On the MIC : o
| o .(E,l,..;)—u:,l,d:) ao/a . (4-2p)
In the absence of cnarge . ‘ ,
\ " . | vv.. ﬁ-o. o .. ) ‘_ (4-3) o
“-Thus; | g o : . v
| (OB,/07lyu) ~{ 0B./0x 40K, /02) om,  (heba)
(OEy,/8y|ys?) = OE, 8x+9E, /2] |+ (4-b)
'Subtracting Eq. 4-4b from b4a results in SR | ;e
(0E,/8y|,.4") (8K, /3], 04) = |

(G/Ux)[(E,J,..'f)—(EA,.;-)]+(0/Gz)[(E.l,..+)—(E.l,.;-)] (4-5)

E, and E are continuous across the DAI, so Eq. 4-5 leads

to ’ , -
| (aE,/ay|,..,)=(aE,/ay],..,) * on the DAL (4-6)
According to Eq. 4-1c” - W
(an,/aﬂ,..;,—)=(az,4aﬂ,_,+)=o on the MC. S (e

Egs. 4—2 6, and 7 indicate that the boundary conditions
for E,are separable from the other components of E and H.

. Similarly. it can be proven that

(H,l,...)=(H,I,..+) on the DA, )i' (\’_4--.8a,) \
(H,l,..‘)ﬁv(ﬂ,,,..*)=0 on the MIC (Li’-8b)
(BH,/OyI,..,-)-(aH,/ayl,..,*') on the DAI. ' .(4-8c)r

Eqs. 42, 6 7, and 8 do not prove that pure LSE or
LSM (Longitudinal Section Magnetic) modes can exist in
microstrips. Rather, they indicate that microstrips can’
be analvzed by considering E and Hy seerately. ‘For the
determination of the fields. both E and H should be found.
- However, the quantities of interest. such as €q or microstrip

lines or the resonant frequencies of resonators can be found |
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\J/from either Ey or Hy‘and~the‘boundary~conditions. The .above

. »

s e s e

N

eonclusions'are'based on. the assumptionsAthat the dielectric

and the conductors are lossless.‘and that a mlcrostrlp line

P

' is 1nf1nite1y thin.
. - - ¢
For the case of mlcrostrlp llnes. the varlatlon of

the fields along the z-axig is as exp(-)Fz') Thus, E,-

\
should eatl sfy

< {'E,ka’—ﬁ')z,w B C(4e9)
- In the - follow1ng sectlons. the theory developed in Chap. 3
is applled to solv1ng Eq. 4—9.

~;C.ﬁ An Integral Equatidn Formulation

-

Green's second idenfity can be rearranged as

f,w[v']j);_-_xk’—a’)w]-vtvwnx'—n'm:ds=, | .
JdWde/on) p(o¥/om)lac.  (4-10)

where S is the area enclosed by “the curve C.‘ Let. =
PR (a1
and let ¥ be an ‘auxiliary function such that = o ’
| VI RL-5%) 9=, T (512)

The boundary condltlons for ¥ will be descrlbed below.
Con31der1ng Eqs. 49, ll. and 12, Egq. 4-10 reduces to
fclv(aw/an)-?(w/an)]d@o S (413)
The line is assumed to be shlelded by a. metalllc plane at
y=h+d (Flg. 4—1) -In the x—dlrectlon. the line 1s assumed
to extend: to inflnlty.. o -

Eq.,h—lj applled to S1 and, S, in Flg.'b-l results in

99

&

Jejucsl W 9¢/80) —p( 89/81) ] dC=0, (4-1ba)
JSeqe ] ¥ 8¢/8n) —p( ?i'/ibn).]dcéo. - (.4_.1%-»)’

Mt e s ek b s
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Fig. 4-1 A single microstrip lire shielded on top by &
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where it 1s assumed that @ and 2¢/>n tend to zero ‘for

‘large X, To simplify the present problem. the boundary

- -

.,condltlons on ¥ are deflned as follows: .
o a¢/0n=o at y=0 and'y=h-+d . - (4-15a)
and | | - |
w/m,_.,)q,( 2¥/071ra). . <‘+—15b>
ImPOSlng the boundary condltlons of Eqs. 4-15 on 14 and
manlpulatlng ylelds “ : '
.fm[(#*ly-r)—(ﬁy.a.")](ﬂv/ﬂyl,-ul dx-( l/e)fuoo(X)(W/Gyly-a*)d!
s |  (4-16)
It is necessary to flnd ¥ such that Eqs. b-12<end 15
i‘are satisfied. Thus let- -

wos(ax)cosh(y y) 17 ainb(y W)];  osyan,

cos(ex)conhlA(y-5-9)1/[7 sisb(re) i heystise

ST - R (u_17a)
where ﬁ ' o : B o

l}:' | | e'k'—ﬁ'w'_“"o' o " (4-17v)

. k‘—ﬂt-l'r'-a’=o  170)

Substltutlng v from Eq. 4-173a into. 16 results in
fmG( a) ¢°'(°3) (8¢/0Y|y-o) dx-( l/c)f;np(x) cos( ax) dx (4-18a)

‘-where E
&arle 1y tanh(y’ h)lh-[x/tmnh(vd)]}  (4-18b)
Multlplylng both sides of Eq. 4-18a by cos(d xl) and

) xlntegratlng over & from zero to 1nf1n1ty results 1n .

fmx(x.xd(ﬂw/byly..)dxw S <4-19a)][




where x 1srassumed to lie on the.MIC and
R (x, X;) =2nf 3 a) [ exp( Jalxml) +exp( Jalx-x.l) ] da
Let ' :

| - R(x") =en/ 3 a) Axpmr Daa
then o R

R(x. 2) =R x42) +R(x-x)

C(4-19b)

(4—20a)

(4-20b)

For a single microstrip line, Eq 4-19a can be written as

" f.ﬁa(xw/z)[x(xuom::-x.)]dx-o

Whgre_ g

Lo a(x-vr/a)-(ﬂr/arly-‘)

(%e21a)

(b-21b)

The . follow1ng changes of varlables 81mp11fy the above

equatlons

* . E=x/m,
n=w/(2n),
CK(O)=Rng), -
a(¢)=a(ng),
“G(v,)%-‘('r/e)/n |
S=i/n

Cons1der1ng Egs. 4-22 Eq. 4-21a. can be wrltten as

fo.a(g)[x(f‘*‘h‘*aﬂ)'m(f-&):]df’o Vf?’l— _
pwhere (Eq 4—20a) - -
e K($)=(2ﬂ)f-:G(V) GXP(JVIEl)dV
and (Egs. b-17 and 18b)

c(u)=za,/[mmh(ﬁ“)];+1/[mmh(a\£ ')]

. with

A

\..

= .B'=(:__5,'—1) (hk)?,

A

(u_zéa)
(4-22b)
(4-22c)

 (b=224)
- (4=228)

(4-22f)

"(h-22g)
(4;23a)

(4-23b)

(4-230) '

J j ﬁ(¢-23d)~

N\
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and R S RIS
memr“Q@wm
Evaluatlon of the Kernel K(a) B

| K(&) of Eq. 1~l-23b can be eva.luated by complex Inte-

‘gratlon. Assume that 7 is a complex varlable. and 1ntegrate o

V)exP(Jvlcl)‘ along the infinite semlclrcular path [‘°
shown in. Fig. 4-2; 1t ‘can be shown. that the 1ntegrand ,
'-vam.shes over /1 ;. therefore ) '
K(E)-%ﬂf-:G(V) exp(lVlEl)dv—f o
~4[(Z0. 5 Res. of poles on the real axis)-l-(ERes of poles inside l")]

‘ o _ . , - S _,(4'2'*)
"The‘poles ofﬁGg&)f ,are_loeated at (Eq.'4:éje) t
o o pI-C B (“—_1215a)
Pe=C, . -‘ ' o (4;255)_ o
m,q\(m m=1,2,3,- (Be25¢) -

, 'Eq. 4—214 1eads to
K(f ):{q,[sin( le DI 23)} , o ' :
wamwumwwm;wm;
The kernel of Eq, 4-26 1s not sufflclent for’ solwung
the 1ntegral equatlon. This is ev:Ldent by cons.ldermg the
limltlng case k= 0, whlch implies (Eq.. 4-23e) that

CIM'\é_—.(hk)lhe‘o- co - (4-27)

‘For' the quam -TEM mode 1n a mlCrOS'trlp llne. Ce remalns
finite for k=0. Thus, from Eq. 4-234d R TV
. Blm'\é::f(hk) hog=0. . ‘ “’7‘28),".

saria
ESNEIUPL il

Jv.ﬂ%nﬂ/d)'ﬁi: n-o 1,2, - - (#—'2’5d),"'_;" -
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\ At o
[ - . ) » i ‘ 5
' o . . » ! v-plane

~id CERN ,‘,n
. ~

Flg. &-2‘ Contour for the complex‘lntegratlon of Eq. 4—23b;

i '1s used to flnd a complementary kernel.;
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Since (from Eq. 4-25d) | e
P s 114800 as lHO

» the flrst term ‘in the s COnd summation of Eq. 4-26 tends to‘
’Yt < 1nf1nity and K(a) bec mes 1ndependent of C. It is there-
fore necessary to find complementary kernel whlch is
dependent on ¢ for small C. = i |
Both 31des of Eq. k18 can be multlplled by cos(ya 3)
and 1ntegrated along the-small clrcle around V-C namely
" 4. in Fig. h-2." v ang 5 are deflned in Egs. 4-22.
Thud, Eq. 4—18a becomes . ' -
Jo1%,,8(v) con(v¢) con(ve) av] a( ¢ —n) d¢
=(1/¢) fn_-np(_hg)- $5.cos( vt) cos(vgy) dv] dg
'="0: r gardless of £, o (4-29)
. The rlght hand 81de of Eq 4—29 is 1dent1cally zero 81nce
norie of the” functlons ln the 1ntegrand ‘have a pole at V-C.f

Consmderlng Eq. 4-23c G(vj “has a pole at "=C, therefore

the left hand side of Eq. "-29 leads to -

f.,cos[c -m)] a(e)deao f (4_30) S .

| For the quasi- TEM mod ’ Eqs. 4—23a, 27, 28 and 30,

prove that e,. should rem 1n flnlte at Zero- frequency.
Con31der Eqs. 4—23d and 23e; As k tends to zero..both B

and C tend to zero.‘ The ke els of Eqs._h—23a and 30 both

become constant for B-C-O. n thls llmltlng case. Eq. 4—23a

tends to

C T L) aeeo,

" and Eq. 4-30 tends to | . | -

f. a( ‘) d$=0 -: S .A.W..'.;" “”: ,ﬂﬂ-.;, ﬂ
. e .

used to solve Eqs. 4—23a and“"'”‘ >

“.




' 30 B—C-O is a solution. “This verifles that ce"remains g
finite as the frequency tends Yo zero (from Eqs. b-23d and
23e)

N

E. Numerical'Solution |

In order to solve the above equations numericallx
s E) is defined with respect to a(d) of Eq #—22e: .
o | =m0,y
‘ iwhere L is an arbitrary number. ThlS definition is based on_
a. t  the fact that the flelds decay rapldly away from' the MIC '
- edges. L can be varied arbltrarily to obtaln the most
accurate numerical results; the obtained numerical results

are nearly 1ndependent of L. " Then Eq 4-30 can be
"approximated by i

H e wexp(—eL)cos[C(;m)]dg.o " (4-32a)
where M determines the final matrix 31ze. and . R
et frt(é). T (=32m)

]

Eq h-23a can . slmilarly be approximated by

BN wtx(e+ei+an) +K(6—h)]exp( -€L)df-o (4-3zc)

The relatlonshlp between w ‘and e 1s shown

l) v,)
in Fig. b-3; the g axls is d1v1ded into ‘segments of w1dth

W; about the p01nt &; ranglng from the lower*edgp &y
to the upper edge &w . W ‘and zl are the parameters for

the quadrature 1ntegration [48] ;lThls choice of parameters

”."'»:..ln-q,‘_- RS SV 4!a~'o.~ Y L5~ e

reduces the 1ntegration errorsz oo e ”f'—771f“iiff“‘:

L4

‘;w-giu Je The ;bllowing definitionsswill Simplify the,procedure for

- oa

k3

Sl . l: . evaluating “the 1nteg1‘als of Eqa- %328. a.nd 32c. S ',: e ,, :
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Q—W,—-D Wy <= —D1Wy
fu . €u | e Ean
0 - £ £z | . . . 2
I 2 T 1 e ?f'g('n-a)
. - - L
F:Lg. #—3 & -axia d1v1ded J.nto varlous segments for the o

ST TR numerlcal 1ntegratlon of Egs. 4-23a and 30.
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Gi.'HI/(éc)lf; stn[cu+e.+2nnexp(~en)de. e

Srl1/(2)1 0 snlcleiloxp(~41)ag,  (4-330)
Coma1/0 [ oxp (£4t2n) Joxp(—gLyag,:  (i-330)
Can 4= 1/02) [o{o °xpl pult—tilexp(~¢L)ag, . . (4-33)
Gorfud cos[C¢m)Joxp(—¢L)ag,  (4<3%e)
G'-.ﬂ"(B/’-)fc On[*p(fﬂ:*eﬂ)]exp(—fl.)de (4=33F)
G y(B/0) /{3 expl ot ~¢{]exp(~¢L)a, (4=33¢)

The integrals of Eqs. #-33 can be ea511y evaluated. Con-
51der1ng Eqs. 4-33 we can now rewrite Eq. 4-32a as . |
o Chtero .'”w-sua,)*
ahd Eq. 4-32c can be expressed as. . B | |
f.1d 080Gy, O § (Com 6 ) 1 -5, (G..,,mhm-o. (4-341:)-
In matrix form : Eqs. 4-34 can be represented as

[alit}=o, L e

o ,where the rirst row or [G] is G 5. of Eq 4-33e. ‘The

- »;_TEM reglme."

matrix [G] is a function of B and °C of Eqs. 4—23d and 23e.
‘.Whlch are both dlrectly proportlonal to hk or hf; thls '
5 signlfies the fact that for mlcrostrlp llnes. the normallzed"
frequency fh can ‘be used (i. e.. the disperslon relation can
 be plotted vs.' fh rather than f). In a similar fashlon.
. the str;,p width ca.n be normallzed to w/h as 'in ‘the quael- -

The numerical results obtained by thls method for :»
= different rgpresentative cases a.re shown in Figs. ’4—1& and‘

5’and’ are’ compared to the results of [15] [23] and [52] |
'T'I'he tresults obtained by this method are in ‘good agreement LT
| _w:.th other methods for high frequencles. For low frequencies. |

e. convergee smoothly to the zero frequency limit or the )
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w/h=1.0
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- Effective Dielecificl_Co;istaht, Ee

8 L. 1 - 1 L b0y

‘0 20 - 40 60 - g . 100
o (f-h); [GHz: mm] -

~Fig. 7+-’+ | 5 of a single microstrip line vs. normallzed_
L frequency: | S R _
' 6..18 obtained from quasi-T%M methods ( [8]
-and the vhod of' Chap. 2). |
As the ﬁ'equency tends to zéro. the results '
| | obtained by the present method smoothly

converge to ee,,.
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Ceo 1s obtained from quasi-TEM methods ([8]

- and the method of Chap. 2).

' 'converge to G,,.

As the frequency tends to zero. the results

obtained by the present method smoothly
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effective d;electrlc constant. ceo ’ obtalned by the qua31-

Ve e e

TEM metnods.-’ The resul.:ts of. [15] [23] and [52] do not

L,_-converge to Cco at zero frequency.

Con81der1ng the numerlcal efflclency of": the present S

vmethod the 81ze of the flnal elgenvalue matrix used was-

14x14 and flfty tegps were needed 1n Eq. b—26 _ The flnal

| matrix ize in“fHe TEN fethod: fzz is 270x270,. in the.

.1i 'difference method figa 1t 15 100x100 &nd for the fﬁnite‘fn-vdauw._,

flnlte

element method 21 it is 126x126 The eomputer progpams are

“tipresented in App. C‘ “Phe results of Fing b=l and- 5-have been

obtained by findlng the values of
[ l in Eq 4-3# vanlshes.,}.

<

o In this chapter. 1t-was.shown that, fdrfnierbetribs;f IERLENS

the boundary condltlons ‘for Ey could be eeparated from the
other components of E and #. Ey satisfied Helmholtz g

" equation

v'E,+( xk‘—ﬁ')E 0.
“with the boundary condltlons
'r(EyJ y-h—) = Ey: 7-h*) .
on the DAI, and - o

£e(Eply) < Eyly) /e,

‘on the MIC. Moreoverp

(aE,/ayl,., )-(aE,/ayl,.,.+) on the DAL

and | ,
(8E,/35yw) < 2E,/87!,4") =0 on the MC:

(4-9)

e; at whlch the determlnant

(4=22a) "

\.(4-2b)'

(4-6)
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Green s - second 1dent1ty was rearranged as

AT vioH ck*-57) p] [ v ¥ xk’—ﬁ") Wi ds= _.
ucw(awan) ‘V(‘W’/On)]dc (10
_where. ; , . . : | , | l. | )
| | PE, o | (A-11)

The method developed 1n Chap. 3 was. applied to N
:"thls case; it was assumed that o , , L
S W;k'_g?)-pr_-,o L (4—-12)
Cons:Lder:Lng Eqs. 4—9, 10 and 12, the left ha.nd 51de of
,.Eq' l+-10 could be- set equal to zero. By~ properly choos:.ng '
the boundary conditions on. ¥ , Eq. 4-10 resulted in’

fnuG(a)co-(ax)(Gv/ayly-..)dx-(l/e)fuoo(ﬂGOS(QX)dX' - (4—18a). o

: PRy where

. ‘ N_,,,g»\ S R
G a)==,/[7 tanh(‘r h)]+1/Irtanh(vd)] (4-le)-.‘ o
| rk'—ﬁ‘ﬂ’ '*—a‘=0 Lo 'i(;;'.'lfa");, .
) kz"”*"‘“* L (4T

Eq. 4-18a multiplied by cos(a- "X;) -and 1ntegrated over o

in the complex a-domgln resulted in

[s(¢) cos[C(¢+m) 1 dg=0, - (30)
. fo"a(f)[K(Heﬁen)+K(€—€J]d£-0 o (4-23a)
~ where a(¢) was deflned by 2 (o(x,y)/a Yy on the DAI where
o g=x/n',. N (4o

,adud ‘the -kern'e'l was given by
, K(E)*tx-sin(clél)/(%)
—s.z exp( —p.le:)/p,—z exp(w.m)/um (4-26)

©
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| ‘a=v€?3(hk)-" S ‘<¢-23§>‘A
" C=né,—€,(hk). ( l+-2‘3e) |

-~ pe S, A=l 230 ,_-(4-25c)
—~(§E/a)‘¥§’M n=0. 1, 2'7*"',:..'. (4-25a)

""Eqs. 4-23a. and 30 yielded an elgenvalue matrix equatlon _r;'*
..when.dlscretlzed. The numerical results obtained bv—thls

;jmethod were. presented in Figs. 4-4 and 5 and were compared -

- ufpto the results of [15], 123\ and 152]

' G;_ Conclu81ons SR ,..1_';L. .

strlps. In order to solve . Helmholtz 8 equatlon for E

.by quas1 TEM methods. “The- method 1s economlcal (flnal matrlx

- TR A
. L. L B B T
I R

N ""'-'f

It has been shown that the wave analys1s of mlcrostrlps

”;can be.. performed us1ng only E In contrast to the customary
'two potentlal functlons \P(e) and ﬁ(h) the use of only

'pne function greatly reduces the effort for analyzlng mlcro-“

Yy’ -
the theory developed in Chap 3 was used.' The results

obtalned for microstrip lines. show good agreement w1th

other methods (Figs. 4—4 and 5) . As the frequency tends to

zero. the results converge smoothly to the values obtalned«p..ipp,,.

- size of lhxlb) However. it is not readlly apparent how

thls method can be generallzed to mlcrostrlp resonators.

-Therefore, in Chap. 5 the method of thls chapter is modified

so that it can be generallzed more ea51ly'to mlcrostrlp

‘resonators.

113}_h
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V. AN ALTERNATIVE INTEGRAL EQUATION METHOD FOR
' . THE ngVE ANALYSIS OF MICROSTRIPS

S

—

»

A. Introductlon Qn

x It seems dlfflcult to genérallze«the 1ntegral equatlon
fmethod of Chap. # to mlcrostrlp resonators of arbltrary "
‘shapes. Con31der1ng Eq b—l9a, the domarn of 1ntegratlon |
‘ "of this 1ntegral equatlon is the . DAI. The resultlng matrlx
:‘equatlons would be smaller it an 1ntegral equatlon could be

found whose domaln of 1ntegration lS the MIC alone. The * .
F.f;generallzatlon of sueh- an rhtegral equatlon to mlcrostrlp 'f: .
ifresonators would then be sxmpler. The development and solu-
-~g;{“tlon of an lntegral equataon for'mlcrogtrlp llnes w1th only
Tthe MIC as the domaln of 1ntegration is dlscussed in thlS
<~chapter. ThlS solutlon 18 then generalized 6 a rectangular

resonator,resonatlng 1n the even mode.'

B. Formulation

Eq 4—18b can be inverted to result in.

I/G(a)==7 sinh(vfd)? -sinh('r h)/ o L AP
E¢r7 sinh(7d) coah(7 h)-Py sinh('y h) cosh(-yd)] "(‘5-i',a‘)
’Whéréa; o ‘ SR o T S
| g, (s
| | 7 "'_'¢'+ﬂ'—e.k'."v - | (5-1¢)
Multiplying-Eqr #-lSa by Eq. 5-la resulte_in' . _ .

- Jourcos( at) ( bg}’dy’ly-_..j)“dx%('l.‘/_a) Siad cos(ex) /G(a)] p(x)ax.  ( 5-2)



whe're’ ¢=Ey; " Eq. 5-2 cannot be 1ntegrated over “ from

zero to 1nf1nity, since N ’ _' e
, l/é(a)«.a for la.rgo & _'- R
ﬂowevertﬂboth sxdes of Eq '5-2 can be multlpired by - B
| . 4 cos(ax,_) Sin’(ad' /2)/‘!, R |
”‘and lntegrated -over a from. o toas S T -
Thus' ‘the lert hand 'side of Eq. 5-2 results in' p
fm £(x)(a¢/a>’l, ,‘)ax B N (553a) |
where : o

f(x) —jn cos(ax) cos(ax,) sin’(a“d' /2) /a‘da (5-3b) :
 f(x) of Eq. 5- 3b is nonzero only on the regions .
_(mgrf§'<x<2fﬂh , and
Lxd ) w<Axed),
shown in Fig. 5-1, Thes, f(x)=b"0n the‘DAI'if 
| o | lxed; |<m/z V1 (5-ba) -
w1th the condition of 1nequa11ty 5- 4a, the”ihteé}aedvef

e oeme tr

Eq 5-3g is 1dentically zero.- _Thus. the right hand side of . - -
Ej. 5-2 results in : '. N ‘ B
fmk(x xop(X)dx=0 B S %)

o where

- K(x x.) -—fo“[sln'( ad' /2) /a‘] cos(ax.) coa(ccx) /c( a) da, (5-4c)
; The 1ntegral ‘Wthh is needed for evaluating K(x)%)

of Eq 5-3b is - : :

- . Ky( &) =/ °XP(il’f)/[V'G(V)]dV y (5-5a)

where

i
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v

Flg. 5-1 Mlcrostrlp line sh;elded on top by a metalllc
Plane; f(x) of Eq. 5 L} 1s nonzero on -(x: +d’1) to

-(x--d’i), and (x ~dj )- to (x +d’)

——— W
o
;
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b=/ ke
'In other words, | i ‘. e - |
\ o K(x’xﬂ=z &.'K, (x‘u /h) R . (5-54)

where the coeff1C1ents aq and xXq; can be found easily from ..

Eq 5-3b. Moreover . o : :
| c(v)=c(v/h)/n, S | - (5-5¢)

‘ ‘G()') can. be rewrltten as

' where, from Eq. 5-1la,

c(v>=v.<p>/m<p) Gy

R l(,o)=—;.vsix1(,a)\/.f———-slnh(thfr_i) : (5—6b)
Pa(p) =A% 811111(6\4 ')c°=(p)*1o=in(p)oosh(6\£ Y] (5- 60)_,'

with

pevsn g=_(7 h)' . o "(5T?b)¥f”'¥ -
° ‘A==(.a_,.71)~(_h_k)-.'__{ e (5-7¢)

'iz'-:d*—-p'.:" | sy

ERRE \ B C'-(e,—e.)(hk)" Lt 7e)"-’f—"'—75

To.evaluate K, Of“Eq. 5- 5a. 1t 1s assumed that ¥ is‘a”

complex‘varlable and the 1ntegrand of Eq 5- 5a 1s 1ntegrated

: over the contour shown in Fig. 5-2. The 1ntegra1 vanlshes

over the semlclrcle, Cu ’ whqy the radlus of the sem1c1rcle
becomes 1nf1n1tely large. Then - |
Ky(¢ ) =miZ[ (Res. on the real axis)

N +HRes. on the inmginary axis)]. - (5 8)

The real poles iR ‘Eq. 5-8 are treated differently from

those in Eq. 424 of the previous-chapter. The reason for‘
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> Fig. 5-2 Contour for ‘the integral of Eq. 5-5a. .
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“gtlep. functlons: 1n def1n1ng the s ep

-_tra.nsform methods the contoun of

e

inéluding the real poles 1nsi§e the contour of integration :m

}ig- ; 2 1s tha.t f(«) o"f Eq 5 v zs deﬁrned on. the pasis of o : _

PR L Y 7 -

functlons by Founler - NER

e grat,;,on appro ache s

dn Eq, 5-5a; they ca.n be obtamed fr,m th.e roots- of P2 (ﬁ)

of Eq. |5—6c. It can be . shown that a.l the roots of Eq. 5-6¢c

"a.re'r.e’al'. .Let the m-th pos:.tlve root £ Py, (F) be denoted : .

. by P». The poles, y ._can be found h m }’ via Eq. 5- ?d.

The poles of the 1ntegra.nd of Eq. . A-5a are 1ocated at

. o .=o double pole'-~a.;'d - _‘(5-9a)_.
| S | vf*ftp? - - (5-9p) .
or =
o +v ;&,Vé-_'_—;z:f‘or Pm<C; m=1 v o
| v.ﬁr for pu>C; melkt, - o (;“-;féigg |
Eq. 5-8 lea.ds to S ".:“'.7‘:'(\ AT
KO PR S
| 35 zo..sm(v.f )+z= Q..exp(w.. ). (5-10a)
_Where_ - e |
R q.=(—n/z>1=‘(<:)/r.<c) (5-100)
G 15 p)]. (5-100)
© q_._,,,,.(po/tv..vatp-.)l (5-200)

o) (5-100)

S gy e T ook
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Due ts the even syﬂmetrf of. the quasl TEM mode in-

. a -~ - o
EN SR NSRRI PR

@hé?e'K(x)x,5 1s a linear comblnatlon of forms 11ke K (g)

7As ev1dent from Eq.'5-10a

| as their ‘end p01nts.

-

Kx(()"‘h(() f°l' "ﬂlﬂ f. B

,K(xoxﬁ) behaves logarlthmlcally as b 4 approaches '
DR v{ﬂrdw} Xgo» O~ ox,ﬂ-d;“) w ~7-€~'”v. R,

¥ﬁ4,ﬁ6QEéver§ as; d;scussed in the prev1ous chapters. p(x) is

kR
s1ngu1ar for x-w/z. ;_‘V:W‘,

By dev181ng a numerlcal method whlch 1ncludes both the

351ngular1t1es 1n the kernel and the charge dlstrlbutlon of

:Eq 5- ll, accurate results could be obta1ned.~ However.*

genera11z1ng such a method to mlcrostrlp resonators of

arbltrary ghapes - seems very dlfflcult. Two approxlmate ,ﬂf';

methods for solv1ng Eq. 5-11 can be dev1sed. The s1ngular1ty

in the charge dlstrlbutlon can be 1ncluded in the kernel of

;Eq 5-11 and the logarlthmlc 81ngular1t1es of K(x,x ) can:

be "av01ded“ by div1d1ng the domaln of 1ntegratlon into

~intervals whlch have

(xt“da') xg. or (x,-kl,’)“'

Alternatlvely. the 81ngu1arity in the charge dlstrlbu-

tion. can be 1mp11c1tly 1ncluded in the 1ntegratlon procedere

by ch0051ng finer 1ntervals near the 51ngular p01nt. x-w/zg_'

mlcrostrlp llnes.s Eq- 5"',3& can. be rwitten as . ,-u = *_ ,6 :
e J‘a"‘p{x)‘x@x x)dx=0;- - ,":-jf:‘.j L e
A .'; O‘xs*da' Fw/2. ; o . 15-11)
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Tﬁe two methods ylelded very slmllar numerlcal results and

the computatlonal eff1c1en01es were also comparable. However,

ol . for .z reasens -of- conciseness; only the former methoﬁ will be "
ex:plalned._;__;.._,,._'.-- o ‘ R
" ] »; As J.n the prev:.ous chapters,.vlet e
" O MTE L (s 12)
Substltutlng Eq. 5-12, together w1th the change of varlable
o sin0=2x/w B (5—-13),
into Eq. 5-11, results in R I |
R o T snw)x(o Sw sihd, 0, 5w~°§ina.) ad=0. = - (5=1ky
S ~ The change of va.rlable of Eq. 5= 13 removes the s1ngula.r1ty
at x-w/2. '
N Eq. 5~ll+ can be approxlmated by ,
g_@x.[.,, K(0. 5w sing, 0, 5w 'sins, do~0,  (5-15a)
where . e | |
B " Xe=x(0. 6w sing,); s
S P T aina..:-e(x,.—d.,')/w- e (5150
B T i =§x,/vr R (5—15'd),“.;
S me=2(xmad)w - (5150
" EqS- 5-15c, d, ‘and e are graphlcally represented in
Flg. 5-3. | ., ~' | o
Eq, 5-15a ,ca-.g'%'beiwritten in lnatrié:’ vformf as R
B £ 1 . (516) . .
where [H]~ is a siqua.re mé.trix, with e'lements _ | . . é
| a a.,-/.h,wx(o 5w ama x)de, o (5-17) -

‘and. {Xt is a column matrix w1th X,.. as 1ts elements.

':"_Substltutlng from Eq 5-5d 1nto 17 results in B
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| a,-ﬂ aJ.,:vx.u..odo o (5-18)

From Eqs. 5-3b, 5d ahd 13 Xai can be found as | ', o
: RIS xu/("/z) ==‘]s$nﬂ“-sin8,] * (5-19a)
R x./(w/z) Heinfsing; ,' (5-19b)
x,./(w/&) =sind-sins); | (5-1‘9'0),

---:xu/(W/S)-Islnﬂ-f@d', S e (5-19d) -

Xt/ W/2) -lnnv—siha.l.-?'- S S (5m19e) | -

T IL I PR ' Xay/( w78) Hs1nb s 1aB efo o8l 7"-'»&"'3'»"??5-:1:955-)’-”Vf’“"q-:‘f’-‘u

FJ.nally~K ({) must be evaluated from Eq. 5 10a. - To
' s1mp11fy the evaluatlon procedure. the follow1ng definitions ,

a.re 1ntroduced. .

A

- ﬂl'-ﬂ'l for m-o ; o -
th(s s’ )-. 2:1::(1;;:_]-41' |) fo;- l‘mSM. - (5-208)
019( "Mnl'*" I) or, moM ;"1_1 "
: f.,.(a s’ )=f .(l -’ )-I'f‘.-(s 8 ) (5-20b) -
| fa.-(Sinﬂ)#...(sina llnﬂ‘) oo o
‘ ~zf.,,.(-ma -wos;,(am slnﬂ..) R (5_200)

) Substltutlng from Eqs. 5-10a and 20 into 18 results in’
Henf | Qu [fo."fl.-(sw*'fo:'fa.-('u) 6] . (5—21)
The 1ntegratlon domaln of Eq 5 21 1s d1v1ded 1nto two
reglons to avoid the logarlthmic SLngularlty 1n K, (ﬁ)
= dlscussed above. The 1ntegrals of Eq 5 21 can be carrled
' out numerlcally u81ngathe Gauss quadrature formulae. "The
programmlng detalls are presented in App. D. The - dispersion
relatlon is obtalned by the determlnant search of [H] in-

the elgenvalue Eq. 5-16 . . R S § : "7
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.Hav1ng.formulated.the above modlfied method for'analyzlng

mlcrostrlp llnes. we now generallze 1t to mlcrostrlp

- resonators., The numerlcal results for both cases are\'ffff"V?ff“?

\subsequently presented

D, Mlcrostrlp Resonators

In thls sectlon, an example is glven of . how the general

L problem of mlcrostrlp resdlators can be analyzed. The case

- of a- rectangu}ar regonator (Fig, -4) wrth the even'mode<of-lj

- resonance is studled slnce,for 1t the results of the

- previous sectlon can be more ea31ly generallzed.~ Eq. 5-3al

-ean be generalxzed to . 'furf‘iszlf Li T;TW;’o - :,ﬁ‘;,""] .

-

o fux(x.,,x. » 3) P( %, 2) dzdz=o (5-22)
where /’(x.z) is now the two-dlmens:Lonal charge dr'stributmn

"-.‘4.,.,..4.'_5',‘03. .

Koz -f.f.‘(?ﬁo(simd, /a)'(amm"/m' S
- _cos(ax)oos(axooos(ﬁz)cos(pzodaﬂﬂ _‘ (;-23);
P (f? and P, 1?) ‘are- defined in Eqs* 5 -6b and 5c.~ Frﬁh”"“- o
Eqs.51cand57b S

‘_ . » .. s pc"ﬂ‘—(.ah)"'(ﬂh)g- (5-243,)

DI
T

:where : SR o R
| | . Dheel(mo)f o ;ﬁ'ofsszyb)~ﬁ
K of Eq. 5-23 is a linear: comblnatlon of terms llke S N
K, c>=14:(P,/Poexp[:<ve w’:)]/(w)'dvdv (5-250)

.'where

/b j;_;f‘ . ﬁ'll’ (5‘25b), .
R G
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L

N Io ;ntegrate Kz, the folLOW1ng transformatlons are:_ﬂj;;

| 1ntroduced L '~"h.,f"" _j{‘hxp:#, S
s R o v=vooue
v’ =vshu9

Substltutlng from Eqs. 5 26 1nto 25a results ln
o K f-:(Px/P.XI(awa) do.

)’J

o ua’J-=2f, exp(joE)/[( 1-cosa')(ucosa' )] der,

WIBR T T e

- ._ N 3 B

. : 6’ =20,

Eeg m(i:a' /2) W@ sln( 0! /2) |

Z=exp(10' ).
ther’ S
| | /(1) e,
and

I=( ~8/1) fez exp(JvE)/[(Z—x) (Z+1)J‘dz

double poles at ,
Z-d and Z-1

 (5-26a)
(5-260b); .

(5-27a) -
'f(5;27b)'A-.”
 (5-27¢)

(5- 27d)

Eq. 5-27v can be evaluated by complex integration methods. Let

(5-28)
C(5-29)

(5-30)

where C is the contour shown in Fig. 5- 5. Therelare two

Whether these poles should be fully enclosed w1th1n C of

Flg. 5-5 or not is a valld question. However. 1n elther

case, the solutlons to Eq. 5-<3a w1ll be the same. slnce the,

right hand 81de of Eq 5-3a is zero_gng_multtplylng both |

sades by a constant w1lh not affect the solutlons.



Fig; 5—51 Contour for

the integration of Eq. 5-30.
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The addltlon of the two rgsldpes yields. .

~-To evaluate ‘I of Eq 5 30 the res1dues of the 1ntegrand at:
y gthe rlght hand 81de of Eq 5 30 should he found:' Let

l'j‘j‘*" R;-(d/dZ)[Z exp(ja'E)/(Z-i-i)‘];_, R
T ALexpliom) vo(aB/a8") (a8 /aB) B exp(1om) 1 (41)*

4

AT T expUeE) L A T4) Yo “(5-31)
From Eq. 5= 28 - o S | . _
| @ Eq=o . o (5432) ‘
Substl‘tutlng from Eq. 5- -32 into 27 regults in - S
| | | Elz.,_ao, 6, . (5-33a) .
and ‘ - '
" L B/ ls0.6e, T (sl
| Substltutlng from Eqs. 5-33 into 31 results in D |
B S N L

Slmllarly, e :
| Rg=(d/dz)[z ﬂxP(JUE)/(Z”l)']z-F( —1/8)06 exp(jo¢ ).  (5-35)

o I"(-B/j)(zﬂi)(Rx'l'Rz) : ~ - .
. ; =—18wo{ { aXP()UG Y+ OXP(.WC )]’ (5-36)
| ‘Substltutlng this result into Eq. 5 27a, we obtain o (
o x.=u«£>-m¢> L
_ wherecA‘k&- . o .
M(¢) =f-:(PJP.)[exp(jve)/v’] do, " (5-37m)

The evaluatlon of M(£) is similar to the evaluatlon of

(c) 1n Eq. 5-5a, above. The results are 81m11ar to

" Eq. 5—10. In this way, K2 of Eq. 5~ =37a 1S‘found.

The kernel of Eq. 5-23 is a linear comblnatlon of terms '

like Kz'of Eq. 5%37a. Having found the kernel, Eq 5-23

: .can'be'aiscretized, The resultlng elgenvalue matrlx equation”

) o
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yields the resonant frequency of the resonator. The procedure S

>

" for flndlng and solv1ng thls matrlx equatlon closely parallels..'

that in the premdous sectlon. ' The numerlcal results obtalned

by thls method are presented below.

'E..hNumericaI Résuifé‘

- The numerical results obtalned by thls method for

s1ngle-mlcrostr1p llnes are shown in F1g. 5-6 and are

'compared to results obtalned in [24] The results show

.good agreement w1th [24] for hlgher frequencles.; This

method is less accurate for lower frequenc1es. At f.h=20
&

' GHz - “mm, for example. the error is 10.7%.

', A numerical error analysis 1s performed as follows. '

' The effect of truncatlng the infinite sum of Eq. 5-10a to

N, terms is demonstrated in Flg. 5-7. The final- matrlx
size, M,, is assigned the constant value of 4. .The curve
shows.the change in the calculated value of ¢, vs. Ny
the kernel of Eq. 5 11 converges very slowly. Flg 5-8

shows the effect of increasing the final matrlx 81ze. Mg.

-Nx is assigned ‘the fixed value of 500. It is seen that an

increase in the matrix size from 4x& to 8x8 hasg llttle

effect upon the obtained results. | '
Unfortunately, the rate of convergence varies for

different frequenc;es. For'frequencies below the;inflection

polnt in the dispersion curve, even values of Nx-looo ‘provide

boor results. ' Furthermore, the cost of runnlng the computer _.

programs becomes prohlbltlve as Ny becomes very large, even

though the matrix size is as small as Wxk,
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Calculated Effective Dielectric Constant, ¢,

- 10.2

9. 8

' Fig- 5=-7 .

‘13i~)"'

 fheko.o GHz'mm, w/h=0.96, €=11.7 and

1 1 ' 1 ' R
100 200 300 -, 400 500

Caldulated effdctive diéiectric‘cohstant |
vs. (N is the number of terms to whlch

Eq. 5 10a is truncated)

MRab (MR is the ﬁ.nal ‘matrix size) _“'

| Thewactual‘ value of & is 10.5,

-
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.-’13;error by a few percent [32] and [35]
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'method s the frequency range e.bove the‘vvinﬂecti on poi“‘t
~in the dispersion ourve 1?13. 5-6). In order "to obtair
- accurate results with this ne.thod. the di-mensions of a
‘_rectangular resonator should be chosen'such that the
'resonant rrequency r\enins vithin this range. In other .
:'worde. the product of j?e resonator's expected resonant 2
height ‘should be above. the_ -

oy

infraction point in ‘the corresponding dispersion curve

_trequency and substrat

¢,

C (4. @,y tne dispersion curve tbr the line which results
~ from extending the resonator length to infinity) A
o Thus. a resonator with the rollowing specifications

is anaIyzed (Fig. 5-4):' "'hx.
o v o | ;?c"11f7- |
I . w/h-o o8, ‘and "
L/h-e'ees

LIPS
\ .

"According to the transmiBSion line model described in Chap. {
- l. where. dispersion in. the 1ine is included and fringing at -
vthe ends neglected. the resonant frequency shoufd’be 9. 2 GHz.‘Aj
With the method developed in Chap. 5. the calculated |
?‘resonant length for this resonant frequency is L/h-3 2#8. o
"This indicates an error orO 15’ from the specitication. ?Jj -,

'However. the transmissiOn line model by itselr may be in
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| In thls chapter. the J.ntegral equatfm method of Chap.

4 was modified such that the doma.ln of in egration of :

-the 1ntegra1 equatlon was the MIC. In thlB way. the method(

‘ could be - more eas1ly applled to the rectangula.r resonator. :

' Eq l&-2515 was rearranged as’ " _ |
fwcos(ax) (3¢/85!,0) dx=( 1, /g)f,,c[ eos(ax)/G(a)]p(x)dx (-5_?)‘ " »‘ '

where v- and

1/5(a)*7 sinh('rd)'r sinh(7 h)/

[c..'r ainh(yd) coah(‘r h)d smh(7 h) cosh(7d)] (15'187)_" -

¢ owith S T . )
- B o R ©(5-1b)
B I L Gaa
Both s:Ldes of Eq. 5—-2 were multiplied by | R
. | | cos( ax,) sin’( ad: /2) Xz |
. a.nd 1ntegrated over aQ from zero to 1nf1n:)ty to result in

‘ fucK(x We(x}ax=0; (5 3a)

- K(x.x ) was a linear combina.tion of rorms like '.

L K:(t)=f. exp(:va/[v'c(mav S (s
Cfmm SR '(5.‘5’6)‘""

G(v)-c(v/h)/h- EI C(525a)

L K ( t) could be found by complex integration techm,ques. L
- Eq 5-3a w&s further developed for the case of the |
rectangular resonator in the even mode of res-onanoe. AR e

The numerical results for mlcrostrlp 11nes obtalned by



;thfs‘methodfwere<presented‘iniFlg} 5 6 and showed good agree-f
ment with the results of [24] at hlgher frequen01es. ‘The f
'lmethod failed to be" accurate at lower frequencies. The
range of usefulness of this method was for frequencles

hlgher than the 1nf1ect10n point 1n the dlspers1on curve.'

U51ng thls range - of usefulness. the method ‘was then applied “

model method

G. Z‘Conclusions." o -

| The method developed 1n this chapter reduces. the problem
of ana1y21ng mlcrostrlps to an integral equatlon with only '
“the MIC as the domaln of 1ntegratlon. The method Tor solving
the final 1ntegra1 equation has been presented. ThlS method
‘ gave results which are in’ good agreement with those or’other
methods for hlgh frequenc1es, but 1s less accurate for low
_frequencles (e.g., the error at f. h-20 GHz. mm 1s 10.7% '
-for the- dlsperslon curve’ shown 1n Flg. 5= 6) - .8 |

o K (4) of Eq. 5—10a converges very slowly and becomes':
logarithmlcally 51ngular~for small arguments. The numerlcal

wanaly81s 1ndlcates that a. better accuracy can be achleved,

' 'for 1ower frequen01es 1f more terms are 1ncluded in Eq. 5 lOa.

e HoweVer, thls causes a large 1ncrease 1n computatlonal costs,{

;"thls chaptere

even when ‘the flnal matrlx 81ze is as small as Lxl, For
‘frequencles above the 1nflectlon p01nt in the dlsperslon »
}curve, the method is:quite useful and can be generallng to .
' mlcrostrlp resonators, as 1ndlcated by the example glven 1n
)

- RN . — .
S



VI. CONCLUSIONS ~ e ~«
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x

In the prev1ous chapters. varlous 1ntegral equatlon
methods were applled to the analy51s of mlcrostrlps. The

BEM was applled to’ 51ng1e -and coupled mlcrostrip llnes 1n

“the quas1-TEM reglme. The analysls was capable of evaluatlng \ :
'the characterlstlc 1mpedance, 2. the effectlve dlelectrlc |
const&nt E, » as well as the charge density.foo and - the
potentlal dlstrlbutlcn P The 1ncluslcn of the s1ngular1ty
of: the charge dlstrlbutlon in the formulatlon resulted in .-
1ncreased efflclency, 1ncreased accuracy, and reduced final

.matrlx 31zes. - ‘ R o

However. compllcatlons were ev1dent for genera11z1ng
the BEM to “the wavevanaly31s of mlcrostrlps, since 1t was'v
‘dlfflcult to obtain the "fundamental solution” (see p. 45)
It was easier to obtain the results by modifylng the classlcal
1ntegral equatlon solutlon.of Chap. 2. Thus. 1n Chap. 3, the
' quasi—TEM microstrip line was analyzed‘by a novel method Wthh
can be con81dered as a enerallzatlon of Green' 8 functions..-

Green s functlons are customarlly deflned 80 that theyl“
satlsfy a nonhomogeneous dlfferentlal equatlon.' For example,_
ithe for01ng function can be chosen to be a poxnt charge. In

hChap. 3. it was shown that 1nstead of Green 8 functlons,_a e

ffundamental solutlon could be chosen which satlsfles a homo-

geneous dlfferentlal equation. The boundary condltlons on
thls ftndamental solution could be arbltrarlly chosen 1n

such a manner that ‘the final 1ntegra1 equatlon was slmpllfled.

136



-‘other methods and converged smoothly to the quasiaTEM

curve).

“'This method resulted in reasonably accurate expressions for

ithe characteristic impedance and eh of microstrip lines.’

This method was then generalized in Chap. 4 to the wave

. analysis of microstrip lines. The problem of analyzing

, microstrip lines reduced to solving an integral equation

with the DAI as the domain of integration. Moreover. 4 _
unlike the customary employment of . two potential functions
for the wave: analysis of microstrip lines. it was shown that

only one properly chosen function. namely Ey. was sufficient

for. obtaining the parameters of the: microstrips. This

=.,approaoh reduced the effort ror analyzing'microstrips.

, The obtained results exhibited good agreement with

.\,

- ‘results; Furthermore. there ‘were . two conclusions of interest

'regarding the wave analysis of microstrips:

l. as in the quasi-TEM regime. the dimenSions of micro-

strips could be normalized to the substrate height h.

: and

- 2. 'the frequency. f, could be normalized to f-h.

In order to generalize the fbrmulation to. resonators.

an alternative integral equation method was developed in Chap.

5 Wlth the MIC as the domain of integration. This method
was more elaborate. but could be more eaSily generalized to
'microstrip resonators.- The obtained results were accurate'}

'ror higher frequeneies but the accuracy was reduced for lover

frequencies (i.e., below the inflection point in the dispersion

\ .
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of resonance was- then analyzed using this method. This
analysis 1ndicated how the method could be generalized to

hmicrostrip resonators in ordersto provide a baSis for the
‘computer-aided de31gn of microstrips. For the further .
development of the above methods. the folloﬁing recommendaf r Va

3

tions can be employed:

The general problem of analyzing‘microstrip resonators

‘.can ‘be approached in a way 31m11ar to the analysis of the .
‘rectangular resonator. The MIC area of an.arbitrarily
shaped resonator can- be subdiVided into a mesh of'rectangles;. N
in this way, the. obtained integral equations can be discretized.
'y ggue to the Singularity in the charge distribution. smaller ."
‘Wrectangles can be ch%sen near the MIC edges. Furthermore.

the numerical errors caused by the slow convergence of the

obtained functions could perhaps be. reduced by expressing
fthess functions in terms of more rapidly convergent functions

(e.g., a logarithmic function added to a Taylor series)

- 'The methods developed in this theeis can also be

used for analyzing . | coplanar nicrowave integrated :

circuits (1.e. cireuite in which the: dielectric substrnte’

is met&lized .on one eide only). Anothe//poseible field

or application can be the analysis of the higher order

modes in . microetrips., o | e

ThlB thesis can therefore be viewed as a stepping stone
toward the eventual analysis of arbitrarily shaped resonators.-’
In addition. the methods proposed for the analysis of micro-

/
strip lines and coupled lines ‘can be applied directly to'
'_engineering designs. A
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APPENDICES

Appendix A

-Computer Programs for Slng;e MIC L1nes

The programs are wrltten in APL The workspace is
called SINGLE. The symbols used in the programs -and thelr
relation to the symbols in Chap. 2 is: as follows: | |

CHs ‘{x} in Eqs 2-18 and 37

CO: Co capac1tance of the microstrip line for fr-l

Cl: ¢ capa01tance of the mlchstrlp llne for &#1

ET: 7 Eq 2-21a

Gls '1G;1 Eqs 2-22b and 37

G2: [G,] Eqs 2-2‘2baand 37

63: [Gy] Eq 2237

(Gl [GM Eq 2-37 o / )

esv (&) Ba-2-32- % 7

NI+ v; Eq 2-25a ..

-

NF: Vi Eq 2-;36d S
NM: Abéclssa foﬁ%Gau331an 1ntegrat10n
THI s q Eq 2- ?& e&
THL: 6, Eq 2- 29ao .
TH2: @, Eq 2- 29b‘ -
WJ:V W Eq 2- 24
'wF: w, Eg "2=36c o , ‘
- WM .Welght-factop,forwcaﬁésian integratidn

. 1l4s




, )
NG B

"Pr‘ggam POINT

] 'C"ﬁ'o

..ltW5ﬁ# w/h o SR L

" ZEF 5 C:' with 0<¢ »

This program asslgne\the values to- the parameters ," -

1

},inecessary for numer1ca1 integration: the data are obtalned
""}from Ref. lual e L

¢

\-..'

o leomnt N C L T

Jo SE13 NJE o, 0765"65“109999999 0.2277359511 o 3737060887 0,
c - E23 - 0.51084770019 0.4360534807 . . O

L33 NJeNd,: 0.7463319064 0. 8391169718 0. 91*~344°8ﬂ o

. [AT - 0.9639719275 G V‘ o -“'>

- E51. NJNJY 019931285991 '.‘-w; Lo '
" L61 - WJe 0.1527533871..0, 1491729964 0., 1470961093 0. 1316886384
LT WS 0 1181945319 0.1019301198- 0. 0832747415 %
CUCE1. . WdeWd, 0 0+04267204830000001 . 04 0406014"98 0. 0175140071

C2].. TH16€00.5%0,0.5x(" 1+NJ)+1¢NJ

L1037 . TH2¢(1+TH1).00 5. T
~C11) THI«00.SxNJ - ;g;"i' Wl
- [121 ZE€1OTHI . - "lgf*"‘_,“ ftif‘]v-! "4~.'”¢1Q o e
. '[131, -CFes+@a." ‘ ' ' AR
f','EIQJ NF e 0.2635603197 1.4134030591 3 5964"5771 7 08581000q8 .n
. E151 712,6408008442 - -
T163 WFe 0O, 4790940425 1 6384878736 ¢0?69443°4"4 4 3156*6900° o
L1731 ~2+¢191863544 T » . ) : , i
_,cleJ ZF+NF+1 :

<,

v RRGINT T ”nf_ﬂVi{“*.
'wDTHeTH2£JJ-TH1EJJ SETRTE | |
. TH#O., SX(TH°£JJ+TH1£JJ)+NMxDTH SRR
,_Afxﬂ THICIY - e
‘VBGO.SxTH¥THItIJ LR B T A




Sl Ley AR«.((IqA)+A)x((1oB)vB)x(IDC) € e

- £73  DLEDTHX+/WMXAR. .

B

L1039 'R7€2X@R65RS-

- [81 .  Al€TH1LJI- THIEIJI RN I A

<91 o ARETH2LJI-THICEY. - o - o SO
L33 “BIL&THLEJI#THICIT - ¢ A S S

. T3 ”BZ+TH2EJJ+THI£IJ'f SR L e

C#2]  Clept-o1 - - A TR ST A
;t13;:~62082 -01 ' i )

~~514J.,nzezxo((1A°>*A2>x((la°>a82»x<(|C°>ac"> ,

L1515 .p2 b02~2x0((IAI)*AI)X((IBI)*BI>X(IC1)*C1

,;£163,1nnen1+n2-nruxCF \ REEE S

et 4L e

e RS

Program INTZ

* “”fq’ j Thls program evaluates the elements of IGB ‘(Eq}32f3?),*
~ °'_'- RS*INTZ N TR ER I i
~ooE137 TDTHETH2LJ3-THITUYY : o ST
E2)  ITHeO ¢ Sx (TH2 EJJ*THIEJJ)+NHXDTH R
£3)  STHéiOTH. - L L e
. LA]  R1eSTHSTH+ZFLI3 | S
" L53. R2€((TH- oo.s>x°orH>-zrc19 sTH "
L6 R3+2§nrﬂx+/uﬁxR1xR° S L
L7y - .ZS*ZFCIJ*2 & ' .
- £83 - “RS«(ZS~- (IOTHICJJ)AE)ﬁTHJIJJ 00.4 R
£?) Réb(ZS (10TH"CJJ)*”)*TH°[JJ OOou

‘i,t113 RS+R3+R7 o .;f;}f'Qf?ag;fhg“(

Proggam FIRST S sl . .
Thls program fonms the matrlx {Gll (Eqs. 2—24 22b)

-‘ “;vFIRST[UJv

- el FIRST ET ;;ﬁ‘f,fv- T sl el el
LY cFle(Z*ET)*°;-' RIS LS LS
_tszvan«puJ e LS R S R AR
-_C3Jﬂ?fAR1+CF1+(ZE°o+ZE)kzggff DR

. LA . AR2€CF14(ZEe w=ZE)A2" . . . T T e T
.ES) . AR3¢@ARIXARZ | ;* ,ﬁxf ce e TN
“?<£63;;fBie-oo;annsxtJn.Jn PUJ G




Program SECOND TE.L'.\ ‘-‘;:,Q;<ﬂ'f?>‘?»f}.' ,;/2/,"

ThlS program forms»\GZ\ u31ng INTZ (Eqs. 2—31 22b)

BRI RUIES SCND ER o
SR ¢ & [0S GZ«(JH»JM)PO R
L2 ey B LS
€31 L2.J+1 Lo | PN
: . 43 LB‘BZEIIJjolNT e
> LY deder
T LY (JEIMI/LE
S 71 rersy } o
83 ”}a(:gqn)szj".“‘*:‘ R

v

H

E Thls program forms 1 3\ ng;gg;iumé;(sgg.gée3z):f

o v THRH »,»g{, R RPN
‘113 JEepzZFE- o A R o .
Lyt L2F B3ECIF,uMIeO L T Lo e Ve e e
;_‘?"f.-,hch o Ier B PR L
sy Ls ] CI:JJ#INT“ S
DL L Jedh S
',t7g‘3 +(J£JH)/L5
. 83 Tersy
L Lo \+(I£JF)/L4

Program FRTH ” i. «1]ja';; s

Thls program forms ‘Gh‘ (Eqs, 2~24 3?) ‘r%’VV.'» 5 iﬁwsgf

T s e FRTH ET ,
B 5 & T CF1e(2+ET)a2 .
L2)  R1€CF1+(ZFe ., +ZE)a2" et
031 'R2*CF1+(ZF-.-ZE)§°_}quﬁ\
o LA UR3C@REIXR2. | SR
S ES3 G4e—oo s:azx«JF.Jn)pwJ ‘

e




BT U U O I ANT PR
gy

P

L ThlS program forms [a 2! (E:qs."‘zé-aé.;,‘afj?_).

v : fv FFTH :
L1 ZEF€ZESsZF - - .
C21 ° JUNepZEF . . .
£33 'R1e+CF1+((- ZEF)-.+ZF)t? 5
N E41 R2«+CF1+(ZEF-.+ZF)*2
- ES1 - R3€R1+R2
[RTEEE - Es BSF(ZX(ER 1)-ET)XR3X(JN»JF)PNF

R 4

Pro gz'an FNL

This program performs the f:.nal assembly for the case

i and” solves the resulting equatlons to obtaln {X} and C,
"*(Eq- 2—34) L

: v FNL )
L1313 .GGGGI+G”
r21 FF«ano4.j
L33 - CHeFFRGG .
. [43 :”CO++/CHXUU

 Program FNL2 e '“~.‘  fww4*i fEve T 4‘?.'

- e FNL2 ER | :
- £13 CF3ea2xER+1 . A
L2 i F€=CF3+(ER-1)x(" 3oETx(1;'-'

- €31, ee(cs1+sz>.c1: GB+G4)985@V" B I o C
L4 LeaM+l S e e S e

L53 . L636£1;IJ«651;13+0F3 S e SO o SRR
‘[63 FchercIJ+crz 'Jq; BN B S S L R
ucaJ.,;+<z‘JN>/L6 S L SR

- E91 . CHPeFRG. ~ - N f;

~;;I103 c1++/<Jn+cHP>qu -




 Progran TmL n
; Thn.s progra.m produces ‘the tltles needed for the output '
in the maln Pprogram IMPD. | -
o e TTL. ‘ '
£13 'Tle'CHARACTERISTIC IHPEDANCE'
€23 T2¢'EFFECTIVE DIELECTRIC CONSTANT'
{31  T3¢'CHARGE DISTRIBUTION;CH VS, ZE' . . .
41 TA+'POTENTIAL DISTRIBUTION ON THE DAI
£31 . T5¢'FIRST COLUMN! NORMALIZED DISTANCE'
61 Tée'SECOND (COLUMN: quENTIAL' - .
€71 T7err - . |
83 -Te+-sscoun COLUHN. tHe
ke

'eProgram IMPD | _ e L
| ThlS progra.m is the maln program; it executes the above
" .Programs a.nd prlnts out ee P Z. cha.rge dlstrl'butlon (x of
‘.‘Eqs. 2-18 and 21e) ». and. the potentlal dlstrl‘butlon on the '
DAI The 1nput to IMPD is w/h a.nd & -

v WOH IMFD. ER. . ,
€11  ETeWoH:2 - _‘4¢4;
23 FIRST €T '
£33 FNL
. L43 - FRTH ET .
- [53  FFTH - - - _ ,
61 CENL2 ER N T e
£81 |c1.go,. ST S e
L9377 B R .
.[101 "T17 S s .
S T111 11
£123 120-(ICOXCI)*Oou
- L1331 T7 ; S SR
143 T7. . . o T Lt
L1531 T3 e SR : » L -

L1861 15 - . = f”‘,?ﬁfﬁﬁ,','i""u R -
173 1B - “iug“ o Lo "\57’{w'
L[18] - &(2 .Jﬁ)pzs.<Jn+cnp> TR A

f191 .77 L -

150'




S L201° 17 I
o e b I :
€223 15 - v - . .
£231 76 -

L2431 N(2oJF)PZF.(JH+CHP)
o v

~

- E } ple | . , o
- To analyze a mlcrostrlp lJ.ne with w/h-l a.nd 6-9 9.

The workspace SINGLE is loaded ﬁlbst:: N _‘; '7< R
)LOAD SINGLE ,' |
. f’_ IMPD is executed next .

. 1 rnru - .
, EFFECTIUE DIELECTRIC;CONSIANT
_‘2 6. 090198°4ﬁi’ s -

LHARACTEPISTIC Inpsnhnct;;;;“'
51.26247005 o

N

CHARGE DISTRIBUTION:CH us.sz ‘

FIRST coLUMN. NORMALIZED DI@TANCE

"SECOND- COLUMN: CH _
© 7041199182900 - 4.979617834:~',
4;,o 300019ﬂ597 54932851971 . -
- 0.5538791487 5’844485711fn“
LT 047190733834 4.767108169*<

TN R 840990"074:4.68969u601.

. 0.9216592529 s, 632856882 - |
. 0,968237282 23 5, 598098021
0. 99051”0983ﬂ5.u80976"34j.ﬂw

1 0.9983990569. 5. SPa818233

10, 99994;75,1 u.573q70186

: - : o ! RS (. R A .
- o cr S e R L : .
.



®

o POTENTIAL DISTRIBUTION ON. THC. naxlji?.' .
. FIRST COLUMN: NORMALIZED nISTANCE;,;j, =

: _SECOND COLUMN? POTENTIAL
263546032 - 0.641 102785
. ¢..4134030..a9 ' ;0.2778148304

4.596425771° - -0,08741715987 -

8.085810006 - 0.02427627784
13, 64080084 . 0.00750434892
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.Appendix B .

- Computer Programs ror Co p ed Mlcrostrip Lines

‘.I‘he erkspace J.S called COUPLED. The parameters for

,‘ .numeric;al integration are the sa.me as in SINGLE (App. A) 80

"'.they a.re copled 1n1:o COUPLED. 3931des the- symbols deflned

';4 deflned belowz o \

in App. A. there are some symbols used in COUPLED which are

. E1 - through E8; - '[El\ through [EB] Eqs "2'-36 émdqés?
CIR)s Eaz-ss
e through G4 T [Gy) threugh rcl,u Eqs 2-50 51
b IH)1 Eq 2258 L
l_sm- . &' Eq 2-55b
2D 1<2;< ¢
2B -l<zi<n
A -w~<‘é:‘< a4 &
‘ZZi,l'.-v«KC' <6
ZPDs ‘-71' .’.1'<,¢;,-_<6" R
>ZPva_'¢i_-, -ao<c‘: <1 o ) DR
ZP._: e;l, -ao<£,‘,<s |

Coe




. ﬁ‘;fg. «‘ .o | t

Program PNT

s ' - .
ThlS program evaluates the coefflclents and vector

312es and forms matrlces ‘which are necessary for the
o . 3 .

numerlcal 1ntegratlons. ." Lo s ;"\

v BNT

[11 .  CFe6+2xmog:

23 UDepNM 4Qi5 - :

£31. JUEepZE - |

LAY JFepzF .

L51° UTeUD+IE+IF

L83 WWDeCUIT, D) PN : |

£73  WWEE(JT, JE)YPWY . . o .
L8  WWFe(JT,JF)pWF . o S »

v

o Proggam DAT

Thls program eva.luates &; and e; for a g::.ven o,

- e DATA SIG . .
£13 ZD¢0. SX(SIG+1)+(SIG -1)xNM
£2] ZF‘D!-(ZXSIB) Zl‘l' , .
L33 ZPE«(2xSIG) - ~ZE - . o N
" £4] . ZPF&(2xSIGY)-ZF -

[S]  ZPeZPD,ZPE,ZzPF . | )
[61 ZZeZDyZE,ZF -

£11  ALeTHICUT- fHIrIJ o a e

L21 ' A2€TH2CJI-THICIY -~ L , - o .

£33 R1+((|a2)&A2)*(IAI)*A1'f'“r :

[4] "B1e(01)~<THILII+THICI]

£51° B2¢(01)-TH2LJI+THICIT

L61  R26((IB1)AB1)+()B2)aR2

L71  C1e(01)+THICJI+THILII

C81  C2e(D1)+TH2CJI+THICIT - : SRR

93 R3e((lCZ)tD“)+(lCl)*Cl S R
£101 R4+2xok1xR2xR3 R S
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L1131 S1€0.5XTHLJ51-THICI]
€121 S2¢0.SxTHLJ5I+THICI]
“C13) S3¢(1081)+51 :
[14] S4¢@(02052)+((00.5)=52)x(00+5)+52
151 RSeDTHLJIX+/WMXS4 -
"L161 RR¢R4+RS-DTHCJIxCF
¢ v . :
.~ Program INT-Z )
Consn.der Eq. 2-50b o : ‘ .
Gti}’.& 171(‘:1 t:)/Jx c“ dC-) | (2-50D)
‘Applylng the. transformatlon R R ,
¢=sing o (2-32)

" té Eq. 2-50b ylelds

| Gu.u'fo,'ln(ﬁ —sinﬂ) 'dG | (B-1)
Applylng the’ identity o | o N
e
(4 —ein8) ~(04m/2) /(¢; —mo) (3-2)

to Eq. 2-50b results in o ' .
LG ¢=2In([¢; ~sin8y*r~/1t; —sino, A

" +ej.:=[(a-n/z)coae/(¢, —smo]da S (3-3)
where the jlnus 31gn in Eq. B-2 is used. - ThJ.s choice of
mg;n is used to Tremove the singularlty occurlng at | ci=l ;, :

e Con31der1ng tha‘t

&5 =z(a/n) ™ (2-48)
*a.nd the fact that & lies on the MIC far ,:'5:-"1, it in

) concluded tha.t ¢1>1 ' | ',__
- For coupled lines with ¢, #1 an 1ntegral Slmllar to’

) that of Eq. B-l occurs in whlch C ‘is replaced by ¢ and

\




P i T

'jfldentlty of Eq. B-2 yields

v'AZ can be

'can be. less than or’ equal to mlnus one. Spec1flcally.

fconslder }{,1] of Egqs. 2-57d, 58a. and 58b

_ Hys ‘“')f;"’ ln(C:1 (:)/41-&:“ dg .
'fl»Applylng the transformatlon of Eq 2—32 followed by the

where the plus 81gn of Eq. B—2 is used.pf;i. '

, Hnln[ I¢s ind,| b’/ c.—sma |'z+-/=]
29[ o:'( 04‘"/2) con 6/ ( (,-sinﬂ) do

Program INT2 evaluates both Eqs. B*3 and B-5.

,/\.

o

4; of Eq B—3 in whlch ‘tHe minus s1gn of Eq. ‘

B-3 1s relevant, or AZ!can be &y of Eq. B~-5"

'in which case the p081t1ve sign’ applles.

4 <

Correspondlngly SGN can be -1 or +l.

£13
[21

£33

L4y

4]
€53
£61

[71»

. ‘v

v RS¢SGN INT2 AZ
SPE0SGNX0: 5

R2¢(AZLI1- IOTH"EJJ)*TH2EJJ+SP
R1¢(AZLCID- -“10THILJI) ATHILJI+SF = b

- R3e2x@IR2+R1

: R4P((THEJ73+SP)X°OTH{Jv

SeDTHEJJx+/UMxR4
RS<R3+RS

Proggam FIRST , ‘
— This program forms the matrlx IGIJ (Eqs. 2 51 ‘and 58b)

€12
€21
€3]

£33
L6

£71
L8l

v FIRST
Gl*(JE.JE)PO
Ie1

L2 Je1

L3 GILI#JIeINT
JeJg+1

',»<J£JE)/L3»'

TeI+1 -
~dCILJEI 7LD

8 4 : ’ ) ‘|

4

1Y+AZETI-10THL J5 3

(B 4)

(B-5)



o137
Program SCND I ST ' -
-T@igrgragggg.{orms the matrICIES [Fl]. [GZ] lHl]. and '

1Eg) (#qs. 2-51, 56, and 58).

v RA¢V SCND AZ
£11  RA€(2¢v)p0

[2] Te1

[3]1 L43ged :
-[4] . LS RACI5JIVL3] INT2 AZ o -
051 Jegsr _ A : ‘ S

£é61 +(J4vt23>/Ls L o SR . : < ‘

£71 . Iel+1 . a o S . o

81 H(1<vridy/Le | - BT o

o, B . L ‘

Program THRD

This program assembles [G ] through 1G4]’ {U} of Eg.
2-51 [Eq] through [EB] and {F}'of Eq. 2-56." The input
to the program is VV, a vector whlch in thls program-qgntalns

..\- d'. Y q ) [ arld G [}

_ v THRDN YV

+ [11 EReWWL1]
(21 ETeyvr2y
£31  SIBGeyUL3]
L4] DATA SIB y .

-053  CFie(2+ET)a2 ' , - <,

" [61 . "E1¢((ER“1)X(SIG~1)+ET)XWWD= $CF1+(2Ze,-2ZD)42

"L71  E2¢((ER-1)x(SIG- -1)><ET) xWWD= *CF1+(ZFe,-Z0) a2

(81  E3¢(2X(ER-1)+ET)XWWF+CF1+(ZZe,-ZF)#2

[91  E4¢(2X(ER-1)+ET) XWWF+CF1+(ZP 8 ZF) 42 o

L10] E5¢00,5XWWEX@CF1+(ZZe,~ZE) a2 S e

£11]) Eé«o0, SXUuExoCF1+<ZP-.~ZE)*° : * '

'E121 FF1€(JDVyJE,"1) SCND ZD '

[13] H1e(JF,JE,1) SCND ZF
£141 E7¢(FF1,C1] G1)+L17 H1
L1351 EB¢(JTAJE, 1) SCND ZFP
[16] UeJEPO4 o -
L1731 G2¢(JE,JE,»~1) SCND ZPE : B : :
£181%. 63¢-00.5XWWXOCF1+(ZEe, -ZE) 2 o .
{191 G4¢-00. 5::»»1::::1:}:1_»(<zi=~l~:-.-zsﬂ—'rw ' ,//

£201 GGE¢G1+G2+G63+G4 . o e R
£211 Gsoes1+63 -G2+64. J1 .", o o e

v 2




Y

]

v

'ngmrmm

are performed by thls program. k

are solved and ‘the varlous coupled mlc line parameters}

7

evaluated by thlS program.

13

£23

£4)
£5]

L3y L
~ CE#(- Jr>+nesz\g\ N
ABCO¢FOBGO .

g

The final aseembly and rearrangement of- the equations

The finalfequatiens fbr*ﬁcth caSee-:“

A 1,6 -1 and e #1

v FNL2
.ABCE+FEBGE
- AE+JD4ABCE
BE«JD¥ (- JF) +ABCE

S

c;#t

(1.e.. to rearrange Eq.;z 56 1nto Eqs. 2 59)

v.FNL
- L1 F1¢°300.5xETXx1= ZZ'
P g | F2¢~300, SXET!1+ZZ'
€31 F3¢~300.5xETX1- -ZP
£41 F46 3o0. SXETx1+ZP
v £8] FEe(1- ER)XF1+F”+F3+F4
€61 FO«(1-ER)XF1+F2- F3+F4
t7J"-CF2+02x1+ER : :
[8] VieJD+V JE :
£91  FELV11¢FELV11-CF2
L1031 FOLV1l¢FOLV11-CF2 . '
‘[11] 'GE#(EI+E");(E7+E8 ES+E6):E3+E4
7[12]r780b(E1 E2) (E? ~EB+ES- Eé)oEB E4
[rSJ"I«I S
L1441 L6 GEEI:IJ«GE[I;IJ+CF“
_EISJ_ BOEI'IJ&GDCI'IJ+CF°
L16] TIel+l .
‘C171  +(¢I<JdD) /L6
£181 I«I+JE ‘
£191 L?.GEEI:IJ&GE(I;IJ+CF" R
£20] BOCYs IJ«GD[I;IJ+CF2 ‘
£21] I&I+t - .
L0223 9 (I=2uTH/L7
v N
Program FNL2

-

.

o

o .
N

158~



£é1 .

€73

8l

B9

L1031
. L1123
- [1231
< [13)
L1413
- 'risa
. [1&7 4
" L1713
k181
L197
£203"
[2131°
CL22%¥
L2313
[243

£253
L2621

273
283
. 0291
‘£3031."
o, £313"
“C321
£333
L343

L3S
- L3611
L3723

£38]

[393
£402]

411
£a21 .
L4331
. C44]

[45)

L4631
-L47] .

C481

€491 .-

AD*JD?ABCO :
BOCJDY.C - JF)+ABCD
C0«C-JFI+ABCD -

CEle3/WIXBE
COle+/WIxBO™ - - .
CEO«+/WJxUBGGE >~

COO&+/HJ*UBGGO _
TI.L
T12

CTL - .
J"40—(ICEOXCEI)AO 5
LTLE

;TI" _

ﬂT? ' s v
'"40‘(|COOXCDI)*OoJ L
T12

. T12

T2P

" 1IGE1+CEO I

LT12 . SN TR
719 | | ; W,f4ﬁ - REPS
T3P | S

.ICDI-CDO

T2,

T12

3

T4

1S5 e

T6 *'V
Q(K»JE)PZE:BEOBD
T12.

- T12.

17

T8

T® ‘.

T10 o
Q(SoJD)PZD'AEoAO L
Ti2 .

T12

T11

T8

T9

T10 .
-u(s.JF)sz.cs.co

v

159
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. Lt L . St Iy e L e T S s A v
[ . e R . PR . . o . . - R N ! -

~
L
i

ﬁfffé;oﬂ;?iﬁggf{ffjffﬁ7ﬂ 3 'a; 33k 'f”flrf'~“”j'"ﬁ  ’; 2'93%: ??if;?0'»i°
S This 1s the ﬁﬁin program.  The 1nput to this program'ff:‘:_ )

iiff:f€4f}?ﬁis . In thiewprogram VWiss vector with the folldﬁing:;:\;

i | VV[Z]zw/h (Figoz-loa) and :;H"ﬁj‘fjft:’: 5f f.ﬁﬂyyf':j;” >-?

;:Lﬂ;ﬂ : 1; VV[B]-a/h (Fig 2-10a) | .h S ‘.Vt | :_

| 'vf‘g-gvv is modified by IMPD to contaln c,.n_ and c needed asf3'

'tif:fthe input to THRD - ‘i 3- "55:1535, Ff<ﬁ

1

L e e L o P
A o : . N - Y

. IHPD uu SR E -
uvc33+1+vv:33‘vurﬂn T P RIS
VVtZJﬁVVE°J+" }-E, S T

"":, , e

IELECTRIC CONSTANT!
CTRIC. CONSTANT!

N Op DAIHBE WEEN HICS
, ‘DISTANCE

EVEN, nonz PPOTENTIAL"

. 0DD: MODE POTEN IAL! .

TRIBUTTON -ON 151




: 161

;}}:;"f ; To - analyze coupled mic 11nes w1th | | “ S
w/h -1 O a.nd SR
""‘-"-;'-t}re workspace COUPLED is loaded fz_rst.

The fésponé-e’ ‘!_:oj-‘ .

a IMPD 9 1 1

BRI

FJ'EUEN-HODE CHARACTE
._,9 7006683" L

' -ODD .MODE CHARACTERI

'f.'~43.22294309

}"(fLEUEN MODE EFFECTIUE DI
‘.;u.8q6033191 o

A .
.

BN

strréginﬁsnéucs_

RISTIC NPEDaNCE . -

)

ELECTRIC‘CﬁﬁéfANT;'A_ ff ff S e e

"\7‘-'_ L

.fonn-nons EFFECT;us,nIELchdIdt¢QNsih&ff [ S I

-.vs.225940593_,

0 '.'Q"v o

.»,-‘. e

'"fCHARGE DISTRIBUTION':'S

- FIRST COLUMNS |
- 'SECOND COLUMN:'

- THIRD COLUMN: " ODD_MODE CH .

"0 99994175

"t T0.9983990569
2 T049905120983
- o ¢68”37"8~3aﬂ
0.9214592529

e Q;3€O21?”

-*b,a 502192597

"0.1199182002
+1198182902

T6:754553263

- 5.9551923724.

-5.623564488,

;3?0650995&

SRy 5235309422
31-0.9409906074-

LT 067190733834
LTRSS 3879149A6

;4.13307u753:;s
~'5.,084286331 -
*suosa4o775331’
7 54022212942
4, 959754888
A 84817127de
’ - 4+688702156 -
AT 0. s¢33791487;;= : :
RN S 7190:37836k*

i 549176ioaf

700981007

7. 964977794 RED L
6,8120589 .J,r,f~f,
64335101657 B |
64003415031 . T R T
5.789411168 " ,.;*f; ;;".*_,% R
567031848 f);a- ‘ R
5.634514068 - U . S e
5.66935901¢ f‘rﬁwﬁv”};EL}:r:;".&'ﬂa
54758712778 EEIREE L ,

'S, 886318488 e
64042027748, “_lj,a ;--,;,.;=”
b 26433342ﬂ ag'u{*'i*ﬁ:ﬁ;-«

0 831 - 4. 435227221.- (PRI '
3f”1778331w{6 672403318

m;4 6393 34“?”“3.928322168

.7271860°4ﬁ

I R

NORHALIZED DISTANCE ON THE nrc
EVEN-MODE CH . . .

lf/ \




o 13869 53254.*

L POTENTIAL BISTR

FIRST COLUMN:.

SECOND COLUMN:.

THIRD COLUMNS
L T1.26356032 -

"2.413403059
"4.596425771

~8.085810004
T13. 64080084 :

q‘FOTENTIAL DIST
FIRST COLUMN?
< SECOND COLUMN:S

- THIRD COLUMN'

L 1,013046736 <
1:067448317

'W40160”9S°16f

% 14283302303
1.425542831

. 1:574437165

L 1716657697
g ¥ 832704784 - -

1932531483

IBUTION ON DAI - ours:ns nrcs f]
NORMALIZED DISTANCE .= . . .

EVEN-MODE FFOTENTIAL

oDD MODE POTENTIAL
- 0.6779665161
- 0.3032838761 -
10.101707095 -
0, 03033464862
0 0087573006 1

RIBUTION ON DA
NOR

049955866221

0.908074752
0. 83”1“376°5f
0. 7693159969 -
1047208040195 "
0 686589°5°93;
0.8653052949
06543171934
I -65015008673 -
’1’0-6492324311'

1 BETUEEN HICS
MALIZED DISTANCE:

EVEN_MODE - FPOTENTIAL .
onn MOTIE PDTENTIAL . R
0 9516569076,'

. O +79389524%2 .

0.6461210028 .
0. 509°8°8°‘~]“J'n
0.38461462811-
0427345462838
04177496482 .
- 0.09913397499:
B A 04152114196 -
~ *o 008021076653

e o 6687968417
2755921618 =~
-o 07841470369 -
' 10,01752825718 " S
-o 00387470266°4



J ;°work§pace THAT-';"' o -Lu;'.f: e =1jj'lf

o ThlS workspace contalns several functions for. evalua—A ‘:,‘

.v4 t1ng and SOlVIng the f1nal equatlons of Chap. # Then,f:_*' 2 ";$
;notation used is as rollowsz ‘1' _', : B B S

‘B, BBs‘ . B,Eq. 4-23«1._.}" o L

e - , '“CA.Eq.,-,;,?LP-.,ZvBe';  _- 5 - |  ..( :

. 5 DELp: ' "ff.‘?“if  8?Eai:4€2ég;f ';; | L ‘;’.. R
.Eftva.{h . L Llee;.};ﬁjﬁJnj \7  h:'J   5.{ ;:f:; '?k

. ; ‘- ;~ﬁﬁi i j',;L,-1::.  i§n;f.i:1;; ff1i ?& ={A'ﬁ;   ¥ *ii$; f €r 

S T‘ET’Q S D Eq. 4-22c.ﬂ?;£é“”"1:"& EE I o

o f;::  :  _‘_ (fh) normallzed frequency GHz‘mm
@ (;}J]r'._._--".I.'.’.,‘.;‘-:';_ ‘G’l:u Eqs. 4-33

L T, Eq. 4-31 T
. -tan‘(C/I-)
.:{" ug- R0:_

oM Eq. u_3za__,and 32c

- _; $0@3;g;ifﬁ;if'jtf? :f’i; 
-;?';,"T"XI [I]t""-_"‘{fl,.i_;'-.::,‘;:‘-. Ll “
G fff.:XLI 11‘. L




L . R
[ 1)

C W Fo S e " }
I ‘FO-'_chmpute,s_ ‘xj‘ -and ;«F.,i;~ given the values of . fj and’ W‘)_;.' -
R v FO: UI
"[1Y. - NepWwr -
- 021 XUeNPo
L33 de0
R By L11 Q¢+
BN = R (T] ) PR YY) & DO L e
QI&J-u»4(J<N)/L11 _.,{g;; T T
"*[7] CXLEO»TLeXY. v N S

L J_Q;f RS el S o, e
5~\%; f;'. Dl computes the matricles with elaments 77 5, ‘4 R
e S .

.‘A

R used as the arguments of Eqs. #~33a. c. and d-; :
o Iinq'gx11+x1- -XL _Z,_A-t;,:q'g‘,;;;<< Rt
Jh{czaw;fx12«x1- = XU . _v“* B
B33 o EXLA2XKET .
-0 LA3 0 Z 2«x1-.+xu+2xsrw:v RS
S 53 .nepr ’ EEAR TP S

| R erp( —e..n)' | oxp( -euL) exp( -e.L)
whlch appear when 1ntegratingiEqs. 4-33;'“ e

o .'[13 , EI“(H'N)FO LT i R
-~ E23 - 1€0 “
ot L3 *L1°314~I+1 : R
~ L4 " EICI#YIJ¢a- LxXItIJ
ZVfESJ:.;*(I<H)/L10 L
61 . EX1e(MyM)Pa- LXXL
L3 TEX2€ (MaM) P s Lxxu
?\'_;;LX2*(M»ﬁ)pLxXU
2 {LXI"(HH‘“PLXXL




’.fﬁ%fu5ﬂaha';f j5n- 7’55':a_.>fyf5;5}1Q21>f77y*;-§[11i xi65n{:

S D3 computes the,matrlces SNU and SNL such that
_a correct signs can ‘be’ allotted to. th! different g

_”s for :

SR evaluatlng the 1ntegra1 1n Eq. 4-33c, fbr the glven condltlons -

.‘,\

i ;['». b3 -
L33  SNUe2x-0, 5+xL-.<XI R
23 SNL*2X 0e 5+XU-.>XI'

 {?a£l .fin :ﬂn"1” '.‘ﬁ fruﬂai‘.r,_aflm';va','.uf‘ \ !

"'fg'Gz_tl _f, and G ] . respectlvelylj”"’”*“”*

 7'c6JLﬂaE2+£x2~2xso

"1;c9:IQ~R1ePH , | -
nf?f:tionﬁaaze SNstzx(LIG+k12>x(1oR2) R"'ﬂ .
| f”7;£1233162+R3+R4+EI-s
'?:a £14jﬁ;R6$PH+CXZ2

L1731 G1¢R7-R8
«4ic181:1R9«E1:151x2oPH*str+xL

[

Using the matrlces computed 1n DL. D2. and D3. Fl :

"‘forms matrlcxes Gl. G2. and GS with elements G ] -

™

“jﬁ]j‘j'Se(La2)+C*g a,{ L L Q,,:jﬁ,gf}.

. I?J"nSQ@S*O.u ;“ *-'”f" - RS S
'T(3J:n?CLIbC {

« LAY PHer SOCLI . T

' E’Jﬂa-LIG&(PH CLI)—L T .

L7l EleExpeaxsn "~“»f’:«>]~
¥Cxx11 " | SRR

“£93 - R2e¢PH-CxXI2 =~

"L113 . Rde- suLx€1x<L10+x11>x(1oR1>+R1,

;. E133. RSePH¥CxZ1

'11?I153w}n7+51x(an+z1>x<1oﬂs>?ks :?-“*g' et AR
L1673 R a«szx<L1a+zz)x(10R6>+R6 e T

.P'ﬁtngfﬁ *R9'Rio o




L1230 B7€G74B71- G72+671

‘;:*FZ'riﬁdé‘%he matrices G3 and G4 (Eqs. 4-33a and b).

[23 . Ne¢O

L33 LIINeN+1 & -
/f#],ﬁ*RS*((oN)aZ) -Ca2.
(5], RORSX0.5. :

| 7&;5:”.q,¢@3k° ';,   *  “5:  A:wf:!a,-

: £6J'”JDRﬁ+ROXR0+L , ’ o
-L7]  B3«G3+DRXx(A- LX1+RDx21) -k LX2+RDx22
[81 ' BALFEXIX(*-ROXIXI1) .
"L91.  GA1¢B41+ROXL-SNLXRO
- [10] - GA2¢EX2x(A-ROXIXI2) + ROXL+SNUXRO
© L£117. GAI¢2xEI+(L42)-RS. AR .
. [121 . GA¢BA+GAL- B42+G4I v;:f“f;ra S
- [133: +<N<nnx>/L1 R T e

v( ‘ “ :..',“'f.\"

f?gyw"

GRS

I CS1m1lar1y. F3 flnds G6 and G? (Eqs. 4-33f and 2) T

. e LF3ERB. o f' D T SR
- [11. B6¢B7¢0 T P S
CUL2T L ONeT oot e

[3] L2INeN+T . ' ST o e /
CA] . SGSE(BA2)+(ON+ DEL) 42 , e )
- ES1 0 8BespSa0.5 o, - ol
.. [6] . BSG¢B+SG - - '~' ‘. ¥

“CL71  DReBSG+SG+L R .

- £81 66@66+0Rx(k—Lx1+SBx21) -k LX2+SGx22 e , E
- L93  G71¢BSBXEX1X(A-S6XIXI1)+L-SNLXSG _,-=-._g R I
. 'L10] G72¢BSBXEX2x%(4- SleXIZ)*L*SNUxSG R

113 - G2I¢2XEI+(L*2)-665 .

.75f13J '+(N<HAX)/L2 R ‘ﬁ7”\1”,: T = S S U

s PR - L e A S e o e s
. 3

i gnaving the necessaryfiﬁ”ﬁ:a_ﬂ‘x o
.*vgqf m trfé equatlon and'evaluates;thfﬁdeterminant_df [G1 (Eq S
4_35): DET 18 a func'biﬁ'x for evalua‘b:.ng the detem'4 'ant“_-_-lf.‘

-




- amatrlx._f' B

e FFSEF S | |
. [13 " C¢CIXFX(ER-EF)40.5 Co RN
oy 5214"BB@CIXFX(EF 1y*o 5 e
~ L33 LFi-C e S

":}?‘caj L F2°¢C N ;fa R

053 . LF3'BR S -f,';v oo

6] Ge¢G1+G2463+G4. o S
- L73 i:nees.c1J(ERxnsannxs> 66+G7 ‘ B
? teJA -DET 14 14 H- . o '

e
"JHlelng the frequency. F5 should be executed few tlmes around
 the expected ée untll ﬁhe point is round for which thé

"determlnant of [G] vanlshes, )



| Apgehdixjn_~f'u s ﬂAb Lo >‘ ,._ o Lo

, WOrkspace RT E!

’.The fbllowing notation is used in this workspaceh;

.A  EPS:‘ the prec181on to which the roots of Eq. 5-6c

. ROz A,

L1a

t23

“L33.
-[41 -
- 831
Lé61
€77,

el
.91

ERs <3p

'fThis functlon evaluates Eq.wjiiéb;a

- MUeC1AS- RS)&O S

should be found, H*

F+  fh in . GHZ-mm,

NXs numﬁef bfqusitivé roots of Eq. 5-16b ﬁo_bevfound,7

-
4

R

v RRFD Rl
]RS#R1*°.

2CASeRSH/LL L 0 L
'F1eHUx50nEanu S
:F”eéoDELXHU P A §
L2 : S
LESFie- HUXIODELXHU R |
F"ezoDELxMu : ’
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