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_ Abstract

, Self-organizing heuristics are ofﬁen adaptea to
maintain a sequential list in near optimal ordér when the
frequeﬁc& of accessing each element is not“know% in advance.
An account of the lexisting schemes 1is 'given, and.  the
self-organizing heuristics are modified to.handle the case
of a dynamic fixed—size',l}st, where ,dnly a subset of
ele.:nts is maintained in the éequential list at a given
time. An applicqtion of this modified scheme 1is the
construction of 'paging élgorithmé for managing storage

hierarchies.

This thesis examines the performance of the modified
scheme, with reépect to the average time required to search
for ban element. The , analysis of the performance involves
modelling éhe stream of requests as a Markov chain, The
- class of modified move. to froqt heuristics is studied in

detail. Empirical evidence, including numerical examples and
simulation ‘results, suggésts that the <class of modified
transposition heuristics is asymptotically more efficient

than the corresponding move to front heuristics.
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1. Introduction - NI

Suppose we have a set of n records, R;,Rz,...,R,, which

is arranged in some arbitrary serial order w, where R,Mis'in.___,\~

position wn(i), ‘for 1<i<n, At each time instant, t,;tz;:;:

NLf

record is asked for. To fetch the requested reddpdlﬁRi,_*%

.

| A
2

1, until the record is found in position n(i).*;b _
X - :
Assume that each .record R; has a probability p; of -
being selected, and that p; satisfies the following
conditions

1. p; >0 for all 1 .

~

3. P remains unchangéd and independent‘ét all times,
i.e., successive requests are probabilistically
1ndependent of each other and of the orderlng of the N
records (INDEPENDENCE ASSUMPTION),

In terms of the expected number of searches required to

retrieve a record, a random arrangement would be expected to

perform poorly( as it réquirés (n+1)/2 searches on the
avefage. Unless all the_records have an equal cbhance of
being accessed; a rearrangement of the records could reduce
the expected search cost. The obvious approach would be to
order the recofds by non-increésinq retrieval probabilities.

"However, in practice, these prbﬁabilities are rarely known a

priori, and: optimal prdering of the records canAot be aone

in advance. Under this circumstance, heuristics that

dynamically rearrange the records are often used to reduce

)



expected search £cst. The ldea pehind these heuristics is to
o ’
uti..ze Crevicls accesseS as a basis for rearranging the

Teccrds Lntc a .,ess coStlyY ordering.
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records\ :n  ndbn-increasing

orde

"

by reguest CoURTS. Given erncugr time, by the law of

robabilities

§e;

large numbers, reccrds #with nigher Cfetr:ieval

will have higher access. ireguencles, anc hence optimal

ordering could be reached. Howeve®, the major problem iwith

this ‘approach 'is the €Xtra amount of storage :incurred to

keep the counts. The cost ©f maintaining the ccunts is often

prohibitive (see Knuth{1C]), -ang one has tc resort tc memory

free self-organizing heuristics.
A. Memory F}ee Selijrganizing Heuristics

Thé4 two most = freguently mentioned qemofy free
selfeorgaﬁizing heuristics are the move to front and the
tPansposffion schemes. Thege two -heuristics h$ve been
‘studied by Bitner[i], Burvi]je and Kingman{2], Gonnet, Munro
and Sﬁwénda[s], Hendricks[6,7,8], Knuth{10], Lam, Leung, and

Siul[11], McCabe[12], Rivest[13], and 'I‘é_m_anbaum[m]. The

basic approach of these tWwo heuristics 1is to perform a

permutation upon the existing order of the records, zavery-

time a record is requested, according to some specific rules

which will be éxplained later.

>



| Define - a self-organizing scheme to be a set of
permutations, {7, '1$i5n}, where 7, 1is the permutation
performed' when record in position i is requested. After
application of r;, the record in positio; j will be moved to

position 7,(j). The two schemata are given below.

Move to Front Heuristics (MTF)

i+ 1, 1< 3 <£i-1
I N N
- L, i > i
i.e., when a record in position i 1is accessed, - this

requested record will be placed in position 1, while records’
in position 1 through i-1 are moved back one position to
make room for it. The ordering remains the same 1if the
requested record heads the list.

Transposition Heuristics (TR)
1 » -

- ‘ i- 1, if j =1 and j # 1
r,(3) = [ j o+ 1, “if o= i-1
i, otherwise

i.e., a requested record is exchanged with the one preceding
it. Similarly here, requesting a record in position 1 leaves
the ordering unchanged.

McCabe[11] has shown that asymptotically the expacted

search time, u, for the MTF scheme satisfies

) 'n-1. n plpj
u(MTF) = 1 + 2 Z zZ

=1 =i p|+pj'
" Burville and Kingman[2] have -shown that, if P: 2 P2 2 Ps

2... 2 ps then
e

-m $ u(MTF) < 2m-1, m= L .ip



where m is the expected search cost for the optiual ordering
RyR;R3...R,. The above inequality shows that MTF neve: doe- -

more. thar twice the work .lone with the optimal ordering.

| v . . \
, : . . &
The MTF scheme does exhibit considerable savings “ver \

random afrangement. As an eiamble, Knuthf10] showved that} @f
the retrieval’ probabilities obey Zipf's distribution, i:é.i
pi = 1/(iHn), whe:ean-is the nth harmonic vnumber ( _H; -
.y 1/i ), u(MTF) %,Zn/iogzn. This cost is substéﬁtially L;“
better than (n+1)/2, anﬁjis about 1n 4 = 1,386 times.as-mahy” |

comparisons as would be 6btained in the optimal arrangement.

The expected séa;chl cést“' for  the transposif}ont -
heuristic can be‘ eVéluéted for a §pécific retrie;élqhi
distribution.(see HenérickS[B]). However, noDCOnciéeAgeneralg

. expression 'is given. Rives£[13] has shown that the expecte§7
séaréh'cost, u(TR), is always more ‘efﬁiciént ‘than u(MTFi,
except when n=2 or all b.;s are véqual. Rivest also
conjectures that TR is aéymptofiéally more efficient thah
any other mémory—free sélf%o;éanizing heur&étics, for any

* retrieval probability distribution. Varioug evidence to

> support thié_ conjecture 1is  presented; however, no’direcg
proof has been given.

3

B. Self-Organizing Heuristics with Limited Storagé

Gonnet, Munro, and Suwandaf{5] later showed that, :with'

)

the use of a very small amount of storage to remeniber a few

previous fequests, expected search - cost could be fusther



reduced. The notion of Kk Inh a row heuristic 1s 1introduced.
The first  approach is to apply thre transposition
(move-to-front or any other) heuristic ,onl; if Athe same
elemen* 'is accessed k times in a row. This approach would
use log;(nk) bits of extra ctorage instead of the 0O(n) or
more bits reguired for the.counter scheme. This 1is known as
the simpie k heuristic. A slight wvariation of thié schemé,

known as the batched k heuristic, will be explained later.

Simple k Heuristics

The expected search cost cf the simple k MTF heuristic

is given in [5]

| . . ptp. TP +p’ '
IJ.(MTF) = + Z - :,S 1 'SCER
p," .t vpt Ipt
t C =0
It 1is .also shown that u,..{(MTF ( IMTF ), for k 2 1. The
following example, taken dirtectly from the paper
demonstrates the performance cf < sC :zme

uy (MTF) < 1.36602 Op:
us (MTF) < 1.27388 Opt

4o (MTF) < 1.22788 Opt

o
[ 2]

Althouéh the exact search cos: or the simple Kk
heuristic with transposition rule, u.,(TR), has not been
obtained, thg cost has been shown to be better than the
simple k move to front heuristics. The expected search c&st,

u, (TR), is also shown to decrease as k increases.

g



. (TR) < u, (MTF) and u... TR} < L, (TR

for all distributions, k 2

Batched k Heuristics

This is a slight variation of the s:mple Kk necristic :in

that requests are batched 1intc

Vo]

roups cf » e.ements, &nc
reorganizing occurs only when the k reguests :ir & batcn are
for the <ame element. In other words, when an elemen: ‘s
accessed k times in a row, the +transpos:ition iZr move g
front) rule ﬁay or may not be applied, depenc:ing o5 whether

the k accesses belong to the same batch.

In [5), the expected search cost for the MTF scheme

under the batched k heuristic 1s given as

5

0

k' (MTF) z

]
+
v ™M

.1

e}

A
A\
'§,

(XN
(0]
tt

o

Similarly here, it is shown that u',..(MTF)
k 2 1. In addition, the batched k heuristic s shown =c
perform better than the corresponding simple kx heur:istic :

u', (MTF) £ u, (MTF) » [

e
't
O
=]

Again, the following example is taken direct: the
paber

u';(MTF) £ 1.20710 Opt
u's(MTF) < 1.11843 Opt

p'a(MTF) < 1.08302 Opt -~
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C. Convergence Rate of Self-Organizing Heuristics

The primary meascre ci effect:iveness ¢f a neur.st:c has
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ACccorcing  t¢ Blitner, the first m
s overwork , which .s definsC as the area between the <CoOSt
curve ané i {fcr details refer to [1]). The

.tSs asvmptore

steeper” the cost curve is, the smaller the overwork will
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MTF rile is given as

, - . L .
be. The cverwcrk for th

J
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Nc general fcrm has been founcd for thé overwork for the

transpositicn rule. Heowever, there are good reasons to



m

SVvI(TR! when the rezr.eva. probabili:z.es obey Zipf's

The ,sec;nd measure <f <Cconvergence rate suggested by
Bitner[') is the number of reguests, r, reguired for the
cta. <cost cf ' cne heuristic to be lower than that of the
cther. The total cost s obtained by summation of the search
cost for the first r requests. This measure suggests that,
under r reguests, one he.ristic may outperform the other,
even . thcugh 1t has a higher.asymptctic sgafch tost. Some
values of r are given in Table 71.3a at the end of this

chapter.

In the remainder of this chapter; Qe shall study the
convergence rate of the k in. a_row’heuristics.'Through
numerical examples, we can show ‘that the k in a row
heuristics (MTF or TR) take longer time to reach their
respective asymptotic search cést than the corresponding
Simple heuristics. This observation suggests that, although.
the k in a row heuristics (MTF or TR) have been shown to

have lower asymptotic search cost than the corresponding

simple- heuristics(i.e., k=1), = their slow rates of



convergence tC the asymptotic value should Coe ce

overliooked.

Now we shall consider the overwvork for the simple and
batched & heurﬁStics. Intuitively, one would expect, for k >
1, OvV(MTF) < Ov(simple k MTF) < Ov(batched k MTF): OV(TR) <
Ov(simple k TR) < Ov(batched k TR), Ov(simple k MTF) <
Ovi{simple k fR), and Ov(batched k MTF) < Ov(batched k fR).

reasor behind this is that the heuristic that is less

.kely to change the previously established order decreases
the search cost more slowly. Uhfortunately, no general
expression has been found for the overwork for the

transpositicn heuristics and simple k MTF. However, the

overwork for»batch?d k MTF can be derived as follows

T 1.1
np n k(p, - p,){(p:* - p,")
Ov (batched k" MTF) = I z ‘
[ | Je o= . 2(pik_pjk)z
PROQF ;

Assume ’fhét any initial arrangement of records.in the list
is equally likely, and the first r §hest for retrieving a
record is at t=0. Subsequent reque:¥s are at t=1,2,3,...

1. Prob(R, is ‘ahead of R; at't ?equests, 0 £t s k-1) =
1/2, since R, has a 1/2 probability of being ahead of R; .
in the 1initial ordering, and no rearrangement occurs
when t < k.

2. Record R; is ahead of R; at t requests, t 2 k, under one

of the following two conditions :



.
3

10

a. neither R, nor R, was reguested consecutively k

times in a batch and R, was initially ahead of R,.
, y
Prob = (1/2)(1 - p,* - p,")

({x] refers to the lérgest integer less than or
equal to x)

b. the k most recent‘requests for R, were in batch m;
and R, was not reguested consecutively k times in a

batch after m,

R ' ‘ (ty - om
Prob = m§| p."(1 - p*t - p,*)
Ry ’
- U-er e
B P [ L e T ]
P *P; .
pik ‘ L.é-_] p'k
= —— - (0 -pt-pf)
p."+p;" pi*+p;*
Therefore, Prob(R, is ahead of R; at time t, t2k)
' pbk ) Lf] 1 _pik :
g —+ (1 - pf - pt) [ - - ——————————J
pik*pjk 2 (pi*+pj*)
p:* ' v s (p,t-pi*)
= — +. (1 - p;* - p;*) ceeeao(1.1)
pik+pjk - . 2 (pi5+pjk) I

Since Equation (1.1) above reduces to 1/2 when 0st<k, it |is
also the general expression for Prob(R, is ahead of R; at

time t, t 2 0).



1

Hence, if each initial .list 1is ‘equaliy' likely,’ the

search cost - at time t

Prob(R; is ahead of R; at time t)} ~

"ot n PPt PP
3 .

= T+ z
o2 Y yr e 1 p.k+pjk . ‘rTI
o ¥J pi(pi*-p;*) + py(p,*-p*)
.z I (1 -p*=p") ‘
' 1 ey et 2 (pik+pjk)
no- Y n p-pik -‘Apj\.pik
= i+ Z ha
' = 1 LI | p'k+pjk R 8
: i
. L4 (pi-p)(pi*-p;*)
-z T (1 -pi*-p)
T I J:‘|.¢1 2 (p‘k+pjk)

The first twe -erms of the above equation are the asymptotic
search cost; hence the overwork at time t is given by the

last term. Summing the overwork over 0 < t < = gives

Ov(batched k MTF)

v . "(p..-p;)(pn'-p,'. e ¥
= I z —__ - - pik - pju)

1 jriet 2 (p'k*_p,g)

- k (pi-p;)(p:i*-p;
z

1 js e 2 (p|k+p‘k)z

Ov (batched k MTF) 2 x Ov (zimp . .77,

for k > 1, and not all p,;'s are equai.
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PROOF ;

Ov (batched k MTF)

n k(p,-p,)(p.*-p,*)
>

n-1
= X
i= jrie 2(p|.+pjk’);
k-1 )
k(pi-p,)* Z p,'p;" """
n-1 n '
= Z z
i =1 jeoaoet z(p‘k"pjl)l
) k-t
k (pi_pj)z [ Zb pitp}k-l-t] (pa"’p,)’
n-1 n
= ,Z . Z .
izt jx i« 2 (pik+pjk): (p'+pj)l
n-1 n A k(pi—pl)z ‘ -
2 Xz z

i1 =gt 2(pl+pj):

W%

k Ov (simple MTF) .

To demonstrate the convergence rates of the other
heuristics, the overwork for a list of n elements under
different self-organizing rules 1is approximated in the

following manner.

The convekfional method of analeing the self
Qrganizing schemes is to model the different arrangements of
the list as states in a Markov chain whose ﬁrénsition matrix
is determined by the retrieval probabilitiés. Let
Prob[w.f"] denote the probability of the state =, at time
t, #. = [R\4Ri2...Ryp], 1 S i, S n; The search cost at time

n

t is then given by § ( 12‘ jpi; ) Probl=,‘*’].



13
Initially, each of the n! possible arrangements is
equally likely. For a particular. state =,, Prob[ws,‘°’] =

-1/nt, and successive distributions of the state ﬂ.“f, for t

> 0, can be obtained according to the following equations :

1. Simple MTF Heuristic

Prob[R,R;2...R; o] 'Y’

= pir | Prob[R, ;R;2...R;,]¢t" "’

+ .Zz prOb[Riz"R'i‘Lva1Ri(j¢1)...Rin]((-1) }
j=

2. Simple TR Heuristics:

- Prob[R; Riz...R;,1'"’

= P PfOb[R}1R|z---Rsn](1_1)

n-1

+ 21 pPi; ProblRiy...R, (j-1)Ri(j.HRij.. Ry 10"
j = .

S~

3. Simple k Heuristics

(3.3

Let (R;yR;2...Rim)o be the  initial . state where records
Riy+,Riz2,...,Rim are arranged in this order. In this state, a
record R; will be accessed with probability p;, where 1<j<n,
and a transition will be made from (R,;R;2...Rim)o toO
(R1|R;z...le)j(1). From (R|1R;z...R|m)j(|), accessing the
same record R will = cause a., transition to
‘(Ri,Ru...R.,..),(z). Otherwise, state (R;1R[z...R|m)x(l) will
be reached if record R, is accessed, x # j. When the same
record R, is accessed k times in a row, the move to
front/transposition rule 1is applied, and state (...)o will
be reached. In other words, the subscript y(z) for the state
(:),¢(z) 1is wused to remember the number of consecutive
requests for record R,, when the current configuration is
7,. The stationary distribution of a particular arrangement,
7,, is given by the sum of the probabilities of states
(7a)or (11)1(1) r eee (71)1(k-1)/ ... ,and (ﬂl)n(k-!)-



_Pro

= P

+

whe

Pro

b[R «Riz...R. ]’

rob{R, R,2...R, 14"’
n k-t
T I ProblR,,R,;...R, )i,
y =1 z2=s 1

re,

b[Ri1R1§---Rin]£::)

= px { Prob[R, Riz...R;nJét "’

Pro

and

k-1 :
L Prob[R,R,z...R;. 14851 1}

z =1

£z
v

) 12
b[R£1Ri2--~Rin]£;;) = p; PFOb[RixRaz---R.nJ£? :;>

N

’
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1S x<n, 2%z < k-1

a) Simple k MTF-:

PrOb[R|1R|F...Rin]é‘)

= p;1{ Prob[R;yR;2...R;,1{}taly)~

" n
+ I PrOb[R|2..R;JRi1R|(j.1)--,~Rin]§:Z;ll) } .

j=2

b) Simple k TR

: \
PrOb[R[1R;2...R|n]é‘x

= pi1 ProblRi1Riz...Rin)i}cily),

n-1

+ 121 Pij Prob[R,j.,.R.(1_1)3.(1.1)Ri1...R.n]§
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4. Batched k Heuristics

Prob[R,R;2...R;,]1'*? = Prob[R;R;z...R;,]¢?’

where z = k|&+], and for z > 0

_ - a) Batched k MTF

Prob[R;yRiz...R;al¢?

= (1- Z pi;*) Prob[R;R;z...R; 13" % S
y=2 .

n
+ pi1ﬁ .Z PrOb[Riz..R|1R|1R|(1‘1).-.R|n](z-k)

j=2 ’

b) Batched k TR

’ prOb[Ri1R;z.-.RJn](Z)

= (1 - z pi;* ) Prob[R;1Riz...R;,]1{*° ¥’
3= !

n 1

+.

R o Il

pijk prOb[Ri1°"R‘(1‘1)R|(j¢1)RIj-o-Rin](f-k)

j=1

The asymptotic distribution is approximated by the

distribution when t is large enough, and the overwork can be

- obtained by summation of the difference between the search

cost at.each time instant and the asymptotic search cost.

Tables l.la, 1.1b, and 1.2 -below show the expected
search cost ahd the overwork for a list of n elements whose
retrieval distribution‘is given by Zipf's disfributién. The
résuitsv obtained suggest that 4aithough the k 1in a row
heuristics are asymptotically more efficieht, they generally

incur greater overwork as well. However, the study of
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overwork alone 'is not a good measure of the rate of
convergence; the asymptotic search cost should also be-taken
into &onsideration. Since overwork is defined in.terms of
the difference between searchlgost at each time instant and
the asymptotic search cost, the heuristic with lower.
asymptotic search cost would generally result in larger

overwork.

The second measure of convgrgence'rate'is the number of
requests required for the total cost of Sne heuristic to be
lower than that of the other. The measurement is
approximated in a manner similar to the approximation. of

0

overwork. Tables 1.3a and 1.3b below summarize the results

‘obtained;

From thévstudy of the convergence rates, it may be seeh
that heuristics that are asymptotically more efficient may
not be a preferable choice if‘ feﬁ requests are made.
Unfortunately, at present, there 1is no  known method of
deciding the optimal heuristic for'the ‘numﬁer of requests
required.

D. Overview of Subsequent Chapters

In the next- few chapters, we shall consider a linear
search system with a fixed number of = records, and a
fixed-size 1list, whose size may be smailer than or equal to
the number of records. Only a subset of records can " be

maintained in the 1list at one time. The frequency of
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accessing each record 1is not known in advance. With some
slighé modifications, the self-organizing heuristics

discussed so far can be adapted to improve performance.

The - performance of the <class of move to front .

heuristics is studied ir detail. Thfough'numerical examples, .’
the class of transéésitibn heuristics is >mpared "to the
move to front coﬁnterpart. The fesults obtained suggest that
the transposition rule has lower asymptotic search cost than
the ‘corresponding move to front rule, and the k in a row
heuristics again outperform the- ‘'simple heuristics

asymptotically.

An application, of the modified scheme 1is 1in _ the

construction of paging algdrithm in memory management. While
thé commonly known paging algorithm, Least Récéntly’ Used -
(LRU)- ;; corresponds to the modified simple.m0ve to front
heuristié}-the results obtained suégest thét transposition .
rule or k.in a row heuristics may be incorporated ‘nto the
construction of ;the' paging algofithms to improve‘

performance.



~ TABLE 1.1a - oo 4
The asymptotlc search length for a list of n elements whose

retrieval probabilities are given by Zipf's distribution, in
torms of the number of searches through the list.

number of elementsg

Heuristic 3 ' 4 5

optimal cost (optl) 1.6364 1.9200 2.1898
simple MTF rule 1.8545 12,2411 2.6104
simple TR rule 1.8182 2.1392 2.4303
simple 2 MTF rule 1.7754 2.1089 .. 2.4227
simple 2 TR rule 1.7414 2.0358 2.3129
batched 2 MTF rule 1.7552 2.0842 T 2.3982
batched 2 TR_rule 1.7248 2.0206. 2,2991
simple 3 MTF rule 1.7180 2.0253 - 2,3158
simple 3 TR rule 1.6973 . 1.9871 2.2613
batched 3 MTF rule 1.7004 2.0071 2.2977
batched 3 TR rule 1.6850 . 1.9768 : 2.2523

TABLE 1.1b

‘The asymptotic search length for a list of n elements whose
retrieval probabilities are given by 2ipf's distribution, in
terms of the optimal search cost. .

number of elements

Heuristic 3 o 4

simple MTF rule 1..1333 1.1672 1.1921
simple TR rule 1.1111 1.1142 . 1.1098
simple 2 MTF rule 1.08489 1.0984 1.1064
simple 2 TR rule 1.0642 . 1.0603 1.0562
batched 2 MTF rule 1.0726 1.0855 1.0481
batched 2 TR rule 1.0540 1.0524" 1.0499
simple 3 MTF rule 1.0499 - 1.0548 1.0575
simple 3 TR rule ! 1.0372 1.0349 1.0327
batched 3 MTF rule 1.0391 1.0454 1,0493

batched 3. TR rule 1.0297 1.0296 1.0285




TABLE 1.2
The overwork for a 1list of n elements whose resrieval

9]

probabilites are given by Zipf's distribution.

number of elements
4

Heuristic 3 )
simple MTF 0.2006 J.4463 £.7978
simple TR 0.4580 . 1.6505 3.9795
simple 2 MTF 1.0752 2.8137 5.7746
simple 2 TR 1.9893 6.S8E7 17.8381
batched 2 MTF 1.6454 4.4474 5.3983
batched 2 TR * 2.8169 10.2260 7.3941
simple 3 MTF 3.8114 12.5235% 31.7351
j simple 3 TR 5.5789 23.6623 75.0309
“ batched 3 MTF 7.5675 7.6227 75.0761
batched 3 TR 10.191¢ 45.5195 171.4416
TABLE 1. 3a : :
The number of reguests required for simple/batched
transposition rule to have lower cost than the corresponding
simple ‘batched move-to-front rule, given ‘that retrieval

probabilities of the 1list of n elements satisfy Zipf's
distribution.

number of elements

Heuristic 3 4 5 6

simple TR 6 10 15 20

simple 2 TR 257 51 94 161

batche® » T : 36 78 - 156 280

simo.e EI 83 248 658 1471

ba ~hed . 165 597 1740 4050
TABLE 1.3b

The number of requests required for simple/batched k rule
(MTF or TR) to have lower cost than the corresponding
simple/batched k-1 rule, assuming Zipf's distribution for
the retrieval probabilities.

number of elements

Heuristic 3 4 5 6
simple 2 MTF _ S , 14 20 26
simple 3 MTF 38 83 167 308
simple 2 TR 17 46 104 217
simple 3 TR ' 74 - 309 1024 2763 -
batched 2 MTF 11 19 28 . 38
batched 3 MTF o 83 213 475 918
batched 2 TR 21 62 © 153 338

" batched 3 TR - 168 824 2877 8010
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I1. Self-Organizing Linear Search Systems with Limited

Buffers

B So far, the study on self-organizing ..near search nas
been limited to the sequential accessing cf the same f.xecC
number of records. However, this may nct De & rea..s:t.c
representation of a sequentially access svstem. Mcre cftern,
~one would not be dealing with the same _:st cf records;
additional records may be added to the svstem, . cr existing

records are deleted. y

ﬁere, we §hall relax the aésumption the:s theé same
records are to be sequentially accessed. We consider the
following scheme:

Given a set of n records, and & l:inear L;s: tbeffer) ¢

size m, where m < n. Only'm of the =~ :ecorc; can Dbe

placed in the linear list at'one time, accordingc ¢ one

of the P, p: :.ble orderings. At each instan: of <ime,

one of the n records 1is reguested. Tc retrieve the

{0
th
la}
O
=]

record, the list is examined seguentially, star:id
the first position, until the reguired record is founé
or the end of the list is reached. If <the reguested
record 1is not in the liét, this recoré will be recalledA
from some auxiliary storage and be placed in the list.
One of the records in‘the list will have to be dropped
to make room for this new record, according to some
predefined replacement rule. |

Here, thé performance measures of interest are the average

20
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the

P
]
O

search .ength anc <:tne e&verage number of fetches

aux:liary storage.

4 randem arrangement wcull reguire, on the average,

'n-m n fetches from auxiliary stcrage, anéd ¥ v & * ... * F

- " = (m+2mn-m‘! n searches thrcugh the buffer.
w.tn some s_ight meod:ificaticns, <he ccnventico o
se.f-orgarizing heuristics (MT or TR scheme) coulc be

éda;:ed ¢ improve :the performance., The modifications need
¢ pe macde yn crder to accommodate the replacement rule; The
schemes described below are ©basica.ly the same as the
TF and TR schemes, except when a reguested
reccrc does not reside in the list. We sha.l adopt the same
otation as before. Let 7,(j) refer tc the new position of
recoré in position j, after a record °"ir position 1 is
requested. For records that are not in the list, assume that

their pcsition is "external”.

Modified Move to Front Heuristic

for 1 £ 1 € m,
‘ r i+, 1< 3§ < 11
=, (3) = 1 1, j =1
{j, i< Ji<m

external, ] = external .

for 1 = external,
j+1, 1S3 < m1
external, j = m

1

[4

for the regquested record
in external storage
external, for the remaining records
in external storage

w, (3)
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l.e., a reqguested record 1s always moved to position 1. If
this requested record was originally in the array, say
position i, then records in position ! through 1-1 are moved
back one position. Otherwise, all records in array are moved
back one position, forcing the last record to be dropped
from the list.

Modified Transposition Heuristic

for * < i < m,,
i=1, if 3 =1 and j # 1
7.(5) = j+1, if 3 o= i-1
3, otherwise (including records
in external storage)
fcr 1 = external,
m, '~ for reguested record in
7, (3) = external storage
external, j = m
3, otherwise
i.e., if a record does not reside in the 1list when

requested, it will replace the last record in the array.
Otherwise, it will be exchanged +:th the record immediately
preceding it.

These schemata may not be truly representatives of
sfstems invdlving inseftions and deletions. However, the
schemata are important for the following reasons. 'Firsﬁ,
study of the performance with various buffer sizes
demonstrates an analysis of the performance with wvarying
amounts of inéertions “and deletions, since larger buffer
size represents less insertion and deletion activities.
Secondly, these schemata can be applied to the construction
of paging algorithms for storage mahagement. The Least
Recently Used (LRU) stratégy used 1in paging algorithm§

corresponds to the modified MTF heuristic here.



23

To study the performance of this system, we shall
assume that each record has an independent probability p; of
being selected. The analysis of the performaﬁce involves
modelling each of the ,P, possible arrangements of the
.buffer as a state in a Markov Chain. The one-step transition
matrix i; given‘sy [P,,], which is determined by the p;'s.
An aécount of the Markov Chaiﬁ 'is given in Kemeny and
Snell[9). We shall be concerned with Markov chains that
allow transitions from'one state to any other states. Thus,
the 'finite Markov chain ‘is irreducible' and aperiodic?. This
Markov chain is‘ergodic’ and the limiting probabilities for
each state,

7, = lim x;‘"’

t -+
always exist and are independent -f the initial . probability
distribution. The 1limiting distribution =7 = (w;jnz,...) is
given by the unigue solution to the set of equations

Zﬂ’; = 1

Let p(i,y) denote the long term probability that record
R; is in position y, and z; the probability that R; 1s not

in the buffer.

'A chain is said to be irreducible if every state is !
reachable from every other state '

*For every state i in an aperiodic chain, we can find two
positive integers k1 and k2 such that the (k1)-step and
(k2)-step transition probabilities, P{§'’ > 0 and P{%?’ > 0,
and such that k1 and k2 have no common divisors other than
1. .

A finite-state Markov chain which is irreducible and
aperiodic 1is ergodic

T



24

p(i,y) = ZI' n, ( summation of all those
m; such that R; is 1in
position y )

z, =1-Z pli,y)

y =1t

The expected search length of a request, starting from

position 1, is given by
= I piu,, where
i= 1
K, = [Z yp(i,y)] + Mz,
y=1

#; 1s the expected search length for record R;.

The average number of fetches from the auxiliary

storage when a record is reguested is given by

»

v = L pPiZ;

Assume that Pi1 2 P2 2 ... 2 Pan- 'Then the’ optimal.
ordering would be to place the m most frequently acéessed
rgcords in the buffer, according to the order R,R;...Rn. The
optimal expected séarch cost, u(OPTf, and the"optimal'number
of fetches, v(MTF), are given as :

E ip, + m i Pi

1 ieme 1

u (OPT)

E p;

i=me 1

v (OPT)
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A. Simple MTF with Limited Buffer Size

The modified-MTF scheme corresponds to the LRU
independént reference model (: : Coffman and Denning[3]).
Let Q.. be tHe set of all possible configurations -of the
m-size buffer, and 7, be a particular state, 7;¢Q,. Let m;, =
[R,yR;;...R;, ], where 1 < i, < n and R;,;#R,, for j#k. For
ease of reference, those records that are not in the buffer
are labelled as R, (m. 1) through R;n. Given that each record .
R;; has a probability p.; of being requested, the stationary

distribution of the state wm, is given in [3]
T M 1:

Prob{r,] = Prob{R, Riz...Rim] = T

Before proceeding to the proof, we shall present the
following lemmas which indicate the two properties of ‘the

above expression for =,.

Define :

¢: = ©, 25z < m1

and,
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ot _
e Pij
Pm =
[n(pn"’i’p.q)]
j=2 1= j

LEMMA 2.1a: A
ProblR, ;R 3...R\,Ri1Ri(yo1r++-Rim] * 6y.7 = ¢, , 2 Sy < m-1
PROQF :

Case 1, : 2 sy s m2

f ¢y*1

Case 2 : y = m-1

Prob[Ri;Ri3...Ri(m-1)Ri1Rimn] + ¢nm
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n pi; n p']
=1 j=2
= +
[n (piyv + L pit)][z p.'] [n (piv + I pu)]
j=2 t=j dt=m j =2 t= .

]
b=
3
"

[ ]

Def ine Probm(R; Riz...R;m) to be the stationary ' probability
of the state where records R;,;,R;2,...,R;,mn are arranged
accordingly, and the size of buffer is m. Again, records

that are not in the buffer are labelled R,.: through 'R,.

»
) PrObm(leRiz...R““) = zZ PrObm,1(R||R;2...RimR5,)\

. x=sme 1

This lemma indicates that a set 'of m records, R Riz2...Rim,
has the same probability of occupying the first m positibns

in an (m+1)-size buffer as in an m-size buffer.

PROQF :

_Probm*}(R.1R,2...R,mR|,5) =
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n

-.u. Z probm§1(R]]Ri2¢o-leR|x)

Xz=m+ 1

[ FI ( ZE Pt )][ ﬁ pit]
i=A t= | t=m+ 1 :

prObm(Ri1Rgz.-.R|m) L -

q".

“ ¢ .

To visualize the above. lemma, one could also think of

the n records as being arranged in an array of n enfriés,

. reorganized according to the rule of the conventional .MTF

schemé. Suppose we are interested in a m-size bu%fer.
Records thét occupy posit;bns m+1 through n are to bé
thought of .as residing in the auxiliary storage, so that a
request for one of these records will necéssitatg m_séarches
through the buffer and a fetch from the auxiliary storage.
In other Qords, positions m+ 1 through n should be treated as
the same position, namely "external”. 'Notice} that the
modified-MTF scheme is satisfied : a.requ;sted record will
always be moved to the top of the list, and requesting a
record anywhere between m+1 and n (external) will force the
record in position m to be moved to m+1 (i,e- external).
Therefore, ﬁﬁe stationary distribution of a configufation in
a linear search system with an m-size buffer'is,given by the
‘summation of all states in the conventidnal MTF n-element

configuration that has the same seqguence of m elements

s appearing in front.
£
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PR F 1:
The equation given in Theorem 2.1 must satisfy the following

expressions :

i) Prob[R,iRiz...Rim]
= Pin { Prob[R{R;2...R,m]

+ I Prob[R;z...R,jRi{Rij.y,...Rin]
i=2

+ z Prob[R;2Ri3...RimR.x] }

XxXzme 1

ii) I prob[w,] = 1

Case 1 : to show that problm;] satisfies (i)

Rearranging (i) becomes

1 - p'1 ) . .
—— prOb[R|1R52---Rim]
Pia

_ .
- sz Prob[R.z...R,JR;,Ri(j.;)...Rim]

+ % PrOb[RizRi3.-:RimRi,j }. c e e e e e (a)

x=m+ 1

SQbstituting prob[7;] into L.H.S. of (a) gives

m P m b
1-piy | B — .
p=vo =
Pii Z Dis n m n
B e85
j=1 j=23 t =

Substituting prob[z;] into R.H.S. gives

m

-1 : . .
j§2 Prob’[R.z...R.,R”R.(j.,)...R,m] + Prob[R.a...R;,,,Ri,]



m-1

z

j=2

30

[ ﬁ P;j ] ( pix)

i=2

[ mf]‘ ( Pia + £ pag_)]

i=2 t=]

prob[Riz--.Rin|1R|(j.1)oo.R|m] )

[ I pij ][ piv t z Pix }
j=2 x=m+ 1

_ pi:)}[ pii + I , Pit ]
j t=m+

n Mo

[. ﬁ ( piy +

j=2 t

. m
PrOb[Riz...Rini1Ri(1.1)...R|m] + I
. : j=2

PrOb[R|z...Rin||IR5(‘|,1)...R.|,‘n] ) K

+ PrOb[R;z...Ri(m-1)RilRi‘m] + ®m

. | N .
Prob[Rszo--RsJRr1R1(j~1)---R?Q] + Pm- -
(by applying Lemma 2.1)

(by aﬁplying'Lemma’2.1 m-3 times)

i=3 t=]

% p.‘,][ ﬁ( E Pu‘)]



Case 2 : to show that z n‘-= 1
' i

First, we shall show that, asymptotically, record R, has a
probability p; of being in position 1, for all buffer sizes.
In other words, summation of stationary distributions for

all configurations with record R, in position 1 is equal to

Pi.
Proof by induction:
e
True for buffer size m = 1, N
Pi
Prob[R;] = —m8M8  —— = p;
i: Pi

Suppose this is true for m=K.

There are ,.:P,., possible configurations that has record R;

in the first position; Let one of these configurationg be

denoted by<t,(k); p ='[R}R,z...RjQ], wherg 1Sj,$n and 51#1.
_ _ o —

Then,

Z Probln,(k)] = p;

For m=k+1, there are n_,Pk.possible(configurations that have
record R, in the first position. Divide these ,. P, possible 
configurations into n;,Pk_1 groups of (n-k) configurétions
each. Within each group, the same k records appear in" the
first &k positions, and in the same order. Denote one of
these groups by T;.(k+1), where z+ is . the~ set
{ [RiRj2...R;«Rx], | 1<xsn, x#i,3j2,33,...,3« }. For each z+,
there is a,gofresponding z in Q, such that the same k

elements appear in the first k positions.
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PrOb‘[ﬂ'zo(k"’\])] ‘Z Probk+|(RiRjz...Rijx)

prObk(RiRjz...R-jk‘) (by Lemma 2.1b)

Therefore,
|

Z Problr,.(k+1)] = Probl[w,(k)] = of

Zz + P4 %
By induction, each record R; has a probability p; of being
in position 1, for all buffer sizes.

Hence,

= p1+p2+.'_.+pn

4

_The next two lemmas apply when Lemma 2.1b is satisfied.

LEMMA 2.2:

7

z Probg(R....) = Prob,(R‘)‘, 1<m<n N

I refers to the summation of states in Q. that have record

R; in the first postion. This lemma states that the

probability of having record R; in position 1, for all
buffer sizes, is the same as the probability of having R; in
a single-size buffer.- |

ey

PROOF: ~~

Follows diréctly from the proof of Theorem 2.1. ®

Let u(m) be the expected search length to fetch a

:record "when ~ the buffer size is m, and »{(m) be .the expected

—
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number of fetches from auxiliary storage. Then

LEMMA 2.3:
u(m+1) = py(m) + v(m) , 0 £ m < n-1
PROOF :
Case 1 : m=20
Obviously, u(0) = 0, and »(0) = 1.
Qhen the bufﬁer sizevis one, one search through the buffer
is needed to determine if the requestea record 1s present or
not. Hence, u(1) = 1.Therefore,
u(1) = u0) + »(0)
Case 2 : m > O
" Let ﬂ;(m) be a particular configuration of a buffer of size
m, m,(m) = [R,yRi2...R;,m], and let the records that are not

in the buffer be denoted by Ri(m-1),+-+,Rin-

w(m) = z | Zitpi, + m _£ Pis ) Prob[wi(m)]

1 t

cv(m) = Z-{ ( Z pi. ) Probln,(m)] }
i t ﬁm + 1 .

5 . X . . .

Following<the same argument as in the proof of Theorem 1, wve
~could. again group the possible configurations wof an
(m+1)-size buffer into ,P, groups, .where all configurations
in the group have the same m elements appearing in the first

>Up _nave En -

m positions. Denote this group by #,.(m+1), where n,, is the
set { [R,;1Riz...RimRix] | x # 14y,...1n }. For each w,., we

could find a corresponding 7, in Q. such that the firsﬁ m

elements are the same.
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p(m+1) = L (Ztp,x * (m+v1) T o,, ) Probl=s, .(m+1)]
[ t =1 t=m 1
= P2 E tpi, * m I p.,, ) Probln, (m)]
i t =1 t=m- 1
+ £ ( L p,,) Problr (m)]

(by Lémma 2.1b)

= u(m) + »(m) L]

Theorem 2.1 allows us to write a rather complicated
expression for the performance of the modified scheme using
the move to front heuristics. The retrieval cost, in terms
of expected number of searches . through the buffer and.
expected number of auxiliary memor? fetches, is‘given in the

. A

next theorem.

THEQOREM 2.2

Under the 'modified move to front heuristics, the expected
number of auxiliary memory fetches for a linear search
system with n elements and m buffers is given by

y(m) = T [1 -
ﬂieQm j

v ™M3

pij] Prob(w,), anc

1

the expected number of buffer lookups is given by

u{m) = 1 + ? z (1 -

n M x

pi,] Prob(n, },

where Q,, 1 < z < n, 1is 'the set of all possible

configurations of the buffer whose size is z. Let 7, €Q,, 7,

= [R\yR,:...R;;], 1 £z < n, and Problr.] 1is given by

Theorem (2.1).
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PRQOF :
vim) = I p.z, , where z, i1s the probability that
ce " R is not in buffer.
m
= I [i-Z p,,] Prob(r,)
T, €0m i !

By Lemma 2.3,
wlm) = p{m=-1% = p(m-1)
= udme2) ~ r(m-2) + v(m-1)

= u(m=-3) =~ v(m-2) + p(m-2) + ¢{m-1)

[
bae
o)
0
14
(o
O
1]
o
v
jo’
[0}
<
O
i}

B. Simple TR with Limited Buffer Size

.Similarly, this transposition rule can be modelled as a
Markov chain. Let T, be a particular state,
#.=[R,;R,;...R,m]. The egquations below describe the states

of the Markov chain.

i) Prob [R,yR.z...R,m]

P o PrObtR‘ 1R32...R..m]

m- 1

+ Z1paj PYOb[R.1---B.(1-1)R|<j~1)Ri15}-Rim]

+ p;m z PrOb[Ri1Riz.-'-R|(m-1)Rix]

x=sme 1

Prob[w,] - 1

4t
o
- ™
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Unlike MTF, £he asymptotic distribution of the states
of the above Markov chain is difficult to obtain. We fail to
obtain a general expression for the retrieval cost of the
modified scheme wusing the traﬁsposition rule. Although the
exact retrieQal cost cannot be determined here, observations
suggest that, asymptotically, the transposition rule should
be at least as efficient és the move .to front heuristic, in
terms of both the expected number of buffer lookups and the

expected number of fetches.

Let b(i,3) aﬁd b'(i,73) denqte the probability that
record R, precedes record R; for the conventional move to
front and the trénsposition 'heuristie respectively.
Conventional refers to the self-organizing system where the
‘buffer size is as big as the number of records. Rivest [13]
shows that b'(i,j) 2 b(i,j) when p, 2 p;. This observation
suggests. that wunder the transposition rule, records have a
better chance of being arranged in a near optimal order than
under tbe hove to front rule. Let {A;,, i=1,...,n-1} denote
the spectrum of self-organizing heuris;ics in the
~conventional system. Under the A; heuristic, every time a.
record 1is :etfieved,-it will be moved forward i positions
.or to the front of the 1list, if the record was in a
position less than i). A, corresponds to the transposition
rule, while a,_, correspénds to the move to front rule.
.Bitner[1] conjectures that the average search time for A, is
asymptotically better than ﬁhat of A,.,. With these previous_

observations in mind, we shall now proceed - to examine the
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performance of the modified scheme under the transposition

rule.

Another way of looking at the modifiéd 'transposition
rule would be to treat the records as being arranged in an
array with n entries. To study the behavior of the rule*When
the buffer size 1is m, positionsm+! through n should be
treéted as “exéernal". When a record between‘positibn 1 and

m 1is reguested, it will be exchanged with the record

preceding it. However, requesting a record that resides 1in

position between m+1 and n would bring forward the rgcord to
positién m, and hence, one of the following heuristics, A,,
Az, eee, An_m, is used when an "external" record is required.
This observation suggests that the performance of the
modified TR rule should acquire a characteristic that is a
combination of the A,, Az, ... , An.m, heuristics. Also note
that when the buffer size is 1, the modified TR rule is
exactly the same as the corresponding modified move to ffont
rule. When the buffer size is greater than 1, the modified
TR rule would have a higher probability of achieving a.  near
optimal ordering than the corresponding move to front rule,
since a combination of A,, .Az, ee« , An_m rules should
perform better than the A,.,(MTF) rule alone. With this
observation, it is suggested éhat the transposition rule
should be at 1least as efficient asymptotically as-the
corresponding move to front heuristié) for all buffer sizes.
Unfortunately, we have not been able to provide a proof of

this conjecture.
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Tables 2.2a, 2,2b, 2.4a and 2.4b show the performances
of the modified system under move to front and transposition
rule, for a list of n elements whose retrieval probabilities
are‘ given by the Zipf and Wedge distributions respectively.
The Wedge distributioh is closer to wuniformity, p, =
2(n+1-1)/(n(n4k)). The retrieval cost for the move to front
rule is directly calculaged from Theoigm 2.2, while -a godd
approximation of the cost for th;5§%ansposition rule is
obtained through calculating the probabilitieS'of'eaéh state
at successive times, t=0,1,2,..., in a similar manner as in
Chapter 1. Appendix D further describes this approximation,
and 1includes some simulatién studies on these modified

heuristics.

From Tables 2.2a, 2.2b , 2.4a and 2.4b, Ehe resuits
obtained.do serve as numérical evidence for the suggestion
that »transposition rule is more efficient than the
corresponding mer to front rule. The simulation results in
‘Appendix D also;.supports this conjectufe. However, as
mentioned before, the validity of this claim rgmains to be

proven.
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TABLE 2.1 :
The optimal retrieval cost for a 1ist of n records with m
buffers, whose retrieval probabilities are given by Zipf's
Distribution ‘ ~

number of retrieval probability of record
records (given by Zipf's distribution)
1 20 3 4 5 6

.1818
.1600 . 0.1200 .

.1460 0.1095 0.0876 3
.1361 0.1020 . 0.0816 0.0680

0.5455 0.2727
0.4800- - 0.2400
1 0.4380 0.2190
0.4082 ° 0.2041

[o xRN OL I~ JEON]
OO0OOO

The cost is in terms of the number of buffer\lpokups, u, and
the expected number of auxiliary memory fetches, v.

number of buffer opfimal retrieval cost

. records size
.3 0 1.0000 »
1 1.0000 pu + 0.4545 v
2 1.4545 p + 0.1818 »
3 1.6364 u + 0.0000 »
4 0 1.0000 »
1 1.0000 u + 0.5200 »
2 1.5200 p + 0.2800 v
3 1.8000 pu + 0.1200 »
4 1.9200 u + 0.0000 »
5 0 1.0000 »
1 1.0000 u + 0.5620 »
2 1.5620 u + 0.3431 »
3 1.9051 u + 0.1971 »
4 72,1022 u + 0.0876 v
5 2.1898 u + 0.0000 »
6 0 , ’ 1.0000 »
1 1.0000 u + 0.5918 »
2 1.5918 u + 0.3878 v
3 2.9796 u + 0.2517 »
4 2.2313 p + 0.1497 »
5 2,3810 u + 0.0680 »
6 '2.44980 pu + v

0.0000




The asymptotic retrieval cost for a list
retrieval probabilities
distribution. The cost is in terms of u,
through the buffer, and v,
of fetches from the auxiliary storage.

buffers, whose

of searches

TABLE 2.2a
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of n records with m
are given by Zipf's
the expected number
the expected number

number of

buffer
records size

asymptotic.retrieval cost

Move To Front rule

Transposition rule

WHN - O

o
CCNBWN—=O VR WNAO Wl -0

N WwN = O

1.0000
1.5950
1.8545

1.0000

1.6720°

2.0682

1.0000
1.7193
2.2004
2.4848
2.6104

1.0000
1.7515
2.2910
2.6532
2.8693
2.9660

1.0000
1.7751
2.3575
2.7773
3.0615
3.2330

"3.3107

\

3 S

TR RRER FREEREEREER

TRRERERE®R

TR R R

+ 4+ 4+ 4+ 4+ + 4+ + + +

+ 4+ + o+

+

1.0000
0.5950

1 0.2595

0.0000

1.0000
0.6720
0.3962
0.1730
0.0000

1.0000
0.7193
0.4811
0.2844
0.1256
0.0000

1.0000
0.7515
0.5385
0.3622
0.2161
0.0867

0.0000

1.0000
0.7751
0.5824
0.4198
0.2842
0.1715
0.0777

0.0000

‘TrTeTTTw

A A I

T wYwYLTevw

A I I I I T

TRT TR vwew

1.0000
1.5682
1.8182

1.0000
1.6310
1.9787
2.1392

1.0000
1.6696
2.0777
2.3163
2.4304

1.0000
1.6960
2.1459
2.4387
2.6174

'2.7043

AR~

TETEE

L 0~~~ i

EEEEE
4+ + o+ o+

+

+ + -+ +

.1.0000
-0.6720

0.7515

++ 4+ 4+ 4+ 4+

1.0000
0.5950
0.2500
0.0000

wwww

0.3765
0.1605
0.0000

T v wwew

1.0000
0.7193
0.435¢
0.258%
0.1141
0.0000

TwwRwEw<YL

1.0000

0.5066
0.3246
0.1914
0.0869
0.0000

A A 2 I
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cost

‘ - TABLE 2.2b
(ratio of retrieval to optimal cost)
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The asymptotic retrieval cost for a list of n records with m
buffers, whose retrieval probabilities are given

Zipf's

in terms of the optimal number

buffer lookups and the optimal number

fetches.

auxiliary

memory

number of ' buffer

asymptotic retrieval cost

records size Move To Front rule Transposition rule
— .
3 0 1.0000 » 1.0000 »
1 1.0000 p + 1.3091-» . 1.0000 w + 1.3091 »
2 1.0966 u + 1.4274 v 1.0782 u + 1.3751 »
3 1.1333 u ' 1.1111 -
4 0 : 1.0000 » , 1.0000 »
1 1.0000 m + 1.2923 »- 1.0000 u» + 1.2923 »
2 1.1000 ¢ + 1.4150 » 1.0730 u +:1.3446 v
3 1.1490 u + 1.4417 v 1.0893 u + 1.3375 »
4 1.1672 u 1.1142
5 -0 1.0000 » 1.0000 »
1 1.0000 u + 1.2789 » 1.0000 u + 1.2799 »
2 1.1007 uw + 1.4022 p 1.0689 u + 1.2705 v
"3 - 1.1550 u + 1.4429 » 1.0906 u + 1.3100 »
4 1.1820 u + 1.4338 v 1.1018 u + 1.3025 »
5 1.1921 I 1.1099 u
6 \ 0 1.0000 »
1 1.0000 u + 1.,2699 v
21,1003 u + 1:.3912 v
3 1.1573 u + 1,4390 v
4 1.1891 u + 1.4436 v
5 1.2051 u + 1.4221 v
6 1.2111 -
7 0 1.0000 »
1 1.0000 u + 1.2618 v
2 1.0996 w + 1,3817 v
3 1.1580 u + "1.4333 »
4 1.1926 u + 1.4463 v
5 1.2123 u + 1.4363 v
6 1.2225 p + 1,4102 v
7 1.2263 u
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. _ ' TABLE 2.3 .
"The optimal retrieval cost for a list of n records with m
buffers, whose retrieval probabilities are given by the
Wedge distribution ' ' ‘

number of ’ retrie?al.probability of record
records \ (given by Wedge distribution)

1) 2 3 4 5 6
o B

3 0.5000 0.3333 0.1667 o

4 0.4000 0.3000 0.2000 0.1000

5 -0.3333 0.2667 0.2000- 0.1333 0.0667 '

6 0.2857 0.2381 0.1905 0.1429 0.0952 0.0476

‘The cost is in terms of the number of buffer lookups, u, and
the expected number of auxiliary memory fetches, v.

number of " buffer . optimal retrieval cost

records size
‘ _ ,
3 0 1.0000 »
1- 1.0000 u + 0.5000 »
2 - 1.5000 u +°0.1667 » -~
-3 ‘ 1.6667 u + 0.0000 »
. w
4 0. 1.0000 »
' 1 1.0000 g + 0.6000 » -
2 1.6000 u + 0.3000 v
3 1.9000 ¢ + 0.1000 »
4 2.0000 u + 0.0000 »
.5 0 : 1.0000 »
1 1.0000 u + 0.6667 . »
2 1.6667 u +.0.4000 »
3 2.0667 u + 0.2000 »
4 2.2667 u + 0.0667 v
5 2.3333 u + 0.0000 »
6 0 ‘ ¢ 1.0000 »
1 1.0000 u + 0.7143 »
2 1.7143 ' + 0.4762 »
3 2.1095 u +7°0.2857 v
4 2.4762 u + 0.1429 v
5 2.6190 u + 0,0476 »
6 2.6667 u + 0.0000 »




43

TABLE 2.4a
o \

The asymptotic retrieval cost for a list of n records with m
buffers, whose retrieval probabilities are given by the
Wedge distribution. The cost is in terms of u, the expected
number of buffer lookups and v, the expected number of
auxiliary memory fetches.

number of buffer \asymptotic retrieval cost
records sizel Move To Front rule Transposition rule
3 0 1.0000 » © 11,0000 »
1 1.0000 o + 0.6111 » 1.0000 w + 0.6111 »
2 1.6111 pw + 00,2611 » 1.5463 u + 0.2550 v,
3 1.8722 u + 0.0000 » 1.8403 u + 0.0000 »
4 0 1.0000 » i 1.0000 v
1 1.0000 u + 0.7000 » 1.0000 u + 0.7000 »
2 1.7000 4 + 0.4194 v 1.6770 u + 0.4040 v
3 2,1194 u + 0.1734 » 2.0536 u + 0.1558 »
4 2.2929 ¢ + 0.0000 » 2.2094 p + 0.0000 »
5 0 e 1.0000 » 1.0000 »
1 1.0000 pw + 0.7556 » 1.0000 u + 0.7556 v
2 1.7556 u +.0.5227 v 1.7338 u + 0.5064 v
3 2.2783 pu + 0.3077 v 2.2061 p + 0.2810 »
4 2.5860 u + 0.1238 v 2.4623 u + 0,1047 v
5 2.7098 ¢ + 0.0000 » 2.5670 u + 0.0000 v
6 0 1.0000 »
1 1.0000 o + 0.7937 v
2 1.7937 u + 0.5950 »
3 2.3887 u + 0.4072 v
4 2.7959 u + 0.2359 v
5 3.0318 u + 0.0927 »
) 3.1246 u + 0.0000 »
7 0 ~1.0000 »
1 1.0000 u # 0.8214 »
2 1.8214 u + 0.6484 v
3 2.4698 u + 0¥4825 v
4 '2.9523 u + 0.3269 v
5 3.2792 u + 0.1867 v
6 3.4660 u + 0.0720 v >
7 u-+ 0.0000 »

3.5379
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TABLE 2.4b
(ratio of retrieval to optimal cost)

‘The 'asymptotic retrieval cost for a list of n records with m
buffers, whose retrieval probabilities are given by the
‘Wedge distribution The cost 1is in terms of the optimal
number of buffer lookups and optimal number of auxiliary
memory fetches..

L

number of buffer - asymptotic retrieval cost
records ' size Move To Front rule Transposition rule
3 0 - '1.0000 » ‘ 1.0000 »
1 1.0000 u + 1.2222 » 1.0000 p + 1.2222 v
2 1.0741 u + 1,5663 v 1.0309 p + 1.5297 v
3 1.1233 . u ' 1.10471 u .
4 0 1.0000 » N 1.0000 »
1 1.0000 u + 1,1667 » 1.0000 p + 1.1667 v
2 1.0625 u + 1.3980 » 1.0481 g + 1,3467 v
3. 1.1155 u + 1.7340 » 1.0808 pu + 1.5580 »
4 1.1465 u , 1.1047 u o
5 0 1.0000 » 1.0000 »
1 1.0000 » + 1,1333 » 1.0000 u + 1.,1333 »
2 1..0533 u + 1.3068 » 1.0403 p .+ 1.2660 »
3 1.1024 4 + 1.5385 » 1.0675 u + 1.4050 »
4 1.1409 u +.1.8561 v 1.0863 u + 1.5697 v
5 1.1614 u 1.1002 u
6 0 . 1.0000 »
1 1.0000 w + 1.1112 »
2 1.0463 u + 1,2495 v
3 1.0905 u + 1.4253 »
4 1.1291 u + 1.6508 »
5 1.1576 u + 1.9475 »
6 1.1717 u
7 0 1.0000 L
1 1.0000 u + 1.0952 v
2 1.0408 u + 1.2104 »
3 1.0805 u + 1.3512 »
4 1.1166 u + 1.5254 »
5 1.1477 u + 1.7432 v
6 1.1692 u + 2.0168 v
7 1.1793 u




III. K in a Row Heuristics for Linear Search Systems with

Limited Buffer Size

The notion of Kk in a row heuristic could again be
introduced to the memory-free self-organizing rules for the
scheme with 1limited buffer. The approach is similar to the

one discussed in the conventional: linear search -system,

"i.e., the modified MTF (or TR) rule is appliéd-only when the

same element is accessed k times in a row. For this class of
heuristics, log.(nk) extra bits of storage are needed for a

system with n elements.

Iﬁ this chapter, the two k in a row heuristics, simple
and batched k, are studied. We éhall show that, the
self-organizing heuristics for the linear search system with
limited buffer size .can perfbrm more efficiently
asymptotically, with the introduction of a fe& extra bits of
storage. The-asymptotic ;etfieval cost, in terms of both the‘
expected number of-buffér loz '2s and the ,expected ﬁumber of
auxiliary memory fetches, can be reduced when a few previous

requests are "remembered”.

The.perfOrmance of the k in a row heuristics is again
analyzed by modelling each ~of* the P, possible
configurations of the m buffers as a state in. the Markov
Chain. The «class of move to front heuristics is‘studied in
detail. While no ééneral expression can be oStained for the

performance of the transposition rule, ‘numerical examples

are provided to demonstrate the efficiency of the

45
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transposition rule over the corresponding move to front

1

rule.

Once again, we are looking at a self-organizing linear
search system with n records and m buffers, where each
record, R;, has an independent probability p; of being

accessed.

A. Simple K Heuristic with Limited Buffer Size

The modified MTF (or TR) heuristic is applied only if

the same eleément is accessed k times in a row.

Modified Simple K MTF

We first analyze the simple k heuristic withrthe
modified move to front rule. The  performance of this
heuristic 1is analyzed in a manner analogous to that for the
modified MTF heuristic. Let =w;, be a particular state of the
Markov chain, =7, € Qm. Let 7, = [R;7R;2...R;m], and let

those records that are not 1in the buffer for this

configuration be 1labelled as Ri(m+.1, through R,,. Each
record R;; has a corresponding probability p,; of being
accessed.

Let (R jR;2...Rin)0o be the initial state where records
Riy,Riz2,...,Rin are arranged in ‘this order, and let
(R +Riz2...Rin)y(zy, 1Sy S<nand 1< z sk-1, be the state

where the z previous requests are all for record R,.



The equations below describe the Markov chain

1) prob[R,1R.;---P|m]0

= Pi { PfOb[R.1R.z---R.m].\(k-1>

+ Zz PfOb[R.z--R.,R.;R.fjwv;--;R.m]i|(k-1?
)= ’ '

¥
3Ma

prob[R,zR,g..-R.mR.x]«1‘k—1

where"

Prob[R, iR, :...R,m],

=. pJ{ prOb[Rx‘anZ'--R‘m]o

n k-1
+ :’: 2: Prob[R,1R z.--R‘m]» <
1\\ y = 1 2 =1 ) N
Yy * |

Q . ' .

Prob[R, R, ;.:.R,n], « = p, Prcb[R :R ;...R. m], ... ,
2 £t £ k-

Prob[R, R, 2...R,m] = Prob[R \R,z...R.mlo

n k -1

+ Z L Prob[R R . :...R.m],

ii1) Z Problw.}] = 1

.
(&

For ease of notation, we shall denote

discussion that follows.
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THEOREM 3.1:

Under the mocdified s:mplie kK MTF heuristic, the stat:ondry

distribution cf the state = s given oV

t4>
+
PR
4
oot}

Probm{R R . -...R m/ = Z Probm.q (R, iR,2...R, mR..)

&y :
The eguation above allcws us to write down

w(m+1) = g(m) » »(m), 0 € m < n-1
- e (3.1)

With Theorem 3.° and Equation (3.17) above, we can now

write a rather comtl‘zated expression for the retreival cost

Ior this heuris:z. . > oerformance is given in . the next

For a limited-buffer linear sea. -~ system -hat adapts the

’

modified simple k heuristics, the expected number of
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auxiliary memory fetches 1s given by

m

v(im) = r [+- £ p,,] Probln ], and
7 €Qm ;=1

the expected number of buffer lookups i1s given by

m- 1 x
ulm) = 1 + z = (v - L p.,] Probln.1],
x = 1 7rlE,Q)( p =1

where ¢, is the set cf all configurations of the buffer when-
the buffer size is z, and 7,eQ. 1s a particular state, #, =
[R,'R.;...R,;]. Prob[#r,] is given by Theorem 3.1.

PRQOF :

This 1s eguivalent to Theorem 2.2.

To study.how well this simple k MTF heuristic performs
as‘ éompared to fhe correspdnding simple MTF rule, we first‘
take a look at the expected nuvaber of auxiliary memory
fetches. Since we have shown that the expected number of
buffe: lookups,‘u(m),-is given by »(0) + w(1) + .;. +
v(m-1), a lower number of expected auxiliary memory fetches,

for all buffer sizes, will directly result in lower expected®

number of buffer lookups as well.

G

Let p(i,j) be the ; -obability of record R, in position
j. The expected number of auxiliary memory -etches is shown

to be

n

v{m) = I p, +

rzm- 1 '

" ™3

{ (p=pm.1) [1 - I p(i, )]}

1

* I {(pm.-p.) I p(i,§) ]
. )= .

i Eme 2

eees.(3.2)
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\
(See Appendix A)

Without loss of geherality, assume the records are -iabelled
in non-increasing order of retrievai' prbbability. From
Eguation (3.2) it is obvious that the smallest wvalue for
v(m) is I%..., p., and this .is'achieyed when the (n-m)

smallest records are no:t in the buffer.

3

We have shown earlier that for the class of move to
front heuristics, the n records can be treated as . being

arranged 1im a list, and reorganizing occurs in .the same way

-as in the corresponding conventional system. When the buffer

size of interest is m, positions m+1 through n woulc be

_treated as "external"”, and  the distribution of the

configufation could be preserved. T%bles 3.1 and 3.2 below
show soﬁe values of p,(i,j), i.e., pr;bability<of,fecord R,
in position j under the 'simple k heuristids for tﬁe
eonventional system, where the buffer size is as big as  <the
number 6f records. When the buffer size is m, p.(i,j) is the

same as in the cohvéntional system, for 1 < j < m. Ths
probability. of record R; not being in the buffer is tﬁet
given by summétion of p*(i,j) in the éonventiénal’ systeﬁ,
;%r 5 ranging from m+1 to n. Tables 3.1'and 3.2 illustrate
how the p,(i,j) changes with k. We can see from: the .tgo
tables that, as k‘ increases, simple k heuristics tend to
arrange the‘redords more and more closely ‘to .the optimal

arrangement, 1i.e., record R; has a higher probability of

being arranged closer to its optimal position, i, as
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\

increases. Previous study by Gonnet, Munro and Suwandal[5]
has shown ﬁhat, under the conventional simple k heuristics,
by (i,j) 2b,.,(i,j) when p, 2 p,. b.(i,j) refers to the
probabiiity that record R, 1is in front of R,. This
obseEVation suggests that the simple k heuristic attempts to
rearrange the reégrds more closely to the optimal

arrangment, as k increases.

Unfortﬁnately, no concise general expression 1is
obtained for p,(i,j) for this simple k heuristic, and thus
the ' cost for various k cannot be coqpared directly. We then
have to examine the Tretrieval —cost for specific
distribﬁtions. The retrieval cost for a list of h eléments,
assuming the retriéval probabilities satisfy Zipf's
distribution, 1is calfulated aécording to Theorem 3.2, and :s
given in Tablessy.3a and 3.4a. The ratic of <the retrieval
cost to the. optiﬁal' cost is presented in Tables 3.3b and
3.4b respectively. Tables  3.5a, 3.5b, 3.6a and 3.6b
illustrate. the retrieval cost for a list <c¢f elements
satisfying the Wedge distribut:ion. Numerical examples
rresented show that the simple k heuristic has a lower
number o¢f memcry fetches than the :orresponding K-
heuristic, for all buffer sizes. Conseguently, the expected
number cf buffer lookups for the simple k heuristic

buffer sizes. Thus, at the

b2
bt

re
O

decreases as k 1increases, r a.

14

expense of a small amount of extra memory, .og:(n)+log,(k)
bits tc be exact, the modified simple k heuristics can be

asymptotica.ly more efficient than that of thr corresponding
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simple move to front heuristic.

Modified Simple K TR

The Markov chain .used to model this transposition

heuristic is given by the following equations

"PfOb[R.sR.z---R.m]o

= ply prOb[R.1R.2---R|m]|1(k-1)
m=- 1 K . . ,
+ . P, Prob[R.1...R.(,_|)Ri(j.,)R;j...R{m].j(k-1)

I

* Pim )2 prOb[RilRiZ-ﬂ-Ri(m-l)Rix]im(k—1)

x=me 1
where
PrOb[R.1R.z---Rsm]j(1)
= Py { prOb[Ri1RL2'--Rim]0

k-1

+ Z Z‘ Prob[R‘1an-.-R|m]y(z) }
y=y 2=
y#]

Prob[Ri‘Riz...R.ml,(,> = pj prOb[Rl1Ri2---R;m]j(t—1)r

2 <t £ k-1

Prqp[Ri1R,2...R;m] = prOb[R|1R|2.-.R5m]o
n k-1
+ L I ProblRiiRiz...Rimly(z)
y=1 z=
ii) I Problm;] = 1
i

/

N6 general expression is obtained for the solution of

)|

1 ' . iR .
the above Markov chain, and the exact cost for the

transposition rule is still - unknown. We can only



53

demonstrate, - through numerical examples and simulation
results, that the transposition rule can perform better
asymptotically than the corresponding simple k move to front
rule, in terms of both the expected number of buffer lookups
and the expected number of auxiliary meméry fetches. A good
approximation of the retrieval cost, for a list' of n
elements with m buffers, is obtained in an analogous manner
as in Chapter 2. Tables 3.3a, 3.3b, 3.4a, 3.4b, 3.5a, 3.5b,
. 3.6a, and 3.6b illustrate some values of the retrievél‘cost;

Appendix D includes some simulation results.
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TABLE 3.1
The  probability of record 1 1n position 3Jj, assuming
retrieval probabilities satisfy 2Zipf's distribution, when
the simple k MTF heuristic "is adapted. )
record probability of record i in position j
1 1 ’ 3 4 6
n =4 :
Simple MTF rule
1 0.4800 0.3085 0.1597 0.0518
2 0.2400 0.3000 0.2800 0.1800
3 0.1600 0.2200 0.3014 0.3186 .
4 0.1200 0.1715 0.2589 0.4496
Simple 2 MTF rule :
1 0.6567 0.2651 0.0694 0.0088
2 0.1960 0.4062 0.2907 0.1072
3 0.0931 0.2061 0.3866 0.3142
4 0.0542 0.1225 0.2534 0.5698
Simple 3 MTF rule :
1 0.8053 0.1750 0.0189 0.0008"
2 0.1327 0.5574 0.2587 0.0513
3 0.0430 0.1854 0.4897 0.2819
4 0.0190 0.0822 0.2327 0.6661
: 4
n==6
Simple 1 MTF rule : .
1 0.4082 0.2814 0.1738 0.0913. 0.0367 0.0086
o2 0.2041 0.22%1 0.2178 0.1777 0.1185 0.0527
3 0.1361 0.1662 0.1938 0.2026 0.1814 0.1199
4 0.1020 0:1291 0.1613 .0.1952 0.2165 0.1958
5 0.0816 0.1053 0.1361. 0.1760 0.2275 0.2734
6 0.0680 0.0888 0.1172 0.1571 0.2193 0.3495
Simple 2 MTF rule :
1 0.6255 0.2676 0.0851 0.018S 0.0026 0.0002
2 0.1829 0.3428 0.2677 0.1439 0.0526 0.0102
-3 0.0862 0.1726 0.2687 0.2505 0.1613 0.0607
4 0.0500 0.1022 0.1745 0.2540 0.2564 0.1629
5. 0.0326 0.0673 0.1187 0.1903 0.2881 0.3030
6 ©0.0229 0.0475 0.0853 0.1422 0.2389 0.4631
Simple 3 MTF rule :
1 0.8006 0.1760 0.0218 0.0015 0.0001 0.0000
2 0.1265 0.5175 10,2630 0.0783 0.0136 0.0011
-~ 3 0.0404 0.1696 0.3808 0.2720 0.1137 0.0234
4 0.0177 0.0747 0.1804 0.3328 0.2763 0.1182
5 0.0093 0.0392 0.0966 0.1957 0.3553 0.3038
6 0.0054 0.0230 0.0573 0.1197 0.2411

0.5535




The probability of
retrieval probabilities satisfy Wedge distribution.

MTF heuristic is adapted.

, TABLE 3.2
record 1

in

position

3.
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assuming
Simple k

0.0044

record probability of record i in position J
D U 1 2 3= 4 5 6
n =4 S
Simple MTF rule :
1 ~ 0.4000 0.3159 0.2063 0.0778
2 0.3000 0.3083 0.2619 0.1298
3 0.2000 0.2413 0.3175 0.2413
4 0.1000 0.1345 0.2143 0.5512
Simple 2 MTF rule:
1 0.5058 0.3322 0.1414 0.0206
2 0.3064 0.3795 0.2579 0.0562
3 0.1475 0.2224 0.4492 0.1809
4 '0.0402 0.0659 0.1515 0.7424
Simple 3 MTF rule : ’ .
1 0.6051 0.3147, 0.0766 0.0036
2 0.2865 0.4729 0.2224 0.0182
3 0.0952 0.1853 0.6067 0.1129
4 0.0133 0.0271 0.0943 0.8653
n =6 _
Simple MTF rule : .
1 0.2857 0.2485  0.2038 0.1496 0.0860 0.0264
2 0.2381 0.2279 0.2077 0.1719 0.1136 0.0408
3 0.1905 0.1970 0.2014 .0.1929 0.1519 0.0662
4 0.1429 0.1576 0.1773 0.2034 0.2035 0.1153
5 0.0952 0.1109 0.1347 0.1757 0.2603 0.2231
6 0.0476 0.0581 0.0749 0.1065 .0.1846  0.5282
Simple 2 MTF rule : :
1 - 0.3778 0.2946 0.1984 0.0994 0.0275 0.0023
2 0.2724 0.2758 0.2379 0.1531 0.0547 0.0059
3 0.1813 0.2113 0.2522 0.2269 0.1119 0.0163
4 0.1063 0.1347 0.1863 0.2926 0.2302 0.0499
5 0.0493 0.0658 0.0979 0.1764 0.4360 0.1747
6 0.0129 0.0177 0.0273 0.0516 0.1396 0.7510
- Simple 3 MTF rule :
1 0.4672 0.3180 0.162% 0.0474 0.0052 0.0001
2 0.2855 0.3306 0.2557 0.1101t 0.0176 0.0005
3 0.1543 ,0,2122 0.3301t 0.23%97 0.0611 0.0026
4 0.0687 10,1019 0.1821 0.4236 0.2082 0.0155
5 0.0214 0.0329 0.0616 0.1575 0.6187 0.107S
6 0.0028 "0.0083 '0.0217 0.0893

0.8735
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TABLE 3.3a : Simple 2 Heuristic (Zipf's Distribution)

The = asymptotic retrieval cost for a list of n elements with
m buffers, whose retrieval probabilities are given by Zipf's
distribution. The cost is in terms of u, the expected number
of searches through the buffer, and », the expected number
of fetches from the auxiliary storage.

»

T e wwww

number of buffer . asymptotic retrieval cost
elements size Move To Front rule Transposition rule
3 0 .1.0000 » . 1.0000 »
1 1.0000 u + 0.5482 v 1.0000 u '+ 0.5482 »
2 1.5482 u + 0.2273 » 1.5212 u + 0.2202 »
3 1.7754 u + 0.0000 » 1.7414 u + 0.0000 »
4 0 1.0000 » 1.0000 »
1 1.0000 u + 0.6163 » 1.0000 u + 0.6163 v
2 1.6163 u + 0.3439 v 1.5776 u + 0.3311 »
3 1.9603 u + 0.1486 v 1.8934 u + 0.1424 v
4 2.1089 u + 0.0000 v 2.0358 u + 0.0000 »
5 0 _ 1.0000 » S 1.0000
1 1.0000 « + 0.6580 v 1.0000 u + 0.6580
2 "1.6580 u + 0.4156 v 1.6134 u + 0.3992
3 2.0735 u + 0.2414 » 1.9900 u + 0.2294
4 2.3150 u + 0.1078 » ©2.2103 u + 0.1026°
5 2.4227 pu + 0.0000 » 2.3129 u + 0.0000
6 0 1.0000 »
1 1.0000 u + 0.6863 »
2 1.6863 u + 0.4645 »
3 2.1508 u + 0.3053 »
4 2.4561 u + 0.1830 »
5 2.6391 u + 0.0833 »
6 2.7223 u + 0.0000 »
i :
7 0 1.0000 »
1 1.0000 u + 0.7071 »
2 1.7071 u + 0.5004 »
3 2.2075 u + 0.3522 v
4 2.5596 u + 0.2385 »
5 2.7981 u + 0.1457 »
6 2.9438 u + 0.0671 »
7 3.0109 »u + 0.0000 »
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TABLE 3.3b : Simple 2 Heuristic (Zipf's Distribution)
(ratio of retrieval to optimal cost)

The .asymptotic retrieval cost for a list of n elements with
m buffers, whose retrieval probabilities are given by Zipf's
distributien. The cost is in terms of the optimal number of
buffer lookups and optimal number of auxiliary memory
fetches. ' '

number of buffer asymptotic retrieval cost
elements size Move To Front ru : Transposition rule

3 0 : . 1,0000 »
1 1.0000 u' + 00003u + 1.2062 »
2 1.0644_ K +" 51 & 1.0459 u + 1.2112 »
3 1.0849 4 - 5 1.0649 u
. w D - L
4 0 Ce 1.0000. v, 1.0000 »
1 1.0000 u + 1.1852 v 1.0000 u + 1.1852 »
2 1,0634 u + 1.2282 » 1.0379 u + 1.1825 »
3 1.0891 u + 1.2383 v 1.0519 u +. 1,1867 v
4 1.0984 u 1,0603 u '
5 0 _ 1.0000 v 1.0000 v
1 1.0000 w + 11,1708 » 1.0000 u + 1.1566 »
2 1.0615 u + 1,2113 v 1.0329 u + 1.1635 v
3 1.0884 u + 1.2248 v 1.0446 p + 1.1639 »
4 1.1012 » + 11,2306 » 1.0514 u + 1.1712 »
5 1.1064¢" 4 ‘ 1.0562 u ' :
6 0 1.0000 »
1 1.0000 u + 1.1597 » )
2 1.0594 g + 1,1978 v
3 1.0865 u + 1.2130 »
4 1,1007 u + 11,2224 v .
5 1.1084 u + 1.2225 v
6 1.1116 u
7 0 1.0000 v
1 1.0000 u + 1.1511 »
2 1.0575 u + 1,1872 »
3 1.0843 u + 1.2025 »
4 1.0992 u + 1.2137 »
5 1.1080 u + 1.2203 »
6 1.1131 u + 1.,2178 »
7 1.1153 u
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TABLE 3.4a : Simple 3 Heuristic (2ipf's .Distribution)

The asymptotic retrieval cost for a list of n elements with
m buffers, whose retrieval probability is given by Zipf's

distribution.

number of buffer

asymptotic retrieval cost

elements "size Move To Front rule Transposition rule
3 0 : 1.0000 » ‘ 1.0000 »
1 1.0000 u + 0.5092 » 1.0000 4 + 0.5092 »
2 ,.5092 4 + 0.2088 » 1.4919 u + 0.2055 »
3 1.7180 4 + 0.0000 » 1.6973 u + 0.0000 »
v 4 0 : 1.0000 » ) ' 1.0000 »
1 1.0000 u -+ 0.5724 v 1.0000 u + 0.5724 v
2 1.5724 u + 0.3151 v -1.5503 u + 0.3102 v
3 1.8876 u + 0.1377 v 1.8525 u + 0.1347 v
4 2.0253 p + 0.0000.» 1.9871 u + 0.0000 »
5 0 . 1.0000 » "1,0000 »
1 1.0000  + 0.6117 » 1.0000 u + 0.6117 »
2 1.6117 pu + 0.3808 v 1.5884 u + 0.3753 »
3 1.9925 u + 0.2229 » 1.9519 pu + 0.2175 »
4 2.2154 p + 0.1004 » 2.1636 u + 0.0978 v
: 5 2.3158 u + 0.0000 » 2.2614 p + 0.0000 »
B .3 N
6 0 1.0000 »
1 1.0000 4 + 0.6390 »
2 1.6390 u + 0.4260 »
3 2.0650 u + 0.2815 »
4 2.3465 u + 0.1698 »
5 2.5162 u + 0.0779 »
\ 6 2.5942 pu + 0.0000 »
7 0 1.0000-.»
1 1.0000 u + 0.6593 »
2 1.6593 u + 0.4596 »
3 2.1188 u + 0.3246 »
4 2.4434 pu + 0.2208 v
‘5 2.6643 pu + 0.1357 p
6 2.7999 u + 0.0630 »
7 2.8629 u + 0,0000 »
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TABLE 3.4b : Simple 3 Heuristic (Zipf's Distribution)
(ratio of retrieval to optimal cost)

The asymptotic retrieval cost for a list of n elements with
m buffers, wiose retrieval probability is given by Zipf's
distribution. The cost is in terms of the optimal number of
buffer lookups and memory fetches. S

TRwwww

number of buffer asymptotic retrieval cost
elements . size Move To Front rule Transposition rule
3 0 1.0000 v 1.0000 »
1 1.0000 u + 1.1204 » 1.0000 u + 1.1204 »
2 1.0376 u + 1.1485 v 1.0257 o + 1.1304 v
3 1.0499 u 1.0372 u
4 0 1.0000 v 1.0000 »
1 1.0000 u + . 1.1008 » 1.0000 pu + 1.1008 »
2 1.0345 u + 1.1254 v 1.0199 u + 1.1079 »
3 1.0487 u + 1.1475 v 1.0292 u + 1.1225 »
4 1.0548 u : 1.0349 u
5 0 . 1.0000 » 1.0000
T 1.0000 u + 1.0884 v 1.0000 u + 1.0884
2 1.0318 u + 1.1099 » 1.0169 u + 1.0939
3 1.0459 u + 1.1309 v 1.0246 u + 1.4035
4 1.0538 u + 1.1461 v 1.0292 u + 1.1164
5 1.0575 u 1.0327 u
6- 0 . 1.0000 v
1 1.0000 o + 1.0798 v
2 1.0297 u + 1.0985 »
3 1.0431 u + 1.1184 v
4 1.0516 u + 1.1343 v
5 - 1.0568 u + 1.1456 v
6 1.0593 i
7 -0 1.0000 »
1 1.0000 u + 1.0733 »
2 1.0279 u + 1.0804 »
3 1.0408 p + 1.1082 v
4 - 1.0493 u + 11,1287 v
5 1.0550 u + 1.1365 v
6 1.0587 u + 1.1434 v

1.0605
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Table 3.5a : Simple 2 Heuristic (Wedge Distribution)

The asymptotic retrieval cost for a list of n elements with
m buffers, whose retrieval probabilities are 'given by the
Wedge distribution. The cost is in terms of u, the expected
number of buffer lookups, and v, the expected number of
memory fetches. :

number of buffer asymptotic retrieval cost
elements size Move To Front rule Transposition rule
3 0 1.0000 » 1.0000 »
1 1.0000 u + 0.5797 v 1.0000 u + 0.5797 v
2 1.5797 u + 0.2212 v 1.5603 u + 0.2110 »
3 1.8009 u + 0.0000 » 1.7713 u + 0.0000 v
4 0 1.0000 » 3. 0000 »
1 1.0000 u + 0.6722 v 1.0000 u + 0.6772 v
2 1.6722 .u + 0.3744 v 1.6505 u + 0.3611 »
3 2.0466 u + 0.1355 v 1.9952 u + 0.1248 v
4 2.1821ius+ 0.0000 v 2.1201 u + 00,0000 »
5 o , 1.0000 » 1.0000 v
1 1.0000.u47%,0.7312 v 1.0000 u + 0.7312 »
2 1.7312 & + 0.4799 » 1.7104 u + 0.4656 v
‘ -3 2.2111'w + 0.2588 » 2.1519 u + 0,2408 v
4 2.4699 u + 0,0907 v 2.3820 u + 0.0825 v
5. 2.5606 u + 0.0000 » 2.4646 u + 0.0000 ~
6 0 . 1.0000 » )
1 1.0000™m + 0.7722 »
2 1.7722 -4 + 0.5557 »
3 2.32798u + 0.3571 » )
4 2.6850"u + 0.1879 v
5 2.8729 u + 0,0647 v
6 2.9376 u + 0.0000 »
7 0 1.0000 »
1 1.0000 u + 0.8023 »
2 1.8023 u + 0.6125 »
3 2.4148 u + 0.4344 »
4 - 2.8492 u + 0.2743 »
5 3.1235 u + 0.1419 »
6 3.2645 pu + 0.0484 v
7 3.3138 u + 0.0000 »

)
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Table 3.5b : Simple 2 Heur]
(ratic of resrie

The asymptotic retrieva. cost fcr a list 2f = elements wizh
m buffers, whose retrieval probabilities are given by the
Wedge distribution. The «cost s in terms of the optimal
number of buffer lookups and memory fetches.
number of buffer _asymptotic retrleva. CoOSt :
elements size Move Tc Front rule " Transposition rule
, 3 0 ‘ 1.0000 » _ 1.0000 v
N - 1.0000 w + 1.7594 » 1.0000 u + 1.1294 v
)/ 2 1.0531 u + 11,3269 » 1.0402 - 1.2657 v
3 1.0805 u 1.0628 u
4 0 Lo ' 1.0000 v © 700 v
T 71,0000 w o+ 1.1287 w 1.0000 . + 1 287 v
2 1.04517 u + 1.2480 v 1.0316 w « 1...37 v
- 3 0 1.0772 u + 1.3550 » .1.0501 p + 7.2230 w
. 4 1.0910 u : 1.0601 » k
5 0 1.0000 » .0000 v
1 1.0000 u + 1.0967'» ~1.0000 u + 1.0967 v
« 2 1.2387 w + 1,1999 v 1.0262 u + 1.1640 v
3 1.2699 u + 1.2940 v 1.0412 u + 1,2040 v
4 1.0896 u + 1.3598 v . 1.0508 u + 1,2369 v
5 1.0974 u . "1.0563 u
6 0 1.0000 v
1 1.0000 » + 1.0811 » ¢
2 1.0338 u + 11669 v
L3 1.0627 u + '1.2499 »
4 1.0843 u + 1.3149 v
5 1.0969 u + 1.3592 v
6T 1.1016 u .
v ... 1.0000 »
“%1.0000.u. + 1.0697 v
T16029%. k41,1434 » o
'1.0565 u +1,2165 ». -,
4:0781.u + 1,2800 » H”
-~ 1.0932 p +.1.3249 -
©1.1016:u + 1.3557 » )

0 1.1046 u

|



AV S

TRELE I.te S:mple I Heur:st:c ‘Wedge Distributicn!
The as§m;:::‘: retr.eva. ccst fcr e L:ist cf n elements with
T tuffers, wnose retrieval probabiiities are given by the
wecge Zisttibuticn. The cost s irn terms ¢f w, the expectec
~cmber cf seffer lcocckups, ané 4, the expected numper cf
memcty fetgRés - :
e et : -
fum§f; Cﬁ%gt;:fer- as?mp&ot;CTret:ieval cost U
elafents” size Move Tq Front wule Tfanspositicn:rule
i 5 A
SL3h e 0 S 4 100000 w 1.0000
il ‘ 1L0QU0 i 4 e 05551 1.0000 u + 0.5551
‘ 2 . 15551 w+70,19%6 » 1.5433 u + 0.1888
_ 3 J“’1.7497;q.‘ 020000 w 1.73217 u + 0.0000
4 0 Lo 1.0000 v RS 1.0000 v -
: 1 1.0000°u + 0.6517 v 1.0000 4 # 0.6517 »
, .2 1#65t7 u + 0.3441 v 1.6357 u + 0.3355 »
‘ J 3 1.9958 u + 0.1160 » 19641 u + 0.1119 »
-7 4 2.1118 pu + 0.0000 » 2.0760 u + 0.0000 v
5 .0 1..0000 » ~1.0000 »
“1 1.0000. 4 + 0.7138 v 1.0000 u +.0.7138 »
2 1.7138 u + 0.4510 v 1.6974 u + 0.4410 4
3 2.1648 u + 0.2310 v 02,1245 uw + 0.2227 w
4 2.3958 uw + 0.070 0 » 2.3425 p + 0.0743 v
5 2.4727 w + 0.000¢ 2.4169 u + 0.0000 »
6 , 0 1.0000 » o
1 1.0000 u + 0.7571 »
2 1.7571 u + 0.5292 v
3-7°.2.2864 u + 0.3269 v
4 2.6133 u + 0.1649 v
5 2.7782 p + 0.0547 v i
6 2.8329 u + 0.0000 v ”
7 -0 SR 1.0000 ».
1 ¢ 1.0000 x + 0.7881 v
2 1.7891 u + 0.5885 »
23 2.3776. u +,0.4045 »
4 2.7821 u + 0.2463 v ¥
5 3.0283 u + 0.1234 v
6 3.1518 u + 0.0409 v
7 3.1927 u + 0.0000 »
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B. Batched K Heuristics with Limited Buffer Size

o]

Here, reguests are cgrouped ntC batch ¢f k elements,
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PROJF JF THEQREM 3.3: See Appendix C.

i~ Appendix C, we show that

x=m=+ 1 .

Probm(R. R, z2...R, m) = . X Prdbm.1(Ri1Rlz---leRix)

The above condition allows us to write :

uf%%@«%w
u{m+1) = pu(m) + v(m), 0 £ m £ n-1 "*

as in Lemma 2.2. This condition in fact holds for all "the-

move to front heuristics discussed so far.

-Similarly, the retrie$a1 .cost of the batched k MTF
heuristics is given in the same form as in the other move to

front hewristics.

" THEQREM 3.4

For a limited-buffer 1linear search system that adapts the

modified batched k heuristics, the expected number of

auxiliary memory fetches is given by

p(m) = 2 Z [1 - E pi J]\prOb[”i]r ) and
T €Qm. b= B ' :

expected number .Gf b;ffer 1opkups is given by

S

et

. .‘ m- 1 - . x .o
pu(m) = 1+ . L L "[V- 'L pi;] Problr;];
. ) R x =" 1? T ; e’Qx , “ j _=_1 } ) .

IS [

where Q. is the set of all configu%apiodﬁ'of the buffer when

the Dbuffer size is z,vana sréQ,~iB°ana%ticular‘state, s, =

-

[R,R,5...R,,]. Prob[m,] is given by Theorem 3.3.
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PROOF :

Similar to the proof of Theorem 2.2.

The performance of

66 .

-

~he

the

this heuristic s studied :(n =
.same way as in the simple k heuristic. First ¢cf c.l,
shall examine the probability of recoréd R. :n pos:iticn
Tables 3.7 and 3.8 belgw illustrate some val.ues cf g, 1,
for various k's. It is interesting tc ncte ncw the £, :,
changes with k, and alsc how :% changes fror simple s tZ =
corresponding batched k heuristiz. Tre values £ oz. o
presented suggest <tThat th:s zatched « heuristic  TCu
pérform ﬁcre efficiently asympict:cally for larger «. AsS
increases, each reccr2 R has a n.cher grzzas:ility cf oe:
arranged In ItS . respectilve CpLImal pOSITion, L. .e:é:r
this satched = neuristic a.8c :~3icates trat . ce =c
efficient <than the ::rrespc<d:;; s:opie £ TIst:
Numerical results £o5r thnis Tove tT front heuristic a
i ' .
directly ca.ciu.atef acoordéing ¢ Thecrer I.g, ant a3
2 w3 .
creserntel :n Tac:ies 3.%a, .S, :I.'Ca, Z.Ck, 3Z. '@, .U
3.'2&, and 3.°2t. The res.l:is presented :n the iébles‘ show '
thar retr.eva. <CCcst decreases as «x .ncreases, and
Datcred & heuristic can :n fact Dde Detter than
ccrresponging SiTp.e x neurist.c.
Modified Batched K TR ,
o ' o
The Markov cheln des:ribing =his batched
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*) ProblR R :...R..]

0

T p .t Prob[R ,...R. .. R ,.. R, R..J

~

- p.~" I Prob[R . R.;...R.m :R.,.]

o me

]

:i) I Probl= ]

Through thednumerical examples presented i1n Tables 3.9
through 3.12 and the simulation results in Appendix D, it 1is

indicated that the ﬂgajgpqsftion.tule can,be more 'efficient3L

3

5

g

~u

e, in teérms of both

than the corresponding move to front icn
: ) . P

“the expected ndmber of buffer lookups, and the éXpected

number of auxiliary memory fetches.

1 - &

In this chapter, wé have shéﬁn that, when a few extra
bits of storage are utilized to remembér a few pfeviohs
regquests, the asttotiC‘retrievalbcostkof the limited-buffer
self-organizing séheme can be further ,redﬁced. From the
nuﬁérical examples §resénted, the aéymptotic fefrieval cést\
of both the simple k.ahd batched k heuristics de@;éases as k

»
increases.
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probability of

TABLE 3.7

T a—
record 1 1in

position

3

68

assuming

retrieval probabilities satisfy Zipf's distribution. Batched
k move to front heuristic is adapted '

here.

i in position j

record probability of record
1 1 2 3 4 5 6
n = & L3
Simple MTF rule .: )
1. .0.4800 0.3085 0.1597 7.0518
2 0.2400 G.3000 0.2800 0.1800
3 0.1600 - 0.2200 0.3014 0.3186
4 0.1200 0.1!715 0.2589 0.4496
Batched 2 MTF rule :
L 0.7024 0.2414 0.0512 0.0051
2 0.1756 0.4375 0.2905 . 0.0964
3 0.0780 0.2045 0.4046 0.3128
+ 0.0439 0.1167 0.2537 0.5857
‘Batched 3 MTF rule :
1 0.84G61 0.1398 0.0107 0.0003.
2 0.1061" ~0.6023 0.2484 0.0432
3 0.0314 0.1812 0.5109 0.2765
4 0.0133 0.0767 0.2300 0.6800
n =6
Simple MTF rule _
1 0.4082 0.2814 0.1738 0.0913 0.0367 0.0086
2 0.20417 0.22917 0.2178 0.1777 0.1185 10.0527
3 0.1361 .0.1662 0.1938 0.2026 0.1814 0.1199
4 0.1020 0.1291 0.1613 "0.1952 0.2165 0.1958
5 - 0.0816 0.105%53 0.1361' 0.1760 0.2275 (.2734
6 0.0680 0.0888 0.11'72 0.35%1 0.2183 (.3495,.
Batched 2 MTF rule: & .+ = , S
1 0.6705 0.2495 0.0665 0.0:20 0.0013 0.000!
2 0.1676 0.3698 0.2732 -0.1361' 0.0455 0.0079
3 - 0.0745 0.1733 0.2824 0.2560 0.1577 0.0558
4 0.041'9 0.0990 0.1768 0.2622 0.2602 0.1598
5 0.0268 0.0638 0.1177 0.1922 0.2946 0.3049
6 0.0186 0.0445 0.0833 0.1415 0.2407 0.4715
Batched 3 MTF rule : "
1 0.8401 0.1457 0.0135 0.0007 0.0000 0.0000
2 0.1050 0.5578 0.2570 0.0689 0.0106 0.0007
3 0.0311 0.1679 0.3%92 0.2730 0.1080 0.0208
4 0.0131 0.0711 0.1807 0.3431' 0.2777 0.1143
5 0.0067 0.0364 0.0944 0.1964 0.3623 0.3037
6 0.0039 0.0211 0.05517 0.1i80 0.2414 0.5605
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TABLE 3

of record 1

.8
in

69

position 7, assuming

retrieval probabilities satisfy the Wedge distribution.

record probability of record Ri in position 5
i 1 2 3 4 5 6
n =4 o ‘
- Simple MTF rule
1 0.4000 0.3159 0.2063 0.0778
2 0.3000 0.3083 0.2619 0.1298
3 0.2000 0.2413 0.3175 0.2413
4 0.1000 0.1345 0.2143 0.5512
Batched 2 MTF rule »
1 0.5333 0.3290 0.:1231 0.0145
2 0.3000 0.3994 0.2536 0.0470
3 0.1333 0.2141 0.4794 0.1731
4 0.0333 0.0575 0.1438 0.7654
Batched 3 MTF rule
1 0.6400 0.2988 0.0591 0§.0020
2 0.2700 0.5062 0.2100 0.0138
3 0.0800 0.1726 0.6433 0.1040
4 0.0100 0.0223. 0.0875  (.8801
n = =6 »
Simple MTF rule : . '
1 0c¢®857 0.2485 0.2038 0.1496 0.0860 0.0264
2 O"#381 0.2279 0.2077 0.1719 0.1136 0.0408
3 0.1905 0.1970 0.2014 0.1929 0.1519 0.0662
4 0.1429 0.1576 0.1773 0.2034 0.2035 0.1153
5 0.0952 0.1109 0.1347 0.1757 0.2603 0.2231
6 0.0476 0.058' 0.0749 0.1065 0.1846 0.5282
Batched 2 MTF rule _ :
1 0.3956 0.3003 0.1926 - 0.0886 0.0214 0:.0015
W 0.2747 0.2843 0.2419 0.1473 0.0474 0.0044
3 0.1758 0.2110 0.2625 0.2314 0.1057 0.0136,
4 0.0989 0.1289 0.1858 0.3088 0.2319 0.0457
5 0.0440 0.0601 0.0927 0.1755 0.4564 0.1714
6 0.0110 0.0154 0.0245 0.0484 0.1373 0.7634
Batched 3 MTF rule :
1 + 0.4898 0.3190 0.1496 0.0381 0.0035 0.0001
2 0.2834 0.3446 0.2572 0.1006 0.0139 0.0003
3 0.1451 0.2092 0.3490 0.2399 0.0548 0.0020
4 0.0612 0.0947 0.1798 0.4464 0.2042 0.0137
5 0.0181 0.0289 0.0572 0.1548 0.6370 0.1039
6 0.0023 0.0036 0.0073 0.8800

-0.0201 0.0866
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TABLE 3.9a : Batched 2 Heuristic (Zipf's Distribution)
: I~
/.

The asymptotic retrieval cost for the 1list 'of n elements
with m buffers, whose retrieval probabilities .satisfy Zipf's
distribution. The cost is in terms of u, the expected number
of buffer lookups, and », the expected number of auxiliary

memory fetches.

ASEA - S

number of buffer asymptotic retrieval cost
elements size Move To Front rule Transposition rule
3 0 1.0000 v 1.0000
1 1.0000 u + 0.5343 v 1.0000 u + 0.5343
2 1.5343 u + 0.2209 v 1.5095 u + 0.2152
3 1.7552 u + 0.0000 » 1.7248 u + 0.0000
3 0 o 1.0000 v 1.0000 v
1 1.0000 u + 0.6029 » 1.0000 u + 0.6029 v
2. 1.6029 u + 0.3354 » 1.5676 u + 0.3250 v
3 1.9383 u + 0.1459 v 1.8799 u + 0.1407 v
4  2.0842 u + 0.0000 » 2.0206 u + 0.0000 »
5 0 : 1.0000 » 1.0000 »
1 1.0000 u + 0.6452 v 1.0000 u + 0.6029 »
"2 1.6452 u + 0.4062 v 1.6047 u + 0,3930 »
3 2.0515 u + 0,2373 v 1.9785 u + 092271 »
-4 2.2888 u + 0.1064 v 2.1972 4 + 0.1019 »
* 5 2.3952 u + 0.0000 » 2.2991 g4 + 0.0000 v
6 0 1.0000 v
1 1.0000 u +.0.6742 v
T 2 1.6742 u + 0.4550 v
3 2.1292 u + 0.3003 »_
4 2.4296 u + 0.1808 .u°
5 2.6104 u + 0.0825 »
6 2.6929 u %+ 0.0000 »
7 .0 1.0000 »
1 1.0000 u + 0.6956 v
2 1.6956 u + 0.4909 v
3 2.1865 u + 0.3468 v
4 2.5333 u + 0.2357 »
5 2.7691 u + 0.1443 v
6 2.9134 u + 0.0667 » i
7 2.9801 u + 0.0000 » ’




71

TABLE 3.9b : Batched 2 Heuristic (Zipf's Distribution)
(ratio of whe retrieval to optimal cost)

D

The asymptotic retrieval cost for the 1list of n elements
with m buffers, whose retrieval probabilities satisfy Zipf's
distribution. The cost is in terms of the optimal number of
buffer lookups, and optimal number of -auxiliary memory
fetches. : :

number of buffer asymptotic retrieval cost
elements size Move To Front rule Transpos:ition rule
3 0. 1.0000 » 1.0090 »
1 1.0000 u + 1.1756 » 1.0000 u + 1.1756 »
2 1.0549 w + 1.2151 v 1.0378 u + 1.1837 v
3 1.0726 u - 1.0540 u
4 0 1.0000 » 1.0000 »
1 1.0000 g + 1.1594 »  1.0000 u + 1.1594'y
2 1.0545 u + 1.1979 » 1.0313 u ~ ".1607 o
3 1.0768 u + 1.2158 v 1.0444 u 1725 v
4 1.0855 u ' 1.0524 wu :
5 0 &2 1.0000 » 1.0000 »
1 1.0000 u + 1.1480 » 1.0000 w + 1.0728 »
2 1.0533 u + 1,183% v 1.0273 w + 1.1454 »
3 1.0768 u + 1.2040 v 1.038% w + 1.1522 v
4 1.0888 u + 1.2146 v 1.0452 w + 1.1632 ¥
5 1.0938 u 1.0499 u B2
& 0 1.0000 v P
1 1.0000 u + 1.1392 v -
2. 1.0518 w + 1,1733 v .
3 1.0756 4 + 1.1831 v
4 1.0889 u + 1.2077 v
5 1.0963 w + 1.2132 v
6 1.0996 u -
7 A 0 1.0000 v
7/ T -1.0000 u + 1.1323 »
Z 1.0504 u + 1.1647 v
3 1.0740 uw + 17,1840 »
4 1,0879 u '+ 1.1995 v
5 1.0965 u + 1.2085 v i
6 1.1016 w o+ 1.2105 ¥
7 1.1039 u ™ -
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TABLE 3.10a ! Batched 3 Heuristic (Zipf's Distribution)

The asymptotic retrieval cost for the list of n elements

with m buffers, whose retrieval probabilities satisfy Zipf's

distribution. The cost is in terms of u, the expected number

of buffer lookups, and », the expected number of auxiliary

memory fetches. :
)

¥,
number of Dbuffer " asymptotic retrieval cost
elements size Move To Front rule Transposition rule
3 0 1.0000 v 1.0000 »
1 1.0000 u + 0.4955 » 1.0000 u + 0.4955 v
2 1.4955 u + 0.2050 »- 1.4822 u + 0.2028 v
3 1.7004 u + 0.0000 » 1.6850 u + 0.0000 »
4 0 1.0000 v . 1.0000
1 1:0000 u + 0.5603 v 1.0000 u + 0.56C. v
2 1.5603 u + 0.3105 » 1.5432 u + 0.30°°
3 1.8708 u + 0.1364 v 1.8431 u + 0.13C
4  2.0071 u + 0.0000 » 1.9768 u + 0.0000 »
5 0 . 1.0000 » 1.0000 v
1 1.0000 + + 0.6008 v 1.0000 u + 0.6009 »
2 1.6009 o + 0.3760 v 1.5827 w + 0.3723 v
3 1.9770 u + 0.2210 » 1.9442 u + 0.2163 v
4 2.1980 p + 0.0998 » 2.1550 u + 0.0974 v
5 2.2977 u + 0.0000 » 2.2524 wu + 0.0000 »
6 0 1.0000 »
1 1.0000 u + 0.6293 »
2 1.6293 u + 0.4215 v
3 2.0507 u + 0.2793 »
4 2.3300 u + 0.1688 v
5 2.4988 u + 0.0776 v
6 2.5763 u + 0.0000===c
7 0 1.0000 »
1 1.0000 u + 0.6504 »
2 1.6504 u + 0.4552 v
3 2.1056 u + 0.3224 v
4. w2.4280 u + 0.2196 »
- 5% 2.6476 u + 0,1350 »
-6 2.7827 u + 00,0628 »
7 2.8455 u + v

0.0000
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TABLE 3.10b : Batched 3 Heuristic (Zipf's Distribution)
(ratio of the retrieval to optimal cost)

The asymptotic retrieval cost for the list of n elements
with m buffers, whose retrieval probabilities satisfy Zipf's
distribution. The cost is in terms of the optimal numebr of
buffer lookups, and optimal number of auxiliary memc.:
fetches.

number of buffer . asymptotic retrieval cost
elements size Move To Front rule Transpositio.. rule
3 0 . 1.0000 » : 1.0000 »
1 1.0000 u + 1.0902 » 1.0000 u + 1.0902 »
2 1.0282 u + 1.1276 v 1.0190 u + 1.1155 »
3. 1.0391 u 1.0297 u
4. 0 1.0000 v » 1.0000 v
"1 .. 1.0000 w + 1.0775 v 1.0000 u + 1.0775 »
2 1.0265 u + 1.1089 v ©1,0135 w + 1.0971 v
3 1.0393 w + 1.1367 v 1.0239 u + 1.1142 v
Y 4. .- 1.0454 u 1.0296 wu
5 e 0 3 1.0000 » 1.0000 »
- 1 1.0000 u + 1.0692 v 1.0000 u + 1.0692 »
-2 - 1.0249 u + 1.0959 v 1.0133 u + 1.0851 v
3 1.0377 wor 1.1213 w 1.0205 u + 1.0974 »
4 1,0456 w -+ 1.1393 v 1.0251 » + 1.1119 v
5 . 1.0493 u 1.0281 u
6 0 1.0000 »
1 1.0000 w. + 1.0634 v
2 1.0236 u + 1.0869 »
3 1.0359 u + 1.1097 v
4 1.0442 u + 1.1276 v
5 1.0495 u + 1.1412 »
6 1.0520 u -
7 0 , f 1.0000 v
1 1.0000 wu + 1.0588 »
2 1.0224 » + 1.0800 v
3. 1.0343 pw + 1.1007 » .
4 . ..1.0426 u + 1.1176 » »
5 1.0484 uw + 11,1307 » :
6 1.0522 u + 1,1397 »
7 1.0540 u
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TABLE 3.11a : Batched 2 Heuristic (Wedge Distribution)
{

-

The asymptotic retrieval cost for tle 1list of n elements
with 'm buitfers, whose retrieval probabilities satisfy the
Wedge distribution. The cost is in terms of u, the expected
number of buffer lookups, and v, the expected number of
auxiliary memory fetches.

A I

number of Dbuffer asymptotic retrieval cost
elements size Move To Front rule Transpos.tion rule
3 0. _ 1.0000 » ‘ -+ 1.0000
, 1 1.0000 u + 0.5714 v 1.0000 u + 0.5714
2 1.5714 u + 0.2132 »- 1.5536 u + 0.2042
3 1.7846 u + 00,0000 » 1.7578 u + 0.0000
4 0 1.0000 » 1.0000 »
1 1.0000 u + 0.6667 v 1.0000 u + 0.6667 v
2 1.6667 u + 0.3667 v 1.6457 u + 0.3543 »
- -3 ©2.0333 pw + 0.1311 v 1.9856 u + 0.1221 »
/ 4  2.1644 g + 0.0000 »  2.1078 u + 0.0000 »
5 0 1.0000 » 1.0000 ».
’ 1 1.0000 u + 0.7273 v 1.0000 u + 0.7273 v
2 1.7273 u + 0.4736 v 1.7069 u + 0.4599 v
3 2.2009 u + 0.2530 v 2.1445 u + 0.2369 v
4 2.4539 u + 0.0882 v 2.3719 u + 0.0813 v
5 2.5421 4 + 0.0C00 » 2.4532 g4 + 0.0000 »
6 0 1.0000 »
1 1.0000 u + 0.7692 »
2 1.7692 u + 0.5507 »
3 2.3199 u + 0.3515 v
4 2.6714 u + 0.1839 »
5 2,8554 u + 0.0633 v
6 2.9187 u + 0.0000 v i
7 0 . 1.0000 »
1 1.0000 u« + 0.8060 »
— 2 1.8000 u + 0.6085 » . .
3 2.4085 u + 0.4295 v -
4 2.8380 u + 0.2698 v
5 3.1078 u + 0.1392 v
6 3.2470 u + 0.0475 v
7 3.2946 u + 0.0000 »
o .
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"TABLE 3.11b : Batched 2 Heurist.c (Wedge Distripution’
(ratio of 'the retrlieval to. cptimal cost) )

ca
-

-

The asymptotic retrieval-cost .for the list of = -‘elements
#ith m buffers, whose retrieval probabilities satisfy the

Wedge distribution. The cost is in terms of the dptimal
number of buffer 1lookups, and optimal number of auxiliary
memory fetches. : S ' ) : .

number of buffer : “ysymptotic retrieval cost .
‘ elements ‘size Mcve To Front rule. * Transposition rule
L3 T 0 ; ©.1.0000 ¥ ] - 1.000C &
. : 1 1.0000 ¢ + 1..1428 » . 1.0000 w + ".1428 i
T 2 g 1.0476 w + 1.2789 ». - §.0357 wu + 1.2250
RN 3 1.0707 u. . 1.0547 u S
, 4 0 .7 10000 v o 1.0°
’g%", & 177 1,0000 w+ 1,01112 - 1,0000 w +71.°
S 2 1.0417 u + 1,2223 v 91.0286 u + 1.1,
3 . 1.0700-w +-1.3110 v ,1.0451 u .22
) 4 1.0822 u . 1.053%; u Pl
. iy, : : : 2 o -
\ 5 0 ., %.1,0000 w . '1.0800: v
: N 1 1300009 + 1.0909 . 1.0000 u.+ 1:0909 »
2 1.0364 u +.1.1840 » 1,0241 u + 1.1498 v
s .3, 1.0649 u +'1.2650 v  F100376 u + 1.1845:w
‘ 4 1.0826 p + 1.3223 p 1.0464 u + 1.2189 v
v 5 1.0895 u . ) 1.0574 p° ¥ ..
. o S .
o 6 . - O“’ . ’l" ) ‘L'x
- : S 1.0000 u + ‘
_ 2 1.0320 u * "
~ 3 1.0591~u +
4 4 1.0788 wu
: 5 1.0903 u +
) : 6 1.0945 u *
.7 0 - o 1.0000 v
.1 10000 u + 1.0667 v -
2 1.0286 u + 1.1359 » B
.3 1.0537 u +.1.2027 v
. "4 1.0738 u + .1.2590 v . .
. 5 1.0877, » + 1.2997 v -
- .6 1.0954 u + 1.3305.»
. 7. 1.0982 g B : . w -
. Q ) b "-; )
/
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i "k in a;row" heuristics are asymptotically” more efficient,
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move to frent heurrStlcs. There“ore the simple. move :to
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Appendix A. Expected Number of Auxiliary Memory Fetches

The expected number of auxiliary memory fetches can be shown
. 'y - .

to be as follow : A : B .

&

( (pi-ph.t) [1 = I pti, 51 ¥

n

v(m) = Z p, +

. i zme 1 i

v ™3

1

R

(i, ) ]

1

n

+ Z { (pmﬂl_pi)

= 2

||. ™tM3,

]

PROQF :

Given n records and a buffer-size of m,;the expected number
T . . . ' ’

oﬁ‘@emory fetches is defined to be :
. " - L. : - ) o " li
ot t ",‘J .

( pi [T - ,E‘p(i,j)] }, where p(i,j) denotes the
L Pi &P

ael T “probability that record
: : - R, is in position j &
Therefore,{__ : ' ’
v (m) R
= £ pi + Z {p [1-Z2p(i, Y} - 2 {pi Z .p(i,j)}
i=m+1 b= d=1 =me+ 1 j=
= L po o+ Zip: [ .-J§1p(in_‘,j)]~} -z tp ,Z, pli, )}
N . . o S
- ‘ %_ | - t )
h - Apm;l "121 P(m‘h r'j) e 7 o8
R o LS (A2)
v ‘ - 1 ~

Before proceeding to simp}ify thé aboye-egpfes%ionJ we shall-

first show thas . . B . N
.m om oom T n “m . L
L pm+1,9)" = { 2 {1 - Z p(i,§)1 } - { L Z p(i,j) }
j=a : P=1 j=1 . i=m+2z =1 o
". : . K : . ) . o .V. .- (Ao3) 3
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R.H.S of (Afg) -

) S (;ft‘"" .
m .“’5;\1% _‘ "
(I T Lo, - b

S {Z[ L pi,PI} -1 £ T pi, }
= 1 me2 j=1 o

1 izms+

<17y

{7 [‘g.p(i,j)]}—{

: E',p(m+1,j) = t.HﬁS, of (A.3)
= _ _

o -

.fTherefore, the'expression (A.2) can be further reduced to

v(m)

a« M3

4 ) U
no@ . ' m. A :"{l‘:\'} no- ; ™
= L p; *+ {:pi [1 -2 p(i,§)] bews, I - &Z p(1,3)]}
=me 1 j = ) . -.,‘."‘_Tl‘.‘;’ Hez2 Tadam

i 5 l'I . | j=1 ..;@?’ whez Ll 1
~ Pmes LZ 01 - Z p(i, )1} + pw.y { L EZ pli,j) 1}
. i =1 > j=1 . t=zm+ 2 } =21
=z o+ Zl(pimpm.s) 11 -z p(i,3)] )



Appendix B. On the Markov Chain for the Modified Simple K

t i . MTF Heuristic

-

In Chapter 3; we have shown that the limited buffer

linear sea:ch system can be modelled as a,MarkoQ Chain,
whereby theu ate is described by each‘ of the ©possible
configurations of the buffer. Let’ n, be one of the "P,
pg551ble state$ ‘of the m-size buffer, iz € " Qm.- Let m, =

[R,yR,;...R.n], and 1let those recordsathat are not ih“the

buffer for this configuration be labelled as Ri(mt‘\,through

~ .

Ra. ~ - &

Let (R .1R.2... Yo be the 1n1t1§ﬁ§state where xeéords
S \ "lf& .

Riv,Riz,...,Rn are arranged in + this order,';andﬁn et
; 6 o s ST

.(Si,th;u.Rim)y(z,, 1 <y <n and 1 <z < k-1 be the gstatef

where the .z prev1ous requests are all for record Ry. It is

s

shown 1n Chapter 3 that the Markov Chaln must satlsfy_

followrng equatlons s | _ ' d .~
BL) PrOb[Ri1Riz...R.ﬁ]0 , RN ‘r:)( » |
= pi: { ProblRi1Rize.aRimJit(k-1) 3?" i
: - > .
. ) » . )
B o “'sjzi-—x_PI'Ob[Rlz--Ra!sz1Ri(j*1)-~-R|m]11(k-1)
'L)\;“ . " }n - . . |
+ z ; P{Qb[Rilegn--leRnx]l1(k-1) }
- X =m+ (3 , ﬁ':d .
s ; ‘ .....,....(131.1)
N . ] . R
where 5 .
5 s
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prOb[Ri1Ri3...Rim]j(
= p; { Prob[R
¢ I
y =
y #
. |
‘;. pfOb[Ri1Ri2...Rim]j(

= PI’Ob[R.1R."z---R.m]0

1)
i1Riz...Rimlo
k-1
z PrQb[Ri1Ri2;--Rim}yxz)] }
1 =1 . .
J' z - .
.......... (B1

) = P Prob[R; \Riz...Riml (11,

86

.3)

fﬁ pfOb[RilRyio Rim]
P . n k'~ v .
+ Z Z PrOb[R, 1R|2.-4-RA.m.‘].y(z)
Sy=1 z=1 - S
_ e
.......... (B1.4)
; .
B2) L Problr;]= 1 “ -
ol # -*
i o .
o v T k-t ’ ‘
"For ease of notation, we -shall denote Z . p;' by X; for the
discussion thdtsfollows. }
THEOREM B.1: ’
~ Under. the modified simple k MTF_hedrisfic, the stationary
) : . R N
distpibutiqp of ‘the state m, 1s given by -
- . » . . v ’ . ) E o I"f".’ ‘.';.
- Q}érob[ﬁi]»= Prob[Ri1Riz...Rim]
o o ' o e L
j'::'/.' . . 3 ) n . \‘\..‘ ) i
ST Lo B amn] o '
<a , tz ]+ A »
. . . m : ‘ ’ -
= I

&8

?ﬁ*
.vt
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or it can be written as

.87

i [ T{opit o+ (1_+x.‘)}}
‘ N NP
The proof will be givencblater. First of all,fwe shall
present the feollowing lemmas. ’
. e [ -
X ““«i\ . N ‘
- Define
. .
’ ' .
w e “ , . i
4 . LT
(]+Xij)m‘1j’(1¥xi|)z-‘ e
P . ‘ oL &
c@ o, = - ‘ - *
n‘ . ) v*'A
FOHX ) T (14X ) }}
‘ l - b S N
RO ’ ‘i_x - .
i B 2 <z < m-1.
\;,\ ;ﬁ) 5]
. SERNE
Q
7 . |
'_(]+Xij)m—l‘]'(1-+x.§f1)m‘_1
_(‘ ] .:\‘:_" “_ . '.'
N . n ~teL A
L) BGeR ]
: S
\ ,". LN N )
';?jr ‘#lg




> :
g' LEMMA B.1

VProb[R,zRig..

“aa :Q:

I .4
PROOF :

Case 1 :?Q <y

-RlyRi1Ri(ly<1)-"-’-Rim]“ + \¢'yo1 = d)'y

< m-2

PrOb[RIZRiJ---RiyRilRi(y‘J)'-'Rim]
S L .
‘Fﬂpaﬁ}[n(nxi ﬁ% JY”{ 1 <umjw>ﬂ.
o j= j=3 =y ]
- o . o8 5 "
=T T W T
y + 1 K o o h
. ST l:p., M (1+X,,) + Z{p,x"(1+X”)H(1+X,,) }}
j=2 t=j : X = ‘=r'
Yt x

Prob[R.zR.a..

.

[,’pr ]

@,

[ u (1+xi))"2][ I ;(f}ij3f@ } (1+x.1)y

Li=m-

n L ', r\. '
[ T (}1+X;j)m }
N ]‘C)“ . . ~ [S R
: A
m n n S
N [ A0 [t fcexg ] ]
jEy st ox= _ ::J
R c1y...R L
<if \( ven) i.m] ¢ PARE u
’} ! . ' Ce . B
: » e N R i ':{* ’H,‘

= R Iy
= T i o
e . 4 : ,\: ) e : ‘ o h,.. !
I [ o dz; (1+x.‘) + zj{f-p;x*'(1+xi_1),>n-J(Han)-"} }
=2 E4 ‘-—J x = ot S S EE
) R S o X '

E’ ~_.._ R 3 . ! o

e

SR
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>y
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(&

J

(1+X, )

.

-

-

Probm. (R, R, 2...R, mR, )

x tme 1

*
[ ——
[ — —
-
—_~ —
— - —
- b4 ™
4 + +
+ Lt ~—
-— el S
~ - . >
- “ox cf= Ew
-3 R el Ew )
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E Y >
> x -
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PRIJF OF  THEQREM 5.7

staticnary distriout - i
twg conditions, B
ase ! ¢ sheow that (3" 1S

+ne state T ] Tust

'82 , as stated above.

sat:.sf.ec

Tirst, we sha.. express Prob[R. .R..:...R o] anc
*pProb[R R . R..J), - in terms cf Prob[R R :...R .1].

; _
From (B*.Z), (B".3) and iB'.4' we obta:in

it

"

X3
3

£, Prob[R, R .:...R.m],
p," ¢ Prob[R,+R.2...R,mlc
- % :%: Prob[R, R.
Y ¥ |
p,* | Pfob[R,1R.:---R-m] -
o

Z pfOb[R.1R.2---R|m]1(!)

t =1

w

k-1
= ( L p,")
t =1
k-1
- L

2= 1

k-1

z PfOb[Ri1Ri2---Rim]j(t)

t =1

k-1

L p;’
t =1
) k-1
. '..‘
1+ ‘§’ Pj

‘

K- .

L Prob[R

2=

|1R12'°'le]J!Zr }

{ Pl’Ob[Ri1R,z---Rim]'

Prob[Ri1R52.-oRim]j(z) }

Prob[R; Ri2...Rim]

cecsvesens(B.6)



0
+o

Fror 3.5: we ge: I Prct[R R ;...R w) .
=« I .t v Preb[R R :...R. -]
Comparing witn !B.6!,
. o
Prop{R R - R, el
‘F £ \
= prOb[qu s -R m]
< -~ ! : - ‘3;§ t i
LT B Ee
P, :
= Prob[R \R.;...R )
[ :
1 - M - !
’ (.:'. £
p,’ ‘
& Prob[R.4R.;...R,ml, . = ' Rgob[R,+R,z...R. ]
' k-9 )
1o+ p,"
t et
. . k"
or, using the notation of X, = I p,* !
. t = 1 .
p,’ '
ProblR, R, 2...R,m), (1), = ————— Prob[R,R,z...R,n]
(1+X,) » ‘
Pl’Ob[R.-qR.z---R(m]o
n [ | .
= PrOb[Ri1Ri2--'Rim] -z z pfOb[Ra1R.2- OR;m]y(l)
" y=1 z=1 by (B1.4)
n X, )
= [ ‘l - Z J Pl’Ob{RisRig...R.‘m] by (B.G)
y=1 (1+Xy) .
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{Bi.3) can then be rewritten as

.

orob[R.\R.:...R mic
[

= - 7 ‘; PrOD{R vR.‘z.--R n_!]

3

t

.+ T Prob[R,:..R.,R.\R, ... ...R.n]

j. 2
-. £ Prob[R,;R.3...R;mR . ] }
.......... {B1.1a}

Substitute problr, ] of Theo)em B.1 into

:..R,R.R. .4 ...R,n)

'

+ I Prob[R,;R,y...R,aR,.1} gives
_ me 3 ) ]

z pfOb[R,z.‘.R,,R.1R.(,.1;...R,m] + pfOb[R;z...ijR.yl
+ z ( P.x" { (1+Xx;5) 1 (1+xij) } ] ¥
me ) .

j =M q
,'ix

[ m p.,F][ f <1+x.j)é-z]<1+x.,)m-'[ f (1+x;,)”"]

=2 ji=3 jJeme 1

t=xj x = |

me 1 n n . I‘l
R [ Piat M (14X, ) + I { pix* (1+X,,) nj(1+xl1) } ]
. tdx o

m- 1
= 'Zz prOb[Riz..R|3R|1R1(101)--.R|m] +
)-
n » n v "'n
([pi,” o .(1+xi,)] + I [p;,“ { (14%,.¢ T (1+%,,) } ])s
;eme 1 xame | » ITT;' 1 L

!

[ . p.,*][ o (1+x,1)1‘2](1+xl1)m-?[ n (1+Xij)m-1]
Li=2 j=3 . jame 1

me t n ‘ n n
n [ pi." HJ(1*X|:) + I { pix* (14X,,) HJ(1+XIQ) } ]
. t= t =
. -t Ex

j=2 x = j



i

m- 1

z pfOb[Raz‘..R|jRa.1~R|(j,1)“‘\.r.le] +

2

. [ ﬁ.p.‘k}[ ﬁ (1+Xij)j_2}(1;xi1)m—1{ n C1+X.,)m“]

j=23 jErm+ 1

m n n ‘ . n
A [ Pirt M C+& ) + T { pi* (1+8,,) T.(1+X;¢) ] ]
1= 2 . . ts . x:_j ::,{
A= . '
Z Prob[R,_..R{ R, 4Ry (j;.1)...Rim]l- + 6 m
1 =2 . '

_2 ’
z prOb[R.z;.R_!_,R;1R;(,‘.‘1)~...Rim] + ¢'m-1

(by applying Lemma B.1) -
¢', (by applying Lemma B.1 m-3 times)

["ﬁ pi,‘][ﬁ (1+x,_i,)1"](1+x.,)[ ﬁ-‘(mx.,)’“"]
1=2 R j=23 jeme

{ po Bk ) e B plt (er) B (1ex, ) ) ]'
N Y |
1
[ ﬁ { £ [ pix" ﬁ (1+X;.) 1} ]
R RV

[ E tenr B om0 3 ] cexn)
tdx

== 2

prOb[R; 1R; 2o ole]

(py ") [ i (1+xi,)]

I=2
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* R,H.S. of (B1.1a) becomes
pi+* .
———— { Pr.Ob[Ri|Raz-o-le] + ¢"Z } »
( 1+X “.1 ) i A.. . -
[7": {p,.* 1 n+x..>}] .
‘ D, 1" 2 ‘e . ’
= { + } PrOb[R;|Riz-o.R|m]
T x,, [ ﬁ\(vx',)] |
. -2 )
prr'k

z ———-:l prOb[R.1R_iz---R-m]
1 1 + x'{ .

n Pu' '
"Pi. * L - ] Prob[R, R, z...Rim]
v e g,

Pt
] Prob[R, ;R,2...R, m]
! 1 + Xy,

Xi.

"

|
g ,
-

] Prob[R,Riz...Rim] o~

'+ X, A R |

<

PrOb[R| 1R5 200 .R“n]'O

R.H.S of (B1.1a)



Case 2 : to show that (B2) is satisfied.

A

Lemma B.2 allows us to write down :

z P{obm(R....) = Prob;(R;), 1 S$m=<n

" as in Lemma 2.2.

Z Prob[r with R, in position 1]

= Prob'(R;)

p,Y I (1+X,)
NPl :

n Mo

(1+X,) ]

—
11[p1‘
1

Hence, \

wa s

1
J

L { Z Prob[m with R, in position 1] }

i i =1

™M
5
"

n Mo

[p.* o <1.+x‘>]
1 “t=g .
td i

- “

n

- [ p;* W
1 t=
t ¥

= -1 [ ]

" M3

(1+x‘)]

1
J
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Appgpdix C. On the Markov Chain for‘the Modified Batched K

Heuristic

N

- “ J>
Let #, = [R,,R,;...R,m)] be a particular state of the

Markov chain, where each state represents one .particular °
cpnfigurétion of the buffer, under the modified batched k
heuristic. Let the records that do not reside in buffer for

this particular state 7, be denoted by R.., through Ro.

In Chapter 3, we have shown that the Markov Chain must
satisfy the following eguations |
c1) Prob[R‘,Riz...R.m]
= (1 = Zz p|Jk) prOb[Ri1R[2..‘.R|m]
i .
+ pi1k { )22 PrOb[R|z..R,jR‘1Rl(j.‘)__.Rﬁm]

+ I Prob[R,sRis...RimRix] 1}

x=zm+ 1
Cc2) § Prob[n,] = 1
THEOREM C. 1

Under the batched k . heuristic with modified MTF rule,'

" the stationary distribution of the state z, is given by

PrOb[ﬂ;] = PrOb[R|1Rlz..ogim] = ﬁ
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We shall study the two lemmas below before proceeding to the

. proof.

Def ine
o =

"0 (p. .

: . +

L~ P

)x [y
and, : ) -
n p;*
. j=2
P 'm =
[ n (p.1. + z pa‘k)] ¥
12 t =
LEMMA C.1
PfOb[R.z...R.yR.|R.(§.1;---R.ﬁj + ¢.yv1 = ¢’vr 2 s Y s m-1.
. : )

Case1':25ysm—2

-“pfOb[RizR,g...R.yR;1R5(y.1)-..R,m]
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Prob[RizRi3...R{yRi1Ri(y.1)...Rim] + ¢°,.,

[H szk }[pnk + Zvrpukjl
j=2 <3 t=y+1

-

]=2

y +51 n . m n a
[H_(p,,"+lz. pnk)]['ﬂ (Z p,,"):l.
. J i=y j .

]

S
+

~

Case 2 : y = m-1 -

PI’Ob[R;zRi3....Ri(ml_1)Ri1Ri.mJ + ¢+m

. k .
1131 Pij jl;lz D
T ;- - . ~&m n
[)gzl(p” + Z} pitk)][ tgm pl!k :I [ng(pn +t2;: pi‘k)]

[}
°
*
3
"



LEMMA C.2

3
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Probm (R 1Ri2...Rim) = I  Probm. (R, :Riz...RimR,x)

PROQF : )

prObm.1(Ri1R;2..-RimR|,) =

t a2 -
& I  Probm.i(R, Riz...RimRix) : o .
xems+ 1§
L Eoeer L E e ]
je Ax-m»"l
{ I (L p,.t >][,z p.,*]
j-i t=j tam-e+ 1
' o = Probm(Ri1Riz...Rim)

B
We shall now proceed to the proof of

PROOF OF THEQOREM C.1:

Theorem C. 1.

Case 1 : to show that problr,] satisfies (C1):

Rearranging (C1) becomes’

z \puk
j=2™ .

. PrOb[R|1R|2--'RIm]

Pi

m . .
= JZZ ‘PrOb[R;z..R| jR; 1R|(J.1)...'R|m]

0
+ z . PrOb[R|zR|3...R|mR|x]
x=m+ 1 e~ R . -

o seereeseso(Cila)
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Substituting prob[#,] into L.H.S. of (3.3a) gives

101

= ¢, (by applying Lemma C.1 m-3 timesf -

n m p.;k I pljk
Z pi;" n 1=12 )
i=2 i = -
zvpl'k ‘n m n
D" t=) [Z p”" }[n ( = p.zk )]
- . j =1 } =2 = j
Substituing prob[ﬂi] into R.H.S. gives'
m-~ 1 - ' . .
= z P:Ob[R;z...RijRi1R5(j.1)-...Rim]‘+ pfOb[R,z.‘..RimRi1]
j=2 Vs . .
[ m p;,«-} ( pie* )
jr2 . .
+ I i i .
x=me 1 1' n
[H ( p.1k + z p.gk )]
i=2 t=]
. m- 1 ' : . R
=1122 PrOb[Riz..R;.jRi1Ri(j¢1)--.R|m]v N R
[. R pi‘jk }[ pi++ L Dix" ]
'j=2. . x=m0—1 , .
. ) ) .
.[ﬂ (pmk'*' L pi* ‘),:l[pn" +Z-pltk]
i=2 tr ] t=me+ 1 s
m-2
= '22 PfOb[R|z..R|]R;]Ri(j,1)...R|m]
J: - - .
> + Prob[Riz...Ri(m-1)Ri1Rim]l *+ ¢'m
- (R, Ricm-1)RiaRy ] ¢
o m-2 g‘\ .
o=z Prob[Riz..R{ Ry 1Ri(j+1).+-Rim]l + ¢ m_: ©
ji= Lo~ .
(by applying Lemma C.1)



n p.,°
y= 2
n |' m r =
[p.lK + z pl‘k]| n (: p‘m\ N
t =29 Loy 3 o
- [:] p }k

% R.H.S. = L.H.S.
Case 2 : to show that (C2) is satisfied.

The following follows from Lemma C.
Z Prob,(R,...) = Prob,;(R,), 1 £ m < n

as in Lemma 2.2.

2

L Prob[r with R, in position 1] = Pr-b. R,)
k
I pt
= 1

& I all possible configurations

L { Z Probl7 with R, in position 1] }
i =



Appendix D. Simulations

In Chapters 2 and 3, a good approximation of the
retrieval cost for any . self-organizing heuristics is
obtained by evaluating the probabilitiés of each state at
successive times t, where state probabilities at time t-1
are mult:iplied by. the transition matrix. The long term
probabilitylof each state is approximated by the probability
at large t. Let 7, = [R,4R,:...R,n] and prob[n,] denotes the
long term probability of state =,, ‘the retrieQaI ‘cost is

‘ ' <

given as follow :

Expected number of buffer lookups, u(m),

ip., 1+ [ m (1 -ZLp,,) 1} pProblr,]
j=n

= = {m+ T (j-m) p., } Probln,]

IR L —

Expe~-cd number of auxiliary memory fetches, »(m),

=z [1- z p.,] Prob[= ]
t J =1

We can see that the above method yielas a very close
approximation to the actual retrieval cost, - however, the
shortcomings include + the huge number of computations
required in successive multiplication of thg. transition
matrix, and the enormous‘amount of storage required,to}store
the-”Pm states and the tfansition matrix. The other method
of exahining the behavior of various heuristics, though not
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as accurate, is by simulation. The next two paragraphs

describe how the simulation is done.

To study the cost of a self-organizing heuristic on a
linear search system with n elements and m buffers, the
initial list is filled with m elements, where the m elements
selected (between 1 énd n) are ‘randomly generated. The
search requests are also produced by a random number
generator, distributed éccording to . the retrieval
probabilities. Every time a search request is generated, the
number of comparisons reqguired to -locate the requested
element is recorded and the list is reorganized according to
the reguired self-organizing rule. The retrieval cost is
then given by the average number of comparisons requirea to
satisfy a search request, and the average number of times a

search request is not in the buffer.

To generate search requests, we use a multiplicative
congruential randominumber generator -with period 2°?* to
generate random numbers in the iange'from 0 to 2%'"', This
number is then divided by 23{ to give a real number between

0 and 1. Suppose each record i has a retrieval probability

of p;, and £7., p; 1. If the random number generated lies

in the interval [Z{:ip:;,Z ..p:i), record j will be requested.

In our simulations, each run consisted of at most
1,000,000 searches.  After every 5000 searches, the average
retrieval cost per search request was recorded, and was

compared to the cost 1last recorded at the previous
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5000-search mark. If these two costs did not deviate by more
than 0.000071, the simulation terminated. Otherwise,

siunulation continued until the 1,000,000 searches are

completed. The results tabulated in Tables D.1, D.2 and D.3

$

represent average retrieval costs over two separate runs,
using different random sequences to generate the search
requests. All simulation results obtained deviate from the
average retrieQel“cost recorded in the Tables by less than

one percent.

The simulation fesults obtained will not be too
representative of the actual search cost, as the results
greatly depend on the random numbers generated. One would
normally expect some discrepency between the simulation
results and the actual cost. The simulation results

1

generally demonstrate the superiority of the transposition
heu&istic over the corresponding move to front heuristic.
However, the retrieval costs for the simple k heuristic and
batched k heuristic are not very distinguishable. Referring
back to the costs tabulated in Chapter 3, we find that when
‘the number of elements gets larger, the retrieval costs for
both the simple k and the corresponding batched k heuristics
are quite similar, especially for the expected number of
memory fetehes. Therefore, the ‘'simulation results,do not
'gemonstratevany clear cut superiority between the simple k
and the corresponding’ batched k heuristic. However, the

results do demonstrate the superiority of the k in a row

heuristics over the corresponding. .simple heuristics.
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Although this simulation study is not too representative of
the actual retrieval cost, nevertheless, it does serve as an
alternative to study the behavior of the self-organizing
heuristics, when it is infeasible to use the enormous amount
of computations and storage required to obgain a good

approximation of the actual cost.
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TABLE D.1 : Simple Heuristics

The simulated retrieval cost, for a list of n elements and m
buffers, assuming the retrieval probabilities satisfy Zipf's
distribution. The cost 1is in terms of the u, the expected
number of buffer lookups, and », the expected number of

memory fetches.
|

T
number of buffer simulated retrieval cost
elements size Move To Front rule Transposition rule
"5 3 2.2005 u + 0.2844 v 2.0780 u + 0.2581 »
5 2.6126 u : 2.4315 u :
15 5 3.7425 u + 0.4488 v 3.2600 u + 0.3690 v
10 . 5.3533 u + 0.1676 » 4.4663 pu + 0.1375 v
15 5.8210 u 4.,8335 u
30 5 4.0966 u + 0.5989 » 3.5597 u + 0.4903 v
10 6.6145 u + 0.3810 v~ 5.4131 u + 0.2978 v
15 8.2336 u + 0.2432 » 6.5730 u + 0.1881 v
20 9.2377 u + 0.1414 » 7.3121 u™+ 0.1107 v
25 | 9.7739 u + 0.0617 v 7.7223 u + 0.0502 »
30 9.9395 u - 7.8640 u
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TABLE D.2 : Simple 2 Heuristics

“The simulated retrieval cost; for a list éf-n elements and m
buffers, assuming the retrieval probabilities satisfy Zipf's
distribution. The cost 1is in terms of the u, the expected
number of buffer lookups, and’ v, the expected number of
memory fetches. S ‘

number of buffer simulated retr1eva1 cost
elements size Move To Front rule Transpos1t1on rule
5 3 2.0728 u + 0.2409 v 1.9873 u ¥ 0.2281 »
5 2.4214 u E 2.3127 u
15 5 3.3548 u + 0.3660 v 3.2600 p + 0.3690 »
10 4.6882 u + 0.1417 v 4.4663 u + 0.1375 »
15 5.0884 u 4,8335 u
30 5 3.6632 u + 0.4878 v 3.4677 u + 0.4560 v
10 - 5.7101 u + 0.3125 » 5.2840 u + 0.2827 »
15 7.0366 u + 0.2015 » 6.4401 u + 0.1805 v
20 7.8644 u + 0.1197 » 7.1567 u + 0.1071 »
25 8.3420 u + 0.0541 » 7.5663 u + 0.0485 v
30 8.4879 u 7.6896 u
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TABLE D.3 : Batched 2 Heuristics

L

The simulated retrieval cost, for a list of n elements and m
buffers, assuming the retrieval probabilities satisfy Zipf's
distribution. The cost 1is in terms of the u, the expected
number of buffer lookups, and », the expected number of
memory fetches. .

number of buffer simulated retrieval cost . -

elements size Move To Front rule Transposition rule
5 3 2.0513 u + 0.2378 v 1.9782 u + 0.2263 v

5 2.3956 u . 2.3005 u
15 5 3.3288 pu + 0.3637 » 3.1468 p + 0.3392 »
10 4.6511 u + 0.1411 » 4.3124 u + 0.1284 v

15 5.0486‘u 4.6651 u
30 5 ° 3.6440 u + 0.4856 v 3.4614 p + 0.4562 v
10 5.6821 u + 0.3115 » 5.2803 u + 0.2828 v
15 6.9916 u + 0.2004 » 6.4358 pu + 0.1802 »
20 7.8434 p + 0.1200 » 7.1&841 p + 0.1062 v
25 8.2947 u + 0.0538 » 7.5469 u + 0.0487 v

- 30 8.4172 u : u

7.6857




