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Abstract

G-structures on fusion categories have been shown to be an important tool to
understand orbifolds of vertex operator algebras [24][B0] 20]. We continue to develop
this idea by generalizing Eilenberg-Maclane’s notion of an Abelian 3-cocycle to de-
scribe G-structures on fusion categories as G-(crossed, ribbon) Abelian 3-cocycles on
an algebra H. In particular, we show that a G-(crossed, ribbon) Abelian 3-cocycle on
H will induce a G-(crossed braided, ribbon) tensor structure on its category of mod-
ules Mod(H). We then prove that every G-(crossed braided, ribbon) fusion category
C will be equivalent to the category of modules of some finite dimensional algebra
H with G-structure induced from a G-(crossed, ribbon) Abelian 3-cocycle. We call
this G-reconstruction.

Lastly, we prove that a G-ribbon Abelian 3-cocycle I' on H allows us to describe
the equivariantization (Mod(H))“ as the category of modules of a ribbon (weak)
quasi Hopf algebra H#rC[G]. We call this the Hopf equivariantization theorem.

By G-reconstruction this shows that if V' is a strongly rational vertex operator
algebra where G acts faithfully on V such that V¢ is also strongly rational, then

there is an equivalence of modular fusion categories:

Mod V¢ = Mod(H#rC[G]) (0.1)

for some finite dimensional algebra H with a G-ribbon Abelian 3-cocycle I'. This
provides a proof of the Dijkgraaf-Witten conjecture, and generalizes it as far as

possible in the semi-simple setting.

i



Acknowledgements

First and foremost I would like to thank Terry Gannon, my supervisor, for his
unwavering support, guidance, and encouragement during my master’s. I could not
have asked for a better mentor and teacher. I would also like to thank my family
and friends. In particular thank you to my parents for always supporting me, Devon
Stockall for many inspiring conversations, Justin Stevens, and Tomasz Szczepanski.
Lastly, I want to thank my partner Amanda Goodhue whose emotional support and
care have kept me going through difficult times in research and life. Without you I

would be lost.

il



Table of Contents

(1__Introductionl 1
L1 Overviewl. . . . . . . . . . o e e e e e e e
(L.2  Further Discussion and Related Workl . . . . . . ... ... ... ... 11
[2  G-Structures on Tensor Categories| 16
2.1 G-Tensor Categories| . . . . . . . . . . . . . ... ... ... . .... 17
[2.2  G-Crossed Braided Tensor Categories and G-Ribbon Tensor Categories| 20
[2.3  Equivariantization and De-Equivarianitzation| . . . . . . . . ... .. 25
[2.3.1  De-Equivariantization| . . . . .. . .. .. ... ... ... .. 26
[2.3.2  Equivariantization| . . . . . ... ... 27
3  Weak Quasi Hopf Algebras| 30
[3.1 Bi-algebras] . . . . . .. ... 30
[3.2  Hopt Algebral . . . . . . . .. .. ... 32
[3.3  Quasitriangular and Ribbon Hopt Algebras|. . . . . . . ... ... .. 33
[3.4  Weak Quasi Bi-Algebral. . . . . . ... ... ... 00 36
[3.5  Weak Quasi Hopt Algebras|. . . . . .. ... ... ... ... ... .. 38
[3.6  Quasitriangular and Ribbon Weak Quasi Hopt Algebras|. . . . . . . . 39
[3.7 Twist Equivalences| . . . . . . .. .. o000 41
B8 Reconstruction] . . . . . . . . ... 42
[4 G Abelian 3-cocycles and Their Variants| 46
[4.1 G Abelian 3-Cocycles| . . . . . . . ... ... 47

v



[4.2  G-Crossed Abelian 3-Cocycles| . . . . . . . . ... ... ... ... .. 52

[4.3  G-Ribbon Abelian 3-Cocycles| . . . . . ... ... ... ... .. ... 57

[>  G-Reconstruction and G-Equivariant Dimension Functions| 62
b.I G-Reconstructionl . . . . . . . . . . .. 63
[5.2  Weak G-Equivariant Dimension Functions| . . . . . ... ... .. .. 69

[6 The Hopf Equivariantizaztion Theorem| 74
6.1 A Technical Result] . . . . . ... ... ... ... .. 75
(6.2 (Weak Quasi) Hopf Algebra Description of Equivariantization| . . . . 76
(Bibliography| 87
[A Category Theory| 90
[A.1 Monoidal Categories| . . . . .. ... ... ... .. ... ....... 90
[A.2 Monoidal Functors| . . . . .. .. .. oo 94
[A.3  Strict and Skeletal Monoidal Categories|. . . . . . . .. ... .. ... 98
[A.4 Rigid Monoidal Categories| . . . . . . . .. .. ... ... ... .... 102
[A.5 Finite Tensor Categories and Fusion Categories| . . . . . . . ... .. 107
[A.6 Braided Monoidal Categories|. . . . . . . . .. ... ... ... .... 110
[A.6.1 Braidings on Vect and Abelian 3-cocycles| . . . . . . . . . .. 112

[A.7 Ribbon Categories, Spherical Structures and Trace| . . . . . .. . .. 114
[A.8 Modular Fusion Categories| . . . . . . . . .. ... ... ... ..... 117

[B G-Crossed Cocycles: The Proofs| 119
[B.1  Verifying The Crossed Braiding Axioms Induced by a GG-crossed Abelian |

| 3-cocycle| . . ..o 119
[B.2  Verifying the G-Ribbon Axioms Induced by a G-Ribbon Abelian 3- |

[ cocyelel . .o e 124
[C_G-Crossed Reconstruction: The Proofs 128
(C.1 Proot of the Non-Abelian 2-cocycle Condition| . . . . . . .. ... .. 128
(C.2° Proofof z, Axioms| . . . . .. ... ... ... 131




[C.3  Verifying G-Crossed Axioms and G-Ribbon Axioms| . . . . . . . . ..

(D The Hopf Equivariantization Theorem: The Proofs|

[D.1  Verifying Quasitriangular Structuref . . . . . . . . ... ... ... ..
[D.2 Verifying Ribbon Structuref. . . . . . . .. . . ..o

vi



List of Figures

(1.1 'The Group Orbifold Trianglef. . . . . . ... ... ... ... .. ... 11
2.1 Crossed Braiding Axiom I} . . . ... .. ... ... ... ....... 21
[2.2  Crossed Braiding Axiom II| . . . . . ... ... ... ... ... ... .. 21
[2.3  Crossed Braiding Axiom III} . . . . ... ... ... ... ... ... .. 22
2.4 G-Crossed Braided Functor Condition Il . . . . . . . .. ... ... .. 23
[A.1 Pentagon Axiom| . . . . . . . ... ... ... 91
[A.2 Triangle Axiom| . . . . . . . . ... 91
[A.3 Hexagon Axiom 1| . . . . . . . . ... . ... .o 110
[A.4 Hexagon Axiom 2 . . . . . . . . . . .. 111

vil



Chapter 1

Introduction

1.1 Overview

Humans are really only good at linear algebra and counting. As such, an important
principle in much of mathematics is to reduce complicated problems to linear algebra.
For example, differentiation in analysis and representations in group theory.

Another area where this principle is important is in tensor categories. Tensor
categories are a mathematical tool that gives us a uniform way to understand a wide
array of mathematical structures. Essentially a tensor category is the categorification
of a ring with a unit. That is a tensor category is a category C where you can
add objects, there is a zero object, you can multiply objects through an operation
® : Cx C — C called the tensor product, ® has a unit object, and it is associative up
to natural isomorphism. If a non-zero object in a tensor category has no non-trivial
sub-objects we say it is simple. In this thesis we will only be working with tensor
categories where every object is isomorphic to a sum of simple objects. Such tensor
categories are called fusion categories. Using the categorification analogy, think of
them as semi-simple rings.

To make this categorification analogy even more precise, one can associate to
every fusion category C something called a fusion ring, denoted by K°(C). This is
defined by letting O be the set of isomorphism classes of simple objects in C and then



taking the free Z-module generated by O. Multiplication on elements [X],[Y] € O
is given by writing [X ®¢ Y] as the direct sum of simple objects.

The simplest example of a fusion category is the category of finite dimensional
vector spaces over C, which we denote by Vect. The tensor product is the usual
tensor product of vector spaces, and the unit object is C. As every finite dimensional
vector space V' is isomorphic to C" for some n € N we see that C is the only
simple object of Vect. Therefore, K°(Vect) = Z. For this reason Vect is called the
trivial fusion category. Throughout this thesis all groups G are assumed to be finite.
Two examples that will be particularly important for this thesis are the category of
representations of a group G, and the category of G-graded vector spaces. Denote
the former by Rep(G). Objects of Rep(G) are tuples (V) py) where V is a finite
dimensional vector space over C, and py : G — GL(V) is a group homomorphism.
The tensor product of Rep(G) is defined for two objects (V, py), (W, pw) as (V ®c
W, pvew) where pyew(g) = pv(g9) ® pw(g) for g € G. A morphisms in Rep(G)
between (V, py), (W, pw) is a linear map f : V — W such that for all g € G:

pw(g)o f= fopv(g) (1.1)

such a morphism called an intertwiner. The fusion ring of Rep(G) is isomorphic to
ring of characters on G. The category of G-graded vector spaces is the category whose
gec Vg graded by G. Morphisms
f:V — W in Vectq are linear maps such that for every g € G f(V,) C W,. The
tensor product is defined as (B, Vy) ® (B,eq Wy) = D, cc(V @c W), where:

objects are finite dimensional vector spaces V' = €

(VecW), = @ V. e W (1.2)

r.keG

rk=g
The unit object will be the vector space (C). whose g-th component is the zero
vector space except when g = e in which case it is C. The set of simple objects of
Vectq are the vector spaces (C), for g € G, where (C), is defined in a similar way as

(C).. From this one sees then that the set of simple objects, up to isomorphism, of
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Vect is G and the tensor product on the simple objects is just the group operation.
Therefore, K°(Vecte) = Z[G]. For this reason Vect is an instance of what is called
a categorical group. In general a categorical group is a fusion category whose set of
simples form a group. That is the fusion ring is a group algebra.

Just as fusion categories are the categorification of unital rings, braided fusion
categories are the categorification of commutative unital rings. In 2] Joyal and
Street proved that all possible braidings on a categorical group with group of simples
G are give by tuples (w,c) called Abelian 3-cocycles on G. In short an Abelian 3-
cocycle is a 3-cocycle w on G with an w-twisted GG bi-character. For the details we
refer the reader to Appendix [A.6.1] Just as in usual group cohomology one can
define when two Abelian 3-cocycles on G are equivalent. Quotienting out by this
relation one obtains the Abelian cohomology group H3, (G,C*) and this will be in
bijection with equivalence classes of braided structures on categorical groups with
underlying group G. One of the goals of this thesis is showing that G-structures on
fusion categories are completely described through a similar cohomological story.

An important example of a G-structure on a fusion category is a categorical group
action. Using the ring analogy, a categorical group action is the categorification of
a group acting on a ring as ring automorphisms. Another important type of G-
structure is a G-crossed braided fusion categories. To motivate this it is best to look
at what a G-crossed braided structure is on a categorical group. This was done by
Naidu in [BI]. In this case if C is a categorical group with underlying group K, then
a G-crossed structure on C is essentially the categorification of a crossed module
(K, G, 0), that is G acts on K as group automorphisms and 0 : K — G is a group
homomorphism such that for all g € G, ky, ks € K

O(%ky) = g0 (k1)g ™" (1.3)

Ok ky = kykoky ! (1.4)

The categorification of a crossed module includes a piece of data called a quasi-
Abelian 3-cocycle I' and this consists of a tuple of cocycles defined on K,G. When

G = {e} this recovers the usual definition of an Abelian 3-cocycle hence the name.
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In general a G-crossed braided fusion category C will have a G-grading C =

&P gsec Cg and a collection of natural isomorphisms for every X € Cy, Y € C
cxy XY =-T,(Y)®X (1.5)

among many other conditions. This was first defined by Miiger in [B0] in relation to
orbifolds of conformal nets, something that we will explain later. Notice that when
C is a categorical group this just means that T,(Y) =2 X ® Y ® X ! which is one of
the crossed axioms. A major result of this thesis is giving a cohomological descrip-
tion of G-crossed braided fusion categories similar to Naidu’s but for all G-crossed
braided fusion categories. Additionally, we provide a cohomological description of
all G-ribbon fusion categories, these are G-crossed braided fusion categories with the

categorical version of a G-equivariant quadratic form.

Joyal and Street’s classification of braided structures on categorical groups, and
Naidu’s classification of crossed braided structures on categorical groups are both
examples of the principle of reduction to linear algebra being applied to fusion cat-
egories. Another example of this principle in action, that is fundamental to theory

developed in this thesis, is the idea of a quasi-triangular weak quasi Hopf algebra.

As a quick reminder, a Hopf algebra H is a unital associative C-algebra with a
co-multiplication A : H — H ® H, co-unit ¢ : H — C and antipode S : H — H.

The co-multiplication is required to be co-associative:
(Idg @ A)o A= (A®Idy) o A (1.6)
and the co-unit must satisfy:
(e®Idg)o A= (Idg®e¢)o A =1Idy (1.7)

Furthermore, A, e must be unital algebra homomorphisms. The reason we want such
a structure is it allows us to endow Mod(H) with the structure of a tensor category by

defining the tensor product of two finite dimensional representations (V, py), (W, pw)
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as:

(Vopv) @ (W, pw) = (V @c W, (py @ pw) o A) (1.8)

Furthermore, € makes C a H-module and this will be the tensor unit with this mul-
tiplication. Because of Equation the tensor product will be associative. Another
piece of data included in a Hopf algebra is an anti-pode, this is anti-automorphisms
of H and is needed so we can define dual objects in Mod(H ). When H is semi-simple
Mod(H) will be a fusion category that is purely defined through linear algebra. An
important example to keep in mind is C[G] where the co-product defined for g € G
as A(g) = g®g, the co-unit is €(g) = d, . and antipode is S(g) = g~*. Unfortunately,
to apply this technique to all fusion categories we need a more the general notion of

a weak quasi Hopf algebra.

Weak quasi Hopf algebras, or wqhfs for short, were first introduced by Drinfeld
in [[I]. Endowing a unital C-algebra H with the structure of a wqhf will induce
tensor category structure on Mod(H ), and essentially reduces the intricacies of ten-
sor categories to linear algebra. When H is semi-simple one should think of H as
representing the fusion ring of Mod(H). The details of a wqhf will be covered in
Chapter 2, but briefly a wqhf is a Hopf algebra H with an (partially) invertible
element ® € H ® H ® H called the Drinfeld Associator such that Equation ([1.6)
holds up to conjugation by this element. ® is required to satisfy some “cohomolog-
ical” conditions with respect to the co-multiplication A and so in some sense is a
generalization of 3-cocycles to fusion rings that aren’t just group algebras. To give
Mod(H) the structure of a braided tensor category one needs to endow the wqhf
H with a quaitriangular structure, qt structure for short. This is an (partially) in-
vertible element R € H ® H called the R-matriz and and the R-matrix R will be a
sort of “twisted bicharacter” with respect to ®. As with a wqhf structure, a qt wqhf
structure on H reduces the intricacies of braided tensor categories to linear algebra.
Furthermore, one can define when two qt wqhfs are similar through something called
twist equivalences (see Section 2.7) and it can be shown that two qt wqhf structures
on H are twist equivalent if and only if the induced braided tensor category struc-

tures on Mod(H) are equivalent. For these reasons, one can think of the tuple (®, R)
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as generalizing an Abelian 3-cocycle to a fusion ring. Indeed letting H = C% be the
algebra of functions on G, one recovers the definition of an Abelian 3-cocycles.

In Chapter 3 we introduce three types of G 3-cocycles on a unital C-algebra H:

1. G Abelian 3-cocycles: These are wqghf structures on H with a compatible
“projective” group action of G on H, along with some cocycles defined on
H. We show that every G Abelian 3-cocycle on H endows Mod(H) with the

structure of a tensor category and a categorical G-action.

2. G-crossed Abelian 3-cocycles: These are G Abelian 3-cocycles with an element
¢ € H® H called the G-crossed R-matrix. We show that every G-crossed
Abelian 3-cocycle endows Mod(H) with the structure of a G-crossed braided

tensor category.

3. G-ribbon Abelian 3-cocycles: These are G-crossed 3-cocycles with a G-equivariant
ribbon element v € H. We show that every G-ribbon Abelian 3-cocycle endows
Mod(H) with the structure of a G-ribbon tensor category.

We also define when such 3-cocycles are equivalent, and hence obtain the set of
equivalence classes HZ, 5 (H), H3 _crea(H), HE _gopn(H). We prove that equivalent
3-cocycles induce equivalent G-structure on Mod(H). In the case that H := CY
we recover Naidu’s definition of a quasi-Abelian 3-cocycle, and hence an Abelian
3-cocycle. Therefore, the material in Chapter 3 is a generalization of Eilenberg-
Maclane’s Abelian 3-cocycles and Naidu’s quasi-Abelian 3-cocycles.

The main reason we have chosen to develop this this story for wqhf is that every
(braided) fusion category is equivalent to the category of modules of some (qt) wqhf.
This was shown in [2I] by Héring, and is an example of a reconstruction result.
Essentially reconstruction is the process of determining an algebraic object (up to
isomorphism) by it category modules. For example, if you have a Hopf algebra H,
then there is a forgetful functor Forg : Mod(H) — Vect. One can show that the set
of natural transformations of the functor Nat(Forg) will be a Hopf algebra and is
isomorphic to H. In general if one has a nice fusion category C and a fiber functor
(F,J¥,¢F) : C — Vect, then one can show that H := Nat(F) is a Hopf algebra and
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there is an equivalence of fusion categories C = Mod(H). Think of a fiber functor
as the categorical version of a ring homomorphism to Z. In general it is not always
possible to find a fiber functor for every fusion category, and instead one must settle
for a weak quasi fiber functor (F, J¥, ¢*) : C — Vect. The details of what a weak
quasi fiber functor are explained in Section 2.8. In this case H := Nat(F') will instead
be a wqhf. As explained in [21], if C is a fusion category with set of simples O, then
one way to construct a weak quasi fiber functor is by assigning for ever X € O a
natural number D(X) in a way that is weakly compatible with the tensor structure
of C. From this assignment you can create a weak quasi fiber functor by sending
F(X) to CP™X) for simple X and extending by linearity to an arbitrary object. Such
a function is called a weak dimension function on C. Haring proved that every
(braided) fusion category has a weak dimension function, hence a weak quasi fiber
functor and therefore is equivalent to the category of modules of some (qt) wqhf.

In Chapter 4 we prove a G-reconstruction result. That is we show every G-
(ribbon,crossed braided) structure on a fusion category is equivalent to the category
of modules of some wqhf H with G-structure induced by some G-(ribbon,crossed)
Abelian 3-cocycle. Furthermore we show that equivalent G-(ribbon, crossed braided)
fusion categories induce equivalent G-(ribbon,crossed) Abelian 3-cocycles on H. The
main technical tool we introduce for this is the concept of a weak quasi G-equivariant
fiber functor. This is a weak quasi fiber functor F' : C — Vect such that the functor
is G-equivariant up to natural isomorphism. The G-reconstruction theorem implies
that G-(ribbon,crossed) Abelian 3-cocycles on a finite dimensional algebra H com-
pletely describe all fusion categories with G-(ribbon,crossed) structures. Therefore,
the material in Chapter 4 can be thought of as a vast generalization of Joyal and
Street’s classification to all G-structure on fusion categories.

Just as a categorical group action is the categorification of a group action, equiv-
ariantization is the categorical version of taking the fixed points. Understanding the
equivariantization of G-(ribbon,crossed braided) fusion categories has large implica-
tions for understanding orbifolds of vertex operator algebras.

Vertex operator algebras, or VOAs for short, were first defined by Borcherd’s

in [B]. Being very loose with the details, a VOA is an infinite dimensional vector
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space V', with an infinite collection of multiplications packaged together in a map
Y : V®&cV — V[z]] called the state-field correspondence. Here V[[z]] denote the

! with coefficients in V. Despite their complicated nature,

formal power series in z, 2~
VOAs play a fundamental role in describing the mathematical structure of a special
type of quantum field theories called conformal field theories. Due to this, VOAs has
been a very active area of study for the past 30+ years.

Another reason from a mathematical standpoint is there a natural definition of
a module of a VOA V, and so one can consider the category Mod V. When V is
strongly rational Mod V will be something called a modular fusion category. Using
the categorifictaion analogy a modular fusion category is a commutative ring with
an action of the modular group PSL(2,Z) on it. There is a conjecture [I§] that
all modular fusion categories are the category of modules of some strongly rational
VOA. This is called the Reconstruction Conjecture for VOAs, and slowly progress
towards solving this conjecture has been made [I3].

For this reason among many others it would be extremely valuable to understand
the categorical structure of a large family of VOAs called orbifolds. An orbifold VOA
is a VOA V with a group G acting on it, we won’t define what it means for a group
to act on a VOA but see 28] for details, one can take the fixed points V¢ and this
will again be a VOA which we call an orbifold. A large amount of work has been

done by the VOA community to understand specific cases of the general problem:

Give a strongly rational VOA V with a finite group G acting on it. Can
you determine the categorical structure of Mod V¢ from Mod V and the
action of G7

The most famous conjecture of this form is the 25+ year old Dijkgraaf-Witten con-
jecture that says if V is a strongly rational VOA with a finite group G acting faith-
fully on it and Mod V = Vect then there exists a 3-cocycle w on G such that
Mod V¢ = Mod D¥(G) [R]. We won’t go into detail of what D*(G) is and instead
reference the interested reader to [, but essentially it is a quasi Hopf algebra with
vector space CY ® C[G].

Returning to the tensor categorical side, it is known that if C is a G-(ribbon,
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crossed braided) fusion category then the equivariantization C% will be a (ribbon,
braided) fusion category. In Chapter 5 we show that if H is a unital C-algebra and
I' is a G-(ribbon,crossed) Abelian 3-cocycle on H, then the equivariantization of
(Mod(H))¢ will be equivalent as a (ribbon, braided) fusion category to the category
of modules of H#rC[G]. Here H#rC|G] is a (ribbon, qt) wqhf defined through
the G-(ribbon,crossed) Abelian 3-cocycle I' on H. In particular, the underlying
vector space will be H ®¢ C[G]. We call this the Hopf equivariantizatio theorem.
Combining this with the G-reconstruction theorem from Chapter 4 we obtain a
linear algebraic description of the equivariantization of all G-(ribbon,crossed braided)
fusion categories. As we will discuss in more detail in the next section this provide a
uniform categorical description of all strongly rational VOA orbifolds. In particular
the Dijkgraaf-Witten theorem is a special case of this description.

Lastly, it should be noted that while the result that every fusion category is
equivalent to Mod(H) for some wqhf H is important, finding the particular finite
dimensional algebra H corresponding to a fusion category C and determining the
wqhf structure requires intimate knowledge of C’s fusion ring. When C = ®,ccCy is
a GG-crossed braided fusion category it is often possible to determine this data simply
from C, and the action of G[I4][I]. We believe that for this reason G-(crossed,ribbon)
Abelian 3-cocycles could be a useful tool to understand a wide array of fusion cate-
gories.

For the readers convenience we have included a concise description of the thesis.

Chapters 1,2 are background, while Chapter 3,4, 5 are completely original.

e Chapter 1: We review the needed G-structures namely, G-tensor categories,
G-crossed braided tensor categories and G-ribbon tensor categories. We prove

that these structures can be transported along adjoint equivalences.

e Chapter 2: We review the various types of wqhf structure on H and how they

induce categorical structures on Mod(H).

e Chapter 3: We define various G Abelian 3-cocycles on a unital C-algebra H.
Namely:



1. G Abelian 3-cocycles
2. G-Crossed Abelian 3-cocycles

3. G-Ribbon Abelian 3-cocycles

We show that a G Abelian 3-cocycle induces a G-tensor category structure
on Mod(H) and a G-(crossed, ribbon) Abelian 3-cocycle on H will induce a
G-(crossed braided, ribbon) structure on Mod(H).

Chapter 4: We prove G-reconstruction for fusion categories. That is if C is a
fusion category with one of the previously mentioned G-structures, then there
exists a finite dimensional algebra H and corresponding G 3-cocycle I'¢ such
that C is equivalent to Mod(H) with G-structure induced by I'c.

Chapter 5: We prove the Hopf equivariantization theorem. That is if H
is a unital C-algebra with G-(crossed, ribbon) Abelian 3-cocycle I', then we
define a (qt, ribbon) wqhf H#rC[G] and we show that there is a equivalence

of (braided,ribbon) tensor categories:
(Mod(H))¢ = Mod(H#rC[G]) (1.9)

where (Mod(H))“ denotes the equivariantization of Mod(H). In particular by
the previous chapter this provides a description of the equivariantization of all

G-(crossed braided, ribbon) fusion categories.

If the reader only wants to understand the results from Chapter 5 and does not

care about the details, they should skip Chapter 4. Lastly, as the details of some

proofs get quite complicated we have moved a majority of the straightforward proofs

to the appendix so as to not impede the flow of reading. When a detail has been

moved to the appendix the specific section will be referenced.
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1.2 Further Discussion and Related Work

While the previous section was pedagogical in this section we discuss in detail the
implications the results of this thesis has to the area of VOAs and tensor categories,
hence we assume the reader to be knowledgeable in these areas.

As previously stated, the pinnacle of this thesis is forming the following theorem

about VOA orbifolds:

Theorem 1.2.1. Let V be a strongly rational VOA, and assume that a finite group
acts on'V such that V¢ is rational. Then there exists a semi-simple finite dimensional
C-algebra H with a G-ribbon 3-cocycle I' on it such that there is an equivalence of

modular fusion categories:
Mod V¢ = Mod(H#rC[G]) (1.10)

This follows from the main theorem of Chapter 5, Theorem [6.2.2] and utilizes
the idea of the “Orbifold Triangle” which we now briefly recall. If V, G are as as in
Theorem [1.2.1] then there are three important actors: Mod V, Mod V¢, TwModg(V).
Here TwModg(V) denotes the category of direct sums of g-twisted V-modules for
g € G. By 29 TwModg V will be a G-ribbon fusion category. These actors will be
the vertices of the triangle, are and related to one another through various processes

as illustrated below:

G-Crossed Braided Extension

~

TwModgV

De-Equiv.
G-Fixed Points

Figure 1.1: The Group Orbifold Triangle

Here Equiv. stands for equivariantization and De-Equiv. stands for de-equivariantization.

Think of equivariantization as a restriction functor and de-equivariantization as in-
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duction functor. The main principle of the orbifold triangle is that if we already
know one of the vertices it is possible to determine or say a lot about the others.
For example, if we know what Mod V is and how G acts on it, then we can say
a lot about the G-ribbon structure of TwModg V, and therefore the ribbon fusion
category Mod V¢. It should also be noted that under the assumption of Theorem
we can apply G-reconstruction to the twisted modules to obtain an equivalence
of G-ribbon fusion categories TwModg V = Mod(H). The proof of Theorem [1.2.1]
follows from Theorem combined with the fact proven in [24] that:

(TwModg V)¢ = Mod V¢ (1.11)

One can think of H as an algebra representing the fusion ring of TwModg V), and
so Theorem highlights the role the G-twisted modules play in determining
the categorical structure of Mod V. A related idea to the orbifold triangle is a

generalization called the hypergroup obrifold triangle, which we now briefly explain.

A recent idea in physics has been the idea of a non-invertible symmetries of
quantum field theories [I6]. Mathematically a non-invertible symmetry is just a
fusion ring acting on a quantum field theory. As a VOA describes the chiral half of
a conformal field theory there should be a notion of a fusion ring acting on a VOA.
The precise mathematical description of what it means for a fusion ring to act on a
VOA is currently in development by the author and Terry Gannon [I9]. In [32] the
author was able to show that for sufficiently nice VOA extension W C V there exists
a fusion ring K (also called a hypergroup) “acting” on V such that W = VK. We
say “acting” as the fusion ring action is defined purely through categorical means
instead of through the VOA structure of V. One can think of taking the fixed
points of a fusion ring as a generalized orbifold, and just as in the group obrifold
case there should be a corresponding hypergroup orbifold triangle with the same
actors but generalized to the hypergroup setting. The reason we mention this is
that the hypergroup orbifold triangle may play a big role in solving Gannon’s VOA
reconstruction conjecture. For if it is possible to define what it means for a fusion

category to act on VOA then if C acts on a holomorphic VOA V, and we can show the
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fixed points V° is strongly rational, there will be an equivalence of modular fusion
categories Mod V¢ 2 Z(C). Here Z(C) denotes the Drinfeld double of C. For a more
detailed and complete discussion of both the group and hypergroup orbifold triangles

see 2OB.

In the categorical direction, Theorem m generalizes the work of Naidu in [3]
to all G-crossed fusion categories. More specifically in [BI] Definition 3.4] the author
defines quasi-Abelian 3-cocycles on a crossed module, and when they are equivalent.
After accounting for different conventions, the definition of a G-crossed 3-cocycle
Definition and when they are equivalent Definition 4.2.3| generalizes Naidu’s
notions to all G-crossed braided fusion categories. Furthermore, one of the main re-
sults in [BI] is that all G-crossed pointed categories are determined up to equivalence
by the cohomology group of quasi-Abelian 3-cocycles [BIl Theorem 4.4]. This is a
special case of G-reconstruction that we prove in Chapter 4. Lastly, Naidu describes
the equivaiantization of all G-crossed pointed categories through a quasi-Hopf alge-
bra. The weak quasi Hopf algebra H#rC|G| and Theorem recovers this result

as a special case.

As mentioned in the last section the Theorem |[1.2.1] provides a proof of the
Dijkgraaf-Witten conjecture, which concerns holomorphic VOAs. Examples of holo-
morphic VOAs include lattice VOAs V;, where the lattice L is self-dual. For example,
take the Leech lattice or the Eg, Eg root lattices. In general, if one has a lattice VOA
its category of modules Mod V, will be a categorical group, VOAs whose category
of modules are a categorical group we call pointed VOAs. A more general conjecture
then the Dijkgraaf-Witten is the Mason-Ng conjecture. The Mason-Ng conjecture
essentially gives a quasi Hopf algebra description for a special type of orbifolds of
pointed VOAs. For the details of what the conjectures says we refer the reader to
28]. The detailed proof of the Mason-Ng conjecture is given in [20], but essentially
the proof comes down to first showing the category of G-twisted modules is pointed,
applying Naidu’s equivariantization description and then showing that Mason-Ng’s
quasi-Hopf algebra in [2§] is the same as Naidu’s quasi-Hopf algebra in [31]. The last
step is a technical issue that comes up because Mason-Ng [28] uses right G-actions

while Naidu [3I] uses left G-actions. Since Naidu’s equivariantization description is
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a special case of Theorem [6.2.2] we see that Theorem [6.2.2 proves the Mason-Ng
conjecture and hence the Dijkgraaf-Witten conjecture.

In the case that V is strongly rational and its category of modules is pointed with
group of simples A, Theorem can be thought of generalizing the Dijkgraaf-
Witten conjecture to as far as possible in the semi-simple case. For one can show in
this case that the finite dimensional H in Theorem [I.2.1] can be chosen so that:

H = @ ccMat([A - A9))®H (1.12)

Here A9 :=={a € A:g-a = a} and [A : A9 is the index. In the case that V is
holomorphic, that is A = {e}, one sees that the right hand side of reduces to C% and
so indeed Theorem [1.2.1]is a generalization of the Dijkgraaf-Witten conjecture.

In [I0, Dong and Yamskulna introduced for every finite group G acting on a
strongly rational VOA V an associative algebra A,(G,S) = C® @ C[G], where S
is a G-invariant subset of all inequivalent irreducible G-twisted modules of V and
a € Z2(G, (C%)*). It is not difficult to show that H#rC[G] in this case will contain
a sub-algebra H[S]#rC[G] that is almost identical to A, (G, S) except that we have
expanded C® to matrix algebras indexed by S. Therefore, in this sense H|[S]#rC|G]
is a generalization of A,(G,S). The advantage H#rC[G] has over A,(G,S) is it
is possible to access the fusion rules of V¥ by defining a co-product on H#rC[G],
while it is not possible to define a co-product on A, (G,S) in general. This suggests
that H#rC[G] is the correct algebraic object that should be studied, not A,(G,S)

Lastly, it is the authors hope that Theorem [1.2.1| will turn out to be a useful tool
for calculating the form of the modular data of Mod V¢ when working with specific
VOAs. This should be possible through the following process:

1. Determine the fusion ring of TwModg V by using [2], and determine the G-

action on the set of simples,
2. Find a small G-equivariant dimension function D.

3. Finding D allows you to determine H as a C-algebra. Furthermore, one can

calculate the co-product on H by using the fusion ring data.
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4. Using the co-product and product from the previous step it should be possible

to parametrize all possible G-ribbon Abelian 3-cocycles on H.

5. Combing this parametrization with the G-action from step 1 we can determine
the simple objects of H#rC[G] and its modular data.

In the case that Mod V is pointed with group of simples A, we have calculated the
fusion ring of TwModg V. The simple objects are parametrized by simple characters
of inertia subgroups A9, Furthermore, one can show the fusion rules N7, for v €
Av &€ AR € Aok are given by

|AIN AR |\ /]A] . Ak
——__  if Res’, =y-
arasjar LA nar(T) =78 (1.13)

0 otherwise

-
N’vé

Note we are simplifying things for the sake of brevity, for the precise statement we
refer the reader to [B3]. One can also choose also choose in the this case the weak
dimension function given by d(X) = “fgl for simple X € TwMod, V. In future work
we plan to show how to complete steps 3,4, 5 for specific VOA orbifolds.

In summary, the results in this thesis provides a uniform description of all strongly
rational VOA orbifolds. The results generalize all of Naidu’s results in [31]], and pro-
vides a cohomological description of all G-crossed braided fusion categories and their
equivariantizations. Theorem [6.2.2| proves the Mason-Ng conjecture and Dijkgraaf-
Witten conjecture 28][@J[20], and provide an extension of the conjectures to all
pointed VOA orbifolds. The weak quasi Hopf algebras presented in Theorem [1.2.1
also generalize an important object of Dong [I0] and suggest that the algebra they
have been studying is the incorrect one. Lastly, it seems that it should be possible
to use the results to calculate specific examples giving a powerful tool for people

interested in understanding orbifold VOAs.
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Chapter 2

G-Structures on Tensor Categories

We assume that the reader is familiar with the basics of tensor categories given
in [I3], and if one is not we briefly review the material in Appendix . We make
the convention that our associators are natural isomorphisms from (X ® V) ® Z to
X® (Y ®Z), and monoidal functors (F, J¥', ¢*") will be strong with tensor structures
isomorphisms J defined from F(X) ® F(Y) to F(X ® Y), and ¢ defined from 1
to F'(1). All groups are assumed to be finite.

In this chapter we review the G-structures on tensor categories that will be used
extensively throughout the thesis. The first section covers categorical group actions
on tensor categories, or G-tensor categories for short, and their associated functors
and natural transformations. In the second section we review the notion of a G-
crossed braided tensor category and G-ribbon tensor category, their associated func-
tors and equivalences. Section 3 recalls equivariantization and de-equivariantization
and we provide a proof that the equivariantization of a G-ribbon tensor category is

a ribbon tensor category. For a more detailed overview of the material we refer the

reader to the papers [30] 23] [12] 17 [13].
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2.1 G-Tensor Categories

Just as a group can act on sets, a group can act on a tensor category. In particular,
we can consider a category G such that its objects are elements of G and the only
morphisms are scalar multiplies of the identity morphisms. The group structure
of G naturally endows G with a strict tensor structure. If C is a tensor category,
then the category of tensor endofuctors Endg (C) is also a tensor category,ecall, see
Example for details. If we restrict ourselves to the full sub-category of tensor

auto-equivalences Autg(C) we obtain a tensor sub-category.

Definition 2.1.1. G-Tensor Category
Let G be a group. A G-tensor category is a tensor category C together with a

tensor functor:

(¥, 7,%0) : G — Autg(C) (2.1)

where ¥ : G — Autg(C) is a functor and (7, 1) is the tensor functor structure.
Writing this out explicitly this means for every g € G, ¥(g) = (T, g, ¢?) T, : C = C
is a tensor functor and (pg, ¢9) is the tensor structure of T,. We denote a G-tensor
category by a tuple (C, (¢¥,7y,%0)). If every ¥(g) is a unital tensor functor and v

itself is a unital tensor functor we say the G-action is unital, or normalized.

See Definition [A.2.2] for the definition of a unital tensor functor. From now on
we will fix the group G. If (C, (¢, 7,10)) is a G-tensor category, we will sometimes

refer to the tensor functor (¢, v,1y) as the G-tensor structure on C.

Definition 2.1.2. G-Tensor Functors

Let (C, (&', 7", 15)), (D, (¥*, 9%, 43)) be G-tensor categories, where ' (g) = (Ty, pg, ¢7)
and V*(g) = (T}, 15, 3). A G-tensor functor from (C, (¥*, 7, 45)) to (D, (¥2,7°,435))
is a tensor functor (F, J¥ ¢¥) : C — D and a collection of C-linear monoidal natural

isomorphisms 7y : T o F' — F o T, such that:

r(=) = F() o) o ()7 (2.2)
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and for all X € C, g,h € G:
Ton(X) 0 Yy (F(X)) = F(y5,(X)) 0 7(T3, (X)) o T (1 (X)) (2.3)

Gathering all the information, we denote a G-tensor functor by ((F, J¥, o), {7, }sec)-
We refer to {7,} as the G-functor structure of (F, J¥, ¢*"). When the tensor structure

of F' is clear we simply denote a G-tensor functor by (F,{7,}4ec)

Definition 2.1.3. Natural Transformation of G-Tensor Functors

Let (F.{1,}gec), (K, {By}sec) be G-tensor functors from (C, (', (¢1)o)) to
(D, (5,7, (62)0)), where ¥} (g) = (T3, pih,61) and ¢2(g) = (T2 42, o). A natu-
ral transformation from (F,{7,},ec) to (K, {B,}sec) is a C-linear monoidal natural

transformation ¢ : F — K such that:

Pri(x) ° 79(X) = By(X) 0 T;(90X> (2.4)

Two G-tensor categories are equivalent if there exists a G-tensor functor between

them that is an equivalence of categories.

Definition 2.1.4. G-Fusion Category

A G-fusion category is a fusion category C that is also G-tensor category.
We will need to transport G-tensor structures across adjoint equivalences.

Proposition 2.1.1. Let (C,®¢,aC, 1¢,£€,7°), (D, ®p,aP, 1p, (P, rP) be tensor cate-
gories, with G-tensor structures (¢,7,vo) on C where ¥(g) = (T}, ptg, ¢?). Suppose
that (L, K,n,€) gives an adjoint tensor equivalence where L : C — D, K : D — C
are tensor functors, andn : l¢ - KoL, ¢ : Lo K — 1p are the unit and co-unit

respectively. L will induce a G-tensor structure on D (1,7, (1) : G — Autg(D),
where {ﬁ(g) = (T,,&g, ¢~9) is defined by:

T,(X) = (LoT,0 K)(X) Ty(f):=(LoT,oK)(f)  (Group Action)

fig(X,Y) := (L(Tg(t])[((,y))) o L(pg(K(X), K(Y))) 0 J%g(K(X)),Tg(K(Y))
(Tensor Structure 1)
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@7 = L(T,(¢") 0 ¢9) 0 ¢" (Tensor Structure 2)
Yo (X) = L(vgn(K(X))) 0 L(Tg(n;hl(K(X)))) (Group Action Structure 1)
Vo = L((10) k() 0 e_* (Group Action Structure 2)

Furthermore, denote the tensor structure of L, K as (J*, ¢%), (JX, ¢%) respectively.
The tensor functors (L, J*, L), (K, J%,¢%) can be upgraded to G-tensor functors
from (C, (1, 7,10)) to (D, (¥, 7,v)) with G-functor structure given by:

73 (X) = (Lo Ty)(nx") (2.5)

TgK(X) = n(_:rlgoK)(X) (2.6)
The unit, and co-unit will be natural isomorphisms of G-tensor functors.

Proof. The proof of this is straightforward but tedious, and so we leave it to the

studious reader. O

Proposition 2.1.2. FEvery G-tensor category is equivalent to a skeletal a G-tensor

category such that the left and right unitors are trivial.

Proof. This is a consequence of the fact that every tensor category is equivalent to a
skeletal tensor category with trivial unitors, see Propositions for details, and

Proposition 2.1.1] O
The following result was proven in [I7]

Proposition 2.1.3. [T7, Proposition 3.1]
Let (C, (v,7,1%0)) be a G-tensor category. Then there exists a unital G-tensor
structure (C, (¢, 7, ()) such that (1d,1d,1d, {5, } secr) = (C, (¢, v, %0)) — (C, (¥, 7, ¥())

15 equivalence of G-tensor categories.

Due to this proposition we assume without loss of generality that all G-tensor

categories are normalized.
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2.2 (G-Crossed Braided Tensor Categories and G-

Ribbon Tensor Categories

Definition 2.2.1. G-Grading

Let C be a tensor category. A G-grading on C is a decomposition into Abelian
categories C = EBQE@ C, such that for all g,h € G:

XelC, YeC=XRY cCy, (2.7)

X el = X* e Cg—l (2.8)

We will be assuming that all our G-gradings are faithful. That is for every g € G,

C, is non-trivial.
The following was first defined by Miiger in [B0J.

Definition 2.2.2. GG-Crossed Braided Tensor Category

A G-crossed braided tensor category is a tensor category C, with a G-grading C =
D, cc: Cy, and a G-tensor structure (Y,7,v0) : G — Autg(C) where ¢y = (T}, pig, ¥?).
With the additional requirement that:

1. Tg(Ch) C Cghg—l

2. There is a natural collection of isomorphisms referred to as the G-braiding for
Xel,YeC:
exy XY =T (Y)®X (2.9)

Furthermore, the following diagrams must commute:

For all g,h € G and X € C,,Y € C:
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Ty(X) @ Ty(Y)

N

(MQ(va))il
T,(X®Y)
Tg(CX,Y)

~

Ty(Th(Y) ® X)

CTg(X),Tg(Y)

~

Typg— (Tg(y>> ® Tg(X>

(Vgng—1,,(Y))®ldT, (x)

Ton(Y) ® T,(X)

4

(vg,n (Y))®Ldr, (x)

(hg(Th(Y), X))~

> Ty(Th(Y)) © Ty(X)

Figure 2.1: Crossed Braiding Axiom I

Forallge G, X €C,,Y,Z €C:

ax\y,z

(ng(¥,2)) "' ®Idx

-

(X ®

ATy (Y),Tg(Z),X

Y)®Z

cx,y®ldz
(T,(Y)® X)® Z
ATy (Y),X,Z

T,0V)® (X ® Z)

ld7y (v)®cx,z

1
> T,

(T,(Y) ® T,(Z) ® X

(V)0 (T,(2) @ 2)

Figure 2.2: Crossed Braiding Axiom II

Forallgh € G and X € C,,Y € Cp, Z € C:
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X®Y®2)

ax.y.z ldx®ey,z
(XQY)®Z X (Th(Z2)®Y)
cxev,z 1y (7).
Ton(2) @;’(X ®Y) T,(Y) ®V(X ® Z)
(Yo.n) 7' ®ldx gy ex. 1, (z)®ldy
(1,0 T)(Z) & (X @ Y) (1,0 T)(Z) 2 X) @Y

-1
Q(Ty4oTy,)(Z),X,Y

Figure 2.3: Crossed Braiding Axiom III

If C is a G-crossed braided tensor category we denote the structure by the tuple

(Ca (¢7 s ¢0)> C)'

Definition 2.2.3. G-Crossed Braided Fusion Category

A G-crossed braided tensor category that is in addition a fusion category is called

a G-crossed braided fusion category.

Definition 2.2.4. G-crossed Braided Functor

Let (C, (Y, 41 408), ch), (D, (2, 4%, 47), ¢*) be G-crossed braided tensor categories.
A G-crossed braided functor F : (C, (1,7,%0),¢) = (D, (¥,7,10),¢) is a G-tensor
functor (F, J¥, ¢% {1,}gec) such that the following diagram commutes for all g € G,
Xel,YelC:
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F(ck’y)

F(X®Y) » F(T,(Y)® X)
IRy J%(YLX
F(X)® F(Y) F(T,(Y)) ® F(X)

F(x),F(Y) 7q(Y)®ldp(x)

T3 (F(Y)) ® F(X)

g

Figure 2.4: G-Crossed Braided Functor Condition I

Additionally, we require that:

F(C,) c D, (2.10)

If (F, J', ¢" {7, }4ec) : C = Dis a G-crossed braided functor such that F' induces

an equivalence of categories we say that the G-crossed braided fusion categories C

and D are equivalent.

Remark 2.2.1. Notice that if we set G = 1d with trivial action, then we recover the

notion of a braided fusion category and a braided functor.

The following was first defined in [23]:

Definition 2.2.5. G-Ribbon Tensor Category

A G-ribbon tensor category (C, (1,7, 1q), ¢) is a G-crossed braided tensor category

such that there exists a natural collection of isomorphisms called the G-ribbon twist:

Oy : X - T,(X) Xeg, (2.11)
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Such that they satisfy the following azioms. For all g,h € G, X € Cy,Y € C,

Oxey = 11g(X,Y) 0 (Vgnyg(gn)—1.(gn)g— (X) @ Ygng—1,4(Y)) 0 (01, 1 (x) ® Or,(v)) © ery(v).x © exy
(2.12)
Forallge G, X €C,

Ox+ =Ty-1(0x o d?(g) © 79‘179()(*)71 o (o) x+ (2.13)

Here dg;g :Ty(X*) = T,(X)* is the canonical isomorphism preserving the dual struc-
ture, see section[A.4] for details.
For all g,h € G, X € Cy:

fVth*l,g(X) © QTg(X) = 79,h(X) © Tg(QX) (2.14)

We denote the structure of a G-ribbon tensor category by (C, (1,v,10), ¢, 0).

Definition 2.2.6. G-Ribbon Functor

Let (C, (WY ~Y ), ', 0Y), (D, (4?42, 108), 2, 0%) be G-ribbon tensor categories.
A G-ribbon functor from C to D is a G-crossed braided functor (F,J*, ¢* {7,}sec)
such that for all g € G, X € C,:

7y 0 0rix) = F(0x) (2.15)

We say two G-ribbon tensor categories are equivalent if there is a G-ribbon functor
that is also an equivalence. A natural transformations of G-ribbon functors is simply

a natural transformation of G-crossed braided functors.

Definition 2.2.7. G-Ribbon Fusion Category

A G-ribbon fusion category is a G-tensor category that is also a fusion category.

As with all of the other structures, G-ribbon structures can be transported along

adjoint tensor equivalences.

Proposition 2.2.1. Let (C, (¢, 7,10), ¢, 8) be a G-ribbon tensor categories, and D a

tensor category. Suppose there is an adjoint equivalence of tensor categories (L, K, 1, €)
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where L : C — D, K : D — C are tensor functors, n: 1l¢ - Ko L,e: Lo K — 1p
are the unit and co-unit respectively. Then D can be induced with a G-ribbon tensor

category structure given as follows.

1. The G-tensor structure ({b, Y, 1/;0) is the one induced from Proposition m

2. The G-grading is defined by setting:
D, ={Xe€D: X=ZL(Y) where Y € C;} (2.16)
3. The G-crossed braiding is given for X € Dy, Y € D by:

cxy = (Idg () ®ex)o J%g(K(Y)),K(X) o L(cx(x),xv)) © L((J5y) ") o (exey) ™!

(2.17)
4. The G-ribbon twist is given for X € D, by:
Ox = L0k x)) 0 € (2.18)
Furthermore, L, K can be upgraded to G-ribbon functors.
Proof. This is straightforward, but tedious and so we leave it to the reader. ]

Proposition 2.2.2. Every G-ribbon tensor category is equivalent as a G-ribbon ten-
sor category to skeletal a G-ribbon tensor category such that the left and right unitors

are trivial, and the G-action is unital.

Proof. This is a consequence of the fact that every tensor category is equivalent to
a skeletal tensor category with trivial unitors in combination with Proposition [2.2.1]
and Proposition [2.1.3 O

2.3 Equivariantization and De-Equivarianitzation

One of the main goals of this thesis is to describe the modular fusion category of an

oribfold VOA. In this section we will review the categorical techniques that allow us
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to do this: equivariantization and de-dquivariantization.

2.3.1 De-Equivariantization

Definition 2.3.1. C-Algebras
Let C be a ribbon tensor category. A commutative C-algebra is a tuple (A, p,t)

where A is an object in C, p: A®c A — A and 1 : 1¢c — A are maps such that the
following hold

po(Ida®@p)oasgaan=po(p®ldy) (Associativity)
po(t®@lIdg)o(la) =po(ldy®)o(ra)t =1Idy (Unital)
[LoCaa = (Commutative)

Definition 2.3.2. C-Algebra Modules
Let (A, pia,ta) be a C-algebra. An A-module is an object M € C, and a morphism
par - AR M — M such that the following holds:

par © (pa @Iday) = par o (Ida @ par) © aaam (Associativity)

piar 0 (4 @Idy) o ()™t = Idy, (Unital)

We denote a module by (M, uy) and when the module structure is clear from context
gust as M. A morphism of A-modules f : (M, un) — (N, puy) is a morphism f :
M — N such that

fopn=pno(lda® f) (2.19)

If (M, par), (N, un) are A-modules we denote the set of A-modules morphisms as

Hom 4 ((M, puar), (N, pon)) (2.20)

With these notions, we can consider the category of A-modules and denote it by
RepoA. This will have a tensor product structure since the details of this are not

necessary for this thesis we refer the interested reader to [23].
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Theorem 2.3.1. De-Fquivariantization

Let C be a ribbon tensor category, with a ribbon embedding F : Rep(G) — C.
Let CY denote the algebra of functions on G. Then C¢ is a Rep(G)-algebra, and
so A = F(CY) is a C-algebra. Repp(A) will be a G-ribbon tensor category, and is

referred to as the de-equivariantization of C.

Proof. This was proven in [I2] and [24]. O

2.3.2 Equivariantization

Equivariantization is the categorical version of taking the fixed points of a group

action.

Definition 2.3.3. Equivariantization
Let (C, (v, 7, %), ¢, 0) be a G-ribbon tensor category where 1, := (Ty, pg,109). The

equivariantization CC is the following category:

1. Objects are pairs (X, {uy}tsec) where X € C, and uy : Ty(X) — X are a

collection of isomorphisms such that:

Ugh © Ygn(X) = ug o Ty(up) (2.21)

2. Morphisms f : (X, {ug}gec) = (Y,{v4}sec) are morphisms f : X =Y inC
such that:
foug=uvy0Ty(f) (2.22)

This category will form a ribbon tensor category with tensor structure given by:

(X, {ug}gEG) ® (Y, {Ug}gEG) = (X ®Y, {(ug ® Ug) © (Ug)_l}geG) (2-23)
QX fug DA(Vifua D (Zfwg}) 7= OXY,Z (2.24)

leo == (¢, {(¢?) " }4ec) (2.25)

CX fuggee) =X T(X{uglgeq) == TX (2.26)
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The left duals will be defined by:
(X, {uggea)” == (X7 {(uy ") 0 dy }oe) (2.27)

Where d?(g s Ty(X*) = T,(X)* is the canonical isomorphism between left duals of
T,(X). Similarly one can define right duals.
The braiding of (X, {ug})gec, (Y,{vy})gec is defined as the composition of the

following morphisms

c DvyRId
XV — (P X,)07 = P X007 =5 P1,0)0X, —= (PYex, - VYoX
geG geG geG geG

(2.28)
The ribbon twist 0(x (u,},ec) of (X;{Ug}gec) is defined as the composition of the

following morphisms:

X - Px, O, Prx,) " PX, » X (2.29)

geG geG geG

Notice that in the definition of the ribbon twist we use the fact that X = @, . X,
implies that every uy : @, Tk(Xy) — D eq Xy splits up to a direct sum of iso-
morphisms (uy)g : Tr(Xy) = Xyge-1. In particular this implies that for every g € G
u, induces an isomorphism (u,), : T,(X,) — X,. We use the short hand u, in the
definition to avoid cumbersome notation.

Now notice if C is as in Theorem then Rep.(A) will be a G-ribbon tensor
category, and so we can take the equivariantization (Repq(A))“. If D is another
G-ribbon tensor category such that D is equivalent to Reps(A), then it will be true
that DY is equivalent to (Repq(A4))¢ as a ribbon tensor category.

Theorem 2.3.2. Reduction To G-Ribbon Fusion Categories
If D is a G-ribbon tensor category such that D is equivalent to Cq, then D¢ = C

as a ribbon tensor category.

Proof. This was essentially proved by Kirillov in [24] and Drinfeld et. al in [I2]. The

only thing we need to verify is that the equivariantization of G-ribbon tensor equiv-
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alence will be a ribbon equivalence. To that end suppose that (C, (¢, %, ¥3), ', 6'),
(D, (?, 4%, ¢2), ¢*,6%) are G-ribbon tensor categories, and (F, J¥, ¢f {r,}) is a G-
ribbon tensor equivalence. For the sake of brevity we denote the induced functor
(F, JF,¢F {1,})¢ simply by F¢. On the level of objects we have:

FE(X, {ugtoec) == (F(X),{F(ug) o (7g) x }gec) (2.30)
On the level of morphisms we have:
FY(f):= F(f) where f: (X, {ugtoec) = (Y, {vg}eec) (2.31)

Well by definition the twist of (F(X), {F(u,) o (75)x }4ec) is the composition of the

following morphisms:

®62 F(ug)o(rg
F(X) > @ F(X,) —22 @120 F)(X,) 0 Ny X (2.32)

geG geG geG

Since F' is a G-ribbon functor we have that 7x, o 0%( x,) = F (9}{9). In particular this

implies by functorality that:

FG(Q(le{ug})) = H%G(X,{ug}) (2.33)

Therefore, F¢ will be a ribbon functor. This completes the proof. ]
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Chapter 3

Weak Quasi Hopf Algebras

There is a saying that humans are really only good at linear algebra, and because
of this we translate everything into linear algebra. For example, differentiation in
analysis and representations of groups. One way to understand fusion categories
through linear algebra is by looking at representations of Hopf algebras and their
variants. In this chapter we will review the definitions and related concepts from
Hopf algebra theory that will be needed in this thesis, and explain how they can be
used to describe fusion categories. We do this by starting with the simplest definition,
a bi-algebra, and add more structure until we arrive at the definition of ribbon weak
quasi Hopf algebras, which we will use later to describe all G-(ribbon,crossed braided)
fusion categories. The source material of this chapter is from [I3] [B] [21] [].

3.1 Bi-algebras

We denote the structure of a unital C-algebra by a tuple (H,-, 1y) where - denotes
the multiplication and 1 is the multiplicative identity.

If (H,-,1p) is a unital C-algebra we know that its categories of finite-dimensional
modules Mod(H) will form an Abelian category. To equip Mod(H) with a monoidal

structure we need a bi-algebra structure on H:
Definition 3.1.1. Bi-Algebra
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Let (H,-,1y) be a unital C-algebra. A bi-algebra structure on H is a tuple (A, €)
where A : H— H ®c H and € : R — C are unital C-algebra morphisms such that:

apfigo(ldg ®@A)o A= (A®Idg)o A (3.1)

PVt o (Idy ®€) o A = £V o (e ®@ Idyy) o A = Idy (3.2)

The map A is called the comultiplication, and € is called the counit.

Vect ’ gVect T

Here o Veet denote the associator, left unitor and right unitor of Vect

respectively.
Remark 3.1.1. Notice here that H ®c H s equipped with the C-algebra structure
given by (r@s)- (t@k):=(r-t)® (s-k) and unit (n @c n) o (L)1
We denote a bi-algebra by a tuple (H,-,n, A, €).
Proposition 3.1.1. Monoidal Structure Induced by a Bi-algebra
Let (H,-,n,A,€) be a bi-algebra. Denote an object of Mod(H) by a tuple (M, py)

where py : H — Endc (V) is the module structure. Mod(H) can be given the structure
of a monoidal category by defining:

(M7pM)®(N7pN) = (M®(CNa(pM®pN>OA) (33)

The tensor product of morphisms is just the tensor product of linear maps. The
associator of this tensor product is just the associator from Vect, Equation[3.1] guar-
antees that the associator is an H-module isomorphism. C is given the structure of
an H-module through €, and C will be the tensor unit. The left unitor is defined by:

Lot = 0yt o (e @ Idy) (3.4)

Due to Equation this will be an H-module isomorphism. Similarly, the right
unitor is defined by:
et = ¥t o (dy ® ¢) (3.5)

For the same reasons as the left unitor this will be an H-module 1somorphism.
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Example 3.1.1. Let G be a finite group. C[G] is a unital C-algebra in the obvious
way. This will be a bi-algebra with comultiplication A : C[G] — C[G]®c C[G] defined
by A(g) :== g ® g and co-unit defined by €(g) = deq.

If H has a structure of a bi-algebra, then H* := Hom¢(H, C) will also have the
structure of a bi-algebra. This gives a way to produce new monoidal categories. For
example, let C% denote (C[G])*, it is not hard to show that as a monoidal category
that Mod(C%) is equivalent to Vectg.

Notation. Sweedler Notation
Let (H,-,1y,A€) be a bi-algebra. When writing formulas for bi-algebras it is
often convenient to denote co-multiplication as follows. Let ¢ € H, then there exists

cél), 022) € R for a finite number of i such that:

Alc) := Z CZ@) ® cz(é) (3.6)

)

Sweedler notation is denoting this simply as:
A(C) = C(1) & C(2) (3.7)
Sweedler notation allows us to re-write Equation|3.1| as:

¢y ® ((e2)) ® (e2)(2) = ((ey) ) ® (c))2) ® cz) (3.8)

Notice that we have suppressed the associator.

3.2 Hopf Algebra

To equip Mod(H) with a rigid monoidal structured, and hence a tensor structure,
we need a way to define a module structure on the vector space dual of a module.

This is done through a Hopf algebra structure:

Definition 3.2.1. Hopf Algebra
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A Hopf algebra is a tuple (H,-,1g,A,€,S). Where (H,-, 15, ¢€) is a bi-algebra
and S : H — H is a C-antiautomorphism such that for all h € H:

S(h)he) = ha)S(he) = €(h) (3.9)
When the Hopf algebra structure is clear from context we denote it simply by H.

Proposition 3.2.1. Rigid Structure Induced by a Hopf Algebra[I3]
Let H be a Hopf algebra. Then Mod(H) will be a rigid monoidal structure with
left duals defined by:

(Vipv) == (V= py)  pye:=(pyoS)" (3.10)

The left evaluation and co-evaluation maps will just be the induced ones from Vect.
Stmilarly, if one assumes that S is invertible, which we always will, then one can

define a notion of right duals by:
“(,pv) = (V5 pv)  pvi=(pvo ST (3.11)
The right evaluation and co-evaluation maps will just be the induced ones from Vect.

Example 3.2.1. If G is a finite group, then C[G] will have an anti-pode given by
S(g) := g~ and extended linearly to all of C|G]. In fact, one should think of anti-

podes on Hopf algebras as being some form of inversion.

3.3 Quasitriangular and Ribbon Hopf Algebras

Fix a Hopf algebra H for this section. To get a braiding on Mod(H) we need a notion

of an R-matrix, or equivalently a quasitriangular structure.

Notation. In the next few chapters we will use the area standard notation exten-
sively. This was first explained to us in []. Letn € N, a=a; ® ---®a, € H®", if

33



o 1s a permutation of n, then we use the following notation:
Qg (1)-o(n) ‘= Qg—1(1) & .- ag-1(1) (3.12)

Ifo=a® --®a, € H®* k<n,ando: {1, -k} = {1,--- ,n}, then leta € H"
be the pure tensor given by tensoring with the unit of H on the right n — k times.

Let 7 € S,, be any the extension of o. We use the following notation:
ay 1= U5 (3.13)

By linearity we extend these notations to all elements of H®™, H®*.

Example 3.3.1. If R =Y R @ Ry € H® H, then Ryy =Y ; Ry ® R.. If ® =
Yo, rt @ah@al € H®, then:

Dyp = » rh@rh @) (3.14)
IfR=Y,R'® R H®? & e H®, then:
Ris-®=() Ri®@ly®R))-® (3.15)

Definition 3.3.1. Quasitriangular Hopf Algebra
Let H be a Hopf algebra a quasitriangular Hopf algebra is a pair (H, R) where R
is an nvertible element R € H @ H such that the following relations hold:

(A ®Id)(R) = Ry3Ras (3.16)

(Id ® A)(R) = Ri3Rus (3.17)
For all h € H we have:

A(h) = RA(h)R™ (3.18)

where AP = c}g‘*‘}; oA and c}lfg}[ : H® H — H® H is defined for v,y € H as
rry) =y
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Proposition 3.3.1. Braiding Induced by a Quasitriangular Hopf Algebra
Let (H,R) be a quasitriangular Hopf algebra. Mod(H) will be a braided tensor
category with braiding defined for (V, py), (W, pw) as:

V) (Wopw) = v © (pv @ pw)(R) (3.19)

where c‘\feﬁ[} VW = W ®cV s the standard braiding on Vect.

Assume now that (H, R) is a quasitriangular Hopf algebra. To get a ribbon
structure on Mod(H) we need the notion of a ribbon Hopf algebra.

Definition 3.3.2. Ribbon Hopf Algebra
A ribbon Hopf algebra is a quasitriangular Hopf algebra (H, R) with an element
v € H such that v is in the centre of H, and:

Av)=(r@v)(RaR) (3.20)

S(v)=v (3.21)
In this case v € H is called the ribbon element.

Proposition 3.3.2. Ribbon Structure Induced by a Ribbon Hopf Algebra
Let (H, R,v) be a ribbon Hopf algebra. Then Mod(H) has a ribbon structure
defined for (V,py),v € V as:

Ow.pv) () = pv(v)(v) (3.22)

Ribbon Hopf algebras will describe all tensor categories with something called a

fiber functor:

Definition 3.3.3. fiber Functor
Let C be a ribbon tensor category. A fiber functor is a tensor functor (F, J*', ¢)cC —
Vect that is faithful, and F(1¢) = C, ¢F" = Idc.

Basically fiber functors allow you to represent objects in your category by vector

spaces.
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As pointed out in [I3], Chapter 5], having a fiber functor is a very strict condition.
For example, Vect: will have a fiber functor if and only if w is equivalent to the trivial
3-cocycle.

fiber functors give us the first reconstruction result. As this proposition will be

described in much greater detail later we briefly state it:

Theorem 3.3.1. Ribbon Hopf Algebra Reconstruction [I3, Proposition 8.11.2]
Let (C, F') be a ribbon tensor category and a fiber functor. The space H := End(F)
will have the structure of a ribbon Hopf algebra. Furthermore, F will induce an

equivalence of ribbon tensor categories (L, JE, ¢*) : C — Mod(H).

3.4 Weak Quasi Bi-Algebra

Most fusion categories won’t have a fiber functor, and so to prove a Hopf algebra
reconstruction result for all fusion categories we need the notion of a weak quasi

bi-algebra.

Definition 3.4.1. Partially Invertible Element [3]

Let B be an algebra. Define a linear category whose objects are idempotents
p,q of B, and (p,q) :={T € B :qT =T = Tp}. If T € (p,q) then D(T) :=
p, R(T) := q. An element T of B is said to be partially invertible if it is invertible
with D(T) = p,R(T) = q if T € (p,q) and there exists a T~ € (q,p) such that
TT =p, TT! = q. T~ is called the partial inverse.

Notice by restricting to this linear category we have uniqueness of partial inverses

by the usual arguments.

Definition 3.4.2. Weak Quasi Bi-Algebra

Let (H,-,1x) be a unital C-algebra. A weak quasi bi-algebra is a tuple (H, -, 1, A e, ®):

1. Coproduct: A C-algebra homomorphism (not assumed to be unital) A : H —
H®cH
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2. Counit: A C-algebra homomorphism € : H — C such that:

(e®1)ocA=1=(1®e) oA (3.23)

3. Associator: A partially invertible element ® € H ® H ® H satisfying:
D(®)=(A®Idy)oA(l), R(®)=(Idyg®A)oA(1) (3.24)

P (A®Idp)(A(h) = (Idg @ A)(A(R) - @, heH (3.25

)
(Idy @Idg @A) (@) - (A@ldy@1dy)(P) = (109) (Idy ®AR1dy) () - (P®1)
)
)

(IdH®€®IdH)(qD) = (IdH®IdH®€)<(I)) = (IdH®IdH®€)(q)) = A(l) (327

Proposition 3.4.1. Monoidal Structure Induced by a Weak Quasi Bi-Algebra
Let (H,-, 1y, A€, ®) be a weak quasi bi-algebra. Suppose that (V. py), (W, py) €

Mod(H). There is an induced monoidal structure defined for objects as:

(Vipv) @ (W, pw) = ((pv @ pw ) (A(1m))(V @c W), (pv @ pw) o A) (3.28)

To distinguish (py(11)) @ pw(1(2)))(V @c W) from the usual tensor product of vector
spaces we refer to (py @ pw)(A(1))(V @c W) as the representation space of V& W.
An important idea we will use throughout this thesis is that a linear map f : V Q¢
W — V ®@c W that commutes with (pv @ pw)(A(1)) will restrict to a linear map
on the representation space of V.® W. The tensor product of H-intertwiners is
given by taking the usual tensor product of linear maps and then restricting to the
corresponding representation spaces. The associator for (V,py), (W, pw), (U, py) €

Mod(H) is given by considering the linear map:

(pv ® pw ® pu)(P) (3.29)

and then restricting to the representation spaces. C is given the structure of a H-

module through the counit, and this will be the tensor unit. The left and right unitors
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are the same as in Proposition |3.1.1].

Remark 3.4.1. Throughout this thesis we will be dealing with linear maps on rep-
resentation spaces. For the sake of brevity we usually define linear maps on the
vector space tensor product with the understanding that they should be restricted to

the corresponding representation spaces.

3.5 Weak Quasi Hopf Algebras

To make the category of modules of a weak quasi bi-algebra a rigid monoidal category

we need an anti-pode structure.

Remark 3.5.1. Sweedler-esque Notation
If h € H®™ for some n, then write h =Y, b} ® bl @ hi. Throughout this thesis
we will use the shorthand given by suppressing the summation and index. Therefore,

we would write h as:

Definition 3.5.1. Weak Quasi Hopf Algebra

A weak quasi Hopf algebra is a tuple (H, -, 1y, A, e, P, S, a, B), where (H, -, 1, A€, D)
1s a weak quasi bi-algebra, S : H — H is an anti-automorphism and o, 3 € H are
such that the following hold for all h € H:

S(hay)ahg = e(h)a, haBS(hg) =e(h)p (3.31)
17158(1‘2)0[1'3 == ]-H == S(Xl)O[XQﬁS(Xg) (332)

where
(I):$1®$2®ZL’3 q)_l :X1®X2®X3 (333)

Proposition 3.5.1. Rigid Structure Induced by a Weak Quasi Hopf Algebra
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Let (H,-,1g,A,¢,®, 5, c, 5) be a weak quasi Hopf algebra. Mod(H) will have a
rigid monoidal structure given as follows. A left dual of (V, py) is defined as follows:

(Vipv)™ = (V7 (pv 0 5)7) (3.34)

with left evaluation defined as:

evipa (f ®v) = f(pv(a)(v)) (3.35)

Following [13], let Y. v; ® f; be the element of V & V* corresponding to the identity
map of V' through the canonical isomorphism V* @ V. — Endc(V). The left co-

evaluation is defined as:
coeviypyy (1) 1= Z pv(B)(vi) @ fi (3.36)

If S is invertible, then right duals can be defined in the same way as described in
Proposition and the right evaluation and co-evaluations morphisms similar to

how the left evaluation and co-evaluation morphisms were defined.

For the sake of brevity we refer to a weak quasi Hopf algebra as a wqhf.

3.6 Quasitriangular and Ribbon Weak Quasi Hopf
Algebras

Let H be a wqhf. To give Mod(H) a braiding we need the notion of a quasitriangular
wqhf.

Definition 3.6.1. Quasitriangular WQHF
A quasitriangular wghf is a tuple (H, -, 1y, A e, ®, S, «, 5, R) where (H,-, 1y, A, e, P, S, a, )
is @ wghf and R € H ® H 1is a partially invertible element such that:

D(R) = A(ly) R(R):=A"(1y) (3.37)
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A(a) = RA(a)R™* (3.38)
(A @Id)(R) = P31 R13P 35 Roz P13 (3.39)
(Id ® A)(R) = @351 R13Pa13R12P104 (3.40)

Remark 3.6.1. Just as in the quasi Hopf algebra case [J], Section 10.1], one can
apply (e ® e ® Id) to Equation (3.39) and obtain that (Id ® €)(R) = 1g. Similarly,
by applying (e ® € ® 1d) to Equation (3.40) one sees that (e @ Id)(R) = 1g.

Proposition 3.6.1. Braiding Induced by a Quasitriangular WQHF
Let (H,-,n,Ae,®,S,a, B, R) be a quasitriangular wghf. Mod(H) will have the
structure of a braided monoidal category. The braiding on the level of objects is

defined by first consider the linear map defined on (V, pv), (W, pw) as:

Mod(H ec
C(v,pé),zw,pw) = C\\;mﬁ o (pv ® pw)(R) (3.41)

Where o is as in Definition |3.5.1. This will then restrict down to an H-intertwiner
on the corresponding representation spaces. Similarly the braiding on the level of
morphisms is given by sending (f ® g) — (g ® f) and then restricting to the repre-

sentation spaces.

Definition 3.6.2. Ribbon WQHF
A ribbon waghfis a tuple (H, -, 1y, A e, D, S, o, 5, R, v) where (H,-, 15, A, e, ®, S, a, B, R)
is a quasitriangular wghf and v € H is an invertible central element such that the
following holds:
A(v) = (v ®v)RuR (3.42)

S(v)=v (3.43)
In this case v is called the ribbon element.

Remark 3.6.2. Just as in the quasi Hopf algebra case [J}, Remark 15.27], by applying
(e ®¢€) to Equation (3.42)) one obtains that e(v) = 1.

Proposition 3.6.2. Ribbon Structure Induced by a Ribbon WQHF
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Let (H,-, 1y, A6, 9,5, a, 8, R,v) be a ribbon wghf. Mod(H) will have the struc-
ture of a ribbon tensor category with ribbon structure defined for (V, py) € Mod(H)

as:
Ow,py) = pv (V) (3.44)

3.7 Twist Equivalences

As we have seen, given a finite dimensional unit algebra (H, -, 1y) a ribbon wqhf
structure (H, -, 1y, A, e, ®, S, a, B, R, v) will induce a ribbon tensor structure on Mod(H ).
A natural question is when are these ribbon tensor structures equivalent? The answer

is given by looking at twists:

Definition 3.7.1. Weak Quasi Bi-Algebra Twists [4, Definition 5.8/
Let (H, -, 1, A, ¢, ®) be a weak quasi bi-algebra. A twist is a pair J,J ' € H® H
such that J is partially left invertible:

J'T=A(1) (3.45)
Furthermore, J must satisfy the following:
(e®Idy)(J) = (Idy @ €)(J) = 1y (3.46)

Proposition 3.7.1. Twists Give Equivalent Structure [13]
Let (H,-, 1, A e, P, S, o, B, R, v) be a ribbon wqhf, and J a twist. This will induce
a new ribbon wahf (H, - 15, A, e, ®, S, a, B, R,v)) = (H, -, 1, A7 e, ®7, S, ', B, R7, V)

where:

A(a) = JA(a)J " (3.47)

=g J)-(IdeA)(J) - ¢(AQId)(J - (J ' 1y) (3.48)
o’ =S adyt B = (11BS((T)2) (3.49)

R :=Jy-R-J! (3.50)
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Here we use the shorthand J = J, @ Jy. Denote this new structure by H”, as a
ribbon tensor category Mod(H) is equivalent to Mod(H”). Conversely, if two ribbon
wqhf structure induce the same ribbon tensor category, up to equivalence, then they

are twist related.

Remark 3.7.1. Note that the definition of a twist depends on the weak quasi-
bialgebra, which is why twist equivalent structures define an equivalence relation de-

spite only being left invertible.

3.8 Reconstruction

Definition 3.8.1. Weak Quasi fiber Functor
Let C be a tensor category. A weak quasi fiber functor is a faithful C-linear functor

F :C — Vect and a natural collection of epimorphisms:
Jiy :F(X)®c F(Y) = F(X ®Y) (3.51)
such that there is an isomorphism ¢* : C — F(1¢) where for all X € C:
I x 0 (0" ®cldpx)) = F(65) ™" o 05 (3.52)
JX 1. 0 (Idpx) ®c ¢7) = F(r$) ™ o rpSy (3.53)
Furthermore, there must exist a natural collection of isomorphisms:
dx : F(X") = F(X)"Veet (3.54)

An important concept related to weak quasi fiber functors is that of a weak

dimension function.

Definition 3.8.2. Weak Dimension Function
Let C be a fusion category. Denote the isomorphism classes of simple objects by
O(C). A weak dimension function is a function D : O(C) — N such that for all
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X,Y €C:

D(lg)=1 D(X)=D(X") (3.55)
D)D) > 3 NE,D(2) (3.56)
ZeO(C)

The following were proven in [21].

Proposition 3.8.1. A weak dimension function D on a function category C induces
a weak quasi fiber functor (F, J¥, o) as follows.

On the level of objects:

F(X):= @5 Home(Y,X)®cC") (3.57)
YeO(C)

On the level of morphisms if f :+ X — Z is in C then for all Y € O(C),gy €
Home (X,Y), vy € CPO);

F(f)(®yecgy ®vy) == @yec(f o gy) @ vy (3.58)

The tensor structure J¥ is defined by choosing for every X, Y € O(C) an epimor-
phisms:

TRy :CP o P - @ Home(Z, X @cY) @ CP?) (3.59)
Zeo(C)

and then extending by linearity to all objects of C. The unit object is defined by
identifying Home(1¢, 1¢) with C and then using the left unitor in Vect.

Proposition 3.8.2. [2])

FEvery fusion category admits a weak dimension function D defined by:

D(X):=)> N{, D(l):=1 (3.60)

Now that we have all of the definitions we can recall the main reconstruction

argument we will need.
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Theorem 3.8.1. [Z1, Theorem 16]

Let C be a ribbon fusion category, and (F, J¥, ¢¥) : C — Vectc a weak quasi fiber
functor. Denote the associator of C by ¢. Choose a right inverse of J¥, and denote
it by (J)~1. The following defines a ribbon wqhf:

1. H :=Nat(F,F) = {hyx € Endc(F(X)) : Vf € Home(X,Y),hy o f = fohyx}
has the structure of a unital associative algebra, with multiplication defined
pointwise as (h-r)x = hx or,, and the unit being the trivial natural transfor-

mation.

2. Using the canonical algebra isomorphism Endc(F(X)®cF(Y)) = Ende(F(X))®c
Endc(F(Y)), the co-product is defined component wise by

A(h)xy == (JXy) " o hxgey o Jxy (3.61)

3. The co-unit is given by e(h) := hy,

4. The associator is given by

Pxyz = (Id®(‘]}€,z)_1)O(J§,Y®Z)_1OF(¢X,Y,Z)OJ)Z;@Y,ZO(J)Z;,Y@Id) (3.62)

5. The anti-pode structure is given by*:
(Sh)x := d o (hx+)* o (d%) ™ (3.63)

Where dx : F(X)* — F(X*) is the canonical natural transformation, and
d% : F(X*)* — F(X) is the dual map combined with the canonical isomorphism
F(X)* = F(x) for finite dimensional vector spaces. The elements «, 5 are

given component wise by:

ax = (Id @ evyP) o (coevy(y) @ Id) (3.64)
Bx = (1d @ evi(g) o (coevy? @ 1d) (3.65)
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Where
evi® := F(evy) o Jg. x o (dy ®1d) (3.66)

coev[l?;p = (Id®dy') o Jx. o F(coevy) (3.67)
6. The quasitriangular structure is given by the R-matriz defined for oll X,Y € C

by:
Rxy = (Cg(egct),p(y))_l © (Jxlj,x)_l © F(C():(,Y) © J)?Y (3.68)

7. The ribbon element v € H s defined component-wise for X € C:

vx = F(65) (3.69)

This will induce a tensor equivalence (L, J¥, ¢") : C — Mod(H) given by L(X) :=
(F(X), px) where the H-action is defined for h € H as px(h) = hx.

Remark 3.8.1. Notice the associator we presented here is different then the one in
[21). This is because of a difference in convention. In [21] the associator is a map
XY ®Z) = (XRY)® Z, while our convention is the other way.

Corollary 3.8.1. Ribbon WQHF' Reconstruction
Every ribbon fusion category is equivalent as a ribbon fusion category to the cat-
egory of modules of some ribbon WQHF.

We generalize this reconstruction result for G-fusion categories and describe their

equivariantizations.
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Chapter 4

(G Abelian 3-cocycles and Their

Variants

In [TI] Drinfeld defined quasi Hopf-algebras, and showed that they would give exam-
ples of non-strict monoidal categories. We follow a similar approach in this chapter by
defining three types of cocycles on a fixed unital algebra H to define a corresponding

G-structure:
1. G Abelian 3-cocycles = G-tensor structures on Mod(H)
2. G-Crossed Abelian 3-cocycles = G-crossed braided tensor structures on Mod(H)
3. G-Ribbon Abelian 3-cocycles = G-ribbon tensor structures on Mod(H)

We denote the set of all such G 3-cocycles by Z2_,(H), Z3_cq(H), Z2 g, (H) re-
spectively. Similar to how twists give a notion of equivalence on the set of all wqhf
structures on H, we can define when these GG 3-cocycles are equivalent and therefore
form equivalence classes: HZ ,q(H), H c.q(H), HS ¢, (H). We then show that
equivalent G-(ribbon, crossed) Abelian 3-cocycles will induce equivalent G-(ribbon,

crossed braided) tensor structures.
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4.1 G Abelian 3-Cocycles

Fix throughout this section a unital C-algebra (H,-, 15). The following definition of

a non-Abelian 2-cocycle will be needed for our description.

Definition 4.1.1. Non-Abelian 2 Cocycles
A non-abelian 2 cocycle on a group G with coefficients in H is a tuple (¥,7)

° ‘P:G—)Aut@_alg(H)
«7:GxG— H”

Such that they satisfy the following conditions for all g1, g2, 93 € G:

U(e) = Tdy (4.1)
U(grg2) = Ad(y ) o W(g1)o ¥(g2) (4.2)
@ e IV g0 =Y 1320072 510 (43)

If ~ o= ge= 1y for all g € G, then we say that (V,7) is normalized.

Notation. Let n € N, and B a set. Then C"(G, B) is the set of all functions
from [[_, G — B. For the sake of brevity we also use the following notation. Let
I'e H®", and ¢1, -+ , g, € G. Then:

L9 = (U(gr) @ - @ V(g ))(T) (4.4)

Definition 4.1.2. G Abelian 3-cocycle
A G Abelian 3-cocycle on (H, -, 1) is a tuple (¢, A, ®, S, a, B, W, v, 11) where:

U: G — Aute_ag(H), v € C*(G, H*), pe CY(G,H® H) (4.5)

and (H,-, 1y, A e, P, S, a, ) is a weak quasi Hopf algebra. We require the following

conditions to be satisfied:
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1. The pair (¥,7) is a normalized non-Abelian 2-cocycle on G with coefficients in

H such that for all g € G:
¢ =¢€o¥(g)

2. For all g € G, i, is partially invertible with:
D(f,) = A(1lw) " R(g,) = A(ly)

That is:
A(lH) ’ /_’Lg = /_*Lg = /_*Lg : A(lH)(g’g)

and there exists a ﬁg_l € H®? such that:
A1) -m, " = =1, Aly)

and:
g By = AW T = A

3. The following equations must hold for all g € G:
e = A(ly)

Ad(fg)(A)) = Ao W(g™)

(Id® A) () - (1g ® ) - 2999 = & - (A®1d)(7,) - (7, ® 1x)

(e ®10)(F,) = (4 ® ) (7,) = L

4. The follow equation must hold for @,y g,k € G

(Y pory

Denote the set of G Abelian 3-cocycles by Zg._,(H).

-1 ®1 k—l,g—l) = (ﬁgk)_l ' A(z k—l,g—l) . ﬁk : qj(k_l)®2(ﬁg)

(4.6)

(4.11)

(4.12)
(4.13)

(4.14)

(4.15)

Remark 4.1.1. By applying € ® € to Equation (4.15)) one obtains that for g,k € G
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(v, 9_1)2 = e(y k_lg_l). Since 7y, g € H* this implies that (v | , g_l) # 0.
Therefore, for allg,h € G e(y , _, gfl) =1, or equivalently for all g,k € G e(y gk) =
1.

Definition 4.1.3. Equivalent G Abelian 3-cocycles
Two G Abelian 3-cocycles (A, €, ®,5,a,8,V,7,1), (A, ¢, 0,5, a5V, ~, 1)
are equivalent if there is a twist J,J~' and T € CY(G, H*) such that:

=" A=A =€ (Sa,8) =(9d,5) (4.16)

(recall Definition and the following equations hold for all g,k € G:

Te = 1H (417)
Ad(7)(¥'(g)) = ¥(g) (4.18)
A(rg1) iy (T @ 7p0) " =1, (4.19)
Tok Y on = g (YR (T 70)) (4.20)

It is straightforward to check that Definition defines an equivalence relation.
We denote the set of equivalence class of G-Abelian 3-cocycles on a C-algebra H by
HE,_pp(H)

Proposition 4.1.1. If (A€, S,a,8,®,V,7,71) is a G Abelian 3-cocycle, then there
is an induced G-tensor structure on Mod(H). The induced G-tensor structure will
be normalized in the sense of Definition [2.1.1] Furthermore, equivalent G Abelian

3-cocycles induce equivalent G-tensor category structures in the sense of Definition

Proof. This proof is straightforward, but since it is illustrative of many of the ideas
in this chapter we go through the translation between the cohomological data and
the categorical data step by step.

Define a categorical group action (v,, 1) : G — Autg(Mod(H)) as follows:

¢g = (Tga Ky, Id(C) (4'21)
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where the functor T} is given by:

T,(Vipv) == (Vipy o W(g7"))  Ty(f) = f (4.22)

The tensor structure p, : T,(V, py ) QT,(W, pw) = T4((V, pv) (W, pw)) is defined by
considering the linear map p, := (pv ® pw)(f,) and restricting to the representation
spaces. Notice by Equation that (C,e) = T,(C,€). Since as a linear map
Tg(EMOd(H)) = (" we see that the triangle axioms for (V, py) € Mod(H) reduce to:

(Vipv)
(e ® pv)(Ry) = Idy (4.23)
(pv @ €)(gy) o (Idv @ ¢p) = 1dy (4.24)
By Equation we see that:
(s ® €)(7,) = (€ ® 1) (7, I (4.25)

So indeed the triangle axioms will be satisfied. Therefore, we see for each g that
Yy € Autg(Mod(H)).

We define v for g, k € G as:

You (Vo pv) 1 (V. pvol (k7)o (g7) = (V. pvol((gh) ™)) vu(Vopv) () = pv(v 1))

(4.26)
By Equation (4.2)) we see that for all g,k € G,h € H:
W((gh) () Y s o = poa g - (T 0 U(g7)(R) (4.27)

So indeed 7, will be a H-intertwiner, and therefore a natural isomorphism from
T, 0T, — Ty To verify that v, gives (1,7, 1) a tensor functor structure we must

have:

Yarg2.95 © Vor.92(Lgs) = Var,9205 © Tgr (Vga.g5) (4.28)
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Since v satisfies Equation [£.3] we see that for all g1, g2, g5 € G-

\Il(g‘;l)(’y -1 —1):'7 1 -1 1Y -1 -1 (429)

i 95 95 tart L 9591 Looites et Logstes

Expanding we see this is just Equation . Lastly, since the non-Abelian 2-cocycle
is normalized the unitor ¥ will just be the identity transformation. Evidently, this
G-tensor structure will be unital.

Suppose now that we have two equivalent G Abelian 3-cocycles ((A, €, ®, S, a, 3, ¥, v, 1),
(A" €, 0,5, o, 3", V', +/, ') with equivalence given by (J, J~1, 7). Denote the G-
tensor structures by (¥,~, ) and (V’,7, 1) respectively. I claim that this will
induce a G-tensor functor that is also an equivalence of tensor categories. Let
(Id, (p— ® p—)(J),Id¢c) denote the identity functor with tensor structure induced
from the twist J. It is routine to verify that this will have the structure of a tensor

functor. We give (Id, J,Id¢) the structure of a G-tensor functor by defining:
74(V.pv) = py(74-1) (4.30)
To check that (Id, J, Idc, {74 }4ec) defines a G-tensor functor we need to verify that:
L. 7,4 is an H-intertwiner from T, (V; py) to Ty(V, pv).
2. 7, will be a monoidal natural transformation in Mod(H ).
3. e = (Yo)- o (¥p)-
4. Forallg, k € G: Tgr(V, pv)ovg 1 (Vs pv) = Y (Vs pv ) 0T (Tu(V; pv ) )oTy(Th(V; pv))

74 will be an H-intertwiner by Equation . 74 will be a natural transformation
since for H-intertwiners f : (V, pv) = (W, pw) fopv(Ty-1) = pw(7y-1) 0 f. It will be
a monoidal natural transformation by Equation . Since 9y = Y =1d 7. = Id
we see it will satisfy the third condition. The last condition follows from Equation
(14.20)). O

51



4.2 G-Crossed Abelian 3-Cocycles

As before we fix a C-algebra (H, -, 1y).

Notation. If G is a finite group, let C denote the algebra of functions on G. This
will be an algebra with pointwise multiplication and the unit being the constant 1-
function. For g € G let 0, denote the function from G to C that is zero everywhere

except at g where it is one. C% will be a Hopf algebra with co-multiplication given

by:

A(dg) ==Y 6, @0k (4.31)
rkeG
rk=g
co-unit given by:
€(0g) = dg.e (4.32)

S(5,) = 0,1 (4.33)

If H is an algebra, then Z(H) :={h € H :¥r € H rh = hr}.

Definition 4.2.1. Weak Morphism of WQHF's
Let (H,-,1g, Ay, ®1, 51, a1, 51), (K, 1k, Ao, P, S, e, B2) be wqhfs. A weak
morphism of wqfhs is a unital algebra homomorphism f : H — K such that:

NApof=(f®f)oA (4.34)
52 o f = f o Sl (435)

If it additionally satisfies:
(fRf® ) (P1) =2 [f(a1) = as, f(B1) =P (4.36)

we say it is just a morphism of wqhfs.

The idea of weak morphisms is we want to look at wqhfs whose fusion rings are
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isomorphic, but they are not necessarily equivalent as fusion categories. For example,
Vectg, Vectg:. To give a G-crossed braided tensor structure on Mod(H) we need a
G-tensor action with a compatible G-grading and a G-crossed braiding. These two

extra requirements motivates the following:

Definition 4.2.2. G-Crossed Abelian 3-Cocycle
A G-crossed Abelian 3-cocycle is a tuple (A, €, ®, 5, a, 3, ¥, 7,1, ¢, 0) where

(A6, 0,8, 0, 8,0, 7,11) € Z_p,(H) (4.37)
0:C% — Z(H) is a linear map, and ¢ € H ® H is partially invertible such that:
D) =A(ly)  R(@) = (A%(14))” (4.38)
Furthermore, (V,v, 1, ¢) must satisfy the following conditions:

1. 0 is an injective weak morphism of wqhfs.

2. For all k,g € G we have:
Y(k)(0(05)) = Odkgr-) (4.39)
3. The following equations must hold for @,v,<, and for allg € G h € H:
- Ah) -2 - (D0, = (AP (R)“ - (D(5y)1 (4.40)
For all g,k € G:

(v )2 299 (7,) T (B(0))1 = (v )2 () TS 2 (Do) (4.41)

— g~ lgk—1lg—1 - .9

(g Doz (Idg @ A)(@) - (D(3,))1 = (Pgiy) @99 - T15- 57 T1p- B - (D(S,))1 (4.42)
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(ALA)(@)-(D(3,)RT(61)12 = (Pa12) IV (7, )3T - (B1ah) 1) Ty D105 (D(6,)RD(51) ) 12
3)

(44

Denote the set of G-crossed Abelian 3-cocycles by Z2,_¢.q(H).

Notice that when G = {e} these axioms will reduce to the axioms of a quasi-

triangular wghf in Definition [3.6.1} In particular Equation (4.40)) reduces to Equation

(3.38), and Equations (4.42)), (4.43)) reduce to Equations (3.39)), (3.40) respectively.

Therefore, it is useful to think of these as the G-twisted analogue of a quasitriangular

structure.

Remark 4.2.1. By setting g = k = e in Fquation (4.43)) and then applying (e®e®1d)
one obtains that (¢ ® Idg)(¢) = 1y. Similarly, applying (e ® e ® Idy) to Equation

([4.42) we obtain that (Idy ® €)(c) = 1g.

Definition 4.2.3. Equivalence of G-crossed Abelian 3-cocycles

Two G-crossed Abelian 3-cocycles (A, €, ®, S, a, 3, V, 7,11, ¢, 0), (A€, 5, o, B, AT

are equivalent if there exists a twist J,J ' and a T € CY(G,H*) that induces an
equivalence of the underlying G Abelian 3-cocycles and for all g € G:

-/

0=0 (4.44)

¢-J-(1g®0(8,)) = (Jo)©9 - (1 ® 7,) T (1g ®9(4,)) (4.45)

It is straightforward to show that Definition defines an equivalence relation

on Z3 c..q(H). Denote the set of equivalence classes by Hg .4(H).

Proposition 4.2.1. If (A,¢,®, 5, , 3, ¥, 7,7, ¢, 0) is a G-crossed Abelian 3-cocycle,
then there is an induced G-crossed braided tensor category structure on Mod(H).
Furthermore, equivalent G-crossed Abelian 3-cocycles induce equivalent G-crossed
braided tensor categories in the sense of Definition|2.2.4).

Proof. Define the g-th component Mod(H), as all H-modules (V,py) € Mod(H)
such that:
pv(9(5,)) = Idy (4.46)

o4

@, 0)
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This will be an Abelian subcategory of Mod(H). Notice that if (V, py) € Mod(H),
then since J is a central embedding for every g € G (V, py), := pv(9(3,))(V) will be
a H-submodule of (V,py) in Mod(H),. It is easy to see that for distinct ¢,k € G

(Vipv)g N (Vv )e = {0}. From

> 09(6,) =1 (4.47)

geG

we see that (V,pv) = @,cq(V;pv)y, and hence Mod(H) = @, Mod(H),. We
now need to check that this G-grading on Mod(H) is compatible with the tensor

structure.

Suppose now that for g,k € H (V, py) € Mod(H),, (W, pw) € Mod(H)y, to verify
the G-grading is compatible with tensor category structure we need to first verify
that:

(Vi pv) @ (W, pw) € Mod(H )y, (4.48)

To that end recall that since 0 is a morphism of wqhf we have for all r € G:

(A0)6) = (B3) 0 A)G,) = 3 (5) ® 3(6) (4.49)

Therefore, if v € V,w € W, then:

(pv @ pw)(A 0 D(Egr)) (v ®w) = Y py(D(6))(v) @ pw (3(82)) (w)

(4.50)

Thus, we have verified the first condition. For the second we need to check that

if (V,pv) € Mod(H)g, then (V, py)* € Mod(H),~1. Well we know that S(9(d,)) =
(5(3,)) = 9(d,-1). Since (V,py)* := (V*, (py o S)*) we see then that if v* is the
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dual pair to v € V then:

(pv(S(9(d-1))))" (") = (pv (9(8,)) (v))" = v* (4.51)

so indeed (V, py)* € Mod(H),-1. The last condition on the G-grading we need to
check is that if (V, py) € Mod(H ), then Ty, (V, pv) € Mod(H )gp-1. Well Ty (V, pv) :=
(V, py o (k1)) and by Equation (4.39) we see that for v € V:

pv (T (k™) (0(drgr-1))) (v) = pv(9(dy) (v) = v (4.52)

Therefore, we have a compatible grading.

For the G-crossed braiding define for (V, py), (W, pw) € Mod(H) a linear map

C(Vp),(Wipw) DY
Voo ) (Wipw) (V@ w) == (pw @ pv)(Ca1)(w @ v) (4.53)

Verifying that ¢ will indeed define a GG-crossed braiding is tedious, and so we refer the
interested reader to Appendix for their verification. In broad strokes if (V, py) €
Mod(H),, then by Equation this will be an H-intertwiner. Therefore, we
can restrict to the representation space and we have a H-intertwiner c(v,,,),w,pw) :
(V.pv) @ (W, pw) = T,(W, pw) @ (V, pw). This is clearly a natural transformation.
To verify the axioms given in Figure simply expand the equations and
notice that they follow from Equations (4.41)), (4.42)), (4.43]) respectively.

Suppose (A7 67 ®7 S? a? ﬂ? \11717 ﬁ? E7 5)7 (A/7 6/7 ®/7 S/’ al? /8/7 qj,?l’? ﬁ,76/7 5/) are tWO
equivalent G-crossed Abelian 3-cocycles with the equivalence given by (J, J~1, 7). To
verify that this induces an equivalence of G-crossed braided tensor categories we only

need to verify that the G-functor (Id, J, Idy, {7, }4ec) given in the proof of Proposition
satisfies the additional axiom that for (V, py) € Mod(H),, (W, pw) € Mod(H):

I1,Wpw ). (Vior) © (Tg(W, pw ) @1d) ol ) wpw) = CVior ). (Wopw) © I (Vpr) (W) (4.54)
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Expanding out the left hand side we obtain:

ety © (ov @ pw) ((J1) 9+ (1 @ 73-1) - @) (4.35)

By Equation (4.45]) we see this equals ¢S5 o (py ® pw ) (- J). Here we used the fact

that py(0(6,)) = Idy. This completes the proof. O

4.3 G-Ribbon Abelian 3-Cocycles

As before we fix a unital C-algebra (H,-,1g). Let (F, J¥, ¢*) : Mod(H) — Mod(H)
be a tensor functor. If (V| py) € Mod(H ), then F((V, pv)*) can be endowed with the

structure of a left dual with evaluation and coevaluation given respectively by:

eV{VﬂﬂV) - (¢F)_1 © F(eV(VvPV)) © g/,pv)*,(V,pv) (4'56)
coev{vjpv) = J(\/%pv),(V,pv)* o F(coev(y,,)) o oF (4.57)

By uniqueness of left duals there exists a unique isomorphism df?v, oy - F((V,pv)?) =
F(V, py)* such that:

V(Y py) = EVF(Vpy) © (d" ® Idy) (4.58)
(Id®d")o CoeV{V,pv) = COCVR(Vpy) (4.59)

It is not difficult to show that d¥ (V, py) can be given explicitly as [I3} Section 2.10]:

Loy (Y (V) IR W11 ) 0D (Vi) (Vi) VO LA (Vi) OV V) )0 (P (i)

(4.60)

Here ¢, denote the left and right unitors of Mod(H) respectively, and ¢ is the
associator of Mod(H) induced from the Drinfeld associator ®.

Suppose now that we have a G Abelian 3-cocycle (A, ¢, ®,S,a,8,V,7,7) on

(H,-,1g). By Proposition this will induce a categorical G-action (v,~,1d)

where ¢, := (1, jt4, 1). Write the Drinfeld associator and its partial inverse with the
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shorthand:
d :$1®LE2®I3 (I)il :X1®X2®X3 (461)

The corresponding rigidity isomorphism d’¢ can be written as multiplication by a

single element, as it is quite complicated we use the following shorthand:

d? = S(W (g ") (X)) S ) (Fg) ) (W9~ ) (X2-8))- (g )(S(Xz))) (4.62)

Notice that the rigidity axioms for a wqhf are captured by Equations (3.31]) (3.32)
and when you set ¢ = 1 you recover these axioms. Therefore, it is best to think of

dY as the g-twisted version of these equations.

Lemma 4.3.1. Let (A,e,®,¥,v,71) be a G Abelian 3-cocycle on H. Then for
(V,pv) € Mod(H) we have:

(d)(V, pv) = (pv(d?))" (4.63)

Proof. Let v* € Ty((V,pv)*). Evaluating Idz, (v+) ® coevy,(x) o (rr,x)) " (v) we

obtain:

ST 0" @ (o1, ()W) @ f) =D 0 @ (pv(T(g (B)) () @ f)  (4.64)

i i

Where {vi}fijf(v) is a basis of T, (V') and f; is the dual basis. Applying gb;gl((
to Equation (4.64]) we obtain:

Viov)* ) Ty (vaV)ng (vaV)*

> (ov-(T(g™) (X)) () @ pv(T(g™) (X - B) (1) @ pryvy- (X @) (fi) =

7

Y (v (ST (™) (X)) (w)@pv (¥(g ) (X8)) (vi))@py (¥(g™) (S (X)) (fi)

)

(4.65)

Applying ev?)g() ® Id to Equation (4.65])) we obtain:
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> (v (S((g) 1y ¥ (g™ ) (X)) (") (pv (e - () 2) - W9 ™)Xz - B))(v))-pv (g™ ) (S (X)) (fi) =

i

Do (v (S (o) - ¥(g™ (X)) - a- (7)o - Ug™ ) (X - B)(©:))-pv (¥(g ) (S (X)) (f:)

)

(4.66)

To finish this proof, we use the fact that if L, K are linear maps of V', then:
Zv (WN)K*(f;) = (Lo K)*(v*) (4.67)
Therefore, we see that Equation (4.66)) simplifies to:

(v (S((1g) ) - g™ ) (X)) - @ (B2 - U9~ ) (X)) - Ug NS (X))) (v7)
(4.68)
This equals (py(d?))*(v*), and we are done. O

To give Mod(H) the structure of a G-crossed ribbon tensor category we need a
G-ribbon twist.

Definition 4.3.1. G-Ribbon Abelian 3-cocycle
A G-Ribbon Abelian 3-cocycle is a tuple (A, ¢, ®, S, o, 3, V,7,1,¢, 0,v) such that:

(A7€7¢7S7a7ﬁ7q]>17ﬁ7675) € Zé—Crsd(H) (469)
is a G-crossed Abelian 3-cocycle, and v satisfies the following for all g € G,h € H
v h-B(0,) = W(g ) (R) v - D6,) (4.70)

For all g,k € G:

ﬂgglA(y)(5<5g)®5(6k» - (l’ gk—lg—l,(gk)g—l(gk)—l(gz g—ljgk—1g—1)'(V®2)(gk9717g)'(E21)(e’g)'E'(5<59)®5<5k))

(4.71)
S(v) 5(59)25(1;{1 )-d?-v-0(d,) (4.72)
Vgt gty PaTH@) - 9(0) v 9(0) (4.73)



Denote the set of G-ribbon Abelian 3-cocycles on H by Z ¢, (H).
Remark 4.3.1. By applying € ® € to Equation (4.71) one obtains that e(v) = 1.

Definition 4.3.2. Equivalent G-ribbon Abelian 3-cocycles
Two G-ribbon Abelian 3-cocycles

(A7 67 (P7 S7 O{, /6’ \P7 17 ﬁ7 E? 57 V) (A/’ 6,7 ®/7 Sl? al? /6/? \P,7 ll?ﬁl7 E,75,7 Vl)

are said to be equivalent if the corresponding G-crossed Abelian 3-cocycles are equiv-
alent through a twist J, J~' and 7 € C*(G, H*) such that for all g € G

V' - 0(8y) = 741 - v - O(5,) (4.74)

It is straightforward to show that Definition defines an equivalence relation

on Z% &, (H). Denote the set of equivalence classes by H2, . (H).

Proposition 4.3.1. A G-ribbon Abelian 3-cocycle (A, ¢, ®, S, a, 3, ¥, 7,1, ¢, 0,v) in-
duces a G-ribbon tensor category structure on Mod(H). Furthermore, equivalent G-
ribbon Abelian 3-cocycles induce equivalent G-ribbon tensor category structures in the
sense of Definition [2.2.0.

Proof. We know from Proposition that (A,e,®,S,a,8,V,7,7,¢, 0) endows
Mod(H) with the structure of a G-crossed braided tensor category. Let (V,py) €
Mod(H), define a G-ribbon twist for v € V' by:

Ow.pv) (V) == pv(v)(v) (4.75)

Equation guarantees that 0(y,,) is an H-intertwiner, and therefore a nat-
ural isomorphism. The first G-ribbon axiom, Equation , will be satisfied
due to Equation (4.71)). The second G-ribbon axiom, Equation (2.13) will be sat-
isfied because of Equation (4.72)), and the fact that the canonical isomorphism
d% : T,(V,pv)*) = T,(V, pv)* for v € V equals d’#(v) = (py(d8))*(v). The third G-
ribbon axiom, Equation , will be satisfied due to Equation (4.73)). For detailed
verifications of these conditions see Appendix [B.2]
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Suppose now that (A, e, ®, ¥, 7,7, ¢, o0,v) (A, ¢,V v, w,e, 5,, V') are equiv-
alent G-ribbon Abelian 3-cocycles through (J, J~!, {7, }4ec). From Proposition [4.2.1]
we know that (Id, (p— ® p_)(J),1d,{7,}) will induce an equivalence of G-crossed
braided tensor functors, so we just need to verify that it is also ribbon. That is we
need to check Equation (2.15). Well to that end notice that if (V,py) € Mod(H),
then for all v € V we have py(9(0),)(v) = v. Therefore, we have 7, 0 Oy, (v) =
pv(Tg-1-v)(v) = pv (V') (v) = b}y, (v). Soindeed it is a G-ribbon tensor equivalence

and we are done. O]
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Chapter 5

(G-Reconstruction and
G-Equivariant Dimension

Functions

In the previous chapter we defined various G 3-cocycles and showed that they define
corresponding G-structures. In this chapter we reverse this process by providing a

G-reconstruction argument. The main result of this chapter is the following:

Theorem 5.0.1. G-Reconstruction

FEvery G-(ribbon,crossed braided) fusion category C is equivalent to the category
of modules of some wqghf H with G-structure induced by a G-(ribbon,crossed) Abelian
3-cocycle T'c. Furthermore, the sets He_ a,(H), Hpcyeed(H)s H_pin(H) are in bi-

jections with the equivalence class of the corresponding G-structures.

To prove this we first define the notion of a weak quasi G-equivariant fiber functor

and show the following more general result:

Theorem 5.0.2. The maps
(C,F)— (H :=Nat(F),I'¢cr) (HT)— (Mod(H),Forg) (5.1)

are inverses between: (1) The equivalence classes of finite G-(ribbon,crossed braided)

62



tensor categories and weak G-equivariant fiber functors. (2) The equivalence classes
of pairs of finite-dimensional unital algebras H and G-(ribbon,crossed) Abelian 3-

cocycle on H.

Notice that this result hold not just for fusion categories, but for all finite tensor
categories. If we restrict to fusion categories we get a similar correspondence with
semi-simple finite dimensional algebras. We also prove in Lemma that every
G-(ribbon, crossed braided) tensor category with a weak quasi G-equivariant fiber
functor is equivalent to the category of modules of some algebra H with a G-(ribbon,
crossed) Abelian 3-cocycle.

Theorem reduces the proof of G-reconstruction for fusion categories to show-
ing that every G-(ribbon, crossed braided) fusion category has a weak quasi G-
equivariant fiber functor. To that end we define weak G-equivariant dimension func-
tions, and show that these will induce weak quasi G-equivariant fiber functors. Con-
versely, every weak quasi G-equivariant fiber functor induces a weak G-equivariant
dimension function. We then prove that every G-(ribbon, crossed braided) fusion
category will have a weak G-equivariant dimension function which completes the
proof of G-reconstruction.

As the wqhf given in Theorem depends on the chosen fiber functor, and
hence the weak G-equivariant dimension function we give a few examples of relatively

small weak G-equivariant dimension functions at the end of the chapter.

5.1 (G-Reconstruction

Let (C, (¢,7,v0),¢,8) be a G-ribbon tensor category. By Proposition we can
assume without loss of generality that C is skeletal with trivial left /right unitors and
(1,7, 1) is unital. We make this assumption throughout the chapter. Furthermore,
it should be noted that since C is G-graded there exists natural transformations
7y : C — C such that for simple X € C, , my(X) = Idy, mp(X) = 0 for k # g. These

will satisfy the relations 7, o m, = d, 7y and ) 7y = Idc.
Definition 5.1.1. (weak quasi) G-Equivariant Fiber Functors
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Let (C, (1, 7,%0), ¢, 0) be a G-ribbon tensor category. We say that (F, J¥, ¢¥ {R,}sec)
is a weak quasi G-equivariant fiber functor if (F,J¥, ') is a weak quasi fiber and

functor, and there exists a collection of natural isomorphisms for g € G:
R,:F—FoT, (5.2)
such that R, = 1d and R;C = Idpq,) for every g € G.

The first step to proving G-reconstruction is proving that weak quasi G-equivariant

fiber functors define a G-(ribbon, crossed) Abelian 3-cocycle.

Proposition 5.1.1. Let (C, (v,7,%0),c,0) be a G-ribbon tensor category. A weak
quasi G-equivariant fiber functor (F, J¥ ¢¥ {R,}sec) defines a G-ribbon Abelian 3-
cocycle (A,e,@,S,a,ﬁ,\P,l,ﬁ,E,a v) on H := Nat(F):

1. (A6, @, S, ) is as described in Theorem[3.8.1]
2. VU :G— Aut(H) is defined for g € G and h € H, X € C as:

(‘;[j<g)(h))X = (R;(_l)_l o th_l(X) o Rg(—l (53)

3. For g,k € G we have:

1

7 = (Rigy) o Fyn 1) 0 B2 o Ry (5.4)
4. Forge G:
fig = (7)™ o (Ry)™ o Fpg) 0 Jz, 1, 0 (Ry @ Ry) (5.5)
5. Define 0 : C¢ — H for g € G by:
a(8,) = F(m,) (5.6)



6. For X € C,,Y € C define:

Cxy = CX?%,F(X) © ((Rz;/)fl ® ldy) o (J’E,(Y),X>71 o F(exy)o J)};,Y (5.7)

7. For X € C, define:
vx = (RX)'o F(0x) (5.8)

g

Proof. By Theorem we know that (H,-,n, A, e, P, S, a, ) is a weak quasi Hopf
algebra, this proof will hold for tensor categories as well. The proof that the G-ribbon
Abelian 3-cocycle axioms are satisfied is straightforward but very tedious, and so we

refer the reader to Appendix D for the verifications. ]

For readability we split the proof of Theorem |5.0.2] into several lemmas.

Lemma 5.1.1. Let (C, (¢,7,%0),¢,0) be a G-ribbon tensor category with a weak
quasi G-equivariant fiber functor (F, J*, ¢* {R,},ec). Denote the G-ribbon Abelian
3-cocycle given in Proposition by T'¢c,ry. Then the G-ribbon structure induced
by I'c,ry on Mod(H) is equivalent to (C, (1, 7,%0), ¢, ).

Proof. By [6] and Theorem we know that there is an equivalence of fusion
categories Categoriesﬂ:
(L, J",¢") : C — Mod(H) (5.9)

Denote the G-ribbon structure on Mod(H ) induced by T'c r as (Mod(H), (¢, 1, 44), ', 61)
where ¥} := (T, py, (¢')3). To show that L can be upgraded to a G-ribbon equiva-

lence we need to construct for every g € G natural isomorphisms:

7g:T) oL — LoT, (5.10)

Tt is straightforward to show that if we one knows that L : C — Mod(H) is an equivalence of
C-linear locally finite Abelian categories, induced by F', then a weak quasi fibre functor structure
on F induces a tensor functor structure on L. By [@ Proposition 2.14] any weak quasi fibre functor
will induce an equivalence of Abelian categories and hence tensor categories. Hence Theorem
will hold also for tensor categories.
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such that (L, J¥,¢", {7,}4ec) is a G-ribbon equivalence. Well let X € C, then
L(X) = (F(X),px) where the H-action is defined for h € H as: px(h) = hy.

Therefore,
(T, oL)(X) = (F(X), px0¥(g™")) = (pxo¥(g ") (h) = (R)) 'ohr,x)oRy (5.11)

While on the other hand:
1) (h) = hr,(x) (5.12)

Therefore, let 7, = R,. We have just proven that it is an H-intertwiner and so 7, is a
collection of natural isomorphisms. Furthermore, verifying that (L, J*', ¢"", { R, },cc)
is a G-ribbon equivalence follows from the fact that I'¢ ;ry is defined by conjugating
the structure of ((¢,, %), ¢, 0) by R,. ]

Lemma 5.1.2. Let H be a finite dimensional unital C-algebra and T € Z2, . (H).
Then the forgetful functor Forg : Mod(H) — Vect is a weak quasi G-equivariant fiber
functor with structure given by Jiv.po).(wpw) = (pv @ pw ) (A(1y)), ¢ = Idc, Ry =
Id. Furthermore, the G-ribbon Abelian 3-cocycle induced by (Forg, J, ¢,{Ry}4ec)

equals I' on the nose.

Proof. 1t is easy to check that (Forg, J, ¢) is a weak quasi-fiber functor. Denote I" as
(A6, ®,5, a,3,¥,7,11,7¢, 0,v). To see that R, = Id will give a natural transforma-
tion from Forg — Forg o T, recall that T,(V,py) = (V,py o ¥(¢7")) and T,(f) = f

as a linear map, so indeed Forg o T;, = Forg on the nose.

Let I'porg,r denote the 3-cocycle induced by (Forg, J,Ide, {Ry}sec). Note that
we know Nat(Forg) = H through the isomorphisms for h € H,k € Nat(Forg),
(V,py) € Mod(H):

[ H - Nat(Forg)  f(R)wp) = pr(R) (5.13)

f~':Nat(Forg) = H f~'(k):= k(1) (5.14)

From [2I] we know that f will induce an isomorphism of wqhfs, and so we only need
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to verify that:

Ad(f)(TFere) = @ (5.15)

froy 8o f=y (5.16)
(ffefHor™o(fef)=n1 (5.17)
(fefHod™o(faf) =t (5.18)
Flod =09 (5.19)
fFlovfoeo f=y (5.20)

Verifying this is straightforward but tedious, and so we leave the proof to the studious

reader. O]

Definition 5.1.2. Equivalent Weak Quasi G-FEquivariant Fiber Functors

Let (C, (F, J¥,¢* {R,}4eq)), (D, (K, J5, ¥, {R;}geg)) be two G-tensor categories
with weak quasi G-equivariant fiber functors. We say that the two weak quasi G-
equivariant fiber functors are equivalent if there exists a G-functor (L, J*, ¢*, {7,} sec)
such that L : C — D is an equivalence of categories, and there is a natural isomor-
phism k. F— KoL

Similarly, one can define equivalence of weak quasi G-equivariant fiber functors on
G-crossed braided tensor categories and G-ribbon tensor categories. When we want
to be brief we will denote a weak quasi G-equivariant fiber functor (C, (F, J¥, ¢*', { R, }ec))
simply by (C, F).

Definition 5.1.3. If (H,T"),(R,T?) are pairs of finite dimensional algebras with
G- (ribbon,crossed) Abelian 3-cocycles we say that they are equivalent if there exists
a unital algebra isomorphism f : H — R such that f(T'?) is equivalent to T'2. Here
f(T?) denotes the G-(ribbon,crossed) Abelian 3-cocycle on H defined by pulling back
I'? through f.

Theorem 5.0.2. The maps
(C,F)— (H :=Nat(F),I'¢cr) (H,T)+— (Mod(H),Forg) (5.21)
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are inverses between: (1) The equivalence classes of finite G-(ribbon,crossed braided)
tensor categories and weak G-equivariant fiber functors. (2) The equivalence classes
of pairs of finite dimensional unital algebras H and G-(ribbon,crossed) Abelian 3-

cocycle on H.

Proof. By Lemmas [5.1.1] we only need to show that the maps are well-defined
on equivalence classes.

Suppose that (H,T'), (R, T'?) are equivalent with equivalence given by f : H — R.
This implies that there exists a twist J,J~! € H® H and £ € C'(G, H*) realizing
the equivalence of I'!, f(T'?). Define a functor L : Mod(H) — Mod(R) by L(V, py) :=
(V.pv o f7Y,L(f) = f. Evidently this will be an equivalence of G-categories when
Mod(H) has the G-structure induced from f(I'?) and Mod(R) has the G-structure
induced from I'?. We can choose x to simply be the identity natural transformation.
It suffices to show then that Mod(H) endowed the G-structure induced from I'y is
equivalent to Mod(H) endowed with the G-structured induced from f(I's). It can
be checked that (Id, (p— ® p_)(J),1,{7,}sec) : (Mod(H),T') — (Mod(H), f(T?))
where 7,(V, pv)) := pv(&,) will define a G-equivalence and we leave the details to
the interested reader. For the same reasons as before we can also choose the natural
isomorphism to be the identity in this case.

First, suppose that (C,(Fy,J™,¢" {R}}eec)) (D, (Fa, J™, 0™ {R2}geq)) are
equivalent with equivalence realized by a natural isomorphism x : F}, — F, o L

and an adjoint G-(ribbon,crossed braided) tensor equivalence

((L7 JL7 Qsé/) {Tgl}geG)a (E7 ‘]Ea ¢0E7 {ng}gEG)> 7, 6) (522)

where n : Id¢ — Fo L,e : Lo EE — Idp are the unit and co-unit respectively. Let
H := Nat(F1), R := Nat(F3). Then we have an isomorphism of unital C-algebras
f+H — R given for h € H, by:

f(h) == Ad(Fy(e) o k() (he-)) (5.23)

Using the fact that (L, E,n, €) are an adjoint equivalence it is easy to check that this
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will have an inverse for r € R:
S7Hr) = Ad(k™) (rp)) (5.24)

Evidently f is a unital C-algebra isomorphism. It suffices to show that I'c p is
equivalent to f(I'p g,). Well to that end let:

J=("or ) o (110

Jh = (M) o kT o B(JF) o It L 0 (k@ k) (5.26)

) o By ((JE) ™ o kg o JH (5.25)

One can check that this is a twist of (H,T'¢c ). For every g € G define:
T =RyoK o Fy(r))o0 ((R;)L(’))’l oK (5.27)

This will be an invertible element of H and so 7 € C'(G, H*). It is straightforward,
but tedious to verify that (J,7) makes (H,I'c g ), (H, f(I'p r,)) equivalent and so we

leave it to the studious reader. O]

5.2 Weak G-Equivariant Dimension Functions

Fix a G-ribbon fusion category (C, (¢,7,%0),c,0). As mentioned at the start of
the chapter we may assume without loss of generality that C is skeletal with trivial
unitors and that the categorical G-action is unital. The key ingredient to proving
reconstruction for fusion categories is the notion of a dimension function. For G-
fusion categories we will need a similar notion except that it is compatible with the

(G-action.

Definition 5.2.1. Weak G-FEquivariant Dimension
For the sake of brevity we denote the set of simples of C as V. A weak G-

equivariant dimension function D : V — N, is a function such that

D(1¢)=1, D(X*)=D(X), D(T,(X))=D(X) VYgeG (5.28)



Y)> > N{,D(2) (5.29)

zZev

Proposition 5.2.1. Every fusion category with a categorical G-action has a G-

equivariant weak dimension function.

Proof. Recall from [2I] that every fusion category will have a weak dimension func-
tion given by:

D(1)=1,D(X) =) N/, (5.30)

I claim that this will also be G-equivariant. To see this, notice that we have:

D(T,(X)) =Y Ny y ZN%“: T (X

,J

since T is a monoidal autoequivalence. On the other hand we know that 7}, induces a
linear isomorphism from Hom (7' ® X, j') to Home (7, (¢ ® X)), T,(j')) = Home (T, (i) ®
. .. . T, (5 i’ .
T,(X),T,(5')). This implies that Nng((iJ,){Tg(X) = N; x, and so indeed D(T,(X)) =
D(X). O
This result is crucial to prove G-reconstruction, but unfortunately the weak G-
equivariant dimension function will in general give very large numbers making the
associated weak quasi-Hopf algebra unusable.
In the case that C is a G-crossed braided fusion category there are many weak

G-equivariant dimensions

Lemma 5.2.1. Let C be a G-crossed braided fusion category and suppose that ( :
R — R is a function such that £(r) > 1 for r > 1 and £(1) = 1. If { is weakly
multiplicative, that is for all v,k € R:

O(r- k) < 0(r)e(k) (5.31)
and ((FPdim(X)) € N for all X € C, then:
D(X) := ((FPdim(X)) (5.32)
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15 a weak G-equivariant dimension function.

Proof. Note that FPdim(X*) = FPdim(X) and since we are in a G-crossed braided
fusion category we know for each Y € C; and X € C that Y @ X = T, (X)® Y.
Therefore, FPdim(7,(X)) = FPdim(X). The rest follows immediately. O

Example 5.2.1. Define for x € R:
[z] == min{n € N:n >z} (5.33)
This will be weakly multiplicative and so:
D(X) = [FPdim(X)] (5.34)

is a weak G-equivariant dimension function.

Under slightly more restrictive conditions on a G-crossed braided fusion category

there is a much nicer weak dimension function.

Definition 5.2.2. Weakly Integral Fusion Category
A fusion category C s called weakly integral if:

FPdim(C) := »  FPdim(X)’ € Z (5.35)

Proposition 5.2.2. Let C be a weakly integral G-crossed braided fusion category.
Then
D(X) := FPdim(X)? (5.36)

defines a weak G-equivariant dimension function.

Proof. Since C is assumed to be weakly integral we know from [I3] Proposition 9.6.9
(i)] that D(X) € N. Lemma then implies the rest. O

Proposition 5.2.3. Let C be a G-(ribbon,crossed braided) fusion category with weak
G-equivariant dimension function D. By Theorem we know that this will induce
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a weak quasi fiber functor (F, J¥ ¢T). For every g,€ G'Y € C define a C-linear map
RY :F(Y) = (FoT,)(Y) defined for hx € Home(X,Y),vx € CPX) by:

R; (@ hx ® UX) = @ Ty(hr, . (x)) ® v, (x) (5.37)

Xev Xev

The following properties will hold:

R, € Nat(F,F o T,) (5.38)
R} =Tdp(x) (5.39)
RS = Idpq,) (5.40)

Therefore, (F, J*, ¢t {R,},eq) is a weak quasi G-equivariant fiber functor.

Proof. Since Ty(hr _,(x)) € Home((Ty o Ty-1)(X), Ty(Y)) = Home (X, Ty(Y')) we see
that R} is indeed a map from F(Y) to (F oT,)(Y'). To see that R, € Nat(F, FoTy)
let Y)Z € C and f : Y — Z, then it is straightforward to calculate that for all
X €V, hx € Home(X,Y), vy € CPX:

(RZ o F(f)) (®xevhx ® vx) = @xevTy(f o hr_(x)) ®vr,_ (5.41)

(FoTy)(f) o Ry )(@xevhx @ vx) = BxevTy(f) o Tylhr, y(x) @ vr,_y(x) (5.42)

Since T, is a functor we see that indeed R? o F(f) = (FoT,)(f)o RY.
For the second condition notice that since our G-action is normalized we have
T. =1Idc, and so RY = Idp(x).
For the third condition, note that since we are in the skeletal normalized setting
T,(1¢) = 1¢ and so indeed R;C = Idp(i)
O

Corollary 5.2.1. For every G-ribbon fusion category C there exists a finite dimen-
stonal C-algebra H and a G-ribbon Abelian 3-cocycle I' such that C is equivalent as
a G-ribbon fusion category to Mod(H) with the G-ribbon structure induced by I
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Proof. This follows from Proposition and Theorem [5.0.2]
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Chapter 6

The Hopf Equivariantizaztion

Theorem

In the final chapter of this thesis we use the G-(ribbon, crossed) Abelian 3-cocycle
story to describe the equivariantization of any G-(ribbon, crossed braided) fusion
category C as the modules of some ribbon qt wqhf H#rC|G]. In fact, it will describe
the equivariantzation of any finite G-(ribbon, crossed braided) tensor category with

a weak quasi G-equivariant fiber functor.

The first step in this chapter is a technical result we need to prove that H#rC|G]|
is a wqhf. The reader uninterested in the technical details can skip this section. After
this we define H#rC[G] and prove the Hopf equivariantization theorem. That is if I’
is a G-(ribbon, crossed) Abelian 3-cocycle then the equivariantization (Mod(H))“ of
the corresponding G-structure on Mod(H) will be equivalent as a (ribbon, braided)
tensor category to Mod(H#rC|[G]). Combined with the G-reconstruction result for
fusion categories this provides a way to describe the equivariantzation of all fusion

categories with one of aforementioned G-structures.

As outlined in the introduction, this gives a uniform categorical description of
the category of representations of all strongly rational orbifold VOAs and proves the

Dijkgraaf-Witten conjecture as a special case.
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6.1 A Technical Result

Let (H, -, 1y,¢6, A, ®, S, a, 5) be a wqhf so that Mod(H) has the structure of a tensor
category. By Lemma we know that (py(d?))* : T,((V, pv)*) = T,(V, py)* is an
H-intertwiner, and so setting V' = H we see that for all h € H we have:

(SoU(g))(h)-d? =d?- (¥(g ") o 5)(h) (6.1)

Proposition 6.1.1. Let (A,6,®,5,a,8,¥,v,71) be a G Abelian 3-cocycle, then the

following equations hold:

@ W(g)(a) = S((F)) o (7)o (6.2)
U(g)(B) - = (i, B S, 7)) (6.3)
@t = S(y), ) A @) (L) (6.4)

Proof. Recalling that for (V, pv), (W, pw) € Mod(H) the tensor structure of T, is
defined as 11,((V, p), (W, pw)) = (pv ® pw)(fi,), with trivial unit isomorphism. Recall
the shorthand 71, = (fi,)1 ® (7,)2. Expanding ev(T‘ipv) for f € V* v € V we obtain:

V(7 (v ® p)(AL) @) (] @ 0)) = evpny (o © pv) (T, - AlL) @) (f © ) =

(6.5)

evv,or) ((ve @ pv) (1) (f @ v)) = ev(v, o) (pv=((Fg)1) () @ pv((g)2) (v)) =
(6.6)

(v () 1) (M) pv(a - (71g)2) (0) = [(pv (S((Fgh) - a - (7y)2)(v)) (6.7)

On the other hand expanding we know this equals evr, (v, )0 (dTs®1d) and expanding
for f € V* v € V we obtain:

(evr,(vov) © (A7 @ 1d)) ((pv+ @ pv ) (AT (f @ v)) = (6.8)
(evr,wv) © ((pv(d9)* @ 1) ((pv- ® pv)(A(L)9V)(f @ v)) = (6.9)
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((pv (S(T(g™ (L)) - d)) ) () (ov(T(g~ (@) - T(g ) (1e))(v)) = (6.10)
Flov(S(¥(g™ (1)) - d? - (g™ (a - 1»)))(v)) (6.11)

But, we know that S(¥(g~')(1))) - d? = d? - ¥(¢ ")(S(1))) by Equation (6.3).
Therefore, we may simplify Equation (6.11)) to:

Flov(d® - W(g ) (S(Lw) - a-1@)) () = flpv(d? - T(g ) (@)(v)  (6.12)

as S(1y)a - 1o = €(1g) - . Comparing Equation (6.7) to Equation (6.12]) we see
that indeed d? - U(g™") () = S((77,)1) - @ - (7)o
The proof that W(g~")(8)-d? = (7, )1 - B - S((r, ')2) follows similarly by using
the fact that (Id ® d(T‘?pv)) o coev(T‘g,ﬁV) = COeVT,(V,py), and so we omit the proof.
Fpr similar reasons, to prove Equation (6.4]) it suffices to show that for all
(Vi pv) € Mod(H):

(@) (V, pv) = (g (Vo) ™) 0, 0T, (d5)(V: pr)o (3 (Vo)) (6.13)

This follows from the fact that d7s°Tx = d;i Wiy © Ty(d™(V, py)) and that since

Yok Ty o Ty — Ty is a natural isomorphism of tensor functors by a general fact of
tensor functors (See Proposition |A.4.3)) we have:

(Yo (Vs pv))* 0 d"o5 (V, pv) 0 v (V, pv)*) = d"o°Te(V, py) (6.14)

This completes the proof. [

6.2 (Weak Quasi) Hopf Algebra Description of Equiv-

ariantization

Let (C, (1,7, 0), ¢, 0) be a finite G-ribbon tensor category, and fix a weak G-equivariant
fiber functor (F, J¥, ¢" {R,},ec). As we know from the previous chapter this will

induce a finite dimensional unital algebra H and a G-ribbon Abelian 3-cocycle I' ¢ r,
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let (Mod(H),T'¢,r)) denote the induced G-ribbon structure on Mod(H). We know
that (C, (¥,7,%0),c,0) will be equivalent to (Mod(H), ¢ r)) as a G-ribbon tensor
category. By Theorem [2.3.2| we know that equivariantization will send G-ribbon ten-

sor equivalences to ribbon tensor equivalences. Therefore, to describe C% it suffices

to describe (Mod(H))®.

Notation. Denote I'c.ry = (A,¢6,®,5,,8,¥,7,7,¢, 0,v).

For ease of notation we will use the following for g,k € G:
Wg,k = Z k—lg-1 (615)

Proposition 6.2.1. Fquivariantization of Mod(H ):

With everything as above, an object of (Mod(H))% is an H-module (V,py) such
that:

1. V is a G-module with G-action ug : V- — V such that as linear maps:

Ugh, © Pv(%ﬁ) = g O Uy, (6.16)

2. Each linear map uy : V. — V is an H-intertwiner isomorphism from (V, py o
U(g™)) to (V,pv). That is for allh € H:

ug o pv(W(g~")(h)) = pv(h) o ug (6.17)

We denote an object of (Mod(H))% as a tuple (V, pv), {tg}sec)

A morphism f((V, pv), {ug}gec) — (W, pv),{vs}sec) is a H-intertwiner f :
(V,pv) = (W, pw) that preserves the G-action:

foug=wgof (6.18)
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The tensor product is given by:

(Vs pv), {ug toea) (W pw ), {wg }gea) == ((V, pv)R(W, pw), { (ug@wy)o(pv @pw ) (g ) }gec)
(6.19)

The unit object is ((C,e),{1}y4ec) where {1},eq is the trivial G-action. The asso-
ciator of (Mod(H))Y is just the associator of Mod(H), and the left/right unitors
of (Mod(H))% are just the associators of Mod(H). The braiding of (Mod(H))% is

defined for ((V, pv),{ug}tsec), (W, pw), {vy}tgec) by restricting the following map to
the representation spaces:

@y = a5 (Y (Id@uvy) o (py @ pw)(E- (9(g) ® 1dn))(z @ y)) (6.20)

geG
The dual structure of (Mod(H))Y is given by:

(Vo pv), {ugtgec)” = (V" (pv 0 S)), {(pv(d? - 7,5 ) o ug-1)"}gec)  (6:21)

The evaluation and co-evaluation maps are just the ones from Mod(H).

The ribbon twist is defined for ((V, pv),{ug}sec) by:

v S uy(ov (8- 9(6,))(v) (6.22)

Proof. The proof of this is just substituting in the G-structure define in Chapter 3,
and recalling the details of equivariantization (Definition[2.3.3)) . The only non-trivial

component is the dual structure, which we prove.

First, notice that since we have a choose a normalized G-structure on C we have
that:
78,9 = (R9>71 ) F(’}/e,g) © Rgg © Rg = 1H (623)

Therefore, if ((V, pv), {ug}sec) € (Mod(H))Y, then we see that for all g € G:
Ug 0 py (Y, ,) = Ug = U © Uy = U, = Idy (6.24)
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This also implies that:

Ue © py (Vg-1,4) = g1 0 g = py (Vg1 ) = (ug) ™ = PVW;l,g) © Ug-1 (6.25)

From Definition 2.3.3 we see that:
(Vi pv), {ugtgea)® = ((V*, (pv 0.8)), {((ug)™")* 0 d™(V, pv)}gec) (6.26)

From Lemma we know that d’s(V,py) = (py(d9))*. Combing all of these

observations we see that

(Vo pv), {ugtgec)™ = ((V*, (pv 0 8)), {(pv (7,51 ) 0 ug-1)" o (pv)(d?))*) }gec) =
(V" (pv 0 8)), {lpv(d? - 7,1 ) 0 ug-1)*)) }ge)
(6.27)

This completes the proof. ]

Proposition 6.2.2. Let H be a unital C-algebra, and I' := (Ay, em, @y, ¥, 7,11, , 0,v)
a G-ribbon Abelian 3-cocycle. Then define a ribbon wqhf H#rC[G] as follows:
As a vector space H#rC[G] is H ®@c C[G].

1. Forr,h € H,g,k € G the product and unit are defined as:
(r@g) (h®k) = Tor - (T(k™")(r) - h)) @ gk (6.28)
lagsccia) = lg®e (6.29)
2. For everyr € H,g € G the co-product and co-unit are defined as:
Anprcia(r® 9) = (A, )i ry ®9) ® (Fy 27 @ 9) (6.30)

erprcia)(r ® g) = en(r) (6.31)
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. The associator is defined as:
Ppurcie) = (11 ®1d) @ (22 ® Id) @ (23 ® Id)

where we use Sweedler notation ® = 11 ® 19 ® 23

. The R-matrix is defined as:

Rirgrecic) = )_((@)1-9(8,) ®€) ® ((©)2 ® )

geG

(6.32)

Ry e = D (€ 7)1-0(3,) @) @ (T(g)((E 1)) (Fygr) 97" (6.34)

geG

. The antipode structure is defined forr € H,g € G as:

Suaccia)(r @ g) =U(g)(S(r) A+ (Fy1,) ) ® g™

apurcie) = ag e Bruce = Ba®e

. The ribbon element of H#rC|G| is defined as:

Vigecia) = Y (V- 0(5,) @ g

geG

extremely tedious. Therefore, we refer the reader to Appendix [D]

Abelian 3-cocycle we are working with we denote this forgetful functor by:

A : Mod(H#+C[G]) — Mod(H)

Theorem 6.2.1. The Hopf Equivariantion Theorem
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(6.35)

(6.36)

(6.37)

Proof. Checking that this does indeed form a ribbon wqhf is straight forward but

]

Remark 6.2.1. If H is a unital C-algebra and I' a G-ribbon Abelian 3-cocycle, then
there exists an embedding of a wqhf tyr : H — H#rC[G] given by vy (h) := h ®e.

This induces a forgetful functor. When it is clear from context the particular G-ribbon

(6.38)



Let H be a unital C-algebra with a G-ribbon Abelian 3-cocycle I'. By Proposi-
tion we know that this induced a G-ribbon structure on Mod(H). There is an

equivalence of ribbon tensor categories given by:

(F,J7,¢7) : Mod(H#rC[G]) — (Mod(H))“ (6.39)
FVopv) = AV, pv), {ov(ln ® 9)}eec)  F(f):=f (6.40)
J7i=1d ¢"' =1d (6.41)

Proof. First, we check that F is well-defined. Let (V,py) € Mod(H#rC|[G]). By
Proposition [6.2.1] to show that (A(V, pv), {pv(1z ® 9)}sec) € (Mod(H))% it suffices

to show that {pv(1ly ® ¢)}sec satisfies Equations (6.16), (6.17). To that end let
veV, g ke G then:

pv(La@g)(pv (La®@k)(v)) = pv(La®g)-(1a®k))(v) = pv(7,,@9k)(v) = pv (7, x©€) (pv (1 @gk)(v))
(6.42)
Here we have used the identity that (7,, ® gk) = (Idg ® gk) - (7,4 ® e). Therefore,
Equation will be satisfied. To show that Equation is satisfied let g €
G,h € H then:

pv(La@g)opy (¥ (g™ ) (h)@e) = p((1n®g)-(T(g~")(h)©e)) = pv(¥(g~ 1) (h)®g) =
pv((h®e) (1g ®g)) =pv(h®e)opy(ly ®yg)
(6.43)

Therefore, Equation (6.17)) will be satisfied, and so we see that F(V, py/) € (Mod(H))€.
Suppose now that f : (V,py) — (W, pw) is a H#rC|[G]-intertwiner, then for h €
G,g € G:

fopv(h®e)=pwh®e)of fopr(lu®@g)=pw(lg®g)of (6.44)

Therefore, f will be a morphism in (Mod(H))%, and indeed F is well defined. It is
clear that F is an additive functor and C-linear. Let’s verify that (F,J7,¢7) is a
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tensor functor. Let (V, pv), (W, pw) € Mod(H#rC|[G]) then:

F((V,pv)) @ F(W, pw)) =
(6.45)

AV, pv) @ AW, pw), {pv (le © g) - (1, @ €)) @ pw((1a @ g) - (7, )2 @ €))}geq) =
(6.46)

AV, pv) @ AW, pw), {(pv @ pw) (g 1 @ 9) ® (T, )2 @ 9)) }gecr)  (6.47)

On the other hand,

(6.48

F((pv @ pw)(Anrgrcia)(1))(W @ V), (py @ pw) © Apgrcic)) =
(6.49)
)

(A((pv ® pw ) (Amgrcie (1) (W @ V), (pv @ pw) © Amgrcia)s L(ov @ pw) © Apgrcia)(ln @ 9)}yec
(6.50)

Since vy : H — H#rC|[G] is a morphism of weak quasi Hopf algebras we see that

for h € H:
Angrcici(h®e) = (ha) ® €) @ (h) ®€) (6.51)

Therefore,
A((pv ® pw ) (Angrciq (1) (W @ V) = AV, pv) @ AW, pw) (6.52)

Evaluating (pv ® pw) 0 Agu.ciq)(1a ® g) for g € G we obtain:

(pv @ pw) (1, D1 - L)y @ 9) @ (1, 2 - (La)2) @ g)) (6.53)

Since 7, - A(ly) = fi,~" we see this coincides with (py @ pw)(((F, ') ® ¢) ®
(7,12 ® 9)).

The coherence conditions for J* follows from the fact that H is a wqhf, and we
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have an embedding (r : H — H#rC[G] of wqhfs. For the unit isomorphism, notice
that A(C, egurciq) = (C,en) since tgr is a morphism of wqhfs. For all g € G we
have egg.ciq)(1g ® g) = 1, this shows that:

F(C, engrcie) = ((Cen), {Idc}eq) (6.54)

Therefore, one can choose ¢ = Idc. This will satisfy the required coherence condi-

tions. We have proven that (F, J7, ¢”) is a tensor functor.

Denote the braiding of Mod(H#rC[G]) by ¢! and the braiding of (Mod(H))“
by ¢?. To verify that F is a braided tensor functor we need to verify that for

(V. pv), (W, pw) € Mod(H) as linear maps we have:

2 _ 1
CFVpu ) F(Wopw) = C(Vipy ) (Wopw) (6.55)

Let v € V,w € W then the braiding ¢? is given by restricting the following map to

the representation spaces.

ect Vect

(W) = Vi (v @pw ) (Rugecia) = cviwe ) (pv@pw)((€1-0(3,)@e)@(ca2g))
geG

(6.56)
On the other hand, we know that the braiding c? is given by restricting the following

map to the representation spaces.

o) FWew) = D 1dw@py (9(8y))o(pw (10g)@1dy)ocyio(pv @pw ) ((¢571) (€))o(pv ((8,)) ©1d)

geqG
(6.57)
Evaluating Equation (6.57)) we see that:
1 2
CV,ov),(Wipw) = -F(Cf(v,pv),f(W,pW)) (6.58)

Therefore, (F,1d,Id) will be braided. To verify that it is ribbon denote the ribbon
twist on Mod(H#rC[G]) by ' and the ribbon twist on (Mod(H)) by #%. Notice
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that:

FOly py) = Flov(viecia) = FO (v - 0(3,) @ g)) (6.59)

geG

On the other hand we know that:

0wy = D pv((0(6) @e) - (lr @ g) - (vir @ €) - (B(5,) @ ) = (6.60)

geG

> ov(¥(g ) wn) - 0(5,) ® g) (6.61)

geG
By Equation (4.73) we have:
U(g~") () - 9(8y) = vir - 0(6,) (6.62)
Therefore, we see that:
‘F(Q(lvvpv)) - Qi—(V»Pv) (6.63)

The last thing we need to prove is that F is an equivalence. To that end it is
obvious that F will be faithful. To verify that it is full let

[ FWVopv) = FW, pw) (6.64)
be a morphism in (Mod(H))%. By definition we must have for all g € G, h € H:
pw(la®@g)of=fopv(lu®yg) pwh®e)of=fopy(h®e) (6.65)
In particular this implies that:

pw(h®g)o f=pv(h®g)of (6.66)

Therefore, f will be an H#rC[G]-intertwiner and so F is full.

Lastly, to show that F is isomorphism dense let (M, p&), {u,}4ec) € (Mod(H))C.
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Define a (H#rC[G])-module (M, pﬁ#pC[G}) for g € G,h € H by:
"N @ g) =g 0 pli(h) (6.67)

To verify that (M, pH#FC[G]) is a (H#rC[G])-module notice that u, = Idy, pii (1) =
Idy, so pif ™1 @ €) = 1dy. If hyr € H, g,k € G, then:

i N(h@g)- (rok) = (6.68)
o (T W () 1) @ gh) = (6.69)
Ugh © Py (Tgx - TR (R) 1) = ugk © piy (Tg) © P (P (k~1)(R)) © piy(r) = (6.70)
ugoukOpﬁ(‘I’(k D(h) o pyy(r) = (6.71)
g0 par(h) o w0 pyy(r) = (6.72)
pﬁ#””%h@g) opy " rak)  (6.73)
Since:
o TN @ e) = ue o plf(h) = Pl (1) (6.74)
o " (1 @ g) = g (6.75)
we see that F((M, pﬁ#rC[G])) = (M, p&), {uy}4ec) right on the nose. This proves
that F will be isomorphism dense and so an equivalence. O

This theorem allows us to prove the main result of the thesis:

Theorem 6.2.2. For every G-ribbon tensor category C with a weak quasi G-equivariant
fibre functor F there exists a C-algebra H with a G-ribbon Abelian 3-cocycle I such
that:

CY = Mod(H#rC[G)) (6.76)

as ribbon tensor categories. In particular if C is a finite G-ribbon tensor category

then H can be assumed to be finite dimensional.

Corollary 6.2.1. Let C be a G-ribbon fusion category. Then there exists a finite
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dimensional semi-simple C-algebra H with a G-ribbon Abelian 3-cocycle such that:
CY = Mod(H#rC[G)) (6.77)

In particular if D is a weak G-equivariant dimension function on the set of isomor-

phism classes of simples of C, denoted by V. Then H is isomorphic to:

H = (P Mat(D(X),C) (6.78)

Xev

As we saw at the end of Chapter 4, there are many weak G-equivariant dimension
functions we can choose from, some that are relatively small. It is the authors hope
that for this reason that in specific cases all of the G-ribbon Abelian 3-cocycles on a

fusion ring that admits categroification can be calculated explicitly.
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Appendix A

Category Theory

The material in this appendix will follow the contents of [I3].

A.1 Monoidal Categories

Let C be a category. A monoidal category is a category with a way to multiply things

through a tensor product in a coherent way. More precisely:

Definition A.1.1. Monoidal Category
A monoidal category is a sextuple (C,®,a, 1c, 4, 1) such that there is a functor

called the tensor product

®:CxC—C (A1)

and there is a natural isomorphism called the associator

a:®o(®xId) - ®o(ld x ®) (A.2)
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such that the Pentagon Axiom is satisfied:

(XoY)e(W®eZ)

AXRY,W,Z aAxX Y, WRZ

((X@Y)@W)@Z X®(Y®(W®Z>)
ax,y,w®ldz ldx®ay,w,z
(X@(Y@W))@Z X TewZ > X®((Y®W)®Z)

Figure A.1: Pentagon Axiom

In addition we require that there is a unit object 1¢ with natural isomorphisms:

Ix  1e@X =X rxy: X®1le—>X (A.3)

such that the triangle axiom holds:

ax,1c,Y

(X®l)®Y » X ®(1le®Y)

rx@Idy Idx ®0y

X®Y

Figure A.2: Triangle Axiom

Definition A.1.2. Sub-Monoidal Category

Let (C,®,a,1¢,0,1) be a monoidal category and D C C a full sub-category of
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C. If 1¢ s an object of D, and D 1is closed under the tensor product we say that

(D, ®|pxs, a|pxs, le, llp,|p) is a sub-monoidal category.

The functor ® is referred to as the tensor product, and the natural isomorphisms
£, r are called the left and right unitor respectively. When it is clear from context we
will usually refer to a monoidal structure (C, ®, a, 1¢, £, r) simply as C. Essentially
a monoidal category is a category where you can multiply together in an associative
manner, and there is a unit with respect to this unit. The reason the pentagon axiom
is required is we don’t want any ambiguity when changing brackets. As illustrated by
the axiom there are two ways to re-bracket (X ®@Y)@W)®Z to X®@ (Y@ (W®Z)),

and the pentagon axiom guarantees that these will be the same.

Example A.1.1. Vector Spaces
Let C be the category of finite dimensional vector spaces over C. This will form

a monoidal category with tensor product given by:

VW) =VecW, &(f9) :=f®cy (A4)

The associator « s the linear isomorphism induced from the associativity of the
Cartesian product of vector spaces, the left unitor is the linear isomorphism induced
from the bi-linear form (c,v) — c-v, and similarly for the right unitor. Denote this

monoidal category simply as Vect

Another example which will be of great interest in this thesis are graded vector

spaces
Example A.1.2. Graded Vector Space
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Let G be a finite group, define the category of G-graded vector spaces Vects to
be vector spaces V' that are the direct sum of vector spaces labelled by G. That is
V= @gEG Vy. We refer to V, as the g-th component of V' for g € g. This inherits a
monoidal structure from Example[A. 1.1 with the g-th component of the tensor product
defined as:

(VW)= ViecW; (A.5)
h,keG
h-k=g

The unital object is defined to be C with a G-grading given by

C ifg=e
(C)g == (A.6)

0 else

The unitors are the ones induced from Example[A.1.1]

Example A.1.3. Twisted Graded Vector Spaces

Let G be a group as before. Recall that a 3-cocycle on G with coefficients in C*

is a function w : G x G x G — C* such that:
w(.g : ha k7 T)(U(g, ha k- T’) - W(h, ku T)W(g, h - k? T)w<g7 h7 k) (A7)

We define Vect: to be the category Vecte with the same tensor product, unit object
and unitors, but the associator is twisted by w. Namely, if V,W, U are G-graded

vector spaces and v € Vy,w € Wy, u € Uy, then:

aywu((v@w)®u) =w(g, h k) (v® (wu)) (A.8)
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One can check that Eq. [A.7] ensures the pentagon aziom will hold.

Example suggests that we should think of an associator as some 3-cocycle.

This analogy can be useful, but it is limited.

Example A.1.4. Representations of Finite Group
Let G be a group, and consider the category of all representations of a group
Rep(G) over C. We denote representations by a tuple (V, py) where py : G — GL(V)
15 a group homomorphism. This will be a monoidal category with tensor product
defined by:
(Vipv) @ (W, pw) = (V @c W, (pv ®c pw) o A) (A.9)

Here A : G — G x G denotes the diagonal morphism A(g) = g ® g. Notice we are
abusing notation, this will be justified in a later chapter, but just ignore it for now.
The unital object is the trivial representation (C,1) where 1(g) = Idc. The left and
right unitors from Ezxample will be G-intertwiners, and so these will give the

left and right unitors of Rep(QG).

A.2 Monoidal Functors

Definition A.2.1. Monoidal Functor

Let (C,®,a,1¢,l,1), (D,&,d', 1p,l',1") be a monoidal categories. A monoidal
functor from C to D is a tuple (F, J, ¢) where F' : C — D is a functor, J : Q0 F X F —
F o ® is a natural isomorphism, and ¢ : 1p — F(1¢) is an isomorphism such that

the following diagram commutes:
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(F(X) & F(Y)) & F(2) TR0 boxy e (F(Y) &' F(Z))

Tx,y®'ldp(z) g (x)®Jy, 7
F(X® Y) Q' F(Z) F(X) ®’;7(Y ® Z)
Ixev,z Ix,yoz
F(X@Y)®2) —— s F(X (Y & 2))

We also require that:
ch,X o) (¢ ®/ IdF(X)) - F(gx)il e} glF(X) (AlO)

Jx 1. 0 (Idpx) @ ¢) = F(rx)to r};(X) (A.11)

(J, @) is referred to as the monoidal structure of F.

Remark A.2.1. Definition[A.2.1]is usually referred to as a strong monoidal functor,
but in this thesis we will only consider strong monoidal functors and so simply refer

to them as monoidal functors.

Definition A.2.2. Unital Monoidal Functor

Let (F, J,¢) : C — D be a monoidal functor. We say it is unital if ¢ = Idp.

Notice if (F, J¥, ¢f) : C — D, (G, JY ¢%) : D — F are monoidal functors, then

(Go F,J%x JF ¢% % ¢') is monoidal functor where the isomorphism:

(J % T xy : (GoF)(X)®F (GoF)(Y) = (Go F)(X ®cY) (A.12)
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is defined by:

(JG * JF>X,Y = G(J)l?,y) ° Jg(X),F(Y) (A.13)
and
% % d" 115 — (Go F)(1¢) (A.14)
is defined by:
66 % 6 = G(6") 0 ¢° (A.15)

We will also need the notion of natural transformations of monoidal functors.

Definition A.2.3. Natural Transformation of Monoidal Functors
Let C, D be monoidal categories as in Definition|A.2.1, Also, let (F, J¥, ¢F), (G, J¢, ¢%)

be monoidal functors from C to D. A natural transformation of monoidal fucntors

T (B, JE, o) = (G, JY ¢%) is a natural transformation 7 : F — G such that the

following diagrams commute:

F
‘]XY

F(X) ®,F(Y) _ F(X@Y)
Tx® Ty oy

GX) @ GY) —2 L (X oY)

1p

o" o<

Elc

F(1e) > G(1¢)

Definition A.2.4. Equivalence of Monoidal Categories
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Let C,D be as before. We say that C,D are equivalent as monoidal categories
if there exist monoidal functors (F,J¥ ¢f) : C — D, (G,J ¢%) : D — C such
that (G o F,JC x J¥ ¢% x ¢¥) is naturally isomorphic as a monoidal functor to
(Ide,1d,1dy,) and (F o G, J¥ x JC ¢F x ¢) is naturally isomorphic as a monoidal

functor to (Idp,1d,1d,,)

The following is claimed in [I3] Remark 2.4.10], and we provide a proof for the

reader’s convenience.

Proposition A.2.1. Let C,D be monoidal categories, and (F,J" ¢') : C — D a
monoidal functor such that F' : C — D gives an equivalence of categories. Then

(F, JE, ¢T") gives an equivalence of monoidal categories.

Proof. By assumption there exists an adjoint equivalence (F,G,n,€) with unit 7 :

Id¢ — G o F and co-unit € : F'o G — Idp. Define:

ISy = (nexear) © G(Jbxan)) e Glex ®ey)) 1 GX) @ G(Y) = G(X ®Y)
(A.16)
¢ = (€10 0 G(o") ™1 — G(1p) (A.17)

One can check that this defines a monoidal structure on G such that (F, J¥, ¢), (G, J¢, ¢%)
gives an adjoint monoidal equivalence. Checking this is straightforward and so we

leave it to the interested reader. O

Example A.2.1. Let C = Vecty, D = Vect“é/ be as in Erample where w,w’
are 3-cocycles on G, not necessarily the same. Forgetting the monoidal structure, the

categories C, D are the exact same, so we have the identity functor Id : C — D. It is
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not difficult to show that there exists a monoidal functor structure on Id iof and only

if w,w' are co-homologous 3-cocycles on G.

Example A.2.2. Let G, H be groups and f : G — H a group homomorphism. This
induces a functor F': Rep(H) — Rep(G) given by F(V,py) := (V,pvo f),F(f) = f
for H-intertwiners f : (V, pyv) = (W, pw). We see that F is a monoidal functor with

monoidal functor structure given by (Id, Idc).

Example A.2.3. Category of Monoidal Endofunctors

Let C be a monoidal functor. Define the category of endofucntors of C as the
category Endg (C) whose objects are monoidal functors (F,J) from C to C, and mor-
phisms are natural transformations of monoidal functors. Endg(C) will be a monoidal
category with tensor product given by composition of monoidal functors. Since com-
position is associative, the associator of the Endg(C) is just the identity, the unit

object is the identity functor and the unitors are just the identity.

A.3 Strict and Skeletal Monoidal Categories

Example is a special example of what is called a strict category

Definition A.3.1. Strict Monoidal Category

Let (C,®,a,1¢,L,r) be a monoidal category. We say that it is strict if
1. XY®2)=XRY)®Z foral X,Y,Z €C, and a =1d

2. X®1c:1c®X:Xf0rallX€C, and x =rx = Idx
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Essentially, strict categories are monoidal categories where the tensor product is
associative on the nose, and we don’t have to worry about natural transformations.
The following theorem says that every monoidal category is equivalent to a strict

one:

Theorem A.3.1. The MacLane Strictness Theorem

FEvery monoidal category is equivalent to a strict monoidal category

Proof. The proof of this is well-known and so we refer the interested reader to [27].

]

Due to this equivalence any statement that can be proven for strict monoidal
categories will be true for all monoidal categories. This will be useful when we want
to verify identities which otherwise would become cumbersome in the non-strict
case. The process of passing from a monoidal category to a strict monoidal category
is called strictfying.

A related concept is that of a skeletal category:

Definition A.3.2. Skeletal Category

A skeletal category is a category where isomorphic objects are equal.

Since things are rarely equal on the nose in nature skeletal is a unnatural con-
dition, but as we will see it can be useful concept when dealing with some group
actions on categories. The following will be crucial to many of the results in this

paper, and so we provide a proof despite its elementary nature.

Proposition A.3.1. Let (C,®,a,1¢,¢,1) be a monoidal category. Suppose D is a

category and there is an adjoint equivalence F : C — D, G : D — C with unit
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n:le = GoF and co-unit € : F'o G — 1p. There is a monoidal structure on D
given by:
XY =FGEX)oGY) X, YeD (A.18)

fRg:=FG(f)eGlg) [:X=Y g W2 (A.19)
axy,z = F((Idox) @ areaz) © arx),6),62) © (Maxeer) © 1)) (A.20)

The unit object is F(1¢), with unitors:
ZX ‘= €x O F(Eg(X) o (’r]l_cl X Idg(X))) (A21)

Tx :=€x O F(Tg(X) e} (Idg(X) X 771—61)) (A22)

This will upgrade F, G to monoidal functors such that n, € are natural transformations

of monoidal functors.

Proof. This proof is straightforward, but very tedious. We leave the details to the

reader. O]

Proposition A.3.2. Fvery monoidal category C is equivalent to a skeletal monoidal

category Cy such that {x = Idx,r, = Idx for all objects in X € Cy.

Proof. Following the hint from [I3] Exercise 2.8.8] we let I denote the set of isomor-
phism classes of objects of C. For each isomoprhism class ¢ € I choose a representative
object X; € C such that X; = 1¢ and for every two isomorphism classes 7, 7 choose
isomorphisms p;; : X; ® X; — X;; so that pup; = ij,ﬂm = ryx,. Let Cy be the

full-subcategory of C with objects given by {X;};c;. Define a tensor product on C
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and if f:X; = X,,9: Xy — X,, then
f®g = pjp o (f®g)ou, (A.24)
This makes ® : Cy x Cy — Cy a functor. Define the associator by:
ax, x;,x, = ik © (Idx, ® i) 0 ox, x,.x, © (i ®Idy,) o M;j{k (A.25)

Co will have the same unit 1o, with left unitor /x = Idy and right unitor 7y =
Idx. Consider the functor F' : C; — C defined by F(X;) = X; and F(f) = f.
This will evidently be an equivalence. To see that it is a monoidal equivalence, let
J)fgi,Xj =i X; ® X; = F(X;®X;). This will be a natural transformation for if

f:Xi— X;,9: X, — X, are morphisms in Cy, then

J)I;j,xr o(f®g)=pjro(f®g)o N;zl o ie = (f®g) o pie = (fRg) o J)};,Xg (A.26)

Lastly, let ¢ = Id;,. By design (J¥, ¢") will make F' a monoidal functor, and so

we are done. H

For a monoidal category we call the process of passing to an equivalent skeletal
monoidal category as skeletinzation. Also, it is important to note that while we

can strictify and skeletinize a monoidal category, we cannot necessarily produce an
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equivalent monoidal category that is both skeletal and strict. In other words, you

need to make a choice of which process you will use when proving something.

A.4 Rigid Monoidal Categories

Let (C,®,a,1¢, ¢, ) be a monoidal category.

Definition A.4.1. Left Duals

If X €C, then a left dual of X is a tuple (X*,evx,coevy) where X* € C and
evy : X' ®X =1 coevy:le = X ® X" (A.27)
are morphisms in C such that the zig-zag relations hold:
rx o (Idxy ® evy) o ax.x-x o (coevy @ Idy) o (3 = Idy (A.28)
lxo(evy ®1dx) o oz;(i’X’X* o (Idx- ® coevy) o rys = Idy- (A.29)

Similarly one can define right dual of an object of X

Definition A.4.2. Right Duals

If X € C, then a right dual of X is a tuple (*X,ev'y, coev’y) where *X € C and

evy 1 X ®*X = 1¢ coevly :le 5" X @ X (A.30)
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are morphisms in C such that the zig-zag relations hold:
Ux o (evly ® Idy) o (ol y x o (Idy ® coevly) ory' = Idx (A.31)

r-x o (Idx ® evly) o (a=x x+x o (coevy ® Id-x) o (i3 = Idx (A.32)
As one would expect left /right duals will be universal objects:

Proposition A.4.1. Uniqueness of Duals
Let X € C, and suppose (Y,evl, coevl), (Z,ev?, coevy) are left duals of X. Then
there exists a unique isomorphism f :Y — Z such that evy = evz o (f ® Idx), and

(Idx ® f) o coevy = coevy. In particular, this isomorphism is:
fi=1lz0(evy ®1dg) o ayy 5 o (Idy ® coevy) ory! (A.33)

A similar statement will hold for right duals.
Proof. See [13] Proposition 2.10.5] for the proof. O

Definition A.4.3. Rigid Monoidal Category

A monoidal category C is called rigid, if every object has a left and right dual.

For the cases we care about left and right duals will more or less be the same

thing, and so from now on we only focus on the left dual case.

Definition A.4.4. Left Dual of a Morphism

Let f : X — Y be a morphism in C, the left dual map f* :Y* — X* is defined
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by:
ffi="lxso(evy ®1d)o Oé}_/i’Y,X* o (Idy- ® (f ® Idx-)) o (Idy+ ® coevx) oryr (A.34)

One can show that in a rigid monoidal category C we have a functor (—)** : C — C

given by taking the double dual.

Proposition A.4.2. Let (C,®c,af, 1¢, (¢,7%), (D, ®p, aP, 1p, (P, rP) be rigid monoidal
categories and (F, J,¢*) : C — D a monoidal functor. Then F(X*) is a left dual of

X with evaluation and coevaluation given respectively by:
evi = (¢") o Flevy) o Jx-x (A.35)

coevh = J)_(,lx* o F(coevy) o ¢F (A.36)

With the same setting as in Proposition[A.4.2] by uniqueness of left duals there ex-
ists a unique isomorphism d% : F(X*) — F(X)* for every tensor functor (F, J¥', ')
such that:

evi = evp(x) o (dy ®1d) (A.37)
(Id ® d¥) o coevi = ocoevp(x) (A.38)

These isomorphisms will also be compatible with monoidal natural isomorphisms as

the next proposition illustrates:

Proposition A.4.3. Let (C,®c,af, 1¢, (¢,7%), (D, @p, aP, 1p,£P rP) be rigid monoidal

categories and (F, J¥, ¢F), (K, JX,¢%) : C — D monidal functors. If there exists a
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monoidal natural isomorphism 7 : K — F then:

(7x)* o dy o Tx» = df (A.39)

Proof. Without loss of generality we may assume that we are in a strict monoidal

category.If we can show that:

ev§ :eVK(X)O((TX>*Od§OTX*)®Id (A40)

then this implies that:

((tx)* 0 d o 7x+) ® Id) o coev = coev(x) (A.41)

To see this denote for the sake of brevity f = (7x)* o d% o 7x+). Then note that:

(evh ®1d) o (Id ® coevi(x)) = (evi(x) @ Id) o (f ® Id) o (Id ® coevi(x)) = (A.42)

(evi(x) ®1d) o (Id @ coevi(x)) o f = f (A.43)
Therefore, this implies that:

(Id ® f) o coevh = (Id ® evl ® 1d) o (Id ® Id ® coev(x)) o coevy = (A.44)

(Id ® evk ® Id) o (coevy ® Id) o coevye(x) = coevi (x) (A.45)

By uniqueness of isomorphisms this means to prove the Proposition we only need

to show that Equation (A.40) will hold. Well to that end since we are in a strict
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category note that:

(7x)" = (evpx) ®1d) o (Id ® 7x @ 1d) o (Id ® coevi(x)) (A.46)

so we have that evg(xy o (f ® Id) equals:

eviex) © ((evrx) ®Id®1d) o (Id ® 7x ® Id ® Id) o (Id ® coevg(x)) ® Id) o (dy ® Id) o (7x- ® Id) =
(A.47)

eviex) o ((evi @ Id @ 1d) o (Id ® 7y ® Id ® 1d) o (Id ® coevg (x) ® Id) o (Tx+ ® 1d)

(A.48)
Notice that
evio(Id®@7x) = (¢") ' o Flevx) o Ji. x o (Id® 7y) = (A.49)
(¢™) ' o Fevy) o Tx+gx © J)I((*’X o(Tx: ®@1d) = (A.50)
(¢") om0 K(evx)ooJg. yo (15 ®1d) = (A.51)
(ngK)_l oK(evy)o oJ)Ig*’X o (7')}1 ®Id) = ev§ o (7’;1 ® Id) (A.52)

Combing Equation (A.52)) with Equation (|A.48)) we obtain:

evi(x) o (evy ® Id ® 1d) o (Id ® coevi(x) ® Id) = evk o (Id ® Id ® ev(x)) o (Id ® coevye(x) ® Id) = evi
(A.53)

Completing the proof. ]
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A.5 Finite Tensor Categories and Fusion Cate-
gories
The monoidal categories we will be interested are finite tensor categories over C:

Definition A.5.1. Finite Tensor Category [I3, Definition 1.8.6, Definition 4.1.1]

A finite tensor category (C,®, a, 1c, €, 1), is a monoidal category such that:
1. C is a C-linear Abelian category.
2. For every X,Y € C, Home(X,Y) is a finite dimensional vector space over C.

3. Every X € C has a composition series. That is there exists some n € N and
objects Xo, -, X, such that each X; is a sub-object of X;11 for0 <i<n-—1,

Xo=0,X =X, and for each 0 <i <n—1, X;1/X; is simple.

4. For every simple object X there exists a projective object P and an epimorphism

p: P — X. That is every simple object has a projective cover.
5. There are finitely many simple objects up to isomorphism.
6. The tensor product is C-bilinear on morphisms.
7. (C,®,a,1c,l,r) is a rigid monoidal category.
8. There is an isomorphism of vector spaces Endc(1) = C.

If a monoidal category only satisfies conditions 1,2,3,6,7,8 then we say it is a tensor

category.
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Definition A.5.2. Fusion Category
If (C,®,a,1¢, 0, 1) is a finite tensor category, such that every object is isomorphic

to the direct sum of simple objects, then we say it is a fusion category.

A useful way to think of these definitions is that just as a monoidal category is
the categorification of a monoid, a finite tensor category is the categorificcation of a
finite dimensional unital C-algebra, and a fusion category is the categorification of a

finite dimensional semi-simple unital C-algebra.

Definition A.5.3. Tensor Functor

Let C,D be finite tensor categories. A tensor functor (F,J¥ ¢*) : C — D is a
monoidal functor that is also C-linear and additive. If there exists a tensor functor
that is also an equivalence of categories we say that C,D are equivalent as finite

tensor categories.

All of the results from Section to [A.4] will hold for finite tensor categories

when the appropriate adjustments are made.

Notation. IfC is a finite tensor category and X,Y, Z € C such that Z is simple then

let N)%’Y denote the number of times Z occurs in a composition series of a X ®¢ Y.

Note that the Jordan-Holder theorem will hold for Abelian categories, and so

N7y is well-defined. Furthermore, if C is a fusion category then
N{y = dimc Hom(X ®¢ Y, Z) (A.54)

Definition A.5.4. Gorthendieck Ring of a Finite Tensor Category
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Let C be a finite tensor category. If X € C let [X] denote the isomorphism class of
X. The Gorthendieck ring of C is the finite dimensional C-algebra K°(C) := C[O(C)]

where multiplication is defined on objects as:

X]-[Y]:= ) N{y[Z] (A.55)
1Ze0(C)

and extended by linearity to K°(C). K°(C) will be a unital associative algebra with

this operation.

In the case that C is a fusion category, the Gorthendieck ring is also called the

fusion ring of C. We need the following to defined Frobenius-Perron Dimension

Proposition A.5.1. [I3, Theorem 3.2.1]

Let A be a square matriz with non-negative real entries. If A has strictly positive

entries, then there exists a largest positive eigenvalue A\(A).

Definition A.5.5. Frobenius-Perron Dimension

Let C be a fusion category. Choose a set of representatives from the isomor-
phism classes in O(C) Xq,--+, X,. For X € C the Frobenius-Perron dimension of X
denoted by FPdim(X) is defined to be the largest positive eigenvalue of the matriz:

X5 \r
(NX,Xi)i,j:I (A.56)
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A.6 Braided Monoidal Categories

Just as a monoidal category is the categorification of a monoid, a braided monoidal

category is the categorification of an Abelian monoid.

Definition A.6.1. Braided Monoidal Category

Let (C,®,a,1¢, 0, 1) be a monoidal category. A braiding on C is a natural iso-
morphism

c:R— % (A.57)

where Q°P is the functor with inputs switched, in other words @°P(X,Y) =Y @ X
for all X, Y € C and similarly with morphisms. The braiding is required to satisfy

the Hexagon Axioms:

XYz —2 s (Yoz2)oX

ax\y,z ay, 7z, X
(XoY)®Z Y& (Z®2)

cx,y®ldz Idy®cx,z

YRX)®9Z — > Yo (X®2)

ay,x,z

Figure A.3: Hexagon Axiom 1
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(XoY)9Z —2 , 70 (X®Y)

XY ®2) (Z@X)®Y

Idx ®cy,z cx,z®ldy

Ax 77

Figure A.4: Hexagon Axiom 2

When the monoidal structure of a braided category is clear we will simply denote
it by the tuple (C,c).
Definition A.6.2. Braided Monoidal Functor

Let (C,®%, aC, 1¢,£€,7¢,cY), (D, ®P,aP, 1p, 4P, 7P c?) be braided monoidal cate-
gories. A monoidal functor (F,J¥, ¢*) from C to D is a braided monoidal functor
if:

J}Ij,X © C%(X),F(Y) = F(Cﬁ(,y) © J)I;,Y (A.58)

Two braided monoidal categories are equivalent if there is a braided monoidal
functor that induces an equivalence of categories.

As expected, if we have two monoidal categories C, D such that C is braided, and
there is an adjoint monoidal equivalence F' : C — D, then D can be endowed with
a braided monoidal structure such that F' is a braided equivalence. Since this result

will be a special case of a more general proposition, we omit it.
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Definition A.6.3. Braided Tensor Category
A braided monoidal category that is also a tensor category is called a braided
tensor category. Finite braided tensor categories, and braided fusion categories are

defined similarly.

Definition A.6.4. Braided Tensor Functors
If (B, J¥,¢") : C — D is a tensor functor between tenor categories that is also a

braided monoidal functor, then we say it is a braided tensor functor.

A.6.1 Braidings on Vecty and Abelian 3-cocycles

An key component of this thesis is describing certain categorical structure in linear
algebraic terms. Braidings on Vecty and Abelian 3-cocycles will be a very special
case of this description, and so following [[3] 8.4] we review this in the hope that it
will make the general result more digestible.

As mentioned in Example a finite group G and a 3-cocycle w will form
a fusion category by considering the finite dimensional vector spaces graded by G,
taking the usual tensor product and letting the associator be twisted by w. It is easy
to show that

O(Vecty) =A{[Cy] : g € G} (A.59)

where C, is the one-dimensional vector space with G grading:

C ifg=k
(Co)r = (A.60)

0  otherwise
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By taking a skeleton of Vect: we can find an equivalent monoidal category C whose

simple objects are {J, : g € G} and we have:

5y ® O = Ogn (A.61)

for all g,h € G. From now on, whenever we say Vects we will be referring to such a

skeleton. Notice that if Vecty has a braiding on it, then necessarily G is an Abelian

group.

Since End¢(d,) = Cld;,, we see that any braiding is determines a complex func-

tion ¢ : G x G — C* such that it satisfies the following equations for all ¢1, g2, g3 € G-

w(92, g3, 91)c(g1, G293)w (g1, 92, 93) = (g1, g3)w (92, g1, g3)c(91, G2) (A.62)

w(gs, g1, 92) " c(g192, 93)w (g1, 92, 93) " = (g1, 93)w(g1, 93, 92) ' c(g2.93)  (A.63)

Any pair of functions (w, ¢) that satisfy Equations|A.7][A.62 [A.63|are called a Abelian

3-cocycle. Denote the set of all such pairs as Z3,(G,C*). This will form an Abelian

group by multiplication.

We say an Abelian 3-cocycle (w,c¢) is an Abelian coboundary if there exists a

function k£ : G x G — C* such that for all ¢, g2, g3 € G-

k(92,93)k(91,9293)
w ) ) ': A.64
(91 92 gg) k(9192,93)k(91u92) ( )
k(g1,
(g1, 92) = —k& zj; (A.65)
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We denote the set of Abelian coboundaries by B2, (G, C*) and this will be a subgroup

Z3,(G,CX)

B G0 is called the Abelian 3-

of Z3,(G,C*). The quotient group H3 (G, C*) :=

Cohomology group of G.

Theorem A.6.1. Elements of H3,(G,C*) are in bijection with equivalence classes

of braided monoidal structures on the category of G-graded vector spaces.

Proof. See [13] Theorem 8.4.9] for the proof. O

A.7 Ribbon Categories, Spherical Structures and

Trace

Definition A.7.1. Ribbon Twist
Let C be a braided tensor category. A ribbon twist is a monoidal natural isomor-

phism 0 : Ide — Ide such that the following hold for all X,Y € C:
Oxey = (Ox @ by)ocy,x ocxy (A.66)

(0x)" = Ox % (A.67)

If a braided tensor category C has a ribbon structure, we refer to C as a ribbon

tensor category.

Definition A.7.2. [2F]

Let (C,0), (D, 0") be ribbon tensor categories. We say that a braided tensor functor
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F :C — D is ribbon if:
FO)=¢ (A.68)

We say that two ribbon tensor categories are equivalent if there exists a braided

ribbon tensor functor between them that is also an equivalence of categories.

Example A.7.1. Let C = Vect(Gw’c) where (w,c) is an Abelian 3-cocycle. We can

define a ribbon twist on simple o, € C by:

05, == (c(g,9))°1ds, (A.69)

and extend by linearity to all of C.

Definition A.7.3. Trace [13]
Let C be a rigid monoidal category, X € C and f : X — X**, the trace of f is
defined as:
Tr(f) := evx- o (f ®Id) o coevy (A.70)

Notice that we can consider Tr(f) € C by using the identity End¢(1¢) = Cle.
For finite dimensional vector spaces there is a canonical isomorphism from a vector
space to its double dual. The generalization of this to braided tensor categories is

called a pivotal structure:

Definition A.7.4. Pivotal Structure

A pivotal structure is a monoidal natural isomorphism 6 : Ide — (—)**.

We will call a fusion category with a pivotal structure a pivotal fusion category.
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Definition A.7.5. Categorical Dimension

Let C be a pivotal tensor category with pivotal structure 6. The categorical di-

mension of X € C 1is:

dime(X) := Tr(dx) (A.71)

Definition A.7.6. Spherical Structure

A pivotal structure such that for every X € C we have:

dime (X) = dime(X*) (A.72)

s called a spherical structure. A spherical tensor category is a tensor category
equipped with a spherical structure. Spherical finite tensor categories and spherical

fusion categories are similarly defined.

Definition A.7.7. Quantum Trace

Let C be a spherical tensor category, and § the spherical structure. If X € C and

f: X — X is a morphism, then the trace of f with respect to the pivotal structure o
1s defined as:

Tr(f) :=Tr(dx o f) (A.73)

Lastly, a ribbon twist on a braided rigid tensor category will induce a spherical

structure:

Proposition A.7.1. [13, Proposition 8.10.12]

Let C be a ribbon fusion category, with ribbon structure 6. Then C 1is also a
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spherical fusion category with spherical structure:

dx :=0xoryo(ldy ®evy«)o(Idx ®c}£*7x*) o aux+ x,x 0 (coevy @ Idx«,)o (Oxee)

(A.74)
A.8 Modular Fusion Categories
Definition A.8.1. S-matrix
Let C be a ribbon fusion category. Choose representatives Xy, --- , X, from each
isomorphism class in O(C). The S-matriz of C is:
Si=(sx,x;)i =1 Sxix; = Tr(ex; x, o ex; x;) (A.75)

Definition A.8.2. Modular Fusion Category

A modular fusion category is a ribbon fusion category with non-degenerate S-

matriz.

For the sake of brevity we will denote modular fusion category by MFC.

Definition A.8.3. Modular Data of a Modular Fusion Category

Let C be a MFC. The modular data of C are:

1. The set of representatives of isomorphism classes in O(C) Xy, -+, X,.

2. The S-matrizx.
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3. The T-matriz defined for 1 < 1,5 <r:

T = 0i50x; (A.76)

The modular data of a MFC will be an invariant.
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Appendix B

(G-Crossed Cocycles: The Proofs

B.1 Verifying The Crossed Braiding Axioms In-

duced by a G-crossed Abelian 3-cocycle

Notation. For g,k € G:
ig,k = 1 k—1l,g-1 (Bl)
If 7 € S, let o, denote the map defined on Vi @ --- @V, by 0,(v1 ® -+ @ v,) =

Ur(1) @ -+ © Ur(n).-

Let’s verify the first equation for the crossed braiding axioms. We need to check
that if (V,py) € Mod(H),, (W, pw) € Mod(H), then o o (py ® pw)(c) is an H-

intertwiner from (V, py) @ (W, pw) to (W, pw o ¥(g71)) @ (V, py). Let h € H. Then:

o (py @ pw)(©) o (pv @ pw)(A(h)) = (B.2)
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o (py @ pw)(©) o (pv @ pw)(A(R) - (9(0y) ® 1)) = (B.3)

oo (pv @ pw) (- A(h) - (9(dy) ® 11r)) (B.4)

By Equation (4.40) we can simplify Equation (B.4) to:

50 (v ® pu) (1@ W(g™)(AP() - B3,) ®1w) = (BS)
50 (o @ p1, ) (AP(R)) 0 (v ® p) (- (33,) @ 1)) = (B.6)
(01, (Wopw) @ pv)(A(R)) 0 00 (py @ pw (- (8(d,) ® 1)) = (B.7)
(p1,(Wow) @ pv)(A(R)) 0 0 0 (pv ® pw)(C) (B.8)

Therefore, it is indeed an H-intertwiner.

Next, we need to verify the first crossed braiding axiom. That is we need to show
Figure will hold. Writing this out explicitly we need to show that if g,k € G
(V,pv) € Mod(H)y, (W, pw) € Mod(H), then:

(Yo (W, pw) @ 1dg, (v)) © (g (T (W, pw ), (Vi pv)) ™t 0 Ty(covpy) wipm)) = (B.9)

(Vgkg—1.0(W, pw) @ IdTg(Vaﬂv)) 0 T, (Voo ), Ty (Wipw) © (Hg (V) pv), (W, PW)))_I (B.10)

To that end we expand Equation to obtain:

(ow ® o) Ty @ L) © (1w ® o) (7)) 0 0 0 (py ® pu) (@) = (B.11)
(0w ® o) (Tp © L) - (B(k™) @ 1ds) (7)) 0 ooy @ pw) (- (3(61)) ® Lir)) = (B.12)

7o (pv @ pw)((1r @ V) - (Idg @ U(k™)) ()2t - T+ (9(6r)) @ 1)) = (B.13)
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— — \—1\(e;k) = /4§
o0 (pv @ pw)((Tpa)e - ()5 -2 (@(6)1)  (B.14)
By Equation (4.41)) we can simplify Equation (B.14)) to:

70 (pv @ pw)((Tgrg-1.g)2 - €99 - (7)™ - (A(04))1) =

(B.15)

(ow @ Py ) (Tgrg-1,4)1) © 0 © (pv @ pw)(@9) o (py @ pw )((Fy) ™" - (D(k))1) =
(B.16)

(ow @ pv ) (Tgrg-1.6)1) © 0 0 (P1,(vipr) @ P, wipw))(©) © (pv @ pw ) (T1,) " - (D(6k))1) =
(B.17)

(ow @ pv)((Tgng,9)1) © 7 © (01,v00) @ P, 700) (@) © (v @ pw ) (7)) (B.18)

But, Equation ([B.10) is just the expanded version of Eqnation [B.9 Therefore, we

see the first corssed braiding axiom will hold.

Next, we need to verify the second crossed braiding axiom. That is we need to
show that Figure will hold. Writing this out explicitly we need to show that if
g€ G, (V,py) € Mod(H), (W, pv), (U, pv) € Mod(H), then:

T, (W, ) Ty (Usper) (Vipw) © (g (W, pw), (U, pur))) ™ @ Tdypyy 0 - - - (B.19)
T CVipv),(Wopw)@(U,pu) © CV,pv),(Wopw),(Uspr) =

Az, (Wow) ® CVpv). W) © ATy (Wopw ), (Vipr ) (Up) © (CVipr ). (Wopw) @ 1d (o)) (B.20)
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Expanding Equation (B.19) we obtain:

(P, (Wpw) @ P, W) @ Pv) (D) © (pw & pu @ pv)((THg)1a) © Oz -+ (B.21)
0 (pv @ pw,pw)e(U,00)) (€) © (pv @ pw @ py)(P) =

(pw ® pu @ py) (@979 - (Tig) 1) 0 0132) © (Pv @ PW,pw Yo (Up0)) (€) © (v & pw @ pur)(P) =
(B.22)

(pw @ pu @ pv ) (@999 - (T15)15) 0 oa32) © (pv ® pw ® pu)((Id ® A)(2) - D) =
(B.23)

a(132) © (pv @ pw @ pu) (@577 - (71,)7 - (Id @ A)(T) - @) (B.24)

Notice that on the representation space ® and 7z, will be invertible. Furthermore,

since (V, pv) € Mod(H), we have that py(9(d,)) = Idy. Therefore, restricting to the
representation space see that by Equation (4.42) we can simplify Equation (B.24])

to:

o(132) © (pv @ pw ® pr)(Crs - q>(261’397e) “C12) = (B.25)
T23) © 012 © (pv @ pw @ pu)(Trz - O35 - Tro) = (B.26)

(33 0 (pw @ pv @ pu)(@as) © (ow @ pv @ pu) (B ) 0 o 19y 0 (pv ® pw @ pur)(cra)  (B.27)

But, Equation (B.27) is just the expanded form of Equation (B.20]). Therefore, the

second crossed braiding axiom will indeed hold.

Lastly, we need to verify that the third crossed braiding axiom will hold. That

is we need to show Figure [2.3] will hold. Writing this out explicitly we need to show
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if g,k € G (V,py) € Mod(H),, (W, pw) € Mod(H)y, (U, pr) € Mod(H), then:

—1 -1
A, o) Uper ) (Viow (Wopw) © (Vo (Us pr) ™ @ 1d) 0 cvipyawipw ) wip0) = (B.28)

—1
(C(va)ka(UvPU) ® Id) © O[(‘/:pv),Tk(U,pU),(VV,pW) © (Id ® C(I/V’pW)v(Uer)) © OZ(MPV)?(WPW):(UWU) (B29)

Expanding Equation (B.28]) we obtain:

(pT,om) p) @ pv @ pw ) (@) © (pr @ pv @ pw ) (Fyp)1 ') 0+ (B.30)
1 0(123) © (P eWpw) @ pu)(€) =

(P ® pv @ pw) (o)1 - (27H) D) 0 0033) 0 (pv @ pw @ pr) (A @ 1d)(2))  (B.31)
Notice that we obtained Equation by using the fact that:
U((gh)™") = Ad(7,,) (U (k™) 0 W(g™)) (B.32)
We can simplify Equation to:
o2 © (v @ pw @ pu)(T,u)s (27N - (A@ld)E)  (B.33)

Since (V,py) € Mod(H),, (W, pw) € Mod(H);, we have that (py ® pw)(0(d,) ®
0(0x)) = Id. Furthermore, Y and @ will be invertible on the representation spaces.

Therefore, by restricting to the representation spaces we can use Equation (4.43)) to
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simplify to:

T(193) © (pv @ pw @ pu) @57 - (@5 - Toy - D) = (B.34)
T(12) 0 T23) 0 (pv @ pw © pu) (@57 - (@71 55N - oy - @) = (B.35)

o) © (pv @ pw @ pu) (@

¢)

) o (pv @ pw @ pr)((@71) D)0 (B.36)

- 0(23) © (pv @ pu ® pv)(Ca3) © (pv ® pu @ pv)(P)

But, Equation (B.36) is just the expanded form of Equation (B.29)). Therefore, the

third crossed braiding axiom will indeed hold.

B.2 Verifying the G-Ribbon Axioms Induced by a

G-Ribbon Abelian 3-cocycle

Fix a G-Ribbon Abelian 3-cocycle on H (A, ¢, ®, S, a, 3, ¥, 7,7, , 0,v). By previous
work we know this will induce a G-crossed braided tensor structure on Mod(H).

Therefore, we only need to check that (v, ) = py(v) is a G-ribbon element.

0 is an H-intertwiner

Let ¢ € G, and suppose (V,py) € Mod(H),. We need to verify that 0y, :

(V.pv) = T,(V, pv) is an H-intertwiner. To that end let h € H, then:

1,0 (0) - 0oy = 1, vy (1) - pv(v) = pv (B(g7 (R) - v) = pv (T (g~)(R) - v - D(5,))
(B.37)

124



By Equation (4.70)) we can simplify Equation (B.37) to:
pv(v-T-0(8y)) = pv(v-h) = pv(v) - pv(h) = O,y - pv(h) (B.38)

Therefore, it is an H-intertwiner.

0 Statisfies Equation ([2.12))

Next, we need to verify that for all g,k € G, (V, py) € Mod(H )4, (W, pw) € Mod(H)y

Ovor)oW,ow) = (B.39)
Mg((‘/, pV)? (VV, IO\/)) © (V(Qk)g(gk)—l,(gk)g—l(va pV) ® ngg—l,g(vva PW)) SR (B'4O)

(eTgkgfl(‘/’pV) ® HTQ(W’pW)) © CTQ(vaW)v(V7pV) © c(vvpV)v(VvaW)

Expanding the right hand side of this equation we obtain:

(pV ® pW)(ﬁg) © (pV(Z gk*lgfl,(gk)gfl(gk)*l) ® 'OW(Z g*l,gkflg)) ©

(P11, 1 Vo) () © P, 30 (1)) © € © (P, i) © pv)(@) © S © (v © pw) (@) =

(B.41)

— -1 —(e, —
(v © )Ty - (0 syt gt (gt @7 gt gesy) © PFFTH0 - (@77) - 2) =

(B.42)

(v © pw) Ty (Y g1y iy 1001 @0 grgiry) © (520 (@77) 2 (B(6,) © D(3k)

(B.43)
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By Equation (4.71)), and the fact that 7, - 7i," = A(1y) we see that this reduces to:

(pv @ pw)(A(V) - (9(84) @ D(6k))) = (pv @ pw ) (A(®)) = Ovp)0Wipw)

6 Satisfies Equation (2.13))

Next, we need to verify that 6 satisfies for all g € G, (V, py) € Mod(H),:

" T, o —
Owpv) = Tgfl(e(v,pv) © d(\g/,pv)) 0 Yg-1,4((Vipv)") '

Using Lemma we can expand the right hand side to:

(pv ()" o (pv(d?))" o pv- (1 s ) = (pv(¥)) 0 (pv(d)) 0 pv(S(y -, )" =

-9 g =9

(pv(S(y7 ) ) = (pv(S(r7 1, ) - d? - v - 0(5y)))"

] ~ g

By Equation (4.72)) this equals:

6 Satisfies Equation ([2.14))

Next, we need to verify that 6 satisfies for all g,k € G, (V, py) € Mod(H ):

'nggfl,g(‘/v pV) o ng(V,pv) = ’79719(‘/; pV) © Tg(e(‘ﬂpv))
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Expanding the left hand side we obtain:

(Y ey U0 = pr(y W) D) (B5)

- g7lgk—1g7t

By Equation (4.73)) this equals:

pV(’Y k=1 g-1 " v 5(616)) = Pv(l k=1 -1~ V) = ’797’6(‘/7 pV) © TQ(H(VHOV)) (B51)

- g
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Appendix C

(7-Crossed Reconstruction: The

Proofs

C.1 Proof of the Non-Abelian 2-cocycle Condition

To prove the crossed condition, that is Equation [4.2] first recall that:
U(g) = Ad(R ) (()r,,) (C.1)

In particular, we see that if h € H, then:

Ad((y, )(®(g) o W(R)(R) =7, (¥(g) o Wk (M)(v , ) = (C2)
Do ® \Il(g)(R,;ll ohr_, 0 Rp-1)o(y g7k)_1 — (C.3)
1 g0 B0 I o sen 0 REL o By)o (3 ) (C.4)
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Since:

_ Tg—l
Y gk = (R(gk)_1> 1 @) F(f}/k_l,g_l) e} Rk_l o Rg—l (C5)

Therefore, we may simplify Equation [C.4] to:

(Rigry-1) " 0 F(yp-14-1) © hr, .. L © F(vk‘,ll’g,l) o Rgr)-1 = (C.6)
(R(gk)fl)_l © hT(gk)71 © -R(gk)*1 = (07)
W(gk)(h) (C.8)

Next, we

Here we used the fact that F'(y-14-1) 0 hy _, L F(vh g1) = hr, -
g— 2

verify the cocycle condition, that is Equation 4.3} In particular, for every g1, g2, g3 €

G we need to show that:

ol U(g)(y . )=7 Y (C.9)

— 91,9293 — 92,93 — 9192,93 — 91,92

Expanding the left hand side of Equation and using naturality we obtain:

_ T, y—1
((R(QIQZQB)_I) ' © F(7(9293)7179;1> © R(g(j_(l;;)—l © R(gl)_l> S (ClO)
-1 Tgl_1 1 nglngfl Tgl_l
Rgl—l o (R(9293)_1> o F<7g3_1,g2_1 (Tgl—l)) 0] Rgex_l [¢) Rgz_l ) Rg1—1 =
R 1o F T )oR% o R oR C.11
( (919293)_1) © (7(9293)*1791_1 o "Yggl,gz_l( gl_l)) o 93—1 o 92—1 o gl_l ( . )

We know that the following will hold:

’yg3—1g2—1,g1—1 O 79;1’92—1 (Tgl—1) = 793_1,92_191_1 (0] Tg3—1 (792—1’91—1) (012)



Therefore, using Equation and naturality we may simplify Equation to:

_ T —10T -1 =1
(R(gng%)fl) Ly F(79517g;1g;1 ol 1 <’yg;179;1)) o Rg?l 4 Rg;l1 o Rgfl — (013)

93

oT

- ot ort ol
(R(g1gzg3)*1) 1 (0] F(’)/g:)?l,g;lg;l) o F(Tg;1 (795179;1)) o Rga_l O Rg2_1 (¢] Rgl—l = (Cl4)

_ T -1 Tyt
(R(glgzgs)_l) ! ¢} F(’}/gza—l’gglgl—l) e} Rg;_gll‘%) @) F(’yg—lyl—l) 9] Rg;ll e} Rgl—l = (015)

2

-1 T(9192)_1 R
(R(9192g3)71) © F(’Ygglvgglgfl) ° Rggl ’ R(9192i1 ) (C.16)
_ Tq,
O<R(9192)’1) to F(795179f1) © Rg;l ° Rgfl -

g "y (C.17)

— 9192,93 — 91,92

To see that (W, ) is normalized, note that we have choosen a unital categorical group

action and so for all g € G

y = (Rgfl)_l o F('ngl,e) o qu =1y (C.18)

€7g

Similarly we see that ge = Idg.

(U, 7) Satisfies Equation (4.6)

Let h € h, g € G. Then:
e(h) = he, (€0 W(g))(h) = (¥(9))(W)1e = (RS) " ohr a0 R (C.19)

As we have choosen a normalized action we have that T;(1¢) = 1¢ on the nose, and

note that F'(1¢) = C. This implies that R;‘il : F(1¢) — F(1¢) commutes with hy,.
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Therefore, Equation (C.19) reduces to hy,,.

C.2 Proof of 11, Axioms

Recall that for g € G, X, Y € C we have:

Ay (X,Y) = (J)};,Y)_l ° (R;@Y)_l o F(ug(X,Y)) o J:I}“;(X),Tg(Y) ° (Rf,( ® R;/) (C.20)

i, is Partially Invertible

To show that it is partially invertible recall that A(1)xy = (J§y) ' o J{ . There-

fore, define for g, X, Y":
(Fy Dxy = (R @ RY) ™" o (JT xymyv)) ' 0 Flug(X,Y) ™) o RY®Y 0 JTy (C.21)
Calculating we see that for X,Y:

A(lg)xy - (iy)xy =
(C.22)

(JEy) ok y o (JEy) o (RYY ) o Fug(X,Y)) o JEy o (RY @ R)) =
(C.23)

(Jxy) ™ o (Rg®Y) ™ o Fpg(X,Y)) 0 Jr, x) 1,0y © (Ry @ Ry) =Ty (C.24)
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as (JI)~! was chosen to be a left inverse of J §7y. Furthermore,

(Fy)xy o (A(lp) o) xy = (C.25)
(Jy) Ho (RFE) o Fug(X,Y) o Jr xymyy © - = (C.26)
(R @ Ry) o (Ry @ Ry) ' Alln)z, 00 1,00 © (R ® Ry)
(J)P;,Y)fl o (R§(®Y)7l o F(py(X,Y)) 0 JT}{,(X),TQ(Y) = (C.27)
0 (100,00 e © (Ry ® Ry)
(Jxy) " o (RF®) ™ o Fug(X,Y)) 0 J7 (xymy © (Ry @ RY) = (C.28)

(Rg)x,y (C.29)

Similarly, one can check that 7,”' - A(1ly) = A(lg) 99 -, =,

Expanding (jz, 'ﬁg_l)X’y for X,Y € C we obtain:

(Jxy) "o (RF®Y) ™ o Fug(X,Y)) 0 J7, (xymyvy © (Ry @ Ry )o (R @ Ry)™H--- = (C.30)
© 0 (J’}FZ,(X),Tg(Y))71 o F(ug(X, Y)A) © P{f@y © J)};,Y

(Jxy) ™ o Jxy = (A(lm))xy (C.31)

This shows that 7z, - i,”" = A(1lp). Similarly, by expanding 7z,”" - 7i, one sees

that it equals A(1)99),

i, Satisfies Equation (4.11])

We need to verify that iz, = A(1y).This follows immedietly from the fact that p, = Id
and R, = Id.
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f, Satisfies Equation (4.12)

We need to verify that for all h € H
T, - A9~ = AW (g7 (R)) (C.32)
Expanding the left hand side at X,Y € C we obtain:

(Jxy) o (RYE) ™ o Fug(X,Y)) o Jg, xym,vy © (Ry @ RY)o (R @ Ry) o
(1, 04,00) 7 0 hry ety © Ir,c0mm © (By ® Ry)o (R @ Ry) ™o
(I xyr,vy) o Flug(X,Y) ™) o RY¥Y o JX

(C.33)

Cancelling out all the terms we obtain:

(J)I?,Y)_l © (Rf@y)_l © F(/’LQ(X7 Y))o th(X)(X)Tg(Y) ° F(Mg(Xa Y)_l) © Ré@y © J)l?,y = (C.34)

(J)I?,Y)_l © (R;(@Y) o th(X®Y) o R;(@Y © J)I;,Y - A(\Ij(g_l)(h))x,y (0-35)

This proves the desired equality.

i, Satisfies Equation (4.13)

It is easy to show that:

(©)999.((77,) " @ 1) - (ARL)(E,) ™) = (L ®(7,) ) 12 A)(7,) ™)@ (C.36)
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is equivalent to Equation (4.13)) and so we prove this version. Well, recall that:

Pxyz:=(Id® (Jxlfiz)_l) ° (J§,Y®Z)_l o F(®Pxyz)o J§®Y,Z ° (J)l?,y ®Id) (C.37)

(7)™ = (By @ By o (Jr, 1) o Fpg ') o Ryo " (C.38)
Therefore, expanding (®)9:9:9) . ((fy) " ®1g) at X,Y, Z € C we obtain:

(R;{ ® R;/ ® RgZ)_l o(ld® (JYI:—;(Y),TQ(Z))_l) © (JY};(X),TQ(Y)@JTQ(Z))_l o F(®r,(x)1,(v)1,(2)) © JY@(X)@TQ(YLTg(Z) o
w0 (J1, o my ) ©1d) o (R @ Ry @ RY) o (R))™ @ (Ry) ™' @1d) o (J1,x) 1, v)) " @ 1d) 0 -
(F(p, "(X,Y)) ®1d) o (RY®Y @1d) o (J, ®1d) =

(C.39)
(Ry @ Ry @ RY)™ o (Id @ (J7, vy 1,(2) ") © (U001, 00ems(2) @ F( @1y (x).1,00),15(2)) © I (xyemy () 10(2)
o (ld@1d® RY) o (Fuiy (X,Y)) 1) o (RX @1d) o (J5 @ Id) =

(C.40)
(Rf ® R;/ ® Rgzyl o(ld® (JJI:;(Y)@(Z))A) o (JzEg(X);rg(Y)ez)Tg(Z))71 °© F(@Tg(X),Tg(Y),Tg(Z) © (M;l(X> Y)®Id))o---
T J’E(X@Y),TQ(Z) o(ld®ld® RgZ> © (R;@Y ®1d) o (J§,Y ®1d) =

(C.41)

On the otherhand notice that (A ® Id)((7,) ") x,v,z equals:

(<J§,Y)_1®IdZ)O((R§(®Y)_1®(R§)_1)O(J£(X®Y),TQ(Z))_1OF(M§1(X®Y’ Z))OREIX@Y)@ZOJ;@Y,ZO(J§,Y®Id)

(C.42)
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Therefore, composing Equation (C.41)) we obtain:

(Ry @ Ry @ RY)™ o (1@ (Jr,v)1,02) ) © (r,00.1,00e1,2) " 0
c++ F( @1, (31,007, (2) © (ug—l(x, Y)®Id)o ,gl(X ®Y,Z))o R§X®Y>®Z o J§®YZ o (J)};Y ® 1d)

(C.43)

Since i, is a tensor functor we that for all X,Y, Z € C:

D, (x).1,(v) 12001y (X, Y)@Id)op, (XQY, Z) = (Id@u, ' (Y, Z))op, (X, Y RZ)oPx v,z

(C.44)
Therefore, we may reduce Equation (C.43) to:
(Ry ® Ry @ RY)™ o (Id® (J1,v),1,2) ) © Uty o)1, )emyz) O
(C.45)

CF((1d® 1 (Y, 2)) 0 1, (X, Y @ Z) 0 Bxyg) 0 REPISZ 0 E L0 (JEy ©1d) =
(C.46)

(Ry © Ry @ RY)™ o (Id @ (J1,(yymy(2) ) 0 1d @ F(u ' (Y, Z)) o - --
(C.47)

... (Jf:g(x),Tg(mz))_l o F(u, "(X,Y ® Z) o ®x y,z) 0 R§X®Y>®Z o JXeys =
(C.48)

(Ry ® Ry @ RY)™ o (Id @ (7, (yym,(2) ) 0 1d @ Fug (Y, Z)) o - -
(C.49)
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e (lefg(X),Tg(Y@)Z))_1 © F(Mg_l(Xa Y ®Z))o R§(®(Y®Z) o F(®xyz)o J§®Y,Z © (J)IE,Y ®1d)
(C.50)

But notice that (Id ® (77,)™")x,v,z equals:

(Ide(Ry) ™' @(RS)™)o(Id®( I, (v)1,(2) " oA F (1 (Y, Z)))o(Id® Ry *7)o(Id® Jy. )
(C.51)

Additionally, (Id ® A)((7z,) ") x,v,z equals:

(Id®(=]5,z)_l)o((R;()_1®<R§®Z>_l)O(JII:;(X),TQ(Y@Z))_IOF(MQ_I(X, Y®Z))OR§(®(Y®Z)OJ)@,Y@ZO(Id@ng)
(C.52)

Therefore, we see that that by composing Equations (C.51)), (C.52)), (C.37)) together
we will obtain Equation (C.50). So indeed Equation ((C.36) holds.

fi, Satisfies Equation
We need to verify that:

(e®ldm)(f,) = (Idg ® €)(R,) = 1 (C.53)
Expanding (¢ ® 1d)(7,) we obtain:

(‘]11275’)_1 © (R;C@)Y)_l o Fpg(1e,Y)) o Jllz,Tg(Y) ° (R;C ® R:) = (C.54)
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But, Jf , = ﬁ\F/eéﬁ) o ((¢")' ® Idr(yy), and so we obtain:

(0" @ Idp(y)) o ((r5H) " o (Ry) ™ o £ish o ((87) 7 @ Idpy) ) (R, @ Ry ) = (C.55)

(0" @1dpyy) o (Ide @ (Ry) ™) o ((67) 7! @ Idp)) (Ry¢ ® Ry ) = (C.56)

(R;C ® IdF(y)) = IdF(lc) ® IdF(y) (C.57)

This proves that (e@Idp)(71,) = 15 (note we are slightly abusing notation). Similarly,

one can prove that (Idy ® €)(7,) = 1g.

iy, 7 Satisfy Equation (4.15)

Recall that We need to verify that for all g,k € G
(7 k=1 g—1 ® 7y k—17gfl) = (Egk)_l ) A(l k717971> e \Ij(k_l)(@z(ﬁg) (058)

Expanding 7, - (v, , 1 O 40 971) at X,Y € C we obtain:

(Jxy) 'o (R;;@Y)_l o F(pgr(X,Y)) 0 le::,k(X),Tgk(Y) © (Rj‘;; ® R;/k)o (C.59)
(R, @ RY) T o (F(vg(X)) ® F(7y(Y))) o (R @ RIFY)) o (R @ R ) =
(JE ) o (REE) ™ o Fuge(X,Y)) 0 (g(X) @ 4y (Y))) 0 - - (C.60)

< Iryor oo © (B @ REF) o (R @ RY) =
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Since vy : Ty o Ty, — Ty, is a monoidal natural isomorphism we have that:

fgr(X,Y) 0 (Y9 (X) @ g (Y)) = Y (X @ Y) 0 Ty (i (X, Y')) 0 pug(Ti(X), T0o(Y'))
(C.61)
Therefore, we may simplify Equation (C.60)) to:

(Jxy) ™ o (R )™ o Fga(X @Y) 0 Ty(pi(X,Y)) 0 ptg(Tu(X), Ti(Y))) 0 -

< Iryom oo © (Ber ) @ R o (RY @ RY) =

(C.62)
(JEy) o (RYZY) o Fygu(X ®Y)) o RIMI®Y) o RXEY o ...
(R o (RPN TR (T (1 (X, Y))) © Fpg (Ti(X), Ti(Y))) 0 - -
< Sl om0 myem vy © (Ber ™ @ R o (RY @ RY) =
(C.63)
(Jxy) o (R ) o Fyu(X @Y)) 0 RIFEE) 0 RESY o ...
(BT o (X, Y)) o (RIFFISTOD) " o Py (Ti(X), Te(Y))) o - - -

< I om0 meroe) © (B @ R o (RY @ RY) =

(C.64)
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(Jxy) o (B ) o Flygu(X ®@Y)) o RFHIE 0 REY o
(BT o Fun(X,Y)) o Jf vy © (RE @ Ry o -+
(B @ RBY) ™o (U1 () ) o (BgHEI) o
- Fpg(Te(X), Ti(Y))) © T,y (x),(1,0m)v) © (R @ RIM) o (RY ® RY) =
(C.65)

A(Y o1 y)xy o (Fe) xy (1) ™) x v
(C.66)

Therefore, we are done.

C.3 Verifying G-Crossed Axioms and G-Ribbon

Axioms

As the G-crossed axioms are verified in the exact same way as the last section, we
leave their explicit verification out of this thesis and leave the details to the interested
reader. For the G-ribbon axioms we prove the most technically challenging axiom,
Equation , and then leave the detailed verifications of the other axioms to the

interested reader.

Recall that for X € C,
vx = (RX) " o F(0x) (C.67)



v Satsifies (4.72)

First, it can be checked that for X € Cy:
(dy)x = dx o (R)")" o (F((dy))) o (di x) "o RY
We need to verify that for all g € G

S(v)-0(8g) = S(y7 1y ) - - v - 0(d)

— 9 9

Expanding the left hand side at X € C, we obtain:

dy o F(0x-)" o ((Rg)™)" o (d%) ™" o F(my(X))

g

On the other hand notice that S(vy = g) x equals:

d 0 F (71 (X)) 0 (REF) ™) o ((RXT) 1) o (d) ™!

g1 9

Combining this with (dy)x we obtain:

d 0 F(yy-1,(X*) ™) 0 (REF) ™) o (RX) ™) o (di) Tody o

gfl

di 0 F(yy-1,(X*) ™) 0 (REF) 1) o (F(d)*) o (i, x)) " o (R

g
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Composing this with vx we obtain:

dy 0 F(ym1,(X*) ™) 0 (REFD) ™) o (F(d)") o (d, (x) ™" 0 (BRY) o (RX)™ o F(bx) =

g

(C.78)

dy o F(Ty-1(0 o d?) o 797179()(*)_1)* © ((Ri,{—*l)_l)*(d})_l =

(C.79)
By assumption we have that:
Ox- = Ty 1 (0% 0 dy?) 0 g1, 4(X*) ! (C.80)
Therefore, we may simplify to:
dy o (R) o F(fx+)) o (dy) " = S(v)x (C.81)

for X € C,;. Hence v will satisfy Equation (4.72)).
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Appendix D

The Hopf Equivariantization
Theorem: The Proofs

Notation. For g,k € G:

79,k’ = Z k—lg-1 (D]‘)

Multiplication is Associative and Unital

First, let’s verify that multiplication is associative. Let r, h,t € H, g, k,{ € G then:

(r@g) (h@k) (t®) = Typ WE)(r) - h-t@gh) (t@() = (D.2)

Fare - W) Ty - W(ET)(r) - h) -t @ (gk)0) (D.3)

On the other hand we know from Equation (4.3)) that:

Yok " ‘I’(E_l)(%,k) =Ygkt " Vi (D.4)
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Therefore, we may simplify Equation to:
((Tge Ve - (P 0 W(ETH)(r) - W(LTH)(R) - 1) @ (gk)0) (D.5)
By Equation (4.2) we know that:
(W) o (k™)) (r) = Fpp - (W((RO)T)(r) - T (D.6)

Therefore, we can simplify Equation (D.5) to:

Tgue - U(ROT)(r) T - U () - £) @ (ght) = (D.7)
(r@g): Fre V) (h) 1) @ (k) = (D.8)
(reg) - (hek)- (/1) (D.9)

Therefore, multiplication is associative. Since we have chosen a normalzied cocycle,

we see that 1y ® e will indeed by the unit with respect to this multiplication.

Co-multiplication is an Algebra Homomorphism

Next, we need to verify that A is a C-algebra homomorphism. To that end let
h,r € H,g,k € G, then:

Apgrcie)(h®g) - Anyrcia)(r@ k) =
(D.10)
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(7, D1-hy®@9) @ (B, 2 hey®g) - (B D -ray@k) @ (B, 212 @ k) =
(D.11)

Ty - CE (@, D1 hay) - (D) @ gk) © Ty - O (1, D2 b)) - (1,2 r) © gk)
(D.12)

On the other hand by Equation (4.12]), the fact that A is an algebra homorphism,
and since for all k € G ¥(k™') is a unital automorphism that for all k € G,h € H

the following holds:

fig - (U (K (A(R)) = (AW(E™)(R)) - Tig = (D.13)
AQ) - (UEP)AMR) 1 =1 (ARET)(R)) - A1) = (D.14)

(k™)) (AR) 1 =T, - (AE(E)(h))) (D.15)
Therefore, by using Equation (D.15) we may simplify Equation (D.12)) to:

For - (7, D) - (- (PR (R) ) -y ® gk) @ - (D.16)

o (g W@, 2) - ()2 (PR (A) ) 1) © gk) (D.17)
By Equation (4.15)) we know that for all g, k € G:

Tgk @ Tg) = (Fgr) ™" - ATpn) - g - ¥ (k1) (7,) (D.18)
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We can simplify Equation (D.18) to:

Tok @Tgx) - TN (Fg) ™) - () ™" = (Tgr) ™ - AT ) (D.19)

Using Equation (D.19) we may simplify Equation (D.17) to:

((Fge )1 - Ty - (T ) -y © gk) @ ((gr )2 - Tgp)@ - (PET)(R)) - 7@ © gk) =
(D.20)

()1 - g (R(E(R) - )ty @ k) @ (B )e - Ty (R(E)(B)) 7)oy © gh) =
(D.21)

Apgreia) (Vg - (WET)(R) - 1) @ gk) = Apyrei(h @ g) - (r @ k)
(D.22)

Therefore, A will indeed by an algebra homomorphism.

Co-unit Axioms

Next, we need to verify that €y .c(q is an algebra-homomorphism. By Remark

we know for g,k € G:

€(Vgp) =1 (D.23)

Therefore, we see that for g,k € G, h,r € H:

errgreicl(h® g) - (r ® k) = enpreia)((Tgn - V() (R) 1) @ gk) = (D.24)
e ((Tgn - UK (h) 1)) = en(P(E™1)(h) - 1) = en(V(k)(h))en(r) = (D.25)
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er(h)en(r) = enyrcia)(h @ g)enprcie(r @ k)

Next, we need to verify that:

(erprcie) ®1d) 0 Apggicie) = (1d ® exgrcia)) © Angrcie) = I1d

To that end let g € G, h € H:

(ergrcic) @ 1d) © Ay cia)(h © g) =

(enprcic) @ I (((F, )1 hay® 9) @ (B )2 hey ® g)) =
en((fiy ™)1 - ) (@ )2 hepy @ 9)) =

((er((@y )1 - ha) (@ 2 he) @ g =

h® g

(D.26)

(D.27)

(D.28)
(D.29)
(D.30)
(D.31)

(D.32)

Notice in the last line we use the fact that (eg ® Id) o Ay = Idy, and the fact that

we have a normalized 3-cocycle so:

EH((ﬁg_l)l)(ﬁg_l)z = (er((Fg)1)(11,)2) “=1p

Similarly, one can check that (Id ® emy.cia)) © Argrcie) = 1da.
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Drinfeld Associator Identities

Now, we need to verify the associator identities. First, notice that we have a wqhf

morphism tgyr : H - H#rC[G] given by tyr(h) = h®e.

The first things to verify is that ® g4 c(q is partially invertible with:

D(®ryrcia) = (Augrcie®1d)oAnycia)(l) R(Puyrcia) = (Id2Ap4.cla))0Ar#rcia) (1)

(D.34)
To that end, notice that:
Cpryrcia) = (Lrr)(Pn) (D.35)
Therefore, let @I}%FC[G] = (1570)(®g'). Then:
(I)I_JI#F(C[G] “Puyrcia) = (D.36)
(i) @y - Pu) = (D.37)
(5 (Ag @1d) o A(1y)) (D.38)

Since ¢yr is a morphism of weak quasi Hopf algebras we have that this equals:

(Amprciq) ®1d) o Apgrciq)(Lagccia) (D.39)

Similarly, one can check that:

Drprcia)* Prupcie) = 14 @ Angrcia)) © Angrcie)(Lagecia)) (D.40)
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Next, we need to verify that for all h € H, g € G that:

Pryrcie) - (Arprcie) @ 1d)(Apgrcie(h @ g9)) = (Id @ Agyca) (Argrcia)(h ® 9)) - Pryrcie)
(D.41)
Expanding the left hand side of Equation (D.41]) we obtain:

Pppcie) - (I, D1 (D)1 )@ ©9) @ (1, 2 (B, 1m0y ®9) @ -

@ ((E, 2T ®9)

(D.42)

By manipulating Equation (4.13]) we know that:

(W(g™) ) (@) (71,) @10 )- (Ar@1d)(7,) ") = (1n@(E,) ™) (AR (77,) ™)@

(D.43)
If we expand ®p4.cig in Equation and multiply, then &5 will pick up the
action (U(g~1)®3) by definition. Therefore, we may use Equation to simplify
Equation (D.42) to:

(7, vz (r@)w@9)®((Fg D1 (g 2wz (re)@®9)@((F, e (7, )2) @) @6 T ®9)
(D.44)

By Equation (3.25)) we know that:

(@) (ray) )@ (@) (ra)) @) @(@E) re) = (ra)2w)@(re) o) 2e) @ (re)) @) 2)
(D.45)

148



Therefore, we may simplify Equation (D.44)) to:

(B, D1 -ray -2y ©9) @ (B, D1 (B, D2y - (re)a) - 2@ ®9) © - (D.46)
(g Do (2D - (rey))e 7 ©g) =

(™) 2y ®@9) @ (I, D1 ([, )2 T@)a) - 22 ®9) @ - (D.47)
(B D2 (g D2 r2) @) 75 ® 9) =

(Id ® Apgecia)) © Amgrcia)(r @ 9) - Payrcia) (D.48)

Therefore, Equation (D.41]) will hold. The other axioms invovlving the associator,
that is Equations (3.26)) (3.27)), will follow form the fact that they hold for ®5 and

that ¢y is an embedding of wqhf.

To summarize so far we have shown that for a nomralized G-ribbon Abelian

3-cocycle I' that H#rC[G] is a weak quasi bi-algebra.
Next, we will verify that it is a weak quasi Hopf algebra.

First, we need to verify that for h € H, g € G-
Sugrcicl((h® g))) - argrcie) - (B @ 9)@) = €nprcie)(h ® 9)amgciy  (D.49)
To that end notice that:
(h@g)ay = (71, )1-ha) @ g (D.50)

(h®g)e) = ((ﬁg_l)z “hi2) ®g (D.51)



Substituting this in Equation (D.49) and expanding we obtain:

Suarcie)(Fy )1 hy) ® 9) - amprciar) (7, )2 - b)) @ g)

(W()(S((7y )1-h@y) A7 (Fy1,) V@9 ) (an®@e)- (7, 2 he) ®9g)

(D.52)

(D.53)

(P()(S((T, )1 hay) - d? - Ty ) ) @ g7) - (g™ N am) - (T )2 hez) @ g) =

Tgig (L(g™) 0 W(9)) (S((Fy )1 hay) A7+ (g1 ) ™) - Wl ) om) - (T 2 hey) ®e

Since (¥(g 1) o ¥(g)) = Ad(ﬁg’_ll,g) we see that Equation (D.55)) simplifies to:

Tota Tyt S 1 hewy) -7 (o)™ Ay - Uo ™) () - (B, )2 hey) @ e =
S((ﬁg_l)l “hy) - d?- (g™ (an)- ((ﬁg_l)z he) ®@e =

S(hay) - S((m, 1) - d - W(g ) (am) - (B, )2 S(he) @e
Since we have a rigid G-ribbon 3-cocycle we know that:
d? - (g~ (an) = S((Fh) - am - (Fy)2

Therefore, Equation (D.58]) simplifies to:

S(hq)) - S((ﬂg_l)l) =S ((gh) - o - ()2 - (ﬁg_l)Q -S(hg) ®e =
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S(h(l)) sag - h(z) ®e=¢h)(ag®@e) =

eryrcia)(h @ g)(an @ e)

Now, we need to check that for h € H, g € G:

(h® g)q) - Busrcia) - Saurcia)(h ® 9)@) = €nsrcia) (P ® g) - Busrcia

Expanding this we obtain:

(™)1 -hay@g) - (Br@e) - (W) (S((F, o he)-d?- (7,4 ,)@g™h) =
(7 )1 hay - B ®g) - (V(9)(S((Hy 2+ hey) - d?- (T, ) ®g77) =
Vot - U@ ((Fy )1 by Bu - S((Fy )2 hy) - d? - (7,1 ,)) @ e =

Tog1 - W@ ((Fg )1 hay Ba - S(he) - S((H, 1)) - d? - (7,5 ,)) ®e =
Tog W) (Ty ™)1 €M) - S((7, ™)) - - (7,1 ) @ e =

e(WTgg-1 - () (W(g)(Bu) -7, ) @e
Notice that because of the 2-cocycle relation we have that:

U(9)(Vg-1,4) = Vg
This implies that Equation reduces to:

eurcia)(h ® g) - (Br ®e)
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Lastly, to verify that (Sux.cia), ®m#rcia), Ba#rcic)) satisfies Equation (3.32), simply
notice that tgr : H — H#rC|[G] is a wqhf morphism and (¢771)(Pr) = Prscia)-
Therefore, since Equation(3.32)) is satisfied for (Sy,am,By) we see it will also be

satisfied for H#rC[G]. This proves that H#r-C[G] is a weak quasi Hopf algebra.

D.1 Verifying Quasitriangular Structure

Now, we need to verify that H#rC[G] is a quasitriangular wqhf. To that end let us

first verify that:

Rirgrecic) = ) _(01-0(0) ® €) ® (€2 g) (D.72)
Ry cic) = > (@ 1-0(8,) @) @ (¥(g)((€ ")) -7, ,-) @97")  (D.73)

geG

is indeed partially invertible.

To that end we expand R;{;FC[G} * Ryu.cjg) to obtain:

D (- 36) @e) @ (T(9)((E 2) 7,5t ) ©g7h) - (@ 0(d) ) @ (2 @ g) =

(D.74)
S @30 © ) © ([T, (Bl 0 W(g)) (€1)2) - Ug ), ) w2 @) =
h (D.75)
S (W) 36, ® ) ® Fyr- (Tg™) 0 U(g)) (ENe) -Tyh, @) =
. (D.76)

152



Z((l)(l) () @e)@ (Y- mre) =

geG

(D.77)

Apyrcie)(Lagecy) (D.78)

Here we have used the fact that \I/(gfl)(ﬁg_gl,l) = Tgillg, c!'.c = A(ly), and

Ad(7,,-1) 0 ¥(g) o W(g™") =Id.
Expanding Ryx.c(q) - R;#FC[G] we obtain:

Y @0 we)@(@eg)- (€ )-0(5,)®e)@ (L9 1)) -7,,) ©g7") = (D.79)

Y@@ 0(0,) ©e)® (Fygr - U(9)(@- (2 1)) 7,0 ©e) = (D.80)

geG

Y (D - 00,) ®e) @ (Fyg1 - (¥g) 0 ¥(g™N((Dwy) -7, @e) = (D.81)
geG

(D) - 36,) @) @ (D @ €) = A%, cr(ligrci)  (D82)

geG

Here we used the fact that ¢- 7' = (Id ® ¥(g"))(A%(1y)), and that Ad(7,,-1) o
U(g)o¥(g™) =1d.

Therefore, it will indeed be partially invertible.
Next, we need to verify that for all h € H, g € G that:

AOHP#FC[G](h ®9) = Ragrci) - Argpecia(h @ g) - RI_{;ép(C[G} (D.83)
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Expanding the right hand side out we obtain:

Y (@00 ®e) @ (@O k) Aggcic(h@g) -
kteG
(@1 -0(6) ® ) @ (T()(([E M) -7, ) @t ) =
(D.84)

> (@00 @e)@ (@ k) (I, )1-hw) ®9) @ (1, )2 h@) ®g)--

(@1 0(0) ®@e) @ (T()((E )2) -7, 0) @) =

(D.86)
D (g @) - (7)1 hay - 0(Fg-1kg) - D(E) - (2 T @ g)
k,teG
(Trga—r = V() Trg - Co™)@2) - (7 2 i) - (T(O(E 7o) 7,1 0) @ kgt™)
(D.87)

Notice that 9(6,-11y) - O(0¢) = 6;4-1kg0(0¢). Therefore, the non-zero terms will be

indexed by the elements of (¢, k) € G* where k = gtg~!. This means Equation (D.87)
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equals:

> (Ul @) - (B -hay 9@ - (6 T @ g)®

teG
Tgter = V) (Tgrg-1,9 - Y(97)(@) - (7, )2 hzy) - (U(E)((€ 1)) - 7,5) @ (gtg 'g)t™" =
(D.88)

Since we know that:

(Tytg—1,9)2 - (T(g™)**)(@) - (y) ™" - (001 = Fgu)2 - TA@T(E))((Fg)21) T (D(0:)h
(D.89)

We can simplify Equation (D.87) to:

d (@, e e by - (@ -00)®@g)e  (D.90)
teG

(7915,75*1 ’ \I’<t> (Wg,t ’ \P(t_l)«ﬁ;l)l) " Cy - h(2) ) (E _1)2) ’713;711) ® g)

But by assumption:
o A(R) -7 (B(6))r = (1d @ W) A%(h) - (B(3): (D.91)
Therefore, Equation reduces to:

D (B2 he) - 9(6) @ 9) © Tt - WO Ty) - W) (PE (7 D1 - b)) -Fpph) € 9) =
teG

(D.92)
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> ((Fg 2 iz - 0(61) @ 9) @ Ty - () (T(E) (1, 1 - b)) - T s) @ 9) =

teG
(D.93)
> (7,2 hey - 0(6) ® 9) ® (T )1 - hyy) ® g) =
teG
(D.94)
A(g#pC[G} (h®g)
(D.95)

Here we used the fact that 5, ;-1 - W(t)(7,,) = Vp4-1-

Next, we need to verify that:

(Arrprcia®Id) (Rirgrcie) = (Prgrcia))nz (Rugrcia) s (Ppypcie 125 (Rugrcic)) 2 (Lrrgreie )12s
(D.96)

Well to that end notice that:

(A @ 1d)(Rupecicr) = Y (@) ) - (0(50) 1) @ €) @ (@) - (A(By))2)) @ €) © (@2 @ g) =

geG
(D.97)
> (@) - 0(6r) ®e) @ (@)@ - 0(0) ®e) © (G2 ® g)
g,k teG
(D.98)
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On the other hand we know that:

(A®Id)(€)-(9(6x)®D(5;) )12 = (‘1’312)(e’e’kt)'(%,t)sf%’e’t)'(qDIslz)(e’e’t) CogP123+(0(8)RI(¢) )12
(D.99)

Suppress the double summation for the sake of brevity, then Equation (D.98)) equals:

(g0 - Xy a1 - 0(0h) @) @ (w3- Xz T - 29 - (0) @e) - (Vg™ ") (21) - Ty - W) (2 - Xo) - - w3 @ g))
(D.100)

Factoring out the multiplication we see this is just:

(Prpecic))siz - (@ - Xy - 21 - 0(0k) ®e) ® (X5 -T2 - 9(6) @e) - (T, - V() (G- Xp) T 230 9)) =

(D.101)

(Prprcia)sz - (C1®e) ® (1p ®e) ® (62 @ k)-
(X3-21-0(6) ®e) @ (X1 T -22-0(0) ®@e) @ (V(t)Xy) - C-2301)) =
(D.102)

(Prarcia)si2 - (Raxrcia))1s:
(X1 21®e)® (X301 - X9 '5((5,5) ®e) @ (Ut 1) (Xy) Co-13®1)) =
(D.103)

(Prgrcie))siz - (Rugrca)is - (X1 ®@e) @ (X3 ®@e) @ (X2 ®e))-

((331 X 6) (024 (El T - 6(5,5) X 6) (029 (52 T3 ®t>) =
(D.104)
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(Prurcic)se - (Ragccia)is - ((I)[_{I#F(C[(;QBQ'

((C(}l ® 6) ® (61 c Xy 8(5t) ® 6) ® (62 - T3 ®t>> =
(D.105)

(Prwurcie))si2 - (Rugrcie))1s - (@B;EFC[G])BQ (Rugrcia))2s - (Pragrcie))i2s
(D.106)

This proves the first braiding axiom for Ry .c(q)-

Lastly, we need to prove that:

(IA®A)(Ruaurcia) = (@;I;EF@[G]bm(RH#F«:[G])13(‘I’H#FC[G])213(RH#FC[G])H(@;I;EFC[G])H:),
(D.107)

Expanding the left hand side of this we obtain:

Y @-00)®e)@ (T, Ny - (@) ©9) @ ((H, Dy @) ®g)  (D.108)

geG

On the other hand we know that:
(T )as - (I ® A)(@) - (B(85))1 = (D5) @99 - 215 - Y8 Ty - D1 - (D(6,))1 (D.109)
Expanding this out in shorthand we obtain:

(€1 0(34)) ® (7, )1+ (E2)) @ (g )2+ (€2)2) =
(D.110)

(Xg . El T - El . Xl . 5(6g)) X (\I](g_l)(Xl . 5131) : EQ . XQ) X (W(g_l)(XQ) . EQ - X3 Xg) (Dlll)
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Just as in the previous proof, we suppress the summation for the sake of brevity. We

may simplify Equation (D.108) to:

(X5-C1-12-0 - X1 0(8y) @) @ (U(g )Xy -11) B Xo®g) @ (Vg )(Xp) G- 23 X3®g) =

(D.112)

(X;0e)®@ (X10e)® (Xa®e)

(€1 22T - X1-0(0y) @e) @ (U(g ) (1) G- Xo®9) @ (- 23+ Xz @ g) =
(D.113)

(Prrcie)2s - (€2 9(0) ©®e) @ 1y ©e) @ (G2 ® g)):
(2201 X1®e) @ (U(g ) (21) & Xo®g) @ (13- Xz®e) =
(D.114)
(Payrciey)21 - (Rigrciopz - (22 @ €) @ (11 ® €) ® (13 @ €))
(- X1®e) @[ Xo®g)® (Xz®e) =
(D.115)
(Prmrci)2s1 - (Ragrcia)is - (Pagecia))2s - (61 @ €) @ (G2 ® g) @ (1n @ ¢))-
(X1®e)® (X2 ®e)®(X3®e)) =
(D.116)

(q)]_'—[;.ér(c[(;])23l (Rugrca)1s - (Pagrcia)) s - (Rugrcia))iz - (q)l_{;&p(C[G]h%
(D.117)

This varifies the last braiding axiom, so indeed Ry .c|q Will give a quasitriangular
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structure on H#rC[G].

D.2 Verifying Ribbon Structure

First, we need to verify that:

AH#F(C[G](V) = (VH#FC[G] ® VH#FC[G]) : (RH#FC[G])zl : RH#F(C[G} (D.118)

Expanding the right hand side we have:

() (-96,) @9) @ (v-0(6) @ k) - (O ([E0t) @ (@1-0(6) @e) - (O _(@1-0(5,) ®e) @ (6@ p)) =

(D.119)
(S (v 3(6) @ 9) & (v D) @ k) - (3 (@71 - D(6,) ©1) @ (W(p ) (@1 - D(8)) - 0 @ p)) =
(D.120)

Y G W) (v-0(8y)) e 0(6y) © 91) © (Tiy - L) (v O(6) @1 - 8(61)) - @ ® kp) =

g,k t,peG
(D.121)
D g V) () 201 0(8p) @ kp) ® Ty W(p™") (V- 71) - (6 14p) - C2 ® kip)
g,k,peG
g:kpk’l

(D.122)
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On the otherhand, we know that:

ﬁk;I'A(l/)-<5(5p)®5(5p—1kp)) = Wkpk—l,k@%g,p)'(V®2)(k’p)-(521)(e’p) @ (8(8,)20(6,-14y))

Therefore, we see that Equation (D.122)) will equal:

Z (Firy 1 - (D)) - 0(6) @ kp) @ (T, )2 - (V) 2) - (0p1ap) @ kip) =

k,peG

SO (m W)y 006,) @0 @ (T, 2+ (W) - 0Bp14p) @ ) =

LeG k,peG
kp=~

D A -0(5) ®0) = Apgrcic) (Virgecic)
leG

The next thing we need to prove is that:

Sayrcie)(Vagecia) = Vagrclc)

To that end we expand the LHS to obtain:

> W) (Sw-36,) - &7, )@ g7 =

geG

> w(g) (S) - 00,) - a0 7,7 ) @ g7

geG

We know that:
S() 0(0g-1) = S(F,;La) - d ) v D(5,)
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(D.123)

(D.124)

(D.125)

(D.126)

(D.127)

(D.128)

(D.129)

(D.130)



Therefore, Equation (D.129)) simplifies to:

Y UGS, ,h)) - U))@)) - W(g)(v) - D(5y1) - W(g)(d?) - V() (T, ) @ g

geG

(D.131)
On the other hand we also know that:
U(g)(v) - O(6y-1) = v - 0(6,-1) (D.132)
and for all h € H:
U(g)(h) - v-0(6,-1) =v-h-9(Jy1) (D.133)
Therefore, Equation (D.131]) simplifies to:
D v 0(0g1) - S, ) - W(g)(d?) - ()7, ) @9 (D.134)
geG
Since W(g)(F,-1,) = ,4-1 We obtain:
D v 0(0g1) - SF,) AT W(g)(d?) -7, @ g (D.135)
geG
But, we our by assumption I' is rigid, which means:
d°=57,,") A9 ) U(g)(d?) -7, =1u (D.136)
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Therefore, Equation (D.135]) becomes:
Z v-0(0-1)®g " = VH#C[G] (D.137)

geG

This confirms that vg4,cje) gives a ribbon structure on H#pC[G].
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