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Abstract

In this thesis we study some aspects of ‘Airy structures’ first proposed
in [39], as an algebraic reformulation of the Chekhov-Eynard-Orantin (CEO)
topological recursion initiated in [22] and [23] in order to study the large N

expansion of matrix models.

Our primary goal is to engineer new examples of Airy structures taking
inspiration from the representation theory of vertex operator algebras. In
particular, we construct a highest weight state of a W~"=1/2(sp,, )-algebra
module as a partition function of an Airy structure, following the approach
developed in [9]. We do this with the help of an orbifold construction from
symplectic fermions that was developed in [18]. Our second key result is the
construction of certain Ishibashi boundary states related to affine vertex al-
gebra modules from partition functions of Airy structures. We make use of
the Wakimoto free field realizations of affine Lie algebras for this purpose. A
novel aspect of both of these examples is that zero modes of the Heisenberg
algebra are realized as derivatives instead of variables, and hence the partition
functions are vectors that lie in infinite indecomposable extensions of Fock

modules of free field algebras.

On the other hand, we also give an alternate formulation of Airy structures
as left ideals of hA-adic completions of Rees Weyl algebras. In particular, we
obtain a different proof of the existence and uniqueness of partition functions

of Airy structures by realizing ‘Airy ideals’ as homomorphic images of canoni-
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cal left ideals generated by derivatives obtained via certain automorphisms of

the Rees Weyl algebra called ‘transvections’.

The thesis contains joint work done with V. Bouchard and T. Creutzig.
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Preface

All the chapters in this thesis is joint work with Vincent Bouchard and Thomas
Creutzig. In particular, Chapter 4 and Chapter 5 has been submitted for
publication. The reference [12] is a preprint of this article and is available
online at:

https://arxiv.org/abs/2207.04336

The versions of Chapter 4 and Chapter 5 printed here are almost identical

to [12] with the exception of Section 4.1 which is not present in the preprint.
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Chapter 1

Introduction

One of the biggest success of 20th century physics and mathematics is probably
quantum field theory (QFT): a mathematical framework to describe much of
the natural physical world from the microscopic to cosmological scales. While,
the Lagrangian approach to QFT offers a powerful and simple way to describe
physical observable and permits a perturbative analysis in powers of the re-
duced Planck’s constant h for a large class of models, it is not sufficient to
explain all phenomena. Non-perturbative effects such as instantons and elec-
tric charge confinement emerge through elegant explanations using abstract

purely mathematical objects.

In fact, interactions between mathematics and physics have always been
fruitful and mathematical symmetry as a guiding principle to discover new
physical laws has lead to discoveries such as Maxwell’s laws of electromag-
netism and Einstein’s theory of relativity. However starting in the 1980s, the
discovery of string theory as an attempt to quantize 4d gravity lead to an

unprecedented flurry of new ideas in diverse fields of pure mathematics such



as algebraic geometry and topology, representation theory, and modular forms.

One such example is the link between 2d quantum gravity and intersection
theory on the compactified moduli space of Riemann surfaces M,, . Two
models of 2d quantum gravity were proposed by physicists - the first one is
described by the hermitian matrix model and computes an enumeration of
triangulations on Riemann surfaces, and the second model that of ‘topologi-
cal gravity’ has a cohomological description as an intersection theory on the
compactified moduli space of complex curves. In [44], Witten conjectured
the equivalence of two models of 2d quantum gravity. Kontsevich proved this
conjecture by expressing these intersection numbers in terms of a ‘partition
function’ of a different matrix model. Such functions are governed by an infi-
nite set of differential equations called the KdV equations or equivalently by
Virasoro constraints. Such exchanges between physics and mathematics con-

tinue to be very fruitful and can be considered a whole new discpline by itself.

Another set of examples are QFTs in two dimensions with conformal sym-
metries i.e. conformal field theories (CFTs). These have played a crucial role
in enhancing our knowledge of the non-perturbative aspects of QFT and string
theory (with the two-dimensional space-time playing the role of a string world
sheet parameterizing the string evolution). A closely-related algebraic object,
the vertex operator algebra (VOA), can be thought of as the symmetry algebra
of a CFT. However, the notion of vertex operator algebras (VOAs) was first
introduced by Borcherds as the proper formulation for the moonshine module
construction for the Monster group. In addition its rich algebraic structure has

deepened our understanding of not only conformal field theory but also other



purely algebraic fields such as representation theory of the affine Kac-Moody
algebras, and ribbon and tensory category theory. On the physics side, it has
applications to areas such as condensed matter physics, statistical physics and

superstring theory.

In a large number of cases, most of the information of a QFT can be
encoded in a single object called it’s partition function. While computing
partition functions could be a difficult task, sometimes they can be expressed
as large N limits of matrix models and can be computed quite explicitly.
The area now known as topological recursion was first proposed by Chekhov-
Eynard-Orantin (CEO) in [22] and [23] as a means to encode the mathemati-
cal structures of matrix models. The ‘conventional’ CEO topological recursion
produces a collection of meromorphic polydifferentials w, ,, on a spectral curve
¥ starting with the “initial data” wg1,wo 2. However, it has also found many
other applications in enumerative geometry, integrable systems, quantization
problems, two-dimensional conformal field theory, and in knot theory (See [8]
for a partial reference list for related applications). The list of applications is
dauntingly vast, but one of the more impressive use-case of topological recur-
sion is in the field of topological string theory and mirror symmetry. In [14],
the authors compute recursively all the open and closed B-model amplitudes

in closed form, at all genus.

In [39], the authors proposed an algebraic reformulation of this approach
in terms of collections of differential operators called Airy structures. More
abstractly, Airy structures were constructed as graded deformation quantiza-

tion modules corresponding to a certain quadratic Lagrangian subvariety in



an infinite-dimensional symplectic vector space. This thesis is primarily con-
cerned with deepening our understanding of Airy structures but from a fresh
point of view (inspired by the theory of VOAs) building on the work initiated
in [9] and [8].

The unexpected power of topological recursion and Airy structures to de-
scribe an almost inexhaustible list of mathematical objects as quite simple
recursive formulas is very attractive, and could be a powerful tool in under-
standing old geometric and quantum phenomena and also probe for new ones.
In this thesis, we strive to find new examples of collection of differential op-
erators that satisfy the properties to be an Airy structure. In particular we
obtain two quite surprising new examples - one from the field of W-algebras
of type C, and another from boundary conformal field theory. In the next
section, we give an overview of the organization of the thesis and also a quick

summary of the original results contained in this cases.

1.A Overview of the thesis

In chapter 2 we give a brief survey of basic results in the theory of VOAs and

in particular those relating to the representation theory of W-algebras.

In chapter 3, we begin by presenting the essential ideas behind CEO topo-
logical recursion, and a formulation of the notion of ‘Higher Airy structures’ as
originally presented in [9]. The goal of this chapter is to present the traditional
viewpoint of Airy structures. In rest of the thesis, we will actually present and

use a slightly different approach, that in terms of certain left ideals of the Rees
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Weyl algebra. This is the topic of Chapter 4.

Chapters 4 and 5 are contents of the preprint [12] and is joint work with
Vincent Bouchard and Thomas Creutzig. In Chapter 4, we propose an alter-
nate way of defining and understanding Airy structures, as ideals of h-adic
completions of Rees Weyl algebras. The Rees construction (also used in alge-
braic geometry) is a general construction to convert ‘filtered’ rings and mod-
ules to ‘graded’ objects. The motivation to apply this construction is that
Z-grading on the Weyl algebra used in [9] appears more simply through pow-
ers of a parameter A. We first reformulate the notion of Airy structures as
‘Airy ideals’; i.e. left ideals generated by certain collections of differential op-
erators in the h-adic completion of the Rees Weyl algebra, which we denote
by YSZ We introduce automorphisms ¢ of ﬁffl called as transvections and first
introduced in [7]. A transvection ¢ is essentially conjugation by an exponential
of a power series and acts on 132 as ¢ : (h, hxe, hdy) v (h, hxe, H,), for all
a € A, with

Hy=ho,+ Y h'0aq" ™ (24) (1.1)

n=0

for some polynomials ¢+ (z4) of degree < n + 1. We say that it is stable if
¢ = ¢® = 0. The main theorem of Chapter 4 is Theorem 4.E.3. It states
that given an Airy ideal Z, there always exists a stable transvection ¢ such
that Z is isomorphic to ¢(Zcan), where Z,, is the left ideal generated by all the
derivatives hd,,. A consequence is that the quotient of the completed Rees
Weyl algebra by an Airy ideal Z is canonically isomorphic to the completed
Rees polynomial module twisted by a transvection” automorphism ¢, which in

turn implies the existence of a unique exponential solution Z to the equations



T -7 = 0 after imposing a suitable initial condition. This is precisely the
existence and uniqueness statement of partition functions of Airy structures,
first proved in [39] from a conceptually different point of view. In the latter
part of this chapter we explore how free field realizations of VOAs (such as the
Heisenberg) provide a way to construct Rees Weyl algebras through the univer-
sal enveloping algebra of modes. A novelty in this chapter is the construction
of Airy ideals in which zero modes act as derivatives, instead of multiplication
by a variable (which is usually the case). In this case, the partition function
has an interpretation as lying in an infinite length indecomposable extension

of the Fock module.

In Chapter 5, we present a new Airy ideal constructed from the W(sp,y )-
algebra at level —N — 1/2. Our starting point is the orbifold construction
of this W-algebra from symplectic fermions first proposed in [18]. We use
the boson-fermion correspondence to realize the generators in terms of N free
bosons. In the spirit of [9], we change to the diagonal basis and perform an
automorphism on the Rees Weyl algebra given by a pair of ‘dilaton shifts’.
The main result (Theorem 5.C.8) is the construction of an Airy ideal where
the collection of differential operators are actually infinite linear combination
of the generators of the underlying VOA in this case. Interestingly, it also
turns out that the partition function lies in an extension of a Fock module,

which could play a role in its geometric interpretation.

In Chapter 6, we introduce some concepts from boundary conformal field
theory, a fascinating area of physics which has found crucial applications in

areas such superstring theory and condensed matter physics! The main result



of this chapter is a proof of the existence and uniqueness of Ishibashi states
in the ‘bulk Hilbert space’. Ishibashi states are states in the completion of
the Bulk Hilbert space that encode the data of certain 'gluing’ conditions on
the boundary of the Riemann surface, and can be used to compute correlation
functions in the boundary CFT in terms of objects in the bulk CFT. However
explicitly computing these is often very hard, and we propose that maybe Airy

ideals could be one way to make progress here.

Chapter 7 starts with a brief survey of the construction of free field realiza-
tions of modules of affine vertex algebras called Wakimoto modules in terms of
pairs of symplectic bosons and a Heisenberg VOA. Our original contribution to
this chapter appears in Section 7.E. In this section, we use tensor products of
Wakimoto modules with its dual to construct new Airy ideals. The partition
function of the Airy ideal can be understood as computing Ishibashi states in

a boundary CFT described by an infinite extension of Wakimoto modules.

Finally in Chapter 8, we conclude the thesis by giving the reader further
food for thought by presenting several interesting open problems, that have
emerged during our studies. During the writing of this thesis, we have discov-
ered several curious objects that have a very good chance to be of immense
interest in theoretical physics and geometry. Hence, we implore the reader to

pursue these directions.



Chapter 2

Vertex operator algebras

We start by introducing some basic objects in the theory of vertex operator
algebras (VOAs). We then present an array of examples that will be essential
to the rest of the thesis. This is a very deep and technical subject, and a good

reference for the material in this chapter is [2].

2.A Preliminary background

Definition 2.A.1. A vertex algebra is a vector space V with a distinguished

vector 1 € V' (vacuum vector), together with a linear map,
Y(-,2): Vs End(V)|[[z, 2] (2.1)
also known as the state-field correspondence. Thus we can write,

Y(a,z) = Z amz"""",  aw) € End(V) (2.2)

nezZ



where the RHS is a formal power series which involves only finitely many
negative powers of z when applied to any vector. The vacuum vector satisfies

the following properties,
a(_l)l = 1(_1)(1 = a, a(n)l = 0, n Z 0. (23)
The main axiom is the “Borcherds identity” satisfied by the modes,

517 (1) (@i ) = (Db pfaimene)  (24)

> m
= ( : ) (a(nt-5)D) ktm—i)C
0 J

Jj=

where a,b,c € V. A vertex algebra V is said to be strongly generated by a
subset S C V if V is linearly spanned by the vacuum 1 and all elements of the
form,

A1py ---Qrp, 1, where r>1,a,€5,n; <O0. (2.5)

In addition, V' is said to be freely generated if the above spanning set is a basis

for the underlying vector space V .

Remark 2.A.2. This definition can be easily generalized to its supersymmet-
ric analogue when we have a Z, graded super vector space V. The crucial
difference being that (2.4) acquires extra negative signs depending on the par-

ity of the chosen elements.
An important subclass consist of the vertex operator algerbas (VOAS).

Definition 2.A.3. A vertex operator algebra (VOA) is a graded vertex alge-

bra V = ||, Va such that dimV,, < oo and V;, = 0 for n sufficiently small
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and a distinguished vector w € V4 (conformal vector) satisfying the following

conditions,

1
[Ly, L) = (m —n) Ly + E(m?’ — M) 0t 0C (2.6)

for m,n € Z and some constant ¢, where L,, are the modes of w

neZ
and,
Lov = nv := (wtv)v, forov eV, (2.8)
d
%Y('U, Z) = Y(L_lfl], Z) (29)

In conformal field theory, a field a(z) is thought of as an operator associ-
ated to a fixed point z in the 2d complex plane. The limit of two operators
approaching each other is described by operator product expansions (OPEs).
The following is a consequence of the Borcherds identity (see [36] for further

details):

Lemma 2.A.4. Let V be a vertex algebra and a,b € V. Then,

N-1

a(z)b(w) = Z (L%wﬁ> A (w)+ : a(z)b(w) : (2.10)

=

where ¢ (w) € End V][w,w™]], t.,R(z,w) is the power series expansion of a
rational function R(z,w) with poles only at z = 0,w = 0 and |z| = |w| in the

domain |z| > |w| and N > 1 is an integer. Finally the colons : a(z) : denotes

10



normal ordering, that is we put all annihilation operators «,, for n > 0 to the

right of all creation operators o, for n < 0.
The singular part of (2.10) (called the OPE) encodes the brackets between
all the modes of the fields a(z) and b(z) and is sometimes denotes as follows,

(2.11)

Definition 2.A.5. The VOA of symplectic bosons is generated by pairs of
even fields ao(2),a}(2) for a, 8 € S of conformal dimension of 1 and 0 respec-

tively and satisfy the OPE,

aq(2)ag(w) ~ 6%5' (2.12)

Hence we have the commutation relations,

* *

(e, a/’g’m] = 00g0n-ml, [Gan,asm] =0, [aam, a@m] =0 (2.13)

where o, § € S lies in some index set S, n,m € Z and 1 is a central element.

We define a representation of this VOA later in Chapter 7.

Definition 2.A.6. Another example of a free field algebra is the Heisenberg
algebra. Let a be a finite-dimensional linear space with a scalar product (-, -)
with a choice of basis v;,7 = 1,2,..., N. The Heisenberg Lie algebra a has

generators b; ,,7 = 1,2,..., N,n € Z and 1 with commutation relations,

[bi,n) bj,m] - n(viu Uj)5m+n,017 [la bz,n] = 0. (214)

11



Hence the OPE of the generating fields is given by,

bi(2)bs (w) ~ %) (2.15)

(2 —w)?

The Fock representation 7% of @ is a module freely generated by b;,,i =

1,2...,N,n <0 from a vector vy defined by,
binvy =0, n>0; bigvy = A(v;)vy, Ae€a” (2.16)

so that the zero modes b;(0) act like the character A and the central element
1 acts as v times the identity. In particular, the vacuum module 7§ carries

a vertex algebra structure and this is precisely what’s called the Heisenberg

VOA.

In the following sections we are primarily concerned about twisted modules
of W-algebras. For every finite order automorphism o of a vertex algebra V,
we can construct a twisted V-module M7, such that when restricted to the
o-invariant subalgebra V7 C V., M? becomes an untwisted module for V7. A

module of a vertex algebra V' is a vector space M with a linear map,
Yu(,2) : V= End (M)((2)) (2.17)

such that the Borcherds identity (2.4) holds for a,b € V and ¢ € M. The
notion of a twisted-module is a generalization that allows non-integral powers

of z in the map Y (-, 2).

Definition 2.A.7. Let ¢ be an automorphism of a VOA V of a finite order h

so that it preserves the vacuum and the conformal vector. A o-twisted module

12



M of V is a vector space with a linear map Y (-, 2) : V > End(M)[[z='/", 21/]]

such that,

1
Y(a,z) = Z amz"", if oa= exp Vg pe EZ (2.18)

nep+7Z

where a,,) € End(M). In other words, the monodromy around z = 0 is given

by the action of o:
Y(oa,z) = Y(a,exp”™12), a=V. (2.19)

In addition the modes satisfy the same Borcherds identity stated in (2.4).

We briefly mention the idea of contragredient modules first introduced
in [28]. This will be used in Chapter 6 to construct objects in a boundary
conformal field theory. Let (M,Y") be a module for a VOA V with grading,

M= | | My, (2.20)
neQ

and let M’ be the graded dual space,
M = | | Mg, (2.21)
neQ

Let (-,-) : M’ x M + C denote the canonical pairing. The adjoint vertex

operator Y'(v, z) € End (M")[[z, 27!]] is defined by the condition,
(Y'(v, 2)m/,m) = (m', Y (e*L1(=2*)ou, 271 )m) (2.22)

forve V,m' € M';m € W. The result that was proved in [28] is that (M',Y”)

13



carries the structure of a V-module.

In the rest of the chapter we give further important examples of vertex
operator algebras (VOAs). In particular we discuss lattice VOAs associated to
integral lattices and W-algebras. Lattice VOAs were some of the first examples
of VOAs in math literature but more recently, lattice VOAs have also made an
appearance in relation to the fractional quantum hall effect such as in [16]. On
the other hand, WW-algebras were introduced as non-linear extensions of the
Virasoro algebra by Alexander Zamolodchikov. We briefly review the different

constructions of W-algebras in 2.D.

2.B Lattice vertex algebras

We introduce the notion of a lattice vertex algebra associated to an integral
lattice @ of rank . The interested reader can refer to [5] for a nice review
on this topic. We will follow their exposition closely in this section. Let
the bilinear form on @) be denoted by (-,-) and we also use the same symbol
to denote its extension to the complexification h := C ®z ). We define a

bimultiplicative function
e(a, ) = (=1)lle+1/2) - e . (2.23)

The twisted group algebra C.[Q)] is spanned by {e® },eo with the multiplication

rule,

e’ = e(a, B)e" P, a,B Q. (2.24)

14



Let 6 = b[t,t71] ® CK be the Heisenberg current algebra defined by the com-

mutation relations
[At™, W't"] = MmO —n (k| )K,  [ht™, K] =0, h,h' €. (2.25)

It has a unique irreducible representation of level 1 (i.e., with K = 1) on the
Fock space S = S(h[t~!]t71) such that h[t~!]t~! acts by multiplication and

h[t]1 = 0. This representation extends to the space Vg = S ® C.[Q] by

(ht™)(s @ €*) = (ht™ + dpo(hla))s @ e*  for m > 0. (2.26)

The left multiplication
(s ®e”) = e(y,a)s @t (2.27)

gives rise to a representation in Vg of the Z,-graded associative algebra U (6) ®

C.|Q]. This induces a Z, grading on Vg given by the formula,

p(s®e®) =|al*> mod 27Z (2.28)

For a € @), the so-called vertex operator is given by,

Yo(z) =€ : exp/a(z) ;
= e%z%exp (Z(at”)%) exp (Z(at”)%)

n<0 n>0

It’s parity is given by |a|?> mod 2Z. The vertex operator Y,(z) is a field on

15



Vi, and it is local with respect to h(z) because
[h(2), Yo (w)] = (hla)Yy(w)d(z — w), hebhaeq. (2.30)

In addition it can be checked that the fields Y, (z) are local among themselves.

The vertex algebra structure on Vj is given by the following theorem:

Theorem 2.B.1. The fields Y(ht™',2) = h(z) (h € b), of parity 0, and
Y(e®, z) = Yo(2) (o € Q), of parity p(e®) = |a* mod 27Z, generate a vertex
algebra structure on Vg = S ® C.[Q] with the vacuum vector 1 ® 1 and the

operator T defined by
[T, ht™] = —mht™ ™, Te* = (at™')e?, hebh,acq. (2.31)

This vertex algebra is conformal of central charge | := rank Q) with the confor-

mal vector

v = % Z(ait—l)(bit—l), (2.32)

where {a'}, {b'} are dual bases of b.

We now describe another fundamental example of VOAs, those constructed
from affine Lie algebras (also sometimes known as affine Kac-Moody algebras).
This is an important example due to its connections to classical Lie algebras,
and to the theory of W-algebras via the quantum Sokolov-Drinfeld reduction.
For further information on these objects relevant to this thesis, the reader can
refer to [8] and the references presented there. In the next two sections we

adopt and follow the notation and presentation of [8].
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2.C Affine vertex algebras

Let g be a simple basic complex Lie superalgebra and (-,-) : g x g — C a
non-degenerate invariant bilinear form on g, (-,-) normalized such that long

roots have norm 2. Let
§=g®cC[t*'|®CKaC.d

be the affinization of g. Here K is central and d is a derivation. For x € g,

denote z ® t" by x,. Then the commutation relations are
Vm,n € Z) V%y €9, [xmayn] - [xvy]m+n+5m+n,0m’i(x7y)K‘

Let k € C and gy be the Lie superalgebra obtained from g by setting K = k
for some constant k. Let ﬁff the subalgebras generated by the positive (resp.
negative) modes. The subalgebra of zero-modes is identified with g (ignoring
the derivation). The universal enveloping algebras of g, g and g @ g are

denoted by A, Ay, A>g, A<o.

Let B be a basis of g. For k € C, the universal affine vertex superalgebra

V*(g) of g at level k is generated by fields {X?®(z) = > 2,271 | 2 € g} with
nez

OPE
ki(z,y)  XE(w)
(z—w)? (2 —w)

X (2) XY (w) ~

where the bilinear form is now chosen to be the (appropriately normalized)
Killing form, denoted by x. In addition, the set {X* | x € B} strongly and

freely generates V*(g).
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As ge-modules we have V*(g) = A®4., C.|0), i.e. it is the Verma module
induced from the trivial representation C.|0) of Aso. More generally if p is a
representation of g, then p induces an As¢-module by letting A, act trivially.

The Verma module of V*(g) with top level p is then

Vk<p) =A D Ao P-

Let g=g_®bhDg, be as usual a triangular decomposition of g into a Cartan
subalgebra h and positive and negative part. A highest-weight vector v is an
eigenvector of h that is annihilated by g.. If p is an irreducible highest-weight
representation of g of highest weight A, we write V¥()) for V¥(p). In this case

the conformal weight of the top level when k + kY # 0 is given by

(A A+ 2p)
2(k +hV)’

N =

with p the Weyl vector and kY the dual Coxeter number of g.

2.D W-algebras from the quantum Drinfeld-

Sokolov reduction

The theory of W-algebras can be approached from several directions. One
point of view is as follows: given a semisimple Lie algebra g with a chosen
nilpotent element e, the associated VW-algebra is an associative algebra which
lies between the algebras U(g) and Z(g), in other words a subquotient of U(g).

This construction is the quantum analogue of the classical Drinfeld-Sokolov re-
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duction of Poisson varieties. For a nilpotent element e, let Oe := G - e denote
the the nilpotent orbit in the Lie group G := Lie(g). It has a natural trans-
verse slice called the Slodowy slice that can be expressed as the Hamiltonian
reduction of g* of a certain unipotent algebraic group. Finally W-algebras can
be interpreted as the quantization of the ring of functions on the Slodowy slice.
The general algebraic construction of W-algebras is due to [37]. We sketch it

briefly in the special case of a semi-simple Lie algebra g.

Let (f,h,e) be an sly-triple in g. Here the Cartan subalgebra element h
is normalized such that [h,e] = e and [h, f] = —f. Then g is 3Z-graded by

h-eigenvalues.

There exists a free field vertex superalgebra C(g, f) depending on g and
f and the zero-mode d/ of an odd field in C(g, f, k) = V¥(g) ® C(g, f), such
that (C(g, f,k),d’) is a complex whose homology is a vertex superalgebra, the

W-algebra of g at level k associated to f:

WX(g, f) := H.(C(g, f,k),d’).

The complex has a Z-grading described by the so-called ghost number. One
of the main results is that all homologies vanish except in degree zero. Secondly
they also prove that as graded vector space, W*(g, f) = V(g/). Furthermore,
a set of strong and free generators is associated to a homogeneous basis {g, }
of the centralizer of f (denoted by g/). The conformal weight of a generator
J g, (2) corresponding to a homogeneous element g,,(2) of h-eigenvalue n is 1 —n.

The homology
M*(X, f) = H.(C(g, f) ® V¥()), d)
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is a module for W*(g, f), and it is in fact a Verma module. Thus the quantum
reduction construction yields a functor from the category of g-modules to

W¥(g, f) modules.

2.D.1 Principal W-algebras at the self-dual level

If f is principal nilpotent, then the W-algebras thus obtained are called prin-
cipal Wh-algebras. In this section we give further structural results when the
level is chosen to be the so called self-dual level, this appears to be special from

the point of view of representation theory and also enumerative geometry.

Let g be a semi-simple Lie algebra of type ADE. An important construc-
tion of principal W-algebras is given by the coset construction. Let us formu-
late this result precisely. Let Vi (g) be the universal affine vertex algebra asso-
ciated to g at level k, and denote by Ly(g) the unique simple graded quotient
of Vi(g). Suppose that k is an admissible level so that Lj(g) is an admissible
representation. Consider the tensor product vertex algebra Li(g) ® L1(g). We

define the commutant subalgebra of a sub-VOA U C V by,

Com(U,V) :={a € V]auyv = 0,Yv € U,i > 0}. (2.33)

Then in [3], the authors proved that

WX(g) = Com(V(g), V* " (g) ® L1(g))
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where k and /¢ are related by the formula

1 N 1
k+hY  C+hY

=1

)

with A" the dual Coxeter number of g. The large level limits, that is k — oo

yields orbifolds. More precisely, we have

W (g) = Ly (g)°,

with G the compact Lie group whose Lie algebra is g. This implies that
W—""+1(g) is in fact a subalgebra of the Heisenberg subalgebra of L;(g). An-
other fascinating result for principal W-algebras of ADFE type called Feigin-

Frenkel duality states that,
W(g) = W'(g)
where (k+hY)(¢+h"Y) = 1. Thusif £ = —h" +1 then / is at the Feigin—Frenkel

self-dual level.

We denote by R and () the set of roots and the root lattice respectively
of some simple Lie algebra g. Then the principal W-algebras at the self-dual
level can also be described as the intersection of the Fock space F C V and

the kernels of all screening operators

e“0) = Res.Y (e, 2), acR.

From this point of view it’s clear that VV-algebras are realized as subalgebras
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of a Heisenberg vertex algebra of the same rank as the corresponding Lie al-
gebra. The construction for the general level and arbitrary choice of nilpotent

element is carried out in [33].

In this thesis we will actually be interested in W-algebras not of ADFE type.
In particular for type C', the universal principal W-algebra of type Cy at level
—N —1/2 is isomorphic to the orbifold of N-pairs of symplectic fermions, the
reason is that the coset Com(V*(spyy ), V*(08p o)) is isomorphic to We(spyy )
for generic ¢ with ¢ and k realted via ({ + N +1)"' + (k+ N +1)"! =2 by
[20, Thm. 4.1]. The limit & — oo makes sense and in this limit the coset
becomes an orbifold of a free field algebra [19, Thm. 6.10] which in this case
is the Sp(2N)-orbifold A(N)P2N) of N-pairs of symplectic fermions A(N).

This fact will be used in Chapter 5 to construct new Airy structures.

From the coset construction it is evident that the subgroup of G that re-
stricts to automorphisms of the Heisenberg subalgebra leaves the W-algebra
invariant. Thus twisted modules for the Heisenberg algebra restrict to un-

twisted YW-modules.
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Chapter 3

Topological recursion and Airy

structures

In this chapter, we change our bearing towards enumerative geometry by in-
troducing the notions of ‘topological recursion’ and ‘Airy structures’, the de-
velopment in these fields have been motivated and influenced by a rich history
of interactions between physics and mathematics. The topological recursion
formalism was first developed by Eynard and Orantin in [22] as a means to en-
code the general underlying structure in the solution of various matrix models
such as Kontsevich’s matrix models. We first introduce Eynard and Orantin’s

formalism below.

3.A Topological recursion

The formalism of topological recursion takes as input a compact Riemann sur-
face and outputs some differential forms that are related to various enumera-

tive geometry invariants, some examples include (r-spin) intersection theory on
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the moduli space of curves, semi-simple cohomological field theories (CohFTs),
Gromov-Witten theory on toric Calabi-Yau threefolds and the (weighted) pro-

jective line, Hurwitz theory, random matrix theory and knot theory.

Definition 3.A.1. A spectral curve is a triple (X, z,y) where X is a Torelli *
marked compact Riemann surface and x and y are meromorphic functions on
Y., such that zeroes of dx do not coincide with the zeroes of dy. Hence they

must satisfy an irreducible polynomial equation P(z,y) = 0.

An example is the “Airy curve” defined by 3? = z in C? and this is precisely
the curve connected to the Kontsevich matrix model. Another important

object is the Bergmann kernel.

Definition 3.A.2. The Bergmann kernel B(zy, 25) is the unique (after normal-
ization over the A-cycles) symmetric bilinear differential on ¥? with a double

pole along the diagonal z; = 25, with leading order term

le d22
2

B(Zl,ZQ) — m

(3.1)

In this section we will confine ourselves to spectral curves with simple ram-
ification. The generalization to higher ramification was done in [13] and looks
a bit more complicated. The essence of topological recursion (TR) is a recur-
sive structure that underlines the loop equations of matrix models. We get as
output an infinite set of symmetric meromorphic differentials wy,(p1, ..., pn)

on X" for g,n € N.

Definition 3.A.3. Let (3, z,y) be a spectral curve with simple ramification,

and 7 : ¥ — P! a branched covering given by the meromorphic function z,

LA Torelli marked compact Riemann surface is a genus g Riemann surface with a choice
of symplectic basis of cycles (A1,..., 44, B1,...,By) € Hi(3,Z).
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and R C ¥ the set of ramification points of m. The initial data is given by,

wo1(p) == y(p)dz(p), wo2(p1,p2) = B(p1,p2) (3.2)

for P={p1,...,pn} € X" Forn > 0,9 > 0 and 2g — 2+ n > 0, we uniquely
construct symmetric meromorphic differentials w,, on X" with poles along R

via the formula,

Wy n+1(po; P) = Z Resp—q

a€ER

( (f(fB(',po)

PR

where « is an arbitrary base point on ¥ and ¢, is the locally defined involution
around the branch point a. The symbol R, ,, encodes the recursive structure

and is defined as,

/
Rg,n(leqQ;P) = Wg—l,n+2(Q1;Q2§P)+ Z ng,\R1|+1(Q1;R1)wg2,|R2|+1(Q2;R2)

g1+g92=9g
R1URo=P

(3.4)

for g1,9o € N and the " denotes that we omit the cases (g1,71) = (0,¢) and
(92,72) = (0, 9).

The topological recursion formalism (for arbitrary ramification) lets us
compute higher genus data for a large number of enumerative invariants such
as Gromov-witten invariants of toric CY threefolds, Hurwitz numbers, r-spin
numbers, Weyl-Petersson volumes starting from a choice of a spectral curve
and genus 0 data. We give below an example of non-simply ramified spectral
curves, that are relevant to the contents of this thesis. We do not treat this
point of view any further in this thesis, the interested reader can refer to [9]

and [8] for recent work in this area. Consider the family of spectral curves
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indexed by (r,s) with r € Z,>9 and s = {1,...,r+ 1} for r = £1 mod s and

parameterised by the equations,

1

oS '

ZT’
r=—,y=— 3.9

Y (3.5)
These curves are related to examples of Higher Airy structures constructed
in [9]. Higher Airy structures are an algebraic reformulation of topological
recursion. We will now discuss this in the next section. We abbreviate the
topological recursion of Eynard-Orantin discussed above as TR in the following

sections.

3.B Higher Airy structures

In [39], Kontsevich and Soibelman sought an algebraic description of the
Eynard-Orantin topological recursion, the initial data for which is a set of
atmost quadratic differential operators on a vector space V' which gives as
ouput a formal series of function on V' that are simultaenously annihilated
by these operators. When V' is infinite dimensional we have convergence is-
sues that need to be examined by imposing filtrations or a topology on V.
We ignore these technicalities for now and will discuss them in the next sec-
tion. This was generalized to differential operators of order higher than just
quadratic order in [9] to ‘Higher Airy structures’. We will state some results
of this paper below as a starting point of our study. In Chapter 4 we present
an alternate approach to defining and studying Airy structures -as left ideals
of graded Rees Weyl algebras obtained as images of certain automorphisms

called ‘transvections’. However, we first present the conventional approach in
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existing literature for clarity and completeness.

Let E be an infinite-dimensional C-vector space indexed by a set A. Let
(€a)aca be a basis of F and let (z,),c4 be the corresponding dual basis of
the dual space £* = @,.,C(xx) indexed by the set £ and h be a formal

parameter. We make some essential definitions.

Definition 3.B.1. Let D = C[[A, (24)aca, (s, )aca]] be a certain comple-
tion of the algebra of differential operators. We define an algebra grading by
assigning,

deg(z;) = deg(hd,,) = 1, deg(h) = 2. (3.6)

Remark 3.B.2. Firstly, we remark that the A-parameter and grading will be
introduced in a different way in Chapter 4, and this new convention will be
used in rest of the thesis, hence the reader should be careful of not confusing
the two notations. We start here by making the more conventional definition
appearing in existing literature. The exact relation between the two conven-
tions is outlined in Remark 4.B.8. Secondly, we will define completions of the

Weyl Algebra mentioned above more precisely in the next chapter.
We reproduce the definition of a Higher Airy structure introduced in [9]:

Definition 3.B.3. A higher quantum Airy structure on E in the normal form

is a family of differential operators (Hy)xea of the form,

Hy, = hd,, — P, (3.7)

where P, € DZ is a sum of terms of degree > 2.
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2. Moreover, we require that the left D-ideal generated by the H}’s forms

a graded Lie subalgebra i.e. there exists g,]ji’”kQ € D" such that,

[Hkl’ HkQ] =h Z glljf,kngs' (38)

ks€A

The properties in the above definition are chosen precisely so that the

following holds true.

Theorem 3.B.4. [39] Let E be a finite-dimensional vector space. Given a

higher Airy structure (Hy)gea in the normal form, the system of equations,
Vke A, Hp-Z=0, (3.9)

has a unique solution of the form,

ho~!
Z=exp| > —Fyn | Fyn € Sym"(E"). (3.10)
920,n>1 v
2g—2+n>0

The formal power series Z is also referred to as the partition function of the

Airy structure.

Remark 3.B.5. The above theorem provides a recursive relation on the F,,
with initial data given by certain coefficients of the operators (H;);ca. The
correspondence between the Fj ,,’s computed from a higher Airy structure and
wgn's of Eynard-Orantin topological can be understood as follows. Given a
spectral curve with ramification points in the set r; € R, we can expand the
wgn's around the ramification points in a local basis of meromorphic differ-

entials {Cy, r, bksenrer, to get the scalars F,, as coefficients. Relevant results
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and proofs can be found in [9].

A large number of examples of higher Airy structures can be constructed
using free field realizations of modules of W-algebras. The partition functions
of these are known to be generating functions of enumerative geomety invari-
ants such as Gromov-Witten invariants, r-spin intersection numbers, Hurwitz
numbers etc and some of these can also be obtained as partition functions of

matrix models. We give below one such example.

Definition 3.B.6. Let {.J;, }nez and {Jop 11 bnez be generators of two Heisen-

berg algerbas respectively. Consider the set of operators { H7, H 2}kezzo>

1 h
Hg = J2k+1 — 5 ( Z . J2_a<]2; I JQa_ln]Qb_A,_l 2) — gék,l (311)

a+b=k—1
- -1 I
HIZ’ - J2(k+1) +2 Z J2k1+1‘]2k2 3 Z J2aJ2bJ2k2 (3.12)

ki1+ko=k—1 a+b+ko=k—2

h
+ Z Jra—1J2011 5, + 7550

4
a+bt+ko=k—1

We identify negative indexed modes with variables, J—, = xo,, J_ont1 =
Ton_q for n > 0 and J, := h'/?q for some complex constant g. The operators

form an Airy structure acting on the vector space E := @, C(zy).

We remark on the connections to VW-algebras, matrix models, and enumer-
ative geometry as promised. The interested reader can refer to [9] for further

details.
1. The operators { HZ, H}} form a representation of the W(sl3) algebra.

2. The partition function Z is that of the Kontsevich-Penner matrix model
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described by the integral,
B3
Z = /[dB] exp Tr (—? +AB + klogB) (3.13)
and the time variables,
ty=TeA™? n>1 (3.14)

such that the time ¢, o« x,. The matrix of integration B is an M X
M Hermitian matrix and the measure [dB] is the Lebesgue measure
given by the product of the Lebesgue measures of all real components
of the matrix B. It is assumed that its size M tends to infinity, and the

parameter of deformation k is completely independent of B.

3. The partition function annihilated by the Airy structure constraints gen-
erate certain intersection numbers on the moduli space of open Riemann

surfaces known as the extended open partition function,
T, = exp (h29+b_2qu(g,b)7n) . (3.15)

where Fl,4) , are intersection numbers of the open analogues of the
classes on the moduli space of Riemann surfaces of genus g with n marked

points and b boundaries.
4. In [15], it was proved that 7 satisfy the ”"open KdV integrable hierarchy”.

It is an interesting problem to understand the relationship between different
enumerative invariants. For instance, the dualities between open and closed

string are central in physics. In [32], Gaiotto and Rastelli prove a correspon-
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dence between the Kontsevich matrix model and open string field theory. This

inspires the following problem.

Problem 3.B.7. Let Z. and Z, be the partition function of closed and open
intersection numbers respectively. These are known to be partition functions
of Airy structures coming from certain modules of W(gl,) and W(sl3) respec-

tively. Consider the embedding,

Wi(sls) = W(gl,) @ W(gly) C Hs (3.16)

where H3 is a twisted module of a rank 3 Heisenberg algebra. Is there an

operator A on Hs such that,

A(Z.) = Z,. (3.17)

We have some preliminary results with V. Bouchard and T. Creutzig to-
wards such a correpondence, but a definite proof has not been obtained yet.
However, this is not the topic of this thesis and we will not discuss it any

further.

Remark 3.B.8. Symmetry under the change of integration variables of the
matrix integral (3.13) yield an infinite set of differential equations satisfied by
Z, named the Schwinger-Dyson (SD) constraints of the matrix model. We have
explicitly checked that these SD constraints are indeed the same as the Airy
structures coming from twisted modules of the W(sl3) and W(sl,) algebras

after a re-scaling of the coordinates.

Remark 3.B.9. In [9], the authors construct Airy structures from certain

modules of W(g)-algebra for g = gl,,, 509, ¢, that is W-algebras of the A-D-
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E type. The general method can be summarized as follows: Let g be a Lie
algebra and ¢ an element of the Weyl group of g. Let W(g) be the principal
Wh-algerba of g at the self-dual level £ = —hY+1 (where h" is the dual Coxeter

number of g.

1. Construct a o- twisted module of the Heisenberg vertex operator alge-
bra. The positive and negative modes of the generators {.J,, },cz can be
realized as the differential operators that act as derivatives and multipli-

cation by variables respectively on the space on formal series.
2. Upon restriction to W(g), we get an untwisted W(g)-module.

3. Pick a subset of modes generating a left ideal which is a graded Lie

subalgebra of the algebra of modes.

4. Conjugate these modes by an operator of the form exp(ﬁ) for s > 0, to

bring them in the form of a higher quantum Airy structure.

The exposition in this section sweeps a lot of subtle nuances under the rug.
For starters, when considering Weyl algebra in an infinite number of variables
one quickly stumbles into issues of convergence of infinite sums. Hence one is
forced to define objects such as the Weyl algebra and formal power series more
precisely as completions of ‘finite variable’ objects. Secondly, the A parameter
and the associated grading was introduced in an ad-hoc way, which could be a
bit puzzling. Finally, the insistence of (3.8) in the definition and its role in the
proof of existence and uniqueness of partition functions if a bit opaque. We
propose resolutions of these issues in the following chapter by a more technical
but precise presentation. In particular we resort to the 'Rees construction’

of algebraic geometry to introduce the parameter h. More interestingly, we
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give an alternate definition of the notion of Airy structures as left ideals in
a completion of the Rees Weyl algebra (called ‘Airy ideals’) and obtain a
alternative proof of the uniqueness and existence of partition functions. As
explained in Chapter 1, the crux of the proof is the realization of Airy ideals
as images of canonical left ideals obtained by a family of automorphisms called
‘transvections’ . This is done with the goal of making the essential features in

the definition of Airy structures perhaps more transparent.
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Chapter 4

Airy ideals and transvections of

Rees algebras

In this chapter we propose a different point of view on the definition of Airy
structures, as explained in the introduction. Contents of this chapter are

almost identical to [12] except for section 4.1.

4.A Preliminaries

4.A.1 Cyclic modules and twisted modules

We first review basic concepts in the theory of modules that will be needed
later on. Let D be an associative algebra over C,! and M a left D-module.

We write r - m € M for the action of r € D on m € M.

Definition 4.A.1. The annihilator of an element v € M, which is denoted

"'We could work over any field K of characteristic zero instead of C.
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by Annp(v), is defined as

Annp(v) ={P €D | P-v=0}. (4.1)

It is naturally a left ideal in D.

Definition 4.A.2. A left D-module M is cyclic if it is generated by a single

element v € M.

It is easy to show that a cyclic left D-module M generated by v € M is
canonically isomorphic to D/Annp(v).

We will also need the notion of a twisted module with respect to an auto-

morphism ¢ : D — D.

Definition 4.A.3. Let ¢ : D — D be an automorphism, and M a left D-
module. The twisted module MM is given by the same vector space as M,

but with the new operation

regm=a¢ (r) -m. (4.2)

It is easy to show that, if M is a cyclic left D-module generated by v € M,
then the twisted module ®M is also cyclic and generated by v. Furthermore,
the annihilator of v € M, which we denote by *Annp(v) to avoid confusion

with the annihilator Annp(v) of v in M, is:

?Annp(v) = ¢ (Annp(v)). (4.3)

It then follows that ®M is canonically isomorphic to D/¢ (Annp(v)).
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4.A.2 Filtrations, Rees algebras and Rees modules

We now review the Rees construction for filtered algebras and modules. We
write N for the set of non-negative integers, and N* for the set of positive

integers.

Definition 4.A.4. An exhaustive ascending filtration on D is an increasing

sequence of subspaces F;D C D, for + € N:
{0 CRDCHRDCKRDC...CD, (4.4)

such that U;enF;D = D and F;D - F;D C F,,;D for all 7, j € N. An algebra D

with such a filtration is called a filtered algebra.
Filtered modules are defined in a similar way.

Definition 4.A.5. Let M be a left D-module. An exhaustive ascending fil-
tration on M is given by an increasing sequence of subspace F;M C M for
1€ N:

{0 CFMCFMCFRMC...CM, (4.5)

such that UjenFsM = M and FD - F;M C FiyjM for all 4,5 € N. A left

D-module M with such a filtration is called a filtered module.

From a filtered algebra, we can construct a graded algebra in a natural way:
this is the Rees construction. Note that this construction is different from the

standard associated graded algebra Gr(D) = @, , G, with G,, = F,,D/F,,_D.

Definition 4.A.6. Given a filtered algebra D, we define the Rees algebra D"
as:

D" = (P h"F,D. (4.6)

neN
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It is a graded algebra, graded by A (with deg(h) = 1). When needed, we write

D! := h"F, D for the subspace of homomegeneous elements of degree n.

It will be very important for us to consider not only Rees algebras, but

also their completions with respect to the h-adic topology.

Definition 4.A.7. We define the completed Rees algebra D" as
D" =[] wF.D. (4.7)
neN

which is the completion with respect to the h-adic topology. Explicitly, an

element P € D" can be written as a formal power series in A:

P=> hP, (4.8)
n=0
for some P, € F,D.

The same Rees construction can be applied to filtered modules.

Definition 4.A.8. Given a filtered D-module M, we define the Rees module
M as
M =P FM. (4.9)

neN
It is a graded left D"-module, and we write M" = h"F, M for the subspace

of homogeneous elements. We define the completed Rees module M" as
Mt =T] W FuM, (4.10)
neN
which is the completion with respect to the h-adic topology.

37



4.B Rees Weyl algebra

We now apply the Rees construction to the Weyl algebra (in either a finite
or countably infinite number of variables). Generalization to infinite number
of variables requires us to define suitable completions. A brief survey of the
categorical notion of completions is undertaken in Appendix A and examples

related to the Weyl algebra are expounded on in B.

Let A be an index subset, either finite or countably infinite. We write
x4 = {Za}aca for the set of variables z, with a € A, and 94 = {9, }4ea for the

set of partial derivatives 0, with respect to the variables x,.

Definition 4.B.1. If A is a finite index set, we define the Weyl algebra D4 =
Clza](04) to be the algebra of differential operators over the polynomial ring
Clx 4] in the variables x4. Dy is the free associative algebra over C generated

by {z 4,04} modulo the commutation relations
[xa,xb] =0, [6a, 81)] =0, [aa, l"b] = 6ab> VCL, be A (4.11)

In the case where A is countably infinite, we define D4 to be a particular

completion of the Weyl algebra C[z4](04).

Definition 4.B.2. If A is a countably infinite index set, we define the com-
pleted Weyl algebra D, to be the completion of the Weyl algebra C[z4](04)
that contains potentially infinite sums in the derivatives, but with polynomial
coefficients. Elements of D4 remain of finite order as differential operators.

(A more precise definition appears in Example (B.1) of Appendix (A))?

2This completion should not be confused with the A-adic completion of Rees algebras
and modules discussed in the previous section.
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In other words, we can write an element P € D4 uniquely as

M
P= Z Z Dayan (£4)0a; ** + Oa,, s (4.12)

m=0ay,...,amEA

for some M € N, where the p,,..q, (4) are polynomials in the variables x 4.
If A is a countably infinite index set, we see that the sums over the indices a;
can be infinite, but the coefficients are always polynomial (they cannot include
infinite sums of monomials). For example, what this means is that an operator
like )" 4 0q is in Dy, while )~ _, , is not.

There is a natural exhaustive ascending filtration on D4 called the filtra-
tion. To construct it, we give degree one to the variables x, and the partial
derivatives 0d,, and define the subspaces F;D4 as containing all operators in

D, of degree < i. More precisely:

Definition 4.B.3. The Bernstein filtration on D, is defined by

FEDa={ > > 2, (@) 0u, g (4.13)
m,keN ay,...,amEA
m-+4k=1

where the p((l]f)...am (x4) are polynomials of degree < k. Here, FyD4 = C.

From the definition of D4 and its Bernstein filtration, it is clear that
[FnDa, F,D4] C Frygn—2Day. (4.14)

As in the previous section, we construct the Rees algebra associated to the
filtered algebra D4 with the Bernstein filtration. (See also Example (B.2) in

the Appendix)
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Definition 4.B.4. The Rees Weyl algebra D associated to D4 with the
Bernstein filtration is

Dy = P F.Da, (4.15)

neN
which is a graded algebra, graded by A with deg(h) = 1. We write Dfm =
h"F, D4 for homogeneous elements of degree n. We define its h-adic comple-

tion, as in Definition 4.A.7:

Dy = [[ " F.Da. (4.16)
neN
From (4.14) we get that
[ﬁz,m’ ﬁz,n] g hgﬁz,m—i—n—? (417)

Remark 4.B.5. The Rees Weyl algebra D} C @Z is the subalgebra consisting
of differential operators that are polynomials in . Note that we can also think
of the Rees Weyl algebra D as the free associative algebra over C generated
by {h, hx 4, h0a}, where h is a central element, and the other generators satisfy

the commutation relations

[hl‘a, hxb] =0, [h@a, hab] =0, [h&a, hxb] = hQ(Sab; VCL, b e A.
(4.18)

Example 4.B.6. To clarify the notation, an operator P € ﬁ'}l can be written

as

P=>"m > > "M (24)0a, - O, (4.19)

neN m,keN ai,...,am€EA
m-+k=n

k)

where the pgfi‘.am (x4) are polynomials of degree < k.
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Because of the subtelties arising due to infinite sums when A is a countably
infinite index set, we need to define a particular property for collections of
operators in 732, which we call boundedness (this condition is called “filtered

family of operators” in [10] — see Section 2.1.2).

Definition 4.B.7. Let [ be a finite or countably infinite index set, and {P; };es

be a collection of operators P; € YSZ of the form

P, = Zhn Z Z p%f a, (£4)0a; - O, (4.20)

neN m,ke€N aq,...,am€EA
m~+k=n

We say that the collection of operators { P; }ic; is bounded if, for all fixed choice

k)

of indices aq, ..., ay, n, and k, the polynomials ple (x4) vanish for all but

“Am

finitely many indices ¢ € I. We note that the condition is trivially satisfied if

I is a finite index set.

There is a fundamental reason why we consider bounded collection of dif-
ferential operators. In the following we will study left ideals Z in ZSZ consisting
of all Z/D\Z—linear combinations of a collection of operators {P,};c;; that is, any

@ € T can be written as

Q=23 P (4.21)

for some ¢; € YSZ . If I is a finite index set, this is the left ideal generated by the
collection of operators { P, };c;. However, if I is a countably infinite index set,
we will want our ideal Z to contain not only finite ﬁﬁ—linear combinations of the

P;, but also infinite ones.®> But if { P, };c; is an arbitrary collection of operators,

3We will often abuse notation and still say that this ideal is “generated” by the P;, even
though an ideal generated by a set only contains finite linear combination of the elements
in the set, regardless of whether the set is finite or countably infinite. For us, we always
include both finite and infinite linear combinations when the generating set is countably
infinite.
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infinite ﬁg-linear combinations of the P, may give rise to divergent infinite
sums, or to operators whose coefficients are not polynomials in the variables
x4 (they may contain infinite sums of monomials). However, if the collection
{P,}icr is bounded, this cannot happen; in this case, it is straightforward to
show that infinite ﬁf‘-linear combinations of the P, are always well defined
operators whose coefficients are polynomials in the variables x4 (since they
are finite sums of polynomials), and therefore in ZSZ This is the key reason

why we consider bounded collection of operators in 232

Remark 4.B.8. As mentioned in remark (3.B.2), for the readers familiar with
the literature on Airy structures, a word of caution is required at this stage.
Our & differs from the usual & in the literature on Airy structures. More pre-
cisely, as should become clear later, to connect the two approaches, one should
start with the traditional definition of Airy structures (for instance in [39, 9]),
rescale the variables as z; — h'/?z;, and then redefine i — H%. With this
transformation, the grading defined in [39, 9] becomes the natural Ai-grading

on the Rees algebra that we introduce here, with deg(h) = 1.

We could also introduce A as in the traditional literature on Airy structures
using the Rees construction. What we would need to do then is consider a
different filtration on the Weyl algebra, namely the “order filtration” instead

of the Bernstein filtration, which is defined by
FD, = {Z > Parean(4)0, - -aam} : (4.22)

m=0ay,...,am€EA

where the polynomials pg,...q,, (z4) have arbitrary degree. In other words,

F;D 4 consists of differential operators of order at most ¢, but with polynomial
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coefficients of arbitrary degree (it corresponds to giving degree one to the
partial derivatives 0,, but degree zero to the variables z,). We could then
define the corresponding Rees algebra; the result would be the standard h-
dependent Weyl algebra considered in the literature on Airy structures.
Although the two approaches are ultimately equivalent, we find the intro-
duction of A via the Bernstein filtration instead of the order filtration more
natural and transparent, as, among other things, it allows us to work with the
Rees polynomial module (i.e. we also introduce A for a Df-module via the
Rees construction), and we don’t need to deal with formal power series in the
variables x4, as will become clear later — we only need to consider the A-adic

completions for the Weyl algebra and its polynomial module.

4.C Left ﬁﬁ-modules

4.C.1 Polynomial D4-module

A natural left Ds-module is the polynomial algebra M, = C[x 4], where the
action is given by the standard action of differential operators on polynomials.
In the case where A is countably infinite, one should be a little bit careful here,
since our algebra Dy is the completion of the Weyl algebra, which includes
potentially infinite sums over the derivatives. However, since M 4 is a polyno-
mial algebra, the action of differential operators in D4 on polynomials always

collapses the infinite sums to finite sums, and so the action is well defined.*

4For instance, we need to be careful that we don’t encounter situations like the differ-
ential operator Y-, 4 0, acting on Y, 4 p, since Y. o4 0o (Xpep @) = Yqea 1 Which is
of course divergent. But, while > ., 9, is in Da, Y, 4 s is not in M4 since it is not
a polynomial. We never run into this kind of issues because all infinite sums collapse to
finite sums, since all elements of M 4 are polynomials, even if we work with infinitely many
variables.
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The polynomial module M 4 is a cyclic left D 4-module, generated by 1 €

M 4. Moreover, the annihilator of 1 is

acA

Anmnp (1) = {anaa | ¢, € DA} : (4.23)

which is the left ideal consisting of D4-linear combinations of the derivatives.

It is clear that M4 is canonically isomorphic to Ds/Annp,(1).

4.C.2 Rees polynomial ﬁZ-module

Let us now apply the Rees construction to the polynomial D 4-module. We can
define many filtrations on the polynomial algebra M 4 that are compatible with

the Bernstein filtration on D 4. We will use the following standard filtration.

Definition 4.C.1. We define the degree filtration on M4 as:
F,M 4 = {polynomials of degree < i}. (4.24)
It is easy to check that M, with this filtration is a filtered D 4-module.

We then apply the Rees construction for filtered modules.

Definition 4.C.2. We define the Rees polynomial module associated to the

degree filtration and its h-adic completion:

My =P rFMs My =T FMa. (4.25)

neN neN

Both are graded left D"-modules, and the completed module M" is also a left

D -module.
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Example 4.C.3. To clarify the notation, an element f &€ M\Z is a formal

h-power series

F=Y R (zs) (4.26)

n=0

where the f((z,4) are polynomials in the variables z4 of degree < n.

In the following we will mostly be interested in the completed module M\Z,
realized as a left ﬁf};—module. It is easy to show that it is a cyclic module,

generated by 1 € M\Z The annihilator of 1 is:

Anngy (1) = {Z cahidy | cq € ﬁg} —=: Tean, (4.27)
acA

which is the left ideal consisting of ﬁﬁ—linear combinations of the derivatives

hd,. As we will refer to this canonical left ideal many times in the following,

we introduce the shorthand notation Z.,,. M\Z is canonically isomorphic to

D" /Tean, which is easy to see.

Since we are working with the Weyl algebra, we can also think of this as
solving differential equations. The statement above is that Z =1 € /\//TZ is
a solution to the differential equations Z.,, - Z = 0. That is, h9,(1) = 0 for
all a € A, which is obvious. In fact, it is the unique solution to the system

Lean - Z = 0 if we impose the initial condition Z w0 = L We call this unique

solution Z = 1 the partition function associated to the left ideal Z,,.

4.C.3 ﬁz-modules of exponential type

As explained above, the completed Rees polynomial ﬁZ—module M\Z is cyclic
and generated by 1. In the following we will consider a more general class of

ﬁZ—modules, which we call “of exponential type”.
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Definition 4.C.4. Let

Z = exp (i h"lq("+1)(xA)) (4.28)

n=0

for some polynomials ¢+ (x4) of degree < n+ 1. We define /QZZ to be the
cyclic left ﬁZ—module generated by Z, where the action of ﬁfj‘ on M\ZZ is the
standard action of differential operators on polynomials and exponentials of
polynomials. It is clear that it is a well defined ZSZ—module, because of the de-

n+1

gree condition on the polynomials ¢(™*1). We call such modules of ezponential

type.”

Note that given a ﬁg—module of exponential type, we can always uniquely
choose the generator Z to satisfy the property that Z 24 = 1, i.e. q(”“)(()) =
0.

4.D Transvections, twisted ﬁﬁ—modules, and

ﬁﬁ-modules of exponential type

4.D.1 Transvections

We now define an important class of automorphisms of YSZ, which we call

“transvections”.® Those will play a key role in the story of Airy ideals.

5We note here that the argument of the exponential is not in /\//\IZ, since the degree of the
polynomials is two more than the power of 4. But this is fine, as after acting with differential
operators on Z using the standard action of differential operators, we get polynomials in
MP times Z, as stated.

6The name “transvection” comes from Section 4 of [7], suitably generalized to completed
Rees Weyl algebras.
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Definition 4.D.1. Define the map ¢ that acts on D' as ¢ : (h, ha, h,) —

(h, hzo, H,), for all a € A, with

Hy=ho,+ Y h'0sq" ™ (24) (4.29)

n=0

for some polynomials ¢+ (z4) of degree < n + 1. We call ¢ a transvection.

We say that it is stable if ¢ = ¢® = 0.

Remark 4.D.2. We note here that 9,4V (z4) in (4.29) means the derivative
of the polynomial q(”“)(x 4) with respect to the variable x,, not the product

of 9, and ¢"*Y(x4) in the Weyl algebra. Equivalently, we could write H, as
Hy=hdo+ > 000, ¢ (24)], (4.30)
n=0
where on the right-hand-side we now mean the commutator with respect to
the product in the Weyl algebra.

Lemma 4.D.3. ¢ is an automorphism of YSZ

Proof. For any P € D%, it is clear that ¢(P) € D". Furthermore, the map ¢
preserves the commutation relations between the generators of the Rees Weyl

algebra, since [H,, hxy) = h?0,, and

[H,, Hy) = |hO, + Z B0,q" Y (24), hy + Z B"0yq "t (24)

n=0 n=0
_ Z pntl (3a8bq(”+1)(xA) _ 3b8aq(”+1)(xA)) (4.31)
n=0
=0.
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We can think of transvections as conjugations. Indeed, for any P € 232,

we can think of ¢(P) as being given by

¢(P) = exp <— Zhnlq(”“)(zA)) Pexp <Z h"lq("ﬂ)(xA)) , (4.32)

where multiplication here is understood as multiplication in the Rees Weyl
algebra (after formally expanding the exponentials). Using standard properties
of derivatives of exponentials, it is clear that this is equivalent to the map

specified above.”

4.D.2 Twisted polynomial ﬁz-modules

Now consider the Rees polynomial ﬁg—module M\Z Given a transvection
~ -~ . iy (b e . .

¢ : D% — D", we can construct a twisted left D%-module ~M?". Thinking of

the transvection as a conjugation, the action on the twisted module is given

by

Pegv=¢""(P)-v

= exp (Z h”_lq("+1)(x,4)> Pexp (— Zhn_lq(”“)(xA)) -v. (4.33)
n=0

n=0

Since M\Z is a cyclic ﬁﬁ—module generated by 1, we know that the twisted
¢ = . .
module M is also cyclic and generated by 1.

Furthermore, the annihilator of 1 in the twisted module is

*Anng, (1) = ¢ (Annﬁg(1)> = ¢(Zoan), (4.34)

7As in footnote 5, we note here that the argument of the exponential is not in /T/l\z, but
this is not a problem.
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where we used (4.27) for the annihilator of 1 in the polynomial module. In
other words, it is the image of the canonical left ideal generated by the deriva-
tives hd, under the automorphism ¢. From the definition of transvections

(Definition 4.D.1), we obtain that

¢Annﬁz(1) = ¢(Zean) = {Z caHy | cq € ﬁf‘} : (4.35)

acA

with the H, defined in (4.29). If we denote this ideal by Z, we conclude that
the twisted module (b/(/l\z is canonically isomorphic to 235}1 /T.

We can summarize these statements in the following Lemma.

Lemma 4.D.4. Let T C D% be the left ideal T = {Z caHy | co € ISZ},

acA

where

Hy=ho,+ Y h'0sq" " (24) (4.36)

n=0
for some polynomials ¢+ (x4) of degree < n+1. Then ﬁg/l’ is a cyclic left
. . . . ¢ =
module canonically isomorphic to the twisted module ~M", where ¢ : Dy —

ZSZ is the transvection ¢ : (B, hag, h0,) — (B, hxe, H,).

4.D.3 Z/)\Z—modules of exponential type

As usual, we can think of this result from the point of view of differential

a€A

equations. The left ideal Z = {Z coH, | ca € @Z} is the annihilator of
. . ¢ = . .
1 in the twisted module " M/. In other words, Z' = 1 is a solution to the
equations 7 -, Z' = 0. In fact, as before, it is the unique solution if we impose
the initial condition Z" =1
xA=0
However, from the viewpoint of differential equations, this is not so nice,

because the action of 7 on Z’ here is the twisted action -4, not the standard
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action of differential operators. Fortunately, since ¢ is a transvection, we can
think of it as conjugation, and the action can be written as in (4.33). This
means that, instead of thinking of YSZ /Z as the cyclic twisted module ¢M\Z,
we can think of it as the unique (untwisted) ﬁﬁ—module of exponential type

/T/I\ZZ generated by

Z = exp (— i h”lq(”ﬂ)(a:A)) : (4.37)

n=0

Furthermore, imposing Z ‘xAZO = 1, we can uniquely choose the generator with

¢™*Y(0) = 0. T is of course the annihilator of Z.

In other words, what we have shown is that the Z in (4.37) with ¢™+Y(0) =
0 is the unique exponential solution to the differential equations Z - Z = 0

satisfying the initial condition Z . 1. This is summarized in the following

=0

lemma.

Lemma 4.D.5. Let T  Di be the left ideal T = {ZaeA Call, | ca € ﬁg},
where

H,=ho,+ Y _ h'0yq" ™ (24) (4.38)

n=0
for some polynomials ¢V (x4) of degree < n+ 1. Then ﬁZ/I is canonically

1somorphic to the module of exponential type /\//YZZ with

Z = exp (— Z h”_lq(”+1)(3:A)> . (4.39)
n=0

In other words, Z is a solution to the differential equations I -7 = 0, and if
we set ¢"YV(0) = 0, it is the unique solution satisfying the initial condition

A = 1. We call Z the partition function associated to the left ideal T.

z4=0
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This is of course a rather trivial statement here as the differential equations
are straightforward to solve; it may look like we rewrote something very easy
in a very complicated way (but isn’t it part of the fun of doing mathematics?).
In any case, this result will play an important role in the following, which is
why we highlight it.

This can also be interpreted from the point of view of integrability. In
classical mechanics, we say that a classical system is “integrable” if there ex-
ists a complete set of Poisson commuting observables; in the quantum world
this becomes a complete set of commuting operators. Here, we consider a left
ideal Z generated by a complete set of commuting first-order differential oper-
ators H,. Integrable systems are interesting because they can in principle be
solved; similarly, we found that there always exists a solution to the differen-
tial equations Z - Z = 0, and it is unique after imposing an initial condition.
The fundamental reason here is because the H, are related to the kd, by an

automorphism of the completed Rees Weyl algebra (a transvection).

4.E Airy ideals, Airy modules, and partition

functions

In the previous section we saw that, given a transvection ¢ on YSZ, we can
construct a twisted polynomial module ¢M\Z, which is canonical isomorphic
to YSZ/I where Z is the ideal generated by a completed set of commuting
first-order differential operators of the form (4.29). From the point of view of
differential equations, we can instead think of 132 /Z as a module of exponential

type ./T/I\ZZ , with Z the unique exponential solution ((4.37)) to the differential

o1



equations Z - Z = 0 after imposing a suitable initial condition.

This is nice, but in the end, at least from the point of view of differential
equations, this is rather trivial; after all, solving the system of equations H, -
7 = 0 with H, of the form (4.29) is obvious, and it is clear that (4.37) is
the unique solution with Z |xA=0 = 1. We do not need the fancy ideas of
transvections, twisted modules, and modules of exponential type to show this!

The power of the formalism however becomes apparent when we introduce
Airy ideals. The idea here is that we introduce a more general class of left
ideals Z C 232, which we call Airy ideals (traditionally called “Airy structures”
in the literature). Then, we show that if Z is an Airy ideal, then it is equal
to the image of the canonical left ideal Z.,, generated by the derivatives h0,
for some stable transvection ¢. This is rather striking, and far from obvious
a priori. As a result, Lemmas 4.D.4 and 4.D.5 apply; ﬁZ/I is isomorphic to
a twisted polynomial module or a module of exponential type, depending on
the viewpoint. As a result, there exists a unique solution to the differential
equations Z - Z = 0 after imposing a suitable initial condition.

We remark that it is absolutely key that we work in the h-adic completion
of the Rees Weyl algebra here, since the transvection ¢ will generally involve
operators H, that are formal power series in h. Working within the h-adic
completion enables us to relate Airy ideals to twisted polynomial modules and

modules of exponential types.

4.E.1 Airy ideals

Let us now define the concept of an Airy ideal in YSZ

Definition 4.E.1. Let Z C YSZ be a left ideal. We say that it is an Airy ideal
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(also called Airy structure in the literature) if there exists operators H, € 232,

for all a € A, such that:
1. The collection of operators { H,}4c4 is bounded (see Definition 4.B.7).

2. The left ideal Z can be written as

7= {Z caH, | co € ﬁg} : (4.40)

a€A

which consists as usual of finite and infinite (if A is countably infinite)

ﬁg—linear combinations of the H,.

3. The operators H, take the form

H, = hd, + O(h*). (4.41)

4. The left ideal Z satisfies the property:

Z,7] C i*T. (4.42)

Remark 4.E.2. Before we move on, we remark that Condition (4) is non-

trivial. First, remark that, trivially, any left ideal Z C ﬁfj‘ satisfies
7.I)CT, (4.43)

since PQ — QP € 7 for all P,Q € Z. Furthermore, from (4.17), any left ideal
T C D' satisfies

1Z,7] C h*Dh. (4.44)
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Combining the two statements, we conclude that the commutator of any two
elements in an arbitrary left ideal Z is an element of the ideal Z that starts at
O(h?). However, this does not mean that it is equal to h? times an element of
the ideal Z. That it must be so is the content of Condition (4).

As an example, let A = {1,2}, and consider the left ideal Z generated by
H, = ho; and Hy = hdy+h?z1. The commutator of Hy and Hs is [Hy, Hy) = R®.

It is true that h® € Z, since
B = hoy(hdy + h?x1) — (hOy + B?21)(ROy). (4.45)

If we single out a power of A2 on the right-hand-side of the commutator, it is
also true that h € ZSZ However, h ¢ Z, as is easy to check. Thus this ideal

does not satisfy Condition (4).

4.E.2 Airy ideals, transvections and twisted modules

Since Z C ﬁz is a left ideal, it is clear that 132 /7 is a cyclic left ﬁﬁ—module.
What is not clear however is how it relates to the Rees polynomial ﬁZ—module

/ﬁfﬁl. This connection is the fundamental theorem in the theory of Airy ideals.

Theorem 4.E.3. Let T C 232 be an Airy ideal. There there exists a stable
transvection ¢ : D' — D" (see Definition 4.D.1) such that T = ¢(Lran), where
Lean 15 the left ideal generated by the derivatives hd,. As a result, ﬁg/l 18

a cyclic left module canonically isomorphic to the twisted polynomial module

¢/-\
M.

This is a powerful theorem. What it means is that we can find a complete
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set of commuting first-order differential operators H, of the form

H,=ho,+ Y h'0aq"™ ™ (24), (4.46)
n=2
for some polynomials ¢"*V(z4) of degree < n + 1, such that the Airy ideal

can be rewritten as

I= {anHa | ¢, € ﬁZ} : (4.47)

a€A

This is highly non-trivial, as the original Airy ideal Z will not usually be pre-

sented in this form.

To prove Theorem 4.E.3 we will first prove a series of lemmas. The first
three lemmas do not require Condition (4) in the definition of Airy ideals Defi-

nition 4.E.1. The fourth lemma highlights the crucial role played by Condition

(4).

Lemma 4.E.4. Let 7T C @Z be a left ideal satisfying conditions (1)-(3) of

Definition 4.FE.1. Then for any P € ZSZ, we can write

o0

P=> nmp™(za)+Q (4.48)

n=0

for some polynomials p™ (1) of degree < n and some Q € T.

Proof. Let P € 235}1 We can write

P— 04 (pu’w n nglmab) e (p@m L0 S pgi»mabac) o),
beA beA b,ceA
(4.49)

where the p.(.7.n k) are polynomials of degree < k (we removed the dependence
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in x4 for clarity).

The idea is simple. Since Z is an Airy ideal, it is generated by a bounded
collection of operators { H, }ac 4 of the form H, = hd,+O(h?). So for each term
in P that is not polynomial, we can replace the right-most derivative hd, by
H,, up to higher order terms in A. Applying this procedure recursively order
by order in A, we will end up rewriting P as a polynomial plus an operator
in the ideal Z. We see here that it is key that we are working in the h-adic
completion of the Rees Weyl algebra, otherwise we would not be allowed to

keep going order by order in A forever.

More precisely, we start at O(h). We use hd, = Hy, + O(h?) to rewrite

L (pm ¥ Zpél%) = hpt0 4 3 M H O, (450)

beA beA

The first term is a polynomial term, and the second term is in Z. The procedure
however created new terms at the next order, O(h?), which we must study

further. If we write H, as

= hd, + I ( 22 1350+ > 950 9,0 ) +O(R),  (4.51)

beA b,ccA

where the ¢ (:p 4) are polynomials of degree < i, then the terms of O(h?)

created by the procedure above take the form

i (Zpglmggwungl DU gzgaad>. (152

beA b,ce A b,c,de A

When the index set A is countably infinite, we need to make sure that the

terms in brackets do not involve infinite divergent sums, and are all in FyD 4
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(with respect to the Bernstein filtration, see Definition 4.B.3). We note that
because the collection of operators { H, }4ea is bounded, all polynomials gl(lzk)
vanish for all but finitely many a € A. Therefore, the sums over b € A
collapse to finite sums and are well defined. The remaining sums over ¢, d € A
are potentially infinite, but they come with derivatives in these indices, and
hence all terms in brackets in (4.52) are in D4. Furthermore, looking at the
degree of the terms with respect to the Bernstein filtration, we see that they
are all in F5D 4.

Now repeat the procedure for all terms at O(h?), including the newly
obtained terms, keeping the polynomial terms and replacing the right-most
derivatives in the other terms by H’s up to terms of higher order in A. The
result will be a polynomial term at O(h?), plus a term that is in the ideal Z,
plus corrections at higher order. The argument above shows that the correc-
tions are well defined. Then keep applying this procedure recursively, order

by order in A. In the end, all that remains are polynomial terms plus terms in

the ideal Z. That is, we conclude that we can write
P=>"nmp"(xa)+Q (4.53)

for some polynomials p™ (z4) of degree < n and some @ € Z. For instance,

W =pth @ = pD N pL0g20 - (454)

beA

=P p

and so on and so forth. ]

Lemma 4.E.5. Let 7 C ZSZ be a left ideal satisfying conditions (1)-(3) of

Definition 4.E.1. Then there exist operators H, € I, for all a € A, of the
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form

H,=hdy+ Y 0"l (x4) (4.55)
n=2

for polynomials pén) (xa) of degree < n. Furthermore, the collection of opera-

tors {H,}aca is bounded.

Proof. We know that H, = ho,+ P, for some P, € 152 of O(h?). From Lemma

4.E.4, we can write

H, =hdy + > h"p(24) + Qa (4.56)

n=2

for some polynomials p[(ln)(x 4) of degree < n and some @), € Z. We define
]:Ia = Ha - Qa = haa + Z hnp((f) ($A) (457)
n=2

Clearly, H, € Z. Furthermore, since the collection {H,},c4 is bounded, the
polynomials p{™ (r4) must vanish for all but finitely many a € A, and hence

the collection {H,}4ca is also bounded. O

Lemma 4.E.6. Let T C D be a left ideal satisfying conditions (1)-(3) of
Definition 4.E.1, and I C I be the left ideal generated by the H, of Lemma
4.E.5. Then I = 1.

In other words, we can think of I as being generated by the H, instead of

the Hy: T={X". 4 caH, | ca € D'}

a€A

Proof. By definition, H, = H, — @Q, for some Q, € Z. We can write Q, =
ZbeA PapHp for some py, € 152 . In fact, from the proof of Lemma 4.E.5, we

know that pa, = O(h).
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We can write

[j[a - Ha - Zpabe (458)

But then, H, = Hy, + Q, = H}, + ZceA peeH,, and thus we get

Ha = Ha - Zpabﬁb - Z pabpbch- (459>

beA beeA
We note here that since both { H, },c4 and { H,}4c 4 are bounded, the collection
{Q.}aca is also bounded, and hence the sum over b € A in the third term on the
right-hand-side is well defined. Furthermore, since py, = O(R), pappee = O(h?).

Continuing this process recursively, we end up with the statement that

Hy=H,—Q (4.60)

a

where (), is an infinite sum of terms that are linear combinations of the H, with
coefficients starting at higher and higher order in A. Thus, for a finite power
of h, only a finite number of terms contribute, and the result is that Q, € Z.

It follows that H, € Z, and hence Z C Z. We conclude that 7 = 7. ]

So far we have not used at all Condition (4) in the definition of Airy ideals
Definition 4.E.1. This condition is crucial; imposing Condition (4) implies that
there are no non-zero polynomials in an Airy ideal Z. In particular, it implies
that the operators H, commute with each other, which in turn implies the
existence of a stable transvection that relates Z to the canonical left ideal Z.,,,

as we will see.

Lemma 4.E.7. Let T C ZSZ be an Airy ideal. Then there are no non-zero

polynomials in L.
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Proof. By Lemma 4.E.6, we think of I as Z = {>_,_4caHa | ¢a € D"}, with
H, of the form
H, = ho, + Z Bt (24). (4.61)

n=2

We prove the Lemma by induction on the power of A. Let N > 2 be a
positive integer. The induction hypothesis is that all polynomials in Z start
at least at O(RY). Then we show that it implies that they must start at least
at order O(hY ™). By induction on N, this means that all polynomials in Z

must vanish.

The base case for the induction is obvious. We need to show that all
polynomials in Z must start at least at O(h?). But since Z is generated by
H, of the form (4.61), it is clearly impossible to get a polynomial with a A°

constant term or a A' linear term as a linear combination of H,’s.

Now assume that all polynomials in Z start at least at O(hY). The com-

mutator of the H, is:

[Ho, Hy) = |70o + Y Bp{ (24), B0y + Y H'py” (xA)]
n=2 n=2
=y ! (aapl()n)(xA) — Byp™ (xA)) . (4.62)
n=2

By Condition (4) of Definition 4.E.1, we know that
> (0 (wa) — OO (wa)) € T. (4.63)
n=2

By assumption, this must start at least at O(h"), so we must have that

Gap,()n) (24) = Oppi™ (z4), for all a,b € Aandn=2,...,N. (4.64)
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Assuming first that A is a finite index set, by Poincare’s lemma we conclude

that there exists polynomials ¢"*1 (2 4) of degree < n + 1 such that
P (24) = 0aq" Y (24), foralla€ Aandn=2,...,N. (4.65)

Moreover, if we require that ¢ (0) = 0, then the polynomials are uniquely

fixed.

If A is a countably infinite index set, then Poincare’s lemma still holds,
but the ¢+ (z4), which will still be of degree < n + 1, could a priori involve
infinite linear combinations of monomials of the same degree. However, since
the collection of operators {Hg}ee is bounded, we know that for a fixed n,
the polynomials pﬁﬁ) (x4) vanish for all but finitely many a € A. This means
that for each n the conditions (4.64) become a finite system in a finite numbers
of variables, and thus we conclude by Poincare’s lemma that the ¢+ (z,)

will be polynomials.

As result, we conclude that we can write

N (%)
Hy=ho,+ Y g™ (wa) + > W'pa(xa). (4.66)
n=2 n=N-+1
Now let
N
O 1 (R D, hdy) — (B, harg, hOu — Y W' 0aq"™ ) (24)). (4.67)
n=2

It is a stable transvection, and

on(H,) = ho, + i B pn(4). (4.68)

n=N-+1
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Under this automorphism, the ideal Z is mapped to the ideal ¢x(Z) generated
by the ¢n(H,) above. Now suppose that P is a polynomial in Z. By definition
of the transvection, ¢ny(P) = P, and thus P must also be in ¢y (Z). But
looking at the form of the generators ¢n(H,) in (4.68), it is clear that any
polynomial in ¢x(Z) must start at least at O(RV™1). Therefore, P must start
at least at O(hN™!), which completes the induction.

]

With these four lemmas under our belt, the proof of Theorem 4.E.3 is

straightforward.
Proof of Theorem 4.E.3. By Lemma 4.5.6, we can write ZasZ = {}_ _, caHy | ca €
ZSZ} for some operators H, € Z of the form

H,=ho,+ Y h'p(za), (4.69)

n=2

with the p{” (x4) polynomials of degree < m. Since there are no non-zero
polynomials in Z (Lemma 4.E.7), and that the commutator [H,, H] € Z is a

polynomial, we must have
[Hqo, Hy) =0 for all a,b € A. (4.70)

Using Poincare’s Lemma as in the proof of Lemma 4.E.7, we conclude that we

can rewrite the differential operators as

Hy=ho,+ Y h'0aq" ™ (24), (4.71)

n=2
for polynomials ¢+ (z4) of degree < n+ 1 with ¢""*1(0) = 0. We have thus
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shown that Z is the image of Z ., = {Z cho, | e, € ﬁﬁ} under the stable

a€A

transvection ¢ : (A, hx,, hd,) — (h, hz,, H,). By Lemma 4.D.4, it follows that
ZSZ /Z is a cyclic left module canonically isomorphic to the twisted polynomial

module ¢M\ h. ]

4.E.3 Partition function

As usual, we can reformulate Theorem 4.E.3 in the language of differential
equations. Lemma 4.D.5 directly implies the following corollary, which is the
existence and uniqueness theorem at the foundation of the theory of Airy ideals

(or Airy structures), first proved by Kontsevich and Soibelman in [39].

Corollary 4.E.8. Let T C 132 be an Airy ideal. Then there exists a unique
module of exponential type M\ZZ that is canonically tsomorphic to ZSZ/I. Fur-
thermore, if we impose the initial condition Z’“:O =1 on the generator, then

it 18 uniquely fived and takes the form

Z=exp| > BE,.(x4) (4.72)

gESN,nEN*
2g=2+n>0

for some polynomials Fy,,(x4) homogeneous of degree n with F,,(0) =0.* In
other words, Z 1is the unique solution to the differential equations T -7 = 0
satisfying the initial condition Z ‘“:0 = 1. We call Z the partition function

of the Airy ideal .

8The use of homogeneous polynomials Fy ,(z4) of degree n instead of the polyno-
mials q(’““)(xA) of degree < k + 1 previously used in Lemma 4.D.5 is simply to con-
nect with the existing literature on the topic, but it is straightforward to show that
it is equivalent: the polynomials q(k“)(m a) of degree < k + 1 are reconstructed as

q(k+1)($A) = de%N,neN* Fg,n(xA)~
2g—1+n=k
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Equivalently, Z is the unique solution to the differential equations H,Z = 0,

for all a € A, where the H, generated the Airy ideal Z.

Remark 4.E.9. We note here that we could have proven existence and unique-
ness of the partition function directly from the definition of Airy ideals; the
proof is fairly straightforward, and goes by induction on h. This is what is
done in [39] (see also [11]). However, our approach of relating Airy ideals to
transvections, twisted modules, and modules of exponential type may shed
light on what an Airy ideal really is, and why there always exists a unique

partition function annihilated by an Airy ideal.

4.E.4 Airy modules

Given an Airy ideal Z C D', we have shown that D /Z is a cyclic left module
canonically isomorphic to the twisted polynomial module ~M". Turning this

around, we can define the notion of an Airy left ﬁZ—module.

Definition 4.E.10. We say that a cyclic left ﬁfg—module is Aury if it is gen-

erated by an element v whose annihilator Anng, (v) is an Airy ideal.

It is easy to show that all modules of exponential type (see Definition 4.C.4)

are Airy modules.

Lemma 4.E.11. Let M\ZZ be a left ﬁZ—module of exponential type, with

generator

Z = exp (i": hn_lq(”+1)(xA)) (4.73)

n=0
for some polynomials ¢V (x4) of degree < n 4 1. Then M\ZZ is an Airy

module.
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Proof. This is clear. As we have seen in Lemma 4.D.5, the module of expo-

nential type M\ZZ is canonically isomorphic to 132 /I, where

7= {Z caHy | ca € ﬁf’g} : (4.74)

acA

with

Hy=hd, =Y h'0uq" ™ (24). (4.75)

n=0
Since [H,, Hy] = 0 for all a,b € A, it is easy to show that Z satisfies the four
conditions in the definition of Airy ideals (Definition 4.E.1).

]

Similarly, all twisted modules d’ﬂfg obtained from a transvection ¢ of the

completed Rees Weyl algebra are Airy modules.

=~ = . ¢ .
Lemma 4.E.12. Let ¢ : D — D" be a transvection, and M, the ¢-twisted

polynomial module. Then ¢M\Z is an Airy module.

Proof. Same argument as in the proof of the previous Lemma. m

4.E.5 h-polynomial and A-finite Airy ideals

The existence of a partition function becomes particularly interesting when
the operators H, live in the subalgebra D%; that is, the H, are polynomials
(instead of formal series) in A. Even more interesting is when all H, are
polynomials of degree less than a certain fixed positive integer N. We thus

formulate the following definition.

Definition 4.E.13. Let Z C D% be an Airy ideal. We say that it is -

polynomial if there exists H, € D for all a € A (i.e., they are polynomials in

65



h) satisfying the conditions of Definition 4.E.1.

We say that Z is h-finite if it is h-polynomial, and there exists a positive
integer IV such that all H, are polynomials in & of degree < N. We call the
smallest such N the h-degree of 7.

We also say that an Airy left ﬁg-module is h-polynomial (resp. h-finite)
if it is generated by an element v whose annihilator is A-polynomial (resp.

h-finite).

For example, an Airy ideal generated by a collection of operators { H, }qen+
that are polynomials of degree 2 in h is A-finite, and has h-degree 2. However,
an Airy ideal generated by a collection of operators {H,},en+ that are poly-
nomials of degree a in & is h-polynomial, but not A-finite (as the h-degree of
the H, keeps increasing as a increases).

Why are h-finite Airy ideals particularly interesting? We saw in Lemma
4.E.11 that all left ﬁZ—modules of exponential type M\ZZ are Airy modules.

In other words, any exponential of the form

Z=exp| > B9E,.(x4) (4.76)

g€ $N,neN*
2g—24n>0

is the partition function for some Airy ideal. Indeed, the Airy ideal is given

by
7= {Z caHy | ca € ﬁg} : (4.77)
a€A
with
Hy=ho,— Y H9U"0,F,,(xa). (4.78)
gESN,nEN*
2g—24n>0
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This is a rather trivial statement.

But are all Z of the form (4.76) partition functions for Airy ideals that
are h-finite? In other words, can we always rewrite the Airy ideal Z above
as an ideal generated by operators H, that are hA-polynomials of degree < N
for some N7 Equivalently, which partition functions of the form (4.76) satisfy
differential equations H,Z = 0 for h-polynomial operators H, of degree < N
for some N that generate an Airy ideal?

This is a very interesting question. The existence of such operators H,
implies a recursive structure for the polynomials F} , (4), which is the foun-
dation of the story of topological recursion reformulated in the language of
Airy structures. See [39, 1, 9] for more on this recursive structure. Tradition-
ally, the usual topological recursion formula is obtained directly by applying
the differential operators H, on the partition function Z, and setting the result
to 0. This gives a recursion for the polynomials F} ,(z4) (or their coeflicients)
if the operators H, are hA-polynomials of degree < N for some N. From our
point of view, this recursive structure is encapsulated in the recursive con-
struction of the commuting first-order operators H, from the H,. When the
H, are polynomials in £, the infinite set of polynomials (order by order in £) in
the operators H, will be constructed out of a finite set (in ) of polynomials in
the H,, and hence will satisfy some recursive structure determined by initial

conditions. The two recursions are of course equivalent, as is easy to show.

4.F Constructing Airy ideals

We are interested in constructing Airy ideals Z C Dy, because as we saw in

Corollary 4.E.8 there exists a unique partition function Z such that Z- 27 = 0.
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More often than not, what we will be interested in is the partition function Z,
which may be a generating series for some enumerative invariants. Conversely,
if the generating series for a particular set of enumerative invariants takes the
form of a partition function for a (h-finite) Airy ideal, then what this means is
that it satisfies a set of differential constraints that uniquely fix the generating
series, such as Virasoro constraints, VV-constraints, etc.

How can we construct Airy ideals? We need to construct a left ideal Z C ZSZ
that satisfies the properties of Definition 4.E.1. So what we do is construct a
collection of differential operators {H,}oea with H, € D'. To show that the

left ideal generated by the H, is an Airy ideal, what we need to show is:
1. The collection {H,}4ea is bounded;
2. H, = hd, + O(h?);
3. [Hy, Hy) = R? Y cen faveH. for some fo. € ﬁf‘

It is easy to show that the third condition is equivalent to requiring that
[Z,Z] C h*Z, Condition (4) in Definition 4.E.1.

Concretely, sometimes we may construct a collection of operators H, € YSZ
that do not satisfy the condition H, = hd, + O(h?), but that satisfy the other
two conditions. Does that mean that they do not generate an Airy ideal?
Not necessarily. For instance, if [ and A are two finite index sets of the same
length, then any two collections of differential operators {G;}icr and {H,}aea
related by an invertible C-linear transformation generate the same left ideal in
ﬁz. This can be generalized to the infinite context as follows (see Definition

2.3 in [10]).
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Lemma 4.F.1. Let I, A be either finite or countably infinite index sets. Let

{H.}ier be a collection of operators H; € ZSZ such that:

1. The collection {H;}icr is bounded;
2. [H;, H;] = h* >, fijHi for some fiji € ﬁz;

3.
H; =) Miahd, + O(R), (4.79)

a€A

where the M;, are complex numbers such that for all fired a € A, the

M, vanish for all but finitely many 1 € I.

4. There exists complex numbers Ny;, with b € A and j € I, such that for

all fized j € I, they vanish for all but finitely many b € A, and

> NyMio =00 VabeA and > MuNy=0; Vijel
el a€A

(4.80)

Then the left ideal T = {} .., ciH; | ¢; € DL} € DY is an Airy ideal.
Moreover, I can also be written as T = {)_ .4 caHy | cq € 252}, where the
H, are defined by
H, = Ny H; €D}, (4.81)

iel
and satisfy Hy, = hd, + O(h?).
Proof. First, we note that the conditions in (4.80) are well defined, since be-

cause of the constraints on the coefficients Ny; and M;, both sums collapse to

finite sums.
Now, by condition (2) it is clear that Z satisfies condition (2) of Definition

4.E.1. Moreover, because of condition (1), it is clear that the H, are well
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defined operators in @Z It is also clear from the properties of the complex

numbers M;, and NN;; that

H, = Z N, H; (4.82)
= Z N (Z Mibhab) + O(h?) (4.83)
=y (Z Nm»Mib) hdy, + O(h?) (4.84)
::LZ + ngﬁ), (4.85)

where in the third line we could exchange the order of the sums since the M,
are such that for all fixed b € A, they vanish for all but finitely many ¢ € I.
Therefore, to show that Z is an Airy ideal, all that we have to show is that

the ideals T = {3, , ¢;H; | ¢; € Dh} and J = (Seaca, | co € Dh} ave

iel

the same.

First, we note that we can invert the relation between the H, and the H,.

As H, = > 7 NaiH;, we have

il

St = (St ) =3 (S 1 (a0

acA acA jel jel \acA

where we could exchange the order of the sums since the N,; are such that for

all fixed j € I, they vanish for all but finitely many a € A.

Now suppose that P € Z. Then we can write

P=>"fH, (4.87)

el
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for some f; € D". But then

P=Y fH =Y f (Z Mmﬁa> =Y (Z f,»Mm> H,. (4.88)

i€l i€l acA acA i€l

Since the M;, are such that for all fixed a € A, they vanish for all but finitely
many ¢ € I, the sums )., fiM;, are finite, and hence certainly produce well

defined operators in YSZ Therefore P € J, and hence Z C J.

Conversely, suppose that Q € J. Then we can write

Q=) gufa=) g (Z NaiH¢> =y (Z gaNm> Hi,  (4.89)

acA a€A el el acA

for some g, € ZSZ Again, since the N,; are such that for all fixed i € I,
they vanish for all but finitely many a € A, the sums ), _, g.Na; are finite
and hence produce well defined operators in 132 Therefore () € Z, and hence

J C 7. We conclude that 7 = 7.

Remark 4.F.2. In [10], the authors define “Airy structures in normal form”
as being given by collections of differential operators (H,).ca satisfying the
condition H, = hd, + O(h?), and “Airy structures” as being given by collec-
tions of differential operators related to Airy structures in normal forms by
transformations as in Lemma 4.F.1. From our point of view, since we define
an Airy structure (or rather an Airy ideal) as being the left ideal itself, we do

not need to make such a distinction.
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4.G Two special cases

We now look at two special cases of the construction, which will be necessary

to connect with the Heisenberg algebra in the next section.

Consider the Weyl algebra Dy = C[x4](04). Let I C A be a subset of the
index set A, and let J = A\ I C A. There are two subalgebras that can be

constructed easily:

1. D(xy,04) := Clz;](0a) C Dy, which is the subalgebra of differential

operators whose coefficients do not depend on the variables x;;

2. D(xa,05) := Clzal(0s) C Dy, which is the subalgebra of differential

operators in which the derivatives d; do not appear.

It is clear that both of those are subalgebras of the Weyl algebra D 4. In fact,
in the second case, we can think of the subalgebra D(z 4, ;) as being the Weyl
algebra D; but over the polynomial ring C[x 4]. We will however not take this
point of view here, since we want the extra variables z; to be included in the
Bernstein filtration, so it makes perhaps more sense to view D(z4,0;) as a

subalgebra of D 4.

The Bernstein filtration can be defined on the subalgebras as well, and we
can construct the Rees Weyl subalgebras D"(z7,94) and D"(x 4,0;) and their
h-adic completions D"(z,,04) and D"(x4,d;), which are subalgebras of D).
The construction of transvections, twisted modules, modules of exponential
types, and Airy ideals also goes through the subalgebras. Let us be a bit more

precise.
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4.G.1 The subalgebra D"(z4,0,)

We consider differential operators in @Z whose coefficients are polynomials in
all the variables x4, but that only involve derivatives in ;. Then the Rees

polynomial algebra /WZ is a left D''(x4,8,)-module.

We highlight a few simple statements here, which follow from the construc-

tion of the previous sections:

1. Let
Zean(a,0y) == {Z c;ho; | ¢; € ﬁh(xA,aJ).} : (4.90)

jeJ
Then Z..n (x4, 0y) is the annihilator of 1 € ./WZ, and the Rees polynomial

module /T/I\Z is canonically isomorphic to ﬁh(a:A, 07)/ZLean(T4,0y).

2. We can define transvections as in Definition 4.D.1, with non-trivial action
only on the derivatives hd;, but with polynomials p&nﬂ) = 0,¢™*) that
depend on all variables x 4. Those transvections are automorphisms of

the subalgebra D"(z.4,9,). Then, if we define the left ideal
jeJ

with the H; defined as in Definition 4.D.1, it is clear that 5’%9@4, d5)/T
is a cyclic left ﬁh(x 4, 0y)-module canonically isomorphic to the twisted

module ¢M\ k.

3. We can also rephrase the statement in terms of modules of exponential

type. We get that D"(z4,8,)/T is canonically isomorphic to the module
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of exponential type ./(/I\ZZ with

Z = exp (— i h"_lq(”+1)(xA)> : (4.92)

n=0

where the ¢"*Y(z;) are degree < n + 1 in the variables 24 as usual.
In terms of differential equations, what this says is that Z is a solution
to the differential equations Z - Z = 0. A subtelty arises however in the
uniqueness statement. Indeed, there are many choices of polynomials
¢+ (x4) that give rise to the same transvection, since the transvection
only involves the derivatives ({9jq(”“)(:p 4) with respect to the variables
9; € 0;. In other words, any two ¢V (x4) that differ by a polynomial
p™*Y(z;) in the variables z; give rise to the same transvection in the
subalgebra Y/D\ﬁ(x 4,07). As a result, we can state the uniqueness result
as saying that there is a unique solution to the differential equation

7T -7Z =0 with Z ‘IJ which basically amounts to not only requiring

-0’
that the ¢™*Y(0) = 0 but also that they do not depend at all on the
variables ;. Or, we could give up on uniqueness, and state that we can
construct families of solutions of the form (4.92) parametrized by the

variables x;. The unique solution above would then pick the origin of

this family.

As usual, we can define Airy ideals as in Definition 4.E.1, but requiring
that the ideal Z C ﬁf’(a: 4,07). That is, we only have differential operators
H; = hd;+O(h?) for j € J C A. Then everything goes through, and Theorem
4.E.3 holds. Corollary 4.E.8 also holds, with the caveat about uniqueness
mentioned in point (3) above.

More precisely, if Z C D"(z4,8;) is an Airy ideal, then D'(x4,0,)/T is
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canonically isomorphic to the twisted module ¢M\Z for some stable transvec-
tion ¢ of ﬁh(as 4,07), and also canonically isomorphic to a module of exponen-
tial type M"Z with Z of the form of (4.92) with ¢ (z4) = ¢® (24) = 0.
From the point of view of differential equations, we conclude that we can
construct families of solutions to the differential equations Z - Z, parametrized

by the extra variables x;, of the form

Z=exp| Y. ROHE,(wa) |, (4.93)

gG%N,nEN*
2g—24+n>0

for some polynomials F,(z4) homogeneous of degree n with F,,(0) = 0.
We can also state that there is a unique such solution satisfying the initial

condition Z . 1, which amounts to imposing that the polynomials F,,

=0
do not depend on the variables x; (this is the origin in the family of solutions

parametrized by the xj).

4.G.2 The subalgebra D'(z;,04)

In this case, we consider differential operators in ﬁz whose coeflicients are
polynomials but only in the variables x; C x4. Let M\?, be the h-adic com-
pletion of the Rees polynomial module in the variables x;. It is clearly a left

ﬁh(x 7, 04)-module, where the derivatives 0y act trivially.

1. Let
Tean(Ty,04) = {Z cahd, | ¢, € ,Z/D\h(l'J,aA).} : (4.94)

a€A
Then Zean (s, da) is the annihilator of 1 € /T/l\f}, and the Rees polynomial

module /T/T’} is canonically isomorphic to Zsh(xJ, 04)/Zean(y,04).
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2. We can define transvections as in Definition 4.D.1, but with the poly-
nomials pflnH) = 0,¢""*"Y depending only on the variables ;. Those
transvections are automorphisms of the subalgebra lsh(x 7,04). Then, if

we define the left ideal

7= {anﬁa | ¢, € D'(xy, aA)} (4.95)

acA

with the H, defined as in Definition 4.D.1, it is clear that ﬁh(xj, 04)/T
is a cyclic left D"(z, d4)-module canonically isomorphic to the twisted

¢ —~
module ~M".

3. We can also rephrase the statement in terms of modules of exponential
type as usual, but we need to be a little bit careful here. While the
polynomials p,(lnﬂ) = 0,¢™*tY do not depend on the variables x;, this

does not mean that the polynomials ¢™*t" do not depend on the ;.

What it means is that they can be written as
" (z5) + s () (4.96)

for linear polynomials sV (z;) in the variables z;. (Here we extend
the action of the differential operators on the module by the natural
action on the variables x;.) In other words, we get that ﬁh(xj, 0a)/T is

canonically isomorphic to the module of exponential type M\EZ with

Z = exp (— Z Rt (z) — Z h"_ls("+1)(x1)) , (4.97)
n=0 n=0

where the ¢"*Y(z;) are degree < n + 1 in the variables z; as usual,
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but the s"*1(z;) are linear polynomials in the variables z;. In terms
of differential equations, what this says is that Z is a solution to the
differential equations Z-Z = 0, and if we set ¢("*(0) = 0 and 5"+ (0) =

0, it is the unique solution satisfying Z pam = 1.

Then, we can define Airy ideals as in Definition 4.E.1, but requiring that
the ideal Z C ﬁﬁ(x 7,04). That is, the H, are differential operators with
coefficients that do not depend on the x;. Then everything goes through, and
Theorem 4.E.3 holds, with the transvection ¢ being of the form above (i.e. not
involving the variables x;). Corollary 4.E.8 also holds, with the caveat that

the partition function takes the form (4.97).

More precisely, if Z C D"(z;,84) is an Airy ideal, then D'(x;,8,4)/T is
canonically isomorphic to the twisted module ¢M\}} for some stable transvec-
tion ¢ of the form above, and also canonically isomorphic to a module of
exponential type A//\lZZ with Z of the form of (4.97) with ¢! (z;) = ¢@(z;) =
s (x7) = 5@ (x;) = 0. Using the standard notation in the literature on Airy
structures, we conclude that the unique exponential solution to the differential

equations 7 - Z with initial condition Z ’mzo takes the form

Z=exp| > WE(x)+ Y B Fuaan) |, (4.98)
g€ $N,neN* geFN*
2g—24n>0

for some polynomials F},,, homogeneous of degree n in the respective variables,

with F},,,(0) = 0.
To connect further with standard notation in the literature, it is customary
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to write down the following expansions for the homogeneous piolynomials Fy ,:

1 . .
Fg,n(xJ) = ! Z Fg,n[jl;---7jn]xj1 T L (499>
’ j1,~~-7jn€J
where the F,,,[j1,...,Jn] € C are coefficients symmetric under permutations

of the entries. What (5.107) says is that, if we were to define the coefficients
above for all entries a; € A and write down a general partition function, then
the coefficients F ,[aq, ..., a,] would vanish whenever n > 2 and at least one

of the entries is in /.

4.H Airy ideals and the Heisenberg algebra

The Weyl algebra is obviously closely connected to the universal enveloping
algebra of the Heisenberg algebra. Thus, not surprisingly, many Airy ideals

can be constructed from this vantage point. We now review this construction.

4.H.1 The Heisenberg algebra

Let b be the Heisenberg Lie algebra with basis {J, }nez U {c} and Lie bracket
[y In] = MO —nc, [Jm,c] =0, VYm,n € Z. (4.100)

Abusing notation a little bit, we will write U (h) for the quotient of its universal
enveloping algebra by the ideal ¢ = 1. It is the free associative algebra over C

generated by {J,, }mez modulo the commutation relations

[Ty In] = MO —n, Vm,n € Z. (4.101)
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It is the algebra of modes of the rank one free boson vertex operator algebra
(VOA), often denoted by m. For future use, we define U, (h) as being the
subalgebra generated by the positive modes, Uso(h) as being the subalgebra
generated by the non-negative modes, U_(h) as being the subalgebra generated
by the negative modes, and Uy(h) as being the subalgebra generated by the

zero mode.

Simple modules of the free boson VOA (or Heisenberg VOA) are Fock
modules 7y, parameterized by a complex weight label A. They are generated

by a highest-weight state |A) satisfying
Ju]A) =0 forn >0, Jo|A) = AN (4.102)

and the negative modes act freely on the highest-weight state. In particular
as a vector space ) coincides with the polynomial ring in the negative modes.
Not every module of the Heisenberg VOA is completely reducible and in fact
there are infinite length indecomposable modules constructed as follows. Con-
sider the polynomial ring C[y| in one variable. It becomes a module for the

abelian Lie algebra C.J, generated by J, under

d

The module will be denoted by p, and it induces firstly to a module of the
non-negative modes by demanding that the positive modes act as zero and

then to a module 7,, of the free boson VOA by letting all negative modes act

79



freely. In formulas, the induced module is

Uh
T = Indy "y (4.104)

m,, has the Fock module 7y as submodule while the quotient is isomorphic to

m,, itself, that is it satisfies the non-split exact sequence
0—m\ = m,, = m,, —0. (4.105)

As a vector space 7,, is isomorphic to the polynomial ring in the negative
modes together with the extra variable y on which the zero-mode acts as

d
w A

We also want to think of Jy as a variable. For this consider the represen-
tation of CJ

Ky CJO — C[y], Jo — Y+ A (4106)

and the induced module

U
ey = IndU;)(h)m. (4.107)

Tk, has the Fock module 7, as homomorphic image (mapping y to zero) while
the kernel is isomorphic to m,, itself, that is it satisfies the non-split exact
sequence

0 — e, — Ty, — T — 0. (4.108)

As a vector space T, is isomorphic to the polynomial ring in the negative
modes together with the extra variable y on which the zero-mode acts via
multiplication by y + A. Both modules 7,, and m,, are naturally modules of

a slightly larger algebra that we will discuss now.
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4.H.2 Adding a conjugate zero-mode

U(h) is almost the Weyl algebra Dy« under the identification

I = Op, J_m = MTp, m € N*, (4.109)

but not quite: the zero mode Jj is missing. The zero mode is central, as it
commutes with all other modes .J,,,. To take into account the zero mode .J,, we

introduce a conjugate zero mode J, that satisfies the commutation relationsz

[T, Jo] = £0mo0- (4.110)

The choice of sign here will be dictated by our interpretation of the zero mode
Jo and its conjugate Jo. We then consider the free associative algebra over C
generated by the {.J,, }mez and Jo, which is isomorphic to U(h) @c C[Jo]. Now
we have two choices to map the resulting algebra to the Weyl algebra. We set

the parameters of the modules of the previous section to y = x¢ and A = 0.

(74,) The case m,, corresponds to a minus sign in (4.110), and, as opera-
tors on 7., Jo = o is a variable, and jo = 0y is a derivative. Via
the identification (4.109) we see that 7, is C[xg, x1, .. .| the polynomial
ring in infinitely many variables including xy. Modes of fields of the
Heisenberg vertex algebra are infinite sums of monomials in the deriva-
tives, excluding 0y, whose coefficients are polynomials, that is elements
of Clxg,x1,...]. This means that m,, carries an action of Dy and the
algebra of modes of the Heisenberg VOA is contained in the subalgebra
D(zy, On+) C Dy (a special case of the type of subalgebras considered in

Section 4.G.1).
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(mp,) The case m,, corresponds to a plus sign in (4.110), and Jy = 0y acts
as a derivative, and :]0 = xp as a variable. The module 7,  then is
also intepreted as C[zg, x1,...] and so it again carries an action of Dy,
but this time the modes of fields of the Heisenberg vertex algebra are
infinite sums of monomials in the derivatives, including 0y, but with
polynomial coefficients in C[xy,...]. The conjugate zero-mode Jo = o
doesn’t appear. This means the algebra of modes of the Heisenberg VOA
is now contained in the subalgebra D(xy+,dy) C Dy (a special case of

the type of subalgebras considered in Section 4.G.2).

In both cases, we identify a completion of the universal enveloping algebra
U(h) with a subalgebra of the Weyl algebra Dy. Note that as modules for Dy
our two modules 7, and 7, are isomorphic and are highest-weight modules
generated by a highest-weight vector |xzo) on which all positive modes act as
zero and all non-negative ones act freely. Let us call this Dy module M.

Finally, we introduce h. In both cases, we implement the Rees construction

with respect to the filtration on U(h) ®¢ C[Jo] defined by

F; (U(h) ®c (C[jo]> — {polynomials of degree < i in the modes Ji,,, Jo}.
(4.111)
This is of course mapped to the Bernstein filtration as required. We then
introduce A via the Rees construction. Ultimately, the result is the free asso-
ciative algebra over C generated by h, hiJo and the {hJm }mez modulo their
commutation relations, which is isomorphic to the Rees Weyl algebra DE (see
Remark 4.B.5). Finally, we consider the fi-adic completion, which is mapped
to DI
As a result of all this, we have identified the h-adic completion of the
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Rees universal enveloping algebra, which we denote by U "(h), with either the
subalgebra ﬁh(:BN, An- ), or the subalgebra D' (zy-, dy), depending on the choice
of intepretation for the central zero mode Jy, i.e. the choice of module 7, or
Tpo-

Because of this identification, all the results summarized in Section 4.G.1
and 4.G.2 apply. Let us summarize their meaning in the context of the Heisen-

berg algebra.

4.H.3 Identifying U"(h) with D"(zy, O-)

The three results highlighted in Section 4.G.1 then have the following inter-

pretation in the case of 7, i.e. Jy = z¢ is a variable:

1. Let Z.,, be the left ideal in U "(h) generated by the positive modes .J,,,,
m € N*. Then U "(6) /Zcan is canonically isomorphic to the (h-adic com-

pletion of the Rees) module M generated by |z), which is clear.

2. We define transvections as usual, they take the form ¢ : (h, hJ_,,, hJy, hJy,) —

(hy hJ_m, By, H,p), with

Hypy=hdp+ Y W' [T " (o, Ty, o)), meNT, (4112)

n=0

where the ¢"*Y are polynomials of degree < n + 1 in the non-positive
modes. Then, if we define Z to be the left ideal generated by the H,,,
U "(§)/Z is canonically isomorphic to the (h-adic completion of the Rees)

module M twisted by the automorphism ¢.

3. Rephrasing in terms of modules of exponential type, we get that U (h)/T

83



is canonically isomorphic to the module generated by the state

Z|xg) = exp (— Z R (o, Ty, o, . )) | o). (4.113)

n=0

This is of course a family of Fock modules m,,, parametrized by the
choice of highest weight xy. There is a unique choice if we impose that
the highest weight is o = 0 (in other words, we set the zero mode Jy to

zero) and the polynomials satisfy ¢+ (0) = 0.

The interesting statements however are for Airy ideals in U "(h). To con-
struct an Airy ideal, we need to construct a collection of operators {H,}jen-
in U"(p) of the form

H; = hJ; + O(R?), (4.114)

and satisfying the properties of Definition 4.F.1. Such collections will nat-
urally arise, for instance, from the modes of the strong generators of some
algebras, such as W-algebras, which can be constructed as sub-VOAs of the
Heisenberg VOA. If we are given such an Airy ideal Z, then we know that
U"(h)/T is canonically isomorphic to a twisted module as above for some sta-
ble transvection ¢, and also canonically isomorphic to a module of exponential
type generated by a state as in (4.113) with ¢tV = ¢® = 0.

In particular, since ¢V = ¢® = 0 the argument of the exponential starts
at O(h), and expanding the exponential we can think of the state Z|z,) as
living in the h-adic completion of the Rees module M generated by |z).”

To summarize, given any Airy ideal, we showed that U "(h)/T is canonically

9To be precise, we would need to define the Rees Fock module slightly more generally
here, since if we expand the exponential the polynomial coefficients will be 3 times the
h-degree, but this can be done easily without complication.
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isomorphic to a cyclic left module generated by a state in the A-adic completion
of the Rees Fock module.

This is particularly interesting if the modes H; that generate the Airy ideal
actually are a subset of the modes (such as the positive modes) of the strong
generators of a sub-VOA, such as a W-algebra. In this case, what we have a
constructed is a state Z|xg) in the hi-adic completion of the Rees Fock module
for U "(h) that is annihilated by all the modes H; in this subset. Considering
the action of the other modes of the sub-VOA on this state, we obtain a cyclic
module for this sub-VOA, which is generated by the state Z|xg). Depending
on the subset of modes considered, this may be a highest weight module, or a

Whittaker module, for the sub-VOA [9, 8].

4.H.4 Identifying U"(h) with D"(zy-,dy)

The three highlighted results have the following interpretation in the case of

Ty, 1.€. Jo = 0p is a derivative:

1. Let Z.., be the left ideal in U "(h) generated by the non-negative modes
Jm, m € N. Then U "(6)/Zean is canonically isomorphic to the (h-adic
completion of the Rees) ﬁh(a:N*, On) submodule of M generated by |x),

which is clear.

2. We define transvections as usual, they take the form ¢ : (h, hJ_,,, hJy, hJp,) —

(hy hJ_p, Ho, H,), with

Hy=hdp+ Y W' [T q" (I, T, )], meN,  (4.115)
n=0

where the ¢"*Y are polynomials of degree < n+1 in the negative modes.
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Then, if we define Z to be the left ideal generated by the H,,, U"(h)/Z is
canonically isomorphic to the (A-adic completion of the Rees) submodule

of M generated by |zg) and twisted by the automorphism ¢.

3. Rephrasing in terms of modules of exponential type, we get that U (b)) /T

is canonically isomorphic to the submodule of M generated by the state

Z|zo) = exp (— i gD (T Ty, ) — i h"_ls("“)(jg)) |z0),

" " (4.116)
where the s("*1(.Jy) are linear polynomials in the conjugate zero mode
Jo, which acts on |zo) as :]0\3:0) = xp|zo). There is a unique choice of gen-

erator if we impose that the polynomials satisfy ¢+ (0) = s+ (0) = 0.

We can proceed and study Airy ideals in U "(h) as usual. To construct an
Airy ideal, we need to construct a collection of operators {H,};en in U"(b) of

the form

H, = hJ, + O(h?), (4.117)

and satisfying the properties of Definition 4.E.1. Note that there is a H,
associated to the zero mode Jy here. Such collections again naturally arise form
sub-VOAs such as W-algebras. If we are given an Airy ideal Z, then we know
that U "(h) /T is canonically isomorphic to the submodule of M generated by
|zg) as above but twisted by some stable transvection ¢. It is also canonically
isomorphic to a module of exponential type generated by a state as in (4.116)
with ¢ = ¢@ = s = 5@ =,

What is really interesting here is the appearance of the conjugate zero
modes J, in the exponential in (4.116). Again, for an Airy ideal we must have

¢ = ¢@ = s = 5 = 0, so that the argument of the exponential starts
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at O(h). We can expand the exponential, but the resulting state does not
live in the h-adic completion of the Rees Fock module generated by |xo) over
U "(h), because of the appearance of the conjugate modes Jo. It instead lives
in the submodule of M generated by |zg) over the fi-adic completion of the
Rees algebra associated to U(h) ®¢ C[Jg). This is a key distinction between

this scenario and the previous one.

In particular, if the H, form a subset of modes of the strong generators of a
sub-VOA, such as a W-algebra, we once again constructed a state Z|zy) that
is annihilated by all the modes H, in this subset, and this states generates
a cyclic module for the sub-VOA, which could be a highest weight module,
or a Whittaker module, depending on the subset of modes. However, the
state Z|zg) is not anymore in a Fock module over U(h) (suitably h-adically

completed), but rather in the larger module M = 7.

Remark 4.H.1. We note that in some cases, Z|zy) may still live in the A~
adic completion of the Rees Fock module generated by |zo) over U(h). This
will happen if all the linear polynomials 3(”+1)(jo) vanish. In turn, this will
happen if the transvection ¢ does not act on hJy, that is, Hy = hJy. From the
point of view of Airy ideals, this means that the operator Hy is simply equal
to Hy = hJy. This was the case for instance in some of the constructions in
[9]-

In this particular case, it does not matter what scenario we use to interpret
the zero mode. On the one hand, if we think of Jy as a variable x(, then since
Hy = hJy must kill Z|x), we must have o = 0, i.e. we set the zero mode to
zero. On the other hand, if we think of Jy as a derivative, then Z|zy) does

not include the conjugate modes .Jo because the s (Jy) vanish, and hence
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Hy = hJy naturally kills Z|z), i.e. we can simply set Jy to zero as before. In
both cases the state Z|zg) is the same, lives in the Fock module, and we can

simply set the zero mode to zero, which is what was done in [9].

However, this is a very particular case; for general Airy ideals, there is no
reason why the operator Hy = hJy + O(h?) that starts with the zero mode
should not have terms of O(h?) or higher. We will see an example of that in

the next sections when considering W (sp,y )-algebras.

Remark 4.H.2. We note that even if the operator Hy = hJy + O(h?) has
higher order terms, it does not mean that the linear polynomials s (Jy)
will be non-zero. Hy could still be special enough such that all s+ (.Jy) = 0,
in which case Z|xy) would live in the A-adic completion of the Rees module
generated by | o) over U(B). It appears to be not so casy to determine whether
a given Airy ideal will be such that all s®**1(.Jy) = 0; however, what is easy to
show is that, if Hy has polynomial terms at O(h?), then the linear polynomials
st (Jy) do not all vanish. So this gives a simple criteria to determine when

Z involves the conjugate zero modes Jo.

4.H.5 The rank N free boson 7

In this section we simply note that the construction of the previous section con-
tinue to hold if we consider direct sums of Heisenberg algebra b := @f\il ),
with basis {J.}ieq1,..N1.nez U {c} and Lie bracket

(L, J2] = M6, —nbi jc, [J! ] =0, VYm,n € Z,i,5 € {1,...,N}.

m’¥n

(4.118)
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The universal enveloping algebra is constructed as usual, quotienting by the
ideal ¢ = 1. It is the free associative algebra generated by the modes J
modulo their commutation relations. It is the algebra of modes for the rank
N free boson VOA 7%V,

The only difference with the previous section is that we now have N zero
modes Jj. We thus introduce N conjugate zero modes jé, and proceed as
before with the identification with the Weyl algebra D 4, where we now consider
the multi-index set A ={(i,n) |1 € {1,...,N},n € N}.

In principle, for each zero mode we can make a choice between the two
scenarios of the previous section, i.e. whether we consider J¢ as a variable or a
derivative. It is usually more meaningful to make the same choice for all zero
modes. Then we proceed as before, and the results are very similar, so there

is no need to re-state them here.

4.H.6 The VOA viewpoint

The last few sections can also be reformulated from the viewpoint of VOAs,
which is how the construction of Airy ideals naturally arises. Recall that a
VOA is given by the data of a vector space of states V', and a state-field corre-
spondence Y : V' — End(V)[[z*!]], which satisfies a number of defining axioms.

Given a vector v € V, we call Y (v, 2) = . _, v,z "1 the corresponding field,

nez
and the endomorphisms v,, its modes.

A VOA module is another space M, with a maps Yy, : V' — End(M)[[z*1]].
It realizes the modes of Yy, (v, z) as endomorphisms of the space M.

The rank one free boson VOA is generated by a single state y € V, with

corresponding field Y (x,z) = >, ., o,z "" . Its modes J, satisfy the com-
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mutation relations of the Heisenberg algebra h with ¢ = 1:
[y In] = MO . (4.119)

The associative algebra of modes is the universal enveloping algebra U(b).

To map to ﬁg and M\g as in the previous sections, we think of the Rees
polynomial algebra ./T/l\ﬁI as a VOA module, with map Y : V' — End(M)[[z*]]

acting on the generating state y € V' as

Yi(x,2)=> hJz " (4.120)

neL

We also impose that the module satisfies the property
Y™(Tv,2) = ho,Y" (v, 2) (4.121)

for all v € V', where T is the translation endomorphism on V. This turns the
algebra of modes into the Rees graded algebra with respect to Li’s filtration
by conformal weight on the algebra of modes of the free boson [41]. Tt allows
us to identify the algebra of modes with a subalgebra of the Rees Weyl algebra
13{\} (as in Sections 4.H.3 or 4.H.4, depending on the interpretation of the zero
mode Jp), which acts on the module M = //\/\lg (which is also, of course, a left

module for the algebra of modes).

Introducing A in this way is in fact very simple. Since it turns the algebra
of modes into the Rees graded algebra associated to the filtration by conformal
weight, we can simply introduce A at the end of a calculation. Indeed, if v € V

is a state of conformal weight m, then we know that its field in the A-deformed
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module will be given by

Y, 2) = i™Y (v, 2). (4.122)

The rank N free boson VOA is constructed similarly by taking an N-fold
tensor product of the rank one free boson VOA. It is generated by n states
X' €V,i=0,...,N —1, with corresponding fields Y'(x*,2) = >, ., Jiz"""".

The modes satisfy the commutation relations

[ s T3] = MOy —nbi 5, (4.123)

m?“n

as in the previous section with ¢ = 1. The algebra of modes is the correspond-

ing universal enveloping algebra, and everything goes through as before.

4.H.7 Twisted modules for the rank N free boson VOA

In many application, the starting point is not quite the algebra of modes of
the rank N free boson VOA as in the previous section, but rather the algebra
of modes of a twisted module for the rank N free boson VOA.

Roughly speaking, if ¢ is an automorphism of a VOA V of finite order
r, then a o-twisted VOA module is another space M and a map Y, : V —
End(M)[[z*'/"]]. The difference of course is that fractional powers of z appear.

In this paper we will only consider the case of the rank N free boson VOA,
which is generated by states x* € V, i =0,..., N — 1, with the automorphism

o that cyclically permutes the N states:

o= xt = VT (4.124)



In this case, we can define a diagonal basis v* € V,a=0,..., N — 1, with

=

-1

v° 0=, (4.125)

<
Il
o

with 6 = e2™/N_ The inverse relation is
| N
X = ~ > o, (4.126)
a=0

In this diagonal basis, the automorphism o acts by multiplication by roots of
unity:

o vt 0%, a=0,...,N—1. (4.127)

Yo", 2) = Y Jvz F (4.128)
with the modes satisfying the commutation relations

[JmN, JnN] = Nmémy,n. (4129)

In the end, what we found is that, after redefining indices mN — k, the
algebra of modes of the o-twisted module is nothing but the universal envelop-
ing algebra of the Heisenberg algebra § with ¢ = 1 already studied in Section
4.H.1, which is the algebra of modes for the rank one free boson. It has only
one zero mode Jy, not N zero modes as in the untwisted rank N case studied

in the previous section.

As the algebra of modes of the twisted modules is identified with the univer-
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sal enveloping algebra of the Heisenberg algebra b, all the results of Sections
4.H.3 and 4.H.4 apply, depending on a choice of interpretation for the zero

mode.

While we only need to consider the fully cyclic automorphism o in the
rest of the paper, we note that more general automorphisms can certainly be
considered, see for instance [9, 10, 6]. For an automorphism o in the sym-
metric group Sy that corresponds to a permutation of the N free bosons, the
construction works pretty much the same as explained here, applied indepen-
dently to each cycle in the permutation (see [10, 6]). More precisely, in the
end one obtains a set of bosonic modes for each cycle of the permutation o.
The resulting algebra of modes is then naturally identified with the algebra of
modes of the untwisted rank M free boson as in the previous section, with M
being the number of cycles in ¢. It has M distinct zero modes, one for each

cycle in the permutation o.

4.H.8 Boundedness in the VOA setting

Condition (1) in the definition of Airy ideals, see Definition 4.E.1, states that
the collection of operators {H,},ca must be bounded. If the Airy ideal is
generated by a subset of modes of the strong and free generators of a VOA
realized as a sub-VOA of the Heisenberg VOA, then the boundedness condition

is automatically satisfied. This is what we prove in this section.

Consider a VOA W, that is freely and strongly generated by N-fields
W1 ...,W¥ and that allows for an embedding in the rank N Heisenberg

algebra 7. Let H be the Virasoro zero-mode of the usual Virasoro field of

93



the Heisenberg algebra. Let

Wm(z)=> Wizt (4.130)

kEZ

be the mode expansion of the field W™ (z) and we require that W™ has weight

A,, € Z~g in the sense that

[H, W' = (Ap — k= WL (4.131)
for all k. Let
Wir= Y AR (k)T (4.132)
0<ar<-<ay

-----

-----

non-negative modes W)". Interpreting the modes of the Heisenberg algebra as
variables and derivatives as before immediately translates to the boundedness

condition in the Weyl algebra setting.

Lemma 4.H.3. The boundedness condtion for non-negative modes W)™ holds

on modules of ™.

Proof. Note that [H, Ji] = —kJ} for the Heisenberg modes.
Let I = {(i1,k1),...,(ir,k-)} be an ordered index set of length r, that is
i1,...,i, € {1,...,N}and ky, ..., k. € Z with k, > k,_; and if k, = k,_; then

’ia Za—l- Set Pr = J]ill . J]?T and /{3[ = ]Cl + -+ ]Cr so that [H,p[] = —]{?[p[.
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Let Z be the set of all such index sets of any length. Then W} is of the form

W]zn = Z arpr (4133)

Iel
ki=k+1-A.,

for certain coefficients a;. We are interested in the boundedness conditions in
the VOA setting. This means for a given ordered monomial J,’CZ e J,i: with
ks > 0 (and hence all k; > 0) we wonder if there exists {(i1, k1), ..., (is_1, ks—1)},
such that ar # 0 for I = {(i1, k1), ..., (i, k) }. We have that ky < ks+---+k,
and so we necessarily have a; = 0if k+1— A, > ks + -+ + k.. In particular
there are only finitely many pairs (m, k) such that a; can be non-zero, i.e. the

boundedness condition holds. O

Let o be a finite order automorphism of the Heisenberg algebra that leaves
W and H invariant. Then the o-twisted module is still a module for W and
still graded by H. Note that with the set-up of the previous setting the twisted

modes Jiy have H eigenvalue —k. As an operator on a o-twisted module

Wit= > AL (mk) e, (4.134)

0<ar<--<ay

with A7 ., (m, k) polynomials in the negative modes.

,,,,,

Lemma 4.H.4. The boundedness condtion for non-negative modes W) holds

on o-twisted modules after any possible shift of negative modes.

Proof. The argument is the same as the previous Lemma: J,, ...J,, has H-

eigenvalue —(ay + -+ + a;)/N and so A4 o (mk) = 0if k+1— A, >

a; + -+ a;)/N, that is for all but finitely many pairs (m, k). Any possible

shift of negative modes is nothing but a homomorphism on polynomials in the
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negative modes and so if A,, 4 (m, k) = 0 then the same remains true after

any possible shift of negative modes. ]

Remark 4.H.5. The boundedness condition of course holds for subsets of
non-negative modes as well. In some cases, see [9], one also wants to include
some negative modes W;". The argument for boundedness is still exacly the
same. Therefore, the collections of modes considered in [9, 8] are all bounded,

and the Airy ideals constructed in these papers are indeed well defined.

4.1 Graded Lie subalgebras from modes of V-
algebra

In Chapter 3, we mentioned that Airy ideals can be constructed from modules
of W-algebras. This is because subalgebras of collection of modes {W? },.cn
of the strong generators of W-algebra generate ideals Z that satisfy the con-
dition [Z,Z] C A?Z. In this section we expound on this example, by sketching
the relevant results first proved in [9]. The authors construct a number of left
ideals from mode algebras of an arbitrary vertex operator algebra with finitely
many strong and free generate, that satisfy the condition [Z,Z] C h*Z of being
an Airy ideal and then one is left with the task to check that the other two
conditions are satisfied as well. Further technical details of this construction
can also be found in Section 3 of [8]. We will use some results of this section

in Chapter 5 to construct new Airy ideals.

Let W be a vertex operator algebra with finitely many strong and free

generators W1, ... . W™ of conformal weights A;,..., A,, and let A be the
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suitably completed algebra (also known as the current algebra) of modes of
w.

Let F,W be the subspace of W spanned by elements W*, - W |0) with
Aj 4+ A, < p,that is “Li’s filtration”. The algebra of modes A is a filtered
Lie algebra with respect to the commutator [-, -], with a filtration F},,A induced

from F,W. Let A" be its hradic completion,

A =[] mFoa. (4.135)
neN
Let S be a given subset of the modes of the strong generators Wt, ..., W"
of W, and A8 € A" be the left A-ideal generated by S. We say that Al S

is a graded Lie subalgebra of Al if
[A". 5 A" 5] C h2AM- S. (4.136)

For notational convenience, we define an ordering such that a mode in S is
always greater than a mode not in S. We say that elements of the ideal A5
are good with respect to S. In particular, v is good if the right-most term of
every ordered monomial of v is in S. We first state a basic observation, that

is easily checked.

Lemma 4.1.1. The left A ideal generated by the modes in S is a graded Lie
subalgebra of Al if and only if for any two modes Wi WJ € S, one has that

(Wi Wil e hQFAiJFAj,gJZh is good with respect to S.

The starting point of construction is a module M, generated by a highest
weight vector |A) and such that this highest weight vector is annihilated by

a mode if and only if this mode is a good mode. Subsequently one needs to
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check that the commutator of two modes in S is still good by showing that a
basis of M, is given by all the ordered monomials that are not good.

We now list two examples of graded Lie subalgebras that exist for all W-
algebras at the self dual level. However, one can usually expand this list to
further examples depending on the choice of Lie algebra g. The reader is re-

quested to refer to Section 3 of [9] for the proofs.

Our first example is that of the left ideal generated by all modes of the

strong generators of a W algebra that annihilate the vacuum state |0).

Proposition 4.1.2. Consider a vertex operator algebra W freely strongly gen-
erated by homogeneous states W' € W indexed by i € I (where I is a finite
set), with respective conformal weights A; € Z. Let A" be the suitably com-
pleted graded algebra of modes of W. Let S = {Wj}iczx>0, and consider the
left ideal .Zl\go = A" S. Then, ./zl\go is a graded Lie subalgebra of A

A second example is given by a subset of the vacuum algebra with the

starting mode index determined by the conformal weight.

Proposition 4.1.3. Consider a vertex operator algebra W strongly generated
by homogeneous states W' € W indexed by i € T where T is a finite set, with
respective conformal weights A; € Z. Let A" denote the suitably completed
algebra of modes. Let S = {W}}iczk>n,—1, and consider the left ideal .//l\hA =
A" S. Then JZ[Z is a graded Lie subalgebra of A
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Chapter 5

An Airy structure for W(sps,,)

As stated in 3.B.9, Airy structures (ideals) from W-algebras of type ADFE have
already been constructed in literature. However, constructions for non-simply
laced type Lie algebras still remain to be done. In this chapter, we fill this gap
by constructing Airy structures of type C'. The starting point for out approach
is the orbifold construction for W-algebras at self-dual level as described in
2.D.1. In the process, we exemplify some aspects of Airy structures that were
presented in the previous chapter. The contents of this chapter also appear in

our preprint [12].

More precisely, we will consider Airy ideals that are generated by the non-
negative modes of the strong generators of the principal W-algebra of sp,
at level —N — 1/2, which we denote by W~N=1/2(sp, ). To do so, we need
to realize the W—N=1/2(sp,\)-algebras as sub-VOAs of the rank N free boson
VOA. In this section we review background notions on the W=N=1/2(sp,)-
algebras, how they can be realized within the rank N free boson VOA, and

how we can construct modules for them from twisted modules for the rank N

99



free boson VOA.

5.A Generators of W(sp,y)

We consider the universal principal W-algebra of type Cy at level —N — 1/2.
This algebra is isomorphic to the orbifold of N-pairs of symplectic fermions;
the reason is that the coset Com (V*(spyy), V¥(0sp,ppy)) is isomorphic to
W,(spoy) for generic £ with ¢ and k related via ({+N+1)"1+(k+N+1)"t =2,
by [20, Thm. 4.1} as well as [17, Thm. 3.2]. The limit £ — co makes sense; in
this limit, the coset becomes an orbifold of a free field algebra [19, Thm. 6.10],
which in this case is the Sp(2N)-orbifold A(N)%P2N) of N-pairs of symplectic

fermions A(N). For clarity, we write:
W(spoy) i= A(N)5EN) 22 W12 (gp, ). (5.1)

Let us be a little more precise. The symplectic fermion algebra of rank
N, A(N), is strongly and freely generated by N pairs of symplectic fermions
{e'(2), f1(2) }i=12...~ by . Their OPEs are given by

e'(2) f/ (w) ~ —— (5.2)

Proposition 5.A.1 ([18]). Let {¢, fi}iz1...n be symplectic fermions. Then

,,,,,

Wi(spyy) is freely generated by fields W2 W4, ... . W?N of conformal weights

2,4,...,2N respectively that have the following free field description:

N

Z (:€'(2)0 2 (2) 1+ : 002 (2) f1(2) ) (5.3)

i=1

1

Wr(z) = (m —2)!
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form=2.4,... 2N.

We can express the above result in terms of free bosonic fields after making
use of the boson-fermion correspondence [29]. Let Y'(-, z) denote the state-
operator map for the integral lattice VOA V;~ generated by an orthonormal

basis {x°, x!,...,xV '}, and

X'(2) =) X (5.4)

neL

be the free bosonic fields, which satisfy the OPE:

(5.5)

Recall that the free fermion OPE is generated by a pair of odd fields
¥(2),Y*(w) with OPE

1
* ~ : 5.6
Y () ~ — (56)
The boson-fermion correspondence gives a pair of free fermions:
biz) ==Y (¥, z), Pi(z) =Y(e™,z), (5.7)

where

view ) = pen( X S en( Y w0 69)
n n

n€Z<o n€Z>o

and the shift operators U,. satisfy

[Xim le] = 5m,0 Uxia m € 2. (59)
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The fields
e'(z) == i(2), [fUz) = 0.0 (2) (5.10)

generate a VOA isomorphic to A(N).

Proposition 5.A.2. Let {W"(2)}n=2

.....

define the states:

v =X e + €, e N 1. (5.11)
Then
N-1
Wm(z) = Y™, 2). (5.12)
=0

Proof. Translation covariance implies the formula
Fi(z) = Y(e}'1,2). (5.13)

The result then follows directly from (5.7) and application of the reconstruction

theorem (See [27, Theorem 4.4.1]) to the VOA A(N). O

This Proposition gives us an expression for the strong generating fields of
W(spyy) within the rank N free boson VOA, which is the starting point to
study whether subsets of modes (such as non-negative modes) of the generators

of W(sp,y) generate an Airy ideal.

5.B Twisted module

In fact, to construct an Airy ideal generated by the modes of the generators

of W(spyy), we will need to start with a o-twisted module for the rank N free
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boson VOA (see Section 5.B). Upon reduction to the W(spyy) sub-VOA, it

will become a normal, untwisted, module for W(spyy).

Let us first review basic properties of twisted modules (studied in detail
in [5]) and prove some important formulas. Let ) be an integral lattice with
bilinear form (-, -), o an automorphism of @), and Vg be the lattice VOA of Q.
The bilinear form can be linearly extended to C ®z ). Let M be a o-twisted

Vo module.

We use the same notation as in Section 5.B. We consider the rank N free
boson VOA. Let x°, x*,...x™V~! be an orthonormal basis for (). We consider

N=115 X% and the corre-

the cyclic automorphism o : x* — x! +— -+ = x
sponding o-twisted module with map Y,. Let v°,v',..., vV ~! be the diagonal
basis defined in (4.125), with inverse relation (4.126). The twisted fields are

as in (4.128), which we reproduce here for convenience:
Y, (v 2) = Z Jenz L (5.14)

Using the inverse relation (4.128), we get the twisted fields associated to the

original generators y':

Y,(x', z) = ~ > 0N Ty (5.15)
mE%Z
N-—1
_ 1 ia —f£—-m-1
=~ SN 0 pinmz N , (5.16)
meZ a=0

where 0 = ¢2m/N

Our goal is to construct the twisted fields W*(z) associated to the W(sp,y)

generators W™(z). From Proposition 5.A.2, we know that this involves cal-
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culating the twisted fields for products of elements of the form e’ﬁiae:,’)‘i for

a,b > 0. The following two formulas do exactly that.

Lemma 5.B.1. Let d > 1, e € {1,—1} and {Xx'}i=01..n—1 be an orthonormal

,,,,,

basis of CN. Then

— Y, (X e X 2) Z S k(ex’, 2) (5.17)

where ¢y is the k-th coefficient in the Taylor expansion of the function
1 N-1
o 1=-N 1/N
g(x) = N H (5.18)

k=1

at x = 1. In particular, c; is independent of the basis vectors x; and €, and

co =1, ¢, =0. Moreover, the S!' are the Faa di Bruno polynomials defined by
Sn(x*, 2) == ] (0. + Y, (x',2))" - 1. (5.19)

Proof. The proof is exactly analogous to the proof of Lemma 3.7 in [?]. One

can check that, ¢’(1) = 0 and thus ¢; = 0. O

Remark 5.B.2. From (5.10) and the anticommutativity of free fermions it
follows that

Y,(e¥eX) = Y, (e X eX)). (5.20)

Lemma 5.B.3. Let a,b € V' be elements of a VOA and T be the translation

operator. Then

0. Y, (a_pmb_n1,2) =Yo(a_mb pnl,2)+ Y, (a_pnb_ 11, 2). (5.21)
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Proof. From [5, equation 3.14] (see also (4.121) in Section 4.H.6),
0.Y5(v,2) =Y, (T, 2). (5.22)

In addition we know that

Tv=1v_s1. (5.23)
Applying the above two formulas to the vector v = a_,,b_,1 yields (5.21). O

Lemmas (5.17) and (5.B.3), in conjunction with Proposition 5.A.2, allow
us to write down explicit expressions for the twisted fields W (z) associated
to the strong generators of W(sp,y). At this stage, we now introduce £ in
our twisted module as in Section 4.H.6. It turns the algebra of modes into
the graded Rees algebra associated to Li’s filtration by conformal weight. Put
simply, since the strong generators W (z) have conformal weights m, it simply
rescales them by A™.

We summarize the result in the following lemma.

Lemma 5.B.4. Let {x'}i—01...n_1 be states generating the rank N free boson

VOA and o the fully cyclic automorphism. Then the twisted fields W[ (z),
m = 2,4,...,2N corresponding to the strong generators of W(spsyy) in the

h-deformed o-twisted module read:

on(2) Z Zz Sm—k(=X",2) + Sm-i (X, 2))
i=0 L k=0
m—1 k m—

H

Ck Ck

+Sm1k:XZ _kazmlkX 2) m=2,4,...
z

k=1 k=0
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Proof. Using Proposition 5.A.2 we can write,

2
L

Wi (z) = : (Y (eXie 1) + Yo (¥, e” 211)) (5.25)

S
Il
o

The first term in the sum above can be commuted directly from lemma (5.B.1)

with e = —1 and is given by,

. C
Y, (e¥ie Xi1) = Z—ZSm_k(—Xi,z) (5.26)

k=0

where the ¢s are as in Lemma 5.B.1. The second term in (5.25) is given by

an application of Lemma (5.B.3) followed by Lemma (5.B.1):

Y (X, 1e51) =0, Y, (eX e 1, 2) — Y, (X e\, 2)
m—1 ]C m—1
Ci;
= Zk+1Sm 1-k Xla _kaz m—1—k Xza +Z Sm k(X’M )
k=0 k=0

(5.27)

Adding the above two formulas gives W2*(z). Finally, since W2*(z) has con-
formal weight m, we get W (2) = h"W(z), which yields (5.24). O

Jh

Remark 5.B.5. Note that only terms invariant under the automorphism o
will survive after summing over the index ¢ in the above formulas, and hence

the expressions will simplify considerably.

5.C Constructing Airy ideals for W(sp,y)

In the previous section we obtained twisted fields W' (z) for the strong gener-

ators of W(sp,y) in a h-deformed o-twisted module for the rank N free boson
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VOA. Our goal is to show that the non-negative modes of these fields generate
an Airy ideal Z in the h-completed Rees algebra of bosonic modes U "(h). More
precisely, this will not be true for the twisted fields W7 (2) directly. What we
will do is construct an automorphism of U "(f), which is usually called “dilaton
shift” (and is very similar to the transvections studied in Section 4.D.1), such
that he image of the fields W5 (2) under this automorphism are such that
their non-negative modes generate an Airy ideal.

As explained in Section 4.H, to construct an Airy ideal we need to choose
a scenario to map U "(h) into the Rees Weyl algebra: we need to make a choice
for the action of the zero mode. In the case of W(sp,y), only one choice
works: we need to make the zero mode acts as a derivative, and hence we find
ourselves in the scenario explored in Section 4.H.4. As far as we are aware,
this is the first example of a W-algebra explored in the literature that involves
this scenario.

We present first the calculations for the special case of W(spg), since the

calculations are more explicit. We then move on to the general case.

5.C.1 An Airy ideal for W(sp;)

The strong generators

We use the notation in Section 4.H.6 and Section 5.B. We consider the rank 3
free boson VOA, generated by states {x°, x', x*}. We consider the fully cyclic
automorphism o, and the corresponding o-twisted module with map Y,,. Let

1Y, v!, v? be the diagonal basis. For clarity, we write



We index the modes of the twisted fields in the diagonal basis as usual:

UO(Z> = Z Janz "L

nez

v'(z) = Z J3n+127n74/37
nez

V2 (2) = Jsngaz R (5.29)
nez

We introduce A in our module as in Section 4.H.6, which turns the algebra of
modes into the graded Rees algebra associated to Li’s filtration by conformal

weight.

We obtained the twisted fields W, (2) for the strong generators of W(spg)
in our A-deformed o-twisted module in Lemma 5.B.4. For clarity, we now drop
the subscripts o, h on the generators, and denote them simply by W™(z). In
the case of spg, we have three such generators, W2(z), W(z), W¢(z). We

define the modes of the strong generators as

Wm(z)=> Wz (5.30)
keZ
From Lemma 5.B.4 it is easy to see that each of these modes takes the

form

Wi = R"pi!(Ja), (5.31)

where p}*(J,) is a polynomial (a sum of normal ordered monomials) in the
bosonic modes J, of degree < m. As such, the non-negative modes W;"* with
k > 0 certainly do not generate an Airy ideal (see Definition 4.E.1 and Lemma
4.F.1), as they are homogeneous of degree m in i, and m > 1. This is not

surprising, since i was introduced via Li’s filtration by conformal weight, and
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the fields W™ (z) have conformal weight m.
To obtain an Airy ideal we somehow need to break the A homogeneity
of the strong generators of W(spy). In order to do this, we introduce an

automorphism of the Rees algebra of bosonic modes U () called “dilaton

shift”.

Definition 5.C.1. Let ¢ : [75([)) — [/ﬁ”(f)) be the automorphism given by
&+ (B, Fid) = (i, By + O + G- (5.32)

In other words, it simply shifts the modes AJ 3 — hJ 3+ 1 and hJ_4 —
hJ_4+ 1. It can be understood as acting by conjugation; for any P € (A]h(f)),

we can think of ¢(P) as being given by

. J3 J4 J3 J4
»(P) = exp (3_h + E) Pexp ( 3 Ei) . (5.33)

This is very similar to the transvections studied in Section 4.D.1, except that
now the non-trivial action is on the coordinates (on the negative modes J_3

and J_4) instead of the derivatives.

This is an automorphism of the Rees algebra of bosonic modes. The strong
generators W™ (z) of W(spg) are mapped to new fields ¢(W™(z)) under this
automorphism. We introduce the following notation for the image fields and

their modes:

m—1,,]
oW (2),  Hp =™

3m=Im!

H™(2) : 5

P(WR"). (5.34)

The rescaling of the generators here is simply for convenience.
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Clearly, the action of ¢ breaks homogeneity in A, which is what we want.
Our goal is to show that the non-negative modes H;"*, k > 0, generate an Airy
ideal in U”(h). To do so, we need to prove Conditions (1)—(4) in Lemma 4.F.1.
We first focus on Condition (3), which amounts to studying the O(h°) and

O(h') terms in the H".

Lemma 5.C.2. The modes H' satisfy, for k > 0:

HE =h(2Jsp, + 2J3041) + O(R?), (5.35)
HE =h(4Js + 12J3141 + 1205040 + 4J3143) + O(R?), (5.36)

Hg :h(ﬁjgk + 30J3541 + 60J3512 + 60J3513 + 305514 + 6J3k+5) + O(ﬁQ).
(5.37)

Proof. We start with Lemma 5.B.4 for the strong generators W™ (z), m =

2,4,6. We mentioned before that the modes take the form
Wit = 1"pi (Ja), (5.38)

where pi*(J,) is a polynomial in the bosonic modes of degree < m. We note
that the automorphism ¢ acts as hJ_3+— hJ s+ 1 and hJ 4 — AJ_4+ 1. As
such, it can decrease the order in h. We are interested in resulting terms of
order O(h%) and O(h'). Clearly, only the monomials of degree m and m — 1
in the polynomials py*(J,) can give rise to terms of order O(h°) and O(h')
following the action of ¢. So we are only interested in these higher degree

terms.
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From Lemma 5.B.4, we get:

2

W) =12y (P - o)+ 5 ). (5.30

z‘zo

W4(z) = ' Z (%Xi(z)4 - % X' (2)? + lower degree> : (5.40)
izO

Wo(z) =ne Z (%%(2)6 - % X' (2)° + lower degree) : (5.41)
i=0

where “lower degree” means polynomial terms of degree < m—2 in the bosonic

modes.

These expressions are in terms of the bosonic fields x(z). We need to
rewrite them in terms of the twisted fields v'(z) in the diagonal basis, since
the bosonic modes J, are defined for the twisted fields v*(2) (see (5.29)). Recall

that

X'(2) = % Z 0 v (z2), (5.42)

where 0 = 27/3,

We consider first the highest degree terms in the fields W™(z), of degree

m in the bosonic modes. In terms of the fields v*(z), the highest degree terms
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%Wz(z) (1°(2))" + 20" (2)v*(2) + (5.43)
i!—iw“(z) = (1°(2))* + 40°(2) (' (2))® + 40°(2) (v2(2))® + 12(0°(2)) %0 (2)v2(2)
+6(0"(2)*(v*(2)* + ... (5.44)

6!3°

S5 WO (2) = (00(2))° + (11(2))° + (v2(2))° + 20(v0(2))* (v2(2))” + 20(vo(2))* (v1(2))*
+20(v1(2))* (v2(2))° + 30un(2)v1 (2) (v2(2))* + 30(vo(2)) vr (2)a ()
+ 3000 (2) (v1(2))*va(2) + 90(ve(2))?(v1(2))* (va(2))* + . ...

(5.45)

We can write a general formula as:

m!3m—1 m)!

g W =)

aq +2a2|3
aptaitaz=m

aologlas! (v0(2))* (v1(2))* (v2(2))**+lower degree.

(5.46)

In terms of the modes, we get:

m!3m—1

m' ag a1 oo
— W = E +H:J0:H:J1:H:J2:
opm ok aglan ! fi fi fi
a1+2a2|3,a0+a1+a2:m =1 =1 =1
> BptBy+BE=3k+3-3m

(5.47)

+ lower degree,
where 7 = j (mod 3).

With these formulae, we can implement the automorphism ¢ from Defi-
nition 5.C.1 (the dilaton shift) on the highest degree terms. We see that for

the non-negative modes, k¥ > 0, we obtain precisely the O(h') terms in the
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statement of the Lemma, and no terms of O(k°).

Next we look at the terms of degree m —1 in the bosonic modes in the fields
W™(z). Those could potentially contribute terms of O(h') after applying the

automorphism ¢. In terms of the fields v*(z), the degree m — 1 terms read:

—%WZ(Z) =0.0%2) + ... (5.48)
_?);i_?;WLL(Z) = 0,[(v"(2)) + (v'(2))* + (v*(2))* + 60" (2)v' (2)0*(2)] +
(5.49)
—ah—?ZWG(@ = 0. [ (1°(2))° + 10(0°(2))? (v2(2))® + 20(2°(2) vt (2)02(2)

+5(v1(2))"0%(2) + 300°(2) (v1(2))*(v2(2))” + 10(vo (2))* (v2(2))?

+ 50 (2) (v (2))* ] + . ...

The action of the automorphism ¢ from Definition 5.C.1 on these degree m —1
terms does give rise to O(h') terms in the image fields H™(z). Those terms

take the form:

H*(2)=0+... (5.50)
H*2) = —6h+ ... (5.51)
H%(z) = —90h + ..., (5.52)

where we singled out the O(h) terms that arise from applying ¢ to the degree
m — 1 terms in the W™(z). What is key is that these terms are constants, i.e.
do not come with powers of z. As a result, they only appear in the modes H?,
and H®,, and hence do not contribute to the non-negative modes H;" with

k > 0. This concludes the proof of the Lemma. O]
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The Airy ideal

We now prove that the left ideal generated by the modes {H?, Hi, HY} with
k>0inU "(h) is an Airy ideal. We find ourselves in the scenario of Section
4.H.4, where the zero mode Jy of the field v°(z) (which is the only zero mode,

see (5.29)) acts as a derivative 0.

Theorem 5.C.3. Let T be the left ideal in U"(h) generated by the {H} H! HP}
with k > 0. Then T is an Airy ideal.

Proof. To prove that Z is an Airy ideal, we need to check that Conditions

(1)—(4) in Lemma 4.F.1 are satisfied.

Condition (1). The boundedness condition is automatically satisfied for

the modes of the fields of a VOA (see Lemma 4.H.4).

Condition (2). It is always satisfied for the subset of non-negative modes
of the strong generators of a VOA (see Lemma 4.1.2; also Proposition 3.14 in
[9])-

Condition (3). For simplicity, let us re-index our operators H}", i = 2, 4,6,
as

H]Zn = L3k+%—1' (553)

Then the operators are indexed by {L;}ie; with I = A = N. We want to
determine whether

Li=Y_ MqhJ,+ O (5.54)

a€eN

for some coefficients M;, such that for all fixed a € N, they vanish for all but
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finitely many ¢ € N. But we have shown in Lemma 5.C.2 that

ng :Lgk = h,(ngk + 2J3k+1) + O(hQ), (555)
H;Cl :L3k+1 — h(4J3k + 12J3k+1 + 12J3k+2 + 4J3k+3) + O(h2)7 (556)

H® =Lsjys = (6J51 + 303011 + 605512 + 605545 + 30J5554 + 6J5545) + O(2).
(5.57)

As a result, we see that for a fixed a = 3k + b with b € {0,1,2}, the only
non-vanishing coefficients M;, are for ¢ < 3k + 2. In particular, for all a € N

they vanish for all but finitely many ¢ € N, as required.

Condition (4). We need to show that there exists coefficients N,; such that

Z NbiMia — 5ab7 Z MiaNaj = 6ij7 (558)

€N a€eN

and such that for all fixed j € N, the coefficients /V;; vanish for all but finitely
many b € N. Equivalently, we need to show that we can invert the relations
(5.55)—(5.57) to get

> NyLi = hJy + O(h?), (5.59)

1€N

with the coefficients such that for all fixed ¢ € N they vanish for all but finitely

many b € N.
J3 Ly,
Let Jp := | Jypiq |> Ki = L1 — 4hJ3143
342 L3jqo — 60RJ3143 — 30NS3 44 — 6345
2 2 0

and M= |4 12 12| forall £ > 0. From (5.55) — (5.57), we have the matrix

6 30 60
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equations

MJ, +O0(*) =K,  Vk>0. (5.60)

As M is invertible, we can invert the above relation to get

hJy. + O(R) = 1—2[/% — %L%—i—l + %L3k+2 — ghj3k+3 - %hc]:akﬂ — th3k+5
(5.61)
RJspi1 + O(R) = —1—76L3k + 1—56L3k+1 - 1_16L3k+2 + ghj3k+3 + %hj?,k-% + th3k+5
(5.62)
RJspia + O(R) = 1L:ak: - 1L31~:+1 + iLak+2 — 2hJ3p43 — §h<]3k+4 - ihJ31~3+5
8 8 24 4 24
(5.63)

Substituting back the formulas for AJsg.s, hAJsgiq, and AJsg,s recursively we

can write

hJ3k+i + O(h2) = Z N3k:+i,mLm (564)

meN

for k> 0andi € {0,1,2} and where all N3y, = 0 for m < 3k. Equivalently,
for any fixed m € N, the only non-vanishing coefficients are Nsjy;, with
3k < m. In particular, for all fixed m € N the coefficients vanish for all but

finitely many 3k + ¢ € N, and the condition is satisfied.

As all conditions of Lemma 4.F.1 are satisfied, we conclude that the left
ideal Z generated by the {H?, H}!, H '}, k > 0, is an Airy ideal. Furthermore,

from the calculation above we see that we can also think left ideal Z as being
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generated by the differential operators (k > 0, i € {0, 1,2}):

Lyesi = Y NappimLm = BJgpps + O(R?). (5.65)

meN
In particular, we notice that we have an operator Ly = hiJy + O(K?) (and
in fact, one can show that the O(h?) contributions are non-vanishing for this
operator). Therefore, we find ourselves in the scenario of Section 4.H.4, where
the map from the algebra of modes U "(h) to the Rees Weyl algebra goes to the
subalgebra ﬁh(xN*, On) — we need to interpret the zero mode Jy as a derivative

in the Weyl algebra.

Now that we know that the left ideal Z generated by the modes of the strong
generators of W(spg) is an Airy ideal, we obtain an immediate Corollary from

Theorem 4.E.3 (see also Section 4.H.4).

Corollary 5.C.4. LetT be the left ideal in [/J\'h(f)) generated by the non-negative
modes {H2, HY, HSY, with k > 0. Then U"(§)/T is a cyclic left module canon-
ically isomorphic to the (h-adically completed) submodule of M (see Section
4.H.4) for the rank 3 free boson VOA generated by |xo), but twisted by some
stable transvection on UM(B).

ﬁh(h)/z is also canonically isomorphic to a module of exponential type

generated by a state

v = Z|rg) = exp Z P9 E, (T, J gy + Z R, 1 (J0) | o),

g€ sN,neEN* gESN*
2g—2+n>0

(5.66)
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for some polynomials F,, homogeneous of degree n in the respective modes,
with F,;,(0) = 0. Here the jo are the modes conjugate to the zero modes Jy.
Furthermore, by construction the state v is annihilated by all non-negative

modes {H?, H}, HP}, with k > 0:
H'o =0, m=246, keN, (5.67)

Therefore, the action of the negative modes H*, k < 0 on v generates a (h-

adically completed) Fock module for W(spg).

Remark 5.C.5. What is particularly interesting here is that the state v does
not live in the h-completion of the Fock module generated by |z¢); indeed, the
conjugate modes J, appear in v. This is a direct consequence of the fact that
we need to interpret the zero mode J, as a derivative instead of a variable —

see Section 4.H, and in particular Section 4.H.4.

5.C.2 Airy ideals for W(sp,y)

In this section we generalize the above construction for all N > 3. We follow

closely the methods and logic of the previous section.

The strong generators

We use the notation in Section 4.H.6 and Section 5.B. We consider the rank
N free boson VOA, generated by states {x°,x',...,xV"!}. We consider the
fully cyclic automorphism o, and the corresponding o-twisted module with

map Y,. Let v°,v!, ..., vV~ be the diagonal basis. For clarity, we write

X'(2) =Y, (', 2), v'(2) = Y, (v, 2), i=0,1,...,N—1.  (5.68)
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We index the modes of the twisted fields in the diagonal basis as usual:

V(2) = ez "N k=01, N -1 (5.69)

nez

We introduce A in our module as usual, which turns the algebra of modes into
the graded Rees algebra associated to the filtration by conformal weight.

We obtained the twisted fields W7, (z) for the strong generators of W(sp, )
in our A-deformed o-twisted module in Lemma 5.B.4. As before, for clarity we
drop the subscripts o, i on the generators, and denote them simply by W™ (z).

We define the modes of the strong generators as

Wm(z)=> Wz (5.70)

kEZ

From Lemma 5.B.4 it is easy to see that each of these modes takes the
form

Wi = m"pi (Ja), (5.71)

where p’l(.J,) is a polynomial (a sum of normal ordered monomials) in the
bosonic modes J, of degree < m. As for the N = 3 case, the modes W/*
with k& > 0 certainly do not generate an Airy ideal as they are homogeneous
of degree m in A, and m > 1. To obtain an Airy ideal we introduce an

automorphism of U"(h) (dilaton shift) that breaks the A-homogeneity.

Definition 5.C.6. Let ¢ : U"(h) — U"(h) be the automorphism given by
&+ (i, hd) = (B B+ Oy + O 1) (5.72)

In other words, it simply shifts the modes hJ_y +— hJ_y + 1 and hJ_y_1 —
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hJ_n_1+1. It can be understood as acting by conjugation; for any P € (75(1‘)),

we can think of ¢(P) as being given by

$(P) = exp (]{;; + (Njfjr—ﬁ)h) P exp ( ]{[h (N‘]TNM) . (5.73)

This is of course a natural generalization of the dilaton shift Definition 5.C.1

for N = 3.

The strong generators W™ (z) of W(sp,, ) are mapped to new fields ¢(W™(z2))
under this automorphism. We introduce the following notation for the image

fields and their modes:

N™ 1] N™ 1]
(W), HP = o). (5.74)

H™(2) = 5

Clearly, the action of ¢ breaks homogeneity in A, which is what we want.
Our goal is to show that the non-negative modes H;"*, k > 0, generate an Airy
ideal in U"(h). As in the N = 3 case, we need to prove Conditions (1)—(4)
in Lemma 4.F.1. We first focus on Condition (3), which amounts to studying

the O(hY) and O(h') terms in the H".
Lemma 5.C.7. The modes H}" satisfy, for k >0 and m = 2,4,6,...,2N:
H" = hz — _1 ke O(h?). (5.75)

Proof. We start with Lemma 5.B.4 for the strong generators W™(z). We

mentioned before, the modes take the form

Wi = Wi (Ja), (5.76)
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where p}*(J,) is a polynomial in the bosonic modes of degree < m. As in the
proof of Lemma 5.C.2 for N = 3, to study the O(h°) and O(h') terms in the
modes H;" we are only interested in the monomials of degree m and m — 1 in

the polynomials pj*(J,).

First, Lemma 5.B.4 implies that

=

1

2 ()™ 1 ]
[ Xnguz) - (m — 1>!3z cx'(2)™ 1 i | + lower degree,

I
o

%

(5.77)

where “lower degree” stands for terms of degree < m —2 in the bosonic modes.

These expressions are in terms of the bosonic fields x’(z). We need to
rewrite them in terms of the twisted fields v’(z) in the diagonal basis. Recall

that
4 1 M
X'(2) =+ g 60" (2), (5.78)
where 0 = ¢2m/N

We consider the degree m terms in the fields W™ (z). They read:

mIN™L m! =
%—mW (2) = NZ ol ol H v,(2)°" 4 lower degree.
S e
(5.79)
In terms of the modes, we get:
m!N™L m)! - - A
%—ka = Z ao'QI'QN_I'HJ’B?HJ’BZIH :JﬂiN—li
le_v:? io| N i=1 i=1 =1
St ai=m
(5.80)

+ lower degree
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where 5/ = j (mod N) for all i and 2;.\[:_01 S B =NEA+1—m).

Now we want to implement the dilaton shift (the automorphism ¢ of Defi-
nition 5.C.6 on these highest degree terms. From (5.80), the O(h°) terms can
only come from a term proportional to (J_x)™, but these terms only come up
in the mode expansion of W™. Therefore the dilaton shift does not produce

O(h°) terms in the non-negative modes.

As for the O(h!) terms, they are essentially determined by the conditions:

N-1 N-1
ZiaﬂN, Zai =m. (5.81)
i=0 =0

To get a O(h') term we have to shift all modes except for one in the mode
expansion given by (5.80), hence we only need to consider terms with o; = 0
fori=1,2,...,N—2ora; =1forsomei=1,2,..., N —2. For a term of the

form [, J,, we recall that the modes add up as follows,
Y y=Nk+1-m). (5.82)

The lowest and highest index of the O(h') terms produced in H" are due to
the terms with g = m and an_1; = m — 1 respectively, that is terms of the

form

CIne(Jon)™ bk Inksm—1(Jo(ven) ™, (5.83)

and are given by

mdJng, p eI Nktm—1, (5.84)
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respectively, where

bk = 1, ifm—1=N-1 (mod N) (5.85)

bk = m, otherwise (5.86)

and d,, , = m. In between these two extreme cases we have terms of the form,

m)

S INkra ()T (T o) a=1,2,...,m—2, (5.87)

(m—a—1)lal
and after the dilaton shift these yield the following O(h!) terms:

m)!

INk+a- 5.88
(m—a—1)la! Nkt (5.88)
Finally, we look at the sub-leading degree m — 1 terms in the fields W™ (z),

which may contribute O(h') terms after dilaton shift. From (5.77) the degree

m — 1 term in 7= W™(z) is proportional to

D, (x'(z)™ 1. (5.89)
After changing to the diagonal basis only terms of the form

Q. (W)™ 0 (VT e, 0 (00(2)™ T (N TN 2)) O
(5.90)

can yield O(h') corrections, where 0 < a < m — 1. Note that these are

terms that are firstly invariant under ¢ and secondly have as factors only the

dilaton shifted fields vo(z) and vx_1(2). After performing the dilaton shifts

hJ n — J.n+1and AJ N1 — AJ_y_1 + 1 it is easy to check that O(h)

123



corrections are only produced for negative modes, and are zero for all non-
negative modes, as in the N = 3 case. The easiest way to see this is to

reformulate the dilaton shift as,

vo(2) = vo(2) + 7 (5.91)
un-1(z) = uy_1(2) + Zl;N. (5.92)

Then the O(h) terms produced by each of the terms mentioned in (5.90) in

the operators W™ (z) from this dilaton shift are respectively of the form,

m—1

h@z(zo), ho,(z v ), ho,(z

Zle

). (5.93)

As the powers of z in the above expressions are non-negative, the result follows.

]

The Airy ideal

We now prove that the left ideal generated by the modes { H}" },n—2.4, on With

k >0 in U"(b) is an Airy ideal. We find ourselves in the scenario of Section
4.H.4, where the zero mode Jy of the field v°(z) (which is the only zero mode,

see (5.29)) acts as a derivative Jp.

-----

with k > 0. Then T is an Airy ideal.

Proof. To prove that Z is an Airy ideal, we need to check that Conditions
(1)—(4) in Lemma 4.F.1 are satisfied.
Condition (1). The boundedness condition is automatically satisfied for

the modes of the fields of a VOA (see Lemma 4.H.4).
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Condition (2). It is always satisfied for the subset of non-negative modes
of the strong generators of a VOA (see Lemma 4.1.2 and also Proposition 3.14
in [9]).
Condition (8). For simplicity, let us re-index our operators H}", i =
2,4,...,2N, as
H" = Lypim_q. (5.94)

2

Then the operators are indexed by {L;}ie; with I = A = N. We want to
determine whether

Li =) MqhJ,+ O (5.95)

aeN

for some coefficients M;, such that for all fixed a € N, they vanish for all but

finitely many ¢ € N. But we showed in Lemma 5.C.7 that
m—1
H" = Lyjpm_y = hz — T Nk O(1?). (5.96)
=0
In particular, we can write (for k¥ > 0 and n € {0,1,..., N —1})
Lytsn = Y Myiinahidy + O(R?), (5.97)

a€eN

with Mnjginqe = 0 for all @ < Nk. In other words, for a fixed a, the only non-
vanishing coefficients Myj4m  are for Nk < a. In particular, for any fixed
a € N, the coefficients M;, vanish for all but finitely many ¢ € N, as required.

Condition (4). We need to show that there exists coefficients Vy; such that
Z NbiMia = 5abu Z MiaNaj - 52']'7 (598)
i€N a€N

and such that for all fixed j € N, the coefficients IV;; vanish for all but finitely
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many b € N. Equivalently, we need to show that we can invert the relation
(5.95) to get

> NyLi = hJ, + O(h?) (5.99)
€N

with the coefficients such that for all fixed ¢ € N they vanish for all but finitely

many b € N.

We proceed as for the N = 3 case. We rewrite (5.96) as

m—1 |
_ m ) 2 m o m:
Lypym_1 = ZO Nk + O(R2), ¢ = Tl (5.100)
INK Lvk = > s nbins1 Co Nitm
Let I = B INk+1 K, = Livk+1 = Do Nbs N1 Cn P Nigm and
INEIN-1 LNksN-1 = DomoNbiNt1 Con B Nm
0, 7>
(M), = (5.101)
3"}, otherwise
for 1 <i4,7 < N. From (5.100) we get matrix equations
MJ; + O(h?) = Ky, k> 0. (5.102)

One can see that M is invertible. This can be shown in various ways, such as

converting to an upper/lower triangular matrix using Gaussian elimination or
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LU decomposition. Note that dividing the 7th row by 7 gives a matrix,

0, 7>
(M);; = (5.103)

(2;) , otherwise

which is a submatrix of the infinite ‘Pascal matrix’. Submatrices of the Pascal

matrix with non-zero diagonal entries are invertible, as proved in [38].

As M is invertible, we can invert the matrix equations to get (for k& > 0

and i € {0,1,...,N —1}):

2N—-1

N
hJNk—i—i + O(FL2) = Z 5jLNk+j—1 + Z EthNk—‘rj (5104)
j=1 j=N

for some constants d;,¢; € Q. Substituting back recursively the formulae for

hJnk+j, we end up with

hIniri + O(R?) = Nugrimm=! (L), (5.105)

meN

for Kk > 0 and ¢ € {0,1,2, N — 1} and where all Nyji;m = 0 for m < Nk.
Equivalently, for any fixed m € N, the only non-vanishing coefficients are
Nnkyim with Nk < m. In particular, for all fixed m € N the coefficients

vanish for all but finitely many Nk + ¢ € N, and the condition is satisfied.

As all conditions of Lemma 4.F.1 are satisfied, we conclude that the left
ideal Z generated by the {H*}, k > 0, m € {2,4,...,2N} is an Airy structure.
Furthermore, from the calculation above we see that we can also think of

the left ideal as being generated by the differential operators (k > 0, i €
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{0,1,2,..., N —1}):

Lyksi = Y NNkpimLm = Bypsi + O(R?). (5.106)

meN
In particular, as in the N = 3 case we have an operator Ly = hJy + O(h?).
Therefore, we are again in the scenario of Section 4.H.4, where we need to

intepret the zero mode Jy as a derivative in the Weyl algebra. [

Now that we know that the left ideal Z generated by the modes of the strong
generators of W(sp, ) is an Airy ideal, we obtain an immediate Corollary from

Theorem 4.E.3 (see also Section 4.H.4).

Corollary 5.C.9. Let T be the left ideal in (//\'h(h) generated by the non-negative
modes {H}"} =24, 2n, with k > 0. Then Uh(b)/I is a cyclic left module
canonically isomorphic to the (h-adically completed) submodule of M (see Sec-
tion 4.H.4) for the rank N free boson VOA generated by |xo), but twisted by

some stable transvection on l/]\h(f))

ﬁﬁ(h)/l is also canonically isomorphic to a module of exponential type

generated by a state

vi=Z0)=exp | DY BT (T, )+ Y BT E(g) | 0),

g€ sN,neN* gESN*
2g—2+n>0

(5.107)
for some polynomials F,, homogeneous of degree n in the respective modes,

with F,;,(0) = 0. Here the Jo are the modes conjugate to the zero modes Jg.

Furthermore, by construction the state v is annihilated by all non-negative
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modes {H]" }yn—2.4. on, with k > 0:

.....

H™™w=0, m=24,... 2N keN. (5.108)

Therefore, the action of the negative modes HJ*, k < 0 on v generates a (h-

adically completed) Fock module for W(sp,y ).

Remark 5.C.10. As in the N = 3 case, the state v does not live in the
h-completion of the Fock module generated by |zq) for the free boson VOA;
indeed, the conjugate modes Jo appear in v. This is a direct consequence of
the fact that we need to interpret the zero mode .Jy as a derivative instead of

a variable — see Section 4.H, and in particular Section 4.H.4.
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Chapter 6

Boundary states

The classical equation of a closed string is described by a conformal field theory
(CFT) (i.e. a conformally invariant non-linear sigma model) on the sphere.
In terms of the path integral formulation the space of solutions for the theory
factorizes into two ‘chiral’ halves, each of which can be studied independently
as chiral algebras. Instead of a sphere, in this chapter we briefly introduce
the main defining data of a CFT on an open Riemann surface also known as
‘open conformal field theory’. In this case, the two chiral halves are no longer
independent. Some of the defining data can be encoded into ‘boundary states’
that are defined abstractly in terms of the so-called ‘Ishibashi states’. The
main motivation for this comes from string theory in which ends of open strings
give rise to boundaries of the string world sheet. In addition, non-perturbative
sectors of string theory called D-branes are a slight generalisation of this setup
(See for example [42] and [32]). In the next chapter, we will use the formalism
of Airy ideals to construct boundary states associated to affine Lie algebras.

The main references for the current chapter are [42] and [35].
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6.A Boundary conformal field theory

The starting point for the data of a genus 0 conformal field theory (CFT) are
two vertex operator algebras Wy, Wg, which we assume to be the same W; =
Wpgr = W in the rest of this chapter. We assume that the associated state space
HP) (where the superscript P is used for a CFT on the plane) decomposes

into a sum of W ® W irreducible representations denoted by H; ® H; so that,

HE) = PH; 0N (6.1)

i€
for some indexing set Z. However the modules in the sum above cannot be ar-
bitrary. Various additional constraints are required for a CFT to be consistent.

In particular we wish that the partition function given by,

Z(r) =Y xw(7)x, (=7) (6.2)

1€l

be invariant under the action of SLy(Z) where x denotes trace of e2mim(Lo—5)

Secondly we also require that the OPEs close in H®).

An attempt to generalize these notions to a CF'T on a Riemann surface with
boundary yields significant insights into the global properties of a CFT. The
requirement that the CFT should retain all the symmetries required (such as
conformal transformations on the boundary) influence global properties (such
as the state space) and are encoded as ‘gluing conditions’ on the boundary and
the value of coefficients of one-point functions in the bulk (as these no longer

vanish). Conformal symmetries that preserve the boundary can be formulated
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as the gluing condition,
T(z)=T(z), z=2z. (6.3)

One may also impose extra gluing conditions on the other strong generators

W,
Wi(z) = QW)(2), 2=z (6.4)

where Q : W — W is a local (conformal) automorphism. In addition to the
gluing conditions, we need additional data to fix the boundary CFT associated
to a given bulk CFT uniquely. As translational invariance is broken, the one-

point functions (¢;(z,z)) do not vanish but are given by,

A -
TR S (6.5)

= 7.7 Yt
|2 — z[hithi @)

<¢i,?(2’ 2)>a

where 7" denotes the module that is contragredient dual to ¢, w is the auto-

morphism induced on the index set Z from €2 and A, ;; is a map ,
Apis H s 7Y (6.6)

between the grade 0 part of the respective modules.

Let us denote the choice of these coefficients by a continuous label . Hence

the data of a boundary CFT is given by the pair (£2, «).
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6.B Boundary states

In order to compute correlators, and bulk-boundary OPEs of the boundary
theory in terms of objects in the bulk theory, Cardy and Ishibashi among
other introduced the boundary state formalism. One definition is given in
terms of finite temperature correlators of bulk fields in the upper half plane
(See Section 4.3.1 of [42]). We give below an equivalent definition in terms of
zero-temperature correlators. Consider the change of coordinates,

1+1iz
1 -1z

1—1z2 -
¢ = 1+iz’ ¢ =

(6.7)

that maps the half-plane to the complement of the unit disk in the (-plane.

The boundary state ||«)) for a boundary data (€2, «) is defined by,

(016(¢1, 1) - 8 (v Co)ladye = T (¢ )0 (21, 21) .- 68D (2, Z8))
(6.8)

where |0) is the vaccum of the CFT on the full plane, J is the product of
Jacobians of the z — ¢ transformation and the subscripts (P) and (H) indicate
objects on the full plane and half plane respectively. Let ||a)),, be the boundary
state for the CF'T with boundary data (€2, «). As (6.3) and (6.4) hold between

arbitrary correlators, it implies the relations,

(£ = L5} [l =, (6.9
<W,(LP) - (—1)hWQW(_’fj> o)), = 0 (6.10)



where Ay is the conformal weight of WW. Boundary states can usually be con-
structed explicitly in terms of certain generalized coherent states associated
with the bulk theory (See Section 6.D for some explicit examples). First dis-
covered by Ishibashi in [35], and hence named Ishibashi, the main result is an
existence theorem of certain infinite linear combinations for every irreducible

representation present in the bulk Hilbert space.

6.C Existence of Ishibashi states

We now prove that (6.9)-(6.10) have an explicit solution in terms of objects
in the bulk CFT H"). First we introduce some preliminary notation and
concepts. Let M be a module of a vertex algebra V' (usually a W-algebra),
M’ be it’s contragredient dual and 2 be an automorphism (that preserves the
conformal element). We can denote elements of m € M by the ket |m) and

the canonical dual in M’ as (m].

Remark 6.C.1. In this section we assume that M and M’ have countable
dimension as vector spaces, but it is easy to generalize the results below for
uncountable dimensions (in fact, they are independent of a choice of basis).
Let {|va) }aen and {|v))}aren be orthonormal bases of M and M’ respectively

and (v,| and (v;| be the canonical dual vectors to |v,) and |v;) respectively.

We can abbreviate the twisted contragredient dual module by,

M = Q* (M) (6.11)



The action on M is defined by,
VXM M:z-Qm') =Q(Q  z)-m'), m'eM zeV. (6.12)

We remark that there exists an anti-Lie algebra involution on the algebra of

modes 6 (See [2, Proposition 3.9.1]). This induces an anti-linear map,

U:Mw— M (6.13)
such that,
UW, = (=1)"W_,U. (6.14)
and,
QU] =0 (6.15)

Our goal is to construct Ishibashi states I € H(B) that satisfy the con-

straints,

(Ln—L_,)I =0 (6.16)

(W, — (=)™ QW _ ) =0 (6.17)

where we have used barred variables to denote the ‘right moving copy’ of the
generators of M. As a matter of fact, in [35] it was shown that there exists

a Ishibashi state for every irreducible module H;,7 € Z appearing in the bulk
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Hilbert space decomposition,

HP) =PH o H;. (6.18)

€L

Proposition 6.C.2. There ezists a vector [Mi in Mj®]\7j CHP) = Djcs M;®

]\7/; for every j € J that satisfies (6.16)-(6.17). It can be expressed as an infi-

nite sum,

' =3 o) @ (U (")) (6.19)

a€eN

Proof. 1t is sufficient to prove that for every j € J,

(0] @ (0] (Lo — L) 1" = 0 (6.20)

(s @ ("] (W = (=1)"™ QW _,) I =0 (6.21)

for all a,b € Z and all k,l € J. We now prove (6.21) of which (6.20) is a

special case. Consider the following calculation,

> (0 @ (U ("D (Wa — (=)™ QW ) |0,") @ [ Uw") (6.22)

a€eN

- Z [514'511717 <Ué\/[k| W, |U(]zwj> - 5k,j5a70(_1)hw <Q*Uvéwk| Qw_, |Q*vaj>}

a€N

(6.23)

where we have used the orthonormality of our basis. Now observe that for the
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second Dirac sandwich above, we obtain
(QUMe| QW _, QU [0MiYy = (=1)™ (UuMr| UW,, |07 (6.24)

from (6.12), (6.15) and (6.14). Substituting this in (6.23) completes the proof.

O

The proof presented above is standard in physics literature and first ap-
peared in [35] (See also [42]). The question of uniqueness of the state given by
(6.19) is more subtle, and it appears that it doesn’t hold in general. We now
prove uniqueness of the Ishibashi state in a special context, those associated
to modules of affine Lie algebras. We will dive deeper into the construction of
such Ishibashi states in Chapter 7 and relate them to the framework of Airy

ideals.

Our starting point is a simple complex Lie algebra, denoted by g. Let M
be an irreducible module of the universal affine vertex superalgebra V*(g) and
let M its contragredient dual. Consider two copies of g, one denoted by g so
that g = g. We first fix a choice of simple roots ® and its image ® := —Q® for
the two copies g and g respectively. Let {z®, h?}ic; jes and {Z¢, l_lj}igﬁje‘] be
the associated Chevalley basis (See 7.A.1 for more on the Chevalley basis) for
g and g respectively, where the generators {2, i’} are the images of {2, hi}
under the contragredient duality homomorphism. We also choose an ordering
for the index sets I and J. Then V*(g) is strongly generated by the fields

{2%(2),hi(2)}. Let I™ be the Ishibashi state for the boundary conditions
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given by,

(z00 —Qz¥)IM =0, jeJ (6.25)

(h; — QR ) M=o, icl. (6.26)

for some Lie algebra automorphism ).

Proposition 6.C.3. Let M®M be as above. [fM®ZT4/ 15 also a highest weight
module with respect to the choices of simple roots ®, ®, then the Ishibashi state

IM € M ® M given by (6.19) is unique.

Proof. We denote the tensor product by M := M ® M.TtisCxC graded by
conformal weight. We denote the decomposition with respect to this grading

by,

M = @ Mn+A,m+A (627)

n,m>0

where A is some constant such as,
Mpm <0, forn<Aorm<A

and Ma a # 0. We first prove that if w is a highest weight state in M and [ is
any Ishibashi state satisfying (6.25) and (6.26), then (w|v;) is non-vanishing.

Let

I=> Lntania (6.28)

where [, ,,, denotes the projection of I into M, 1A m+ia-
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We first prove that Ia o # 0. Let n’ and m' denote constants that are
minimal with respect to the conditions I,y1a e 7# 0 and I,y 1A m+a 7# 0 respec-
tively where the index denoted by e could be arbitrary. Substituting (6.28)

into (6.25) we can write,

P Lypamint Y. A LA — QI =0, j€J,  (6.29)
(n.m) £ (n’ )

and for all r > 0. Now note that z,2, lowers the conformal weight, while 2,

raises the conformal weight, and similarly for the ‘right moving’ operators 2%
Due to the minimality condition on n',m’ the above equation can hold true
only if z,’ Iy mr+a = 0. Similarly, writing the above equation for r < 0, we
can conclude that 2% Iy yamia = 0 for r < 0. This brings us to the first

intermediate conclusion that Ia Ao # 0.

As M is also a highest weight module to respect to a choice of roots @, ®

we can write a decomposition,

Maa =P Maawu (6.30)

N
In particular there exist highest weights A, i so that,
Inn = Z I/\—/B’yu—ﬁ_’ (6.31)
B,B'eQt
where Q% is the Z<p-span of positive simple roots. Like before we can define
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a set of extremal indices /3, 3 such that,

I)\,ﬁ’. 7£ 07 [A76+a,o =0 Vae Q+ (632>

I 5,370, i grapu-pra=0 Va,a€ QF (6.33)

We now proceed exactly like in the last paragraph. By substituting (6.31) in

(6.17) and using the extremality of 3, 3 we can conclude that,

Iy, #0. (6.34)

Finally let I and I’ be two Ishibashi state in M ® M and lw) = I, be

the highest weight state of M ® M then the combination,

r (6.35)

is also an Ishibashi state with,

(w|I"y = 0 (6.36)

which is only possible if I” = 0 and thus I, I’ are linearly dependent.

Remark 6.C.4. If the top level /a A is one-dimensional then the first part
of the above proof directly gives us uniqueness of the Ishibashi state. This is

true in the case when M is a Verma module of a W-algebra for example.
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6.D Examples of boundary conditions and Ishibashi

states

We give below a few preliminary examples of boundary conditions and the

associated Ishibashi states.

Example 6.D.1. 1. Let H be the rank 1 Heisenberg VOA generated by the
modes {a, }nez and let my be the Fock module generated by a vector |\)
so that ag|A) = AA), A € C. Let |\, u) denote the tensor product |\) ®
|pt), then the Ishibashi states for the Neumann and Dirichlet boundary
conditions (these are the boundary conditions for the compactification

of a free boson) are,
(an £ an) Iy, = 0. (6.37)

It is easy to see that this boundary condition is solved by the ‘canonical

coherent states’,

1
Ly = exp(= ) ~a_nin)|A, 1) (6.38)
n=1

for the boundary condition with the plus sign (Neumann conditions). We
briefly remark that exactly analogous expressions for boundary condi-
tions in terms of exponentials of the ‘creation operators’ can be obtained

for the free fermion VOA as well.

2. Recall that the N = 2 superconformal algebra has a free field realization

in terms of 4 free fields - 2 free bosons X, Y and 2 free fermions b, c. The
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generators take the form,

J=—-Y —wX—:be:

L:?—é)lf XY

G~ =bX + b

G =2¢Y — 2wde

(6.39)
(6.40)
(6.41)

(6.42)

There are 2 possible gluing conditions (referred to as A-type and B-

type)given respectively by,

and

A
+
_|_

i
oo )0

(6.43)
(6.44)

(6.45)

(6.46)

(6.47)
(6.48)

(6.49)

(6.50)

for n = +1. In [31], the authors construct the most general N' = 2

superconformal boundary states from boundary states of the theory of

two free uncompactified bosons and fermions, while the treatment of
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N =1 boundary states appears in [30].
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Chapter 7

Airy ideals from Wakimoto

modules

Free field realizations of vertex operator algebras (VOAs) are broadly speaking
embeddings of the VOA into Heisenberg or Clifford algebras. Such embeddings
are a ready source of modules from the category O obtained from suitable
Fock representations of the Heisenberg algebra with very explicit formulas for
the generators in terms of free fields. In this chapter, we first present a free
field realization of the affine Kac-Moody algebras g. Physically this yields a
bosonization of the so-called Wess-Zumino-Novikov-Witten (WZNW) model
associated to g. The construction is a generalization of the Borel-Weil-Bott
(BWB) construction of representations of semi-simple Lie algebras. The BWB
theorem gives embeddings of a simple Lie algebra g into a Weyl algebra ob-
tained from the infinitesimal action of g on the flag manifold. This action can
be expressed in terms of differential operators acting on the spaces of global
sections of holomorphic line bundles on the flag manifold. We first recall this

construction in section 7.B. We then present the essential ingredients for the
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generalization to the infinite-dimensional case. In this case, we define an em-
bedding of the loop algebra ¢((t)) into the Lie algebra of local vector fields
on the formal loop space of the big cell that is then lifted to an embedding
of its central extension g to a subalgebra of the Weyl algebra A%. Finally we
recast this result as a homomorphism of vertex algebras, and present a family
of g-modules Wi, x, k € C,\ € h*. These are the so-called Wakimoto modules
and were first constucted by Wakimoto in [43] for g@ This construction was
later generalized for all g by Feigin and Frenkel in [24]. We closely follow the

presentation of [26] in this chapter.

A concrete application of free-field realizations of VOAs is the construction
of copious number of examples of Airy ideals, almost all of which promise great
utility in the study of enumerative geometry. In the second part of this chapter,
we propose new examples of Airy ideals by exploiting the Wakimoto realization
for every simple Lie algebra g. The partition functions thus obtained can
be interpreted as representations of a special type Ishibashi states that we

introduced in chapter 6.

7.A Preliminary background

We recall some basic facts and notation on affine Lie algebras and their rep-

resentations.

Let g be a finite-dimensional simple Lie algebra of rank [. The affine Lie
algebra associated to g is the universal central extension of the loop algebra

Lg = g @ C[t,t7!] and denoted by g. We denote the central element of g by
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K. The vacuum representation of level k is defined as,

Vi, =U(g) QU (g Clt]@CK) Cx (7.1)

where C;, stands for the trivial one-dimensional representation of the Lie sub-
algebra g ® C[t] of g on which K acts by multiplication by k and U(-) denotes

taking the universal enveloping algebra.

The Lie algebra g has a Cartan decomposition,
g=n,ohon (7.2)

where ny = ny ® C1 ® g @ t¥!'C[t*] and h = h ® C1 & CK where g =
n. @ hdn_ is the Cartan decomposition of g. We are especially interested
in modules on which n, acts locally nilpotently and H acts semi-simply. This
is known as the category O and all irreducible objects in this category can
be obtained as quotients of Verma modules. Verma modules are defined as

induced representations,
My = U(g) ®U('ﬁ+@ﬁ) Ci (7'3)

where C, is the one-dimensional n, @ h-module on which n, acts as zero and

H acts according to the character \.
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7.A.1 Chevalley basis

In this section we sketch the basic ideas behind the construction of a Chevalley
basis. Let g be a simple Lie algebra with Killing form s and a root system ®.
Let b denote a Cartan subalgebra so that dim(h) := [ = rank(A) — |®|. Let
A = {a1,as,...,0} be a basis of simple roots, so that we have a root space

decomposition,

s=bhaPo. (7.4)

aced

In addition we set t, to be the unique element such that,
a(h) = k(ta,h) Yhe€b. (7.5)

We define a set of elements (hq)aceo given by,

2.,
hy =

= —Ii(ta, ) (7.6)

The starting point of the construction of the Chevalley basis is the following
proposition from [34, Section 25.2].

Proposition 7.A.1. [t is possible to choose root vectors x, € go(a € D)

satisfying:
1. [xa,T o] = ha.
2. If o, B,a+ B €D, [x4,28] = Caplarp then cop = —C_q_g.

We also give below a quick corollary that follows from the symmetry of the

structure constants ¢, g described above.
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Corollary 7.A.2. Let 2 : g +— g be the involution given by,

O N S (7.7)

ha > —ha, (7.8)

then € is a Lie algebra automorphism.

The Proposition 7.A.1 is the precursor to construction of a Chevalley basis
(a basis which satisfies the conditions of the above proposition) for g. It turns
out that in this case, all the structure constants are integers (See [34, Section

25.2)).

Theorem 7.A.3. (Chevalley) Let xo, o0 € @, hy,, 1 < i < 1 be a Chevalley
basis of g. Then the resulting structure constants lie in Z. More precisely:

1. [ha;, ha;] = 0.

2. [ha;s Ta) = (o, ;) 4.

3. [Ta,T—a) = hy is a Z-linear combination of ha,, ..., ha,.

In the rest of this chapter, we will use a choice of Chevalley basis to con-
struct certain modules of affine Lie algebras called Wakimoto modules, and
subsequently also Airy ideals from tensor products of these Wakimoto mod-

ules.

7.B Finite-dimensional case

Let g be a simple Lie algebra of rank [ with Cartan decomposition,

g=n, Shdn_ (7.9)
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and let,

be = b & ny (7.10)

be the upper and lower Borel subalgebras. Let G be the simply-connected Lie
group corresponding to g, and Ny (resp By) the upper and lower unipotent
subgroups of G. The homogenous space G/B_ is called the associated flag

variety.

Example 7.B.1. For G = SL,, this is the variety of ‘full flags’ of subspaces
of C": Vi C...CV,.1 CC"dimV; =1 It is easy to check that the group
SL, acts transitively on this variety and the stabilizer of the flag given by

V; = span(e,, ..., e,_;+1) is the subgroup B_.

We are interested in an embedding of g into a Heisenberg algebra, this can
be achieved by the infinitesimal action of g on an open subspace of G/B_ that
is isomorphic to an affine space. An example of a dense open subset is the big

cell .

Definition 7.B.2. Consider the unique open N, -orbit called the big cell
U = N,.[1] € G/B_ which is isomorphic to N,. Since N, is unipotent it
is isomorphic as a vector space to n, and hence the algebra Fun N, of regu-
lar functions on N, is a free polynomial algebra. We can choose coordinates
Yo, @ € Ay, where A, is the set of positive roots of g on U, such that y, has
weight o with respect to the action of the Cartan subgroup of G on N, that

is

h-yo =a(h)y., hebh. (7.11)
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Given a € g, consider the one-parameter subgroup v(¢) = exp(ea) in G.

We have a Lie algebra homomorphism,
g— Vect Ny, a—(,

where (, is defined as,

(G)) = (G20 )l

where Z (€) is the projection of the subgroup 7(e) onto V.

Example 7.B.3. Let g = sl,. Then G/B_ = P!. We take,

u=1c|? |ycer.

—1

The vector field of (7.13) is simply given by,

(G F)(d) = L Flexp(—ea)y)co

(7.12)

(7.13)

(7.14)

(7.15)

The above formula allows us to compute the following vector field representa-

tion of the standard basis of sls,

0 0 0
— — — —2y— - —yi—.

(7.16)

Let D(U) be the algebra of differential operators on ¢. This is nothing but
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the Weyl algebra generated by {y,, %}QGA+ with the relations,

0 o 0
— =008 |75 | = Wasysl =0 7.17
L?ya yﬂ] N layﬁ ay} Yo, Y] (7.17)

B

and let {D<;} be the filtration by the order of the differential operator. We

have an exact sequence,
0+— Fun U — D<;(U) — Vect U — 0, (7.18)

where Fun U denotes the ring of regular fections, and Vect U denotes the Lie
algebra of vector fields on U. As H?*(Vect U, Dy) = 0, this exact sequence
splits and the map from g — Vect U can be lifted to a map ¢ : g — D;.
The canonical splitting is the one where we lift ( € Vect U to the unique first
order differential operator whose symbol equals ¢ and which kills the constant
functions. However, such a lifting is not unique but parameterized by h* (See
[26]). Hence we infact obtain a family of embeddings €, : g — D; C D for A €
h* and a g-module structure on the space of functions Fun N = Clya]eca, -
This is a Fock representation of D generated by ¥, from a vector v satisfying
Gl

G U= 0, a € A. This picture can be summarized as follows:

Proposition 7.B.4. The restriction of C[U] to the image of €y defines a
g-module isomorphic to My := Homys, 1(U(g),Cy) (i.e. the contragredient
Verma module with highest weight x ). Here the subscript U(b_) indicates that
U(g) is considered as a U(b_)-module under the right action, and the super-

V- where

script ‘res’ indicates restriction of homomorphisms to U(b_)* @ U (ny.)
U(ny)Y is the restricted dual composed of duals of the degreewise summands

with respect to the grading discussed in 7.B.2.
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Example 7.B.5. The module M;, A € C, over sl, can be realized by,

0 5 0
_9 4 59 22 1
e oy h any—l—/\, f Yy ay—l—)\y (7.19)

7.C Setting for the infinite-dimensional case

The generalization to the case of affine Kac-Moody algebras is a lot more
involved for several reasons. Firstly, the definition of formal loop spaces for
general algebraic varieties needs to be treated. Secondly, in an affine algebra
there are many different Borel subalgebras that are not conjugate to each

other. The Lie algebra g has a Cartan decomposition,
g=tehen_ (7.20)

where n = ny ® C1 @ g ® tF1C[t*] and H = h® C1 @ CK. However, the one

relevant for geometry is the loop decomposition,
g=n,obhon (7.21)

where 1. =n. ® C[t,t"!], and § = g® C[t,t '] ® CK. The correponding flag
manifold X is the quotient of the loop group LG by the connected component
LBY of the loop group of the Borel subgroup B_ of G. The big cell U is
defined as the orbit of the unit coset under the action of the loop group LN,
and parameterized by a set of coordinates y,(n) = y, @ t",a € A, n € Z.
The loop algebra acts infinitesimally by vector fields. However , we as we have

an infinite number of variables we need to define the suitable completions for
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Vect U and Fun U. Concretely, an element of Fun U is an infinite series,

> ) Pambom (7.22)

aeAy m<—-M

where P, s are polynomials in y,,,n € Z. The Lie algebra Vect U consists

of series of the form,

> ZPM%JF > Yo Vaim (7.23)

acAt Ln>N Yo, m<—M

where the P, ,’s are polynomials and the V,, ;,,’s are polynomial vector fields.
Hence Vect U is the completion of the Lie algebra of polynomial vector fields
with respect to the topology given by the basis of open neighbourhoods of 0
formed by linear combinations of vector fields given by each of the terms in the
above formula. Our goal is to realize the algebra of differential operators (and
subsequently vector fields) inside a free field vertex algebra and the space of
functions inside a Fock module M. Let us define these objects and the vertex

algebra structure.

Let A® be the Weyl algebra with generators,

0
Aon = . Upp = Ya,—m, @ E€ALNEL, (7.24)
and relations,
[aa’n,ag,m] = 00,80n,—m, |Gam, Qam] = [a;n,agm] =0. (7.25)
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Their generating series is defined as,

ao(2) = Zaa,nz’"’l (7.26)

nez

ar(z) = Zaz’nz’". (7.27)

nez

Let M, be the Fock representation generated by a vector |0) such that,

aanl0) =0,n>0; a,[0)=0, n>0. (7.28)

a,n

M, carries the structure of a Z -graded vertex algebra (similar to the Fock
representation of the free bosons) and is usually referred to as the VOA of
symplectic bosons or as alternatively as the v system in physics literature.
The completed Weyl algebra As is the I ~.m-adic compeletion of A%, where
Iy are left ideas generated by a,n,n > N and ag m,m = M (See Example

(B.3) in the Appendix A for a definition). Hence it consists of arbitrary series

of the form,

Z Pa,naa,n + Z Qavmaz,m Pmy Qm € Ag. (729)

n>N m>M

Let AJ be the commutative subalgebra of A? generated by a’,,,a € Ay, n € Z

a,n)

and Zt% be its completion. From the definitions it is clear that,
A8 >~ Funi/. (7.30)

Let A%, be the subspace of A%, spanned by products of elements of A and

the generators a,, and let A%l be its completion. There is a short exact
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sequence of Lie algebras,
0+ Funld — A%, > VectU — 0. (7.31)

Actually we are more interested in ‘local’ subalgebras of the objects in (7.31).
These are elements of the compeleted Weyl algebra that are also obtained as
elements of a completed universal enveloping algebra U (Mj). For example, let
us denote the local version of A%, by Dy jo.. This is the subalgebra spanned by
the Fourier co-efficients of all polynomials in the 0.a’(z),n > 0. Restriction
of (7.31) to the local versions yields an exact sequence (refer to [26] for their

definitions),
0 +— Do oc — D1joc — Vect L?loc — 0. (7.32)

Like in the finite-dimensional case, the action of Lg on u gives an embedding
¢ : Lg — Vect U (See [26] for more details). We are again interested in lifting
this to a map to Dy j,.. However, in constrast to the finite-dimensional case the
exact sequence does not split. This is because that normal ordering distorts
commutation relations of elements of D, j,. and yields an extra term lying in
Do joc as is apparent from the Wick formula. However, it turns out that it is

possible to lift € to a map from the central extension g of g to Dy je.-

Theorem 7.C.1. [26] There exists a Lie algebra homomorphism g — D1 joc
which maps K to —h", where hY is the dual Coxeter number of g. The space

of homomorphisms is parameterized by h @ C((z))dz.

The Fock representation M, thus yields a family of modules called Waki-

moto modules over g of level —h" which is called the critical level. We refor-
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mulate this statement in the language of VOAs in the next section, and give

the generalization to arbitrary levels.

7.D Wakimoto modules

In section (7.B), we obtained a family of Lie algebra homormophisms,

ex:g— Dy, MeEp (7.33)

Let e;, hy, fi,i = 1,2,...,1 be a set of Chevalley generators of g for some
choice of simple positive roots A, . In the notation of 7.A.1, these are defined
as e; 1= x,, and f; := x_,,. The above representation can be explicitly written

as ,

%, « d
exler) = 5—+ > P5(ya) 5~ (7.34)
Yo, ,BEA+ y/B
5,
ex(hi) == > Bhi)ysm— +x(hi) (7.35)
BeA+ Ys
A fe a
ex(fi) = ﬁ§+ Q") 5, + X(Pidye (7.36)

for some polynomials Pg;, Q}, in y,,a € A" and a fixed map 3 : h — C. The

corresponding map for €y : g — VectU maybe obtained by the substitution,

Yo > Yam?" (7.37)
nezZ
0 0
a— — Zﬁnil. (738)
Yo ez Yam

Now we are ready to state the main theorem.
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Theorem 7.D.1. There exists a homomorphism of vertex algebras,

wy, - Vi(g) = M, @ 7kt (7.39)
such that,
ei(2) = o, (2) +562A t Pylag(2) s as(2) -, (7.40)
hi(2) = —%ZA B(hi)  aj(z)as(z) « +bi2), (7.41)
fi(2) = Z+ 1 Qp(an(2)ap(2)) : +(ei + (k+ hY))0:a;, (2) + bi(2)ag, ()
b (7.42)

where Pé is a polynomial of degree o — 3 (when graded by the positive part @Q

of the root lattice) and ¢; are some constants.

Any module over the vertex algebra M, ® Wé“’th becomes a Vj(g)-module

and hence a gg-module (with K acting as 1). Thus,
Wi = My @ i+ (7.43)

is a gr-module. This is the so-called Wakimoto module of level k£ and highest
weight A\ and it lies in category O as desired. As an example we present the case
of 5/[; . We temporarily resort to the physics notation in which we denote the
generating fields of a pair symplectic bosons by 3(z),v(z) for better readability
after the identification a(z) — [B(z) and a*(z) — 7(2). The following formulas

are reproduced from [25].

Proposition 7.D.2. Let g := sl3, {$'(2),7"(2)}iz123 be pairs of symplec-
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tic bosons and X (z) = (X'(2), X?(2)) be a pair of free bosons. Let a; =
\%(1,\/3), ay = \%(1,—\/5). Then the Wakimoto realization of (7.39) at

level k is given by,

el(z) = B'(2) (7.44)
() = B*(2) = 7' (2)8%(2) (7.45)
e*(z) = 8%(2) (7.46)
hi(z) = —an(2) - X(2) + 29 (2)B' (2) = v*(2)B%(2) +7°(2)8°(2) (7.47)
W?(2) = —az(2) - X(2) = 7' (2) B (2) + 27°(2)8%(2) +7°(2)3°(2) (7.48)

FH(z) = aa(2) - X(2)7'(2) = kO (2) +9°(2)B%(2) — (+/(2))*B'(x)  (7.49)

— (k4 D7 (2)07*(2)7 ()7 (2) 81 (2) — v*(2)7%(2) 5°(2)

— ()7 (2)B°(2) — 7' (2)7*(2)7*(2) B*(2)

where products of fields are understood to be normally ordered.

To conclude we have given a functor that maps a module N of the Heisen-
berg Lie algebra H of level k to a module of the Kac-Moody algebra g but of
level shifted by hY. This is essentially an example of a semi-infinitely induced
module where the module N is extended to a module of b_ by 0 and induced

to g. This construction can be generalized replacing the Borel subalgebra b
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and its Levi quotient E by an arbitrary parabolic subalgebra p and its Levi
quotient m. The resulting g—modules are called the generalized Wakimoto

modules corresponding to p.

We briefly comment on some of the applications of Wakimoto modules.
They have been used to construct chiral correlation functions of the WZW
models, in the study of the Drinfeld-Sokolov reduction and W-algebras and in
the description of the center of the completed enveloping algebra of an affine
Lie algebra. In particular Wakimoto modules can be used to show that, this
center at the critical level is isomorphic to functions on the space of “G-opers
on the formal disc as a Poisson algebra where “G is the Langlands dual of G.
The interested reader can refer to [26] for questions related to generalizations
and applications. Finally Wakimoto models can be used to obtain free field
realizations of W-algebras via the Drinfeld Sokolov reduction of affine Lie

algebras.

7.E Constructing Airy ideals from Wakimoto

modules

Our goal in this section is to give new Airy ideals associated to modules of the
affine Lie algebra g. Let g be a simple Lie algebra and g the corresponding

affine Lie algebra. We denote by {«;}i—12.. 4 a basis of simple roots of g, and

let {h;}i—12.1 be generators of the Cartan subalgebra. Then the universal
affine vertex algebra Vi (g) is strongly generated by a set of ‘Chevalley fields’,

denoted by {e;(2), f;(2), hi(2)} where i,7 =1,2,...,dand k =1,2,...1. Re-
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call that as before, we have slightly modified the notation of Section 7.A.1 by
setting e;(z) := x4,(2), fi(2) := x_4,(2), where z,,(z) are the affinization of

the generators z,, .

Wakimoto modules are parameterized by a complex number k called the
level. In this section, we first define another parameter h by setting h? =

(k 4+ h¥)~!. First we rescale the generators (7.40)-(7.42) by & so that now,
e'(2) = h%e'(2), h'(z) — R*h'(2), fi(2) = R*f'(2). (7.52)
We also rescale generators of the underlying Fock module,

o, (2) = FPao,(2), al (2) = al (2), bi(z) = B?bi(2). (7.53)

\4 = . .
From now on, we set Wgﬁ”\ =M;® 7T];+h and Wgh”\ be its contragredient dual

where k is understood to be expressed in terms of h.

In order to furnish Airy ideals out of Wakimoto modules, we are actually
forced to consider an infinite extension of these modules as in the case of

W(spyy). We first define this extension below, and then present our starting

k+hY

o denote the Fock module extension of

object for the construction. Let m
level k + hY defined in (4.104) so that the zero mode acts like a derivative
diz + X for some formal variable z. Then the Wakimoto module WJI”)‘ admits

. . . \% .
an infinite extension, WJL’F’A =M, ® W’;:rh where M, is the Fock module of

symplectic bosons as before. Finally, consider an involution on the algebra of
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modes given by,

ep) = ~fn Ufa) = —€n,

Q(hL) = —h!. (7.54)

The foundation of our construction is the tensor product module M := Wg’p* ®

T hp
Qe (W),

Consider the set of differential operators { A B C*} fori,j =1,2,...,d,

k=1,2,...1 given by,
Al =l yaf' . Bi=fltbe_,, C :=h+ch_, (7.55)

where elements of the second factor are denoted by barred variables and
a;,b;,c; € C are some non-zero fixed constants. Note that these are pre-
cisely the boundary conditions we first encountered in (6.25) and (6.26) when
a; = b, = ¢ = 1 for all ¢ and € is set to be the involution defined above
. In order to construct an Airy ideal, we first need to realize the operators
{Ai BJ CF} € M as elements of a completed Rees Weyl algebra Z/DT’LZX for some

index set A. Hence, we make the following definitions: the derivatives of the

Weyl algebra are identified with certain linear sums of the free fields,

02, i= (00 ) + i@ o) (7.56)
Oyi = (la,)n + bin(a},)—n (7.57)
Qi = (bi)n + ci(bi)—n (7.58)

and the corresponding variables are chosen to be combinations of modes that
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satisfy the correct commutation relations with the derivatives defined above.

More precisely we define,

x; =9 L(Gy,)n for n <0 (7.59)

Yy, = “L(ay,), for n <0 (7.60)

Zp = (7.61)

=L(b;), for n<0

cn

n n

Let D4 be the Weyl algebra generated by {0;,0,;,0.1} and {xt yd, 2k} for

n € Z. The corresponding (h-graded) Rees Weyl algebra D% is defined by,

Dl = nF.Ds (7.62)

neN

where {F,,D}nez is the Berstein filtration of Definition 4.B.3. As before, we

can easily construct h-adic completion, which we denote by D. Then we have
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the following theorem:

Theorem 7.E.1. Let T C @ be the left ideal generated by the collection
{AY BI,C*Y fori,j=1,2,....,d, k=1,2,...1 andn € Z. Then T is an Airy

1deal.

Proof. We first note that the relations (7.59)-(7.61) can be inverted as follows,

Opi — any’  for n >0,

(G )n = (7.63)
—bny:  for n <0
and
1 i
—0, + a—x’_n for n >0,
« bm -n bz
(ag,)n = (7.64)

—amnz', for n<0

Similarly for the free boson b;(2),

(

ho,i +z_, for n>0,

(bi)n = { 2 for n<0 (7.65)

—n

Q0+ A for n=0
\

where () is a fixed arbitrary complex number. Analogous expressions hold for
the barred variables. For example, the zero mode of the free boson takes the

form

by = %[(—Q + 1) — A (7.66)

163



Substituting (7.63)- (7.65) into (7.55) allows us to fully express the constraints
{A! B! C'} in terms of the coordinates {x% 1y’ 2!} and their derivatives. Af-
ter performing this substitution, the operators {A! B¢ C!} € M are realized
inside the completion @. We now check that each of the three conditions for
being an Airy ideal are satisfied. It is easy to check that the boundedness and
degree 1 conditions are satisfied. In particular, by definition the lowest degree
terms take the form of a derivative for each of the constraints {A¢, BJ, C*}
and there are no other degree 1 or degree 0 terms. Secondly from (7.55) it
follows that the left ideal generated by {A! BJ Ck} satisfy the ‘graded Lie
subalgebra’ condition due to the scaling performed in (7.52). This completes

the proof. n

Remark 7.E.2. Our primary motivation for considering constraints of the
form (7.55) is that they are the defining equations of Ishibashi states in the
Wess-Zumino-Witten (WZW) model once we set a; = b; = ¢; = 1 for all i (See
also (6.25) and (6.26)). In this case, the partition function of the Airy ideal can
be interpreted as a free field representation of a vector satisfying the chosen
boundary gluing conditions. However as we start with an infinite extension of
Wakimoto modules, the identification to an Ishibashi state I corresponding
to an irreducible integrable module M, of the affine VOA is more subtle. We
briefly remark on how Ishibashi states appear in the WZW model and some
of their applications such as computation of string amplitudes in Section 7.F.
This is meant to give the reader a taste of some of the contexts in which the

operators we constructed above might play a role.

Remark 7.E.3. Let us denote the Wakimoto module of level k£ and highest

weight A by Wi .. Denote by Hy y, the irreducible module of the affine Lie
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algebra g with highest weight A\ and level k. Let I"** and I7% denote the
Ishibashi states associated to each of these modules respectively, for some
choice of gluing conditions. The two modules are related, in particular Hj »
is an homomorphic image of Wakimoto modules Wy \ (See [26, Proposition
6.3.3]). Let ¢ » denote this homomorphism, so that ¢y \(Wj,\) = Hia. Since
the boundary conditions are preserved under any homomorphism we have the

following relationship,
Prr @ Gy 3 (1) = [T (7.67)

where ¢ is the same automorphism on the second factor and A is the highest
weight of the contragredient dual. Hence computing Ishibashi states for irre-
ducible modules can be obtained from Ishibashi states of Wakimoto modules,

if we can find a explicit representation of ¢.

7.F D-branes in WZW models

As mentioned in the introduction to the previous chapter, boundary states can
be used to describe D-branes in the worldsheet interpretation of string theory.
A D-brane can be thought of as the locus of end points of open strings in the
target manifold, where the D stands for the ‘Dirichlet’” boundary conditions
that are imposed on the embedding fields in the sigma model. In this section,
we give a brief survey of how amplitudes of strings propagating between D-
branes in WZW models can be computed using Ishibashi states. Finally we

propose some ways in which Airy ideals could help solve some problems in this

field.
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We follow the exposition of [45] in this section. The amplitude for a
string propagating between D-branes with boundary conditions |a) to |3)
is given by Z,s := (a]eft|B). This can also be interpreted via a modular
S-transformation 7 +— —% as a partition function of an open string with end-
points on each of these branes. More precisely this duality yields a character

expansion,

Zap(a) = (o] 3" 18) = Z Yax(a (7.68)

where NV gﬁ = dap and Nz € Z, and v runs over the set of irreducible repre-
sentations. The integrality conditions on the coefficients are called the Cardy
conditions, and the boundary states |a),|5) are said to be Cardy states. In
particular, some examples of solutions of Ny, are given by certain combina-

tions of S-matrix elements.

Recall that strings propogating on a Lie group G are described by the
Wess-Zumino-Witten (WZW) action (See [25], [45]),

SV (g) = 1?/ r(g~'99)(g 139)+%/g>< (7.69)

where g : ¥ — G, B is a 3-manifold with 0B = ¥, g is an extension of g to
B +— G and yx is a certain 3-form, (refer to [25, equation 15.19] for further
details). String states in this model are constructed as highest weight vectors

in representations of the affine Lie algebra g. In this case, the Hilbert space
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can be decomposed as,

P Hi @ H, (7.70)

AEP,

where P, denotes the set of irreducible integral highest weights at level k.

If we wish to compute amplitudes of open strings propagating between
D-branes in the WZW model, we must first study Ishibashi states. Let |I,)
denote the Ishibashi state associated to the irreducible Hy. The amplitudes
between two Ishibashi states can be computed explicitly in terms of characters

and is given by (See [45, Section 3.3.2]),

(L g™ 078 1) = 0y xu() (7.71)

where x,, is the character of the irreducible representation of highest weight .
Secondly we remark that, a representation of Ishibashi states can be used to
write a representation of a Cardy-type boundary state such as the ones defined

by S-matrix coefficients,

la) = ; \j% I1,) . (7.72)

Hence knowledge of Ishibashi states can help us compute physical observables

such as the amplitudes of (7.68).

As noted in Remark 7.E.2, the partition functions Z of the Airy ideal
constructed in Theorem 7.E.1 satisfy the gluing conditions of Ishibashi states.

However, they live in an extension of the bulk Hilbert space defined in (7.70),
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and hence can’t quite be used to compute Cardy states or D-brane amplitudes.
On the other hand, as mentioned in (7.E.2), Wakimoto modules are intimately
connected to integrable irreducible representations of affine VOAs and thus
the partition function given by Theorem (7.E.1) could help us compute the

Ishibashi states |[A). Hence, we are left with the following question:

Problem 7.F.1. What is the precise relation between the partition function

Z and D-brane amplitudes of the WZW model?

We don’t have an answer to this question, but we hope that this section

can convince the reader as to why this direction is worth pursuing.
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Chapter 8

Conclusion

This thesis lies at the intersection of two very influential areas of mathematics
- VOAs and enumerative geometry. At this point, it is evident that Airy ideals
hold enormous promise due to rich connections with both these areas. One
might hope that future research motivated from this thesis could be fruitful
due to the inter-disciplinary nature of the subject. We propose below a list
of open problems for future research, that the reader might find interesting to

tackle.

8.A Some open problems

To begin with, the enumerative geometry aspect of this thesis remains largely

unexplored. Hence it is natural to ask:

Problem 8.A.1. Does the partition function of the Airy ideals constructed
in Chapter 5 from modules of the W(sp,y)-algebra have an interpretation as
the generating function of any enumerative geometric invariants? Does it have

a matrix model realization?

169



On a similar note:

Problem 8.A.2. Can the partition function of Theorem 7.E.1 be identified
with partition functions coming from string theory such as the partition func-
tion of D-branes in the WZW model? Is there a geometric interpretation in
terms of target space functionals, or perhaps to some kind of enumerative

geometry invariants?

In Section 7.F we gave an example of how Airy ideals could be used to
compute string amplitudes. In particular we discussed that Ishibashi states
in the WZW model are related to characters of modules of affine VOAs (See

(7.71)). This motivates the following question:

Problem 8.A.3. Can Airy ideal partition functions such as the one in Theo-
rem 7.F.1 be used to compute characters of affine Lie algebras or even simple

Lie algebras?

In this thesis we were only concerned with boundary conditions on affine

VOAs, however one could ask:

Problem 8.A.4. Can Airy ideals be constructed from boundary conditions

imposed on generators of other VOAs such as W-algebras?

The questions described above are quite concrete and deal with specific ex-
amples, in other words they are more suitable for mathematicians who consider
themselves to be Dyson’s frogs (described in the essay [21]). Mathematicians
that consider themselves to be birds might find the following questions more

entertaining.
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Problem 8.A.5. Can the notion of Airy ideals and partition functions be
extended to a context beyond Weyl algebras, or to larger completions of the

Weyl algebra?

In this thesis a crucial role was played by the automorphisms of the Weyl
algebra called ‘transvections’. These seem to be very special in the sense
that they somehow capture the essential properties of Airy ideals. However
one could also study ideals obtained from other automorphisms of the Weyl

algebra,

Problem 8.A.6. Can other automorphisms of the Weyl algebra be used to

engineer useful mathematical objects of interest to geometers or algebraists?
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Appendix A

Preliminary background on

completions

In this appendix, we first precisely define what are completions of filtered
objects using the category theoretical concept of ‘inverse limit’. This is a
pure algebraic formulation of completeness which can also be defined in terms
of Cauchy sequences for categories with a topological structure (See [4] for
example). Secondly, we also give two concrete examples of completions for the
Weyl algebra - the Rees Weyl algebra and its h-adic completion. Both of these

examples appear prominently in Chapters 4, 5 and 7.

A Completions of graded algebras

In this section we introduce the notion of completions of graded algebras. We

follow the notation and presentation used in [40].

Definition A.1. Let I be a directed set. For a family of objects A;, let {f/ }ies
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be a set of morphisms,

A= A V> (1.1)

satisfying the relation,
fiofl =fl and fi=id, (1.2)

if j > i and i > k. Let C be a category of objects (A, f;) with f; : A — A,

such that for i, j the following diagram is commutative:

A
fi fi
O

J

A universal object in this category is called the inverse limit of the system

(4;, f;) and is denoted by A = lim A;.

Example A.2. A directed set can be obtained by imposing a filtration on the
underlying index set. Let A be an index set with an ascending filtration F,
(FpA)p>1. Let i < jif j € F,A = i € F,A for all p. For a family of objects
C; we call the inverse limit l&n C; the completion with respect to the filtration
F if the morphisms flj can be defined appropriately. For example, Let E be a
vector space with a choice of a countably infinite ordered basis (eq, e, ...). Let
F,E := span(ey,...,e,) and flj : F;E — F,E be projection onto F;E. Then

the completion simply consists of infinite sums,

v = Zaiei. (1.3)

>0
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In this article the category in question are graded algebras.

Definition A.3. Let A be a graded algebra with an ascending exhaustive

filtration F given by a chain Up>0 F,A = A. Then A is said to be complete if,
1&1 F,A=A. (1.4)

In particular, we are often interested in completions of graded algebras that

have nice behaviour with respect to the grading.

Definition A.4. Let (A, F) be a filtered graded algebra with a Z-grading

A= A@d)

deZ

such that

A(d) - Ale) C A(d +e). (1.5)

Let us set,

FiA =P Ad) (1.6)

d<p
where p is an integer. Then {F}A},>; defines a filtration F' called the “asso-
ciated filtration”. If A is degreewise complete, that is, if each A, is complete
with respect to the filtration F, then A is called a compatible degreewise

complete algebra

B Completions of the Weyl algebra

In this thesis, because we are dealing with infinite sums in an infinite number

of variables, we are required to define suitable completions of the Weyl alge-
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bra, such that the products and module actions are legal. We are primarily

interested in two specific examples.

Example B.1. In Definition (4.B.2) the completed Weyl algebra was defined
as follows: If A is a countably infinite index set, we define the completed Weyl
algebra D4 to be the completion of the Weyl algebra C[z 4](04) that contains
potentially infinite sums in the derivatives, but with polynomial coefficients.
Elements of D4 remain of finite order as differential operators. In other words,

we can write an element P € D4 uniquely as

M
P=>"" > Puan(®a)0a, 0O, (1.7)

m=0ay,...,amEA

for some M € N. This can be defined more precisely using Definition (A.1),
let (Clza)(xa), F) be the filtered Weyl algebra with filtration,

F,DA=4Y" > Paean(@a)0ay - 0ay ¢ (1.8)

where F,A = {1,2,...,p}. Then the completed Weyl Algebra is the inverse
limit

lim F, Dy =Dy

The second examples is that of the Rees Weyl algebra and its h-adic com-

pletion, first defined in Definition (4.B.4).

Example B.2. The Rees Weyl algebra D' associated to D with the Bernstein

filtration is

Dy = P F.Da, (1.9)

neN
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where

FDa=¢ > Y PP, (24)0a,+ Oay ¢ (1.10)

m,keN ay,...,amEA
m—+k=i

and the pgi)...am(:)s 4)s are polynomials of degree < k. Finally we also wish to
consider differential operators that are formal sums in powers of A, and hence

we define its h-adic completion (See Definition 4.A.7):
D = lim h"F, D. (1.11)
An element P € ﬁf}l can be written as a formal power series in A:

P=>"h"p, (1.12)
n=0

for some P, € F,,Dy.

Our final example is more general and is relevant to a variety of contexts

in algebraic geometry and number theory.

Example B.3. Let A be a ring and I an ideal of A. We can put a topology on
A, where the basis of the topology is given by the sets of the form = + I", x €

A,n € N. The I-adic completion of A is by definition,
AT = lim A/I" (1.13)

which is a natural A-algebra. [-adic completions of the Weyl algebra were
used in (7.29) of Chapter 7 while defining Weyl algebras constructed from the

symplectic boson VOA.
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